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Preface

The semi-Markov processes were introduced independently and almost simultane-
ously by Levy [70], Smith [92], and Takacs [94] in 1954-1955. The essential develop-
ments of semi-Markov processes theory were proposed by Pyke [85, 86], Cinlar [15],
Koroluk and Turbin [60-62], Limnios [72], Takacs [95]. Here we present only semi-
Markov processes with a discrete state space. A semi-Markov process is constructed
by the Markov renewal process, which is defined by the renewal kernel and the initial
distribution or by other characteristics that are equivalent to the renewal kernel.

Semi-Markov Processes: Applications in System Reliability and Maintenance
consists of a preface, 15 relatively short chapters, a summary, and a bibliography.

Chapter 1 is devoted to the discrete state space Markov processes, especially
continuous-time Markov processes and homogeneous Markov chains. The Markov
processes are an important class of the stochastic processes. This chapter covers
some basic concepts, properties, and theorems on homogeneous Markov chains and
continuous-time homogeneous Markov processes with a discrete set of states.

Chapter 2 provides the definitions and basic properties related to a discrete state
space semi-Markov process. The semi-Markov process is constructed by the so-called
Markov renewal process. The Markov renewal process is defined by the transition
probabilities matrix, called the renewal kernel, and by an initial distribution or by
other characteristics that are equivalent to the renewal kernel. The concepts presented
are illustrated by some examples. Elements of the semi-Markov process statistical
estimation are also presented in the chapter. Here, the estimation of the renewal kernel
elements is considered by observing one or many sample paths in the time interval,
or given number of the state changes. Basic concepts of the nonhomogeneous semi-
Markov processes theory are also introduced in the chapter.

Chapter 3 is devoted to some characteristics and parameters of the semi-Markov
process. A renewal kernel and an initial distribution contain full information about the
process and they allow us to find many characteristics and parameters of the process,
which we can translate on the reliability characteristics in the semi-Markov reliability
model. The cumulative distribution functions of the first passage time from the given
states to a subset of states, and expected values and second moments corresponding to
them, are considered in this chapter. The equations for these quantities are presented
here. Moreover, the chapter discusses a concept of interval transition probabilities
and the Feller equations are also derived. Karolyuk and Turbin theorems of the
limiting probabilities are also presented here. Furthermore, the reliability and main-
tainability characteristics and parameters in semi-Markov models are considered in the
chapter.
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Chapter 4 is concerned with the application of the perturbed semi-Markov pro-
cesses in reliability problems. The results coming from the theory of semi-Markov
processes perturbations allow us to find the approximate reliability function. The
perturbed semi-Markov processes are defined in different ways by different authors.
This theory has a rich literature. In this chapter we present only a few of the simplest
types of perturbed SM processes. All concepts of the perturbed SM processes are
explained in the same simple example. The last section is devoted to the state space
aggregation method.

In Chapter 5 the random processes determined by the characteristics of the semi-
Markov process are considered. First is a renewal process generated by return times
of a given state. The systems of equations for the distribution and expectation of them
have been derived. The limit theorem for the process is formulated by the adoption of
a theorem of the renewal theory. The limiting properties of the alternating process and
integral functionals of the semi-Markov process are also presented in this chapter. The
chapter contains illustrative examples.

The semi-Markov reliability model of two different units of a renewable cold
standby system and the SM model of a hospital electrical power system are discussed
in Chapter 6.

In Chapter 7, the model of multistage operation without repair and the model with
repair are constructed. Application of results of semi-Markov process theory allowed
to calculate the reliability parameters and characteristics of the multistage operation.
The models are applied for modeling the multistage transport operation processes.

In Chapter 8, the semi-Markov model of the load rate process is discussed. The
speed of a car and the load rate of a ship engine are examples of the random load rate
process. The construction of discrete state model of the random load rate process with
continuous trajectories leads to the semi-Markov random walk. Estimating the model
parameters and calculating the semi-Markov process characteristics and parameters
give us the possibility to analyze the semi-Markov load rate.

Chapter 9 contains the semi-Markov model of the multitask operation process.

Chapter 10 is devoted to the semi-Markov failure rate process. In this chapter,
the failure rate is assumed to be a stochastic process with nonnegative and right-
continuous trajectories. The reliability function is defined as an expectation of a
function of that random process. Particularly, the failure rate can be defined by
the discrete state space semi-Markov process. The theorem concerning the renewal
equations for the conditional reliability function with a semi-Markov process as a
failure rate is presented. The reliability function with a random walk as a failure rate
is investigated. For Poisson failure rate process and Furry-Yule failure rate process the
reliability functions are presented.

In Chapter 11, time to a preventive service optimization problem is formulated. The
semi-Markov model of the operation process allowed us to formulate the optimization
problem. A theorem containing the sufficient conditions of the existing solution is
formulated and proved. An example explains and illustrates the presented problem.

In Chapter 12, a semi-Markov model of system component damage is discussed.
The models presented here deal with unrepairable systems. The multistate reliability
functions and corresponding expectations, second moments, and standard deviations



Preface xiii

are evaluated for the presented cases of the component damage. A special case of the
model is a multistate model with two kinds of failures. A theorem dealing with the
inverse problem for a simple damage exponential model is formulated and proved.

In Chapter 13, some results of investigation of the multistate monotone system
with components modeled by the independent semi-Markov processes are presented.
We assume that the states of system components are modeled by the independent
semi-Markov processes. Some characteristics of a semi-Markov process are used as
reliability characteristics of the system components. In the chapter, the binary repre-
sentation of the multistate monotone systems is discussed. The presented concepts and
models are illustrated by some numerical examples.

The semi-Markov models of functioning maintenance systems, which are called
maintenance nets, are presented in Chapter 14. Elementary maintenance operations
form the states of a SM model. Some concepts and results of Semi-Markov process
theory provide the possibility of computing important characteristics and parameters
of the maintenance process. Two semi-Markov models of maintenance nets are
discussed in the chapter.

In Chapter 15, basic concepts and results of the theory of semi-Markov decision
processes are presented. The algorithm of optimizing a SM decision process with a
finite number of state changes is discussed here. The algorithm is based on a dynamic
programming method. To clarify it, the SM decision model for the maintenance
operation is shown. The optimization problem for the infinite duration SM process
and the Howard algorithm, which enables us to find the optimal stationary strategy
are also discussed here. To explain this algorithm, a decision problem for a renewable
series system is presented.

The book is primarily intended for researchers and scientists dealing with mathe-
matical reliability theory (mathematicians) and practitioners (engineers) dealing with
reliability analysis. The book is a very helpful tool for scientists, Ph.D. students, and
M.Sc. students in technical universities and research centers.
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Discrete state space Markov
processes

Abstract

The Markov processes are an important class of the stochastic processes. The Markov
property means that evolution of the Markov process in the future depends only on the
present state and does not depend on past history. The Markov process does not remember
the past if the present state is given. Hence, the Markov process is called the process with
memoryless property. This chapter covers some basic concepts, properties, and theorems on
homogeneous Markov chains and continuous-time homogeneous Markov processes with a
discrete set of states. The theory of those kinds of processes allows us to create models of
real random processes, particularly in issues of reliability and maintenance.

Keywords: Markov process, Homogeneous Markov chain, Poisson process, Furry-Yule
process, Birth and death process

1.1 Basic definitions and properties

Definition 1.1. A stochastic process {X(¢) : t € T} with a discrete (finite or countable)

state space S is said to be a Markov process, if for all i,j, ig,i1,...,in—1 € S and
10,8, sty tynr1 € Ry suchthat 0 <fg <t < -+ -ty < tyy1,
PX(tn+1) = j1 X(tn) = L, X(ty—1) = in—1,...,X(f0) = i0)
= PX(tnt1) =J | X(tn) = 1). (1.1)
If t0,11,...,t,—1 are interpreted as the moments from the past, #, as the present

instant, and 7,41 as the moment in the future, then the above-mentioned equation says
that the probability of the future state is independent of the past states, if a present
state is given. So, we can say that evolution of the Markov process in the future
depends only on the present state. The Markov process does not remember the past if
the present state is given. Hence, the Markov process is called the stochastic process
with memoryless property.

From the definition of the Markov process it follows that any process with
independent increments is the Markov process.

If T =Ny ={0,1,2,...}, the Markov process is said to be a Markov chain, if T =
R4 = [0, 00), it is called the continuous-time Markov process. Let t, = u, t,41 = 7.
The conditional probabilities

piju,s) = P(X(t) =j|X(w) =1), i,jeS (1.2)

are said to be the transition probabilities from the state i at the moment u, to the state
j at the moment s.

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00001-6
Copyright © 2015 Elsevier Inc. All rights reserved.
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Definition 1.2. The Markov process {X(¢) : ¢t € T} is called homogeneous, if for all
i, jeSandu, s € T,suchthat0 < u < s,

pij(u, s) = pij(s — u). (1.3)
It means that the transition probabilities are the functions of a difference of the
moments s and u. Substituting t = s — u we get

pii®) = PX(s —u) =jIX(u—u) =i) =PX@® =jlX0) =1, ijes, t=>0.

The number p;;(7) is called a transition probability from the state i to the state j
during the time t.

If {X(r) : t € Ry} is a process with the stationary independent increments, taking
values on a discrete state space S, then

pilH) = PG+ ) = jiX(hy = iy = PXUTW =) X =1

P(X(h) = i)
_ PX(t+h) — X(h) =j—i, X(h) = i)
B P(X(h) = i)
_ PX(t+h) —Xh) =j—)PXh) =i
- P(X(h) =)

=PX(t+h) —X(h) =j— ).

Therefore, any process with the stationary independent increments is a homoge-
neous Markov process with transition probabilities

pi(t) = P(X(t + ) — X(h) =j —i). (1.4)

For the homogeneous Markov process with a discrete state space, the transition
probabilities satisfy the following conditions:

(@) pij(n) 20, 1T,

b (0 =1,
(b) ieZSpJ(t) (15)

(© pijt+s) =Y pixpij(s), teT, s>0.
keS

The last formula is known as the Chapman-Kolmogorov equation.

1.2 Homogeneous Markov chains

As we have mentioned, a Markov chain is a special case of a Markov process. We
will introduce the basic properties of the Markov chains with the discrete state space.
Proofs of presented theorems omitted here may be found in Refs. [3, 9, 22, 47, 88, 90].

1.2.1 Basic definitions and properties

Now let us consider a discrete time homogeneous Markov process {X, : n € Np},
having a finite or countable state space S that is called a homogeneous Markov chain
(HMC). Recall that for each moment » € N and all states i, j, ig, . . ., i—1 € S there is



Discrete state space Markov processes 3

PXnv1 =j|1 Xn =i, Xp—1 = in-1,...,X1 = i1,X0 = ip)
=PXnp1 =Jj1Xn =1) (1.6)
whenever
PX, =i,Xy—1 =in-1,...,X1 =i1,X0 =ip) > 0.
Transition probabilities of the HMC
piin,n+1) =PXn+1)=jXn) =10, ijes, neNy (L.7)
are independent of n € Npy:
piin,n+1) =pj, i,jeS, neNo. (1.8)
The square number matrix
P = [p,j: i,jeS] 1.9

is said to be a matrix of transition probabilities or transition matrix of the HMC
{X(n) : n € Np}. It is easy to notice that

Vijespij =20 and Vieg Zp,‘j =1. (1.10)
jes

The matrix P = [p,-j 1i,j € S] having the above-mentioned properties is called a
stochastic matrix. There exists the natural question: Do the stochastic matrix P and
discrete probability distribution p(0) = [p; =i : i € S] define completely the HMC?
The following theorem answers this question.

Theorem 1.1. Let P = [p;; : i,j € S] be a stochastic matrix and p = [p; : i € S] be
the one-row matrix with nonnegative elements, such that Y_ p; = 1. There exists a
ieS
probability space (€2, F,P) and defined on this space HMC {X(n) : n € Ny} with the
initial distribution p = [p; : i € S] and the transition matrix P = [p;; : i,j € S].
Proof: [9, 47].
From (1.6) we obtain

P(Xo =10, X1 =11,...,Xn = In) = PiyPigi1Piris - - - Pin_1in- (1.11)
A number
pij(n) = P(X(n) =j|X(0) =i) = PX(n+w) =jIX(w) =) (1.12)

denotes a transition probability from state i to state j throughout the period [0, 7], (in
n steps). Now, the Chapman-Kolmogorov equation is given by a formula

piim+1) =Y pu(mpy(r), ijeS (1.13)
keS
or in matrix form
P(m +r) = P(m)P(r),
where P(n) = [pjj(n) : i,j € S].
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From the above equation we get

Pny=PA+1+4+---+1)=P1)-P1)----- P(l)=P-P---P=P" (1.14
We suppose that

P0) =1, (1.15)

where I is a unit matrix.
One-dimensional distribution of HMC we write as a one-row matrix

pm) = [pjm) :jeS], pim)=PXn =) (1.16)
Using the formula for total probability and the Markov property, we obtain

p(n) =pO)P", (1.17)

p(n) =pn—1)P. (1.18)

A stationary probability distribution plays a major role in the theory of Markov chains.
Definition 1.3. A probability distribution

T =[m:ieS] (1.19)

satisfying a system of linear equations

Y mpj=m, jeS and Y m=1 (1.20)
ieS ieS
is said to be a stationary probability distribution of the Markov chain with transition
matrix P = [p,-j 1i,j € S].
A system of linear equations (1.20) in the matrix form is

anP=n, nl=][1], (1.21)

where 1 is a one-row matrix in which all elements are equal to 1.

Suppose that the initial distribution p(0) is equal to the stationary distribution
s P. Note that for n = 1 we have p(1) = p(0)P = xP = n. For n = k we suppose
pk) =n.Forn=k+ 1 weobtainp(k+ 1) =p(k)P =np = .

Therefore, we jump to the conclusion: if the initial distribution is equal to
the stationary distribution, then the one-dimensional distribution of the Markov
process p(n) = [p(n) : i € S] does not depend on n and it is equal to the stationary
distribution

& =pn) forall n € Np. (1.22)

1.2.2 Classification of states

The properties of HMC depend on the shape of the matrix P. For convenience, we can
describe the evolution of HMC using a graph G = {(i, (i,))) : i,j € S} corresponding to
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the matrix P. The vertices i € S denote the states of HMC and the arrows (i,j) € § x S
correspond to the positive probabilities p;;. When p;; = 0, the corresponding arrow is
omitted. First, we will present the classification of the states of the HMC in terms of
properties of the transition probabilities p;;j(n).

A state i € S is essential, if

Vies {Fnen pij(n) > 0 = Fpen  pji(m) > 0}

A state that is not essential is called inessential. Hence, the state i € S is inessential if

Jjes {Fnen  pij(n) > 0 A Vyen pji(m) = 0},

By definition, the state i € S is inessential if it is possible to escape from it after a
finite number of steps (with a positive probability), without ever returning to it.
We say that the state j € S is accessible from the state i € S, (i — j) if

EIkEN() sz(k) > 0.

We suppose, that p;;(0) = 1 for i = j and p;;(0) = 0 for i # .
From the Chapman-Kolmogorov equation we obtain the following inequality:

pij(n +m) 2= pix(n)pii(m).

From this inequality, it follows that the above-mentioned relation is transitive:

(i=>k A k=) = @@—=)).

States i,j € S communicate (i <> j), if state j is accessible from i and i is accessible
from j. From this definition it follows that the relation <> is symmetric and reflexive.
It is easy to verify the following implication:

(i< )AGok) =< k). (1.23)

Because the relation < is transitive, it means that <> is the relation of equivalence.
Hence, the set of the essential states separates into a finite or countable number of
disjoint sets S1, 52, ..., each of them consisting of the communicating sets but the
passage between states belonging to different sets is impossible. The sets Si,52, ...
are called classes or indecomposable classes (of the essential communicating sets). A
Markov chain is said to be indecomposable if its states form a single indecomposable
class.

A state j € S has a period d, if

1. d>1
2. pjj(n) >Qonlyforn=m-d, m=1,2,...
3. dis the largest number satisfying 2.

Consequently, we can say that the state j € S has the period d, if the number d >
1 is the greatest common divisor of all numbers from the set {n € N : pji(n) > 0}.
Notice that all states of a single indecomposable class have the same period. If d = 1,
the state j is said to be aperiodic.
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Example 1.1. For illustration we consider the Markov chain with a set of states
S =1{1,2,3,4,5} and a transition matrix

0505 0 00

0O 0 1 00

P=| 0 040600

0 O 01

0 O 10

The flow graph of this matrix is shown in Figure 1.1. State 1 is inessential; however,

states 2, 3, 4, and 5 are essential. States 4 and 5 are mutually accessible. States 1, 2,

and 3 are not accessible from states 4 and 5 and state 1 is not accessible from states

2, 3,4, and 5. States 2 and 3 communicate, and 4 and 5 also communicate. A subset

{2,3,} and {4, 5} form disjoint classes of essential communicating states. States 4 and
5 are periodic with period d = 2; however, states 1, 2, and 3 are the aperiodic states.

We shall introduce some main concepts that are important, especially in the case of

HMC with a counting state space. A random variable

As = min{n € N : X, € A} (1.24)

denotes a moment of the first arrival to subset of states A by HMC {X,, : n € Ny}
A C S. Let us add that for A = {j}, a random variable A{;; = A; denotes a moment of
the first achievement of state j € S.

Notice the equality of the following events:

(Ap=m)={Xp A Xn1€A,....X1 €A} form=2,3,...,
{Aa =1} ={Xi € A},

{Ax =00} =[){Xx €4,

k=1
{Ax < oo} = X e A} = (a4 = m).
k=1 k=1
The number
Jia(m) = P(Ap =m|Xo = i) (1.25)

is the probability of the first arrival to the subset A at the moment m, if an initial state
is i. Notice that

PX, €A, Xy 1€A,.... X1 €A Xo=10), m=2,3,...
fia(m) = " " (1.26)
P(Xy € AlXp = 1), m=1.
) —
O—@—
T
® —®

Figure 1.1 Flow graph corresponding to the matrix P.
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For A = {j} we obtain a probability of the first arrival to the state j at the moment
m, if the initial state is i.

P =j. X1 #Jjo.... X1 £j|Xo=10), m=2,3..

jim) = 1.27
B =1 by = o =, m=1. (120
Let
fia = P(Ax < 00[Xo = 1i). (1.28)
It is easy to notice that
o
fia="Y_ fu(m). (1.29)
m=1

For A = {j} we have

fi=P{Aj<oo|Xo=i)= ) fim). (1.30)

m=1

This formula provides a following conclusion:
Proposition 1.1. The state j € S is accessible from the state i # j if and only if

fij > 0.
We say that a subset of states A is strongly accessible from i (i 4 A)if fia = 1[32].

. . . A R
A state j is strongly accessible fromi e S, (i — j)if fij = 1.
A state j is called recurrent, if

fi=1 (1.31)
and nonrecurrent, if
Ji <L (1.32)

Proposition 1.2. The state j is recurrent if and only if

> piin) = o0 (1.33)
n=1

Proposition 1.3. If state j is recurrent and i <> j, then state i is also recurrent.
Proof: [47, 88].
Proposition 1.4. If the state j is nonrecurrent, then

> piin) < oo (1.34)

n=1
The average time of return is given by a formula

o0

=Y nfjn). (1.35)

n=1
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A recurrent state is positive if
0<upj<oo (1.36)

and it is null if
Wj = 00. (1.37)

Example 1.2. Consider the Markov chain with transition probability matrix

1
34 -

~

I
oo —3-
o~ oy~

0
0
1

A graph corresponding to this matrix is shown in Figure 1.2.
The Markov chain consists of one indecomposable class of states. Notice that

1
— . IR TR [ — and
S11(n) = pin - pan—1 P = o
o0 o0 1
= = — =1
f=)_mm Zn(n—}—l)
n=1 n=1
It means that 1 is a recurrent state. However, the average time of return is
o o0 1
M1=2;nf11(n)=22n+1 =00
n= n=

It means that this state is null.
Example 1.3. The Markov chain with transition probability matrix

o — ORI~
— O OoOR~
S o o~

~
I
S O ==

as in the previous case consists of one indecomposable class of states. As before, we
calculate

1 ad ® 1
f11(n)=2—n and f11=§f11(ﬂ)=;2—n:1.

o\
D —@—@— @0 o o

Figure 1.2 Flow graph of the matrix P.
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Therefore, state 1 is recurrent. The average time of return is
=1
n1 = n 2—n
n=1

Using the Cauchy criterion, we study the convergence of the series. Because

. n 1
lim | — = -,
n—oo \ 21 2

the series converges. So, the recurrent state 1 is positive.

Definition 1.4. The recurrent positive and aperiodic state i € S is called an ergodic
state.

Proposition 1.5. If the state space of a Markov chain is finite, then there exists at
least one recurrent state.

Proof: [47].

Theorem 1.2. If i is a recurrent state and the states i and j communicate, then the j is
also recurrent.
Proof: [47].

1.2.3 Limiting distribution

One-row matrix
p=Ipi : ieS], wherep;= lim p;(n) (1.38)
n—oQ

is said to be limiting distribution of HMC {X,, : n € Nyp}.

Theorem 1.3 (Shiryayev [88]). For HMC with a countable states space S, there exists
a unique stationary distribution if and only if the space of states S contains exactly one
positive recurrent class (of essential communicating states) C.

Theorem 1.4 (Shiryayev [88]). A limit distribution of HMC {X(n) : n € Ny} with a
countable states space S exists if and only if the space S contains exactly one aperiodic
positive recurrent class C such that f;; = 1 for all j € C and i € S. Moreover, the
limiting distribution is equal to the stationary distribution

p=nm (1.39)
and forallj € Candi e S
. . 1
pj = lim pj(n) = lim p;(n) = —. (1.40)
n— o0 n— o0 /“(’J
A random variable

vi(n) = 8ixy + -+ 8ixm (1.41)
denotes the “time” being spent in a state j during time {1, 2, ..., n}. Notice that

E[vi(m)|X(0 =i] = E[8jx1)|X(©0) = i] + -+ - + E[8jx|X(0) = i]
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and
E [8ixw|X(0) = i] = 0- P{X (k) # jIX(0) = i} + 1 - P{X(k) = jI(0) = i}
= pij(k).
Hence,
n
E[vi(n)|X(0) =i] = Z pii(k). (1.42)
k=1
For any HMC, the limit in the Cesaro sense always exists and
1 fi
gj = Jim ~ > pit ==L, (1.43)
k=1 Hi

If the HMC has one positive recurrent class of states, then the numbers g;;, i,j € S
do not depend on an initial state i € S and they form a stationary distribution

1.3 Continuous-time homogeneous Markov processes

Let {X(¢) : t > 0} be a discrete (finite or counting) state space S Markov process with
the piecewise constant and the right-hand side continuous trajectories.

Let 7o = 0 denote the start moment of the process and 11, 72, ... represent the
successive moments of its state changes. A random variable T; = 1,41 — 7, |X (1) =
i, i € S denotes the time spent in state i when the successor state is unknown.
The random variable 7; is called the waiting time in state i [45]. The Chapman-
Kolmogorov equation enables proof [17, 47], that the waiting time of a state i always
has an exponential distribution with a parameter A; > 0:

Gi()=P(T; <1 =P(tyy1 — 1, <t|X(m) =i)=1—e™' 1>0,i€eS.
(1.45)
The inverse implication for the discrete state space process with the piecewise
constant and the right-hand side continuous trajectories is also true; if the waiting
times for all states i € S are exponentially distributed then the stochastic process is the

Markov process [17, 47].
A square matrix P(r), the elements of which are the functions

pi() = P(X(1) =j | X(0) = i) = PX(t + 1) =jX(x)), j€S, t,r,t+1€T,
(1.46)

is called a transition probabilities matrix. The Chapman-Kolmogorov equation in
matrix form is

P(s+ 1) =P(s)P(1). (1.47)
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For discrete state space homogeneous Markov processes, there always exist the
limits [26]

1 — pii(h
pi=tim 2 o e, (1.48)
h—0 h
and
.piith)y
XU:I}E}})T’ i#jes, (1.49)
A number A;; is called a transition rate from the state i to j.
Let
_pith)—1 .
ki = —hi = lim T i€s. (1.50)
A square matrix
A=[rj:ijeSs] (1.51)
is said to be a transition rate matrix. This matrix has the following properties:
Vitieshij 2 0, Vieshi <0, Vies Z)»ij =0. (1.52)
jes

From the last identity we get

i ==Y M. (1.53)
J#
Subtracting from both sides of this equality a transition probability p;;(f) and
dividing by & we obtain
pi(h) — 1
Y .

it + 1) = pi(®) _ " oo pii(h)

A 7 + pii(®

kj
Passing to a limit with # — 0 we obtain
dpij (1)

= 2Pkl ijES. (1.54)

keS
An initial condition has the form
1 forj=i
p’f(o)_‘slf_{o for j # i. (1.55)
In matrix form the system of differential equations (1.54) is given by
dP(z)
TR PHA, PO =1 (1.56)
We construct a system of differential equation for a first-order distribution of the
Markov process in a similar way:

pUs ) =pjt) =PX(@) =j), jeS. (1.57)
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Using the law of total probability we get
pit+h) =Y pipy(h), je€S.
ieS
Subtracting from both sides of the equality a probability p;(¢), dividing both sides
by &, and passing to a limit with 4 — 0, we obtain

Pity =" piOrj JES. (1.58)
ieS
The initial conditions in this case are
pi(0) =p), ies. (1.59)

Usually, those kinds of equations are solved by applying the Laplace transform:

o
Lipi(n] = pi(s) = / pi(ne™dr.
0
Using a property

L[pi(t)] = spi(s) — pi(0), (1.60)

by transformation of a system of the differential equations (1.58), we obtain a system
of linear algebraic equations with unknown transforms p;(s), j € S:

spj(s) —pj(0) =Y _pi(s)hij, JES.
ieS
This system of equations in matrix form is as follows:
(s = AT)P(s) = P(0), (1.61)
where
P(s) = [pi(s) i € S]T, P0) =[pi(0):ieSI", A=[r:ijeSI

We can investigate a limit behavior of a continuous-time Markov process as
t— oQ.
Theorem 1.5. Let {X(¢) : t > 0} be a homogeneous Markov process defined by a
transition rate matrix A = [k,-j 1i,j € S]. If there exists the limit probabilities

lim p;(t) = lim p;i(t) =p;, j€ES, (1.62)
— 00 t—00
then they satisfy the system of linear equations
Y opirj=0,jes, > pi=1 (1.63)
ieS jes
To find the limit distribution of the process we have to solve the above-mentioned
system of linear equations.
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1.4 Important examples

1.4.1 Poisson process

From the definition of the Poisson process [3, 7, 9, 17, 23, 28, 55, 71] it follows that
it is the process with stationary independent increments and

(nk At
PX(@t+h) —Xh) =k = Te , keS, forallt>0,h>0
Each process with stationary independent increments is a homogeneous Markov
process with transition probabilities

pij(t) = P(X(t+ h) — X(h) =j —i). (1.64)

Hence, the Poisson process is the homogeneous Markov process with the transition
probabilities given by
Aty
iy =0 e ijes jzizo. (1.65)
G—0!
From the definitions (1.48) and (1.49) we will calculate the transition rates of the
Poisson process. For j = i we have
. piith) — 1 et —1
m —

li =lim —— = —A.
h—0 h h—0 h

Forj—i> 1 we get

_pij(hy ARy Tle™ [ forj—i=1
lim = lim —— = o .
h—0 h =0 (G—i!h 0 forj—i>1

Taking into account the properties of a transition rate matrix we get

-2 A2 0 0 O0...
0O —x 2 0 0 ...

A= 8 8—0K f\kgm : (1.66)

1.4.2 Furry-Yule process

The continuous-time Markov process with a countable state space S = {0,1,2,...}
and a transition rate matrix

—A A 0 0 0
0 =22 22 0 0 ...

A = 0 0 —-3x 3x» 0 ... (1.67)
0 O 0 —4x4xr ...
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is said to be a Furry-Yule process. The Furry-Yule process is a special case of the

so-called birth process.

1.4.3 Finite state space birth and death process

The continuous-time Markov process with finite state space S = {0, 1,2,...,n} and a

transition rate matrix

0
0
0

—Ao Ao 0 0O ... O 0
nr —(u1r + A1) A 0O ... 0 0
0 M2 —(u2+42) A2 ... O 0
A= . ) ) .
0 0 0 0 ... ptnet —(a—1 +Aa1) Aned
Lo 0 0 0 0 n

—Hn

(1.68)

is called a finite state space birth and death process. In this case, a linear system of

deferential equations (1.58) takes the form

Po() = —xopo(®) + w1 p1(),

Pr(®) = A—1pk—1(0) — (uk + A)pr(@) + pip1prr1(®), k=1,...

Pu(®) = A 1Pn—1(8) — pnpu(t).
The initial conditions are
pi(0) = p}.

The limiting distribution

ieS=1{0,1,...,n

P = lim pi(7)
—00
can be obtained by solving a system of linear equations

—Aopo + m1p1 =0,

Ae—1Pk—1 — (i + A)pk + ks1prer1 =0, k=1,...

An—1Pn—1 — MnPn = 0,
po+pi+---+pa=1

To solve the system of equations we make the substitution

Xk = (kPk — M—1Pk—1, k=1,2,...,n.

s n— 19

(1.69)

(1.70)

(1.71)

(1.72)

(1.73)
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The main part of the system of equations (1.72) takes the form

x1 =0,
Xp— X1 =0, k=1,2,....,n—1, (1.74)
x, =0
Hence,
xx =0 fork=1,2,...,n
Thus,
Py
=" k=12,....n (1.75)
Ik
We get
AOATL - Ag—
pr= L k=12, (1.76)
M2 - [k

Using the condition

po+pit+-+pa=1

we get
! (L.77)
po = n AoAL.Ak—1 " ’
1+ Zl [

The equalities (1.76) and (1.77) describe the limiting distribution of the birth and
death process. This process has numerous applications, particularly in queuing theory
and reliability.

1.5 Numerical illustrative examples

Example 1.4 (Markov Alternating Process).
A two state birth and death process is called a Markov alternating process. It means
that the state space of this process is § = {0, 1} and its transition rate matrix is given by

A= [ o Ao } . (1.78)
H1 o —H
We substitute Ao = @ and 1 = A. In this case, a linear system of deferential
equations (1.69) takes the form
po(®) = —ppo(t) + Api(), (1.79)
Pi(t) = upo(® — Ap1(1). '
We assume that the initial conditions are
po(0) =0, p1(0)=1. (1.80)
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Corresponding to (1.79) and (1.80), the system of linear equations for the Laplace
transforms is

spo(s) = —upo(s) + A p1(s),
spi1(s) =1 = ppo(s) — Ap1(s). (1.81)

The solution of this equations system is

3 Y

PO = T (L82)
sy S |
p s(s+r+wp)

Calculating the inverse Laplace transform we obtain the probabilities of states.

polt) = —[1 — e~0H01],

A Z S (1.83)
pi() = —— + ——e MWL,
A+u A4 p

The above model can be applied in reliability theory. In this theory, 0 means a
state of a technical object failure (“down state”) and 1 denotes a working state (“up
state”). In the reliability model, the random variable, say 7, denoting a duration of the
“down state” is equal to the repair time (or renewal time) and it has the exponential
distribution with parameter p. The duration of the “up state” is a random variable,
say ¢, that means a lifetime or time to failure and it is governed by the exponential
distribution with parameter A. The functions po(¢),t > 0 p1(¢),t > 0 given by (1.83)
describe probabilities of the “down” and “up” states at the time.

Example 1.5 (Markov Model of Renewable Two-Component Series System).
We will consider the reliability model of a renewable two-component series system
under the assumption that the times to failure of both components denoted as ¢, {» are
exponentially distributed with parameters A1 and A,. We also suppose that the renewal
(repair) times of components are the random variables 11, 2 having the exponential
distribution with parameters 1, u. We assume that the above-considered random
variables and their copies are mutually independent. To construct a random model
describing behavior of the system in reliability aspect we start from determining the
system states.

1. The system renewal after the failure of the first component (down state)
2. The system renewal after the failure of the second component (down state)
3. Work of the system, both components are up

Notice, that cumulative distribution functions of waiting times for the states 1, 2, 3
and for ¢ > 0 are

P(T <) =Pm <0 =1—e M,
P(Ty <) =Pl <) =1—e ",
P(T3 < 1) = P(min{¢y, &) < 1) = 1 — e~ P1H22)1,

It means that waiting times for all states are exponentially distributed. Therefore,
the reliability model of the considering system is a Markov process. To determine this
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Markov process we have to define its transition rate matrix
A=[rj:ijeS=1{1,23}].
From the model assumptions and definition (1.49), we have
pr _

A2 = 1 0,
12 hl—% h
. p13(h) P <h4oh) . 1—emh
A3 = lim =lim —— = lim ——— = uj,
=0 h h—0 h h—0 h
h
hor = lim p21(h) _o,
h—0 h
. pa(h) . PO < h)+o(h) 1 —eH2h
A3z = lim —— = lim ————— = lim ——— = uy,
=0 h h—0 h h—0 h

_opathy . PG <ho>htoth) . (1—eMhyered
A31 = lim ——= = lim = lim

= 17

h—0 h h—0 h h—0 h
_pnm . P <h i >h)+oh)  (1—e e Ml

A3y = lim ——— = lim = lim = Aj.
h—0 h h—0 h h—0 h

From (1.78) we have
Al = —p1, Ax=—u2, A3z =—(A1+2A2).
Finally, the transition rate matrix is

—Q1 M1 0
A=| 0 —wo o . (1.84)
Al A2 —(A1+A2)

Equation (1.61) for the Laplace transforms has the form

s+ur 0 = Pi(s) 0
—p1 S+ U2 ) p2@s) | =10 (1.85)

0 —u2 S+ (A1 +22) D3(s) 1
(sI — AT)P(s) = P(0). (1.86)

For
u1 =01, wpur=0.15, 11 =0.02, i, =0.01,

using the MATHEMATICA computer program we finally obtain the distribution of
the process states

p1(f) = 0.1578548 — 0.0259738e~0-1644951 _ (0.1219208¢ 01155051,
pa(f) = 0.0526316 — 0.0800327e 01644957 4 0.0274011e~0-115505¢ (1.87)
p3(1) = 0.789474 + 0.116007e 01644957 4 (0.0945198¢ 01155057,



Semi-Markov process

Abstract

This chapter provides the definitions and basic properties related to a discrete state space
semi-Markov process (SMP). The SMP is constructed by the so-called Markov renewal
process (MRP) that is a special case of the two-dimensional Markov sequence. The MRP
is defined by the transition probabilities matrix, called the renewal kernel and an initial
distribution, or by other characteristics that are equivalent to the renewal kernel. The
counting process corresponding to the SMP allows us to determine the concept of process
regularity. The process is said to be regular if the corresponding counting process has a finite
number of jumps in a finite period. The chapter also shows the other methods of determining
the SMP. The concepts presented are illustrated by some examples. Elements of the SMP
statistical estimation are also presented in the chapter. There is considered estimation of the
renewal kernel elements by observing one or many sample paths in the time interval, or a
given number of the state changes. Basic concepts of the nonhomogeneous semi-Markov
processes theory are introduced. The end of the chapter deals with proofs of some theorems.

Keywords: Markov renewal process, Renewal kernel, Semi-Markov process, Statistical
estimation of semi-Markov process, Nonhomogeneous semi-Markov process

2.1 Markov renewal processes

The semi-Markov processes (SMPs) were introduced independently and almost
simultaneously by Levy [70], Smith [92], and Takécs [94] in 1954-1955. The
essential developments of SMPs theory were proposed by Cinlar [15], Korolyuk and
Turbin [60], and Limnios and Oprisan [72]. We present only SMPs with a discrete
state space. A SMP is constructed by the Markov renewal process (MRP), which is
defined by the renewal kernel and the initial distribution or by other characteristics
that are equivalent to the renewal kernel.

Suppose that N = {1,2,...}, No={0,1,2,...}, Ry =[0,00), and S is a discrete
(finite or countable) state space. Let &, be a discrete random variable taking values on
S and let ¥, be a continuous random variable with values in the set R .

Definition 2.1. A two-dimensional sequence of random variables {(§,,7,) : n €
Np} is said to be a MRP if:

1. foralln e Ny, je S, re Ry
PEpt1 =J, %41 < tén =1,0n,...,80,00)
= PGp+1 =J,0py1 < 1§ =10), withprob. 1, 2.1
2. foralli,je S,
P&y =i,99 =0) = P(§p = ). (2.2)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00002-1
Copyright © 2015 Elsevier Inc. All rights reserved.



20 Semi-Markov Processes: Applications in System Reliability and Maintenance

From Definition 2.1, it follows that MRP is a homogeneous two-dimensional Markov
chain such that its transition probabilities depend only on the discrete component (they
do not depend on the second component).

A matrix

00 = [0y :i.jeS], (2.3)
where
Qlj(t) = P(En-i—l :j, ﬁn-ﬁ—l < t|$n =1

is called a renewal matrix.

A vector p = [p; : i € §], where p; = P{§y = i} defines an initial distribution of
the MRP.

It follows from Definition 2.1 that the Markov renewal matrix satisfies the
following conditions:

1. The functions
Q). t€ Ry, (i) €S xS

are not decreasing and right-hand continuous.
For each pair (i,j) € § x S, Q;;(0) = 0and Q;;(1) < 1fors e Ry.
3. Foreachi e S, tgrgong,j(z) =1.

1

One can prove that a function matrix Q(f) = [Q,-j(t) 1i,j € S] satisfying the above
mentioned conditions and a vector p, = [pgo) tie S] such that
0
> =
ieS
define some MRP.
From definition of the renewal matrix it follows that:

P=|[pj:ijeSs| 2.4)

pij = lim Q;;(1)
is a stochastic matrix. It means that for each pair (i,j) € S x S
pij =0

and foreachi € §

> opi=1.

jes
It is easy to notice that for each i € S
Gith) =) 040 2.5)
jes

is a probability cumulative distribution function (CDF) on R.
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Definition 2.1 leads to interesting and important conclusions.
Proposition 2.1.

P =0) = 1. (2.6)

Proposition 2.2. For a MRP with an initial distribution p, and a renewal kernel
Q(1), t > 0 the following equality is satisfied:

P& =10, &1 =1i1,01 <t,....&6 =iy, 0y < 1)

= pigQigiy (1) Oiyin (12) - - - Qi _yi, (En)- (2.7)
Fort; — oo,...,t, — 00, we obtain
P@o =i0. &1 =11,....6n = in)
= PigPioiPiri « - + Pin_1in+ (2.8)
Hence,

Proposition 2.3. A sequence {&, : n € Np} is a homogeneous Markov chain with
the discrete state space S, defined by the initial distribution p = [p,-o tip € S] and the
transition matrix P = [pij 1i,j € S], where

pij = lim 0;(1). 2.9)
Proposition 2.4. The random variables 91, . . ., ¥, are conditionally independent if
a trajectory of the Markov chain {§, : n € Ny} is given:
P <11, <., 0 < iléo =i0.61 = i1,. ... 5 = in)

[
—1= N

PO < tilék = ik, Ek—1 = ix—1)- (2.10)

~
I

1

Definition 2.2. The Markov renewal matrix Q(f) = [Q,-j(t) 1i,j € S] is called
continuous if each row of the matrix contains at least one element having a continuous
component in the Lebesgue decomposition of the probability distribution.

Example 2.1. The matrix Q(¢) = [Q;(¢) : i,j € S] with elements

Qij(t) = pijGi(t), i€,

where
t
Gi() =cliieo)y(® + (1 - C)/ hi(w)du
0

ce 0, 1), pj =0, > pij = 1 and h;(-) is a continuous probability density function,
jes
is an example of the continuous Markov renewal matrix.
Example 2.2. The Markov renewal matrix Q(f) = [Qij ®:i,je S] with elements

0ii(1) = piili1,00) (1), 1 €S,

where p;; > 0, p;j = 1 is not a continuous Markov renewal matrix.
jes
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Moreover, in this book we will assume that the Markov renewal matrix Q(f) =
[Q,j(t) 1i,j € S] is continuous.
Let
0 = Vo, 2.11)
=01 +%+ - +%neN,
Too = lim 7, = sup{z, : n € No}.
n—o0
Theorem 2.1 (Korolyuk and Turbin [60]). The sequence {(&,, t,) : n € Np} is a two-
dimensional Markov chain with transition probabilities
P(E"H’l :j7 7:]1+1 < t|§n = i’ TI’[ = h) = Qlj(t - h)’ ls] € S (212)

and it is also called a MRP.
Proof: [60].
The renewal kernel allows to us calculate a probability distribution of the MRP

{(5n, Ta) : n € No}.
Theorem 2.2 (Korolyuk and Turbin [60] and Grabski [32]). A transition probability

is given by

RPD =30 3" Oy # Qo (D) 5% Ok, i1, n=2,3,....

kieSkyeS ky_1€S

(2.14)

Proof: [60].
For convenience we introduce a matrix notation. Let

R™ () = [R,?f) (1) :i,) € S] . (2.15)
To define a convolution power of the renewal kernel we introduce matrices:

.. 1for i=j

0”0 =0 w:ijes], ofw= { Ofor i) > 120 (2.16)

0V =00 = [y :ijeS], >0, 2.17)

0" =0 w:ijes], (2.18)

where
t
o) =" /0 Qi ()0} "t — x)

keS

=Y w0 "0, 1>0.n=23.. .
keS
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Notice that
R™ (1) = Q™ (1). (2.19)

From the definition of the function R;}(t) and from the property of a two-
dimensional random variable distribution, we obtain

lim R (1) = P(& = jléo = i), ijeS, t>0, (2.20)
t—oo0 Y

Y R0 =Y 0 () =Pty <tlig=1i), ijeS, >0, (2.21)
jes jes

Applying the formula for the total probability, we obtain

P(r, <1}y =Y Plt, < tlfo = )P = i)
ieS

=YY R0 =" pi0 ). (2.22)

ieS je§ ieS jeS

2.2 Definition of discrete state space SMP

We shall present a definition and basic properties of a homogeneous SMP with a
countable or finite state space S. The SMP will be determined by the MRP.
Definition 2.3. A stochastic process {N(¢) : t > 0} defined by the formula

N@) =supfneNy:1, <1} (2.23)

is called a counting process, corresponding to a random sequence {t, : € Np}.

A sample path of this process is shown in Figure 2.1.

Definition 2.4. A discrete state space S stochastic process {X(?) : t > 0} with the
piecewise constant and the right continuous sample paths given by

X(1) = &n () (2.24)

is called a SMP associated with the MRP {(&,,, ¥,) : n € Ny} with the initial distribu-
tionp = [p;(0) : i € S] and the kernel Q(1) = [Q;(?) : i,j € §], 1 > 0.

n(r)

~—
*——
-—
P
Y »
% 7 7 T !

Figure 2.1 A sample path of the counting process.
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From Definition 2.24, it follows that:
X =¢&, forte(t,, tht1), n € Np. (2.25)

Figure 2.2 shows the SMP sample path.

It follows from the definition of the SMP that future states of the process and their
sojourn times do not depend on past states and their sojourn times if a present state
is known. Let us add that the initial distribution p and the kernel Q(¢), t > 0O define
completely the SMP. From the definition of SMP, it follows that:

X(ty) =&, forn e Np.

This means that a random sequence{X(t,) : n € Ny} is a homogeneous Markov
chain with a state space S, defined by the initial distribution p, = [p? S S] and the
stochastic matrix P = [pij 1i,j € S], where

pij = tgrgo 0ii(0). (2.26)

The sequence {X(t,) : n € Np} is called an embedded Markov chain of the SMP
{X(@® :t>0}.

2.3 Regularity of SMP

Definition 2.5. A SMP {X(¢) : t > 0} is said to be regular if the corresponding
counting process {N(f) : t > 0} has a finite number of jumps in a finite period with
probability 1:

Vier P(N(1) < 00) = 1. (2.27)
The equality (2.27) is equivalent to a relation

Vier, P(N(t) = 00) = 0. (2.28)
Proposition 2.5. A SMP {X(¢) : t > 0} is regular if and only if

VieRr, nlingo P(N(@) =2 n) = ngngo P(r, <1 =0. (2.29)

Proof: [32].

x(1) 4

T gl 3 4 T

Figure 2.2 A sample path of the semi-Markov process.
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Proposition 2.6. If E[N(f)] < oo, then a SMP {X(?) : t > 0} is regular.

Proof: [32].
Theorem 2.3 (Korolyuk and Turbin [60]). Every SMP with a finite state space S is
regular.

Proof: [60]

2.4 Other methods of determining the SMP

The SMP was defined by the initial distribution p and renewal kernel Q(¢), which
determine the Markov renewal process. There are other ways of determining SMP.
They are presented, among others, by Korolyuk and Turbin [60] and Limnios and
Oprisan [72]. Some definitions of SMP enable its construction. First, we introduce the
concepts and symbols that will be necessary for further considerations. For P(§,+1 =
j, & = 1) > 0, we define a function

Fij() = PWp1 < & =018 =), i,jeS, t=0. (2.30)
Notice that
_ POn1 <611 =),60=1)

Fij() = P(Opy1 < Hépp1 =J,6n=1) = - - (2.31)
! LS o= Pt = Jobn = 0)
P(n+1 < t, =jlé, =1 ij (¢
_ (D1 §n+.1 ]|§n i) _ QU() fori,j €S, t > 0.
PEnr1 =jlén =1) Pij
The function
. R Z0)
Fij(t) = P(tnt1 — t < 81X(T) =i, X(Tpy1) =J) = “on (2.32)
ij

is a CDF of some random variable, which is denoted by Tj; and it is called a holding
time [45] in state i, if the next state will be j. From (2.32), we have

Qij(t) = PijFij(t)~ (2.33)

The function

Gi(t) = P(tas1 — T < 11X(w) = i) = POt < 11X(w) =) = ) Qyi(0)
jes
(2.34)

is a cumulative probability distribution of a random variable 7; that is called a waiting
time [45] in state i when a successor state is unknown.

It follows from (2.33) that a SMP with the discrete state space can be defined by
the transition probabilities matrix of an embedded Markov chain: P = [p,-j 1i,j € S]
and the matrix of the holing times CDF F(¢) = [F HOBEN ES S]. Therefore, a
triple (p, P, F(t)) determines the homogeneous SMP with the discrete space S. This
method of determining SMP is convenient, for Monte-Carlo simulation of the SMP
sample path.
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From the Radon-Nikodym theorem it follows that there exist the functions
aij(x), x € Ry, i,j € S, such that

t
Qii(H) = /0 a;j (1) dG;(x). (2.35)
Because
Ql/(t) = P('—?n-i-l < En-i—l =J|§n =1

t
_ / Penst = jlen = i, Dust = 0APBoss < xlEn = )
0

t
=/ PEp1 =jlén =i, U1 =2 dGi(x)
0
then

ajj(x) = P(Ent1 = jlEn = I, Ony1 = X). (2.36)

The function a;j(x), t € R represents the transition probability from state i to state
Jj under the condition that duration of state i is equal to x. From (2.35), it follows that
matrices

a(x) = [aj(x) :i,j € S] (2.37)
and
G) =[8;Gi(x) 1 i,j € S] (2.38)

determine the kernel Q(1) = [Q;j(?) : i,j € S]. Therefore, a triple (p,a(x), G(x)) de-
fines the continuous-time SMP with a discrete state space S.

In conclusion, three equivalent ways of determining the SMP are presented in this
section:

® by pair (p, (1)),
e by triple (p, P, F(¢)),
® by triple (p,a(x), G(x)).

It should be added that there exist other ways to define the SMP [60]. Presented here
are the ways of defining SMP that seem to be most useful in applications.

2.5 Connection between Semi-Markov
and Markov process

A discrete state space and continuous-time SMP is a generalization of that kind of
Markov process. The Markov process can be treated as a special case of the SMP.

Theorem 2.4 (Korolyuk and Turbin [60]). Every homogeneous Markov pro-
cess {X(¢) : t > 0} with the discrete space S and the right-continuous trajectories
keeping constant values on the half-intervals, given by the transition rate matrix
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A= [)‘ij 1i,j € S] , 0 < —Xji = Aj < o0 is the SMP with the kernel

0 = [0 i.j € S], (2.39)
(2.40)
where
0ii(t) =pi (1 —e ™), >0, (2.41)
)"ij . .
Pij =5~ fori # j, pii = 0. (2.42)

1

Proof: [24, 32].

From this theorem it follows that the length of interval [z, T,41) given states at
instants 7, and 7,41 is a random variable having an exponential distribution with
parameter independent of state at the moment 7;,41:

Fij(t) = P(tap1 — T <X () =i, X(mp1) =j) =1—eH', 1>0. (243)

As we know, the function F;(f) is a cumulative probability distribution of a holding
time in the state i, if the next state is j. Recall that the function

G =Y Qi =1—e?" 1>0 (2.44)
jes
is a CDF of a waiting time in the state i. For the Markov process, holding times

Tjj, i,j € S and waiting times T;, j € S have the identical exponential distributions with

parameters A; = ﬁ, i € S that do not depend on state j.

2.6 lllustrative examples

Example 2.3. Presented here as a model is a modification and some extension of a
model presented in Example 1.5. We consider the reliability model of a renewable
two-component series system under the assumption that the times to failure of booth
components denoted as 1, ¢» are exponentially distributed with parameters A; and
A2, but the renewal (repair) times of components are the nonnegative random variables
n1, N2 with arbitrary distributions defined by CDF Fy, (1), Fy,(¢). We suppose that the
above-considered random variables and their copies are mutually independent. The
states are defined as identical to those in Example 1.5.

1. The system renewal after the failure of the first component (down state)
2. The system renewal after the failure of the second component (down state)
3. Work of the system, both components are up

A renewal kernel is given by

0 0 Q01300
o) = 0 0  Oxn@® |. (2.45)
031(1) 0@ O
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Using the assumptions, we calculate all elements of this matrix.
Q13(1) = Fy, (1), (2.46)
O23(1) = Fy, (1), (2.47)

0310 =P <1, 81> 8) = //Me*x”kzeﬂ”dxdy,

D3
where
D3 ={(x,y):x<t, y>x}.
Thus,
031() = /t Ae M T ety = M (1—e ) (2.48)
0 A+ A2 ’ ’
In the same way, we obtain
A2 _
0n() = =~ (1 —e “‘“2)’). (2.49)

The cumulative distribution of the waiting times for the states 1, 2, and 3 for¢ > 0
are

Gi() =P(n <) = Fp (1),
Ga(n) = P2 < 1) = F, (1),

G3(H) = Q31(H) + Q32(1) = 1 — e 1,

Example 2.4. The transition rate matrix of the Poisson process is defined in the
previous chapter by (1.66). From Theorem 2.4, it follows that the Poisson process is a
SMP with the state space S = {0, 1,2, ...} and the kernel

0 Qo1(0) 0 0 0
0 0 Onp®» O 0 :
on=1|0 0 0 0k 0 ... (2.50)

0 O 0 0 QO30 ...
where

Qiip1)=1—e*, i=0,1,2,..., > 0. (2.51)

Example 2.5. The transition rate matrix of the Furry-Yule process is determined
by (1.67). From Theorem 2.4, it follows that the Furry-Yule process is a SMP with the
state space S = {0, 1,2, ...} and the kernel (2.50), where

Qiip1( =1—e GO i —01,2,..., A>0. (2.52)
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2.7 Elements of statistical estimation

2.7.1 Observation of SMP sample path

We know that an initial distribution and a renewal kernel define a SMP. Now we want
to estimate the elements of the renewal kernel by observing one or many sample paths
in the time interval [0, f] or the given number of the state changes (jumps) n. The
observation of a SMP sample path in an interval [0, 7] is a sequence of number
sms(t) = (10,115 - - -5 in(r)s X1 -+ - > Xn(r) (2.53)

which is a realization of the random sequence

SMS() = (50,81, .-, 6N Vs - ONG), (2.54)

where N(f) is a random variable the values n(f) of which denotes the number of semi-
Markov jumps (state changes) in this time interval. For the semi-Markov process with
an initial distribution p, and a renewal kernel Q(), ¢ > 0, the probability distribution
of this random sequence [72] is

P(N(t) =n,& =ip, 61 = i1, <11,...,8 = in, Uy < 1) (2.55)
= PiyQigi; (1) Oiyi, (12) - .. Qi iy (t) [1 — G(ur)],

whereu, =t— (t1 +tr +--- + 1).
For the given number of jumps n, the observation of the SMP trajectory is a
sequence of numbers

sms(n) = ({0, i1, .- »0ns X1y v vy Xn) (2.56)
which is a realization of the random sequence

SMS(n) = (50,&1,.. ., 01, ..., 0n). (2.57)
In this case, the probability distribution of the random sequence is given by

P(SO = iO’El = il’ﬁl S tl,---aSn = iml?n g tn)
= PioQipiy (1) Qiyin (22) - .. Qi (Tn)- (2.58)

The function g;;(x), x > 0 is called the density of Q;;(x), x > 0 if there exists such
function g;;(x), i,j € S, x > 0 that

0ii(x) = /0 qij(w)du.

If each of the functions Q;;(x), x > 0, i,j € § has the density g;j(x), i,j € S, x > 0,
then the sample density function, corresponding to the distribution (2.55), is
fGosit, . s instt, oo ) = PigGioiy (1) Giin (12) -« - - Qi1 ) [1 — G(up)], (2.59)
and the density corresponding to the distribution (2.55) is

fGo, i1, inst, oo ) = PigGigiy (D Giyin (2) -+ - - iy (t)- (2.60)
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2.7.2 Empirical estimators
We know (2.33), that Q;;(x) = p;j Fij(x). The maximum likelihood estimator of the
transition probability p;; is given by
Nij(0)

Ni()’

i)ij(t) — (2.61)

where
N(t)

Nij(h) =#k e (1.2,... N0} : &1 =i, & =j} = D> _Iig_y=i.0=)
k=1

signify the SMP direct number of transitions from the state i to j in a time interval
[0, 7], and

N(1)
Ni(t) =#k e {1.2,.. .NO) : & =i} =Y gy = Y _ Nj(®)
k=1 jes

denotes the number of jumps to the state i in the time interval [0, 7]. Properties of the
estimator P;; are presented in Ref. [69]. For the sample (2.54), the empirical estimator
of the CDF Fj;(?) is given by

~ Mlj(x7 t)
Flj(x’ t) = £ (2.62)
Nij(0)
where
N(t)
Mo 0) =Y Ty =i =), 9 <)-
k=1

The empirical estimator of the renewal kernel element Q;;(¢) takes the form

0y1) = Pyt = 0D 2.63)
A b)) = 1y A l) = N,'(t) . .
For the semi-Markov sample path (2.57), the corresponding estimators are
p. - Ni (2.64)
iy — Nl ’ .

where
n
Nyj=#ke{l.2.....n} 1 &y =i, & =j} = O Ligy_=i.e=)
k=1
signify the SMP direct number of transitions from the state i to j in n jumps and

n
Ni=#ke(l,2,....n)} & =i} = Zl{gk:,-} = ZN/
k=1

jes

means the number of jumps to the state i. Properties of the estimator fJij are presented
in Ref. [69].
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For the sample (2.57), the empirical estimator of the F;(x) is

A Mij (%)
Fii(x) = (2.65)
y Nlj
where
n
My(x) =Y lig =i, gy=j, 03.<-
k=1

In this case, the empirical estimator of the renewal kernel element Q;;(¢) is of the
form
A . My(x)
Qij(x) = PjjFij(x) = N (2.66)

i

Limnios and Oprisan [72] have proved the following asymptotic properties of the

empirical estimator Qj;(x, 1).
Theorem 2.5 (Limnios and Oprisan [72]). The estimators Qij(x, 1) of the Q;;(x), for
all i,j € S satisfy the equality

lim max sup [Q;i(x,5) — Q;j(x)| =0 as. (2.67)

=00 ij  xel0,1)
Theorem 2.6 (Limnios and Oprisan [72] and Ouhbi and Limnios [78]). The
estimator Q;;(x, ?) of the function Q;;(x), for any fixed x > 0, has the asymptotically
normal distribution if t — o0,

),2

Tim P (t% [Q,-j(x, f) — Qij(x)] < u) - \/%6 f_ . e 1 (2.68)

where ofj = wii[ @ij(®) [1 — Q;j(x)] and w;; denotes mean time of return to the state .

2.7.3 Nonparametric estimators of kernel elements densities
Now we assume that each of the functions Q;;(x), i,j € § has the density

qij(x) = pijfijx), i,j€S, x>0,
where f;;(x) is a probability density function corresponding to CDF F;(x).

Nonparametric kernel estimator of density

First, we construct the so-called nonparametric kernel estimator of the density function
fij(x). Having the observations of the SMP sample path (2.57), we can construct the
sequence

{xijm) :m =1,2,...,n4}, (2.69)

where x;j(m) is a value of the holding time 7jj(m). Recall that all random variables
Tjj(m) : 1,2,...,Nj are iid and

P(Tij(m) < x) = P(Tjj < x) = P(Ox < x[§—1 =1, 5k = ).
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The real function K(x), which takes the nonnegative values and satisfies the
condition

o0
/ Kwdu=1
—00
is called a statistical kernel.
A function
Fio) = Z ( i (m)> . h>0 (2.70)
m

is said to be a value of the nonparametric kernel estimator of a density function fj;(x).
A number £ is called a bandwidth or a smoothing parameter or a window. The choice
of the kernel and the choice of the bandwidth is a significant problem of density
estimation. One well-known proposal is a Gaussian kernel

I _2
Ku) = \/Ee 2 L(00,00) (1) .71
A number
h=1065n"%2 (2.72)

where § is the empirical standard deviation

1 n
=Y =0
n

i=1

is a practical estimate of the bandwidth in this case. The value of the nonparametric
kernel estimator of the function g;;(x) : i,j € S, x = 0 is the function

Gii(x) = pify0), ijeS, x=0 (2.73)

where

nij

R nj A — x;j(m)

pij = n—l{, fij(x) Z ( Y ), h>0.
m

w>
I

1

Ciesielski nonparametric estimator of density

Ciesielski nonparametric density estimator is based on the concept of the spline
function. The definition and properties of the estimator are presented by Ciesiel-
ski [14]. Other certain properties of the estimator are examined and announced by
Krzykowski [68]. The value of this estimator depends on the value x = (x1,x2,...,xy)
of the simple sample X = (X1, X2, ..., X,) and a natural number r, which is called an
order of the spline function. We obtain smoothing parameter / using the formula [68]

n

t= mamn LT
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n
- 1 X, . .
where X = ’%” is a mean of the sample realization (x1,x7, ..., Xp).
We denote:
Xmin Xmax
° s()=|:h —v]—r, 3',,,=|:T—v]+1

where v = 0, if r is an even number, and v = % if r is an odd number.

—_1r—t r—1
. N(x)_rzl('(ri)'((s—|—v—|—i)—%> . =12

Ni(x) dla xe Ay =[(s+v)h, (s+v+1)h)
Ny(x) dla xe Ay =[(s+v+Dh, (s+v+2)h)

° Ng,rlZ(X)z IVJ()C) dla XEAj:[(S+V+j_1)h, (5+V+j)h)

Ny(x) dla xeA, =[(s+v+r—Dh, (s+v+rh)
0 dla x<(s+v)h albo x> (s+v+rh

° asp = Z N(')(x, s=1s0,50+1,...,85n

The value of the Ciesielski nonparametric density estimator is given by

Sm
fi =" aaN{)@), xeR
S=50
and the function
qij(¥) = pijfij(x), i,je€S, x>0 (2.74)
is the corresponding nonparametric spline estimator of the density g;i(x) :i,j €
S, x> 0.
We should add that there is another method of the semi-Markov kernel estimation.

We can use one of the parametric methods of the densities f;(x), i,j €S, x > 0
estimation.

2.8 Nonhomogeneous Semi-Markov process

The nonhomogeneous semi-Markov process (NHSMP) was introduced independently
by losifescu-Manu [46] and Hoem [42]. The results of losifescu-Manu were gen-
eralized by Jensen and De Dominicisis [48]. Theory of discrete time NHSMP was
developed by Vassiliou and Papadopoulou [96] and Papadopoulou and Vassiliou [80].

Definition 2.6. A two-dimensional Markov chain {(&,, ,,) : n € Ng} with transition
probabilities

Qii(t,x) = PENwn+1 =1, tNo+1 — IWNe) < Xléne =1, Tng =D,
ijes, xreR, (2.75)

is called nonhomogeneous Markov renewal process (NHMRP).
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Definition 2.7. A stochastic process {X(#) : t > 0} with the piecewise constant and
the right continuous sample paths, which is given by

X() = &ne (2.76)
is called a NHSMP associated with NHMRP {(§,,9,) : n € No} determined by the
initial distribution p = [p;(0) : i € S] and the kernel Q(1,x) = [Qy(t,x) : i,j € S].
t>0.

Recall that N(f) = sup{n € Ny : 7, < t} denotes a number of the state changes in a
time interval [0, 7] and {N(¢) : t € R4} is a counting process. Recall also that Tx (41 —

NG = UN@D+1-
Definition 2.8. The functions

i) = PCnp+1 =Jléney =1L v =1) = x1l>n(;lo Qii(t,x), teRy, i,jes
2.77)

are called the transition probabilities of the embedded nonhomogeneous Markov chain

{&n : n € No}.

Those functions form a square matrix p(f) = [p,'j(t) 1i,j € S].

Similar to the case of a homogeneous SMP, we can introduce a CDF of a holding
time {T};(?) : t € Ry}, i,j € S. The CDF is given by

Fij(t,x) = PONw+1 < XEvo+1 =1, Evey =1, Tng = 1)

=PT;0) <x), ijes, xteR,. (2.78)
It is easy to show that
Qij(t,x) = pi(t) Fij(t, x). (2.79)
The CDF of a waiting time {7;(¢) : t € R} in a state i is given by the formula
Gi(t.x) = > Qy(t,). (2.80)
jes

It means that

Gi(t,x) = P(Ti(1) < x) = POnwp+1 < XN =L TNy = D (2.81)
The interval transition probabilities
Pij(t,s) = PXX(s) =jIX(tnw) =l inyn =1, 0<t<s, i,jeS (2.82)

are some of the important characteristics of the NHSMP. Assume that i # j. The
NHSMP that starts from a state i at the moment 7y = ¢ will be in state j at the
moment s > ¢ > 0 if in an instant Ty(;41 the process will pass to a state k € S, and
in a time interval (Ty(s41,s] there takes place at least one change of the state from
the state k to j. Using a memoryless property of a SMP in the instant 7y(;4+1 and the
theorem of the total probability we have

Pij(t,s) = P(X(s) = jIX(tny) =i, tvg = 1)
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u
= Z/ PX(s) = jIX(tn@py+1) =k On@p+1 = 1))
kes 0

PX(tn@w+1) =k Onp+1 € dulX(0) =)

= Z / Pyi(t + u, s — u) Qi (1, du).
0

keS

Therefore,

)
Pij(t, ) = 2/ Pyt +u,s —w)Qu(t,du), ij€S, i#j, 0<t<s.
0
keS

Assume now that i = j. The process starting from the state i € S at the moment
TNy =t will have value i € § and in the instant s > ¢ >0 will also have the same
value, if the event {9y ()41 > s} occurs. Because P(dy()+1 < SIX(tve) =1, tngy = 1)
= Gi(t, s) then

PONp+1 > sIX(tvey) = i ivgy =10 = 1 = Gi(t, 9).

Hence, forany i € S,

S
Pilt.) = 1= Gi(t9) + 3 [ Putt w5~ wQu(tdu, €S, 0<1<s
0
keS

Therefore, we obtain the following system of integral equations:

Pij(t,s) = §;;[1 — Gi(t,9)]

s

+ Z/ Pij(t +u,s —w)Qu(t,du), i,j€S, 0<t<s, (2.83)

kes 70
with an initial condition
1 ifi=j
0ifis#j
Often, the system of integral equations is called the evolution system of equations.

The NHSMP has been applied to problems relating to life insurance, medicine as well
as issues of reliability and maintenance.

Pij(t,0) = { (2.84)
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of SMP

Abstract

The cumulative distribution functions of the first passage time from the given states to
a subset of states and expected values and second moments corresponding to them are
considered in this chapter. The equations for these quantities are presented. Moreover, the
concept of interval transition probabilities is discussed and the corresponding equations
are also derived. These equations allowed obtaining the interval transition probabilities for
the alternating process and also for the Poisson and Furry-Yule processes. Furthermore, the
reliability and maintainability characteristics and parameters in semi-Markov models are
considered in the chapter. At the end of the chapter, numerical illustrative examples and
proofs of some theorems are shown.

Keywords: First passage time of semi-Markov process, Interval transition probability,
Reliability characteristics and parameters, Maintainability characteristics and parameters

3.1 First passage time to subset of states

From the previous chapter, it follows that a semi-Markov process (SMP) is defined by
a renewal kernel and the initial distribution of states or other equivalent parameters.
Those quantities contain full information about the process and they allow us to find
many characteristics and parameters of the process, which we can translate on the
reliability characteristics in the semi-Markov reliability model.

Let {X(?) : t > 0} be the continuous-time SMP with a discrete state space S and a
kernel Q(¢), t > 0. A value of random variable

Ajp = min{n € N : X(t,) € A} (3.1

denotes a discrete time (a number of state changes) of a first arrival to the set of states
A C S of the embedded Markov chain, {X(z,) : n € Np}. A number

fia(m) = P(Aa =m|X(0) =1i), m=1,2,... (3.2)
is a conditional probability of the first arrival to subset A at time m, if the initial state
is i. Notice that

| PXm) € A X(m—1) ¢ A,....X(1) ¢ AIX(0) = i), m=2]3,...
fia(m) = P(X(1) € AIX(0) = i), m=1

fia = P(Ay < 00]X(0) = i) =1 — P(Ay = o0|X(0) = 1)

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00003-X
Copyright © 2015 Elsevier Inc. All rights reserved.
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=1-P (ﬂ X(k) € A'1X(0) = i}) =P (U{AA = m|X(0) = i)

k=1 k=1
oo
=Y fia(m).
m=1
A value of a random variable
®A = ‘[AA (33)

denotes a first passage time to the subset A or the time of a first arrival at the set of
states A C S of SMP {X(¢) : t > 0}. A function

Qia(1) = P(O4 < 11X(0) =10), 120 (3.4

is the cumulative distribution function (CDF) of a random variable ®;4 denoting the
first passage time from the state i € A’ to the subset A. Thus,

Dia(t) = P(Oia < 1). (3.5)

We will present some theorems concerning distributions and parameters of the
random variables ®;4. First, we define a function

Wia(t,n) = P(t, <1, Aa =n|X(0)=1i), neN, reR,. (3.6)
Note that
P(t, < 1,X(12) €A, X(1,_1) € A,...,X(11) € A'[X(0) = i)
W (l )_ fOI'I’l=2,3,...
alh =N P(ry < 1,X(11) € AIX(0) = i)
forn = 1.

3.7

A value of the function W4 (#,n) denotes a first passage time from a state i € A’
to a subset A during time no greater than ¢, as a result of an nth jump of the SMP
{X(®) : t € R4}. This function has the following properties:

1.
Vier, Via(t,n) < fia(n), neN. (3.8)
2.
VneR, tgrgo Wia (2, n) = fia(n). (3.9)

3. If the process {X(?) : t € R4} is regular, then

Vier, Jm Wi (t,n) =0. (3.10)

4. Ifi & A, then
lim Wia(,n) = 0. 3.11)
n— o0
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Lemma 3.1. The functions W;4, i € A’ satisfy equations

Wiat, 1) = Y (o), (3.12)
jeA
t
Wis(t,n) = Z/ Wia(t —x,n — DdOa(x), n=2,3,.... (3.13)
kea' 70
Moreover,
Wia(tm) =Y D QirxOnpyx- % Qpj(0). (3.14)

JEA  ri,r2,..,ip—1 €A’

Proof: [32].
Note that

Dia(t) = Y Wia(t,n). (3.15)

n=1
Theorem 3.1 (Korolyuk and Turbin [60], Silvestrov [90], and Grabski [32]). For
the regular SMPs such that,
fia=P(As <oolX(0)=i) =1, ieA, (3.16)

the distributions ®;4(¢), i € A’ are proper and they are the only solutions of the
equations system

t
D) =Y Qi+ Y / Dpat — 1)dQi(r), €A (3.17)
jeA kes 0
Proof: [32, 60, 90].
Applying a Laplace-Stieltjes (L-S) transformation for the system of integral
equations (3.17) we obtain the linear system of equations for (L-S) transforms

Gia(s) =Y _ G + Y Gix($)@ra(s), (3.18)
JEA keA’
where
Gia(s) = /00 e ddis (1) (3.19)
0

are L-S transforms of the unknown CDF of the random variables ©;4, i € A’ and
o
qij(s) = / e~ *dQ;;(1) (3.20)
0

are L-S transforms of the given functions Q;(¢), i,j € S. That linear system of
equations is equivalent to the matrix equation

(I = Gu(s)) ar(s) = b(s), (3.21)
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where

I=[8;:ijeA] (3.22)
is the unit matrix,

Gy (s) = [?],j(s) 1i,j € A’] (3.23)
is the square submatrix of the L-S transforms of the matrix g(s), while

T
~ ~ : T 3 ~ .
Pu()=[Gin():ieA] . b)) =] g(s):ieA (3.24)
jeA
are one-column matrices of the corresponding L-S transforms.
The linear system of equations (3.18) for the L-S transforms allows us to obtain the

linear system of equations for the moments of random variables ©;4, i € A'.
Theorem 3.2 (Korolyuk and Turbin [60], Silvestrov [90], and Grabski [32]). If

e assumptions of Theorem 3.1 are satisfied
® 30 Vijes 0 < E(Ty <c,
oo

® Vieapia = ) nfia(n) < oo,
n=1

then there exist expectations E(®;4),i € A" and they are unique solutions of the linear
equations system, which have the following matrix form:

I =Py)®y =Ty, (3.25)
where
Py =[pj:ijeA], On=[E@n:icA]", Tu=[ET):icA]

and [ is the unit matrix.
Proof: [32, 60, 90].
Theorem 3.3 (Korolyuk and Turbin [60], Silvestrov [90], and Grabski [32]). If

e assumptions of Theorem 3.1 are fulfilled,
® 340 Vijes 0 < E(T,%) <d,

o0
® Viea u} =Y n*fia(n) < oo,
n=1

then there exist second moments E (@l.ZA), i € A’ and they are unique solutions of the
linear system equations, which have the following matrix form:

(I - P4)®,, = By, (3.26)
where
_ T
Py =|pj:ijeA], Op= [E(G)Z.ZA) i eA/] ,

By=[bu:icA) . bin=ETH+2  prET)EO).
keA’
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Proof: [32, 60, 90].
A first return time to a given state j € S is an important and useful quantity.
Definition 3.1. A function

Djj(1) = P(tp; < 11X(0) =), je€S (3.27)

where

Aj =min{n € N : X(1,) = j}

is called a CDF of the first return time to the state j of the SMP {X(¢) : t > 0}. The
random variable having distribution (3.26) is denoted by ©j;.

Theorem 3.4. Let {X(¢):t > 0} be the regular SMP with the kernel Q(f) =
[Q,-j(t) 1i,j € S]. If for each i € S, f;; = 1, then there exists only one, proper CDF
of the first return time to the state j and it is given by the equality

t
;) = Q)+ Y /0 ®yi(1 — )dQjx (x). (3.28)

keS—{j}
Applying L-S transformation, we obtain
Gi(9) =g + Y Gu($)Pr(s). (3.29)
keS—{j}

We take the L-S transforms ¢;(s) for k # j from (3.18).
Theorem 3.5. If

e assumptions of Theorem 3.1 are fulfilled,
* 3420 Vijes 0 < E(T)) < d,

o0
o Vies uj= 2 nfi(n) < oo,

n=1

then there exist expectations £(®;;) and second moments E (@sz) and

E©;) =ET)+ Y prE®g), (3.30)
keS—{j}

E@©) =ETH+ Y prE@OF)+2 Y ppE(TR)E(O). (3.31)
keS—{j} keS—{j}

Example 3.1. Consider a SMP with the state space S = {1,2, 3} defined by the
kernel

0 0.2(1 — e 01y 0.8(1 — e 011y
o = 1—e! 0 0 , t=0.
1 — (1 +0.20)e 02 0 0

We will calculate PDF (probability density function) of the first passage times from
state i € A’ = {1, 2} to state 3. The L-S transform of the kernel is
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0 0.02  0.08

5401 5+0.1

SQ) — 1 0 0
q(s) - s+1
0.04

(540.2)2 0 0

Matrices of transforms from (3.21) are as follows:

0.02 o )
3 0 o1 . $13(5) . 0T
du(s) = L b= . by = . (332)
a1 0 $23(s) 0
In this case, (3.21) is of the form
0.02 ~ 0.08
I —%7 P13(5) 40T
= . (3.33)
-7 1 $23(5) 0
The solution of this equation is
0.0781599 0.00184008
3 = , 3.34
o130 = 00783009 T 5+ 10217 (3-34)
. 0.0847998 0.0847998
©23(5) = (3.35)

s+ 0.0783009 s+ 1.0217

‘We obtain the PDFs of random variables ®3, ®»3 as the inverse transforms of the
functions @13(s), @23(s).

@13(f) = 0.0781599¢ 00783009 | 5 0018400810217 ¢
@23(1) = 0.0847998e 00783009 _ ) 08479980e ~1 0217 ¢

, (3.36)

0
0 (3.37)

VoV

Plots of those functions appear in Figures 3.1 and 3.2.
The first and second moments of considered random variables can be found from
the formula

E(@jg):/oozf‘qs(t)dt, icA =1,2. (3.38)
0

Variances of these random variables are given by
V(O3) = E©}) — [E@)), icA =12 (3.39)

The first and second moments of the considered random variables may also be
found from the equations of Theorems 3.2 and 3.3. In our case, the transition matrix
of the embedded Markov chain is

002 08
P=|10 O
1 0 O
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¢13(0)

0.08
0.06
0.04

0.02

oo b
0 10 20 30 40

Figure 3.1 The density function ¢3(7).

©23(1)

0.08 -
0.06
0.04

0.02

00— e ey
0 10 20 30 40

Figure 3.2 The density function ¢3(1).

CDFs of waiting times T;, i € S and CDFs of holding times T3, i,j € S, are

Gi)=P(T1 <t=1—-e01 >0,

G (=P <t)=1—¢e"t, t>0,
Git)=P(T3<t)=1—(1+020e 9%, >0,
Fo®)=P{Tp<ty=1—-e" 1>0,

Fis() =P{Tiz<ty=1—-e%1" >0,
Fy(n=P{Tyy <t} =1—-e", 120,

F31() =P{T31 <t} =1—(1+020e %%, +>0.
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Hence,

E(T1) =10, E(T») =1, E(T3) = 10,
E(T}) =200, E(T3) =2, E(T3) = 150.

A
3.2 Interval transition probabilities
The conditional probability

Pij(t) = P(X(1) = i|X(0) = i), i,j€S, >0 (3.40)

is called the interval transition probability from the state i to the state j in the interval
[0, 7]. The number P;;(#) denotes the probability that the SMP {X(?) : r > 0} will
occupy the state j at an instant ¢ if it starts from the state i at moment 0. Feller [21],
introduced equations that allow us to calculate the interval transition probability by
means of the process kernel. We will explain a way of deriving the equations. Assume
that i # j. The SMP that starts from the state i at the moment O will be in the state j
at the moment ¢ > 0 if in an instant 7 the process passes to the state k € S, and in a
time interval (71, f] at least one change of the state from state k to j takes place. These
considerations and the memoryless property of a SMP in the instant 77 lead us to the
equation

Pij() = P(X(1) = j1X(0) =)

t
= /0 P(X(1) = jIX(x1) = HP(X (7)) = k, 71 € dxIX(0) = i)

keS

t
= [ Py —na0uto. ijes it

keS

Assume now that i = j. The SMP starting from the state i € S at the moment 0
will have a value i € S and in the instant ¢ > 0 it will have the same value also if at
the moment 71 the event {t; > 1} occurs. Because P(t; < #|X(0) = i) = G;(¢), then
P(t; > t|1X(0) = i) = 1 — G;(¢). Therefore, fori € S

t
Pa) =1 G+ fo Prtt — A0k ().

keS

Finally, we obtain the following system of integral equations:

t
Pij(t) = 6;[1 — Gi(®)] + Z/O Pyt — x)dQi(x), 1,j€S. (3.41)

keS

Only one solution of the system exists if the SMP {X(#) : ¢t > 0} is regular and for
alli,jeS,i—j.
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We can obtain the solution of that system of equations applying Laplace transfor-
mation. Let
0

Pij(s) =/OO e P(dr, ik (s) :/00 e 'dQu ().  Gi(s) =/ e Gi(nd.
0 0 0
(3.42)

Using properties of Laplace transformation we pass to the linear system of equa-
tions, where the complex functions Pj;(s), i,j € S are unknown Laplace transforms.
Finally, we have

- 1 ~ - ~ ..
Pij(s) = &; [— - Gi(S):| + Zqik(S)ij(S), ij€Ss. (3.43)
$ keS
If we place this system of equations in matrix form, we get
. 1. . .
P(s) = (;I — G(s)> + q(s)P(s), (3.44)
where

13(5) = I:i)ij(s) 1L,j € S] s G(S) = I:SUG,'(S) 1i,j € S] s
i) =[a5) :ijeS], I=[s5:ijeS].

Hence,

P(s) = —g(s)™" (%1 - G(s)> . (3.45)

3.2.1 Interval transition probabilities for alternating process
Let {X () : t € R;} be the SMP with the state space S = {0, 1} and the kernel

[ 0 Gow
Q(t)_[Gl(t) 0 ]

where Gy (#) and G (#) are the CDFs with nonnegative support. This process is called
the alternating stochastic process. For the process, the matrices from (3.45) are

Lo~ N\ [1-Gys) 0 “o—| 0 8
(1-60) =" %—61@}’ 1= 0 0 ] 0

(3.46)

Now, the solution is
1 LG 2 |1 =Gis]

Pis)= —— . 3
O e ne 21(s) [% _ Go(s)] L Gi(s)

(3.48)

Example 3.2. We assume that the waiting times of the states process are exponen-
tially distributed: Go()=1—e M, >0, u >0and Gi()=1— e M 1>0,1>0.



46 Semi-Markov Processes: Applications in System Reliability and Maintenance

In that case, {X(¢) : t € Ry} is a two-states Markov process. The corresponding
Laplace transforms are

- 1 1 ~ 1 1
GO(S):E_S—G—M’ G1(5)=;—S+)L-

The matrix of the Laplace transforms of the interval transition probabilities (3.48)
takes the form

S+A 123
P(s) = [ SN } . (3.49)
s(sHA+p)  s(s+Aa+p)

The inverse Laplace transformation of elements of this matrix leads to the interval
transition probabilities

A noo_ jz ®oo_
POO )= —— + —¢€ ()L+M)t9 POl )= —————¢ ()L+M)t9
® Atu A+ © At+tp A+
A A Gt ® b G
Pio(t) = —— + ——e AW Py = —— — ——e M1
Adt+p A+ Adp A4
(3.50)
This way we obtain a well-known result. A

Example 3.3. We assume that
Goh=1—(Q+ne”!, Gioy=1—-e" >0

Using the Laplace transformation, we calculate the interval transition probabilities
of the process. The matrix of the Laplace transform of the kernel is

o L
g(s) = [ op 6D ] : (3.51)
s+0.1 0
The matrix of the Laplace transforms of the waiting times CDF is
N [ E——)
Gw =[O, ] . (3.52)
B s (s4+0.1)
Using (3.47) we obtain
r(0.1+5)(2+s) 1
~ s(1.242.15+52) 5 (1.242.15+52)
P(s) = . .
(s) 0.1(2+s) (1+5)2 (3.53)
L s(1.242.15+52) s(1.242.15452)

Finally, we have
0.16667  1.75+ 0.83333s

P = ,
00($) 12+2.1s+ 52

- 0.83333 1.75 + 0.83333s

Por(s) = - 5
s 12+4+21s+s
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P,i(?)

0.8 F

0.6F
04l

0.2F

0.0 L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 t
0 2 4 6 8

Figure 3.3 The interval transition probabilities P1o(7) and P (7).

0.16667  0.25 + 0.16667s

ProGs) = _ ,
10(s) 124215+ 52
~ 0.83333  0.25 + 0.16667s
Pri(s) = 5
1.2421s+s
Hence,

Poo(r) = 0.16667 + =105 [0.83333 cos(0.312251) + 2.80225 sin(0.312257)],
Po1 () = 0.83333 — e~ "05"[0.83333 cos(0.31225¢) + 2.80225 sin(0.312251)],
Pio(t) = 0.16667 — e~ 195110.16667 cos(0.31225¢) + 0.24019sin(0.312251)],
P11(t) = 0.83333 + e~ 197[0.16667 cos(0.31225¢) + 0.24019 sin(0.312257)] .

The interval transition probabilities P1o(¢) and P11 (¢) are plotted in Figure 3.3. A

3.2.2 Interval transition probabilities for Poisson process

As we know (Example 2.4), the Poisson process is a SMP {X(¢) : t > 0} with the
countable state space § = {0, 1,2,.. .}, defined by the initial distribution

pO)=[100...] (3.54)
and the renewal kernel
0 Go(») O 0 0
00 Gi(t) 0 0 ..
0 Gy(t) O e (3.55)

0nHn=1]00
00 0 0 Gino
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where G;(t),i = 0, 1, ... are identical exponential CDF of waiting times 7;:

Gi()=PT;<tH=1—e?, >0, 1>0. (3.56)

The matrix of the L-S transform of the process kernel is

020 0 0

sFA
A
00 <50 0
.- N
i=100 0 20 .| (3.57)
00 0 0 <50

Because p;j(s) = 0 for i > j, then the linear system of equation (3.43) takes the
form

~ 1 .
Pii(s) = A J € No, (3.58)
- A -
Pij(s) = mpi+lj(s), ijeS, 0<i+ 1<,
Hence,
Pir1(6) = ——Piiini () = ——, i€
() = i (s) = i
ii+1 Py i+1i+1 T k)z
Finally, we get
- Ak
Piji(s) = W ieS, keN.

We obtain the interval transition probabilities by calculating the inverse Laplace
transforms.

- 1
Py =L" [Pii(s)] =L"! [—S n )\i| =e ™, 1>0,jeN, (3.59)
2k ()\t)kef)»t
_7-1 _ ;
Piivk(t) =L |:(S n )\)k+1:| = 0 , t>20,ieNy, keN. (3.60)

3.2.3 Interval transition probabilities for Furry-Yule process

The Furry-Yule process (Example 2.5) is the SMP {X(7) : + > 0} with the countable
state space S = {0, 1,2, ...}, given by the initial distribution

pO)=[100...] (3.61)
and the renewal kernel (3.55), where

Gi()=1—e DM >0, je Ny, (3.62)
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The matrix of the L-S transform of the Furry-Yule process kernel is

— -
0240 0 0
2)
00 20 o0
q = 3
q(s) 00 0 550 ... (3.63)
00 0 0 50

Because i’ij(s) = 0 for i > j, then the linear system of equations (3.18) takes the
form:

- 1

P~~ = ] N ’
zz(S) S—G—(l.‘i‘l))" t€ No

~ G+Dr - - . ,

Py) = S fii®), B €S 0Sit s

Hence,

_ (+Dr - G+ DA :

P" - T > P i = ’ < S
i1 () = i P ) = e e oy

By induction, we obtain
(+DGE+2)...(+kArk

S+ GE+DAN) ... s+ G+k+1)HN)’
Consequently, we have
y i+k Aok
Piii(s) = . . ' :

k C+HE+FDMNE+HE+DA+A) ... (s+ G+ DA+ kL)
Remember the following properties of the Laplace transformation

Ll 0] =Fis+a, L[ —e?)] = al
’ S5+ NG +210) ... (s+kr)’

Piisi(s) = i€s.

fora = (i + 1)A, we have
= i +k\ _i _
Pir(s) = L [(z ' )e (DM (] g M)kj| .

Therefore, for i, k € Ny we obtain the formula

Piisi(H) = ( ! j;") e DA (] _ emhyk, (3.64)
For k = 0, we get

Pi(t) =e DM 1> 0, i e N,

while for i = 0, we have

Por(t) = e (1 —e k. (3.65)
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Notice that for the initial distribution (3.61)
Poi(1) = Pr() = P(X(1) =), keS.

Therefore, the one-dimensional distribution of the Furry-Yule process is

Pr(t) =e (1 —e ™k keS=N,. (3.66)
‘We obtain an expectation of the process applying the geometric transformation
EX(D] = ¢'@l=1. where p(2) = Y P2, [zl < 1. (3.67)
kENo

For the considering process, we have

_ At (] _ =ik K _ e !
¢(Z)_k§06 (1—e) ¢ =TT e: (3.68)
and
EXO]=¢' @)= ="' — 1. (3.69)

3.3 The limiting probabilities

In many cases, the interval transitions probabilities P;;(f), t > 0 and the states
probabilities

Py =PX®n =), t20,j€S (3.70)
approach the constant values for large 7. Let
Pj = lim Pj(t) = lim P(X(¥) =j), je€S, 3.71)
— 00 — 00
Pjj = lim P;(t) = lim P(X(1) =j|X(0) =1, jeS. (3.72)
=0 —0o0

As a conclusion from theorems presented by Korolyuk and Turbin [60], we
introduce the following theorem
Theorem 3.6 (Korolyuk and Turbin [60]). Let {X(¢) : > 0} be the regular SMP
with the discrete state S and the kernel Q(r) = [Q(1) : i,j € S]. If

e the embedded Markov chain {X(z,) : n € Ny} of the SMP {X(¢) : t € R} contains one pos-
itive recurrent class C, such that for

Vies,jec fii =1,

o0
450 Vies 0 < E(T)) = / [1 = Gi(H)]dt < a,
0

then there exist the limiting probabilities of P;;(¢), i,j € S and P;(¢), j € S as t — oo.
Moreover
,;E(T})

> mE(Ty)’
keS

Py = lim P;(t) = P; = lim Pj(t) = (3.73)
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where m;, i € S form the stationary distribution of the embedded Markov chain
{X(t,) : n € No}.

Proof:[60].

Recall that the stationary distribution of {X(t,) : n € Ny} is the unique solution of
the linear system of equations

Y ompg=m.jeS. Y m=1 (3.74)

ieS jes

where
Pij = tlirgo Qij(t)'

As we have noticed, a calculation of the limiting state probabilities is very
easy. From Theorem 3.6 it follows that we have to calculate the expectation of the
waiting time of an SMP in each state and we have to solve the linear system of
equations (3.74).

Example 3.4. Let {X(¢) : i € Ry} be an SMP with the state space S = {1, 2,3} and
the kernel

0  04[1—(14020e7%] 0.6[1— (14 0.20)e %]

Q) =| 1—e 0% 0 0
1 —e 03 0 0
(3.75)
In this case,
Gi(t) =1—(1+0,20e %%, >0,
G =1-e 120,
Gy =1—e% >0.
and
E(T)) =10, E(Tp) =5, E(I3) =2.
The transition matrix of the embedded Markov chain is
004 06
P=|10 0 |. (3.76)
1 0 O

This process satisfies all assumptions of the introduced theorem. The linear system
of equations for the stationary distribution of the embedded Markov chain takes the
form

m+mn3=m, 04my=m, 06w =mn3, w1 +m+ma3=1.
Hence,

7 =05, w7 =02 m3=023.
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Using the equality (3.73), we obtain the limiting distribution of the SMP presented
above,

25 5 3

Pi=2", Pr=—, P3=—.
1 33 2 3

A
Example 3.5. Let {X(7) : i € R;} be the alternating process. Recall that this
process is SMP with the state space S = {0, 1} and the kernel

. 0 Go@
20 = [ Gi() 0 } :

Suppose that expectations of the waiting times are positive, finite numbers

3.77)

o0
0 < ET) =/ [1—-Gi(tH)]dt <00 i€S.
0
The transition matrix of the embedded Markov chain is
01
P_[10:|. (3.78)

The stationary distribution of the embedded Markov chain is
m =my, mWo=7m1, 7no+m =1
Hence,
71 =0.5, mm=0.5.
From the equality (3.67), we get the limiting distribution of this SMP
o BT py— BT
E(To) + E(Th)’ E(To) + E(T1)
A
Example 3.6. Suppose that {X(¢) : i € R} is a SMP on the countable state space
S =1{1,2,...}, which is determined by the kernel
1GiI(t) 1GO0 §GO) =G -
G(1) 0 0 0 e
o = 0 G(1) 0 0 e (3.79)
0 0 G() 0

where
Gih=1—-e¥, >0, a>0
and

G =1—0+xre™, >0 1>0.
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In this case,
1 2
ET) =—, ETy)=- fork=2,....
o A

The transition matrix of the embedded Markov chain is identical to the matrix from
Example 1.3:

~
I
S O ==

In Chapter 1 we have proved that state 1 is recurrent and positive. Moreover, all
states of the embedded Markov chain form one positive recurrent class. Thus, all
assumptions of Theorem 3.6 are satisfied. In this case, the system of equation (3.74)
takes the form

1 1
—mAm=m, -m+n3=m", - +T4=73,..., (3.80)
2 4 8
mAmtazt=1,
and the solution is
1
n'kzz—k, k=1,2,....

Using equality (3.73) of Theorem 3.6, we obtain the limiting distribution of the
process
A P, — 1 2a
S o W P

k=12,3,....
A

The interval transition probabilities P;;(¢), 7,j € S and the CDFs of the first passage
times ®;(¢), i,j € § are connected by equations [45]

t
Pij(z)zf Pjj(t — x)dd;(x) fori#j, i,j€S (3.81)
0

t
Pj(t) =1 —Gj(t) + / Pjj(t — x)ddji(x) forje S (3.82)
0

The corresponding equations for the Laplace transforms are

Pij(s) = Pj(s)@ij(s) fori+#j.ijeS, (3.83)

g 1 - . .
Pji(s) = ST Gi(s) + Pji(s)@ji(s) forjes, (3.84)
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where

Pij(s) =/ e "Py(ndr,  i(s) =/
0 0

o0

o0
e ddy(n), Gi(s) = / e Gy (r)dr.
0

(3.85)
From (3.84) we can find the transform ¢;;(s):
. sPjj(s) +sGj(s) — 1
gij(s) = ———— : (3.86)
s Pji(s)
We know that an expected value of a return time ®;; can be calculated as
E(©)) = —@ji(s)|s=0. (3.87)

The derivative of the function ¢;;(s) at the point O we calculate from definition.

s i’jj(s)+s Gj(s)fl _

d@]j(s) ls—o = lim (;ij(s) - @jj(o) — lim s Pji(s)
ds s—0 N s—0 s
sG(s)fl — lim YG&\&
=—lim —— = =% . (3.88)
s=>0 5 Pj;(s) }gl}) s Pji(s)
If there exists a PDF g(r) = G'(¢), t > 0 and G(0) = 0, then
sG(s) =L[G' (0] = LIg®)] = g(s).
Hence,
G(s) — 1 g(s) — 1 dg
EETELCIO B i O Rl 1O E(T)). (3.89)
s—0 s s—0 S ds
From properties of the Laplace transformation we have
}i_I;[;l)Sij(S) = tl_l)rgo Pji(t) = P;. (3.90)
Finally, we obtain an important equality
E(T;
E©y) = 202, (3.91)
P

where E(T}) represents the expected value of the waiting time in a state j, and P;
denotes the limiting probability of the state j.

3.4 Reliability and maintainability characteristics

Reliability and maintainability characteristics and parameters in semi-Markov models
are presented in many books: [6, 7, 11, 24, 32, 60, 72, 90, 93]. Assume that the
evolution of a system’s reliability is described by a finite state space S SMP {X(7) : t >
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0}. Elements of a set S represent the reliability states of the system. Let S consists
of the functioning states (up states) and S_ contains all the failed states (down states).
The subset St and S_ form a partition of S, i.e.,S=Sy US_and S NS_ =p0.

3.4.1 Reliability function and parameters of the system

Suppose that i € S; is an initial state of the process. The conditional reliability
function is defined by

Ri(t) =PMu e [0,1], Xu)eS{|X(©0)=1i),ieS;. (3.92)

Note that from the Chapman-Kolmogorov equation of a two-dimensional Markov
chain {X(t,), T, : n € Np}, we obtain

Ri(t) = P(Vu € [0, 1], X(u) € S+|1X(0) =1)
=PNMuel0,1], X(u) € S+, 11 > t|1X©0) =)
+PNMu e 0, 1], X(u) € S+, 11 <X(0) =)
— 1= P(1 > D] Is1 (D)
t
+y / PMVu e [0, 1], X(t —11) € Sy |n
jeS+ 0
— u, X(m1) = DP(X(1) = j, 71 € dulX(0) = )
t
— 1= G020+ 3 [ Rt —wagyw.
jesS+

Finally, we have

t
R =1-Gi(O+ Y /0 Ri(t — w)dQ;;(w), i€S,. (3.93)

jesS+

Passing to the Laplace transform, we get

- 1 - -
Ri(s) = S Gi(s) + Z Gij(S)R;(s), €Sy, (3.94)
JeS+

where
- o
Ri(s) = / e 'R;j(n)dt.
0
The matrix form of the equation system is

(I —Gs, () R(s) = Ws, (s), (3.95)

where

T
R(s) = [ie,-(s) e S+]T, Ws, (s) = E —Gi(s) i e S+} (3.96)
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are one-column matrices and
gs, (s) = [qij(s) i jeSy],  I=[8;:ijeS] (3.97)
are square matrices. Note that
~ 1 5
Gi(s) = =Y gy(s). (3.98)
% jes,

Elements of the matrix R(s) are the Laplace transforms of the conditional reliability
functions. We obtain the reliability functions R;(#), i € S; by inverting the Laplace
transforms I~€,-(s), ieS;.

IfA=S_,and A’ = S, then the first passage time from a state i € A’ to a subset
A denotes a time to failure or lifetime of the system under condition that i is an initial
state. Therefore, the random variable ®g_ is time to failure of the system. Notice that

Ri(t) = P(Vu € [0, 1], X(u) € S4|X(0) = i) = P(@s_ > #|X(0) = i)
=1-POs <tXO)=i)=1— ;5 (1) iecSy. (3.99)

A conditional mean time to failure is the conditional expectation

Qis. = E(@®s_|X(0) = i) = /OOOR,-(t)dt, ieSy. (3.100)
A corresponding second moment is

0% =E@s |X(0) =i) = 2/000 tRi(t)dt, i€S,. (3.101)

We can calculate those reliability parameters of the system in another way.
According to equality (3.99) we can solve (3.25) and (3.26), substituting A = S_,
andA’' = S,.

The unconditional reliability function of the system is defined as

R() =PNVu |0, t], X(u) € S4+). (3.102)
Note that
R(t) =PNVuel0,t], X(u) € S4) = ZpiRi(t), (3.103)
ieS+

as

PX0)=i) =0 forieS_.

3.4.2 Pointwise availability
The availability at time 7 is determined as

A(D) = P(X(t) € Sy). (3.104)
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Notice that
A() = P(X(1) € S4)
=PX(@) € S+, X(0) €9
=Y > PX(@®) =jIX(0) = i) PX(0) = i)

ieS jeS+
=3 piPy). (3.105)

ieS jeS+
From the equality it follows that we can calculate the pointwise availability having
an initial distribution p; = P(X(0) = i), i € S and the interval transition probabilities

Pij®),i€S,j€Sy.

If there exist the limit probabilities
Pi = IEIEOP,-]‘(I), jesSy,

then the limiting (steady-state) availability

A = lim A(®?) (3.106)
—00
is given by
A=>"P (3.107)
JjeS+

3.4.3 Maintainability function and parameters of the system

In a similar way we obtain the maintainability function and parameters of the system,
symmetrically to the reliability case. Now we assume that i € S_ is an initial state of
the process. The conditional maintainability function is determined by

M;(t) =PMNuel0, 1], Xm) eS-1X©0)=1i), ieS_. (3.108)
These functions fulfill the equations system
t
M@t =1-Gi@) + Z/ M;(t — w)dQ;j(u), ieS_, (3.109)
jes— 0
which is equivalent to the system of equations for the Laplace transform
- 1 - - .
Mi(s) = = = Gi(s) + Y_ qy(s)Mj(s), ieS, (3.110)
§ jes—
where

Mj(s) = / - e ' M;(1dt.
0
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We obtain the maintainability functions M;(f), i € S— by inverting the Laplace
transforms M;(s), i € S_ being a solution of the above system of equations.

IfA=S,,and A’ = S_, then the first passage time from a state i € A’ to a subset A
denotes a time to repair or a maintenance time of the system under the condition that
i € §_1is aninitial state. Therefore, the random variable Oy, denotes the maintenance
time of the system. Notice that

M;(t) = P(Vu € [0, 1], X(u) € S_|X(0) = i) = P(Qg, > 1|X(0) =)

=1-P@Os <tXO0)=i)=1— D5, (1) ieS_. (3.111)
The conditional mean maintenance time and the corresponding second moment are
o
(:),-5+ =E(Os,1X(0) =1) = / M;ndt, ieS_. (3.112)
0
_ o
O, = E(©3,1X(0) = i) =2 / tMi(dt, ieS_. (3.113)
0

We can also calculate those parameters of the system in another way. According to
(3.99), we can solve (3.25) and (3.26) substituting A = Sy, and A’ = §_.
The unconditional maintainability function of the system is defined as

M) =PNue[0, 1], X(u) € S_). (3.114)
Note that
M@ =PNuel0,1], X(u) e S_) = Zp,-Mi(t). (3.115)
ieS—

3.5 Numerical illustrative example

3.5.1 Description and assumptions

The object (device) works by performing the two types of tasks 1 and 2. The duration
of task k is a nonnegative random variable &, k = 1,2 governed by a CDF F¢, (x), x >
0, k =1,2. The working object may be damaged. Time to failure of the object
executing a task k is a nonnegative random variable ¢, k = 1,2 with PDF f;, (x), x >
0, k = 1,2. A repair (renewal, maintenance) time of the object performing task k is
a nonnegative random variable 1, k = 1,2, governed by PDF f;,, (x), x > 0, k =1, 2.
After each operation or maintenance, the object waits for the next task. In this case a
waiting time is a nonnegative random variable y, having PDF f,, (x), x > 0, k = 1,2
wherein it is task 1 with a probability p or task 2 with a probability g =1 — p.
Furthermore, we assume that all random variables and their copies are independent
and they have the finite second moments.
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3.5.2 Model construction

We start the construction of the model with the determination of the operation process
states.

State of waiting for the tasks performing
Performing of task 1

Performing of task 2

Repair after failure during executing of task 1
Repair after failure during executing of task 2

NE W=

Possible state changes of the process appears as Figure 3.4.
A model of a object operation is a SMP with a state space S = {1,2,3,4,5}and a
kernel

0 Qn® Qi3 0 0
On@® O 0 Qu®» O
o =| 031(0) 0 0 0350 |, (3.116)
041(2) 0 0 0 0
0s51(0) 0 0 0 0

The model is constructed if all kernel elements are determined. According to as-
sumptions, we calculate elements of the matrix Q(). In detail, we explain calculation
of an element Q> (). Transition from a state 2 to 1 in time no greater than ¢ takes
place if the duration of task 1, denoted as &, is less or equal 7 and time to failure is
greater then &1. Hence,

021() = P&t <1, &1 > £1) = f f dFs, (0dF, (),

Dy
where
Dy ={(x,y): 0<x<t, y>xh

Therefore,

t o t
0210 = /O dFs, () / dF () = /O [1 - Foy )] dFe, (0.

where

t
Fr (%) =/0 S (odx.

@ ®
o]
olR6

Figure 3.4 Possible state changes of the process.
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We calculate the rest of elements similar way. Finally, we obtain:
On() =pFy), 013() = qF, (),
0210 = f§[1 = Fo 0] dFe, (1), Qaa(0) = [ [1 = Fe, (0] dFy, (),
031() = fy [1 = Fo, 0] dFe, (). Q35() = [y [1 — Fey, (0] dFg, (),

Qa1(2) = Fy, (1), Qs1(0) = Fyp, (1).

The transition probability matrix of the embedded Markov chain {X(t,) : n € Ny}
is of the form

3.117)

0 pg 0 O

p21 00 pa O
P=|p31 00 0 p3s5 |, (3.118)

1 00 0 O

1 00 0 O

where
pa1 = /O [1 - Foy 0] dFs, (), pas = /0 [1 = Fe, W] dFe, 1) = 1 — pay,

o0

0
P31 = /o [1 = Fr,(0] dFg, (),  p3s =/0 [1 = Fe, (0] dFg, (x) = 1 = p3i1.
The L-S transform of the kernel (3.116) is given by

0 gi20s) quz(s) O 0
g2(s) 0 0 gu@s) O

q) = | 73109 0 0  g3509) |. (3.119)
gar(s) 0 0 0 0
gsi(s) 0 0 0 0

3.5.3 Reliability characteristics and parameters

In the model a subset Sy = {1, 2,3} consists of the functioning states, and a subset
S_ = {4, 5} contains all failed states of the object operation process. In this case, the
matrix equation (3.95) for the Laplace transform of the conditional reliability function
takes the form

1
;(1 —q12(8) — q13(5))

1 —q12(8) —q13(s) 1?1(5)
—q1(s) 1 0 Ras) | = | =(1 = G21(s) — Goa(s))
—q31(5) 0 1 R3(s)

;(1 — q31(8) — 35(5))
(3.120)
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Solving this equation, we obtain

1

Ri) =3, Ras) =23, Ra9) =35 (3.121)

where
A1(9) = =1+ §12()321(9) + §12(9)24(5) + §13()G31(5) + 713(9)F35 (),
As(s) = — 1+ 324(8) + 3120321 (5) + §13()F31(5) — §13()724(5)F31 (5)
+ q13(5)21 (5)@35(5),
A3(s) = =1+ @35(5) + 712(9)21 () + 713(9)Z31(5) + §12(5)G24(5)G31 ()
— q12(8)q21 ()35 (5),
D(s) = s (=1 + G12(9)321 (5) + §13(5)331 ()
_ We obtain the reliability functions R;(?), i € S+ by inverting the Laplace transforms
Ri(s), i €Sy
The numbers ®;s_ = E(®;s_), i € S+ signify conditional mean times to failure.

They are unique solutions of the linear equations system (3.25), which in this case
have the following matrix form

(I - PS+)6S+ = TS+, (3122)

.. = . T = .
Ps, =[pj:ijeSi]. Os,=[E@is):ieSy] . Ts, =[ET):ieS]".

and I is the unit matrix. Hence,

I —p —q E(©15.) E(T)
-p21 1 0 E@s ) | =| ET?) |, (3.123)
-p31 0 1 E(©3s.) E(T3)

&1 =E(T) =E(y), g = E(T2) = E(min{&y, {1}),
83 = E(T3) = E(min{&,, £2}).
Solving the equation, we get

81 +pr8 +98;

E@®1s_) = ,
1 —pp21 —qp31
g+ (1 —gp3))g +ap2g
E(©s.) = p2g + (1 —qp31)g qp2183 (3.124)
1 —pp21 —qp31
Dp3181 +pp318 + (1 —ppa)g
E(©35.) = ! 2 2
1 —pp21 —qp31

3.5.4 Numerical illustrative example

Now we assume that the random variables presented in description have the specific
probability distributions.
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‘We suppose:

® PDF of the task k, kK = 1, 2 duration:
feo(t) = (@)’ re ' 120, k=1,2,

e PDF of the time to failure of the object executing a task k:
froo) =re ™™ 120, k=1,2,

® PDF of the repair time of the object performing task k:
Fo@® = (o™ 120, k=1,2,

e PDF of the waiting time for the any task
f,(0=pe P, t>0.

First, we have to calculate all elements of the process kernel. From equalities
(3.117) for ¢t > 0, we get:

0@ =pd—eP), Qun=ql—eP,
2

_ bl _ (4t
00 = L [ 1= (L e app e,
_ M el tat

024 = =g (e 20 (1 = e 0Y)
o (1= (4 (e +appe@sr) |
2 (erth2)
— _ —(a2+A2) ¢
00 = 2 [1- U+ tane |
_ A2 _ a—(o2+22)t
0s5(0) = 5 [ +2) (1 — e @b))
+ar (1= (1 + (e + A pe ) |
O =1—U+umne™, QOs5i()=1— (14 purne 2" (3.125)

Passing to limit with + — oo in the above functions, we obtain elements of the
matrix (3.118).

P12 =p, P13 =4,
» Ol% » X% + 201 A
N="—""5, PU=—"75,
(o1 + 11)? (a1 +A1)? (3.126)
Ol% )»2 + 2ap Ao
31 , D35 =
P 207 T (w0
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The CDF of waiting times in states i € S and their expected values and second
moments are

Gi() =1—e P! E(T)) = 1 E(T?) = 2
B U
_ 201 + A 2By + A1)
G =1-(1 e @I E(T)) = ———— E(T3) = ————,
2(1) (I+aine (T2) PR Ny (13) @ )7
_ 200 + A2 2Bz + 22)
Gi()=1—(1+at) e @ BTy = —— = ET3)=—"—F,
3(1) ( 21) (T3) 170 (T3) )
2 6
Ga()=1—(+mne ™,  ETy)=—, E(T}) = —,
M1 Ui
ot 2 > 6
Gs(t) =1 — (1 + par)e # E(Ts) = —, E(T}) = —5.
2 ws
(3.127)
The elements of the matrix (3.119) are
- B . p
s) = s ) =qg——,
q12(s) PG+ B) q13(s) 1518
71 (s) = of oa(s) = A(s+2ar+ A1)
1 (S + oy +)\l)2’ 724 (S + oy +)\l)2 ’ (3 128)
7a1(s) = o F3s(s) = Ao (s+2a2+ 22)
B = a2 P T sy a2
. M1 . w
s) = s s) = .
g41(s) St gs1(s) St
We assume the following values of the above-presented parameters:
p=06, ¢g=04,
B=04 @ =012 =001, a=025 ’i=0005 [}],
w1 =0.15, o = 0.2; [ﬂ . (3.129)

A procedure written in the MATHEMATICA computer program enables us to
obtain the reliability characteristics and parameters in the considered model. The
numbers O;s_ = E(®;s_), i € S4, denoting conditional mean times to failure, are

O1s = 138.86, @y5 = 133.12, ©O5 = 141.24; [A].
The corresponding conditional standard deviations are
D(@s ) = 136.52, D(Oys_) = 13627, D(®s_ ) = 136.70; [h].

Using (3.121) and (3.128) for parameters (3.129) we get the Laplace trans-
form of the conditional reliability functions. Finally, applying the procedure
InverseLaplaceTransform [R;, s, f] in the MATHEMATICA program, we get the
conditional reliability functions of the considered system. The formulas are relatively
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R(1)

0.96

0.95

~

Figure 3.5 Conditional reliability function R; (¢) on interval [0, 5] [A].

Ry(n)

0.0

0 100 200 300

Figure 3.6 Conditional reliability function R; (¢) on interval [0, 400].

simple, but very long. So, we present only figures representing the reliability function
R1(?), t > 0. Figure 3.5 shows the reliability function on interval [0, 5] and Figure 3.6
shows the same function on interval [0, 400].

Applying Theorem 3.6, we obtain the limiting distribution of the process states.

P; =0.158, P, =0.560, P3 =0.192, P4 =0.075 Ps =0.015. (3.130)
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As we know (3.107), the limiting (steady-state) availability is given by

A=>"P

JjeS+
Hence,
A =P+ P>+ Pz =0.910. (3.131)

This section shows that calculating many reliability parameters is relatively simple.
To obtain the limiting distribution of the process states, the steady-state availability,
the conditional means time to failure, and the corresponding second moments we
have to solve the appropriate system of linear equations. It should be added that
characteristics and parameters of SMPs and Markov processes were discussed in many
other books and papers [3, 6, 7,12, 13, 15, 16,17, 19, 25, 45, 53, 54, 87, 90].



Perturbed Semi-Markov processes

Abstract

The chapter covers the application of the perturbed semi-Markov processes (SMPs) in
reliability problems. Many kinds of the perturbed SMPs exist. Some of the simplest types
are considered in this chapter. All concepts of the perturbed SMPs are explained in the same
simple example. Moreover, an exemplary approximation of the system reliability function
with an illustrative numerical example is presented in this chapter. The last section is devoted
to the state space aggregation method.

Keywords: Perturbed semi-Markov processes, Approximation, Approximate reliability
function, State space aggregation method

4.1 Introduction

It is well-known that in the case of complex semi-Markov models, calculating the
exact probability distribution of the first passage time to the subset of states is usually
very difficult. Then, it seems that the only way is to find the approximate probability
distribution of that random variable. It is possible by using the results from the theory
of semi-Markov processes (SMPs) perturbations. The perturbed SMPs are defined
in different way by different authors. This theory has a rich literature. The most
significant and original results include the books of Korolyuk and Turbin [60, 61],
Korolyuk and Limnios [65], and Gyllenberg and Silvestrov [40]. We can find
many interesting results concerning perturbed SMPs in papers by Gertsbakh [25],
Pavlov and Ushakov [83], Shpak [89], Gyllenberg and Silvestrov [39], Domsta and
Grabski [18], and many more. In this chapter we present only a few of the simplest
types of perturbed SMPs. The first of them is presented by Shpak, the second one is
introduced by Pavlov and Ushakov and was presented by Gertsbakh, and the third one
is defined by Koryoluk and Turbin.

4.2 Shpak concept

A perturbed SMP in the paper by Shpak [89] is called an associated process to the
SMP. We introduce our version of the Shpak definition. Let A’ = {1,2,...,N},A =
{0} and S = A U A’. Suppose that {X°(#) : > 0} is the SMP on the state space A and

the kernel Q°(¢) = [Qg.(z) Qe A’].

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00004-1
Copyright © 2015 Elsevier Inc. All rights reserved.
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Definition 4.1. The SMP {X(¢) : r > 0} with the state space S is said to be the
perturbed process with respect to the process {X°(¢) : # > 0} if the kernel Q(f) =
[Q,j(t) 1i,j € S] of the process {X(¢) : t > 0} is given by

ot = Fi01dQ%x) dla ij e A’
0y = { 0 ! dlaicA, jeA "’ @D
t
Qio(1) = / [1 - Gw]driw, ien, 4.2)
0

where G?(t) = .ZA; Qg.(t), while the functions F;(f) = P(Z; < 1), i € A’ represent the
JjeA’

cumulative density functions (CDFs) of the nonnegative random variables Z;, i € A’

with the positive finite expected values.

The random variable
O =inf{t: X)) =0 X©0) =i}, ieA ={1,...,N}

denotes the first passage time from a state i € A’ to state 0. Let

md = / [1 — G?(t)] dr, ieA, (4.3)
0
where
Gty =Y 0. (4.4)
jeA’

The number m? is an expectation of the waiting time of the state i € A’ for the SMP
{X°(#) : > 0}. The number

ei = pio = lim Qjo(?) 4.5)
11— 00

is the transition probability of the embedded Markov chain {X(z,) : n € Np} from the
state i € A’ to state 0. Let 70 = [n?, cees n](\),] denote the stationary distribution of the
embedded Markov chain and let

&= Zn?si. 4.6)

ieA’

Theorem 4.1. If the embedded Markov chain {X(z,) : n € Np} has the stationary
distribution 7% = [JT?, e, 0], & > 0 and the distributions G?(t), i=1,...,N have
the finite and positive expectations, then

lin})P{e(E,-o >t} =exp[—At], =0, 4.7)

E—>
where

- 1

A
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Proof: [89].

Note first that the asymptotic distribution of the random variable ®;p does not
depend on the state of i € A'.

If the subset A’ is the set of “up” states, while A = {0} is a state of the object failure,
then a thesis of Theorem 4.1 allows us to find the approximate reliability function

R() = P{®js >t} = P{e®jy > et} = exp[—ret], t=0, 4.8)

when ¢ is small.

Example 4.1. In many real cases we can treat the duration of the functioning
periods and repair or replacement periods of a system as the random variables. We
can describe the operation process of the system by a two-states stochastic process. In
practice, the danger of an emergency can occur in a functioning period as well as in
a repair period of the system. This event can stop or break the operation process. Our
aim is to construct the stochastic model describing the process of operation with the
perturbations of the system reliability. This model will allow us to obtain the reliability
characteristics of the system.

We assume that the duration of the functioning periods are the independent copies
of the positive random variable & with CDF

Fe () = P(E < 1),

The duration of the renewal periods (repair or replacement periods) are the
independent copies of the positive random variable n with CDF

Fy() = P(n < 1).

During both a functioning period and a repair period the system can incur damage.
The time to failure during a functioning period is a positive random variable ¢; with a
probability density function fz, (x), x > 0. The lifetime during a functioning renewal
period is a positive random variable ¢, with a probability density function fz, (x), x >
0. The failure causes stopping the operation process.

To consider a stochastic model of the above-mentioned operation process, we start
with introducing the following states of the system:

s1 <> 1: work of the system
52 <> 2: renewal of the system
so <> 0O: failure of the system

Possible states changes of the system are shown in Figure 4.1.

=0

\@/

Figure 4.1 Possible states changes of the system.
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Let {X(¢) : t > 0} be a stochastic process describing the process of state changes of
the object. Denote moments of the state changes of the process by 7o = 0, 71, 12, . . ..
This process takes constant values on half intervals [tg 1), [71, 72), . . .. From descrip-
tion and assumptions it follows that {X () : # > 0} is the SMP with the state space
S = {0, 1,2} and the kernel

Qoo(n) 0 0
oW =| Ci®» 0 Qn® |, (4.9)
Or() O2( O

where
QM»=HM@¢<@=A%LJMMﬁme (4.10)
Qum=P@<nc>sr5[U—FumM&ux @.11)
@an=ma<ncp@ﬂ=ﬁﬁl—aaﬂ@aM& (4.12)
&Mﬂ=ﬂn<n&>nﬁigﬂ—FM@Mﬂ@L 4.13)

and Qoo = Go(?) is an arbitrary PDF concentrated on the R,. We can treat this SMP
as a perturbed process with respect to a SMP {X°(¢) : t > 0} with the state space A’ =
{1, 2} defined by the kernel

opy—| O Q?z(f)} 4.14
Q@—[%m 2 (4.14)
where

0% =Fe(n, 05,0 = F, (.

A time to failure ¢; plays a role of the random variable Z;, and the random variable
&> is identical to the random variable Z;. The quantities from the theorem presented
herein are

) =05 7)=05 m)=EE), m=E®), (4.15)

£1 2/0 [1 —Fg(u)]f;l (u)du,

o
& = / [1 = Fp)]fe,wdu,e = 0.5(e1 + 2). (4.16)
0
Thus, the reliability function of the object is expressed by approximation

[ = Fe@)]fe @odu+ [ [1 = Fy )] fr, (0)du 1w
EE&)+E®m) S

R(t) ~ exp |:
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This formula can be used only when ¢ is small. This number is small if probability
of the failure in the functioning interval of length £, and probability of the failure in
the renewal interval of length 5 are both small. A

4.3 Pavlov and Ushakov concept

Let A" =S — A be a finite subset of states and A be at most countable subset of S.
Suppose that {X(7) : t > 0} is the SMP with the state space S = A U A’ and the kernel
Q@) = [Qij(t) : i,j € S], the elements of which have the form of Qy;(t) = p;iFij(1).
Recall that p;; is the transition probability from the state i € S to the state j € S of the
embedded Markov chain of the SMP {X(?) : t > 0}, while F;;(#) denotes the CDF of a
holding time Tj;,i,j € S. Assume

&=y pj (4.18)
JjeA
and
0 _ Pij .. ’
pi=——, LjEA. (4.19)
v 1—¢;

Notice that ) P, =1.
JjeA’
Definition 4.2. A SMP {X(¢) : ¢ > 0} with the discrete state space S defined by the
renewal kernel Q(¢) = [p,-jF,-j(t) 1i,j € S] is called the perturbed process with respect

to a SMP {Xo(t) : t > 0} with the state space A’ and defined by the kernel Qo(t) =
[ng,-j(t) Lije A’].

We will present the theorem that is some version of the theorem introduced by
Gertsbakh [25]. The random variable

Oia = Ojp = inf{t: X(1) € A|IX(0) =i}, i€A, (4.20)

represents the first passage time from state i € A’ to the subset A. The number

S / [l —Gi(n]dr, icA. 4.21)
where
Gi( =) Qy()
jes

is an expectation of the waiting time in the state i for the SMP {X(?) : t > 0}. The
number

/ Go(t) ieA, where GO() = Z Qg.(z) (4.22)
0

JjeA’
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is an expected value of the waiting time in state i for the process {X°(¢) : t > 0}.
Denote by 79 = [Jrio tie A ] the stationary distribution of the embedded Markov
chain in the SMP {X°(r) : t > 0}. Let
e = Zn?ai and m° = Zniom?. 4.23)
icA’ icA’
We are interested in the limiting distribution of the random variable ®;4,i € A’.

Theorem 4.2. If the embedded Markov chain defined by the matrix of transition
probabilities P = [pij 1i,j € S] satisfies conditions

fia =P(As <o0|XO0)=i) =1, i eA, (4.24)
[ ]
desoVijes, 0 < E(Ty) <, (4.25)
[ )
o0
Vieatia = ) nfia(n) < oo, (4.26)
n=1
then
lim POy > ) = e 0, 4.27)
E—>

where 70 = [m tie A ] is the unique solution of the linear system of equations
' =7P" %1=1. (4.28)

From that theorem it follows that for small & we obtain the following approximate
formula:

> wle
icA’
> 0]
icA’

P(®jp >0 ~exp|— t|, t=0. (4.29)

Example 4.2. We apply the above-mentioned theorem for the model presented in
Example 4.1. As we know, {X(¢) : t > 0} is a SMP with the state space S = {0, 1,2}
and the kernel given by (4.9). We can treat this SMP as the perturbed process with
respect to the SMP {XO(#) : t > 0} with the state space A" = {1,2} and the kernel

o« [ O Q?zm] 4
Q(t)—[le(t) 3 , (4.30)

where

0% 1) = pyFia(n),  05,(t) = p3Fai1 (1)
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As A = {0}, then
€1 = pio = Qio(00) = /o [1 = Fe@)]fr, () dx,

& =/0 [1 = Fp)] fe, wdu.

Note that
0 p12 0 D21
= =1 and = =1
Pr2 1—¢ P2 1 —e&
From the equality Fj;(¥) = %, we have
ij

Jo[1 = Fe, 0] dF; ()
Joo [ = Fq )] dFe ()’

Jo[1 = Fo (0] dF, (x)
Jo [ = Fe,(0)] dFe (x)

0% (0 = Fia( =

05,(1) = Fa1 (1) =

The transition matrix of the embedded Markov chain of the SMP {X°(?) :

takes the form

o o1
pe[01]

The solution of the system of equations

2] | ) o | = [hs).

) ) =1

is the stationary distribution of the above-mentioned embedded Markov chain:

7° =105, 0.5].

Using (4.23), we obtain parameters
e =0.5(e1 + &),
m’ = O.S(m(l) + mg),

where

0 % 00 — fooot[l—F;l(t)]ng(t),
: / 0 I = Fry 0] dFe ()

O= Oold 0 t zfoo:ot [I_ng(l)]an(t)-
ny / O @) S [t = Foy (0] dFy ()

4.31)

(4.34)

(4.35)

(4.36)
4.37)

(4.38)



74 Semi-Markov Processes: Applications in System Reliability and Maintenance

For small ¢, we get an approximation of the reliability function

R(t) = P(O@i4 > 1) = P(¢@jp > &f)

A exp [—%t] = exp [—%t} , t=>=0. 4.39)
ny -,

Notice that for small &; and &>
0 OO 0 *
my ~ /0 WdFe(x) = E), my=~ /0 tdFy,(x) = E(n)

and we get the approximation of the reliability function identical to the function given
by (4.17). A

4.4 Korolyuk and Turbin concept

Now we present the concept of the simplest type of the perturbed process coming from
the monograph of Korolyuk and Turbin [60].

Suppose that A’ is at most a countable set and let A = {0}. Let {X®(¢) : t > 0} be a
SMP with the state space S = A U A’ and the kernel

0w =[0w:ijes|. (4.40)
the elements of which have the form of

05(1) = p5Fy(0), (4.41)
where

pg —ebjj for i,jeA

pfj =1 &qi for ieA’, j=0 (4.42)
1 for i=j=0
and
gi=) by ieA. (4.43)
JjeA’

Definition 4.3. The SMP {X(f) : t > 0} with the state space S=AUA’ and
the kernel Q°(r) = [ij(t) 1i,j € S] given by (4.40)—(4.43) is called perturbed with
respect to the SMP {Xo(t) .t > 0} with the state space A’ and the kernel Q0 (n =
[ng,j(t) Lije A’].

Let 79 = [JT? tieA ] denote a stationary distribution of the embedded Markov

chain {X%(z,) : n € No}. As we know, this distribution is the only solution of the
system of equations

70 =7 71=1. (4.44)
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Let
qg=> 7qi (4.45)
ieA’

and as in the previous theorem

0 =3 w0 md. (4.46)
ieA’
Theorem 4.3. If

e the embedded Markov chain {X°(z,) : n € Ng} with the matrix of transition probabilities
PO = [p?i ci,jeA ] consists of exactly one positive, strongly recurrent class A’ such that
fij=1foralli,jeA,
de<coVien m? <G,

Jiear P,?() >0,
then
_4a
lim P{e®jp > x} =e m0". (4.47)
e—0

Proof: [60].
From this theorem it follows that for ¢ > 0 we get the approximate formula

£q

P(@ip > 1) = P(eOjy > ef) e mb'. (4.48)

Example 4.3. Let us consider the same model. Now, the SMP describing the
reliability evolution of the object is denoted by {X?(¢) : # > 0} and its kernel is given
by (4.9). A transition matrix of the corresponding embedded Markov chain is

1 0 O
PP=|pio O pi2 |, (4.49)
p2 p21 O

where

o]

o= [ [-Feolawd po= [ [1-Fw]drm. @50

o0

o
P20 = /0 [1 - Fy@]fn@dx, pa = fo [1 = Fp (0] dFy (). 4.51)
The matrix of CDF of the holding times Tj;, i,j € S is

Foo(t) O 0
FE(y=| Fio 0 Fn2(® |, (4.52)
Fy() F21() 0
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where
! t
P = B =Pl 1= P @]dR@
Joe 1= Fe)] fy @ JoS 1= Foy @] dFe (@
t t
Py = BP0l 1= Fa@]dRw
e [V = Fy0)] f e S [1 = Fe@] dFe)
and
Foo = Go(2).
The kernel of the process {X°(#) : > 0} with the state space A" = {1,2} is
o0 _|[ 0 0L0 }
0 (n= [ Rw 0 | (4.53)
where

Q%) = Fia(n),  05,(H) = Fa1(1).

The probability transition matrix of the embedded Markov chain in process {X°(¢) :
t > 0}is

o _[01

P _[10}, (4.54)
and the stationary distribution is 70 =[0.5,0.5]. From (4.42), we get

ebj=p)—p§ i.jeA. (4.55)

Thus,
o0
ebi1 =0, ebn=P <§)= / [1 = F:(0)] fy; (0)dx, (4.56)
0
o0
sbyy = P(5 < 1)) = / [1 = Fy ()] fer()dx,  eby =0 4.57)
0

and

o]

&q1 = /OOO [1 — e (x)]f;l (xX)dx, egr = /0 [1 - F,,(x)]f;2 (x)dx. (4.58)
Therefore, from (4.45) we get

eq = 0.5(q1 + q2). (4.59)
From (4.45), we have

m® = 0.50m) + mY),

where m(l) and mg are given by (4.40). Finally, we obtain the same approximation of
the reliability function as in the previous case. A
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4.5 Exemplary approximation of the system
reliability function

Let us consider the example presented in Section 3.5. To obtain the approximate
reliability function, we use the concept of the semi-Markov perturbed process
introduced by Pavlov and Ushakov. The model of the object operation is the SMP
{X(®) : t > 0} with the five elements state space S = {1,2,3,4,5} where the subset
A’ =S, ={1,2,3} consists of the functioning states and A = S_ = {4, 5} contains
all failed states of the object. The kernel of the process is given by (3.116). We know
that the kernel can be expressed as Q(f) = [pijF i1 i,j€ S]. We have to construct
the SMP {X°(¢) : + > 0} with the state space A" = {1,2, 3} and the kernel

Q') = [phFyn :ijea], (4.60)
where
Pij . .
Py = 1_”Ei, ijjeA’, and g,:%;p,-j, icA (4.61)
J

So, we are obliged to find all elements of the matrix

0 0,0 0%
0’ =1| 0% 0 0o . (4.62)
0 0 0

The transition matrix of the embedded Markov chain of SMP generated by this
kernel is

P = (4.63)

e =)
oo
S O

To find a stationary distribution of the embedded Markov chain we have to solve
the system of equations

S O

0p
[7lmdom|| 100 | =[hnd =g, (4.64)
10
1.

)+ )+ ) = (4.65)

The solution is

) =05 7)=05p, n)=05q. (4.66)



78 Semi-Markov Processes: Applications in System Reliability and Maintenance

The PDF’s functions Fj;(7), i,j € A’ are
Fip() =F, (1), Fiz) =F,®), (4.67)

Jo [1 = Fr (0] dFe, ()
S [1 = Fry @] dFe, (x)

_ o[l = FoW]dFs
Joo (1= Fp®]dFe, ()
(4.68)

Fo1(1) =

F31(0)

The elements of the matrix (4.62) take the form

0% =pFy (), 0% =qFy (1), 05 = Fau(n), 0% = F31(2).

(4.69)
From (4.61), we get
e1=0, & =pu= /0 [1—Fz (0] dFg, (),
€3 =p3s = /O [1 = Fe, ()] dFg, (x). (4.70)

The parameters & and m° given by (4.23) are

& =0.562+0.563 =0.5 ( / 00[1 — Fe, ()] dFy () + / oo[1 — Fe,(0)] dFy, (x))
' ' 4.71)
and

m® = 0.5m) + pmd + gm?), (4.72)
where

Joox[1 = Fry (0] dFg, (x) 0_ JoZ x[1 = Foy(0)] dFe, (x)

0 — E s 9= 00 ’ > ‘
m; (), m; fO [1 — Fy (x)] dF, (x) " fO [1 —Fy (x)] dFg, (x)
(4.73)

From Theorem 4.2, it follows that for small ¢ we get the approximate reliability
function

R() = P(®js > 1) = P(¢®j4 > ¢t) = P(e®js > ¢ef) = exp [— iot] , t>=0.
m
“4.74)

where ¢ is determined by (4.71) and mO is given by (4.72). Note that for small 3 and €3

my ~ /0 tdFg (x) = E(&1), m)~ /0 tdFe, (x) = E(&)
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and the approximate reliability function takes the form

R(t) = P(®is > 1)

~ exp [_ S [ = Fe, 0] dFg, (0 + [5° [1 = Fey, (0)] dF g, (x) t} s

E(y) + pE(§1) + qE(&2)
(4.75)

4.5.1 Numerical illustrative example

As the numerical illustrative example, we will calculate the approximate reliability
function for the model considered in Section 3.5. First, we calculate the necessary
characteristics and parameters. The PDF’s functions Fy;(?), i,j € A’ are

Fp(t) =Fy(®), Fi3() =Fy (), (4.76)

For1() =1 — (14 (o) + Ap)f) e~ @+t
F31(0) = 1 — (1 + (o + Ag)ry e @221, .

The elements of the matrix (4.62) take the form

0% =pFy (0, 0%1) =qF, (1), 05,1 =Fa(), 051 = F31(2).

(4.78)
From (4.61), we get
A2+ 2010 A3+ 2004
e1=0, &= =1 = =2 =7 4.79
1 2EPUT Tl 3EPS T ) (4.79)
The parameters ¢ given by (4.71) and m° given by (4.72) have the form of
e =05(per+ €39 (4.80)
and
m® = 0.5(m) + pm) + gm3) (4.81)
where
1 2001 + M1 200 + Ao
m(l) =—, mg = —0, mg = —F—. (4.82)
B (a1 +21) (a2 +22)
Thus, for small ¢ the approximate reliability function is given by
R(t) = P(®is > 1) ~ exp —%t 1> 0. (4.83)
my + pmy + gy
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We assume the same values of parameters as in Section 3.5:

p=06, gq=04,
B=04 @ =012 1 =001, ay=025 1=0005 [f].

(4.84)
From (4.80) and (4.81), we calculate the parameter
. &
=5

of the exponential distribution. The value of this parameter is A = 0.00826. The mean
time to failure is given by

1
E®) =~

and its value is E(®4) = 121.02. Finally, the approximate reliability function in this
case is

R(1) ~ exp(—0.008261), t > 0.

Comparing the above-presented results with results from Section 3.5, we can see
that the difference between the conditional expectations of the time to failure and
the approximate expectation of that one are small; similarly, the differences between
values of the conditional reliability function and its approximation are very small.
Calculating the approximate reliability function of the system is much simpler than
the exact calculation. However, we must remember that we can apply the theorems
from the perturbation theory only if, in considered cases, the assumptions of those
theorems are satisfied.

4.6 State space aggregation method

The theory of the SMP perturbation is closely related to the state space aggregation
method. The aggregation method is also called a merging or lumping or consolidation
method. In this section we present a theorem in the simple case of the state space
aggregation method. This theorem is a kind of conclusion from the theorem presented
by Korolyuk and Turbin [60] (see Chapter 7, p. 151). Its assumptions come from the
paper [64]. The theorem contains the conditions under which the SMP with a discrete
state space S can be approximated by a continuous-time Markov process with a finite
state space E = {1, 2,...,m}, where the states represent the numbers of disjoint subset
S1,82,...,S, which are a partition of the state space S:

§=85U8%U,...,USy, and §;NS;=0 fori#j.

Let {X°(r) : t > 0} be a SMP with a discrete state space S defined by the kernel
RO [ij(t) 1i,j € S] depending on parameter ¢ > 0.
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Theorem 4.4. Let the following assumptions be satisfied:

e The elements of the kernel depend on the small parameter as follows ¢

05() = piFij(t) i,j€S, (4.85)
k k) ..

R pEi) - sqgi) i,j € Sk

Pij = N05) o . > (4.86)
’ £qy; ieSk, j& Sk

where
Zpgc)zl, ieSg, k=1,2,...,m.
JESK

e The Markov chains determined by the transition probability matrices P® = |:pg<) tij € Sk]
are ergodic with stationary probabilities ni(k), ieS,k=12,....,m.

Then, the SMP {X%(¢) : t > 0} for small & can be approximated by the Markov process
{Y () : t > 0} with the state space E = {1, 2, ..., m}, where states represent the classes
of states S1, 82, . .., Sn. This process is equivalent to the SMP defined by the kernel

01 = [prr (1 —e™™') : k,reE], (4.87)
where
_ o 1
Plr=—,  hp=—, (4.88)
my mg
Agr = Zﬂi(k) Z b,’j, bg{) =& qg{), my = Z ﬁi(k) m;, m; = E(T}).
€Sy JESy ieSy

From this theorem it follows that for small & instead of a semi-Markov model
with a state space S = S U S2U,...,US,, there can be considered the approximate
Markov model with a set of states £ = {1, 2, ...,m}. The Markov process with states
representing the aggregated states of the SMP is much easier for calculations and
analysis as a reliability model.

It should be noted that significant generalizations of the above-presented result can
be found in Refs. [60, 61, 65].

4.7 Remarks on advanced perturbed Semi-Markov
processes

The concepts of perturbed SMPs presented in previous sections belong to the simplest
ones. In books by Korolyuk and Turbin [60, 61], Korolyuk and Limnios [65],
Korolyuk and Swishchuk [63], and Gyllenberg and Silvestrov [40] and also in
the paper [91] more advanced concepts of the perturbed SMPs are presented. In
Ref. [60], different types of perturbed discrete state SMPs are considered and phase
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merging (phase aggregation) of those kinds of processes are also presented. In
Refs. [61, 63, 65], one can find some applications of the perturbation theory to the
limit theorems for characteristics of SMPs with a general state space. Furthermore,
the phase merging of the general SMP is developed in those monographs.

The book by Gyllenberg and Silvestrov [40] is devoted to methods of the
asymptotic analysis of nonlinearly perturbed stochastic processes based on some types
of asymptotic expansions for perturbed renewal equation for regenerative processes,
SMPs, and Markov chains. In this book, moreover, we can find applications for the
analysis of quasi-stationary phenomena in nonlinearly perturbed queueing systems,
population dynamics and epidemic models, and risk processes.



Stochastic processes associated
with the SM process

Abstract

Random processes determined by the characteristics of the semi-Markov process are
considered in this chapter. First is a renewal process generated by return times of a given
state. The systems of equations for the distribution and expectation of them have been
derived. The limit theorem for the process is formulated by adopting a theorem of the
renewal theory. The limiting properties of the alternating process and integral functionals
of the semi-Markov process are presented in this chapter. The chapter contains illustrative
examples.

Keywords: Renewal process, Alternating process, Cumulative process, Integral functionals
of the semi-Markov process

5.1 The renewal process generated by return times

Suppose that {X(7) : > 0} is a semi-Markov process determined by the kernel
0(), t > 0, where S is discrete state space and let {X(7,) : n € Ny} be the embedded
Markov chain of this process. Assume that a state j € S is strongly recurrent and
strongly accessible from the state i € S. Consider the sequence of random variables

S IPNCIIPNG))
0, 07,07, ..., (6.1

where @Ejl) = ©);; represents a first passage time from the state i to the state j while

random variables ®]§]{1), n=2,3,... form the sequence of return times to the state j.
The function

Oy(1) = PO <1, 1>0 (5.2)
is the CDF of the random variable @Ejl) while

Oy(1) = PO <) =P@O; <1, 1

WV

0

is the CDF of the random variables @;;1), ...,n=2,3,... It can be proved that the
random variables

M 5@ W
o). e ..o n=23...

are mutually independent.

Semi-Markov Processes: Applications in System Reliability and Maintenance. http://dx.doi.org/10.1016/B978-0-12-800518-7.00005-3
Copyright © 2015 Elsevier Inc. All rights reserved.
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Let
S0 00 1 0P 4. 4Ol n=23,.. 53)
and
o0
Vi) =Y oS, 10, (5.4)
n=1
where

e o)
1[0;](591)) = 1 lfSijn € [0,7] '
119 0 if SEJ(’) ¢ [0,1]

The value of a random variable V;;(f) denotes the number of visits of the SM process
in the state j € S on an interval [0, ¢] if the initial state is i € S. The stochastic process
{Vij(®) : t € Ry} is called the renewal process generated by the first passage time and
return times of the SM process.

5.1.1 Characteristics and parameters
Let
Wij(t,n) = P(V;j(1) =n), neNp (5.5)

be the probability distribution of the process {V;(¢) : t € R, }. From the equality of
events

{Vij() =0} ={®; > 1}
we get
Wii(2,0) = P(Vyj(1) = 0) = P(© > 1) = 1 — dy(1). (5.6)

The SM process, which starts from the state i, will take the value j n times in an
interval [0, #], if at the moment x € [0, 7] a first passage to state j takes place, and in the
interval (x, f] the SM process achieves state j n — 1 times. This remark, together with
the properties of the SM process, lead to equations

t
Wiit,n) = / Wit — x,n — 1)d®;;(x), neN, ijes. 5.7
0
For n € Ny, we can write both those equations as
t
Wij(t.n) = 8s0 [1 = ()] + [1 — 8y0] f Wij(r — x.n — 1)d®;(x). (5.8)
0

Those equations were presented by R. Howard [45]. Under the assumption of
Theorem 3.4 the system of equations has a unique solution. We can obtain the solution



Stochastic processes associated with the SM process 85

using a transformation [45] given by

o o)
Wis,2) =Y 2" / Wi(t, mye*"dt. (5.9)
n=0 0
Applying this transformation to (5.8), we get the system of equations for transforms
~ L—gjls) = .
Wii(s,z2) = E— + z2@ij(s)Wji(s,2), i,j€S. (5.10)

Particularly, fori = j

- 1 — @ii(s) - ~ .

Wii(s,2) = + + 2@i(5)Wji(s,2), Jj€ES. (5.11)
Hence,

- 1 — @

Wii(s,2) = 4i(s) s (5.12)

s[1—zg;(s)]
Formula (5.11) takes the following form:

1 — @j(s)
s[1=2g59)]
We obtain the Laplace transform I:Iij (s) of the expectation H;j(t) = E [V,-j(t)] using the
formula

~ 1 — @;(s . .
Wii(s,z2) = %() + z@ii(s) i,j€S. (5.13)

AW;i(s,2)
0z
After calculation, we get

H;i(s) = le=1. (5.14)

@ij(s)
s (1= @jj(s)

The expectation H;;(t) = E [Vij(t)] corresponds to the renewal function in the renewal
theory. We calculate the Laplace transform of the second moment of the stochastic
process {V;;j(#) : t € Ry} applying the formula

Hi(s) = (5.15)

92 Wij(s,2) Wi (s, 2)
o 2 _ i J
L [E [(V,](t)) ]] = =t = e (5.16)

Making a simple calculation, we have
_ 20§()9;i(s) Pij(s)
s (L=@s)? s —@j(9)

Applying properties of the Laplace transform, we obtain

c[E[wm7?]] (5.17)

t
E [(V,-j(z))z] =2 /0 Hij(t — x)dH;i(x) + Hy(1). (5.18)
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Consequently, the variance is

t
D*[V(n] =2 / Hy(t — x)dHj(x) + Hij(t) — H (D). (5.19)
0

5.2 Limiting distribution of the process

Adopting theorems of the renewal theory we can formulate a limit theorem concerning

the stochastic process {V;;(r) : t € Ry} ast— oo. Let
E@©j) =aj, E©p =aj V(O =o0; V(O =0
Theorem 5.1 (Grabski [30]). If

® jisa positive recurrent state,

e jis strongly accessible from the state i € S,

e the random variables that are independent copies of the random variable ®;; have the finite
positive expected values and variances,

then

1—E(©y)+E(©))

Vij(t) - ” 1 X
lim P PO x|l — / ¢ 2du, (5.20)
t— 00 V(O;)t V21 J-0
[E©)]

Proof: [30].

Example 5.1 (Reliability model from Section 3.5). We will explain and illustrate
the concepts presented above using the example presented in Sections 3.5 and 3.5.4.
Recall that a reliability model of an object is the semi-Markov process {X(¢) : ¢ > 0}
with the five elements state space S = {1, 2, 3,4, 5}, where

1 denotes state of waiting for the tasks performing,
2 means performing of the task 1.

The kernel of the process is given by (3.116). Let i =1 and j =2. We want
to calculate the necessary parameters of the process {Vi2(f) : t > 0} approximate
distribution. Recall that a value of the process represents a number of the semi-
Markov process visits in the state 2 in the interval [0, 7] if the initial state is 1. From
Theorem 5.1 it follows that we have to calculate the expectations E(®12), E(®22) and
the variance V(®7;). To obtain these parameters, we apply (3.25), (3.26), (3.30), and
(3.31). In this case, (3.25) takes the form

I —q0 0 E(©12) E(T)
—p21 1 0 p3s E©3) | _ | E(T3) (5.21)
-1 0 1 0 E(®yg) E(Ty) ’
1 00 1 E(©s) E(TS5)
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Using the procedure LinearSolve [a, c] in the MATHEMATICA program, for parame-
ters presented in Section 3.5.4 we obtain

E(©12) =9.60, E(®3) = 1776, E(®) =22.94, E(Os;) = 19.60.
(5.22)

We get the expectation E(®>7) using the equality (3.30), which in this case is
E(0©22) = E(T2) + p21E(O12) + puE(O42). (5.23)

Substituting suitable numbers from Section 3.5.4 we obtain the expected value
E(®2) =26.37. In a similar way, using (3.26) and (3.31), the second moment is
E(@%z) = 830.73. Thus, the variance is V(®j2) = 135.44. From Theorem 5.1 it
follows that the renewal process {V12(f) : ¢ > 0} is approximately normally distributed
with an expectation

1 — E(©12) + E(O2)

E[Via()] = E©@x) (5.24)

and a standard deviation

| V(Ox)t
Vi@l ~ | ——. 5.25
o [Vi2(D] @] (5.25)

Substituting the numerical values, we get

t+16.77
E[Vi2(0] ~ 2637 o [Via(t)] ~ 0.0859+/1, (5.26)

which represents the mean number and the standard deviation of performing task
1 during the time ¢ if 1 is the initial state. For example, if + = 1000 [h], then
E[V12(1000)] =~ 38.56 [h] and o [Vi2(1000)] = 2.72 [h]. A probability that the
number of performing task 1 during this time belongs to the interval [36, 44] is

P(36 < V12(1000) < 44) ~ ®(2) + $(0.941) — 1 = 0.8039.

The symbol &(-) used above denotes CDF of a normal standard distribution.

5.3 Additive functionals of the alternating process

In the cumulative working time of a machine, wearing out an engine in period
[0, 7] is an example of quantities that can be described by a so-called stochastic
cumulative processes. We investigate only cumulative processes connected to semi-
Markov processes. First we take under consideration a cumulative process defined by
an alternating process. An example of that kind of process is a cumulative time of
work of an machine during a period [0, ?].

Consider a sequence of mutually independent random variables ¢1, y¥1,2,¥2 . . ..
Assume that random variables {1, {2, ... are copies of the random variable ¢ with
CDF F¢(t), t > 0 and random variables y1, y2, .. . are copies of the random variable
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y having CDF F), (7). For convenience, the random variable ¢ will represent the length
of a working period and y will denote the length of a service period of an object.

Let {(¢,,7,) : n € Ng} be a sequence of two-dimensional random variables de-
fined by the following equalities:

£ _{1 forn=0,2,4,... )¢ forn=1,3,5,...
L, =

0 forn=1,3,5,... ﬁn—{yn forn =2.4.6,... (5.27)

The sequence {(&,, V) : n € Ny} is a Markov renewal process with a kernel

_[o  F®
Q(”—[Fg(;) o } (5.28)

That Markov renewal process generates the SM process {X(¢) : ¢ > 0} with a state
space S = {0, 1} and an initial distribution

p=1[0,1]. (5.29)

This process is called a simple alternating process. The stochastic process {K(f) :
t > 0} given by the formula

t
K(t):/ X(u)du (5.30)
0

means a global (cumulative) time of the object work in interval [0, ¢]. The process
{K(¢) : t > 0} is an example of the additive functional of the alternating process.
A trajectory of the process is shown in Figure 5.1.

Notice that for each trajectory x(-) of the alternating process, a value of the process
{K(f) : t > 0} trajectory at the instant 7y is equal to the area of the shaded region
D={tx): 0<t<1t, 0<x<x(@)} (seeFigure5.2).

This remark allows us to notice that

t fort € [0, 11)
K= a+o+ - +& fort € [Tok—1, T2k) (5.31)
t— W +yv2+-+w) forte [t T2k+1)

K(1)

T gl ) 5on

Figure 5.1 Trajectory of the process {K(7) : t > 0}.
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Figure 5.2 Trajectory of the process {X(¢) : t > 0}.

1 (x) 4 /

S

Figure 5.3 Trajectory of the process {7'(x) : x > 0}.

where
-1 =8 +Vi+o+yvat+--+ G
=0+ +o+rn+--+a&+w (5.32)
i+l =80+t o+va+ o+ G+ Vet Skt
k=1,2,.... (5.33)

If the random variable ¢ has a different distribution than the other random variables
&k, k=2,3,..., then a stochastic process {X(f) : ¢t > 0} given by formula

X1 =¢&, datelt,th+1), wheret, =01 +...4+ 0,

is called the general alternating process. This stochastic process enables us to define
a random process {T'(x) : x > 0} in the following way:

T(x) = inf{t : K@) > x). (5.34)

For fixed x, the random variable T(x) denotes the moment that a random variable
K (#) achieves the level x. A trajectory of the random process {7'(x) : x > 0}, which
is shown in Figure 5.3, corresponds to the trajectory of the cumulative process that is
shown in Figure 5.1. The trajectory of that process is the right continuous function.
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An analysis of the process {T(x) : x > 0} trajectory enables us to notice an
important equality

Tx)=x+yw+n+y+---+ YN ()5 (5.35)
where
Ny — | 0 dlax €10, 2
VT ndlaxelci+ o+ 48n G4+ 0+ -+ + Cug1)

while y9 = 0 with probability 1. Hence, the cumulative distribution function of the
random variable yp is

Fyo() = P(yo < u) = { 0 forx e (—o0,0)

1 for x € [0, 00)

A random process {N;(x) : x > 0} is a renewal process with right continuous

trajectories generated by a sequence of independent random variables ¢p, ¢1, . ... The
equality (5.35) makes it easier to find distributions of the above-considered random
processes.

Theorem 5.2. The CDF of a random process {T'(x) : x > 0} is

PTG <= F>-x [Fg’” () — F' 1)(x)] , (5.36)
n=0

while the CDF of a stochastic process {K(f) : t > 0} 