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INTRODUCTION TO THE CONTRIBUTIONS 

During the five years, which passed after the first meeting "Quaternionic Struc­
tures in Mathematics and Physics " interest in quaternionic geometry and its appli­
cations continued to increase. A progress was done in constructing new classes of 
manifolds with quaternionic structures (quaternionic Kahler, hyper-Kahler, hyper-
complex etc.), studying differential geometry of special classes of such manifolds and 
their submanifolds, understanding relations between the quaternionic structure and 
other differential-geometric structures, and also in physical applications of quater­
nionic geometry. Some generalizations of classical quaternionic-like structures (like 
HKT -structures and hyper-Kahler manifolds with singularities) naturally appeared 
and were studied. Some of these results are published in this proceedings. 

A new simple and elegant construction of homogeneous quaternionic pseudo-
Kahler manifolds is proposed by V. CORTES. It gives a unified description of 
all known homogeneous quaternionic Kahler manifolds as well as new families of 
quaternionic pseudo-Kahler manifolds and their natural mirror in the category of 
supermanifolds. 

Generalizing the Hitchin classification of Sp(l)-invariant hyper-Kahler and quater­
nionic Kahler 4-manifolds, T. NITTA and T. TANIGUCHI obtain a classification of 
S'p(l)n-invariant quaternionic Kahler metrics on 4n-manifold. All of these metrics 
are hyper-Kahler. 

I.G. DOTTI presents a general method to construct quaternionic Kahler compact 
flat manifolds using Bieberbach theory of torsion free crystallographic groups. 

Using the representation theory , U. SEMMELMANN and G. WEINGART find 
some Weitzebock type formulas for the Laplacian and Dirac operators on a com­
pact quaternionic Kahler manifold and use them for eigenvalue estimates of these 
operators. As an application, they prove some vanishing theorems, for example, 
they prove that odd Betti numbers of a compact quaternionic Kahler manifold with 
negative scalar curvature vanish. 

A hyper-Kahler structure on a manifold M defines a family (Jt,u>t) of complex 
symplectic structures, parametrized by t € CP 1 . R. BIELAWSKI gives a general­
ization of the hyper-Kahler quotient construction to the case when a holomorphic 
family Gt, t £ CP 1 of complex Lie group is given, such that Gt acts on M as a 
group of automorphisms of (J t ,wt). 

The existence of a canonical hyper-Kahler metric on the cotangent bundle T*M 
of a Kahler manifold M was proved independently by D.Kaledin and B.Feix. In 
the present paper D. KALEDIN presents his proof in simplified form and obtains 
an explicit formula for the case when M is a Hermitian symmetric space. 

A toric hyper-Kahler manifold is defined as the hyper-Kahler quotient of the 
quaternionic vector space I F by a subtorus of the symplectic group Sp(n). H. 
KONNO determines the ring structure of the integral equivariant cohomology of a 
toric hyper-Kahler manifold. 

M. VERBITSKY gives a survey of some recent works about singularities in 
hyper-Kahler geometry and their resolution. It is shown that singularities in a 
singular hyper-Kahler variety (in the sense of Deligne and Simpson) have a simple 
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viii INTRODUCTION TO THE CONTRIBUTIONS 

structure and admit canonical desingularization to a smooth hyper-Kahler mani­
fold. Some results can be extended to the case of the hypercomplex geometry. 

Hypercomplex manifolds (which is the same as 4n-manifolds with a torsion free 
connection with holonomy in GL(n,M) ) are studied by H. PEDERSEN. He de­
scribes three constructions of such manifolds: 1) via Abelian monopoles and ge­
odesic congruences on Einstein-Weyl 3-manifolds , 2) as a deformation of Joyce 
homogeneous hypercomplex structures on G x Tk where G is a compact Lie group 
and 3) as a deformation of the hypercomplex manifold Vp(M), associated with a 
quaternionic Kahler manifold M and an instanton bundle P —>• M by the construc­
tion of Swann and Joyce. 

M.L. BARBERIS describes a construction of left-invariant hypercomplex struc­
tures on some class of solvable Lie groups. It gives all left-invariant hypercomplex 
structures on 4-dimensional Lie groups. Properties of associated hyper-Hermitian 
metrics on 4-dimensional Lie groups are discussed. 

D. JOYCE proposes an original theory of quaternionic algebra, having in mind 
to create algebraic tools for developing quaternionic algebraic geometry. Appli­
cations for constructing hypercomplex manifolds and study their singularities are 
considered. 

Properties of hyperholomorphic functions in I 4 are studied by S-L. ERIKSSON-
BIQUE. Hyperholomorphic functions are defined as solutions of some general­
ized Cauchy-Riemann equation, which is defined in terms of the Clifford algebra 
C1(M°' 3)«H©H. 

Other more general notion of hyper-holomorphic function on a hypercomplex 
manifold M is proposed and discussed in the paper by ST. DIMIEV , R. LAZOV 
and N. MILEV. 

O.BIQUARD defines and studies quaternionic contact structures on a manifold. 
Roughly speaking, it is a quaternionic analogous of integrable CR structures. 

Generalizing the ideas of A. Gray about weak holonomy groups, A.SWANN 
looks for G-structures which admit a connection with "small" torsion, such that the 
curvature of these connections satisfies automatically some interesting conditions, 
for example, the Einstein equation. 

G. GRANTCHAROV and L. ORNEA propose a procedure of reduction which 
associates to a Sasakian manifold S with a group of symmetries a new Sasakian 
manifold and relate it to the Kahler reduction of the associated Kahler cone K{S). 

The geometry of circles in quaternionic and complex projective spaces are studied 
by S. MAEDA and T. ADACHI. The main problem is to find the full system of 
invariants of a circle C, which determines C up to an isometry, and to determine 
when a circle is closed. 

Special 4-planar mappings between almost Hermitian quaternionic spaces are 
defined and studied by J. MIKES, J. BELOHL'AVKOV'A and O. POKORN'A. 

Some generalization of the flat Penrose twistor space C2,2 is constructed and 
discussed by J. LAWRYNOWICZ and 0 . SUZUKI. 

M. PUTA considers some geometrical aspects of the left-invariant control prob­
lem on the Lie group Sp(l). 

Quaternionic representations of finite groups are studied by G. SCOLARICI and 
L. SOLOMBRINO. 

Quaternionic and hyper-Kahler manifolds naturally appear in the different phys­
ical models and physical ideas produce new results in quaternionic geometry. For 
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example, Rozanski and Witten introduce a new invariant of hyper-Kahler mani­
fold as the weights in a Feynman diagram expansion of the partition function of 
a 3-dimensional physical theory. A variation of this construction, proposed by N. 
Hitchin and J. Sawon , gives a new invariant of links and a new relations between 
invariants of a hyper-Kahler manifold X, in particular, a formula for the norm of 
the curvature of X in terms of some characteristic numbers and the volume of X. 
These results are presented in the paper by J. SAWON. 

The classical Atiyah-Hitchin-Drinfeld-Manin's monad construction of anti-self-
dual connections over 5 4 = HP 1 was generalized by M. Capria and S. Salamon to 
any quaternionic projective space HP" . Using representation theory of compact 
Lie groups, Y. NAGATOMO extends the monad construction to any Wolf space 
(i.e. compact quaternionic symmetric space). 

A quaternionic description of the classical Maxwell electrodynamics is proposed 
in the paper by D. SWEETSER and G. SANDRI. 

A. PRASTARO applies his theory of non commutative quantum manifolds to the 
category of quantum quaternionic manifolds and discusses the theorem of existence 
of local and global solutions of some partial differential equations. 

A hyper-Kahler structure on a 4n-manifold M is defined by a torsion free con­
nection V with holonomy group in Sp(n). A natural generalization is a connection 
V with a torsion T = (T^) and the holonomy in Sp(n). If the covariant torsion 
r = g(T) = (gijT^), where g is the V-parallel metric on M, is skew-symmetric, 
then the manifold (M, V,<?) is called hyper-Kahler manifold with a torsion, or 
shortly HKT-manifold. If, moreover, the 3-form r is closed, it is called strongly 
HKT-manifold. Such manifolds appear in some recent versions of supergravity. 

A purely mathematical survey of the theory of HKT-manifolds is given by Y. S. 
POON. 

Some applications of HKT-geometry to physics is discussed in the paper by G. 
PAPADOPOULUS. He describes a class of brain configurations, which are approx­
imations of solutions of 10 and 11 dimensional supergravitation. 

A. VAN PROEYEN gives a review of special Kahler geometry (which can be 
mathematically denned as the geometry of Kahler manifolds together with a com­
patible, in some rigorous sense, flat connection), its physical meaning and connec­
tions to quaternionic and Sasakian geometry. 

Dmitri V. Alekseevsky 
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HYPERCOMPLEX STRUCTURES ON SPECIAL CLASSES OF 
NILPOTENT AND SOLVABLE LIE GROUPS 

MARIA LAURA BARBERIS 

1. INTRODUCTION 

A hypercomplex structure on a manifold M is a family {JQ}a=i,2,3 of complex 
structures on M satisfying the following relations: 

(1.1) Jl = ~I, a = 1,2,3, J3 = JxJ2 = -J2Jx 

where / is the identity on the tangent space TPM of M at p for all p in M. A 
riemannian metric j o n a hypercomplex manifold (M, {JQ}a=i,2,3) is called hyper-
Hermitian when g(JaX, JaY) = g(X, Y) for all vectors fields X, Y on M, a = 1,2,3. 

Given a manifold M with a hypercomplex structure {Ja}a=i,2,3 and a hyper-
Hermitian metric g consider the 2-forms uia, a — 1,2,3, defined by 

uja(X,Y)=g(X,JaY). 

The metric g is said to be hyper-Kahler when duja — 0 for a — 1,2,3. 
It is well known (cf. [5]) that a hyper-Hermitian metric g is conformal to a hyper-

Kahler metric g if and only if there exists an exact 1-form 0 € AXM such that 

(1.2) dua = 6Au)a, a = 1 , 2 , 3 

where, if g = ef g for some / e C°°{M), then 0 = df. 
A hypercomplex structure on a real Lie group G is said to be invariant if left 

translations by elements of G are holomorphic with respect to J l t J2 and J3. 
Given g a real Lie algebra, a hypercomplex structure on a is a family {Ja}a=i,2,3 

of endomorphisms of g satisfying the relations (1.1) and the following conditions: 

(1.3) iVa = 0, a = 1 , 2 , 3 

where / is the identity on g and Na is the Nijenhuis tensor corresponding to Ja: 

(1.4) Na{x, y) = [Jax, Jay] - Ja{[x, Jay] + [Jax,y\) - [a;, y] 

for all x,y € g. Clearly, if G is a Lie group with Lie algebra g, a hypercomplex 
structure on g induces by left translations an invariant hypercomplex structure on G. 

1 
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Two hypercomplex structures {JQ}a=i,2,3 and {J'a}a=i,2,3 on g are said to be equiv­
alent if there exists an automorphism <j> of g such that 4>Ja = J'a<f> for a = 1,2,3. 
The classification of the four-dimensional real Lie algebras carrying hypercomplex 
structures was done in [2], where the equivalence classes of hypercomplex structures 
were determined and the corresponding left invariant hyper-Hermitian metrics were 
studied. It turns out that all such metrics are conformal to hyper-Kahler metrics (cf. 
W). 

In the present work we study some remarkable properties of a special hyper-
Hermitian metric which corresponds to a four-dimensional solvable Lie group. We 
also sketch a procedure for constructing hypercomplex structures on certain nilpo-
tent and solvable Lie groups, following the lines of [3]. 

Acknowledgement The author would like to thank the organizers of the meeting 
Quaternionic Structures in Mathematics and Physics for their kind invitation to take 
part in this event. 

2. A SPECIAL HYPER-HERMITIAN METRIC 

Consider the four-dimensional real Lie algebra s = span {ej}j=i,...,i with the fol­
lowing Lie bracket: 

[e3,e4] = - e 2 , [ei ,e2]=e2 , [ei,e,-] = - ej: j = 3,4 

and let g be the inner product with respect to which {ej}j=i,...,i is an orthonormal 
basis. It follows from [2] that g is hyper-Hermitian. Let {e7}^^.. .^ C s* be the dual 
basis of {ej}j=i,...,4 and write e y - to denote el A e3 A In this case we have the 
following equations for wa: 

Ul = -e12 + e34, u2 = - e 1 3 - e24, o;3 = e14 - e23. 

To calculate duja, a = 1,2,3, we compute first: 

de1 = 0, de2 = - e 1 2 - - e34, dej =-- elj, j = 3,4 
2 2 

to obtain: 

-\e™\ duj2=
3-e™, du,3 = l 

so that (1.2) is satisfied for 0 — — fe1 . We can therefore conclude that the left 
invariant hyper-Hermitian metric induced by g on the corresponding simply connected 
solvable Lie group S is conformally hyper-Kahler. We recall from [2] that g is neither 
symmetric nor conformally flat. The Levi-Civita connection V9 is given as follows: 
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v ei o, 

V9 

v e2 

0 1 
-1 0 

V9 = 

-i «J 

1 0 

v?4 = 0 1 

V - 5 0 

0 \ \ 

/ 
Using these formulas we calculate the curvature tensor R9 : R?{e\,v) = —V? , for 
all v in s and 

/ 

R9(e2,e3) 
0 i\ 

4 o 

o | \ 
•Ye 0 

/ 

i?9(e2,e4) = 

\ 0 & 

0 -T6 

9\ 

J 

R9(e3,ei) = 

V 
o 

_7_ 
16 

16 
0 J 

and after some tedious calculations one can verify that the sectional curvature K 
satisfies K < — \. 

It is possible to show that the connected component of the identity I0(S,g) of the 
isometry group of (S, g) is a semidirect product S1 x S. To see this, one shows that 
every isometry / of S fixing the identity e of 5 satisfies that (df)e is an automorphism 
of s. It follows from this fact that Io(S,g) has no discrete co-compact subgroups and 
therefore, since S is solvable, S itself does not admit such a discrete subgroup. 

3. HYPERCOMPLEX STRUCTURES ON CERTAIN NILPOTENT AND SOLVABLE L l E 

GROUPS 

An abelian complex structure on a real Lie algebra g is an endomorphism of g 
satisfying 

(3.1) J2 = - / , [Jx, Jy] = [x, y], \/x, y G 0. 

The above conditions automatically imply the vanishing of the Nijenhuis tensor. By 
an abelian hypercomplex structure we mean a pair of anticommuting abelian complex 
structures. Our main motivation for studying abelian hypercomplex structures comes 
from the fact that such structures provide examples of homogeneous HKT-geometries 
(where HKT stands for hyper-Kahler with torsion, cf. [8]). 
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It was proved in [1] that if dim [g, fl] < 2 then every hypercomplex structure on g 
must be abelian. To complete the classification of the Lie algebras g with dim [g, g] < 2 
carrying hypercomplex structures (cf. [1]) it remained to give a characterization in 
the case when g is 2-step nilpotent and dim[g, g] = 2: this is obtained by taking 
m — 2 in Theorem 3.1 below. 

It is a result of [7] that the only 8-dimensional non-abelian nilpotent Lie algebras 
carrying abelian hypercomplex structures are trivial central extensions of //-type Lie 
algebras. We show in [3] that this does not hold for higher dimensions: there exist 
2-step nilpotent Lie algebras which are not of type H carrying such structures. 

Let (n, ( , }) be a two-step nilpotent Lie algebra endowed with an inner product 
( , ) and consider the orthogonal decomposition n = 3 © 0, where 3 is the center of n 
and [0, t] C 3. Define a linear map j : 3 —>• End (0), z H-> jz> where jz is determined 
as follows: 

(3.2) {jzv,w) = (z, [v,w]), Vv,w£t>. 

Observe that j z , z € 3, are skew-symmetric so that z —> j z defines a linear map j : 
3 —• so(0). Note that Ker(j) is the orthogonal complement of [n, n] in 3. In particular, 
[n, n] = 3 if and only if j is injective. Conversely, any linear map j : Rm —» so (A;) 
gives rise to a 2-step nilpotent Lie algebra n by means of (3.2). It follows that the 
center of n is Rm ©(nzemmKer jz) and [n, n] C Rm where equality holds precisely when 
j is injective. We say that (n, ( , )) is irreducible when 0 has no proper subspaces 
invariant by all j z , z £ 3. 

It follows that a two-step nilpotent Lie algebra carrying an abelian complex struc­
ture amounts to a linear map j : 3 —• u(k) (where dim t> = 2k and u(k) denotes the Lie 
algebra of the unitary group U(k)). As a consequence of this we obtain the following 
result, where we denote by sp(k) the Lie algebra of the symplectic group Sp(k): 

Theorem 3.1 ([3]). Every injective linear map j : Rm ->• sp(k) (TO < k(2k + 1)) gives 
rise to a two-step nilpotent Lie algebra n with dim[n, n] = TO carrying an abelian 
hypercomplex structure. Conversely, any two step nilpotent Lie algebra carrying an 
abelian hypercomplex structure arises in this manner. 

Using the same idea as in the above theorem it is possible to construct hypercomplex 
structures on certain solvable Lie algebras. In fact, given a two step nilpotent Lie 
algebra (n, ( , )) set s = Ra ©n with [a,z] = z, Vz G 3, [a,v] = \v, V u 6 0, where 
the inner product on 0 is extended to s by decreeing a l t ) and (a, a) = 1. This 
solvable extension of n has been studied by various authors ([6]). In the special case 
when dim3 = 3 (mod 4), dime = 4k and the the endomorphisms j z , z € 3, defined 
as in (3.2), belong to Sp(k), it can be shown that s carries a hypercomplex (hyper-
Hermitian) structure. The procedure is analogous to that in the preceding theorem. 
It should be noted that these structures cannot be abelian and the corresponding 
metrics are not hyper-Kahler (since they are not flat). 
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T W I S T O R Q U O T I E N T S OF H Y P E R K A H L E R M A N I F O L D S 

ROGER BIELAWSKI 

ABSTRACT. We generalize the hyperkahler quotient construction to the situation 
where there is no group action preserving the hyperkahler structure but for each 
complex structure there is an action of a complex group preserving the corre­
sponding complex symplectic structure. Many (known and new) hyperkahler man­
ifolds arise as quotients in this setting. For example, all hyperkahler structures 
on semisimple coadjoint orbits of a complex semisimple Lie group G arise as such 
quotients of T*G. The generalized Legendre transform construction of Lindstrom 
and Rocek is also explained in this framework. 

I N T R O D U C T I O N 

The motivation for this work stems from two problems. The first is the follow­
ing question: when is a complex-symplectic quotient of a hyperkahler manifold hy­
perkahler? A good example is the hyperkahler structure on M = T*G, where G is a 
complex semisimple Lie group (found by Kronheimer, cf. [3]). The complex symplec­
tic quotients of M by G are precisely coadjoint orbits of G. These carry hyperkahler 
structures by the work of Kronheimer [13], Biquard [5] and Kovalev [12]. 

The second motivating problem is the generalized Legendre transform (GLT) con­
struction of hyperkahler metrics due to Lindstrom and Rocek [14]. Unlike the ordinary 
Legendre transform which produces 4n-dimensional hyperkahler metrics with n com­
muting Killing vector fields, the GLT produces metrics without (usually) any Killing 
vector fields. The defining feature of these metrics is that their twistor space admits 
a holomorphic projection onto a vector bundle of rank n over C P 1 . 

It turns out that in both of these problems there is a group-like object involved, 
namely a bundle of complex groups over C P 1 which act fiberwise on the twistor 
space Z of a hyperkahler manifold. This action is also Hamiltonian for the twisted 
symplectic form of Z. Thus, whenever we have such an action, we can form fiberwise 
complex-symplectic quotient of Z giving us (in good cases) a new twistor space. 
Similarly, in the case of the GLT, the projection onto the vector bundle V should be 
regarded as the moment map for an action of a bundle of abelian groups on Z, which 
preserve the twisted symplectic form. 

Research supported by an EPSRC Advanced Research Fellowship. 
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We call our bundles of groups over CP1 twistor groups. The simplest definition of 
a twistor group is a group in the category of spaces over CP1 with a real structure. 

If a twistor group acts on the twistor space Z of a hyperkahler manifold M, we 
can interpret (in most cases) the resulting vector fields on Z as objects on M, namely 
either as higher rank Killing spinors (cf. [7]) or, in the E - H formalism (cf. [15]) as 
sections of E <g> S2i+1H (i > 1) satisfying equations analogous to the Killing vector 
field equation (case i = 1). 

The main purpose of this paper is to introduce the concept of twistor groups and 
their actions and to give some interesting examples. We also prove results which can 
be viewed as new constructions of hyperkahler manifolds. 

1. TWISTOR GROUPS AND THEIR ACTIONS 

1.1. Twistor groups. Let X be a complex manifold. A space over X is a complex 
space Z together with a surjective holomorphic map {projection) IT : Z —> X. We 
shall say that z —> X is smooth if Z is smooth and n is a submersion. 

The category of spaces over X is a category with products (fiber product) and 
a final object (x Id > x)- ^n a n y category with such properties we can define a 
group as an object Q together with morphisms defining group multiplication, inverse, 
and the identity. Thus we define: 

Definition 1.1. A group over X is a group in the category of spaces over X. 

More explicitly, a group over X is a space Q —'—^ X together with fibrewise 
holomorphic maps • : Q xx Q —> Q [multiplication), i : Q i-» Q [group inverse) and 
1 : X —> Q [identity section) which commute with 7r and satisfy the group axioms. In 
particular, for each x € X (7r_1(:r), • ,i\ _^ , l(aO) ls a group. 

Remark 1.2. Even if one is interested (as we are) primarily in smooth groups over 
X, one cannot avoid the singular ones, since a subgroup of a smooth group can be 
singular. In particular the stabilizers of smooth group actions can be singular. 

We shall be interested mostly in the case when X — CP1 and the spaces over 
CP1 come equipped with an antiholomorphic involution [real structure) covering the 
antipodal map on CP1 . The category of spaces with a real structure over CP1 is also 
a category with products and a final object. Therefore we can define: 

Definition 1.3. A twistor group is a group in the category of smooth spaces with a 
real structure over CP1 . 

Remark 1.4. Although the natural setting is the category of complex spaces rather 
than of manifolds, all our examples involve only smooth groups. In addition, the 
proofs are either simpler or work only for smooth groups. 

Let us give a few examples of twistor groups. 
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Example 1.5. Let G be a complex Lie group equipped with an antiholomorphic in-
volutive automorphism a. Then G x P1 with the involution (a, a), where a is the 
antipodal map, is a twistor group which we shall call a trivial twistor group (with 
structure group G) and denote by G. 

Example 1.6. Many nontrivial examples arise as twistor subgroups of G. For example, 
if G acts fibrewise on a space Z with a real structure over CP1 , then the stabilizer 
of any real section of Z is a twistor subgroup of G. In particular, we can take the 
adjoint action of G on Z = g ® V, where V is a vector bundle over CP1 equipped 
with a real structure. 

Example 1.7. Another important twistor group is constructed as follows. Let G be 
reductive and let 6 denote the Lie algebra of the maximal compact subgroup of G. 
Let p : su(2) —• t be a homomorphism of Lie algebras. For each element z = (a, 6, c), 
a2 + b2 + c2 = 1, of S2 ~ CP1 , define a subalgebra nz of JJ as the sum of negative 
eigenspaces of ad(ap(ai)+bp(a2) + cp(a3)), where CTI, CT2, ̂ 3 denote the Pauli matrices. 
Now define AT as a twistor subgroup of G whose fiber at z is the subgroup of G whose 
Lie algebra is Nx. It is straightforward to observe that the real structure of G acts 
on Af. We also observe that each fiber of M is the unipotent radical of the parabolic 
subgroup of G determined by p. 

Example 1.8. A vector bundle over P1 equipped with a (linear) real structure is an 
abelian twistor group. We observe that a line bundle O(k) is a twistor group if and 
only if k is even. 

The last example can be generalized as follows. Let Q be any twistor group. For 
an open subset U of CP1 denote by Qv the group over U obtained as the restriction 
of Q to U. Now suppose that we are given a covering {[/,} of CP1 , invariant under 
the antipodal map and a fibrewise automorphism {faj} of Qu^u, for each nonempty 
intersection UiDUj. In addition we suppose that the family of cj)^ is r-equivariant, 
where r is the real structure of Q. Then gluing together QVi via the 0y gives us a 
new twistor group, locally isomorphic to Q. We deduce the following: 

Proposition 1.9. Let Q be a twistor group. Then the isomorphism classes of twistor 
groups locally isomorphic to Q are in bijective correspondence with elements of (non-
abelian) sheaf cohomology group H^CP1 ,A), where A(U) is the group of automor­
phisms ofQxj. • 

The subscript K denotes r-invariant elements. 
In particular, if G is a complex Lie group with an antiholomorphic automorphism, 

then we can consider twistor groups which are locally isomorphic to G. We shall call 
such twistor groups locally trivial. We have: 

Corollary 1.10. The isomorphism classes of locally trivial twistor groups with struc­
ture group G are in 1-1 correspondence with elements of H^CP1,0(Aut(G))). O 
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We shall call a twistor group Q discrete, if each fiber of Q is discrete. The following 
example shows that twistor groups need not be locally trivial. 

Example 1.11. Let s be a real meromorphic section of 0(—2) having poles at a pair of 
antipodal points a, — 1/S. We have a (smooth) discrete twistor subgroup £ of 0{-2) 
defined as the subgroup of 0{—2) with fiber 0 at a and -l/a and Zs(x) at other 
points. 

Notice that 0(—2)/£ (fibrewise quotient) is also a twistor group. 

1.2. Twistor Lie algebras. Let Q —2!—). X be a smooth group over X. Then the 
normal bundle to the identity section has a natural structure of a Lie algebra over X 
(i.e. a Lie algebra in the category of vector bundles over X). We shall denote this 
space by Lie(Q). In particular Lie(£) is locally trivial as a vector bundle (cf. [8]). 

Let us consider the structure of a twistor Lie algebra £ in a more detail. As 
observed in the previous section, £ is a locally trivial vector bundle and so it splits 
as 0 0(pt) for some integers pi,...,pn. We choose coordinates e i , . . . , e„ for £ over 
C / oo and e\,...,en over C 7̂  0, so that e, — Q~Piei over CP1 - {0, oo}. The fibrewise 
Lie bracket is given by 

n 

(1) [ex,ej]c = ^/A(C)eA:, 

k=i 

n 

(2) M ^ = 5I/*(c)g*, 
for some holomorphic functions fk = fk , fk = f'k

J. Comparing the two expressions 
for the bracket over £ / 0, oo, we see that fk, fk define a section of 0(pi +Pj — pk)- In 
particular if some of these sections are nonconstant (i.e. have zeros), then £ is locally 
nontrivial as a bundle of Lie algebras. 

The preceding considerations imply the following fact, which will be useful later 
on. 

Proposition 1.12. Let Q be a smooth twistor group whose Lie algebra splits as a 
sum of line bundles of negative degrees. Then Q is nilpotent. • 

1.3. Actions of twistor groups. We now define actions of twistor groups or of 
groups over X. Once more, this is a tautological definition in any category with prod­
ucts and a final object. In our case an action of a group Q 2T_» j o n ^ v > X 
is a holomorphic map 

•:Q xx Z -> Z 
which commutes with the projections and which is a group action on each fiber. An 
action of a twistor group is required to respect the real structures Q and Z (i.e. 
r(g • z) — r(g) • T(Z)). Most notions related to (ordinary) group actions carry over 
to actions of groups over X. Thus, we shall say that the action of Q is free (resp. 
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locally free) if each fiber action is free (resp. locally free). We can define equivariant 
morphisms. We also observe that for smooth groups over X we have canonical notions 
of the adjoint and coadjoint action. Finally we can define orbits and stabilizers of 
sections of z ——> X-

Remark 1.13. In the case of an action on a twistor space of a hyperkahler manifold 
M, we shall also speak of Q acting on M. Similarity, if s is a twistor line corresponding 
to a point m in M, we can speak of the stabilizer of Q at m € M etc. 

We shall be particularly interested in the following types of actions. 

Definition 1.14. Let a smooth twistor group g —H_> (Qpi act on a twistor space 
Z —• CP1- We shall say that the action is symplectic (resp. Hamiltonian), if the 
action is symplectic on each fiber for the twisted symplectic form u o n Z (resp. if it 
is symplectic and if there is a holomorphic map /j,: Z -t Lie(<?)* <g> 0(2) which is the 
moment map for the twisted symplectic form u> on each fiber). 

Example 1.15. Let a compact Lie group K act on a hyperkahler manifold M by 
hyperkahler isometries and suppose that this action extends to the action of Kc for 
each complex structure of M. Then the trivial group K^_ acts symplectically on Z. 
Consequently, any twistor subgroup of Kc acts symplectically on Z. If the action of 
K is tri-Hamiltonian, then the action of K^_ and any of its twistor group subspaces 
is Hamiltonian. 

Example 1.16. Let M = H so that Z = 0(1) © 0(1). Then the twistor group 
0(1) © 0(1) acts on Z via fibrewise addition. This action is symplectic, but not 
Hamiltonian. 

Example 1.17. (Atiyah-Hitchin manifold). This is an example of a Hamiltonian 
action of a twistor group (namely 0(—2)) which does not arise from any hyperkahler 
group action. Let M be the hyperkahler manifold of strongly centered monopoles of 
charge 2, i.e. the double (or universal) cover of the Atiyah-Hitchin manifold. With 
respect to any complex structure it is biholomorphic to the space of degree 2 rational 
maps of the form p(z)/q(z) where q(z) — z2 — c and p(z) = az + b with b2 — ca2 = 1. 
Let P denote any of the two roots of q. The complex symplectic form is given (on 
the set where c ^ 0) by u> = -ff£& A dp. The twistor space Z of M is essentially given 
by requiring that ft is a section of 0(2) while p(ft) is a value of a certain line bundle 
L~2 on 0(2) [2]. We define an action of C on M by 

fa\ /coshA/? ?i2|M 0 \ fa\ 
A • lb = /JsinhA/3 coshA/? 0 \ \b 

\cj V 0 0 l) \cj 

Here (5 = i-^/c. This action sends p(/3) to ex^p{(3) and so it respects the complex 
symplectic form u). By looking at the transition functions for the twistor space Z we 
conclude that this action extends to the fibrewise action of 0(—2) on Z. One can 
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check that the real structures are compatible with this action. This action is locally 
free and the orbits of twistor lines are isomorphic to the twistor groups 0(—2)/C 
defined in example 1.11. Finally, this action is Hamiltonian and the twistor lines of 
Z project via the moment map p,: Z -t 0(4) to the spectral curves of the monopoles. 

We have an obvious restriction on twistor groups which can act locally freely at 
any twistor line. 

Proposition 1.18. Suppose that a twistor group Q acts on a twistor space Z and 
that the action is locally free at some twistor line s. Then Lie Q is the sum of line 
bundles of degree at most one. 

Proof. We have an injective morphism i : C -> 0{\) <g> C" of vector bundles over 
CP 1 . • 

For Hamiltonian actions the restriction is more severe. 

Proposition 1.19. Suppose that there is a Hamiltonian action of a twistor group Q 
on a twistor space Z which is locally free at some twistor line. Then Lie Q is the sum 
of line bundles of degree at most zero. • 

1.4. Quotients and principal bundles. An action of a twistor group Q on a space 
Z £—> CP1 defines an equivalence relation R C Z x Z: (z1; z2) € R <*=>• p(z\) = 
p(z2) =: C a n d Z\,Z2 are in the same orbit of G(- Equivalently, R can be viewed as 
a subspace of Z x^pi Z over CP1 . A quotient of Z by this relation is a topological 
space Z/Q which also has a natural structure of C-ringed space. We define 

Definition 1.20. An action of Q on a smooth Z is called regular, if Z/Q is a smooth 
space over CP1 and the natural projection •n : Z —> Z/Q is a submersion. 

A theorem of Godement ([16], Part II, Thm. 3.12.2) gives us a necessary and 
sufficient condition for regularity: 

Proposition 1.21. An action of a twistor group Q on a smooth Z is regular if and 
only if R is a smooth closed subspace of Z x<cpi Z over CP1 . In particular, if the 
action is free, then it is regular if and only if the quotient Z/Q is Hausdorff, i. e. R 
is a smooth closed subspace of Z x^pi Z over CP1 . 

Suppose now that the action of Q on Z is free and regular. Then we shall call Z a 
principal Q-bundle over T := Z/Q. We can classify these as follows: 

Proposition 1.22. Let T ——> CP1 be a smooth space over CP1 equipped with a 
real structure. The set of isomorphism classes of principal Q-bundles over T is in 
bijective correspondence with elements of H^{T,0(p*Q)Y 

Proof. Let P be a principal ^-bundle over T and let 7r0 : p*Q -> T denote the 
"trivial" ^-bundle. Since the projection IT : P ->• T is a submersion, it admits 
local sections through every point. Therefore we have ^p(^)-equivariant isomorphisms 
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hi : 7T_1([/,) —• 7T~1([/j) for some covering Ui of T. For each nonempty intersection 
UiC\Uj we have the transition function faj = hjh~l which is a (/-equi variant (fibrewise) 
automorphism of 7r~1(C/j PI [/,-). Let G denote a particular fiber of p*Q and let 4> 
denote 4>ij restricted to this fiber. Thus <j> : G -> G and tf>{gx) = g<j>(x) for any 
x £ G. Therefore (j> is determined by the value of 0(1). One checks that the cocycle 
conditions for local equivariant automorphisms of p*Q and for local sections of p*Q 
coincide, and this concludes the proof. • 

1.5. Orbits and homogeneous spaces. The definition of an orbit of a twistor 
group as an orbit of a section is quite inadequate. We remark that in the case of an 
action - : G x M —>• M of a Lie group G on a manifold M, an orbit can be defined 
in two ways: 1) as the image of a point m under the mapping -m : G —• M, or 2) 
as a G-homogeneous G-invariant submanifold of M. The second definition is more 
suitable in the case of twistor groups. 

Definition 1.23. Let a twistor group Q —!L_> CP1 a c t on a space Z over CP1 equipped 
with a real structure r. An orbit of Q is a r-invariant (/-homogeneous subspace of Z. 

Thus to know the structure of possible orbits we should classify the homogeneous Q-
spaces. For example, if Q is vector bundle (with additive group structure), then Q acts 
transitively on any affine bundle A (equipped with an appropriate real structure) such 
that the linear part of its transition function coincides with the transition function of 
Q. Thus A is an orbit of Q. 

Firts of all we have 

Proposition 1.24. Let % be a closed twistor subgroup of a twistor group Q. Then 
Q/% is a smooth homogeneous Q-space. 

Proof. Since the projection Q —• CP1 is a submersion, Q admits local sections through 
every point. Let g(Q) be such a section over an U C CP1 . Consider Lie(C?) and its 
subalgebra Lie('W). By taking a smaller U, we can assume that Lie (£7) is trivial as a 
vector bundle over U. Therefore there is a subbundle V of Lie(Q)\u complementary 
to Lie(%). V is also trivial and we have local section e i , . . . , em, which provide a basis 
of Vc for each (. Then the map (C, vu..., vm) H* g(C) expc (wiei(C) H h vmem{C,)) 
composed with the projection Q —> QfH provides a local coordinate system on Q/%. 
Here exp^ denotes the fibrewise exponential mapping. The fact that Q admits a 
local section through every point implies that so does Q/% and hence the projection 
Q/% -> CP1 is a submersion. • 

From Proposition 1.22 we already know homogeneous (/-spaces on which Q acts 
freely: they are given by elements of H^(CP1,0(Q)). In fact, the same argument 
allows to classify homogeneous (/-spaces which are locally isomorphic to Q/%: 

Proposition 1.25. Let % be a closed twistor subgroup of Q. The set of isomorphism 
classes of homogeneous Q-spaces which are locally isomorphic to Q/% is in bijection 
with elements of H^ (CP1, 0{N{%)/%)), where N(%) denotes the normalizer of%. 
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Proof. We proceed as in the proof of Proposition 1.22 obtaining transition functions 
(f>ij for such a homogeneous space, which are (7-equivariant (fibrewise) automorphisms 
of ir~l(Ui n Uj), where IT denotes the projection Q/ri -> CP1 . Let G and H denote 
a particular fiber of Q and rl and let <f) denote 0,j restricted to this fiber. Thus 
<j>: G/H —• G/H and (f>(gx) — gcf>{x) for any x € G/H. Thus 0 is determined by the 
value of <j>{H). Suppose that <j>{H) = pH. Then, since <j>{H) = <f>{hH) = h<j>{H) = 
hpH, p € N(H) and such <j/s are in 1-1 correspondence with elements of N{H)/H. 
Once again the cocycle conditions for local equivariant automorphisms of Q /% and 
for local sections of N{%)/'H coincide, and this concludes the proof. • 

In general, there is no reason why a homogeneous (/-space should be locally iso­
morphic to a fixed Q/rl. We have, however: 

Proposi t ion 1.26. Let a twistor group Q act transitively on a smooth space W in 
such a way that, for each £ € CP 1 , the stabilizer of the action of the fiber G^ on W^ 
is a normal subgroup of G^. Then there exists a closed normal subgroup W of Q such 
that W is locally isomorphic to Q/'H. 

Proof. Since W is smooth, the projection p on CP1 is a submersion, and so local 
sections of W exist. Using the transitivity, it follows that locally p~l(U) is Gu-
equivariantly isomorphic to QV/H(U), where H(U) is a subgroup of Qu- Consider 
the intersection of two such sets U\ and U^ and proceed as in the proof of the previous 
proposition. This time, on each fiber, we have a G-equivariant diffeomorphism <f> from 
G/Hi to G/H2. As in the previous proof, <f> is completely determined by its value 
on Hi, say pH2. It follows that p~xHip = H2, and since Hi is normal, Hi — H2. 
Therefore there is a subgroup % of Q whose restriction to each U is H(U). • 

2. NEGATIVE TWISTOR GROUPS AND DEFORMATIONS OF HYPERKAHLER 

STRUCTURES 

Let a twistor group Q act regularly (i.e. the quotient is smooth) on a twistor 
space Z of a hyperkahler manifold M (i.e. Z/Q is smooth and the natural projection 
7r : Z —> Z/Q is a submersion). The space Z/Q over CP1 has an induced real 
structure and the pre-image 7T_1(s) of any real section of Z/Q is a (/-orbit in the sense 
of definition 1.23. Therefore we define: 

Definition 2.1. With the above assumptions, the (real-analytic) space of real sections 
of Z/Q —¥ CP1 is called the space of Q-orbits and is denoted by M/Q. 

We have a natural map p : M —• M/Q obtained by projecting the twistor lines 
corresponding to points of M to Z/Q. Consider a section s of Z/Q corresponding to 
such 7r(m), m € M. Suppose that the action of Q is locally free. If L denotes Lie(Q), 
we have an exact sequence of vector bundles: 

(3) 0 - • L -»• E -> T^{Z/Q) - • 0, 
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where V denotes the vertical bundle and E is the normal bundle to the twistor line, 
i.e. 0(1) g>C2". It follows that the normal bundle N to s in Z/Q splits as the sum of 
line bundles of degree at least 1. Therefore H^CP1, O(N)) = 0 and the well-known 
theorem of Kodaira shows that any section of N can be integrated to a deformation 
the section s. This makes a neighbourhood of p(M) in M/Q into a smooth manifold 
of dimension dimM - h°{L) + h}{L). 

We shall now restrict our attention to a special kind of twistor groups. We adopt 
the following definition 

Definition 2.2. A twistor Lie algebra C is called negative if it is a direct sum of line 
bundles of negative degree. A smooth twistor group is called negative if its Lie algebra 
is negative. 

We also adopt the convention that the identity twistor group Id : CP1 —• CP1 is 
also negative. 

We have the following simple properties of negative twistor groups which are con­
sequence of Proposition 1.12 and the considerations preceding it: 

Proposition 2.3. (1) A negative twistor group is nilpotent. 
(2) Any twistor group Q contains a unique maximal negative subgroup N(Q). 
(3) If Lie(£?) is a direct sum of line bundles of nonpositive degree (e.g. there is a 

Hamiltonian action ofQ on some twistor space), then N(Q) is a normal subgroup 
of Q and Q/N(Q) is a trivial group (with some structure group H). D 

It is easy to classify smooth twistor groups whose Lie algebra is a fixed negative 
£. First of all, there exists a unique twistor group Q with simply connected fibers 
and such that Lie(C?) = £. Indeed, as a manifold Q = £ and, since every fiber of 
C is a nilpotent Lie algebra, the fibrewise multiplication in Q is determined by the 
Campbell-Hausdorff formula. 

By doing things once again fibrewise, we conclude that any other twistor group 
with the same Lie algebra is of the form Q/V for some (fibrewise) discrete twistor 
subgroup of the center of Q. 

We shall usually denote negative twistor groups by the letter Af. 
For us, the importance of negative twistor groups follows from the following obser­

vation: 

Proposition 2.4. Let a negative twistor group Af act regularly a hyperkahler mani­
fold M. Then p : M —> M/Af is an imbedding. 

Proof. To see that p is an immersion observe that dp at any point of M, i.e. at a 
section of Z, is given by the long exact sequence of cohomology induced by (3). Since 
H^CP1, L) = 0, dp is injective. Let us show that p is injective M/Af corresponds to 
jV-orbits in M. The map p assigns to a section of the twistor space Z, corresponding 
to a point m € M, its jV-orbit. Thus p fails to be an imbedding if an orbit of a 
section of Z admits more than one section. Since such an orbit W admits a section, 
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it is of the form Af/H for some closed twistor subgroup (not necessarily smooth) % 
of Af. Since W admits two sections, Af contains two different copies of "H and so two 
different sections. Now TV is of the form Q/T> where Q is isomorphic to Lie(TV) and 
repeating the argument implies that Q and so Lie(TV) contains two sections which is 
impossible. • 

Now suppose that the action of Af on Z is, in addition to being regular, almost 
free. Then, according to Proposition 1.22, the fibration Z —> Z/Af comes from a 
r-invariant element of H^(Z/Q, 0(Af)). Restricting this cohomology class to sections 
of Z/Q gives us a map 

(4) A : M/Af -> HUCP1,O(TV)). 

At this point a remark about the structure of H^CP1, 0{Af)) is in order. It is not a 
group, unless TV is abelian. It does have, however, a prefered element 1 (corresponding 
to Af). In addition, it has a natural structure of a smooth manifold, with charts 
diffeomorphic to H^(CPl, Lie(TV)). We observe that the map A is a smooth, with 
the differential defined as follows. Let A be an TV-orbit in Z, corresponding to an 
element ir(A) of M/Af. Then we have an exact sequence of vector bundles 

(5) 0 -+ {TVA)/Af -> {TV
AZ)IM -* T^A)(Z/Af) -+ 0, 

where the action of Af on TVZ is the tangent action along the fibers. The differential 
of A at TT(A) is then the induced map 

(6) dK(A) : K {*{A)X(A){Zl*t)) "> Hi(A/Af, (TVA)/Af) ~ ^(CP1 ,Lie(AT)). 

We observe that A_1(l) corresponds to TV-orbits possesing a section and so, from 
the previous proposition, to M. In general, for any A, A - 1 (A) parameterizes orbits of 
the fixed type A. We claim that M\ := A - 1 (A) carries a natural hyperkahler structure, 
which should be viewed as a deformation of the hyperkahler structure of M. More 
precisely: 

Theorem 2.5. Let a negative twistor group Af act regularly, almost freely, and sym-
plectically on a hyperkahler manifold Min. Then there exists a smooth neighbourhood 
U of M in M/Af such that A is a submersion on U and, for any A G H^{€,Pl, 0{Af)), 
Mx •= A - 1 (A) n U carries a natural hyperkahler structure. Furthermore, with respect 
to each complex structure, M\ is isomorphic, as a complex symplectic manifold, to an 
open subset of M. 

Remark 2.6. A completely analogous result holds for hypercomplex manifolds. 

Proof. We consider the vector bundle F = (TvZ)/Af on Z/Af. Over a section ob­
tained by projecting a twistor line s in Z, this bundle is just the normal bundle of 
s, and so (9(1) ® C2". By standard semi-continuity theorems, F is 0(1) ® C2n when 
restricted to neighbouring sections, i.e. to a neighbourhood U of p(M) ~ M in M/Af. 
Then (5) and (6) show that A is a submersion on U. Thus M\ = A - 1 (A) n U is a 
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submanifold of MjM. The tangent space TPM\ is the space of real sections of Pjs(p), 
where s(p) is the section of ZfM given by p. This is the same as (TXZ)/N where 
A is the Af-orbit in Z, whose projection is s{p). We have an 0(2)-valued complex-
symplectic form on the fibers of (T\Z^/N, given by u>([a], [b]) = ui(a, b), where u> is 
the given form on Z and the representatives o, b are tangent to the same point of A. 
Since TV acts symplectically, this does not depend on the choice of point in A. We 
notice that on each fiber over CP1 this is canonically isomorphic to to on this fiber. 
In particular Cb is nondegenerate and closed. Now, as in the proof of Theorem in [9], 
we obtain a hyperhermitian structure on M\. The above isomorphisms on each fiber 
give us local isomorphisms of complex structures (essentially (Z^ x N^)/N^ ~ Z^) 
proving their integrability and proving the theorem. • 

The above proof allows us to identify the twistor space of M\. Let W\ be a 
principal Af-bundle over CP1 corresponding to a A € H^L(CP1,0(Af)). Let Z be 
the twistor space of M and consider the diagonal action of ftf on Z —»• W\. Then 
Z\ = (Z Xcpi W\)jM is the twistor space of M\ (i.e. M\ is the family of sections 
of Z\ with correct normal bundle). We observe that Af does not necessarily act on 
Z\. It acts only if M is abelian. In general case, we obtain an action of another 
negative twistor group N\, locally isomorphic to M and obtained by gluing pieces 
of M by inner automorphisms corresponding to local sections of M determined by 
A € H^L(CP1,0(AT)) (for A close to 1, the Lie algebra of N\ must be negative). 

3. TWISTOR QUOTIENTS 

We now wish to associate a "quotient" to a hyperkahler manifold with a twistor 
group action. Essentially, this quotient is formed by taking the complex symplectic 
quotients along the fibers of the twistor space. 

Let therefore a twistor group g —lt—> CP1 a c t o n the twistor space z v—> CP1 

of a hyperkahler manifold M. We suppose that this action is Hamiltonian with the 
moment map [i: Z —> C ® 0(2). Here C = LIQQ. 

Let s be a twistor line in Z. Then \i o s is a real section of C* ® 0(2). Let 
S = (/x o s)(CP1) and suppose that the fibrewise quotient of M_1(5) by Stab(// o s) 
(stabilizer of coadjoint action) is a manifold (fibering over CP1), which we denote 
by ^red- It inherits the real structure, the twisted complex-symplectic form along 
the fibers and a real section s, induced by s. Thus, if ZTed contains a real section 
(e.g. s) whose normal budle is the sum of line bundles of degree 1, then Zred is a 
twistor space of a pseudo-hyperkahler manifold, which we denote by Mj jQ. We shall 
call this construction the "twistor quotient. If M has dimension An and the complex 
dimension of the fiber of Lie Q is m, then Mj jQ has dimension An - Am. 

What we need then are conditions which guarantee that Zred has sections with 
correct normal budle. First of all, if the action of Q is locally free at s, then the 
normal bundle of s in Zred is LLj{L n Lx) , where L is the subbundle of the normal 
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bundle of s in Z generated by the Lie algebra of Q and the orthogonal is taken with 
respect to the twisted symplectic form. Let us make the following definition. 

Definition 3.1. Let s be a twistor section of a twistor space z —̂ —> CP1 OI a nv~ 
perkahler manifold M on which there is a locally free Hamiltonian action of a twistor 
group Q. We shall say that s is Q-admissible if LX/{L n Lx) is the sum of line bundles 
of degree 1. 

Thus, if s is ^-admissible and ZTed is a manifold in a neighbourhood of s, then ZTed 

is a twistor space of a pseudo-hyperkahler manifold. We now have: 

Proposition 3.2. Let H be a twistor subgroup of a twistor group Q such that the 
quotient Lie(£/)/Lie(%) is the sum of line bundles of degree 1. Suppose that we have 
a locally free Hamiltonian action of Q on a z —̂> CP1 w^ a moment map [i. 
Then any Q-admissible twistor section s of Z such that /i o s is Q-invariant, is In­
admissible. 

Proof. As above, let L denote the subbundle of the normal bundle of s generated 
by the action of Q. Since Q acts locally freely at s, L ~ Lie(£) as vector bundles. 
Furthermore, since fi o s is (/-invariant, L C L x . Let P denote the subbundle of L 
generated by H. We have to show that P^/P is the sum of line bundles of degree 1. 
We observe that it is enough to show that i?1((PJ-/P)*) = 0. Indeed, this implies 
that P±/P is the sum of line bundles of degree at most 1, and since we also have the 
isomorphism P±/P ~ (P±/P)* ® 0(2) given by the w, all line bundle summands in 
Px/P have degree 1. 

To show that H1 ({P^/P)*) = 0 it is sufficient to show that the map ^ ( (P- 1 )* ) ->• 
H°(P*) is surjective (as P-1 is a subbundle of the normal bundle of s - sum of line 
bundles of degree 1 - therefore i71((P±)*) = 0). We have the following embeddings 
of vector bundles 

P ^ L <-+ LL ^ P-1. 
We shall show that the dual of each of these maps is surjective on H° by showing 
that Hl of each quotient vanishes. For the first one, H1{L/P)*') — 0 by our as­
sumption. For the middle map this follows from the fact that LL/L is the sum of 
G(l)'s (by assumption, s is ^-admissible). For the last one, we have to show that 
H1 ((P^/L-1)*) = 0. The form UJ and Serre duality show that this cohomology group 
is the same as H°((P/L)*) which again vanishes by our assumption. • 

There are two cases, when a twistor section s is automatically ^-admissible: 1) if Q is 
trivial twistor group G; and 2) if L ~ Lie(£/) is a Lagrangian subbundle of the normal 
bundle of s. This second condition holds, e.g., in the case of the generalized Legendre 
transform. We make several other remarks: 

Remark 3.3. A necessary condition for Lie(G)/Lie(%) to be the sum of C(l) 's is 
that, as a vector bundle, Lie(H_) = J20(-pi) with Y^Pi = d, where d is the fiber 
codimension of H in G_. 
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Remark 3.4. The sufficient condition of this proposition is particularly useful when 
dealing with abelian twistor groups. If both G_ and H are abelian (e.g. vector bun­
dles), and the numerical condition of the previous remark is satisfied, then a generic 
embedding of % into G_ gives a twistor quotient. Thus, for example, if there is a 
locally free 3-Hamiltonian action of K3 (effective or not) on a hyperkahler manifold 
M which extends to an action of C3 with respect to each complex structure, then a 
generic embedding of 0{—2) (compatible with real structures) into C3. satisfies the 
condition of Proposition 3.2. 

There also is a simple necessary condition in the setting of Proposition 3.2. Namely, 
since (in the notation of the proof of that proposition) L/P <—} P ± / P , we need that 
Lie(Q)/ Lie(%) is the sum of line bundles of degree at most 1. Thus we shall not find 
twistor quotients by 0(—4) embedded into C?. 

Let us turn to examples. 

Example 3.5. Santa Cruz [6] constructed twistor spaces of hyperkahler metrics on 
coadjoint orbits of complex semisimple Lie groups (see also [1]). He associates such 
a metric to any real section (spectral curve) s of g ® 0(2), whose fibrewise stabilizers 
have constant dimension. Here Q is the Lie algebra of a Lie group G. His construction 
can be interpreted as a twistor quotient of the hyperkahler metric on T*G (cf. [3]) 
by the trivial twistor group G_, where the level set of the moment map is chosen to 
be s. In other words the resulting twistor space is /u

_1(s)/Stab(s), i.e. the fibrewise 
complex-symplectic quotient of the twistor space oiT'G by G. 

Example 3.6. Many interesting metrics can be constructed as twistor quotients by the 
group Af defined in Example 1.7. Thus whenever we have an effective triholomorphic 
and isometric action of a compact Lie group G on a hyperkahler manifold M we can 
form a twistor quotient of M by N. This is a reinterpretation of the construction 
given in [3]. 

In particular, the natural hyperkahler metric on the moduli space of 5C/(2)-monopoles 
of charge k can be obtained as such a quotient of T*Gl(k, C). Also the ALE spaces 
can be obtained as such quotients of coadjoint orbits with Kronheimer's metric [4]. 

It is possible to know the metric on the twistor quotient of M, if we know the 
metric on the deformations M\ of Theorem 2.5. First of all, since a twistor group Q, 
by which we quotient, admits a chain of subgroups Q = Gi C . . . C Gk, such that each 
subgroup is normal in the previous one and Gi/Gi+i is abelian for i < k - 1 and trivial 
for i = k — 1, a twistor quotient by an arbitrary group reduces to twistor quotients 
by abelian twistor groups and to hyperkahler quotients. We shall, therefore, assume 
for the remainder of the section that G is abelian. In this case the moment map 
fi: Z ->• Lie(£) <g> 0(2)' descends to Z/G-

Let us choose local complex coordinates u\,..., un, z\,..., z„ in a fiber ZQ of Z, so 
that Ui,... ,Uk correspond to Gc, a n d zi, • • • ,Zk give us the complex moment map for 
G(- The remaining coordinates give complex coordinates on M//G 



20 ROGER BIELAWSKI 

Since \x descends to Z/Q, we have a corresponding map 

$ : M//G -> r(Lie(g) <g> 0(2)). 

M//Q can be identified with $_1(«o), for some v0 € V = r(Lie(<?)®0(2)). The coor­
dinates on M/C/ are Ufc+i, ...,un,zi,...,zn and the remaining (apart from zu ..., zk) 
coordinates of V. Now, on each deformation A"1 (A) C M/Q of Theorem 2.5 we have 
a Kahler potential 

Kx(uu ...,un,zx,..., zn) =: K(uh+1, ...,un, zk+u ...,zn,v) 

where v varies over V. The Kahler potential for M//Q is then 

K(uk+i, ...,un, zk+u ...,zn):= K(uk+1, ...,un, zk+u ..., zn, v0). 

4. THE GENERALIZED LEGENDRE TRANSFORM 

Lindstrom and Rocek [14] found several constructions of hyperkahler metrics, in 
particular two based on the Legendre transform. The simpler one produces precisely 
hyperkahler metrics in 4n dimensions with a local tri-Hamiltonian (hence isometric) 
action of Kn. The second one, the generalized Legendre transform (GLT), produces 
metrics which generically don't have triholomorphic vector fields. 

In the simplest case of 4-dimensional metrics, such a metric is associated to a 
real-valued function F on M2*+1, k > 2, with coordinates w0,... , w^k G C, W2k-i — 
(—l)k+1 which satisfies the system of linear PDE's: 

for all i,j, s. The hyperkahler metric lives on the submanifold of IR2*"1"1, defined by 
the equations FWi = 0, for 2 < i < 2k — 2. An example of a metric which can be 
constructed using the GLT is the Atiyah-Hitchin metric [11] or other 5[/(2)-monopole 
metrics [10]. 

In [11], Ivanov and Rocek gave an interpretation of metrics constructed via GLT 
in terms of twistor spaces. They show that the twistor space Z of such a manifold M 
has a projection p onto 0(2k) (or at least an open subset of it, invariant under the 
real structure). Moreover the kernel of dp is a Lagrangian subbundle of TvZ. We can 
interpret this as saying that there is a local action of the twistor group 0(—2k + 2) 
on Z. The projection onto 0(2k) is the moment map, and 0(2k) can be identified 
(if the fibers of p are connected) with Z/0{—2k + 2). The vector space R2*+1 is 
M/0(—2k + 2) and the equations FWi = 0, for 2 < i < 2k - 2, which determine M, 
are equivalent to setting the A of (4) equal to zero. 

A similar interpretation holds for higher dimensional hyperkahler metrics con­
structed via the generalized Legendre transform. This construction produces 4n-
dimensional metrics which admit a local Hamiltonian action of an n-dimensional 
abelian twistor group. 
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QUATERNIONIC CONTACT STRUCTURES 

OLIVIER BIQUARD 

This article is a survey on the notion of quaternionic contact structures, which I 
defined in [2]. Roughly speaking, quaternionic contact structures are quaternionic 
analogues of integrable CR structures. 

DEFINITION AND FIRST EXAMPLES 

Let X be a manifold and V a distribution in X, so at each point i s l w e have a 
subspace Vx oiTxX. One can define a nilpotent Lie algebra structure on VX®(TXX /Vx) 
by 

\a 61 = j 7 ^ * ^ ^'&] if a, 6 G 14, 
10 otherwise, 

where on the RHS we have the bracket of vector fields. 

The Heisenberg algebra is defined as the vector space Cm © R with a Lie bracket 
[Cm, Cm] C R given by 

^ a ^ e , , ^ ? / ^ =lm^Xiyj. 

The same formula gives also the Lie bracket of the quaternionic Heisenberg algebra 
H m © ImH. 

A contact structure on X2m+1 is a codimension 1 distribution V such that at each 
point x the nilpotent Lie algebra VX@TXX/VX is isomorphic to the Heisenberg algebra. 
Similarly, a quaternionic contact structure on Xim+3 is concerned with a codimension 
3 distribution V such that at each point x the nilpotent Lie algebra 14 © TXX/VX is 
isomorphic to the quaternionic Heisenberg algebra. 

There is an equivalent, more concrete, description of such distributions: there exists 
a 1-form 77 = (771, rj2, 7?3) with values in R3, such that V = keirj and the three 2-forms 
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(drji\v) are the fundamental 2-forms of a quaternionic structure on V: this means 
that there exists a metric 7 on V such that 

(t) dr)i\v = 'r(Ii;-), 
and the It are complex structures on V satisfying the commutation relations of the 
quaternions hhh = ~ 1- The 1-form 77 is given only up to the action of S03 on R3 

and to a conformal factor, thus we get a C5pm5pi-structure on V. 

Definition 1. A quaternionic contact structure on XAm+3 is the data of a codimen-
sion 3 distribution V, equipped with a CSpmSpi-structure, such that the CSpmSp\-
structure and the contact form with values in R3 satisfy the compatibility relation 

(t). 

Let us point an important difference between contact structures and quaternionic 
contact structures: a quaternionic contact structure always define a (conformal) met­
ric on the distribution, but a contact structure defines only a symplectic structure, 
and one needs to choose some compatible complex structure on the distribution (that 
is, a CR structure) in order to get a metric. That is why I consider quaternionic 
contact structures as a quaternionic analogue of CR structures. 

The sphere g 4 m _ 1 c R4m has a canonical quaternionic contact structure, defined as 
follows: the flat manifold R4m is hyperkahler with three complex structures Ii,I2,I3 

satisfying hhh = —1; then on S4"1-1 the contact form n with values in R3 is 

Vi = lidr, 
where r is the radius in R4m; the associated metric 7 is the restriction to V = ker r\ 
of the standard metric. 

More generally, any 3-Sasakian manifold has a canonical quaternionic contact struc­
ture; as we shall see later, this is a very special case, since 3-Sasakian manifolds are 
rigid [3], but quaternionic contact structures come in infinite dimensional families. 

CONFORMAL INFINITIES OF EINSTEIN METRICS 

Submanifolds of complex manifolds are integrable CR manifolds. The example of 
S>4m-i C R4m could suggest the same for quaternionic contact structures, but this 
is actually not true. A better interpretation of this example is to see Sim~l as the 
boundary at infinity of the quaternionic hyperbolic space HHm. If we pick up a point 
* in HHm, we may identify HHm - {*} = R ; x Sim-\ and the hyperbolic metric 
can be written as 

g = dr2 + sinh2(2r)7 + sinh2(4r)?72, 
where 7 is the extension of 7 to the whole TS4"1^1 by 0 on the fibers of the map 

S3 • Sim~l 

H p m - 1 
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At infinity, we recover 7 as 

7 = lim e~2r5|{r}xSr; 
r->oo 

note that this limit is infinite, except on V = ker 7/; so from this point of view, we 
should consider 7 as a Carnot-Caratheodory metric, that is a metric which is infinite 
outside some distribution whose brackets generate the whole tangent space. Also, 
the change of base point * induces a conformal change on the limit, so that only the 
conformal class [7] of 7 is defined: we call it the conformal infinity of g. 

The first motivation for studying quaternionic contact structures is the following 
result on Einstein deformations of HHm. 

Theorem 2. / / a quaternionic contact structure (V, 7) on S4"1^1 is close enough to 
the standard one, then it is the conformal infinity of a complete Einstein metric g. 

More precisely, g has conformal infinity [7] means that, near infinity, one has 

g~dr2 + e2r7 + e 4 V-

Also, this theorem is a generalization of a theorem of Graham-Lee [7] on Einstein 
deformations of real hyperbolic space; for other rank one symmetric spaces, see [2] 
and the survey [1]. 

TWISTOR CONSTRUCTION FOR QUATERNIONIC CONTACT STRUCTURES 

Recall that the twistor space of HP™ is CP 2 m + 1 , with projection given in homo­
geneous coordinates by 

[zi •• • • • • z2m+2] — • [z\ + jz2:---: z2m+1 + jz2m+2\-

One may realize HHm inside HPm as 

HHm = {fe : • • • : qm+l}, |?1 |2 + • • • + |<?m|2 < |?m+i |2} 

and its twistor space T(HHm) is a domain in CP 2 m + 1 : 

T(HHm) = {[Zl :•••: z2m+2], \Zl\
2 + • • • + \z2m\2 < | z 2 m + 1 j 2 + \z2m+2\

2}. 

Remark that the twistorial fibration restricts on the boundary to give 

dT(HHm) C CP 2 r a + 1 

I 
5 4 m - l c Hpm 

So we see that the sphere S"4m_1 has some kind of twistor space which is a real 
hypersurface in CP 2 m + 1 . This generalizes to quaternionic contact structures in the 
following way. 
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Theorem 3. If Xim~1 has a quaternionic contact structure, with Am — 1 > 7, then 
there is a twistor space Tim+1 with a projection 

C P 1 >• T 

I-
X 

such that 
(i) T has an integrable CR structure, and the fibers of 7r are holomorphic; 
(ii) T has a holomorphic contact structure, orthogonal to the fibers; 
(Hi) T has a real structure compatible with the other structures. 

One should precise what a holomorphic contact structure is for an integrable CR 
manifold M4 m + 1 : consider the bundle T'M = TcM/T°<lM, which can be identified 
with Tl'°M © CR for some choice of a Reeb vector field R. When M is the boundary 
of a complex manifold, T'M is the restriction of the holomorphic tangent bundle to 
the boundary. In general, it has a canonical holomorphic structure defined by 

X G T^M, a G T'M, dxa = [X, a}; 

this is well defined because of the integrability condition [T°>l,T0'1] C T0'1. Now a 
holomorphic contact structure is a codimension 1 holomorphic distribution of T'M, 
given locally by a complex 1-form rf such that drf is (complex) symplectic on the 
distribution. 

This theorem generalizes a twistorial construction of LeBrun [11] for conformal 
3-dimensional metrics. It is probable that, as in dimension 3, the converse of the 
theorem holds, that is a fibration by CP^s satisfying the three conditions of the the­
orem is a twistor space of a quaternionic contact structure, but I have not completely 
checked this statement. 

Let us now give an idea of the proof of theorem 3. In the construction of the twistor 
space of a conformal 3-dimensional metric, or in Salamon's construction [13] of the 
twistor space of a quaternionic-Kahler manifold, one uses the Levi-Civita connection 
to define a horizontal subspace for the fibration, and then the complex structure. In 
the case of a quaternionic contact structure, there is a priori no canonical connection; 
fortunately, the following theorem provides a connection, which is analogous to the 
Tanaka-Webster connection [15] in CR geometry. 

Theorem 4. / / Xim~l (for Am — 1 > 7) has a quaternionic contact structure V, 
with a choice of metric j on V in the conformal class, then there exists a unique 
connection V on X and a unique supplementary subspace WofVin TX, such that 

(i) V preserves the decomposition V © W and the metric; 
(ii) for A,B £V, one has TjB = -[A,B]w; 
(Hi) V preserves the Spm-iSpi-structure on V; 
(iv) for R G W, the endomorphism • -> (T%.)v of V lies in the orthogonal of 
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(v) the connection on W is induced by the natural identification of W with the 
subspace spx of the endomorphisms ofV. 

This theorem shows us that quaternionic contact structures, in dimension greater 
than 7, have some kind of integrability hidden in the definition, which enables to 
construct a natural connection preserving the 5pm_x5pi-structure. This is why they 
are the quaternionic analogue of integrable CR structures. But in dimension 7 (see 
also below), some integrability condition probably remains to understand. 

Given the connection of theorem 4, one can construct the CR structure on the 
twistor space in the usual way, but then integrability is a difficult task, because 
the connection has nonzero torsion, so one has to prove some complicated algebraic 
identities on torsion, in order to get theorem 3. 

Now, we outline some steps for the proof of theorem 4. In particular, we want to 
explain what does not work in dimension 7. The main issue is to understand the 
derivation VA on V for A € V; this part of the connection and the supplementary 
subspace W are characterized by properties (i), (ii) and (iii): given some W, the 
properties (i) and (ii) define a unique connection on V along V; property (iii) can 
be expressed saying that the fundamental 4-form Q, = 5Z1(dr/i|y)2 is parallel; the 
method consists in decomposing Vfi in irreducible components under the action of 
Spm-iSpi (see the book [14]): some components vanish because Q., from its definition, 
is somehow closed, and the remaining obstructions correspond exactly to fixing a 
choice of W. 

The proof does not work for dimension 7 because V is then 4-dimensional and 
condition (iii) becomes empty; instead of a condition on the connection, one rather 
needs some kind of selfduality condition on the curvature, but I have not done that. 

One interesting point is that the supplementary subspace W can be described 
explicitly: choose 1-forms (771, r/2, %), then W is generated by vector fields Rx, R2, R3 
such that 

(t) Vi{Rj) = %> (iRidrn)\v = 0. 

The space generated by such Ri,R2,Rs a priori depends on the action of S03 on the 
1-forms; actually, it is fixed, and one has the stronger identity 

(iRidilj + iRjd7]i)\v = 0; 

this property together with (J) is invariant under SO3. 

More generally, our quaternionic contact structures, after a choice of conformal fac­
tor, fit in the theory of Carnot-Caratheodory metrics with strong bracket generating 
hypothesis (see [8]), and this could lead to a slightly different proof of theorem 4: the 
supplementary subspace defined by (f) enables to define a metric on the whole tangent 
space; this metric becomes canonical after averaging over 503, and the orthogonal of 
V furnishes the canonical supplementary subspace W; it remains to verify that the 
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connection satisfying (i) and (ii) also satisfies the integrability (iii). This approach 
could be interesting in order to understand the case of dimension 7. 

CONSTRUCTION OF QUATERNIONIC-KAHLER METRICS 

Theorem 5. / / Xim~x (for Am — 1 > 7) has a real analytic quaternionic contact 
structure, then it is the conforrnal infinity of a unique quaternionic-Kahler metric 
defined in a neighborhood of X. 

Here are some comments on this theorem: 

1. This theorem is the natural generalization to higher dimension of LeBrun's theo­
rem [10] on filling of 3-dimensional real analytic conforrnal manifolds by selfdual 
Einstein metrics. 

2. The theorem remains true in dimension 7, under the additional assumption of the 
existence of the twistor space of X. More generally, quaternionic contact struc­
tures in dimension 7 could be related to "symplectic quaternionic structures" 
in dimension 8, that is S^Spi-structures such that the fundamental 4-form is 
closed. 

3. LeBrun [9] has constructed an infinite dimensional family of complete quater­
nionic-Kahler deformations of HHm; as we shall see below, these metrics have 
conforrnal infinities which are quaternionic contact structures, so the uniqueness 
statement implies that they coincide with the metric constructed by the theorem. 
Also, they provide an infinite dimensional family of examples of quaternionic 
contact structures. 

4. Under the assumption of theorem 2, the quaternionic-Kahler metric usually does 
not coincide with the Einstein metric; instead, the quaternionic-Kahler metric 
gives a high order approximation of the Einstein metric at infinity. Obviously, an 
interesting problem is to understand which quaternionic contact structures can 
be filled by complete quaternionic-Kahler metrics (this problem is also unsolved 
for conforrnal metrics in dimension 3). 

The basic construction in the proof of this theorem is the following. One has the 
twistor fibration 

C P 1 > T 

X 
with the connection V; at least locally, one may complexify X as Xc and extend the 
fibration T as a holomorphic fibration U on Xc, 

CP1 • U 

Xc 
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The complex dimension of U if 4m; the connection V extends to a connection on U 
and the CR structure on T induces a complex endomorphism J with J2 = —1 on a 
(4m — 1)-dimensional distribution. Now one considers the distribution F which is a 
subspace of the horizontal distribution Horv of V: 

F = T*'1 n Horv. 

One can see that F is actually a (2m - l)-dimensional holomorphic integrable distri­
bution, so there is a (2m + l)-dimensional space of leaves N, which will be the twistor 
space of the manifold M that we want to construct. 

In dimension 3, remark that U is the bundle of null directions in TXC and the 
leaves of the foliation are null geodesies, so one recovers LeBrun's construction. 

The space U has two projections 

U —q-+ N 

p 

Xc 

for x € Xc, Cx = q(p~l{x)) is a holomorphic line in N, with normal bundle 0(1) ® 
C2m , so the space Mc of deformations of these lines is 4m-dimensional, when Xc is 
only a (4m—l)-dimensional submanifold; also, N has a holomorphic contact structure, 
and Cx is transverse to the contact distribution except for a; € Xc; this kind of 
situation is analyzed in a general context in the following proposition, from which the 
theorem follows. 

Proposition 6. Suppose that N is a (2m + 1)-dimensional complex manifold, with 
(i) a holomorphic contact structure; 
(ii) a family Mc of holomorphic lines {Cm)m^M with normal bundle 0(1) <g> C2m, 

such that Cm is transverse to the contact distribution except on a hyper surf ace Sc; 
(Hi) a real structure, compatible with the other structures; 

then N is the twistor space of a quaternionic-Kahler metric on M — S, with conformal 
infinity a quaternionic contact structure on S; the twistor space of this quaternionic 
contact structure is N\s. 

EXPLICIT EXAMPLES 

From theorem 5 and the quotient construction for quaternionic-Kahler metrics 
[4, 6], one may deduce that there is a quotient construction for groups acting on 
quaternionic contact structures. Actually, some known quotients of the quaternionic 
hyperbolic space by Hitchin and Galicki have a counterpart on their conformal infini­
ties, as I shall now explain. 
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T h e i s o m e t r y g r o u p of HH2 is Sp2,\, t h e r e is a n ac t i on of R on HH2 by 

/eix \ 
cosh(£a;) s inh(£x) e Spi x SO^i C Sp2,\ 

y s i n h ( & ) cosh(£x)J 

a n d t h e q u o t i e n t is P e d e r s e n ' s selfdual E ins t e in m e t r i c [12] on t h e 4-bal l , w i t h con-

formal infinity t h e Berger sphere . T h i s m e a n s t h a t t h e q u o t i e n t of S7 by t h i s a c t i on 

is t h e 3-sphere w i t h t h e Berger m e t r i c . N o t e t h a t t h e ac t ion on ST p reserves t h e 

q u a t e r n i o n i c c o n t a c t s t r u c t u r e , n o t t h e m e t r i c . 

T h i s e x a m p l e can b e general ized t o q u o t i e n t s of HH™ by s u b g r o u p s of Spmt\, see 

[5]; a t infinity, t h i s gives q u o t i e n t s of Sim~l by s u b g r o u p s of Spm>i, s ome of which 

cou ld p r o b a b l y b e m a d e expl ic i t . 
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ABSTRACT. Let V = Mp '5 be the pseudo-Euclidean vector space of signature (p, q), 
p > 3 and W a module over the even Clifford algebra C(°(V). A homogeneous 
quaternionic manifold (M, Q) is constructed for any Spitl(y)-equivariant linear map 
I I : A2 W -* V. If the skew symmetric vector valued bilinear form II is nondegener-
ate then (M, Q) is endowed with a canonical pseudo-Riemannian metric g such that 
(M, Q, g) is a homogeneous quaternionic pseudo-Kahler manifold. If the metric g is 
positive definite, i.e. a Riemannian metric, then the quaternionic Kahler manifold 
(M, Q,g) is shown to admit a simply transitive solvable group of automorphisms. 
In this special case (p = 3) we recover all the known homogeneous quaternionic 
Kahler manifolds of negative scalar curvature (Alekseevsky spaces) in a unified and 
direct way. If p > 3 then M does not admit any transitive action of a solvable Lie 
group and we obtain new families of quaternionic pseudo-Kahler manifolds. Then 
it is shown that for q = 0 the noncompact quaternionic manifold (M, Q) can be 
endowed with a Riemannian metric h such that (M, Q, h) is a homogeneous quater­
nionic Hermitian manifold, which does not admit any transitive solvable group of 
isometries if p > 3. 

The twistor bundle Z —• M and the canonical SO(3)-principal bundle S —> 
M associated to the quaternionic manifold (M, Q) are shown to be homogeneous 
under the automorphism group of the base. More specifically, the twistor space is 
a homogeneous complex manifold carrying an invariant holomorphic distribution V 
of complex codimension one, which is a complex contact structure if and only if II 
is nondegenerate. Moreover, an equivariant open holomorphic immersion Z —> Z 
into a homogeneous complex manifold Z of complex algebraic group is constructed. 

Finally, the construction is shown to have a natural mirror in the category of 
supermanifolds. In fact, for any Spitl(y)-equivariant linear map II : V2W —> V a 
homogeneous quaternionic supermanifold (M, Q) is constructed and, moreover, a 
homogeneous quaternionic pseudo-Kahler supermanifold (M, Q, g) if the symmetric 
vector valued bilinear form II is nondegenerate. 
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INTRODUCTION 

Let us start this introduction by recalling the notion of quaternionic manifold, see 
[A-M2]. A hypercomplex structure on a real vector space E consists of 3 complex 
structures (Ji, J2, J3) on E satisfying JXJ2 = J3. It defines on E the structure of 
(left-) vector space over the quaternions H = {l,i,j, k} such that multiplication 
by i, j and k is given, respectively, by J l t J2 and J3. The 3-dimensional subspace 
Q = span{Ji, J 2 , J 3 } C End(.E') is what is called a quaternionic structure on E. A 
Euclidean scalar product (•, •) on (E, Q) is called (Q-) Hermitian if Q consists of skew 
symmetric endomorphisms of (E, (•, •)). Now let M be a smooth manifold, dim M > 4. 
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An almost quaternionic structure Q on M is a smooth field m i-»- Qm whose value 
at m e M is a quaternionic structure on TmM. Q is called a quaternionic structure 
and (M, Q) a quaternionic manifold if there exists a torsionfree connection on 
TM preserving the rank 3 subbundle Q C End (TM). Now let g be a Riemannian 
metric on M, Hermitian with respect to an (almost) quaternionic structure Q. Then 
M with the structure (Q, g) is called an (almost) quaternionic Hermitian manifold. 
If, moreover, the Levi-Civita connection preserves Q then (M, Q, g) is said to be a 
quaternionic Kahler manifold. We remark that quaternionic Kahler manifolds 
represent one of the few basic Riemannian geometries, as defined by Berger's list of 
possible Riemannian holonomy groups, see [Al], [Bes], [Brl] and [S2]. For the possible 
holonomy groups of, not necessarily Riemannian, torsionfree connections see [Br2], 
[Schw] and references therein. 

Next we review what is known about homogeneous quaternionic Kahler manifolds. 
First of all, quaternionic Kahler manifolds (M, Q, g) are Einstein manifolds, i.e. Ric = 
eg, see e.g. [Al], [Bes], [S2] and [Kak]. We discuss 3 cases depending on the sign of 
the constant c (which is the sign of the scalar curvature). 

c = 0) Simply connected Ricci-flat quaternionic Kahler manifolds are hyper-Kahler 
manifolds, see [Bes] Ch. 14. They are Kahler manifolds with respect to 3 complex 
structures Ji, J2 and J3 = J\Ji- It is a general fact that any homogeneous Ricci-flat 
Riemannian manifold is necessarily flat, see [A-K]. In particular, all homogeneous 
hyper-Kahler manifolds are flat. For hyper-Kahler manifolds of small cohomogeneity 
see [Bil], [Bi2], [B-G], [D-Sl], [D-S2], [K-S2], [Swl], [Sw2] and [C4]. 

c > 0) It follows from Myer's theorem that any complete Einstein manifold of posi­
tive scalar curvature is necessarily compact. In particular, any complete quaternionic 
Kahler manifold of positive scalar curvature is compact. It was proven in [L-S] that 
for every n > 1 there is only a finite number of such manifolds of dimension An up 
to homothety, cf. [Bea], [G-S], [LI], [L4], [L5], [P-S]. The only known examples are, 
up to now, the Wolf spaces [Wl]. These are precisely the homogeneous quaternionic 
Kahler manifolds of positive scalar curvature and are all symmetric of compact type, 
cf. [A2]. More generally, the Wolf spaces can be characterized as the compact quater­
nionic Kahler manifolds which admit an action of cohomogeneity < 1 by a compact 
semisimple group of isometries and which are not scalar-flat, see [D-S3], cf. [A-P]. 

c < 0) Complete noncompact quaternionic Kahler manifolds of negative scalar 
curvature exist in abundance. In fact, it was proven in [L3] that the moduli space 
of complete quaternionic Kahler metrics on R4", n > 1, is infinite dimensional. For 
explicit constructions of, in general not complete, quaternionic Kahler manifolds see 
e.g. [Gl], [G-L] and [L2]. 

What about homogeneous examples? First of all, the noncompact duals of the Wolf 
spaces are symmetric (and hence homogeneous) quaternionic Kahler manifolds of neg­
ative Ricci and nonpositive sectional curvature. Moreover, like any Riemannian sym­
metric space of noncompact type, these manifolds admit smooth quotients by discrete 
cocompact groups of isometries, see [Bo], [Fi-S]. The first examples of quaternionic 
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Kahler manifolds which are not locally symmetric were found by D.V. Alekseevsky 
in [A3]. An Alekseevsky space is a homogeneous quaternionic Kahler manifold of 
negative scalar curvature which admits a simply transitive splittable solvable group 
of isometries. It follows from Iwasawa's decomposition theorem that the noncompact 
duals of the Wolf spaces are precisely the symmetric Alekseevsky spaces. Besides 
these there are 3 series of nonsymmetric Alekseevsky spaces, see [A3], [dW-VP2] and 
[C2]. In [A3] it was conjectured that any noncompact homogeneous quaternionic 
Kahler manifold admits a transitive solvable group of isometries. This conjecture 
is still open: up to now, the only known examples of homogeneous quaternionic 
Kahler manifolds of negative scalar curvature are the Alekseevsky spaces. However, 
by the construction presented in this work we obtain many homogeneous quaternionic 
pseudo-Kahler manifolds (with indefinite metric) which do not admit any transitive 
action of a solvable Lie group. Moreover, in 2.6 we construct a family of noncompact 
homogeneous quaternionic Hermitian manifolds (with positive definite metric) with 
no transitive solvable group of isometries. 

It is natural to ask for examples of compact locally homogeneous quaternionic 
Kahler manifolds. The following negative result was proven in [A-C4]. Let M be 
a compact quaternionic Kahler manifold or, more generally, a quaternionic Kahler 
manifold of finite volume. If the universal cover M is a homogeneous quaternionic 
Kahler manifold then it is necessarily symmetric. In particular, the only Alekseevsky 
spaces which admit smooth quotients of finite volume by discrete groups of isometries 
are the symmetric ones, this was as well proven in [A-Cl] by a simpler method. 
Additionally, the symmetric Alekseevsky spaces can be characterized by the property 
of having nonpositive curvature, see [C2]. 

Given a simply transitive Lie group L of isometries acting on a Riemannian ma­
nifold M, there exists an algorithm to compute the full isometry group of M [A-W], 
cf. [Wo]. However, this algorithm involves the covariant derivatives (of all orders) of 
the curvature tensor and hence can only be applied effectively in very simple situ­
ations. If the simply transitive group L is splittable solvable and unimodular then 
the full isometry group is easily computed, see [G-W]. Unfortunately, the splittable 
solvable groups of isometries acting simply transitively on the Alekseevsky spaces are 
not unimodular. For that reason in [A-Cl] a new algorithm was developed which 
completely avoids the curvature tensor and works also for nonunimodular splittable 
solvable groups. Using it the full isometry group of the nonsymmetric Alekseevsky 
spaces was determined [A-Cl]. The Lie algebra of the full isometry group was previ­
ously described by the theoretical physicists de Wit, Vanderseypen and Van Proeyen 
by a different method, see [dW-V-VP]. 

In the following, we shortly comment on the attention paid to Alekseevsky's spaces 
in the physical literature. There is a concept of special geometry, which evolved 
in the theory of strings and supergravity, see e.g. [Z], [B-W], [dW-VPl], [G-S-T]. 
More specifically, special Kahler geometry is the geometry associated to N = 2 su­
pergravity in d = 4 space time dimensions coupled to vector multiplets and was 
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first described in [dW-VPl], cf. [C-D-F], [St], [C3] and [Ft]. The (Kuranishi) moduli 
space of a Calabi-Yau 3-fold bears this particular geometry. Moreover, there is a 
construction (the "c-map"), related to Mirror Symmetry, which to any special Kahler 
manifold associates a quaternionic Kahler manifold, see [C-F-G] and [F-S]; for the 
general framework see [Cr]. Using the c-map, Cecotti [Ce] was the first to relate 
the classification problem for homogeneous special Kahler manifolds to Alekseevsky's 
classification [A3]. In addition, he introduced Vinberg's theory of T-algebras [V2] to 
describe the first nonsymmetric homogeneous special Kahler manifolds (the symmet­
ric special Kahler manifolds were described in terms of Jordan algebras, see [C-VP] 
and [G-S-T]). Cecotti's classification of homogeneous special Kahler manifolds was 
extended in [dW-VP2], [C3] and [A-C5]. In [C4], the hyper-Kahlerian version of the 
c-map was used to construct a natural (pseudo-) hyper-Kahler structure on the bundle 
of intermediate Jacobians over the moduli space of gauged Calabi-Yau 3-folds. 

In the last part of the introduction we describe the main components, results and 
the global structure of the present paper. The basic algebraic data of our construction 
are a pseudo-Euclidean vector space V, a module W over the even Clifford algebra 
Ci°(V) and a spin(F)-equivariant linear map II : A2W —>• V. Any such II defines 
a Z2-graded Lie algebra p = p(II) = p0 + pi, where p0 = Lielsom(V) = o(V) + V 
and pi = W. Here V acts trivially on W and o(V) = spin(V) acts via the inclusion 
spin(V) c C£°{V) on the C£°{V)-modu\e W. The Lie bracket on pi x px is given by 
II. The Lie algebras p(n) were introduced in [A-C2], where a basis for the vector 
space of spin(V)-equivariant linear maps II : A2W —• V was explicitly constructed. 
The Lie algebra p(II) is called an extended Poincare algebra of signature (p, q) if 
V = W'v has signature (p,q). A mirror symmetric version of this construction is ob­
tained replacing II : A2W -> V by a Spin(V)-equivariant linear map II : V2W -> V. 
Here V2W = Sym2!^ denotes the symmetric square of W. The corresponding alge­
braic structure p(n) = p0 + pi is now a super Lie algebra. It is called a superextended 
Poincare algebra of signature (p, q). For special signatures (p, q) of space time V these 
super Lie algebras play an important role in the physical literature since the early 
days of supersymmetry and supergravity, see e.g. [Go-L] and [OS]; for more recent 
contributions see e.g. [F] and references therein. Notice that if (p,q) = (1,3) then 
V = R1'3 is Minkowski space and the even subalgebra p0 = Lielson^R1'3) c p(n) 
is the classical Poincare algebra. The construction of all superextended Poincare al­
gebras (of arbitrary signature) was carried out in [A-C2]. In [A-C-D-S] the twistor 
equation is interpreted as the differential equation satisfied by infinitesimal automor­
phisms of a geometric structure modelled on the linear Lie supergroup associated to 
a superextended Poincare algebra (for more on the twistor equation see e.g [K-R] and 
references therein). In contrast with the case of superextended Poincare algebras, to 
our knowledge, extended Poincare algebras do not occur in the physical literature 
before the publication of [A-C2]: The first occurrence is [D-L]. 

Any extended Poincare algebra p(II), as above, admits a derivation D with eigenspace 
decomposition p(n) = o{V) + V + W and corresponding eigenvalues (0,1,1/2). We 
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can extend p(II) by D obtaining a new Z2-graded Lie algebra g = Q(U) = flo + 0 I , 
where Q0 = KD + p0 = M.D + o(V) + V and gt = pi — W. The adjoint representation 
of the Lie algebra g is faithful and hence defines on JJ the structure of linear Lie alge­
bra. Let G — G(U) C Aut 0 denote the corresponding connected linear Lie group. It 
is the numerator of the homogeneous quaternionic manifolds M = M{U) = G/K we 
are going to construct. To define the denominator K let E c V be a 3-dimensional 
Euclidean subspace and t = 1(E) C o(V) C Q the maximal subalgebra which pre­
serves E, i.e. t = o(E) © o(EL). Now we define K = K(E) C G to be the connected 
linear Lie group with Lie algebra t. Our main theorem is the following, see Thm. 8: 

Theorem A Let V be any pseudo-Euclidean vector space, E c V a Euclidean 
3-dimensional subspace, W any Cf(V)-module and II : A2W —> V any spin(V)-
equivariant linear map. Let M = G/K be the homogeneous manifold associated to 
the Lie groups G = G{U) and K = K(E) C G constructed above. Then the following 
is true: 

1) There exists a G-invariant quaternionic structure Q on M. 
2) IfU is nondegenerate (i.e. ifW 3 s 4 Il(sA-) £ W* ®V is infective) then there 

exists a G-invariant pseudo-Riemannian metric g on M such that (M, Q, g) is 
a homogeneous quaternionic pseudo-Kahler manifold. 

We remark that for V = K3'? and W arbitrary the map II can always be chosen such 
that the metric g in 2) becomes positive definite. In this special case we recover the 3 
series of Alekseevsky spaces by a simple and unified construction, which completely 
avoids the technicalities of constructing complicated representations of Kahlerian Lie 
algebras, see [A3] and [C2]. 

If in all constructions II : /\2W —> V is replaced by a spin(y)-equivariant linear 
map II : \/2W —¥ V then we obtain the following analogue of Theorem A in the 
category of supermanifolds, see Thm. 17: 

Theorem B Let V be any pseudo-Euclidean vector space, E C V a Euclidean 
3-dimensional subspace, W any C£°(V)-module and U : V2W —• V any spin(V)-
equivariant linear map. Let M = G/K be the homogeneous supermanifold associated 
to the Lie supergroups G = G(n) and K — K(E) C G constructed in 4- Then the 
following holds: 

1) There exists a G-invariant quaternionic structure Q on M. 
2) 7/II is nondegenerate (i.e. ifW3s>-> II(sV-) € W*®V is infective) then there 

exists a G-invariant pseudo-Riemannian metric g on M such that (M, Q, g) is 
a homogeneous quaternionic pseudo-Kahler supermanifold. 

(For the definition of quaternionic structure, pseudo-Riemannian metric etc. on a 
supermanifold see the appendix.) 
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Furthermore, we remark that replacing Euclidean 3-space E = R3'0 by Lorentzian 
3-space E = R1'2 one obtains a para-quaternionic version of our construction. 

Finally, we outline the structure of the paper: In section 1 we discuss extended 
Poincare algebras. The basic definitions and formulas are given in 1.1. To our funda­
mental map n : A2W —> V and to an oriented Euclidean subspace E cV, dimE = 3 
(mod 4), we associate a canonical symmetric bilinear form b on W and study its 
properties in 1.2. Using the form b, in 1.3 we classify extended Poincare algebras of 
signature (p, q), p = 3 (mod 4), up to isomorphism. 

In section 2 we construct the homogeneous quaternionic manifolds of Theorem A. 
The basic notions of quaternionic geometry are recalled in 2.2. First, see 2.1, we 
describe the structure of the Lie group G = G(U) and the coset spaces M = G/K, 
K = K(E), where E C V is any pseudo-Euclidean subspace. The proof of Theorem A 
is given in 2.4. A crucial observation is that M = G/K contains the locally symmetric 
quaternionic pseudo-Kahler submanifold M0 = GQ/K, where G0 C G is the connected 
linear Lie group associated to go C g = go+fli- The first step consists in extending the 
Go-invariant quaternionic and pseudo-Riemannian structures on M0 to G-invariant 
structures on M. Using the canonical symmetric bilinear form b on W introduced 
in 1.2 the pseudo-Riemannian metric is extended, in the nondegenerate case, to a 
G-invariant pseudo-Riemannian metric g on M. The quaternionic structure is always 
extended by the beautifully simple formula (13) to a G-invariant almost quaternionic 
structure Q on M. To prove that Q is a quaternionic structure, we construct a G-
invariant torsionfree connection V on M which preserves Q. In the nondegenerate 
case V is simply the Levi-Civita connection of the pseudo-Riemannian metric g. We 
use the description of invariant connections on homogeneous manifolds in terms of 
Nomizu maps, see 2.3. 

Then we concentrate on the Riemannian case, see 2.5. The Riemannian manifolds 
M(n) are classified up to isometry using results of 1.3. We show that all these ma­
nifolds admit a non-Abelian simply transitive splittable solvable group of isometries 
and hence are Alekseevsky spaces, see Thm. 9. Moreover, we explain how to obtain 
the 3 series of Alekseevsky spaces by specifying V, W, and II, see Thm. 10. 

The quaternionic pseudo-Kahler manifolds (M(U),Q, g) of Theorem A do not ad­
mit any transitive action of a solvable group if V = MP'9 with p > 3, see Thm. 
12. Moreover, if q = 0, then we can replace g by a G-invariant Riemannian and Q-
Hermitian metric h such that (M(Jl),h, g) are homogeneous quaternionic Hermitian 
manifolds with no transitive solvable group of isometries, see Thm. 11. 

In section 3 we study the various bundles associated to the quaternionic manifolds 
M = M(U) = G/K: The twistor bundle Z(M), the canonical SO(3)-principal bun­
dle S(M) and the Swann bundle U(M). We show that G acts transitively on Z(M) 
and S(M) and with cohomogeneity one on U(M). In particular, Z = Z{M) is a 
homogeneous complex manifold of the group G = G(II). We exhibit a G-invariant 
holomorphic tangent hyperplane distribution V on Z and prove that V defines a com­
plex contact structure on Z if and only if II is nondegenerate. Moreover, we construct 
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an open G-equivariant holomorphic immersion Z —> Z of Z into a homogeneous com­
plex manifold of the complex algebraic group G^ C Aut(fl5-'), see Thm. 14. This 
immersion is a finite covering over an open G-orbit. In the nondegenerate case Z is 
a homogeneous complex contact manifold of the group G^ and the immersion is a 
morphism of complex contact manifolds. 

In the final section 4 we extend our construction to the category of supermanifolds, 
proving Theorem B. We have aimed at a straightforward presentation, summarizing 
the needed supergeometric background in the appendix. 
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1. EXTENDED POINCARE ALGEBRAS 

1.1. Basic facts. Let V be a pseudo-Euclidean vector space with scalar product 
(•, •). There exists an orthonormal basis (e,), i = 1 , . . . , n = dim V = p + q, of V such 
that (x,x) = YLii1')2 ~ YTj=P+i{xJ? for a11 x = E I L i 2 ^ e v- AnY s u c h b a s i s 

defines an isometry between V and the standard pseudo-Euclidean vector space W'v 

of signature (p, q). The isometry group of V is the semidirect product 

lsom(V) = 0{V)t<V. 

Definition 1. The Lie group P(V) := Isom(V) is called the Poincare group ofV. 
Its Lie algebra p(V) = o(V) -I- V is called the Poincare algebra of V. 

Next we recall some basic facts concerning the Clifford algebra C£(V) — C(°{V) + 
Ciliy), see [L-M]. Any unit vector x € V, (x,x) — ±1 , defines an invertible element 
x £ C£(V). The group Pin(V) C C£(V) generated by all unit vectors is called the 
pin group. Its subgroup Spin(V) := Pin(V) PI C£°(V) consisting of even elements is 
called the spin group. The adjoint representation 

Ad : Pin(V) —• 0{V), 

Ad(x)y = xyx~l G V, x G Pin(V/), y&V, 

induces a two-fold covering of the special orthogonal group: 

Spin(^) A SO(V). 
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In fact, if rx G 0(V) denotes the reflection in the hyperplane xx C V orthogonal to 
a unit vector x G V then the following formula 

(1) Ad(xy) =rxory 

holds for any two unit vectors x,y G V. The groups Pin(V) and Spin(V) are Lie 
groups whose Lie algebra is the Lie subalgebra spin(V) C C£°(V) generated by the 
commutators [x,y] = xy — yx of all elements x,y G V. It is canonically isomorphic 
to the orthogonal Lie algebra o(V) via the adjoint representation 

(2) ad = Ad, : spin(V) - ^ o(V), ad{x)y = [x,y], x G spin{V), y G V . 

In fact, if we identify A2V = o(V) by 

(3) (xAy){z):=(y,z)x-(x,z)y, x,y,z£V 

then ad - 1 : A2V = o(V) —> spin(V) is given by the following equation: 

(4) a,d~1(xAy) = --{x,y], x,y£V. 

In particular, a,d(xy) — —2x A y if x and y are orthogonal. 
Any C£(V)-module W can be decomposed into irreducible submodules. Depending 

on the signature (p, q) of V, there exist one or two irreducible G?(V)-modules up to 
equivalence. In case there are two, they are related by the unique automorphism of 
C£(V) which preserves V and acts on V as —Id. The restriction of an irreducible 
CI?(V)-module S to C£°(V) (respectively, to Spin(l/) and spin(l/)) is, up to equiva­
lence, independent of W and is called the spinor module of C£°(V) (respectively, 
of Spin(F) and spin(V)). The spinor module S is either irreducible or S = S+ © S~ 
is the sum of two irreducible semispinor modules S±, which may be equivalent 
or not, depending on the signature of V. If S+ and S~ are not equivalent, they are 
related by an automorphism of C£°(V) which preserves V and acts as an isometry on 
V. In the following we will freely use standard notations such as C£v<q = C£(M.p'q), 
Spin(p,q) = Spin(RM), Spin(p) = Spin(p,0) etc., cf. [L-M]. 

Now let W be a module of the even Clifford algebra C£°(V) and II : A2W ->• V a 
spin(y)-equivariant linear map. Given these data we extend the Lie bracket on p(V) 
to a Lie bracket [•, •] on the vector space p(V) + W by the following requirements: 

1) W is a p(V)-submodule with trivial action of V and action of o(V) defined by 
ad - 1 : o{V) -> spin(V) C C£°{V), see equation (2), 

2) [s, t] = U{s A t) for all s,teW. 

The reader may observe that the Jacobi identity follows from 1) and 2). The resulting 
Lie algebra will be denoted by p(II). Note that p — p(II) has a Z2-grading 

p = p0 + p! , p0 = p(V), pi = W, 

compatible with the Lie bracket, i.e. [p0,p&] C p0+6, a, b G Z2 = Z/2Z. In other 
words, p(II) is a Z2-graded Lie algebra. 
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Definition 2. Any Z2-graded Lie algebra p(n) = p{V) + W as above is called an 
extended Poincare algebra (of signature (p, q) if V = W'q). p(Yl) is called 
nondegenerate if II is nondegenerate, i.e. if the map W 3 s \-> U(s A •) € W* ® V 
is injective. 

The structure of extended Poincare algebra on the vector space p(V) + W is com­
pletely determined by the o(V)-equivariant map II : A2W —> V {o(V) acts on W 
via ad - 1 : o(V) -> spin(V) C 02°(V)). The set of all o(V)-equivariant linear maps 
A2W —• V is naturally a vector space. In fact, it is the subspace (A2W* ® V)0^ of 
o(V)-invariant elements of the vector space A2W* ® V of all linear maps A2W —• V-. 
In the classification [A-C2] an explicit basis for the vector space (A2W* <g> V)0^) 
of extended Poincare algebra structures on p(V) + W is constructed for all possible 
signatures (p,q) of V and any C£°(V)-module W. 

1.2. The canonical symmetric bilinear form b. Let V = IRP'9 be the standard 
pseudo-Euclidean vector space with scalar product {•, •) of signature (p, q). From now 
on we fix a decomposition p = p1 + p" and assume that p' = 3 (mod 4), see Remark 
2 below. 
Remark 1: Notice that p and q are on equal footing, since any extended Poincare 
algebra of signature (q,p) is isomorphic to an extended Poincare algebra of signature 
(p, q). In fact, the canonical antiisometry which maps the standard orthonormal basis 
of R9'p to that of W'q induces an isomorphism of the corresponding Poincare algebras 
which is trivially extended to an isomorphism of extended Poincare algebras. 

We denote by (e*) = (ei , . . . ,epi) the first p' basis vectors of the standard basis 
of V and by (ej) = (e[,... ,e'p„+q) the remaining ones. The two complementary 

orthogonal subspaces of V spanned by these bases are denoted by E = W = W'° 
and E' = EL = W 'q respectively. The vector spaces V, E and E' are oriented 
by their standard orthonormal bases. E.g, the orientation of Euclidean p'-space E 
defined by the basis (e,) is e\ A • • • A e*, G Ap'E*. Here (e|) denotes the basis of E* 
dual to (e,). Now let p(II) = p(V) + W be an extended Poincare algebra of signature 
(p, q) and (e*) any orhonormal basis of E. Then we define a K-bilinear form &n,(ej) on 
the a°(V)-module W by: 

(5) 6n,(ej)(s,i) = (ei,[e2...ep/s,i]) = ( e i , n (e 2 . . . eysAi ) ) , s,teW. 

We put b = 6(11) := bn,(ei) for the standard basis (e*) of E. 
Remark 2: Equation (5) defines a skew symmetric bilinear form on W if p' = 1 
(mod 4). For even p' the above formula does not make sense, unless one assumes that 
W is a C£(V)-modu\e rather than a Ci°(V)-module. Here we are only interested in 
the case p' = 3 (mod 4). Moreover, later on, for the construction of homogeneous 
quaternionic manifolds we will put p' = 3. 

Theorem 1. The bilinear form b has the following properties: 
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1) &n,(ei) = ±& */ ei A • • • A ep/ = ± e i A • • • A epi. In particular, 6n,(ej) = & / o r anV 
positively oriented orthonormal basis (it) of E. 

2) 6 is symmetric. 
3) 6 «'s invariant under the maximal connected subgroup K(p',p") = Spin(p') • 

Spin0(p",(j<) C Spin(p, q) which preserves the orthogonal decomposition V = 
E + E' (and is not Spin0(p, q)-invariant, unless p" + q = 0). 

4) Under the identification o(V) = A2V = A2E + A2£" + E A E', see equation (3), 
the subspace E/\E' acts on W by b-symmetric endomorphisms and the subalgebra 
A2E © A2E' = o(p') © o(p", q) acts on W by b-skew symmetric endomorphisms. 

Proof: Obviously 4) => 3). We show first that 3) =$• 1). If {et) is a positively oriented 
orthonormal basis then there exists <p € Spin(p') such that Ad(</?)e, = e\, i = 1 , . . . ,p'. 
Now II = [•, -]| A2 W : A2W -t V is spin(\/)-equivariant and hence equivariant under 
the connected group Spin0(F) C Spin(1K). In particular, II is Spin(p')-equivariant. 
Under the condition 3), this implies that 

b(s,t) = b(tf~ls, ip~H) = (ei,[e2 . . .ep '^~1s, <p~lt}) 

= (ei, [y~lk&ve2.. • kd^epis,ip~li\) 

= {euAd{ip"l)[e2...epis,t]) = (ei, [e2.. .ep<s,i]) 

= bn,(ei)(s,t), s,t€W. 

Here we have used the notation Ad^ = Ad(ip). The case of negatively oriented 
orthonormal basis (e )̂ follows now from the Clifford relation e~i£j = —e~je~i, i ^ j . 

Next we prove 2) using first the spin(V)-equivariance of II then equation (4) and 
eventually p' = 3 (mod 4): 

b(t,s) = (ei , [e2 . . .ep»t ,s]> 

= - ( e i , [e4 . . . evd, e2e3s]) + (e i , ad(e 2 e 3 ) [e 4 . . .ep>t,s]) 

= - ( e i , [e4 . . . epd, e2e3s]) = • • • = -{eu [t, e2 . . . ep>s\) 

= (e1,[e2...ep,s,t]) = b(s,t). 

Finally we prove 4). By equation (4) we have to check that e^-, e'ke\ € spin(V) 
(i 7̂  j and k ^ I) act by 6-skew symmetric endomorphisms and ê e'*. by a 6-symmetric 
endomorphism on W. This is done in the next computation, in which we use again 
the equivariance of II and equations (1) and (4) to express the adjoint representations 
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Ad and ad respectively: 

b(eie2s,i) = (eu [e2 .. .epleie2s,i\) = (eu [eie2e2 . . . ep-s, exe2eie2t]) 

= (d, Ad(eie2)[e2 . . . e^s, eie2i]) = - ( e 1 ; [e2 . . . ep/s, eie2*]) 

= -b{s,e1e2t), 

b(e2e3s,t) = (ei,[e2...ep,e2e3s,t\) = (e1,[e2e3e2.. .ep,s,t\) 

= (ei,ad(e2e3)[e2...ep'S,i]) - (ei, [e2 - - - ep>s,e2e3t]) 

= -b(s, e2e3t), 

6(e'fce|s, i) = (e1; [e2 . . . e^e^ejs, *]) = (e1; [e'̂ ejez . . . ep,s, t)) 

= - ( e i , [e2 . . . ep-s, e^ t ] ) + (ei, ad(e^;)[e2 . . . ep-s, £]) 

= - 6 ( s , e ' ^ ) + 0 = -6(s ,e ; e ; i ) . 

This already proves 3) and hence 1); in particular we have: 

bn,(ei,e2,...,ep/) = &n,(e2,... ,ep,,ei) • 

Due to this symmetry, it is sufficient to check that 626̂  acts as Asymmetric endomor-
phism on W: 

b(e2e'ks,t) = {ei,[e2...ep,e2e'ks,t}) = (ex,[e3.. .ep>e'ks,t]) 

= - ( e i , [s, e 3 . . . e^e'^]) = - (e i , [s, e2... ep,e2e'kt\) 

= (d, [e2 . . . ep,e2e'kt, s\) = 6(e2e'fci, s) 

= 6(s, e2e'ji). 

At (*) we have used (p' — l) /2 times the spin(y)-equivariance of n and the fact that 
{p1 - l ) /2 is odd if p' = 3 (mod 4). • 

Definition 3. The bilinear form b = b(U) = bu,(ei,...,e ,) defined above is called the 
canonical symmetric bilinear form on W associated to the spin(V)-equivariant 
map I I : A2W —• V = W'q and the decomposition p = p' +p". 

Proposition 1. The kernels of the linear maps II : W -> W* ® V and b — b(U) : 
W —> W* coincide: ker n = ker b. 

Proof: It follows from Thm. 1, 4) that W0 :— ker 6 c W is o(Vr)-invariant. This 
implies that U(Wo A W) C V is an o(V)-submodule. The definition of W0 implies 
that U(W0 A W) C E' = E1- and hence by Schur's lemma U(W0 A W) = 0. This 
proves that ker 6 c ker II. On the other hand, we have the obvious inclusion ker II c 
ker (6 o e2 . . . ep/) = ker b. Here the equation follows from the Spin(p')-invariance of b, 
see Thm. 1, 3). • 

Corollary 1. p(II) is nondegenerate (see Def. 2) if and only ifb(U) is nondegenerate. 

Theorem 2. Let p(Il) = p(V) + W be any extended Poincare algebra of signature 
(P,Q), P = P' + P", P' = 3 (mod 4), and b the canonical symmetric bilinear form 
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associated to these data. Then there exists a b-orthogonal decomposition W = @^Wi 
into C£°(V)-submodules with the following properties 

1) [w0, W] = 0, [Wu Wj] = 0ifi^j and [WuWi] =V for alii = 1,2,... ,1. 
2) Wo = kerb and Wj is b-nondegenerate for all i> 1. 
3) Fori = 1 , . . . ,1 the Cl°(V)-submodule Wi is irreducible and for j = l + l,... ,1 + 

m the C£°(V)-submodule Wj = Xj © Xj is the direct sum of two irreducible b-
isotropic C£°{V)-submodules. 

4) The restriction of b to a bilinear form on any irreducible C£°(V)-submodule of 
X = @l^+lWj vanishes. 

Proof: By Prop. \,W0:= ker b = ker II satisfies [W0, W] = 0. As kernel of the o{V)-
equivariant map II the subspace W0 is o(V)-invariant and hence a GS°(V)-submodule. 
We denote by W a complementary C£°(V)-submodule. Every such submodule is b-
nondegenerate. Let W, C W be any irreducible CK°(V)-submodule. By Thm. 1, 4), 
ker(6|W, x Wi) is o(V)-invariant and hence a G?°(V)-submodule. Now by Schur's 
lemma we conclude that either b\Wi x Wi = 0 or b is nondegenerate on Wt. In 
particular, we can decompose W' = ®[=1Wi © X as direct ^-orthogonal sum of b-
nondegenerate C£°(T/)-submodules such that W, is irreducible and the restriction of b 
to a bilinear form on any irreducible C£°(y)-submodule of X vanishes. Let Y,ZcX 
be two such submodules, Y ^ Z. The bilinear form b induces a linear map Y —> Z*. 
By Thm. 1, 4), the kernel of this map is o(V)-invariant and hence a CK°(VA)-submodule. 
Now Schur's lemma implies that either the kernel is Y and hence the restriction of b 
to a bilinear form onY®Z vanishes or the kernel is trivial and b is nondegenerate on 
Y@Z. In the second case X splits as direct 6-orthogonal sum: X = (Y®Z)®(Y®Z)±. 
This shows that X = ©'^.jW* is the direct orthogonal sum of 6-nondegenerate 
C£°(V)-submodules Wi such that Wi = Xt © X[ is the direct sum of two 6-isotropic 
irreducible submodules. This proves 2), 3) and 4). Now 1) is established applying 
Schur's lemma to the o(V)-equivariant map II. In fact, b(Wi, Wj) = 0 (respectively, 
b{Wi,Wi) ^ 0) implies n(Wj A Wj) C E' (respectively, II(A2Wi) ^ 0) and thus 
[Wu Wj] = U{Wi /\Wj) = 0 (respectively, [Wi, Wj] = I ^ A 2 ^ ) = V). • 

Next we will construct the subgroup K(p',p") C Spin(p, q) which consists of all 
elements preserving the orthogonal decomposition V = E + E' and the canonical 
symmetric bilinear form b on W. Its identity component is the group K(p',p") c 
Spin0(p, q) introduced above. We will see that if p" = 0 then K(pf ,p") = K(p, 0) is a 
maximal compact subgroup of Spin(p, q), which together with the element 1 6 C£° 
generates the even Clifford algebra C£% . This property will be very useful in the next 
section. 

We denote by x i-> x' the linear map Rq — W'° -> R0'9 which maps the standard 
orthonormal basis (ei , . . . , eq) of M9 to the standard orthonormal basis (e[,... , e') 
of M.0'9. It is an antiisometry: (x',x') = —(x,x). Let uy = e\... ep* be the volume 
element of C£p> = C£pifl, (e i , . . . , evi) the standard orthonormal basis of Rp = Mp'° c 



44 VICENTE CORTES 

W'9. Note that, since p' is odd, the volume element ay commutes with MP and 
anticommutes with W ,q D M.°'q. Moreover, it satisfies w ,̂ = 1, due to p' = 3 
(mod 4). 

Lemma 1. The map 

R « 9 a ; H up.x' € C£°^q 

extends to an embedding i: C£q <-• C£pq o/ algebras, which restricts to an embedding 
i\Phi(q) : Pin(^) <-> Spin(p, q) of groups. 

Proof: It follows from (UJP'X')2 — —uya;'2 = —x'2 = (x',x') = —{x,x) that the map 
x i-> cjp'x' extends to a homomorphism i of Clifford algebras. Recall that C£q is either 
simple or the sum of two simple ideals. In the first case, we can immediately conclude 
that keri is trivial and hence i an embedding. In the second case, the two simple 
ideals of C£q are C£^ := (1 ± cuq)C£q, where uiq = e\... eq is the volume element of 
C£q. Now it is sufficient to check that t(l ± wq) ^ 0. Using the fact that q is odd if 
C£q is not simple we compute 

L(uq) = ±ujq
p,e\e'2 ...e'q = ±exe2... epie[e'2 ...e'q. 

This shows that t(l ± wq) = 1 ± t(w,) ^ 0. D 
We denote by K(p',p") C Spin(p, q) the subgroup generated by the subgroups 

Spin(p') -Spin0(p",g) C Spin(p, q) and i(Vm{q)) C Spin(p, q). 

Theorem 3. The group K(p',p") has the following properties: 

1) K(p',p") C Spin(p, q) consists of all elements preserving the orthogonal decompo­
sition V = E+E' and the canonical symmetric bilinear form b on W. Its identity 
component is the group K(p',p") = Spin(p')-Spin0(p", q) = A"(p',p")nSpin0(p, q). 

2) The homogeneous space Sp'm(p,q)/K(p',p") is connected. 
3) K(p',p") is compact if and only if q = 0 or p" = 0 (and hence p = p'). In the 

latter case K(p',p") = K(p, 0) = Spin(p) • i(Pin(q)) C Spin(p, q) is a maximal 
compact subgroup and K(p,0) = (Spin(p) x Pin(q,))/{±1}. Finally, in this case, 
the even Clifford algebra C£pq is generated by 1 and K(p,0). 

Proof: The first part of 1) can be checked using Thm. 1, 4) and implies the second 
part of 1). To prove 2) it is sufficient to observe that i(P'm(q)) = Pin(g) has nontrivial 
intersection with all connected components of Spin(p, q) (due to our assumption p > 3 
there are two such components if q ^ 0). The first part of 3) now follows simply from 
the fact that Spin0(p", q) is compact if and only if p" = 0 or q = 0. The compact 
group K(p, 0) C Spin(p, q) is maximal compact, because it has the same number of 
connected components as Spin(p, q), and from Spin(p) n t(Pin(g)) = {±1} we obtain 
the isomorphism K(p,0) = Spin(p) • t(Pin(q)) ^ (Spin(p) x Pin(g))/{±1}. Finally, 
to prove the last statement, one easily checks that K(p, 0) contains all quadratic 
monomials xy in unit vectors x, y € W'° U M°'q. O 
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Corollary 2. The correspondence II i-» b(U) defines an infective linear map {f\2W*® 

Proof: The existence of the map follows from Thm. 3. We prove the injectivity. 
From 6(11) = 0 it follows that U(A2W) C E' and hence by Schur's lemma II = 0. • 

1.3. The set of isomorphism classes of extended Poincare algebras. Starting 
from the decomposition proven in Thm. 2 we will derive the classification of extended 
Poincare algebras of signature (p,q), p = 3 (mod 4), up to isomorphism. It will 
turn out that the space of isomorphism classes is naturally parametrized by a finite 
number of integers. We fix the decomposition p = p' +p", p' = p, p" = 0, and for any 
extended Poincare algebra p(Il) of signature (p, q) as above we consider the canonical 
symmetric bilinear form b = On,(ei,...ep)-

Theorem 4. Let p(II) = p{V) + W be any extended Poincare algebra of signature 
{Pi<l)> P = 3 (mod 4). Then there exists a b-orthogonal decomposition W = ©j_0Wj 
into C£°(V)-submodules with the following properties 

1) [w0, W] = 0, [Wh Wj] = 0ifi?j and [Wu Wj] = V for all i = 1, 2 , . . . , l. 
2) WQ = kerb and Wj is b-nondegenerate for all i > 1. 
3) Wi, i > 1, is an irreducible C£°(V)-submodule on which b is (positive or negative) 

definite. 

Proof: Let W = ©'t^W* be a decomposition as in Thm. 2. It only remains to prove 
that b is definite on Wt for i = 1 , . . . ,1 and that X = ©-JI^Wj = 0. This follows 
from Lemma 3 and Lemma 4 below. • 

Lemma 2. The restriction of an irreducible Cff q-module E to a module of the ma­
ximal compact subgroup K = K(p,0) = Spin(p) • t(Pin(g)) C Spin(p,q) is irreducible. 
Here i: Pin(p) "—\ Spin(p, q) is the embedding of Lemma 1. Moreover, S is irreducible 
as module of the connected group K = K(p,0) — Spin(p)-t(Spin(<7)) = Spin(p)-Spin(g) 
if and only if n = p + q = 2,4,5 or 6 (mod 8). If n = 0,1,3 or 7 (mod 8) then E is 
the sum of two irreducible K-submodules. 

Proof: Recall that CtVtq = Ci.v®Clo,q is (identified with) the Z2-graded tensor pro­
duct of the Clifford algebras Clv = C£Pfi and C£o,q- It is easily checked, using the 
classification of Clifford algebras and their modules, see [L-M], that any irreducible 
C£°g-module E is irreducible as module of the subalgebra CQ <g> C^q C C(?v? = 
C£° ® C£0

0tq + C£\ <g> C£\q if n = 2,4,5 or 6 (mod 8) and is the sum of two irre­
ducible submodules if n = 0,1,3 or 7 (mod 8). Now Lemma 2 follows from the fact 
that C£p <g> C£a

0q (respectively, C(?pq) is the subalgebra of C£v<q generated by 1 and 
K = Spin(p) • Spin(0,(?) (respectively, by 1 and K — Spin(p) - i(Pin((/))). D 

Lemma 3. A CPvq-module W is irreducible if and only if it is irreducible as module 

of the maximal compact subgroup K C Spin(p,q). In this case (V2^*)*" is one-
dimensional and is spanned by a positive definite scalar product on W. Let W be 



46 VICENTE CORTES 

an irreducible C£°^-module and II : A2W —» V be any o(V)-equivariant linear map. 

Then either II = 0 or 6(11) is a definite K-invariant symmetric bilinear form. 

Proof: The first statement follows from Lemma 2. Since K is compact there exists a 
positive definite if-invariant symmetric bilinear form on W. From the irreducibility 
of W we conclude by Schur's lemma that [\J2W*)K is spanned by this form. Now the 
last statement is an immediate consequence of Cor. 2. • 

Lemma 4. Let W be a C£°(V)-module and IT : A2W —• V an o(V)-equivariant linear 
map such that 6 = 6(11) is nondegenerate. Suppose that W = E©E' is the direct sum of 
two irreducible submodules E and £'. Then there exists a b-orthogonal decomposition 
W = Si ©E2 into two b-nondegenerate (and hence b-definite by Lemma 3) irreducible 
submodules Ei and E2. 

Proof: It is sufficient to show that W contains a 6-nondegenerate irreducible C£°(V)-
submodule Ei. Then E2 := Ej1 is a 6-nondegenerate A'-submodule. It is also a C£°(V)-
submodule, because the algebra C£°(V) is generated by 1 and K, and it is irreducible 
since the C£°(V)-module W is the direct sum of only two irreducible submodules. 
If W does not contain any 6-nondegenerate irreducible Q?°(V/)-submodule Ei then, 
by Schur's lemma, the restriction of 6 to a bilinear form on any irreducible C£°(V)-
submodule vanishes. In the following we derive a contradiction from this assumption. 
Since the bilinear form 6 is nondegenerate it defines a nondegenerate pairing between 
the 6-isotropic subspaces E and E'. Due to the A'-invariance of 6 (Thm. 3) b : E' —t E* 
is a Af-equivariant isomorphism. On the other hand E* = E as irreducible modules 
of the compact group K. This shows that E and E' are equivalent as if-modules 
and thus as CK°(V)-modules, because the algebra C£°(V) is generated by 1 and K. 
Hence there exists a C£°(V)-equivariant isomorphism <p : E ^> E'. We define two 
.ftT-invariant bilinear forms /3± on E by: 

/3±(s, t) := b(cp(s),t) ± b(<p(t), s), s, t G E . 

/?+ is symmetric and /L is skew symmetric. If /3+ ^ 0 then it is a definite -^-invariant 
scalar product on E, since E is an irreducible module of the compact group K. So 
for s G E — {0} we obtain 

0 ^ 0+(a, s) = % ( s ) , s) + b{s, <p{s)) = b(s + ip{s), s + <p(a)). 

This implies that the irreducible C£°(V)-submodule £ v := {s + <p{s)\s G £} C W is 
6-definite, which contradicts our assumption. We conclude that f)+ = 0 and hence 
P- = 26 o ip is a /^-invariant symplectic form on E. Let (j be a A"-invariant positive 
definite scalar product on E (such scalar products exist since K is compact). We 
define a if-equivariant isomorphism x : E —> E by the equation 

0{s,t) = 0-(X(s),t), s , i G E . 
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Then %jj := ip o \ : E ->• E' is a If-equivariant and hence C5?0(V)-equivariant isomor­
phism. Using /3+ = 0, we compute for s € E — {0}: 

6(s + V(s),s + ^(s)) = &(#0 , s ) + &(s ,#0) = &(#0,a)-&(<p(s),x(s)) 
= J8_(x(*),a) = / 8 ( * , s ) ^ 0 . 

As above, this implies that W contains a 6-definite irreducible O?0(V)-submodule 
Ey, = E contradicting our assumption. • 

Theorem 5. [A-C2] Let V = KM , p = 3 (mod 4). / / W is an irreducible Ct°(V)-
module then 

dim(AV* ® V)o ( y ) = 1. 

Proof: Cor. 2 and Lemma. 3 show that dim(A2W* ® V)o{v^ < 1. On the other 
hand, there exists a nontrivial o(V)-equivariant linear map A2W —>• V, see [A-C2], 
and hence dim(A2W* <g> V)0 ( v ) > 1. This proves that dim(A2W* ® V ) 0 ^ = 1. • 

Next, in order to parametrize the isomorphism classes of extended Poincare algebras 
p(II) = p(V) + W we associate a certain number of nonnegative integers to p(II). Let 
us first consider the case when there is only one irreducible G?°(V)-module E up to 
equivalence. Then W is necessarily isotypical and, due to Thm. 4, there exists a 
6-orthogonal decomposition W = Wo © ©J=1 Wi with Wo = kerb = kerLT = ?0E and 
irreducible Gf°(V/)-submodules Wi = E for i = 1 , . . . ,1 on which b is definite. We 
denote by l+ (repectively /_) the number of summands Wi on which b is positive 
(respectively, negative) definite. Note that the triple (IQ,1+,1_) does not depend on 
the choice of decomposition. 

Theorem 6. Let p = 3 (mod 4) and <? ^ 3 (mod 4). Then the isomorphism class 
[p(II)] of an extended Poincare algebra p(II) of signature (p,q) is completely deter­
mined by the triple (lo,l+,l-) introduced above. We put p(p,q,l0J+,l-) '•— [p(n)]. 
Then p(p, q, l0, l+, l_) = p(p, q, 1'0, l'+, l'_) if and only ifl0 = 1'0 and {l+, l_} = {l'+, / '_}. 

Proof: If p = 3 (mod 4) then there is only one irreducible G££ ,-module E up to 
equivalence if and only if q ^ 3 (mod 4). Let p(II) = p(V) + W and p(W) = 
p(V)+W' be two extended Poincare algebras of signature (p, q) with the same integers 
lQ = l0(U) = l0(W), 1+ = l+(U) = l+(W) and J_ = L(II) = 1-{W). Then the modules 
W and W' are equivalent and we can assume that W — W' = Wo © ©'=i++ ~ Wi is 
a decomposition as above. In particular, it is 6(11)- and 6(II')-orthogonal, 6(11) and 
6(11') are both positive definite or both negative definite on Wi for i > 1, II(WoAW) = 
n'(W0AW) = 0, U{WiAWj) = U'iWiAWj) = 0 if i ^ j and n(A2W;) = n'(A2Wi) = V 
if i > 1. So the maps II and II' are completely determined by their restrictions 
rij := n | A2 Wi ^ 0 and U'i := U'\ A2 W, ^ 0 (i > 1) respectively. By Thm. 5 
11̂  = XiUt (i > 1) for some constant Xt G K*. Now b = 6(11) and b' = 6(11') are both 
positive definite or both negative definite on Wj and hence Aj = /i2 > 0. Now we can 
define an isomorphism ip : p(U) -»• p(IT) by tp\p{V) + W0 = Id and (p\Wt = /Jjld. This 
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shows that the integers (l0,l+,l-) determine the extended Poincare algebra p(II) of 
signature (p, q) up to isomorphism. The Z2-graded Lie algebras p(n) and p(—II) are 
isomorphic via a : p(IT) -> p(-II) denned by: a\o(V) + W = Id and a\V = - Id . This 
proves p(p, q, l0, l+, /-) = pip, q, la, 1-, 1+)- It remains to show that p(p, q, l0, l+, L.) = 
pip,q,l'0,l'+,l'_) implies l0 = 1'0 and {l+,l-} = {l'+,l'_}. Let p(n) = p(V) + W e 
pip, q, l0, l+, /_) and p(II') = p(V) + W € pip,q, 1'0, l'+, l'_) be representative extended 
Poincare algebras and W = W0 © ©j=1 Wi U = l+ + i_) a decomposition as above. We 
assume that there exists an isomorphism ip : p(IT) —> p(II') of Z2-graded Lie algebras, 
i.e. yp(V) = p(V) and y>W = W. The automorphism ¥>|p(V) preserves the radical 
V and maps the Levi subalgebra o[V) to an other Levi subalgebra of p(V). Now by 
Malcev's theorem any two Levi subalgebras are conjugated by an inner automorphism, 
see [O-V]. So, using an inner automorphism of p(II), we can assume that ipoiy) — 
o(V). The subalgebra ip(oip)®o(q)) C o(V) is maximal compact (i.e. the Lie algebra 
of a maximal compact subgroup of O(V) = 0(p, q)) and hence conjugated by an inner 
automorphism to the maximal compact subalgebra o(p) ©o(g) C o(V). So, again, we 
can assume that ip preserves o(p) @o(q). Moreover, since p ^ q any automorphism 
of o(p) © oiq) is inner and we can assume that <p\oip) © o(g) = Id. From the fact 
that ip is an automorphism of p(V) we obtain that <f> := tp\V € GL(V) normalizes 
o(V) and o(p) (B oiq). This implies <j> e 0(p) x Oiq), in particular, <pW = Rp and 
yjR0'9 = M0'9. Using an inner automorphism of p(II) we can further assume that 
(p\W = e(v?)Id, e(y>) G {+1 , -1} , and hence <p\o(p) = Ad^|o(p) = Id. This implies 
that ip\W is Spin(p)-equivariant. Now we can compute 

b'itps,<pt) = (ei,[e2...epips, ipt}) = (ex, [</?e2 . . . e p s , ipt}) 

= (ei,ip[e2...eps,i\) = ei<p)(e1,[e2...eps,t]) 

= ei<p)bis,t), s,t£W. 

Put W[ := <pWi. Then, since <p*V — e(<p)6, we obtain a ^'-orthogonal decomposition 
W = W(, © e{LiW7 (P = iV + *'-) a s above; W0 = kern' S /[,£, W[ * E (i > 1) etc. 
This shows that /(, = Zo, '± = l± if e(y) = +1 a n d l'± = l^ if e(y) = —1- • 

Now we discuss the complementary case p = q = 3 (mod 4). In this case, the spinor 
module S of CK°(V) is the sum 5 + © 5~ of two irreducible inequivalent semispinor 
modules S+ and S~ and any irreducible C3?°(V) -module is equivalent to 5 + or 5 _ . 
As Spin0(^)-modules, 5+ and S~ are dual: S~ ^ (5+)*. Let p(n) = p(V) + W be 
an extended Poincare algebra of signature (p, g) as above. Thanks to Thm. 4 there 
exists a 6-orthogonal decomposition W = W0 © ©j=1Wi as above with the following 
6-orthogonal refinements: W0 = W0+ © W0~, W^ ^ ^ S * , and © U ^ i = © £ 1 ^ + © 
®'=1M^~, W* = S±. We denote by l\ (respectively, It) the number of submodules 
W{, i = 1 , . . . , l€, on which 6 is positive (respectively, negative) definite, e 6 {+, - } . 
So to p(IT) we have associated the nonnegative integers (Zjj", Z+, / i , /̂ ", /+, Zl). 

Theorem 7. Let p = q = 3 (mod 4). T/ien t/ie isomorphism class [p(IT)] o/ are 
extended Poincare algebra p(II) of signature (p,q) is completely determined by the 
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tuple (lo,l+,lt,l0,l+,l-) introduced above. We put p(p,q,l£,l+,l±,l0 ,l+,l_) := 
[p(IT)]. Then p(p,q,l£, l$,lt, IQ ,l+,lZ) = P(p,qJoJ+JtJoJ+Jz) if and only if 
(IQ, l+, It, IQ, l+, IZ) G r(fjj", J|, It, IQ, ll, IZ), where T = Z2 x Z2 is the group genera­
ted by the following two involutions: 

[IQ , t + , {_, IQ , l+, l_) I—̂  [IQ , t_, t_|_, (Q , l_, l+) 

and 

[IQ , /+ , (_, IQ , l+, l_ ) *-} [IQ , t+, t_, IQ , t+, i_) . 

Proof: The proof uses again Thm. 4 and Thm. 5 and is similar to that of Thm. 6. 
Therefore, we explain only the reason for the appearance of the second involution. In 
terms of the standard basis (ei , . . . , ep, e[,... , e'q) of V — W,q we define an isometry 
(j> G SO(p) x 0(g) by: <\>ex := ex, 0e* := -e* (i > 2) and <j>e'j = -e) (j > 1). Then 
Ad^ € Autp(V) induces an (outer) automorphism of o(V) interchanging the two 
semispinor modules. Let (p(V) + W, [•, •]) G p(p, q, IQ, /+, It, lo~,l+, IZ) be an extended 
Poincare algebra of signature (p, q). Then we define a new extended Poincare algebra 
(p(V) + W, [-, •]') G p(p, q, IQ, IZ, IZ, lj, l+, It) by: 

[•,-]':=[-,•] on A2p{V)®/\2W®V AW 

and 

[ A , s ] ' : = [ A d ^ ) , s ] for A£o{V),seW. 

The two Z2-graded Lie algebras are isomorphic via tp : (p{V) + W, [-, •]) —t (p(V) + 
W, [-, •]') defined by: tp\p(V) = Ad^ and <p\W = Id. D 

2. T H E HOMOGENEOUS QUATERNIONIC MANIFOLD (M,Q) ASSOCIATED TO AN 

EXTENDED POINCARE ALGEBRA 

2.1. Homogeneous manifolds associated to extended Poincare algebras. 
Any extended Poincare algebra p = p(U) = p(V) + W has an even derivation D 
with eigenspace decomposition p = o(V) + V + W and corresponding eigenvalues 
(0,1,1/2). Therefore, the Z2-graded Lie algebra p = p0 + px = p(V) + W is canon-
ically extended to a Z2-graded Lie algebra g = g(U) = RD + p — flo + fli, where 
0o = K-D + p0 = RD + p(V) =: g(V) and fll = px = W. The next proposition de­
scribes the basic structure of the Lie algebra g = g(U) — g(V) + W. To avoid trivial 
exceptions, in the following we assume that n = dim V > 2 and hence that o(V) is 
semisimple (for the construction of homogeneous quaternionic manifolds we will put 
V = W'q and p > 3). 

Proposition 2. The Lie algebra g — g(U) has the Levi decomposition 

(6) fl = o(V) + t 
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into the radical x = RD + V + W and the complementary (maximal semisimple) Levi 
subalgebra o(V). The nilradical n = [r, r] = V + W is two-step nilpotent ifYl^Q and 
Abelian otherwise. 

For any Lie algebra I we denote by der(l) the Lie algebra of its derivations. 

Proposition 3. The adjoint representation g -» der(r) of g = o(V) +x on its ideal 
x = RD + V + W is faithful. 

Proof: Let i e g . We show that [x, x] = 0 implies x = 0. First [x, D] = 0 implies 
x € co(V) = RD + o(V). Then [a;, V] = 0 implies x = 0, because the conformal Lie 
algebra co(V) acts faithfully on V. • 

By Prop. 3 we can consider g(V) and g = g(U) = g(V) + W as linear Lie algebras 
via the embedding g(V) C g 4 der(t) C gl{x). The corresponding connected Lie 
groups of Aut(r) C GL(t) will be denoted by G{V) and G = G(II) respectively: 
LieG{V) = g(V) C LieG = g. Now let V = R"'q and fix a decomposition p = 
p' + p". The subalgebra of o(V) preserving the corresponding orthogonal splitting 
V = E + E' = W'fi + MP"'" is 6 = t{p',p") = o(p') © o{p",q) c o(p,q) = o(V). We 
consider 6 c o(V) C g as a subalgebra of the linear Lie algebra g c-> der(t) and 
denote by K = K(p',p") C G(V) C G C Aut(t) the corresponding connected linear 
Lie group. K is a closed Lie subgroup, see Cor. 3 below. We are interested in the 
homogeneous spaces 

M{V) := G{V)/K CM = M{U) := G/K = G(U)/K. 

Proposition 4. The Lie subalgebras t, n, x, o{V), p(V), p, g(V), g C der(t) are 
algebraic subalgebras of the (real) algebraic Lie algebra der(r). 

Proof: We use the following sufficient conditions for algebraicity, see [O-V] Ch. 3 §3 
8°: 

a) A linear Lie algebra coinciding with its derived algebra is algebraic. 
b) The radical of an algebraic linear Lie algebra is algebraic. 
c) A linear Lie algebra generated by algebraic subalgebras is algebraic. 

The subalgebras o(V) C p(V) C p C der(r) are algebraic by a). By c), to prove that 
0 = RD + p and g(V) are algebraic it is now sufficient to show that RD c der(r) is 
algebraic. D preserves n = V + W and acts trivially on the complement M.D + o(V). 
The Lie algebra RD <-* der(n) is the Lie algebra of the algebraic group 

{\\&v © pldw\\ = ii2 ± 0} c GL(V © W) • 

This shows that RD, g(V), g C der(r) are algebraic. Now n, the radical of p, and 
r, the radical of g, are algebraic by b). Finally, t c o{V) is the subalgebra which 
preserves the orthogonal splitting V = E + E' and is hence algebraic. • 

Corollary 3. The connected linear Lie groups K, S = Spin0(F), R = expt, G(V), 
G C Aut(t) with Lie algebras t, s := o{V), x, g(V), g C der(r) are closed. 
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Proof: This follows from Prop. 4 and the fact that the identity component of a real 
algebraic linear group is a closed linear group. • 

Proposition 5. The Lie group G(H) has the following Levi decomposition: 

(7) G{Il) = StcR. 

Proof: This follows from the corresponding Levi decomposition (6) of Lie algebras 
since S f~l R = {e}. • 

Next we show that M(V) can be naturally endowed with a G(V)-invariant structure 
of pseudo-Riemannian locally symmetric space. With this in mind, we consider the 
pseudo-Euclidean vector space V = M.p+1'9+1 with scalar product (•, •) and orthogonal 
decomposition V = M.e0 + V + Re'0, (e0,e0) = — (e'0,e'0) = 1. Recall that o(V) is 
identified with A2V via the pseudo-Euclidean scalar product (-,-), see (3). 

Proposition 6. The subspace 

Re0 Ae'0 + A2V + (e0 - e J ) A F c A2V = o{V) 

is a subalgebra isomorphic to g(V). 

Proof: The canonical embedding o(V) — A2V <-»• A2V = o(V) is extended to an 
embedding Q(V) <-t o(V) via 

D i-» e0 A e'0, V 9 v M- (e0 - e'0) A v .O 

It is easy to see that the embedding Q{V) •-> o(V) lifts to a homomorphism 
of connected Lie groups G(V) —> SOo(V) with finite kernel. In particular, we 
have a natural isometric action of G(V) on the pseudo-Riemannian symmetric space 
M(V) ~ SO0(p+ \,q + l)/(SO(p' + 1) x SO0(p",q + 1))- We denote by [e] = eK & 
M{V) := SOo{V)/k, K := SO(p' + 1) x SO0(p", q + 1), the canonical base point and 
by G{V)[e] its G(F)-orbit. 

Proposition 7. The action ofG(V) on M(V) induces a G(V)-equivariant open em­
bedding 

M{V) = G{V)/K ^ G(V)[e] C M(V). 

G(V) acts transitively on M(V) if and only if M(V) is Riemannian, i.e. if and only 
if p" = 0. In that case M(V) = M(V) is the noncompact dual of the Grassmannian 
SO(p + q + 2)/(SO(p + 1) x SO(q + 1)) and admits a simply transitive splittable 
solvable subgroup /(5)xexp(RZ) + V) C G(V). Here I(S) denotes the (solvable) 
Iwasawa subgroup of S = Spin0(y). 

Proof: The stabilizer G(V)[e] of [e] in G{V) coincides with K and hence G(V)[e] ^ 
G{V)/G{V)[e] = G(V)/K = M(V). Now a simple dimension count shows that 
the orbit G(V)[e] C M(V) is open. If M(V) is Riemannian then it is a Riemannian 
symmetric space of noncompact type and, by the Iwasawa decomposition theorem (see 
[H]) the Iwasawa subgroup I(SO0(p+l, q+1)) C SO0(p+l, q+1) is a splittable solvable 
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subgroup which acts simply transitively on M(V). Now let G(V) = SxR(V) be the 
Levi decomposition associated to the Levi decomposition g(V) = o(V) + (M.D + V), 
S 3* Spin0(l/), R(V) = exp(KD + V) (cf. Prop. 2). We denote by I(S) C S the 
Iwasawa subgroup of 5. Then I(S)xR(V) C G(V) is mapped isomorphically onto 
7(SOo(p+ 1,?+ 1)) C SOo(y) by the homomorphism G(V) -»• SO0(V) introduced 
above. This shows that I(S)xR(V) and hence G(V) acts transitively on M(V) in 
the Riemannian case. 

If M(V) is not Riemannian then the homogeneous spaces M(V) and M(V) are 
not homotopy equivalent and hence G(V) does not act transitively on M(V). In 
fact, M(V) (respectively, M(V)) has the homotopy type of the Grassmanian SO(p + 
l)/(SO(p' + l) x SO(p")) (respectively, SO(p)/(SO(p/) x SO(p"))). Now it is sufficient 
to observe that the Stiefel manifolds SO(p + l)/SO(p' + 1) and SO(p)/SO(p') are 
homotopy equivalent only if p = p' and hence p" = 0, see [03]. • 

Before we can formulate the main result of the present paper in section 2.4 we need 
to recall the notions of quaternionic manifold and of (pseudo-) quaternionic Kahler 
manifold, cf. [A-M2]. The reader familiar with these concepts should skip the next 
section. 

2.2. Quaternionic structures. It is instructive to introduce the basic concepts of 
quaternionic geometry as analogues of the more familiar concepts of complex geom­
etry. 

Definition 4. Let E be a (finite dimensional) real vector space. A complex struc­
ture on E is an endomorphism J € End(E') such that J2 = —Id. A hypercomplex 
structure on E is a triple (Ja) = {J\,J2,Jz) of complex structures on E satisfy­
ing J1J2 = J3. A quaternionic structure on E is the three-dimensional subspace 
Q C End(E') spanned by a hypercomplex structure (Ja): Q = span{ Ji, J2, J3}. In that 
case, we say that the hypercomplex structure (Ja) is subordinate to the quaternionic 
structure Q. 

Note, first, that Q C gi{E) is a Lie subalgebra isomorphic to sp(l) = ImH = 
sp&n{i,j,k} the Lie algebra of the group Sp(l) = S3 C H = span{l,j, j , k} of unit 
quaternions and, second, that the real associative subalgebra of End(E') generated by 
Id and a quaternionic structure Q on E is isomorphic to the algebra of quaternions 
H. In both cases, the choice of such isomorphism is equivalent to the choice of a 
hypercomplex structure (JQ) = (Ji, J2, J3) subordinate to Q. In fact, given (JQ) we 
can define an isomorphism of associative algebras by (Id, J\, J2, J3) i-> (1, i, j , k) this 
induces also an isomorphism of Lie algebras Q ^> sp(l). 

Definition 5. Let M be a (smooth) manifold. An almost complex structure J 
(respectively, almost hypercomplex structure (Ji, J2, J3), almost quaternionic 
structure Q) on M is a (smooth) field M B m i->- Jm € End(TmM) of complex 
structures (respectively, m H-» ( J I , J2, Js)m of hypercomplex structures, m H-> Qm of 
quaternionic structures). The pair (M, J) (respectively, (M,(Ja)), (M,Q)) is called 
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an almost complex manifold (respectively, almost hypercomplex manifold, 
almost quaternionic manifold/ 

We recall that a connection on a manifold M (i.e. a covariant derivative V on its 
tangent bundle TM) induces a covariant derivative V on the full tensor algebra over 
TM and, in particular, on End(TM) = TM ® T*M. We will say that V preserves a 
subbundle B C End (TM) if it maps (smooth) sections of B into sections oiT*M®B. 

Definition 6. A connection V on an almost complex manifold (M, J) (respectively, 
almost hypercomplex manifold (M,(Ja)), almost quaternionic manifold (M,Q)) is 
called almost complex (respectively, almost hypercomplex, almost quater­
nionic,) connection if V J = 0 (respectively, if VJ\ = VJi = VJ3 = 0, if V 
preserves the rank 3 subbundle Q C End(TM)). A complex (respectively, hyper­
complex, quaternionic,) connection is a torsionfree almost complex (respectively, 
almost hypercomplex, almost quaternionic) connection. 

Note that the equation V J = 0 is equivalent to the condition that V preserves the 
rank 1 subbundle of End (TM) spanned by J, i.e. V J = 9 (g> J for some 1-form 9 on 
M. Therefore, the notion of almost quaternionic connection (as well as that of almost 
hypercomplex connection) is a direct quaternionic analogue of the notion of almost 
complex connection. 

Definition 7. Let M be a manifold. An almost complex structure (respectively, al­
most hypercomplex structure, almost quaternionic structure) on M is called 1-inte-
grable if there exists a complex (respectively, hypercomplex, quaternionic) connection 
on M. A complex structure (respectively, hypercomplex structure, quater­
nionic structure,) on M is a 1-integrable almost complex structure (respectively, 
almost hypercomplex structure, almost quaternionic structure) on M. 

Remark 3: It is well known, see [N-N] and [K-NII], that an almost complex manifold 
(M, J) is integrable, i.e. admits an atlas with holomorphic transition maps, if and only 
if it is 1-integrable. This justifies the following definition of complex manifold. 

Definition 8. A complex manifold (respectively, hypercomplex manifold,) is a 
manifold M together with a complex structure J (respectively, hypercomplex structure 
(Ja)) on M. A quaternionic manifold of dimension d > 4 is a manifold M of 
dimension d together with a quaternionic structure Q on M. Finally, a quaternionic 
manifold of dimension d = 4 is a 4-dimensional manifold M together with an almost 
quaternionic structure Q which annihilates the Weyl tensor of the conformal structure 
defined by Q, see Remark 4 below. 

For examples of hypercomplex and quaternionic manifolds (without metric condi­
tion) see [Jl], [J2] and [B-D]. 
Remark 4: Notice that an almost quaternionic structure on a 4-manifold induces 
an oriented conformal structure. This follows from the fact that the normalizer in 
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GL(4, K) of the standard quaternionic structure(s) on IR4 = H is the special confor-
mal group COo(4). The definition of quaternionic 4-manifold (M, Q) implies that this 
conformal structure is half-flat. More precisely, if the orientation of M is chosen such 
that Q is locally generated by positively oriented almost complex structures, then the 
self-dual half of the Weyl tensor vanishes. The special treatment of the 4-dimensional 
case in Def. 8 and also in Def. 11 below has the advantage that with these definitions 
many important properties of quaternionic (and also of quaternionic Kahler) mani­
folds of dimension > 4 remain true in dimension 4, cf. Remark 5. In particular, all 
future statements about quaternionic manifolds and quaternionic Kahler manifolds in 
the present paper, such as the integrability of the canonical almost complex structure 
on the twistor space (see section 3), are valid also in the 4-dimensional case. 

Next we discuss (almost) complex, hypercomplex and quaternionic structures on a 
pseudo-Riemannian manifold (M, g). 

Definition 9. A pseudo-Riemannian metric g on an almost complex manifold (M, J) 
(respectively, almost hypercomplex manifold (M, (Ja)), almost quaternionic manifold 
(M, Q)) is called Hermitian if J is skew symmetric (respectively, the Ja are skew 
symmetric, Q consists of skew symmetric endomorphisms). 

Note that, due to J 2 = —Id, an almost complex structure J on a pseudo-Riemannian 
manifold (M, g) is skew symmetric if and only if J is orthogonal, i.e. if and only if 
g{JX, JY) = g(X, Y) for all vector fields X, Y on M. Similarly, an almost quater­
nionic structure Q on a pseudo-Riemannian manifold (M, g) consists of skew sym­
metric endomorphisms if and only if Z := {A £ Q\A2 = —Id} consists of orthogonal 
endomorphisms (here the equation A2 = —Id is on T^AM, IT : Q —> M the bundle 
projection). 

Definition 10. A complex (pseudo-) Hermitian manifold (M, J, g) (respectively, 
hypercomplex (pseudo-) Hermitian manifold (M, (Ja),g), quaternionic (pseu­
do-) Hermitian manifold (M,Q,g), almost complex (pseudo-) Hermitian ma­
nifold (M, J, g) etc.) is a complex manifold (M, J) (respectively, hypercomplex mani­
fold (M, (Ja)), quaternionic manifold (M,Q), almost complex manifold (M, J) etc.) 
with a Hermitian (pseudo-) Riemannian metric g. 

Next we define the hypercomplex and quaternionic analogues of (pseudo-) Kahler 
manifolds. 

Definition 11. A (pseudo-) Kahler manifold (respectively, (pseudo-) hyper-Kah-
ler manifold, quaternionic (pseudo-) Kahler manifold of dimension d > A) is 
an almost complex (pseudo-) Hermitian manifold (M, J, g) (respectively, almost hy­
percomplex (pseudo-) Hermitian manifold (M, [Ja),g), almost quaternionic (pseudo-) 
Hermitian manifold (M, Q, g) of dimension d > 4) with the property that the Levi-
Civita connection V9 of the (pseudo-) Riemannian metric g is complex (respectively, 
hypercomplex, quaternionic). An almost quaternionic Hermitian 4-manifold (M, Q, g) 
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is called quaternionic Kahler manifold if Q annihilates the curvature tensor R of 
V». 

See [Bes], [H-K-L-R], [C-F-G], [Swl], [D-Sl], [D-S2], [Bil], [Bi2], [K-S2] and [C4] 
for examples of hyper-Kahler manifolds and [Wl], [A3], [Bes], [Gl], [G-L], [L2], [L3], 
[F-S], [dW-VP2], [A-G], [K-Sl], [A-P], [D-S3] and [C2] for examples of quaternionic 
Kahler manifolds. 
Remark 5: As explained in Remark 4, an almost quaternionic structure Q on a 
4-manifold M defines a conformal structure. It is clear that a pseudo-Riemannian 
metric g on M defines the same conformal structure as Q if and only if it is Q-
Hermitian and that any such metric is definite. Moreover, the Levi-Civita connection 
V9 of an almost quaternionic Hermitian 4-manifold (M, Q, g) automatically preserves 
Q. In fact, its holonomy group at m € M is a subgroup of SO(TmM,gm) because M 
is oriented (by Q) and the latter group normalizes Q because g is Q-Hermitian. Now 
let (M, Q, g) be a quaternionic Kahler 4-manifold. Since Q annihilates the curvature 
tensor R and the metric g it must also annihilate the the Ricci tensor Ric and the Weyl 
tensor of (M,g). This shows first that Ric is Q-Hermitian and hence proportional 
to g: Ric = eg. In other words, (M, g) is an Einstein manifold. Second, (M, Q) 
is a quaternionic manifold because Q annihilates the Weyl tensor of the conformal 
structure defined by g, which coincides with the conformal structure defined by Q. 
For any quaternionic pseudo-Kahler manifold (M,g) (of arbitrary dimension) it is 
known, see e.g. [A-M2], that (M,g) is Einstein and that Q annihilates R. 

As next, we introduce the appropriate notions in order to discuss transitive group 
actions on manifolds with the special geometric structures defined above. 

2.3. Invariant connections on homogeneous manifolds and 1-integrability 
of homogeneous almost quaternionic manifolds. 

Definition 12. The automorphism group of an almost complex manifold (M, J) 
(respectively, almost hypercomplex manifold (M, (Ja)), almost quaternionic manifold 
(M,Q), almost complex Hermitian manifold (M,J,g), etc.) is the group of diffeo-
morphisms of M which preserves J (respectively, (Ja), Q, (J, 9), etc.). An almost 
complex manifold (respectively, almost hypercomplex manifold, almost quaternionic 
manifold, almost complex Hermitian manifold, etc.) is called homogeneous if it has 
a transitive automorphism group. 

In the next section, we are going to construct an almost quaternionic structure 
Q on certain homogeneous manifolds M = G/K (G is a Lie group and K a closed 
subgroup). The almost quaternionic structure Q will be G-invariant by construction 
and hence (M, Q) will be a homogeneous almost quaternionic manifold. Similarly, 
we will construct homogeneous almost quaternionic (pseudo-) Hermitian manifolds 
(M = G/K, Q, g). In order to prove that (M = G/K, Q, g) is a quaternionic (pseudo-
) Kahler manifold, or simply to establish the 1-integrability of the almost quaternionic 
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structure Q it is useful to have an appropriate description of the affine space of G-
invariant connections on the homogeneous manifold M — G/K. This is provided 
by the notion of Nomizu map, which we now recall, see [A-V-L], [VI]. Let V be a 
connection on a manifold M. For any vector field X on M one defines the operator 

(8) Lx := Cx-Vx, 

where Cx is the Lie derivative (i.e. CxY — [X, Y] for any vector field Yon M). Lx is 
a G°°(M)-linear map on the C0°(M)-module Y(TM) of vector fields on M, so it can 
be identified with a section Lx € T(End(TM)). In particular, Lx\m G End(TmM) 
for all m e M. 

Now let M = G/K be a homogeneous space and suppose that V is G-invariant. 
The action of G on M defines an antihomomorphism of Lie algebras a : g = 
LieG —• r (TM) from the Lie algebra g of /e/(-invariant vector fields on G to the 
Lie algebra T(TM) of vector fields on M. This antihomomorphism maps an ele­
ment x € g to the fundamental vector field a{x) := X e T(TM) defined by 
X(m) := ^| ( = 0exp(te)m. The statement that a is an antihomomorphism means 
that [a(x), a(y)] = —a([x, y\) for all x, y € fl. Note that a becomes a homomorphism 
if we replace g by the Lie algebra of ri<?/ii-invariant vector fields on G. Without restric­
tion of generality, we can assume that the action is almost effective, i.e. g —> T{TM) 
is injective. Then we can identify g with its faithful image in T{TM). The isotropy 
subalgebra t = LieK is mapped (anti)isomorphically onto a subalgebra of vector 
fields vanishing at the base point [e] = eK € M = G/K. In this situation we define 
the Nomizu map L = L(V) : g —> End(T[e]M), x i-> Lx, by the equation 

Lx := Lx\[e], 

where again X is the fundamental vector field on M associated to x G g. The ope­
rators Lx £ End(T[e]M) will be called Nomizu operators. They have the following 
properties: 

(9) Lx = dp(x) for all x S t 

and 

(10) LAdkX = p(k)Lxp(k)~1 for all x eg, k e K, 

where p : K —̂  GL(T[e]M) is the isotropy representation. The first equation follows 
directly from equation (8) since (V'xY)m = 0 if X(m) = 0. The second equation 
expresses the G-invariance of V. Conversely, any linear map L : a ->• End(T[e]M) 
satisfying (9) and (10) is the Nomizu map of a uniquely defined G-invariant connection 
V = V(L) on M. Its torsion tensor T and curvature tensor R are expressed at [e] by: 

T(irx,ny) = -(Lxiry - Lyirx + -ir[x,y]) 

and 

R(Trx,iry) = [Lx,Ly] + L[Xiy], x,y € g 
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where 7r : g —• T^M is the canonical projection x \-> TTX — X([e\) — ^|t=o exp(tx)K. 
Remark 6: The difference between our formulas for torsion and curvature and those 
of [A-V-L] is due to the fact that in [A-V-L] everything is expressed in terms of 
right-invariant vector fields on the Lie group G whereas we use left-invariant vector 
fields. To obtain the corresponding expressions in terms of right-invariant vector 
fields from the expressions in terms of left-invariant vector fields and vice versa it 
is sufficient to replace [x,y] by — [x,y] in all formulas (x,y G g). The same remark 
applies to formula (11) below, which expresses the Levi-Civita connection on a pseudo-
Riemannian homogeneous manifold. 

Suppose now that we are given a G-invariant geometric structure S on M (e.g. a 
G-invariant almost quaternionic structure Q) defined by a corresponding X-invariant 
geometric structure S[e] on T[e]M. Then a G-invariant connection V preserves S if 
and only if the corresponding Nomizu operators Lx, x G g, preserve S[e]. So to 
construct a G-invariant connection preserving S it is sufficient to find a Nomizu map 
L : g —>• End(T[e]M) such that Lx preserves S[e] for all x G g. We observe that, due 
to the A'-invariance of S[e], the Nomizu operators Lx preserve S[e] already for x G t. 
The above considerations can be specialized as follows: 

Proposition 8. Let Q be a G-invariant almost quaternionic structure on a homo­
geneous manifold M = G/K. There is a natural one-to-one correspondence be­
tween G-invariant almost quaternionic connections on (M, Q) and Nomizu maps 
L : g —> End(T[e]M), whose image normalizes Q[e], i.e. whose Nomizu operators 
Lx, x G Q, belong to the normalizer n(Q) = Sp(l) © gl(d,H) (d = dimM/4) of the 
quaternionic structure Q[e] in the Lie algebra gl(T^M). 

Corollary 4. Let (M = G/K, Q) be a homogeneous almost quaternionic manifold 
and L : g —t End (T[e]M) a Nomizu map such that 

(1) Lxwy — Lyirx = — w[x, y] for all x, y G Q (i.e. T = 0) and 
(2) Lx normalizes Q[e] C End(X|e]M). 

Then the connection V(L) associated to the Nomizu map L is a G-invariant quater­
nionic connection on (M,Q) and hence Q is 1-integrable. 

For future use we give the well known formula for the Nomizu map L9 associated 
to the Levi-Civita connection V9 of a G-invariant pseudo-Riemannian metric g on a 
homogeneous space M = G/K. Let (•, •) = g^ be the /^-invariant scalar product on 
T[e]M induced by g. Then L% G End(7}e]M), x G g, is given by the following Koszul 
type formula: 

(11) -2(L9
xTry,7rz) = {n[x,y],irz)-(irx,n[y,z])-{Ky,'K[x,z]), x,y,zeg. 

Corollary 5. Let (M = G/K,Q,g) be a homogeneous almost quaternionic (pseudo-) 
Hermitian manifold and assume that Lx normalizes Q[ej for all x G 0. Then the Levi-
Civita connection V9 = V(L9) is a G invariant quaternionic connection on (M,Q,g) 
and hence {M,Q,g) is a quaternionic (pseudo-) Kahler manifold if dim M > 4. 
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2.4. The main theorem. Let p(II) = p(V) + W be an extended Poincare algebra 
of signature (p, q) and p > 3. We fix the decomposition p = p' +p", where p' = 3. For 
notational convenience we put r := p" = p — 3. Then we consider the linear groups 
K = K{p',p") = K{3,r) C G{V) C G = G(II) C Aut(t) introduced in section 2.1. 
As before r denotes the radical of fl = Lie G. 

Theorem 8. 1) There exists a G-invariant quaternionic structure Q on M = 
M(U) = G(U)/K. 

2) If II is nondegenerate (see Def. 2) then there exists a G-invariant pseudo-Rie­
mannian metric g on M such that (M, Q, g) is a quaternionic pseudo-Kahler 
manifold. 

Proof: The main idea of the proof, which we will carry out in detail, is first to observe 
that the submanifold M(V) - G{V)/K c G/K = M has a natural G(V)-invariant 
structure of quaternionic pseudo-Kahler manifold and then to study the problem of 
extending this structure to the manifold M. As shown in section 2.1, we can embed 
M(V) as open G(V)-orbit into the pseudo-Riemannian symmetric space M{V) — 
SO0{V)/K, V = W+1«+\ K = SO(p' + 1) x SO0(p",q + 1) = SO(4) x SO0(r,q + l). 
Now we claim that M(V) carries an SOo(^)-invariant (and hence G(V)-invariant) 
almost quaternionic structure Q. It is sufficient to specify the corresponding K-
invariant quaternionic structure Q[e] c End(T[e]M(V)) at the canonical base point 
[e] = eK € M(V). We first define a hypercomplex structure (Ja) on the isotropy 
module T[e]M(V) S M4 ® W9+1: 

(12) Ji :=/ i , ( i )®Id, J2 :=Hi(j)®Id, J3 := Hi{k) <g>Id. 

Here fii(x) € End(M4) stands for left-multiplication by the quaternion x € H = 
span{l,i, j , k}: Hi{x)y = xy for all x,y € M = K4. Right-multiplication by x 
will be denoted by nT{x). Now it is easy to check that the quaternionic structure 
Q[e] := span{Ji, J2, J3} is normalized under the isotropy representation of K and 
hence extends to an SOo(V')-invariant almost quaternionic structure Q on M(V). 
Note that the complex structures Ja are not invariant under the isotropy represen­
tation and hence do not extend to SOo(Vr)-invariant almost complex structures on 
M(V). Next we observe that the tensor product of the canonical pseudo-Euclidean 
scalar products on K4 and W'q+l defines a pseudo-Euclidean scalar product —g\e\ on 
T[e]M(V) = 1 4 « Kr'«+1. Notice that g[e] is positive definite if r = 0 and indefinite 
otherwise. It is invariant under the isotropy representation and hence extends to a (Q-
Hermitian) SOo(Vr)-invariant pseudo-Riemannian metric on M(V), which is unique, 
up to scaling, and defines on M(V) the well known structure of pseudo-Riemannian 
symmetric space. In fact, it is the symmetric space associated to the symmetric pair 
(o(Vr),l := Lie.fif). Let m C o(V) be the l-invariant complement to the isotropy 
algebra I. Then [m,m] C I and hence the Nomizu operators La

x e End(7|e]M(V)) 
associated to the Levi-Civita connection V9 of g vanish for a; € m, see (11). On 
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the other hand if x 6 \ then the Nomizu operator Lx on 7]e]M(V) = m coincides 
with the image of x under the isotropy representation: Lx = adx|m. This shows 
that L9, normalizes the quaternionic structure Q[e] for all x £ o(V) and by Cor. 5 we 
conclude that (M(V),Q,g) is a homogeneous quaternionic pseudo-Kahler manifold 
if dimM(V) > 4. The manifold M(V) is 4-dimensional only if r = q = 0 and in 
this case M(V) — SO0(4, l)/SO(4) reduces to real hyperbolic 4-space HL, i.e. to the 
quaternionic hyperbolic line H™ = Sp(l, 1)/Sp(l)-Sp(l), which is a standard example 
of (conformally half-flat Einstein) quaternionic Kahler 4-manifold. Of course, the pair 
(Q,g) defined on the manifold M(V) (for all r and q) restricts to a G(V)-invariant 
quaternionic pseudo-Kahler structure on the open G(V)-orbit M(V) "—)• M(V). So 
we have proven that (M(V) = G(V)/K, Q, g) is a homogeneous quaternionic pseudo-
Kahler manifold. 

Our strategy is now to extend the geometric structures Q and g from M(V) to G-
invariant structures on M = G/K D G{V)/K = M(V). First we will extend Q to a 
G-invariant almost quaternionic structure on M. Using the infinitesimal action of Q — 
Q{U) = g{V) + W on M we can identify T[e]M = {a(V)/t)®W = T[e]M[V)®W. Note 
that the isotropy representation of K on Tje]M preserves this decomposition and acts 
on T[e]M(V) = TeKM(V) = TekM{V) as restriction of the isotropy representation of 
K on TekM(V) to the subgroup K c K. We extend the hypercomplex structure (Ja) 
denned above on TekM(V) = TeKM(V) to a hypercomplex structure on TeKM = 
TeKM(V) © W as follows: 

(13) Jas := epeys, s e W, 

where (eQ,e/s,e7) is a cyclic permutation of the standard orthonormal basis of E = 
R,3'0 <zV = E+E' (the product e/ge7 is in the Clifford algebra). Now we can extend the 
quaternionic structure Q[e] on T[e]M(V) to a quaternionic structure on T^M such that 
Q[e] = span{Ji, J2, J3}. To prove that Q[e] C End(T[e]M) extends to a G-invariant 
almost quaternionic structure on M it is sufficient to check that the isotropy algebra 
t normalizes Q[ey It is obvious that the subalgebra o(E') = o(r,q) C £ — o(E)®o(E') 
centralizes Q[ey We have to show that o(E) = o(3) normalizes <5[ej. In terms of the 
standard basis (ei, e2, e3) — (i,j, k) of E — M3 — ImH a basis of o(3) = A2E is given 
by (e2 A e3, e3 A ex, ex A e2). For any cyclic permutation (a, /3,7) of (1, 2, 3) we have 
the following easy formulas, cf. (4): 

(14) -2dp{ep A e7) = (Me«) - M e a ) ) ® Id 

on TeKM{V) ^ TekM(V) ^ R4 ® Kr'«+1 and 

(15) —2dp(e/g A e7) = e^e7 = J a 

on Ty. As before dp : 6 -»• fll(T[e]M) denotes the isotropy representation. From the 
equations (12)-(15) we immediately obtain that 

[dp(ep A e7), Ja] = 0 and [dp{ep A e7), J^] = - J7 . 
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This shows that Q[e] C End(T|e]M) is invariant under t and hence extends to a G-
invariant almost quaternionic structure Q on M. The 1-integrability of Q will be 
proven in the sequel. 

Let us first treat the case where II is nondegenerate. First of all, we extend the 
G(V)-invariant Q-Hermitian pseudo-Riemannian metric g on M(V) to a G-invariant 
Q-Hermitian pseudo-Riemannian metric on M. It is sufficient to extend the K-
invariant pseudo-Euclidean scalar product g^ on T^Miy) to a /^-invariant and Ja-
invariant (a = 1, 2, 3) scalar product on T[e] = T[e^M(V) © W. We do this in such a 
way that the above decomposition is orthogonal for the extended scalar product g^ 
on T[e]M and define 

g[e]\WxW~-b, 

where b = &n,(ei,e2,e3) is the canonical symmetric bilinear form associated to n and to 
the decomposition p = p'+p" = 3 + r. By Prop. 1 the nondegeneracy of II implies the 
nondegeneracy of b. This shows that the symmetric bilinear form g^ on T\^M defined 
above is indeed a pseudo-Euclidean scalar product. This scalar product is invariant 
under the isotropy group K = K(p',p") = K(S, r), by virtue of Thm. 1, 3), and hence 
extends to a G-invariant pseudo-Riemannian metric g on M. Moreover, the metric g 
is Q-Hermitian. In fact, it is sufficient to observe that 6 is JQ-invariant. This property 
follows from the A'-invariance of b, since Ja\W G dp(t)\W, see (15). Summarizing, we 
obtain: (M, Q, g) is a homogeneous pseudo-Hermitian almost quaternionic manifold. 
The next step is to compute the Nomizu map L9 : Q —> End (T[e]M) associated to 
the Levi-Civita connection V9 of g. It is convenient to identify T^M with a 6-
invariant complement m to t in Q. Such complement is easily described in terms of 
the K-invariant orthogonal decomposition V = E+E' = M.3'0+M.r'q. Indeed, using the 
canonical identification o(V) — /\2V we have the following ^-invariant decompositions: 

o{V)=t + EAE', 

Q(V) = o{V) + RD + V = t + m(V), m{V) = EAE' + RD + V, 

Q = g{V) + W = t + m, m = m(n) := m(V) + W. 

In the following, we will make the identifications T[e]M(V) = g(V)/t = m(V) C 
T[e]M = fl/6 = m. Let (e'J, a = 1 , . . . , r + q, be the standard orthonormal basis of 
E' = W'9. Then we have the following orthonormal basis of (m(V),g[e]): 

{eaAe'a,D,ea,e'a), 
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where a = 1,2,3 and a = 1 , . . . , r + q. For notational convenience we denote this 
basis by (eti), i = 0 , . . . 3, i = 0 , . . . , r + q, where 

eoo : = e'0 :— e0 : = D 

eoa := e'0 (a = 1, . . . , r + q) 

eao '•= ea (a = 1,2,3) 

In terms of this basis the hypercomplex structure Ja is expressed on m(V) simply by: 

where i = 0 , . . . , r + q and (a, /?, 7) is a cyclic permutation of (1,2,3). The scalar pro­
duct <7[e] is completely determined on m(V) by the condition that (et,) is orthonormal 
and that 

, v _ J - 1 if i = 1 , . . . ,r 
9(eLi,eti)-^ + 1 .f i = 0 j r + lj_ ^ r + <?. 

The scalar product g[e] on m induces an identification x A y i-> x A9 y of the exterior 
square A2m with the vector space of p[e]-skew symmetric endomorphisms on m, where 
x Ag y(z) :— g(y, z)x — g(x, z)y, x,y,z € m. We denote by n(Q) (respectively, z(Q)) 
the normalizer (respectively, centralizer) of the quaternionic structure Q[e] in the Lie 
algebra 0t(m). 

Lemma 5. The Nomizu map L9 = L(V9) associated to the Levi-Civita connection 
V9 of the homogeneous pseudo-Riemannian manifold (M = G/K, g) is given by the 
following formulas: 

»« -

LL --

Cos a ' 

= l^ + Ll, 
where 

r+q r+q 
1 1 * 1 ' I 

LL = 2 S e'6ai Afl e'» ~ 2 5Z e'e^ A » e ^ e Z(Q)' 
i=0 j=0 

Lf, € z(Q) is given &?/.• 

3 

L9
e,Jm(V) = ^ e t a A 9 e t , 

i = 0 

^ 1 ^ = \eie2e3e'a. 

For all s £ W the Nomizu operator L9 g z(Q) maps the subspace m(V) C m — 
m(V) + W into W and W into tn(V). The restriction L9\W f s£ W) is completely 
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determined by L9 |m(V) (and vice versa) according to the relation 

g{L9t,x) = -g(t,L9x), 8,teW, x€m(V). 

Finally, L9\m(V) (s £ W) is completely determined by its values on the quaternionic 
basis (ej), J = 0 , . . . ,r + q, which are as follows: 

L% = \ 8 , 

L9A = 2eie2e3e«s-

(It is understood that L9. = dp(x) = adx|m for all x £ t, cf. equation (9).) In the 
above formulas a = 1 , . . . ,r + q, a = 1,2,3 and (a, j3,7) is a cyclic permutation of 
(1,2,3). 

Proof: This follows from equation (11) by a straightforward computation. • 

Corollary 6. The Levi-Civita connection V9 of the homogeneous almost quater­
nionic pseudo-Hermitian manifold (M,Q,g) preserves Q and hence (M,Q,g) is a 
quaternionic pseudo-Kahler manifold. 

Proof: From the G-invariance of Q, we know already that L9. £ n(Q) for all x £ t 
and the formulas of Lemma 5 show that L9

X £ n(Q) for all x £ m. Now the corollary 
follows from Cor. 5. • 

By Cor. 6 we have already established part 2) of Thm. 8. Part 1) is a consequence 
of 2) provided that II is nondegenerate. It remains to discuss the case of degenerate 

n. 
By Thm. 2, we have a direct decomposition W — WQ+W of CK°(V)-modules, where 

W0 = kern. We put II' := IT| A2 W and denote by V : Q(W) -> End(m(n')) the 
Nomizu map associated to the Levi-Civita connection of the quaternionic pseudo-
Kahler manifold (M' := M(IL'),Q,g). Note that the quaternionic structure Q of 
M' coincides with the almost quaternionic structure induced by the obvious G(U!)-
equivariant embedding M' = G{Ii')/K C G(U)/K = M. By the next lemma, we 
can extend the map L' to a torsionfree Nomizu map L : rj(n) —• End(m(II)), whose 
image normalizes Q[ej. This proves the 1-integrability of Q (by Cor. 4), completing 
the proof of Thm. 8. • 

By Cor. 6 we can decompose L'x = X^«=i U}'a(
x)^a + L'x, where the u>'a are 1-forms 

on m(n') and L'x £ z(Q) belongs to the centralizer of the quaternionic structure on 
m(n'). 

Lemma 6. The Nomizu map L' : fl(II') —t End(m(II')) associated to the Levi-
Civita connection of (M(II') = G(W)/K, g) can be extended to the Nomizu map 
L : fl(Il) —• End(m(n)) of a G(U)-invariant quaternionic connection V on the ho­
mogeneous almost quaternionic manifold (M(U) = G(U)/K,Q). The extension is 
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defined as follows: 
3 

Lx:=^2u)a(x)Ja + Lx, a ;em(II) , 
a=l 

where Lx G z(Q), with centralizer taken in gl(m(II)), is defined below and the 1-forms 
uja on m(n) := m(n') + Wo satisfy wQ|m(IT) := uj'a and oja\Wo :— 0. The operators 
Lx are given by: 

Lx\m(W) := L'x if x G m(n') , 

Leo\W0:=leaa\Wo:=Lea\W0:=0, 

Le'a\W0 := -eie2e3e'Q, 

Ls\W0:=0 if s£W, 

Lsx :— Lxs - [s, x] if s € W0 , x £ m(n ' ) . 

(It is understood that Lx = adz|m(n) for all x G 6. In the above formulas, as usual, 
a = 1 , . . . , r + q and a = 1, 2, 3.) 

Proof: To check that L : Q(U) —> End(m(II)) is a Nomizu map it is sufficient to check 
(10); (9) is satisfied by definition. The equation (10) expresses the if-invariance of 
L € fl(n)* <g> End(m(n)) which is equivalent to the invariance of L under the Lie 
algebra t, since K is a connected Lie group. So (10) is equivalent to the following 
equation: 

(16) L[x,y]
z - Iadz' Lv\z x £ e i ! / ^ € m(n) • 

We first check this equation. Let always x £ t . Due to LWW0 = 0 and [6, W0] C W0 

we have 

L[x,y]z = N i , Ly]z = 0 

if y € W and z £ W0- Also (16) is satisfied if y, z £ m(n') because I/x|m(iT) = L'x 

is the Nomizu operator associated to the Nomizu map L'. Now let y G WQ and 
z G m(n'). Then we compute: 

L[x,y]Z - [ad*, A,]z = (Lz[x, y] - [[x, y], z\) - [x, Lyz] + Lv[x, z] 

= Lz[x, y] - [[x, y],z]- [x, Lzy\ + [x, [y, z]\ + L[x>z]y - [y, [x, z\] 

= L[x,z]V - [x, Lzy] + Lz[x, y] - L[XtZ]y - [ad*, Lz]y. 

This shows that it is sufficient to check (16) for y £ m(II') and z G WQ; the case 
y G WQ and z G m(n') then follows from the above computation. In the following let 
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x e i and z € W0. We check (16) for all y € m(II'). Prom Leo = 0 and [t, e0] = 0 it 
follows that 

L[x,eo]z ~ iX> Leoz) + Leo[x,z]=0. 

Next we check (16) for y = ea: 

L[x,ea)Z ~ [x, Leaz] + Lea [x, z] = L[XiCa]z - -[x, Jaz] + -Ja[x, z]. 

It is clear that the first summand and the sum of the second and third summands 
vanish if x e o(E') C t = o{E) © o(E'). For x = ea A ep e o{E) = o(3) ((a, £,7) 
cyclic) we compute: 

L[ea/\ep,ea]Z - -=[ea A ep, Jaz] + -Ja[ea A ep, z] 

1 1 

= -Lepz + -eaepepe^z - -epe7eaepz 

_ 1 1 
— ~ G^y6aZ -\- Gy6aZ — U 

and for x = ep A e7 we obtain: 
L[e0Ae^,ea)Z - - [ep A e7, Jaz] + -Ja[ep A e7, z] 

= 0 + -epe^epCyZ — -epe7epe^z — 0. 

Next we check (16) for y = e'a: 

L[x,e'a}Z - [x, Le,az] + Le,a[x, z] = 

-eie2e3[a;,e'a]z - -[x,eie2e3e'az] + •^ele2e3e'a[x,z]. 

It is easy to see that this is zero if [x, e'a] — 0. So we can put x = e'b A e'a obtaining: 

2 (ea' e'a)eie2e3e'bz + -e'be'aeie2e3e'az - -gzie2e3e'aebe'az = 0 . 

Finally, for y € E A E' we immediately obtain: 

L[x,y\Z ~ [X, LyZ] + Ly[x, Z] - L[X,y]Z = 0 , 

since Ly = 0 for y € E A E' and [t, E A E'] c E A E'. So we have proven that L is a 
Nomizu map. It is easily checked that Lxy-Lyx = —it[x, y] for all x,y £ m(II), where 
7r : g(U) ->• m(n) = T[e]M(II) is the projection along t. This shows that V = V(L) 
has zero torsion. It only remains to check that Lx € n(Q) for all x € fl(n). This is 
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easy to see for x € fl(n') from the definition of the map L as extension of the Nomizu 
map L'. We present the calculation only for Ls, s € WQ: 

Lse0 - Leos - [s, e0] = 0 + -s = -s, 

LsJaGo = Lsea = Le<xs — [s, ea\ = —Jas — 0 = JaLseo, 

Lse'a = Le,j - [s, e'J = -eie2e3e'as - 0 = -eie2e3e'as, 

= e/8e7(-eae/3e7e^s) - JaLse'a , 

(a, /3, 7) cyclic, 

Lst = Lts -[s,t]=0, 

LsJat = Ljats — [s, Jat\ = 0 = JaLtS 

if t € W. We have used that LWW0 = 0 and [W0, W] = 0. This shows that Ls € z(Q) 
for all s € Wo finishing the proof of the lemma. • 

2.5. The Riemannian case. 

Proposition 9. Let p{U) = p(V) + W be a nondegenerate extended Poincare algebra 
of signature (p,q), p > 3, and (M(n),Q,g) the corresponding homogeneous quater­
nionic pseudo-Kahler manifold, see Thm. 8. Then the pseudo-Riemannian metric g 
is positive definite, and hence a Riemannian metric, if and only if —b is positive defi­
nite andp = 3. In all other cases g is indefinite. Here b = 6n,(ei,e2,e3) is the canonical 
symmetric bilinear form associated to IT and to the decomposition p = 3 + r. 

Proof: By construction, the restriction of g to the submanifold M(V) C M(U) is a 
(positive definite) Riemannian metric if and only if p = 3 and is indefinite otherwise. 
Now the proposition follows from the fact that — b is precisely the restriction of the 
scalar product g^ on T[e]M(U) = T^Miy) ®W to the subspace W. • 

Next we will use the classification of extended Poincare algebras of signature (3, q) 
up to isomorphism (see 1.3) to derive the classification of the quaternionic Kahler 
manifolds (M(I1), Q, g) up to isometry. We recall that p(3, q, 0,0,1) = p(p = 3, q, l0 = 
0,1+ = 0,L = I) (respectively, p(3,9,0,0,/+ ,0,0,/") = p(p = 3,q,l+ = 0,1+ = 
l+,lo = 0,1+ — 0,lZ = l~)) is the set of isomorphism classes of extended Poincare 
algebras for which —b is positive definite if q ^ 3 (mod 4) (respectively, if q = 3 
(mod 4)). We denote by M(q, I) (respectively, M(q, l+, l~)) the homogeneous quater­
nionic Kahler manifold (M(U),Q,g) associated to II e p(3, q, 0,0,1) (respectively, 
Yl€p(3,q,0,0,l+,0,0,1-)). 



66 VICENTE CORTES 

Theorem 9. Every homogeneous quaternionic pseudo-Kdhler manifold of the form 
(M(YV),Q,g) for which g is positive definite is isometric to one of the homogeneous 
quaternionic Kahler manifolds M(q, I) (q^3 (mod 4)) or M(q, l+, l~) = M(q, l~,l+) 
(5 = 3 (mod 4)). In particular, there are only countably many such Riemannian 
manifolds up to isometry. 

Proof: This is a direct consequence of Prop. 9, Thm. 6 and Thm. 7. • 
Any real vector space E admitting a quaternionic structure has dim E = 0 (mod 4). 

Therefore, we can define its quaternionic dimension dimjjE' := dim£'/4. Simi­
larly, the quaternionic dimension of a quaternionic manifold (M, Q) is dimjjM :— 
dimM/4. We denote by N(q) the quaternionic dimension of an irreducible C£°q-
module. 

Proposition 10. 1) N(0) = 7V(1) = JV(2) = N(3) = 1, N(4) = 2, 7V(5) = 4, 
N(6) = N(7) = 8 and N(q + 8) = WN(q) for all q > 0. In particular, N(q) 
coincides with the dimension of an irreducible l^-graded Clq-z-module ifq>3. 

2) The quaternionic dimension of the homogeneous quaternionic Kahler manifolds 
M(q,l) and M(q,l+,l~) is given by: 

dimM M(q, l)=q + l + lN(q) 

and 

d i m e M{q, l+, r) = q + l + (l+ + l~)N(q). 

Proof: The first part follows from the classification of Clifford algebras. The second 
part follows from dimM = dimM(V) + dim W. • 

The next theorem identifies the spaces M(q, I) and M(q, l+, l~) with Alekseevsky's 
quaternionic Kahler manifolds. We recall that an Alekseevsky space is a quater­
nionic Kahler manifold which admits a simply transitive non Abelian splittable solva­
ble group of isometries, see [A3] and [C2]. Due to Iwasawa's decomposition theorem 
any symmetric quaternionic Kahler manifold of noncompact type is an Alekseevsky 
space. These are precisely the noncompact duals of the Wolf spaces. We recall that a 
Wolf space is a symmetric quaternionic Kahler manifold of compact type and that 
such manifolds are in 1-1-correspondence with the complex simple Lie algebras [Wl]. 
The nonsymmetric Alekseevsky spaces are grouped into 3 series: V-spaces, W-spaces 
and T-spaces, see [A3], [dW-VP2] and [C2]. These 3 series contain also all symmetric 
Alekseevsky spaces of rank > 2 and no symmetric spaces of smaller rank. By defini­
tion an Alekseevsky space can be presented as metric Lie group, i.e. as homogeneous 
Riemannian manifold of the form (L, g), where L is a Lie group and g a left-invariant 
Riemannian metric on L. 

Theorem 10. Let (M = M(U) = G(U)/K, Q,g) be a homogeneous quaternionic 
Kahler manifold as in Prop. 9, 

G(U) = StxR^ Spm0(V)t<R 
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the Levi decomposition (7) and I(S) the Iwasawa subgroup of S. Then L := L(U) := 
I(S)xR c G(U) is a (non Abelian) splittable solvable Lie subgroup which acts simply 
transitively on M. In particular, (M, Q, g) is an Alekseevsky space. More precisely, 
we have the following identifications with the V-spaces, W-spaces, T-spaces and sym­
metric Alekseevsky spaces: 

1) M{q,I) = V(l,9-3) and M{q,l+,l~) = V(l+,l~,q- 3) if q> 4, 
2) M(3,l+,r)=W(l+,r), 
3) M(2,l) = T(l), 
4) M(l, 0 = SU(l + 2,2)/S(U(i + 2) x U(2)), 
5) M(0,1) = Sp(J + 1, l)/Sp(Z + l)Sp(l) = UHl+1 (quaternionic hyperbolic (I + 1)-

space). 

The above Riemannian manifolds M(q,l) and M(q,l+,l~) = M(q,l~,l+) are pair-
wise nonisometric and exhaust all Alekseevsky spaces with two symmetric exceptions: 
CH2 = SU(1,2)/U(2) =: M ( l , - 1 ) (complex hyperbolic plane) and G^/SO(4). (Note 
that these two symmetric spaces have rank < 2 and so do not belong to any of the 3 
series V, W and T of Alekseevsky spaces.) 

Proof: The fact that L acts simply transitively on M follows from Prop. 7. This 
shows that (M, Q, g) is an Alekseevsky space. The Riemannian metric g induces a 
left-invariant metric gt on the Lie group L. To establish the identifications given 
in the theorem it is sufficient to check that {L,gL) is isomorphic (as metric Lie 
group) to one of the metric Lie groups which occur in the classification of Alek­
seevsky spaces, see [A3] and [C2]. (The quaternionic structure can be reconstructed 
from the holonomy of the Levi-Civita connection, up to an automorphism of the full 
isometry group which preserves the isotropy group.) Finally, to prove that M(q,l) 
and M(q,l+,l~) = M(q,l~,l+) are pairwise nonisometric it is, by [A4], sufficient to 
check that the corresponding metric Lie groups (which occur in the classification of 
Alekseevsky spaces) are pairwise nonisomorphic. This was done in [C2]. • 

2.6. A class of noncompact homogeneous quaternionic Hermitian mani­
folds with no transitive solvable group of isometries. There is a widely known 
conjecture by D.V. Alekseevsky which says that any noncompact homogeneous quater­
nionic Kahler manifold admits a transitive solvable group of isometries [A3]. The next 
theorem shows that this conjecture becomes false if we replace "Kahler" by "Hermit­
ian". 

Theorem 11. Let p(U) be any extended Poincare algebra of signature (p,q) — (3 + 
r)0)> f > 0, and (M = G/K,Q) the corresponding homogeneous quaternionic ma­
nifold, see Thm. 8, 1). Then there exists a G-invariant Q-Hermitian Riemannian 
metric h on M. Moreover, the noncompact homogeneous quaternionic Hermitian 
manifold (M, Q, h) does not admit any transitive solvable Lie group of isometries if 
r > 0. 



68 VICENTE CORTES 

Proof: Since K — K(3, r) = Spin(3) • Spin(r) is compact, one can easily con­
struct a iiT-invariant Q^j-Hermitian Euclidean scalar product h[e] on X|e]M by the 
standard averaging procedure and extend it to a G-invariant Q-Hermitian Riemann-
ian metric h on M. More explicitly, we can construct such a scalar product /i[e] 
on IjejM = T[e]M(V) © W as orthogonal sum of if-invariant Euclidean scalar pro­
ducts on T[e]M(V) and W as follows. Using the open embedding M(V) <-*• M(V) 
we can identify TeKM{V) & TekM{V) ^ R4 ® W'1 S R4 <g> R r + 1 and choose the 
standard 0(4) x 0 ( r -I- l)-invariant Euclidean scalar product on R4 <g> R r+1. This 
scalar product is automatically ^-invariant and Q[e]-Hermitian. On W we choose 
any /^-invariant Euclidean scalar product (which exists by compactness of K). It 
is automatically Q[e]-Hermitian because Q^ C End(W) is precisely the image of 
o(3) C t = LieK under the isotropy representation of t on the 6-invariant subspace 
W C T[e]M = T[e]M(V) © W. It remains to show that Isom(M,A) does not contain 
any transitive solvable Lie subgroup if r > 0. In fact, M is homotopy equivalent to 
the simply connected real Grassmannian SO(3+r-)/SO(3) x SO(r) of oriented 3-planes 
in R3+r (r > 0). On the other hand, if (M,h) admits a transitive solvable group of 
isometries then M must be homotopy equivalent to a (possibly trivial) torus, which 
contradicts the fact that M is simply connected (and not contractible). • 
The last argument proves, in fact, the following theorem. 

Theorem 12. Let p(n) be any extended Poincare algebra of signature (p,q), p > 3 
and M = M(n) the manifold constructed in Thm. 8. Then M does not admit any 
transitive (topological) action by a solvable Lie group. 

3. BUNDLES ASSOCIATED TO THE QUATERNIONIC MANIFOLD (M, Q) 

To any almost quaternionic manifold (M, Q) one can canonically associate the 
following bundles over M: the twistor bundle Z(M), the canonical SO(3)-principal 
bundle S(M) and the Swann bundle U(M). The twistor bundle (or twistor space) 
Z(M) —> M is the subbundle of Q whose fibre Z(M)m at m G M consists of all 
complex structures subordinate to the quaternionic structure Qm, i.e. 

Z(M)m = {AeQm\A2 = -ld}. 

So Z(M) is a bundle of 2-spheres. The fibre S(M)m of the SO(3)-principal bundle 
S(M) at m € M consists of all hypercomplex structures {Ji,J2,Jz) subordinate to 
Qm. Finally, 

U(M) =S(M)xS0(3) (H7{±1}) 

is associated to the action of SO(3) = Sp(l)/{±1} on H*/{±1} induced by left-
multiplication of unit quaternions on H. The total space Z(M) carries a canonical 
almost complex structure J, which is integrable if Q is quaternionic, see [A-M-P]. 
Similarly, one can define an almost hypercomplex structure (Si,32i^s) o n U(M), 
which is integrable if Q is quaternionic, cf. [P-P-S]. We recall the definition of the 
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complex structure J on the twistor space Z — Z(M) of a quaternionic manifold 
(M, Q). Since Q is 1-integrable, there exists a quaternionic connection V on M, see 
Def. 6 and Def. 7. The holonomy of V preserves not only Q C End(TM) but also its 
sphere subbundle Z C Q, simply because Id is a parallel section of End(TM). Let 

(17) TZ = TZver 0 TZhor 

be the corresponding decomposition into the vertical space TZveT tangent to the 
fibres of the twistor bundle Z -> M and its V-horizontal complement TZhoT. The 
complex structure J preserves the decomposition (17). Let m e M be a point in M 
and z := J £ Zm C Qm a complex structure on TmM subordinate to Qm. Then 
JFZ € End(TzZ) is denned by: 

IA := J A and $X = J ^ 

for all A e TzZver = TzZm = {A £ Qm\AJ = - J 4 } and all X e TmM, where 
X e TzZ

hor denotes the V-horizontal lift of X. It was proven in [A-M-P] that J does 
not depend on the choice of quaternionic connection V. 

If (M, Q) admits a quaternionic pseudo-Kahler metric g (of nonzero scalar cur­
vature) then it is known that (Z(M),J) admits a complex contact structure and a 
pseudo-Kahler-Einstein metric [SI], that S(M) admits a pseudo-3-Sasakian struc­
ture [Ko] and that (U(M),S\, J21J3) admits a pseudo-hyper-Kahler metric [Swl]. 
Moreover, all these special geometric structures are canonically associated to the 
data (M,Q,g). We recall that a complex contact structure on a complex ma­
nifold Z is a holomorphic distribution V of codimension one whose Frobenius form 
[•, •] : A2X> —> TZ/V is (pointwise) nondegenerate; for the definition of 3-Sasakian 
structure see [I-K] and [T]. If a Lie group G acts (smoothly) on an almost quater­
nionic manifold (M, Q) preserving Q then there is an induced J-holomorphic action 
on Z. Similarly, if a Lie group G acts on a quaternionic pseudo-Kahler manifold 
(M, Q,g) preserving the data (Q,g) then it acts on any of the bundles Z(M), S(M) 
and U(M) preserving all the special geometric structures mentioned above. 

Theorem 13. Let (M(II) = G(U)/K, Q) be the homogeneous quaternionic mani­
fold associated to an extended Poincare algebra of signature (p,q), p > 3, -Z(II) := 
Z(M(U)) its twistor space, S(U) := 5(M(II)) its canonical SO(3)-principal bundle 
and U(U) := U(M(U)) its Swann bundle. Then G(U) acts transitively on the mani­
folds Z{U) and 5(11) and acts on U(U) with an orbit of codimension one. 

Proof: Since G = G(II) acts transitively on the base M = M(II) of any of the 
bundles Z(U) -»• M, 5(11) -> M and U(U) -)• M, it is sufficient to consider the 
action of the stabilizer K = Spin(3) • Spin0(r,q) on the fibres Z(U)^e], 5(II)[e] and 
f/(II)[e], [e] = eK € M = G/K. The subgroup Spin0(r, q) C K acts trivially on 
5(II)[e] and hence also on Z(II)[e] and U(U)[e], whereas Spin(3) acts transitively on 
the set 5(II)[e] of hypercomplex structures subordinate to Q[e] and hence also on the 
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set Z(II)[e] of complex structures subordinate to Q[ej- From this it follows that G acts 
transitively on Z(U) and 5(11) and with an orbit of codimension one on U(U). O 

From now on we denote by m0 := [e] = eK € M = G/K the canonical base 
point of M and fix the complex structure J\ G Qmo as base point ZQ := J\ € Zmo in 
Z = Z(U). 

Corollary 7. (Z = GZQ = G/GZo, J) is a homogeneous complex manifold of the 
group G. The stabilizer of the point ZQ € Z in G is the centralizer of J\ in K: 
GZ0 = ZK{Jt) = ZsptojajCJi) • Spin0(r,9) ; ZSpin(3)(Ji) <* U(l). 

Now we are going to construct a natural holomorphic immersion Z —> Z = Z{U) = 
G^/H of Z into a homogeneous complex manifold of the complexified linear group 
G1^ C Aut(i~), where (Gzo) C H c G^ are closed complex Lie subgroups. 

First of all, we give an explicit description of the complex structure J on the twistor 
space Z. The choice of base point z0 £ Z determines a G-equivariant diffeomorphism 
Z = Gzo —t G/GZo, which maps ZQ to the canonical base point eGZ0 e G/GZo. From 
now on we will identify Z and G/Gza via this map. The complex structure J being G-
invariant, it is completely determined by the G^-invariant complex structure Jzo on 
TZoZ. In order to describe 3Zo we introduce the following Gzo-invariant complement 
3 = a(n) to gzo = Lie Gzo = Ke2 A e3 © o(r, q) in g: 

3 = Eei A e2 + Mei A e3 + m. 

The G2o-invariant decomposition g = gZo + 3 determines a G2o-equivariant isomor­
phism TZQZ = g/gZQ —t 3. Using it we can consider the GZo-invariant complex struc­
ture IZo as a G2o-invariant complex structure on 3. 

Proposition 11. The G-invariant complex structure J on the twistor space Z = 
G/GZo is given on TZ0Z = 3 = ffiei A e2 + Kei A e3 -I- m by: 

J*0ei A e2 = d A e3, IZo |m = Jx. 

Proof: Let V be the G-invariant quaternionic connection on (M, Q) constructed 
in Lemma 6 and Lx = X3o=i ̂ ai^) Ja + Lx, x € m, its Nomizu operators, where 
Lx € z(Q) = gl(d,B) (d = dimjjM). The connection V induces the decomposition 
TZ0Z = TZ0Z

ver © TZ0Z
hor S 3 = fer © ft" into vertical space and horizontal space. 

The vertical space is TZ0Z
ver = TZ0ZZ0 = KJ2©MJ3 c QZo and fer = Rer Ae2©Mei Ae3 

respectively, the identification being J2 H-» —e\ A e2, J3 H-̂  — e\ A e3. For any vector 
a; e m we consider the curve c(t) = exp izif e G/ilT = M (i e R) and define a lift 
s(t) £ Zc(t) by the differential equation £^-s = 0 with initial condition s(0) — ZQ = J\. 
Here X = a{x) is the fundamental vector field on M associated to x (as defined on p. 
56) and Cx is the Lie derivative with respect to X. Then s(t) = (exp tx)zo is precisely 
the orbit of z0 £ Z = G/GZo under the 1-parameter subgroup of G generated by x. 
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The vector 

^\t=o(s-tVxs) = s'(0) - Vxs\t=0 at 

= s'(0) + [Lx, Ji] = s'(0) - 2w2(a;) J3 + 2w3(a;) J2 e TZOZ 

is horizontal. It is precisely the horizontal lift of X(mo) G TmoM and corresponds to 

(18) x := x + 2uj2{x)ei A e3 - 2o;3(x)e1 A e2 6 3 

under the identification TZoZ = 3. This shows that 

lhor = {5|a;em} 
= R(e2 + ei A e3) + M(e3 - d A e2) + 

Reo + Kei+span{e t ajt = 0 , . . . ,3 , a = I , . . . ,r + q} + W, 

see Lemma 6. Now the formulas for Jzg follow easily. In fact, it is clear that JZo 

coincides with Ji on the Ji-invariant subspace m fl } h o r — IReo + Kei + span{e(0|i — 
0, . . . , 3, a = 1 , . . . , r + q} + W = e^ fl e^ C m. The equation J2oei A e2 = ex A e3 

follows immediately from J\ J2 = J3, since ei A e2, e\ A e3 £ 3"er are identified with 
the vertical vectors — J2, — J3 £ TZ0Z

mr. It is now sufficient to check that J20e2 = e3. 
This is done in the next computation: 

JUe2 = JU(e2 + ei A e3) - JZo(ei A e3) = J20e2 + ex A e2 = Jie2 + ei A e2 = e3 + ex A e2 = e3 

We denote by j 1 ' 0 (respectively, 30'1) the eigenspace of Jzo G End(j) for the eigen­
value i (respectively, —i). The integrability of the complex structure J implies that 
h := h(II) := (flZ0)

C + 30'1 C flC is a (complex) Lie subalgebra. Let H = H(U) C 
G C Aut(r^) be the corresponding connected linear Lie group. Let us also consider 
the Lie algebra t)(V) := h n f l ( ^ ) C = (fl ,„)C+3(^0 '1 C fl(V)C, where i{V) = 3 n 0 (V) 
and 3(V)0-1 := 30'1 D &(V)C. 

Proposition 12. H = H(II) c G C Aut(t~) are complex algebraic subgroups. 

Proof: It follows from Prop. 4 that Q^ C der(t ) is a complex algebraic subalgebra 
and hence <J C Aut(ir') a complex algebraic subgroup. It only remains to show that 
h is a complex algebraic subalgebra. Let us consider the decomposition h = (gZo) + 
30'1. The subalgebra (flz0) is algebraic. In fact, gzo = zt(e2 A e3) is a centralizer in 
the real algebraic subalgebra t C g. If the subalgebra (30'1) C h generated by the 
subspace 30,1 is an algebraic subalgebra of der(r^), then h is generated by algebraic 
linear Lie algebras and hence is itself algebraic, see [O-V]. The algebraicity of (30'1) 
is proven in the next lemma. • 

Lemma 7. 30'1 generates the algebraic subalgebra (30,1) = o(E')^ + 30,1 C fl . 
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Proof: First we compute the subalgebra (30'1) of g^ generated by 30'1 — 2>0,1{V) + 
W0'1. Note that 

3°'1(l/) = spanje! A e 2 + i e i Ae 3 , e 0 + ie i ,e 2 + ie3} 

+ span{e0a + ieia,e2o + ie3a\a = 1 , . . . ,r + q}. 

It is easy to check that 

\i0,1(V),i0>1(V)] = o{E')C + span{ei A e2 + i d A e3,e2 + ie3} 
+ span{e2a + ie3a\a = 1 , . . . , r + q} 

and 

\i°>\V),W°*] = W,i'1. 

We show that [W°<\ VK0'1] C C(e2-He3). This shows that (j0-1) D o(^')C+3°'1- Since 
the right-hand side is closed under Lie brackets, we conclude that (30'1) = o(£")*-'+30'1. 
It is easy to check that the subalgebra 

o(£') + span{ei A e2 + iei A e3, e2 + ie3} + span{e0a + ieia, e2a + «e3a|a = 1,... , r + q} + W0'1 

coincides with its derived Lie algebra. Therefore, it is an algebraic subalgebra of 
0 , see [O-V]. Now, to prove that (30'1) is algebraic, it is sufficient to check that 
C(e0 + iei) is algebraic. The element e0 + ie\ € 0 is conjugated to the algebraic 
element eo £ 0 via exp(—ie\) € G . Consequently, it is algebraic. • 

Theorem 14. For the twistor space Z of any of the homogeneous quaternionic ma­
nifolds (M = G/K, Q) constructed in Thm. 8 there is a natural open G-equivariant 
holomorphic immersion 

Z S G/Gzo -*Z = Z(U) := GC/H 

into a homogeneous complex (Hausdorff) manifold of the complex algebraic group 
(P 

G . This immersion is a (universal) finite covering over its image, which is an open 
G-orbit. (The group H was defined on p. 71.) 

Proof: It follows from Prop. 12 that H C G C is closed. This shows that GC/H is 
a homogeneous complex Hausdorff manifold. The inclusions G C (̂  and GZo C H 
define a G-equivariant map G/Gzo —> G^/H, which is an immersion since gflh = gZo. 
The differential of this immersion at eGZo is canonically identified with the restriction 
0 : 3 -> 0 /f) of the canonical projection 0 C -» 0^/h to 3 C g = Qzo + 3. Obviously, 
the complex linear extension (jy^ maps 31'0 isomorphically to 0 /h and 30,1 to zero. 
This shows that Z = G/Gzo —• G^/H is open and holomorphic with respect to the 

G-invariant complex structure J on Z and the canonical complex structure on G^/H. 

• 
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Theorem 15. The homogeneous complex manifold Z — G /H carries a (J - invariant 
holomorphic hyperplane distribution V c TZ. The hyperplane VZo = TZoZ

hor c 
TZ0Z = TZoZ is the horizontal space associated to the G-invariant quaternionic con­
nection V on M constructed in Lemma 6. Moreover, V defines a complex contact 
structure on Z — Z{U) if and only if II is nondegenerate. In this case the restriction 
V\Z coincides with the canonical complex contact structure on the twistor space Z of 
the quaternionic pseudo-Kahler manifold M. 

Proof: Recall that we identify TZ0Z with the gZo-invariant subspace 3 C Q = Qzo + 3 
complementary to gzo. Hereby the subspace VZ(j = TZoZ

hoT is identified with ihor = 
{x\x € m} C 3, where x = x + 2u)2{x)e\ Ae3 — 2w3(a;)ei Ae2 is the V-horizontal lift of a;, 
see equation (18). The subspace 3'""" C 3 is JJ20-invariant by the very definition of the 
complex structure SZo and $zo\$

hor is given by Jzox = J\X for all x € m. The subspace 
(3hor)1'0 = (3hor)Cri31 '0 C 31'0 is identified with the i-eigenspace V\'° C T^°Z = T^°Z 
of Jzo on T>Zo. In order to prove that X>̂ ° extends to a G -invariant holomorphic 
distribution V1'0 C TlfiZ it is sufficient to check the following lemma. 

Lemma 8. The complex Lie algebra h = fl^+30,1 preserves the projection of($hor)1'0 — 

{x-iJix\x e m} = spanc{e2 + e1Ae3-i(e3-eiAe2),eo-ie1 ,eoa-iei0 ,e2a-ie3 a |a = 

1 , . . . ,r + q} + Wlfi into QC/t), i.e. 

Now V1'0 defines a complex contact structure if and only if the Frobenius form 

A2Vlfi -4 Tl'°Z/T>lfi is nondegenerate, which is equivalent to the nondegeneracy of 
the skew symmetric complex bilinear form 

w : A2(3Aor)1'° [4 0 C -»• flC/(b + (a*")1'0) ^ C. 
Lemma 9. Let (i

h<"-)1fi = (i(V)hor)1'0+ W1'0 be the decomposition ofdhor)lfi induced 
by the decomposition 3 = i(V) + W. Then w((3(V)hOT)1,0, W1'0) = 0, w| A2 (3(F)'""')1'0 

is nondegenerate and u\ A2 W1'0 is given by 

(19) 
w(s - i JlS, t - titf) = 2((e2, [s, t]) + i(e3, [s, t]))(e2 - ie3) (mod h + (}hor)1'0). 

From the lemma it follows that u> is nondegenerate if and only if w| A2 W1'0 is 
nondegenerate. The explicit formula for UJ\ A2 W1,0 given in equation (19) now shows 
that w is nondegenerate if and only if 6(11) = &n,(ei,e2,e3) is nondegenerate, which is 
in turn equivalent to the nondegeneracy of II by Cor. 1. This proves that V is a 
complex contact structure if and only if II is nondegenerate. If II is nondegenerate 
then Vzo = TZ0Z

hor is precisely the horizontal space associated to the Levi-Civita 
connection V9 of the quaternionic pseudo-Kahler manifold (M, Q, g) and V is the 
canonical complex contact structure on its twistor space Z, as defined by Salamon 
[SI]. • 
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4. HOMOGENEOUS QUATERNIONIC SUPERMANIFOLDS ASSOCIATED TO 

SUPEREXTENDED POINCARE ALGEBRAS 

In this section we will show that our main result, Thm. 8, has a natural supergeo-
metric analogue, Thm. 17. The fundamental idea is to replace the map II : A2W —> V 
denned on the exterior square A2W by an o(V)-equivariant linear map I I : V2W —> V 
defined on the symmetric square \Z2W = Sym2W. We will freely use the language of 
supergeometry. The necessary background is outlined in the appendix. 

4.1. Superextended Poincare algebras. Let (V, (•, •)) be a pseudo-Euclidean vec­
tor space, W a C£°(V)-module and n : V2W —> V an o(1^)-equivariant linear map. 
We recall that o(V) acts on W via ad - 1 : o(V) —» spin(V) C Ci°(V), see equation 
(2)-

Given these data we extend the Lie bracket on p0 := p(V) to a super Lie bracket 
(see Def. 16) [•,•] on the Z2-graded vector space po + pi, pi = W, by the following 
requirements: 

1) The adjoint representation (see Def. 28) of o(V) on pi concides with the natural 
representation of o(V) = spin(^) on W = pi and [V, pi] = 0. 

2) [s,t] = U{s V t) for all s,teW. 

The super Jacobi identity follows from 1) and 2). The resulting super Lie algebra will 
be denoted by p(II). 

Definition 13. Any super Lie algebra p(n) as above is called a superextended 
Poincare algebra (of signature (p,q) ifV = W'q). p(II) is called nondegenerate 
if LT is nondegenerate, i.e. if the map I f 9 S H U(S V •) € W* ® V is injective. 

The structure of superextended Poincare algebra on the vector space p(V) + W is 
completely determined by the map II : V2W —> V. An explicit basis for the vector 
space (V2W*ig) V)°'v ) of such o(V)-equivariant linear maps was constructed in [A-C2] 
for all V and W. 

4.2. The canonical supersymmetric bilinear form b. Let V = W'9 be the stan­
dard pseudo-Euclidean vector space with scalar product (-, •) of signature (p, q). From 
now on we fix a decomposition p = p' + p" and assume that p1 = 3 (mod 4), see Re­
mark 7 below. We denote by (e*) = (ei , . . . ,ept) the first p' basis vectors of the 
standard basis of V and by (ej) = (e[,... ,e'p,l+q) the remaining ones. The two 
complementary orthogonal subspaces of V spanned by these bases are denoted by 
E = W' = W''° and E' = W"'9 respectively. The vector spaces V, E and E' are 
oriented by their standard orthonormal bases. E.g. the orientation of Euclidean p'-
space E defined by the basis (e,) is e* A • • • A e*, £ AP'E*. Here (ej) denotes the basis 
of E* dual to (ej). Now let p(n) = p(V) + W be a superextended Poincare algebra 
of signature (p, q) and (e,) any orhonormal basis of E. Then we define a R-bilinear 
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form &n,(i4) on the 0?°(V)-module W by: 

(20) bniiBi)(s,t) = (e1,[e2...ep>s,i\) = (ei,II(e2 . . .ep>s Vi) ) , s,teW. 

We put b = 6(11) := 6n,(ej) f° r the standard basis (e )̂ of E. As in 4.1 we consider 
W = pi as Z2-graded vector space of purely odd degree and recall that, by Def. 22, 
an even supersymmetric (respectively, super skew symmetric) bilinear form on W is 
simply an ordinary skew symmetric (respectively, symmetric) bilinear form on W. 
Remark 7: Equation (20) defines an even super skew symmetric bilinear form on 
W Up' = 1 (mod 4). For even p' the above formula does not make sense, unless one 
assumes that W is a C^(V)-module rather than a C£°(V)-module. Here we are only 
interested in the case p' = 3 (mod 4). Moreover, later on, for the construction of 
homogeneous quaternionic supermanifolds we will put p' = 3. 

Theorem 16. The bilinear form b has the following properties: 

1) frn,(e;) = ±6 «/ e?i A • • • A ey = ±ei A • • • A evi. In particular, our definition of b 
does not depend on the choice of positively oriented orthonormal basis of E. 

2) b is an even supersymmetric bilinear form. 
3) b is invariant under the connected subgroup K(p',p") = Spin(p') • Spin0(p", q) c 

Spin0(p, q) (and is not Spin0(p, q)-invariant, unless p" + q = 0). 
4) Under the identification o{V) = A2V = A2E + A2£" + E A E', see equation (3), 

the subspace EAE' acts on W by b-symmetric endomorphisms and the subalgebra 
A2E © A2E' = o(p') © o(p", q) acts on W by b-skew symmetric endomorphisms. 

Proof: The proof is the same as for Thm. 1, up to the modifications caused by the 
fact that n is now symmetric instead of skew symmetric. Part 2) e.g. follows from 
the next computation, in which we use that p' = 3 (mod 4): 

b(t,s) = (e1,[e2...epd,s}) 

= -(ei,[e4...ep'£,e2e3s]) + (ei,ad(e2e3)[e4.. .epd,s\) 

— - ( e i , [e4 . . . ep>t, e2e3s]) = - - - = -(eu [t, e2 . . . ep,s]) 

= - (e i , [e2...ep>s,t]) = -b(s,t) .D 

Definition 14. The bilinear form b — b(U) — &n,(ei,...,e,) defined above is called the 
canonical supersymmetric bilinear form on W associated to the o(V)-equivariant 
map II : \Z2W —> V = W'q and the decomposition p = p' + p". 

Proposition 13. The kernels of the linear maps U : W —• W* ® V and b = 6(11) : 
W —• W* coincide: ker II = ker b. 

Proof: See the proof of Prop. 1. • 

Corollary 8. p(II) is nondegenerate (see Def. 13) if and only if b(Jl) is nondegene-
rate. 
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4.3. The main theorem in the super case. Any superextended Poincare algebra 
p = p(II) = p(V) + W has an even derivation D with eigenspace decomposition 
p = o(V) + V + W and corresponding eigenvalues (0,1,1/2). Therefore, the super 
Lie algebra p = p0 + pi = p(^) + W is canonically extended to a super Lie algebra 
S = fl(n) = T8LD + p = fl0 + fli, where flo = *D + p0 = RD + p(V) = fl(V) and 
0i = Pi = W. 

Proposition 14. The adjoint representation (see Def. 28) of Q is faithful and more­
over it induces a faithful representation on its ideal t = M.D + V + W C g = o(V) +1. 

By Prop. 14 we can consider g as subalgebra of the super Lie algebra jj[(r) (defined 
in A.3), i.e. g is a linear super Lie algebra (see Def. 28). We denote by G = G(U) the 
corresponding linear Lie supergroup, see A.3. Its underlying Lie group is G0 = G(V) 
and has flo = B{V) a s Lie algebra. For the construction of homogeneous quater-
nionic supermanifolds we will assume that V = MP'9 with p > 3. Then we fix the 
decomposition p = p' + p", where now p' — 3 and p" = p — 3 =: r. As before, 
we have a corresponding orthogonal decomposition V = E + £", the subalgebra 
t = t(p',p") = t(3,r) = o(3) © o(r, q) C o(p,q) — o(V) preserving this decomposition 
and the corresponding linear Lie subgroup K = K(3, r) C G0- We are interested in 
the homogeneous supermanifold (see A.4): 

M = M{Yl) := G/K = G{U)/K. 

Its underlying manifold is the homogeneous manifold 

M0 := G0/K = G{V)/K = M(V). 

Theorem 17. 1) There exists a G-invariant quaternionic structure Q on M = 
G/K. 

2) If II is nondegenerate (see Def. 13) then there exists a G-invariant pseudo-
Riemannian metric g on M such that (M, Q, g) is a quaternionic pseudo-Kahler 
supermanifold. 

Proof: First let (QOJPO) denote the Go-invariant quaternionic pseudo-Kahler struc­
ture on Mo = Go/K which was introduced in the proof of Thm. 8 (previously it was 
denoted simply by (Q,g)). As in that proof, see equation (13), the corresponding 
A'-invariant quaternionic structure on TeKM0 = g0/£ is extended to a if-invariant 
quaternionic structure QeK on TeKM = g/6 defining a G-invariant almost quater­
nionic structure Q on G/K (see A.2 and A.4). Similarly, the Go-invariant pseudo-
Riemannian metric g0 on M0 corresponds to a /^-invariant pseudo-Euclidean scalar 
product on Qo/t. This scalar product is extended by b = &n,(ei,e2,e3),

 m t n e obvious 
way, to a if-invariant supersymmetric bilinear form geK on g/t, which is nondegen­
erate if II is nondegenerate. Let us first treat the case where n is nondegenerate. 
In this case geK defines a G-invariant Q-Hermitian pseudo-Riemannian metric g on 
G/K. The Levi-Civita connection of the homogeneous pseudo-Riemannian super­
manifold (M, g) is computed in Lemma 10 below. As on p. 60, g/t is identified with 
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the complement m = m(V) + W to t in Q. We use the go-orthonormal basis (eti) of 
m(V) introduced on p. 61 and recall that e, = go(eti,eLi). Also we will continue to 
write x Agy for the geK-skew symmetric endomorphism of m defined for x,y e m(V) 
by: x A9 y(z) := geK(y, z)x - geK{x, z)y, z G m. 

Lemma 10. The Nomizu map L9 = £(V9) associated to the Levi-Civita connection 
V9 of the homogeneous pseudo-Riemannian supermanifold (M = G/K, g) is given by 
the following formulas: 

IP = L\ = 0, 

L» = l j a + Ls
e , 

ea 9 a 

where 
-, r+q r+q 

L̂ = 2 53 £ieai A9e'i~ 2 ^ 1 C<e^ A» e^ € Z((3e«') ' 
t=0 i=0 

L9
e,a G z(QeK) is given by: 

3 

LfJm(V) = ^ e t a A s e t , 
i=0 

L9,|W = ^ i e 2 e 3 e ; . 

For all s & W the Nomizu operator Ls G z(QeJf) mops i/ie subspace m(V) C m = 
m(V) + Ŵ  into VF and W into m(V). 77ie restriction L9

S\W (s € Wj is completely 
determined by L9\m(V) (and vice versa) according to the relation 

geK{L9t, x) = geK{t, L9x), s,teW, xe m(V). 

Finally, L9\m(V) (s G W) is completely determined by its values on the quaternionic 
basis (e'j), i = 0 , . . . ,r + q, which are as follows: 

L% = \s, 

L9se'a = 2 e i e 2 e 3 e ' a S -

(It is understood that L9, = adx|m for all x € 6, cf. equation (24)-) In the above 
formulas a = 1 , . . . ,r + q, a = 1, 2, 3 and (a,^,7) is a cyclic permutation of (1,2,3). 

Proof: This follows from equation (26) by a straightforward computation. • 

Corollary 9. The Levi-Civita connection V s of the homogeneous almost quater­
nionic pseudo-Hermitian supermanifold (M,Q,g) preserves Q and hence (M,Q,g) 
is a quaternionic pseudo-Kahler supermanifold. 
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By Cor. 9 we have already established part 2) of Thm. 17. Part 1) is a conse­
quence of 2) provided that II is nondegenerate. It remains to discuss the case of 
degenerate II. Prom the o(y)-equivariance of II it follows that Wo = kerll c W 
is an o(V)-submodule. Let W be a complementary o(V)-submodule. Then Wo 
and W' are CS?°(F)-submodules; we put II' := II| V2 W. We denote by (M' := 
M(W),Q',g') the corresponding quatemionic pseudo-Kahler supermanifold and by 
V := L9' : g(n') —> End(m(II')) the Nomizu map associated to its Levi-Civita con­
nection. By the next lemma, we can extend the map V to a torsionfree Nomizu map 
L : Q(YV) —> End(m(II)), whose image normalizes QeK- This proves the 1-integrability 
of Q (by Cor. 10), completing the proof of Thm. 17. • 

By Cor. 9 we can decompose L'x = S L i ^ W ^ a + L'x, where the uj'a are 1-forms 
on m(II') and L'x 6 z(Q'eK) belongs to the centralizer of the quatemionic structure 
Q'eK = QeK\m(W) on m(n'). 

Lemma 11. The Nomizu map L' : fl(II') —> End(m(II')) associated to the Levi-
Civita connection of (M(II') = G(U')/K,g') can be extended to the Nomizu map 
L : g(II) —>• End(m(II)) of a G(U)-invariant quatemionic connection V on the homo­
geneous almost quatemionic supermanifold (M(II) = G(U)/K, Q). The extension is 
defined as follows: 

3 

Lx:=^2uja{x)Jct + Lx, x e m ( I I ) , 
a = l 

where Lx S z(Q) (the centralizer is taken in Ql(m(U))) is defined below and the 1-
forms uia on tn(II) := m(n') + W0 satisfy wa|m(IT') := u'a and oja\W0 := 0. The 
operators Lx are given by: 

Lx\m(Tl') := L'x if z e m ( n ' ) , 

Leo\Wo := Leaa\W0 := Lea\W0 := 0, 

Le'a\W0:= -eie2e3e;, 

Z s |W 0 :=0 if seW, 

Lsx := (-lfLxs - [s,.x] if s eW0, x € m(II'). 

(It is understood that Lx = a,dx\m(U.) for all x € t.) In the above formulas, as 
usual, a = 1 , . . . , r + q, a = 1,2,3 and x € Z2 = {0,1} stands for the Z2-degree of 
x € m(n') = m(n')0 + m(n')i = m(V) + W. 

Proof: The proof is similar to that of Lemma 6. • 
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APPENDIX A. SUPERGEOMETRY 

In this appendix we summarize the supergeometric material needed in 4. Standard 
references on supergeometry are [M], [L] and [K], see also [B-B-H], [Ba], [Be], [Bern], 
[B-O], [DW], [F], [01], [02], [Sch] and [S-W]. (DA. Leites has informed us that he 
will soon publish a monograph on supergeometry.) 

A.l. Supermanifolds. Let V = Vo + V\ be a Z2-graded vector space. We recall that 
an element x £ V is called homogeneous (or of pure degree) if x € V0 U Vi. The 
degree of a homogeneous element x € V is the number x € Z2 = {0,1} such that 
x GVx- The element x €V said to be even if x — 0 and odd if x = 1. For V0 and Vi 
of finite dimension, the dimension of V is defined as dim V := dim Vol dim Vi — m\n 
and a basis of Vis by definition a tuple (xi,... ,xm,£i,... , £„) such that (x\,... ,xm) 
is a basis of V0 and (£i, • • • , £n) is a basis of V\. 

Definition 15. Let A be a Z2-graded algebra. The super-commutator is the bilin­
ear map [•,•]: A x A —>• A defined by: 

[a,b] := ab - {-lfha 

for all homogeneous elements a,b € A. The algebra A is called supercommutative 
if [a, b] = 0 for all a, b £ A. A Z2-graded supercommutative associative (real) algebra 
A = A0 + Ax will simply be called a superalgebra. 

Example 1: The exterior algebra AE = /\evenE + AoME over a finite dimensional 
vector space E is a superalgebra. 

Definition 16. A super Lie bracket on a Z2-graded vector space V = V0 + Vi is a 
bilinear map [•, •] : V x V —> V such that for all x, y, z € Vo U Vi we have: 

i) [x,y] = x + y, __ 
ii) [x,y] = -(-l)i*[y,x] and 

iii) [x, [y, z]] = [[x, y], z] + (—l)x^[y, [x, z]] ("super Jacobi identity"). 

The "Li-graded algebra with underlying Z2-graded vector space V and product defined 
by the super Lie bracket [•, •] is called a super Lie algebra. 

Example 2: The supercommutator of any associative Z2-graded algebra A is a super 
Lie bracket and hence defines on it the structure of super Lie algebra. For example, 
we may take A = End(V) with the obvious structure of Z2-graded associative algebra 
(with unit). The corresponding super Lie algebra is denoted by gl(V) and is called 
the general linear super Lie algebra. 

Let MQ be a (differentiable) manifold of dimension m. We denote by C£r0 its sheaf 
of functions. Sections of the sheaf C^0 over an open set U C MQ are simply smooth 
functions on U: C^0(U) = C°°(U). Now let A = Ao + A\ be a sheaf of superalgebras 
over MQ. 
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Definition 17. The pair M = (M0, A) is called a (differentiate) supermanifold of 
dimension d imM = m\n over M0 if for allp 6 M0 there exists an open neighborhood 
U B p and a rank n free sheaf Sy of C^-modules over U such that A\v = A£\j 
(as sheaves of superalgebras). A function on M (over an open set U C M0) is 
by definition a section of A (over U). The sheaf A = AM is called the sheaf of 
functions on M and M0 is called the manifold underlying the supermanifold M. 
Let M = (M0, AM) and N = (N0, AN) be supermanifolds. A morphism tp : M -» N 
is a pair tp = (tpo, <p*), where tpo '• M0 —> N0 is a smooth map and tp* : AN —• ((PO)*AM 

is a morphism of sheaves of superalgebras. It is called an isomorphism if tp0 is a 
diffeomorphism and tp* an isomorphism. An isomorphism tp : M —• M is called 
an automorphism of M. The set of all morphisms tp : M —• N (respectively, 
automorphisms (p : M —» M) is denoted by Mor(M,N) (respectively, Aut(M)). 

From Def. 17 it follows that there exists a canonical epimorphism of sheaves e* : 
A —• C^0, which is called the evaluation map. Its kernel is the ideal generated by 
Ai: kere* = {Ai) = A\ + A\. 

Given supermanifolds L, M, Â  and morphisms %p 6 Mor(L, M) and cp e Mor(M, N), 
there is a composition <p o tp g Mor(L, N) denned by: 

(tp o ip)0 = tp0 o tp0 and (tp o ip)* = tp* o tp*. 

Here we have used the same symbol ip* for the map (<PO)*AM —> (VO)*(^O)*^L = 
(tp0 o IPO)*AL induced by ip* : AM —> (I}>O)*AL- Similarly, if tp : M —> N is an 
isomorphism, then we can define it inverse isomorphism by: 

tp-l:=(tp^,(tp*)-'):N^M. 

Here, again, we have used the same notation (tp*)~l for the map AM —> (<PO1)*AN 

induced by (tp*)~l : (tpo)*AM —• AN- Finally, for every supermanifold M = (M0,A), 
there is the identity automorphism Idjn := (ldM0,1dj\). The above operations turn 
the set Aut(M) into a group. 
Example 3: Let E -> M0 be a (smooth) vector bundle of rank n over the Tri­
dimensional manifold M0 and £ its sheaf of sections. It is a locally free sheaf of C^0-
modules and SM(E) := (M0, AS) is a supermanifold of dimension m\n. Its evaluation 
map is the canonical projection onto 0-forms AS = C^0 + Y^j=i ̂ S -^ C^0. It is well 
known, see [Ba], that any supermanifold is isomorphic to a supermanifold of the form 
SM(E). However, the isomorphism is not canonical, unless n — 0. 
Example 4: Any manifold (M0,C^0) of dimension m can be considered as a super­
manifold of dimension m\0. In fact, it is associated to the vector bundle of rank 0 
over M0 via the construction of Example 3. For any supermanifold M = (M0,.4) 
the pair (IdM0,e*) defines a canonical morphism e : M0 —» M. The composition 
of e with the canonical constant map p : {p} —> M0 (p 6 M0) defines a morphism 
£p = (Pi £p) : {p} ->• M. The epimorphism e* : A ->• E onto the constant sheaf is 
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called the evaluation at p: 

# = (*7)(P)-

f(p):= e*f € R is called the value of / at the point p. 
Example 5: Let V = Vo + V\ be a Z2-graded vector space of dimension m\n and 
Ev = Vi x V0 —>• V0 the trivial vector bundle over V0 with fibre V\. Then to V we can 
canonically associate the supermanifold SM(V) := SM(EV), see Example 3. 

Let (zj,) = ( x j , . . . , x™) be local coordinates for M0 defined on an open set U C M0, 
£[/ a rank n free sheaf of CgP-modules over U and <f> : A£y -» .A^ an isomorphism. 
We can choose sections (fjj) = (£Q, . . . ,££) of £^ which generate £# freely over CgP. 
Then any section of Aft; is of the form: 

(21) / = Y, /a04 • • • - < ) £ , /a(4, • • • , *") € C°°(tO , 

where ££ := ($)ai A . . . A (f£)Q" for a = (au ... , a„). The tuple (0, x0, £
3

0) is called 
a local coordinate system for M over U. The open set U C M0 is called a 
coordinate neighborhood for M. Any function on M over U is of the form <p(f) 
for some section / as in (21). The functions xl := 4>{x0) € ^4(f/)0, £J := <A(£o) e -^i 
are called local coordinates for M over [/. The evaluation map 6* : .A —y ^Mo ^ 
expressed in a local coordinate system simply by putting £jj = • • • = £J = 0 in (21): 

«*M/)) = f(xl, . . . , < , 0,.... 0) := /«,,... ,o) ( 4 •••,*?)• 

In particular, we have e*:rJ = x0 and e*£J' = 0. 
Example 6: Let V — V0 + V\ be a Z2-graded vector space and (x\ f ) — (x\... ,xm, 
£ \ . . . ,f") a basis of the Z2-graded vector space V* = Hom(V,K). Then {x*,^) 
can be considered as global coordinates on the supermanifold SM(V), i.e. as local 
coordinates for SM(V) over V0 = SM(V)o, see Example 5. 

Let M and N be supermanifolds of dimension m\n and p\q respectively. In local 
coordinates (x\ f ) for M and (yk, rf) for N a morphism tp is expressed by p even func­
tions yk (a;1,... ,xm,^,... , £") := ^"y* and Q odd functions^'(a;1,... , rc" 1 ,^ , . . . , £") 
: = tp*rf. 

There exists a supermanifold M x N = (M0 x N0,AMXN) called the product of 
the supermanifolds M and N and morphisms TTM '• M x N ^ M, irN : M x N ^ N 
such that {n*MXl,-K*Nyk,-K*M£,i,'K*Nril) are local coordinates for M x N over U x V if 
(a;',fJ') are local coordinates for M over £/ and {yh,r]1) are local coordinates for ./V 
over V. The morphism 7Ti = -KM (respectively, 7T2 = TTN) is called the projection of 
M x N onto the first (respectively, second) factor. Given morphisms ipi : Mt —y Nt, 
i — 1,2, there is a corresponding morphism i/>i x ^ : ̂  x M2 -> JVi x A^ such that 
1TNl O ( ( ^ X tp2) — (fl O 7TMl a n d 7Tjv2 O ( ( ^ X (fi2) - <p2 ° 7I"M2-

As next, we will discuss the notion for tangency on supermanifolds. For this pur­
pose, we recall the following definition. 
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Definition 18. An endomorphism X = X0 + Xi e End(A) = EndK(A) (here Xa — 
a, a = 0,1) of a X2-graded algebra A is called a derivation if it satisfies the Leibniz-
rule 

Xa(ab) = Xa(a)b + {-l)™aXa(b) 

for all homogeneous a, b G A and a € Z2. The Z2-graded vector space of all deriva­
tions of A is denoted by Der A = (Der A)0 + (Der A)x. 

Notice that the supercommutator on End (A) restricts to a super Lie bracket on 
Der A. 

Definition 19. Let M = (M0,A) be a supermanifold. The tangent sheaf of M is 
the sheaf of derivations of A and is denoted by TM — (TM)O + (7M)I- A vector field 
on M is a section O}TM- The cotangent sheaf is the sheaf TM = Hom_^(TM,A). 
The full tensor superalgebra over TM is the sheaf of superalgebras generated by 
tensor products (^2-graded over A) ofTvr and TM. It is denoted by ®A{TM,TM). A 
tensor field on M is a section of ®A(TM,TM). 

Explicitly, a section X € TM{U) (U C M0 open) associates to any open subset 
V c C / a derivation X\v £ DeiA(V) such that 

X\vV\v) = x\u(f)\v f o r a 1 1 f^AU). 

Given local coordinates {x',^) on M over U there exist unique vector fields 

^ - e T M ( C / ) o and — € T M ( t / ) i 

such that 

^L-x* <£-„ ^ - n ^ - r f 
dxi " da* ' d& ~ ' d&~*' 

(Here, of course, <J* € A(U) is the unit element in the algebra A(U) if i = k and is 
zero otherwise.) Moreover, the vector fields (d/dxl,d/d^) freely generate TM{U) = 
Der A(U) over A(U). This shows that TM is a locally free sheaf of rank m\n = 
dim M over A. It is also a sheaf of super Lie algebras; simply because Der A(U) is a 
subalgebra of the super Lie algebra Endjj.4(L/) for all open U C MQ. As in the case 
of ordinary manifolds, given a vector field X there exists a unique derivation Cx of 
the full tensor superalgebra ®A(TM, TM) over TM compatible with contractions such 
that 

Cxf = X(f) and CXY=[X,Y] 

for all functions / and vector fields Y on M ([X, Y] is the supen;ommutator of vector 
fields). 
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Definition 20. Let M — (M0,A) be a supermanifold. A tangent vector to M at 
p £ M0 is an R-linear map u = uo + «i : Ap —> K such that 

va(fg) = va(fK(9) + ( - l ) o / # / K G 0 , a = 0,1, 
for all germs of functions f,g £ Ap of pure degree. (Ap denotes the stalk of A 
at p.) The Z2-graded vector space of all tangent vectors to M at p is denoted by 
TPM = (TpM)o + (TpM)i and is called the tangent space to M at p. 

Let X be a vector field denned on some open set U C M0 and p£U. Then we can 
define the value X(p) £ TPM of X at p: 

X(p)(f):=e;(X(f)), feAp. 

However, unless dimM = m\n = m|0, a vector field is not determined by its values 
at all p 6 M0. The above definition of value at a point p is naturally extended 
to arbitrary tensor fields S; the value of S at p is denoted by S(p). Again, unless 
dimM = m\n = m|0, a tensor field on M is not determined by its values at all 
p£ M0. 

Given a morphism <p : M —> N, to any local vector field X £ TM(U) on M we can 
associate a vector field dipX £ (<P*TN){U) on N with values in AM which is defined 
by: 

(d<pX)(f) = X(<p'f), f£AN(V), 

where V C iV0 is an open set such that ^ ' ( V ) D U. We recall that P*TN is the sheaf 
of .^M-modules over M0 defined by: 

tp*TN ••= AM ®p-uN V^TN • 

Here the action of ip^Ax on AM is defined by the map 

ipo AN -» Vo~ <P*AM -+ AM 

induced by <p* : AN —> <P*AM- By the above construction, we obtain a section dip 
of the sheaf Hom^(7M, <P*TN), which is expressed with respect to local coordinates 
(u1, . . . , « r a + " ) = (a;1,..., xm,t1,...,?\<mMw&{v1,...,rr*) = {y1,..., y^n1,..., 
rf) on N by the Jacobian matrix (%f). The value d<p(p) £ H o m ^ M j T ^ ^ i V ) of 
the differential at a point p £ M0 is defined by: 

dv{p)X{p) = (d<pX)(p) 

for all vector fields X on M. The differential de of the canonical morphism e : M0 —> 
M provides the canonical isomorphism de(p) : I],Mo ^> (TpM)0 for all p £ M. 

Definition 21. A morphism ip : M ^ N is called an immersion (respectively, a 
submersion j if dip has constant rank m\n = dimM (respectively, p\q = dimN), 
i.e. if for all local coordinates as above the matrix (e*(d<p*yt/dx:>)) has constant rank 
m (respectively, p) and (e*(dip*rf/d£j)) has constant rank n (respectively, q). An 
immersion <p : M —> N is called injective (respectively, an embedding, a closed 
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embedding,) and is denoted by ip : M ^ N if tp0 : M0 -> N0 is injective (re­
spectively, an embedding, a closed embedding). Two immersions ip : M —>• N and 
ip1 : M' —> N are called equivalent if there exists an isomorphism ip : M —> M' 
such that ip — tp' oip. A submanifold (respectively, an embedded submanifold, a 
closed submanifold^ is an equivalence class of injective immersions (respectively, 
embeddings, closed embeddings). 

Notice that for any supermanifold the canonical morphism e = (IdMo, e*) : M0 *-» 
M is a closed embedding. 

As for ordinary manifolds, immersions and submersions admit adapted coordinates: 

Proposition 15. (see [L], [K]) Let M and N be supermanifolds of dimension dim M = 
m\n and dim TV = p\q. A morphism ip-.M—^Nisan immersion (respectively, sub­
mersion) if and only if for all (x, y — ipo(%)) € M0 x ip0(M0) c M0 x N0 there exists lo­
cal coordinates (x1,... ,xm,^,... ,f") forM defined near x and (y1,... ,yv,rf,... ,nq) 
for N defined near y such that 

» ,• ( xl for i = \,... ,m < p , » , f 
y = < n t ^ / ~ and V V = i 
y \ 0 for m <i <p ^ ' [ 

£} for j = 1,... ,n<q 
0 for n < j < q 

(respectively, 

ip*yl = xl for i = \,... ,p <m and ip*rf — f for j — 1 , . . . , q < n). 

For any submanifold <p : M <-> N we define its vanishing ideal Jy C {AN)V at 
y e NQ as follows: Jy := {AN)y if y & fo(M0) and Jy := ker(r o tp*) if y = ip0(x), 
x € M0, where r : {{fo)*A,M)y -* (AM)X is the natural restriction homomorphism. 
The union J :— LiyeN0Jy C AN is called the vanishing ideal of the submanifold 
ip : M ^ N. By Prop. 15, it has the following property (P): If y € ip0(M0) then 
there exists p — m even functions (yl) and q — n odd functions rf on N vanishing at y 
whose germs at y generate Jy and which can be complemented to local coordinates for 
N defined near y. (Here m\n — dimM and p\q — dimN.) We denote by Zv C iVo 
the submanifold defined by the equations c*yl = 0 on some sufficiently small open 
neighborhood U C NQ of y. Then U can be chosen such that the germs of the functions 
{y%, rf) at z generate Jz for all z € Zy. 

Conversely, let <po '• M0 <-• iVo be any submanifold and Jy C {AN)V, y & N, 
a collection of ideals with the above property (P) and such that Jy = (AN)V for 
y $. ipo(M0), then there exists a supermanifold M = (MQ,AM) and an injective 
immersion <p = (ip0, ip*) : M «-> TV with J = UyejstJy as its vanishing ideal. 

Notice that if M <-• N is a closed submanifold then its vanishing ideal can be 
defined directly as the sheaf of ideals J := kevip*. 

A.2. Pseudo-Riemannian metrics, connections and quaternionic structures 
on supermanifolds. Let A be a superalgebra and T a free A-module of rank m\n. 
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Definition 22. An even (respectively, odd) bilinear form on T is a biadditive map 
g :T x T -> A such that 

g(aX,bY) = (-l)iJtabg(X,Y) 

(respectively, g(aX, bY) = (-l)l*+~a+labg(X, Y)), 

for all homogeneous a,b G A and X,Y G T. A bilinear form g on T is called 
supersymmetric (respectively, super skew symmetric,) if 

g(X,Y) = (-l)ji*g(Y,X) 

(respectively, g(X, Y) = -(-lf9g(Y, X)), 

for all homogeneous X,Y &T. It is called nondegenerate if 

TBX^- g(X, •) G T* = HomA(T, A) 

is an isomorphism of A-modules. The A-module of bilinear forms on T is denoted 
by BUA(T) = BilA(T)0 + BilA(T)!. 

Notice that BilA(T) S HomA(T,T*) S T* <g>A T*, where T* = HomA(T, A). 
For a supermanifold M = (Mo, A) the sheaf B U ^ T M of bilinear forms on TM 

is defined in the obvious way such that (BH^TM)(U) = ^^A(U)(TM(U)) for every 
open subset U C M0 with the property that TM(U) is a free A(U)-module. We 
have obvious isomorphisms of sheaves of .A-modules: Bi\^ TM — Hom^(7M,7^) = 
TM ®A TM- Since any section g of BH^TM can be considered as a tensor field on 
M, it has a well defined value g(p) G Biljj (TPM) for all p G M0. The restriction 
g(p) J (TpM)o x (TpM)o defines a section g0 of Bilc°° TM0 via the canonical identification 

de(p) : TpM0 A (TpM)o. 

Definition 23. A pseudo-Riemannian metric on a supermanifold M = (M0,A), 
M0 connected, is an even nondegenerate supersymmetric section g of BH^TM- The 
signature (k,l) of g is the signature of the pseudo-Riemannian metric go on M0. 
The pseudo-Riemannian metric g is said to be a Riemannian metric if g0 is Rie-
mannian. Let M = (MtA) be a supermanifold andE a locally free sheaf of A-modules. 
A connection on £ is an even section V of the sheaf B\OVO.^(TM •, Endjjf) , which to 
any vector field X on M associates a section Vx of End™ £ such that 

Vxfs = X(f)s + (-lff~fVxs 

for all vector fields X on M, functions f on M and sections s of £ of pure degree. The 
curvature RofVis the even super skew symmetric section of End^ £ (g^ Bil^ TM 
defined by: 

R(X,Y) := VxVy - ( - l ) * ? V y V * - V [ X ,Y] 
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for all vector fields X, Y on M of pure degree. A connection on a supermanifold 
M is by definition a connection on its tangent sheaf TM- Its torsion is the even super 
skew symmetric section of TM ®A Bil.4 TM defined by: 

T(X, Y) := VXY - {-lf*VYX - [X, Y] 

for all vector fields X,Y on M of pure degree. 

As for ordinary manifolds, a connection V on a supermanifold M induces a con­
nection on the full tensor superalgebra ®A{TM,TM) • In particular, if g is e.g. an 
even section of Bil.4 TM — TM <8> TM then we have 

(Vxg)(Y, Z) = Xg(Y, Z) - g(VxY, Z) - (-l)*fg(Y, VXZ) 

for all vector fields X, Y and Z on M of pure degree. As in the case of ordinary 
manifolds, see e.g. [O'N], one can prove that a pseudo-Riemannian supermanifold 
(M, g) has a unique torsionfree connection V = V9 such that Vg = 0. We will call 
this connection the Levi-Civita connection of (M,g). It is computable from the 
following superversion of the Koszul-formula: 

2g(VxY,Z) = Xg(Y,Z) + (-l)*^Yg(Z,X) 

-(-l)^+y)Zg(X,Y)-g(X,[Y,Z)) 

(22) + (-lf^g(Y, [Z, X}) + (-lf^g(Z, [X, Y]) 

for all vector fields X, Y and Z on M of pure degree. 
Next we are going to define quaternionic supermanifolds and quaternionic Kahler 

supermanifolds. First we define the notion of almost quaternionic structure. 

Definition 24. Let M = (M0,A) be a supermanifold. An almost complex struc­
ture on M is an even global section J £ (End^7M)(M0) such that J2 — —Id. An 
almost hypercomplex structure on M is a triple (Ja) = (J1; J2, J3) of almost com­
plex structures on M satisfying J1J2 = J-$. An almost quaternionic structure on 
M is a subsheafQ c End^Tw with the following property: for every p G M0 there ex­
ists an open neighborhood U C M0 and an almost hypercomplex structure (Ja) on M\v 

such that Q(U) is a free A(U)-module of rank 3|0 with basis (Ji, J2, J3). A pair (M, J) 
(respectively, (M, (Ja)), (M, Q)) as above is called an almost complex superman­
ifold (respectively, almost hypercomplex supermanifold, almost quaternionic 
super manifold). 

Second we introduce the basic compatibility conditions between almost quater­
nionic structures, connections and pseudo-Riemannian metrics. 

Definition 25. Let {M,Q) be an almost quaternionic supermanifold of dimension 
dimM = m\n. A connection V on (M,Q) is called an almost quaternionic con­
nection i /V preserves Q, i.e. ifVxS is a section of Q for any vector field X on M 
and any section SofQ. A quaternionic connection on (M, Q) is a torsionfree al­
most quaternionic connection. If the almost quaternionic structure Q on M admits a 
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quaternionic connection, then it is called 1-integrable or quaternionic structure. 
In this case the pair (M, Q) is called a quaternionic supermanifold, provided that 
m = dimM0 > 4. 

Definition 26. A (pseudo-) Riemannian metric g on an almost quaternionic super-
manifold (M, Q) is called Hermitian if sections of Q are g-skew symmetric, i. e. if 
g(SX,Y) = —g(X,SY) for all sections S of Q and vector fields X, Y on M. In this 
case the triple (M,Q,g) is called an almost quaternionic (pseudo-) Hermitian 
supermanifold. //, moreover, the Levi-Civita connection V9 of the Q-Hermitian 
metric g is quaternionic, then (M, Q, g) is called a quaternionic (pseudo-) Kahler 
supermanifold, provided that m = dim M0 > 4. 

We recall that to any (pseudo-) Riemannian metric j o n a supermanifold M we 
have associated the (pseudo-) Riemannian metric go on the manifold M0, see Def. 
23. Now we will associate an almost quaternionic structure Qo on MQ to any almost 
quaternionic structure Q on M. To any even section S of End.4 TM we associate a 
section 50 of Endc~o TMo denned by S0{p) = S{p)\TpM0, where S{p) e (EndK{TPM))0 

is the value of the tensor field S at p € Mo and, as usual, TPMQ is canonically identified 
with (TPM)0. Let Q0 C Endc~ TM0

 De the subsheaf of C^0-modules spanned by the 
local sections of the form So, where 5 is a local section of Q. Then Q0 is a locally free 
sheaf of rank 3 and hence it defines a rank 3 subbundle of the vectorbundle End TM0, 
more precisely, an almost quaternionic structure on M0 in the usual sense, see Def. 5. 

Finally we give the definition of quaternionic supermanifolds and of quaternionic 
Kahler supermanifolds of dimension 4|n. 

Definition 27. An almost quaternionic supermanifold (M, Q) of dimension dim M = 
4|n is called a quaternionic supermanifold if 

i) there exists a quaternionic connection V on (M,Q), 
ii) (MQ,QO) is a quaternionic manifold in the sense of Def. 8. 

An almost quaternionic Hermitian supermanifold (M, Q, g) of dimension dim M = 
A\n is called a quaternionic Kahler supermanifold if 

i) the Levi-Civita connection V s preserves g and 
ii) (M0,Qo) is a quaternionic Kahler manifold in the sense of Def. 11. 

A.3. Supergroups. Let V = V0 + V\ be a Z2-graded vector space. We recall that 
gl(V) denotes the general linear super Lie algebra. Its super Lie bracket is the 
supercommutator on Endjj V, see Example 2. 

Definition 28. A representation of a super Lie algebra g on a Z2-graded vector 
space V is a homomorphism of super Lie algebras g —¥ gl{V). The adjoint repre­
sentation of g is the representation ad : g 9 x M- adx £ gl(g) defined by: 

&dxy =[x,y], x,y € g . 

Here [•,•] denotes the super Lie bracket in g. A linear super Lie algebra is a 
subalgebra g C gl(V). 
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Notice that, by the super Jacobi identity, see Def. 16, adx is a derivation of g for 
all x € g. 

Now let £ be a module over a superalgebra A; say E = V <g> A, where V is a 
Z2-graded vector space (and <g> stands for the Z2-graded tensor product over R). The 
invertible elements of (EndA-E')o form a group, which is denoted by GLA(-E'). Given 
a Z2-graded vector space V, the correspondence 

A M- GLA(V ® A) 

defines a covariant functor from the category of superalgebras into the category of 
groups. We can compose this functor with the contravariant functor 

M = (M0,A)^A{MQ) 

from the category of supermanifolds into that of superalgebras. The resulting con­
travariant functor 

M H> GL(V)[M] := GLA{Mo)(V ® A(M0)) 

from the category of supermanifolds into that of groups is denoted by GL(V)[-]. 

Definition 29. A supergroup G[-] is a contravariant functor from the category of 
supermanifolds into that of groups. The supergroup GL(V)[-], defined above, is called 
the general linear supergroup over the Z2-graded vector space V. A subgroup of 
a supergroup G[-] is a supergroup H[-] such that H[M] is a subgroup of G[M] for all 
supermanifolds M and H[tp] = G[<p]\H[N] for all morphisms if : M —>• N. We will 
write H[-} c G[-] if H[-] is a subgroup of the supergroup G[-]. A linear supergroup 
is a subgroup H[-] c GL(V)[-]. 

Example 7: To any linear super Lie algebra g C gl(V) we can associate the linear 
supergroup G[-] C GL(V)[-] defined by: 

G[M]:=(exp(g®^(M0))o> 

for any supermanifold M = (M0, A). The right-hand side is the subgroup of GL^(Mo) 

(V <8> A(M0)) generated by the exponential image of the Lie algebra (g ® A{M0))0 c 
(gl(F) <8> A(M0))0 = (EndA{Mo)(V ® A(M0)))0. The convergence of the exponential 
series, which is locally uniform in all derivatives of arbitrary order, follows from the 
analyticity of the exponential map by a (finite) Taylor expansion with respect to the 
odd coordinates. G[-] is called the linear supergroup associated to the linear 
super Lie algebra g. 

For any supermanifold M we denote by A M — (AMo, A*M) the diagonal embed­
ding defined by: AMo(x) = (x,x) (x £ M0) and A*Mw*f = f for all functions / on 
M. Here 7Tj : M x M —> M denotes the projection onto the i-th factor o f M x M 
(t = l,2). 

Definition 30. A Lie supergroup is a supermanifold G = (G0,AG) whose under­
lying manifold is a Lie group Go (which, for convenience, we will always assume to 
be connected) with neutral element e £ Go, multiplication /x0 : Go x Go —> G0 and 
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inversion i0 : Go —»• Go, together with morphisms /x = (fio,/J,*) • G x G —> G and 
i = ((,0, (.*) : G -> G such that 

i) /to (ldG x / i ) = p ( / i x IdG) € Mor(G x G x G, G), 
ii) /i o (IdG x ee) = 7ri : G x {e} ^ G, /i o (ee x IdG) = 7r2 : {e} x G -^ G and 

iii) \x o (IdG x 4) o AG = \i o (i x IdG) o AG = IdG. 

Here ee = (e, e*) : {e} <-» Go *-» G «s i/ie canonical embedding. The morphisms /J, 
and L are called, respectively, multiplication and inversion in the Lie supergroup 
G. A Lie subgroup of a Lie supergroup G = (Go,-AG) is a submanifold ip : H — 
(H0, AH) '-> G such that the immersion <po : Ho <-> Go induces on H0 the structure of 
Lie subgroup of Go and (p induces on H the structure of Lie supergroup with underlying 
Lie group H0. We will write H c G if H is a Lie subgroup of G. An action of a Lie 
supergroup G on a supermanifold M is a morphism a : G x M —> M such that 

i) a o (IdG x a) = ao(jJLX Idjw) and 
ii) a o (ee x IdM) = ir2 • {e} x M A M. 

Given an action a : G x M —• M we have the notion of fundamental vector 
field X associated to x € TeG. It is defined by X(f) := x(a*f). The correspondence 
x H-> X defines an even R-linear map TeG —>• 7M(A^O) from the Z2-graded vector 
space TeG to the free ^tM(^o)-module of global vector fields on M. 

Definition 31. Let an action a of a Lie supergroup G on a supermanifold M be 
given. A tensor field S on M is called G-invariant if the Lie derivative CxS = 0 for 
all fundamental vector fields X. (Notice that, in particular, this defines the notion 
of G-invariant pseudo-Riemannian metric on M.) An almost quaternionic structure 
Q on M is called G-invariant if CxS is a section of Q for all sections S of Q and 
fundamental vector fields X on M. 

We can specialize the above definition to the (left-) action fi: G xG —> G given by 
the multiplication in the Lie supergroup G. The G-invariant tensor fields with respect 
to that action are called left-invariant. A tensor field S is called right-invariant if 
LxS = 0 for all left-invariant vector fields X on G. The right-invariant vector fields 
are precisely the fundamental vector fields for the action fi. 

For any Lie supergroup G, we can define a group homomorphism \xx : G0 —> Aut(G) 
by: 

H,(g) :=i*o (c, x IdG) :{g}xG^G-^G, g £ G0. 

Here eg : {g} <—>• G is the canonical embedding and {g} x G is canonically identified 
with G via the projection 7r2 : {g} xG ^> G onto the second factor. Similarly, we can 
define a group antihomomorphism fir : Go —> Aut(G) by: 

lir(g) :=fio [ldG x eg) : G x {g} ^ G -> G, g € G0 • 
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Notice that the canonical embedding e : Go c-» G is Go-equivariant with respect to 
the usual left- (respectively, right-) action on Go and the action on G defined by \x\ 
(respectively, nT). 

Given a Lie supergroup G and a supermanifold M there is a natural group structure 
on Mor(M, G) with multiplication defined by: 

tp • ip := fi o (tp x V) ° A M , <p, i> € Mor(M, G ) . 

The correspondence M i-> Mor(M, G) defines a supergroup. 

Definition 32. T/ie supergroup G[-\ := Mor(-,G) is ca//ed ifte supergroup subordi­
nate to the Lie supergroup G. 

Example 8: Let V be a Z2-graded vector space. Then GL|g(y) is, by definition, the 
group of invertible elements of (Endjj V)0- The Lie group G L J J ( V ) = GLj^(Vo) x 
GLjg(Vi) is an open submanifold of the vector space (EndjjV)o = SM (End^V)o, 
see Example 5. We define the submanifold 

GL(V) := 5M(End R l / ) | G L K ( v ) ^ SM(EndK V) . 

The manifold underlying the supermanifold GL(V) = {GL(V)0, AGL(V)) is the above 
Lie group: GL(y)0 = GLg(T^). From the definition of the supermanifold GL(l /) 
it is clear that Mor(M, GL(V)) is canonically identified with the set GLA(Mo){V <g> 
A(M0)) = GL(V)[M] (cf. Def. 29) for any supermanifold M = (M0,A). Moreover, 
GL(V) has a unique structure of Lie supergroup inducing the canonical group struc­
ture on GL(1/)[M] for any supermanifold M. In other words, the general linear 
supergroup GL(V)[-] is the supergroup subordinate to the Lie supergroup GL(V), see 
Def. 32. 

Definition 33. The Lie supergroup GL(F) is called the general linear Lie super­
group. A linear Lie supergroup is a Lie subgroup of GL(V). 

There exists a unique morphism 

Exp : SM(gl{V)) -»• GL(V) 

such that 

Exp otp = exp(tp) 

for all supermanifolds M = (M0,A) and tp € Mor(M, SM(gl(V))) = (gl(^) <g> 
A(M0))0 = (End^(M0) V®A{M0))a, where, on the right-hand side, exp : (End^(Mo) V® 
A(M0))0 -> GLA{Mo)(V ® A(M0)) = Mor(M, GL(F)) is the exponential map for even 
endomorphisms of V <g> A(M0) (for the definition of the supermanifold SM(gl(V)) 
see Example 5). The underlying map Exp0 : g\{V)0 = SM(gl(V))0 ->• GL(V)0 is the 
ordinary exponential map for the Lie group GL(y)0: Exp0 = exp. The morphism 
Exp is called the exponential morphism of gl(V). 
Example 9: Let g C gl(V) be a linear super Lie algebra and G[-] C GL(V)[-] 
the correponding linear supergroup, see Example 7. We denote by G0 C GL(V)0 
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the connected linear Lie group with Lie algebra go- It is the immersed Lie subgroup 
generated by the exponential image of g0 = gl(V)o- We define an ideal Jg c (.AGL(V))S 

as follows: A germ of function / G (.AGL(V))9 (9 € G0) belongs to Jg if and only 
if r(<p*f) — 0 for all injective immersions ip G G[M] C Mor(M, GL(V)), where 
r '• {{fo)*^M)g —• {AM)V-U„) is the natural restriction map. We claim that JG '•— 
Ug£G0Jg is the vanishing ideal of a submanifold G <-> GL(V). Due to the invariance 
of JG under the group Hi(G0) C Aut(G) it is sufficient to prove the claim locally over 
an open set of the form exp U C Go, U C go an open neighborhood of 0 € go- The 
local statement follows from the fact that the morphism S'M(g) <-• SM(gl(V)) -¥ 
GL(V) has maximal rank at 0 € go = 5M(g)0 and hence defines a submanifold 
SM(g)\u <-¥ GL(V) for some open neighborhood of U of 0 G g0. The vanishing ideal 
of this submanifold coincides with JG over exp U by the definition of the exponential 
morphism. Next we claim that multiplication \i : GL(V) x GL(V) —• GL(V) and 
inversion i: GL(V) —> GL(V) have the property that \CJG C JGXG and L*JG = JG-

Here JGXG is the vanishing ideal of the submanifold G x G ^ GL(V) x GL(V). 
The claim follows from the fact that G[-] is a subgroup of GL(V)[-] and implies that 
the morphisms GxG *-+ GL(V) x GL(V) A GL(V) and G ^ Gh{V) 4 GL(V) 
induce morphisms G x G —» G and G —> G, which induce on G the structure of Lie 
supergroup. In other words, G is a Lie subgroup of the general linear Lie supergroup 
GL(V). It is called the linear Lie supergroup associated to the linear Lie 
superalgebra g c gl(V'). Notice that Exp* maps JG into the vanishing ideal of 

5M(g) ^ SM{gl(V)) and hence the restriction 5M(g) -->• SM(gl{V)) ^ ? GL(V) 
of the exponential morphism induces a morphism 5M(g) —> G, which is called the 
exponential morphism of g and is again denoted by Exp. Its differential at 0 € go 
yields an isomorphism g = T0SM(g) A TeG. 

A.4. Homogeneous supermanifolds. Let G = {G0, AQ) be a Lie supergroup, K c 
Go a closed subgroup and 7To : Go —• GQ/K the canonical projection. Then the 
subsheaf AQ '•= AQ ' C AG of functions on G invariant under the subgroup fJ,r(K) C 
Aut(G) is again a sheaf of superalgebras on Go- Explicitly, a function / G AG{U) 
(U C Go open) belongs to AG{U) if it can be extended to a /ir(X)-invariant function 
over UK C G0. Its pushed forward sheaf AG/K '•= {^O)*AG is a sheaf of superalgebras 
on the homogeneous manifold GQ/K. 

Theorem 18. (cf. [K]) Let G <-> GL(T/) be a closed linear Lie supergroup and 
K c G0 a closed subgroup. Then G/K = (G0/K,AG/K) is a supermanifold with 
a canonical submersion IT : G —• G/K and a canonical action a : G x G/K ->• G/K. 

Proof: Since //;(<?) G Aut(G) induces isomorphisms 

AG/K{gU) ^ AG/K{U) 

for all g e G0 and U C G0/K open, it is sufficient to check that G/K\v = (U, AGIK\V) 

is a supermanifold for some open neighborhood U of eK G GQ/K. 
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Lemma 12. Under the assumptions of Thm. 18, there exists local coordinates (x, y, f) 
for GL(V) over some neighborhood U = UK C GL(V)0 of e € GL(F)o such that 

1) x = (xl) and y = (yJ) consist of even functions and £ = (f *) o/ odd functions, 
2) -4GL(V)(^0 *S *^e subalgebra of AGL(V)(U) which consists of functions f(x,£) 

only of (x, £), more precisely, 

a 

where the fa(x) S AGL(V)(U) are functions only of x, i.e. if fa{x) / 0 then 
fa(x) does not belong to the ideal generated by £ and e*fa(x) € C°°(U) are 
functions only ofe*x (independent ofe*y). Here we used the multiindex notation 
a = (a i , . . • , a2mn) € Z*»" (m\n = dim V) and £a = H^W' • 

Proof: The natural (global) coordinates on the supermanifold GL(V) are the matrix 
coefficients with respect to some basis of V. We will denote them simply by (2', C') 
instead of using matrix notation. For these coordinates it is clear that nr{g)*zk is 
a linear combination (over the real numbers) of the even coordinates z :— (zl) and 
Hr{g)*(l is a linear combination (over the real numbers) of the odd coordinates C := 
(CO for all g e GL(V)0. In particular, we obtain a representation p of K c GL(V)0 

on the vector space spanned by the odd coordinates. Let Ep —> G0/K denote the 
vector bundle associated to this representation. Any ^r(ii')-invariant function on 
GL(V) linear in C defines a section of the dual vector bundle E* and vice versa. 
Now, since E* is locally trivial (like any vector bundle), we can find /^(.fQ-invariant 
local functions £ = (CO linear in C such that (z,£) are local coordinates for GL(V) 
over some open neighborhood U = UK c GL(F)0 of e. Next, by way of a local 
diffeomorphism in the even coordinates z, we can arrange that z = (x,y), where 
the x are /ir(A')-invariant functions on GL(V) such that e*x e C°°(U) induce local 
coordinates on Go/K. Now any function / e AGL{V)(U) has a unique expression of 
the form 

(23) £ / a (a,!/)?*, 
a 

where the fa(x,y) are functions only of (x,y). From the /ir(if)-invariance of the £Q 

it follows that / is ^r(A')-invariant if and only if the fa(
x,y) are ^(iQ-invariant. 

The function fa(x, y) is /zr(.fir)-invariant if and only if e*fa(x, y) G C°°(U) is invariant 
under the right-action of K on GL0, i.e. if and only if e*fa(x, y) is a function only of 
e*x. This shows that / e AGL{V)(U)K if and only if the coefficients fa(x,y) in the 
expansion (23) are functions only of x • 

We continue the proof of Thm. 18. From Lemma 12 it follows that GL(V)/K is a 
supermanifold. In fact, the A'-invariant local functions (a;, £) on GL(V) constructed 
in that lemma induce local coordinates on GL(V)/K. Next we restrict the coordi­
nates (x,y, f) to the submanifold G <-)• GL(V). We can decompose x = (x',x"), 
£ = (£',£") s u c h that (x',y,£') restrict to local coordinates on G over some open 
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neighborhood (again denoted by) U of e € Go (notice that, by construction, y restrict 
to local coordinates on K). Now, as in the proof of the corresponding statement for 
GL(V) (see Lemma 12), it follows that AQ(U) consists precisely of all functions of 
the form f(x',£') = J2 faix')(£')"• This proves that G/K is a supermanifold with 
local coordinates (x1, £') over U. 

The inclusion AQ C AQ defines the canonical submersion IT : G —> G/K. Finally, 
if / is a /ir(ii')-invariant (local) function on G then fj,*f is a (local) function on 
G x G invariant under the group Ido x y,r(K) C Aut(G x G). This shows that the 
composition G X G A G 4 G/K factorizes to a morphism a : G x G/K —• G/K, 
which defines an action of G on G/K. • 

Definition 34. The supermanifold M — G/K is called the homogeneous super­
manifold associated to the pair (G, K). 

For the rest of the paper let g C gl(V) be a linear super Lie algebra, k c go 
a subalgebra and g = k + m a k-invariant direct decomposition compatible with 
the Z2-grading. We denote by K C Go C G C GL(V) the corresponding linear 
Lie supergroups (see Example 9) and assume that the (connected) Lie subgroups 
K C Go C GL(V)0 are closed. Then, by Thm. 18, M = G/K is a supermanifold 
with a canonical action of G. We have the canonical identification m = g/k = TeKM 
given by x H-> X(eK), where X(eK) is the value of the fundamental vector field X 
on M associated to x 6 m at the base point eK S GQ/K = M0. We claim that 
any adk-invariant tensor SeK over m defines a correponding G-invariant (see Def. 31) 
tensor field on M such that S(eK) = Se^. Here by a tensor over m we mean an 
element of the full tensor superalgebra ®(m, m*) over m. In fact, for any tensor 
SeK over m there exists a corresponding left-invariant tensor field S on G such that 
S(eK) = SeK- In order for S to define a tensor field on G/K it is necessary and 
sufficient that S is //r(i^)-invariant, or, equivalently, that SeK is adk-invariant. In 
particular, we have the following proposition: 

Proposition 16. Let gex be an adk-invariant nondegenerate supersymmetric bilinear 
form on m. Then there exists a unique G-invariant pseudo-Riemannian metric g on 
M = G/K (see Def. 23 and Def. 31) such that g{eK) = geK- Let QeK be an adk-
invariant quaternionic structure on m (i.e. ad : k —> gl(ni) normalizes QeK)- Then 
there exists a unique G-invariant almost quaternionic structure Q on M (see Def. 24 
and Def. 31) such that Q(eK) = QeK-

Finally, we need to discuss G-invariant connections on M = G/K. 

Definition 35. A connection V on a homogeneous supermanifold M = G/K is called 
G-invariant if 

£x(VYS) = V[X,Y]S + (-1)**VY(CXS) 

for all vector fields X and Yon M. 
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Let V be a connection on a supermanifold M. For any vector field X on M one 
defines the AM{M0)-linear operator 

Lx := C-x — Vjr . 

We denote by Lx(p) € Endjg TPM its value at p € M0; it is defined by Lx(p)Y(p) = 
(LxY)(jp) for all vector fields Y on M. 

For a G-invariant connection V on a homogeneous supermanifold M — G/K as 
above we define the Nomizu map L = L(V) : g -» End(TeKM), x h-> L^, by the 
equation 

L x : = L x ( e t f ) , 
where X is the fundamental vector field on M associated to a; 6 g. The operators Lx S 
End(TeKM) will be called Nomizu operators. They have the following properties: 

(24) Lx = dp(x) for all i £ k 

and 

(25) LAdkX = p(k)Lxp(k)~1 for all i £ g , k e K, 

where p : K —> GL(Te/fM) is the isotropy representation (under the identification 
TexM = m the representation p is identified with adjoint representation of K on m). 

Conversely, any even linear map L : g —> End(T[e]M) satisfying (24) and (25) is 
the Nomizu map of a uniquely defined G-invariant connection V — V(L) on M. Its 
torsion tensor T and curvature tensor R are expressed at eK by: 

T(nx,iry) = -(Lxny - (-l)xyLyirx + n[x,y]) 

and 

#(7r:r,Try) = [Lx,Ly] + L[XtV], i , j / 6 g 

where 7r: g —> TeKM is the canonical projection a; >->• 7ra; = X(eA") = ^|t=o exp(tx)K. 
Suppose now that we are given a G-invariant geometric structure S on M (e.g. a 

G-invariant almost quaternionic structure Q) defined by a corresponding /^-invariant 
geometric structure SeK on TeKM. Then a G-invariant connection V preserves S 
if and only if the corresponding Nomizu operators Lx, i £ g , preserve SeK- So to 
construct a G-invariant connection preserving 5 it is sufficient to find a Nomizu map 
L : g —• End(TeK M) such that Lx preserves Se for all i g g . We observe that, due to 
the .ft'-invariance of Se, the Nomizu operators Lx preserve Se already for x € k. The 
above considerations can be specialized as follows: 

Proposition 17. Let Q be a G-invariant almost quaternionic structure on a homo­
geneous supermanifold M = G/K. There is a natural one-to-one correspondence 
between G-invariant almost quaternionic connections on (M, Q) and Nomizu maps 
L : g —> End(TeKM), whose image normalizes Q(eK), i.e. whose Nomizu operators 
Lx, i £ g , belong to the normalizer n(Q) = sp(l) © gl(d,H) (d = (m + n)/A) of the 
quaternionic structure Q{eK) in the super Lie algebra gl(TeKM). 
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Corollary 10. Let (M = G/K, Q) be a homogeneous almost quaternionic superma­
nifold and L : g -> End(TeKM) a Nomizu map such that 

(1) Lxiry - (—1)^Lyirx = —n[x,y] for all x,y e g (i.e. T = 0) and 
(2) Lx normalizes Q{eK) C End(TeKM). 

Then V(L) is a G-invariant quaternionic connection on (M, Q) and hence Q is 1-in-
tegrable. 

For use in 4, we give the formula for the Nomizu map L9 associated to the Levi-
Civita connection V s of a G-invariant pseudo-Riemannian metric g on a homogeneous 
supermanifold M = G/K. Let (-,-) = g{eK) be the .^-invariant nondegenerate 
supersymmetric bilinear form on TexM induced by g (the value of g at eK). Then 
L9, e End(TeKM), x £ g, is given by the following Koszul type formula: 

(26) 
-2(L9

xiry,TXZ) = {-K[X,y],irz) - {vx,n[y,z]) - (-l)xy(ny,ir[x,z}), x,y,z€g. 

Corollary 11. Let (M = G/K,Q,g) be a homogeneous almost quaternionic (pseudo-
) Hermitian supermanifold and assume that L9. normalizes Q(eK) for allx € g. Then 
the Levi-Civita connection V s = V(L9) is a G invariant quaternionic connection on 
(M, Q, g) and hence (M, Q, g) is a quaternionic (pseudo-) Kdhler supermanifold if 
dim M0 > 4. 
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ST. DIMIEV, R. LAZOV, AND N. MILEV 

ABSTRACT. Almost-complex and hyper-complex manifolds are considered in this 
paper from the point of view of complex analysis and potential theory. The idea 
of holomorphic coordinates on an almost-complex manifold (M, J ) is suggested by 
D. Spencer [Sp]. For hypercomplex manifolds we introduce the notion of hyper-
holomorphic function and develop some analogous statements. Elliptic equations 
are developed in a different way than D. Spencer . In general here we describe only 
the formal aspect of the developed theory. 

1. INTRODUCTION. 

Differentiable manifolds are described locally by smooth real coordinates. This 
is typical in differential geometry. Complex-analytic manifolds are equipped locally 
by complex-analytic coordinates. This give rise to the possibility of applying the 
theory of holomorphic functions of many complex variables in the local geometry of 
complex-analytic manifolds. In the case of almost complex manifolds (M, J) one use 
ordinary real coordinates (a;1, ...,x2n). Here we shall consider complex self-conjugate 
coordinates (z1,...,zn,z1,...,zn), where zk — x2k~x + ix2k and zk — x2k~x — ix2k. 
We denote by J* the action of J on differential forms of M, i. e. by definition 

(3*(u)X = u(3X), where X is a vector field, and u is a differential form on M. For 
a fixed index k, we say that zk is a "holomorphic" coordinate if 3*dzk = idzk and 
3*dzk = —idzk. For non-holomorphic coordinates zQ we have 

3*dzq = J\dzl + .... + jyzn + J^+1dzn+1 + .... + J2n dz2n 

In the case zk is a holomorphic coordinate for each k = 1, ...,n, the almost com­
plex structure J is an integrable one. The interest of the existence of holomorphic 
coordinates zk when the index k takes not all values 1,..., n is suggested by Donald 
Spencer [Sp]. 

By H = M(l,iJ,k),ij=k, we will denote the 4-dimensional quaternionic vector space, 
i. e. q € H means that q = x° + ix1 +jx2 + kx3, where x°, xl,x2,x3 £ R. We will use 
different complex number representation for quaternions q, namely q = z + (j, where 
z = x° + ia^and Q = x2 + ix3. So we obtain the right j-complex splitting of H, denoted 
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by IP', i. e. IP' = (Rffii R)©(R©i R)j . By R © i R is denoted the tensor product of 
E with itself under the basis (1,0) and (0, i). Identifying E©i E with C we have that 
MP is isomorphic to C x C. Analogously, we will consider the right i-complex splitting 
of H, namely HP = (E © j R)©(E © j K)i , i.e. q = x° +jx3+ + (x2 - jxA)i . HP is 
isomorphic to C x C too. 

By HP is denoted the n-dimensional quaternionic vector space (real 4n-dimensional) 

W = {(q\...,qn) : qa eM,a = l,...,n} 

According to the above accepted notation we have qa — za + Caj , a = 1,..., n or 

HP = C" + C j , C = {z\ ..., zn :za £ C} 

This representation is with respect of the right j-complex splitting HP. A similar 
representation of HP can be written with respect to the right i-complex splitting 
HP : HP = C + C"i , C" = E" © R"i , C" = R" © Rni . 

Let (M, J, K) be a hyper-complex manifold, J K + KJ = 0, dimMR = An. A pair of 
complex coordinates (z, () is called hyper-holomorphic pair if z is holomorphic with 
respect to the almost-complex manifold (M, J) and C is holomorphic with respect to 
(M,K). 

2. HOLOMORPHIC COORDINATES 

2.0.1. Almost-holomorphic functions. By definition a function / : [ / — > C, where U 
is an open subset of M, is called almost holomorphic or almost complex if Bf — 0. 
The above definition can be reformulated in the following equivalent form: 

/ is almost holomorphic iff 3*df = idf 

Respectively, / is almost-antiholomorphic iff J*df = —idf . For the proof 
of the equivalence it is enough to take in view that the exterior derivative d is decom­
posed as d = d + B over the space of smooth functions on M. Another form of this 
definition is obtained taking the real and imaginary parts of / , i.e. / = u+iv. In view 
of df = du + idv we receive J*du + iJ*dv = idu — dv. This means that 3*du = —dv 
and 3*dv — du. As the obtained two equations are not independent, we can state the 
following Cauchy- Riemann type form of the definition 

f = u + iv is almost-holomorphic iff 3*dv = du or equivalently 3*du = —dv. 
Respectively: f = u + iv is almost-anti holomorphic iff J*dv = -du or equivalently 

3*du = dv 
Remark: For an almost complex manifold (M, 3) with non-integrable J, the de­

composition d = d + B is not valid over differential (p, g)-forms on (M, J) . 
The following proposition is well-known: 
Proposi t ion 1. The almost complex structure J of the almost complex manifold 

(M, J) , dim-R.M — 2n, is an integrable almost complex structure if and only if for 
every point p€ M, there is a neighborhood U of p and almost holomorphic functions 
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fj-.U-t C, j = 1, ...,n, which differentials at p, i.e. dpfj, j = l,...,n, are C-linear 
independent. 

Remark: Taking {U; fi,..., fn) as local coordinate system (as fj are functionally 
independent on a neighborhood of p), we obtain a local complex-analytic coordinate 
system (U;zi,...,zn), where zk = fk. 

3. SPENCER COORDINATES 

We say that a local Spencer coordinate system of type m is defined on an almost 
complex manifold (M, J) if the following conditions hold: 

1.) There exist an open subset U of M and m different functionally independent 
almost holomorphic functions fj : U —> C, j = 1, ...,m, such that 

2.) The sequence (fi,..., fm) is a maximal sequence of functionally independent 
on U almost-holomorphic functions. 3.) The sequence 

{U, w\ ..., wm, zm+1,..., zn, wn+1,..., wn+m, zn+m+1,..., z2n) 

where w^ — fj, j — 1, ...,m, determines a local self-conjugate system on (M, J ) . 
An almost complex manifold which is equipped with an atlas of local Spencer 

coordinate systems is by definition an almost-complex manifold of Spencer type m. 
It is to remark that the notion of Spencer type is correctly defined in the category of 
almost complex manifolds. This follows by the fact that each composition of almost-
holomorphic mappings and each inverse of almost-holomorphic diffeomorphism are 
almost-holomorphic too. 

Lemma 1: The matrix representation of J* in each local Spencer coordinate 
system 

(U, w\ ..., wm, zm+\ ..., zn, wn+l,..., wn+m, zn+m+\ ..., z2n) 

where wj — fj, j — 1,..., m, are functionally independent almost holomorphic func­
tions, seems as follows 

/ iEm * 0 * \ 
0 * 0 * 
0 * — iEm * 

\ 0 * 0 * J 
Em being the unit rax m matrix. 
Proof. It is enough to take in view that: 

{dw\ ..., dwm, dzm+1,..., dzn, dwn+l,..., dwn+m, dzn+m+\..., dz2n) 

is basis of the cotangent space and 

3*dwi = J*dfj = idfj = idw \ j = 1,..., ra • 

Consequences: The first m equations of the system J*df = idf are just the condi­
tions df/dzj = 0, j = 1, ...,m 

We shall consider the mapping from U to C™ defined by / i , . . . , fm. This mapping is 
a smooth submersion as it can be considered as a composition of the diffeomorphism 
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defined by Spencer coordinates of U in C x O1 and the projection of C" x C™ on 
C71, m < n. This mapping will be denoted by fu, and the image of U by fu will be 
denoted Um. It is an open subset of C™, which will be called a naturally associated 
m-dimensional open set to the considered local Spencer coordinate system. 

Lemma 2: Each almost holomorphic function h, defined on a local Spencer coordi­
nate system U is represented as a superposition of a holomorphic function H defined 
on U^ and the almost holomorphic functions /i, . . . , fm defined on U, i.e. 

h = Ho(f1,...,fm)=H(fl,...,fm) 

Proof: As Wj = fj, j = 1,..., m, is a system of smooth functionally independent on 
U functions, we have h = H(w\ ..., wm) with H E C°°(U). But 

BH = (dH/dw^dw1 + ... + (dH/dwm)dwm 

and in view of dH = Bh = 0, we get that the above written (0,l)-form is a zero-form, 
or dH/duij =0, j = 1, ...m. • 

Lemma 3: Let (wl, ...,wm) and (v1, ...,vm) be two systems of holomorphic coor­
dinates on C/£j defined by two different systems of almost holomorphic on U systems 
(A, •••) fm) a n d (hi,..., hm). Then there exists a bijective holomorphic transition map­
ping between the mentioned two coordinate systems. 

Proof. According to Lemma 2 we have Vj = Hj(wx,..., wm), j = 1,..., n,where Hj 
are holomorphic functions of (wi, ...,wm). The system H — (H\, ...,Hm) defines the 
mentioned transition mapping as the differentials dHj are C-linear independent. • 

Recapitulating we obtain the following 
Proposition 2: On each paracompact almost complex manifold (M, J) of constant 

Spencer type m there exists a locally finite covering Uj by self-conjugated Spencer's 
coordinate system (Uj, zj,..., z™,...) such that in every intersection Uj D Uk the holo­
morphic coordinates z}j,...,z™ change holomorphically in the other holomorphic co­
ordinates z\.,...,z™. 

4. LOCAL SUBMERSIONS AND LOCAL FOLIATIONS 

As it was remarked above the mapping fu :[/—>• C", defined by the almost 
holomorphic functions (f\,..., fm) is a local submersion. According to the introduced 
notations 

h(u) = [ / ; c r 
The leaves of this submersion are defined as the stalks of the mapping fv. Each 

leaf is a smooth (2n — 2m)-dimensional submanifold of U on which all functions fj 
have constant value. Transversal leaves are defined as univalent inverse images of U^, 
i.e. as sections of U over U^. 

We shall consider the set of all open subsets f/̂  C Cm, corresponding to different 
mappings fu, U open subset of M. This set together with the transition mappings 
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described in Lemma 3 defines a pseudo-group of holomorphic transition mappings 
between open subsets of C" denoted as follows 

r{^,V£,...;ff:[£->V£,....} 
We shall denote by C m / r the set of equivalent points of Cm with respect to the 

natural equivalence defined by the holomorphic transition mappings. With this in 
mind we consider the family {fv : U -*• M} and will define a glued mapping 

/ : M ^ C r o / r 

as follows: if p € M we take an open subset U such that p e U and we set 

fip) = ( t n e equivalence class of the point fu(p)-} 

Under the assumption that Cm/T is equipped with the standard complex structure 
i defined by holomorphic coordinates (w1, ...,wm) we can formulate the following 

Lemma 4. The glued mapping / : M -> C " / r is an almost holomorphic mapping 
between (M,J) and (C"7r, i ) . 

Proof. As the glued mapping / coincides locally with some fu we have: 
Vdfu = J*d( / l . - . /m) = J*(#l , . . . ,# m ) = (3*df1,...,3*dfm) = \{dh,...,dfm) = 

id fu. So each fu is an almost holomorphic mapping • 
Lemma 5. The sheaf of almost holomorphic functions on M is the inverse image 

of the sheaf of holomorphic functions on C m / I \ 
Proof. The mentioned sheaf on M is defined by the presheaf {U,OM(U)} where 

U varies in the set of all open subsets of M and OM{U) is defined as follows: 
OM(U) = {hofu\he Ocn/rfuiU))} . 

4.1. Hypercomplex manifolds and hyperholomorphic functions. Let M be a 
4n-dimensional (C°°) smooth manifold. A hypercomplex structure on M is defined by 
a pair of two almost complex structures J and K such that J K + K J = 0. It is easy 
to see that the composition JK is an almost-complex structure too. Moreover, for 
each triple of real numbers b, c, d, such that b2 + c2 + d2 — 1, the linear combination 
bJ + cK + d(JK) is an almost-complex structure on M. So there is a family of almost 
complex structures on M parametrized by the points of sphere E2. (See for instance 
[AM], [ABM]). 

We shall consider almost-holomorphic functions on hypercomplex manifolds. The 
definition remains the same as in the above considered case, for instance on (M, J, K) 
we have J-almost- holomorphic function which are complex-valued function / on 
(M, J) such that 3*df — idf using the right-side j-complex splitting of H. Respec­
tively K-almost- holomorphic functions g on (M, J ,K) are the almost-holomorphic 
with respect to(M, K) such that K*dg = jdg using an i-complex splitting of H. 
Let(M, J, K) be a hypercomplex manifolds and H be 4-dimensional quaternionic vec­
tor space. According to Sommese [So] the right-side multiplication by i and j are 
given respectively by the matrices S and T, called standard quaternionic structures. 
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5 = 

0 1 
-1 0 
0 0 
0 0 

0 
0 
0 
1 

0 
0 

0 

T = 

0 
0 

- 1 
0 

0 
0 
0 

- 1 
In the paper of Sommese the matrix T is denoted by K. 
As we have S2 = - 1 , T 2 = - 1 , (ST)2 = - 1 , and ST + TS = 0, we can consider 

(H, S, T) as a special hypercomplex manifold. (See [So] ). A function F defined on 
an open subset U C M with valued in HI is called J-hyper-holomorphic function on 
U if dF o J = S o dF, or 3*dF = SdF. Using the right-side j-complex splitting HP 
we take the compositions of F with the projections of HI on the first and the second 
components of HP. So F is represented by a pair of complex valued functions denoted 
respectively by / and ip. If we set F = u + i v + j £ + k rj, where u, v, C, V are 
real-valued functions on U, we can write ip = u + iv+ ( £ +irj)j, with / — u + iv, 
<p = C + iTf. Complexifying the matrix S, i.e. setting 

5 = 

and taking dF 

0 0 
- 1 

0 = 

df + dtpj, we calculate that 

J*df + J* dipj = i df - i dipj. 

Having in mind the splitting HP, we get J*df = i df and J*d<p = —i dtp, which means 
that / is J-almost-holomorphic function on U and <p is J-almost-antiholomorphic. 

For the definition of K-hyper-holomorphic function on U we shall use the other 
complex splitting of H, namely HP. A function G : M —• HP, i.e. G — g + tpi, 
g = u' + jC, i> = v' — jrf, will be called K-hyper-holomorphic function on U if 
dG o K = T o dG or K*dG = TdG. Taking a (2 x 2)-representation of the matrix T, 
i.e. 

0 0 

after a short calculation we get 

K*dg + i K*dip = dtp - i dg 

It follows that K*dg = dip and K*dtj) = —dg. This result is in terms of HP. 
Now we will translate the obtained result in terms of HP. From 
K*(dv! + dC'j) = dv'- drj'j we get 

K*du' = dv' and K*d(' = -dr]'. 

Analogously, from K*(dv' - drfj) = —(dv! + d('j) we get 

K'dv1 = -dv! and K*dri' = -d('. 

But the system K*du' = dv', K*dv' — —dv! is just the Cauchy-Riemann system, 
which says that the function u' + iv' is J-almost-antiholomorphic, i. e. J*d(u' + iv') = 
=—id(u' + iv'). The function (' + irf is J-almost-holomorphic. 
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4.2. Hyper-Spencer coordinates. Hyper-holomorphic coordinates on a hyper-complex 
manifold (M, J, K) can be introduced by functionally independent quaternionic-valued 
functions fa + ipaj, a = l,...,m, m = (l/2)rfimMK, or by the complex-valued func­
tion ( fa, (fa). We are interested of the possibility to have m < (1/2) dimMu. More 
precisely, a J-hyper- Spencer coordinate system is defined locally on M as a maximal 
system of m functionally independent J-hyper-holomorphic functions. A hypercom-
plex manifold equipped with an atlas of local J-hyper-Spencer coordinate systems is 
called a hypercomplex manifold of Spencer type m. 

Having in mind the interconnection between J-hyper-holomorphic functions and 
J-almost-holomorphic ones we derive the analogues of the Lemmas 1,2 and 3 of the 
previous paragraphs. Let us remark that in view that fa are J-almost- holomorphic, 
and ipa are J-almost-antiholomorphic, the corresponding matrix representations of J* 
is as follows (according to Lemma 1) 

iEm * 0 * 
0 * 0 * 
0 * —iEm * 
0 * 0 * 

Analogously, K-hyper-Spencer coordinates can be introduced with the help of K-
hyper holomorphic mappings. The Proposition 2 remains valid for J-holomorphic 
transition functions and K-holomorphic transition functions. When the transition 
transformations are simultaneously J- and K-holomorphic it follows that they are 
affine. 

Full coordinate systems defined by m — (1/2) dimMK functions which are both J 
and K hyper-holomorphic lead to quaternionic manifolds. 

5. ELLIPTIC EQUATIONS 

5.1. Potential structures on almost-complex manifolds. Let (M, J) be an al­
most complex manifold. We shall consider the following globally defined on M Pfaffian 
form: w = J*du, where u = u(p),p G M, is a real-valued smooth (at least of class 
C2) function. In the case the 1-form u is closed, we will say that UJ defines a poten­
tial structure on the almost complex manifold (M, J) . On each local real coordinate 
system (U,x = (xk)),xh &R,k = l,...,2n, we have a matrix representation of J, i.e. 
J —\\ Jj{x) ||, where J*(a;) are smooth real functions on U. By J,- is denoted the 
j-row of the mentioned matrix and Vu is the gradient of u. It is easy to see 

In 

Jdu = ^2{Jq • Vu)dxq 

9=1 

where 

i L^ idxP' 
P=I 

—iEm * 0 * 
0 * 0 * 
0 * iEm * 
0 * 0 * 



108 ST. DIMIEV, R. LAZOV, AND N. MILEV 

For each potential structure on (M, J) the following two statements hold. 
Consequence 1. On every simply connected domain O c M i t holds that 

/ • 

J*du = 0 
' 7 

for each closed curve 7 in Q. 

Consequence 2. The following system 

d(Jq • Vu) _ d{ Js • VM) 

dxs dxq 

s, q = 1, • • •, 2n, is satisfied locally. 

5.2. Almost pluri-harmonic functions. By (M, J, w) is denoted an almost-complex 
manifold (M, J) equipped with potential structure ui. Then the 1-form LO = J*du is 
close, and we have dJ*du = 0. In this case we will say that the function u is an 
almost-pluriharmonic function. The interconnection between almost-pluriharmonic 
functions and almost-holomorphic ones (with respect to J) is like to this one be­
tween pluriharmonic functions and holomorphic ones. This follows directly form the 
Cauchy-Riemann equations J*du = —dv, J*dv = du. Clearly the real part u and 
the imaginary part v of the almost-holomorphic function / = u + iv are almost-
pluriharmonic functions. 

5.3. Elliptic equations on almost-complex manifolds. We denote by Aj the 
following differential operator of second order (in terms of coordinates) 

In 02 2n o 

Aj = J2 As"d^dx^ + 5^ B?d^ 
s,p=l p=l 

where 
n 

P̂ = £(« + « ' 
9=1 

and 

_ ^ JS(dJl_dJl 
p 2^"i\dx. dxq 

5g, 5p
q are the Kronecker symbols. Setting Aj = ||A5p||, we obtain 

Aj = J J* + E2n 

where J* is the transpose of J and E2n is the unity 2n x 2n matrix. 
We emphasize here that now we work with real coordinates, but not with complex 

self-conjugate ones. However this corresponds to the Spencer type 0. In the other 
extreme case of Spencer type n we have complex-analytic (holomorphic) coordinates. 
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0 
- i 

1 ' 

u J 
x . . X 

0 
- 1 

1 " 

U J 

This is the case of complex analytic manifold with the standard almost-complex 
structure denoted by S° (it is different from S in the previous paragraph). 

(n times) 

As S°(S0)* = E2n we get Aso = 2E2n and Aso = 2A, where A is the Laplace 
operator in 2n real variables. 

Proposition 3:Aj is an elliptic differential operator. 
Proof: It is sufficient to consider the following inequality 

2n 2n In / 2n \ 2 2n / 2n \ 2 2n 

3=1 p=l 9=1 \»=1 / 9=1 \ j=l / 8=1 

Considering the PDE 

Aju = 0, 

we can state the following 
Theorem '.Each almost pluriharmonic function u satisfies locally the equation 

A j u = 0 
Proof: Let u be almost pluriharmonic, i.e. dJdu = 0, or the 1-form J*du is closed. 

According to the previous paragraph u satisfies locally the following system of PDEs 

d(Jq • Vu) _ d{Js • Vu) 
dxs dx" 

8, q = 1, • • •, 2n. Now replacing 
2n 

Jq.Vu = YJJi 
p=l 

du 
Ski? 

and Js.VU = g j f 
P=i 

du 
dxP 

in (4) we obtain the system 

^i \ dxs dxk = 0, 

k, s = 1, • • •, 2n. Multiplying each of the above written equations by J* and summing 
with respect to s we obtain 

In In , 

EE( 
p=l s=l V 

JPJS d2u 
k qdxsdxP 

As we have 

9 sdxkdxP 

2n 

Yj\j»(dJP' djv^ du 
q \ dxk dxs J dxP 

Ew = i 
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and 

d2u _ >A d2u 
dxkdxv ~ 2~> kdxsdxP' 

5 = 1 

we obtain 
In In .̂9 In In / -~i 7n a TZJ \ -~i 

Z - , 2 ^ \JkJ
q + W dxSdxP - 2^2^Ji\dxs dxs) dxP• 

p=l s=l p=l s = l x ' 

Now taking q = k and summing with respect to k we get exactly 

AJM = 0. • 

In the case J = S° the above written equation is just the classical Cauchy-Riemann 
system. 

Consequences: 
1. Each almost pluriharmonic function and respectively every almost holomorphic 

function of class C2 on a smooth manifold are of class C°° too. 
2. For connected smooth manifolds the maximum principle holds. 
3. In the case of real analytic manifold M,equipped with real-analytic structure J , 

each J-pluriharmonic and each J-almost-holomorphic function is real analytic. 
4. In the case of connected real analytic manifold M with real-analytic structure 

J the principle of unicity of the analytic continuation holds. 
Remark: This theorem is inspired from the paper [BKW]. The first announcement 

is in [DM] 

5.4. The equation dJ*du = 0 in terms of vector fields - commutators and 
anti-commutators. Applying the well known formula 

du(X, Y) = X{u(Y)) - Y(u(X)) - w{[X, Y}), u is l-form, X, Y are vector fields 

to the l-form UJ = Jdu we present the equation (2) in terms of expressions of vector 
fields, namely 

[X,Y]j(u) = 3[X,Y]{u) 
de f 

where [X, Y]j = X o JY — Yo JX. It is to remark that [X, Y]j is not a vector field. 
For instance: 

[X, Y]j(fh) = [X,Y]3(f)h + f [X, Y]j(h) + X(f)(3Y)(h) -

(3X)(f)Y(h)+X(h)(JY)(f) - (3X)(h)Y(f) 

Some properties of [X, Y]j 
Considering the natural splitting 

CTM =Tl<0M@T°>lM 

we can take the restriction of [X, Y]j on Tl'°M. This means that 

3X = iX and 3Y = iY 
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where X,Y £ TlfiM. So we have 

[X, Y}j=Xo (iY) - Y o (iX) = i[X, Y) 

Analogously 

{X,Y]j = (-i)[X,Y} on T°>lM 

Now we take Xe Tl'°M and Y G T^M 

[X, Y]3=Xo {iY) -Yo {-iX) =i(XoY + YoX)= i{X, Y} 

Here {X, Y} denotes the anticommutator of X and Y. Analogously, if X € T°'XM 
and Y € Tl'°M: 

{X,Y]j = -i{X,Y} 

5.5. Potential structures on hypercomplex manifolds. On a hypercomplex 
manifold (M, J, K) we can consider two separate potential structures, namely 

uii = 3*du and a>2 = K*dC 

or the sum 

w = Tdu + K'dC 

The corresponding almost-pluriharmonic functions u, v, (, r] satisfy the equations: 

drdu = dJ*dv = 0 and dJ*d( = d3*drj = 0 

We have also the natural defined elliptic operators Aj and AK- According to the 
proved theorem: 

dJ*du = d3"dv = 0 => AJM = Ajw = 0 

and 

dVL'dC, = dK'dr] = 0 =*• AKC = AK?7 = 0 

For the sum w = J*du + K*dC a pair of functions (u, C) appears, namely the 
solutions of the following second order equation: 

drdu + dK*dC = 0 

In terms of vector fields the above written equations seem as follows 

[X, Y]ju = J[X, Y}{u) and [X, Y}Ku = K[X, Y}(u) 
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6. GENERATION OF ALMOST-COMPLEX STRUCTURES 

6.1. Remarks on the local equation of almost-holomorphic functions. Let 
(M, J) be an almost-complex manifold, dimM = 2n. Having in mind the question 
of the local integration of the equation J*df = idf, we shall examine how "far away" 
a non- integrable almost complex structure J is from the classical complex structure 
related with the standard almost-complex structure S. 

Let p be a point of M. Taking an open neighborhood U of the point p, small 
enough, we can accept that U is a neighborhood of the origin in K2" (p to be the 
origin). Now we shall replace J by it matrix representation J on U and J* will denote 
the transposed matrix. We will use general real coordinates x = (x1, ...,x2n) G K2". 
Let G denotes a non-degenerate (2n x 2n) matrix, such that G~l J*(0)G = S*, where 
S* is the transposed matrix of S, 

S = 

For x G U we set: 

0 -En 
0 

En being the unit n x n matrix. 

G~1J(x)G = 
A(x) 

C{x) - En 

B(x) + En 

D(x) 

A(x),B(x),C(x),D(x) are n x n matrices 
Clearly we have for x = 0: 

A{x) B{x) + En " 
C{x) - En D(x) S* and A(0) = B(0) = C(0) = D(0) = 0 

Moreover, we have (G 1J(x)G)2 — —E2n, which implies the following identities: 
A2(x) + (B(x) + En)(C(x) - En) = -En 

A(x)(B(x) + En) + (B(x) + En)D{x) = 0n 

(C(x) - En)A(x) + D(x)(C(x) - En) = 0n 

(C(x) - En)(B(x) + En) + D2(x) = -E2n 

From the last system it follows that locally is valid: 
A(x) = -(C(x) - En)-^D{x){C{x) - En) 
B(x) +En = -(C(x) - En)-

1(D2(x) + En) 
Indeed, as 

det(C(0) - En) = (-1)" ? 0 

the inverse matrix (C(x) — £'n)_1exists in some neighborhood of the origin OG R". 
Now lets consider the equation (J* — iE2n)dj = 0. It follows that 

{G-1rG-iE2n)df = 0 

and also 

~ A{x)-iEn B{x) + En 

C{x) - En D{x) - iE, 

Proposition:The following block matrix identity is valid 

df = 0 
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[A(x)-iEn B(x) + En]=(A{x)-iEn)(C(x)-En)~
1[C(x)-En D{x) - iEn ] 

Proof: Let consider the right side of the identity: 
(A(x) - iEn)(C(x) - En)-

X [ C(x) - En D(x) -iEn} = 
= [ A(x) - iEn (A(x) - iEn){C{x) - En)-\D{x) - iEn) ] 
But: 
(A(x) - iEn)(C(x) - En)-

l{D{x) - iEn) = B(x) + En, as A{x) = ~{C{x) -
En)-

lD(x)(C(x)-En). 
The last equality becomes: 
(-{C(x) - Eny

lD(x){C{x) - En) - iEn){C(x) - En)~\D{x) - iEn) = 
= (C(x) - En)-

l(-D(x) - iEn)(C{x) - En)(C(x) - En)~\D{x) - iEn) = 
= -(C(x) - En)-

1{D{x)+iEn){D{x) - iEn) = 
= ~{C(x) - En)-\D

2{x) + iEn) = B{x) + En. • 
Corollary: The first n equations of the considered system 

(J* - iE2n)df = 0 

follow from the last n ones. So we obtain that locally this system is equivalent to the 
next one: 

[ C(x) - En D(x) -iEn]df = 0 

or: 

[En (C(x)-En)-
1(D{x)~iEn)]df = 0 

Setting P{x) =y (C(x) - En)-
lD{x) and Q{x) =' (C{x) ~ En)-\ we receive the 

following block matrix form of the considered equation of almost holomorphic func­
tions: 

[ En P{x) + iQ(x) ) df = 0. 

6.2. Local reconstruction of J by the matrices P and Q. We will use the 
following equalities: 

C - En = Q-1 ; D = Q-lP ; A = -QQ~lPQ = -PQ-1 ; 
B + En = -Q{{Q~lPf + En) = -PQ-'P - En. 
The matrix J can be reconstructed as follows: 

-PQ-1 ~PQ~lP-Q~ 
Q'1 Q~lP 

The mentioned reconstruction (*) can be considered as a generation of the matrix 
representation of J on the open set U by the pair of matrices (P, Q). Denoting by 
M. ([/, n) the algebra of all (n x n)-matrices equipped with the topology of coordinate 
convergence, we can consider the Cartesian product A4(U,n) x M{U,n) with the 
product topology as a continuous family which generates the set J{U,2n) of all 
(2n x 2n)-matrices J, which verify the matrix equation 

J2 + E2n = 0, 

J (*) 
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as a kind of moduli space (locally). More precisely, the following proposition holds 
Proposition 4:For each J € J(U, 2n) there is a pair (P, Q) £ M{U, n) x M{U, n) 

such that J is generated by (P,Q) in the sense of the rule (*). Conversely, each pair 
(P, Q) defines a J according to the rule (*). Each sequence {Pn,Qn) of elements of 
M{U, n) x M(U, n) determines a sequence of elements of J{U, 2n), and the limit of 
the second sequence corresponds by the rule (*) to the limit of the first sequence. 

The proof is clear. 

6.3. Global reconstruction of J.. The problem of global reconstruction of almost 
complex structures on a smooth manifold by an appropriate algebraic objects is much 
more difficult. It seems that an approach can be developed on real-analytic almost 
complex manifold (M, J) having local matrix representation for J with real-analytic 
coefficients. Now we shall consider the sheaf of germs of almost complex structures, 
denoted by J(M), and the sheaf of germs of pairs of matrices (P, Q). Supposing that 
each J can be considered as a global section of the sheaf J{M), we can develop the 
rule (*) for germs of J{M) and germs of pairs (P, Q) at each point p € M. The set 
of global sections of J{M) must be generated by the sections of the sheaf of germs 
of pairs (P, Q). 

Acknowledgment: The authors are grateful to the organizers of the Second Meeting 
on Quaternionic Structures in Mathematics and Physics hold in Rome, September 
1999, for the invitation to present this paper. 
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QUATERNION KAHLER FLAT MANIFOLDS 

ISABEL G. DOTTI 

This note is a revised version of the talk given by the author at the meeting Quater­
nionic structures in Mathematics and Physics at Rome in September, 1999. The 
results presented here are part of [4], a joint work with R. Miatello. 

1. INTRODUCTION 

A Riemannian manifold is quaternion Kahler if its holonomy group is contained in 
Sp{n)Sp(l). It is known that quaternion Kahler manifolds are Einstein, so the scalar 
curvature s splits these manifolds according to whether s > 0, s = 0 or s < 0. Ricci 
flat quaternion Kahler manifolds include hyperkahler manifolds, that is, those with 
full holonomy group contained in Sp(n). Such a manifold can be characterized by 
the existence of a pair of integrable anticommuting complex structures, compatible 
with respect to the Riemannian metric, and parallel with respect to the Levi-Civita 
connection. 

It is the main purpose of this lecture to indicate a rather general method to con­
struct quaternion-Kahler compact flat manifolds. This construction will give many 
families of quaternion Kahler manifolds of dimensions n > 8, which admit no Kahler 
structure (see Section 3). This will follow from the explicit calculation of the Betti 
numbers of the manifolds involved. 

The simplest model of hyperkahler manifolds (and in particular, of quaternion 
Kahler manifolds) is provided by 1R4" with the standard flat metric and a pair J, K of 
orthogonal anticommuting complex structures. This hyperkahler structure descends 
to the An-torus TA := AyjR4", for any lattice A in M4™. The main idea in the con­
struction consists of finding finite groups F acting freely on the torus, endowed with 
the standard hyperkahler structure, in such a way that F\Tin becomes quaternion 
Kahler but its cohomology changes in such a way that the resulting manifold will not 
admit any Kahler structure. 
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2. CONSTRUCTION OF QUATERNION KAHLER FLAT MANIFOLDS. 

One way of constructing free actions of finite groups on tori is via Bieberbach 
groups. A Bieberbach group F is a crystallographic group (i.e. a discrete cocompact 
subgroup of I(R™)) which is torsion-free. The quotient MT := T\Kn is a compact flat 
Riemannian manifold with fundamental group T. If v 6 M™, let L„ denote translation 
by v. By Bieberbach's first theorem, if F is a crystallographic group then A = {v : 
L„ € F} is a lattice in R™. The translation lattice LA = {Lv : v G A} is a normal 
and maximal abelian subgroup of F and the quotient F := LA\F is a finite group 
acting freely on A\K"; it represents the linear holonomy group of the flat Riemannian 
manifold Mv and is called the holonomy group of I\ We will usually write A in place 

of LA-
Any element 7 £ I(R") decomposes uniquely 7 = BLb, with B e O(n) and 6 G R™ 

and the lattice A is B-stable for each BLb e V. The restriction to F of the canonical 
projection from I(R") to 0(n), mapping BLb to B, has kernel A and the image is 
a finite subgroup of O(n), called the point group of I\ We shall often identify the 
holonomy group F with the point group of I\ The action of F on A defines an integral 
representation of F, usually called the holonomy representation. 

If Mr = T\K4" is a compact flat manifold such that the holonomy action of 
F = A \ r centralizes (resp. normalizes) the algebra generated by J, K, then M r 

inherits a hyperkahler (resp. quaternion Kahler) structure. To produce Bieberbach 
groups having the previous property we introduced in [1] a "doubling" procedure 
for Bieberbach groups which allows to produce many flat hyperkahler (even Clifford 
Kahler) manifolds. In particular, we showed that any finite group is the holonomy 
group of a hyperkahler flat manifold. The main goal will be to give a variant of this 
construction which produces quaternion Kahler manifolds which are generically not 
Kahler. 

Let T be a Bieberbach group with holonomy group F and translation lattice A C 
R". Let (j> : F -> R" be a 1-cocycle modulo A, that is, </> satisfies 4>{BiB2) = 
S^"1(^(L?i) + (j)(B2), modulo A, for each Bi,B2 6 F. Then <fi defines a cohomology 
class in i71(F;R"/A) ~ H2(F;A) and one may associate to 0 a crystallographic 
group with holonomy group F and translation lattice A. Furthermore, this group is 
torsion-free if and only if the class of cj) is a special class (see [2]). 

Definition 2.1. Let F be a Bieberbach group with holonomy group F and translation 
lattice A C T Let <£ : F -»• R" be any 1-cocycle modulo A. We let d^r be the 
subgroup of I(R2") generated by elements of the form [^ £] L ^ ) ^ and L(AiM), for 
7 = BLb e F and (A, /i) € A 8 A. 

Proposi t ion 2.2. (compare with [1], Theorem 3.1) Let F,<j> and d^F be as in Defi­
nition 2.1 Then 

(i) d^F is a Bieberbach group with holonomy group F, translation lattice A © A and 
d,pF\W2n is a Kahler compact flat manifold. 
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(ii) If T\IR" has a locally invariant Kahler structure, then d$r\R2n is hyperkdhler. 
In particular, if <j>' : F —> IK2" is any 1-cocycle modulo A © A, then dp d^T\Rin is 
hyperkdhler. Any finite group is the holonomy group of a hyperkdhler compact flat 
manifold. 

We shall work mostly with the choice 0 = 0 and we shall then write dor. Other 
natural choice is to let 0 be the 1-cocycle associated to T, as in [1]; we denote d^r by 
d r in this case. 

It is clear that the procedure in (ii) of Proposition 2.2 can be iterated. If we assume 
that (j> = 0, for simplicity, and we set d™r = d0d™_1r, we get that d^T is a Bieberbach 
subgroup of I(K2m") with holonomy group F, diagonal holonomy representation and 
translation lattice A2™. Furthermore the holonomy representation commutes with m 
anticommuting complex structures on M2™", hence d™F\R2m™ has a Clifford structure 
of order m (compare [1], 3.1). 

We wish to enlarge d^r into a Bieberbach group d ^ F in such a way that some 
element in the holonomy group of d ^ r anticommutes with the complex structure 
J2n in K2". Once this is done, then by repeating the procedure twice, we shall get a 
Bieberbach group such that any element in the holonomy group will either commute 
or anticommute with each one of a pair of anticommuting complex structures, hence 
the quotient manifold will be a quaternion Kahler fiat manifold which in general, will 
not be Kahler. 

In order for this second construction to work we will restrict to Bieberbach groups 
with holonomy group Z*. We will make use of the following result from [3], Proposi­
tion 2.1 (see also [5], Proposition 1.1). 

Proposition 2.3. Assume that T = (ji,... ,j^, A) is a subgroup of AfflW1), with 
ji = BiLbi, bi 6R" , Bt £ Gl(n,R) such that (Bi,..., BT) is isomorphic to Z£ and A 
is a lattice in K™ stable by the B, 's. Then T is torsion-free with translation lattice A 
if and only if the following two conditions hold: 

(i) For each pair i, j , 1 <i,j < k, (Bt — Id)bj — (Bj — Id)bi € A. 
(ii) For each I = (ii,...,is) with 1 < i\ < i2 < • • • < is < k, let B^L^ ... BisLbia — 

Bj Lb{1) e V, with Bi~Bh... Bis and b{I) = Bia... Bhbh +Bis... Bhbi2 H h 
Bisbis-i +K- Then 

(B/ + Id) b(I) € A \ {Bj + Id) A. 

Finally, if V satisfies conditions (i) and (ii), then V is isomorphic to a Bieberbach 
group with holonomy group F ~ %\. 

In what follows we state the definitions and main results used to construct quater­
nion Kahler compact flat manifolds. 
Definition 2.4. Let F be a Bieberbach group with holonomy group F ~ Zi;, with 
translation lattice A and such that b € |A for any 7 = BLb s T. Let 0 : F —• K" be 
a 1-cocycle modulo A. Set En = [M _Id] e I(M2"). Set dqi<p(T,v) = ( d ^ K - ^ . o ) ) , 
where « € K". 
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As we shall see, under rather general conditions, d9i0(r, v) contains d^r as a normal 
subgroup of index 2, hence if v € R" can be chosen so that &q^(T,v) is torsion 
free, Md9 0(i» will be a compact flat manifold with holonomy group F x Z 2 having 
as a double cover the Kahler manifold Md^r (see 2.1). Furthermore F commutes 
with J, but En only anticommutes with J. If we use this construction twice we 
will get a Bieberbach group d^(T,v,u) := dq^(dqt<t>(r,v),u) C I(R4n) such that the 
holonomy group normalizes two anticommuting complex structures, J\, J2, on R4n, 
hence d^(r, v, u)\R4" will be a quaternion Kahler manifold. Thus, our main goal will 
be to give conditions on v € R" that ensure that d9:0(r, v) is torsion free. We also 
note that if n is even, Mdq # ( i» will always be orientable. We will show that this 
can be done for a family T of Bieberbach groups with holonomy group 7L\ (for a 
description of T, which is technical, see [4]). 

Theorem 2.5. Let F, <j) be as in 2.4- Then 

(i) If v S i " is such that 2v € A and satisfies 

(B - Id)v € A for each 7 = BLb £ T, 

then dqt<pT is a crystallographic group with translation lattice A©A and holonomy 
group IJ2+1. Furthermore, dq^Y is torsion-free if and only ifv^A and for each 
7 = BLb 6 T we have: 

{B + Id){<j){B) +v)GA\(B + Id)A, or (B - Id)b $ {B - Id)A. 

(ii) If every element in the holonomy group F commutes or anticommutes with a 
translation invariant complex structure and v satisfies the conditions in (i), then 
dq^ir, v)\R2n is quaternion Kahler. 

(iii) If v satisfies the conditions in (i) we have that fa{dqi<j>(T,v)\R2n) = /^(ryK™) 
and fa{dq^(F,v)\R2n) = 2/32(d, ,0(r»\R2 n) . Hence,'if fa(r\Rn) is odd, or if 
fa(F\Rn) = 0 and if F satisfies the condition in (ii), then dqt<p(r,v)\R2n is 
quaternion Kahler and not Kahler. 

(iv) Assume <j> = 0 and V £ J-. Then the vector v = §XT=i e* satisfies the conditions 
in (i), hence dqio(T,v) is a Bieberbach group. Furthermore, dqio(T,v) 6 T. 

Corollary 2.6. In the notation of Theorem 2.5, assume v G Rn is such that rfg^(r, v) 
is a Bieberbach group. Let <j>' be a cocycle on F modulo A © A. If u 6 R2n can be 
chosen so that d^^^{T,v,u) :— dq^(dq^(T,v),u) is torsion-free, then the quotient 
of R4™ by d2 A<i/(r, v, u) is a quaternion Kahler manifold. In particular, if V is a 

Bieberbach group in T and we take <f> = 0, v — X^li ei an(^ u = Sf=2n+i e«> *^en 

rf,,o(r, v) € T and c^0]0(r,u,u)\R4n is a quaternion Kahler manifold. 

As it will be seen in the examples of the next section the vector v satisfying the 
conditions in the theorem is by no means unique, in general. 
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3. Q U A T E R N I O N K A H L E R FLAT MANIFOLDS O F L O W DIMENSIONS 

We will now illustrate the construction and results in the previous section by looking 
at particular Bieberbach groups in low dimensions. For more, and different examples 
we refer to [4]. In the examples below we will use 0 = 0 and we will write d^ 0(F, v, u) 
in place of dgio(d9io(r, v), u). Furthermore it will be convenient, for any C in O(n), to 
denote by C" € 0 (2n) the matrix C" = [ c

 c ] . Also, C" £ 0 (4n) will have a similar 
meaning and A„ will denote the canonical lattice in K". 

E x a m p l e s We let T be the Klein bottle Bieberbach group, for n = 2. By applying 
dqfl twice to T, we shall obtain several 8-dimensional compact flat manifolds with 
holonomy group Z | which are quaternion Kahler and not Kahler. This will follow 
from the explicit computation of the real cohomology. 

_ J , b = y . Then r \ M 2 is a Klein bottle. - ri We take V = (BLb,A2), where B = [ 

If v = \{m\e\ + m2e2), m\,m2 £ Z, then 

d(?,o(r,«) = (B'Lbi,E2L(v<0),Ai), 

with B' = - l Eo = and b' 
2 ' 

We wish to find all m\, m-i £1* such that the conditions in (i) of Theorem 2.5 are 
satisfied, so tha t dg ,0(r, v) is torsion-free. 

The first condition in (i) of 2.5 clearly holds for any choice of v since (B — Id)v — 
—rri2e2 € A2. Furthermore, v € | A \ A if and only if at least one of the mi's, is odd. 
We also need that (B + Id)v = m\_e\ $. (B + Id)A2 = Z2ex, hence m\ must be odd. 
Thus, the possible solutions, modulo A2 are v\ = ^ a n d ^2 = ei^ei • By computing 
the first integral homology groups in both cases, one can show that these solutions 
lead to flat manifolds non homeomorphic to each other. 

We now form d^ 0 ( r , Vi, u) with i = 1, 2 and u —\ X)t=i w^e.,-, with rrij € Z to be 
determined. Again we need tha t at least one of the rn'^s be odd. We now consider 
the second condition in (i)of 2.5 for each choice of v. 

We have that 

<o ( r , y , u ) = (5"%, E'2Lef, EA L(o,0)) A. 

where 

fr^^2u\ = < B , ,L ? ) ^ L a ? f t ) Ei L{uQh Ag) d L ( r e i + e2 

' • ° v ' 2 

B" = E'2 = 
Jd2 

-H2 
Id2 

-Id2 

EA = 
Id* 

-Idi 



122 ISABEL G.DOTTI 

The first condition in (i) of 2.5 is clearly satisfied in both cases, for any choice of 
u G |A, since the matrices B', E2 are diagonal. For the second condition we also 
need: 

(B' + Id)u = m i d + m3e3 g (B' + Jd)A4 = Z2ei 8 Z2e3), 

(E2 + Id)u = miei + m2e2 ^ (E2 + Id)A4 = Z2ei © Z2e2), 
(B'E'a + I d > = miei + m4e4 £ {B'E2 + Id)A4 = Z2ei 0 Z2e4). 

These conditions are satisfied if and only if, either mi is odd, or if each one of 
m2,mz and m4 are odd. This yields the following solutions modulo A4: either u — 
UQ — ei+eQ; where eQ = YljeQei a n d Q r u n s through all subsets of {e2,e3,e4}, 
or u = v! := et+e*+ei. \y e ge^ 9 distinct solutions, the same set for both choices 
v = Vi, v = v2. It will be convenient to order the subsets Q as follows: 

0, {2}, {3}, {4}, {2,3}{2,4}{3,4}, {2, 3,4} 

and then to set Uj — UQ, for j = 1 , . . . , 8 according to this ordering, letting M9 = u'. 
In this way we obtain 18 Bieberbach groups I \ j := d^0(r, vt, Uj) with 1 < i < 

2, 1 < j < 9, so that the quotients r j j \K8 are quaternion Kahler manifolds. We note 
that none of these manifolds is Kahler, since for all i, j , /3i(i\,,\R8) = /3i(r\M2) = 1 
and /32{ri:j\R

8) = 2,82(r\lR
2) = 0, by (iii) in 2.5. We also note that some of the 

groups may possibly be isomorphic to each other, however we see in [4] that many of 
them are pairwise non isomorphic, by computing ^ij/[^i,j,^i,j] in each case. 

We shall first determine all Betti numbers, by giving generators of AhM8 , for 
1 < h < 8. 

It is clear that the space of F-invariants in M8 is spanned by e\ and furthermore 
A2K8 = 0. If h = 3, it is easy to see that a basis for the ^-invariants is given by 
e3 A e5 A e7, e2 A e3 A e4, e3 A e6 A e8, e2 A e5 A e6, e2 A e7 A e8, e4 A e6 A e7, e4 A e5 A e8, 
hence /33 = /?5 = 7. 

By Poincare duality we have that xi^i,j\^) = 2 - 2ft + 2/32 - 2/33 + /34 = 0, hence 
(since ft = l,/?2 = 0,/?3 = 7) we get ft = 2ft = 14. We may check this value by 
finding a basis for the F-invariants in A4]R8. This is given by vectors of the form 
e; A ej A e* A e;, with {i, j , k, 1} running through the sets 

{1,3,5,7}, {2,4,6,8}, {1,2,5,6}, {3,4,7,8}, {2,3,5,8}, {1,2,3,4}, {5,6,7,8}, 

{1,3,6,8}, {1,2,7,8}, {2,4,5,7}, {1,4,6,7}, {2,3,6,7}, {2,4,5,7}, {1,4,5,8} 

Summing up, we get that the Poincare polynomial of each one of the flat manifolds 
rM\IR8 is p(t) = l + t + 7t3 + 14i4 + 7t5 + t7 +18. 

We thus have 2-fold coverings Md2r —• MVij, where Md2T is hyperkahler, by Propo­
sition 3.2, and MTiJ does not admit any Kahler structure, since ft(MFi .) = 1, for all 

To conclude this example, one can show (see [4]) that many of the manifolds MTi. 
are non homeomorphic to each other, by computing the first integral homology groups, 

^(Mr-y.zj-ivtry.ry]. 



QUATERNION KAHLER FLAT MANIFOLDS 123 

REFERENCES 

[1] Barberis M.L., Dotti I.G., Miatello R.J., Clifford structures on certain locally homogeneous man­
ifolds , Annals Global Analysis and Geometry 13, 1995, 289-301. 

[2] Charlap. L., Bieberbach groups and flat manifolds, Springer Verlag, Universitext, 1988. 
[3] Dotti I.G., Miatello R.J., Isospectral compact flat manifolds, Duke Math. Jour. 68, 1992, 489-498. 
[4] Dotti I.G., Miatello R.J., Quaternion Kdhler flat manifolds. Preprint 1999. 
[5] Miatello R.J., Rossetti J,P., Flat manifolds isospectral on p-forms, preprint,1999. 

FACULTAD DE MATEMATICA, ASTRONOMIA Y FISICA, UNIVERSIDAD NACIONAL DE CORDOBA, 
CORDOBA 5000, ARGENTINA 

E-mail address: idotti®mate.uncor.edu 

http://uncor.edu




Second Meeting on 
Quaternionic Structures 
in Mathematics and Physics 
Roma, 6-10 September 1999 

HYPERHOLOMORPHIC FUNCTIONS IN M4 

SIRKKA-LIISA ERIKSSON-BIQUE 

ABSTRACT. Let H be the algebra of quaternions generated by ei, e2 and ei2 satisfy-
' ing eie2 = ei2 and eiej+ejei = — 2S,j for i = 1,2,12. Any element x in HffiH may be 

decomposed as x = Px+Qxez for quaternions Px and Qx. The generalized Cauchy-
Riemann operator in R4 is defined by D = ^- + gf-ei + gf-e2 + gf-e3. Leutwiler 
noticed that the power function (xo + Ziei + X2e2 + x$es)m is the solution of the 
generalized Cauchy-Riemann system x^Df + 2 / 3 = 0 which has connections to 
the hyperbolic metric. We study solutions of the equation x^Df + 2Q' (/) = 0 
(the prime / is the main involution) called hyperholomorhic functions. If / = 
/o + / i e i + /2e2 + /3e3 for some real functions / c / 1 , / 2 , /3 then / is the solu­
tion of the generalized Cauchy-Riemann system stated earlier. 

1. INTRODUCTION 

Let H be the associative algebra of quaternions generated by ei, e2 and ei2 satisfying 
the usual relations 

„2 _ 2 _ 2 _ 1 
e l ~ e2 ~ e12 — l 

exe2 = e12 = -e i 2 . 

Set eie2 = e\2. The conjugation q of the quaternion q = t + xe\ + ye2 + ze\2 is defined 
by 

q = t - xei - ye2 - zex2. 

The involution ' : H —• H is the isomorphism defined by 

q' = t - xei - ye2 + ze\2. 

The second involution * : H -> H, called reversion, is the anti-isomorphism defined 
by 

q* = t + xei + ye2 - zeX2. 

We consider the set H©H with the usual addition and the multiplication defined 
by 

(1) («1, U2) (Ui, U2) = ( « ! « ! - M2«2i "1^2 + U2«i) • 

125 
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It is known that 

eee ^ ce0,3, 
where C£0,3 is the Clifford algebra generated by the elements e\, e2 and e3 satisfying 
the relation e ^ + ê e* = —2% for the usual Kronecker delta 5ij. The isomorphism 
ip : H©H -» C/0,3 is given by ip (qi,q2) = <7i + 9263. We identify the space H©H with 
Clo,3-

The elements x = t + zei + ye2 + we3 for t,x,y,w £ K are called paravectors in 
H©H. The space E4 is identified with the set of paravectors. We also denote eo = 1. 

The involution () / is extended to an isomorphism in H©H by 

(2) (qi + q2e3) > = q[ - q'2e3 (ft € H) . 

Note that 

(3) e3q = q'e3 

for any 5 6 E 
The involution * is extended to H©H as follows 

4 = e3, {ab)* = b*a* 

{a + by = a* + b* 

and the conjugation by a — (a*)' = (a')*. Note that ab = ba. 
Paravectors can be characterized as follows. 

Lemma 1. An element x £ H©H is a paravector if and only if 

3 

(4) ^eixei - -2x'. 
i=0 

Proof. It is easy to see that the equation (4) holds for all e, with i = 0,..., 3. Using 
the linearity we infer that it holds for all paravectors. Conversely, calculate first 

3 

y] eiejekei = 2e;eA for 0 < j < k < 3 
i=0 

3 

^2eie1e2e3ei = -2eie2e3. 
i=0 

Hence comparing the components of the left and right side of the equality (4) we note 
that the equality (4) implies that x has to be a paravector. • 
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The projection operators P : H©H—>H and Q : H©H—^H are defined by equations 
P (<Zi + ^263) = <7i and Q (<?i + q2e3) = q2 for q{ G H. Applying (2) we note that 
P (a') = (Pa)' and Q (o') = - (Qo)'. By virtue of (1) we obtain 

(5) P (ab) = PaPb - Qa {Qb)', 

(6) Q{ab) = PaQb+Qa{Pb)'. 

The notation / G Ck (f2) for a function / : fi -> H © H means that the real 
coordinate functions of / are fc-times continuously differentiable on Q C K4. 

2. HYPERHOLOMORPHIC FUNCTIONS 

The Cauchy Riemann operator is defined by 

"'-t-U: 
i=0 OX* 

for a mapping / : fi -> H©![, fi C M4, whose components are partially differentiable. 
An operator D is defined by 

J~dx0 ^ejdxi 

Note that DD = DD = A, where A is the Laplace operator in R4. If Df — 0 the 
function / is called (left) monogenic. For the reference on properties of monogenic 
functions in the general case see [1] and for quaternions [21]. 

Using (5) we obtain 

(7) P(D/) = I > a P / W 

i=o dXi dxs 

Similarly, the property (6) implies that 

2 
dQf , dP'f 

(8) < 3 ( D / ) = g e i ^ i + % j . 
The modified Cauchy-Riemann operator M is defined by 

(Mf) (x) = (Df) (x) + -Qff 
£3 

and the operator M by 

(Mf) (x) = (Df) (x) - -Q'f. 
x3 
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Note that 

{Mf) (x) + (Mf) (x) = (Df) (x) + (Df) (x) = 2 ^ -

and 

(9) Df={D{f'))', Mf=(M (/'))'• 

Let ft C E4 be open. If / € C2 (ft) and Mf {x) = 0 for any x € ft\ {x \ x3 = 0}, the 
function / is called hyperholomorphic in ft. If / is hyperholomorphic in ft and 
/ = Y^=o fiei f° r some real functions fc the function / is called an i?-solution. 

The .ff-solutions in R3 were introduced by H. Leutwiler ([17]).They are notably 
studied in E" by H. Leutwiler ([18], [19], [20]), H. Hempfling ([13], [14], [15]), J. 
Cnops ([4]), P. Cerejeiras ([3]) and S.-L. Eriksson-Bique ([6], [11], [8], [9]). In K3 the 
hyperholomorphic functions are researched by W. Hengartner and H. Leutwiler ([16]) 
and in En by H. Leutwiler and S.-L. Eriksson-Bique ([11])-

Applying (7) and (8) for x3Mf = 0 we obtain the following system. 

Proposition 2. Let ft be an open subset o/E4 and f : ft —¥ H©H be a mapping with 
continuous partial derivatives. The equation Mf — 0 is equivalent with the system of 
equations 

X3(D2(Pf)-°S31p)+2Q'f = 0, 

where £>2 = E L o e ^ -

Using the preceding result we infer the relation between monogenic and hyperholo­
morphic functions. 

Proposition 3. Let ft be an open subset o/E4 . Then if f : ft —• H©H is monogenic 
and Qf = 0, then f is hyperholomorphic. 

Proposition 4. Let f : ft —t H©M be twice continuously differentiable on an open 
subset ft o/E4 . Then 

2 dPf 
MMf = MMf = A (P/ ) 

x3 dxn 

+ \A(Qf)-1~ + ^Qf)e3, 1 x3 ax3 xi ' 

where A is the Laplacian in M4. 

Proof. The property (8) implies that 

2 F)P' f 
QMf = QDf + -Q (Q'f) = D2Qf + °^ J 

x3 dx 3 
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Hence we have 

MMf = DDf + 2D (^-) - A ((D2Qf)' + ̂ T) . 
x3 J x3 

Since by (9) and (3) 

-p (QT\ = W +
 e*Q'f _ (PQf)' 

x3 ) x3 x\ x3 

{D2Q!)' 1 dQf Qf 
x3 x3 dx3 x\ 

we obtain 

x3 dx3 \ x3 dx3 x% ) 

Prom the definitions we note that Mf + Mf = 2j^-. Hence we obtain 

,2, n„fdf\ ,dMf 
MMf + M'f = 2M l-i- = 2 

\oxoj oxo 

= (M +~M) (Mf) = 'MMf + M2f, 

which implies M Mf — MMf, completing the proof. • 

Corollary 5. / / / : fi —> H©H is hyperholomorphic then 
dPf 

(10) x3APf - 2—± = 0 
00:3 

and 

(11) -2Qf = x2
3A(Qf)-2x3^. 

ox3 

Conversely, if the equations (10) and (11) hold, then Mf is hyperholomorphic. 

The equation (10) is the Laplace-Beltrami equation associated with the hyperbolic 
metric 

ds2 = x3
2 (dx2 + dx\ + dx\ + dxf) . 

The second equation (11) presents the eigenfunctions of the Laplace-Beltrami operator 
corresponding to the eigenvalue —2. 

Using standard methods we obtain the following observation. 

Lemma 6. Let u : Q, —> R be twice continuously differentiahle on an open subset Q 
0/R4. If u satisfies the equation 

(12) -2u (x) =xlAw (x) -2x3^— [x), x ^ (x0,xl,x2,x3) 
ox3 

file:///oxoj


130 SIRKKA-LIISA ERIKSSON-BIQUE 

then the mapping g : ft —• R defined by 

j *&, ifx3^0, 

is harmonic on ft\ {0:3 = 0}. Moreover, ifu£C3 (ft), i/ien 5 is harmonic on ft. 

Proof. If a;3 7̂  0, then 
_ AM 25M 2U 

£3 o^da^ a;|' 

Using (12) we note that A# = 0. Since by (12) | ^ = \ A w, we see that 5 6 C2 (ft) 
and therefore Ag = 0 on ft provided that u £ C3 (ft). • 

Proposition 7. / / / : ft —> H©H is hyperholomorphic and f € C3 (ft), i/ien A / is 
monogenic and therefore also harmonic. 

Proof. Assume that / : ft —> H©H is hyperholomorphic. Using preceding Lemma 
and A = DD we obtain 

0 = DDMf = DDDf + 2 A ( — ) = D ( A / ) . 

Hence A / is monogenic and furthermore harmonic. • 

Example 8. Let f = u + iv be holomorphic in an open set ft C C. We define the 
mapping IT : M4 —• C by 

ir(xo,Xi,x2,x3) = Xo + Xii 

and the mapping p : IK4 —> C by 

p (x0, xi, x2, x3) =x0+ i\]x\ + x% + x\. 

Then the function f o IT is hyperholomorphic in the set {x \ -n (x) € ft}. Moreover the 
function f defined by 

~, \ 1 \ , x^i + x2e2 + x3e3 

f{x) = uop{x) + 2 r-v o p (x) 
\ X-y ~r X2 ~r XQ 

is hyperholomorphic in the set {x \p(x) £ ft} (see [17, p.157],). 

Proposition 9. The space of hyperholomorphic functions in an open subset ft 0/R4 

forms a right quaternionic vector space. 

Proof. Let q £ H. Using (6) we notice that 

M(fq) = (Df)q + 2^^- = (Mf)q, 
x3 

implying the assertion. • 
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The following result is easy to see. 

Lemma 10. Let Q be an open subset of'R4 and f : ft —• H©H be hyperholomorphic. 
Then Jj£- is hyperholomorphic for I = 0,1,2. 

Product of hyperholomorphic functions is not necessarily hyperholomorphic. 

Theorem 11. Let fi be an open subset ofR4and f : Q, —> H©H be hyperholomorphic. 
Then the product f (x) x is hyperholomorphic if and only if f is an H-solution. 

Proof. Assume that / : fi —• H©H and / (a;) x are hyperholomorphic. Then by (6) 
we have 

q 

0 = M (fx) = (Df) x + Y" ejei + 2 ^ ^ 

= mx+2mM+2nn^+±eJet. 
Since Px = x — x3e3 and Qx = x3 we obtain 

3 3 

0 = (Mf) x + Y, etfei - 2Q'fe3 + IP' (/) = ^ eja + 2/'. 
«=0 i=0 

By virtue of Lemma 1 we find out that / is para vector valued. The converse statement 
is proved similarly. • 

Corollary 12. The function xm is an H-solution. 

Theorem 13. Let f2 be an open subset of'K4 and F : Q. —» H®H be hyperholomorphic. 
Then the function f (x) = F (x) x~l is hyperholomorphic in fi\{0} if and only if it is 
paravector valued. 

Proof. Assume that F : fi —> H©H and f (x) = F (x) x~x are hyperholomorphic. 
Since F {x) = (F (x) a;-1) x we obtain from the preceding theorem that (F (x) x~l) 
is para vector valued. On the other hand, assume that / is vector valued and F is 
hyperholomorphic. Then by (6) and Lemma 1, we conclude 

n 

0 = MF = (Mf) x + Y, ejfej + 2/' = {Mf) x 
3=0 

and therefore / is also hyperholomorphic. • 

Corollary 14. The function x~m is an H-solution. 

Theorem 15. Let f2 be an open subset o/K4 and f : Q —> H©M twice continuously 
differentiable. Then f is hyperholomorphic if and only if for any a £ f i and any ball 
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B (a, r) with B (a, r) C fi there exists a continuous differentiable mapping H from 
B (a, r) into H satisfying the equations 

(13) f = DH 

(14) % A f l - 2 - = 0 

on B (a, r). 

Proof. Assume that a mapping H : B (x, r) —> H satisfies (14) and / = DH. Since 
DD = A we have x3Df = x3AH. The equality - 2 J ^ = Q' / follows from 

a i j 

Q/e3 = QDH = - e 3 — . 

Hence M / = 0 and therefore / is hyperholomorphic. 
Conversely assume that / : Q, —¥ H©H is hyperholomorphic. Set Pf = /o + 

fi^i + f262 + fvie-vi- Let B (a,r) be a ball in R4 centered at a = (do, • ••,an) satis­
fying £? (a, r) C fi. Let Sj : (B (a, r) n {x \ x3 = 03})~—• M be a twice continuously 
differentiable solution of the Poisson equation (which exists for example by [2, p.171] 

) 
Ast (x) = fi (x, a3). 

for i = 0,1,2,12 and a ball B ((a0, a\, a2) , r). Set s = Sic{o,i,2,i2} s*e» anc^ define a 
mapping H : B (a, r) —> H by 

H{x) = - Q'f{x,t)dt + D2s. 
J az 

Then we have by Proposition 2 

DH (x) = e32Q'f (x) - / D2Q'f {x, t) dt + D2D2s 
J an 

= Qif (x) en+ —^ (x, t) dt + (Pf) (x, an) 
Ja„ OXn 

= / ( * ) • 
Since the image space of H is H we note that 

Qfe3 = - e 3 ^ — • 
dx3 

Using the assumption / is hyperholomorphic we obtain 

0 = x3Df + 2Q'f = x3DDH - 2^-. 
ox3 

Hence the mapping H satisfies (14), completing the proof. • 
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Hyperholomorphic functions may be obtained from H-solutions as follows. 

Theorem 16. A mapping f is hyperholomorphic on a ball B (a, r) C IR4 if and only 
if there exist H-solutions gi such that 

f - 0o + Si ei + 02e2 + 0i2ei2-

Proof. Assume that / is hyperholomorphic on a ball B (a, r) c R4. Applying Theorem 
15 we find a mapping H from B (a, r) into H satisfying the equations (14) and / = 
DH. Denote H = h0 + h\6\ + h2e2 + hi2ei2 for real functions /i,. Then the mapping 
0i = Dhi is vector valued and therefore an H-solution. Clearly we have / = g0 + 
0iei+02e2+0i2ei2- • 

Corollary 17. / / / is hyperholomorphic on Q, then it is real analytic on Q,\ {x3 — 0}. 
Moreover, if f £ C3 (Q)is hyperholomorphic on Q., then it is real analytic on Q.. 

Proof. The H-solutions are real-analytic by [8, Theorem 4]. Hence the preceding 
theorem implies the statement. • 

The fundamental homogeneous polynomial H-solutions are defined as follows. 

Definition 18. The homogeneous polynomials L^ are defined for any multi-index 
a £ f̂  and a non-negative integer m by 

1 9lQla;m+lQl 
L™= oJ dxa ' 

The homogeneous polynomial H-solution T^ of degree m is defined by 

dT% • i 

and T£ (x) = 0 for any x with x3 = 0. 

Theorem 19. The set {L^ \ \a\ < m}u{T° | \a\ = m - n + 1} is a basis of the right 
M-module of homogeneous hyperholomorphic polynomials of degree m. 

Proof. Using [8, Theorem 4] we obtain that the set in question is a basis of the 
right H-module generated by the homogeneous polynomial H-solutions of degree 
m. If / is a homogenous hyperholomorphic polynomial of degree m, then by The­
orem 16 there exists homogeneous polynomial H-solutions p, of degree m satisfying 
/ = X)ie{o I 212> Piei- Hence it is also a basis of the right H-module of homogeneous 
hyperholomorphic polynomials of degree m. • 

Theorem 20. Let f € C3 (fi) be hyperholomorphic in a neighborhood of a point x = 
(rr0, x1,x2, 0). Then there exist constants bk (a) ,c(a) £ EI such that 

oo / k N 

fc=0 \ |a |=0 |a|=k-2 
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Proof. A s s u m e t h a t f £ C3 (Q) is h y p e r h o l o m o r p h i c in a n e i g h b o r h o o d of a p o i n t 

x = (x0,xi,X2,0). If T(y) = y + a for a € E 4 w i t h t h e las t c o o r d i n a t e a 3 = 0 

t h e n / o T is a lso h y p e r h o l o m o r p h i c . Hence we m a y a s s u m e t h a t x = 0. Since / is 

h y p e r h o l o m o r p h i c , / is real a n a l y t i c a n d therefore a d m i t s t h e p r e s e n t a t i o n 

f(y)= £ a(/?)iA 
/3eN£+1 

in s o m e n e i g h b o r h o o d Br (0) . A p p l y i n g M we o b t a i n 

00 / 

0 = M/(!/) = £ > 5>(/?) / 
fc=0 \|(8|=fc 

Since M ($^|fli_fc a (/3) y13) is a h o m o g e n e o u s p o l y n o m i a l of degree k we infer 

M £ a ( / 3 ) / l =0. 
\|/3|=fc / 

T h i s impl ies t h a t S | S I = A : a(0) V^ ^s h y p e r h o l o m o r p h i c . A p p l y i n g T h e o r e m 19 we 

o b t a i n t h e resu l t . • 
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A NOTE ON THE REDUCTION OF SASAKIAN MANIFOLDS 

GUEO GRANTCHAROV AND LIVIU ORNEA 

ABSTRACT. This is a report on work in process. We show that the contact reduction 
can be specialized to Sasakian manifolds. We link this Sasakian reduction to Kahler 
reduction by considering the Kahler cone over a Sasakian manifold. Fianlly, we 
present an example of Sasakian manifold obtained by SU(2) reduction of a standard 
Sasakian sphere. 

1. INTRODUCTION 

Reduction technique was naturally extended from symplectic to contact structures 
by H. Geiges in [6]. Even earlier, Ch. Boyer, K. Galicki and B. Mann defined in [3] 
a moment map for 3-Sasakian manifolds, thus extending the reduction procedure for 
nested metric contact structures. Quite surprisingly, a reduction scheme for Sasakian 
manifolds (contact manifolds endowed with a compatible Riemannian metric satisfy­
ing a curvature condition), was still missing. 

In this note - presenting work in progress - we fill the gap by defining a Sasakian 
moment map and constructing the associated reduced space. We then relate Sasakian 
reduction to Kahler reduction via the Kahler cone over a Sasakian manifold. 

In a forthcoming paper we shall discuss the compatibility between the Einstein 
property and the reduction scheme. 

Acknowledgements This research was initiated during the authors visit at the 
Abdus Salam International Centre for Theoretical Physics, Trieste, during summer 
1999. The authors thank the Institute for support and excellent environment. The 
second author also acknowledges financial and technical support from the Erwin 
Schrodinger Institute, Vienna, in September 1999. Both authors are grateful to Kris 
Galicki and Henrik Pedersen for many illuminating conversations on Sasakian geom­
etry and related themes. 

1991 Mathematics Subject Classification. 53C15, 53C25, 53C55. 
Key words and phrases. Sasakian manifolds, Kahler manifold, moment map, contact reduction, 

Kahler reduction, Riemannian submersion, Einstein manifold. 

137 



138 GUEO GRANTCHAROV AND LIVIU ORNEA 

2. DEFINITIONS OF SASAKIAN MANIFOLDS 

We recall here the notion of a Sasakian manifold, refering to [2] and [4] for details 
and examples. 

Definition 2.1. A Sasakian manifold is a (2n+l)-dimensional Riemannian manifold 
(N, g) endowed with a unitary Killing vector field £ such that the curvature tensor of 
g satisfies the equation: 

(1) R(X,OY = r](Y)X-g(X,Y)Z 

where n is the metric dual 1-form o/£: n(X) = g(^,X). 

Let (p = V£, where V is the Levi-Civita connection of g. The following formulae 
are then easily deduced: 

(2) <p£ = 0, g(<pY,<pZ) = g{Y,Z)-r,(Y)Ti(Z). 

It can be seen that r\ is a contact form on N, whose Reeb field is £ (it is also called the 
characteristic vector field). Moreover, the restriction of ip to the contact distribution 
f] = 0 is a complex structure. 

The simplest example is the standard sphere S2n+1 C C"+1, with the metric induced 
by the flat one of C"+1. The characteristic Killing vector field is £p — —i~j}, i being 
the imaginary unit. Other Sasakian structures on the sphere can be obtained by D-
homothetic transformations (cf. [7]). Also, the unit sphere bundle of any space form 
is Sasakian. A large class of examples is obtained via the converse construction of 
the Boothby-Wang fibration. Moreover, the join of two Sasakian Einstein manifolds 
is Sasakian Einstein. 

The following equivalent definition puts Sasakian geometry in the framework of 
holonomy groups. Let C(N) — N x R+. be the cone over (N,g). Endow it with 
the warped-product cone metric C(g) = r2g + dr2. Let RQ — rdr and define on 
C(N) the complex structure J acting like this (with obvious identifications): JY — 
<pY - T]{Y)Ro, JRo = £• We have: 

Theorem 2.1. [4] (N,g,£) is Sasakian if and only if the cone over N (C(N),C(g), J) 
is Kdhlerian. 

3. T H E RESULTS 

Theorem 3.1. Let {N,g,Q be a compact 2n + l dimensional Sasakian manifold and 
G a compact d-dimensional Lie group acting on N by contact isometries. Suppose 
0 G Q* is a regular value of the associated moment map JU. Then the reduced space 
M = N//G := /i_1(0)/G is a Sasakian manifold of dimension 2(n — d) + 1. 

Proof. (A sketch.) By [6], the contact moment map fj,: N —• Q* is defined by 

<n(x),X>=q(X) 
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for any I g g and X the corresponding field on N. We know that the reduced space 
is a contact manifold, loc. cit. Hence we only need to check that (1) the Riemannian 
metric is projected on M and (2) the field £ projects to a unitary Killing field on M 
such that the curvature tensor of the projected metric satisfies formula (1). 

To this end, we first describe the metric geometry of the Riemannian submanifold 
/z-1(0). One proves that the restriction of the Reeb field to /U_1(0) is Killing with 
respect to the induced metric. Moreover, using the Gauss equation we obtain 

g{R!'-1W(X,OY,Z)-g(Rfr(X,OY,Z) = 
d 

= -Y,\\Xi\\-2{hi(X,Y)hi(Z,Z)-hi(X,Z)hi(t;,Y)} 
(3) i=l 

d 

= - £ | | ^ | r 2 {g(Xi, Z)g(VxXh <pY) - g(Xu Y)g{VxXu <pZ)} 

where {X_l,...,X_d\ is a basis of g and let {Xi,...,Xd} is the corresponding vector 
fields on N. (Note that i/j — | |X , | | _ V^j p are chosen to be orthonormal in p; this is 
always possible pointwise by appropriate choice of the initial X J . 

Let now 7r : M_1(0) —• M and endow M with the projection gM of the metric g 
such that 7r becomes a Riemannian submersion. This is possible because G acts by 
isometries. In this setting, the vector fields Xt span the vertical distribution of the 
submersion, whilst £ is horizontal and projectable (because £x4£ = 0). Denote with 
C its projection on M. ( is obviously unitary. To prove that C is Killing on M, we 
just observe that £$g(Y, Z) — C^g(Yh, Zh), where Yh denotes the horizontal lift of of 
Y. Finally, to compute the values RM(X, ()Y of the curvature tensor of gM, we use 
O'Neill formula (cf. [1], (9.28f)) and find 

RM(X, C)Y = g{£, Yh)Xh - g{X\ yh)C = gM((, Y)X - gM(X, Y)( 

which proves that (M, gM, £) is a Sasakian manifold. • 

Remark 3.1. Ai_1(0) is a natural example of a contact CR-submanifold (in the ter­
minology of K. Yano and M. Kon [9], a semi-invariant submanifold in the terminology 
of A. Bejancu). In general, this means that the tangent space of the submanifold de­
composes in three mutually orthogonal distributions: K£, a distribution T> on which 
<p restricts to an endomorphism and a distribution Vx which is mapped by ip in the 
normal space of the submanifold. It is known that on a contact CR-submanifold 
the distribution V1- is always integrable. Here the integrability of this distribution 
expresses the fact that it is generated by fundamental vector fields corresponding to 
a basis of the Lie algebra of the group defining the moment map. In general, the in­
variant distribution is not integrable. In our case, one can show that its integrability 
is equivalent with strong restrictions on the geometry of the quotient. 
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In the following we relate Sasakian reduction to Kahler reduction by using the 
cone construction. Roughly speaking, we prove that reduction and taking the cone 
are commuting operations. 

Let u = dr2 A i) + r2dn be the Kahler form of the cone C(N) over a Sasakian 
manifold {N,g,£). If pt are the translations acting on C(N) by (x,r) t-> (x,tr), then 
the vector field RQ — rdr is the one generated by {pt}- Moreover, the following two 
relations are useful: 

(4) CRQU) = ui, p*tu = tu. 

If a compact Lie group G acts on C(N) by holomorphic isometries, commuting with 
pt, we obtain a corresponding action of G on N. In fact, we can consider G = Gx {Id} 
acting as (g, (x,r)) x {gx,r). 

Suppose that a moment map <3> : C(N) —> g exists. 
As above notations, let {X_lt ...,2Ld} be a basis of g and let {X1,...,Xd} be the 

corresponding vector fields on C(N). We see that X; are independent on r, hence 
can be considered as vector fields on N. Furthermore, the commutation of G with pt 

implies 

(5) *(ft(p))=**(p). 

Now embed TV in the cone as N x {1} and let p, := <3>|JVX{I}- We can prove that this 
is precisely the moment map of the action of G on N. 

Let P — $ _ 1 (0)/G be the reduced Kahler manifold. The key remark is that because 
of (5), $_1(0) is the cone N' x 1+ over N' = {x G N ; (x, 1) G $_ 1(0)}. Moreover, 
since the actions of G and pt commute, one has an induced action of G on N'. Then 

$_ 1(0)/G ^ (N' xR+)/G^ N'/G x K+ 

The manifold N'//G x K+ is Kahler, as reduction of a Kahler manifold, but we 
still have to check that this Kahler structure is a cone one. For the more general, 
symplectic case, this was done in [5]. Let g0 be the reduced Kahler metric and g' be 
the Sasakian reduced metric on N'//G. It is easily seen that the lift of g0 to <3>_1(0) 
coincides with the lift of the cone metric r2g' + dr2 on horizontal fields. This implies 
that the cone metric coincides with g0. 

Summing up we have proved: 

Theorem 3.2. Let (N,g,£) be a Sasakian manifold and let (C(N), C(g), J) be the 
Kahler cone over it. Let a compact Lie group G act by holomorphic isometries on 
C(N) and commuting with the action of the 1-parameter group generated by the field 
RQ. If a moment map with regular value 0 exists for this action, then a moment map 
with regular value 0 exists also for the induced action of G on N. Moreover, the 
reduced space C(N)//G is the Kahler cone over the reduced Sasakian manifold N//G. 

The advantage of defining the Sasakian reduction via Kahler reduction, as done in 
[3] for 3-Sasakian manifolds, is the avoiding of curvature computations. 
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4. EXAMPLES: SU(2) ACTIONS ON SASAKIAN SPHERES 

Example 4.1. In a future note we are planning to consider with details S1 actions on 
Sasakian manifolds but now we concentrate to the actions of SU(2) with homogeneous 
reduced spaces. Consider the standard Sasakian structure on 54™-1 c C2" given by 
the "round metric" and vector field £ generated by the left action of S1 — elt. Then 
the right action of the unit quaternions on S4™-1 C HP by: 

{q,(qo,--,qn~i)) >->• (q0q,...,q„-iq). 

satisfies the conditions of Theorem 3.1. The associated moment map is the same as 
the 3-Sasakian moment map of the Sl action given in [3]: 

/•*(«) = Zqai% 

The reason is that in both cases the coordinates (fa, fa, fa) of n are given by a scalar 
product of the vector fields generated by the left actions of i, j and k with £. So using 
the result from [3] we have: 

H'1^) ^ SU{n+ l)/SU{n - 1) 

. The reduced space is diffeomorphic to the homogeneous space SU(n + l)/SU(2) x 
SU{n - 1) which is a S1 bundle over SU{n + l)/5(f/(2) x U{n - 1)), a Hermitian 
symmetric space . Note also that the latter space is a quaternionic Kahler manifold 
and is the base for the 3-Sasakian fibration with S3 fiber, obtained as a reduced 
space after the 3-Sasakian reduction mentioned above. On can also check that the 
reduced metric is the homogeneous Einstein metric arising from the Wang and Ziller's 
construction, [8]. 
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1. INTRODUCTION 

Mathematicians are like Frenchmen: whenever you say something to them, 
they translate it into their own language, and at once it is something entirely 
different. 

Goethe, Maxims and Reflections (1829) 

The subject of this paper is an algebraic device, a means to construct algebraic 
structures over the quaternions H as though EI were a commutative field. As far as 
the author can tell, the idea seems to be new. We shall provide the reader with a 
dictionary, giving the equivalents of simple concepts such as commutative field, vec­
tor space, tensor products of vector spaces, symmetric and antisymmetric products, 
dimensions of vector spaces, and so on. The reader will then be able to translate 
her own favourite algebraic objects into this new quaternionic language. The results 
often turn out to be surprisingly, entirely different. 

The basic building blocks of the theory are the quaternionic analogues of vector 
space and the tensor product of vector spaces over a commutative field. A vector 
space is replaced by an AM-module (U, U'), which is a left H-module U with a given 
real vector subspace U'. The tensor product ® is replaced by the quaternionic tensor 
product ®H, which has a complex definition given in §1.1. It shares some impor­
tant properties of <g> (e.g. it is commutative and associative), but also has important 
differences (e.g. the dimension of a quaternionic tensor product behaves strangely). 

The theory arose out of my attempts to understand the algebraic structure of 
noncompact hypercomplex manifolds. Let M be a 4n-manifold. A hypercomplex 
structure on M is a triple (I\,l2, h) of complex structures satisfying Iil2 = I3. These 
induce an H-action on the tangent bundle TM, and M is called a hypercomplex 
manifold. Hypercomplex manifolds are the subject of the second half of the paper. 

The best quaternionic analogue of a holomorphic function on a complex manifold 
is a q-holomorphic function on a hypercomplex manifold M, defined in §3.1. This is 
an H-valued function on M satisfying an equation analogous to the Cauchy-Riemann 
equations, which was introduced by Pueter in 1935 for the case M = H. Affine 
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algebraic geometry is the study of complex manifolds using algebras of holomorphic 
functions upon them. Seeking to generalize this to hypercomplex manifolds using 
q-holomorphic functions, I was led to this quaternionic theory of algebra as the best 
language to describe quaternionic algebraic geometry. 

Although the applications are all to hypercomplex manifolds, I hope that much of 
the paper will be of interest to those who study algebra rather than geometry, and 
maybe to others who, like myself, are fascinated by the quaternions. The paper has 
been laid out with this in mind. There are four chapters. Chapter 1 explains AH-
modules and the quaternionic tensor product. It is quite long and wholly algebraic, 
without references to geometry. Chapter 2 gives quaternionic analogues of various 
algebraic structures. It is short and is mostly definitions. The most important idea 
is that of an H-algebra, the quaternionic version of a commutative algebra. 

Chapter 3 is about hypercomplex geometry. Q-holomorphic functions are defined, 
their properties explored, and it is shown that the q-holomorphic functions on a hy­
percomplex manifold form an H-algebra. A similar result is proved for hyperkahler 
manifolds. The problem of reconstructing a hypercomplex manifold from its H-algebra 
is considered, and H-algebras are used to study a special class of noncompact, com­
plete hyperkahler manifolds, called asymptotically conical manifolds. 

Chapter 4 is a collection of examples and applications of the theory. Two interesting 
topics covered here are an algebraic treatment of the 'coadjoint orbit' hyperkahler 
manifolds, and some new types of singularities of hypercomplex manifolds that have 
remarkable properties. To control the length of the paper I have kept the list of 
examples and applications short, and I have omitted a number of proofs. However, 
I believe that there is much interesting work still to be done on these ideas, and in 
§4.7 I shall indicate some directions in which I would like to see the subject develop. 

Much of the material in this paper has already been published by the author in 
[14]; this paper is mostly an expanded version of [14], with rather more detail, and 
some new material on the geometry of noncompact hypercomplex and hyperkahler 
manifolds. However, the results of [14, §12] on coadjoint orbits are not included in 
this paper, and instead we approach the subject from a slightly different direction. 

Two other references on the subject of this paper are Quillen [25], who reinterprets 
the AH-modules and the quaternionic tensor product ®H in terms of sheaves on QP1, 
and Widdows [28], who explores a number of issues in hypercomplex algebraic geome­
try, including the classification of finite-dimensional AH-modules up to isomorphism, 
and quaternionic analogues of the Dolbeault double complex on complex manifolds. 

1.1. Quaternionic tensor products. In this section we give some notation, and 
define a quaternionic analogue of the tensor product of two vector spaces. This idea 
is central to the whole paper. First, a remark about the real tensor product. Let U, V 
be real vector spaces. If U, V are infinite-dimensional, there is more than one possible 
definition for the real tensor product U <g> V, if U, V are equipped with topologies. In 
this paper we choose the simplest definition: for us, every element of U <8> V is a finite 
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sum YijUj ® Vj where Uj € U, Vj € V. Also, in this paper the dual U* of U means the 
vector space of all linear maps U —> R, whether continuous in some topology or not. 

The quaternions are 

H = {r0 + nh + r2i2 + r3i3 : r 0 , . . . , r3 e K}, 

and quaternion multiplication is given by 

ixi2 = -i2ix = i3, i2i3 = -i3i2 = iu i3ix = -ixi3 = i2, i\ = i\- i\ = - l . 

The quaternions are an associative, noncommutative algebra. The imaginary quater­
nions are I = {h,i2,iz). This notation I is not standard, but we will use it through­
out the paper. If q = r0 + r\i\ + r2i2 + r3i3 then we define the conjugate q of q by 
q = r0 - n i l - r2i2 - r3i3. Then (pq) = qp for p, q € M. 

A (left) M-module is a real vector space U with an action of H on the left. We write 
this action (q, u) H-> q • u or qu, for q g H and u € U. The action is a bilinear map 
H x U —¥ U, and satisfies p • (q • u) = {pq) • u for p, q € M and u € U. In this paper, 
all H-modules will be left H-modules. 

Let U be an H-module. We define the dual M-module Ux to be the vector space of 
linear maps a : U —¥ H that satisfy a{qu) = qa(u) for all q € H and u &U. If q € H 
and a € C/x we may define q • a by (q- a)(u) = a(u)q for u G U. Then q • a € Ux, 
and £/x is a (left) M-module. If V is a real vector space, we write V* for the dual 
of V as a real vector space. It is important to distinguish between the dual vector 
spaces and dual H-modules. Dual H-modules behave just like dual vector spaces. In 
particular, there is a canonical map U —> (Ux)x, that is an isomorphism when U is 
finite-dimensional. 

Definition 1.1.1 Let U be an H-module. Let U' be a real vector subspace of U, 
that need not be closed under the H-action. Define a real vector subspace U^ of Ux 

by 

f/f = {a e Ux : a{u) e I for all u £ U'}. 

We define an augmented M-module, or All-module, to be a pair (U,U'), such that 
if u € U and a(u) = 0 for all a € U*, then u = 0. Usually we will refer to U as 
an AH-module, implicitly assuming that U' is also given. We consider H to be an 
AH-module, with H' = I. 

AH-modules should be thought of as the quaternionic analogues of real vector 
spaces. It is easy to define the dual of an AH-module, but we are not going to do 
this, as it seems not to be a fruitful idea. We can interpret Ux as the dual of U as a 
real vector space, and then {/t is the annihilator of U'. Thus if U is finite-dimensional, 
dimU' + dimf/f = dimU = dimUx. The letters A,U,V,...,Z will usually denote 
AH-modules. Here are the natural concepts of linear map between AH-modules, and 
AH-submodules. 
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Definition 1.1.2 Let U,V be AH-modules. Let <f> : U —• V be a linear map 
satisfying (j>(qu) = q(j>{u) for each q G H and u £U. Such a map is called quaternion 
linear, or H-/inear. We say that 0 is a morphism of AH.-modules, or AW-morphism, 
if 0 : U ->• V is H-linear and satisfies <A(t/') C V . Define a linear map 0X : Vx ->• f/x 

by </>*(£)(«) = /8(<A(«)) for /3 G Vx and u € U. Then <£([/') c V implies that 
cj)x(V^) CUK If </> is an isomorphism of H-modules and <f>(U') = V, we say that <j> is 
an AM-isomorphism. 

Clearly, if <j> : U —> V and ip : V ->• W are AH-morphisms, then ^ o ̂  : £/ —• W is 
an AH-morphism. If V is an AH-module, we say that U is an AM-submodule of V if 
U is an H-submodule of V and U' = U f~l V . This implies that [/+ is the restriction of 
V* to [/, so the condition that u — 0 ii a(u) — 0 for all a £ ( / f holds automatically, 
and U is an AH-module. 

In this paper 'Im' always means the image of a map, and we will write 'id' for the 
identity map on any vector space. If U is an AH-module, then id : U —>• U is an 
AH-morphism. Next we will define a sort of tensor product of AH-modules, which is 
the key to the whole paper. 

Definition 1.1.3 Let U be an AH-module. Then H ® ([/+)* is an H-module, with 
H-action p-(q®x) = (pq) ® x. Define a map iu : C/-»H®([/t)* by LV{U) -a = a{u), 
for u G U and a G UK Then LV(q • u) = q • tu(u) for u G U. Thus tu(U) is an 
H-submodule of H ® (t/f)*. Suppose u e Keiiu. Then a(u) = 0 for all a G £/f, so 
that u — 0 as U is an AH-module. Thus in is injective, and iu{U) = U. 

Definition 1.1.4 Let U, V be AH-modules. Then H® ([/+)* ® ( 0 ) * is an H-module, 
with H-action p-(q®a;®?/) = {pq)®x®y. Exchanging the factors of H and (f/t)*, we 
may regard (£/*)* ®tv(V) as asubspace of H® ([/+)* ®(yt)*. Thus LU{U)<8>{V^)* and 
(f/1)* ® iv(V) are H-submodules of H ® (C/t)* ® (yt)*. Define an H-module U®nV 
by 

(1) £/®HV = (tu(U) ® (V1)*) n ((C/t)* ® iy(T/)) C H ® ([/+)* ® (Vt)*. 

Define a vector subspace ([/®HV)' by (£/®eV7 = (U®mV) n (I ® (£/f)* ® (V1)*). 
Define a linear map A^y : f/t<g)V't -> (U®mV)* by Ai7iy(a;)(y) = y-a; G H, for x G C/f® 
V^, t/ G t/®HV, where '•' contracts together the factors of W ® Vf and (t/f)* ® (Vf)*. 

Clearly, if x G U1 ® Vf and y e (£/®HV)', then A[/,v(a;)(y) G I. As this holds for 
all y G {U®wV)', Xu,v{x) e ({/®Hy)+, so that Xuy maps f/f ® V* -> (f/®H^) t- If 
y G U ® I I F , then At/,y(x)(2/) = 0 for all x G [/f ® ^ f if and only if y = 0. Thus 
C/<8>HV is an AH-module, by Definition 1.1.1. This AH-module will be called the 
quaternionic tensor product of U and V, and the operation ®H will be called the 
quaternionic tensor product. When U, V are finite-dimensional, XVy is surjective, so 
that {U®mVy = \uy{U* ® V*). 

Here are some basic properties of the operation ®H-



QUATERNIONIC ALGEBRA 147 

Lemma 1.1.5. Let U,V,W be AW-modules. Then there are canonical AM-isomor-
phisms 

M®aU^U, U®aV^V®MU, and {U®mV)®mW * U®m(V®mW). 

Proof. As Hf S M, we may identify H ® (H1)* <g> ([/+)* and H ® (£/*)*. Under this 
identification, it is easy to see that M®mU and <-[/([/) are identified. Since iu{U) = 
U as in Definition 1.1.3, this gives an isomorphism M®mU — U, which is an AH-
isomorphism. The AH-isomorphism U®mV — V®mU is trivial, because the definition 
of U®mY is symmetric in U and V. 

It remains to show that {U®MV)®mW ^ U®w(V®mW). The maps Xuy : U* <g> 
Ft -> (£/(8>H^)t and Ac/®Hv,iv : (t/®H^)f ® ^ + -> ((£/®H^)®HWA)t compose to give 
a linear map \uv,w '• 

f/f ® Vf ® W^ ->• ((f/(8)1HiV)(8)iiVF)t, defined in the obvious 
way. Define a linear map LUVIW : (U®mV)®mW -> M ® {W)* ® ( 0 ) * ® (W])* by 
tuv,w{y) • x = Xuv,w{x)(y) € H, for each x G f/f <g> Vf ® W*. 

Suppose that y £ (U®mV)®wW, and tuv,w{y) = 0. Then \uv,w{x){y) — 0 for 
each x € [A ® V^ ® WK It can be shown that this implies that y = 0. Thus iuv,w ls 

injective. Now from (1) and the definitions, it is easy to show that 

((u®Bv)®aw) = (iu(u) ® {v*y ® {wiy) 
n (([/+)* ® tv{V) ® {W*y) n (([/*)* ® (K*)* ® iw{W)), 

interpreting this equation as we did (1). As tuv,w ls injective, (U®MV)®MW is isomor­
phic to the r.h.s. of (2). By the same argument, U®M(V®WW) is also isomorphic to 
the r.h.s. of (2). This gives a canonical isomorphism (U®MV)®MW = U®u(V®mW). 
It turns out to be an AH-isomorphism, and the lemma is complete. • 

Lemma 1.1.5 tells us that ®H is commutative and associative, and that H acts as an 
identity element for ®H- Since ®e is associative, we shall not bother to put brackets 
in multiple products such as U®mV®mW. Also, the commutativity and associativity 
of <8>n enable us to define symmetric and antisymmetric products, analogous to SkV 
and AkV for V a real vector space. 

Definition 1.1.6 Let U be an AH-module. Write ®H£/ for the product U®m • • • ®uU 
of k copies of U. Then the ktb symmetric group Sk acts on ®Hf7 by permutation of 
the U factors in the obvious way. Define S^U to be the AH-submodule of (Q^U that 
is symmetric under these permutations, and AH[/ to be the AH-submodule of (Q^U 
that is antisymmetric under these permutations. Define (£)^U, S^U and AHt/ to be 
the AH-module H. The symmetrization operator am, defined in the obvious way, is 
a projection <TH : ® M ^ ~~* SMU- Clearly, CTH is an AH-morphism. Similarly, there 
is an antisymmetrization operator, that is an AH-morphism projection from ®mU 
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Here is the definition of the tensor product of two AH-morphisms. 

Definition 1.1.7 Let U, V, W, X be AH-modules, and let <p : U ->• W and ip : V -> X 
be AH-morphisms. Then <j>*(W*) C U] and ip*{X*) C V\ by definition. Taking the 
duals gives maps (</>x)* : (lP)* -»• (W*)' and (V>x)* : (V*)* -»• (Xt)*. Combining 
these, we have a map 

(3) id®(0x)* ® (</>x)* : H ® ([/*)* ® (V*)* - • H ® (N*)* ® (X*)*. 

Now [/®HV C H® (f/t)* ® (V t̂)* and W®nX C H® (J-0)* ® (X*)*. It is easy to show 
that (id®((/>x)*® (V>x)*)(f/®iiV) C W®mX. Define 4>®mip : U®mV -> W®HX to be 
the restriction of id ®(0X)* ® (V>*)* to U®wV. It follows trivially from the definitions 
that cf)®Mip is H-linear and satisfies (</>®HV')({U®WV)') C (W<g>HX)'. Thus (A®HV' is 
an AH-morphism from t/®iiV to W®mX. This is the quaternionic tensor product of 
<p and ip. 

Lemma 1.1.8. Suppose that <p : U —• W and ip : V —• X are infective AH-
morphisms. Then <j>®m.ip '• U®mV —> W ^ H X is an injective AM-morphism. 

Proof. Consider the map id®(0x)*®(^x)* of (3). Clearly this maps ^( f / )® (y f)* to 
<w(W0 ® (X*)*. As Lu(U) S [7 and 4jy (W) = W and the map <p : U -» W is injective, 
we see that the kernel of id®(<?!>x)* ® (ip*)* on ic /(t/) ® ( 0 ) * [s Lu(y) ® Ker(^x)*. 
Similarly, the kernel on (£/+)* ® tv(V0 is Ker(0x)* ® tvOO- Thus the kernel of <p®mip 
is 

Ker(0®Htf) = (tu(U) ® Ker(^x)*) n (Ker(0x)* ® iv{V)). 

But this is contained in (iu{U) n (H ® Ker(0x)*)) ® (V*)*. Now <,[/(£/) n (H ® 
Ker(^x)*) = 0, since if i(u) lies in H ® Ker(<^x)* then (p(u) = 0 in W, so M = 0 as <p 
is injective. Thus Ker(0®H^/;) = 0, and (p®mip is injective. • 

The following lemma is trivial to prove. 

Lemma 1.1.9. Let U, V be AW-modules, and let u € U and v € V be nonzero. 
Suppose that a(u)P(v) = (3(v)a(u) £ H for every a e U^ and f3 £ V*. Define an 
element u®mv of H® (W)*<8> (V*)* by {u®mv) • (a ® /3) = a(u)/3(u) £ H. r/ien u®iit; 
is a nonzero element of U®mV. 

The philosophy of the algebraic side of this paper is that much algebra that works 
over a commutative field such as R or C also has a close analogue over H (or some 
other noncommutative algebra), when we replace vector spaces over R or C by AH-
modules, and tensor products of vector spaces by the quaternionic tensor product 
®H- Lemmas 1.1.5, 1.1.8 and 1.1.9 are examples of this philosophy, as they show that 
essential properties of the usual tensor product also hold for the quaternionic tensor 
product. 

However, the quaternionic tensor product also has properties that are very unlike 
the usual tensor product, which come from the noncommutativity of the quaternions. 
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For example, let U, V be H-modules, and let U' = V = {0}. Then tf = Ux and 
V* = Vx. Suppose that x G U®WV, and let p, q G H, a G W and /3 G Vf. Then 

x(a ® f5)pq = x((p • a) ® /3)g = x((p • a)®(q- /?)) 

= x{a ® (9 • /3))p = x(a ® /?)<?]», 

where we use the facts that U\V^ are closed under the H-action on Ux, and the 
definition (1) of U®mV. Choosing p and q such that pq ^ qp, equation (4) shows 
that x(a ®P) = 0. Since this holds for all a,fi,x = 0. Thus U®mV = {0}. We have 
shown that the quaternionic tensor product of two nonzero AH-modules can be zero. 

Suppose that U = Mk. Then the condition in Definition 1.1.1 implies that the 
dimension dim(f/t) > k. But dim(£/')+dim(t/t) = 4fc, so dim(U') < 3k. The example 
above illustrates the general principle that if dim([/') is small, then quaternionic 
tensor products involving U tend to be small or zero. A good rule is that the most 
interesting AH-modules U are those in the range Ik < dim([/') < 3k. 

Here are some differences between the quaternionic and ordinary tensor products. 

• In contrast to Lemma 1.1.9, if u G U and v G V, there is in general no element 
'utgtmv' in U®wV. At best, there is a linear map from some vector subspace of 
U ® V to U®MV. 

• Suppose that U, V are finite-dimensional AH-modules, with U = Hfc, V = M1. It 
is easy to show that U®wY — H", for some integer n with 0 < n < kl. However, 
n can vary discontinuously under smooth variations of W,VK 

• If we wish, we can make Ux, Vx into AH-modules. However, it is not in general 
true that Ux®wVx = (U®mV)x, and there is no reason for Ux®mVx and 
(f/®H^)x even to have the same dimension. For this reason, dual AH-modules 
seem not to be a very powerful tool. 

• In contrast to Lemma 1.1.8, if 0 : J 7 - > W and %[) : V —> X are surjective AH-
morphisms, then ^ ® H ^ : £^®H^ -> W^^e^ does not have to be surjective. In 
particular, U<S>nV may be zero, but W®^X nonzero. 

1.2. Stable and semistable AH-modules. Now two special sorts of AH-modules 
will be defined, called stable and semistable AH-modules. Our aim in this paper has 
been to develop a strong analogy between the theories of AH-modules and vector 
spaces over a field. For stable AH-modules it turns out that this analogy is more 
complete than in the general case, because various important properties of the vector 
space theory hold for stable but not for general AH-modules. Therefore, in applica­
tions of the theory it will often be useful to restrict to stable AH-modules, to exploit 
their better behaviour. We begin with a definition. 

Definition 1.2.1 Let q G I be nonzero. Define an AH-module Xq by Xq = H, and 
X'g = {peM:pq = -qp}. Then X'q c I and dimX^ = 2. Let Xq • Xq -)• H be 
the identity. Then Xq(X'q) C I = H', so Xg is an AH-morphism. Suppose U is any 
finite-dimensional AH-module. Then U®mXq is an AH-module, and £/®HH = U, 
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so there is a canonical AH-morphism id®mXq : U®mXq —> U. We say that U is a 
semistable AM-module if 

U = ((id®mXq){U®MXq) : 0 ? q £ l ) , 

that is, U is generated as an H-module by the images Im(id®HX«) for nonzero q £l. 
Clearly, every All-module contains a unique maximal semistable AH-submodule, the 
submodule generated by the images Im(id(8>HX«)-

Proposition 1.2.2. Let q € I be nonzero. Then Xq®MXq is AR-isomorphic to Xq. 
Let U be a finite-dimensional AM-module. Then U®mXq is AM-isomorphic to nXq, 
the direct sum of n copies of Xq, for some n > 0. Now suppose that U is semistable, 
with dimU — Aj and dimU' = 2j + r, for integers j,r. Then U®wXq = nXq, where 
n> r for all nonzero q £ I, and n = r for generic q £ I. Thus r > 0. 

Proof. A short calculation shows that Xq<giVXq = Xq as AH-modules. Let U be a 
finite-dimensional AH-module. Then id(8>HX« '• U®mXq —> U is an injective AH-
morphism, by Lemma 1.1.8. It is easy to show that (JJ®wXq)' is identified with 
U' n (q • U') by id(8>Hxg- Now {l,q) C l i s a subalgebra C, of H isomorphic to C, 
and clearly (U<8>mXq)' is closed under Cq. Choose a basis ui,...,u„ of (U®mXq)' over 
the field C9. Suppose that HqjUj = 0 in U®mXq, for qlt... ,qn e H. Let p e M 
be nonzero, and such that pq — —qp. Then H splits as H = Cq © pCq. Using this 
splitting, write qj = aj + pbj, with aj, bj £ Cq. 

If a £ (U®mXqY, then a(uj) S pCq, so a(EqjUj) — 0 implies that a(Ea,jUj) = 
a(Y,bjUj) = 0. As this hold for all a £ (E/®H-^)*)

 w e have T,ajitj — 0 and T,bjUj = 0. 
But {UJ} is a basis over Cq and aj, bj £ Cq. Thus aj = bj = 0, and qj — 0. We have 
proved that U\,..., un are linearly independent over H. It is now easily shown that 
H • uj = Xq, and that U®^Xq = H • U\ © - • • © H • un = nXq, as we have to prove. 

Now let U be semistable, with dimU = Aj and dimU' = 2j + r. From above, 
U'n{q- U') = Cn

q. But we have 

dim(C/' fl {q • [/')) + dim(f/' + q-U') 

^ ' = dim U' + dim(q • U') = Aj + 2r. 

Since U' + q • U' C U, dim(U' + q • U1) < Aj, and so (5) shows that In > 2r, with 
equality if and only if U = U' + q • U'. Thus n > r for all nonzero q, as we have to 
prove. To complete the proposition, it is enough to show that U = U' + q • U' for 
generic q £ I. 

As U is semistable, it is generated by the images Im(id®nX9)- ^° suppose U is 
generated by Im(id <8HX9J,) for j = 1 , . . . , k, where 0 / q3• £ I. Let q £ I, and suppose 
that qgj ^ qjq for j = 1 , . . . , fc. This is true for generic q. Clearly X'q.+q- X'q. = Xqj, 
as qqj ^ ^-g. Thus ( C / ® e ^ ) ' + q • (U®uXqJ = U®mXqj, as f/®HXg. ^ nX,.. We 
deduce that Im(id<8>]iX«j)ls contained in U' + q-U'. But U is generated by the spaces 
Im(id ®mXqj), so U = U' + q -U'. This completes the proof. • 
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Now we can define stable AH-modules. 

Definition 1.2.3 Let U be a finite-dimensional AH-module. Then dimf/ = 4j and 
dim U' = 2j + r, for some integers j , r. Define the virtual dimension of U to be r. 
We say that U is a stable AM-module if U is a semistable AH-module, so that r > 0, 
and U®wXq — rXq for each nonzero q £l. 

The point of this definition will become clear soon. Here are two propositions about 
stable and semistable AH-modules. 

Proposition 1.2.4. Let U be a stable AM-module with dimU = 4j, and dimf/' = 
2j + r for integers j,r. Let V be a semistable AM-module with dimV = 4k and 
dim V = 2k + s for integers k, s. Then dim([/®HV) = 41, where I = js + rk — rs. 

Proof. Regard H ® f/t ® V+ and H ® ([/+)* ® ( 0 ) * as H-modules in the obvious way. 
Define a bilinear map 9 : H® ([/+)*®(V+)* x H<g>f/f <g> V+ -> H by 9(p®a®/3,9®:r® 
2/) = a{x)P{y)pq for p,g G H, a; € £/+, y G 0 , a £ (£/*)* and £ G (0 )* . Recall that 
ty(C/) ® (V1)* and {W)* ® tv(V) are H-submodules of H ® (£/*)* ® ( 0 ) * . Define a 
subspace AV,v of H® C/t ® Vf by 2 G AT ŷ if 6(C, z)=0 whenever C G it/(£/) ® (yt)* 
or C G (C/+)* ® ty(V). Then iiT^y is an H-submodule of H ® t/t ® V*. 

Now t^(C/) ® (yt)* + ([/+)* ® tv(V) is an H-submodule of M ® (C/t)* ® (yt)*, a n d 
clearly 

dimKUiV + dim(iu{U) ® (Vf)* + (£/*)* ® iv(V)) 

= dimH ® (17+)* ® {Vj)* = 4(2j - r)(2* - s). 

But [/<g>HV = (tj/(t/) ® (yt)*) n ((t/t)* ® iv(V)), and thus 

dim(t/®HV) = dim(ip(l7) ® (0)*) + dim(([/t)* ® tv(V)) 

- dim(ic/(f/) ® (V*Y + (£/*)* ® ty(F)), 

so that dim([/®HV) = 4j(2fc - s) + {2j -r)4k - {4{2j -r)(2k - s) -dimKuy} = 
41 + dim Kuv, where I = js + rk - rs. Therefore dim(£/®HV) = 41 if and only if 
Ku,v = {0}.' 

Suppose that W is an AH-module, and (j): W —¥ V is an AH-morphism. Then cf>x : 
yt _> p^tt so that id®^* : H®f/t®yt _> H®£/ t®I0 . We have ifyy C H ® { / t ® 0 
and Jfyw C H ® U] ® W f. It is easy to show that (id®<j)x)(KUtV) c A " ^ . Let 
0 ^ q G I, and put W = V®mXq, and 0 = id ®wXq- In this case W = nXq. The 
argument above shows that Ku,xq — {0} if and only if dim(U®nXq) — 4r. But by 
this holds by Definition 1.2.3, as U is stable. 

Thus KUiXq = {0}, and Kuyv = {0} asW ^ nXq. It follows that (id®<f>x)(Kuy) = 
{0}, so Kjjy C H ® C/+ ® Ker0*. Now V is semistable. Therefore V is generated by 
submodules cf>(W) of the above type, and the intersection of the subspaces Ker^x c 
V+ for all nonzero q, must be zero. So Ku<v c H ® f/t ® {0}, giving KVy = {0}, and 
d\m(U®wV) = 41 from above, which completes the proof. • 
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Proposition 1.2.5. Let U be a stable AM-module, and V a semistable AM-module. 
Then U®wY is semistable. 

Proof. Let dimU = 4j, dimV = 4k, dimU' = 2j + r and dimV" - 2k + s. Then 
Proposition 1.2.4 shows that dxm(U®mV) = 4/, where I = js + rk — rs. Let W C 
U®mV be the AH-submodule of f/®HV generated by the images Im(id®HXg), where 
id <8>HX? : U®mV®wXq —• U<g>mV and 0 ^ q £ I. Then W is the maximal semistable 
AH-submodule of U&aV • We shall prove the proposition by explicitly constructing I 
elements of W, that are linearly independent over EL This will imply that dim W > 41. 
Since W C U®BV and dim({/<g>HV) = 41, we see that W = U®mV, so U®mV is 
semistable. 

Here is some new notation. Let 0 / q £ I, and define Uq = {u G U : CK(M) € 
(l,g) for all a € £/*}. Similarly define V ,̂ (E/®iiV)g. It can be shown that H • 
Uq — lm(\d®mXq), and similarly for Vq, (U®nV)q. Thus (U®mV)q C W. Since V is 
semistable, we can choose nonzero elements Qi, • • •, QA G I and v\,...,Vk £ V, such 
that va G Vgo and (t>i,..., v^) is a basis for V over H. Since [/ is stable, Uq = C for 
each 0 / g £ I. Therefore for each a = 1 , . . . , k we may choose elements u„ i , . . . , uar 

of U, such that Ma(, € Uqa and u a i , . . . , war are linearly independent over H in U. 
As J7 is stable, it is not difficult to see that there are nonzero elements p\,..., pj_ r G 

I and Ui,.. .,Uj-r G £/, such that uc € {7Po, and for each a — l,...,k, the set 
« 0 i , . . . , Mar, « i , . . . , u^-r is linearly independent over H. This is just a matter of 
picking generic elements pc and uc, and showing that generically, linear independence 
holds. 

We shall also need another property. Define F C W by F = {a G W : a(uc) — 0 
for c = 1 , . . . , j — r} . Now as a(uc) G (l,qc) for each a € W, the codimension of F 
in f/t is at most 2(j — r). Since dimU^ = 2j — r, this gives dimi*1 > r. The second 
property we need is that for each a = 1 , . . . , k, if u G (ual,..., U07.)H and a(u) = 0 
for all a & F, then u = 0. Here (, )H means the linear span over H. Again, it can be 
shown that for generic choice of pc, vc, this property holds. 

Now for a = 1 , . . . , k and b = 1 , . . . , r, uab G [/<,„ and u0 G Vqa. Lemma 1.1.9 gives 
an element ua(,®Hi>a m U<2>mV. Moreover uab®nva G {U<B>mV)qa. Thus uab®wva € W. 
Therefore, we have made kr elements uab®wva of W. Similarly, for c = 1 , . . . , j—r and 
d=l,...,s, the elements uc®mvCd exist in W, which gives a further (j—r)s elements 
of W. Since kr + (j — r)s = I, we have constructed I explicit elements uab®MVa and 
uc<8>wvcd of W. 

Suppose that T,a,b XabUab®wva + ^c,dVcdUc®uVcd - 0 in [/®mV, where xab G H for 
a = 1 , . . . , k, b = 1 , . . . , r and ycd G H for c = 1 , . . . , j — r and d = 1 , . . . , s. We shall 
show that x06 = yCd = 0. Now this equation implies that 

(6) 5 Z Za&aKiO/^K) + 5 Z VcdOt{uc)P{vcd) = 0 
a,6 c,d 
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for all a G U* and j3 G V\ by Lemma 1.1.9. Let a G F. Then a{uc) = 0, so 
Sa,6 xa),ct(uaf,)/3(va) = 0. As this holds for all ft G V* and the wa are linearly indepen­
dent over H, it follows that £i,a:af,a(Ma)>) = 0 for all a and all a £ F. 

By the property of F assumed above, this implies that xat, = 0 for all a, b. It 
is now easy to show that yC(i = 0 for all c, d. Thus the I elements wa&®Ĥ a a n d 
uc®wVcd of W are linearly independent over H, so dim W > 41. But dim.(U<S>mY) — 41 
by Proposition 1.2.4. So £/®HV = W, and £ /®HV is semistable. This finishes the 
proof. D 

We can now prove the main result of this section. 

Theorem 1.2.6. Let U be a stable All-module and V be a semistable AM-module 
with 

dim U = Aj, dim U' = 2j + r, dim V = 4k and dim V' = 2k + s 

for integers j , k, r and s. Then U®mV is a semistable AM-module with dim(f7®nV') = 
41 and dim(U®wV)' = 2l + t, where I = js + rk — rs and t = rs. If V is stable, then 
U®MV is stable. 

Proof. Let I = js+rk —rs and t = rs. Proposition 1.2.4 shows that dim(C/®E^/) = 4/. 
As U is stable, C/(8>H^9 — rXq for nonzero q G I. As V is semistable, Proposition 
1.2.2 shows that V<g,BXq = sXq for generic g e l . Thus C/®HVi8)HXg ^ rsXq = tXq 

for generic q G I. Also, Proposition 1.2.5 shows that U®mV is semistable. Combining 
these two facts with Proposition 1.2.2, we see that dim({y<S>HV)' = 2l + t, as we have 
to prove. 

It remains to show that if V is stable, then Ut&uV is stable. Suppose V is stable. 
Then V®mXq = sXq for all nonzero q G I, so U®MV®'mXq = tXq for all nonzero 
q G I. As U®mV is semistable, it is stable, by Definition 1.2.3. This completes the 
proof. • 

Theorem 1.2.6 shows that if U is stable and V semistable, then the virtual dimen­
sion of U®mV is the product of the virtual dimensions of U and V. Thus the virtual 
dimension is a good analogue of the dimension of a vector space, as it multiplies under 
®H- Note also that (j — r)/r + (k — s)/s — (I — t)/t, so that the nonnegative function 
U >-+ (j — r)/r behaves additively under ®n. 

Next we will show that generic AH-modules ([/, [/') with positive virtual dimension 
are stable. Thus there are many stable AH-modules. 

Lemma 1.2.7. Let j,r be integers with 0 < r < j . Let U = HP, and let U' be a real 
vector subspace of U with dim U' = 2j + r. Then for generic subspaces U', (U, U') is 
a stable AM-module. 

Proof. Let G be the Grassmannian of real (2j+r)-planes in U = Rij. Then U' G 
G, and dimG = 4j2 - r2. The condition for (U,U') to be an AH-module is that 
H • £/t = C/x. A calculation shows that this fails for a subset of G of codimension 
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4(j - r +1). Thus for generic U' € G, (U, U') is an AH-module. Suppose (U, U') is an 
AH-module. Let W be the maximal semistable AH-submodule in U. Then W = Uh, 
for some k with r < k < j . A calculation shows that for given k, the subset of G 
with W = B.k is of codimension 2(j - k)r. Thus for generic U' € G,W = IF = U, 
and U is semistable. 

Suppose (U, U') is semistable. Let 0 ^ q £ I. Then U®wXq = rXq if and only if 
U'tlq-U' = !R2r. A computation shows that this fails for a subset of G of codimension 
2r + 2. Thus the condition U' Ciq-U' = M2r for all nonzero q el fails for a subset of 
G of codimension at most 2r, since this subset is the union of a 2-dimensional family 
of 2r + 2-codimensional subsets, the 2-dimensional family being <S2, the unit sphere 
in I. Therefore for generic U' G G, U<S)mXq = rXq for all nonzero q € I, and U is 
stable. • 

We leave the proof of this proposition to the reader, as a (difficult) exercise. 

Proposition 1.2.8. Let U be a stable AM.-module, with dimU = 4j and dimf/' = 
2j + r. Let n be a positive integer. Then S^U and A^U are stable AM-modules, with 
dim(S^U) = 4k, dim(SfoU)' = 2k + s, dim(ASf/) = 41 and dim(A^U)' = 2l + t, where 

,. . /r + n — 1\ (r + n — 1\ (r + n — 1 
k = {j-r)[ ) + n — 1 J \ n J \ n 

1.3. Stable AH-modules and exact sequences. Recall that if U, V, W are vector 
spaces and <j> : U -> V, ip : V —t W are linear maps, then we say that the sequence 
U—tV^W is exact at V if Im <f> = Ker ip. Here is the analogue of this for AH-modules. 

Definition 1.3.1 Let U, V, W be AH-modules, and let (j> : U ->• V and V : V ->• W 
be AH-morphisms. We say that the sequence U^V-^W is AM-exact at V if the 
sequence U^-V-^W is exact at V, and the sequence U'-fV'-^W is exact at V. We 
say that a sequence of AH-morphisms is AH-exact if it is AH-exact at every term. 

Here is an example of some bad behaviour of the theory. 

Example 1.3.2 Define U = H and U' = {0}. Define V = E2 and V = ((1, ix), (1, i2)). 
Define W = H and W — («i,«2)- Then U, V, W are AH-modules. Define linear maps 
(j) : U -»• V by <j>{q) = (q,0), and tp : V ->• W by ip((p,q)) = q. Then <j>,ij) are 

AH-morphisms, and the sequence 0 -»• U^tV^rW -> 0 is AH-exact. 
Now set Z to be the AH-module W. A short calculation shows that U®mZ — {0}, 

y ® H ^ = {0}, but W®mZ ^ W. It follows that the sequence 

0 -»• [/®HZ 0 ^ 4 d V®„Z ^ d W®MZ -> 0 
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is not AH-exact at W<8>mZ. This contrasts with the behaviour of exact sequences of 
real vector spaces under the tensor product. 

The following proposition gives a clearer idea of what is happening. 

Proposition 1.3.3. Suppose that U, V, W and Z are finite-dimensional AM-modules, 
that (f> : U —)• V and tp : V —• W are AM-morphisms, and that the sequence 

0 -» U-^V^W -> 0 is AM-exact. Then the sequence 

(7) Q ^ W \ ^ V \ ^ U \ ^ Q 

is exact, and the sequence 

(8) 0^U®mZ*2!?V®BZi^?W®EZ^0 

is AM-exact at U<8>mZ and V<8>mZ, but it need not be AM-exact at W®mZ-

Proof. Since ip : V —• W is surjective, •0X : W* —> Vx is injective, and thus ijjx : 
W* -> V* is injective. Now 0 induces a map 0 : U/U' -t V/V. Suppose that u + U' 
lies in the kernel of this map. Then <f>(u) G V. By exactness, ip((j)(u)) = 0. As the 
sequence U' —*• V —> W is also exact, <j>{u) — <j>{u') for some u' G U'. But cj) is 
injective, so u G £/'. Thus the map (j) : U/U' —> V/V is injective. It follows that the 
map <j>* : (V/V1)* - • ([//£/')* is surjective. 

Since U, V are finite-dimensional, it follows that W S (£//[/')* a n d ^ f - {V/V')*. 
Under these isomorphisms <j>* is identified with <j)x. Thus <j)x : V* —» E/t is surjective. 
Using exactness we see that dim V — dim U + dim W and dim V = dim U' + dim W'. 
By subtraction we find that dim V* = dim ifl + dim W^. But we have already shown 
that Vx : W^ —>• Vt is injective, and <̂ x : y t —• C/t is surjective. Using these facts, 
we see that the sequence (7) is exact, as we have to prove. 

Now (f> : U —• V is injective, and clearly id : Z —> Z is injective. Thus Lemma 1.1.8 
shows that ^>®aid : [/®n-^ —• V<8wZ is injective. So the sequence (8) is AH-exact 
at U®mZ, as we have to prove. Suppose that x G Ker(^(g>eid). It is easy to show, 
using exactness, injectivity, and the definition of ®H, that x G Im(0®Hid). Thus 
Ker(V>®H id) = Im(</><g>Hid), and the sequence (8) is exact at VtymZ, as we have to 
prove. 

Recall from Definition 1.1.4 that asU,Z are finite-dimensional, \u,z is surjective. 
Suppose that a G (U®mZ)^. Then a = \u,z(b) for some i e f/*0 Z*. The map 
0X : Vt —> W is surjective from above, and thus b — (cj)x <E>id)(c) for some c G V^®Z^. 
Thus a = AE/,z°(</,x<8iid)(c). But it is easy to see that \u,z°(<j>x®i&) = (0<8>iiid)xoAy;Z, 
as maps V] <g> Zf ->• ([/<8>HZ)t. Thus if o € ([/<8>HZ)t, then a = (0<8>Hid)x(d), for 
d = Av,z(c) G (y®mZ)t. Therefore (0®Hid)x : (y<8)H^)t ->• (^®H^)f is surjective. 

Let x G (y®H^)', and suppose (̂ >(g>Hid)(:r) = 0. As (8) is exact, x = (0®ii id) (y), 
and as (?!«8>]iid is injective, y is unique. We shall show that y G (U®wZ)'. It is 
enough to show that for each a G (U®^zy, a(y) G I. Since (0<8>imid)x : (y®H-Z')t —• 
([7(g)HZ)t is surjective, a = {(j)®nid)x{$) for /3 G (V®^)* . Then a(y) = /3{x). But 
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x € (V®nZ)' and /? G {V®nZy, so /3(a;) G I. Thus a{y) G I, and y G (£/<g>H-Z)'- It 

follows that the sequence {U®mZ)l't'^\A{V®mZ)l't^\d{W®mZ)1 is exact at (V®mZ)'. 
Therefore (8) is AH-exact at V®j&Z, as we have to prove. The example above shows 
that the sequence need not be AH-exact at W®MZ, and the proposition is finished. 

• 
In the language of category theory, Proposition 1.3.3 shows that when Z is a finite-

dimensional AH-module, the operation ®mZ is a left-exact functor, but may not be 
a right-exact functor. However, the next proposition shows that right-exactness does 
hold for stable and semistable AH-modules. 

Proposition 1.3.4. Suppose that U, V, W are AM-modules, that U and W are stable, 
that <j> '• U -> V and ip : V —> W are AM-morphisms, and that the sequence 0 —• 

U—>V-^W —>• 0 is AM-exact. Let Z be a semistable AM-module. Then the following 
sequence is AW-exact: 

(9) 0^U®uZ*^V®EZ*?2?W®aZ^0. 

Proof. Let dimU = 4j, dimV = 4k, dimW = 41, dimU' = 2j + r, dim V = 2k + s, 
dim W = 21 + t, dim Z = 4a and dim Z' — 2a + b. Then by Theorem 1.2.6 we have 

, , dm\{U®mZ) =4(jb + ra-rb), dim{W®MZ) = 4{lb + ta - tb), 
[ ' dim{U®mZ)' = 2jb + 2ra - rb, dim(W®wZ)' = 2lb + 2ta - tb. 

Theorem 1.2.6 calculates the dimensions of a quaternionic tensor product of stable and 
semistable AH-modules. Examining the proof, it is easy to see that these dimensions 
are actually lower bounds for the dimensions of a quaternionic tensor product of 
general AH-modules. Therefore 

(11) dim{V®mZ) > 4(kb + sa - sb) and dim(V®MZ)' > 2kb + 2sa - sb. 

By Proposition 1.3.3, the sequence (9) is AH-exact at U®mZ and V®nZ. The 
only way AH-exactness at W®wZ can fail is for ip®nid : V®uZ —>• W®mZ or 
tj}®m id : (V®mZ)' —>• (W®wZ)' not to be surjective. We deduce that 

dim(U®mZ) + dim(W®mZ) > dim(V<g>HZ), 

^ ' dim{U®mZ)' + dim{W®nZ)' > dim{V®wZ)'. 

But 0 -» uAv^W -> 0 is AH-exact, so that k = j + l and s = r+t. Combining (10), 
(11) and (12), we see that equality holds in (11) and (12), because the inequalities 
go opposite ways. Counting dimensions, V<g>Hid : V<8>nZ —• W®mZ and ^>®Hid : 
{V®wZ)' —> (W®mZ)' must be surjective. Thus by definition, (9) is AH-exact at 
W®MZ, and the proposition is proved. • 

The proposition gives one reason why it is convenient, in many situations, to work 
with stable AH-modules rather than general AH-modules. 
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Proposition 1.3.5. Suppose U,V,W are AM-modules, cj) :U -> V and i\> : V —• W 

are AM-morphisms, and that the sequence 0 —> U^V-^W —» 0 is AM-exact. If U 
and W are stable AM-modules, then V is a stable AM-module. 

Proof. Let q € I be nonzero, and apply Proposition 1.3.4 with Z = Xg, the semistable 
AH-module defined in §1.2. Let dim V = 4fc and dim V — 2k + s as in the proof of the 
proposition. Since equality holds in (11), dim(V<g>HX9) = 4s, so that V®uXq = sXq. 
But this is the main condition for V to be stable. Thus, it remains only to show that 
V is semistable. 

Let S be the maximal semistable AH-submodule of V. As U is semistable, <j>(U) C 
S. Also, from above the map ^®Hid : V®mXq -> W®mXq is surjective. As W is 

semistable, we deduce that ip(S) = W. But 0 -> uAv^W -> 0 is AH-exact, so 
</>([/) C 5 and V'('S') = W imply that S = V. Therefore V is semistable, so V is 
stable. D 

2. ALGEBRAIC STRUCTURES OVER THE QUATERNIONS 

In this chapter, the machinery of Chapter 1 will be used to define quaternionic 
analogues of various algebraic concepts. We shall only discuss those structures we 
shall need for our study of hypercomplex geometry, but the reader will soon see how 
the process works in general. First, in §2.1 we define H-algebras, the quaternionic 
version of commutative algebras, and modules over H-algebras. Then in §2.2 we 
define HL-algebras and HP-algebras, the analogues of Lie algebras and Poisson alge­
bras. Section 2.3 is about filtered and graded H-algebras, and §2.4 considers free and 
finitely-generated H-algebras. 

2.1. H-algebras and modules. Now we will define the quaternionic version of a 
commutative algebra, which we shall call an H-algebra, and also modules over H-
algebras. In Chapter 3 we shall see that the q-holomorphic functions on a hypercom­
plex manifold form an H-algebra. Here are two axioms. 

Axiom A. (i) A is an AH-module. 
(ii) There is an AH-morphism \XA '• A®^A —• A, called the multiplication map. 

(Hi) A^A c K e r ^ . Thus HA is commutative. 
(iv) The AH-morphisms fiA '• A®mA -> A and id : A —> A combine to give AH-

morphisms HA®W id and id ®WHA • A®MA®MA -> A<g>HA Composing with /iA 

gives AH-morphisms \IA ° (/^4®EI id) and nA ° {id <S>MfiA) '• Atg>mAt8)mA —> A. Then 
fJ'A ° {[iA®wid) = MA ° (id®HMA)- This is associativity of multiplication. 

(v) An element 1 G A called the identity is given, with 1 ^ A' and I • 1 C A'. 
(vi) Part (v) implies that if a € A^ then a(l) £ K. Thus for each a € A, 1<8>H« 

and a®Ml € A®mA by Lemma 1.1.9. Then HA(1®MO) = MA(«®H1) = a for each 
a & A. Thus I is a multiplicative identity. 

Axiom M . (i) Let U be an AH-module. 
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(ii) There is an AH-morphism fiu : Aa$>uU —> U called the module multiplication 
map. 

(iii) The maps HA and /if/ define AH-morphisms /J,A®W id and id ®nMc/ : A®mA®]8iU —• 
A<g>uU. Composing with \iy gives AH-morphisms [iv o (//^®nid) and fiu ° 
(id®H/iu) : A®mA®mU ->• £/. Then ^ o (juA®Hid) = fiv o (id®H/ic/). This 
is associativity of module multiplication. 

(iv) For u eU, 1®HU € .<4®iit/ by Lemma 1.1.9. Then /i^(l®Hw) = u for all u £ U. 
Thus 1 acts as an identity on £/. 

Now we can define H-algebras and modules over them. Here H-algebra stands for 
Hamilton algebra (but my wife calls them Happy algebras). 

Definition 2.1.1 
• An H-algebra satisfies Axiom A. 
• A noncommutative H-algebra satisfies Axiom A, except part (iii). 
• Let A be an H-algebra. A module U over A satisfies Axiom M. 

An H-algebra is basically a commutative algebra over the skew field H. This is a 
strange idea: how can the algebra commute when the field does not? The obvious 
answer is that the algebra is only a partial algebra, and multiplication is only allowed 
when the elements commute. I'm not sure if this is the full story, though. In this paper 
our principal interest is in commutative H-algebras, but noncommutative H-algebras 
also exist. 

The associative axiom A(iv) gives a good example of the issues involved in finding 
quaternionic analogues of algebraic structures. The usual formulation is that (ab)c = 
a(bc) for all a,b,c £ A. This is not suitable for the quaternionic case, as not all 
elements in A can be multiplied, so we rewrite the axiom in terms of linear maps 
of tensor products, and the quaternionic analogue becomes clear. Finally we define 
morphisms of H-algebras. 

Definition 2.1.2 Let A, B be H-algebras, and let 0 : A —» B be an AH-morphism. 
Write 1,4, 1B for the identities in A, B respectively. We say 0 is a morphism of H-
algebras or an H-algebra morphism if 0(1A) = I s and fiB ° (0®H<A) = 0 ° HA as 
AH-morphisms A®®A -» B. 

2.2. H-algebras and Poisson brackets. Recall the idea of a Lie bracket on a 
vector space. A real algebra may be equipped with a Lie bracket satisfying certain 
conditions, and in this case the Lie bracket is called a Poisson bracket, and the algebra 
is called a Poisson algebra. Poisson algebras are studied in [7]. In this section we 
define one possible analogue of these concepts in our theory of quaternionic algebra. 
The analogue of a Poisson algebra will be called an HP-algebra. We begin by denning 
a special AH-module. 

Definition 2.2.1 Define Y C H3 by Y = {(91,92,93) : QxH + 92«2 + 9^3 = 0}. Then 
Y S H2 is an H-module. Define Y' C Y by Y' = {(qi,q2,q3) £ Y : qj G I} . Then 



QUATERNIONIC ALGEBRA 159 

dimY" = 5 and d i m F * = 3. Thus dimY = Aj and d i m F ' — 2j + r, where j = 2 and 
r = 1. Define a map v : Y ->• H by v((qi, 92,93)) = *i<7i + ^ 2 + h<l3- Then Im v — I, 
and Kerzv = 5". But V / l " = (Y*)*, so that z/ induces an isomorphism v : (Y*)* - » I . 
Since I = I*, we have (F1)* = I = F f . It is easy to see that Y is a stable AH-module. 
Thus Y®mY satisfies dim(y<8>Hy) = 12 and d i m ( F ® M y ) ' = 7, by Theorem 1.2.6. 
Proposition 1.2.8 then shows that S&Y — Y®nY and A^Y = {0}. 

Let A be an AH-module. Here is the axiom for a Lie bracket on A. 

A x i o m P I . (i) There is an AH-morphism £A : A®mA ->• A<8>mY called the Lie 

bracket or Poisson bracket, where Y is the AH-module of Definition 2.2.1. 

(ii) S^A C K e r ^ . Thus £A is antisymmetric. 
(Hi) There are AH-morphisms id®H^A : A®MA<8>MA -> A<g>BAigiMY and £A®iiid : 

Atg)mA<g>wY->A<g)MY®mY. Composing gives an AH-morphism 
(6i®iiid) o (id<8>H^) : A®MA®MA -»• A®MY®nY. Then 
A^A C Ker((£4<g>Hid) o (id®iiCi))- This is the Jacobi identity for £A. 

For the next axiom, let A be an H-algebra. 

A x i o m P 2 . (i) If a e A, we have l<g>ea € ^4®M^- Then £>i(l®iia) = 0. 
(ii) There are AH-morphisms id(8>H^A : ^4<8>HJ4<8>H^4 —> A<g>Hj4<g>Hy and /x^^nid : 

J4(8>H^4<8>H}/' -> A<g>mY. Composing gives an AH-morphism (/iA®Hid)o(id®H6t) '• 
^4®H^4®H^4 —• A®mY. Similarly, there are AH-morphisms 
MA®fflid : A®mA®wA -» ^4®II^4 and £4 : ^4®H^4 —• ^ 4 ® H ^ - Composing gives 

an AH-morphism £4 ° (/iA®iiid) : A<g>mA®nA^>-A®mY. Then £4 ° (/iA®iiid) = 
2(//A®aid) ° (id®H^A) on S^A®MA. This is i/ie derivation property. 

Now we can define HL-algebras and HP-algebras. Here HL-algebra stands for 
Hamilton-Lie algebra, and HP-algebra stands for Hamilton-Poisson algebra (but my 
wife calls these Happy Fish algebras). 

Defini t ion 2.2.2 
• an HL-algebra is an AH-module A satisfying Axiom P I . 
• an HP-algebra satisfies Axioms A, P I and P2. 

Here is a little motivation for the definitions above. If M is a symplectic manifold, 
then the algebra of smooth functions on M acquires a Poisson bracket. Since a hy-
perkahler manifold M has 3 symplectic structures, the algebra of smooth functions on 
M has 3 Poisson brackets, and these interact with the H-algebra A of q-holomorphic 
functions on M, tha t will be denned in Chapter 3. 

Our definition of HP-algebra is an at tempt to capture the essential algebraic prop­
erties of this interaction. We may regard A®^Y as a subspace of A ® (Y^)*, and 
(y t )* S I by Definition 2.2.1. Thus £4 is an antisymmetric map from A(g>HJ4 to A®I, 
i.e. a triple of antisymmetric maps from A^A to A. These 3 antisymmetric maps 
should be interpreted as the 3 Poisson brackets on the hyperkahler manifold. 
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2.3. Filtered and graded H-algebras. We begin by defining filtered and graded 
AH-modules. 

Definition 2.3.1 Let U be an AH-module. A filtration of U is a sequence Uo, U\,... 
of AH-submodules of U, such that Uj C Uk whenever j < k, and U = Ultlo ^*- We 
call U a filtered AM-module if it has a filtration Uo,Ui, 

Let U be an AH-module. A grading of U is a sequence U°, U1,... of AH-submodules 
of U, such that U = ©fclo ^*- We c a n ^ a 9raded AM-module if it has a grading 
U°, U\ . . . . If U is a graded AH-module, define t/fc = 0 * = o UK Then f/0, fA,.. . is a 
filtration of U, so every graded AH-module is also a filtered AH-module. 

Let U, V be filtered AH-modules, and (f>: U —> V be an AH-morphism. We say that 
(j) is a filtered AW-morphism if 0(£4) C T4 for each k > 0. Graded AH-morphisms 
are also defined in the obvious way. 

Here are axioms for filtered and graded H- and HP-algebras. 
Axiom AF. (i) A is a filtered AH-module. 

(ii) 1 - 1 C 4 
(Hi) For each j , k, ^ ( A * ® ^ * ) C Aj+k. 
Axiom AG. (i) A is a graded AH-module. 
(ii) H • 1 c A0. 

(Hi) For each j , k, fiA(A>®MAk) C A^+k. 

Axiom PF. For each j , k, 6i(Aj®H-Afc) C Aj+k-i®mY. 

Axiom PG. For each j , k, U(Aj®mAk) C Ai+k~l®uY. 

Definition 2.3.2 
• A filtered H-algebra satisfies Axioms A and AF. 
• A graded H-algebra satisfies Axioms A and AG. 
• a filtered HP-algebra satisfies Axioms A, AF, PI, P2, and PF. 
• a graded HP-algebra satisfies Axioms A, AG, PI, P2, and PG. 

Morphisms of filtered and graded H-algebras are defined in the obvious way, follow­
ing Definition 2.1.2. The choice of the grading j + k — l in Axioms PF and PG is not 
always appropriate, but depends on the situation. For some of our applications, the 
grading j+k — 2 is better. Now let U be an AH-module, and V an AH-submodule of 
V. Then U/V is naturally an H-module. As V = U' n V, we may interpret U'/V as 
a real vector subspace of U/V. Put (U/V)' = U'/V. Then U/V is an H-module with 
a real vector subspace (U/V)'. Note that U/V may or may not be an AH-module, 
because it may not satisfy the condition of Definition 1.1.1. 

Definition 2.3.3 Let A be a filtered H-algebra. Define Ak = {0} for k < 0 in Z. We 
say that A is a stable filtered H-algebra, or SFH-algebra, if for each k > 0, Ak/Ak_i 
is a stable AH-module. Let B b e a graded H-algebra. We say B is a stable graded 
H-algebra, or SGH-algebra, if Bk is stable for each k > 0. 
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Lemma 2.3.4. Let A be an SFH-algebra. Then for each j , k > 0, Ak and Aj/Aj_k 

are stable AM-modules. Let j , k > 0 and I > 0 be integers. Then the multiplication 
map HA '• Aj®mAk —• Aj+k induces a natural AH-morphism 
pfa : (Aj/Aj-^iAk/A^t) -»• Aj+k/Aj+k-i. 

Proof. We shall prove that Ak is stable, by induction on k. Firstly, A0 = A0/A-i 
is stable, by definition. Suppose by induction that Ak-\ is stable. The sequence 
0 ->• Ak-i ->• Ak-^Ak/Ak_i -» 0 is AH-exact, and Ak-X and Ak/Ak-i are stable. 
Therefore, Proposition 1.3.5 shows that Ak is stable, so all Ak are stable, by induction. 
By a similar argument involving induction on k, Aj/Aj_k is stable. 

Now let j,k,l be as given, and let irm : Am ->• Am/Am_i be the natural pro­
jection, for m > 0. Because 0 -> A,_; ->• Aj—^Aj/Aj^i -> 0 and 0 -»• Afc_; ->• 
Ak^^rAk/Ak-i ->• 0 are AH-exact sequences of stable AH-modules, two applications 
of Proposition 1.3.4 show that the sequence 

(13) ^ ® H V ^ W ^ - i ) ® H ( 4 k M * - i ) -»• o 
is AH-exact at the middle term. Now HA maps A,<g>HAfc to Aj+k. By identifying the 
kernels of /Kj®m^k and 7Tj+fc o fiA, it can be seen that there exists a linear map \i^kl as 
in the lemma, such that i*fkl° {nj®mirk) = Kj+k°IJ'A as maps Aj®mAk -> Aj+k/Aj+k-t. 
Using the AH-exactness of (13) and that iTj+k o jj,A is an AH-morphism, we deduce 
that n^kl is unique and is an AH-morphism. • 

Using this lemma, we make a definition. 

Definition 2.3.5 Let A, B be SFH-algebras and let I > 0 be an integer. By Lemma 
2.3.4, Aj/Aj-t and Bj/Bj-t are stable AH-modules for each j > 0. We say that A 
and B are isomorphic to order I if the following holds. For j > 0 there are AH-
isomorphisms 4>j '• Aj/Aj-t —> Bj/Bj-t. These satisfy <f>j(Ak/Aj-i) C Bk/Bj_i when 
j — I < k < j . Therefore <f>j projects to a map Aj/Aj_i+1 —• Bj/Bj-t+1, and </>j+1 re­
stricts to a map Aj/Aj-i+i —>• Bj/Bj~i+i. Then fy = cj>j+i on A,/A,_;+i. Also, for all 
j , k>0, (ifkl o (0j(8»H0fc) = cj)j+k o nfkl as AH-morphisms from (Aj/AM)®n(Ak/Ak-l) 
to Bj+k/Bj+k_i. Here fj,fkl and /z^y are defined in Lemma 2.3.4. 

There is a well-known way to construct a graded algebra from a filtered algebra 
(for instance [7, p. 35-37] gives the associated graded Poisson algebra of a filtered 
Poisson algebra). Here is the analogue of this for H-algebras, which will be applied 
in §3.5. 

Proposition 2.3.6. Let A be an SFH-algebra. Define Bk = Ak/Ak_i for k > 0. 
Define B = © ^ 0 B

k. Then B has the structure of an SGH-algebra, in a natural 
way. 

Proof. As A is an SFH-algebra, Bk is a stable AH-module, by definition. Let j , k > 0 
be integers. Putting I = 1, Lemma 2.3.4 defines an AH-morphism fj,fkl : Bi®uB

k —> 
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Bi+k. Let /iB '• B®mB —> B be the unique AH-morphism, such that the restriction 
of HB to Bi®mBk is nfkl. It is elementary to show that because A is an H-algebra, 
HB makes B into an H-algebra, and we leave this to the reader. As B satisfies Axiom 
AG, B is graded, so B is an SGH-algebra, and the proposition is complete. D 

We call the SGH-algebra B defined in Proposition 2.3.6 the associated graded H-
algebra of A. Note that A is isomorphic to B to order 1, in the sense of Lemma 2.3.5. 
One might ask if the construction would work even if A were only a filtered H-algebra. 
There are two problems here: firstly, Bk might not be an AH-module, and secondly, 
even if 5 J and Bk were AM-modules, the map irj<E>mTTk : Aj®BAk —> B^®mBk might 
not be surjective. If it were not, we could only define fj,fkl uniquely on part of B:>®^Bk. 
For these reasons we prefer SFH-algebras. 

2.4. Free and finitely-generated H-algebras. First we define ideals in SFH-
algebras. 

Definition 2.4.1 Let A be an SFH-algebra, and / an AH-submodule of A. Set 
Ik = I n Ak for k > 0. We say that I is a stable filtered ideal in A if 1 £ I, 
HA(I®MA) C / , and for each k > 0, Ik and Ak/Ik are stable AH-modules. Suppose 
that J is an AH-submodule of A, and / — fj>A{J®uA). Then we say that / is generated 
by J. 

The proof of the next lemma is similar to that of Proposition 2.3.6, so we omit it. 

Lemma 2.4.2. Let A be an SFH-algebra, and I a stable filtered ideal in A. Then 
there exists a unique SFH-algebra B, with a filtered H-algebra morphism TT : A —• B, 
such that 0 —• Ik—>Ak-^Bk —» 0 is an AM-exact sequence for each k > 0. Here 
L : I —» A is the inclusion map. 

We shall call this new H-algebra B the quotient of A by I. Next, here is the 
definition of a free H-algebra. 

Definition 2.4.3 Let Q be an AH-module. Define the free H-algebra FQ gener­
ated by Q as follows. Put FQ = ® ^ 0 S^Q. Then F«? is an AH-module. Now 
(SmQ)®m(ShQ) C (&m

+lQ, a n ( l i r o m Definition 1.1.6 there is an AH-module pro­
jection am : <g£+,Q -> S^+lQ. Define fj,kt, : {SmQ)®m{Sl

mQ) -+ S*+'Q to be the 
restriction of aM to {SMQ)<8>m(Sl

mQ). 
Define fiFq : FQ®mFQ —• FQ to be the unique linear map such that the restriction 

of /J,FQ to (S^Q)®M(SnQ) is Hk,i- Recall that S^Q - H, and define 1 e FQ to be 
1 € H = SJJQ. It is easy to show that with these definitions, F® is an H-algebra. 
The natural grading on FQ is (FQ)k = SnQ for k > 0. The natural filtration on FQ 

is i f = ©*=0(^Q)j for k > 0. 

If Q is stable, then S^Q is stable by Proposition 1.2.8. Thus, if Q is stable then 
F® is an SFH-algebra (SGH-algebra) with the natural filtration (grading). The proof 
of the next lemma is trivial, and we omit it. 
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Lemma 2.4.4. Let A be an H-algebra, and let Q C A be an AM-submodule. Let 
LQ '• Q —* F® be the inclusion map. Then there is a unique H-algebra morphism 
<f>Q : FQ —• A such that <J)Q O LQ -. Q -> A is the identity on Q. 

Definition 2.4.5 A free SFH-algebra is an SFH-algebra A that is isomorphic, as an 
H-algebra, to some FQ, for finite-dimensional Q. Note that the filtration on A need 
not be the natural filtration on FQ. A finitely-generated SFH-algebra, or FGH-algebra 
is the quotient B of a free SFH-algebra A by a stable filtered ideal / in A. Suppose 
that Q is an AH-submodule of B, and that there exists an H-algebra isomorphism 
A = FQ identifying the maps n : A ->• B and (/)Q : FQ -> B. Then we say that Q 
generates the FGH-algebra B. 

The purpose of this definition is as follows. The polynomials on an affine alge­
braic variety form a finitely-generated, filtered algebra, and in algebraic geometry 
one studies this algebra to learn about the variety. In the opinion of the author, 
FGH-algebras are the best quaternionic analogue of finitely-generated, filtered alge­
bras. Clearly, they are finitely-generated, filtered H-algebras, and the extra stability 
conditions we impose enable us to exploit the 'right-exactness' results of §1.3. 

Moreover, the author believes that there is a wide class of noncompact hypercom-
plex manifolds, to which one can naturally associate an FGH-algebra. The study of 
FGH-algebras should be interpreted as the 'quaternionic algebraic geometry' of these 
hypercomplex manifolds. Therefore, the author proposes that the study of FGH-
algebras, from the algebraic point of view, may be interesting and worthwhile. More 
will be said on these ideas in Chapter 4. 

We leave the proof of this final result as an exercise. It will be useful later. 

Proposition 2.4.6. Let A be an SFH-algebra, and B the associated graded algebra, 
as in §2.3. Then B is also an SFH-algebra. Suppose that B is an FGH-algebra, 
generated by B^. Then A is an FGH-algebra, generated by Ak. 

3. HYPERCOMPLEX GEOMETRY 

We begin in §3.1 by defining hypercomplex manifolds, hyperkahler manifolds and 
q-holomorphic functions on hypercomplex manifolds, and some elementary properties 
of q-holomorphic functions are given. Section 3.2 proves that the vector space A of 
q-holomorphic functions on a hypercomplex manifold M forms an H-algebra, and 
§3.3 shows that if M is hyperkahler, then A is an HP-algebra. Section 3.4 discusses 
the possibility of reconstructing a hypercomplex manifold from an H-algebra of q-
holomorphic functions upon it. Finally, §3.5 discusses hyperkahler manifolds that are 
asymptotic to a conical metric. 

3.1. Q-holomorphic functions on hypercomplex manifolds. We begin by defin­
ing hypercomplex manifolds ([26, p. 137-139]) and hyperkahler manifolds ([26, p. 114-
123]). Let M be a manifold of dimension An. A hypercomplex structure on M is a 
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triple (Ji, l2,h) on M, where Ij is a complex structure on M, and Iil2 = h- A hy­
perkahler structure on M is a quadruple (<J, Ii, I2, I3), where g is a Riemannian metric 
on M, (Ii,hih) is a hypercomplex structure on M, and g is Kahler w.r.t. each Ij. 
If M has a hypercomplex (hyperkahler) structure, then M is called a hypercomplex 
(hyperkahler) manifold. 

If M is a hypercomplex manifold, then i i , I2,I3 satisfy the quaternion relations, so 
that each tangent space TmM is an H-module isomorphic to H". Also, if n , r2, r3 € R 
with r\ + r\ + r\ = 1, then ri / i + 7-2/2 + ^3/3 is a complex structure. Thus a hyper­
complex manifold possesses a 2-dimensional family of integrable complex structures, 
parametrized by S2. We will often use S2 to denote this family of complex structures. 

Let M be a hypercomplex manifold. For k > 0, define ttk = C°°(AkT*M), and 
nk{M) = C°°(H <g> AkT*M). Then Q1 is the vector space of smooth 1-forms on M, 
and Q° (H) is the vector space of smooth, quaternion-valued functions on M. Define 
an operator D : ft°(H) ->• Q,1 by 

(14) D(a0 + M i + a2i2 + a3i3) = da0 + h(da\) + h{da2) + h{da3), 

where 00, . . . , a3 are smooth real functions on M. 
We define a q-holomorphic function on M to be an element a = a0+aiii+a2i2+a3i3 

of fi°(EI) for which D(a) = 0. The term q-holomorphic is short for quaternion-
holomorphic, and it is intended to indicate that a q-holomorphic function on a hyper­
complex manifold is the appropriate quaternionic analogue of a holomorphic function 
on a complex manifold. The operator D of (14) should be thought of as the quater­
nionic analogue of the d operator on a complex manifold. It can be seen that D(a) — 0 
is equivalent to the equation 

(15) da — I\{da)ii — I2(da)i2 — I3(da)i3 = 0, 

where each term is an H-valued 1-form, Ij acts on 1-forms and ij acts on H by 
multiplication. 

Now in 1935, Fueter defined a class of 'regular' H-valued functions on H, using 
an analogue of the Cauchy-Riemann equations, and Fueter and his co-workers went 
on to develop the theory of quaternionic analysis, by analogy with complex analysis. 
An account of this theory, with references, is given by Sudbery in [27]. On the 
hypercomplex manifold H, Fueter's definition of regular function coincides with that 
of q-holomorphic function, given above. We shall make little reference to Fueter's 
theory, because we are interested in rather different questions. However, in Chapter 
4 we will use our theory to give an elegant construction of the spaces of homogeneous 
q-holomorphic functions on H, which are important in quaternionic analysis. 

Suppose that M is hyperkahler. Then using the metric g on M we construct the 
operator D* : ft1 ->• fi°(H), which is given by 

(16) D'(a) - d*a - d*(Jia)ti - d*(I2a)i2 - d*{I3a)i3. 

Now for a smooth real function / on a Kahler manifold, d*{Idf) = 0. Using this we 
can show that D*D(a) = Aa, where A is the usual Laplacian. Thus q-holomorphic 
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functions on a hyperkahler manifold are harmonic. When n = 1, D is elliptic, and is 
the Dirac operator D+. When n > 1, D is overdetermined elliptic. 

Here are two basic properties of q-holomorphic functions. 

Lemma 3.1.1. Suppose that a is q-holomorphic on M, and that q £ H. Then qa is 
q-holomorphic. 

Suppose that i = r1i1+r2i2+i'3i3 £ I satisfies i2 = —1, and that I = rili+^h+rzh 
is the corresponding complex structure on M. Suppose that y+zi is a complex function 
on M that is holomorphic w.r.t. I. Then y + zi is q-holomorphic on M, regarding 
y + zi = y + zr\i\ + zr2i2 + zr3i3 as an element o/fi0(H). 

Proof. Let q = q0 + qxix + q2i2 + ?3«3 € H, and define Q = q0 + q\h + 9ih + 93^3, 
regarding Q as an endomorphism of T*M. Let a £ fi°(H). It is easy to verify that 
D(qa) = Q • D{a). Thus D{qa) = 0 if D(a) — 0, and qa is q-holomorphic whenever a 
is q-holomorphic. This proves the first part. 

If y + zi is holomorphic w.r.t. / , then dy + I(dz) — 0 by the Cauchy-Riemann 
equations. But 

0 = dy + I{dz) =dy + (nh + r2h + nh){dz) 

= D(y + zriii + zr2i2 + zr3i3), 

so that y + zr\i\ + zr2%2 + zr3i3 is q-holomorphic. This completes the lemma. • 

The operator D of (14) was also studied by Baston [5], upon quaternionic manifolds 
rather than hypercomplex manifolds. He calls D the Dirac-Fueter operator, and 
uses the Penrose transform to interpret D as a holomorphic object on the twistor 
space Z of M. Baston [5, p. 44-45] shows that KerZ) on a quaternionic manifold M 
can be identified with the sheaf cohomology group Hl{Z,Oz{—S)), giving a twistor 
interpretation of q-holomorphic functions. He also constructs an exact complex of 
operators resolving D, [5, p. 43-44]. 

3.2. Hypercomplex manifolds and H-algebras. Let M be a hypercomplex man­
ifold, and let A be the vector space of q-holomorphic functions on M. In this section 
we will prove that A is an H-algebra. 

Definition 3.2.1 Let M be a hypercomplex manifold. Define A c fi°(H) to be the 
vector space of q-holomorphic functions on M. Let a £ A, and define (q • a) (m) = 
q(a(m)) for m £ M. Then q • a £ A by Lemma 3.1.1, and this gives an M-action on 
A, so A is an H-module. Define a subspace A' in A by A' = {a £ A : a(m) £ I for 
all m £ M). For each m £ M, define 9m : A ->• H by 6m(a) = a(m). Then 9m £ Ax, 
and if a £ A' then 0m(a) £ I, so that 9m £ A*. 

Suppose a € A, and a(a) = 0 for all a £ A^. Since 9m £ A^, a(m) = 0 for each 
m £ M, and so a = 0. Thus A is an AH-module, by Definition 1.1.1. Define the 
element 1 £ A to be the constant function on M with value 1. Then 1 ^ A', but 
I • 1 C A'. We will also write AM for A, when we wish to specify the manifold M. 
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The following proposition gives us a greater understanding of the quaternionic 
tensor product. 

Proposition 3.2.2. Let M and N be hypercomplex manifolds, and let U, V be AH-
submodules of the AM-modules AM, AN of q-holomorphic functions on M, N respec­
tively. Define W to be the vector space of smooth, M-valued functions w on M x N, 
such that for each m E M, the function n i—> w(m, n) lies in V, and for each n E N, 
the function TO \-t w(m,n) lies in U. Then each such w is a q-holomorphic func­
tion on M x N, and W is an AH-submodule of AMxN. Also, there is a canonical 
injective AW-morphism <j> : U®mV —• W. If U, V are finite-dimensional, (ft is an 
AM-isomorphism. 

Proof. Suppose w : M x N —> W is a, smooth function, such that for each m E M, 
the function n ^ w(m,n) lies in V, and for each n £ N, the function m M- w(m, n) 
lies in U. The condition for w to be q-holomorphic is D(w) = 0. But D(w) = 
DM(W) + Dpf(w), where DM involves only derivatives in the M directions, and D^ 
only derivatives in the AT directions. 

Let n € N. Then the function m i-> w(m,ri) is equal to some u E U. Thus 
DM(w)(m,n) = D(u)(m). But the functions in U are q-holomorphic, so D(u) — 
0. Therefore DM(w) = 0, and similarly DN(w) = 0. So D{w) = 0, and w is q-
holomorphic, as we have to prove. It is clear that the space W of such functions w is 
closed under addition and multiplication by H. Thus W is an H-submodule of AMxN, 
so W is an AH-submodule of AMXN-

Now let e E U®mV. Then e E H ® (J7f)* ® (Vf)*, so e defines a linear map 
e : W®V^ ->• H. Define a map w : MxN -> Ubyw(m,n) = e{Qm®6n). For TO € M, 
define wm : N ->• H by wm(n) = w(m,n). Since e E U<S>nV, e E (£/*)* ® LV(V), so 
wm E i(V), regarding wm as an element of H ® (Vt)*. Thus wm E V. Similarly, 
defining wn(m) = w(m, n) for n E N, we find wn E U for each n E N. 

To show that w E W, we only need to show that w is smooth. In general, if / is a 
function on M x N, such that for each m E M, the function n i-> /(TO, n) is smooth, 
and for each n E N, the function m >->• /(TO, n) is smooth, it does not follow that / 
is smooth. However, because real tensor products involve only finite sums as in §1.1, 
e 6 (U*)* <8> iv{y) implies that wm lies in some finite-dimensional subspace of V for 
all TO E M, and similarly wn lies in a finite-dimensional subspace of U for all n E N. 
These imply that w is smooth. Thus w EW. 

Define 4>(e) = w. In this way we define a map (j> : U®MY —> W. It is easy to 
show that <j) is an AH-morphism. Also, if w — 0 it is easily seen that e = 0, so <f> is 
injective. Thus <f> is an injective AH-morphism, as we have to prove. Suppose U, V 
are finite-dimensional, and let w E W. We must find e in U®wV such that </>(e) = w. 

Choose bases of the form {6mb : b = 1 , . . . , k} for f/t a n ( j { ^ : c = 1,...,/} for 
V*. It can be shown that such bases exist. Let e : £/* ® V* -» H be the unique linear 
map satisfying e(6mt> ® ̂ „c) = w(m(,, nc) for b = 1 , . . . , k, c = 1 , . . . , I. One may prove 
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that e £ U®wV, and 4>(e) = w. Thus <j> is an injective and surjective AM-morphism, 
and clearly is an AH-isomorphism. This completes the proof. • 

The following lemma is trivial, and the proof will be omitted. 

Lemma 3.2.3. Suppose M is a hypercomplex manifold, and N is a hypercomplex 
submanifold of M. If a is a q-holomorphic function on M, then a\^ is q-holomorphic 
on N. Let p : AM —> AN be the restriction map. Then p is an AM-morphism. 

Now we can define the multiplication map \x& on A. 

Definition 3.2.4 Let M be a hypercomplex manifold, and A the AH-module of q-
holomorphic functions on M. By Proposition 3.2.2 there is a canonical AH-morphism 
tf> : A®mA -t AMXM- Now M is embedded in M x M as the diagonal submanifold 
{(m,m) : m G M } , and this is a hypercomplex submanifold of M x M, isomorphic 
to M as a hypercomplex manifold. Therefore Lemma 3.2.3 gives an AH-morphism 
P '• AMxM —> A. Define an AH-morphism \iA : A®MA —> A by HA = P ° <j>-

Here is the main result of this section. 

Theorem 3.2.5. Let M be a hypercomplex manifold. Then Definition 3.2.1 de­
fines an AM-module A and an element 1 € A, and Definition 3.2-4 defines an AM-
morphism HA '• A®^A —>• A. With these definitions, A is an H-algebra in the sense 
of §2.1. 

Proof. We must show that Axiom A is satisfied. Parts (i) and (ii) are trivial. For 
part (Hi), observe that the permutation map A®^A —> A®Hyl that swaps round the 
factors, is induced by the map M x M —» M x M given by (mi,ma) i-> (m2,mi). 
Since the diagonal submanifold is invariant under this, it follows that fj,A is invariant 
under permutation, and so A^A C Ker/z^. 

Let A2
M be the 'diagonal' submanifold in M x M, and let A ^ be the 'diagonal' 

submanifold i n M x M x M . We interpret part (iv) as follows. A(g)HJ4(8)HA is a space 
of q-holomorphic functions on M x M x M. The maps /UA®m id and id ®HM^ are the 
maps restricting to A2

M x M and M x A ^ respectively. Thus HA ° (MA®H id) is the 
result of first restricting to A2

M x M and then to A3
M, and /44°(id ®IHMA) is the result of 

first restricting to M x A2
M and then to A ^ . Clearly fiA° (MA<8>H id) = //A°(id®HM/i), 

proving part (iv). 
Interestingly, the proof of part (iv) does not use the associativity of quaternion 

multiplication. This raises the possibility of generalizing the definition to give 'as­
sociative algebras over a nonassociative field'. Part (v) is given in Definition 3.2.1. 
Finally, part (vi) follows easily from the fact that 1 is the identity in H. Thus all of 
Axiom A of §2.1 applies, and A is an H-algebra. • 

One problem with the H-algebra of all q-holomorphic functions on a hypercomplex 
manifold is that it is too large to work with - it is not in general finitely-generated, 
for instance. Therefore, it is convenient to restrict to H-subalgebras of functions 
satisfying some condition. The condition we shall use is that of polynomial growth. 
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Definition 3.2.6 Let M be a hypercomplex manifold, and let r : M —> [0, oo) be a 
given continuous function. Suppose / € fi°(H) on M, and let k > 0 be an integer. 
We say that / has polynomial growth of order k, written / = 0(rk), if there exist 
positive constants C\, Ci such that | / | < C\ + C2r

k on M. 
The H-algebra of q-holomorphic functions on M is i . For integers k > 0, define 

Pk = {a£A:a = 0{rk)}, and define P = [J^o pk- Then P is a filtered AH-module. 
It is easy to see that P is an H-subalgebra of A, and satisfies Axiom AF of §2.3. Thus, 
P is a filtered H-algebra. We call P the filtered H-algebra of q-holomorphic functions 
of polynomial growth on M, and we write PM for P when we wish to specify the 
manifold M. 

The main example we have in mind in making this definition, is the case that M 
is a complete, noncompact hyperkahler manifold, and r : M —• [0, oo) is the distance 
function from some point m0 e M. Then Pk is independent of the choice of base 
point m0- In good cases, such as those discussed in Chapter 4, P is an FGH-algebra. 
Again, in a good case, P determines the hypercomplex structure of M explicitly and 
uniquely. Thus we can define the hypercomplex structure of M completely using only 
a finite-dimensional amount of algebraic data. 

3.3. Hyperkahler manifolds and HP-algebras. Let M be a hyperkahler mani­
fold, and A the vector space of q-holomorphic functions on M. Since M is hypercom­
plex, A is an H-algebra by Theorem 3.2.5. In this section we will see that A is also 
an HP-algebra in the sense of §2.2. To save space, and because we have wandered 
from the main subject of the paper, we shall omit the proofs of Proposition 3.3.2 and 
Theorem 3.3.4. The proofs are elementary calculations, though not especially easy, 
and the author can supply them to the interested reader on request. 

Definition 3.3.1 Let M be a hyperkahler manifold. Then M x M i s also a hy­
perkahler manifold. Let A2

M = {(m,m) : m € M}. Then A2
M is a hyperkahler 

submanifold of M x M. We shall write M x M = M1 x M2, using the superscripts 
1 and 2 to distinguish the two factors. Let V be the Levi-Civita connection on M. 
Define V1, V2 to be the lift of V to the first and second factors of M in M x M 
respectively. Then V1 and V2 commute. Let V12 be the Levi-Civita connection on 
M x M. Then V12 = V1 + V2. 

Let x e AMXM- Then V ^ x € C°°(e <g> T'M1 ® T*M2) over M x M. Re­
strict VxV2x to A2

M. Then A2
M £* M and T*Ml\^M S T*M2|A2 S T*M. Thus 

V ^ 2 : ^ G C°°(H ® T'M <g> T*M) over M. Define a linear map 0 : AMxM -> 
^(EOofby 

O(x) = {ga\h)iV\V2
cx\Ali}®il + {gab(h)c

aVlV2
cx\Ali}®i2 

+ {9ab(h)CaVlV2
cx\Ali}®i3, 

using index notation for tensors on M in the obvious way. Here g is the hyperkahler 
metric on M, and Ii,l2,h the complex structures. 
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Here are some properties of 0 . 

Proposition 3.3.2. This map satisfies Q(x) G A®I. Also, 0 : AMXM —> A®I is an 
AW-morphism, and if Q(x) = x\ <g> i\ + x-i ® i<i + x$ ® i3 and m G M, then x\ [m)i\ + 
x2(m)i2 4- x3(m)i3 = 0 G H. 

Now we can define the map £4 of §2.2. 

Definition 3.3.3 Proposition 3.2.2 defines an AH-morphism <j> : A®mA —> AMxM. 
Definition 3.3.1 and Proposition 3.3.2 define an AH-morphism 0 : AMxM —> A ® I. 
Let Y be the AH-module of Definition 2.2.1. Then (Ft)* ^ I. Recall that A =* iA(A), 
so we may identify A ® I S iA (A) ® (Y*)* C i ® {A*)* <8> (Y*)*. Define £4 : A®MA ->• 
LA{A) ® {Y^Y to be the composition £4 = 0 o <f>. 

Here is the main result of this section. 

Theorem 3.3.4. This £4 maps A®mA to A^Y. It is an AM-morphism, and satis­
fies Axioms PI and P2 of 12.2. Thus, by Theorem 3.2.5 and Definition 2.2.2, if M 
is a hyperkahler manifold, then the vector space A of q-holomorphic functions on M 
is an HP-algebra. 

Given a continuous function r : M —> [0,00), Definition 3.2.6 defines the filtered 
H-algebra P of q-holomorphic functions on M of polynomial growth. It is natural 
to ask whether P is a filtered HP-algebra. One must show that Axiom PF of §2.3 
holds, which relates the Poisson bracket and the filtration. This is not automatic, but 
depends on the asymptotic properties of the hyperkahler structure and the function 
r on M, and must be verified for each case. These properties also determine whether 
P is closed under £4 at all. 

3.4. Reconstructing a hypercomplex manifold from its H-algebra. In §3.2 
we saw that the vector space of q-holomorphic functions on a hypercomplex manifold 
is an H-algebra, providing a transform from geometric to algebraic objects. Now 
we shall consider whether this transform can be reversed. It turns out that under 
certain circumstances, an H-algebra does explicitly determine a unique hypercomplex 
manifold. Therefore, it should be possible to construct new hypercomplex manifolds 
by writing down their H-algebras. 

Throughout this section, let M be a hypercomplex manifold, let A be the H-algebra 
of q-holomorphic functions on M, let P be an H-subalgebra of A, and let Q be an 
AH-submodule of P that generates P as an H-algebra, in the sense of §2.4. From 
§3.2, if m G M, then m defines an M-linear map 9m : A -> H such that 9m G A*. 
Now H is itself an H-algebra in the obvious way, and it is easy to see that in fact 9m 

is an H-algebra morphism. Therefore 9m\P : P -» EI is also an H-algebra morphism, 
and em\P e Pt. 

Conversely, suppose 9 G P\ so that 9 : P —• H is an H-linear map. From Definition 
2.1.2 we calculate that 9 is an H-algebra morphism if and only if 9 satisfies the 
quadratic equation /JP{9) = \p,p(9 <g> 9) in {P<S>EPV, where (iP : P+ -»• (P®HP) t is 
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the dual of the multiplication map fip, and \PtP : P* ® P* —• (P^iiP)* is defined 
in §1.1. 

Suppose 0i,02 : -P —>• H are H-algebra morphisms, and that 9\\Q = 92\Q- Because 
Q generates P , it is easy to see that 9i = 02- Hence, H-algebra morphisms from 
P are determined by their restrictions to Q. As 9\ € P*, we have 9\\Q € Q*. The 
principal case we have in mind is that P is a 'polynomial growth' H-subalgebra as 
in Definition 3.2.6, and Q is finite-dimensional. By restricting to Q we can work 
in a finite-dimensional situation. Motivated by the above, we make the following 
definition. 

Definition 3.4.1 Let P be an H-algebra, and Q an AH-submodule of P that gen­
erates P . Define MP>Q by 

Mp,q = {9\Q : 9 e P f , nP{9) = AP,p(0 ® 0)}, 

so that M P I Q is a closed subset of Q^. Now suppose that M is a hypercomplex 
manifold, and P an H-subalgebra of the H-algebra A of q-holomorphic functions on 
M. For each m 6 M, ^m : i -> i is an H-algebra morphism, and so 9m\Q lies in 
MPtQ. Define a map TTP,Q : M -4 M P ,Q by irPtQ(m) = 9m\Q. 

Lemma 3.4.2. Suppose Q is finite-dimensional. Then MPQ is an affine real alge­
braic subvariety of Q^, that is, it is the zeros of a finite collection of polynomials 
on Qt. 

Proof. By Lemma 2.4.4 there is an H-algebra morphism <f>Q : F® —> P , and as Q 
generates P , 4>Q is surjective. Let I C FQ be the kernel of (J>Q. AS FQ is a free 
H-algebra, each element x of Qt defines a unique H-algebra morphism 9X : FQ —>• H, 
that restricts to x on Q. Clearly, if x € Q\ then a; € MptQ if and only if / C Ker 9X. 

For each y £ FQ, define a function ^;y : Q+ —> El by ipy(x) = 0X(2/) for i e Q f. It 
is easy to see that if y € P^ , then ipy is an H-valued polynomial on Qt of degree at 
most fc. But a: € MPtQ if and only if tpy(x) = 0 for each y £ I. Thus Mp;g is the zeros 
of a collection of polynomials on Qt. By Hilbert's Basis Theorem, we can choose a 
finite number of polynomials, which define MP}Q. D 

Our aim is to recover M and its hypercomplex structure from P and Q. If we are 
lucky, irPiQ will be (locally) a bijection, so that MP:Q gives us the manifold M, at 
least as a set. Then we can try and use P to define a hypercomplex structure on 
MPJQ. However, there are a number of ways in which this process could fail. 

• MptQ might not be a submanifold of Qp. 
• 7TP,Q might not be (locally) injective. 
• irptQ might not be (locally) surjective. 
• Even if MPiQ is a submanifold of Qt and irPiQ is a diffeomorphism, we may be 

unable to define the hypercomplex structure on MP>Q, because P may contain 
only partial information about the structure. 
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Unfortunately, all of these possibilities do occur, and examples will be given in §4.2. 
Sometimes the hypercomplex manifold M can be reconstructed, and sometimes not; 
for polynomial growth H-algebras P and complete M, this seems to depend only on 
the asymptotic behaviour of M at infinity. Next we shall explain how, in good cases, 
the hypercomplex structure of M may be recovered from P. 

Lemma 3.4.3. Let M be a hypercomplex manifold of dimension 4k, A the H-algebra 
of q-holomorphic functions on M, P an H-subalgebra of A, and Q an AM-submodule 
of P generating P. Let m S M. Then the derivative of TTP^Q at m gives a linear 
map dmwP,Q : TmM -» Qt. 

Regard Q as a vector space of M-valued functions on Q^. Pulling these functions 
back to TmM using dmirp,Q gives a linear map {d^p^)* : Q —• T^M ® H. Define 
Vm — lm.((dmirp,Q)*), so that Vm is a linear subspace of T^M ® EL Then dim Vm < 
12k, and Vm determines the hypercomplex structure on TmM if and only if dim Vm = 
12k. 

Proof. Let v £ Vm, and write v = vo ® 1 + Vi <S> ii + v2 ® i2 + v3 <8» H• Now v is the first 
derivative at m of some element of Q, which is a q-holomorphic function on M. By 
definition of q-holomorphic function, it follows that VQ + I\Vi + I^v-i + I3V3 = 0, where 
Ii, 72, h are the complex structures on T^M. Let Wm C T^M ® H be the subspace 
of elements w0 <8> 1 + ui\ ® i\ + w2 ® 12 + w3 ® i3 satisfying w0 + I1W1+I2W2 + I3W3 — 0. 
Then Wm has dimension 12k, and Vm C Wm, so dimV^ < 12k, as we have to prove. 

If dim Vm = 12k, then Vm = Wm. But Wm determines Ii, I2 and I3. (For instance, 
wi = I\Wo if and only if WQ ® 1 + ui\ <8» ix G Wm, so Wm determines Ii.) Thus if 
dim Vm = 12k, then Vm determines the hypercomplex structure on TmM. Now Wm 

is an H-submodule of T^M ® HI, and it can be shown that if W is an H-submodule 
of T*M <g> H such that W ^ Wm, dimW = 12k, and W is close to Wm, then W 
determines a different hypercomplex structure. It is easy to see that if dim Vm < 12k, 
then we may choose such a W with Vm<zW. Thus Vm is consistent with two different 
hypercomplex structures. Therefore Vm determines the hypercomplex structure on 
TmM if and only if dim Vm = 12k. • 

Corollary 3.4.4. In the situation of Lemma 3-4-3, suppose that dimV^ — 12k, and 
that 7TP,Q is surjective near m. Then P determines the hypercomplex structure of M 
near m. 

Proof. As dim\4j = 12k, we deduce that dm-Kp,Q is injective. Together with the 
surjectivity assumption, this implies that 7rP,Q is a diffeomorphism near m. Also, 
dim Vn = 12k for n near m. The conclusion follows from the lemma. • 

In the special case dimM = 4, we can give a more convenient condition for P to 
determine the hypercomplex structure of M. 

Proposition 3.4.5. Let M be a hypercomplex manifold of dimension 4, A the H-
algebra of q-holomorphic functions on M, P an H-subalgebra of A, and Q an AM-
submodule of P generating P. Suppose that Q is stable, that MPtQ is a submanifold 
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of Qt, and that TTP^Q is a (local) diffeomorphism. Then P determines the (local) 
hypercomplex structure of M. 

Proof. Because of Corollary 3.4.4, it is sufficient to show that dimVm = 12 for each 
m € M. Suppose for a contradiction that m £ M and dimVJn < 12. As wp:Q is a 
diffeomorphism, dmTtptQ is injective. Let R = Ker((rfm7TpiQ)*), so that R is a proper 
AH-submodule of Q, and Vm = Q/R. Since dmirPiQ is injective and dim M = 4, we 
have dim Qf = dim R^1 + 4. 

Now Vm is an H-module with diml4t < 12, so dim Vm < 8. But dimQ = dimi? + 
dimK„, so dimQ < dim.ft+8. By Definition 1.2.3, using dimQ* = dimR^ +4, we see 
that the virtual dimension of R is greater or equal to that of Q. Using the stability 
of Q, we then prove that for each nonzero q El, the image of id ®HX? : Q®uXq —> Q 
lies in R, and as R is a proper AH-submodule, this contradicts the semistability of 
Q. Thus dimVm = 12 for all m € M, and the proposition is complete. • 

The author has not found a satisfactory analogue of this proposition for higher 
dimensions. One can also consider the problem of reconstructing a hyperkahler man­
ifold from an HP-algebra. It can be solved easily using a similar approach. 

3.5. Asymptotically conical hyperkahler manifolds. In this section we shall 
define an interesting class of hyperkahler manifolds, and conjecture some theory about 
them. 

Definition 3.5.1 Let N be a compact manifold of dimension 4n — 1, and set C = 
N x (0, oo). Let t: C —> (0, oo) be the projection to the second factor. Let v be the 
vector field td/dt on C. Suppose C has a hyperkahler structure, with metric g and 
complex structures I\,l2,Iz- We say that C is a hyperkahler cone if v is a Killing 
vector of / i , / 2 , ^ 3 , and g = t2h + dt2, where h is a Riemannian metric on N that is 
independent of t. 

Definition 3.5.2 Let C be a hyperkahler cone. Let / be a q-holomorphic function 
on C, and let k > 0 be an integer. We say / is homogeneous of degree k if / = £*/#, 
where /AT is an H-valued function on N, independent of t. Define Bk to be the AH-
module of q-holomorphic functions on C that are homogeneous of degree k. Define 
B = 0 £ l o Bk. Then B is an AH-submodule of the H-algebra Ac of q-holomorphic 
functions on C. Clearly, B is a graded H-algebra. 

Here are some basic properties of hyperkahler cones. The proof is left to the reader. 

Lemma 3.5.3. Let C be a hyperkahler cone. Then the vector fields v, Iiv, I?y, I3v 
generate an action of the Lie algebra K © su(2) on C, and exponentiating them gives 
an action of the Lie group M x SU{2) on C. Let c € C, and let Oc be the orbit of c 
under IK x SU(2). Then Oc is a hyperkahler submanifold of C, and is isomorphic as 
a hyperkahler manifold to (H \ {0})/r, for some finite subgroup F c SU(2). 
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Lemma 3.5.4. Let C be a hyperkdhler cone. Then the graded H-algebra B of Defi­
nition 3.5.2 is equal to the filtered H-algebra Pc of q-holomorphic functions of poly­
nomial growth on C. 

Proof. Let / be a q-holomorphic function on C, of polynomial growth of degree k. 
Let c € C. By Lemma 3.5.3, Oc is isomorphic to (H \ {0})/r, so that the universal 
cover Oc is isomorphic to HI \ {0}. Restricting / to Oc and lifting to Oc, the result is 
a q-holomorphic function on HI \ {0}, of polynomial growth of degree k. 

Now all such functions are in fact polynomials of degree k on H, by a classical 
result about harmonic functions of polynomial growth on M". Therefore, we may 
decompose f on C into a sum of homogeneous polynomials on each Oc. Clearly, 
these homogeneous pieces lie in B* for j < k, so f e ^=0B

j. We have shown that 
if / € Pc, then / € B, and Pc C B. But the inclusion B C Pc is immediate, so 
B = Pc- Clearly, the nitrations on B and Pc agree, and the lemma is complete. • 

Next, we shall define asymptotically conical hyperkahler manifolds. 

Definition 3.5.5 Let M be a complete hyperkahler manifold of dimension An, with 
metric gM and complex structures If, If, If. Let C = N x (0, oo) be a hyperkahler 
cone of dimension An, with metric gc and complex structures Jp, 1%, 1$ • Let K be a 
compact subset of M. Then M\K and N x (1, oo) are submanifolds of M and C. 
Suppose that $ : M \ K -> N x (1, oo) is a diffeomorphism. Let V be the Levi-Civita 
connection on C, and I be a positive integer. 

We say that M is asymptotically conical, or AC to order /,- if 

M9M) = 9c + 0(rl), V&(gM))=0(t-1-1), 
[ } V2(<MffM))=Or'~2), and 

*.(Jf) = if + o(rl), v(*,(/f)) = oir'-1), 
V 2 ( M / f ) ) = 0 ( r ' - 2 ) , for j = 1,2,3. 

These equations should be interpreted as follows. Let T be a tensor field on Nx(l, oo). 
Then T = 0{t~k) means that \T\ < Kt~k onNx{l, oo), where re is a positive constant, 
and |. | is taken w.r.t. the metric gc. We call C the asymptotic cone of M. 

Our aim in the remainder of this section is to explore the structure of the H-algebra 
of q-holomorphic functions on an AC hyperkahler manifold. We shall now state - but 
not prove, and I do not know a complete proof - a powerful result relating the q-
holomorphic functions on the AC manifold and its asymptotic cone. An incomplete 
proof will be given shortly, that depends on conjectures to be stated below. 

Theorem 3.5.6. Let M be a hyperkahler manifold that is AC of order I, with as­
ymptotic cone C. Let B be the graded H-algebra of q-holomorphic functions on C, 
defined in Definition 3.5.2. Let P be the filtered H-algebra of q-holomorphic functions 
on M with polynomial growth. Then B is an SGH-algebra, P is an SFH-algebra, and 
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B is isomorphic to P to order I, in the sense of Definition 2.3.5. This implies that 
B is the associated graded H-algebra of P, as in Proposition 2.3.6. 

We shall state two conjectures, and then prove the theorem assuming these. Before 
making the conjectures, we shall define tensor fields of polynomial growth on AC 
hyperkahler manifolds. 

Definition 3.5.7 Let M be an AC hyperkahler manifold, with asymptotic cone 
C. Let T be a smooth tensor field or function on M, and k be an integer. Then 
the expression \T\ = 0(tk) means that \T\ < «$*(i)fc on M \ K for some positive 
constant n, where |. | is taken w.r.t. the metric gM, and $,K,t and gM are as in 
Definition 3.5.5. 

With this definition we can state the first conjecture. 

Conjecture 3.5.8 Let M be a hyperkahler manifold that is AC of order I > 1, and 
let k > — 1 be an integer. Let x : M —• H be a smooth function, so that D(x) is a 
1-form on M, where D is the operator of §3.1. Suppose that VD(x) = 0(tk^a'1) for 
a = 0,1,2, where V is the Levi-Civita connection on M. Then there exists a smooth 
function y : M —» H such that D{x) — D(y), and y = 0(tk). Moreover, if x takes 
values in I, then y can be chosen to take values in I. 

This conjecture is a result in analysis, and I believe that it can be proved using 
existing mathematical ideas and techniques. Much work has been done on a sim­
ilar problem, that of studying the harmonic functions of polynomial growth on an 
asymptotically flat manifold. Some relevant examples are [22, Th. 9.2, p. 76], [4, 
Th. 1.17, p. 674], and in particular the proof of Theorem 3.1 in [4, p. 678]. See also 
[23], in which Li and Yau study holomorphic functions of subquadratic growth on an 
asymptotically fiat Kahler manifold. 

These results give strong relations between the harmonic functions of polynomial 
growth on a Riemannian manifold M asymptotic to Rn, and the harmonic polyno­
mials on M.n. Conjecture 3.5.8 is modelled on them. I believe that generalizing from 
asymptotically flat to asymptotically conical manifolds should be easy. The problems 
will come from dealing with the operator D rather than A. One possible tool to use 
here is Baston's elliptic complex of operators [5, p. 43-44] resolving D. 

Conjecture 3.5.9 Let C be a hyperkahler cone. Then the graded H-algebra B of 
Definition 3.5.2 is an SGH-algebra. 

In fact, the author's calculations suggest that hyperkahler cones C always have 
B2k = M.a ® S^Y, where a > 0 is an integer depending on k and Y is the AH-module 
of §2.2, and that most C also have B2k+1 = {0}. Conjecture 3.5.9 would follow 
immediately from this. Assuming Conjectures 3.5.8 and 3.5.9, we will now prove 
Theorem 3.5.6. 

Sketch proof of Theorem 3.5.6. Let j > 0 be an integer. We shall construct a linear 
map 4>j : Bj/Bj-i —> Pj/Pj^i. Let b s Bj. Then 6 is a q-holomorphic function on C, 
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with polynomial growth of degree j . With a partition of unity, one may construct a 
smooth, H-valued function x on M, such that $„(a:) = b on N x (2, oo) C C. Using 
equations (18) and (19) and the fact that Vb = 0{P~a) on C for large t (this is 
easily proved), it can be shown that VaD(x) = 0 (^ _ i " a _ 1 ) for a = 0,1,2 on M. 

Putting k = j - I, or k = - 1 if I > j + 1, we may apply Conjecture 3.5.8. It shows 
that there exists a smooth, H-valued function y on M with y = 0(tj~l) or y = 0(£_1) 
respectively, such that D(x) = D(y) on M. Therefore, D(x-y) = 0, so x- y is 
q-holomorphic on M. Clearly, x-y has polynomial growth of order j , so x — y G P,. 
Now 2/ may not be unique, but since y = 0(P~l) or 0{t~l), any two solutions y differ 
by an element of P,-_j or P_i = {0}. Therefore, i - y + Pj-i is a well-defined element 
of Pj/Pj-i, depending only on b. 

Define a map <j)j : Bj/B^i -»• Pj/Pj-i by ^-(6 + B,-_j) = a; - y + PJ_J. Then <j>j 
is a well-defined H-linear map. Suppose that b G P^. Then 6 takes values in I. So 
x takes values in I, and by Conjecture 3.5.8 we may choose y to take values in I. 
Thus x-y G P'j, and <pj maps P^/Pj_; to P'JP'^. Therefore <f>j is an AH-morphism, 
provided Bj/Bj-i and Pj/Pj-i are AH-modules. With a little more work, one shows 
that (j)j is an AM-isomorphism. 

It remains to verify the conditions of Definition 2.3.5. From the definition of cj)j 
it immediately follows that <j>j takes P fc/Pj_; to Pk/Pj-i for j — I < k < j , and also 
that (j>j = <t>j+\ on Bj/Bj-i+\. By Conjecture 3.5.9, Bj/Bj_\ is a stable AH-module, 
so Pj/Pj-i is also a stable AH-module. The equation n?kl o (^ -®H^*) = 0j+fe ° M^; 
comes naturally out of the construction of <f>j. Thus B is isomorphic to P to order 
/, by definition. Finally, it follows easily that B is the associated graded H-algebra 
of P . I 

4. EXAMPLES, APPLICATIONS AND CONCLUSIONS 

This chapter was difficult to write, because of the many examples, little bits of 
theory, and quaternionic versions of this and that which begged to be included. For 
reasons of time and space I have been ruthless, discussing a few topics only, and not 
in great depth. However, I think that one could easily fill another paper the length 
of this one with interesting material. 

Section 4.1 finds the HP-algebra of q-holomorphic functions of polynomial growth 
on H, in a series of simple steps, as an example. In §4.2 we give examples of how 
the programme of §3.4 (to recover a hypercomplex manifold from its H-algebra) may 
fail. Then §4.3 shows how to make HL-algebras and HP-algebras out of ordinary Lie 
algebras. This device is applied in §4.4, which is about hyperkahler manifolds with 
symmetries. The high point of §4.4 is a (conjectural) algebraic method to explicitly 
construct 'coadjoint orbit' hyperkahler manifolds, using HP-algebras. 

In §4.5 we look at at the simplest nontrivial hyperkahler manifold — the Eguchi-
Hanson space. It fits into our theory both as an AC hyperkahler manifold, and as 
a 'coadjoint orbit'. A careful investigation of the H-algebra and its deformations 
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reveals a surprise: an unexpected family of singular hypercomplex structures with 
remarkable properties. Section 4.6 interprets self-dual connections, or 'instantons', 
over a hypercomplex manifold, as modules over its H-algebra. Finally, §4.7 concludes 
the paper with some research problems. 

4.1. Q-holomorphic functions on H. Let H have real coordinates (x0, • • • ,£3), so 
that (x0,..., x3) represents x0+Xiii + x2i2+x3i3. Now H is naturally a hypercomplex 
manifold with complex structures given by I\dx2 = dx3, I2dx3 = dx\, I3dx\ = dx2 

and Ijdxo = dxj, for j — 1,2,3. The study of q-holomorphic functions on H is called 
quaternionic analysis, and is surveyed in [27]. 

Example 4.1.1 First we shall determine the AH-module U of all linear q-holomorphic 
functions on H. Let qo,.-.,q3 G HI, and define u = qGx$ + • • • + q^x3 as an Un­
valued function on EL A calculation shows that u is q-holomorphic if and only if 
<7o + 9i*i + 92*2 + 93*3 = 0. It follows that U = H3. Also, U' is the vector subspace 
of U with qj S I for j = 0 , . . . , 3. Let us identify U with H3 explicitly by taking 
(<7i> Q2,Q3) as quaternionic coordinates. Then 

U' = {{q'u q2, «j) e t f : % e l for j = 1, 2, 3 and qxix + q2i2 + q3i3 € l } . 

Thus U' ^ M8, and dim U = 4j, dim U' = 2j + r with j = 3 and r = 2, so the virtual 
dimension of U is 2. This is because H = C2, so the complex dimension of H is 2. It 
is easy to see that U is a stable AH-module. 

Example 4.1.2 Let k > 0 be an integer, and let U^ be the AH-module of q-
holomorphic functions on H that are homogeneous polynomials of degree k. We shall 
determine U^k\ Write A for the H-algebra of q-holomorphic functions on H, and 
fiA : A®mA -» A for the multiplication map. By Example 4.1.1, C/(1) —UcA. Thus 
\IA induces an AH-morphism HA '• U<S>mU —> A, and composing /J,A k—1 times gives an 
AH-morphism /^ _ 1 : <g)^U -¥ A. Clearly, I m / i ^ 1 C U^k\ Also, nA~l is symmetric 
in the k factors of U, so it makes sense to restrict to S^U. 

Thus we have constructed an AH-morphism fiA~x : S^U —>• U^k\ It is easy to 
show that nA~l is injective on S^U. By Example 4.1.1, U is stable with j — 3 and 
r = 2. Thus Proposition 1.2.8 shows that dimS^U = 2{k + l)(fc + 2). But Sudbery 
[27, Th. 7, p. 217] shows that dimt/W = 2(fc + l)(fc + 2). It follows that iik

A~l is an 
isomorphism, and U^ = S^U. 

The interpretation of Example 4.1.2 is simple. If V is the linear polynomials on 
some vector space, then SkV is the homogeneous polynomials of degree k. Here we 
have a quaternionic analogue of this, replacing Sk by 5^. We have found an elegant 
construction of the spaces U^k\ important in quaternionic analysis, that gives insight 
into their algebraic structure and dimension. 

Example 4.1.3 Let us consider the filtered H-algebra P of q-holomorphic functions 
of polynomial growth on H, as in §3.2. Clearly, the functions in {/(*) have polynomial 
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growth of order k, so that £/<*> C Pk C P. Thus ®*=0 U® C Pk, and 0 £ o U& C P. 
Now it is a well-known result in complex analysis that all holomorphic functions on 
C of polynomial growth, are polynomials. The obvious analogue of this is that all 
q-holomorphic functions on H of polynomial growth are sums of elements of Uw. 

This is in fact true, and can be proved using the theory in [27]. Therefore Pk = 

®k
j=ouU)i and p = ®f=ouU)- But from E x a m P l e 4-L2> uU) = siu- Thus p = 

0 ? l o SMU- SO, by Definition 2.4.3, P is isomorphic to the free algebra Fu generated 
by U, with its natural filtration. As U is finite-dimensional, P is finitely-generated, 
and in particular, P is an FGH-algebra in the sense of §2.4. 

The full H-algebra A of q-holomorphic functions on HI is obtained by completing 
P, by adding in convergent power series. The analytic details are beyond the scope of 
this paper. Note, however, that because A contains all holomorphic functions on C2, 
A is certainly not finitely-generated, so that P has a much simpler structure than A. 
We may generalize this example to the hypercomplex manifold HI™. It is easy to see 
that the H-algebra of q-holomorphic functions on Hn of polynomial growth is FnU, 
the free H-algebra generated by n copies of U. 

Now HI is a hyperkahler manifold, so by Theorem 3.3.4, A and P should be HP-
algebras. We shall define the HP-algebra structure on P. 

Example 4.1.4 We must construct an AH-morphism £P : P®H-P ->• P®wY. From 
above U = t/(1) c P , so consider £P : U®mU -* P®mY- Since £P is antisymmetric, we 
may restrict to A^U. Now U is stable and has j = 3, r = 2, so by Proposition 1.2.8, we 
have dim A^U — 8 and dim(A^U)' = 5. But these are the same dimensions as those of 
the AH-module Y of Definition 2.2.1. In fact there is a natural isomorphism A^U = 
Y. Now t/(°> S H, so that U^®nY ^ Y. Thus we have AH-isomorphisms A^U^ ^ 
U<®®wY = Y. 

It is easy to show that the restriction of £P to A^L^1' gives exactly this isomorphism 
Agf/'1' = [/(0)<8>Hy. Thus we have defined £P on a generating subspace £/W for P . 
Using Axiom P2, we may extend £P uniquely to all of P , because the action of £P 

on the generators defines the whole action. Now P is a filtered H-algebra, and £P 

satisfies £ P ( P , ® H P A ) C Pj+k-2- Thus Axiom PF of §2.3 holds, and P is a filtered 
HP-algebra. 

4.2. Hypercomplex manifolds undetermined by their H-algebras. In §3.4 we 
explained how, under good conditions, it is possible to reconstruct a hypercomplex 
manifold from an H-algebra of q-holomorphic functions upon it. Here are three exam­
ples where this cannot be done, illustrating different ways in which the reconstruction 
can fail. 

Example 4.2.1 Since Z c K c H, Z acts on H by translation, and so H/Z S 
R3 x 5 1 is a hyperkahler manifold. We shall determine the filtered H-algebra P of 
q-holomorphic functions on M = H/Z of polynomial growth. But H covers M, so any 
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q-holomorphic function of polynomial growth on M lifts to a q-holomorphic function 
of polynomial growth on H. So by Example 4.1.3, P is the H-subalgebra of Fu that 
is invariant under Z. 

Clearly, any polynomial invariant under Z is also invariant under l e i . Refer­
ring to Example 4.1.3, the elements of U invariant under R are those with q0 = 0. 
Therefore, the R-invariant polynomials in U are {(qu q2,93) € H3 : qxii + q2i2 + (7323 = 
0} C U. But this is the All-module Y of §2.2. So, one may show that the H-algebra 
P of q-holomorphic functions on M of polynomial growth is the free H-algebra FY. 

Now consider reconstructing M from P, as in §3.4. We have P = FY, so we 
put Q = Y. Then Qt = I = R3. As P = F^, MP,Q is the whole of Qt = R3 
But M = R3 x S1, and the map irptQ : M —• MPtQ is simply the projection to the 
first factor R3 x Sl —s- M3. Therefore, in this case, MptQ is a manifold, and irPtQ is 
surjective, but not (even locally) injective. Thus, we cannot recover the manifold M 
from P. 

Example 4.2.2 Much of Atiyah and Hitchin's book [2] is an in-depth study of 
a particular complete, noncompact hyperkahler 4-manifold, the 2-monopole moduli 
space M$. As a manifold, M$ is diffeomorphic to a complex line bundle over MP2, and 
the zero section gives a submanifold RP2 C M$. The isometry group of the metric 
g on M$ is 50(3) . This isometry group acts in a nontrivial way on the hyperkahler 
structure. There is a vector space isomorphism (Ii,l2,h) — s"(3), that identifies the 
action of 50(3) on (h,I2, h) with the adjoint action on so(3). 

Because 50(3) does not fix the hyperkahler structure, there are no hyperkahler 
moment maps (see §4.4). However, there are some Kahler moment maps. Let 
vi,v2,vs € so(3) be identified with h,h,h under the isomorphism above. Then 
V\,V2,v3 are Killing vectors of g on M. Let 0:1,0:2,03 be the 1-forms on M° dual 
to Ui,U2,U3 under g. Then a brief calculation shows that the 1-form IJQ.\. + Ikctj is 
closed, for j , k = 1 , . . . , 3. Since 61(M2

D) = 0, there exists a unique real function fjk 

with dfjk = Ijak + Ikaj, and such that / ^ fjkdA = 0. 
The fjk form a vector space 52R3 = R6 of real functions on M2°. For j , k = 1,2,3, 

let qjk € H with qik = qkj, and define z = ^\k=\qjkfik- When is z a q-holomorphic 
function on M°? Calculation shows that z is q-holomorphic if and only if E^=1qjkij = 0 
for k = 1,2, 3. Therefore, the AH-module of q-holomorphic z is 

(20) Z = (f22 - J33 + 2i 1 / 2 S , /33 - / l l + 2*2/3!,/!! " /22 + 2t3/l2>. 

Note that only the trace-free part 5gSo(3) = R5 appears here. From (20) we find 
that Z = H3 and Z' = Rr, and in fact there is a canonical isomorphism Z = Y<g>mY, 
where Y is the AH-module defined in §2.2. 

We have found an AH-module Z = Y<8>mY of q-holomorphic functions on M°. By 
Lemma 2.4.4 there is an H-algebra morphism <f>z : Fz —> A, where A is the H-algebra 
of q-holomorphic functions on M". Now Atiyah and Hitchin [2] define the metric 
on M2 explicitly, using an elliptic integral. Their construction uses transcendental 
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functions, not just algebraic functions. Because of this, it can be shown that the 5 
functions fjk used in (20) are algebraically independent. Therefore, there can be no 
polynomial relations between them, so that <j>z is injective. 

Thus Fz is an H-algebra of q-holomorphic functions on M$. Now Z^ = R5, and 
since Fz is free, MFztZ is the whole of Z*. Thus TTFZIZ maps M | to R5. It can be 
shown that 7i>zz is generically injective, but because of the dimensions 7i>z;Z cannot 
be surjective. Thus we cannot recover the manifold M° from Fz. I claim that Fz is 
in fact the whole H-algebra of q-holomorphic functions of polynomial growth on M°. 

Example 4.2.3 Let k > 2, and let M = Hfc. Then by Example 4.1.3, the H-algebra 
of q-holomorphic functions of polynomial growth on M is FkU. Now U = H3, so 
kU = H3fc. It can be shown that if k > 2, then the generic H-submodule Q 3* H3* -1 

of kU is a stable AH-module with Q' S R8*"4 and Qf = Rik. Let Q be such an 
AH-submodule, and let P = FQ C Fu. Then P is an H-algebra of q-holomorphic 
functions on M = H*. 

Consider reconstructing M and its hypercomplex structure from P, as in §3.4. 
Since P is free, MPtQ is the whole of Q\ which is R4*. But M = R4fc, and in fact 
irp^Q : M —> Mp>(5 is a diffeomorphism, the identity. However, in Lemma 3.4.3 we 
have Vm = Q for each m G M, so that dimV^ = 12k — 4. Thus, the lemma shows 
that the hypercomplex structure of M cannot be recovered from P. This means that 
P gives full information about the manifold M, but only partial information about 
the hypercomplex structure. 

4.3. HL-algebras and HP-algebras. Here is a simple construction of HL-algebras. 

Example 4.3.1 Let g be a Lie algebra. Then the Lie bracket [, ] on g gives a 
linear map A : Q <g> JJ ->• Q, such that A(a; ® y) = [x, y] for x, y G fl. Let Y be 
the AH-module denned in §2.2, and define AB to be the AH-module Q ® F . Then 
A>®HAI - (fl ® fl) ® (F®Hy) and ^8<8>IHF = fl ® (F® n ^) - Define a linear map 
£A„ • Ae<8>mAg ->• ^IjOey by ^ = A ® id, as a map from (Q ® g) ® (F(g>Hy) to 
fl ® (K®Hy)- It is easy to show that £Ag satisfies Axiom PI of §2.2, using the Jacobi 
identity for Q to prove part (Hi). Therefore, AB is an HL-algebra, by Definition 2.2.2. 

Example 4.3.2 Example 4.1.4 constructed a filtered HP-algebra P. 
Because ^p(Pj<S>mPk) C Pj+k-2, each of P0,P\ and P2 are closed under £P. Therefore, 
restricting £P to P0, P1 and P2 gives them the structure of HL-algebras. Now P0 - H 
and & is zero on P0, but Px S H © [/, P2 S H © [/ © 5^t/, which are both finite-
dimensional, and £P is nontrivial on both. It is easy to see that none of these is of 
the form g <g> Y. Thus, there exist nontrivial, finite-dimensional HL-algebras that do 
not arise from Example 4.3.1. 

The next example is an aside about Lie and Poisson algebras. 
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Example 4.3.3 Let g be a Lie algebra. The symmetric algebra 5(g) = ©J*l0 S
kg of 

0 is a free, commutative algebra generated by g. Define a bracket { , } : 5(g) x 5(g) —» 
S(g) as follows. Let k, I > 0 be integers. If x, y £ g, then xk £ 5*g and yl € 5'g, 
and 5*g, Slg are generated by such elements. When k = 0 or / — 0 define {, } — 0 
on 5*g x Slg, and when k, I > 0 define {xk,y1} = kla(xk~1 ® [x,y] ®yt~1). Here [, ] 
is the Lie bracket on g and a : Sk~1g ® g ® 5'_1g —>• 5fc+'^1g is the symmetrization 
operator, a projection. 

This definition extends uniquely to give a bilinear operator {, } : Skg x 5'g —> 
5fc+'_1g, so we have found a bilinear bracket { , } on S(g) x 5(g). It is shown in [7, 
§1.4] that {, } is a Poisson bracket on 5(g), so that 5(g) is a Poisson algebra, the 
Poisson algebra of the Lie algebra g. 

Using Example 4.3.3 as a model, here is a construction of HP-algebras. 

Example 4.3.4 Let A be an HL-algebra. Then §2.4 defines the free H-algebra FA 

generated by A. To make FA into an HP-algebra, we must give a Poisson bracket £FA 
on FA. Let k, I be positive integers, and define a map £fc]i : SnA®nS

l
nA —> Sm

+l~lA 
by £/t,i = klamo (id ®H£A®H id) o i, using the sequence of maps 

S^A®mSl
mAA5*"1 A®MA®MAQuSfc1 A id®B-^?° id 

S^-lA®mA®mY®mSl
m

1A^Sk
i
+i-1A®mY. 

Here i is the inclusion, and am the symmetrization operator of §1.1. For k = 0 or 
1 = 0, let £fc)j = 0. Define £FA : FA®mFA ->• FA®inY to be the unique linear map 
such that the restriction of £FA to S^A®mSl

MA is £ktl, for all k,l >0. Then £FA is a 
well-defined AH-morphism. A calculation following those in [7, §1.4] shows that £FA 
satisfies Axioms PI and P2 of §2.2. Thus, by Definition 2.2.2, FA is an HP-algebra. 
Moreover, FA is a filtered H-algebra with the natural filtration, and it is easy to show 
that Axiom PF holds. So FA is a filtered HP-algebra. 

Combining Examples 4.3.1 and 4.3.4, we see that if g is a Lie algebra, then FA<> is 
a filtered HP-algebra. 

4.4. Hyperkahler manifolds with symmetries. Let M be a hyperkahler man­
ifold, and suppose v is a Killing vector of the hyperkahler structure on M. A hy­
perkahler moment map for v is a triple (/i, f2, j^) of smooth real functions on M such 
that a = I\dfx = ^2^/2 = -^3 /̂3, where a is the 1-form dual to v under the metric g. 
Moment maps always exist if 61(M) = 0, and are unique up to additive constants. 

More generally, let M be a hyperkahler manifold, let G be a Lie group with Lie 
algebra g, and suppose $ : G —> Aut(M) is a homomorphism from G to the group 
of automorphisms of the hyperkahler structure on M. Let cf> : g —>• Vect(M) be the 
induced map from g to the Killing vectors. Then a hyperkahler moment map for the 
action $ of G is a triple (/i,/2,/3) of smooth functions from M to g*, such that 
for each x € g, (x- f\,x- f2,x- f$) is a hyperkahler moment map for the vector field 
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<f>(x), and in addition, (/i ,/2,/s) is equivariant under the action $ of G on M and 
the coadjoint action of G on j * . 

Moment maps are a familiar part of symplectic geometry, and hyperkahler mo­
ment maps were introduced by Hitchin et al. as part of a quotient construction for 
hyperkahler manifolds [12], [26, p. 118-122]. Hyperkahler moment maps will exist un­
der quite mild conditions on M and G, for instance if bl{M) = 0 and G is compact. 
We shall use them to construct q-holomorphic functions on hyperkahler manifolds 
with symmetries. 

Example 4.4.1 Let M be a hyperkahler manifold and v a nonzero Killing vector of 
the hyperkahler structure on M. Suppose {f\,f2,fz) is a hyperkahler moment map 
for v. We shall make q-holomorphic functions on M out of the real functions fj. Let 
<7i><?2,<73 € H, and consider the H-valued function y = qxfx + 92/2 + 93/3 on M. By 
construction the fj satisfy I\df\ = hdft = hdfz- Using this equation, the fact that 
v is nonzero, and the definition of q-holomorphic in §3.1, it is easy to show that y 
is q-holomorphic if and only if qxix + 92*2 + <73«3 = 0. Thus we have constructed an 
AH-module Y = {(91,92,93) £ HI3 : qiii + 9222 + 93*3 = 0} of q-holomorphic functions 
on M. It is isomorphic to the AH-module Y of Definition 2.2.1. 

Example 4.4.2 Now let M be a hyperkahler manifold, G a Lie group, <3> : G —>• 
Aut(M) an action of G on M preserving the hyperkahler structure, and 0 : g —>• 
Vect(M) the induced map. Suppose <j> is injective, and that (/1, /2, fz) is a hyperkahler 
moment map for <3>. By Example 4.4.1, each nonzero x G fl gives us an AH-module 
Y of q-holomorphic functions on M. Clearly, these fit together to form a canonical 
AH-module Q ® Y of q-holomorphic functions on M. 

We have already met g ® Y = As as an HL-algebra in Example 4.3.1, where we 
defined a Poisson bracket £4 on it. In the context of this example, g (8) Y is an AH-
submodule of the HP-algebra AM of q-holomorphic functions on M, which derives 
its own Poisson bracket £AM from the hyperkahler structure of M. A computation 
shows that g ® Y is closed under £,iM, and that £AM = 6i„-

Example 4.4.2 shows that the HL-algebras of Example 4.3.1 are related to the HP-
algebras of hyperkahler manifolds with symmetry groups. In the following lemma we 
extend this to the associated HP-algebras defined by Example 4.3.4. 

Lemma 4.4.3. Let M be a hyperkahler manifold, and AM the HP-algebra of q-
holomorphic functions on M. Let G be a Lie group, $ : G ->• Aut(M) be an action 
ofG on M preserving the hyperkahler structure, and <j>: g ->• Vect(M) be the induced 
map. Suppose {fi,h, fz) is a hyperkahler moment map for $. Then there is a canon­
ical HP-algebra morphism <3>, : FA» -> AM, where FA° is defined by Examples 4.3.1 
and 4-3-4-

Proof. In Example 4.4.2 we constructed an AH-submodule As = g <g> Y of AM. By 
Lemma 2.4.4, there is a unique H-algebra morphism <£„ = <j>A : FA* -> AM. To 
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complete the proof we must show that $* is an HP-algebra morphism, where the 
HP-algebra structure on FA» is defined by Example 4.3.4, so we must show that $ , 
identifies the Poisson brackets on FA<> and AM-

In Example 4.3.4 we remarked that £,AM — £A0 on AB. Thus $„ identifies the Poisson 
brackets on this subspace. Because <3>, is an H-algebra morphism and Ae generates 
FA<>, we can deduce from Axiom P2 that if £Ag and the pullback of £AM agree on Ag, 
they must agree on the whole of FA". Thus $„ identifies the Poisson brackets of FA° 
and AM, and <£„ is an HP-algebra morphism. • 

In the situation of the lemma, $,(FA°) is an HP-algebra containing information 
about M and G. This suggests that to understand hyperkahler manifolds with sym­
metries better, it may be helpful to study HP-algebras that are images of FA«. The 
next two examples construct such images. 

Example 4.4.4 Let G be a Lie group with Lie algebra g. Then Ag = g <g> Y and 
y t — I by definition, so A^ = g* ® I. As in the proof of Lemma 3.4.2, each element 
/ of FA« induces an H-valued polynomial ipf on Ag = g* <g> I. Now G acts on g* by 
the coadjoint action, so G acts on g* ® I, with trivial action on I. Let f2 c g* <£> I 
be an orbit of G, that is contained in no proper vector subspace of g* <S> I. Define an 
AH-submodule In in FA° by 

(21) In = {feFA° : W = 0 o n f i } . 

Clearly, [IFAS (ln®mFAB) C In, so IQ is an ideal. 
Define a subset Mn C g* <g> I by 

(22) Mn = {x € g* <8> I : ipf{x) = 0 for all / € / n } . 

Then M n is an affine real algebraic variety in g* <g> I, as in Lemma 3.4.2. Also, 
fl C Mn by (21), and M n is invariant under the action of G on g* <g> I. Define 
An = {ipf\M" '• f € FA*}. Thus An is a vector space of H-valued functions on Mn. 

Now In, FAa and An fit into a natural, AH-exact sequence 

(23) 0 -> In^->FA° -^>A° -> 0, 

where t is the inclusion map, and p is the restriction map from g* ® I to M n . Since 
In is an ideal, intuitively An should be an H-algebra. 

In §2.4 we saw that the best sort of ideal is a stable filtered ideal. Therefore, let 
us assume that In is a stable filtered ideal. Then Lemma 2.4.2 shows that An is an 
SFH-algebra, and p a filtered H-algebra morphism. Also, because we suppose that fl 
is not contained in any proper subspace of g* 01, and fi c M n , we see that p|B®r is 
injective, and g <g> Y is an AH-submodule of An that generates An. It can be shown 
that MAaiB<SY

 = Mn. Observe that An is an FGH-algebra in the sense of §2.4. 

Example 4.4.5 In the situation of the previous example, we shall show that An is 
an HP-algebra. The linear map £FAg : FA>®nAB —• FAS<S>MY is easy to understand, 
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because Ag = Q <g> Y, so we may write the map as £FAa : g ® (FA°®HF) -> FA><g>mY, 
which just gives the Lie algebra action of Q on FA°. Since In is G-invariant, it follows 
that £FAt maps In®wAe to In®wY- But AB generates -FA°, and so using Axiom P2 
and the fact that p,FAe (ln®mFA°) C In, it follows that £FA0 ( 7 " ® ^ ° ) c / n ® H F . 

Using the assumption in Example 4.4.4, this inclusion is just what is needed to 
prove that the Poisson bracket £FA„ can be pushed down to An using p, inducing a 
Poisson bracket fAn on An, so that An is an HP-algebra. As p is a filtered H-algebra 
morphism, An is a filtered HP-algebra, and p a filtered HP-algebra morphism. 

Examples 4.4.4 and 4.4.5 construct a large family of HP-algebras An associated to 
Lie groups. As in §3.4, we can try to use An to construct a hyperkahler structure on 
Mn. This suggests that associated to each Lie group G, there is a natural family of 
hyperkahler manifolds. Now Kronheimer [19, 20], Biquard [8] and Kovalev [16] have 
also constructed hyperkahler manifolds associated to Lie groups, from a completely 
different point of view. 

Let G be a compact Lie group with Lie algebra JJ, and let the complexification of G 
be Gc with Lie algebra gc. Kronheimer found that certain moduli spaces of singular 
G-instantons on K4 are hyperkahler manifolds. These moduli spaces can be identified 
with coadjoint orbits of Gc in (flc)*, and have hyperkahler metrics invariant under G. 
Kronheimer's construction worked only for certain special coadjoint orbits, and more 
general cases were handled by Biquard and Kovalev. 

Although these metrics look very algebraic, their construction is in fact analytic, 
and the algebraic description of these metrics is not well understood. I propose that 
Examples 4.4.4 and 4.4.5 provide this algebraic description. This was proved in [14, 
§11-12] for Kronheimer's metrics [19, 20], which are the simplest case, but I have not 
yet proved it for the metrics of Biquard and Kovalev. Here is a conjecture about this. 

Conjecture 4.4.6 We conjecture the following relations between Examples 4.4.4 
and 4.4.5, and Kronheimer, Biquard and Kovalev's 'coadjoint orbit' metrics. 

• The assumption made in Example 4.4.4 always holds. 
• Using the techniques of §3.4, the HP-algebra An determines a hyperkahler struc­

ture on a dense open set of M n . 
• These hyperkahler structures on subsets of M n include all those of [19], [20], [8] 

and [16] as special cases. However, generically the structures on Mn are new, 
and do not coincide with those of Kronheimer, Biquard and Kovalev. 

• For some CI, Mn is a cone in JJ* <g> I, and An is an SGH-algebra. Then Mn is a 
hyperkahler cone, as in §3.5. These are the nilpotent orbits of [20]. 

• For each Q there is an fi, such that Mn is a 'nilpotent orbit', and the associated 
graded H-algebra of An is A*1. Then the (singular) hyperkahler manifold M n 

has an AC end, as in Definition 3.5.5, with asymptotic cone M". 
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Further study of these spaces from the HP-algebra point of view will probably lead 
to a much clearer understanding of the algebra and geometry underlying Kronheimer's 
metrics. We will look at an example in detail in the next section. 

4.5. The Eguchi-Hanson space. The Eguchi-Hanson space M is a noncompact 
hyperkahler manifold of dimension 4, with a metric written down by Eguchi and 
Hanson [9]. It is of interest to us as an example for two reasons. Firstly, it is the 
simplest interesting example of a 'coadjoint orbit' metric, as it fits into the theory of 
§4.4 with G = SU(2) or 50(3). Secondly, it is the simplest hyperkahler asymptotically 
locally Euclidean or ALE space. An ALE space is an AC hyperkahler manifold of 
dimension 4, with asymptotic cone H/F, for some finite subgroup T c SU(2). 

The ALE spaces for cyclic F were described explicitly by Gibbons and Hawking 
[10] and Hitchin [11], and a complete construction and classification of ALE spaces 
was given by Kronheimer [17], [18]. The Eguchi-Hanson space has asymptotic cone 
H/{±1}, and as a manifold it is diffeomorphic to the total space of T'CP1 . In this 
section we will treat the Eguchi-Hanson space from our H-algebra point of view. It 
gives us our first explicit example of the theories of §3.5 and §4.4. On the way, we 
will determine the deformations of the H-algebra of the Eguchi-Hanson space. The 
result and its implications are quite surprising. 

Let M be the Eguchi-Hanson space. Then the hyperkahler cone of M, in the sense 
of §3.5, is H/{±1}. Our first step is to find the SGH-algebra B of q-holomorphic 
functions on H/{±1} with polynomial growth. 

Example 4.5.1 By Example 4.1.3, the graded H-algebra of q-holomorphic functions 
on H is Fu, where U is defined in the example. Define a : H ->• H by a(q) = —q. Then 
a acts on Fu, and as the functions in U are linear, a acts as —1 on U. Therefore a acts 
as (—l)-7 on S\JJ. Now the SGH-algebra B of q-holomorphic functions on H/{±1} 
is just the CT-invariant part of Fu. Therefore B = © j l 0 ^ m ^ - For compatibility 
with §3.5 we adopt the grading B2] — S^U and B2j+1 = {0}, and the corresponding 
filtration. 

A calculation using Proposition 1.2.8 and the definitions of Y and U in §§2.2 and 
4.1 shows that dim(S^y) = 4k, dim(S'^F)' = 2k + s with k = j + 1 and s — 1, and 
dim(S^U) = 41, dim(S^U)' = 21 +1 with I = {2j + l)(j + l) and t = 2j + l. Thus 
I = (2j + l)k and t — (2j+l)s. In fact, by carefully investigating the geometry it can 
be shown that S$U = M.2j+1 ® S3

BY. 
Here is one way to see this. It is well-known that 50(4) acts irreducibly on M4, but 

that M4 ® C splits as C2 <g> C2. In the same way, U is irreducible, but U <S> C may be 
written as C2®W, where W is a complex AH-module with W^®HH^ = S^W = Y<g>C 
as complex AH-modules. Thus we may write B2j = R2j+1 ® S3

mY, where R2j+l is the 
real part of C2j+1 = Sj{C2), and B = © ~ 0 M 2 j + 1 ® S3

MY. 

Next, we present B as an FGH-algebra generated by Q C B, and determine the 
algebraic variety MB,Q-
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Example 4.5.2 To write B as an FGH-algebra, the quotient of a free H-algebra FQ 

by an ideal I C FQ, one must choose a subspace Q of B that generates B. Define 
Q = B2 = R3 <g> F , where R3 is equipped with a Euclidean metric and inner product. 
Then <j>Q : FQ ->• B is denned in Lemma 2.4.4, and we set / = Ker^Q. Since B2j = 
M.2j+1 ® S^Y and SJ

MQ = RW+I)0+2)/2 ® 5^F, it can be shown that 4>Q • S^Q -»• £ 2 ' 
is surjective for all j > 0, and has kernel I2j C S^Q with 72^ =* R^" 1 ) / 2 ® SJy . 

Now 5jj,F is stable by Proposition 1.2.8, as Y is stable. Thus / i s a stable filtered 
ideal in the sense of Definition 2.4.1. Therefore B is generated by Q, and B is an 
FGH-algebra by Definition 2.4.5. Set J = 74 = 5jj,F. Another calculation shows that 
/ is generated by J in the sense of Definition 2.4.1. Moreover, if h is the Euclidean 
metric on R3, then the AH-module J C S^Q is J = (h)®SlY C 52R3<8»5i,r = S&Q. 

Thus B is the quotient of the free SFH-algebra FQ, where Q = R 3®y, by the stable 
filtered ideal I in FQ, where / is generated by the AH-module J = S^Y c 5^Q. This 
is an explicit description of B as an FGH-algebra. To finish the example, we will find 
and describe the subset MBtQ of Q\ defined in §3.4. As Q = R3 <g> Y, Q^ = (R3)* ® I, 
as F f = I. Identify (R3)* with R3 using the metric. Then a point 7 in Qt may be 
written 7 = H\=1Vk ® i^, where V\,V2, v$ are vectors in R3. 

The proof of Lemma 3.4.2 showed that each element y of F® defines an H-valued 
polynomial tpy on Qt. In our case, as J generates / , MB^Q is the zeros of the poly­
nomials ipy for y € J. Moreover, as J C S^Q, these polynomials are homogeneous 
quadratics on Qt. A computation using the definitions of Y, Q and J shows that 
7 S MB,Q if and only if 

(24) v1 • v-i = v2 • v2 = v3 • v3, vi-v2 = 0, v2 • v3 = 0, v3-v-[- 0, 

where '- ' is the inner product on R3. So Vi,v2,v3 must be orthogonal in R3, and of 
equal length. 

Now we look at MBIQ more closely, and interpret it as a 'coadjoint orbit'. 

Example 4.5.3 The previous example identified the algebraic variety MB^ with 
the set of triples {v\,v2,v3) of vectors in R3 that are orthogonal and of equal length. 
For each r > 0, define SV>+ to be the set of orthogonal triples {vi,v2,v3) that form 
a positively oriented basis of R3, and for which 1̂ 1 = \v2\ — \v3\ = r. Let 5 r i_ 
be defined in the same way, but with negative orientation. Then Sr,+ and SV,- are 
subsets of MB^Q. 

Now 50(3) acts on R3 preserving the Euclidean metric, and the action preserves 
the equations (24). Thus MBtQ decomposes into orbits of the 50(3)- action. It is 
easy to show that the orbits are the single point (0,0,0) and the sets 5r,± for r > 0. 
Moreover, 50(3) acts freely on the set 5r,±, so that 5r,± = 50(3) = RP3. Therefore 
MBiQ is the disjoint union of {0} and 2 copies of (0, 00) x RP3. 

However, H/{±1} is the disjoint union of {0} and 1 copy of (0, 00) xRP3 . Therefore, 
MBtQ is actually the union of two distinct copies of H/{±1}, which meet at 0, and 
the map TTB>Q : H/{±1} —> MB,Q is an isomorphism with one of these copies. This 
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is something of a surprise. The 2 copies are not separate algebraic components of 
the variety MB,Q, as the complexification of MBIQ in Q^ ® C has only one component 
containing both copies. 

Let us look at B from the point of view of §4.4. Above we gave an action of 
SO (3) on MB,Q- This action induces an isomorphism between the K3 in the equation 
Q = M3 ® Y, with the Lie algebra so(3) of 50(3). Thus Q S A,„(3), where ^60(3) is 
defined in Example 4.3.1. So B is the quotient of FAso^'> by a stable filtered ideal. 
Therefore, B fits into framework of Example 4.4.4. 

In fact, Sr± are orbits in so(3)*®I, and if we put Q = Sr,+ or 5r,_ for any r > 0, then 
calculation shows that Aa = B, so that Mn = MB,Q- This is the simplest example 
of an HP-algebra of this form, and it is one of the 'nilpotent orbits' mentioned in 
Conjecture 4.4.6. 

Our goal, remember, is to find the filtered H-algebra P of q-holomorphic functions 
of polynomial growth on the Eguchi-Hanson space M. From the definition [9] of 
the Eguchi-Hanson metric one finds that M is AC to order 4, with asymptotic cone 
H/{±1}. Therefore, Theorem 3.5.6 applies to show that P is an SFH-algebra and B 
and P are isomorphic to order 4, in the sense of Definition 2.3.5. In the next example 
we will determine all such SFH-algebras. 

Example 4.5.4 Suppose P is an SFH-algebra isomorphic to order 4 with the H-
algebra B of the previous examples. As B_2,P_2 are zero, 4>2 • B2 —> Pi is an 
All-isomorphism. Thus P2 = H ffi Q. Since Q generates B, Proposition 2.4.6 shows 
that P2 generates P. But the H in P2 is the multiples of 1, so it does not generate 
anything. Therefore P is generated by Q, and P is the quotient of FQ by a stable 
filtered ideal Ip. 

Define Jp = Ip, so that Jp is an AH-submodule of H © Q ffi S^Q. By a similar 
argument to Proposition 2.4.6, we find that because J generates / , JF generates Ip. 
Thus P is determined by the AH-submodule Jp. Using the maps <f>2, <pi to compare 
Ip and / , we see that Ip = {0}, that Jp C H © J. Let m, ir2 be the projections from 
H © J to the H and J. Then ir2 : J

p —> J is an AH-isomorphism. Let 1: J —• Jp be 
its inverse, so that 1: J —\ H ffi J is an AH-morphism with Jp — i(J). 

As 7T2 o i is the identity on J, Jp is determined by 7Ti O t, i.e. by an AH-morphism 
from J to H. Let A 6 JK Then A E J x , so A : J —> H is an H-linear map. By 
definition of J\ A maps J ' to I which is H'. Thus A is an AH-morphism from J to 
H, and it is easy to see that all such AH-morphisms are elements of j t . 

Therefore, we have shown that all SFH-algebras P isomorphic with B to order 4 
(in the sense of Definition 2.3.5) are constructed in the following manner. We are 
given Q = K3 <g> Y, and a fixed AH-module J C S^Q, that has J = S&Y, so that 
J f = M5. Choose an element A € J f . Then A : J ->• B. is an AH-morphism. Define 
Jx to be the image of the AH-morphism A ffi id : J ->• H ffi J. 

As H = S^Q and J C S^Q, we may regard H ffi J as an AH-submodule of FQ. 
Since JA is an AH-submodule of H © J, it is an AH-submodule of FQ. Define Ix 
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by Ix = nFd{Jx®mFQ). Then Ix is a stable filtered ideal of FQ. Define Px to 
be the quotient of FQ by J \ following Lemma 2.4.2. By Definition 2.4.5, Px is an 
FGH-algebra. 

Next we identify the variety MP^Q. 

Example 4.5.5 Let A € J* be given. Then the previous example defines an FGH-
algebra Px, generated by Q C Px. We shall describe the real algebraic variety 
MP\Q C Q*. Our treatment follows Example 4.5.2 closely, and uses the same notation. 
Now Jx may be interpreted as a vector space of H-valued polynomials on Qt, and 
MP\tq is the zeros of these polynomials. 

There is a natural identification between (5^F)t and 5Q1R3, which is the space 
of trace-free 3 x 3 symmetric matrices. Using this identification we may write A in 
coordinates as A = (a-ki), where (a^) is a 3 x 3 matrix with a^ = a^j and Ej a^ = 0. 
Using the vectors ^1,^2,^3 as coordinates on Q t as before, the equations defining 
MP\q turn out to be 

vi • vi - on = v2 • v2 - a22 = v3-v3- a33, 
25 

Vi-v2 = ai2, v2-v3 = a23, v3-vi = a31. 

These are 5 real equations, because (JA)t = M5. When A = 0, a^ = 0 and we recover 
the equations (24). 

As in Example 4.5.3, the equations (25) are invariant under the action of 50(3) 
on E3. Thus MPX^Q is invariant under the 50(3)- action, and is a union of 50(3) 
orbits. Choose any point m = (v\,V2,v3) in M P XQ such that v\,V2,v3 are linearly 
independent (this is true for a generic point), and let fi be the orbit of m. Then it 
can be shown that An = Px and Mn = MPxtQ, as in Example 4.5.3. Thus Px is 
one of the algebras An of Example 4.4.4, with Lie group G — 50(3). Therefore, by 
Example 4.4.5, Px is a filtered HP-algebra. 

Finally, we interpret MP^Q, and describe its hyperkahler structure. 

Example 4.5.6 In Example 4.5.5, the element A G J* determines a matrix (a^). 
Now 50(3) acts on I, inducing automorphisms of H. But automorphisms of H act 
on HP-algebras in an natural way. Thus 50(3) acts on the category of HP-algebras. 
This action of 50(3) on the HP-algebras Px turns out to be conjugation of the matrix 
(a,jk) by elements of 50(3). So, up to automorphisms of H, we may suppose that Px 

is defined by a matrix (ajfc) that is diagonal, and for which an > a22 > a33. 
Let the matrix (a,-*) be of this form. Then the equations (25) can be rewritten 

(26) vi • vx - a = v2 • v2 - b = v3 • v3, v1-v2 = 0, v2 • v3 = 0, v3 • Vi — 0, 

where a, b are constants with a > b > 0. We shall consider the following three cases 
separately. Case 1 is a = b = 0, case 2 is a > 0, b = 0, and case 3 is a > b > 0. In 
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case 1, we have A = 0, so Px = B and MP^Q is 2 copies of H/{±1} meeting at 0, as 
in Example 4.5.3. 

In case 2, there is one special orbit of 50(3), the orbit {(^,0,0) : Vi • V\ = a} . 
Clearly this is a 2-sphere <S2. It is easy to see that MP\Q is the union of S2 with 2 
copies of (0, oo) x KP3. Also, MP* Q is singular at S2 but nonsingular elsewhere. A 
more careful investigation shows that MPXQ is actually the union of 2 nonsingular, 
embedded submanifolds M\, M2 of 0}, that meet in a common <S2. In fact, both Mi 
and M2 are the Eguchi-Hanson space. This case is the HP-algebra of the Eguchi-
Hanson space M, and the map TTP\Q : M -> MP\Q is a diffeomorphism from M to 
Mi, say. 

Thus, we have found the HP-algebra Px of q-holomorphic functions of polynomial 
growth on the Eguchi-Hanson space M. When we attempt to reconstruct M from 
Px we find that Mp\q contains not one but two distinct copies of M, that intersect 
in an <S2. 

In case 3, 50(3) acts freely on Mp\tq, and Mp\tq is a nonsingular submanifold of 
Ql diffeomorphic to K x KP3. This 4-manifold has two ends, each modelled on that 
of H/{±1}. In cases 1 and 2, we saw that MP\Q was the singular union of 2 copies 
of H/{±1} or the Eguchi-Hanson space; in case 3 this singular union is resolved into 
one nonsingular 4-manifold. 

Let us apply the programme of §3.4, to construct a hypercomplex structure on 
MP\tQ. This can be done, and as Q is stable, Proposition 3.4.5 shows that the hyper­
complex structure is determined by Px wherever it exists. At first sight, therefore, it 
seems that MP\q carries a nonsingular hypercomplex structure with two ends, both 
asymptotic to H/{±1}. However, explicit calculation reveals that although MP\tq is 
nonsingular, its hypercomplex structure has a singularity on the hypersurface v^ = 0 
in MP\Q, which is diffeomorphic to KP3. 

What is the nature of this hypersurface singularity? Consider the involution 
(vi,v2,vz) ^ {-Vi,—V2,-vz) of MP\q. This preserves the hypercomplex structure, 
but it is orientation-reversing on MPxtq. It also preserves the hypersurface v3 = 0. 
Now a hypercomplex structure has its own natural orientation. Therefore, the hyper­
complex structure changes orientation over its singular hypersurface v3 = 0. 

This singular hypercomplex manifold has a remarkable property. Each element of 
Px is a q-holomorphic function on MP\q, which is smooth, as MPx:q is a submanifold 
of Qt. Thus, the hypercomplex manifold has a full complement of q-holomorphic 
functions that extend smoothly over the singularity. I shall christen singularities with 
this property invisible singularities, because you cannot see them using q-holomorphic 
functions. I think this phenomenon is worth further study. 

As Px is an HP-algebra, MP\Q is actually hyperkahler. In Example 4.5.5 we 
showed that this hyperkahler structure is SO (3)-invariant. Now in [6], Belinskii et 
al. explicitly determine all hyperkahler metrics with an 50(3)-action of this form, by 
solving an ODE. Thus, the metric on MP\Q is given in [6]. Belinskii et al. show that 
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the singularity is a curvature singularity - that is, the Riemann curvature becomes 
infinite upon it. 

The metrics can also be seen from the twistor point of view. In [11], Hitchin 
constructs the twistor spaces of some ALE spaces, including the Eguchi-Hanson space. 
He uses a polynomial zk + aYzk~x -i h ak, introduced on [11, p. 467]. On p. 468 he 
assumes this polynomial has a certain sort of factorization, to avoid singularities. If 
this assumption is dropped, then in the case k = 2, Hitchin's construction yields the 
twistor spaces of our singular hyperkahler manifolds MpxiQ. 

4.6. Self-dual vector bundles and H-algebra modules. First we define q-holo-
morphic sections of a vector bundle. 

Definition 4.6.1 Let M be a hypercomplex manifold. Let E be a vector bundle over 
M, and V E a connection on E. Define an operator DE : H<g>C°°(.E) -> C°°(E®T*M) 
by 

DE (l ® e0 + i\ ® ei + i2 <8> e2 + h ® e3) = 

VBe0 + Ji(VBei) + /2(VEe2) + /3(VBe3), 

where Iu I2, h act on the T*M factor of E <E> T*M, and e 0 , . . . , e3 e C°°{E). We call 
an element e of H ® C°°(E) a q-holomorphic section if DE(e) = 0. 

Define QM,E to be the vector space of q-holomorphic sections in M®Cao(E). Then 
QM,E is closed under the M-action p • (q ® e) = (pq) - e o n H ® Cco(E), so QM,E is an 
H-module. Define a real vector subspace Q'ME by Q'ME = QM,E n I ® C°°(E). As in 
Definition 3.2.1, one can show that QM,E is an AH-module. 

The point of this definition is the following theorem. The proof follows that of 
Theorem 3.2.5 in §3.2 very closely, so we leave it as an exercise. 

Theorem 4.6.2. Let M be a hypercomplex manifold, and AM the H-algebra of q-
holomorphic functions on M. Let E be a vector bundle over M, with connection VE-
Then the KK-module QM,E of Definition 4-6.1 is a module over the H-algebra AM, in 
a natural way. 

Recall that modules over H-algebras were defined in Definition 2.1.1. To see the 
link between Theorems 3.2.5 and 4.6.2, put E = K with the flat connection. Then 
a q-holomorphic section of E is a q-holomorphic function, so QM,E — AM, and The­
orem 4.6.2 states that AM is a module over itself. But this follows trivially from 
Theorem 3.2.5. 

Now the equation DE(e) = 0 is in general overdetermined, and for a generic con­
nection V E we find that QM?E = {0} for dim M > 4, and Q'ME = {0} for dim M — 4. 
In these cases, Theorem 4.6.2 is trivial. To make the situation interesting, we need 
VB to satisfy a curvature condition (integrability condition), ensuring that DE(e) = 0 
has many solutions locally. We will give this condition. The following proposition is 
a collection of results from [24, §2]. 
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Proposition 4.6.3. Let M be a hypercomplex manifold of dimension An. Then 
Ii,I2,I3 act as maps T*M —¥ T*M, so we may consider the map 5 : A2T*M —> 
A2T*M defined by 5 = h ® h + h ® h + h ® ̂ 3• Then 52 = 26 + 3, so the eigenvalues 
of 5 are 3 and —1. This induces a splitting A2T*M = A+ © A_, where A+ is the 
eigenspace of S with eigenvalue 3, and A- is the eigenspace of 6 with eigenvalue — 1. 

The fibre dimensions are dimA+ = 2n2 + n and dim A_ = 6n2 — 2>n. Also, A+ is the 
subbundle of A2T*M of 2-forms that are of type (1,1) w.r.t. every complex structure 
n h +T2h+r3h, forri,r2,r3 G B. and r\+r2+rl = 1. Whenn = 1, the hypercomplex 
structure induces a conformal structure, and the splitting A2T*M = A+ © A_ is the 
usual splitting into self-dual and anti-self-dual 2-forms. 

Following Mamone Capria and Salamon [24, p. 520], we make the following defini­
tion. 

Definition 4.6.4 Let M be a hypercomplex manifold, let £ be a vector bundle 
over M, and let V# be a connection on E. Let FE be the curvature of VE, so 
that FE G C°°(E <g> E* <g> A2T*M). We say that V E is a self-dual connection if 
FE G C°°(-E <S> E* <g> A+), that is, if the component of FE in E ® E* ® A_ is zero. 

We use the notation A+, A_ and self-dual to stress the analogy with the four-
dimensional case, where this notation is already standard. In four dimensions, self-
dual connections (also called instantons) are a very important tool in differential 
topology, and have been much studied. 

The point of the definition is this. If VE is self-dual, then FE is of type (1,1) 
w.r.t. the complex structure r\I\ + r2h + ^3/3 by Proposition 4.6.3, and so Vg makes 
C<8>E into a holomorphic bundle w.r.t. r\I\ + r2h + r3^3- Therefore C ® E has many 
local holomorphic sections w.r.t. r\Ix +r2I2 + r373. But these are just special sections 
e of H <g> E (or I ® E) satisfying DE{e) = 0. 

We deduce that locally, if FE is self-dual, then the equation DE{e) = 0 admits 
many solutions. Thus, it is clear that vector bundles with self-dual connections are 
the appropriate quaternionic analogue of holomorphic vector bundles in complex ge­
ometry. 

Suppose that M has a notion of q-holomorphic functions of polynomial growth, 
as in Definition 3.2.6, and that E is equipped with a metric. Sections of E with 
polynomial growth can then be denned in the obvious way. Let PM,E C QM,E be 
the filtered AH-submodule of q-holomorphic sections of E of polynomial growth, and 
let PM be the filtered H-algebra of q-holomorphic functions on M with polynomial 
growth. Then PM,E is a filtered module over the H-algebra PM. 

The ideas of §3.4 can also be applied to the problem of reconstructing a self-dual 
connection from its module PM,E- Under suitable conditions, PM,B entirely determines 
the bundle E and its connection VE. This suggests that H-algebra techniques could 
be used to construct explicit self-dual connections over hypercomplex manifolds of 
interest. 
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Now the ADHM construction [1] is an explicit construction of self-dual connections 
over the hypercomplex manifold H. By Example 4.1.3, each such connection yields 
a module PM,E over the H-algebra Fu. The author hopes to study these modules in 
a later paper, and hence to provide a new treatment and proof of the ADHM con­
struction. The approach generalizes to instantons over other hypercomplex manifolds 
such as the hyperkahler ALE spaces, for which an ADHM-type construction is given 
in [21]. 

4.7. Directions for future research. We have developed an extensive and detailed 
comparison between vector spaces, tensor products and linear maps, and their quater-
nionic analogues. As a result, many pieces of algebra that use vector spaces, tensor 
products and linear maps as their building blocks have a quaternionic version. We 
shall discuss the quaternionic version of algebraic geometry. 

Complex algebraic geometry is the study of complex manifolds using algebras of 
holomorphic functions upon them. In the same way, let 'quaternionic algebraic ge­
ometry' be the study of hypercomplex manifolds using H-algebras of q-holomorphic 
functions upon them. I believe that quaternionic algebraic geometry and its gener­
alizations may be interesting enough to develop a small field of algebraic geometry 
devoted to them. 

I have tried to take the first steps in this direction in Chapters 2-4. These methods 
seem to have no application to compact hypercomplex manifolds, unfortunately, so 
instead one should study noncompact hypercomplex manifolds satisfying some re­
striction, such as AC hypercomplex manifolds. The best category of H-algebras to 
use appears to be FGH-algebras. Here are a number of questions I think are worth 
further study. Almost all are problems in quaternionic algebraic geometry, and should 
clarify what I mean by it. 

Research problems about hypercomplex manifolds 
• Study the theory of 'coadjoint orbit' hyperkahler manifolds and HP-algebras, 

begun in §4.4, in much greater depth. 
• In Example 4.5.6 we saw that hypercomplex manifolds derived from FGH-

algebras can have 'invisible singularities' with interesting properties. Study these 
singularities. Develop a theory of the singularities possible in 'algebraic' hyper­
complex manifolds. 

• Develop a deformation theory for FGH-algebras. That is, given a fixed FGH-
algebra, describe the family of 'nearby' FGH-algebras. One expects to find the 
usual machinery of versal and universal deformations, infinitesimal deformations 
and obstructions, cohomology groups. However, the author's calculations sug­
gest that the H-algebra setting makes the theory rather complex and difficult. 
The application is to deformations of 'algebraic' hypercomplex manifolds. 

• Use this deformation theory to construct hyperkahler deformations of singular 
hyperkahler manifolds. Can you find new explicit examples of complete, non-
singular hyperkahler manifolds of dimension at least 8? 
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• In particular, try and understand the deformations of EP/r , for F a finite sub­
group of Sp(n). In [15] the author used analysis to construct a special class of 
hyperkahler metrics on crepant resolutions of C2"/r. They are called Quasi-ALE 
metrics, and satisfy complicated asymptotic conditions at infinity. 

It seems likely that these Quasi-ALE metrics are natural solutions to the 
deformation problem for the FGH-algebra of H"/r , and thus that one could 
use hypercomplex algebraic geometry to study them, and even construct them 
explicitly. 

• Study the H-algebras of ALE spaces, mentioned in §4.5. Use H-algebras to give 
a second proof of Kronheimer's classification of ALE spaces [17], [18]. 

• Rewrite the ADHM construction [1] for self-dual connections on H in H-algebra 
language, as suggested in §4.6. Interpreted this way it becomes a beautiful 
algebraic construction for modules of the H-algebra Fu of Example 4.1.3. 

• In a similar way, rewrite the ADHM construction on ALE spaces [21] in terms 
of H-algebras. Consider the possibility of a 'general ADHM construction' for 
FGH-algebras and algebraic hypercomplex manifolds, that captures the algebraic 
essence of the constructions of [1] and [21]. 

Other research problems 

• Understand and classify finite-dimensional HL-algebras, by analogy with Lie 
algebras. 

• Apply quaternionic algebra in other areas of mathematics, to produce quater-
nionic analogues of existing pieces of mathematics. These need have no con­
nection at all with hypercomplex manifolds. For instance, one can look at a 
quaternionic version of the Quantum Yang-Baxter Equation, and try and pro­
duce quaternionic knot invariants. 

• Generalize the quaternionic algebra idea by replacing EI by some noncommuta-
tive ring, or more general algebraic object. Can you find any interesting algebraic 
applications for this? One particularly interesting case is when H is replaced by 
a division ring over an algebraic number field, since these rings have a strong 
analogy with H. 

• We have seen that one may associate an H-algebra to a hypercomplex manifold. 
However, the converse is false, and one cannot in general associate a hypercom­
plex manifold to an H-algebra. Following §3.4, given an H-algebra P generated 
by finite-dimensional Q, one constructs a real algebraic variety MP^Q C Q^. 
What geometric structure does P induce on MP<Q, for general PI Study these 
structures. 

• In [13] the author constructed nontrivial examples of manifolds with n anticom-
muting complex structures, for arbitrary n > 1. Such structures have also been 
found by Barberis et al. [3], who call them Clifford structures. The programme 
of this paper may be generalized to Clifford structures. One simply replaces H 
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by t h e Clifford a lgeb ra Cn in t h e def ini t ion of H-a lgebra , a n d t h e n t o a m a n i ­

fold w i t h a Clifford s t r u c t u r e one m a y assoc ia te a ' C n - a l g e b r a ' , t h e a n a l o g u e of 

H-a lgebra . Use t h i s t h e o r y t o s t u d y a n d find n e w e x a m p l e s of man i fo lds w i t h 

Clifford s t r u c t u r e s . 
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A CANONICAL HYPERKAHLER METRIC ON THE TOTAL 
SPACE OF A COTANGENT BUNDLE 

D. KALEDIN 

ABSTRACT. A canonical hyperkahler metric on the total space T*M of a cotangent 
bundle to a complex manifold M has been constructed recently by the author in 
[K]. This paper presents the results of [K] in a streamlined and simplified form. The 
only new result is an explicit formula obtained for the case when M is an Hermitian 
symmetric space. 

INTRODUCTION. 

Constructing a hyperkahler metric on the total space T*M of the cotangent bundle 
to a Kahler manifold M is an old problem, dating back to the very first examples of 
hyperkahler metrics given by E. Calabi in [C]. Since then, many people have obtained 
a lot of important results valid for manifolds M in this or that particular class (see, 
for example, the papers [DS], [BG], [Kr2], [Kr2], [N]). Finally, the general problem 
has been more or less solved a couple of years ago, independently by B. Feix [F] and 
by the author [K]. 

The metrics constructed in [F] and [K] are the same. In fact, this metric satisfies 
an additional condition which makes it essentially unique - which justifies the use of 
the term "canonical metric". But the approaches in [F] and [K] are very different. 
Feix's method is very geometric in nature; it is based on a direct description of 
the associated twistor space. The approach in [K] is much farther from geometric 
intuition. However, it seems to be more likely to lead to explicit formulas. 

Unfortunately, the paper [K] is 100 pages long and the exposition is not very good. 
Sometimes, it is sometimes canonical to the point of obscurity. Some of the proofs 
are not at all easy to understand and to check. 

Recently the author has been invited to give a talk on the results of [K] at the 
Second Quaternionic Meeting in Rome. It was a good opportunity to revisit the 
subject and to streamline and simplify some of the proofs. This paper, written for 
the Proceedings volume of the Rome conference, is an attempt to present the results 
of [K] in a concrete and readable form. The exposition is parallel to [K] but the paper 
is mostly independent. 
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Compared to [K], the emphasis in the present paper has been shifted from canonical 
and conceptually correct abstract constructions to things more explicit and down-to-
earth. The number of definitions is reduced to the necessary minimum. I have also 
tried to give a concrete geometric interpretation to everything that admits such an 
interpretation. In a sense, the exposition intentionally goes to the other extreme. 
Thus the present paper is not so much a replacement for [K] but rather a companion 
paper - the same story told in a different way. 

The words "more or less" in the first paragraph of this Introduction refer to one 
important defect of the canonical hyperkahler metric on T*M - namely, it is defined 
only in an open neighborhood U C T*M of the zero section M C T*M. This raises 
a very interesting and difficult "convergence problem". One would like to describe 
the maximal open subset U <ZT*M where the canonical metric is defined, and to say 
when U is the whole total space T*M. Unfortunately, very little is known about this. 
In fact, in the present paper we even restrict ourselves to giving the formal germ of 
the canonical metric near M C T*M. The fact that this formal germ converges to 
an actual metric at least on an open subset U C T*M is proved in the last Section 
of [K]. The proof is long and tedious but completely straightforward. Since I don't 
know how to improve it, I have decided to omit it altogether to save space. 

This reader will find the precise statements of all the results in Section 1. The 
last part of that Section contains a brief description of the rest of the paper, and 
indicates the parallel places in [K], the differences in notation and terminology and 
so on. The only thing in this paper which is completely new is the last Section 8. 
It contains an explicit formula for the canonical metric (or rather, for the canonical 
hypercomplex structure) in the case when M is an Hermitian symmetric space. The 
formula is similar to the general formula for symmetric M obtained by O. Biquard 
and P. Gauduchon in [BG]. 

Acknowledgements. I would like to thank the organizers of the Rome Quaternionic 
Meeting for inviting me to this very interesting conference and for giving me an 
opportunity to present the results of [K]. Part of the present work was done during 
my visit to Ecole Polytechnique in Paris during the Autumn of 1999. I have benefited 
a lot from the hospitality and the stimulating atmosphere of this institution. I would 
like to thank P. Gauduchon for inviting me to Paris and for encouraging me to write 
up a streamlined version of [K]. The present paper owes a lot to discussions with 
O. Biquard and P. Gauduchon during my visit. In particular, the last Section is an 
attempt to compare [K] with the results in their beautiful paper [BG]. 

1. STATEMENTS AND DEFINITIONS. 

To save space, we will assume some familiarity with hyperkahler and hypercomplex 
geometry. We only give a brief reminder. The reader will find excellent expositions 
of the subject in [B], [HKLR], [Sail], [Sal2]. 
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Let H be the algebra of quaternions. A smooth manifold X is called almost quater­
nionic if it is equipped with a smooth action of the algebra H on the tangent bundle 
TX. Equivalently, one can consider a smooth action on the cotangent bundle A1(M). 
To fix terminology, we will assume that H acts on Al(M) on the left. 

An almost quaternionic manifold X is called hypercomplex if it admits a torsion-free 
connection preserving the H-module structure on A1(M). If such a connection exists, 
it is unique and called the Obata connection of the hypercomplex manifold X. 

A Riemannian almost quaternionic manifold X is called hyperhermitian if the Rie-
mannian pairing satisfies 

(hai,a2) = (ai ,Aa2) , ai,a2 £ A1(M),h £ H, 

where h is the quaternion conjugate to h. A hyperhermitian almost quaternionic 
manifold X is called hyperkahler if the M-action is parallel with respect to the Levi-
Civita connection VLC- l n other words, X must be hypercomplex, and the Obata 
connection must be VLC-

Let X be a almost quaternionic manifold. Every embedding C <—¥ H from the field 
of complex numbers to the algebra of the quaternions induces an almost complex 
structure on X. If X is hypercomplex, then all these induced almost complex struc­
tures are integrable. If X is also hyperkahler, then all these complex structures are 
Kahler with respect to the metric. 

Throughout this paper it will be convenient to choose an emebedding / : C —> H 
and an additional element j £ HI such that 

j • I(z) = I{z) • j , z£C 

With these choices, every left H-module VR defines a complex vector space V — Vj 
and a map j : V —¥ V which satisfies 

(1) j o J = - i d 

We will call Vj the main complex structure on the real vector space VR. Conversely, 
every pair (V, j) of a complex vector space V and a map j : V —¥ V which satisfies 
(1) defines an H-module structure on the real vector space VR underlying V. 

The map j : V —¥ V can be considered as an automorphims J : VR —¥ VR of the 
underlying real vector space. This map induces a second complex structure on VR. 
We will call it the complementary complex structure and denote the resulting complex 
vector space by Vj 

Applying this to vector bundles, we see that an almost quaternionic manifold X is 
the same as an almost complex manifold X equipped with a smooth complex bundle 
map 

(2) j : T(X) - • T{X) 
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from the tangent bundle T{X) to its complex-conjugate bundle T{X) which satisfies 

(!)• 
It would be very convenient to have some way to know whether an almost quater-

nionic manifold X is hypercomplex or hyperkahler without working explicitly with 
torsion-free connections. For hypercomplex manifolds, the integrability condition is 
very simple. An almost quaternionic manifold X is hypercomplex if and only if both 
the main complex structure on X and the complementary almost complex structure 
Xj are integrable. 

The simplest way to determine whether a hyperhermitian almost quaternionic man­
ifold X is hyperkahler is to consider the complex-bilinear form Q on the tangent 
bundle T{X) given by 

(3) fi(£i,6) = M£i,i(6)), 6 , 6 e T ( X ) , 

where h is the Hermitian metric on X. Then (1) insures that the form Q is skew-
symmetric. The manifold X is hyperkahler if and only if both the (2,0)-form Q 
and the Kahler OJ are closed. Alternatively, one can defines a (2,0)-form Q,j for the 
complementary almost complex structure Xj instead of the (2, 0)-form Q, for the main 
almost complex structure. Then X is hyperkahler if and only if both fi and ttj are 
closed. Moreover, it suffices to require that these (2, 0)-forms are holomorphic, each in 
its respective almost complex structure on X ("holomorphic" here means that dfi is a 
form of type (3, 0)). Finally, if we already know that the manifold X is hypercomplex, 
then it suffices to require that only one of the forms fi, Q,j is a holomorphic 2-form. 

If X is a Kahler manifold equipped with a closed (2,0)-form fi, one can define a 
map j : T{X) —> T{X) by (3). Then X is hyperkahler if and only if this map j 
satisfies (1). 

Consider now the case when X — T*M is the total space of the cotangent bundle 
to a Kahler manifold M with the kahler metric h. Then X carries a canonical 
holomorphic 2-form ft. Moreover, the unitary group U(l) acts on X by homoteties 
along the fibers of the projection X —> M, so that we have 

(4) z*Q = zQ 

for every z £ U(l) C C. Using these data, we can formulate the main result of [K] as 
follows. 

Theorem 1.1. There exists a unique, up to fiberwise automorphisms of X/M, U(l)-
invariant Kahler metric h on X = T*M, defined in the formal neighborhood of the 
zero section M c T*M = X, such that 

1. h restricts to the given Kahler metric on the zero section M C X, and 
2. the pair (fl, h) defines a hyperkahler structure on X near M c X. 

Moreover, if the Kahler metric h on M is real-analytic, then the formal canonical 
metric on X comes from a real-analytic hyperkahler metric defined in an open neigh­
borhood of M c X. 
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The [/(l)-action on T*M is very important for this theorem. In fact, T*M with 
this action belongs to a general class of hyperkahler manifolds equipped with a U(l)-
action, introduced in [H], [HKLR]. 

Definition 1.2. We will say that a holomorphic U(l)-action on a hyperkahler man­
ifold X is compatible with the hyperkahler structure if and only if 

1. the metric h on X is U(1)-invariant, 
2. the holomorphic 2-form Q, satisfies (4), 
3. the map j : T(X) -» T{X) satisfies 

(5) j (z*0 = * • **(i(0). f € T(X), z e U{\) C C. 

It is easy to check using (3) that every two of these conditions imply the third. 
Theorem 1.1 can generalized to the following statement, somewhat analogous to 

the Darboux-Weinstein Theorem in symplectic geometry. 

Theorem 1.3. Let X be a hyperkahler manifold equipped with a regular compatible 
holomorphic U(l)-action. Then there exists an open neighborhood U C X of the 
U(l)-fixed point subset M = Xu^ C X and a canonical embedding C : U -> T*M 
such that the hyperkahler structure on U is induced by means of the map C from the 
canonical hyperkahler structure on T*M. 

Here regular is a certain condition on the {/(l)-action near the fixed points subset 
Xu^ C X which is formulated precisely in Definition 2.1 (roughly speaking, weights 
of the action on the tangent space TmX at every point m £ Xu^ C X should be 0 
and 1). The map C will be called the normalization map. Note that this Theorem 
allows one to reformulate Theorem 1.1 so that the metric is indeed unique - not 
just unique up to a fiberwise automorphism of X/M. To fix the metric, it suffices 
to require that the associated normalization map C : X —> X = TM is identical. 
Metrics with this property will be called normalized. 

There is also a form of Theorem 1.1 for hypercomplex manifolds (and it is this form 
which is the most important for [K] - all the other statements are obtained as its corol­
laries). To formulate it, we note that out of the three condition of Definition 1.2, the 
third one makes sense for almost quaternionic (in particular, hypercomplex) mani­
folds. We will say that a holomorphic [/(l)-action on an almost quaternionic manifold 
X is compatible with the quaternionic action if Definition 1.2 (iii) is satisfied. 

Let TM be the total space of the bundle T(M) complex-conjugate to the tan­
gent bundle of the manifold M. Then TM is a smooth manifold, and we have the 
canonical projection p : TM -» M and the zero section i : M -»• TM. The group 
U(l) acts on TM by homoteties along the fibers of the projection p. Moreover, for 
any compatible hypercomplex structure on the [/(l)-manifold TM the corresponding 
Obata connection Vo induces a torsion-free connection V on M by the following rule 

V ( Q ) = i*(V0p*a), a e Al{M). 

The hypercomplex version of Theorem 1.1 is the following. 
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Theorem 1.4. Let M be a complex manifold M equipped with a holomorphic con­
nection V on the tangent bundle T(M) such that 

1. V has no torsion, and 
2. the curvature of the connection V is of type (1,1). 

Let X = TM be the total space of the complex-conjugate to the tangent bundle TM. 
Let the group 1/(1) act on X by homoteties along the fibers of the projection p : X —> 
M. 

Then there exists a unique, up to a fiberwise automorphism ofX/M, hypercomplex 
structure on X, defined in the formal neighborhood of the zero section M C X, such 
that the embedding i : M <—» X and the projection p : X —»• M are holomorphic and 
the Obata connection on X induces the given connection V on M. 

Moreover, if the connection V is real-analytic, then the hypercomplex structure on 
X is real-analytic in an open neighborhood U C X of M c X. 

Note that a priori there is no natural complex structure on the space X = TM (we 
write T instead of T just to indicate the correct [/(l)-action). Therefore Theorem 1.4 
in fact claims two things: firstly, there exists an intergrable almost complex structure 
on X, and secondly, there exists a map j : T(X) —• T(X) which extends it to a 
hypercomplex structure. 

Connections V that satisfy the conditions of this Theorem we called kahlerian in 
[K] (see [K, 8.1.2]). I would like to thank D. Joyce for attracting my attention to 
his paper [J], where he uses the same class of connections to construct commuting 
almost complex structures on the total space TM of the tangent bundle to a complex 
manifold M. Joyce calls these connection Kahler-flat. 

Theorem 1.4 also admits a generalized Darboux-like version in the spirit of Theo­
rem 1.3; we do not formulate it here to save space. 

We will now give a brief outline of the remaining part of the paper. In Section 2 
we consider an arbitrary [/(l)-equivariant hypercomplex manifold X and construct 
the normalization map C : X —> TM, thus proving Theorem 1.3. This corresponds 
to [K, Section 4]. What we call normalization here was called linearization in [K]; 
normalized corresponds to linear. The terminology of [K] has been changed because 
it was misleading: connections on the fibration TM —>• M that were called linear in 
[K] are not linear in the usual sense of the word. 

Section 3 introduces R-Hodge structures and the so-called Hodge bundles (Def­
inition 3.1) which are the basis of our approach to [/(l)-equivariant quaternionic 
manifolds X. This corresponds to [K, Sections 2,3]. Proposition 3.3 is a version of 
[K, Proposition 3.1]. 

In Section 4 we turn to the case X = TM and introduce the so-called Hodge 
connections (Definition 4.2). This corresponds to [K, Section 5]. The proofs have 
been considerably shortened. There are also some new facts on the relation between 
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our formalism and the objects one usually associates with hypercomplex manifolds. 
In particular, Lemma 4.3 is new. 

Section 5 and Section 6 introduce the Weil algebra B'{M) of a complex manifold 
M (Definition 5.1) and then use it to prove Theorem 1.4. Section 5 contains the pre­
liminaries; Section 6 gives the proof itself. This material corresponds to [K, Sections 
6-8]. The approach has been changed in the following way. Keeping track of various 
gradings and bigradings and on the Weil algebra presents considerable difficulties: 
when the proof of Theorem 1.4 is written down, the number of indices becomes over­
whelming. In [K] we have tried to handle this by an auxiliary technical device called 
the total Weil algebra ([K, 7.2.4]). It was quite a natural thing to do from the concep­
tual point of view. Unfortunately, the proof became more abstract than one would 
like. Here we have opted for the direct approach. To make things compehensible, we 
rely on pictures (Figure 1, Figure 2) which graphically represent the Hodge diamonds 
of the relevant pieces of the Weil algebra B'{M). 

Finally, Section 7 deals with things hyperkahler: we deduce Theorem 1.1 from 
Theorem 1.4. This corresponds to [K, Section 9]. We believe that the exposition has 
also been simplified, and the proofs are easier to check. 

The last Section 8 of this paper is new. We try to illustrate our constructions by a 
concrete example of an Hermitian symmetric space M. We obtain a formula similar 
to [BG]. The last section of [K] contains the proof of convergence of our formal series 
in the case when the Kahler manifold M is real-analytic. In this paper, this proof is 
entirely omitted. 

2. NORMALIZATION. 

Of all the statement formulated in the last Section, the most straightforward one 
is the Darboux-like Theorem 1.3 and its hypercomplex version. In this Section, we 
explain how to construct the normalization map C. Most of the proofs are replaced 
with references to [K]. 

We begin with some generalities. Assume that the group t/(l) acts smoothly on a 
smooth manifold X. For any point x G X fixed by the action, we have an action of 
£/(l) on the tangent space TXX. Equivalently, we have the weight decomposition 

TxA'®RC = 0(TBA')*, 
k 

where z G U(l) C C acts on {TxX)k by multiplication by zk. We will say that the 
fixed point x is regular if the only non-trivial weight components (TxX)k correspond 
to weights k = 0,1. The subset Xu^ C X of fixed points is a disjoint union of 
smooth submanifolds of different dimensions. Regular fixed points form a connected 
component of this set. Denote this component by M c X. 

Let <j> be the differential of the E/(l)-action - that is, the vector field on X which 
gives the infinitesemal action of the generator ^ of the Lie algebra of the group Uil). 
Assume further that X is a complex manifold and that 1/(1) preserves the complex 
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structure. Say that a point x € X is stable if for any t € R, t > 0 there exists 
exp(-\/—Tt<fi)x, and moreover, the limit 

x0 = lim exp(\/—Ti</>)a; 

also exist. When the limit point x0 does exist, it is obviously fixed by U(l). Say 
that a stable point x € X is regular stable if the limit point is a regular fixed point, 
Xoo € M C X. Regular stable points form an open subset XTeg C X. 

Definition 2.1. A complex U(l)-manifold X is called is regular if every point x € X 
is regular stable, Xreg = X. 

For example, the total space of an arbitrary complex vector bundle on an arbi­
trary complex manifold is regular (if £7(1) acts by homoteties along the fibers). The 
submanifold of regular fixed points in this example is the zero section. 

When the [/(l)-manifold X is hypercomplex, we will say that it is regular if it is 
regular in the main complex structure. In this case, the subset M c l o f regular 
fixed points is a complex submanifold. Setting 

p(x) = Xo = lim exp(y/^lt(l>)x 
t->+oo 

defines a [/(l)-invariant projection p: X —• M. 

Lemma 2.2 ([K, 4.2.1-3]). The projection p: X -t M is a holomorphic submersion. 
a 

We can now define the normalization map. Consider the exact sequence 

0 • T(X/M) • T{X) • p*T{M) - ^ - > 0 

of tangent bundles associated to the submersion p : X -*• M. The differential (f> of 
the [/(l)-action is a vertical holomorphic vector field on X, (f> £ T(X/M). Applying 
the operator j : T{X) -> T[X) to <j> gives a section of the bundle T(X). We can 
project this section to obtain a section 

dptitt)) e P*T(M) 

of the pullback bundle p*T(M). But such a section tautologically defines a map 
C : X —> TM from X to the total space of the complex bundle T on the manifold 
M. Since <f> is [/(l)-invariant, and j is of weight 1 with respect to the [/(l)-action, 
the section dp(j((/))) is also of weight one. This means that the associated map 

£ : X -> TM 

is [/(l)-equivariant. We will call it the normalization map for the regular hypercom­
plex {/(l)-manifold X. 

Lemma 2.3 ([K, Proposition 4.1]). The normalization map C : X —t TM is an open 
embedding. • 
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This Lemma essentially reduces Theorem 1.3 to Theorem 1.1. 
A particular case occurs when X = TM is itself the total space of the complex-

conjugate to the tangent bundle on a complex manifold M - or, more_ generally, an 
open [/(l)-invarinant neighborhood U C TM of the zero section M C TM. As noted 
above, in this case the zero section M c T(M) coincides with the subset of fixed 
points. Therefore the normalization map C : U -> TM is an open embedding from 
U into TM, possibly different from the given one. 

Definition 2.4. The hypercomplex structure on U C TM is called normalized if the 
normalization map C : U —> TM coincides with the given embedding. 

(In particular, when U = TM is the whole total space, the normalization map must 
be identical.) 

To prove Theorem 1.1 and Theorem 1.4, it is sufficient to be able to classify all 
normalized hypercomplex structures on the [/(l)-manifold T{M) and germs of such 
structures near the zero section M C TM. It will be convenient to slightly rewrite 
the normalization condition. Namely, the identity map id : TM —>• TM defines a 
section on X = T(M) of the pullback bundle p*T(M). We will denote this section 
by r and call it the tautological section. Then a hypercomplex structure on U C X 
is normalized if and only if we have 

(6) j(<A)=T€/>*T(M). 

3. HODGE BUNDLES. 

The first step in the proof of Theorem 1.4 is to give a workable description of 
hypercomplex structures on the total space X = TM. For this we use the language 
of K-Hodge structures. 

Recall that an ~&.-Hodge structure V of weight k is by definition a real vector space 
VK equipped with a grading 

(7) V = VR®RC = @Vp'k-p 

p 

such that 

(8) V™ = Vq*, p,qeZ,p + q = k. 

Equivalently, instead of the grading (7) one can consider a U(l) action on V defined 
by 

z • v = zpV, ve Vv'q cV,z£ 17(1) c C. 
Then (8) becomes 

z^v = zkz-v, v G V, z € U(l) c C. 

When the weight k is equal to 1, this equation on the complex conjugation map 
becomes precisely (5). The difference between the complex conjugation map and the 
map j used to define quaternionic structures is that the first one is an involution, 
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v = v, while for the second one we have j(j(v)) = —v. Nevertheless, we will exploit 
the similarity between them to describe quaternionic actions via Hodge structures. 
To do this, we use the following trick. Let V be an E-Hodge structure of weight 1, 
and consider the map 

t : V - » V 
given by the action of —1 G U(l) C C - in other words, let 

L(v) = ( - I ) P , v G V^-p c V. 

Then the map 

(9) j = L o - : V - • V 

still satisfies (5), and (1) also holds. This turns V into a left H-module. Conversely, 
every left H module (V,j) equipped with a {/(l)-action on V such that j satisfies (5) 
defines an IR-Hodge structure of weight 1. 

To use this for a description of hypercomplex structures on manifolds, we introduce 
the following. 

Definition 3.1. Let X be a smooth manifold equipped with an action of the group 
U(l), and let i : X —>• X be the action of the element —1 G U{\) C C. A Hodge 
bundle £ of weight k on X is by a U(l)-equivariant complex vector bundle £ equipped 
with a U(l)-equivariant isomorphism 

-:£-*• £{k) 

such that ~o~ — id. 

Here £{k) is the bundle complex conjugate to £, whose [/(l)-equivariant structure 
is twisted by tensoring with the 1-dimensional representation C(fc) of the group U{\) 
of weight k, 

z-x = zkx, x e C(k),z e U(l) C C. 
When the [/(l)-action on the manifold X is trivial, a weight-ft Hodge bundle £ on X is 
just the bundle of R-Hodge structures of weight k in the obvious sense. In particular, 
if X is an almost complex manifold, then the bundle Ah(X) of all complex-valued 
fc-forms on X is a Hodge bundle of weight k. 

When the t/(l)-action on X is no longer trivial, every bundle £ of M-Hodge struc­
tures on X still defines a Hodge bundle. Thus Ak(X) is still a weight-/c Hodge bundle. 
But this Hodge bundle structure is not interesting, since it does not take into account 
the natural [/(l)-action on Ak(X). Assuming that the {/(l)-action preserves the al­
most complex structure on X, we define instead a Hodge bundle structure on A1(X, C) 
by keeping the usual complex conjugation map and twisting the [/(l)-action so that 

A^A-.Q ^A1 '°(X)(1)©A°'1(X) 

as a £/(l)-equivariant vector bundle. It is easy to check that this indeed defines on 
A1 (A", C) a Hodge bundle structure of weight 1. 
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Assume now that the almost complex manifold X is equipped with an almost 
quaternionic structure which is compatible with the [/(l)-action. Then the complex 
vector bundle A0,1(X) of (0, l)-forms on X already has a structure of a Hodge bundle 
of weight 1. The [/(l)-action for this structure is the natural one, and the complex 
conjugation map is induced by the map j : T{X) -t TX via (9). This Hodge 
bundle structure completely determines the quaternionic action. More precisely, for 
every smooth [/(l)-manifold X, every Hodge bundle £ of weight 1 whose underlying 
real vector bundle £K is identified with the cotangent bundle A1 (X, R) comes from a 
unique compatible almost quaternionic structure X. 

The natural embedding A0il(X) C AX(X, C) is not a map of Hodge bundles - it is 
{/(l)-equivariant, but it obviously does not commute with the complex conjugation 
map. This can be corrected. To do this, one has to look at the picture in a different 
way (which will turn out to be very useful). Return for a moment to linear algebra. 
Let VR be a left H-module, and let V, Vj be the complex vector spaces obtained from 
VR by the main and the complementary complex structures. Consider the complex 
vector space VR <8>R C. This vector space does not depend on the H-action on VR. 

Given an H-action, we have the main and the complementary complex structure 
operators / = I(-\/—i) : VR —> VR and J : VR —> VR and the associated eigenspace 
decompositions 

(10) VR ®R C = V © V, 

(11) VR®RC = VJ(BV~J 

Since the operators / and J anti-commute, these decompositions are distinct: we 
have 

v nVj = v nVj = v nVj =7 n Vj = o. 
In particular, the composition 

(12) H:V->VK®C->VJ 

of the canonical embedding in (10) and the canonical projection in (11) is an isomor­
phism. We will call it the canonical isomorphism between the main and the comple­
mentary complex structures. On the level of the real vector space VR, the map H is 
induced by a non-trivial automorphism H : VR -> VR (in fact it is the action of the 
element I{\f^\) + j e H). Conjugation with this map interchanges the operators I 
and J. 

Return now to the case of an almost quaternionic manifold X. Then we claim that 
the complementary almost complex structure operator J : A1 (X, C) -> A1 (X, C) is 
a map of Hodge bundles. Indeed, it commutes with the complex conjugation map 
by definition. Therefore it suffices to show that it is [/(l)-equivariant on A0,1(X) c 
AH^.C). But for every v € A 1 - 0 ^) we have J(v) = j(v) € A 0 ' 1 ^ ) , and the map j 
is of weight 1. Thus the operator J is indeed [/(l)-equivariant (recall the twisting of 
the [/(l)-action in the definition of the Hodge bundle structure on A1 (AT, C)). 
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Since the endomorphism J : AX(X, C) —> AX(X, C) is a map of Hodge bundles, its 
eigenbundles 

A1/(X),Af(X)cA1(X,C) 
are Hodge subbundles. Therefore we obtain a canonical weight-1 Hodge bundle struc­
ture on the bundle A°jl(X) of (0,1)-forms for the complementary almost complex 
structure on X. 

This Hodge bundle is not a new one. Indeed, the canonical isomorphism 

H:A°'1{X)^A°J'
1{X) 

defined in (12) is [/(l)-equivariant - it is obtained as a composition of [/(l)-equivariant 
maps. Moreover, it is very easy to chesk that H commutes with the complex conju­
gation. Thus A°'1(X) = A°/(X) as Hodge bundles. But the projections 

(13) A ^ C ) - • A ^ p O , 

(14) A1(X,C)^A°/(X)^A°'l(X), 

are different. Only the second one is a Hodge bundle map. 
All this linear algebra is somewhat tautological, but it becomes useful when we 

consider the integrability conditions on an almost quaternionic quaternionic struc­
ture. The real advantage of K-Hodge structures over H-modules is the presence of 
higher weights. Namely, the category of H-modules admits no natural tansor product. 
On the other hand, the category of M-Hodge structures and the category of Hodge 
bundles are obviously tensor categories. Thus, for example, the weight-1 Hodge bun­
dle structure on the cotangent bundle A1 {X, C) induces a weight-/c Hodge bundle 
structure on the bundle Ak(X, C) of fc-forms. 

To make use of these higher-weight Hodge bundles, we need a convenient notion of 
maps between Hodge bundles of different weights. 

Definition 3.2. A bundle map (or, more generally, a differential operator) f : £ —> 
J- between Hodge bundles £, T of weights m, n is called weakly Hodge if it commutes 
with the complex conjugation map and admits a decomposition 

(15) / = J2 /"' 
0<p<n—m 

where fp : £ —» T is of weight p with respect to the U(l)-action - in other words, fv 

is U(l)-equivariant when considered as a map 

P:£^ T(j>). 

We see that non-trivial weakly Hodge maps between Hodge bundles £. T exist 
only when their weights satisfy wtJ->wt£. 

When the [/(l)-action on the manifold X is trivial, the Hodge bundles £ and T 
come from bundles of M-Hodge structures on X, and the decomposition / = V , fp 

of a weakly Hodge map / : £ —> T is simply the Hodge type decomposition, 

/?> = /?.«, p + 9 = w t ^ - w t £ ' . 
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If the [/(l)-action is not trivialLbut preserves an almost complex structure on X, the 
de Rham differential d = d + 5 = d1'0 + d0'1 : A°(X) -> A*(X) is weakly Hodge. If 
the almost complex structure is integrable, then the same is true for the de Rham 
differential d : Ak{X, C) -»• Ak+1{X, C) for every k > 0. 

When the [/(l)-manifold is almost quaternionic, we have a Hodge bundle structure 
of weight 1 on the bundle A"'1 (A"). Then the Dolbeault differential 

is weakly Hodge. Indeed, it is the composition of the weakly Hodge de Rham differ­
ential and the projection (14) which is a Hodge bundle map. Denote by 

(16) D = D° + D1 

be the decomposition (15) for the weakly Hodge map D. Looking at the definition 
of the canonical isomorphism H : A0,1(X) -> A°/{X), we see that the Dolbeault 
differential d for the main complex structure considered as a derivation 

d : A°{X, C) -> A0,1(X) S A0/(X) 

coincides with the component D° : A°(X, C) —> A°J
,1(X) in the decomposition (16). 

Assume now that the almost quaternionic [/(l)-manifold X is hypercomplex. The 
bundle A°Jk(x) of (0, fc)-forms on Xj is a Hodge bundle of weight k for every k > 0, 
and we have the Dolbeault differential 

D = dj:A°Ax)^A°/l+1(x). 

Since the projections Ak(X, C) —> Ay (X) are Hodge bundle maps for every k > 0, 
this Dolbeault differential is weakly Hodge. It turns out that this is a sufficient inte-
grability condition for an almost quaternionic manifold equipped with a compatible 
[/(l)-action. 

Proposition 3.3. Let X be an almost quaternionic manifold equipped with a com­
patible U(l)-action. Assume that the Dolbeault differential 

D:A°{X,C) ->A°/(X) 

extends to a weakly Hodge derivation D : A°j'(x) -> A°/+1(X) of the algebra A°/(X) 
satisfying D o D — 0. Then the manifold X is hypercomplex. 

Proof. It suffices to prove that both the main and the complementary almost complex 
structures on X are integrable. For this, it is enough to prove that the Dolbeault 
differentials 

8j = D:A0(X,C)^A°J'
l(X), 

8 = D° : A°(X,C) -»• A°Jl(X) S A 0 - 1 ^ ) , 

extend to square-zero derivations of the exterior algebra Ay' (X). The differential D 
extends by assumption. To extend D°, take the component D° : A°/(x) -> A°/+1(X) 
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of the weakly Hodge map D : A°/(x) -t A°j'+1(X). Then D° o D° is a component in 
the decomposition (15) of the weakly Hodge map Do D : A0/ (x) —• A°j'+2(X). Since 
D o D = 0, we also have D° o D° = 0. D 

We will now say a couple of words about hyperkahler manifolds and Hodge bundles. 
Let X be an almost quaternionic [/(l)-manifold. Then every Riemannian metric on 
X defines a (2,0)-form fij € A2'°(X). It turns out that if the metric is hyperhermitian 
and £/(l)-invariant, then in terminology of [K], the form £lj of H-type (1,1). This 
means the following. Consider the from Qj as a bundle map 

(17) Qj : R ( - l ) -> A2'°(X), 

where R(—1) is the trivial bundle on X equipped with the so-called Hodge-Tate R-
Hodge structure of weight —1 - that is, the complex conjugation map on R(—1) 
is minus the complex conjugation map on R, and the [/(l)-equivariant structure is 
twisted by 1. The form fij is said to be of H-type (1,1) if the map (17) is a Hodge 
bundle map. 

Conversely, every (2,0)-form Qj € A2'°(X) of H-type (1,1) on an almost quater­
nionic [/(l)-manifold X which satisfies a positivity condition 

(18) fi(£i,/(6))>o, 6 , 6 e T ( x , R ) 

defines a [/(l)-invariant hyperhermitian metric on X. (See [K, 1.5.4], but the proof 
is almost trivial.) 

If X is hypercomplex, then, as indicated in Section 1, the metric corresponding to 
such a form flj is hyperkahler if and only if the form Qj is holomorphic, DVtj = 0 6 
Af{X). 

Remark 3.4. In fact, using the U(l)-action onX, one can even drop the integrability 
condition. Indeed, if a form Qj of H-type (1,1) on an almost quaternionic U(l)-
manifold X satisfies DQ.j = 0, then it also must satisfy 

D°Q,j = D^-ttj = 0. 

The canonical endomorphism H : A1(X, R) —> A1(X, R), being the conjugation with a 
quaternion, preserves up to a coefficient the metric associated to Qj and interchanges 
the almost complex structure operators I and J. Therefore it sends D.j to a form 
proportional to fi. Then D°Q.j = 0 implies that not only fij is holomorphic, but 
that Q is holomorphic as well. This proves that X is hyperkahler (a, posteriori, also 
hypercomplex). We will never need nor use this argument. An interested reader will 
find details in [K, 3.3.4]. 

4. HODGE CONNECTIONS. 

We will now restrict our attention to the case when the [/(l)-manifold X is the 
total space TM of the complex-conjugate to the tangent bundle of a complex manifold 
M. In this case, Proposition 3.3 is really useful, because it turns out that the Hodge 
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bundle algebra A°jk{X) does not depend on an almost quaternionic structure on X. 
To see this, denote by p: X = TM -> M the canonical projection, and let 

5P:p*A\M,C) -*A\X,C) 
be the codifferential of the map p. Then for every compatible hypercomplex structure 
on X, we have canonical bundle maps 

p*A1(M,C) - ^ AH*, C) • A°/{X) 

Assume that the manifold A" is a equipped with a hypercomplex structure satisfying 
the conditions of Theorem 1.4 - namely, assume that the projection p : X —t M and 
the zero section i : M -»• X are holomorphic maps. Then the codifferential dp is 
obviously a map of Hodge bundles. However, we also have the following. 

Lemma 4.1 ([K, 5.1.9-10]). The composition map 

p*Al{M,C) ->A°f{X) 

is an isomorphism of Hodge bundles in an open neighborhood of the zero section 

McX. a 
Prom this point on, it will be convenient to only consider germs of hypercomplex 

structures defined near the zero section M C X. In other words, we replace X = TM 
with an unspecified and shrinkable [/(l)-invariant open neighrborhood of the zero 
section. Since we are only interested in hypercomplex structures on X that satisfy 
the conditions of Theorem 1.4, Lemma 4.1 shows that no matter what the particular 
hypercomplex structure on X is, we can a priori canonically identify the Hodge bundle 
A°J1(X) with the pullback bundle p*A1(M,C). The only thing that depends on the 
hypercomplex structure is the derivation D : A°(X, C) ->• A°/(X) = p*Ax{M, C). 

To formalize the situation, we introduce the following. 

Definition 4.2. 
1. A C-valued connection 9 on X/M is a bundle map 

0 : AX(A,C) ->p*A1(M,C) 

which splits the codifferential 5p : p*A1(M,C) -t A1(X, C) of the projection 
p:X->M. 

2. The derivation D : A0(A, C) ->• p*A1(M, C) associated to a C-valued connection 
6 is the composition D = 9 o d ofQ with the de Rham differential d. 

3. A Hodge connection 6 on X/M is a C-valued connection such that the associated 
derivation D : A°(X,C) - • p*A1(M,C) is weakly Hodge. 

4. A Hodge connection 9 on X/M is called flat if the associated derivation D 
extends to a weakly Hodge derivation 

D : p*A'(M,C) -> p*A'+1(M,C) 

of the pullback of the de Rham algebra A'(M, C), and the extended map D sat­
isfies D o D = 0. 
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Of course, a Hodge connection 6 is completely defined by the associated derivation 
D : A°(X,C) -> p*Al(M, C). Conversely, an arbitrary weakly Hodge derivation 

D: A°(X,C) -+p*A1(M,C) 

comes from a Hodge connection if and only if we have 

Dp'f = p'4fzp'A1(M,Q 

for every smooth function / € A°(M, C). Say that a derivation 

D:A°(X,C) -* p*Al(M,C) 

is holonomic if the associated Hodge connection 0 induces an isomorphism 

(19) 9 : A1 (X,R) -> p"A1 (M, C) 

between the real cotangent bundle A1 (X, R) and the real bundle underlying the com­
plex vector bundle p*A1(M, C). Then Proposition 3.3 and Lemma 4.1 show that 
hypercomplex structures on X satisfying the conditions of Theorem 1.4 are in one-
to-one correspondence with Hodge connections on X/M whose associated derivations 
are holonomic. Indeed, the isomorphism (19) induces a Hodge bundle structure of 
weight 1 on the cotangent bundle Al(X, R), hence an almost quaternionic structure 
on X. Applying Proposition 3.3, we see that flatness of the Hodge coonnection is 
equivalent to the integrability of this almost quaternionic structure. All derivations 
D that we will work with will be automaticall holonomic - this will turn out to be a 
consequence of the normalization condition (6) (see Lemma 4.5). 

The name "Hodge connection" invokes the notion of a connection on a smooth 
fibration. This is somewhat misleading. The problenm is that a Hodge connection 
0 : A1 (X, C) -> p*A1 (M, C) is only defined over C. So it has a real part ©a, and an 
imaginary part 0 / m . The real part 

0 ^ : A ^ R ) -> p*A1(M,R) 

is indeed a connection on the fibration p : X —> M in the usual sense - that is, it 
defines a smooth splitting 

A^-Y.R) ^ p'A^Af.R) ©Ker© f le 

connection on the cotangent of the real cotangent bundle A1 (X, R) into a horizontal 
and a vertical part. The vertical part Ker QRe is canonically isomorphic to the relative 
cotangent bundle A1(X/M,R). 

The imaginary part 0/ r a , on the other hand, vanishes on the subbundle 
p*A1(M,R) c A1(X, R) and defines therefore a certain map 

(20) Rj : A1 {X/M, R) ->• p*A1 (M, R) 

from the realtive cotangent bundle A1 (X/M, R) to the pullback bundle p*A1(M). 
Since X is an open subset in TM, we can canonically identify the bundle A1 (X/M) 

with the pullback bundle p*Al(M). Under this identification, the map Rj becomes 
an endomorphism of the bundle p*Al(M). 
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Typically, when a Hodge connection 0 comes from a hypercomplex structure on 
X, the associated real connection QRe on X/M is not flat. It is only the sum 

6 = Gfle + V / = ie /m 

which is flat - but it is no longer a real connection. This situation is somewhat similar 
to what happens in C. Simpson's theory of Higgs bundles and harmonic metrics ([S]). 

The presence of a non-trivial imaginary part 0 / m seems to imply a contradiction. 
Indeed, a Hodge connection 0 : A^-X^C) -» p*A1{M,C) must by definition be com­
patible with the Hodge bundle structures - in particular, it must commute with the 
complex conjugation map. But this is different from "real". The reason for this is 
the twist by the involution t : X —• X that we have introduced in the definition of a 
Hodge bundle. This can be seen clearly if instead of the connection 0 one considers 
the associated derivation D. The derivation D : A°(X, C) -»• p*Al(M,C) satisfies 

(21) DC] = CD] 

for any C-valued smooth function / € A°(X, C). Take the decomposition D = 
D_ + D+ into the odd and the even part with respect to the involution i, so that 
every function / £ A°(X, C) we have 

D.(Cf) = -CD.(f), D+(Cf) = CD+(f), 

There is no reason for either one of these parts to vanish. But (21) shows that 

(22) D. = QRe o d, 

(23) D+ = V^lQim o d, 

where d : A°(X) -> A*(X) is the de Rham differential. 
The imaginary part 0 / m of a Hodge connection 0 on X/M - or rather, the as­

sociated map Rj - by itself has a very direct geometric meaning in terms of the 
hypercomplex structure on X given by 0 . To describe it, consider the splitting 

(24) A1 (X, R) = A1 (X/M, R) © p*A1 (M, R) 

given by the real part 0 K e and identify p*A1(M,E) = A1(X/M,R). 

Lemma 4.3. The operator j : A^X.M) ->• AX(X,R) of the hypercomplex structure 
given by 0 can be written with respect to the decopomosition (24) as the matrix 

\RJ o ) ' 

where Rj : p*Al(M,R) -> p*Al(M,R) is the bundle endomorphism (20). 

Proof. Since f = - id, it suffices to prove that for every horizontal 1-form a G 
P*A1(M,TSL) the 1-form j(a) is vertical, - that is, 

(25) eRe(j(a)) = 0, 
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and moreover, that we have 

(26) &im(j(a)) = -a. 

Let a be such a form. By definition, the kernel Ker 0 c A1 (X, C) of the projec­
tion 9 : A^X.C) -> p*A1(M,C) is the subbundle AlJ°(X) of (l,0)-forms for the 
complementary complex structure on X. Therefore we have 

a — \^lj(a) € Ker G, 

which means that 
0 (a ) = V^10(j(a)). 

Since a = 0 (a ) , equations (25) and (26) are the real and the imaginary parts of this 
equality. • 

In keeping with the general philosophy of this section, we will use the formula 
for j given by Lemma 4.4 to express the bundle endomorphism Rj : p*Al(M,C) —» 
A1(M,C) entirely in terms of operators on the algebra p*A'(M,C). To do this, 
consider the tautological section of the pullback tangent bundle p*T(M), and let 

r : p*A'+1(M, C) -> p*A'{M, C) 

be the operator given by contraction with this tautological section. Thus r vanishes on 
functions, and for every l-form a £ A1(M,R) the function T{P*Q) is just a considered 
as a fiberwise-linear function on the total space T(M). 

Lemma 4.4. For any l-form a S A1(M, C) we have 

Rj(a) = -^ID+T(a). 

Proof. By (23), the right-hand side is equal to 

Qim{dT{a))£p*A\M,0-

Since the projection 0 / m : A1{X,G) —• p*Al(M, C) vanishes on the subbundle 
p*Al{M, C) C A 1 ^ , C), this expression depends only the relative l-form P(dT{a)) € 
A1(X/M,C) obtained from the l-form dr(a) € Al(X, C) by the projection P ; 
A^X.C) - • AX(X/M,C). But P{dT(a)) is precisely the image of the form a € 
p* A1 (M, C) under the canonical isomorphism p*A1 (M, C) S A1 (X/M, C). D 

We will now rewrite in the same spirit the normalization condition (6) on the hy-
percomplex structure on X associated to D. For this we need to extends the canonical 
isomorphism A1(X/M,C) = p*Al(M,C) to an algebra isomorphism A'(X/M,C) = 
p*A'(M,C). Then the map 

r : p*A'+1(M,C) -> p*A'(M,C) 

becomes the contraction with the relative Euler vector field (that is, the differential 
of the E*-action by homoteties along the fibers of the projection p : X —> M). 

The normalization condition (6) involves a different vector field - namely, the dif­
ferential (j> of the action by homoteties of the group U(l). It will be more convenient 
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now to multiply it by y/—l (or, equivalently, to change the generator of the Lie algebra 
of the circle U{\) from Jg to z£). Denote by 

a : p*A,+1(M, C) S A , + 1(X/M, C) • p*A'{M, C) £* A'{X/M, C) 

the contraction with the vertical vector field \/—l4>. The operators a and r are related 
by 

a(a) = y/=lT(Ia), aeAl(M,C), 
where / : A1 (M, C) —• A1 (M, C) is the complex structure operator - in other words, 

( - i d on A ^ M ) . 
V [id on A 0 - 1 ^ ) . 

Lemma 4.5. Lei 0 be a Hodge connection on X/M, and let D+ be the even compo­
nent of the associated derivation 

D:A°(X,C) -> p"A1 (M, C). 

The hypercomplex structure on X given by 0 satisfies the normalization condition (6) 
if and only for every l-form a £ Al(M, C) we have 

<ro £>+(/) = / . 

where f = T(P*O) € A°(X, C). Moreover, if this is the case, then the Hodge connection 
0 is holonomic. 

Proof. It suffices to check (6) by evalutating both sides on every 1-form a € p* A1 (M, C). 
Moreover, it is even enough to check it for forms of the type p*a, where a £ Al(M, C) 
is a 1-form on M. Let a be such a form. We have to check that 

j(p*a)-i0 = r(p*a). 

By Lemma 4.3 this is equivalent to 

a(Rj(p*a)) = -V^lr(p*a), 

and by Lemma 4.4 this can be further rewritten as 

-V /ZlCT(JD+r(p*a)) = -y/^lT{p*a). 

Replacing r(p*a) with / gives precisely the first claim of the lemma. 
To prove the second claim, we have to show that the map 

G i A ^ X . R ) -^p 'A^M.C) 

is surjective. By definition, on the second term p*Ax(M, R) c Al(X, R) in the splitting 
(24) we have 0 = 0fle = id. Therefore it suffices to prove that 

0 J m : A^X/A^R) -+ v ^ p ' A ^ M . R ) 

is surjective. But by (23) and the first claim of the lemma, this is the inverse map to 

a : v ^ p ' A 1 (M, R) ->• S1 (M, R) * A1 (X/M, R). D 
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5. T H E W E I L ALGEBRA. 

The final preliminary step m the proof of Theorem 1.4 is to reduce it from a question 
about the total space X = TM of the complex-conjugate to the tangent bundle on 
M to a question about the manifold M. To do this, we introduce the following. 

Definition 5.1. The Weil algebra B'(M) of a complex manifold M is the algebra on 
M defined by 

B'(M) = ptp*A-(M,C), 

where p : TM —>• M is the canonical projection. 

This requires an explanation - indeed, for a vector bundle £ on TM, the direct 
image sheaf p*£ a priori is not a sheaf of sections of any vector bundle on M. We have 
to consider a smaller subsheaf. From now on and until Theorem 1.4 is proved, we 
will be interested not in hypercomplex structures on the total space TM but in their 
formal Taylor decompositions in the neighrborhood of the zero section M C TM. 
Therefore it will be sufficient for our purposes to define the direct image p,£ as the 
sheaf of sections of the bundle £ on TM which are polynomial along the fibers of the 
projection p : TM —> M. Formal germs of bundle maps on £ will give formal series 
of maps between the corresponding direct image bundles. 

Having said this, we can explicitly describe the Weil algebra B'{M). Our first 
remark is that Bk{M) is canonically a Hodge bundle on M of weight k. Moreover, 
since the {/(l)-action on M is trivial, Hodge bundles on M are just bundles of K-
Hodge structures in the usual sense. Thus we have a Hodge type bigrading 

Bk{M) = 0 B"'«(M) 
P+q=k 

and a canonical real structure on every one of the complex vector bundles Bk(M). 
The projection formula show that for every k we have a canonical isomorphim 

Bk{M) S B°(M) ® Afc(M,C). 

These isomorphisms are compatible with the Hodge structures and with multiplica­
tion. The degree-0 Hodge bundle B°(M) is a symmetric algebra freely generated by 
the bundle Sl(M, C) of functions on TM linear along the fibers of p : TM -+ M. The 
complex vector bundle 5 1 (M, C) is canonically isomorphic to the bundle A1 (M, C) of 
1-forms on M. However, the Hodge structures on these bundles are different. The 
Hodge type grading on S1 (M, C) is given by 

S^M.C) = 5 1 - 1 ( A f ) © 5 - l l l ( M , C ) , 

where S1 ~1{M) 3* A1'°(M) and S'^iM) S A ^ M ) - the grading is the same as on 
A1 (M, C) but graded pieces are assigned different weights. Moreover, the complex 
conjugation map on Sl(M, C) is minus the complex conjugation map on A1(M,C). 
This is the last vestige of the twist by the involution i: TM —> TM in Definition 3.1. 
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To simplify notation, denote by Sk{M, C) the fc-th symmetric power of the Hodge 
bundle S^M, C). Then we have 

fl°(M) = 0S*(M,Q, 

and the Weil algebra B'{M) = B°(M) <g» A"(M,C) is the free graded-commutative 
algebra generated by S1^, C) and A1(M, C) (where, contrary to notation, Sl(M, C) 
is placed in degree 0). 

It will be convenient to indtroduce another grading on the Weil algebra B'{M) by 
assigning to both of the generator bundles S1(M, C), AX(M, C) degree 1. We will call 
it augmentation grading and denote by lower indices, so that we have 

S^M.C) = fl?(Af) c B°(M), 

AX(M,C) =B1
1(M)cB1(M). 

The augmentation grading corresponds to the Taylor decomposition near the zero 
section M C TM. Namely, every formal germ near M C TM of a flat Hodge 
connection on TM/M induces a formal series 

(27) D = Y,D* 
k>0 

of algebra bundle derivations 

Dk:B'{M)->B'+1{M), 

where each of the derivations Dk is weakly Hodge and has augmentation degree k. 
Their (formal) sum satisfies 

Conversely, every formal series (27) induces a (formal germ of a) weakly Hodge deriva­
tion D : p*A'(M,C) ->• p*A,+1(M,C) on the total space TM. This derivation comes 
from a flat Hodge connection if and only if we have 

D(J) = df 
for every function / € B%(M) = A°(M, C). Since we have DoD = 0, this immediately 
implies that D coincides with the de Rham differential d on the whole subalgebra 

A'(M,C) C B ' ( M ) S B ° ( M ) ® A ' ( M , Q . 

More precisely, we must have Dl = d on A'(M, C), and all the other components 
Dk,k ^ 1 must vanish on this subalgebra. Since D is a derivation, this in turn 
implies that all the components Dk : B'(M) -» B'+1{M) for k ^ 1 are not differential 
operators but bundle maps. Moreover, since the algebra B'(M) is freely generated 
by S1^, C) and A1(M, C), and we know a priori the derivation D on the generator 
subbundle A1(M, C), it always suffices to specify the restriction D : S1(M,€) C 
B°(M) -> B\M). 
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The decomposition D = Z)_ + D+ of a Hodge connection into an even and an odd 
part is quite transparent on the level of the Weil algebra - we simply have 

D_ = J2D2k+1 D+ = YJDik-
k>0 fc>0 

We will now rewrite the normalization condition (6) in terms of the Weil algebra. 
To do this, note that the map a : p*A"+1(M, C) -> A"(M, C) induces a bundle map 
a : B'+1(M) —>• B'(M). This map is in fact a derivation of the Weil algebra. It 
vanishes on the generator bundle Sl(M, C), while on the generator bundle A^M, C) 
it is given by 

_ fid : A^(M) -> S^-^M) £ AW{M), 
° ~ \ - id : A ^ M ) -> S-^iM) S AO'HM). 

Then Lemma 4.5 immediately shows that the (formal germ of the) hypercomplex 
structure on TM induced by a derivation D : B'(M) —> B'+1(M) is normalized if and 
only if we have 

(28) a o D+ = id 

on the generator subbundle S1(M, C) C B°(M). It is convenient to modify this in 
the following way. Let C : S1(M,C) —> A1(M, C) be the isomorphism inverse to 
a : AX(M,C) -> Al(M,C)- Set C = 0 on the generator subbundle AHM.C) C 
B^M) and extend it a derivation C : B'{M) -»• B'+1(M) of the Weil algebra. Both 
derivations C and o are real. Moreover, the derivation C is weakly Hodge (the 
derivation a is not - simply because it decreases the weight). Then the normalization 
condition is equivalent to 

f D0 = C, 
\a o Dk = 0 on Sl{M, C) C B°(M) for every even k = 2p > 1. 

To sum up, formal germs near M C TM of normalized flat Hodge connections on 
TM are in a natural one-to-one correspondence with derivations 

JD = ^ J D f c : B - ( M ) - ^ 5 ' + 1 ( M ) 
fc>0 

of the Weil algebra B'(M) which satisfy the following conditions. 

1. DoD = 0. 
2. Dfc : B'(M) —> B'+l(M) is a weakly Hodge algebra derivation of augmentation 

degree k. 
3. D0 = C. 
4. £>! = d and £>* = 0, k ^ 0 on the subalgebra A'{M, C) C B'{M). 
5. a o D2k = 0 on S^Af, C) = £?(M) c B°(Af) for every k > 1. 
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For every such derivation, the differential operator 

Dl : S\M,C) = B?(M) -> B\{M) S S^M.C) ® A^M.C) 

satisfies the Leibnitz rule 

Di(fa) = fD^+adf, o G ^ M . Q . / e A°(M,C). 

Therefore it is a connection on the bundle S^M, C). We postpone the proof of the 
following Lemma till the end of Section 7. 

Lemma 5.2. The connection Dx on the bundle S1(M, C) = kl{M, C) coincides with 
the connection on M induced by the Obata connection for the hypercomplex structure 
on TM defined by the derivation D. 

With Lemma 5.2 in mind, we see that Theorem 1.4 is reduced to the following 
statement. 

Proposition 5.3. Suppose that V is a torsion-free connection on the cotangent bun­
dle A1(M, C) of a complex manifold M such that the curvature of the connection V 
is of type (1,1). 

Then there exists a unique derivation 

D = Y,Dk • &{M) ^ B'+1(M) 
k>0 

of the Weil algebra B'(M) of the manifold M such that D satisfies the condtitions 
(i)-(v) above and we have 

£ > i = V 

onSl{M,C) cB°(M). 

This ends the preliminaries. We now begin the proof of Proposition 5.3. 

6. T H E PROOF OF PROPOSITION 5.3. 

The proof proceeds by induction on the augmentation degree. Denote 

D<k = D0 + Dx + • • • + Dk. 

To base the induction, consider the derivation D<x. By assumptions it is equal to 

£><1 = C + Z31. 

Let R : B'{M) ->• B'+1(M) be the composition 

ii = D<1oD<1 . 

Since the derivation D<i of the graded-commutative algebra B' (M) is of odd de­
gree, up to a coefficient the composition R coincides with the supercommutator 
{D<l5 D<i}. In particular, it is also an algebra derivation. 
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The derivation R : B'(M) -» B'+2(M) a priori has components RQ, Ri: R2 of 
augmentation degrees 0, 1 and 2. However, 

Ro = {C, C} = 0. 

Moreover, 
Rt = {C, A } : S\M, C) -> B\{M) s A2(M, C) 

is precisely the torsion of the connection V = D\. Thus it vanishes by assumption. 
Since C — 0 on A'(M, C) c B'(M), we also have Ri = 0 on AX(M, C), which implies 
that Ri — 0 everywhere. What remains is i^- In general, it does not vanish, and to 
kill it we have to add new terms Dk. 

We now turn to the induction step. Assume that for some k > 2 we are al­
ready given the derivation D<k_i which satisfies the conditions (ii)-(v) on page 222, 
and assume that the composition D<k_x o D<k_i has no non-trivial components of 
augmentation degrees < k. Denote by Rk : B'(M) —> B'+1(M) its component of 
augmentation degree k. We have to find a derivation Dk : B'(M) —¥ B'+1 which also 
satisfies (ii)-(v) and such that 

(£><*_! + Dk) o (!><*_! + Dk) = 0 

in augmentation degree k. This is equivalent to 

(29) {D0,Dk} = {C,Dk} = -Rk. 

The conditions (ii) and (iii) mean that Dk : B'(M) —• B'+1(M) must be a weakly 
Hodge derivation which vanishes on A1 (M, C) = B\ (M) C B1 (M). The condition 
(iv) is only relevant for Di. Finally, the condition (v) is relevant for all even k and 
means that 

a o Dk = 0 

o n S ^ M . C ) CB°{M). 
Because of (iii), it suffices to define Dk on the generator subbundle S1(M, C). 

Since Dk commutes with the complex conjugation map, it even suffices to consider 
only S1'~1(M) C ^ ( M , C). Moreover, (iii) implies that it also suffices to check (29) 
only on S 1 ' - 1 ^ ) = B\'~l{M) C B°(M). Note that on this subbundle we have 
{C,Dk} = CoDk. 

There will be two slightly different cases. The first is one when k = 2p + 1 is odd, 
the second one is when k = 2p is even. 

In both cases, the weakly Hodge map Rk : B^{M) —> Bk+1(M) only has non-
trivial pieces of Hodge bidegrees (2,0), (1,1) and (0, 2). Moreover, for any map 6 of 
odd degree we tautologically have [{0 ,0} , 0] = 0. Applying this to 0 = D<k and 
collecting terms of augmentation degree k, we see that 

C o Rk = 0. 

To track various components of the map Rk : B°(M) —> B\+l{M) it is convenient 
to refine the augmentation grading on the Weil algebra B'(M) to an augmentation 
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(2,-2) (1,-1) (0,0) 

FIGURE 1. The augmentation bigrading on B'k+l for an odd k, k — 2p + 1. 

bigrading by setting 

d e g S 1 - ' 1 ^ ) =degA1 '°(M) = (1,0), 

deg5_1 ,1(M) =degA°'1(M) = (0,1), 

on the generator bundles 

Sl{M, C) = S^-^M) © S'^iM) 

and 
A\M, C) = A1,0(M) © A0,1(M). 

The augmentation bigrading will be denoted by lower indices, so that we have 

% = 0 B;,r 
P+q=k 

The relevant pieces of the augmentation bigrading on the bundle B'k+1 (M) are shown 
on Figure 1 for k = 2p + 1 odd, and on Figure 2 for k = 2p even. The axes on the 
figures correspond to the grading by Hodge type. A Hodge bidegree component B™n 

can be non-trivial only when p > m — n and q > n — m. Thus the component B'r^n is 
representated by an upward-looking angle with vertex (m — n,n — m): a graded piece 
Bf^n can be non-trivial only if the point (p, q) lies in the interior (or on the boundary) 
of this angle. 

Consider the Hodge bidegree decompositions 

of the derivations C, a of the Weil algebra B'(M). Then the augmentation bigrading 
is essentially the eigenvalue decomposition for the commutators {C1,0,cr_1'°} and 
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( 3 , - 3 ) ( 2 , - 2 ) ( 1 , - 1 ) (0,0) ( - 1 , 1 ) 

FIGURE 2. The augmentation bigrading on B'k+l for an even k, k = 2p. 

{C0,1,cr0,~1}. More precisely, we have 

{C,1'Vo--1} = {Co'1,<r1,o} = 0, 
(30) {C1 '°,a-1 '°} = mid on #„,,„, 

{C°'\a°^} = n\donB^n 

Indeed, since all these commutators are derivations of the Weil algebra, it suffices 
to check this on the generator bundles S1(M, C), A1(M, C), which is elementary. 
In particular, we see that both C and a preserve the augmentation bidegree. The 
equalities (30) also immediately imply that 

{C,a} = k id o n B ; 

One further corollary of (30) will be very important (we leave the proof to the reader 
as an easy exercise). 

Lemma 6.1. If m,n > 1, then the map C1'0 is injective on every graded piece B™n 

with q = n — m, while C0'1 is injective on B™n with p = m — n. 

Graphically, this means that C1'0 is injective on B%fn when the point (p, q) lies on 
the right-hand boundary of the angle representing B^'n , and C0'1 is injective in this 
graded piece when the point (p, q) lies on the left-hand boundary of the same angle. 
We will call this the boundary rule. 

We can now proceed with the proof of the induction step. 

Case when k = 2p + 1 is odd. Looking at Figure 1, we see that the only non-trivial 
augmentation-bidegree components of the map Rk : B\{M) —> B\+l{M) are RptP+i 
and Rp+itP, 

Rk = Rp,p+i + Rp+i,pj 

and the same is true for any weakly Hodge map Dk • S1'~1(M) —• B\+1{M), 

Dk = DPtP+i + Dp+itP. 
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Moreover, on S 1 " 1 ^ ) c B°{M) w e h a v e 

Dk = Dp,p+i Dk' = Dp+itP, 

n0,2 _ r,0,2 n2,0 _ p2,0 
rtfc — np,p+l ^k — " p + l j i ' 

while R].'1 further decomposes as Rp+ilP + Rp,P+v 
We have to find Dk which satisfies (29). In particular, we must have 

(31) Rf = -C^objf Rf = -C^oDf. 

But by the boundary rule the map Cl>° is injective on B^j,, while the map C0'1 

is injective on 23p+lj)+1. Therefore there exists at most one weakly Hodge map Dk : 
B?)0(M) ->• Bl+1 which satisfies (31). Setting (again on S 1 ' " 1 ^ ) ) 

nO.1 n 0 . 1 * -Q.-i „ p°>2 

n l , 0 r-,1,0 _ 1 „-l,Q „ R2,0 

gives this unique solution to (31). Indeed, we have 

C1*0 o Dl'° = — C 1 ' 0 o a-1'0 o R2'0 

* p + 2 K 

= ~^T2 (iCl'°> ̂ "1'°} ° *&„ + ^'° ° &* ° ̂ '°) " 
The second summand in the brackets vanishes since C o Rk — 0, while the first is 
equal to (p + 2)RJ.'° by (30). This proves the first equation in (31). The second one 
is proved in exactly the same way. 

It remains to prove that this map Dk satisfies not only (31) but also the stronger 
condition (29). To do this, note that 

C o (C o Dk + Rk) = {C o C) o Dk + C o Rk = 0. 

But from (31) we see that C o Dk + Rk is of Hodge bidegree (1,1). Therefore this 
implies that 

C1'0 o(CoDk + Rk) = C0'1 o(CoDk + Rk) = 0. 

The only possible non-trivial components of C o Dk + Rk with respect to the augme-
nation bigrading have bidegrees (p + l,p) and (p,p+ 1), and by the boundary rule 
C1'0 is injective on Bp+1]P, while C0'1 is injective on B2

p'°p+l. Thus C o Dk + Rk = 0. 

Case when k = 2p is odd. Assume for the moment that k > 4, thus p > 2. 
Looking at Figure 2, we see that a priori the map Rk can have three non-trivial 

augmentation-bidegree components, namely, 

Rk = ivpLij,+i + Rpj> + Rp'+ij,-.i-
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However, since C o Rk = 0, and the map C1'0 is injective on Bp'+2p^\(M) by the 
boundary rule, we see that i?^l).lip_1 = 0. 
Analogously, i?p_1)P+1 = 0. Therefore -RA is of pure augmentation bidegree (p,p). 

Since the map Dk : S1(M) -¥ Bl
k+l{M) is weakly Hodge, it must also be of aug­

mentation bidegree (p,p). Conversely, looking at the angle representing Bp^ltP_1, we 
see that every real map Dk : S1(M, C) —• B£+1 of pure augmentation bidegree (p,p) 
is necessarily weakly Hodge. In particular, setting 

(32) Dk =—j-^a o Rk 

defines a weakly Hodge map. This map is a solution to (29): 

CoDk = ~kT\C oaoRk = " f c T T ^ ' a}°Rk-a°CoRk = -Rk. 

This solution is not unique. However, since k is even, we have the additional normal­
ization condition a o Dk = 0. This condition (automatically satisfied by the solution 
(32)) ensures uniqueness. Indeed, the difference P = Dk — D'k between two solutions 
Dk, D'k must satisfy CoP = <joP = 0, which implies 

Finally, it remains to consider the case k = 2. The general argument works in this case 
just as well, with a single exception. Since p— 1 = 0 is no longer strictly positive, the 
boundary rule does not apply: it is not true that C1,0 is injective on Bp'^ltP_1 — B^'Q 
(in fact, on this graded piece C1'0 is equal to zero). Therefore the component Rp+itP-i 
does not vanish automatically. However, this component 

i$g : S^iM) - • B%\M) 2 A2'°(M) ® Sl>~l(M) 

is precisely the (2,0)-curvature of the connection V on M. It vanishes by the second 
.assumption on this connection. • 

7. METRICS. 

The last Section essentially finishes the proof of the hypercomplex Theorem 1.4 
(it remains to prove Lemma 5-2). We will now sketch a proof of the hyperkahler 
Theorem 1.1. 

As we have already noted, Theorem 1.1 will be a corollary of Theorem 1.4. Namely, 
given a Kahler manifold M we proceed in the following way. First we note that the 
Levi-Civita connection VLC on M has no torsion and no (2, 0)-curvature. Therefore 
Theorem 1.4 applies to Vic and provides a hypercomplex structure on the total space 
X — TM. Then we show that every Hermitian metric on M which is preserved by 
VLC (in particular, the given Kahler metric) extends uniquely from the zero section 
M C TM to a (formal germ of a) hyperhermitian metric on the hypercomplex man­
ifold X = TM which is compatible with the hypercomplex structure. After this, 



A CANONICAL HYPERKAHLER METRIC 223 

we finish the proof by identifying the holomorphically symplectic manifolds TM and 
T*M. 

We will go through these steps in reverse order, starting with the last one. 

Lemma 7.1. Assume given a hypercomplex structure on the total space X = TM 
which satisfies the conditions of Theorem 1.4. Let h be a U'(1)-invariant hyperkdhler 
metric on X compatible with this hypercomplex structure, and let Q.x € A2'°(X) be the 
associated holomorphic 2-form. Let T*M be the total space of the cotangent bundle 
to M equipped with the standard holomorphic 2-form Q.. 

Then there exists a unique U(l)-equivariant biholomorphic map rj: X -> T*M such 
that Qx =r}*Q. 

Proof. Since the map rj must be [7(1 )-equivariant, it must commute with the canonical 
projections p : X, T*M —> M and send the zero section M c X to the zero section 
M C T*M. Denote by cj> the differential of the {/(l)-action. Then we also must have 

nx J ^ = rj*n j(f> = r]*{n J</>). 

But the 1-form a = Q J<f> is the tautological 1-form a € p*{A1{M)) c A1(T*M). 
Therefore the 1-form p*a on X completely defines the map n. 

Conversely, the form ax = &x -> <j> satisfies ax = rfa for a unique map rj : X —>• 
T*M. Since the metric h is £/(l)-invariant, the forms Qx and ax are of weight 1. 
Therefore the map r\ : X —> T*M is [/(l)-equivariant. By the Cartan homotopy 
formula, we have 

Q.x = dax — drfa — rfda = dQ,. • 

We will now explain how to construct the metric h - or, equivalently, the associated 
holomorphic 2-form flj € A2'°{X). 

Keep the notation of last two Sections. Let w € A1'1(M, C) be the Kahler form 
(more generally, any (1, l)-form preserved by the connection). We have to prove that 
there exists a unique (formal germ of a) holomorphic (2,0)-form Q € A2J°(X) which 
is of i?-type (1,1) and whose restriction to the zero section M C X coincides with 
w (since the positivity (18) is an open condition, it is satisfied automatically in a 
neighborhood of the zero section M c X). 

To reformulate this in terms of M, consider the complex A2/ (X) of Hodge bundles 
on TM with the Dolbeault differential D = 5j : A2/(X) -> A2''+1(X). Denote by 

C-+2(M)=p,A2/(X) 

its direct image on M (the grading is shifted by 2 to make it compatible with the 
Hodge degrees). We are given a section u € A ^ M ) of Hodge type (1,1). We have 
to prove that there exists a section fi = Uj e Cl<l(M) such that S! = won the zero 
section M C X and DQ. = 0. 

Since A2/{X) £ A2y°(X) ® A°y'(X) and A2/(X) S p*A2(M, C), the complex C'{M) 
is a free module 

C'{M)^L2{M)®B'{M) 
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over the Weil algebra B'{M) = p,A°j'(X) generated by some subbundle 

L 2 (M)cC 2 (M) 

which is isomorphic to A2(M, C). We introduce the augmentation grading on the 
6"(M)-moduleC'(M) by setting deg L2(M) = 2. Just as in Proposition 5.3, the proof 
will proceed by induction on the augmentation degree - namely, we will construct the 
form ft G C1A{M) as a sum 

n = n0 + --- + nk + ... 

with Qk G Cl' (M) of augmentation degree k + 2. We begin with the induction step. 
It is completely parallel to Proposition 5.3, so we give only a sketch. 

Induction step ~ a sketch. We can assume that we already have 

Q<k = flo + " ' " + Slfc—1 

such that $ = DU<k is of augmentation degree > k + 2. Denote by $k = "J?2;1 + <&£'2 

the component of augmentation degree exactly k + 2. We have to show that there 
exists a unique Q,k G Cl

k'+2
 s u c n that $k = D0£lk. 

The derivations C and a of the Weil algebra B' (M) extend to endomorphisms of 
the free module L2 <g> B'(M) by setting C = a = 0 on L2(M). Just as on B'(M), we 
have D0 = C. For every fc > 0, we have {C,a} = k id on C'k+2. This immediately 
implies that C — D0 is injective on CA.^_2(^) f° r & > 1> which proves the uniqueness 
of ttk. 

The space C'k+2 splits into the sum of parts of the form 

Lp'q ® B'mn, p + q = 2; m + n = k; p,q,m,n> 0. 

Such a part can have a non-trivial piece of Hodge bidegree pi, q\ only if pi > p+m — n 
and q\ > q + n — m. Having in mind the graphical representation as in Figure 1 
and Figure 2, we will say that the part LP'q ® B^,„ C C'k+2 is an angle based at 
(p + m — n,q + n — m). Each angle is preserved by the maps C and a. In this 
terminology, Ck'+2

 c a n intersect non-trivially with various angles based at (2,0) and 
(1,1), while C^ 2 can intersect non-trivially with angles based at (1,1) and (0,2). But 
by induction we have C®k = 0, which implies that Cl'°$l'1 = C°'l<bl

k
2 — 0. Applying 

the boundary rule Lemma 6.1, we see that both $fc' G Ck+2 and &k' G Ck+2 must 
lie entirely within angles based at (1,1). Therefore a$k must also lie within angles 
based in (1,1). This means that cr$fc G C ^ 2 is of Hodge type (1,1), and we can set 
nk = \o$k. u 

We now have to base the induction - namely, to find the section fl0 G C2'
l{M) 

with correct restriction to the zero section M c X, and to handle those angles 
V'9(M) ®B'mn to which the boundary rule does not apply - which means the angles 
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with m = 0 or n = 0. There are three such angles. We denote the corresponding 
components of the derivation D : Ll<x(M) -> L2(M) ® B1(M) by 

(33) A : L1'1 (M) -> L1-1 (M) ® Bj (M), 

(34) £>£ : L ^ M ) -»• L2'°(M) ® B^ , 2(M), 

(35) 4 : L ^ M ) -»• L°'2(M) ® ^ ( M ) . 

We have to choose fi0 so that £>ifi0 = Dl
2Q0 = Dr

2Q0 — 0. We note that £>^ 0 = 0 
implies DJ^o = 0 by complex conjugation. 

Moreover, we note that we have one more degree of freedom. So far nothing 
depended on the choice of the generator subbundle L2(M) C C2(M) - all we needed 
was to know that it exists. We will now make this choice. It will not be the most 
obvious one, but the one which will make computations as easy as possible. We 
consider the splitting 

(36) A\X, C) = Aj'°(X) © p*A}{M, C) 

given by the Hodge connection 0 : A1(X, C) —>• p"A1(M, C). This splitting induces 
a bigrading on the de Rham algebra A'(X, C). The complex A'(X, C) with this 
bigrading is a bicomplex which we will denote by A'Q'(X). More precisely, the de 
Rham differential d is a sum of two anticommuting differentials 

d: A4(X) -»• A-Q
+l'\X) D : A£(X) -> A ^ P O 

(this is essentially equivalent to the flatness of the Hodge connection 0 ) . 
Since the first term in the splitting (36) is Alj°(X), the subcomplexes A^k''(X) and 

Aj ''{X) of the de Rham complex A'(X, C) are the same for every k. Therefore the 
associated graded quotients A Q ' ( X ) and A*'" (X) are also isomorphic for every k. In 
particular, we have 

C-+2(M) = P , A 2 / ( X ) - M ! ' P 0 . 
On the other hand, since 

Al4°{X) = A1{X:C)/p*A1(M,C) ss Al{X/M,C) 

is the bundle of relative 1-forms on X/M, the quotient complex A^°(X) with the 
differential d is canonically isomorphic 

(37) A^°(X)^A-(X/M,C) 

to the relative de Rham complex A'(X/M, C). We use this identification and choose 
as 

Lk(M) c p,Am{X/M,Q £* p,A'4°{X) 
the subbundle of fc-forms which are constant along the fibers of the projection p : 
X -> M (by a constant A;-form on a vector space V with a basis e i , . . . , e„ we mean 
a linear combination of forms eai A • • • A eak with constant coefficients). 
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This choice guarantees that the relative de Rham differential d : L'{M) ®&{M) —» 
L'+1(M) <g> B°(M) takes a very simple form. Namely, it vanishes on Lk(M), and 
induces an isomorphism 

(38) d:S1(M)^L1(M) 

between the generator subbundles S1(M) C B°(M) and Ll(M) c Ll{M) <g> B1{M). 
This is important because by construction d anticommutes with D. Moreover, since d 
obviously preserves the augmentation degrees, it anticommutes separately with each 
of the components Dk. Since we already know the derivations Dk on B'(M), the 
isomorphism (38) will allow us to compute individual components Dk : L'(M) —> 
U{M)®B\{M). 

The first result is the following: the map A = D\'1 in (33) is minus the connection 

V : Ll'\M) ->• L M (M) ® Al{M, C) 

on the bundle V-\M) £* Al>l(M,C). Indeed, Dj_ : L'{M) -> L'(M) ® A ^ M . q is a 
derivation of the exterior algebra L'(M). Thus it suffices to prove that Dy = - V on 
Ll{M). Since d£>i = —Did, this follows from (38) and the construction of the map 
D : B'(M) -> B"+1(M) given in Section 6. This shows that taking 

(39) n 0 =wGL 1 , 1 (M)^A 1 > 1 (M) 

guarantees that Diflo = 0. 
At this point we will also choose the isomorphism Lk (M) = A1 (M, C) - namely, 

we take the composition of the embedding 

Lk{M) c Ak(X/M,C) = A@°(X) 

and the restriction i*Ah'°(X) -> A*(M,C) to the zero section i : M <-> X. Then the 
form Qo defined by (39) automatically restricts to UJ. 

It remains to prove that Dl
20,o = 0. This is a corollary of the following claim. 

Lemma 7.2. The map Dl
2 defined in (35) is the composition of the curvature 

R:Ll'\M)^t L1'1 (M) ® A1'1 (M). 

of the connection V = Dx : Ll'l{M) —> L1'1(M)®A1(M, C) and a certain bundle map 

Q : Ll'\M) ® Al'\M) -> L°'2(M) ® fl^M). 

Proof. Extend the map Dl
2 to an algebra derivation 

D\ : L'(M) ->• r (Af ) ® B ^ ( M ) * L'(M) ® 51 ,_1(M) ® Al>°{M) 

by setting £>2 = 0 on L0,1(M) and taking as 

D[ : Llfi{M) -»• ̂ ( M ) ®B2
2;0-

1(M) 
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the corresponding component of the map D2 : Ll>°{M) -> LX{M) ® B\{M). Since 
D\ is a derivation of the algebra L'(M) which vanishes on L^l(M), on Ll>l(M) it is 
equal to the composition 

^•"(Af) ® L°<l(M) - ^ Bi$\M) ® ^ ( M ) ® / ^ ( M ) • 

- ^ V B2
2^

l(M)®L°>2(M) 

(here Alt: L0,1(M)(8»L()'1(M) ->• A°'2(M) is the alternation map). Therefore it suffices 
to prove that on Llfi(M) we have 

Dl
2 = PoR: Llfi{M) -> L1,0(M) ® A 1 ' 1 ^ ) -> L0'1 ® B ^ 1 (M) 

for a certain bundle map P : ^-"(Af) ® A ^ A f ) -)• L0-1 ® B2
2'$

l(M). Since £>25 = 

-rfi>2, this follows directly from (38) and (32) with k = 2. • 

This Lemma implies that Dl
2(tt0) = Q{R{to)) = Q(V(V(w))) = 0. This finishes 

the proof of Theorem 1.1. 
The last application of the formalism that we have developped in this Section is 

the proof of Lemma 5.2. 

Proof of Lemma 5.2. The Obata connection Vo on a hypercomplex manifold X is 
defined as follows: for every (0, l)-form a € A1,0(X) the (1, 0)-part VQ is equal to 

V£°a = da e A0,1(M) ® Al'°{M), 

while the (0, l)-part satisfies 

V ^ a = -(id ®j)(0(j(a))) € A0,1(M) ® A0,1(Af). 

The first condition in fact automatically follows from the absence of torsion. 
Consider a hypercomplex structure o n I = TM corresponding to a torsion-free 

connection V on M, and let a € A°'1(M) be a (0, l)-form on M. We have to prove 
that V^(p*a) =p*V0 '1 a on the zero section i : M <-»• X. It suffices to prove that 

(40) i*Bj(p*a) = t*(id ®j) ( V ^ a ) 

as section of the bundle A0,1(M) ® z ' A ^ ^ C ) on the zero section M C X. The 
canonical isomorphism H : A V (X) = A'j'(X) sends the Dolbeault differential 3 
to the component D1-0 of the Dolbeault differential D = dj : A'j'(X) -> A'/+1(X). 
Moreover, the composition of the map Hoj : p"A0'1(M) ->• Aj'°(.X") and the restriction 
to the zero section M a X induces a bundle map 

P : A0ll(Af) -> /^(Af) = i*A^°(X) c i*Al{X,C)-

It is easy to check that this map is proportional to the canonical embedding A0,1(M) = 
L°'l{M) <-» ^(M). Therefore it commutes with the connection V1'0 - namely, we 
have (id ®P) o V1'0 = V1'0 o P. The equation (40) becomes 

D{>°P(a) = V1 '°P(a). 
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But we have already proved that on Ll(M) we have V = D\. D 

8. SYMMETRIC SPACES. 

To illustrate our rather abstract methods by a concrete example, we would like 
now to derive a formula for the canonical hypercomplex structure on X = TM in the 
case when M is a symmetric space. In this case the classic equality V-R = 0 bring 
many simplifications, so that the constructions of Section 6 can be seen through to 
a reasonably explicit final result. The formula that we obtain is similar to the one 
obtained by O. Biquard and P. Gauduchon in [BG]. 

Let us introduce some notations. Let M be a symmetric space with Levi-Civita 
connection V and curvature R. Consider the total space X = TM with the canonical 
projection p : TM ->• M. Let A : p*A1(M) -» p*Al(M) be the endomorphism of the 
pullback bundle p*A1(M) given by 

(41) A(0(a) = - ^ U a ) - " ( £ » £ ) . a£p*Al{M). 

Here (£, m), m S M, £ € TmM is a point in TM, Rm is the curvature evaluated at the 
point m € M, and R{a) is interpreted as a section of the bundle p*A1(M)®p*A1'1(M). 
Let also 

/(*) = £/**" 
P>I 

be the generating function for the recurrence relation 

(42) ^ = "^TI £ M*-' 
P l < K p - l 

with the initial condition / i = 1. In other words, f(z) is the solution of the ODE 

2zf'(z) + f(z) + f(z) = 3z 

with the initial condition /(0) = 0. With these notations, we can formulate our 
result. 

Proposition 8.1. Let I : AX(M) —> A1(M) be the complex structure operator on 
M. Then the map J : Al(X) —>• AX(X) for the canonical normalized hypercomplex 
structure on X is given by the matrix 

( 0 f{A)l\ 

~ \l(f(A))-i 0 ) 

with respect to the decomposition 

A1 (X) = A1 (X/M) © p* A1 (M) ^ /?* A1 (M) © p* A1 (M) 
associated to the Levi-Civita connection on M. 
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We have already noted that this result is very similar to the formula obtained 
in [BG]. However, it is not the same. The reason is the following: Biquard and 
Gauduchon work with the cotangent bundle T*M, and they use the normalization 
natural to the cotangent bundle. As the result, their analog of the map A is slightly 
different, and the function f(z) is also different - in particular, it is given by an explicit 
expression. To compare our results with those of [BG], one should either compute 
the normalization map C : T*M -» TM for the Biquard-Gaudochon hypercomplex 
structure, or go the other way around and compute the map r]: TM -^T*M provided 
by Lemma 7.1. Unfortunately, I haven't been able to do either. 

Proof of Proposition 8.1. Throughtout the proof, we will freely use the notation of 
preceeding Sections. 

The main simplification in the case of symmetric spaces is the well-known equality 
V-ft = 0. For our construction it immediately implies that the odd augmentation 
degree components D2p+i of the weakly Hodge derivation D : B'(M) —• B'+1(M) 
vanish for p > 1. The only non-trivial component is Di. By (22), this immediately 
shows that the connection 0# e on the fibration p : X —• M is simply the linear 
connection associated to the Levi-Civita connection V. Applying Lemma 4.3, we see 
that all we have to prove is the equality Rj = f(A). By Lemma 4.4 this can be 
rewritten in terms of the Weil algebra B' (M) as 

D+oa = f{A):Al{M,C) -> Bl(M). 

Moreover, by (32) with k = 2 the endomorphism A of the 2?°(M)-module B1(M) = 
ptp*kl(M,C) satisfies 

A = D2 o a 

on A1 (M, C). In fact, this should be taken as the definition - 1 apologize to the reader 
for any possible mistakes in writing down the explicit formula (41). 

Next we note that since D2 vanishes on A1(M, C), the endomorphism A is in fact 
equal 

A = {D2,a} 

to the commutator {D2,a}. Moreover, this formula holds not only on the generator 
subbundle AX(M,C) C Bl(M), but on the whole #°(M)-module Bl{M). Indeed, by 
the normalization condition (28) this commutator vanishes on the generator subbun­
dle Sl{M) C B°(M). Since it is a derivation of the Weil algebra, it vanishes on the 
whole B°(M). Therefore it restricts to a map of B° (M)-modules on Bl{M) c B1{M). 

We now trace one-by-one the induction steps in the proof of Proposition 5.3. Since 
all the odd terms vanish, we only need to consider the even terms D2p. We have to 
prove that 

{D2p,a} = fkA
k : Bl{M) -> Bl(M). 

Since both sides are maps of B° (M)-modules, it suffices to prove this on A1(M, C) C 
B1(M), where we can replace {D2p,a} with Dpoa. By (32), on Sl(M) C B°(M) we 
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have 

p + 1<1<P-1 

Comparing this to (42), we see tha t it suffices to prove tha t 

aoDmoDnoa = {Dm, a} o {£>„, a} : AX(M) - • i?1 (M) 

for all even m, n > 2. Writing out the commutators on the right-hand side, we see 
tha t the difference is equal to 

Dm o a o D„ o a + D m ocrocro.D„ + <7o D m o a o D n . 

The first summand vanishes since by the normalization condition (28) we have a o 
£>„ = 0 on Sl(M) = a(A1(M,C)). The last two summands vanish since Dn — 0 on 
A ^ M . C ) . D 
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ABSTRACT. A smooth hyper Kahler quotient of a quaternionic vector space HN 

by a subtorus of TN is called a toric hyperKahler manifold. We determine the ring 
structure of the integral equivariant cohomology of a toric hyperKahler manifold. 

1. INTRODUCTION 

The topology of symplectic quotients has been studied intensively in the last two 
decades, using Morse theory and equivariant cohomology theory [Ki][JK]. However, 
the topology of hyperKahler quotients has not been studied well. In this note we 
study the topology of smooth hyperKahler quotients of a quaternionic vector space 
HN by subtori of TN, which we call toric hyperKahler manifolds. Originally Bielawski 
and Dancer introduced and studied toric hyperKahler manifolds in [BD], being influ­
enced by [D], [A] and [Gu]. Especially they computed their Betti numbers. In [Ko] we 
determined the ring structure of the integral cohomology of toric hyperKahler mani­
folds. In this note we show that the method in [Ko] is enough to compute the integral 
equivariant cohomology rings. Since the topology of toric hyperKahler manifolds de­
pends only on the subtori of TN, we describe the ring structures of thier equivariant 
cohomology in terms of the subtori (Theorem 2.4). We also describe them in terms of 
the arrangement of hyperplanes which were associated to toric hyperKahler manifolds 
(Theorem 2.6). 

In section 2 we review some basic properties of toric hyperKahler manifolds and 
state our main results. In section 3 we prove them. 
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2. MAIN RESULTS 

First let us recall the hyperKahler structure on a quaternionic vector space HN. 
Let {1, Ii, I2, h} be the standard basis of H. We define three complex structures on 
HN by the multiplication of IuI2lh from the left respectively. We fix the iden­
tification i: HN -> C " x C " by i(£) = (z,w), where £ = (&, . . . ,£N) e HN, 
z = (zi,..., Zff), w = (wi,..., U>N) e C N and £,- = Zj + Wjl2 for j = 1 , . . . , N. 

The real torus TN = {a = ( a j , . . . , aN) e C^ll^l = 1} acts on HN by 

(,z,iu)a = (zajWa"1). 

This action preserves the hyperKahler structure. Let ExpTw : tN —>• TN be the ex­
ponential map and {Xi,...,XN} C tN be the basis satisfying ExpTw( J ^ j a^Xj) = 
(e2n^Ia\ ..., e2"^1^) e TN. We define {uu ..., uN} c (£*)* to be the dual basis 
of {Xi,..., XN} C tN. Then the hyperKahler moment map 

/J.TN = (HTN^I, fJ.TN,2, VTN,Z) • H * -> ( i N ) * ® R 3 

is given by 
JV 

MT",I(Z,IU) = ""Xld^l2 ~ lw*|2)ui' 
t = l 

JV 

1=1 

Let if be a subtorus of T w with the Lie algebra k C tN. Then we have the 
torus Tn = TN jK and its Lie algebra tn = tN/k. We also have the following exact 
sequences: 

0 —-> k - ^ t* - ^ T —> 0, 

0 <— jfc* -̂ — (i^)* <^- (tn)* i— 0. 

We remark that some ir(Xi) may be zero and some L*UJ may be zero. Since the 
torus K acts on HN preserving its hyperKahler structure, we obtain the hyperKahler 
moment map 

fj-K = («•* ® id) o fij-N : H ^ ->• k* <g> R 3 . 

Now we define a toric hyperKahler manifold. 
Definition. If v € fc* ® R3 is a regular value of the hyperKahler moment map \iK 

and if the action of K on ^[y) is free, we call the hyperKahler quotient 

X{y) = rf(v)/K 

a toric hyperKahler manifold. • 
In fact X{v) is a An dimensional hyperKahler manifold. The torus Tn = TN jK acts 
on X(v), preserving its hyperKahler structure. 
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In [Ko] we discussed when the hyperKahler quotient becomes a toric hyperKahler 
manifold as follows. 

Lemma 2.1. Fix an element v = (vu z/2,v3) G k* <g> R3 . Then the following (1) and 
(2) are equivalent. 
(1) 1/ G A;* ® R3 is a regular value of the hyperKahler moment map HK-
(2) For any J C { 1 , . . . , N}, whose number # J is less than dimk = N — n, v\, v2 

and V3 are not simultaneously contained in the subspace of k* which is spanned by 
{i*Uj\j e J}. 

Lemma 2.2. Let v G k* ® R3 be a regular value of the hyperKahler moment map 
HK- Then the following (1) and (2) are equivalent. 
(1) The action of K on (^{v) is free. 
(2) For any J c { l JV} such that {t*Uj\j G J} forms a basis of k* 

t% = kz + Y~] "ZXj as a Z-module, 

where t% is the standard lattice in tN and kz = k n t%. 

These lemmas lead the following property of a toric hyperKahler manifold, which 
was proved in [BD]. 

Proposition 2.3. Let X{u) be a toric hyperKahler manifold. Then its diffeomor-
phism type is independent of the choice of v. 

Next we construct line bundles Li on a toric hyperKahler manifold X{y) for i = 
1,...,N. Let Xi '• TN —> S1 be a character defined by Xi(a) = ai- Define the action 
o fT^ on /x^V) x C b y 

{{z, w), v)a = ((za, wet'1), vXi(a)). 

This action induces a T"-equivariant line bundle Li = {^{y) x C)/K on X(u). 
Let ETn -> BTn be a universal Tn-bundle. Then we define the homotopy quotient 

of a Tn-space M by MTn = (ETn x M)/Tn. The equivariant cohomology H£n(M; Z) 
is by definition H*(MTn\Z). The Tn-equivariant line bundle Li on X{v) induces 
a line bundle £, on X{v)Tn. The equivariant first Chern class of Li is defined by 
Cl(A)eflJ„(A-(i/);Z). 

Now we can state main result of this paper, which determines the ring structure of 
the integral equivariant cohomology of X(v). 

Theorem 2.4. Let X(v) be a toric hyperKdhler manifold and 

* : Z K . . , % ] ^ F ; „ ( I ( i / ) ; Z ) 

be a ring homomorphism, which is defined by \£(tii) = Ci(£*). Then the following 
holds. 
(1) The map ^ is a surjective ring homomorphism. 
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(2) Let I be the ideal generated by all Yla.^0Ui for JZ i=1 atXi £ k \ {0}. Then I = 
ker*. 

Example. Let 7r: i5 —> t3 be a map such that 

1. {7T(Xi),Tr(X2),Tr(X3)} forms a basis of t3, 
2. w(X4) = -K{X{) - TT(X2), 

3. ir(X5) = -ir(X1)-ir{X3). 

Then we have a toric hyperKahler manifold X(v) for v £ k* ® R3 satisfying the 
condition mentioned above. Since A; is spanned by 

{X1+X2 + Xi,Xl+X3 + X5}, 

there are 4 types of elements in k as follows: 

X\ + X2 + Xi, X\ + X3 + X$, X2 — X3 + X4 — X5, 
5 

y aiXi where a, 7̂  0 for i = 1 , . . . , 5. 
i=i 

Therefore Theorem 2.4 implies 

H^(X(u);Z)^Z[uu...,u5]/I, 

where the ideal I is generated by {U1U2U4, UiU3u^,U2U3u^U5}. • 
It is worth mentioning the results in [Ko] here. Let p: X(V)T^ —> BTn be the 

natural projection. If we fix x £ BTn, then we can identify the fiber Fx = p_1(x) 
with X(y) and the ristriction of £j to Fx is isomorphic to Lj. If we denote the 
embedding of Fx into X{V)T* by i: Fx —> X{V)T™, then we have the map 

$ = i* o tf: Z[u1;..., uN] -)• i T p ^ ) ; Z). 

Then we proved the following theorem in [Ko], which determines the structure of the 
integral cohomology ring of X{y). 

Theorem 2.5. The map $ is a surjective ring homomorphism. Moreover ker$ is 
generated by ker ^ and w*((tn)*) D J^ili Z«i-

Next we give another description of the ideal / in Theorem 2.4. We assume that 
X(y) is a toric hyperKahler manifold with v = (vi, 0,0) £ k* ®R3 . We fix an element 
h £ (tN)* such that t*h = v\. Since every toric hyperKahler manifold X(i/) can be 
deformed to X(v) with v = (^i,0,0) e k* ® R3, this assumption does not lose any 
generality. 

We associate an arragement of hyperplanes F\,...,F^ in (£")* to a toric hy­
perKahler manifold X{y) with 

Fi = {pe (tny\(Tr*p + h, Xi) = 0 } for i = 1 , . . . , N. 
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We note that F{ = 0 in ths case n(Xi) = 0, because v = (v1,0,0) is a regular value 
of [IK • We also note that the above arrangement of hyperplanes is determined by 
P = (^1; 0,0) up to parallel translation. 

Then we have the following theorem. 

Theorem 2.6. Let X(v) be a toric hyperKdhler manifold with v = (i/i,0,0). Let 
I C Z[tii,. . . ,uN] be the ideal in Theorem 2.4 and I' C Z[wi,.. . , itjv] be the ideal 
generated by all i[jeSUj for 0 ^ S C { 1 , . . . , N} such that f]jesFJ = $• Then we 

have I'= I'. 

Since this theorem is essentially proved in [Ko], we omit it. 

3. PROOF OF THEOREM 2.4 

In this section we prove Theorem 2.4. We prove it by induction on N. 
First we prove the theorem for N = 1. In this case we have k = {0} or k = t1. 
Soppose k = {0}. In this case X{v) is H with S^action. So we have H*si(X(v)\ Z) = 

H'gi (point; Z), which is generated by ^(ui) . Therefore ^ is surjective and ker^ = 
{0}. On the other hand, since k = {0}, we have / = {0}. So in this case Theorem 
2.4 is true. 

Suppose k = t1. It is easy to see that the hyperKahler quotient X(v) is a point 
without torus action. So we have ker'P = (ui). On the other hand, since X\ £ k, we 
have / = (ui). So in this case Theorem 2.4 is true. Thus we proved Theorem 2.4 for 
N = l. 

,/,From now on we assume that Theorem 2.4 is true up to N — 1. So we prove the 
theorem for N. 

We begin with a few remarks. 
Suppose that t*uN = 0, that is, k C tN~l = Yl!i=\ R-^i- In this case the action 

of K preserves the product structure H N _ 1 x H, where H = {(ZN,WN)}. Moreover 
K acts on H trivially. Therefore the hyperKahler quotient X(u) of H N by K is a 
product of the hyperKahler quotient -X"(i)(^^) of H " " 1 by K and H itself. Here 
we note that X{v) is a T"-space, Xm(i>V>) is a T""1 = T^-V^-space and H is a 
S^-space, where S1 is the group with the Lie algebra RTT(XN)- Let I± be the ideal and 
# i : Z[uu ..., uN-!} ->• H^iXwii/W); Z) be the map in Theorem 2.4 for X{1)(i/W). 
Since X(v)Tn is homotopy equivalent to X(i)(^(1))T„-i x H s i , ^ i ( H ; Z) = Z[uN] and 
^ i is surjective, we see that ^ is surjective and ker^ is generated by ker^i . On the 
other hand, since k C tN~l, we see that I is generated by Ji. By the assumption of 
the induction we have ker* = / . That is, Theorem 2.4 is true in this case. 

Suppose that TT(XN) = 0, that is, XN e k. In this case the Lie algebra k is 
decomposed into the direct sum k = k2 © R,XN, where k2 = k C\ Y^!=y R-X'i- Let 
K2 be the corresponding Lie group to k2. Then the hyperKahler quotient X(v) 
of UN by K is just the hyperKahler quotient X{2)(p^) of H " - 1 by K2. Here 
we note that both X(v) and X(2)(^(2)) are Tn-spaces. Let I2 be the ideal and 
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* 2 : Z[uu...,uN-1] ->• H*{X{2){vW);Z) be the map in Theorem 2.4 for X{2)(u^). 
Since X(V)T" = X^2){v>^)Tn and \I/2 is surjective, we see that ^ is surjective and 
kervf is generated by ker\I>2 and uN. On the other hand, since k = k2® HXN, we 
see that the ideal / is generated by I2 and u^. By the assumption of the induction 
we have ker ^ = I. That is, Theorem 2.4 is true in this case. 

,̂From now on we assume that we have a fixed toric hyperKahler manifold X{v) with 
w(Xi) ^ 0,L*Ui ^ 0 for any i — 1,... ,N. We may also assume that v = [yx,0,0) € 
k* ® R3. We fix h G (t^)* such that t*/i = z^. Then we have an arrangement of 
hyperplanes Fi,...,FN in (f1)*. 

To proceed the induction argument, we will recover the equivariant cohomology 
ring of X(v) from the equivariant cohomology rings of X^)(i/^) and X ( 2 ) ( J / 2 ' ) , 

whose associated arrangements of hyperplanes are F± f~l FJV, •. •, .PW-i (~1 Fjy in -fiv 
and F i , . . . , Fjy-i in (£")* respectively. In [BD] Bielawski and Dancer computed the 
Betti numbers of X{v) from the information of X^{u^) and X^v^) by Mayer-
Vietoris argument. Since we study the ring structure of the equivariant cohomology, 
we need further argument as we explain below. 

We begin with constructing X(i)(u^). Let p: tN —>• tN~x be the projection such 
that p(Xi) = Xi for i = 1 , . . . , N — 1 and p{XN) = 0. Since 7r(Xjv) ^ 0, we have an 
isomorphism p\k'- k —>• /ci, where &i = p(fc). Then we have the following diagrams: 

0 —> k -^ tN -^ tn —> 0 
P\ki Pi Pi 

o —• fc! ^ i^-1 - ^ r - 1 —•+ o, 

o -f— fc* ^— (tN)* £- (r)* <— o 
Go|k)*f P*t p * t 

o «— AJ ^ (i^-1)* A - (r- 1 )* <— o. 

Since (p|jt,)*: fcj —)• k* is an isomorphism, there exists v\' £ k\ uniquely such that 
{p\k)*{v\ ) = v\. Let K\ be the torus corresponding to k\. Then the action of K\ on 
H ^ - 1 gives the hyperKahler moment map 

(iKl: H " " 1 - • fcj ® R3. 

We set z/1' = (u[ ,0,0). In [Ko] we showed the following. 
Claim 1. (1) X(!)(z/W) = p,~^{v^)/Ki is a toric hyperKahler manifold with Tn~x-
action. 
(2) X(i)(u^) is a hyperKahler submanifold of X(y), which is preserved by Tn-action. 
(3) We can identify (tn_1)* with FN C (f1)* naturally. Moreover under this identifica­
tion the associated arrangement ofhyperplanes for X(i)(v^) is FiDF^,..., FN-ICIFN 

in FN-
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Next we construct X{2){v^). Let tN~l = Y^Ji RX; and j : t^1 -» i " be the 
inclusion. If we set k2 = k H tN~l, then we have the following diagrams: 

0 —• k2 -^ tN~l 

j\kA i i V 2 

o —> A - ^ tN - ^ tn —•> o, 

0 <— A;2* ^ - (i""1)* 
( j ' k ) ' t J*t V 5 

o <— /c* A (*")* £- (tny <— o. 
We remark that 7r2 is surjective, because L*UN ^ 0, that is, k2 § A;. Let K2 be the 
torus corresponding to k2. Then the action of K2 on H " " 1 gives the hyperKahler 
moment map 

HKa: H * - 1 -> fc^ <g> R3. 

We set ^ 2 ) = O'lfcjVi € fc2 and i/2> = (^2 ) ,0,0). In [Ko] we showed the following. 
Claim 2. (1) X(2)(i^

2)) = ^{v^)/K2 is a toric hyperKahler manifold with Tr­
action. 
(2) The associated arrangement of hyperplanes for X^2)(i/^) is Fi,..., FJV-I in (tn)*. 

Let I\,I2 be the ideal in Theorem 2.4 and 

*x: Z[«i , . . . , uw-!] -> H^X^u^); Z) 

* 2 : Z[ U l ) . . .,«*_!] -> #f.(X{2)(i/<
2>); Z) 

be the map in Theorem 2.4 for X(1)(^(1)) and X(2)(z/2)) respectively. Then by the 
assumption of the induction ^t is surjective and ker^j = It. Moreover X(I)(V^)T" 

is homotopy equivalent to X^^V^T^-I x BS1, where S1 is the group with the Lie 
algebra R7r(Xjy). Therefore we have 

$ i : Z K . . . ,«*]->• H}n(Xw(vw); Z) S* H^(X{l)(v^); Z) ® H*sl{point; Z) 

and ^ i is surjective and ker^i is generated by ker^i = I\. 
The following claim shows how we can recover the equivariant cohomology ring of 

X(v) from the equivariant cohomology rings of X(\)(v^) and X^2){v^). 
Claim 3. (1) Hfn

+1(X(v); Z) = 0 /or each fc g Z. 
(2) There exists the following short exact sequence for each k g Z. 

0 —• ^ „ - 2 ( X ( 1 ) ( ^ ) ) ; Z) -L> JJ|*(X(„); Z) - A iJ | f c„(X ( 2 )(^); Z) —> 0. 

(3) e(Vi(f(uu...,uN))) = V(f(uu...,uN)uN) for f e Z[uu ... ,uN}. 
(4) r(y(g(uu...,uN))) = ^2{g{uu ... ,uN-U 0)) for g g Z[uu ... ,uN]. 
Proof. We have fixed h g (tN)* and V\ — 4* ft. In Claim 1 and Claim 2 we only 
assumed that v — [y\, 0, 0) g k* ® R 3 is a regular value of /i/f. Now we can choose 
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h and vx = i*h such that all vertices f]ieS Ft for S C { 1 , . . . , N} with # 5 = n are 
contained in {p G (f)*|(7r*p+ fc.Xjv) > 0}. We set 

U0 = {pe (tny\(ir*P + h,XN) = 0} = FN, 

u1^{pe(tny\(^P + h,xN)>o}, 
U2 = {pe(tny\(n*p + h,XN)>0}, 

Vi=li£(Ui,{tn)*,{tny) fori = 0,1, 2, 

Vi=A*?J(l7i,0,0) fori = 0,1, 2, 

where p,Tn: X{v) ->• (in)* ® R3 is a hyperKahler moment map for the action of Tn 

on X(v). 
Now we consider the cohomology exact sequence for (X(u), V2): 

—• H^(X(v), V2; Z) —• ^„(X(z / ) ; Z) —> f^ (V 2 ; Z) —» / ^ t 1 ^ ) , F2; Z) —> 

In [BD] it was shown that V2 is Tn-equivariant homotopy equivalent to X(2)(v^)-
Therefore we have 

H^(V2;Z)^Hl
Tn(Xm^{2)y,Z). 

By the same argument we also showed in [Ko] that (14,14) is a T"-equivariant 
deformation retract of (X(v),V2). Moreover the neighborhood W of Vo in 14 can 
be identified with the neighborhood of Vo in E — LN\V0 by the T"-equivariant map 
i: W —> E, which is defined by 

i([zi,wu ..., zN-i, wN-i, zN, 0]) = [(zu wu..., zN-.i, wjv-i,0,0), zN], 

where [... ] denotes equivalence class. If [z, w] e V\, then ziWi = 0 for i = 1 , . . . , N— 1 
and WN = 0. Moreover Vo is defined by the equation ZN = 0 in V\. So we have 

Hl
Tn{X{v), V2; Z) =• HUVu V2; Z) = / ^ „ ( £ , E \ V0; Z). 

Vo is not smooth, but it is a Tn-equivariant deformation retract of X^i)(v^). More­
over E = Ljv|v0 is the restriction of E = L^\x -v(i)y Therefore we have 

Hl
Tn(E,E\ Vo; Z) = Hl

Tn{E,E\ Xm(^);Z) = Hifk2(Xm(v^); Z), 

where the second isomorphism is the Thom isomorphism. Thus we have 

H1T»{X{U), V2; Z) = H£?{X(1)(vW); Z). 

Moreover by the assumption of the induction we have 

H*+1(X(1){VM); Z) = ^ + i ( X ( 2 ) ( ^ ( 2 ) ) ; z ) ^ 0 . 

Therefore we proved the claim. • 
Now we prove the first part of Theorem 2.4. 

Claim 4. $ is surjective. 
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Proof. Fix any a G H%k(X(i>); Z). Since * 2 is surjective, there exists 
/ G Z [ u i , . . . , «JV-I ] such that 

r(a) = * 2 ( / ( « i , • • • > UJV-I ) ) = r(V{f(uu . . . , UJV- I ) ) ) -

Since a - * ( / ( u i , . . . , UJV-I ) ) € kerr , there exists 6 G #^~ 2 (X ( 1 ) (zyW); Z) such that 

e(b) = a - * ( / ( « ! , . . . , UJV- I ) ) . 

Since * i is surjective, there exists 3 G Z [ u i , . . . , UJV] such that 

6 = * i ( g ( u i , . . . , u j v ) ) -

Thus we have 

a = * ( / ( u x , . . . , wjv-i)) + e(6) 

= * ( / ( u j , . . . , « A T - I ) ) + e ( * i ( s ( « i , • • • . " A T ) ) ) 

= * ( / ( u i , . . . , UJV-I) + g(uu . . . , uN)uN). D 

Finally we show the second part of Theorem 2.4. 
Claim 5. I = k e r * . 
Proof. First we show I C ker * . To do this, we show that all generators of I belong 
to k e r * . Take 0 ^ S C { 1 , . . . , N } such tha t f\j&sFj = 0. According to Theorem 
2.6, it is sufficient to show r i i g s - " ; £ k e r * . 

Suppose N e S. Since f)jes\{N}(Fj n ^N) = OjzsFj = 0> according to Claim 1 
and Theorem 2.6, we have 

Y[ Uj G h = k e r * x C ker * \ . 
3£S\{N} 

Therefore, according to Claim 3, we have 

*(iiui)=e(*i( n UJ))=°-

Thus we proved YljsSUj G k e r * in the case N € S. Here we used the assumption 
ir(Xpf) ^ 0. However we have assumed ir(Xi) ^ 0 for any i. So we use the same 
argument in the case i G 5 . Thus we proved I C ker * . 

Next we show ker * C / . For f{u\,..., UJV) G ker * we have to show f £ I. First 
we rewrite 

f{uu . . . , uN) = gi(uu . . . , UJV-I) + 02 («i . • • • , uN)uN. 

Since 

0 = r ( * ( / ( m , . . . , UJV))) = * 2 ( a i ( w i , . . . , itjv-i)), 

we have that <?i(ui, . . . , UJV_I) G k e r * 2 = ^2- Since I2 C I C k e r * , we have 
g 2 ( u i , . . . , UN)UN G ker * . We have to show <72(ui, • • •, UM)UN G J. 



240 HIROSHI KONNO 

Since 

0 = ^{g2(uu ..., uN)uN) = e($i(g2(ui,..., uN))) 

and e is injective, we have g2{u\,... , WJV) € ker^i = IIZ[UN). According to Claim 
1 and Theorem 2.6, we have hu^ C / . So we have g2(ui, • • •, WJV)MJV £ I. Thus we 
proved ker ty <Z I. So we finish the proof of Claim 5. • 
Thus we finish the proof of Theorem 2.4. 
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AN INTRODUCTION TO PSEUDOTWISTORS BASIC 
CONSTRUCTIONS 

JULIAN LAWRYNOWICZ AND OSAMU SUZUKI 

R. Penrose has observed in 1976 [11] that the points of the Minkowski space-time 
can be represented by two-dimensional linear subspaces of a complex four-dimensional 
vector space on which an hermitian form of signature (++, ) is defined. He called 
this flat twistor space, and the method of investigating deformation of complex 
structures, yielded from there, the twistor programme. This initiated a series of 
papers and monographs by various authors. In the present research we are dealing 
with dynamical systems generated by the Hermitian Hurwitz pairs of the signature 
(a, s), a + s = 5 + 4/i, \a + 1 — s| = 2 + 4m; /x, m = 0 , 1 , . . . In particular, for (3,2) 
and its dual (1,4) the role of entropy is indicated as well as the relationship between 
Hurwitz and Penrose twistors; Hurwitz twistors being objects introduced by us. The 
signatures (1,8) and (7,6) give rise for introducing pseudotwistors and bitwistors, 
respectively; for pseudotwistors we can prove [9] a counterpart of the original funda­
mental Penrose theorem in the local version (on real analytic solutions of the related 
spinor equations vs. harmonic forms) and in the semi-global version (on holomorphic 
solutions of those equations vs. Dolbeault cohomology groups). This has to be pre­
ceded by basic constructions (which is the core topic of this paper), a study of the 
related pseudotwistors and spinor equations as well as complex structures on spinors. 
This will allow us to prove a theorem (which we call the atomization theorem) saying 
that there exist complex structures on isometric embeddings for the Hermitian Hur­
witz pairs concerned so that the embeddings are real parts of holomorphic mappings. 

1. INTRODUCTION 

In 1985 Lawrynowicz and Rembielihski [5] initiated a geometrization of the problem 
of A. Hurwitz concerned with the composition of quadratic forms and a geometrical 
study of the related differential operators of the Cauchy-Riemann-, Dirac- and Fueter-
types by introducing the so-called Hurwitz pairs, also in the hyperbolic case [17] 
discussed by Penrose [11]. The results obtained quickly appeared in text-books [12] 

Research of the first author partially supported by the State Committee for Scientific Research 
(KBN) grant PB 2 P03A 010 17 (Section 2 of the paper), and partially by the grants of the University 
of Lodz no.505/626 and 252 (Sections 1 and 3). 
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and enabled [7, 8] to formulate and prove counterparts of two Penrose's fundamental 
theorems within the theory of Hurwitz pairs. 

Consider the Hurwitz pair consisting of the Hermitian space C4(/c) := (C4,«), 
equipped with the metric 

" = ^ : = ( o _j2)> '2=(J !) 

and the real space K5(7/) := (R5,??), equipped with the metric 

-'Ho'-°*>'-(•!;)• 
Let (e i , . . . , e4) be the canonical basis of C4(«). We consider a pair 

H=(Ci(K),R5(rl)). 

If there exists a bilinear mapping o : M5(7y) x 0(K) —> C4(«) called multiplication of 
elements of R 5 ^ ) by elements of C*(K) such that, for / € df / t ) and a € K5(ry), we 
have 

(a, a)„((/, /))« = ({a o / , a o /))K , 

where 

<(/,»»« :=/*«<?, / , J 6 C ; ( a » , : = « V , a ,6eHP 
and * denotes the hermitian conjugation, and, moreover, i? is irreducible, i.e. there 
exists no subspace V of C4, V ^ {0}, C4, such that o|R5(r/) x V i I f f i j j x V - t V , 
then # is called an Hermitian Hurwitz pair (cf. e.g. [7, 8]). This is of course a 
particular case of the general definition. 

Further, let 

ea o ek = C^ei + • • • + C£fce„, 

where (ei , . . . ,£5) is the canonical basis of K5(?7) and let Ca = {C3
ak),a = 1 , . . . ,5. We 

define the algebra .4.2,3 which is generated by {CfCp : a < /3}, where C* = KC*K _ 1 . 

An element x 6 ^42,3 is called Hurwitz twistor [7, 8] whenever a; has the form 

(i-i) x = ^2^pC*Cp, W e e 

and im x2 = 0, where im x, x € ^2,3 is defined in the following manner: x £ ^2,3 can 
be written uniquely as 

4 

X = ^2xk, Xk= ^ Za1pi...ahhC#1Ci,1...C*iCf>k, 
k=0 ai<0!<-<ak<pk 
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with x0 = £oh- We define im. x := x - x0 and denote the collection of Hurwitz 
twistors by P1 = JH'-

JH := {x = ^Z«0C#C0 : im x2 = 0}. 
a</3 

2. DYNAMICAL SYSTEMS GENERATED BY THE HERMITIAN HURWITZ PAIRS OF 

SIGNATURES ( 3 , 2 ) AND ( 1 , 4 ) 

Following [1] we are looking in our case for a dynamical system (X, p, T) in the 
sense of ergodic theory. Here X is a measure space, p is a measure on the space and 
T an invertible, measurable map X -» X that preserves p, i.e., for any measurable 
set A C X we have p[A] = p o T_1[A], and p[X] = 1. Of course it is natural to take 

X = C4, /i = « , » / „ resp. X = C16, p = ({ , »,8,8. 

If £ is a finite partitioning of X in measurable sets d,..., C/v(£), i.e., 

C,- C X, C,- H Ck = 0, for j ^ A, and Cx U • • • U CAT(<;) = X, 

the entropy HJX(£) of the partition £ is the quantity 

ffA(£):=-£fj?£(C,01og2 £(<?;), 
where /i(Cj) log2 /2(Cj) = 0 whenever //(Cj) = 0. 

If £ = |C,-|, 1 < j < iV(£), and | = {Cfc}, 1 < k < N{£) are two finite partitions of 
X, we shall denote by £ V£ the partition of X into CjDCk, where the indices j and k 
run independently from 1 to iV(£) and from 1 to N(£), respectively. For an arbitrary 
partition £ = \Cj\, 1 < j < N(£), we denote by T - 1 £ the partition of X into the sets 
T^Ci,..., T-lCN{i). For all positive integers n we form f1 = T"°£ V • • • V T-"+1£ 
and consider the limit of H^n)/n as n —> oo. The limit exists and is called the 
entropy of the partition £ for unit time. We denote it by bp,(T\X; £). For the mapping 
T : X —> X of the dynamical system (X, p, T), the metric entropy in the sense of Ja. 
G. Sinai is the quantity bp,{T\X) := sup^6^(T|X;£), where the upper bound is taken 
over all finite partitions of X. 

In particular, we may take as ba(T\X) the entropy in the physical sense (cf., e.g. 
E. Fermi's book [2]); treating it as a stochastic instant r [10, 4], analogous to a time 
instant t, when considering a relativistic particle at (x, y, z) e R3 within the spaces 
K5(/ l i4) and K5(/3]2) of space-time elements 

ds1 = c2dt2 - dx2 - dy2 - dz2 - dr2 and - ds2 = -c2dt2 + dx2 + dy2 + dz2 - dr2, 

where c is a positive constant interpreted as the light velocity. Already in the New­
tonian dynamics an additional dimension corresponding to time is needed because of 
the necessity of introducing an inertical frame and absolute time in connection with 
the Newtonian laws of dynamics. This means that, in contrast to the Aristotelian 
physics, the space E3 = {(x,y,z) £ R3,ds2 = dx2 + dy2 + dz2} together with time 
t € T = K are no more absolute: there is a projection mapping IT : E3 x T —• T which 
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associates to any element p £ E3 x M the corresponding instant of time t = ir(p); T 
is called the base space. The inverse image of t, 7r_1(p) is called a fibre. Each fibre is 
isomorphic to the Euclidean space E3, which is therefore called a typical fibre. Such a 
triple (E3 x T, T, -n) with TT being a surjective projection map is called a bundle with 
the base space T and bundle space E3 x T. The bundle approach is very convenient 
and naturally extendable to higher dimensions and curved spaces [12]. 

In the case of the space-time elements in question, the usual variational procedure 
with respect to the action integral leads to discussion of the Lorentz transformation 

dx =pi(dx' + v^dt' + v*dr'), dy = dy', dz = dz', 

dt =p2 (vldx' + dt' + v\dr'), px, p2, Ps £ K+, 

dr =p3(vldx' + vT
tdt' + dr1), vx

t etc. € K, 

satisfying the condition ATpA = p, where A is the matrix of the transformation and 
p the metric in question. Hence [10]: 

Pl = [1 - ( i < ) 2 ± « ) 2 ] - 1 / 2 , P2 = [1 - {-/x? T K ) T V 2 , 

P3 = [ l ± « ) 2 T ( i < ) 2 ] - 1 / 2 

with various restrictions for vf etc. The corresponding Euler-Lagrange equations, 
interpreted as the equations of motion, include the stochastic force (cf. [10, 3]): 

F = ±mvT
tVfVT

t, f = {x, y, z) 

(m denoting the mass), being now an intrinsic part of the geometry. More generally, if 
we consider a one-parameter family of symplectic transformations and the parameter 
value 0 corresponds to the identity transformation, a Hamiltonian operator is defined 
as the derivative of the transformations of the family with respect to the parameter 
(at 0). By differentiating the condition for symplecticity of a transformation, we may 
find the condition for an operator H to be Hamiltonian: w(Hx, y) + w(x, Hy) = 0 
for all x, y belonging to a symplectic space in question endowed with a skew-scalar 
product w; the Hamiltonian is supposed to be related in a standard way with the 
Lagrangian density appearing in the action integral. 

3. BASIC CONSTRUCTIONS FOR THE HURWITZ PAIRS 

( C 1 6 ( / 8 , 8 ) , R 9 ( / < M ) ) , * + S = 9 

In this section, we recall basic constructions of Hurwitz algebras and give generators 
of the Hurwitz algebras "Ha,3, a + s = 9. They are counterparts of >t2,3 • Generally, 
under a Hurwitz algebra we understand a central Clifford algebra whose generators 
Sa satisfy the condition 5 * = Sa. 

The basic constructions are methods of giving explicit forms for generators of Hur­
witz algebras. These constructions involve three different methods. (I) %„$ = > 

%CT+2,0) a = 1 (mod 2). Let S\,S2,---Sa be generators of 'HCTfi- Then 
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si = r„i uc i , s2=<S2 ° Si 0 
0 - S i 

^+1 - (/„ o" j ' s°+2 

become generators of ?C+2,o-

0 - S 2 ) ' " ' ' a ~ \ 0 -Sa 

-un o ;' 
° UA, n = 2^-1l 

(II) Hafl ==> ?̂ CT,2, <7 = 1 mod (2). Let S i , . . -, SCT be generators of Ua,o- Then 

Si 0 
0 - S i Si — ( n o 1 > • • • > "Sff — 

Sa 0 
0 - S „ 

become generators of %CTi2- (HI) "%T,S =>• %<r,s+2, a + s=l mod (2), s > 0. Let 

S i , . . . , Sa+S be generators of %CT]S of the form 

Sa=\iBa -Da) <* = l,2,...,a + 8, 

Aa = Aa, Da = Da, 

Aa, Ba, Da € Mn(C) n = 2^^+*)-^!. 

Then the generators of %CT,s+2 a r e given by 

/ A a 0 0 iBa\ 

&a — 

Ja+s+l 

0 Da iB*a 0 
0 iBa -Aa 0 

\*B* 0 0 -DaJ 

, a = 1,2,. . . ,CT4- s, 

0 M s _ / 0 i / |„®a3 

-/„ o 

where <73 G - ')• 
Applying the above construction methods, we can find generators of the Hurwitz 

algebras of ( C 4 ( / , 2 ) , R 5 ( y ) , a + s = 5, and ( C 1 6 ^ ) , ^ 9 ^ ) ) , a + s = 9. At first 
we notice that 

( e ( j i n i i B ) , Kff+s(/ff,,)) 

/ \ 
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which implies that a Hurwitz pair gives rise to two Hurwitz algebras %a~\,s and 
Ha-i,a- Explicitly, in the case of a + s = 5, 

for a =1 

2 

3 

4 

In the case of a + s = 9, 

for a =1 

2 

3 

4 

5 

6 

7 

8 

and 

and 

s = 4 

3 

2 

1 

s = 8 

7 

6 

5 

4 

3 

2 

1 

we 

we 

get 

get 

%0,4i ^ 3 , 1 

^ 1 , 3 ) %2,2 

^ 2 , 2 , %1,3 

% 3 , 1 , %0,4 

^ 0 , 8 ; 7^7,1 

^ 1 , 7 , %6,2 

% 2 , 6 , %5,3 

^ 3 , 5 ) %4,4 

^ 4 , 4 , %3,5 

%5,3) %2,6 

% 6 , 2 , %1,7 

% 7 , 1 , %0,8 

We give the generators of Hurwitz algebras involved explicitly as well as the type 
of the basic construction. We take the Pauli matrices as follows: 

0 l \ /0 - A (\ 0 
ai = \i oj' ff2=^ o j ' ff3~\o - l 

(IV) na,s with a + s = 3 and cr + s = 5. 

For T^o the generators can be chosen as Sa = aa, a = 1,2,3. Subsequently, we take 

An 0 A „ / a 2 0 \ „ _ (ff3 0 

f 0 r ^ 3 - 2
 q _ / 0 I2\ _ VO i/2 

Hi 0 

with the type of basing construction %3)0 —• =>'%3,2; 

for % l i 2 5 i = icri, S2 = ICT2, £3 = a% 

for %! 4 

_ . 0 KTA „ _ / 0 ia2\ o _ (h ° 

^ - ' ^ oj ' 5 2 - U 2 or 3"\o -/2 

^ - _ r n ' S?> 
O h ) q _ ( 0 ia3 

/2 0 J ' ^5 ~ \UT3 0 

with the type of basing construction %1)2 —> =^7^i i4; (V) ?C]S with cr + s = 7. Let 
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diag (A,B) := ( Q j H etc. and diag*(A,B) := K Q etc., 

where A, B, etc. denote square matrices. For %i$ the generators can be chosen as 

Sa = diag* (iaa,iaa,iaa, icra), a = 1,2,3, 

S4 = d i ag*( - / 2 , / 2 , - / 2 , / 2 ) , / 0 /, 
5 7 = diag(cT3, -<r 3 , - C T 3 ) CT3),

 5 \-/4 C 
5*6 = 

/ 0 0 t/2 0 \ 
0 0 0 -il2 

ih 0 0 0 
\ 0 - i / 2 0 0 j 

with the type of construction %1 2 —> = > % ! 4 —> =>'Hifi -> ==>'H.ifi', 

Sa = diag(cjQ, -cra,—aa,(7a), a = 1,2,3, 
' " r " x / 0 ih 0 0 \ 

for %5i2 
54 = 

S6 = 

-~ "O \ ~ U 7 ~ IZ 7 " U ) " 

/o /2 o o \ 
72 0 0 0 
0 0 0 -I2 

\0 0 -h 0 / 

/4 o 

SB = 
- i / 2 0 0 0 

0 0 0 - i / 2 

V 0 0 t/2 0 ) 
' 0 -iT4

x 

5 7 - ' - i / 4 0 

with the type of construction %3io -4 =>%*,$ -> =>%5,2; 

Sa = diag{aa,aa,-aa,-aa), a = 1 , 2 , 3 , 

for ^ 3 ^ 54 = diag*(-J2,72, -I2,I2), S6 resp. 57 as S5 resp. 56 for "H1>6, 

£5 = dmg*{ih,ih,ih,ih) 

with the type of construction ^ 3 ^ —>• = ^ 3 ^ —> =>"H3,4; 

5Q =diag(aQ , -aQ ,crQ , -cr a) , a = 1,2,3, 

with the type of construction ^30 ^ = » W 5 , o ^ ^ ^ 7 , 0 . 

4. PSEUDOTWISTORS RELATED TO HERMITIAN HURWITZ PAIRS 

In this section we define the pseudotwistors for the Hermitian Hurwitz pairs 

(C16(/8,8), R9(/ffiS)), 

a + s = 9, and discuss the duality of them and the Penrose diagrams. These are the 
counterparts of (C*(4,2, K5(/2,3)) in [7, 8]. 
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Let (C16(/8,8), IK9{I<!,s)), <J + s = 9 be one of the Hurwitz pairs and let Ca, 
a = 1,2,. . . ,9, be the corresponding Hurwitz matrices. Then we have the Hurwitz 
algebras: 

-4 = ®k=o -42fc, 
Mk = n2l^ai<01<-<ak<0k^9^a1<l31...akl3kC*1C/31 . ..C*kCpk). 

Definition. An element £ € A is called a pseudotwistor of A, if im £2 = 0. If £ G A2k, 
it is said to be of degree k. Here we denote the non-scalar part of £2 is denoted by 
im £2. 

Example 1. Scalar elements are pseudotwistors. 
Example 2. Monomials 

C*C?1... C# Cfc, ai < A < a2 < • • • < fo, 

are pseudotwistors. Hence we see that any element of A can be written as a linear 
combination of pseudotwistors. 

Example 3. There are elements of A which are not pseudotwistors, e.g, £ = CfC2 + 
CfCA. We note that im £2 = 2CfC2CfCi. 

Now we introduce an analogue of Wick's theorem in the fermionic algebras to 
Hurwitz algebras. We describe it with the use of a simple example: For 

^ = cfc3 + c*c5, 6 = cfc5, 
we have 

6 6 = -C#C2C*C5 + V55CfC5. 
Because of contractions, we have a term of lower degrees. We denote this term by 

cfc2 = V55cfc5c*c5, 
where underlining indicates the way of contraction. The first term is called the normal 
product of 6 and 6 and is denoted by 

: 6 6 := -C*C2C*C5. 

Hence we can write 
66 =: 66 : + : 66 = 

where denotes contraction. In general, for 6 , 6 G -4, we have 

6 6 =: 6 6 : + : 6T2 : + : ^ : + • • • , 

where 6 6 :== 6 6 etc-> i-e- ^ denotes the ^-time contraction. 

Example 4. For 6 = C*C3C*C7, 6 = CfC8 + C*C8 + C*C3, we get 

66 =: 66 : + : 66 = + = H2 =, 
: 6 6 :— Ci C3C5 CV • C4 Cg, 



AN INTRODUCTION TO PSEUDOTWISTORS BASIC CONSTRUCTIONS 249 

:
 £L?2

 : = _ C l C3C7 Cg, 

'• &&> : = Q C*7-

We have the following 

Lemma 4 .1 . An element £ £ A is a pseudotwistor if and only if 

:ZZ:=0,:n--=0,...,T?k~1)-=0-
We are going to prove 

Theorem 4.2. The pseudotwistor space of degree k 

J{k) = {£ € .4(2fc) : im £2 = 0} , A = 1,2 ,3 ,4 , 

has a decomposition 
j-(ft) _ j - M + j(k) 

and introduces a flag structure, i.e., 
(i) j l f c ) C G(2k - 1,8) and j | * ) C G{2k,8) and 
(ii) £ = C- + £+ implies £_ C £+. 

Proof. T h e proof is divided into five steps. 
S t e p A. We are going to choose a special basis of the algebra A in question. We 

take 
X2 = Cj C*2, £3 = Cx C3, . . . , Xg = Cx Cg. 

Then we arrive at the following basis {xaxp : 2 ̂  a ^ /? ̂  9} of A : 

X-lXz = -T]l,lCfC3, X2Xi = -•qi^Cfd, ..., XsXg = -7]iACfCg, 

where r] is the metric of R 9 ( / a ) S ) . An element xk € ^2fc, k — 1 ,2 ,3 ,4 , can be writ ten 
as 

9 

/3i=2 2 g a i < f t 

l/8lQ2/82"Z'/8l2'Q2;J'/32 ~l~ / ^ SQl/3lQ2/32a'Qia'/3l2'Q2a'/32! 

2^,8i<ai</32 2ga i<f t<a2</32 

X3= YL ZW 
ia2P2a3P3Xj31Xa2Xi32Xa3Xpi 

2^0i<ai<-<Pa 

1" / j Zai/3i...a3fi3XaiXplXa2Xp2Xa3Xp3, 

2 ^ a i < ^ i < - < Q 3 < / 3 3 

£ 4 = 62345678^22:3 • • • XS + C23...9^2a;3 • • • Xg. 

Let a:* = x\' +x2 ', k = 1,2 ,3 ,4 . Since the degree A; is indicated, we denote it simply 
by x = Xi + X2-
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S t e p B. From the above formulae we calculate directly: 

x2 = : XiX2 •• +x2x2 :, k = l, 

where 

where 

: Z1Z2 ~ Yl tiPita'1P'1
xPixa'1xp'i (as. = antisymmetric), 

ft,ai,/3'1>2 

: xxx2 := ^2 C c i f t ^ / ^ a , ^ , ^ ^ ; (as.); 
ai,/5i,oi,/3'1>2 

im x2 =: Xixi : + : x[x~2 • + • 3^X2 • + • X\X2 : + : x2x2 :, 

: x[x[ := Y^ ?i/Jia2/S2 t>\$\ol2b
x<*2xfoxolx&'2 (as0> 

aj,a'i;Pj,P'j>2 

:a5i2 := Y, W i ^ f e C ' ^ a ^ ^ f e a V . , ^ ; , (as-), 

: x2x2 := Y2, ^^^hi^^x^x^x^x^x^x^x^x^ (as.), 

:*i*2:= 53 ^ " ^ Q / s X / ^ i Z a ^ V ^ V / ^ (as-); 
ai,o$;/9,-,/3$>2 

im a;2 =: afaT^3' : + : afai^4' : + : x2lc2^ :, 

where 

: ^a^3 ' := ^Z ^^ha^g^p'^^x^x^x^x^ (as.), 

; a j ^ ( 4 ) : = ^ glft«2/32a3/?3£»',#a'J^fi'^hXa[XP[ (aS-)> 

•x2~x2-
{i):= Yl £<>i0i<*2ha303L\0'Ma'AXaiXfilX°<'iXf,i ^a s-) ; 

im a;2 = 0, A; = 4, 

where 
X = 62345678^2^3 • • • ^8 + &3...9Z223 • • • ^9-

S t e p C. We observe that J^ determines a flag structure 

Mi = {(LUL2) : LxCL2C C^.dim Li = l.dim L2 = 2}. 
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Indeed, let us write down the system of equations. We fix the indices Pi,^,^ and 
write down : xxx2 := 0. If we take (2,3,4), for example, we obtain 

£l2̂ 34 — £l3624 + 614623 = 0. 

The second equation : 2:1X2 := 0 for (o-i, ft, a[, p[) = (2,3,4, 5) implies 

623645 - ?24?35 + &5634 — 0. 

Hence we see that (11)234 C (£2)2345- From the same discussion in the general case, 
we conclude that 

£- c 6+, 
where 6- = E/j^i/j'ay. 6+ = £2<a> 6Qy W ' w h i c h P r o v e s t h e assertion of 
Step C. 

S t e p D. jW determines a flag-structure 

M2 = {(L3, L4) : L3 C L4 C C8, dim L3 = 3, dim L4 = 4}. 

Indeed, let 
Lk{au ..., A) = Lk n {ai = • • • = A = 0}. 

Then : xiZi := 0 implies that L3(ft) determines a 2-dimensional subspace in C8 for 
a fixed ft. Hence we have a family of 2-dimensional subspaces. By this we infer that 
: :ri:ri := 0 determines a 3-dimensional subspace L3 of C8. Hence : x^x-i := 0 is the 
system of Pliicker relations for 4-dimensional subspaces, so we have L4 C C8. From 
: X\X2 ' := 0, we conclude that 

L3(Pua2) CLi(a[,p[), fii = a[, a2 = P[, 

and hence L3 C L4. By this we obtain the desired correspondence. 

S t e p E. A similar observation leads to the conclusion that J^ determines a 
flag-structure 

M3 = {(L5, L6) : L5 C L6 C C8, dim L5 - 5, dim L6 = 6}. 

Conclusions of Steps A-E suffice to complete the proof of the theorem. 

Remark. We have not used in full the conditions to be pseudotwistors. In fact, we 
shall see more subtle structures of pseudotwistors, which will lead us to the " quater­
nary analysis" for the Hermitian Hurwitz pairs [9]. 
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DIFFERENTIAL GEOMETRY OF CIRCLES IN A COMPLEX 
PROJECTIVE SPACE 

SADAHIRO MAEDA AND TOSHIAKI ADACHI 

ABSTRACT. It is well-known that all geodesies in a Riemannian symmetric space 
of rank one are congruent each other under the action of isometry group. In this 
paper we are interested in circles in a quaternionic projective space QP™. Recently 
we have known that each circle in QP™ is congruent to a circle in CPn which is a 
totally geodesic submanifold of <QPn. This fact leads us to the study about circles 
inCP". 

1. INTRODUCTION 

A smooth curve 7 : R —> M parametrized by its arclength s in a complete Rie­
mannian manifold M is called a circle of curvature K(^L 0), if there exists a field of 
unit vectors Ys along the curve satisfying the following equations: V-y7 = KYS and 
V.yYs = — K/y, where K is a non-negative constant and V-y denotes the covariant dif­
ferentiation along 7 with respect to the Riemannian connection V of M. A circle of 
null curvature is nothing but a geodesic. For given a point x € M, orthonormal pair 
of vectors u,v & TXM and for given each positive constant K, we have a unique circle 
7 = •y(s) of curvature K satisfying the initial condition that 7(0) = x, 7(0) = u and 
(V^7)(0) = KV. It is known that in a complete Riemannian manifold every circle can 
be defined for — 00 < s < 00 (cf. [N]). 

In general, a circle in a Riemannian manifold is not closed. Here, a curve 7 = j(s) 
is said to be closed if there exists a positive so with j(s + so) = j(s) for every s. For 
a circle 7, the definition of closedness of 7 can be rewritten as follows: A circle 7 is 
said to be closed if there exists a positive so with 

7(s„) = 7(0), 7(*o) = 7(0) and (Vyy)(a0) = (Vyy)(0). 
Of course, any circles of positive curvature in Euclidean n-space R" are closed. And 
also any circles in Euclidean n-sphere Sn(c) are closed. But in a real hyperbolic space 
n-space Hn(c), there exist many open circles. In fact, a circle of curvature K is closed 
if and only if K > y/\c\ (see [C]). 

In this paper we make mention of length of circles. For a closed curve 7, we call 
the minimum positive constant s0 with the condition ^(s + s0) — j{s) for every s its 
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length, and denote by Length^). For an open circle, a circle which is not closed, we 
put its length as Length (7) = 0 0 . In order to get rid of the influence of the action 
of the full isometry group, we shall consider the moduli space of circles under the 
action of isometries. We say that two circles ji and 72 are congruent each other if 
there exist an isometry ip and a constant si with 72 (s) = <p ° 71 (s + sj) for each s. 
The moduli space Cir(M) of circles is the quotient space of the set of all circles in 
M under this congruence relation. The length spectrum of circles in M is the map 
£ : Cir(M) - 4 l U {00} defined by £([7]) = Length^). Sometimes we also call the 
image LSpec(M) = £(Cir(M)) n R in the real line the lenth spectrum of circles on 
M. 

In a real space form Mn(c)(= Sn(c), R" or Hn{c)) of constant sectional curvature c, 
circles are well-understood. In these spaces, two circles are congruent each other if and 
only if they have the same curvature. If the curvature of a circle is K, then its length 
is -7%= in Sn(c), ^ in K" and -M= when K > J\c\ in Hn(c). Therefore length 

spectrum of these spaces are LSpec(5"(c)) = (o, ^ , LSpecQR") = LSpec(#"(c)) = 

(0,oo). So we treat an n-dimensional complex projective space CP"(c) of constant 
holomorphic sectional curvature c and a quaternionic projective space QPn(c) of 
constant quaternionic sectional curvature c as model spaces. We are particularly 
interested in the following problem: 

Problem In a complex projective space CP"(c) (resp. a quaternionic projective 
space QPn(c)), for each positive £ does there exist a unique closed circle 7 whose 
length is £ up to an isometry of CP"(c) (resp. QP"(c))? 

In order to give an answer to this problem, we shall study the length spectrum of 
circles in CPn(c) in detail (see section 4). 

2. CONGRUENCE THEOREM FOR CIRCLES 

In order to state the congruence theorem for circles in a complex projective space, 
we introduce an important invariant for circles in a Kahler manifold. Let (M, J) be 
a Kahler manifold with complex structure J. For a circle 7 = j(s) in M satisfying 
the equations V^j = KYS and V*,Ya = — ivy, we call r = (7, JYS) its complex torsion. 
The complex torsion r is constant along 7. Indeed, 

V+(7, JY.) = (V^7, JY,) + (7, J V ^ S ) 
= « • (Ys, JYS) - K • (7, Jj) = 0. 

Clearly it satisfies \T\ ^ 1. We denote by Mn(c) an n-dimensional complete simply 
connected complex space form of constant holomorphic sectional curvature c. It is 
well-known that any isometry y> of a non-flat complex space form Mn(c){= CP"(c) 
or CHn(c)) is holomorphic or anti-holomorphic. The congruence theorem for circles 
in Mn(c), c ^ 0 is stated as follows (see Theorem 5.1 in [MO]): 
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Proposition 2.1. Two circles in a non-flat complex space form Mn{c) are congruent if 
and only if they have the same curvatures and the same absolute values of complex 
torsions. 

For a circle 7 in a quaternionic Kahler manifold (M, {I, J, K}) with quaternionic 
Kahler structure {/, J, K}, the corresponding invariant structure torsion r is defined 
by 

r = V<7, IYS)> + <7, JY,)* + (7, KYsf. 

On a quaternionic projective space and on a quaternionic hyperbolic space, this in­
variant can be interpreted in terms of the sectional curvature Riem(7, Y) of the plane 
spanned by 7 and Y: Riem(7,F) = f (1 + 3T 2 ) , where c is the quaternionic sectional 
curvature of the base manifold. 

Proposition 2.2. Two circles in a quaternionic projective space or in a quaternionic 
hyperbolic space are congruent if and only if they have the same curvatures and the 
same structure torsions. 

Since a quaternionic projective (resp. hyperbolic) space contains a complex pro­
jective (resp. hyperbolic) space as a totally geodesic submanifold, we are enough to 
study circles in a complex space form (c.f. [Al]). For a circle 7 in a Cayley plane and 
in a Cayley hyperbolic plane we can define its invariant by Riem(-y, Y) and obtain 
congruence theorem of the same type (see [MT]). In the following, we only study on 
a complex projective space CPn(c). But all the results similarly hold for a quater­
nionic projective space QPn(c) of constant quaternionic sectional curvature c and for 
a Cayley plane of maximal sectional curvature c. 

3. When is a circle closed in CP"(c)? 
We first suppose that a complex projective space CPn is furnished with the standard 

metric of constant holomorphic sectional curvature 4. First of all we are devoted to 
the study about circles of curvature 4=. 

Our main tool is the following parallel isometric imbedding h of Sl x Sn~l/(f> into 
CP™(4). Here the identification <j> is defined by 

0((e*e,oi,...1a f,)) = (-ew 
- O i , an), 

where Ea2 = 1. The isometric imbedding h : S1 x Sn-l/(j> ->• CPn(4) is defined by 

h(eie;ai, . . , 0 „ ) = 7 r ( 

(\{e-2iel3 + 2ale
iel3)\ 

f{e~™t3-aie
ie/3) 

where ir : 52"+1(l) -> CP"(4) is the Hopf fibration. 

pi6/3 
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We recall that the map ft is injective and that for each geodesic 7 on M = S1 x 
S™-1/^ the curve ft o 7 is a circle of 4 j in CP™(4) (for details, see [N]). Hence, 
investigating all geodesies on M, we obtain the following theorem which gives us 
information about all circles of curvature -4 in CP" . 

Theorem 2.3. For any unit vector X = au + v € T^S1 x S"'1/^) ^2 T^S1 ®TX2S
n~l 

at a point x, we denote by yx the geodesic along X on 5 1 x 5 n _ 1 /</>. Then the circle 
ft o 7x on CP™(4) satisfies the following properties: 

1. The curvature of ft o yx is 4=. 
2. The complex torsion of ft o yx is 4a3 - 3a for - 1 ^ a ^ 1. 

3. The circle ft o 7^ is closed if and only if either a = 0 or J ^ t is rational. 

4. When a = 0, the length of the closed circle is ^ 7 r . 

5. When a ^ 0 and \J^r is rational, we denote by 2 the irreducible fraction 

denned by y ^ r - Then the length £ of a closed circle hoyx is as follows; 

6. When pa is even, £ is the least common multiple of W^-K and ,2y^ TT. In 
^ ' ^ 3M 0(1-02) 

particular, when a = ±1 , then ^ = 3 7r. 
7. When »o is odd, £ is the least common multiple of ^-K and , ^ 7r. 

r y ' ^ 3N 0( l -a 2 ) 

Next, we prepare the following in order to consider circles of arbitrary positive 
curvature. Let N be the outward unit normal on S 2 n + 1( l ) (c R2n+2 = C"+1). We 
here mix the complex structures of C"+1 and CP"(4). We shall study circles in 
CP"(4) by making use of the Hopf fibration TT : 52n+1(l) -> CP"(4). For the sake 
of simplicity we identify a vector field X on CP n (4) with its horizontal lift X* on 
S2n+l(l). Then the relation between the Riemannian connection V of CP"(4) and 
the Riemannian connection V of 52"+1(l) is as follows: 

VXY = VXY+(X,JY)JN 

for any vector fields X and Y on CPn(4), where { , ) is the natural metric of C"+1. 
By using this relation we can see that for each circle 7 of positive curvature any 
horizontal lift 7 of 7 in S2"+1(l) is a helix in S2 n + 1(l). 

Proposition 2.4. Let 7 denote a circle with curvature n(> 0) and complex torsion r 
in CP"(4) satisfying that V-y7 = KY$ and WjYs = — ivy. Then a horizontal lift 7 of 7 
in 52™+1(l) is a helix of order 2,3 or 5 corresponding to r = 0, r = ±1 or r ^ 0, ±1 , 
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respectively. Moreover, it satisfies the following differential equations: 

V^7 = *Ys, 

V^YS = - « 7 + TJN, 

Vy{JN) = -TYS + Vl-r2Zs, 

V^ZS = - V l - T2JN + KWS, 

V^WS = -KZ„ 

where Zs = ^ ( J 7 + rYs), Ws = ^ ( J Y - rj). 

Note that a curve 7 = j(s) in CPn (4) is closed if and only if there exists a positive 
constant s» such that a horizontal lift 7 = 7(3) of 7 in 52 n + 1(l) satisfies j(s + s») = 
e*fla7(s) with some 9S € [0,27r) for every s. Then by studying a horizontal lift 7 of a 
circle 7 in CP™(4) we establish the following. 

Theorem 2.5. Let 7 be a circle of curvature «(> 0) and of complex torsion r in a 
complex projective space CP™(4). Then the following hold: 

1. When r = 0, a circle 7 is a simple closed curve with length ,2f . 
2. When r = ±1 , a circle 7 is a simple closed curve with length j ^ — - . 
3. When T ^ 0, ±1 , we denote by a, b and d (a < b < d) the nonzero solutions for 

A3 - (K2 + 1)A + KT = 0. 

Then we find the following: 
4. If one of (hence all of) the three ratios | , | and | is rational, then 7 is a simple 

closed curve. Its length is the least common multiple of ^ and ^ . 
5. If each of the three ratios | , |j and ;j is irrational, then 7 is a simple open curve. 

Let 7 be a circle of curvature K in a Riemannian manifold (M,g). When we 
change the metric g homothetically to m2 • g for some positive constant m, the curve 
a(s) = 7(^) is a circle of curvature ^ in (M, m2 -g). Under the operation g —> m2 -g, 
the length of a closed curve changes to m-times of the original length. Hence, by 
virtue of Theorem 3.3 we can conclude the following which is the main result in this 
section. 

Theorem 2.6. Let 7 be a circle with curvature K ( > 0) and with complex torsion r 
in a complex projective space CP"(c) of constant holomorphic sectional curvature c. 
Then the following hold: 

1. When T = 0, a circle 7 is a simple closed curve with length ,,4^ . 
2. When r = ±1 , a circle 7 is a simple closed curve with length ,2" . 
3. When r ^ 0, ±1 , we denote by a, b and d (a <b < d) the nonzero solutions for 

cA3 - (4K2 + c)A + 2y/cKT = 0. 

Then we find the following: 
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4. If one of (hence all of) the three ratios | , |J and ^ is rational, 7 is a simple closed 
curve. Its length is the least common multiple of i%£_a\ and -T4TZ— 

a b_ 
6' d 5. If each of the three ratios f, % ana" ~ 1S irrational, 7 is a simple open curve. 

Remarks . A circle 7 = j(s) with complex torsion r is a plane curve in CPn(c) (that 
is, 7 is locally contained on some real 2-dimensional totally geodesic submanifold of 
CPn(c)) if and only if r = 0 or r = ±1 . 

1. When T = 0, the circle 7 lies on MP2(|) which is a totally real totally geodesic 
submanifold of CP"(c). 

2. When r = l o r — 1, the circle 7 lies on CPl(c) which is a holomorphic totally 
geodesic submanifold of CPn(c). 

Circles of complex torsion ±1 are called holomorphic circles, and circles of null 
complex torsion are called totally real circles. 

3. LENGTH SPECTRUM OF CIRCLES IN CPn(c) 

In this section, we study the length spectrum of circles in CPn (c). For a spectrum 
A e LSpec(M) the cardinality mMW of the set £_1(A) is called the multiplicity of 
the length spectrum £ at A. When 771M(A) = 1, we say that A is simple. For example, 
every length spectrum of circles in a real space form is simple. When the multiplicity 
of £ is greater than one at some point A, this means that we can find circles which 
are not congruent each other but have the same length A. 

Rewriting Theorem 3.1, we find the following which is our main tool in this section. 

Proposition 3.1. In CPn(c) a circle 7 of curvature ^ and complex torsion r = 

3a — 4a3 (0 < |a| < | ) is closed if and only if y ^ r is rational. In this case if we 

denote y^^r = 2 by relatively prime positive integers p and q, then its length is 

T ^1 \ 137B7r\/2(^P2 + <?2)> ifpgiseven, 
Length(7) = ^ ^ — - . ^ . ^ ^ ^ 

We denote by {yK<T} the congruency class of circles of curvature K and complex 
torsion r ( ^ 0) in CPn(c). The moduli space of circles have a natural stratification 
by their curvatures. We denote by CirK(M) the moduli space of circles of curvature 
a in M and by £K the restriction of £ on this space. 

For a positive constant K we define a canonical transformation 

$K : CirK(CP"(c)\{[7K)1]} - • C i r^ / 4 (CP" ( C ) ) \ { [ 7 ^ / 4 i l ] } 

by 
* K ( [ 7 K , T ] ) = [7V2^/4,3V^3CKT(4«2+ C)-3/2]. 

The following lemma guarantees that the structure of the length spectrum £K of 
circles of curvature K essentially does not depend on K. 
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Lemma 3.2. The canonical transformation $K satisfies 
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W^) = Jw^yWM><-r))) 

for every r (0 5= r < 1). 

We denote by LSpecK(M) = £(CirK(M)) n 
curvature K in M. This lemma yields that 

the length spectrum of circles of 

LSpecK(CP"(c)) = | - ^ 

u 

2TT 47T 
2 + c y/An2 + c 

4n^3p2 + q2 

3 (4K2 + c) 

u 2TTV
/3P2 + g2 

3 (4K2 + c) 

where aK (^ 1) denotes the number with 

3>/3, CK 

p and 5 are relatively prime 
integers which satisfy 

pq is even and p > aKq > 0 

p and q are relatively prime 
integers which satisfy 

pq is odd and p > aKq > 0 

9 a ? - 1 
( 4 K 2 + c)3/2 (3a2 + 1)3/2 ' 

Note that the constant aK satisfies 

2. monotone decreasing when 0 < K ̂  ^ j 2 , and monotone increasing when K ^ ^ , 
3. l im^o aK = limK .̂oo aK = oo. 

Lemma 4.2 also guarantees that 

LSpec(CP"(c)) = (o, ^ ) U | J ilM 
p > q,p and 9 are relatively 1 

prime positive integers J 

where 

A>,« — 
fev^^ + ^ . ^ S V ^ 3 ^ ) . if M i s even, 

( ^ V 2 ? ( 3 p + 9 ) , ^ v / 9 P 2 - 9 2 ) , if pq is odd. 

We denote by CirT(M) the moduli space of circles with complex torsion r in a Kahler 
manifold M by £T the restriction of £ onto this space. From these expressions on 
length spectrum of circles we establish the following main result. 

Theorem 3.3. For a complex projective space CP" (c) (n ^ 2) of constant holomorphic 
sectional curvature c, the length spectrum of circles has the following properties. 
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1. Both the sets 

LSpecK(CP"(c)) = £(CirK(CP"(c))) n R 

and 

LSpecT(CF"(c)) = £(CirT(CP"(c))) n R 

are unbounded discrete subsets of K for each K ( > 0) and 0 < r < 1. 
2. The length spectrum LSpec(CP"(c)) of circles coincides with the real positive 

line (0,oo). 
3. For K > 0 the bottom of LSpecK(CPn (c)) is ^ ^ , which is the length of the holo-

morphic circle of curvature K. The second lowest spectrum of LSpecK(CP"(c)) 
is ,4

4^ , which is the length of the totally real circle of curvature K. They are 
simple for £K. 

4. The multiplicity of £ is finite at each point A € R. 

5. A(e R) is simple for £ if and only if A € (fa, i\M^] • 

6. The multiplicity of £K (« > 0) is not uniformly bounded; 

l imsup t t^^A)) = oo. 
A->oo 

The growth order of the multiplicity with respect to A is not so rapid. It satisfies 
lim^oo A_(5iJ(£~1(A)) = 0 for arbitrary positive 5. 

The statements (2) and (5) in our theorem give the complete answer to the problem 
in the introduction. 

Remark It follows from Proposition 4.1 that a circle of curvature ^~ and complex 
torsion T in CPn (c) is closed if and only if 

r = T(p,q) = q(9p2-q
2)(3p2+q

2)-3/\ 

for some relatively prime positive integers p and q with p> q. We find that the length 
spectrum £yg is not simple at the following points for examples. 

4 

1. Let 71 be a circle of curvature ^ and complex torsion r = r(27,7) = „ll6/?g„ 
4 v ' 559v559 

and 72 be a circle of curvature ^ and complex torsion r = r(25,19) = Jf5,02 . 

These two closed circles have the same curvature and the same length 4V/^187r-

But they are not congruent. 
2. Let ji be a circle of the same curvature ^ and complex torsion r* = T(PJ, <&), i = 

1,2,3. Here we set (p1)9 l) = (129,71), (p2lq2) = (131,59) and {p3,q3) = 
(135,17). Note that 3p2 + q} = 54964 for i = 1,2,3. Then these three cir­
cles have the same curvature and the same length. But these three circles are 
not congruent each other. 
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Finally we investigate the asymptotic behaviour of the number of congruency classes 
of closed circles of curvature re. Let nM{X; re) denotes the number of congruency classes 
of closed circles of curvature re in M with length not greater than A. 

Theorem 3.4. For a complex projective space CPn (c) (n ^ 2) of constant holomorphic 
sectional curvature c, we have for re > 0 

v ncp»(c)(A;re) 3v
/3(4re2 + c) _t / 1 \ 

hm -^ = — tan —•=— , 
A^OO A2 8?r4 \y/laj 

where aK (^ 1) denotes the number with 

3\/3cre 9a2. - 1 
(4re2 + c)3/2 (3a 2 + 1)3/2 ' 

In particular, 
nCpn(c)(A;\/2c/4) _ 3\/3c 

x-^o A2 _ 32?r3' 
Sketch of the proof. For a positive integer d, we put nQ(A) and ka(X;d) the 
cardinalities of the sets 

{ , . p and q are relatively prime integers withl 

( p ) ( ? ) € Z x Z 3p2 + g2 < A2 and p > a,? > 0 J 
and 

Ka(X; d) = {{p, q)edZx dZ |3p2 + q2 < A2, p > aq > 0} , 
respectively. Here dZ denotes the set {dj \ j € Z}. Since the correspondence (p, q) H-> 
(dp, d<?) of Ka(X/d; 1) to ^Q(A; d) is bijective, we find the following relation between 
nQ(A) and ka(X; 1) by using the Mobius function //; 

n«(A) = ^M(rf)fca(A;d)= 5Z v{d)ka{X/d;l), 
d>l l<<K[A/2] 

where [S] denotes the integer part of a real number 5. Put 

C = — = tan - 1 f —=-

which is the area of the set {(x, y) 6 R2 j 3a;2 + y2 ^ X2,x ^ ay ^ 0}. One can easily 
find positive constants Cu C2 with |fca(A; 1) - CA2| < d A + C2. Thus we obtain 

,. njtf _ r y ^ ( < * ) = C _6C 
A^oo A2 ^ d2 C(2) 7T2 ' 

where C denotes the Riemann zeta function. 
We now put n°(A) and n® (A) the cardinalities of the sets 

p and q are relatively prime integers which satisfy! 
pq is odd, 3p2 + q2 ^ A2 and p > aq > 0 j 

(p, q) G Z x Z 



262 S. MAEDA AND T. ADACHI 

and 

(p, q) € Z x Z 
p and q are relatively prime integers which satisfy 1 

pq is even, ap2 + fiq2 < A2 and p > aq > 0 J 

respectively. By similar argument we obtain 

and 

Since we have 

r£(A) C v Md) 2C 
A^oc A2 4 ^ d 2 7T 2 ' 

1 < d < co, 
d is odd 

lim "MV = l im (n^W n°aJ>W\ _ 4C 
A->oo A2 A->oo V A2 A2 / 7T2 

nc,„(c)(A; «) = 2 + nQ„ (^-^^AJ + nQ„ ( ^ g ^ 

for A > -7=3=, we obtain the conclusion. 

Remark. The constant C(K) = lim^oo A_2ncp»(c)(A;«) satisfies 

9c 
lim C(K) — 0 and lim C(K) 
K-MD K-S-OO 167T4 

We finally pose some problems on length spectrum of circles. 

Problems. 

1. Are there non-simple spectrum for £T (0 < r < 1)? 
2. Whether is the multiplicity of £T (0 < r < 1) uniformly bounded or not? 
3. Give an explicit formula of the first spectrum for £T (0 < r < 1). 
4. Study the asymptotic behaviour of the number of congruency classes of closed 

circles of complex torsion r ( ^ 0,1) with respect to length. 
5. Find nice properties for the multiplicity mcpn(c)(A) of the full length spectrum 

£. For a complex hyperbolic space, it is monotone increasing left continuous 
function with polynomial growth and its jumping step is not uniformly bounded 
(see [A2]). 

6. Study the behaviour of C(K). What is the maximum value of this function c(«)? 
7. Study the geometric meaning of the constant lim^oo C(K). 
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ON SPECIAL 4-PLANAR MAPPINGS OF ALMOST HERMITIAN 
QUATERNIONIC SPACES 

JOSEF MIKES, JANA BELOHLAVKOVA, AND OLGA POKORNA 

ABSTRACT. In the paper special 4-planar mappings of almost Hermitian quater­
nionic spaces are studied. Fundamental equations of these mappings are expressed 
in linear Cauchy form. Our results improve results of I.N. Kurbatova [9]. 

4-quasiplanar mappings of an almost quaternionic space have been studied in [5], [9] 
and [14]. These mappings generalize the geodesic, quasigeodesic and holomorphically 
projective mappings of Riemannian and Kahlerian spaces, see [4], [12], [13], [15], [17], 
[18], [19]. Similar problems are studied on complex manifolds in [3]. Anti-quaternionic 
spaces which were studied e.g. in [11], [16] have some properties similar to those of 
quaternions [1]. This fact can be used in the study of 4-planar mappings. 

I.N. Kurbatova studied a special kind of 4-planar mappings (called 4-quasiplanar, 
see [9]) from a Riemannian space Vn onto another Riemannian space Vn where an 
almost quaternionic structure on Vn is Hermitian and it satisfies additional conditions 
so that Vn a Vn are Apt spaces. 

Analyzing the results of [9] (theorems 2 - 6) we noticed that the space Vn is implic­
itly supposed to be Hermitian and this assumption is essential. Hermitian structure 
of Vn is more important than Hermitian structure of Vn and, moreover, it simplifies 
fundamental equations of 4-planar mappings. In this paper we do not assume Vn to 
be Hermitian. 

1 . A well-known definition says that an almost quaternionic space is a differentiable 
1 2 

manifold Mn with almost complex structures F and F satisfying 

kk=-6?; F*F«=-5l F^Ft+hk=0, (1) 

where <5f is the Kronecker symbol, see e.g. [1], [4]. 
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265 



266 JOSEF MIKES, JANA BELOHLAVKOVA, AND OLGA POKORNA 

3 1 2 
The tensor F/1 = F" F% defines an almost complex structure, too. The relations 

1 2 3 
among the tensors F, F, F are the following 

1 , 2 3 , 3 2 L 2 , 3 1 L 1 3 , 3 t 1 2 2 1 
ph_pa ph__pa ph. ph _ p o ph __pa ph. ph _pa ph __pa ph (n\ 

1 2 3 

Any two of the above three structures F, F, F define the same almost quaternionic 
structure. 

1 2 3 

Let An = (M n , r , F,F,F) be an almost quaternionic space with a torsion-free 
affine connection I\ 

Definition 1 A curve t. xh = xh{t) in An is called J^-planar if the tangent vector 
Xh = dxh/dt being parallely transported along this curve, remains in the linear 4-
dimensional space generated by the tangent vector \h and the corresponding vectors 

F^Aa, F^A° and F^Xa. 

A curve is 4-planar if and only if the equations 

dt 
s=0 

0 

hold, where F / 1 = 6* is the Kronecker symbol, T ^ are components of the affine 
connection on An and P =P (t) (s — 0 , . . . , 3) denote functions of the parameter t. 

s s 

Any geodesic curve is a special case of a 4-planar curve where px = p2 = pz = 0. 

Consider two spaces An and An with the same underlying manifold M„ and the 
1 2 3 

same almost quaternionic structure (F, F, F) but with two different torsion-free affine 
connection T and T, respectively. 
Definition 2 A diffeomorphism / : An —• An is called a l^-planar mapping, if it maps 
any geodesic of An to a 4-planar curve of An. 

Remark. In the following we shall attach to each local map ip around a point 
p G An the local map tpo / _ 1 around the point f(p) £ An. This means that any point 
x € An and the corresponding point f{x) £ An will have the same local coordinates. 

The following theorem holds [5]: 

Theorem 1. A diffeomorphism of An onto An is a ^-planar mapping if and only if 
in every local coordinate system ) the conditions 

lt;-(s) = r*(aO + X> ( .FJ5 (3) 
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hold, where T^ and Ytj are components of the affine connections V and T, respectively, 
if) .(x), s = 0 , . . . , 3, are covectors, and (ij) denotes a symmetrization of indices. 
s 

Using Theorem 1 one can prove the all 4-planar curves of An are mapped onto 
4-planar curves of An (I.N. Kurbatova [9] defined 4-ouasiplanar mappings preserving 
almost-quaternionic structure by the conditions (3)). 

Finally, we will consider a special case of A„, namely an almost quaternionic Rie-
1 2 3 _ 

mannian space Vn = (M„, g, F,F,F) in which T denote the Levi-Civita connection 
of g. 

The following theorem holds (see [5]). 

Theorem 2. A diffeomorphism f: An-+ Vn is a 4-planar mapping if and only if the 
metric tensor g%j{x) satisfies the following equations: 

9ij,k = YJUk Mi h+ $ a Si)* h) (4) 

where comma denotes the covariant derivative in An. 

Recall that the covariant derivative of g in An is zero. 
The proof follows from the fact that formulas (3) and (4) are equivalent in our 

special case. 

2 . Now we shall prove the following two lemmas. 
Consider the spaces An, An and let "," or "|" before an index denote a covariant 

derivative w.r. to the corresponding local variable on An and Vn, respectively. 

Lemma 1. Let a 4-planar mapping An —¥ An be given and let tp • denote the corre-
s 

sponding covectors from (3). Then 

k*=k°« s = l,2,3. (5) 

holds if and only if the covectors tp . are expressed by formulas 
s 

71 s 

^i = -^-I^F" s = 1 ' 2 , 3 , V ^ V V (6) 
S II — 'i 0 

The proof of the above Lemma 1 is a consequence of (5) and fundamental equations 
of 4-planar mappings (3). We use also algebraic properties of quaternionic structures 
(1) and (2). 

A manifold with an affine connection T and an almost complex structure F is said to 
be an Apt space (see [2], [4], [9], or nearly Kahlerian space or Tachibana space [4], [6], 
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1 2 3 

[7], [8], [10], [20]) if its structure F satisfies F?a = 0. A space An = (Mn,r,F,F,F) 
to be an almost quaternionic Apt space if 

F^=0, S = l ,2 ,3 . 

Lemma 1 implies that an Apt spaces An is 4-planarly mapped on an Apt space 
AH iff (6) holds. Evidently Kahlerian spaces are Apt spaces and also quaternionic 
Kahlerian spaces are Apt spaces. 

Contracting (3) with respect to h and j we got the lemma 

Lemma 2. If for a ^-planar mapping An —• An the formulae (6) hold and the spaces 
An and An are equiaffine, then the vector ipi is a gradient, i. e. there exists a function 
ip such that ipi = tjij. 

3 . Now we shall show that if a 4-planar mapping from An onto a Riemannian 
space Vn is given, then the formulae (3) and (4) are both equivalent to the following 
formula: 

tk^-Jl^^h+^J^H^ (7) 
where gli is the inverse matrix of metric tensor #y. In fact, (7) is a consequence of 
the identity g%\k = -gap,kg

aigM. 
In what follows we shall asumme a quaternionic structure on Vn which is Hermitian, 

i.e. we have 
giaFf+gjaF°=Q, S = l ,2 ,3 . (8) 

(8) is equivalent with 

gia Fi+ tfa Fi= 0, s = l ,2 ,3 , (9) 

or with 

9ttl}Kh=9ij, s = 1,2,3. (10) 
Using (9) the equations of 4-planar mappings are simplified to 

3 

gii
JC = -2tl>kg

ii-Yl4>a9
aliH) (11) 

s=o s 

Suppose now that the covector fy is a gradient, i.e. ipi =i/> . = ip, where ip is a 
o ' 

function. We define the tensor 

Then (11) can we rewritten in the form 
3 

a 
5=0 

^ = E A { < ^ , (12) 
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where 

x'^-tj*. (13) 

By the definition of the tensor aij (10) is equivalent with 

aal3 F*aFi=aij, a = 1,2,3. (14) 

Due to the fact that V„ is Hermitian and using (13) we see that the formula (6) is 
equivalent with 

\ l = ^-\aF<a, 8 = 1,2,3, A'=A8 . (15) 
s n- 4 o 

Now we come back to the affine case. Let a space An be given as before and let the 
system of equations (12), (14) and (15) has a solution for a regular matrix function ay 

and a vector function A*. Then one can prove that the inverse matrix ||ijy|| = | |ay ' | |_1 

defines a Riemannian metric g on M„ and the covector \agai is a gradient gradi/". By 
the conformal change g~ij = e2* <?y we obtain a new metric g for which An becomes a 
Hermitian almost quaternionic space Vn. Moreover, there exists a 4-planar mapping 
An -> Vn. 

This results coincides with the result by N.S. Sinyukov for geodetic mappings and 
the results by V.V. Domashev and J. Mikes for holomorphically projective mappings 
of Kahlerian spaces etc., see [12], [13], [18], [19]. Now we can conclude the above 
results with 

Theorem 3. Under the condition (5) an equiaffine space An admits a 4-planar map­
ping on a Hermitian quaternionic space Vn if and only if there exists a regular tensor 
ay on An satisfying (12), (14), and (15). 

The result analogous to Theorem 3 was proved by I.N. Kurbatova [9] under the 
assumption that An is Hermitian and from the proof it is evident that also Vn is 
supposed the be Hermitian. 

4 . Analysing the equation of I.N. Kurbatova [9] analogous to (12) we can modify 
this equation as a system of linear differential equations of Cauchy type. In what 
follows we give more simple modification which uses also conditions (14). 

We consider covariant derivatives of (14) in An, i.e. 

aa"k hH+aaf> htH+'f hH*= a% , r = 1,2,3. 
Putting (12) into the above equation we get 

E (A {i H]~ A a H* H] H) = <£* Flk Ff . (16) 
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For r = 1, using (1), (2) and (15) we have 

A(^)-A«F(4^=^a^Jf (17) 
and contracting (17) with respect to j and k we have the following expression of the 
vector A': 

Ai = ̂ T I )^(^^ + > «^) - <18> 
It implies that A* can be expressed as a linear functions in oy ' . It implies 

T h e o r e m 4 . Under the condition (5) an equiaffine space An admits a ^-planar map­
ping onto a Hermitian almost quaternionic space V„ if and only if the following system 
of differential equations of Cauchy type is solvable with respect to the unknown func­
tions o v : 

<k = E*{iH\ (19) 
where 

and the matrix ( a y ) should satisfying addition |ay ' | ^ 0 and the algebraic condition 

aa/3 F'aFl=aij, s = 1,2,3. 

The system (19) does not have more than one solution for the initial Cauchy con­
ditions ali{x0) = o y ' under the conditions (20). Therefore the general solution of (19) 

o 

does not depend on more than N0 = (n/2) 2 parameters. The question of existence 
of a solution of (19) leads to the studium of integrability conditions, which are linear 
equations w.r. to the unknowns a*i(x) with coefficients from the space An. 
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SPECIAL SPINORS AND CONTACT GEOMETRY 

ANDREI MOROIANU 

1. INTRODUCTION 

The aim of this note is to outline some new results obtained in contact geometry 
by means of spinorial methods and in particular to exhibit some interesting relations 
between (complex) contact structures and (Kahlerian) Killing spinors. 

While the notion of a contact structure is well-known to most differential geometers, 
that of a Killing spinor (though intensively studied by physicists under the name 
of supersymmetry) remained, for a quite long time, neglected by mathematicians. 
Killing spinors came to be studied only after 1980, when Th. Priedrich [3] proved 
that they arise as the eigenspinors corresponding to the least possible eigenvalue of 
the Dirac operator on compact spin manifolds with positive scalar curvature. More 
precisely, we have the 

Theorem 1.1. (Friedrich, 1980) Any eigenvalue A of the Dirac operator on a compact 
spin manifold M" with positive scalar curvature S satisfies the inequality 

(1.1) A2> , " ^ i n f g . 
4 (n - 1) M 

Moreover, if the equality holds, then every eigenspinor tjj corresponding to A is a real 
Killing spinor, i.e. satisfies the equation 

(1.2) Vxip = aX-i>, VXeTM(a = --). 
n 

After several steps were made towards their classification by H. Baum, Th. Priedri­
ch, R. Grunewald and I. Kath (these are presented in a unified manner in [2]), Killing 
spinors (or, properly speaking, manifolds carrying them) were finally classified by 
C. Bar [1], who made a very elegant use of the so-called cone construction. This is 
where contact structures come into the play, since Bar shows that, with some low-
dimensional exceptions, all simply connected manifolds carrying Killing spinors are 
contact manifolds (or round spheres, in even dimensions). More precisely, if M2m+1 

(m > 3) carries Killing spinors, then M is either Einstein-Sasakian or 3-Sasakian (for 
the definitions see [1] for example). 

273 
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Using the explicit relations between Sasakian structures and Killing spinors given 
by Th. Priedrich and I. Kath [2], we gave a description in [11] of the splitting of 
the algebra of infinitesimal isometries of Einstein-Sasakian and 3-Sasakian manifolds, 
and furthermore proved the following rigidity result: 

Theorem 1.2. The only simply connected 3-Sasakian manifold (M7,g,^i) possessing 
an infinitesimal isometry of unit length, other than the Sasakian vector fields, is the 
unit sphere S7. 

Let us now turn our attention to the complex case, and recall the following 

Definition 1.1. (cf. [7]) Let M2m be a complex manifold of complex dimension m = 
2k +1. A complex contact structure is a family C = {(Ui, w,)} satisfying the following 
conditions: 

(i) {Ui} is an open covering of M. 
(ii) uji is a holomorphic 1-form on Ui. 

(Hi) u)i A (dcJi)k S r(Am '° M) is non vanishing at every point of [/*. 
(iv) Ui = fijOJj in Ui D Uj, where /„• is a holomorphic function on U l~l Uj. 

Our main result will be the classification of all Kahler-Einstein manifolds of positive 
scalar curvature admitting a complex contact structure. This goes roughly as follows: 
first of all, if Mik+2 is a Kahler manifold admitting a complex contact structure, then 
we construct for k odd a canonical spinor on M and for k even a canonical section 
of the spinor bundle associated to a suitable Spinc structure of M (this idea - for k 
odd - stems from K.-D. Kirchberg and U. Semmelmann, see [6]). We then prove that 
the constructed spinor is a Kahlerian Killing spinor (we have to define this notion 
in the Spinc case) if the given Kahler metric on the manifold M is also Einstein. 
The next step is to construct a canonical Sl bundle N over M, which is endowed 
with a Riemannian metric and a spin structure, such that the above constructed 
Kahlerian Killing spinor on M induces a Killing spinor on N. Finally, using Bar's 
classification of such manifolds and some further algebraic properties of the Killing 
spinor, we conclude that N has to be 3-Sasakian and furthermore, by the naturality 
of the construction of N, we are also able to characterise M geometrically. 

2. A SHORT REVIEW ON SPIN AND SPINC GEOMETRY 

We will first recall some basic facts about spin and Spin0 structures. Consider an 
oriented Riemannian manifold (Mn,g). Let Pso(n)M denote the bundle of oriented 
orthonormal frames on M. 

Definition 2.1. The manifold M is called spin if the there exists a 2-fold covering 
Pspin„M of PSo{n)M with projection 9 : PSpi„nM -> Pso{n)M satisfying the following 
conditions : 

i) PspinnM is a principal bundle over M with structure group Spinn; 
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ii) If we denote by 0 the canonical projection of Spinn over SO(n), then for every 
u e PsPinnM and a € Spinn we have 

0(ua) = 9(u)(j>{a). 

The bundle PsPinnM is called a spin structure. Representation theory shows that 
the complex Clifford algebra Cl(n) has (up to equivalence) exactly one irreducible 
complex representation £„ for n even and two irreducible complex representations E± 
for n odd. In the last case, these two representations are equivalent when restricted 
to Spinn, and this restriction is denoted by £„. For n even, there is a splitting of 
EM with respect to the action of the volume element in E„ :— E+ © E~ and one 
usually calls elements of E+ (resp. E~) positive (resp. negative) half-spinors. For 
arbitrary n, E„ is called the complex spin representation, and its associated vector 
bundle EM is called the complex spinor bundle. Sections of EM are called spinors. 
If M is even-dimensional we denote by E ± M the subbundles of EM corresponding to 
£*. If, with respect to the decomposition EM — E + M © E ~ M , a spinor ip is written 
as ip = p+ + ip-, then its conjugate ip is defined to be ip+ — 4>--

Definition 2.2. A Spinc structure on an oriented Riemannian manifold (Mn,g) is 
given by a U(l) principal bundle Pu^M and a Spin£ principal bundle Pspin^M 
together with a projection 9 : Pspin^M —> Pso^M x PV^M satisfying 

9{ua) = 6{u)Z(a), 

for every u € Pspin^M and 6 € Spinjj, where £ is the canonical 2-fold covering of 
Spinjj over SO(n) x U(l). The complex line bundle associated to PJJ^M is called the 
auxiliary bundle of the given Spinc structure. 

Recall that Spin£ = Spinn xZ2 U(l), and that £ is given by £([u, a]) = 
{(j){u),a2), where 0 : Spinn —>• SO(n) is the canonical 2-fold covering. The complex 
representations of Spin£ are obviously the same as those of Spinn; thus to every Spinc 

manifold is associated a spinor bundle just as is the case for spin manifolds. 
If M is spin, the Levi-Civita connection on PSo(n)M induces a connection on 

the spin structure PsPi„nM, and thus a covariant derivative on EM denoted by V. 
Similarly, if M has a Spinc structure, then every connection form A on PV^M defines 
(together with the Levi-Civita connection of M) a covariant derivative on EM denoted 
by WA. 

Spin structures are special case of Spinc structures, because of the following 

Lemma 2.1. A Spinc structure with trivial auxiliary bundle is canonically identified 
with a spin structure. Moreover, if the connection A of the auxiliary bundle L is flat, 
then under this identification VA corresponds to V on the spinor bundles. 

Proof. Notice that the triviality of the auxiliary bundle implies that we can exhibit 
a global section of U(l) that we shall call a. Denote by PsPinnM the inverse image 
by 6 of Pso(n)M x a. It is straightforward to check that this defines a spin structure 
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on M and that the connection on Pspinc M restricts to the Levi-Civita connection on 
Pspin„M if a can be chosen to be parallel, i.e. if A defines a flat connection. 

Q.E.D. 

Let M be a Spinc manifold with auxiliary connection A. On EM there is a canonical 
hermitian product (.,.), with respect to which the Clifford multiplication by vectors 
(which arises via the Clifford representation) is skew-Hermitian: 

(2.1) (X -tl,,tp) = -(il),X-(p), V I S TM, i/;,<pe EM. 

We now define the Dirac operator as the composition 7 o VA, where 7 denotes the 
Clifford contraction. The Dirac operator can be expressed using a local orthonormal 
frame {ei, • • - , e„} as 

«=i 

Suppose now that (M2m,g,J) is a Kahler manifold. We define the twisted Dirac 
operator D as 

2m 2m 

i=i »=i 

It satisfies 

(2.2) D2 = D2 and DD + DD = 0. 

We also define the complex Dirac operators D± := i (D =p ID), and (2.2) becomes 

(2.3) D2_ = D\ = 0 and D2 = D+D_ + D_D+. 

Consider a local orthonormal frame {Xa,Ya} such that Ya = J(Xa). Then Za = 
\{Xa-iYa) and Z& = \{Xa +iYa) are local frames of Tl>a{M) and Ta'l(M), and D± 

can be expressed as 
m m 

(2.4) D+ = 2YJZa-V
A

z& , Z)_ = 2 £ z a - V l . 
a=\ a=l 

A A;-form UJ acts on EM by 

w ' * : = Yl w ( e * i ' ' - - . e ' J e i i •••••eik • * • 

With respect to this action, the Kahler form O, (defined by fi(X, Y) = g(X, JY)) 
satisfies 

-. 2m .. 2m 
(2.5) ft = _ ^ J ( e . ) . e . = _ _ ^ e . . J ( e . ) . 

j= i t= i 
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For later use let us note that 
m • m . 

(2.6) £z a .2r a = - l f t - ^ , £ z a . z a = l n - ^ , 
a=l a=\ 

where Za and Z& are local frames of T1,0(M) and T 0 ' 1 ^ ) as before. 
The action of fi on EM yields an orthogonal decomposition 

m 

EM = 0 £ r M , 
r=0 

where £ r M is the eigenbundle associated to the eigenvalue ifj,r = i(m — 2r) of fi. If 
we define E_iM = E m + i M = {0}, then 

(2.7) D ± r (E r M) c T(E r±1M). 

3. RELATIONS BETWEEN COMPLEX CONTACT STRUCTURES AND SPINORS 

Let C = {(Ui,u>i)} be a complex contact structure. Then there exists an associated 
holomorphic line subbundle Lc C A1,0(M) with transition functions {Z^1} and local 
sections u>j. It is easy to see that 

V := {Z G T1 '0]^ | w(Z) = 0 ,Vw€ LC} 

is a codimension 1 maximally non-integrable holomorphic sub-bundle of T1,0M, and 
conversely, every such bundle defines a complex contact structure. Condition (iii) in 
Definition 1.1 entails that L*+1 is isomorphic to K, where K = Am,0(M) denotes the 
canonical bundle of M. 

Suppose for a while that k is even, say k = 21. The collection (Ui,uii A (9w,)') 
defines a holomorphic line bundle Li C A2i+1,0M, and from the definition of C we 
easily obtain 

(3.1) U 3* 4+ 1 . 

We now fix some (U,u) 6 C and define a local section tpc of A°'a + 1M ® L£,+1 by 

(3-2) Mu:=\ZT\-2f®ZT, 

where r := wf\{dui)1 and £T is the element corresponding to r through the isomorphism 
(3.1). The fact that ipc does not depend on the element (U,u>) € C shows that it 
actually defines a global section tpc of A°'2;+1M <g> L1^1. 

We now recall ([8], Appendix D) that A°'*M is just the spinor bundle associated 
to the canonical Spinc structure on M, whose auxiliary line bundle is K~l, so that 
A°>*M ® L1^1 is actually the spinor bundle associated to the Spinc structure on M 
with auxiliary bundle L = K~l ® Lf+l) £* L~(2i+1) ® L2

C
{1+1) S Lc. The section i/>c is 

thus a spinor lying in A°'2,+1M ® Lc+1 = E2 i+iM, which shows that 

(3.3) fi • tpc = -iipc-
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The case k = 21 + 1 is similar: the section ipc is defined by the same formulae as 
before, and it lies in A°'2(+1M <g» Ll

c
+l = A°'2(+1M ® K*. Thus in this case ipc is an 

usual spinor on M (see [4]). 
We suppose from now on that M is Kahler-Einstein with positive scalar curvature. 

The manifold M is compact, by Myers' Theorem. By rescaling the metric on M if 
necessary, we can suppose that the scalar curvature of M is equal to 2m(2m + 2), and 
thus the Ricci form p and the Kahler form ft are related by the equality p = (2m+2)Q. 

Proposition 3.1. For k even the spinor field ipc satisfies 

(3.4) Vzipc = 0, VZ € TlfiM 

and 

(3.5) DVc = D_D+^C = {-AR^C - \p-4c), 

and for k odd, say k — 21 + 1 

(3.6) &$c = D-D+$c = !^i{\Wc-ip-$c), 

where R is the scalar curvature of M. In particular (3.4) shows that D-tpc = 0. 

The proof of the first two assertions can be found in [6]. The proof of (3.6) is 
analogous to that of (3.5) (one only has to replace some \ coefficients by |±L coeffi­
cients. Using (3.3), (3.6) and the fact that p = ^Rtt = (81 + 4)0 for k = 21 and 
P = meRn = (8l + 8 ) f i f o r ^ = 2/ + 1, we obtain 

Corollary 3.1. The spinor field ipc is an eigenspinor of D2 with eigenvalue 1QI(1 + 1) 
for k = 21 and with eigenvalue 16(Z -I-1)2 for k = 21 + 1. 

It is now easy to see that for k = 21 + 1 ipc is
 a Kahlerian Killing spinor. Indeed, 

it is enough to use the above corollary and the fact that the scalar curvature of M 
is (due to our normalisation) S = 2m(2m + 2) = (81 + Q)(8l + 8), together with the 
following result from [5] 

Theorem 3.1. (Kirchberg, 1986) Any eigenvalue A of the Dirac operator on a compact 
Kahler spin manifold (M2m, g, J) (m odd) with positive scalar curvature S satisfies 
the inequality 

(3.7) A 2 > ^ ± ^ i n f S . 
4m M 

Moreover, if the equality holds, then every eigenspinor ip corresponding to A is a 
Kahlerian Killing spinor, i.e. satisfies the equation 

(3.8) V x ^ = aX - ip + aJ(X) • $, VX € TM (a = - A ). 

We thus have the 

file:///p-4c
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Corollary 3.2. For k odd, the spinor ipc is a Kahlerian Killing spinor. 

The case k = 21 is somewhat harder, since no analogue of Kirchberg's Theorem is 
known for Spinc manifolds and we have to resort to an "ad-hoc" argument. Let us 
first introduce some notations: 

(3.9) V - : = V-c € r(E2 i + 1M) , V+ := ^ T ^ c e r (S 2 ; + 2M) 

Integrating over M we immediately obtain from Corollary 3.1 

(3.io) 1̂ -11. = ^pkM£>. 

Proposition 3.2. The following relations hold 

(3.11) VzV>- = 0, VZ G TlfiM, 

(3.12) Vz«A_ + Z • V>+ = 0, VZ G T°>lM, 

(3.13) VzV+ = 0, VZ G T 0 ' ^ , 

(3.14) V z ^+ + Z • V>_ = 0, VZ G T l l0M. 

Proof. The first relation is part of Proposition 3.1. In order to prove (3.12), 
let us consider the local frames of Tlfi(M) and T°>l(M) introduced in Section 2: 
Za — \(Xa - iYa) and Z& = \(Xa + iYa), where Ya — J(Xa), and {Xa,Ya} is a 
local orthonormal frame of TM. From (3.11) we find Vz^V- = ^xaip- = iVyQV-i 
so using (2.6) and (3.9) gives 

m 

0 < 5 3 | V Z a ^ - + Za-t/»+|2 

a=l 
m m 77i 

= £ l V * > - ! 2 - 2 K e ^ ( ^ + , Z a • V z ^ _ ) - £(</>+, ^« • Z a • </>+) 
a=l a=l a=l 

= i|V^._|2 - 5Re(V>+,£+</>-) - \tt+, (-in - m)1>+) 

= | | V V - | 2 - (4Z + 4)|V+!2+ |(4Z + 4)|V+|2-

The last expression is by construction a positive function on M, say |F|2 . Inte­
grating over M and using the generalised Lichnerowicz formula ([8], Appendix D), 
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Corollary 3.1 and (3.10), we obtain 

\F\h = ^ ( V V ^ _ , ^ - ) L » - ( 4 / + 4) |^+ | i a + i(4i + 4)|V»+|ia 

= \(&1>- - i j ty_ + l ^ l I p . ^ _ , ^ _ ) i 2 - (2/ + 2 ) | ^ + | | 2 

thus proving that F = 0 and consequently (3.12). To check the last two equations 
one has to make use of the operator D. From D~ip- = 0 we find 

(3.15) 0 = 4 ^ 4 ^ - = £+V>+, 

and so 

(3.16) £></>+ = -iDi/)+. 

Let us choose a local orthonormal frame e<; using (2.1), (2.5), (3.9) and (3.16) we 
compute 

n 1 

0 < ^ | V e . V + + - ( e j - i J ( e j ) ) - ^ _ | 2 

= \Vi>+\2-Me((D + iD)i>+,^) 
1 " 

~4 X)((ej +iJ(ej)) • (e^ - *J(e,)) • V-.V'-) 

= |VV-+I2 - 23?e(£ty+, V-) + ((m - ifi) • ^ - , ^ - ) 

Just as before, we compute the integral over M of the positive function \G\2, namely 

\G\l* = \ViP+\l, - 4l\^\2
L2 

12 A* , , , , -n (8/ + 2)(8/ + 4) i-3i{8l + 4) 
= | ^ + | | 2 ^16Z(J + 1) - ^ ^ ^ + - 2) + 1 ' - 4(1 + 1)J = 0, 

thus proving G = 0. Consequently Vx^+ + \{X - U{X)) • ^_ = 0 for all X € TM, 
which is equivalent to (3.13) and (3.14). 

Q.E.D. 

The above proposition motivates the following 
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Definition 3.1. A section ip of the spinor bundle of a given Spinc structure on a Kahler 
manifold (M8l+2,g, J) satisfying 

(3.17) V$4>=^X-tl> + ±JX-$, VX€TM 

is called a Kahlerian Killing spinor. 

Denning if; := ip+ — ^_ we immediately obtain the 

Corollary 3.3. Let C be a complex contact structure on a Kahler-Einstein manifold 
(M8l+2,g,J). Then the Spinc structure on M with auxiliary bundle Lc carries a 
Kahlerian Killing spinor V € r(E2/+iM © E2/+2M). 

4. T H E CLASSIFICATION OF POSITIVE KAHLER-EINSTEIN CONTACT MANIFOLDS 

Let us first recall the following results from the theory of projectable spinors: 

Theorem 4.1. ([W]) Let M be a compact Kahler manifold of positive scalar curvature 
and complex dimension Al + 3. If EM carries a Kahlerian Killing spinor, then the 
principal U(l) bundle M associated to any maximal root of the canonical bundle of 
M admits a canonical spin structure carrying Killing spinors. 

Theorem 4.2. f|12]j Let M be a compact Kahler manifold of positive scalar curvature 
and complex dimension 4Z + 1 such that there exists a Spinc structure on M with 
auxiliary bundle L and spinor bundle EM satisfying Z,®^1) ^ A4'+1<°M. If EM 
carries a Kahlerian Killing spinor ip e r (E 2 ; + i M © E2/+2M), then the principal U(l) 
bundle M associated to any maximal root of the canonical bundle of M admits a 
canonical spin structure carrying Killing spinors. 

We are now able to give the classification of positive Kahler-Einstein contact man­
ifolds: 

Theorem 4.3. The only Kahler-Einstein manifolds of positive scalar curvature ad­
mitting a complex contact structure are the twistor spaces of quaternionic Kahler 
manifolds of positive scalar curvature. 

The notion of the twistor space over a quaternionic Kahler manifold was introduced 
by S. Salamon in [13], where he proves that these twistor spaces all admit Kahler-
Einstein metrics and complex contact structures. Our Theorem 4.3 is thus a converse 
of Salamon's result, and it should be noted that it was also recently proved by C. 
LeBrun [9] using rather different methods. 
Proof of Theorem 4.3. Let Mik+2 be a positive Kahler-Einstein contact manifold 
and let M be the principal U(l) bundle associated to any maximal root of the canon­
ical bundle of M. From Corollaries 3.2 and 3.3 and Theorems 4.1 and 4.2 we deduce 
that M carries a projectable Killing spinor i\). This spinor then induces a parallel 
spinor * on the cone CM over M, which is a Kahler manifold (cf. [1], [10], [12]). 
Moreover, using the projectability of ip we can compute the action of the Kahler form 



282 ANDREI MOROIANU 

of CM on ^ (see [10]) and obtain that * € EA+1CM. Prom C. Bar's classifica­
tion [1] we know that the restricted holonomy group of CM is one of the following: 
SU(2/c + 2), Sp(fc + 1) or 0. The fixed points of the spin representation of SU(2fc + 2) 
lie in E0 and £2fc+2, so since W is a parallel spinor in T,k+iCM, the restricted holonomy 
group of CM cannot be equal to SU(2/c + 2). This implies that the universal covering 
of CM is hyperkahler, and thus that the universal covering of M is 3-Sasakian (see 
[1]). Actually, using the Gysin exact sequence we can easily deduce that M is simply 
connected (see [2], p.85). On the other hand, the unit vertical vector field V on M 
defines a Sasakian structure (see[2]) and it is well known that any Sasakian structure 
on a 3-Sasakian manifold Pik~l of non-constant sectional curvature belongs to the 
2-sphere of Sasakian structures. Indeed, the cone CP over P has restricted holonomy 
Sp(fc), and since the centralizer of Sp(/c) in U(2&) is just Sp(l), every Kahler structure 
on CP must belong to the 2-sphere of Kahler structures of CP, which is equivalent 
to our statement. 

Now, M is regular in the direction of V, so an old result of Tanno implies that it 
is actually a regular 3-Sasakian manifold (cf. [14]). It is then well known that the 
quotient of M by the corresponding SO (3) action is a quaternionic Kahler manifold of 
positive scalar curvature, say N, and that the twistor space over N is biholomorphic 
to the quotient of M by each of the S1 actions given by the Sasakian vector fields, so 
in particular to M, which is the quotient of M by the Sl action generated by V. 
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GENERALIZED ADHM-CONSTRUCTION ON WOLF SPACES 

YASUYUKI NAGATOMO 

1. Introduction 

On 4n-dimensional quaternion-Kahler manifolds, self-dual (SD) connections can 
be denned, which is the same as self-dual connections in 4-dimensional Riemannian 
geometry in the case n = 1. 

However the situation in higher dimensionl case is quite different. For example, 
there exists "rank 2" vector bundles with an ASD connection on 4-dimensional sphere 
S4 = HP1 , which is one of conclusions from ADHM-construction. On the contrary, 
algebraic geometers believe that there do not exist any indecomposable "rank 2" 
holomorphic vector bundles on 5-dimensional complex projective sapce C.P5 which is 
the Salamon twistor space of HP2 . Hence it is conjectured that we have no "rank 
2" ASD bundle on HP2 . In general, the lack of low-rank holomorphic vector bundles 
on higher dimensional Kahler manifolds prevented us from finding concrete examples 
of ASD bundles on higher dimensional quaternion-Kahler manifolds via the twistor 
theory. 

It is natural that we try to generalize ADHM-construction, when intending to con­
struct some ASD bundles on higher-dimensional quaternionic projective spaces, be­
cause so called ADHM-data is comprised of finite dimensional vector spaces and linear 
maps between them with some conditions [4, p.97]. Indeed, this approach is adopted 
by Mamone Capria and Salamon [10]. (These "fc-instantons" in higher dimensional 
case can be classified via vanishing theorems ([11] and [9].)) As examples independent 
of ASD bundles on 4-dimensional manifolds, Mamone Capria and Salamon found that 
the well known Horrocks bundle (rank "3"!) on CP5 can be obtained as the pull-back 
bundle of an anti-self-dual bundle on HP2 [10]. They also showed that there exists a 
rank 3 ASD homogeneous vector bundle on G2/SO(4). These were the only known 
concrete examples of anti-self-dual bundles on higher-dimensional quaternion-Kahler 
manifolds until 1990. 

In my talk, these ASD bundles are reinterpreted from representation theory of 
compact Lie groups (and complexified Lie groups of them). The method of monad 
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(or ADHM-construction) is generalized to the Wolf spaces from the viewpoint of rep­
resentation theory. The purpose of my talk is to give classification of irreducible ho­
mogeneous bundles with ASD canonical connections and construct non-homogeneous 
ASD connections on the Wolf spaces. We will obtain many examples of ASD bundles 
systematically, which include all the examples provided by Mamone Capria and Sala-
mon. Secondly, the moduli spaces of such connections are described via the theory of 
monad and the Bott-Borel-Weil theorem. Finally, we focus attention on the boundary 
of the moduli spaces. Such a boundary point represents an ASD-connection "with 
a singular set". The relation between such a singular set and a vector bundle on 
which a singular ASD connection is defined will be understood through the Poincare 
duality. 

2. PRELIMINARIES 

• The Wolf spaces and the Salamon twistor spaces 

Theorem 2.1. [19] For every complex simple Lie group, there exists only one compact 
quaternion symmetric space. (These compact quaternion symmetric sapces are called 
the Wolf spaces.) 

Example. typeAn+l = Gr2(C
n+2), typeC„+1 = HP". 

In particular, we have only two 4-dimensional compact quaternion symmetric space 

type A2 = Gr2 (C
3) = CP2 , type C2 = HP1 = S* 

Theorem 2.2. [7] A compact 4-dimensional manifold of which the twistor space admits 
a Kahler metric is conformally equivalent to CP2 or S4 with a standard metric. 

Let Z be the Salamon twistor space. (In the 4-dimensional case, Z is the Penrose 
twistor space.) 

Theorem 2.3. [18] The total space of the twistor space Z has a natural complex 
structure and so, Z is a complex manifold whose dimension is In + 1. The fibre of Z 
is a complex submanifold and is holomorphically isomorphic to CP1 . 

Example. 

£p2n+l p2n+l 

HP" Gr2(C"+2) 
5(1/(1) x U(n) x £/(!)) 

• ASD-connection 
We shall treat metric connections on a complex vector bundle E equipped with a 

Hermitian metric h over a quaternion-Kahler manifold M. 
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Definition. [6, 10, 16] A connection V is called anti-self-dual(ASD) 

4 4 RV(IX, IY) = RV{JX, JY) = RV(KX, KY) = RV{X, Y), 
for all x G M and all X, Y G TXM, 

where Ry is the curvature of V, which is regarded as End E valued 2-form on M. 
A vector bundle with an ASD connection is called ASD bundle or instanton 

(bundle). 

Theorem 2.4. [6, 10, 16] Any ASD connection is a Yang-Mills connection. 

Remark. Moreover, if M is compact, then ASD connection minimizes the Yang-Mills 
functional [6, 10]. 

Example. 4-dimensional case 
• ADHM-construction (Atiyah-Drinfeld-Hitchin-Manin) 
All instanton bundles on 5 4 are classified by the twistor method (for example, see 
[1, 5])-
• All instanton bundles on CP2 are also classified in a similar way by Buchdahl [3]. 

Remark. Before 1990, in the higher-dimensional case, concrete examples of vector 
bundles with ASD connections had not known except examples presented by Mamone 
Capria and Salamon [10]. 

The twistor method in the examples is explained in the next theorem, originated 
with Atiyah, Hitchin and Singer. 

Theorem 2.5. [2, 10, 16] The pull-back connection of an ASD connection induces a 
holomorphic structure on the pull-back bundle on the twistor space Z, and so the 
pull-back bundle is a holomorphic vector bundle on Z. 

3. HOMOGENEOUS ASD BUNDLES 

By ADHM-construction [1, 5] and Buchdahl [3], the standard ASD bundles with 
c<i = 1 on 5 4 and CP2 are homogeneous bundles with canonical connections. In this 
section, we determine irreducible homogeneous vector bundles with ASD canonical 
connections in terms of weights. 

Definition. 

g€ : complex simple Lie algebra B : the Killing form of g c 

9 : maximal root / : the set of integral weights 

Definition, f : I —• Z 
/(A) = P(A,flv) (AG J) 

where, 0V is the co-root of 6. (0V = 26/B{9,9).) 
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Notation 

E(X) :=the irreducible representation space of g c 

has (—A) as an extremal weight 

^ ( A ) :=the irreducible representation space of p 

has (—A) as an extremal weight 

where, p C flc: parabolic subalgebra. 

Gc : simply connected Lie group whose Lie algebra is gc 

Q : a compact real form of g c 

G : the corresponding compact simply connected Lie group to g 

G/Ki : compact quaternion symmetric space 

G/Kz '• the twistor space 

Remark. Since the twistor space G/Kz is a compact simply connected homogeneous 
Kahler manifold, we can also express the twistor space using a complex simply con­
nected Lie group Gc. Then the twistor space is denoted by Gc/P, where P is the 
corresponding parabolic subgroup of Gc . 

Definition. Op(X) = Gc x f EP(X) : irreducible homogeneous holomorphic vector 
bundle on the twistor space Gc/P. 

We have the classification theorem for ASD irreducible homogeneous vector bun­
dles. 

Theorem 3.1. [12] Let E be an irreducible homogeneous bundle over G/KA of which 
the canonical connection is ASD. Then, there exists an integral weight A with /(A) = 0 
such that Op(X) is the pull-back bundle of E on the twistor space G/Kz- Conversely, 
if an integral weight A satisfies /(A) = 0, an irreducible homogeneous holomorphic 
bundle Op(X) on G/Kz is the pull-back 

of an ASD homogeneous bundle on G/K4. 

4. MONAD AND REPRESENTATION THEORY 

In this section, we show that a dominant integral weight induces a monad of vector 
bundles on the twistor space of which the cohomology bundle is the pull-back of an 
ASD bundle. 

Definition. (cf.[17]) A "monad" is a complex of vector bundles 

with homomorphisms a and b between them, such that a is injective and b is surjective. 
The quotient bundle 

E = Kevb/Ima 
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is called the cohomology of the monad. 

Let W be the Weyl group of QC and w° be the longest element of W. 

• The unified construction of monad 
1. We take an irreducible representation space E(X) of Gc, where A is a dominant 

integral weight. 
2. Restrict the homomorphism Gc —> End E(X) to P, then we have a complex of 

representation spaces: 

Ep(w°X) — U E(X) —=-»• EP(X) 

where, i:injection, 7r:surjection, it o i = 0 and 
i, 7r: P-equi variant homomorphism. 
We call this complex a monad of representation. 

3. A complex of representation spaces yields a monad of vector bundles. 

Op(w°X) —^-> Gc/P x E{X) — ^ Op(A), 

where, 
a([ff. e]) = ([5], 5*(e)) and /?([#], u) = [5, ir(g~lu)], 

g£Gc,e€ Ep{w°X)andu € E(X). 

Example. • If we take the dominant integral weight mi of Cn+\ (HP"), then we have 

0p(i/>°roi) ^-^ Efa) - ^ Op(o7i), 

where, E{w\) = Gc/P x E'(roi). In the case n = 1, this is nothing but a monad 
for 1-instanton bundle which is presented by ADHM-construction [1]: (In higher 
dimensional case, see [10] and [9].) 

0{-l) ^-^ Efa) — -̂> 0(1). 

• If we take two dominant integral weights w\ and wn of An+1 (Gr2(Cn+2)), then we 
have 

Of(w°m) © Op(w°zun) ^ ^ Ejzm) 0 E{wn) ^ U Op{wx) @ Op{wn). 

In the case n = 1, this is nothing but a monad for 1-instanton bundle which is 
presented by Buchdahl [3]. (In higher dimensional case, see [15].) 

O ( 0 , - l ) e O ( - l , 0 ) - = - » Efa) 0 E(wn) - ^ O( l ,0 )©O(0 , l ) , 

Definition. A monad of vector bundles on G€/P obtained in the above way is called 
the standard monad induced by X. 

Theorem 4.1. For an integral dominant weight A, the following two conditions are 
equivalent: 

1. /(A) = 1. 
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2. The cohomology bundle of the standard monad induced by A is the pull-back of 
an ASD bundle on G/K4. 

In the next section, we apply this method on the Wolf spaces of type B,D,E,F 
and G. 

5. MODULI SPACES 

^,Prom now on, we pick up the dominant integral weights (or the corresponding 
irreducible representation spaces) of Gc: 

E$ 

E{VJX) © E(wn), Bn : E(wn), Cn : E{wi), 

E(mn_i) © E(wn), E(m) © E{wn_i), E{wx) ® E(wn), 

E{wi) © E(m), FA : E{wi), G2 : E{VJX). 

These dominant integral weights (say, A) which we choose satisfy /(A) = 1. As 
in the previous section, we obtain the standard monad of vector bundles. We de­
scribe moduli spaces of ASD bundles, which are obtained by deforming vector bundle 
homomorphisms a and /3 of the standard monad. 

• Description of moduli 
For simplicity, we restrict ourselves to the case that the weight which we pick up 

is w\ of type Cn. 

Ov{w°w{) - J ^ Ejzo,) - ^ Op{w{), 

1. Applying the Bott-Borel-Weil theorem: 
we have the identification as the G-representation spaces such that 

#°(Hom(<Dp(wV), E(w{))) ^ End E(w{), 

H°(Hom(JB(tJ71), Op(t!7i), )) S End#(a7i). 

Hence a and (5 are identified with A G EndE(zui) and B e End-E(roi), respec­
tively. 

2 . ^ o a = 0 » M e C f f l E(w2) C End E{wi) 
3. a:injection, /3:surjection(non-degeneracy condition) •& det BA ^ 0 
4. the cohomology bundles are the pull-back of some ASD bundles (reality condi­

tion) «=>• B = A* 

As a result, we obtain the following. 

Theorem 5.1. [12] The moduli spaces are identified with the following spaces, respec­
tively. 

• Table 5.1 (The moduli spaces of "1-instanton bundles") 
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base spaces 
An 

B„ 

Cn 

Dn 

E6 

Fi 

G2 

rep. spaces 
E(wx) © E{wn) 

E{wn) 

E{VJX) 

E(wn-i) © E(wn) 

E{VJX) © £(tJ7„_i) 

E{wx) © E{wn) 

E{w{) © E{w&) 

E{wA) 

E{m) 

moduli space 
an open cone over P(E(w2)) 

an open ball in E(wi)K 

an open ball in E{w2)
K 

an open cone over F(E(wi)) 

an open cone over F(E(w„^i)) 

an open cone over P(E(wn)) 

an open cone over P(E(wi)) 

an open ball in E(vo4,)K 

an open ball in E(wi)M 

where, for example, E(wi)R denotes the real representation space of G in E(wi). 

Remark. In the case of A2 (Gr2(C3) = CP2), the moduli space is an open cone over 
P(£(tJ72)) = P(C3) ^ CP2 . In the case of C2 (HP1 £< 54), the moduli space is an 
open ball in E{w2)

u = K5. These are well known moduli spaces of 1-instantons. 

Remark. In the case of type G2 (G2/SO(4)), "the center" of the moduli space repre­
sents the canonical ASD connection which is found by Mamone Capria and Salamon 
[10]. 

On the complex Grassmannian manifold Gr2(C"+2) (the Wolf space of type Ai+i), 
we obtain another type of ASD bundles in a slightly different way. However these 
ASD bundles are also 1-instantons in the case n = 1 (CP2). 

Theorem 5.2. [13] The moduli space is identified with an open cone over P(E(zui)) = 
(Qpn+l 

Finally, we introduce generalized Horrocks bundles on odd-dimensional complex 
projective spaces. 

Theorem 5.3. [12] On CP 2 n + 1 (n ^ 2), we have a monad of the following type: 

O(-l) —• Of(-m + wn+1) —• 0(1), 

and the cohomology bundle of this monad is the pull-back of an anti-self-dual bundle 
on HP™. In particular, in the case of n = 2, this cohomology bundle is the well known 
Horrocks bundle on CP5 [8, 10]. 
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6. SINGULAR SETS 

In our geometric description in §5, obvious compactifications are suggested, (though 
we do not explicitly refer to the topology of the moduli spaces.) 

For simplicity, we explain our theorem in the case of 1-instanton bundle E on the 
Wolf space of type B3 (Gr4(R7)~). In our description of moduli by monad, the bound­
ary point of the moduli space represents bundle homomorphisms a : Op(w0w3) —> 
E(w3) and b : E{w3) -» Op (w3) which are not injective and surjective, respectively. 
We fix G-invariant Hermitian metrics on the homogeneous bundles Op(w0w3) and 
Of(rus). Using Hermitian metrics and bundle homomorphisms a and b, we obtain a 
bundle homomorphism 

B := a" © b : E{w3) -+ Op(w0va3) © Op{w3). 

Because of the reality condition (B = A*) in §5, a bundle homomorphism B pushed 
down to Gr4(R7)~. The subset S in Gr4(]R

7)~ is defined: 

5 := Ix e Gr4QR7)~ Bx : E(w3) ->• Ov(wQw3)x © Op(w3)x is not surjective}. 

The subset S is called singular set. 

Theorem 6.1. • The restricted bundle KerS to Gr4(R7)~ \ S is still an ASD bundle. 
• The singular set S is a quaternion submanifold Gr2(C4) C Gr4(R7)~. 
• The Poincare dual of S is the second Chern class c2(E). 
• In some sense, on the singular set S, E\s is identified with the standard 1-instanton 
bundle on Gr2(C4) which corresponds to the vertex of the moduli space (see Table 
5.1). 

• Table 6.1 (Singular set) 

base spaces 
(l)Gr2(e+*) 

(2)Gr2(C+a) 

Gr4(R')~ 

HP" 

G2/SO(4) 

singular set 
lpoint, HP1 , •--, 

HPlfl 

Gr2(C
n+L) 

Gr2(C4) 

lpoint, HP1 , - - ^ H P " - 1 

CP2 

Poincare dual 
C2n(E), C2n~2(E), ••-, 

cn(£')(n:even), cn+1(E)(n:odd) 

02(E) 

02(E) 

c2n(E), c2n_2{E), •••,c2(E) 

02(E) 

where [m] is the greatest integer not greater than m. 
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5p(l)"-INVARIANT QUATERNIONIC KAHLER METRIC 

TAKASHI NITTA AND TADASHI TANIGUCHI 

We study 5p(l)"-invariant hyperKahler or quaternionic Kahler manifolds of real 
dimension An. In the case of n = 1, Hitchin classified these kinds of metrics associated 
with special functions. They are written as 

3 

g = dt2 + Y,fi(t)°? on RxSp(l), 
«=i 

where oi, a2, 03 are canonical 1-forms associated with i,j,k € sp(l). We obtain a 
generalization of the Hitchin's result ([2]). 

Theorem 0.1. Let H be the Hamilton's quaternion number field K + Mi + Rj + Rk. 
Then EP has a natural quaternionic structure / , J, K induced by the action of i, j , k. 
Since H\{0} is diffeomorphic to Kx Sp(l) canonically, (H\{0})" is diffeomorphic to 
R" x (Sp(l))n. We denote the coordinate of IK" by (tlf t2,.. •, tn). Let a Riemannian 
metric g be written as 

n 3 

9 = X ) ( ^ + 1 2 &(*!• *2, • • •, u4)> 
t = l 3=1 

where era, cri2, <Ja are canonical 1-forms associated with i,j,k £ sp(l). Then we 
obtain the following: 
(i) If g is hyperKahlerian with respect to the quaternionic structure / , J, K, then 
each fij{ti,t2, •-.,£«) depend only on ij. Hence the Riemannian metric is an n-times 
product of hyperKahler metric obtained by Hitchin. 
(ii) If g is quaternionic Kahlerian with respect to the quaternionic structure K + R / + 
M.J + MX, then g is hyperKahlerian. 

By Hitchin, the coefficient functions /y satisfy 

;#T Jil = 2/j2/i3, 

' df{fi2 = 2/j3/ji, 

i^~/«3 = 2/ji/j2-
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These equations imply the first integral 

{ fil — fi2 = 0>i, 

fil — fiZ = h, 

where at, bi are constant. Associated to {at ^ 0,6, ^ 0), (a* = 0,6, / 0) and 
(aj — 0, bi = 0), the metric is the type of Belinski-Gibbons-Page-Pope metric, Eguchi-
Hanson metric and conformally flat metric. 

One of our backgrounds is a natural metric on a moduli space of self-dual connec­
tions on H. It coincides to a framed moduli space of self-dual connections on S4. 
The quaternionic Kahler manifold H has an isometry Sp(l) • Sp(l), that acts on the 
framed moduli space M-k on a Hermitian vector bundle V of rank 2 with the second 
Chern class k. 

Mk = {V : self — dual connection on V, C2{V) = k}/gauge group. 

The tangent space of M.k is represented as the first cohomology of the following 
elliptic complex: 

0 —> End{V) A End(V) <8> T*R4 p r -^ f End{V) ® A_ —• 0 

where /\2 T*K4 is decomposed into the self-dual part f\+ and the anti-self-dual part 
/\_, pr_ : f\ T*R4 —v f\_ is the natural projection. The tangent space of the 
moduli space is represented as a subset of End(V)-valued 1-forms. The L2-metric of 
End(V)-valued 1-forms induces a Riemannian metric on the moduli space A\k 

(a,P)= [ tr(aA/3). 

Furthermore the quaternionic structure / , J, K induces a hyperKahlerian structure 
with respect to the Riemannian metric. It is known that the dimension of Mk is 8k. 
These are represented as elements of 

MM + 1(H) = {(A,B)\A G MM(H), B G MM(H)} 

by the A.D.H.M. construction. We denote 

< * + i ( H ) = {{A,B)\(A,B) G MM + 1(H), tr(B) = 0}. 
It corresponds to a hyperKahler submanifold in A4k, whose dimension is equal to 
8fc - 4. We denote it by M°k. The conformal group (Sp(l) x Sp(l))/Z2 x R+ x H on 
Et and the gauge group Sp(l)/Z2 at the infinity act on M%. 

i- {q,p) 6 (Sp(l) x 5p(l))/Z2 ) x ^ qxp-1 {A,B) ^ {Ap,qBp), 
ii. A G R+, x^-\x (A, B) i->- (XA, XB), 

iii. a G H, a; i-»- a; - a (4, S) (->• (A, S + aid), 
iv. r G 5p(l)/Z2 , (A S) ^ (rA, S) . 

We denote vector fields generated from the action i, ii by Vi(X), V2{a). Then the 
norms of V\(X), V-^a) are constant on each orbit. 
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Proposition . 

3 

ll^2(a) II2 = YlC2iJaiai> 

where C\, C2 are constant, a = ao + iai + ja2 + ka^. 

The Sp(l) x R+ acts on M°k. The reduced space f(M°k) is known to be quaternionic 
Kahlerian ([1]). These are not smooth manifolds, they have singularities. Now in the 
case k = 2, M.\ and PtA^) are examples that are hyperKahler or quaternionic 
Kahler space of dimension 4n with 5p(l)n-symmetry. In fact M.\ is a hyperKahler 
space of dimension 3 x 4 with (Sp(l) x Sp(l))/Z2 x Sp(l)/Z2-symmetry and P(.M2) is 
a quaternionic Kahler space of dimension 2 x 4 with Sp(l)/Z2 x 5p(l)/Z2-symmetry. 
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BRANE SOLITONS AND HYPERCOMPLEX STRUCTURES 

G. PAPADOPOULOS 

ABSTRACT. The investigation of strings and M-theory involves the understanding 
of various BPS solitons which in a certain approximation can be thought of as 
solutions of ten- and eleven-dimensional supergravity theories. These solitons have 
a brane or a intersecting brane interpretation, saturate a bound and are associated 
with parallel spinors with respect to a connection of the spin bundle of spacetime. 
A class of intersecting brane configurations is examined and it is shown that the 
geometry of spacetime is hyper-Kahler with torsion. A relation between these hyper-
Kahler geometries with torsion and quaternionic calibrations is also demonstrated. 

1. INTRODUCTION 

The main achievement in theoretical physics the past few years is the realization 
that all five string theories [1] are related amongst themselves and that are limits 
of a another theory which has been called M-theory [2, 3]. The precise nature of 
M-theory remains a mystery but by now an impressive amount of evidence has been 
gather which point to its existence. Most of these arise from investigating the low 
energy approximation of strings and M-theory which are described by ten- and eleven-
dimensional supergravities, respectively; see however [4]. The use of supergravity the­
ories in this context is two-fold. First, the conjectured duality symmetries of string 
theories are discrete subgroups of the continuous duality symmetries of the field equa­
tions of supergravity theories [5]. Second, the supergravity theories admit solutions 
which have the interpretation of extended objects embedded in the spacetime, called 
branes, which are the BPS solitons of strings and M-theory.. A consequence of their 
BPS property is that branes are stable under deformations of the various parameters 
of the theories, like for example coupling constants. Because of this, they can be used 
to compare the various limits of M-theory and thus establish the relations amongst the 
various string theories. Extrapolating from the properties of eleven-dimensional and 
ten-dimensional supergravities, M-theory is thought to have the following essential 
ingredients: 

• A low energy description in terms of the eleven-dimensional supergravity, 
• M-2- and M-5-branes, and 
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• limits that describe all five string theories in ten dimensions. 
The solutions of supergravity theories with a brane interpretation have some com­

mon properties. The associate spacetime of a p-brane has an asymptotic region 
isometric to R^1'^ x R™, where, viewing the p-brane as a (p+l)-dimensional subman-
ifold of spacetime, R'1,p) and R" are identified with the worldvolume and transverse 
directions of the p-brane, respectively; (p+ri) is equal either to nine (string theory) or 
to ten (M-theory). In the above asymptotic region a mass m and a charge q per unit 
W C R*1'̂  volume is defined, i.e m and q are energy and charge densities, respec­
tively. Then using the properties of supergravity theory, a bound can be established 
[6] as 

m > a \q\ , 

where for string theory branes a depends on the string coupling constant A. The 
precise dependence of a distinguishes between the various types of branes as follows: 
a ~ A0 for fundamental strings, a ~ A-1 for Dirichlet branes or D-branes for short 
and a ~ A-2 for Neveu-Schwarz 5-branes or NS-5-branes for short. The solutions 
that are of interest are those that saturate the above bound leading to BPS type 
configurations. BPS configurations are associated with parallel spinors with respect 
to a connection which occurs naturally in supergravity theories. The BPS branes of 
strings and M-theory admit sixteen parallel spinors. Apart from the stability of these 
BPS solutions that has already been mentioned above, superposition rules have been 
found that allow to combine two or more such solutions and construct new ones [7]. 
The solutions that arise from superpositions of BPS branes also admit parallel spinors 
which typically are less than those of the branes involved in the superposition. 

In this paper, the geometry of a class of BPS brane solutions of supergravity theories 
and that of their superpositions will be described. I shall begin with a description 
of BPS M-2-brane [8] and M-5-brane [9] solutions of eleven-dimensional supergravity 
[10]. Then I shall explain the connection between BPS solutions and parallel spinors. 
I shall continue with the NS-5-brane solution of type II ten-dimensional supergravity 
theories [11] and show that the geometry of this solution is hyper-Kahler with torsion 
(HKT). Then I shall explore the various superpositions of NS-5-branes and I shall 
demonstrate that these superpositions are related to the quaternionic calibrations in 
R8 [12]. I shall interpret these superpositions as intersecting NS-5-branes and I shall 
show that the geometry of these solutions is again HKT. Most of these results have 
appeared in [13, 14]. Finally, I shall state my conclusions. 

2. ELEVEN-DIMENSIONAL SUPERGRAVITY 

I shall not attempt to give a full description of eleven-dimensional supergravity. 
This can be found in the original paper of Cremmer, Julia and Scherk who constructed 
the theory [10]. Here I shall only emphasize some aspects of the geometric structure of 
the theory. In field theoretic terms, the theory describes the dynamics of the graviton 
g, a three-form gauge potential A and a gravitino ip. The latter is a spinor-valued 
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one-form which does not enter in the analysis below and so it will be neglected in 
what follows. Geometrically, let (N; g, F, V) be an eleven-dimensional spin manifold 
N of signature (—,+,.. . , +) equipped with a metric g, a closed four-form F, locally 
F — dA, and a connection V. In the physics literature V is called superconnection 
and 

V : C°°(S)->n1{N)®Cao{S), 

where S is the spin bundle over N and rank (5) = 32. This connection can be written 
as 

V = D + T(F) , 

D is the connection of S induced from the Levi-Civita connection of the metric g and 

TM{F)dxM = -±-AFNPQR{TM
N^R - 85N

MFpQR)dxM , 

where {rM ; M = 0 , . . . , 10} is a basis in the Clifford algebra Clif (1,10) and 
FM1M2-Mn = r[M i rM2 . . . rM„] T h e dynamics of the theory is described1 by the 
action 

S = J dnx ^\fetg~\(R(g) - 2|F|2) - ±A A F A F , 

where R(g) is the Ricci scalar of the metric g and the norm of F is taken with respect 
to g. The above action consists from the Einstein-Hilbert term, the standard kinetic 
term for F and a Chern-Simons term, respectively. The equations of the fields g and 
A can be derived by varying the above action. 

There are two classes of solutions to the field equations depending on whether 
or not F = 0. If F = 0, then the field equations imply that the Ricci tensor of 
g vanishes. Therefore a large class of solutions is Rf1'10-™) x Mn, where Mn is a 
manifold of appropriate special holonomy, i.e SU(k), k = 2,3,4 (n = 2k); Sp(2) 
(n = 8); G2 (n = 7); Spin(7) (n = 8). Such solutions admit parallel spinors and have 
found application in the various compactifications of M-theory [15]. The other class of 
solutions is that for which F ^ 0. For such solutions to have a brane interpretation, it 
is required that they have an asymptotic region which is isometric to either M(1,2) x R8 

or R(1'5) x M5. The former asymptotic behaviour is that of M-2-brane while the latter 
is that of M-5-brane. Then after imposing appropriate decaying conditions on the 
fields as they approach these asymptotic regions, the charges per unit volume of the 
M-2- and M-5-branes can be defined as follows: 

92 = f (*F-AAF), 

lThe conventions for forms are as follows: w = 1jUau.,.tapdxai A ••• A dxa", |u>|2 = 

js.Ua, apwa i a" and **w = - ( - l ) p < n " p ' w , where * is the Hodge star operation and n = 11 
in the present case. 
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where S ' c l 8 , and 

06= f F, 
Js* 

where S4 C R5, respectively. Then adapting the positive mass theorem of general 
relativity to this case, the bounds can be established, 

m2 > a2\q2\ 

or 
m5 > a5\q5\ , 

where 1712 and 7715 are the M-2-brane and M-5-brane masses per unit volume, respec­
tively. The manifolds that saturate those bounds admit sixteen parallel spinors with 
respect to the connection V. 

To be specific, the BPS M-2-brane solution [8] is 

ds2 = h*{h-lds\R^) + ds2(R8)) 

where 
h 1 _L q2 

\y\6 

is a harmonic function on R8, y € R8, the Hodge star operation on F is with respect 
to the metric g on N and the Hodge star operation on dh is with respect to the 
flat metric on R8. The M-2-brane is located at y = 0. There are two asymptotic 
regions. One is as \y\ —> 00, where the spacetime N becomes isometric to R^1,2) x R8 

as expected. The other is as \y\ —> 0 in which case N becomes isometric to AdS^ x S7; 
AdS± is a Minkowski signature analogue of the standard hyperbolic four-manifold. It 
turns out though that the BPS membrane solution develops a singularity behind the 
AdSi x S7 region. 

The BPS M-5-brane solution [9] is 

ds2 = hi (h-lds2(Ml<V) + ds2(K5)) 
F =T\*dh, 

where 
u 1 , I* 

\y\3 

is a harmonic function on ]R5, y £ R5 and the Hodge star operation on dh is with 
respect to the fiat metric on R5. The M-5-brane is located at y — 0. There are 
also two asymptotic regions in this case. One is as \y\ —>• 00 where the spacetime N 
becomes isometric to R^1'5' x R5 as expected. The other is as \y\ —> 0 in which case 
N becomes isometric to AdS? x S4; AdSj is a Minkowski signature analogue of the 
standard hyperbolic seven-manifold. The BPS M-5-brane solution is not singular. 

Despite much progress in constructing solutions of eleven-dimensional supergravity 
which admit parallel spinors, there is no systematic way to tackle the problem of 
constructing solutions of the theory with any number of parallel spinors. Of course 
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this is related to understanding the properties of the connection V. To give an 
example of the subtleties involved, let us consider the case of solutions with thirty 
two parallel spinors which is the maximal number possible. A straightforward example 
of a such spacetime is the Minkowski N = R^1'10) space with vanishing F. However, 
this is not all. There are two more cases, N = AdSi x S7 with F the volume form of 
AdSi and N = AdS7 x S4 with F the volume form of S4. 

A related and still unresolved problem is to construct localized solutions of eleven-
dimensional supergravity theory with the interpretation of intersecting M-2- and M-5-
branes. In particular consistency of the M-theory picture suggests that there should 
be a solution that has the interpretation of a M-2-brane ending orthogonally on a 
M-5-brane associated with eight parallel spinors. No such solution has been found so 
far; For a recent discussion of this see [16]. Other BPS solutions involving M-5-branes 
and M-2-branes have been found though, like a solution which has the interpretation 
of a M-2-brane 'passing through' a M-5-brane [17]. 

3. T Y P E IIA STRINGS 

A geometric insight into the properties of the connection V of eleven-dimensional 
supergravity can be given after reducing M-theory to type IIA string theory. It turns 
out that in a sector of the supergravity theory associated with type IIA strings, IIA 
supergravity, the connection V of the spin bundle is induced from certain connections 
with torsion of the tangent bundle of spacetime. 

For this consider the eleven-dimensional spacetime N = S1 x M with 

, , , v ds2{N) =eis4>d02 + e-l'l>ds2{M) 
{6 ] F =d6AH, 

where 9 is the angle which parameterizes the circle of radius r. It is assumed that 
the vector field X = ^ is an isometry of N which leaves in addition F invariant. In 
field theoretic terms, the metric 7 in ds2(M) describes the graviton in ten dimensions, 
the closed three-form H is the NS<8>NS form field strength and <j> is the dilaton; 7, H 
and <j> are the so called common sector fields of string theory. The IIA supergravity 
has additional fields which can also be derived from eleven dimensions but the above 
sector will suffice for our purpose. The type IIA string coupling constant is related 
to the radius of the circle 5 1 as A = r? [3]. So for small radius, the string coupling 
constant is small and M-theory reduces to IIA strings. 

The dynamics of the common sector fields in ten dimensions can be described by 
the action 

S= f dl0x e~2* ^ d e T ^ | (R{j) - 2\H\2 + 4 | # | 2 ) , 

where the norms are taken with respect to the metric 7 on M. 
As it has been mentioned, a simplification occurs in the description of the connec­

tion V using N = S1 x M and 3.1 as above. For this, first observe that the spin 
bundle S decomposes as S = S+ ® S~, where S+ and 5 " are spin bundles over M 
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with rankS+ = rank5~ = 16. This is due to the decomposition of the spinor repre­
sentation of spin(l, 10) into the sum of the two irreducible spinor representations of 
spin(l, 9). Next it turns out that the connection V decomposes into two connections 
one on S+ and one on S~ which are induced by the connections 

V± = D±H 

of the tangent bundle, respectively, where D is the Levi-Civita connection of the 
metric 7. The connections V* are metric connections with torsion the closed three-
forms ±H, respectively. There are two more conditions that arise from reducing the 
connection V of eleven-dimensional supergravity to IIA supergravity which involve 
the dilaton (f>. However, these two conditions do not give rise to additional restrictions 
on the parallel spinors of V* connections in the examples that we shall investigate 
below. So we shall not consider them further. 

The above simplification in the structure of the connection V has some profound 
consequences. One of them is that the existence of parallel spinors with respect to 
the connection V of S depends on the holonomy of the connections V* of the tangent 
bundle of M. 

The NS-5-brane solution of IIA supergravity [11] is 

ds2{M) = ds2 (R^1'5') + hds2{Q) 

e2* =h, 

where the Hodge star operation on dh is with respect to the flat metric on R4 and h 
is a harmonic function on R4 = Q, Q is the quaternionic line, 

h=1+w> 
q e Q. The NS-5-brane is located at q = 0. The spacetime M is diffeomorphic to 
K(1,5) x (Q - {0}) and it has two asymptotic regions, R(1'5> x R4 as \q\ -»• 00 and 
R(liS) x R x S3 as \q\ ->• 0. In what follows we shall choose H = - ± * dh. 

The non-trivial part of the metric of M is that on Q - {0}. To investigate the 
geometry on (Q — {0}), we introduce two hypercomplex structures I = {h,h,h} 
and J = {Ji, J2, J3} as follows: 

h (dq) =idq , I2{dq) = j dq , I3(dq) = kdq , 
J\{dq) = -dqi , J2(dq) = -dqj, J3(dq) = -dqk, 

where i,j, k are the imaginary unit quaternions. Observe that the two hypercomplex 
structures commute, [I, J] — 0. The metric on Q — {0} is hermitian with respect 
to both hypercomplex structures. In addition, the hypercomplex structure I is com­
patible with the V - connection (V~I = 0) and the hypercomplex structure J is 
compatible with the V + connection (V + J = 0); Note that the torsion H has support 
on Q - {0}. Therefore the holonomy of V* is in SU(2). In fact the holonomy of 
V* is SU(2) and so the NS-5-brane admits sixteen parallel spinors. This fact follows 
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from representation theory. As it will be demonstrated shortly, the geometry of the 
NS-5-brane can be summarized by saying that it admits two commuting strong HKT 
structures. 

4. HYPER-KAHLER MANIFOLDS WITH TORSION 

Let (M, g, J) be a Riemannian hyper-complex manifold with metric g and hyper­
complex structure J; dimM = 4fc. The manifold (M, g, J) admits a HKT structure 
[18] if 

• The metric g is hermitian with respect to all three complex structures. 
• There is a compatible connection V with both the metric g and the hypercomplex 

structure J which has torsion a three form H. 
There are two types of HKT structures on manifolds, the strong and the weak, 

depending on whether or not the torsion three-form is a closed, respectively. 
Torsion has appeared in the physics literature since the early attempts to incorpo­

rate it in a relativistic theory of gravity. In supersymmetry, metric connections with 
torsion a closed three-form have appeared in the context of IIA and IIB supergravities 
but the relation to HKT geometry was not established. Connections with torsion a 
closed three-form appeared next in the investigation of two-dimensional supersym-
metric sigma models [19, 20]. For a class of models, the sigma model manifold satisfies 
conditions which can be organized in one or two copies of what it is now called strong 
HKT structure. The general case of connections with torsion any three-form were 
found in the investigation of one-dimensional supersymmetric sigma models [21, 22]. 
For a class of models, the sigma model manifold satisfies conditions which can be 
organized as one or two copies of what it is now called weak HKT structure. The 
definition of the HKT structure as a new structure on manifolds was given in [18]. In 
the same paper, the strong and weak HKT structures were introduced, a formulation 
of a HKT structure in terms of conditions on Kahler forms was given, and a twistor 
construction for the HKT manifolds was proposed. The latter two properties of HKT 
manifolds are similar to those of hyper-Kahler manifolds [23]. There is also a gener­
alization of the Quanternionic Kahler structure on manifolds to include torsion. The 
Quaternionic Kahler manifolds with torsion (QKT) have been introduced in [24] and 
further investigated in [25]. QKT manifolds admit a twistor construction similar to 
that of Quaternionic Kahler ones [26]. 

A straightforward consequence of the definition of HKT manifolds is that the ho-
lonomy of the connection V is in Sp{k). Some other developments related to these 
connections with three-form torsion are the vanishing theorems of [27, 28] for certain 
cohomology groups. Many examples of HKT manifolds have been constructed. These 
include a class of group manifolds with strong HKT structures in [29]. Specifically, 
the Hopf surface Sl x S3 admits two strong HKT structures. Homogeneous weak 
HKT manifolds have been constructed in [30] using the hypercomplex structures of 
[31]. Inhomogeneous weak HKT structures have been given on S1 x Sik~l in [32]. 
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In physics, the NS-5-brane solution constructed in the previous section clearly 
admits two strong HKT structures each associated with the hypercomplex structures 
on Q — {0} defined by left and right quaternionic multiplication, respectively. Other 
examples are certain (strong and weak) HKT structures that appear on the moduli 
spaces of five-dimensional black holes [22, 33, 34]. 

The HKT structure has many properties some of them found in [18] and more have 
been derived in [32]. One of them is the following: Let M be hypercomplex manifold 
with respect to J and equipped with a three-form H. M admits a HKT structure if 

(4.1) duj3 - 2ijH = 0 , 

where Wj are the three Kahler forms associated with the hyper-complex structure 
and ij are the inner derivations with respect to the three complex structures. This 
equation will be used later to construct new HKT manifolds. In fact if two of the 
above conditions are satisfied, they imply the third. Observe also that the torsion of 
an HKT manifold can be specified from the metric and the complex structures [18]. 
So in what follows, we shall not give the expression for the torsion. 

5. QUATERNIONIC CALIBRATIONS 

Calibrations have been introduced by Harvey and Lawson [35] to construct a large 
class of minimal submanifolds. Here, I shall use calibrations to find a new class of 
solutions of IIA supergravity that has the interpretation of intersecting branes. This 
new class of solutions admits a strong HKT structure. 

A calibration of degree k is a k-form u) such that for every k-plane rj in W1 

OJ(V) < 1 , 

where r\ is the co-volume form of r\. 
The contact set Gu of a calibration is the subset of Gr(/c,R") of k-planes that 

saturate the above bound. Usually Gw is a homogeneous space. There are many 
examples of calibrations, like Kahler and Special Lagrangian, which have been exten­
sively investigated both in mathematics and physics. In the present case, the relevant 
class of calibrations are the quaternionic calibrations that have been described by 
Daroc, Harvey and Morgan in [12]. For this, we identify K8 = (Qp and introduce the 
hypercomplex structures I = {I^I^h} and J = {Ji, J2, J3} on Q2 induced by left 
and right quaternionic multiplication, respectively, i.e. 

I\(du) = idu , h{du) = jdu , h{du) = kdu , 
Ji{du) = —dui , hidu) = —duj , Jz{du) = —duk , 

where i, j , k are the imaginary unit quaternions. In addition, we define 

1 3 
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where coJr is the Kahler form of the Jr complex structure with respect to the standard 
metric on Q2, and similarly ^ for I. There are several calibration forms that can be 
constructed using the Kahler forms above. The calibration forms of quaternionic 
calibrations are found by averaging the calibration form 0j with various calibration 
forms constructed using the I hypercomplex structure. These calibration forms and 
their contact sets are summarized in the following table: 

Quaternionic Calibrations in R8 

Calibration Form UJ Contact Set Gw 

Hfa + fo) s1 

\uh A wh + | 0 j S2 

n s4 

In the second case above, instead of Ii any other of the complex structures of I 
can be used. In the third case, the form fi is the Spin(7) invariant form associated 
with I. In the last case, the contact set is the grassmannian of quaternionic lines in 
(Qf, Gr(l;Q ?) = 5 4 . The contact sets of the quaternionic calibrations are computed 
by observing that the groups that leave invariant the above forms act transitively on 
the calibrated planes. For more details see [12]. 

6. HKT GEOMETRIES AND BRANES 

The strategy of constructing HKT geometries in eight dimensions is to superpose 
a HKT geometry on Q - {0} along four-planes in R8. The four-planes which will be 
used are in the contact sets of quaternionic calibrations that has been described in 
the previous section. The construction [13, 14] involves the following steps: 

(i) Consider the HKT metric 

(6-1) da2 = T-r^dqdq 
m 

on Q - {0}, where q € Q. The torsion of this HKT geometry is that of the 
NS-5-brane that we have described. 

(ii) Introduce the maps 

T : Q2 - » Q 
u -> T(U) = piu1 + p2u

2 - a , 

where Pi,P2,a are quaternions. 
(iii) Define the metric 

T 

where the sum is over a finite number of maps r, r(r) e R and ds2(<Q?) is the 
standard flat metric on O2. 



308 G. PAPADOPOULOS 

The manifold K = Q2 — UT{r_1(0)} admits a HKT structure associated with the 
hypercomplex structure J induced by the hypercomplex structure J on Q2. To show 
this, the torsion of the HKT structure on K is given by pulling back the torsion of the 
NS-5-brane with respect to the maps r and then summing up over the various maps 
r . The key observation is that the differential dr commutes with the hypercomplex 
structures on Q— {0} and K defined by right quaternionic multiplication. Using this, 
the condition 4.1 for K can be written as 

^2T*(dojj-2ijH) = 0 , 
T 

where the expression inside the brackets is that of the condition 4.1 for the HKT 
structure (i) on Q - {0} and so vanishes identically. Thus K admits a HKT structure 
with respect to the V + connection and J hypercomplex structure. 

Observe that dr for generic parameters {pi,P2\ does not commute with the hyper­
complex structure induced by left quaternionic multiplication on Q — {0} and K. So 
K does not admit a HKT structure with respect to this hypercomplex structure. 

To make connection with the calibrations of the previous sections as promised, we 
consider a HKT geometry constructed using several maps r with generic parameters 
(p\iP2',a). Such a HKT geometry is independent from the parameterization of the 
maps r and depends only on the arrangements of quaternionic lines r_ 1(0) in Q2. 
To see this, observe that two maps r and T' give the same HKT structure if their 
parameters are related as 

(p'i,P2;a') = {upuup2;ua) 

for some u £ Q, u ^ 0. So the inequivalent HKT structures associated with each map 
r are parameterized by the bundle space of the canonical quaternionic line bundle 
over the Grassmannian Gr(l;Q2). In turn the quaternionic lines defined by Kerch" 
are in Gr(l; Q2) which is precisely the contact set of last calibration in the table given 
in the previous section. Observe that the calibration form and the HKT connection 
V + are compatible with the same hypercomplex structure J. 

The HKT geometries that we are considering are complete provided that the sub-
spaces T~1 (0) are in general position. Near the intersection of two such subspaces, 
the HKT metric is isometric to that of (Q — {0}) x (Q — {0}), where the metric on 
Q — {-0} is given as in 6.1. 

Finally, the above HKT geometries can be used to construct new solutions of IIA 
supergravity as 

ds2{M) =ds2{RW) + ds2{K) 
e2* = (det7)J . 

The IIA supergravity three-form field strength H is given is terms of the torsion of the 
HKT manifold K. The brane interpretation of such solution is that of NS-5-branes 
intersecting on a string. The NS-5-brane associated with the map r is located at 
r -^O). 
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7. SPECIAL CASES 

As we have seen for a generic choice of maps r the HKT geometries in eight dimen­
sions found in the previous section were associated with quaternionic lines in Q2 given 
by Ker dr. This establishes a correspondence between HKT geometries and quater­
nionic calibrations with calibration form <j>j. This correspondence can be extended to 
the rest of the quaternionic calibrations. For this, instead of considering generic maps 
T with parameters (pi,P2;a) to construct the HKT geometries, we restrict them in 
an appropriate way. There are four cases to consider, including the HKT geometry 
on K that has been mentioned above, as illustrated in the following table: 

HKT Geometries in Eight Dimensions 

P1P2 Ker dr 
K S1 

C S2 

ImQ S3 

Q 5 4 

In the first column we denote the restriction on the parameters of the map and in 
the second column the set that ker dr lies as we vary the map r in the same class. 
Comparing the above table with that which contains the contact sets of quaternionic 
calibrations in section five, we observe that ker dr lies in a contact set in all four cases. 

The holonomy groups of the connections V* in each of the above cases are given 
in the following table: 

pip2: K C ImQ Q 
V": Sp{2) SU(4) Spin(7) 50(8) 
V+: Sp(2) Sp{2) Sp(2) Sp(2) 

The holonomy of V + is in Sp(2) in all cases because it is compatible with the J 
hypercomplex structure. Now if pip2 is real for all r involved in the construction 
of HKT geometry, then dr commutes with the hypercomplex structures of K and 
Q — {0} induced by left quaternionic multiplication. This leads to another HKT 
structure on M compatible with the V - connection. So the holonomy of V~ is in 
Sp(2) as well. This HKT geometry was found in [36] and a special case in [37]. If 
P1P2 is complex, say, with respect to the I\ complex structure, then dr commutes with 
the complex structures of K and Q - {0} induced by left quaternionic multiplication 
with the quaternionic unit i. This makes the V~ connection compatible with the 
Ii complex structure which implies that the holonomy of V~ is in U(4). In fact it 
turns out that the holonomy of V~ is in S£/(4). Observe that the Kahler form of h 
appears in the construction of the calibration form in this case. A similar analysis 
can be done for the remaining case. 

Some of the above HKT geometries can be related to toric hyper-Kahler geometries 
[23, 36]. In particular, the HKT geometries associated with maps r such that pxp2 € M 
are T-dual (mirror symmetry) to toric hyper-Kahler manifolds [22]. In this case mirror 
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symmetry transforms manifolds of one class, HKT manifolds, to manifolds of another 
class, hyper-Kahler manifolds. This is because the T-duality above is performed as 
many times as the number of tri-holomorphic vector fields of the toric hyper-Kahler 
manifold which is less than the middle dimension of the manifold. This is unlike the 
case of mirror symmetry for Calabi-Yau spaces where T-duality is performed in as 
many directions as the middle dimension of the manifold [38]. The HKT geometries 
with P1P2 € K also appear in the context moduli spaces of a class of black holes in 
five dimensions [22]. 

It is of interest to ask the question whether it is possible to construct supergravity 
solutions which have the interpretation of intersecting branes using other calibra­
tions from those employed above. To be more specific instead of the quaternionic 
calibrations, one may also use Kahler or special Lagrangian calibrations to do the 
superposition. Unfortunately, in both these cases, a superposition similar to that 
employed for quaternionic calibrations does not lead to solutions of supergravity field 
equations. This may due to the fact that the resulting geometries depend on the 
particular parameterization of the maps r. On the other hand string perturbation 
theory considerations seem to suggest that superpositions of the kind employed above 
lead to BPS brane configurations [39, 40, 41]. However, it is not known how to con­
struct in a systematic way the corresponding supergravity solution from a BPS brane 
configuration of string theory. 

8. CONCLUDING REMARKS 

The understanding of the non-perturbative properties of string theory requires the 
investigation of various solitons. In the low energy approximation these solitons have 
an interpretation as branes or as intersecting branes and are solutions of various 
supergravity theories. A class of such solutions was presented and their construction 
was related to quaternionic calibrations. 

The problem of finding the intersecting brane solutions of supergravity theories has 
not been tackled in complete generality. Although many examples of such solutions 
are known, there does not seem to be a systematic way to find a solution for each 
BPS brane configuration of string theory. The resolution of this will require a better 
understanding of the supercovariant derivative of supergravity theories. The method 
of calibrations that I have presented led to the construction of a large class of these 
solutions but it has limitations some of which has already mentioned. However, 
the solutions that we are seeking for which the form field strengths do not vanish 
(F ^ 0) are in the same universality class as hyper-Kahler, Calabi-Yau and other 
special holonomy manifolds as far as the holonomy of the supercovariant connections 
of the supergravity theories is concerned. So it may be that powerful methods of 
algebraic and differential geometry that have been developed to construct examples 
of the latter may be extended to find examples of the former. 

After the end of the conference, the moduli space of a class of five-dimensional 
black holes was determined and it was found to be a weak HKT manifold [33]. This 
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result was further generalized in [34] to a larger class of four- and five-dimensional 
black holes. The moduli spaces of all five-dimensional black holes that admit at least 
four parallel spinors are HKT manifolds. 
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1. INTRODUCTION 

A manifold M is said to be hypercomplex if there exist three integrable complex 
structures Ii,I2,l3 on M satisfying the quaternion identities: Iil2 = —hh = h-

Example 1. Let H denote the quaternion numbers and consider (H\0)" = (S3 xR) n . 
Define a hypercomplex structure by 

h{q,x) = [qX,x) 

for (q, x) £ (S3)" x (IK)" and A £ {i,j, k}. Note that this structure is left invariant. 
We get compact examples on (S3 x S1)" via (Z)"-quotients of (S3 x R)n. 

Thus, the Hopf surface S3 x S1 is a simple example of a compact hypercomplex 
manifold. In the following we shall generalize this example in three directions. The 
Hopf surface together with the projection S3 x S1 —> S3 is an example of a special 
Kahler-Weyl 4-manifold M4 with symmetry, fibering over an Einstein-Weyl 3-space 
M4 —¥ B3. This point of view leads to a construction of hypercomplex 4-manifolds 
via Abelian monopoles and geodesic congruences on Einstein-Weyl 3-manifolds [6]. 

We may also think of the Hopf surface as the Lie group SU(2) x S1 with a ho­
mogeneous hypercomplex structure. Spindel et al. [20] and independently Joyce 
[12] showed how such homogeneous structures may be constructed on G x Tk for 
G a compact Lie group. Using the twistorial description of hypercomplex geome­
try [16], we may bring complex deformations to bear on these examples and obtain 
non-homogeneous structures on G x Tk [17]. 

The third theme we shall address is the following: to any quaternionic 4n-manifold 
M we may associate a hypercomplex (4n+4)-space V(M) [18] generalizing the Swann 
bundle of a quaternionic Kahler manifold [21]. Joyce [12] showed how to twist this 
construction with an instanton P -> M to obtain a hypercomplex manifold VP(M) 
fibering over M with fiber the Hopf surface S3 x S1. Again such structures may be 
deformed using twistor theory [16]. 

313 
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2. KAHLER-WEYL 4-MANIFOLDS 

Consider a hypercomplex 4-manifold M. On M we may define a conformal struc­
ture [g]: to each non-zero vector X we declare (X,IXX, I2X,I3X) to be orthonormal. 
Any hypercomplex manifold has a unique torsion-free connection preserving each of 
the complex structures, the Obata connection D [14]. This connection clearly pre­
serves the conformal structure, so we have a Weyl manifold (M, [g], D) [6]. A Weyl 
manifold with vanishing trace-free-symmetric part of the Ricci curvature S0r

D is 
called Einstein-Weyl [5]. In the following we shall see how Einstein-Weyl geometry 
in 3 and 4 dimensions interacts with hypercomplex geometry. 

Let V± be the spin bundles and let L be the bundle coming from the representation 
A i-> I det(^4)|?. Then the complexified tangent bundle TCM is equal to V+ ® V- ® L 
and the curvature 

RD = W+ + W-+ S0r
D + FE + FE + sD 

of the Weyl connection D is contained in 

L~2 ® (s4v+ © s*v. © (s2v+ ® sV_) © s2v+ © s2V- © R). 
For a hypercomplex manifold, the structure is reduced to K>o x SU(2)+, so the 
curvature is contained in L~2 <g> (S^ © S2V+). Therefore, half of the Weyl curvature 
vanishes, W- = 0, the trace-free-symmetric part of the Ricci curvature vanishes, 
S0r

D = 0, half of the Faraday curvature vanishes, FE = 0, and the scalar curvature 
sD vanishes. In particular, a hypercomplex manifold is an example of a special selfdual 
4-manifold (which is also Einstein-Weyl). 

Via the Penrose correspondence, a selfdual conformal 4-manifold M with a confor­
mal Killing vector K corresponds to a 3-dimensional complex twistor space Z with 
a complex holomorphic vector field Kc [1]. The quotient M/K is an Einstein-Weyl 
3-space B with a monopole (w, A) consisting of a section w of L~x and a 1-form A 
such that *DBw = dA [10]. The quotient Z/Kc is the minitwistor space S of B [8]. 

A conformal 4-manifold (M, [g]) with compatible complex structure / has a natural 
weight-less anti-selfdual 2-form fi (Q € L~2 <8> Al) and a unique Weyl connection D 
(i.e. a torsion-free connection preserving the conformal structure) such that dDQ = 0 
[6]. We called such a structure (M, [g],I,D) a Kahler-Weyl manifold. 

For a selfdual Kahler-Weyl manifold the twistor space Z contains degree one divi­
sors V, V corresponding to the complex structures ±1. The line bundle CT = [D — V] 
over Z is clearly trivial on twistor lines. Via the Ward correspondence such a degree 
zero bundle gives an instanton [1], which in this case is the Ricci form pD. Therefore, 
the 4-manifold is hypercomplex iff CT is trivial. When CT is trivial the meromorphic 
function defining the divisor V — V gives a map from Z to QP1. 

If a selfdual Kahler-Weyl manifold has a conformal Killing vector K, preserving 
the complex structure, then T>, V project to divisors C, C contained in the minitwistor 
space 5. The space B parameterizes degree two rational curves in 5 and points in 
S correspond to oriented geodesies in B. The rational curve in S corresponding to 
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a point x in B intersects C, C in a pair of points denning a geodesic in B through af 
with two orientations. In this way we obtain a shear-free geodesic congruence which 
may be formulated as a a section x of the bundle L_ 1 <g> TB satisfying 

DBX = i~{id - X ® X ) + K * X 

where shear-free means that the conformal structure normal to x is preserved. The 
sections r, K of L"1 are monopoles representing the divergence and twist respectively 
of the congruence [6]. 

Conversely, from an Einstein Weyl space (B3, [h], DB) with a monopole (w, A) we 
may construct a selfdual 4-metric 

g = w
2h+{dt + A)2. 

The twistor space Z is the total space of the monopole line bundle over the minitwistor 
space S of B. Choose a shear-free geodesic congruence x- This corresponds to a 
divisor in 5 which lifts to a divisor in Z defining a compatible complex structure on 
the 4-manifold. In fact this conformal 4-space is hypercomplex iff the divergence of x 
is proportional to the monopole w used to construct g. This can be seen as follows: 
the twistor space is the total space of CT A 5 and the pull back p*CT is trivial 
over Z, so the Ricci form vanishes. As an example we could take the Einstein-Weyl 
space given by the round 3-sphere and let \ be a left or right invariant congruence. 
Since these congruences have vanishing r any sum w of fundamental solutions to the 
Laplace equations would give a hypercomplex 4-space. The solution w — 1 (in the 
gauge given by the round sphere) gives the Hopf surface S3 x S1. 

3. LIE GROUPS AND HYPERCOMPLEX GEOMETRY 

The hypercomplex structure of the Hopf surface defined in the example in the 
introduction may be considered as a left invariant structure on the Lie group S1 x 
SU(2). Consider the Lie group SU(3). The Lie algebra g = su(3) decomposes as 
0 = b © di © fi where 

(dx fr\ /su(2) C2 \ ,_. 

Think of b © d\ as H and think of d\ as the imaginary quaternions acting on fx 

via the adjoint representation. Applying left translations we obtain in this way a 
hypercomplex structure on SU(3). Now, let G be a compact semi-simple Lie group. 
The Lie algebra g decomposes as follows 

0 = b e?=1 dj ©?=1 f,-, 

where b is Abelian, dj is isomorphic to su(2) and [dj,fj] C fj. The rank r of G is 
equal to n + dim b and if we add 2n-r Abelian factors we can think of (2n - r)u(l) © 
b ©"=1 dj as H". Since [dj, fj] C fj we can proceed as with SU(3) above to get a left 
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invariant hypercomplex structure on T2n r x G [12]. In this way we get homogeneous 
hypercomplex structures on for example 

SU(2^+ 1J.T1 x SU(2£),Te x SO(2l + l),Te x Sp(4T 2 * x SO(4*), 

Tu-X x SO(4£ + 2),T2 x £ 6 ,T 7 x E7,T
8 x £ 8 ,T 4 x F4 and T2 x G2. 

The issue is now how to get more than these homogeneous examples. For a general 
hypercomplex manifold (Min,Ii,I2,l3) we note that we have a 2-sphere of complex 
structures Jv = V\I\ + v2h + V3I3 for v = (vi,V2,v3) e S2. The twistor space 
of M is the space W = M x S2 of these compatible complex structures [15, 16]. 
This space is a complex manifold of dimension 2n + 1: the complex structure I at 
(a;,v) € M x S2 is standard along the 2-sphere and it is equal to Iv(x) along TXM. 
The integrability of T is a consequence of M being hypercomplex. The holomorphic 
projection W A S2 = CP1 has fiber p_1(z) which is M together with the complex 
structure determined by the point z S CP1. The non-holomorphic projection W -A M 
has as fibers, rational curves of normal bundle 0(1) ® C2". 

The idea is to deform the hypercomplex structure on M by deforming the map 
W A CP1 [17]. Consider the sheaf V defined by the exact sequence 

0 - • V ->• Qw -% P*GQ,I -> 0. 

where 6 is the tangent sheaf. The deformations of the map p (and therefore the defor­
mations of the hypercomplex geometry on M) is measured by the cohomology groups 
of the sheaf V [9]: H°(W, V) is the space of hypercomplex symmetries, Hl{W, V) is 
the parameter space of deformations and H2(W,V) is the obstruction space. 

For M = Tk xG the twistor space W is a homogeneous complex manifold and one 
may expect that W{W,T>) is computable via Bott-Borel-Weil-Hirzebruch theory for 
representations and cohomology. Consider the natural map $ from W to G/U where 
U is a maximal torus in G. The spaces Z = G/U is a complex manifold and is called 
the Borel flag [2, 7]. The cohomology of the Borel flag has indeed been studied using 
representation theory and this will help us getting information about the cohomology 
on W: let X be M with a complex structure X = p~l{z). The restriction of $ to X 
has fiber E which is a product of elliptic curves. We may compute H^(X, Ox), say, 
using a Leray spectral sequence 

E™ = Hp{Z, Rq$,Ox), ££* = Hp+g(X, Ox). 

We find Ri<S>tOx = Oz® H<>(E, OE) and since HP{Z, OZ) vanishes for p > 1 [3], the 
spectral sequence is easy to handle and we get 

H"{X, Ox) = E°J = E°'q = Hq{E, 0E) = A«C\ 
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In much the same way we can compute the cohomology Hj(W,Ow),Hj(W,$*Qz) 
etc. via vanishing results of Bott [4]. Then using the sequences 

0 ->• Ow -> P*OOPI -> 0Xlux2 ->• 0 

0 -> 2? -s- 6 ^ -^> P*eapi -+ 0, 

we are able to find H-»'(W,Z>). 
It turns out that the obstruction space H2(W,V) is non-trivial. Therefore we study 

the possible obstructions using Kuranishi theory [13]. However, we can prove that 
for the [/-invariant part of H1(W, V) the obstruction vanishes and we obtain (see [17] 
for a more precise formulation of the theorem): 

Theorem 1. Suppose G is a compact semi-simple Lie group of rank r and containing 
n factors o/sp(l). Then the local moduli at a generic deformation of left-invariant 
hypercomplex structures on T2n~r xG is a smooth manifold of dimension n(n+r). The 
identity component of the group of hypercomplex symmetries of a generic deformation 
is the Abelian group T2n. 

In the introduction we defined one hypercomplex structure on (S3 x S1)71. Inspired 
by the theory of Abelian varieties, we shall now construct a family of hypercomplex 
structures on (S3 x 51)" and use the theorem above to secure completeness. Let 
(<7i,..., qn; Xi,..., xn) = (q; x) be coordinates for (S3)n x R™. Here the qj are unit 
quaternions. Choose a hypercomplex structure on W by right multiplication of unit 
quaternions. Then we define a hypercomplex structure on (S3 x K)" through the 
embedding into EP. 

For 1 < j < n, define an action generated by 

7 j(q; x) = (e 2** 1^! , . . . , e2^'qn- x + Vj). 

The action of 7,- is represented by the column vectors Vj and Qj — ( 0 ^ , . . . , 9nj)
T, 

where #„• are in R/Z. 
Assume that the vectors {v i , . . . , v„} are linearly independent. Let F = Z" be the 

group generated by {71, . . . , 7„}. We call 

(e|v) = (ei, . . . ,en |v1 ) . . .v„) 
the period matrix of the manifold (S3 x R)" / r . Thus the groups T are parameterized 
by the space R/Z)"2 x GL(n, R). However, different period matrices may generate 
the same group. In fact, the period matrices (0|V) and (Q\V) generate the same 
group if and only if there is a matrix M = (my) in GL(n, Z) such that 

(0\V) = (SM\VM). 

The quotient space (S3 x R)" / r is a hypercomplex manifold because the actions 
of T commute with the right multiplications of the quaternions on (q1,..., qn). The 
quotient space is clearly diffeomorphic to (S3 x S1)". Using the fact that symmetries 



318 HENRIK PEDERSEN 

lifts to holomorphic maps of the twistor space (which is built out of a complex pro­
jective space), it is seen that hypercomplex manifolds (S3 x R)" / r and (S3 x R)"/r" 
are equivalent if and only if there exist period matrices (0|V) and (0 ' |V) for T and 
T' respectively such that V = V, and 0^ = ±©j- Thus we obtain 

Theorem 2. The quotient space ((R/Z)"2 x GL(n, R))/(ZJ x GL(n, Z)) is a complete 
moduli space for hypercomplex structures on the product manifold (S3 x S1)™. 

The constructions above are currently being modified to work for the case of nilpo-
tent automorphisms and for combinations of the semi-simple and the nilpotent situ­
ation in joint work with Grantcharov and Poon. 

4. T H E SWANN BUNDLE 

Now we turn to the third theme where 5 3 x S1 appears as the fiber of a bundle. The 
definition of a hypercomplex manifold is equivalent to requiring that the holonomy 
group lies in GL(n, H). More generally for a quaternionic manifold M the frame 
bundle has a torsion free connection with holonomy in 

GL(n,H)GL(l,H) = (R>0 x SL(n,H) x Sp(l))/{±1}. 

This group acts on H/Z2 by 

p(X,A,q){ri) ^X^rjq-1. 

The associated bundle is denoted by U(M) and was studied by Swann for M a 
quaternionic Kahler manifold [21]. For M quaternionic U{M) is hypercomplex [18]. 
The group W acts from the left on 14 (M) and the center Z preserves the hypercomplex 
structure. The quotient U(M)/Z is denoted V(M) and is a compact hypercomplex 
manifold which we call the Swann bundle [18], [19]. Now, let P be an SMnstanton 
on M. Then Joyce [12] introduces the twisted bundle VP{M) = P x5 i V(M) which 
again provides us with an example of a compact hypercomplex manifold. The fiber 
from VP(M) to M is S3 x S1. 

Example 2. Let M be the complex projective plane and let P —> M be the instanton 
given by the Hopf fibration S5 —> CP2. Then in this case the hypercomplex manifold 
VP{M) is equal to SU(3)/Z2. 

We may now apply complex deformation theory to these twisted Swann bundles. 
The twistor space W of Vp(M) fibers over the twistor space Z of M and via the Leray 
spectral sequence we are able to compute the cohomology H^W,!)) in terms of the 
cohomology on Z [16]. 

Example 3. Let M be the connected sum 2QP2 equipped with a Poon conformal 
structure C\, X € (0,1). Then the deformation theory gives a 4-parameter space of T3-
symmetric hypercomplex structures on the 8-manifold V(2QP2). Furthermore, we can 
integrate and find these hypercomplex manifolds locally as a (Joyce-) hypercomplex 
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quotient [11] of H4 with a T2 action. The space is realized as a subspace of C6 x 
CP1 x CP1 x CP1 x CP1 given by simple equations [16]. 
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1. It has been known for a fairy long time that when the Wess-Zumino term is present 
in the N = 4 supersymmetric one-dimensional sigma model, the internal space has 
a torsionful linear connection with holonomy in Sp(n) [3]. Such geometry also arises 
when one considers T-duality of toric hyper-Kahler manifolds [5]. In this conference, 
G. Papadopoulos explains the role of HKT-geometry in M-theory, or more specifically 
in IIA Superstring theory [10]. 

In this lecture, we discuss HKT-geometry entirely from a mathematical point of 
view, and present several methods to produce series of examples that may interest 
mathematicians. 

2. The background object of HKT-geometry is a hyper-Hermitian manifold. Three 
complex structures Ji, I2 and 73 on a smooth manifold M form a hypercomplex struc­
ture if 

(0.1) I* = l*=lf = -1, and /1 /2 = J3 = - / 2 / 1 . 

A triple of such complex structures is equivalent to the existence of a 2-sphere worth 
of integrable complex structures: I = {a,\I\ + a2l2 + a3I3 : a\ + a\ + a\ = 1}. 
When g is a Riemannian metric on the manifold M such that it is Hermitian with 
respect to every complex structure in the hypercomplex structure, (M,X,g) is called 
a hyper-Hermitian manifold. 

On a hyper-Hermitian manifold, there are two natural torsion-free connections, 
namely the Levi-Civita connection and the Obata connection. However, in general 
the Levi-Civita connection does not preserve the hypercomplex structure and the 
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Obata connection does not preserve the metric. We are interested in the following 
type of connections. 

Definition 1. A linear connection V on a hyper-Hermitian manifold (M, I, g) is hyper-
Hermitian if Vg = 0, and V/i = V/2 = V/3 = 0. 

Although a general hyper-Hermitian connection has torsion, physical requirement 
limits our discussion to a special type of hyper-Hermitian connections. We follow 
physicists' conventions of definitions. Recall that when T v is the torsion tensor for a 
connection V, we can construct the (3,0)-tensor c(X, Y, Z) = g(X,Tv(Y, Z)). 

Definition 2. A linear connection V on a hyper-Hermitian manifold (M, I, g) is hyper-
Kahler with torsion (HKT) if it is hyper-Hermitian and its torsion (3,0)-tensor is 
totally skew-symmetric. It is a strong HKT-connection if its torsion 3-form is closed. 

Example 1. Let q be the quaternion coordinate for the one-dimensional quaternion 
module H. Through left multiplications by the unit quaterions i, j and k, one obtains 
a hypercomplex structure X on H. The Euclidean metric g = dqdq is hyper-Kahler. 
The Levi-Civita connection is a HKT-connection. 

A less obvious and more relevant example for us is to consider the following metric 
on H\{0}. 

(n o\ p, dqd$ 

Considering the diffeomorphis H\{0} = R + x S3, we choose a spherical coordinate 
(r, 6, (j>, tp). Let gs be the metric on the round unit-sphere. Then 

dr2 

(0-3) g=^+9s-

Now, (H\{0}, I, g) is a HKT-structure. The torsion form c is the volume form of the 
sphere S3. It is also a closed 3-form. 

If one chooses to study the Hermitian geometry for one of the complex structures 
J in the hypercomplex structure, one should note that Gauduchon found a collection 
of canonical Hermitian connections on any Hermitian manifold. The collection forms 
an affine subspace of the space of linear connections [4]. This collection of Hermitian 
connections include Chern connection and Lichnerowicz's first canonical connection. 
Within this family, there exists exactly one connection whose torsion (3,0)-tensor is 
a 3-form. To describe it, we recall the following definitions and convention. For any 
n-form w, dcw := {-l)nJdJu where (Ju)(Xu.. .,Xn) := (-l)nuj(JXu ..., JXn). 
Then d — \{d + idc) and d — \{d — idc). By [4], the Hermitian connection with 
totally skew-symmetric torsion (3,0)-tensor c is uniquely determined by the following 
identity. 

(0.4) c(X,Y,Z) = ~dcF(X,Y,Z), 
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where F(X, Y) = g(JX, Y) is the Kahler form for the complex structure J. 
Now the HKT-connection serves as such a unique connection for each complex 

structure in the hypercomplex structure. Therefore, if we use Fa and da to represent 
the Kahler form and complex exterior differential for the complex structure Ia, a = 
1,2,3, we have the following observation. 

Proposition 1. A hyper-Hermitian manifold (M,X,g) admits a HKT-connection if 
and only if d1F1 — d2F2 = d3F3. If it exists, it is unique. 

In view of the uniqueness, we say that (M,I , g) is a HKT-structure if it admits a 
HKT-connection. 

Example 2. A non-trivial class of HKT-structures can be found on semi-simple Lie 
groups and homogeneous spaces [13] [9]. For instance, the Killing-Cartan form —B 
on the Lie group SU(2n + 1) defines a bi-invariant metric g = —B. This group 
has a left-invariant hypercomplex structure X so that with the bi-invariant metric 
g, it forms a HKT-structure. The HKT-connection is the left-invariant connection 
defined by having all left-invariant vector fields to be parallel. The torsion of this 
connection is the Lie bracket, and the torsion tensor c(X,Y,Z) — —B(X,[Y,Z]) is 
totally skew-symmetric. Similar constructions can be applied to IJ(1) x SU(2n) and 
other homogeneous spaces. 

3. To further our analysis of HKT-geometry, we note a holomorphic characterization 
of HKT-structures. 

Proposition 2. Let (M,X,g) be a hyper-Hermitian manifold and Fa be the Kahler 
form for {Ia,g)._Then {M,X,g) is a HKT-structure if and only if dx{F2 + iF3) = 0; 
or equivalently d\{F2 — iF3) = 0. 

Applying this proposition to any complex structure in the given hypercomplex 
structure, one obtains a section of twisted 2-form on the twistor space of the hy­
percomplex structures. However, this 2-form is only J2-holomorphic in the sense of 
Eells-Salamon [2]. Since the almost complex structure J2 is never integrable [2], we 
shall concentrate on the holomorphic characterization given above and ignore the 
twistor characterization. 

Due to the absence of type (3,0)-form with respect to any complex structure on 
any real four-dimensional manifold, it is now apparent that any four-dimensional 
hyper-Hermitian manifold is a HKT-structure. 

The holomorphic characterization also yields new examples of HKT-structures. 

Example 3. Let {Xu ..., X2n, Yu ..., Y2n, Z} be a basis for R4n+1. Define commutators 
by [Xj,Fj] = 4Z, and all others are zero. These commutators define on R4 n + 1 the 
structure of the Heisenberg Lie algebra h. Let R3 be the 3-dimensional Abelian 
algebra. The direct sum n = f) © R3 is a 2-step nilpotent algebra whose center is 
four-dimensional. Fix a basis {Ei,E2,E3} for R3. Consider the endomorphisms Ix, 
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I2 and I3 of n defined by left multiplications of the quaternions i, j and k on the 
module of quaternions H, and the identifications 

x0X2a^i + x1X2a-i + x2Y2a-i + x3Y2a -» xQ + xxi + x2j + x3k; 

(0.5) XQZ + XIEX +x2E2 + X3E3 ->• x0 + xii + x2j + x3k. 

Through left translations, these endomorphisms define almost complex structures on 
the product of the Heisenberg group and the Abelian group N = H x R3. It is clear 
from the definition that these almost complex structures satisfy the algebra (0.1). 
Moreover, for a = 1, 2, 3 and X, Y € n, 

(0.6) [IaX,IaY] = [X,Y] 

so Ia are Abelian complex structures on n in the sense of [1]. In particular, they are 
integrable. It implies that {Ia : a = 1,2,3} is a left-invariant hypercomplex structure 
on the Lie group N. It is known [12] that the complex structures Ia on n satisfy 
d(A)'°n*) C A};V where n* is the space of left-invariant 1-forms on Â  and A^n* is 
the (i, j)-component of n*®C with respect to Ia. But then we have d(Ajfn*) C A2^n* 
and any left-invariant (2,0)-form is <9i-closed. Now consider the invariant metric on 
N for which the basis {Xi, Yi, Z, Ea} is orthonormal. Since it is compatible with the 
complex structures Ia, in view of the holomorphic characterization of HKT-geometry, 
we obtain a left-invariant HKT-structure on N. 

Example 4. Based on the above computation, we could also see that there is a left-
invariant HKT-structure on the product of the 4n + 1-dimensional Heisenberg group 
and the compact simple Lie group SU(2), an interesting mixture of the last example 
and Example 2. 

Recall that the underlying manifold of the Heisenberg group Hin+i is the manifold 
R4"+1. Consider it as the product space R2" x R2" x R, the group law for the 
Heisenberg group is 

In 

(0.7) (x, y, z) * (f, y',z') = (x + x',y + y',z + z' + 2Y, ( a ^ - Vix'3)). 

The 1-forms aj = dxj,ftj — dyj,j — dz + 2j2(yjdxi — Xjdy,) are left-invariant. Let 
{Xj, Yj,Z} be the dual left-invariant vector fields. 

On SU(2), choose left-invariant vector fields A\, A2 and A3 such that [^4i,42] = 
2A3, etc., then the dual left-invariant 1-forms <n, a2

 a n d 03 satisfy the identities 

(0.8) da\ = 2a2 A a3, da2 = 2a3 A <7i, da3 — 2o\ A a2. 

Now, using {^4i,^2,^43} instead of {Ei, E2,E3}, we define endomorphisms I\, I2 

and I3 on h © su(2) as in (0.5). Through left translation, we define three almost 
complex structures on the product group H x SU(2) satisfying the identities (0.1). 
To prove that these almost complex structures are integrable, one first notes that 
when c is the center of the Heisenberg algebra, then the vector space h © su(2) 



HYPER-KAHLER CONNECTIONS WITH TORSION 325 

has a direct sum decomposition tin © c © su(2) where t4n is the linear span of all 
the Xj and Yj. On t4„, the almost complex structures satisfy the identity (0.6). 
Therefore, the Nijenhuis tensor vanishes on tin. On c ©su(2), the almost complex 
structures are the standard ones for H\{0}. Therefore, the Nijenhuis tensor vanishes 
on this summand. Since c©su(2) commutes with t4n, and both t4n and c©su(2) are 
invariant of the endomorphisms I\, I2 and I3, the Nijenhuis tensor vanishes completely. 
Therefore, the left-invariant almost complex structures h,I2 and I3 define a left-
invariant hypercomplex structure on the product group H x SU(2). However the 
hypercomplex structure is no longer Abelian. 

We define a left-invariant metric g on the product group by requiring the left-
invariant vector fields {Xi, ...,X2n, Yi,..., Y2n,Z, Ei,E2,E3} to be an orthonormal 
frame. Equivalently, 

n 

9 = 5^(4,-1 + 4 , + jSfa-i + PL) + 72 + <?l + a\ + a\. 
0=1 

This metric, along with the left-invariant hypercomplex structure, is a HKT-structure 
on the product group H x SU(2). Indeed, when Flt F2 and F3 are the three Kahler 
forms for the complex structures I\, I2 and I3, dFa = 2i(dj A aa — 7 A o\, A ac), where 
(06c) is any even permutation of (123). Since cfy = -4^a=i ( Q 2a- i A f t ^ i + a^Afta) , 
(0.9) IidFx = I2dF2 = I3dF3 = -2i(-y A dj + ax A a2 A <r3). 

Therefore, we have a HKT-structure. Since the torsion 3-form c = i(j A dj + o\ A 

(72 A CT3) 

(0.10) dc = idjAdj. 

This is not a closed 3-form, the corresponding HKT-structure is weak. 

4. The holomorphic characterization shows that the form F2 + iF3 has a locally 
defined (l,0)-form ft as its potential. Although the (0, l)-form I2/3 is not a priori 
<9i-closed, we consider the case when it is. Prom this observation, we extract the 
following definition. 

Definition 3. Let (M,X,g) be a HKT-structure with Kahler forms FX,F2 and F3. A 
possibly locally defined function /i is a potential function for the HKT-structure if 

(0.11) Fj = -(ddi + d2d3)n, F2 = ~(dd2 + d3di)ji, F3 = -{dd3 + d1d2)lj,. 

Referring to the holomorphic characterization of HKT-geometry, we reformulate 
the definition of HKT-potential in the following way. 

Proposition 3. Let (M,I,g) be a HKT-structure with Kahler form FUF2 and F3. A 
possibly locally defined function /x is a potential function for the HKT-structure if 

(0.12) F2 + iF3 = 2ft/23i/u. 
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Example 5. On the complex vector space (CnffiC")\{0} = H"\{0}, let (za, wa), 1 < 
a < n, be its coordinates. Define a hypercomplex structure I by right multiplication 
of the pure quaternions i, j and k. Let g be the flat metric. It is a hyper-Kahler 
metric with hyper-Kahler potential \x = | ( | ^ | 2 + |w|2). Consider a new metric 

g = —g — —-(d/i<g> d/j, + Iid/j, ® I^dpt + I2dn ® hd\i + hd\x<g> l%d\i). 
fi 4yir 

Then the hyper-Hermitian structure (1, g) is a HKT-structure. Moreover, the func­
tion ln(/i) is its potential. 

Now, for any real number r, with 0 < r < 1, and 9\,...,6n modulo 2ir, we consider 
the integer group < 7 > generated by the following action on (C™ © C™)\{0}. 

(0.13) 7(z0) wa) = (rei9"za, re-iBawa). 

Since 7 is a hyper-holomorphic isometry, the HKT-structure on (C™ © C™)\{0} de­
scends to a HKT-structure on the quotient space with respect to the group < 7 >. As 
this quotient space is diffeomorphic to S1 x g 4 " - 1 [n], and the quotient hypercomplex 
structure is not homogeneous, we obtain a family of inhomogeneous HKT-structures 
on the manifold S1 x S4""1. 

It should be noted that this method of generating HKT-geometry through a trans­
formation from HKT-potentials to HKT-potentials can easily generate large classes of 
inhomogeneous HKT-structures on homogeneous manifolds especially when we start 
from well known hyper-Kahler metrics with hyper-Kahler potentials. 

Remark To produce more examples, one may develop a reduction theory along the 
line of hyper-Kahler reduction [7]. One can also prove that Joyce's twist construction 
of hypercomplex manifolds [8] carries HKT-manifolds to HKT-manifolds. We do not 
present details of these theories here. Details of our work can be found in [6]. 
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ABSTRACT - In this paper we apply our recent geometric theory of noncommu­

tative (quantum) manifolds and noncommutative (quantum) PDEs [7,8,12] to the 

category of quantum quaternionic manifolds. These are manifolds modelled on 

spaces built starting from quaternionic algebras. For PDEs considered in such cat­

egory we determine theorems of existence of local and global quantum quaternionic 

solutions. We shaw also that such a category of quantum quaternionic manifolds 

properly contains that of manifolds with (almost) quaternionic structure. So our 

theorems of existence of quantum quaternionic manifolds for PDEs produce a cas­

cade of new solutions with nontrivial topology. 

1 - QUANTUM MANIFOLDS AND QUANTUM PDEs 

In order to give a geometrical model for quantum physics we introduced in some recents works [7,8,12] 
a new category of noncommutative manifolds, (quantum manifolds), where the "first brick" used 
to build them is a suitable structured noncommutative Frechet algebra, (quantum algebra). The 
aim of this paper is to show that the category of quantum manifolds contains subcategories of great 
interes whose noncommutative manifolds have the quaternionic algebra as a fundamental structure 
element. (We call such manifolds noncommutative quaternionic manifolds). Then for PDEs 
built in such subcategories we shall apply our geometric theory of QPDEs and obtain theorems of 
existence of local and global solutions for noncommutative quaternionic PDEs. 

Set K = R, C. Let us recall some fundamental definitions and results on quantum manifolds as 
given by us in refs.[7,8,12]. A quantum algebra is a triplet (A,e,c), where: (i) A is a metrizable, 
complete, Hausdorff, locally convex topological K-vector space, that is also a ring with unit; (ii) 
e : K -v Ao C A is a ring homomorphism, where Ao is the centre of A; (iii) c : A -»• K is a 
K-linear morphism, with c(e) = 1, e =unit of A. For any a € A we call ac = c(a) € K the 
classic limit of a; (iv) A is an associative K-algebra. A quantum vector space of dimension 
( m i , . . . ,m,) e N*, built on the quantum algebra i s i i x . . . x i „ i s a locally convex topological 
K-vector space E isomorphic to A™1 x . . . A™". A quantum manifold of dimension ( m i , . . . ,m s ) 
over a quantum algebra A = Ai x . . . x As of class Q* , 0 < k < oo,ui, is a locally convex manifold 
M modelled on E and with a Qj;-atlas of local coordinate mappings, i.e., the transiction functions 
/ : U C E -+ V C E define a pseudogroup of local Qj,-homeomorphisms on E, where Q^ means 
C*, i.e., weak differentiability [5], and derivatives Ao-linaires. So for each open coordinate set U C M 

we have a set of mi + . . . + m, coordinate functions xA : U -t A, (quantum coordinates). The 
tangent space TPM at p e M, is the vector space of the equivalence classes v = [/] of C^ (or 
equivalently C1) curves / : J -y M, I = open neighborhood of 0 € R, /(0) = p; two curves / , / ' 
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are equivalent if for each (equivalently, for some) coordinate system fj, around p the functions fj,o f, 

(i o f •. I -» A™1 x . . . x A™" have the same derivative at 0 € R. Then, derived tangent spaces 
associated to a quantum manifold M can be naturaly defined. (For details see refs.[7,8,12].) We 
say that a quantum manifold of dimension ( m i , . . . ,ma) is classic regular if it admits a projection 
c : M —»• Mc on a n-dimensional manifold Mc- We will call Mc the classic limit of M and in 
order to emphasize this structure we say that the dimension of M is (n 4. m i , . . . , m s ) . A quantum 
P D E (QPDE) of order k on the fibre bundle 7r : W -> M, defined in the category of quantum 
manifolds, is a subfibrebundle Ek c JVk{W) of the jet-quantum derivative space JVk(W) over M. 

(JT>k(W) is, in the category of quantum manifolds, the corresponding of the jet-derivative space for 
usual manifolds. For more details see refs.[7,8,12].) In refs.[8,12] we have formulated also a geometric 
theory for quantum PDEs that generalizes the theory of PDEs for usual manifolds. In particular 
in the following we shall emphasize some important definitions and results about. A QPDE Ek is 
quantum regular if the r-quantum prolongations Ek+T = JT>r{Ek) n JT>k+r(W) are subbundles 
of nk+r,k+r-i : JVk+r(W) -»• JVk+r-1(W), Vr > 0. Furthermore, we say that Ek is formally 
quantumintegrable if Ek is quantum regular and if the mappings E^+r+i -> Ek+r, Vr > 0, and 
"•*,o '• Ek —* W are surjective. In the following we shall consider QPDEs on a fiber bundle 7r : W —• M, 

where M is a quantum manifold of dimension m on the quantum algebra A and W is a quantum 
manifold of dimension (m, s) on the quantum algebra B = AxE, where E is also an Ao-algebra. The 
quantum symbol gk+r of Ek+r is a family of Ao-modules over Ek characterized by means of the 
following short exact sequence of Ao-modules: 0 -y Trl+rgk+r -> vTEk+r -> Trl+rk+r_1vTEk+r^i. 

Then one has the following complex of A0-modules over Ek (5-quantum complex): 

0-> j m 4 TMOgm-i -U AlMOgm-2 -U... A A™-kMOgk A 6(A™-kMOgk)^>0 

where ks
0M is the skewsymmetric subbundle of T^M = TM ®A0 • • -r • • • ®A 0 TM. We call Spencer 

quantumcohomology of Ek the homology of such complex. We denote by { H ™ - " } e ^ the ho­

mology at (h?0MOgm-j)q. We say that Ek is r-quantumacyclic if i?!"'3 = 0, m > k, 0 < j < r, 

Vg e Ek. We say that E/, is quantuminvolutive if H™^ = 0, m > k, j > 0. We say that Ek is 

<5-regular if there exists an integer K0 > t , such that gK0 is quantum involutive or 2-quantumacyclic. 

THEOREM 1.1 - (<5-POINCARE LEMMA FOR QUANTUM PDEs)[12]. Let Ek C JVk{W) he a 

quantum regular QPDE. If Ao is a Noetherian K-algebra, then Ek is a S-regular QPDE. 

THEOREM 1.2 - (CRITERION OF FORMAL QUANTUM DNfTEGRABILITY)[12]. Let Ek c JVk(W) 

be a quantum regular, S-regular QPDE. Then if gk+r+i is a bundle of A0-modules over Ek, and 

Ek+r+i -> Ek+r is surjective forO <r < m, then Ek is formally quantumintegrable. 

An initial condition for QPDE Ek C JT>k(W) is a point q € Ek- A solution of Ek passing for 

the initial condition q is a m-dimensional quantum manifold JV C Ek such that q e JV and such 

that JV can be represented in a neighboroud of any of its points q' 6 JV, except for a nonwhere 

dense subset S(JV) c JV of dimension < m — 1, as image of the fc-derivative Dhs of some <2£,-section 

s of n : W -> M. We call £(JV) the set of singular points (of Thom-Bordman type) of JV. If 

E(JV) 5̂  0 we say that JV is a regular solution of Ek C JT>k(W). Furthermore, let us denote 

by Jm(W) the fc-jet of m-dimensional quantum manifolds (over A) contained into W. One has the 

natural embeddings Ek C JVk(W) C i „ ( W ) . Then, with respect to the embedding Ek C J^(W) 

we can consider solutions of Ek as m-dimensional (over A) quantum manifolds V C Ek such that V 

can be representable in the neighborhood of any of its points q' € V, except for a nonwhere dense 

subset E(V) C V, of dimension < m — 1, as JV'*', where JV'*' is the fc-quantum prolongation of a 

m-dimensional (over A) quantum manifold JV C W. In the case that S ( ^ ) = 0 , we say that V is a 

regular solution of Ek C J^(W). Of course, solutions V of Ek C J^(W), even if regular ones, are 
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not, in general diffeomorphic to their projections irk(V) C M, hence are not representable by means 

of sections of TT : W -> M. 

Therefore, above theorem allows us to obtain existence theorems of local solutions. Now, in order 

to study the structure of global solutions it is necessary to consider the integral bordism groups of 

QPDEs. In refs.[7,8,12] we extended to QPDEs our previous results on the determination of integral 

bordism groups of PDEs [6-11,13]. Let us denote by Q,®k, 0 < p < m - 1, the integral bordism 

groups of a QPDE Ek C Jm{W) for closed integral quantum submanifolds of dimension p, over a 

quantum algebra A, of Ek. The structure of smooth global solutions of Ek are described by the 

integral bordism group 0%^1-L corresponding to the oo-quantumprolongation E^ of Ek. Beside the 

groups fip5*, 0 < p < m - 1, we can also introduce the integral singular p-bordism groups Bfip% 

0 < p < m - 1, where B is a quantum algebra. Then one can prove [12] that Bf!p^ = fi^* ® K B, 

where fi^* are the integral singular bordism groups for B = K. Furthermore, the equivalence classes 

in the groups B£lp*a are characterized by means of suitable characteristic numbers (belonging to B), 

similarly to what happens for PDEs [7-11]. In ref.[12] we given also a general method to explicitly 

calculate such bordism groups for quantum PDEs. 

2 - THE CATEGORY OF QUANTUM QUATERNIONIC MANIFOLDS 

Let us first recall some fundamental definitions and results on quaternionic algebra [2]. Let K = R, C. 
Let R be a commutative ring. Let a,fi € R, (ei,e2) the canonical basis of the .R-module R2. We say 
quadratic algebra of type (a, /?) over R the .R-module R2 endowed with the structure of algebra 
defined by means of the following multiplication: (Ht) e\ = e\,e\ei = e2£\ = e^,e\ = ae\ + /3e2-
Any .R-algebra E, isomorphic to a quadratic algebra is called a quadratic algebra too. (Any R-

algebra E that admits a basis of two elements (one being the identity) is a quadratic algebra.) Then 
the basis is called a basis of type (a,/3). A quadratic algebra E is associative and commutative. 
Let £ be a quadratic .R-algebra, e its unit. Let u £ E and T(u) the trace of the endomorphism 
x n-> t i i of the free .R-module E. Then the application s : E -> E, s(u) = T(u).e — u, is an 
endomorphism of the .R-algebra E and one has s2(u) = u, Vu e E. A Cayley algebra on R 

is a couple (E, s), where £ is a .R-algebra, with unit e € E, and s is a skewendomorphism of E 

such that: (a) u + u 6 Re, (b) u.u € Re, with u = s(u), Vu € E. s is called conjugation of 
the Cayley algebra E and s(«) = u is the conjugated of u. From the condition (a) it follows that 
u« = uu. One defines Cayley trace and Cayley norm respectively the following maps: T : E -y Re, 

u >->• T{u) = u + u; N : E -> Re, u >-> N(u) = «.«. One has the following properties: (1) e = e; (2) 
s(u + s(u)) =u + s(u) =* s(u) + s2(u) =u + s(u) => s2(u) = u => s2 = idE; (3) T(u) = T(u); (4) 
JV(u) = JV(u); (5) (u - u)(u - u) = 0 => u2 - T(u).u + N(u) = 0; (6) Let E be a .R-algebra and let 
s, s' be skewendomorphisms of E such that (E, s) and (E, s') are Cayley algebras. If E admits a basis 
containing E, one has s = s'; (7) u + v = u + v; au = au;u?v = v.u, Ma € R, Vu,v 6 E; (8) T(e) = 2e; 
N(e) = e; (9) T(uv) = T{vu); (10) T{vu) = T{uv) = N{u + v)- N(u) - N(v) = T{u)T(v) - T{uv); 

(11) N{au) = a2N(u); (12) (T(u))2 - T{u2) = 2N{u); (13) T is a linear form on E and N is a 

quadratic form on E. 

EXAMPLE 2.1 - (CAYLEY EXTENSION OF A CAYLEY ALGEBRA (E,S) DEFINED BY AN 
ELEMENT I ^ R ) . 1) Let (E,B) be a Cayley algebra and let 7£«- Let F be the fl-algebra with underlying 
module ExE and with multiplication (x,y)(x,,y')=(xx'+-,y'y,ys'+y'x). Then (e,o) is the unit of F and Ex{o} 
is a subalgebra of F isomorphic to E that can be identified with E. Let t be the permutation of F 

defined by t(x,y)=(x,-v), vx,y€E. Then the couple (F,t) is a Cayley algebra over R. Set j=(o,e). So 

we can wri te (i,v)=(a!,0)(e,0)+(0,»)(0,e)=ie+»j. One has yj=jy, x(yj)=(vx)j-(xj)y=(xy)j, {xj)(yj)=yxe, f=e. 

Furthermore, one has TF(xe+w)=T(i), NF(xe+yj)=N(x)—yN(y). F is associative iff E is associative and 
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commutative. 

2) As a particular case one has: If E=R (hence s=wB), the Cayley extension of {R.idR) by an element 

Tgfl is a quadratic fl-algebra with basis (e,j) with j2=-ie. 

3) Another particular case is the following. Let E be a quadratic algebra of type (o,/3) such that the 

underlying module is R2 with multiplication rule given by means of (#) for the canonical basis. Let 

the conjugation s be the conjugation in E. Then for any -t£R, the Cayley extension F of (E,S) by 

means of 7 is called quaternionic algebra of type (0,0,7). (This is an associative algebra.) The 

underlying module is R". Let us denote by (o,ij,t) the canonical basis of Ri. Then the corresponding 

multiplication rule is given by the following table. (In the same table it are also reported the trace 

and norm formulas.) 

TAB.2.2 - Multiplication table and trace and norm formulas. 

i 

i 

k 

i 

ae+f3i 

03-It 

-aj 

3 

k 

7e 

7 1 

k 

aj+0it 

01-1' 

—a^e 

trace and norm formulas 

TF(u)=2p+0( 

WF(u)=p2+/3p{-a52-7(i72+/3i)C-oC2) 

Np (uv)=Np (U)NF (V) 

n=pe+ii+rij+(K, *>,{,?),<eK; u=(p+0()e-(i-nj-(n. 

4) An A-algebra isomorphic to a quaternionic algebra is called a quaternionic algebra; if a basis of 

such an algebra has the multiplication to be (0) then it is called of type (0,0,7). 

5) If 3=0 we say that the quaternionic algebra is of type (0,7). One has: 

TAB.2.3 - Multiplication table and trace and norm formulas. 

i 

3 

k 

i 

ae 

-K 

—aj 

J 

k 

~/e 

7» 

k 

aj 

—yi 

—aye 

trace and norm formulas 

TF(u)=2p 

NF(u)=p2 -a? -trf+a-y<,2 

u=pe+ii+1J+(", P.C'J.CeK; u=pe-t,i-r)j-C,K. 

(Of course as -1^1 this algebra is not commutative.) 

I I In particular if ,4=K=R, 0=7=-1, 0=0, F is called the Hamiltonian quaternionic algebra and 

is denoted by H. In this case JV(U)#O, hence u admits an inverse U~1=N(U)-1U in H, therefore H is a 

noncommutative corp. Any finte R-algebra that is also a corp (noncommutative) is isomorphic to H. 

Any quaternion ?eH can be represented by q=pe+(i+nj+(k, where %,j,k are linearly independent symbols 

that satisfy the following multiplication rules: ij=k=-ji, jk=i=-kj, ki=j=-ik, i2=j2=k2=-i. One has 

the following R-algebras homomorphism: A:H-»M(2 ;C), q^l ° + * c + ' I, where i is the imaginary 
V —c+di a—bi J 

I 1, are called Pauli matrices and satisfy cr2=<rJ=o*=i, axav=-<Tv=a1,=vTI. The set Hi^JV"1^) of 

quaternions of norm 1 is isomorphic to the group su(2): Hi^su(2). The n-dimensional quaternionic 
space H" has a canonical basis {et}i<i,<„, ei,€H, and any ueH" can be represented in the form »= 

E K K . ' ' 8 ' 1 9*eHi (?'=quaternionic components). As any quaternionic number q admits the 

following representation q=x+yj=x+jy, with x=pe+(i, y=r)+ct, where x and y can be considered complex 
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numbers, then one has the following isomoprphism H"~c2", (qk)^(xk,yk), where c2" has the following 

basis (ei,...,e„,jei,...,je„). We write dimHH"=n, dimcH"=2n. By using different quaternionic bases in H" 

one has that the quaternionic components of any vector «€H" transform by means of the following 

rule j "=52 . 9' >t, (A,')€Gi(»,H). Furthermore, the corresponding complex components transform in 

the following way: 

{x'h=x,a?-y'b'?, v'h=x'b?+y'a*}, ^=ah+b?j. 

Then one has a group-homomorphism Oi(n,H)4oi(2n,c), such that if A=A+Bj€GL(n,n), then c(A)= 

( A_ B ] . On H " there is a canonical quadratic form I«I 2 =X)I<K„ l« ' l1 =Si<Kn «'9*'=E,<li<„(lx,'l2+ 

|»*|2)ER, where v=gkek, gk€H, gk=xk+ykj, i ' , j ' e c . So such a quadratic form coincides with the ordinary 

norm of the vector space c2". Furthermore one has on H " the following form <«i.«a>H=X)1<Kn 9i9ieH, 

vi=Y^ qk<<k, »=i.2. The quaternionic transformations of H " , that conserve above form form a group 

Sp(n)cQL(n,n). As we can write <JJI,V2>H in the following way: 

C '521<k<ri(x
kxZ+ykyZ)=<vi,v2>c:= hermitiam form in c 2 n 

I E K K . ( » ' " " - " I V I I J - " ! " ! • " • ) C = skewsymmatric form in c2 ' 

we see that AgSp(n) preserves the hermitian form and the skewsymmetric form. Therefore c(Sp(n))cu(2n) 

and it is formed by the unitary transformations of c2" that preserves the antisymmatric form <T{VUVQ)C. 

EXAMPLE 2.2 - Sp(i)s?si/(2)ct/(2). So all the transformations contained in c(Sp(i)) are unimodular. • 

DEFINITION 2.1 - Let B be a quantum algebra. We define Cayley B - q u a n t u m algebra any-
quantum algebra C that is obtained from a Cayley K-aigebra A, by "extending the scalars" from K 

to B, i.e., C S B » K i , 

EXAMPLE 2.3 - The noncommutative B-quaternionic algebra B ® K H is a Cayley B-quantum al­

gebra over K = R endowed with the natural topology of Banach space and considering the K-linear 

morphism c = CB <S> \T : B ® K H -> K, where T is the trace of H. (Another possibility is to take 

c = CB®N, where N is the norm of H. In this last case, whether B is an augmented quantum algebra, 

then B ® K H becomes an augmented quantum algebra too.) • 

DEFINITION 2.2 - A quantum B-quaternionic manifold of dimension n and class <2j,, 0 < k < 

00, u, is a quantum manifold M of dimension n and class Q^ over the B-quantum algebra C = B<8>KH. 

Then the quantum coordinates in an open coordinate subset U C M are called B-quaternionic 
coordinates, {qk}i<k<n, Qk 'U -> C 1 

DEFINITION 2.3 - The category Cg\ of quantum B-quaternionic manifolds of class Qk
w, is 

defined by considering as morphisms maps of class Qk
w, between quantum B-quaternionic manifolds. 

EXAMPLE 2.4 - Quantum quaternionic Mobius strip. Let us denote I = [-n, n] C ~R, N = 

I x H. Let us introduce the following equivalence relation in TV: (x,y) ~ (x,y) if x ^ —n,it, 

{-n,-y) ~ (n,y). Then N/ ~ s M is called noncommutative quaternionic Mobius strip. One has a 

natural projectionp : M -> S1 , given by p{[x,y\) = x 6 Sl if x / -TT.TT, and p([ir, y]) = * 6 S1 , where 

* is the point of S1 = I/{-n,ir}, corresponding to {-7r,7r}. One can recover M with two open sets: 

{ f i i ^ p - 1 ^ ! ) , [ A E E J - T T , ^ ; n2=p-l(U2), U2=S1\{0}}. 

We put quaternionic coordinates on Qt, t = 1,2, in the following way. On fii, {xY[x,y} = p[x,y] = 

x e K,x2[x,y] = y e H } . On f)2, if x / -TT.TT, xl[x,y] = -n + x € R, x1[-x,y] = n - x € R, 

1 As a particular case we can take B = K . In this case C = H and we call such quantum K-quaternionic 
manifolds simply quantum quaternionic manifolds. 
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x2[±x,y] = y € H; xl[—K,-y] = x1^,?/] = 0, x2[—rr,-y] = x2[ir,y] = \y\ e c-1(R+) C H, with 

c = i j \ The change of coordinates is given by: 

i ^lu- =7T-x 1 e R "i 

x 1 !^ = -7T + x1 e R I . 

x2 = x2 e H J 

The structure group, i.e. the group of the jacobian matrix, is isomorphic to Z2. In fact one has: 

Therefore, M is a quantum quaternionic manifold modelled on R x H C H 2 , hence dimn M = 2. 

Furthermore one has the canonical projection M -> S1, therefore M is a regular quantum manifold of 

dimension (14-2). Finally remark that as M is not covered by a global chart, it is a non trivial example 

of quantum quaternionic manifold. Of course this can be also seen by means of homological arguments. 

In fact one has / ? i (M;R) = # i ( M c ; R ) = ^ ( S ^ R ) = R. Therefore, M is not homotopy equivalent 

t o R 6 , a s i ? i ( R 5 ; R ) = 0 . • 

EXAMPLE 2.5 - Quaternionic manifolds [3,15,16]. The category CH of quaternionic manifolds is 

a subcategory of C^=R , where the morphisms are quaternionic affine maps [15]. Therefore any of such 

morphisms / e Homcu {M, N), where dim M = 4m, dim N = in, are locally represented by formulas 

like the following: / * = A)(f +rk, A),q^,rh e H, 1 < k < n, 1 < j < m. A) identify m x n matrices 

with entries in H, or equivalently, real matrices of the form 

/ -l -m\ I a b c d \ 

( 4 ) = f A\ '" Al..\, M= I - ' " " ~C I , a,i,,c,deR. 
U ••• * [c ~d a b J 
v ' \-d c b a / 

The set of such matrices is denoted by M(n, m; H). The structure group of a 4n-dimensional quater­
nionic manifold is GL(n;H), (that is the subset of M(n ,m;H) of invertible matrices). Therefore, 
quaternionic manifolds are quantum quaternionic manifolds where the local maps / :U C H n -> U C 
H n , change of coordinates, are H-linear. Hence Df(p) e H " , Vj> e U. In fact, one has the following 
commutative diagram: 

HomH(H" ;H") ^ HomR(H";H") = i/omR(H;H)"2 

HomH(H;H)"2 HomR(R4;R4)"2 

H " 4=„2 

On the other hand the tangent space TPM has a natural structure of H-module iff M is an affine 

manifold. (As in this case the action of H on TVM = H " does not depend on the coordinates used 

to obtain the identificationrof TPM with H n . ) Hence the category CH is the subcategory of C^ of 

affine quantum quaternionic manifolds. A trivial example of quaternionic manifold is R 4 " = H™. If 

{x',3/!,«*,i)!}i<j<„ are real coordinates on R 4 n , then the almost quaternionic structure given by 

J(dxi)=dyi, J(9y j)=-Sij, J(aui)=-dvi, J(dvi)=du, 

K{8xi)=dui, K(dyi)=dvi, K{aui)=-dxi, J(dvi)=-dyi 



THEOREMS OF EXISTENCE OF LOCAL AND GLOBAL SOLUTIONS... 335 

is called the standard right quaternionic structure on R4 n .2 A non trivial example of quaternionic 

manifold is R 4 " with the standard quaternionic structure quotiented by a discrete translation group 

that gives a torus. • 

EXAMPLE 2.6 - Almost quaternionic manifolds. The category CH of almost quaternionic mani­

folds is a subcategory of C^=R, where the structure group of a 4n-dimensional quantum quaternionic 

manifold is GL(n; H)Sp(l) C GL(4n; R) . The category CH properly contains CH- An example of al­

most quaternionic manifold, that is not contained into CH, is the quaternionic projective space H P 1 . 

This cannot be a quaternionic manifold, since it does not admit a structure of complex manifolds 

REMARK 2.1 - As the centre C0 of C = B ® K H is isomorphic to B 0 , that is the centre of B, we get 

that, whether B 0 is Noetherian, one can apply above Theorem 1.1 and Theorem 1.2 for QPDEs, in 

order to state the formal quantum-integrability for quantum B-quaternionic PDEs. Note that in such 

a way we obtain as solutions submanifolds that have natural structures of quantum B-quaternionic 

manifolds. Then applying our theorems on the integral bordism groups for quantum PDEs [12], we 

can also calculate theorem of existence of global solutions for quantum B-quaternionic PDEs. 

EXAMPLE 2.7 - Quantum B-quaternionic heat equation. Let us consider the fiber bundle 

•K : W = C3 -+ C 2 = M with coordinates (t,x, u) i-¥ (t,x). The quantum B-quaternionic heat 

equation is the following QPDE: (HE)CJ^ JV2(W) C J$(W): uxx - ut = 0. This is a formally 

(quantum)integrable QPDE. Hence, for (HE)C we have the existence of local solutions for any initial 

condition. This means that in the neignborhood of any point g € (HE)C we can built an integral 

quantum B-quaternionic manifold of dimension 2 over C, V C (HE)C, such that V = 7r2(V) C M, 

where 7r2 is the canonical projection 7T2 : JV2(W) -¥ M. Then by using a Theorem 5.6 given in 

ref.[12] we have that the first integral bordism groups of (HE)C is: n[HE)c 9* Hi(W;¥L) 8 K C = 0. 

Hence we get that any admissible closed integral 1-dimensional quantum B-quaternionic manifold, 

N C {HE)C is the boundary of an integral 2-dimensional quantum B-quaternionic manifold V, 

dV C N, V C (HE)C, such that V is diffeomorphic to its projection into W by means of the 

canonical projection 7T2,o : J^fW) -> W. • 

EXAMPLE 2.8 - Quantum quaternionic heat equation. As a particular case of above equation 

one can take B = R. Then one has: 

f vr: W S H 4 - > H 2 = M ; (t,x,u)>->(t,x) } ,-ffp. 

1 (HE)„ C JV2(W) C Jl(W) : uxx-ut = 0j 

We can see that the set Sol((HE)H) of solutions of (HE)H contains also quaternionic manifolds, i.e., 
affine quantum quaternionic solutions. For example a torus 3 X c H 2 = M can be embedded into 

2 An almost complex structure on a c°° manifold M is a fiberwise endomorphism j of the tangent 

bundle TM such that j"=-i. A complex analytic map between almost complex manifolds (x,j,) and 

(Y,J2) is a c°° map 4>-.X-*Y, such that T(0)oJi=jsoT(0). An almost quaternionic structure on a c°° 

manifold M is a pair of two almost complex structures J and K such that JK+KJ=O. A quaternionic 
map ^ between two almost quaternionic manifolds (Jf,j,,ir,) and (Y,J2,K2) is a map <I>:X-*Y that is 

complex analytic from (x,jj) to (Y,J2) and from (X,K-,) to (y,jra). A quaternionic manifold is a c~ 

manifold M endowed with an atlas {0i:c/i->R4n}, for some n, such that ^otfr '^ t / jnt / j j -^c/ int / j ) is a 

quaternionic function with respect to the standard structure on R 4 " . (See also ref.[l].) 
3 Recall [15] that if (x,j,K) is a quaternionic manifold, then x with the complex structure aj+bK+ 

c(JK), o.s.ceR, is an affine complex manifold, hence has zero rational Pontryagin classes. Furthermore, 
if x is compact has zero index and Euler characteristic. Moreover, if dimH x=i and, for some o,6,c, x 
is Kahler, then it is a torus. 
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(HE)H by means of the second holonomic prolongation of the zero section u = 0 : M —> W. In fact, 

(HE)H is a linear equation. Therefore, X<2' = D2u{X) is a 1-dimensional smooth closed compact 

admissible integral manifold contained into (HE)H, that is the boundary of a 2-dimensional integral 

admissible manifold contained into (HE)H too. This last is also a quaternionic manifold. Moreover, 

all the regular solutions of (HE)M C JV2(W) are quaternionic manifolds, as they are difFeomorphic to 

H 2 . However, no all the regular solutions of (HE)H C Ji(W) are necessarily quaternionic manifolds 

too. • 

We are ready now to state the main results of this paper. 

THEOREM 2.3 - Let B be a quantum algebra such that its centre BQ is a Noetherian R-algebra. Let 

Ek C JVk(W) be a quantum regular QPDE in the category C^, where IT : W -> M is a fibre bundle 

with dimcM = m, C = B ® R H . Ifgk+r+i is a bundle of Co-modules over Ek, and Ek+r+i -> Ek+T is 

surjective for 0 < r < m, then Ek is formally quantumintegrable. In such a case, and further assuming 

that W isp-cormected, p € {0 , . . . ,m —1}, then the integral bordism groups ofEk C J^iW) are given 

by: 

fif' =HP(W;R)®RC, 0 < p < m - l . 

All the regular solutions of Ek C J^(W) are quantum B-quaternionic submanifolds ofEk of dimension 

m, over C, identified with m-dimensional quantum B-quaternionic submanifolds ofW. 

PROOF. It follows directly from above definitions and remarks by specializing Theorem 1.1, Theorem 

1.2 and our results in ref.[12], about integral bordism groups in QPDEs, to the category C^. • 

COROLLARY 2.1 - Let Ek C JVh(W) be a quantum regular QPDE in the category Cg, fresp. CH), 

where ir : W -> M is a fibre bundle with dimuM = m. If jjk+r+i is a bundle of R-modules over Ek, 

and Ek+r+i —>• Ek+r is surjective for 0 < r < m, then Ek is formally quantumintegrable. In such a 

case, further assuming that W is p-cormected, p € { 0 , . . . , m — 1}, then the integral bordism groups 

of Ek C J„(W) are given by: 

n^k =* H„(W;R) ® R H , 0 < p < m - l . 

All the regular solutions ofEk C J^(W) are quantum quaternionic, (resp. almost quaternionic), sub­

manifolds of Ek of dimension m, identified with m-dimensional quantum quaternionic, (resp. almost 

quaternionic), submanifolds ofW. 
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OPTIMAL CONTROL PROBLEMS ON THE LIE GROUP SP (1) 

MIRCEA PUTA 

ABSTRACT. An optimal control problem on the Lie group SP (1) is discussed and 
some of its dynamical and geometrical properties are pointed out. 

1. INTRODUCTION 

Recent work in nonlinear control has drawn attention to dritf-free, left invariant 
control systems on matrix Lie groups. We can remind here the case of the matrix 
Lie group SO (3) studied in connection with the spacecraft dynamics [4], [8], the case 
of the matrix Lie group SE (3) studied in connection with the control tower problem 
[6], the case of the matrix Lie group SO (n) studied in connection with the electrical 
circuits [11] and the case of the matrix Lie group U(n) studied in connection with 
the molecular dynamics [1]. The goal of our paper is to make a similar study for the 
matrix Lie group SP (1). 

2. THE LIE GROUP SP (1) 

Let H be the noncommutative field of quaternions, i.e., 

H = {g0 + iqi + 3<h + kq3 | <7o, 9i, 92,93 G R} 

Then we have the usual identification: 

H ~ R 4 . 

We denote by GLi(H) the group of automorphisms of H, that is the group of trans­
formations t: H —> H, of the form: 

£' = < (2.1) 

where £,£' e H ~ R4 and a € H \ {0}, and by SP (1) the subgroup of OLi(H) 
consisting of unitary automorphisms of H with respect to the canonical Hermitian 
product: 

£-v = €v, V ^ e H - R 4 , 

Work done under the direct cultural and scientific Agreement between the Universities of West 
Timisoara and Roma "La Sapienza". 
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that is, t G SP(1) iff it is of the form (2.1) with 

o-a = l. 

On the other hand, the canonical scalar product on R4 is expressed in quaternionic 
form by: 

<£,??>=.Re(£,77), 

where £, r/ G H ~ R4. It follows that 

ad = OQ + a\ + a\ + a\, 

and then one get the identification: 

SP (1) ~ S3 c R4. 

Let Im H ~ R3 be the space of imaginary quaternions. Since each element of SO (3) 
can be expressed in quaternionic form by: 

where q G H, qq — 1, £,£' G ImH, one has the isomorphism: 

S O ( 3 ) ~ 5 P ( l ) / Z 2 , 

where 
z 2 = { i , - i } . 

Correspondingly we have an identification of the Lie algebra so (3) of SO (3) with 
the Lie algebra sp (1) of SP (1). In terms of matrices one can get also the following 
identification: 

0 —a\ —02 — a3 

oi 0 - 0 3 a2 

a2 o3 0 —ax 

a3 —a2 ai 0 

Let {Ai, A2, A3} be the canonical basis of sp (1) given by: 

A2 = 

sp W H 0-1,0,2,0,2 G R , 

A 1 = 

0 - 1 0 
1 0 0 
0 0 0 
0 0 1 

0 
0 
1 
0 

0 
0 
0 

- 1 

- 1 0 
0 1 
0 0 
0 0 

; A3 = 

0 0 
0 0 
0 1 
1 0 

0 
- 1 

0 
0 

- 1 
0 
0 
0 

Then the Lie algebra structure of sp (1) is given by the following table: 

[•>•] 
A,. 
A2 

A3 

A, 
0 

- 2 ^ 3 
2A2 

A2 

2A3 

0 
-2Ai 

A3 

-2A2 

2Ax 
0 

Let us consider now on SP (1) the left invariant system: 

g = g(A1u1+A2u2). (2.2) 
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T H E O R E M 2.1 The system (2.2) is controllable and it is a single bracket one. 
Proof. Indeed, the proof is a consequence of the fact that sp (1) is generated by 
AUA2,[AUA2]. • 
REMARK 2.1 It is not hard to see that the controlled system (2.2) can be put in 
the equivalent form: 

X = ZU2 

y = zui 
z = xu2 — yu\ 
xu\ + yu2 = 0. 

(2.3) 

3. AN OPTIMAL CONTROL PROBLEM 

Let J be the cost function given by: 

1 ftf
r i rtf 

J(ui,u2) = - / [ciu\{t) + c2u
2

2(t)]dt; Cl > 0, c2 > 0. (3.1) 
* Jo 

Then we can prove: 
T H E O R E M 3.1 The controls that minimize J and steer the system (2.2) from 
X = XQ at t = 0 to X = Xj at t — tf are given by: 

Mi = — P i ; 
Cl 

u2 = —P2, c2 

where the functions P{ are solutions of: 

Pi P2P 
c2 

2 J 3 

P2 = -PXPZ (3.2) 

\c2 Ci) 
P1P2. 

Proof. Simply apply Krishnaprasad's theorem, [3]. It follows that the optimal 
Hamiltonian is given by: 

Hn 
1 (Pi 
0 \ + 2 \ ci c2 

(3.3) 

It is in fact the controlled Hamiltonian H given by 

H = Pjui + P2u2 - ~{ciu\ + c2ul), 
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which is reduced to (sp (1))!_ via the Poisson reduction. Here (sp (1))!. is (sp (1)) 
R3 together with the minus Lie-Poisson structure given by the matrix: 

0 - 2 P 3 2P2 

2P3 0 -2PX 

-2P2 2P2 0 

Then the optimal controls are given by: 

n (3.4) 

«i = —Pi; u2 = — P2, 
c2 

where the functions Pj are solutions of the reduced Hamilton's equations (or momen­
tum equations) given by: 

Pl,P2,P3 n-vffo, 
which are nothing else but the required equations. 
REMARK 3.1 The function C given by 

C = P? + Pi + Pi 
is a Casimir of our configuration ((sp (1))*, n ) — (R3> II) ' 1-e-> 

(vc)*-n=o. 
(3.5) 

REMARK 3.2 The phase curves of our system (3.2) are the intersections of the 
elliptic cylinders 

P\ P 2 

with the spheres 
c\ c2 

Pi + P2
2 + P3

2 = C. 

THEOREM 3.2 The dynamics (3.2) is equivalent to the pendulum dynamics. 
Proof. Indeed, H0 is a constant of motion, so 

32 P 2 

Let us take now 

Then 

P2 

C\ C2 

P\ = ly/c[ cos 9 
P2 = lV2sm6. 

Pj = -^/c~x6sm6 

^ ^ 6 sin 9 

= -Mm 
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or equivalently, 
fcTPi 

\lc2P2 

- fc(-
{cA X *• 

P2P3> 

Pi J 
A 
c2 

(C\Oi 

Differentiating again, we get 

0 = 2l2^/c^(c1 - Ci) sin 29. 

Thus, pendulum mechanics as required. • 
T H E O R E M 3.4 The system (3.2) may be realized as a Hamilton-Poisson system 
in an infinite number of different ways, i.e., there exists infinitely many different, in 
general nonisomorphic Poisson structures on R3 such that the system (3.2) is induced 
by an appropiate Hamiltonian. 
Proof. Indeed, to begin with, let us observe that our system can be put in an 
equivalent form: 

p = VC x Vflo, 

where P = [Pi, P2, P3]* and C and H0 are respectively given by (3.5) and (3.3). Now, 
an easy computation shows us that the system (3.3) may be realized as a Hamilton-
Poisson system with the phase space R3, the Poisson bracket {•, -}aj given by 

{/,sU = -vc'-(v/xVs), 
where a, b G R, 

C' = aC + bH„, 

and the Hamiltonian H' denned by 

H' = cC + dH0, 

where c, d € R, ad — be = 1. • 
T H E O R E M 3.5 The system (3.2) has a Lax formulation. 
Proof. Let us take: 

B = 

L = 

0 

2 „ 
—P3 

C l v 

2 2 \ 
Cl C: >./ 

0 
P* 

-Pi 

Pi 

-Pa 
0 

Pi 

2 „ 
-Pa 
Cl 

0 

0 

Pi 
-Pi 

0 

f2 
- -

\Cl 

2 

Cl 

0 

0 

- - \ p , 
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Then a direct computation shows us that the system (3.2) can be put in the equivalent 
form 

L=[L,B], 

as required. • 
REMARK 3.3 As a consequence of the above theorem it follows that the flow of 
the system (3.2) is isospectral. • 
T H E O R E M 3.6 The system (3.2) may be explicitely integrated by elliptic functions. 
Proof. It is known that: 

P2c2 + p%Cl = 2H0cxc2 = I, 

and 

P? + Pi + P* = c, 
are constants of motion. Then an easy computation shows us that: 

and 

P2 -

Pl^ 

C2 

C 2 - C 1 

Cl 

Cl - C2 

'Cc2 - I 

Cci-l 

Cl 

- p2 

p2 

Using now the third equation from (3.2) we get 

C1C2 

that is: 

which shows that P3, and hence P\, P2 are elliptic functions of time. 

4. NUMERICAL INTEGRATION OF THE SYSTEM (3.2) 

In this section we shall discuss the numerical integration of the system (3.2) via 
the Lie-Trotter integrator and we shall point out some of their geometrical properties. 
To begin with, let us observe that the Hamiltonian vector field Xu0 splits as follows: 

XH„ = XHl + Xu2, 

where 
1 Pf „ 1P? 
2 Ci 

H2 = --*-. 
2 c2 

The integral curves of XHl and XH2 are given by: 

P{t) = exv(tXHl) • P(0) = Mt, P(0)) 
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and respectively 
P(i)=exp(iXtf2)-P(O) = 02(i,P(O)). 

Now, following [10] (see also [5] and [9]), the Lie-Trotter formula gives rise to an 
explicit integrator of the equation (3.2) namely: 

p*+1 = <Mt,<A2(t,p«), 

or explicitely: 

p*+i = P * C 0 S ^ M t . P* sin 
c2 

2P2(0) 

c2 
t 

P ^ . p . ^ ^ M ^ i n ^ M ^ ^ e o s ^ M , 
c\ c2 

+P,fc sin 
2Pi(°)^ JPM4 -icos 

Cl Cl 
(4.1) 

p , + 1 = P , C 0 S ^ i s i n ^ . 
Cl C2 

P'sin^t 
Ci 

_ t 2 ^ ( 0 ) , 2^(0) 
+Pf cos — i cos —t. 

Cl c2 

Some of its properties are sketched in the following theorem: 
T H E O R E M 4.1 The numerical integrator (4.1) has the following properties: (i) The 
numerical integrator (4.1) preserves the Poisson structure (3.4). (ii) The numerical 
integrator (4.1) preserves the Casimirs of our configuration (R 3 , n ) - 0") ^s restric­
tion to each coadjoint orbit (P2 + P2

2 + P3
2 = fc, uk — -(P2dPi A dP3 - P3dPi A dP2 -

k 
P\dP2 A rfP3)) gives rise to a symplectic integrator, (iv) The numerical integrator 
(4.1) does not preserve the Hamiltonian H0 given by (3.3). 
Proof. The items (i)-(iii) hold because <j>\ and cj>2 are flows of some Hamiltonian 
vector fields, hence they are Poisson maps. Item (iv) is essentially due to the fact 
that 

{HuH2}^0. 

5. STABILITY 

It is not hard to see that the equilibrium states of our system (3.2) are: 

ei = (M,0,0); e2 = (0,M,0); e3 = (0,0,M), 

where M e R . Now we shall discuss their nonlinear stability. Recall that an equilib­
rium point p is nonlinear stable if trajectories starting close to p stay close to p. In 
other words, a neighborhood of p must be flow invariant. 
T H E O R E M 5.1 The equilibrium state ex is: (i) unstable, if Ci > c2; (ii) nonlinear 
stable if Ci < c2. 
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Proof. First consider the system linearized about e\. Its eigenvalues are given by 
solutions of the equation: 

(i) If c\ > C2 then a root of the characteristic polynomial has positive real part, thus 
ei is unstable as required, (ii) If C\ < c2, then the characteristic polynomial has 
two imaginary eigenvalues and one zero eigenvalue. Is the system stable? We shall 
prove that it is, via the energy-Casimir method, [2], [7]. Consider the energy-Casimir 
function: 

fl- = K? + ?)+*(5('f + * + ,*) 

where tp : R —• R is an arbitrary smooth real valued function defined on R. Let 
ip', <p" denote its first and second derivatives. Now, the first variation of Hv is given 
by: 

8HV = ^5Px + —6P2 + ^(-)(P!(LPi + P28P2 + P3SP3). 
c\ c2 

This equals zero at the equilibrium of interest if and only if: 

The second variation of Hv at the equilibrium of interest is given via (5.1) by: 

PHv[e{) = y" (IM2) M2(dP1)
2 + °-^^{5P2f - -(5P3)

2. 
\2 J cic2 Ci 

Since C\ < c2; c\, c2 > 0 and having choosen ip such that: 

^"(H<o' 
we can conclude that the second variation at the equilibrium of interest is negative 
definite thus ei is nonlinear stable. • 

Similar arguments lead us to: 
THEOREM 5.2 The equilibrium state e2 is: (i) unstable, if ci < c2; (ii) nonlinear 
stable, if ci > c2. 
THEOREM 5.3 The equilibrium state e3 is always nonlinear stable. 
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A N E W W E I G H T S Y S T E M O N C H O R D D I A G R A M S V I A 
H Y P E R K A H L E R G E O M E T R Y 

JUSTIN SAWON 

ABSTRACT. A weight system on graph homology was constructed by Rozansky 
and Witten using a compact hyperkahler manifold. A variation of this construction 
utilizing holomorphic vector bundles over the manifold gives a weight system on 
chord diagrams. We investigate these weights from the hyperkahler geometry point 
of view. 

1. I N T R O D U C T I O N 

New invariants of hyperkahler manifolds were introduced by Rozansky and Wit ten 
in [10]. They occur as the weights in a Feynman diagram expansion of the partition 
function 

ZRW(M) =Y^br(X)l£W(M) 

of a three-dimensional physical theory. In this expansion the terms I™ (M) depend 
on the three-manifold M but not on the compact hyperkahler manifold X, whereas 
the weights br(X) depend on X but not on M. Both terms are indexed by the 
trivalent graph T, though br(X) actually only depends on the graph homology class 
which T represents. There are many similarities with Chern-Simons theory, for which 
a Feynman diagram expansion of the partition function 

Zcs(M) = 5>( f l)/r
cs(M) 

gives us the more 'familiar' weights cr (g) on graph homology constructed from a Lie 
algebra g (in this case, the Lie algebra of the gauge group). We wish to further exploit 
the analogies. 

For example, in Chern-Simons theory we can introduce Wilson lines, ie. a link em­
bedded in the three-manifold. This leads to correlation functions which are invariants 
of the link, depending on representations Va of the Lie algebra g which are attached 
to the components of the link (the Wilson lines). Perturbatively we get 

ZCS(M;C) = £ c D ( f l ; K ) ^ ° n t ( M ; £ ) 

349 
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where we sum over all chord diagrams D (unitrivalent graphs whose univalent vertices 
lie on a collection of oriented circles), the weights cD(g; Va) depend on the Lie algebra 
0 and its representations Va, but not on the three-manifold M or the link £, and 

ZKoni(M; £)=^2 ZD°at(M; C)D 

is the Kontsevich integral of the link C in M. We would like to imitate this con­
struction in Rozansky-Witten theory, but although Rozansky and Witten give a con­
struction using spinor bundles, it is not clear in general how to associate observables 
to Wilson lines using arbitrary holomorphic vector bundles over X. However, in this 
article we show that 'perturbatively' this is possible. In other words, we construct 
explicitly a weight system bD(X;Ea) on chord diagrams from a collection of holo­
morphic vector bundles Ea over a compact hyperkahler manifold X. This leads to 
potentially new invariants of links 

Z™(M; C)=^2 bD(X; Ea)Z«,°»\M; C). 

Rather than investigate these invariants of links, our main purpose in this paper 
is to use these ideas to obtain new results in hyperkahler geometry. For example, 
the weights br(X) are invariant under deformations of the hyperkahler metric, and 
for particular choices of T give characteristic numbers. We can use the formalism of 
graph homology to relate certain invariants, in particular arriving at a formula for 
the norm of the curvature of X in terms of characteristic numbers and the volume 
of X. This is our most fruitful application of this theory to hyperkahler geometry, 
though the result should extend to the invariants of holomorphic vector bundles over 
X. 

Some of the ideas presented in this paper have already been described in more detail 
in Hitchin and Sawon [7], and the entire work is a continuation of the research first 
presented in [11]. A complete account may be found in the author's PhD thesis [12]. 

The author wishes to thank his PhD supervisor and collaborator N. Hitchin. Con­
versations with D. Bar-Natan, J. Ellegard Andersen, S. Garoufalidis, L. Gottsche, 
M. Kapranov, G. Thompson, and S. Willerton have been very helpful. Support from 
Trinity College (Cambridge) and the local organizers to attend this meeting in Rome 
is gratefully acknowledged. 

2. HYPERKAHLER GEOMETRY AND DEFINITIONS 

Let X be a compact hyperkahler manifold of real-dimension 4k. This means there 
is a metric on X whose Levi-Civita connection has holonomy contained in Sp(A;). 
Such a manifold admits the following structures: 

• complex structures / , J, and K acting like the quaternions on the tangent bundle 
T, 

• a hyperkahler metric g Kahlerian wrt I, J, and K, 
• corresponding Kahler forms wi, w2, and w^. 
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Although there is a whole sphere of complex structures compatible with the hy-
perkahler metric, there is no natural way to choose one of them. However, since 
we wish to use the techniques of complex geometry we shall choose to regard X as a 
complex manifold with respect to / . Then we can construct a holomorphic symplectic 
form 

on X, whose dual is 
OJGH°{X,A2T). 

Note that in local complex coordinates Co has matrix u)tj which is minus the inverse 
of the matrix w^ of ui. The Riemann curvature tensor of the Levi-Civita connection 
of g is 

K e f i M (EndT) 
which has components Kl .kl with respect to local complex coordinates. Using w to 
identify T and T*, we get 

m 

This tensor is symmetric in j and k as the Levi-Civita connection is torsion-free and 
complex structure preserving. It is also symmetric in i and j due to the Sp(2fe, C) re­
duction of the frame bundle which accompanies the hyperkahler structure. Therefore 

$ € n0,1(Sym3T*). 

Let £ be a holomorphic vector bundle over X of complex-rank r, and choose a 
Hermitian structure h on E. The unique connection V on E which is compatible with 
both the Hermitian and holomorphic structures is called the Hermitian connection. 
The curvature 

R en1'1 (EndS) 
of this connection is of pure Hodge type and has components R1

 Jki with respect to 
local complex coordinates on X and a local basis of sections of E. 

Let T be an oriented trivalent graph with 2k vertices. The orientation means an 
equivalence class of orientations of the edges and an ordering of the vertices; if two 
such differ by a permutation 7r of the vertices and a reversal of the orientation on n 
edges then they are equivalent if sign7T = (—1)"- Due to an argument of Kapranov [8] 
this notion of orientation is equivalent to the usual one given by an equivalence class 
of cyclic orderings of the outgoing edges at each vertex, with two such equivalent if 
they differ at an even number of vertices. Hence any trivalent graph drawn in the 
plane has a canonical orientation given by taking the anticlockwise cyclic ordering 
at each vertex. Note that F need not be connected, but we do not allow connected 
components which simply consist of closed circles. 

Place a copy of $ at each vertex of T and attach the holomorphic indices i, j , and 
k to the outgoing edges in any way. Place a copy of Q on each edge of T and attach 
the holomorphic indices i and j to the ends of the edges in a way compatible with the 
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orientations of the edges. The ends of each edge will then have two indices attached 
to them, one coming from <3? and one coming from Q. Now multiply all these copies 
of $ and u), with the $s multiplied in a way compatible with the ordering of the 
vertices, and then contract the indices at the ends of each edge. Finally, project to 
the exterior product to get an element 

r($) € n°*2k{x). 

For example, suppose that V is the two-vertex graph 

e 
which we denote by the Greek letter 0 and call theta. The canonical orientation 
of this graph corresponds to ordering the vertices 1 and 2 with the three edges all 
oriented from 1 to 2 (or any equivalent arrangement). Therefore in local complex 
coordinates 0 ($ ) £ Q°<2(X) looks like 

Note that X must be four real-dimensional in this example, ie. either a K3 surface 5* 
or a torus. 

Returning to the general case, we multiply T($) by uih which is a trivializing section 
of A2kT*. This gives us an element of Q2h'2h(X) which we can integrate to get a 
number. 

Definition The Rozansky-Witten invariant of X corresponding to the oriented triva­
lent graph V is 

a) *•<*>=(diss //<*»"*• 
Now let D be a chord diagram, which consists of an oriented unitrivalent graph 

whose univalent (or external) vertices lie on a collection of oriented circles which 
we call the skeleton of the diagram. The orientation is given by an equivalence 
class of cyclic orderings of the outgoing edges at each trivalent (or internal) vertex, 
with two such equivalent if they differ at an even number of vertices. Including the 
skeleton, we can regard the entire diagram as being a trivalent graph with some extra 
information. Since the skeleton consists of oriented circles, it induces a canonical 
cyclic ordering of the outgoing edges at the external vertices, so this trivalent graph 
is also oriented. The corresponding ordering of the vertices and orientations of the 
edges can be chosen in a way compatible with the orientation of the skeleton since 
we are working in an equivalence class. Note that D may be disconnected; we even 
allow circles in the skeleton with no external vertex on them. We assume that D has 
2k vertices (internal and external). 

Let Ei,... , Em be a collection of holomorphic vector bundles over X, one for each 
circle in the skeleton of D. Choose Hermitian structures on these bundles and denote 
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the curvatures of the corresponding Hermitian connections by 

Ra G Q^iEDdEa). 

As before, we place a copy of $ at each internal vertex of D and a copy of CJ at 
each edge, and attach indices as before. Each circle in the skeleton will have a vector 
bundle Ea associated with it, and we place a copy of the curvature Ra of that vector 
bundle at each external vertex lying on that circle. Recall that in local complex 
coordinates, and with respect to a local basis of sections of Ea, this curvature has 
components {Ra)

Ia
} £• Then k should be attached to the outgoing edge, Ia to the 

incoming part of the skeleton, and Ja to the outgoing part of the skeleton (recall that 
the skeleton consists of oriented circles). Now multiply all these copies of $, Q, and 
Ri,... , Rm, with the $s and Ras multiplied in a way compatible with the ordering 
of the vertices, and then contract the indices as before. For the curvatures attached 
to the external vertices, we contract indices like 

(Raj °Jakl(Ra) aKamn 

in an order which is compatible with the orientations of the circles making up the 
skeleton. If one of the circles has no external vertices lying on it, then we simply 
include a factor given by minus the rank of the vector bundle attached to that circle. 
Finally, projecting to the exterior product we get an element 

D($;Ra)en°>2k(X). 
As before, multiplying by uik gives us an element of Q2h'2k(X) which we can integrate. 
Definition The weight on the chord diagram D given by the vector bundles Ea over 
X is 

(2) bD{X]Ea) = jj^JxD{*-,Ra)ut. 

For example, let S be a K3 surface, E a vector bundle over 5, and D the chord 
diagram which is like the trivalent graph 9 , but with the outer circle being the 
skeleton. We usually break the skeleton at some (arbitrary) point and draw it as a 
directed line, and hence D looks like 

In local complex coordinates £>(<&; R) e Q°'2(S) looks like 

and 

bD(S;E) = ±JD(*;R)u. 

This construction may be varied by replacing the curvatures i? i , . . . ,Rm, and K by 
the Dolbeault cohomology classes which they represent; these are the Atiyah classes 
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of the bundles E\,... ,Em, and T, and are independent of the choices of Hermit-
ian structures and hyperkahler metric (respectively) on these bundles. We can then 
calculate using cohomology instead of differential forms. In fact, we can define the 
Rozansky-Witten invariants bT(X) and the weights br)(X;Ea) for any holomorphic 
symplectic manifold X (ie. not necessarily Kahler). This approach is due to Kapra-
nov [8]. 

3. PROPERTIES OF bT(X) AND bD{X\Ea) 

Let us first mention some of the basic properties of bT{X). 

1. Recall that we chose to regard X as a complex manifold with respect to I. 
In fact, br(X) is independent of this choice of compatible complex structure. 
Furthermore, it is a real number. 

2. If we deform the hyperkahler metric br{X) remains invariant. In other words, 
br(X) is constant on connected components of the moduli space of hyperkahler 
metrics on X. This essentially follows from the cohomological approach men­
tioned above. 5i 

3. The invariant bT(X) depends on the trivalent graph T only through its graph 
homology class. Graph homology is the space of rational linear combinations of 
oriented trivalent graphs modulo the AS and IHX relations. The former says 
that reversing the orientation of a graph is equivalent to changing its sign, and 
the latter says that three graphs FV, FH, and Fx which are identical except for 
in a small ball where they look like 

and 

respectively, are related by 

r, = rH - rx. 
In the Rozansky-Witten invariant context, the AS relations follow easily from 
the definition whereas the IHX relations follow by integrating by parts. 

4. The factor 
1 

(87r2)fcA;! 
in Equation (1) has been carefully chosen. Firstly, dividing by k\ ensures that 
the invariants satisfy the following multiplicative property 

(3) br(XxY)= J2 b7{X)by{Y) 
7U7'=r 

where X and Y are compact hyperkahler manifolds and the sum is over all ways 
of decomposing V into the disjoint union of two trivalent graphs 7 and 7'. The 



A NEW WEIGHT SYSTEM ON CHORD DIAGRAMS VIA HYPERKAHLER GEOMETRY 355 

additional factors lead to a nice formula for characteristic numbers in terms of 
Rozansky-Witten invariants which we shall describe in the next section. More 
importantly, our overall normalization agrees with Rozansky and Witten's. 

These properties were known to Rozansky and Witten (for a slightly different pre­
sentation see [7] or [12]). We can show that the weights bD(X;Ea) satisfy similar 
properties. 

1. Since the Atiyah class of E does not depend on the choice of Hermitian structure, 
we can show via the cohomological approach that neither does bD(X; Ea) depend 
on the choices of Hermitian structures on the bundles E\,... , Em. 

2. The weight bD(X; Ea) depends on D only through its chord diagram equivalence 
class. In other words, we should consider rational linear combinations of chord 
diagrams modulo the AS, IHX, and STU relations. The AS and IHX relations 
are as before, applied to internal vertices, while the STU relations are essentially 
the IHX relations applied to external vertices. More precisely, let Ds, DT, and 
Du be three chord diagrams which are identical except for in a small ball where 
they look like 

respectively. Then they are related by 

Ds = DT - Dv. 

In fact, it can be shown that all of the AS and IHX relations follow from the 
STU relations. Once again, in the hyperkahler context the STU relations follow 
by integrating by parts. 

3. In the case that all of the vector bundles E\,... , Em are trivial, we can choose 
flat connections and hence the curvatures Ra vanish. The only non-zero weights 
bD(X; Ea) will come from chord diagrams which are given by a trivalent graph T 
plus a skeleton consisting of a collection of disjoint circles1. Up to the additional 
factors corresponding to these circles, we simply get br(X), and this is why we 
have chosen the same factor 

1 

{87T2)kk\ 

in Equation (2). Note that another way to obtain the Rozansky-Witten invari­
ants br{X) is by letting the vector bundles El,... ,Embe the tangent bundle T. 
In this case, the chord diagram D becomes a trivalent graph, with no distinction 
between the edges of the unitrivalent graph and the skeleton. 

1This is analogous to the vanishing of Wilson lines in Chern-Simons theory when we associate 
the trivial representation to them. 
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These properties are discussed at greater length in [12]. Whether or not the weights 
bjj (X; Ea) are also independent of the holomorphic structures on the vector bundles 
Ei,... , E m is a question requiring further investigation. We expect that in the case 
of hyperholomorphic bundles (as described in Verbitsky's talk at this meeting) the 
answer should be in the affirmative. 

4. EXAMPLES 

In this section we shall discuss some specific trivalent graphs and chord diagrams, 
and the Rozansky-Witten invariants and weights which they lead to. To begin with, 
suppose we have an irreducible hyperkahler manifold X. For such a manifold we know 
that 

, o q _ j 0 if q is odd 
h' ~ \ 1 if q is even 

where h?'q are the Hodge numbers of X (see [3] for example). Now suppose we have 
a trivalent graph 7 with 2m < 2k vertices. We can still construct 

7($) e n°>2m{x) 

as before. Furthermore, the Dolbeault cohomology class that this element represents 
lies in the one-dimensional cohomology group 

This group is generated by [to"1} and hence 

(4) [7(d>)] = c7[u,m] 

for some constant c7. Therefore if F is a trivalent graph with Ik vertices which 
decomposes into the disjoint union of the trivalent graphs 71, . . • , 7<, then 

(5) 6r(X) = ^ - i ^ c 7 l . . . c 7 i ^ V 

for irreducible X. This formula clearly generalizes to the case that the 7, may be chord 
diagrams instead of trivalent graphs, and we introduce a collection of holomorphic 
vector bundles over X. 

For example, if we let 62 denote the trivalent graph 

then 

(6) 6Q4 {X)bel (X) = be>@2 (X)be^ (X) 

for an irreducible sixteen-dimensional manifold X, as both sides equal 

CBCU[j^^if^J A „2 

\(8x 
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We can also calculate c e explicitly in terms of the £2-norm of the curvature ||i?|| and 
the volume of X, and this leads to the formula 

fc! | |f l j |2 f c 

( 7 ) b@k{X) ~ {A^kY (volX)*-i 

for an irreducible hyperkahler manifold of real-dimension 4k (see [7]). 
The other type of trivalent graphs (and chord diagrams) we shall be interested 

in are those constructed from wheels. Wheels are unitrivalent graphs consisting of 
a circle with attached spokes. We use the notation w2\ to denote a wheel with 2A 
spokes. In the case of chord diagrams, we use the notation w2x to denote a wheel 
whose circle is oriented and part of the skeleton. Figure 1 shows some examples. Note 

FIGURE 1. The wheels w8 and w8 

that we are primarily interested in wheels with an even number of spokes. A polywheel 
is obtained by taking the disjoint union of a collection of wheels w2\1,... , w2xt

 a n d 
then summing over all possible ways of joining their spokes pairwise, in order to 
obtain a trivalent graph. We denote this 

In the chord diagram case, some of the wheels w2A may be replaced by W2A- Now 
suppose that 

Ai + . . . + A4 = k 

so that the trivalent graphs in the polywheel all have 2k vertices. Then for a hy­
perkahler manifold of real-dimension 4k 

(8) W " « W W = (-l)'(2Ai)! • • • (2At)! / ch2Al • • -ch2A( 
Jx 

where ch2A is the 2Ath component of the Chern character of X (see [7]). If some of the 
wheels w2x are replaced by w2A and we introduce a collection of holomorphic vector 
bundles over X, then in the above formula ch2A should be replaced by ch2A(.E), the 
2Ath component of the Chern character of E, where E is the vector bundle associated 
to that particular oriented circle in the skeleton of the chord diagram. 

Thus every characteristic number of X can be expressed as a Rozansky-Witten 
invariant for some choice of linear combination of trivalent graphs. A fundamen­
tal question in this theory is "to what extend is the converse true?", ie. can every 
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k = 1 

e 
k = 2 

2 

e 

k = 3 
3 

e 

V 
k = 4 

4 

e 
e ( 
e 

(w2) 

(wl) -1W 

|W 

Wo 
[(w2w4) + |{w 6 ) 

l(w2Wi) - &(w6) 

Mw<>) 

= (wl) - f(wlw4) + §(wl) + 2-§{w2w6) - i f <«,„> 

= |K2W-|K2)- |<w2w6) + |f§(W8) 

_ _ 1 2 vJ + | K ) + MW*W*) " rfeW 

J_ 
12 

— _ i l 
/ " " • > > 

+ i iK2 ) -^K) "96 w 
TABLE 1. Polywheels and graph homology 

Rozansky-Witten invariant be expressed as a linear combination of Chern numbers? 
We will answer this in the negative in the next section, but first observe Table 1. For 
k = 1, 2, and 3 the graphs given on the left hand side span graph homology and can all 
be expressed as linear combinations of polywheels. Therefore the Rozansky-Witten 
invariants are all characteristic numbers for k = 1, 2, and 3. The first trivalent graph 
which is not equivalent to a linear combination of polywheels in graph homology is 
Q2 which occurs in degree k = 4. It is precisely this graph which we will show leads 
to an invariant which is not a linear combination of Chern numbers. 
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5. SOME CALCULATIONS 

There are two well-known families of irreducible compact hyperkahler manifolds, 
the Hilbert schemes S^ of k points on a K3 surface S and the generalized Kummer 
varieties Kk (see Beauville [3]). Apart from these, the only other known example 
of an irreducible compact hyperkahler manifold was constructed by 0'Grady [9] in 
real-dimension 20 (as presented at this meeting). For the Hilbert schemes S^ and 
generalized Kummer varieties Kk, there are generating sequences for the Hirzebruch 
Xy-genuses due to Cheah [5] and Gottsche and Soergel [6]. We can try to use the 
Riemann-Roch formula to determine the characteristic numbers from this informa­
tion. For k = 1, 2, and 3 this gives us k independent equations in k unknowns (the 
Chern numbers) which we can invert. Then according to the relations in Table 1, 
all the Rozansky-Witten invariants may be determined from this information. When 
k = 4 we get four independent equations in five unknowns, and hence we cannot 
determine all of the Chern numbers, let alone the Rozansky-Witten invariants, from 
what we know thus far. 

Recall Equation (4) which says that 

[7(*)] = c7[u)m] € H?m(X). 

The number c7 may be a constant, but it depends on the manifold X. If we let X run 
through the family S ^ (respectively Kk), this means a dependence on k. For 7 = 0 , 
CQ is a linear expression in k (as proved in [12]), and using our calculations for k = 1, 
2, and 3 we can determine this expression precisely. Substituting into Equation (5) 
gives us the following results 

(9) bQk{S[k]) = I2k{k + 3)k 

(10) b@k(Kk) = \2k{k + l)k+l. 

From Table 1 we can see that 6©4 is a characteristic number. Therefore when k = 4 
we get a fifth equation for the Chern numbers which we can combine with the four 
independent equations we already have, and this system can then be solved to give 
all of the Chern numbers. According to Table 1 

b@2@2(X) 

may also be written in terms of Chern numbers, and hence can now be determined. 
Then 

bei(X) 

can be calculated from Equation (6), and this allows us to determine all the remain­
ing Rozansky-Witten invariants for S ^ and K±. For reducible compact hyperkahler 
manifolds in real-dimension sixteen, we merely need to apply the product formula (3). 

There is evidence to suggest that c7 is also linear in k for graphs 7 other than 
0 (possibly for all trivalent graphs). This would enable us to perform many more 
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calculations, ie. for k > 4, though we shall not need such results here. 
already know enough to show that the invariant 

in real-dimension sixteen is not a linear combination of Chern numbers 
take two (disconnected) compact hyperkahler manifolds 

48K4 + 294S x 5[31 + 1445[2] x S[2] + 63S4 

and 
3365[4] + 268S2 x S[2] 

where '+ ' denotes disjoint union. The coefficients have been chosen so that both of 
these manifolds have the same Chern numbers. However, our calculations reveal that 

6©2 (48^4 + 2945 x S[3] + 1445pl x S® + 63S4) ^ 6e»(336Sw + 268S2 x S[2]) 

and therefore the Rozansky-Witten invariant 602 is not a characteristic number. On 
the other hand, although this Rozansky-Witten invariant cannot be written as a linear 
combination of Chern numbers, for X irreducible and connected Equation (6) implies 
that it can be written as a rational function of Chern numbers. Hence whether or not 
the Rozansky-Witten invariants are really more general than characteristic numbers 
is a fairly subtle question. 

6. T H E WHEELING THEOREM 

The space of equivalence classes of chord diagrams admits two different product 
structures. The Wheeling Theorem is an isomorphism f2 between the two resulting 
algebras, which is constructed quite explicitly from a particular linear combination of 
disjoint unions of wheels 

oo 

= exPu 5 3 b^w^ 

where 
f i r2m_ 1, sinh(a:/2) 
^b2mx - 2 l 0 S x/2 

and expy means we exponentiate using disjoint union of graphs as our product. This 
Theorem was recently proved by Bar-Natan, Le, and Thurston [2], and we refer to [1] 
for a detailed statement of the result. Of course, the isomorphism may be thought of 
as a family of relations among equivalence classes of chord diagrams 

(11) Cl(xy) = Q(x)Q(y) 

where x and y are chord diagrams, and in this sense it is really a statement about the 
remarkable properties of fJ. In the Rozansky-Witten context, we wish to investigate 

In fact, we 

We simply 
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the consequences of these relations for our invariants of hyperkahler manifolds and 
their vector bundles. 

The particular relations we are interested in are a special case of (11) and look like 

( ^ + — ® )xk 

( 1 2 ) = 2**! ( (2 l ) I { Q o W 2 k ) + (2fc-2)! ("2 W 2 f c"2 ) + ' ' ' + ^ 2 f c W o ) ) 

where f22m is the 2mth term of fi, which consists of wheels and their disjoint unions 
having 2m external legs, and xA; means that we take the kth power where multipli­
cation is given by juxtaposition of skeletons (which are written as directed lines). 
Note that since we are quotienting by the STU relations, this multiplication is in fact 
commutative. For example, when k = 2 the left hand side of Equation (12) looks like 

+
 2 G + ' & 

2 

Now suppose we have a compact hyperkahler manifold X of real-dimension 4k with 
a holomorphic vector bundle E over it. Since polywheels give rise to Chern numbers, 
we expect the weight corresponding to the right hand side of Equation (12) to give 
us some characteristic number. In fact, the precise form of Q. (in particular, the 
appearance of ^ y ' in its generating function) means that we get 

(13) -2kk\ [ Td1 / 2(T)Ach(£) 
Jx 

where projection of the integrand to the space of top degree forms before integrating 
is assumed. The weight corresponding to the left hand side of Equation (12) is less 
easy to interpret. Let us look at the simplest possible case where E is a trivial vector 
bundle. 

As mentioned earlier, the only weights which do not vanish in this case are those 
coming from chord diagrams consisting of a trivalent graph plus a skeleton consisting 
of a disjoint circle. The only such chord diagram in the left hand side of Equation (12) 
is 

24* -
and the corresponding weight is 

~ r a n k iW). 24* 
On the other hand, the Chern character 

ch(£) = rankS 



362 JUSTIN SAWON 

for E trivial and hence (13) becomes 

-2kkhankE f Td1/2(T). 
Jx 

Therefore 

(14) bQk(X) = 48kk\ f Td1/2(T). 
Jx 

We already have a formula for &Q*(X) when X is irreducible, namely Equation (7), 
and it follows that in this case the £2-norm of the curvature ||i£|| of X can be expressed 
in terms of characteristic numbers and the volume of X. This is the main result of [7], 
where the precise formula may be found. Also, since ||iZ|| and the volume must be 
positive, we can conclude that 

/ Td1/2(T) > 0 
Jx 

for irreducible manifolds X. For example, in eight real-dimensions this implies that 
the Euler characteristic 

c4(X) < 3024. 

In fact, it follows from a result of Bogomolov and Verbitsky (see Beauville [4]) that 
the sharp upper bound in this case is 324. The author is grateful to Beauville for 
pointing this out. 

Of course the holomorphic vector bundle E has disappeared entirely from Equa­
tion (14). To generalize this result to non-trivial vector bundles E we need a better 
understanding of the weights corresponding to particular chord diagrams, and their 
relations to standard invariants of vector bundles; we have already seen that char­
acteristic numbers arise - perhaps certain norms of the curvatures of these bundles 
should also appear. Ultimately one would like a complete interpretation of Equa­
tion (11) in the Rozansky-Witten context. 
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ABSTRACT. We study quaternionic group representations of finite groups system­
atically and obtain some basic tools of the theory, such as orthogonality relations 
and the Clabsch-Gordan series for reducible representations. We also derive all irre­
ducible inequivalent Q-representations of a group G, classifying them according to a 
suitable generalization of the Wigner and the Probenius-Schur classification. Some 
applications to physical problems and to the time reversal symmetry are shown. 

1. INTRODUCTION 

In the first part of this communication we intend to inquire quaternionic group 
representations (QGR) directly (i.e. without the detour of transcribing the quaternion 
operators into complex ones via the symplectic representation) and systematically, 
going over the basic steps of the theory. 

When dealing with this subject the main difficulties come from the non commu-
tativity of Q, which complicates from the very beginning the basic problem of the 
invertibility of a linear mapping, and the usual form of the character of a representa­
tion must be abandoned in favor of a (seemingly) weaker characterization. Moreover 
the corollary of the Schur's lemma (which is a basic tool for the analysis of representa­
tions and for deriving orthogonality relations) fails to be true in its usual form. This 
notwithstanding, we obtain some orthogonality relations for linear representations and 
characters in QGR, that can be applied to analyze any reducible Q-representation; in 
particular we obtain all the (inequivalent ) irreducible Q-representations (Q-irreps) 
of a (finite) group G and classify them according to a generalization of the well-known 
Probenius-Schur classification [2,8] of C-representations. 

The second part of this communication, is devoted to some applications, mainly re­
garding magnetic groups. The time-reversal symmetry, which is described in complex 
quantum mechanics by an antiunitary operator, brings out the necessity of introduc­
ing the more general concept of corepresentations (i.e., representations by unitary 
and antiunitary operators) whenever the symmetry group contains a time-inversion 
operator. 

365 
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In the framework of Quaternionic Quantum Mechanics (QQM) the time-inversion 
operator is still unitary, with the remarkable property that it anticommutes with the 
anti-self-adjoint operator which represents the Hamiltonian of the physical system 
[1]. It follows that one can study the symmetry groups including time-reversal by 
the same methods adopted in order to study symmetry groups containing spatial 
symmetries only. 

We apply to the magnetic groups a further classification of groups, which in some 
sense replaces the Wigner classification of corepresentations [9,10] and can be crossed 
with the generalized Frobenius-Schur classification in order to get a more general 
classification of these groups. Some physical applications are briefly sketched in the 
conclusions, from which a suggestion arises to inquire into parity violation from a 
purely group theoretical point of view. 

The main results of this comunication have been exposed in ref.[14,15]. 

2. UNITARY Q-REPRESENTATIONS 

In a (right) n-dimensional vector space Qn over Q, every linear operator is associ­
ated in a standard way [4] to a nxn matrix acting on the left. 

In analogy with the case of complex group representations, one can then define the 
hermitian conjugate A^ = A of a matrix A [AT and A denote, as usual, the transpose 
and the quaternionic conjugate of A, respectively), and introduce the concepts of 
unitarity, hermiticity and so on. The properties of hermitian and unitary matrices 
in Qn have been widely investigated [6,7]; moreover if G is a finite (or a compact) 
group, one can always assume unitarity and complete reducibility of the quaternionic 
representations [13]. 

Finally we recall that for Q-irreps Schur's lemma still holds [7] and one obtains as 
a corollary that: "If a Hermitian matrix H commutes with an irreducible set D of 
matrices,it is a (real) multiple of the unit matrix" [7]. 

The above corollary allows one to prove the following proposition: 
" The equivalence between unitary Q-representations can always be effected by a 

unitary matrix". 

Proof. Let D\ and D2 be two equivalent unitary irreducible Q-representations, and 
let T be the matrix that effects the equivalence between them: 

DXT = TD2. 

The conjugate of previous equation reads 

T*D[ = D\T* 

or, recalling the unitarity of Dx and D2, 

T*Di = D2TK 
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Then, T T f A = TD2T^ = DXTT* , i.e., the hermitian matrix TT^ commutes with 
Dx and by the Schur Lemma, I T * = rl,r€ R- Moreover, r > 0 being trivially 

Vj<A)eg",(<A|TtT|0)=r(0|0) = ||T|,A)||2. 

Hence, T" = -^T is a unitary matrix such that 

D1=T'D2T'-1. 

The proof for reducible representations follows at once, observing that Dx = D2 

if and only if the irreducible blocks in their decomposition are both equivalent (see 
sect.3). 

3. ORTHOGONALITY RELATIONS AND ANALYSIS OF Q-REPRESENTATIONS 

Let D (G) be an n-dimensional irreducible and unitary Q-representation of a finite 
group G and let us consider the matrix 

(3.1) A = YJD{g-l)XD{g)=YJD
T {g)XD{g) 

geG geG 

with X hermitian; then , trivially, A = A^ . 
Indeed 

(3-2) Aij = J2T,V^ (9) XuDn (g) = Aj{-
geG k,l 

moreover D (g) A = AD (g) , V j e G . 
By using the corollary of Schur's lemma [7], 

(3.3) A = A<*>I„ 

where A^x' e R and /„ is the unit n x n matrix. 
Let us now choose in Eq. (3.1) a matrix X<r) in such a way that X$ = 5krSir , 

with r fixed, and take the real trace of A. Recalling that the real trace satisfies the 
cyclic property ReTrBC = ReTrCB [7], we obtain 

(3.4) ReTrA = ^ ReTrX^ = [G] = X^n 
g 

where [G] is the order of G. 

By substituting the explicit form of X$ and A(r) in Eq. (3.2), we easily obtain 

(3-5) Y/Dri(g)Drj(g)=[^-5ij. 
gee n 
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Analogously, let D^ (G) and D^ (G) (/x ̂  v) be two unitary inequivalent Q-irreps 
of G whose dimensions respectively are n^ and n„; then the matrix 

(3.6) A = ^2D^(g-1)XD^(9) 
g£G 

for every matrix X , satisfies the condition 

DM (h) A = ADM (h) Vh G G. 

By using Schur' lemma [7], we conclude that A must vanish identically. 
Choosing in Eq. (3.6) a matrix X^ such that X^' = 6krSis with r, s fixed and 

writing down the explicit form of Atj, we obtain 

(3-7) ESj)(s)^S,Cff) = 0 

geG 

and finally (expressing Eqs. (3.5) and (3.7) in a more compact form), 

(3-8) E ^ (9)^(9) = ^Mi-
geG n» 

which is the (weaker) analogue for Q-irreps of the orthogonality relation for C-irreps. 
Let us put now r = i and s = j in Eq. (3.8), and let us sum over i and j ; then, 

(3-9) $ > M Q ( s ) x M ( < ? ) = 0 
9 

where x'M' (</) denotes the (full) trace of D^ (g). Eq. (3.9) express the orthogonality 
between (quaternionic) characters of two inequivalent Q-irreps of the group G. 

On the other hand,the following identity holds: 

x<"> (g) = iJex(M) (g) = \ [xw (g) - *xM (g) i - jx{li) (g) j - kx
(ti) (g) k] 

and each term in parentheses, say — ix^ (ff) h can De considered as the character of 
g in a Q-representation (in our case —iD^H), which is equivalent to the D^ but 
certainly inequivalent to the D^ [13]. For, we easily get the following relation from 
Eq. (3.9) 

j " £*«(,)*«(,)-<, 

or also (remembering that conjugated elements of a group have the same real char­
acter) 

(3.io) ^7mT,'*&)&) = s>>>> 
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where xf] obviously indicates the (real) character of all elements belonging to the 
i-th conjugation class of G, and k{ is the number of the elements of such a class. 

As usual in CGR theory, Eq. (3.10 ) can be read as an orthogonality relation 
between vectors in a ^-dimensional space (where K is the number of the conjugation 
classes of G),so that we finally obtain that the number r of inequivalent Q-irreps of 
G must satisfy the following inequality 

r < K 

(and some cases occur in which strict inequality holds). 
The possibility of decomposing any reducible Q-representation follows at once from 

these results. Indeed, let 

D(G) = ^/aflD^(G) 

be the Clebsh-Gordan series of a reducible Q-representation D (G) . Then, trivially, 

x(5) = EflMX(")(ff) V 5 e G . 

By using Eq. (3.10) we obtain 

_ 1 v ^ . - ~(M) 

and this decomposition is unique, so that we can finally assert that two Q-represen-
tations are equivalent if and only if their (real) characters coincide. 

4. Q-IRREPS AND THE GENERALIZED FROBENIUS-SCHUR CLASSIFICATION 

In order to obtain all the Q-irreps, we recall that any C-irrep of a group G can 
obviously be considered as a (not necessary irreducible) Q-representation and an 
important theorem (Main Reduction Theorem) states that: "A C-irrep D reduces 
over Q (into two equivalent Q-irreps Dx and D2 ) if and only if D is equivalent to its 
complex conjugate D* by an antisymmetric matrix" [7]. 

Moreover we can prove that: "All the Q-representations found in the sense of 
Main Reduction Theorem are inequivalent to each other, with the exception of those 
generated by a pair of complex conjugated representations such that D ¥ D*"[14], 

Recalling that, in the realm of CGR, " Two inequivalent C-irreps share the same 
real part of the character if and only if they are complex conjugate of each other" [14], 
we can conclude that the choice of characterizing any Q-representation by means of 
the real part of the trace (due to the necessity of maintaining the cyclic property of 
this quantity) does not eliminate any relevant information. 

Finally we prove that: 
"No Q-irrep exists besides those generated (in the sense of the Main Reduction 

Theorem) by the C-irreps" [14]. 
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Proof. (We give here a more direct proof of this proposition, with respect to ref. [14]) 
Let D — Di + jD2 be a purely quaternionic representation (i.e., D\ and D2 are 

complex matrices and D2 ^ 0 in every basis); if we take the direct sum 

D1+jD2 0 
0 D1+jD2 

and perform the similarity transformation 

1 / 1 - i l \ f D1+jD2 0 \f 1 j l \ _ ( Dx -Di \ 
2 ^ - j l kl J \0 D1+jD2 ) \ i l -kl ) \D2 D{ )> 

we obtain a complex representation which is equivalent to its complex conjugate 
by an antisymmetric matrix: 

0 1 \ / Dx -D*2 \ ( 0 - 1 \ / D\ -D2 

-1 0 J \D2 Dl ) \ 1 0 J \D*2 D, 

One can easily verify that the complex commutant of such representation is a 
complex multiple of identity operator, therefore, by the corollary of Schur's Lemma 
for C-irreducible representations, this representation is irreducible over the complex 
field. The Main Reduction Theorem, cited above, ensures on the other hand that to 
any C-representation with the previous properties is associated an purely quaternionic 
irreducible Q-representation and the theorem is prooved. 

We have shown elsewhere [14] that all irreducible linear (inequivalent) Q-repre-
sentations of a finite group G fall into three classes: potentially real or of type R, 
potentially complex or of type C, (purely) quaternionic or of type Q (generalized 
Frobenius-Schur classification). The generalized irreducibility criterion reads 

(4-D £^)2(s) = g 
9 

fi [R 
where ĉ M' = < 2 when the representation D^ is of type { C . 

[4 [Q 
Let us recall [14] that the following relation occur between the character Xc °f 

a complex representation and the character \ ^ 0 I the corresponding quaternionic 
representation: 

(4.2) x ( r t = < 
Xc 

Rex^ when D M of type 

2AC 



QUATERNIONIC GROUP REPRESENTATIONS 371 

Then, we also obtain, by using the classical Frobenius-Schur criterion: 

(4.3) E * W ( 5 2 ) = ^ ) [ G ] 
g 

( +1 ( R 
where d<"> = < 0 if £><"> is a Q-irrep of type{ C . 

\-\ \Q 
We conclude that the couple of values of J2gX^2(g) and J^gX^Hd2) uniquely 

identifies all Q-irreps and their class. 

5. MAGNETIC GROUPS AND THEIR CLASSIFICATION 

Color groups are defined in the literature[12] by 

(5.1) G' = G + aG, a$G, 

where a is an operator which switches color (or, even, a product of such operator with 
a spatial symmetry which does not belong to G ) and G is a (normal) subgroup of 
G' of index 2, whose elements represent spatial symmetries. In the CGR theory, the 
same equation defines the magnetic groups [3,11], where the elements of the coset aG 
are antiunitary operators. We call magnetic group in the following any group defined 
by Eq. (5.1), without entering into the physical interpretation of the elements of aG . 
We only characterize algebraically these elements by requiring that all elements in G 
commute with a given operator, say H, while all elements in aG anticommute with 
it. 

We are now ready to study and possibly classify the representations of magnetic 
groups in the spaces Qn. Let X be a finite dimensional vector space and let D(G') be 
an irreducible (unitary) representation of a magnetic group G' in X. Whenever the 
restriction of D(G') to G is reducible, let X\ be an irreducible G-invariant subspace 
of X and let {| e,)} be a basis in it. Then, 

(5.2) {ei \D{g)\ ej) = D{j (g) = Ay (g) V5 € G; 

moreover, if | ft) = D (a) | et) , we get 

(5.3) Ay (g) = (h\D (g) | /,-> = (e{ j D (a"1) D (g) D (a) | e,-> = Ay (a^ga) . 

Since a~xga € G , the set of matrices A (G) coincides with A (G) which is supposed 
irreducible in X\ (then, they share the same global properties); for, A (G) too is an 
irreducible representation of G in X2 = D (a) Xi. Furthermore, we note that 

D (o) X2 = D (a2) Xx = Xx. 

Now, let us observe that both the subspaces X\ n X2 and Xi © X2 are G'-invariant; 
being by hypothesis D (G') irreducible, we easily obtain XinX 2 = 0 and XX®X2 = X. 
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Choosing as a basis in X the set {| e*)} U {j fj)}, we get 

M »B-(T4K(!T). 
and two cases arise, according to whether A is equivalent to A : A = A or not. 

We have thus obtained a threefold classification of the irreducible representations 
of magnetic groups : 

I- the restriction D(G) of D to the subgroup G is irreducible; 
II- D (G) is reducible and has the above form, with A ^ A; 
III- D (G) is reducible and has the above form, with A = A. 
This classification makes no reference to the scalar field of the vector space X, so 

that it generalizes the Wigner classification of corepresentations [18] in CGR theory 
and can replace it in the framework of QGR theory. 

Thus, the idea arises to cross this new classification with the generalized FS classi­
fication discussed in Sect. (4), so as to obtain a more detailed description of Q-irreps 
of magnetic groups. 

By using the orthogonality relations we can prove [15] that case I splits into five 
subcases: 

I-R D (C) ^R,D(G)^R (i.e., D (G) and D (G") both of type R) 
I-C/R D (C) ~C,D(G)~R 
1-C/C D(G')~C,D{G)~C 
I-Q/C D (G1) ~Q,D{G)~C 
I-Q/Q D (G') ^Q,D(G)~Q , 
case II splits into three subcases [15]: 
II-R D (C) -~R,D(G)^R + R 
II-C D (C) ~C,D(G)~C + C 
II-Q D (G') - Q, D (G) - Q + Q . 

(We denote by R + R, C + C, Q + Q a decomposition of D(G) in two inequivalent 
representations of type R, C, Q respectively.) 

Finally, case III splits in two subcases [15] only: 
III-R D {G') ^R,D (G) - 2C; 
III-C D (G") ~C,D (G) - 2Q. 

(We denote by 2C, 2Q here a decomposition of D (G) in two equivalent representations 
of type C, Q respectively.) We observe that the above crossed classification is not 
trivial, because some of the nine cases that one could in principle obtain split in 
subcases, whereas one of them cannot occur, so that it provides a valuable insight 
into the properties of magnetic groups and their Q-irreps. 

A remarkable role is played among the magnetic groups by the factorizable groups, 
the physical interest of which has been widely outlined [5,10]. 
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We recall that a magnetic group G' = G + aG is said to be factorizable if the 
automorphism 

(5.5) g - • g' = a^ga V j e G 

is an inner automorphism, i.e., an element w €.G exists such that g' — w~lgw,\lg G G. 
It is easy to see that G' is factorizable if and only if an element t = aw~l G aG exists 
which commutes with all elements in G (hence with a, that is with all elements in 

In many physical applications, when such an operator t exists, it is interpreted as 
a time-inversion operator. Indeed Adler [ 1] has shown that in the realm of QQM all 
spatial symmetries commute with the Hamiltonian H of the system, whereas the time-
inversion operator anticommutes with H and commutes with all spatial symmetries; 
thus, in this framework, every symmetry group containing the time-inversion operator 
is a factorizable group. 

We therefore studyed magnetic groups of the form 

(5.6) G' = G + tG, [t, G] = 0, 

and determined that only the cases I-R, I-C/C, I-Q/Q,I-C/R, III-C of the crossed 
classification actually occur for such groups. In the cases I-R, I-C/C, I-Q/Q results 
D (t2) = 1, and in the cases I-C/R, I-C/C, III-C we obtain D (t2) = - 1 . 

If one now recalls that the squared time-inversion operator in QQM [1] is equal 
to the identity for fermionic systems, it has opposite sign for bosonic systems, we 
conclude that: 

i) whenever a fermionic system is considered, a magnetic factorizable group falls 
into one of the cases I-R, I-C/C, I-Q/Q of the previous classification and D (t2) = 1 

ii) whenever a bosonic system is considered, a magnetic factorizable group falls into 
one of the cases I-C/R, I-C/C, III-C of the previous classification and D (t2) = — 1 . 

6. CONCLUSIONS 

We conclude the discussion recalling that the mathematical methods and results 
developed in this communication have been applied to quantum physical problems, 
such as the study of degeneracy of energy levels in QQM whenever a time-reversal 
symmetry exists [15] (Kramers degeneracy). Kramers theorem applies in the context 
of CQM [17] and states that all energy levels of a fermionic system must be at least 
doubly degenerate, as really happens. Of course, Kramers degeneracy must appear 
in all attempts of modifying or generalizing ordinary quantum mechanics; our results 
perfectly agree with the experimental data. 

Secondly we obtained the Q-representations of the quaternionic complete symmetry 
group [16] (obtained by extending the connected Poincare' group and the internal 
symmetry group by means of the CPT (0O) and the generalized parity (V) operators), 
in order to classify the particle multiplets. 
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Further investigations are suggested by an examination of the explicit forms of the 
Q-representations of the complete group. For instance, one of the possible forms of 
such extensions is, in a suitable basis: 

(«)»(°)=(ro,i(G)).»(*) = (J.J1) .^-(S r . -
S l) 

and the Hamiltonian is 

(6.2) H = ih0l, h0 G R, 

where A (G) is a Q-irrep of the internal symmetry group G, and Go and V denote 
the C P T and the parity operators, respectively. 

On the other hand, if we consider a physical theory which is not invariant with 
respect to the (generalized) parity operator and then study the extension of the same 
representation A(G) of G obtained by means only of 0O , the case l-C/C arises. 
Performing again a suitable change of basis, we obtain: 

(,a, ;>«^(f<G> ° ( G ) ) , WW = (» ,£• 
and the Hamiltonian is: 

(6.4) H' = ihol + jht ( J J V ho, hi G R, 

It follows at once that the representations of G and 0 O are identical in both cases: 
but the presence in the former case of a further symmetry, namely V , forces the 
cancellation in the form of H of the genuinely quaternionic term in j , to which we 
can then ascribe the parity violation (in perfect accordance with some arguments due 
to Adler [1 ] in a very different context). 
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ABSTRACT. In this article we discuss a peculiar interplay between the represen­
tation theory of the holonomy group of a Riemannian manifold, the Weitzenbock 
formula for the Hodge-Laplace operator on forms and the Lichnerowicz formula 
for twisted Dirac operators. For quaternionic Kahler manifolds this leads to sim­
ple proofs of eigenvalue estimates for Dirac and Laplace operators. We determine 
which representations may contribute to harmonic forms and prove the vanishing of 
certain odd Betti numbers on compact quaternionic Kahler manifolds of negative 
scalar curvature. We simplify the proofs of several related results in the positive 
case. 
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1. I N T R O D U C T I O N 

Since decades the Weitzenbock formulas for the Dirac operator on Clifford bundles 
have inspired intensive and important research. The full Weitzenbock machinery is 
now beginning to take its definite place in differential geometry incorporating recent 
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ideas about Kato inequalities (cf. [CGH99]) and more and more representation the­
ory. It is inevitable to get the impression that geometrically interesting second order 
operators like the Hodge-Laplace or the Dirac operator can be defined abstractly 
apart from their original setting. In particular it is thus possible to compare geo­
metric differential operators defined on completely different vector bundles. In this 
article we will describe the impact of this idea and discuss potential applications for 
quaternionic Kahler manifolds in detail. 

Studying manifolds of special holonomy may lead to new insights into underlying 
structures and concepts of differential geometry. In fact the primary feature of a 
manifold of special holonomy is its richness in geometric vector bundles ir(M) cor­
responding to the representations IT of the holonomy group. In this article we will 
use Meyer's interpretation (cf. [Me71]) of the Weitzenbock formula for the Hodge-
Laplacian A to define an elliptic selfadjoint second order differential operator 

Av: TTT(M) — • Tn(M) 

for every geometric vector bundle ir(M). For a homogeneous vector bundle on a 
symmetric space G/K of compact type the operator A^ becomes the Casimir of 
G. Moreover Aw agrees with the Hodge-Laplacian A for all parallel subbundles 
7r(M) of the differential forms. This immediately implies the generalized Lefschetz 
decomposition of the de Rham cohomology 

H'dR{ M,C) = 0 Horn HOI (7T, A '{T*M ®R C)) ® ker A„ 

where the sum is over all irreducible representations it of the holonomy group Hoi. 
Considering AT as a generalization of the Casimir of a symmetric space of compact 
type to arbitrary Riemannian manifolds it is only natural to derive formulas link­
ing this operator to other second order differential operators. In particular we will 
generalize Parthasarathy's formula which expresses the twisted Dirac operator on 
symmetric spaces in terms of the Casimir. 

The general result for twisted spinor bundles can be applied to a very prominent 
family of twisted spinor bundles on quaternionic Kahler manifolds. The indices of 
the twisted Dirac operators in this family are of fundamental importance in studying 
quaternionic Kahler manifolds in general. Our main technical result is a general 
eigenvalue estimate for the Dirac operators in this family leading to an interpretation 
of their kernels in terms of eigenspaces of operators A^ corresponding to the minimal 
eigenvalue. In the case of positive scalar curvature re this can be used to give new 
proofs for results of S. Salamon on the Betti numbers (cf. [Sal82]) and to prove the 
strong Lefschetz Theorem: 

Theorem 1.1. (Strong Lefschetz Theorem for Quaternionc Kahler Manifolds with re > 
0) 
Let (M4™, g) be a quaternionic Kahler manifold of positive scalar curvature re > 0. 
The odd Betti numbers 62fc+i (M) = 0 of M vanish. The wedge product with the 
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parallel Kraines form ft £ T(A4T*M) descends to an injective map on the level of 
cohomology 

QA: H2k{M, R) —> H2k+i(M, R) 
for all k < n. In particular the Betti numbers of M satisfy the inequality: 

b2k{M) < b2k+i{M) 

for all k < n. Moreover the space of primitive forms of degree 2k agrees with the kernel 
of the operator Ank for the irreducible representation 7rfc = A^ E of Sp (1) • Sp (n). 

It is then rather surprising to see that the same techniques can be applied to 
obtain completely new results on the cohomology of quaternionic Kahler manifolds 
with negative scalar curvature. Here we can prove: 

Theorem 1.2. (Weak Lefschetz Theorem for Quaternionic Kahler Manifolds with K < 
0) 
Let (Min, g) be a quaternionic Kahler manifold of negative scalar curvature K < 0. 
Its odd Betti numbers vanish b2k+\{M) = 0 for 2k + 1 < n. In general the Betti 
numbers of M satisfy for all k < n the inequalities 

t>2k{M) < b2k+i{M) and b2k+i{M) < &2<t+3 (M) 

For quaternionic Kahler manifolds of negative scalar curvature the wedge product 
with the parallel Kraines form Q still descends to an injective map on the level 
of cohomology in all degrees one could possibly hope for. Philosophically however 
this is not really the strong Lefschetz theorem, because the space of primitive forms 
decomposes non-trivially into different isotypical components with respect to the 
holonomy group. 

2. HOLONOMY GROUPS AND WEITZENBOCK FORMULAS 

In this section we will discuss the classical Weitzenbock formula for the Hodge-
Laplacian or more general for the Dirac operator on a Clifford bundle and introduce 
the Laplace operator Aw. The basic example of a Clifford bundle is the bundle of 
exterior forms A*T*M endowed with the scalar product induced by the metric on M 
and Clifford multiplication with tangent vectors 

* : TpMxA'T;M —•» A'T;M, (X,W) I—• X*UJ 

defined by X-kui := X* Aw - X Jto. The Levi-Civita-connection induces a connection 
V on A'T'M and an associated second order elliptic differential operator V*V := 
- E i V| i i B i where V%Y := VXVY — Vv x y and the sum is over a local orthonormal 
base {Ei}. On the other hand we have the exterior differential d and its formal 
adjoint d* as natural first order differential operators on A*T*M linked to V*V by 
the classical Weitzenbock formula 

(2.1) A := (d + d*f = V*V + \ Y, Ei* E^ REi,Ej 

ij 
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where RX,Y is the curvature endomorphism of A *T*M. However the connection on 
A'T*M is induced by a connection on TM and consequently the curvature endomor­
phism RX,Y is just the curvature endomorphism of TpM in a different representation, 
namely the representation 

• : so{TpM) x A ' ^ M —• A'Tp'M, (X,OJ) h—> X»u 

of the Lie algebra so(TpM) of SO {TPM) on the exterior algebra induced by its rep­
resentation on TPM. The canonical identification of so(TpM) with the bivectors 
A 2TPM characterized by ((X A Y) • A, B> := (X A Y, A A B) reads (XAY)»A := 
{X, A) Y — (y, A) X and defines a unique bivector R(X A V) via: 

(R(X/\Y)mZ,W) := <ifc,yZ,W0 fl(XAF) = \ ^ E i S R x ^ E i 

i 

In the spirit of this identification the representation of so(TpM) on A'T*M is given 
by (X A Y) • = F ' A J J - J ' A V J . In particular, the classical Weitzenbock formula 
becomes 

A = V*V + i 53(£*A£JA ~Ei^E)A -ElAE^+Ei-iEjS)R{ElAEj)* 
ij 

= V*V + \ Yl (Ei A Ei) • ^ ( ^ A Ei) ' 

because both potentially troublesome inhomogeneous terms cancel by the first Bianchi 
identity leaving us with a curvature term depending linearly on the curvature tensor: 

R := J J2 (Ei A Ei) " R(E* A Ei"> e Sym2{A%M) . 
ij 

It will be convenient to compose the identification A2TpM -—> so(TpM) with the 
quantization map q : Sym2so(Tj,M) —> Uso(TpM), X2 i—> X2 , into the universal 
enveloping algebra of so(TpM) to get an element q(R) € Uso(TpM) with: 

(2.2) A = V*V + 2q{R) 

Writing the well known classical Weitzenbock formula (2.1) this way we can bring 
the holonomy group of the underlying manifold into play. Recall that the holonomy 
group HolpM c O {TPM) is the closure of the group of all parallel transports along 
piecewise smooth loops in p € M. We will assume that M is connected so that 
the holonomy groups in different points p and p are conjugated by parallel transport 
TPM —> TPM. Choosing a suitable representative Hoi C OnM with n :— dimM of 
their common conjugacy class acting on the abstract vector space R" we can define 
the holonomy bundle of M: 

Hoi (M) := { / : K" —• TpM | p£M,f isometry with /(Hoi) = HolpM } . 
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The holonomy bundle is a reduction of the orthonormal frame bundle O (M) to a 
principal bundle with structure group Hoi, which is stable under parallel transport. 
Consequently the Levi-Civita connection is tangent to Hoi (M) and descends to a 
connection on Hol(M). 

The associated fibre bundle Hol(M) xHoi O n K is canonically diffeomorphic to 
the full orthonormal frame bundle O(M). This construction provides an explicit 
foliation of O (M) into mutually equivalent principal subbundles stable under parallel 
transport. Choosing a leaf different from the distinguished leaf Hoi (M) amounts 
to choosing a different representative for the conjugacy class of Hoi C OnK. In 
particular every principal subbundle of O (M) stable under parallel transport is a 
union of leaves and is characterized by a subgroup of O „E containing a representative 
of the conjugacy class of the holonomy group Hoi. 

With the Levi-Civita connection being tangent to the holonomy bundle Hoi (M) 
its curvature tensor R takes values in the holonomy algebra rjolpM at every point 
p G M, so that R G Sym2hoIpM C Sym2A 2TPM and q(R) G Ut)olpM. However 
by definition every point / G Hol(M) identifies \)o\pM with hoi making q(R) a 
U ho [-valued function on Hoi (M): 

q(R) G C°°(Hol(M),Who[ )Ho1 ^ T(Hol(M) xHoi Who!) 

For an arbitrary irreducible complex representation 7r of Hoi the associated vector 
bundle w(M) := Hoi (M) XH0I TT over M is endowed with the connection induced from 
the Levi-Civita connection. Moreover there is a canonical second order differential 
operator defined on sections of ir(M): 

(2.3) A„ := V*V + 2q{R) 

It is evident from the Weitzenbock formula (2.1) written as in (2.2) that the diagram 

it(M) -^*-> TT(M) 

Fl iF 

A T M ® K C - A + A ' T * M ® R C 

commutes for any F G Horn Hoi {n, A 'CP*) or equivalently for any globally parallel 
embedding F : n{M) —• A T * M <g>K C. Hence the pointwise decomposition of 
A'T*M ®K C into irreducible complex representations of Hol^M becomes a global 
decomposition of any eigenspace of A, e. g. we have for its kernel: 

H'R(M, C) = 0 Horn HOI (TT, A ' C » ) ® ker A , 
TV 

The same kind of reasoning is possible for the Dirac operator on spinors, assum­
ing the manifold M to be spin and taking HolpM to be its spin holonomy group. 
Ignoring for the moment the Lichnerowicz result that the curvature term reduces 
to multiplication by the scalar curvature and employing the formula (X A Y) • := 
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1( X -k Y * + (X, Y)) for the representation of so{TpM) on the spinor bundle S (M) 
we can proceed from (2.1) directly to: 

(2.4) D2 = V*V + 4q(R). 

In particular, all eigenspaces of D2 decompose globally according to the pointwise 
decomposition of the spinor bundle under the spin holonomy group HolpM. Prom 
Lichnerowicz's result we already know that q(R) acts by scalar multiplication with -^ 
on S (M), where K is the scalar curvature of M. Hence we can read equation (2.4) as 

D = A * + 8 
7T O 

where the restriction to 7r is a short hand notation for any globally parallel embedding 
F : ir(M) —> S (M) induced by some non-trivial F € HomHoi(7r, S) . Written in 
this way formula (2.4) is seen to be a generalization of the Parthasarathy formula for 
the Dirac square D2 on a symmetric space G/K of compact type, because in this case 
the operators Aw defined above on sections of ir(M) all become the Casimir of G. 

Counterexamples to the idea that eigenspaces of intrinsically defined differential 
operators always decompose globally according to the pointwise decomposition under 
the holonomy group are easily found among twisted Dirac operators. Consider there­
fore a geometric vector bundle 1Z(M) := Hoi (M) XH0I H. associated to the holonomy 
bundle via some not necessarily irreducible representation 1Z of the holonomy group. 
The Levi-Civita connection on Hoi (M) defines a geometric connection on this vector 
bundle, whose curvature endomorphism is still given through the representation 

• : hoIpM x np(M) —>• Tlp{M) 

of the Lie algebra ho!pM on 1ZP(M) by the formula R^y — R(X AY) •. The twisted 
Dirac operator D^ is a first order differential operator acting on sections of the vector 
bundle (S <g> TZ)(M). It satisfies a twisted Weitzenbock formula derived from (2.1): 

(2.5) 

£>^ = V*V + -^2 (Ei* Ej* R(EiAEj)* ®id7j + Ei * Ej-k ®R{Ei A Ej) •) 
ij 

This formula has an apparent asymmetry between the spinor bundle and the twist. 
However, we still have the formula (X AY)» = \{X * Y * + (X, Y)) for the rep­
resentation of so(TpM) on the fibre SP(M) of the spinor bundle and we may try to 
balance this asymmetry to cast equation (2.5) into a form similar to (2.4). This is 
most easily achieved by rewriting the action of q(R) on the tensor product S ® TZ in 
the following asymmetric way: 

q{R) = ^^((EiA Ej) • R{Ei AE^m&d^ + (Ei A Ej) • ®R{Ei A Ej) • ) 
ij 

- q(R)®idn + ids ® q(R) 
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With Lichnerowicz's result q(R) = f| for the spinor representation S equation (2.5) 
becomes 

(2.6) B\ = A S 8 7 J + | ® idK - ids ® 2«(i2) 

In conclusion, the squares D^ of twisted Dirac operators will in general not respect 
the decomposition of (S ® 7?.) (M) into parallel subbundles because of the critical 
summand ids ® 2g(i?). Nevertheless, if q(R) acts by scalar multiplication not only 
on S but on 11, too, the global decomposition of the eigenspaces of D\ according to 
the pointwise decomposition of S <8> H is restored. 

Equation (2.6) is the key relation of this article and forms the cornerstone and 
motivation of all statements and calculations to come. In fact, we can take advantage 
of equation (2.6) even if the manifold in question is not spin, because the twisted 
Dirac operator may be well defined on the vector bundle (S ® TZ)(M) although M 
is neither spin nor S (M) or TZ(M) are well defined vector bundles. The only thing 
that really matters is whether the representation S ® Tl is defined for the holonomy 
group Hoi itself or only for some covering group. 

3. QUATERNIONIC KAHLER HOLONOMY 

In this section we introduce the main notions of quaternionic Kahler holonomy 
based on the group Hoi = Sp (1) • Sp (n) with n > 2. Very few examples of 
compact manifolds with this particular holonomy group are known, and it is a deep 
result that in every quaternionic dimension n there are up to isometry only finitely 
many of these manifolds with positive scalar curvature K > 0 ([LeBSa94]). In fact, 
the only known examples with K > 0 are symmetric spaces, the so-called Wolf spaces. 

In order to introduce quaternionic Kahler holonomy we return for a moment to a 
point we glossed over in the definition of the holonomy bundle. There we had to choose 
a suitable representative Hoi C O 4„M in the conjugacy class of the holonomy groups 
acting on an abstract vector space Rin. This abstract vector space has no meaning in 
itself but plays the role of the tangent representation of Hoi just as TPM is the tangent 
representation of HolpM. Instead of really choosing a representative Hoi C 0 4 n R 
it is always better to start with specifying this tangent representation. Let us begin 
with an abstract complex vector space E = C2" endowed with a symplectic form 
a € A2E* and an adapted, positive quaternionic structure J, i. e., a conjugate linear 
map J : E —> E satisfying 

J2 = - 1 c(Jei , Je2) - a(e1, e2) a{e, Je) > 0 

for all ei, e2 € E and e ^ 0. Such a set of structures is consistent and can be 
defined on the underlying complex vector space of W. One merit of this explicit 
construction is that the group of all symplectic transformations of E commuting 
with J agrees in this picture with the quaternionic unitary group Sp (n) := {A e 
Mni„lH such that A A = 1}. The symplectic form a induces mutually inverse isomor­
phisms ft : E —> E*, e i—> a{e, •) and b : E* —> E. Similar to the representation 
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of A 2TPM on TPM considered in the first section there is an action 

• : Sym2 E x E —> E, (eie2, e) i—> (eie2)»e := a(e\, e)e2 + er(e2, e)ei 

of the second symmetric power Sym2£' on £\ This action is skew symplectic and 
commutes with J for all real elements of Sym2E. It identifies this real subspace with 
the Lie algebra ep(n) of Sp (n) and makes • not only an action but a representation. 

Let H = C2 be another abstract vector space with the same structures, a sym­
plectic form a £ A2H* and an adapted, positive quaternionic structure J. The 
tensor product H <g> E of these two vector spaces carries a real structure J <g> J and 
a complex bilinear symmetric form (, ) := a ® a, which is positive definite on the 
real subspace. In this way the group O (H <g> E) of all complex linear isometries of 
H ® E commuting with J <g> J is isomorphic to O 4„R and has a distinguished sub­
group Sp (1) • Sp (n) := Sp (1) x Sp (n)/Z2 preserving the tensor product structure 
olH®E: 

Definition 3.1. (Quaternionic Kahler Manifolds) 
A quaternionic Kahler manifold M is a Riemannian manifold of dimension 4n, n > 2, 
endowed with a reduction of the frame bundle O (M) to a principal Sp (1) • Sp (n)-
bundle Sp (1) • Sp (M) stable under parallel transport. Such a reduction exists if and 
only if the holonomy group Hoi of M is conjugated to a subgroup of Sp (1) • Sp (n) C 
O (H ® E) and in case of equality it may be defined as: 

Sp (l)-Sp (M) := { / : H®E —V TpM<S,RC | / isometry, / (Sp (l)-Sp (n)) = HolpM } 

There are a few remarks to make on this definition. First of all we insist on 
n > 2, because taking this definition as it stands it applies to every oriented Rie­
mannian manifold M of dimension 4. In addition a quaternionic Kahler manifold 
with vanishing scalar curvature K = 0 is locally hyperkahler, its universal cover thus 
hyperkahler, and we will usually exclude these manifolds from consideration. In gen­
eral, however, a quaternionic Kahler manifold with non-vanishing scalar curvature is 
despite nomenclature not Kahler. 

In order to justify terminology after all these negative remarks and to get into 
contact with a more common definition of quaternionic Kahler manifolds we recall 
that Sym2i? acts via (hih2) • h := cr(/ii, /i)/i2 + <7(^2, h)h\ on H. For a normed real 
element ihJh € Sym2iJ with a(h, Jh) = 1 the action on H commutes with J and 
satisfies: 

(ihJh)»(ihJh)» — —id . 
This follows from the fundamental identity a(h\, h)h2 — a(h2, h)hi = a(/i1; h2)h for 
2-dimensional symplectic vector spaces and hence does not work for E. Extending 
this action from H to the tangent representation H <g> E we conclude that normed 
real local sections of the parallel subbundle Sp (1) • Sp (M) x S p (i).sP (n) Sym 2H of the 
complexified endomorphism bundle End (TM ®K C) act as local complex structures 
on the tangent bundle TM. Choosing in this way three local complex structures / , J 
and K satisfying IJ = K we define the canonical quaternionic orientation of M by 
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declaring every base of the form Xi, IX\, JXX, KXi, . . . , Xn, IXn, JXn, KXn to 
be positively oriented. Alternatively the canonical quaternionic orientation is induced 
by the n-th power of the parallel Kraines form fi £ Kl{H ® E) defined in ([Kra66]). 

A rather subtle remark concerns the two representations H and E, which do not 
factor through the projection Sp (1) x Sp (n) —> Sp( l ) • Sp(n). Although we 
may think of the complex tangent bundle as a tensor product of two complex vector 
bundles H and E, these vector bundles are not well defined and in general exist only 
locally. In passing from representation theory to geometry we always have to check, 
whether the representations factor through the projection Sp (1) x Sp (n) —> Sp (1) • 
Sp (n). Things get actually simpler in some respect, as the spinor representation S 
of Sp (1) x Sp (n) factors through to a representation of Sp (1) • Sp (n) whenever n 
is even. Thus all quaternionic Kahler manifolds of even quaternionic dimension n are 
spin: 

Proposition 3.2. (The Signed Spinor Representation ([BaS83], [Wan89]j) 
The spinor representation S of Sp (1) x Sp (n) decomposes into the direct sum 

n n 

(3.1) S = 0 S r := @ S y m r # ® A r r £ 
r=0 r=0 

where A%~rE is the kernel of the contraction a : An~TE —> An~T~2E with the 
symplectic form. For the canonical quaternionic orientation of H ® E the half spin 
representations are given by: 

S := xjp S r S := ^jy Sr. 
r=n (2) r^n (2) 

The delicate point in a constructive proof of this proposition is the choice of Clifford 
multiplication * : (H ®E) x S —> S . Besides the Clifford identity there is another 
crucial property of this multiplication, namely the compatibility condition with the 
action of the Lie algebra sp(l) ©sp(n) on S . The representation • of the complexified 
Lie algebra Sym2if ©Sym 2 ^ of the group Sp (1) x Sp (n) on S has to agree with the 
representation implicitly defined by Clifford multiplication via (A" Ay) • := | ( X * Y-k 
+ {X,Y}). Choosing dual pairs of bases {de^}, {e„} for E*, E with (deM, e„) = <5M„ 
and {dha}, {hp} for H*, H we can check that 

(3.2) 

(ee) ^-> J2 (dha ® e) A ih<* ® e) (hh) ^r ^ (h ® dej.) A (h ® e„) 

is a Lie algebra homomorphism Sym2H©Sym2£ —>• A 2(TM<8>RC) intertwining the 
given representations of Sym2#, Sym 2 ^ and A2(TM®RC) on H®E — TM® K C. 
Consequently the following two operator identities on the spinor representation S are 



386 UWE SEMMELMANN h GREGOR WEINGART 5 

at the heart of Proposition 3.2: 

(3.3) (ee)» = - ^ ({dh^ <g> e) * [ha <g> e) * +<r(e, e)) 

(3.4) {hh)» = i ^ ((A <8> de},) * (ft ® e„) * + *(/», h) 

We will not go into the details of this construction given in [KSW97a], but will take 
Proposition 3.2 as the assertion that a Clifford multiplication * : (H®E)xS —> S 
exists satisfying the Clifford identity together with the properties (3.3) and (3.4). 

The most important point in our present discussion of quaternionic Kahler holo-
nomy is of course the discussion of the curvature tensor of a quaternionic Kahler 
manifold and of the associated element q(R) in the universal enveloping algebra of 
the Lie algebra sp(l) © sp(n) of the holonomy group Sp (1) • Sp (n). In fact com­
pared to other holonomy groups quaternionic Kahler holonomy is rather rigid. This 
is mainly due to the fact that the curvature tensor of a quaternionic Kahler mani­
fold has to satisfy very stringent constraints and can be described completely by the 
scalar curvature K and a section 9t of Sym iE. This decomposition was first derived 
by D. V. Alekseevskii (cf.: [A168] or[Sal82]) and can be made explicit in the following 
way (cf.: [KSW97a]): 

Lemma 3.3. (The Curvature Tensor) 
A quaternionic Kahler manifold M is Einstein with constant scalar curvature K. Its 
curvature tensor depends only on K and a section 9t of Sym AE, this dependence reads 

(3.5) R = - _ ^ _ ( ^ + ^ ) + f l ^ 

where the endomorphism valued two forms RH, RE and RhyPeT are defined by: 
jRftf1®e1,h2®e2 = o-E(ei,e2)(/ii/i2»®idE) 

(3-6) •Rft1®ei,A2®e2 = <?H{huh2){idH®eie2») 

<Z,M^ - a f f(ft1 )fc)(id f f®(e«-< e i-•*).) 

At the end of this section we want to describe the action of the element q(R) of the 
universal enveloping algebra U(sp(l) ©sp(n)) on some representations. In particular 
we will see that for a large class of representations of Sp (1) x Sp (n) the element 
q(R) acts by scalar multiplication, because the contributions from the hyperkahler 
part Rhyper of the curvature tensor drop out. Observe first that q(R) depends linearly 
on R: 

q{R) = ~ 8 ^ T 2 ) (I(RH) + ^RE)) +i(Rhyper) 
Using equation (3.2) we can write down the terms appearing in this sum more explic­
itly: 
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Lemma 3.4. 

^RH) = \T,(dh°dhtim(h°hti* 
a/3 

q{RkyPer) = I ^ (deJ ,de t )« (e« l - i e« , - i9 l ) . 

Proof: Converting the sum over a local orthonormal base {Ei} into the sum 

J2 Ei®Ei = Yl (dha ® K) ® C*«» ® eM) 
i an 

over dual pairs {deM}, {e^} and {d/ia}, {^a} of bases we calculate say for q(Rhyper) 

i E « ® ^ A / i 0 ® d e t ) « ( e « , - i e t j 9 t ) . 

a / i f 

which is equivalent to the stated equality in view of equation (3.2). • 
Evidently 2q(RH) and 2q(RE) respectively are the Casimir operators for sp(l) and 

sp(n) in (T-normalization, i. e. the defining invariant symmetric form on the Lie alge­
bra Sym2H or Sym2iJ is not the Killing form itself but the natural extension of a to 
the second symmetric powers using Gram's permanent. Hence the Casimir eigenval­
ues of q(RH) and q(RE) are easily calculated directly for the simplest representations 
of Sp(n): 
Lemma 3.5. (Casimir Eigenvalues) 
For the irreducible representations Sym lE and A f E the Casimir eigenvalues for q(RE) 
are: 

q(RE)Sym>E = ~l(n+1-) q(RE)AiE = -din-^ + l) 
The eigenvalues of q{RH) are given by the same formulas with n = 1. Setting I — 2 

we get the Casimir eigenvalues for q(RE) and q(RH) in the adjoint representations 
Sym2.E and Sym2H of sp(ri) and sp(l). Since by definition the Casimir eigenvalue 
of the adjoint representation is always one for Casimirs in the Killing normalization 
we see in particular: 

q{RE) = - 2 (n + 1) Cassp(„) q{RH) = -4CasB p ( 1 ) 
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Now we claim that the hyperkahler contribution q(Rhyper) to the element q(R) 
acts trivially on every irreducible representation occurring in the representation A E, 
i. e., on all representations AdE with d = 0, . . . , n. Because q(Rhyper) depends 
linearly on 91 € Sym42? we are allowed to expand 9t into a sum of fourth powers 
~ge4, e € E, to calculate q(Rhyper). It is thus sufficient to prove that the action of 
<?(5je4) on AE is trivial for all e € E. According to Lemma 3.4 the element q{-^e4) 
acts on AE as: 

<?(^e4) = I ( i e
2 ) . ( i e 2 ) . = ^(eAe»j)(eAe*j) = - ieAeAe»-< e« J = 0 

Consequently the curvature tensor q(R) will act by scalar multiplication on all rep­
resentations lZl'd := SymlH <g> AdE. Prom equation (2.6) we conclude that the 
squares D^hd of the twisted Dirac operators with these particular twists have prop­
erties similar to the Hodge-Laplacian A and the square D2 of the untwisted Dirac 
operator: 

Proposition 3.6. (Global Decomposition Principle) 
The restriction D^ijd I of the square of a twisted Dirac operator D2^ d with twisting 
bundle Tll'd := (Sym'"jf ® A *£) (M) to a parallel subbundle TT(M) C (S ®Tll<d)(M) 
does not depend on the specific embedding of this subbundle and equation (2.6) 
becomes in this case: 

A,r — Dniid + 8^Y)il + d - n ) i l - d + n + r' 

4. CLASSIFICATION OF MINIMAL AND MAXIMAL TWISTS 

In this section we will focus attention on the technicalities necessary to draw conclu­
sions from Proposition 3.6. The irreducible representations occurring in the twisted 
spinor representations S ®1Zl'd are all of the form SymkH ® A ^ S , where A^E is 
the irreducible representation of highest weight in the tensor product A£E ® Ab

0E. 
Alternatively we see from Weyl's construction of the irreducible representations of the 
classical matrix groups that A^pE is the common kernel of the diagonal contraction 
with the symplectic form a : Aa

0E <g> Ab
0E —>• Aa

a~
lE ® Ab~lE and the Pliicker 

differential: 

X ) e „ A ® d e M - i : Aa
0E ® Ab

aE ^ Aa+lE ® Ab-lE 

In particular, we will characterize the twists Hl'd with SymkH ® A^bE c S ® Hl'd. 
Moreover, for each representation SymkH ® A^E in this class and will classify the 
special twists maximizing the curvature expression 

(I + d - n) (I - d + n + 2) 
8n(n + 2) 
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of Proposition 3.6 for K > 0 and n < 0. This classification is the most important step 
used in the applications of the ideas encoded in Proposition 3.6. Global questions 
are postponed to the next sections. Hence, we will deal with representations of 
Sp (1) x Sp (n) only. 

Theorem 4.1. (Characterization of Admissible Twists) 
A representation TZl'd :— SymlH <g> AdE with I > 0 and n > d > 0 is called an 
admissible twist for the irreducible representation SymkH ® A^pE, if there exists a 
non-trivial, equivariant homomorphism from SymkH ® A^opE to the twisted spinor 
representation S ®lZl'd: 

Homg p ( l )xSp(n ) {SymkH®Aa
t^E,S®1ll>d) ? {0} 

A twist 1Z1, d is admissible in this sense if and only if k + a + b = n + I + d mod 2 
and: 

(4.1) b < d 

(4.2) \k - l\ + \a - d\ < n - b 

(4.3) | n - o + 6 - rf | < k + I 

A simple consequence of Theorem 4.1 is that all the representations SymkH QA^E 
occur in twisted spinor representations, e. g. in S ®1Zk+n~b'a and S ®'R}n~a~k^b. In 
fact for the twist Hk+n-*>'a inequality (4.2) is trivial and (4.3) needs \n-2a+b\ < \n— 
a\ + \a-b\. For the second twist -Jl\n-a-k\<b inequality (4.2) follows from the distance 
decreasing property | |x| —| j / | | < \x — y\ of the absolute value via || —fc| —|n —a —fc|| < 
n — a, whereas (4.3) reduces to \n — a\ < max{n — a, 2k — n + a} = k + \n — a — k\. 
These two twists are the prototype examples of maximal and minimal twists to be 
denned below. 

Proof: For the proof we recall a well-known fusion rule for the tensor product 
AC

0E <g> AdE of two irreducible Sp (n)-representations AC
0E and Ad

aE (cf. [OnVi90]) 

Ac
0E®Ad

0E = 0 M£E 
0+6 = c+d mod 2 

a+b < c+d 

\c—d\ < a—b < 2n—c—d 

Note in particular that each irreducible representation A^E occurs at most once in 
the tensor product A %E <g> A dE. Using this fusion rule together with the Clebsch-
Gordan formula for irreducible Sp (l)-representations and the decomposition of the 
spinor representation S under Sp (1) x Sp (n) given in Proposition 3.2 we can formally 
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write down the decomposition 

(4.4) 
n 

@(Symn-cH®Ac
0E)®(SymlH®Ad

0E) = £ ft 0K*,o>6(i, d) • SymhH ® A£?p£ 
c=0 *>o 

n>o>6>0 

of S ® 7£''d, where SDtfcl0,i(̂  d) is the set of all n > c > 0 satisfying the set of 
constraints: 

a + b = c+ d mod 2 
o + 6 < c+d 
a — b > \c — d\ 
a — b < 2n — c — d 

It is clear from these constraints that 9Jtfc, <,,&(/, d) is empty unless k + a + b = n + 
/ + d mod 2 reflecting in a way the consistency of the action of (—1, —1) € Sp (1) x 
Sp (n). In particular, k + a + b = n + I + d mod 2 is a necessary condition for the 
twist 1Zl'd to be admissible. 

In view of this congruence we can drop one of the two constraints a + 6 = c + 
d mod 2 or k = n + c + I mod 2 and solve the inequalities (4.5) for c to arrive after 
a little manipulation at an equivalent description of 9Jlk,a,b{h d) as the set of all 
c = a + 6 + d mod 2 satisfying: 

(4.6) m a x { 6 + \a — d\,n — k — 1} < c < n — max{ \k — l\,\n — a + b — d\} 

Under the standing hypothesis k + a + b = n + l + d mod 2 we evidently have 

max{6+ |o — d\,n — k — I } = a + b + d = n — max{ \k —1\, \n — a + b — d\} mod 2 

so that %Rk,a,b(l, d) will be non-empty if and only if the inequality (4.6) is consis­
tent, because the congruence c = a + b + d mod 2 will be fulfilled by either end of 
the resulting interval. However, the consistency condition for (4.6) is given by four 
inequalities in I, d depending of course on k, a, b. The first n — k — l < n— \k — l\\s 
trivial for k, I > 0 and the next two become inequalities (4.2) and (4.3), whereas the 
last b+\a — d\ < n— \n —a + b — d\ is equivalent to inequality (4.1) for all b < a < n 
and d < n. • 

Note that if the set Wlk,a,b(l, d) is non-empty all its elements will have the same 
parity as a + b + d. Of course their number tt9Jtfc,a,6(/, d) is just the multiplicity of 
the representation Sym*i? <g> A^E in S <g> lZl'd, which we will need below as index 
multiplicity: 

Definition 4.2. (The Index of an Admissible Twist) 
The index of an admissible twist 1Z1'd for an irreducible representation Sym kH® Al^E 
is the index multiplicity of Sym kH ® A"' E in the twisted spinor representation 

k = n + c + l mod 2 
(4.5) k < n-c + l 

k > In — c — 21 
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S±®Tll'd: 

mdex(k,a,b;l,d) := dim Horn s p ^ x S p ^ (Sym fc# <8> M&E, S+ <g> Tll'd) 

- dim Homsp^xSpwCSym^® Aa
t^E, S " ®1ll'd) 

Prom the proof of Theorem 4.1 we can easily read off an explicit formula for this 
index: 

index (k, a,b; l,d) := 

- — (n + 2 — max {| k — l\,\n — a + b — d\} — max {6 +\a — d\,n— k — l}j 

Although we have calculated the index multiplicity of the representation SymkH® 
A^E for an arbitrary twisted spinor representation S ® 1Zl'd, it will turn out below 
that only very few representations actually contribute to the index of a particular 
twisted Dirac operator. These representations are characterized by the following 
extremality condition: 

Definition 4.3. (Minimal and Maximal Twists) 
An admissible twist 1Zl,d := SymlH<g>AdE for the irreducible representation Sym kH® 
A^'E is called a minimal or maximal twist, if the curvature term of Proposition 3.6, 
or equivalently the function (j>(l,d) := (I + d — n) (I — d + n + 2), assumes its 
minimum or maximum among all admissible twists TZl'd in the twist TZl'd. 

To determine the index of a twisted Dirac operator in terms of the dimension of 
the eigenspaces of the operators A„., all we will further need is a classification of all 
minimal twists for negative scalar curvature K < 0 and similarly of all maximal twists 
for K > 0: 

Theorem 4.4. (Classification of Maximal Twists) 
All representations SymkH<S>A^pE with k > 0 or a > b have unique maximal twists: 

%k+n-b,a = Symk+n-bH®Aa
0E index (k, a, b; k + n - 6, a) = (-l)b 

For the special representations A^E with k = 0 and a = b all admissible twists 
•Rn-d,d w j t n d = a, ... , n have cf>(n - d, d) = 0 and are thus automatically maximal 
and minimal: 

nn-d,d = Symn-dH®Ad
0E index (0,o,a; n - d,d) = (-l)d 

The classification of all minimal twists splits into more cases: 

Theorem 4.5. (Classification of Minimal Twists) 
According to their minimal twists the irreducible representations Sym kH®A^b

pE are 
divided into four classes. In the first class we have k > (n - a) + (n - b) and a unique 
minimal twist: 

Tlk-n+b'a = Symk-n+bH®Aa
0E index (jfc,a,b; k - n + b,a) = (-1)" 
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In the second class with k = (n — a) + (n — b) the minimal twist is no longer unique. 
All minimal twists for representations in this class are given by 

nn-d,d = Symn-dH®Ad
0E index (k,a,b; n - d,d) = (-l)k+d 

with d= b, . . . , a. The special representations A^E with k = 0 and a = b form the 
third class overlapping in k = 0 and a = b = n with the second. All admissible twists 
<gn-d,d w^jj ^ = a, ... , n for these special representations are minimal and maximal 
at the same time: 
nn-d,d = Sym"- d i ? (g iA^ index (0, a, a; n - d, d) = ( - l ) d 

The remaining representations are characterized by k < (n — a) + (n — b) and k + (a — 
b) > 0. The minimal twists of the representations in this fourth class are all unique: 

^|n-o-*|,6 = Sym | n-a-* l// '®A*£; index (k,a, b; \n - a - k\, b) = (-1)° 

Before proceeding to the actual proofs of Theorem 4.4 and Theorem 4.5 let us 
agree on some geometric terms in order to help intuition. The set of solutions to the 
inequality (4.2) in (I, d)-space is a ball in L1-norm, i. e. a diamond, with center (k, a) 
and radius n — b. Its right and left corner are thus (k±(n — b), a) with (k, a±(n — b)) 
being its top and bottom corner. On the other hand the set of solutions to the 
inequality (4.3) is the cone { (I, d) \ l + d > —k+n — a+b and l — d > — k~n + a — b} 
opening diagonally to the right from its vertex in the point (—A;, n — a + b). 

In particular the set of solutions to both inequalities (4.2) and (4.3) is always 
a rectangle in (/, (i)-space, which may degenerate into a straight line but always 
contains at least the points (k + n — b, a) and (\n — a — k\, b). Note that all corners 
of the diamond as well as the vertex of the cone and the corners of the resulting 
intersection rectangle satisfy the congruence condition l + d = n + k + a + b, which 
consequently will care for itself below. 

Finally the level sets of the function <j>(l, d) = (I + d - n) (I — d + n + 2), which 
we are going to extremize, are hyperbolas with two diagonal axes / + d — n and 
I — d = —n — 2 dividing (I, d)-space into four quadrants. In the first quadrant with 
I + d > n, I — d > —n — 2 the function <f> > 0 is positive, whereas it is negative in 
the second I + d < n, I — d > —n — 2. Eventually we only care for points I > 0 and 
n > d > 0 in these two quadrants. 

Proof of Theorem 4.4: We already know that the right corner (k + n — b, a) of 
the diamond always corresponds to the admissible twist TZk+n~b'a since \n — 2a + b\ < 
\n — a\ + \a — b\ = n — b. If this right corner of the diamond lies in the strict interior 
of the first quadrant, then it will be the unique point, where <f> assumes its maximum 
on the diamond, tacitly ignoring of course third and fourth quadrant. In particular 
the twist nk+n~b>a

 w m be the unique maximal twist as soon ask + n — b + a > n, 
equivalently k > 0 or a > b. 

Assuming now k = 0 and a = b we see that the top corner (0, n) of the diamond 
coincides with the vertex of the cone. Thus the intersection rectangle degenerates 
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into the face of the diamond running from its top corner (0, n) to its right corner 
(n - a, a). Consequently the admissible twists are exactly the twists TZn~d'd with 
d = a, ... , n and <j>(n - d, d) = 0. The calculation of the index multiplicities is left 
to the reader. • 

Proof of Theorem 4.5: We first concentrate on the case k > (n - a) + (n - b) 
or equivalently k — n + b + a > n, where the diamond lies completely in the strict 
interior of the first quadrant since its left corner does. With the axes of the level sets 
of (j) running parallel to the faces of the diamond <f> assumes a unique minimum on 
the diamond in its left corner. Consequently we are done once we have checked that 
•ftk-n+b,a j s a n admissible twist. However inequality (4.3) immediately follows from 
\n — 2a + b\ < n — b < k, which is needed for calculating the index multiplicity, too. 

Assuming next that k = (n — a) + (n — b) the left corner of the diamond is the point 
(n—a, a) in the first quadrant. Hence, all of the diamond lies in the first quadrant 0 > 
0 with cj> = 0 only on the face from its left to its bottom corner (2n — a — b, a — n + b). 
Note that the bottom corner fails to satisfy inequality (4.1) and that inequality (4.3) 
is satisfied by the left corner (n — a, a) due to \n — 2a + b\ < n — b < k. Taking 
this into account the only admissible twists satisfying <f> — 0 are exactly the twists 
ftn-d,d w i t h d = b, ... , a. 

The admissible twists for the special representations A^E with k = 0 and a — b 
are exactly the twists Tln~d'd with d = a, ... , n, because the top corner (0, n) of the 
diamond coincides with the vertex of the cone. As all these admissible twists have 
<j)(n — d, d) = 0, they are all both minimal and maximal. 

Recall now that •R\n-a-k\>b j s a n admissible twist, because \n — a\ < k + \n — a — k\ 
and || — k\ — \n — a — k\\ < n — a by distance decrease. Turning to geometry we 
see that the bottom corner of the intersection rectangle of cone and diamond will be 
either (k, a — n + b) for k > n — a or (n — a, b— k) for k < n — a,i. e. whatever point 
has larger / and d-coordinate. In particular this bottom corner fails in general to 
satisfy inequality (4.1) chopping off a triangle from the rectangle. The resulting face 
runs from the point (\n-a-k\, b) to (n-a + k, b) independent of whether k > n-a 
or k < n — a. Note that the geometry may become even more complicated, but we 
already know that the twist Tl\n-a-k\<b is admissible, which fixes this problem as far 
as we need it. 

In order to classify the minimal twists of the remaining representations character­
ized by k < (n-a) + (n—b) and k+(a-b) > 0 we observe that these two assumptions 
together are equivalent to | n - a - k j + b < n, so that the point (| n - a - k \, 6) will lie 
in the strict interior of the second quadrant. Prom the geometric discussion above we 
conclude that <f> assumes a unique minimum in this point, because the tangents to the 
level surfaces of 0 are never diagonal and horizontal only for/ = —1 < \n — a— k\. 
• 
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5. EIGENVALUE ESTIMATES 

The potential applications of Proposition 3.6 include eigenvalue estimates for the 
Laplace and for twisted Dirac operators. The general procedure is described in this 
section and carried out in some particularly interesting cases. Our first example 
are the irreducible Sp( l ) • Sp (n)-representations SymrH ® Ar

0E defining parallel 
subbundles in the bundle of r-forms (cf. [Sal86]). On these parallel subbundles we 
have the following lower bound for the spectrum of the Laplace operator. 

Proposition 5.1. (Eigenvalue Estimate on SymrH ® Ar
0E) 

Let (Min, g) be a compact quaternionic Kahler manifold of positive scalar curvature 
K > 0. Then any eigenvalue A of the Laplace operator restricted to SymrH <g> AT

0E 
satisfies 

A > ; ( r + 1
0 U 

~ 2n(n + 2) 
Proof: It follows from Theorem 4.4 that Symn+rH <g> Ar

0E is a maximal twist for 
the representation SymrH <g> Ar

0E. Using Proposition 3.6 with I = n + r and d = r 
we obtain: 

^SymrH®A^,E — D-pn+r,r 
r(n+l) ^ r{n + l) ,_, 

symrH®hiE 2n(n + 2) ~ 2n(n + 2) 

An interesting special case is H ® E = TM ®K C for r = 1, leading to an eigenvalue 
estimate for the Laplace operator on 1-forms. In particular, the first Betti number 
has to vanish. Since the differential of any eigenfunction of the Laplace operator is 
an eigenform for the same eigenvalue we also obtain an estimate on functions (cf. 
[AlMa95] and [LeB95]): 

Corollary 5.2. (Vanishing of the First Betti Number for Positive Scalar Curvature) 
Let (M4n, <?) be a compact quaternionic Kahler manifold of positive scalar curvature 
K > 0. Any eigenvalue A of the Laplace operator on non-constant functions or 1-forms 
satisfies 

A > n + l 

2n(n + 2) 

Replacing maximal by minimal twists to compensate the sign of the scalar curvature 
the same argument provides eigenvalue estimates on SymrH ® Ar

0E on manifolds 
with « < 0: 

Proposition 5.3. (Vanishing of the First Betti Number for Negative Scalar Curvature) 
Let (M4n, g) be a compact quaternionic Kahler manifold of negative scalar curvature 
ft < 0. Then any eigenvalue A of the Laplace operator on 1-forms satisfies: 

1*1 
A > 

2(n + 2) ' 
In particular the first Betti number has to vanish even in the case of negative scalar 
curvature. 
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Proof: Recall that we excluded the case n = 1 from the very beginning in Definition 
3.1. Since n > 2 and r = l w e are in the fourth case of Theorem 4.5. The unique 
minimal twist for H ® E is thus Syva"~2H and we can apply Proposition 3.6 with 
I — n — 2 and d = 0 to obtain: 

A # ® E — Dn„ > ' ' . • H®E 2(n + 2) ~ 2(n + 2) 

The vanishing of the first Betti number in the case of negative scalar curvature was 
also proved in [Ho96]. In Proposition 6.8 we will prove a stronger vanishing result for 
the odd Betti numbers. 

As an other application we consider the Laplace operator on 2-forms A 2T*M <g>RC, 
which decompose into Sym2i? © (Sym2i?<g> A2£?) © Sym2.E. In the next section we 
will see that the Laplace operator may have a kernel in the sections of the parallel 
subbundle Sym2£. Nevertheless we have a positive lower bound on the other two 
parallel subbundles: 

Proposition 5.4. (Eigenvalue Estimates on 2-forms) 
Let (Min, g) be a compact quaternionic Kahler manifold of positive scalar curvature 
K. Then all eigenvalues A of the Laplace operator on 2-forms in Sym2H or Sym 2 / /® 
A 2 E satisfy 

A ( A S y m 2 H ) > — a n d A ( A S y m 2 H 0 A 2 B ) > +2)K' 

The estimate for the Laplace operator on Sym 2 # C A2T*M ®R C was proved 
for the first time in [AlMa98]. Again we have similar results in the case of negative 
curvature. In particular, the lower bound for ASym2# is the same as in Proposition 
5.3. 

Our next aim is to derive properties of twisted Dirac operators. For doing so we 
make the following crucial observation. If -K is any representation with admissible 
twists 1Zl'd and lV'd then we can apply Proposition 3.6 twice to obtain 

(5.i) ^ H = D H + 87^(^-^> 
with <f)(l, d) = (l + d-n)(l - d + n + 2). We first use this observation to give a short 
proof of the eigenvalue estimate for the untwisted Dirac operator: 

Proposition 5.5. (Eigenvalue Estimate for the Untwisted Dirac Operator [KSW97a]) 
Let (M4n, g) be a compact quaternionic Kahler spin manifold of positive scalar cur­
vature K. Then any eigenvalue A of the untwisted Dirac operator satisfies 

\2 ^ n + 3 K 

~ n + 2 4 
Proof: According to Proposition 3.2 the spinor bundle decomposes into the parallel 
subbundles S = ©?=0 S r with S r = SymTH ®A%-rE. To estimate the square of 
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the Dirac operator on SymrH ® A" rE we observe that the unique maximal twist 
for Sym rH <g> A ̂ ~rE is nn+r'n-r and for I = d = 0 and I = n + r, d = n - r equation 
(5.1) reads: 

D n2 
K ( /„ „N , M \ n + 2 + r K 

+ ir-, ^ n (2r+n+2) + n(n+2) > sr 8n(n + 2) V ^ ; ^ ') ~ n + 2 4 ' 

Consequently some hypothetical eigenspinor <f> s T(S) of D2 with eigenvalue A2 < 
^±§ | would have to be localized in the subbundle S 0 C S. But the Dirac operator on 
a manifold of positive scalar curvature has trivial kernel so that Dcj) € T(S i) would 
be a nontrivial eigenspinor for D2 again with eigenvalue A2 in contradiction to the 
estimate for S i . • 

We now use equation (5.1) for describing the kernels of twisted Dirac operators in 
the case of positive scalar curvature. If -K is any representations which contributes to 
the kernel of -D2 ,̂,* then TZl'd has to be a maximal twist for -K. In fact equation (5.1) 
implies that D2^^ is positive on n as soon as there is another admissible twist 1Zl'd 

for IT with <j>(l, d) > <j>(l, d). Prom this remark and Proposition 3.6 we conclude in the 
case of positive scalar curvature 

(5.2) ker(Z^,d) = 0 ker ( A „ - 8 n ( n * + 2 ) M < Q 

where the sum is over all representations 7r for which TZl'd is a maximal twist. Since 
8n(rc+2) <A(J> d) is the smallest possible eigenvalue of the operator An equation (5.2) is 
in essence a decomposition of ker(Z)2^,(!) into a sum of minimal eigenspaces for the 
operators A„. 

If lZl'd is a maximal twist for a representation n then Theorem 4.4 also provides 
us with the information whether 7r occurs in S + <g> TZl'd or in S ~ <g> 1Zl'd. Hence a 
corollary of equation (5.2) is a formula for the index of the twisted Dirac operator 
Dni,d in terms of dimensions of certain minimal eigenspaces. We will describe this in 
two examples: 

Proposition 5.6. 
Let (M4n, g) be a compact quaternionic Kahler manifold of positive scalar curvature 
K > 0, then: 

ker (£>!,,„) = {0} for I + d < n . 

Proof: All maximal twists TZl'd satisfy I + d> nby Theorem 4.4. • 

An immediate consequence of this proposition is the vanishing of the index index {Dni,d 
for I + d < n. This was also proved in [LeBSa94] by using the Akizuki-Nakano van­
ishing theorem on the twistor space. For the second example we consider the twisted 
Dirac operator Dnn+2,o. It easily follows from Theorem 4.4 that Sym2H is the unique 
representation with maximal twist TZn+2'°: 
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Proposition 5.7. (Killing Vector Fields) 
On every compact quaternionic Kahler manifold (M4n, g) of positive scalar curvature 
K we have: 

ker (D^„+2,o) = ker ^ASym2H - —J . 

The index of Dnn+2,o equals the dimension of the isometry group of (M, g) (cf. [Sal82]). 
But since Sym2ff is the only representation contributing to ker(D^n+2i0) the index is 
just the dimension of the minimal eigenspace of ASym2#. In fact, there is an explicit 
isomorphism from the space of Killing vector fields to Sym2H (cf. [AlMa98]). It is 
given by projecting the covariant derivative of a Killing vector field onto its component 
i n S y m 2 i ? C A 2T*M®RC. 

6. HARMONIC FORMS AND B E T T I NUMBERS 

This section contains the most important application of Proposition 3.6. We will 
determine which parallel subbundles of the differential forms may carry harmonic 
forms and thus prove vanishing theorems for Betti numbers both for positive and 
negative scalar curvature. These results will lead to quaternionic Kahler analogues 
of the weak and strong Lefschetz theorem in Kahler geometry. Recall that the weak 
Lefschetz theorem for Kahler manifolds M states the inequality b^ < 6fc+2 of the 
Betti numbers for k < \ dim M, whereas the strong Lefschetz theorem asserts that 
the wedge product with the parallel 2-form descends to an injective map of the 
cohomology Hk{M, M) —>• Hk+2[M, K) in the same range. 

Proposition 6.1. (Representations and Harmonic Forms) 
Let (M4n, g) be a compact quaternionic Kahler manifold of scalar curvature K ^ 0 
and let IT be an irreducible representation of Sp (1) • Sp (n) occurring in the forms 
A'(H®E): 

HomSp(1).sp(„)(7r,A*(ff®£)) ? {0} 

If the scalar curvature is positive then ker Aw = {0} unless 7r = A^E for some 
a with n > a > 0. Similarly if the scalar curvature is negative then ker(A^) = 
{0} unless either ir = A££E as before or -K is a representation of the form IT = 
Sym2n-a-bH Q A M £ w i t h n > a > & > o. 

Although the representations Sym2"~°_''if <g> A^E form a larger class of repre­
sentations they are still rather special among all the representations occurring in the 
forms. The appearance of these exceptional representations potentially carrying har­
monic forms could have been foreseen from the difficulties encountered in the attempt 
to push Kraines original strong Lefschetz theorem ([Kra66]) for quaternionic Kahler 
manifolds beyond degree n. In higher degrees the given proofs fail precisely for these 
representations. It follows from Proposition 6.1 that this problem is absent in the 
positive scalar curvature case. 
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Proof: For any manifold of even dimension the bundle of exterior forms is the tensor 
product of the spinor bundle S with its dual S*. In the quaternionic Kahler case 
S = S * is real and the decomposition given in Proposition 3.2 implies: 

n 

A'{H®E) = S ® S = 0 S ®TlT'n-r. 
r=0 

In particular, a representation it occurs in the forms if and only if it occurs in a 
twisted spinor bundle S ® j^^n-r for s o m e r with n > r > 0. It is consequently of 
the form 7r = Sym kH <g> A^E for suitable k > 0 and n > a > b > 0. In this situation 
Proposition 3.6 becomes: 

A — A — D2 

•K 

A harmonic form in the parallel subbundle determined by 7r is thus identified with 
an harmonic twisted spinor for the twist TZr'n~r. However, we have already expressed 
the kernel of the twisted Dirac operators D^ri„_r in formula (5.2) at least for positive 
scalar curvature. 

The point in this formula is of course that only those representations -K may con­
tribute to the kernel of the twisted Dirac operator Z?^r,„_r, for which the twist 1lr<n-r 

is a maximal twist. Replacing maximal by minimal twists the same argument applies 
in the case of negative scalar curvature and we conclude that a representation TT may 
carry harmonic forms in the case of negative or positive scalar curvature if and only 
if it has a minimal or maximal twist respectively of the form W' n~T for some r with 
n > r > 0. A look at the classification of maximal and minimal twists in Theorems 
4.4 and 4.5 completes the proof. • 

We now want to point out a remarkable property of minimal and maximal twists: 
If a twist 1Zl'd is minimal or maximal for a representation 7r then iv always occurs 
with multiplicity one in the twisted spinor representation S ® Ti1'd- Although this 
property seems very natural it is obtained only as a corollary of the calculation of the 
index multiplicities in Theorems 4.4 and 4.5 using all the rather technical calculations 
of that section. Surely it is tempting to search for a direct argument providing better 
insight into the nature of this property. 

For us this property is very convenient counting the total multiplicity of those 
representations w in the differential forms, which may carry harmonic forms. In fact 
for any representation TT this total multiplicity is given by: 

(6.1) 
n 

dim HornSp(1).sp(n)(7T, Am(H®E)) = ^ dim HornSp(1).Sp(rj)(7r, S ®7e r ' n _ r ) 
r=0 

However, in the course of the proof of Theorem 6.1 we characterized the representa­
tions ir potentially carrying harmonic forms in negative or positive scalar curvature 
by their property of having a minimal or maximal twist respectively of the form 
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W'n~r, n > r > 0. For such a representation -K a twist of the form 1Zr<n-T is min­
imal or maximal respectively if and only if it is admissible, because in this case 
cf>(r,n — r) = 0 = cj>(r,n — r). 

Consequently for any representation 7r which may carry harmonic forms the sum-
mands on the right hand side of equation (6.1) are all either 0 or 1 and the total 
multiplicity of 7r in the differential forms is just the number of different minimal or 
maximal twists respectively. This number is easily read off from Theorems 4.4 and 
4.5 and is part of the following lemma: 

Lemma 6.2. (Embeddings of Harmonic Forms) 
The representation IT = A^E, n > d > 0, occurs n — a + 1 times in the forms: it 
occurs with multiplicity one in the forms of degree 2a, 2o + 4, 2a + 8, . . . , An — 2a. 
Similarly the representation ir = Sym2 n _ a _ 6H <g> A^E, n > a > b > 0, occurs in 
the forms of degree 2n — a + b, In — a + 6 + 2, 2n — a + b + A, . . . , 2n + a — b with 
multiplicity 1 and a — b + 1 times in total. 

Proof: We have already calculated the total multiplicity of the representations 
A^E and Sym 2n~a~bH®A^E in the differential forms so that it is sufficient to prove 
the existence of embeddings of these representations into the forms of the claimed de­
grees. First let us recall the well known general decomposition of the exterior forms 
A *( H ® E) into Schur functors 

Ak(H®E) = 0 S c h u r 2 , H ® Schur ^E 

where the sum is over all Young tableaus 2) of size |2)| = k and 2) denotes the 
conjugated Young tableau ([FuHa]). All Schur functors have two preferred realizations 
as the images of Schur symmetrizers in iterated tensor products. Specifying the 
Young tableau 2) either by the length of its rows (ri, r2, . . . ,rc i) or of its columns 
(ci, c2, . . . , c n) satisfying ri > r2 > . . . > rci and cx > c2 > . . . > c n these two 
preferred realizations of the Schur functors 

SchuryH C AC1H ® AC2H <g> . . . <g> A^H 

Schur%E C Symri.E<g>Symr2£® . . . ®SymT^E 

are given as the intersection of the kernels of all possible Pliicker differentials. In our 
case all Schur functors in H corresponding to Young tableaus of more tharTt'wo rows 
vanish and since A2H = C is trivial the Schur functor in H for the Young tableau of 
size k with two rows (k — s, s) is equivalent to Sym k~2sH: 

L~J 
Ak(H®E) = 0 Symk-2sH® SchurV^7^E. 

s=0 

Conjugation of Young tableaus is defined by exchanging rows and columns. Conju­
gated to the Young tableau with two rows (k - s, s) is the tableau with two columns 
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(k — s, s). Thus Schur ,k_s S,E can be defined as the kernel of the Pliicker differential: 

^ eM A Ode^ J : Ak~sE®AsE —• Ak's+1E ® As~lE. 

From Weyl's construction of the representation A^pE as the intersection of the kernel 
of the Pliicker differential Aa

0E ® Ab
0E —>• Aa+lE ®Ab

c>-1E with the kernel of the 
diagonal contraction with the symplectic form we see that A^E C Schur r^E. 
Consider now the map 

fi: AaE®AbE —>• Aa+2E®Ab+2E 

defined by 

Q. := ] P ( de\ A del A ® ^ A e„ A + de\ A eM A <g> dej, A e„A) , 

which curiously enough commutes with the Pliicker differential. Consequently we 
may extend the above embedding to a chain of Sp (n)-equivariant linear maps: 

M&E —• S c h u r ^ i ? A S c h u r ^ ^ y S A . . . A Schur (2n_a ,2n_o)£. 

Explicit calculation shows that fi""° = (2n - 2a + 1)! (• ® *) on A^E1 , where * 
denotes the Hodge isomorphism AaE —> A2n~aE. Hence A^E embeds into all 
the Schur functors Schur (g+2s a+2s)E w îth n — a > s > 0 and further into the forms 
A2o+4s( H ®E) of degree 2a + 4s with n — a > s > 0. The appearance of the map Q 
is by no means an accident, it can be shown that it corresponds exactly to the wedge 
product with the parallel Kraines form fl on the level of forms. 

The construction of the different embeddings of the representations Sym2n~a~bH® 
A^pE is simpler, although it is a dead end to start with the inclusion A^bE C 
SchurT^-g\E. Instead we have to use the Hodge isomorphism (*<g>l) : AaE®AbE —> 
A 2n-aE ® A bE, which interchanges in a sense the roles of the Pliicker differential and 
the diagonal contraction with the symplectic form. The Hodge isomorphism can be 
extended to a chain of maps 

A%£E —• A2n-aE®AbE A A2n~a+lE®Ab+lE A . . . A A2n~bE®AaE 

using the diagonal multiplication a with the symplectic form. Since diagonal contrac­
tion and multiplication with the symplectic form generate an s^-algebra of operators 
the final map ^bE —>• A 2n~bE ® A aE is injective and maps into the kernel of a. 
In addition the commutator relations between the Pliicker differential and a imply 
that A^pE1 is mapped into the kernel Schur i2n_a+s b+s)E of the Pliicker differential 
at each step, so that 

Sym2n-a-bH®A?<lE —• Sym2 n-a-bH®Schm [ 2 n_a + s M s )E A A2n-a+b+2s{H®E) 

embeds into the forms of degree 2n — a + b + 2s for all a — b > s > 0. • 
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Remark 6.3. (Strong Lefschetz Theorems) 
In the course of the proof of Lemma 6.2 we have sketched a proof of the strong 
Lefschetz Theorem for quaternionic Kahler manifolds of positive scalar curvature. 
The wedge product with the parallel Kraines form f2 is injective on the forms of type 
A ^ i ? in all degrees k < \ dim M and hence descends to an injective map of the 
cohomology Hk(M, M) —•» Hk+i{M, M). 

A completely different argument can be given to show that the wedge product 
with the Kraines form is injective on forms of type Sym2n~a~bH ® A^E in degrees 
k < \ dim M — 1, too. In contrast to the positive scalar curvature case however, the 
decomposition of the cohomology given in Proposition 6.1 for quaternionic manifolds 
of negative scalar curvature is finer than the decomposition into primitive cohomolo-
gies with respect to the Kraines form. 

The weak Lefschetz Theorem for quaternionic Kahler manifolds of positive scalar 
curvature was proved by S. Salamon (cf. [Sal82]) by analyzing the cohomology of the 
twistor space. Applying Proposition 6.1 in combination with Lemma 6.2 we get a 
more explicit version of this result: 

Proposition 6.4. (WeaJc Lefschetz Theorem for Positive Scalar Curvature) 
Let (M4n, g) be a compact quaternionic Kahler manifold of positive scalar curvature 
K > 0. Its Betti numbers b^ satisfy for all 0 < k < n the following relations: 

hk+i — 0 , 

I -1 
02k = E.,=o dim(kerAA*-2, ,*- 2 ,B) , 

hk - &2*-4 = dim(ker A^ ,*^ ) > 0 . 

Proof: For a compact quaternionic Kahler manifold of positive scalar curvature 
it follows from Proposition 6.1 that the only representations potentially carrying 
harmonic forms are A^E with n > a > 0. But according to Lemma 6.2 all these 
representations embed into forms of even degree, i. e. all odd Betti numbers necessarily 
vanish. Moreover the representations A%£E occur in the forms of degree 2k if and 
only if a = k, k — 2, . . . and in this case they occur with multiplicity one. • 

Remark 6.5. (Associated Twistor Space and 3-Sasakian Manifold [GaSa96]) 
Let S be the 3-Sasakian manifold and Z the twistor space associated with the quater­
nionic Kahler manifold Min. The dimension of ker AAk,kE can be reinterpreted as the 

dimension of the cohomology of S and as the dimension of the primitive cohomology 
group of Z: 

d im(ke rA A t * £ ) = b2k(S) = b2k(Z) - b2k-2(Z) k<n . 

As an immediate consequence of Proposition 6.4 we obtain a result of S. Salamon 
and C. LeBrun (cf. [LeBSa94]) on the index of the twisted Dirac operator Dn,,d with 
I + d = n: 
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Corollary 6.6. (Index of Twisted Dirac Operators and Betti Numbers) 
Let (Min, g) be a compact quaternionic Kahler manifold of positive scalar curvature 
K > 0: 

\er(D2
nn_d,d) = 0 a < d ker(AAa,aB), 

dimker(D^n_(i,d) = b2i + b2d-2, 

index(Z?w»-d,d) = (-l)d(b2d + b2d-2) • 
Proof: We already observed in formula (5.2) that in the case of positive scalar 
curvature a representation 7r may contribute to the kernel of a twisted Dirac operator 
D^,id only if the twist Hl'd is maximal for ir. On the other hand the twisted spinor 
representation S ® TZn~d'd occurs in the forms so that a representation IT contributes 
to the kernel of D^n_did if and only if it carries harmonic forms, i. e. -K must be one 
of the representations A^^E for some o with n > a > 0. From equation (4.1) of 
Theorem 4.1 it is evident that 7r = A^E occurs in S ® "R,n~d<d if and only if a < d. 
Consequently Proposition 6.4 provides the expression for the dimension of the kernel 
of Dnn-d,d in terms of Betti numbers. • 

In dealing with quaternionic Kahler manifolds of negative scalar curvature it is 
convenient to decompose their cohomology into two direct summands with quite 
different behavior: 

Definition 6.7. ( sp(l)-Invariant and Exceptional Cohomology) 
Let (M4n, g) be a compact quaternionic Kahler manifold of negative scalar curvature. 
According to Proposition 6.1 two different series of representations contribute to 
harmonic forms on M, namely A^E, n > a > 0 and S y m 2 " " 0 " ^ ® A^E, n > 
a > b > 0. In particular the de Rham cohomology of M splits into the direct sum 

H'dR(M, C) = H'sm(M, C) © ffe'xpt(M, C) 

of its sp(l)-invariant cohomology H'^JM, C), which is the sum of all isotypical 
components corresponding to the representations A^E, n > a > 0, and its excep­
tional cohomology i?*xPt( ^ C ) , which is the direct sum of all isotypical components 
corresponding to the remaining representations Sym2n~a~bH ® A^pE, n > a > b > 
0, b / n. 

Because the curvature tensor of M is sp(l)-invariant the same is true for all its 
characteristic classes. Moreover H',^ (M, C) is closed under multiplication and the 
decomposition of the de Rham-cohomology into s})(l)-invariant and exceptional co­
homology is respected by the induced modul structure. A deeper analysis of the 
ring structure of the cohomology ring of M will be given in a forthcoming paper 
(cf. [WeiOO]). 

As a final application of the ideas developed in this article we combine Proposi­
tion 6.1 and Lemma 6.2 to obtain new information on the Betti numbers of compact 
quaternionic Kahler manifolds of negative scalar curvature. 
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Proposition 6.8. (Weak Lefschetz Theorem for Negative Scalar Curvature) 

Let (M4n, g) be a compact quaternionic Kahler manifold of negative scalar curvature 

K < 0. Its sp(l)-invariant and exceptional Betti numbers 6Bp(i), A: a n d bexpt,k satisfy: 

= 0 

= 0 

< bsp(l),k+i 

Oexpt, k < "expt, fc+2 

6«p(l),* 

"expt, k 

&sp(l),fc 

for k odd , 

for k < n — 1, 

for k < 2n - 2 , 

for jfc < 2n - 1 . 

In particular, its Betti numbers bk = 63p(i),* + &expt,* satisfy: 

62A+1 = 0 for 2fe + l < n - 1 , 

ft* < &fc+2 for odd fc < 2n — 1, 

&A < f̂c+4 f ° r A; < 2n — 2 . 

Proof: Since the sp(l)-invariant Betti numbers correspond by definition to the 

representations A.^°E, n > a > 0, they have the same properties as Betti numbers of 

a quaternionic Kahler manifolds of positve scalar curvature given in Proposition 6.4. 

It follows from Lemma 6.2 that the remaining representations Sym 2n~a~bH^A^pE 

with n > a > b > 0 and b ^ n corresponding to the exceptional Betti numbers embed 

into forms of degree 2n - a + b, 2n-a + b + 2, . . . , 2n + a-b. For a ^ b mod 2 these 

embeddings give rise to harmonic forms of odd degree. Nevertheless the odd Betti 

numbers of degree less than n have to vanish because of 2n — a + b > n. D 
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1. INTRODUCTION 

Suppose (M, g) is a Riemannian manifold. One fundamental piece of data de­
termined by g is the restricted holonomy group Hoi. If we assume that Hoi acts 
irreducibly on TM, which is the case if M is complete and irreducible, then the main 
classification theorem implies that either (M, g) is locally isometric to a symmetric 
space K/ Hoi or Hoi is one of SO{n), U(n), SU(n), Sp{n), Sp(n) Sp(l), G2 or Spin(7) 
(see [3]). Studying the geometries determined by these holonomy groups one finds 
that if M ^ SO(n) or U(n), then g is automatically Einstein. This may be restated 
as follows. 

Theorem 1.1. Suppose G is a proper connected subgroup of SO(n) that acts irre­
ducibly on R™ and if n is even suppose that G ^ U(n/2). Let (M,g) be an n-
dimensional Riemannian manifold with structure group G. If M admits a torsion-free 
G-connection then g is Einstein. 

A natural question is: 

Are there weaker conditions than the existence of a torsion-free connection 
that imply useful restrictions on the curvature? 

In 1971, Gray [9] provided one such notion which he called "weak holonomy". He 
studied this idea for the groups G that act transitively on the sphere. For the groups 
SO(n), Sp(n), Sp(n) [7(1), Sp(n)Sp(l) and Spin(7), the weak holonomy condition 
implies that the holonomy group reduces and we obtain no new geometries. However, 

405 
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Group 

U(n), SU{n) 

G2 

Spin(9) 

Geometry 

Nearly Kahler, i.e., ( V x / ) P 0 = 0 
Einstein if n = 3 

dip = A*9?, A ^ 0 
Einstein with s > 0 

Not Einstein 
TABLE 1. The geometries determined by weak holonomy groups acting 
transitively on a sphere when the holonomy does not reduce to that 
group. 

for U(n), SU(n) and G2 Gray found that the weak holonomy condition does give new 
structures. Very recently Th. Friedrich has shown that the group Spin(9) also occurs 
as a weak holonomy group [7]. These results are summarised in Table 1. 

As the table indicates, the only new examples of Einstein structures are provided 
by nearly Kahler six-manifolds and seven-dimensional manifolds with weak holo­
nomy G2. Many examples of the latter are known. For example each Aloff-Wallach 
space SU(3)/ U(l)k,e, given by embedding (7(1) in SU(3) via 

exp(«#) !->• diag(exp(i&#), exp(i£9), exp(—i(k + £)9)), 

carries a homogeneous metric with weak holonomy G2 [1]. Also non-homogeneous 
examples can be constructed from non-homogeneous 3-Sasakian metrics in dimen­
sion 7 by using the results of [8]. In the case of nearly Kahler six-manifolds that are 
not Kahler, the only examples known are 3-symmetric spaces, so these are homoge­
neous. Moroianu & Semmelmann have a proof that there are no other homogeneous 
examples [10]. 

As far as I know Gray's condition has not been studied for other G-structures. 
This may be because his definition is not particularly easy to work with. More in 
the spirit of Gray's other work would be to look for G-structures which admit a 
connection whose torsion is 'simple'. This is the approach I wish to take. 

2. TORSION AND CURVATURE 

Fix a closed connected Lie subgroup G of SO(n). Suppose that M is an n-
dimensional manifold with a reduction of its structure group to G. Let g be the 
corresponding Riemannian metric and write V for the Levi-Civita connection. 

If V is any G-connection on M, then the difference V — V is tensorial and is a 
one-form with values in (the bundle associated to) the Lie algebra so(n) of SO(n). 
If 7] is any one-form with values in the Lie algebra g of G, then V + r\ is also a 
G-connection. It is now easy to see: 
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Lemma 2.1. If G is a subgroup of SO{n) and M is a Riemannian manifold with a G-
structure, then there is a unique G-connection V such that the Levi-Civita connection 
satisfies 

V = V + <£ 

with £ an element of T*M ® g1- C T*M <g> so(n). 

Definition 2.2. We call the connection V of Lemma 2.1 the natural metric connection 
of the G-structure. 

The torsion of V is given by TV(X, Y) = £ yX - &Y. Moreover, this torsion 
determines £ by 

g(£xY,Z) = ±(g(T*(X,Z),Y)-g(T*(X,Y),Z) 

+ g(X,T*(Y,Z))). 

We will therefore often abuse terminology and refer to £ as the torsion of V. 
Write V for the representation of G o n i " . Then £ is an element of the bundle 

associated to the representation V (8>0X. Let us assume that £ lies in a subrepresen-
tation W C V ® QX. It is now possible to deduce some restrictions on the Riemann 
curvature tensor R of M. 

The curvature R of the Levi-Civita connection is an element of S2(so(n)). Using 
so(n) = gSg"1 we obtain the decomposition 

52(so(n)) = 52(fl) © S(Q ® a"-) 8 S V ) , 

and a corresponding splitting of R: 

R = RB + Rm + Rx. 

We can refine this decomposition further. Let b: S2(A2V) —> A4V be the map 
denned by 

6(a) (X, Y, Z, W) = a(X, Y, Z, W) + a(X, Z, W, Y) 

+ a{X,W,Y,Z). 

The space 3C(g) := ker 6n 52(g) consists of elements in S2(g) that satisfy the Bianchi 
identity, and so is the space of algebraic curvature tensors whose holonomy lies in G. 

We write S2{g) = X(g)®X{g)± and use this to make a splitting R* = R^+Rf. Note 
that b is injective on 3C(fl)x, so the fact that R satisfies the Bianchi identity b(R) — 0 
implies that R\ is uniquely determined by Rm + R1- via 

b(Rl) = -b{Rm + R±). 

To obtain information on Rm and R-1, let us locally choose a tensor ip on M (not 
necessarily of pure type) such that 

(a) Lie stabSO(„) <p — g, and 
(b) V<p = 0, 
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where Lie stabgo(n) V denotes the Lie algebra of the stabiliser of f under the action 
of SO(n). One can find such a ipo satisfying condition (a) at a given point. Sup­
pose fo € ©I=i V®Ti, for a minimal set of integers ri,...,rs. Let Ui be the trivial 
submodule of V®n, for i = 1 , . . . , s. Then Ut defines a subbundle of tensor algebra 
of TM and the restriction of V to U is flat, so we may locally extend <f0 to a tensor ip 
satisfying (b). 

Now consider the action of the curvature R on (p. We have 

R.f = Rm.f + Rx.f. 

Moreover, R.f determines Rm and R±. On the other hand 

R.f = a(VV^) = a(V(Vf + £.tp)) = a(V(f .y>)) 

where a denotes the alternation map. From this we see that if £ lies in a subrepre-
sentation W of V <g> g±, then Rm + R1- lies in the representation V ® W + W <g> W. 
Note that R\eV ®W + W ®W too, since R\ is determined by Rm + R±. 

Write SQV for the space of trace-free symmetric tensors on V. Then the trace-free 
Ricci tensor lies in S$V and the vanishing of this component of R is exactly the 
Einstein condition. The above discussion now implies that R is Einstein provided RQ 
and Rf + Rm + R1- are both Einstein. We thus have: 

Theorem 2.3. Suppose M is a manifold with structure group G < SO(n). Let V 
denote the representation of G on TM and suppose that the torsion £ lies in the 
subrepresentation W CV <2> JJ"1. Then a sufficient condition for M to be Einstein is 

(a) {V®W + W®W)n SlV = {0}, and 
(b) any element of %(g) is Einstein. 

The simplest case is when the representation W is trivial. This occurs precisely 
when £ is invariant under the action of G. 

Definition 2.4. We say that the M is a Riemannian manifold with invariant torsion if 
the structure group of M reduces to a proper subgroup G of SO(n) and the torsion £ 
of the natural metric connection for this G-structure is invariant under the action 
ofG. 

3. EXAMPLES 

Let us consider some examples of manifolds with invariant torsion and see how 
they relate to Theorem 2.3. We begin with Gray's weak holonomy structures that 
are Einstein. 
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3.1. Weak Holonomy G2. We have G = G2 and V is the irreducible representation 
onK7 . Then 

50(7) = A2V = g2 ®V 

so 0X = V and V <8> flx certainly contains a trivial representation. In fact 

as a sum of irreducible modules. 
Taking £ € W = K, we have V ® W + W<g>W = V + K which has no subrep-

resentation in common with S$V, which is irreducible. Therefore condition (a) of 
Theorem 2.3 is satisfied. 

For condition (b), we have that 3C(g2) is the algebraic space of curvature tensors 
of metrics with holonomy G2- But all such metrics are Ricci flat and condition (b) 
holds. (In fact, 3C(fl2) is an irreducible representation of dimension 77.) Thus for 
these G2-structures, ^ e R implies that M7 is Einstein. 

The tensor ip in the proof of Theorem 2.3 may be taken to be the fundamental 
3-form of the G2-structure [4]. The condition that £ lies in M implies that Vy> = £.</? 
is an invariant tensor in V ® A3V. But 

A3V = R © V © SlV 

and so V ® A3V contains a unique invariant summand. This is spanned by the four-
form *(p, so we have d(p = a(V^) = A*y> and the structure has weak holonomy G2. 
Conversely, for A ^ 0, a metric with weak holonomy G2 always has invariant torsion 

3.2. Nearly Kahler Six-Manifolds. Let U{n) act irreducibly on V = R2n. Then 
V is the real representation underlying A1,0 and we write V = [A1,0]. In this case 
u(n)-1 = [A2'0], so in order for V ® ufo)1- to have a trivial summand we need an 
isomorphism of [A1'0] with [A2'0]. For the dimensions of these two representations to 
be equal we have to have n — 3. However, even in that case the centre of (7(3) acts 
on these two representations with different weights. We therefore conclude that there 
is a trivial summand only with respect to the action of SU(3). 

So we must take G = SU{3) and V = [A1-0]. We then have V^Q-1 contains W = 2R 
For this choice of W, condition (a) of Theorem 2.3 is satisfied. Condition (b) is also 
satisfied, as metrics of holonomy SU(3) are Ricci-flat. Therefore, an S(7(3)-structure 
with invariant torsion £ £ 2R is Einstein. 

For £ 7̂  0, these are exactly the nearly Kahler six-manifolds that are not Kahler. 
Notice that the structure group of such a manifold always reduces from [/(3) to SJ7(3) 
as du> + i*du> trivialises A3'0. 

3.3. Holonomy Representations. Suppose G acts irreducibly on V via the holo­
nomy representation of a Riemannian metric. Assume that G ^ SO(dim V). Looking 
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at each individual case, one can see that the only times where g x contains a copy 
of V are (i) G = SU(3), V = [A1*0] and (ii) G = G2, V = K7. We thus have: 

Proposition 3.1. Suppose M is a Riemannian manifold with non-zero invariant tor­
sion. If the structure group G acts on TM via a holonomy representation, then M is 
either a six-dimensional nearly Kahler manifold or M is a seven-dimensional manifold 
with weak holonomy G-i-

3.4. Representat ions of SU(2). Let us consider the case when G = SU(2) and V is 
an irreducible representation of G. This implies that V®C = SkC2, the fcth symmetric 
power of C2, for some integer k. This representation only admits an invariant metric 
if k is even. The condition that V <8> su(2)J- contains a trivial representation then 
implies that k = 2 (mod 4) and that k ^ 2. One can now check that conditions (a) 
and (b) of Theorem 2.3 are satisfied. Therefore, if they exist, such structures will give 
an Einstein metric in dimensions Ar + 3 for r > 0. 

Two examples can be easily found. For r = 1, the space M7 = Sp(2)/Sp(l), with 
Sp(l) embedded maximally in Sp(2) has complexified isotropy representation 56C2 

and the only invariant metric is a structure with invariant torsion SU(2). Similarly, 
for r = 2, Mn = G2/S(7(2), again with SU(2) maximally embedded, is isotropy 
irreducible and carries an Einstein metric with invariant torsion. We will see later that 
these are the only examples that arise from this family of representations of SU(2). 

3.5. Homogeneous Spaces. Let M = K/G be a reductive homogeneous space with 
K and G semi-simple and compact. Write t — JJ + p, then TeM = p and the negative 
(•, •) of the Killing form induces a positive definite jj-invariant inner product on p and 
hence a Riemannian metric on M. The canonical connection on M is a G-connection 
with torsion £{X, Y, Z) = ([X, Y], Z), for left-invariant vector fields X, Y and Z. 

If p is an irreducible g-module then M = K/G is isotropy irreducible. These 
spaces have been classified by Wolf [13]. One can check directly that condition (b) 
is satisfied for all these spaces. However, with W — K, it is not always the case that 
V = p satisfies condition (a), even though K/G is well-known to be Einstein. 

3.6. Three-Sasakian Manifolds. 3-Sasakian manifolds give another class of Ein­
stein manifolds with invariant torsion. However, in this neither condition (a) nor 
condition (b) is satisfied. 

4. GENERAL RESULTS 

Some general results may be obtained by studying conditions (a) and (b) of Theo­
rem 2.3 in more detail. 

First we note that for any representation W in V <8> gx will have R as a subrepre-
sentation of W ® W. Thus condition (a) implies that S%V does not contain a trivial 
representation. It is straightforward to check that V is then forced to be irreducible. 
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For irreducible representations V, condition (b) is easy to satisfy given the current 
state of knowledge of the holonomy classification. Let us consider Berger's approach 
to the holonomy problem [2] as explained by Bryant [5] and Schwachhofer [11]. 

Definition 4.1. Let G be a subgroup of SO{n). Define the Berger algebra g of G by 

g = {R(X,Y):R£X(g), X,YeV} 

It is easy to show 

Lemma 4.2. The Berger algebra g is an ideal of g, i.e., Q<Q, and X(g) = X(g). 

Berger two necessary conditions for g to be a holonomy algebra, if G acts irreducibly 
on R". The first is that 3C(h) should be strictly smaller than X(g) for any proper 
subalgebra h of g. This may be rephrased as Q — g. The second criteria comes from 
consideration of the possible covariant derivatives of curvature tensors. It turns out 
that this second condition merely distinguishes holonomy groups which can only occur 
for symmetric spaces from the others. The work on existence of metrics with non-
symmetric holonomies now implies that each algebra satisfying Berger's first criterion 
is the holonomy algebra of some torsion-free connection. 

Theorem 4.3. g is a holonomy algebra of an irreducible Riemannian manifold if and 
only if g = g. 

We may thus calculate the space X(g) by considering all ideals of g and comparing 
them with holonomy representations. 

Corollary 4.4. Suppose G is a proper subgroup of SO(n) acting irreducibly on V = 
K". Then X(g) consists only of Einstein tensors unless n is even and g = u(n/2). 

Proof. If G is simple then either g is a holonomy algebra or g = {0} and there is 
nothing to prove. 

Suppose G is not simple and that {0} ^ g ^ g . If g acts irreducibly on V then 
the only possibility we have to rule out is g = u(n/2), if n is even. However u(n/2) 
is maximal in so(n), and so the fact that the containments 0 < 0 < so(n) are strict, 
rule out this case. 

If the representation of \)x := g on V is reducible then g = fh©f)2. Depending 
on the type of the representation V, we may decompose K ^ C a s a sum of 1, 2 
or 4 tensor products of irreducible hrmodules over C. If f̂  is not Abelian, we find 
that V is the isotropy representation of a Grassmann symmetric space. The space of 
curvature tensors for such representations are known and the condition g = hx can 
not be satisfied. If one r̂  is Abelian, then a direct calculation shows that there are 
no non-trivial curvature tensors with values in r^. • 

We now return to condition (a) of Theorem 2.3. When W is a trivial representation 
and V is irreducible, (a) is equivalent to S%V not containing a copy of V. 
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Lemma 4.5. If V is irreducible, £ lies in a trivial submodule of V <g> QL and S$V has 
no submodule isomorphic to V, then £ is a three-form £ C ASV. 

Proof. If V ® flx contains a trivial summand, then we have V C g x C A2!/. Now, 
under the action of SO(n), we have 

(4.1) V®A 3 V = V + A3V + U, 

where U is irreducible, and we also have 

(4.2) V ® S$V = S3V + U. 

Our hypotheses imply that for the action of G, (4.2) contains no trivial submodules. 
In particular, UG = {0}. Therefore, any trivial submodule of (4.1) lies in either V 
or A3V. But V is irreducible, so any trivial module is in A3V. • 

Thus for V irreducible, condition (a) of Theorem 2.3 forces the torsion to be to­
tally skew. This is interesting, as such a totally skew condition on torsion seems 
to be natural in physical consideration of for example hyperKahler geometries with 
torsion [6]. 

Interestingly, Lemma 4.5 has a converse. 

Proposition 4.6. If M is a Riemannian manifold with a G-structure whose natural 
metric connection has torsion £ and £ is a three-form, then V£ does not contribute 
to the curvature of the Levi-Civita connection and condition (a) of Theorem 2.3 can 
be replaced by 

(a') w®wnslv = {o} 
Proof. The tensor V£ is a sum of four tensors ip{X, Y, Z, W) which are totally skew 
in their last three entries. The corresponding element of S2(A2V) is 

fax, Y, z, w) = i>(x, Y, z, w) - v(r, x, z, w) 
+ iP(Z,W,X,Y)-i>(W,Z,X,Y). 

Now one can check directly that V; is skew in its first two indices and ip(Y, Z, W, X) = 
—tp(X, Y, Z, W). Therefore ip is a four-form and so orthogonal to the kernel of the 
Bianchi map b: S2{A2V) -> A4^. • 

As we have already seen, for W trivial and V irreducible, condition (a') of Propo­
sition 4.6 is satisfied. We therefore have: 

Theorem 4.7. Let (M,g) be a Riemannian manifold with structure group G acting 
irreducibly and for which the natural torsion is invariant and totally-skew. Suppose 
that the structure group is not SO(n) or U(n/2). Then g is Einstein. 

In certain cases we can show uniqueness of the Einstein metric. 
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Theorem 4.8. Let (M, g) be a complete Riemannian manifold satisfying the hypothe­
ses of Theorem 4.7 with structure group G and tangent representation V. Suppose 
that the space of invariant three-forms (A3V)G on M is one-dimensional and that the 
scalar curvature of M is non-zero. If g ^ g2>

 t n e n M is homogeneous and isometric 
to an isotropy irreducible space. 

Sketch Proof. If the Berger algebra g is non-trivial then it acts on V preserving £. 
Proposition 3.1 then implies that g = {0}, as we have specifically excluded the other 
cases apart from su(3). But for su(3) the space of invariant three-forms has dimen­
sion 2 rather than 1, so this case does not occur. 

Now we see that R-l = 0 and by Proposition 4.6 Rm — 0. Thus R is algebraically 
determined by the torsion f. Write R — R{£2)-

As the space of invariant three-forms is one-dimensional, locally the £ is propor­
tional to a V-parallel three-form tp. Write £ — ftp. Then i?(£2) = f2R(<p2), and in 
particular the scalar curvature s(£2) = f2s(ip2). But s(£2) is constant, as g is Ein­
stein, and s(ip2) is constant, since it is parallel for V. Therefore, / is constant under 
the hypothesis that s(£2) ^ 0. 

We thus have that V£ = 0 and VR = 0. By definition this means that V is an 
Ambrose-Singer connection. Results of Tricerri & Vanhecke [12] imply that M is a 
homogeneous space with isotropy group stab Rn stab £. However, this group contains 
G, and so M is isotropy irreducible. • 

Example 4.9. One instructive example might be helpful at this point. As mentioned 
above, the Aloff-Wallach spaces Mk,e = SU(3)/ U{\)k,t carry invariant metrics of 
weak holonomy G2. However, in dimension 7 we also have the isotropy irreducible 
space M7 = Sp(2)/Sp(l) with isotropy representation 56C2. Theorem 4.8 applies 
to the S(7(2)-structure of M7 and shows that this is the only complete metric with 
invariant torsion. 

Now G2 has a subgroup SU(2) that acts on the seven-dimensional representation 
of G2 as S6€?. Remarkably, the space of invariant tensors in T ® A2T* is the same 
for both groups. 

If we look parameters k and I such that Mktt carries such an SL/(2)-structure we 
find that topologically the only solution is k = 1 and I — 4. Thus M1]4 has an 
invariant metric with weak holonomy G2 and a reduction of the structure group to 
the seven-dimensional irreducible representation of SU(2). Theorem 4.8 implies that 
with respect to the structure group SU(2), M1<4 can not be a manifold with invariant 
torsion, even though it has invariant torsion with respect to G2. We can see that this 
is not a contradiction by considering the relations 

V = V82 + £'2 

— V«u(2) _|_ £*u(2) 
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This implies £su(2) = £<>2 + (V«2 - Vsu(2)). The last bracket takes values in Q2 0 S U ( 2 ) 

and there is no particular reason for it to vanish. Thus, if £02 is invariant, this will not 
imply that £su(2) is. However, the converse is true, and the SJ7(2)-structure on M7 is 
also a metric of weak holonomy G2. 

Giving this result it is therefore interesting to find representations V of G for which 
the dimension of (A3V)G is at least 2, as these would give some hope of giving non-
homogeneous Einstein structures. It is interesting to remark that there are isotropy 
irreducible spaces that satisfy this condition. For example, if G is a simple group 
with Lie algebra not equal to su(2) or sp(2) then the isotropy irreducible space 

SO(dimG) 

G 

has at each point a two-dimensional family of invariant three-forms if G is not of 
type An, n ^ 3, and a four-dimensional family in these remaining cases. There 
therefore appears to be a second natural three-form for these representations and it 
would be interesting to determine that and to see whether non-homogeneous Einstein 
structures can be constructed. 
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We present two results that we have not found in the literature and that we believe 
therefore to be new, and some of their consequences. First, the Maxwell equations 
and the Lorentz force are formulated a with strict use of Hamilton's quaternions (two 
quaternion field equations and one quaternion force equation). Second, formulas 
for the Lorentz transformation, in fact for the 15 parameter conformal group, are 
presented, again with strict use of Hamilton's quaternions. 

The first result was expected by Maxwell, but he did not complete this program. 
He presented the theory as eight field equations in Cartesian coordinates and, of 
course, did not include the three components of the Lorentz equation of motion. The 
task of reaching the first of our results has been discussed extensively with the use of 
biquaternions ("complex quaternions")[3]. While this direction is interesting in itself, 
we insist in the present work on the strict use of Hamilton's quaternions and prove 
that they are fully adequate for the task. 

The second result of our paper, the formulas for the Lorentz transformations, was 
attempted by Dirac[2]. Dirac's analysis shows the existence of the subgroup of the 
algebraic field of quaternions that corresponds to Lorentz transformations in abstract 
terms, but does not reach explicit formulas. Biquaternions have also been used to 
characterize the Lorentz group from the early days[l][4]. 

We give below explicit quaternionic formulas for 3-space rotations, for the proper 
Lorentz transformations (boosts), and for proper conformal transformations (acceler­
ations). We thus provide one explicit quaternion representation for the 15 paramter 
conformal group C15 ~ SO(2,4) ~ SU(2,2). Two observations are in order: (1) our 
formula for space rotations is not identical but equivalent to the Rodriguez-Hamilton 
half-angle similarity formula. (2) One can see the proper conformal transformation 
in Dirac's paper but no explicit mention of the subject is made by him. In 1945, the 
C15 group was not as prominent in the mind of theoretical physicists as it is now. 

The basic idea of our analysis is that any expression that involves three dimen­
sional scalars and/or vectors (Gibbs' "scalar" and "vectors") can be written strictly 
in terms of Hamilton's quaternions. This "translation rule" extends to 4-scalars and 
4-vectors as well as to tensors and interestingly to spinors using on the left-hand 
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part of the Rodriguez-Hamilton similarity. Imitating Hamilton's formulation of the 
complex numbers as ordered pairs of reals, we view quaternions as embedded pairs 
of a Gibbs scalar (— 3-scalar) and a Gibbs 3-vector (= 3 vector). The formulation 
of classical electrodynamics which is the current standard, for example in the text 
of Stratton and Jackson, is based on Gibbs' vector algebra, two 3-vector and two 
3-scalar field equations plus one 3-vector equation of motion. Consequently, our solu­
tion to both problems, the formulation of electrodynamics and the formulation of the 
Lorentz transformations, in strict quaternion terms, consists of a strict "translation" 
of Gibbs' formulas into Hamilton's counterparts. 

Immediate consequences of our results are quaternion formulas for charge and en­
ergy conservation. These two basic conservation laws are based on a quaternion 
current and on a Poynting's quaternion, respectively. 

We now give the essential formulas. 

1. Quaternions 
A quaternion 
q = (s,V) 
The conjugate 
Q* = (s,-t) 
The 3-scalar 
s = Sc{q) 
The 3-vector 
T^ = Vect{q) 
The anti-commutator 
{91,92} =9192+9291 
The commutator 
[91,92] = 9 i 9 2 - 9 2 9 i 

2. Fields (c = 1) 
The grad 
• = (dt, V) 
The potential 
A = (0, Zt) 
The electric field 
E={Q^) = \Vect{{n\A*}) 
The magnetic field 
B = (0,t) = ±[n%A'] 
The current density 
J=(p,J) 

3. The Maxwell Equations 
The homogeneous Maxwell equations 
{D,B} + [D,E} = 0 
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The inhomogeneous Maxwell equations 
([n,B}-{n,E})/2 = 47rJ 
Electric charge conservation 
Sc(n*i([n,fl] - {n,E})) = Sc(n*47rj) 

Poynting's quaternion 
Sc(E*U[D,B] - {D,E})) = Sc{E*4nJ) 
V • (Exit) - \d2

t~t - \df3 = taffi • if 
The Lorentz force 
let e = electric charge 
/3 = relativistic velocity, v/c 
7 = ^ 

u = 7 ( l , ^ ) 
F = §({«*, EY + {u, B]) 

4. Transformations 
Space rotations 
let e= unit rotational 3-vector 
R: q ->• q' = q-cosO + \{{e,q},e}(cosQ — 1) — i[e,<7]sin0 
Lorentz transformations 
let v — unit velocity 3-vector 
A : q -> q' = q + I ( 7 - 1){{«, g}, w} + | 7 { ^ * , g*} 
Note: this has an antilinear term 
Proper conformal (accelerations) 
Let b = the acceleration parameter 
W = v/1 + 2Sc{bq) + Sc(q2)Sc(b2) 
C:q^q' = N{q + bSc(q2)) 

Among the many formulations of electrodynamics known, an obvious competitor to 
quaternions is the Minkowski tensors in terms of succinctness. Both formulations 
consist of two field equations and a single force equation. In addition, both utilize a 
single current and a single potential. Quaternions have a simpler version of Poynting's 
Theorem but Minkowski extends to n-dimensional manifolds. We do not wish to 
express a preference in applications, but we believe that the quaternion formulation 
opens the way to asking novel and interesting questions such as the meaning of the 
antilinear terms in the Lorentz transformation and in the conservation laws. 
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SPECIAL KAHLER GEOMETRY 

ANTOINE VAN PROEYEN 

ABSTRACT. The geometry that is defined by the scalars in couplings of Einstein-
Maxwell theories in Â  = 2 supergravity in 4 dimensions is denoted as special Kahler 
geometry. There are several equivalent definitions, the most elegant ones involve 
the symplectic duality group. The original construction used conformal symmetry, 
which immediately clarifies the symplectic structure and provides a way to make 
connections to quaternionic geometry and Sasakian manifolds. 

1. INTRODUCTION 

In the previous workshop in this series on quaternionic geometry, B. de Wit and me 
gave talks [1] on the classification of quaternionic homogeneous spaces [2]. Results 
in special geometry had lead to new homogeneous quaternionic spaces. We have 
discussed on this topic further with D. Alekseevsky and V. Cortes1, and realised that 
it would be useful to have a definition of special Kahler geometry that does not refer 
to the constructions of supersymmetric actions. The text of the proceedings was a 
first step in that direction. Meanwhile, in 1994, the second superstring revolution 
took place. The main issue was that theories which were previously thought as 
different, are recognized as perturbations around 'vacua' of a master theory. Essential 
for that are the duality relations which make the connections between the different 
descriptions. The first example was provided by Seiberg and Witten [4]. They used 
a model with N = 2 supersymmetry in 4 dimensions with vector multiplets, being 
multiplets involving Maxwell fields. Special Kahler geometry [5] is defined by the 
couplings of the scalars in the locally supersymmetric theory, i.e. in the coupled 
Einstein-Maxwell theory. The model used by Seiberg-Witten thus involves a similar 
geometry, which has been called rigid special Kahler geometry [6], as it appears in 
rigid supersymmetry. The structure of that geometry was important for the obtained 
results. In particular the analyticity properties of fields in these theories allowed them 
to find exact solutions. 

Onderzoeksdirecteur, FWO, Belgium. 
XV. Cortes made our results more accessible to the mathematical audience [3] 
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The so-called vector multiplets in d = 4, N = 2 supersymmetry are multiplets 
with spins (0,0, | , | , 1 ) , the latter being the vector providing the Maxwell theory. 
The scalars are moduli, whose values parametrize the different vacua. The two (real) 
scalars in a multiplet can be combined to a complex one, and the supersymmetry 
will indeed provide a complex structure. As will become clear below, the structure of 
special Kahler geometry implies holomorphicity of the resulting field equations. Then 
the result of Seiberg-Witten is based on the fact that singularities and the asymptotic 
behaviour determine exact answers. The singularities, see figure 1, are points around 

FIGURE 1. The moduli space with 3 singularities. 

which a classical limit can be considered. The theory allows perturbation expansions 
around these points. Each one leads classically to a different theory, but there is only 
one full quantum theory. The singular points form a family of inequivalent vacua. 

These developments motivated us to look for a definition of special geometry in­
dependent of supersymmetry. A first step in that direction had meanwhile be taken 
by Strominger [7]. He had in mind the moduli spaces of Calabi-Yau spaces. His def­
inition is already based on the symplectic structure, which we also have emphasized. 
However, being already in the context of Calabi-Yau moduli spaces, his definition 
of special Kahler geometry omitted some ingredients that are automatically present 
in any Calabi-Yau moduli space, but have to be included as necessary ingredients 
in a generic definition. Another important step was obtained in [8]. Before, special 
geometry was connected to the existence of a holomorphic prepotential function F(z). 
The special Kahler manifolds were recognized as those for which the Kahler potential 
can be determined by this prepotential, in a way to be described below. However, in 
[8] it was found that one can have N = 2 supergravity models coupled to Maxwell 
multiplets such that there is no such prepotential. These models were constructed by 
applying a symplectic transformation to a model with prepotential. This fact raised 
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new questions: are all the models without prepotential symplectic dual to models 
with a prepotential? Can one still define special Kahler geometry starting from the 
models with a prepotential? Is there a more convenient definition which does not in­
volve this prepotential? These questions have been answered in [9], and are reviewed 
here. 

Section 2 introduces some ingredients. I give some elements of the algebraic context 
of N = 2 supersymmetry, and how the geometric quantities are encoded in the action. 
Then I show the emergence of symplectic transformations in the actions with vector 
fields coupled to scalars. Rigid N — 2 supersymmetry and the associated rigid special 
Kahler geometry is discussed in section 3. Section 4 will then discuss the supergravity 
case. For that, it is useful to look first at the conformal group, as a formulation from 
that perspective will show more structure, in particular it clarifies the role of the 
symplectic transformations, and gives the connection with Sasakian manifolds. This 
is the central section where the definitions, their equivalence and some examples are 
discussed. The special Kahler manifolds appear in moduli spaces of Riemann surfaces 
for the rigid version and in those of Calabi-Yau manifolds for the local version. That 
is illustrated in section 5. A summary is given in section 6. We briefly discuss there 
also the usage of the same construction methods for quaternionic geometry as recently 
applied in [10]. 

2. INGREDIENTS 

For supersymmetry in 4-dimensional spacetime, the fermionic charges should be­
long to a spinor representation of 50(3,1). Therefore, in the minimal supersymmet-
ric case, the supercharges have 4 real components. This minimal situation is called 
N — 1. Field theory allows realizations up to JV = 8 supersymmetry, i.e. with 32 real 
supercharges. Special Kahler geometry appears in the context of N = 2 supersym­
metry. The 8 real spinor supercharges are denoted as Ql

a, where a = 1, . . . ,4 and 
i = 1,2. They satisfy the anticommutation rule 

(2-1) {Q'a,Q
Jp}=^P»5ii, 

thus involving the translation operator P^ in 4-dimensional spacetime. There are 
representations with spins 

(0,0, 0, 0, | , | ) : hypermultiplet quaternionic scalars 

(0,0, | , | , 1) : vector multiplet complex scalars 

(2.2) (1, §, §, 2) : supergravity 

where I have indicated their names and the types of scalars. The quaternionic and 
complex structures are guaranteed by the supersymmetry. 

The ingredients of the geometry are found in the action. In general, having scalars 
(/>l(x), vectors with field strength T^x), and possibly a non-trivial spacetime metric 
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giw(x), the bosonic kinetic part of the action has the general form 

(2.3) + . . . . 

Gij{4>) is identified as the metric of the manifold of scalars. The complex symmetric 
matrix Mu determines the kinetic terms of the vectors, and its meaning will be 
clarified below. 

Supersymmetry relates bosons and fermions, e.g. for the scalars 

(2.4) 54>\x) = I X\x), 

where e are the supersymmetry parameters and \% ix) a r e the fermions. In the context 
of local supersymmetry the parameters depend on spacetime, and we thus have 

(2.5) Stfix) = 4x)X\x). 

In order to have an action invariant under these local symmetries, one needs connec­
tion fields, which are the gravitini for the supersymmetry. Due to the algebra (2.1) 
this should be related to local translations, i.e. general coordinate transformations, 
whose connection field is the (spin 2) graviton. 

A prerequisite to understand the following development, is the understanding of 
the meaning of the symplectic transformations. These are the duality symmetries of 4 
dimensions, the generalizations of the Maxwell dualities. They were first discussed in 
[11]. Consider the kinetic terms of the vector fields as in (2.3) with 1=1, ...,m. J\fjj 
are coupling constants or functions of scalars. One defines (anti)selfdual combinations 
as 

(^•OJ •'fiv = 2 V V-" ~2^\ivpaJ~ ) • 

The conventions2 are such that the complex conjugate of T+ is T~. Defining 

(2-7) G^ = 2%^=Mu^^\ 

the Bianchi identities and field equations can be written as 

5"9J r+/ = 0 Bianchi identities 

(2.8) d^G^j = 0 Equations of motion. 

This set of equations is invariant under GL(2m, R): 

2 T h e Lev i -C iv i t a symbol h a s £0123 = «• 
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In order that this transformation be consistent with (2.7), we should have 

G+ = {C + DN)F+ = (C + DM){A + BM)~lT+ 

(2.10) -*• Af={C + DAf)(A + BAf)-1 

However, this matrix should remain symmetric, Sf = JV T , which implies that 

(2.11) S=(£ p) eSp(2m,R), 

as the explicit condition is 

(2.12) STnS = n where fi = (^ J J . 

Thus the remaining transformations are real symplectic ones in dimension 2m, 
where m is the number of vector fields. 

In the following we will denote by symplectic vectors, those vectors V such that 

its symplectic transformed is V = SV. The prime example is thus V = I „ I. An 

invariant inner product of symplectic vectors is defined by 

(2.13) (V,W) = VTnW. 

The important properties for the matrix J\f is that it should be symmetric and 
5-A/" < 0 in order to have positive kinetic terms. These properties are preserved 
under symplectic transformations defined by (2.10). 

3. RIGID SPECIAL KAHLER GEOMETRY 

As mentioned in the introduction, the 'rigid' special Kahler geometry is the geo­
metric structure encountered in rigid N = 2 supersymmetry in 4 dimensions. This 
supersymmetry has as field representations multiplets with spins (0,0,0,0, | , | ) , the 
hypermultiplet, and multiplets with spin (0, 0, \, | , 1), the vector multiplet. For the 
former, the scalar field geometry is based on quaternions, and is a hyper-Kahler struc­
ture. Here, we will consider the vector multiplets, for which the scalars combine to 
complex fields, whose geometry is Kahler ian. A natural description for such mul­
tiplets uses N = 2 superspace, that is an extension of usual spacetime (with points 
labelled by x) by fermionic coordinates 6, such that the superspace is a representation 
of the superalgebra. The vector multiplets are then described by superfields $A(x,6) 
that satisfy some constraints, restricting the way in which they depend on the 9. The 
result is some superfield 

(3.1) $A(X, 9) = XA(x) + 9x
A(x) + B-TBT^x) + ..., 

where the lowest components XA are complex fields. A — 1 , . . . ,n labels different 
vector multiplets. To build an action, one integrates a general holomorphic function 
F over one half of the 9 variables (the chiral superspace). The above mentioned 
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constraints have, between other restrictions, restricted the superfields to depend only 
on this chiral superspace. With 

(3.2) S= f d4x f dAB F($) + c.c., 

one obtains that the scalars have a metric of Kahler ian type: 

GAB(X,X) = dAdBK(X,X) 

K(X,X) = i(FA(X)XA - FA(X)XA) 

(3.3) AfAB = FAB, 

where the latter defines the kinetic term of the vectors as in (2.3). Further, FA(X) = 
afxF(A-) or FA(X) = ^F{X), FAB(X) = ^^F(X). 

The equations of motion turn out to be those equations that determine that FA($) 
satisfy the same superfield constraints as $A. Comparing with (2.8), the superfield 
constraints on $A contain the first equations (Bianchi identities) while the same 
superfield equations on FA contain the second line. 

It is therefore appropriate to combine the superfield in a 'symplectic vector' 

(o A\ st — ( ®A \ chiral superfields which 

^ ' ' ~ \FA($)J satisfy extra constraints. 

The scalars, i.e. the 9 = 0 part of this vector form also a symplectic vector 

( XA \ 
(3.5) V = L , y J is a symplectic vector. 

A further improvement is to allow general coordinates. So far, we parametrize 
the scalars as XA, which are special coordinates (occurring in the superfields). We 
can, however, allow arbitrary coordinates [12] za with a = 1 , . . . , n. Then the special 
coordinates are holomorphic functions of the za, i.e. XA(za), such that eA = daX

A(z) 
is invertible. 

Now we have all the ingredients to give definitions [9]. 
Definition 1 of rigid special Kahler geometry. 
A rigid special Kahler manifold is an n-dimensional Kahler manifold with on any 

chart n holomorphic functions XA(z) and a holomorphic function F(X) such that 

(3.6) K(z, z) - i {xA~F{X) ~ XA^F(X)^j . 

On overlap of charts these functions should be related by (inhomogeneous) symplectic 
transformations ISp(2n,R): 

(3.7) ( ^ ) w = e - M , ( ^ ) ^ + 6 , , 
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with 

(3.8) Cij e R ; M{j e Sp(2n, R) ; b{j € C2n , 

satisfying the cocycle condition on overlaps of 3 charts. 
There is, however, a second definition of rigid special Kahler manifolds, which is 

based on the symplectic structure, rather than on the prepotential. 
Definition 2 of rigid special Kahler geometry. 
A Kahler manifold is the base manifold of a f/(l) x ISp(2n,R) bundle. A holo-

morphic section V(z) defines the Kahler potential by 

(3.9) K(z,z) = i(V,V), 

and it should satisfy the constraint 

(3.10) (dav,dpv) = o. 
One can show that the prepotential exists locally, but it is thus not essential for 

the definition. In rigid special geometry the choice of definition is rather a question 
of esthetics. However, in the local case, it will be important to have the analogue of 
the second definition available. The kinetic matrix for the vectors is 

(3.11) MAB = {daFA{z))ea
B. 

The condition (3.10) guarantees that this matrix is symmetric. Finally, let us remark 
that the symplectic metric D, should in general not assume the canonical form (2.12), 
but can be an arbitrary non-degenerate real antisymmetric matrix. However, in order 
to distinguish XA and FA components, and thus to write a prepotential, one should 
bring it to this canonical form. 

4. N = 2 SUPERGRAVITY AND SPECIAL KAHLER GEOMETRY 

In this section we introduce the 'local' special Kahler geometry, which is the one 
generally denoted as special Kahler geometry. It is this one which was found in [5], and 
has most interesting applications. It was introduced in the context of supergravity. 
To explain its structure, it is useful to consider again its origin. 

To describe a supergravity theory, there are several methods. One of them is the 
introduction of a superspace. This formalism shows a lot of structure of the theory. 
It is very transparent for rigid supersymmetry. However, in its local version, necessary 
for supergravity, there appear a lot of extra superfield symmetries. These symmetries 
are an artifact of the formalism. They have to be gauge-fixed to obtain the physical 
theory. 

Superconformal tensor calculus is in-between. Also here extra gauge symme­
tries occur, and these are in fact the symmetries of the superconformal group, the 
basic ingredient of the formalism. The experience tells us that these symmetries are 
the relevant ones to display the structure of the theory, but this formalism does not 
have the many other symmetries present in the superspace approach. It turns out that 
we just remain with those that are useful to get insight in complicated formulae. Also 
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for the calculation of the action, the superconformal symmetries are just appropriate 
to simplify the construction. This is particularly interesting in our case. The super­
conformal tensor calculus gives the proper setup for the symplectic (duality-adapted) 
formulation. 

The idea is to start by constructing an action invariant under superconformal group. 
Then, one choose gauges for the extra gauge invariances of the superconformal group, 
such that the remaining theory has just the super-Poincare symmetries. 

The formalism can be used for theories in various dimensions and amount of su-
persymmetry. Let us review here the structure for 4 dimensions with 8 real super-
symmetry generators (N = 2). The superconformal group contains first of all the 
conformal group (translations, Lorentz rotations, dilatations and special conformal 
transformations). This group is 50(4, 2) = SU(2, 2). The supersymmetries should sit 
in a spinor representation of this group. This singles out the supergroup SU(2, 2|2), 
which means essentially that the group can be represented by matrices of the form 

(SU (2,2) SUSY \ 
{ > \ SUSY SU{2) x U(1)J • 

The off-diagonal blocks are the fermionic symmetries. The diagonal blocks are the 
bosonic ones. They split up in the above-mentioned conformal group and an 'R-
symmetry group', SU(2) x U(l). This extra group plays an important role: 

• the gauge connection of 1/(1) will be the Kahler curvature. It acts on the man­
ifold of scalars in vector multiplets, 

• the gauge connection of SU(2) promotes the hyperKahler manifold of hypermul-
tiplets to a quaternionic manifold. 

As we neglect here the hypermultiplets, we have to consider the basic supergravity 
multiplet and the vector multiplets. The physical content that one should have (from 
representation theory of the super-Poincare group) can be represented as follows: 

vectorm. 

1 -S-n + 1 
+n* \ \ 

0 0 

The supergravity sector contains the graviton, 2 gravitini and a so-called graviphoton. 
That spin-1 field gets, by coupling to n vector multiplets, part of a set of n + 1 vectors, 
which will be uniformly described by the special Kahler geometry. The scalars appear 
as n complex ones za, with a — 1 , . . . , n. 

To describe this, we start with n +1 superconformal vector multiplets with scalars 
X1 with J = 0 , . . . ,n. The action is determined by a holomorphic function F(X). 
Compared with the rigid case, there is one additional requirement. The conformal 

(4.2) 

SUGRA 
2 

3 3 
2 2 
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invariance requires F(X) to be homogeneous of weight 2, where the X fields carry 
weight 1. These scalar fields transform also under a local C/(l) symmetry. 

The obtained metric is a cone [13, 10]. To see this, one splits the n + 1 complex 
variables {X} in {p, 8, za} 

• r is scale which is a gauge degree of freedom for translations 
• 9 is the 1/(1) degree of freedom; 
• the n complex variables za. 

The metric now takes the form 

(4.3) 
ds2 = dr2 + ±r2 [A + dO + i {daK{z, z) dza - d&K{z, z) dz&))2 + 

r2dad&K{z,z)dzadza , 

where A is the one-form gauging the f/(l) group, and K(z, z) is a function of the 
holomorphic prepotential F(X), to be explained below. With A = 0, this defines 
the cone over a Sasakian manifold. However, in supergravity, the field equation of A 
implies that it is a composite field, given by (minus) the other parts of the second 
term of (4.3). With fixed p (gauge fixing the superfluous dilatations), the remaining 
manifold is Kahler, with the Kahler potential determined by F(X). That gives the 
special Kahler metric. 

Let us explain this now in more detail, using at the same time more of the symplectic 
formalism. The dilatational gauge fixing (the fixing of r above), is done by the 
condition 

(4.4) X'Fi(X) - X'F^X) = i. 

This condition is chosen in order to decouple kinetic terms of the graviton from those 
of the scalars. Using again symplectic vectors 

(4.5) v=(j; 
this can be written as the condition on the symplectic inner product: 

(4.6) < V, V >= i. 

To solve this condition, we define 

(4.7) V = eK^^'2v{z), 

where v(z) is a holomorphic symplectic vector, 

( 4 ' 8 ) * > = ( / $ ) 
The upper components here are arbitrary functions (up to conditions for non-dege­
neracy), reflecting the freedom of choice of coordinates za. The Kahler potential 
is 

(4.9) e-K^ = -i(v,v). 
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The kinetic matrix for the vectors is given by 

(4-10) Afu = (Ft VaFj{X)) (XJ V&XJ)~l > 

where the matrices are (n + 1) x (n + 1) and 

(4.11) V&Fj{X) = daFj{X) + \{d&K)Fi(X), VaX
J = d&XJ + \(8&K)XJ. 

Before continuing with general statements, it is time for an example. Consider 
the prepotential F = —iX°X1. This is a model with n — 1. There is thus just one 
coordinate z. One has to choose a parametrization to be used in the upper part of 
(4.8). Let us take a simple choice: Z° = 1 and Z1 = z. The full symplectic vector is 
then (as e.g. F0(Z) = -iZl{z)) 

(4.12) 
(Z°\ 

Zl 

F0 

\FrJ 

z 
—iz 

J 
The Kahler potential is then directly obtained from (4.9), determining the metric: 

(4.13) e~K = 2(z + z); gzS = dz8,K = {z + z)~2 . 

The kinetic matrix for the vectors is diagonal. From (4.10) follows 

-iz 0 
(4.14) 

Therefore the action contains 

AT: 0 -i]-

(4.15) 
1A = -I»[Z(F+")2 + z - 1 ( ^ ) 5 

The domain of positivity for both metrics is $lz > 0. 
We formulate again two definitions, the first using the prepotential, and the second 

one using only the symplectic vectors. 
Definition 1 of (local) special Kahler geometry. 
A special Kahler manifold is an n-dimensional Hodge-Kahler manifold with on any 

chart n + 1 holomorphic functions ZI{z) and a holomorphic function F(Z), homoge­
neous of second degree, such that, with (4.8), the Kahler potential is given by 

(4.16) 0-K(z,z) = _ i(v,v), 

and on overlap of charts, the v(z) are connected by symplectic transformations 
Sp(2(n + 1),R) and/or Kahler transformations. 

(4.17) v{z) J(z) Sv(z) 

Definition 2 of (local) special Kahler geometry. 
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A special Kahler manifold is an n-dimensional Kahler-Hodge manifold, that is the 
base manifold of a Sp(2(n + 1)) x U(l) bundle. There should exist a holomorphic 
section v(z) such that the Kahler potential can be written as 

(4.18) e-K{z>g) =-i(v,v), 

and it should satisfy the condition 

(4.19) (Vav,V0v) = 0 . 

Note that the latter condition guarantees the symmetry of A//j. This condition did 
not appear in [7], where the author had in mind Calabi-Yau manifolds. As we will 
see below, in those applications, this condition is automatically fulfilled. For n > 1 
the condition can be replaced by the equivalent condition 

(4.20) (Vav,v) = 0. 

For n = l , the condition (4.19) is empty, while (4.20) is not. In [14] it has been shown 
that models with n = 1 not satisfying (4.20) can be formulated. 

The appearance of 'Hodge' manifold in the definitions refers to a global require­
ment. The U(l) curvature should be of even integer cohomology. This has been 
considered first in [15], and for an explanation on the normalization, one can consult 
[9]. Note that in the mathematics literature 'Hodge' refers to integer cohomology. 
Here, however, the presence of fermions makes the condition stronger by a factor of 
two: one needs even integers. 

Let us come back to the example, on which we will perform a symplectic mapping: 

(4.21) v = Sv 

After this mapping, z is not any more a good coordinate for (Z°, Z1), the upper two 
components of the symplectic vector z. This means that the symplectic vector can not 
be obtained from a prepotential. We can not obtain the symplectic vector from a form 
(4.8). No function F(Z°,Z1) exists. Therefore, the first definition is not applicable. 
However, nothing prevents us from using the second definition. The Kahler metric 
is still the same, (4.13), and one can again compute the vector kinetic matrix, either 
directly from (4.10), as the denominator is still invertible, or from (2.10): 

(4.22) Sf={C + DM){A + BM)-1 = -iX\X°Ylt = -izt. 

In this parametrization, the action is thus 

(4.23) e - % = -ISR [z (F+°)2 + z (F^f 

This action is not the same as the one before, but is a 'dual formulation' of the same 
theory, being obtained from (4.15) by a duality transformation. The straightforward 

/ l 0 0 0 \ 
0 0 0 - 1 
0 0 1 0 

\0 1 0 0 J 

V = 

( 1 
i 

—iz 
\ z 
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construction in superspace or superconformal tensor calculus does not allow to con­
struct actions without a superpotential. However, in [14] it has been shown that the 
field equations of these models can also be obtained from the superconformal tensor 
calculus. One just has to give up the concept of a superconformal invariant action. 

It is thus legitimate to ask about the equivalence of the two definitions. Indeed, we 
saw that in some cases definition 2 is satisfied, but one can not obtain a prepotential F. 
However, that example, as others in [8], was obtained from performing a symplectic 
transformation from a formulation where the prepotential does exist. In [9] it was 
shown that this is true in general. If definition 2 is applicable, then there exists 
a symplectic transformation to a basis such that F(Z) exists. Note, however, that 
in the way physical problems are handled, the existence of formulations without 
prepotentials is important. Going to a dual formulation, one obtains a formulation 
with different symmetries in perturbation theory. The example that we used here 
appears in a reduction to AT — 2 of two versions of N — 4 supergravity, known 
respectively as the '50(4) formulation' [16] and the '5£/(4) formulation' of pure 
N = 4 supergravity [17]. 

Finally let us note that we still could apply (4.10) because the matrix 

(4.24) (X1 VaX') 

is always invertible if the metric ga& — dadc,K(z, z) is positive definite. Therefore, 
the inverse exists, and Afu can be constructed. However, the matrix 

(4.25) {X' VaX') 

is not invertible in the formulation (4.21). If that matrix is invertible, then a prepo­
tential exists [9]. 

5. REALIZATIONS IN MODULI SPACES OF RIEMANN SURFACES AND CALABI-YAU 

MANIFOLDS 

The realizations of special Kahler geometry that are mostly studied in physics 
these days, are the moduli spaces of Riemann surfaces for the rigid case, and those 
of Calabi-Yau 3-folds for the local case. 

First, consider the Hodge diamond of Riemann surfaces, listing the number of 
non-trivial (anti)holomorphic (p,q) forms: 

/i00 = l 
hw = g h01 =g 

hn = l 

Rigid special Kahler geometry is obtained for the moduli spaces of such Riemann 
surfaces when we consider 

• with n complex moduli za 

• n < g holomorphic 1-forms 7 a (a = 1, . . . n) 
• 2n cycles C\ that form a complete basis for 1-cycles for which f j a ^ 0. 
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In this situation 

(5.1) 7 a (z) = daX{z) +dr]a(z): 

where \(z) is a meromorphic 1-form with zero residues. The symplectic formulation 
of rigid special Kahler geometry is obtained with as symplectic vector the vector of 
periods of A over the chosen cycles: 

(5.2) V=[ 
J c, 

A. 

The intersection matrix of the cycles plays the role of the symplectic metric. This 
type of realizations was used in Seiberg-Witten models. The general features have 
been discussed in [9]. 

To obtain local special Kahler manifolds, one considers the moduli space of Calabi-
Yau 3-folds. In this case the Hodge diamond of the manifold is 

h00 = l 
0 0 

0 h11 = m 0 
h30 = l h21=n h12 = n hoz = l 

0 h22 =m 0 
0 0 

h33 = l 

These manifolds have h21 = n complex structure moduli, which play the role of the 
variables za of the previous section. There are 2(n + 1) 3-cycles CA, with intersection 
matrix QAE = c^Hc^. The canonical form is obtained with so-called A and B cycles, 
and then Q takes the form of f2 in (2.12). Symplectic vectors are identified again as 
vectors of integrals over the 2(n + 1) 3-cycles: 

(5.3) v = f n^, Vav= f Q<-2». 
J C\ JCA 

Q(3,O) j g j . n e u n jq u e (3; o) form that characterizes the Calabi-Yau manifold. Qra' ' 
is a basis of the (2,1) forms, determined by the choice of basis for za. That these 
moduli spaces give rise to special Kahler geometry became clear in [18]. Details on 
the relation between the geometric quantities and the fundamentals of special Kahler 
geometry have been discussed in [19, 9]. 

The defining equations of special Kahler geometry are automatically satisfied. E.g. 
one can easily see how the crucial equation (4.19) is realized: 

(vav,v0V) = J d$.Q™. f Q; 
JCA Jcy. 

(5-4) - [ fig' 
JCY 

(2,1) 
(0) 

c-s 

1) * O^1) - n 
I A " ( 3 1 — U -

CY 



434 ANTOINE VAN PROEYEN 

The symplectic transformations correspond now to changes of the basis of the cycles 
used to construct the symplectic vectors. The statement that a formulation with a 
prepotential can always be obtained in special Kahler geometry by using a symplectic 
transformation, can now be translated to the statement that the geometry can be 
obtained from a prepotential for some choice of cycles. 

Finally, it is interesting that singularities of Calabi-Yau manifolds may be used 
to obtain a 'rigid limit'. Indeed, in [20] it is shown how Calabi-Yau manifolds that 
are K2> fibrations can be reduced near the singularity to fibrations of ALE manifolds. 
Then the special geometry of the moduli space of the Calabi-Yau manifold reduces 
to the rigid special geometry with Kahler potential determined by the ALE manifold. 
This mechanism is considered further in [21]. There it has been shown how the Kahler 
potential of special geometry approaches the one of rigid special geometry, and how 
the periods of the local theory behave around the singular points and thus around 
the rigid limit. In the superstring theory this allows to get the gravity corrections to 
the rigid theory, which can be used for applications [22]. 

6. SUMMARY AND CONNECTION WITH QUATERNIONIC MANIFOLDS 

Special Kahler geometry is defined by the couplings of N = 2 supersymmetric 
theories ('rigid' special Kahler) or supergravity theories ((local) special Kahler) with 
vector multiplets. There are several ways to describe the geometry. We discussed two 
ways: 

• by using a prepotential function 
• by symplectic vectors and constraints 

In rigid special Kahler geometry, these are completely equivalent. In the local theory, 
all special Kahler manifolds can be obtained from a prepotential, but in some cases 
that involves a duality transformation. Therefore not all actions can be described by 
the prepotential. 

Rigid special Kahler geometry is realised by moduli spaces of certain Riemann man­
ifold. That construction is not straightforward, and involves a choice of cohomology 
subspace and moduli. The local special Kahler geometry appears in the moduli space 
of Calabi-Yau threefolds. In this case the construction is straightforward. For a 
particular Calabi-Yau manifold one includes all the moduli. In this way a clear geo­
metrical interpretation of the building blocks of special geometry is obtained. Duality 
transformations correspond then to a change of the basis of cycles. A prepotential 
does exist at least for a suitable choice of basis of the cycles. 

Note, however, that not all special Kahler manifolds can be obtained as realizations 
in moduli spaces. E.g. the homogeneous manifolds, treated in [1, 2] are not obtained 
in this way. 

In the First Meeting on Quaternionic Structures in Mathematics and Physics, 5 
years ago, we have shown [1, 2] how homogeneous special Kahler spaces are related 
by the c-map to homogeneous quaternionic spaces and by the r-map to homogeneous 
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'very special' real spaces. The construction of special Kahler geometry that we have 
outlined here can be used as well for the quaternionic spaces (and for the real ones). In 
a recent work [10] it has been shown how the conformal tensor calculus can be applied 
to obtain the actions based on the quaternionic spaces (actions for 'hypermultiplets'). 
The scalars are the lowest components of superfields (or superconformal multiplets) 
A?, with i — 1, 2 and a = 1 , . . . , 2(r + 1) with a reality condition. The Af can be 
considered as Sp(l) x Sp(r + 1) sections. Again the number of multiplets (r + 1) is 
one more than the number of physical multiplets (r) that we will obtain. We thus 
start with 4(r + 1) scalars. One of those will be a scale degree of freedom3, three 
are SU(2) degrees of freedom, the second part of the i?-symmetry as was mentioned 
after (4.1), and the remaining ones form r quaternions. As in the metric of the vector 
multiplets, there is a connection to Sasakian manifolds. Putting the gauge fields of 
the SU(2) invariance to zero, rather than using their field equations, one obtains a 
3-Sasakian manifold. This is related to the talk of Galicki in the meeting 5 years ago 
[23]. 
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1. INTRODUCTION 

This introduction is a quick summary of the works presented in this paper. The 
reader who is not sufficiently acquainted with the hyperkahler geometry is advised to 
start with Section 2. 

Hyperkahler manifold is a Riemannian manifold M with three complex structures 
I, J, K, I o J = —J o I — K, such that M is Kahler with respect to / , J and K. 
Clearly, the operators / , J, K define a quaternion action on the tangent space to M. 
Hyperkahler manifolds are quaternionic analogues of the usual Kahler manifolds. 

The hyperkahler manifold is, by definition, smooth. However, there were attempts 
to introduce singularities in hyperkahler geometry, starting from [De], [S] (Deligne and 
Simpson; see Definition 3.13). More recently, D.Kaledin (unpublished Ph.D. thesis) 
and A.Dancer - A.Swann ([DS]) studied singular varieties, appearing as a result of 
hyperkahler reduction. Unfortunately, as Kaledin noticed, the hyperkahler reduction 
does not result in the Deligne-Simpson's type singular hyperkahler varieties. 

There is an obvious source of examples of singular hyperkahler varieties. Let M be 
a hyperkahler manifold, / , J, K the standard complex structures on M, and X c M 
a closed subset. The subset X is called trianalytic if X is complex analytic with 
respect to / , J and K. As [V-h], Remark 4.4 implies, trianalytic subsets are singular 
hyperkahler, in the sense of Deligne and Simpson. 

A group of unitarian quaternions is naturally isomorphic to SU{2). This defines an 
S£/(2)-action on the tangent space to a hyperkahler manifold M. If M is compact, 
this action defines a natural action of SU(2) on the cohomology of M. 

Another source of examples of singular hyperkahler varieties is given by the the­
ory of hyperholomorphic bundles. A hyperholomorphic bundle over a compact hy­
perkahler manifold is a stable holomorphic bundle with first and second Chern classes 
5J7(2)-invariant. In [VI], it was shown that the moduli space of hyperholomorphic 
bundles is singular hyperkahler. 

The definition of Deligne and Simpson was studied in [V-d], [V-d2] and [V-h]. It 
was found that the singularities of the singular hyperkahler varieties are remarkably 
simple. A canonical desingularization was constructed (Theorem 5.1); the desingu-
larization is a smooth hyperkahler manifold. 

This means that hyperkahler varieties (in the sense of Deligne and Simpson) are 
"almost" non-singular. Indeed, the canonical desingularization is provided by nor­
malization. 

It is possible that there is a more relaxed notion of a hyperkahler variety, which 
allows for more varied singularities. We study the singular structures in hyperkahler 
geometry, hoping to come across such a notion. 
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There is a notion of hyperholomorphic connection on a vector bundle B over a 
hyperkahler manifold M (Definition 4.3). It is a "hyperkahler analogue" of the usual 
(1,1) connections on holomorphic bundles. When M is compact, such connection 
exists if and only if B is a direct sum of stable bundles with first and second Chern 
classes 5t/(2)-invariant. In such a case, the hyperholomorphic connection is unique. 

A similar result exists for stable sheaves (Theorem 6.11). If F is a reflexive stable 
coherent sheaf over a hyperkahler manifold, and the first and second Chern classes of 
F are 5C/(2)-invariant, then F admits a unique hyperholomorphic connection with 
admissible type of singularities (Definition 6.5). The study of such sheaves (called 
hyperholomorphic sheaves, Definition 6.9) is done by the same methods as the 
study of hyperkahler varieties. A version of desingularization theorem holds in this 
situation as well (Theorem 6.12). 

It is easy to see that hyperkahler manifolds admit a holomorphic symplectic form 
(Subsection 2.1). Conversely, a compact holomorphic symplectic Kahler manifold 
admits a natural hyperkahler structure (this follows from Calabi conjecture, proven 
by S.-T. Yau (Theorem 2.8). Therefore, to study compact holomorphic symplectic 
Kahler manifold we need to learn about holomorphic symplectic geometry. 

What is "a singular holomorphic symplectic variety"? This is not clear. However, 
the most natural generalization of holomorphic symplectic manifold is a holomorphic 
symplectic orbifold, that is, a variety which is locally isomorphic to a quotient of a 
holomorphic symplectic manifold by a finite group action. 

Let M be a holomorphic symplectic manifold, and G a finite group acting on 
M preserving the symplectic structure. It is natural to consider the quotient M/G 
as a holomorphic symplectic orbifold. Suppose we have a resolution of singularities 
M —• M/G with M a smooth holomorphically symplectic manifold. Such a situation 
arises, for instance, when M = Sn is a product of n copies of a holomorphic symplectic 
surface S, G = Sn the symmetric group and M a Hilbert scheme of S. Another 
instance when such a sutuation arises is described in [KV2]. Suppose that T^l is 
a so-called "generalized Hilbert scheme" of a torus T, and X c T ^ a complex 
subvariety which survives a generic deformation of T ^ (that is, for any deformation 
of TM, there exists a fiat deformation of X c T ^ ) . Prom a definition of TM (see e.g. 
[Bea]) it follows that T^l is equipped by a generically finite map 7r: T ^ —> Tn+1. It 
was proven in [KV2] that in the above assumptions, ir(X) is a quotient of a torus by 
a Coxeter group action on it, and that -K : X —> n(X) is a holomorphic symplectic 
resolution of ir(X). 

It is not clear how the holomorphically symplectic resolutions are related to the 
hyperkahler geometry. For instance, it is not clear, even in the most simple cases, 
whether a Hilbert scheme of a non-compact hyperkahler surface is hyperkahler. Still, 
the desingularizations of hyperkahler orbififolds is one of the most common ways of 
obtaining hyperkahler manifolds. 
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The work [KV2] goes some way explaining why the ubiquitous Coxeter groups 
appear in the study of subvarieties of generalized Kummer varieties. Given a holo­
morphic symplectic manifold M and a finite group G acting on M by symplectomor-
phisms, let M be a holomorphic symplectic resolution of M/G. Then, G is generated 
by symplectic reflections, that is, by automorphisms with fixed set of codimension 
2 (see Section 7 for detail). 

2. HYPERKAHLER MANIFOLDS 

2.1. Hyperkahler manifolds. This subsection contains a compression of the ba­
sic and best known results and definitions from hyperkahler geometry, found, for 
instance, in [Bes] or in [Bea]. 

Definition 2.1: Let M be a smooth manifold, equipped with an action of quater­
nion algebra in TM. Then M is called an almost hypercomplex manifold. 

Let M be an almost hypercomplex manifold and I, J ^ ±7 quaternions satisfying 
I2 = J2 = — 1. Clearly, I, J define almost complex structures on M. 

Proposition 2.2: [Kl] In the above situation, assume that the almost complex 
structures I and J are integrable. Let if € i be a quaternion satisfying K2 = — 1. 
Then K defines an integrable complex structure on M. 
m 

Definition 2.3: Let M be a smooth manifold, and I, J, K almost complex struc­
tures satisfying I o J — — J o I = K. Assume that I and J are integrable. Then M 
is called a hypercomplex manifold. 

Remark 2.4: A posteriori, we obtain that every quaternion satisfying K2 = —1 
defines an integrable complex structure on a hypercomplex manifold (Proposition 
2.2). 

Definition 2.5: ([Bes]) A hyperkahler manifold is a hypercomplex manifold equip­
ped with a Riemannian metric (•, •), such that I, J, K are Kahler complex structures 
with respect to (•, •). 

The notion of a hyperkahler manifold was introduced by E. Calabi ([C]). 

Clearly, a hyperkahler manifold has a natural action of the quaternion algebra H 
in its real tangent bundle TM. Therefore its complex dimension is even. For each 
quaternion L G H, l? = — 1, the corresponding automorphism of TM is an almost 
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complex structure. It is easy to check that this almost complex structure is integrable 
([Bes]). 

Definition 2.6: Let M be a hyperkahler (or hypercomplex) manifold, and L a 
quaternion satisfying L2 = — 1. The corresponding complex structure on M is called 
an induced complex structure. The M, considered as a complex manifold, is 
denoted by (M,L). 

Definition 2.7: Let M be a complex manifold and 0 a closed holomorphic 2-form 
over M such that 0 " = 0 A 0 A ..., is a nowhere degenerate section of a canonical 
class of M (2n = dimc{M)). Then M is called holomorphically symplectic. 

Let M be a hyperkahler manifold; denote the Riemannian form on M by (•, -). Let 
the form wj := (/(•)> 0 t>e the usual Kahler form which is closed and parallel (with 
respect to the Levi-Civitta connection). Analogously defined forms UJJ and UJK are 
also closed and parallel. 

A simple linear algebraic consideration ([Bes]) shows that the form 0 := uij + 
v/—1U)K is of type (2,0) and, being closed, this form is also holomorphic. Also, the 
form 0 is nowhere degenerate, as another linear algebraic argument shows. It is 
called the canonical holomorphic symplectic form of a manifold M. Thus, for 
each hyperkahler manifold M, and an induced complex structure L, the underlying 
complex manifold (M, L) is holomorphically symplectic. The converse assertion is 
also true: 

Theorem 2.8: ([Bea], [Bes]) Let M be a compact holomorphically symplectic 
Kahler manifold with the holomorphic symplectic form 0 , a Kahler class [w] € 
Hl'l{M) and a complex structure / . Let n = dimcM. Assume that fMton = 
fM(Re@)n. Then there is a unique hyperkahler structure (I, J, K, (-, •)) over M such 
that the cohomology class of the symplectic form UJJ = (•,/•) is equal to [to] and the 
canonical symplectic form uij + yf^\ujK is equal to 0 . 

Theorem 2.8 follows from the conjecture of Calabi, proven by Yau ([Y]). • 

Let M be a hyperkahler manifold. We identify the group SU{2) with the group of 
unitary quaternions. This gives a canonical action of SU(2) on the tangent bundle, 
and all its tensor powers. In particular, we obtain a natural action of SU{2) on the 
bundle of differential forms. 

Lemma 2.9: The action of 51/(2) on differential forms commutes with the Lapla-
cian. 

Proof: This is Proposition 1.1 of [V2]. • 
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Thus, for compact M, we may speak of the natural action of SU(2) in cohomology. 

The following lemma is clear from the properties of the Hodge decomposition. 

Lemma 2.10: Let to be a differential form over a hyperkahler manifold M. The 
form (jj is S[/(2)-invariant if and only if it is of Hodge type (p,p) with respect to all 
induced complex structures on M. 

Proof: This is [VI], Proposition 1.2. • 

2.2. Trianalytic subvarieties in hyperkahler manifolds. In this subsection, we 
give a definition and basic properties of trianalytic subvarieties of hyperkahler mani­
folds. We follow [V2]. 

Let M be a compact hyperkahler manifold, dimR M = 2m. 

Definition 2.11: Let N C M be a closed subset of M. Then N is called triana­
lytic if N is a complex analytic subset of (M, L) for any induced complex structure 
L. 

Let I be an induced complex structure on M, and N c (M, I) be a closed analytic 
subvariety of (M, I), dim^N = n. Consider the homology class represented by JV. Let 
[N] e H2m~2n(M) denote the Poincare dual cohomology class, so called fundamental 
class of N. Recall that the hyperkahler structure induces the action of the group 
SU(2) on the space H2m~2n(M). 

Theorem 2.12: Assume that [N] € # 2 m _ 2 n (M) is invariant with respect to the 
action of SU(2) on H2m-2n(M). Then N is trianalytic. 

Proof: This is Theorem 4.1 of [V2]. • 

The following assertion is the key to the proof of Theorem 2.12 (see [V2] for details). 

Proposition 2.13: (Wirtinger's inequality) Let M be a compact hyperkahler man­
ifold, / an induced complex structure and X c (M, /) a closed complex subvariety 
for complex dimension k. Let J be an induced complex structure, J ^ ±7, and uij, 
LJJ the associated Kahler forms. Consider the numbers 

degjX := / wj, d e g j X : = / ukj 
J x J x 

Then deg7 X ^ | degj X\, and the inequality is strict unless X is trianalytic. 
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Remark 2.14: Trianalytic subvarieties have an action of quaternion algebra in the 
tangent bundle. In particular, the real dimension of such subvarieties is divisible by 
4. 

Definition 2.15: Let M be a complex manifold admitting a hyperkahler structure 
H. We say that M is of general type or generic with respect to % if all elements 
of the group 

0 H"'P{M) n H2p{M, Z) C H*{M) 
p 

are 5J/(2)-invariant. 

The following result is an elementary application of representation theory. 

Proposition 2.16: Let M be a compact manifold, ~K a hyperkahler structure on 
M and S be the set of induced complex structures over M. Denote by So C S the 
set of L £ S such that (M, L) is generic with respect to H. Then So is dense in S. 
Moreover, the complement S\So is countable. 

Proof: This is Proposition 2.2 from [V2] • 

Theorem 2.12 has the following immediate corollary: 
Corollary 2.17: Let M be a compact holomorphically symplectic manifold. As­

sume that M is of general type with respect to a hyperkahler structure W. Let S C M 
be closed complex analytic subvariety. Then S is trianalytic with respect to %. 

2.3. Twistor spaces. Let M be a hyperkahler manifold. Consider the product 
manifold X = M x S2. Embed the sphere S2 C H into the quaternion algebra H 
as the subset of all quaternions J with J2 = — 1. For every point x = m x J € 
X — M x S2 the tangent space TXX is canonically decomposed TXX = TmM®TjS2. 
Identify S2 = CP1 and let Ij : TjS2 -> TjS2 be the complex structure operator. Let 
Im : TmM ->• TmM be the complex structure on M induced by J £ S2 C H. 

The operator Ix = Im@Ij : TXX -> TXX satisfies IxoIx = -l. It depends smoothly 
on the point x, hence defines an almost complex structure on X. This almost complex 
structure is known to be integrable (see [Sal]). 

Definition 2.18: The complex manifold (X,IX) is called the twistor space for 
the hyperkahler manifold M, denoted by Tw(M). This manifold is equipped with 
a real analytic projection a : Tw(M) —>• M and a complex analytic projection 
n: T w ( M ) — • C P 1 . 
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The twistor space Tw(M) is not, generally speaking, a Kahler manifold. For M 
compact, it is easy to show that Tw(M) does not admit a Kahler metric. 

3. HYPERCOMPLEX VARIETIES 

This section is based on [V-h], Section 4 and 8. In this section, we shall state all 
results for hypercomplex varieties, instead of hyperkahler ones. However, everything 
we say can be stated (and proven) for hyperkahler varieties (this approach was chosen 
in [V-d] and [V-d2]). 

3.1. Real analytic varieties and complex structures. In this subsection, we 
follow [GMT] and [V-h], Section 2. 

Let / be an ideal sheaf in the ring of real analytic functions in an open ball B in 
K™. The set of common zeroes of / is equipped with a structure of ringed space, with 
0(B)/I as the structure sheaf. We denote this ringed space by Spec(0(B)/I). 

Definition 3.1: By a weak real analytic space we understand a ringed space 
which is locally isomorphic to Spec(0(B)/I), for some ideal / C O(B). A real 
analytic space is a weak real analytic space for which the structure sheaf is coherent 
(i. e., locally finitely generated and presentable). 

For every real analytic variety X, there is a natural sheaf morphism of evaluation, 
O(X) -—> C(X), where C(X) is the sheaf of real analytic functions on X. 

Definition 3.2: A real analytic variety is a weak real analytic space for which 
the natural sheaf morphism 0(X) —> C(X) is injective. 

Let (X, 0{X)) be a real analytic space and N(X) c O(X) be the kernel of the 
natural sheaf morphism 0{X) —>• C(X). Clearly, the ringed space {X, 0{X)/N(X)) 
is a real analytic variety. This variety is called a reduction of X, denoted Xr. The 
structure sheaf of Xr is not necessarily coherent, for examples see [GMT], III.2.15. 

For an ideal / C 0{B) we define the module of real analytic differentials on 0(B)/I 
by 

n\0(B)/I) = Q}(0{B))l (i - ttl(0(B)) + dl\, 

where B is an open ball in R", and ttl{0(B)) ^ R" <g> 0{B) is the module of real 
analytic differentials on B. Patching this construction, we define the sheaf of real 
analytic differentials on any real analytic space. Likewise, one defines sheaves of 
analytic differentials for complex varieties and in other similar situations. 
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Let X be a complex analytic variety. The real analytic space underlying X 
(denoted by XK) is the following object. By definition, XK is a ringed space with 
the same topology as X, but with a different structure sheaf, denoted by OxR- Let 
i: U '-¥ Bn be a closed complex analytic embedding of an open subset U C X to an 
open ball Bn c C", and / be an ideal defining i(U). Then 

°x*l := 0Bl/Re{I) 
is a quotient sheaf of the sheaf of real analytic functions on Bn by the ideal Re{I) 
generated by the real parts of the functions f E I-

Note that the real analytic space underlying X needs not be reduced, though it 
has no nilpotents in the structure sheaf. 

Consider the sheaf Ox of holomorphic functions on X as a subsheaf of the sheaf 
C(X, C) of continuous C-valued functions on X. The sheaf C(X, C) has a natural 
automorphism / —> f, where / is complex conjugation. By definition, the section / 
of C(X, C) is called antiholomorphic if / is holomorphic. Let Ox be the sheaf of 
holomorphic functions, and Ox be the sheaf of antiholomorphic functions on X. Let 
Ox ®c Ox —> OxR ® C be the natural multiplication map. 

Claim 3.3: Let X be a complex variety, XR the underlying real analytic space. 
Then the natural sheaf homomorphism i : Ox ®c Ox —> OxR ® C is injective. For 
each point x G X, i induces an isomorphism on ^-completions of Ox <8>c Ox and 
0XR ® C. 

Proof: Clear from the definition. • 

In the assumptions of Claim 3.3, let 

^ ( 0 X R ) , Sl\Ox®cOx), Sl\OxR®C) 

be the sheaves of real analytic differentials associated with the corresponding sheaves 
of rings. There is a natural sheaf map 

(3.i) ^(OXR) ® c = nl{oXR ® c) —• nl{ox ®c ox), 
correspoding to the monomorphism 

Ox ®c Ox ^ OxR ® C. 

Claim 3.4: Tensoring both sides of (3.1) by 0XR ® C produces an isomorphism 

n1 {ox 0c Ox) (g) (OXR ® c ) = n1
 {OXR ® c). 

Proof: Clear. • 
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According to the general results about differentials (see, for example, [H], Chapter 
II, Ex. 8.3), the sheaf Q}{Ox ®c Ox) admits a canonical decomposition: 

SlHOx ®cOx) = ^(Ox) ®cOx © Ox ®c ^(Ox). 

Let / be an endomorphism of Q}{Ox ®c Ox) which acts as a multiplication by %/—T 
on 

to\Ox) ®cOx C Q}{Ox ®cOx) 

and as a multiplication by — \f—\ o n 

Ox ®c ^(Ox) C ttl{Ox ®c Ox). 

Let I_ be the corresponding OxR ® C-linear endomorphism of 

tfiOx,) ® C = &(Ox ®c Ox) ®ox®cax (OXR ® c ) . 

A quick check shows that J is real, that is, comes from the 0j*:R-linear endomorphism 
of Q,l(OxR)- Denote this 0xR-linear endomorphism by 

I: tfiOxJ—tSlHOx,), 
I2 = —1. The endomorphism / is called the complex structure operator on the 
underlying real analytic space. In the case when X is smooth, / coinsides with 
the usual complex structure operator on the cotangent bundle. 

Definition 3.5: Let M be a weak real analytic space, and 

/ : ft1 ( 0 M ) - + ^ ( 0 M ) 

be an endomorphism satisfying I2 = — 1. Then / is called an almost complex 
structure on M. 

3.2. Almost complex structures on real analytic varieties and integrability. 
In this Subsection, we follow [V-h], Section 2. 

From the definition (see [V-h], Lemma 2.6), it follows that a real analytic variety 
underlying a given complex variety is equipped with a natural almost complex struc­
ture. The corresponding operator is called the complex structure operator in 
the underlying real analytic variety. 

The following theorem is quite easy to prove. 
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Theorem 3.6: Let X, Y be complex analytic varieties, and 

/R : Xyi —> VR 

be a morphism of underlying real analytic varieties which commutes with the complex 
structure. Then there exist a morphism / : X —> Y of complex analytic varieties, 
such that /K is its underlying morphism. 

Proof: This is [V-h], Theorem 2.10. • 

Prom Theorem 3.6, it follows that the complex structure on X is uniquely deter­
mined by the complex structure on the underlying real analytic variety. 

Definition 3.7: Let M be a real analytic variety, and 

/ : Q1(OM)—^Q1{OM) 

be an endomorphism satisfying I2 = — 1. Then I is called an almost complex 
structure on M. If there exist a structure £ of complex variety on M such that 
I appears as the complex structure operator associated with (£, we say that / is 
integrable. Theorem 3.6 implies that this complex structure is unique if it exists. 

3.3. Hypercomplex varieties: the definition. Definition 3.8: Let M be a real 
analytic variety equipped with almost complex structures / , J and K, such that 
I o J = —Jol — K. Then M is called an almost hypercomplex variety. 

An almost hypercomplex variety is equipped with an action of quaternion algebra 
in its differential sheaf. Each quaternion i e i , L2 = —1 defines an almost com­
plex structure on M. Such an almost complex structure is called induced by the 
hypercomplex structure. 

Definition 3.9: Let M be an almost hypercomplex variety. We say that M is 
hypercomplex if there exist a pair of induced complex structures 1\, I2 G H, Ix / 
±^2, such that 7i and I2 are integrable. 

Caution: Not everything which looks hypercomplex satisfies the conditions of 
Definition 3.9. Take a quotient M/G of a hypercomplex manifold by an action of a 
finite group G, acting compatible with the hypercomplex structure. Then M/G is 
not hypercomplex, unless G acts freely. 

Claim 3.10: Let M be a hypercomplex manifold. Then M is a hypercomplex 
variety in the sense of Definition 3.9. 

Proof: Let I, J be induced complex structures. We need to identify (M, I)R and 
(M, J)K in a natural way. These varieties are canonically identified as C^-manifolds; 
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we need only to show that this identification is real analytic. This is [V3], Proposition 
6.5. • 

11 
Remark 3.11: Trianalytic subvarieties of hyperkahler manifolds are obviously hy­

percomplex. Define trianalytic subvarieties of hypercomplex varieties as subvarieties 
which are complex analytic with respect to all induced complex structures. Clearly, 
trianalytic subvarieties of hypercomplex varieties are equipped with a natural hyper­
complex structure. Another example of a hypercomplex variety is given in Corollary 
4.11. For additional examples, see [V3]. 

3.4. Hypercomplex varieties and twistor spaces. For a hypercomplex variety, it 
is clear how to define the twistor space, which is a complex variety (see [V-h], Section 
7 for details). This definition coinsides with the usual one for the hypercomplex 
manifolds in the smooth case. 

Following [HKLR], Deligne and Simpson defined hypercomplex varieties in terms 
of their twistor spaces. This is done as follows. 

Let M be a hypercomplex variety and Tw its twistor space. Consider the unique 
anticomplex involution i0 : CP1 —> CP1 with no fixed points. This involution 
is obtained by central symmetry with center in 0 if we identify CP1 with a unit 
sphere in R3. Let t : Tw —• Tw be an involution of the twistor space mapping 
(s,m) G S2 x M = Tw to (t0(s),m). Clearly, i is anticomplex. 

Definition 3.12: Let s : CP1 —> Tw be a section of the natural holomorphic 
projection IT : Tw —> CP1 , sow = Id\cpl. Then s is called the twistor line. The 
space Sec of twistor lines is finite-dimensional and equipped with a natural complex 
structure, as follows from deformation theory ([Do]). 

Let Sec1 be the space of all lines s e Sec which are fixed by i. The space Sec' 
is equipped with a structure of a real analytic space. We have a natural map r : 
MR —> Sec' associating to m £ M the line s : CP1 —> Tw, s(x) = (x,m) e 
S2 x M = Tw. Such twistor lines are called horizontal twistor lines. Denote the 
set of horizontal twistor lines by Hor c Sec. 

The linear algebra of quaternions implies that the normal bundle of a horizontal 
twistor line s = CP1 is a direct sum of several copies of 0(1). A section of O(l) is 
uniquely determined by its values in two distinct points. Therefore, (at least if M is 
smooth), through every two generic points in a neighbourhood of s passes a unique 
deformation of s (if this statement needs a justification, see [V-h], (7.2)). 
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This motivates the following definition, proposed by Delidne and Simpson ([De], 

[S])-

Definition 3.13: (Hypercomplex spaces) Let Tw be a complex analytic space, w : 
Tw —• CP1 a holomorphic map, and i: Tw —>• Tw an anticomplex automorphism, 
such that to7r — 7rot0. Let Sec be the space of sections of TT equipped with a structure 
of a complex analytic space, and Sec1 be the real analytic space of sections s of -K 
satisfying soi0 = cos. Let Hor be a connected component of Sec'. Then (Tw, ir, i, Hor) 
is called a hypercomplex space if 

(i): For each point x € Twr, there exists a unique line s € Horr passing through 
x, where Twr, Horr is a reduction of Tw, Hor. 

(ii): Let s € Hor, and U C Tw be a neighbourhood of s such that an irreducible 
decomposition of U coinsides with the irreducible decomposition of Tw in a 
neighbourhood of s C Tw r. Let 

X:=7r - 1 ( J ) xir^WnUxU, 

where I, J distinct points of CP1 . Let pu : U—>J( C 7r-1(7) X 7r_1(J) 
be the evaluation map, s —>• (s(I),s(J)). Then there exist a closed subspace 
X c X, obtained as a union of some of irreductible components of X, and an 
open neighbourhood V C Sec of s € Sec, such that pu is an open embedding of 
Vto-Y. 

For varieties, this definition is equivalent to Definition 3.9 ([V-h], Theorem 8.1). 

4. HYPERHOLOMORPHIC BUNDLES 

4.1. Hyperholomorphic bundles: the definition. This subsection contains sev­
eral versions of a definition of hyperholomorphic connection in a complex vector bun­
dle over a hyperkahler manifold. We follow [VI]. 

Let B be a holomorphic vector bundle over a complex manifold M, V a connection 
in B and 6 € A2 ® End{B) be its curvature. This connection is called compatible 
with a holomorphic structure if Vjr(C) — 0 for any holomorphic section C, and 
any antiholomorphic tangent vector field X £ T°'l(M). If there exists a holomorphic 
structure compatible with the given Hermitian connection then this connection is 
called integrable. 

One can define a Hodge decomposition in the space of differential forms with 
coefficients in any complex bundle, in particular, End(B). 

Theorem 4 .1 : Let V be a Hermitian connection in a complex vector bundle B 
over a complex manifold. Then V is integrable if and only if 0 e AX,1(M, End(B)), 
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where A1'1(M, End(B)) denotes the forms of Hodge type (1,1). Also, the holomorphic 
structure compatible with V is unique. 

Proof: This is Proposition 4.17 of [Ko], Chapter I. • 

This result has the following more general version: 

Proposition 4.2: Let V be an arbitrary (not necessarily Hermitian) connection 
in a complex vector bundle B. Then V is integrable if and only its (0, l)-part has 
square zero. 

• 

This proposition is a version of Newlander-Nirenberg theorem. For vector bundles, 
it was proven by Atiyah and Bott. 

Definition 4.3: Let B be a Hermitian vector bundle with a connection V over a 
hyperkahler manifold M. Then V is called hyperholomorphic if V is integrable 
with respect to each of the complex structures induced by the hyperkahler structure. 

As follows from Theorem 4.1, V is hyperholomorphic if and only if its curvature 
0 is of Hodge type (1,1) with respect to any of complex structures induced by a 
hyperkahler structure. 

As follows from Lemma 2.10, V is hyperholomorphic if and only if 0 is a SU(2)-
invariant differential form. 

Example 4.4: (Examples of hyperholomorphic bundles) 

(i): Let M be a hyperkahler manifold, and TM be its tangent bundle equip­
ped with the Levi-Civita connection V. Consider a complex structure on TM 
induced from the quaternion action. Then V is a Hermitian connection which is 
integrable with respect to each induced complex structure, and hence, is Yang-
Mills. 

(ii): For B a hyperholomorphic bundle, all its tensor powers are also hyperholo­
morphic. 

(iii): Thus, the bundles of differential forms on a hyperkahler manifold are also 
hyperholomorphic. 

4.2. Stable bundles and Yang-Mills connections. This subsection is a com­
pendium of the most basic results and definitions from the Yang-Mills theory over 
Kahler manifolds, concluding in the fundamental theorem of Uhlenbeck-Yau [UY]. 

Definition 4.5: Let F be a coherent sheaf over an n-dimensional compact Kahler 
manifold M. We define deg(F) as 
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deg(F) = [ 
JM 

c1(F)Aun-1 

,M vol{M) 

and slope(F) as 

S l ° P e ^ = rJ(F)- d e g ( f ) -
The number slope(.F) depends only on a cohomology class of ci(F). 

Let F be a coherent sheaf on M and F' C F its proper subsheaf. Then F' is called 
destabilizing subsheaf if slope(F') > slope(F) 

A coherent sheaf F is called stable x if it has no destabilizing subsheaves. A 
coherent sheaf F is called semistable if for all destabilizing subsheaves F' C F, we 
have slope(F') = slope(F). 

Later on, we usually consider the bundles B with deg(B) = 0. 

Let M be a Kahler manifold with a Kahler form w. For differential forms with 
coefficients in any vector bundle there is a Hodge operator L : n —> to A n. There is 
also a fiberwise-adjoint Hodge operator A (see [GH]). 

Definition 4.6: Let B be a holomorphic bundle over a Kahler manifold M with 
a holomorphic Hermitian connection V and a curvature 0 € A1'1 <g> End(B). The 
Hermitian metric on B and the connection V defined by this metric are called Yang-
Mills if 

A(0) = constant • Id |B , 

where A is a Hodge operator and Id |B is the identity endomorphism which is a section 
of End(B). 

Further on, we consider only these Yang-Mills connections for which this constant 
is zero. 

A holomorphic bundle is called indecomposable if it cannot be decomposed onto 
a direct sum of two or more holomorphic bundles. 

The following fundamental theorem provides examples of Yang-Mills 
bundles. 

Theorem 4.7: (Uhlenbeck-Yau) Let B be an indecomposable holomorphic bundle 
over a compact Kahler manifold. Then B admits a Hermitian Yang-Mills connection 
if and only if it is stable, and this connection is unique. 

1In the sense of Mumford-Takemoto 
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Proof: [UY]. • 

4.3. Hyperholomorphic connections and Yang-Mills theory. In this subsec­
tion, we apply Yang-Mills theory to hyperholomorphic connections. We follow [VI]. 

Proposition 4.8: Let M be a hyperkahler manifold, L an induced complex struc­
ture and 5 be a complex vector bundle over (M,L). Then every hyperholomorphic 
connection V in B is Yang-Mills and satisfies A(0) = 0 where 0 is a curvature of V. 

Proof: We use the definition of a hyperholomorphic connection as one with SU(2)-
invariant curvature. Then Proposition 4.8 follows from the 

Lemma 4.9: Let 0 € A2(M) be a S£/(2)-invariant differential 2-form on M. Then 
A L ( 0 ) = Ofor each induced complex structure L.2 

Proof: This is Lemma 2.1 of [VI]. • 

Let M be a compact hyperkahler manifold, / an induced complex structure. For 
any stable holomorphic bundle on (M, / ) there exists a unique Hermitian Yang-Mills 
connection which, for some bundles, turns out to be hyperholomorphic. It is possible 
to tell when this happens. 

Theorem 4.10: Let B be a stable holomorphic bundle over (M,I), where M is a 
hyperkahler manifold and / is an induced complex structure over M. Then B admits 
a compatible hyperholomorphic connection if and only if the first two Chern classes 
c\{B) and 02(B) are S£/(2)-invariant.3 

Proof: This is Theorem 2.5 of [VI]. • 

From Theorem 4.10 it follows that hyperholomorphic bundles can be described 
in two ways: either as holomorphic objects over (M,I), or as certain types of con­
nections. The first definition implies that there exists a complex structure on the 
moduli of hypercolomorphic connections. The second implies that if we replace / 
by another induced complex structure, the C°°-structure of the moduli of hyperholo­
morphic connections remains the same. In other words, the real analytic variety 
underlying underlying the moduli of hyperholomorphic connections admits a set of 
complex structures parametrized by CP1 . Using Kodaira relations, it is easy to check 
that these complex structures satisfy quaternionic relations. We obtain the following 

Corollary 4.11: ([V-h], Subsection 10.2) The moduli space of hyperholomorphic 
bundles is singular hyperkahler. 

2By AL we understand the Hodge operator A associated with the Kahler complex structure L. 
3We use Lemma 2.9 to speak of action of 5(7(2) in cohomology of M. 
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5. HYPERCOMPLEX VARIETIES: THE DESINGULARIZATION 

The Desingularization Theorem is stated as follows. 

Theorem 5.1: (Desingularization theorem) Let M be a hypercomplex variety / 
an integrable induced complex structure. Let 

(MJ) ^ (M,I) 

be the normalization of (M, I). Then (M, J) is smooth and has a natural hypercom­

plex structure H, such that the associated map n : (M, I) —> (M, I) agrees with 7i. 

Moreover, the hypercomplex manifold M := (M, I) is independent from the choice of 
induced complex structure / . 

Proof: This is [V-h], Theorem 6.2 . 

In this Section, we give a sketch of a proof of Theorem 5.1. This sketch assumes 
some background in commutative algebra. Some readers might prefer to read [V-h], 
where we don't skip these details. 

The idea of the proof is following. First of all, we prove Theorem 5.1 under an 
addition assumption, called LHS (locally homogeneous singularities). Then, we prove 
that LHS always holds for hypercomplex varieties. LHS is the following beast. 

Definition 5.2: (local rings with LHS) Let A be a local ring. Denote by m its 
maximal ideal. Let Agr be the corresponding associated graded ring for the m-adic 
filtration. Let A, Agr be the m-adic completion of A, Agr. Let {A)gr, {Agr)gr be 
the associated graded rings, which are naturally isomorphic to Agr. We say that 
A has locally homogeneous singularities (LHS) if there exists an isomorphism 
p : A —• Agr which induces the standard isomorphism i : {A)gr —• (Agr)gr on 
associated graded rings. 

Definition 5.3: (SLHS) Let X be a complex or real analytic space. Then X is 
called a space with locally homogeneous singularities (SLHS) if for each x e X, 
the local ring OxX has locally homogeneous singularities. 

To say that a ring is graded is the same as to say that it is equipped with an action 
of C*. Therefore, a local ring is LHS if and only if its completion is equipped with 
an action p of C*, and p acts on its tangent space by dilatations. This is why we use 
the word the word "homogeneous". 

The following proposition was the main result of [V-d]. 
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Proposition 5.4: Let M be a hypercomplex variety, and / an induced complex 
structure. Assume that the complex variety (M, /) has locally homogeneous singu­
larities (LHS). Then the normalization of (M,I) is smooth. 

Proof: Let Ox be the adic completion of the localization of the structure sheaf 
0(M,r) in x £ M. The normalization is compatible with the adic completions ([M], 
Chapter 9, Proposition 24.E). Therefore to prove that the normalization of (M,I) is 
smooth we need only to show that the normalization of Ox is regular. Since (M, / ) 
is LHS, the ring Ox is isomorphic to the completion of the coordinate ring 0{ZX) 
of the Zariski tangent cone Zx of (M,I). Therefore, it suffices to show that the 
normalization of Zx is smooth. On the other hand, by [V-h], Theorem 4.5, the Zariski 
tangent cone Zx of (M, I) is hypercomplex (this is easy to see from the differential-
geometric definition of the Zariski tangent cone). Moreover, the natural embedding 
of the Zariski tangent cone to the Zariski tangent space TXM is compatible with the 
hypercomplex structure (the space TXM is quaternionic, which follows immediately 
from the definition of a hypercomplex structure). The manifold TXM is hyperkahler. 
It is well known (see, for instance, [V3]) that trianalytic subvarieties of hyperkahler 
manifolds are completely geodesic. Since the manifold TXM is flat, a completely 
geodesic subvariety must be a union of planes. But the normalization of a union of 
planes is smooth. This finishes the proof of Proposition 5.4; for more details, please 
read [V-h] and [V-d2]. . 

To finish the sketch of the proof of Theorem 5.1, it remains to prove the following 
proposition, which is the main result of [V-d2]. 

Proposition 5.5: Let M be a hypercomplex variety. Then M is a space with 
locally homogeneous singularities (SLHS). 

Proof: Let / be an induced complex structure, x G M a point and Ox the adic 
completion of the localization Ox(M,I) of the structure ring of (M,I). To produce 
a grading on Ox, we need to construct an action p of C* on Ox, such that p acts by 
dilatations on the tangent space TX(M,I). This is done geometrically as follows. 

Let x £ Mbea point, -K : Tw —> CP1 a twistor space of M, and sx : CP1 —> Tw 
the line corresponding to the set (i, x) where i runs through CP1 (such lines are called 
horizontal twistor lines, see Definition 3.12). As we have mentioned before, for 
"generic" pair of points (a, /?) sufficiently close to sx, there exists a unique twistor line 
s passing through a and ft. To be more precise, let / , I' G CP1 be distinct induced 
complex structures. Then sx has a neighbourhood U such that for all a G it~l(I)C\U, 
/3 G 7r_1(/') fl U, there exists a unique twistor line saip : CP1 —> Tw passing 
through a, p. Fix a point I" G CP1 which is distinct from / and / ' . Let 5 = (I", x) G 
(CPl,M) = Tw be the corresponding point of sx. For each a G 7r_1(7) n U there 
exists a unique twistor line sag passing through a and 5. Evaluating this map at / ' , 
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we obtain a point /3 in 7r-1(/') n U. Consider this as an operation producing (3 from 
a. Clearly, this way we obtain an isomorphism 

6X{MJ')—>6X{MJ) 

where Ox(M, I'), Ox(M, I) is an adic completion of a localization of a ring of regular 
functions on (M, / ' ) , (M,/) . This isomorphism depends from the parameter /". 
Varying /", we obtain different isomorphisms between Ox{M,V) and Ox(M,I). A 
composition of two such isomorphisms is an automorphism of Ox(M,I). A simple 
linear-algebraic argument shows that this automorphism acts as a dilatation on the 
tangent space TXM (Lemma 5.13, [V-h]). This proves Proposition 5.5. • 

6. HYPERHOLOMORPHIC SHEAVES AND THEIR SINGULARITIES 

6.1. Stable sheaves and Yang-Mills connections. In [BS], S. Bando and Y.-T. 
Siu developed the machinery allowing one to apply the methods of Yang-Mills theory 
to torsion-free coherent sheaves. In the course of this paper, we apply their work to 
generalise the results of [VI]. In this Subsection, we give a short exposition of their 
results. 

Definition 6.1: Let X be a complex manifold, and F a coherent sheaf on X. 
Consider the sheaf F* := 7iomox{F,Ox)- There is a natural functorial map pF : 
F —> F**. The sheaf F** is called a reflexive hull, or reflexization of F. The 
sheaf F is called reflexive if the map pF : F —> F** is an isomorphism. 

Remark 6.2: For all coherent sheaves F, the map pF* : F* —> F*** is an iso­
morphism ([OSS], Ch. II, the proof of Lemma 1.1.12). Therefore, a reflexive hull of 
a sheaf is always reflexive. 

Claim 6.3: Let X be a Kahler manifold, and F a torsion-free coherent sheaf over 
X. Then F (semi)stable if and only if F** is (semi)stable. 

Proof: This is [OSS], Ch. II, Lemma 1.2.4. . 

Definition 6.4: Let X be a Kahler manifold, and F a coherent sheaf over X. The 
sheaf F is called polystable if F is a direct sum of stable sheaves. 

The admissible Hermitian metrics, introduced by Bando and Siu in [BS], play the 
role of the ordinary Hermitian metrics for vector bundles. 

Let X be a Kahler manifold. In Hodge theory, one considers the operator A : 
h?<q(X) —y Kv~1'q~1{X) acting on differential forms on X, which is adjoint to the 
multiplication by the Kahler form. This operator is defined on differential forms with 
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coefficient in every bundle. Considering a curvature 0 of a bundle B as a 2-form with 
coefficients in End(-B), we define the expression A0 which is a section of End(-B). 

Definition 6.5: Let X be a Kahler manifold, and F a reflexive coherent sheaf over 
X. Let U d X be the set of all points at which F is locally trivial. By definition, the 
restriction F | of F to U is a bundle. An admissible metric on F is a Hermitian 
metric h on the bundle F\ which satisfies the following assumptions 

(i): the curvature 6 of (F, h) is square integrable, and 
(ii): the corresponding section A6 € End(F| ) is uniformly bounded. 

Definition 6.6: Let X be a Kahler manifold, F a reflexive coherent sheaf over X, 
and h an admissible metric on F. Consider the corresponding Hermitian connection 
V on F\v . The metric h and the connection V are called Yang-Mills if its curvature 
satisfies 

A 6 e E n d ( F | j = c-Id 

where c is a constant and Id the unit section Id £ End( .F | ) . 

Further in this paper, we shall only consider Yang-Mills connections with A0 = 0. 

Remark 6.7: By Gauss-Bonnet formule, the constant c is equal to deg(F), where 
deg(F) is the degree of F (Definition 4.5). 

One of the main results of [BS] is the following analogue of Uhlenbeck-Yau theorem 
(Theorem 4.7). 

Theorem 6.8: Let M be a compact Kahler manifold, and F a coherent sheaf 
without torsion. Then F admits an admissible Yang-Mills metric is and only if F 
is polystable. Moreover, if F is stable, then this metric is unique, up to a constant 
multiplier. 

Proof: In [BS], Theorem 6.8 is proved for Kahler M ([BS], Theorem 3). • 

6.2. Stable sheaves over hyperkahler manifolds. Let M be a compact hy-
perkahler manifold, I an induced complex structure, F a torsion-free coherent sheaf 
over (M, I) and F** its reflexization. Recall that the cohomology of M are equipped 
with a natural Sf/(2)-action (Lemma 2.9). The motivation for the following definition 
is Theorem 4.10 and Theorem 6.8. 

Definition 6.9: Assume that the first two Chern classes of the sheaves F, F** are 
5f/(2)-invariant. Then F is called stable hyperholomorphic if F is stable, and 
semistable hyperholomorphic if F can be obtained as a successive extension of 
stable hyperholomorphic sheaves. 
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Consider the natural 5C/(2)-action in the bundle A*(M, B) of the differential i-forms 
with coefficients in a vector bundle B. Let Ajn„(M,B) c A * ( M ' B ) b e t h e bundle of 
5f/(2)-invariant i-forms. 

Definition 6.10: Let X c (M,I) be a complex subvariety of codimension at least 

2, such that F is a bundle, h be an admissible metric on F M^x and V the 

associated connection. Then V is called hyperholomorphic if its curvature 

6 v = V 2 € A 2 ( M , E n d ( F | M V x ) ) 

is 5C/(2)-invariant, i. e. belongs to A2
nv \M, End \F I . J J. 

Theorem 6.11: Let M be a compact hyperkahler manifold, / an induced complex 
structure and F a reflexive sheaf on (M,I). Then F admits a hyperholomorphic 
connection if and only if F is polystable hyperholomorphic in the sense of Definition 
6.9. Moreover, such a connection is unique. 

Proof: This is [V-c], Theorem 3.19. • 

The proof of Theorem 6.11 is based on an elementary linear algebra argument (see 
Lemma 2.10). 

6.3. Desingularization of hyperholomorphic sheaves. Hyperholomorphic shea­
ves (at least ones with isolated singularities) can be desingularized in the same fashion 
as the hyperkahler varieties; in fact, almost the same argument applies to both cases. 

Theorem 6.12: Let M be a hyperkahler manifold, not necessarily compact, / an 
induced complex structure, and F a reflexive coherent sheaf over (M, I) equipped 
with a hyperholomorphic connection (Definition 6.10). Assume that F has isolated 
singularities. Let M - ^ M be a blow-up of (M, I) in the singular set of F, and a*F 
the pullback of F. Then a*F is a locally trivial sheaf, that is, a holomorphic vector 
bundle. 

Proof: This is [V-c], Theorem 6.1. • 

The idea of the proof is the following. We apply to F the methods used in the proof 
of Desingularization Theorem (Theorem 5.1). The main ingredient in the proof of 
Desingularization Theorem is the existence of a natural C* -action on the completion 
Ox(M, I) of the local ring Ox(M, I), for all xe M. This C*-action identifies 6X{M, I) 
with a completion of a graded ring. Here we show that a sheaf F is C-equivariant. 
Therefore, a germ of F at x has a grading, which is compatible with the natural 
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C*-action on Ox(M,I). Singularities of such reflexive sheaves can be resolved by a 
single blow-up. 

6.4. Quaternionic-Kahler geometry. In this Subsection, we follow [V-c] (Section 
7). We give here a number of preliminary constructions, which are used later on 
to describe the singularities of hyperholomorphic sheaves. These constructions are 
mostly due to A.Swann and T. Nitta ([Sw], [Nl], [N2]). 

Definition 6.13: ([Sal], [Bes]) Let M be a Riemannian manifold. Consider a 
bundle of algebras End(TM), where TM is the tangent bundle to M. Assume that 
End (TM) contains a 4-dimensional bundle of subalgebras W C End (TM), with fibers 
isomorphic to a quaternion algebra H. Assume, moreover, that W is closed under the 
transposition map _L : End(TM) —> End(TM) and is preserved by the Levi-Civita 
connection. Then M is called quaternionic-Kahler. 

Example 6.14: Consider the quaternionic projective space 

HP" = (H"\0)/H*. 

It is easy to see that HP" is a quaternionic-Kahler manifold. For more examples of 
quaternionic-Kahler manifolds, see [Bes]. 

A quaternionic-Kahler manifold is Einstein ([Bes]), i. e. its Ricci tensor is pro­
portional to the metric: Ric(M) = c- g, with c G R. When c = 0, the manifold M 
is hyperkahler, and its restricted holonomy group is Sp(n); otherwise, the restricted 
holonomy is Sp{n) • Sp(l). The number c is called the scalar curvature of M. 
Further on, we shall use the term quaternionic-Kahler manifold for manifolds with 
non-zero scalar curvature. 

The quaternionic projective space HP" has positive scalar curvature. 

Let M be a quaternionic-Kahler manifold, and W C End(TM) the corresponding 
4-dimensional bundle. For x € M, consider the set 7lx C W\ , consisting of all 
/ € W\ satisfying I2 = —1. Consider TZX as a Riemannian submanifold of the total 
space of W\ . Clearly, TZX is isomorphic to a 2-dimensional sphere. Let 71 = Uxfi-x 
be the corresponding spherical fibration over M, and Tw(M) its total space. The 
manifold Tw(M) is equipped with an almost complex structure, which is defined in 
the same way as the almost complex structure for the twistor space of a hyperkahler 
manifold. This almost complex structure is known to be integrable (see [Sal]). 

A role of S'[/(2)-invariant 2-forms is played by so-called B2-forms. 

Definition 6.15: Let SO(TM) c End(TM) be a group bundle of all orthogonal 
automorphisms of TM, and GM •= W n SO{TM). Clearly, the fibers of GM are 
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isomorphic to SU(2). Consider the action of GM on the bundle of 2-forms A2(M). 
Let A?n„(M) C A2(M) be the bundle of GM-invariants. The bundle A2„„(M) is called 
the bundle of B2-forms. In a similar fashion we define B2-forms with coefficients 
in a bundle. 

Definition 6.16: In the above assumptions, let (B, V) be a bundle with connection 
over M. The bundle B is called a £?2-bundle, and V is called a B2-connection, if 
its curvature is a I^-form. 

The .B2-bundles were introduced and studied by T. Nitta in a serie of papers ([Nl], 
[N2] etc.) 

Consider the natural projection a : Tw(M) —• M. The following observation is 
clear (Claim 6.17 (ii) is, in fact, an immediate consequence of Claim 6.17 (i), which 
is proven by linear algebra). 

Claim 6.17: ([V-c], Claim 7.13) 

(i): Let w be a 2-form on M. The pullback a*co is of type (1,1) on Tw(M) if and 
only if u is a 52-form on M. 

(ii): Let B be a complex vector bundle on M equipped with a connection V, not 
necessarily Hermitian. The pullback a*B of B to Tw(M) is equipped with a 
pullback connection <r*V. Then, V is a ^-connection if and only if cr*V has 
curvature of Hodge type (1,1). 

Definition 6.18: Let Tw(M) be the twistor space of a quaternioni-Kahler manifold 
M. A £?2-bundle F on M gives a holomorphic bundle F' on Tw(M). We say that F' 
is a twistor transform, or direct twistor transform of F. 

The £?2-bundle F can be recovered from F' ([V-c], Corollary 7.15). This procedure 
is called the inverse twistor transform. 

In [Sw], A.Swann discovered a construction which relies a hyperkahler manifold 
with a special H*-action to every quaternionic-Kahler manifold of positive scalar 
curvature. This is done as followis. 

Let W be the group of non-zero quaternions. Consider an embedding 5(7(2) •-)• H*. 
Clearly, every quaternion h €W can be uniquely represented as h = \h\ • gh, where 
gh G SU(2) C H*. This gives a natural decomposition H* = 5(7(2) x K>0. Recall 
that 5(7(2) acts naturally on the set of induced complex structures on a hyperkahler 
manifold. 
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Definition 6.19: Let M be a hyperkahler manifold equipped with a free smooth 
action p of the group HP = SU(2) x!R>0. The action p is called special if the following 
conditions hold. 

(i): The subgroup £77(2) C H* acts on M by isometries. 
(ii): For A £ E> 0 , the corresponding action p(A) : M —v M is compatible with 

the hyperholomorphic structure (which is a fancy way of saying that p{\) is 
holomorphic with respect to any of induced complex structures). 

(iii): Consider the smooth H*-action pe : H* x End(TM) —> End(TM) induced 
on End (TM) by p. For any x £ M and any induced complex structure I, the 
restriction / | can be considered as a point in the total space of End(TM). 
Then, for all induced complex structures I, all g £ SU{2) c W, and all x £ M, 

the map pe(g) maps l\x to g(I) ^ ^ . 

Speaking informally, this can be stated as "H*-action interchanges the induced 
complex structures". 

(iv): Consider the automorphism of S2T*M induced by p(A), where A € K>0. 
Then p(A) maps the Riemannian metric tensor s £ S2T*M to A2s. 

Example 6.20: Consider the fiat hyperkahler manifold M;i — HI™\0. There is a 
natural action of H* on IF \0 . This gives a special action of H* on Mfi. 

The case of a flat manifold Mft = W \0 is the only case where we apply the results 
of this section. However, the general statements are just as difficult to prove, and 
much easier to comprehend. 

Definition 6.21: Let M be a hyperkahler manifold with a special action p of 
H*. Assume that p{—1) acts non-trivially on M. Then M/p(±l) is also a hy­
perkahler manifold with a special action of HP. We say that the manifolds (M,p) 
and (M/p(±l),p) are hyperkahler manifolds with special action of H* which 
are special equivalent. Denote by Hsp the category of hyperkahler manifolds with 
a special action of H* defined up to special equivalence. 

A. Swann ([Sw]) developed an equivalence between the category of quaternionic--
Kahler manifolds of positive scalar curvature and the category Hsp. 

Let Q be a quaternionic-Kahler manifold. The restricted holonomy group of Q is 
Sp(n) • £p(l), that is, {Sp(n) x Sp(l))/{±1}. Consider the principal bundle Q with 
the fiber Sp(l)/{±1}, corresponding to the subgroup 

Sp(l)/{±1} C (Sp{n) x 5p( l ) ) /{±l} . 
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of the holonomy. There is a natural Sp(l)/{±l}-action on the space 
e * / { ± l } . Let 

U{Q) :- Q x-sv(i)i{±i) W/{±1}. 

Clearly, U{Q) is fibered over Q, with fibers which are isomorphic to 
H*/{±1}. We are going to show that the manifold U(Q) is equipped with a natural 
hypercomplex structure. 

There is a natural smooth decomposition U{Q) = Q x K>0 which comes from the 
isomorphism H* ^ Sp{l) x K>0. 

Consider the standard 4-dimensional bundle W on Q. Let x £ Q be a point. The 

fiber W 

W 

is isomorphic to H, in a non-canonical way. The choices of isomorphism 

= H are called quaternion frames in q. The set of quaternion frames gives a 

fibration over Q, with a fiber Aut(H) = Sp(l)/{±1}. Clearly, this fibration coincides 
with the principal bundle Q constructed above. Since U(Q) = Q x R>0, a choice of 

u e U{Q) determines an isomorphism W 

Let (q, u) be the point of U(Q), with q £ Q, u € U(Q) 

in U(Q) gives a decomposition 

. The natural connection 

-'(9,") 

U(Q) (w(Q)|,)©T,Q 

The space U(Q) = H*/{±1} is equipped with a natural hypercomplex structure. 

This gives a quaternion action on Tu I U(Q) The choice of u G U{Q) determines 

a quaternion action on TqQ, as we have seen above. We obtain that the total space 
of U{Q) is an almost hypercomplex manifold. 

Proposition 6.22: (A. Swann) Let Q be a quaternionic-Kahler manifold. Consider 
the manifold U(Q) constructed as above, and equipped with a quaternion algebra 
action in its tangent space. Then U(Q) is a hypercomplex manifold. 

Proof: This is [V-c], Proposition 7.22. • 

Consider the action of H* on U{M) defined in the proof of Proposition 6.22. This 
action satisfies the conditions (ii) and (iii) of Definition 6.19. The conditions (i) and 
(iv) of Definition 6.19 are easy to check (see [Sw] for details). This gives a functor 
from the category C of quaternionic-Kahler manifolds of positive scalar curvature to 



464 MISHA VERBITSKY 

the category Hsp of Definition 6.21. This is an equivalence of categories, constructed 
by A.Swann ([Sw]). 

The inverse functor from Hsp to C is constructed by taking a quotient of M by the 
action of H*. Using the technique of quaternionic-Kahler reduction anf hyperkahler 
potentials ([Sw]), one can equip the quotient M/W with a natural quaternionic-
Kahler structure. We call this equivalence Swann's formalism for quaternionic-
Kahler manifolds. 

6.5. Swann's formalism for vector bundles. Here we use the correspondence 
constructed by A.Swann to construct a correspondence between B2-bundles on a 
quaternionic-Kahler manifold and H*-invariant hyperholomorphic bundles on the cor­
responding H*-invariant hyperkahler manifold. We follow [V-c], Section 8. 

For the duration of this Subsection, we fix a hyperkahler manifold M, equipped 
with a special H*-action p, and the corresponding quaternionic-Kahler manifold Q = 
M/W. Denote the standard quotient map by <p : M —• Q. 

Lemma 6.23: Let w b e a 2-form over Q, and <p*(j its pullback to M. Then the 
following conditions are equivalent 

(i): w is a 52-form 
(ii): ip*uj is of Hodge type (1,1) with respect to some induced complex structure 

I on M 
(iii): (f*u> is 5'[/(2)-invariant. 

Proof: The proof is elementary linear algebra ([V-c], Lemma 8.1). • 

The following proposition is an immediate corollary of Lemma 6.23 

Proposition 6.24: ([V-c], Proposition 8.2) Let {B, V) be a Hermitian vector bun­
dle with connection over Q, and (f*B, ip*V) its pullback to M. Then the following 
conditions are equivalent 

(i): (B, V) is a ^-bundle 
(ii): The curvature of (<p*B, <p*V) is of Hodge type (1,1) with respect to some 

induced complex structure I on M 
(iii): The bundle ((p*B,cp*V) is hypercomplex. 

Proof: Follows from Lemma 6.23 applied to u> = V2. • 

Let N be a hyperkahler manifold a : Tw(AQ —> N its twistor space and B a 
hyperholomorphic bundle. It is easy to check that the lift a*B is a holomorphic bundle 
on Tw(iV). The holomorphic structure a*B defines the connection on B in a unique 
way. This is called direct and inverse twistor transform for hyperholomorphic 
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bundles ([KV1]). A holomorphic bundle on Tw(iV) is called compatible with the 
twistor transform if it is obtained from some hyperholomorphic bundle on JVN. 

Proposition 6.24 has the following fundamental corollary 

Theorem 6.25: In the above assumptions, let CB2 be the category of of jB2-bundles 
on Q, and CTw,e the category of C*-equivariant holomorphic bundles on Tw(M) 
which are compatible with the twistor transform. Consider the functor 

(a*<p*)0,1 : CB2 —>• CTW,C* , 

(B,V)—>• (a*(p*B, ( C T V V ) 0 ' 1 ) , constructed above. Then (CTV) 0 - 1 establishes an 
equivalence of categories. 

Proof: This is [V-c], Theorem 8.5. • 

Now, let x £ R be an isolated singularity of a reflexive hyperholomorphic sheaf F 
over a hyperkahler manifold R. Consider the twistor space Tw(iV) and the horizontal 
twistor line sx : CP1 —> Tw(iV) corresponding to x. Let / be an ideal sheaf of 
sx. Denote the associated graded sheaf by 0(Tw(N))gr. Then Spec(0(Tw(N))gr) 
is isomorphic to the twistor space of TXM. Taking an associate graded sheaf of 
F, we obtain a sheaf Fgr over Spec{0{Tw(N))gr) S Tw(TxM). We proved the 
Desingularization Theorem by establishing the natural C* -action on the fibers (N, I) 
of the twistor projection 7r : Tw(7V) —> CP1 . As we have shown, the sheaf F is 
C-equivariant with respect to this C*-action. Therefore, the associated graded sheaf 
Fgr has the same singularities as F. 

This reasoning leads to the following theorem. 

Theorem 6.26: ([V-c], Theorem 8.15) Let N be a hyperkahler manifold, I an 
induced complex structure and F a reflexive sheaf on (N, I) admitting a hyperholo­
morphic connection. Assume that F has an isolated singularity in a; e N, and is 
locally trivial outside of x. Let n : N —• (N, I) be the blow-up of (N, I) in x. Con­
sider the holomorphic vector bundle it*F on M (Theorem 6.12). Let C C {N,I) be 
the blow-up divisor, C = CPTXM. Clearly, the manifold C is canonically isomorphic 
to the twistor space of the quaternionic-Kahler manifold MP(TXN). Then w*F is the 
twistor transform of a S2-bundle on MP(TXN). 
• 

T.Nitta ([N2]) has shown that a bundle, obtained by twistor transform, is Yang-
Mills (hence, direct sum of stable bundles of the same degree). This leads to the 
following corollary. 
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Corollary 6.27: In the assumptions of Theorem 6.26, consider the natural con­
nection V on the bundle ^*F\C obtained from the twistor transform. Then V is 
Yang-Mills, with respect to the Fubini-Study metric on C = FTXN, the degree 
degCi (TT*F\C ) vanishes, and the holomorphic vector bundle K*F\C is a direct sum of 
stable bundles of the same degree. 

7. CREPANT RESOLUTIONS AND HOLOMORPHIC SYMPLECTIC GEOMETRY 

Let V be a complex symplectic vector space, and G a finite group acting on V 
by linear transformations preserving symplectic structure. The variety X = V/G 
is usually singular. In this section, we are working with the resolutions of these 
singularities. 

The crepant resolutions of X are resolutions -K : X —> X such that the canonical 
class of X is obtained as a pullback of a canonical class of X. 

Further on, we shall assume that 7r : X —> X = V/G is a crepant resolution. In 
such a case, the manifold X is also holomorphically symplectic, which is quite easy 
to see ([V-r], Theorem 2.5). 

Here is an example of such situation. 

Example 7.1: The Hilbert scheme of n points on C2 provides a crepant resolution 
of the quotient (C2 )"/5„ of (C2 )n by the natural action of the symmetric group Sn 

(this is well known; see e. g. [NT]). 

A reason to study the symplectic desingularization comes from the hyperkahler 
geometry. Consider a compact complex torus T, dimcT = 2, and its n-th Hilbert 
scheme of points T^n\ Let Alb : T^ —> T be the Albanese map. A generalized 
Kummer variety A't™-1! is defined as 

£>-!] c T[„]) ^[n-l] , = ^/&- l(0) . 

The variety if[™_1! is smooth and holomorphically symplectic ([Bea]). By Calabi-Yau 
theorem ([Y], [Bea]), the variety K^ is equipped with a set of hyperkahler structures, 
parametrized by the Kahler cone. 

In [KV2] (Section 4), it was shown that all trianalytic subvarieties of generalized 
Kummer varieties (at least, for generic hyperkahler structures) are isomorphic to 
symplectic desingularizations of a quotient of a compact torus by an action of a Cox-
eter group. This establishes a very interesting relation between the Dynkin diagrams 
and hyperkahler geometry, and motivates the study of symplectic desingularization 
of quotient singularities. 
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In [V-r], this argument was carried a step further, to obtain information about the 
structure of finite groups G C Sp(V) such that V/G admits a symplectic desingular-
ization. This is done as follows. Let g € End(F) be a symplectomorphism of finite 
order. We say that g is a symplectic reflection if 

codimv I {x € V | g(x) = x} ] = 2 , 

that is, the dimension of the fixed set of g is maximal possible for non-trivial g. This 
definition parallels that of complex reflections - a complex reflection is an endomor-
phism of finite order with fixed point set of codimension 1. The main result of [V-r] 
is the following theorem. 

Theorem 7.2: ([V-r], Theorem 3.2) Let V be a symplectic vector space over C, and 
G C Sp{V) a finite group of symplecic transformations. Assume that V/G admits a 
symplectic resolution. Then G is generated by symplectic reflections. 

The proof of Theorem 7.2 is modeled on the proof of well-known theorem about 
groups generated by complex reflections (that is, endomorphisms which fix a subspace 
of codimension 1). 

Proposition 7.3: ([Bou], Ch. V, §5 Theorem 4) Let V be a complex vector space, 
and G C GL(V) a finite group acting on V. Assume that X := V/G is smooth. 
Then G is generated by complex reflections. Conversely, if G generated by complex 
reflections, the quotient V/G is smooth. 

Another important ingredient is the following theorem, which is based on elemen­
tary arguments from linear algebra. 

Definition 7.4: Let n : X —> X be a resolution of singularities. The map n is 
called semismall if X admits a stratification 6 with open strata Ui, such that 

Vz € Ui j dim7r_1(a;) ^ -codim[/i 

Theorem 7.5: Let -K : X —> X be a crepant resolution of a quotient singularity 
X = V/G, G 6 Sp{V). Then •K is semismall. 

Proof: This statement easily follows from Proposition 4.16 and Proposition 4.5 of 
[V4] (see also [Kl], Proposition 4.4). • 
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