
Semi-Markov Processes: Applications in System
Reliability and Maintenance



Semi-Markov Processes:
Applications in System
Reliability and
Maintenance

Franciszek Grabski
Polish Naval University
Gdynia, Poland

AMSTERDAM • BOSTON • HEIDELBERG • LONDON • NEW YORK • OXFORD
PARIS • SAN DIEGO • SAN FRANCISCO • SYDNEY • TOKYO



Elsevier
Radarweg 29, PO Box 211, 1000 AE Amsterdam, Netherlands
The Boulevard, Langford Lane, Kidlington, Oxford OX5 1GB, UK
225 Wyman Street, Waltham, MA 02451, USA

Copyright c© 2015 Elsevier Inc. All rights reserved.

No part of this publication may be reproduced, stored in a retrieval system or transmitted in
any form or by any means electronic, mechanical, photocopying, recording or otherwise
without the prior written permission of the publisher.

Permissions may be sought directly from Elsevier’s Science & Technology Rights
Department in Oxford, UK: phone (+44) (0) 1865 843830; fax (+44) (0) 1865 853333;
email: permissions@elsevier.com. Alternatively you can submit your request online by
visiting the Elsevier web site at http://elsevier.com/locate/permissions, and selecting Obtaining
permission to use Elsevier material.

Notice
No responsibility is assumed by the publisher for any injury and/or damage to persons or
property as a matter of products liability, negligence or otherwise, or from any use or operation
of any methods, products, instructions or ideas contained in the material herein.

Library of Congress Cataloging-in-Publication Data
A catalog record for this book is available from the Library of Congress

British Library Cataloguing in Publication Data
A catalogue record for this book is available from the British Library

ISBN: 978-0-12-800518-7

For information on all Elsevier publications
visit our web site at store.elsevier.com

This book has been manufactured using Print on Demand technology. Each copy is produced
to order and is limited to black ink. The online version of this book will show color figures
where appropriate.



Dedication

To my wife Marcelina



Preface

The semi-Markov processes were introduced independently and almost simultane-
ously by Levy [70], Smith [92], and Takacs [94] in 1954-1955. The essential develop-
ments of semi-Markov processes theory were proposed by Pyke [85, 86], Cinlar [15],
Koroluk and Turbin [60–62], Limnios [72], Takacs [95]. Here we present only semi-
Markov processes with a discrete state space. A semi-Markov process is constructed
by the Markov renewal process, which is defined by the renewal kernel and the initial
distribution or by other characteristics that are equivalent to the renewal kernel.

Semi-Markov Processes: Applications in System Reliability and Maintenance
consists of a preface, 15 relatively short chapters, a summary, and a bibliography.

Chapter 1 is devoted to the discrete state space Markov processes, especially
continuous-time Markov processes and homogeneous Markov chains. The Markov
processes are an important class of the stochastic processes. This chapter covers
some basic concepts, properties, and theorems on homogeneous Markov chains and
continuous-time homogeneous Markov processes with a discrete set of states.

Chapter 2 provides the definitions and basic properties related to a discrete state
space semi-Markov process. The semi-Markov process is constructed by the so-called
Markov renewal process. The Markov renewal process is defined by the transition
probabilities matrix, called the renewal kernel, and by an initial distribution or by
other characteristics that are equivalent to the renewal kernel. The concepts presented
are illustrated by some examples. Elements of the semi-Markov process statistical
estimation are also presented in the chapter. Here, the estimation of the renewal kernel
elements is considered by observing one or many sample paths in the time interval,
or given number of the state changes. Basic concepts of the nonhomogeneous semi-
Markov processes theory are also introduced in the chapter.

Chapter 3 is devoted to some characteristics and parameters of the semi-Markov
process. A renewal kernel and an initial distribution contain full information about the
process and they allow us to find many characteristics and parameters of the process,
which we can translate on the reliability characteristics in the semi-Markov reliability
model. The cumulative distribution functions of the first passage time from the given
states to a subset of states, and expected values and second moments corresponding to
them, are considered in this chapter. The equations for these quantities are presented
here. Moreover, the chapter discusses a concept of interval transition probabilities
and the Feller equations are also derived. Karolyuk and Turbin theorems of the
limiting probabilities are also presented here. Furthermore, the reliability and main-
tainability characteristics and parameters in semi-Markov models are considered in the
chapter.
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Chapter 4 is concerned with the application of the perturbed semi-Markov pro-
cesses in reliability problems. The results coming from the theory of semi-Markov
processes perturbations allow us to find the approximate reliability function. The
perturbed semi-Markov processes are defined in different ways by different authors.
This theory has a rich literature. In this chapter we present only a few of the simplest
types of perturbed SM processes. All concepts of the perturbed SM processes are
explained in the same simple example. The last section is devoted to the state space
aggregation method.

In Chapter 5 the random processes determined by the characteristics of the semi-
Markov process are considered. First is a renewal process generated by return times
of a given state. The systems of equations for the distribution and expectation of them
have been derived. The limit theorem for the process is formulated by the adoption of
a theorem of the renewal theory. The limiting properties of the alternating process and
integral functionals of the semi-Markov process are also presented in this chapter. The
chapter contains illustrative examples.

The semi-Markov reliability model of two different units of a renewable cold
standby system and the SM model of a hospital electrical power system are discussed
in Chapter 6.

In Chapter 7, the model of multistage operation without repair and the model with
repair are constructed. Application of results of semi-Markov process theory allowed
to calculate the reliability parameters and characteristics of the multistage operation.
The models are applied for modeling the multistage transport operation processes.

In Chapter 8, the semi-Markov model of the load rate process is discussed. The
speed of a car and the load rate of a ship engine are examples of the random load rate
process. The construction of discrete state model of the random load rate process with
continuous trajectories leads to the semi-Markov random walk. Estimating the model
parameters and calculating the semi-Markov process characteristics and parameters
give us the possibility to analyze the semi-Markov load rate.

Chapter 9 contains the semi-Markov model of the multitask operation process.
Chapter 10 is devoted to the semi-Markov failure rate process. In this chapter,

the failure rate is assumed to be a stochastic process with nonnegative and right-
continuous trajectories. The reliability function is defined as an expectation of a
function of that random process. Particularly, the failure rate can be defined by
the discrete state space semi-Markov process. The theorem concerning the renewal
equations for the conditional reliability function with a semi-Markov process as a
failure rate is presented. The reliability function with a random walk as a failure rate
is investigated. For Poisson failure rate process and Furry-Yule failure rate process the
reliability functions are presented.

In Chapter 11, time to a preventive service optimization problem is formulated. The
semi-Markov model of the operation process allowed us to formulate the optimization
problem. A theorem containing the sufficient conditions of the existing solution is
formulated and proved. An example explains and illustrates the presented problem.

In Chapter 12, a semi-Markov model of system component damage is discussed.
The models presented here deal with unrepairable systems. The multistate reliability
functions and corresponding expectations, second moments, and standard deviations
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are evaluated for the presented cases of the component damage. A special case of the
model is a multistate model with two kinds of failures. A theorem dealing with the
inverse problem for a simple damage exponential model is formulated and proved.

In Chapter 13, some results of investigation of the multistate monotone system
with components modeled by the independent semi-Markov processes are presented.
We assume that the states of system components are modeled by the independent
semi-Markov processes. Some characteristics of a semi-Markov process are used as
reliability characteristics of the system components. In the chapter, the binary repre-
sentation of the multistate monotone systems is discussed. The presented concepts and
models are illustrated by some numerical examples.

The semi-Markov models of functioning maintenance systems, which are called
maintenance nets, are presented in Chapter 14. Elementary maintenance operations
form the states of a SM model. Some concepts and results of Semi-Markov process
theory provide the possibility of computing important characteristics and parameters
of the maintenance process. Two semi-Markov models of maintenance nets are
discussed in the chapter.

In Chapter 15, basic concepts and results of the theory of semi-Markov decision
processes are presented. The algorithm of optimizing a SM decision process with a
finite number of state changes is discussed here. The algorithm is based on a dynamic
programming method. To clarify it, the SM decision model for the maintenance
operation is shown. The optimization problem for the infinite duration SM process
and the Howard algorithm, which enables us to find the optimal stationary strategy
are also discussed here. To explain this algorithm, a decision problem for a renewable
series system is presented.

The book is primarily intended for researchers and scientists dealing with mathe-
matical reliability theory (mathematicians) and practitioners (engineers) dealing with
reliability analysis. The book is a very helpful tool for scientists, Ph.D. students, and
M.Sc. students in technical universities and research centers.
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am grateful to Dr Agata-Załȩska Fornal for her friendly favor in insightful linguistic
revision of my book and valuable comments. I gratefully acknowledge Dr Erin Hill-
Parks, Associate Acquisitions Editor, for kind cooperation and assistance in meeting
the requirements of Elsevier to sign a publishing contract. I am grateful to Cari Owen,
Editorial Project Manager, for her care and kind assistance in dealing with the editors.
Finally, I thank my wife Marcelina for her help in computer problems in the process
of writing a book as well as her patience and great support.

Franciszek Grabski



1Discrete state space Markov
processes

Abstract

The Markov processes are an important class of the stochastic processes. The Markov
property means that evolution of the Markov process in the future depends only on the
present state and does not depend on past history. The Markov process does not remember
the past if the present state is given. Hence, the Markov process is called the process with
memoryless property. This chapter covers some basic concepts, properties, and theorems on
homogeneous Markov chains and continuous-time homogeneous Markov processes with a
discrete set of states. The theory of those kinds of processes allows us to create models of
real random processes, particularly in issues of reliability and maintenance.

Keywords: Markov process, Homogeneous Markov chain, Poisson process, Furry-Yule
process, Birth and death process

1.1 Basic definitions and properties

Definition 1.1. A stochastic process {X(t) : t ∈ T} with a discrete (finite or countable)
state space S is said to be a Markov process, if for all i, j, i0, i1, . . . , in−1 ∈ S and
t0, t1, . . . , tn, tn+1 ∈ R+ such that 0 � t0 < t1 < · · · tn < tn+1,

P(X(tn+1) = j | X(tn) = i, X(tn−1) = in−1, . . . , X(t0) = i0)

= P(X(tn+1) = j | X(tn) = i). (1.1)

If t0, t1, . . . , tn−1 are interpreted as the moments from the past, tn as the present
instant, and tn+1 as the moment in the future, then the above-mentioned equation says
that the probability of the future state is independent of the past states, if a present
state is given. So, we can say that evolution of the Markov process in the future
depends only on the present state. The Markov process does not remember the past if
the present state is given. Hence, the Markov process is called the stochastic process
with memoryless property.

From the definition of the Markov process it follows that any process with
independent increments is the Markov process.

If T = N0 = {0, 1, 2, . . .}, the Markov process is said to be a Markov chain, if T =
R+ = [0, ∞), it is called the continuous-time Markov process. Let tn = u, tn+1 = τ .
The conditional probabilities

pij(u, s) = P(X(τ ) = j |X(u) = i), i, j ∈ S (1.2)

are said to be the transition probabilities from the state i at the moment u, to the state
j at the moment s.

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00001-6
Copyright c© 2015 Elsevier Inc. All rights reserved.
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Definition 1.2. The Markov process {X(t) : t ∈ T} is called homogeneous, if for all
i, j ∈ S and u, s ∈ T, such that 0 � u < s,

pij(u, s) = pij(s − u). (1.3)

It means that the transition probabilities are the functions of a difference of the
moments s and u. Substituting t = s − u we get

pij(t) = P(X(s − u) = j|X(u − u) = i) = P(X(t) = j|X(0) = i), i, j ∈ S, t � 0.

The number pij(t) is called a transition probability from the state i to the state j
during the time t.

If {X(t) : t ∈ R+} is a process with the stationary independent increments, taking
values on a discrete state space S, then

pij(t) = P(X(t + h) = j|X(h) = i) = P(X(t + h) = j, X(h) = i)

P(X(h) = i)

= P(X(t + h) − X(h) = j − i, X(h) = i)

P(X(h) = i)

= P(X(t + h) − X(h) = j − i) P(X(h) = i)

P(X(h) = i)
= P(X(t + h) − X(h) = j − i).

Therefore, any process with the stationary independent increments is a homoge-
neous Markov process with transition probabilities

pij(t) = P(X(t + h) − X(h) = j − i). (1.4)

For the homogeneous Markov process with a discrete state space, the transition
probabilities satisfy the following conditions:

(a) pij(t) � 0, t ∈ T,
(b)

∑
i∈S

pij(t) = 1,

(c) pij(t + s) = ∑
k∈S

pik(t)pkj(s), t ∈ T, s � 0.
(1.5)

The last formula is known as the Chapman-Kolmogorov equation.

1.2 Homogeneous Markov chains

As we have mentioned, a Markov chain is a special case of a Markov process. We
will introduce the basic properties of the Markov chains with the discrete state space.
Proofs of presented theorems omitted here may be found in Refs. [3, 9, 22, 47, 88, 90].

1.2.1 Basic definitions and properties

Now let us consider a discrete time homogeneous Markov process {Xn : n ∈ N0},
having a finite or countable state space S that is called a homogeneous Markov chain
(HMC). Recall that for each moment n ∈ N and all states i, j, i0, . . . , in−1 ∈ S there is
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P(Xn+1 = j | Xn = i, Xn−1 = in−1, . . . , X1 = i1, X0 = i0)

= P(Xn+1 = j | Xn = i) (1.6)

whenever

P(Xn = i, Xn−1 = in−1, . . . , X1 = i1, X0 = i0) > 0.

Transition probabilities of the HMC

pij(n, n + 1) = P(X(n + 1) = j|X(n) = i), i, j ∈ S, n ∈ N0 (1.7)

are independent of n ∈ N0:

pij(n, n + 1) = pij, i, j ∈ S, n ∈ N0. (1.8)

The square number matrix

P = [
pij : i, j ∈ S

]
(1.9)

is said to be a matrix of transition probabilities or transition matrix of the HMC
{X(n) : n ∈ N0}. It is easy to notice that

∀i,j∈S pij � 0 and ∀j∈S

∑
j∈S

pij = 1. (1.10)

The matrix P = [
pij : i, j ∈ S

]
having the above-mentioned properties is called a

stochastic matrix. There exists the natural question: Do the stochastic matrix P and
discrete probability distribution p(0) = [pi = i : i ∈ S] define completely the HMC?
The following theorem answers this question.
Theorem 1.1. Let P = [

pij : i, j ∈ S
]

be a stochastic matrix and p = [pi : i ∈ S] be
the one-row matrix with nonnegative elements, such that

∑
i∈S

pi = 1. There exists a

probability space (�, F , P) and defined on this space HMC {X(n) : n ∈ N0} with the
initial distribution p = [pi : i ∈ S] and the transition matrix P = [

pij : i, j ∈ S
]
.

Proof: [9, 47].
From (1.6) we obtain

P(X0 = i0, X1 = i1, . . . , Xn = in) = pi0pi0i1pi1i2 . . . pin−1in . (1.11)

A number

pij(n) = P(X(n) = j|X(0) = i) = P(X(n + w) = j|X(w) = i) (1.12)

denotes a transition probability from state i to state j throughout the period [0, n], (in
n steps). Now, the Chapman-Kolmogorov equation is given by a formula

pij(m + r) =
∑
k∈S

pik(m)pkj(r), i, j ∈ S (1.13)

or in matrix form

P(m + r) = P(m)P(r),

where P(n) = [
pij(n) : i, j ∈ S

]
.
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From the above equation we get

P(n) = P(1 + 1 + · · · + 1) = P(1) · P(1) · · · · · P(1) = P · P · · · P = Pn (1.14)

We suppose that

P(0) = I, (1.15)

where I is a unit matrix.
One-dimensional distribution of HMC we write as a one-row matrix

p(n) = [
pj(n) : j ∈ S

]
, pj(n) = P(X(n) = j) (1.16)

Using the formula for total probability and the Markov property, we obtain

p(n) = p(0)Pn, (1.17)

p(n) = p(n − 1)P. (1.18)

A stationary probability distribution plays a major role in the theory of Markov chains.
Definition 1.3. A probability distribution

π = [πi : i ∈ S] (1.19)

satisfying a system of linear equations∑
i∈S

πipij = πj, j ∈ S and
∑
i∈S

πi = 1 (1.20)

is said to be a stationary probability distribution of the Markov chain with transition
matrix P = [

pij : i, j ∈ S
]
.

A system of linear equations (1.20) in the matrix form is

π P = π , π1 = [1] , (1.21)

where 1 is a one-row matrix in which all elements are equal to 1.
Suppose that the initial distribution p(0) is equal to the stationary distribution

πP. Note that for n = 1 we have p(1) = p(0)P = πP = π . For n = k we suppose
p(k) = π . For n = k + 1 we obtain p(k + 1) = p(k)P = πp = π .

Therefore, we jump to the conclusion: if the initial distribution is equal to
the stationary distribution, then the one-dimensional distribution of the Markov
process p(n) = [p(n) : i ∈ S] does not depend on n and it is equal to the stationary
distribution

π = p(n) for all n ∈ N0. (1.22)

1.2.2 Classification of states

The properties of HMC depend on the shape of the matrix P. For convenience, we can
describe the evolution of HMC using a graph G = {(i, (i, j)) : i, j ∈ S} corresponding to
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the matrix P. The vertices i ∈ S denote the states of HMC and the arrows (i, j) ∈ S × S
correspond to the positive probabilities pij. When pij = 0, the corresponding arrow is
omitted. First, we will present the classification of the states of the HMC in terms of
properties of the transition probabilities pij(n).

A state i ∈ S is essential, if

∀j∈S {∃n∈N pij(n) > 0 ⇒ ∃n∈N pji(m) > 0}.
A state that is not essential is called inessential. Hence, the state i ∈ S is inessential if

∃j∈S {∃n∈N pij(n) > 0 ∧ ∀m∈N pji(m) = 0}.
By definition, the state i ∈ S is inessential if it is possible to escape from it after a

finite number of steps (with a positive probability), without ever returning to it.
We say that the state j ∈ S is accessible from the state i ∈ S, (i → j) if

∃k∈N0 pij(k) > 0.

We suppose, that pij(0) = 1 for i = j and pij(0) = 0 for i 
= j.
From the Chapman-Kolmogorov equation we obtain the following inequality:

pij(n + m) � pik(n)pkj(m).

From this inequality, it follows that the above-mentioned relation is transitive:

(i → k) ∧ (k → j) ⇒ (i → j).

States i, j ∈ S communicate (i ↔ j), if state j is accessible from i and i is accessible
from j. From this definition it follows that the relation ↔ is symmetric and reflexive.
It is easy to verify the following implication:

[(i ↔ j) ∧ (j ↔ k) ⇒ (i ↔ k)] . (1.23)

Because the relation ↔ is transitive, it means that ↔ is the relation of equivalence.
Hence, the set of the essential states separates into a finite or countable number of
disjoint sets S1, S2, . . ., each of them consisting of the communicating sets but the
passage between states belonging to different sets is impossible. The sets S1, S2, . . .
are called classes or indecomposable classes (of the essential communicating sets). A
Markov chain is said to be indecomposable if its states form a single indecomposable
class.

A state j ∈ S has a period d, if

1. d > 1

2. pjj(n) > 0 only for n = m · d, m = 1, 2, . . .

3. d is the largest number satisfying 2.

Consequently, we can say that the state j ∈ S has the period d, if the number d >

1 is the greatest common divisor of all numbers from the set {n ∈ N : pjj(n) > 0}.
Notice that all states of a single indecomposable class have the same period. If d = 1,
the state j is said to be aperiodic.
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Example 1.1. For illustration we consider the Markov chain with a set of states
S = {1, 2, 3, 4, 5} and a transition matrix

P =

⎡
⎢⎢⎢⎢⎣

0.5 0.5 0 0 0
0 0 1 0 0
0 0.4 0.6 0 0
0 0 0 0 1
0 0 0 1 0

⎤
⎥⎥⎥⎥⎦

The flow graph of this matrix is shown in Figure 1.1. State 1 is inessential; however,
states 2, 3, 4, and 5 are essential. States 4 and 5 are mutually accessible. States 1, 2,
and 3 are not accessible from states 4 and 5 and state 1 is not accessible from states
2, 3, 4, and 5. States 2 and 3 communicate, and 4 and 5 also communicate. A subset
{2, 3, } and {4, 5} form disjoint classes of essential communicating states. States 4 and
5 are periodic with period d = 2; however, states 1, 2, and 3 are the aperiodic states.

We shall introduce some main concepts that are important, especially in the case of
HMC with a counting state space. A random variable

�A = min{n ∈ N : Xn ∈ A} (1.24)

denotes a moment of the first arrival to subset of states A by HMC {Xn : n ∈ N0}
A ⊂ S. Let us add that for A = { j}, a random variable �{ j} = �j denotes a moment of
the first achievement of state j ∈ S.

Notice the equality of the following events:

{�A = m} = {Xm ∈ A, Xm−1 ∈ A′, . . . , X1 ∈ A′} for m = 2, 3, . . . ,
{�A = 1} = {X1 ∈ A},
{�A = ∞} =

∞⋂
k=1

{Xk ∈ A′},

{�A < ∞} =
∞⋃

k=1

{Xk ∈ A} =
∞⋃

k=1

{�A = m}.

The number

fiA(m) = P(�A = m | X0 = i) (1.25)

is the probability of the first arrival to the subset A at the moment m, if an initial state
is i. Notice that

fiA(m) =
{

P(Xm ∈ A, Xm−1 ∈ A′, . . . , X1 ∈ A′|X0 = i), m = 2, 3, . . .

P(X1 ∈ A|X0 = i), m = 1.
(1.26)

54

1 2 3

Figure 1.1 Flow graph corresponding to the matrix P.
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For A = {j} we obtain a probability of the first arrival to the state j at the moment
m, if the initial state is i.

fij(m) =
{

P(Xm = j, Xm−1 
= j, . . . , X1 
= j | X0 = i), m = 2, 3 . . .

P(X1 = j|X0 = i), m = 1.
(1.27)

Let

fiA = P(�A < ∞|X0 = i). (1.28)

It is easy to notice that

fiA =
∞∑

m=1

fiA(m). (1.29)

For A = { j} we have

fij = P({�j < ∞ | X0 = i) =
∞∑

m=1

fij(m). (1.30)

This formula provides a following conclusion:
Proposition 1.1. The state j ∈ S is accessible from the state i 
= j if and only if

fij > 0.

We say that a subset of states A is strongly accessible from i (i
1→ A) if fiA = 1 [32].

A state j is strongly accessible from i ∈ S, (i
1→ j) if fij = 1.

A state j is called recurrent, if

fjj = 1 (1.31)

and nonrecurrent, if

fjj < 1. (1.32)

Proposition 1.2. The state j is recurrent if and only if

∞∑
n=1

pjj(n) = ∞ (1.33)

Proposition 1.3. If state j is recurrent and i ↔ j, then state i is also recurrent.
Proof: [47, 88].
Proposition 1.4. If the state j is nonrecurrent, then

∞∑
n=1

pjj(n) < ∞. (1.34)

The average time of return is given by a formula

μj =
∞∑

n=1

nfjj(n). (1.35)
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A recurrent state is positive if

0 < μj < ∞ (1.36)

and it is null if

μj = ∞. (1.37)

Example 1.2. Consider the Markov chain with transition probability matrix

P =

⎡
⎢⎢⎢⎢⎣

1
1·2

1
2·3

1
3·4 . . .

1 0 0 . . .

0 1 0 . . .

0 0 1 . . .

. . . . . . .

⎤
⎥⎥⎥⎥⎦ .

A graph corresponding to this matrix is shown in Figure 1.2.
The Markov chain consists of one indecomposable class of states. Notice that

f11(n) = p1n · pn n−1 · · · · · p21 = 1

n(n + 1)
and

f11 =
∞∑

n=1

f11(n) =
∞∑

n=1

1

n(n + 1)
= 1.

It means that 1 is a recurrent state. However, the average time of return is

μ1 =
∞∑

n=1

n f11(n) =
∞∑

n=1

1

n + 1
= ∞.

It means that this state is null.
Example 1.3. The Markov chain with transition probability matrix

P =

⎡
⎢⎢⎢⎢⎣

1
2

1
22

1
23

1
24 . . .

1 0 0 0 . . .

0 1 0 0 . . .

0 0 1 0 . . .

. . . . . . .

⎤
⎥⎥⎥⎥⎦

as in the previous case consists of one indecomposable class of states. As before, we
calculate

f11(n) = 1

2n
and f11 =

∞∑
n=1

f11(n) =
∞∑

n=1

1

2n
= 1.

2 3 41

Figure 1.2 Flow graph of the matrix P.
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Therefore, state 1 is recurrent. The average time of return is

μ1 =
∞∑

n=1

n
1

2n
.

Using the Cauchy criterion, we study the convergence of the series. Because

lim
n→∞

n

√
n

2n
= 1

2
,

the series converges. So, the recurrent state 1 is positive.
Definition 1.4. The recurrent positive and aperiodic state i ∈ S is called an ergodic

state.
Proposition 1.5. If the state space of a Markov chain is finite, then there exists at

least one recurrent state.

Proof: [47].

Theorem 1.2. If i is a recurrent state and the states i and j communicate, then the j is
also recurrent.

Proof: [47].

1.2.3 Limiting distribution

One-row matrix

p = [pi : i ∈ S] , where pi = lim
n→∞ pi(n) (1.38)

is said to be limiting distribution of HMC {Xn : n ∈ N0}.
Theorem 1.3 (Shiryayev [88]). For HMC with a countable states space S, there exists
a unique stationary distribution if and only if the space of states S contains exactly one
positive recurrent class (of essential communicating states) C.

Theorem 1.4 (Shiryayev [88]). A limit distribution of HMC {X(n) : n ∈ N0} with a
countable states space S exists if and only if the space S contains exactly one aperiodic
positive recurrent class C such that fij = 1 for all j ∈ C and i ∈ S. Moreover, the
limiting distribution is equal to the stationary distribution

p = π (1.39)

and for all j ∈ C and i ∈ S

pj = lim
n→∞ pj(n) = lim

n→∞ pij(n) = 1

μj
. (1.40)

A random variable

νj(n) = δj X(1) + · · · + δj X(n) (1.41)

denotes the “time” being spent in a state j during time {1, 2, . . . , n}. Notice that

E
[
νj(n)|X(0 = i

] = E
[
δj X(1)|X(0) = i

] + · · · + E
[
δj X(n)|X(0) = i

]
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and

E
[
δj X(k)|X(0) = i

] = 0 · P{X(k) 
= j|X(0) = i} + 1 · P{X(k) = j|(0) = i}
= pij(k).

Hence,

E
[
νj(n)|X(0) = i

] =
n∑

k=1

pij(k). (1.42)

For any HMC, the limit in the Cesaro sense always exists and

qij = lim
n→∞

1

n

n∑
k=1

pij(k) = fij
μj

. (1.43)

If the HMC has one positive recurrent class of states, then the numbers qij, i, j ∈ S
do not depend on an initial state i ∈ S and they form a stationary distribution

qij = πj, j ∈ S. (1.44)

1.3 Continuous-time homogeneous Markov processes

Let {X(t) : t � 0} be a discrete (finite or counting) state space S Markov process with
the piecewise constant and the right-hand side continuous trajectories.

Let τ0 = 0 denote the start moment of the process and τ1, τ2, . . . represent the
successive moments of its state changes. A random variable Ti = τn+1 − τn|X(τn) =
i, i ∈ S denotes the time spent in state i when the successor state is unknown.
The random variable Ti is called the waiting time in state i [45]. The Chapman-
Kolmogorov equation enables proof [17, 47], that the waiting time of a state i always
has an exponential distribution with a parameter λi > 0:

Gi(t) = P(Ti � t) = P(τn+1 − τn � t | X(τn) = i) = 1 − e−λi t, t � 0, i ∈ S.

(1.45)

The inverse implication for the discrete state space process with the piecewise
constant and the right-hand side continuous trajectories is also true; if the waiting
times for all states i ∈ S are exponentially distributed then the stochastic process is the
Markov process [17, 47].

A square matrix P(t), the elements of which are the functions

pij(t) = P(X(t) = j | X(0) = i) = P(X(τ + t) = j |X(τ )), j ∈ S, t, τ , t + τ ∈ T,

(1.46)

is called a transition probabilities matrix. The Chapman-Kolmogorov equation in
matrix form is

P(s + t) = P(s)P(t). (1.47)
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For discrete state space homogeneous Markov processes, there always exist the
limits [26]

λi = lim
h→0

1 − pii(h)

h
� 0, i ∈ S, (1.48)

and

λij = lim
h→0

pij(h)

h
, i 
= j ∈ S, (1.49)

A number λij is called a transition rate from the state i to j.
Let

λii = −λi = lim
h→0

pii(h) − 1

h
, i ∈ S. (1.50)

A square matrix

� = [
λij : i, j ∈ S

]
(1.51)

is said to be a transition rate matrix. This matrix has the following properties:

∀i 
=j∈Sλij � 0, ∀i∈Sλii � 0, ∀i∈S

∑
j∈S

λij = 0. (1.52)

From the last identity we get

λii = −
∑
j 
=i

λij. (1.53)

Subtracting from both sides of this equality a transition probability pij(t) and
dividing by h we obtain

pij(t + h) − pij(t)

h
=

∑
k 
=j

pik(t)
pkj(h)

h
+ pij(t)

pjj(h) − 1

h
.

Passing to a limit with h → 0 we obtain

dpij(t)

dt
=

∑
k∈S

pik(t)λkj, i, j ∈ S. (1.54)

An initial condition has the form

pij(0) = δij =
{

1 for j = i
0 for j 
= i.

(1.55)

In matrix form the system of differential equations (1.54) is given by

dP(t)

dt
= P(t)�, P(0) = I. (1.56)

We construct a system of differential equation for a first-order distribution of the
Markov process in a similar way:

p(j; t) = pj(t) = P(X(t) = j), j ∈ S. (1.57)
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Using the law of total probability we get

pj(t + h) =
∑
i∈S

pi(t)pij(h), j ∈ S.

Subtracting from both sides of the equality a probability pj(t), dividing both sides
by h, and passing to a limit with h → 0, we obtain

p′
j(t) =

∑
i∈S

pi(t)λij, j ∈ S. (1.58)

The initial conditions in this case are

pi(0) = p0
i , i ∈ S. (1.59)

Usually, those kinds of equations are solved by applying the Laplace transform:

L [pi(t)] = p̃i(s) =
∫ ∞

0
pi(t) e−stdt.

Using a property

L
[
p′

i(t)
] = s p̃i(s) − pi(0), (1.60)

by transformation of a system of the differential equations (1.58), we obtain a system
of linear algebraic equations with unknown transforms p̃j(s), j ∈ S:

sp̃j(s) − pj(0) =
∑
i∈S

p̃i(s)λij, j ∈ S.

This system of equations in matrix form is as follows:

(sI − �T )P̃(s) = P(0), (1.61)

where

P̃(s) = [
p̃i(s) : i ∈ S

]T , P(0) = [pi(0) : i ∈ S]T , � = [λij : i, j ∈ S].
We can investigate a limit behavior of a continuous-time Markov process as

t → ∞.
Theorem 1.5. Let {X(t) : t � 0} be a homogeneous Markov process defined by a
transition rate matrix � = [

λij : i, j ∈ S
]
. If there exists the limit probabilities

lim
t→∞ pj(t) = lim

t→∞ pij(t) = pj, j ∈ S, (1.62)

then they satisfy the system of linear equations∑
i∈S

piλij = 0, j ∈ S,
∑
j∈S

pj = 1. (1.63)

To find the limit distribution of the process we have to solve the above-mentioned
system of linear equations.
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1.4 Important examples

1.4.1 Poisson process

From the definition of the Poisson process [3, 7, 9, 17, 23, 28, 55, 71] it follows that
it is the process with stationary independent increments and

P(X(t + h) − X(h) = k) = (λ t)k

k !
e−λ t, k ∈ S, for all t > 0, h � 0

Each process with stationary independent increments is a homogeneous Markov
process with transition probabilities

pij(t) = P(X(t + h) − X(h) = j − i). (1.64)

Hence, the Poisson process is the homogeneous Markov process with the transition
probabilities given by

pij(t) = (λ t)j−i

(j − i) !
e−λ t, i, j ∈ S, j � i � 0. (1.65)

From the definitions (1.48) and (1.49) we will calculate the transition rates of the
Poisson process. For j = i we have

lim
h→0

pii(h) − 1

h
= lim

h→0

e−λ h − 1

h
= −λ.

For j − i � 1 we get

lim
h→0

pi j(h)

h
= lim

h→0

(λ h)j−ie−λ

(j − i)! h
=

{
λ for j − i = 1
0 for j − i > 1

.

Taking into account the properties of a transition rate matrix we get

� =

⎡
⎢⎢⎢⎢⎢⎣

−λ λ 0 0 0 . . .

0 −λ λ 0 0 . . .

0 0 −λ λ 0 . . .

0 0 0 −λ λ . . .
...

...
...

...
...

...

⎤
⎥⎥⎥⎥⎥⎦ . (1.66)

1.4.2 Furry-Yule process

The continuous-time Markov process with a countable state space S = {0, 1, 2, . . .}
and a transition rate matrix

� =

⎡
⎢⎢⎢⎢⎢⎣

−λ λ 0 0 0 . . .

0 −2 λ 2 λ 0 0 . . .

0 0 −3 λ 3 λ 0 . . .

0 0 0 −4 λ 4 λ . . .
...

...
...

...
...

...

⎤
⎥⎥⎥⎥⎥⎦ (1.67)
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is said to be a Furry-Yule process. The Furry-Yule process is a special case of the
so-called birth process.

1.4.3 Finite state space birth and death process

The continuous-time Markov process with finite state space S = {0, 1, 2, . . . , n} and a
transition rate matrix

� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−λ0 λ0 0 0 . . . 0 0 0
μ1 −(μ1 + λ1) λ1 0 . . . 0 0 0
0 μ2 −(μ2 + λ2) λ2 . . . 0 0 0
...

...
...

...
...

...
...

...
0 0 0 0 . . . μn−1 −(μn−1 + λn−1) λn−1
0 0 0 0 . . . 0 μn −μn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
(1.68)

is called a finite state space birth and death process. In this case, a linear system of
deferential equations (1.58) takes the form

p′
0(t) = −λ0 p0(t) + μ1 p1(t),

· · · · · · · · · · · · · · · · · ·
p′

k(t) = λk−1pk−1(t) − (μk + λk)pk(t) + μk+1pk+1(t), k = 1, . . . , n − 1,

· · · · · · · · · · · · · · · · · · · · ·
p′

n(t) = λn−1pn−1(t) − μnpn(t).

(1.69)

The initial conditions are

pi(0) = p0
i , i ∈ S = {0, 1, . . . , n}. (1.70)

The limiting distribution

pk = lim
t→∞ pk(t) (1.71)

can be obtained by solving a system of linear equations

−λ0 p0 + μ1 p1 = 0,

· · · · · · · · · · · · · · · · · ·
λk−1pk−1 − (μk + λk)pk + μk+1pk+1 = 0, k = 1, . . . , n − 1,

· · · · · · · · · · · · · · · · · ·
λn−1pn−1 − μnpn = 0,

p0 + p1 + · · · + pn = 1.

(1.72)

To solve the system of equations we make the substitution

xk = μkpk − λk−1pk−1, k = 1, 2, . . . , n. (1.73)
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The main part of the system of equations (1.72) takes the form

x1 = 0,
· · · · · · · · ·

xk − xk+1 = 0, k = 1, 2, . . . , n − 1,
· · · · · · · · ·
xn = 0.

(1.74)

Hence,

xk = 0 for k = 1, 2, . . . , n.

Thus,

pk = λk−1

μk
, k = 1, 2, . . . , n. (1.75)

We get

pk = λ0λ1 . . . λk−1

μ1μ2 . . . μk
p0, k = 1, 2, . . . , n. (1.76)

Using the condition

p0 + p1 + · · · + pn = 1

we get

p0 = 1

1 + ∑n
1

λ0λ1...λk−1
μ1μ2...μk

. (1.77)

The equalities (1.76) and (1.77) describe the limiting distribution of the birth and
death process. This process has numerous applications, particularly in queuing theory
and reliability.

1.5 Numerical illustrative examples

Example 1.4 (Markov Alternating Process).
A two state birth and death process is called a Markov alternating process. It means
that the state space of this process is S = {0, 1} and its transition rate matrix is given by

� =
[ −λ0 λ0

μ1 −μ1

]
. (1.78)

We substitute λ0 = μ and μ1 = λ. In this case, a linear system of deferential
equations (1.69) takes the form

p′
0(t) = −μ p0(t) + λ p1(t),

p′
1(t) = μp0(t) − λ p1(t).

(1.79)

We assume that the initial conditions are

p0(0) = 0, p1(0) = 1. (1.80)
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Corresponding to (1.79) and (1.80), the system of linear equations for the Laplace
transforms is

s p̃0(s) = −μ p̃0(s) + λ p̃1(s),
s p̃1(s) − 1 = μ p̃0(s) − λp̃1(s).

(1.81)

The solution of this equations system is

p̃0(s) = λ

s(s + λ + μ)
,

p̃1(s) = s + μ

s(s + λ + μ)
.

(1.82)

Calculating the inverse Laplace transform we obtain the probabilities of states.

p0(t) = λ

λ + μ

[
1 − e−(λ+μ) t],

p1(t) = μ

λ + μ
+ μ

λ + μ
e−(λ+μ) t.

(1.83)

The above model can be applied in reliability theory. In this theory, 0 means a
state of a technical object failure (“down state”) and 1 denotes a working state (“up
state”). In the reliability model, the random variable, say η, denoting a duration of the
“down state” is equal to the repair time (or renewal time) and it has the exponential
distribution with parameter μ. The duration of the “up state” is a random variable,
say ζ , that means a lifetime or time to failure and it is governed by the exponential
distribution with parameter λ. The functions p0(t), t � 0 p1(t), t � 0 given by (1.83)
describe probabilities of the “down” and “up” states at the time.

Example 1.5 (Markov Model of Renewable Two-Component Series System).
We will consider the reliability model of a renewable two-component series system
under the assumption that the times to failure of both components denoted as ζ1, ζ2 are
exponentially distributed with parameters λ1 and λ2. We also suppose that the renewal
(repair) times of components are the random variables η1, η2 having the exponential
distribution with parameters μ1, μ2. We assume that the above-considered random
variables and their copies are mutually independent. To construct a random model
describing behavior of the system in reliability aspect we start from determining the
system states.

1. The system renewal after the failure of the first component (down state)
2. The system renewal after the failure of the second component (down state)
3. Work of the system, both components are up

Notice, that cumulative distribution functions of waiting times for the states 1, 2, 3
and for t � 0 are

P(T1 � t) = P(η1 � t) = 1 − e−μ1 t,

P(T2 � t) = P(η2 � t) = 1 − e−μ2 t,

P(T3 � t) = P(min{ζ1, ζ2} � t) = 1 − e−(λ1+λ2) t.

It means that waiting times for all states are exponentially distributed. Therefore,
the reliability model of the considering system is a Markov process. To determine this
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Markov process we have to define its transition rate matrix

� = [
λij : i, j ∈ S = {1, 2, 3}] .

From the model assumptions and definition (1.49), we have

λ12 = lim
h→0

p12(h)

h
= 0,

λ13 = lim
h→0

p13(h)

h
= lim

h→0

P(η1 � h) + o(h)

h
= lim

h→0

1 − e−μ1 h

h
= μ1,

λ21 = lim
h→0

p21(h)

h
= 0,

λ23 = lim
h→0

p23(h)

h
= lim

h→0

P(η2 � h) + o(h)

h
= lim

h→0

1 − e−μ2 h

h
= μ2,

λ31 = lim
h→0

p31(h)

h
= lim

h→0

P(ζ1 � h, ζ2 > h) + o(h)

h
= lim

h→0

(1 − e−λ1 h)e−λ2 h

h
= λ1,

λ32 = lim
h→0

p32(h)

h
= lim

h→0

P(ζ2 � h, ζ1 > h)) + o(h)

h
= lim

h→0

(1 − e−λ2 h)e−λ1 h

h
= λ2.

From (1.78) we have

λ11 = −μ1, λ22 = −μ2, λ33 = −(λ1 + λ2).

Finally, the transition rate matrix is

� =
⎡
⎣ −μ1 μ1 0

0 −μ2 μ2
λ1 λ2 −(λ1 + λ2)

⎤
⎦ . (1.84)

Equation (1.61) for the Laplace transforms has the form⎡
⎣ s + μ1 0 −λ1

−μ1 s + μ2 −λ2
0 −μ2 s + (λ1 + λ2)

⎤
⎦

⎡
⎣ p̃1(s)

p̃2(s)
p̃3(s)

⎤
⎦ =

⎡
⎣ 0

0
1

⎤
⎦ (1.85)

(sI − �T)P̃(s) = P(0). (1.86)

For

μ1 = 0.1, μ2 = 0.15, λ1 = 0.02, λ2 = 0.01,

using the MATHEMATICA computer program we finally obtain the distribution of
the process states

p1(t) = 0.1578548 − 0.0259738e−0.164495 t − 0.1219208e−0.115505 t,
p2(t) = 0.0526316 − 0.0800327e−0.164495 t + 0.0274011e−0.115505 t,
p3(t) = 0.789474 + 0.116007e−0.164495 t + 0.0945198e−0.115505 t.

(1.87)



2Semi-Markov process

Abstract

This chapter provides the definitions and basic properties related to a discrete state space
semi-Markov process (SMP). The SMP is constructed by the so-called Markov renewal
process (MRP) that is a special case of the two-dimensional Markov sequence. The MRP
is defined by the transition probabilities matrix, called the renewal kernel and an initial
distribution, or by other characteristics that are equivalent to the renewal kernel. The
counting process corresponding to the SMP allows us to determine the concept of process
regularity. The process is said to be regular if the corresponding counting process has a finite
number of jumps in a finite period. The chapter also shows the other methods of determining
the SMP. The concepts presented are illustrated by some examples. Elements of the SMP
statistical estimation are also presented in the chapter. There is considered estimation of the
renewal kernel elements by observing one or many sample paths in the time interval, or a
given number of the state changes. Basic concepts of the nonhomogeneous semi-Markov
processes theory are introduced. The end of the chapter deals with proofs of some theorems.

Keywords: Markov renewal process, Renewal kernel, Semi-Markov process, Statistical
estimation of semi-Markov process, Nonhomogeneous semi-Markov process

2.1 Markov renewal processes

The semi-Markov processes (SMPs) were introduced independently and almost
simultaneously by Levy [70], Smith [92], and Takács [94] in 1954-1955. The
essential developments of SMPs theory were proposed by Cinlar [15], Korolyuk and
Turbin [60], and Limnios and Oprisan [72]. We present only SMPs with a discrete
state space. A SMP is constructed by the Markov renewal process (MRP), which is
defined by the renewal kernel and the initial distribution or by other characteristics
that are equivalent to the renewal kernel.

Suppose that N = {1, 2, . . .}, N0 = {0, 1, 2, . . .}, R+ = [0, ∞), and S is a discrete
(finite or countable) state space. Let ξn be a discrete random variable taking values on
S and let ϑn be a continuous random variable with values in the set R+.

Definition 2.1. A two-dimensional sequence of random variables {(ξn, ϑn) : n ∈
N0} is said to be a MRP if:

1. for all n ∈ N0, j ∈ S, t ∈ R+
P(ξn+1 = j, ϑn+1 � t|ξn = i, ϑn, . . . , ξ0, ϑ0)

= P(ξn+1 = j, ϑn+1 � t|ξn = i), with prob. 1, (2.1)

2. for all i, j ∈ S,

P(ξ0 = i, ϑ0 = 0) = P(ξ0 = i). (2.2)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00002-1
Copyright c© 2015 Elsevier Inc. All rights reserved.
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From Definition 2.1, it follows that MRP is a homogeneous two-dimensional Markov
chain such that its transition probabilities depend only on the discrete component (they
do not depend on the second component).

A matrix

Q(t) = [
Qij(t) : i, j ∈ S

]
, (2.3)

where

Qij(t) = P(ξn+1 = j, ϑn+1 � t|ξn = i)

is called a renewal matrix.
A vector p = [pi : i ∈ S], where pi = P{ξ0 = i} defines an initial distribution of

the MRP.
It follows from Definition 2.1 that the Markov renewal matrix satisfies the

following conditions:

1. The functions

Qij(t), t ∈ R+, (i, j) ∈ S × S

are not decreasing and right-hand continuous.
2. For each pair (i, j) ∈ S × S, Qij(0) = 0 and Qij(t) � 1 for t ∈ R+.
3. For each i ∈ S, lim

t→∞
∑
j∈S

Qij(t) = 1.

One can prove that a function matrix Q(t) = [
Qij(t) : i, j ∈ S

]
satisfying the above

mentioned conditions and a vector p0 =
[
p(0)

i : i ∈ S
]

such that

∑
i∈S

p(0)
i = 1

define some MRP.
From definition of the renewal matrix it follows that:

P = [
pij : i, j ∈ S

]
(2.4)

pij = lim
t→∞ Qij(t)

is a stochastic matrix. It means that for each pair (i, j) ∈ S × S

pij � 0

and for each i ∈ S∑
j∈S

pij = 1.

It is easy to notice that for each i ∈ S

Gi(t) =
∑
j∈S

Qij(t) (2.5)

is a probability cumulative distribution function (CDF) on R+.
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Definition 2.1 leads to interesting and important conclusions.
Proposition 2.1.

P(ϑ0 = 0) = 1. (2.6)

Proposition 2.2. For a MRP with an initial distribution p0 and a renewal kernel
Q(t), t � 0 the following equality is satisfied:

P(ξ0 = i0, ξ1 = i1, ϑ1 � t1, . . . , ξn = in, ϑn � tn)

= pi0Qi0i1(t1)Qi1i2(t2) . . . Qin−1in(tn). (2.7)

For t1 → ∞, . . . , tn → ∞, we obtain

P(ξ0 = i0, ξ1 = i1, . . . , ξn = in)

= pi0pi0i1pi1i2 . . . pin−1in . (2.8)

Hence,
Proposition 2.3. A sequence {ξn : n ∈ N0} is a homogeneous Markov chain with

the discrete state space S, defined by the initial distribution p = [
pi0 : i0 ∈ S

]
and the

transition matrix P = [
pij : i, j ∈ S

]
, where

pij = lim
t→∞ Qij(t). (2.9)

Proposition 2.4. The random variables ϑ1, . . . , ϑn are conditionally independent if
a trajectory of the Markov chain {ξn : n ∈ N0} is given:

P(ϑ1 � t1, ϑ2 � t2 . . . , ϑn � tn|ξ0 = i0, ξ1 = i1, . . . , ξn = in)

=
n∏

k=1

P(ϑk � tk|ξk = ik, ξk−1 = ik−1). (2.10)

Definition 2.2. The Markov renewal matrix Q(t) = [
Qij(t) : i, j ∈ S

]
is called

continuous if each row of the matrix contains at least one element having a continuous
component in the Lebesgue decomposition of the probability distribution.

Example 2.1. The matrix Q(t) = [
Qij(t) : i, j ∈ S

]
with elements

Qij(t) = pijGi(t), i ∈ S,

where

Gi(t) = c I[1,∞)(t) + (1 − c)
∫ t

0
hi(u)du

c ∈ (0, 1), pij � 0,
∑
j∈S

pij = 1 and hi(·) is a continuous probability density function,

is an example of the continuous Markov renewal matrix.
Example 2.2. The Markov renewal matrix Q(t) = [

Qij(t) : i, j ∈ S
]

with elements

Qij(t) = pijI[1,∞)(t), i ∈ S,

where pij � 0,
∑
j∈S

pij = 1 is not a continuous Markov renewal matrix.
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Moreover, in this book we will assume that the Markov renewal matrix Q(t) =[
Qij(t) : i, j ∈ S

]
is continuous.

Let

τ0 = ϑ0, (2.11)

τn = ϑ1 + ϑ2 + · · · + ϑn, n ∈ N,

τ∞ = lim
n→∞ τn = sup{τn : n ∈ N0}.

Theorem 2.1 (Korolyuk and Turbin [60]). The sequence {(ξn, τn) : n ∈ N0} is a two-
dimensional Markov chain with transition probabilities

P(ξn+1 = j, τn+1 � t|ξn = i, τn = h) = Qij(t − h), i, j ∈ S (2.12)

and it is also called a MRP.
Proof: [60].
The renewal kernel allows to us calculate a probability distribution of the MRP

{(ξn, τn) : n ∈ N0}.
Theorem 2.2 (Korolyuk and Turbin [60] and Grabski [32]). A transition probability

R(n)
ij (t) = P(ξn = j, τn � t|ξ0 = i, τ0 = 0) (2.13)

is given by

R(n)
ij (t) =

∑
k1∈S

∑
k2∈S

. . .
∑

kn−1∈S

Qik1 ∗ Qk1k2(t) ∗ · · · ∗ Qkn−1j(t), n = 2, 3, . . . .

(2.14)

Proof: [60].
For convenience we introduce a matrix notation. Let

R(n)(t) =
[
R(n)

ij (t) : i, j ∈ S
]

. (2.15)

To define a convolution power of the renewal kernel we introduce matrices:

Q(0)(t) =
[
Q(0)

ij (t) : i, j ∈ S
]

, Q(0)
ij (t) =

{
1 for i = j
0 for i �= j

, t � 0, (2.16)

Q(1)(t) = Q(t) = [
Qij(t) : i, j ∈ S

]
, t � 0, (2.17)

Q(n)(t) =
[
Q(n)

ij (t) : i, j ∈ S
]

, (2.18)

where

Q(n)
ij (t) :=

∑
k∈S

∫ t

0
dQik(x)Q

(n−1)
kj (t − x)

=
∑
k∈S

Qik ∗ Q(n−1)
kj (t), t � 0, n = 2, 3, . . . .
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Notice that

R(n)(t) = Q(n)(t). (2.19)

From the definition of the function Rn
ij(t) and from the property of a two-

dimensional random variable distribution, we obtain

lim
t→∞ R(n)

ij (t) = P(ξn = j|ξ0 = i), i, j ∈ S, t � 0, (2.20)

∑
j∈S

R(n)
ij (t) =

∑
j∈S

Q(n)
ij (t) = P(τn � t|ξ0 = i), i, j ∈ S, t � 0. (2.21)

Applying the formula for the total probability, we obtain

P(τn � t} =
∑
i∈S

P{τn � t|ξ0 = i)P(ξ0 = i)

=
∑
i∈S

∑
j∈S

piR
(n)
ij (t) =

∑
i∈S

∑
j∈S

piQ
(n)
ij (t). (2.22)

2.2 Definition of discrete state space SMP

We shall present a definition and basic properties of a homogeneous SMP with a
countable or finite state space S. The SMP will be determined by the MRP.

Definition 2.3. A stochastic process {N(t) : t � 0} defined by the formula

N(t) = sup{n ∈ N0 : τn � t} (2.23)

is called a counting process, corresponding to a random sequence {τn : ∈ N0}.
A sample path of this process is shown in Figure 2.1.
Definition 2.4. A discrete state space S stochastic process {X(t) : t � 0} with the

piecewise constant and the right continuous sample paths given by

X(t) = ξN(t) (2.24)

is called a SMP associated with the MRP {(ξn, ϑn) : n ∈ N0} with the initial distribu-
tion p = [pi(0) : i ∈ S] and the kernel Q(t) = [

Qij(t) : i, j ∈ S
]
, t � 0.

t0 t1 t3 t4 t5 t

n(t)

Figure 2.1 A sample path of the counting process.
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From Definition 2.24, it follows that:

X(t) = ξn for t ∈ [τn, τn+1) , n ∈ N0. (2.25)

Figure 2.2 shows the SMP sample path.
It follows from the definition of the SMP that future states of the process and their

sojourn times do not depend on past states and their sojourn times if a present state
is known. Let us add that the initial distribution p and the kernel Q(t), t � 0 define
completely the SMP. From the definition of SMP, it follows that:

X(τn) = ξn for n ∈ N0.

This means that a random sequence{X(τn) : n ∈ N0} is a homogeneous Markov
chain with a state space S, defined by the initial distribution p0 = [

p0
i : i ∈ S

]
and the

stochastic matrix P = [
pij : i, j ∈ S

]
, where

pij = lim
t→∞ Qij(t). (2.26)

The sequence {X(τn) : n ∈ N0} is called an embedded Markov chain of the SMP
{X(t) : t � 0}.

2.3 Regularity of SMP

Definition 2.5. A SMP {X(t) : t � 0} is said to be regular if the corresponding
counting process {N(t) : t � 0} has a finite number of jumps in a finite period with
probability 1:

∀t∈R+P(N(t) < ∞) = 1. (2.27)

The equality (2.27) is equivalent to a relation

∀t∈R+P(N(t) = ∞) = 0. (2.28)

Proposition 2.5. A SMP {X(t) : t � 0} is regular if and only if

∀t∈R+ lim
n→∞ P(N(t) � n) = lim

n→∞ P(τn � t) = 0. (2.29)

Proof: [32].

t

x(t)

t0 t1 t3 t4 t5

Figure 2.2 A sample path of the semi-Markov process.
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Proposition 2.6. If E [N(t)] < ∞, then a SMP {X(t) : t � 0} is regular.
Proof: [32].

Theorem 2.3 (Korolyuk and Turbin [60]). Every SMP with a finite state space S is
regular.

Proof: [60]

2.4 Other methods of determining the SMP

The SMP was defined by the initial distribution p and renewal kernel Q(t), which
determine the Markov renewal process. There are other ways of determining SMP.
They are presented, among others, by Korolyuk and Turbin [60] and Limnios and
Oprisan [72]. Some definitions of SMP enable its construction. First, we introduce the
concepts and symbols that will be necessary for further considerations. For P(ξn+1 =
j, ξn = i) > 0, we define a function

Fij(t) = P(ϑn+1 � t|ξn = i, ξn+1 = j), i, j ∈ S, t � 0. (2.30)

Notice that

Fij(t) = P(ϑn+1 � t|ξn+1 = j, ξn = i) = P (ϑn+1 � t, ξn+1 = j, ξn = i)

P(ξn+1 = j, ξn = i)
(2.31)

= P(ϑn+1 � t, ξn+1 = j|ξn = i)

P(ξn+1 = j|ξn = i)
= Qij(t)

pij
for i, j ∈ S, t � 0.

The function

Fij(t) = P(τn+1 − τn � t|X(τn) = i, X(τn+1) = j) = Qij(t)

pij
(2.32)

is a CDF of some random variable, which is denoted by Tij and it is called a holding
time [45] in state i, if the next state will be j. From (2.32), we have

Qij(t) = pijFij(t). (2.33)

The function

Gi(t) = P(τn+1 − τn � t|X(τn) = i) = P(ϑn+1 � t|X(τn) = i) =
∑
j∈S

Qij(t)

(2.34)

is a cumulative probability distribution of a random variable Ti that is called a waiting
time [45] in state i when a successor state is unknown.

It follows from (2.33) that a SMP with the discrete state space can be defined by
the transition probabilities matrix of an embedded Markov chain: P = [

pij : i, j ∈ S
]

and the matrix of the holing times CDF F(t) = [
Fij(t) : i, j ∈ S

]
. Therefore, a

triple (p, P, F(t)) determines the homogeneous SMP with the discrete space S. This
method of determining SMP is convenient, for Monte-Carlo simulation of the SMP
sample path.
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From the Radon-Nikodym theorem it follows that there exist the functions
aij(x), x ∈ R+, i, j ∈ S, such that

Qij(t) =
∫ t

0
aij(t) dGi(x). (2.35)

Because

Qij(t) = P(ϑn+1 � t, ξn+1 = j|ξn = i)

=
∫ t

0
P(ξn+1 = j|ξn = i, ϑn+1 = x)dP(ϑn+1 � x|ξn = i)

=
∫ t

0
P(ξn+1 = j|ξn = i, ϑn+1 = x) dGi(x)

then

aij(x) = P(ξn+1 = j|ξn = i, ϑn+1 = x). (2.36)

The function aij(x), t ∈ R+ represents the transition probability from state i to state
j under the condition that duration of state i is equal to x. From (2.35), it follows that
matrices

a(x) = [
aij(x) : i, j ∈ S

]
(2.37)

and

G(x) = [
δij Gi(x) : i, j ∈ S

]
(2.38)

determine the kernel Q(t) = [
Qij(t) : i, j ∈ S

]
. Therefore, a triple (p, a(x), G(x)) de-

fines the continuous-time SMP with a discrete state space S.
In conclusion, three equivalent ways of determining the SMP are presented in this

section:

• by pair (p, Q(t)),
• by triple (p, P, F(t)),
• by triple (p, a(x), G(x)).

It should be added that there exist other ways to define the SMP [60]. Presented here
are the ways of defining SMP that seem to be most useful in applications.

2.5 Connection between Semi-Markov
and Markov process

A discrete state space and continuous-time SMP is a generalization of that kind of
Markov process. The Markov process can be treated as a special case of the SMP.
Theorem 2.4 (Korolyuk and Turbin [60]). Every homogeneous Markov pro-
cess {X(t) : t � 0} with the discrete space S and the right-continuous trajectories
keeping constant values on the half-intervals, given by the transition rate matrix
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�= [
λij : i, j ∈ S

]
, 0 < −λii = λi < ∞ is the SMP with the kernel

Q(t) = [
Qij(t) : i, j ∈ S

]
, (2.39)

(2.40)

where

Qij(t) = pij
(
1 − e−λi t) , t � 0, (2.41)

pij = λij

λi
for i �= j, pii = 0. (2.42)

Proof: [24, 32].
From this theorem it follows that the length of interval [τn, τn+1) given states at

instants τn and τn+1 is a random variable having an exponential distribution with
parameter independent of state at the moment τn+1:

Fij(t) = P(τn+1 − τn � t|X(τn) = i, X(τn+1) = j) = 1 − e−λi t, t � 0. (2.43)

As we know, the function Fij(t) is a cumulative probability distribution of a holding
time in the state i, if the next state is j. Recall that the function

Gi(t) =
∑
j∈S

Qij(t) = 1 − e−λi t, t � 0 (2.44)

is a CDF of a waiting time in the state i. For the Markov process, holding times
Tij, i, j ∈ S and waiting times Ti, j ∈ S have the identical exponential distributions with
parameters λi = 1

E(Ti)
, i ∈ S that do not depend on state j.

2.6 Illustrative examples

Example 2.3. Presented here as a model is a modification and some extension of a
model presented in Example 1.5. We consider the reliability model of a renewable
two-component series system under the assumption that the times to failure of booth
components denoted as ζ1, ζ2 are exponentially distributed with parameters λ1 and
λ2, but the renewal (repair) times of components are the nonnegative random variables
η1, η2 with arbitrary distributions defined by CDF Fη1(t), Fη2(t). We suppose that the
above-considered random variables and their copies are mutually independent. The
states are defined as identical to those in Example 1.5.

1. The system renewal after the failure of the first component (down state)
2. The system renewal after the failure of the second component (down state)
3. Work of the system, both components are up

A renewal kernel is given by

Q(t) =
⎡
⎣ 0 0 Q13(t)

0 0 Q23(t)
Q31(t) Q32(t) 0

⎤
⎦ . (2.45)
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Using the assumptions, we calculate all elements of this matrix.

Q13(t) = Fη1(t), (2.46)

Q23(t) = Fη2(t), (2.47)

Q31(t) = P(ζ1 � t, ζ1 > ζ2) =
∫∫
D13

λ1e−λ1 x λ2e−λ2 ydx dy,

where

D31 = {(x, y) : x � t, y > x}.
Thus,

Q31(t) =
∫ t

0
λ1e−λ1 x e−λ2 xdx = λ1

λ1 + λ2

(
1 − e−(λ1+λ2) t

)
. (2.48)

In the same way, we obtain

Q32(t) = λ2

λ1 + λ2

(
1 − e−(λ1+λ2) t

)
. (2.49)

The cumulative distribution of the waiting times for the states 1, 2, and 3 for t � 0
are

G1(t) = P(η1 � t) = Fη1(t),

G2(t)) = P(η2 � t) = Fη2(t),

G3(t) = Q31(t) + Q32(t) = 1 − e(λ1+λ2) t.

Example 2.4. The transition rate matrix of the Poisson process is defined in the
previous chapter by (1.66). From Theorem 2.4, it follows that the Poisson process is a
SMP with the state space S = {0, 1, 2, . . .} and the kernel

Q(t) =

⎡
⎢⎢⎢⎢⎢⎣

0 Q01(t) 0 0 0 . . .

0 0 Q12(t) 0 0 . . .

0 0 0 Q23(t) 0 . . .

0 0 0 0 Q34(t) . . .
...

...
...

...
...

...

⎤
⎥⎥⎥⎥⎥⎦

, (2.50)

where

Qi i+1(t) = 1 − e−λ t, i = 0, 1, 2, . . . , λ > 0. (2.51)

Example 2.5. The transition rate matrix of the Furry-Yule process is determined
by (1.67). From Theorem 2.4, it follows that the Furry-Yule process is a SMP with the
state space S = {0, 1, 2, . . .} and the kernel (2.50), where

Qi i+1(t) = 1 − e−(i+1) λ t, i = 0, 1, 2, . . . , λ > 0. (2.52)
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2.7 Elements of statistical estimation

2.7.1 Observation of SMP sample path

We know that an initial distribution and a renewal kernel define a SMP. Now we want
to estimate the elements of the renewal kernel by observing one or many sample paths
in the time interval [0, t] or the given number of the state changes (jumps) n. The
observation of a SMP sample path in an interval [0, t] is a sequence of number

sms(t) = (i0, i1, . . . , in(t); x1, . . . , xn(t)) (2.53)

which is a realization of the random sequence

SMS(t) = (ξ0, ξ1, . . . , ξN(t); ϑ1, . . . , ϑN(t)), (2.54)

where N(t) is a random variable the values n(t) of which denotes the number of semi-
Markov jumps (state changes) in this time interval. For the semi-Markov process with
an initial distribution p0 and a renewal kernel Q(t), t � 0, the probability distribution
of this random sequence [72] is

P(N(t) = n, ξ0 = i0, ξ1 = i1, ϑ1 � t1, . . . , ξn = in, ϑn � tn) (2.55)

= pi0Qi0i1(t1)Qi1i2(t2) . . . Qin−1in(tn) [1 − G(ut)] ,

where ut = t − (t1 + t2 + · · · + tn).
For the given number of jumps n, the observation of the SMP trajectory is a

sequence of numbers

sms(n) = (i0, i1, . . . , in; x1, . . . , xn) (2.56)

which is a realization of the random sequence

SMS(n) = (ξ0, ξ1, . . . , ξn; ϑ1, . . . , ϑn). (2.57)

In this case, the probability distribution of the random sequence is given by

P(ξ0 = i0, ξ1 = i1, ϑ1 � t1, . . . , ξn = in, ϑn � tn)

= pi0Qi0i1(t1)Qi1i2(t2) . . . Qin−1in(tn). (2.58)

The function qij(x), x � 0 is called the density of Qij(x), x � 0 if there exists such
function qij(x), i, j ∈ S, x � 0 that

Qij(x) =
∫ x

0
qij(u)du.

If each of the functions Qij(x), x � 0, i, j ∈ S has the density qij(x), i, j ∈ S, x � 0,
then the sample density function, corresponding to the distribution (2.55), is

f (i0, i1, . . . , in; t1, . . . , tn) = pi0qi0i1(t1)qi1i2(t2) . . . qin−1in(tn) [1 − G(ut)] , (2.59)

and the density corresponding to the distribution (2.55) is

f (i0, i1, . . . , in; t1, . . . , tn) = pi0qi0i1(t1)qi1i2(t2) . . . qin−1in(tn). (2.60)
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2.7.2 Empirical estimators

We know (2.33), that Qij(x) = pij Fij(x). The maximum likelihood estimator of the
transition probability pij is given by

P̂ij(t) = Nij(t)

Ni(t)
, (2.61)

where

Nij(t) = #{k ∈ {1, 2, . . . , N(t)} : ξk−1 = i, ξk = j} =
N(t)∑
k=1

I{ξk−1=i, ξk=j}

signify the SMP direct number of transitions from the state i to j in a time interval
[0, t], and

Ni(t) = #{k ∈ {1, 2, . . . , N(t)} : ξk = i} =
N(t)∑
k=1

I{ξk=i} =
∑
j∈S

Nij(t)

denotes the number of jumps to the state i in the time interval [0, t]. Properties of the
estimator P̂ij are presented in Ref. [69]. For the sample (2.54), the empirical estimator
of the CDF Fij(t) is given by

F̂ij(x, t) = Mij(x, t)

Nij(t)
, (2.62)

where

Mij(x, t) =
N(t)∑
k=1

I{ξk−1=i, ξk=j, ϑk�x}.

The empirical estimator of the renewal kernel element Qij(t) takes the form

Q̂ij(x, t) = P̂ij(t)F̂ij(x, t) = Mij(x, t)

Ni(t)
. (2.63)

For the semi-Markov sample path (2.57), the corresponding estimators are

P̂ij = Nij

Ni
, (2.64)

where

Nij = #{k ∈ {1, 2, . . . , n} : ξk−1 = i, ξk = j} =
n∑

k=1

I{ξk−1=i, ξk=j}

signify the SMP direct number of transitions from the state i to j in n jumps and

Ni = #{k ∈ {1, 2, . . . , n)} : ξk = i} =
n∑

k=1

I{ξk=i} =
∑
j∈S

Nij

means the number of jumps to the state i. Properties of the estimator P̂ij are presented
in Ref. [69].
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For the sample (2.57), the empirical estimator of the Fij(x) is

F̂ij(x) = Mij(x)

Nij
(2.65)

where

Mij(x) =
n∑

k=1

I{ξk−1=i, ξk=j, ϑk�x}.

In this case, the empirical estimator of the renewal kernel element Qij(t) is of the
form

Q̂ij(x) = P̂ijF̂ij(x) = Mij(x)

Ni
. (2.66)

Limnios and Oprisan [72] have proved the following asymptotic properties of the
empirical estimator Q̂ij(x, t).
Theorem 2.5 (Limnios and Oprisan [72]). The estimators Q̂ij(x, t) of the Qij(x), for
all i, j ∈ S satisfy the equality

lim
t→∞ max

i,j
sup

x∈[0, t)
|Q̂ij(x, t) − Qij(x)| = 0 a.s. (2.67)

Theorem 2.6 (Limnios and Oprisan [72] and Ouhbi and Limnios [78]). The
estimator Q̂ij(x, t) of the function Qij(x), for any fixed x > 0, has the asymptotically
normal distribution if t → ∞,

lim
t→∞ P

(
t

1
2

[
Q̂ij(x, t) − Qij(x)

]
� u

)
= 1√

2π σ

∫
−∞

ue
− y2

2σ 2
ij (2.68)

where σ 2
i,j = μii

[
Qij(x)

[
1 − Qij(x)

]
and μii denotes mean time of return to the state i.

2.7.3 Nonparametric estimators of kernel elements densities

Now we assume that each of the functions Qij(x), i, j ∈ S has the density

qij(x) = pij fij(x), i, j ∈ S, x � 0,

where fij(x) is a probability density function corresponding to CDF Fij(x).

Nonparametric kernel estimator of density

First, we construct the so-called nonparametric kernel estimator of the density function
fij(x). Having the observations of the SMP sample path (2.57), we can construct the
sequence

{xij(m) : m = 1, 2, . . . , nij}, (2.69)

where xij(m) is a value of the holding time Tij(m). Recall that all random variables
Tij(m) : 1, 2, . . . , Nij are iid and

P(Tij(m) � x) = P(Tij � x) = P(ϑk � x|ξk−1 = i, ξk = j).
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The real function K(x), which takes the nonnegative values and satisfies the
condition∫ ∞

−∞
K(u)du = 1

is called a statistical kernel.
A function

f̂ij(x) = 1

nijh

nij∑
m

K

(
x − xij(m)

h

)
, h > 0 (2.70)

is said to be a value of the nonparametric kernel estimator of a density function fij(x).
A number h is called a bandwidth or a smoothing parameter or a window. The choice
of the kernel and the choice of the bandwidth is a significant problem of density
estimation. One well-known proposal is a Gaussian kernel

K(u) = 1√
2π

e− u2
2 I(∞,∞)(u) (2.71)

A number

h = 1.06 ŝ n−0.2, (2.72)

where ŝ is the empirical standard deviation

ŝ =
√√√√1

n

n∑
i=1

(xi − x̄)2,

is a practical estimate of the bandwidth in this case. The value of the nonparametric
kernel estimator of the function qij(x) : i, j ∈ S, x � 0 is the function

q̂ij(x) = p̂ij f̂ij(x), i, j ∈ S, x � 0 (2.73)

where

p̂ij = nij

ni
, f̂ij(x) = 1

nijh

nij∑
m

K

(
x − xij(m)

h

)
, h > 0.

Ciesielski nonparametric estimator of density

Ciesielski nonparametric density estimator is based on the concept of the spline
function. The definition and properties of the estimator are presented by Ciesiel-
ski [14]. Other certain properties of the estimator are examined and announced by
Krzykowski [68]. The value of this estimator depends on the value x = (x1, x2, . . . , xn)

of the simple sample X = (X1, X2, . . . , Xn) and a natural number r, which is called an
order of the spline function. We obtain smoothing parameter h using the formula [68]

h =
√√√√ 6

r n (n − 1)

n∑
j=1

(
xj − x

)2
,
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where x =
∑n

j=1 xj

n is a mean of the sample realization (x1, x2, . . . , xn).
We denote:

• s0 =
[xmin

h
− ν

]
− r, sm =

[xmax

h
− ν

]
+ 1

where ν = 0, if r is an even number, and ν = 1
2 , if r is an odd number.

• Nj(x) = r
r∑

i=j

(−1)r−i

i!(r − i)!

(
(s + ν + i) − x

h

)r−1
, j = 1, 2, . . . , r

• N(r)
s,h (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N1(x) dla x ∈ A1 = [(s + ν)h, (s + ν + 1) h)

N2(x) dla x ∈ A2 = [(s + ν + 1)h, (s + ν + 2) h)

...
...

...
Nj(x) dla x ∈ Aj = [(s + ν + j − 1) h, (s + ν + j) h)

...
...

...
Nr(x) dla x ∈ Ar = [(s + ν + r − 1)h, (s + ν + r) h)

0 dla x < (s + ν)h albo x � (s + ν + r) h

• as,h = 1

n

n∑
j=1

1

h
N(r)

s,h (xj), s = s0, s0 + 1, . . . , sm

The value of the Ciesielski nonparametric density estimator is given by

f̂ij(x) =
sm∑

s=s0

as,h N(r)
s,h(x), x ∈ R

and the function
q̂ij(x) = p̂ij f̂ij(x), i, j ∈ S, x � 0 (2.74)

is the corresponding nonparametric spline estimator of the density qij(x) : i, j ∈
S, x � 0.

We should add that there is another method of the semi-Markov kernel estimation.
We can use one of the parametric methods of the densities fij(x), i, j ∈ S, x � 0
estimation.

2.8 Nonhomogeneous Semi-Markov process

The nonhomogeneous semi-Markov process (NHSMP) was introduced independently
by Iosifescu-Manu [46] and Hoem [42]. The results of Iosifescu-Manu were gen-
eralized by Jensen and De Dominicisis [48]. Theory of discrete time NHSMP was
developed by Vassiliou and Papadopoulou [96] and Papadopoulou and Vassiliou [80].

Definition 2.6. A two-dimensional Markov chain {(ξn, τn) : n ∈ N0} with transition
probabilities

Qij(t, x) = P(ξN(t)+1 = j, τN(t)+1 − τN(t) � x|ξN(t) = i, τN(t) = t),

i, j ∈ S, x, t ∈ R+ (2.75)

is called nonhomogeneous Markov renewal process (NHMRP).
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Definition 2.7. A stochastic process {X(t) : t � 0} with the piecewise constant and
the right continuous sample paths, which is given by

X(t) = ξN(t) (2.76)

is called a NHSMP associated with NHMRP {(ξn, ϑn) : n ∈ N0} determined by the
initial distribution p = [pi(0) : i ∈ S] and the kernel Q(t, x) = [

Qij(t, x) : i, j ∈ S
]

,
t � 0.

Recall that N(t) = sup{n ∈ N0 : τn � t} denotes a number of the state changes in a
time interval [0, t] and {N(t) : t ∈ R+} is a counting process. Recall also that τN(t)+1 −
τN(t) = ϑN(t)+1.

Definition 2.8. The functions

pij(t) = P(ξN(t)+1 = j|ξN(t) = i, τN(t) = t) = lim
x→∞ Qij(t, x), t ∈ R+, i, j ∈ S

(2.77)

are called the transition probabilities of the embedded nonhomogeneous Markov chain
{ξn : n ∈ N0}.

Those functions form a square matrix p(t) = [
pij(t) : i, j ∈ S

]
.

Similar to the case of a homogeneous SMP, we can introduce a CDF of a holding
time {Tij(t) : t ∈ R+}, i, j ∈ S. The CDF is given by

Fij(t, x) = P(ϑN(t)+1 � x|ξN(t)+1 = j, ξN(t) = i, τN(t) = t)

= P(Tij(t) � x), i, j ∈ S, x, t ∈ R+. (2.78)

It is easy to show that

Qij(t, x) = pij(t) Fij(t, x). (2.79)

The CDF of a waiting time {Ti(t) : t ∈ R+} in a state i is given by the formula

Gi(t, x) =
∑
j∈S

Qij(t, x). (2.80)

It means that

Gi(t, x) = P(Ti(t) � x) = P(ϑN(t)+1 � x |ξN(t) = i, τN(t) = t). (2.81)

The interval transition probabilities

Pij(t, s) = P(X(s) = j|X(τN(t)) = i, τN(t) = t), 0 � t < s, i, j ∈ S (2.82)

are some of the important characteristics of the NHSMP. Assume that i �= j. The
NHSMP that starts from a state i at the moment τN(t) = t will be in state j at the
moment s > t > 0 if in an instant τN(t)+1 the process will pass to a state k ∈ S, and
in a time interval (τN(t)+1, s] there takes place at least one change of the state from
the state k to j. Using a memoryless property of a SMP in the instant τN(t)+1 and the
theorem of the total probability we have

Pij(t, s) = P(X(s) = j|X(τN(t)) = i, τN(t) = t)
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=
∑
k∈S

∫ u

0
P(X(s) = j|X(τN(t)+1) = k, ϑN(t)+1 = u))

P(X(τN(t)+1) = k, ϑN(t)+1 ∈ du|X(0) = i)

=
∑
k∈S

∫ s

0
Pkj(t + u, s − u)Qik(t, du).

Therefore,

Pij(t, s) =
∑
k∈S

∫ s

0
Pkj(t + u, s − u)Qik(t, du), i, j ∈ S, i �= j, 0 � t < s.

Assume now that i = j. The process starting from the state i ∈ S at the moment
τN(t) = t will have value i ∈ S and in the instant s > t � 0 will also have the same
value, if the event {ϑN(t)+1 > s} occurs. Because P(ϑN(t)+1 � s|X(τN(t)) = i, τN(t) = t)
= Gi(t, s) then

P(ϑN(t)+1 > s|X(τN(t)) = i, τN(t) = t) = 1 − Gi(t, s).

Hence, for any i ∈ S,

Pii(t, s) = 1 − Gi(t, s) +
∑
k∈S

∫ s

0
Pki(t + u, s − u)Qik(t, du), i ∈ S, 0 � t < s.

Therefore, we obtain the following system of integral equations:

Pij(t, s) = δij [1 − Gi(t, s)]

+
∑
k∈S

∫ s

0
Pkj(t + u, s − u)Qik(t, du), i, j ∈ S, 0 � t < s, (2.83)

with an initial condition

Pij(t, 0) =
{

1 if i = j
0 if i �= j

(2.84)

Often, the system of integral equations is called the evolution system of equations.
The NHSMP has been applied to problems relating to life insurance, medicine as well
as issues of reliability and maintenance.
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of SMP

Abstract

The cumulative distribution functions of the first passage time from the given states to
a subset of states and expected values and second moments corresponding to them are
considered in this chapter. The equations for these quantities are presented. Moreover, the
concept of interval transition probabilities is discussed and the corresponding equations
are also derived. These equations allowed obtaining the interval transition probabilities for
the alternating process and also for the Poisson and Furry-Yule processes. Furthermore, the
reliability and maintainability characteristics and parameters in semi-Markov models are
considered in the chapter. At the end of the chapter, numerical illustrative examples and
proofs of some theorems are shown.

Keywords: First passage time of semi-Markov process, Interval transition probability,
Reliability characteristics and parameters, Maintainability characteristics and parameters

3.1 First passage time to subset of states

From the previous chapter, it follows that a semi-Markov process (SMP) is defined by
a renewal kernel and the initial distribution of states or other equivalent parameters.
Those quantities contain full information about the process and they allow us to find
many characteristics and parameters of the process, which we can translate on the
reliability characteristics in the semi-Markov reliability model.

Let {X(t) : t � 0} be the continuous-time SMP with a discrete state space S and a
kernel Q(t), t � 0. A value of random variable

�A = min{n ∈ N : X(τn) ∈ A} (3.1)

denotes a discrete time (a number of state changes) of a first arrival to the set of states
A ⊂ S of the embedded Markov chain, {X(τn) : n ∈ N0}. A number

fiA(m) = P(�A = m|X(0) = i), m = 1, 2, . . . (3.2)

is a conditional probability of the first arrival to subset A at time m, if the initial state
is i. Notice that

fiA(m) =
{

P(X(m) ∈ A, X(m − 1) /∈ A, . . . , X(1) /∈ A|X(0) = i), m = 2, 3, . . .
P(X(1) ∈ A|X(0) = i), m = 1

fiA = P(�A < ∞|X(0) = i) = 1 − P(�A = ∞|X(0) = i)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00003-X
Copyright c© 2015 Elsevier Inc. All rights reserved.
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= 1 − P

( ∞⋂
k=1

X(k) ∈ A′|X(0) = i}
)

= P

( ∞⋃
k=1

{�A = m|X(0) = i

)

=
∞∑

m=1

fiA(m).

A value of a random variable

�A = τ�A (3.3)

denotes a first passage time to the subset A or the time of a first arrival at the set of
states A ⊂ S of SMP {X(t) : t � 0}. A function

�iA(t) = P(�A � t|X(0) = i), t � 0 (3.4)

is the cumulative distribution function (CDF) of a random variable �iA denoting the
first passage time from the state i ∈ A′ to the subset A. Thus,

�iA(t) = P(�iA � t). (3.5)

We will present some theorems concerning distributions and parameters of the
random variables �iA. First, we define a function

�iA(t, n) = P(τn � t, �A = n|X(0) = i), n ∈ N, t ∈ R+. (3.6)

Note that

�iA(t, n) =

⎧⎪⎪⎨
⎪⎪⎩

P(τn � t, X(τn) ∈ A, X(τn−1) ∈ A′, . . . , X(τ1) ∈ A′|X(0) = i)
for n = 2, 3, . . .

P(τ1 � t, X(τ1) ∈ A|X(0) = i)
for n = 1.

(3.7)

A value of the function �iA(t, n) denotes a first passage time from a state i ∈ A′
to a subset A during time no greater than t, as a result of an nth jump of the SMP
{X(t) : t ∈ R+}. This function has the following properties:

1.

∀t∈R+�iA(t, n) � fiA(n), n ∈ N. (3.8)

2.

∀n∈R+ lim
t→∞ �iA(t, n) = fiA(n). (3.9)

3. If the process {X(t) : t ∈ R+} is regular, then

∀t∈R+ lim
n→∞ �iA(t, n) = 0. (3.10)

4. If i
1→ A, then

lim
n→∞ �iA(t, n) = 0. (3.11)
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Lemma 3.1. The functions �iA, i ∈ A′ satisfy equations

�iA(t, 1) =
∑
j∈A

Qij(t), (3.12)

�iA(t, n) =
∑
k∈A′

∫ t

0
�kA(t − x, n − 1)dQik(x), n = 2, 3, . . . . (3.13)

Moreover,

�iA(t, n) =
∑
j∈A

∑
r1,r2,...,rn−1∈A′

Qir ∗ Qr1r2 ∗ · · · ∗ Qrn−1j(t). (3.14)

Proof: [32].
Note that

�iA(t) =
∞∑

n=1

�iA(t, n). (3.15)

Theorem 3.1 (Korolyuk and Turbin [60], Silvestrov [90], and Grabski [32]). For
the regular SMPs such that,

fiA = P(�A < ∞|X(0) = i) = 1, i ∈ A′, (3.16)

the distributions �iA(t), i ∈ A′ are proper and they are the only solutions of the
equations system

�iA(t) =
∑
j∈A

Qij(t) +
∑
k∈S

∫ t

0
�kA(t − x)dQik(x), i ∈ A′. (3.17)

Proof: [32, 60, 90].
Applying a Laplace-Stieltjes (L-S) transformation for the system of integral

equations (3.17) we obtain the linear system of equations for (L-S) transforms

ϕ̃iA(s) =
∑
j∈A

q̃ij(s) +
∑
k∈A′

q̃ik(s)ϕ̃kA(s), (3.18)

where

ϕ̃iA(s) =
∫ ∞

0
e−std�iA(t) (3.19)

are L-S transforms of the unknown CDF of the random variables �iA, i ∈ A′ and

q̃ij(s) =
∫ ∞

0
e−stdQij(t) (3.20)

are L-S transforms of the given functions Qij(t), i, j ∈ S. That linear system of
equations is equivalent to the matrix equation(

I − q̃A′(s)
)
ϕ̃A′(s) = b̃(s), (3.21)
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where

I = [
δij : i, j ∈ A′] (3.22)

is the unit matrix,

q̃A′(s) = [
q̃ij(s) : i, j ∈ A′] (3.23)

is the square submatrix of the L-S transforms of the matrix q̃(s), while

ϕ̃A′(s) = [
ϕ̃iA(s) : i ∈ A′]T , b̃(s) =

⎡
⎣∑

j∈A

q̃ij(s) : i ∈ A′
⎤
⎦

T

(3.24)

are one-column matrices of the corresponding L-S transforms.
The linear system of equations (3.18) for the L-S transforms allows us to obtain the

linear system of equations for the moments of random variables �iA, i ∈ A′.
Theorem 3.2 (Korolyuk and Turbin [60], Silvestrov [90], and Grabski [32]). If

• assumptions of Theorem 3.1 are satisfied
• ∃c>0 ∀i,j∈S 0 < E(Tij) � c,

• ∀i∈AμiA =
∞∑

n=1
nfiA(n) < ∞,

then there exist expectations E(�iA), i ∈ A′ and they are unique solutions of the linear
equations system, which have the following matrix form:

(I − PA′)�A′ = TA′ , (3.25)

where

PA′ = [
pij : i, j ∈ A′] , �A′ = [

E(�iA) : i ∈ A′]T , TA′ = [
E(Ti) : i ∈ A′]

and I is the unit matrix.
Proof: [32, 60, 90].

Theorem 3.3 (Korolyuk and Turbin [60], Silvestrov [90], and Grabski [32]). If

• assumptions of Theorem 3.1 are fulfilled,
• ∃d>0 ∀i,j∈S 0 < E(T2

ij) � d,

• ∀i∈A μ2
iA =

∞∑
n=1

n2fiA(n) < ∞,

then there exist second moments E(�2
iA), i ∈ A′ and they are unique solutions of the

linear system equations, which have the following matrix form:

(I − PA′)�
2
A′ = BA, (3.26)

where

PA′ = [
pij : i, j ∈ A′] , �A′ =

[
E(�2

iA) : i ∈ A′]T
,

BA = [
biA : i ∈ A′]T

, biA = E(T2
i ) + 2

∑
k∈A′

pikE(Tik)E(�kA).
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Proof: [32, 60, 90].
A first return time to a given state j ∈ S is an important and useful quantity.
Definition 3.1. A function

�jj(t) = P(τ�j � t|X(0) = j), j ∈ S (3.27)

where

�j = min{n ∈ N : X(τn) = j}
is called a CDF of the first return time to the state j of the SMP {X(t) : t � 0}. The
random variable having distribution (3.26) is denoted by �jj.
Theorem 3.4. Let {X(t) : t � 0} be the regular SMP with the kernel Q(t) =[
Qij(t) : i, j ∈ S

]
. If for each i ∈ S, fij = 1, then there exists only one, proper CDF

of the first return time to the state j and it is given by the equality

�jj(t) = Qjj(t) +
∑

k∈S−{j}

∫ t

0
�kj(t − x)dQjk(x). (3.28)

Applying L-S transformation, we obtain

ϕ̃jj(s) = q̃jj(s) +
∑

k∈S−{j}
q̃jk(s)ϕ̃kj(s). (3.29)

We take the L-S transforms ϕ̃kj(s) for k �= j from (3.18).
Theorem 3.5. If

• assumptions of Theorem 3.1 are fulfilled,
• ∃d>0 ∀i,j∈S 0 < E(T2

ij) � d,

• ∀i∈S μ2
ij =

∞∑
n=1

n2fij(n) < ∞,

then there exist expectations E(�jj) and second moments E(�2
jj) and

E(�jj) = E(Tj) +
∑

k∈S−{j}
pjkE(�kj), (3.30)

E(�2
jj) = E(T2

j ) +
∑

k∈S−{j}
pjkE(�2

kj) + 2
∑

k∈S−{j}
pjkE(Tjk)E(�kj). (3.31)

Example 3.1. Consider a SMP with the state space S = {1, 2, 3} defined by the
kernel

Q(t) =
⎡
⎣ 0 0.2(1 − e−0.1t) 0.8(1 − e−0.1t)

1 − e−t 0 0
1 − (1 + 0.2t)e−0.2t 0 0

⎤
⎦ , t � 0.

We will calculate PDF (probability density function) of the first passage times from
state i ∈ A′ = {1, 2} to state 3. The L-S transform of the kernel is
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q̃(s) =

⎡
⎢⎢⎢⎢⎢⎣

0 0.02
s+0.1

0.08
s+0.1

1
s+1 0 0

0.04
(s+0.2)2 0 0

⎤
⎥⎥⎥⎥⎥⎦ .

Matrices of transforms from (3.21) are as follows:

q̃A′(s) =
⎡
⎣ 0 0.02

s+0.1

1
s+1 0

⎤
⎦ , φ̃A′(s) =

⎡
⎣ φ̃13(s)

φ̃23(s)

⎤
⎦ , b̃A′ =

⎡
⎣ 0.08

s+0.1

0

⎤
⎦ . (3.32)

In this case, (3.21) is of the form⎡
⎣ 1 − 0.02

s+0.1

− 1
s+1 1

⎤
⎦
⎡
⎣ ϕ̃13(s)

ϕ̃23(s)

⎤
⎦ =

⎡
⎣ 0.08

s+0.1

0

⎤
⎦ . (3.33)

The solution of this equation is

ϕ̃13(s) = 0.0781599

s + 0.0783009
+ 0.00184008

s + 1.0217
, (3.34)

ϕ̃23(s) = 0.0847998

s + 0.0783009
− 0.0847998

s + 1.0217
. (3.35)

We obtain the PDFs of random variables �13, �23 as the inverse transforms of the
functions ϕ̃13(s), ϕ̃23(s).

ϕ13(t) = 0.0781599e−0.0783009t + 0.00184008e−1.0217t, t � 0, (3.36)

ϕ23(t) = 0.0847998e−0.0783009t − 0.08479980e−1.0217t, t � 0. (3.37)

Plots of those functions appear in Figures 3.1 and 3.2.
The first and second moments of considered random variables can be found from

the formula

E(�k
i3) =

∫ ∞

0
tkφ(t)dt, i ∈ A′ = 1, 2. (3.38)

Variances of these random variables are given by

V(�i3) = E(�2
i3) − [E(�i3)]

2 , i ∈ A′ = 1, 2. (3.39)

The first and second moments of the considered random variables may also be
found from the equations of Theorems 3.2 and 3.3. In our case, the transition matrix
of the embedded Markov chain is

P =
⎡
⎣ 0 0.2 0.8

1 0 0
1 0 0

⎤
⎦ .



Characteristics and parameters of SMP 43

0 10 20 30 40
t0.00

0.02

0.04

0.06

0.08

j13(t)

Figure 3.1 The density function φ13(t).
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Figure 3.2 The density function φ23(t).

CDFs of waiting times Ti, i ∈ S and CDFs of holding times Tij, i, j ∈ S, are

G1(t) = P(T1 � t) = 1 − e−0.1t, t � 0,
G2(t) = P(T2 � t) = 1 − e−t , t � 0,
G3(t) = P(T3 � t) = 1 − (1 + 0.2t)e−0.2t, t � 0,
F12(t) = P{T12 � t} = 1 − e−0.1t, t � 0,
F13(t) = P{T13 � t} = 1 − e−0.1t, t � 0,
F21(t) = P{T21 � t} = 1 − e−t, t � 0,
F31(t) = P{T31 � t} = 1 − (1 + 0.2t)e−0.2t, t � 0.
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Hence,

E(T1) = 10, E(T2) = 1, E(T3) = 10,
E(T2

1 ) = 200, E(T2
2 ) = 2, E(T2

3 ) = 150.

�

3.2 Interval transition probabilities

The conditional probability

Pij(t) = P(X(t) = i|X(0) = i), i, j ∈ S, t � 0 (3.40)

is called the interval transition probability from the state i to the state j in the interval
[0, t]. The number Pij(t) denotes the probability that the SMP {X(t) : t � 0} will
occupy the state j at an instant t if it starts from the state i at moment 0. Feller [21],
introduced equations that allow us to calculate the interval transition probability by
means of the process kernel. We will explain a way of deriving the equations. Assume
that i �= j. The SMP that starts from the state i at the moment 0 will be in the state j
at the moment t > 0 if in an instant τ1 the process passes to the state k ∈ S, and in a
time interval (τ1, t] at least one change of the state from state k to j takes place. These
considerations and the memoryless property of a SMP in the instant τ1 lead us to the
equation

Pij(t) = P(X(t) = j|X(0) = i)

=
∑
k∈S

∫ t

0
P(X(t) = j|X(τ1) = k)P(X(τ1) = k, τ1 ∈ dx|X(0) = i)

=
∑
k∈S

∫ t

0
Pkj(t − x)dQik(x), i, j ∈ S, i �= j.

Assume now that i = j. The SMP starting from the state i ∈ S at the moment 0
will have a value i ∈ S and in the instant t > 0 it will have the same value also if at
the moment τ1 the event {τ1 > t} occurs. Because P(τ1 � t|X(0) = i) = Gi(t), then
P(τ1 > t|X(0) = i) = 1 − Gi(t). Therefore, for i ∈ S

Pii(t) = 1 − Gi(t) +
∑
k∈S

∫ t

0
Pki(t − x)dQik(x).

Finally, we obtain the following system of integral equations:

Pij(t) = δij [1 − Gi(t)] +
∑
k∈S

∫ t

0
Pkj(t − x)dQik(x), i, j ∈ S. (3.41)

Only one solution of the system exists if the SMP {X(t) : t � 0} is regular and for
all i, j ∈ S, i → j.
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We can obtain the solution of that system of equations applying Laplace transfor-
mation. Let

P̃ij(s) =
∫ ∞

0
e−stPij(t)dt, q̃ik(s) =

∫ ∞

0
e−stdQik(t), G̃i(s) =

∫ ∞

0
e−stGi(t)dt.

(3.42)

Using properties of Laplace transformation we pass to the linear system of equa-
tions, where the complex functions P̃ij(s), i, j ∈ S are unknown Laplace transforms.
Finally, we have

P̃ij(s) = δij

[
1

s
− G̃i(s)

]
+

∑
k∈S

q̃ik(s)P̃kj(s), i, j ∈ S. (3.43)

If we place this system of equations in matrix form, we get

P̃(s) =
(

1

s
I − G̃(s)

)
+ q̃(s)P̃(s), (3.44)

where

P̃(s) =
[
P̃ij(s) : i, j ∈ S

]
, G̃(s) =

[
δijG̃i(s) : i, j ∈ S

]
,

q̃(s) = [
q̃ij(s) : i, j ∈ S

]
, I = [

δij : i, j ∈ S
]

.

Hence,

P̃(s) = (I − q̃(s))−1
(

1

s
I − G̃(s)

)
. (3.45)

3.2.1 Interval transition probabilities for alternating process

Let {X(t) : t ∈ R+} be the SMP with the state space S = {0, 1} and the kernel

Q(t) =
[

0 G0(t)
G1(t) 0

]
(3.46)

where G0(t) and G1(t) are the CDFs with nonnegative support. This process is called
the alternating stochastic process. For the process, the matrices from (3.45) are(

1

s
I − G̃(s)

)
=

[ 1
s − G̃0(s) 0

0 1
s − G̃1(s)

]
, q̃(s) =

[
0 g̃0(s)

g̃1(s) 0

]
. (3.47)

Now, the solution is

P̃(s) = 1

1 − g̃0(s) g̃1(s)

⎡
⎣ 1

s − G̃0(s) g̃0(s)
[

1
s − G̃1(s)

]
g̃1(s)

[
1
s − G̃0(s)

]
1
s − G̃1(s)

⎤
⎦ . (3.48)

Example 3.2. We assume that the waiting times of the states process are exponen-
tially distributed: G0(t) = 1 − e−μt , t � 0, μ > 0 and G1(t) = 1 − e−λt, t� 0, λ > 0.
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In that case, {X(t) : t ∈ R+} is a two-states Markov process. The corresponding
Laplace transforms are

G̃0(s) = 1

s
− 1

s + μ
, G̃1(s) = 1

s
− 1

s + λ
.

The matrix of the Laplace transforms of the interval transition probabilities (3.48)
takes the form

P̃(s) =
[

s+λ
s(s+λ+μ)

μ
(s(s+λ+μ))

λ
s(s+λ+μ)

s+μ
s(s+λ+μ)

]
. (3.49)

The inverse Laplace transformation of elements of this matrix leads to the interval
transition probabilities

P00(t) = λ

λ + μ
+ μ

λ + μ
e−(λ+μ)t, P01(t) = μ

λ + μ
− μ

λ + μ
e−(λ+μ)t,

P10(t) = λ

λ + μ
+ λ

λ + μ
e−(λ+μ)t, P11(t) = μ

λ + μ
− λ

λ + μ
e−(λ+μ)t.

(3.50)

This way we obtain a well-known result. �
Example 3.3. We assume that

G0(t) = 1 − (1 + t)e−t , G1(t) = 1 − e−0.1t, t � 0.

Using the Laplace transformation, we calculate the interval transition probabilities
of the process. The matrix of the Laplace transform of the kernel is

q̃(s) =
[

0 1
(s+1)2

0.1
s+0.1 0

]
. (3.51)

The matrix of the Laplace transforms of the waiting times CDF is

G̃(s) =
[

1
s (s+1)2 0

0 0.1
s (s+0.1)

]
. (3.52)

Using (3.47) we obtain

P̃(s) =
⎡
⎣ (0.1+s)(2+s)

s(1.2+2.1s+s2)

1
s (1.2+2.1s+s2)

0.1 (2+s)
s (1.2+2.1s+s2)

(1+s)2

s (1.2+2.1s+s2)

⎤
⎦ . (3.53)

Finally, we have

P̃00(s) = 0.16667

s
+ 1.75 + 0.83333s

1.2 + 2.1s + s2 ,

P̃01(s) = 0.83333

s
− 1.75 + 0.83333s

1.2 + 2.1s + s2 ,
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Figure 3.3 The interval transition probabilities P10(t) and P11(t).

P̃10(s) = 0.16667

s
− 0.25 + 0.16667s

1.2 + 2.1s + s2 ,

P̃11(s) = 0.83333

s
+ 0.25 + 0.16667s

1.2 + 2.1s + s2
.

Hence,

P00(t) = 0.16667 + e−1.05t [0.83333 cos(0.31225t) + 2.80225 sin(0.31225t)] ,

P01(t) = 0.83333 − e−1.05t [0.83333 cos(0.31225t) + 2.80225 sin(0.31225t)] ,

P10(t) = 0.16667 − e−1.05t [0.16667 cos(0.31225t) + 0.24019 sin(0.31225t)] ,

P11(t) = 0.83333 + e−1.05t [0.16667 cos(0.31225t) + 0.24019 sin(0.31225t)] .

The interval transition probabilities P10(t) and P11(t) are plotted in Figure 3.3. �

3.2.2 Interval transition probabilities for Poisson process

As we know (Example 2.4), the Poisson process is a SMP {X(t) : t � 0} with the
countable state space S = {0, 1, 2, . . .}, defined by the initial distribution

p(0) = [
1 0 0 . . .

]
(3.54)

and the renewal kernel

Q(t) =

⎡
⎢⎢⎢⎢⎣

0 G0(t) 0 0 0 . . .

0 0 G1(t) 0 0 . . .

0 0 0 G2(t) 0 . . .

0 0 0 0 G3(t) 0
· · · · · ·

⎤
⎥⎥⎥⎥⎦ , (3.55)
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where Gi(t), i = 0, 1, . . . are identical exponential CDF of waiting times Ti:

Gi(t) = P(Ti � t) = 1 − e−λt, t � 0, λ > 0. (3.56)

The matrix of the L-S transform of the process kernel is

q̃(s) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 λ
s+λ

0 0 0 . . .

0 0 λ
s+λ

0 0 . . .

0 0 0 λ
s+λ

0 . . .

0 0 0 0 λ
s+λ

0
. . . . . . . . . . . .

⎤
⎥⎥⎥⎥⎥⎥⎦

. (3.57)

Because p̃ij(s) = 0 for i > j, then the linear system of equation (3.43) takes the
form

P̃ii(s) = 1

s + λ
, j ∈ N0, (3.58)

P̃ij(s) = λ

s(s + λ)
P̃i+1j(s), i, j ∈ S, 0 � i + 1 � j.

Hence,

P̃ii+1(s) = λ

s + λ
P̃i+1i+1(s) = λ

(s + λ)2
, i ∈ S.

Finally, we get

P̃ii+k(s) = λk

(s + λ)k+1
, i ∈ S, k ∈ N.

We obtain the interval transition probabilities by calculating the inverse Laplace
transforms.

Pii(t) = L−1
[
P̃ii(s)

]
= L−1

[
1

s + λ

]
= e−λt, t � 0, j ∈ N0, (3.59)

Pii+k(t) = L−1
[

λk

(s + λ)k+1

]
= (λt)ke−λt

k!
, t � 0, i ∈ N0, k ∈ N. (3.60)

3.2.3 Interval transition probabilities for Furry-Yule process

The Furry-Yule process (Example 2.5) is the SMP {X(t) : t � 0} with the countable
state space S = {0, 1, 2, . . .}, given by the initial distribution

p(0) = [
1 0 0 . . .

]
(3.61)

and the renewal kernel (3.55), where

Gi(t) = 1 − e−(i+1)λ t, t � 0, j ∈ N0, (3.62)
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The matrix of the L-S transform of the Furry-Yule process kernel is

q̃(s) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 λ
s+λ

0 0 0 . . .

0 0 2λ
s+2 λ

0 0 . . .

0 0 0 3λ
s+3 λ

0 . . .

0 0 0 0 4λ
s+4 λ

0
. . . . . . . . . . . . . .

⎤
⎥⎥⎥⎥⎥⎥⎦

. (3.63)

Because P̃ij(s) = 0 for i > j, then the linear system of equations (3.18) takes the
form:

P̃ii(s) = 1

s + (i + 1)λ
, i ∈ N0,

P̃ij(s) = (i + 1)λ

s + (i + 1)λ
P̃i+1j(s), i, j ∈ S, 0 � i + 1 � j.

Hence,

P̃ii+1(s) = (i + 1)λ

s + (i + 1)λ
, P̃i+1i+1(s) = (i + 1)λ

(s + (i + 1)λ)(s + (i + 2)λ)
, i ∈ S.

By induction, we obtain

P̃ii+k(s) = (i + 1)(i + 2) . . . (i + k)λk

(s + (i + 1)λ) . . . (s + (i + k + 1))λ)
, i ∈ S.

Consequently, we have

P̃ii+k(s) =
(

i + k
k

)
λkk!

(s + (i + 1) λ)(s + (i + 1)λ + λ) . . . (s + (i + 1)λ + kλ)
.

Remember the following properties of the Laplace transformation

L
[
e−atf (t)

] = f̃ (s + a), L
[
(1 − e−λt)k

]
= λkk!

s(s + λ)(s + 2λ) . . . (s + kλ)
,

for a = (i + 1)λ, we have

P̃ii+k(s) = L

[(
i + k

k

)
e−(i+1)λt(1 − e−λt)k

]
.

Therefore, for i, k ∈ N0 we obtain the formula

Pi i+k(t) =
(

i + k
k

)
e−(i+1)λ t(1 − e−λt)k. (3.64)

For k = 0, we get

Pii(t) = e−(i+1) λt, t � 0, i ∈ N0,

while for i = 0, we have

P0 k(t) = e−λ t(1 − e−λt)k. (3.65)
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Notice that for the initial distribution (3.61)

P0 k(t) = Pk(t) = P(X(t) =), k ∈ S.

Therefore, the one-dimensional distribution of the Furry-Yule process is

Pk(t) = e−λ t(1 − e−λt)k, k ∈ S = N0. (3.66)

We obtain an expectation of the process applying the geometric transformation

E [X(t)] = φ′(z)|z=1, where φ(z) =
∑
k∈N0

Pk(t) zk , |z| � 1. (3.67)

For the considering process, we have

φ(z) =
∑
k∈N0

e−λ t (1 − e−λt)k
zk = e−λ t

1 − (
1 − e−λ t

)
z

(3.68)

and

E [X(t)] = φ′(z)|z=1 = eλ t − 1. (3.69)

3.3 The limiting probabilities

In many cases, the interval transitions probabilities Pij(t), t � 0 and the states
probabilities

Pj(t) = P (X(t) = j) , t � 0, j ∈ S (3.70)

approach the constant values for large t. Let

Pj = lim
t→∞ Pj(t) = lim

t→∞ P(X(t) = j), j ∈ S, (3.71)

Pij = lim
t→∞ Pij(t) = lim

t→∞ P(X(t) = j|X(0) = i), j ∈ S. (3.72)

As a conclusion from theorems presented by Korolyuk and Turbin [60], we
introduce the following theorem
Theorem 3.6 (Korolyuk and Turbin [60]). Let {X(t) : t � 0} be the regular SMP
with the discrete state S and the kernel Q(t) = [

Qij(t) : i, j ∈ S
]
. If

• the embedded Markov chain {X(τn) : n ∈ N0} of the SMP {X(t) : t ∈ R+} contains one pos-
itive recurrent class C, such that for

∀i∈S, j∈C fij = 1,

•

∃a>0 ∀i∈S 0 < E(Ti) =
∫ ∞

0
[1 − Gi(t)] dt � a,

then there exist the limiting probabilities of Pij(t), i, j ∈ S and Pj(t), j ∈ S as t → ∞.
Moreover

Pij = lim
t→∞ Pij(t) = Pj = lim

t→∞ Pj(t) = πjE(Tj)∑
k∈S

πkE(Tk)
, (3.73)
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where πi, i ∈ S form the stationary distribution of the embedded Markov chain
{X(τn) : n ∈ N0}.

P r o o f: [60].
Recall that the stationary distribution of {X(τn) : n ∈ N0} is the unique solution of

the linear system of equations∑
i∈S

πipij = πj, j ∈ S,
∑
j∈S

πj = 1, (3.74)

where

pij = lim
t→∞ Qij(t).

As we have noticed, a calculation of the limiting state probabilities is very
easy. From Theorem 3.6 it follows that we have to calculate the expectation of the
waiting time of an SMP in each state and we have to solve the linear system of
equations (3.74).

Example 3.4. Let {X(t) : i ∈ R+} be an SMP with the state space S = {1, 2, 3} and
the kernel

Q(t) =
⎡
⎣ 0 0.4

[
1 − (1 + 0.2t)e−0.2t

]
0.6

[
1 − (1 + 0.2t)e−0.2t

]
1 − e−0.2t 0 0
1 − e−0.5t 0 0

⎤
⎦ .

(3.75)

In this case,

G1(t) = 1 − (1 + 0, 2t)e−0.2t, t � 0,
G2(t) = 1 − e−0.2t, t � 0,
G3(t) = 1 − e−0.5t, t � 0.

and

E(T1) = 10, E(T2) = 5, E(T3) = 2.

The transition matrix of the embedded Markov chain is

P =
⎡
⎣ 0 0.4 0.6

1 0 0
1 0 0

⎤
⎦ . (3.76)

This process satisfies all assumptions of the introduced theorem. The linear system
of equations for the stationary distribution of the embedded Markov chain takes the
form

π2 + π3 = π1, 0.4π1 = π2, 0.6π1 = π3, π1 + π2 + π3 = 1.

Hence,

π1 = 0.5, π2 = 0.2, π3 = 0.3.
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Using the equality (3.73), we obtain the limiting distribution of the SMP presented
above,

P1 = 25

33
, P2 = 5

33
, P3 = 3

33
.

�
Example 3.5. Let {X(t) : i ∈ R+} be the alternating process. Recall that this

process is SMP with the state space S = {0, 1} and the kernel

Q(t) =
[

0 G0(t)
G1(t) 0

]
. (3.77)

Suppose that expectations of the waiting times are positive, finite numbers

0 < E(Ti) =
∫ ∞

0
[1 − Gi(t)] dt < ∞ i ∈ S.

The transition matrix of the embedded Markov chain is

P =
[

0 1
1 0

]
. (3.78)

The stationary distribution of the embedded Markov chain is

π1 = π0, π0 = π1, π0 + π1 = 1.

Hence,

π1 = 0.5, π2 = 0.5.

From the equality (3.67), we get the limiting distribution of this SMP

P0 = E(T0)

E(T0) + E(T1)
, P1 = E(T1)

E(T0) + E(T1)
.

�
Example 3.6. Suppose that {X(t) : i ∈ R+} is a SMP on the countable state space

S = {1, 2, . . .}, which is determined by the kernel

Q(t) =

⎡
⎢⎢⎢⎢⎣

1
2 G1(t) 1

4 G(t) 1
8 G(t) 1

16 G(t) · · ·
G(t) 0 0 0 · · ·

0 G(t) 0 0 · · ·
0 0 G(t) 0 · · ·

. . . . . . . . . . . . . . . .

⎤
⎥⎥⎥⎥⎦ , (3.79)

where

G1(t) = 1 − e−αt, t � 0, α > 0

and

G(t) = 1 − (1 + λt)e−λt, t � 0, λ > 0.
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In this case,

E(T1) = 1

α
, E(Tk) = 2

λ
for k = 2, . . . .

The transition matrix of the embedded Markov chain is identical to the matrix from
Example 1.3:

P =

⎡
⎢⎢⎢⎢⎣

1
2

1
22

1
23

1
24 . . .

1 0 0 0 . . .

0 1 0 0 . . .

0 0 1 0 . . .

. . . . . . .

⎤
⎥⎥⎥⎥⎦

In Chapter 1 we have proved that state 1 is recurrent and positive. Moreover, all
states of the embedded Markov chain form one positive recurrent class. Thus, all
assumptions of Theorem 3.6 are satisfied. In this case, the system of equation (3.74)
takes the form

1

2
π1 + π2 = π1,

1

4
π1 + π3 = π2,

1

8
π1 + π4 = π3, . . . , (3.80)

π1 + π2 + π3 + · · · = 1,

and the solution is

πk = 1

2k
, k = 1, 2, . . . .

Using equality (3.73) of Theorem 3.6, we obtain the limiting distribution of the
process

P1 = λ

λ + 2 α
, Pk = 1

2k−1

2 α

λ + 2 α
, k = 2, 3, . . . .

�
The interval transition probabilities Pij(t), i, j ∈ S and the CDFs of the first passage

times �ij(t), i, j ∈ S are connected by equations [45]

Pij(t) =
∫ t

0
Pjj(t − x)d�ij(x) for i �= j, i, j ∈ S (3.81)

Pjj(t) = 1 − Gj(t) +
∫ t

0
Pjj(t − x)d�jj(x) for j ∈ S (3.82)

The corresponding equations for the Laplace transforms are

P̃ij(s) = P̃jj(s)ϕ̃ij(s) for i �= j, i, j ∈ S, (3.83)

P̃jj(s) = 1

s
− G̃j(s) + P̃jj(s)ϕ̃jj(s) for j ∈ S, (3.84)
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where

P̃ij(s) =
∫ ∞

0
e−stPij(t)dt, ϕ̃ik(s) =

∫ ∞

0
e−std�ik(t), G̃i(s) =

∫ ∞

0
e−stGi(t)dt.

(3.85)

From (3.84) we can find the transform ϕ̃jj(s):

ϕ̃jj(s) = s P̃jj(s) + s G̃j(s) − 1

s P̃jj(s)
. (3.86)

We know that an expected value of a return time �jj can be calculated as

E(�jj) = −ϕ̃′
jj(s)|s=0. (3.87)

The derivative of the function ϕ̃jj(s) at the point 0 we calculate from definition.

dϕ̃jj(s)

ds
|s=0 = lim

s→0

ϕ̃jj(s) − ϕ̃jj(0)

s
= lim

s→0

s P̃jj(s)+s G̃j(s)−1

s P̃jj(s)
− 1

s

= − lim
s→0

s G̃(s)−1
s

s P̃jj(s)
=

− lim
s→0

s G̃(s)−1
s

lim
s→0

s P̃jj(s)
. (3.88)

If there exists a PDF g(t) = G′(t), t > 0 and G(0) = 0, then

s G̃(s) = L
[
G′(t)

] = L [g(t)] = g̃(s).

Hence,

− lim
s→0

s G̃(s) − 1

s
= − lim

s→0

g̃(s) − 1

s
= −dg̃(s)

ds
|s=0 = E(Tj). (3.89)

From properties of the Laplace transformation we have

lim
s→0

s P̃jj(s) = lim
t→∞ Pjj(t) = Pj. (3.90)

Finally, we obtain an important equality

E(�jj) = E(Tj)

Pj
, (3.91)

where E(Tj) represents the expected value of the waiting time in a state j, and Pj

denotes the limiting probability of the state j.

3.4 Reliability and maintainability characteristics

Reliability and maintainability characteristics and parameters in semi-Markov models
are presented in many books: [6, 7, 11, 24, 32, 60, 72, 90, 93]. Assume that the
evolution of a system’s reliability is described by a finite state space S SMP {X(t) : t �
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0}. Elements of a set S represent the reliability states of the system. Let S+ consists
of the functioning states (up states) and S− contains all the failed states (down states).
The subset S+ and S− form a partition of S, i.e., S = S+ ∪ S− and S+ ∩ S− =� 0.

3.4.1 Reliability function and parameters of the system

Suppose that i ∈ S+ is an initial state of the process. The conditional reliability
function is defined by

Ri(t) = P(∀u ∈ [0, t] , X(u) ∈ S+|X(0) = i), i ∈ S+. (3.92)

Note that from the Chapman-Kolmogorov equation of a two-dimensional Markov
chain {X(τn), τn : n ∈ N0}, we obtain

Ri(t) = P(∀u ∈ [0, t] , X(u) ∈ S+|X(0) = i)

= P(∀u ∈ [0, t] , X(u) ∈ S+, τ1 > t|X(0) = i)

+ P(∀u ∈ [0, t] , X(u) ∈ S+, τ1 � t|X(0) = i)

= [1 − P(ϑ1 > t)] IS+(i)

+
∑
j∈S+

∫ t

0
P(∀u ∈ [0, t] , X(t − τ1) ∈ S+|τ1

= u, X(τ1) = j)P(X(τ1) = j, τ1 ∈ du|X(0) = i)

= [1 − Gi(t)] IS+(i) +
∑
j∈S+

∫ t

0
Rj(t − u)dQij(u).

Finally, we have

Ri(t) = 1 − Gi(t) +
∑
j∈S+

∫ t

0
Rj(t − u)dQij(u), i ∈ S+. (3.93)

Passing to the Laplace transform, we get

R̃i(s) = 1

s
− G̃i(s) +

∑
j∈S+

q̃ij(s)R̃j(s), i ∈ S+, (3.94)

where

R̃j(s) =
∫ ∞

0
e−stRj(t)dt.

The matrix form of the equation system is(
I − q̃S+(s)

)
R̃(s) = W̃S+(s), (3.95)

where

R̃(s) =
[
R̃i(s) : i ∈ S+

]T
, W̃S+(s) =

[
1

s
− G̃i(s) : i ∈ S+

]T
(3.96)
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are one-column matrices and

q̃S+(s) = [
q̃ij(s) : i, j ∈ S+

]
, I = [

δij : i, j ∈ S+
]

(3.97)

are square matrices. Note that

G̃i(s) = 1

s

∑
j∈S+

q̃ij(s). (3.98)

Elements of the matrix R̃(s) are the Laplace transforms of the conditional reliability
functions. We obtain the reliability functions Ri(t), i ∈ S+ by inverting the Laplace
transforms R̃i(s), i ∈ S+.

If A = S−, and A′ = S+, then the first passage time from a state i ∈ A′ to a subset
A denotes a time to failure or lifetime of the system under condition that i is an initial
state. Therefore, the random variable �S− is time to failure of the system. Notice that

Ri(t) = P(∀u ∈ [0, t] , X(u) ∈ S+|X(0) = i) = P(�S− > t|X(0) = i)

= 1 − P(�S− � t|X(0) = i) = 1 − �iS−(t) i ∈ S+. (3.99)

A conditional mean time to failure is the conditional expectation

�̄iS− = E(�S−|X(0) = i) =
∫ ∞

0
Ri(t)dt, i ∈ S+. (3.100)

A corresponding second moment is

�̄2
iS− = E(�S−|X(0) = i) = 2

∫ ∞

0
t Ri(t)dt, i ∈ S+. (3.101)

We can calculate those reliability parameters of the system in another way.
According to equality (3.99) we can solve (3.25) and (3.26), substituting A = S−,
and A′ = S+.

The unconditional reliability function of the system is defined as

R(t) = P(∀u ∈ [0, t] , X(u) ∈ S+). (3.102)

Note that

R(t) = P(∀u ∈ [0, t] , X(u) ∈ S+) =
∑
i∈S+

pi Ri(t), (3.103)

as

P(X(0) = i) = 0 for i ∈ S−.

3.4.2 Pointwise availability

The availability at time t is determined as

A(t) = P(X(t) ∈ S+). (3.104)
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Notice that

A(t) = P(X(t) ∈ S+)

= P(X(t) ∈ S+, X(0) ∈ S)

=
∑
i∈S

∑
j∈S+

P(X(t) = j|X(0) = i) P(X(0) = i)

=
∑
i∈S

∑
j∈S+

pi Pij(t). (3.105)

From the equality it follows that we can calculate the pointwise availability having
an initial distribution pi = P(X(0) = i), i ∈ S and the interval transition probabilities
Pij(t), i ∈ S, j ∈ S+.

If there exist the limit probabilities

Pj = lim
t→∞ Pij(t), j ∈ S+,

then the limiting (steady-state) availability

A = lim
t→∞ A(t) (3.106)

is given by

A =
∑
j∈S+

Pj. (3.107)

3.4.3 Maintainability function and parameters of the system

In a similar way we obtain the maintainability function and parameters of the system,
symmetrically to the reliability case. Now we assume that i ∈ S− is an initial state of
the process. The conditional maintainability function is determined by

Mi(t) = P(∀u ∈ [0, t] , X(u) ∈ S−|X(0) = i), i ∈ S−. (3.108)

These functions fulfill the equations system

Mi(t) = 1 − Gi(t) +
∑
j∈S−

∫ t

0
Mj(t − u)dQij(u), i ∈ S−, (3.109)

which is equivalent to the system of equations for the Laplace transform

M̃i(s) = 1

s
− G̃i(s) +

∑
j∈S−

q̃ij(s)M̃j(s), i ∈ S−, (3.110)

where

M̃j(s) =
∫ ∞

0
e−stMj(t)dt.
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We obtain the maintainability functions Mi(t), i ∈ S− by inverting the Laplace
transforms M̃i(s), i ∈ S− being a solution of the above system of equations.

If A = S+, and A′ = S−, then the first passage time from a state i ∈ A′ to a subset A
denotes a time to repair or a maintenance time of the system under the condition that
i ∈ S− is an initial state. Therefore, the random variable �S+ denotes the maintenance
time of the system. Notice that

Mi(t) = P(∀u ∈ [0, t] , X(u) ∈ S−|X(0) = i) = P(�S+ > t|X(0) = i)

= 1 − P(�S− � t|X(0) = i) = 1 − �iS+(t) i ∈ S−. (3.111)

The conditional mean maintenance time and the corresponding second moment are

�̄iS+ = E(�S+|X(0) = i) =
∫ ∞

0
Mi(t)dt, i ∈ S−. (3.112)

�̄2
iS+ = E(�2

S+|X(0) = i) = 2
∫ ∞

0
t Mi(t)dt, i ∈ S−. (3.113)

We can also calculate those parameters of the system in another way. According to
(3.99), we can solve (3.25) and (3.26) substituting A = S+, and A′ = S−.

The unconditional maintainability function of the system is defined as

M(t) = P(∀u ∈ [0, t] , X(u) ∈ S−). (3.114)

Note that

M(t) = P(∀u ∈ [0, t] , X(u) ∈ S−) =
∑
i∈S−

pi Mi(t). (3.115)

3.5 Numerical illustrative example

3.5.1 Description and assumptions

The object (device) works by performing the two types of tasks 1 and 2. The duration
of task k is a nonnegative random variable ξk, k = 1, 2 governed by a CDF Fξk (x), x �
0, k = 1, 2. The working object may be damaged. Time to failure of the object
executing a task k is a nonnegative random variable ζk, k = 1, 2 with PDF fζk (x), x �
0, k = 1, 2. A repair (renewal, maintenance) time of the object performing task k is
a nonnegative random variable ηk, k = 1, 2, governed by PDF fηk (x), x � 0, k = 1, 2.
After each operation or maintenance, the object waits for the next task. In this case a
waiting time is a nonnegative random variable γ , having PDF fγ (x), x � 0, k = 1, 2
wherein it is task 1 with a probability p or task 2 with a probability q = 1 − p.
Furthermore, we assume that all random variables and their copies are independent
and they have the finite second moments.
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3.5.2 Model construction

We start the construction of the model with the determination of the operation process
states.

1. State of waiting for the tasks performing
2. Performing of task 1
3. Performing of task 2
4. Repair after failure during executing of task 1
5. Repair after failure during executing of task 2

Possible state changes of the process appears as Figure 3.4.
A model of a object operation is a SMP with a state space S = {1, 2, 3, 4, 5} and a

kernel

Q(t) =

⎡
⎢⎢⎢⎢⎣

0 Q12(t) Q13(t) 0 0
Q21(t) 0 0 Q24(t) 0
Q31(t) 0 0 Q35(t)
Q41(t) 0 0 0 0
Q51(t) 0 0 0 0

⎤
⎥⎥⎥⎥⎦ , (3.116)

The model is constructed if all kernel elements are determined. According to as-
sumptions, we calculate elements of the matrix Q(t). In detail, we explain calculation
of an element Q21(t). Transition from a state 2 to 1 in time no greater than t takes
place if the duration of task 1, denoted as ξ1, is less or equal t and time to failure is
greater then ξ1. Hence,

Q21(t) = P(ξ1 � t, ζ1 > ξ1) =
∫∫
D21

dFξ1(x)dFζ1(y),

where

D21 = {(x, y) : 0 � x � t, y > x}.
Therefore,

Q21(t) =
∫ t

0
dFξ1(x)

∫ ∞

x
dFζ1(x) =

∫ t

0

[
1 − Fζ1(x)

]
dFξ1(x),

where

Fζ1(x) =
∫ t

0
fζ1(x)dx.

1

2 3

54

Figure 3.4 Possible state changes of the process.
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We calculate the rest of elements similar way. Finally, we obtain:

Q12(t) = p Fγ (t), Q13(t) = q Fγ (t),

Q21(t) = ∫ t
0

[
1 − Fζ1(x)

]
dFξ1(x), Q24(t) = ∫ t

0

[
1 − Fξ1(x)

]
dFζ1(x),

Q31(t) = ∫ t
0

[
1 − Fζ2(x)

]
dFξ2(x), Q35(t) = ∫ t

0

[
1 − Fξ2(x)

]
dFζ2(x),

Q41(t) = Fη1(t), Q51(t) = Fη2(t).

(3.117)

The transition probability matrix of the embedded Markov chain {X(τn) : n ∈ N0}
is of the form

P =

⎡
⎢⎢⎢⎢⎣

0 p q 0 0
p21 0 0 p24 0
p31 0 0 0 p35
1 0 0 0 0
1 0 0 0 0

⎤
⎥⎥⎥⎥⎦ , (3.118)

where

p21 =
∫ ∞

0

[
1 − Fζ1(x)

]
dFξ1(x), p24 =

∫ ∞

0

[
1 − Fξ1(x)

]
dFζ1(x) = 1 − p21,

p31 =
∫ ∞

0

[
1 − Fζ2(x)

]
dFξ2(x), p35 =

∫ ∞

0

[
1 − Fξ2(x)

]
dFζ2(x) = 1 − p31.

The L-S transform of the kernel (3.116) is given by

q̃(s) =

⎡
⎢⎢⎢⎢⎣

0 q̃12(s) q̃13(s) 0 0
q̃21(s) 0 0 q̃24(s) 0
q̃31(s) 0 0 q̃35(s)
q̃41(s) 0 0 0 0
q̃51(s) 0 0 0 0

⎤
⎥⎥⎥⎥⎦ . (3.119)

3.5.3 Reliability characteristics and parameters

In the model a subset S+ = {1, 2, 3} consists of the functioning states, and a subset
S− = {4, 5} contains all failed states of the object operation process. In this case, the
matrix equation (3.95) for the Laplace transform of the conditional reliability function
takes the form

⎡
⎣ 1 −q̃12(s) −q̃13(s)

−q̃21(s) 1 0
−q̃31(s) 0 1

⎤
⎦
⎡
⎣ R̃1(s)

R̃2(s)
R̃3(s)

⎤
⎦ =

⎡
⎢⎢⎢⎢⎣

1

s
(1 − q̃12(s) − q̃13(s))

1

s
(1 − q̃21(s) − q̃24(s))

1

s
(1 − q̃31(s) − q̃35(s))

⎤
⎥⎥⎥⎥⎦ .

(3.120)
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Solving this equation, we obtain

R̃1(s) = Ã1(s)
D̃(s)

, R̃2(s) = Ã2(s)
D̃(s)

, R̃3(s) = Ã3(s)
D̃(s)

, (3.121)

where

Ã1(s) = −1 + q̃12(s)q̃21(s) + q̃12(s)q̃24(s) + q̃13(s)q̃31(s) + q̃13(s)q̃35(s),

Ã2(s) = −1 + q̃24(s) + q̃12(s)q̃21(s) + q̃13(s)q̃31(s) − q̃13(s)q̃24(s)q̃31(s)

+ q̃13(s)q̃21(s)q̃35(s),

Ã3(s) = −1 + q̃35(s) + q̃12(s)q̃21(s) + q̃13(s)q̃31(s) + q̃12(s)q̃24(s)q̃31(s)

− q̃12(s)q̃21(s)q̃35(s),

D̃(s) = s (−1 + q̃12(s)q̃21(s) + q̃13(s)q̃31(s)).

We obtain the reliability functions Ri(t), i ∈ S+ by inverting the Laplace transforms
R̃i(s), i ∈ S+.

The numbers �̄iS− = E(�iS−), i ∈ S+ signify conditional mean times to failure.
They are unique solutions of the linear equations system (3.25), which in this case
have the following matrix form

(I − PS+)�S+ = TS+ , (3.122)

PS+ = [
pij : i, j ∈ S+

]
, �S+ = [

E(�iS−) : i ∈ S+
]T

, TS+ = [E(Ti) : i ∈ S+]T .

and I is the unit matrix. Hence,⎡
⎣ 1 −p −q̃

−p21 1 0
−p31 0 1

⎤
⎦
⎡
⎣ E(�1S−)

E(�2S−)

E(�3S−)

⎤
⎦ =

⎡
⎣ E(T1)

E(T2)

E(T3)

⎤
⎦ , (3.123)

g1 = E(T1) = E(γ ), g2 = E(T2) = E(min{ξ1, ζ1}),
g3 = E(T3) = E(min{ξ2, ζ2}).

Solving the equation, we get

E(�1S−) = g1 + pg2 + qg3

1 − p p21 − q p31
,

E(�2S−) = p21g1 + (1 − q p31)g2 + q p21g3

1 − p p21 − q p31
,

E(�3S−) = p31g1 + p p31g2 + (1 − p p21)g3

1 − p p21 − q p31
.

(3.124)

3.5.4 Numerical illustrative example

Now we assume that the random variables presented in description have the specific
probability distributions.
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We suppose:

• PDF of the task k, k = 1, 2 duration:

fξk (t) = (αk)
2 t e−αk t, t � 0, k = 1, 2,

• PDF of the time to failure of the object executing a task k:

fζk (t) = λk e−λk t, t � 0, k = 1, 2,

• PDF of the repair time of the object performing task k:

fηk(t) = (μk)
2 t e−μk t, t � 0, k = 1, 2,

• PDF of the waiting time for the any task

fγ (t) = β e−β t, t � 0.

First, we have to calculate all elements of the process kernel. From equalities
(3.117) for t � 0, we get:

Q12(t) = p (1 − e−β t), Q13(t) = q (1 − e−β t),

Q21(t) = α2
1

(α1 + λ1)2

[
1 − (1 + (α1 + λ1) t) e−(α1+λ1) t

]
,

Q24(t) = λ1

(α1 + λ1)2

[
(α1 + λ1)

(
1 − e−(α1+λ1) t

)

+ α1

(
1 − (1 + (α1 + λ1) t) e−(α1+λ1) t

) ]
,

Q31(t) = α2
2

(α2 + λ2)2

[
1 − (1 + (α2 + λ2) t) e−(α2+λ2) t

]
,

Q35(t) = λ2

(α2 + λ2)2

[
(α2 + λ2)

(
1 − e−(α2+λ2) t

)

+ α2

(
1 − (1 + (α2 + λ2) t) e−(α2+λ2) t

) ]
,

Q41(t) = 1 − (1 + μ1 t) e−μ1 t, Q51(t) = 1 − (1 + μ2 t) e−μ2 t. (3.125)

Passing to limit with t → ∞ in the above functions, we obtain elements of the
matrix (3.118).

p12 = p, p13 = q,

p21 = α2
1

(α1 + λ1)2
, p24 = λ2

1 + 2α1 λ1

(α1 + λ1)2
,

p31 = α2
2

(α2 + λ2)2
, p35 = λ2

2 + 2α2 λ2

(α2 + λ2)2
,

p41 = 1, p51 = 1.

(3.126)
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The CDF of waiting times in states i ∈ S and their expected values and second
moments are

G1(t) = 1 − e−β t, E(T1) = 1

β
, E(T2

1 ) = 2

β2 ,

G2(t) = 1 − (1 + α1 t) e−(α1+λ1) t, E(T2) = 2α1 + λ1

(α1 + λ1)2
, E(T2

2 ) = 2(3α1 + λ1)

(α1 + λ1)3
,

G3(t) = 1 − (1 + α2 t) e−(α2+λ2) t, E(T3) = 2α2 + λ2

(α2 + λ2)2 , E(T2
3 ) = 2(3α2 + λ2)

(α2 + λ2)3 ,

G4(t) = 1 − (1 + μ1 t) e−μ1 t, E(T4) = 2

μ1
, E(T2

4 ) = 6

μ2
1

,

G5(t) = 1 − (1 + μ2 t) e−μ2 t E(T5) = 2

μ2
, E(T2

5 ) = 6

μ2
2

.

(3.127)

The elements of the matrix (3.119) are

q̃12(s) = p
β

(s + β)
, q̃13(s) = q

β

(s + β)
,

q̃21(s) = α2
1

(s + α1 + λ1)2
, q̃24(s) = λ1 (s + 2 α1 + λ1)

(s + α1 + λ1)2
,

q̃31(s) = α2
2

(s + α2 + λ2)2 , q̃35(s) = λ2 (s + 2 α2 + λ2)

(s + α2 + λ2)2 ,

q̃41(s) = μ1

s + μ1
, q̃51(s) = μ2

s + μ2
.

(3.128)

We assume the following values of the above-presented parameters:

p = 0.6, q = 0.4,

β = 0.4, α1 = 0.12 λ1 = 0.01, α2 = 0.25, λ2 = 0.005;
[

1
h

]
,

μ1 = 0.15, μ2 = 0.2;
[

1
h

]
. (3.129)

A procedure written in the MATHEMATICA computer program enables us to
obtain the reliability characteristics and parameters in the considered model. The
numbers �̄iS− = E(�iS−), i ∈ S+, denoting conditional mean times to failure, are

�̄1S− = 138.86, �̄2S− = 133.12, �̄1S− = 141.24; [h] .

The corresponding conditional standard deviations are

D(�̄1S−) = 136.52, D(�2S−) = 136.27, D(�1S−) = 136.70; [h] .

Using (3.121) and (3.128) for parameters (3.129) we get the Laplace trans-
form of the conditional reliability functions. Finally, applying the procedure
InverseLaplaceTransform [Ri, s, t] in the MATHEMATICA program, we get the
conditional reliability functions of the considered system. The formulas are relatively
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Figure 3.5 Conditional reliability function R1(t) on interval [0, 5] [h].
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Figure 3.6 Conditional reliability function R1(t) on interval [0, 400].

simple, but very long. So, we present only figures representing the reliability function
R1(t), t � 0. Figure 3.5 shows the reliability function on interval [0, 5] and Figure 3.6
shows the same function on interval [0, 400].

Applying Theorem 3.6, we obtain the limiting distribution of the process states.

P1 = 0.158, P2 = 0.560, P3 = 0.192, P4 = 0.075 P5 = 0.015. (3.130)
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As we know (3.107), the limiting (steady-state) availability is given by

A =
∑
j∈S+

Pj.

Hence,

A = P1 + P2 + P3 = 0.910. (3.131)

This section shows that calculating many reliability parameters is relatively simple.
To obtain the limiting distribution of the process states, the steady-state availability,
the conditional means time to failure, and the corresponding second moments we
have to solve the appropriate system of linear equations. It should be added that
characteristics and parameters of SMPs and Markov processes were discussed in many
other books and papers [3, 6, 7,12, 13, 15, 16,17, 19, 25, 45, 53, 54, 87, 90].



4Perturbed Semi-Markov processes

Abstract

The chapter covers the application of the perturbed semi-Markov processes (SMPs) in
reliability problems. Many kinds of the perturbed SMPs exist. Some of the simplest types
are considered in this chapter. All concepts of the perturbed SMPs are explained in the same
simple example. Moreover, an exemplary approximation of the system reliability function
with an illustrative numerical example is presented in this chapter. The last section is devoted
to the state space aggregation method.

Keywords: Perturbed semi-Markov processes, Approximation, Approximate reliability
function, State space aggregation method

4.1 Introduction

It is well-known that in the case of complex semi-Markov models, calculating the
exact probability distribution of the first passage time to the subset of states is usually
very difficult. Then, it seems that the only way is to find the approximate probability
distribution of that random variable. It is possible by using the results from the theory
of semi-Markov processes (SMPs) perturbations. The perturbed SMPs are defined
in different way by different authors. This theory has a rich literature. The most
significant and original results include the books of Korolyuk and Turbin [60, 61],
Korolyuk and Limnios [65], and Gyllenberg and Silvestrov [40]. We can find
many interesting results concerning perturbed SMPs in papers by Gertsbakh [25],
Pavlov and Ushakov [83], Shpak [89], Gyllenberg and Silvestrov [39], Domsta and
Grabski [18], and many more. In this chapter we present only a few of the simplest
types of perturbed SMPs. The first of them is presented by Shpak, the second one is
introduced by Pavlov and Ushakov and was presented by Gertsbakh, and the third one
is defined by Koryoluk and Turbin.

4.2 Shpak concept

A perturbed SMP in the paper by Shpak [89] is called an associated process to the
SMP. We introduce our version of the Shpak definition. Let A′ = {1, 2, . . . , N}, A =
{0} and S = A ∪ A′. Suppose that {X0(t) : t � 0} is the SMP on the state space A and

the kernel Q0(t) =
[
Q0

ij(t) : i, j ∈ A′
]
.

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00004-1
Copyright c© 2015 Elsevier Inc. All rights reserved.
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Definition 4.1. The SMP {X(t) : t � 0} with the state space S is said to be the
perturbed process with respect to the process {X0(t) : t � 0} if the kernel Q(t) =[
Qij(t) : i, j ∈ S

]
of the process {X(t) : t � 0} is given by

Qij(t) =
{ ∫ t

0 [1 − Fi(x)] dQ0
ij(x) dla i, j ∈ A′

0 dla i ∈ A, j ∈ A′ , (4.1)

Qi0(t) =
∫ t

0

[
1 − G0

i (x)
]

dFi(x), i ∈ A′, (4.2)

where G0
i (t) = ∑

j∈A′
Q0

ij(t), while the functions Fi(t) = P(Zi � t), i ∈ A′ represent the

cumulative density functions (CDFs) of the nonnegative random variables Zi, i ∈ A′
with the positive finite expected values.

The random variable

�i0 = inf{t : X(t) = 0|X(0) = i}, i ∈ A′ = {1, . . . , N}
denotes the first passage time from a state i ∈ A′ to state 0. Let

m0
i =

∞∫
0

[
1 − G0

i (t)
]

dt, i ∈ A′, (4.3)

where

G0
i (t) =

∑
j∈A′

Q0
ij(t). (4.4)

The number m0
i is an expectation of the waiting time of the state i ∈ A′ for the SMP

{X0(t) : t � 0}. The number

εi = pi0 = lim
t→∞ Qi0(t) (4.5)

is the transition probability of the embedded Markov chain {X(τn) : n ∈ N0} from the
state i ∈ A′ to state 0. Let π0 = [

π0
1 , . . . , π0

N

]
denote the stationary distribution of the

embedded Markov chain and let

ε =
∑
i∈A′

π0
i εi. (4.6)

Theorem 4.1. If the embedded Markov chain {X(τn) : n ∈ N0} has the stationary
distribution π0 = [

π0
1 , . . . , π0

N

]
, ε > 0 and the distributions G0

i (t), i = 1, . . . , N have
the finite and positive expectations, then

lim
ε→0

P{ε�i0 > t} = exp [−λ t] , t � 0, (4.7)

where

λ = 1∑
i∈A′

π0
i m0

i

.
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Proof: [89].
Note first that the asymptotic distribution of the random variable �i0 does not

depend on the state of i ∈ A′.
If the subset A′ is the set of “up” states, while A = {0} is a state of the object failure,

then a thesis of Theorem 4.1 allows us to find the approximate reliability function

R(t) = P{�iA > t} = P{ε�iA > εt} ≈ exp [−λ εt] , t � 0, (4.8)

when ε is small.
Example 4.1. In many real cases we can treat the duration of the functioning

periods and repair or replacement periods of a system as the random variables. We
can describe the operation process of the system by a two-states stochastic process. In
practice, the danger of an emergency can occur in a functioning period as well as in
a repair period of the system. This event can stop or break the operation process. Our
aim is to construct the stochastic model describing the process of operation with the
perturbations of the system reliability. This model will allow us to obtain the reliability
characteristics of the system.

We assume that the duration of the functioning periods are the independent copies
of the positive random variable ξ with CDF

Fξ (t) = P(ξ � t).

The duration of the renewal periods (repair or replacement periods) are the
independent copies of the positive random variable η with CDF

Fη(t) = P(η � t).

During both a functioning period and a repair period the system can incur damage.
The time to failure during a functioning period is a positive random variable ζ1 with a
probability density function fζ1(x), x � 0. The lifetime during a functioning renewal
period is a positive random variable ζ2 with a probability density function fζ2(x), x �
0. The failure causes stopping the operation process.

To consider a stochastic model of the above-mentioned operation process, we start
with introducing the following states of the system:

s1 ↔ 1: work of the system
s2 ↔ 2: renewal of the system
s0 ↔ 0: failure of the system

Possible states changes of the system are shown in Figure 4.1.

0

1 2

Figure 4.1 Possible states changes of the system.
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Let {X(t) : t � 0} be a stochastic process describing the process of state changes of
the object. Denote moments of the state changes of the process by τ0 = 0, τ1, τ2, . . ..
This process takes constant values on half intervals [τ0 τ1), [τ1, τ2), . . .. From descrip-
tion and assumptions it follows that {X(t) : t � 0} is the SMP with the state space
S = {0, 1, 2} and the kernel

Q(t) =
⎡
⎣ Q00(t) 0 0

Q10(t) 0 Q12(t)
Q20(t) Q21(t) 0

⎤
⎦ , (4.9)

where

Q10(t) = P(ζ � t, ζ � ξ) =
∫ t

0

[
1 − Fξ (x)

]
fζ1(x)dx, (4.10)

Q12(t) = P(ξ � t, ζ > ξ) =
∫ t

0

[
1 − Fζ1(x)

]
dFξ (x), (4.11)

Q20(t) = P(ζ2 � t, ζ2 � η) =
∫ t

0

[
1 − Fη(x)

]
fζ2(x) dx, (4.12)

Q21(t) = P(η � t, ζ2 > η) =
∫ t

0

[
1 − Fζ2(x)

]
dFη(x), (4.13)

and Q00 = G0(t) is an arbitrary PDF concentrated on the R+. We can treat this SMP
as a perturbed process with respect to a SMP {X0(t) : t � 0} with the state space A′ =
{1, 2} defined by the kernel

Q0(t) =
[

0 Q0
12(t)

Q0
21(t) 0

]
, (4.14)

where

Q0
12(t) = Fξ (t), Q0

21(t) = Fη(t).

A time to failure ζ1 plays a role of the random variable Z1, and the random variable
ζ2 is identical to the random variable Z2. The quantities from the theorem presented
herein are

π0
1 = 0.5, π0

2 = 0.5, m0
1 = E(ξ), m0

2 = E(η), (4.15)

ε1 =
∫ ∞

0

[
1 − Fξ (u)

]
fζ1(u)du,

ε2 =
∫ ∞

0

[
1 − Fη(u)

]
fζ2(u)du, ε = 0.5(ε1 + ε2). (4.16)

Thus, the reliability function of the object is expressed by approximation

R(t) ≈ exp

[
−

∫ ∞
0

[
1 − Fξ (u)

]
fζ1(u)du + ∫ ∞

0

[
1 − Fη(u)

]
fζ2(u)du

E(ξ) + E(η)
t

]
. (4.17)
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This formula can be used only when ε is small. This number is small if probability
of the failure in the functioning interval of length ξ , and probability of the failure in
the renewal interval of length η are both small. 


4.3 Pavlov and Ushakov concept

Let A′ = S − A be a finite subset of states and A be at most countable subset of S.
Suppose that {X(t) : t � 0} is the SMP with the state space S = A ∪ A′ and the kernel
Q(t) = [

Qij(t) : i, j ∈ S
]
, the elements of which have the form of Qij(t) = pijFij(t).

Recall that pij is the transition probability from the state i ∈ S to the state j ∈ S of the
embedded Markov chain of the SMP {X(t) : t � 0}, while Fij(t) denotes the CDF of a
holding time Tij, i, j ∈ S. Assume

εi =
∑
j∈A

pij (4.18)

and

p0
ij = pij

1 − εi
, i, j ∈ A′. (4.19)

Notice that
∑
j∈A′

p0
ij = 1.

Definition 4.2. A SMP {X(t) : t � 0} with the discrete state space S defined by the
renewal kernel Q(t) = [

pijFij(t) : i, j ∈ S
]

is called the perturbed process with respect
to a SMP {X0(t) : t � 0} with the state space A′ and defined by the kernel Q0(t) =[
p0

ijFij(t) : i, j ∈ A′
]
.

We will present the theorem that is some version of the theorem introduced by
Gertsbakh [25]. The random variable

�iA = �iA = inf{t : X(t) ∈ A|X(0) = i}, i ∈ A′, (4.20)

represents the first passage time from state i ∈ A′ to the subset A. The number

mi =
∞∫

0

[1 − Gi(t)] dt, i ∈ A′, (4.21)

where

Gi(t) =
∑
j∈S

Qij(t)

is an expectation of the waiting time in the state i for the SMP {X(t) : t � 0}. The
number

m0
i =

∞∫
0

[
1 − G0

i (t)
]

dt, i ∈ A′, where G0
i (t) =

∑
j∈A′

Q0
ij(t) (4.22)



72 Semi-Markov Processes: Applications in System Reliability and Maintenance

is an expected value of the waiting time in state i for the process {X0(t) : t � 0}.
Denote by π0 = [

π0
i : i ∈ A′] the stationary distribution of the embedded Markov

chain in the SMP {X0(t) : t � 0}. Let

ε =
∑
i∈A′

π0
i εi and m0 =

∑
i∈A′

π0
i m0

i . (4.23)

We are interested in the limiting distribution of the random variable �iA, i ∈ A′.
Theorem 4.2. If the embedded Markov chain defined by the matrix of transition
probabilities P = [

pij : i, j ∈ S
]

satisfies conditions

•
fiA = P(
A < ∞|X(0) = i) = 1, i ∈ A′, (4.24)

•
∃c>0∀i,j∈S, 0 < E(Tij) � c, (4.25)

•

∀i∈AμiA =
∞∑

n=1

nfiA(n) < ∞, (4.26)

then

lim
ε→0

P(ε�iA > x) = e
− x

m0 , (4.27)

where π0 = [
πi : i ∈ A′] is the unique solution of the linear system of equations

π0 = π0P0, π01 = 1. (4.28)

From that theorem it follows that for small ε we obtain the following approximate
formula:

P(�iA > t) ≈ exp

⎡
⎢⎣−

∑
i∈A′

π0
i εi∑

i∈A′
π0

i m0
i

t

⎤
⎥⎦ , t � 0. (4.29)

Example 4.2. We apply the above-mentioned theorem for the model presented in
Example 4.1. As we know, {X(t) : t � 0} is a SMP with the state space S = {0, 1, 2}
and the kernel given by (4.9). We can treat this SMP as the perturbed process with
respect to the SMP {X0(t) : t � 0} with the state space A′ = {1, 2} and the kernel

Q0(t) =
[

0 Q0
12(t)

Q0
21(t) 0

]
, (4.30)

where

Q0
12(t) = p0

12F12(t), Q0
21(t) = p0

21F21(t).
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As A = {0}, then

ε1 = p10 = Q10(∞) =
∫ ∞

0

[
1 − Fξ (x)

]
fζ1(x) dx,

ε2 =
∫ ∞

0

[
1 − Fη(u)

]
fζ2(u)du. (4.31)

Note that

p0
12 = p12

1 − ε1
= 1 and p0

21 = p21

1 − ε2
= 1.

From the equality Fij(t) = Qij(t)
pij

, we have

Q0
12(t) = F12(t) =

∫ t
0

[
1 − Fζ1(x)

]
dFξ (x)∫ ∞

0

[
1 − Fζ1(x)

]
dFξ (x)

,

Q0
21(t) = F21(t) =

∫ t
0

[
1 − Fζ2(x)

]
dFη(x)∫ ∞

0

[
1 − Fζ2(x)

]
dFξ (x)

(4.32)

The transition matrix of the embedded Markov chain of the SMP {X0(t) : t � 0}
takes the form

P0 =
[

0 1
1 0

]
. (4.33)

The solution of the system of equations[
π0

1 , π0
2

] [
0 1
1 0

]
=

[
π0

1 , π0
2

]
, (4.34)

π0
1 + π0

2 = 1 (4.35)

is the stationary distribution of the above-mentioned embedded Markov chain:

π0 = [0.5, 0.5] .

Using (4.23), we obtain parameters

ε = 0.5(ε1 + ε2), (4.36)

m0 = 0.5(m0
1 + m0

2), (4.37)

where

m0
1 =

∫ ∞

0
tdQ0

12(t) =
∫ ∞

0 t
[
1 − Fζ1(t)

]
dFξ (t)∫ ∞

0

[
1 − Fζ1(x)

]
dFξ (x)

,

m0
2 =

∫ ∞

0
t dQ0

12(t) =
∫ ∞

0 t
[
1 − Fζ2(t)

]
dFη(t)∫ ∞

0

[
1 − Fζ2(x)

]
dFη(x)

. (4.38)
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For small ε, we get an approximation of the reliability function

R(t) = P(�iA > t) = P(ε�iA > εt)

≈ exp
[
− ε

m0 t
]

= exp

[
− ε1 + ε2

m0
1 + m0

2

t

]
, t � 0. (4.39)

Notice that for small ε1 and ε2

m0
1 ≈

∫ ∞

0
tdFξ (x) = E(ξ), m0

2 ≈
∫ ∞

0
tdFη(x) = E(η)

and we get the approximation of the reliability function identical to the function given
by (4.17). 


4.4 Korolyuk and Turbin concept

Now we present the concept of the simplest type of the perturbed process coming from
the monograph of Korolyuk and Turbin [60].

Suppose that A′ is at most a countable set and let A = {0}. Let {Xε(t) : t � 0} be a
SMP with the state space S = A ∪ A′ and the kernel

Qε(t) =
[
Qε

ij(t) : i, j ∈ S
]

, (4.40)

the elements of which have the form of

Qε
ij(t) = pε

ijFij(t), (4.41)

where

pε
ij =

⎧⎨
⎩

p0
ij − εbij for i, j ∈ A′

εqi for i ∈ A′, j = 0
1 for i = j = 0

(4.42)

and

qi =
∑
j∈A′

bij, i ∈ A′. (4.43)

Definition 4.3. The SMP {X(t) : t � 0} with the state space S = A ∪ A′ and

the kernel Qε(t) =
[
Qε

ij(t) : i, j ∈ S
]

given by (4.40)–(4.43) is called perturbed with

respect to the SMP {X0(t) : t � 0} with the state space A′ and the kernel Q0(t) =[
p0

ijFij(t) : i, j ∈ A′
]
.

Let π0 = [
π0

i : i ∈ A′] denote a stationary distribution of the embedded Markov
chain {X0(τn) : n ∈ N0}. As we know, this distribution is the only solution of the
system of equations

π0 = π0P0, π01 = 1. (4.44)
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Let

q =
∑
i∈A′

π0
i qi. (4.45)

and as in the previous theorem

m0 =
∑
i∈A′

π0
i m0

i . (4.46)

Theorem 4.3. If

• the embedded Markov chain {X0(τn) : n ∈ N0} with the matrix of transition probabilities

P0 =
[
p0

ij : i, j ∈ A′
]

consists of exactly one positive, strongly recurrent class A′ such that

fij = 1 for all i, j ∈ A′,
• ∃C<∞∀i∈A′ m0

i � C,
• ∃i∈A′ pε

i0 > 0,

then

lim
ε→0

P{ε�i0 > x} = e
− q

m0 x
. (4.47)

Proof: [60].
From this theorem it follows that for ε > 0 we get the approximate formula

P(�iA > t) = P(ε�iA > εt) ≈ e
− εq

m0 t
. (4.48)

Example 4.3. Let us consider the same model. Now, the SMP describing the
reliability evolution of the object is denoted by {Xε(t) : t � 0} and its kernel is given
by (4.9). A transition matrix of the corresponding embedded Markov chain is

Pε =
⎡
⎣ 1 0 0

p10 0 p12
p20 p21 0

⎤
⎦ , (4.49)

where

p10 =
∫ ∞

0

[
1 − Fξ (x)

]
fζ1(x)dx, p12 =

∫ ∞

0

[
1 − Fζ1(x)

]
dFξ (x), (4.50)

p20 =
∫ ∞

0

[
1 − Fη(x)

]
fζ2(x)dx, p21 =

∫ ∞

0

[
1 − Fζ2(x)

]
dFη(x). (4.51)

The matrix of CDF of the holding times Tij, i, j ∈ S is

Fε(t) =
⎡
⎣ F00(t) 0 0

F10(t) 0 F12(t)
F20(t) F21(t) 0

⎤
⎦ , (4.52)
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where

F10(t) =
∫ t

0

[
1 − Fξ (x)

]
fζ1(x)dx∫ ∞

0

[
1 − Fξ (x)

]
fζ1(x)dx

, F12(t) =
∫ t

0

[
1 − Fζ1(x)

]
dFξ (x)∫ ∞

0

[
1 − Fζ1(x)

]
dFξ (x)

,

F20(t) =
∫ t

0

[
1 − Fη(x)

]
fζ2(x)dx∫ ∞

0

[
1 − Fη(x)

]
fζ2(x)dx

, F12(t) =
∫ t

0

[
1 − Fζ2(x)

]
dFξ (x)∫ ∞

0

[
1 − Fζ2(x)

]
dFξ (x)

,

and

F00 = G0(t).

The kernel of the process {X0(t) : t � 0} with the state space A′ = {1, 2} is

Q0(t) =
[

0 Q0
12(t)

Q0
21(t) 0

]
, (4.53)

where

Q0
12(t) = F12(t), Q0

21(t) = F21(t).

The probability transition matrix of the embedded Markov chain in process {X0(t) :
t � 0} is

P0 =
[

0 1
1 0

]
, (4.54)

and the stationary distribution is π0 = [0.5, 0.5]. From (4.42), we get

εbij = p0
ij − pε

ij, i, j ∈ A′. (4.55)

Thus,

ε b11 = 0, εb12 = P(ζ1 � ξ) =
∫ ∞

0

[
1 − Fξ (x)

]
fζ1(x)dx, (4.56)

εb21 = P(ζ2 � η) =
∫ ∞

0

[
1 − Fη(x)

]
fζ2(x)dx, εb22 = 0 (4.57)

and

εq1 =
∫ ∞

0

[
1 − Fξ (x)

]
fζ1(x)dx, εq2 =

∫ ∞

0

[
1 − Fη(x)

]
fζ2(x)dx. (4.58)

Therefore, from (4.45) we get

εq = 0.5(q1 + q2). (4.59)

From (4.45), we have

m0 = 0.5(m0
1 + m0

2),

where m0
1 and m0

2 are given by (4.40). Finally, we obtain the same approximation of
the reliability function as in the previous case. 
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4.5 Exemplary approximation of the system
reliability function

Let us consider the example presented in Section 3.5. To obtain the approximate
reliability function, we use the concept of the semi-Markov perturbed process
introduced by Pavlov and Ushakov. The model of the object operation is the SMP
{X(t) : t � 0} with the five elements state space S = {1, 2, 3, 4, 5} where the subset
A′ = S+ = {1, 2, 3} consists of the functioning states and A = S− = {4, 5} contains
all failed states of the object. The kernel of the process is given by (3.116). We know
that the kernel can be expressed as Q(t) = [

pijFij(t) : i, j ∈ S
]
. We have to construct

the SMP {X0(t) : t � 0} with the state space A′ = {1, 2, 3} and the kernel

Q0(t) =
[
p0

ijFij(t) : i, j ∈ A′] , (4.60)

where

p0
ij = pij

1 − εi
, i, j ∈ A′, and εi =

∑
j∈A

pij, i ∈ A′. (4.61)

So, we are obliged to find all elements of the matrix

Q0(t) =

⎡
⎢⎢⎣

0 Q0
12(t) Q0

13(t)

Q0
21(t) 0 0

Q0
31(t) 0 0

⎤
⎥⎥⎦ . (4.62)

The transition matrix of the embedded Markov chain of SMP generated by this
kernel is

P0 =
⎡
⎣ 0 p q

1 0 0
1 0 0

⎤
⎦ . (4.63)

To find a stationary distribution of the embedded Markov chain we have to solve
the system of equations

[
π0

1 , π0
2 , π3

] ⎡
⎣ 0 p q

1 0 0
1 0 0

⎤
⎦ =

[
π0

1 , π0
2 , π0

3

]
, (4.64)

π0
1 + π0

2 + π0
3 = 1. (4.65)

The solution is

π0
1 = 0.5, π0

2 = 0.5p, π0
3 = 0.5q. (4.66)
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The PDF’s functions Fij(t), i, j ∈ A′ are

F12(t) = Fγ (t), F13(t) = Fγ (t), (4.67)

F21(t) =
∫ t

0

[
1 − Fζ1(x)

]
dFξ1(x)∫ ∞

0

[
1 − Fζ1(x)

]
dFξ1(x)

, F31(t) =
∫ t

0

[
1 − Fζ2(x)

]
dFξ2(x)∫ ∞

0

[
1 − Fζ2(x)

]
dFξ2(x)

.

(4.68)

The elements of the matrix (4.62) take the form

Q0
12(t) = pFγ (t), Q0

13(t) = qFγ (t), Q0
21(t) = F21(t), Q0

31(t) = F31(t).

(4.69)

From (4.61), we get

ε1 = 0, ε2 = p24 =
∫ ∞

0

[
1 − Fξ1(x)

]
dFζ1(x),

ε3 = p35 =
∫ ∞

0

[
1 − Fξ2(x)

]
dFζ2(x). (4.70)

The parameters ε and m0 given by (4.23) are

ε = 0.5ε2 + 0.5ε3 = 0.5

(∫ ∞

0

[
1 − Fξ1(x)

]
dFζ1(x) +

∫ ∞

0

[
1 − Fξ2(x)

]
dFζ2(x)

)
(4.71)

and

m0 = 0.5(m0
1 + p m0

2 + q m0
3), (4.72)

where

m0
1 = E(γ ), m0

2 =
∫ ∞

0 x
[
1 − Fζ1(x)

]
dFξ1(x)∫ ∞

0

[
1 − Fζ1(x)

]
dFξ1(x)

, m0
3 =

∫ ∞
0 x

[
1 − Fζ2(x)

]
dFξ2(x)∫ ∞

0

[
1 − Fζ2(x)

]
dFξ2(x)

.

(4.73)

From Theorem 4.2, it follows that for small ε we get the approximate reliability
function

R(t) = P(�iA > t) = P(ε�iA > εt) = P(ε�iA > εt) ≈ exp
[
− ε

m0 t
]

, t � 0.

(4.74)

where ε is determined by (4.71) and m0 is given by (4.72). Note that for small ε2 and ε3

m0
2 ≈

∫ ∞

0
t dFξ1(x) = E(ξ1), m0

3 ≈
∫ ∞

0
t dFξ2(x) = E(ξ2)



Perturbed Semi-Markov processes 79

and the approximate reliability function takes the form

R(t) = P(�iA > t)

≈ exp

[
−

∫ ∞
0

[
1 − Fξ1(x)

]
dFζ1(x) + ∫ ∞

0

[
1 − Fξ2(x)

]
dFζ2(x)

E(γ ) + pE(ξ1) + qE(ξ2)
t

]
, t � 0.

(4.75)

4.5.1 Numerical illustrative example

As the numerical illustrative example, we will calculate the approximate reliability
function for the model considered in Section 3.5. First, we calculate the necessary
characteristics and parameters. The PDF’s functions Fij(t), i, j ∈ A′ are

F12(t) = Fγ (t), F13(t) = Fγ (t), (4.76)

F21(t) = 1 − (1 + (α1 + λ1)t) e−(α1+λ1)t,

F31(t) = 1 − (1 + (α2 + λ2)t) e−(α2+λ2)t. (4.77)

The elements of the matrix (4.62) take the form

Q0
12(t) = pFγ (t), Q0

12(t) = qFγ (t), Q0
21(t) = F21(t), Q0

31(t) = F31(t).

(4.78)

From (4.61), we get

ε1 = 0, ε2 = p24 = λ2
1 + 2α1λ1

(α1 + λ1)2 , ε3 = p35 = λ2
2 + 2α2λ2

(α2 + λ2)2 . (4.79)

The parameters ε given by (4.71) and m0 given by (4.72) have the form of

ε = 0.5(pε2 + ε3 q) (4.80)

and

m0 = 0.5(m0
1 + pm0

2 + qm0
3) (4.81)

where

m0
1 = 1

β
, m0

2 = 2α1 + λ1

(α1 + λ1)2 , m0
3 = 2α2 + λ2

(α2 + λ2)2 . (4.82)

Thus, for small ε the approximate reliability function is given by

R(t) = P(�iA > t) ≈ exp

[
− pε2 + ε3q

m0
1 + pm0

2 + qm0
3

t

]
, t � 0. (4.83)
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We assume the same values of parameters as in Section 3.5:

p = 0.6, q = 0.4,

β = 0.4, α1 = 0.12, λ1 = 0.01, α2 = 0.25, λ2 = 0.005;
[

1
h

]
.

(4.84)

From (4.80) and (4.81), we calculate the parameter

λ = ε

m0

of the exponential distribution. The value of this parameter is λ = 0.00826. The mean
time to failure is given by

E(�A) = 1

λ

and its value is E(�A) = 121.02. Finally, the approximate reliability function in this
case is

R(t) ≈ exp(−0.00826t), t � 0.

Comparing the above-presented results with results from Section 3.5, we can see
that the difference between the conditional expectations of the time to failure and
the approximate expectation of that one are small; similarly, the differences between
values of the conditional reliability function and its approximation are very small.
Calculating the approximate reliability function of the system is much simpler than
the exact calculation. However, we must remember that we can apply the theorems
from the perturbation theory only if, in considered cases, the assumptions of those
theorems are satisfied.

4.6 State space aggregation method

The theory of the SMP perturbation is closely related to the state space aggregation
method. The aggregation method is also called a merging or lumping or consolidation
method. In this section we present a theorem in the simple case of the state space
aggregation method. This theorem is a kind of conclusion from the theorem presented
by Korolyuk and Turbin [60] (see Chapter 7, p. 151). Its assumptions come from the
paper [64]. The theorem contains the conditions under which the SMP with a discrete
state space S can be approximated by a continuous-time Markov process with a finite
state space E = {1, 2, . . . , m}, where the states represent the numbers of disjoint subset
S1, S2, . . . , Sm which are a partition of the state space S:

S = S1 ∪ S2∪, . . . , ∪Sm, and Si ∩ Sj = 0 for i �= j.

Let {Xε(t) : t � 0} be a SMP with a discrete state space S defined by the kernel

Qε(t) =
[
Qε

ij(t) : i, j ∈ S
]

depending on parameter ε > 0.
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Theorem 4.4. Let the following assumptions be satisfied:

• The elements of the kernel depend on the small parameter as follows ε

Qε
ij(t) = pε

ijFij(t) i, j ∈ S, (4.85)

pε
ij =

{
p(k)

ij − εq(k)
ij i, j ∈ Sk

εq(k)
ij i ∈ Sk , j /∈ Sk

, (4.86)

where∑
j∈Sk

p(k)
ij = 1, i ∈ Sk , k = 1, 2, . . . , m.

• The Markov chains determined by the transition probability matrices P(k) =
[
p(k)

ij : i, j ∈ Sk

]
are ergodic with stationary probabilities π

(k)
i , i ∈ Sk, k = 1, 2, . . . , m.

Then, the SMP {Xε(t) : t � 0} for small ε can be approximated by the Markov process
{Y(t) : t � 0} with the state space E = {1, 2, . . . , m}, where states represent the classes
of states S1, S2, . . . , Sm. This process is equivalent to the SMP defined by the kernel

Q̄(t) = [
p̄kr

(
1 − e−λk t) : k, r ∈ E

]
, (4.87)

where

p̄kr = ᾱkr

m̄k
, λk = 1

m̄k
, (4.88)

ᾱkr =
∑
i∈Sk

π
(k)
i

∑
j∈Sr

bij, b(k)
ij = ε q(k)

ij , m̄k =
∑
i∈Sk

π
(k)
i mi, mi = E(Ti).

From this theorem it follows that for small ε instead of a semi-Markov model
with a state space S = S1 ∪ S2∪, . . . , ∪Sm there can be considered the approximate
Markov model with a set of states E = {1, 2, . . . , m}. The Markov process with states
representing the aggregated states of the SMP is much easier for calculations and
analysis as a reliability model.

It should be noted that significant generalizations of the above-presented result can
be found in Refs. [60, 61, 65].

4.7 Remarks on advanced perturbed Semi-Markov
processes

The concepts of perturbed SMPs presented in previous sections belong to the simplest
ones. In books by Korolyuk and Turbin [60, 61], Korolyuk and Limnios [65],
Korolyuk and Swishchuk [63], and Gyllenberg and Silvestrov [40] and also in
the paper [91] more advanced concepts of the perturbed SMPs are presented. In
Ref. [60], different types of perturbed discrete state SMPs are considered and phase
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merging (phase aggregation) of those kinds of processes are also presented. In
Refs. [61, 63, 65], one can find some applications of the perturbation theory to the
limit theorems for characteristics of SMPs with a general state space. Furthermore,
the phase merging of the general SMP is developed in those monographs.

The book by Gyllenberg and Silvestrov [40] is devoted to methods of the
asymptotic analysis of nonlinearly perturbed stochastic processes based on some types
of asymptotic expansions for perturbed renewal equation for regenerative processes,
SMPs, and Markov chains. In this book, moreover, we can find applications for the
analysis of quasi-stationary phenomena in nonlinearly perturbed queueing systems,
population dynamics and epidemic models, and risk processes.



5Stochastic processes associated
with the SM process

Abstract

Random processes determined by the characteristics of the semi-Markov process are
considered in this chapter. First is a renewal process generated by return times of a given
state. The systems of equations for the distribution and expectation of them have been
derived. The limit theorem for the process is formulated by adopting a theorem of the
renewal theory. The limiting properties of the alternating process and integral functionals
of the semi-Markov process are presented in this chapter. The chapter contains illustrative
examples.

Keywords: Renewal process, Alternating process, Cumulative process, Integral functionals
of the semi-Markov process

5.1 The renewal process generated by return times

Suppose that {X(t) : t � 0} is a semi-Markov process determined by the kernel
Q(t), t � 0, where S is discrete state space and let {X(τn) : n ∈ N0} be the embedded
Markov chain of this process. Assume that a state j ∈ S is strongly recurrent and
strongly accessible from the state i ∈ S. Consider the sequence of random variables

�
(1)
ij , �(2)

jj , �(3)
jj , . . . , (5.1)

where �
(1)
ij = �ij represents a first passage time from the state i to the state j while

random variables �
(n)
jj , n = 2, 3, . . . form the sequence of return times to the state j.

The function

�ij(t) = P(�
(1)
ij � t), t � 0 (5.2)

is the CDF of the random variable �
(1)
ij while

�jj(t) = P(�
(n)
jj � t) = P(�jj � t), t � 0

is the CDF of the random variables �
(n)
jj , . . . , n = 2, 3, . . .. It can be proved that the

random variables

�
(1)
ij , �(2)

jj , . . . , �(n)
jj , n = 2, 3, . . .

are mutually independent.

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00005-3
Copyright c© 2015 Elsevier Inc. All rights reserved.
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Let

S(n)
ij = �

(1)
ij + �

(2)
jj + · · · + �

(n)
jj , n = 2, 3, . . . (5.3)

and

Vij(t) =
∞∑

n=1

I[0,t](S
(n)
ij ), t � 0, (5.4)

where

I[0,t](S
(n)
ij ) =

{
1 if S(n)

ij ∈ [0, t]

0 if S(n)
ij �∈ [0, t]

.

The value of a random variable Vij(t) denotes the number of visits of the SM process
in the state j ∈ S on an interval [0, t] if the initial state is i ∈ S. The stochastic process
{Vij(t) : t ∈ R+} is called the renewal process generated by the first passage time and
return times of the SM process.

5.1.1 Characteristics and parameters

Let

Wij(t, n) = P(Vij(t) = n), n ∈ N0 (5.5)

be the probability distribution of the process {Vij(t) : t ∈ R+}. From the equality of
events

{Vij(t) = 0} = {�ij > t}
we get

Wij(t, 0) = P(Vij(t) = 0) = P(�ij > t) = 1 − �ij(t). (5.6)

The SM process, which starts from the state i, will take the value j n times in an
interval [0, t], if at the moment x ∈ [0, t] a first passage to state j takes place, and in the
interval (x, t] the SM process achieves state j n − 1 times. This remark, together with
the properties of the SM process, lead to equations

Wij(t, n) =
∫ t

0
Wjj(t − x, n − 1)d�ij(x), n ∈ N, i, j ∈ S. (5.7)

For n ∈ N0, we can write both those equations as

Wij(t, n) = δn0
[
1 − �ij(t)

]+ [1 − δn0]
∫ t

0
Wjj(t − x, n − 1)d�ij(x). (5.8)

Those equations were presented by R. Howard [45]. Under the assumption of
Theorem 3.4 the system of equations has a unique solution. We can obtain the solution
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using a transformation [45] given by

W̃ij(s, z) =
∞∑

n=0

zn
∫ ∞

0
Wij(t, m)e−stdt. (5.9)

Applying this transformation to (5.8), we get the system of equations for transforms

W̃ij(s, z) = 1 − ϕ̃ij(s)

s
+ zϕ̃ij(s)W̃jj(s, z), i, j ∈ S. (5.10)

Particularly, for i = j

W̃jj(s, z) = 1 − ϕ̃jj(s)

s
+ zϕ̃jj(s)W̃jj(s, z), j ∈ S. (5.11)

Hence,

W̃jj(s, z) = 1 − ϕ̃jj(s)

s
[
1 − zϕ̃jj(s)

] , j ∈ S. (5.12)

Formula (5.11) takes the following form:

W̃ij(s, z) = 1 − ϕ̃ij(s)

s
+ zϕ̃ij(s)

1 − ϕ̃jj(s)

s
[
1 − zϕ̃jj(s)

] , i, j ∈ S. (5.13)

We obtain the Laplace transform H̃ij(s) of the expectation Hij(t) = E
[
Vij(t)

]
using the

formula

H̃ij(s) = ∂W̃ij(s, z)

∂z
|z=1. (5.14)

After calculation, we get

H̃ij(s) = ϕ̃ij(s)

s (1 − ϕ̃jj(s))
. (5.15)

The expectation Hij(t) = E
[
Vij(t)

]
corresponds to the renewal function in the renewal

theory. We calculate the Laplace transform of the second moment of the stochastic
process {Vij(t) : t ∈ R+} applying the formula

L
[
E
[
(Vij(t))

2
]]

= ∂2W̃ij(s, z)

∂z2 |z=1 + ∂W̃ij(s, z)

∂z
|z=1. (5.16)

Making a simple calculation, we have

L
[
E
[
(Vij(t))

2
]]

= 2ϕ̃ij(s)ϕ̃jj(s)

s (1 − ϕ̃jj(s))2
+ ϕ̃ij(s)

s(1 − ϕ̃jj(s))
. (5.17)

Applying properties of the Laplace transform, we obtain

E
[
(Vij(t))

2
]

= 2
∫ t

0
Hij(t − x)dHjj(x) + Hij(t). (5.18)
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Consequently, the variance is

D2 [Vij(t)
] = 2

∫ t

0
Hij(t − x)dHjj(x) + Hij(t) − H2

ij(t). (5.19)

5.2 Limiting distribution of the process

Adopting theorems of the renewal theory we can formulate a limit theorem concerning
the stochastic process {Vij(t) : t ∈ R+} as t → ∞. Let

E(�ij) = aij, E(�jj) = ajj, V(�ij) = σ 2
ij , V(�jj) = σ 2

jj .

Theorem 5.1 (Grabski [30]). If

• j is a positive recurrent state,
• j is strongly accessible from the state i ∈ S,
• the random variables that are independent copies of the random variable �jj have the finite

positive expected values and variances,

then

lim
t→∞ P

⎛
⎜⎜⎝Vij(t) − t−E(�ij)+E(�jj)

E(�jj)√
V(�jj)t

[E(�jj)]3

� x

⎞
⎟⎟⎠ = 1√

2π

∫ x

−∞
eu2/2du. (5.20)

Proof: [30].
Example 5.1 (Reliability model from Section 3.5). We will explain and illustrate

the concepts presented above using the example presented in Sections 3.5 and 3.5.4.
Recall that a reliability model of an object is the semi-Markov process {X(t) : t � 0}
with the five elements state space S = {1, 2, 3, 4, 5}, where

1 denotes state of waiting for the tasks performing,
2 means performing of the task 1.

The kernel of the process is given by (3.116). Let i = 1 and j = 2. We want
to calculate the necessary parameters of the process {V12(t) : t � 0} approximate
distribution. Recall that a value of the process represents a number of the semi-
Markov process visits in the state 2 in the interval [0, t] if the initial state is 1. From
Theorem 5.1 it follows that we have to calculate the expectations E(�12), E(�22) and
the variance V(�22). To obtain these parameters, we apply (3.25), (3.26), (3.30), and
(3.31). In this case, (3.25) takes the form⎡

⎢⎢⎣
1 −q 0 0

−p21 1 0 p35
−1 0 1 0
−1 0 0 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

E(�12)

E(�32)

E(�42)

E(�52)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

E(T1)

E(T3)

E(T4)

E(T5)

⎤
⎥⎥⎦ . (5.21)
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Using the procedure LinearSolve [a, c] in the MATHEMATICA program, for parame-
ters presented in Section 3.5.4 we obtain

E(�12) = 9.60, E(�32) = 17.76, E(�42) = 22.94, E(�52) = 19.60.

(5.22)

We get the expectation E(�22) using the equality (3.30), which in this case is

E(�22) = E(T2) + p21E(�12) + p24E(�42). (5.23)

Substituting suitable numbers from Section 3.5.4 we obtain the expected value
E(�22) = 26.37. In a similar way, using (3.26) and (3.31), the second moment is
E(�2

22) = 830.73. Thus, the variance is V(�22) = 135.44. From Theorem 5.1 it
follows that the renewal process {V12(t) : t � 0} is approximately normally distributed
with an expectation

E [V12(t)] ≈ t − E(�12) + E(�22)

E(�22)
(5.24)

and a standard deviation

σ [V12(t)] ≈
√

V(�22)t

[E(�22)]3 . (5.25)

Substituting the numerical values, we get

E [V12(t)] ≈ t + 16.77

26.37
, σ [V12(t)] ≈ 0.0859

√
t, (5.26)

which represents the mean number and the standard deviation of performing task
1 during the time t if 1 is the initial state. For example, if t = 1000 [h], then
E [V12(1000)] ≈ 38.56 [h] and σ [V12(1000)] = 2.72 [h]. A probability that the
number of performing task 1 during this time belongs to the interval [36, 44] is

P(36 � V12(1000) � 44) ≈ �(2) + �(0.941) − 1 = 0.8039.

The symbol �(·) used above denotes CDF of a normal standard distribution.

5.3 Additive functionals of the alternating process

In the cumulative working time of a machine, wearing out an engine in period
[0, t] is an example of quantities that can be described by a so-called stochastic
cumulative processes. We investigate only cumulative processes connected to semi-
Markov processes. First we take under consideration a cumulative process defined by
an alternating process. An example of that kind of process is a cumulative time of
work of an machine during a period [0, t].

Consider a sequence of mutually independent random variables ζ1, γ1, ζ2, γ2 . . ..
Assume that random variables ζ1, ζ2, . . . are copies of the random variable ζ with
CDF Fζ (t), t � 0 and random variables γ1, γ2, . . . are copies of the random variable
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γ having CDF Fγ (t). For convenience, the random variable ζ will represent the length
of a working period and γ will denote the length of a service period of an object.

Let {(ξn, ϑn) : n ∈ N0} be a sequence of two-dimensional random variables de-
fined by the following equalities:

ξn =
{

1 for n = 0, 2, 4, . . .
0 for n = 1, 3, 5, . . .

ϑn =
{

ζn for n = 1, 3, 5, . . .
γn for n = 2, 4, 6, . . .

(5.27)

The sequence {(ξn, ϑn) : n ∈ N0} is a Markov renewal process with a kernel

Q(t) =
[

0 Fγ (t)
Fζ (t) 0

]
. (5.28)

That Markov renewal process generates the SM process {X(t) : t � 0} with a state
space S = {0, 1} and an initial distribution

p = [0, 1] . (5.29)

This process is called a simple alternating process. The stochastic process {K(t) :
t � 0} given by the formula

K(t) =
∫ t

0
X(u)du (5.30)

means a global (cumulative) time of the object work in interval [0, t]. The process
{K(t) : t � 0} is an example of the additive functional of the alternating process.
A trajectory of the process is shown in Figure 5.1.

Notice that for each trajectory x(·) of the alternating process, a value of the process
{K(t) : t � 0} trajectory at the instant t0 is equal to the area of the shaded region
D = {(t, x) : 0 � t < t0, 0 � x � x(t)} (see Figure 5.2).

This remark allows us to notice that

K(t) =
⎧⎨
⎩

t for t ∈ [0, τ1)

ζ1 + ζ2 + · · · + ζk for t ∈ [τ2k−1, τ2k)

t − (γ1 + γ2 + · · · + γk) for t ∈ [τ2k, τ2k+1)

(5.31)

t0 t1 t2 t3 t4
t

K(t)

Figure 5.1 Trajectory of the process {K(t) : t � 0}.



Stochastic processes associated with the SM process 89

t0 t1 t2          t3 t4 t

x(t)

t0

z1 z
2

z3

g1 g2

Figure 5.2 Trajectory of the process {X(t) : t � 0}.

t (x)

t4

t3

t2

t1

t0
x

Figure 5.3 Trajectory of the process {T(x) : x � 0}.

where

τ2k−1 = ζ1 + γ1 + ζ2 + γ2 + · · · + ζk

τ2k = ζ1 + γ1 + ζ2 + γ2 + · · · + ζk + γk (5.32)

τ2k+1 = ζ1 + γ1 + ζ2 + γ2 + · · · + ζk + γk + ζk+1

k = 1, 2, . . . . (5.33)

If the random variable ζ1 has a different distribution than the other random variables
ζk, k = 2, 3, . . . , then a stochastic process {X(t) : t � 0} given by formula

X(t) = ξn dla t ∈ [τn, τn+1) , where τn = ϑ1 + . . . + ϑn

is called the general alternating process. This stochastic process enables us to define
a random process {T(x) : x � 0} in the following way:

T(x) = inf{t : K(t) > x}. (5.34)

For fixed x, the random variable T(x) denotes the moment that a random variable
K(t) achieves the level x. A trajectory of the random process {T(x) : x � 0}, which
is shown in Figure 5.3, corresponds to the trajectory of the cumulative process that is
shown in Figure 5.1. The trajectory of that process is the right continuous function.
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An analysis of the process {T(x) : x � 0} trajectory enables us to notice an
important equality

T(x) = x + γ0 + γ1 + γ2 + · · · + γNζ (x), (5.35)

where

Nζ (x) =
{

0 dla x ∈ [0, ζ1)

n dla x ∈ [ζ1 + ζ2 + · · · + ζn, ζ1 + ζ2 + · · · + ζn + ζn+1)

while γ0 = 0 with probability 1. Hence, the cumulative distribution function of the
random variable γ0 is

Fγ0(u) = P(γ0 � u) =
{

0 for x ∈ (−∞, 0)

1 for x ∈ [0, ∞)

A random process {Nζ (x) : x � 0} is a renewal process with right continuous
trajectories generated by a sequence of independent random variables ζ0, ζ1, . . .. The
equality (5.35) makes it easier to find distributions of the above-considered random
processes.
Theorem 5.2. The CDF of a random process {T(x) : x � 0} is

P(T(x) � t) =
∞∑

n=0

F(n)
γ (t − x)

[
F(n)

ζ (x) − F(n+1)
ζ (x)

]
, (5.36)

while the CDF of a stochastic process {K(t) : t � 0} is given by

P(K(t) � x) = 1 −
∞∑

n=0

F(n)
γ (t − x)

[
F(n)

ζ (x) − F(n+1)
ζ (x)

]
. (5.37)

We will present a theorem that allows us to evaluate the expected value and the
variance of the random process {T(x) : x � 0}.
Theorem 5.3 (Kopociński [58]). If the probability distributions of the random
variables ζ and γ have the finite positive expected values and variances, then there
exists the finite positive expectation and variance of the random process {T(x) : x �
0} and they are given by

E [T(x)] = x + E(γ )E
[
Nζ (x)

]
, (5.38)

V [T(x)] = [E(γ )]2 V
[
Nζ (x)

]+ V(γ )E
[
Nζ (x)

]
. (5.39)

�
Proof: [32].
An evaluation of the renewal function is known [28].

E
[
Nζ (x)

] = x

E(ζ )
+ V(ζ )

2 [E(ζ )]2
− 1

2
+ o(1), x → ∞. (5.40)

Substituting this equality to (5.38), we get the following proposition.
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Proposition 5.1. For the aperiodic renewal process {Nζ (x) : x � 0} the following
equalities are fulfilled:

E [T(x)] = E(γ ) + E(ζ )

E(γ )
x + E(γ )

V(ζ ) − [E(ζ )]2

2 [E(ζ )]2 + o(1), x → ∞. (5.41)

Theorem 5.4. If the probability distributions of the random variables ζ and γ

have the finite positive expected values and variances, then {K(t) : t � 0} has the
asymptotically normal distribution

lim
t→∞ P

(
K(t) − m(t)

σ (t)
� x

)
= 1√

2π

∫ x

−∞
e−u2/2du (5.42)

where

m(t) = E(ζ )

E(ζ ) + E(γ )
t, (5.43)

σ(t) =
√

V(ζ ) [E(γ )]2 + [V(γ )] [E(ζ )]2

[E(ζ ) + E(γ )]3 t. (5.44)

�
Proof: [28, 30].
Therefore, the stochastic process {K(t) : t � 0} is asymptotically normal dis-

tributed. It means that the process has approximately normal distribution N(m(t), σ(t))
for large t.

As we know, a stochastic process {K(t) : t � 0} is linked with a random process
{T(x) : x � 0} given by

T(x) = inf{t : K(t) > x}. (5.45)

At a particular number x, the random variable T(x) denotes an instant of exceeding a
value x by the random variable K(t).
Theorem 5.5. Under assumptions of the previous theorem,

lim
t→∞ P

(
T(x) − m(x)

σ (x)
� y

)
= 1√

2π

∫ y

−∞
e−u2/2du (5.46)

where

m(x) = E(ζ ) + E(γ )

E(ζ )
x, (5.47)

σ(x) =
√

V(ζ ) [E(γ )]2 + [V(γ )] [E(ζ )]2

[E(ζ )]3
x. (5.48)

Proof: [28, 30].
Example 5.2. The time between overhaul (TBO) on the type of AE300 diesel

engines used in airplanes Diamond DA 40 and DA 42 is equal to 1500 h. At the same
time, the life of engine components such as the EECU (Electronic Engine Control
Unit) and gear that have to be replaced during operation have been equated with full
engine TBO. This means that after c = 1500 h of work, a plane engine is regarded to
be unable to use. We suppose that a sojourn time of one fly is a random variable ζ
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with an expectation E(ζ ) = 2.26 [h] and a variance V(ζ ) = 1.21
[
h2
]
. A time of each

plane stoppage is a positive random variable γ with the expectation E(γ ) = 5.20 [h]
and the variance V(γ ) = 3.24

[
h2
]

. Under that assumption, the alternating process
{X(t) : t � 0} defined by the kernel (5.28) and the initial distribution (5.29) is a
reliability model of the plane engine operation process. A random variable

T(c) = inf{t : K(t) > c},
denotes an instant of exceeding a level c by the summary sojourn time K(t) =∫ t

0 X(u)du of the alternating process. From the above-presented theorem it follows
that the random variable T(c) has an approximately normal distribution N(m(c), σ(c)),
where

m(c) = E(ζ ) + E(γ )

E(ζ )
c

and

σ(c) =
√

V(ζ ) [E(γ )]2 + [V(γ )] [E(ζ )]2

[E(ζ )]3
c. (5.49)

The random variable T(c) can be treated as the lifetime of the plane engine. An
approximation of the reliability function R(t), t � 0 takes the form

R(t) = P(T(c) > t) ≈ 1 − �

(
t − m(c)

σ (c)

)
(5.50)

where �(·) is CDF of the standard normal distribution. For the above-assumed
parameters we obtain the expectation m(1500) = 4951.33 [h] ≈ 206.3

[
days
]

and
the standard deviation σ(1500) = 80.01 [h] ≈ 3.33

[
days
]

, for a lifetime of the
plane engine.

The approximate reliability function for the above-presented parameters is given
by the rule

R(t) ≈ 1 − �

(
t − 4951.33

80.01

)
.

	

5.4 Additive functionals of the Semi-Markov process

The above-presented concepts of the additive functionals of an alternating process
can be extended to the kind of functionals of a semi-Markov process. Let {X(t) :
t � 0} be a SM process determined by the continuous type kernel (in sense of
Definition 2.2). Let

I(X(u) = j|X(0) = i) =
{

1 for X(u) = j if X(0) = i
0 for X(u) = k �= j if X(0) = i.
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The stochastic process {Kij(t) : t � 0}, defined as

Kij(t) =
∫ t

0
I(X(u) = j|X(0) = i)du, (5.51)

denotes a global (cumulative) sojourn time of the state j in interval [0, t] if an initial
state is i. Note, that

E

⎡
⎣ t∫

0

I(X(u) = j|X(0) = i)du

⎤
⎦ =

∫ t

0
E [I(X(u) = j|X(0) = i)] du

=
t∫

0

P(X(u) = j|X(0) = i)du =
t∫

0

Pij(u)du

From definitions it follows that the process {Kij(t) : t � 0}, defined by the SM
process, is connected with the process {K(t) : t � 0} generated by the alternating
process. Suppose that ζn, n = 2, . . . represent the independent, identical distributed
random variables with CDF

Gj(t) = P(ζn � t) = P(ζ � t) = P(Tj � t),

which denote the consecutive waiting times of a state j, while random variables
γn, n = 1, 2, . . . are lengths of time intervals from the moment of nth exit of a state j
to the instant of the next entrance to the same state. Then the definition of the process
{Kij(t) : t � 0} which starts from i is almost identical to the definition of the process
{K(t) : t � 0}. The significant difference is that the random variables ζn, γn, n ∈ N

can be dependent. However, we can extract the class of SM processes for which these
random variables are independent.
Theorem 5.6. If {X(t) : t � 0} is a SM process defined by the kernel Q(t) =[
Qij(t) : i, j ∈ S

]
such that

Qij(t) = pijGi(t), for i, j ∈ S, (5.52)

then random variables ζn, γn, n ∈ N are independent and

�
(n)
ii = ζn + γn. (5.53)

	
Proof: [32].
Korolyuk and Turbin in Ref. [60] have shown that each semi-Markov process

{X(t) : t � 0} with the kernel Q(t) = [Qij(t) : i, j ∈ S
]

, Qij(t) = pijFij(t) can be

replaced by the semi-Markov process {X̂(t) : t � 0} with the state space E = S × S

and the kernel Q̂(t) =
[
Q̂kr(t) : k, r ∈ E

]
, where k = (i, j), r = (l, m) and

Q̂kr(t) = Q̂(i,j)(l,m)(t) =
{

δjlQlm(∞)
Qij(t)

Qij(∞)
, Qij(t) > 0,

0, Qij(∞) = 0.
(5.54)
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Note that

Q̂kr(t) = Q̂(i,j)(l,m)(t) = P(ξ̂n+1 = (l, m), ϑ̂n+1 � t|ξ̂n = (i, j)). (5.55)

If Qlm(∞) > 0, Qij(∞) > 0 for j = l then, from (5.54) and (5.55), we get

P(ϑ̂n+1 � t|ξ̂n+1 = (l, m), ξ̂n = (i, j)) = Q̂kr(t) = Q̂(i,j)(l,m)(t)

= Qij(t)

Qij(∞)
= Fij(t)

= P(ϑ̂n+1 � t|ξ̂n = (i, j)) = Ĝk(t).
(5.56)

Therefore, the kernel of the semi-Markov process {X̂(t) : t � 0} is

Q̂(t) =
[
Q̂kr(t) : k, r ∈ E

]
, (5.57)

where k = (i, j), r = (l, m), Q̂kr(t) = p̂krĜk(t), and

p̂kr = Q̂(i,j)(l,m)(∞) =
{

δjlQlm(∞), Qij(∞) > 0,

0, Qij(∞) = 0.
(5.58)

A disadvantage of this procedure lies in the fact that a state space of the semi-Markov
process {X̂(t) : t � 0} is extended. Instead of the SM process with a state space S, we
have to analyze the semi-Markov process with a set of states E = S × S.

There is a primitive, approximate method of substitution SM process with the
kernel Q(t) = [pijFij(t) : i, j

]
by the SM process {X̃(t) : t � 0} with the kernel Q̃(t) =[

pijG̃i(t) : i, j ∈ S
]
, where

G̃i(t) = Gi(t) =
∑
j∈S

pijFij(t).

The processes {X̃(t) : t � 0} and {X(t) : t � 0} have the identical transition proba-
bilities of an embedded Markov chain, the identical distributions of all waiting times,
and the same limit distributions.

We present the limit theorem concerning distribution of the global (cumulative)
sojourn time of the state j in interval [0, t] if an initial state is i.
Theorem 5.7 (Taga [79] and Grabski [30]). Let {X(t) : t � 0} be a semi-Markov
process determined by continuous type kernel Q(t) = [Qij(t) : i, j ∈ S

]
such that

Qij(t) = pijGi(t), where pii = 0 for i ∈ S. (5.59)

Moreover, if the random variables Tj, �jj have the positive finite expected values and
variances, then

lim
t→∞ P

(
Kij(t) − mj(t)

σj(t)
� x

)
= 1√

2π

∫ x

−∞
e−u2/2du (5.60)
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where

mj(t) = Pjt = E(Tj)

E(�jj)
t (5.61)

σj(t) =
√√√√V(Tj)

[
E(�jj) − E(Tj)

]2 + [V(�jj) − V(Tj)
] [

E(Tj)
]2[

E(�jj)
]3 t. (5.62)

Proof: [30, 79].
From the theorem it follows that the total time spending in the state j by the process

SM until a moment t has the approximate normal distribution N(mj(t), σj(t)). We
can get the expected value and the variance of the random variable �jj using (3.30)
and (3.31).

The stochastic process {Kij(t) : t � 0} is linked to the random process {Tij(x) :
x � 0} given by

Tij(x) = inf{t : Kij(t) > x}. (5.63)

For a fixed x, the random variable Tij(x) represents the moment of exceeding a level
x by a summary sojourn time of the state j of a SMP until an instant t if the initial
state is i.
Theorem 5.8. Under the assumptions of Theorem 5.7, we have

lim
t→∞ P

(
Tij(x) − mj(x)

σj(x)
� y

)
= 1√

2π

∫ y

−∞
e−u2/2du (5.64)

where

mj(x) = 1

Pj
x = E(�jj)

E(Tj)
x, (5.65)

σj(t) =
√√√√V(Tj)

[
E(�jj) − E(Tj)

]2 + [V(�jj) − V(Tj)
] [

E(Tj)
]2[

E(Tj)
]3 x. (5.66)

�
Proof: [30].
We adopt the concepts and theorems for general semi-Markov processes presented

by Limnios and Oprisan in [72] for the discrete space SM processes. Suppose that
{X(t) : t � 0} is a discrete space SM regular process with a continuous kernel.
Assume that h : S → R+ is any Borel function taking its values on a subset U =
h(S) ⊂ R+ = [0, ∞).

Definition 5.1. The stochastic process {L(t) : t � 0}, defined as

L(t) =
∫ t

0
h [X(u)] du, (5.67)

is said to be the integral functional of the SM process or the cumulative process of the
SM process {X(t) : t � 0}.
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If {(ξn, ϑn) : n ∈ N0} is the MRP defining the SM process {X(t) : t � 0}, then the
process {L(t) : t � 0} is given by

L(t) = h(ξ0)ϑ1 + · · · + h(ξn−1)ϑn + h(ξn)(t − τn) for t ∈ [τn, τn+1) . (5.68)

This formula allows us to generate the trajectories of the process. Using the definition
of the counting process, we obtain an equivalent form of formula (5.68):

L(t) =
N(t)∑
k=1

h(ξk−1)ϑk + (t − τN(t))h(ξN(t)). (5.69)

Consider the joint distribution of the processes {X(t) : t � 0} and {L(t) : t � 0}.
Let

UiA(t, x) = P(X(t) ∈ A, L(t) � x|X(0) = i), i ∈ S. (5.70)

Theorem 5.9 (Limnios and Oprisan [72]). The functions Ui,A(t, x), i ∈ S satisfy the
system of integral equations

UiA(t, x) = IA×[0,x](i, h(i)t) [1 − Gi(t)]

+
∑
j∈S

∫ t

0
UjA(t − v, x − h(i)v)dQij(v), i ∈ S (5.71)

Proof: We obtain the theorem and its proof as a conclusion from the considerations
presented in Ref. [72].

Letting A = S, we get

UiS(t, x) = P{L(t) � x|X(0) = i}, i ∈ S. (5.72)

Proposition 5.2. The conditional distribution of the cumulative process satisfies
the system of equations

UiS(t, x) = I[0,x](h(i)t) [1 − Gi(t)] +
∑
j∈S

∫ t

0
UjS(t − v, x − h(i)v)dQij(v). (5.73)

If x → ∞, we get an important conclusion.
Proposition 5.3. Let

PiA(t) = UiA(t, ∞) = P(X(t) ∈ A|X(0) = i), i ∈ S. (5.74)

The interval transition probabilities PiA(t), i ∈ S satisfy the system of equations

PiA(t) = IA(i) [1 − Gi(t)] +
∑
j∈S

∫ t

0
PjA(t − v)dQij(v), i ∈ S. (5.75)

Notice that for A = {j} we obtain the system of equations for the interval transition
probabilities Pij(t), which is presented in Chapter 3. Now i ∈ A ⊂ S. Then

ϒiA(t, x) = P(X(u) ∈ A, ∀u ∈ [0, t] , L(t) � x|X(0) = i). (5.76)

Similarly, the following theorem can be proved.
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Theorem 5.10. The functions ϒiA(t, x), i ∈ A ⊂ S satisfy the system of equations

ϒiA(t, x) = IA×[0,x](i, h(i)t) [1 − Gi(t)]

+
∑
j∈A

∫ t

0
ϒjA(t − v, x − h(i)v)dQij(v), i ∈ A. (5.77)

	
Note that for x → ∞.

ϒiA(t, ∞) = lim
x→∞ ϒiA(t, x) = P(X(u) ∈ A, ∀u ∈ [0, t] |X(0) = i), i ∈ A.

(5.78)

If the subset A represents “up states” of the system, then

Ri(t) = ϒiA(t, ∞), i ∈ A (5.79)

is the reliability function of it under a condition that an initial state is i ∈ A.
Proposition 5.4. The conditional reliability functions fulfill the system of equations

Ri(t) = 1 − Gi(t) +
∑
j∈A

∫ t

0
Rj(t − u)dQij(u), i ∈ A. (5.80)

If T represents the lifetime of the system, then

Ri(t) = P(T > t|X(0) = i), i ∈ A (5.81)

and

Ri(t, s) = P(T > t + s|T > t, X(0) = i) = Ri(t + s)

Ri(t)
, i ∈ A. (5.82)

There are many papers and books where we can find advanced theorems concerning
limit properties of additive functionals of semi-Markov processes. Among these
books, note monographs [60, 72, 90] and papers [1, 2, 79].



6SM models of renewable cold
standby system

Abstract

The semi-Markov reliability model of two different units of renewable cold standby system
and the SM model of a hospital electrical power system consisting of mains, an emergency
power system, and the automatic transfer switch with the generator starter are discussed
in this chapter. The renewable cold standby system with series N components exponential
subsystems is also presented here. The embedded semi-Markov process concept is applied
for description of the system evolution. In our models, time to failure of the system is
represented by a random variable denoting the first passage time from the given state to
the subset of states. The appropriate theorems of the semi-Markov processes theory allow us
to evaluate the reliability function and some reliability characteristics. In case of difficulties
in calculating an exact reliability function of the system by means of the Laplace transform,
we propose applying the theorem of semi-Markov processes perturbation theory that enables
us to get an approximate reliability function of the system. Some illustrative examples in this
chapter help to explain presented concepts.

Keywords: Semi-Markov model, Renewable cold standby system, Semi-Markov perturbed
process, Reliability function, Mean time to failure, Electrical power system

6.1 Two different units of cold standby system
with switch

6.1.1 Introduction

The models presented here are the extensions of the models that have been considered
by Barlow and Proshan [7], Brodi and Pogosian [13], Korolyuk and Turbin [60],
and Grabski [30, 32]. We construct the so-called embedded semi-Markov process by
defining the renewal kernel of that one. This method was presented in Ref. [13]. The
time to failure of the system is described by a random variable that means the first
passage time from the given state to the subset of states. Applying Theorem 3.1 we get
L-S transforms of these random variables by solving the appropriate system of linear
equations. Using Theorem 3.2 we calculate the mean time to failure of the system.
Very often, calculating an exact reliability function of the system by using Laplace
transform is a complicated matter, but there is a possibility to apply the theorem of the
theory of the semi-Markov processes perturbation to obtain an approximate reliability
function of the system. We use the Pavlov and Ushakov concept of the perturbed SM
process, which is presented in Chapter 4.

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00006-5
Copyright c© 2015 Elsevier Inc. All rights reserved.



100 Semi-Markov Processes: Applications in System Reliability and Maintenance

B

A

Figure 6.1 Diagram of the system.

6.1.2 Description and assumptions

We assume that the system consists of one operating unit A, the stand-by unit B, and a
switch (Figure 6.1). We assume that a lifetime of a basic operating unit is represented
by a random variable ζA, with distribution given by a probability density function
(PDF) fA(x), x � 0. When the operating unit fails, the spare B is immediately put in
motion by the switch. The failed unit is renewed by a single repair facility. A renewal
time of a unit A is a random variable γA having distribution given by a cumulative
distribution function (CDF) HA(x) = P(γA � x), x � 0. The lifetime of unit B is a
random variable ζB, with PDF fB(x), x � 0. When unit B fails, unit A immediately
starts to work by the switch (if it is “up”) and unit B is repaired. A renewal time of
unit B is a random variable γB having distribution given by the CDF HB(x) = P(γB �
x), x � 0.

Let U be a random variable having a binary distribution

b(k) = P(U = k) = ak(1 − a)1−k, k = 0, 1, 0 < a < 1,

where U = 0, if a switch is failed at the moment of the operating unit failure, and
U = 1, if the switch works at that moment.

Failure of the system takes place when the operating unit fails and the component
that has failed sooner is still not ready to work, or when both the operating subsystem
and the switch have failed.

Moreover, we assume that all random variables mentioned above are independent.

6.1.3 Construction of Semi-Markov reliability model

To describe the reliability evolution of the system, we have to define the states and the
renewal kernel. We introduce the following states:

0—failure of the system,
1—failure of unit A, unit B is working,
2—failure of unit B, unit A is working,
3—both operating and spare units are “up” and unit A is working.

We assume that 3 is an initial state.
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Figure 6.2 Reliability evolution of the standby system.

Figure 6.2 shows functioning of the system. Let 0 = τ ∗
0 , τ ∗

1 , τ ∗
2 , . . . denote

the instants of the states changes, and {Y(t) : t � 0} be a random process with
the state space S = {0, 1, 2, 3}, which keeps constant values on the half-intervals[
τ ∗

n , τ ∗
n+1

)
, n = 0, 1, . . . and it is right-hand continuous. This process is not semi-

Markov, because a memoryless property is not satisfied for all instants of the state
changes of it.

Let us construct a new random process in the following way. Let 0 = τ0 and
τ1, τ2, . . . denote instants of the unit failures or instants of the whole system failure.
Reliability evolution of this standby system is shown in Figure 6.2.

The random process {X(t) : t � 0}, defined by equation

X(0) = 3, X(t) = Y(τn) for t ∈ [τn, τn+1) , (6.1)

is the semi-Markov process. This process is called an embedded semi-Markov process
in the stochastic process {Y(t) : t � 0}.

To determine a semi-Markov process as a model we have to define its initial
distribution and all elements of its kernel. Recall that the semi-Markov kernel is the
matrix of transition probabilities of the Markov renewal process

Q(t) = [
Qij(t) : i, j ∈ S

]
, (6.2)

where

Qij(t) = P(τn+1 − τn � t, X(τn+1) = j|X(τn) = i), t � 0. (6.3)

Let us recall (Chapter 3) that the sequence {X(τn) : n = 0, 1, . . .} is a homogeneous
Markov chain with transition probabilities

pij = P(X(τn+1) = j|X(τn) = i) = lim
t→∞ Qij(t), (6.4)
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the function

Gi(t) = P(Ti � t) = P(τn+1 − τn � t|X(τn) = i) =
∑
j∈S

Qij(t) (6.5)

is the CDF distribution of a waiting time Ti denoting the time spent in state i when the
successor state is unknown, the function

Fij(t) = P(τn+1 − τn � t|X(τn) = i, X(τn+1) = j) = Qij(t)

pij
(6.6)

is the CDF of a random variable Tij that is called a holding time of a state i, if the next
state will be j. We also know that

Qij(t) = pijFij(t). (6.7)

In this case, the semi-Markov kernel takes the form

Q(t) =

⎡
⎢⎢⎣

Q00(t)0 0 0 0
Q10(t) 0 Q12(t) 0
Q20(t) Q21(t) 0 0
Q30(t) Q31(t) 0 0

⎤
⎥⎥⎦ . (6.8)

From (6.3) and the assumptions we can calculate all elements of the semi-Markov
kernel Q(t), t � 0. We start from the element Q00(t).

Q00(t) = K(t), (6.9)

where K(t) denotes an arbitrary CDF with a support R+ = [0, ∞). An element Q10(t)
of the second kernel row is

Q10(t) = P(U = 0, ζB � t) + P(U = 1, ζB � t, γA > ζB)

= (1 − a)FB(t) + a
∫∫

C10

fB(x)dxdHA(y),

where

C10 = {(x, y) : x � t, y > x}.
Hence,

Q10(t) = (1 − a)FB(t) + a
∫ t

0
fB(x) [1 − HA(x)] dx

= FB(t) − a
∫ t

0
fB(x)HA(x)dx. (6.10)

We obtain the transition probability from the state 1 to the state 2 during a time less or
equal to t similarly:

Q12(t) = P(U = 1, ζB � t, γA < ζB) = a
∫ t

0
fB(x)HA(x)dx. (6.11)
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The same way we get

Q20(t) = FA(t) − a
∫ t

0 fA(x)HB(x)dx,
Q21(t) = P(U = 1, ζA � t, γB < ζA) = a

∫ t
0 fA(x)HB(x)dx,

Q31(t) = P(U = 1, ζA � t) = aFA(t),
Q30(t) = P(U = 0, ζA � t) = (1 − a)FA(t).

(6.12)

All elements of the kernel Q(t) have been defined, hence the semi-Markov process
{X(t) : t � 0} describing the reliability of the renewable cold standby system is
constructed.

For all states we need to calculate the transition probabilities of the embedded
Markov chain and also distributions of the waiting and holding times. The transition
probabilities matrix of the embedded Markov chain {X(τn) : n = 0, 1, . . .} is

P =

⎡
⎢⎢⎣

1 0 0 0
p10 0 p12 0
p20 p21 0 0
p30 p31 0 0

⎤
⎥⎥⎦ (6.13)

where

p10 = 1 − a
∫ ∞

0
fB(x)HA(x)dx, p12 = a

∫ ∞

0
fB(x)HA(x)dx, (6.14)

p20 = 1 − a
∫ ∞

0
fA(x)HB(x)dx, p21 = a

∫ ∞

0
fA(x)HB(x)dx,

p30 = 1 − a, p31 = a.

Using formula (6.5), we obtain CDF of the waiting times for the states i ∈ S.

G1(t) = Q10(t) + Q12(t) = FB(t),

G2(t) = Q20(t) + Q21(t) = FA(t), (6.15)

G3(t) = Q30(t) + Q31(t) = FA(t).

Applying the equality (6.6), we calculate CDF of the holding times for pairs of
states (i, j) ∈ S × S.

F10(t) = FB(t) − a
∫ t

0 fB(x)HA(x)dx

1 − a
∫ ∞

0 fB(x)HA(x)dx
, F12(t) =

∫ t
0 fB(x)HA(x)dx∫ ∞

0 fB(x)HA(x)dx
, (6.16)

F20(t) = FA(t) − a
∫ t

0 fA(x)HB(x)dx

1 − a
∫ ∞

0 fA(x)HB(x)dx
, F21(t) =

∫ t
0 fA(x)HB(x)dx∫ ∞

0 fA(x)HB(x)dx
, (6.17)

F31(t) = FA(t), F30(t) = FA(t).
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6.1.4 Reliability characteristics

The function

ΦiD(t) = P(�D � t|X(0) = i), t � 0 (6.18)

is the CDF of a random variable �iD denoting the first passage time from the state
i ∈ D

′
to the subset D or the exit time of {X(t) : t � 0} from the subset D

′
with an

initial state i. From Theorem 4.1 it follows that L-S transforms of the unknown CDF of
the random variables �iD, i ∈ D′ satisfy the system of linear equations (4.18), which
is equivalent to the matrix equation(

I − q̃D′(s)
)
ϕ̃D′(s) = b̃(s), (6.19)

where

I = [
δij : i, j ∈ D′] (6.20)

is the unit matrix,

q̃D′(s) = [
q̃ij(s) : i, j ∈ D′] (6.21)

is the square submatrix of the matrix q̃(s), while

ϕ̃D′(s) =
[
φ̃iD(s) : i ∈ D′]T

, b̃(s) =
⎡
⎣∑

j∈D

q̃ij(s) : i ∈ A′
⎤
⎦

T

(6.22)

are one-column matrices of the corresponding L-S transforms.
From Theorem 3.2 it follows that there exist expectations E(�iD), i ∈ D

′
and they

are unique solutions of the linear systems of equations that have the matrix form

(I − PD′ )�D′ = TD′ , (6.23)

where

PD′ = [
pij : i, j ∈ D

′]
, �D′ = [

E(�iD) : i ∈ D
′]T, TD′ = [

E(Ti) : i ∈ D
′]T

(6.24)

and I is the unit matrix.
In our model D = {0} and D′ = {1, 2, 3}, the random variable �iD, which denotes

the first passage time from the state i = 3 to the subset D, represents the time to failure
of the system in our model. The function

R(t) = P(�30 > t) = 1 − Φ30(t), t � 0 (6.25)

is the reliability function of the considered cold standby system with repair.
In this case, (6.19) takes the form⎡

⎣ 1 −q̃12(s) 0
−q̃21(s) 1 0
−q̃31(s) 0 1

⎤
⎦

⎡
⎣ ϕ̃10(s)

ϕ̃20(s)
ϕ̃30(s)

⎤
⎦ =

⎡
⎣ q̃10(s)

q̃20(s)
q̃30(s)

⎤
⎦ . (6.26)
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From the solution of this equation, we get

ϕ̃10(s) = q̃10(s) + q̃12(s)q̃10(s)

1 − q̃12(s)q̃21(s)
, (6.27)

ϕ̃20(s) = q̃20(s) + q̃21(s)q̃10(s)

1 − q̃12(s)q̃21(s)
, (6.28)

ϕ̃30(s) = q̃30(s) + q̃12(s)q̃31(s)q̃20(s) + q̃10(s)q̃31(s)

1 − q̃12(s)q̃21(s)
. (6.29)

Consequently, we obtain the Laplace transform of the reliability function

R̃(s) = 1 − ϕ̃30(s)

s
. (6.30)

We will calculate a mean time to failure by solving (6.23). In this case, this equation
takes the form⎡

⎣ 1 −p12 0
−p21 1 0
−p31 0 1

⎤
⎦

⎡
⎣ E(Θ10)

E(Θ20)

E(Θ30)

⎤
⎦ =

⎡
⎣ E(T1)

E(T2)

E(T3)

⎤
⎦ . (6.31)

As a result, we get

E(Θ10) = E(T1) + p12E(T1)

1 − p12p21
, (6.32)

E(Θ20) = E(T2) + p21E(T1)

1 − p12p21
, (6.33)

E(Θ30) = E(T3)(1 − p12p21) + p12p31E(T2) + p31E(T1)

1 − p12p21
. (6.34)

Using (6.14) and (6.15) we obtain the mean time to failure of the system

E(Θ30) = E(ζA) + a
p12E(ζA) + E(ζB)

1 − p12p21
, (6.35)

where

p12 = a
∫ ∞

0
fB(x)HA(x)dx, p21 = a

∫ ∞

0
fA(x)HB(x)dx. (6.36)

For the identical distribution of time to failure of components A and B : fA(x) =
fB(x) = f (x), and the identical distribution of the both components renewal time
HA(x) = HB(x) = H(x), from (6.35) we get

E(Θ30) = E(ζ ) + a
(1 + p12)E(ζ )

1 − p2
12

= E(ζ ) + a
E(ζ )

1 − p12
, (6.37)

where

p12 = a
∫ ∞

0
f (x)H(x)dx. (6.38)

This result was presented in Ref. [32, 34].
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6.1.5 An approximate reliability function

In general, calculating an exact reliability function of the system by means of Laplace
transform is a complicated matter. Finding an approximate reliability function of that
system is possible by using some results from the theory of semi-Markov processes
perturbations. We will apply the Pavlov and Ushakov [83] concept of the perturbed
semi-Markov process presented in Section 4.3.

We can assume that the considered SM process {X(t) : t � 0} with the state space
S = {0, 1, 2, 3} is the perturbed process with respect to the SM process {X0(t) : t � 0}
with the state space D′ = {1, 2, 3} and the kernel

Q0(t) =
⎡
⎣ 0 Q0

12(t) 0
Q0

21(t) 0 0
Q0

31(t) 0 0

⎤
⎦ , (6.39)

where

Q0
12(t) = p0

12F12(t), Q0
21(t) = p0

21F21(t), Q0
31(t) = p0

31F31(t).

From (5.18) and (5.19) we obtain

p0
12 = 1, p0

21 = 1, p0
31 = 1. (6.40)

Therefore, taking under consideration (6.16), (6.17), we get

Q0
12(t) =

∫ t
0 fB(x)HA(x)dx∫ ∞

0 fB(x)HA(x)dx
, Q0

21(t) =
∫ t

0 fA(x)HB(x)dx∫ ∞
0 fA(x)HB(x)dx

, Q0
31(t) = FA(t).

(6.41)

From (5.18) and (6.14), we have

ε1 = p10 = 1 − a
∫ ∞

0
fB(x)HA(x)dx, ε2 = p20

= 1 − a
∫ ∞

0
fA(x)HB(x)dx, ε3 = p30 = 1 − a. (6.42)

The transition matrix of the embedded Markov chain of the SM process {X0(t) :
t � 0} is

P0 =
⎡
⎣ 0 1 0

1 0 0
1 0 0

⎤
⎦ . (6.43)

From the system of equations

[
π0

1 π0
2 π0

3

] ⎡
⎣ 0 1 0

1 0 0
1 0 0

⎤
⎦ =

[
π0

1 π0
2 π0

3

]
, (6.44)

π0
1 + π0

2 + π0
3 = 1, (6.45)
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we get
[
π0

1 = 0.5 π0
2 = 0.5 π0

3 = 0
]
. It follows from Theorem 4.2 that for small ε

R(t) = P(�iD > t) = P(ε�iD > εt) ≈ exp
[
− ε

m0
t
]

, t � 0, (6.46)

ε = 0.5(ε1 + ε1) = 1 − 0.5a

(∫ ∞

0
fB(x)HA(x)dx +

∫ ∞

0
fA(x)HB(x)dx

)
,

(6.47)

m0 = 0.5(m0
1 + m0

2) = 0.5

∫ ∞
0 xfB(x)HA(x)dx∫ ∞
0 fB(x)HA(x)dx

+ 0.5

∫ ∞
0 xfA(x)HB(x)dx∫ ∞
0 fA(x)HB(x)dx

. (6.48)

The shape of parameter ε shows that we can apply this formula only if the numbers
P(γB � ζA), P(γA � ζB), denoting probabilities of the components failure during the
repair periods of earlier-failed components, are small.

6.1.6 Illustrative numerical examples

Example 1

We will consider a special case of the model assuming exponential times to failure
and exponential repair times of components. We suppose that random variables
ζA, ζB, γA, γB have exponential distributions with parameters λA, λB, μA, μB corre-
spondingly. Substituting some proper characteristics of the exponential distributions
in (6.10), (6.11), and (6.12), we obtain

Q10(t) = (1 − a)(1 − e−λBt) + a
λB

λB + μA
(1 − e−(λB+μA)t), (6.49)

Q12(t) = a(1 − e−λBt) − a
λB

λB + μA
(1 − e−(λB+μA)t), (6.50)

Q20(t) = (1 − a)(1 − e−λAt) + a
λA

λA + μB
(1 − e−(λA+μB)t), (6.51)

Q21(t) = a(1 − e−λAt) − a
λA

λA + μB
(1 − e−(λA+μB)t), (6.52)

Q31(t) = a(1 − e−λAt), (6.53)

Q30(t) = (1 − a)(1 − e−λAt), (6.54)

for t � 0. The Laplace-Stieltjes transforms of the above functions are

q̃10(s) = (1 − a)
λB

λB + s
+ a

λB

λB + μA + s
, (6.55)

q̃12(s) = a
λB

λB + s
− a

λB

λB + μA + s
, (6.56)



108 Semi-Markov Processes: Applications in System Reliability and Maintenance

q̃20(s) = (1 − a)
λA

λA + s
+ a

λA

λA + μB + s
, (6.57)

q̃21(s) = a
λA

λA + s
− a

λB

λA + μB + s
, (6.58)

q̃31(s) = a
λA

λA + s
, (6.59)

q̃30(s) = (1 − a)
λA

λA + s
. (6.60)

From (6.19) and (6.30), we obtain the Laplace transform of the reliability function
for the parameters

λA = 0.001, λB = 0.004, μA = 0.4, μB = 0.2, a = 0.98, (6.61)

using the computer program written in MATHEMATICA. We get the reliability
function by inverting this Laplace transform. The reliability function of the considered
system is

R(t) = −2.95624 × 10−15− 0.0000237071 e−0.404009t + 9.19548 × 10−7 e−0.200962t+
−0.0027939 e−0.00498584t − 1.6822 × 10−16 e−0.001t + 1.00282 e−0.0000432014t

The reliability function is shown in Figure 6.3.
Notice that in this case

E(ζA) = 1

λA
, E(ζB) = 1

λB
, E(γA) = 1

μA
, E(γB) = 1

μB

and

p12 = a
μB

λB + μA
, p21 = a

μA

λA + μB
.

20,000 40,000 60,000 80,000 100,000
t

0.2

0.4

0.6

0.8

1.0

R(t)

Figure 6.3 Reliability function of the system.
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Therefore, from (6.35) and (6.36) we get the mean time to failure:

E(Θ30) = 1

λA
+ a

a μB
λB+μA

1
λA

+ 1
λB

1 − a2 μB
λB+μA

μA
λA+μB

. (6.62)

For the parameters (6.61) we obtain

E(Θ30) = 23, 212.1. (6.63)

Example 2

We assume that random variables ζA, ζB, denoting the lifetimes of units A and B, have
an Erlang distribution defined by PDFs

fA(x) = α2
Ax e−αAx, fB(x) = α2

Bx e−αx, x � 0. (6.64)

The repair times of the failed units that are represented by the random variables γA, γB
have one-point distributions with PDF

HA(x) =
{

0 for t � TA
1 for t > TA

, HB(x) =
{

0 for t � TB
1 for t > TB

. (6.65)

This means that both components’ (units’) restoring times are deterministic. Now, the
functions that are elements of the semi-Markov kernel (6.8) are given by the following
equalities:

Q10(t) =
{

1 − (1 + αBt)e−αBt for t � TA

1 − (1 − a)(1 + αBt)e−αBt − a(1 + αBTA)e−αBTA for t > TA
,

(6.66)

Q12(t) =
{

0 for t � TA

a((1 + αBTA)e−αBTA − (1 + αBt)e−αBt) for t > TA
, (6.67)

Q20(t) =
{

1 − (1 + αAt)e−αAt for t � TB

1 − (1 − a)(1 + αAt)e−αAt − a(1 + αATB)e−αATB for t > TB
,

(6.68)

Q21(t) =
{

0 for t � TB

a((1 + αATB)e−αATB − (1 + αAt)e−αAt) for t > TB
, (6.69)

Q30(t) = (1 − a)
[
1 − (1 + αAt)e−αAt] , t � 0, (6.70)

Q31(t) = a
[
1 − (1 + αAt)e−αAt] , t � 0. (6.71)

From (6.14) we obtain the transition probabilities of the embedded Markov chain.

p10 = 1 − a(1 + αBTA)e−αBTA , p12 = a(1 + αBTA)e−αBTA , (6.72)

p20 = 1 − a(1 + αATB)e−αATB , p21 = a(1 + αATB)e−αATB , (6.73)

p30 = 1 − a, p31 = a. (6.74)
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We obtain the mean time to failure of the system using formula (6.35). In this case,

E(ζA) = 2

αA
, E(ζB) = 2

αB
.

Hence,

E(Θ30) = 2

αA
+

2a2

αA
(1 + αBTA)e−αBTA + 2a

αB

1 − a2(1 + αBTA)e−αBTA(1 + αATB)e−αATB
. (6.75)

To compare the mean time to failure with a result from the previous example we
assume that all expectations are the same in both examples. This means that

2

αA
= 1

λA
,

2

αB
= 1

λB
, TA = 1

μA
, TB = 1

μB
.

For parameters (6.61) from Example 1 we get the values of parameters from
Example 2:

αA = 0.002, αB = 0.008, TA = 2.5, TB = 5 a = 0.98.

In this case, the mean time to failure is

E(Θ30) = 31, 253.4.

Recall that for the exponential distributions of the components’ lifetimes and restoring
times for corresponding parameters we obtained

E(Θ30) = 23, 212.1.

From (6.46)–(6.48) we get an approximate reliability function

R(t) ≈ exp
[
− ε

m0 t
]

, t � 0, (6.76)

where

ε = 0.5(ε1 + ε1) = 1 − 0.5a
(
(1 + αBTA)e−αBTA + (1 + αATB)e−αATB

)
,

(6.77)

m0 = 0.5(m0
1 + m0

2) = 0.5
2 + 2αBTA + α2

BT2
A

αB(1 + αBTA)
+ 0.5

2 + 2αATB + α2
AT2

B

αA(1 + αATB)
.

(6.78)

6.1.7 Conclusions
• The expectation E(�30), denoting the mean time to failure of the considered cold standby

system, depends on both components’ probability distribution of the lifetimes and elements
renewal times:

E(Θ30) = E(ζA) + a
p12E(ζA) + E(ζB)

1 − p12p21
,
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where

p12 = a
∫ ∞

0
fB(x)HA(x)dx, p21 = a

∫ ∞

0
fA(x)HB(x)dx.

• If distributions of times to failure and renewal times of components A and B are identical:
fA(x) = fB(x) = f (x), HA(x) = HB(x) = H(x), we obtain the known result [32, 34]:

E(Θ30) = E(ζ ) + a
E(ζ )

1 − c
,

where

c = p12 = a
∫ ∞

0
f (x)H(x)dx.

In this case, the cold standby determines the increase of the mean time to failure 1 + a
1−c

times.
• Examples 1 and 2 show that for the deterministic renewal times of components, the mean

time to failure of the cold standby system is essentially greater than in the case of the expo-
nentially distributed restoring times.

• The approximate reliability function of the system is exponential

R(t) ≈ exp
[
− ε

m0
t
]

, t � 0,

where

ε = 1 − 0.5a

(∫ ∞

0
fB(x)HA(x)dx +

∫ ∞

0
fA(x)HB(x)dx

)
,

m0 = 0.5

∫ ∞
0 xfB(x)HA(x)dx∫ ∞
0 fB(x)HA(x)dx

+ 0.5

∫ ∞
0 xfA(x)HB(x)dx∫ ∞
0 fA(x)HB(x)dx

.

6.2 Technical example

As a technical example of the cold standby system, we consider an electrical power
system of a hospital consisting of the mains and the emergency power systems. Mains
power of a hospital can be lost due to interruption of electrical lines during earthworks,
or in the case of the overhead line, of its destruction as a result of strong wind, heavy
icing, malfunctions at a substation, planned blackouts, or in extreme cases such as a
gridwide failure. Loss of mains voltage may last from a few seconds to several hours
or in extreme cases several days. The effects of such a situation may differ for different
classes of devices. It leads to the automatic shutdown of equipment, and there is a high
risk of equipment damage. It refers to lifesaving equipment, anesthesia apparatus,
dialyzers in dialysis, or ultrasound devices. In the case of a medical device, usually
any loss of power causes disruption as the device, after restoring the power supply,
begins the process of self-testing and self-calibration and is not performing its basic
functions. For other devices like elevators, refrigerators, or ventilators, a restoration
of power is not a major problem. In hospitals, most emergency power systems have
been and are still based on generators. An electric generator supplies electricity to
selected electrical circuits and electric appliances in the hospital in an emergency
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(no power from the power grid). A hospital’s power generator system includes a set
of devices consisting of an internal combustion or Diesel engine, a generator, and
an automatic detection system if there is no voltage in the power grid and the self-
actuating generator. A separate issue is the switching time. Usually, it ranges from a
few to several seconds. The generator starts automatically. With regular generators, an
automatic transfer switch is used to connect emergency power. One side is connected
to both the normal power feed and the emergency power feed, while the other side is
connected to the load designated as emergency.

6.2.1 Assumptions

To evaluate the reliability characteristics of the hospital electrical power system, we
will apply the significant modification of the models presented in this chapter. In this
case an operating unit A denotes mains power system (subsystem), the stand-by unit
B means emergency power system (subsystem), and a switch is the automatic transfer
switch with the generator starter. The time to failure of the mains power subsystems
is an exponential distributed random variable ζA with a PDF

fA(x) = αA e−αAx, x � 0, αA > 0. (6.79)

The failure rate αA is given by

αA = 1

mA
, (6.80)

where mA denotes a mean time to failure of the mains power subsystem.
When the mains A fails, the emergency power subsystem B is immediately put in

motion by the switch (switching time is omitted). The failed system is repaired. A
repair time of the basic power system A is a random variable γA having distribution
given by the PDF

hA(x) = μ2
Ax e−μAx, x � 0. (6.81)

After repairing the mains power, subsystem A is put in motion at once by the switch.
A time to failure of the emergency power system B is a random variable ζB, with

an exponential PDF

fB(x) = αB e−αBx, x � 0. (6.82)

If the emergency power subsystem B fails during the repair period of the mains
power subsystem A, then it follows that damage to the whole electricity power system
will occur.

The failure of the system takes place when the mains power subsystem fails and
the emergency subsystem fails before repairing the basic subsystem A or when the
subsystem A fails and the switch fails.

Let U be a random variable having a binary distribution

b(k) = P(U = k) = ak(1 − a)1−k, k = 0, 1, 0 < a < 1,

where U = 0 if a switch is “down” at the moment of the subsystem A failure or
renewal and U = 1 otherwise.
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A restoring time of the whole power system is the random variable γ having
distribution given by the PDF

h(x) = μ2x e−μx, x � 0. (6.83)

Moreover, we assume that all random variables mentioned above are independent.

6.2.2 Model construction

To describe the reliability evolution of the system, we have to define the states and the
renewal kernel. We introduce the following states:

0—failure of the whole system due to a failure of a switch,
1—failure of the whole system due to the failure of the subsystem B during repair period of
the subsystem A,
2—failure of the mains power subsystem A, the emergency power subsystem B is working,
3—both the mains power subsystem and emergency subsystem are “up” and system A is
working.

We assume that 3 is the initial state.
We construct a random process in the following way. Let 0 = τ0 and τ1, τ2, . . .

denote instants of the power subsystems failures or instants of the subsystem A or
whole system repair. Let {X(t); t � 0} be a stochastic process with the state space S =
{0, 1, 2, 3}, keeping its constant values on the half-intervals [τn, τn+1) , n = 0, 1, . . .
with the right-continuous sample paths. This stochastic process is semi-Markov. Its
kernel takes the form

Q(t) =

⎡
⎢⎢⎣

0 0 0 Q03(t)
0 0 0 Q13(t)

Q20(t) Q21(t) 0 Q23(t)
Q30(t) 0 Q32(t) 0

⎤
⎥⎥⎦ . (6.84)

From (6.3) and from the assumptions, we can calculate all elements of the semi-
Markov kernel Q(t), t � 0. The elements Q03(t) and Q13(t) are CDF of the system
renewal time.

Q03(t) = Q13(t) = H(t) =
∫ t

0
h(x)dx. (6.85)

From the system description and assumptions we get the following equalities:

Q20(t) = P(U = 0, γA � t, ζB > γA) = (1 − a)

∫ t

0
hA(x) [1 − FB(x)] dx,

Q21(t) = P(ζB � t, ζB < γA) =
∫ t

0
fB(x) [1 − HA(x)] dx, (6.86)

Q23(t) = P(U = 1, γA � t, ζB > γA) = a
∫ t

0
hA(x) [1 − FB(x)] dx.

In the same way, we obtain

Q30(t) = P(U = 0, ζA � t) = (1 − a)FA(t), (6.87)

Q32(t) = P(U = 1, ζA � t) = aFA(t).
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All elements of Q(t) have been defined; hence, the semi-Markov model describing the
hospital power system evolution, in a reliability sense, is constructed. It is necessary
to calculate the transition probabilities of the embedded Markov chain. The transition
probabilities matrix of the embedded Markov chain {X(τn) : n = 0, 1, . . .} is

P =

⎡
⎢⎢⎣

0 0 0 1
0 0 0 1

p20 p21 0 p23
1 − a 0 a 0

⎤
⎥⎥⎦ , (6.88)

where

p20 = (1 − a)

∫ ∞

0
hA(x) [1 − FB(x)] dx, p21 =

∫ ∞

0
fB(x) [1 − HA(x)] dx,

p23 = a
∫ ∞

0
hA(x) [1 − FB(x)] dx.

For supposing distributions for t � 0, we get

Q03(t) = Q13(t) = H(t) = 1 − (1 + μt)e−μt , (6.89)

Q20(t) = (1 − a)μ2
A

(αB + μA)2

[
1 − (1 + (αB + μA)t) e−(αB+μA)t

]
,

Q21(t) = αB

(αB + μA)2

[
αA + 2μB − (αB + αBμAt + μA(2 + μAt)) e−(αB+μA)t

]
,

Q23(t) = aμ2
A

(αB + μA)2

[
1 − (1 + (αB + μA)t) e−(αB+μA)t

]
,

Q30(t) = (1 − a)(1 − e−αAt),

Q32(t) = a(1 − e−αAt).

The Laplace-Stieltjes transform of these functions are

q̃03(s) = μ2

(s + μ)2 , q̃13(s) = μ2

(s + μ)2 , (6.90)

q̃20(s) = (1 − a)μ2
A

(s + αB + μA)2 , q̃21(s) = αB(s + αB + 2μA)

(s + αB + μA)2 ,

q̃23(s) = aμ2
A

(s + αB + μA)2 ,

q̃30(s) = (1 − a)αA

s + αA
, q̃32(s) = aαA

s + αA
.
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The CDF of the waiting times are

G0(t) = G1(t) = Q03(t) = Q13(t) = 1 − (1 + μt)e−μt , (6.91)

G2(t) = Q20(t) + Q21(t) + Q23(t) = 1 − (1 + μAt) e−(αB+μA)t,

G3(t) = 1 − e−αAt.

The expected values of waiting times are

E(T0) = 2

μ
, E(T1) = 2

μ
, E(T2) = αB + 2μA

(αB + μA)2 , E(T3) = 1

αA
. (6.92)

6.2.3 Reliability characteristic

A main goal of this subsection is an evaluation of a reliability function and a mean
time to failure of the hospital power system. To get the reliability function, we have to
solve the matrix equation (6.19). In this case, a set of “down” states is D = {1, 2} and
the set of “up” states is {2, 3}. The equation takes the form of[

1 −q̃23(s)
−q̃32(s) 1

][
ϕ̃2D(s)
ϕ̃3D(s)

]
=

[
q̃20(s) + q̃21(s)

q̃30(s)

]
. (6.93)

The solution of the equivalent linear equations system is

ϕ̃2D(s) = q̃20(s) + q̃21(s) + q̃23(s)q̃30(s)

1 − q̃23(s)q̃32(s)
, (6.94)

ϕ̃3D(s) = q̃30(s) + q̃32(s)q̃20(s) + q̃32(s)q̃21(s)

1 − q̃23(s)q̃32(s)
. (6.95)

Consequently, we obtain the Laplace transform of the reliability function

R̃(s) = 1 − ϕ̃3D(s)

s
. (6.96)

The parameters of the model were estimated on the basis of few data and the opinion
of the technical staff at one of the hospital in Poland. Therefore, the values of these
parameters should be treated as approximate. The values of the model parameters are

μ = 5.4, a = 0.99, αA = 0.0054, αB = 0.164, μA = 4.2, μB = 3.1.

(6.97)

For these parameters, substituting transforms (6.90) to (6.95) we obtain the L-S
transform ϕ̃3D(s). Using the formula (6.96) we get the Laplace transform of the
reliability function R̃(s). We get the reliability function R(t) of the system using the
procedure InverseLaplaceTransform [r, s, t] in the MATHEMATICA program. Finally,
we obtain

R(t) = 1.000156e−0.000497t

− 2 [0.000078 cos(0.146252t) + 0.000825 sin(0.146252t)] e−4.36645t

≈ e−0.000497t. (6.98)
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From the well-known equality

E(T) =
∫ ∞

0
R(t)dt (6.99)

we get the mean time to failure of the system

E(T) = 2013.77
[
days

] ≈ 5.5
[
years

]
. (6.100)

We calculate the second moment using the following formula:

E(T2) = 2
∫ ∞

0
tR(t)dt. (6.101)

We get the standard deviation using the well-known equality

D(T2) =
√

E(T2) − [E(T)]2. (6.102)

And finally, for presented parameters, we get

D(T2) = 2013.45
[
days

]
. (6.103)

We can also calculate a mean time to failure by solving equation (6.23). In this
case, this equation takes the form[

1 −p23
−p21 1

][
E(Θ20)

E(Θ30)

]
=

[
E(T2)

E(T3)

]
. (6.104)

By solving it, we get

E(Θ2D) = E(T2) + p23E(T3)

1 − p23p32
, (6.105)

E(Θ3D) = E(T3) + p32E(T1)

1 − p23p32
. (6.106)

The number E(Θ3D) = E(T) represents the mean time to failure of the considered
system.

6.3 Cold standby system with series exponential
subsystems

6.3.1 Description and assumptions

We suppose that the system consists of one operating series subsystem, an identical
stand-by subsystem, and a switch. Each subsystem consists of N components. We
assume that time to failure of those elements are represented by nonnegative mutually
independent random variables ζk, k = 1, . . . , N with exponential PDF

fk(x) = λke−λk , x � 0, k = 1, . . . , N.

When the operating subsystem fails, the spare is put in motion by the switch
immediately. The failed subsystem is restoring or changing the failed component.
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Because of the memoryless property of the exponential distribution of components
lifetime, the renewal of a failed element means the renewal of the whole subsystem.
We assume that there is a single repair facility. A renewal time is a random variable
having distribution depending on a failed component. We suppose that the lengths of
restoring periods of components are represented by identical copies of nonnegative
random variables γk, k = 1, . . . , N, which have the CDF

Hk(x) = P(γk � x), x � 0.

The failure of the system occurs when the operating subsystem fails and the subsystem
that has failed sooner is not ready to work or when the operating subsystem fails and
the switch also fails. Let U be a random variable having a binary distribution

b(k) = P(U = k) = ak(1 − a)1−k, k = 0, 1, 0 < a < 1,

where U = 0, if a switch is failed at the moment of the operating unit failure, and U =
1, if the switch works at that moment. We also assume that the whole failed system
is replaced by the new identical one. The replacing time is a nonnegative random
variable η with CDF

K(x) = P(η � x), x � 0.

Moreover, we assume that all random variables mentioned above are independent.

6.3.2 Construction of Semi-Markov reliability model

To describe the reliability evolution of the system, we have to define the states and the
renewal kernel. We introduce the following states:

0—failure of the system,
k—the work of the spare subsystem and repair (renewal) of the failed subsystem after a
failure of kth, k = 1, . . . , N component and
N + 1—both an operating unit and a spare are “up.”

Let 0 = τ ∗
0 , τ ∗

1 , τ ∗
2 , . . . denote the instants of the states changes, and {Y(t) : t �

0} be a random process with the state space S = {0, 1, . . .N, N + 1}, which keeps
constant values on the half-intervals

[
τ ∗

n , τ ∗
n+1

)
, n = 0, 1, . . . and its trajectories are

the right-continuous functions. This process is not semi-Markov, as the memoryless
property is not satisfied for any instants of the state changes of it. As in the previous
case, we construct a new stochastic process. Let 0 = τ0 and τ1, τ2, . . . denote instants
of the subsystems failure or instants of the subsystems renewal. The stochastic process
{X(t) : t � 0} is defined as follows:

X(0) = 0, X(t) = Y(τn) for t ∈ [τn, τn+1) (6.107)

is the semi-Markov one. Now we define initial distribution and all elements of the
semi-Markov process kernel. In this case, the semi-Markov kernel has the form
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Q(t) =

⎡
⎢⎢⎢⎢⎢⎣

0 0 . . . 0 Q0N+1(t)
Q1 0(t) Q1 1(t) . . . Q1 N(t) 0

...
...

...
...

...
QN 0(t) QN 1(t) . . . QN N(t) 0

QN+1 0(t) QN+1 1(t) . . . QN+1N(t) 0

⎤
⎥⎥⎥⎥⎥⎦

. (6.108)

We know that the semi-Markov process {X(t) : t � 0} is determined if all elements
of the matrix Q(t) are defined. From assumption it follows that random variables
ζk, k = 1, . . . , N are exponentially distributed with parameters λk, k = 1, . . . , N, cor-
respondingly. It means that CDFs are

Fk(x) = 1 − e−λkx, x � 0.

From (6.2.2), we calculate elements of the above matrix.
For j = 1, . . . , N, we get

QN+1j(t) = P(X(τn+1) = j, τn+1 − τn � t|X(τn) = N + 1)

= P(U = 1, ζj � t, ζi > ζj for i 	= j)

= a
∫ t

0

N∏
i 	=j

[1 − Fi(x)] fj(x)dx. (6.109)

Substituting the suitable exponential CDFs and PDF, we get

QN+1j(t) = a
∫ t

0

N∏
i 	=j

[
e−λix

]
λje

−λjxdx = a
λj

�
(1 − e−�t), t � 0 (6.110)

for j = 1, . . . , N, where

� = λ1 + · · · + λN .

For j = 0, we obtain

QN+10(t) = (1 − a)(1 − e−�t), t � 0. (6.111)

For i, j = 1, . . . , N, we have

Qij(t) = aλj

∫ t

0
Hi(x)e−�xdx. (6.112)

For j = 0,

Qi0(t) = 1 − e−�t − a�

∫ t

0
Hi(x)e−�xdx. (6.113)

From the assumption, it follows that

Q0N+1(t) = K(t).

All elements of the SM process kernel are determined, so the SM model is constructed.
Reliability characteristics and parameters can be calculated in a manner similar to the
previous cases.



7SM models of multistage
operation

Abstract

Semi-Markov models of multistage operation are presented in this chapter. It is assumed
that stages of the operation are realized in turn. An execution time of each stage is assumed
to be a positive random variable. Each step of the operation may be perturbed or failed.
The perturbations extend the operation time and the probability of failure as well. In this
chapter, two models are presented: the first one concerns a multistage operation with possible
perturbations of task execution at different stages, the second one concerns a multistage
operation without this kind of perturbations. The second model is applied as a model of
a multi-modal transport operation. To explain the problems considered, we present three
illustrative numerical examples.

Keywords: Semi-Markov model, Multistage operation, Transport operation, Reliability
function, Mean time to failure

7.1 Introduction

Lots of operations consist of stages that are realized sequentially. An execution time
of the operation stage is assumed to be a positive random variable. Each stage of
the operation can include possible perturbations or failures. The perturbations extend
the duration of the operation and they cause an increase of failure probability as
well. Semi-Markov processes theory enables constructing some useful models of the
multistage operations. The SM models constructed and investigated in this chapter are
some modification and extension of the results presented in Refs. [12, 33, 34].

7.2 Description and assumptions

Suppose that the operation consists of n stages that follow in turn. We assume that a
duration of an ith stage of operation, (i = 1, . . . , n) is a nonnegative random variable
ξi, i = 1, . . . , n with distribution given by CDF

Fξi(t) = P(ξi � t). (7.1)

Time to failure of the operation on the ith stage is the nonnegative random variable
ηi, i = 1, . . . , n with the exponential distribution

P(ηi � t) = 1 − e−λit, i = 1, . . . , n. (7.2)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00007-7
Copyright c© 2015 Elsevier Inc. All rights reserved.
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The operation may be perturbed on each step. We assume that on each stage no more
than one event causing perturbation of the operation may occur. Time to an event
causing of an operation perturbation on ith stage is a nonnegative random variable
ζi, i = 1, . . . , n with the exponential distribution

Fζi = P(ζi � t) = 1 − e−αi t, i = 1, . . . , n. (7.3)

The perturbation decreases the probability of the operation success. We suppose that
time to failure on ith stage after the danger event is a nonnegative random variable
νi, i = 1, 2, . . . , n exponentially distributed with a parameter βi > 0, where βi > λi,

P(νi � t) = 1 − e−βit, i = 1, . . . , n. (7.4)

The duration of the perturbed ith stage of operation is a nonnegative random variable
κi = ci [ξi − ζi]+ , i = 1, . . . , n, ci � 1, where ci is a factor of the time elongation of
the ith perturbed stage of the operation. We assume that the operation is cyclic. We also
assume that random variables ξi, ζi, νi, ηi, i = 1, . . . , n and their copies are mutually
independent.

7.3 Construction of Semi-Markov model

To construct the reliability model of operation, we have to start from the definition of
states. We introduce the following states:

i —ith not perturbed stage of the operation, i = 1, . . . n,
i + n —ith perturbed stage of the operation, i = 1, . . . n,
2n + 1 —total failure of the operation.

(7.5)

Under the assumptions above, a stochastic process describing the overall operation
in reliability aspect is a semi-Markov process {X(t) : t � 0} with a space of states
S = {1, 2, . . . , 2n, 2n + 1} and a transition graph shown in Figure 7.1.

To obtain a semi-Markov model, we have to define all nonnegative elements of the
semi-Markov kernel

Q(t) = [
Qij(t) : i, j ∈ S

]
,

Qij(t) = P(X(τn+1) = j, τn+1 − τn � t|X(τn) = i).

First, we have to define the transition probabilities from the state i to the state j at the
time not greater than t for i = 1, . . . , n − 1:

Qii+1 (t) = P(ξi � t, ηi > ξi, ζi > ξi)

=
∫∫∫

D
αie−αiyλie−λizdFξi(x)dydz,

where

D = {(x, y, z) : x � 0, y � 0, z � 0,
x � t, z > x, y > x}.
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n+1

1 2

n+2

n−1 n

2n2n−1

2n+1

Figure 7.1 Transition graph for n-stage cyclic operation.

Therefore we have

Qii+1(t) =
∫ t

0
dFξi(x)

∫ ∞

x
αi e−αiy dy

∫ ∞

x
λi e−λizdz =

∫ t

0
e−(λi+αi)xdFξi(x).

(7.6)

The same way we get

Qn1(t) = P(ξn � t, ηn > ξn, ζn > ξn) =
∫ t

0
e−(λn+αn)xdFξn(x). (7.7)

For i = 1, . . . , n − 1, we obtain

Qii+n (t) = P(ζi � t, ηi > ζi, ξi > ζi)

=
∫ t

0
αie−(λi+αi)x

[
1 − Fξi(x)

]
dx. (7.8)

For i = 1, . . . , n, we get

Qi2n+1(t) = P(ηi � t, ηi < ζi, ηi < ξi)

=
∫ t

0
λie

−(λi+αi)u
[
1 − Fξi(x)

]
dx. (7.9)
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If on ith stage some perturbation has happened, then the transition probability to the
next state for time less than or equal to t is

Qn+ii+1(t) = P(κi = ci(ξi − ζi) � t, νi > κi|ξi > ζi).

Thus we get

Qn+ii+1(t) =
∫ t

0 e−βixdx
{∫ ∞

0 αie−αiy
[
Fξi(y + x

c ) − Fξi(y)
]

dy
}

∫ ∞
0 αie−αiy

[
1 − Fξi(y)

]
dy

(7.10)

for i = 1, . . . , n − 1. Moreover,

Q2n1(t) =
∫ t

0 e−βnxdx
{∫ ∞

0 αne−αny
[
Fξn(y + x

c ) − Fξn(y)
]

dy
}

∫ ∞
0 αne−αny

[
1 − Fξn(y)

]
dy

. (7.11)

For i = 1, . . . , n, we have

Qn+i2n+1(t) = P(νi � t, νi < κi = ci(ξi − ζi)|ξi > ζi). (7.12)

In a similar way, we get

Qn+i2n+1(t) =
∫ t

0 βie−βiz
∫ ∞

z

{
dx

[∫ ∞
0 αie−αiy

[
Fξi(y + x

c ) − Fξi(y)
]

dy
]}

dz∫ ∞
0 αie−αiy

[
1 − Fξi(y)

]
dy

.

(7.13)

Therefore, the semi-Markov reliability model of the operation has been constructed.

7.4 Illustrative numerical examples

We will investigate a particular case of that model, assuming n = 3. In this case the
semi-Markov kernel is

Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 Q12(t) 0 Q14(t) 0 0 Q17(t)

0 0 Q23(t) 0 Q25(t) 0 Q27(t)

Q31(t) 0 0 0 0 Q36(t) Q37(t)

0 Q42(t) 0 0 0 0 Q47(t)

0 0 Q53(t) 0 0 0 Q57(t)

Q61(t) 0 0 0 0 0 Q67(t)

0 0 0 0 0 0 Q77(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7.14)

We will present two extreme cases. In the first one we assume that a duration of
the ith stage of the operation (i = 1, . . . , 3), is represented by the random variable ξi,
which is exponentially distributed, and in the second case we suppose that this random
variable has one-point distribution. This means that the duration of the ith stage of the
operation is deterministic.
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7.4.1 Example 1

We suppose that

Fξi(t) = 1 − e−γi t, t � 0, i = 1, 2, 3.

Using (7.6)–(7.13), we get

Qii+1(t) = γi

λi + αi + γi
1 − e−(λi+αi+γi)t, i = 1, 2, (7.15)

Q31(t) = γ3

λ3 + α3 + γ3
1 − e−(λ3+α3+γ3)t, (7.16)

Qii+3 = αi

λi + αi + γi
1 − e−(λi+αi+γi)t, i = 1, 2, (7.17)

Qi7(t) = Qii+3 = λi

λi + αi + γi
1 − e−(λi+αi+γi)t, i = 1, 2, 3, (7.18)

Q3+ii+1(t) = γi

ciβi + γi

(
1 − e

−
(
βi+ γi

ci

)
t
)

, i = 1, 2, (7.19)

Q61(t) = γ3

c3β3 + γ3

(
1 − e

−
(
β3+ γ3

c3

)
t
)

, (7.20)

Q3+i7(t) = ciβi

ciβi + γi

(
1 − e

−
(
βi+ γi

ci

)
t
)

, i = 1, 2, 3. (7.21)

The Laplace-Stieltjes transforms of these functions are

q̃ii+1(s) = γi

s + λi + αi + γi
, i = 1, 2, (7.22)

q̃31(s) = γ3

s + λ3 + α3 + γ3
, (7.23)

q̃ii+3 = αi

s + λi + αi + γi
, (7.24)

q̃i7(s) = λi

s + λi + αi + γi
, i = 1, 2, 3, (7.25)

q̃3+ii+1(s) = γi

s + ciβi + γi
i = 1, 2, (7.26)

q̃61(s) = γ3

s + c3β3 + γ3
, (7.27)

q̃3+i7(s) = ciβi

s + ciβi + γi
, i = 1, 2, 3. (7.28)
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The Laplace-Stieltjes transform of the matrix (7.14) is

q(s) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 q̃12(s) 0 q̃14(s) 0 0 q̃17(s)

0 0 q̃23(s) 0 q̃25(s) 0 q̃27(s)

q̃31(s) 0 0 0 0 q̃36(s) q̃37(s)

0 q̃42(s) 0 0 0 0 q̃47(s)

0 0 q̃53(s) 0 0 0 q̃57(s)

q̃61(s) 0 0 0 0 0 q̃67(s)

0 0 0 0 0 0 q̃77(s)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7.29)

Reliability characteristics and parameters

The constructed SM model allows us to obtain some reliability characteristics of the
operation. The states 1, 2, 3 represent “up” reliability states, the states 4, 5, 6 are the
perturbed reliability states (partly “up”), the state 7 is a “down” reliability state. The
random variable �iA, A = {7}, i ∈ A′ = {1, . . . , 6} denoting the first passage time from
a state i ∈ A′ to the state 7 means the time to the total failure of the operation if the
initial state is i. The Laplace-Stieltjes transform for the CDF of the random variables
�iA, i ∈ A′ we obtain from a matrix equation from Theorem 4.1. In this case, we have
A′ = {1, 2, 3, 4, 5, 6}, A = {7}, and

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −q̃12(s) 0 −q̃14(s) 0 0

0 1 −q̃23(s) 0 −q̃25(s) 0

−q̃31(s) 0 1 0 0 −q̃36(s)

0 −q̃42(s) 0 1 0 0

0 0 −q̃53(s) 0 1 0

−q̃61(s) 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ̃17(s)

ϕ̃27(s)

ϕ̃37(s)

ϕ̃47(s)

ϕ̃57(s)

ϕ̃67(s)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q̃17(s)

q̃27(s)

q̃37(s)

q̃47(s)

q̃57(s)

q̃67(s)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

From the solution of this equation we get the Laplace-Stieltjes transform of the density
functions ϕ̃i7(s) of the random variable �i7, i = 1, . . . , 6. The Laplace transform of the
reliability function is given by the formula

R̃(s) = 1 − ϕ̃17(s)

s
(7.30)

under the assumption that the initial state of the operation is 1. The reliability
function we get by using the procedure InverseLaplaceTransform

[
R̃(s), s, t

]
in the

MATHEMATICA program. For a numerical example we accept the following values
of parameters:
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c1 = 1.2 c2 = 1.4 c3 = 1.2
λ1 = 0.0002 λ2 = 0.0001 λ1 = 0.0001
α1 = 0.001 α2 = 0.006 α3 = 0.004
β1 = 0.0008 β2 = 0.0006 β3 = 0.0004
γ1 = 0.125 γ2 = 0.06 γ3 = 0.2.

(7.31)

The reliability function calculated by the computer is

R(t) = 3.37703 × 10−14 − 0.0000264945 e−0.204472t + 0.0000196922e−0.126962t

+ 1.0005 e−0.00018378t − 0.000716071 e−0.0668177t

+ 0.000112677 e−0.192672t cos(0.0862698t)

− 0.00013604 e−0.192672t sin(0.0862698t)

+ 0.000112677 e−0.192672t cos(0.0862698t) cos(0.17254t)

+ 0.00013604 e−0.192672t cos(0.17254t) sin(0.0862698t)

− 0.00013604 e−0.192672 cos(0.0862698t) sin(0.17254t)

− 0.000112677 e−0.192672t sin(0.0862698t) sin(0.17254t). (7.32)

As we see, the formula is too long for a quick analysis. This reliability function is
shown in Figure 7.2. We can calculate basic reliability parameters of the system more
easily. To obtain mean time to failure of the operation we have to solve the matrix

2000 4000 6000 8000 10000 12000 14000
t

0.2

0.4

0.6

0.8

1.0

R[(t)]

Figure 7.2 Reliability function of the operation.
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equation (3.25). In this case, it is of the form⎡
⎢⎢⎢⎢⎢⎢⎣

1 −p12 0 −p14 0 0
0 1 −p23 0 −p25 0

−p31 0 1 0 0 −p36
0 −p42 0 1 0 0
0 0 −p53 0 1 0

−p61 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

E(�17)

E(�27)

E(�37)

E(�47)

E(�57)

E(�67)

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

E(T1)

E(T2)

E(T3)

E(T4)

E(T5)

E(T6)

⎤
⎥⎥⎥⎥⎥⎥⎦

, (7.33)

where

p12 = γ1

λ1 + α1 + γ1
, p14 = α1

λ1 + α1 + γ1
, p23 = γ2

λ2 + α2 + γ2
,

p25 = α2

λ2 + α2 + γ2
, p31 = γ3

λ3 + α3 + γ3
, p36 = α3

λ3 + α3 + γ3
,

p42 = γ1

c1β1 + γ1
, p53 = γ2

c2β2 + γ2
, p61 = γ3

c3β3 + γ3
,

(7.34)

E(T1) = 1

λ1 + α1 + γ1
, E(T2) = 1

λ2 + α2 + γ2
, E(T3) = 1

λ3 + α3 + γ3
,

E(T4) = c1

c1β1 + γ1
, E(T5) = c2

c2β2 + γ2
, E(T6) = c3

c3β3 + γ3
.

(7.35)

The numerical solution of (7.33) is⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�17)

E(�27)

E(�37)

E(�47)

E(�57)

E(�67)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5559.63

5560.77

5558.93

5527.92

5505.19

5552.3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Under the assumption that the initial state of the operation is 1, the mean time to the
operation failure is

E(T) = T̄ = 5559.63.

The second moments of the random variables �i7, i ∈ {1, . . . , 6} can be obtained by
solving the matrix equation (3.26):⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −p12 0 −p14 0 0

0 1 −p23 0 −p25 0

−p31 0 1 0 0 −p36

0 −p42 0 1 0 0

0 0 −p53 0 1 0

−p61 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�2
17)

E(�2
27)

E(�2
37)

E(�2
47)

E(�2
57)

E(�2
67)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

b17
b27
b37
b47
b57
b67

⎤
⎥⎥⎥⎥⎥⎥⎦

, (7.36)
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where

bi7 = E(T2
i ) + 2

∑
k∈A′

pikE(Tik)E(�k7),

E(T2
1 ) = 2

(λ1+ α1+ γ1)2
, E(T2

2 ) = 2

(λ2+ α2+ γ2)2
, E(T2

3 ) = 2

(λ3+ α3+ γ3)2
,

E(T2
4 ) = c2

1

(c1β1 + γ1)2 , E(T2
5 ) = c2

2

(c2β2 + γ2)2 , E(T2
6 ) = c2

3

(c3β3 + γ3)2 ,

(7.37)

E(T12) = E(T14) = 1

λ1 + α1 + γ1
, E(T23) = E(T25) = 1

λ2 + α2 + γ2
,

E(T31) = E(T36) = 1

λ3 + α3 + γ3
, E(T42) = c1

c1β1 + γ1
,

E(T53) = c2

c2β2 + γ2
, E(T61) = c3

c3β3 + γ3
.

(7.38)

The numerical solution of this equation is⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�2
17)

E(�2
27)

E(�2
37)

E(�2
47)

E(�2
57)

E(�2
67)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6.1781 × 107

6.17937 × 107

6.17733 × 107

6.14281 × 107

6.11738 × 107

6.16995 × 107

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Hence, the standard deviation of the operation time to failure given by

D(T) =
√

D(�2
17) − [E(�17)]2

is

D(T) = 5556.22

in this case.

7.4.2 Example 2

Now we assume that

Fi(t) =
{

0 for t � di

1 for t > di
, i = 1, 2, 3. (7.39)

This means that the duration of stage i is determined and is equal to di for i = 1, 2, 3.
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In this case, the elements of Q(t) are

Qii+1(t) =
{

0 for t � di,
e−(λi+αi)di for t > di,

, i = 1, 2,

Q31(t) =
{

0 for t � di,
e−(λ3+α3)d3 for t > d3,

,

Qii+3(t) =

⎧⎪⎨
⎪⎩

αi

λi + αi

(
1 − e(−λi+αi)t

)
for t � di,

αi

λi + αi

(
1 − e−(λi+αi)di

)
for t > di,

, i = 1, 2, 3

Qi7(t) =

⎧⎪⎪⎨
⎪⎪⎩

λi

λi + αi

(
1 − e−(λi+αi)t

)
for t � di,

λi

λi + αi

(
1 − e−(λi+αi)di

)
for t > di,

, i = 1, 2, 3,

Q3+ii+1(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

αie−αidi

(ciβi − αi)(1 − e−αidi)

(
1 − e−(βi−αi/ci)t

)
for 0 � t � cidi,

αie−αidi

(ciβi − αi)(1 − e−αidi)

(
1 − e−(βi−αi/ci)cidi

)
for t > cidi,

, i = 1, 2,

Q61(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

α3e−α3d3

(c3β3 − α3)(1 − e−αidi)

(
1 − e−(βi−αi/c3)t

)
for 0 � t � cidi,

α3e−α3d3

(c3β3 − α3)(1 − e−α3d3)

(
1 − e−(βi−α3/c3)c3d3

)
for t > c3d3,

, i = 1, 2,

Q3+i7(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

(1 − e−αidi)

[(
1 − e−βit

) − ciβie−αidi

(ciβi − αi)

(
1 − e−(βi−αi/ci)t

)]

for 0 � t � cidi,

1

(1 − e−αidi)

[(
1 − e−βicidi

) − ciβie−αidi

(ciβi − αi)

(
1 − e−(βi−αi/ci)cidi

)]

for t > cidi.

The transition probabilities of the embedded Markov chain have the following form:

p12 = e−(λ1+α1)d1 , p14 = α1

λ1 + αi

(
1 − e−(λ1+α1)d1

)
,

p23 = e−(λ2+α2)d2 , p25 = α2

λ2 + α2

(
1 − e−(λ2+α2)d2

)
,

p31 = e−(λ3+α3)d3 , p36 = α3

λ3 + αi

(
1 − e−(λ3+α3)d3

)
,
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p42 = α1e−αid1

(c1β1 − αi)(1 − e−α1d1)

(
1 − e−(β1−α1/ci)c1d1

)
,

p53 = α2e−αid2

(ciβ2 − α2)(1 − e−α2d2)

(
1 − e−(β2−α2/c2)c2d2

)
,

p61 = α3e−α3d3

(ciβ3 − α3)(1 − e−α3d3)

(
1 − e−(β3−α3/c3)c3d3

)
.

For the same parameters (7.31) and

d1 = 1

γ1
, d2 = 1

γ2
, d3 = 1

γ3
,

d4 = 1

γ1
, d5 = 1

γ2
, d6 = 1

γ3
,

the numerical solution of (7.33) is⎡
⎢⎢⎢⎢⎢⎢⎣

E(�17)

E(�27)

E(�37)

E(�47)

E(�57)

E(�67)

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

6139.39
6141.35
6138.18
6123.5
6107.17
6135.08

⎤
⎥⎥⎥⎥⎥⎥⎦

.

Under an assumption that the initial state of the operation is 1 the mean time to the
operation failure is

E(T) = T̄ = 6139.39.

Recall that in Example 1 this parameter was equal to E(T) = T̄ = 5559.63. Therefore,
from presented examples it follows that we can formulate a hypothesis that for
the determined duration of the stages a mean time to failure of the operation is
essentially greater than for exponentially distributed duration of the stages with
identical expectations.

The numerical solution of (7.36) is⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�2
17)

E(�2
27)

E(�2
37)

E(�2
47)

E(�2
57)

E(�2
67)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

7.51967 × 107

7.52205 × 107

7.5182 × 107

7.49908 × 107

7.47939 × 107

7.51431 × 107

⎤
⎥⎥⎥⎥⎥⎥⎦

.

Therefore, in this case the standard deviation of the operation time to failure is

D(T) = D(�17) = 6124.1.
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7.5 Model of multimodal transport operation

7.5.1 Introduction

The tasks of transport are realized by the transport operation systems. Some of them
realized by any one of the carriers (by truck, by train, by ship, or by plane) we
would contractually agree to call “simple transport.” The task of transport realized
by a combined means (carriers) of delivery we would contractually call “complex
transport,” which is a combination of the above- defined basic tasks of transport.

Multimodal transport is the transport of objects through at least two different
carriers of any combination of simple tasks of transport carriers (by truck, by train,
by ship, or by plane). The carrier might change any provided container meaning that it
might be repackaged to another type of container to suit the requirements of any given
carrier, as it might be required or practiced for logistic reasons.

Intermodal transport is the transport of objects through at least two different carriers
of any combination of transport basic media (by truck, by train, by ship, or by plane).
The carrier might not change the provided container, meaning that it might not be
repackaged to another type of container, and has to be shipped in the originator’s
container. To suit the requirements of any air transport carrier (air transport should
be used), it must be required to be packaged in a special approved for air transport
specific container, usually leased or loaned from the air carrier.

Bimodal transport is the transport using a bimodal (truck, train) special truck trailer
hook up container built to be transported by truck trailer (tractor) or on a railroads on
a railroad platform car. The cargo is never repackaged between destinations.

The term reliability of the transport operation at the given moment t, means the
probability of ability of the transport tasks realization at the instant t by the complex
transport system. A reliability model of the intermodal system was investigated by M.
Zając and it was presented in his Ph.D. thesis [100].

7.5.2 SM model

We will construct a SM model of the multimodal transport operation under the
assumption that there is no perturbation during execution of the elementary tasks.
In this case, we assume that the state space of the process is

S = {1, 2, . . . , n, n + 1, n + 2}, (7.40)

where i = 1, . . . , n denotes ith stage of the operation, n + 1 represents a state of the
operation final part, and n + 2 means a failure of the operation.

We assume, as in the previous model, that a duration of an ith stage of operation,
(i = 1, . . . , n, n + 1) is a nonnegative random variable ξi, i = 1, . . . , n + 1 having a
distribution given by CDF

Fξi(t) = P(ξi � t). (7.41)
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We also assume that the time to failure of the operation on the ith stage is the
nonnegative random variable ηi, i = 1, . . . , n with the exponential distribution

P(ηi � t) = 1 − e−λit, i = 1, . . . , n. (7.42)

We also suppose that the operation interrupted due to failure can be carried out from
the beginning. Time to resume the operation is a nonnegative random variable ζi, i =
1, . . . , n with CDF

Fζi(t) = P(ζi � t). (7.43)

In this case, we suppose that the state space of the process is

S = {1, 2, . . . , n, n + 1, n + 2},
where i, i = 1, . . . n denotes ith stage of the operation, n + 1 represents a state of the
operation final part, and n + 2 means a failure of the operation. The possible state
changes of the process are represented by a flow graph, which is shown in Figure 7.3.

The corresponding SM kernel is of the form

Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 Q12(t) 0 . . . 0 0 0 Q1n+2(t)
0 0 Q23(t) 0 . . . 0 0 Q2n+2(t)

. . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 0 Qnn+1(t) Qnn+2(t)

Qn+11(t) 0 0 . . . 0 0 0 Qn+1n+2(t)
Qn+21(t) 0 0 . . . 0 0 0 Qn+2n+2

⎤
⎥⎥⎥⎥⎥⎥⎦

, (7.44)

where

Qii+1(t) = P(ξi � t, ηi > ξi) =
∫ t

0
e−λixdFξi(x), i = 1, . . . , n, (7.45)

Qin+2(t) = P(ηi � t, ηi < ξi) =
∫ t

0
λie

−λix
[
1 − Fξi(x)

]
dx, i = 1, . . . , n + 1,

(7.46)

Qn+11(t) = P(ξn � t) = Fξn+1(t), (7.47)

Qn+21(t) = P(ζ � t) = Fζ (t). (7.48)

1 2 n n+1

n+2

Figure 7.3 The graph of the state changes.
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7.5.3 Example 3

A container with cargo is transported from Warsaw to Stockholm. From Warsaw to
Gdynia the container is transported by lorry, from Gdynia to Karlscorona by ferry
and from Karlscorona to Stockholm by truck. The transport operation final part is
unloading the container. To describe the transport operation we apply the model
presented above assuming n = 3. Random variables denoting duration of the operation
stages mean:

ξ1—duration of the container transport from Warsaw to Gdynia and loading on the ferry,
ξ2—duration of the container transport from Gdynia to Karlscorona and unloading,
ξ3—duration of the container transport from Karlscorona to Stockholm,
ξ4—duration the operation final part (unloading).

We assume that values of expectations and standard deviations of these random
variables are

E(ξ1) = 6.5, E(ξ2) = 11.2, E(ξ3) = 8.6, E(ξ4) = 1.5 [h] .

We also suppose that the failure rates on the transport stages are

λ1 = 000028, λ2 = 0.0000076, λ3 = 0.0000014, λ4 = 0.000022

[
1

h

]
.

The first passage time from the state i, i = 1, 2, 3, 4 to state 5, which is denoted as �i5,
represents a time to failure of the operation if the initial state is i. We will compute
the expected values, the second moments and the standard deviations of these random
variables. Equation (3.25) allows us to compute the expected values of these random
variables. The equation with unknown expectations E(�i5), i = 1, 2, 3, 4, denoting the
mean time to the operation failure, is⎡

⎢⎢⎣
1 −p12 0 0
0 1 −p23 0
0 0 1 −p34

−p41 0 0 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

E(�15)

E(�25)

E(�35)

E(�45)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

E(T1)

E(T2)

E(T3)

E(T4)

⎤
⎥⎥⎦ , (7.49)

where

pii+1 =
∫ ∞

0
e−λixdFξi(x), i = 1, 2, 3, (7.50)

pi5 =
∫ ∞

0
λie

−λix
[
1 − Fξi(x)

]
dx, i = 1, . . . , 4, (7.51)

p41 =
∫ ∞

0
e−λ4xdFξ4(x). (7.52)

We also assume that

Fξi(t) =
{

0 for t � di,
1 for t > di,

, i = 1, 2, 3. (7.53)
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This means that the duration of each stage is deterministic and it is equal to ξi = di =
E(ξ) for i = 1, 2, 3. The numerical solution of (7.49) is⎡

⎢⎢⎣
E(�15)

E(�25)

E(�35)

E(�45)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

23, 426.5
23, 424.3
23, 433.1
23, 427.3

⎤
⎥⎥⎦ .

The initial state of the operation is 1. Therefore, the mean time to failure of the
transport operation is

E(T) = T̄ = E(�15) = 23, 426.5 [h] .

In a manner similar to Example 1, we compute the second moments. We get⎡
⎢⎢⎢⎢⎣

E(�2
15)

E(�2
25)

E(�2
35)

E(�2
45)

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎣

1.09769 × 109

1.09758 × 109

1.09799 × 109

1.09772 × 109

⎤
⎥⎥⎦ .

Because we obtain a standard deviation of time to failure of the transport operation,

D(T) = D(�15) = 23, 428.3 [h] .

Notice that the expected value and standard deviation are almost equal. Taking under
consideration this fact and theorems of the perturbation theory from Chapter 5, we
can assume that time to the transport operation failure is approximately exponentially
distributed with parameter

λ = 1

E(T)
.

Therefore, the approximate reliability function of the transport operation is

R(t) ≈ e−0.0000426t.



8SM model of working
intensity process

Abstract

A working intensity is one of the important operation process characteristics. Mostly, the
working intensity is randomly changeable and it may be modeled to be a finite state space
semi-Markov process. Particularly, the working intensity is modeled by a semi-Markov
random walk. For this process, lots of interesting characteristics are obtained. A semi-
Markov model of a ship engine load allowed us to construct a random research test of the
toxicity of exhaust gases.

Keywords: Working intensity process, Semi-Markov model, Ship engine load process,
Research test of toxicity of exhaust gases

8.1 Introduction

A working intensity (working rate) is one of the important characteristics of an
operation process. The measures of the working rate may be quite different. A load of
a ship engine and a car speed are examples of it. Piasecki [84] and Olearczuk [77] have
described the working rate by a deterministic real function taking nonnegative values.
A semi-Markov model of the working rate process was introduced by Grabski [29, 30].
This kind of model has been applied to the mathematical description of a ship engine
load process [31] and a random car speed [32]. The semi-Markov model of the
ship engine load process allowed us to construct the research tests of the toxicity
of the exhaust gases. Two- and three-phase research tests of toxic compounds in the
exhaust gas of an engine installed in an engine room is presented by Kniaziewicz
and Piaseczny in Ref. [66]. In the case of the car engine, during the chassis engine
test bench, the running test is realized. These tests are suitable to the typical traffic
conditions in large cities. Various running tests are elaborated.

8.2 Semi-Markov model of the ship engine load process

This section presents a semi-Markov model of the engine load of the main drive
of the corvette, a warship. The model is a modification and extension of the results
presented by Grabski et al. in Ref. [31]. The model is applied for the SULCER engine
of 16ASV25/30 type (four-stroke, 16-cylinder engine supercharged in V system,
Pn = 3200 kW, Mn = 1000 rot/min) installed in the power transmission system (with
the adjusting screw) of the corvette.

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00008-9
Copyright c© 2015 Elsevier Inc. All rights reserved.
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8.2.1 Model

We assume eight states of the motor action load due to the setting of the control system
corresponding to the states of the load moment and rotational speed:

1—the motor action “with light running” A1 = [0 − 250) kW
2—the engine run with the load from the interval A2 = [250 − 270) kW,
3—the engine run with the load from the interval A3 = [270 − 280) kW,
4—the engine run with the load from the interval A4 = [280 − 300) kW,
5—the engine run with the load from the interval A5 = [300 − 350) kW,
6—the engine run with the load from the interval A6 = [350 − 560) kW,
7—the engine run with the load from the interval A7 = [560 − 1270) kW,
8—the engine run with the load from the interval A8 = [1270 − 3500) kW

A set S = {1, 2, . . . , 8} denotes the state space of the stochastic load process of the
ship engine. A semi-Markov process {X(t) : t � 0} seems to be the natural stochastic
process with discrete state space describing the changeable load of the ship’s engine
during its work. We assume that a kernel of the process is of the form

Q(t) = [
Qij(t) : i, j ∈ S

]
,

Qij(t) = pijGi(t) : i, j ∈ S,

where pij represents a transition probability of a state change from a state i to j and
Gi(t) means the CDF of a random variable Ti that denotes a waiting time in state
i. Based on the results of research on the engine load while the motor is running, it
follows that the possible state changes are represented by the transition probability
matrix:

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 p12 p13 p14 0 0 0 0
p21 0 p23 p24 p25 0 0 0
p31 p32 0 p34 p35 0 0 0
p41 p42 p43 0 p45 0 0 0
p51 p52 p53 p54 0 p56 p57 0
0 0 0 p64 p65 0 p67 0
0 0 0 0 p75 p76 0 p78
0 0 0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (8.1)

The matrix of CDFs of waiting times is

G(t) = [Gi(t) : i = 1, . . . , 8]T . (8.2)

The results of observations allow us to estimate transition probabilities, expected
values, and second moments of random variables Ti denoting the appropriate waiting
times. The value of the estimator defined by (2.64) enables us to calculate the estimate
of transition probability pij:

p̂ij = nij

ni
, i, j ∈ S, (8.3)
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where nij denotes the semi-Markov process direct number of transitions from the state
i to j and ni means the number of jumps to the state i among all observations coming
from a sample path of the process. We compute the estimates of expected values and
second moments of the random variables Ti, i ∈ S using the well-known formulas:

t̂i = 1

ni

ni∑
k=1

ti,k, i ∈ S, (8.4)

t̂2i = 1

ni

ni∑
k=1

t2i,k, i ∈ S, (8.5)

where ti,k, k = 1, 2, . . . , ni is a sequence of realizations of the random variable Ti.
These estimates we treat as parameters of the model. Hence, we get the matrix of
transition probabilities

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0.68 0.23 0.09 0 0 0 0
0.22 0 0.35 0.39 0.04 0 0 0
0.32 0.44 0 0.19 0.05 0 0 0
0.17 0.26 0.28 0 0.22 0.07 0 0
0.06 0.03 0.19 0.37 0 0.28 0.07 0

0 0 0 0.25 0.67 0 0.08 0
0 0 0 0 0.14 0.39 0 0.47
0 0 0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (8.6)

and matrices of expected values and second moments of the random variables Ti, ∈ S,

[E(Ti)]T = [
9.98 8.19 12.12 11.34 20.06 7.98 7.35 14.62

]
, (8.7)

[
E(T2

i )
]T = [

117.88 104.30 249.60 257.19 444.77 78.33 72.59 363.34
]

.

(8.8)

Statistical analysis of the data comes to the conclusion that distribution of waiting
times can be chosen from a family of Weibull distributions. This means that the CDF
of the random variable Ti is

Gi(x) = 1 − e−(x/βi)
αi , x � 0, i ∈ S. (8.9)

We have estimated unknown parameters αi, βi, i ∈ S using the moments method. The
computed parameters are presented in Table 8.1.

Table 8.1 Computed Parameters
State i 1 2 3 4 5 6 7 8

αi 2.5 1.4 1.2 1.0 1.8 2.2 2.0 1.2
βi 11.25 8.99 12.88 11.34 20.56 9.01 8.52 15.54
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8.2.2 Characteristics of engine load process

An important characteristic of the engine load process is the limiting distribution
Pj, j ∈ S, of the load states. To find it we have to apply Theorem 3.6. From this
theorem, it follows that

Pj = πjE(Tj)∑
k∈S πkE(Tk)

, (8.10)

where πi, i ∈ S form the stationary distribution of Markov chain with transition
probability matrix P = [

pij : i, j ∈ S
]
. This means that they are a solution of the linear

system of equations∑
i∈S

πipij = πj, j ∈ S,
∑
j∈S

πj = 1. (8.11)

Using a computer program written in MATHEMATICA, we get

π1 = 0.1605, π2 = 0.2532, π3 = 0.2013, π4 = 0.2017,
π5 = 0.1015, π6 = 0.0508, π7 = 0.0211, π8 = 0.0099

(8.12)

and

P1 = 0.1438, P2 = 0.1860, P3 = 0.2189, P4 = 0.2052,
P5 = 0.1828, P6 = 0.0364, P7 = 0.0139, P8 = 0.0130.

(8.13)

This distribution is sometimes called the “spectrum” of the engine load process. For
a better illustration of the engine load distribution, we introduce a random variable L
with a density function

h(x) =
8∑

k=1

Pk

|Ak| IAk(x), (8.14)

where |Ak| denotes the length of the interval Ak and IAk(x) means its indicator.

8.2.3 Model of research test of toxicity of exhaust gases

Contemporary research into the emission of exhaust gases toxicity by internal-
combustion engines characterizes frequent modifications of the examination tests.
The main goal is to obtain a more appropriate evaluation of the gases emission. The
obligatory research tests of the exhaust gases toxicity take into consideration the real
conditions of the engines’ work by using the average values of their load. The basic
fault of those tests is their deterministic character, because the load of the engine is
usually randomly changeable. On one hand deterministic tests ensure the simplicity in
conducting an examination of toxicity, but on the other hand those tests do not imitate
the randomness of the engines loads. We propose that the research test be based on
the semi-Markov model of the ship engine loads.

To construct a research rest, we propose as an application a sample path of semi-
Markov model of the engine load process, which we can obtain using Monte-Carlo
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simulation procedure. The inconvenience of this method is the long time of ex-
amination. Therefore, instead of simulating the process in which the waiting times
Ti, i = 1, . . . , 8, have Weibull distributions with scale parameters βi, i = 1, . . . , 8, we
can simulate the SM process in which these parameters are

β̃i = cβi, 0 < c < 1.

Notice that for corresponding random variables T̃i i = 1, . . . , 8, we have

E(T̃i) = cE(Ti) and E(T̃2
i ) = c2E(T2

i ),

because

E(Ti) = βi�

[
1 + 1

α

]
and E(T2

i ) = β2
i �

[
1 + 2

α

]
.

Also notice that

P̃j = πjE(T̃j)∑
k∈S πkE(T̃k)

= πjE(cTj)∑
k∈S πkE(cTk)

= πjE(Tj)∑
k∈S πkE(Tk)

= Pj.

This means that in both cases the “spectrum” of the engine load process is identical.
To obtain a research test we have to simulate the SM process {X̃(t) : t � 0}.

The algorithm of the SM process {X̃(t) : t � 0} simulation

1. Take X̃(0) = 1.
2. Generate value t1 of the waiting time T1 with Weibull distribution W(α1, cβ1):

• generate u from the uniform distribution U(0, 1),
• calculate t1 = cβ1 [− ln(1 − u)]1/α1 .

3. Generate state i = X̃(τ1) from distribution p1k, k = 1 . . . 8 :
• generate u from the uniform distribution U(0, 1),
• take i = min{r : u >

∑r−1
k=1 p1k}.

4. Generate value ti of the waiting time Ti with Weibull distribution W(αi, cβi):• generate u from the uniform distribution U(0, 1),
• calculate ti = cβi [− ln(1 − u)]1/αi .

5. Generate state j = X̃(τ2) from distribution pik, k = 1 . . . 8 :
• generate u from the uniform distribution U(0, 1),
• take j = min{r : u >

∑r−1
k=1}pik .

6. Substitute i = j and repeat points 4 and 5 m times.

According to this algorithm the computer program written in MATHEMATICA
allowed us to construct the research test of toxicity of exhaust gases of the ship engine.
We assume a probability transition matrix P given by (8.6), Weibull distributions
parameters presented in Table 8.1 and parameters c = 0.2, m = 100. Finally, we
obtain the following research test. Tables 8.2 and 8.3 represent part of the tests.

We can modify this test by substituting the expectations E(T̃i), i = 1, . . . , 8
instead of random variables T̃i, i = 1, . . . , 8 realizations. The expectations E(T̃i), i =
1, . . . , 8 are[

E(T̃i)
]T = [

1.99 1.64 2.42 2.27 4.01 1.60 1.47 2.92
]
.
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Table 8.2 First Research Test of Toxicity of Exhaust Gases
State 1 2 3 2 4 3 4 5 4 5
Time 2.16 1.47 2.18 1.63 2.85 2.28 1.89 3.93 1.85 4.46
State 6 7 8 7 5 3 4 5 4 3
Time 1.84 2.14 2.27 1.44 2.23 3.18 2.39 4.23 1.85 2.56
State 2 1 2 3 4 3 2 1 3 1
Time 1.88 3.02 1.38 1.63 2.85 2.28 1.79 3.43 1.85 5.46
State 2 3 4 5 4 3 4 5 4 3
Time 1.88 3.78 2.12 1.63 1.77 2.99 2.30 5.75 2.01 0.95
State 2 1 3 2 1 3 4 5 4 5
Time 1.75 1.90 3.12 1.63 2.05 2.95 2.39 3.83 1.96 5.36

Table 8.3 Second Research Test of Toxicity of Exhaust Gases
State 1 2 3 2 4 3 4 5 4 5
Time 1.99 1.64 2.42 1.64 2.27 2.42 2.27 4.01 2.27 4.01
State 6 7 8 7 5 3 4 5 4 3
Time 1.60 1.47 2.92 1.47 4.01 2.42 2.27 4.01 2.27 2.42
State 2 1 2 3 4 3 2 1 3 1
Time 1.64 1.99 1.64 2.42 2.27 2.42 1.64 1.99 2.42 1.99
State 2 3 4 5 4 3 4 5 4 3
Time 1.64 2.42 2.27 4.01 2.27 2.42 2.27 4.01 2.27 2.42
State 2 1 3 2 1 3 4 5 4 5
Time 1.64 1.99 2.42 1.64 1.99 2.42 2.27 4.01 2.27 4.01

8.3 SM model for continuous working intensity process

Frequently, the working rate is randomly changeable and it may be treated as a
stochastic process having nonnegative, continuous, and bounded trajectories. Let
{U(t) : t � 0} denote this stochastic process and let {u(t) : t � 0}, u(t) ∈ U be
its trajectory. One method of simplifying analysis of the process is state space
discretization. A family of sets A = {Ak = [uk−1, uk) , k = 1, 2, . . . , r} such that

Ai ∩ Aj = ∅, for i �= j and U =
r⋃

k=1

Ak

is said to be partition of a state space U. A stochastic process {X(t) : t � 0} with
trajectories defined by a formula

x(t) = sk iff u(t) ∈ Ak, k = 1, 2, . . . , r (8.15)

is a discrete state process with a state space S = {s1, x2, . . . , sr}. From the Darboux
property of the continuous functions it follows that the graph of the process {X(t) :
t � 0} state changes has the form shown in Figure 8.1.

The instants τn, n = 1, 2, . . ., denote moments of the fixed levels crossing by the
stochastic process {U(t) : t � 0}. A random sequence {X(τn) : n = 0, 1, 2, . . .} has
a Markov property. The process {X(t) : t � 0} takes the constant values on intervals
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s1 s2 srsr-1

Figure 8.1 Graph of the process state changes.

[τ0, τ1) , [τ1, τ2) , . . . , [τn, τn+1) . . .. Lengths of those intervals are the positive random
variables. These arguments allow us to assume that {X(t) : t � 0} is a semi-Markov
process with finite state space S = {s1, s2, . . . , sr} and the flow graph presented in
Figure 8.1. Let J = {1, . . . r} be a set of the states numbers. We can see that transition
probabilities for all neighboring states are positive, that is, pii+1 > 0 and pii−1 > 0
for all i − 1, i, i + 1 ∈ J. That kind of process is called a finite state semi-Markov
random walk.

8.3.1 Model

The model of a working rate stochastic process is a semi-Markov random walk.
According to the graph shown in Figure 8.1, the kernel of the SM process is

Q(t) =

⎡
⎢⎢⎢⎢⎣

0 Q12(t) 0 . . . 0
Q21(t) 0 Q23(t) . . . 0

. . . . . . . . . . . . . . . . . . . . . .
0 . . . Qr−1r−2(t) 0 Qr−1r(t)
0 . . . 0 Qr,r−1(t) 0

⎤
⎥⎥⎥⎥⎦ . (8.16)

A matrix of transition probabilities of an embedded Markov chain {X(τn) : n ∈ N0} is

P =

⎡
⎢⎢⎢⎢⎣

0 1 0 . . . 0
p21 0 p23 . . . 0

. . . . . . . . . . . . .
0 . . . pr−1r−2 0 pr−1r
0 . . . 0 1 0

⎤
⎥⎥⎥⎥⎦ , (8.17)

where

pij = P{X(τn+1 = sj|X(τn = si} = lim
t→∞ Qij(t). (8.18)

Let

pkk−1 = ak and pkk+1 = bk, k = 2, . . . , r − 1. (8.19)

From the property of matrix P, it follows that

ak + bk = 1.

We assume that kernel elements of this process are of the form

Qij(t) = pijGi(t), t ∈ [0, ∞) , (8.20)

where Gi(·) is CDF of a waiting time in a state si.
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8.3.2 Estimation of the model parameters

The working intensity process trajectories (path functions) {u(t) : t � 0} allow us
to construct the trajectories {x(t) : t � 0} of the discrete state space semi-Markov
model. Having a continuous path function of the working rate process and the numbers
u0, u1, . . . , ur, which define the partition of the space U, we can calculate the instants
of the state changes τk, k = 1, 2, . . . , n of the process {X(t) : t � 0}. We can do it by
solving the equations

u(t) = uk, k = 0, 1, 2, . . . , r. (8.21)

The increasing sequence of roots of those equations enables us to obtain a number nij
of the transitions from the state si to sj and the values ti,k, of the waiting time Ti. A
value of the maximum likelihood estimator of the transition probability pij is given
by (8.3).

8.3.3 Analysis of the SM working intensity

An analysis of the random working rate process in this case consists of investigation of
the probability characteristics and parameters of its semi-Markov model. One of the
important characteristics is a limiting probability distribution of the process, which
states

Pj = lim
t→∞ P{X(t) = sj}. (8.22)

Recall that

mk = E(Tk) =
∫ ∞

0
[1 − Gk(t)] dt (8.23)

is the expected value of the waiting time in state k. We know that

Pj = πjmj∑
k∈S πkmk

, (8.24)

and the stationary distribution π = [π1, π2, . . . , πr] of an embedded Markov chain
satisfies the linear system of equations

πP = π , (8.25)
r∑

j=1

πj = 1,

which now takes the form

a2π2 = π1
π1 + a3π3 = π2

b2π2 + a4π4 = π3
...

br−1πr−1 = πr
π1 + π2 + · · · + πr = 1.

(8.26)
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Expressing the probabilities π2, π3, . . . , πr by π1, we have

πj = b1b2 . . . bj−1

a2a3 . . . aj
π1 for j = 2, 3, . . . , r, (8.27)

where

b1 = 1, ar = 1.

From the equation
∑r

j=1 πj = 1, we obtain

π1 =
⎛
⎝1 +

r∑
j=2

j∏
k=2

bk−1

ak

⎞
⎠

−1

. (8.28)

Using (8.24), we obtain a limit distribution of the working rate process {X(t) :
t � 0}

P1 = m1

m1 + ∑r
j=2

[∏j
k=2

bk−1
ak

]
mj

, (8.29)

Pj =
∏j

k=2
bk−1

ak
mj

m1 + ∑r
j=2

[∏j
k=2

bk−1
ak

]
mj

, j = 2, . . . , r.

A knowledge of the limit distribution is essential to the practice of the machine’s
exploitation. Notice that

Pj = lim
t→∞ P{X(t) ∈ Aj}, j = 1, 2, . . . , r.

If the measure of the ship engine working rate at the moment t is the load, then Pj

denotes a probability that at any instant, distant from the initial moment, the load will
have the values from the interval Aj.

Knowing the probability distribution [P1, P2, . . . , Pr] enables us to, among other
things, anticipate fuel consumption and the emission of the exhaust gases toxicity.

If zj denotes a mean value of an engine fuel consumption in a time unit under load
from interval Aj, then the approximate expected value of the fuel consumption in the
time interval [0, t] is

E [Z(t)] ≈
n∑

j=1

Pjzjt.

A length of intervals between entering the states si and sj, signified as a �ij, is
the next characteristic of the process {X(t) : t � 0}. A value of this random variable
denotes the time interval from the moment of beginning the work with a rate si to
an instant of beginning the work with the rate sj. As we know from Chapter 3, the
random variable �ij is called the first passage time from a state si to sj. If j = i we
obtain the random variable �ii that is said to be a return time to the state si. From
(3.21) it follows that the Laplace-Stieltjes transforms of CDF �ij(t) = P{�ij � t} are
the elements of solutions of the matrix equation
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(
I − q̃A′(s)

)
ϕ̃A′(s) = b̃(s) , (8.30)

where

A′ = J − {j} and I = [
δik : i, k ∈ A′]

is unit matrix,

q̃A′(s) = [
q̃ik(s) : i, k ∈ A′] (8.31)

is a submatrix of

q̃(s) =

⎡
⎢⎢⎢⎢⎣

0 q̃12(t) 0 . . . 0
q̃21(s) 0 q̃23(s) . . . 0

. . . . . . . . . . . . . . . . . . . . .
0 . . . q̃r−1r−2(s) 0 q̃r−1r(s)
0 . . . 0 q̃rr−1(s) 0

⎤
⎥⎥⎥⎥⎦ , (8.32)

which is constructed by removing jth row, and jth column and

ϕ̃A′(s) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ̃1j(s)
...

φ̃j−1j(s)
φ̃j+1j(s)

...
φ̃rj(s)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, b̃(s) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

q̃1j(s)
...

q̃j−1j(s)
q̃j+1j(s)

...
q̃rj(s)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8.33)

are the one-column matrices of the appropriate Laplace-Stieltjes transforms. It is
much easier to calculate the moments of the random variables �ij, i, j ∈ J. From
Theorems 3.2 and 3.3 it follows that the expectations and second moments of these
random variables for i �= j are the only solutions of the system of linear equations that
have the following matrix form:

(I − PA′)�A′ = TA′ , (8.34)

(I − PA′)�
2
A′ = BA′ , (8.35)

where I is the appropriate unit matrix, PA′ is a submatrix that is obtained by deleting
the ith row and jth column of the matrix P.

�A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�1j)
...
E(�j−1j)

E(�j+1j)
...
E(�rj)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, TA′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

m1
...

mj−1
mj+1

...
mr

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �
2
A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�2
1j)

...
E(�2

j−1j)

E(�2
j+1j)

...
E(�2

rj)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, BA′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

b1j
...

bj−1j

bj+1j
...

brj

.

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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bij = E(T2
i ) + 2

∑
k∈E,k �=j

pikE(Ti)E(�kj),

i = 1, 2, . . . , j − 1, j + 1, . . . , r, j = 1, 2, . . . , r .

For i = j, we have

E(�jj) = E(Tj) +
∑

k∈E,k �=j

pjkE(�rj), (8.36)

E(�2
jj) = E(T2

j ) + 2
∑

k∈J,k �=j

pjk

[
2E(Tj)E(�kj) + E(�2

kj)
]

. (8.37)

Solutions of the above equations enable us to compute parameters

E(�ij), E(�2
ij), V(�ij), σ(�ij).

Variability of the working rate is characterized by the stochastic process {Vij(t) :
t � 0}, the value of which at the instant t denotes the number of inputs to the state j
in the interval [0, t] under assumption that the process {X(t) : t � 0} starts from the
state i. As we know from Chapter 6, the process {Vij(t) : t � 0} is a general renewal
process, which is defined by a sequence

�
(1)
ij , �(2)

jj , . . . , �(n)
jj , . . .

of the independent random variables in the following way:

Vij(t) = sup{n : �
(1)
ij + �

(2)
jj + · · · + �

(n)
jj � t}. (8.38)

It has asymptotically normal distribution with the expected value

E
[
Vij(t)

] ≈ t − E(�ij) + E(�jj)

E(�jj)
(8.39)

and the standard deviation

σ
[
Vij(t)

] ≈
√

tV(�jj)

E
(
�jj

]3
)
. (8.40)

Formula (5.20) enables us to calculate an approximate probability of the number of
inputs to the state j in the interval [0, t].

The theory of semi-Markov processes allows us to determine many other charac-
teristics of the working rate process.

8.4 Model of car speed

Let U(t) denote a car speed at the moment t. Suppose U is a set of the possible car
speeds. We shall divide the set U into disjoint subsets
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A1 = [y0, y1) , A2 = [y1, y2) , A3 = [y2, y3) , A4 = [y3, y4) ,

A5 = [y4, y5) , A6 = [y5, y6] ,

U =
6⋃

k=1

Ak.

We assume

y0 = 0, y1 = 10, y2 = 20, y3 = 60, y4 = 90, y5 = 120,

y6 = 200 [km/h] .

The stochastic process {U(t) : t � 0} we replace by the semi-Markov process {X(t) :
t � 0} with the set of states J J = {1, . . . , 6}, corresponding to the speed intervals
Ak, k ∈ J.

The transition matrix of the embedded Markov chain is of the form

P =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
a2 0 b2 0
0 a3 0 b3 0 0
0 0 a4 0 b4 0
0 0 0 a5 0 b5
0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

, (8.41)

where ai = 1 − bi. We assume

a2 = 0.12, a3 = 0.25, a4 = 0.34, a5 = 0.64.

We assume that the distributions of the random variables Ti denoting durations of the
process states are unknown, while we only know the expected values E(Ti) and the
second moments E(T2

ij), i, j ∈ S. Let

T = [E(Ti) : i, ∈ J]T , T2 =
[
E(T2

i ) : i, j ∈ S
]T

.

We assume

T =

⎡
⎢⎢⎢⎢⎢⎢⎣

12
18

126
186
224
140

⎤
⎥⎥⎥⎥⎥⎥⎦

[s], T
2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

196
400

16, 900
42, 600
71, 200
25, 000

⎤
⎥⎥⎥⎥⎥⎥⎦

[
s2

]
.

We calculate the limiting probabilities of the working rate process {X(t) : t � 0},
applying (8.27) and (8.28). Finally, we obtain

j 1 2 3 4 5 6
Pj 0.0003 0.0044 0.1078 0.3509 0.4357 0.1009

(8.42)
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Table 8.4 Parameters of Random Variables �i4, i = 1, . . . , 6
State i 1 2 3 4 5 6

E(�i4) [s] 209.45 197.45 175.36 428.75 528.60 568.75
E(�2

i4)
[
s2

]
55,346.2 50,411.3 41,942.5 427,052.0 336,166.0 481,216.0

D(�i4) [s] 107.12 106.88 105.78 493.18 390.30 397.16

We can obtain further conclusions on the car speed by computing parameters of the
random variables �ij, i, j ∈ S. Applying 3.25, 3.26, 3.30 and 3.31 we can calculate
the expectations E(�ij), second moments E(�2

ij), and standard deviations D(�ij). For
illustration, we calculate these parameters for �i4, i = 1, . . . , 6. Using the author’s
program in MATHEMATICA for assuming the above parameters we get following
results: Numbers E(�i4), i = 1, . . . , 6 denote the expectations of time from the
moment when the vehicle speed begins to move at Ai to the instant when it reaches a
speed of A4. Especially E(�44) = 493.18 [s] means the expectation of a time interval
between two successive moments of achieving speed from A4.

Variability of the car speed in the working intensity model is characterized by the
stochastic processes {Vij(t) : t � 0}, i, j ∈ S, the value of which at the instant t denotes
the number of inputs to the state j in the interval [0, t] under the assumption that the
process {X(t) : t � 0} starts from the state i. We suppose that an initial state is i = 1
and j = 4. We know from Chapter 5, that the process {V14(t) : t � 0} is a general
renewal process, which has an asymptotically normal distribution with the expected
value

E [V14(t)] ≈ t − E(�14) + E(�44)

E(�jj)
(8.43)

and the standard deviation

σ [V14(t)] ≈
√

tV(�44)

[E(�44)]3
. (8.44)

Substituting the appropriate numbers from Table 8.4, we get

E [V14(t)] ≈ 0.002332t + 0.511487 , σ [V14(t)] ≈ 0.003086
√

t.

The number E [V14(21, 600)] = 50.37 means that during 6 h a car achieves its
speed from the interval A4 in average 50.37 times with the standard deviation
D [V14(21, 600)] = 0.45354.



9Multitask operation process

Abstract

An object (device, machine, mean of transport) can work by executing different randomly
occurring tasks. A SM model of the object multitask operation process is constructed in this
chapter. The SM model construction relies on determining the process kernel. The concepts
and theorems of semi-Markov processes theory allow us to compute the object reliability
characteristics and parameters such as limit distribution of the state, the mean time to failure,
the second moment of the time to failure, and approximate reliability function.

Keywords: Semi-Markov model, Multitask operation, Maintenance service, Emergency
service, Reliability function, Mean time to failure, Limiting distribution

9.1 Introduction

A lot of technical objects are intended to perform different tasks. The means of
transport could be one of them. Distinct tasks determine different work intensities. The
working intensity influences the reliability. Semi-Markov processes theory enables us
to construct and analyze the multitask operation process. To examine the model we use
concepts and theorems from Chapters 3 and 4. The model constructed and investigated
here is an extension of the results discussed in Ref. [32, 33].

9.2 Description and assumptions

An object (device, machine, mean of transport) can work by executing the different
tasks, say z1, . . . , zr, which are treated as the values of a random variable Z with
discrete distribution P(Z = zk) = ak, k = 1, . . . , r. We suppose that zk task realization
begins at the moments τ2n, n ∈ N0 with probability ak.

We assume that the duration of the zk task realization (k = 1, . . . , r) is a nonnega-
tive random variable ξk, k = 1, . . . , r with a CDF

Fξk (x) = P(ξk � x).

After realization of the task zk, the technical maintenance service is executed by
the time ηk, which is a nonnegative random variable with probability distribution
determined by PDF fη(x).

We assume that the object may be damaged during operation. We suppose that
time to the object failure that executes the task zk is a nonnegative random variable ζk

governed by PDF fζk(x). An emergency repair begins immediately after failure, which
lasts for a random time κ with PDF fκ (x). As a result of emergency service, the object’s

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00009-0
Copyright c© 2015 Elsevier Inc. All rights reserved.
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technical state is restored. We assume that all random variables presented here are
independent of each other and the operation process is described by the independent
copies of the random variables. We also assume that the all random variables have
finite and positive expected values and variances.

9.3 Model construction

We introduce the following states:

k - executing the task zk, k = 1, . . . , r,
k + 1 - maintenance service after realization of the task zk ,
2r + 1 - emergency service after the failure of the object (down state).

Let {X(t) : t � 0} be a stochastic process with the piecewise constant and right-
continuous sample paths and a state space S = {1, . . . , 2r + 1}. The jumps of the
process follow at the moments τ0, τ1, τ2, . . ., the work of the object begins at the
instants, while the maintenance service starts at the moments τ0, τ2, . . ..

From this assumption, it follows that the state change is at the moment τn,
the duration of this state. The state that is reached at the instant τn+1 does not
stochastically depend on states trial in moments τ0, . . . , τn−1 and the time of their
duration. This means that {X(t) : t � 0} is the semi-Markov process.

The initial distribution of the process is given by

pk = P(X(0) = k) =
{

ak for k = 1, . . . , r
0 for k = r + 1, . . . , 2r + 1

, (9.1)

and the SM process kernel is of the form

Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 . . . 0 Q1r+1(t) 0 . . . 0 Q12r+1(t)
0 . . . 0 0 Q2r+2(t) . . . 0 Q22r+1(t)
...

...
...

...
...

...
...

...
0 . . . 0 0 0 . . . Qr2r(t) Qr2r+1(t)

Qr+11(t) . . . Qr+1r(t) 0 0 . . . 0 0
...

...
...

...
...

...
...

...
Q2r1(t) . . . Q2rr(t) 0 0 . . . 0 0

Q2r+11(t) . . . Q2r+1r(t) 0 0 . . . 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(9.2)

The SM process will be determined if we calculate all positive elements of the matrix
Q(t). We will present he way of determining the kernel elements using the function

Qkr+k(t) = P(τn+1 − τn � t, X(τn+1) = r + k|X(τn) = k), k = 1, . . . , r.

Note that a change of the state from k (denoting the object execution of the task k)
to the state r + k ( meaning corresponding maintenance service) at the time no greater
than t happens if ξk � t and ζk > ξk. Because
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Qk r+k(t) = P(ξk � t, ζk > ξk) =
∫∫

Dkr+k

dFξk(x)fζk (y)dy,

where

Dk r+k = {(x, y) : 0 � x � t, y > x}.
Hence

Qk r+k(t) =
∫ t

0
dFξk(x)

∫ ∞

x
fζk (y)dy =

∫ t

0

[
1 − Fζk(x)

]
dFξk(x), k = 1, . . . , r.

(9.3)

We obtain the rest of the kernel elements in a similar way:

Qk2r+1(t) = P(ζk � t, ξk > ζk) =
∫ t

0

[
1 − Fξk(y)

]
fζk (y)dy, k = 1, . . . , r,

(9.4)

Qr+kj(t) = P(ηk � t, Z = zj) = ajFηk(t), k = 1, . . . , r, j = 1, . . . , r, (9.5)

Q2r+1j(t) = P(κ � t, Z = zj) = ajFκ (t), j = 1, . . . , r. (9.6)

All elements of the matrix Q(t) have been defined, therefore the semi-Markov model
is constructed.

9.4 Reliability characteristics

For simplicity we assume r = 3. A graph shown in Figure 9.1 presents possible state
changes of the process.

The corresponding probability transition matrix of the embedded Markov chain
{X(τn) : n ∈ N0} is of the form

1 2

4

3

65

7

Figure 9.1 Possible state changes of the process.
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P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 p14 0 0 p17

0 0 0 0 p25 0 p27

0 0 0 0 0 p36 p27

p41 p42 p43 0 0 0 0

p51 p52 p53 0 0 0 0

p61 p62 p63 0 0 0 0

p71 p72 p73 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9.7)

where

pk r+k =
∫ ∞

0

[
1 − Fζk (x)

]
dFξk(x), k = 1, 2, 3,

pk7 =
∫ ∞

0

[
1 − Fξk(y)

]
fζk (y)dy, k = 1, 2, 3, (9.8)

pr+k j = aj, k = 1, 2, 3, j = 1, 2, 3,

p7j = aj, j = 1, 2, 3.

In this case, (1.21) for a stationary distribution of the embedded Markov chain is⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 p14 0 0 p17

0 −1 0 0 p25 0 p27

0 0 −1 0 0 p36 p37

1 1 1 1 1 1 1

p51 p52 p53 0 −1 0 0

p61 p62 p63 0 0 −1 0

p71 p72 p73 0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

π1
π2
π3
π4
π5
π6
π7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

1

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (9.9)

We calculate limit distribution of the states probabilities

Pj = lim
t→∞ P(X(t) = j), j ∈ S = {1, . . . , 7}

using Theorem 3.6. Then, the formula (3.73) takes the form of

Pj = πjmj∑7
i=1 πimi

, j ∈ S = {1, . . . , 7}, (9.10)

where

mk = E(Tk) =
∫ ∞

0
t
[
1 − Fζk(t)

]
dFξk(t)

+
∫ ∞

0
t
[
1 − Fξk(t)

]
fζk (t)dt, k = 1, 2, 3,
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m3+k = E(T3+k) =
∫ ∞

0
t fηk(t)dt, k = 1, 2, 3, (9.11)

m7 = E(T7) =
∫ ∞

0
t fκ (t)dt.

Recall that state 7 means the emergency service after the object failure. The
functions �17(t), �27(t), �37(t) are CDF of the random variables 	17, 	27, 	37
denoting a first passage times from states 1, 2, 3 to the “down” state 7. The function

F(t) = a1�17(t) + a2�27(t) + a3�37(t) (9.12)

denotes CDF of lifetime T while

R(t) = 1 − F(t), t � 0 (9.13)

is a reliability function of the object. The Laplace-Stieltjes transforms of the functions
�17(t), �27(t), �37(t) we obtain by solving (4.20), which in this case takes the
form of

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 −q̃14(s) 0 0

0 1 0 0 −q̃25(s) 0

0 0 1 0 0 −q̃36(s)

−q̃41(s) −q̃42(s) −q̃43(s) 1 0 0

−q̃51(s) −q̃52(s) −q̃53(s) 1 0 0

−q̃61(s) −q̃62(s) −q̃63(s) 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ̃17(s)

ϕ̃27(s)

ϕ̃37(s)

ϕ̃47(s)

ϕ̃57(s)

ϕ̃67(s)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

q̃17(s)

q̃27(s)

q̃37(s)

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

From the solution of this equation we get the Laplace-Stieltjes transform of the density
functions ϕ̃i7(s) of the random variable 	i7, i = 1, . . . , 6. The Laplace transform of
the reliability function is given by the formula

R̃(s) = 1 − (a1ϕ̃17(s) + a1ϕ̃27(s) + a3ϕ̃37(s))

s
. (9.14)

We get the mean time to failure of the object by solving a matrix equation (4.25),
which now has the form⎡

⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 −p14 0 0

0 1 0 0 −p25 0
0 0 1 0 0 −p36

−p41 −p42 −p43 1 0 0
−p51 −p52 −p53 1 0 0

−p61 −p62 −p63 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

E(	17)

E(	27)

E(	37)

E(	47)

E(	57)

E(	67)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

m1

m2

m3

m4

m5

m6

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (9.15)

The mean time to the object failure is

E(T) = a1, E(	17) + a2, E(	27) + a3, E(	37). (9.16)
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We obtain the second moments of the random variables 	i7, i ∈ {1, . . . , 6} by
solving the matrix equation

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 −p14 0 0
0 1 0 0 −p25 0
0 0 1 0 0 −p36

−p41 −p42 −p43 1 0 0
−p51 −p52 −p53 1 0 0
−p61 −p62 −p63 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(	2
17)

E(	2
27)

E(	2
37)

E(	2
47)

E(	2
57)

E(	2
67)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

b17
b27
b37
b47
b57
b67

⎤
⎥⎥⎥⎥⎥⎥⎦

, (9.17)

where

bi7 = E(T2
i ) + 2

∑
k∈A′

pikE(Tik)E(	k7),

and

E(Tkr+k) = 1

pkr+k

∫ ∞

0
t
[
1 − Fζk(t)

]
dFξk(t), k = 1, 2, 3,

E(Tkr+k) = 1

pk2r+1

∫ ∞

0
t
[
1 − Fξk(t)

]
fζk (t)dt, k = 1, 2, 3,

E(Tr+kj) =
∫ ∞

0
tfηk(t)dt, k = 1, 2, 3, j = 1, 2, 3,

E(T2r+1j) =
∫ ∞

0
tfκ (t)dt, j = 1, 2, 3.

(9.18)

The second moment of the time to the object failure is

E(T2) = a1 E(	2
17) + a2 E(	2

27) + a3 E(	2
37). (9.19)

9.5 Approximate reliability function

In this section we want to find an approximate reliability function using the Shpak
concept of the perturbed SM process [89], which is presented in Chapter 4. In this
case A′ = {1, 2, . . . , 6}, A = {7}, and S = A ∪ A′. According to Definition 4.1 we can
treat the investigated SM process determined by the kernel

Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 Q14(t) 0 0 Q17(t)
0 0 0 0 Q25(t) 0 Q27(t)
0 0 0 0 0 Q36(t) Q37(t)

Q41(t) Q42(t) Q43(t) 0 0 0 0
Q51(t) Q52(t) Q53(t) 0 0 0 0
Q61(t) Q62(t) Q63(t) 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

, (9.20)
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where

Qk 3+k(t) =
∫ t

0

[
1 − Fζk (x)

]
dFξk(x), k = 1, 2, 3, (9.21)

Qk7(t) =
∫ t

0

[
1 − Fξk (y)

]
fζk(y)dy, k = 1, 2, 3, (9.22)

Q3+kj(t) = ajFηk (t), k = 1, 2, 3, j = 1, 2, 3, (9.23)

Q7j(t) = ajFκ (t), j = 1, 2, 3 (9.24)

as a perturbed SM process with respect to SM process {X0(t) : t � 0} with the state
space A = {1, . . . , 6} and the kernel

Q0(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 Q0
14(t) 0 0

0 0 0 0 Q0
25(t) 0

0 0 0 0 0 Q0
36(t)

Q0
41(t) Q0

42(t) Q0
43(t) 0 0 0

Q0
51(t) Q0

52(t) Q0
53(t) 0 0 0

Q0
61(t) Q0

62(t) Q0
63(t) 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9.25)

where

Q0
14(t) = Fξ1(t), Q0

25(t) = Fξ2(t), Q0
36(t) = Fξ3(t),

Q0
41(t) = a1Fη1(t), Q0

42(t) = a2Fη1(t), Q0
43(t) = a3Fη1(t),

Q0
51(t) = a1Fη2(t), Q0

52(t) = a2Fη2(t), Q0
53(t) = a3Fη2(t),

Q0
61(t) = a1Fη3(t), Q0

62(t) = a2Fη3(t), Q0
63(t) = a3Fη3(t).

(9.26)

The transition probability matrix of the embedded Markov chain corresponding to this
kernel is

P0 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
a1 a2 a3 0 0 0
a1 a2 a3 0 0 0
a1 a2 a3 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (9.27)

The stationary distribution of the Markov chain defined by this transition probability
matrix is uniform:

π0 =
[

1

6
,

1

6
,

1

6
,

1

6
,

1

6
,

1

6

]
. (9.28)

We can obtain the approximate reliability function by applying Theorem 4.1. To use
the theorem we have to calculate all parameters that we need. The CDF of the waiting
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times of the SM process {X0(t) : t � 0} are given by the formula

G0
i (t) =

∑
j∈A′

Q0
ij(t). (9.29)

Because

G0
i (t) = Fξi(t) for i = 1, 2, 3,

G0
i (t) = Fηi−3(t)) for i = 4, 5, 6.

(9.30)

Hence, the expectations of the corresponding waiting times are

m0
i = E(T0

i ) = E(ξi) =
∫ ∞

0
tdFξi(t) for i = 1, 2, 3,

m0
i = E(T0

i ) = E(ηi−3) =
∫ ∞

0
tfηi−3(t)dt for i = 4, 5, 6.

(9.31)

The parameter

εi = pi7 =
∫ ∞

0

[
1 − Fξi(y)

]
fζi(y)dy, i = 1, 2, 3, (9.32)

denotes the transition probability of the embedded Markov chain {X(τn) : n ∈ N0}
from the state i ∈ A′ to state 7. The parameter

ε =
∑
i∈A′

π0
i εi (9.33)

in this case takes the form

ε = 1

6

3∑
i=1

∫ ∞

0

[
1 − Fξi(y)

]
fζi(y)dy (9.34)

while a parameter

m0 =
∑
i∈A′

π0
i m0

i , (9.35)

is

m0 = 1

6
(E(ξ1) + E(η1) + E(ξ2) + E(η2) + E(ξ3) + E(η3)) . (9.36)

From Theorem 4.1 we have

lim
ε→0

P(ε	i7 > t) = exp [−λ t] , t � 0, (9.37)

where

λ = 6

E(ξ1) + E(η1) + E(ξ2) + E(η2) + E(ξ3) + E(η3)
. (9.38)
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This means that the approximate reliability function of the object is

R(t) ≈ e−αt, where α = ελ. (9.39)

Therefore,

R(t) ≈ exp

[
−

∫ ∞
0

[
1−Fξ1 (y)

]
fζ1(y)dy+∫ ∞

0

[
1−Fξ2 (y)

]
fζ2(y)dy+∫ ∞

0

[
1−Fξ3 (y)

]
fζ3(y)dy

E(ξ1)+E(η1)+E(ξ2)+E(η2)+E(ξ3)+E(η3)
t

]
.

(9.40)

9.6 Numerical example

9.6.1 Input characteristics and parameters

For assuming characteristics of the model presented in the previous section, we
determine their distributions and numerical values of parameters:

• P(Z = zi) = ai, i = 1, 2, 3,

a1 = 0.2, a2 = 0.4, a3 = 0.4;

• Fξi (x) = 1 − e−(x/βi)
αi , x � 0, i = 1, 2, 3,

α1 = 2, α2 = 3, α3 = 2,

β1 = 11.2838, β2 = 13.4382, β3 = 18.0541,

E(ξ1) = 10, E(ξ2) = 12, E(ξ3) = 16 [h] ;

• Fηi(x) = 1 − e−(x/βi+3)αi+3 , x � 0, i = 1, 2, 3,

α4 = 3, α5 = 3, α6 = 3,

β4 = 15.6779, β5 = 13.4382, β6 = 8.95877,

E(η1) = 14, E(η2) = 12, E(η3) = 8 [h] ;

• Fζi (x) = 1 − e−λix, x � 0, i = 1, 2, 3,

λ1 = 0.0004, λ2 = 0.0008, λ3 = 0.0006,

E(ζ1) = 2500, E(ζ2) = 1250, E(ζ3) = 2500 [h] ;

• Fκ (x) = 1 − e−γ x, x � 0,

γ = 0.04, E(κ) = 25 [h] .
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9.6.2 Calculated model parameters

We calculate the necessary parameters of the models. Using (9.8), we compute
elements of the transition probability matrix P.

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0.9960 0 0.0040
0 0 0 0 0.9905 0 0.0095
0 0 0 0 0 0.9904 0.0096

0.2 0.4 0.4 0 0 0 0
0.2 0.4 0.4 0 0 0 0
0.2 0.4 0.4 0 0 0 0
0.2 0.4 0.4 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We compute the matrix of holding times expectations corresponding to P by applying
a formula:

mij = E(Tij) = 1

pij

∫ ∞

0
tdQij(t),

[
E(Tij)

] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 9.9890 0 0 6.3570

0 0 0 0 11.9848 0 6.7756

0 0 0 0 0 15.9581 10.1505

14.0 14.0 14.0 0 0 0 0

12.0 12.0 12.0 0 0 0 0

8.0 8.0 8.0 0 0 0 0

25.0 25.0 25.0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We calculate the matrix of waiting times expectations using the formula

mi = E(Ti) =
7∑

j=1

pijmij.

As a result, we get

[E(Ti)] = [
9.9746 11.9351 15.9027 14.0 12.0 8.0 25.0

]T .

By solving (9.9) we get the stationary distribution of the embedded Markov chain:

π = [
0.1 0.2 0.2 0.0996 0.1981 0.1981 0.0042

]T .

Applying (9.10), we obtain the limit probability distribution of the states:

Pi = [
0.0808 0.1934 0.2577 0.1130 0.1926 0.1283 0.0342

]T .
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In this case, a limiting (steady-state) availability (3.107) is given by

A =
6∑

j=1

Pj.

Hence,

A = 0.9658.

We calculate the matrix of the holding times second moments using an equality

m̄2
ij = E(T2

ij) = 1

pij

∫ ∞

0
t2dQij(t),

[
E(T2

ij)
]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 126.943 0 0 63.4194
0 0 0 0 162.646 0 67.129
0 0 0 0 0 324.39 161.983

220.867 220.867 220.867 0 0 0 0
163.022 163.022 163.022 0 0 0 0
72.453 72.453 72.453 0 0 0 0
1250.0 1250.0 1250.0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Using the formula

m̄2
i = E(T2

i ) =
7∑

j=1

pijm̄2
ij

we calculate the matrix of second moments of waiting times[
E(T2

i )
]

= [
126.563 163.022 322.84 220.867 163.022 72.453 1250.0

]T .

We obtain the mean time to failure of the object by solving the matrix equation (9.15):⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0.9960 0 0
0 0 0 0 0.9905 0
0 0 0 0 0 0.9904

0.2 0.4 0.4 0 0 0
0.2 0.4 0.4 0 0 0
0.2 0.4 0.4 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

E(	17)

E(	27)

E(	37)

E(	47)

E(	57)

E(	67)

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

9.9746
11.9351
15.9027

14.0
12.0
8.0

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The solution is

[E(	i7)] =

⎡
⎢⎢⎢⎢⎢⎢⎣

2837.56
2821.93
2821.65
2838.94
2836.94
2832.94

⎤
⎥⎥⎥⎥⎥⎥⎦

.
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The mean time to the object failure is

E(T) = 0.2.56 + 0.4.93 + 0.4.65 = 2824.994 [h] .

To compute the second moment of the time to failure we have to solve the following
matrix equation:

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 126.943 0 0
0 0 0 0 162.646 0
0 0 0 0 0 324.39

220.867 220.867 220.867 0 0 0
163.022 163.022 163.022 0 0 0
72.453 72.453 72.453 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(	2
17)

E(	2
27)

E(	2
37)

E(	2
47)

E(	2
57)

E(	2
67)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

56, 616.1
67, 517.4
89, 871.6
79, 319.3
67, 961.7
45, 271.5

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The solution of the equation is

[
E(	2

i7

]
=

⎡
⎢⎢⎢⎢⎢⎢⎣

1.60599 × 107

1.59711 × 107

1.59694 × 107

1.60675 × 107

1.60562 × 107

1.60335 × 107

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The second moment of time to the object failure is

E(T2) = 0.2.60599 × 107 + 0.4.59711 × 107 + 0.4.59694 × 107

= 1.598818 × 107
[
h2

]
.

The standard deviation of the time to failure is

D(T) =
√

1.598818 × 107 − (2824.994)2 = 2829.76 [h] .

The formula (9.40) allows us to find the approximate reliability function. Finally, we
have

R(t) ≈ exp [−0.0003208t] .

The theory of the semi-Markov processes provides methods for calculating the
reliability characteristics and parameters. The semi-Markov model of the multitask
operation process allowed us to compute the limit distribution of the state, the mean
time to failure, the standard deviation of the time to failure, and the approximate
reliability function.



10Semi-Markov failure rate process

Abstract

In this chapter the reliability function is defined by the stochastic failure rate process with
a nonnegative and right-continuous trajectories. Equations for the conditional reliability
functions of an object are derived under the assumption that the failure rate is a semi-Markov
process with an at most countable state space. A proper theorem is presented. The equations
for Laplace transforms of conditional reliability functions for the finite space semi-Markov
random walk failure rate process are presented in the chapter. The countable linear systems
of equations for the appropriate Laplace transforms allow us to find the reliability functions
for the Poisson and the Furry-Yule failure rate processes. Frequently, the random tasks and
environmental conditions cause a random load of an object in its operation. The failure rate
of an object, depending on the random load, may be the random process, too. This chapter
presents the limit theorem concerning a failure rate under the assumption that it is a linear
function of a random load process with an ergodic mean.

Keywords: Semi-Markov model, Stochastic failure rate process, Semi-Markov random
walk failure rate process, Poisson failure rate processes, Furry-Yule failure rate processes

10.1 Introduction

Traditionally, a reliability function is defined by a failure rate that is a real function
taking nonnegative real values. In this chapter, the reliability function is determined by
the stochastic failure rate process with a nonnegative and right-continuous trajectories.

Equations for the conditional reliability functions of an element, under assumptions
that the failure rate is a special semi-Markov process or a piecewise Markov process
with a finite state space, was introduced by Kopocińska and Kopociński [56].
Kopocińska [57] has considered the reliability of a component with an alternating
failure rate. The result from Ref. [56], for general semi-Markov process with
the at most countable and for the nonnegative real state space, was extended by
Grabski [32, 36, 37].

10.2 Reliability function with random failure rate

We suppose that the failure rate, denoted by {λ(t) : t � 0}, is a stochastic process with
a nonnegative and right-continuous trajectories.

Definition 10.1. The reliability function of an object is defined as an expectation
of the random process {exp(− ∫ t

0 λ(u)du) : t � 0}:

R(t) = E

[
exp

(
−

∫ t

0
λ(u)du

)]
. (10.1)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00010-7
Copyright c© 2015 Elsevier Inc. All rights reserved.
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Example 10.1. Suppose that the failure rate is the stochastic process {λ(t) : t � 0}
given by λ(t) = Ct, where C is a nonnegative random variable having the exponential
distribution with parameter β > 0 :

P(C � u) = 1 − e−βu, t � 0.

A trajectory of the process {exp(− ∫ t
0 λ(u)du), t � 0} is a real function ξ(t) =

exp
(
−c t2

2

)
, where c is a value of the random variable C.

From Definition 10.1 we obtain

R(t) = E

[
exp

(
−

∫ t

0
Cx dx

)]
=

∫ ∞

0
e(− ∫ t

0 ux dx)β e−βudu

= β

∫ ∞

0
e−ut2/2e−βudu = β

∫ ∞

0
e−((t2/2)+β)udu = 2β

t2 + 2β
, t � 0.

�
From the Fubini’s theorem and the Jensen’s inequality we immediately get the

following result
Proposition 10.1. If∫ t

0
E [λ(u)] du < ∞

then

R(t) � exp

[
−

∫ t

0
E [λ(u)] du

]
. (10.2)

From that inequality it follows that an object reliability function with the random
failure rate {λ(t) : t � 0} is greater than or equal to the reliability function with the
deterministic failure rate equal to the mean λ(t) = E [λ(t)].

Example 10.2. An expectation of the failure rate process {λ(t) : t � 0} from
Example 10.1 is

λ(t) = E [Ct] = 1

β
t.

Hence,

R(t) = exp

[
−

∫ t

0
λ(u)du

]
= exp

[
−

∫ t

0

1

β
udu

]
= exp

[
− t2

2β

]
.

Those functions for β = 0.1 are shown in Figure 10.1 �

10.3 Semi-Markov failure rate process

Now, we suppose that a random failure rate process {λ(t) : t � 0} is a semi-Markov
process on a discrete state space S = {λj : j ∈ J}, where J = {0, 1, 2, . . .} or J =
{0, 1, 2, . . . , r}, with a kernel Q(t) = [

Qij(t) : i, j ∈ J
]
. The function

Ri(t) = E

[
exp

(
−

∫ t

0
λ(u)du

)
|λ(0) = λi

]
, i ∈ J (10.3)
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R

R
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R(t)

Figure 10.1 The reliability functions R(t) = 2β

t2+2β
and R̄(t) = exp

[
− t2

2β

]
.

is said to be the conditional reliability function with a random failure rate
{λ(t) : t � 0}.
Theorem 10.1 (Grabski [36]). If the failure rate function {λ(t) : t � 0} is a regular
semi-Markov process on a discrete state space S = {λj : j ∈ J} with the kernel Q(t) =[
Qij(t) : i, j ∈ J

]
, then conditional reliability functions Ri(t), i ∈ J, satisfy the system

of equations

Ri(t) = e−λit(1 − Gi(t)) +
∫ t

0
e−λix

∑
j∈J

Rj(t − x)dQij(x), i ∈ J, (10.4)

where

Gi(t) =
∑
j∈J

Qij(t).

The solutions are unique in the class of the measurable and uniformly bounded
functions.

Proof: [32, 56]. We apply the Laplace transform to solve that system of integral
equations . Let

R̃i(s) =
∫ ∞

0
e−stRi(t)dt, G̃i(s) =

∫ ∞

0
e−stGi(t)dt, q̃ij(s) =

∫ ∞

0
e−stdQij(t)dt.

Passing (10.4) to the Laplace transform, we obtain the system of linear equations

R̃i(s) = 1

s + λi
− G̃i(s + λi) +

∑
j∈J

R̃j(s)q̃ij(s + λi), i ∈ J. (10.5)
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This system is equivalent to the system of linear equations∑
j∈J

(δij − q̃ij(s + λi))R̃j(s) = 1

s + λi
− G̃i(s + λi), i ∈ J, (10.6)

which in matrix notation has the form

(I − q̃�(s)) R̃(s) = H̃(s), (10.7)

where

q̃�(s) = [
q̃ij(s + λi) : i, j ∈ J

]
is the square matrix and[

R̃i(s) : i ∈ J
]′

, H̃(s) =
[

1

s + λi
− G̃i(s + λi) : i ∈ J

]′

are one-column matrices.
Let

R̃i(0
+) = lim

p→0+ R̃i(p), p ∈ (0, ∞).

If this limit exists, then

R̃i(0+) =
∫ ∞

0
Ri(t)dt = μ̄i (10.8)

is the mean time to failure of the object with the random failure rate {λ(t) : t � 0},
which starts from the state λi. Using the fact mentioned above, we obtain the system
of linear equations for the mean times to failure, which in matrix notation takes the
form(

I − q̃�(0+)
)
μ̄ = H̃(0+), (10.9)

where

q̃�(0+) = lim
p→0+

[
q̃ij(p + λi), i, j ∈ J

]
(10.10)

is a square matrix and

μ = R̃(0+) = [μi : i ∈ J]′ , H̃(0+) = lim
p→0+ H̃(p)

are the corresponding one-column matrices.
If there exists a finite second moment of the time to failure, then

μ̄2
i = −R̃′

i(0
+) = 2

∫ ∞

0
tR(t)dt.
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Differentiating the system of linear equations (10.6) with respect to s, we get∑
j∈J

[
−q̃′

ij(λi + s)R̃j(s) + (δij − q̃ij(λi + s))R̃′
j(s)

]

= −1 + (λi + s)2G̃′
i(λi + s)

(λi + s)2
, i ∈ J.

Hence,

∑
j∈J

(δij − q̃ij(λi + s))R̃′
j(s) = −1 + (λi + s)2G̃′

i(λi + s)

(λi + s)2

+
∑
j∈J

q̃′
ij(λi + s)R̃j(s), i ∈ J.

Substituting s = p ∈ (0, ∞) and letting p → 0+, we obtain(
I − q̃�(0+)

)
μ̄2 = K̃(0+), (10.11)

where

μ̄2 = − lim
p→0+ R̃′(p) =

[
μ̄2

i : i ∈ J
]′

and

K̃(0+) = lim
p→0+

⎡
⎣1 + (λi + p)2G̃′

i(λi + p)

(λi + p)2
−

∑
j∈J

q̃′
ij(λi + p)μ̄j : i ∈ J

⎤
⎦

′

are one-column matrices.

10.4 Random walk failure rate process

Let {λ(t) : t � 0} be a semi-Markov process with the state space S = {λ0, λ1, . . . , λn}
and the kernel

Q(t)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 G0(t) 0 0 . . . 0 0
a1G1(t) 0 b1G1(t) 0 . . . 0 0

0 a2G2(t) 0 b2G2(t) 0 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

0 0 0 0 an−1Gn−1(t) 0 bn−1Gn−1(t)
0 0 0 0 0 Gn(t) 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(10.12)
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where G0(t), G1(t), . . . , Gn(t) denote the cumulative distribution functions with a
nonnegative support R+ = [0, ∞) and ak > 0, b > 0, ak + bk = 1, for k = 1, . . . ,
n − 1. This stochastic process {λ(t) : t � 0} is called a semi-Markov random
walk or the semi-Markov birth and death process. Suppose that the distributions
G0(t), G1(t), . . . , Gn(t) are absolutely continuous with respect to the Lebesgue
measure.

Let p = [p0, p1, . . . , pn] be an initial probability distribution of the process. Now,
the matrices from (10.7) are

I − q̃�(s)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 d̃0(s) 0 0 . . . 0 0

a1d̃1(s) 1 b1d̃1(s) 0 . . . 0 0

0 a2d̃2(s) 1 b2d̃2(s) 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

0 0 . . . 0 an−1d̃n−1(s) 1 bn−1d̃n−1(s)

0 0 0 . . . 0 d̃n(s) 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(10.13)

where

g̃i(s) =
∫ ∞

0
e−stdGi(t), i = 0, 1, . . . , n,

d̃k(s) = g̃k(s + λk), i = 0, 1, . . . , n,

R̃(s) =

⎡
⎢⎢⎢⎣

R̃0(s)
R̃1(s)
...
R̃n(s)

⎤
⎥⎥⎥⎦ , H̃(s) =

⎡
⎢⎢⎢⎢⎢⎣

1
s+λ0

− G̃0(s + λ0)

1
s+λ1

− G̃1(s + λ1)

...
1

s+λ1
− G̃2(s + λ2)

⎤
⎥⎥⎥⎥⎥⎦ .

The Laplace transform of the unconditional reliability function is

R̃(s) = p0R̃0(s) + p1R̃1(s) + · · · + pnR̃n(s). (10.14)

From (10.2), it follows that

R(t) � R̄(t) = exp

[
−

∫ t

0
λ̄(u)du

]
, (10.15)

where

λ̄(u) = E [λ(t)] =
n∑

k=0

λkPk(t),

Pk(t) = P (λ(t) = λk) , t � 0, k = 0, 1, . . . , n. (10.16)
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The limiting distribution of the states for the semi-Markov random walk is derived
in (8.24)–(8.29). Therefore limiting probabilities

Pk = lim
t→∞ Pk(t) = lim

t→∞ P(λ(t) = λk), k ∈ J (10.17)

take the form

P0 = m0

m0 +
n∑

j=1

[
j∏

k=0

bk−1
ak

]
mj

, (10.18)

Pj =

j∏
k=0

bk−1
ak

mj

m0 +
n∑

j=1

[
j∏

k=1

bk−1
ak

]
mj

, j = 1, . . . , n.

Finally, for large t we obtain an approximate lower bound for the reliability function

R(t) � exp

[
−

∫ t

0
λ̄(u)du

]
≈ exp

[
−

n∑
k=0

λkPkt

]
. (10.19)

Example 10.3. Let {u(t) : t � 0} denote the random load of an object. We assume
that this stochastic process is the semi-Markov random walk taking its values in the
state space U = {ui : i ∈ J = {0, 1, . . . , n} and its kernel is defined by (10.12). Let

λ(t) = g(u(t)), t � 0, (10.20)

where g(x), x � 0 is an increasing and continuous real function taking values on R. It
is easy to notice that {λ(t) : t � t} is the semi-Markov random walk with the state
space S = {λi = g(γi) : i ∈ J = {0, 1, . . . , n} and the same kernel (10.12). Assume
that the load of the car engine is semi-Markov random walk {u(t) : t � 0} with n = 3.
The state space is U = {u0, u1, u2, u3} and the semi-Markov kernel takes a form

Q(t) =

⎡
⎢⎢⎣

0 G0(t) 0 0
a1G1(t) 0 b1G1(t) 0

0 a2G2(t) 0 b2G2(t)
0 0 G3(t) 0

⎤
⎥⎥⎦ , (10.21)

where Gi(t), i = 0, 1, 2, 3 are the cumulative distribution functions with a nonnegative
support R+ = [0, ∞). Suppose that those distributions are absolutely continuous with
respect to the Lebesgue measure.

Let p = [1, 0, 0, 0] be an initial probability distribution of the process. The random
failure process {λ(t) : t � t} is the semi-Markov random walk with the state space S =
{λi = g(ui) : i = 0, 1, 2, 3} and the identical kernel. Now, the matrices from equation
(10.7) are
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I − q̃�(s) =

⎡
⎢⎢⎣

1 −g̃0(s + λ0) 0 0
−a1g̃1(s + λ1) 1 −b1g̃1(s + λ1) 0

0 −a2g̃2(s + λ2) 1 −b2g̃2(s + λ2)

0 0 −g̃3(s + λ3) 1

⎤
⎥⎥⎦ ,

(10.22)

where

g̃i(s) =
∫ ∞

0
e−stdGi(t), i = 0, 1, 2, 3, (10.23)

R̃(s) =

⎡
⎢⎢⎢⎢⎣

R̃0(s)

R̃1(s)

R̃2(s)

R̃3(s)

⎤
⎥⎥⎥⎥⎦ , H̃(s) =

⎡
⎢⎢⎢⎢⎢⎣

1
s+λ0

− G̃0(s + λ0)

1
s+λ1

− G̃1(s + λ1)

1
s+λ2

− G̃2(s + λ2)

1
s+λ3

− G̃3(s + λ3)

⎤
⎥⎥⎥⎥⎥⎦ . (10.24)

The Laplace transform of the unconditional reliability function is

R̃(s) = R̃0(s). (10.25)

Suppose

G0(t) = 1 − (1 + α0t + 0.5α2
0t2)e−α0t, t � 0,

G1(t) = 1 − (1 + α1t)e−α1 t, t � 0,

G2(t) = 1 − e−α2t, t � 0, G3(t) = 1 − e−α3t, t � 0.

The corresponding Laplace transforms have the forms

G̃0(s) = α0
3

s(α0 + s)3
, G̃1(s) = α1

2

s(α1 + s)2
, G̃2(s) = α2

s(α2 + s)
,

G̃3(s) = α3

s(α3 + s)
,

g̃0(s) = α0
3

s(α0 + s)3 , g̃1(s) = (α1)
2

(α1 + s)2 , g̃2(s) = α2

α2 + s
,

g̃3(s) = α3

α3 + s
.

Let

a1 = 0.4, b1 = 1 − a1, a2 = 0.6, b2 = 1 − a2,

λ0 = 0, λ1 = 0.1, λ2 = 0.2, λ3 = 0.3,

α0 = 0.02, α1 = 0.04, α2 = 0.06, α3 = 0.04.

Using the MATHEMATICA computer program, we have solved (10.7). We have
obtained the conditional reliability function R0(t) as the inverse Laplace transform of
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Figure 10.2 The reliability function.
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Figure 10.3 The probability density function.

R̃0(s). In this case, the function R0(t) is equal to the unconditional reliability function
R(t). This function and a corresponding probability density function are shown in
Figures 10.2 and 10.3.

We can easily compute a mean time to failure

E(T) = R̃0(s)|s→0+ = 164.873.

�
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10.5 Alternating failure rate process

For n = 1, the semi-Markov random walk is a two-states semi-Markov process that
is called an alternating process. The alternating failure rate process was discussed
by Kopocińska [57]. The above-mentioned process denoted by {λ(t) : t� 0}, takes
values in the states space S = {λ0, λ1}. The alternating failure rate process is defined
by a kernel matrix

Q(t) =
[

0 G0(t)
G1(t) 0

]
(10.26)

and an initial distribution p = [p0, p1]. Now, the matrices from (10.7) take the form

I − q̃�(s) =
[

1 −g̃0(s + λ0)

−g̃1(s + λ1) 1

]
, (10.27)

where

g̃0(s) = q̃01(s) =
∫ ∞

0
e−stdG0(0), g̃1(s) = q̃10(s) =

∫ ∞

0
e−stdG1(0),

(10.28)

R̃(s) =
[

R̃0(s)
R̃1(s)

]
, H̃(s) =

[
1

s+λ0
− G̃0(s + λ0)

1
s+λ1

− G̃1(s + λ1)

]
. (10.29)

A solution of those systems of equations is

R̃0(s) =
1

s+λ0
− G̃0(s + λ0) + g̃0(s + λ0)

[
1

s+λ1
− G̃1(s + λ1)

]
1 − g̃0(s + λ0)g̃1(s + λ1)

, (10.30)

(10.31)

R̃1(s) =
1

s+λ1
− G̃1(s + λ1) + g̃1(s + λ1)

[
1

s+λ0
− G̃0(s + λ0)

]
1 − g̃0(s + λ0)g̃1(s + λ1)

. (10.32)

An unconditional reliability function is

R̃(s) = p0R̃0(s) + p1R̃1(s). (10.33)

Example 10.4. We assume that an initial distribution and a kernel of the process
are p = [p0, p1],

Q(t) =
[

0 1 − (1 + βt)e−βt

1 − e−αt 0

]
, where α, β, t � 0.

The CDFs of waiting times in the states λ0, λ1 are

G0(t) = 1 − (1 + βt)e−βt , G1(t) = 1 − e−αt, t � 0.
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The corresponding Laplace transforms are

G̃0(s) = β2

s(β + s)2 , G̃1(s) = α

s(α + s)
, g̃0(s) = β2

(β + s)2 , g̃1(s) = α

α + s
.

We calculate the conditional reliability function for the parameters

λ0 = 0, λ1 = 0.2, α = 0.01, β = 0.1, p0 = 0, p1 = 1.

Substituting those functions into (10.7), we get

R̃1(s) =
1

s+0.2 − 0.01
(s+0.2)(s+0.21)

+ 0.01
s+0.21

[
1
s − 0.01

s(s+0.1)2

]
1 − 0.0001

(s+0.1)2(s+0.21)

.

Using the MATHEMATICA computer program, we obtain a reliability function as an
inverse transform

R1(t) = 1.25 e−0.2t − 0.495913 e−0.137016t + 0.245913 e−0.0729844t, t � 0.

The function R1(t) is equal to unconditional reliability function R(t). A corresponding
probability density function is

f (t) = 0.25e−0.2t − 0.067948e−0.137016t + 0.0179478e−0.0729844t, t � 0.

�

10.6 Poisson failure rate process

Assume that the random failure rate {λ(t) : t � 0} is a Poisson process with parameter
λ > 0. This process is a semi-Markov process on the counting state space S =
{0, 1, 2, . . .} defined by the initial distribution p(0) = [1, 0, 0, . . .] and the kernel

Q(t) =

⎡
⎢⎢⎢⎢⎣

0 G0(t) 0 0 0 . . .

0 0 G1(t) 0 0 . . .

0 0 0 G2(t) 0 . . .

0 0 0 0 G3(t) 0
· · · · · ·

⎤
⎥⎥⎥⎥⎦ , (10.34)

where Gi(t) = 1 − e−λt, t � 0, i = 0, 1, 2, . . ..
Theorem 10.2 (Grabski [36]). If the random failure rate {λ(t) : t � 0} is the Poisson
process with parameter λ > 0, then the reliability function defined by (10.1) is

R(t) = exp
[−λ

(
t − 1 + e−t)] . (10.35)

Proof: [36].
Recall the well known fact that, if {λ(t) : t � 0} is the Poisson process with the

parameter λ > 0, then

E [λ(t)] = λt, t � 0.
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Figure 10.4 The reliability functions R(t) and R̄(t).

From inequality (10.2), we get

R(t) � exp

(
−λ

2
t2

)
.

Let

R̂(t) = exp

(
−λ

2
t2

)
.

For comparison, the reliability function and the lower bound function R̂(t) with λ = 0.1
are shown in Figure 10.4.

Proposition 10.2.

1. The density function of the time to failure for the Poisson failure rate process has the form

f (t) = λe−[
λ
(
t−1+e−t

)] (
1 − e−t) . (10.36)

2. The hazard rate function corresponding to the reliability function for the Poisson failure rate
process is

h(t) = λ
(
1 − e−t) . (10.37)

Note that lim
t→∞ h(t) = λ. This means that for large t the reliability function (10.35)

is approximately equal to the exponential reliability function.
The density function (10.36), with parameter λ = 0.1, and the hazard rate function

(10.37) are shown in Figures 10.5 and 10.6.



Semi-Markov failure rate process 173

0 5 10 15 20 25
t0.00

0.02

0.04

0.06

0.08

f (t)

Figure 10.5 The density function for the Poisson failure rate process.
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Figure 10.6 The hazard rate function for the Poisson failure rate process.

10.7 Furry-Yule failure rate process

Assume that the random failure rate {λ(t) : t � 0} is the Furry-Yule process. The
Furry-Yule process with the parameter λ > 0 is the semi-Markov process on the count-
ing state space S = {0, 1, 2, . . .} defined by the initial distribution p(0) = [1, 0, 0, . . .]
and the kernel
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Q(t) =

⎡
⎢⎢⎢⎢⎣

0 G0(t) 0 0 0 . . .

0 0 G1(t) 0 0 . . .

0 0 0 G2(t) 0 . . .

0 0 0 0 G3(t) 0
· · · · · ·

⎤
⎥⎥⎥⎥⎦ , (10.38)

where Gi(t) = 1 − e−(i+1)λt, t � 0, i = 0, 1, 2, . . ..
Theorem 10.3 (Grabski [37]). If the random failure rate {λ(t) : t � 0} is the
Furry-Yule process with the parameter λ > 0, then the reliability function defined by
(10.1) is

R(t) = (λ + 1)e−λt

1 + λe−(λ+1)t
. (10.39)

Proof: [37].
Well-known equalities for the differentiable reliability function come to the

following conclusion.
Proposition 10.3. A density function f (t), t � 0 and a hazard rate function h(t), t �

0 corresponding to the reliability function (10.39) are

f (t) = λ(λ + 1)e−λt(1 − e−(λ+1)t)

(1 + λe−(λ+1)t)2
, (10.40)

h(t) = λ
[
1 − e−(λ+1)t

]
(1 + λe−(λ+1)t)

. (10.41)

10.8 Failure rate process depending on random load

Very often the tasks and environmental conditions are randomly changeable and they
cause a random load of an object in its operation process. We suppose that the failure
rate of the object depends on its random load. Let {u(t) : t � 0} denote the random
load of an object defined on at most countable state space U, with a nonnegative and
right-continuous trajectories. Suppose that the failure rate of an object depends on the
random load process

λ(t) = g(u(t)), t � 0, (10.42)

where g(x), x � 0 is an increasing and continuous real function taking values on R+.
It is easy to notice that: If {u(t) : t � 0} is the semi-Markov process taking its values
on the state space U = {ui : i ∈ J = {0, 1, . . . , n}}, then the process {λ(t) : t � t} is
the semi-Markov process with the same kernel. Now we assume that a failure rate is a
linear function of a random load process with an ergodic mean.
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Theorem 10.4 (Grabski [32]). Let {u(t) : t � 0} be a random load process with an
ergodic mean, that is,

lim
T→∞

1

T

∫ T

0
u(x)dx = E [u(t)] = u.

If

λ(t) = εu(t) (10.43)

then

lim
ε→0

R
( t

ε

)
= exp(−ut). (10.44)

Proof: [32, 56].
For small ε, we obtain

R(x) ≈ exp(−εux). (10.45)

Now, we formulate another version of Theorem 10.4, assuming that random load
is a semi-Markov process on the discrete state space.
Theorem 10.5. If the random load {u(t) : t � 0} is an ergodic semi-Markov process
on the discrete state space, defined by the kernel Q(t) = [

Qij(t) : i, j ∈ J
]

and

λ(t) = εu(t), (10.46)

then

lim
ε→0

R
( t

ε

)
= exp (−ut) , (10.47)

where

u =
∑

i∈J uimiπi∑
i∈S miπi

, (10.48)

mi =
∫ ∞

0
[1 − Gi(t)] dt =

∫ ∞

0

⎡
⎣1 −

∑
j∈J

Qij(t)

⎤
⎦ dt

and πi, i ∈ J is the stationary distribution of the embedded Markov chain {u(τn) : n ∈
N0}, with the probability transition matrix

P = [
pij : i, j ∈ J

]
, pij = Qij(∞).

Proof: [32, 56].
For small ε, we obtain

R(x) ≈ exp(−εux). (10.49)
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10.9 Conclusions

In many practical situations the randomly changeable environmental conditions cause
random load of an object and it implies the random failure rate of it. For the reliability
function defined by a random failure rate we obtained an interesting property: the
reliability function with the random failure rate is greater than or equal to the reliability
function with the deterministic failure rate equal to the mean of the corresponding
random failure rate. A main problem discussed here is the reliability function defined
by the semi-Markov failure rate process. For the semi-Markov failure rate we
have derived equations that allow us to obtain the conditional reliability functions.
Applying the Laplace transformation for the introduced system of renewal equations
for an at most countable states space, we have obtained the reliability function for
the random walk failure rate process, for the Poisson and Furry-Yule failure rate
processes. Moreover, we have derived the lower bounds for the considered reliability
functions. If an object random load process is ergodic and the corresponding failure
rate process is the linear function of it with a small parameter, then the reliability
function is approximately exponential. It seems to be possible to extend the results
presented here on the continuous time nonhomogeneous semi-Markov process (see,
e.g., Papadopoulou and Vassiliou [81]).



11Simple model of maintenance

Abstract

Preventive maintenance is conducted to keep a device working and extend its life. In this
chapter we present a simple semi-Markov model of preventive maintenance. The constructed
model allows us to formulate a problem of optimizing the time to preventive maintenance.
The theorem formulates and proves a sufficient condition that an optimal time exists for
preventive service.

Keywords: Semi-Markov model, Preventive maintenance, Limiting probabilities of state,
Optimization

11.1 Introduction

We can determine preventive maintenance as maintenance of devices, machines,
or systems before a failure occurs. The main goal of maintenance is to avoid or
to mitigate the consequences of an object failure. Very often, the time and cost
of repair are greater than the time and cost of preventive maintenance. Preventive
maintenance is conducted to keep a device working and/or extend its life. Preventive
maintenance activities include, for example, partial or complete overhauls at specified
periods, oil changes, and replacement or repair of worn elements before they cause a
system failure. The ideal preventive maintenance program would prevent all devices
from failing before this happens. There are many probabilistic models that enable
us to choose an optimal policy of preventive maintenance. Gertsbakh [24] have
studied Semi-Markov models of object operation with states that included preventive
maintenance. Based on these models, the author has formulated and solved many
kinds of problems concerning preventive maintenance. Quite different preventive
maintenance problems have been considered by Beker [5], Girtler and Grabski [27],
Harriaga [41], and Knopik [67].

We assume that the preventive maintenance treatments are designed to restore the
full working order of the object. Moreover, we suppose that the moment the failed
object repair begins is the instant of its failure, while the start of the preventive service
is executed according the principle: start a preventive maintenance when the object
has worked without damage by the time T. We will present a stochastic model of the
object operation process, which allows us to formulate an optimization problem that
deals with choosing the optimal time T. As a model of operation process, we accept
three-state semi-Markov processes. Limiting the distribution of the process enables
us to construct a criterion function with values denoting the average incomes earned
per unit time in a long operating life. From the presented theorem, it follows that the
solution of the considered optimization problem depends on the expected value of an
object time to failure, expectation of the repair time, the expected value of duration of

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00011-9
Copyright c© 2015 Elsevier Inc. All rights reserved.
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the preventive maintenance, and properly measured income and cost of operation. The
problem considered in this chapter is some modification of Grabski’s results presented
in Ref. [30].

11.2 Description and assumptions

We assume that time to the object (machine, device) failure ζ is a nonnegative
random variable governed by PDF fζ (·) with a finite positive expected value ζ = E(ζ ).
A damaged object is repaired at once. Repair of the object recovers it completely and
lasts for a random time γ . We assume that γ is a nonnegative random variable defined
by CDF Fγ (t) = P(γ � t) with a positive expected value γ̄ = E(γ ). A preventive
maintenance policy is conducted with respect to the working object. Preventive
maintenance is performed after expiration of the time η from the end of the previous
preventive maintenance or repair. We assume that η is a random variable with a single-
point distribution determined by CDF

Fη(t) =
{

0 for t � T
1 for t > T

. (11.1)

We assume that preventive maintenance completely recovers the technical object
state. We describe the duration of every preventive service by a nonnegative random
variable κ with CDF Fκ(t) = P(κ � t) and finite positive expectation κ̄ = E(κ). We
suppose that at the moment t = 0 the object’s work begins and at every renewal
instant begins a successive cycle of the object operation, which is determined by
the independent copies of the independent random variables ζ , γ , η, κ . The operating
object brings a units of income on a unit of time. The emergency maintenance of the
object after its failure brings losses. We suppose that a repair cost per unit of time
is b. The cost of the preventive maintenance per unit of time is c. We assume a > 0,
b � 0, c � 0.

11.3 Model

Accordingly to the description and assumptions, the model of the object operation
process may be a semi-Markov process. To construct a suitable model, we introduce
the following states:

1—Working state of the object.
2—Emergency maintenance after failure.
3—Preventive maintenance.

To define the semi-Markov model {X(t) : t � 0} completely for a preventive
maintenance problem, we have determine a kernel of the process

Q(t) = [Qij(t) : i, j ∈ S], t � 0,

and its initial distribution

p(0)
i = P(X(0) = i), i ∈ S.
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The kernel of the SM process {X(t) : t � 0} takes the form

Q(t) =
⎡
⎣ 0 Q12(t) Q13(t)

Q21(t) 0 0
Q31(t) 0 0

⎤
⎦ ,

where

Q12(t) = P(ζ � t, η > ζ) =
∫ t

0
[1 − Fη(x)]fζ (x)dx (11.2)

=
{

Fζ (t) for t � T
Fζ (T) for t > T

,

Q13(t) = P(τ � t, ζ > τ) =
∫ t

0
[1 − Fζ (x)]dFη(x) (11.3)

=
{

0 for t � T
1 − Fζ (T) for t > T

,

Q21(t) = P(γ � t) = Fγ (t), (11.4)

Q31(t) = P(κ � t) = Fκ(t). (11.5)

An initial distribution is

pi = P(X(0) = i) =
{

1 for i = 1
0 for i = 2, 3

. (11.6)

Therefore, the semi-Markov model has been completely defined.

11.4 Characteristics of operation process

To formulate the problem of optimizing the time to the object preventive maintenance
we have to evaluate some necessary characteristics of the process. The probability
transition matrix of an embedded Markov chain {X(τn); n ∈ N0} has the form

P =
⎡
⎣ 0 p12 p13

1 0 0
1 0 0

⎤
⎦ , (11.7)

where

p12 = lim
t→∞ Q12(t) = Fζ (T), (11.8)

p13 = lim
t→∞ Q13(t) = 1 − Fζ (T) = Rζ (T). (11.9)

We get a stationary distribution

π = [π1, π2, π3]
of the embedded Markov chain by solving a system of equations (4.74)

π2 + π3 = π1,
π1p12 = π2,
π1p13 = π3,
π1 + π2 + π3 = 1.

(11.10)
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The probabilities

π1 = 1

1 + p12 + p13
= 1

2
,

π2 = p12

1 + p12 + p13
= Fζ (T)

2
,

π3 = p13

1 + p12 + p13
= Rζ (T)

2

(11.11)

are the only solutions. Expected values of the random variables Ti, i ∈ S representing
duration of the states are

E(T1) =
∫ ∞

0
td[Q12(t) + Q13(t)] =

∫ T

0
tfζ (t)dt + T[Rζ (T)], (11.12)

E(T2) =
∫ ∞

0
tdQ21(t) =

∫ ∞

0
tdFγ (t) = γ̄ , (11.13)

E(T3) =
∫ ∞

0
tdQ31(t) =

∫ ∞

0
tdFκ (t) = κ̄ . (11.14)

From (3.73), we obtain a limiting distribution of the semi-Markov model
{X(t) : t � 0}

P1 =

∫ T

0
tfζ (t)dt + TRζ (T)

M(T)
, P2 = [1 − Rζ (T)]γ

M(T)
, P3 = Rζ (T)κ

M(T)
, (11.15)

where

M(T) =
∫ T

0
tfζ (t)dt + TRζ (T) + [1 − Rζ (T)]γ̄ + Rζ (T)κ̄ . (11.16)

11.5 Problem of time to preventive service optimization

As we know, a stochastic process {Kj(t) : t � 0} given by the rule

Kj(t) =
∫ t

0
I{j}(X(u))du, j ∈ S (11.17)

represents a cumulative time spent in state j by the SM process {X(t) : t � 0} during
its execution in an interval [0, t]. A quantity

L(t) = aE[K1(t)] − bE[K2(t)] − cE[K3(t)] (11.18)

denotes a mean profit from the object operation in the interval [0, t]. A number

K = lim
t→∞

L(t)

t
(11.19)
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represents the income per unit of time that comes from the operation of the object for
a long time. Because

lim
t→∞

E[Kj(t)]
t

= Pj, (11.20)

then

K = aP1 − bP2 − cP3. (11.21)

Let

Hζ (T) =
∫ T

0
tfζ (t)dt. (11.22)

According to rule (11.21), we have

K(T) = a[Hζ (T) + TRζ (T)] − b[1 − Rζ (T)]γ̄ − cR(T)κ̄

M(T)
. (11.23)

The function K(T), T � 0 describes dependence of the unit profit on the object
operating time T to the moment of beginning preventive maintenance. This function
allows us to formulate a problem of optimization.
Find the number T∗ > 0 such that

K(T∗) = max
T>0

{K(T)}. (11.24)

Theorem 11.1 contains sufficient conditions of existence for the solution of this
problem.
Theorem 11.1.. Let

λζ (t) = fζ (t)

Rζ (t)
, r = ζ̄ lim

t→∞ λζ (t), q = lim
t→∞ tfζ (t), (11.25)

B = (c − b)γ̄ κ̄ < 0, C = (a + c)κ̄ > 0, D = (a + b)γ̄ > 0,

A = C − D < 0, E =
(

1 − 1

r

)
D − B

ζ̄
− Aq.

If the time to failure ζ is a random variable with continuous PDF fζ (t) for t ∈ (0, ∞)

and

−B λ(0+) < C < E, (11.26)

then there exists number T∗ for which the function K(T), T ∈ (0, ∞) given by (11.23)
takes the maximum value. The number T∗ is the solution of the equation[

AHζ (T) + B
]
λζ (T) + ATfζ (T) + ARζ (T) + D = 0. (11.27)

Proof: The criterion function has the form

K(T) = a[Hζ (T) + TRζ (T)] − b[1 − Rζ (T)]γ̄ − cR(T)κ̄

M(T)
, (11.28)
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where

Hζ (T) =
∫ T

0
tfζ (t)dt (11.29)

and

M(T) =
∫ T

0
tfζ (t)dt + TRζ (T) + [1 − Rζ (T)]γ̄ + Rζ (T)κ̄ . (11.30)

The derivative of the criterion function has the form

K
′
(T) = R(T)

[
AHζ (T) + B

]
λζ (T) + ATfζ (T) + ARζ (T) + D

[M(T)]2 . (11.31)

For each T ∈ [0, ∞), R(T) > 0 and M(T) > 0. So, it is sufficient to examine the
expression

W(T) = [
AHζ (T) + B

]
λζ (T) + ATfζ (T) + ARζ (T) + D. (11.32)

Notice that

W(0+) = −Bλ(0) + A + D = C − Bλ(0+). (11.33)

From inequalities (11.26) we have C > −Bλ(0+) > 0. This means that W(0+) >

0. On the other hand, under the assumption that C < E we have W(∞) =
limT→∞ W(T) = E < 0. From the last inequality and the continuity of the function
W(T) it follows that there exists the number T0 > 0 such that W(T0) < 0. From the
Darboux property of continuous functions there exists a number of T∗ ∈ (0, T0) such
that w(T∗) = 0. Thus, the theorem has been proved. �

For a = 1, b = 0, c = 0 the function

K(T) = Hζ (T) + TRζ (T)

M(T)
(11.34)

denotes steady-state availability of the object. From this theorem, we obtain the
following conclusion.

Proposition 11.1. If the time to failure ζ is a random variable with continuous PDF
fζ (t) for t ∈ (0, ∞) and

κ̄ <

(
1 − 1

r

)
γ̄ , (11.35)

then there exists number T∗ for which the function K(T), T ∈ (0, ∞) given by (11.34)
takes the maximum value. The number T∗ is the root of the equation

AHζ (T)λζ (T) + ATfζ (T) + ARζ (T) + D = 0. (11.36)

where A = κ̄ − γ̄ and D = γ .
Equation (11.36) is equivalent to the following equation:

[
Hζ (T)

]
λζ (T) + Tfζ (T) + Rζ (T) = γ̄

γ̄ − κ̄
. (11.37)
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We can see that the solution of the optimization problem exists if a mean time of
preventive maintenance is accordingly smaller than a mean time of the object repair.
A parameter r given by (11.25) depends on the object failure rate.

11.6 Example

Suppose that the time to failure ζ has Erlang distribution of second order with CDF

Fζ (t) =
{

1 − (1 + λt)e−λt dla t > 0
0 dla t � 0

. (11.38)

Assume that the working object (machine, device) brings a [unit/h] of income.
Suppose that, a mean time of repair is γ [h] and its cost is b [unit/h], while the mean
time of preventive maintenance is κ [h] and its cost is c [unit/h].

We find the optimal operating time to preventive maintenance T∗ for the criterion
function K(T), T ∈ [0, ∞) determining by (11.23). First, we have to calculate a
parameter r. According to (11.25), we have

λζ (t) = λ2t

1 + λt
, t � 0, ζ = 2

λ
, r = ζ lim

t→∞ λ(t) = 2. (11.39)

Note that

q = lim
t→∞ tλ2te−λt = 0.

Hence, according to (11.26), we have

E = (1 − 1

r
)D − B

ζ̄ .

We evaluate the optimal operating time to preventive maintenance by solving equation
(11.27) with unknown parameter T. In this case, the equation takes the form

W(T) = 0, (11.40)

where

W(T) = [
AHζ (T) + B

]
λζ (T) + ATfζ (T) + ARζ (T) + D, (11.41)

where

Hζ (T) =
∫ T

0
λ2t2e−λtdt = 2 − (2 + 2λT + λ2T2)e−λT

λ
,

λζ (T) = λ2T

1 + λT
, fζ (T) = λ2Te−λT , R(T) = (1 + λT)e−λT ,

B = (b − c)γ κ , C = (a + c)κ, D = (a + b)γ , A = C − D.
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A failure rate defined by (11.39) is an increasing function satisfying condition λ(0) =
0. In this case, inequalities (11.26) take the form

0 < C < E = D

2
− B

ζ̄
. (11.42)

To solve (11.40), we use the MATHEMATICA program applying procedure

FindRoot[W(x) == 0, {x, 50}],
where the function W(T), T > 0 is given by (11.41). The parameters and solutions
are presented in Table 11.1. Notice that in each case, c < b and κ̄ < γ̄ . It means
that a unit cost of a preventive service is less than a unit cost of an emergency
service, and an expectation of a duration of the preventive maintenance time is less
than an expectation of the emergency maintenance duration. This table shows that all
inequalities (11.26) are satisfied.

Figure 11.1 shows a graphical solution of the equation. The number T∗ = 137.49
[h] is the optimal working time to preventive maintenance under the assumption that
λ = 0.01 and the rest of the parameters are equal to the parameters presented in
Table 11.1.

The criterion function K(T), T > 0 is shown in Figure 11.2.

Table 11.1 Parameters and results
λ a b c γ̄ κ̄ ζ̄ B C E T∗
0.01 80 20 5 20 5 200.00 −1500 425 1007.5 137.49
0.008 80 20 5 20 5 250.00 −1500 425 1006.0 172.53
0.006 80 20 5 20 5 333.33 −1500 425 1004.5 230.94
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–200

–100
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100

200

300

400
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Figure 11.1 The function W(T), T > 0.
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Figure 11.2 The criterion function K(T), T > 0 for the Erlang PDF.

Table 11.2 Parameters and results
λ γ̄ κ̄ ζ̄ B C E T∗

0.01 20 5 200.00 0 5 10 173.55
0.008 20 5 250.00 0 5 10 216.94
0.006 20 5 333.33 0 5 10 289.26
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Figure 11.3 The criterion function K(T), T > 0, for the exponential PDF.
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For a = 1, b = 0, c = 0, a criterion function K(T), T > 0 denotes a limiting
availability of the object. For the same other parameters that are shown in Table 11.1,
we obtain the optimal working times to preventive maintenance. Parameters and
results are presented in Table 11.2.

We should discuss the case of the exponential distribution. In this case, the criterion
function takes the form

K(T) =
a
λ

(
1 − e−λT

) − bγ (1 − e−λ,T) − cκe−λT

1
λ

(
1 − e−λT

) + γ (1 − e−λ,T) + κe−λT
. (11.43)

The inequalities (11.26) from Theorem 11.1 are not fulfilled. There is no solution
of (11.27). Thus, there is no solution to the optimization problem. This means that
in the case of the exponential distribution, execution of any preventive maintenance
is unprofitable. The function K(T), T > 0 for parameters presented in the first row of
the Table 11.1 is shown in Figure 11.3.



12Semi-Markov model of system
component damage

Abstract

The semi-Markov model of system component damage is discussed in this chapter. Models
that deal with unrepairable systems are presented here. The multistate reliability functions
and corresponding expectations, second moments, and standard deviations are evaluated for
the presented cases of the component damage. The so-called inverse problem for a simple
exponential model of damage is presented in the chapter.

Keywords: Semi-Markov process, Multistate system, Multistate reliability functions, Semi-
Markov model of damage

12.1 Semi-Markov model of multistate object

Markov and semi-Markov processes for modeling multistate systems are applied in
many different reliability problems [4, 32, 52, 60, 72–74, 90, 97–99].

We will consider an object with finite sets of the ordered reliability states S =
{0, 1, . . . , n}, where the state 0 is the worst while the state n is the best. We can treat
object as one-component system or a component of the many components system. We
suppose that the probabilistic model of reliability evolution of the object damage is a
stochastic process {X(t) : t � 0}, taking values in the set of states S = {0, 1, . . . , n}. We
suppose that the trajectories of the process are the right-continuous functions. We also
assume that a flow graph describing the process state changes is a coherent subgraph
of the graph shown in Figure 12.1.

The semi-Markov process has all the features mentioned above. Therefore, we may
assume that a damage process can be modeled by SM process {X(t) : t � 0} with a
state space S = {0, 1, . . . , n} determined by a kernel Q(t) = [Qij(t) : i, j ∈ S], t � 0,
and initial distribution p = [pi(0) : i ∈ S].

Let

PiB(t) = P(∀u ∈ [0, t], X(u) ∈ B|X(0) = i), i ∈ B ⊂ S. (12.1)

This denotes that the process that starts from state i during all the time from the interval
[0, t] occupies the states belonging to a subset B. We will apply a theorem that is some
conclusion of Theorem coming from [72].
Theorem 12.1. Functions PiB(t), i ∈ B ⊂ S satisfy the system of integral equations

PiB(t) = 1 − Gi(t) +
∑
j∈B

∫ t

0
PjB(t − x)dQij(x), i ∈ B. (12.2)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00012-0
Copyright c© 2015 Elsevier Inc. All rights reserved.
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0 1 2 3 4

Figure 12.1 A general flow graph of a damage process.

We should mention that these equations are derived in Section 3.4. Using Laplace
transformation, we obtain the system of linear equation

P̃iB(s) = 1

s
− G̃i(s) +

∑
j∈B

q̃ij(s)P̃jB(s), i ∈ B, (12.3)

where

P̃iB(s) =
∫ ∞

0
e−stPiB(t)dt. (12.4)

If B is a subset of working states, then the function

Ri(t) = PiB(t), i ∈ B ⊂ S (12.5)

is the reliability function of a system with initial state i ∈ B at t = 0.
Proposition 12.1. Conditional reliability functions satisfy the system of integral

equations

Ri(t) = 1 − Gi(t) +
∑
j∈B

∫ t

0
Rj(t − x)dQij(x), i ∈ B. (12.6)

If T is a random variable denoting a lifetime of the system component, then

Ri(t) = P(T > t|X(0) = i), i ∈ B (12.7)

and

Ri(t, s) = P(T > t + s|T > t, X(0) = i) = Ri(t + s)

Ri(t)
, i ∈ B. (12.8)

12.2 General Semi-Markov model of damage process

We suppose that the technical state of the system component is described by the semi-
Markov process which is defined by the renewal kernel
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Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q00(t) 0 0 . . . 0

Q10(t) Q11(t) 0 . . . 0

Q20(t) Q21(t) Q22(t) . . . 0

Q30(t) Q31(t) Q32(t) . . . 0

. . . . . . . . . . . . 0

Qn0(t) Qn1(t) . . . Qnn−1(t) Qnn(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (12.9)

A corresponding flow graph for n = 4 is shown in Figure 12.1. Let

T[l] = inf{t : X(t) ∈ A[l]}, (12.10)

where

A[l] = {0, . . . , l − 1} and A′[l] = S − A[l] = {l, . . . , n}.
The function

�i[l](t) = P(T[l] � t|X(0) = i), i ∈ A′[l] (12.11)

represents the cumulative distribution function (CDF) of the first passage time from
the state i ∈ A′[l] to the subset A[l] for the {X(t) : t � 0}. If X(0) = n, then the random
variable T[l] represents the lifetime of one component system in the subset A′[l].
A corresponding reliability function is

Rn[l](t) = P(T[l] > t|X(0) = n) = 1 − �nA[l](t). (12.12)

On the other hand,

P(T[l] > t|X(0) = n) = P(∀u ∈ [0, t]X(u) ∈ A′[l]|X(0) = n). (12.13)

In this case, we have

P(T[l] > t|X(0) = n) = P(X(t) ∈ A′[l]|X(0) = n). (12.14)

Applying (12.3), we obtain a system of linear equations for Laplace transform of
reliability functions.

R̃i[l](s) = 1

s
− G̃i(s) +

∑
j∈A′[l]

q̃ij(s)R̃j[l](s), i ∈ A′[l], (12.15)

where

G̃i(s) =
∫ ∞

0
e−stGi(t)dt, R̃i[l](s) =

∫ ∞

0
e−stRi[l](t)dt (12.16)

are the Laplace transforms of the functions Gi(t), Ri[l](t), t � 0. Passing to a matrix
form, we get(

I − q̃A′[l](s)
)

R̃A′[l](s) = G̃A′[l](s), (12.17)

where

I = [δij : i, j ∈ A′[l]]
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is the unit matrix and

q̃A′[l](s) = [q̃ij(s) : i, j ∈ A′[l]],

G̃A′[l](s) = 1

s

⎡
⎣1 −

∑
j∈S

q̃ij(s) : i ∈ A′[l]

⎤
⎦

T

,

R̃A′[l](s) = [
Ri[l] : i ∈ A′[l]

]T
.

A vector function

R̃(s) =
[
R̃n[0](s), R̃n[1](s), . . . , R̃n[n](s)

]
(12.18)

is the Laplace transform of the multistates reliability function of the object.
Example 12.1. Let S = {0, 1, 2, 3}. Hence,

A[1] = {0}, A′[1] = {1, 2, 3},
A[2] = {0, 1}, A′[2] = {2, 3},
A[3] = {0, 1, 2}, A′[3] = {3}.

(12.19)

For l = 1, the matrices from (12.17) take the form

I − q̃A′[l](s) =
⎡
⎣ 1 − q̃11(s) 0 0

−q̃21(s) 1 − q̃22(s) 0
−q̃31(s) −q̃32(s) 1 − q̃33(s)

⎤
⎦ , (12.20)

G̃A′[l](s) = 1

s

⎡
⎣ 1 − q̃10(s) − q̃11(s)

1 − q̃20(s) − q̃21(s) − q̃22(s)
1 − q̃30 − q̃31(s) − q̃32(s) − q̃33(s)

⎤
⎦ . (12.21)

We are interested in the element R̃3[1](s) of the solution.

R̃A′[l](s) =
⎡
⎣ R̃1[1](s)

R̃2[1](s)
R̃3[1](s)

⎤
⎦ . (12.22)

Its Laplace transform is

R̃3[1](s) = ũ3(s)

s(1 − q̃11(s))(1 − q̃22(s))(1 − q̃33(s))
,

where
ũ3(s) = 1 − q̃11(s) − q̃22(s) + q̃11(s)q̃22(s) − q̃30(s)

+q̃11(s)q̃30(s) + q̃22(s)q30(s) − q̃11(s)q̃22(s)q̃30(s)

−q̃10(s)q̃31(s) + q̃10(s)q̃22(s)q̃31(s) − q̃20(s)q̃32(s)

+q̃11(s)q̃20(s)q̃32(s) − q̃10(s)q̃21(s)q̃32(s) − q̃33(s)

+q̃11(s)q33(s) + q̃22(s)q̃33(s) − q̃11(s)q̃22(s)q̃33(s).

For l = 2, the matrices from (12.17) take the form

I − q̃A′[2](s)=
[

1 − q̃22(s) 0
−q̃32(s) 1 − q̃33(s)

]
.
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By solving (12.17), we get

R̃3[2](s) = ũ2(s)

s(1 − q̃11(s))(1 − q̃22(s))
,

where

ũ2(s) = 1 − q̃22(s) − q̃30(s) − q̃33(s) − q̃31(s)

+q̃22(s)q̃31(s) − q̃20(s)q̃32(s) − q̃21(s)q̃32(s)

+q̃22(s)q̃33(s)) + q̃22(s)q̃30(s).

For l = 3, the matrices from (12.17) are

I − q̃A′[3](s)=
[

1 − q̃33(s)
]

,

G̃A′[3](s) = 1

s

[
1 − q̃30 − q̃31(s) − q̃32(s) − q̃33(s)

]
.

Now, the solution of (12.17) is

R̃3[3](s) = 1 − q̃30 − q̃31(s) − q̃32(s) − q̃33(s)

s(1 − q̃33(s))
.

Mostly, the elements Qii(t), i = 1, 2, . . . , n are equal to 0. Let us suppose that

Q(t) =

⎡
⎢⎢⎢⎢⎣

Q00(t) 0 0 0

Q10(t) 0 0 0

Q20(t) Q21(t) 0 0

Q30(t) Q31(t) Q32(t) 0

⎤
⎥⎥⎥⎥⎦ . (12.23)

Hence, we obtain

R̃3[1](s) = ũ3(s)

s
, (12.24)

where
ũ3(s) = 1 − q̃30(s) − q̃10(s)q̃31(s)

−q̃20(s)q̃32(s) − q̃10(s)q̃21(s)q̃32(s),

R̃3[2](s) = ũ2(s)

s
, (12.25)

where

ũ2(s) = 1 − q̃30(s) − q̃31(s)
−q̃20(s)q̃32(s) − q̃21(s)q̃32(s),

and

R̃3[3](s) = 1 − q̃30 − q̃31(s) − q̃32(s)

s
. (12.26)

The Laplace transform of the multistate reliability function of that object is

R̃(s) =
[
R̃3[0](s), R̃3[1](s), R̃3[2](s), R̃3[3](s)

]
.
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12.3 Multistate model of two kinds of failures

We assume that the failures are caused by wear or some random events. With positive
probabilities only the state changes from k to k − 1 or from k to 0 are possible
(Figure 14.2). The time of state change from a state k to k − 1, k = 1, . . . , n because of
wear is assumed to be a nonnegative random variable ηk with a PDF fk(x), x � 0. Time
to a total failure (state 0) of the object in state k is a nonnegative random variable ζk

exponentially distributed with parameter λk. Under those assumptions, the stochastic
process {X(t) : t � 0} describing the reliability state of the component is the semi-
Markov process with a state space S = {0, 1, . . . , n} and a kernel

Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Q00(t) 0 0 . . . 0
Q10(t) 0 0 . . . 0
Q20(t) Q21(t) 0 . . . 0
Q30(t) 0 Q32(t) . . . 0
. . . . . . . . . . . . 0
Qn0(t) 0 . . . Qnn−1(t) 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (12.27)

where

Qkk−1(t) = P(ηk � t, ζk > ηk) =
∫ t

0
e−λkxfk(x)dx, (12.28)

Qk0(t) = P(ζk � t, ηk > ζk) =
∫ t

0
λke−λkx[1 − Fk(x)]dx (12.29)

for k = 1, . . . , n.
To explain such a model, we assume that n = 3 and we suppose that random

variables ηk, k = 1, 2, 3 have gamma distributions with parameters αk = 1, 2, . . . and
βk > 0 with PDF

fk(x) = β
αk
k xαk−1e−βkx

(αk − 1)! . (12.30)

In this case, the matrix (12.27) has the form

Q(t) =

⎡
⎢⎢⎢⎢⎣

Q00(t) 0 0 0

Q10(t) 0 0 0

Q20(t) Q21(t) 0 0

Q30(t) 0 Q32(t) 0

⎤
⎥⎥⎥⎥⎦ . (12.31)

Notice that this matrix is equal to matrix (12.23) from Example 12.1 with Q31(t) = 0.
Therefore, we can apply equalities (12.24)–(12.26) to calculate components of a
multistate reliability function. Finally, we obtain the Laplace transforms

R̃3[1](s) = ũ3(s)

s
, (12.32)
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ũ3(s) = 1 − q̃30(s) − q̃20(s)q̃32(s) − q̃10(s)q̃21(s)q̃32(s),

R̃3[2](s) = ũ2(s)

s
, (12.33)

ũ2(s) = 1 − q̃30(s) − q̃20(s)q̃32(s) − q̃21(s)q̃32(s),

and

R̃3[3](s) = 1 − q̃30 − q̃32(s)

s
, (12.34)

where

q̃10(s) = β2
1

(s + β1 + λ1)2 + λ1(s + 2β1 + λ1)

(s + β1 + λ1)2 ,

q̃21(s) = β2
2

(s + β2 + λ2)2 , q̃20(s) = λ2(s + 2β2 + λ2)

(s + β2 + λ2)2 ,

q̃32(s) = β2
3

(s + β3 + λ3)2 , q̃30(s) = λ3(s + 2β3 + λ3)

(s + β3 + λ3)2 .

(12.35)

For a numerical example, we fix

α1 = 2, β1 = 0.04, λ1 = 0.004,

α2 = 2, β2 = 0.02, λ2 = 0.002,

α3 = 2, β3 = 0.01, λ3 = 0.001.
(12.36)

Substituting function (12.35) with the parameters above to (12.32)–(12.34), we obtain

R̃3[1](s) = w̃1(s)

(0.021 + s)2(0.032 + s)2(0.044 + s)2 ,

where

w̃1(s) = 1.5953310−7 + 0.000014s + 0.000626s2 + 0.015224s3 + 0.193s4 + s5,

and

R̃3[2](s) = 0.000066784 + 0.004048s + 0.105s2 + s3

(0.021 + s)2(0.032 + s)2
,

R̃3[3](s) = 0.041 + s

(0.021 + s)2 .

Using the inverse Laplace transformation, we obtain the reliability functions

R3[1](t) = 52.6698 e−0.044t + 58.277 e−0.032t − 109.947 e−0.021t+
+0.189036 e−0.044tt + 1.17355 e−0.032tt + 0.509862 e−0.021tt,

(12.37)



194 Semi-Markov Processes: Applications in System Reliability and Maintenance

R3[1](t)

R3[2](t)

R3[3](t)

100 200 300 400
t

0.2

0.4

0.6

0.8

1.0

R3[1](t)

Figure 12.2 The l level reliability functions.

R3[2](t) = 21.3373 e−0.032t − 20.3373 e−0.021t+
+0.0991736 e−0.032tt + 0.155537 e−0.021tt,

(12.38)

R3[3](t) = e−0.021t(1 + 0.02t). (12.39)

These reliability functions are shown in Figure 12.2.
We calculate the corresponding expectations, second moments, and standard

deviations of an l level system lifetime using the following formulas:

m1[l] = [E[T[l]|X(0) = 3] = lim
s→0

R̃3[l](s), l = 1, 2, 3,

m2[l] = E[T2[l]|X(0) = 3] = −2 lim
s→0

[R̃′
3[l](s)],

σ [l] = √
m2[l] − [m1[l]]2.

For the given parameters, we get

m1[1] = 182.48, m1[2] = 147.89, m1[3] = 92.97,
m2[1] = 41960.1, m2[2] = 28727.2, m2[3] = 13173.5,
σ [1] = 93.06, σ [2] = 82.80, σ [3] = 67.30.

12.4 Inverse problem for simple exponential
model of damage

We suppose that only the state changes from k to k − 1, k = 1, 2, . . . , n, are possible
with the positive probabilities. Now, the stochastic process {X(t) : t � 0} describing
the reliability state of the object is the semi-Markov process with a state space S =
{0, 1, . . . , n} and a kernel
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Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

Q00(t) 0 0 . . . 0
Q10(t) 0 0 . . . 0
0 Q21(t) 0 . . . 0
0 0 Q32(t) . . . 0
. . . . . . . . . . . . 0
0 0 . . . Qnn−1(t) 0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (12.40)

From (12.17), we obtain the Laplace transforms of the multistate reliability
function components.

R̃n[1](s) = 1 − q̃10(s)q̃21(s) . . . q̃nn−1(s)

s
, (12.41)

R̃n[2](s) = 1 − q̃21(s)q̃32(s) . . . q̃nn−1(s)

s
,

...

R̃n[n−1](s) = 1 − q̃n−1n−2(s)q̃nn−1(s)

s
,

R̃n[n](s) = 1 − q̃nn−1(s)

s
,

The multistate reliability function is called exponential if all its components (except
of Rn[0](t)) are exponential functions [52]

R(t) = [
1, e−λ1t, e−λ2t, . . . , e−λnt] ,

where

0 < λ1 < λ2 < · · · < λn.

This means that

R̃n[l](s) = 1

s + λl
, l = 1, 2, . . . , n.

We set a problem. Find the elements

Qkk−1(t), k = 1, 2, . . . , n

of a semi-Markov kernel for which the system of equations (12.41) is fulfilled. For
computing these functions, we have to solve the following system of equations:

1

s + λ1
= 1 − q̃10(s)q̃21(s) . . . q̃nn−1(s)

s
,

1

s + λ2
= 1 − q̃21(s)q̃32(s) . . . q̃nn−1(s)

s
,

...
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1

s + λn−1
= 1 − q̃n−1n−2(s)q̃nn−1(s)

s
,

1

s + λn
= 1 − q̃nn−1(s)

s
.

The solution takes the form

q̃kk−1(s) = λk (s + λk+1)

(s + λk) λk+1
, k = 1, 2, . . . , n − 1, (12.42)

q̃nn−1(s) = λn

s + λn
. (12.43)

We obtain the elements Qkk−1(t), k = 1, 2, . . . , n of the kernel (12.40) as the inverse
Laplace transforms of the functions

Q̃kk−1(s) = q̃kk−1(s)

s
, k = 1, 2, . . . , n. (12.44)

A CDF of a waiting time in state k for the kernel (12.40) is equal to a function Qkk−1(t),
for k = 1, 2, . . . , n.

Gk(t) = P(Tk � t) = Qkk−1(t), k = 1, 2, . . . , n (12.45)

Applying the results (12.42) and (12.43), we get

Gk(t) = L−1
[

λk (s + λk+1)

s (s + λk) λk+1

]
(12.46)

=
⎧⎨
⎩

0 for t < 0,

1 −
(

1 − λk
λk+1

)
e−λkt for t � 0,

k = 1, . . . , n − 1, (12.47)

and

Gn(t) = L−1
[

λn

s(s + λn)

]
=

{
0 for t < 0,
1 − e−λnt for t � 0.

(12.48)

Therefore, now we can formulate the following theorem.
Theorem 12.2. For the multistate exponential reliability function

R(t) = [1, e−λ1t, e−λ2t, . . . , e−λnt], (12.49)

where

0 < λ1 < λ2 < · · · < λn, (12.50)
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the CDF of the waiting time Tk of the semi-Markov process defined by the kernel
(12.40) is

Gk(t) =
{

0 for t < 0,

1 −
(

1 − λk
λk+1

)
e−λkt for t � 0,

k = 1, . . . , n − 1, (12.51)

Gn(t) =
{

0 for t < 0,
1 − e−λnt for t � 0.

(12.52)

From Theorem 12.2 it follows that the probability distributions for the random
variables Tk, k = 1, 2, . . . , n − 1 are a mixture of discrete and absolutely continuous
distributions

Gk(t) = pG(d)
k (t) + qG(c)

k (t), k = 1, . . . , n − 1, (12.53)

where

p = λk

λk+1
, q = 1 − λk

λk+1
, (12.54)

G(d)
k (t) =

{
0 for t < 0,

1 for t � 0,
G(c)

n (t) =
{

0 for t < 0,

1 − e−λkt for t � 0.
(12.55)

From the above-mentioned theorem, it follows that

P(Tk = 0) = λk

λk+1
, k = 1, . . . , n − 1. (12.56)

This means that a sequence of state changes (n, n − 1, . . . , 1, 0) with waiting times
(Tn > 0, Tn−1 = 0, . . . , T1 = 0) is possible. The probability of these sequences of
events is

P(Tn > 0, Tn−1 = 0, . . . , T1 = 0) = λn−1

λn

λn−2

λn−1
. . .

λ1

λ2
= λ1

λn
. (12.57)

Finally, in this case a value of n-level time to failure is

Tn[n] = tn + 0 + · · · + 0 = tn.

12.5 Conclusions

Constructed multistate semi-Markov models allow us to find the reliability
characteristics and parameters of unrepairable systems. Multistate reliability functions
and corresponding their expectations, second moments, and standard deviations are
calculated for presented models. Solutions of equations that follow from semi-Markov
processes theory are obtained by using Laplace transformation. Some interesting con-
clusions follow from presented Theorem 12.1 concerning the multistate exponential
reliability function. A sequence of state changes (n, n − 1, . . . , 1, 0) with waiting
times Tn > 0, Tn−1 = 0, . . . , T1 = 0 is possible. The probability of these events
sequences is

P(Tn > 0, Tn−1 = 0, . . . , T1 = 0) = λ1
λn

.



13Multistate systems
with SM components

Abstract

This chapter deals with unrepairable and repairable multistate monotone systems consisting
of multistate components that are modeled by the semi-Markov processes. In the case of an
unrepairable system, the multistate reliability functions of the system components and the
whole system are discussed. In the case of a repairable system, the probability distribution
and the limiting distribution of the system reliability state are investigated. All concepts and
models presented are illustrated by simple numerical examples.

Keywords: Semi-Markov process, Multistate system, Multistate reliability functions,
Binary representation

13.1 Introduction

Many papers are devoted to the reliability of multistate monotone systems (MMSs)
[4, 35, 52, 59, 73, 74]. Many others concern the semi-Markov models of multistate
systems [32, 60, 72]. Some results of investigation of the MMS with components mod-
eled by the independent semi-Markov processes (SMPs) are presented in the chapter.
The chapter is organized as follows. The second section contains a basic notation,
concepts, and assumptions. Particularly, it deals with a system structure and a concept
of a MMS. The third section is devoted to the unrepairable system components. We
assume that the states of system components are modeled by the independent SMPs.
Some characteristics of a SMP are used as reliability characteristics of the system
components. In the next section, the binary representation of the MMSs is discussed.
The concept of a minimal path vector to level l is crucial to these considerations.
The multistate reliability functions of the system components and the whole system
are discussed in the section. The last section provides the semi-Markov model of the
renewable multistate system. The probability distribution and the limiting distribution
of the systems reliability state are computed. The concepts and models presented are
illustrated by some numerical examples.

13.2 Structure of the system

Consider a system consisting of n components with the index set C = {1, . . . , n}. We
suppose that Sk = {0, 1, . . . , zk}, k ∈ C is the set of the states of the component k, and
S = {0, 1, . . . , s} is the set of the system states. All the states are ordered. States of the

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00013-1
Copyright c© 2015 Elsevier Inc. All rights reserved.
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system (a component k) denote successive levels of the object’s technical condition
from the perfect functioning level z (zk) to the complete failure level 0. Therefore, the
state 0 is the worst and the state z, (zk) is the best.

The function

ψ : S1 × · · · × Sn → S

is called the system structure function.
If the system structure function is nondecreasing in each argument and

ψ(0, . . . , 0) = 0, ψ(z1, . . . , zn) = z,

then it is said to be monotone. Formally, a multistate system is represented by
a sequence of symbols (C, S, S1, . . . , Sn,ψ). If the system structure function is
monotone, the system is called a MMS. We assume that the systems considered
in this chapter are MMS. The state of a component k at fixed instant t may be
described by the random variable Xk(t) taking its value in Sk. The random vector
X(t) = (X1(t), . . . , Xn(t)) represents the states of all system components at fixed
moment t. The state of the system at the fixed instant t is completely defined by the
states of components through the system structure function ψ

Y(t) = ψ(X(t)). (13.1)

If the parameter t runs the interval [0, ∞), all random variables mentioned above
become random processes. Therefore, {Y(t) : t ∈ [0, ∞)} is a stochastic process with
the state space S = {0, 1, . . . , z}. The process determines a reliability state of the
system.

13.3 Reliability of unrepairable system components

We suppose that the reliability states of system components are described by the
independent SMPs {Xk(t) : t � 0}, k ∈ C. Unfortunately, the random process {Y(t) :
t � 0}, Y(t) = ψ(X1(t), . . . , Xn(t)), taking its values from the set S = {0, 1, . . . , z},
which describes the system reliability state at time t ∈ [0, ∞) is not a SMP. We have
at least two ways to analyze the reliability of the multistate system. The first one
is based on the extension of the process {Y(t) : t � 0} to a SMP by construction
of the superposition of independent Markov renewal processes associated with the
semi-Markov processes {Xk(t) : t � 0}, k ∈ C [61]. This way needs more advanced
mathematical concepts, which go beyond the scope of this book. The second way
consists of calculating the reliability characteristics of the multistate system based
on the characteristics of its independent components. In this chapter, we apply the
second way.

We suppose that the SMP representing the reliability state of the component k is
determined by the following kernel:
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q(k)00 (t) 0 0 · · · 0

Q(k)10 (t) 0 0 · · · 0

Q(k)20 (t) Q(k)21 (t) 0 · · · 0

Q(k)30 (t) Q(k)31 (t) Q(k)32 (t) · · · 0
· · · · · · · · · · · · 0

Q(k)zk0(t) Q(k)zk1(t) · · · · · · Q(k)zkzk−1(t) 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (13.2)

Note that this matrix is a submatrix of the kernel (12.9) in which Qii(t) = 0, i =
1, . . . , n. This means that the process determined by (13.2) may be treated as the
process of kth component damage.

Let

T(k)[l] = inf{t : Xk(t) ∈ A(k)[l] } (13.3)

where

A(k)[l] = {0, . . . , l − 1} and A′(k)
[l] = S − A(k)[l] = {l, . . . , zk}.

The function

�
(k)
i[l](t) = P(T(k)[l] � t|X(0) = i), i ∈ A′(k)

[l] (13.4)

represents the cumulative distribution function (CDF) of the first passage time from
the state i ∈ A′(k)

[l] to the subset A(k)[l] for the process {Xk(t) : t � 0}. If X(0) = sk,

then the random variable T(k)[l] represents the l-level lifetime of the component k. A
corresponding reliability function is

R(k)zk[l](t) = P(T(k)[l] > t|X(0) = zk) = 1 −�
(k)
zk[l](t). (13.5)

From Chapter 3 we know that the Laplace-Stieltjes transforms of the CDFs
�
(k)
i[l](t), i ∈ A′(k)

[l] satisfy the integral system of equations

ϕ̃
(k)
i[l](s) =

∑
j∈A′(k)

[l]

q̃(k)ij (s)+
∑

j∈A′
k(u)

q̃(k)ij (s)ϕ̃
(k)
j[u](s), i ∈ A′(k)

[l] , (13.6)

where

ϕ̃
(k)
i[l](s) =

∫ ∞

0
e−std�k)

i[l](t), q̃(k)ij (s) =
∫ ∞

0
e−stdQ(k)ij (t).

The Laplace transform

R̃(k)zk[l](s) =
∫ ∞

0
e−stR(k)zk[l](t)

of the kth component reliability function to level l is given by the formula

R̃(k)sk[l](s) = 1 − ϕ̃
(k)
k[u](s)
s

. (13.7)
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On the other hand,

R(k)zk[l](t) = P(Tk[l] > t|X(0) = zk) = P(∀u ∈ [0, t], Xk(u) ∈ A′
k[l]|X(0) = zk).

(13.8)

As components of the system are unrepairable, then we have

R(k)zk [l](t) = P(∀u ∈ [0, t], Xk(u) ∈ A′(k)
[l] |X(0) = zk) = P(Xk(t) ∈ A′(k)

[l] |X(0) = zk).

(13.9)

Finally, we get

R(k)zk [l](t) =
zk∑

j=l

P(X(t) = j|X(0) = zk) =
zk∑

j=l

P(k)zkj (t). (13.10)

Applying (12.2) we obtain a linear system of equations for the Laplace transforms
of the reliability functions to level l for the system components

R̃(k)i[l](s) = 1

s
− G̃(k)i (s)+

∑
j∈A′(k)

[l]

q̃(k)ij (s)R̃
(k)
j[l](s), i ∈ A′(k)

[l] , (13.11)

where

G̃(k)i (s) =
∫ ∞

0
e−stG(k)i (t)dt, R̃(k)i[l](s) =

∫ ∞

0
e−stR(k)i[l](t)dt (13.12)

are the Laplace transforms of the functions G(k)i (t) and R(k)i [l](t), t � 0. Passing to the
matrix notation, we get(

I − q̃(k)[l] (s)
)

R̃
(k)
[l] (s) = G̃

(k)
[l] (s). (13.13)

The function

R(k)[l] (t) = P(T(k)[l] > t) = P(Xk(t) ∈ A′(k)
[l] ) (13.14)

means the reliability function to level l of a kth system component.
Definition 13.1. The vector function

R(k)(t) = [R(k)[0](t), R(k)[1](t), . . . , R(k)[zk](t)] (13.15)

is said to be the multistate reliability function of the kth component of the system.
Notice that

A′(k)
[0] = Sk ⊃ A′(k)

[1] ⊃ · · · ⊃ A′(k)
[sk].

From the well-known property of probability, we have

1 = P(Xk(t) ∈ Sk) � P(Xk(t) ∈ A′(k)
[1] � · · · � P(Xk(t) ∈ A′(k)

[zk].

This means that

1 = R(k)[0](t) � R(k)[1](t) � · · · � R(k)[zk](t). (13.16)
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Equation (13.13) enables us to calculate the Laplace transform of the multistates
reliability function of the kth component.

R̃
(k)
(s) =

[
R̃(k)zk[0](s), R̃(k)zk[1](s), . . . , R̃(k)zk[zk](s)

]
. (13.17)

Its inverse Laplace transform is equal to the vector function (13.15).

13.4 Binary representation of MMSs

A vector y = (y1, y2, . . . , yn) ∈ S1 × · · · × Sn is called a path vector to level (of level)
l of the MMS if ψ(y) � l.

The path vector y is said to be a minimal path vector to level l if, in addition,
the inequality x < y implies ψ(x) < l. The inequality x < y means that xi � yi for
i = 1, . . . , n and xi < yi for some i. We denote the set of all minimal path vectors to
level l by Ul, l = 1, . . . , z(zk) and U0 = {0}, where {0} = (0, 0, . . . , 0).

In reliability analysis of the MMSs, we may use their binary representation.
This approach was presented among other in papers by Block and Savits [10] and
Korczak [59]. We define the binary random variables {Xkr(t) : t � 0}, k ∈ C, r ∈ Sk:

Xkr(t) =
{

1 dla Xk(t) � r
0 dla Xk(t) < r.

(13.18)

We determine the system level indicators ψj, j ∈ {1, . . . , z}:

ψj(X(t)) =
{

1 for ψ(X(t)) � j
0 for ψ(X(t)) < j.

(13.19)

We will use symbols
∐

and 	 introduced by Barlow and Proshan [7], which denote
the binary operations:

n∐
i=1

xk = 1 −
n∏

i=1

(1 − xk), xk ∈ {0, 1}

x1 	 x2 = 1 − (1 − x1)(1 − x2), x1, x2 ∈ {0, 1}.
From (13.18) and (13.19), and the definition of the minimal path vectors we obtain

a following binary representation of the stochastic process describing evolution of the
MMS:

ψl(X(t)) =
∐
y∈Ul

∏
k∈C, yk>0

Xkyk (t) = 1 −
∏
y∈Ul

⎛
⎝1 −

∏
k∈C,yk>0

Xkyk (t)

⎞
⎠ . (13.20)

Example 13.1. Consider a multistate system (C, S, S1, S2, S3,ψ), where
C = {1, 2, 3}, S = {0, 1, 2}, S1 = {0, 1, 2}, S2 = {0, 1, 2}, S3 = {0, 1}, and the system
structure function is determined by the formulas
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ψ(x) = 0 for x = (x1, x2, x3) ∈ D0,
ψ(x) = 1 for x = (x1, x2, x3) ∈ D1,
ψ(x) = 2 for x = (x1, x2, x3) ∈ D2,

(13.21)

where
D0 = {(0, 0, 0), (0, 0, 1)(0, 1, 0), (1, 0, 0), (1, 1, 0),

(2, 0, 0), (2, 2, 0), (0, 2, 0), (1, 2, 0), (2, 1, 0)},
D1 = {(1, 0, 1), (0, 1, 1), (1, 1, 1), (2, 0, 1), (0, 2, 1)},
D2 = {(2, 1, 1), (1, 2, 1), (2, 2, 1)}.

(13.22)

First, we have to determine the set Ul of all minimal path vectors to the level l
for l = 1, 2. We take under consideration the set D1. The vector y = (1, 0, 1) is a
minimal path vector to level 1, because according to definition ψ(y) = 1 � 1 and
there exists a vector x = (0, 0, 1) such that x < y and ψ(x) = 0 < 1. The vector
y = (0, 2, 1) is not a minimal path vector to level 1, because ψ(y) = 1 � 1 and for
x = (0, 1, 1) we have x < y and ψ(x) = 1. Also, the vector y = (2, 0, 1) is not a
minimal path vector to level 1, because ψ(y) = 1 � 1 and for x = (1, 0, 1) is x < y
and ψ(x) = 1.

Analyzing all vectors from D1, we get a set of the minimal path vectors of the level
l = 1, which is denoted as

U1 = {(1, 0, 1), (0, 1, 1)}. (13.23)

In the similar manner, we get

U2 = {(2, 1, 1), (1, 2, 1)}. (13.24)

From (13.20), we have

ψl(x) =
∐
y∈Ul

∏
k∈C, yk>0

xkyk = 1 −
∏
y∈Ul

⎛
⎝1 −

∏
k∈C,yk>0

xk yk

⎞
⎠ . (13.25)

Applying this equality, we have

ψ1(x) = x11 x31 	 x21 x31 = x11 x31 + x21 x31 − x11 x21 x31. (13.26)

In a similar way, using an equality

xkrxkp = xk max{r,p},

we get

ψ2(x) = x12x21x31)+ x11 x22 x31 − x12 x22 x31. (13.27)

13.5 Reliability of unrepairable system

We suppose that the SMPs {X1(t) : t � 0}, . . . , {Xn(t) : t � 0} are independent. A
stochastic process {Y(t) : t � 0},

Y(t) = ψ(X(t)) = ψ(X1(t), . . . , Xn(t)), (13.28)
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taking its values in a state space S = {0, 1, . . . , z} describes a reliability state
for t ∈ [0, ∞). It is not a SMP. Let A′[l] = {l, l + 1 . . . , z} and A[l] = S − A′[l] =
{0, 1 . . . , l − 1}. A random variable

T[l] = inf{t : S(t) ∈ A[l]} (13.29)

denotes the time to failure to level (of level) l of the system. A reliability function to
level l of the system is determined by the rule

R[l](t) = P(T[l] > t). (13.30)

We have at least two ways of calculating it. The first one consists of applying
distributions of the processes that describe the reliability evolution of the system
components. The l level reliability function of the system may be computed according
to the rule

R[l](t) =
∑
j∈A′[l]

Pj(t), (13.31)

where

Pj(t) = P(S(t) = j) = P(X(t) ∈ Dj) =
∑

(x1,...,xn)∈Dj

P1
x1
(t) . . .Pn

xn
(t), (13.32)

Dj = ψ−1(j).

The second way leads through the computation of the components of reliability
functions to level l. Applying (13.20), we have

R[l](t) = E[ψl(X(t))] = 1 −
∏
y∈Ul

⎛
⎝1 −

∏
k∈C,yk>0

E
[
Xkyk (t)

]⎞⎠ . (13.33)

Definition 13.2. The vector function

R(t) = [
1, R[1](t), . . . , R[z](t)

]
(13.34)

is called the multistate reliability function of the system.
The vector

m = [
1, m[1], . . . , m[z]

]
, (13.35)

m[l] =
∫ ∞

0
R[l](t), l = 1, . . . , z

is said to be the multistate mean time to failure of the system.

13.6 Numerical illustrative example

To explain and illustrate the concepts presented above, we will construct a simple
reliability model of the multistate system with the semi-Markov components.
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Example 13.2. We assume that the multistate reliability system consists of
three components, the reliability evolution of which are modeled by independent
SMPs {X1(t) : t � 0}, {X2(t) : t � 0}, {X3(t) : t � 0} with the state spaces S1 = S2 =
{0, 1, 2}, S3 = {0, 1}. We assume that the kernels of processes 1 and 2 are the same:

Q(k)(t) =
⎡
⎢⎣ Q(k)00 (t) 0 0

Q(k)10 (t) 0 0
Q(k)20 (t) Q(k)21 (t) 0

⎤
⎥⎦ , (13.36)

where

Q(k)00 (t) = 1 − e−αt,

Q(k)10 (t) = 1 − (1 + βt)e−βt , (13.37)

Q(k)20 (t) = a[1 − (1 + γ t)e−γ t], Q(k)21 (t) = b[1 − (1 + γ t)e−γ t],
t � 0, α > 0, β, γ , a, b > 0, a + b = 1.

Suppose that the initial distributions are

P(X(k)(0) = 2) = 1, k = 1, 2.

Assume that a kernel of the last process is of the form

Q(3)(t) =
[

Q(3)00 (t) 0
Q(3)10 (t) 0

]
=

[
1 − e−κ t 0

1 − (1 + λt)e−λ t 0

]
, (13.38)

where

t � 0, κ > 0, λ > 0.

The initial distribution of the process is P{X(3)(0) = 1) = 1. We also suppose that the
system structure is the same as in Example 13.1. It means that the structure function
is defined by (13.21). To find distributions of those processes, we have to solve
the systems of equations (13.16) for their Laplace transforms. The inverse Laplace
transformation of equations solutions follows to the demanding functions.

According to rule (13.32), we obtain the distribution of the system states

P0(t) =
∑

(x1,x2,x3)∈D0

P(1)x1
(t)P(2)x2

(t)P(3)x3
(t), (13.39)

P1(t) =
∑

(x1,x2,x3)∈D1

P(1)x1
(t)P(2)x2

(t)P(3)x3
(t), (13.40)

P2(t) =
∑

(x1,x2,x3)∈D2

P(1)x1
(t)P(2)x2

(t)P(3)x3
(t). (13.41)
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Applying (13.31), we obtain the multistate reliability function of the system.

R(t) = [R[1](t), R[2](t)] = [P1(t)+ P2(t), P2(t)].
Now we illustrate the second way to calculate the multistate system reliability

function.
The second method of computing the multistate system reliability function needs

to calculate the reliability functions of its components to level l. Applying (13.33), we
have

R[1](t) = E[ψ1(X(t))] = E[X11(t)X31(t)] + E[X21(t)X31(t)]
− E[X11(t)X22(t), X31(t)]. (13.42)

Hence, using the independence of the processes discussed here we get the reliability
function of the system to level 1:

R[1](t) = R(1)[1](t)R(3)[1] (t)+ R(2)[1](t)R(3)[1] (t)− R(1)[1](t)R(2)[1](t)R(3)[1] (t) (13.43)

In the same way, according to (13.27) we have

R[2](t) = R(1)[2](t)R(2)[1] (t)R(3)[1] (t)+ R(1)[1](t)R(2)[2](t)R(3)[1] (t)− R(1)[2](t)R(2)[2] (t)R(3)[1](t).
(13.44)

The reliability functions of the component to level l = 1, 2 from (13.43) and (13.44)
we evaluate using (13.13).

In this case Sk = {0, 1, 2}, k = 1, 2. Hence,

A[1] = {0}, A′[1] = {1, 2},
A[2] = {0, 1}, A′

[2] = {2}. (13.45)

For l = 1, the matrices from (13.13) take the form

I − q̃(k)
A′[l]
(s) =

[
1 0

−q̃(k)21 (s) 1

]
, (13.46)

G̃
(k)
A′[l](s) = 1

s

[
1 − q̃(k)10 (s)

1 − q̃(k)20 (s)− q̃(k)21 (s)

]
. (13.47)

The element R̃(k)2[1](s) of the solution of (13.46) is

R̃(k)2[1](s) = 1 − q̃(k)20 (s)− q̃(k)21 (s)q̃
(k)
10 (s)

s
. (13.48)

For l = 2, the matrices from (13.13) take the form

I − q̃(k)
A′[2]
(s) = [

1
]

,

G̃
(k)
A′[l](s) = 1

s

[
1 − q̃(k)20 (s)− q̃(k)21 (s)

]
. (13.49)
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The solution of (13.13) is

R̃(k)2[2](s) = 1 − q̃(k)20 (s) − q̃(k)21 (s)

s
. (13.50)

In (13.10), the interval transition probabilities are used

P(k)ij (t) = P(Xk(t) = j|Xk(0) = i), j ∈ Sk

and distribution of a SMP

P(k)j (t) = P(Xk(t) = j), j ∈ Sk.

If P(Xk(0) = sk} = 1, then P(k)zkj (t) = P(k)j (t). The Laplace-Stieltjes transforms of
the kernel elements (13.37) are

q̃(k)10 (s) = β2

(s + β)2
, q̃(k)20 (s) = a γ 2

(s + γ )2
, q̃(k)21 (s) = b γ 2

(s + γ )2
(13.51)

for k = 1, 2. For parameters

α = 0.1, β = 0.02, γ = 0.01, a = 0.2, b = 0.8, η = 0.01, κ = 0.1,

the solutions for the Laplace transforms given by (13.48) and (13.50) are

R̃(k)2[1](s) = 0.0000832 + 0.00488s + 0.12s2 + s3

(0.02 + s)2(0.04 + s)2
, (13.52)

R̃(k)2[2](s) = 08 + s

(0.04 + s)2
for k = 1, 2. (13.53)

We get the reliability functions of the system components as the inverse Laplace
transforms of these functions. Thus, we obtain

R(k)[1](t) = 4.2e−0.04 t − 3.2e−0.02 t0.04e−0.04t + 0.064e−0.02tt (13.54)

R(k)[2](t) = 0.04e−0.04t(25 + t) for k = 1, 2. (13.55)

For k = 3, we have

R(3)[1](t) = 1 − Q(3)10 (t) = (1 + λt)e−λt.

Using equalities (13.43) and (13.44), we obtain elements of the multistate reliabil-
ity function of the system:

R[1](t) = 2e−0.01t(1 + 0.01t)(4.2e−0.04t − 3.2e−0.02t

+ 0.04e−0.04tt + 0.064e−0.02tt)− e−0.01t(1 + 0.01t)(4.2e−0.04t (13.56)

− 3.2e−0.02t + 0.04e0.04tt + 0.064e−0.02tt)2,
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Figure 13.1 The reliability functions to level l = 1, 2.

R[2](t) = −0.0016e−0.09t(1 + 0.01t)(25. + t)2

+ 0.08e−0.05t(1 + 0.01t)(25 + t)(4.2e−0.04t (13.57)

− 3.2e−0.02t + 0.04e−0.04tt + 0.064e−0.02tt).

The functions are shown in Figure 13.1.
The multistate reliability function may be written as a vector function

R(t) = [
1, R[1](t), R[2](t)

]
. (13.58)




13.7 Renewable multistate system

Assume that the SMP {Xk(t) : t � 0}, describing the reliability state of the system’s
component k, is defined by the following kernel:⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 · · · 0 Q(k)0zk
(t)

Q(k)10 (t) 0 0 · · · 0 Q(k)1zk
(t)

Q(k)20 (t) Q(k)21 (t) 0 · · · 0 Q(k)2zk
(t)

Q(k)30 (t) Q(k)31 (t) Q(k)32 (t) · · · 0 Q(k)3zk
(t)

· · · · · · · · · · · · · · · · · ·
Q(k)zk0(t) Q(k)zk 1(t) · · · · · · · · · Q(k)zk zk−1(t) 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(13.59)
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This means that a full renewal of the component is possible for all reliability states.
Moreover, we assume that for all k ∈ C

P(k)zk
(0) = 1, k ∈ C and Pz(0) = 1, j ∈ S.

We know that the random vector process {X(t) = (X1(t), . . . , Xn(t)) : t � 0} repre-
sents the states of all system components at any time t � 0.

A function P(k)j (t) = P(Xk(t) = j), t � 0 represents a probability of the state j ∈ Sk

at the moment t for the kth component, while the function Pj(t) = P(S(t) = j), t �
0 denotes probability of the state j ∈ S at the moment t for the multistate system.
The states probabilities of the system with independent components are completely
determined by the probabilities of components states through the system structure
function ψ . Recall the important rule (13.32):

Pj(t) = P(S(t) = j) = P(X(t) ∈ Dj) =
∑

(x1,...,xn)∈Dj

P1
x1
(t) . . .Pn

xn
(t), (13.60)

Dj = ψ−1(j).

To calculate probabilities P(k)j (t), j ∈ Sk, first we have to compute the interval

transition probabilities P(k)ij (t), i, j ∈ Sk. From Chapter 3, we know that the Laplace
transforms of them fulfill the system of equations

P̃(k)ij (s) = δij[1

s
− G̃(k)i (s)] +

∑
r∈Sk

q̃(k)ir (s)P̃
(k)
rj (s), i, j ∈ S, (13.61)

where

P̃(k)ij (s) =
∫ ∞

0
e−stP(k)ij (t)dt, q̃(k)ir (s) =

∫ ∞

0
e−stdQ(k)ir (t),

G̃i(s) =
∫ ∞

0
e−stG(k)i (t)dt, G(k)i (t) =

∑
j∈S

Q(k)ij (t).

In matrix notation, we have

P̃
(k)
(s) =

(
1

s
I − G̃

(k)
(s)

)
+ q̃(k)(s)P̃

(k)
(s), (13.62)

where

P̃
(k)
(s) = [P̃(k)ij (s) : i, j ∈ S], G̃

(k)
(s) = [δijG̃

(k)
i (s) : i, j ∈ S],

q̃(k)(s) = [q̃(k)ij (s) : i, j ∈ S], I = [δij : i, j ∈ S].
Hence,

P̃
(k)
(s) = (I − q̃(k)(s))−1

(
1

s
I − G̃

(k)
(s)

)
. (13.63)
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According to assumptions concerning the initial distribution of the process, we
have

P(k)j (t) = P(k)zkj (t), j ∈ Sk.

Applying Theorem 3.6, we are able to evaluate the limiting distributions for SMPs
{Xk(t) : t � 0}, k ∈ C. If for k ∈ C and ∈ Sk

0 < m(k)i =
∫ ∞

0
[1 − G(k)i (x)]dx < ∞, G(k)i (x) =

∑
j∈Sk

Q(k)ij (t),

then for k = 1, 2 there exists limiting distribution

P(k)ij = lim
t→∞ P(k)ij (t) = P(k)j = lim

t→∞ P(k)j (t) (13.64)

and

P(k)j = π
(k)
j m(k)j∑

i∈S
π
(k)
i m(k)i

, (13.65)

where the stationary distributions π(k)i , i ∈ Sk, k ∈ C, of the embedded Markov chains
{Xk(τn) : n ∈ N0}, k ∈ C satisfy the systems of equations∑

i∈Sk

π
(k)
i p(k)ij = π

(k)
j , j ∈ Sk,

∑
j∈S

π
(k)
j = 1, (13.66)

where p(k)ij = lim
t→∞ Q(k)ij (t).

Example 13.3. Like in Example 13.2 we assume that the multistate reliability
system consists of three components of the reliability evolution that are modeled by
independent SMPs {X1(t) : t � 0}, {X2(t) : t � 0}, {X3(t) : t � 0} with the state spaces
S1 = S2 = {0, 1, 2}, S3 = {0, 1}. Now we assume that the kernels are

Q(k)(t) =

⎡
⎢⎢⎣

0 0 Q(k)02 (t)

Q(k)10 (t) 0 Q(k)12 (t)

Q(k)20 (t) Q(k)21 (t) 0

⎤
⎥⎥⎦ , (13.67)

where

Q(k)02 (t) = 1 − (1 + μt)e−μ t,

Q(k)10 (t) = a1[1 − e−βt], Q(k)12 (t) = b1[1 − (1 + νt)e−νt]
Q(k)20 (t) = b2[1 − (1 + α t)e−α t], Q(k)21 (t) = a2(1 − e−α t)

(13.68)

for

k = 1, 2, t � 0, α > 0, β > 0, μ > 0, ν > 0,

a1 > 0, b1 > 0, a1 + b1 = 1, a2 > 0, b2 > 0, a2 + b2 = 1.

(13.69)
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Figure 13.2 The distribution of the first and the second components states.

The Laplace-Stieltjes transforms of these functions are

q̃(k)02 (s) = μ2

(s + μ)2
, q̃(k)10 (s) = a1β

s + β
, q̃(k)12 (s) = b1ν

2

(s + ν)2
,

q̃(k)20 (s) = a2α
2

(s + α)2
, q̃(k)21 (s) = b2α

s + α
.

(13.70)

The initial distributions are

P(X(k)(0) = 2) = 1, k = 1, 2.

For components k = 1, 2, the inverse transforms of the solution of (13.62) allows
us to obtain the distribution of the system components states. Figure 13.2 shows the
functions that form this distribution for the following parameters:

k = 1, 2, t � 0, α = 0.008, β = 0.012, μ = 0.04, ν = 0.08,
a1 = 0.9, b1 = 0.1, a2 = 0.12, b2 = 0.88.

(13.71)

We can calculate the limiting distribution of these processes much easier using the
formula (13.65). The transition probability matrix of an embedded Markov chain for
considered processes is

P(k) =
⎡
⎣ 0 0 0.12

0.9 0 0.1
0.12 0.88 0

⎤
⎦ . (13.72)
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The expected values of the waiting times of states are

m(k)1 = 150, m(k)2 = 77.5, m(k)3 = 14.

The numbers

π
(k)
1 = 0.3267, π

(k)
2 = 0.3152, π

(k)
3 = 0.3581

are the solution of the equations system (13.66). Applying (13.65), we finally obtain

P(k)1 = 0.1797, P(k)2 = 0.2687, P(k)3 = 0.5516, k = 1, 2.

A kernel of the last process {X3(t) : t � 0} is assumed to be

Q(3)(t) =
[

0 Q(3)01 (t)

Q(3)10 (t) 0

]
, (13.73)

where

Q(3)10 (t) = 1 − e−λt, Q(3)01 (t) = 1 − (1 + κ t)e−κt

for

t � 0, λ > 0 κ > 0.

The Laplace-Stieltjes transforms of these functions are

q̃(3)01 (s) = κ2

(s + κ)2
, q̃(3)10 (s) = λ

s + λ
. (13.74)

The initial distribution of the process is assumed to be

P{X(3)(0) = 1) = 1.

Moreover, we suppose that

λ = 0.009, κ = 0.02. (13.75)

We obtain the distribution of the process states in a similar way. The functions

P̃(3)0 (s) = 0.00072 + 0.009s

0.00232s + 0.089s2 + s3 , P̃(3)1 (s) = (0.04 + s)2

s(0.00232 + 0.089s + s2)

(13.76)

are the solution of (13.62). Functions forming the third component’s distribution are
shown in Figure 13.3.

Applying the rule

Pi = lim
s→0

s P̃(3)i (s), i = 0, 1 (13.77)

to (13.76), we get the limiting distribution of the third component states

P(3)0 = 0.3103, P(3)1 = 0.6897. (13.78)
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Figure 13.3 The distribution of the third component states.

From (13.39), we obtain the rule that enables computing the limiting distribution
of the system reliability states:

P0 =
∑

(x1,x2,x3)∈D0

P(1)x1
P(2)x2

P(3)x3
, (13.79)

P1 =
∑

(x1,x2,x3)∈D1

P(1)x1
P(2)x2

P(3)x3
, (13.80)

P2 =
∑

(x1,x2,x3)∈D2

P(1)x1
P(2)x2

P(3)x3
, (13.81)

where the sets D0, D1, D2 are determined in Example 13.1 (13.12). Substituting
appropriate numerical values, we obtain probabilities of the system reliability states
for large t

P0 = 0.3326, P1 = 0.2531, P3 = 0.4143.




13.8 Conclusions

In many real-life situations the binary models seem to be not sufficient for describing
reliability of the system, because in addition to “down” state (0) and “up” state
(1) the system may be capable on different levels, from perfect functioning to
complete failure. Then the multistate models are more adequate. The decomposition
method of the multistate unrepairable system to binary systems allows us to apply
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well-known methods of classical reliability theory in multinary cases. SMPs are very
useful as reliability models of the multistate system components. The SMP theory
provides some concepts and theorems that enable us to construct the appropriate
probability models of the multistate reliability system. Unfortunately, all these models
are constructed under the assumption of independence of processes describing the
reliability of the system components.



14Semi-Markov maintenance nets

Abstract

The semi-Markov models of functioning maintenance systems, which are called mainte-
nance nets are presented in this chapter. Elementary maintenance operations form the states
of the SM model. Some concepts and results of the semi-Markov process theory provide
the possibility of computing important characteristics and parameters of the maintenance
process. Two semi-Markov models of maintenance nets are discussed in the chapter.

Keywords: Semi-Markov model, Maintenance nets, Maintenance operation, Profit from
maintenance operation

14.1 Introduction

Using a technical object (machine, device) demands many kinds of maintenance
operation such as current service, periodic preventive service, service paramount
(repairs, replacement of subsystems), emergency service (repair, replacement), and so
on. The quantitative (mathematical) description of the specific maintenance working
process should take into account many parameters. These parameters relate to the
number and type of work stations, the number of skilled professionals, the type of
diagnostic equipment, tools and needed supplies, the type of spare parts, and the
scope of performed operations. This type of maintenance operation, like repair of the
machine, can be realized by exchanging the damaged system (module, component),
adjustment, or object renewal in other ways. Until repairs are necessary appropriate
tools, diagnostic equipment, spare parts, and many other materials are needed. Each
maintenance process needs professional repairmen with specific qualifications. Every
maintenance operation is performed by a scheme that depends on its type.

Semi-Markov maintenance nets were introduced by Silvestrov [90]. In Ref. [38],
semi-Markov models of simple maintenance nets were presented.

14.2 Model of maintenance net

Figure 14.1 presents a diagram of the exemplary maintenance system.

14.2.1 States of maintenance operation

The states of a process depend on the type of the object maintenance. In the overall
scheme, the states of the process should describe the kind of workstation, scope of
activities at each station, and the quality of service determined by the condition of

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00014-4
Copyright c© 2015 Elsevier Inc. All rights reserved.
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Figure 14.1 Diagram of the maintenance system.

the object after its execution. If we would like to take into account the economic
aspect of the maintenance process, then assumptions of the model should also include
information about the cost of all maintenance operation states.

We start construction of the model by determining the states corresponding to
Figure 14.1. We divide the state space S into disjoint subset E1, E2, . . . , E6.

• E1—a subset of waiting for service states whose elements are the states as follows: state 1,
which is an object waiting due to the occupancy of the repair post; state 2, which is an object
waiting due to the absence of spare parts.

• E2—a subset of the preparation states for basic maintenance operations concerning a filed
component. With access to repair of the damaged component, disassembly of a few other
components is often needed. During this operation, often turns out that it is necessary to wait
for the spare parts, which are missing at the service point at this moment. We assume here
that the subset contains only one state 3, which means achieving access to the component
requiring repair.

• E3—a subset of diagnosing states containing states 4 and 5 where state 4 denotes a state
the effect of which is an accurate identification of the object’s technical condition, while
state 5 is a state of diagnosing the results of which is incorrect identification of the object’s
technical condition or an unidentified object condition.

• E4—a subset of the main maintenance operation. In this set of states, adjustments, replace-
ments, and repairs of the object components are performed. Each state from this subset
determines some range of activities. The activities consist of actions that are performed one
after the another, or that are taken simultaneously by several repairmen or operators. In this
simple model, we assume that the main maintenance operation is comprised of two stages,
which correspond to the states 6 and 7. Note that we could determine the subset of a state in
a completely different way.

• E5—a subset of the inspection states. In this set of states, an inspection of the quality of
the made maintenance operation and the technical condition of the object is performed. The
maintenance process takes value a of 8 if the maintenance operation is done properly and the
object is fit; otherwise, we say that the state of the process is 9. Of course, we can imagine
other states belonging to a subset E5: a state relies on the fact that the inspection does not
detect the object failure or the state in which the fit object is identified by the inspection as
an unfit one.

• E6—a subset of final states. If the inspection gives positive results, then it follows the last
state is 10, which denotes the object waiting for reuse.

Concluding, the states of the maintenance process are:

1. An object waiting due to the occupancy of the service post
2. An object waiting due to the absence of spare parts
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3. Achieving access to the component that requires repair
4. Diagnosing which effect is an accurate identification of state
5. Diagnosing which results are an incorrect identification of state
6. The first stage of a main maintenance operation
7. The second stage of a main maintenance operation
8. Checking the technical object state with positive effect
9. Checking the technical object state with negative effect

10. The object waiting for reuse

Thus, the states of the maintenance operation form the state space

S = E1 ∪ E2 ∪ . . . ∪ E6 = {1, 2, . . . , 10}.
The possible state changes follow according to the flow graph shown in Figure 14.2.

14.2.2 Model of maintenance operation

An adequate stochastic model of the maintenance operation seems to be a semi-
Markov process (SMP) with a set of states S = {1, 2, . . . , 10}. The SMP kernel
corresponding to the graph shown in Figure 14.2 has the form

Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 Q13(t) 0 0 0 0 0 0 0
0 0 Q23(t) 0 0 0 0 0 0 0
0 Q32(t) 0 Q34(t) Q35(t) Q36(t) 0 0 0 0
0 Q42(t) 0 0 0 Q46(t) 0 0 0 0
0 0 0 0 0 Q56(t) 0 0 0 0
0 Q62(t) Q63(t) 0 0 0 Q67(t) 0 0 0
0 0 0 0 0 0 0 Q78(t) Q79(t) 0
0 0 0 0 0 0 0 0 0 Q8 10(t)
0 0 0 0 0 Q96(t) 0 0 0 0
0 0 0 0 0 0 0 0 0 Q10 10(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(14.1)

We know that a transition probability from a maintenance state i to state j is

pij = lim
t→∞ Qij(t).

1
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8

10

Figure 14.2 Flow graph of the maintenance operation.
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The transition probability matrix P = [pij : i, j ∈ S] of the SM maintenance
process is

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 p32 0 p34 p35 p36 0 0 0 0
0 p42 0 0 0 p46 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 p62 p63 0 0 0 p67 0 0 0
0 0 0 0 0 0 0 p78 p79 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(14.2)

14.2.3 Characteristics of maintenance operation

A function

Gi(t) =
10∑

j=1

Qij(t) (14.3)

is cumulative distribution function (CDF) of a random variable Ti, which denotes an
unconditional waiting time of ith state of the object maintenance.

A duration of the whole maintenance operation counting from beginning of state
1 to the end of state 10 is represented by a random variable �110. Generally, the
random variable �i A denotes a first passage time from the state i to a subset of
maintenance states A. The Laplace-Stieltjes transform of CDFs �i 10(t), i = 1, . . . , 10
of random variables �i10, i = 1, . . . , 10 satisfy the linear system of equations
(3.18), where transforms q̃ij(s) are known, while transforms ϕ̃i10(s), i = 1, . . . , 10
are unknown. In matrix notation, the system of equations is equivalent to a matrix
equation (3.21):

(
I − q̃A′(s)

)
φ̃A′(s) = b̃(s), (14.4)

where

I − q̃A′(s) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 −q̃13(s) 0 0 0 0 0 0

0 1 −q̃23(s) 0 0 0 0 0 0

0 −q̃32(s) 1 −q̃34(s) −q̃35(s) −q̃36(s) 0 0 0

0 −q̃42(s) 0 1 0 −q̃46(s) 0 0 0

0 0 0 0 1 −q̃56(s) 0 0 0

0 −q̃62(s) −q̃63(s) 0 0 1 −q̃67(s) 0 0

0 0 0 0 0 0 1 −q̃78(s) −q̃79(s)

0 0 0 0 0 0 0 1 0

0 0 0 0 0 −q̃96(s) 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(14.5)
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ϕ̃A′(s) = [ϕ̃i 10(s) : i ∈ A′ = {1, . . . , 9}]T,

b̃(s) = [0, 0, 0, 0, 0, 0, 0, ϕ̃810(s), 0]T.

We find the expected values of the random variables �i 10, i ∈ A′ = {1, . . . , 9} by
solving an (3.25):

(I − PA′)�A′ = TA′ , (14.6)

where

PA′ = [pij : i, j ∈ A′], �A′ = [E(�iA) : i ∈ A′]T, TA′ = [E(Ti) : i ∈ A′]
and I is the unit matrix. We get the second moments as a solution of (3.26):

(I − PA′)�
2
A′ = BA, (14.7)

where

PA′ = [pij : i, j ∈ A′], �A′ = [E(�2
iA) : i ∈ A′]T,

BA = [biA : i ∈ A′]T, biA = E(T2
i ) + 2

∑
k∈A′

pikE(Tik)E(�kA).

14.2.4 Numerical example

We determine the elements of the matrix Q(t) which define semi-Markov model of
describing the maintenance process.

• Q13(t) = G1(t), where G1(t) is the CDF of a random variable T1, denoting the time of an
object waiting due to an occupancy of a proper maintenance stand. We suppose that the value
of this random variable expectation is ḡ1 = E(T1) = 0.25 [h] and the value of its standard
deviation is σ1 = D(T1) = 0.15 [h].

• Q23(t) = G2(t), where G2(t) is the CDF of a random variable T2, which denotes the time
of an object waiting due to the absence of spare parts. We determine the expected value
ḡ2 = E(T2) = 0.55 [h] and the standard deviation σ2 = D(T2) = 0.50 [h],

• Q32(t) = p32G3(t), Q34(t) = p34G3(t), Q35(t) = p35G3(t), Q36(t) = p36G3(t) where G3(t)
is the CDF of a random variable T3, which means achieving access to the component re-
quiring a repair. A number p32 means a transition probability from state 3 to state 2, which
denotes a state of an object waiting due to the absence of spare parts. A number p34 is a
transition probability from state 3 to state 4 denoting a state the effect of which is an accu-
rate identification of the object’s technical condition; p35 means a transition probability from
state 3 to state 5, denoting a state of diagnosing results of which is an incorrect or unidenti-
fied diagnosis; and p36 denotes a transition probability from state 3 to state 6, which means
the first main maintenance operation. We suppose that an expected value of the waiting time
T3 is ḡ3 = E(T3) = 0.25 [h], while the standard deviation is σ3 = D(T3) = 0.1 [h]. We fix
p32 = 0.12, p34 = 0.42, ; p35 = 0.01, p36 = 0.45.

• Q42(t) = p42G4(t), Q46(t) = p46G4(t), where G4(t) is the CDF of the random variable T4,
which denotes a waiting time of diagnosis the effect of which is an accurate identification.
We assume ḡ4 = E(T4) = 0.2 [h], p42 = 0.08, p46 = 0.92.
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• Q56(t) = p56G5(t), where G5(t) is the CDF of a random variable T5, denoting the time of
diagnosing results for which identification of the object’s technical state is incorrect or fuzzy.
We assume ḡ5 = E(T5) = 0.2 [h] and σ5 = D(T5) = 0.1 [h].

• Q62(t) = p62G6(t), Q63(t) = p63G6(t), Q67(t) = p67G6(t), where G6(t) is the CDF of a
random variable T6, denoting duration of the first step of the main maintenance opera-
tion. We suppose ḡ6 = E(T6) = 1.33 [h] and σ6 = D(T6) = 0.2 [h], p62 = 0.08, p63 = 0.12,
p67 = 0.80.

• Q78(t) = p78G7(t), Q79(t) = p79G7(t), where G7(t) is the CDF of a random variable T7,
denoting a duration of the second step of the main maintenance operation. We fix an ex-
pectation and a standard deviation of the random variable as ḡ7 = E(T7) = 1.2 [h] and
σ7 = D(T7) = 0.1 [h]. Transition probabilities of the embedded Markov chain from state
7 are p78 = 0.98 and p79 = 0.02.

• Q8 10(t) = G8(t), where G8(t) is the CDF of a random variable T8, denoting a waiting time
of inspection with a positive result. We determine its expectation and a standard deviation
as ḡ8 = E(T8) = 0.2 [h] and σ8 = D(T8) = 0.1 [h].

• Q96(t) = G9(t), where G9(t) is the CDF of a random variable T9, denoting a waiting time of
inspection with a negative result. We suppose that an expectation and a standard deviation
of the random variable are ḡ9 = E(T9) = 0.2 [h] and σ9 = D(T9) = 0.1 [h]. From state 9,
an object passes to state 6, which denotes the first step of the main maintenance operation.

The matrices from equations (14.6) and (14.7) take the form

I − PA′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0
0 −0.12 0 −0.42 −0.01 −0.45 0 0 0
0 −0.08 0 1 0 −0.92 0 0 0
0 0 0 0 1 −1 0 0 0
0 −0.08 −0.12 0 0 1 −0.8 0 0
0 0 0 0 0 0 1 −0.98 −0.02
0 0 0 0 0 0 0 1 0
0 0 0 0 0 −1 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�1 10)

E(�2 10)

E(�3 10)

E(�4 10)

E(�5 10)

E(�6 10)

E(�7 10)

E(�8 10)

E(�9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, TA′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.25

0.55

0.25

0.2

0.2

1.33

1.2

0.1

0.9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �
2
A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�2
1 10)

E(�2
2 10)

E(�2
3 10)

E(�2
4 10)

E(�2
5 10)

E(�2
6 10)

E(�2
7 10)

E(�2
8 10)

E(�2
9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, BA =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2.65946

4.64332

1.99446

1.39485

1.33886

6.84199

1.88306

0.02

6.61985

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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Using the procedure LinearSolve[m, c] of the MATHEMATICA computer pro-
gram, we get solutions of those equations

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�1 10)

E(�2 10)

E(�3 10)

E(�4 10)

E(�5 10)

E(�6 10)

E(�7 10)

E(�8 10)

E(�9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3.96893

4.26893

3.71893

3.50588

3.42214

3.22214

1.38044

0.1

4.12214

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(�2
1 10)

E(�2
2 10)

E(�2
3 10)

E(�2
4 10)

E(�2
5 10)

E(�2
6 10)

E(�2
7 10)

E(�2
8 10)

E(�2
9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

18.84

20.82

16.18

14.35

13.61

12.27

2.28

0.02

18.89

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The results presented in Table 14.1 are computed for transition probabilities
equal to

p62 = 0.08, p63 = 0.12, p67 = 0.80, p78 = 0.98, p79 = 0.02.

We change some transition probabilities. We increase a transition probability from
state 6, which means the first stage of the main maintenance operation to state 2,
denoting an object waiting due to an absence of spare parts, and we also degrease
a transition probability from state 7, denoting the second stage of main maintenance
operation to state 8, which means an inspection with positive effect. For the changed
transition probabilities

p62 = 0.12, p63 = 0.12, p67 = 0.75, p78 = 0.90, p79 = 0.10

we have other results, which are shown in Table 14.2.
Comparing both tables we conclude that the expected value of the object whole

maintenance operation time is essentially greater than in the second case. In the first
case, we have E(�1 10) = 3.97 [h] and in the second case E(�1 10) = 4.47 [h]. For
the standard deviations, we have the same rule—in the first case we have D(�1 10) =
1.76 [h] while in the second one E(�1 10) = 2.37 [h].

Table 14.1 Parameters of random variables
�i 10, i = 1, . . . , 9
State i 1 2 3 4 5 6 7 8 9
E(�i10) [h] 3.97 4.27 3.72 3.50 3.42 3.22 1.38 0.1 4.12
D(�i10) [h] 1.76 1.61 1.53 1.43 1.38 1.37 0.61 0.1 1.38

Table 14.2 Parameters of random variables
�i 10, i = 1, . . . , 9
State i 1 2 3 4 5 6 7 8 9
E(�i10) [h] 4.47 4.77 4.22 4.00 3.92 3.72 1.75 0.1 4.62
D(�i10) [h] 2.37 2.26 2.21 2.14 2.10 2.10 1.52 0.1 2.10
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14.2.5 Income from maintenance operation

The economic reward structure for the continuous-time SMP was introduced by
Howard [45]. For the model presented above, we offer another approach. To compute
the income from the maintenance operation, we construct a semi-Markov model with
the same shape of the kernel. To underline differences, instead of the parameter t
denoting time, we will use the parameter x denoting a profit; we replace waiting time
Ti with a random variable Ci, which denotes a gain in a state i; we replace the SMP
{X(t) : t � 0} with the process {U(x) : x � 0}; and the first passage time from a state
i to a state 10, which is signed as �i10, we substitute with the random variable Zi10,
which means an income from the maintenance operation under the assumption that i
is an initial state. We apply the model for the same numerical example, assuming that

E(C1) = 0, E(C2) = 0, E(C3) = 30.6, E(C4) = 12.8, E(C5) = 2.4,

E(C6) = 75.2, E(C7) = 88.23, E(C8) = 44.85, E(C9) = 0[$]
and

D(C1) = 0, D(C2) = 0, D(C3) = 7.99, D(C4) = 2.13, D(C5) = 1.04,

D(C6) = 15.20, E(C7) = 16.96, D(C8) = 9.21, E(C9) = 0[$].
We suppose the same transition probability matrix P (14.2). The matrices from

(14.6) and (14.7), allowing us to calculate the expectation and standard deviation of
the profit from the maintenance operation, take the form

I − PA′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0
0 −0.12 0 −0.42 −0.01 −0.45 0 0 0
0 −0.08 0 1 0 −0.92 0 0 0
0 0 0 0 1 −1 0 0 0
0 −0.08 −0.12 0 0 1 −0.8 0 0
0 0 0 0 0 0 1 −0.98 −0.02
0 0 0 0 0 0 0 1 0
0 0 0 0 0 −1 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

ZA′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(Z1 10)

E(Z2 10)

E(Z3 10)

E(Z4 10)

E(Z5 10)

E(Z6 10)

E(Z7 10)

E(Z8 10)

E(Z9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, CA′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

30.6

12.8

2.4

75.2

88.2

44.85

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Z
2
A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(Z2
1 10)

E(Z2
2 10)

E(Z2
3 10)

E(Z2
4 10)

E(Z2
5 10)

E(Z2
6 10)

E(Z2
7 10)

E(Z2
8 10)

E(Z2
9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, BA =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

1000.26

172.25

8.6

5886.04

8067.08

2096.43

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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Table 14.3 Parameters of random variables Zi10, i = 1, . . . , 7
State i 1 2 3 4 5 6 7

E(Zi10) [$] 307.98 307.98 307.98 281.65 267.85 265.45 155.11
D(Zi10) [$] 112.96 112.96 112.96 112.1 111.35 111.37 77.35

The solutions of those equations are
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(Z1 10)

E(Z2 10)

E(Z3 10)

E(Z4 10)

E(Z5 10)

E(Z6 10)

E(Z7 10)

E(Z8 10)

E(Z9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

307.981

307.981

307.981

281.65

267.848

265.448

155.11

44.85

265.448

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E(Z2
1 10)

E(Z2
2 10)

E(Z2
3 10)

E(Z2
4 10)

E(Z2
5 10)

E(Z2
6 10)

E(Z2
7 10)

E(Z2
8 10)

E(Z2
9 10)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

107, 612

107, 612

107, 612

91, 893.3

84, 140.9

82, 858.1

30, 042.6

2096.43

82, 858.1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The expected values and standard deviation of random variables Zi 10, i = 1, . . . , 9
are shown in Table 14.3.
We see that the total expected income from the maintenance operation with the
initial state i = 1 is E(Z1 10) = 307.98 [$] and D(Z1 10) = 112.96 [$] is the standard
deviation corresponding to it.

We should mention that we can use this approach only for a semi-Markov model
with an absorbing state but not in a general case.

14.3 Model of maintenance net without diagnostics

Now we will construct and analyze a model of the maintenance net without diagnos-
tics. Figure 14.3 shows a diagram of that kind of maintenance system.

Input
block

Second
operation

block

Control
block

Output
block

First
operation

block

Control
block

Figure 14.3 Flow graph of the maintenance operation.
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14.3.1 Model of maintenance operation

We start the construction of the model from determining the states of the maintenance
operation:

1. An object waiting for the operation to begin
2. The first stage of a maintenance operation
3. Control of a maintenance quality
4. The second stage of a maintenance operation
5. Checking the object’s technical condition
6. The object waiting for reuse

The possible state changes of the maintenance process are shown in Figure 14.4.
A SMP with a set of states S = {1, 2, 3, 4, 5, 6} is an appropriate stochastic model of
the maintenance operation without diagnostics. The SMP kernel corresponding to the
graph shown in Figure 14.4 has the form

Q(t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 Q12(t) 0 0 0 0
0 0 Q23(t) 0 0 0
0 Q32(t) 0 Q34(t) 0 0
0 0 0 0 Q45(t) 0
0 Q52(t) 0 Q54(t) 0 Q56(t)
0 0 0 0 0 Q66(t)

⎤
⎥⎥⎥⎥⎥⎥⎦

. (14.8)

We assume that

Qij(t) = pijGi(t), i, j ∈ S = {1, . . . , 6},
where Gi(t) is the CDF of a random variable Ti, which denotes a waiting time in a
state i. According to the well-known rule

pij = lim
t→∞ Qij(t),

the transition probability matrix P = [pij : i, j ∈ S] of the SM maintenance process is

P =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
0 0 1 0 0 0
0 p32 0 p34 0 0
0 0 0 0 1 0
0 p52 0 p54 0 p56
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

. (14.9)

1 3 4 62 5

Figure 14.4 Flow graph of the possible state changes.



Semi-Markov maintenance nets 227

A number p32 is a transition probability from state 3, which means a control of
a first stage of maintenance quality to state 2, denoting the first stage of operation.
This means the probability that checking the service quality gives a negative result. A
transition probability p34 denotes a probability of positive result of a maintenance
quality control. Similarly, p52 denotes a probability that the final checking of the
object’s technical condition gives a negative result and the whole maintenance
operations starts from the beginning, and p54 means the probability that the control
gives a negative result but the object needs only a second stage of the maintenance. A
transition probability p56 denotes a probability of a positive result of a final checking
of the object’s technical condition. Like in the previous model, we are interested in
computing expected values and standard deviations of the random variables �i 6, i =
1, . . . , 6, which denote a duration of the maintenance operation with an initial state i.
In this case, the matrices from (14.6) and (14.7) are

I − PA′ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 −1 0 0 0
0 1 −1 0 0
0 −p32 1 −p34 0
0 0 0 1 −1
0 −p52 0 −p54 1
0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

, (14.10)

�A′ =

⎡
⎢⎢⎢⎢⎢⎢⎣

E(�1 6)

E(�2 6)

E(�3 6)

E(�4 6)

E(�5 6)

⎤
⎥⎥⎥⎥⎥⎥⎦

, TA′ =

⎡
⎢⎢⎢⎢⎢⎢⎣

E(T1)

E(T2)

E(T3)

E(T4)

E(T5)

⎤
⎥⎥⎥⎥⎥⎥⎦

, �
2
A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

E(�2
1 6)

E(�2
2 6)

E(�2
3 6)

E(�2
4 6)

E(�2
5 6)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, BA =

⎡
⎢⎢⎢⎢⎢⎢⎣

b16

b26

b36

b46

b56

⎤
⎥⎥⎥⎥⎥⎥⎦

,

where

bi6 = E(T2
i ) + 2

∑
k∈A′

pikE(Ti)E(�k6), i = 1, . . . , 6.

For a SMP {U(x) : x � 0}, describing the profit from the maintenance operation,
the matrices from (14.6) and (14.7) take the form

ZA′ =

⎡
⎢⎢⎢⎢⎢⎢⎣

E(Z1 6)

E(Z2 6)

E(Z3 6)

E(Z4 6)

E(Z5 6)

⎤
⎥⎥⎥⎥⎥⎥⎦

, CA′ =

⎡
⎢⎢⎢⎢⎢⎢⎣

E(C1)

E(C2)

E(C3)

E(C4)

E(C5)

⎤
⎥⎥⎥⎥⎥⎥⎦

, Z
2
A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

E(Z2
1 6)

E(Z2
2 6)

E(Z2
3 6)

E(Z2
4 6)

E(Z2
5 6)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, BA =

⎡
⎢⎢⎢⎢⎢⎢⎣

b16

b26

b36

b46

b56

⎤
⎥⎥⎥⎥⎥⎥⎦

,

where

bi6 = E(C2
i ) + 2

∑
k∈A′

pikE(Ci)E(Zk6), i = 1, . . . , 6.
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Table 14.4 Parameters of random
variables �i6, i = 1, . . . , 5
State i 1 2 3 4 5

E(�i6) [h] 0.68 0.56 0.34 0.20 0.09
D(�i6) [h] 0.23 0.23 0.22 0.18 0.17

14.3.2 Numerical example

We apply the model presented above to operations consisting of the exchange of car
wheels with winter tires for wheels with summer tires. For simplicity, we refer to
winter wheels and summer wheels. We suppose that the states of the operation are:

1. Waiting to start exchanging wheels
2. Dismantling the winter wheels
3. Checking the pressure and balancing the summer wheels
4. Pumping, balancing, and mounting the summer wheels
5. Checking or fixing the summer wheels
6. Waiting for reuse

The parameters of the model are assumed to be

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
0 0 1 0 0 0
0 0.12 0 0.88 0 0
0 0 0 0 1 0
0 0.06 0 0.08 0 0.86
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

TA′ =

⎡
⎢⎢⎢⎢⎣

0.12
0.22
0.1
0.11
0.04

⎤
⎥⎥⎥⎥⎦

, T
2
A′ =

⎡
⎢⎢⎢⎢⎣

0.016
0.052
0.012
0.018
0.002

⎤
⎥⎥⎥⎥⎦

.

The results that are achieved from (14.6) and (14.7) are shown in Table 14.4.

14.4 Conclusions

SMP theory provides the possibility to construct probability models of maintenance
systems functioning. A maintenance system is called a maintenance net. A semi-
Markov model of a maintenance net allows us to compute some important char-
acteristics and parameters of a maintenance process. We apply linear equations for
parameters of random variables denoting the first passage times from a given state of a
SMP to a subset of states to calculate an expected value of duration of the maintenance
operation and its standard deviation. In a similar way, we get an expected total profit
from the maintenance operation.



15Semi-Markov decision processes

Abstract

This chapter presents basic concepts and results of the theory of semi-Markov decision
processes. The algorithm of optimization of a SM decision process with a finite number
of state changes is discussed here. The algorithm is based on a dynamic programming
method. To clarify it, the SM decision model for the maintenance operation is shown. The
optimization problem for the infinite duration SM process and the Howard algorithm, which
enables us to find the optimal stationary strategy, is also discussed here. To explain this
algorithm, a decision problem for a renewable series system is presented.

Keywords: Semi-Markov decision processes, Optimization, Dynamic programming,
Howard algorithm

15.1 Introduction

Semi-Markov decision processes (SMDPs) theory delivers methods that give us the
opportunity to control the operation processes of systems. In such kind of problems,
we choose the most rewarding process among the alternatives available for the
operation. We discuss the problem of optimizing a SM decision process with a finite
number of state changes. The problem is solved by an algorithm that is based on a
dynamic programming method. We also investigate the infinite duration SM decision
processes. The Howard algorithm modified by Main and Osaki is applied for finding
an optimal stationary policy for the kind of processes. This algorithm is equivalent to
the some problem of linear programming.

SMDPs theory was developed by Jewell [49], Howard [43–45], Main and Os-
aki [76], and Gercbakh [24]. Those processes are also discussed in Ref. [30].

15.2 Semi-Markov decision processes

SMDP is a SM process with a finite states space S = {1, . . . , N} such that its trajectory
depends on decisions that are made at an initial instant and at the moments of the state
changes. We assume that a set of decisions in each state i, denoted by Di, is finite. To
take a decision k ∈ Di, means to select the kth row among the alternating rows of the
semi-Markov kernels:

{Q(k)
ij (t) : t � 0, k ∈ Di, i, j ∈ S}, (15.1)

where

Q(k)
ij (t) = p(k)

ij F(k)
ij (t). (15.2)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00015-1
Copyright c© 2015 Elsevier Inc. All rights reserved.
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If an initial state is i and a decision (alternative) k ∈ Di is chosen at the initial
moment, then a probabilistic mechanism of the first change of the state and the
evolution of the system on the interval [0, τ (k)

1 ) is determined. The mechanism is

defined by a transition probability (15.2). The decision k ∈ Di at some instant τ
(k)
n

determines the evolution of the system on the interval [τ (k)
n , τ (k)

n+1). More precisely,

the decision δi(n) = k ∈ Di means that according to the distribution (p(k)
ij : j ∈ S), a

state j is selected for which the process jumps at the moment τ
(k)
n+1, and the length of

the interval [τ (k)
n , τ (k)

n+1) is chosen according to distribution given by the cumulative

distribution function (CDF) F(k)
ij (t). A sequence of decision at the instant τ

(k)
n

δ(n) = (δ1(n), . . . , δN(n)) (15.3)

is said to be a policy in the stage n. A sequence of policies

d = {δ(n) : n = 0, 1, 2, . . .} (15.4)

is called a strategy.
We assume that the strategy has the Markov property, which means that for every

state i ∈ S a decision δi(n) ∈ Di does not depend on the process evolution until the
moment τ

(k)
n . If δi(n) = δi, then it is called a stationary decision. This means that

the decision does not depend on n. The policy consisting of stationary decisions is
called a stationary policy. Hence, a stationary policy is defined by the sequence δ =
(δ1, . . . , δN). Strategy that is a sequence of stationary policies is called a stationary
strategy.

Optimization of the SMDP consists of choosing the strategy that maximizes the
gain of the system.

15.3 Optimization for a finite states change

First, we consider a problem of semi-Markov process optimization for a finite state
changes m, so we investigate the process at the time interval [0, τ (k)

m+1).
To formulate the optimization problem, we have to introduce the reward structure

for the process. We assume that the system, which occupies the state i when a
successor state is j, earns a gain (reward) at a rate

r(k)
ij (x), i, j ∈ S, k ∈ Di

at a moment x of the entering state i for a decision k ∈ Di. The function rk
ij(x) is called

the “yield rate” of state i at an instant x when the successor state is j and k is a chosen
decision [45]. A negative reward at a rate r(k)

ij (x) denotes a loss or a cost of that one.
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A value of a function

R(k)
ij (t) =

t∫
0

r(k)
ij (x)dx, i, j ∈ S, k ∈ Di (15.5)

denotes the reward that the system earns by spending a time t in a state i before making
a transition to state j, for the decision k ∈ Di. When the transition from the state i to
the state j for the decision k is actually made, the system earns a bonus as a fixed sum.
The bonus is denoted by

b(k)
ij , i, j ∈ S, k ∈ Di. (15.6)

A number

u(k)
i =

∑
j∈S

∞∫
0

(R(k)
ij (t) + b(k)

ij )dQ(k)
ij (t) (15.7)

is an expected value of the gain that is generated by the process in the state i at one
interval of its realization for the decision k ∈ Di.

We denote by Vi(dm), i ∈ S the expected value of the gain (reward) that is generated
by the process during a time interval [0, τm+1) under the condition that the initial state
is i ∈ S and a sequence of policies is

dm = {(δ1(τ
(k)
n ), . . . , δN(τ (k)

n )} : n = 0, 1, . . . , m), m = 0, 1, . . . . (15.8)

By Vj(dm−1), j ∈ S we denote the expected value of the gain that is generated by

the process during a time interval [τ (k)
1 , τ (k)

m+1) under the condition that the process has
just entered the state j ∈ S at the moment τ1 and a sequence of policies

{(δ1(τ
(k)
n ), . . . , δN(τ (k)

n )) : n = 1, . . . , m}, m = 1, 2, . . . (15.9)

is chosen.
The expected value of the gain during a time interval [0, τ (k)

m ) under the condition
that the initial state is i ∈ S, which is the sum of expectation of the gain that is
generated by the process during an interval [0, τ (k)

1 ) and the gain that is generated

by the process during the time [τ (k)
1 , τ (k)

m ). Because

Vi(dm) = u(k)
i +

∑
j∈S

p(k)
ij Vj(dm−1), i ∈ S. (15.10)

Substituting (15.7) in this equality, we get

Vi(dm) =
∑
j∈S

∞∫
0

(R(k)
ij (t) + b(k)

ij )dQ(k)
ij (t) +

∑
j∈S

p(k)
ij Vj(dm−1), i ∈ S. (15.11)
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The strategy (the sequence of policies) d∗
m is called optimal in gain maximum

problem on interval [τ ′
0τm+1) for the SMDP, which starts from state i, if

Vi(d
∗
m) = max

dm
[Vi(dm)]. (15.12)

This means that Vi(d∗
m) � Vi(dm) for all strategies dm.

We can get the optimal strategy by using the dynamic programming technique,
which uses the Bellman principle of optimality. In our case the principle can be
formulated as follows:

B e l l m a n principle of optimality.
Let for any initial state and adopted in this state strategy process move to a new
state. If the initial strategy is optimal, then its remaining part is also optimal for
the process whose initial state is a new state that has been reached at the
moment the first state changes.

This principle allows us to obtain an algorithm of computing the optimal strategy. The
algorithm is defined by the following formulas:

Vi(d
∗
n) = max

k∈Di

⎡
⎣u(k)

i +
∑
j∈S

p(k)
ij Vj(d

∗
n−1)

⎤
⎦ , i ∈ S, n = 1, . . . , m, (15.13)

Vi(d
∗
0) = max

k∈Di
[u(k)

i ], i ∈ S. (15.14)

To obtain the policy d∗
0, we start from (15.14). Based on formula

Vi(d
∗
1) = max

k∈Di

⎡
⎣u(k)

i +
∑
j∈S

p(k)
ij Vj(d

∗
0)

⎤
⎦ , i ∈ S, (15.15)

we find strategy

d∗
1 = ((δ∗

1(τ (k)
n ), . . . , δ∗

N(τ (k)
n )) : n = 0, 1)

in the next step. Continuing this procedure, we obtain the optimal strategy

d∗
m = ((δ∗

1(τ (k)
n ), . . . , δ∗

N(τ (k)
n )) : n = 0, 1, . . . , m).

15.4 SM decision model of maintenance operation

Now we develop the model from Chapter 14 dealing with the maintenance net without
diagnostics. To construct the semi-Markov decision model corresponding to this
model, we have to determine the sets of decisions Di, i = 1, . . . , 6. Assume that

D1 = {1}, D2 = {1, 2}, D3 = {1, 2}, D4 = {1, 2}, D5 = {1, 2}, D6 = {1}
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1 1, 2

1, 2

1, 2
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1, 2

1, 2

1

Figure 15.1 The possible state changes of the maintenance process.

where

D2 : 1—normal maintenance, 2—expensive maintenance;
D3 : 1—normal control, 2—expensive control;
D4 : 1—normal maintenance, 2—expensive maintenance;
D5 : 1—normal control, 2—expensive control.

The states of the decision maintenance process are as follows:

1. An object waiting for the beginning of the operation
2. The first stage of a normal or an expensive maintenance
3. Control of a maintenance quality
4. The second stage of a normal or an expensive maintenance
5. A normal or expensive control of the object’s technical condition
6. The object waiting for reuse

The possible state changes of the decision maintenance process are shown in
Figure 15.1.

A semi-Markov process with a set of states S = {1, 2, 3, 4, 5, 6} is an appropriate
stochastic model of the maintenance operation without diagnostics. The family of
kernels

Q(k)(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 Q(k)
12 (t) 0 0 0 0

0 0 Q(k)
23 (t) 0 0 0

0 Q(k)
32 (t) 0 Q(k)

34 (t) 0 0
0 0 0 0 Q(k)

45 (t) 0
0 Q(k)

52 (t) 0 Q(k)
54 (t) 0 Q(k)

56 (t)

0 0 0 0 0 Q(k)
66 (t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, k ∈ Di (15.16)

is crucial in a SM decision problem. Assume that

Q(k)
ij (t) = p(k)

ij G(k)
i (t), i, j ∈ S = {1, . . . , 6}, k ∈ Di, (15.17)

where G(k)
i (t) is the CDF of a random variable T(k)

i , which denotes a waiting time in a
state i under decision k ∈ Di. According to the well-known rule

p(k)
ij = lim

t→∞ Q(k)
ij (t),
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the transition probability matrix P = [pij : i, j ∈ S] of the SM maintenance process is

P =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
0 0 1 0 0 0
0 p(k)

32 0 p(k)
34 0 0

0 0 0 0 1 0
0 p(k)

52 0 p(k)
54 0 p(k)

56
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

. (15.18)

Suppose that

r(k)
ij (x) = r(k)

ij ∈ R, k ∈ Di, i, j ∈ S = {1, . . . , 6}. (15.19)

From (15.5), we obtain

R(k)
ij (t) = r(k)

ij t, i, j ∈ S, k ∈ Di (15.20)

and

u(k)
i =

∑
j∈S

p(k)
ij (r(k)

ij m(k)
ij + b(k)

ij ), (15.21)

where m(k)
ij = E(T(k)

ij ) denotes the expectation of the holding time of the state i if the
successor state is j. From assumption (15.17), we get

m(k)
ij = E(T(k)

ij ) = E(T(k)
i ) = m(k)

i .

Moreover, we suppose b(k)
ij = 0, i, j ∈ S, k ∈ Di. Now the equality (15.21) takes the

form

u(k)
i = m(k)

i

∑
j∈S

p(k)
ij r(k)

ij . (15.22)

Thus, the algorithm of choosing an optimal strategy takes the following form:
The Algorithm

1. Compute

u(k)
i = m(k)

i

∑
j∈S

p(k)
ij r(k)

ij (15.23)

for all i ∈ S = {1, . . . , 6} and k ∈ Di.
2. Find d∗

0 such that

Vi(d
∗
0 ) = max

k∈Di
[u(k)

i ] (15.24)

for all i ∈ S = {1, . . . , 6}.
3. Find d∗

l such that

Vi(d
∗
l ) = max

k∈Di

⎡
⎣u(k)

i +
∑
j∈S

p(k)
ij Vj(d

∗
l−1)

⎤
⎦ (15.25)

for l = 1, 2, . . ., m − 1 and for all i ∈ S.
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15.5 Optimal strategy for the maintenance operation

We apply the algorithm to obtain an optimal strategy of the maintenance operation
discussed here. We determine the numerical data (Tables 15.1 and 15.2).

1. We compute a gain u(k)
i from the first stage (n = 0) of the operation using (15.23) for i ∈

S = {1, . . . , 6} and k ∈ Di. For example,

u(1)
5 = 0.15 · (0.12 · (−40) + 0.16 · (−10) + 0.72 · 50) = 4.656,

u(2)
5 = 0.20 · (0.08 · (−46) + 0.10 · (−30) + 0.82 · 52) = 7.192.

In a similar manner, we obtain

u(1)
1 = 0.30, u(1)

2 = 85.44, u(2)
2 = 114.8, u(1)

3 = 0.9936,

u(3)
2 = 0.96, u(1)

4 = 100.28, u(2)
4 = 124.2, u(1)

6 = 0.15.
(15.26)

Table 15.1 Transition probabilities and mean waiting
times for the maintenance process

State i Decision k p(k)
i1 p(k)

i2 p(k)
i3 p(k)

i4 p(k)
i5 p(k)

i6 m(k)
i [h]

1 1 0 1 0 0 0 0 0.15
2 1 0 0 1 0 0 0 1.78

2 0 0 1 0 0 0 2.05
3 1 0 0.16 0 0.84 0 0 0.18

2 0 0.02 0 0.98 0 0 0.20
4 1 0 0 0 0 1 0 2.18

2 0 0 0 0 1 0 2.30
5 1 0 0.12 0 0.16 0 0.72 0.15

2 0 0.08 0 0.10 0 0.82 0.20
6 1 0 0 0 0 0 1 0.15

Table 15.2 Gain rate for the maintenance process

State i Decision k r(k)
i1 [$] r(k)

i2 [$] r(k)
i3 [$] r(k)

i4 [$] r(k)
i5 [$] r(k)

i6 [$]

1 1 0 2 0 0 0 0
2 1 0 0 48 0 0 0

2 0 0 56 0 0 0
3 1 0 −18 0 10 0 0

2 0 −48 0 6 0 0
4 1 0 0 0 0 46 0

2 0 0 0 0 54 0
5 1 0 −40 0 −10 0 50

2 0 −46 0 −30 0 52
6 1 0 0 0 0 0 1
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2. We find the gain Vi(d
∗
0) for all i ∈ S applying (15.24).

V1(d
∗
0 ) = 0.30 for k = 1 ∈ D1,

V2(d
∗
0 ) = 114.8 for k = 2 ∈ D2,

V3(d
∗
0 ) = 0.9936 for k = 1 ∈ D3,

V4(d
∗
0 ) = 124.2 for k = 2 ∈ D4,

V5(d
∗
0 ) = 7.192 for k = 2 ∈ D5,

V6(d
∗
0 ) = 0.1 for k = 1 ∈ D6.

(15.27)

Hence, the optimal policy at the moment 0 is represented by the vector of decisions δ∗(0) =
(1, 2, 1, 2, 2, 1).

3. We have to find a policy δ∗(1) = (δ∗
1 (τ

(k)
1 ), . . . , δ∗

6 (τ
(k)
1 )). According to (15.25), we get

Vi(d
∗
1 ) = max

k∈Di

⎡
⎣u(k)

i +
∑
j∈S

p(k)
ij Vj(d

∗
0)

⎤
⎦ (15.28)

for i = 1, . . . , 6. For example,

V5(d
∗
1 ) = max

[
4.656 + 0.12 · 114.8 + 0.16 · 124.2 + 0.72 · 0.1,

7.192 + 0.08 · 114.8 + 0.10 · 124.2 + 0.82 · 0.1

]
(15.29)

= max[38.376, 28.878] = 38.386 for k = 1 ∈ D5.

Using (15.28) for the data from (15.27) and from Tables 15.1 and 15.3, we obtain
(a)

V1(d
∗
1 ) = 0.60 for k = 1 ∈ D1,

V2(d
∗
1 ) = 115.7936 for k = 2 ∈ D2,

V3(d
∗
1 ) = 124.972 for k = 2 ∈ D3,

V4(d
∗
1 ) = 131.392 for k = 2 ∈ D4,

V5(d
∗
1 ) = 38.376 for k = 1 ∈ D5,

V6(d
∗
1 ) = 0.25 for k = 1 ∈ D6.

(15.30)

The optimal policy on the second stage (n = 1) is

δ∗(1) = (1, 2, 2, 2, 1, 1).

(b) Now we are able to find the policy on the third stage (n = 2) of the maintenance
operation. Using (15.25), we have

Vi(d
∗
2 ) = max

k∈Di

⎡
⎣u(k)

i +
∑
j∈S

p(k)
ij Vj(d

∗
1)

⎤
⎦ (15.31)

for i = 1, . . . , 6. Using this formula, the result of (15.30), and the data from Tables 15.1
and 15.3, we get:
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V1(d∗
2) = 0.60 for k = 1 ∈ D1,

V2(d∗
2) = 239.772 for k = 2 ∈ D2,

V3(d∗
2) = 132.224 for k = 2 ∈ D3,

V4(d∗
2) = 162.21 for k = 2 ∈ D4,

V5(d∗
2) = 39.754 for k = 1 ∈ D5,

V6(d∗
2) = 0.40 for k = 1 ∈ D6.

(15.32)

The optimal policy on the third stage (n = 2) is

δ∗(2) = (1, 2, 2, 2, 1, 1).

The optimal strategy for three stages of the operation is

d∗
2 = (δ∗(0), δ∗(1), δ∗(2)).

If we assume that the initial state of the maintenance process is 1, then we should
calculate optimal policies until the process achieves the state 6. It seems that in this
case it is sufficient to calculate the optimum policies for the n = 10 stages. Of course
it requires writing the appropriate computer program.

15.6 Optimization problem for infinite duration process

We formulate the optimization problem of a semi-Markov process on the infinite
interval [0, ∞). This problem was investigated by Howard [45] and by Mine and
Osaki [76]. It is known as a decision problem without discounting.

We assume that the considered SMDP with a finite state space S = {1, . . . , N}
satisfies the assumption of the limiting theorem (Theorem 3.6).

The criterion function

g(δ) =
∑
i∈S

πi(δ)u
(k)
i∑

i∈S
πi(δ)m

(k)
i

(15.33)

means the gain per unit of time is a result of a long operating system. The numbers
πi(δ), i ∈ S represent the stationary distribution of the embedded Markov chain of the
semi-Markov process defined by the kernel

Q(δ)(t) = [Q(k)
ij (t) : t � 0, i, j ∈ S, k ∈ Di]. (15.34)

This means that for every decision k ∈ Di those probabilities satisfy the following
linear system of equations:∑

i∈S

πi(δ)p
(k)
ij = πj(δ), j ∈ S,

∑
i∈S

πi(δ) = 1, (15.35)
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where

p(k)
ij = lim

t→∞ Q(k)
ij (t), i, j ∈ S. (15.36)

The number

m(k)
i = E(T(k)

i ) = lim
t→∞

∞∫
0

t dG(k)
i (t), i ∈ S, k ∈ Di (15.37)

is an expected value of a waiting time in a state i for a decision (alternative) k ∈ D.
Recall that a number

u(k)
i =

∑
j∈S

∞∫
0

(R(k)
ij (t) + b(k)

ij )dQ(k)
ij (t) (15.38)

is an expected value of the profit (gain) that is generated by the process in the state i
at one interval of its realization for the decision k ∈ Di.

Definition 15.1. A stationary policy δ∗ is said to be optimal if it maximizes the
gain per unit of time:

g(δ∗) = max
d

[g(δ)]. (15.39)

In Ref. [76], it is proved that the optimal stationary strategy exists there. In Refs. [45,
76], the Howard algorithm is presented, which enables us to find the optimal stationary
strategy. Here we present the Howard algorithm using our own notation.

The Algorithm

1. Data
• Sets of decisions (alternatives)

Di, i ∈ S = {1, 2, . . . , N},
• Set of functions defining the SMDPs

{Q(k)
ij (t) : t � 0, k ∈ Di, i, j ∈ S},

• Sets of functions that define the unit gains

{r(k)
ij (x) : x � 0, di ∈ Di, i, j ∈ S},

{b(k)
ij , di ∈ Di, i, j ∈ S}.

2. Initial calculation procedure
Compute according to (15.36)–(15.38)

p(k)
ij , m(k)

i , u(k)
i

for each decision k ∈ Di, i, j ∈ S.
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3. Policy evaluation
For the present policy δ = (δ1, . . . , δN ), δi = k ∈ Di, calculate the gain g = g(δ) and solve
the system of linear equations

g m(k)
i + wi = u(k)

i +
∑
j∈S

p(k)
ij wj, i ∈ S, (15.40)

with wN = 0 and the unknown weights w1, w2, . . . , wN−1.
4. Policy improvement

For each state i ∈ S, find the set of decisions (alternatives)

�i =

⎧⎪⎪⎨
⎪⎪⎩k ∈ Di : �

(k)
i =

u(k)
i + ∑

j∈S
p(k)

ij wj − wi

m(k)
i

> g(δ)

⎫⎪⎪⎬
⎪⎪⎭ . (15.41)

If for each i ∈ S the set �i = ∅, then the policy δ = (δ1, . . . , δN) is optimal and the strategy
corresponding to it is also optimal. If there is at least one state i ∈ S such that �i 	= ∅,
then the policy is not optimal and it must be improved. Therefore, substitute the policy
δ = (δ1, . . . , δN) with the policy δ′ = (δ′

1, . . . , δ′
N ), where δ′

i = δi if �i = ∅ and δ′
i ∈ Di is

any other decision if �i 	= ∅. Repeat procedures 3 and 4.

It is proved [30, 76] that g(δ′) > g(δ) and the optimal decision is achieved after a finite
number of iterations.

Mine and Osaki [76] have formulated and proved the following theorem:
Theorem 15.1 (Mine and Osaki [76]).The problem: find δ∗ such that

g(δ∗) = max
d

[g(δ)], (15.42)

where the criterion function g(δ) is defined by (15.33), is equivalent to the following
problem of linear programming: Let

y(k)
j � 0, j ∈ S, k ∈ Di.

Find

max
y(k)

j

⎡
⎣∑

j∈S

∑
k∈Dj

m(k)
j u(k)

i y(k)
j

⎤
⎦ (15.43)

under constraints∑
k∈Dj

y(k)
j −

∑
i∈S

∑
k∈Di

p(k)
ij y(k)

j = 0, j = 1, . . . , N − 1, (15.44)

∑
j∈S

∑
k∈Di

m(k)
j y(k)

j = 1. (15.45)

We obtain the optimal policy using the rule

a(k)
j = y(k)

j∑
k∈Di

y(k)
j

, (15.46)
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where a(k)
j denotes a probability that in the state j ∈ S a decision k ∈ Dj has been taken.

It is obvious that∑
k∈Di

a(k)
j = 1, 0 � a(k)

j � 1, j ∈ S. (15.47)

The best decision in the state j ∈ S is such alternative k∗ ∈ Dj for which the

probability a(k∗)
j is the greatest. The best decisions in states 1, . . . , N form the optimal

policy.

15.7 Decision problem for renewable series system

A system consists of two components that form a series reliability structure. We
assume that a lifetime of component k, k = 1, 2 is represented by a random variable
ζk with exponential probability density function

fk(t) = λe−λktI[0, ∞)(t). (15.48)

From the structure of the system it follows that the damage of the system takes
place if a failure of any component occurs. A damaged component is renewed. We
assume that the renewal time of kth component is a nonnegative random variable γk
with a CDF

Hk(t) = P(γk � t), k = 1, 2. (15.49)

We know that the exponential probability distribution has memoryless property.
Therefore, the renewal of a component means renewal of the whole system. We
also assume that the random variables denoting successive times to failure of
kth component and random variables denoting their consecutive renewal times are
independent copies of the random variables ζk and γk, accordingly. We suppose that
the random variables ζ1, ζ2, γ1, γ2 are mutually independent. Moreover, we assume
that γ1, γ2 have the positive, finite expected values and variances.

We introduce the following states:

1. Renewal of a first component after its failure
2. Renewal of a second component after its failure
3. Work of the “up” system

The “down” states are represented by a set A = {1, 2}, while the “up” state is
represented by one element set A′ = {3}.

We assume that

D1 = {1, 2, }, D2 = {1, 2}, D3 = {1, 2, 3, 4}
are the sets of decisions (alternatives) for the states 1, 2, 3.

D1 : 1—normal renewal of a first component,
2—expensive renewal of a second component,
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D2 : 1—normal renewal of a second component,
2—expensive renewal of a second component,

D3 : 1—normal reliability of a first and a second components,
2—normal reliability of a first component and higher of a second component,
3—higher reliability of a first component and a normal of a second component,
4—a higher reliability of the both components.

The semi-Markov decision model is determined by the family of kernels

Q(δ)(t) =

⎡
⎢⎢⎢⎢⎣

0 0 H(k)
1 (t)

0 0 H(k)
2 (t)

λ
(k)
1


(k)

(
1 − e−
(k) t

)
λ

(k)
2


(k)

(
1 − e−
(k) t

)
0

⎤
⎥⎥⎥⎥⎦ , (15.50)

where


(k) = λ
(k1)
1 + λ

(k2)
2 , k ∈ D3, k1 = 1, 2, k2 = 1, 2.

Assume that

H(k)
1 (t) = 1 −

(
1 + α

(k)
1 t

)
e−α

(k)
1 t, t � 0, k ∈ D1, (15.51)

H(k)
2 (t) = 1 −

(
1 + α

(k)
2 t

)
e−α

(k)
2 t, t � 0, k ∈ D2, (15.52)

F1(t) = 1 − e−λ
(k1)

1 t, t � 0, k1 = 1, 2, (15.53)

F2(t) = 1 − e−λ
(k2)

2 t, t � 0, k2 = 1, 2, (15.54)

where

D3 = {1, 2, 3, 4} = {(1, 1), (1, 2), (2, 1), (2, 2)}
is the set of alternative for the state 3.

For k = 1 ∈ D3 λ
(k)
1 = λ

(1)
1 , λ

(k)
2 = λ

(1)
2 ,

for k = 2 ∈ D3 λ
(k)
1 = λ

(1)
1 , λ

(k)
2 = λ

(2)
2 ,

for k = 3 ∈ D3 λ
(k)
1 = λ

(2)
1 , λ

(k)
2 = λ

(1)
2 ,

for k = 4 ∈ D3 λ
(k)
1 = λ

(2)
1 , λ

(k)
2 = λ

(2)
2 .

(15.55)

The matrix of transition probabilities of embedded Markov chain corresponding to
the kernel (15.55) has the form

P(δ) =
⎡
⎢⎣

0 0 1
0 0 1
λ

(k)
1


(k)
λ

(k1)

2

(k) 0

⎤
⎥⎦ . (15.56)
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In this case, the solution of the system of equations (15.35) is

π1(δ) = λ
(k1)
1

2
(k)
, π2(δ) = λ

(k2)
2

2
(k)
, π3(δ) = 1

2
. (15.57)

The expected values of waiting times in states i ∈ S for decisions k ∈ Di are

m(k)
1 = 2

α
(k)
1

for k ∈ D1 = {1, 2},
m(k)

2 = 2
α

(k)
2

for k ∈ D2 = {1, 2},
m(k)

3 = 1

(k) for k ∈ D3 = {1, 2, 3, 4}.

(15.58)

In this case, the criterion function (15.33) takes the form

g(δ) = (λ
(k)
1 u(k)

1 + λ
(k)
2 u(k)

2 + 
(k) u(k)
3 )α

(k)
1 α

(k)
2

2λ
(k)
1 α

(k)
2 + 2λ

(k)
2 α

(k)
1 + α

(k)
1 α

(k)
2

. (15.59)

Like in Section 15.3, we suppose that

r(k)
ij (x) = r(k)

ij ∈ R, k ∈ Di, i, j ∈ S = {1, 2, 3} (15.60)

and

u(k)
i = m(k)

i

∑
j∈S

p(k)
ij r(k)

ij , i ∈ S. (15.61)

We determine the numerical data.
Parameters of CDFs for alternatives k ∈ D1:

α
(1)
1 = 0.2, α

(2)
1 = 0.125. (15.62)

Parameters of CDFs for alternatives k ∈ D2:

α
(1)
2 = 0.25, α

(2)
2 = 0.2. (15.63)

Parameters of CDFs for alternatives k ∈ D3:

λ
(1)
1 = 0.008, λ

(1)
2 = 0.009, 
(1) = 0.017,

λ
(2)
1 = 0.008, λ

(2)
2 = 0.006, 
(2) = 0.014,

λ
(3)
1 = 0.004, λ

(3)
2 = 0.009, 
(3) = 0.013,

λ
(4)
1 = 0.004, λ

(4)
2 = 0.006, 
(4) = 0.010.

(15.64)

We have all data to start the iteration cycle of the Howard-Main and Osaki
algorithm (Tables 15.3 and 15.4). Let δ = (1, 1, 1) be the initial policy. Now the rule
has the form

g((1, 1, 1) = (λ
(1)
1 u(1)

1 + λ
(1)
2 u(1)

2 + 
(1) u(1)
3 )α

(k)
1 α

(1)
2

2λ
(1)
1 α

(k)
2 + 2λ

(1)
2 α

(1)
1 + α

(1)
1 α

(1)
2

. (15.65)
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Table 15.3 The transition probabilities and
the mean waiting times for the process

State i Decision k p(k)
i1 p(k)

i2 p(k)
i3 m(k)

i [h]

1 1 0 0 1 5
2 0 0 1 8

2 1 0 0 1 4
2 0 0 1 5

3 1 0.47 0.53 0 58.82
2 0.57 0.43 0 71.43
3 0.31 0.69 0 76.92
4 0.40 0.60 0 100.0

Table 15.4 The gain rate for the process

State i Decision k r(k)
i1 [$] r(k)

i2 [$] r(k)
i3 [$] u(k)

i

1 1 0 0 −54 −270
2 0 0 −62 −496

2 1 0 0 −58 −232
2 0 0 −64 −320

3 1 21 24 0 1328.74
2 21 28 0 1715.03
3 25 24 0 1869.93
4 25 28 0 2680.00

Using the equality, we calculate the gain g = g((1, 1, 1)). For this gain we solve the
system of equations (15.40). As the result we get the weights w1, and w2. The solution
is determined by the rules

w1 = g(p(k)
32 m(k)

2 + m(k)
3 )

p(k)
21 p(k)

32 + p(k)
31

, w2 = g(p(k)
21 m(k)

3 − p(k)
31 m(k)

2 )

p(k)
21 p(k)

32 + p(k)
31

. (15.66)

Substituting the appropriate numerical values, we obtain

g = −5.70604, w1 = 688.367, w2 = 22.8242,

�1
1 = −191.673, �2

1 = −148.046, �1
2 = −63.706, �2

2 = −68.5648,

�1
3 = 28.296, �2

3 = 29.6404, �3
3 = 27.289, �4

3 = 29.6904.

Hence,

�1 = ∅, �2 = ∅, �3 = {1, 2, 3, 4}.
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According to the algorithm, we substitute the policy (1, 1, 1) with the policy
(2, 1, 4) and we repeat procedures. Now we get

g = 27.3125, w1 = −6664.25, w2 = −109.25,

�1
1 = 1278.85, �2

1 = 771.0312, �1
2 = −30.6875, �2

2 = −42.15,

�1
3 = −31.645, �2

3 = −29.8274, �3
3 = −3.52795, �4

3 = −0.5125.

From here,

�1 = {1, 2}, �2 = ∅, �3 = ∅.

Therefore, in a next step we substitute the policy (2, 1, 4) with the policy (2, 2, 4).
In this case, we have

g = 27.7474, w1 = −175.661, w2 = −3.62188,

�1
1 = −18.8678, �2

1 = −40.0424, �1
2 = −57.0945, �2

2 = −63.2756,

�1
3 = 21.1537, �2

3 = 22.5864, �3
3 = 23.5696, �4

3 = 26.0756

and

�1 = ∅, �2 = ∅, �3 = ∅.

This means that the policy δ∗ = (2, 2, 4) maximizes the criterion function g(δ), δ ∈
D1 × D2 × D3. Recall that

2 ∈ D1—expensive renewal of a first component,

2 ∈ D2—expensive renewal of a second component,

4 ∈ D3—higher reliability of the both components.

15.8 Conclusions

SMDPs theory provides the possibility to formulate and solve the optimization
problems that can be modeled by SM processes. In such kinds of problems, we
choose the process that brings the most profit among other decisions available for the
operation. The problem requires the use of terms such as decision (alternative), policy,
strategy, gain, and criterion function. We can solve the problem of optimizing a SM
decision process with a finite number of state changes by using the algorithm that is
based on a dynamic programming method. The Bellman optimality principle plays
a crucial role in the algorithm. If the semi-Markov process describing the evolution
of the real system in a long time satisfies the assumptions of the limit theorem, we
can use the results of the infinite duration SM decision processes theory. We can
apply the Howard algorithm for finding an optimal stationary policy. This algorithm
is equivalent to the same problem of linear programming.



Summary

We can observe the phenomena and systems that change randomly during the time
in various practical situations. The theory of stochastic (random) processes allows the
modeling of random evolution of systems through the time.

The main stochastic processes considered in this book are the continuous time
semi-Markov processes (SMP) with a discrete set of states. SMP is characterized in
that, a future states of the process and their sojourn times do not depend on the past
states and their sojourn times if a present state is known. A holding time in a state
i before passing to a state j and a waiting time in state i of SMP are nonnegative
random variables with arbitrary cumulative distribution function, while for a Markov
process these random variables are exponentially distributed. So, continuous time
SMP with a discrete state space is a generalization of that type of Markov process.
The Markov process can be treated as a special case of the SMP. This kind of SMP
is constructed by the so-called Markov renewal processes that are the special case of
the two-dimensional Markov sequences. The Markov renewal process is completely
defined by the renewal kernel and an initial distribution or by another characteristics
which are equivalent to it. To construct a semi-Markov model of a real random process,
we have to specify the set of states to determine initial distribution and the kernel of
the process. However, we must remember that the nature of the real random process
that we intend to model by the SMP is consistent with its definition. In particular,
we must be convinced that in moments of state changes is preserved the memoryless
property of the process.

Concepts and equations of the SMPs theory which are discussed in Chapters 1–6
allow us to calculate the parameters and characteristics of the modeled processes,
in particular in the area of reliability and maintenance. These calculated parameters
and characteristics of the semi-Markov models enable mathematical analysis of
considered processes.

The way of building various semi-Markov models is presented in Chapters 7–14.
Chapter 15 is devoted to application of semi-Markov decision processes. Semi-

Markov decision processes theory gives the possibility to formulate and solve the
optimization problems that can be modeled by SMP. In such kind of problems decision
maker ought to chose the process which provides the greatest profit. Terms such as
decision (alternative), policy, strategy, gain, criterion function are the basic concepts
of the semi-Markov decision processes theory. The problem of optimization of a SM
decision process with a finite number of state changes is solved by the algorithm which
is based on a dynamic programming method. The Bellman optimality principle plays
a crucial role in the algorithm. If the semi-Markov model satisfies the assumptions of
the limit theorem we can apply the Howard algorithm for finding an optimal stationary
policy. This algorithm is equivalent to the some problem of linear programming.
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Notation

N0 set of natural numbers {0, 1, 2, . . .}
N set of positive natural numbers {1, 2, . . .}
R set of real numbers
R+ set of nonnegative real numbers [0, ∞)

(�, F , P) probability space
S state space or phase space
{X(t) : t ∈ T} stochastic process or random process
T set of parameters
{x(t) : t ∈ T} trajectory or realization of the random process
pij(u, s) transition probabilities from the state i at the moment u

to the state j at the moment s of the Markov process
pij(t) transition probability from the statei to the state j during

the time tof the homogeneous Markov process
MC Markov chain
HMC homogeneous Markov chain
EMC embedded Markov chain
pij transition probabilities of HMC
P matrix of transition probabilities of HMC
πi stationary probability of the state i of HMC
π stationary probability distribution of HMC
MRP Markov renewal process
{(ξn,ϑn) : n ∈ N0} MRP
Q(t) renewal matrix
Qij(t) element of the renewal matrix
qij(t) density of the renewal matrix element
p initial distribution of MRP
pi initial probability of the state i of MRP
SM semi-Markov
SMP semi-Markov process
{X(t) : t � 0} SMP
{(ξn, τn) : n ∈ N0} two-dimensional Markov chain
{X(τn) = ξn : n ∈ N0} embedded Markov chain (EMC) of SMP
{ϑn : n ∈ N0} sequence of sojourn times in states of SMP
{τn : n ∈ N0} sequence of jump moments of SMP
CDF cumulative distribution function
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Fij(t) CDF of a holding time in the state i
if the next state is j

Gi(t) CDF of a waiting time in the state i
sms(t) sample path of SMP in the interval [0, t]
P̂ij(t) likelihood estimator of the transition probability pij
Nij(t) direct number of transitions from the state i to j in the interval

[0, t] of SMP
Ni(t) number of jumps to the state i of SMP in the interval [0, t]
NHSMP nonhomogeneous semi-Markov process
Q(t, x) the kernel of the NHSMP
Qij(t, x) element of the NHSMP kernel
Tij(t) holding time of NHSMP
Fij(t, x) CDF of the holding time in the state i if the next state

is j for NHSMP
Gi(t, x) CDF of the waiting time in the state i of NHSMP
Pij(t, s) interval transition probabilities of NHSMP
�A number of jumps to the first arrival at the set of states A ⊂ S

of the SMP
fiA(m) conditional probability of m SMP jumps to the first arrival

at the subset of states A of SMP, if the initial state is i
�iA first passage time from the state i ∈ A

′
to the subset A

	iA(t) CDF of the random variable�iA

q̃ij(s) Laplace-Stieltjes (L-S) transform of the functionQij(t)
q̃(s) L-S transform of the renewal kernel Q(t)
q̃A′(s) L-S transform of the renewal kernel submatrix [q̃ij(s) : i, j ∈ A′]
PA′ submatrix [pij : i, j ∈ A

′ ] of transition probabilities of EMC
E(�iA) expected value of the random variable�iA
E(�iA) second moment of the random variable �iA

�jj first return time to the state j of the SMP
	jj(t) CDF of the random variable�jj
Pij(t) interval transition probability from the state i to j
Pj(t) probability of the state j at the moment t of PSM
Pj limiting probability of the state j of SMP
Qε(t) renewal kernel of perturbed SMP
Vij(t) number of visits of SMP in the state j ∈ S on the interval [0, t]

if the initial state is i ∈ S
Wij(t, n) probability distribution of the process {Vij(t) : t ∈ R+}
Hij(t) expected value of the random variable Vij(t)
{K(t) : t � 0} additive functional of the alternating process
T(x) moment of achieving the level x by the random variable K(t)
{Kij(t) : t � 0} global (cumulative) sojourn time of the state j in the interval [0, t]

if an initial state is i
Tij(x) moment of exceeding a level x by a summary sojourn time of the

state j of SMPuntil an instant t if the initial state is i
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{L(t) : t � 0} integral functional or cumulative process of SMP
IA(x) indicator or characteristic function of a subset A
N (m, σ) normal distribution with expectation m and standard deviation σ
ψ system structure function
T(k)[l] l-level lifetime or lifetime to level l of the kth component

R(k)zk[l](t) reliability function to level l of the kth component
R(k)(t) multistate reliability function of the kth component of the system
R(k) multistate reliability function of the kth component of the system
R(t) multistate reliability function of the system
Xkr(t) the binary random variables
ψj the system level indicators
SMDP semi-Markov decision process
δi(n) decision in the stage n of SMDP
Di set of decisions δi(n) = k in each state i ∈ S of SMDP
δ(n) policy in the stage n of SMDP
d strategy of SMDP
Q(k)ij (t) element of the SMDP kernel for decision k ∈ Di

rk
ij(x) “yield rate” of state i at an instant x when the successor state is j

and k is a chosen decision
R(k)ij (t) reward that the system earns by spending a time t in a state i

before making a transition to state j, for the decision k ∈ Di

b(k)ij bonus in a state i before making a transition to state j, for the
decision k ∈ Di

u(k)i expected value of the gain that is generated by the process
i in the state at one interval of its realization for the decision k ∈ Di
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