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Preface

In the summer of 2003 the Department of Mathematics and Statistics of the University of
Montreal was fortunate to host the NATO Advanced Study Institute “Structural theory of
Automata, Semigroups and Universal Algebra” as its 42nd Séminaire des mathématiques
supérieures (SMS), a summer school with a long tradition and well-established reputation.
This book contains the contributions of most of its invited speakers.

It may seem that the three disciplines in the title of the summer school cover too wide an
area while its three parts have little in common. However, there was a high and surprising
degree of coherence among the talks. Semigroups, algebras with a single associative binary
operation, is probably the most mature of the three disciplines with deep results. Universal
Algebra treats algebras with several operations, e.g., groups, rings, lattices and other classes
of known algebras, and it has borrowed from formal logics and the results of various classes
of concrete algebras. The Theory of Automata is the youngest of the three. The Structural
Theory of Automata essentially studies the composition of small automata to form larger
ones. The role of semigroups in automata theory has been recognized for a long time but
conversly automata have also influenced semigroups. This book demonstrates the use of
universal algebra concepts and techniques in the structural theory of automata as well as the
reverse influences.

J. Almeida surveys the theory of profinite semigroups which grew from finite semigroups
and certain problems in automata. There arises a natural algebraic structure with an interplay
between topological and algebraic aspects. Pseudovarieties connect profinite semigroups to
universal algebras. L. N. Shevrin surveys the very large and substantial class of special
semigroups, called epigroups. He presents them as semigroups with the unary operator of
pseudo-inverse and studies some nice decompositions and finiteness conditions.

A. Letichevsky studies transition systems, an extension of automata, behaviour algebras
and other structures. He develops a multifaceted theory of transition systems with many as-
pects. J. Dassow studies various completeness results for the algebra of sequential functions
on {0, 1}, essentially functions induced by automata or logical nets. In particular, he investi-
gates completeness with respect to an equivalence relation on the algebra. V. B. Kudryavt-
sev surveys various completeness and expressibility problems and results starting from the
completeness (primality) criterion in the propositional calculus of many-valued logics (finite
algebras) to delayed algebras and automata functions. T. Hikita and I. G. Rosenberg study
the week completeness of finite delayed algebras situated between universal algebras and
automata. The relational counterpart of delayed clones is based on infinite sequences of re-
lations. All the corresponding maximal clones are described except for those determined by
sequences of equivalence relations or by sequences of binary central relations.

In the field of Universal Algebra J. Berman surveys selected results on the structure of
free algebraic systems. His focus is on decompositions of free algebras into simpler compo-
nents whose interactions can be readily determined. P. Idziak studies the G-spectrum of a
variety, a sequence whose k-th term is the number of k-generated algebras in the variety.
Based on commutator and tame congruence theory the at most polynomial and at most
exponential G-spectra of some locally finite varieties are described. M. Jackson studies the
syntactic semigroups. He shows how to efficiently associate a syntactic semigroup (monoid)
with a finite set of identities to a semigroup (monoid) with a finite base of identities and finds
a language-theoretic equivalent of the above finite basis problem. K. Kaarli and L. Marki
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survey endoprimal algebras, i.e. algebras whose term operations comprise all operations ad-
mitting a given monoid of selfmaps as their endomorphism monoid. First they present the
connection to algebraic dualisability and then characterize the endoprimal algebras among
Stone algebras, Kleene algebras, abelian groups, vector spaces, semilattices and implica-
tion algebras. A. Krokhin, A. Bulatov and P. Jevons investigate the constraint satisfaction
problem arising in artificial intelligence, databases and combinatorial optimization. The al-
gebraic counterpart of this relational problem is a problem in clone theory. The paper studies
the computational complexity aspects of the constraint satisfaction problem in clone terms.
R. McKenzie and J. Snow present the basic theory of commutators in congruence modular
varieties of algebras, an impressive machinery for attacking diverse problems in congruence
modular varieties.

It is fair to state that we have met our objective of bringing together specialists and
ideas in three neighbouring and closely interrelated domains. To all who helped to make
this SMS a success, lecturers and participants alike, we wish to express our sincere thanks
and appreciation. Special thanks go to Professor Gert Sabidussi for his experience, help and
tireless efforts in the preparation and running of the SMS and, in particular, to Ghislaine
David, its very efficient and charming secretary, for the high quality and smoothness with
which she handled the organization of the meeting. We also thank Professor Martin Goldstein
for the technical edition of this volume.

Funding for the SMS was provided in the largest part by NATO ASI Program with addi-
tional support from the Centre de recherches mathématiques of the Université de Montréal
and from the Université de Montréal. To all three organizations we would like to express our
gratitude for their support.

Ivo G. Rosenberg
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Profinite semigroups and applications

Jorge ALMEIDA

Departamento de Matemdtica Pura, Faculdade de Ciéncias
Universidade do Porto
Rua do Campo Alegre, 687, 4169-007 Porto
Portugal

Notes taken by Alfredo COSTA

Abstract

Profinite semigroups may be described briefly as projective limits of finite semigroups.
They come about naturally by studying pseudovarieties of finite semigroups which in
turn serve as a classifying tool for rational languages. Of particular relevance are rela-
tively free profinite semigroups which for pseudovarieties play the role of free algebras
in the theory of varieties. Combinatorial problems on rational languages translate into
algebraic-topological problems on profinite semigroups. The aim of these lecture notes is
to introduce these topics and to show how they intervene in the most recent developments
in the area.

1 Introduction

With the advent of electronic computers in the 1950’s, the study of simple formal models
of computers such as automata was given a lot of attention. The aims were multiple: to
understand the limitations of machines, to determine to what extent they might come to
replace humans, and later to obtain efficient schemes to organize computations. One of the
simplest models that quickly emerged is the finite automaton which, in algebraic terms, is
basically the action of a finitely generated free semigroup on a finite set of states and thus
leads to a finite semigroup of transformations of the states [48, 61].

In the 1960’s, the connection with finite semigroups was first explored to obtain com-
putability results [79] and in parallel a decomposition theory of finite computing devices
inspired by the theory of groups and the complexity of such decompositions [51, 52], again
led to the development of a theory of finite semigroups [21], which had not previously merited
any specific attention from specialists on semigroups.

In the early 1970’s, both trends, the former more combinatorial and more directly con-
cerned with applications in computer science, the latter more algebraic, continued to flourish
with various results that nowadays are seen as pioneering. In the mid-1970’s, S. Eilenberg,
in part with the collaboration of M. P. Schiitzenberger and B. Tilson [35, 36] laid the foun-
dations for a theory which was already giving signs of being potentially quite rich. One of
the cornerstones of their work is the notion of a pseudovariety of semigroups and a corre-
spondence between such pseudovarieties and varieties of rational languages which provided a
systematic framework and a program for the classification of rational languages.

V. B. Kudryavtsev and 1. G. Rosenberg (eds.),
Structural Theory of Automata, Semigroups, and Universal Algebra, 1-45.
© 2005 Springer. Printed in the Netherlands.
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The next ten years or so were rich in the execution of Eilenberg’s program [53, 64, 65]
which in turn led to deep problems such as the identification of the levels of J. Brzozowski’s
concatenation hierarchy of star-free languages [29] while various steps forward were taken in
the understanding of the Krohn-Rhodes group complexity of finite semigroups [73, 71, 47].

In the beginning of the 1980’s, the author was exploring connections of the theory of pseu-
dovarieties with Universal Algebra to obtain information on the lattice of pseudovarieties of
semigroups and to compute some operators on pseudovarieties (see [3] for results and refer-
ences). The heart of the combinatorial work was done by manipulating identities and so when
J. Reiterman [70] showed that it was possible to define pseudovarieties by pseudoidentities,
which are identities with an enlarged signature whose interpretation in finite semigroups is
natural, this immediately appeared to be a powerful tool to explore. Reiterman introduced
pseudoidentities as formal equalities of implicit operations, and defined a metric structure
on sets of implicit operations but no algebraic structure. There is indeed a natural algebraic
structure and the interplay between topological and algebraic structure turns out to be very
rich and very fruitful.

Thus, the theory of finite semigroups and applications led to the study of profinite semi-
groups, particularly those that are free relative to a pseudovariety. These structures play the
role of free algebras for varieties in the context of profinite algebras, which already explains
the interest in them. When the first concrete new applications of this approach started to
appear (see [3] for results and references), other researchers started to consider it too and
nowadays it is viewed as an important tool which has found applications across all aspects
of the theory of pseudovarieties.

The aim of these notes is to introduce this area of research, essentially from scratch, and
to survey a significant sample of the most important recent developments. In Section 2 we
show how the study of finite automata and rational languages leads to study pseudovarieties
of finite semigroups and monoids, including some of the key historical results.

Section 3 explains how relatively free profinite semigroups are found naturally in trying
to construct free objects for pseudovarieties, which is essentially the original approach of B.
Banaschewski [26] in his independent proof that pseudoidentities suffice to define pseudovari-
eties. The theory is based here on projective limits but there are other alternative approaches
[3, 7]. Section 3 also lays the foundations of the theory of profinite semigroups which are fur-
ther developed in Section 4, where the operational aspect is explored. Section 4 also includes
the recent idea of using iteration of implicit operations to produce new implicit operations.
Subsection 4.3 presents for the first time a proof that the monoid of continuous endomor-
phisms of a finitely generated profinite semigroup is profinite so that implicit operations on
finite monoids also have natural interpretations in that monoid.

The remaining sections are dedicated to a reasonably broad survey, without proofs, of how
the general theory introduced earlier can be used to solve problems. Section 5 sketches the
proof of I. Simon’s characterization of piecewise testable languages in terms of the solution of
the word problem for free pro-J semigroups. Section 6 presents an introduction to the notion
of tame pseudovarieties, which is a sophisticated tool to handle decidability questions which
extends the approach of C. J. Ash to the “Type II conjecture” of J. Rhodes, as presented
in the seminal paper [22]. The applications of this approach can be found in Sections 7
and 8 in the computation of several pseudovarieties obtained by applying natural operators
to known pseudovarieties. The difficulty in this type of calculation is that it is known that
those operators do not preserve decidability [1, 72, 24]. The notion of tameness came about
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precisely in trying to find a stronger form of decidability which would be preserved or at least
guarantee decidability of the operator image [15].

Finally, Section 9 introduces some very recent developments in the investigation of con-
nections between free profinite semigroups and Symbolic Dynamics. The idea to explore such
connections eventually evolved from the need to build implicit operations through iteration
in order to prove that the pseudovariety of finite p-groups is tame [6]. Once a connection
with Symbolic Dynamics emerged several applications were found but only a small aspect is
surveyed in Section 9, namely that which appears to have a potential to lead to applications
of profinite semigroups to Symbolic Dynamics.

2 Automata and languages

An abstraction of the notion of an automaton is that of a semigroup S acting on a set @), whose
members are called the states of the automaton. The action is given by a homomorphism
¢ S — Bg into the semigroup of all binary relations on the set @, which we view as acting
on the right. If all binary relations in ¢(S5) have domain @, then one talks about a complete
automaton, as opposed to a partial automaton in the general situation. If all elements of
¢(S) are functions, then the automaton is said to be deterministic. The semigroup ¢(S) is
called the transition semigroup of the automaton. In some contexts it is better to work with
monoids, and then one assumes the acting semigroup S to be a monoid and the action to be
given by a monoid homomorphism ¢.

Usually, a set of generators A of the acting semigroup S is fixed and so the action homo-
morphism ¢ is completely determined by its restriction to A. In case both @ and A are finite
sets, the automaton is said to be finite. Of course the restriction that @ is finite is sufficient
to ensure that the transition semigroup of the automaton is finite.

To be used as a recognition device, one fixes for an automaton a set I of initial states
and a set F' of final states. Moreover, in Computer Science one is interested in recognizing
sets of words (or strings) over an alphabet A, so that the acting semigroup is taken to be the
semigroup A% freely generated by A, consisting of all non-empty words in the letters of the
alphabet A. The language recognized by the automaton is then the following set of words:

L={we At :pw)n (I xF)#0}. (2.1)

If the empty word 1 is also relevant, then one works instead in the monoid context and
one considers the free monoid A*, the formula (2.1) for the language recognized being then
suitably adapted. Whether one works with monoids or with semigroups is often just a
matter of personal preference, although there are some instances in which the two theories
are not identical. Most results in these notes may be formulated in both settings and we
will sometimes switch from one to the other without warning. Parts of the theory may be
extended to a much a more general universal algebraic context (see [3, 7] and M. Steinby’s
lecture notes in this volume).

For an example, consider the automaton described by Fig. 1 where we have two states,
1 and 2, the former being both initial and final, and two acting letters, a and b, the action
being determined by the two partial functions associated with a and b, respectively @ : 1 +— 2
and b : 2 + 1. The language of {a,b}* recognized by this automaton consists of all words of
the form (ab)* with k > 0 which are labels of paths starting and ending at state 1. This is
the submonoid generated by the word ab, which is denoted (ab)*.



4 J. Almeida

Figure 1

In terms of the action homomorphism, the language L of (2.1) is the inverse image of
a specific set of binary relations on Q. We say that a language L C AT is recognized by a
homomorphism v : AT — § into a semigroup S if there exists a subset P C S such that
L = 7P or, equivalently, if L = ¢~"4)L. We also say that a language is recognized by a
finite semigroup S if it is recognized by a homomorphism into S. By the very definition of
recognition by a finite automaton, every language which is recognized by such a device is also
recognized by a finite semigroup.

Conversely, if L = ¢~ 14 L for a homomorphism ¢ : AT — S into a finite semigroup,
then one can construct an automaton recognizing L as follows: for the set of states take S',
the monoid obtained from S by adjoining an identity if S is not a monoid and S otherwise;
for the action take the composition of ¢ with the right reqular representation, namely the
homomorphism ¢ : AT — Bgi which sends each word w to right translation by ¢ (w), that
is the function s +— stp(w). This proves the following theorem and, by adding the innocuous
assumption that v is onto, it also shows that every language which is recognized by a finite
automaton is also recognized by a finite complete deterministic automaton with only one
initial state (the latter condition being usually taken as part of the definition of deterministic
automaton).

2.1 Theorem (Myhill [61]) A language L is recognized by a finite automaton if and only
if it is recognized by a finite semigroup.

In particular, the complement AT \ L of a language L C AT recognized by a finite
automaton is also recognized by a finite automaton since a homomorphism into a finite
semigroup recognizing a language also recognizes its complement.

A language L C A* is said to be rational (or regular) if it may be expressed in terms
of the empty language and the languages of the form {a} with a € A by applying a finite
number of times the binary operations of taking the union L U K of two languages L and
K or their concatenation LK = {uv : u € L,v € K}, or the unary operation of taking the
submonoid L* generated by L; such an expression is called a rational expression of L. For
example, if letters stand for elementary tasks a computer might do, union and concatenation
correspond to performing tasks respectively in parallel or in series, while the star operation
corresponds to iteration. The following result makes an important connection between this
combinatorial concept and finite automata. Its proof can be found in any introductory text
to automata theory such as Perrin [63].

2.2 Theorem (Kleene [48]) A language L over a finite alphabet is rational if and only if
it is recognized by some finite automaton.
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An immediate corollary which is not evident from the definition is that the set of rational
languages L C A* is closed under complementation and, therefore it constitutes a Boolean
subalgebra of the algebra P(A™) of all languages over A.

Rational languages and finite automata play a crucial role in both Computer Science
and current applications of computers, since many very efficient algorithms, for instance for
dealing with large texts use such entities [34]. This already suggests that studying finite semi-
groups should be particularly relevant for Computer Science. We present next one historical
example showing how this relevance may be explored.

The star-free languages over an alphabet A constitute the smallest Boolean subalgebra
closed under concatenation of the algebra of all languages over A which contains the empty
language and the languages of the form {a} with a € A. In other words, this definition
may be formulated as that of rational languages but with the star operation replaced by
complementation. Plus-free languages L C AT are defined similarly.

On the other hand we say that a finite semigroup S is aperiodic if all its subsemigroups
which are groups (in this context called simply subgroups) are trivial. Equivalently, the cyclic
subgroups of S should be trivial, which translates in terms of universal laws to stating that
S should satisfy some identity of the form 2"+ = ™.

The connection between these two concepts, which at first sight have nothing to do with
each other, is given by the following remarkable theorem.

2.3 Theorem (Schiitzenberger [79]) A language over a finite alphabet is star-free if and
only if it is recognized by a finite aperiodic monoid.

Eilenberg [36] has given a general framework in which Schiitzenberger’s theorem becomes
an instance of a general correspondence between families of rational languages and finite
monoids. To formulate this correspondence, we first introduce some important notions.

The syntactic congruence of a subset L of a semigroup S is the largest congruence pr
on S which saturates L in the sense that L is a union of congruence classes. The existence of
such a congruence may be easily established even for arbitrary subsets of universal algebras
[3, Section 3.1]. For semigroups, it is easy to see that it is the congruence p;, defined by
w pp, v if, for all z,y € SY, zuy € L if and only if zvy € L, that is if u and v appear as factors
of members of L precisely in the same context. The quotient semigroup S/py, is called the
syntactic semigroup of L and it is denoted Synt L; the natural homomorphism S — S/py, is
called the syntactic homomorphism of L.

The syntactic semigroup Synt L of a rational language L C A* is the smallest semigroup S
which recognizes L. Indeed all semigroups of minimum size which recognize L are isomorphic.
To prove this, one notes that a homomorphism ¢ : AT — S recognizing L may as well be taken
to be onto, in which case S is determined up to isomorphism by a congruence on A%, namely
the kernel congruence ker 1) which identifies two words if they have the same image under .
The assumption that v recognizes L translates in terms of this congruence by stating that
ker ¢ saturates L and so ker is contained in p;. Noting that rationality really played no
role in the argument, this proves the following result where we say that a semigroup S divides
a semigroup 71" and we write S < 7" if S is a homomorphic image of some subsemigroup of 7.

2.4 Proposition A language L C AT is recognized by a semigroup S if and only if Synt L
divides S.
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The syntactic semigroup of a rational language L may be effectively computed from
a rational expression for the language. Namely, one can efficiently compute the minimal
automaton of L [63], which is the complete deterministic automaton recognizing L with the
minimum number of states; the syntactic semigroup is then the transition semigroup of the
minimal automaton.

Given a finite semigroup S, one may choose a finite set A and an onto homomorphism
¢ AT — S: for instance, one can take A = S and let ¢ be the homomorphism which extends
the identity funtion A — S. For each s € S, let L, = ¢~ !s. Since ¢ is an onto homomorphism
which recognizes Lg, there is a homomorphism g : S — Synt L, such that the composite
function 1, o ¢ : At — Synt Ly is the syntactic homomorphism of L. The functions 1)
induce a homomorphism v : S — [], ¢ Synt L, which is injective since 5(t) = 1)(s) means
that there exist u,v € AT such that ¢(u) = s, p(v) = t and u pr, v, which implies that
v € Lg since u € Lg and so t = s. As we did at the beginning of the section, we may turn
¢ : AT — S into an automaton which recognizes each of the languages Ly and from this any
proof of Kleene’s Theorem will yield a rational expression for each L;. Hence we have the
following result.

2.5 Proposition For every finite semigroup S one may effectively compute rational lan-
guages Ly, ..., L, over a finite alphabet A which are recognized by S and such that S divides

H;]:l Synt Lz .

It turns out there are far too many finite semigroups for a classification up to isomorphism
to be envisaged [78]. Instead, from the work of Schiitzenberger and Eilenberg eventually
emerged [36, 37] the classification of classes of finite semigroups called pseudovarieties. These
are the (non-empty) closure classes for the three natural algebraic operators in this context,
namely taking homomorphic images, subsemigroups and finite direct products. For example,
the classes A, of all finite aperiodic semigroups, and G, of all finite groups, are pseudovarieties
of semigroups.

On the language side, the properties of a language may depend on the alphabet on which
it is considered. To take into account the alphabet, one defines a variety of rational languages
to be a correspondence V associating to each finite alphabet A a Boolean subalgebra V(A™)
of P(AT) such that

(1) if L € V(AT) and a € A then the guotient languages a 'L = {w : aw € L} and
La™! = {w: wa € L} belong to V(A") (closure under quotients);

(2) if ¢ : AT — B7 is a homomorphism and L € V(B™) then the inverse image ¢~ 'L
belongs to V(A™) (closure under inverse homomorphic images).

For example, the correspondence which associates with each finite alphabet the set of all
plus-free languages over it is a variety of rational languages. The correspondence between
varieties of rational languages and pseudovarieties is easily described in terms of the syntactic
semigroup as follows:

e associate with each variety of rational languages V the pseudovariety V generated by
all syntactic semigroups Synt L with L € V(A™);
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e associate with each pseudovariety V of finite semigroups the correspondence

V:AVAT)={LC A" :SyntL eV}
= {L C A" : L is recognized by some S € V}

Since intersections of non-empty families of pseudovarieties are again pseudovarieties,
pseudovarieties of semigroups constitute a complete lattice for the inclusion ordering. Sim-
ilarly, one may order varieties of languages by putting V < W if V(AT) C W(A™) for every
finite alphabet A. Then every non-empty family of varieties (V;);c; admits the infimum V
given by V(AT) = (V;c; Vi(AT) and so again the varieties of rational languages constitute a
complete lattice.

2.6 Theorem (Eilenberg [36]) The above two correspondences are mutually inverse iso-
morphisms between the lattice of varieties of rational languages and the lattice of pseudova-
rieties of finite semigroups.

Schiitzenberger’s Theorem provides an instance of this correspondence, but of course this
by no means says that that theorem follows from Eilenberg’s Theorem. See M. V. Volkov’s
lecture notes in this volume and Section 5 for another important “classical” instance of Eilen-
berg’s correspondence, namely Simon’s Theorem relating the variety of so-called piecewise
testable languages with the pseudovariety J of finite semigroups in which every principal
ideal admits a unique element as a generator. See Eilenberg [36] and Pin [65] for many more
examples.

2.7 Example An elementary example which is easy to treat here is the correspondence
between the variety N of finite and cofinite languages and the pseudovariety N of all finite
nilpotent semigroups. We say that a semigroup S is nilpotent if there exists a positive integer
n such that all products of n elements of S are equal; the least such n is called the nilpotency
index of S. The common value of all sufficiently long products in a nilpotent semigroup
must of course be zero. If the alphabet A is finite, the finite semigroup S is nilpotent with
nilpotency index n, and the homomorphism ¢ : AT — S recognizes the language L, then
either ¢ L does not contain zero, so that L must consist of words of length smaller than n
which implies L is finite, or ¢ L contains zero and then every word of length at least n must
lie in L, so that the complement of L is finite.

Since N is indeed a pseudovariety and the correspondence N associating with a finite al-
phabet A the set of all finite and cofinite languages L C At is a variety of rational languages,
to prove the converse it suffices, by Eilenberg’s Theorem, to show that every singleton lan-
guage {w} over a finite alphabet A is recognized by a finite nilpotent semigroup. Now, given
a finite alphabet A and a positive integer n, the set I,, of all words of length greater than n
is an ideal of the free semigroup A" and the Rees quotient A™/I,, in which all words of I,
are identified to a zero element, is a member of N. If w ¢ I,,, that is if the length |w| of w
satisfies |w| < n, then the quotient homomorphism A" — A* /I, recognizes {w}. Hence we
have N < N via Eilenberg’s correspondence.

Eilenberg’s correspondence gave rise to a lot of research aimed at identifying pseudovari-
eties of finite semigroups corresponding to combinatorially defined varieties of rational lan-
guages and, conversely, varieties of rational languages corresponding to algebraically defined
pseudovarieties of finite semigroups.
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Another aspect of the research is explained in part by the different character of the two
directions of Eilenberg’s correspondence. The pseudovariety V associated with a variety V
of rational languages is defined in terms of generators. Nevertheless, Proposition 2.5 shows
how to recover from a given semigroup S € V an expression for S as a divisor of a product of
generators so that a finite semigroup S belongs to V if and only if the languages computed
from S according to Proposition 2.5 belong to V.

On the other hand, if we could effectively test membership in V, then we could effectively
determine if a rational language L C A% belongs to V(A1): we would simply compute the
syntactic semigroup of L and test whether it belongs to V, the answer being also the answer
to the question of whether L € V(A™). This raises the most common problem encountered
in finite semigroup theory: given a pseudovariety V defined in terms of generators, determine
whether it has a decidable membership problem. A pseudovariety with this property is said
to be decidable. Since for instance for each set P of primes, the pseudovariety consisting of all
finite groups G such that the prime factors of |G| belong to P determines P, a simple counting
argument shows that there are too many pseudovarieties for all of them to be decidable. For
natural constructions of undecidable pseudovarieties from decidable ones see [1, 24].

For the reverse direction, given a pseudovariety V one is often interested in natural and
combinatorially simple generators for the associated variety V of rational languages. These
generators are often defined in terms of Boolean operations: for each finite alphabet A a
“natural” generating subset for the Boolean algebra V(A™) should be identified. For instance,
a language L C AT is piecewise testable if and only if it is a Boolean combination of languages
of the form A*a; A*---a, A* with aq,...,a, € A. We will run again into this kind of question
in Subsection 3.3 where it will be given a simple topological formulation.

3 Free objects

A basic difficulty in dealing with pseudovarieties of finite algebraic structures is that in general
they do not have free objects. The reason is quite simple: free objects tend to be infinite.

As a simple example, consider the pseudovariety N of all finite nilpotent semigroups. For
a finite alphabet A and a positive integer n, denoting again by I, the set of all words of length
greater than n, the Rees quotient AT /I, belongs to N. In particular, there are arbitrarily
large A-generated finite nilpotent semigroups and therefore there can be none which is free
among them. In general, there is an A-generated free member of a pseudovariety V if and
only if up to isomorphism there are only finitely many A-generated members of V, and most
interesting pseudovarieties of semigroups fail this condition.

In universal algebraic terms, we could consider the free objects in the variety generated
by V. This variety is defined by all identities which are valid in V and for instance for N
there are no such nontrivial semigroup identities: in the notation of the preceding paragraph,
AT /I, satisfies no nontrivial identities in at most |A| variables in which both sides have
length at most n. This means that if we take free objects in the algebraic sense then we lose
a lot of information since in particular all pseudovarieties containing N will have the same
associated free objects.

Let us go back and try to understand better what is meant by a free object. The idea is
to take a structure which is just as general as it needs to be in order to be more general than
all A-generated members of a given pseudovariety V. Let us take two A-generated members
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of V, say given by functions ¢; : A — S; such that ¢;(A) generates S; (i = 1,2). Let T be the
subsemigroup of the product generated by all pairs of the form (¢1(a), p2(a)) with a € A.
Then T is again an A-generated member of V and we have the commutative diagram

A
Y1 ¥2
/ v \
Sy < n T S So

where 7; : T — S; is the projection on the ith component. The semigroup 7 is therefore more
general than both S; and Sy as an A-generated member of V and it is as small as possible
to satisfy this property. We could keep going on doing this with more and more A-generated
members of V but the problem is that we know, by the above discussion concerning N, that in
general we will never end up with one member of V which is more general than all the others.
So we need some kind of limiting process. The appropriate construction is the projective (or
inverse) limit which we proceed to introduce in the somewhat wider setting of topological
semigroups.

3.1 Profinite semigroups

By a directed set we mean a poset in which any two elements have a common upper bound.
A subset C of a poset P is said to be cofinal if, for every element p € P, there exists ¢ € C'
such p <ec.

By a topological semigroup we mean a semigroup S endowed with a topology such that
the semigroup operation S x S — S is continuous. Fix a set A and consider the category of
A-generated topological semigroups whose objects are the mappings A — S into topological
semigroups whose images generate dense subsemigroups, and whose morphisms 6 : ¢ — ¥,
from o : A — S toy : A — T, are given by continuous homomorphisms 6 : S — T such
that 6 o ¢ = 1. Now, consider a projective system in this category, given by a directed set I
of indices, for each i € I an object ¢; : A — S; in our category of A-generated topological
semigroups and, for each pair 4, j € I with i > j, a connecting morphism 1; ; : ¢; — ¢; such
that the following conditions hold for all 7, j, k € I:

e ;; is the identity morphism on ¢;;
e if g > ] > k then 1/)]"]{ ] 'l/]@j = 'l/Jiyk.
The projective limit of this projective system is an A-generated topological semigroup & :
A — S together with morphisms ®; : ® — ¢; such that for all 4, j € I withi > j, ¢); jo®; = ®;
and, moreover, the following universal property holds:
For any other A-generated topological semigroup ¥ : A — T and morphisms
W; : U — ; such that for all i,j € I with i > j, 1;; o ¥; = U, there exists a
morphism 0 : U — ® such that ®; 00 = V; for everyi € I.

The situation is depicted in the following two commutative diagrams of morphisms and
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mappings respectively:

&

o
|
|

¥y ¥
]

/\

%ﬁ%

S — 5
% Vi ¥

The uniqueness up to isomorphism of such a projective limit is a standard diagram chasing
exercise. Existence may be established as follows.

Consider the subsemigroup S of the product [];c; S; consisting of all (s;)ies such that,
for all 4,5 € I with ¢ > j,

pij(si) = s; (3.1)
endowed with the induced topology from the product topology. To check that S provides
a construction of the projective limit, we first claim that the mapping ® : A — S given by
®(a) = (pi(a))ier is such that ®(A) generates a dense subsemigroup T" of S. Indeed, since
the system is projective, to find an approximation (¢;);c; € T to an element (s;);cs of S given
by t;; € K;; for a clopen set K;; C S;; containing s;; with j = 1,...,n, one may first take
k € I such that & > 4;,...,4,. Then, by the hypothesis that the subsemigroup T} of Sk
generated by ¢y (A) is dense, there is a word w € A™ which in T} represents an element of
the open set (% i1 wk i, i since this set is non-empty as si belongs to it. This word w then
represents an element (tz)ze 7 of T" which is an approximation as required.

It is now an easy exercise to show that the projections ®; : S — S; have the above universal
property. Note that since each of the conditions (3.1) only involves two components and ¢; j is
continuous, S is a closed subsemigroup of the product [,c; S;. So, by Tychonoft’s Theorem,
if all the S; are compact semigroups, then so is S. We assume Hausdorff’s separation axiom
as part of the definition of compactness.

Recall that a topological space is totally disconnected if its connected components are
singletons and it is zero-dimensional if it admits a basis of open sets consisting of clopen
(meaning both closed and open) sets. See Willard [93] for a background in General Topology.

A finite semigroup is always viewed in this paper as a topological semigroup under the
discrete topology. A profinite semigroup is defined to be a projective limit of a projective
system of finite semigroups in the above sense, that is for some suitable choice of generators.
The next result provides several alternative definitions of profinite semigroups.

3.1 Theorem The following conditions are equivalent for a compact semigroup S':
(1) S is profinite;
(2) S is residually finite as a topological semigroup;

(3) S is a closed subdirect product of finite semigroups;
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(4) S is totally disconnected;
(5) S is zero-dimensional.

Proof By the explicit construction of the projective limit we have (1) = (2) while (2) = (3) is
easily verified from the definitions. For (3) = (1), suppose that ® : S — [, S; is an injective
continuous homomorphism from the compact semigroup S into a product of finite semigroups
and that the factors are such that, for each component projection m; : [[;c; S;i — S; the
mapping 7; o ® : S — S; is onto. We build a projective system of S-generated finite
semigroups by considering all onto mappings of the form ®p : § — Sp where F' is a finite
subset of I and ®p = mp o ® where 7r : [[;c; Si — [[;cp Si denotes the natural projection;
the indexing set is therefore the directed set of all finite subsets of I, under the inclusion
ordering, and for the connecting homomorphisms we take the natural projections. It is now
immediate to verify that S is the projective limit of this projective system of finite S-generated
semigroups.

Since a product of totally disconnected spaces is again totally disconnected, we have
(3) = (4). The equivalence (4) < (5) holds for any compact space and it is a well-known
exercise in General Topology [93].

Up to this point in the proof, the fact that we are dealing with semigroups rather than
any other variety of universal algebras really makes no essential difference. To complete
the proof we establish the implication (5) = (2), which was first proved by Numakura [62].
Given two distinct points s,t € S, by zero-dimensionality they may be separated by a clopen
subset K C S in the sense that s lies in K and ¢ does not. Since the syntactic congruence pg
saturates K, the congruence classes of s and t are distinct, that is the quotient homomorphism
¢ : S — Synt K sends s and t to two distinct points. Hence, to prove (2) it suffices to show
that Synt K is finite and ¢ is continuous, which is the object of Lemma 3.3 below. O

As an immediate application we obtain the following closure properties for the class of
profinite semigroups.

3.2 Corollary A closed subsemigroup of a profinite semigroup is also profinite. The product
of profinite semigroups is also profinite.

The following technical result has been extended in [2] to a universal algebraic setting in
which syntactic congruences are determined by finitely many terms. See [32] for the precise
scope of validity of the implication (5) = (1) in Theorem 3.1 and applications in Universal
Algebra.

We say that a congruence p on a topological semigroup is clopen if its classes are clopen.

3.3 Lemma (Hunter [44]) IfS is a compact zero-dimensional semigroup and K is a clopen
subset of S then the syntactic congruence pr 1is clopen, and therefore it has finitely many
classes.

Proof The proof uses nets, sequences indexed by directed sets which play for general topo-
logical spaces the role played by usual sequences for metric spaces [93]. Let (s;);cr be a
convergent net in S with limit s. We should show that there exists iy € I such that, when-
ever i > ip, we have s; px s. Suppose on the contrary that for every j € I there exists i > j
such that s; is not in the same pg-class as s. The set A consisting of all i € I such that
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s; is not in the pr-class of s is then a cofinal subset of I which determines a subnet (s;)ica
converging to s from outside the pg-class of s.

Now we use the characterization of syntactic congruences on semigroups: for each i € A
there exist x;,y; € S' such that the products x;s,y; and x;sy; do not both lie in K. Note that
if a directed set is partitioned into two parts, one of them must contain a cofinal subset. Hence
for some cofinal subset of indices M we must have all of the x;s;y; with i € M lying in K or all
of them lying in the complement S\ K, while the opposite holds for z;sy;. By compactness
and taking subnets, we may as well assume that the nets (z;)ieps and (yi)iens converge,
say to x and y, respectively. By continuity of multiplication in S, the nets (z;8;¥;)icm and
(2;8Y:)iem both converge to xsy. Since both K and S\ K are closed, it follows that xzsy
must lie in both K and S\ K, which is absurd. Hence the classes of py are open and, since
they form a partition of a compact space, there can only be finitely many of them and they
are also closed. m|

3.2 Relatively free profinite semigroups

For a pseudovariety V, we say that a profinite semigroup S is pro-V if it is a projective limit
of members of V. In view of Theorem 3.1 and its proof, this condition is equivalent to the
profinite semigroup being a subdirect product of members of V and also to being residually V
in the sense that for all distinct s1, so € S there exists a continuous homomorphism ¢ : S — T
such that T € V and ¢(s1) # ¢(s2).

Let us go back to the construction of free objects for a pseudovariety V. For a generating
set A the idea was to take the projective limit of all A-generated members of V. For set
theoretical reasons this is inconvenient since there are too many such semigroups but nothing
is lost in considering only representatives of isomorphism classes and that is what we do.
So, let Vo be a set containing a representative from each isomorphism class of A-generated
members of V. The set V( determines a projective system by taking the unique connecting
homomorphisms with respect to the choice of generators. The projective limit of this system
is denoted Q4V.

3.4 Proposition The profinite semigroup QaV has the following universal property: the
natural mapping v : A — QAV is such that, for every mapping ¢ : A — S into a pro-V
semigroup there exists a unique continuous homomorphism @ : QaV — S such that por =
as depicted in the following diagram:

A—T,V
|

P

-
o=

Proof Since pro-V semigroups are subdirect products of members of V, it suffices to consider
the case when S itself lies in V. Without loss of generality, we may assume that S is generated
by ¢(A). Then S is isomorphic, as an A-generated semigroup, to some member of V( and
so we may further assume that S € Vj. But then, from our explicit construction of the
projective limit as a closed subsemigroup of a direct product, it suffices to take ¢ to be the
projection 24V — S into the component corresponding to . O
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Since, by the usual diagram chasing there is up to isomorphism at most one A-generated
pro-V semigroup with the above universal property, we conclude that Q 4V does not depend,
up to isomorphism, on the choice of Vy. We call 24V the free pro-V semigroup on A. A
profinite semigroup is said to be relatively free if it is of the form Q4V for some set A and
some pseudovariety V.

By construction, 24V is an A-generated topological semigroup so that the subsemigroup
Q4V generated by the image of ¢ is dense in 24V, which explains the line over the capital
omega. From Proposition 3.4 it follows that 24V is the free semigroup in the variety generated
by V.

The mapping ¢ is injective provided V is not the trivial pseudovariety consisting of sin-
gleton semigroups. Hence we will often identify the elements of A with their images under ¢.

3.3 Recognizable subsets

The following result characterizes the subsets of a pro-V semigroup which are recognized by
members of V. The reader may wish to compare it with Hunter’s lemma.

3.5 Proposition Let S be a pro-V semigroup and let K C S. Then the following conditions
are equivalent:

(1) there exists a continuous homomorphism @ : S — F such that F € V and K = ¢ oK ;
(2) K is clopen;
(3) the syntactic congruence pr is clopen.

In particular, all these conditions imply that the syntactic semigroup Synt K belongs to V.

Proof Assuming the existence of a function ¢ satisfying (1), we deduce that K is clopen
since it is the inverse image under a continuous function of a clopen set. For the converse,
suppose K is clopen and let S < [],.; S; be a subdirect product of a family of members of V.
Then K may be expressed as K = SN (K U---UK,,), where each Kp is a product of the form
[Lic; Xi with X; C S; and X; = S; for all but finitely many indices. Let J be the (finite)
set of all exceptional indices with £ = 1,...,n and consider the projection ¢ : § — J];c; S;.
Then it is routine to check that ¢ is a continuous homomorphism satisfying the required
conditions. This establishes the equivalence (1) < (2).

If K is clopen then p is clopen by Hunter’s Lemma. This proves (2) = (3) and for the
converse it suffices to recall that K is saturated by px.

Finally, assuming (1), K is recognized by a semigroup from V. Since the syntactic semi-
group Synt K divides every semigroup which recognizes K by Proposition 2.4, Synt K belongs
to V since V is closed under taking divisors. a

‘We note that the assumption that Synt K belongs to V for a subset K of a pro-V semigroup
S does not suffice to deduce that K is clopen, as the following example shows. Take S to
be the Cantor set and consider the left-zero multiplication st = s on S. Although one
could easily show it directly, by Theorem 3.1 S is profinite and hence it is pro-LZ for the
pseudovariety LZ of all finite left-zero semigroups. Let K be a subset of S. Then a simple
calculation shows that the syntactic congruence pg consists of two classes, namely K and its
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complement. Hence Synt K belongs to LZ for an arbitrary subset K C .S while K does need
to be clopen.

We say that a subset L of a semigroup S is V-recognizable if there exists a homomorphism
¢ : S — F into some F € V such that L = ¢~ '¢L. Proposition 3.5 leads to the following
topological characterization of V-recognizable subsets of Q24V.

3.6 Theorem The following conditions are equivalent for a subset L C Q4V:
(1) L is V-recognizable;
(2) the closure K = L C Q4V is open and L = K NQ4V;
(3) L=KnNQaV for some clopen K C QuV.

Proof To prove (1) = (2), suppose L is recognized by a homomorphism ¢ : Q4V — F
such that F € V and L = ¢~ !¢L. By the universal property of 24V, there exists a unique
continuous homomorphism ¢ : Q4V — F extending ¢. Then K = ¢ 'L is open and
satisfies K N 24V = L. Since 24V is dense in 24V so is L dense in K, which shows K has
the required properties for (2).

The implication (2) = (3) is trivial, so it remains to show (3) = ((1)). Suppose (3)
holds. By Proposition 3.5 there exists a continuous homomorphism ¢ : Q4V — F such
that F € V and K = ¢ ¢ K. Let ¢ be the restriction of 1 to Q4V. Then we have
L=Q,VNK =Q4VnN¢ WK = ¢ 'K and so L is V-recognizable. m|

Another application of Proposition 3.5 is the following result.

3.7 Proposition The image of a pro-V semigroup under a continuous homomorphism into
a profinite semigroup is pro-V and it belongs to V if it is finite.

Proof Let ¢ :S — T be a continuous homomorphism with S pro-V and T profinite. Since
T is a subdirect product of finite semigroups, it suffices to consider the case where T is finite
and ¢ is onto and show that T € V. The sets K; = ¢~ 't, with ¢ € T', are clopen subsets of S.
By Proposition 3.5, there is for each t € T' a continuous homomorphism v : S — F} such that
F; € V and 1/;;11/)th = K;. The induced homomorphism ¢ : S — F, where F' = [],.p Ft,
has a kernel ker¢) which is contained in ker ¢ and so T" divides F', which shows that indeed
TeV. ml

The hypothesis in Proposition 3.7 that the continuous homomorphism assumes values in
a profinite semigroup cannot be removed as the following example shows. We take again S
to be the Cantor set under left-zero multiplication. It is well-known that the unit interval
T = [0,1] is a continuous image of S and so it is also a continuous homomorphic image if
we endow it with the left-zero multiplication. But of course 7' is not zero-dimensional and
therefore it is not profinite.

We have seen in Section 2 that one is often interested in describing a variety of rational
languages V by giving a set of generators for the Boolean algebra V(AT) for each finite
alphabet A. We now aim to characterize this property in topological terms.

3.8 Proposition The following conditions are equivalent for a family F of V-recognizable
subsets of QaV, where F={L:L € F}:
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(1) F generates the Boolean algebra of all V-recognizable subsets of QaV;
(2) F generates the Boolean algebra of all clopen subsets of QaV;
(3) F suffices to separate points of QaV.

Proof Note that, for subsets L, L1, Ls C Q4V, we have Ly U Ly = L1 U Ly and, by Theo-
rem 3.6, in case L is V-recognizable, the closure K = L is clopen with K N Q4V = L and
so QaV\L = Q4V\ L. Hence a Boolean expression for L in terms of elements of F gives
rise to a Boolean expression for L in terms of elements of F and vice versa. This proves the
equivalence (1) < (2).

Assume (2) and let s,t € S be two distinct points. Since the topology of Q4V is zero-
dimensional, there exists a clopen subset K C Q4V such that s € K and ¢t ¢ K. By
assumption, K admits a Boolean expression in terms of the closures of the elements of F and
therefore it admits an expression as a finitary union of finitary intersections of members of F
and their complements. At least one term of the union must contain s and none of them
can contain t, and so we may avoid taking the union. Similarly, we may avoid taking the
intersection, which shows that there is an element of F which contains one of s and ¢ but not
the other. This proves (2) = (3).

It remains to show that (3) = (2). Let F be the family of all elements of F together
with their complements. Given a closed subset C C Q4V and s € Q4V \ C, for each t € C
there exists K; € F such that s ¢ K; and t € K;. Then the K; constitute an open cover of
the closed set C' and so there are t1,...,t, € C such that K = K;, U---U Ky, contains C
but not s. This shows that we may separate points from closed sets using finitary unions of
elements of F .

Let C now be a clopen subset of Q4V. For each s € C we can find a member Ky of
the Boolean algebra generated by F containing s with empty intersection with the closed
set Q4V \ C, that is such that K, C C. Then the compact set C' is covered by the open sets
K with s € C and so there exist sq,..., Sy, such that K = K, U--- UK, covers C' and
K C C, that is C' = K. This shows that C' belongs to the Boolean algebra generated by 7.

O

3.4 Metric structure

We end this section with a brief reference to a natural metric on finitely generated profinite
semigroups. Let S be a profinite semigroup. Define, for u,v € S,

d(u, v) = e ifugto, (3.2)
0 otherwise,

where 7(u, v) denotes the minimum cardinality of a finite semigroup 7" such that there exists
a continuous homomorphism ¢ : S — T with p(u) # ¢(v). Note that d is an ultrametric in
the sense that d : S x S — [0,+00) is a function satisfying the following conditions:

e d(u,v) =0 if and only if u = v;

e d(u,v) =d(v,u);
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o d(u,w) < max{d(u,v),d(v,w)}.

The latter condition is trivial if any two of the three elements w,v,w € S coincide and
otherwise, taking logarithms, we deduce that it is equivalent to the inequality r(u,w) >
min{r(u,v), r(v,w)} which follows from the trivial fact that if p(u) = ¢(v) and ¢(v) = ¢(w)
for a function ¢ : S — T then ¢(u) = p(w). We call d the natural metric on S.

3.9 Proposition For a profinite semigroup S, the topology of S is contained in the topology
induced by the natural metric and the two topologies coincide in the case where S is finitely
generated.

Proof We denote by B:(u) the open ball {v € S : d(u,v) < e}. Given a clopen subset K
of S, by Proposition 3.5 there exists a continuous homomorphism ¢ : S — T into a finite
semigroup T such that K = ¢~1pK. Now, for t € T, the ball B,_r|(t) is contained in ¢~ (%)
and so K is a finite union of open balls.

Next assume that S is finitely generated. Consider the open ball B = By—n(u). Observe
that up to isomorphism there are only finitely many semigroups with at most n elements.
Since S is finitely generated, there are only finitely many kernels of continuous homomor-
phisms from S into semigroups with at most n elements and so their intersection is a clopen
congruence on S. It follows that there exists a continuous homomorphism ¢ : § — T into a
finite semigroup T such that p(u) = @(v) if and only if r(u,v) > n. Hence B = o @B so
that B is open in the topology of S. m|

We observe that the natural metric d is such that the multiplication is contracting in the
sense that the following additional condition is satisfied:

e d(uv,wz) < max{d(u,w),d(v,z)}.

The completion S of a topological semigroup S whose topology is induced by a contracting
metric inherits a semigroup structure where the product of two elements s,t € S is de-
fined by taking any sequences (s,), and (t,), converging respectively to s and ¢ and noting
that (sptn)n is a Cauchy sequence whose limit st does not depend on the choice of the two
sequences. This gives S the structure of a topological semigroup.

In the case of a relatively free profinite semigroup 24V, by Proposition 3.7 the finite
continuous homomorphic images of Q4V are the A-generated members of V. Moreover, by
Proposition 3.4 every homomorphism from Q4V to a member of V has a unique continuous
homomorphic extension to 24V. We define the natural metric on 24V to be the restriction
to Q4V of the natural metric on 24V and we observe that, by the preceding remarks, this
is equivalent to defining the natural metric directly on Q4V by the formula (3.2) where now
r(u,v) denotes the minimum cardinality of a semigroup 7' € V such that there exists a
homomorphism ¢ : Q4V — T with p(u) # p(v).

We are thus led to an alternative construction of Q4V.

3.10 Theorem For a finite set A, the completion of the semigroup QAV with respect to the
natural metric is a profinite semigroup isomorphic to Q4V.

Proof By Proposition 3.9, 24V is a metric space under the natural metric, and its restriction
to the dense subspace 24V is the natural metric of Q4V. By results in General Topology
[93, Theorem 24.4], it follows that the metric space (24V,d) is the completion of (Q4V,d).
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It remains to show that the multiplication of the completion as defined above coincides with
the multiplication of Q4V which follows from the continuity of multiplication in Q24V. |

4 The operational point of view

It is well known from Universal Algebra that a term w in a free algebra F' on n generators
(the variables) in a variety V induces an n-ary operation on the members S of V basically by
substituting the arguments for the variables and operating in S [31]. This may be formulated
by taking the unique extension of the variable evaluation to a homomorphism ¢ : F' — S and
then computing the image ¢(w). This formulation can be suitably applied to relatively free
profinite semigroups, which is the starting point for this section.

4.1 Implicit operations

Given w € Q4V and a pro-V semigroup S, there is a natural interpretation of w as an
operation on S namely the mapping wg : S4 — S which sends a function ¢ : A — S to @(w)
where ¢ : Q4V — § is the unique continuous homomorphism such that ¢ ot = ¢, where in
turn ¢ : A — QuV denotes the generating function associated with Q4V as the free pro-V
semigroup on A.

4.1 Proposition The function wg as defined above is continuous and if f : S — T is a con-
tinuous homomorphism between two pro-V semigroups then the following diagram commutes

gA s g (4.1)

A0

wTr

A —=T

where fA(p) = fop forpe SA.

Proof We first prove the commutativity of the diagram (4.1). Consider the diagram
A—>QuV

17T

S 7 T

By the universal property of Q4V there is a unique continuous homomorphism f/c—JTp such
that the diagram commutes. Since f o ¢ also has this property, it follows that fop = fo .
Hence we have

wr(fA(@) = wr(f op) = fop(w) = (f o @)(w) = f(p(w)) = fws(p)).

which establishes commutativity of diagram (4.1).

To prove continuity of the natural interpretation wg, let K C S be a clopen subset. By
Proposition 3.5 there exists a continuous homomorphism f : S — T such that 7" € V and
K = f~1fK. By commutativity of diagram (4.1) we have

wglK = ws UK = (fA) w;lfK.
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Since wr is continuous, as T is finite, and f is also continuous, we conclude that wglK is
clopen. Hence wg is continuous. O

We say that the operation w commutes with the homomorphism f : S — T if the di-
agram (4.1) commutes. An operation w = (wg)gey with an interpretation wg : S4 — A
on each S € V is called an A-ary implicit operation on V if it commutes with every ho-
momorphism f : S — T between members of V. The natural interpretation provides a
representation

0 : Q4V — {A-ary implicit operations on V}
w— (ws)sev

Since 24V is residually V, given distinct u,v € Q4V there exists S € V and a continuous
homomorphism ¢ : Q4V — S such that p(u) # ¢(v), that is ug(p o) # vs(p o), and so we
have ug # vg, which shows that © is injective.

4.2 Theorem The mapping © is a bijection.

Proof Let w = (wg)sev be an A-ary implicit operation on V. We exhibit an element
s € Q4V such that ©(s) = w. For this purpose, we take a specific representation of Q4V
as a projective limit of members of V namely as the projective limit of a projective system
containing one representative from each isomorphism class of A-generated members of V:
;i + A — S; (i € I) with connecting morphisms ¥ ; : ¢; — ¢; (i > 7). Let s; = wg,(¢;)-
Since w is an implicit operation, a simple calculation shows that 1; ;(s;) = s; whenever ¢ > j.
Hence (s;)ics determines an element s of the projective limit Q4V.

It remains to show that ©(s) = w, that is s = wr for every T € V. Let ¢ € T4. Since
both s and w are implicit operations, we may as well assume that ¢(A) generates T'. Hence
up to isomorphism ¢ : A — T is one of the ¢; : A — S; and so we may assume that the two
mappings coincide. Then we have

s7(p) = s5,(¢i) = @i(s) = si = ws, (i) = wr(p)

where the middle step comes from the observation that ¢; is the projection on the ith com-
ponent. This completes the proof of the equality ©(s) = w. a

In view of Theorem 4.2 we will from here on identify members of Q4V with A-ary implicit
operations on V. It is this operational point of view that explains the capital omega €2 in
the notation for free pro-V semigroups. Starting from an implicit operation on V we realize
that it has a natural extension to an operation on all pro-V semigroups which commutes with
continuous homomorphisms. Treating a positive integer n as a set with n elements, we may
speak of n-ary implicit operations.

Recall that 24V denotes the subsemigroup of €24V generated by the image of the natural
generating mapping ¢ : A — Q4V. Note that natural interpretation of ic(a) for a € A is
given by ¢ € S4 — ¢(a), that is the projection on the a-component if we view S* as a
product. Hence Q4V corresponds under the above mapping © to the semigroup of A-ary
implicit operations generated by these component projections, that is the semigroup terms
over A as interpreted in V. The elements of Q 4V are also called explicit operations.

For a class € of finite semigroups, denote by V(@) the pseudovariety generated by €. In
case € = {S1,..., Sy}, we may write V(S,...,S,) instead of V(C). Note that V(S,...,S,) =
V(51 X -+ x Sp).
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4.3 Proposition Let S be a finite semigroup, V = V(S), and let A be a finite set. Then
there is an embedding QaV — S5 and so QaV is finite and Q4V = Q4V.

Proof Define the mapping & : Q4V — g5t by sending each w € 24V to its natural
interpretation wg : S4 — S. Since implicit operations commute with homomorphisms, if two
implicit operations u,v € Q4V coincide in S then they must also coincide in all of V, which
consists of divisors of finite products of copies of S. Hence our mapping is injective and the
rest of the statement follows immediately. m|

If V and W are pseudovarieties with V. C W, then an implicit operation w € QW
determines an implicit operation wly € Q4V by restriction: (ws)sew — (ws)sev. The
mapping

QAW — QV

w — wly

is called the natural projection. In terms of the construction of the projective limit, this is
indeed a projection which is obtained by disregarding all components in the product [[;c; S;
corresponding to A-generated members of W which are not in V. This proves the following
result.

4.4 Proposition For pseudovarieties V and W with V C W, the natural projection QaW —
QAV is an onto continuous homomorphism.

4.2 Pseudoidentities

By a V-pseudoidentity we mean a formal equality u = v, with u,v € Q4V for some finite
set A. If ug = vg then we say that the pseudoidentity u = v holds in a given pro-V semigroup
S, or that S satisfies u = v, and we write S = u = v. Note that S = u = v for u,v € Q4V
if and only if, for every continuous homomorphism ¢ : Q4V — S, the equality p(u) = p(v)
holds. For a subclass € C V, we also write € = u = v if S |=u = v for every S € €. The
following result is immediate from the definitions.

4.5 Lemma Let V and W be pseudovarieties with NV C W and let w : QuW — Q4V be the
natural projection. Then, for u,v € QaW, we have V = u = v if and only if n(u) = w(v).

For a set ¥ of V-pseudoidentities, we denote by [X]y (or simply by [X] if V is understood
from the context) the class of all S € V which satisfy all pseudoidentities from . From the
fact that implicit operations on V commute with homomorphisms between members of V, it
follows easily that [X] is a pseudovariety contained in V. The converse is also true.

4.6 Theorem (Reiterman [70]) A subclass V of a pseudovariety W is a pseudovariety if
and only if it is of the form V = [X]w for some set & of W-pseudoidentities.

Proof Let V be a pseudovariety contained in W and let ¥ denote the set of all W-pseudoid-
entities u = v satisfied by V with u,v € Q4W and A C X, where X is a fixed countably
infinite set. Then we have V C [X] and we claim that equality holds. Let U = [X] and let
S € U. Then there exists A C X and an onto continuous homomorphism ¢ : Q42U — S.
Let m: Q4U — Q4V be the natural projection. By Lemma 4.5, if u,v € 24U are such that
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m(u) = w(v) then V |= u = v and so u = v is a pseudoidentity from ¥ so that S =« = v and
©(u) = p(v). This show that ker 7 C ker ¢ and therefore there exists a unique homomorphism
1 : Q4V — S such that the following diagram commutes:

QAU 7.‘->QAV
-
¥ //
v,

S

We claim that ¢ is continuous. Indeed, given a subset K C S, by continuity of ¢ the set
¢ 1K is closed and therefore by continuity of m, 1 'K = mp 'K is closed. Hence 1 is an
onto continuous homomorphism. It follows that S € V by Proposition 3.7. Hence V = [Z]w.

O

There are by now many proofs of this result. It is only fair to mention Banaschewski’s
proof [26] which was obtained independently of Reiterman’s proof and which suggested look-
ing at sets of implicit operations as algebraic-topological structures, a viewpoint which proved
to be very productive.

In these notes from hereon we will always take the W of Theorem 4.6 to be the pseu-
dovariety S of all finite semigroups, that is all pseudoidentities will be S-pseudoidentities. A
set ¥ of pseudoidentities such that V = [X] is called a basis of pseudoidentities for V. The
pseudovariety V will be called finitely based if it admits a finite basis of pseudoidentities.

To give examples illustrating Reiterman’s Theorem, we now describe some important
unary implicit operations on finite semigroups. There are several equivalent ways to describe
them so we will choose one which is economical in the sense that it requires essentially no
verification. For a finite semigroup S, s € S, and k € Z, the sequence (s™**),, becomes
constant for n sufficiently large, namely n > max{|k|,|S|} suffices. Hence, in a profinite
semigroup S, for s € S and k € Z, the sequence (s™*F),, converges; we denote its limit s“+*.
In particular, we have implicit operations z“t¥ € ;S where z is the free generator of ;S.

Note that, in a finite semigroup S, for given s € S, there must be some repetition in
the powers s, 52,53, ... and so there exist minimal positive integers k, ¢ such that s* = s#+¢,
Let n be the unique integer such that £ < n < k4 ¢ and ¢ divides n. Then the powers
sk gkl sk HL constitute a cyclic group with idempotent s™ and generator s"*!, whose
inverse is s2"~1. Since s™ = s" for all m > n, it follows that s¥ is the unique idempotent
which is a power of s (with positive exponent) and s“~! is the inverse of s**! in the maximal
subgroup with idempotent s*. Hence, in a profinite group G, we have the equality g*~1 = ¢~!.

From the above unary implicit operations and multiplication one may already easily
construct lots of implicit operations such as 2%y, (z**1y*T1) and the commutator [z,y] =
g lyw—lgwtlyw+l  These examples illustrate how implicit operations are composed: given
m-ary implicit operations wi,...,w, € €,V and an n-ary implicit operation v € Q,V,
the natural interpretation of v in ,,V allows us to define v(wy,...,w,) € O,V to be the
operation vaV(wl7 ..., wy). In particular, multiplication of implicit operations is obtained by
applying the binary explicit operation x1xs to two given operations. An important property
of composition is that it is continuous.

4.7 Proposition Composition of implicit operations of fized arity as defined above is a con-
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tinuous function

QTLV X (Q’H’Lv)n - Q’!N,V

(vywy, ..., wy) = v(wy, ... wy)

Proof Given a clopen subset K C €2,,V, by Proposition 3.5 there exists a continuous
homomorphism ¢ : 2,V — S such that S € V and K = ¢ 1pK. Let W = V(S). Then
o factors through the natural projection 7, : 2,V — Q,,W and so we may as well assume
that S = Q,,W. Consider the following diagram where =, : 2,V — ,W is also a natural
projection and the horizontal arrows represent composition of implicit operations defined for
each of the pseudovarieties V and W as above:

TV x (V)" —— 0,V

T X (T )™ l lmn,

TuW x (@ W) —= 0, W

The commutativity of the diagram follows from the fact that implicit operations commute
with continuous homomorphisms between pro-V semigroups:

T (V(W1, .« wy)) = T (Vg v (W1, ... wn))
= Vg, w(Tm(w1), s T (wn)) = 70 (0) (T (W1), - T (W)

Since the bottom line is continuous, as it is a mapping between discrete spaces, it follows
that the inverse image by the top line of the clopen set K is again clopen. O

+

The calculus of implicit operations of the form z*** under the operations of multiplication

and composition is quite simple.

4.8 Lemma The set of unary implicit operations of the form x***, with k € Z, constitutes
a ring whose addition is multiplication of implicit operations and whose multiplication is
composition of implicit operations. It is isomorphic to the ring Z of integers.

Proof The result is immediate from the following equalities where we use continuity of
composition as given by Proposition 4.7:

. | ! . ! . |
Iw+k1‘w+é = lim xn.+kxn4+é = lim $2(n4)+k+l = lim In.+k+£ _ l,w+k+£
n—o0 n—oo n—o00
. ! ! . 12 ! . !
(Iw+k)w+l — lim (In4+k)n4+2 = lim x(n) +(k+0)(n)+kL _ lim In&»kl _ xw+kl
n—00 n—00 n—00

O

4.9 Remark Let Z be the profinite completion of the ring Z of integers. It may be obtained
as the completion of Z with respect to the metric d of Subsection 3.4 defined similarly in the
language of rings. Since Z is the free commutative ring on one generator and it is residually
finite, Zis isomorphic to 1R for the pseudovariety R of finite commutative rings. It follows
that the non-explicit unary implicit operations constitute a ring under multiplication and
composition which is isomorphic to the completion 7. This completion can be easily seen
to be the direct product of the p-adic completions Z,, of the ring Z as p runs over all prime
numbers.
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We are now ready to present some examples regarding Reiterman’s Theorem.

4.10 Examples

e pseudovariety A of all finite aperiodic semigroups is defined by the pseudoidentity

1) Th d iety A of all finit iodi i is defined by th doidentit;
¥t = 2 since all subgroups of a semigroup are trivial if and only if all its cyclic
subgroups are trivial.

(2) The pseudovariety N of all finite nilpotent semigroups is defined by the pseudoidentities
¥y = ya* = x* which we abbreviate as ¥ = 0.

(3) The pseudovariety G of all finite groups is defined by the pseudoidentities 2y = ya* =y
which we naturally abbreviate as x* = 1.

(4) For a prime p, the pseudovariety G, of all finite p-groups cannot be defined by pseu-
doidentities involving only products and the operation 2*~!. Indeed, since G |= 2%~ ! =
271, all such pseudoidentities may be viewed as ordinary identities of group words and
it is well known that free groups are residually G, [28].

4.3 Iteration of implicit operations

The last example from the previous subsection shows that one needs a richer language of
implicit operations than that provided by multiplication plus the unary operations of the
form 2% to define some pseudovarieties in terms of pseudoidentities. A powerful tool
for constructing implicit operations is infinite iteration of composition. In this subsection,
we develop a more general framework where not only infinite iteration but arbitrary implicit
operations may be performed, namely we show that the monoid of continuous endomorphisms
of a finitely generated profinite semigroup is profinite. Our arguments are not the most
economical but the end result is the best which is presently known.

For a topological semigroup S, denote by End S the monoid of its continuous endomor-
phisms. Note that End S is a subset of the set of functions $°. In general it is a delicate
question which topology to consider on a function space. For S° the two most natural alter-
natives are the product topology, also known as the topology of pointwise convergence, and
the compact-open topology, for which a subbase consists of the sets of functions of the form

V(K,U)={f €5%: f(K)CU}

where K C S is compact and U C S is open [93]. These topologies retain their names
when the induced topologies are considered on subspaces of S°. Note that a subbase for the
product topology is given by the sets of the form V({s},U) with s € S and U C S open and
so the pointwise convergence topology is contained in the compact-open topology.

For the sequel, we require the following very simple yet very useful observation.

4.11 Lemma Let S be a profinite semigroup and let d be the natural metric on S. Then
every f € End S is a contracting function in the sense that, for all s1,s9 € S,

d(f(s1), f(s2)) < d(s1,82). (4.2)



Profinite semigroups and applications 23

Proof If s; = s9 then the inequality (4.2) is obvious since both sides are zero. Otherwise,
let n = 7(s1,s2), as defined in Subsection 3.4. Given a continuous homomorphism ¢ :
S — T into a finite semigroup with |T'| < n, the composite p o f : S — T is again a
continuous homomorphism and so, by definition of r(s1, s3), we have o(f(s1)) = ©(f(s2)).
Hence r(f(s1), f(s2)) > n, which proves (4.2). O

The pointwise convergence topology has the advantage of being easier to handle in terms
of convergence since a net converges in it if and only if it converges pointwise. The following
result is an illustration of this fact.

4.12 Lemma If S is a finitely generated profinite semigroup then End S is compact with
respect to the pointwise convergence topology.

Proof Foreach s,t € S, theset { € 5% : p(st) = p(s)p(t)} is closed since the equation that
defines it only involves three components of the product, namely the components indexed by
st, s, and t and the restriction on those three components, as a subset of S3, is the graph
of multiplication, which is assumed to be continuous. Hence the monoid of (not necessarily
continuous) endomorphisms of S is closed in S% with respect to the pointwise convergence
topology.

Next, let (f;)ier be a net in End S converging to some f € S%. Given s,t € S, then
by continuity of the natural metric d, we have d(f(s), f(t)) = lim;er d(fi(s), fi(t)) while
d(fi(s), fi(t)) < d(s,t) by Lemma 4.11. Hence d(f(s), f(t)) < d(s,t) which, in view of
Proposition 3.9, shows that f is continuous. Since f is an endomorphism of S by the preceding
paragraph, we conclude that f € EndS. Thus End S is a closed subset of the compact space
5% and, therefore, End S is compact. O

On the other hand, it is well known that for instance for locally compact S, the compact-
open topology on End .S implies continuity of the evaluation mapping

e:(EndS) xS — S
(fy8) = f(s)

Indeed, for an open subset U C S and (f,s) € (EndS) x S such that f(s) € U, since f is
continuous and S is locally compact, there is some compact neighbourhood K of s such that
f(K) CU. Then (V(K,U)NEndS) x K is a neighbourhood of (f,s) in (End S) x S which
is contained in e71(U). See [93] for more general results and background.

The comparison between the two topologies on End S is given by the following result.

4.13 Proposition Let S be a finitely generated profinite semigroup. Then the pointwise
convergence and compact-open topologies coincide on End S.

Proof It remains to show that every set of the form V(K,U)NEnd S with K C S compact
and U C S open is open in the pointwise convergence topology of EndS. Without loss of
generality, since S is zero-dimensional we may assume that U is clopen. Consider the open
cover U U (S\ U). By Proposition 3.9, this is also an open cover in the topology induced by
the natural metric d. By Lebesgue’s Covering Lemma [93, Theorem 22.5], there exists 6 > 0
such that every subset of S of diameter less than ¢ is contained in either U or S\ U.
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Consider the cover of K by the open balls Bs(s) of radius § centered at points s € K. By
Proposition 3.9, these balls are open in the topology of S and so, since K is compact, there
are finitely many points si,...,s, € K such that

K C | Bs(si). (4.3)
Let f € V(K,U)NEndS and let

n
W = (\V({si}, Bs(f(s:))) N End S.

i=1
Then W is an open set of End.S in the pointwise convergence topology which contains f.
Hence it suffices to show that W C V(K,U). Let ¢ € W and s € K. By (4.3), there
exists ¢ € {1,...,n} such that d(s,s;) < . By Lemma 4.11, we have d(g(s),g(s;)) < d. On
the other hand, since g € V({s;}, B5s(f(s:))), we obtain d(g(s;), f(si)) < §. Since d is an
ultrametric, it follows that d(g(s), f(s;)) < . Finally, as f(s;) € U since f € V(K,U), we
conclude by the choice of § that g(s) € U, which shows that g € V(K,U). |

For the case of finitely generated relatively free profinite semigroups, the following result
was already observed in [19] as a consequence of a result from [6]. We provide here a direct
proof of the more general case without the assumption of relative freeness.

4.14 Theorem Let S be a finitely generated profinite semigroup. Then End S is a profinite
monoid under the pointwise convergence topology and the evaluation mapping is continuous.

Proof By Proposition 4.13, the pointwise convergence and compact-open topologies coincide
on End S. Hence the evaluation mapping ¢ : (End S) x S — S is continuous.

Since S is totally disconnected, so is the product space S° and its subspace EndS.
Moreover, End S is compact by Lemma 4.12. Hence, by Theorem 3.1, to prove that End .S
is a profinite monoid it suffices to show that it is a topological monoid, that is that the
composition g : (End S) x (End S) — End S is continuous, for which we show that, for every
convergent net (f;, g;) — (f,g) in (End S) x (End S), we have f;0g; — fog. For the pointwise
convergence topology the latter means f;(g;(s)) — f(g(s)) for every s € S. This follows from
fi — f together with g;(s) — g(s) since the evaluation mapping is continuous. a

Thus, if S is a finitely generated profinite semigroup then the group Aut S of its continuous
automorphisms is a profinite group since it is a closed subgroup of End S (cf. Corollary 3.2).
In particular, the group Aut G of continuous automorphisms of a finitely generated profinite
group G is profinite for the pointwise convergence topology, a result which is useful in profinite
group theory [76]. Moreover, since one can find in [76] examples of profinite groups whose
groups of continuous automorphisms are not profinite, we see that the hypothesis that S is
finitely generated cannot be removed from Theorem 4.14.

Now, for a finite set A, 245 is a finitely generated profinite semigroup and so End Q24S is a
profinite monoid. Since 245 is a free profinite semigroup on the generating set A, continuous
endomorphisms of 245 are completely determined by their restrictions to A. For Q,S we
may then choose to represent an element ¢ € End,S by the n-tuple (p(x1),...,¢(zs))
where x1,...,z, are the component projections. When n is small, we may write x,y, z,t, ...
or a,b,c,d,... instead of 1, xs,x3, 24, ... respectively.
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In the case n = 1, take ¢ € End ;S determined by the 1-tuple (™). Then ¢ has an
w-power in End Q1S and we may consider the operation ¢*(z) which we denote =™ since

2™ = ¢¥(z) = lim ¢*(z) = lim .
k—o0 k—o0

4.15 Examples

(1) It is now an easy exercise, which we leave to the reader, to show that, for a prime p,
G, = [z7* =1].

(2) Let Gpj denote the pseudovariety of all finite nilpotent groups. Consider the endomor-
phism ¢ € End Q5S defined by the pair ([z,y],y) where [z,y] denotes the commutator
defined earlier. Denote by [x,,y] the implicit operation ¢“(z). Then it follows from a
theorem of Zorn [94, 77] that Gpy = [ [z, wy] = 1].

(3) Let Ggo1 denote the pseudovariety of all finite solvable groups. Let ¢ € End 23S be de-
fined by the triple ([yzy~ ", zzz*1],y, z) and let w = ©*(z), which is a ternary implicit
operation. Using J. Thompson’s list of minimal non-solvable simple groups, arithmetic
geometry and computer algebra and geometry, Bandman et al [27] have recently estab-
lished that Ggo = [w(x* 2y~ 'z, z,y) = 1]. Since this provides a two-variable pseu-
doidentity basis for Gy, as an immediate corollary one obtains the Thompson-Flavell
Theorem stating that a finite group is solvable if and only if its 2-generated subgroups
are solvable. The fact that the pseudovariety G is finitely based, and therefore it
may be defined by a single pseudoidentity of the form v = 1, was previously proved by
Lubotzky [56].

Having established the foundations of the theory of profinite semigroups, the remainder of
these notes is dedicated to surveying some results in the area, which are meant to introduce
the reader to recent developments and reveal the richness and depthness of the already
existing theory. Most proofs will be omitted. Naturally, this survey will not be exhaustive
and it unavoidably reflects the author’s personal preferences and tastes.

5 Free pro-J semigroups and Simon’s Theorem

For details and proofs of the results in this section, see [3].

Recall that J denotes the pseudovariety consisting of all finite semigroups in which every
principal ideal admits a unique element as its generator. The letter J comes from Green’s
relation J which relates two elements of a semigroup if they generate the same principal
ideal. Hence J consists of all finite J-trivial semigroups, that is finite semigroups in which
the relation J is trivial. It is an exercise to show that

J=[(wy) = (yo)*, 2 = 2] = [(wy)“z = (29)* = y(ay)“]. (5.1)

Since J D N, J satisfies no nontrivial semigroup identities and so Q4J ~ AT is the free
semigroup on A.

We recall next a theorem which was already mentioned in Section 2. A language L C A
is said to be piecewise testable if it is a Boolean combination of languages of the form

A*a1 A* - ap, A*. (5.2)
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The word a; - - - a, is said to be a subword of an element w € Q4S5 if w belongs to the closure
of the language (5.2).

By taking Boolean combinations of languages of the form (5.2) we may obtain, for each
positive integer N, the classes of the congruence ~y on A" which identifies two words if
they have precisely the same subwords of length at most V. Conversely, a language of the
form (5.2) is saturated by the congruence ~ . Hence a language L C A™ is piecewise testable
if and only if it is saturated by some congruence ~ .

The language (5.2) is J-recognizable: in view of the preceding paragraph, this can be
proved by noting that for words u and v, the words (uv)Y and (vu)Y are in the same ~ -
class, and the same holds for the words uV*! and «”, which establishes that the quotient
semigroup A1/~ satisfies the first set of pseudoidentities in (5.1).

5.1 Theorem (Simon [80]) A language L C AT over a finite alphabet is piecewise testable
if and only if it is J-recognizable.

In terms of Eilenberg’s correspondence, Simon’s Theorem says that the variety of lan-
guages associated with J is the variety of piecewise testable languages. In topological terms,
Simon’s Theorem says that the closures in Q4J of the languages of the form (5.2) suffice
to separate points (cf. Proposition 3.8). In other words, implicit operations over J can be
distinguished by looking at their subwords. This is certainly not true for implicit operations
over S as for instance (zy)* and (yz)* have the same subwords.

So, it should be possible to prove Simon’s Theorem by developing a good understanding of
the structure of the finitely generated free pro-J semigroups {24J. This program was carried
out by the author in the mid-1980’s motivated by a question raised by I. Simon as to whether
Q 4J is countable.

Recall that an element s of a semigroup S is said to be regular if there exists t € S such
that sts = s; such an element t is called a weak inverse of s. Then u = tst is such that
sus = s and usu = u; an element u € S satisfying these two equalities is called an inverse
of s. Semigroups in which every element has a unique inverse are called inverse semigroups.
They are precisely the regular semigroups of partial bijections of sets and play an important
role in various applications [54].

If s and ¢ are inverses in a semigroup S then st is an idempotent and s g st and so regular
elements are J-equivalent to idempotents. Hence in a J-trivial semigroup the regular elements
are the idempotents.

For words u,v € AT, one can use the pseudoidentities in (5.1) to deduce that J satisfies
the pseudoidentity u* = v if and only if u and v contain the same letters.

Consider the semilattice P(A) of subsets of A under union. Since it is J-trivial, the
function AT — P(A) which associates with a word u the set of letters occurring in it extends
uniquely to a continuous homomorphism ¢ : Q4J — P(A). We call it the content function.
The result in the preceding paragraph may then be stated by saying that an idempotent
in QaJ of the form u* is completely characterized by its content c(u®) = ¢(u). Since every
element v € Q4J is the limit of a sequence of words (vy,), and we may assume that (c(vy))n
is constant, if v is idempotent then

1 . ! . .
v=20"=0v"= lim v" =0 = lim v} = lim v’ =u
n—o0 n—o0 n—oo

w

where u is any word with ¢(u) = ¢(v).
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Now, idempotents of 24J may be characterized by the property that whenever a word u
is a subword then so is u™ for every n > 1. This leads to the following result.

5.2 Theorem FEvery element of Q) admits a factorization of the form uoviuy ---viuy,
where the u;,v; are words, with the u; possibly empty and each v; with no repeated letters.
Furthermore, one may arrange for the following to hold:

e no u; ends with a letter occurring in vit1;
e no u; starts with a letter occurring in v;;

o if u; is the empty word, then the contents c¢(v;) and c(viy1) are not comparable under
inclusion.

Theorem 5.2 answers Simon’s question: for A finite, the semigroup 24J is countable and
it is in fact generated by A together with its 24l — 1 idempotents. This suggests viewing
Q4J as an algebra of type (2,1) under multiplication and the w-power. The semigroup Q4J
becomes a free algebra in the variety of algebras of this type generated by J and Theorem 5.2
suggests a canonical form for terms in this free algebra. First, Theorem 5.2 already implies
that every such term is equal in 24J to a term of the form described in the theorem. To
distinguish terms in canonical form, one may use subwords and thus prove at the same time
Simon’s Theorem.

5.3 Theorem Two terms in the form described in Theorem 5.2 are distinct in Q4J if and
only if they have distinct sets of subwords.

One may more precisely bound the length of the subwords which are necessary to distin-
guish two such terms. Recently, in work whose precise connection with the above remains to
be determined, Simon [81] has proposed a very efficient algorithm to distinguish two words
by their subwords. For more on the significance in Mathematics and Computer Science of
Simon’s Theorem, see the lecture notes of M. V. Volkov in this volume.

6 Tameness

This section goes deeper into decidability problems for pseudovarieties. It grows out of
[16, 15, 7]. The reader is referred to those publications for details.
Let X be a finite system of equations of the form v = v with u,v € X*. For example
such a system might be
Ty = 2,
zx = ty.

We impose on the variables rational constraints: for each x € X, we choose a rational
language L, C AT where A is another alphabet. A solution of the system in an A-generated
profinite semigroup ¢ : A — S is a mapping ¢ : X — 45 such that

(1) ¥(x) € Ly for every variable z € X,

(2) o 1/;(u) = @ o1)(v) for every equation (u =v) € X,
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where the various mappings are depicted in the following commutative diagram.

X A

| NN

QXSTQAST)S

One may compute from the constraints a finite semigroup 7" and a homomorphism 0 : AT — T
recognizing all of them. Let U be the closed subsemigroup of T x S generated by all elements
of the form p(a) = (6(a), ¢(a)) with a € A, and let 1 : Q4S5 — U be the induced continuous
homomorphism. Then the above conditions (1) and (2) may be formulated in terms of the
composite v = /u/; by stating the following, where 7y : U — T and 7wy : U — S are the
component projections:

(1) mv(z) € mpL, for every variable z € X;

(2) mov(u) = mov(v) for every equation (u = v) € X.

Q4S > S

In particular, if S is finite then one can test effectively whether a solution exists in S.

The semigroup U is an example of what is called a “relational morphism”. More generally,
a relational morphism between two topological semigroups S and T is a relation 7 : S —
T with domain S which is a closed subsemigroup of the product S x T. A continuous
homomorphism and the inverse image of an onto continuous homomorphism are relational
morphisms and every relational morphism may be obtained by composition of two such
relational morphisms. Relational morphisms for monoids are defined similarly.

The following is a compactness result whose proof may be obtained by following basically
the same lines as in the proof of the equivalence (1) < (2) in Proposition 3.5.

6.1 Theorem The following conditions are equivalent for a finite system 3 of equations with
rational constraints over the finite alphabet A:

(1) 3 has a solution in every A-generated semigroup from V;
(2) X has a solution in every A-generated pro-V semigroup;
(3) X has a solution in QaV.

A system satisfying the conditions of Theorem 6.1 is said to be V-inevitable. A decidability
property for a pseudovariety V with respect to a given recursively enumerable set € of such
systems is whether there is an algorithm to decide whether a given ¥ € C is V-inevitable.
Before examining the relevance of such a property, we introduce a few more precise notions.
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An implicit signature is a set o of implicit operations (over S) which contains multi-
plication. It is viewed as an enlarged algebraic language for which profinite semigroups
immediately inherit a natural structure by giving the chosen implicit operations their natural
interpretation. Note that the subalgebra Q%V of Q4V generated by A is precisely the free
o-algebra in the variety generated by V.

The signature k = { - , “71} is called the canonical signature since most implicit
operations which are commonly used are terms in its language. For finite groups, it becomes
the natural signature, with multiplication and inversion. In particular, since free groups are
residually finite, ;G is the free group on A.

Say V is C-tame if there is an implicit signature o such that

(1) o is recursively enumerable;

)
(2) the operations in ¢ are computable;
(3) the word problem for Q9V is decidable;
)

(4) for every V-inevitable X there is a solution ¢ : X — Q4S for Q4V which takes its values
in Q98S.

Under the above conditions, we may also say that V is C-tame with respect to o. In case C
consists of all finite systems over a fixed countable alphabet, then we say that V is completely
tame if it is C-tame.

6.2 Theorem Let C be a recursively enumerable set of finite systems of equations with ra-
tional constraints and suppose V is a C-tame pseudovariety. Then it is decidable whether a
given X € C is V-inevitable.

Proof Let V be C-tame with respect to an implicit signature o. To prove the theorem it
suffices to effectively enumerate those ¥ € € that are V-inevitable and those that are not.

One can start by enumerating all systems ¥ € C. Since V is C-tame with respect to o, if
3 is V-inevitable then there is a solution ¢ : X — Q4S for ¥ in Q4V that takes its values
in Q9S. The candidates for such solutions can be effectively enumerated in parallel with the
systems, as o is recursively enumerable, the constraints can be effectively tested by computing
operations in their syntactic semigroups, and the equations can be effectively tested by using
a solution of the word problem for 29V. This provides an effective enumeration of all V-
inevitable systems in C.

To enumerate those systems in € that are not V-inevitable, we try out pairs of systems X
in € together with candidates for A-generated semigroups S € V. We already observed that
under these conditions one can test effectively whether a solution exists in S and if turns out
it does not, we output the system as one that is not V-inevitable. a

One class of systems which the author has introduced for the study of semidirect products
of pseudovarieties (cf. Section 7) consists of systems associated with finite directed graphs: to
each vertex and edge in the graph one associates a variable and an equation xy = z is written
if y is the variable corresponding to an edge which goes from the vertex corresponding to x
to the vertex corresponding to z. We will call a pseudovariety graph-tame if it is tame with
respect to systems of equations arising in this way.

Here are some examples of tame pseudovarieties.
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6.3 Example The pseudovarieties N and J are completely tame with respect to the canonical
signature k. Both results follow from the knowledge of the structure of the corresponding
relatively free profinite semigroups and the solution of their word problems. In the case of N
this is quite simple. In fact, Q4N is obtained from the free semigroup 24N ~ AT by adjoining
a zero element, which is topologically the one-point compactification for the discrete topology
on Q4N. Hence a k-term is zero in Q4N if and only if it involves the (w—1)-power. Assuming
a finite system has a solution in Q4N, given by a function ¢ : X — Q4S, we modify 1 on
those variables x for which ¢ (x) is not explicit as follows. From Theorem 6.1, it follows
that there exists a factorization ¥(x) = wv“w with u,v,w € Q4S. Since the constraint for
x translates into a condition of the form () belongs to a given clopen subset of Q4S and
Y(x) is zero in Q4N, we may replace u,v,w by words. This changes ¥ (z) to a k-term by
maintaining a solution in Q4N. See [7] for details.

6.4 Theorem (Almeida and Delgado [13]) The pseudovariety Ab of all finite Abelian
groups is completely tame with respect to k.

The proof of Theorem 6.4 amounts to linear algebra over the profinite completion 7
of the ring of integers, which we have already observed to be isomorphic with ;G under
multiplication and composition. From work of Steinberg [83] it follows that the pseudovariety
Com of finite commutative semigroups is also competely tame with respect to .

6.5 Theorem (Ash [22]) The pseudovariety G of all finite groups is graph-tame with respect
to K.

Theorem 6.5 is considered one of the deepest results in finite semigroup theory. In its
original version, it was proved by algebraic-combinatorial methods in a somewhat different
language; see [5, 12] for a translation to the language of these notes. An independent proof
of the case of 1-vertex graphs, which is already quite nontrivial was obtained using profinite
group theory where the result translates to a conjecture which had been proposed by Pin
and Reutenauer [66], namely the following statement, where by the profinite topology of the
free group we mean the induced topology from the free profinite group or equivalently the
topology whose open subgroups are those of finite index.

6.6 Theorem (Ribes and Zalesskil [74]) The product of finitely many finitely generated
subgroups of the free group is closed in the profinite topology of the free group.

Theorem 6.6 in turn generalizes a theorem of M. Hall [38] which is the case of just one
subgroup. The interest in these results will be explained in more detail in Section 7. Finally,
it follows from a result of Coulbois and Khélif [33] that G is not completely tame with respect
to k. At present it is not known whether G is completely tame with respect to some implicit
signature.

There are some surprising connections of graph-tameness of G with other areas of Math-
ematics and in fact the result was rediscovered in disguise in Model Theory. We say that a
class R of relational structures of the same type has the finite extension property for partial
automorphisms (FEPPA for shortness) if for every finite R € R and every set P of partial
automorphisms of R, if there exists an extension S € R of R for which every f € P extends
to a total automorphism of S, then there exists such an extension S € R which is finite. For a
class R of relational structures, let Excl R denote the class of all structures S for which there
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is no homomorphism R — S with R € R where by a homomorphism of relational structures
of the same type we mean a function that preserves the relations in the forward direction.
Now, we have the following remarkable statement.

6.7 Theorem (Herwig and Lascar [41]) For every finite set R of finite structures of a
finite relational language, ExclR satisfies the FEPPA.

Herwig and Lascar recognized this result as extending Ribes and Zalesskii’s Theorem and
provided a general translation into a property of the free group. Delgado and the author
[11, 12] in turn recognized that property of the free group as being equivalent to Ash’s
Theorem.

The following two examples provide another two applications of Ash’s Theorem which
additionally use results from the theory of regular semigroups. See the quoted papers for
appropriate references.

6.8 Example Let OCR be the class consisting of all finite semigroups S which are unions
of their subgroups (in which case we say S is completely regular) and in which the products
of idempotents are again idempotents (in which case S is said to be orthodoz). In terms of
pseudoidentities, we have OCR = [2*+! = z, (z¥y*)? = 2¥y“]. Trotter and the author
[17] have used graph-tameness of G to show that OCR is also graph-tame with respect to the
canonical signature k.

6.9 Example Let CR = [2¥*! = z] be the pseudovariety of all finite completely regular
semigroups. Trotter and the author [18] have reduced the graph-tameness of CR to a property
which was apparently stronger than graph-tameness of G but K. Auinger has observed that
the methods of [11, 12] apply to show that the property in question follows from the graph-
tameness of G.

Our final example comes from [6] which led the author to explore connections with dy-
namical systems.

The pseudovariety G, of all finite p-groups is not graph-tame with respect to the signa-
ture k since Steinberg and the author [15] have observed that if it were then G, would be
definable by identities in the signature x, which we have already observed to be impossible.
Nevertheless, based on work of Ribes and Zalesskil [75], Margolis, Sapir and Weil [57], and
Steinberg [84], the author has proved the following.

6.10 Theorem It is possible to enlarge k to an infinite signature o so that G, is graph-tame
with respect to this signature [6].

The added implicit operations are those of the form ¢*~1(v;) where ¢ € End (2,,S is defined
by the n-tuple (wy,...,w,) and the v; and w; are k-terms such that G, = v; = w; and the
determinant of the matrix (|w;ls;); ; is invertible in Z/pZ. Here for a r-term w and a letter =,
|w|,; is the integer obtained by viewing w as a group word and counting the signed number
of occurrences of = in w. So, for example, if ¢ is given by the pair ((zy)* tyz*, 23yz* 1)
then we get det (‘21 ?) = —1. We do not know if G, is completely tame with respect to this
signature.
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7 Categories, semigroupoids and semidirect products

Tilson [90] introduced pseudovarieties of categories as the foundations of an approach to the
calculation of semidirect products of pseudovarieties of semigroups which had emerged earlier
from work of Knast [50], Straubing [86], and Thérien and Weiss [88, 92]. A pseudovariety
of categories is defined to be a class of finite categories which is closed under taking finite
products and “divisors”. A divisor of a category C is a category D for which there exists a
category F and two functors: E — C, which is injective on Hom-sets, and £ — D, which is
onto and also injective when restricted to objects.

Jones [45] and independently Weil and the author [20] have extended the profinite ap-
proach to the realm of pseudovarieties of categories. Thus one can talk of relatively free profi-
nite categories, implicit operations, and pseudoidentities. Instead of an unstructured set, to
generate a category one takes a directed graph. Thus relatively free profinite categories are
freely generated by directed graphs, implicit operations act on graph homomorphisms from
fixed directed graphs into categories, and pseudoidentities are written over finite directed
graphs. The free profinite category on a graph I' will be denoted Q2rCat. A pseudoidentity
(u = v;T') over the graph T' is given by two coterminal morphisms u,v € QrCat. Examples
will be presented shortly.

The morphisms from an object in a category C into itself constitute a monoid which is
called a local submonoid of C'. On the other hand, every monoid M may be viewed as a
category by adding a virtual object and considering the elements of M as the morphisms,
which are composed as they multiply in M. Note that the notion of division of categories
applied to monoids is equivalent to the notion of division of monoids as introduced earlier.

For a pseudovariety V of finite monoids, gV denotes the (global) pseudovariety of cate-
gories generated by V and ¢V denotes the class of all finite categories whose local submonoids
lie in V. Note that gV and £V are respectively the smallest and the largest pseudovarieties of
categories whose monoids are those of V. The pseudovariety V is said to be local if gV = £ V.

If ¥ is a basis of monoid pseudoidentities for V, then the members of ¥ may be viewed as
pseudoidentities over (virtual) 1-vertex graphs; the resulting set of category pseudoidentities
defines £V. So, £V is easy to “compute” in terms of a basis of pseudoidentities. In general
gV is much more interesting in applications and also much harder to compute. Since the
problem of computing gV becomes simple if V is local, this explains the interest in locality
results.

With appropriate care, the theory of pseudovarieties of categories may be extended to
pseudovarieties of semigroupoids, meaning categories without the requirement for local iden-
tities [20]. Again we will move from one context to the other without further warning.

7.1 Examples

(1) The pseudovariety Sl = [y = yx, 2% = x] of finite semilattices is local as was proved
by Brzozowski and Simon [30].

(2) Every pseudovariety of groups is local [86, 90].

(3) The pseudovariety Com = [ay = yx] is not local and its global is defined by the
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pseudoidentity xyz = zyx over the following graph:

T, %

<>

Y

This was proved by Thérien and Weiss [88].

(4) The pseudovariety J of finite J-trivial semigroups is not local. Its global is defined by
the pseudoidentity (zy)“xt(zt)” = (axy)“(zt)* over the following graph:

T,z

x>

Yt

This result which has many important applications is also considered to be rather
difficult. It was discovered and proved by Knast [50]. A proof using the structure
of the free pro-J semigroups can be found in [3]. The application that motivated the
calculation of g J was the identification of dot-depth one languages [49] according to a
natural hierarchy of plus-free languages introduced by Brzozowski [29]. The work of
Straubing [86] was also concerned with the same problem. The computation of levels 2
and higher of this hierarchy remains an open problem.

(5) The pseudovariety DA = [ ((zy)“z)? = (zy)“x] of all finite semigroups whose regular
elements are idempotents is local [4]. This result, which was proved using profinite
techniques, turns out to have important applications in temporal logic [89]. See [87] for
further relevance of the pseudovariety DA in various aspects of Computer Science.

See also [4] for further references to locality results.
Let S and T be semigroups and let ¢ : 7' — End S be a monoid homomorphism. For
t€T! and s € S, denote (t)(s) by 's. Then the formula

(81,t1)(s2,t2) = (51 80, t1t2)

defines an associative multiplication on the set S x T'; the resulting semigroup is called
a semidirect product of S and T and it is denoted S *, T' or simply S * T. Given two
pseudovarieties of semigroups V and W, we denote by V x W the pseudovariety generated by
all semidirect products of the form S x T with S € V and T € W, which we also call the
semidirect product of V. and W. It is well known that the semidirect product of pseudovarieties
is associative, see for instance [90] or [3].

The semidirect product is a very powerful operation. The following is a decomposition
result which deeply influenced finite semigroup theory.

7.2 Theorem (Krohn and Rhodes [51]) Every finite semigroup lies in one of the alter-
nating semidirect products

AxGxAx---xGxA. (7.1)
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Since the pseudovarieties of the form (7.1) form a chain, every finite semigroup belongs to
most of them. The least number of factors G which is needed for the pseudovariety (7.1) to
contain a given semigroup S is called the complezity of S. Although various announcements
have been made of proofs that this complexity function is computable, at present there is yet
no correct published proof. This has been over the past 40 years a major driving force in the
development of finite semigroup theory, the original motivations being again closely linked
with Computer Science namely aiming at the effective decomposition of automata and other
theoretical computing devices [35, 36].

One approach to compute complexity is to study more generally the semidirect product
operation and try to devise a general method to “compute” V «x W from V and W. What
is meant by computing a pseudovariety is to exhibit an algorithm to test membership in it;
in case such an algorithm exists, we will say, as we have done earlier, that the pseudova-
riety is decidable. So a basic question for the semidirect product and other operations on
pseudovarieties defined in terms of generators is whether they preserve decidability. The
difficulty in studying such operations lies in the fact that the answer is negative for most
natural operations, including the semidirect product [1, 72, 24].

Let 7 : S — T be a relational morphism of monoids. Tilson [90] defined an associated
category D, as follows: the objects are the elements of T; the morphisms from ¢ to tt' are
equivalence classes [t,s,t'] of triples (¢,s',¢') € T x 7 under the relation which identifies the
triples (t1,s,t]) and (t2, sh, t5) if t1 = t9, t1t] = toth, and for every s such that (s,t;) € 7 we
have ss} = ssb; composition of morphisms is defined by the formula

[t,s1,t1] [tt1, 52, 2] = [t, 5182, t1ta].

The derived semigroupoid of a relational morphism of semigroups is defined similarly. The
following is the well-known Derived Category Theorem.

7.3 Theorem (Tilson [90]) A finite semigroup S belongs to V+«W if and only if there exists
a relational morphism 7 : S — T with T € W and D, € gV.

By applying the profinite approach, Weil and the author [20] have used the Derived Cat-
egory Theorem to describe a basis of pseudoidentities for V « W from a basis of semigroupoid
pseudoidentities for gV. This has come to be known as the Basis Theorem. Unfortunately,
there is a gap in the argument which was found by J. Rhodes and B. Steinberg in trying
to extend the approach to other operations on pseudovarieties and which makes the result
only known to be valid in case W is locally finite or gV has finite vertez-rank in the sense
that it admits a basis of pseudoidentities in graphs using only a bounded number of vertices.
Although a counterexample was at one point announced for the Basis Theorem, at present
it remains open whether it is true in general. Here is the precise statement of the “Basis
Theorem”:

Let V and W be pseudovarieties of semigroups and let {(u; = v;;Ty) 14 € I} be a
basis of semigroupoid pseudoidentities for gV. For each pseudoidentity u; = w;
over the finite graph T'; one considers a labeling X : Ty — (Q4S)' of the graph T;
such that

(1) the labels of edges belong to Q4S;
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(2) for every edge e : v1 — va, W satisfies the pseudoidentity A(vi)A(e) = A(va).

The labeling X extends to a continuous category homomorphism A QrCat —
(QAS)I. Let z be the label of the initial vertex for the morphisms u;, w; and con-
sider the semigroup pseudoidentity z \(u;) = z M(v;). Then the “Basis Theorem”
is the assertion that the set of all such pseudoidentities constitutes a basis for
Vs W.

In turn Steinberg and the author [15] have used the Basis Theorem to prove the following
result which explains the interest in establishing graph-tameness of pseudovarieties. Say
that a pseudovariety is recursively definable if it admits a recursively enumerable basis of
pseudoidentities in which all the intervening implicit operations are computable.

7.4 Theorem (Almeida and Steinberg [15]) If V is recursively enumerable and recur-
sively definable and W is graph-tame, then the membership problem for V « W is decidable
provided gV has finite vertex-rank or W is locally finite.

Moreover, we have the following result which was meant to handle the iteration of semidi-
rect products. Let By denote the syntactic semigroup of the language (ab)™ over the alphabet

{a,b}.

7.5 Theorem (Almeida and Steinberg [15]) Let Vi,...,V, be recursively enumerable
pseudovarieties such that By € V1, and each V; is tame. If the Basis Theorem holds then the
semidirect product V1 * - - - %V, is decidable through a “uniform” algorithm depending only on
algorithms for the factor pseudovarieties.

Since By belongs to A, in view of Ash’s Theorem this would prove computability of the
Krohn-Rodes complexity of finite semigroups once the Basis Theorem would be settled and a
proof that A is graph-tame would be obtained. The latter has been announced by J. Rhodes
but a written proof has been withdrawn since the gap in the proof of the Basis Theorem has
been found.

8 Other operations on pseudovarieties

We make a brief reference in this section to two other famous results as well as some problems
involving other operations on pseudovarieties of semigroups.

Given a semigroup S, one may extend the multiplication to an associative operation on
subsets of S by putting PQ = {st : s € P, t € Q}. The resulting semigroup is denoted
P(S). For a pseudovariety V of semigroups, let PV denote the pseudovariety generated by all
semigroups of the form P(S) with S € V. The operator P is called the power operator and it
has been extensively studied. If V consists of finite semigroups each of which satisfies some
nontrivial permutation identity or, equivalently, if V is contained in the pseudovariety

Perm = [2%yzt” = a¥zyt“],

then one can find in [3] a formula for PV. Otherwise, it is also shown in [3] that P3V = S.
These results were preceded by similar results of Margolis and Pin [58] in the somewhat easier
case of monoids, where permutativity becomes commutativity.
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One major open problem involving the power operator is the calculation of PJ: it is
well-known that this pseudovariety corresponds to the variety of dot-depth 2 languages in
Straubing’s hierarchy of star-free languages [67].

Another value of the operator P which has deserved major attention is P G. Before
presenting results about this pseudovariety, we introduce another operator. Given two pseu-
dovarieties V and W, their Mal’cev product V @ W is the class of all finite semigroups S such
that there exists a relational morphism 7 : .S — T into T' € W such that, for every idempotent
e € T, we have 77!(e) € V. It is an exercise to show that V @ W is a pseudovariety.

The analog of the “Basis Theorem” for the Mal’cev product is the following.

8.1 Theorem (Pin and Weil [68]) LetV and W be two pseudovarieties of semigroups and
let {ui(z1,...,2pn,) = vi(x1,...,Tn,) : 1 € I} be a basis of pseudoidentities for V. Then V @ W

is defined by the pseudoidentities of the form u;(w1, ..., wy,) = vi(wi, ..., wy,) withi € I and
w; € QS such that W= wy = -+ = wy,, = wii.

Call a pseudovariety W idempotent-tame if it is C-tame for the set C of all systems of the
form 1 = --- = x, = x2. Applying the same approach as for semidirect products, we deduce
that if V is decidable and W is idempotent-tame, then V @ W is decidable [7].

For a pseudovariety H of groups, let BH denote the pseudovariety consisting of all finite
semigroups in which regular elements have a unique inverse and whose subgroups belong
to H. Finally, for a pseudovariety V, let £V denote the pseudovariety consisting of all finite
semigroups whose idempotents generate a subsemigroup which belongs to V.

We have the following chain of equalities

PG=JxG=J@G=BG=2¢J (8.1)

The last equality is elementary as is the inclusion (C) in the second equality even for any
pseudovariety of groups H in the place of G. The first and third equalities were proved by
Margolis and Pin [59] using language theory. Using Knast’s pseudoidentity basis for g J, the
inclusion (2) in the second equality was reduced by Henckell and Rhodes [40] to what they
called the pointlike conjecture which is equivalent to the statement that G is C-tame with
respect to the signature k where C is the class of systems associated with finite directed
graphs with only two vertices and all edges coterminal. Hence Ash’s Theorem implies the
pointlike conjecture and the sequence of equalities (8.1) is settled.

Another problem which led to Ash’s Theorem was the calculation of Mal’cev products
of the form V@ G. For a finite semigroup S, define the group-kernel of S to consist of all
elements s € S such that, for every relational morphism 7 : S — G into a finite group, we
have (s,1) € 7. Then it is easy to check that S belongs to V@ G if and only if K(S) € V.
J. Rhodes conjectured that there should be an algorithm to compute K(S) and proposed a
specific procedure that should produce K(S): start with the set E of idempotents of S and
take the closure under multiplication in S and weak conjugation, namely the operation that,
for a pair of elements a,b € S, one of which is a weak inverse of the other, sends s to asb.
This came to be known as the Type II conjecture and it is equivalent to Ribes and Zalesskii’s
Theorem. Therefore, as was already observed in Section 6, Ash’s Theorem also implies the
Type II conjecture. See [39] for further information on the history of this conjecture.

B. Steinberg, later joined by K. Auinger, has done extensive work on generalizing the
equalities (8.1) to other pseudovarieties of groups. This culminated in their recent papers [23,
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25] where they completely characterize the pseudovarieties H of groups for which respectively
the equalities PH = J« H and J* H = J@ H hold. On the other hand, Steinberg [85] has
observed that results of Margolis and Higgins [42] imply that the inclusion J@ H ; BH is
strict for every proper subpseudovariety H ;Ct G such that H* H = H. Going in another
direction, Escada and the author [14] have used profinite methods to show that several
pseudovarieties V satisfy the equation V * G = €V. Hence the cryptic line (8.1) has been a
source of inspiration for a lot of research.

Another result involving the two key pseudovarieties J and G is the decidability of their
join JV G. This was proved independently by Steinberg [83] and Azevedo, Zeitoun and the
author [10] using Ash’s Theorem and the structure of free pro-J semigroups. Previously,
Trotter and Volkov [91] had shown that JV G is not finitely based.

9 Symbolic Dynamics and free profinite semigroups

We have seen that relatively free profinite semigroups are an important tool in the theory of
pseudovarieties of semigroups. Yet very little is known about them in general, in particular
for the finitely generated free profinite semigroups 24S. In this section we survey some recent
results the author has obtained which reveal strong ties between Symbolic Dynamics and the
structure of free profinite semigroups. See [9, 8] for more detailed surveys and [19] for related
work.

Throughout this section let A be a finite alphabet. The additive group Z of integers acts
naturally on the set A% of functions f : Z — A by translating the argument: (n - f)(m) =
f(m4n). The elements of AZ may be viewed as bi-infinite words on the alphabet A. Recall
that a symbolic dynamical system (or subshift) over A is a non-empty subset X C A% which
is topologically closed and stable under the natural action of Z in the sense that it is a union
of orbits.

The language L(X) of a subshift X consists of all finite factors of members of X, that is
words of the form w[n,n + k| = w(n)w(n +1)---w(n + k) with n,k € Z, k > 0, and w € X.
It is easy to characterize the languages L C A* that arise in this way: they are precisely the
factorial (closed under taking factors) and extensible languages (w € L implies that there
exist letters a,b € A such that aw,wb € L). We say that the subshift X is irreducible if for
all u,v € L(X) there exists w € A* such that uwv € L(X).

A subshift X is said to be sofic if L(X) is a rational language. The subshift X is called
a subshift of finite type if there is a finite set W of forbidden words which characterize L(X)
in the sense that L(X) = A* \ (A*W A*); equivalently, the syntactic semigroup Synt L(X) is
finite and satisfies the pseudoidentities z¥yz*za* = z¥zz%yz* and z¥yz¥yz® = z¥yz* [3,
Section 10.8].

The mapping X — L(X) transfers structural problems on subshifts to combinatorial
problems on certains types of languages. But, from the algebraic-structural point of view,
the free monoid A* is a rather limited entity where combinatorial problems have often to
be dealt in an ad hoc way. So, why not go a step forward to the profinite completion
QM = (245)", where the interplay between algebraic and topological properties is expected
to capture much of the combinatorics of the free monoid? We propose therefore to take this
extra step and associate with a subshift X the closed subset L(X) C Q4M.

For example, in the important case of sofic subshifts, by Theorem 3.6 we recover L(X) by
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taking L(X) N A*. It turns out that the same is true for arbitrary subshifts so that the extra
step does not lose information on subshifts but rather provides a richer structure in which to
work.

Here are a couple of recent preliminary results following this approach.

9.1 Theorem A subshift X C AZ is irreducible if and only if there is a unique minimal ideal
J(X) among those principal ideals of QaM generated by elements of L(X) and its elements
are regular.

By a topological partial semigroup we mean a set S endowed with a continuous partial
associative multiplication D — § with D C § x S. Such a partial semigroup is said to be
simple if every element is a factor of every other element. The structure of simple compact
partial semigroups is well known: they are described by topological Rees matrixz semigroups
M(I, G, A, P), where I and A are compact sets, G is a compact group, and P: Q — G is a
continuous function with @ C A x I a closed subset; as a set, M(I, G, A, P) is the Cartesian
product I X G x A; the partial multiplication is defined by the formula

(4,9, N) (g, by o) = (6,9 P(A, J) b, 1)

in case P(),j) is defined and the product is left undefined otherwise. The group G is called
the structure group and the function P is seen as a partial A x I-matrix which is called the
sandwich matriz.

It is well known that a regular J-class J of a compact semigroup is a simple compact
partial semigroup [43]. The structure group of J is a profinite group which is isomorphic
to all maximal subgroups that are contained in J. In particular, for an irreducible subshift
X, there is an associated simple compact partial subsemigroup J(X) of 24M. We denote by
G(X) the corresponding structure group which is a profinite group by Corollary 3.2.

Let X C AZ and Y C BZ be subshifts over two finite alphabets. A conjugacy is a function
¢ : X — Y which is a topological homeomorphism that commutes with the action of Z in the
sense that for all f € A% and n € Z, we have p(n- f) = n-@(f). If there is such a conjugacy,
then we say that X and Y are conjugate. By a conjugacy invariant we mean a structure
I(X) associated with each subshift X C A?Z from a given class such that, if ¢ : X — Y is a
conjugacy, then I(X) and I(Y) are isomorphic structures.

Let X € AZ and Y C BZ be subshifts. By a sliding block code we mean a function
¥ X — Y such that ¥(w)(n) = ¥(wln — r,n + s]) where ¥ : A"+ 0 [(X) — B is any
function. The following diagram gives a pictorial description of this property and explains
its name: each letter in the image ¢ (w) of w € X is obtained by sliding a window of length
r+ s+ 1 along w.

cee an—r—1| Ap—p Ap—r+41 *** Apiys—10nis | Ap+s+1 "

v

: bnfl bn+1 tee

A sliding block code is said to be invertible if it is a bijection, which implies its inverse is
also a sliding block code. It is well known from Symbolic Dynamics that the conjugacies are
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the invertible sliding block codes (see for instance [55]). This implies that if a subshift X is
conjugate to an irreducible subshift then X is also irreducible.

A major open problem in Symbolic Dynamics is if it is decidable whether two subshifts
of finite type are conjugate and it is well known that it suffices to treat the irreducible case.
Hence, the investigation of invariants seems to be worthwhile.

9.2 Theorem For irreducible subshifts, the profinite group G(X) is a conjugacy invariant.

By a minimal subshift we mean one which is minimal with respect to inclusion. Minimal
subshifts constitute another area of Symbolic Dynamics which has deserved a lot of attention.
It is easy to see that minimal subshifts are irreducible.

Say that an implicit operation w is uniformly recurrent if every factor u € AT of w is also
a factor of every sufficiently long factor v € AT of w.

9.3 Theorem A subshift X C A” is minimal if and only if the set L(X) meets only one
nontrivial J-class. Such a J-class is then regular and it is completely contained in L(X).
(This J-class is then J(X).) The J-classes that appear in this way are those that contain
uniformly recurrent implicit operations or, equivalently the J-classes that contain non-explicit
implicit operations and all their regular factors.

To gain further insight, it seems worthwhile to compute the profinite groups of specific
subshifts. One way to produce a wealth of examples is to consider substitution subshifts. We
say that a continuous endomorphism ¢ € End Q4S is primitive if, for all a,b € A, there exists
n such that a is a factor of ¢™(b), and that it is finite if p(A) C A*.

Given p € End Q4S5 and a subpseudovariety V C S, ¢ induces a continuous endomorphism
¢ € EndQ4V namely the unique extension to a continuous endomorphism of the mapping
which sends each a € A to mp(a), where 7 : Q4S5 — Q4V is the natural projection. In case
p(A) C Q9S for an implicit signature o, the restriction of ¢’ to Q%V is an endomorphism of
this o-algebra. So, in particular, if ¢ is finite then it induces an endomorphism of the free
group 25G.

The first part of the following result is well known in Symbolic Dynamics [69].

9.4 Theorem Let ¢ € EndQaS be a finite primitive substitution and let X, C AZ be the
subshift whose language L(X,) consists of all factors of ¢™(a) (a € A, n > 0). Then the
following properties hold:

(1) the subshift X, is minimal;

(2) if ¢ induces an automorphism of the free group, then G(X,) is a free profinite group on
|A] free generators.

To test whether an endomorphism ¢ of the free group €% G is an automorphism, it suffices
to check whether the subgroup generated by ¥(A) is all of Q4G. There is a well-known
algorithm to check this property, namely Stallings’ folding algorithm applied to the “flower
automaton”, whose petals are labeled with the words 1 (A4) [82, 46].

9.5 Example The Fibonacci substitution ¢ given by the pair (ab, a) is finite and primitive
and therefore it determines a subshift X,. Moreover, ¢ is invertible in the free group Q5G
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since we may easily recover the generators a and b from their images ab and a using group
operations: the substitution given by the pair (b, 5*'a) is the inverse of ¢ in the free group.
By Theorem 9.4, the group G(X,) is a free profinite group on two free generators. At
present we do not know the precise structure of the compact partial semigroup J(X). This
example has been considerably extended to minimal subshifts which are not generated by
substitutions, namely to Sturmian subshifts and even to Arnoux-Rauzy subshifts [9, 8].

9.6 Example For the substitution ¢ given by the pair (ab, a®b), one can show that the group
G(X,) is not a free profinite group.
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Abstract

This article is a survey of selected results on the structure of free algebraic systems
obtained during the past 50 years. The focus is on ways free algebras can be decomposed
into simpler components and how the number of components and the way the components
interact with each other can be readily determined. A common thread running through
the exposition is a concrete method of representing a free algebra as an array of elements.

1 Introduction

Let V be a variety (or equational class) of algebras. By Fy(X) we denote the free algebra
for V freely generated by the set X. The algebra Fy,(X) may be defined as an algebra in V
generated by X that has the universal mapping property: For every A € V and every function
v : X — A there is a homomorphism h : Fy(X) — A that extends v, i.e., h(z) = v(x) for all
z € X. It is known that Fy(X) exists for every variety V and is unique up to isomorphism.

In this article we investigate the structure of free algebras in varieties. We present a very
concrete, almost tactile, representation of Fy(X) and some algebras closely related to Fy(X)
as a rectangular array of elements. The rows of such an array are indexed by the elements of
the algebra and the columns are indexed by a set U of valuations, where a valuation is any
function v from X to an algebra A € V for which the set v(X) generates all of A. This array
is denoted Ge(X,U).

In Section 1 we prove some general results about Ge(X,U). We are interested in finding
small tractable sets U of valuations that can be used to represent Fy(X). Several such U
are described. The section also contains a detailed description of how a software package de-
veloped by R. Freese and E. Kiss can be used to explicitly construct the array Ge(X,U) for
finitely generated varieties V and finite X. The remaining three sections deal with decompo-
sitions of Fy(X) into well-behaved substructures, and how these substructures are organized
among themselves in a systematic way. In Section 2 the substructures considered are con-
gruence classes of the kernel of a canonical homomorphism of Fy(X) onto Fyy(X) for W a
well-behaved and well-understood subvariety of V. In Section 3 varieties V are described for
which Fy(X) can be decomposed into overlapping syntactically defined substructures that
are very homogeneous and code, in various ways, families of finite ordered sets. Because of
the way these subsets fit together, an inclusion-exclusion type of argument can be used to
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determine the cardinality of Fy(X). The final section deals with direct decompositions of
Fy(X) into a product of directly indecomposable factors. Some specific general conditions
on a variety V are provided that allow for the determination of the structure of the directly
indecomposable factors and of the exact multiplicity of each factor in the product.

For general facts about varieties, free algebras and universal algebra used in this paper
the reader may consult [8] or [18]. For the most part we follow the notation and terminology
found there.

For a set X of variables and a variety V of similarity type 7, a typical term of type 7
built from X is denoted ¢(x1,...,x,), where the x; are elements of X. If n and X are clear
from the context we simply write t. The set of variables that actually appear in a term ¢
is denoted var(t). For a term t(21,...,2,) and an algebra A in V, by t* we denote the
the term operation on A corresponding to t. Thus t4 : A" — A and for a1,...,a, € A,
tA(ay,...,ay) is the element of A obtained by interpreting t to the fundamental operations
of A and applying the resulting operation to ay,...,a,. The universe of Fy(X) is denoted
Fy(X) and we use the following notation for elements of Fy(X): For x € X we write x for
the element of Fy,(X) obtained by applying 2Fv(X) to the generator z of Fy(X) and for a
term t(xy,. .. ,x,) we write ¢ for tF¥() (21, ..., 2,). Note that z = x for every z € X, every
element of Fy(X) is of the form ¢ for some term ¢, and that for distinct terms s and ¢ we can
have s = t. A crucial fact about free algebras used repeatedly throughout this paper is that
V satisfies the identity s ~ ¢ for terms s and ¢ if and only if the elements s and t are equal in
Fy(X). Written more succinctly this is the familiar

VEsrt < s=t.

See, for example, [8, §11] for further details.

For an algebra A and a set X we view each element v in the direct power A¥X as a
function v : X — A. Given v € AX we denote the algebra A by Alg(v). If v € AX and
t(z1,...,Ty,) is a term in the variables of X, then v(t) denotes t*(v(z1),...,v(zy,)). We say
v is a valuation if v(X) generates the algebra Alg(v). The set of all valuations from X to an
algebra A is denoted val(X, A). For K a class of algebras, val(X, ) denotes the collection
of all v € val(X, A) for A € K. Valuations will play a central role in our exposition.

If an algebra B is the direct product HjeJ Bj, then we denote by pr; the projection
homomorphism from B onto B;. For K C J the projection of B onto Hje x Bj is denoted
DTy

Let K be a set of algebras of the same similarity type, X a set, and U a subset of
U(AX : A € K). For z € X let « € [[,,; Alg(v) denote the element given by pry(z) = v(z)
for allv € U. We let X = {x: 2 € X}. The subalgebra of [] .;; Alg(v) generated by X is
denoted Ge(X,U).

1.1 Lemma Let V be a variety and U C [J(AX : A € V). Ifval(X,V) C U, then Ge(X,U)
is isomorphic to Fy(X).

Proof The algebra Ge(X,U) is generated by X. The set U contains valuations to separate
the elements of X, so X and X have the same cardinality. So it suffices to show that Ge(X, U)
has the universal mapping property for X over V. Let w be any function from X into an
algebra A € V. Let v € val(X,Sg(w(X))) be defined by v(z) = w(z) for every z € X.
By assumption v € U. Then pr,, is a homomorphism from Ge(X,U) into A that extends w
since pry(z) = v(z) = w(x). o
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1.2 Definition For a variety V and a set X, we call U C val(X,V) free for V if Ge(X,U)
is isomorphic to Fy(X). The set U is called independent for V if Ge(X,U) is isomorphic to
[Lev Alg(v).

We are very much interested in concrete representations of Ge(X,U) when U is free for
V. To this end we first consider sufficient conditions on a set U C val(X,V) that force U to
be independent.

1.3 Lemma LetV be a variety and suppose U C val(X, V) is such that for every pair of terms
s and t for which V [= s = t there exists v € U such that v(s) # v(t). Then Ge(X,U) =
Fy(X), that is, U is free for V.

Proof By virtue of the previous lemma it suffices to show that the projection homomorphism
pry from Ge(X, val(X,V)) onto Ge(X, U) is one-to-one. If s(x1,...,z,) and t(x1,...,z,) are
distinct elements of Ge(X, val(X,V)), then V [~ s = t. So there exists v € U for which v(s) #
v(t). Then pr,(s(x1,...,25)) = s(v(x1),...,v(zn)) = v(s) # v(t) = t(v(x1),...,v(xn)) =
pry(s(z1,...,25)). Thus, pry(s(xr,...,xn)) # pry(t(z, ... zy)). O

1.4 Corollary Let V be a variety and X a set.

(1) If Vs is the class of (finitely generated) subdirectly irreducible algebras in V and if
U = val(X, Vsr), then U is free for V.

(2) If V is generated by the finite algebras Ay, ..., Ay, and if U = J(AX 1 1 < i < m),
then U is free for V and |Fy(n)| < T, |4l 41".

1=

The second part of this Corollary is presented in Birkhoff’s 1935 paper [7].

1.5 Definition Let V be an arbitrary variety and X a set. Given two valuations v and v’
with A = Alg(v) and A’ = Alg(v') algebras in V), we say that v and v’ are equivalent, written
v ~ v/, if there exist homomorphisms h : A — A’ and b’ : A’ — A such that v = hv and
v =M. For any set U C val(X,V) let E(U) denote any transversal of ~ over elements of
U. That is, E(U) is any subset of U that consists of exactly one valuation taken from each
equivalence class of ~.

1.6 Lemma If U is any set of valuations, then Ge(X,U) = Ge(X,E(U)).

Proof Theset E(U) is a subset of U, and the projection pr., ) : Ge(X,U) — Ge(X, E(U))
is an onto homomorphism. Tt suffices to show pr gy is one-to-one. Let s # ¢ in Ge(X,U).
So there is a v € U for which v(s) # v(t). Let o' € E(U) be such that v ~ v'. Then there is a
homomorphism /' for which v = h/v'. If v/(s) = v/(t), then v(s) = v(¢), which is impossible.
So v'(s) # v'(t) and hence pr g (s) # prpw)(t)- O

1.7 Corollary If a set U of valuations is free for V, then so is E(U).

Henceforth in this paper, unless otherwise indicated, X will denote the set {z1,...,z}.
Under this convention Fy,(X) and Fy(n) are the same.

A variety V is locally finite if every finitely generated algebra in V is finite. For a locally
finite variety, if f(n) is the cardinality of Fy(n), then every at most n generated algebra in
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V has cardinality at most f(n). The number of valuations v from a set X of size n to a
particular algebra A is bounded above by |A|", which is at most f(n)".

Let V be a locally finite variety, X = {z1,...,2,}, and U C val(X,V). We present a
concrete representation of Ge(X,U) as a rectangular array of elements from Alg(v) for v
ranging over U. Each v € U determines a column in this array and each element of Ge(X,U)
determines a row. The first n rows are indexed by 1, ..., z,. Ift(z1,...,z,) is any term, then
t denotes tSXU) (1, ... x,). Since the x; generate Ge(X,U), every element of Ge(X,U)
is of the form ¢ for some term ¢. For v € U and ¢t = t(z1,...,z,) € Ge(X,U), the entry in
row ¢ and column v is v(t) € Alg(v). Note that v(t) = t218%) (v(xy), ..., v(zy)). In column
v, every element of Alg(v) appears at least once since v is a valuation. Moreover, column v
codes the projection pr, of Ge(X,U) onto the algebra Alg(v).

In the special case that V is generated by a finite algebra A and U = AX | then U is free
for V by Corollary 1.4, the number of columns of Ge(X,U) is |A|", and the number of rows
of Ge(X,U) is |Fy(n)|.

We next present three examples of how Ge(X,U) may be used to describe the structure
of free algebras.

1.8 Example Let S be the variety of semilattices. We show how to find a normal form for an
arbitrary term and how to use this normal form to determine the structure of free semilattices.
If t(z1,...,@,) is any semilattice term, then by associativity we may ignore the parentheses
and write ¢ as a string of variables. By commutativity we may sort the variables in the string
by increasing subscripts. Idempotence allows us to conclude S = t ~ z; x;, ... x; where
1 <4y <iy <---<ip <nand var(t) = {x;, iy, ..., }. Thus a concrete representation of
Fs(X) as a join semilattice is the set of nonvoid subsets of X with the operation of union.
In particular [Fg(X)|=2"—1.

The variety S is generated by the 2-element semilattice So with universe {0,1}. Without
loss of generality Sy is a join semilattice. The set val(X,Sy) has 2™ — 2 elements. Thus,
Fs(X) is isomorphic to Ge(X,val(X,Sy)). If we view Ge(X,val(X,S2)) as an array, then
it has 2" — 2 columns and 2" — 1 rows. If U C val(X,S2) consists of the valuations v; for
1 <i < n where v;(z;) = 1 if and only if ¢ = j, then U is free for S. To see this, it suffices to
show that the projection pry; is one-to-one. Suppose t = t(x1,...,2,) and s = s(x1,...,Zy)
are distinct elements of Ge(X,val(X,S2)). Let v be any valuation into So that separates s
and ¢, with say v(t) = 1. So there exists x; € var(t) — var(s). Then v;(x;) = 1 = v;(t) while
vi(s) = 0. So a valuation v; in U separates ¢ and s. Hence U is free for S. The array for
Ge(X,U) has n columns and 2" — 1 rows. A cardinality argument shows that no proper
subset of U is free for S. Although U is free for S, it is not independent since there is no ¢
having v(t) = 0 for all v. However, if S were the variety of join semilattices with constant 0,
then U would be both free and independent for S with Fs(n) = S5 for Sy the 2-element join
semilattice with constant 0.

1.9 Example Let B be the variety of Boolean algebras. This variety is generated by the 2-
element Boolean algebra By = ({0,1}, A,V,’,0,1), which is the only subdirectly irreducible
algebra in the variety. Note that val(X,Bs) = B. For v € val(X,Bs) let ¢, be the term

x’lj(wl) Ao A oo™ where 29 = 2} and 2} = x;. Then v(t,) = 1 but w(t,) = 0 for every

valuation w # v. The array for Ge(X, val(X, B2)) has 2" columns. By considering joins of the
2" different ¢, we see that there are 22" rows. So val(X, Bs) is free for B and is independent
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but has no proper subset that is free for B. Thus Fp(n) = BY. The t, are sometimes called
minterms. The array for Ge(X,val(X,By)) may be viewed as the collection of all truth
tables for Boolean terms involving the variables from X. The only difference being that in
truth tables the result of applying all valuations to a given term is given as a column vector
whereas in the array for val(X, Bs) this is presented as a row vector.

1.10 Example Let Cy be the 2-element implication algebra ({0,1, }, —) and Z the variety
it generates. In Cy we have 1 — 0 =0 and @ — b = 1 otherwise. Algebras in 7 have an order
defined on them by x < y if and only if z — y = 1. The term operation (x; — 3) — 23
is the join operation for this order. We consider Ge(X, Cs), which is isomorphic to Fz(X).
For t € Ge(X, Cy) we have z; < ¢ if and only if v(z;) < v(t) for allv € C5. For 1 <i<n
let T; = {t € Ge(X,Cy) : z; < t}. Then T} is a subuniverse of Ge(X, Cy) since y <z — y
holds for all elements in algebras in Z. Moreover, every t is in at least one T;. Let U;
consist of all v € C§ for which v(x;) = 0. The array for Ge(X,U;) has 27! columns. For
t € Ge(X,U;) and v € U; we have that v(t — z;) = ¢’ for ’ the complementation operation
on By. Thus, on Ge(X,U;) we have term operations that are the Boolean operations V and
. The element x; serves as the Boolean 0 here. So Ge(X,U;) contains all Boolean term
operations that can be generated by the n — 1 elements x1,...,z;—1,%i+1,...,2n. Thus T}
contains 22" elements. If T; is the algebra with universe T}, then T; and (C2)2n_1 are
isomorphic. From the facts that Ge(X, Cf) =T7U---UTy,, all the T; are isomorphic, and
Ty N NTg| = 22" for every 1 < k < n, it follows from a standard inclusion-exclusion
argument that

[Fz(n)| = | Ge(X,C5)| = Z(_l)k(n> g2n

k
k=1

In the previous examples we considered a finite algebra A that generates a variety V and
we determined the free algebra Fy(X) by means of an analysis of the array Ge(X,U) for
some U C AX that is free for V. The algebras A considered have a 2-element universe and
a particularly transparent structure. For more complicated finite algebras A, it is usually
more difficult to analyze Ge(X,U). However, the array for Ge(X,U) can, in principle, be
computed mechanically since it is a subalgebra of AU generated by the row vectors x1, ..., .
The natural algorithm for finding a subuniverse of an algebra generated by a given generating
set can be implemented as a computer program.

Emil W. Kiss and Ralph Freese have developed a software package for doing computations
in universal algebra. The package is the Universal Algebra Calculator (UAC) and is freely
available from either author’s webpage [11]. The menu of programs allows the user to compute
all congruence relations of an algebra, view and manipulate the congruence lattice, find factor
algebras for a given congruence relation, and answer questions about the algebra that arise
from commutator theory and tame congruence theory. Two programs in the package are
extremely useful for work on the structure of free algebras. One is a program that with
the input of a finite algebra A and positive integer n, determines the free algebra Fy(n)
for V the variety generated by A. The second takes as input a finite collection of finite

algebras Aj,...,A,, of the same similarity type and a set of vectors z1,...,zy,, with each
zi € A1 X -+ X A, and produces as output the subalgebra of Ay x --- x A,, generated by
Z1y...,%n. This program can of course be used to compute Ge(X,U). These programs are

especially useful for analyzing examples and for conducting computer experiments on specific
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algebras. We next present a detailed example of how the Universal Algebra Calculator might
be used in this experimental manner to investigate free algebras in a finitely generated variety.

1.11 Example For every finite poset (P, <) with a top element 1 define a finite algebra

P:<P7>by
{1 ife<y
Ty =

y otherwise.

Let V be the variety generated by all such P. The general problem is to determine the
structure of Fy(n) for all positive n. A more specific problem is to determine the free
algebras in a variety generated by a single algebra P € V.

If A is any algebra in V), then it is not hard to show that the binary relation < on A
given by z < y if and only if z-y = 1 is an order relation. Note that although 1 is not in the
similarity type of V, the term x -z will serve in its place.

If P is the algebra arising from the two element chain 0 < 1, then P = Cy as in Exam-
ple 1.10, and we have described there the structure of the free algebras in the variety generated
by Cs. So let us next consider the algebra arising from the 3-element chain 2 < 0 < 1. If C3
denotes this algebra, then the operation x - y on Cg is given by the following table.

We can use this table as input for the Universal Algebra Calculator. The UAC can then
calculate the free algebra on two free generators for the variety V generated by this input
algebra. A tabular printout for the result of this computation is given in Table 1.

The algebra F(2) is represented as a subset of (Cs)3*. The elements are represented
as 9-tuples with the two generators having the label G and numbered 0 and 1. The other
elements in the free algebra are labeled with the letter V and are numbered 2 through 13.
The binary operation on the algebra is denoted £0. Information about how each generated
element is obtained is explicitly given. Thus, in the last two lines of the table we see that
element 13 is obtained by applying £0 to elements 4 and 5. A printout of this data in a more
streamlined form is given in Table 2. Here we see a representation of Fy(2) as we view the
array Ge(X,U) for X the two generating elements and U the 9 functions {0,1,2}*. This
illustrates how the UAC program gives a concrete representation of the array Ge(X,U) for
an algebra A and a set U C AX,

A first approach to understanding the structure of Fy(2) would be to draw the order
relation on the 14 elements of the algebra. This can be done using Table 2 by ordering the
vectors coordinatewise by 0 < 1. The diagram shows that the two generators are the only
minimal elements of this order, that is, every element is greater than or equal to at least one
generator. This is reminiscent of the situation for the free algebras in the variety Z generated
by Cs described in Example 1.10. The entire ordered set is quite complicated, but if we look
at a single generator and all of the elements greater than or equal to it, we get the ordered
set drawn in Figure 1. This ordered set is Cy3 with two additional elements labelled 8 and
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The 2 generators:
G 0: (0,0,0,1,1,1, 2,2, 2)
G 1: (0,1, 2,0, 1,2, 0,1, 2
. > Newly generated elements:
. >V 2: (1,1,1,1,1,1, 1,1, 1)

= f0( 0, 0)

>V 3: (1,0,1,1,1,1, 2,2, 1
= f0( 1, 0)

>V 4: (1,1,2,0,1,2,1,1, 1)
= f0( 0, 1)

>V 5: (0,1,0, 1,1, 1, 1,1, 2
= f0( 3, 0)

>V 6: (0,0,1,1,1,1, 2,2, 2
= £0( 4, 0)

>V 7: (0,1,2,0,1,2,1,1, 2
= f0( 3, 1)

>V 8: (0,1,1,1,1,1, 0,1, 2
= f0( 4, 1)

>V 9: (1,1,0, 1,1, 1, 1,1, 1)
= f0( 6, 0)

>V 10: (1, 0,0, 1, 1,1, 2, 2, 1)
= £0( 8, 0)

>V 11: (1, 1,2,0,1,2,0,1, 1)
= f0( 5, 1)

>V 12: (1,1,1,1, 1,1, 0, 1, 1)
=f0(7, 1)

>V 13: (0, 1,1,1,1,1, 1,1, 2)
= f0( 4, 5)

Table 1

12. Note that in Fz(2) the ordered set of elements above either generator is order isomorphic
to C3. So a natural question to ask is how do 8 and 12 differ from the other eight elements
that are above the generator 07

By means of Table 1 we can represent each element in terms of the two generators 0 and
1. The element 8 is (01)1 and the element 12 is ((10)1)1. The other elements in Figure 1 all
have the property that each of them can be written as a term involving the generators 0 and
1 with 0 being the rightmost variable that appears. Thus 13 = (01)((01)0). The elements 8
and 12, at least in the representation given by Table 1, have rightmost variable 1. One can
argue that in any representation of 8 and 12 as a term operation ¢ applied to 0 and 1 the
rightmost variable of ¢ will be 1. This can be done by observing that if v is any valuation
of X into Cz and ¢(x1,...,x,) is any term with rightmost variable z;, then v(t) = v(z;) or
o(t) = 1.

For the valuation v that sends generator 0 to 2 and generator 1 to 0, an examination of
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[ Creating an algebra in a subproduct.
[ Reading vectorlist file ‘C:\algebras\join3f2.uni’.
. < Number of vectors: 14

Length of vectors: 9

v 0: (0, 0,0,1,1,1, 2,2, 2)
v 1: (0,1, 2,0,1, 2,0,1, 2
\ 2: (1,1,1,1,1,1, 1,1, 1)
\ 3: (1,0,1,1,1,1, 2, 2,1)
\ 4: (1,1,2,0,1,2,1,1, 1)
v 5: (0, 1,0,1,1,1, 1,1, 2)
v 6: (0,0,1,1,1,1, 2,2, 2)
U 7: (0,1, 2,0,1, 2,1, 1, 2)
\ 8: (0,1,1,1,1,1, 0,1, 2)
\ 9: (1,1,0,1,1,1, 1,1, 1)
v 10: (1, 0,0,1,1,1, 2,2, 1)
v 11: (1,1,2,0,1,2,0,1, 1)
v 12: (1,1,1,1,1,1,0, 1, 1)
Vv 13: (0,1,1,1,1,1,1,1, 2)

. ] End of reading vectors.
[ Reading algebra ‘C:\algebras\join3.alg’.

Table 2
2
12
13 3
8
5 10
0
Figure 1

the appropriate column in Table 1 shows that v(8) = 0. So 0 could not be the rightmost
variable for any representation of element 8. A similar argument works for element 12. This
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analysis suggests that for a given generator x;, rather than look at the set of elements that
are greater than or equal to x;, we look at those elements that can be written in some way
with a term having z; as its rightmost variable. There are 8 = 23 elements representable with
terms having 0 as the rightmost variable, and by symmetry there are 8 elements having 1 as
rightmost variable, and two elements, 2 and 13, that can be written with either variable as
a rightmost variable. We have 14 = 8 + 8 — 2 and appear to have a decomposition of Fy(2)
into well-structured overlapping blocks.

We next want to find a small set of valuations that can be used to separate those elements
of Fy(n) that have a representation by means of a term with rightmost variable z;. In the
case of Fz(n) we considered only those valuations v that have v(z;) = 0. Could this same
condition work for the variety V? We experiment with Fy(2). There are three valuations
with v(z1) = 0. Let U be this set of valuations and consider Ge({z1,z2},U). The UAC
program allows us to generate a subalgebra of product by inputting the algebra, the number
of coordinates, and the generating vectors. Thus we can generate the array corresponding
to Ge({z1,z2},U). This is given in Table 3. We see that there are 10 elements generated.
Those vectors that contain a 2 cannot be written as a term with rightmost variable x;. This
leaves 8 = 2% vectors that contain only 0 and 1. For any such vector v we have (v-0)-0 = v,
so all 23 of these vectors can be represented by terms in which the rightmost variable is ;.
So the three valuations in U serve to separate those elements that can be represented by
terms with rightmost variable x1, and the number of such elements is {0, 1}V1.

This algebra is the subalgebra of the 3-th power of the algebra
C:\algebras\hilbert3.alg generated by:
0 : [0, 0, O]
1: [0, 1, 2]
. > The generated subpower contains 10 vector(s).
> The generated universe is:

0 : [0, 0, O]
1: [0, 1, 2]
2 : [1, 1, 1]
3 : [1, 0, 1]
4 : [1, 1, 2]
5 : [0, 1, 0]
6 : [0, 0, 1]
7 : [0, 1, 1]
8 : [1, 1, 0]
9 : [1, 0, 0]

Table 3

On the basis of these computer experiments with Fy(2) we form this conjecture: For
Fy(n) the subalgebra T;, whose universe consists of those elements that can be written using
a term having rightmost variable z;, is isomorphic to C3', where m is the number of v € C?
for which v(z;) = 0. Thus T; = (Cy)2" . If this conjecture were true, then an inclusion-

exclusion argument as used for the variety V of implication algebras could be used to find
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the cardinality of Fy(n).

We can use the UAC software to check the conjecture for n = 3. If we just run the program
we discover that Fy,(3) has 1514 elements. The algebra is too big, however, to carry out the
analysis as we did for n = 2. We can compute with the program the array corresponding
to Ge(X,U) for X = {x1,29,23} and U consisting of all v € C{ with v(z1) = 0. Note
that |U| = 9. The computation shows that there are 558 rows in the array Ge(X,U). An
examination shows that 46 of these rows contain the element 2, which leaves 512 rows in
{0,1}°. Thus, there are at least 2° elements of Fy,(3) in 77. Likewise if we let U be those
v for which v(z1) = 0 and v(z2) = 0, then we see that there are at least eight elements in
Ty NT5. We also compute that 77 N7T5 N T3 has at cardinality at least 2. By symmetry
we have |T1| = |Tz| = |T3]. An inclusion-exclusion argument shows that we have counted
3% 29 —3%2% 4+ 2! = 1514 elements. Since 1514 is the cardinality of Fy,(3), we see that T;
does indeed have 23 elements, as predicted by the conjecture. So we have used the UAC
software to verify the conjecture for n = 3. In Section 3 we will give a proof of the conjecture
in a more general context. The proof will essentially be a formalization of the analysis that
we used in our computer experiments in this example.

2 Structure via decomposition

We wish to understand the structure of free algebras in a variety. For some varieties the free
algebras have a fairly transparent structure. For example, the structure of free semilattices
is reasonably clear and is presented in Example 1.8. But for most varieties the structure of
the free algebras is too complex to discern in a single view. In some cases one can decompose
the free algebras into manageable blocks, and describe how the blocks fit together. If the
structure of the blocks is clear and if the manner in which the blocks are related to one another
is understood, then a good analysis of the structure of the free algebras in the variety may be
provided. In this section we consider a standard and useful method for such decompositions
of free algebras. The basic situation is that we are interested in the free algebras in a variety
VY and we know that V has a subvariety W for which we have some understanding of the
algebras Fyy(n). Let g : Fy(n) — Fyy(n) be the canonical map that sends each generator
2; to x;. Then the kernel of g is a congruence on Fy(n) whose congruence classes partition
Fy(n). We want V and W in which the structure of Fyy(n) and information about the
individual congruence classes of the kernel of g may be used to describe Fy(n). We present
several concrete examples of this approach.

2.1 Example The analysis of the free bands by J. A. Green and D. Rees [13] is an excellent
example of this method. Let V be the variety of bands, that is, the variety of semigroups given
by the idempotent law 22 ~ 2. The variety S of semilattices, which is the class of commutative
bands, is a subvariety of V. Let v be the kernel of the canonical map ¢ : Fy(n) — Fs(n) in
which g(z;) = @; for 1 < i < n. Recall that for any term ¢, we let var(¢) denote the set of
variables that appear in ¢. It is easily seen that for s € Fs(n) the congruence class g~1(s)
consists of those ¢t € Fy(n) for which var(t) = var(s). Moreover, g~1(s) is a subuniverse of
Fy(n). It can be argued that for a,b and ¢ in Fy,(n), if (a,¢) € v and var(b) C var(a) = var(c),
then abc and ac are in the same v class. This means that each v class is a rectangular band,
that is, the elements in the class satisfy the identity xyx ~ 2. Thus, the classes of v partition
Fy(n) into rectangular bands and these classes interact together as elements of the free
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semilattice on n generators. Further structure of the v classes is presented in [13]. It is
shown that if t € Fy(n) with |var(t)| = ¢, then

i

it/ =1I6—-i+1v%,

=1

and hence the variety of bands is locally finite with

mool =3 () 165+ 1®.

i=1 j=1

In this type of decomposition in which Fy(n) is partitioned by a canonical map onto
Fyy(n), it is critical that the structure of Fyy(n) be well understood. In the band example
the map is onto a free semilattice, which as we have seen has a very transparent structure.
Free finitely generated Boolean algebras are also well understood and so for many of the
varieties of algebras arising in algebraic logic that contain Boolean algebras as a subvariety,
this method of describing the structure of free algebras has been used with some success.

The method may also be used for locally finite varieties of lattices. If V is any nontrivial
variety of lattices, then the variety D of distributive lattices is a subvariety of V. The free
distributive lattice has been the object of intensive study and its structure is understood,
although not as thoroughly as that of free semilattices or free Boolean algebras. Thus, an
analysis of the partition of Fy(n) induced by the kernel of the canonical map g : Fy(n) —
Fp(n) might reveal the structure of this free lattice.

We first discuss some of the known structure of the free distributive lattice Fp(X) for
X = {x1,...,2,}. There is a normal form for distributive lattice terms, as every element
can be written as \/,(A X;) where the X; are pairwise incomparable subsets of X. This
is, of course, the well-known conjunctive normal form. The lattice Fp(X) has a concrete
representation as the lattice of down-sets in the ordered set consisting of all proper nonvoid
subsets of X. An equivalent representation is the set of proper nonvoid anti-chains in the
ordered set {0,1}%. Yet another representation is as the set of all n-ary operations on {0,1}
that preserve the order relation 0 < 1. The ordered set of join-irreducible elements of Fp(X)
is order isomorphic to the set of proper nonvoid subsets of X ordered by inclusion.

Despite all this structural information the problem of actually determining the size of
Fp(n) remains a difficult one. An 1897 paper of Dedekind gives [Fp(4)| = 166. In the years
that have followed the cardinalities of free distributive lattices on n free generators have been
determined, but with the time interval between successive values of n being 15-20 years.
Thus, the exact values of Fy(n) are known only for n < 8, with value for n = 8 being a 23
decimal digit number found in 1991. This suggests that unlike the case for bands, for lattice
varieties the decomposition of Fy(n) into congruence classes of the canonical map onto Fp(n)
will not provide a usable general formula for |Fy(n)| as a function of n.

Nonetheless, the method has been used to determine the structure and cardinality of free
lattices on a small number of generators in some varieties of lattices. The next paragraphs
present some of the results from [6] where such an analysis has been performed.

Let V be any variety of lattices and let g : Fy(n) — Fp(n) be the homomorphism in
which g(z;) = =; for all variables x; € X. The kernel of g is the congruence relation v. For
any lattice term p we wish to describe the class p/vy. It can be argued that g is a bounded
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homomorphism in the sense that the interval p/~ has a top and bottom element. An argument
in [6] shows that if p, is the disjunctive normal form of p and p* is the conjunctive normal
form, then p/v is the interval [ps,p*]. Let U be all those valuations v € AX, as A ranges
over the subdirectly irreducible algebras in V, with v(p.) # v(p*). Then the interval p/v is
lattice isomorphic to a sublattice of [],c;; Alg(v) with the embedding given by pr,(¢q) = v(q)
for every q € p/v. The structure of p/v is analyzed by determining the collection of join-
irreducible elements in this interval lattice. Note that in any finite lattice L, the set J(L)
of join-irreducible elements generates all of L. The following result of R. Wille [22] is useful
here.

Let the finite lattice L be a subdirect product of the lattices L; (i € I). Then
J(L) = UiedApri(e) e € J(Li)}

With this result and the fact that p/v is the interval [p.,p*], one can, in principle,
determine the structure of each congruence class p/v if one knows A pr,!(c) where v is an
arbitrary valuation in U and c¢ is a join-irreducible element of Alg(v). We present a concrete
example illustrating this, using the variety V generated by the 5-element non-modular lattice
N.

Let the elements of the lattice N be 0,1,2,3,4 with 2 < 3, 4Vv2 =4Vv3 =1 and
4AN2 =4A3=0. This lattice is generated by the set {2,3,4} and any generating set
must contain this set of elements. If V is the lattice variety generated by N, then the only
subdirectly irreducible lattices in V are N and the 2-element chain Cg with elements 0 < 1.
So the variety V covers the variety of distributive lattices in the lattice of all lattice varieties.
Now Cj is a homomorphic image of N, so if p and ¢ are lattice terms in the variables X and if
v is a valuation to Cy for which v(p) # v(g), then there is a w € N¥ for which w(p) # w(q).
So there is a set U C NX for which Fy,(X) is lattice isomorphic to Ge(X,U).

In order to apply Wille’s result we need a description of A pr—'(c) for c a join-irreducible
element of N. The following is proved in [6]:

Let h : Fy(X) — N be an onto homomorphism. For i € N define i = N\{z €
X : h(x) > i}. Then h is a bounded homomorphism with a lower bound given by
h(p) > i if and only if p > i A (2V 4) in Fy(X).

We view Fy(X) as Ge(X,U) and we let v be any valuation in U. Then the projection pr,
is the homomorphism of Fy,(X) onto N that extends v. For a nonsingleton congruence class
p/~ we have that a typical join-irreducible element will be of the form p, V (i A (2V 4)) where
i is join-irreducible in N. If p is a lattice term for which g(p.) = g(p*), then the class p/v is
a singleton since D |= p, ~ p*. If v € N¥X is such that v(p,) # v(p*), then {v(p.),v(p*)} =
{2, 3} since N/ is a distributive lattice for 0 the congruence relation generated by identifying
2 and 3. So for every ¢ € p/y we have v(q) € {2,3} since v(p.) < v(¢) < v(p*). Hence the
entire congruence class p/v is embedded in a product of copies of the 2-element chain 2 < 3.
This implies that p/vy is a distributive lattice. Any finite distributive lattice is uniquely
determined by its ordered set of join-irreducible elements.

We consider the simplest case in which | X| = 3 and ¢ : F,(3) — Fp(3). The cardinality of
Fp(3) is 18. So v = ker g has 18 congruence classes. An examination of the 18 elements shows
that 11 have the property that p, = p* and so their v classes are singletons. The remaining
seven classes p/v have as p, either the lower median term (z1 A z2) V (z1 Az3) V (z2 Ax3) or
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the six duals or permutations of 1V (x2 Az3). There are six valuations of {z1, 9, z3} into N,
so Fy(X) is in N® and each class p/y is a sublattice of the distributive lattice C§. The join-
irreducible elements in the 7 class of the lower median term can be shown to form a six-element
antichain. So this class is lattice isomorphic to (Cz)%. Each of the other six congruence classes
has a two-element antichain for the ordered set of join-irreducible elements. So each of these
congruence classes is isomorphic to Cy x Cy. So all the 18 congruence classes are Boolean
lattices of cardinality 1, 4 or 64. Thus, the cardinality of Fy(3) is 11 + 64 + 6 %« 4 = 99. The
classes interact with one another as in the 18-element free distributive lattice. This analysis
provides a reasonably good description of the the structure of Fy(3).

If we next consider Fy(4), then the basic analysis is the same. The distributive lattice
Fp(4) has 166 elements. Of the 166 congruence classes of 7 there are 26 for which p, = p*.
The 140 classes that are not singletons can be grouped by duality and permutation of variables
into 12 families. For each of thesel2 the ordered set of join-irreducibles can be determined.
These ordered sets range in size from 6 to 36 elements. Unlike the case for Fy(3), these
ordered sets are not particularly well-behaved. Even though the distributive lattices that
have these ordered sets as their set of join-irreducible elements can be found, the structure of
each class is not very transparent. So although the cardinality of F(4) can be determined
by this method, it is 540,792,672, the structure of this lattice can only be described in fairly
general terms because of the lack of regularity in the structure of the congruence classes of
5.

If we consider the variety W generated by the 5-element modular nondistributive lattice,
then a similar analysis leads to similar results. The lattice Fyy(3) has 28 elements and each
of the nonsingleton classes of v is well-behaved. But for Fyy(4), although the method of
mapping down to Fp(4) allows us to find the cardinality, which is 19,982, the structure of
each class of v is far from transparent.

One difficulty with the method used in Example 2.1, and with the more general technique
of partitioning Fy(X) into congruence classes determined by the canonical map of Fy(X)
onto Fyy(X) for a subvariety W of V, is that the congruence classes are not ‘free’ in any
obvious sense. We conclude this section with a discussion of a method in which Fy(X) is
decomposed into congruence classes, and each class is a free object in a variety intimately
related to V.

Let W be an arbitrary variety in which there are no constant symbols. As in Example 2.1
we consider an equivalence relation ~ defined on a free algebra Fyy(X) by p ~ q if and
only if var(p) = var(q). When is ~ a congruence relation? A sufficient condition is that if
W = s & t, then var(s) = var(t). Identities of this form are called regular and a variety
that is presented by regular identities is called a reqular variety. If ~ is a congruence relation
of Fyy(X), then the quotient algebra S = Fyy(X)/ ~ can be represented as an algebra
whose universe is the set of nonvoid subsets of X and if f is an k-ary operation symbol, then
fs(S17 .oy Sg) = S1U---USy for Sy,..., S, C X. So S is term equivalent to a join semilattice.
We let S denote the variety of join semilattices but presented with the similarity type of
W. Then the canonical homomorphism g : Fyy(X) — Fs(X) determined by g(z;) = z; is
such that the congruence relation ker g is ~. Note that each congruence class is in fact a
subuniverse of Fyy(X). The classes of ker g interact with each other according to the join
semilattice structure on Fg(X). This interaction is very well-behaved and transparent since
it can be viewed as the operation of union on the set of nonvoid subsets of X. We describe
a general situation in which the individual classes of ker g will have a well-behaved internal
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structure as well. In this situation the structure of Fy,(X) admits a reasonable description.

If V is an arbitrary variety, then we can form the regularization of V, denoted R(V), which
is the variety axiomatized by all the regular identities of V. The variety V is a subvariety of
R(V). We investigate the structure of the free algebras of R(V) by considering the canonical
map of Fryy(X) onto Fy(X).

Let V be a finitely generated variety that is not regular and that has no constant symbols
in its similarity type. Since V is not regular, there is an n > 2 and there are terms s and ¢t with
var(s) = {z1,...,2,} and var(t) = {z1,...,2;} for i < n such that V |= s ~ ¢. Identifying
Z1,...,2; with = and identifying x;y1,..., 2, with y, we have V | s(z,...,z,y...,y) =
t(z,...,z). If we restrict our investigation to the case that V |= ¢(z,...,x) ~ z, then in this
situation we then have a binary term p(x,y) = s(z,...,z,vy,...,y) for which V E p(z,y) ~ x
witnesses that V is not a regular variety.

The following theorem of J. Plonka [19] gives the structural decomposition of free algebras
in a variety that is the regularization of an irregular variety.

Let V be a variety, with no constant symbols, that satisfies an irreqular identity
of the form p(x,y) ~ x. Let W = R(V) be the regularization of V. Then for
p € Fyw(X) the congruence class of p/ ~ is a subalgebra of Fyy(X) that is
isomorphic to Fy(var(p)).

An immediate corollary of this theorem is that if V is also locally finite then

ool =3 (7w

i=1

We present a constructive proof of Plonka’s theorem in the case that the variety V is
finitely generated. We do this by representing F g, (X) as Ge(X,U) for a suitable set U of
valuations.

If A is an algebra and 0 ¢ A, then A* denotes the algebra having the same similarity
type as A, with universe A U {0}, and operations given by

B 0 if0 € {a1,...,q
A ar, . a) =4 {. ! #)
f*(a1,...,a;) otherwise.

The element 0 is called an absorbing element of A*.

Let A be a finite algebra with no constant symbols in its similarity type and suppose
A E p(x,y) = x for a term p with var(p) = {z,y}. If V is the variety generated by A, then
V satisfies the hypotheses of Plonka’s theorem. By results of H. Lakser, R. Padmanabhan,
and C. Platt [17], the variety R(V) is generated by the algebra A*. Therefore, the algebra
Fro)(X) is isomorphic to Ge(X,U) where U consists of all v : X — A*. Let Z be any
nonvoid subset of X. Without loss of generality we let Z = {z1,..., 2y }. Form

Uz={veU:v(x;) € Aforal z; € Z}.

For 1 <4 < m let y; denote the term p(z;, p(x1, p(z2,p(. .., p(Tm-1,2m)...)))). Then V |=
x; ~ y; and var(y;) = Z. For v € Uz and x; € Z we have v(z;) = v(y;). f w € U — Uy,
then there is an x; € Z for which w(z;) = 0. Hence w(y;) = 0 for all 1 < ¢ < m. Let
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t be any term with var(t) = Z. We write t as t(z1,...,2n). For all v € Uz we have
v(t) = v(t(z1,...,2m)) = v(t(y1,...,Ym)) € A. For all w € U — Uy we have w(t) = 0. From
these observations it follows that the congruence class and subuniverse t/ ~ is generated
by Y1, ..., Y. Moreover, t/ ~ can be embedded in Ge(X,Uyz) since w(s) = w(t) for every
w € U—Uy and s having var(s) = Z. Now y; and x; agree on all v € Uz. So the subalgebra of
Ge(X,Uyz) generated by yq,...,y,, is isomorphic to the subalgebra of Ge(X,Uy) generated
by Z = {21,...,%,}. This latter algebra is isomorphic to Ge(Z, A%). Since Ge(Z, A%) =
Fy(Z) we conclude that t/ ~ is isomorphic to Fy(Z).

For example, let B be the variety of Boolean algebras considered in Example 1.9. The
variety B is generated by the 2-element Boolean algebra By. We can eliminate the constant
symbols 0 and 1 by using the unary terms z1 Az} and z1 V) in their stead. If p(z, y) denotes
the term (z V y) Az, then B |= p(z,y) = x. If W denotes the regularization R(B) of Boolean
algebras, then as seen in the previous paragraph, W is generated by the 3-element algebra
obtained by adjoining an absorbing element to By. Each congruence class t/ ~ in Fyy(X) is
isomorphic to the free Boolean algebra Fp(var(t)). For s,t € Fyy(X) and term ¢(z,y), we
have q(s,t)/ ~ = 7/ ~ where r is any term with var(r) = var(s) U var(t). As observed in
Example 1.9 [Fp(m)| = 22". Thus,

n

Famn) =Y (’;‘) 92",

i=1
3 Structure via inclusion-exclusion

In the previous section we investigated the structure of a free algebra by decomposing it
into the disjoint blocks of a congruence relation that is the kernel of a homomorphism onto
a free algebra in a particular subvariety. In this section we decompose a free algebra into
overlapping canonically defined subalgebras. The homogeneity of these subalgebras allows
for the inclusion-exclusion principle to be used to express the cardinality of the free algebra
in terms of the cardinalities of these subalgebras. We present some examples of varieties in
which the subalgebras have some interesting structure of their own and for which we can
either determine their cardinality or else express the cardinality in terms of the cardinalities
of some sets of some familiar combinatorial structures.

Throughout this section we let X = {x1,...,2,} be a finite set of variables. For a language
(or similarity type) £ let Tz(X) denote the set of all terms that can be built from X using
operation symbols from £. We often write T(n) for Tz(X). In this section £ will always be
a language in which there are no constant symbols. Since a nullary constant operation can
always be represented by a constant unary operation, this restriction on £ does not result in
any loss of generality.

3.1 Definition For t € Tz(X) we define the right-most variable rv(t) of t inductively as
follows:

(t) X; ift=x;€ X
rv(t) =
rv(ty) ift=f(t1,...,tm) for f € L and ty,...,t, € Te(X).

For 1 < i < n,let T;(n) = {t € T(n) : rv(t) = x;} and let T;(n) be the set of elements
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{t € Fy(n) : t € T;(n)}. It is easily seen that each T;(n) is a subuniverse of F(X); we write
T;(n) for the corresponding subalgebra of Fy(n).

Note that the algebras T;(n) need not be disjoint. We use the T;(n) in our decompo-
sition of Fy(X). The intersections of the T;(n) will also play a role. We write T<,(n) for
Ni<i<¢ Ti(n). Each T<(n) is a subuniverse and T<¢(n) denotes the corresponding subalge-
bra.

All the T;(n) are isomorphic to each other. Every permutation of X extends to an
automorphism of Fy(X). From this it follows that if 1 <43 < --- < iy < n, then Ty, (n) N
Ti,(n)N---NT;,(n) = T<p(n).

3.2 Theorem Let V be a locally finite variety in a similarity type that has no constant
symbols. For every positive integer n. we have

n

()] = 3 (1) 1( )|T<e<n>\

(=1

Proof First note that V is locally finite, and hence Fy(n) is a finite set. Every element of
Fy(n) is of the form ¢ for some ¢t € T(n). There are no constant symbols in the similarity
type of V and so t has a right—most variable rv(¢), that is, t € T;(n) for some 7. Thus,

Fy(n)= |J Ti(n).

1<i<n

Applying the inclusion-exclusion principle, we have
|Fy(n \72{ DT, (n) N Tiy(n) NN Ty, (n)] 11 <y < --- <ig < n}.
As we have observed, T;, (n) 0Ty, (n) N --- N Ty, (n) is isomorphic to T<y(n) so
[Ti (n) N Tiy(n) 0 -+ N Ty, (n)] = [T<g(n)].

For each 1 < ¢ < n there are () sets of the form Tj; (n) N Ty, (n) N --- N T;,(n), each of size
|T<¢(n)|, thereby yielding the desired formula for |Fy(n)|. O

Although the formal appearance of Theorem 3.2 is appealing, it is not immediately clear
if the result has any content. For example, in any variety of groups or lattices, T;(n) = Fyp(n)
for every 1 < ¢ < m. For such varieties the theorem tells us nothing. For other varieties,
although the T;(n) are proper subsets of Fy(n), the structure of the subalgebra T;(n) is
difficult to determine. Nonetheless, there are varieties in which the algebras T;(n) have an
interesting describable structure and for which Theorem 3.2 can be used to provide significant
information about the cardinalities of finitely generated free algebras. In what follows we
present two varieties in which this is the case. FEach is based on an algebraic coding of
ordered sets as presented in [3, 4].

3.3 Definition Let P = (P, <,1) be a ordered set with a top element 1. We form the algebra
H(P) = (P,-) with universe P and binary operation - given by

1 ifx<y
Ty = .
y otherwise,
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and the algebra J(P) = (P,-) with universe P and binary operation - given by

y ifz<y
Ty = .
1 otherwise.

By H and J we denote the varieties generated by all H(P) and all J(P), where P ranges
over all ordered sets with a top element.

The variety H is a subvariety of the variety of all Hilbert algebras, which is the vari-
ety generated by all {—, 1}-subreducts of the varieties of Brouwerian semilattices. Hilbert
algebras have received considerable attention in the algebraic logic literature. A standard
reference on the basic properties of Hilbert algebras is A. Diego’s monograph [9]. A Hilbert
algebra includes the constant 1 in the similarity type. However, since Hilbert algebras satisfy
the identity * — = = 1, this constant can be omitted from the similarity type. For H we
write - for the binary operation symbol — and omit the constant 1 from the similarity type.
Members of J are called join algebras. The only work on join algebras that I am aware of is
[4].

It is not hard to argue that every algebra in H or in J has an equationally definable order
relation. For elements in an algebra in ‘H we have z < y if and only if xy = zz while for
algebras in J the order is given by x < y if and only if xy = y.

3.4 Definition An algebra A in H is called pure if it is of the form H(P) for some ordered
set P having a top element. A pure algebra in J is defined analogously.

Both ‘H and J are generated by their pure members. Both H and J are known to
be locally finite varieties. The subdirectly irreducible algebras in each variety have been
characterized: they are the pure algebras with underlying ordered set P of the form @ & 1,
where @) is an arbitrary ordered set.

There are some differences between H and J. Notably, H is a congruence distributive
variety and its type set, in the sense of tame congruence theory, is {3} while J satisfies no
nontrivial congruence identities and its type set is {5}.

Another important difference between H and J is that the variety J of join algebras is
generated by J(C'), where C is the 3-element chain. The only proper nontrivial subvariety of
J is the variety of semilattices. These results are proved in [4]. The variety H on the other
hand, is not finitely generated and has 2% subvarieties. The least nontrivial subvariety of H
is the variety Z of implication algebras discussed in Example 1.10. These results and others
for H are also given in [4].

We investigate the structure of free algebras Fy(n) and F 7(n) by describing the subal-
gebras T;(n).

3.5 Definition Let ¢ € T,(n) be an arbitrary term for £ = {-}. The binary relation re(t)
on var(t) is defined inductively by:

re(t) _ {{(1},,1‘1)} lf t= ZT;

re(p) Ure(q) U {(rv(p),1v(q))} ift=p-q.

The transitive closure of re(t) is denoted qo(t).
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A quasi-order on a set Z is any reflexive transitive binary relation on Z. If o is a quasi-
order on Z, then the quotient Z/o is an ordered set in which a/o < b/o if and only if
(a,b) € 0. The ordered set Z/o has a top element if and only if there is a z € Z such that
(a,2) € o forall a € Z. If t € Tr(n), then qo(t) is a quasi-order on the set var(t) in which
rv(t)/qo(t) is the top element of the ordered set var(t)/qo(t).

3.6 Lemma Let o be any quasi-order on a set Y C X such that Y/o has a top element.
Then there exists t € Tp(X) such that qo(t) = o.

Proof Let (zi,,xj,), (iy, Tjo); (Tig, Tjs), - - -, (Tiy,, 5, ) be any list of the elements of o subject
only to the constraint that x; /o is the top element of Y/o. Let

t= (xlkx]k)( .. (x1'3$13)((fizx]'z)(xille)) o)

Clearly var(t) = Y. It is immediate from the recursive definition of the operator qo that
qo(t) = o. O

We now restrict our discussion to the variety J. The next lemma is proved by considering
valuations of X into the 3-element pure join algebra J(C), which generates J.

3.7 Lemma Let s,t € Tr(n).
(1) J E s=tif and only if qo(s) = qo(t).
(2) J E st~ tif and only if qo(s) C qo(t).

We have T;(n) = {t € Fz(n) : rv(t) = z;} and that T;(n) is the subalgebra of F 7(n)
with universe T;(n). It can be argued that J is a regular variety (in the sense of the previous
section), that is, if J = s ~ ¢, then var(s) = var(t). In particular, if s € T;(n), then
x; € var(s).

For1<i<n

Qi(n) ={0:3Y C X, z; €Y, o is a quasi-order on Y,
and z; /o is the top element of Y/o}.

For o1 and o9 € Q;(n) with o) defined on Yy C X for k = 1,2, let o1 - 02 denote the smallest
quasi-order on Y7 U Y5 that contains both o and o9. Then necessarily o1 - 02 € Q;(n) and
01 - 09 is the transitive closure of o1 U oy. Let Q;(n) denote the algebra (Q;(n), ). We note
that the algebra Q;(n) is, in fact, a semilattice since the operation - on Q;(n) is idempotent,
commutative, and associative.

3.8 Theorem The map t — qo(t) is an isomorphism from T;(n) onto Q;(n).

Proof Lemmas 3.6 and 3.7 show the map is well-defined, one-to-one and onto Q;(n). It
remains to show that qo(s - t) = qo(s) - qo(t) for all s and ¢ in T;(n). Let rv(s) = x4
and rv(t) = z,,. By the definition of qo we have that qo(s - t) is the transitive closure of
qo(s) Uqo(t) U{(z¢,xm)}. We have (z¢,x;) € qo(s) since s € T;(n). Also (z;,zm) € qo(t)
since t € T;(n) and rv(t) = Zp,. So (24, Tm,) is in the transitive closure of qo(s) Uqo(t). Hence
the transitive closure of qo(s) U qo(t) U {(z¢, )} is the same as the transitive closure of
go(s) U qo(t), which is qo(s) - qo(t). |
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From Theorem 3.8 it follows that Q;(n) is a join algebra. The induced order on Q;(n)
is that of containment. Therefore, s < ¢ in T;(n) if and only if qo(s) C qo(t). Actually,
from Lemma 3.7 we see that for arbitrary s,t € T;(n) it is the case that s < ¢ if and only if
qo(s) € qo(t).

Let gi denote the number of quasi-orders on {1,2,...,k}. It is known that g is also equal
to the number of topologies on {1,2,...,k}. For example, the values of g for k = 1,2,3,4
are 1,4, 29,355 respectively. We let go = 1.

3.9 Theorem

|
—

n

Fol =Y (7)1,

i

I
<)

Proof We have .
_ n
Fom] = X1 (})ITan)
(=1

by Theorem 3.2. The cardinality of T<,(n) is equal to |Q(n) N---NQe(n)| by Theorem 3.8.
Let o be a quasi-order on a set Y C X for which Y/o has a top element. Let Z C Y be be
the set of all z; for which x;/0 is the top element in Y/o. Then ¢ = 7U (Y x Z) where 7 is a
quasi-order on Y — Z. Conversely, if ) # Z CY C X and 7 is a quasi-order on Y — Z, then
o =71U (Y x Z) is a quasi-order on Y for which Y/o has a maximal element consisting of
x /o for every x € Z. For 0 € Q1(n)N---NQg(n) there are (";e) choices for the set Y — Z
if |Y — Z| = i. For a given 4, with 0 < ¢ < n — ¢, there are ¢; choices for a quasi-order on
Y —Z. The set Z must contain {x1,...,2¢} so there are 2"t~ ways to choose the remaining
elements of Z. Therefore

n—{

Qi) - N Qeln)] = 3 (” - f) gt

=0

This implies

a0 = Y- () (Z (") 2) |

=1 =0

We interchange the order of summation and use the formula () (”Z_Z) =M "% ) to obtain

n—t—i
[Fatn)| = Xéq (7) C;i(l)“ ("3t )2‘) |

The inner summation simplifies to 27~¢ — 1. Thus,

ol =Y ()@ - .

O

For example, if we use the previously mentioned values of ¢; for 1 < i < 4, then we see
that the values of |Fz(n)| for 1 <n <5 are 1, 5, 28, 231 and 3031 respectively.
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The formula in Theorem 3.9 involves g,, the number of quasi-orders on an n-element set.
Although no simple formula for the value of ¢, is known, asymptotic estimates do exist. By
means of these asymptotics we can obtain the following bounds on the cardinalities of free
join algebras.

3.10 Theorem There exists a positive constant ¢ such that for all sufficiently large n,

2n2/4+n—c1gn < |Fj(n)\ < 2n2/4+n+clgn_

We next consider the structure of free algebras Fy(n) for V an arbitrary subvariety of
‘H. As with the variety J we provide a detailed description of the subalgebras T;(n). From
this description we show that T<,(n) is a direct power of the 2-element implication algebra
Cs, and we determine the exponent in this direct power. So with Theorem 3.2 we can, in
principle, find an expression for the cardinality of Fy(n) when V is a subvariety of H.

Recall that a subdirectly irreducible algebra A € H has an element e < 1 with a < e for
all a € A,a # 1. The element e is irreducible in the sense that if t2(a1,...,a,) = e, then
e appears among the a;. Hence if v is a valuation mapping to the subdirectly irreducible
algebra A, then e € v(X). We also note that the set {1,e} is a subuniverse of A and the
corresponding subalgebra is isomorphic to the 2-element implication algebra Cs. The algebra
C; is a pure algebra in H since it is H(P) for P the 2-element chain.

The following facts about valuations into pure algebras in H are easily established using
nothing more than definitions.

3.11 Lemma Let v be a valuation into a pure algebra A in H and let t be a term in Tr(n)
with tv(t) = ;.

(1) o(t) € {L,v(xv(D))}-

(2) Ift € Ty(n) N Tj(n) and v(t) # 1, then v(x;) = v(z;).

(3) HErv(t) <t.

Let V be a subvariety of H and Vg the class of finitely generated subdirectly irreducible
algebras in V. Since V is locally finite, every algebra in Vqr is finite. By Corollary 1.4 the set
val(X, Vsr) is free for V. Hence E(val(X, Vqr)) is also free for V by Lemma 1.7.

Now, from Lemma 3.11, if v is a valuation in E = E(val(X, Vsr)) and ¢ € T;(n), then
v(t) € {1,v(z;)}. If s,¢ € T;(n) with s # ¢, then there exists v € E with v(z;) < e and
{v(s),v(t)} = {1,v(x;)}. By composing v with an endomorphism of Alg(v) that maps v(z;)
to e we can find a w € E for which {v(s),v(t)} = {1,e}.

3.12 Definition Let V be a subvariety of H. We adopt the following notation:
E(V) = E(val(X, VSI)).

For 1 </ <n,
E(V); = {v € E(val(X,Vs1)) : v(ag) = e}

and
E(V)<¢:={v € E(val(X, Vsr1)) : v(z;) = e for 1 < i < (}.

When the variety V is clear from the context or is not important we write F, E, and E<,.
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Note that E<; = Ey N --- N Ey follows from the definition and that £ = E, U--- U E,
follows from the observation that e € v(X) for every v € E.

For any subvariety V of H. we know Fy(X) is isomorphic to Ge(X, E(V)). Since the val-
uations in E; serve to separate the elements of T;(n), we have T;(n) embedded in Ge(X, E;).
From Lemma 3.11(3) it follows that if v € E; and ¢t € T;(n), then v(t) > v(x;) > e. This
means that the embedding of T;(n) into Ge(X, E;) is actually an embedding into C&*. Tt
can be argued that this embedding is onto C5*. One way this can be done is to construct
for every v € E; a term t, such that v(t,) = 1 and w(¢,) = e for every w € E; with w # v.
The construction makes use of the ordered set of elements v(X) in the subdirectly irreducible
algebra Alg(v) and is similar in spirit to that given in Lemma 3.6. That the valuations in E;
are pairwise nonequivalent is also used in this argument. Then by means of the term (z-y)-y,
which behaves as a semilattice join on the ordered set e < 1, it is possible to form for every
element ¢ of CQEl a term ¢ € T; built from the appropriate ¢, for which w(t) = ¢(w) for all
w € E;. Thus we have the following.

3.13 Lemma For any subvariety V of H the algebra T<,(n) is isomorphic to C‘ZEQ| where
Cy = H(P) for P the 2-element chain e < 1.

A stronger formulation of this lemma is given in [3] where the variety H is replaced by
the variety of all Hilbert algebras.

Theorem 3.2 and Lemma 3.13 provide the following expression for the cardinality of a
finitely generated free algebra Fy(n) in a subvariety V of H.

3.14 Theorem For every variety V C H and every positive integer n

Fy(m)] = 3 (-1 (1),

=1

So, for a variety V in H the problems of describing T;(n) and of determining the cardinality
of Fy(n) reduce to counting the number of elements in E; and E<y.

For example, if V is the variety generated by C3 = H(P) for P the 3-element chain, then
the only subdirectly irreducible algebras in V are Cy and C3. Among the valuations in E<,
there are 2" ¢ valuations v for which Alg(v) = Cg and 3"~¢ — 2"~ with Alg(v) = Cs. So
we have .

To(n) = (Cy)*" and |Fy(n)| = -1 é_1<n)23n.
<t(n) = (Cy) [Fy(n)] ;() p
This result may be found in [14].

We use Theorem 3.14 to determine the cardinality of the finitely generated free algebras
for V = H. We first describe E<;. Let v € E<; with A = Alg(v). The subdirectly irreducible
algebra A, which is generated by the elements e and the v(z;) for £+ 1 < j < n, has at most
n — £ elements strictly below e. Let R = {z; € X :v(z;) <e}and T = {z; € X : v(z;) = 1}.
We form a quasi-order o, consisting of the union of these sets:

e Rx (X —R),

e a quasi-order p on R given by p = {(z;,z1) € R? : v(x;) < v(zi)},
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o X xT,
e the diagonal {(zj,z;):z; € X}.

If |R| = r, then the number of ways the set R and the quasi-order p on R can be chosen
is (";é) qr, where 0 < r < n — ¢ and ¢, is the number of quasi-orders on an r-element set.
Having chosen r of the v(z;) to have value strictly less than e there are at most 2T ways

to choose the set T'. Hence

n—{ n—20
|E§g| < Z ( . )qTQTL*ZfT‘
r=0

This upper bound is actually obtained since for every set R C {2y41,...,z,} of cardinality r
and every quasi-order p defined on R, and for every choice of a set T' C {xp11,...,2n} — R
with the quasi-order 7 on X given by

T={(zj,z) x; € R, vy € X — R} U{(zj,21) 1 x; € X, 2 € T} U{(2j,2;) : x5 € X},

there is a subdirectly irreducible algebra A = H(P) for P the ordered set X /(pUT). For this
A, the element 1 is T'/(pUT), the element e is (X —(RUT))/(pUT), and each z;/(pUT) for
xj € R is strictly below e. If v : X — A is defined by v(x;) = 2;/(pUT), then v(X) generates
A, v e Eq, and 0, = pUT. Thus,

n—~{
n—4{ o
Bed =3 ("] o (3.1)

r=0

An application of Theorem 3.14 gives the following result from [3].

3.15 Theorem

n

[Frcn)| = 3 (=) (;}) DTt (7 a2t

(=1

The values of [Fy(n)| for n =1, 2, and 3 are 2, 14, and 12266 respectively.

4 Structure via direct product decomposition

In this section we describe a wide class of varieties for which the finitely generated free
algebras have a direct product decomposition into directly indecomposable algebras where
the structure of these indecomposables can be described in terms of free algebras of associated
varieties and where the multiplicity of each indecomposable in the product is linked in a strong
way to free algebras in another associated variety.

4.1 Definition A finite nontrivial algebra Q is quasiprimal if every nontrival subalgebra
of Q is simple and the variety generated by Q is congruence permutable and congruence
distributive.
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There is an extensive literature on quasiprimal algebras and the varieties that they gen-
erated. We mention [20] and [16] as important sources of information about quasiprimal
algebras and the varieties they generate.

Let Q be a quasiprimal algebra and Q the variety that it generates. It is known that
the variety Q is semisimple, that is, every subdirectly irreducible algebra in Q is a simple
algebra. Moreover, every simple algebra in Q is a subalgebra of Q. If A is any finite algebra
in Q, then from the congruence distributivity of Q it follows that the congruence lattice
Con A is a distributive lattice in which each element is a meet of coatoms, and therefore is
a finite Boolean lattice. From the congruence permutability of @ we have that if o and (3
are complements in this lattice, then A is isomorphic to A/a x A/B. If aq,...,«, are the
coatoms of Con A, then A = A/ay x -+ X A/a, and each A/q; is a subalgebra of Q. So
every finite algebra in Q is a direct product, in a unique way, of simple algebras. In particular
for every positive integer n we may write

Fo(n) = [[B;, (4.1)
j=1

where each B; is a simple subalgebra of Q and the kernel of the projection pr; onto B is a
coatom, say «, of the congruence lattice of Fg(n).

We rephrase (4.1) in terms of Ge(X, R) for X = {z1,...,2,} and R a set of valuations
to subalgebras of Q. For z; € X let x; be the r-tuple (x;(1),...,z;(r)) in (4.1). For each
1 < j < rlet v; be the function from X to B; for which v;(z;) = ;(j). Then v is a valuation
to B;. If R = {v1,..., v}, then the array corresponding to Ge(X, R) is identical to [];_; B;
in (4.1). On the other hand, let v € Q¥ be arbitrary. If B is the subalgebra of Q generated by
v(X), then v is a valuation to B, the algebra B is simple, and the kernel of the homomorphic
extension of v to all of Fg(n) is a coatom of Con(Fg(n)). So there is a 1 < j < r and an
isomorphism h : B — B such that h(v(z;)) = z;(j) = vj(x;). Thus v and v; are equivalent
in the sense of Definition 1.5. In fact, if v,v’ € Q* are valuations that are equivalent in the
sense of Definition 1.5, then the homomorphisms h and b’ between Alg(v) and Alg(v') for
which v' = hv and v = /v’ must be isomorphisms since every subalgebra of Q is simple. So
the transversal of valuations of Definition 1.5 can be chosen to be the set R = {vy,...,v,}.

Therefore, the structure of Fg(n) is determined by a transversal, say T', of the pairwise
nonisomorphic subalgebras of Q and for each algebra B in T, the number, say m(B), of factors
in the representation in (4.1) that are isomorphic to B. The value of m(B) is completely
determined by the subuniverses and the automorphisms of B. Namely, consider the set of
all v € BX for which v(X) is not a subset of any proper subuniverse of B, and for this set
of valuations to Q, choose a subset whose elements are pairwise inequivalent with respect to
the equivalence relation of Definition 1.5. This pairwise inequivalence can be determined by
only using automorphisms of B since B is a simple algebra. From 7" and the values of m(B)
as B ranges over T we have the direct product decomposition of Fg(n) given in (4.1). Note
that in the case that the algebra B is rigid (i.e., no proper automorphisms), then m(B) is
just the number of v € BX for which v(X) is not contained in any proper subuniverse of B.

So by the analysis given in the previous paragraphs, the structure of finitely generated
free algebras in a variety Q generated by a quasiprimal algebra Q can be described. Each
is of the form Ge(X, R) for R a set of valuations that is free for Q and independent in the
sense of Definition 1.2. The set R of valuations can, in principle, be determined from the
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collection of subuniverses and automorphisms of Q.

In the remainder of this section we obtain a structure theorem for free algebras that
builds on the quasiprimal construction just given. The full theory is given in [2]. The
presentation that we now give makes use of the Ge(X, R) construction. We first present a
detailed illustrative example.

4.2 Example Stone algebras: The variety V of Stone algebras is the subvariety of the variety
of all distributive pseudocomplemented lattices that satisfy the identity x* VvV 2** = 1. The
only nontrivial subvariety of Stone algebras is the variety B of Boolean algebras. The 3-
element Stone algebra S = ({0,1,2},A,V, *,0,1) has the lattice structure of the 3-element
chain 0 < 2 < 1 with the pseudocomplement operation * given by 0* = 1, 1* = 0, and
2% = 0. It is known that the variety V of Stone algebras is generated by S. Stone algebras
have been thoroughly studied during the past 50 years. The structure of free Stone algebras
was presented by R. Balbes and A. Horn in [1].

The only subdirectly irreducible Stone algebras are S and the 2-element Boolean algebra
B = ({0,1},A,V, *,0,1). Let h denote the homomorphism from S to B given by h(0) = 0
and h(1) = h(2) = 1. If « is the kernel of h, then « is a coatom of the congruence lattice of
S, the congruence lattice of S is 0 < a < 1 with « having {1, 2} as its only nontrivial block.

The free algebra Fy(n) is a subdirect product of copies of S and B. Let U be the set
of all valuations of X to S or B. There are 2" valuations to B and 3" — 2" valuations
to S since every valuation to S must have 2 in its range. So Fy(n) can be represented as
the array Ge(X,U). We define an equivalence relation ~g on U by v ~p w if and only if
h(v(z;)) = h(w(a;)) for all x; € X. Clearly, there are 2" equivalence classes for ~g. If Z C U
is an equivalence class of ~p we wish to describe the projection of Ge(X,U) on Z. That is,
we wish to describe Ge(X, Z). We compute an illustrative example with the UAC program
to see what is going on.

So let n = 4 and suppose Z consists of those valuations v for which hv(z1) = hv(zg) =
hv(zs) = 1 and hv(zg4) = 0. Then v(zyq) = 0 but v(z;) € {1,2} for 1 < i < 3. So |Z]| = 8.
The algebra Ge(X, Z) is generated by x1,...,24. Table 4 contains the output of the UAC
program’s computation of the subalgebra of S? generated by x1, x2, x3 and x4.

The generators x1, x2, 3 and 24 of Ge(X, Z) in Table 4 are labelled VO, V1, V2, and
V3 respectively. The elements of each row of Ge(X, Z) are all in the same « class, that is,
each row is constant with respect to the homomorphism h. Of the 20 rows in Ge(X, Z), 19
lie in {1,2}® and one is in {0}®. The operations A and V, when restricted to {1,2} behave as
lattice operations on the distributive lattice D with 2 < 1. The 8 valuations of {z1,z2,z3}
to D are coded as the eight columns of Ge(X, Z). So the rows generated by V0, V1, and V2
by means of A and V give the 18 elements of the free distributive lattice on 3 free generators.
The operation * applied to {1,2} gives {0}, but the term ** sends {1,2} to {1}. So the row
consisting of all 1’s also appears. This accounts for the 19 rows whose elements are in the
class 1/a. There can only be one row whose elements are in the singleton class 0/a. So all
elements are accounted for. Therefore Ge(X, Z) is isomorphic to 1 ®Fp, (3), where D is the
variety of upper bounded distributive lattices.

More generally, for arbitrary n, if Z is an equivalence class of ~g and n; is the number of
the elements z; in Ge(X, Z) that have v(x;) € 1/a for all v € Z, then as in the example the
algebra Ge (X, U) is isomorphic to 1 @ Fp, (n1). So the structure of Ge(X,U) is quite clear.
This algebra is also isomorphic to the free bounded distributive lattice on n; free generators,
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. < Number of vectors: 20
Length of vectors: 8

v 0: (1, 1,1,1,2, 2,2, 2
') 1: (1,1, 2,2,1,1, 2, 2)
') 2: (1, 2,1,2,1, 2,1, 2)
v 3: (0, 0, 0, O, 0, 0, 0, O
') 4: (1,1, 2, 2,2, 2,2, 2
') 5: (1, 2,1,2,2,2,2, 2
') 6: (1, 2,2,2,1, 2, 2, 2
') 7: (C1,1,1,1, 1,1, 2, 2)
') 8: (1,1, 1,1, 1, 2,1, 2)
') 9: (1,1, 1,2, 1,1, 1, 2)
v 10: (1, 1,1, 1,1, 1, 1, 1)
v 11: (1, 2, 2, 2, 2, 2, 2, 2)
v 12: (1, 1,1, 2,2, 2, 2, 2)
') 13: (1,1, 2, 2,1, 2, 2, 2)
') 14: (1, 2,1, 2,1, 2, 2, 2)
v 15: (1,1, 1, 1,1, 2, 2, 2)
v 16: (1, 1,1, 2,1, 1, 2, 2)
') 17: (1, 1,1, 2, 1, 2, 1, 2)
v 18: (1, 1,1, 1,1, 1, 1, 2)
v 19: (1, 1,1, 2,1, 2, 2, 2)
Table 4

but we write it as an ordered sum in order to emphasize the origin of the two components of
the algebra as determined by those n; variables that are mapped to 1 and those ng that are
mapped to 0. We shall see that this decomposition is an example of a more general one of
the form Fy,(ng) U Fy, (n1) for two varieties Vy and V; with ng + nq = n.

Next we consider how the different Ge(X, Z) fit together. We view Fs(n) as Ge(X,U)
for U the set of all valuations to S and B and we view Fg(n) as Ge(X, W) with W = BX.
Let Zy,..., Zon be a list of all the classes of ~g. Let g be the canonical onto homomorphism
g : Fs(n) — Fg(n) that maps generators to generators. Since g is onto, for each ~p class Z
there is a term my(x1, ..., x,) for which v(g(mz)) = 1ifv € Z, and v(g(mz)) = 0 otherwise.
Then for any ¢t € Ge(X, Z) the term pz; =t A mg is such that v(pz,) = v(t) if v € Z and
v(pzy) = 0if v &€ Z. Let (t1,...,ton) € Ge(X,Z1) X -+ x Ge(X, Zyn) be arbitrary. Form
the term

t(x1,. .. op) = \/ D2t
1<k<an

For every 1 < k < n and every v € Z we have v(tx) = v(t). Therefore we conclude that
Fs(n) 2 Ge(X,U) 2 Ge(X,Z1) x -+ X Ge(X, Zan).
By combining this with the characterization of Ge(X, Z) given in the previous paragraph
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we get the result of [1]:

n

Fs(n)= [ (1@ Fp, (m)"),

n1=0

The paper [2] grew out of an attempt to understand a number of similar examples in the
literature in which the free algebra Fy(n) for a locally finite variety V has the form

Foi) = ] (Fuolno) UFy, (n)),

no+ni=n

or the more general form

Fy(n) = H (Fy,(n1)U---UFy, (nk))(nl,.?.,nk)7

ni+-Ang=n

where the V; are varieties derived from V in some way. The general phenomenon observed is
that V is a locally finite variety and

Fy(n) =[] D™,

with each D; a directly indecomposable factor of Fy(n); m; is the multiplicity of D; in
the product, each D; is built from some algebras in some varieties associated with V' and
the values of the m; are determined by enumerating valuations of a particular form. The
following is a description of some facts noticed in surveying these examples.

If V is one of the locally finite varieties examined, then the following facts were noted. The
subvariety Vy generated by all finite simple algebras of V is generated by a quasiprimal algebra
Q. Typically Q is a familiar algebra such as the 2-element Boolean algebra B. As we observed
earlier, the free algebra Fy,(n) is of the form H;Zl Q; with each Q; a nontrivial subalgebra
of Q, and r the cardinality of the set R of valuations for which Fy,(n) is isomorphic to
Ge(X, R). As is the case for any variety generated by a quasiprimal algebra, the congruence
lattice of Fy,(n) is a Boolean lattice with r coatoms. If Fy(n) is written as product of
directly indecomposable algebras then, in the examples considered, the number of factors in
this decomposition is also r, and Fy(n) = ngl D; with each D; directly indecomposable,
the congruence lattice Con(D;) has exactly one coatom, say a;, and Dj/q; is isomorphic
to Q;. Moreover, in these examples, Con(Fy(n)) = [[_; Con(D;). Let ¥ have similarity
type 7. For each g € @ let 7, denote the similarity type consisting of all terms ¢ of type 7
that satisfy t2(q,...,q) = q. We identify Fy(n) with H§:1 D; and let pr; : Fy(n) — D; be
the projection map and let h; : D; — Q; be a homomorphism with kernel a;. For 1 < j <r
and g € @ let Xj(.l = {z; € X : hj(prj(z:)) = q}. Let V, denote the variety of similarity type
74 that is generated by all algebras A;l- whose universe is h]-_l(q) C D; and whose operations
are those term operations t of D; for which tQ(q,...,q) = ¢. Then each D; is built from
subsets having the structure of Fyq(X;-]) where g ranges over the elements of );. In the more
familiar examples we have D; = quQ_, Fy, (X;Z).

For example, let us reconsider Example 4.2 of Stone algebras. Here the only simple
algebra is the 2-element Boolean algebra B so the variety Sy is the variety B of Boolean
algebras. The free algebra Fg(n) is B2" since every valuation to B is needed to separate the
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elements of Fp(n). So r = 2" and Con(Fp(n)) is a Boolean algebra with r coatoms. In the
decomposition of Fg(n) into directly indecomposables, H;Zl Dj, the unique coatom of the
congruence lattice of D; is the kernel of the homomorphism h; onto B in which h;l(O) = {0}
and h;l(l) = D; — {0}. The variety S is congruence distributive, so it follows from known
results that for every A € S, if A = A; x Ay, then Con A = ConA; x ConA;,. The
similarity types of 79 and 7 both include A, V,**; while 7y includes the constant symbol 0
and 71 contains the constant symbol 1. The algebras A? for 1 < j < r are all 1-element
algebras and so the variety S, for ¢ = 0 is the trivial variety 7. For ¢ = 1 the algebras A]l
are term equivalent to distributive lattices with a top element 1 and the variety Sy for ¢ =1
is Dy. For every j, we have XJ’? = {zi : hj(prj(z;)) = k} for k = 0,1. Then Dj has as its
universe FT(X]Q) UFp, (le)

In [2] general conditions on a variety V are presented and are proved to be sufficient to
force the well-behaved direct product decomposition of Fy(n) into indecomposables described
in the previous paragraphs. We now sketch these results.

A variety V is said to have the Fraser-Horn Property (FHP) if there are no skew con-
gruences on finite products, i.e., for all Aj, Ay € V, every § € Con(A; x Ay) is a product
congruence 6, x 0y with 0, € Con(Ay) for £ = 1,2. If V has FHP, then Con(A; x Ay) &
Con A; x Con A, for all Aj and Ag in V. Various conditions that imply FHP are known. If
V is congruence distributive, then V has FHP. Fraser and Horn [10] give a Mal’cev condition
equivalent to FHP and they derive as a special case the following:

A wvariety V has FHP if there are binary terms + and - and elements 0 and 1 in
Fy(3) such that for all z € Fy(3), we have z-1=2+0=0+2=z and z-0=0.

So, for example every variety of rings with unit has FHP.

A finite algebra A has the Apple Property (AP) if for all 8 € Con A, if § < 14 is a factor
congruence with A/ directly indecomposable, then the interval lattice [3,14] in Con A has
exactly one coatom. A variety V has AP if every finite algebra in A has AP. Equivalently,
V has AP if every directly indecomposable finite algebra in V has a congruence lattice with
exactly one coatom. For example, a local ring has AP.

If an algebra or a variety has both FHP and AP, then we say it has FHAP. In [6] locally
finite varieties with FHAP are shown to have finitely generated free algebras with the rich
direct product structure described earlier in this section.

For any locally finite variety V let Vy be the subvariety generated by all finite simple
algebras in V. We call Vy the prime variety of V. For arbitrary V little can be said about
Vo. However, in the event that a locally finite variety has FHAP and satisfies one additional
condition, then the prime variety is especially well-behaved.

4.3 Theorem Let V be a locally finite variety with FHAP. Suppose every subalgebra of a
finite simple algebra in V is a product of simple algebras. Then all of the following hold:

(1) Vo is congruence distributive.
(2) Vo is congruence permutable.

(3) Ewery finite member of Vo is a product of simple algebras.
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(4) For every n the free algebras Fy(n) and Fy,(n) have the same number of directly inde-
composable factors, and if r denotes this number, then it is possible to write

Fy(n) = HDj and  Fy,(n) = H Q;
j=1 j=1

with the D; and Q; directly indecomposable, so that if a; is the unique coatom of
Con(Dj), then D;/a; and Q; are isomorphic.

In the examples described in the earlier part of this section, the varieties satisfy the hypotheses
of this theorem and the prime variety in each case is, in fact, a variety generated by a
quasiprimal algebra.

4.4 Theorem Let V be a locally finite variety with FHAP. Suppose every subalgebra of a
finite simple algebra in 'V is a product of simple algebras. Let r,D;, Q; be as in Theorem 4.3
with hj : Dj — Q; a homomorphism with kernel aj. For Q a finite simple algebra in V and
q € Q, let T4 be the similarity type of all terms t for which tQq,...,q) = q. For each j with
Q; =Q, let A? be the algebra with universe h;l(q) C Dj; and operations those t in 74, and
let V4 be the variety generated by all A;’ IfX]{? = {z; € X : hj(prj(z;)) = q}, then the algebra
Ag contains a set that is the universe of an algebra isomorphic to Fy, (qu).

The hypotheses of Theorems 4.3 and 4.4 are robust with many different varieties satisfying
them. The examples alluded to earlier all satisfy them and thus Theorem 4.4 provides a
uniform explanation of the description of the directly indecomposable direct factors of the
finitely generated free algebras in those varieties.

In Theorem 4.4 we have that the universe of D; is the disjoint union of the universes of
the A? as q ranges over the elements of Q; and that A‘JI- contains a subalgebra isomorphic to
Fy,(X]). For varieties such as Stone algebras, A7 = Fy, (X]) and so D; = Ucq, Fv, (X]).
This situation represents a lower bound for the size of the D;. Moreover, it is possible to
provide sufficient conditions on the behavior of the fundamental operations of V and V; that
guarantee that all the directly indecomposable D; have this minimal structure.

On the other hand, it is possible for the size of D; to exceed this lower bound. In [2] a
condition is given that if added to the hypotheses of Theorem 4.4 forces Aj. = Fy,(X) for
every ¢ € Q. Thus, in this case D; is the disjoint union of |@Q;| sets, each corresponding
to the universe of Fy, (X). Roughly speaking, this condition given in [2] is that for every

¢,¢' € Q; there is a unary term uyy that maps A;I. onto A;’-/. Note that if this condition holds,
then |D;| = |Qj] - |[Fy,(n)|. An example of a variety in which this occurs is the variety V of
rings generated by Z,, for p any prime. As observed earlier, a variety of rings with unit
has FHP. The variety V is known to have AP and thus V has FHAP. The only simple ring
in V is Z, and so the prime variety Vy is the variety generated by Z,. So Fy,(n) = (Z,)"".
Theorem 4.4 applies. The number of factors in the decomposition of Fy(n) into directly
indecomposables is the same as that for Fy,(n), which is p™. For each ¢ € Z, it can be shown
that the variety Vg is the variety generated by the p-element group in which all p elements are
constants. The free algebra on n free generators for this variety is easily seen to have p"*!
elements. For each ¢,¢ € Z, the unary term u(z) = (¢ + ¢’ — ¢) mod (p) can serve as ugqy.
So for each directly indecomposable factor D; of Fy(n) we have |D;| = p|Fy,(n)| = p"*2.
All the D; are isomorphic and thus |Fy(n)| = (p"+2)P".
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Abstract

In the algebra of sequential functions which map words over ({0,1})™ to words over
{0,1}, we call a set M complete with respect to an equivalence relation if the subalge-
bra generated by M contains at least one element of any equivalence class. The paper
summarizes the results with respect to some known completeness notions, such as the
classical completeness, T-completeness and Kleene-completeness which can be reformu-
lated as completenesses with respect to some equivalence relations, and it presents some
new results on completeness with respect to further equivalence relations. Moreover, we
discuss the metric completeness which is nearly related to completeness with respect to
an equivalence relation and can also be formulated in terms of equivalences.

1 Introduction

In the structural theory of automata the following two problems belong to the most important
questions.

e Given an automaton 4 or an equivalent device, a measure of complexity and some
methods of decomposition, decide whether or not the automaton can be decomposed
into simpler automata.

e Given an automaton A and a set M of automata and some operations to construct new
automata from given ones, decide whether or not A can be built from the elements of
M by means of the operations.

In this paper we discuss a special variant of the second problem. This variant is known
as the completeness problem:

Given two sets ' and M of automata or equivalent devices or other descriptions
of certain input-output-behaviours and some operations, decide whether or not
all elements of F' can be generated from the elements of M by the operations.
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The most important case occurs when F' consists of all automata which are of interest in
this context. We shall restrict ourselves to automata which transform input words over a
cartesian product of {0,1} into words over {0,1}. The reason for this is that other cases
can be described by a codification and that such automata correspond in a very natural way
to logical nets which are of some importance nowadays, too. The input-output-behaviour of
such automata can be described by sequential functions, and therefore we shall consider an
algebra of sequential functions. The operations are formalizations of the constructions used
for logical nets.

It is well-known that the completeness of this algebra is undecidable, i.e., there is no
algorithm which decides the completeness of a given finite set. Moreover, the lattice of
subalgebras has a very complicated structure, e.g. the number of maximal subalgebras—which
can be used as a completeness criterion—is at least infinite. Thus one must consider special
cases to obtain better results with respect to the decidability of completeness. One approach
consists of restricting the set of automata which can occur in F and M (e.g. the restriction to
t-stable automata which obtain the same state for all inputs of length > ¢ or the requirement
that M contains all automata which realize a Boolean function lead to decidable cases, see
[25, 23]). Another approach only requires that ”almost all” automata/behaviours/sequential
functions can be generated. Typical examples are t-completeness and Kleene-completeness
where one only requires that, for any automaton, we can generate from M an automaton with
the same input-output-behaviour at the first ¢ moments and that, for any regular language R,
there can be obtained at least one automaton which accepts R, respectively. Both concepts
have practical importance since mostly we can only observe the input-output-behaviour at a
limited number of moments, and automata are often used as acceptors.

The latter approaches can be formulated as follows: For any automaton A we require that
we can generate from M one automaton which can be considered as a representative of A.
From the algebraic point of view this leads to equivalence relations and the requirement to
generate at least one element of any equivalence class. The corresponding completeness con-
cept is the central topic of this paper. The notions of “classical” completeness, t-completeness
and Kleene-completeness can be reformulated as completeness with respect to some equiva-
lence relation. Thus the paper contains a summary of important results in those completeness
concepts studied in the seventies and eighties. Moreover, we present some further equiva-
lence relations which are closely related to those associated with the known concepts and the
related results on completeness.

Hitherto equivalence has been defined on the target set of sequential functions. It is
natural to extend it to the power set. Given an equivalence relation on the set of sequential
functions, we say that two sets M and M’ are equivalent if, for any function f € M, M’
contains a function f’ equivalent to f and vice versa. Based on such an equivalence a further
notion of completeness is studied, the so-called metric equivalence, where—intuitively—it is
required that any function can be approximated up to any accuracy.

In this paper we are mostly interested in the decidability of and in criteria for completeness
with respect to some equivalence relations.

We note that our completeness with respect to equivalence relations differs from the
notion studied by Blochina, Kudrjavcev and Burosch in [4] where an equivalence of sets has
been introduced and one is looking for completeness criteria which hold for all sets which are
equivalent.
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2 The algebra of sequential functions and its completeness
concepts

First we recall some notions and the associated notation used in this paper.

By N we denote the set of positive integers.

An alphabet is a finite non-empty set. A word p over an alphabet X is a finite sequence
of elements of X written as p = x1xs ...z, with x; € X for 1 <i < n. A denotes the empty
word. By X™* we designate the set of all words over X including the empty word. Moreover,
we set XT = X*\ {\}, i.e., XT is the set of all non-empty words over X. The length of
a word p € X* is the number of elements of X occurring in p and is denoted by [p|. The
concatenation pq of two words p € X™* and ¢ € X* is written as the juxtaposition of p and q.
For two sets U C X* and V C X*, we define their product by

UV ={pglpel, qeV}.
The powers of a set L are defined by
L'=L and L'"'=L-L' for i>1.
We then define the Kleene-closure of L by
Lr=Jr.
i>1

Let X be an arbitrary set. By idx we denote the function mapping X to X and defined
by idx(z) = z for x € X. If X is obvious from the context, we only write id.

A function f which maps a cartesian power of {0, 1} into {0, 1} is called a Boolean function.
By non, et, vel and eq we denote the functions which correspond to the logical negation,
conjunction, disjunction and equivalence, respectively. The constant functions which map to
0 and 1 are designated by kg and kq, respectively. Further, we define the Sheffer function sh
by sh(z1,z2) = non(et(z1,x2)).

2.1 The algebra of sequential functions

2.1 Definition A function F': Xt — Y is called sequential, if the following conditions are
satisfied:

* [F(p)| = lp| for any p € X7,

e for any word p € X, there is a function F, such that F(pq) = F(p)Fy,(q) for any
qeXT,

o the set {F, | p € X} is finite.
Obviously, if F': Xt — Y1 is a sequential function and p = 2125 ... 2, with z; € X for

1<i<n,then F(z122...Zpn) = y1Y2...Yp forsome y; € Y, 1 <i<n. z; and y;, 1 <i <mn,
are called the input and the output at the ith moment, respectively.
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2.2 Example We consider the function F : {0,1}T — {0,1}" defined by

1 if¢>2andz; 1 =2; =1,

F(l'll'Qw-In) =Yiy2..-Yn with Yi = .
0 otherwise.

F has the output 1 at the moment 4 if and only if the inputs at the moments ¢ — 1 and i are
1, i.e., if at two moments in succession the inputs are 1, the output is 1, too.
Further, let F': {0,1}*" — {0,1}1 be the function defined by
1 ifi=1and z; =1,
Fl(vizg...00) =y1y2...yn with y; =<1 ifi>2and z;_1 =a; =1,
0 otherwise.
F’ differs from F only in words of length 1, where F gives the output 0 for all inputs whereas
F' gives the input as output.
Now assume that p ends with 0, i.e., p € {0,1}*{0}, and ¢ = z122... 2y is a word of
length m, then
1 ifi22andxi,1 Zl‘i:l,

F(pq) = F(p)z129...2,m with z = .
0 otherwise.

Thus we have
F(pq) = F(p)F(q) for pe{0,1}*{0}.
Analogously, we can see that
F(pg) = F(p)F'(q) for pe{0,1}"{1}.
This proves that F' is a sequential function with
o [P itpe ooy,
POOVF ifpe{o0,1}{1}.
Let F' be a sequential function. Then we have
F(pqr) = F(p)Fp(qr) and  F(pqr) = F(pq)Fpe(r) = F(p)Fp(q) Fpq(r)

which proves Fy,(qr) = F,(q)Fpq(r). Therefore F, is a sequential function, too.
We now present some devices generating sequential function.

2.3 Definition A (deterministic finite) automaton is a quintuple A = (X,Y, Z, 20,0,7)
where

e X Y and Z are finite non-empty sets of input and output symbols and states, respec-
tively,

e 2y € Z is the initial state,

e §:ZxX — Zandy:ZxX — Y are each a function called the transition and output
function, respectively.
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We extend inductively the functions § and v to Z x X+ by setting

0*(z,a) = d(z,a) and 6%(z,pa) = (6% (z,p),a)),
7*(z,a) =7(z,a) and ~*(z,pa) ="(z,p)v(" (2, p), a))

for p € Xt and a € X. The function Fq : XT — Y defined by Fa(p) = v*(20,p) for
p € X is called the function induced by .A.
If we define the functions

Fp(‘]) = 7*(6*(207p)7q) for pE X+7

then we get

Fa(pg) = v (20,pq) = v* (20, p)7" (6" (20, ), q) = Fa(p)Fp(q).

Moreover, there are only finitely many different functions Fj, since there are only finitely
many different states *(zg,p). Thus the function induced by an automaton is a sequential
function.

On the other hand, given a sequential function F': X* — Y, we can construct the finite
automaton

Ap = (XY AF}U{F, |pe X"}, F,4,7)

with
0(G,a) =G, and ~(G,a) = G(a).

It is easy to prove that F(q) = v*(F,q).
Hence the sets of sequential functions and of functions induced by automata coincide.

2.4 Example We illustrate the above construction of an automaton for a given sequential
function starting with the function F' of Example 2.2. With the notation of Example 2.2 we
obtain the automaton

A= ({0,1},{0,1},{F, F'}, F,6,7)

with the functions ¢ and v described by the following tables (the rows correspond to states
and the columns to inputs, and the value is given in the corresponding intersection):

§ 0 1 vy o0 1
F F F F 0 0
F F F F' 0 1

Logical nets are our second concept to generate sequential functions. We only present an
informal definition of this device and the associated function.
The basic logical nets are:

! I l l

et vel non S
J ! ! !

and from these elements further logical nets can be constructed using iteratively the following
operations:
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YR

!

where we require that any path from the “input” i to the output contains at least one basic
logical net of type S.

Obviously, any logical net has a certain number n of inputs and one output. Now we
assume that at a certain time moment ¢ the i-th input gets the value z;(t) € {0,1}. Then we
associate with the basic logical nets the following functions:

e the output of et at the t-th moment is et(z1(t), x2(t));
e the output of vel at the t-th moment is vel(xq (), z2(¢));
e the output of non at the t-th moment is non(x1(¢));

e the output of S at the first moment is 1, and
the output of S at the ¢-th moment is (¢ — 1) for ¢ > 2.

Thus the elements et, vel, and non realize at any moment the corresponding Boolean func-
tions, and S stores the input for one time moment.
Now we extend the associated function in the natural way to arbitrary logical nets.
Thus with any logical net N with n inputs we can associate a function

Fy: ({0,137 — {0,1}7.

Obviously, the output at the ¢-th moment depends on the inputs at the ¢t-th moment and
the values stored at that moment in the elements of type S. If we interpret the tuple of the
values stored in the elements of type S as a state, then the output depends on a state and
the tuple of inputs. An analogous situation holds for the values stored at a certain moment.
Therefore the output and the state at the next moment can be described as transition and
output functions of a finite automaton. Conversely, if we code the set of inputs and states
by tuples of zeros and ones then the transition and output functions can be interpreted as
Boolean functions which can be realized by logical nets (for details see [11, 18]).

2.5 Example We illustrate the idea by converting the automaton constructed in Exam-
ple 2.4 into a logical net. Since Ap has two input symbols and two states, both sets can be
coded by {0,1}. As the initial state we have to take 1 because the elements of type S have
the output 1 at the first moment. Thus F' corresponds to 1 and F’ to 0 which results in the
Boolean functions

O = >
_ O
o O =
S =2
o O O
_— O =



Completeness of automaton mappings 83

or, equivalently, by taking the input as the first variable and the state as the second variable,
0(z1,22) =non(x1) and ~(x1,22) = et(x1,non(xg)).

This leads to the net given in Figure 1. The lower two basic elements realize the output
function v whereas the upper element non realizes § (where we have omitted the feedback
since d does not depend on the second variable). Obviously, we can omit both non-elements
because the double negation does not change the value, but then we will not be following the
idea for the construction of a net from an automaton.

non

et

Figure 1: Logical net associated with the automaton Ap of Example 2.4

Combining these constructions we get the following statement.

2.6 Theorem For a function F : ({0,1}")" — {0,1}", the following statements are equiv-
alent:

(1) F is a sequential function;
(2) F is a induced by some automaton;
(3) F is associated with some logical net.

For a sequential function F' : ({0,1}")* — {0,1}*, we call m the arity of F' and denote it
by arity (F).
We designate the set of all sequential functions F': ({0,1}™)* — {0,1}* (of arity m) by
F™ and set
Fo
m>1

Let F be a function of F of arity m. Then we have

F(ziza...xp) = Y1Y2- .. Yn
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where
x; € {0,1}" and y; € {0,1} for 1<i<n.
Moreover,
T = (T3, Tig, . .., Tim)  for 1 <d <.
Then, for any i > 1, there is a function ¢% such that
— At . — A .
Yi = ep(T1, 22, .., 2) = (211, T12, -+, Tl T21, - -+ L2y - - Tils -+ o 5 Tim)-
Further, for 1 < j < m, we set
p]' == .lemgj e Inj,

and we call p; the input word of the j-th variable or the j-th input. Then we can also write

F(p) = F(p1,p2,---Pm)-

For a Boolean function f : {0,1}™ — {0,1}, let F{y) be the sequential function with

F(f)(Il,l’Q, “ee ,xn) = f(xl)f(l’g) cee f(l’n)

= f(z11, 212, - T1m) -+ [ (Zn1 Tn2s - - -, Tm)

or, equivalently,
i o
@F(f)(wlhﬂﬂlz Ty BT, e Ty e Tl e e Tim) = f (i1, T2y Tim)

for i > 1. Obviously, F; realizes f at any moment.
For a unary Boolean function f : {0,1} — {0,1} and a € {0,1}, we denote by Fy,q) the
sequential function with

F(f;a) (Ill‘g N l’n) =a f(zl) f(xg) N f(l’n_l).

Fi1.q) realizes f with delay 1 and has output @ at the first moment. Note that F(jq,;) is the
sequential function associated with the logical net of type S.

We now introduce some operations on the set F, which are motivated by the definition
of logical nets.

For F € F™ and G € F*, we set

(CF)(p1,p2, -+ -y pm) = F(p2,p3; - s pm, 1),
(MF)(p1,p2, - Pm) = F(p2,p1,03: P4, - - - - Pm),
(AF)(p1,p2; - -+ s Pm—1) = F(p1,P1,P25 - - -, Pm—1),
(VF)(p17p27~--,prn+1) = F(plap2a~~~7pm)v
(FoG)(p1,p2; - Pmtk—1) = F(G(P1,D25 - - Dk)s Pkt1s - - - s Phtm—1)

By the operation ¢ we produce a cyclic shift of the inputs, and 1 exchanges the first two
inputs. It is well-known that by these two special permutations of the inputs we can generate
any permutation of the inputs. By A we identify two inputs, i.e., their inputs coincide at any
moment. Combining ¢, n and A we can identify an arbitrary set of inputs. Therefore A can
be considered as the formal description of the first operation for the construction of logical
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nets. V adds a variable, but the result does not depend on the input word of this variable.
o is the formal description of the substitution or superposition used as the second operation
for the construction of logical nets.

We now give a formal definition of the third operation for the construction of logical nets,
the feedback operation.

We say that F' € F™ depends on its first variable in a delayed fashion if, for i > 1, ¢%
does not depend on z;1. (This reflects the requirement that any path from the first input to
the output contains at least one element of type S.)

If F' € F™ depends on its first variable delayed, we define T F' by

1 . . - — sl S,
SDTF(11271137 s T1m) = Op(2T11, T12, 213, - - -5 Tim),s
t . - § . — At 1 S, -
SDTF(ZU, e Ty T2,y B2y - iy ey Tin) = SOF(@TF(Zl),lu?Ms, e L1my
2 e - t—1 . . - . .
SOTF(ZQ)v 22,235+, L2my - - - 790TF (thl)’ Tt—1,2y -+ Lt—1,m> Lt2, Tt3, - - - 71tm)
for ¢t > 2 where z; stands for the tuple (z11,...,Z1m,T21,s- -, Tim)-

Now we define the algebra
f = (f’ {é" 717 A7 V7 O7 T})'

of sequential functions which will be studied in this paper. Since we do not expect misunder-
standings we shall use the notation F for the algebra, too, i.e., we shall not distinguish—in
the notation—between the algebra and its target set. The same will also be done for all other
algebras considered in this paper.

By [M] we denote subalgebra generated by M C F in F.

Sometimes we are also interested in the algebra without the feedback operation, i.e., we
consider the algebra

‘F/ = (“F’ {C’ /]77 A7 V7 O})'
In this case, (M) denotes the subalgebra generated by M C F in F'.
Moreover, for k > 2, we set

Po=A{fF:{01,. k=1}" = {0,1,....k—1}, m>1}.

Py is the set of all functions over a k-element set. P, is the set of Boolean functions. It is
easy to see that the operations {, 7, A, V and o can be defined in Py, k > 2, too. Thus we
get the algebra

Py, = (Pk:{<7n7A7v>O})‘

2.2 Completeness in the algebra of sequential functions

In this subsection we recall the most important facts about classical completeness in F. We
start with a definition of the concept.

2.7 Definition A subset M of F is called complete (in F) if the set [M] generated by M is
F.
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By the definition of logical nets, it is obvious that the set

M = {Fruon)s Flet), Flvet), Flaa;n) }

is complete. If we delete Fle), then the remaining set of sequential functions is complete,
too. The following theorem gives the numbers of elements which are possible for complete
sets which cannot be reduced.

2.8 Theorem For any n, there is a complete set M = {Fy, F, ..., F,} such that M \ {F;}
is not complete.

For a proof of Theorem 2.8, we refer to [11]. Moreover, we mention that there is a
sequential function U € F2 such that {U} is complete, as shown by Buevic [1].

2.9 Definition A subalgebra M is called mazimal (in F), if there is no subalgebra N with
McNCZF.

It is well-known from universal algebra that the subsets generating the whole set can
be characterized by the maximal subalgebras if the algebra is finitely generated. Thus we
immediately get the following theorem.

2.10 Theorem M is complete if and only if M is not contained in any maximal subalgebra.

The cardinality of maximal subalgebras of F has been determined by V. B. Kudrjavcev
[20].

2.11 Theorem The cardinality of the set of maximal subalgebras is the cardinality of the set
of real numbers.

Proof For a complete proof of the theorem, we refer to [20, 11]. Here we only mention
that maximal subalgebras are constructed which depend on a chosen subset of N. Since all
these maximal subalgebras are different, one gets that there are at least as many maximal
subalgebras as subsets of N.

On the other hand, since the cardinality of F is countably infinite, there are at most as
many subsets of F as subsets of N. Therefore we cannot have more maximal subalgebras as
subsets of N. ]

Obviously, by Theorem 2.11, the completeness criterion of Theorem 2.10 does not provide
an algorithm to decide the completeness of a finite set. Therefore we are interested in reducing
the number of maximal subalgebras which have to be taken into consideration. This is done
by the following theorem, but it also provides no algorithm.

2.12 Theorem There is a countable set N of mazximal subalgebras such that M C F is
complete if and only if M is not contained in any algebra of N.

Proof Let M be a finite subset of F which is not complete. Then M C N(M) for some
maximal subalgebra N(M). We set

U={N(M) | M is a finite incomplete subset of F}.

Since the number of finite subsets of F is countable, U is countable.
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Obviously, if M is complete, then M is not contained in any maximal subalgebra of F,
and thus M is not contained in any member of U. If M is finite and incomplete, then M is
contained in an element of U. Therefore a finite subset M of F is complete if and only if it
is not contained in an element of the countable set U of maximal subalgebras. a

The completeness criteria of Theorems 2.10 and 2.12, using maximal subalgebras, do not
give an algorithm to decide the completeness of a finite set. We shall now prove that there
is no such algorithm at all.

2.13 Theorem There is no algorithm to decide the completeness of a finite subset of F.

Proof The proof consists of a reduction to finite derivations of words in normal Post systems.
Thus we start with a definition of these systems.
A normal Post system is a triple

G = ({z1,22,..., 20}, p, {wi,wa, ..., wy})
where
o {z1,29,...,xy} is a finite alphabet,
e i is a positive integer,
e for 1 <i<n,w; is a word over {z1,x2,...,%,} associated with the i-th letter z;.

We introduce a derivation relation with respect to G as follows. For two words u and v
over {z1,x2,...,Ty}, we say that u => v if and only if

U= T4 Ljy .- X4y, T 2 4, V=T, Tipyyg - - - Lip Wiy

i.e., we cancel the first u letters of u and add at the end the word associated with the first
letter of w. Thus any word w induces a derivation

W=wWy) = W = Wy —> ... — W; —> ...

Such a derivation can be finite or infinite. Finiteness occurs if |w;| < p for some ¢ (since we
can only perform a derivation step if the length of the word is at least ). The following fact
is well-known [17].

Fact There is no algorithm which decides whether or not a given word w has a finite deriva-
tion with respect to a given normal Post system G.

We now consider the alphabet X = {0,1,2,21,29,...,2,} of n+ 3 letters. Further, let
8™ be the set of all sequential functions mapping (X™)% into X+, and let S be the union
of all 8™ taken over m € N. Obviously, we can form the algebra S with the same operations
as in F. We note that there also is a function U € 82 such that [{U}] = S (see the remark
after Theorem 2.8).

Let G be a normal Post system specified as above, and let w be an arbitrary word over

{z1,22,..., 20}
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We now consider the functions F,, € S!, Fg € S and Fyy € S? with

Fu(yryz- . yn) = 201" 1 for n > |w|+1,
Fo(2Mul®) = 27ty1® where |u| > p, u=>v, 7+ |u| +s=7r+p+|v| +5
Fo(2rul®) = 2711 where  |u| < p,

Fy(2'1%,q1,42) = U(q1, g2)-

Note that the functions Fy,, Fg and Fy are not completely defined. We complete their
definitions by the following two conditions:

e if p is a prefix of an input word mentioned in the conditions above, then the output is
the corresponding prefix of the output;

e if ¢ is the first moment where the input word is not a prefix of a word mentioned in the
conditions above, then the output is 0 at all moments j > .

Then F,, is a constant function which essentially produces the word w, Fg simulates a
derivation step according to G, and Fy simulates the function U.

It is easy to construct automata which induce the functions F,,, Fg and Fy (using an
automaton inducing U). Therefore F,,, Fi and Fy are sequential functions.

We now prove that {F,,, F, Fyy} is complete in S if and only if w has a finite derivation.

Assume that w has a finite derivation, and let w; be the word of length smaller than pu.
Then the sequential function

H:5Go(FGo(...(F€on)...))

i+1 times

produces as output a finite prefix of the infinite word 21+#+wil11 . Thus A(FyoH) coincides
with the function U which is complete for S. Thus {F),, Fg, F'} is complete, too.

The idea of the converse statement is an analysis of the way to obtain U from the elements
of the complete set {Fy, Fi, Fiy}. The last element of the corresponding net cannot be F,
or Fg since they give the output 2 or 0 at the first moment which does not hold for U. Thus
the last element is Fy;. Going backwards we analogously show that essentially the net has to
have the form given above for U. Thus w has to have a finite derivation for w. A detailed
proof of this fact is given in [11].

Thus the completeness of a finite subset of S cannot be decided. To transform this to F
we code the values of X by binary words and modify F,,, F and Fyy accordingly. a

We also recall some facts on completeness in the algebra P, (for the proofs we refer to
[16]).
A function f € P is called linear if there are elements cg, c1, ..., ¢, of {0,1} such that

flz1,20,...,2n) = co+ 11 + coxa + -+ + cpzy, mod 2.

By Lin we denote the set of all linear functions of P.
For i € {0,1}, Q; is the set of all functions f such that

f(z17x2~~~axn) :f(y17y27"'ayn) =1
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implies the existence of j, 1 < j <n, with z; = y; = i.
Further we set

To={f1/£(0,0,...,0) =0},
n=A{f1r1,1,....1) =1},
Sd={f| f(xz1,22,...,2,) = non(f(non(zy),non(zs),...,non(z,)))},
Mon = {f | x; < y; for 1 <i <n implies f(x1,22,...2n) < f(Y1,Y2,---,Yn)}-

We also say that the functions in Tp, 71, Sd and Mon are O-preserving, 1-preserving, self-dual
and monotone, respectively.
The following completeness criteria hold.

2.14 Theorem

(1) A subset M of Py is complete in Py if and only if it is not contained in Ty, Ty, Lin, Sd
and Mon.

(2) Forie {0,1}, a subset M of T; satisfies (M) = T; if and only if M 1is not contained in
Qi, LinNT;, SANT;, MonNT; and To N'T7.
2.3 Completeness with respect to equivalence relations

In this subsection we define a modified concept of completeness which will be the subject
of this paper. Although this notion has not been discussed before, most modifications of
completeness which have been investigated in recent years (especially in the seventies) are
covered by our concept.

2.15 Definition Let g be an equivalence relation on F.

(1) A subalgebra M of F is called a g-algebra if and only if M N K # () for all equivalence
classes K of o.

(2) A subset M of F is called p-complete if and only if [M] is a g-algebra.

The requirement of g-completeness does not require for the generation of any sequential
function; it is sufficient to generate a representive of any equivalence class.

Since we are interested in obtaining algebraic completeness criteria (as given in Theo-
rem 2.10) for g-completeness too, we define a notion analogous to maximality.

2.16 Definition Let ¢ be an equivalence relation on F. A subalgebra M of F is called
o-mazimal if and only if the following conditions are satisfied:

e M is not a p-algebra;
e any subalgebra N with M C N is a p-algebra.

We illustrate these concepts by an example.
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2.17 Example We consider the equivalence relation p; defined by
01 = {(F,G) | arity (F) = arity(G), F((0,0,...,0)) = G((0,0,...,0))}.
It is easy to see that the equivalence classes of g are given by
K, . ={F | arity(F) =n and F((0,0,...,0)) =a},

where n € N and a € {0,1}.
Obviously, F is a p1-algebra (this statement holds for any equivalence relation). But there
are further p;-algebras. Here we only present the subalgebra with the target set

Q = {F | Fy(q) = 01 for |p| > 1},

which is the set of all sequential functions where, for ¢ > 2, ¢4 is the constant ko. It is easy
to see that these functions form a subalgebra. Moreover, it is a gi-subalgebra since, for any
Boolean function f, it contains a sequential function F with ¢l = f.

Since by applications of V and A, we can obtain functions of arbitrary arity, M is ;-
complete if and only if [M] contains at least one F with F'((0,0,...,0)) = 0 and at least one
G with G((0,0,...,0)) = 1.

If M only contains functions F' with F((0,0,...,0)) = 0, then this holds for [M] too.
Therefore M contains a function G with G((0,0,...,0)) = 1. Let G’ be the sequential
function obtained from G by identification of all inputs.

First let us assume that G(1,1,...,1) = 0. Then, gDIG, = non. Thus %ch/oG/ =id, i.e.,
(G' o G')(0) = 0. Thus M is pj-complete.

We now assume that golG(l7 1,...,1) = 1 and that the function Lpb is not a constant.
Then there is a tuple (a1,as,...,a,) with goé(al,ag, ...yar) = 0. For 1 < i < r, we define
the sequential functions H; by

Hi _ F(id) if a; =0
G/ if a; = 1

Then the sequential function H € F! defined by

H(p) = G(Hi(p), Ha(p), - - -, Hy(p))

satisfies ¢k (0) = 0. Thus M is also gj-complete in this case.

Finally, let us assume that ¢}, is the (r-ary) constant k;. Then M has to contain a
function F' with F((0,0,...,0)) =0 in order to be gi-complete.

Thus we have the following decidable criterion for pi-completeness: M is gi-complete if
and only if M contains at least one function G where G((0,0,...,0)) = 1 and ¢}, is not a
constant or M contains at least a function G where go%; is the constant k; and one F' with
F((0,0,...,0)) = 0.

By this criterion (or already by the definition),

My, = {F | F((0,0,...,0)) =0}

is an example for a p;-maximal subalgebra.
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3 Completeness with respect to congruence relations

3.1 Congruence relations on F

From the algebraic point of view congruence relations are the most interesting equivalence
relations since they can be used for structural characterizations, to induce a quotient algebra
and appear at least implicitly in many other concepts.

Therefore it is of great interest to study completeness with respect to congruence relations.
As a first step we have to know all congruence relations on F. In this subsection we prove
that there are only four types of congruence relations.

We define the following relations on F:

o the complete relation o¢c = {(F,G) | F,G € F},

e the equality relation op = {(F,G) | F = G},

e the arity relation o4 = {(F,G) | arity(F) = arity(G)},
e for any ¢t € N, the t-bounded equality relation

o = {(F,G) | arity(F) = arity(G) and F(p) = G(p) for all p with |p| < t}.
The easy proof of the following statement is left to the reader.

3.1 Lemma o¢, o, 04 and oy fort > 1 are congruence relations on F' as well as on F.

We now prove that there are no other congruence relations on F and F’.

3.2 Lemma Let o be a congruence relation on F' such that (F,G) € o holds for two sequen-
tial functions F' and G of different arity. Then o coincides with the complete relation.

Proof We omit the proof which can be given analogously to Lemma 1 in [13] and Lemma 1
in [22). 0
3.3 Theorem

(1) o¢, og, 04 and o fort > 1 are the only congruence relations on F'.

(2) oc, op, 04 and oy for t > 1 are the only congruence relations on F.

Proof We only give the proof of the first statement. The second statement follows from
Lemma 3.1 since additional operations can only delete some congruence relations.

Let o be a congruence relation on F’ such that o is not the complete relation and not the
equality relation. We define ¢t € Ny as the integer such that the following two conditions are
satisfied:

o (F',G") € o implies F'(q) = G'(gq) for all words ¢ with |¢| < ¢;

e there are two sequential functions F' and G and a word p of length ¢ 4+ 1 such that
(F,G) € o and F(p) # G(p).



92 J. Dassow

By our assumptions on ¢ such a number exists. We assume that ¢ > 1. Then o is a
refinement of the t-bounded equality since the arities of functions in relation have to coincide
by Lemma 3.2. Let r = arity (F') = arity(G).

Let p = (p1,p2,...,pr) and pj = @jxoj... Tq1,j for 1 < j <. For 1 <i <7, let Fj be
the sequential function of F" such that

© xp ik <t+1,
Pr, = .
0 ifk>t+1.

Then we consider the sequential functions F’ and G’ defined by
F'(u) = F(Fy(u), Fy(u), ..., Fr(u)) and G'(u) = G(Fi(u), Fy(u),..., Fr.(u)).
Clearly, F" and G’ are constant functions and

golF/(xl,xg,...,xl) = golc/(xl,mg,...,wl) for 1#t+1,
y= @?‘tl(th%"' 7'Tt+1) # @té’;l(zlv'x%'“ 7'Tt+1) = z.

Moreover, (F',G") € o.
Let H be the binary sequential function such that

vy ifl <t
O ((v11,v21), (V12,092), -, (Vi v2)) = { vy L=+ 1, vap1 =,
0 ifl>t+1, V141 = 2.

If the value of the second input at moment ¢ + 1 is y, then the output of H is the first input
at every moment. Otherwise, the output is 0 at any moment j > ¢ + 1.

For an arbitrary sequential function R € F", we now define the sequential functions Hip
and Hap by

HlR(QhQQ, cee 7QT) = H(R(q17q27 cee 7q7‘)7F,(q1))7
Hor(q1, 92, -+, qr) = H(R(q1, 42, - -, 4), G'(q1))-

Obviously, we have (Hyg, Hog) € 0. By the definition of H and y = (p}*,l (z1,22, ...y Tig1),
Hir = R. Hsp coincides with R at the first £ moments and has the output 0 at the other
moments.

Now assume that (R, S) € oy for two functions of F”. Then R and S coincide at the first
t moments. Thus Hop = Hyg. Therefore we have the relations

R=Hgr, (Hip,HsRr) €0, Hygr=Hys, (Hs,Hig)€o, Hig=S5

which implies that (R, S) € 0. Hence oy is a refinement of o too.
Thus o = oy.
If t = 0, then we conclude analogously that o is the arity relation. m]

We note that the relations o, for ¢ > 1 are not only of interest because they are congruence
relations. Practically we cannot observe an infinite behaviour of an automaton, i.e., there is
a bound ¢ and we can restrict our observations to the behaviour at the first £ moments. Thus
we are only interested in sequential function up to op-equivalence.
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3.2 Results on completeness with respect to congruences

In this subsection we discuss completeness with respect to the congruence relations deter-
mined in the preceding subsection.

By the definition of o, og-completeness coincides with “classical” completeness. There-
fore we can refer to Section 2.3.

By the definition of oc-completeness, we immediately get the following results.

3.4 Theorem
(1) Any non-empty subalgebra of F is a oc-algebra.
(2) Any non-empty subset of F is oc-complete.
(3) 0 is the only oc-mazimal subalgebra.
(4) The oc-completeness of a finite subset of F is decidable.

By the definition of o 4-completeness, a set M is complete if and only if, for any n € N, it
contains at least one n-ary function. From an arbitrary m-ary function F, for any m’ < m and
any m” > m, we can obtain an m’-ary function by identification of inputs (i.e. by application
of operation A sometimes) and an m”-ary function by application of V sometimes. Thus M
is o a-complete if and only if M contains at least one function. Therefore M is o 4-complete
iff M is oc-complete. Thus we get the following statements from Theorem 3.4.

3.5 Theorem
(1) Any non-empty subalgebra of F is a o4-algebra.
(2) Any non-empty subset of F is o4-complete.
(3) 0 is the only oa-mazimal subalgebra.
(4) The oa-completeness of a finite subset of F is decidable.

We now discuss os-completeness where ¢ € N. We start with a definition which extends
o-equivalence to sets.

3.6 Definition Let t € N. We say that two sets M and M’ are o-equivalent if and only if,
for any two functions F' € M and F’ € M’, there are functions G € M’ and G' € M such
that (F,G) € oy and (F',G’) € oy.

First we show that we can restrict ourselves to the algebra F’, i.e., we do not have to take
into consideration the feedback operation.

3.7 Theorem For any set M C F and any t € N, [M] and (M) are o4-equivalent.

Proof Let F’ € (M). Since M’ = (M) is a subset of [M], we obtain I’ € [M]. Choosing
G =F', we get G’ € [M] and (G, F') € o, which proves that G’ satisfies the requirements
of Definition 3.6.
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In order to show the other statement we prove that, for any t € N and any sequential
function F', the function
F,=Fo(Fo(...(FoF)...))
~ ~ rd
t—1 times
is oy-equivalent to T F. Using this construction instead of the feedback operation we obtain
for any F' € [M] the corresponding G € (M).

Let t = 1. Since F depends in a delayed fashion on its first variable, F' and T F are
o1-equivalent. Thus the statement holds for ¢t = 1.

Let ¢ > 2. Obviously we have T F' = Fo | F since we use the same input for the first
variable. If we also take into consideration that F' depends in a delayed fashion on its first
variable we obtain that F' and F; are os-equivalent.

Choosing G = Fj, we satisfy the requirements of Definition 3.6. m]

3.8 Theorem For any t € N, there is a mapping 7. : F — Py such that M C F is o4-
complete if and only if (M) = {m(F) | F € M} generates 1¢(F).

Proof Obviously, it is sufficient to study the behaviour of the sequential functions at the
first t moments. Thus it is sufficient to consider words of length at most ¢. Further, the value
F(q1,q2,---,qn) where ¢; is a prefix of p; for 1 <4 < n is determined by the corresponding
prefix of F(p1,pa,...,pn). Thus it is sufficient to consider only F(p1,p2,...,pn) where, for
1 <i<mn, p;is a word of length t.

Now we interpret a word p = 2122 ... x; of length ¢ over {0,1} as a binary representation
of a natural number ¢(p) € {0,1,...,2" — 1}. Then with F € F* we can associate the
function 7¢(F) € Pyt where

Tt(F)(Zlv R2y .t 7zn) = @(F(¢71(31)7 @71(22)7 s ’9071(271))'

For a set M € F, we set
Tt(M) = {Tt(F) | F e Af}

It is easy to see that, for any functions F' and G,

a(r(F)) = n(a(F)) for ae€{(,n,A,V}, (3.1)
7(F) o (G) = 7i(F o G). (3.2)
Thus
(M) = (T (M)).
The statement now follows. O

By Theorem 3.8 we have reduced o-completeness to the generation of the special set 7 (F)
of functions over a set of 2¢ elements by such functions. We note that 7(F) is not Py:. We
consider a unary function F. Then F(z1zoxs ... 2) = Y1y2ys . . . ¥ implies F(zzhal ... x)) =
Y1Yhys - - . y;), L.e., the value 7(F') cannot be chosen arbitrarily on ¢(zizh} . .. z}).

Obviously, for any t € N, {Finon), Flet)> Fivel), Flia;1)} 18 a finite o-complete set. From the
general statements of universal algebra, we obtain the following criterion.
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3.9 Theorem Lett € N. M C F is o -complete if and only if M is not contained in any
oy-mazximal subalgebra of F.

Without proof we give the following statement.

3.10 Theorem For any t € N, there is a finite number of oi-mazximal subalgebras.

It is well-known that the maximal subalgebras of Py, k > 2, can be described by relations.
Since the oy-completeness corresponds to the generation of a subset of Pyt one can expect
that the o;-maximal subalgebras can be described by relations, too. Therefore we recall this
concept.

Let t € N. Let R be a k-ary relation on {0,1}’. We say that the n-ary sequential
function F preserves the relation R if, for any words p;; € {0,1}},1 <i <k, 1 <j < n,
(p1jsp2j, - - - Pkj) € R for 1 < j < n implies

(F(p11,p12,- - p1n), F(p21,022, - - s 02n), - - - F(Pk1, Ph2, - - - s Pkn)) € R.

(This requirement can be interpreted as follows: Consider the words p;; as elements of a
(k,n)-matrix. If the columns of the matrix belong to R, then the vector formed by the values
obtained by applying F to the rows belongs to R, t0o.) For a given relation R, let M(R) be
the set of all sequential functions preserving R.

In [3], for any ¢ € N and any o4-maximal subalgebra M, Buevic has given a relation R such
that M = M(R). Since we can check whether or not a function preserves a given relation,
the result by Buevic and Theorem 3.9 lead to an algorithm to decide the o;-completeness of
a given finite set.

This decidability is stated in the following theorem. However, since the complete proof
of the Buevic result is very long (more than 100 pages) and cannot be given here, we give an
alternative proof of the decidability of o;-completeness, especially, because this method can
be used in many other cases, too.

3.11 Theorem For anyt € N, the o,-completeness of a finite subset of F is decidable.

Proof For any set N C Py, let

UN)={f|f=a(hol!), feP% heN, heNU{id},

« is a composition of ¢, 7, A, V}.

Using the empty composition for @ and i’ = id, we reproduce h. Thus N C U(N). For any
N, U(N) C P2, and thus U(N) contains at most kF* elements. Moreover, if N is finite, then
U(N) can algorithmically be determined.

Further we set

H= {Tt(F(non)):Tt(F(et))a Tt(F(Vel))v Tt(FS)}

Note that (H) = 74(F).
We consider the following algorithm which takes an arbitrary finite set M C F as input:
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Ny :=0;
N =U(re(M));
A: if N; = Nj then goto B

Nl = NQ;
Ny :=U(Ny);
goto A;

B: if H C N, then Output: “M is o -complete.” ;
Output: “M is not o -complete.”

The algorithm produces the sequence
My =U(r(M), My =U(U(r(M))), Mz =UUU(re(M))), My =UUUU(e(M)))),..

Since M; € M,y C P22t for ¢ > 1, there is a j, j > 1 such that M; = M;,,. Thus the
condition in row A is satisfied after some steps and we continue with row B.
Moreover, for ¢ > 1, M; C 7((M)) is valid and hence

M; = 7,((M)) N P}.
If the condition in row B is satisfied, then
7(F) = (H) € (M;) € 7 ({(M)) € 7(F)

for some j, 7 > 1, which implies 7((M)) = 7(F). By Theorem 3.8, M is oi-complete. On
the other hand, if H is not a subset of 7;((M)) N P}, then M cannot be complete. O

4 Kleene-completeness

In the preceding section we considered equivalence relations which are important from the
algebraic point of view. Now we consider an equivalence relation which is based on the fact
that automata or sequential functions can be used as acceptors for languages.

4.1 Definition A set L of words over X is called regular if and only if L can be obtained
from () and {z}, where x € X, by iterated application of union, product and Kleene-closure.

As an example, we mention that, for 1 € X, X*{1}{1} is regular.
Now we introduce a notion of acceptance of a language by a sequential function.

4.2 Definition Let F : X* — Y* be a sequential function and ) C Y’ C Y. Then the
language T'(F,Y") accepted by F and Y” is defined as the set of all words p such that F(p) =
p'y with y € Y.

Intuitively, we accept a word p of length ¢ if taking p as input the output at the moment
t is an element of Y.

4.3 Example We consider the function F' of Example 2.2. Then the output 1 is produced at
the moment ¢ if and only if the input at the moments ¢t — 1 and ¢ was 1. Therefore T'(F,{1})
is the set of all words ending with two 1’s or formally

T(F,{1}) = {0, 1}"{1}{1}.
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Usually, in automata and language theory we use the notion of acceptance of languages
by states, i.e. a word w is accepted by an automaton A = (X, Z, 20,7, d) (without output),
where T is a subset of Z, if 6*(zp, w) € T. Obviously, if—in addition—one defines the output
function v : Z x X — {0,1} by v(z,2) = 1 if and only if §(z,2) € T (and y(z,2) = 0
otherwise), then the automaton and its sequential function accept the same set by state set
T and output set {1}.

The concepts of regular languages and languages accepted by a sequential function are
connected by the famous theorem of Kleene.

4.4 Theorem A set L C X7 is reqular if and only if there are a sequential function F :
Xt =Y T andasetY', 0 CY' CY, such that T(F,Y') = L.

We omit a proof of Kleene’s Theorem. It is given in any textbook on the basics of
theoretical computer science using acceptance by states and can be transformed easily to
output acceptance.

4.5 Definition Two sequential functions F : X+ — Y+ and G : XT — Z*t are Kleene-
equivalent (written as (F,G) € o) if and only if there are sets Y and Z’ with ) CY' C Y
and ) C Z' C Z such that T(F,Y') =T(G, Z").

We omit the easy proof of the following lemma.

4.6 Lemma oy is an equivalence relation on F.

Assume that F and G are Kleene-equivalent sequential functions of F. Then T(F,Y) =
T(G,Y’). Since § C Y C {0,1} and 0 C Y’ C {0,1}, either of the sets ¥ and Y’ has to be

{0} or {1}.

Let us assume that Y =Y’ = {1}. Then, for any ¢ € N, the functions (% and ¢Z, have
to coincide, since they have to give 1 if and only if the input belongs to their accepted sets
(which are equal). Thus F = G.

If we assume that Y = {0} and {Y’} = {1}, then

2

(21,22, ,2,) =0 if and only if @ (21,22,...,2,) =1

for i € N. Thus we have _ _
¢ = (non) oy for i€N

and

F= F(non) oG.

The other cases can be handled analogously. Thus we get the following assertion.

4.7 Lemma Let F € F™ and G € F™. (F,G) € ok if and only if F = G or F' = Fyon) 0 G
(and G = Fyony o F).

We now give an example of a ox-algebra.
4.8 Example Let i € {0,1}. We set

My, = {F | F((i,i,...,q)) = i}.
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Obviously, F' € My, if and only if ap}; € T;. It is easy to prove that My, is a subalgebra of F.
We now show that My, is a ox-algebra; the proof for Mz, can be given analogously.
Let R be a regular set over {0,1}" and let R be accepted by the sequential functions F' and

G by {0} and {1}, respectively. If (0,0,...,0) € R, then F' € Mrp, since F((0,0,...,0)) € {0}.

If (0,0,...,0) ¢ R, then G((0,0,...,0)) ¢ {1}, i.e., G € Mp,. In both cases we have a

sequential function in M7, which accepts R. Hence My, is a ox-algebra.

First we determine all ox-algebras.

4.9 Theorem If M is a oi-algebra of F, then M = Mg, or M = My, or M = F.
Proof We only give an outline of the proof; for a complete proof we refer to [5, 9, 11].

Step 1. We consider the regular set {(0,1)} U ({0,1}2)*{(0,1)} which is accepted by the
sequential functions F{yy and Finen) © F) = Fnonos) and {1} and {0}, respectively, where

f(0,1) =1 and f(z,y) =0 for (z,y) # (0,1).

It is easy to see that f and non o f are not monotone. Thus any ox-algebra M contains a
sequential function F{y where h ¢ Mon.

By analogous arguments one can prove that any ox-algebra contain sequential functions
Fin,y, 1 <4 <5, where hy ¢ Sd, he ¢ Lin, hy ¢ Qo, ha ¢ Q1 and hs ¢ Tp N Ty, respectively.
By Theorem 2.14 (2),

M2 {Fy | feT} (4.1)

for some i € {0,1}.

The regular set {0,1}*{0}{0,1} is accepted by the functions Fiq;1y and Fiyopn,) and
{0,1}*{1}{0,1} is accepted by the functions Fijq,0y and Fiyon;1). Thus we get eight possi-
bilities depending on the i from (4.1) and the function used to accept {0,1}*{0}{0,1} and
{0,1}*{1}{0,1}. A detailed discussion of these cases leads to

M2 {F(f) | VS TZ} U {F(id;i)vF(non;i)} (42)
for some i € {0,1}.
Step 2. We prove that, for i € {0,1},
Mz, = {Fy) | f € Ti} U{Fmons)}]-

If we combine this relation with (4.2), then we get M D My, for some i € {0,1}.

Step 3. We prove that My, and My, are maximal subalgebras of F. This implies M = My,
or M = My, or M = F. m|

4.10 Theorem There is no algorithm which decides the o -completeness of a finite set.

Proof Assume that there is an algorithm to decide the og-completeness for a finite set M.
We show that this implies that there exists an algorithm to decide the completeness of a
finite set which contradicts Theorem 2.13.
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Let M be a finite set. First we decide whether M is ox-complete. If the answer is “no”,
then M is not complete (because any complete set is ox-complete). If M is ox-complete,
then one of the following three cases occurs:

[M] =My, or [M]=Mp or [M]=F.

Let ¢ € {0,1}. Obviously, [M] = My, holds if and only if all elements of M belong to
Mr;. In order to check whether or not a sequential function F belongs to M7, we have only
to test whether the output of F' at the first moment is ¢ if the input at the first moment is
the tuple consisting of i’s only. If the answer is “yes” for any function of M, then [M] = Mry,.

Now we check whether [M] = Mg, or [M] = Mry,. If the answer is “yes”, for some
i € {0,1}, then M is not complete. If the answer is no in both cases, then [M] = F has to
hold. Therefore M is complete. |

4.11 Theorem
(1) M C F is ox-complete if and only if M is not contained in any o x-maximal subalgebra.

(2) The cardinality of the set of ox-mazimal subalgebras of F is the cardinality of the set
of real numbers.

(3) There is a countable set N of o -mazximal subalgebras of F such that M C F is complete
if and only if M is not contained in any algebra of N.

Proof (1) Since any og-algebra is finitely generated, the statement follows from known
facts of universal algebra.

(2) Any maximal subalgebra of F which is different from Mr, and Mp, is ox-maximal
too. By Theorem 2.11, the statement follows.

(3) can be proved analogously to the proof of Theorem 2.12. O

We now discuss some special cases by restricting to special regular sets, i.e., we do not
require that any regular language be accepted; we only ask for acceptance of some special
classes of regular languages.

First, we take into consideration only regular languages contained in ({0,1}")", where
n € N is a natural number.

Let n > 2. Obviously, if M C F is a ox-algebra, then, for any regular set R C ({0,1}")*,
there is a sequential function in M which accepts R.

We now prove the converse statement. For a regular set R C ({0,1}2)", we define the ex-
tension R(n) as follows: Let x; = (21, %42, ..., Tiy) for ¢ > 1. Then the word z1z923 ... Ty €
({0,1}™)T belongs to R(n) if and only if (z11,712)(221,722) - - - (Tm1, Tme2) € R, i.e., a word
belongs to R(n) if the word obtained by a restriction to the first two components of any letter
belongs to R.

Let R(n) be an extension of R C ({0,1}2)*, and let F be a sequential function of F"
which accepts R(n) by Y. Then the function F’ which is obtained from F' by identification
of the the last n — 1 inputs, belongs to F? and accepts R by Y.

Analogously, we define the extension R(n) of a regular set R C {0,1}". Moreover, for
any R C {0,1}, there is a function G € F™ such that G’ obtained from G by identification
of all inputs accepts R.
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Now assume that, M C F is a subalgebra of F such that, for any regular set R C
({0,1}™)7, there is a sequential function in M which accepts R. Then, for any regular set
R(n) which is an extension of a regular set R C {0,1}* U ({0,1}2)*, there is a sequential
function in M which accepts R(n). Thus by the above construction, for any regular set
R C {0,1}* U ({0,1}?)*, M contains a function F accepting R. Since we used only regular
sets from {0,1}" U ({0,1}2)* in the proof of Theorem 4.9, we can prove that M is a og-
algebra.

Therefore, for n > 2, a subset M of F is ox-complete if and only if, for any regular
set R C ({0,1}™)", [M] contains a sequential function which accepts R. Thus we have the
following statement.

For n > 2, there is no algorithm which decides for a finite set M C F whether or
not, for any regular set R C ({0,1}"), [M] contains a sequential function which
accepts R.

Now let n = 1, i.e., we consider only languages which are contained in {0,1}*. Obviously,
in order to accept such languages we can restrict ourselves to unary sequential functions,
i.e., to elements of F!. Moreover, using the operation we can generate only functions which
depend essentially on at most one variable. Hence we here consider the semigroup F! instead
of F. We mention the following two results.

There is no finite set M such that, for any reqular set R C {0,1}%, [M] contains
a sequential function accepting R.

This can be seen very easily. Assume that such a finite set M exists. Then we consider
the set M U {F(;,on)} which is finite, too, and generates F 1. This contradicts the fact that
there is no finite system of generators for F! [15].

The set of subsemigroups of F*, which for any regular set R C {0,1}T contain a
sequential function accepting R, has the cardinality of the set of real numbers.

Let M = Mg, N F'. Obviously, M is a subsemigroup of F! and, for any regular set
R C {0,1}", M contains a sequential function accepting R. For any ¢t € N, let F; be the
sequential function of F' with

; non(zy) ifi<t
O, (T1, T2, .., T) { ’

~ \non(z) ifi>t.

For any set I C N, we set

Mp=[MU{F, |tel}].
By definition, M; is a subsemigroup of F' and, for any regular set R C {0,1}*, M/ contains
a sequential function accepting R. We show that s ¢ I, I C N and s # 1 implies Fs ¢ M.
Assume the contrary. Then

*Fs:GrOGrflo'“oGl

for some functions G;, 1 < j < r, with G; € M or G; = F; for some t € I. If G; € M holds
for 1 < j <, then G; € My, for 1 < j < and thus Fy, € My, in contrast to its construction.
Let Gy, ¢ M, i.e., Gp = F; for some t € I. Let

G:kalon72O"'OG1 and H:GTOGT_10~~~OGk+1.
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Then we get

_ ¢l (non(pg; (1)), non(pg(21)), . .. ,non(pg(21)))  if i <t
P (01,2, ) = { Gy (non(@hy (1)), ..., non(ipl (1)),
non(ph(1,...,2¢)), ... ,non(pk(21,...,2¢))) ifi>t.

It is easy to see that the behaviour given on the right side of the last equation does not describe
the behaviour of Fj (e.g., if s > ¢ then Fs changes its function after the s-th moment, whereas
this does not hold for the functions given at the right hand side). This contradiction proves
that F, ¢ M;.

Let I; and Iy be two subsets of N not containing 1. Then I; # Iy implies My, # Mj,.
Therefore we have at least as many sets M containing a sequential function accepting R for
any regular set R C {0,1}" as we have subsets of N\ {1}. Hence the statement follows.

We mention that the results under the restriction to regular sets contained in {0,1}
strongly differ from those for arbitrary regular sets (or regular sets contained in ({0,1}")"
with n > 2), for instance we have an infinite set of subalgebras accepting all regular sets over
{0,1} in contrast to only three ok-algebras, or any ox-algebra is finitely generated whereas
there is no finitely generated subsemigroup accepting all regular sets of {0,1}7.

We now restrict ourselves to strongly definite languages, i.e., to languages of the form

(0,13 U0, 13" u 0.1y with n>1,r>0, UC{0,1}", ZC{L2,...,r}.
i€Z

(for information on definite languages we refer to [12].) We note that a strongly definite
language of the above form is accepted by a sequential function F' by ¥ = {y} where

Yy ifj<r,jez
ep(@1,@2,... 25) = qnon(y)  ifj<r j¢Z,
flxj—p) ifj>r.

This means that the regular set is accepted by a sequential function which corresponds to a
Boolean function with delay r (and some fixed outputs at the moments before the delay is
effective). Such sequential functions can be described as (f;r;a1,az,...,a,), where r is the
delay and a; is the output at the j-th moment, 1 < j <.

Thus it is also natural to consider only such sequential functions. Therefore we have to
change the operation of substitution (or superposition) to synchronized substitution, i.e., for
any n-ary function F = (f;r;a1,az2...,a,) and n functions G; = (gi; s; bi1, bia, . . . , bis) with
arity m, we define F o (G1,Ga,...,Gy) by

Fo (G17G27~~~7Gn)(p17p2a~~~ apm) = F(Gl(pla-~~p7n)7G2(p17~~~ 7pm)7~~~ 7Gn(P17~~~ 7pm))~

Let F4 be the corresponding algebra, and let ((M)) be the closure of a set M with respect
to Fyq. Then we have the following result.

There is an algorithm which decides for a finite set M C Fg whether or not, for
any strongly definite language R, there is a function in ((M)) which accepts R.
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We omit the proof and refer to [6, 9].

However, we mention that there is a difference between our concepts and those of [14]
besides our restriction to a special equivalence relation. We have to generate all functions for
all delays whereas in [14] one only requires that any function can be generated with a certain
delay.

If we consider the special case of a function without delay or, equivalently, languages of
the form
({0,1}™*U with n>1and U C{0,1}", (4.3)

we have to consider P,. As above we can prove that Ty, 77 and P, are the only subalgebras
such that, for any regular set R of the form (4.3), the subalgebra contains a function accepting
R. Hence, by Theorem 2.14, we can decide for a finite set M C P, whether or not, for any
regular set R of the form (4.3), (M) contains a function accepting R. For corresponding
results for Py, k > 3, we refer to [7].

Let us turn back to the consideration of equivalence relations and completeness with
respect to them.

We give some variations of Kleene-equivalence which can be described as shown in Lem-
ma 4.7 by using F{,oy) in the beginning or in the beginning and the end instead of using it
only in the end.

4.12 Definition

(1) F € F™ and G € F™ are called negation-equivalent (written as (F,G) € oy) if and
only if F'= G or

F(p17p27 ceeyPn) = G(F(non) (p1), F(non) (p2)7 [ERN] F(non)(pn))'
(2) FeF™and G € F™ are called dual (written as (F,G) € op) if and only if F' = G or

F(php?? .- 7p’n) = F(non) (G(F(non) (p1)7 F(non) (p2)7 s 7F(non) (pn)))

The duality is a well-known notion for Boolean functions (the Boolean functions which
are dual to itself form the maximal subalgebra Sd of P»).
Let us consider oy- and op-completeness.

4.13 Theorem
(1) M C F is on-complete if and only if M is complete.
(2) M C F is op-complete if and only if M is complete.
Proof (1) With a set M C F we associate the sets
M' =[M]Nn {F(f> |feR} and M'={f|fe€ P, Fi € M}.

First we note that any equivalence class contains at most two elements. If Fy is an
element of an equivalence class with respect to o, then the other element is Fi,) where g is
the Boolean function with

9(y1,Yy2, .-, yn) = f(non(y1),non(ysz),...,non(yy,)).
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(Note that f = g can hold.) Thus we have the following four equivalence classes with respect
to on:

K = {F(et)vF(nonovel)}v K,y = {F(eq)}7 K; = {F(ko)}7 Ky = {F(kl)}

All functions of K7 are not contained in neither Lin nor in Sd. The functions of K5, K3 and
K, do not belong to Mon, 77 and Ty, respectively.

Now let M be a on-complete set. Then M contains at least one element of each of the
classes K1, Ko, K3 and K4. Thus M” is not contained in any of the maximal subalgebras
Ty, T1, Lin, Sd and Mon of P». By Theorem 2.14 (1), M” is complete in P». Hence Fyon)
can be generated by the elements of M. Since M is oy-complete, we can generate at least
one element of any equivalence class with respect to on. But using F,on), We can generate
the other element (if it is different), too. Thus M can generate any sequential function, i.e.,
M is complete.

Obviously, if M is complete, then it is o-complete, too.

(2) We note that Fi,oq) is dual to itself, i.e., the equivalence class of Finon) only consists
of this function. Thus any op-complete set contains F,oy). As above we can prove the
completeness of any op-complete set. a

From Theorem 4.13 we immediately obtain the following result on the algorithmic aspect.

4.14 Corollary
(1) There is no algorithm which decides the on-completeness of a finite set.

(2) There is no algorithm which decides the op-completeness of a finite set.

5 Metric completeness

In this section we change the concept of equivalence. We do not consider equivalence of
functions, but equivalence of sets of functions. We start with the formal definition.

5.1 Definition For F' € F™ and G € F™, we define
d(F,G) = 1 if and only if F(p) = G(p) for all p with |p| <t —1 and
F(p') # G(p') for some p’ with |p'| =t
The easy proof of the following lemma is left to the reader.
5.2 Lemma For any m € N, d is a distance on F™.

5.3 Definition M C F and M’ C F are called metrically equivalent if, for any ¢ € N and
any two sequential functions F' € M and F' € M’, there are sequential functions G € M’
and G’ € M such that

d(F,G)gi and d(F’,G’)gi.

Again, it is easy to prove that the following statement holds.
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5.4 Lemma The metric equivalence is an equivalence relation on the powerset of F.

5.5 Example For F' € F and 7 € N, let F; be defined by

pp - {0 Tl <
' F(g)om if |p| > i, p=dq", |{| =1, |¢"| =n

Further we define

Q={F,|FeF, ieN}L
Obviously, @ is a proper subset of F, and it is easy to see that ) is metrically equivalent to
F.

Note that @ forms a subalgebra and that @ is not finitely generated. The last fact can
be seen as follows. If M is a finite subset of @), then there is a number i such that goJG = ko
for all G € Mand all j > i. Then ¢}; = ko for j > i also holds for any sequential function
generated by M. However, this property is not valid for Q.

We now define metric completeness.

5.6 Definition M C F is called metrically complete if and only if [M] is metrically equiva-
lent to F.

In the definition of p-completeness of a set M where p is some equivalence relation, we have
required that, for any sequential function F' € F, [M] contains a function equivalent to F'. In
case of metric completeness, we require that, for any sequential function F' and any ¢ € N, [M]
contains a sequential function G with d(G, F) < 1/t. Thus we replace equivalence by small
distance. Thus it is natural to study metric completeness in connection with completeness
with respect to equivalence relations. Furthermore, we shall see that metric completeness is
nearly related to o;-completeness for ¢ € N.

5.7 Theorem There is no algorithm which decides whether or not a finite set is metrically
complete.

Proof The proof can be given by small modifications of the proof of Theorem 2.13. |

We now discuss the corresponding concept of maximal subalgebras and its use as a com-
pleteness criterion. We start with the definition of metric maximality.

5.8 Definition A subalgebra M C F is called metrically mazimal if
e M is not metrically complete and

e M U{F} is metrically complete for any F € F.

5.9 Theorem

(1) Any metrically mazimal subalgebra of F is op-mazimal for some t € N. Fort € N, any
or-mazimal subalgebra of F is a metrically mazimal subalgebra.

(2) The set of all metrically mazimal subalgebras of F has the same cardinality as N.
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(3) M is metrically complete if and only if M is not contained in any metrically mazimal
subalgebra of F.

Proof (1) Let M be a metrically maximal subalgebra of F. Then there is a function F' € F
and a number ¢ € N such that d(F,G) > 1/t for any function G € M. Hence M is not
oy-complete. Thus M is contained in a o;-maximal subalgebra N. If M C N, then there is a
sequential function H € N\ M. Hence [M U{H}] C N. Since, obviously, IV is not metrically
equivalent to F, this contradicts the metric maximality of M. Therefore M = N and the
first statement of (1) has been shown.

Now let M be a oy-maximal subalgebra for some ¢ € N. First we note that M contains
any function F' where

(211,212, -, 21n), (T21, 022, - Ton),s - -, (Tit, Tig, -+, Tin)) = Tk
for some k and ¢ < t. If we assume the contrary, then [AM U {F}] is a subalgebra of F with
M C [MU{F}]. (5.1)

Moreover, M and [MU{F}] are o4-equivalent since using F we cannot change the behaviour at
the first ¢ moments. Hence [M U {F'}] and F are not o-equivalent. Taking into consideration
(5.1) we get a contradiction to the definition of oy-maximality.

Thus M contains the functions F} € F2, Fy € F! and F3 € F? with

Ti1 if i <,

sh(:cﬂ, .732‘2) if 7 > t,

i ZTg ifigt,
QOFZ(.’IJ17£C27...7$Z')= i s
Ti—1 1fZ>t,

O (11, 212), (221, 222), - - -, (T41, Ti2)) = {

: xyn ifi<t
@7};‘3(($117m12),(SC217I22),...7(1’1'17Ii2)) = ' e ’
Tio if i >t

Now let F' be an arbitrary function not in M. Then [MU{F}] is a subalgebra o;-equivalent
to F. Therefore, [M U {F'}] contains sequential functions G; and G such that

@ial((xu,xu), (w21,%22), ..., (Ti1, Ti2)) = sh(ws, wi0) for i <,

i ( ) 0 ifi =1,
L1, T2y ,T5) = e
PG 112 ! i ifie{2,3,...,t}.

Then the functions

F3(G1(p1,p2), Fi(p1,p2)) and  F3(Ga(p), Fa(p))

belong to [M U {F'}] and coincide with Fis,) and Fiq,1). Therefore, [M U {F}] = F which
proves that [M U {F'}] is metrically equivalent to F. Hence M is metrically maximal.
(2) follows from (1) and Theorem 3.10.

(3) We prove that M is not metrically complete if and only if is contained in some
metrically maximal subalgebra.
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Assume that M is not metrically complete. Then there is a function F' € F and a number
t € N such that d(F,G) > 1/t for any function G € [M]. Thus M is not oy-complete. By
Theorem 3.9, there is a o;-maximal subalgebra N with M C N. By (1) N is metrically
maximal, too. Thus M is contained in a metrically maximal subalgebra.

The converse statement is obvious. o

‘We now combine the notions of metric completeness and o g-completeness.

5.10 Definition A set M is called 1-metrically Kleene-complete, if [M] is metrically equiv-
alent to a ox-algebra.

By this definition we require that M is 1-metrically Kleene-complete if, for any regular
set R and any ¢t € N, [M] contains a function F' such that there is a function G which accepts
R and satisfies d(F,G) < 1/t. It is natural to modify the concept such that the metric does
not work on the functions but on the regular sets.

5.11 Definition For R € ({0,1}")" and @ € ({0,1}")*, we define
d(R,Q) = 1 if and only if p€ R if and only if p e Q for all p with [p| <t —1 and
p € RUQ and p' ¢ RN Q for some p'with |p| =t
5.12 Lemma For any n € N, d' is a metric on the powerset of ({0,1}")F.

5.13 Definition M is called 2-metrically Kleene-complete iff, for any regular set R and any
integer t € N, there is a sequential function F in [M] which accepts a set Q with d(R, Q) < 1/t.

The following theorem relates the two notions of metric Kleene-completeness to each
other.

5.14 Theorem M is 1-metrically Kleene-complete if and only if M is 2-metrically Kleene-
complete.

Proof Let M be l-metrically Kleene-complete. Let R be an arbitrary regular set and ¢ an
arbitrary element of N. Since M is 1-metrically complete, [M] contains a sequential function
F such that there is sequential function G which accepts R by Y for some Y C {0,1} and
satisfies d(F,G) < 1/t. Let @ be the set accepted by F by Y. Obviously, d'(R,Q) < 1/t.
Thus, for any R and any ¢, there is a sequential function F' € [M] which accepts a regular
set @ such that d'(R, Q) < 1/t, i.e. M is 2-metrically Kleene-complete.

In a similar way one proves the converse statement. |

5.15 Theorem

(1) There is no algorithm which decides the 1-metric Kleene-completeness of a finite set.

(2) There is no algorithm which decides the 2-metric Kleene-completeness of a finite set.
Proof (1) It is easy to see that 1-metrically Kleene-complete set M is metrically complete
if and only if M contains sequential functions F and G with F' ¢ My, and G ¢ Mp,. Thus
the decidability of 1-metric Kleene-completeness would imply the decidability of Kleene-
completeness in contrast to Theorem 4.10.

(2) follows from (1) and Theorem 5.14. o
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1

This paper reports on progress toward an effective general completeness criterion for uni-
formly delayed k-valued combinatorial circuits (this and other rather technical concepts
are fully explained in Section 2). In a historical retrospective, the topic was introduced
rather early by Kudryavtsev in 1960 who defined the various basic concepts and gave an
effective completeness criterion for uniformly delayed binary circuits based on precomplete
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Abstract

The paper reports on progress toward an effective completeness criterion for uniformly
delayed multiple-valued combinatorial circuits. In view of previous work by Hikita and
Nozaki, and Hikita it suffices to study periodic closed spectra. The main tool is the
use of polyrelations and certain constructions on polyrelations developed by Hikita and
Milici¢. We were able to restrict the search to unary polyrelations and three types of
binary polyrelations p = (po, p1, - - - ):

(1) period 2™, po bounded order, pam-1 its converse and p; = 12 := {(a,a) | a € k}
otherwise,

(2) every nonempty p; = {(a,si(a)) | a € k} where s; is a permutation of k; the
permutations are interrelated,

(3) components are either (i) all equivalence relations on k or (ii) all central or equal
to k2. In both cases they have strong properties in terms of intersecting cliques.
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classes [Ku60, Ku62]. For ordinary non-delayed circuits and logic such a criterion was given
by Post [Po2l] for k = 2, Iablonskii [Ia58] for £k = 3, and the second author for k > 3
[Ro65, Ro70, Ro77]. Some of Kudryavtsev’s results were rediscovered by Loomis [Lo65].
Other completeness aspects for delayed circuits were studied by Biryukova and Kudryavtsev
[BK70]. After this early Russian start the focus moved to Japan where Nozaki and his school
took up and expanded the study of multiple-valued delayed circuits, to the extent that dur-
ing the past 33 years all papers in this domain (with the lone exception of [MRR78]) were
published by the Japanese school. For uniformly delayed circuits the breakthrough came in
Hikita and Nozaki’s 1977 paper [HN77] which reduced the problem to three more manageable
types. The first case (type A) is directly solved by the primality criterion [Ro65, Ro70] while
the third case (type C) was solved by Hikita in 1976 [Hi81b]. Meanwhile Hikita also com-
pletely classified the ternary case [Hi78]. The relational theory for uniformly delayed circuits
was partly given by Hikita [Hi81a] and fully by Mili¢ié [Mi84, Mi88]. It is based on infinite
sequences p = (pog, p1, - - . ) of relations of the same arity on the alphabet k := {0,1,...,k—1}.
For such a sequence, called a polyrelation, an n-ary operation f with nonnegative integer de-
lay 0 carries p}' into p;ys for all ¢ > 0. This concept replaces the preservation of a single
relation which is the basic concept in the nondelayed case.

We report on the results for the remaining case of periodic spectra (type B) and the
corresponding periodic polyrelations. The precomplete classes obtained are rather exceptional
as witnessed by the fact that they are determined by at most binary polyrelations. We
have succeeded in limiting them to unary periodic polyrelations and to binary polyrelations
p = (po, p1,...) of period p of the following three types:

(1) p=2™(m > 0), po is a bounded partial order < on k, pgm-1 is > and p; = 19 := {(a, a) |
a €k} for 0 <i< 2™ i 2™ L Each of these polyrelations gives a precomplete class
[Ku60, Ku62].

(2) Every nonempty component is of the form {(a, s(a)) | a € k} where s is a permutation
of k. The permutations involved are intimately linked and the case is essentially one of
a group-theoretical nature.

(3) All components po, ..., pp—1 are either (i) equivalence relations # 5 or (ii) all are central
or equal to k? (a binary symmetric relation o is central if 1o C 0 C k? and ¢ x k C o for
some ¢ € k). In both cases we have strong properties in terms of intersecting cliques.

Although the uniformity and the completeness concepts are open to discussion as to their
practicality and relation to reality, the authors feel that this study is justified as a first step
in this direction, and perhaps even more by the richness of the mathematical theory involved.

The financial support provided to the second author in 1990 by S.T.A. Japan Research
Award, by NSERC Canada operating grant A-9128, and by FCAR Québec Subvention
d’équipe Eq-0539, and the 1991 and 2003 J.S.P.S., Japan, grants as well as the hospitality
of Université de Montréal, Meiji University (Tokyo), Electrotechnical Laboratory (Tsukuba)
and Tsukuba College of Technology is gratefully acknowledged.

2 Preliminaries

2.1 Switching circuits are built from basic hardware components which we shall henceforth
call gates. For simplicity each gate (Fig. 1) is a device with a single output and n inputs
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where n is a positive integer. The gate receives and emits signals in the same finite alphabet
which will be identified with k := {0,1,...,k — 1}. If the signal on the i-th input is x;
(¢ = 1,...,n) then the response of the gate is a unique output signal determined by the
n-tuple (z1,...,2,) € k™. Denoting this signal by zg = f(z1,...,2,) we can describe the
functioning of a gate by an n-ary operation f on k (i.e., a map f : k™ — k). Thus each gate
carries an operation f describing its behavior (also called a logic or switching function or a
connective). Denote by O™ the set of all n-ary operations on k and set O := U, o),

le—— 1

le——— Ty

Figure 1

In reality, the physical time dependent signal z;(t) on the i-th input (1 < i < n) and
the output signal zo(t) are continuous functions of time ¢. The real situation may be rather
complex and so we approximate it by assuming that there are time invariant delays d1,...,d,
such that for all ¢ > max(dq,...,d,)

xg(t) =f(l'l(t—(51),4..,1'n(t—(5n)) (2.1)

where z;(t) are maps from [0,00) into k (: = 1,...,n). Thus (2.1) means that the present
output depends on the value of the i-th input §; time units ago (i = 1,...,n). Such gates are
called delayed input devices (or d-modules). For simplicity we assume that all §; belong to the
set N={0,1,... } of nonnegative integers. The integrality assumption follows the connections
to automata theory; however the delays of real gates are at best known approximately and,
moreover, may depend on extremal conditions, e.g. the temperature, or on the age of the
circuit. In this paper we go even further and assume that 0; = --- = §,,. This restriction,
common to most engineering literature, is far reaching, substantially limiting the composition
and causing the theory to be nonalgebraic. Such a gate is called a uniformly delayed device
(or k-module), and it is fully described by the pair (f,d) called an operation (or function)
with delay & on k. The set of all n-ary operations with delay on k is 4™ := O x N, and
U := O x N is the set of all operations with delay on k.

2.2 Switching circuits are obtained from a collection of gates by attaching outputs of certain
gates to inputs of other gates. Again for simplicity we consider only the combinatorial (i.e.
feedback-free) switching circuits. The simplest case is the following. We have a gate F
described by (f,0) € U™ and n gates G; determined by (g;,8;) € U™, i =1,... n. If we
attach the single output of G; to the i-th input of F', ¢ = 1,...,n, the resulting tree-like circuit
has m := mj+---+m,, external inputs and realizes the operation h = f®(g1,...,9,) € om
defined by setting

h(mla"' ,Il'm) ~ f(gl(Ilw . 7xm1)7' .- 7gn(xm—mn+la~~~ axm))
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where ~ means that the equation holds for all z;,...,z,, € k. The accumulated delays are
(0+01,...,0+061,...,0+8p,...,0+0d,). It follows that the circuit will have a uniform delay
if and only if 9y = -+ = §,. In this paper we restrict ourselves to uniformly delayed circuits

and so we only accept the ®-composition (f ® (g1,...,gn),0+ ) with F := (f,8) € U™ and

= (g;,8") € U™ (; =1,...,n). Denote the resulting circuit by F @ (Gy,...,Gp).

Suppose we have a circuit in the shape of a rooted tree with gates at the vertices distinct
from the leaves and external inputs (not necessarily pairwise distinct) at the leaves and let
the sum of the delays be constant on each branch from a leaf to the root. Working from
the leaves to the root we can express the delayed function represented by the tree through
repeated composition (e.g. in the situation of Fig. 2 the function is (f®(¢® (h,7),7),4). Thus
the ®-composition suffices for the description of functions associated with acyclic circuits
yielding uniform delays.

L
o / N o) — -
e \ .
leaves

Figure 2

It should be stressed that the ®-composition can be performed if and only if the inside
functions have an identical delay. This restriction differentiates our structure from universal
algebra and propositional calculus of most logics which allow unrestricted composition. The
structure may be described by a suitable partial algebra, but as this fact seems to have little
impact on completeness, we should not dwell on it.

2.3 In what follows we need the projection (trivial operation or selector). This is an n-ary
operation e} on k such that el'(z1,...,2,) = ; (1 <i < n). Denote by J :={ef |1 <i <
n < Vo} the set of all projections. For a subset V of U define ((V')) as the least subset of U
containing F' ® (G1,...,Gy) whenever F' € ((V)) and G; e VU (J x {0}) (i =1,...,n) (it
being understood that Gi,..., G, have the same delay). We have added J x {0} to allow
arbitrary changes of variables (i.e. for F' € ((V)) the set ((V)) also contains each F’ obtained
from F' by permuting (i.e. exchanging or switching) or identifying (fusing) the variables).
Clearly V' — ((V')) is a closure operator on . The subsets V of U satisfying V' = ((V))
are called closed uniform sets. A closed uniform set containing J x {0} is a uniform clone.
We say that V' C U is complete if to every f € O there is § € N such that (f,d) € ((V)).
This was introduced for k = 2 by Kudryavtsev [Ku60, Ku62] (as completeness in the second
sense) and captures the possibility of constructing each operation with some—possibly very
large—delay. The object of this paper is to give a universal completeness criterion. Before
embarking into the technical details we comment on the relation between our model and
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reality.

As pointed out in 2.1 the input delayed gate is already a considerable simplification.
The delays in circuits should be taken into consideration since to ignore them is tantamount
to neglecting such well known phenomena as races or hazards, and therefore input delayed
devices constitute the first step in the right direction. The restriction to uniformly delayed
devices is all pervasive through the literature but it is not altogether clear whether it is
motivated by mere convenience or rather a hard fact about today’s commercially available
gates. In practice, often several functions have to be represented simultaneously which could
be used as an argument for uniform delays. The completeness concept is open to the obvious
criticism: what is the purpose of constructing an F' with an enormous delay? We chose our
concept because it is the simplest and weakest completeness concept, and since it makes a
nice mathematical theory.

2.4 We conclude with two minor points. Suppose we have constructed (f,d) and it happens
that f is constant and hence time-independent. Of course, there is no observable delay and
we can assume that we have all (f, ') with & € N. This is rather academic because usually
sources of constant signal are easy to get and so cheap that they can be taken for granted.
However this fact is not accounted for in our model.

Finally, we stress that we are interested in sets of gates with the potential to represent
any f € O (with some delay and assuming an unlimited supply of each type of gate) but we
ignore completely the inherent optimality issue: if f can be represented, what is the cheapest
way of representing it? There is a good reason for this limitation; it is because the problem is
notoriously hard, depends on present technology and labor costs and thus, to be meaningful,
should be closely tailored to a very specific situation which could become obsolete within a
very short time.

2.5 We conclude this section with a completeness criterion. First call P C O primal if every
f € O is a composition of operations from PU.J (we reserve this term for operations without
delays). Put e := e} (ie. e(z) ~ x) and for V.C U, n > 0, and § > 0, set

Ve = vnu™, Vsi={f|(f,6) eV},

G {f €O|(f,md) €V for some m > 0}.

m=0

S
i

We have ([Ku62, Theorem 4] for k = 2 and [PK79, 7.3.5]; see also [MRR78, Theorem 10] for
k> 2):

2.6 Proposition A closed subset V' of U is complete if and only if e € Vs and V) is primal
for some 6 > 0.

2.7 Corollary Let V be a closed uniform set. If V' is incomplete, then F := (J x {0}) UV
is a uniform incomplete clone.

Proof Clearly F' is a uniform clone. Suppose to the contrary that F' is complete. Then in
Proposition 2.6 we have 6 = 0 because otherwise V' would be complete. Thus Fy is primal.
Then Vp is primal [Ro70, 3.1.3] and since V is a closed uniform set, Vj = O also. This
contradiction proves the statement. O
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Needless to say, Proposition 2.6 hardly solves the completeness problem and thus we
search for a better criterion. This will be based on sequences of relations introduced and
elaborated in the next section.

2.8 A short notational remark. The symbol C stands for strict inclusion, while C means
inclusion or equality. Whenever possible an n-tuple is written z7 ...z, instead of the more
conventional (z1,...,x,). The same applies to arguments of maps, functions and operations,
e.g. we write fz or fxy...x, instead of f(z) or f(z1,...,xy). Sometimes we do not distin-
guish notationally an element a and the singleton {a} writing e.g. A\ a and a x A for A\ {a}
and {a} x A.

3 Polyrelations

3.1 A subset p of k" (i.e. a set of h-tuples over k) is an h-ary relation on k. Let p and o
be h-ary relations on k and f € O™, We say that f carries p in o if for every h x n matrix
A = [a;] over k, whose column vectors all belong to p, the values of f on the rows of A form
an h-tuple from ¢; in symbols

(a1j,...,an5) €p (3 =1,...,n) = (f(air,...,a1n)s..., f(ani,...,an)) € 0.

Denote by Pol(p, o) the set of all f € O carrying p into 0. We set Polp = Pol(p, p) and
say that f preserves p if f € Polp (many other names are used in the literature; e.g., f
is compatible, substitutive, homeomorphic and p is invariant or stable for f). In universal
algebra terms “f preserves p” means that p is a subuniverse of (k; f)*. We recall some basic
results on clones. An h-ary relation p on k has no systematically repeated coordinate if for all
1 <i < j < hthere exists (ar,...,an) € p with a; # a;. A clone C on k is rational if it is of
the form Pol p for some relation p on k. Here without loss of generality we can assume that
p has no systematically repeated coordinate.

We recall a relational construction. Let A > 1 and ¢ > p > 1 be integers and let I' and p
be h-ary relations on L = {1,...,¢} and k, respectively. Set

[ =y p={(p(1),...,00)) | ¢ € Hom(T', p)}

where Hom(T', p) denotes the set of relational homomorphisms from I' into p, i.e. maps ¢ :
L — k such that ¢(a) = (¢(a1),...,¢(ar)) € p whenever a = (ay,...,an) € I'. An easy
consequence of the results of [BKKRG69] is: Let p and o be h-ary and p-ary relations on k and
let o be without systematically repeated coordinates. Then Pol p C Pol o if and only if there
exists £ > p and h-ary relation I' on {1,..., ¢} such that 0 = I' <, p. Another result from
[BKKRG69] is also basic. To every irrational clone (i.e., nonrational) C there exist relations
p1,p2,- .. on k such that Polp; 2 Polpy D --- D C = ﬂfi] Pol p;. We extend this to uniform
clones.

3.2 A countably infinite sequence p := (po,p1,...) of h-ary relations on k is an h-ary
polyrelation on k. The set of h-ary polyrelations on k is denoted by Ry, and R := J;—; Rp.
We say that (f,0) € U preserves an h-ary polyrelation p = (po, p1,...) if

f € Pols p:= () Pol(pi, piys)-
€N
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We set

(o)

Pold p := U (Pols p x 6).
0=0

3.3 Example Let < be an order (a reflexive, transitive and antisymmetric binary relation)
on k. Then M := Pol < is the set of <-monotone (also called isotone or order preserving) op-
erations on k (i.e. f € O™ guch that fay---2n < fyi---yp whenever 21 < y1,...,2n < Yn)-
Similarly f € O™ is <-antimonotone if fo1---xp > fy1---yn whenever 21 < y1,..., o, <
yn- Let A be the set of <-antimonotone operations and let p = (<,>,<,>,...). Then
Poly, p = M and Poly,,+1 p = A for all n > 0.

We have [Ku62]:

3.4 Lemma Let p = (po, p1,--.) be a polyrelation. Then Polg p = (;5o Pol p; and Pold p is
a uniform clone.

Proof By definition,
Poly p = (1) Pol p;,
ieN
and therefore J x 0 C Pold p. It remains to prove that Pold p is a closed set. Let f € Polsp be
n-ary, let g; € Poly p (j =1,...,n) and let h := f®(g1,...,9n) (as defined in 2.2). Fori € N
we have g;[pi] C piys (j =1,...,n). Using flpiys] C pizsre we obtain hlp] C piysps. O

3.5 We recall a basic result from [Mi84]. The relation “(f,d) preserves a polyrelation”
gives rise to a Galois connection between the sets U (of uniformly delayed operations on
k) and R (of polyrelations on k). The Galois closed subsets of U are the sets of the form
Pold X =N e x Pold p with X € R. It is shown in [Mi84] that they are exactly the uniformly
closed clones; more precisely each uniform clone is either of the form Pold p from some p € R
or the intersection of a countable descending chain Poldpy D Poldp; D --- with p; € R
for all ¢ > 0. It is therefore of interest to characterize the Galois-closed subsets of R. By
definition they are the sets

InvY :={p € R|every (f,0) €Y preserves p}

with Y C U. To describe them internally we need the following notions. Let ¢ be an h-ary
relation on k. If h > 1 set

C(o) :=={(ag,...,ap,a1) | (a1,...,ap) €0},
7(0) :={(az,a1,as,...,a3) | (a1,...,ap) € 0},
pr(o) :={(a1,...,ap-1) | (a1,...,an) € o},

while for h =1 set ((0) = 7(0) = pr(c) = 0. Further set
V(O’) = {(al, ce :ah+1) | (al., ey a;,,) (S O’}.

Extend ¢, 7, pr, V to polyrelations by applying them termwise. For p = (pg, p1,...) and a €
{¢,7,pr, V}set a(p) = (alpo), a(p1), ... ). Further set sh(p) = (p1, p2,...). For polyrelations
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o= (po,p1,...) and o = (00,01,...) set pNo = (po N g, p1 No1,...) (notice that pNo =
(@,0,...) if p and o have different arities).

We also need a partial infinitary operation on R called upper superposition. For p! =
(P, ph,...) € Ry (i = 0,1,...) the upper superposition of (p, p',...) is defined wherever,
for all + > 0,

i i—1 ) i—2 0
po2pr Upy “U---Up;.

If this condition is met the upper superposition is the polyrelation (3, pb, p3,...). In other
words, consider in the infinite table

n p) PSP
py PL Py P
py PP P

re Pl P3P

whose rows are the given polyrelations. We take the polyrelation in the first column provided
each of its entries contains all relations on the south-west to north-east diagonal starting at
it.

It is shown in [Mi84] (in a slightly different formulation) that a subset X of R is Galois
closed if and only if X is closed under (, 7, pr, V, sh, N, upper superposition and contains
the constant polyrelation w = (tg,t2,...) (where 1o = {(z,z) | x € k}).

3.6 For a positive integer h denote by E;, the set of equivalence relations on {1,...,h}. For
e € Ej, put

Aaz{al"'ahekh|(i>.j)6€:>ai:aj};

i.e. A, consists of all h-tuples over k constant on each block of ¢.

If € has a unique nonsingleton block {i1,...,4,} we denote A; by Ay,..;,; e.g., A1z stands
for A. where € = {12,21} U 1. Similarly A;..;,—j,...;. denotes A, with ¢ having exactly two
nonsingleton blocks {i1,...,4} and {ji,...,Jc}. The relations A, are termed diagonal. The
diagonal relations and the empty relation () are called trivial. A nonempty subset E of Ej,
is a clutter (also antichain or Sperner subset) if § C T for no 0,7 € E. For a clutter E put
Ap = .5 A

It is well known [Ro70, 2.8.7] that Polo = O if and only if o is trivial. We say that a
polyrelation p is proper if Pold p is incomplete. We characterize improper polyrelations.

3.7 Proposition A polyrelation p = (po, p1,--..) is improper if and only if
(1) all p; are trivial, or
(2) there are § >0, m > 0 and trivial relations g, ..., as—1 such that
Pi © pits S -+ C Pitms = Pit(mi)s = - =4

foralli=0,...,0 —1.
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Proof Necessity. For 6 > 0 put Fs := Pols p. First consider the case Fy = O. By Lemma 3.4
then Polp; = O for all i € N, i.e., all p; are trivial proving (1). Thus assume Fy C O. By
Proposition 2.6 there is § > 0 such that e € F5 and G := J,;~ Fns is primal (i.e., G generates
O). From e € Fj it follows that p; C p; 45 for all i € N. Since there are only k" h-ary relations

on k, for each fixed 0 < i < § the non-decreasing chain p; C p;y5 C piyas C --- is stationary,
i.e. there is j; € N such that pjr5 = pitjs for all I > j;. Put m = max{jo,...,Js—1},
and set a; = ppsri (¢ = 0,...,0 —1). For a fixed 0 < i < §, all f € F,5 we have
flew] = floms+il € Pim+t1)5+i = Pméri = a; proving f € Polay, Fs € Pola; and finally
G C Pola;. Owing to G primal we have «; trivial and (2) holds.

Sufficiency. If (1) holds then by Lemma 3.4 we have Polyp = O and Pold p is complete
by Proposition 2.6. Thus suppose that (2) holds. Then e € Pols p. In view of Proposition 2.6
it suffices to show that Pol,,s p = O for all m > 0. Let 0 <7 < 4. If a; = (), then py5,; = 0
for all [ € N and

Flowstil = f10] = 0 = peymysyi

for every f € O. Thus assume that o; = A, for some equivalence relation ¢ on {1,...,h}.
Then for every f € O and | € N we have the required

flos ) C© Flew] S o = pgm)yoti-
0

We say that p = (po, p1,-..) is periodic if there is & > 0 such that p; s = p; for all i > 0.
For a periodic p the least 6 > 0 with this property is the period of p and it will be denoted

by p,.

3.8 Corollary Let p be a periodic polyrelation with period p. Then p is proper if and only
if at least one p; is nontrivial.

3.9 Definition It will be convenient to say that a polyrelation 7 on k dominates a polyre-
lation p on k if Pold p C Pold 7. For a given polyrelation p on k denote by [p] the set of all
polyrelations on k dominating p. Notice that [p] is the least Galois-closed subset of R (i.e.,
the least set containing p and w and closed under ¢, 7, pr, V, sh, N and upper superpositions,
see 3.5).

We describe a construction of 7 € [p]. Let o > 0 and £ > p > 0 be integers and let
T = (v, g) where v is an h-ary relation on L = {1,...,¢} and g is a map from < into the finite
nonvoid subsets of N. Let p = (pg, p1,...) be an h-ary polyrelation on k. For each i € N set

i ={(p(1),...,0P) | ¢: L =k, p(a) € piy; forall a € v and j € g(a)},

where for a = (a1,...,a) € v we write ¢(a) = (¢(a1),...,¢(ap)). This defines an h-ary
polyrelation 7 = (79, 71,...) on k denoted by I' <, p.

We illustrate this construction on a few examples.
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3.10 Examples

(1) Let £ = p = h, v = {(co(1),...,0(h))} where o is a permutation of {1,...,h} and
g((c(1),...,0(h))) = {0}. Then 7 =T <, p satisfies for all i € N

Ti={a1...a, | Gg(1) - - - Qg (h) € pi}-

Obviously, 7; is obtained from p; by a coordinate exchange independent on i; i.e., the
same coordinate switch is performed on each p;.

(2) Let h=p=2,¢=3,v=1{(1,3),(3,2)} and g((1,3)) = {0}, g((3,2)) = {1}. For a
binary polyrelation p we get 7 = T' <9 p = (pg © p1,p1 © p2,...) where o denotes the
standard relational product or composition (i.e. @ o 8 := {(z,y) | (z,u) € a, (u,y) € 8
for some u € k}).

(3) Let £ = p =h,v={(1,...,~h)} and ¢((1,...,h)) = {1}. Then 7 =T —p p =
(p1,p2,--.). Obviously 7 is obtained from p by a one-step shift to the right.

(4) Let Z):p =h,v= {(177h)} and g((177h)) = {071} Then 7 = (pomphpl N
P2y ).

The Definition 3.9 is justified by the following lemma which is essentially in [Mi84] and
can be proved directly.

3.11 Lemma If p and T are as in Definition 3.9, then T € [p]; i.e., Pold p C Pold 7.

3.12 A uniform incomplete clone C' on k is precomplete if every uniform clone on k properly
containing C' is complete; in other words, if C' is a maximal element of the set of uniform
incomplete clones on k ordered by containment. A clone M of ordinary (i.e. non-delayed)
operations on k is mazimal if M C O and M C M’ C O for no clone M’.

The maximal clones on k are completely known: [Po21] for k = 2, [Ia58] for k = 3 and
[Ro65, Ro70] for k > 3. They are of the form Polo where the relation o on k runs through
6 families. For further use we quote a few of them: (i) proper unary relations (i.e. subsets of k
distinct from ) and k); (ii) binary relations {zs(z) | = € k} where s is a fixed permutation of
k with k/p cycles of prime length p; (iii) bounded partial orders on k (i.e., transitive, reflexive
and antisymmetric binary relations on k with a least and a greatest element); (iv) proper
equivalence relations on k (i.e., distinct from {(x,z) | = € k} and k?), and (v) binary central
relations on k (i.e., reflexive and symmetric relations distinct from k? and such that cxk C o
for some ¢ € k).

A set = of proper polyrelations is termed generic if each incomplete uniform clone C'
extends to Pold £ for some £ € =. Our task is to find a small generic set. The optimal generic
set = would have Pold ¢ precomplete for each £ € Z. Such a system would provide the best
general completeness criterion in the sense that for a given F' we have only to test whether
F C Pold¢ for all £ € E. The essential step is Hikita and Nozaki’s generic system =g [HN77].
For a relation o put o* = (0,0,...). We say that o* is of type A if Polo is maximal. Proper
periodic polyrelations ¢ of arity at most k such that Pold ¢ is contained in no Poldo* of
type A are said to be of type B. For the last type C we need the following special binary
relations. An equivalence relation on a proper subset P of k distinct from {pp | p € P} is
called a proper partial equivalence on k. Let 13 := {aa | a € k}.
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3.13 Definition A binary polyrelation (pg, t2, t2,...) is of type C if
(1) po = ¢ x k for some ¢ € k, or
(2) po is a proper partial equivalence relation on k, or
(3) po ={ps(p) | p € P} where 0 # P C k and either

(a) s is a permutation of P of prime order or

(b) s is an injective map from P into k such that
(i) s(P) # P and
(i) s(p) € P <= s(p) =p

Denote by Zg the set of all polyrelations of type A, B and C. The following is a major step,
and probably the most important one towards the general uniform completeness criterion.

3.14 Theorem [HN77, Hi81b] The set =y is generic. The uniform clones Pold§ of type A
and C are precomplete.

The general uniform completeness criterion based on the full list of Ry uniform precomplete
clones, was found for k = 2 in [Ku62] and for k£ = 3 in [Hi78].

3.15 Definition A set = of polyrelations on k of type B (i.e., periodic and of arity at most k)
is called B-generic if every precomplete clone Pold o with o a polyrelation of type B satisfies
Pold 0 = Pold 7 for some 7 € =Z.

4 Minimal Polyrelations

4.1 In view of Theorem 3.14 it suffices to study the B-generic sets B of polyrelations.
Denote by Z; the set of all polyrelations of type B, i.e., p proper, periodic, of arity at most
k and such that Pold p C Poldo* for no o* of type A. Clearly Z; is B-generic. For a given
p = (po,p1,-..) € B denote by h, and p, (or briefly h and p) its arity and period.

For h > 2 set

= {(x1,...,2) €K" | 2; = x; for some 1 < i < j < h}

(i.e. ¢, consists of all h-tuples over k whose coordinates are not all pairwise distinct). An
h-ary relation o on k is totally reflexive if 1, C 0. For 2 < h < k an h-ary polyrelation
A= (X, A1, ... ) is totally reflexive if at least one ); is totally reflexive but distinct from k”.
The following theorem is basic for our study.

4.2 Theorem If p € =1 then [p] contains no totally reflexive periodic polyrelation.

Proof Suppose 7 = (70,71,...) € [p] is a totally reflexive h-ary polyrelation of period
p. The set T := {i € p | s 2 3} is then nonempty. For 6 > 0 put As := (\,ep Tiss-
First observe that ¢, C Ao C 7 for all ¢t € T. Taking into account that for at least one
t € T we have 7 C k" we obtain 1, € Ao C k", hence A = (Mg, \1,...) is proper by
Corollary 3.8. Next A\ = (Mg, A1,...) € [7] by Lemma 3.11. Indeed choose { = p = h,
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v ={(1,...,h)} and g((1,...,h)) = T. Then for I' = (v, g) the corresponding polyrelation
0 =T <, 7= (00,01,...) satisfies 05 = Nier Ti+s = As for all 6 > 0 (see Examples 3.10(4)).
For integers x and y denote by z + y the integer z such that z = = + y (mod p) and
0 < z < p. Further denote by s the least positive integer such that t + s € T for all
t € T. Clearly 0 < s < p and it is almost immediate that s divides p. Next Asys = As
for all § > 0. This shows that the period py of A divides s. We show that ¢, € A; for
i=1,...,5 — 1. Indeed, by the minimality of s there exists ¢’ € T such that ¢’ + i ¢ T
whereby A = Nyer Titt € Tive =T; 1 o and ¢, C A; would imply ¢, € 7; | p and i + ¢/ € T.
This contradiction shows ¢, € A; for all i = 1,...,s — 1. From this it follows that actually
px = s. In view of A being proper and p being B-generic we get s > 1. Set F' := Pold A.

Denote by V the set of all operations on k taking less than k values. Further for all
i=0,...,5s—1set

s—1

F;:=Pol; A\ = ﬂ Pol(\j, Aj1i)
j=0

(see 3.1). We prove that F; CV for i =1,...,s — 1. Suppose to the contrary that im f = k
for some n-ary f € F;. Then there exist 29,..., 2! in k™ such that f(2/) = j for all j € k.
As v, € A there exists (j1,...,4n) € ¢ \ Ai. Denote by X the h X n matrix with rows
2 ... 2. Clearly all columns of X belong to ¢, and hence to A\g. As f € F; C Pol(\g, A;)
clearly (yj,,...,95,) € Ai. This contradiction proves f € V and F; C V.

It is known [Ro70] that for the nontrivial totally reflexive relation Ay there exists an at
least h-ary totally reflexive relation ¢ such that Pol Ay C Pol{ where Pol { is maximal in
O. We have Fy C Pol \g C Pol( and, in view of total reflexivity, also F; C V C Pol( for
i=1,...,8s—1. Thus F C Pold * in contradiction to p € =;. O

A nontrivial relation is primitive if it is the union of diagonal relations, and a polyrelation
A is primitive if all \; are trivial or primitive and at least one )\; is primitive.

4.3 Lemma If p € E; then [p] contains no primitive periodic polyrelation.

Proof Suppose to the contrary that 7 € [p] is a primitive periodic polyrelation and set
F := Pold . It is known [Ro70] that O} C Pol ¢ if and only if o is trivial or primitive. Thus
Foy =();»oPolm 2 O, We prove that Fs C Poly, (recall 1 :== {(a1,...,a;) € k¥ | a; = a;
for some 1 <4 < j < k}) for all § € N. Suppose to the contrary that there exist § > 0 and
f € F5s\ Polu. Let f be n-ary. By Shupecki’s criterion [SI39], see [PK79, 5.3], the operation
f depends essentially on at least two variables and takes all values from k. Thus there exist
ap,...,ap—1 € k™ such that fa; = i for all i« € k and hence f(hi(x),...,hy(x)) = = for
some hi,...,h, € OV, As OV C Fy and f € Fj, clearly (e,0) € F and e € F5 (where
e = el =idy). Let g € O be arbitrary. Again by Stupecki’s criterion the operation g is a
composition of operations from {f} U OW . Using the fact that O C Fy and e, f € Fs we
can convert this composition into a uniform one (see 2.2). It follows that g € F,,,5 for some
m > 0. By Proposition 2.6 the closed set F' is complete. As 7 is primitive, at least one 7; is
nontrivial and so by Corollary 3.8 the polyrelation 7 is proper. This contradicts F' = Pold 7
incomplete and so Fs C Pold ¢, for all 6 > 0; consequently, ' C Pold ¢}, where ¢} is of type A,
in contradiction to p € 5. m|
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4.4 Our goal is to find the smallest possible B-generic system. The basic strategy is the
following: given a B-generic = we find 2/ C = such that each p € = is dominated by some
p' € Z. This reduction will be done in several steps. In the first step we basically reduce
the arities. For ease of presentation a proper periodic h-ary polyrelation (with h < k) p is
minimal if either h = 1 or p is dominated by no proper periodic polyrelation of arity less than
h. Denote by =5 the set consisting of minimal polyrelations. It is almost immediate that Zo
is B-generic. First we show that Z5 consists of unary and binary relations. In the remainder
of the section the polyrelation p = (po, p1,-...) denotes a fixed minimal polyrelation of arity
h and period p. Put

op={x1...ap €K' |2 #£aj forall 1 <i<j<h}

and recall that ¢, := k" \ oy,. Put wy, := {z...2 € k" | 2 € k}. We use throughout the
notation p; 1= u; Uy, where p; := p; Nop and v;:=p; N, (1=0,...,p—1).

We start out with the following technical lemmas. For an h-ary relation 7 and 1 < iy <
<o <y < hoput

Pryy 4T =%y .. Ty | T1...0p €T, Priy 4T :=Dr, 4, T

where 1 < j; < -+ < jpy < h and {é1,...,%,71,---,dn—1} = {1,...,h}. Denote by Ej
the set of equivalence relations on {1,...,h} and put & := {11,22,... hh}. Finally for
1<i < j < hdenote by A;; the diagonal relation {a; ...a; € k" | a; = a;}. We have:

4.5 Lemma Ifh > 2, m > 0 and py, is nonvoid, then py, N Ayj is diagonal for all 1 < i <
Jj<h.

Proof For notational simplicity let ¢ = 1 and j = h. Set 7, := Prp(p, N Ayy) for all
n > 0. The (h — 1)-ary polyrelation 7 thus defined dominates p since in Lemma 3.11 we can
choose L =h, p=h—-1,v={(1,2,...,h—1,1)} and ¢((1,2,...,h —1,1)) = {0}. By the
minimality of p the polyrelation 7 is improper and hence every 7, is trivial by Corollary 3.8.
Suppose to the contrary that 7,, = 0. Set &, := pry}, pp, for all n > 0. Clearly &, # 0 due to
the assumption p,,, # 0. We claim that the binary relation &, is areflexive (i.e. if zy € &,
then = # y). Indeed, were aa € &, for some a € k then (aj,as,...,an-1,a) € py, for some
as,...,ap_1 € k and (a,as,...,ap_1) € Ty = 0. Thus the binary polyrelation £ dominates p
and is proper because &, is nontrivial; however, this contradicts the minimality of p. Thus
Tm is diagonal, and 7,,, = Ay for some equivalence relation 6 on {1,...,h — 1}. It is easy
to see that p, N Ay, = Ay where € is the equivalence relation on {1,...,h} obtained by
adjoining h to the block of 6’ containing 1. o

An h-ary relation 7 is reflexive if 7 N ¢y, is primitive or diagonal.

4.6 Lemma If h > 2 then every p; is empty or reflexive.

Proof Let p; # (). Then

vi=piNip = U (piNAj)
1<j<I<h

where by Lemma 4.5 all p; N Aj; are diagonal. a
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4.7 Lemma If pi; = p; N oy # O then Pryp; = k" for alll =1,...,h.

Proof The relation Pr; p; is a trivial relation which contains a repetition-free (h — 1)-tuple
proving Pr; p; = k"1, m|

4.8 Lemma No minimal polyrelation has arity greater than 4.

Proof Suppose to the contrary that p is a minimal polyrelation of arity h > 4. By Lemma 4.3
the polyrelation p is nonprimitive, i.e. at least one p; is nontrivial and nonprimitive. From
Lemma 4.6 we have v; = Ap where E is a clutter in Ep, (see 3.6). In view of Lemma 4.5
the relation p; N A1g = v; N Ajg is diagonal; i.e., v; N Ao = Ay for some equivalence relation
0 € Ej. Suppose to the contrary that Ajo # Ag; i.e. 6 is not the equivalence relation on
{1,...,h} whose unique nonsingleton block is {1,2}. Then there are 1 < m < n < h such
that (m,n) € 6 and {m,n} # {1,2}. In view of h > 4 we can choose t so that 2 <t < h and
m # t # n. By Lemma 4.7 we have Pr; p; = k"~!; therefore

Pripi DAy i={z1...35_1 € kh1 | 1 = 22},

and due to ¢ > 2 also Al C Pri(p; N A1z) = Pry Ap. However, this is impossible because
each ay...ap_1 € Pr; Ay has equal coordinates at places corresponding to m and n (e.g. if
t > n we have a;, = ap). Thus Ag = Ajp and Ajg C p;. By symmetry Ay C p; for all

1 <1< j < h proving ¢, C p; and p; totally reflexive. But this contradicts Theorem 4.2. O

Next we consider the quaternary (i.e. 4-ary) minimal relations. For {a,b,c,d} = {1,...,4}
denote by ab-cd the equivalence relation on {1,...,4} with two blocks {a,b} and {c,d} and
set X 1= Aqg_34 UAq3_04 UAgy_93.

4.9 Lemma If h = 4 then each nonprimitive and nontrivial p; contains x.

Proof By Lemma 4.5 the relation p; N Ajs is diagonal i.e. equals Ay for some 6 € E4 such
that (1,2) € 6. Applying Lemma 4.7 we get Prs p; = Pry p; = k® and therefore neither 3 nor
4 can be in the block of 8 containing 1 and 2. Thus Ay O Ajs_34. By symmetry the same
result holds for every pair 1 <14 < j <4 proving p; D x. m|

To settle the case of quaternary polyrelations we need the following technical lemmas.
Denote by C the set of constant operations on k and by wy, the h-ary relation {a...a | a € k}.

4.10 Lemma Let p = (po, p1,-..) € Eg have arity h > 2, period p and satisfy (i) [p] contains
no proper binary polyrelation and (i) p; = 0 or p; D wy, for allj € p. Then there is0 < i <p
such that Ag C p; whenever 0 € Ey, has exactly two blocks and satisfies Ag C po.

Proof Suppose to the contrary that for every 0 < i < p there is 6; € E;, with exactly two

blocks B;1 and By such that Ay, C pg \ p;. We show:
Claim 1: Ng, N p; C wy, for all 0 < i < p.

Proof: Suppose to the contrary that Ag, N p; € wy, for some 0 < i < p. Choose b; € By
(I=1,2) and set

Tj 1= DIy py (Do, N ps) = {2, T, | 21 ... 21 € Ag, N pj}
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for all j > 0. From Ag, N p; € wy, we get p; # 0 and (ii) yields p; D wy. From this it follows
that 7; is a reflexive binary relation on k. Moreover, 7; is distinct from k2 because Ao, Z pi-
Thus 7 := (70,71,...) is a proper binary polyrelation. Letting a,, = ¢ for all m € B, and
=1,2, vy ={(a1,-...,az)} and g((aq,...,an)) = {0} we obtain from Lemma 3.11 that the
polyrelation 7 belongs to [p] in contradiction to (i). This proves the claim. a

Set F':=Poldp and Fy = {f | (f,i) € F} for all i € N.
Claim 2: F; CC for i=1,...,p—1.

Proof: Suppose to the contrary that there exist 0 < i < p,n > 1 and f € Fi(n) \ C. Then
fx # fy for some v = (1,...,2,) € k" and y = (y1,...,yn) € k™. For j =1,...,h and
l=1,...,nset zj := 2 if j € By and zj := y; if j € Byp. Clearly each column of the h x n
matrix Z = [z;] belongs to Ay, C pg and from f € Pol(pg, p;) the values of f in the rows
of Z form b € p;. Clearly b € Ay,, and thus by Claim 1 we have z € Ay, N p; C wp. This
contradiction shows that F; \ C = ; i.e., F; C C and the claim is proved. a
Claim 3: C C Fy.
Proof: From the assumption (ii) we get C' C Polp; for all 0 < j < p and thus C' C
ﬂjeN Pol p; = Fy, proving the claim. a
Now clearly e € Fy. As p € i, the set F' = Pold p is incomplete. Now Proposition 2.6
(for 6 = 0) yields that Fp is not primal. By Claim 3 also C' C Fp. It is implicit in [Ro70]
that there exists a reflexive relation ¢ on k such that Fy C Polo and Pol o is maximal in O.
Together with F; C C C Fy C Polo (i =1,...,p— 1) we get F' C Polo* in contradiction to
JS =1. O

Recall that for a clutter E in Ej, the relation Ag = UE€E A, was defined in 3.6.

4.11 Lemma Let p satisfy the assumptions of Lemma 4.10 and let E be a clutter in Ep such
that (i) each 0 € E has ezactly two blocks and (i) (| E is the least equivalence relation. Then
Ap C p; implies p; = kK".

Proof Put T:={tcp|Ag C p;}. Suppose to the contrary that p, C k* for some u € T.
For 6 > 0 put \s := ﬂtET ps+t. Clearly Ap C Ny C p, C k. Suppose that Ag C Ay for
some 6 € Ep. Then (| E D 6 and from (ii) we obtain that 6 is the least equivalence relation
on {1,...,h} and Ay = k. This shows that )¢ is nontrivial and therefore A := (Ag, Ay, ...)
is proper and X € [p] by Lemma 3.11.

Denote by s the least positive integer such that ¢ + s € T for all t € T' (where, as in the
proof of Theorem 4.2, t 4+ s denotes the least integer 0 < z < p such that 2 =t+s (mod p)).
Clearly s < p and s divides p. Thus A has period s and in view of p € =1, we get A € Z1. Now
A also satisfies the assumptions of Lemma 4.10 and therefore Ag C \; for some 0 < i < s,
proving t + i € T for all t € T in contradiction to the minimality of s. Thus p, = k" for all
uweTl. m|

4.12 Proposition There is no minimal quaternary polyrelation.

Proof Suppose to the contrary that p = (pg, p1, ... ) is a minimal quaternary polyrelation of
period p and let E consist of the three equivalence relations on {1,...,4} with two 2-element
blocks each. Applying Lemmas 4.9 and 4.11 we obtain the contradiction that every p; is
either primitive or trivial. O
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We consider ternary polyrelations. Recall that
Ayy = {aab | a,b € k}, Ay3 = {aba | a,b € k}, Agz = {abb | a,b € k},
wg = {aaa | a € k}, and v; = p; N3 for all i > 0.

4.13 Lemma Let p € Z be ternary with period p and such that (i) [p] contains no proper
binary polyrelation and (ii) p; =0 or pj D ws for all 0 < j < p. Then for all j € p

vi € I = {0, w3, A1z, Ayz, Aoz}

Proof Suppose to the contrary that some v; is nontrivial. By Lemma 4.6 we have v; =
piNtg = Ap for a clutter E in Eg with |E| > 2. Then each ¢ € E has exactly two blocks
and the relation (| E is the least equivalence relation on {1,2,3}. Applying Lemma 4.11 we
get p; = k3, a contradiction. Thus v; is trivial and v; € I. O

4.14 Lemma If p = (po, p1,.-.) 18 a minimal ternary polyrelation then each nontrivial p;
has v; = ws.

Proof Suppose to the contrary that there is a nontrivial p; with v; # ws. By Lemma 4.6
for all 0 < j < p either p; = 0 or p; O w3. By Lemma 4.13 then v; € {A12, A3, Aog}. By
an appropriate exchange of coordinates we can get v; = A1z (i.e., we apply Lemma 3.11 to
L=p=h=3,T = (y,9) with v = {(a,b,¢)}, g((a,b,c)) = {0} where {a,b,c} = {1,2,3} is
suitably chosen). By Lemma 4.7 we have Pr3 p; = k?; i.e., for arbitrary x,y € k there exists
w so that xyw € p;. For [ =0,...,p—1land n=3,...,k put

' ={z1...2y | z;uv € p (i =1,...,n) for some u,v € k}.

Clearly the n-ary polyrelation 7 = (7',7]*,...) thus defined belongs to [p] (indeed, in
Lemma 3.11 set 7" = T <, p where { = n+2, p=n, h = 3, T' = (v,g9) with v =
{iln+1)(n+2)|i=1,...,n} and g(a) = {0} for each a € ). By inductiononn =3,...,k
we prove that 7;* = k™. First we prove that 72-3 D 3. Let x,y € k be arbitrary. Then zyw € p;
for some w. Using xyw € p; and yyw € Ao C p; we get xay € Tf Similarly zyx € 71-3 and
xxy € 73 proving 77 D t3. Now 73 is not totally reflexive by Theorem 4.2 and therefore
72 =k3 for all i > 0.

Suppose that 3 <n < k and 7)* = k". Let z1,...,2, € k be arbitrary. By the inductive
assumption z;uv € p; (j = 1,...,n) for some w,v € k. Thus for all 1 < j <! < n we have
Tl BT TY41 - Ty € Ti"H proving that 41 C Ti”“. Again by Theorem 4.2 we have
7',?“ = k™! completing the induction step. Now, 7'1-’C = k* means that there are u,v € k
such that zuv € p; for all € k. In particular, vuv € p; shows u = v. However zuu € p;
holds only for = w. This contradiction proves the lemma. a

4.15 We need the following result from [Ro70]. Recall that for a prime number g an elemen-
tary abelian g-group is an abelian group (G; +, —, 0) such that gz = 0 (where qxr = x+--- 42
with ¢ summands) for all x € G. Such a finite group is isomorphic to the additive struc-
ture of a vector space over the Galois field GF(q). More explicitly, G ~ (q"; @) where for
= (x1,...,7,) €q" and y = (y1,...,9n) €Q", 2@y = (21 + Y1,...,2n + yn) (the mod ¢
addition a + b is the remainder of the division of a + b by ¢). Put m := {zyz(z —y + 2) |
z,y,z € k}.
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4.16 Lemma Let A\ = pu3Uws be a ternary relation on k where ) # pus C o3. Suppose that
(i) Pol A C Pol7 for no binary nontrivial relation 7, (ii) PolA C PolT for no nontrivial at
most k-ary totally reflezive relation T and (iii) Pol A C Pol7 for no ternary relation T of the
form pU A1y or pU Ao U Az with O # u C 3. Then there exists an elementary abelian
q-group G on k such that Pol A C Polmg,.

Now we can prove:

4.17 Proposition There is no minimal ternary polyrelation.

Proof Suppose to the contrary that there exists a minimal ternary polyrelation p. Let p; be
nontrivial. By Lemma 4.14 then v; = ws. Now by minimality, p; satisfies the assumption (i)
of Lemma 4.16. The assumption (ii) is true due to Theorem 4.2. Next (iii) holds on account
of Lemma 4.14. From Lemma 4.16 it follows that there is a prime ¢, an elementary abelian
g-group G on k and a quaternary polyrelation 7 € [p] such that 7; = mg, (the construction
from [Ro70] yielding mg, gives 7 when applied to the polyrelation p). It is easy to verify that
7; 2 wy whenever 7; is nonempty (due to p; 2 ws whenever p; # 0).

It follows that pg € Pol7y. Finally mg, 2 Aja_34 U A1y 3 because x — z +y ~ y and
z—y+y~uz). Since E = {{{1,2},{3,4}},{{1,3},{2,4}}} is such that () E is the least
equivalence relation on {1,2,3,4}, we have a contradiction to Lemma 4.11. O

Summing up:

4.18 Theorem The set =3 of proper periodic unary and binary polyrelations is B-generic.

5 Unary Polyrelations

5.1 In this section we study the set V' of proper periodic unary polyrelations on k. Call
p € V with period p optimal if

(1) p=min{p, | 7 € VN [p]} and
(2) Lool + -+ lp1] < ol + -+ + [Ap1] whenever A € V' (1[] and py = p.

Thus for optimality our primary concern is to have the shortest possible period p among
the proper unary polyrelations from [p] while our secondary concern is to have the least
possible sum of the sizes of the relations po, ..., pp—1 (amongst those with the shortest period
pin [p]). In 5.2-5.8, p is an optimal unary polyrelation with period p. We need the following
technical lemma.

5.2 Lemma If 7 € V N [p] satisfies 7; C p; for all i >0 and p; < p, then T = p.

Proof From optimality we get p, = po =p. From 7; C p; (i =0,...,p — 1) we have
ITol + -+ + [mp—1] < |po| + - + |pp—1l- (5.1)

By optimality also |pg| +- - -+ |pp—1| < 70|+ -+ |7p—1], so (5.1) holds with equality. In view
of 7, C p; weget ;, =p;fori=0,...,p—1and 7 = p. |

Now we have:
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5.3 Lemma The sets po,...,pp—1 are pairwise disjoint.

Proof Suppose to the contrary that p; N p; # @ for some 0 < i < j < p. Put r:=j—14
and T, 1= pp N ppgr for n =0,...,p— 1. Now 7, = p; N p; # 0 shows 7 to be proper. It
can be checked directly that 7 =T <> p where f=p=h =1and ' = (v,9) has v = {(1)}
and ¢g((1)) = {0,7}. According to Lemma 3.11 we have 7 € [p] and thus 7 € V N [p].
Moreover, pr < p and 7, C p, for all x > 0. Applying Lemma 5.2 we get 7 = p. Thus
piNpitr =7 =p; foralli=0,...,p—1 and so p; C p;4,. Thus for every 0 < i < p we have
Pi C pitr C -+ C piypr = pi PIOVING p; = piyy = -+ = Piy(p_1)r- Denote by s the greatest
common divisor ged(p,r) of p and r. It is easy to check that for all i = 1,...,s — 1 we have
that p; = pi4s = - -+ = pi+p—s and therefore p is periodic with period s. The minimality of p
shows p = s = ged(p, ), a contradiction to 0 < r < p. This proves the lemma. m|

We need the following simple observation.

5.4 Lemma Let p = (pg, p1,.-.) be an h-ary periodic polyrelation on k of period p. Then
o' = (p1,p2,-..) is periodic of period p and

Pold p = Pold p/.

Proof Let {=p=handfori=1,...,p—1set I'; = (v,9;) where v = {(1,...,h)} and
gi((1,...,h)) = {i}. Then by Lemma 3.11 clearly p(9 = I'; <, p satisfies Pold p C Pold p9.
In particular, p' = p™M and (p/)?~! = p show

Pold p C Pold p/ C Pold(p')?~Y) = Pold p.
O

Thus we can turn around the cycle of p at will without effecting the corresponding uniform
clone. Set I :={i € p| p; # 0}. According to Lemma 5.4 henceforward we assume 0 € I.
We have:

5.5 Lemma I = {0,r,...,p—r} for some divisor r of p.

Proof If I = {0} then clearly r = p. Thus suppose that |I| > 1. Denote by r the least
positive integer such that i + r € I for some i € I (where again i 4+ r is the remainder
of division of ¢ + r by p); in other words, r is the least distance between two consecutive
members of I on the cycle. For z > 0 put

if x4 I
Tzi{pm o +rel (5.2)

®  otherwise.

Observe that the polyrelation 7 is constructed in the way described in Definition 3.9. Indeed,

set £ =2,p=nh=1,and I' = (7,9) where v = {(1),(2)} and g((1)) = {0}, 9((2)) = {r}-
The corresponding ¢ = I' <1 p has

Oy = {@(1) ‘ P {172} —k, 99(1) € Pz, @(2) € pz+r}

for all > 0 which is (5.2). In view of i,4 + r € I, we have 7; = p; # 0§ and so 7 € V N [p].
Clearly p; < pand 7, C p, for all z > 0. Applying Lemma 5.2 we obtain 7 = p. According
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to (5.2) we have i € I = i 4+ r € I. In particular, from 0 € I we get that I consists of all
j € p such that j = rz (mod p) for some integer . Now r is a divisor of p on account of the
minimality of r. Thus I D {0,r,...,p — r} and again by the minimality of r we obtain the
required I = {0,7,...,p—1r}. O

The following lemma relates r and n := p/r. For later use it is given in a more general
form.

5.6 Lemma Let p be an at most binary periodic polyrelation with period p and such that p, <
p for no proper o € [p]. Let r be a diisor of p such that p/r =p{*...p{" forl>1, p1,...,pm
distinct primes and positive integers ay, ..., a;. Suppose that for I := {0,r,2r,...,p—r} and
J :=p\ I we have either

(1) (a) 0+# p; Ck foralli€ I while p; =0 for all j € J, or
(b) pi # 0 is an areflexive binary relation for all i € I while p; =0 for all j € J,

or
(2) t2 C p; C K2 for all i € I while p; = 1o for all j € J.
Thenr:pl{‘~~~p?l for some by,..., by > 0.

Proof Put n := p/r. Suppose to the contrary that there exists a prime divisor d of r not
dividing n. Set v’ := r/d. For i > 0 define a polyrelation o’ as follows. (i) If ' does not
divide i put o = (0,0,...) in the case (1) and o® = (12,2, ...) in the case (2) (whereby o’ is
unary if p is unary and binary otherwise). (ii) Let i = v’z for some z > 0. Denote by z the
unique solution in n of the congruence dz = z (mod n). This solution exists as d is a prime
and d does not divide n. Now for all j > 0 set

0';‘ = Prz+j- (5'3)
We prove:
Claim 1: ) o
0; C opt for all 4,5 > 0. (5.4)

Proof: Suppose to the contrary that (5.4) does not hold for some 7,5 > 0. Then clearly
7 >0, U; is nonvoid and, moreover, in the case (2) also O’;- D 1y (since all the relations
are then reflexive). Now 7’/ divides ¢ since otherwise in the case (1) we get O'ji- = () and in
the case (2) we get o = t5. Thus i = ¢’z for some x > 0 and dz = z (mod n) for a

unique z € n and Jj- = prz+4j. According to (1) and (2) here rz + j = £ (mod p) where
tel=A0,r...,p—r} Asr divides p, we obtain that r divides j; i.e., j = ry for some
y > 0. Note that from r = 7'd

i+ =1"(x+dy). (5.5)

Denote by 2’ the element of n satisfying 2’ = 2 + y (mod n). Now dz' = dz +dy =z + dy
(mod n). Next 2’ = z + y + mn for some integer m. Using this and j = ry we get

rd =r(z+y)+mm=rz+j+mp=rz+j (mod p). (5.6)

Now on account of (5.5), (5.4) and (5.6) we have oé+j = Pryit0 = Prod = Protj = (f; proving
the claim. O
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Claim 2: o' € [p] for alli > 0.

Proof: First consider the case where 7’ does not divide i. Then o is either (0,0,...) or
(t2,t2,...); hence Poldo? = U (= the set of all uniformly delayed operations on k) and
clearly o@ € [p]. Thus let i = r'x for some z > 0 and let z € n satisty dz = z (mod n). Then
for s := rz clearly o' = (ps, pss1,-- - ), hence in view of Lemma 5.4 we have Pold p = Pold o
and so o € [p]. o
Claim 3: 06“/" =g} for all i > 0.

Proof: If v’ does not divide 7 then r" does not divide i + r'n either and so a'z’)JFT/” =0 =0} in

the case (1) while aé“"/n =15 = o} in the case (2). Thus let i = 'z for some z > 0. Denote
by z the unique solution in n of dz =z (mod n). Then dz = x =z +n (mod n) and so by
(5.3)
= o = o = o}

O

The upper superposition of 6, c!,... is 0 := (0],0¢,02,...). In view of Claims 1 and 2,

according to [Mi84] we have o € [p].

Note that for i = 0 we have 0 = 70 and d0 = 0 (mod n) and so ¢ = p,0 = po by (5.3).
Since by assumption pg is nontrivial, according to Corollary 3.8 the polyrelation o € [p] is
proper. Finally p, < r'n by Claim 3. By the definitions v'n = (r/d)(p/r) = p/d < p and so

Ps < p in contradiction to the hypothesis. Thus every divisor of r divides n and r has the
required form. O

Applying Lemma 5.6 to optimal unary polyrelations and reformulating the divisibility
condition we obtain:

5.7 Proposition Let p be an optimal unary polyrelation with nontrivial pg and period p =
p‘li1 . ~p§"’ where £ > 1, p1,...,pe are pairwise distinct primes and dy, . . . ,dy positive integers.

Then there exists r = p{* -+ pg* such that
(1) the integers ¢; satisfy 0 < ¢; < d; for alli=1,...,¢, and

(2) po,prs-- -, pp—r are pairwise disjoint and nonempty subsets of k while p; = O for all j
not divisible by r.

5.8 Remarks

(1) An example of p and 7 in Proposition 5.7 are p = 12 and r» = 2. Then po, p2, - - -, P10
are pairwise distinct nonempty subsets of k and p1, p3, ..., p11 = 0. Notice that k > 6.

(2) Suppose the number p/r of sets po, pr, ..., pp—r is a prime power ¢™. Then p = ¢"™™
for some n > 1.

(3) Let k = 2. There are two candidate subsets of 2 for the p;, namely {0} and {1}, and
so p/r =2 and p = 2! and r = 2™. Thus we may suppose that pg = {0}, pam = {1}
and p; = () for all 0 < i < 2™+ § # 2™ For every m > 0 the uniform clone Pold p is
one of the Ry precomplete uniform clones on 2 from [Ku62].
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(4) Let k = 3. If p/r = 2 we basically have the situation described in (3) above. Thus let
p/r = 3. Then p = 3! and r = 3™ and we may assume that py = {0}, ps= = {a},
pa.am = {b} (where {a,b} = {1,2}) and p; = 0 for 0 < i < 3™F! 4 ¢ {3™,2.3™}. This
yields the Xy precomplete uniform clones on 3 from [Hi78|.

6 Binary Areflexive Polyrelations

In this section we consider the set =4 of minimal binary polyrelations from =3. Recall that
13 :={aa | a € k}, and set o := k% \ 1. A binary relation 7 is reflexive (areflexive) if T D 19
(7 C 02). Let p be a binary polyrelation from =4 with period p.

6.1 Lemma If p is a minimal binary polyrelation then every p; is either reflexive or areflex-
we.

Proof For every i > 0 set 7, := {z | z& € p;}. As in Lemma 4.5 the unary polyrelation
T = (70,71, . .. ) satisfies Pold p C Pold 7. Since by minimality 7 = (79,71, ...) is not proper,
we have 7; € {0k} i.e. every p; is either areflexive or reflexive. a

The relational (or de Morgan) product of binary relations A and p on k is
Aop:={ay|xu € X, uy € u for some u}.

The converse (or inverse) of A is A := {yz | zy € A}.
Denote by R and A the sets of p € Z4 such that each p; is reflexive and areflexive,
respectively. We show that the binary polyrelations may be reduced to those from R U A.

6.2 Lemma Fvery minimal binary polyrelation on k is dominated by a binary polyrelation
from RU A.

Proof Let p be a proper binary periodic polyrelation on k. There is nothing to prove if
p € A. Thus let 1o C p; C k? for some i > 0. Taking a suitable shift of p, by Lemma 5.4 we
may assume that 12 C pg C k% Put B:={bep|p, D2} and C := p\ B. Put p}, := p, for
b€ B and g, := k2 for ¢ € C. Notice that 0 € B.
Claim: p' dominates p.
Proof: For b € B put O'Zl? = Poti for all i > 0 while for ¢ € C put o§ := k? and o¢ := 15 for
all 4 > 0. This deﬁnes ol = (UO, od,...) for all j > 0. For b € B the polyrelation o¥ is just a
shift of p and so a® € [p]. For ¢ € C the polyrelation ¢° is improper and thus ¢ € [p]. We
show that O'J CUZJ” forall i,5 > 0. If i + 5 GCthen 0'L+J =k Dol. Thusleti+j € B.
Then 00+] = pitj+0 = pitj. If also j € B then o = p;4j = 00+. and we are done. Thus
let j € C. Then j > 0 and 0'. =13 C piy; because i+ j € B and so phL] is reflexive. Thus
O'g C Ué+] for all 4,7 > 0. The upper superposition of (¢°,01,...) is p’ and so p' € [p]. This
proves the claim. O
Clearly pj = po is proper and so p’ € R. |

Denote by A; and R; the set of all p € A and p € R with p; # k? for all i € p. We show
that we can consider only polyrelations from A; U R;.

6.3 Lemma FEvery p € AU R is dominated by some o0 € A1 U R;.
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Proof We may assume pg to be nontrivial. Put p :=p, and D, := {i € p | p; = k?}. There
is nothing to prove if D, = @, thus let D, # () and denote by d the least element of D,. Put
Ti = pi—q N p; for all i € p. Clearly 74 = po N pg = po N k% = py and so 7 is proper. Also
7 € [p] and D, := {i € p, | » = k?} satisfies |D.| < |D,| due to 7; C p; for all i € p and
d € D,\ D.. Note that 7 € RU A. Repeating this we finally arrive at o with D, = (. |

6.4 In the remainder of this section we study areflexive binary polyrelations. For p € A;
with period p put I, :={i € p| pi # 0}, J, :=p\ I, and j, := |J,|.

For a map ¢ from a subset D of k into k put ¢° := {zp(z) | x € D}. Let S denote
the set of all permutations of k. Finally denote by As the set of all p € A; such that
pi € 5°={s°|se S} foralliel, Wehave:

6.5 Lemma FEvery p € Ay \ Ay is dominated by some o € Ry.

Proof Let p € Ay \ As. Suppose to the contrary that p is not dominated by any o € Ry.
Put p := p, and I := I,. Further for all i € p put A; := pry p; = { € k | 2u € p; for some u}.
According to Lemma 4.7 we have \; = k for all i € I. Put 7 := p; 0 g; = {zy | zu,yu € p;
for some u} for all ¢ > 0. Since 7; is clearly reflexive for all ¢ € I and 7; = () otherwise, and
also 7 € [p] clearly the polyrelation 7 is improper. Thus suppose 7; € {t2,k?} for all i € I.
Let 7; =Xk?forsomej€l. Forn=3,...,kandi=0,...,p—1 form

)\1(") ={z1...zp | mpu e p; I=1,...,n) for some u}.

It is easy to see that )\;3) is totally reflexive. Thus )\f’) = k3 by Theorem 4.2. An easy

induction shows that )\;") = k" forn =3,...,k. Thus (0,...,k—1) € )\;k), i.e., there is
a u such that xu € p; for all + € k. This is impossible because uu does not belong to
the areflexive relation p;. Thus p; o p; = 12 for all ¢ € I. The same argument applied to
wi = pi o p; = {zy | uz,uy € p; for some u} yields p; o p; = 19 for all ¢ € I. Now it is easy to
see that p; = s7 for some permutation s; of k. Thus p € A contrary to our assumption. O

Our next strategy is the following. In the first place we try to reduce the period. Among
the polyrelations with minimal period we try to increase the number of empty relations.

6.6 Definition More formally, a polyrelation p € Ag is strict if each A € Ay N [p] satisfies
(i) px = pp and (ii) jr < j, whenever py = p, (where J, = {i € p, | pi = 0} and j, = |J,|).
Denote by Vi the set of unary polyrelations satisfying the conditions of Proposition 5.7.
Denote by As the set of all strict polyrelations.

The following is almost immediate.

6.7 Lemma The system Vi U Ry U As is B-generic.

Proof According to Proposition 5.7, Lemmas 6.2, 6.3 and 6.5 the system V; U R U Ay is
B-generic and so it suffices to show that each p € Ay is dominated by some o € As. Put
p = p,. The set Lg of all proper A € [p] with py < p is finite (as it has less than Pk’
elements). Put

p* := min{px | A € Lo}, Li:={AeLy|px=p"}
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Next let
JU=max{gy [ A€ L1},  Lo:={Aeli|jx=75"}

For A\, A2 € Lo put Ay < XAy if Pold \; C Pold Xg. The relation < is a finite quasiorder (a
reflexive and transitive relation) on Lo. Letting A\; ~ A2 if A; < Ao < A1 we get an equivalence
relation ~ on Ly whose blocks By, ..., By, may be ordered by B; < B; if X < A for some
X € B; and A’ € B;. This finite order has a maximal element B;. Now any o € B is strict,
and dominates p. m|

In the following lemmas we find the shape of polyrelations from As. Recall that (i) I, :=
{t € py | pi # 0}, (ii) The converse of a binary relation « is & := {ab | ba € a}, and (iii) A
permutation s € S is of order m if s™(x) = x for all z € k and m is the least integer with
this property.

6.8 Lemma If o € A3 then a shift p of o satisfies either
(1) I, ={0,7,2r,...,p—r} for some proper divisor r of p, and p, # po, or
(2) I, ={0,i} where 0 < i <p, and p; = po # po.

Proof Putp:=yp,, I :=1,and J:=J,. We have two cases: (i) Suppose there are ¢ € I and
q € p\ {0} such that i + ¢ € I and the relational product p; o pi4 # t2 (see Lemma 6.1). Fix
q to be the least possible element of p \ {0} with this property. Without loss of generality
we may assume that the corresponding ¢ equals 0 (see Lemma 5.4). Put 7, := py, 0 ppq for
all n > 0. Since 79 = pg © pg # t2, we get 79 = s° for a nonidentity permutation s of k. Thus
7o is nontrivial; hence 7 is proper and so 7 € A3 N [p]. Clearly p, < p and, p being strict,
also pr = p. It is easy to see that J; DO J; hence j; > j and so j, = j by the strictness of p,
proving J. = J. Consider | € J. Then p; = @ and consequently 7, = p; o p4q = 0, proving
qg+1lelJ.

For a subset Aof pand b€ pputb + A:={b+ a|a € A} (where + is the sum mod
p in p). With this notation we have ¢ + J C J. We need the following easy fact.
Fact: The following are equivalent for A C p, b € p and ¢ := ged(b,p) (the greatest common

divisor of b and p):
() b+ ACA,

(2) b+ A= A4,

(3) b+ (pP\A)=p\ A4, and
)

(4) c+ A=A
Put 7 := ged(q, p). Applying the fact, we have r + J = J and r + I = I. Set
Q={0<i<q|lp#0}=1INn{1,...,¢—1}.

We need:
Claim 1: (i) py = po for alll € Q, (i1) |Q| < 1.

Proof: (i) Let | € Q. By the minimality of ¢ and in view of pg, p; € S° we have py o p; =
Thus p; = pp as required.
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(ii) Suppose there are m,n € Q with m < n. From (i) we have p,, = p, = po. Taking into
account 0 < n—m < g and the minimality of ¢ we have oo o = pmopn = PmOPmi(n-m) = t2
and therefore the nontrivial relation pg equals s° for some s € S of order 2. Thus py = pg = s°.
Now pr, © Prat(g—m) = Pm © pg = po © pg = t2 where 0 < g —m < q and this contradicts our
choice of gq. a
Claim 2: Q = 0.

Proof: By Claim 1 (ii) we have |Q| < 1. Suppose to the contrary that |Q| = 1. From 0 € T
andr + I =TI we get {0,7,...,p—r} C I. It follows that @ = {r} and ¢ = 2r. By Claim 1 (i)
we have p, = pp. Again by the minimality of ¢ we have gy o py = pr © py(g—r) = t2 Proving
pq = po- The same argument yields pa, = po, prr1)r = po for all [ > 0. From p, = py we
get p even and so ¢ = 2r divides p. Moreover p has period ¢ proving ¢ = p. However, this
contradicts the definition of ¢. Thus Q = 0. o

Now @ = () means that ¢ = r divides p and we have the case (i).

(i) Thus suppose that for all 4,7 € I, i # j we have p; o pj = tp. In particular, p; = gy
for all 1 € I\ {0}. If |[I| = 2 and gy # po we have case (ii). We show that in all the other
cases we have p; = pg for all i € I. Choose i,j € I, 0 < i < j. Then ppo pg = p;op; = L2
and therefore py = po = p; for all i € I. Now put o™ := p for all n > 0. Clearly o7 € {0, po}

and consequently o7, C pp = of'™™. The upper superposition of ¢°,a',... is (po, po,.--)-
However, p € A3 is not dominated by a proper polyrelation of this type. This contradiction
settles the remaining cases. m]

For a divisor ¢ of k denote by S, the set of all s € S with k/q cycles of length ¢ (note
that each s € S; is a fixedpoint-free permutation of order ¢). We have:

6.9 Lemma Let p € A3. Then
(1) For everyi € I, we have p; € Sy, for some divisor m; of k, and
(2) pp#pm=pNpm =0 for al0 <1 <m < p,.

Proof Write p and I instead of p, and I,. (1) Consider ¢ € I. Then p; = s for some s; € S.
Denote by m; the minimum length of cycles of s;. Recall that for a binary relation o the
power ¢" is defined recursively by setting 0 = 15 and o"*! := 6" oo for n = 0,1,.... Put
Up i={x | zx € pt} for all n > 0. By minimality (see 4.4) the unary polyrelation v € [p] is
trivial. From v; # () we obtain v; = k, i.e. p; = s for some s; € Spy;.

(2) By way of contraposition suppose p;Npy, # 0 for some 0 <! <m < p. Puts:=m—1
and piy, := pry(pn N pns) for all n € p. Clearly p; # 0. Again by minimality we have u; = k.
Since py, pm € S°, we have the required p; = py,- O

6.10 Lemma If p € A3 then p; = 1o for no i € p.

Proof We may suppose that p is of the form given in Lemma 6.8. If it satisfies (2) then
po # 12 (due to po # po) and p; # vz (due to p; = pg). Thus let (1) hold. Put I := I, and
p = pp. Suppose to the contrary that L := {l € I | p; = 12} is nonempty. Now p being
proper, we have L C I and so we may assume 0 € L. Denote by [ and g the least and greatest
element of L. Put o, := (pptr © pn) N pn for all n > 0. First oy—, = (p; 0 pr—r) N p1—p =
(20 p—r) N P1—p = Pi—yp N p1—p = pi—p. Here I —r & L, hence p;_, € S°\ {12} and therefore
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o is proper. On the other hand o4 = (pg1r © pg) N pg = (Pg4r © L2) N2 = pgir Nt2. Here
g + r € L by the definition and 0 ¢ L and so by Lemma 6.9 we have pgy, € Sg, for some
divisor m of k, m # 1. Thus o, ; ., = 0. Clearly 05, = (pp4r 00) N0 =0 if 7 does not divide
n. Consequently |I,| < |I|. Since clearly also p, < p,, this contradicts the strictness of p. O

6.11 Lemma Let p € Az. Then there exists a divisor m > 1 of k such that p; € Sy, for all
i€,

Proof We know from Lemma 6.9 that for every i € I := I, we have p; € Sy, for some divisor
m; of k. In view of Lemma 6.10 clearly m; > 1. Suppose m; # m; for some 0 < i < j < p,.
Put o, := pj¥ for all n > 0. Then o; = 13 while 0 € S\ 1. Thus o is proper and so clearly
o € As. However, this contradicts Lemma 6.10 and therefore all the m; are equal. O

Denote by Ay the set of all p € As for which there is a prime divisor ¢ of & such that
pi € Sy for all i € I,. We have:

6.12 Proposition The set V3 U Ay U Ry is B-generic.

Proof Let p € A3\ A4. By Lemma 6.11 there is a divisor m > 1 of k such that p; € S, for

all i € I,. Choose a prime divisor ¢ of m and put m’ := m/q. For all n > 0 put o, := pnm/.
It is easy to see that I, = I,, p, < p, and that o; € S; for all i € I,. Moreover, o € [p] and
so 0 € A4 dominates p. a

The following lemma relates r and p.

6.13 Lemma Let p € Ay have period p and satisfy 0 € I = I,. Then there exists a divisor
r of p such that

(1) p/r= pcll1 -~~pjf for some £ >0, primes p1 < --- < pg and positive integers di, . .., dy,
(2) r=p{---pi* for some nonnegative integers c1,... ¢,

3) 1={0,r2r,...,p—1},

(4) po, prs---spp—r € S; for some prime divisor q of k.

Proof The condition (4) is just a part of the definition of A4. Recall that A4 C Az and so the
conclusion of Lemma 6.8 holds. Let p satisfy (1) from Lemma 6.8. Applying Proposition 5.7
we obtain (3). Thus let p satisfy (2) from Lemma 6.8. Then I = {0,4} for some 0 < i < p
and p; = po # po- We need the following:
Claim: We have p = 2i.
Proof: Suppose to the contrary that 2i # p. Put 7, := pp 0 (n+i)? for all n > 0. On one
hand in view of p; = po, we have (p;)? = (pp)? = 12 and therefore 79 = pg o 12 = pp. On the
other hand, pg; = 0 due to 2¢ # p and so 7; = p; o (0)? = (). Since 75 = 0 o (pi4;)? = 0 for
all j € p\ {0,4}, we have I, = {0}. Since 7 € [p] is proper and p, = p, this contradicts the
strictness of p. This proves the claim. a
Now we can apply Lemma 5.6. In our case 7 =i and p/r = 2, so r = 2 for some b > 0
and consequently p = 2i = 2**! proving (3) in this case. a
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6.14 Consider p € Ay with period p and I := I, = {0,r,...,p —r}. The case p = 2r is
relatively simple and will be dealt with separately later. For notational simplicity we also
assume r = 1. It is easy to see that our results for » = 1 can be blown up to the case r > 1.
We have p; = s for some s; € Sy (i =0,...,p— 1) where ¢ is a prime divisor of k. We start
with the following:

6.15 Lemma Let p be as in 6.14. Then

(W) Ifirseoiusfise s jo € P oand a = piy 0 -0 piy, = pj 0 -0 pj, are not disjoint
then for all n > 0,
Pit+n © " O Piyt+n = Pj14n O O Pjy+n-

(2) po,-..,pp—1 are pairwise distinct.

Proof (1) Choose ab € an . For all n > 0 set
Ti 2= Pir4n O " O Piy+n © Pj,+n O "+ O Pji4n; op = pri{zr | 23 € T}

Clearly aa € a0 [; = 79, whence a € 0g. By the minimality of p, the unary polyrelation o is
improper and so og = k proving 79 = t2. From Lemma 6.10 we obtain that 7 is improper. In
view of 7, € S° clearly 7, = 15 for all n > 0 and (1) follows from the definition of 7,,.

(2) Suppose to the contrary that s; = s; for some 0 < i < j < p. By (1) clearly p; ; ,, =
pj i n foralln > 0. It is easy to see that then p is periodic with period d = ged(p,j—1) < p,
a contradiction. m|

6.16 Put T, := {so,...,sp—1}. For s,t € S we define the product st by setting (st)(z) :=

t(s(x))-
Denote by G, the subgroup [T},] of S generated by T),. In other words, G, is the set of all

products s;, - - - s;,, with m > 0 and 41, ...,in € p (this is indeed a group because s;l = s?_l

for all i € p). Denote by e the identity permutation on k. Further set s; := s; ;| for all
i € p and define a binary relation ¢, on G, by setting

0 = {(s4, -~~s,~u,s;l~--s;u) |u>0, 41,...,7, € p}.
We shall often use the following lemma.

6.17 Lemma If p is as in 6.14 then:
(1) T, € Sq for some prime divisor q of k and G, C {e} UU{Sm | m > 1 divides k}.
(2) ¢, is the diagram (graph) of an automorphism f, of the permutation group G,.

Proof (1) The first statement is just Lemma 6.13 (4). For the second one let g = s;, - - - 54, €
Gy \{e}. Put 7, := pptiy 0 0 ppyy, for alln € p. Now 79 = 87 0--- 087 = g° # 13 and so
T is proper. Since 7 € As, from Lemma 6.9 (1) we see that 79 € Sy, for some divisor m of k
proving g € Sp,.

(2) First we prove:

Claim 1: The relation ¢, is the diagram of a selfmap f, of G,.
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Proof: Let s;, -+ s, = 85, - -+ 85, for some 41, ..., %y, j1,...,jv € p. Forn =1 Lemma 6.15 (1)
yields s, ---s; =i -8 . a

Claim 2: The map f, is injective.

- Lol =4
Proof: Let si ---s; =s

; % -8, Forn=p—1Lemma6.15 (1) yields s;, - -~ si, = 5, +* 5.

[m]
A direct verification shows that f, is an endomorphism of G, i.e. f,(ab) = f,(a)f,(b) for
all a,b € G,. Combining this with Claims 1 and 2 we obtain (2). O

6.18 We write H < G to indicate that H is a subgroup of a group G. For a selfmap f of
G, a subgroup H is f-closed if f(H) C H. Denote by Ajs the set of all p € A4 such that {e}
and G, are the only f,-closed subgroups of G,. We have:

6.19 Lemma FEvery p € Ay is dominated by some o € As.

Proof Choose an inclusion-minimal member H of
{X <G, | X > {e} is fy-closed}

and let s € H \ {e}. By Lemma 6.17 (1) we have s € S,, for some divisor m of k with
m > 1. Choose a prime divisor n of m and set t := m/n. As s consists of k/m cycles of
length m, clearly s* := s' has ¢ cycles of length n and so s* € (H \ {e}) N'S,,. In view of
s* € (H\{e}) € G, \ {e} we have that s* =s;, ---s;, for some u > 0 and iy,...,%, € p. Set
On = Pnti, O+ O Ppi, for all n > 0. Clearly o9 = s*°, hence o is proper and o € [p] N Ay
dominates p. Set T* := {f}(s*) | n € p} and notice that the permutation group G, is
generated by T*. Next G, is a subgroup of H due to s* € H, the definition of 7% and the
fact that H is f,-closed. From the definition of ¢ it follows directly that f, is the restriction
of f, to Go. Now Gy is f,-closed by Lemma 6.17 (2) and so G, is f,-closed. Finally by the
minimality of H we have G, = H and therefore o € As. a

6.20 Recall that for a prime ¢ an elementary Abelian q-group G is an Abelian group
(G;+,—,0) in which every g € G \ {0} is of order ¢. It is well known that a finite ele-
mentary g-group is isomorphic to the additive group of a finite vector space over the Galois
field GF(q) (also denoted F;). This can be described more explicitly as follows.

Let m > 0. Fora = (a1,...,am) € ™, b= (b1,...by) € " put a+b := (a1 ®b1,...,an®
byn) whereby @ denotes the mod ¢ sum on q := {0,...,¢—1}. Now a finite Abelian elementary
g-group G is isomorphic to some (q™; 4,0) where 0 := (0,...,0); in particular |G| = ¢™ for
some m > 0.

For the following proposition we are indebted to P. Frankl and P. P. Pdlfy (personal
communications 1983 and 1998).

6.21 Proposition Let p € A5 and let q be a prime divisor of k such that p; € S; for all
1> 0. Then G, is an elementary Abelian q-group.

Proof

Claim: G, is Abelian.

Proof: Suppose to the contrary that G, is noncommutative. We show:
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Fact: The automorphism f, is fized-point free (i.e., the identity e is the unique fized-point of
Io)-

Proof: Suppose to the contrary that f,(g) = g for some g € G, \ {e}. Clearly f, fixes the
cyclic subgroup H of G, generated by g. From Lemma 6.19 we get H = G, a contradiction
since H is abelian. This proves the fact. ]

Applying a well-known theorem (see e.g. [Go68, Theorem 10.1.2 p. 335]) we obtain that
f, fixes a unique Sylow g-subgroup H of GG, and therefore again G, is a Sylow g-group. Now
a g-group is nilpotent (see e.g. [Go68, Theorem 2.3.3 p. 22]) and hence L = [G,,G,] is a
proper subgroup of G,. Here f, fixes L, a contradiction. Thus G/, is abelian. O

Now the generators sg, ...,s,_1 of G, belong to S; and hence they are all of order ¢ and
so in the Abelian group G, every element is of order q. Thus G, is an elementary Abelian
g-group. ]

The remainder of this section is essentially due to P. Frankl (personal communication
1983).

6.22 By Proposition 6.21 the group G, is isomorphic to the additive group of an m-
dimensional vector space V,,, over GF(q) (whose universe is q™). Denote by ¢ : g — §
this isomorphism from G, onto V,, and for all j € n set z; := s;. We need the following.

6.23 Fact LetY be an mxm matriz over q and e := (1,0,...,0) € q™. IfY is nonsingular
over GF(q) then e1Y" = ey for some h > 0.

Proof The members of the sequence e;Y,e;Y2,... belong to the finite set ™ and so there
is a repetition in the sequence; i.e., ;Y = ;Y for some i > 0 and h > 0. Now, Y being
nonsingular, we have aYh =e. O
6.24 For & = (o, ..., am—1) € Q™ denote by Y the m x m matrix

0 1 0 0 0

0 0 1 0 0

Ya =
o 0 0 - 0 1
Qg 1 Qg o Qgp—2 Qup—1

As det Yz = (—1)™ Ly, clearly Yz is nonsingular if and only if ag # 0. Now we have:

6.25 Lemma Let p € A5 have period p and let q be a prime divisor of k such that p; € Sy
for alli € p. Then either

(1) ¢ > 2 and there exists 1 < a < q such that

(a) p is the least positive integer solution h of o/* =1 (mod ¢q) and

(b) x; = alzg for all j € p, or

(2) There exist1 <m <p and & = (o, ...,m—1) € q" such that
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(a) ap #0,

(b) p is the least positive integer solution h of elyéil =e1, and

(c) the map sj — elYg from {s; | j € p} to Vi, extends to an isomorphism from G,

onto Vi, .

Proof Put z;:= s; for all j € p. We start with the following:
Claim: xo+--- +xp—1 = 0.
Proof: Put 7, := pp 0 ppy10---0 puyp1 for all n € p. On account of G, Abelian we have
Tn, = 7p for all n € p. Were 7y # t2, the proper polyrelation (79,70, ...) would dominate p.
This being impossible, 79 = to proving the claim. O

Now there exists a least 0 < d < p for which

Qi+t g% g =0 (6.1)
holds for some i € p and «,...,0;4q € P With a; # 0 # a;44 since by the claim the
equation (6.4) holds for i =0, d =p—1and a9 = --- = a1 = 1. Taking an appropriate

shift of p, without loss of generality we may assume that ¢ = 0. Also multiplying (6.1) by the
inverse of —ay in the field GF(q) we get ag = —1. Thus

oo+ -+ ag_1x4-1 — x4 =20 (6.2)
where ag # 0. The automorphism f, transforms (6.2) into
QT+ Q1T g1y —Tj 1 q=0 (6.35)

for all j € p. From (6.2)
Tqg = T+ -+ ag_1T4—1- (6.4)

Denote by H the subspace of V,,, generated by xg,...,2q_1. From (6.4) we have x4 € H. An
easy induction on j =0,...,p —d — 1 based in (6.35) shows that z4,...,2,—1 € H. Clearly

Vin is generated by zg,...,z,_1 because G, is generated by so, ..., sp_1; therefore H = V,,.
Moreover, our choice of d guarantees that the set B := {xg,...,x4-1} is independent
(in the vector space V,,,; i.e., a linear combination of xg,...,z4—1 equals 0 if and only if all

coefficients are 0) and so B is a basis of Vj,,. In particular, d = m. We have two cases.

(i) Let m = 1. From (6.3;) we obtain x; = (ag)’zo for all j € p. Clearly g # 1 and p is
the least integer h such that af =1 (mod ¢) (the so-called index of ayp).

(ii) Let m > 1. Put

er :=(1,0,...,0),...,em :=(0,...,0,1). (6.5)

As B is a basis of V},,, the above isomorphism ¢ : G, — V, can be chosen so that z; = e;1
for i = 0,...,m — 1. The automorphism f, of G, becomes a linear transformation of V,.
It is easy to check that this linear transformation sends = to zYj for all © € ¢ (with the
matrix product, and & = (ay, ..., am—1) whereby x is considered as a 1 x m matrix) and Yz
from 6.24. A direct check shows that indeed e;Y5 = €11 for j =1,...,m—1 and that (6.35)
holds for all j € p. Moreover, z; = e;YZ for all j € p and so p is indeed the least positive
integer h satisfying elYé‘ =e. g
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g o, ) Tp—1
2 1,243
31,342

4 1,4

Table 1: m=1and ¢g=5

6.26 Examples
(1) Let m =1 and ¢ = 5. All three sequences 1, zy,...,zp_1 are given in Table 1.

(2) Let m =2 and ¢ = 3. We choose 29 = (1,0) and z; = (0,1). We have six matrices

0 1
Qo

with ag € {1,2} and ag € 3. The calculation of the powers of Y5 yields the values of p
given in Table 2.

Table 2: m =2 and ¢ =3

For example, consider the second case o = 1, a := 7 # 0. Taking into account o = 1
(mod 3) the consecutive powers of Y are

Y~1a a 2 20 0 2 2 2« 20 1 1 0
la 217 (2 07 |0 2|7 |2 al’ [2a 1)’ 1 0" |0 1|°
The corresponding sequence xg, ..., 27 is
(1,0), (0,1), (La), (a2), (2,0, (0,2), (2,20), (,0).
We describe concretely the permutations s;.
6.27 (1) Consider case (1) of Lemma 6.25. Then sy € S is arbitrary and s; = sgj for all
JEep.
(2) Consider case (2) of Lemma 6.25. We need:

Fact: If 0 <i < j<m and C and C' are cycles of s; and sj then |C NC'| < 1.

Proof: Let a,b € CNC'. Then sf(a) = b = s%(a) for some ¢,n € q. Thus pin Py is

non-void and from Lemma 6.15 (1) we obtain p¢ = pj. Thus st = s% and this translates
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into fe; = ne;. Recalling from the proof of Lemma 6.25 (2) that {eo,...,em—1} is a
basis of the vector space V},, we obtain that the set {e;, e;} is linearly independent (over
GF(q)). Thus £ =n =0 and b = s9(a) = a. This proves the fact. o

Recall that sg,...,s;,—1 permute pairwise and that each s; is fixed-point free and all
its cycles are of length ¢. This and the fact shows that k is the disjoint union of
blocks of size ¢ and thus ¢ divides k. Setting [ := kq~™ we can identify k with
1 x q™. Now for (u,v) € 1 xq™ and j € m we put sj(u,v) = (u,v & ej1) (where
@ denotes addition on Vj,, i.e., the componentwise mod ¢ addition on q") and e; :=
(1,0,...,0),...,em—1 := (0,...,1,0), e, = e;. Since So,...,Sm—1 generate G,, each
s € G, respects the above blocks; in particular this holds for s,,,...,s,-1. For m <

Cm—1

; J — .— gCo
j<pande Y] = (co,...,cm—1) we can set sj 1= s’ ---5,".

7 Order polyrelations

7.1 Sections 7 and 8 treat the remaining case of reflexive binary polyrelations from R;. The
set Ry from Lemma 6.3 consists of proper binary periodic polyrelations p = (pog, p1, ... ) such
that p; = k? for no i > 0 and every p; # () is reflexive. First we eliminate p; = (). Denote by
Ry the set of all proper binary periodic polyrelations p = (pqg, p1,...) with 1o C p; C k? for
all 2 > 0. We have:

7.2 Lemma FEvery p € Ry is dominated by some o € Ra.

Proof Let p € R;. Since p is proper, through an appropriate shift we can get 1y C pg C k2.
Put A := (12,t2,...). For j > 0 put 77 := (p;, pjt1,...) if p; # 0 and 77 := X if p; = 0. We
show Tij - Té+j for all i,7 > 0. Indeed, if p? # () then Tij = pPjti = Té+j while for p/ = 0 we
get 7/ = 15 C 7077 because 757 = 19 if piy; = 0 and 75 = p;; D 19 if piyj # 0. Moreover,
7/ € [p] for all j > 0. Indeed, if p; # 0 then Pold 79 = Pold p while Pold 79 = Pold A\ = U
if p; = 0. Thus the upper superposition o of 79,71, ... dominates p. It is easy to see that
o; = p; if p; # 0 and o; = 15 if p; = 0. Thus o belongs to Ry and dominates p. m]

A binary relation o is symmetric, antisymmetric or transitive if 0 = &, 0 N = 1o and
0% C o, respectively. A reflexive, antisymmetric and transitive relation is an order. A binary
polyrelation A = (Ao, A1,...) is symmetric, antisymmetric, or transitive, if all A; are reflexive
as well as symmetric, antisymmetric or transitive, respectively. Denote by M the set of all
binary, symmetric, proper and periodic polyrelations on k (i.e., proper p = (pg, p1,...) with
Lty Cp; C k? and pi = p; for all ¢ > 0; note that here we allow also p; = k2). Further denote
by P the set of binary antisymmetric proper polyrelations on k. We have:

7.3 Lemma FEvery p € Ry is dominated by a polyrelation from M U P.

Proof Let p € Ry \ P. Then p; N p; D 1y for some i > 0. Put 7, := p, N py, for all n > 0.
Now 13 C 73 C p; C k? and so 7 is proper. Clearly 7 is symmetric and so 7 € M dominates
p- O

7.4 Let £ be a binary reflexive and antisymmetric relation on k. Call z € k a least (greatest)
element of £ if x x k C ¢ (k x z C &). Notice that if £ has a least (greatest) element then it
is unique. Call & bounded if it has both a least and a greatest element.



140 T. Hikita and I. G. Rosenberg

Denote by P the set of all p € P such that every p,, D to is bounded. We have:

7.5 Lemma Let o € P satisfy [c] N M = 0. Then every proper binary p € [o] belongs to P;.

Proof Putp:=p,andI:={i€p|p; D ia}. Form 7 := p;op; foralli > 0. Now 7 € [0] is
obviously reflexive and symmetric and p; C 7; by reflexivity. If 7; C k? for at least one i € [
then 7 is proper in contradiction to [o] N M = (). Thus 7; = k? for all i € I. For n > 2 put

Al

={z1...2y | T1U,...,zou € p; for some u € k}.

Now /\,EQ) = 7; = k?, and by Theorem 4.2 an easy induction shows )\z(-") =k"forn=2,... k.
In particular, /\Z(-k) =k ie., for each i € I the relation p; has a greatest element ;. It can be
easily verified that for every binary polyrelation o = (09,01,...) the converse polyrelation
& = (60,01, ...) satisfies Pold 0 = Pold§. The same argument applied to j := (go, f1,--.)
yields that for each i € I the relation p; has a least element o;. O

Denote by P, the set of all p € Py such that every p, D i3 is a bounded order. We have:

7.6 Lemma Fvery p € P is dominated by a polyrelation from M U P;.

Proof There is nothing to prove if [p] N M # (. Thus assume [p] N M = ). Then p € P; by
Lemma 7.5. Put 7, := pf (= pp o0 p, with k factors) for all n > 0. Let i € [ := {j € p, |
p;j D 12} and denote by I; the greatest element of p;. Now 7; # k2 because l;z € 7; holds only
for & = ;. Thus p; C 7; C k? proving that 7 is proper. Note that all 7; are transitive. For all
i >0 put & :=7;NF. Were 12 C & for at least one i € I we would have £ € [p] " M. Thus
7; is also antisymmetric; hence 7; is a bounded order for all i € I proving 7 € Ps. O

7.7 Next we pick an optimal polyrelation p € P»\ M (see Proposition 5.7). Formally, denote
by Ps the set of all p € P, such that

1) [pInM =90,
(2) For every A = (Ao, A1,...) € [p] N Py,

pr=pi=p, and py=p = |[Ao|+ -+ A1 = [po] + -+ [pp-1l.
On account of periodicity and finiteness we have the following:

7.8 Lemma FEvery p € Py is dominated by some o € Ps.

In Lemmas 7.9 and 7.10 we completely describe Ps. In Lemmas 7.9 and 7.10 p is always
a fixed polyrelation from P3; with period p and

c:=|pol + -+ |pp-1l, I'={iep]|pi D}

7.9 Lemma We have p; N piyq = t2 for all0 < d < p.
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Proof Suppose p;j N pjiq D 12 for some j € p and 0 < d < p. Form 7 = p; N p;1q for all
i > 0. By Lemma 7.5 and [p]| "M = () we have 7 € P;. Now for all ¢ > 0 the relation 7; is the
intersection of two orders and therefore an order. Since 1o C 7; C p; C k2, the polyrelation
7 is proper and so 7 € P,. Clearly pr < p and in view of p € Ps, also p < p,. Thus p; =p
and from the definition of P3 we have ¢ := |ro| 4+ -+ + |7p=1] > |po| + -+ + |pp—1] =t c.

Now p; 2 7; for all i € p and so ¢ > t proving ¢ = ¢t. This together with p; O 7; shows
pi = 7; for all ¢ € p. This yields p; C p;yq for all ¢ € p. Consequently p; C pj1q C -+ C
Pitpd = pi and therefore p; = p;iq for all i = 0,...,p — 1. However, then p has period d
strictly less than p. This contradiction proves the lemma. m]

7.10 Lemma We have p =2r, I ={0,r}, and p, = po.

Proof We may assume that 0 € I. We start with:
Claim 1: |I| > 1.

Proof: Suppose |I| = 1. Then I = {0}. For all n > 0 set 7, := pp, 0 P41 0+ 0 ppyp—1. It is
easy to see that 7, = pg for all n > 0 and so 7 is dominated by (po, po, - - . ), a contradiction.
O

Denote by 7 the least positive integer such that j + r € I for some j € I.
Claim 2: py, C ppyr for alln € p.
Proof: For i € I denote by o; and [; the least and greatest elements of p;. Let j € I
satisfy j + r € I. Notice that the ordered pairs ojl;4, and 0j4,l; belong to p; N pj4,. As
pj N pjtr = t2 from Lemma 7.9, we obtain o; = l;4, and l; = 0;4,. Now put 7, := p,, N pryr
for all n > 0. Now 0;l; = lj 4,054, € 7; proving that 7 is proper. The argument used in the
proof of Lemma 7.9 yields 7,, = p,, for all n € p. Finally 7, = p, N ppyr = pn shows that
Pn g ﬁn+r~ a
In particular, we have py C p, C pa,. Now p divides 2r because otherwise by Lemma 7.9
we would have py = po N p2, = 12 in contradiction to 0 € I. In view of 0 < r < p we have
p = 2r. The minimality of  and 0 € I show that I = {0,7}. Finally by Claim 2 we have
pr € po C pr proving p, = po. o

Now we have:
7.11 Theorem

(1) The set P3 consists of p with period 2™ > 1 and such that py is a bounded order, pym—1
its converse and p; = Ly otherwise.

(2) 25 =V1UA; U P3 UM is B-generic.
Proof (1) By Lemma 7.10 we have p = 2r and from Lemma 5.6 (2) r = 2° for some

b > 0. Now (1) follows from Lemma 7.10, and (2) follows from Lemma 6.7, Proposition 6.21,
Lemmas 7.2, 7.3, 7.6 and 7.8. o
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8 Reflexive Symmetric Polyrelations

8.1 In this section we study the set M of symmetric binary proper polyrelations. We need
the following terminology.

Let o be a binary reflexive and symmetric relation on k. A subset C of k is a clique of o
if C? C . The center C, of o is the set {x € k | z x k C p}. If } # C, C k the relation o is
called central.

Given binary reflexive relations o1 and oy define

o1 % 09 := {xy | zu,yv € o1 and uy,vr € oy for some u,v € k}.

It is easy to see that o1 * 09 is always a symmetric relation and oy U 09 C 071 * 09 and if oy
and oy are symmetric then oy * 09 = 09 * 01. A binary polyrelation p = (pg, p1,...) € M is
central if every p; C ko is central.

As in the preceding sections we choose p with firstly the least possible period and secondly
the largest sum of relation sizes. Formally, polyrelation p = (po, p1,...) € M with period p
is rich if every X € [p] N M satisfies (i) px > p and (ii) [Xo| + -+ [Ap—1| < |pol + -+ + |pp-1]
whenever p) = p. Denote by M the set of rich polyrelations. A standard argument (based
on finiteness) shows:

8.2 Lemma FEwvery polyrelation from M is dominated by some polyrelation from M.

The following lemma will be used several times.

8.3 Lemma Let p € My. If X € [p] N M satisfies py < p, and X; D p; for all i € p then
A=p.

Proof First py = p := p, by the definition of richness. Let ¢ := |pg| + - -+ + |pp—1| and
d = |Xo| 4+ -+ [X\p—1|. Clearly d > ¢ on account of \; D p; for all i € p and ¢ > d by the
richness of p and so ¢ = d. Using again A; O p; for all i € p we obtain |);| = |p;| and by the
same token we have \; = p; for all i € p proving A = p. m|

In 8.4-8.7 p = (po, p1,-..) is a fixed polyrelation from M; with period p, and such that
1y C po C k2. For I C p put py := (Micr pi- Further let J consist of the nonempty subsets I
of p such that p; D 9.

8.4 Lemma (1) J contains all singletons {i} (i € p).
(2) The set p does not belong to J, and
(3) pi*pira=k2 foralli€p and0 < d< p.

Proof (2) Suppose to the contrary that p € J. Then pp := pgN--- N pp—1 D t2. In view
of k2 D pg 2 pp the relation p, is a nontrivial (reflexive and symmetric) binary relation.
Put 7, := pp N -+~ N ppgp—1 for all n > 0. Then p is dominated by the proper polyrelation
(Pps> Pps - - -) and this contradiction proves (2).

Let 0 < d < p. For x > 0 form \; := py * ppyrq. Then X € [p] and A is reflexive and
symmetric. Moreover, A, 2O p, Up,+q and taking into account that p is rich, from Lemma 8.3
we obtain that either A is improper or A = p. In the latter case from p, = Ay D pp U priq We
obtain p; 2 prirqg. Thus py D pgyqg D -+ D Prtpd = Pz ; hence p; = py1q and p has period
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d < p. This contradiction shows that A, € {12,k?} for all z € k. We show that pg D 1. If
pa = 2, then A\g = pg * ta = pg where 1o C pg C k2. This contradiction shows pa D o for
all d € p proving (1). Now for all x > 0 we have Ay = py * ppya 2 pz O L2 and s0 A, = k?
proving (3). ]

8.5 We need the following definitions and notations. Denote by E the set of all equivalence
relations on k distinct from ¢y (note that k? € E) and put

My :={p e M | p, € Efor all n > 0}.

Let & be a symmetric and reflexive binary relation on k. As usual, a path of length n from
i€k toj€kinis asequence (vy,...,v,) in k such that i = vy, j = v, and v;v;41 € £ for
alli=0,...,n—1. The relation ¢ is connex if for all i, j € k there is a path from ¢ to j. The
relation & is disconnected if it is not connex. We need:

8.6 Lemma If there exists X € [p] N M with all A\, D 1o and some \; disconnected then p is
dominated by some o € Ms.

Proof Put o, := (A\)* (= Apo--- 0y, k times) for all n > 0. It is easy to see that o, € E
for all n > 0 and o; # k2. Thus ¢ € Mo. O

8.7 Lemma If p € M \ My then every p; distinct from k? is central.
Proof Fori=2,...,kand n > 0 put
TfL ={z1- -z | 214, ..., 2u € p, for some u € k}. (8.1)

Suppose to the contrary that the polyrelation 72 is proper. Then clearly 72 € [p] N M, the
period of 72 is at most p and 72 D p,, for all n > 0. Applying Lemma 8.3 we obtain 72 = p
ie. p2 = pn 0Py = Tn = pp for all n > 0. It can be easily seen that p,, is an equivalence
relation on k and so p € M, contrary to our assumption. Thus 72 is improper. Since py, D t2
by Lemma 8.4 (1), we have 72 = k2 for all n > 0.

By induction on i = 2,...,k we prove that 7i = k’. We have just proved it for i = 2.
Suppose 2 < i < k and 7/ =k’ for all n > 0. It is easy to see from (8.1) that 7i+! is totally
symmetric. To show that it is also totally reflexive let x1,...,z; € k be arbitrary. Then
z1...7; € kP = T,i and hence zyu,...,z;u € p, for some u € k. Clearly zju,...,z;u € p,
and hence from (8.1) we get @1 ...z;z; € 7ot Now 7i+! is totally symmetric and reflex-
ive. Applying Theorem 4.2 we obtain 7! = ki*!. This concludes the induction step. In

particular, we have 7% = k* and so p, = k2 or p, is central. a

Denote by C' the set of proper, binary and periodic polyrelations (pg, p1,...) on k such
that each p; # k2 is central.

8.8 Theorem The set g :=V; U A5 U P3U M U C is B-generic.

8.9 Remark It is shown in [Hi78] that for £k = 3 and p € M>UC the uniformly delayed clone
Pold p is never precomplete. We know that for nontrivial equivalence relations 6y, ..., 0,1
on k that are pairwise commuting (i.e., §; 06; = 6; 06; for all 0 < i < j < p) and satisfy
BpN---N6p_1 = 1o the polyrelation 8 = (6, ...,0y_1,0,...) with period p, the uniformly
delayed clone Pold @ is precomplete.
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9 Conclusion

It remains to show that for each p € V; U A5 U P3 the uniformly delayed clone D = Pold p is
precomplete. This could be done directly (by showing that D U {(f,d)} is complete for each
(f,9) €U\ D) or by showing that Poldo = U or Pold o is complete for each o € [p].

The main remaining problem is the elimination within Ms U C} i.e., finding proper peri-
odic polyrelations p consisting of either (i) equivalence relations on k, or (ii) binary central
relations or k? such that Pold p is precomplete. So far we have several partial results but the
problem seems to be complex.
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Classification in finite model theory:
counting finite algebras
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Abstract

The G-spectrum or generative complexity of a class C of algebraic structures is the
function Ge(k) that counts the number of non-isomorphic models in C that are generated
by at most k elements. We consider the behavior of G¢(k) when C is a locally finite
equational class (variety) of algebras and k is finite. We are interested in ways that
algebraic properties of C lead to upper or lower bounds on generative complexity. Some
of our results give sharp upper and lower bounds so as to place a particular variety or
class of varieties at a precise level in an exponential hierarchy. Much of our work is
motivated by a desire to know which locally finite varieties have polynomially many or
singly exponentially many models, and to discover conditions that force a variety to have
many models. We present characterization theorems for a very broad class of varieties
including most known and well-studied types of algebras, such as groups, rings, modules,
lattices. In particular, we show that a finitely generated variety of groups has singly
exponentially many models if and only if it is nilpotent and has polynomially many
models if and only if it is Abelian.

Introduction

Given a class C of structures two basic questions about the class C are:

e What are the cardinalities of structures in C?

e How many non-isomorphic structures of a given cardinality are in C?

The first question is the problem of determining the spectrum Spec(C) of the class C, that
is, the class of cardinalities that occur as sizes of structures in C. This problem appears in all
sorts of contexts in mathematics. For example, if C is the class of models of a first order theory
in a countable language then, by the Lowenheim-Skolem theorems, every infinite cardinality
is in Spec(C). Thus, Spec(C) is usually defined to be the set of sizes of finite models in C.
Let us mention here a result of R. Fagin [12] that characterizes those sets of integers that
can be expressed as Spec(C), where C is the class of all models of a first order sentence in
a first order language. They are exactly the sets that can be recognized in nondeterministic
exponential time. He also proved a similar connection between nondeterministic polynomial

time and what are called generalized spectra.
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The second basic question is about the fine spectrum of the class C, i.e., about the function
that assigns to each cardinal k the number I(C, k) of non-isomorphic k-element structures in
C. The problem of determining the fine spectrum of a class, either exactly or asymptotically,
is a natural one, and is a problem that has been considered for various classes C and in various
contexts over the years. Combinatorial enumeration problems, such as finding the number
of k-vertex graphs in some specific class of graphs, are familiar examples of such fine spectra
problems.

In Model Theory one of the fundamental topics is Shelah’s classification theory. Given
a first order theory T' we are interested in the number of non-isomorphic models of T' of
a given (infinite) cardinality k. Moreover we want to classify theories with the number of
non-isomorphic models of infinite cardinality k given by a prescribed function f(k). Some of
the results here say that not every function f can be realized. For example an early result of
M. Morley says that if T" is a complete theory in a countable language and T is k-categorical
for some uncountable cardinal x then 7' is categorical in all uncountable powers.

When we are interested in finite models only, i.e., restricting k to be finite, and in integer
valued functions f, then the situation changes dramatically. For any function f :w — w
there is a first order theory T having exactly f(k) models with k elements. Simply let T be
axiomatized by sentences expressing:

If a model has k elements then it is isomorphic with one of the f(k) choices given
by their diagrams.

Even restricting the language to be finite leaves a lot of room for possible fine spectra. A
function f : w — w counts non-isomorphic models of a first order theory in a finite language
if and only if log f(k) is bounded from above by a polynomial in k.

Therefore the finite part of the fine spectrum problem is much more interesting in the
case of restricted theories, eg. in equational theories of algebras. Actually the terminology
“fine spectrum” was introduced by W. Taylor in [31] in the case where C is a variety, that
is, a class of algebraic structures or algebras closed under the formation of homomorphisms,
subalgebras and direct products. Among the results of Taylor’s paper is a characterization
of those varieties that have exactly one model of size 2* for each finite k& and no other finite
models. All such varieties must be generated by a 2-element algebra. Subsequent papers by
R. Quackenbush [27] and D. Clark and P. Krauss [9] extended Taylor’s work to nm-element
algebras that generate varieties having minimal fine spectra.

Despite this work on minimal fine spectra there has been relatively little success on general
problems involving fine spectra of varieties. In [32] Taylor writes of fine spectra functions that
“characterizations of such functions seems hopeless” and Quackenbush states in his survey
on enumeration problems for ordered structures [28] that the fine spectrum problem here “is
usually hopeless”.

There are many reasons for the difficulties in determining the fine spectra of varieties. One
reason that interests us is that algebras are often described by means of a set of generators.
Once we know the generators of an algebra A in a variety V and some of the conditions that
these generators satisfy, our freedom in building the rest of the model is heavily restricted.
This effect is widely used in group theory where a group is usually presented by a (finite)
set of generators and a set of relations the generators must obey. The constraints put on
the behavior of the generators place restrictions on the structure of the entire algebra A.
However, there is in general no obvious or transparent way to determine the cardinality of
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A. This makes the counting of all n-element or at most n-element algebras difficult, if at all
possible, even if we content ourselves with an asymptotic estimate.

Another area of research in which fine spectra appear is in finite model theory. When
investigating asymptotic probabilities in finite model theory, some of the results rely on
counting all finite models, up to isomorphism, for a given theory T'. This usually is not hard
when T has no axioms. However there are only a few results on zero-one (or more generally
on limit) laws for specific theories T'. One reason is that for such counting deep insight into
the structure of finite models of 7' is required. The counting is even more difficult if the
language of T' contains function symbols. Except for unary functions [23] (in which case the
models behave much more like relational structures than algebras) and Abelian groups [10]
(where we completely understand the structure) there are only a few other results on limit
laws for algebras to report. The reader may wish to consult [4, 5, 6, 7, 8, 22] for related work.

Again, there are various reasons for the difficulties here with fine spectra for classes
arising from theories in a language containing function symbols. Some important techniques
for asymptotic probabilities rely on extension axioms. These techniques work perfectly well
for purely relational structures when often the resulting random structure is model complete.
However (randomly) adding a new element a to the universe of an algebra A in a variety V
and keeping the resulting extended algebra in V requires a much bigger extension A* of A.
The number and the behavior of all those new elements in A* is fully determined by the old
algebra A and the interaction of the new element a with the elements of A. Thus, in vector
spaces, by adding a new element we actually increase the dimension.

One possible way to overcome these difficulties is to count k-generated models instead of
k-element ones. This is a more tractable problem when the classes are varieties of algebras
and, we believe, is the proper setting for asymptotic probabilities in algebra. Note however
that these numbers are the same for purely relational languages.

Thus, we introduce the G-spectrum, or generative complexity, of a class C, which is the
function G¢ (k) that counts the number of non-isomorphic (at most) k-generated models in C.

We concentrate on the case where C is a variety of algebras and restrict ourselves to finite
k. Even in this new setting the counting remains hard. It requires an understanding of the
‘generating power’ in a given variety V. This is related to the old problem of determining
the free spectrum of V, that is, the sizes of free algebras Fy(k) in V with & = 1,2,...
free generators. This is because every k-generated algebra in V is isomorphic to a quotient
of Fy(k) by a congruence relation. However, two different congruences may give rise to
isomorphic quotients. Thus, the second problem we meet here is to measure the amount of
homogeneity in Fy (k). One cannot hope to solve these two problems without understanding
the structure of algebras from V.

As we have already mentioned the infinite counterpart of the problem of counting non-
isomorphic models is widely studied in Model Theory, and is one of the fundamental topics
for Shelah’s classification theory and for stability theory. Note that in the infinite realm (and
for a countable language), being k-generated and having k elements are the same.

For example, the celebrated Vaught conjecture says that the number I(C,w) of non-
isomorphic countable models of any first order theory in a countable language is either count-
able or 2¢. In [18] and [17] B. Hart, S. Starchenko, and M. Valeriote have been able to prove
this conjecture for varieties of algebras. They actually determined the possible infinite fine
spectra (which, in this case, are the same as infinite G-spectra) of varieties and correlated
them with algebraic properties of varieties. A characterization of locally finite varieties with
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strictly less than 2“ non-isomorphic countable models can be easily inferred from deep work
on decidability done by R. McKenzie and M. Valeriote [25].

The general project of determining the fine spectra of theories has a long history, going
back at least to the Los conjecture, which stated that the uncountable fine spectrum of
any countable theory that is categorical in some uncountable cardinal must be identically
equal to 1. The conjecture was confirmed by M. Morley [26] in 1965; but already in 1957,
A. Ehrenfeucht [11] had provided some of the methods which were later developed by S. Shelah
to show that unstable theories have many models. In Shelah’s classification theory [29], the
countable theories with a prescribed fine spectrum for uncountable cardinals are described
and classified. Some of the results here, like the mentioned Lo$ conjecture, say that not
every function f can be realized as the uncountable fine spectrum of a countable theory.
In fact, it is proved in [29] that restricted to sufficiently large r, there are precisely eight
possible functions I(C, k). B. Hart, E. Hrushovski, and M. Laskowski [16] completed Shelah’s
classification theory by resolving a conjecture of Shelah and computing the spectrum function
for small (uncountable) values of k.

However, one cannot easily (if at all) transfer infinite methods and results into the finite
world. Thus, we focus on the G-spectrum of a variety rather than its fine spectrum. We
further restrict ourselves to locally finite varieties, i.e., varieties in which all finitely generated
algebras are finite. This gives that the G-spectrum of the variety V is integer-valued. Even
with this finiteness restriction G-spectra can be arbitrarily large: for any sequence (pi)recw
of integers there is a locally finite variety V of groupoids such that Gy (k) > py for all k |2,
Example 5.9]. On the other hand, if V is a finitely generated variety of finite type then easily

ck
established upper bounds for the G-spectrum, free spectrum and fine spectrum of V are 22° ,
ck .S .
22 and 2°%° | respectively, for some constants ¢ and s.

2 Results

The main problems that stimulate our research in this area are:

e How does the growth of the G-spectrum of a locally finite variety V affect the structure
of algebras in V?

e In what way do algebraic properties of V influence the behavior of Gy (k) ?
e For a given variety V, can an explicit formula for Gy (k) be found?
e Can the asymptotic behavior of Gy(k) be determined?

For some V, the value of Gy (k) is easily determined, as the following examples show.

2.1 Example For the variety V of sets, that is algebras with no fundamental operations,
Gy (k) = k. In [2, Section 3] a full description of G-spectra for varieties generated by arbitrary
multi-unary algebras is given.

2.2 Example Let V be the variety of vector spaces over a fixed field. A k-generated algebra
here is a vector space of dimension at most k. So Gy(k) = k+ 1. If A, is the variety
generated by the p-element group for a prime p, then a k-generated group in A, has size p™,
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for 0 < m < k. So Gy, (k) = k+1. In [2, Example 6.7] the function Gy (k) for V an arbitrary,
finitely generated variety of Abelian groups is determined.

2.3 Example For the variety B of Boolean algebras we have [Fg(k)| = 22°. Every k-
generated member of B is a Boolean algebra with m atoms, 0 < m < 2. Thus Gg(k) = 14-2F.

2.4 Example In contrast to these varieties that have small G-spectra, [2, Section 4] shows
that semilattices and distributive lattices have Gy (k) that are doubly exponential functions

of k. Actually it is shown that Gs(k) = 2(Lk);2J) (4o for the variety S of semilattices and
Gp(k) = 22"(140(M) for the variety D of distributive lattices.

Moreover [2, Section 5] contains examples of locally finite varieties with arbitrarily large
G-spectra.

To report the results on G-spectra we introduce some classes of functions that are helpful
in describing the possible behavior of the Ge (k).

2.5 Definition Let f be a real-valued function of the positive integers.

e We say f is at most 0-fold exponential if there exists a polynomial p such that f(k) <
p(k) for all k.

e For m > 0 the function f is at most m-fold exponential if there is an at most (m—1)-fold
exponential function g such that f(k) < 29%) for all k.

e The function f is called at least 0-fold exponential if there exists a constant ¢ > 0 such
that f(k) > ck for all but finitely many k.

e For m > 0 the function f is at least m-fold exponential if there is an at least (m—1)-fold
exponential function g such that f(k) > 29%) for all but finitely many k.

e The function f is of m-fold exponential complexity if f is both at most and at least
m-fold exponential.

e A class C of structures has m-fold exponential generative complexity if the function
Ge (k) is of m-fold exponential complexity.

We usually write polynomial, exponential, doubly exponential, and triply exponential in
place of 0-fold exponential, 1-fold exponential, 2-fold exponential, and 3-fold exponential.

2.6 Definition Let V be a locally finite variety.
e V has many models if Gy(k) is at least doubly exponential.
e V has few models if Gy(k) is at most exponential.

e V has very few models if Gy (k) is at most polynomial.
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The research reported here was motivated by a desire to know which locally finite varieties
have few and very few models, respectively. Although we have not managed to solve these
problems in the most general setting we have obtained such a characterization for a very
broad class of varieties including most known and well-studied types of algebras, such as
groups, rings, modules, lattices. In those cases we are in the realm of congruence modular
varieties where we have a better than triply exponential upper bound for G-spectra of finitely
generated subvarieties.

2.7 Theorem (J. Berman and P. Idziak [2]) IfV is a finitely generated, congruence mod-
ular variety, then Gy (k) is at most doubly exponential.

The proofs of the results give a deep insight into the structure of locally finite varieties
with few and very few models. The analysis relies heavily on two major developments of
the late 70’s and early 80’s. One of them is modular commutator theory. The theory had
been introduced by J. D. H. Smith [30] for congruence permutable varieties. It was further
developed by J. Hagemann and Ch. Herrmann [15], H. P. Gumm [14] and R. Freese and
R. McKenzie [13]. The book of Freese and McKenzie contains several important results
and techniques that are extremely useful when studying congruence modular varieties. A
binary operation on congruences that simultaneously generalizes the concept of a commutator
[H, K] of two normal subgroups H, K of a group as well as the ideal multiplication in rings is
defined. The theory shows how some information about algebras or varieties can be recovered
from congruence lattices endowed with this binary operation. Moreover the concept of the
commutator allows us to speak about a solvable, nilpotent or Abelian congruence (or algebra)
as well as about the center of an algebra or the centralizer of a congruence relation.

The second big development in universal algebra that we use is tame congruence theory,
which was created and described in D. Hobby and R. McKenzie [19]. Tame congruence theory
is a tool for studying the local structure of finite algebras. Instead of considering the whole
algebra and all of its operations at once, tame congruence theory allows us to localize to small
subsets on which the structure is much simpler to understand and to handle. According to
this theory there are only five possible ways a finite algebra can behave locally. The local
behavior must be one of the following:

1 a finite set with a group action on it;
2 a finite vector space over a finite field;
3 a two element Boolean algebra;

4 a two element lattice;

5 a two element semilattice.

Now, if from our point of view a local behavior of an algebra is ‘bad’ then we can often show
that the algebra itself behaves ‘badly’. For example, since the varieties of distributive lattices
or semilattices have many models (see Example 2.4) then one can argue that in any locally
finite variety with few models structures of type 4 or 5 cannot occur.

On the other hand it is not true that if the local behavior is ‘good’ then the global one
is, as well. Several kinds of interactions between these small sets can produce fairly messy
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global behavior. Such interactions often contribute to produce many models. Also the relative
‘geographical layout’ of those small sets can result in unpredictable phenomena.

The main results of the work in this area are stated in the following theorems. The first
one gives a full characterization of locally finite varieties omitting type 1 with polynomially
many models:

2.8 Theorem (P. Idziak and R. McKenzie [20]) A locally finite variety omitting type 1
has very few models if and only if it is an affine variety over a ring of finite representation
type.

Very recently this characterization was extended to all locally finite varieties:

2.9 Theorem (P.Idziak, R. McKenzie, and M. Valeriote [21]) A locally finite vari-
ety has very few models if and only if it decomposes into a varietal product of an affine
variety over a ring of finite representation type, and a sequence of strongly Abelian varieties

equivalent to matriz powers of varieties of G-sets, with constants, for various finite groups
G.

The work on characterizing locally finite varieties with at most singly exponentially many
models is still in progress. However, for the case of finitely generated varieties, omitting
type 1, the following characterization (with more than a 100-page proof) was obtained:

2.10 Theorem (J. Berman and P. Idziak [2]) LetV be a finitely generated variety omit-
ting type 1. Then V has few models if and only if the following conditions hold:

(1) V is congruence permutable;

(2) for any finite subdirectly irreducible algebra A in V with monolith p and its centralizer
v =(0:u) we have:

(a) v is the solvable radical of A;
(b) v is comparable to all congruences of A;
(c) v is Abelian or A is nilpotent;

(d) the quotient A /v is either trivial or simple non-Abelian;

(3) the variety N of all nilpotent algebras in V has a finitely generated clone and N itself
is generated by finitely many finite algebras each being of prime power order;

(4) for any finite simple non-Abelian algebra S in V the ring Rls} (connected with the
Abelian part of subdirectly irreducible algebras A in V with the quotient A /v isomor-
phic to S) is of finite representation type.

The necessity of the conditions in the above theorems was shown by detecting more than
two dozens different ways in which ‘bad’ local behavior can occur in an algebra A. In each
such situation we are able to produce many non-isomorphic k-generated algebras in the variety
generated by A. After detecting all those instances of ‘bad’ local behavior we formulate global
algebraic conditions that forbid such undesirable behavior. More surprisingly we are able to
show the list of conditions we obtain is actually complete, at least for finitely generated
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varieties, i.e., these conditions taken together are sufficient for a variety to have few (or very
few) models.

The conditions given in Theorems 2.8 and 2.9 are very simple and easily stated. The
conditions involved in the second characterization (Theorem 2.10) are more complicated,
although they also have a natural algebraic meaning. In both cases we know that the bound
for the number of algebras implies a very transparent and manageable structure. For example,
when specializing our results to groups we get the following:

e cvery finitely generated variety of groups has at most doubly exponentially many mod-
els;

e a finitely generated variety of groups has few models if and only if it is nilpotent;

e a finitely generated variety of groups has very few models if and only if it is Abelian.
while for commutative rings with unit our characterization reduces to:

e every finitely generated variety of rings has at most doubly exponentially many models;

e a finitely generated variety of commutative rings with unit has few models if and only
if the Jacobson radical in the generating ring squares to 0;

e 1o nontrivial variety of rings with unit has very few models.

Also, from Theorem 2.9 one can infer an earlier result of M. Bilski [3] on semigroup
varieties with very few models. Once more, it confirms nice structure theory for varieties
with polynomially many models:

A locally finite variety V of semigroups has polynomially bounded G-spectrum if
and only if V is the variety with zero multiplication (satisfies the identity vy ~ uv)
or there is an m such that V is a subvariety of the join LN RN A, where L is the
variety of left-zero semigroups (satisfying the identity xy ~ x), R is the variety
of right-zero semigroups (satisfying the identity xy ~ y) and A, is the variety of

Abelian groups of exponent m treated as semigroups (i.e., satisfies the identities

2" xy™ and 2™~ 2).

The work on this project started in the fall of 1996 during the semester on Algebraic
Model Theory at the Fields Institute in Toronto.

Since then several researchers have also worked on the topic. Here are the results on
G-spectra I wish to report:

e J. Berman and P. Idziak [2] most of the material described in this talk. It introduces and
motivates the notion of generative complexity, provides many examples and contains a
proof of Theorem 2.10.

e J. Berman and P. Idziak [1] described G-spectra of all Post varieties, i.e., varieties
generated by a single two-element algebra.

e M. Bilski [3] characterized finitely generated varieties of semigroups with very few mod-
els.
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o P. Idziak and R. McKenzie [20] succeeded in characterizing locally finite varieties omit-
ting type 1 with very few models.

o P. Idziak, R. McKenzie, and M. Valeriote [21] extended the above characterization of
varieties with very few models to all locally finite varieties.

e R. McKenzie [24] produced several examples of locally finite varieties with arbitrarily
large free spectra and G-spectra.
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Syntactic semigroups and the finite basis problem
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Abstract

The finite basis problem for semigroups asks when a given finite semigroup has a finite
basis for its identities. This problem is one of the most investigated in variety theory. In
this note we look at some easily established equivalent decision problems.

1 Introduction

We show how one may efficiently associate with each semigroup (monoid) S a syntactic
semigroup (monoid) S such that S has a finite basis of identities if and only if S has a
finite basis of identities. Using this and a result of Sapir [14] we obtain a language theoretic
equivalent to the finite basis problem for semigroups and monoids. While our techniques are
completely elementary, the results may provide a useful alternative approach to the finite

basis problem for finite semigroups.

1.1 Syntactic semigroups and monoids

In this section we gather togethor some basic facts concerning syntactic semigroups and
monoids. For a more complete treatment, the reader should consult a book such as [6].
Recall that if S is a monoid, and W is a subset of S, then the syntactic congruence ~y of W
in S is given by (a,b) €~y if for every ¢,d € SU{1}, cad € W < ¢bd € W. (This congruence
is the largest congruence for which W is a union of congruence classes.) In the case where S
is a free semigroup (monoid), the quotient by the syntactic congruence of a subset L is called
the syntactic semigroup (syntactic monoid) of L, and we denote this by Syn(L) (or Syny;(L),
respectively). A language is regular (accepted by a finite state automaton) if and only if its
syntactic semigroup (or monoid) is finite.

We will say that a subset W C S of a semigroup S is a syntactic subset if the syntactic
congruence of W in S is the diagonal relation. In this case, if v : AT — S is a surjective
homomorphism onto S, then S is isomorphic to the syntactic semigroup of the language
v (W).

If S is a semigroup, then for every s € S, we may take the syntactic congruence of the
singleton {s}; the semigroup S/~ is syntactic, and for distinct elements s,t € S there is
an r € § for which s/~ # t/~( (choosing 7 to be either s or ¢ suffices). Hence there
is a subdirect embedding v of S into the direct product [[,cgS/~(s defined by v(s) : z
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x/~ys. Wenote that one can construct S/~ from S in polynomial time: to decide z ~y4 y
one must calculate uzv and uyv for each u,v € S'. Using a multi-tape Turing machine, we
may encode S by listing the rows of its Cayley table; let n denote the number of squares this
occupies (clearly n > |S|? and also n € O(]S|?logy(|S])) since each element can be encoded
as a binary string of length at most log,(|S])). Calculating uzv and uyv takes O(n) steps,
while there are O(|S|?) pairs u,v to consider. We direct the reader to [7] for details on these
notions and more information on problems of computational complexity.

For a language W and a word w we define w™'W := {u € W : wu € W} and Ww ™! :=
{u € W :uw € W}. Now let £ be a class of regular languages. For a finite alphabet A we
denote by L(A) the set of all members of £ whose alphabet is A. We say that £ is a +-variety
of languages if for every finite alphabet A the following properties hold: £(A) is closed under
taking finite unions, intersections and complementation; for every letter a € A and every
W € L(A) we have a™'W € £ and Wa™! € £, and for every pair of finite alphabets A, B
and every homomorphism v : A* — B* we have L € £(B) implies v~}(L) € L(A). If we
replace free semigroups in this definition by free monoids, the corresponding notion is that
of a x-variety.

There is a natural correspondence between +-varieties of regular languages and pseudova-
rieties (classes closed under finite direct products, subalgebras and homomorphic images) of
finite semigroups. With each +-variety of regular languages £, we may associate the semi-
group pseudovariety generated by the syntactic semigroups of the languages in £. Conversely
with each pseudovariety of finite semigroups V we may associate the class of regular languages
whose syntactic semigroups are in V. This class of languages turns out to be a +-variety of
languages and the two correspondences we have described are mutually inverse bijections
between the lattice of semigroup pseudovarieties and the lattice of +-varieties of regular lan-
guages (this is the so-called Filenberg correspondence [6]). Monoid and #-variety versions of
this correspondence are given in the obvious way.

1.2 The finite basis problem

An identity of a semigroup is an expression u = v where u and v are semigroup words.
A semigroup satisfies the identity u = v (in variables A, say) if for every homomorphism
0 : AT — S, the equality O(u) = 6(v) holds (written S = u ~ v). The set of identities of
S over some fixed countably infinite alphabet is denoted Id(S). The class of all semigroups
satisfying the identities of S is called the wvariety generated by S. Equivalently, the variety
of S is the class of all homomorphic images of subalgebras of direct powers of S. (Similar
notions hold for general algebras.) We will denote the variety of an algebra S by V(S), and the
finite members of V(S) by Vg,(S). When S is finite, Vi, (S) coincides with the pseudovariety
generated by S. We will also write S & T when Id(S) = Id(T).

If S is a semigroup without an identity element, then we let S! denote the monoid obtained
by adjoining an identity element. Otherwise we let S! simply denote S. A dual definition for
zero elements 0 gives S°. The following elementary lemma is useful because we will frequently
be moving between monoids and of semigroups.

1.1 Lemma Let S be a monoid and T a semigroup such that T is contained in the semigroup
variety generated by S. Then T is contained in the monoid variety of S.

Proof Let S and T be as in the statement of the lemma. Then, working within the type
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(2), we have T € HSP(S). Therefore there are semigroups T;, Ty such that Ty € P(S),
Ty € S(T1) and T € H(T3). Clearly, T is a monoid that is also contained in the monoid
variety of S. If T contains the identity element, e say, of T then T (a quotient of Ts) is a
monoid that is contained in the monoid variety of S and we are done.

Now assume that e € Ty and let T denote the submonoid of T; obtained by adjoining
the element e to Tb. Note that Ty may already be a monoid, but with an element other than
e acting as the identity, whence T need not be isomorphic to T3. Without loss of generality
we may assume that there is a congruence 6 such that Tq/0 = T.

If T has an identity element 1, then choose f € T such that f/6 = 1, and extend 6 to
a congruence §’ on T by adjoining to 6 the pair (e,e) and also the pairs (e,z) and (z,e) if
(f,z) and (z, f) are in ;. This gives T4/’ = Ty/0 = T, showing T € V(S) as a monoid.

Otherwise, if T has no identity element, then we may extend 6 to a congruence on T%
by adjoining the pair (e, e). The resulting quotient is isomorphic to T! and again lies in the
monoid variety of S. m]

An equational deduction of an identity p ~ ¢ from a set of identities ¥, is a sequence of
identities p = p1 & p2 ~ -+ - & p, = ¢ such that for each i < n there is an identity u; ~ v; € X
or v; &~ u; € ¥ and a semigroup substitution 6; such that p; 1 is obtained from p; by replacing
a subword 6;(w;) with 6;(v;). In this case we write ¥ - p ~ ¢. If n = 1 we will interpret the
definition of an equational deduction as saying that X+ p ~ p.

A basis for the identities of a semigroup S is a subset ¥ of Id(S) such that ¥ F Id(S).
In 1964, Oates and Powell [10] showed that if G is a finite group, then G has a finite basis
of identities. However in 1966 Perkins (see [11]) showed that the semigroup B3 given by the
following matrices under matrix multiplication has no finite identity basis:

Go) G0 o) Go) (o) @)

In the subsequent years a great many other examples have shown that the finite basis prob-
lem—determining which finite semigroups admit a finite basis of identities—is very com-
plicated. For general algebras this problem has been shown to be undecidable [8], but for
semigroups the complexity of the problem remains open. For further details we direct the
reader to the most recent survey of this area by Volkov [15].

The following lemma gives some well known equivalents of the finite basis property. We
omit the proof, but note that the equivalence of (2) and (3) follows from Birkhoff’s complete-
ness theorem for equational logic (which says that ¥  p &~ ¢ if and only if whenever some
algebra A satisfies all of X, then also A = p =~ ¢), while the equivalence of (1) and (2) is
another theorem of Birkhoff.

1.2 Lemma (Birkhoff [2]; see also [3]) Let S be a finite algebra of finite signature. The
following are equivalent:

(1) Id(S) is finitely based;

(2) there is an positive integer n such that the n-variable identities in Id(S) are a basis for

1d(S);

(3) there is a positive integer n such that for all algebras A, we have A € V(S) if and only
if all n-generated subalgebras of A are in V(S).
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2 Syntactic equivalents

We are going to show that the finite basis problem for finite semigroups is equivalent to its
restriction to finite syntactic semigroups. The idea is easy, so we prove it in an even more
general setting.

The notion of a syntactic congruence can be extended to general algebras by defining
the syntactic congruence ~yy of a subset W of an algebra S as the largest congruence 6 for
which W is a union of #-classes (for further details see [1] for example). A syntactic algebra
is an algebra with a syntactic subset—a subset whose syntactic congruence is the diagonal
relation.

2.1 Proposition If S is an algebra with a one element subalgebra then there is a syntactic
algebra S such that S = S. If S is finite, then S is finite.

Proof Let {e} be a one element subuniverse of 8. For each t € S\ {e}, let S; denote S/~
As in Section 1.1, S subdirectly embeds into Htes\{e} S, and so we have S &= Htes\{e} S;. For
s,t € S\{e}, let s¢ € [[1eq\ (e} St be defined by s¢(r) = e/~ if r # t and s/~ otherwise.
Let W be {ss : s € S}, let T be any subalgebra of [],cg\ (.} S¢ containing {s; : 5,¢ € S}, and
let S denote T/~yy. Now S € V(S) so to complete the proof it will suffice to show that each
S; embeds into S. Now for each t € S\ {e}, the subalgebra of T on {s; : s € S} is isomorphic
to Sy and {s; : s € S} NW = {s;}, a syntactic subset of {s; : s € S}. Hence the restriction
of ~y on T to {s; : s € S} is trivial. Therefore S; embeds into S, as required. O

Algebras satisfying the conditions of this proposition are reasonably common—every
monoid, ring, lattice and finite semigroup has a one-element subalgebra. We note that Propo-
sition 2.1 would follow trivially if the class of syntactic algebras was closed under the taking
of direct products (as is suggested by [6, Proposition VII.1.5]); however a 2-element left zero
semigroup is syntactic, while its square is not.

Unfortunately, the construction in Proposition 2.1 is not very efficient—it seems possible
that S could have size close to |S\|S |. To gain greater efficiency, we now restrict our attention
to semigroups.

2.2 Lemma If S is a semigroup with zero element then one can construct a syntactic semi-
group S equationally equivalent to S in polynomial time.

Proof We are going to follow the proof of Proposition 2.1. We can fix the zero element 0 of
S as the one element subalgebra and then the elements {s; : 5,t € S} in [],cq\ (o} St actually
form a subsemigroup, which we choose as T.

Now T has fewer than |S|? elements and can clearly be constructed in polynomial time
from the family {S; : ¢ € S\ {0}}; in fact T is isomorphic to the so-called 0-direct join of
{S; : t € S\ {e}}, formed by amalgamating these semigroups at 0 and then setting any
undefined products to equal 0. As each of the |S| — 1 semigroups of the form S; can be
constructed from S in polynomial time (see Section 1.1) it follows that S can be constructed
in polynomial time from S. a

For each t € S\ {0}, let A; be an alphabet (with A;NA, = () for s # t) and 14 : A} — S; be
a surjective morphism so that S; is the syntactic semigroup of some (regular) subset L; C A;’
with v4(Ly) = {t/~;}. One can see from the proof of Lemma 2.2 that S is (isomorphic to)
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the syntactic semigroup of the disjoint union of the languages L; in the free semigroup over
the disjoint union of the alphabets As.

The proof of Lemma 2.2 does not quite hold for monoids because 0 is not a one element
submonoid and because the subsemigroup on {s; : s,t € S\ {0}} is not a submonoid (except
when |S] = 2). However, the submonoid of [],cq (o) St generated by {s, : s,¢t € S\ {0}}
is simply {s; : s,t € S\ {0}} U{1} (where 1 is the identity element). Choosing this as T
and calculating S as before, we find that each of the S; are monoids that embed into S as
semigroups and hence are in the semigroup variety of the monoid S. By Lemma, 1.1, they
are in the monoid variety of S as well. This is clearly still a polynomial time construction
and hence Lemma 2.2 holds for monoids as well. In fact we do not need monoids with zero
to state this result. First consider the following lemma.

2.3 Lemma If S is a semigroup whose variety contains the variety of semilattices then S =

S0,

Proof If S = S° we are done, so assume that S does not contain a zero element. Certainly
S lies within the variety of S°. Conversely, as the variety of S contains the two element
semilattice 2 (with universe {0, 1}), it also contains S x 2. The semigroup S° is isomorphic
to the Rees quotient of S x 2 by the ideal {(z,0) : z € S}. O

2.4 Lemma Fvery finite monoid S is equationally equivalent to the syntactic monoid of
some regular language that can be constructed from S in polynomial time.

Proof By considering the one-generated submonoids of S it can be seen that the monoid
variety of S fails to contain the variety of semilattice monoids if and only if S is a finite group.
If S is a group then the syntactic congruence of any singleton subset of S is the diagonal
relation and so S is the syntactic monoid of a regular language and we are done.

Now say that the monoid variety of S contains the variety of semilattice monoids. Then
by Lemma 2.3 it can be generated by a monoid with zero element. A syntactic monoid
generating the same variety is then given by the argument following Lemma 2.2. a

In [15], the question is asked as to whether or not the finite basis problem for syntactic
semigroups is decidable (that is, algorithmically solvable). It is clear from Proposition 2.1
that this problem is equivalent to the general finite basis problem, but in fact we can use
Lemma 2.2 to show that these problems are polynomially equivalent.

We first need the following result from [9].

2.5 Lemma (Mel’nik [9]) A semigroup S is finitely based if and only if S© is finitely based.

Proof If V(S) contains the variety of semilattices then by Lemma 2.3 we have S = S°. So
we may assume throughout that V(S) does not contain the variety of semilattices.

Let us say that an identity v ~ v is homotypical if the variables in u are the same as
those in v (this is also called regular). The identities of 2 are exactly the class of homotypical
semigroup identities and so it follows that S satisfies some non-homotypical identity. In
this case SY generates the smallest variety containing V(S) that is definable by homotypical
identities. Following [9], it can be shown that S has a basis of the form XU (zy™2™)™ ~ 2™
for some m € N and where ¥ is a collection of homotypical identities. It is shown in [9] that
one can find a basis for S° by adjoining to ¥ a finite set of homotypical identities. Thus if S
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is finitely based, then ¥ can be chosen to be finite, and we get a finite basis for S® (this is also
discussed in [15]). Now if S is not finitely based, then ¥ must be infinite and no finite subset
of 1d(S) is sufficient to derive all of ¥. As ¥ is also satisfied by S°, and Id(S°) C 1d(S), it
follows that S° also has no finite basis of identities. |

2.6 Corollary The finite basis problem for finite semigroups (monoids) is polynomially
equivalent to its restriction to the class of finite syntactic semigroups (monoids).

Proof The monoid version of this result follows immediately from Lemma 2.4.

Now let S be a finite semigroup. By Lemma 2.5, S is finitely based if and only if S°
is finitely based. By Lemma 2.2, S° generates a variety equal to one generated by a single
syntactic semigroup (that can be constructed in polynomial time from S9). |

3 A language theoretic approach

The finite basis problem for monoids has a natural analogue in terms of varieties of regular
languages. Analogous statements will hold for semigroups as well.

3.1 Definition For K a class of regular languages, let V*(K) denote the x-variety of lan-
guages generated by K and let V;i(K) denote the subclass of V*(K) consisting of those
languages which are in alphabets of at most n letters. We say that a %-variety of languages
V is finitely x-verifiable for K languages if there exists an n € N such that for all languages
WeK,

Wey < V(W)

If K is the class of all regular languages, then we say that a x-variety is finitely *-verifiable
instead of finitely *-verifiable by K-languages.

The connection between the finite s-verification property for x-varieties of languages and
the finite basis problem for monoids arises through the Eilenberg correspondence and the
following result essentially due to M. Sapir.

3.2 Lemma (M. Sapir [14]) Let V be a subvariety of a finitely generated variety of semi-
groups (monoids). Then V is non-finitely based if and only if for each n € N there are finite
semigroups (monoids, respectively) S, & V such that S, satisfies all n-variable identities
of V but not all identities of V. FEquivalently, S,, ¢ V but all n-generated subsemigroups
(submonoids) of S, are contained in V.

Proof We first discuss the semigroup case. The statement above differs from the main
result of [14] only in that it allows for the possibility that ) is not generated by any finite
semigroup. All arguments in [14] except for Proposition 1 depend only on the local finiteness
of V. Proposition 1 however, is itself an extract from a more general result from [12] that
concerns any locally finite variety in which all groups are finitely based. As Sapir notes in [12],
this is true of any finitely generated semigroup variety (by [10]) and hence in any subvariety
of such a variety. Therefore Sapir’s proof in fact extends to the semigroup part of the lemma
we have stated above.

Now we investigate the monoid case which again follows without significant change from
Sapir’s result for semigroups. As is discussed in [15], a monoid is non-finitely based (in the
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type (2,0)) if and only if it is non-finitely based as a semigroup (in the type (2)). Let V' denote
the semigroup variety generated by the members of V considered as semigroups, and say that
V (whence V') is not finitely based. Using the semigroup version of the lemma, there are finite
semigroups S,, such that S,, is not contained in V', while all n-generated subsemigroups of
S,, are contained in V. Now consider S}, also not in V' and therefore not in V' (as a monoid).
As semigroups, the n-generated submonoids of S, are either n-generated subsemigroups of S
(that happen to be monoids) or are of the form of an n-generated subsemigroup of S,, with
adjoined identity element. In either case, Lemma 1.1 shows that the n-generated submonoids
lie in V. Thus we have, for all n € N, a finite monoid not in V but whose n-generated
submonoids are in V. m|

This result guarantees that for finite semigroups and monoids, the third condition of
Lemma 1.2 can be replaced by its restriction to finite algebras. The corresponding result for
general algebras appears to be an interesting open problem; see [4, 5].

3.3 Lemma IfS is a finite monoid with no finite basis of identities then for each n € N there
is a regular language Wy, such that every n-generated submonoid of Synm(Wh,) is contained
in V(S) but Synm(Wy,) € V(S).

Proof By Lemma 3.2, for each n € N there is a finite monoid S,, such that every n-generated
submonoid of S,, is contained in V(S) but S,, & V(S).

Let us fix some arbitrary n € N. For each element s € S;,, let S,, ; denote the semigroup
Sn/ ~ls}e Now each S,, s is a quotient of S,, and therefore satisfies all identities satisfied by S,,.
However V(S) is generated by {S,, s : s € S} (see Section 1.1) and therefore there must be an
identity of S that fails on S,, s for some s € S,,. Therefore we have a finite syntactic monoid
of a regular language, W,, say, that satisfies all identities of S,, (and therefore all n-variable
identities of S) but not all identities of S. Equivalently (see Lemma 1.2), we have shown that
there is a regular language W, such that every n-generated submonoid of Syny;(W,,) lies in
the monoid variety of S while Syny(W;,) does not. m]

The extension of Lemma 3.3 to semigroups is obvious and we omit the details.

3.4 Theorem Let S be a finite monoid and V denote the x-variety of languages whose syn-
tactic monoids are finite and contained in V(S). Then S is finitely based if and only if V is
finitely x-verifiable.

Proof Let S be a finite monoid with a finite basis of identities ¥ in n variables and let V
denote the *-variety of regular languages whose syntactic monoids are in Vg, (S). Obviously if
W €V then V(W) C V, while if W is a language not in ) then the Eilenberg correspondence
guarantees that Symy;(W) £ 2. Hence there is an n-variable identity u & v that fails on
Symy;(W). Evidently, there is an n-generated submonoid T of Symy;(W) on which u ~ v
fails. By examining the syntactic quotients of T with respect to the singleton subsets of T
(as in the proof of Lemma 3.3), it follows that there is ¢ € T" such that u = v fails on T /~,
also n-generated. Let A = {a1,...,a,} be a set of free generators for a free monoid A* and
let ¢ : A* — T be a surjective homomorphism. Then T/~ is the syntactic monoid of
the regular language W; := ¢*1(t/~{t}) in the n-letter alphabet A, whence it follows that
Wy € Vi(W) \ V. This shows that there is an n € N such that for regular languages W,
W&V = V:(W) <V, that is, V is finitely *-verifiable.
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Now assume that S is non-finitely based. By Lemma 3.3, for all n € N there are regular
languages W, such that Symy;(W,) € V(S) but such that every n-variable identity satisfied
by S is satisfied by Symy;(W,). Now if U € Vi(W,) then Symy;(U) is n-generated and
satisfies all identities of Syny(W,,) and in particular, all n-letter identities of S. Elementary
arguments then show that Symy;(U) € V(S). Hence U € V so V}(W,) is a subclass of V,
while W, is not in V. Because n € N is arbitrary, V is not finitely *-verifiable. ]

Again, trivial variations of this theorem give the corresponding result for semigroup vari-
eties and +-varieties of languages.

It is interesting to note that the main proof in [14] shows that if S is a finite inher-
ently non-finitely based monoid (or semigroup), then the corresponding x-variety of lan-
guages is not finitely *-verifiable for singleton languages. For example, the monoid B} given
in the introduction is known to be (isomorphic to) the syntactic monoid of the language
{ab}* (in the alphabet {a,b}) and is also known to be inherently non-finitely based [13].
Hence V*({ab}*) is not finitely #-verifiable for singleton languages. In fact from [11] and the
proof of Theorem 3.4, we have {bajas...anbanan_1...a1} & V*({ab}*) for any n € N, but
Vi({barasy ... apbanan—1 . ..a1}) € V*({ab}*).

Let the finite x-verification problem for reqular expressions denote the following decision
problem: given a regular expression, decide if the corresponding language generates a finitely
x-verifable x-variety. The finite 4-verification problem is defined analogously.

3.5 Corollary The finite basis problem for finite semigroups (monoids) is decidable if and
only if the finite +-verification (x-verification, respectively) problem for regular expressions
is decidable.

Proof We discuss the monoid case; the semigroup case is almost identical. The standard
proofs of the equivalence of the class of languages recognisable by finite state automata and
languages corresponding to regular expressions are constructive. That is, with each finite
automata, we can effectively associate a regular expression corresponding to the language
recognised by the machine and vice versa. Likewise, with a syntactic monoid Syny (W) of a
language W we may construct an automata recognising W (by representing Syny (W) as a
monoid of transformations), and conversely with each automata, we may effectively construct
a minimal automata recognising the same language and then construct the syntactic monoid
of this language as the transition monoid of the automata. Therefore we can effectively
associate a syntactic monoid S with a regular expression for a language recognised by S and
vice versa.

The result now follows by combining Theorem 3.4 and its semigroup variant with Corol-
lary 2.6. m|

‘We note that the translation from syntactic semigroups or monoids to regular expressions
is polynomial time, however the reverse may not be true. It is a well known PSPACE-complete
problem to determine if a regular expression r over {0, 1} represents the same language as
{0,1}*; see [7]. The syntactic monoid of {0,1}* (as a regular language in the alphabet {0,1})
is trivial, however if r represents a non-empty language W distinct from {0,1}*, then the
syntactic monoid of W is non-trivial and so Syny (W) generates a non-trivial variety. Thus
if P#PSPACE, there can be no polynomial time method for constructing, from a regular
expression r for a language W, a monoid generating the same variety as Syny(W).
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Abstract

This survey is an overview of investigations into endoprimal algebras: their general
properties and connections with endoduality, as well as descriptions of endoprimal objects
in various kinds of algebras.

1 Early development

An algebra is called primal if every finitary function defined on it is a term function. The most
common primal algebra is the 2-element Boolean algebra. Primal algebras were introduced
when studying categorical properties of the variety of Boolean algebras. Subsequently, several
generalisations have been investigated: algebras in which the term functions are exactly the
functions that preserve some derived structure (see e.g. [17]). Following this line, an algebra
is called endoprimal if its term functions are precisely those functions which permute with
all endomorphisms. It is convenient to call the latter functions endofunctions of the given
algebra. Thus, an algebra is endoprimal if and only if its endofunctions are term functions.
Endoprimal algebras made their first appearance, however, in a different way: in the
course of investigations into duality theory. Without using this name, B. A. Davey [2] proved
in 1976 that every finite chain is endoprimal as a Heyting algebra. In 1985 B. A. Davey and
H. Werner [8] proved that the Heyting algebra 22 @ 1 is also endoprimal, and this paper marks
the appearance of the name ‘endoprimal’. (Here and in the sequel A @ 1 is the ordered set A
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with new greatest element 1.) In a note published in 1990, A. A. L. Sangalli [22] rephrased the
definition of endoprimality by using clones, and gave three examples for endoprimal algebras:
primal algebras, sets of cardinality different from 2, and (arbitrary) free algebras on infinite
sets.

The next result appeared in 1993, when L. Mdarki and R. Pdschel [20] proved that a
distributive lattice is endoprimal if and only if it is not relatively complemented. This result
seemed to be the end of the story, since it showed that endoprimal algebras do not share any
of the ‘nice’ properties of (quasi)primal algebras; hence one could not expect much of their
investigation. Contrary to this expectation, [20] has become the starting point of further
research, and the impetus for this came from B. A. Davey.

2 General theory and links with endoduality

In the paper [3] written in 1994, B. A. Davey showed that the occurrence of endoprimal alge-
bras in duality theory is not an accident: every endodualisable finite algebra (i.e., every finite
algebra which admits a particular kind of natural duality) is endoprimal. Then B. A. Davey,
M. Haviar, and H. A. Priestley [4] explained how the arguments used by L. Mdrki and
R. Poschel lift to a duality-theoretic setting and yield that the class of endoprimal distribu-
tive lattices coincides with that of endodualisable distributive lattices. Finally, in 1997,
B. A. Davey and J. Pitkethly [7] managed to carry over the argumentation to a wide range
of quasi-varieties generated by a single algebra.

Let us now take a closer look at the connection between endoprimality and endodualis-
ability. Without defining the latter notion, we briefly explain why endoprimality of a finite
algebra is an easy consequence of its endodualisability. All details can be found in the mono-
graph [1]. Suppose we are given a finite algebra M. On M, the underlying set of M, a
new structure M is introduced. This structure may involve finitary (partial) functions on
M and finitary relations on M. For building up the duality it is essential to assume that
M is equipped with the discrete topology but this is not important for our considerations.
The functions and relations involved are assumed to be algebraic, that is, the functions are
homomorphisms from B” to M where B is a subalgebra of M and relations are subalgebras
of some M"™ where n is a natural number. In particular, it makes sense to consider the case
M = (M;End M).

One of the main questions of duality theory is: which structures M dualise M? The First
Duality Theorem (see [1]) asserts that if this happens then the morphisms of M" to M are
precisely the n-ary term functions of M. If M = (M; End M) dualises M then we say that
M is endodualisable. Since clearly in this case the morphisms from M" to M are the n-ary
endofunctions of M, it becomes obvious that endodualisable algebras are endoprimal.

Note that the finiteness of M is essential for the theory of natural dualities. Methods of
duality theory can therefore be directly used only for constructing finite endoprimal algebras.
Fortunately, there is a way to go beyond finiteness as the next theorem shows.

2.1 Theorem [7, Theorem 1.2] Let M be an endoprimal algebra and A € ISP(M). If A has
a retract isomorphic to M then A is endoprimal.

It is worth emphasizing that duality theory is good for providing examples of endoprimal
algebras but has very rarely been used for proving that a given algebra is not endoprimal.
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Results of the latter kind can be obtained using the following basic theorem.

2.2 Theorem [1, Proposition 2.2.3] Let M be a finite algebra and A = ISP(M). Then M is
endoprimal if and only if End M yields duality on all finitely generated free algebras of A.

In most cases, however, non-endoprimality is proved by the explicit construction of an
endofunction which is not a term function. A model argument is that used in [20]: a relatively
complemented distributive lattice is not endoprimal because the ternary function f(z,y,z) =
u, where u is the complement of y in the interval [zAy, yVz], permutes with all endomorphisms
but is not a term function, since it does not preserve the order.

It was noticed already in [7] that there are finite endoprimal algebras which are not
endodualisable; e.g., 2% @ 1 regarded as a bounded semilattice is endoprimal but not endo-
dualisable. Thus certainly, even in the case of finite algebras, duality theory is not sufficient for
characterising endoprimal algebras. The problem has arisen of how far actually endoprimality
is from endodualisability. Perhaps the main result in this direction is the criterion given by
M. Haviar and H. A. Priestley.

2.3 Theorem [13, Theorem 6] Assume that a finite algebra D is dualised by the structure
D which beside EndD involves finitary algebraic relations s1,...,sm. Let F be a finitely
generated free algebra in D = ISP(D). If the algebras s1,..., Sy, are retracts in F and D is
a retract in a finite endoprimal algebra M, then M is endodualisable.

One can apply the theorem to prove that in the classes of distributive lattices, double
Stone algebras, median algebras, and finite abelian groups endoprimal algebras are endo-
dualisable. However, which median algebras are endoprimal seems to be an open question.

It is well known that the term functions of a finite algebra M can be characterised as
the functions which preserve all subalgebras of the finite powers of M. Hence, in view of the
standard Galois connection between clones and relational clones the endoprimality of a finite
algebra M means, in fact, that End M (viewed as the set of all graphs of endomorphisms of
M) generates the relational clone of all subalgebras of finite powers of M or, in the language
of [6], that this set clone entails all finitary algebraic relations on M. By a well-known result
in clone theory (cf. [19]), the latter is equivalent to the requirement that every algebraic
relation on M can be obtained from graphs of endomorphisms using certain well-defined
natural constructs like projections, relational product, etc. The other entailment comes from
duality theory. Our limited space does not allow us to give a strict definition of this notion; it
serves to reduce the size of the set of algebraic relations on M used for providing duality, so
that if the structure M = (M; R) dualises M and a relation r € R is duality entailed by R\,
then the structure (M; R\ r) dualises M, too. In particular, if R contains all endomorphisms
of M and we are able to show that End M duality entails every element of R\ End M then
M is endodualisable. A list of constructs which allow us to get from a given set of relations R
every relation r duality entailed by R was first presented in [5]. This list is smaller than that
for clone entailment: in particular, it does not include relational product. This shows once
again that endoprimality is a consequence of endodualisability but not vice versa. A detailed
analysis of the difference between the two entailments on the example of Kleene algebras was
given by B. A. Davey, M. Haviar, and H. A. Priestley [6].

The next step makes use of an idea coming from the study of affine completeness. Re-
call that an algebra is called affine complete if all its congruence compatible functions (i.e.,
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functions which preserve all congruences of the algebra) are polynomials. Suppose we want
to prove that an algebra A is affine complete. We take a congruence compatible function
f on A and try to prove that it is a polynomial function. A is often given as a subdirect
product of some smaller algebras A;, ¢ € I. Then, since f is compatible with all projection
kernels, it decomposes into a system of coordinate functions f = (f;)ic;. Trying to handle
an endofunction f in a similar way, we face the problem that f need not in general be com-
patible with all congruence kernels. Still the argument goes through if all subdirect factors
A; are isomorphic to subalgebras of A, and hence the projection kernels are kernels of endo-
morphisms of A. This observation is the underlying idea of the paper [18] by K. Kaarli and
H. A. Priestley. One of the main results of the paper shows that if an algebra has a ‘good’
subdirect decomposition then its endofunctions are determined by what they induce on the
largest subdirect factor.

2.4 Theorem [18, Corollary 2.4] Let A be a subdirect product of the algebras A;, i € I, and
assume that there is an algebra M satisfying the following conditions:

(SD1) every A; is a subalgebra of M;
(SD2) A has a subalgebra isomorphic to M;
(SD3) some of the A; is isomorphic to M.

Then for every endofunction f of A there exists an endofunction g of M such that f; = g|a,
for every i € I.

In fact, these conditions (SD1)-(SD3) are satisfied in several cases where the endopri-
mality problem has been succesfully solved. As a corollary one immediately gets that, under
these conditions, endoprimality of M yields that of A, a fact that actually follows also from
Theorem 2.1. The usefulness of Theorem 2.4 becomes more obvious if we apply it in the case
when the algebra has a majority term. Recall that a majority function is a ternary function
f satisfying the identities

f,zy) = f(z,y,2) = f(y,z,2) =

and a majority term for an algebra A is a ternary term which induces a majority function
in A. The median function (zVy) A (yV 2) A (2 V ) is a majority term for all algebras with
lattice reduct.

The next theorem follows from Theorem 2.4 and the well-known Baker-Pixley Lemma
which essentially asserts, in particular, that a function defined on a finite algebra M with a
majority term is a term function if and only if it preserves all subalgebras of M2. We denote
by S2(M) the algebra whose underlying set is the set of all subalgebras of M? and whose
fundamental operations are the relational product o, taking the converse ”, intersection N, and
two nullary operations: one corresponding to the diagonal Ay; and another corresponding to
the whole square M?2.

2.5 Theorem [18, Proposition 3.3] Assume that the assumptions of Theorem 2.4 are fulfilled,
M is finite and has a majority term. If So(M) is generated by all graphs of homomorphisms
A; — Aj and all 2-fold coordinate projections A;j, i,j € I, then A is endoprimal.

Applications of this theorem are given in the next section.
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3 Enriched distributive lattices

In this section we survey the results on endoprimality of algebras having a distributive lattice
reduct.

We start with the observation that the result of L. Mérki and R. Pdschel [20] on distribu-
tive lattices follows easily from Theorem 2.5. Indeed, it is well known that a distributive
lattice is relatively complemented if and only if it cannot be mapped homomorphically onto
the 3-element chain. Now, if a distributive lattice L is not relatively complemented, it has
a subdirect decomposition with all factors isomorphic to the 2-element chain 2 and at least
one 2-fold coordinate projection isomorphic to the 3-element chain. Clearly then S»(2) is
generated by 2-fold coordinate projections of L, hence L is endoprimal.

Using similar, only slightly more complicated arguments, one can derive from Theorem 2.5
the description of endoprimal non-Boolean Stone algebras, originally obtained by B. A. Davey
and J. G. Pitkethly [7], and this was done by K. Kaarli and H. A. Priestley in [18]. Formally
the result presented in [18] is stronger because in [7] it was required that 4 is a retract,
not only a homomorphic image, but it is easy to see that in the present situations these
requirements are equivalent. Recall that a Stone algebra is a bounded distributive lattice
with an extra unary operation * such that the following identities are satisfied:

(x ANy)* =z"VyT, (xVy) =a" Ny, 0" =1, 1" =0, (3.1)
xAz* =0, 'V () =1, (3.2)

3.1 Theorem [18, Theorem 5.1] A non-Boolean Stone algebra is endoprimal if and only if
it has the 4-element Stone chain as a homomorphic image.

Note that all Boolean algebras are endoprimal by Theorem 2.1 as is, in fact, every algebra
in the variety generated by a (finite) primal algebra. Also note that, as pointed out by
B. A. Davey and J. G.Pitkethly [7], the endoprimality criterion for non-Boolean Stone algebras
can be given in internal terms. Given a Stone algebra S, an element = € S is called dense if
z* = 0. The set of all dense elements of S is denoted by d(S). It is easy to see that d(S) is a
sublattice of S. Now, it is known that the lattice d(S) is relatively complemented if and only
if 4 is not a homomorphic image of S. Hence, a non-Boolean Stone algebra S is endoprimal
if and only if d(S) is not relatively complemented.

M. Haviar and H. A. Priestley [12] described finite endoprimal double Stone algebras
(hence, by Theorem 2.2, also finite endodualisable double Stone algebras). It is pretty clear
that one should be able to derive the same results from Theorem 2.5. Recall that a double
Stone algebra is a bounded distributive lattice L with two extra unary operations, * and
*, such that the reducts (L;*) and (L;T) are a Stone algebra and a dual Stone algebra,
respectively. A double Stone algebra is called regular if it satisfies the condition xvVa* > yAy™.
The core of a double Stone algebra A is its subset K(A) ={z € A |z* =0,2" = 1}. Recall
that every m-element chain has a unique structure of a double Stone algebra; the latter will
be denoted by n.

3.2 Theorem [12, Theorems 6.1-6.3]

(1) A finite non-regular double Stone algebra with non-empty core is endoprimal if and only
if it has 5 as a retract.
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(2) A finite non-regular double Stone algebra with empty core is endoprimal if and only if
it has 5 x 22 as a retract.

(3) A finite regular non-Boolean double Stone algebra is endoprimal if and only if it has
3 x 22 as a retract.

In [6], B. A. Davey, M. Haviar, and H. A. Priestley study endodualisability and endopri-
mality of Kleene algebras. Recall that a Kleene algebra is a bounded distributive lattice with
an extra unary operation * such that beside (3.1) the identities

(z")" ==, (xAZ*)V(zVa")=zVa*

are satisfied. It turns out that from the point of view of endoprimality Kleene algebras are
much worse than Stone algebras, a fact strikingly different from the situation in the case of
affine completeness (cf. [17]). In view of [18] the reason is the following. The variety of all
Kleene algebras is generated by the 3-element Kleene chain 3 but there are Kleene algebras
in which 3 is not a subalgebra. Therefore Theorem 2.5 does not apply to all Kleene algebras.
It may apply, however, in quasivarieties generated by an appropriate Kleene algebra different
from 3, but there are too many quasivarieties of this kind. Actually the Kleene algebras
containing 3 as a subalgebra are not endoprimal. Indeed, if 3 is a subalgebra of a Kleene
algebra K then K contains an element a such that ¢ = a. Then it is easy to see that the
constant function with value a is an endofunction but not a term function of K.

The paper [6] focuses mainly on the quasivariety £ generated by the 4-element Kleene
chain 4; its results on endoprimality were improved by K. Kaarli and H. A. Priestley [18].

3.3 Theorem [6, Theorem 5.2], [18, Theorem 6.1] A non-Boolean Kleene algebra A € L is
endoprimal if it has the 1-generated free Kleene algebra and the 6-element Kleene chain as
homomorphic images. If A is finite then this condition is also sufficient.

We conclude the section with Heyting algebras. Recall that a Heyting algebra can be
defined as a bounded distributive lattice with an extra binary operation — such that the
following identities are satisfied:

r—x=1, (z—=y)ANy=uy, A (x—y)=xAy,
r—(yAz)=(z—y)A(z—2), (aVy) —z=(@—2)A(y— 2).

The standard example of a Heyting algebra is a Boolean algebra with z — y = 2’ V y.
As we have mentioned already, Heyting algebras provided the first nontrivial examples for
endoprimal algebras. It is easy to see that every chain has a unique structure of a Heyting
algebra. As we did above in case of Kleene, Stone and double Stone algebras, we shall denote
the n-element Heyting chain simply by n. The following theorem is due to B. A. Davey and
J. G. Pitkethly [7].

3.4 Theorem [7, Theorems 4.1 and 4.2] If M is a finite Heyting chain or the Heyting algebra
22 @ 1 then all algebras of the variety generated by M are endoprimal.

We see that beside the varieties generated by a primal algebra there are other ones with
the property that all their members are endoprimal. It might be an interesting problem to
try to describe all varieties with this property, at least under the restrictions that they are
finitely generated and admit a majority term.
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4 Abelian groups

Throughout this section, group will mean abelian group. We shall use the notations Z, Z,,
and Q for the (additive) groups (or sometimes, by abuse, for the sets or rings) of integers,
integers mod n, and rational numbers, respectively. The letter p will denote an arbitrary
prime number. For undefined notions and notations concerning groups we refer to [9]. Recall
that the term functions of abelian groups are the functions of the form f(z1,...,2,) =
kixy + - - + kpzy, with some integers ky, ..., ky.

We begin by giving some easy obstacles to endoprimality of a group; these were established
n [14]. All results in this section are due to K. Kaarli and L. Marki, in some cases with other
co-authors.

4.1 Proposition If a torsion-free group is p-divisible for a prime p then the group is not
endoprimal.

Indeed, in such a group the function f(x) = x/p is an endofunction but not a term
function.

4.2 Proposition [14, Proposition 2.1] If End A is isomorphic to a subring of Q then the
group A is not endoprimal.

In fact, if End A is isomorphic to a subring of Q then A must be a torsion-free group,

and the function
0 ify=0,
flx,y) = .
z ify#0

in A is an endofunction but not a term function. Consequently, no torsion-free group of
rank 1 is endoprimal.

If the centre of a ring R consists only of integral multiples of the identity map 1z then
we say that the centre of R is trivial.

4.3 Proposition A group whose endomorphism ring has non-trivial centre cannot be endo-
primal.

Indeed, any central element of the endomorphism ring is a unary endofunction, and if a
central element is not trivial (i.e., not of the form na for some n € Z) then it is not a term
function.

It is a very useful observation that endofunctions of a direct sum of two groups are sums
of endofunctions of the direct summands. If there are no non-trivial homomorphisms between
these summands, then endoprimality reduces even beyond endoprimality of the summands.

4.4 Proposition [14, Corollary 2.6] Let A be the direct sum of nonzero groups B and C with
Hom(B, C) = Hom(C,B) = 0. Then A is endoprimal if and only if B and C are bounded
and endoprimal.

Let us show how boundedness (that is, having finite exponent) comes into play. If, say, B
is unbounded then the function f = f|p+ f|c with f|p = 1p, and f|c = 0, is an endofunction
of A which is not a term function. On the other hand, if both B and C are bounded then
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the Chinese Remainder Theorem applies to show that every pair of n-ary term functions of
the components is induced by a common (n-ary) term.

Let us give also a ‘prototype’ of examples for endoprimal groups.

4.5 Theorem [14, Theorem 2.7] Let A be the direct sum of a group B and the infinite cyclic
group Z. Then A is endoprimal if and only if B is not bounded.

Heuristically, in the case when B is unbounded, the proof relies on the fact that Z maps
‘everywhere’ in B via endomorphisms. This forces both f|z and f|p to be term functions for
any endofunction f in A, and then, by the unboundedness of B, these two term functions
must coincide.

Here are the main results of [14].

4.6 Theorem [14, Theorem 3.1] A torsion group A is endoprimal if and only if it is bounded,
say of exponent m, and L, ® Ly, embeds into A.

(For bounded groups, this was proved earlier by B. A. Davey and J. Pitkethly [7].)

To present results on the torsion-free case, we recall the definitions of some well-known
notions. By x(a) we denote the characteristic sequence of the element a (i.e., the sequence
of the p-heights of a under a fixed ordering of the primes). The members of such a sequence
are non-negative integers and oco. Two characteristic sequences are said to be equivalent if
they differ only at finitely many places, and not at places where co occurs. The equivalence
classes of characteristic sequences are called types. The type t(a) of an element a is the type
containing x/(a). It is well known that all nonzero elements of a torsion-free group A of rank 1
have the same type. This type is denoted by t(A). Conversely, every type can be realised
as the type of a torsion-free group of rank 1. Clearly, the natural (placewise) ordering of
characteristic sequences carries over to an ordering of types.

4.7 Theorem [14, Theorem 4.1] Let a torsion-free group A decompose into A = B @& C
where B is nontrivial, C has rank 1 and its type does not contain infinity, and suppose that
t(C) < t(b) for every b € B. Then A is endoprimal.

4.8 Theorem [14, Theorem 4.3] A torsion-free group A of rank 2 is endoprimal if and only
if A =B & C where B and C are groups of rank 1, t(B) > t(C), and C (or, equivalently,
A) is not p-divisible for any prime p.

For mixed groups the following was obtained in [14]. Recall that a p-group is reduced if
and only if it does not contain the Priifer group Zye.

4.9 Theorem [14, Corollary 5.5] If the torsion part T of a mized group A is bounded (in
which case T is a direct summand of A) then A is endoprimal if and only if A/T is endo-
primal.

In [14] the endoprimality problem was also solved for groups of torsion-free rank 1 with
splitting torsion part. Since this result was later generalised to the non-splitting case (see
Theorem 4.12), we do not formulate it here.
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Thus we see that all major results of [14] relate to groups which have a suitable direct
decomposition. In view of this fact and the above results, the following classes of groups
come into question for a complete description of their endoprimal members.

(1) Torsion-free groups which decompose into a direct sum of rank 1 groups.
(2) Torsion-free groups of rank 3.
(3) Mixed groups whose maximal torsion-free factor group has rank 1.

Recently we have managed to settle all these cases.

For case (1) the problem could be solved for an even larger class of groups by R. Gobel,
K. Kaarli, L. Marki, and S. L. Wallutis [10]. To state the result, we need the following
definitions.

A torsion-free group A is said to be separable if every finite subset of A is contained in
some direct summand of A which decomposes into a direct sum of rank 1 groups. If A is a
separable torsion-free group then a type 7 is said to be critical for A if A has a rank-1 direct
summand of type 7. The set of critical types for a group A will be denoted by T (A).

For a set T of types we define the type graph of T, I'(T), to be the undirected graph with
T as the set of vertices and edges (71, 72) for comparable 71,7 € T, i.e. 71 < 75 or 79 < 7.
Recall that a graph is said to be connected if between any two vertices there is a finite path.

4.10 Theorem [10, Theorem 9] Let A be a torsion-free separable group and T = T, (A) be
the set of all critical types of A. Then A is endoprimal if and only if tk(A) > 2, A is not
p-divisible for any prime p, and the type graph T'(T) is connected.

So far, all endoprimal groups we have seen admit ‘good’ direct decompositions. This is
not a must, however: in [10] it is shown that there exist endoprimal indecomposable groups of
arbitrarily large cardinality. The proof relies on a construction of R. Gébel and S. Shelah [11].
On the other hand, since any proper subring R of Q can be realised as the endomorphism ring
of torsion-free groups of arbitrarily large cardinality, Proposition 4.1 tells us that there are
indecomposable torsion-free groups of arbitrarily large cardinality which are not endoprimal.
This leads to the (sad?) conclusion that it is hopeless to find a reasonable description of all
endoprimal abelian groups.

In case (2), the following was proved by K. Kaarli and K. Metsalu [16].

4.11 Theorem [16, Theorem 1.1] Let A be a torsion-free abelian group of rank 3. Then one
of the following cases occurs:

(1
(2

the group A is endoprimal;
the group A is p-divisible for some prime p and therefore A is not endoprimal;

)
)

(3) End A is a subring of Q and therefore A is not endoprimal;

(4) End A has non-trivial centre and therefore A is not endoprimal;
)

(5) End A is an abelian group of rank 3 and there exist linearly independent elements
ai,az,a3 € A, endomorphisms ¢, € EndA and u € Q such that ¢(a2) = as,
¢(a1) = Plas) =0, Y(a1) = uay, Y(az) = YP(ag) = 0; then A is not endoprimal.
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Notice that cases 2-4 present general necessary conditions for a group to be endoprimal.
Hence it is ‘almost true’ that a torsion-free group of rank 3 is endoprimal unless there is an
obvious obstacle to its endoprimality. It may be surprising that, even for these groups of
small rank, decomposability is not a necessary condition of endoprimality: in [16] an example
is constructed for an endoprimal indecomposable torsion-free group of rank 3.

A large part of the proof of Theorem 4.11 goes through for torsion-free groups of arbitrary
finite rank, so at least ‘reasonable’ partial results can be hoped for in that fairly general
situation.

Finally, the question of endoprimality for mixed groups whose maximal torsion-free factor
group has rank 1 was settled by K. Kaarli and L. Mdrki [15]. The result reads as follows.

4.12 Theorem [15, Theorem 1.2] Let A be a group with torsion part T and P be the set
of those primes p for which AT is p-divisible. Assume A has torsion-free rank 1. Then A
is endoprimal if and only if T is unbounded and, for every p € P, the p-component of T is
either not reduced or it is not a direct summand of A.

Notice that we also get endoprimal groups of this kind in which none of the primary parts
splits off; in other words, such groups are as ‘close to being indecomposable’ as a mixed group
of torsion-free rank 1 can be.

5 Other classes of algebras

We survey here the known endoprimality results for sets, vector spaces, semilattices, and
implications algebras.

We have already mentioned Sangalli’s result [22] that all but 2-element sets are endo-
primal. The 2-element set is not endoprimal because the transposition of its elements is an
endofunction but not a term function.

Using the duality theory approach it is easy to show that all but 1-dimensional finite
vector spaces are endoprimal. B. A. Davey and J. G. Pitkethly [7] extended this result
to infinite vector spaces. The underlying idea was that all vector spaces are free algebras.
Another possible way to get the same result is to rewrite the proof of Theorem 4.5 for vector
spaces. Thus we have the following theorem.

5.1 Theorem [7, Theorem 2.4] A vector space is endoprimal if and only if its dimension is
not 1.

Now we formulate the result for semilattices, which again was obtained by B. A. Davey
and J. G. Pitkethly [7] using a mixture of duality and non-duality theory methods.

5.2 Theorem [7, Theorem 5.2] A non-trivial semilattice is endoprimal if and only if it is
not a tree.

Note that in this theorem we did not assume that the signature of the semilattice includes
bound(s) 0, 1 or both. If there is at least one bound then the result may be slightly different.
For example, a non-trivial bounded semilattice is endoprimal if and only if it is not a chain.
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Endoprimal implication algebras were completely characterised in the recent paper [21]
by J. G. Pitkethly. Recall that an implication algebra can be defined as a groupoid with a
binary operation — satisfying the identities:

(x —y) ==z, (x—y)—y=(y—x)—uz, x—(y—z)=y—(x—2).

It is known that every implication algebra is a semilattice with respect to the term operation
zVy=(z—y) >y

5.3 Theorem [21, Theorem 2.5] An implication algebra A is endoprimal if and only if for
every n > 1 there exist a1, ...,a, € A such that the set {\/; ;a; | i € {1,...,n}} does not
have a lower bound in (A;V).

Note that this result cannot be obtained by using duality theory.

References

[1] D. M. Clark and B. A. Davey, Natural Dualities for the Working Algebraist, Cambridge
University Press, Cambridge, 1998.

[2] B. A. Davey, Duality for equational classes of Brouwerian and Heyting algebras, Trans.
Amer. Math. Soc. 221 (1976), 119-146.

[3] B. A. Davey, Dualisability in general and endodualisability in particular, in: Logic and
Algebra (Proc. Conf. Pontignano, 1994), (A. Ursini, P. Agliano, eds.), Lecture Notes in
Pure and Appl. Math. 180, Marcel Dekker, New York, 1996, 437-455.

[4] B. A. Davey, M. Haviar, and H. A. Priestley, Endoprimal distributive lattices are endo-
dualisable, Algebra Universalis 34 (1995), 444-453.

[5] B. A. Davey, M. Haviar, and H. A. Priestley, The syntax and semantics of entailment in
duality theory, J. Symbolic Logic 60 (1995), 1087-1114.

[6] B. A. Davey, M. Haviar, and H. A. Priestley, Kleene algebras: a case-study of clones
and dualities from endomorphisms, Acta Math. Sci. (Szeged) 67 (2001), 77-103.

[7] B. A. Davey and J. G. Pitkethly, Endoprimal algebras, Algebra Universalis 38 (1997),
266-288.

[8] B. A. Davey and H. Werner, Piggyback-Dualitdten, Bull. Austral. Math. Soc. 32 (1985),
1-32.

[9] L. Fuchs, Infinite Abelian Groups, I-II, Academic Press, New York, 1970, 1973.

[10] R. Gobel, K. Kaarli, L. Mérki, and S. Wallutis, Endoprimal torsion-free separable abelian
groups, J. Algebra Appl. 3 (2004), 61-73.

[11] R. Gobel and S. Shelah, Uniquely transitive torsion-free abelian groups, in: Rings, Mod-
ules, Algebras, and Abelian Groups (Proc. Conf. Venice, 2002) (A. Facchini, E. Houston,
and L. Salce, eds.), Lecture Notes in Pure and Appl. Math. 236, Marcel Dekker, New
York, 2004, 271-290.



180

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

K. Kaarli and L. Marki

M. Haviar and H. A. Priestley, Endoprimal and endodualisable finite double Stone alge-
bras, Algebra Universalis 42 (1999), 107-130.

M. Haviar and H. A. Priestley, A criterion for a finite endoprimal algebra to be endo-
dualisable, Algebra Universalis 42 (1999), 183-193.

K. Kaarli and L. Mdrki, Endoprimal abelian groups, J. Austral. Math. Soc. (Series A)
67 (1999), 412-428.

K. Kaarli and L. Marki, Endoprimal abelian groups of torsion-free rank 1, Rend. Semin.
Mat. Univ. Padova, to appear.

K. Kaarli and K. Metsalu, On endoprimality of torsion-free abelian groups of rank 3,
Acta Math. Hungar. 104 (2004), 271-289.

K. Kaarli and A. F. Pixley, Polynomial Completeness in Algebraic Systems, Chapman
& Hall/CRC, Boca Raton, 2001.

K. Kaarli and H. A. Priestley, Endoprimality without duality, Algebra Universalis 51
(2004), 361-372.

L. A. Kaluznin and R. Poschel, Funktionen- und Relationenalgebren. Ein Kapitel der
diskreten Mathematik, Lehrbiicher und Monographien aus dem Gebiete der exakten Wis-
senschaften, VEB Deutscher Verlag der Wissenschaften, Berlin, 1979.

L. Mérki and R. Péschel, Endoprimal distributive lattices, Algebra Universalis 30 (1993),
272-274.

J. G. Pitkethly, Endoprimal implication algebras, Algebra Universalis 41 (1999), 201-
211.

A. A. L. Sangalli, The degree of invariancy of a bicentrally closed clone, in: Lattices,
Semigroups, and Universal Algebra (Proc. Conf. Lisbon, 1988), Plenum Press, New York,
1990, 279-283.



1

The constraint satisfaction problem (CSP) is a powerful general framework in which a va-
riety of combinatorial problems can be expressed [20, 59, 61, 79]. The aim in a constraint
satisfaction problem is to find an assignment of values to the variables, subject to specified
In artificial intelligence, this framework is widely acknowledged as a conve-
nient and efficient way of modelling and solving a number of real-world problems such as
planning [48] and scheduling [75], frequency assignment problems [27], image processing [63],
programming language analysis [65] and natural language understanding [2]. In database the-
ory, it has been shown that the key problem of conjunctive-query evaluation can be viewed as
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a constraint satisfaction problem [35, 54]. Furthermore, some central problems in combina-
torial optimization can be represented as constraint problems [20, 30, 42, 50]. Finally, CSPs
have attracted much attention in complexity theory because various versions of CSPs lie at
the heart of many standard complexity classes, and because, despite their great expressive-
ness, they tend to avoid “intermediate” complexity; that is, they tend to be either tractable
or complete for standard complexity classes [7, 8, 9, 11, 13, 20, 30, 51, 46, 73]. On a more
practical side, constraint programming is a rapidly developing area with its own international
journal and an annual international conference, and with new programming languages being
specifically designed (see, e.g., [61]).

The standard toy example of a problem modelled as a constraint satisfaction problem is
the “8-queens” problem: place eight queens on a chess board so that no queen can capture
any other one [79]. One can think of the horizontals of the board as variables, and the
verticals as the possible values, so that assigning a value to a variable means placing a queen
on the corresponding square of the board. The fact that no queen must be able to capture
any other queen can be represented as a collection of binary constraints Cj;, one for each pair
of variables 4, j, where the constraint Cj; allows only those pairs (k, 1) such that a queen at
position (i, k) cannot capture a queen at position (j,1). It is easy to see that every solution
of this constraint satisfaction problem corresponds to a “legal” placing of the 8 queens.

We now give a formal definition of the general CSP.

1.1 Definition An instance of a constraint satisfaction problem is a triple (V, D,C) where
e V/ is a finite set of variables,
e D is a set of values (sometimes called a domain), and

e C is a set of constraints {C',...,Cqy}, in which each constraint C; is a pair (s;, 0;) with
s; a list of variables of length m;, called the constraint scope, and g; an m;-ary relation
over the set D called the constraint relation.

The question is whether there exists a solution to (V, D,C), that is, a function from V to
D such that, for each constraint in C, the image of the constraint scope is a member of the
constraint relation.

Now we give some examples of natural problems and their representations as CSPs.

1.2 Example The most obvious algebraic example of a CSP is the problem of solving a
system of equations: given a system of linear equations over a finite field F', does it have a
solution? Clearly, in this example each individual equation is a constraint, where the variables
in the equation form the scope, and the set of all tuples corresponding to solutions of this
equation is the constraint relation.

1.3 Example An instance of the standard propositional 3-SATISFIABILITY problem [32, 66]
is specified by giving a formula in propositional logic consisting of a conjunction of clauses,
each containing three literals (that is, variables or negated variables), and asking whether
there are values for the variables which make the formula true.

Suppose that ® = @1 A- - <A@y, is such a formula, where the ¢; are clauses. The satisfiability
question for ® can be expressed as the instance (V,{0,1},C) of CSP, where V is the set of
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all variables appearing in the formula, and C is the set of constraints {(s1, 01),..., (Sn, 0n)},
where each constraint (s, o) is constructed as follows: s is a list of the variables appearing
in ¢, and g consists of all tuples that make ¢ true. The solutions of this CSP instance
are exactly the assignments which make the formula ¢ true. Hence, any instance of 3-
SATISFIABILITY can be expressed as an instance of CSP.

Example 1.3 suggests that any instance of CSP can be represented in a logical form.
Indeed, using the standard correspondence between relations and predicates, one can rewrite
an instance of CSP as a first-order formula g1(s1) A - -+ A g4(sq) where the g; (1 <@ < q) are
predicates on D and p;(s;) means g; applied to the tuple s; of variables. The question then
would be whether this formula is satisfiable [74]. In this paper we will sometimes use this
alternative logical form for the CSP. This form is commonly used in database theory because
it corresponds so closely to conjunctive query evaluation [54], as the next example indicates.

1.4 Example A relational database is a finite collection of tables. A table consists of a
scheme and an instance, where

A scheme is a finite set of attributes, where each attribute has an associated set of possible
values, referred to as a domain.

An instance is a finite set of rows, where each row is a mapping that associates with each
attribute of the scheme a value in its domain.

A standard problem in the context of relational databases is the CONJUNCTIVE QUERY
EVALUATION problem [35, 54]. In this problem we are asked if a conjunctive query to a
relational database, that is, a query of the form g; A --- A g, where the gy, ..., g, are atomic
formulas, has a solution.

A conjunctive query over a relational database corresponds to an instance of CSP by a
simple translation of terms: ‘attributes’ have to be replaced with ‘variables’, ‘tables’ with
‘constraints’, ‘scheme’ with ‘scope’, ‘instance’ with ‘constraint relation’, and ‘rows’ with ‘tu-
ples’. Hence a conjunctive query is equivalent to a CSP instance whose variables are the
variables of the query. For each atomic formula g; in the query, there is a constraint C' such
that the scope of C' is the list of variables of g; and the constraint relation of C' is the set of
models of ;.

Another important reformulation of the CSP is the HOMOMORPHISM problem: the ques-
tion of deciding whether there exists a homomorphism between two relational structures
(see [30, 35, 54]). Let 7 = (Ry,..., Ri) be a signature, that is, a list of relation names with
a fixed arity assigned to each name. Let A = (4; Ry, ..., RkA) and B = (B; R, ... ,RE) be
relational structures of signature 7. A mapping h : A — B is called a homomorphism from
Ato Bif, for all 1 < i <k, (h(a1),...,h(an)) € R® whenever (ai,...,a,) € R, In this
case we write h : A — B. To see that the HOMOMORPHISM problem is the same as the CSP,
think of the elements in A as variables, the elements in B as values, tuples in the relations
of A as constraint scopes, and the relations of B as constraint relations. Then, clearly, the
solutions to this CSP instance are precisely the homomorphisms from A to B.

We now give some more examples of well-known combinatorial problems and their repre-
sentations as a CSP. For the sake of brevity, we use the homomorphism form of the CSP.
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1.5 Example For any positive integer k, an instance of the GRAPH k-COLORABILITY prob-
lem consists of a graph G. The question is whether the vertices of G' can be coloured with &
colours in such a way that adjacent vertices receive different colours.

It follows that every instance of GRAPH COLORABILITY can be expressed as a CSP in-
stance where A = G and B is the complete graph on k vertices, Kj.

1.6 Example An instance of the CLIQUE problem consists of an undirected graph G and an
integer k. The question is whether G has a clique of size k (that is, a subgraph isomorphic
to the complete graph Kj).

It follows that every instance of the CLIQUE problem can be expressed as a CSP instance
where A is K}, and B is the graph G.

1.7 Example An instance of the HAMILTONIAN CIRCUIT problem consists of a graph G =
(V;E). The question is whether there is a cyclic ordering of V' such that every pair of
successive nodes in V' is adjacent in G.

It follows that every instance of the HAMILTONIAN CIRCUIT problem can be expressed as
a CSP instance with A = (V;Cy, #y) and B = (V; E, #y ), where #y denotes the disequality
relation on V' and Cy is the graph of an arbitrary cyclic permutation on V.

1.8 Example An instance of the GRAPH ISOMORPHISM problem consists of two graphs,
G = (V;E) and G' = (V'; E'), with |V| = |V’|. The question is whether there is a bijection
between V' and V' such that adjacent vertices in G are mapped to adjacent vertices in G,
and non-adjacent vertices are mapped to non-adjacent vertices.

It follows that every instance of the GRAPH ISOMORPHISM problem can be expressed as
a CSP instance with A = (V; E,E) and B = (V'; E', E'), where E denotes the set of all pairs
in #y that are not in E.

Many other examples of well-known problems expressed as CSPs can be found further on
in this paper, and also in [42].

2 Related constraint problems

As with many other computational problems, it is not only the standard version of the CSP
(that is, deciding whether a CSP instance has a solution or not) which is of interest. There
are many related problems that have been studied, and in this section we give a brief overview
of some of these.

e Counting Problem
How many solutions does a given CSP instance have?

A standard natural problem associated with many computational decision problems
[20].

e Quantified Problem
Given a fully quantified instance of CSP, is it true?

Problems of this form have provided several fundamental examples of PSPA CE-compl-
ete problems [20, 22, 74]. Any instance of the ordinary CSP can be viewed as an instance
of this problem in which all the quantifiers are existential.
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e Minimal Solution
Given a CSP instance and some solution to it, is there a solution that is strictly less
(point-wise) than the given one?

This problem is connected with circumscription, a framework used in artificial intelli-
gence to formalize common-sense reasoning [53]. It was also studied as “minimal model
checking” in [52].

e Circumscriptive Inference
Given two CSP instances with the same set of variables, is every minimal solution to
the first one also a solution to the second one?

This is a popular problem in nonmonotonic reasoning, an area of artificial intelligence,
related to the previous version of the CSP. It was studied in [51, 52].

e Equivalence
Given two CSP instances, do they have the same sets of solutions?

In database theory, this corresponds to the question of whether or not two queries are
equivalent [6].

e Isomorphism
Given two CSP instances, can one permute the variables in them so that they become
equivalent in the above sense?

This is a more general form of the Equivalence problem which is of interest in some
contexts. The complexity of the Boolean case of this problem is classified in [7].

e Inverse Satisfiability
Given a set of n-tuples, is it the set of all solutions to a CSP instance of some certain
type?
This problem is related to efficient knowledge representation issues in artificial intelli-
gence [49].

e Listing Problem
Generate all solutions of a given CSP instance.

A standard natural problem associated with many computational decision problems
[20].

e Max CSP
Maximize the number of satisfied constraints in a CSP instance.

For over-constrained problems, where it is impossible to satisfy all of the constraints,
it may be appropriate to try to find a solution satisfying as many constraints as possi-
ble [31]. A number of standard optimization problems, e.g., maximum cut, can also be
expressed as Max CSP problems [20, 50].

e Maximum Solution
Mazimize the sum of values in a solution of a CSP instance.

Many optimization problems including maximum clique are of this form; in the Boolean
case this problem is known as MAX ONES [20, 50].
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¢ Maximum Hamming Distance
Find two solutions to a CSP instance that are distinct in a maximal number of variables.

The “world difference” in the blocks world problem from knowledge representation can
be modelled in this way [21].

e Lex Max CSP
Given a CSP instance where the variables are linearly ordered, find a solution that is
lezicographically mazimal.

This form of CSP is used when variables in instances have priorities according to some
preference list [73].

e Unique Solution
Does a given instance of CSP have a unique solution?

This problem is studied in [47]. A related problem concerning partially unique solutions
(that is, solutions that are unique on some subsets of variables) was studied in [46].

3 Parameterization of the CSP

The main object of our interest is the computational complexity of constraint problems of
various kinds. We refer the reader to [32, 66] for a general background in complexity theory
and the definitions of standard complexity classes. In general, the standard decision-problem
form of the CSP is NP-complete, as one can see from Example 1.3, so it is unlikely to be
computationally tractable. However, certain restrictions on the form of the problems can
ensure tractability, that is, solvability in polynomial time (see, e.g., [67]).

With any CSP instance one can associate two natural parameters, which represent, in-
formally, the following two features of the instance: which variables constrain which others,
and the way in which the values are constrained.

(1) The first feature (that is, which variables constrain which others) can be captured in
two ways: one of these is by giving a hypergraph defined on the set of variables used in
the instance, where each hyperedge consists of the set of variables appearing together
in some constraint scope. The other, finer, way is by specifying the left-hand-side
structure, A, in the homomorphism form of the CSP.

(2) The second feature (that is, the way in which the values are constrained), can be cap-
tured by specifying the set of constraint relations used in the instance, or alternatively
by specifying the right-hand-side structure, 53, in the homomorphism form of the CSP.

It follows from these observations that the general CSP can be restricted by fixing ei-
ther the set of allowed hypergraphs (or left-hand-side structures) or else the set of allowed
constraint relations (or right-hand-side structures).

The case when the set of hypergraphs is fixed has been studied in connection with
databases [35, 54]. Moreover, in [36], there is a complete classification of the complexity
of the CSP in the case when the set of possible left-hand-side structures is fixed, and there
are no restrictions on the right-hand-side structures.

In this paper we concentrate on the case when the set of constraint relations allowed in
instances is fized, but there is no restriction on the form of the associated hypergraphs (or
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left-hand-side structures). Let Rgl) denote the set of all n-ary relations (or predicates) on a
set D, and let Rp = ;2 Rgl).

3.1 Definition A constraint language over D is a subset I of Rp. The constraint satisfaction
problem over T, denoted CSP(T"), is the subclass of the CSP defined by the following property:
any constraint relation in any instance must belong to I'.

Of course, such a parameterization can also be considered for all of the related constraint
problems discussed in Section 2 above.

3.2 Definition A constraint language I is called globally tractable if CSP(T) is tractable,
and it is called tractable if, for every finite I'y C I', CSP(Ty) is tractable. It is called NP-
complete if, for some finite I'y C T', CSP(Ty) is NP-complete.

Of course, every finite tractable constraint language is also globally tractable, but for
infinite constraint languages this implication is not immediate (see [14, 17]), so it is technically
necessary to distinguish the notions of tractability and global tractability. In fact, all known
tractable constraint languages are globally tractable, and it seems plausible that the two
notions coincide, though at present this is an open problem. In this paper, we will consider
only the question of determining which constraint languages are tractable, and we will not
make any further use of the notion of global tractability.

When the set I' C Rp is finite, let Br denote the relational structure over the universe
D whose relations are precisely the relations of T' (listed in some order). Then the problem
CSP(T") corresponds exactly with the problem Hom(Br), defined as follows: given a structure
A similar to Br (i.e., of the same signature), is it true that A — Br? Note that the order in
which the relations from I' are listed in Br does not affect the complexity of this problem.

We now give some examples of well-known problems expressible as CSP(T") for suitable
sets I'.

3.3 Example An instance of LINEAR EQUATIONS consists of a system of linear equations
over a field.

Following Example 1.2, it is easy to see that this problem can be expressed as CSP(I")
where I" consists of all relations expressible by a linear equation. This problem is clearly
tractable because it can be solved by a straightforward polynomial-time algorithm, such as
Gaussian elimination.

Moreover, systems of equations can be considered not only over fields, but also over
other algebraic structures. For example, systems of polynomial equations over a (fixed) finite
group (that is, equations of the form ayzias - Zpant1 = b1y1be - - Ymbms1 where the a;’s
and the b;’s are constants and the x;’s and y;’s are variables) are studied in [33] where it
is proved that solving such systems is tractable if the underlying group is Abelian, and is
NP-complete otherwise. This result is generalised in [64] to solving systems of equations
over finite monoids: this problem is tractable if the underlying monoid is a union of groups
and commutative; otherwise it is NP-complete. A more general setting, when systems of
polynomial equations are considered over an arbitrary finite (universal) algebra, is studied
in [57], which gives a generalization of the results on groups and monoids mentioned above.
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3.4 Example The NOT-ALL-EQUAL SATISFIABILITY problem [32, 74] is a restricted version
of the standard 3-SATISFIABILITY problem (Example 1.3) which remains NP-complete. In
this problem the clauses are ternary, and each clause is satisfied by any assignment in which
the variables of the clause do not all receive the same truth value.
This problem corresponds to the problem CSP({N}) where N is the following ternary
relation on {0,1}:
N ={0,1}*\ {(0,0,0), (1,1,1)}.

3.5 Example Let H = (V, E) be a finite graph. An instance of the GRAPH H-COLORING
problem consists of a finite graph G. The question is whether G can be homomorphically
mapped to H.

This problem precisely corresponds to the problem CSP({E}). If we consider only undi-
rected graphs H, then the complexity of GRAPH H-COLORING has been completely charac-
terised [39]: it is tractable if H is bipartite or contains a loop; otherwise it is NP-complete.
However, if we allow H and G to be directed graphs, then the complexity of GRAPH H-
COLORING has not yet been fully characterised. Moreover, it was shown in [30] that every
problem CSP(T") with finite I" is polynomial-time equivalent to GRAPH H-COLORING for some
suitable directed graph H.

Following a seminal work by Schaefer in 1978 [74], many researchers have studied the
following problem:

3.6 Problem Determine the complexity of a given constraint problem for all possible values
of the parameter I'.

Most progress has been made in the Boolean case (that is, when the set of values D is
{0,1}), such problems are sometimes called “generalized satisfiability problems” [32]. Schae-
fer obtained a complete classification for the standard decision-problem form of the CSP over
{0,1} [74], which is described in Section 4.3, below. Over the last decade, classifications
for many related Boolean constraint problems, including all of the problems mentioned in
Section 2, have been completed (see references in Section 2). Some of these classifications are
also described in Section 4.3.

Classifying the complexity in the non-Boolean case has proved to be a very difficult task.
Three main approaches to this problem have been considered; two of them are based on the
homomorphism form of the CSP.

(1) The homomorphism problem for graphs has been extensively studied (see, e.g., [38]),
and thus one can try to develop some methods of graph theory to apply in the more
general context of constraint satisfaction.

(2) The problem Hom(B) can be seen as the membership problem for the class of all
relational structures A such that A4 — B, and hence methods of finite model theory
can applied to study the definability of this class in various logics (from which one can
then derive information about the complexity of the problem [29]).

Elements of these two approaches are present in [23, 25, 30, 54].
In the remainder of this paper, we will discuss the third, algebraic, approach to the
complexity classification problem. This approach has proved to be the most fruitful so far; it
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has made it possible to obtain very strong complexity classification results for a wide variety
of cases.

4 The finite-valued CSP

In this section we consider the case when the set of possible values for the variables in a
constraint satisfaction problem is finite.
4.1 Expressive power of constraint languages

In any CSP instance some of the required relationships between variables are given explicitly
in the constraints, whilst others generally arise implicitly from interactions among different
constraints. For any instance in CSP(T"), the explicit constraint relations must be elements
of T, but there may be implicit restrictions on some subsets of the variables for which the
corresponding relations are not elements of I', as the next example indicates.

4.1 Example Let I' be the set containing a single binary relation, y, over the set {0, 1,2},
where y is defined as follows:

x ={(0,0),(0,1),(1,0),(1,2),(2,1),(2,2)}.
One element of CSP(I') is the instance
P = ({U13v27v3vv4}7 {07 172}7 {017 027 037 047 05})7

where C; = ((U17U2)’X)7 Cy = ((U17U3)’X)v 03 = ((U27U3)7X): Cy = ((U27U4)7X)7 05 =
((vs,04),X)-

Figure 1: The CSP instance P defined in Example 4.1.

Note that there is no explicit constraint on the pair (v1,v4). However, by considering all
solutions to P, it can be shown that the possible pairs of values which can be taken by this
pair of variables are precisely the elements of the relation x' = x U {(1,1)}.

We now define exactly what it means to say that a constraint relation can be expressed
in a constraint language.
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4.2 Definition A relation g can be ezpressed in a constraint language I" over D if there exists
a problem instance (V, D, C) in CSP(T"), and a list, s, of variables, such that the solutions to
(V, D, C) restricted to s give precisely the tuples of p.

For any constraint language I', the set of all relations which can be expressed in I will be
called the expressive power of T'.

The expressive power of a constraint language I' can be characterised in a number of dif-
ferent ways [45]. For example, it is equal to the set of all relations that may be obtained from
the relations in I' using the relational join and project operations from relational database
theory [37]. Alternatively, it can be shown to be equal to the set of relations definable by
primitive positive formulas involving the relations of I' and equality, which is defined as
follows.

4.3 Definition For any set of relations I' over D, the set (I') consists of all relations that
can be expressed using

(1) relations from T', together with the binary equality relation on D (denoted =p),
(2) conjunction, and
(3) existential quantification.

4.4 Example Example 4.1 demonstrates that the relation x’ belongs to the expressive power
of the constraint language I' = {x}. It is easy to deduce from the construction given in
Example 4.1 that

X' (z,y) = Fu 3v (x(z,u) A x(z,0) Ax(u,v) Ax(u,y) Ax(v,9).

Hence, X' € ({x})-

4.2 Polymorphisms and complexity

In this section we shall explore how the notion of expressive power may be used to simplify
the analysis of the complexity of the constraint satisfaction problem.

We first note that any relation that can be expressed in a language I' can be added to I'
without changing the complexity of CSP(T").

4.5 Proposition For any constraint language I' and any relation o belonging to the expres-
sive power of T';, CSP(T" U {p}) is reducible in polynomial time to CSP(T).

This result can be established simply by noting that, given an arbitrary problem instance
in CSP(I'U{p}), we can obtain an equivalent instance in CSP(I") by replacing each constraint
C that has constraint relation ¢ with a collection of constraints that have constraint relations
chosen from I' and that together express the constraint C.

By iterating this procedure we can obtain the following corollary.

4.6 Corollary For any constraint language I, and any finite constraint language T, if Ty
is contained in the expressive power of T', then CSP(Tg) is reducible to CSP(T") in polynomial
time.
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Corollary 4.6 implies that for any finite constraint language I", the complexity of CSP(T")
is determined, up to polynomial-time reduction, by the expressive power of I', and hence by
(T"). This raises an obvious question: how can we obtain sufficient information about the set
(T') to determine the complexity of CSP(T")?

A very successful approach to this question has been developed in [16, 42, 44|, using
techniques from universal algebra [62, 70]. To describe this approach, we need to consider
finitary operations on D. We will use Og") to denote the set of all n-ary operations on the
set D (that is, the set of mappings f: D™ — D), and Op to denote the set | o, Og”).

An operation f € ng) will be called essentially unary if there exists some ¢ in the range
1 <¢ < n, and some operation g € Og) such that the following identity is satisfied

fx1, 20, .. xn) = g(x;).

An essentially unary operation for which ¢ is the identity operation is called a projection.
Any operation (of whatever arity) which is not essentially unary will be called essentially
non-unary.

Any operation on D can be extended in a standard way to an operation on tuples over

D, as follows. For any operation f € ng)’ and any collection of tuples dy,ds,...,d, € D™,
where @; = (ai1,...,a;m) (i =1...n), define f(dy,...,d,) by setting

f(dla"' aa’n) = (f(alla"'7an1)7-- . 7f(a1m7~~~ 7anm))~
4.7 Definition For any relation ¢ € R([;n), and any operation f € O(Dn)7 if f(@1,...,a,) €0
for all choices of @i,...,d, € o, then g is said to be invariant under f, and f is called a
polymorphism of g.

The set of all relations that are invariant under each operation from some set C C Op
will be denoted Inv(C'). The set of all operations that are polymorphisms of every relation
from some set I' C Rp will be denoted Pol(T'). The operators Inv and Pol form a Galois
correspondence between Rp and Op (see [70, Proposition 1.1.14]). A basic introduction to
this correspondence can be found in [68], and a comprehensive study in [70].

Sets of operations of the form Pol(I") are known as clones and sets of relations of the form
Inv(C) are known as relational clones [70]. Moreover, the following useful characterisation of
sets of the form Inv(Pol(T")) can be found in [70].

4.8 Theorem For every set I' C Rp, Inv(Pol(T')) = (T').

This result was combined with Corollary 4.6 to obtain the following result in [42].

4.9 Theorem For any constraint languages I', Ty C Rp, with Ty finite, if Pol(T') C Pol(Ty),
then CSP(T'g) is reducible to CSP(T") in polynomial time.

This result implies that, for any finite constraint language I' over a finite set, the com-
plexity of CSP(T") is determined, up to polynomial-time reduction, by the polymorphisms of
T.

We now apply this result to obtain a sufficient condition for NP-completeness of CSP(T).
A constraint language T is said to be strongly rigid if Pol(T") consists of projections only.
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Figure 2: The operators Inv and Pol.

4.10 Proposition If T is strongly rigid then CSP(T") is NP-complete.

This proposition follows from Theorem 4.9 by setting 'y = {N} (see Example 3.4),
assuming {0,1} C D, and using the fact that every relation on D is invariant under any
projection.

Proposition 4.10 was used in [58] to show that most non-trivial problems of the form
CSP(T'), with finite ', are NP-complete. More precisely, let R(n,k) denote a random k-
ary relation on the set {1,...,n}, for which the probability that (ai,...,ax) € R(n,k) is
equal to 1/2 independently for each k-tuple (aq,...,ax) where not all a;’s are equal; also, set
(a,...,a) € R(n,k) for all a (this is necessary to ensure that CSP(R(n, k)) is non-trivial). It
is shown in [58] that the probability that {R(n,k)} is strongly rigid tends to 1 as either n or
k tends to infinity.

4.3 Complexity of Boolean problems

In this section we describe some of the results that have been obtained concerning the com-
plexity of Boolean constraint problems, that is, problems over a two-valued domain.

The first result of this kind was a complete classification of the complexity of the ordinary
Boolean constraint satisfaction problem obtained by Schaefer in 1978 [74]. Recall that a
computational problem is called tractable if there is a polynomial-time algorithm deciding
every instance of the problem. The class of all tractable problems is denoted PTIME.

4.11 Theorem For any constraint language T' C Ryg 1y, CSP(T) is tractable when (at least)
one of the following conditions holds:

(1) Every g in T contains the tuple (0,0,...,0).

(2) Every g in T contains the tuple (1,1,...,1).
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(3) Every o in T is definable by a CNF formula in which each conjunct has at most one
negated variable.

(4) Every o in T is definable by a CNF formula in which each conjunct has at most one
unnegated variable.

(5) Ewvery o in T is definable by a CNF formula in which each conjunct has at most two
literals.

(6) Every o in T is definable by a system of linear equations over the two-element field.
In all other cases CSP(T") is NP-complete.

This result establishes a dichotomy for versions of this problem parameterized by the
choice of constraint language: they are all either tractable or NP-complete. Dichotomy the-
orems of this kind are of particular interest because, on the one hand, they determine the
precise complexity of particular constraint problems, and, on the other hand, they demon-
strate that no problems of intermediate complexity can occur in this context. Note that the
existence of constraint problems of intermediate complexity cannot be ruled out a priori due
to the result [56] that if PTIME # NP then the class NP contains (infinitely many pairwise
inequivalent) problems which are neither tractable nor NP-complete.

Using the algebraic approach described in the previous sections, together with the knowl-
edge of possible clones on a two-element set obtained in [71], Schaefer’s result can be refor-
mulated in the following much more concise form.

4.12 Theorem For any set of relations T' C Ry 1y, CSP(T') is tractable when Pol(T') contains
any essentially non-unary operation or a constant operation. Otherwise it is NP-complete.

4.13 Example Recall the relation N over {0,1} defined in Example 3.4. Using general
results from [71], it can be shown that Pol({IN}) contains essentially unary operations only,
and hence, by Theorem 4.12, CSP({N}) is NP-complete.

Schaefer’s result has inspired a series of analogous investigations for many related con-
straint problems, including those listed in Section 2. We will now list some complexity
classification results that have recently been obtained for these problems in the Boolean case.
Surprisingly, for a wide variety of such related problems it turns out that the polymorphisms
of the constraint language are highly relevant to the study of the computational complexity.

4.14 Theorem Let I' C Ryy 1y be a Boolean constraint language. The following facts are
known to hold for constraint problems parameterized by T':

e The Counting Problem is tractable if Pol(T') contains the unique affine operation on
{0,1},  — y + z. Otherwise it is #P-complete [20].

e The Quantified Problem is tractable if Pol(I') contains an essentially non-unary op-
eration. Otherwise it is PSPACE-complete [20, 22].

e The Equivalence problem is tractable if Pol(T') contains an essentially non-unary op-
eration or a constant operation. Otherwise it is coONP-complete [6].



194 A. Krokhin, A. Bulatov, and P. Jeavons

e The Inverse Satisfiability problem is tractable if Pol(T') contains an essentially non-
unary operation. Otherwise it is coNP-complete [49].

e The Mazimum Hamming Distance problem is tractable if Pol(T') contains either a
constant operation, or the affine operation and the negation operation on {0,1} [21].

A full description of these results requires the careful definition of the relevant complexity
classes and reductions, which is beyond the scope of this paper, so we refer the reader to the
cited papers for details.

4.15 Example Recall the relation N over {0,1} defined in Example 3.4. Using general
results from [71], it can be shown that Pol({IN}) contains essentially unary operations only.
Hence, by Theorem 4.14, we can immediately conclude that:

e Counting the number of solutions to an instance of CSP({N}) is #P-complete;

e Deciding whether a quantified Boolean formula, whose quantifier-free part involves only
conjunctions of the predicate N, is true is PSPACE-complete.

e Deciding whether two instances of CSP({/N}) have the same solutions is coNP-compl-
ete;

e Deciding whether a given set of n-tuples is the set of solutions to some instance of
CSP({N}) is coNP-complete.

4.4 From the CSP to algebras and varieties

Most of the results presented in this section were first obtained in [14, 17, 16].

With any constraint language I' C Rp one can associate an algebra Ar = (D;Pol(T)). In
this section we show that the complexity of the problem CSP(T") is completely determined by
certain properties of Ap. (We refer the reader to [62] for a general background in universal
algebra.)

Recall that algebras are said to be term equivalent if they have the same set of term oper-
ations. Since, the term operations of Ar are precisely the operations in Pol(I"), Theorem 4.9
implies that term equivalent algebras give rise to problem classes of the same complexity.

4.16 Proposition Let I'1,I'ys C Rp, where D is finite. If A, and Ar, are term equivalent
then 'y and 'y are tractable or NP-complete simultaneously.

This allows us to introduce the notion of a tractable algebra.

4.17 Definition An algebra A = (D;F) is said to be tractable if the constraint language
Inv(F) is tractable. It is said to be NP-complete if Inv(F') is NP-complete.

Thus, the complexity classification problem for constraint languages reduces to the com-
plexity classification problem for finite algebras. Furthermore, the next results show that it
is possible to significantly restrict the class of algebras which need to be classified.

Let A = (D; F) be an algebra, and U C D. Let Aly denote the algebra Aly = (U, F),
where F” consists of all operations of the form f|y (the restriction of f to U), for each term
operation f of A such that f € Pol(U).
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4.18 Proposition Let A be a finite algebra, f a unary term operation such that f(f(x)) =
f(z) and U = f(D). Then A is tractable if and only if A|y is tractable.

Hence, by choosing a unary term operation with a minimal range, we may restrict our-
selves to considering only surjective algebras, that is, algebras all of whose term operations
are surjective.

Recall that an operation f is called idempotent if it satisfies the identity f(z,...,x) =z,
and the full idempotent reduct of an algebra A = (D; F) is the algebra Id(A) = (D, F”) where
F’ consists of all idempotent term operations of A.

4.19 Proposition A surjective finite algebra A is tractable if and only if its full idempotent
reduct is tractable.

It follows that to classify the complexity of arbitrary finite algebras it is sufficient to
consider only idempotent algebras, that is, algebras whose operations are all idempotent.

Next, we show that the standard algebraic constructions preserve the tractability of an
algebra.

4.20 Theorem Let A be a finite algebra. If A is tractable, then all of its subalgebras, ho-
momorphic images and finite direct powers are also tractable. Conversely, if A has an NP-
complete subalgebra, homomorphic image, or finite direct power, then it is NP-complete itself.

For an algebra A, we denote the pseudo-variety and the variety generated by A by pvar(A)
and var(A), respectively.

4.21 Corollary A finite algebra A is tractable if and only if every algebra from pvar(A) is
tractable.

As is well known, if 2 is a finite class of finite algebras, then the pseudo-variety generated
by 2l equals the class of finite algebras from the variety generated by 2.

4.22 Corollary A finite algebra A is tractable if and only if every finite algebra from var(A)
is tractable.

4.23 Corollary If A is a finite algebra, and var(A) contains a finite NP-complete algebra,
then A is NP-complete.

Thus, the tractability of an algebra is a property which can be determined by identities.
We call an algebra a set if it contains more than one element and all of its operations are
projections. By combining Proposition 4.10 with Corollary 4.23, we get the following result.

4.24 Corollary If the pseudovariety generated by a finite idempotent algebra A contains a
set then A is NP-complete.

A homomorphic image of a subalgebra of an algebra A is called a factor of A.

4.25 Proposition If A is an idempotent algebra and pvar(A) contains a set then some factor
of A is a set.
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Remarkably, the presence of a set as a factor is the only known reason for an idempotent
algebra to be NP-complete. This prompts us to suggest the following conjecture.

4.26 Conjecture A finite idempotent algebra A is tractable if and only if
none of the factors of A is a set; (No-SET)

otherwise it is NP-complete.

It was shown in [17] that if one strengthens Conjecture 4.26 by removing the condition
of idempotency, or replacing “factor” by either “subalgebra” or “homomorphic image”, then
the resulting conjecture is false.

It was proved in [78] that a variety V generated by a finite idempotent algebra contains
no set if and only if there is an n-ary term f (called a Taylor term) in V such that V satisfies
n identities of the form

f(wil-,“wxin):f(yil7“'7yin)7 izl:"'7n7

where x5, v;; € {x,y} and x4 # yy for all i,j. Therefore, Corollary 4.24 can be restated as
follows.

4.27 Corollary If a finite idempotent algebra has no Taylor term, then it is NP-complete.

This corollary was used in [57] to study systems of polynomial equations over finite algebras,
where it was proved, in particular, that solving systems of equations over a non-trivial algebra
from a congruence-distributive variety is NP-complete, and, furthermore, solving systems of
equations over a Mal’tsev algebra is tractable if this algebra is polynomially equivalent to a
module, otherwise it is NP-complete.

Using the result from [78] mentioned above, Conjecture 4.26 can be restated in terms of
identities.

4.28 Conjecture A finite idempotent algebra A is tractable if it has a Taylor term; otherwise
it is NP-complete.

Finally, the condition (NO-SET) from Conjecture 4.26 can be expressed in terms of tame
congruence theory [40]: a finite idempotent algebra satisfies this condition if and only if the
variety it generates “omits type 17 [14].

4.5 Tractable algebras, classification results and tractability tests
4.5.1 Tractable algebras

During the last decade several particular identities (particular forms of the Taylor term) have
been identified that guarantee the tractability of algebras satisfying one of these identities
(that is, having a Taylor term of one of these special forms) [12, 10, 26, 42, 43, 44].

Recall that a binary operation - is called a 2-semilattice operation if it satisfies the iden-
tities -z =2z, x-y=y-zand (z-x) -y =2 (x-y). Note that a semilattice operation is
a particular case of a 2-semilattice operation. A ternary operation f satisfying the identities
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flz,y,y) = f(y,y,x) = x is called a Mal’tsev operation, and an n-ary operation g is called a
near-unanimity operation if it satisfies the identities

f(y7$7"‘7x):f(w7y7w7"'7$):.“:f(w7"'7$7y):x'

An n-ary operation is called totally symmetric if, for all xy,...,z, and y1,...,y, such that
{z1,...,xn} ={y1,--.,yn}, it satisfies the identities

f(fEl,... 7I71,) = f(y17~" 7yn)~

(Note that, in [26], a family (fy,)n>2 of totally symmetric operations, where f, is n-ary, was
called a set function).

4.29 Theorem [12, 10, 43, 26] A finite algebra is tractable if it has (at least) one the
following:

e a 2-semilattice term operation;

e a Mal’tsev term operation;

® a near-unanimity term operation;

e n-ary totally symmetric term operations for all n > 2.

Another class of algebras which has been shown to be tractable [24] is the class of para-
primal algebras, which are defined as follows. Let p an n-ary relation on D, and [ =
{i1,...,yig} C {1,...,n} with 44 < --- < ix. By the projection of o onto I we mean the
relation o|r = {(@i,,...,as,) | (a1,...,a,) € o}. The set I is said to be p-reduced if it is
minimal with the property that the natural mapping o — g|; is one-to-one. A finite algebra
A is called para-primal if, for every n € N, every subuniverse ¢ of A", and every p-reduced
set I, we have o|; = [];c;olq:). However, it is known that every para-primal algebra has
a Mal’tsev term operation (see [76, Theorem 4.7]), and, hence, tractability of para-primal
algebras follows from Theorem 4.29.

4.5.2 Classification results

Algebras of several special types have been completely classified with respect to the complex-
ity of the corresponding constraint satisfaction problems.

Strictly simple algebras A finite algebra is said to be strictly simple if it is simple and
has no subalgebras with more than one element. Strictly simple algebras are completely
described in [77].

4.30 Proposition [17, 16] A finite idempotent strictly simple algebra is tractable if it is not
a set; otherwise it is NP-complete.

Homogeneous algebras An algebra is called homogeneous if every permutation on its
base set is an automorphism of the algebra. Finite homogeneous algebras are completely
described in [60].

4.31 Proposition [24] A finite homogeneous algebra is tractable if it satisfies the condition
(NO-SET); otherwise it is NP -complete.
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Finite semigroups A semigroup is called a left- [right-]zero semigroup if x-y = x [z-y = y|
for all x,y. It is called a block-group if none of its subsemigroups is a left- or right-zero
semigroup. As is easily seen, block-groups are exactly those semigroups that have no factor
which is a set.

4.32 Proposition [15] A finite semigroup is tractable if it is a block-group; otherwise it is
NP-complete.

Small algebras Conjecture 4.26 has been proved for 2- and 3-element algebras.

4.33 Theorem [74, 9]

(1) An idempotent two-element algebra is tractable if it is not a set; otherwise it is NP-
complete.

(2) An idempotent three-element algebra is tractable if it satisfies the condition (NO-SET);
otherwise it is NP-complete.

Conservative algebras An algebra is said to be conservative if every subset of its universe
is a subalgebra, or, equivalently, if f(z1,...,2,) € {z1,...,2,} for every term operation f
and all zq1,...,x,.

4.34 Theorem [11] A conservative algebra A is tractable if every 2-element subalgebra B
has a term operation of one of the following types: a semilattice operation, a ternary near-
unanimity operation (that is, a majority operation), or a Mal’tsev operation; otherwise A is
NP-complete.

It is not hard to check that the conditions stated in Theorem 4.34 are equivalent to (NO-SET).

4.5.3 Testing tractability

We now consider the problem of deciding whether a given constraint language or idempotent
algebra is tractable. Following [20], we call such a problem a meta-problem. A priori, there
is no upper complexity bound for this problem; it may even be undecidable. However, if
Conjecture 4.26 is true, then, given the basic operations of an idempotent algebra, one can
straightforwardly check whether any factor of the algebra is a set. If we are given a finite
constraint language I' on a finite set A, then the presence of a factor which is a set can be
detected by examining all polymorphisms of T" of arity at most |A|. Thus, the meta-problem
is decidable, assuming Conjecture 4.26 holds. In this section we study its complexity.

For a constraint language T, let f € Pol(T') be a unary operation with minimal range U,
and let f(I') = {f(o) | 0 € T} where f(p) = {f(@) | @ € p}. Denote by I' the constraint
language f(I')U{{a} | a € U}. It follows from Propositions 4.18 and 4.19 that I is tractable
if and only if T is tractable. Moreover, the algebra Ap = (U, Pol(T") is idempotent.

We consider three combinatorial decision problems related to the condition (NO-SET).

CSP-Tractability-of-algebra

Instance: A finite set A and operation tables of idempotent operations fi,..., f, on A.
Question: Does the algebra A = (A4;{f1,..., fn}) satisfy (NO-SET)?
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CSP-Tractability

Instance: A finite set A and a finite constraint language I" on A.
Question: Does the algebra A = (U, Pol(T")) satisfy (NO-SET)?

CSP-Tractability (k)

Instance: A finite set A, |A| < k, and a finite constraint language I on A.
Question: Does the algebra A = (U, Pol(T")) satisfy (NO-SET)?

4.35 Theorem [14]
(1) The problem CSP-TRACTABILITY-OF-ALGEBRA is tractable.
(2) The problem CSP-TRACTABILITY (k) is tractable.
(3) The problem CSP-TRACTABILITY is NP-complete.

The algorithm solving CSP-TRACTABILITY-OF-ALGEBRA is, in fact, an adapted version of
the algorithm presented in [3] for finding the type set of a finite algebra. Since this algorithm
uses operations of arity bounded by the size of the algebra, it can be further transformed
to an algorithm for solving CSP-TRACTABILITY(k). Finally, it is possible to show that
CSP-TRACTABILITY is in NP and to reduce the NP-complete problem NOT-ALL-EQUAL-
SATISFIABILITY (see Example 3.4) to CSP-TRACTABILITY in polynomial time.

4.6 The counting CSP

In this section we discuss Problem 3.6 for the counting constraint satisfaction problem
(#CSP), which is the problem of counting solutions to an instance of CSP. Using the logical
and the homomorphism forms of the CSP (see Section 1) this problem can also be formulated
as the problem of counting satisfying assignments to a conjunctive formula, that is, a formula
of the form g; A --- A g, where each p; is an atomic formula, in a given interpretation, or
alternatively as the problem of finding the number of homomorphisms between two finite
relational structures. For any constraint language I', giving rise to the decision constraint
satisfaction problem CSP(T'), we also define the corresponding class #CSP(T") of counting
problems.
The results of this section were first obtained in [13].

4.36 Example An instance of the #3-SAT problem [19, 20, 80, 81] is specified by giving
an instance of the 3-SATISFIABILITY problem (see Example 1.3) and asking how many assign-
ments satisfy it. Therefore, #3-SAT is equivalent to #CSP(T") where I is the set of ternary
Boolean relations which are expressible by clauses.

4.37 Example In the problem ANTICHAIN [72], we are given a finite poset (P; <), and we
aim to compute the number of antichains in P. This problem can be expressed in the #CSP-
form as follows. Let o< be the predicate of the natural order on {0,1}. We assign a variable
xq to each element a € P. Then the #CSP({o<}) instance ® = A, 0<(%q,xp) can be
shown to be equivalent to the original ANTICHAIN instance. B
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To show this, notice that every model ¢ to ® satisfies the following condition: if ¢(z,) =1
and a < b then ¢(z) = 1. This means that the set F, = {a € P | ¢(x,) = 1} is a filter of
P. Hence the models of ® correspond one-to-one to the filters of P, and consequently, to the
antichains of P.

On the other hand, any #CSP({o<}) instance is reducible to an ANTICHAIN instance,
though not so straightforwardly (see [13]). Thus ANTICHAIN is equivalent to #CSP({o<}).

The general #CSP is known to be #P-complete, as follows from Theorem 4.14, or the
results of [81] and the examples above. We call a constraint language I' #-tractable if, for
every finite Ty C T', the problem #CSP(I'y) is polynomial time solvable. The language T is
said to be #P-complete if #CSP(T'y) is #P-complete for a certain finite Ty C T.

The expressive power and the polymorphisms of a constraint language again play crucial
roles in determining the complexity of #CSP(T).

4.38 Proposition For any constraint languages, I', Ty, on a finite set D, with 'y finite, if
Ty C(T'), then #CSP(Ty) is reducible to #CSP(T') in polynomial time.

4.39 Proposition For any constraint languages I',Tg, on a finite set D, with Ty finite, if
Pol(T") C Pol(T'y), then #CSP(Ly) 4s reducible to #CSP(T) in polynomial time.

Proposition 4.39 implies that, as with the decision CSP, the algebra Ar fully determines
the counting complexity of a constraint language I". We will say that a finite algebra A =
(D; F) is #-tractable [#P-complete] if so is the constraint language Inv(F).

The next result shows that, once again, standard constructions preserve tractability.

4.40 Theorem Let A be a finite algebra. If A is #-tractable, then all of its subalgebras,
homomorphic images and finite direct powers are also #-tractable. Conversely, if A has a
#P-complete subalgebra, homomorphic image, or finite direct power, then A is #P-complete
itself.

4.41 Theorem A finite algebra is #-tractable (#P-complete) if and only if its full idempo-
tent reduct is #-tractable (#P-complete).

The benchmark hard counting problems arise from binary reflexive non-symmetric rela-
tions.
4.42 Proposition If ¢ is a binary reflexive non-symmetric relation on a finite set, then

#CSP({0}) is #P-complete.

Theorem 4.40, Proposition 4.42, and the results from [40], provide a link between the
complexity of #CSP and Mal’tsev operations, which we will now investigate. The next
statement follows from [40, Theorem 9.13].

4.43 Theorem For a finite algebra A the following conditions are equivalent:
(1) A does not have a Mal’tsev term operation.

(2) There is a finite algebra B = (B;F) € var(A), such that Inv(F) contains a binary
reflexive non-symmetric relation.



The complexity of constraint satisfaction 201

By Proposition 4.42, the algebra B from Theorem 4.43 (2) is #P-complete. Furthermore,
Theorem 4.40 implies that A is also #P-complete.

4.44 Corollary FEvery finite algebra having no Mal’tsev term operation is #P-complete.

By making use of Corollary 4.44 we can obtain a very easy proof of the dichotomy theorem
for the Boolean #CSP ([19], see Theorem 4.14). First, it follows from the results of [71], that
any Boolean relation which is invariant under some Mal’tsev operation on {0,1} is also
invariant under the unique affine operation on {0,1}, x —y+ 2. Hence, by Corollary 4.44, any
Boolean constraint language is either #P-complete, or else a subset of Inv({x —y + z}). Any
relation belonging to Inv({x —y + z}) is the solution space of a system of linear equations
over the 2-element field, so it is possible to find a basis for this set in polynomial time.
Furthermore, the number of solutions in this set equals 2", where n is the number of vectors
in the basis.

4.45 Example The #H-COLORING problem is the counting version of the GRAPH H-
COLORING problem (see Example 3.5). In this problem, the goal is to find the number
of homomorphisms from a given graph G to the fixed graph H.

If the # H-COLORING problem is restricted to undirected graphs then, as proved in [28],
the problem is tractable if every connected component of H is either an isolated vertex, or a
complete graph with all loops, or a complete unlooped bipartite graph; otherwise the problem
is #P-complete. The tractability part of this result is easy, and the hardness part can be
easily derived from Corollary 4.44, since symmetric relations (or graphs) invariant under a
Mal’tsev operation must be of the form specified above.

We will now describe a sufficient condition for Mal’tsev algebras to be #-tractable. An
algebra is said to be uniform if, for any subalgebra B, the blocks of every congruence of B
are of the same size. Clearly, all two-element algebras, groups and quasi-groups are uniform.

4.46 Theorem Fuvery uniform Mal’tsev algebra is #-tractable.

4.7 The Quantified CSP

The standard constraint satisfaction problem over an arbitrary finite domain can be expressed
as follows: given a first-order sentence of the form 3y ...3x;(01 A ... 0q), Where each g; is
an atomic formula, and x1,...,x; are the variables appearing in the g;, determine whether
the sentence is true (see Section 1). In this subsection we consider a more general framework
which allows arbitrary quantifiers over constrained variables, rather than just existential
quantifiers. This form of the CSP is called the quantified CSP, or QCSP for short. The
Boolean QCSP (also known as QSAT or QBF), and some of its restrictions (such as Q3SAT),
have always been standard examples of PSPACE-complete problems [32, 66, 74].
All the results presented in this section were first obtained in [8, 18].

4.47 Definition For a constraint language I' C Rp, an instance of QCSP(I') is a first-
order sentence Qixy ...y (01 A -+ A gq), where each p; is an atomic formula involving a
predicate from I, z1, ..., x; are the variables appearing in the g;, and Qj, ..., Q; are arbitrary
quantifiers. The question is whether the sentence is true.
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Clearly, an instance of CSP(I") corresponds to an instance of QCSP(I") in which all the
quantifiers happen to be existential.

We note that in the Boolean case, the complexity of QCSP(T") has been completely classi-
fied (see Theorem 4.11). For problems over larger domains no complete classification has yet
been obtained, but there are a number of known results concerning the complexity of special
cases.

4.48 Example Consider the following COLORING CONSTRUCTION GAME played by two
players, Player 1 and Player 2: given an undirected graph G = (V| E), a linear ordering on V'
(i.e., a bijection f:V — {1,...,|V|}), an ownership function w : V — {1, 2} (that is, each
vertex v is “owned” by Player w(v)), and a finite set of colours D with |[D| > 3. In the i’th
move, the player who owns vertex f~!(s) (that is, Player w(f~'(i))) colours it in one of |D|
available colours. Player 1 wins if all vertices are coloured at the end of the game.

Deciding whether Player 1 has a winning strategy in an instance of this game can be trans-
lated into an instance of the quantified version of the GRAPH |D|-COLORABILITY problem,
QCSP({#p}). To make this translation we view elements from V as variables, elements of E
as constraint scopes, the relation #p as the only available constraint relation, the variables
from w~'(1) as existentially quantified, the variables from w™'(2) as universally quantified,
and the order of quantification as specified by the function f.

The problem QCSP({#p}) was shown to be PSPACE-complete [8].

It can be shown that, for quantified constraint satisfaction problems, surjective polymor-
phisms play a similar role to that played by arbitrary polymorphisms for ordinary CSPs (cf.
Theorem 4.9). Let s-Pol(T") denote the set of all surjective operations from Pol(T").

4.49 Theorem For any constraint languages T''\ Ty C Rp, with Ty finite, if s-Pol(T") C
s-Pol(Ty), then QCSP(T) is reducible to QCSP(T') in polynomial time.
This theorem follows immediately from the next two propositions.

4.50 Definition For any set I' C Rp, the set [I'] consists of all predicates that can be
expressed using:

(1) predicates from I, together with the binary equality predicate =p on D,

(2)
(3) existential quantification,

)

(4

conjunction,

universal quantification.

4.51 Proposition For any constraint languages T, Ty C Rp, with Ty finite, if [I'g] C [,
then QCSP(Ty) is reducible to QCSP(T) in polynomial time.

4.52 Proposition For any constraint language T' over a finite set, [I'] = Inv(s-Pol(T")).

Note that Proposition 4.52 intuitively means that the expressive power of constraints in
the QCSP is determined by their surjective polymorphisms. Hence, in order to show that
some relation g belongs to ['], one does not have give an explicit construction, but instead
one can show that p is invariant under all surjective polymorphisms of I', which often turns
out to be significantly easier.
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We remark that the operators Inv() and s-Pol() used in Proposition 4.52 form a Galois
connection between Rp and the set of all surjective members of Op which has not previously
been investigated (see, e.g., survey [69]).

Using Theorem 4.49, together with Example 4.48, we can obtain a sufficient condition for
PSPACE-completeness of QCSP(T'), in terms of the surjective polymorphisms of T.

4.53 Theorem For any finite set D with |D| > 3, and any T’ C Rp, if every f € s-Pol(T")
is of the form f(x1,...,2,) = g(x;) for some 1 <i < n and some permutation g on D, then
QCSP(T") is PSPACE-complete.

The next example uses this result to show that even predicates that give rise to trivial
constraint satisfaction problems can give rise to intractable quantified constraint satisfaction
problems. This can happen because non-surjective polymorphisms, which may guarantee the
tractability of the CSP, do not affect the complexity of the QCSP.

4.54 Example Let 74 be the s-ary “not-all-distinct” predicate holding on a tuple (ay, ..., as)
if and only if |{a1,...,as}| < s. Note that 74 2 {(a,...,a) | a € D}, so every instance of
CSP({7s}) is trivially satisfiable by assigning the same value to all variables.

However, by [70, Lemma 2.2.4], the set Pol({7)p|}) consists of all non-surjective operations
on D, together with all operations of the form given in Theorem 4.53. Hence, {7)p|} satisfies
the conditions of Theorem 4.53, and QCSP({7|p,}) is PSPACE-complete. Similar arguments
can be used to show that QCSP({7,}) is PSPACE-complete, for any s in the range 3 < s <
|D|.

On the tractability side, we have the following result. We call a semilattice operation
bounded if the corresponding partial order is bounded (that is, it is a lattice order). Recall
that the dual discriminator operation is defined by the rule

d ) y ify=gz
T,1,2) =
i T otherwise.

Note that the dual discriminator is a special type of near-unanimity operation.

4.55 Theorem For any constraint language I' over a finite set:

(1) if Pol(T') contains a Mal’tsev operation, or a near-unanimity operation, or a bounded
semilattice operation, then QCSP(T) is tractable;

(2) if Pol(T') contains the dual discriminator operation, then QCSP(I") is in NL.

Recall that the graph of a permutation  is the binary relation {(z,y) | y = m(z)} (or the
binary predicate 7(z) = y), For the special case when I' contains the set A of all graphs of
permutations, there is a trichotomy result which says that such problems are either tractable,
or NP-complete, or PSPACE-complete. (We remark that the complexity of the standard
CSP(T") for such sets I was completely classified in [24].)

To state this trichotomy result we need to define two additional surjective operations:



204 A. Krokhin, A. Bulatov, and P. Jeavons

e The k-ary near projection operation,

r1 if x1,..., 2% are all different,
rp otherwise.

lk(l’l,.. . ,Ik) = {

e The ternary switching operation,

r ify=z,
s(z,y,2) =y ifx=z,

z otherwise.

4.56 Theorem Let A CT'C Rp, and |D| > 3.

e If s-Pol(T") contains the dual discriminator d, or the switching operation s, or (when
|D| € {3,4}) an affine operation, then QCSP(T") is in PTIME;

e otherwise, if s-Pol(T") contains l|p|, then QCSP(T') is NP-complete;

o otherwise QCSP(I") is PSPACE-complete.

5 The infinite-valued CSP

There are many computational problems which can be represented as constraint satisfaction
problems, but require an infinite set of values. In order to avoid representation problems for
infinite objects, we will consider CSPs with infinite sets of values in the following form: fix
an infinite relational structure B of finite signature; the input then is a finite structure A of
the same signature, and the question is whether there is a homomorphism from A to B.
Here are two well-known examples of problems with an infinite set of possible values.

5.1 Example An instance of the ACcycLiC DIGRAPH problem is a directed graph G, and
the question is whether G is acyclic, that is, contains no directed cycles. It is easy to see that
this problem is equivalent to Hom(B) where B = (N; <), since a directed graph is acyclic if
and only if its vertices can be numbered in such a way that every arc leads from a vertex
with smaller number to a vertex with a greater one. This problem is tractable.

5.2 Example An instance of the BETWEENNESS problem is a pair (A,7T) where A is a finite
set and T C A3; the question is whether there is a function f: A — {1,...,|A|} such that,
for every triple (a,b,c) € T, we have either f(a) < f(b) < f(c) or f(a) > f(b) > f(c). This
problem is equivalent to Hom(B) with B = (N, R) where

R={(z,y,2) eN® |z <y<zorz>y>z}
This problem is NP-complete [32].

It was shown in Proposition 3.7 of [4] that the former problem cannot be represented
as CSP(T') for any constraint language I" over a finite set D (in fact, the above mentioned
proposition is an even stronger claim); for the latter problem, the proof is similar.



The complexity of constraint satisfaction 205

5.1 Applicability of polymorphisms

For a family T' of relations over an infinite set, let (I') be defined exactly as in the finite
case (see Definition 4.3). In order to investigate the applicability of the algebraic approach,
described in previous sections, to the infinite-valued CSP, the first question to be asked is
whether the complexity is determined by the polymorphisms of the constraint relations; that
is, whether (I') = Inv(Pol(T")) when T is a finite constraint language over an infinite domain.
Tt is not hard to see that the inclusion (I') C Inv(Pol(T")) always holds. However, this inclusion
can be strict, as the next example shows.

5.3 Example Consider I' = {Ry, Ry, R3} on N, where R; = {(a,b,¢,d) | a = bor ¢ = d},
Ry ={(1)}, and R3 = {(a,a+1) | a € N}. It is not difficult to show that every polymorphism
of T is a projection, and hence Inv(Pol(T")) is the set of all relations on N. However, one can
check that, for example, the unary relation consisting of all even numbers does not belong to

().

However, for some countable structures B, the required equality does hold, as the next
result indicates.

A countable structure B (of finite signature) is called homogeneous if every isomorphism
between any pair of substructures is induced by an automorphism of 5. A countable structure
is called w-categorical if it is determined (up to isomorphism) by its first-order theory. It is
known that every countable homogeneous structure is w-categorical, and that a countable
structure is w-categorical if and only if its automorphism group, when acting on the set of
all n-tuples (for any n) of elements from the structure, has only finitely many orbits (see,

e.g., [41]).
5.4 Theorem [4, 5] If Br is a countable w-categorical structure then (I') = Inv(Pol(I")).

Many examples of countable homogeneous structures, as well as remarks on the complexity
of the corresponding constraint satisfaction problems, can be found in [4, 5].

5.2 The interval-valued CSP

One form of infinite-valued CSP which has been widely studied in artificial intelliegence is
the case where the values taken by the variables are intervals on the real line. This setting
is used to model temporal behaviour of systems, where the intervals represent time intervals
during which events occur. The most popular such formalism is Allen’s interval algebra (ATA
for short), introduced in [1], which concerns binary qualitative relations between intervals.
This algebra contains 13 basic relations (see Table 1), corresponding to the 13 distinct ways
in which two given intervals can be related. The complete set of relations in AIA consists of
the 213 = 8192 possible unions of the basic relations.

Let T' be a constraint language over the set of intervals on the real line, whose elements
are members of Allen’s interval algebra, and let Br be the corresponding relational structure.
It is not hard to see that every instance of CSP(I") can also be (more graphically) viewed
as a directed graph whose vertices represent the variables and whose arcs are each labelled
with a relation from I'. The question would then be whether one can assign intervals to the
vertices so that all constraints on the arcs are satisfied.
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| Basic relation Example | Endpoints ‘

I precedes J p III 1™ <J-
J preceded by I p~! JJJ
I meets J m IIII It =J-
J met by I m~1 JJJJ
I overlaps J o IIII I—<J <IT,
J overl. by I o1 J33J It <J*
I during J d III I—>J,
J includes T d=t | 3333333 | It <JT
I starts J s III I—=J,
J started by I  s7! JJ33333 | It < J*
I finishes J f 1 | It =JF,
J finished by I 7! JJ33333 | I~ > J~
I equals J = IIII I—=J,
J333 It =J"

Table 1: The 13 basic relations in Allen’s interval algebra.

Some well-known combinatorial problems can be represented as CSP(I") for a suitable
subset I' of ATA, as the next example indicates.

5.5 Example An undirected graph is called an interval graph if it possible to assign (open)
intervals to its nodes so that two intervals intersect if and and only if the corresponding
nodes are adjacent. An instance of the INTERVAL GRAPH SANDWICH problem [34] consists
of two (undirected) graphs G; = (V, E1) and Gy = (V, E3) such that Ey C E5. The question
is whether there is F such that £y C E C Ey and G = (V, E) is an interval graph. This
problem is known to be NP-complete [34].

This problem can be represented as CSP(T") where I' consists of two relations: “disjoint”
(given by pUp ' UmUm™1) and its complement, “intersect” (the union of the other nine
basic relations). Indeed, let V' be the set of variables; then, to any edge e € Ej assign the
constraint “intersect”, to any edge e ¢ Es assign the constraint “disjoint”, and leave all other
pairs of variables unrelated. Solutions of this CSP precisely correspond to interval graph
sandwiches.

Note that the case when G5 = G5 is known as INTERVAL GRAPH RECOGNITION problem,
which is tractable, but this problem is not of the form CSP(I') because we cannot leave
variables unrelated.

Choosing other pairs of complementary relations, one can obtain other graph sandwich
problems, such as the OVERLAP (or CIRCLE) GRAPH SANDWICH problem [34, 55]

The general CSP problem for ATA is NP-complete, as follows from the above example.
The problem of classifying subsets of ATA with respect to the complexity of the corresponding
CSP has attracted much attention in artificial intelligence (see, for example, [75]).

Allen’s interval algebra has three operations on relations: composition, intersection, and
inversion. Note that these three operations can each be represented by using conjunction and
existential quantification, so, for any subset " of ATA, the subalgebra IV of ATA generated by
T has the property that IV C (I'). It follows from Lemma 3.3 of [4] (which is Corollary 4.6
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Sp={r|rn(pmod 1) £ = (p)*! Cr}
Sq={r|rn(pmod=f1)E £ = (d-1)F Cr}
So={r|rn(pmod=f1)* £ = (o) Cr}
Ay = {r | 71 (pmod 1F-1)¥1 2.0 = ()51 C 1)

(
Ao = {r| 7N (pmod=1 1) £ ) = (s)F! Cr}
Az = {r| 7N (pmodf)t £ 0 = (s)*! Cr}
Ay = {r|rn(pmodf~1)* £ (= (s)*! C r}

Ep = {r | 7N (pmods)T! #£ O = (p)* C r}

Eq = {r | 7N (pmods)T! # @ = (d)* C r}

Eo = {r | rn(pmods)*t # (= (o) Cr}

Bi = {r|rn(pmods)T! # 0 = (F1)*' Cr}

By = {r | r N (pmods)*! # = (/)T C r}

By = {r|rn(pmod~ls ) £ § = (F)F Cr}
By={r|rn(pmod~1s)* £ = (f-1)* Cr}

£ — 1) 7N (pmod)*! # 0 = (s)*' C r, and
—{’“ 2) rn(ff1) #£0 = (=) Cr }
S o 1) rN (pmod™H)F! #£ @ = (- Cr and
e AT S }
Drnos)H #0 & rn(o ) #£0 = (d)F! Cr, and
H=Lr|2)rn(ds)* #0 & rnN(d 1) #£0 = (0)*! Cr, and
3) r0(pm)= #£ 0 & v Z (pm)* = (o) Cr

Ac={r|r#0= (=) Cr}

Table 2: The 18 maximal tractable subalgebras of Allen’s algebra.

for the infinite case) that CSP(T") and CSP(I”) are polynomial-time equivalent. Hence it is
sufficient to classify all subalgebras of AIA.

Using computations in subalgebras of AIA, manipulations with primitive positive formu-
las (called derivations in [55]) and a number of new NP-completeness results, a complete
classification of the complexity of all subsets of ATA was accomplished in [55], where the
following result was obtained.

5.6 Theorem Let I' be a subset of Allen’s interval algebra. If T is contained in one of the
eighteen subalgebras listed in Table 2, then CSP(T') is tractable; otherwise it is NP-complete.

In Table 2, for the sake of brevity, relations between intervals are written as collections
of basic relations. So, for instance, we write (pmod) instead of pUm U o Ud. We also use
the symbol 4, which should be interpreted as follows: a condition involving + means the
conjunction of two conditions, one corresponding to + and one corresponding to —. For
example, the condition (0)*! Cr <= (d)*' C r means that both (o) Cr <= (d) Cr and
(o7Y) Cr < (d7!) Cr hold.
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It follows from Theorem 5.6 that CSP({r}), where r is a single relation in AIA, is NP-
complete if and only if r either satisfies 7 Nr~! = (mm~!) or is a relation with rNr~! = ()
and such that neither r nor »~! is contained in one of (pmod~'sf~1), (pmod~='s~1f~1), (pmodsf)
and (pmodsf—1).

It was noted in [4, 5] that ATA (without its operations) is in fact a homogeneous rela-
tional structure. Since we may assume, without loss of generality, that all intervals under
consideration have rational endpoints, we obtain a countable homogeneous structure of fi-
nite signature. Therefore, by Theorem 5.4, the complexity classification problem for subsets
of ATA can be tackled using polymorphisms. Such an approach may provide a route to
simplifying the involved classification proof given in [55].
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Abstract

The paper gives the main results on the problems of expressibility and completeness
for the automata functional systems. These results were obtained over the past 30 years,
that is, since the appearance and during the years of formation of automata theory. The
description of the properties of the automata functional systems is done for model systems
in order of their increasing complexity. The first to be considered are automata without
memory, i.e., the functions of k-valued logic; then we consider automata with limited
memory, i.e., the above-mentioned functions with delays, and finally, finite automata,
i.e., automata functions.

1 Introduction

The notion of automaton is one of the most important notions in mathematics. It appeared
at the juncture of its different branches, as well as in engineering, biology and other fields
of science. From the content point of view an automaton is a system with input and output
channels. Its input channels receive sequential information which the automaton processes
with regard to the structure of the sequence and emits it through its output channels. These
systems permit the interconnection of channels. The mapping of input into output sequences
is called an automaton function, and the possibility of creating such new mappings by means
of combining automata leads to the algebra of automata functions.

The automata and their algebras were first investigated in the 1930’s, and most intensively
since the 1950’s.

The foundations of the science were laid out in the works of A. Turing, C. Shannon,
E. Moore, S. Kleene, and other authors of the famous collection of papers “Automata Stud-
ies” [22]. The subsequent investigations of automata algebra were carried out under the
great influence of the well-known article by Yablonskii on the theory of functions of k-valued
logic [29]. The set of such functions can be considered as a set of automata without mem-
ory with superposition operation on it. A number of problems were formulated for these
functions such as problems of expressibility, completeness, bases, problems of a closed class
lattice, and others. A well-developed technique of preserving predicates appeared as the key
to solving these problems. All this turned out to be very effective for automata algebras
which, in what follows, are referred to as functional systems. Expressibility is understood as
the possibility of obtaining functions of one set from the functions of another set with the
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help of prescribed operations, and completeness means the expressibility of all functions in
terms of the prescribed ones.

In the review the study of functional systems is carried out on a number of model objects,
beginning with automata without memory, i.e., the functions of k-valued logic; then come
automata with limited memory, i.e., such functions with delays, and finally we consider finite
automata, i.e., automata functions of the general form. Superpositions are used as operations,
and in the last case feedback is also used.

The fundamental results of Post concerning the structure of the lattice of closed classes
of Boolean functions are given for automata without memory. (It is not easy to become
acquainted with these results today as the books which contain them [24, 30] have become a
rarity.) Then the most essential results for the functions of k-valued logic are given. Their
basis is formed by the approach developed by A. V. Kuznetsov and S. V. Yablonskii. The
central idea of this approach is the concept of a precomplete class. For finitely-generated
systems of such functions the family of precomplete classes forms a criterial system; in other
words, an arbitrary set is complete exactly when it is not a subset of a precomplete class.
The set of these precomplete classes turned to be finite, and from their characterization
follows the algorithmic solvability of the completeness problem. Proceeding in this direction
and describing explicitly all precomplete classes S. V. Yablonskii solved the completeness
problem for functions of three-valued logic, and, together with A. V. Kuznetsov, found certain
families of precomplete classes for an arbitrary finite-valued logic. Then by the efforts of
many researchers new families of this kind were discovered in succession, and the conclusive
constructions were obtained by Rosenberg [26]. A summary of these constructions is also
given here.

For automata with limited memory, solutions of completeness and expressibility problems
are given as well as problems of weak versions of these assertions. By an automaton of this
kind is meant a pair (f,t), where f is a function of k-valued logic and ¢ is its calculation
time. Weak completeness means the possibility of getting any function with some kind of
delay from initial pairs with the help of superpositions. The case of functions of two-valued
logic is considered in full detail. Here precomplete classes are also used as solving tools. In
contrast to automata without memory, here the family of precomplete classes turned out
to be countable. At the same time the weak completeness problem remains algorithmically
decidable.

Another generalization of automata without memory is the class of linear automata with
superposition and feedback operations. Here the situation is similar to the case of automata
with limited memory. The description of the set of all precomplete classes is also possible;
this set is countable. From this description an algorithm deciding the completeness of finite
automata systems is deduced [9].

The transition to the general case of automata affords us an opportunity to discover the
continuum set of precomplete classes [17] and the algorithmic undecidability of the complete-
ness problem [15]. Therefore it is of current importance to find ways of both weakening the
completeness properties and, conversely, of enriching this notion.

The first direction is realized by considering problems of r-completeness and A-complete-
ness, which consist, respectively, in checking the possibility of generating all mappings on
words of length r and also such mappings for any fixed . The main results here are an
explicit description of all - and A-precomplete classes and the algorithmic undecidability of
the A-completeness problem [8].
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Another realization in this direction is considering automata with Baire metrics with
the given precision € [23]. The problem of e-completeness also turned out to be undecid-
able, though there exists a constructive automata kernel (consisting of strongly connected
automata) with e-completeness property.

There exists a dual view to the sequential view of automata—the acceptor view proposed
by Kleene. In this case automata are factored by the property of representing identical events.
The completeness property in this case is called Kleene-completeness. This problem is also
undecidable [13].

We can also consider Kleene algebra over regular events. In this case the completeness
problem is still undecidable, yet there exist interesting subalgebras for which completeness is
decidable [14].

The second direction is realized by stratifying all finite automata systems from the point
of view of completeness and of types. Each type is formed by all systems that contain a given
Post class of automata without memory. The main result here is an explicit indication of the
separability level of the algorithmically decidable cases of the automata systems on the Post
diagram. This level turns out to be correct for the A-completeness case, too [6].

Together with the achievements in solving the main problems connected with express-
ibility and completeness, the review also outlines those directions which are insufficiently or
poorly developed. Only model cases of automata functional systems are dealt with here. The
general constructions implemented by the author in [18] are not touched upon here.

2 The main notions and problems

Let N={1,2,...}, No= NU{0}, Ny = N\ {1}, and for h € N let Ny = {1,2,... h}. Let

us consider a set M and a mapping w : M™ — M, where M" is the n-th Cartesian power of

the set M and n € N. Let Py; be the set of all such mappings w for any n, and @ C Pyy.
We consider the universal algebra (u.a.) M = (M, Q) where M is called a carrier and Q

is a class of operations. We associate a sequence of sets M (i),i € N, with a subset M C M
in the following way.

Let M W — . Then, the set M (+1) consists of all elements m from M for which there

)

exist w from Q and mq,ma,...,m, from MY such that m = w(my, ma,...,my,). We denote

Io(M) = [ JM".
i=1

Tt is not difficult to see that Iq is a closure operator on the set B(M) formed by all subsets of
the set M. Thus, for I the conditions In(M) O M, Ig(In(M)) = Io(M) are always fulfilled,
and if M 2 M’, then Ig(M) D Ig(M'). The set Iq(M) is called the closure of the set M,
and M itself is a generating set for Io(M). The set M is called closed if M = Io(M).

Let X (M) be the set of all closed subsets in M. It is said that M is expressible in terms
of M" if M C Iq(M"). The set M is called complete if Io(M) = M. A complete set is called
a basis if none of its proper subsets is complete.

The main problems for M which will interest us are those of expressibility and complete-
ness as well as the problems on bases, on the lattice of closed classes, on their modification
and some other related questions.
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By the problem of expressibility is meant the indication of all pairs M, M’ such that M
is expressible in terms of M’; by the problem of completeness is meant the indication of all
complete subsets; the problem of bases is the description of all bases if they exist; the problem
of the lattice is the construction of the lattice of all closed classes and the determination of
its properties.

The knowledge of the lattice (M) gives the solution of the problems of expressibility and
completeness. Thus, expressibility of M in terms of M’ means verification of the condition
In(M) C Ig(M’"). For the solution of the completeness problem the following scheme is used.
A system ¥ C X(M) is called criterial (c-system) if for any set S C M, S is complete if and
only if S is not a subset of any set M’, M’ € ¥'. It is obvious that if £(M)\ {M} # 0, which
is later assumed, then S(M) \ {M} # 0 is a c-system. It is not difficult to see that dual
atoms of the lattice (M), which are also called precomplete classes, belong to any c-system.
Let X;(M) be the set of all precomplete classes and ¥(M) be the set of all classes from
(M) which are not a subsets of any precomplete class from X (M). It is not difficult to
verify that the following assertion holds.

2.1 Proposition The set ¥;(M) U X (M) forms a c-system in u.a. M.

Of special interest is the situation where X;(M) is the empty set, since in this case the
system 3. (M) forms a c-system, which means that the completeness problem is reduced to
the description of all precomplete classes. Let us mention an important case of this kind. A
w.a. M is called finitely-generated if there exists a finite subset M’ C M which is complete.
The following assertion is known [12].

2.2 Proposition If a u.a. M is finitely-generated, then X.(M) forms a c-system.

We note that in the general case the converse is false. Let us now consider the case where
the set M consists of functions. It is the main case for us. In this case the u.a. M is called
a functional system (f.s.).

Let E be a set, and let a function f have the form f : E™ — E, where n € N. Let
U = {uy,usg,...} be the alphabet of variables with values in E, i € N. To write a function
f, we use the expression f = (u;,, Uiy, - ., ui, ). Denote the class of all such functions by Pg.
In order to avoid complex indices in the variables u; we use metasymbols z,y, z for them,
possibly with indices.

Following Maltsev [20], we introduce in Pg unary operations 7, 7, A, V, which are defined
in the following way:

(nf)(x17$27 s ,l‘n) = f($27$37 s 7‘rn7x1);

() (X1, 22, ..., 20) = f(x2,21,23,...,2n);
(Af)(x1, 29, ..., xn_1) = f(21, 21,22, ..., xp—1) if n>1;

mf)=@fH=AfH=f if n=1L
(V)(x1,z2,. .., ng1) = f(x2,23,. .., Tpt1)-

The form of these operations refines the operations from [17].
Let us introduce in Pg a binary operation # in the following way. For the functions
flz1,29,...,2,) and g(Tp i1, Tni2, - -« Tntm) We assume that

(f *g)(xZa‘T?n' <5 Ty Tn41s Tt 2y - - 7$n+m) = (f(g(x’rH—lax’rH—?a s ,xn+m),x2, s a:r’n)'
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The described operations are called, respectively, shift, transposition, identification, extension,
and substitution, and, in total, the operations of superposition. The set of these operations is
indicated by Q5. Let M C Py and Io (M) = M, then fs. M = (M,€Q,) is called the Post
iterative f.s.

3 Functions of [-valued logic

The functions from Pg are called functions of l-valued logic if
E=E :={0,1,2,...,01—1}, 1>2.

In this case the symbol P, is used instead of Pg. The f.s. P, = (B,$) is considered to
be one of the main models of the Post iterative f.s. (for brevity’s sake, P.f.s.), the study of
which served as the basis for the formulation of the problems and methods of f.s. theory. If
M; = (M,Qy) and M C P, then M is called P.f.s. of kind I. Let us briefly sum up the
main results in the study of P; which will be important for the consideration of the f.s. of
automaton functions.

Post [24] gave a complete solution of the indicated problems on completeness, expressibil-
ity, bases and closed classes lattice, for P;. Let us describe this lattice preserving his notation.
Consider the set Q of the classes

Cia Ai7 D]’ L’/" 057 St7 Ptv F;n’ F:O

where ¢ = 1,2,3,4; 7 =1,2,3; r = 1,2,3,4,5; s = 1,2,...,9; t = 1,3,5,6; v = 1,2,...,8;
m=12....

The functions from P are called Boolean functions (B.f.). Post denotes the class P
by Cy. The class Cy contains all B.f. f such that f(1,1,...,1) = 1; Cj5 is the class of all
B.f. such that f(0,0,...,0) = 0; Cy = C2 UCs. It is said that a B.f. f is monotonic if the
inequalities a; < b; for all ¢ = 1,2,...,n imply that f(a1,...,a,) < f(b1,...,b,). The class
Ay consists of all monotonic B.f.; Ao = Cy N Ay; A3 = C3N Ap; Ay = As N As. The class
D3 consists of all B.f. f such that f(z1,...,2,) = f(z1,...,2,) where B.f. = is called the
negation and 0 = 1,1 = 0; Dy = Cy U D3; Dy = A U D3. The class Ly consists of all B.f.
f(.’L'l,...,.%n) =21 +x2+ -+ Tyt (]fIlOd 2), [ EQ; Lg = 02 ﬂLl; L3 = C3mL1;
Ly = LonN Lg; Ls = D3N Ly. The class Og consists of all B.f. depending essentially on
no more than one variable; Og = A1 N Og; Oy = D3 N Og; O5 = Cy N Og; Og = C3 N Og;
01 = 05N 0g; O7 ={0,1}; O3 = O5 N O7; O3 = Og N O7. The class Sg consists of all B.f.
of the form x1 V 2o V -+ V x,, and of constants; S3 = Cy N Sg; S5 = C3N Sg; S1 = S3N Ss.
The class Py consists of all B.f. of the formal 21 A zo A --- Az, and constants; Ps = Coy N Pg;
Py = C3N Ps; Py = P3N Ps. It is said that a B.f. satisfy the condition a,, p € Ny if all p
collections at which it equals 0 have a common coordinate 0. The property A, is determined
similarly with the change of 0 to 1. The class F}' consists of all B.f. with the property a*;
Fl' = CynF FY = AinFY; FY = F' N Ff'. The class F{' consists of all B.f. with the
property A Fl' = CyNFY'; FI' = AsNFY'; F}' = FI'NFY'. A B.L. satisfies the condition a®
if all the collections at which it equals 0 have a common coordinate 0. The property A is
introduced by analogy with the change of 0 to 1.

The class F{° consists of all B.f. with the property a®; F{° = CyN F{°; F§° = Ay N F°;
F3° = FP° N F3°. The class Fg° consists of all B.f. with the property A%; F§° = Cy N Fg°;
Fpo = A3 N Fg°; Fg° = Fe° N Fee.
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3.1 Theorem [24] For P.f.s. Py the following assertions are true:
(1) The set of all closed classes in Py is countable and coincides with the set Q.
(2) The classes from Q form the inclusion lattice given in Fig. 1.
(3) Ewvery closed class in Py has a basis, and its cardinality is always no more than 4.

(4) The problems of completeness and expressibility for P.f.s. of kind 2 applied to finite sets
of B.f. are algorithmically decidable.

The properties of P.f.s. of kind [, [ > 2, turned out to be more complex, which follows
from the assertions given below.

Denote by Pz<") the set of all functions from P, depending on no more than n variables
UL, Uy o v vy Upy.

b,
0
X

Figure 1

It is clear that the number of functions in Pl(") is equal to I'". Let SI* be the set of all

functions from Pl(") each of which is equal to w; for some 4,9 =1,2,...,n. If M C P; and M
is finite, then a(M) indicates the greatest number of variables of the functions from M.
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For a finitely-generated P.f.s. M of kind [ let (M) be the smallest number o/ such that
Io,(M') = M and a(M') = o for some M’ C M. A non-empty set M’ C PZQ(M) NM is
called an R-set in M if Ig_(M') N PID‘(M) =M and M' # PZO‘(M), and is denoted by R*M).
Let ReM) = RaM) y Sla(M). We say that a function f(z1,z2,...,2,) from P, preserves
RaAM) if for any collection of functions g1, ¢gs, ..., g, from RaM)

f(91,92,. .., gn) € REM),

The class of all functions from M preserving R*™) is denoted by U(R*M)). An R-set
R*M) s called mazimal if there is no R-set R?(M) such that U(R‘fuw)) C U(RM)). Let
R(M) be the set of all maximal R-sets, and U(R(M)) be the set of all classes of preservation
of elements from R(M). A P.fs. M is called trivial if M = I (S}) or M = Io ({c(2)}),
where ¢(x) = ¢, ¢ € E;. The cardinality of a set A is denoted by |A|.

3.2 Theorem [18] If a P.f.s. M = (M,Q;) of kind | is non-trivial and finitely-generated,
then:

(1) UR(M)) = Er(M);

(M)
:

2) [URM))| < 27
(3) R(M) is constructed effectively.

This theorem is a development of an assertion from [29)].

3.3 Corollary The problem of completeness for finitely generated P.f.s. of kind [ is algorith-
mically decidable for any [.

3.4 Theorem [18] The problem of expressibility for finite sets of finitely-generated P.f.s.
of kind 1 is algorithmically decidable for any l.

3.5 Theorem [31] For every l > 3 there exists P.f.s. of kind | such that:
(1) the P.f.s. have a countable basis;
(2) the P.f.s. have a basis of an assigned finite power;

(3) the P.f.s. have no basis.

3.6 Corollary [31] For everyl > 3 the lattice of closed classes in the P.f.s. Py is a contin-
uum set.

As was established in [29], the P.f.s. P, is finitely generated, therefore Theorems 2 and 3
are valid, and for the set U(R(P;)) its explicit description is found. It is more convenient for
us to present it in a predicate form.

Let p(y1,y2,---,yn) be an h-ary predicate, the arguments of which take values from
E;. If p(ay,as,...,ap) = a, then for a = 1 the collection is called true, and for a = 0 it
is false. The set of all true collections is denoted by p;, and the set of false ones by pg.
We say that a function f(x,2a,...,2,) from P preserves p, if the truth of every element
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plat,al,....a}),p(a}, a3, ....a}),...,pal5,... ) implies the truth of p(f(al,al,...,a}),
f(a?,a3,....a3),..., fa? B, ... })).

A set M of functions from P; preserves p if every function from M preserves p. The
class of all functions preserving p is denoted by U(p). Let us describe six special families of
predicates.

Family P Let the truth region of a predicate p(y1,y2) be the diagram of a permutation o(z)
from P, which is decomposed into the product of cycles of equal prime length p, p > 2.
The family P consists exactly of all such predicates.

Family E Let £, = E'UE?U---UE!, where 1 <t <1, E*NEJ = () for i # j. We consider
the predicate p(y1,y2) that is true precisely on those collections for which a,b € E*
for some i. The family E' consists exactly of all such predicates for the decompositions
indicated.

Family £ Let | = p™, where p is prime, and let G = (Ej,+) be an Abelian group whose
every non-zero element has the order p, i.e., G is an elementary p-group.

For p = 2 we consider the predicate pg(y1,y2,ys,y4) which is true exactly on those
collections for which y; +y2 = y3+y4. In this case £ consists exactly of those predicates
pc which correspond to all indicated elementary 2-groups G.

For p # 2 we consider the predicate pg(y1,y2,y3) which is true exactly on those col-
lections for which y3 = 271 (y1 + y2), where 271 denotes the number from E, for which
2271 =1 (mod p). In this case £ consists exactly of those predicates pg which
correspond to all indicated elementary p-groups.

Family B Let h,m be natural numbers such that h > 3, m > 1, ™ <, and let ¢(x) be an
arbitrary mapping of E; into Epm. Let a € Epm; denote by [a]; the [-th coefficient in
the decomposition

m—1
a=Y lahh!, [l € Epn.
=0
We consider the predicate p(y1,ya,...,yn) which is true exactly on those collections
for which the collection ([¢(a1)]i, [p(a2)]i,-- -, [p(an)];) is nondifferent-valued for any [

from E,,, i.e., p is determined by the triple (h,m, ¢); in addition, if p(x) = x, then p
is called elementary. The family B consists exactly of the predicates p determined by
all the triples (h,m, ) indicated.

Family Z A predicate p(y1,y2,...,9n), h > 1, is reflexive if its truth follows from the
nondifferent-valuedness of the collection of values of the variables, and it is symmetrical
if for any substitution #(u) of the numbers 1,2,. .., h,

Py Y2, - UR) = P(We1)s Ye(2)s - - - > Ye(n))-

The non-empty set of all elements ¢ from E; such that for all values of the variables
p(y1,92, - -, Yn—1,¢) = 1 is called the centre of the symmetrical predicate p. A predicate
p is called central if it is symmetrical, reflexive and has a centre C such that C' C Ej.
The family Z consists exactly of all the central predicates p(yi1,ya,...,yn) such that
1<h<IlI-1.
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Family M A partial order on E; with one the greatest and one the smallest elements can
be assigned by a binary predicate p(y1,y2). The family M consists exactly of all such
predicates.

Let W =PUEULUBUZUM and let U(W) consist of all classes of functions preserving
predicates from W.

3.7 Theorem The following relations are true:
(1) UW) =X(P);

@) UW)] ~ - (=2 [} +1) - 2lera),

Part (1) of this assertion was gradually established by the authors of the papers [10,11,21,
24,26, 30,32, 33], and the concluding study was carried out in [26]. Part (2) was established
in [7].

The sharp difference in the properties of P for | = 2 and [ > 2 led to the study of
different variations of the main problems for P.f.s. such as testing completeness of a system of
functions with assigned properties, like, for example, the Slupecki system which contains all
one-place functions, or examining the structure of fragments of lattice of closed classes, etc.
Besides that, the objects of scientific investigation were generalizations of P; in the form of
P.f.s. of non-homogeneous functions, i.e., of functions depending on groups of variables whose
domains of definition are different [18], and also functions whose variables, like the functions
themselves, take a countable number of values.

The study of the Cartesian products of such generalizations and of other cases has begun
(see [25]). We do not discuss these directions here. We consider only the generalizations of
functions from Py which appear if we take into account the time which is necessary for their
calculations.

4 Functions with delays

Let f(z1,%2,...,2,) € P, and ¢ € Ng. A pair (f(z1,x2,...,2,),t) is called a function f
with delay t and the set of all such pairs is denoted by F;. We extend the operations n,7, A
and 7 to P assuming that if p is any of them, then u((f,t)) = (u(f),t). We introduce
one more operation *s that is called a synchronous substitution, assuming that for the pairs
(£, 1), (f1, 1), (f2,t"), ..., (fn,t') in which the sets of variables of the functions fi, fo,..., fa
are mutually disjoint the relation

(f7 t) *s ((flvtl)7 (f27t/)>‘ L] (fmt/)) = (f(f17f27 .. ~7fn)7t+t/)

holds.

The set of operations 7,7, A, s/, *s is denoted by Qs and is called the operations of
synchronous superposition. Let M C P, and Jq, (M) = M, then the f.s. M = (M, Q,,) is
called an iterative P.f.s. of functions with delays of kind | (P.f.s.f.d.).

Let us briefly sum up the main results in the study of these f.s. [16,18].

4.1 Theorem For a finitely-generated P.f.s.f.d. M of kind | the set ¥(M) is finite and is
effectively constructed for any .
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4.2 Theorem For a finitely-generated P.f.s.f.d. of kind l the problems of completeness and
expressibility are algorithmically decidable for any .

4.3 Theorem For every l from Ny there exists a P.f.s.f.d. of kind | such that:
(1) there is a countable basis;
(2) there is a finite basis of an assigned power;

(3) there is no basis.

4.4 Corollary The lattice of closed classes in Py has cardinality of continuum for any l.

An example of a finitely-generated P.fs.f.d. is P = (7517 Qss).
For P, Theorem 4.1 can be refined as follows. Denote by M) the set of all functions f
such that (f,t) € M for some t.

4.5 Theorem A set M C P, is complete in Py, if and only if Jo, (MM) = P, and M D
{(f7 1)}7 where f ¢ El-

Let M = (M,Q,,) and M’ C M. We say that M’ is weakly complete in M if for any
function f from M@ there is ¢ such that (f,t) € Jq, (M’). The set M’ is called weakly
precomplete if it is not weakly complete but turns into such by adding any pair from M \ M.
The class of all such sets is denoted by Xy r(M). A class X is called weakly criterial if the
set M’ is weakly complete if and only if M’ ¢ T for any T from . It is obvious that for any
weakly criterial system K the inclusion K 2 (M) is true.

4.6 Theorem For a finitely-generated P.f.s.f.d. M = (M, Qss) of kind I the following asser-
tions are true.

(1) The set Lyr(M) is finite or countable.
(2) The set Lyr(M) is weakly criterial.

(3) The set Sy (M) is constructed effectively.

4.7 Theorem For a finitely-generated P.f.s.f.d. of type | the problem of weak completeness
is algorithmically decidable for any l.

An explicit description of the set 3y (M) is obtained only for [ = 2,3 [16,25]. Let us
give here the description of the case | = 2. -

Let M C P, and M € {C2,Cs, D3, A1, L1 }; we denote by M the set of all pairs (f,t) such
that f € M and t € Nj.

A function f(x1,xa,...,2,) from P is called an a-, 8-, 7- or §-function if f(x,z,...,z) is
equal to x,1,0 or Z respectively. Let A, B,T", D be the classes of all a-, -, v- or d-functions
respectively.

Denote by C' the set of all pairs of the form

(fit+1), (ot +1), (4,0),

where f € B, peI', ) € A, and t € Ny.
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Let 7 € {0,1}; we denote by E; the set of all pairs of the form

(£,0), (it +1), (i,1),

where f € Ciyo and t € Ny.
A function f is called even if f(z1,2,...,2,) = f(21, T2, ..., 7).
Let Y be the set of all even functions. Let H be the set of all pairs of the form

(f,0), (p,t +1),

where ¢ € Y, f € D3, and t € Ny. .
For every r from Ny we denote by Z, the set of pairs of the form

(f; 2t +1)27), (¢, (2t +1)2°), (4,0),

where f € D, o€ A, p € A, t € Ny, and s € Ng\ {0,1,2,...,r}.
For every r from Ny we denote by W, the set of all pairs of the form

(f7 (2t+1)2r)’ (O7t)7 (17t)7 (@’ (2t+ 1)25)7 (w>0)>
Wherefe]bf pEM, weﬂfteNmandseNo\{O,l,z/ , 7}

Let W = {Cy,Cs, D3, A, L1,C, Eo, By, H, 2y, Z, ... W07W17---}-
4.8 Theorem [16] The equality Sy (P3) = W holds.

We note that an explicit description of Sy x(Py) = W for any [ exists only in the form of
separate families of weakly precomplete classes [2,18].

From the point of view of content the modifications of the problem of completeness for
P.f.s.f.d. considered in [18] are of interest.

5 Automata functions

The extension of the functions of I-valued logic to functions with delays (considered in [24]) is
intermediate in the transition to the class of automaton functions, whose properties logically
look essentially more complex than those of functions with delays. In order to introduce the
notion of automaton function we shall need auxiliary notations and definitions.

Let C be a finite or countable set which is called an alphabet. A sequence of letters from
C is called a word if it is finite, and a superword if it is infinite. The class of all such words
is denoted by C*, and of all superwords, by C¥. Let C = C* UC% and ¢ € C. The word
formed by the first r letters from ¢ is called a prefiz for € and is labeled by ],. Let A and
B be alphabets and f : A* — B*. If £ = ¢(1)e(2)... ¢(r), then r is called the length of the
word & and is denoted by ||£||. Let A and B be alphabets and f : A* — B*. The function
f is called determined (d. function) if for any & from A* the equality || f ()| = [|€]] is valid,
and for any ¢; and & from A* and any ¢ such that 1 < < min(|&],|&2]) if &1]; = &2)i, then
f(&)]i = f(&)]i- It is known that a d. function f can be recurrently represented by the
so-called canonical equations of the form

q(1) = qo,
q(t+1) = o(q(t), a(t)), (5.1)
b(t) = ¥(q(t),a(t)), t=1,2,...,
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where the parameter ¢ is called a state of f and takes values in the alphabet .
This recurrence is determined in the following way. If « € A*, 5 € B*, k € Q, and

a=aDa?)...a(r),  B=bLb2)...b(r), r=q(1)q2)...q(r),
then for f(a) = A the word 3 is inductively calculated by a from the following way:
(1) (1) = ¥(q(1),a(1)), where (1) = qo;
(2) if q(t) is calculated for 1 < ¢ < r—1, then g(t+1) = @(q(t), a(t)) and b(t) = 1(q(t), a(t)).

It is often assumed that the alphabets A and B are Cartesian degrees of Ey, i.e., A = (E;)"
and B = (E;)™, where n,m,p € N. In that case it is convenient to turn from a one-place
d. function f(z) of the form f : ((E;)™)* — ((E;)™)* to an n-ary d. function f(z1,z,...,zy)
of the form f’: ((E;)*)" — ((£;)*)™ in the following way. Let ¢" € (E}) and f(¢") = ('™,
where

" =c"(1)c(2). .. (), d"=d")IM(2). .. M (r),

in addition,
'(t) = (e1(t),ex(t), ..., en(t), () = (e1(t), €a(t), ..., e'm(1)),
where 1 <t <r. Let
Gi=-ei(1)ei(2)...ei(r) and (= ej(1)e}(2)...€(r),
where 1 <i<mnand1<j<m.

X, X, X

F

Vi Y2 Yim

Figure 2

Now we assume that
f/(Cla<27 L) Cﬂ) = (CL Cé7 e a<’rl7,)

The function f’ is actually obtained from f only at the cost of presenting the matrices formed
by vector-letters (rows) of words " and, respectively, ('™ as matrices formed by the columns.
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Canonical equations (5.2) for f’ are obtained from (5.1) by replacing all the parameters there
with the corresponding vector values, i.e.,

a(1) = qo.
q(t + 1) = @(Q(t)v €1 (t)> (X >€n(t))> (5‘2)
bﬂ(t)zzpj(q(t)vel(t)?7en(t))7 t=12,..., j=12...,m

The function f’ is considered to be an interpretation of f and is called an automaton func-
tion (a. function). The parameters n and m are called, respectively, the locality and the
dimensionality of the a. function, and the cardinality of the set of values of the parameter ¢
is called the number of states. The significant interpretation of the a. function

f/(m17m27~~~ ,In) = (ylay27"' »ym)

is the functioning of the technical device F' shown in Fig. 2. Here the input arrows are labelled
by the letters x;,7 = 1,...,n, and the output ones, by the letters y;, j = 1,2,...,m. It is
assumed that F' functions at the discrete moments of time t = 1,2,.... At these moments
every input x; and output y; can take values in Ej; the device itself may be in states that are
coded by values from @, these states are also called memory for F. The values of outputs
and the state at the moment ¢ + 1 are determined by the collection of values of inputs and
by the state of the device F' at the moment ¢ according to rules (5.2).

Denote by P: ;™ the class of all a. functions with the given parameters n and m from N.

Let
n,m
rPy= U By
n,m>1

We extend the operations 1, 7,A,V to F,;, and also introduce some other operations.
Let f'(x1,22,- .. Zn) = (Y1,-- -+ Yj»- - - s Ym), then

(ij/)(l’,l?l?a .o 71“71) = f]"(xlvx27 s ?‘TTL)7
where fj’-(ml,xQ, ..., &y) coincides with the value y; in f/(z1,29,...,2y).
Let f,/(mn+17 Tn42y--- 7-rn+v) = (ym+17 DR 7ym+w)7 then
(Flof" 1,2,y Ty Tt 1, Tk 2y - - Trw) = (f (21, T2, - - -, Tn),
f”(anrh Tn425 .- 7$n+u)) = (y17 Y2y Ymy Ym+1, Ym+25 - - - 7ym+w)~

Let u be such that m + 1 < u < m + u, then

! 1"
(f *uf )(x27-7;37~~~7xnyxn+lyxn+27---7xn+v) = (217227--~7Zm+w71)7
where z; = f]/* o forj=1,2,...,mand zj = f]’.ﬁ(xn+1,acn+2,...,xn+v) for j/ =m+2,m+
3,...,m+t.

The operations m and o are called, respectively, projection and union, and the operation
of the form x, is the extension of the operation #*; from one-dimensional functions to vector
functions and, as before, is called substitution.

In total the operations n, 7, A, V, 7,0 and %, are called operations of extended superposi-
tion and is denoted by Y.
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Let us introduce one more operation on a. functions, which is called feedback and is
denoted by F.

It is said that an a. function f is of type i — j if for f’ there is a system of kind (5.2) such
that the function ;(g, €1, €2, . .., e,) fictitiously depends on e;. Let f’ be such an a. function;
we consider a function of the form

(Fof) (@1, @2, i1, Tigts oo ) = (Y1, U2, Y 1o Ui s - - Um)s

which is determined in the following way. Let words of the form

€l = el(l)el (2) ... € (7“),

wherel =1,2,...,i—1,i+1,...,n be given. Then with the help of (5.2), using the collection
(er(1),ea(1), .. ei—1(1),ei41(1),...,en(1)), it is possible to calculate the value b;(1). Now
in (5.2) we substitute b;(1) for e;(1); after that it is possible to calculate the collections (g(2))
and (b1(1),b2(1),...,bn(1)). Then it is also possible to calculate the value b;(2), using the
collection

(61(2)7 82(2), N ,ei_1(2), €i+1(2), N ,en(Z)).

Again, the substitution of e;(2) for b;(2) in (5.2) makes it possible to calculate the collections
(¢(3)) and (b1(2),b2(2),...,bn(2)) and so on.

Now we assume that

(Fff/)(Cl,Cz, e Gic, Gints 5 Gn) = (61,Co 5 Gy Gy - -5 G,

where ¢}, = by(1)by(2) ... by(r)and ' = 1,2,...,j—1,54+1,...,m. Suppose that Qes r = QesU
{F}. The class of operations Qg r is called composition. It is said that an a. function f’ from
P, is a finite automata function (f.a. function) if the alphabet @ in system (5.2) determining
this function is finite. Denote by P[:l,",z the class of all f.a. functions with parameters n and

m. Suppose that
n,m
Par=|J PI%
n,m>1

It is said that an a. function is true (t.a. function) if the alphabet @ in system (5.2)
determining this function is a one-element set. We denote by P:}T and P: 2",2 , the classes of
all true a. functions and of true f.a. functions (t.f.a. functions), respectively, with parameters

n and m. Suppose that

n,m n,m
Pa,l,t = U Pa,l,t7 Pavl7kvt = U Pa,l,k,t'

n,m>1 n,m>1

From the content point of view, true a. functions are interpreted as the functioning of a
device F' without memory, on the one hand, and, on the other hand, they can be considered
to be realizations of the functions from P, with regard to time ¢ that runs over the values
1,2,.... At each moment of time the dependence of the value of the function on the values
of the variables is the same.

Thus, a P.fs. (P, Q) actually leads to Py = (Pait,Qes), if we extend the object P to
the set of vector functions of I-valued logic and, respectively, extend the operations to es.
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We also note that a function with delay is interpreted as the functioning of such device
F with n inputs and one output whose value b(t) for some 7 from Ny and f(x1,z2,...,Ty)
from P is determined at any moment ¢ > 7 + 1 by the relation

b(t) = fla1(t —7),a2(t —7),...,an(t — 7))

that, evidently, can be described by a system of form (5.2).

Let M C P,y; then for Jo (M) = M the f.s. M = (M, Qe), and for Jo, (M) = M the
f.s. M = (M, Qe r) are called iterative P.f.s. of automaton functions (P.f.s.a.f.). Examples
of such f.s. are f.s. of the form P, ;. For a given [ € Ny, the main P.f.s.a.f. are

Patk = (PaikrQes)y  Porp = (Pat Qes,F),

: (53)
Pa,l = (Pa,lv Qes)v PaJ = (Pa,l’ Qes,F)-

Let us give the main results concerning our problems for P.f.s.a.f.

5.1 Theorem [19] For anyl from Ny among the main P.f.s.a.f. only f.s. Py 18 finitely
generated.

5.2 Theorem [17] For anyl from N and m from Ny in P}, there exists a countable set
of bases of power m.

An a. function forming a complete system in M is called a Sheffer function. Further sim-
plification of the basis is achieved by minimization of the number of variables, dimensionality
and the number of states of a Sheffer a. function. The next assertion gives the final answer
concerning the form of the simplest, in this sense, Sheffer a. functions.

5.3 Theorem [28] For everyl from Ny in Py i there exist Sheffer one-dimensional a. func-
tions of two variables and with two states.

For the other two main P.f.s.a.f. the following assertion gives the answer to the basis
problem.

5.4 Theorem [19] For anyl from Ny in Poy and P¥,, there are no bases, in Pqy i there
is a countable basis as well as a complete system containing no basis.

As for the completeness problem, the situation is described by the following assertions.

5.5 Theorem [3,19] For the main P.f.s.a.f. the set Xp(M) forms a c-system only for
M =Py, for any l from Ny.

5.6 Theorem [17] For any | from N; the set X.(M) has cardinality of continuum for
M € {Puiks Py} and hypercontinuum for M € {Po, Py}

As a corollary we obtain that the corresponding lattices of closed classes in the main
P.f.s.a.f. have the cardinalities mentioned in Theorem 5.6.

A system X' C X(PF, ) is called c-criterial if any finite set M C Pq 1, is complete if and
only if for any set K € % the condition M Z K is valid.
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5.7 Theorem [17] In P*,, there exist countable c-criterial systems of the form X' C
Sx(Pyy ) for any 1 from Ny.

It should be pointed out that in the general case assigning a. functions from P,; is not
efficient; therefore the problem of expressibility and completeness can be posed only for
effectively assigned systems.

5.8 Theorem [15] The problem of expressibility for effectively assigned finite systems of
a. functions in the main P.f.s.a.f. and the problem of completeness in Py, are not algorith-
mically decidable for any I from Ny.

Thus the extension of the functional possibilities of a. functions in comparison to the
functions of [-valued logic and functions with delays considerably complicates the solution of
the problems we are interested in for algebraic a. functions. The study of the nature of this
complexity was carried out in different directions.

Here we dwell on the problem of approximate completeness and on the problem of com-
pleteness of specially enriched systems of a. functions.

The first of these problems has two modifications: the problem of r-completeness, r € N,
and the problem of approximate completeness (A-completeness), to which the next section
is devoted. We call attention to special f.s.’s P1, P2, P3 and Py that are subalgebras of
the corresponding main P.f.s.a.f. from (5.3). Each of them consists of all one-place and one-
dimensional a. functions from the main P.f.s., and operations employed in them are the same
as in the corresponding P.f.s.a.f., except the operations o and 7. As has been established
in [1,19], they have no bases. Besides that P; contains a subalgebra Pj, of all one-to-one
mappings, which is a group with the operation of substitution and which models by one of
its parts a group of Burnside type [2], i.e., a finitely-generated group in which the orders
of the elements are finite, but are not bounded in totality. Still open are questions of the
existence of bases in Pj, as well as the problem of algorithmic decidability of the property of
finiteness of the order of its elements and expressibility of these elements by other elements.
In conclusion we note that Theorems 5.1, 5.2, 5.5 and 5.6, and the facts mentioned here
concerning one-place algebras also remain valid for the case where the value [ is extended to
countable in the f.s. of functions; in this way we generalize a. functions.

6 Conditions of - and A-completeness for a. functions

A. functions f and g are r-equivalent if they coincide on all input words of length r (in this
case we write f r g) and A-equivalent if f r g for any r in N.

On the set B(P,,;) we introduce a relation A, such that M A, M’ for M, M’ C Py, if for
every function f from M there is g from M’ such that f r g. It is clear that this relation forms
a preorder and, consequently, can be represented as a relation of partial order on equivalence
classes including all elements M and M’ for which the relations M A, M’ and M’ A, M are
valid; in this case we write M r M’ and the elements themselves are called r-equivalent.

On B(P,,;) we introduce one more relation, assuming that for A, M’ C P, the relation
M Ay M’ is fulfilled if M r M’ for any r from N. This relation is also a preorder for
representatives M and M’ of its equivalence class, and when M A4 M’ and M’ Ax M we
write M A M’ and the representatives themselves are called A-equivalent.
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6.1 Theorem [8] For any M C P,y andr € N
Joo (M) 7 Jo, (M), Jon (M) A Ja,, (M)

Thus the actions of the operators Jo (M) and Jo (M) coincide up to r- and A-
equivalence, and thereby in this sense the operation of feedback F turns out to be modeled
by operations of extended superpositions, which we are going to use later.

Let M,M' C P,;. It is said that M is r-expressible by M' it M A, Jo, (M'), and
A-expressible by M" if M Ay Jo. (M").

6.2 Theorem For effectively assigned finite sets M, M’ C Py, the relation
M A, Jo (M)
is algorithmically decidable for any r in N.

6.3 Theorem [7] For finite sets M, M’ C Py, the relation M Ay Jo, (M') is algorith-
mically undecidable.

Let M C Pyy and M A Jo(M'). The set M’ C M is called r-complete in M if
Ja.. (M) r M and A-complete if Jo (M') A M.

6.4 Theorem IfM C P,;, M A Jo,, (M), M is decidable, there is a finite A-complete subset
of M and r € N, then there exists an algorithm determining whether any finite decidable
subset M' C M is r-complete in M.

In fact this theorem follows from Theorem 3.2; we verify this fact in the following way.
Let f € P,; and r € N. Consider the set E] assuming that its elements are coded by the
words of length r in the alphabet E;. Then, examining the function f from F,; only on
words of length 7, we can consider it to belong to P. Thus, from examining a. functions
we passed to functions of ["-valued logic. It remains to note that the operations of extended
superposition with respect to expressibility and completeness are actually reduced to the
operations of superposition. The following assertion is a corollary of Theorem 6.1 and the
relation Py A Py

6.5 Theorem The conditions of r-completeness and of A-completeness, respectively, coin-
cide for all main P.f.s.a.f.’s.

We point out an essential difference between the notions of r-completeness and A-com-
pleteness which is given in the following assertion.

6.6 Theorem In each of the main P.f.s.a.f. there exists finite A-complete systems and count-
able A-complete systems containing no finite A-complete subsystems.

The difference in the notions of r-completeness and A-completeness appears in the fol-
lowing assertion.

6.7 Theorem [7] If M C Po and M is finite, then there is no algorithm establishing
whether M is A-complete in Py .
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At the same time there is some similarity of the notions of r- and A-completeness and
it reveals itself in the approach to solving problems of r- and A-completeness in terms of
precomplete classes.

It M C Py, M A Jo, (M) and M' C M, then M’ is called r-precomplete in M if it is
not r-complete in M , but for any function f from M \ M’ the set M’ U {f} is r-complete in
M. The notion of an A-precomplete is introduced analogously. Let > (M) and 37 4(M)
be the sets of all r-precomplete and A-precomplete sets in M respectively.

6.8 Theorem If M C P,; and M A Jo (M), then

A(A/[) U Z'[rr

r>1

6.9 Theorem If A € {r,A}, r € N, M C P,;, M A Jqo, (M) in M where it is a finite
A-complete subset, and M' C M, then M’ is A-complete in M if and only if M' C K for any
Ke) M.

This assertion with regard to Theorems 6.6 and 6.8 reduces the solution of - and A-
completeness problems in the main P.f.s.a.f. to the description of the set Zwm P,; (this fact
was obtained in [8]). Let us give this description.

Let ¢ € N; denote by E! the set of all words € = e(1)e(2)...e(t) of length ¢ in the
alphabet Ej. For h € N and T = (t1,t2,...tp), where t; € N, i = 1,...h, we put E] =
Elt1 X EfQ X eee X Elt”', T € N". Let p(y1,v2,...yn) be an h-ary predicate whose arguments y;
take values in Elt’7 i=1,...h. As previously, let p; and pg be, respectively, the sets of true

and false collections of values of the variables for p. We say that a function f(z1,x9,...z,)
from P,; preserves p if the truth of the expression
p(flat,a2,...,ah), f(ak,03,...,a8),..., fla},02,...,al))

follows from the truth of each element of the row

p(a},a%7 .. .,ai)m(a%,ai .. .,oei)7 oplat,ay, . o).

We denote the class of all such functions by Uy,(p).

We introduce the function v : Ej x Ef — Ny, putting for ¢; = Eltl, € = EltZ, and
t = min(ty,ta),

0, ifei(1) =e2(1),...,e1(t) = ea(t),

i, f1<i<t—1ande(1)=ea(l),...,e1(t —1) =eat—1),
but ej(t —i+1) #ea(t —i+ 1),

t, ifer(1) # e2(1).

v(er, €2) =

We define the relation of preorder < on the set EIT

Let A = (aq,qs,...,03) and A" = (a},0a),...,a}) be elements from EI. We write
A" < A ifv(aj, o) < v(ai, o) for any 4,5 € Np.

Let t' = max{t1,to,...,tp}, h <1, and ¢’ > 2; if | = 2, then we put h = 2. For h > 2, let

v(ag,a;) #0, i#j, inA.
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The set of all A’ such that A’ < A is called the v-set determined by the element A. We
denote this set by &. ¢ is divided into two subsets: €™ consisting of all maximal elements
with respect to the relation < and €™ containing the rest of the elements in &. Thus, for
h =1 we have &™) = 0. Tt is clear that the value v = (o, a;) does not depend on the choice
of A from £(™); therefore instead of v = (ay, ;) we write v = (4, j).

For | > 2 and t > 1 we indicate seven families of predicates.

Let h > 1, T = (t1,ta,...,t,) and £ C ElT A substitution v of the numbers 1,2,...,h is
called a &-substitution if (ay(1y, a2y, - - -5 Q) € € for any (o1, @g,...,ap) in &.

Let s > 1; we say that the set

{(ai7a%7 tt '7a}11)7 (a%7a%7 s 7a}21)7 ctt (a‘i7a§>‘ A 7052)}

of elements from EIT is £-consistent if there exists a collection of &-substitutions v1,7v2,...,7s
such that v(i,j) < v(ad, (i), ok, (j)) for any ¢ and p in N§, and any i and j in N,

Let p(y1,92,-..,yn) be a predicate for which p; C & We say that p is &-reflezive if
€M ¢ py, and &-symmetrical if (Qy(1), Qy(2)s - -+ Qy(n)) € p1 for any (a1, a,...,ap) in py
and any &-substitution ~.

A ¢-reflexive and &-symmetrical predicate p is called &-elementary if the set £\ p; is &-
consistent. For such p, A € £\ p; and i € N} we determine subsets Ci(A) , Q,(A) and €,(A)
of the set Fj in the following way:

(1) a € Ci(A) if and only if there exists o} € E} such that v(ey,a}) < 1, al(t;) = a, and
any element (o}, s, ..., a}) from £ is contained in py;

(2) be Q5(A) if and only if there exists an element

(alva%"'vai—ha;/a'"7ah) lng\pl
such that v(a;,af) <1, o/ (t;) = b;
(3) The set €,(A) coincides with C}(A) if Ci(A) # 0 and with Q),(A) otherwise.

Let n > 1 and let R = {p, p?,...,p"} be an arbitrary system of £-elementary predicates.
We say that R is T-consistent if Q;(A) # Ejforany o € NJ' ,i € N, and A € €\ p]. We
say that R is W-consistent if for all o, 0 € N7\, i € N}, A € €\ pf, A" € £\ p{ the sets
CZU (A) and Cf,a (A’) are simultaneously either empty or not empty, and also if C;a (A4) =0,
then for any b € Fj there exists j € NI such that tj =t v(i,j) <1,be Q;U(A)

Let n > 1, 0; € N}, A" = (a},qa},...,al), A" € £\ p]" and j; € N} for i € NJ. Then if

o; # oy for i £ and t;, = t;,, I/(a;l,a]z’_”) <1, for all 4,7’ € N{ and i’ € NJ*\ {1}, and

-

Ji AR
epfi (A ) - (2)7

i=1

then the system R is called Q-consistent. _
Let n > 2,7 € N7\, 0; € N} and A" € £\ pJ*. We assume that v(aj,a] ) # 1 for all
J, 7 € NT, j#7 Let t;; = ti, and for all ij,i; € Nk, V(ail],aij) <1 forj>1, and
n .
i )
m ep]aj(A]) = 0.

j=1
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We suppose that under these conditions there exists [, € N, v € Ny such that i, € NZ,
the sets A% are ¢-consistent and
q .
Uy by —
m €plaly (A) = 0.

v=1

Then we say that the system R is D-consistent.

The family of predicates Z;(r) This family is not empty for [ > 2 and r > 1. A
predicate p belongs to Zj(r) if and only if p; C &, € C EI, T = (t1,t2,...,tn), h 1,
max{ty,to,...,tp} <r and for some m > 1

m .
p=(rl,
=1

(Y

where p’ is -elementary predicate, and the p’ themselves form a T-, W- and Q-consistent
system, and for any j € N} and A € £\ p; the set C}(A) is non-empty.

The family of predicates J;(r) This family is not empty for » > 1 and I > 2, and also for
r > 2and ! = 2. A predicate p belongs to J;(r) if and only if py C £ C EIT7 T = (t1,t2,...,tn),
h >3, max{ti,te,...,tp} <r, for some m > 1

m .
P1= m pzb
i=1

where p’ is é-elementary, and the p? themselves form a T-, W- and Q-consistent system; there
are numbers 4, j,1 € N, i # j, i # 1, j # 1, such that for A in &\ p} the set Cy(A) is empty
for u € {i,7,1}.

The family of predicates D;(r) This family is not empty for » > 1if [ > 2 and for r > 2
and [ = 2. A predicate p belongs to Jy(r) if and only if py C € C EI', T = (t1,t2,...,ts),
h > 2, max{ty,ta,...,tp} <r, for some m > 1

m .
p=[rl
=1

where p’ is £-elementary, and the p¢ themselves form a T-, W- and Q-consistent system. For
any A € £\ p, the sets C}(A) and C3(A) are empty. If b > 3, then C}(A) # () for any i from
NP if h =2, then py N £ .

Further [ >2,t> 1, T = (¢,t), & C EZT, & be a v-subset and let vg,(1,2) = 1.

The family of predicates M;(r) This family is not empty for / > 2 and r > 1. A predicate
p belongs to M;(r) if and only if p; C &, t < r, and p; coincides with the relation of partial
order determined on EIT and having exactly "1 minimal and {~! maximal elements.
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The family of predicates S;(r) This family is not empty for I > 2 and » > 1. A
predicate p belongs to Sj(r) if and only if p1 C &, ¢t < r, and there is a substitution o, on
E! decomposing into a product of cycles of equal prime length p > 2 whose graph coincides
with p1, Le., if a € ET, then (a,0,(a)) € p1, and if (a1, a2) € p1, then as = o,(ar).

Let &, t > 1, be the class of all mappings ¢ of the set ElT into the set of substitutions
on Ej. The value ¢ at a is denoted by ¢,. Let ®; C ®,, and let ®;, consist of all ¢ such that
b0 = ¢ for v(a,a’) < 1. Let h € {3,4}, Ty, = {t,t,...,t}, K} C ElTh and let K} consist
of all elements (a1, as,...,ap) such that v(a;,a;) < 1 fori,j € NP, Let | = p™, where p is
prime, m > 1, and let G = (Ej,+) be an Abelian group whose every non-zero element has a
prime order p. For p # 2 let I, € N{Fl and 2l, =1 (mod p).

The family of predicates L;(r) This family is not empty only for [ = p™, where p is
prime, m > 1, ¢t <r. A predicate p belongs to L;(r) if and only if for some ¢ from @, ¢ < r,
the following assertions are true:

(1) Let k= p™ and p > 2, then p; C K} and (a1, az,a3) from K} belongs to p; if and only
if ¢ay (a3(t)) = lp(¢ar (a1(1)) + Pay (a2(1)))-

(2) Let k = p™, then p; C K} and (ay,as,as,as) from K} belongs to p; if and only if
Par (a1(t)) + ¢a; (a2(t)) = ay (a3(t)) + ¢, (as(t)).
We note that the families indicated for r = 1 coincide, respectively, with the known
families for P, from Section 3. Let t > 2, T = (¢,t), and let &, be a p-subset EIT such that
N’ét(L 1) =2.

The family of predicates V;(r) This family is not empty for I > 2 and r» > 2. A predicate
p belongs to Vi(r) if and only if p; C &, t < r and (a1,a2) € ét(m) N p1, if and only if
a1(t) = aa(t); there is ¢ from @, such that the inclusion (a1, a2) € égm) N p1 is equivalent to
the existence of « in Ej such that a;(t) = ¢q, (@) and as(t) = ¢a, (t).

Let Wi(r) = Zi(r) U Ji(r) U Dy(r) U My(r) U S;(r) U Ly(r) U Vi(r), and let U(W;(r)) be the
set of classes of a. functions preserving predicates from Wj(r).

6.10 Theorem [8] The equality Xy (Pyy) = UWy(r)) is true.

7 Conditions of completeness for special systems of automa-
ton functions

Another way of studying the completeness properties of a. functions systems consists in
enriching the operations performed both on a. functions and on a. function systems which
are tested for completeness. We consider the second situation. Here two approaches are
of interest. The first approach consists in considering Slupecki’s problem for f.s. P, and
the second one concerns such systems of a. functions in P}, , that contain some closed class
of truth a. functions. Following [27], a finite system T' of f.a. functions in Pa,ii is called a
Slupecki system if JQCS(PGI,}IJC UT) = Paik.

7.1 Theorem [25] For any | from Ny there exist Slupecki systems of f.a. functions from
Py
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V. A. Buyevich proved the following assertion.

7.2 Theorem For anyl from Ny there exists an algorithm which establishes for a finite set
of f.a. functions in Pq 1 whether it is a Slupecki system.

A precomplete class of the main P.s.a.f. is called a Slupecki class if it contains all homoge-
neous functions from the carrier of P.s.a.f. It is interesting to compare Theorems 7.1 and 7.2
with the following assertion.

7.3 Theorem The cardinality of the set of Slupecki classes is equal to the continuum in the
f-5.7 Payx and Py, ., and is equal to the hypercontinuum in the f.s.’s Pqy and P}, for any
[ from Ny.

This assertion indicates a very important difference in completeness conditions in the
general case and in the case of Slupecki systems. Note that the hypercontinuum property
in this theorem remains valid also for f.s. functions which are obtained from a. functions by
extending the value of the parameter [ to countable. The second approach was first realized
in the form of the following assertion.

7.4 Theorem [5] For anyl in Ny, there exists an algorithm which establishes for any finite
set M C P, 1, whether the set M U P, ;1. is complete in P;}l’k.

Later on this approach was developed for [ = 2 in the following way. Let @ be a closed
Post class of Boolean functions. We interpret these functions as truth f.a. functions. Denote
by Kq the class of all finite sets A of f.a. functions from P, such that M 2 Q. Our
primary interest here is the existence of an algorithm which establishes for any M from Kg
whether the set is complete in P, , (to be more exact, for which @ this algorithm exists).
It is clear that if such an algorithiﬁ exists for some @, then it also exists for any Post class
@' such that Q" O Q. On the contrary, if such an algorithm does not exist, then it does
not exist for any Post class Q” C Q. Thus, the separation of algorithmically decidable cases
from algorithmically undecidable ones is achieved by indicating such a family ® of the Post
classes ) for which the completeness property is not algorithmically decidable. However for
any Post class such that Q' D @ it is decidable.

7.5 Theorem [6] The family ® is equal to
¢:{FfO,FQDO,Fé)O,Ffo,FBOO,F(?O,F?O,F8007L27L37L57S67P6,09}.

A special case of this assertion is Theorem 7.4 for [ = 2. As is shown in [6], the assertion
of Theorem 7.5 holds also for the case of A-completeness with the proper interpretation of
the set ©.

8 Linear a. functions

An a. function from P, is linear (l.a.f.) if in its system (5.1) the vector-functions ¢ and
v are linear modulo [ with respect to their variables. Denote by L, ;1 the class of all linear
a. functions. It is not difficult to see that IQCS’F(LGJJC) = Lg% Let us consider the fs.
Lok = (Lot Qes) and L | 1 = (Lai ks Qes,F)-
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8.1 Theorem Among the f.s. Lok and L} ., only L7, . is finitely-generated.

A solution of the completeness problem for £ ; , is obtained for [ = 2, and we present it [9]
using the notation L, instead of L\ and the notation Ly instead of L4 . Let T'y, a € Eo, be
the class of all B.f. f(x1,29,...,2) = (y1,%2,-..,Ym) such that f(a,qa,...,a) = (a,qa,...,a).
Tt is said that a B.f. f(z1,29,...,2,) depends on z; with a shift, if in its system (5.1), x; is
absent in the equations for v; otherwise z;, is called an immediate variable. Let Vi be the
class of all B.f. having no more than one immediate variable. Let V5 be the class of all B.f.
having an odd number of immediate variables. Denote by R¢c the class of all B.f. having
exactly one essential variable, and by Ry, the class of all B.f. with exactly one immediate
variable. The class of all B.f. without immediate variables is denoted by C. Let a®[0] be the
word of length s of the form 00...0. Denote by L the class of all B.f. f(x1,x2,...,2,) such
that

F(@[0],a*[0].....a*[0)) = (a*[0], a*[0]....., a* 0]

for any s in N. Let L; be the class of all B.f.’s of one variable and L = LN L; . Denote by
E»[z] the ring of polynomials in z over the field F2 with the usual operations of addition and
multiplication of polynomials. For {u,v,u,v'} C Es[z] we consider the fractions u/v, u'/v/
which we assume equal if uu; = w'ug and vu; = v'ug for some uq, uz in Es[z] \ {0}. The
degree of a polynomial u is denoted by degu. Let Q2(z) be the set of all fractions u/v, u/v is
incontractible, v € Es[2] \ {0}, then v is not divided by z. It is possible to show that L and
Q2(z) are isomorphic (we write ~) and retain the operations of addition and multiplication;
therefore they are identical in a sense.

Let u/v € Qa2(2), f € Ly and u/v ~ f. It is said that f possesses the O-property if either
u/v € Ry and degu = degv, or u/v ¢ Ry and degu < degv. We consider polynomials
p; from Q2(z) ordered according to ascending degree, i.e., degp; < degp;y; for i € N, and
let py = & If w+ v or w is divisible by &p;, then we say that f possesses the i-property.
If degu < degwv, then f possesses the O'-property; if degu < degwv, then f possesses the
O" -property. If u is divided by p; then f possesses i’ -property; if v is not divisible by p;, then
it possesses i -property.

Let Mi(l) consist of all B.f. f having i-property, i € Ny , and let RZ(.l) consist of all B.f. f
with the i/-property.

For a B.f. f(z1,®2,...,x,) there exist functions fi(x1), fa(x2),..., fu(zy) from L; and v
from C such that

flxr,@o, ... ) = Zfi(mi) +~ (mod 2).
i=1

Denote the set of functions fi, fa, ..., fn by p(f). Let M; consist of all B.f.’s f such that
w(F) c Ml-(l). Let a B.f. f satisfy the following property: if x; is the only essential variable,
then f; in pu(f) possesses the ¢’-property; and if the indicated property is absent in z;, then
1 possesses the i'-property. The class of such f is denoted by R]C

Let a B.f. f satisfy the following property: if x; is the only immediate variable, then f;
in p(f) possesses the i"-property; otherwise f possesses the i'-property. The class of such f
is denoted by RJH .

Denote by J the family consisting of all classes FO,Fl,%,%,Mi7Rf,R§{ for i € Ny,
jEN.
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8.2 Theorem [9] The relation ¥(L}) = J holds.

Thus in the f.s. £} there is only a countable set of precomplete classes and by virtue of

the fact that £ is finitely generated they form a criterial system. By analogy with the case
of functions with delays the following assertion holds.

8.3 Theorem [9] There is an algorithm establishing whether any finite system of B.f.’s in
L} is complete.
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Algebra of behavior transformations
and its applications

Alexander LETICHEVSKY
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Ukraine

Abstract

The model of interaction of agents and environments is considered. Both agents
and environments are characterized by their behaviors represented as the elements of
continuous behavior algebra, a kind of the ACP with approximation relation, but in
addition each environment is supplied by an insertion function, which takes the behavior
of an agent and the behavior of an environment as arguments and return a new behavior
of this environment. Each agent can be considered as a transformer of environment
behaviors and a new kind of equivalence of agents weaker than bisimulation is defined
in terms of the algebra of behavior transformations. Arbitrary continuous functions can
be used as insertion functions and rewriting logic is used to define computable ones. The
theory has applications for studying distributed computations, multi agent systems and
semantics of specification languages.

1 Introduction

The topic of these lectures belongs to an intensively developing area of computer science:
the mathematical theory of communication and interaction. The paradigm shift from com-
putation to interaction and the wide-spread occurrence of distributed computations attract
a great deal of interest among researchers in this area.

Concurrent processes or agents are the main objects of the theory of interaction. Agents
are objects, which can be recognized as separate from the rest of a world or an environ-
ment. They exist in time and space, change their internal state, and can interact with other
agents and environments, performing observable actions and changing their place among
other agents (mobility). Agents can be objects in real life or models of components of an in-
formation environment in a computerized world. The notion of agent formalizes such objects
as software components, programs, users, clients, servers, active components of distributed
knowledge bases and so on. A more specific and rich notion of agent is also used in so called
agent programming, an engineering discipline devoted to the design of intelligent interactive
systems.

Theories of communication, interaction, and concurrency have a long history, that starts
from the structural theory of automata (50-th years of the last century). Petri Nets is an-
other very popular general model of concurrency. However Petri Nets is very specific, and
structural automata theory requires too many details to represent interaction in a sufficiently
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abstract form. Theories of communication and interaction which appeared in 70-th captured
the fundamental properties of the notion of interaction and constitute the basis of modern
research in this field. They include CCS (Calculus of Communicated Processes) [19, 20] and
the m-calculus [21] of R. Milner, CSP (Communicated Sequential Processes) of T. Hoar [13],
ACP (Algebra of Communicated Processes) [5] and many branches of these basic theories.
The current state-of-the-art is well represented in recently edited Handbook of Process Alge-
bra [6]. A new look at the area appeared recently in connection with the coalgebraic approach
to interaction [24, 4].

The main notion of the theory of interaction is the behavior of agents or processes in-
teracting with each other within some environment. At the same time traditional theories
of interaction do not formalize the notion of an environment where agents are interacting
or consider very special cases of it. The usual point of view is that an environment for a
given agent is the set of all other agents surrounding it. In the theory of interaction of agents
and environments developed in [15] and presented in the lectures, the notion of environment
is formalized as an agent supplied by an insertion function, which describes the change of
behavior of an environment after the agent is inserted. After inserting one agent an environ-
ment is ready to accept another one and, considered as an agent, it can itself be inserted into
another environment of higher level. Therefore multi-agent and multilevel environments can
be created using insertion functions.

Both agents and environments are characterized by their behaviors represented as the
elements of a continuous behavior algebra, a kind of ACP with approximation relation [14].
The insertion function takes the behavior of an agent and the behavior of environment as
arguments and returns a new behavior of this environment. Each agent therefore can be con-
sidered as a transformer of environment behaviors and a new equivalence of agents is defined
in terms of the algebra of behavior transformations. This idea comes from Glushkov discrete
transformers (processors) [9, 10], an approach considering programs and microprograms as
the elements of the algebra of state space transformations. In the theory of agents and envi-
ronments the transformations of a behavior space is considered instead, so this transition is
similar to the transition from point spaces to functional spaces in mathematical analysis.

Arbitrary continuous functions can be used as insertion functions and rewriting logic is
applied to define computable ones. The theory has applications for the study of distributed
computations and multi agent systems. It is used for the development specification languages
and tools for the design of concurrent and distributed software systems. Three lectures
correspond to the three main sections of the paper and contain the following.

The first section gives an introduction to the algebraic theory of processes considered as
agent behaviors. Agents are represented by means of labeled transition systems with diver-
gence and termination, and considered up to bisimilarity or other (weaker) equivalences. The
theorem characterizing bisimilarity in terms of a complete behavior algebra (cpo with alge-
braic structure) is proved and the enrichment of a behavior algebra by sequential and parallel
compositions is considered. The second section introduces algebras of behavior transforma-
tions. These algebras are classified by the properties of insertion functions and in many cases
can be considered as behavior algebras as well. The enrichment of a transformation algebra
by parallel and sequential composition can be done only in very special cases. Two aspects
of studying transformation algebras can be distinguished.
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Mathematical aspect The study of algebras of environments and behavior transforma-
tions as mathematical objects, classifying insertion functions and algebras of behavior trans-
formations generated by them, developing specific methods of proving properties of systems
represented as environments with inserted agents.

Application aspect The insertion programming, that is a programming based on agents
and environments. This is an answer to the paradigm shift from computation to interaction
and consists of developing a methodology of insertion programming (design environment and
agents inserted in it) as well as the development of tools supporting insertion programming.
The application of the insertion programming approach to the development of proof systems
is considered in the last section.

2 Behavior algebras

2.1 Transition systems

Transition systems are used to describe the dynamics of systems. There are several kinds
of transition systems which are obtained by the enrichment of an ordinary transition system
with additional structures.

An ordinary transition system is defined as a couple
(5,17), TCs

where S is the set of states and T' is a transition relation denoted also as s — s’. If there are
no additional structures, perhaps the only useful construction is the transitive closure of the
transition relation denoted as s — s’ and expressing the reachability in the state space S.

A labeled transition system is defined as a triple
(S,A,T), TCSxAxS

where S is again a set of states, A is a set of actions (alternative terminology: labels or
events), and T is a set of labeled transitions. Belonging to a transition relation is denoted by
s — §'. This is the main notion in the theory of interaction. We can consider the external
behavior of a system and its internal functioning using the notion of labeled transitions. As in
automata theory two states are considered to be equivalent if we cannot distinguish them by
observing only external behavior, that is actions produced by a system during its functioning.
This equivalence is captured by the notion of bisimilarity discussed below. Both the notion
of transition system and bisimilarity go back to R. Milner and, in its modern form, were
introduced by D. Park [22] who studied infinite behavior of automata.

The mized version
(S,A,T), TCSxAxSUS?

combines unlabeled transitions s — s with labeled ones s — s’. In this case we discuss
unobservable or hidden and observable transitions. However as it will be demonstrated later,
the mixed version can be reduced to labeled systems. Technically sometime it is easier to
define a mixed system and then reduce it to labeled one.
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The attributed transition systems:
(S, A, U,T,¢), ¢:S—U.

This kind of transition system is used when not only transitions but also states should be
labeled. The function ¢ is called a state label function. Usually a set of state labels is
structured as U = DT, where the set R is called the set of attributes and the set D is a set
of attribute values. These sets can also be typed and in this case U = (Df§)565 (2 is the set
of type symbols). )

Adjusted transition systems are obtained distinguishing three kinds of subsets,
So, 54,51, C S

in a set S of system states. They are initial states, states of successful termination and
undefined (divergent) states, respectively. The supposed meaning of these adjustments is the
following: from initial states a system can start in an initial state and terminate in a state
of successful termination, undefined states are used to define an approximation relation on
the set of states; the behavior of a system can be refined (extended) in undefined states.
The states of successful termination must be distinguished from the dead lock states, that
is the states from which there are no transitions but which are neither states of successful
termination nor undefined states. The property of a state having no transitions is denoted

as s /.

Other important classes of transition systems are stochastic, fuzzy, and real time transition
systems. All of them are obtained by introducing some additional numeric structure to
different kinds of transition systems and will not be considered here. Attributed transition
systems as well as mixed systems can be reduced to labeled ones, so the main kind of system
will be labeled an adjusted transition system (usually with Sy = .S) and other kinds will be
used only in examples.

Let us consider some useful examples (without details which the reader is encouraged to
supply himself/herself).

Automata The set A of actions is identified with an input (output) alphabet or with the
set of pairs input/output.

Programs The set A of actions is an instruction set or only input/output instructions
according to what should be considered as observable actions. The set S is the set of states
of a program (including memory states). If we want some variables to be observable, a system
can be defined with a state label function mapping the variable symbols to their values in a
given state.

Program schemata Symbolic (allowing multiple interpretations) instructions and states
are considered. The set of actions are the same as in the model of a program.
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Parallel or distributed programs and program schemata The set A of actions is
a set of observable actions performed in parallel or sequentially (in this case parallelism is
modelled by interleaving) in different components; communications are usually represented
by hidden transitions (as in CCS). The states are composed with the states of components
by parallel composition. This example will be considered below in more details.

Calculi States are formulas; actions are the names of inference rules.

Data and knowledge bases Actions are queries.

There are two kinds of non-determinism inherent in transition systems. The first one
is the existence of two transitions s —— s’ and s — s” for some state s with s’ # s’.
This non-determinism means that, after performing an action a, a system can choose the
next state non-deterministically. The second kind of non-determinism is the possibility of
different adjustments of the same state, that is a state can be at the same time a state of
successful termination as well as undefined or initial.

A labeled transition system (without hidden transitions) is called deterministic if for
arbitrary transitions from s —— s/ A s — s” it follows that ' = s” and SA N S| = 0.

2.2 Trace equivalence

A history of system performance is defined as a sequence of transitions starting from some
initial state s; and continuing at each step by application of transition relation, to a state
obtained at this step:
ay az an
S] —> 8 —> /> o0
A history can be finite or infinite. It is called final if it is infinite or cannot be continued. A
trace corresponding to a given history is a sequence of actions performed along this history:

aiag...ap ...

For an attributed transition system the trace includes the state labels:

p(s1) =5 ps2) = o

Different sets of traces can be used as invariants of system behavior. They are called trace
invariants. Examples of trace invariants of a system S are the following sets: L(S)—the set
of all traces of a system S; Lg(s)—the set of all traces starting at the state s; La(S)—the set
of all traces finishing at a terminal state, L) (S)—the set of all traces starting at an initial
state and finishing at a terminal state, etc. All these invariants can be easily computed for
finite state systems as regular languages.

We obtain the notion of trace equivalence considering L9 (S) as the main trace invariant:
systems S and S’ are trace equivalent (S ~p S') if LA(S) = LA(S’). Unfortunately trace
equivalence is too weak to capture the notion of transition system behavior. Consider the
two systems presented in Fig. 1.

Both systems in the figure start their activity by performing an action a. But the first of
the two systems has a choice at the second step. It can perform action b or c¢. At the same
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AT

Figure 1: Trace equivalent systems with different behaviors

time the second system will only perform an action b and can never perform c or it can only
perform ¢ and never perform b, dependent on what decision was made at the first step. The
equivalence, stronger than trace equivalence, that captures the difference between the two
systems in Fig. 1 is bisimilarity. It is considered in the next section.

2.3 Bisimilarity

2.1 Definition A binary relation R C S? is called a bisimulation if:
(1) (s,8) ER = (s€Sa < s €8r, s€S, < §€8.);
(2) (5,8) € RAs =t = 3t/ ((t,t)) € RAs - t);
(3) (s,8) € RAS 5t — It ((t,t') € RAs - t).

States s and s’ are called bisimilar (s ~p s') if there exists a bisimulation R such
that (s,s’) € R. For attributed transition systems an additional requirement is: (s,s’) €
R = ¢(s) = ¢(s’). We can also extend this definition to mixed transition systems if
35’ (s == s - t) will be used instead of s —— ¢ and use 35’ (s — §' A s’ € Sa(SL))
instead of s € SA(S1).

2.2 Proposition Bisimilarity is an equivalence relation.

Proof Note that {(s,s) | s € S} is a bisimulation. If R is a bisimulation then R7! is a
bisimulation and if R and R’ are bisimulations then R o R’ is also a bisimulation. O

2.3 Proposition Bisimilarity is a mazimal bisimulation on S.

Proof An arbitrary union of bisimulations is again a bisimulation; therefore a bisimilarity
is a union of all bisimulations on S. o

Bisimilarity of two states can be extended to the case when they are the states of different
systems in a usual way (consider the disjoint union of the two systems). The bisimilarity of
two systems can also be defined so that each state of one of them must be bisimilar to some
state in the other.
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Reduction of mixed transition systems Let S be a mixed transition system. Add new
rules to define new labeled transitions and extend termination states in the following way.

s - s
s =5 s eSA(SL) = se€Sa(SL).

Now delete unlabeled transitions. The new labeled system is called a reduction of the system

S.

2.4 Proposition A mized transition system and its reduction are bisimilar.

. * .
Proof The relation s — s between s, considered as a state of a reduced system, and s/,
considered as a state of a mixed system, is a bisimulation. O

For a deterministic system the difference between trace equivalence and bisimilarity dis-
appears.

2.5 Proposition For deterministic systems s ~p s = s~p 5.

Th spectrum of different equivalences, from trace equivalence to bisimilarity, can be found
in the paper of Glabbeek [8]. Bisimilarity is the strongest; trace equivalence is the weakest.

To define an approximation relation on the set of states of a transition system, the notion
of partial bisimulation will be introduced.

2.6 Definition The binary relation R C S? is called a partial bisimulation if:

(1) (s,8) ER = (s€SA = §€5n, s¢S5 = §L€SI)N(s¢€SLNs €Sr =
s€8a);

(2) (s,8) € RAs 2t = 3t ((t,t') € RA s -5 t') (the same as for bisimilarity);

(3) (s,8) € RAs ¢ Sy As' 25t/ = Tt ((t,t') € RAs — t) (the same as for bisimilarity
with the additional restriction s & S, ).

We say that s is less defined then s’ or s approxvimates s' (s Cp s'), if there exists a
partial bisimulation such that (s,s’) € E. A partial bisimulation is a preorder and from the
definitions it follows that:

2.7 Proposition s ~g s’ <= sCpgs Cps.

2.4 Behavior algebras

The invariant of a trace equivalence is a language. What is the invariant of a bisimilarity?
To answer this question one should define the notion of behavior of a transition system (in
a given state). Intuitively it is a node of a diagram of a transition system unfolded into
a (finite or infinite) labeled tree (synchronization tree), with some nodes of this tree being
identified. More precisely, two transitions from the same node labeled by the same action
should be identified if they lead to bisimilar subtrees. Different approaches are known for
studying bisimilarity. Among them are Hennessy-Milner logic [12], the domain approach of
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S. Abramsky [1], and the final coalgebra approach of Aczel and Mendler [3]. A comparative
study of different approaches to characterize bisimilarity can be found in [23]. Here we shall
give the solution based on continuous algebras [11] or algebras with an approximation [14].
The variety of algebras with approximation relation will be defined and a minimal complete
algebra F(A) over a set of actions A will be constructed and used for the characterization
of bisimilarity. It is not the most general setting, but the details of direct constructions are
important for the next steps in developing the algebra of transformations.

Behavior algebra (U, A) is a two sorted algebra. The elements of sort U are called behav-
iors, the elements of A are called actions. The signature and identities of a behavior algebra
are the following.

Signature Prefizing a.u, a € A, u € U, non-deterministic choice u+ v, u,v € U, termina-
tion constants A, L, 0, called successful termination, divergence and dead lock correspond-
ingly, and approzimation relation u C v (u approximates v), u,v, € U.

Identities Non-deterministic choice is an associative, commutative, and idempotent opera-
tion with 0 as a neutral element (u+0 = u). Approximation relation C is a partial order with
minimal element . Both operations (prefixing and non-deterministic choice) are monotonic
with respect to the approximation relation:

1 Cu,
uCv = ut+wlov+4w,
ulv = aul aw.

Continuity Prefixing and non-deterministic choice are continuous with respect to approx-
imation, that is they preserve least upper bounds of directed sets of behaviors if they exist.

More precisely, let D C U be a directed set of behaviors, that is for any two elements
d',d" € D there exists d € D such that d’' E d, d’ E d. The least upper bound of the set D
if it exists will be denoted as | | D or | ];cp d. The continuity condition for U means that

a.UDz |_| a.d,

deD

|_|D+u: |_|(d+u).

deD

Note that monotonicity follows from continuity.

Some additional structures can be defined on the components of a behavior algebra.

Actions A combination a x b of actions can be introduced as a binary associative and
commutative (but in general case not idempotent) operation to describe communication or
simultaneous (parallel) performance of actions. In this case an impossible action () is intro-
duced as unnulator for combination and unit action ¢ with identities
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ax=10,
axd=a,
0.u=0.

In CCS each action a has a dual action a (¢ = a) and the combination is defined as a x a = ¢
and a x b = () for non-dual actions (the symbol 7 is used in CCS instead of §; it denotes the
observation of hidden transitions and two states are defined as weakly bisimilar if they are
bisimilar after changing 7 transitions to hidden ones). In CSP another combination is used:
axa=a,axb=1{fora#b.

Attributes A function defined on behaviors and taking values in an attribute domain can
be introduced to define behaviors for attributed transition systems.

To characterize bisimilarity we shall construct a complete behavior algebra F(A). Com-
pleteness means that all directed sets have least upper bounds. We start from the algebra
Fsn(A) of finite behaviors. This is a free algebra generated by termination constants (an
initial object in the variety of behavior algebras). Then this algebra is extended to a com-
plete one adding the limits of directed sets of finite behaviors. To obtain infinite, convergent
(definition see below), non-deterministic sums this extension must be done through the in-
termediate extension F of the algebra of finite depth elements.

Algebra of finite behaviors Fy,(A) is the algebra of behavior terms generated by ter-
mination constants considered up to identities for non-deterministic choice, and with the
approximation relation defined in the following way:.

2.8 Definition (Approximation in Fj,(A4)) v C v if and only if there exists a term
o(x1,...,2,) generated by termination constants and variables z1,...,z, and terms vy,...,
vy, such that u = ¢(L,..., 1) and v = p(v1,...,v,).

2.9 Proposition Each element of Fx,(A) can be represented in the form
U= Z a;. Ui + €y
el

where I is a finite set of indices and € is a termination constant. If the a;.u; are all different
and all u; are represented in the same form, this representation is unique up to commutativity
of non-deterministic choice.

Proof The proof is by induction on the height h(u) of a term u defined in the following way:
h(e) = 0 for the termination constant e, h(a.u) = h(u) + 1, h(u + v) = max{h(u),h(v)}. O

A termination constant ¢, can possess the following values: 0, A, 1, 1 + A. Behavior u
is called divergent if e, = L, 1 + A, otherwise it is called convergent. For terminal behaviors
ew = A, L + A and behavior u is guarded if €, = 0.

2.10 Proposition u C v if and only if
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(1) ey E ey

2) u=av +v" = v=av +V", v C;
3) v=1av' +v" and u is convergent = u=au +u", v Cv.

2.11 Proposition The algebra Fy,(A) is a free behavior algebra.

Proof Only properties of approximation need proof. To prove that approximation is a partial
order and that prefixing and nondeterministic choice are monotoniv is an easy exercise (to
prove antisymmety use Proposition 2.10). To prove that the operations are continuous note
that each finite behavior has only a finite number of approximations and therefore only finite
directed sets have least upper bounds. The property ¢(L,..., L) C ¢(v1,...,v,) is true in an
arbitrary behavior algebra (induction); therefore the approximation in Fp,(A) is a minimal
one. 0

Note that in Fg,(A)
r=y <= rzLCyCux

Algebra of finite height behaviors FgP(A) is defined in the following way. Let

R ) = #0,
n=0

FOA) ={A, L,A+ 1,0},
F+D4) = (e aiui +v | u,v e FOY,
where I is an arbitrary set of indices, but expressions ", a;.u; and ) jed b;.v; are identified

if {a;.u; | i € It = {bj.vj | j € J}. Therefore one can restrict the cardinality of infinite I to
be no more then 214! for F(V(A) and no more then 2P for F+(4).

Take Proposition 2.10 as the definition of an approximation relation on the set Fgo(A).
Taking into account the identification of infinite sums we have again that r =y <= zCy C
. Define prefixing as a.u for u € F("(A) and define 3°,; i+ ey iV = D ke Ck-W
where I NJ =0 and ¢;.wy = ag.ug, for k € I and cg.wy, = bg.vg, for k € J (disjoint union).

2.12 Proposition The algebra FE2(A) is a behavior algebra.

Proof Use induction on the height. m|

However the algebra F°(A) has the same identities as Fy,(A). It is not free because it
has no free generators and the equality

Z a;.u; + Z bjv; = Z Cl W

i€l jeJ keK
for {aj.u; | i € I} U{bjv; | j € J} = {ckwy | k € K} does not follow from the identities
when at least one of I or J is infinite. But they are the only equalities except for identities
in FgS(A) (infinite associativity).
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In the algebra Fg°(A) the canonical representation of Proposition 2.9 is still valid for
infinite sets of indices.

Let X be a set of variables. Define the set FgO(A,X) in the same way as Fgo(A), but
redefine F(O(A) as FO(A, X) = {Dierei | e € FO(A)U X, i € I} so that, besides the
set of termination constants, it also includes the sums of variables. The set Fg°(A, X) is a
behavior algebra with operations and approximation defined in the same way as for Fo(A).

Define substitution ¢ = {z; := v; | ¢ € I} as a homomorphism u — wuc such that
xi0 = v;, €0 = ¢ for termination constants, and (3 u;)o = > uio. If u,v € Fg2(A, X) then
u(v) denotes u{z :=v, z € X}.

2.13 Proposition For elements u,v € FgO(A,X) the approzimation relation satisfies the
following statement: w T v if and only if there exists ¢ € FES(A,X) and substitution o =
{z; :=v;|i€l,z; € X} such that (L) =u, and o =v.

Proof By induction on the height of u. |

Complete behavior algebra F'(A)

The elements of F'(A) are directed sets of FgS(A) considered up to the following equivalence.

2.14 Definition Directed sets U and V in Fg(A) are called equivalent (U ~ V) if for each
u € U there exists v € V such that v C v and for each v € V there exists v € U such that
v C u.

Define operations and approximation on directed sets in the following way.
o Prefixing: a.U = {au|ue U},

e Non-deterministic choice: U+ V ={u+v|ue UV €V}

e Approximation: UCV <= VY(ueU) I(veV) (uCv).

These operations preserve equivalence and therefore can be extended to classes of equiv-
alent directed sets.

2.15 Proposition The algebra F(A) is a behavior algebra. It is a minimal complete conser-
vatie extension of the algebra FgS(A).

Proof The least upper bound of a directed set of elements of F'(A) is a (set theoretical)
union of these elements. Also the algebra FgJ(A) can be isomorphically embedded into F'(A)
by the mapping of u € Fgo(A) to {v | v C u}. Minimality means that if H is another complete
conservative extension of Fg9(A) then there exists a continuous homomorphism from F(A)
to H such that the following diagram is commutative:

Fen(4) > F(4)
%

For details see [14]. a
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Let us define >, ;u; for u; € F(A) and infinite I as {3 ,.;v; | v; € u;}. Note that
F(A,X) can be defined as a free complete extension of F(A) and Proposition 2.13 can be
proved for F(A, X)

2.16 Proposition Each u € F(A) can be represented in the form u = 3, ;a;.u; + €, and
this representation is unique if all a;.u; are different.

Proof Let M(a) be the set of all solutions of the equation a.z + y = u with unknowns
z,y € F(A) and S(a) the set of all « such that, for some y, (z,y) € M(a). Let I = {(a,u) |
a€ A ue S(a)} and agy) = a, Uy = u. Then u = 37, ;a;.u; + ¢, and uniqueness is
obvious. a

Another standard representation of behaviors is through the definition of a minimal so-
lution of the system of equations

zi=F(X), iel

where F;(X ) e Fgo(A,X) and 2; € X. As usually, this minimal solution is defined as

|_|(°°) ) where xEO) =1,z ("H) = (Fi(X))on, 0(ny1) = {2 = x( ), i € I}. Note
that the ﬁrst representation is used in the co-algebraic approach and the second is a slight
generalisation of the traditional fixed point approach.

2.5 Behaviors of transition systems

Let S be a labeled transition system over A. For each state s € S, define the behavior
beh(s) = us of a system S in a state s as a minimal solution of the system

Ug = E a.ug + €g

5=t
where ¢ is defined in the following way:
sZ€SAUS] = eg,=0,
SESA\S. = es=A,
s€SI\SA = es=1,
seSANS, = =A+ 1.

Behaviors as states
A set of behaviors U C F(A) is called transition closed if
aut+velU = uwel.

In this case U can be considered as a transition system if transitions and adjustment are
defined in the following way:
a.u+v LN u,
Uar ={u|u=u+ A},
={ulu=u+ L}
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2.17 Theorem Let s and t be states of a transition system, u and v behaviors. Then
(1

(2) s~pt < us = 1w

)
)
)
)

sCpt <= us C uy;

(3) uCv < uLlpu;
(4) u=v <= uLlpw.

Proof The first follows from the bisimilarity of s and us considered as a state. (1) = (2)
because C is a partial order, and (2) = (3) because beh(u) = u. O

An agent is an adjusted labeled transition system. An abstract agent is an agent with
states considered up to bisimilarity. Identifying the states with behaviors we can consider
an abstract agent as a transition closed set of behaviors. Conversely, considering behaviors
as states we obtain a standard representation of an agent as a transition system. This
representation is defined uniquely up to bisimilarity. We should distinguish an agent as a
set of states or behaviors from an agent in a given state. In the latter case we consider each
individual state or behavior of an agent as the same agent in a given state adjusted in such
a way that it has the unique initial state. Usually this distinction is understood from the
context.

2.6 Sequential and parallel compositions

There are many compositions enriching the base process algebra or the algebra of behaviors.
Most of them are defined independently on the representation of an agent as a transition
system. These operations preserve bisimilarity and can be considered as operations on be-
haviors. Another useful property of these operations is continuity. The use of definitions in
the style of SOS semantics [2] or the use of conditional rewriting logic [18] always produces
continuous functions if these definitions are expressed in terms of behavior algebras. The
mostly popular operations are sequential and parallel compositions.

Sequential composition is defined by means of the following inference rules and equa-
tions:
u—
(usv) = (u's0)
(u+A)v) = (u;0) + v,
((u+L);v) = (usv) + L,
(u;0) = 0.

These definitions should be understood in the following way. First we extend the signature of
the behavior algebra adding new binary operation ((); ()). Then add identities for this oper-
ation and convince yourself that no new equation appears in the original signature (extension
is conservative). Then a transition relation is defined on the set of equivalence classes of
extended behavior expressions (independence of the choice of representative must be shown).
These classes now become the states of a transition system, and the value of the expression
is defined as its behavior. In the sequel we shall use the notation wv instead of (u;v).
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2.18 Exercise Prove identities Au = uA = u, Lu = L1, (ww)w = u(vw), (u+v)w = vw+vw.
Hint: Define bisimilarity (for non-trivial cases).

Sequential composition can be also defined explicitly by the following recursive definition:

uv = Z a(u'v) + Z ev,

@ ! u=u-+e

Ov =0, Av =, lv=1.

If an action «a is identified with the agent a.A, then we have a = a.A = (a; A) = aA.

Parallel composition of behaviors assumes that a combination of actions is defined. It
is considered as a associative and commutative operation a x b with annulator #. Rules and
identities for the parallel composition are

U — viw/, axb#0
b
qua—Xb>u’Hv’
a b
u—u, v— v

b
ullo = v, ullo 2 wllof, ull(v + A) <l (u+ Ao s o

(u+A)[(v+A)=(u+ A)||[(v+ A)+ A,
(u+ L)|lv=(u+ L)|jv+ L,
ul|(v+ L) =ul(v+ L)+ L.

2.19 Exercise Prove associativity and commutativity of parallel composition.

An explicit definition of parallel composition is

ulv=" > (axd) )+ D a@lv)+ D bullv)) + el

a ., b, a b,
u—su’ , v—v U——u V—'

where £,(g,) is a termination constant in the representation u = Y a;u; + &, of a behavior u.

3 Algebra of behavior transformations

3.1 Environments and insertion functions

An environment is an abstract agent E over the set C of environment actions together with a
continuous insertion function Ins: E x F(A) — E. All states of E are considered as possible
initial states. Therefore an environment is a tuple (F,C, A, Ins). In the sequel C, A, and
Ins will be used implicitly and Ins(e,u) will be denoted as ef[u]. After inserting an agent
u (in a given state u), the new environment is ready for new agents to be inserted and the
insertion of several agents is something that we will often wish to describe. Therefore the
notation
elur, ..., uy] = efur]. .. [un]

will be used to describe this insertion.
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Each agent (behavior) u defines a transformation [u] of environment (behavior transfor-
mation); [u]: E — E is such that [u](e) = e[u]. The set of all behavior transformations of a
type [u] of environment E is denoted by T(F) = {[u] | w € F(A)}. This is a subset of the
set ®(E) of all continuous transformations of E. A semigroup multiplication [u] * [v] of two
transformations [u] and [v] can be defined as follows:

([u] % [o])(e) = (e[u])[v] = e[u, v]

The semigroup generated by T'(F) is denoted as T*(FE) and (for a given insertion function)
we have:

T(E) CTH(E) € ®(E)

An insertion function is called a semigroup insertion if T(E) = T*(E). Tt is possible if and
only if for all u,v € F(A) there exists w € F(A) such that for all e € E, e[u,v] = e[w].

It is interesting also to fix the cases when T(E) = ®(F). Such an insertion is called
universal. A trivial universal insertion exists if the cardinality of A is not less then the
cardinality of ®(F). In this case all functions can be enumerated by actions with the mapping
¢ +— a, and insertion function can be defined so that efa,] = ¢(e).

The kernel of the mapping u +— [u] of F(A) to T(E) defines an equivalence relation on
the set F(A) of agents (behaviors). This equivalence is called an insertion equivalence:

u~pv <= Y(e€ E) (e[u] =ev])

Generally speaking, insertion equivalence is not a congruence.
Let ~p is a congruence. In this case the operations of the behavior algebra F(A) can be
transferred to T'(E) so that

e([u] +[v]) = e[u+ 7]

e(a.[u]) = e[a.u]
Define an approximation relation on T'(F) so that
[u] E [o] <= V(e € E) (e[u] Celv])

3.1 Theorem If ~g is a congruence, T(E) is a behavior algebra and the mapping u — [u]
is a continuous homomorphism of F(A) on T(E).

An environment can be also defined as a two sorted algebra (E,T(FE)) with the insertion
function considered as an external operation on F.
Let us consider some simple examples.

Parallel insertion An insertion function is called a parallel insertion if it satisfies the
following condition:
elu,v] = e[ul|v].

A parallel insertion is a semigroup insertion with composition defined as [u] * [v] = [u]|v]. An
example of parallel insertion is the insertion function efu] = e|lu (for A = C). This function
is called a strong parallel insertion. In this case ~ is a congruence and if A € FE it coincides
with a bisimilarity. Strong parallel insertion models the situation when an environment for
a given agent is a parallel composition of all other agents interacting with it.
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Sequential insertion An insertion function is called a sequential insertion if it satisfies
the following condition:
elu, v] = e[uv].

A sequential insertion is also a semigroup insertion with [u]*[v] = [uv] and a strong sequential
insertion defined by the equation e[u] = eu (A = C) is a congruence and in this case the
insertion equivalence is a bisimilarity if A € E.

Trace environment A {frace environment is generated by one state: E = {eg[u] | u €
F(A)}. An insertion function is defined by the equations eg[u,v] = egluv], eo[A] = ey,
eo[L] = 1, e[0] =0, and

:Za.eo Z u; | + eole]-

acA i€l, a;=a

eo {Z a;u; + €

icl

It is easy to prove the following.

3.2 Theorem For a trace environment E, u ~g v if and only if u ~p v.

In a trace environment we also have a distributive law [z] * ([y] + [2]) = [z] * [y] + [z] * [2]
and a Klinee like algebra can be defined by introducing an iteration [u]* = >">° ;[u]™. But
this algebra contains not only finite but also infinite behaviors and there are equalities like
uv = v if u has no termination constant A at the end of some history.

Problem Find environments for all the equivalences between trace and bisimulation defined
in [8].
3.2 Classification of insertion functions

In this and the following sections assume that the set E of environment behaviors is not only
transition closed but, for each behavior e, also contains all of its approximations. That is
from e € F and €' C e it follows that ¢/ € E.

Every insertion function is a continuous one, therefore it can be represented in the form

elu] = U e'u]

e'Ce, u/'Cu

where ¢ € F°(C), v € EX(A). Using this representation the following proposition can be
proved.

3.3 Proposition

(1) efu] % f = ther eaist, Jor some m, ¢ € F3¥(C), u' € F3g(A), ' € F(C) such that
d] = f, e Ce, ' Cu, f'Cf;

(2) ] - f, e € EX(C), v € EX(A), f' € F(C) = there exist e € E, u, f such
that efu] = f and € Ce, v/ Cu, f'C f.
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From this proposition and Proposition 2.13 it follows that for each transition ¢/[u’] —— f’
there must be a “transition equation”

e(X)[u(¥Y)] = f(XUZ)o (3.1)

such that e(L) = ¢/, u(L) =/, f(L) = f’ and o substitutes continuous functions of X and Y’
to Z. To cover more instances the intersection of X and Y must be empty and all occurrences
of variables in the left hand side must be different (left linearity). These equations belong to
some extended transformation algebra enriched by corresponding functions. More precisely
the meaning of (3.1) can be described by the following equational formula:

Vo, Yoo 3g((e(X)o))[u(Y)os] = c.(f(X U Z)a1)o’ + g)

where 01 : X — F(C), 02: Y — F(A), g € F(C), ¢/ = o(01 + 02) (disjoint union of two
substitutions in the right hand sides of substitution o). The set of termination equations

e(X)[u(Y)] = e(X)[u(Y)] + ¢ (3.2)

must be considered together with the transition ones. The set of all transition and termination
equations uniquely defines an insertion function and can be used for its computation.

The previous discussion results in trying to apply rewriting logic [18] for recursive com-
putation of insertion functions and modeling the behavior of an environment with inserted
agents. For this purpose one should restrict consideration to only those substitutions ex-
pressed in the form o = {2 = filw] | z € Z, fi € F(C,X), w; € Fg2(A,Y)}. This
restriction means that the insertion function is defined by means of identities of a two-sorted
algebra of environment transformations (with insertion as the operation). Insertions (envi-
ronments) defined in this way will be called equationally defined insertions (environments).

Equationally defined environments can be classified by additional restrictions on the form
of rewriting rules for insertion functions. The first classification is on the height of e and u
in the left hand side of (3.1):

e One-step insertion: (1,1); both environment and agent terms have the height 1.

e Head insertion: (m,1); the environment term is of arbitrary height and the agent term
of height 1. This case is reduced to one-step insertion.

e Look-ahead insertion: (m,m); the general case, reduced to the case (1,m).

In addition we restrict the insertion function by the additivity conditions:

(X ei) lu) = Yo eilul) (33)
e[S w] =S (el (3.4)

Both conditions will be used for a one-step insertion and the second one—for a head insertion.
Restictions for termination equations will not be considered. They are assumed to be in a
general form.
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3.3 One-step insertion

First we shall consider some special cases of one-step insertion and later it will be shown that
the general case can be reduced to this one. From the additivity conditions it follows that
the transitions for c.ef[a.u], ea.u], (c.e)[e], and £[¢] should be defined to dependend only on
a, ¢, and e, € E = {L,A 0}. Other restrictions follow from the rules below. To define
insertion assume that two functions Dy : A x C' — 2¢ and Dy : C' — 2€ are given. The rules
for insertion are defined in the following way.
u -2 ', e L;g’7 d € Dy(a,c) (interaction),

efu] — e'[u’]
eS¢, de Ds(c) .
p (environment move).

efu] — €¢'[u]

In addition we must define a continuous function p.(u) = efu] for each ¢ € E. This
function must satisfy the following conditions. For all e € E and u € F(A)

L[u] C eful, elu] + O[u] = efu]. (3.5)

The simplest way to meet these conditions is to define L[u] = L and O[u] = 0. There are
no specific assumptions for Afu], but usually neither A nor 0 belongs to E. Note that in the
case when A € E and Afu] = u the insertion equivalence is a bisimulation.

3.4 Theorem For a one-step insertion the equivalence on F(A) is a congruence and T(A) is
an environment algebra isomorphic to the quotient algebra of F(A) by insertion equivalence.

First let us prove the following statement.

3.5 Proposition For a one-step insertion there exists a continuous function F : AXT(E) —
T(E) such that [a.u] = F(a, [u]),
Proof Let

e = Zciei + €. (3.6)

i€l
Then
ela.u] = Z d.e;[u] + Z d.e;la.u] + eela.u).
deD1 (a,c;) deDa(c)

Therefore for an arbitrary e the value efa.u] can be found from the minimal solution of the
system defined by these equations with unknowns efu] and e[a.u] (for arbitrary e and u). O
Proof of Theorem 3.4 Define a.[u] = F(a, [u]), [u] + [v] = Ae.(e[u] + ¢[v]), [u] C [v] <=
Ve.(elu] C e[v]), and [e] = Ae.tp:(e), where 1p.(e) = e[e] for e defined by (3.6) is found from
the system of equations

1/)5(6) = Z Z d~w5(6i) + ‘PE(Ee)'

i€l deDa(c;)

Now T'(E) is a behavior algebra and u +— [u] is a continuous homomorphism. O
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3.6 Example Let A C C. Define combinations ¢ x ¢’ of actions on the set C as arbitrary
ac-operation with identities ¢ x § = ¢, ¢ x ) = (. Now define the functions for a one-step
insertion as follows: Dy(a,c) = {d | ¢ =a x d}, Da(c) = {c}. It is easy to prove that this is
a parallel insertion: efu,v] = e[u|v].

Parallel computation over shared and distributed memory The insertion of the
previous example can be used to model parallel computation over shared memory. In this
case
E = {e[u1,ug,...] | e: R — D}.
Here R is a set of names, D is a data domain and the environment is called a shared memory
over R. Actions ¢ € C correspond to statements about memory such as assignements or
conditions. The combination ¢ x ¢ # @ if and only if ¢ and ¢’ are consistent. The notion
of consistency depends on the nature of actions and intuitively means that they can be
performed simultaneously. The transition rules are:
PRNLLLIN e, u—u

elu] =% e/[u

As a consequence

ayXagX---xXd , ay ’
— €, Ul — Up,...

J .
eluljug|...] — €'ul, ub,...]

The residual action d in the transition efuy |lusg]| .. .] <, e'lu], ul,...] is intended to be used
by external agents inserted later, but it can be a convenient restricted interaction only with
a given set of agents already inserted. For this purpose a shared memory environment can
be inserted into a higher level closure environment with the insertion function defined by the
equation gle[u]][v] = g[e[u]|v]] where g is a state of this environment, e is a state of a shared

memory environment, and the only rule used is for the transition: u LGV S glu] LN glu'].

The idea of a two-level insertion can be used to model distributed and shared memory in
the following way. Let R = Ry U Ry be divided into two non-intersecting parts (external and
internal memories correspondingly). Let C} be the set of actions that change only the values
of Ry (but can use the values of Rg). Let C be the set of statements and conditions that
change and use only Ry. Generalize the closure environment in the following way:

elu] % e[, d e Cy
glelu]] % gle'[w]]

where d’ is the result of substituting the values of Ry into d. Now closed environments over
Ry can be inserted into the shared memory environment over Rj:

elglm]llglualll - -]

and we obtain a two-level system with shared memory R; and distributed memory Rs. This
construction can be iterated to obtain multilevel systems and enriched by message passing.

The importance of these constructions for applications is that most problems of proving
equivalence, equivalent transformations and proving properties of distributed programs are
reduced to the corresponding problems for behavior transformations that have the structure
of behavior algebra.
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3.4 Head insertion

Again we start with the special case of head insertion. It is defined by two sets of transition
equations:

Gia(X)lay] -5 Gl (X)lyl, i€l(a), deDi,CC (interaction),
Hj(X)[y] = H{(X)[y], JjeJ, ceC;cC (environment move),

and the function ¢e(u) = efu] satisfying conditions (3.5). Here Gi(X), G ,(X), H;(X),
H ]’(X ) € Fgo(C,X) and y is a variable running over the agent behaviors. It is easy to
prove that one-step insertion is a special case of head insertion. Note that transition rules
for head insertion are not independent. An insertion function defined by these rules must be
continuous. Corresponding conditions can be derived from the basic definitions.

Reduction of general case

Two environment states e and €’ are called insertion equivalent if for all u € F(A) e[u] = €[u].
This definition is also valid if e and ¢’ are the states of two different environments, E and E’,
over the same set of agent actions. Environments E and E’ are called insertion equivalent if
for all e € E there exists ¢’ € E' such that e and ¢’ are equivalent and vice versa.

3.7 Theorem For each head insertion environment of the general case there exists an equiv-
alent head insertion environment of the special case.

Proof The transitions of the general case have the form
G(X)[ay] & G'(X U Z)o (3.7)
where 0 = {z; := fi(X)[g:(y)] | z: € Z, i € I}, [i(X) € FR(C, X), i(y) € Fgi (A, {y}), or
G(X)y % (XU Z)o (3.8)

with the same description of o. Introduce a new environment E’ in the following way. The
states of this environment (represented as a transition system) are the states of F and the
insertion expressions are e[u] where e = fo, f € FgO(A, Z), 0 = {2 := filg:] | z € Z, fi €
F(C), gi € F§2(A,{y}), i € I}. The symbol y is called suspended agent behavior and the
insertion expressions are considered up to identity e[y][u] = e[u].

Define a new insertion function so that if there is a transition rule (3.7) in E, then there
is a rule G(X)la.y] <, G'(X U Z)o'[y] in E' where ¢’ = o{y := y} and if there is a transition
rule (3.8) in F then there is a rule G(X)[y] -, G'(X U Z)o'ly] in E' with the same ¢’. Add
also the rule: if e % ¢ in F then e[u] - ¢/[u] in E’. The termination insertion function
e is derived from those transition rules that have € as the left hand side. The equivalence
of the two environments follows from their bisimilarity as transition systems. O
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Reduction to one-step insertion

3.8 Theorem For each head insertion environment there exists a one-step insertion envi-
ronment equivalent to it.

Proof Let F be a special case of a head insertion environment with the set X common
to all insertion identities (both assumptions do not influence generality). Define E’ as an
environment with the set of actions C' = F3°(C, X). Define mapping v : E — F(C’) so that

v(e) = y1(e) +12(e),

7 (6) = Z Gi,a(X)"Y(Gg,a(X)U%
e=Gio(X)ote
)= Y H(X)(H(X)o).

e=H;(X)o+e'

Define E’ as the image of v, the insertion function, by means of equations

Di(a,Gia(X)) = {d|Gi.a(X)[a.y] ~5 G 4(X)[y]}
Do(Hy(X)) = {d|H)(X)[y) - H(X)[y]}

for a one-step insertion and a termination function derived from environment moves for E.
Equivalence of two environments follows from the statement that {(e[u],y(e)[u]) | e € E} is
a bisimulation. m|

3.5 Look-ahead insertion

A special case of look-ahead insertion is defined by a set of transition equations of the following
type:
d
GX)[H(Y)] — G'(X)[H'(Y)].

Reduction of a general case to special one can be done in the same way as for head insertion.
Constructions for head insertion reduction to one-step insertion can be used to reduce look-
ahead insertion to (1,m) insertion as well. Further reductions have not been considered
yet.

If A = C, look-ahead can be generalized:

GX)[H(Y)] L ¢'(X,Y)[H'(X,Y)].

3.6 Enrichment transformation algebra by sequential and parallel compo-
sition

In this section a transformation algebra of a one-step environment is considered. Some

one-step environments allow introducing sequential and parallel compositions of behavior

transformations so that they are gomomorphically transferred from corresponding behavior

algebras. The following conditional equation easily follows from the definition of one-step

insertion:
V(iel) ([w] =) = [Z aiul} = [(Zaz) U} .

el el
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Behavior ), ;a; is called a one-step behavior. Therefore the following normal form can be
proved for one-step insertion:

[u] = [piu] + [¢], (3.9)
iel
[ui] # [uj] if i # 4, [pius] # [0], p; are one-step behaviors.
For one-step behavior p =Y. ; a; define h(p) = U;c; Ueeo D1(c, as).
A one-step environment F is called regular if:
(1) For all (e€ E, ce C) (c.e € E);
(2) For all (a € A, ¢ € C) (Di(c,a) N Dy(c) = 0);

(3) The function @, (u) does not depend on u and all termination equations are consequences
of the definition of this function.

3.9 Proposition For one-step behaviors p and q and a regular environment, [p] = [q] if and
only if h(p) = h(q).

Proof c.e[p] =3 e d-elA] + X gep, (o) d-elp]- O

3.10 Proposition For nonempty h(p) and a regular environment there is only one transition
(c.€)[py] <, elu] labeled by d € h(p).

Proof It follows from the definition of a regular environment. m|

3.11 Proposition When h(p) =0 and the environment is regular then e[pu] = e[0].

Proof If h(p) = 0 then (c.e)[pu] = 3" 4cp, () d-elpu] = (c.€)[0], e[pu] = @=(pu) = ¢-(0). O

Using this proposition we can strengthen the normal form excluding in (3.9) one-step
behavior coefficients p with h(p) = () and termination constant [¢] if I # @) (in the case [ =0
a constant [0] can be chosen as a termination constant).

3.12 Theorem For a regular environment, normal form is defined uniquely up to commu-
tativity of non-deterministic choice and equivalence of one-step behavior coefficients.

Proof First prove that if h(p) # 0 then [pu] = [qv] <= [p] = [¢] and [u] = [v]. If
d € h(p) then for some a € A and ¢ € C, d € Di(c,a). Take arbitrary behavior e € E. Since
E is regular, c.e € E and d € Ds(c). Therefore (c.e)[pu] -, e[u]. From the equivalence
of pu and gv it follows that (c.e)[qv] <, e[v] and this is the only transition from c.e[qv]
labeled by d. Symmetric reasoning gives d € h(q) implies d € h(p) and [p] = [¢]. Therefore
[pu] = [qu] — [p] = [q] and [u] = [v]. The inverse is evident.

Now let [u] = [v] and [u] = 37, [piuil, [v] = 3;c la5v5] be their normal forms (ex-
clude trivial case when I = §)). For each transition (c.e)[u] —L, ¢ there exists a transition

(c.e)[v] —%, ¢ such that ¢ = ¢”. Select arbitrary d € h(p;i), ¢ and e in the same way as
in the previous part of the proof. Therefore ¢/ = e[u;] and there exists only one j such
that ¢” = e[v;] = efu;] and d € h(g;). From symmetry and the arbitrariness of e we have
[ui] = [vj], [pi] = [gy] and [pius] = [gjv;]. o
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3.13 Theorem For regular environment,
[u] =[], [v] =] = [uv] = [u"V].

Proof Simply prove that relation {(e[uv],e[u’v']) =| [u] = [¢], [v] = [v]}, defined on
insertion expressions as states, is a bisimilarity. Use normal forms to compute transitions. O

Parallel composition does not in general have a congruence property. To find the condition
when it does, let us extend the combination of actions to one-step behaviors assuming that

pXq= Z a xb.

p=a+p’, q¢=b+q’

The equivalence of one-step behaviors is a congruence if h(p) = h(q¢) = h(pxr) = h(gxr).

3.14 Theorem Let E be a regular one-step environment and the equivalence of one-step
behaviors be a congruence. Then [u] = [u/] A [v] = [/] Longrightarrow [ullv] = [v/||v'].

Proof As in the previous theorem we prove that the relation {(e[ul/v], e[u'|v'])|[u] =
[¢/], [v] = [¢v']} defined on the set of insertion expressions is a bisimilarity. To compute
transitions, normal forms for the representation of behavior transformations must be used as
well as the algebraic representation of parallel composition:

ullv=uxv+ullv+ov|u.

4 Application to automatic theorem proving

The theory of interaction of agents and environments can be used as a theoretical foundation
for a new programming paradigm called insertion programming [17]. The methodology of
this paradigm includes the development of an environment with an insertion function as a
basis for subject domain formalization and writing insertion programs as agents to be inserted
into this environment. The semantics of behavior transformations is a theoretical basis for
understanding insertion programs, their verification and transformations. In this section an
example of the development of an insertion program for interactive theorem proving is con-
sidered. The program is based on the evidence algorithm of V. M. Glushkov that has a long
history [7] and recently has been redesigned in the scope of insertion programming. Accord-
ing to the present time classification evidence algorithm is related to some sort of tableau
method with sequent calculus and is oriented to the formalization of natural mathematical
reasoning. We restrict ourselves to consider only first order predicate calculus. However in
the implementation it is possibles to integrate the predicate calculus with applied theories
and higher order functionals.

4.1 Calculus for interactive evidence algorithm

The development of an insertion program for the evidence algorithm starts with its specifi-
cation by two calculi: the calculus of conditional sequents and the calculus of auxiliary goals.
The formulas of the first one are

(X, s,w, (ug = v1) A(ug = va)A...)
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where, uy,v1, U2, V9, ... are first order formulas; other symbols will be explained later.

All free variables occurring in the formulas are of two classes: fixed and unknown. The
first ones are obtained by deleting universal quantifiers, the second ones by deleting the
existential quantifiers. The expressions of a type (u; = v;) are called ordinary sequents (u;
are called assumptions, v; goals). Symbol w denotes a conjunction of literals, used as an
assumption common to all sequents. Symbol s represents a partially ordered set of all free
variables occurring in the formula, where partial order corresponds to the order of quantifier
deletion (when quantifiers are deleted from different independent formulas new variables are
not ordered). It is used to define dependencies between variables. The values of unknowns
can depend on variables which only appear before them. A symbol X denotes substitution,
partially defined function from unknowns to their values (terms). All logical formulas and
terms with interpreted functional symbols and conditional sequents are considered up to some
equivalence (associativity and commutativity of logical connectives, deMorgan identities and
other Boolean identities excluding distributivity).

The formulas of the calculus of auxiliary goals are:

aux(s,v,u = z,Q)

where s is a partial order on variables, v and u are logical formulas, and @ is a conjunction
of sequents. The inference rules of the calculus of conditional sequents define the backward
inference: from goal to axioms. They reduce the proof of the conjunction of sequents to the
proof of each of them and the proof of an ordinary sequent to the proof of an ordinary sequent
with literal as a goal. If the reduced sequent has a form (X, s, w,u = z), where z is a literal
then the rule of auxiliary goal is used at the next step:

aux(s, l,w Au = z,1) b aux(t,v,z ANy = 2, P)
(X,s,w,u=z)F (Y,t,wA -z P) '
In this rule z and x are unifiable literals, Y is the most general unifier extending X, and P is
a conjunction of ordinary sequents obtained as an auxiliary goal in the calculus of auxiliary
goals. Proving this conjunction is sufficient to prove (X, s,w,u = z). The rule is applicable
only if the substitution Y is consistent with the partial order t.
The axioms of the calculus of conditional sequents are:
(X, s,w,u = 1);
(X7 87 w7 0 :> u);
(X,5,0,Q);
(X7 87 w7 1) :
The inference rules are:
(X,s,w,F) - (X', s, w' F")
(X,s,w,F ANH)F (X', s,w,H)’
applied only when (X', s',w’, F') is an axiom. This rule is called the sequent conjunction
rule.

(X, s,w,u = 0) F (X,s,w,1 = —u)
(X,s,w,u=axAy)F (X, s,w, (u=z)A(u=1y))
(X, s,w,u=axVy)kF (X,s,w,~xAu=1y)
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This rule can be applied in two ways permuting = and y because of commutativity of dis-
junction.

(X, s,w,u = Jap) F (X,addv(s,y), w,~(Fap) A u = lsub(p,z ;= y))
(X, s,w,u = Jz(2)p) F (X,addv(s, (z,y)), w,(Fxp) A u = lsub(p, z := y))

(X, s,w,u = Vap) F (X,addv(
(X,s,w,u = Va(z)p) F (X,addv(s, (z,a)), w,u = lsub(p, z := a))

s,a),w,u = lsub(p, z := a))

In these rules y is a new unknown and a a new fixed variable. The function lsub(p,z := z)
substitutes z into p instead of all free occurrences of z. At the same time it joins z to
all variables in the outermost occurrences of quantifiers. Therefore a formula Jx(z)p, for
instance, appears just after deleting some quantifier and introducing a new variable z. The
function addv(s,y) adds a new element, y, to s without ordering it with other elements of s,
and addv(s, (z,y)) adds y, ordering it after 2.

The rules of the calculus of auxiliary goals are the following:

aux(s,v,x Ay = z, P) F aux(s,v Ay, z = z, P);
aux(s,v,x Vy = z, P) F aux(s,v,z = z, (v = —y) A P);
aux(s,v,3xp = z, P) - aux(addv(s,a), v,1sub(p, z := a) = z, P);
aux(s,v,3z(y)p = z, P) b aux(addv(s, (y,a)),v,lsub(p,z := a) = z, P);
aux(s,v,Vap = z, P) F aux(addv(s, u),v A Vap,lsub(p, z := u) = z, P);
aux(s,v,Vz(y)p = z, P) b aux(addv(s, (y,u)),v AVz(y)p,lsub(p, z := u) = z, P).

Here a is a new fixed varaible and v is a new unknown as in the calculus of conditional
sequents.

4.2 A transition system for the calculus

Each of two calculi can be considered as a non-deterministic transition system. For this
purpose the sequent conjunction rule must be split into ordinary rules. First we introduce
the extended conditional sequent as a sequence C7;C5;... of conditional sequents and the
following new rules:

(X,s,w, Hy N Ha) b (X, s,w, H1); (X, s,w, H2));
(X, s,w, Hi N H3); P) F ((X, s,w, H1); (X, s,w, Ha); P);
CFC'

(C;P) - (CsP)

For axioms (X’,s’,w’, F) the ruless are:

((X/7S/7 wl? F); (X7 37 w7 H)) }_ (X/7sl7 w7 H);
(X' ', F); (X, s,w, H); P) = (X', s/, w, H); P).

Futhermore the calculus of auxiliary goals always terminates (each inference is finite).
Therefore the rule of auxiliary goals can be considered as a one-step rule of the calculus of
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conditional sequents. Now the transitions of a transition system are transitions of this calcu-
lus. Each transition corresponds to some inference rule. The states of successful termination
are axioms and a formula P is valid if aqnd only if one of the successful termination states is
reachable from the initial state (Xo, s, 1,1 = P).

Let us label the transitions by actions. Each action is a message on which a rule has been
applied in the corresponding transition. For example a transition corresponding to the rule
of deleting a universal quantifier is:

mes

(X, s,w,u = Vap) — (addv(s,a), w,u = lsub(p, z := a))

where a message “To prove a statement V zp let us consider an arbitrary element a and prove
q” is used as an action mes where ¢ = lsub(p,z := a). Other rules can be labeled in a
similar way. Proving a statement 7" is therefore reduced to finding the trace which labels the
transition of a system from the initial state (0,0,1,1 = T') to the state corresponding to one
of the axioms. If the axioms are defined as the states of successful termination, the problem
is to find the trace from the initial state to one of the successfully terminated states. The
sequence of messages corresponding to this trace is a text of a proof of a statement 7.

This form of an evidence algorithm representation can be implemented in the system
of insertion programming using a trivial environment which allows arbitrary behavior of the
inserted agent. In automatic mode a system is looking for a trace with successful termination,
if possible, and prints the proof when the trace is found. In interactive mode a system
addresses to a user each time when it is necessary to make a non-deterministic choice. A
user is offered several options to choose an inference rule and a user makes this choice. It
is possible to go back and jump to other brunches. An environment which provides such
possibilities is a proof system based on an evidence algorithm.

4.3 Decomposition of the transition system

A more interesting implementation of the evidence algorithm can be obtained if a state of
a calculus is split into an environment and an agent inserted into this environment. This
splitting is very natural if a substitution, partial order, conjunction of literals, or assumption
of a current sequent is considered as a state of the environment and the goal of the current
sequent, as well as all other sequents, is considered as an agent. Moreover it is possible to
change the conjunction of all other sequents to a sequential composition. Call this agent a
formula agent. A formula agent is considered as a state of the transition system used for the
representation of an agent. To compute the behavior of agents, a recursive unfolding function
must be defined on the set of agent expressions. It is easy to extract the unfolding function
and the transition relation for a formula agent from the inference rules. Actions produced by
formula agent define necessary changes in the environment and are computed by the insertion
function. For example a formula agent (prove Vzp; P) is unfolded according to its recursive
definition to an agent expression Q = fresh C(Vxp).P, where fresh C(Vzp) is an action
which substitutes a new fixed variable for p. This substitution is performed by the insertion
function with transition

e[Q] == ¢'[prove lsub(p,z := a).P),

where mes is a message considered before and the transition from e to ¢’ corresponds to the
generation of a new fixed a.
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In a general extended conditional sequent
((X,5,w,u = v); P)

is decomposed into an environment state and a sequential composition of agents. The envi-
ronment state is
(X, s,w,u).

Initially (,0,1,1). The main types of agent expressions are:
e prove v; v is a simple sequent or formula,
e prove (Hy A Ha A ...); H; are simple sequents,
e block P; P is an agent,
e end block w; w is a conjunction of literals.
The following equations define unfolding and insertion function for blocks.
e prove (Hy AHyA...) = (prove Hj;prove Ha A ...);
e prove (u = v) = block (Let u.(ask 0.m1 + ask 1.mg.prove v).ms, where
— my =mes (—u is evident by contradiction);
— mg =mes (prove u = v);
— mg3 = mes (sequent proved);
e ¢[block P.QQ] = mes(begin).e[P;end block w; @], where e = (X, s,w, F);
e c[end block w'] = mes(end).¢/[A], where ¢/ = (X, s,w',1) if e = (X, s, w, u).
Actions are easily recognized by dots following them. The meaning of actions mes z and
block P is clear from these definitions. Other actions will be explained later.
4.3.1 Unfolding conjunction and disjunction

In this section unfolding rules for conjunction and disjunction are explained as well as some
auxiliary rules.

prove (u = 0) = prove (—u);
prove (z Ay) = (prove (z);prove (y));
prove (z Vy) = block(
Let (—z).(
ask O.mes (v is evident by contradiction)
J’_
ask 1.mes(To prove z V y let —x,prove y).
prove (y)
);mes (disjunction proved)
)+ (

Let —y.(
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ask O.mes(y is evident by contradiction)
J’_
ask 1.mes(To prove z V y let -y, prove z).
prove x

);mes(disjunction proved)

4.3.2 Unfolding quantifiers

In these definitions €’ is a state of an environment after generating a new unknown (fresh V)
or fixed (fresh C') variable y.

prove Jap = (fresh V prove Jap).A;
prove Vap = (fresh C prove Vup).A;
elfresh V ¢] = €¢/[get fresh y ql;
e[fresh C ¢] = ¢[get fresh y ¢J;
get fresh y prove Jxp = mes(

To prove dap find & = y such that p
).block(

Let ~Jxp.

prove lsub(p,z := y);

mes(existence proved)
)i
get fresh y prove Vp = mes(

Prove Vap. Let y is arbitrary constant.
)-(

prove lsub(p,z := y);

mes(forall proved)

)

4.3.3 An auxiliary goal

The calculus of the auxiliary goal is implemented on the level of the environment. It is hidden
from an external observer who can only see the result, that is the auxiliary goal represented
by a corresponding message.

prove z = mes(To prove z find auxiliary goal).start aux z;
e[start aux z] = ¢/[prove aux(z, Q)];

prove aux(z,1) = mes(z is evident);

prove aux(z, Q) = mes(auxiliary goal is Q).prove Q.

Note that the rules for insertion of formula agents can be interpreted as one step insertions
except for the rules for start aux and fresh. Both can be interpreted as an instantiation of
the rule:

=[], u = W]

elu] - e'[v; )
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In the case of sequential insertion this rule can also be considered as a one-step insertion rule
because in this case €'[v;u'] = (€' [v])[u].

The last step in the development of an insertion program is verification. The correctness
of the specification calculi is proved as a sound and completeness theorem comparing it with
algorithms based on advanced tableau methods. After decomposition we should prove the
bisimilarity of the corresponding initial states of two systems. We can also improve the
insertion program. In this case we should do optimization preserving insertion equivalence
of agents.

4.4 A proving machine

Formula agent actions can be considered as instructions of a proving machine representing an
environment for such kind of agents. Here are some of the main instructions of the proving
machine used for the development of the evidence algorithm kernel.

e Let <formula> adds the formula to assumptions in the environment. It is used for
example for the unfolding sequent: prove (u = v) = Let u.prove v or for the unfolding
disjunction

prove (uV v) = Let —w.prove v + Let —w.prove u.

An essential reconstruction of the environment is performed each time a new assumption
is added to the environment. Formulas are simplified, conjunctive literals are distin-
guished, substitution is applied etc. Moreover assumptions or a literal conjunction can
be simplified up to 0 (false).

e tell <literal> adds a literal to conjunction of literals without reconstruction of the
environment.

o ask 0 checks inconsistency of the environment state (0 in assumptions or in literals).
e ask 1 checks that there is no explicit inconsistency.
e start aux <literal> starts the calculus of auxiliary goals:

e[start aux p.Q] = Let —p.(prove P, + prove Py + )

where Pj, P, ... are auxiliary goals (conjunctions of sequents) extracted from assump-
tions according to the calculus of auxiliary goals (actually the real relations are slightly
more complex, because they include messages about the proof development and they
anticipate the case when there are no auxiliary goals at all).

e fresh V <formula> substitutes a new unknown into the formula.
e fresh C <formula> substitutes a new fixed variable into the formula.
e solve <equation> is used for solving equations in the case when equality is used.

e block <program> localizes all assumptions within the block. It is used for example
when conjunction is proved.

e Mesg <text> inserts the printing of messages at the different stages of the proof search.
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e start 1kb <literal>. It is used to address the local knowledge base for extracting
auxiliary goals from assumptions presented in this base. The local knowledge base is
prepared in advance according to requirements of the subject domain where the proof
is searched for.

The advantages of a proving machine (or more generally an insertion machine for other
environment structures) is that it is possible to change in a wide area the algorithms of a proof
search without changing the structure of the environment by varying the recursive unfolding
rules of formula agents. Moreover the environment itself can be extended by introducing new
instructions into the instruction set and adding new components to an environment state.

To run a program on a proving machine some higher level environment should be used
to implement back-tracking. Such an environment can work in two modes: interactive and
automatic. The following equations demonstrate the approximate meaning of these two
modes.

The interactive mode:
elar.uy + az.ug +...] = mes(select a1, as,...).(a1.€'[u1] + ag.€'[us] +...) + back.e”[u] + A.
The automatic mode:
ela.ug +ag.ug +...] = €'[(a1.u1); (return if fail or stop);(ag.uz +...)].

This is a depth first search. It works only with restrictions on the admissible depth. A
breadth first search is more complex.

5 Conclusions

A model of interaction of agents and environments has been introduced and studied. The
first two sections extend and generalize results previously obtained in [15]. The algebra of
behavior transformations is a good mathematical basis for the description and explanation
of agent behavior restricted by the environment in which it is inserted. System behavior has
two dimensions. The first one is a branching time which defines the height of a behavior tree
and can be infinite (but no more than countable). The second one is a non-deterministic
branching at a given point. Our construction of a complete behavior algebra used for the
characterization of bisimilarity allows for branching of arbitrary cardinality.

The restriction of the insertion function to be continuous is too broad and we consider
a more restricted classes of equationally defined insertion functions and one-step insertions
to which more general head insertion is reduced. The question about reducing or restricting
look-ahead insertion is open at this moment. At the same time the algebra of behavior
transformations based on regular one-step insertion can be enriched by sequential and parallel
compositions.

The algebra of behavior transformations is the mathematical foundation of a new pro-
gramming paradigm: insertion programming. It has been successfully applied for automatic
theorem proving and verification of distributed software systems. In [16] operational seman-
tics of timed MSC (specification language of Message Sequencing Charts) has been defined
on the basis of behavior transformations. This semantics has been used for the development
of tools for verification of distributed systems.
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Abstract

We present the basic theory of commutators of congruences in congruence modular
varieties (or equationally defined classes) of algebras. The theory we present was first
introduced to the mathematical world in a 1976 monograph of J. D. H. Smith, devoted to
varieties with permuting congruences. It was extended to congruence modular varieties
in a 1979 paper by J. Hagemann and C. Herrmann, and has since been elaborated into an
impressive machinery for attacking diverse problems in the domain of congruence modular
varieties. Three notable applications of this commutator theory are presented in detail,
and others are described.

1 Introduction

The commutator in group theory is a natural operation defined on the lattice of normal
subgroups of any group which plays a basic role in the definition and study of solvable and
Abelian groups. This commutator has a companion operation in the theory of rings, defined
on any lattice of ideals. These two operations share many common properties, including the
ability to capture the notion of Abelian-ness.

In [43], J. D. H. Smith used category theory to extend structural properties of groups
and rings to varieties with permuting congruences. In doing so, he laid the framework for
generalizing the commutator from groups and rings to an operation on the congruence lattices
of algebras in congruence permutable varieties.

J. Hagemann and C. Herrmann in [19] extended some of Smith’s results to congru-
ence modular varieties. Their techniques include subtle and difficult calculations in Con A,
Con A2, and Con A® using modular arithmetic. In their work, they mentioned the term
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condition which would later become the basis for what seems to be the most useful defini-
tion of the commutator in congruence modular varieties. H.-P. Gumm [17] further extended
these structural results for congruence modular varieties by viewing the structure imposed
on algebras by congruence relations geometrically. R. Freese and R. McKenzie [12] developed
the commutator for congruence modular varieties based on the term condition mentioned by
Hagemann and Herrmann.

In this manuscript, we give a gentle introduction to the commutator theory presented in
[12]. We then present several applications of the commutator along with some open problems
which may involve commutator theory. In Section 2 we review the classical commutator in
groups and demonstrate how the term condition arises naturally in this environment. In
Section 3 we lay out some basic notation which will be pervasive throughout the manuscript.
In Section 4 we use the notion of centrality to define the commutator and prove a few
properties of the commutator which hold in any environment. In Section 5 we give examples
of the commutator in some familiar environments including rings, lattices, and modules. In
Section 6 we give the classical Maltsev type characterizations of congruence permutability,
distributivity, and modularity due to Maltsev, Jénsson, and Day. These characterizations are
exploited heavily in the development of commutator theory for congruence modular varieties.
In Section 7 we use Jénsson’s characterization of congruence distributivity to prove that in a
congruence distributive variety the commutator is nothing other than congruence intersection.
In Section 8 we extend all of the properties of the group commutator mentioned in Section 2
to the commutator in congruence modular varieties. In Section 9 we prove the Fundamental
Theorem of Abelian Algebras that every Abelian algebra (in a congruence modular variety) is
affine (polynomially equivalent to a module). In Section 10 we extend the ideas of solvability
and nilpotence using the commutator. We prove that every nilpotent or solvable algebra
in a congruence modular variety has a Maltsev term and use this to give some structural
results about nilpotent algebras. In Section 11 on applications, we briefly discuss seven
outstanding instances of basic problems that have been solved, for modular varieties, with
the aid of commutator theory. In the following sections, we present three of these applications
in detail: In Section 12 we prove that every finitely generated, residually small, congruence
modular variety has a finite residual bound, and that such varieties are characterized by a
commutator equation. In Section 13 we characterize directly representable varieties—i.e.,
those finitely generated varieties that possess only a finite number of non-isomorphic finite,
directly indecomposable, algebras—and we characterize the larger family of finitely generated
varieties whose spectrum is contained in a finitely generated monoid of positive integers. All
of these varieties are shown to be congruence modular. In Section 14 we characterize the
locally finite congruence modular varieties for which the function giving the number of non-
isomorphic n-generated algebras is dominated by a polynomial in n. They are precisely the
directly representable Abelian varieties. In Section 15 we survey some problems which either
involve the commutator or for which there is evidence that the commutator might prove
useful. We note that the results herein are not original. Excepting the results of Sections 13
14, almost all of them appear with proofs in [12].

2 The commutator in groups

In this section, we discuss the group commutator and some of its most basic properties, and
we illustrate how the term condition arises naturally in this environment.
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2.1 Definition Suppose that G is a group and M and N are normal subgroups of G. The
group commutator of M and N is defined as

[M,N] =Sgc({m 'n"tmn:m e M and n € N}), (2.1)

Suppose that G is a group, that M, N, and {N; : i € I} are normal subgroups of G, and
that f : G — H is a surjective group homomorphism. Then the following properties of the
group commutator are easy exercises in any first class on group theory.

(1
(2) f(IM,N]) = [f(M), f(N)].

) [M,N]C MNN.

)
(3) [M,N] = [N, M].

)

)

(4 [M7 \/iGI Ni] = Vz’eI[Mv Ni]~

(5) For any normal subgroup K of G included in M N N, the elements of M/K commute
with the elements of N/K if and only if K D [M, N].

(6) G is Abelian if and only if [G,G] = {1} (where 1 is the identity element of G).

‘When we generalize the commutator later to congruences in a congruence modular variety,
we will want an operation which will share these properties. Our operation will be defined
from a generalization of the condition (5). From this definition, we will get (1), (3), and (4)
directly and a slight modification of (2). We will take (6) to be our definition of Abelian.

The group commutator has one more property which is less transparent but which will
also carry over to the generalization (in fact, it also could be used to define the modular
commutator). This is

(7) The commutator operation is the largest binary operation defined across all normal
subgroup lattices of all groups which satisfies conditions (1) and (5).

Suppose that C(z,y) is another binary operation defined on the normal subgroup lattice
of every group which satisfies (1) and (2). Let M and N be normal subgroups of a group G.
We will prove that C'(M, N) C [M, N]. To do so, we need to define four subgroups of G x G.
G(M) = {(z,y) : 2,y € G and 2~ 'y € M}
A={{z,y):2€ N,y €G, and 2~y € [M, N]}
B={{z,1):2 € [M,N]}
My ={(z,1) :z € M}.

The subgroups A, B, and M; are normal subgroups of G(M). Let 7 be the projection of
G (M) onto the first coordinate. Then the reader can check that

7(G(M)) =G (2.6)
m(A) =N (2.7)
7(B) = [M, N] (2.8)

7(My) = M. (2.9)
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From property (1) we see that C'(M1,A) € My NA C B and by (2)
C(M,N) = n(C(M;,A)) C n(B) = [M, N]. (2.10)

We would now like to state a condition equivalent to (5) which will be the basis for our
generalization of the commutator. Let K = [M, N]. Suppose that ¢ is an (n + m)-ary group
term. We will address here how ¢ behaves in G/K when evaluated on elements of M/K and
N/K. For convenience in the following calculations, we will write g for elements gK of G/K.
Suppose that ai,...,an,b1,...,bp € M and z1,...,Zm,Y1,--.,Ym € N and that

t(ay,. ., n, Z1y -0, Tn) = Ha1, -, Gy Y1y -+ 5 G- (2.11)
Since K = [M, N], we can permute some of the elements in this equation so that we have
@1, oG, T, ) = 0505 --aj:a?:fllgzldjmsifv (2.12)

where each e; and each d; is either 1 or —1. Similarly

_ . — _ej-e3 —ey ~d1 ~da —d
@y, .. ny U1y -y Gm) = agags - aityt gy Y (2.13)
Combining these, we have
actge...goughizde .. zdv _ gerge ... d2 . gdo
ajag - AT - Ty = agag - ag Ui iy - (2.14)

Suitable cancellation and multiplication by b’s now gives
u 5d dv _ u d; —dy
D5ibge o Ve - T = B0 S T (2.15)
After commuting as before, we end up with the equality
t(617"'76n?jl7"'7fm):t(i)]""’gn7g17"'7gm)' (2'16)

We have proven the following property which will replace property (5) above.

(5’) Suppose that ¢ is an (n + m)-ary group term and that aq,...,an,b1,...,b, € M and
Tlyew s TmyYls- -+, Ym € N. Let K = [M, N]. If

K, ...,an K, 01K, ..., 2, K) = t(a1 K, ... a1 K,y K, ..., ymK) (2.17)
then also
t(blK, cee ,an,le, cee ,.Zl?mK) = t(blK, .. A,blK, le, cee ,ymK)A (218)

We will describe this situation by saying that G satisfies the M, N term condition modulo
K or that M centralizes N modulo K. This term condition will be the basis of the modular
commutator.
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3 Notation

We assume that the reader is familiar with the basics of universal algebra, and we will usually
use notation consistent with [37]. In this section, we emphasize a few key ideas and pieces of
notation.

Generally, we will use plain text capital letters to refer to sets. We will use bold faced text
to refer to algebras. Usually (but not always), the same letter will be used for the set and the
algebra. For example, an algebra on a set A will almost always be called A. We use script
letters (such as V) to refer to varieties, classes of varieties, and classes of algebras. For any
algebra A in a variety V and any term ¢(xo,...,x,) of V, it is customary to use a superscript
to denote the term operation of A induced by # (that is, t(zg, ..., 2,)). In most of our proofs,
the algebra will be understood, so we will often (usually) leave off the superscript to allow
for cleaner notation. If A is an algebra, we will use bold faced lowercase letters to represent
elements of direct powers of A. For example, an element a € A™ is a vector (ag,...,an—1).
Notice that with this notation, we will always assume our subscripts begin at 0 and go to
n — 1. When applying an (n 4+ m)-ary term ¢ to a vector (zg,...,Tn—1,Y0,--,Ym—1), it is
often more convenient (and notationally cleaner) to write ¢(x,y).

For the subalgebra of A generated by a subset X C A, we will write Sga (X). For the sub-
algebra generated by elements aq, ..., a,, we may abuse notation and write Sga (a1, ..., ay).
Similarly, we use Cga (X) for the congruence on A generated by a subset X C A2, For the
principal congruence generated by identifying elements a and b, we will write Cga (a,b). In
all cases, we may omit the subscripted A if the underlying algebra is understood. We will
use End A for the endomorphism monoid of A.

Depending on context, there are three notations we may use to assert that two elements
z and y are related by a binary relation «. These are

Ty,
(z,y) € a, and

z=y (mod «).

By a tolerance on an algebra A, we mean a subalgebra of A2 which is reflexive and symmetric
(but not necessarily transitive). We will use Con A to represent the congruence lattice of A
and Tol A to represent the tolerance lattice of A. If a is any binary relation then Tr(a) will
be the transitive closure of «. The universal relation on a set A will be denoted 14, and the
identity relation will be denoted by 04.

If V is any variety, we will use the notation Vi=¢, ... to indicate that all congruences of
all algebras in V satisfy the property .... For example, V= (e N B = [a, 3]) means that
for every algebra A € V and for all o, 3 € Con A the equality a N 3 = [, 5] holds. Usually,
~ will be used to represent the equality symbol of a first-order language, and = will be used
for a specific instance of equality.

Much of this manuscript will deal with congruence lattices which are modular or dis-
tributive. Therefore, we remind ourselves of the definitions of these properties and state
some basic facts about them. The realization of the concept of a lattice as an independent
algebraic object of interest and the formulation of the modular law dates back to Richard
Dedekind [9].

3.1 Definition Let L = (L, A, V) be a lattice. L is modular if for all elements a,b,c € L
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with ¢ < a the equality a A (bV ¢) = (a Ab) V ¢ holds. L is distributive if for all elements
a,b,c € L the equality a A (bV ¢) = (aAb)V (a A c) holds.

These characterizations of modularity and distributivity should be familiar.
3.2 Theorem For any lattice L, the following are equivalent.
(1) L is distributive.
(2) an(dVe)<(aAb)V(aAc) forall a,b,c € L.
(3) av(bAc)=(aVb)A(aVc) foralla,b,ce L.
(4) L has no sublattice isomorphic to either N5 or M3 (see Fig. 1).

3.3 Theorem The following are equivalent for any lattice L.
(1) L is modular.
(2) For any a,b,c€ Lifc<athenaA(bVe)<(aAb)Ve.

3) ((anc)vb)Ae=(anc)V (bAc) for all a,b,c € L.

)
)
)
)

(4) L has no sublattice isomorphic to Ny (see Fig. 1).

Figure 1: The lattices N5 (left) and Ms (right).

4 Centrality and the term condition commutator

4.1 Definition Suppose that a, §, and § are congruences on an algebra A. Then a cen-
tralizes 3 modulo § (in symbols C(«, 3;9)) if for any (m + n)-ary term operation T of A, for
any a,b € A™ with a;ab; for all 4, and for any c¢,d € A™ with ¢;3d; for all i, the relation
T(a, c)éT(a,d) holds if and only if T'(b,c)dT (b,d). When C(«, ;) holds, we will also say
that A satisfies the «, 3 term condition modulo 0.

It will be convenient for us at times to view the elements of A* as 2 x 2 matrices so that
the 4-tuple (zo, x1, z2,x3) corresponds to the matrix

ro I1
T2 w3)
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4.2 Definition Suppose that « and [ are congruences on an algebra A. Define M(«, 3) to
be the subalgebra of A* generated by all matrices either of the form

G ?)
)

where aab or of the form

N
o o
[SHESH

where cAd.

It follows immediately from the definitions that
4.3 Lemma For any congruence «, 3, and § on an algebra A, C(a, 8;0) holds if and only
if for all (3Y) € M(w, ), xdy < udv.

These basic properties of centrality hold without any additional assumptions about the

underlying variety or algebra.

4.4 Lemma Suppose that «, 8, §, {a; : i € I}, and {0; : j € J} are congruences on an
algebra A.

(1) If C(e, B;0) for alli € I, then C(\;cp i, 350).
(2) If Cev, B;65) for all j € J, then C(ay, B3N ey 05)
(3) Cla,B;anf).

Proof (1) Let v =\/,c; ;. Suppose that T' is an (n +m)-ary term of A and that a,b € A"

and x,y € A™. Assume also that a;yb; for all ¢ and a8y, for all t. There exist vectors

ul,...,ul so that for each ¢

_ 1 2 3 l_
Qy = Uy Oy Up O Uy - Uy = by

Suppose that T'(a,x)dT'(a,y). We can prove by induction that for each ¢ = 1,...,l the
relation T(u?,x)67T (u’,y) holds using C(ay;, 3;6). It follows then that T'(b,x)dT (b, y).

(2) Suppose that C(a, 8;9;) for all j € J. If (3 ¥) € M(c, 5) is any matrix in M(e, )
so that (z,y) is in ﬂjeJ d;, then zd;y for all j, so by centrality ud;v for all j. Hence (u,v) €
mjeJ 5]"

(3) Suppose that (3 ¥) € M(«,3) is any matrix in M(a, 8). If z(a N B)y, then uaz(an
B)yav so uaw. Since uBv by assumption, it follows that u(a N B)v. m|

This lemma makes possible the following definition.

4.5 Definition Suppose that A is any algebra and «, 8 € Con A. The commutator of o and
3 is defined as [a, ] = ({6 € Con A : C(«, 5;9)}.

This lemma is an immediate consequence of the fact that if o/ C o and 8’ C 3 then

Mo/, 8) C M(«r, ) and M(a, 8') C M(a, B).
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4.6 Lemma [, ] is monotone in both variables.

This lemma follows immediately from (3) of Lemma 4.4.

4.7 Lemma Suppose that a and 3 are congruences on an algebra A. Then [a, f] < an .

We take the opportunity here to state our definition of what it means for an algebra, or
a congruence, to be Abelian.

4.8 Definition An algebra A is Abelian if A | [14,14] = 04. A congruence o on A is
Abelian if A | [a,a] = 04.

By Lemma 4.4 (1), the following definition makes sense.

4.9 Definition Suppose that A is any algebra. Define the center of A to be the largest
congruence ¢ € Con A so that [¢,14] = 04. Denote the center of A as (a.

From the definitions, it is clear that

4.10 Lemma An algebra A is Abelian if and only if (o = 14.

We also have this useful universal substitution property of the center.

4.11 Lemma Suppose A is any algebra. Then Ca is the set of all (x,y) so that for all
positive integers n, for all (n+ 1)-ary terms t of A, and for all a,b € A™

t(z,a) = t(z,b) < t(y,a) = t(y,b).

Proof Let 0 be the set of all (x,y) satisfying the conditions of the lemma. We will prove
that 0 = (a. Since [Ca,14] = 04, it should be clear that (o C 6. We need only establish
the reverse inclusion. To do so, we need to know that # is a congruence on A and that
[0,14] = 04. It is easy to see that 6 is an equivalence relation. To prove that it is a
congruence, we prove that € is closed under all unary polynomials of A. Let p be any unary
polynomial of A. This means that for some k there is an (k+1)-ary term s of A and constants
c € A* so that p(z) = s(z,c). Let (z,y) € . We show that (p(z),p(y)) € 0. Suppose that
tis an (n+ 1)-ary term of A and that a,b € A™. Then t(p(x),a) = t(p(x),b) if and only if
t(s(z,c),a) = t(s(z,c),b). Since z0y, this happens if and only if ¢(s(y, c),a) = t(s(y,c), b),
which happens if and only if ¢(p(y),a) = t(p(y),b). Thus p(x)0p(y). The equivalence relation
0 is closed under all unary polynomials of A, so # € Con A as desired.

Now we only have left to prove that [0,14] = 04. To do so, we show that C(6,14;04).
Suppose that t is an (n 4+ m)-ary term operation of A, that x,y € A™, that a,b € A" with
x;0y; for all . Suppose that t(x,a) = t(x,b). We must establish that ¢(y,a) = t(y,b). We
will prove by induction on i = 0,1,...,(m — 1) that

t(y07 e Yis Ty - 7x’m71>a) = t(y0> o Yis Tigpls ooy Tim—1, b)
For ¢ = 0, since z0fyo and ¢(x,a) = t(x,b), it follows immediately that

(Yo, X1,y Tm—1,a) = t(Y0, T1, - -+, Tm—1, D).
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Suppose then that 0 <i < m — 1 and that

tWo, -+ Yis Tit1s - -+ Tn—1,8) = (Y0, - -+ Yir Tit 15+ - s Tm—1, D).
That
t(y07 s Yis Yit 1, T2, - - - 7‘T’m—lya) = t(y07 s Yis Yit 15, Tit 25 - - - Tm—1, b)
follows now from z;410y;+1. This completes the induction argument. Taking i = m — 1 now
yields t(y,a) = t(y,b) as desired. O
5 Examples

In this section we give a few examples of centrality and the commutator in some familiar
varieties. Hopefully, these examples will motivate some of the results we will prove later and
the techniques necessary to prove them. We first consider the commutator in rings.

Suppose that R is a ring and let I, J, and K be ideals of R. Denote the congruence
relations corresponding to I, J, and K by «, 8, and §. Then, for example, zay if and only
if x —y € I. Suppose further that C(a, 8;6). Taking x € I and y € J, we will use centrality
to prove that zy € K. We have the relations za0 and y30, so the matrix

Oy 00\ (0 0
zy x0) \zy 0O

is in M(a, 8). Since obviously the top row of this matrix in in §, we have that xyd0. This
means that zy = zy — 0 € K. A symmetric argument will show that yx € K also. This
implies that & must contain the ideal IJ+ JI. Suppose on the other hand that K is an ideal
containing I.J + JI. We will use this assumption to prove that C(a, 8;9). First of all, notice
that in R/K, the product of any element from I/K and an element from J/K is 0. Suppose
now that ¢ is an (n + m)-ary ring term, a,b € R" with a;ab; for all 4, x,y € R™ with x;8y;
for all ¢, and that t(a,x)dt(a,y). We need to show that t(b,x)dt(b,y). To simplify notation
in the next calculations, we will write 7 for any coset r + K in R/K. Since t(a,x)dt(a,y), in
R/K we have t(a,x) = t(a,y). Through distribution we can find ring terms ¢, r, s so that

t(u,v) =gq(u) +r(v) + s(u,v) (5.1)

where each of ¢, 7, and s is a sum of products of variables and negated variables and so that
in each product of s at least one u; and at least one v; occurs. Notice that by our assumptions

s(a,x) = s(a,y) = s(b,%) = s(b,y) = 0. (5.2)
From t¢(a,x) = t(a,y) it follows that
q(a) +r(x) + s(a,%) = ¢(a) +r(y) +s(a,y) (5.3)

and hence that
g(d) +r(x)+0=gq(a+r(y) +0. (5.4)

Appropriate cancellation and addition of ¢(b) now gives

q(b) +7(X) +0=q(b) +r(y)+0 (5.5)
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and hence B B B B

q(b) +r(x) + s(b,x) = q(b) + r(y) + s(b,y) . (5.6)
This gives t(b, %) = t(b,y) or t(b,x)dt(b,y) as desired. We have proven that C(a, 3;9) holds
if and only if K contains I.J + JI. This gives us

5.1 Fact Let R be a ring and let I and J be ideals of R. Suppose that o and 3 are the
congruences associated with I and J. Then [a, 3] is the congruence associated with the ideal

1J+JlI.

This fact tells us what Abelian rings look like. Suppose that R is an Abelian ring. This
means that [1r, 1g] = Og, which by the last fact tells us that R- R+ R-R = {0}. This happens
exactly when multiplication in R is trivial in the sense that all products are 0. Hence
5.2 Fact A ring R is Abelian if and only if all products in R are 0.

Since we know what ring commutators look like, it is easy to see what the center of a ring
is.

5.3 Fact If R is any ring, then (r is the annihilator of R—the set of all x € R so that
zr=rx =0 for allr € R.

We next turn our attention to the commutator in lattices. Suppose that L is a lattice and
that o and 3 are congruences on L. We will prove that [a, 3] = anNg. That [o,3] Canpg
is always true. We just need to prove the reverse inclusion. Suppose that {(a,b) € a N fS.
We will use the «, 3 term condition modulo [«, 8] to show that (a,b) € [a, 3]. Consider the
lattice term t(z,y,2) = (x Ay) V (z A z) V (y A z). This term satisfies

o, z,2) ~t(x, 2, y) =tz y, 2) = Hy, z,2) = . (5.7)

Any ternary term which satisfies these equations is called a majority term. It is well known
that any variety with a majority term is congruence distributive. The matrix

a a\ _(t(a,a,a) t(a,a,b)

a b)) \t(a,b,a) t(a,b,b)
is in M(a, 8). Since we have equality in the first row—and hence a relation via [«, 3], the
a, B term condition modulo [, 3] tells us the second row is in [, 3]. We have proven

5.4 Fact The commutator operation in the variety of lattices is congruence intersection.

Actually, our argument proves

5.5 Fact Suppose that V is any variety with a majority operation. Then the commutator
operation in V is congruence intersection.

We will extend this fact in Section 7 to all congruence distributive varieties. For now,
we will use it to see what Abelian lattices look like. A lattice L is Abelian if and only if
0 =[1z,1z] =1, N1y = 1z. This happens if and only if L is a one element lattice. Thus

5.6 Fact The only Abelian lattice is the one element lattice.
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This could also be proven quickly by considering the term t(z,y,z) = 2 Ay A z and the
term condition. Since such an argument would only involve the one lattice operation, it
would also establish the same result for semilattices. Also notice that since the commutator
in lattices is intersection, the center of a lattice is trivial (the identity relation).

As a final example in this section, we will consider the commutator in modules. We will
prove that the commutator in any module M over a ring R is constantly 057. To do this, it
suffices to show that [1p7, 1p/] = 0ps. In particular, we will see that every module is Abelian.
Suppose that ¢ is any (n +m)-ary term of M. We can assume that R has a unity. The term

t can be expressed as
l v

t(u,v) = Z rilj, + Z SiVj; (5.8)
i=1 i=1

where each r; and each s; is in R. Let a,b € M"™ and x,y € M™ and suppose that
t(a,x) = t(a,y). This means that

l 4 ! 14
Z riaj; + Z ST, = Z riaj; + Z SiYs;- (5.9)
i=1 i=1 =1 i=1

Appropriate cancellation and addition now gives

l 1

14 14
Z Tibji + Z Sﬂ]; = Z Tibﬁ + Z Siyjz (510)
i=1 i=1

i=1 i=1

and hence that (b, x) = t(b,y). Thus we have established that C'(1as, 1a7;0ns) so [1as, 1y] =
0Oaz. This means

5.7 Fact Every module over a ring is Abelian.

It follows, of course, that the center of any module is the universal relation. We will see
in Section 9 that every Abelian algebra in a congruence modular variety is (polynomially
equivalent to) a module over a ring.

6 Maltsev conditions

A variety W is said to interpret a variety V if for every basic operation ¢ of V there is a
W-term s; so that for every algebra A € W the algebra (A, {sA}) is a member of V. We
denote this situation by ¥V < W. We say that a class K of varieties is a strong Maltsev class
(or that K is defined by a strong Maltsev condition) if and only if there is a finitely presented
variety V so that K is precisely the class of all varieties W for which V < W. If there are
finitely presented varieties - -- < V3 < V5 <V so that K is the class of all varieties W so that
V; < W for some i, then K is a Maltsev class (or is defined by a Maltsev condition). Finally,
if K is the intersection of countably many Maltsev classes, then K is a weak Maltsev class (or
is defined by a weak Maltsev condition).

Most Maltsev conditions in practice take the form of an assertion that a variety has a
set of terms satisfying one of a sequence of sets of weaker and weaker equations. The first
example of a strong Maltsev class was the class of all varieties with permuting congruences.
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6.1 Theorem (A. I. Maltsev [31]) A variety V has permuting congruences if and only if
there is a term p of the variety so that V models the equations:

p(x,z,2) =z and p(z,z2,2)~x.

Proof Suppose that a variety V has such a term p. Let A € V and let 6 and ¢ be congruences
of A. Suppose that z,z € A and (z,z) € 6 o ¢. Then there is a y € A so that 20y and yo¢z,
and we have

x = ph(a, 2, 2)¢p™ (2, y, 2)0p™ (2, 2, 2) = 2.

Thus fo ¢ C ¢pof. Also

pof=¢Yog"
=(00¢)"
C (¢00)" (6.1)
=60 ¢"
=0o¢.

So fo¢=q¢ob. It follows that V has permuting congruences.

Suppose now that V has permuting congruences. Let F be the algebra in V free on
{z,y,z}. Let f:F — F be the homomorphism which maps z and y to z and z to z and
let & = ker f. Let g : F — F be the homomorphism mapping = to  and y and z to z and
let ¢ = kerg. Clearly, we have (z,z) € 6 0 ¢. Since we are assuming congruences permute,
(x,2) € $pob, so there must be a w € F with z¢pwbz. Since F is generated by {x,y, z}, there
is a term p of V so that pF (2,7, 2z) = w. Observe:

z=g(z) = g(w) = g¥ (z,9,2)) =" (9(x),9(y), 9(2)) = p" (2,2, 2).

Using f, we can similarly show that p¥ (z,2,2) = . Since F is freely generated by {z,v, 2},
it follows that these equalities hold throughout V. m|

The second example of a strong Maltsev class was found in 1963 by A. F. Pixley. It
is the class of all varieties in which congruences permute and in which congruence lattices
are distributive. Such varieties are called arithmetical. The fact that this is a Maltsev class
is a consequence of the following theorem whose proof is similar to the proof of Maltsev’s
theorem:

6.2 Theorem (A. F. Pixley [38]) A variety V is arithmetical if and only if it has a term
t so that V models

t(z,y,y) =ty y,2) # t(z,y,2) = .
The first class of varieties which was shown to be a Maltsev class but not a strong Maltsev

class was the class of all varieties in which all congruence lattices are distributive. Such a
variety is said to be congruence distributive.
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6.3 Theorem (B. Jénsson [25]) A wvariety V is congruence distributive if and only if for
some positive integer n, V has ternary terms do, . ..,d, so that V models the following equa-
tions:

x =~ dy(x,y,2)

xxdi(x,y,x) for0<i<n
di(z,x,y) = diy1(z,x,y)  for eveni <n
di(z,y,y) = diy1(z,y,y) for oddi<n
dn(z,y,2) =

Proof Suppose first that V has ternary terms as described. Let A € V and let 0, ¢ and ¢
be congruences of A. Suppose that (a,c) € 0N (¢ V) and let @« = (0N ¢P) V (0 NY). We
show (a,c) € a. There must be a = xg,z1,...,2x = ¢ in A with (z;,z;41) € pU for i < k.
For any j < n and for any ¢ < k, we have that (cl}f”(a7 mi,c),df‘(a Zit1,¢)) € pU Y. Also,

d;‘,\(m x;, c)@d?(a7 Ti,a) =a= df‘(a,a?iﬂ, a)@d?(a7 Tit1,C).

Hence, (d

y (a,xhc),df(a,xiﬂ,c)) € «a. By transitivity, for all 0 < j < n:

dﬁ(aﬁ a, C) = d‘?(aﬂ Zo, C)Oéd?((l, Tk, C) = dﬁ(av &) C)'

By the third and fourth equations above, this yields d] (a,c, c)ad vi(a,cc) for all j < n.
Hence, a = d§*(a,c,c)ad(a,c,c) = c. Thus, 0N (¢ V) C (0N ¢)V (0 Nep). The reverse
inclusion always holds, so we have established that Con A is distributive.

Now assume that V is congruence distributive and let F be the free algebra in V generated
by {z,y,z}. Let f, g, and h be homomorphisms from F to F given by:

f@) = fly) ==,
fz) ==
g(z) ==,

9(y) =9(2) =y,
h(z) = ()—x, and
hy) =

Let ¢ = ker f, ) = ker g, and 6 = ker h. Since (z,z) € 0N (p V) < (0N @)V (0N1), there
must be elements wy = x,x1,...,w, = z in F so that
w;fzx for all i < n,
w;hw;4q for all even i < n, and

w;pw;41 for all odd i < n.

Since F is generated by {z,y, z}, there must be ternary terms dy, . . . dy, so that d¥ (z,y, 2) = w;
for i = 0,...,n. That these terms satisfy the desired equations follows as in the proof of
Maltsev’s theorem above. m|

The following Maltsev characterization of congruence modularity is critical for work with
the modular commutator.
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6.4 Theorem (A. Day [7]) A variety V is congruence modular if and only if V has 4-ary
terms mo, ..., my for which V satisfies the equations

x ~mo(x,y,z,u)

x~m(z,y,y,x) foralli
mi(x,x,2,2) ®mip1(x,x,2,2)  fori even
mi(z,y,y,u) ~ mip1(z,y,y,u)  fori odd

mn(x7 y7 z? u) = U.

The terms in Theorem 6.4 are called Day terms. To prove Day’s theorem, we need the
following lemmas.

6.5 Lemma Let my,...,m, be Day terms for a variety V. Let A € V and a,b,c,d € A. Let
~v € Con A with byd. Then avc if and only if m;(a,a,c,c)ym;(a,b,d,c) for eachi=0,...,n.

Proof First suppose that ayc. Then
m;(a,a,c,c)ym;(a,a,a,a) = a =my;(a,b,b,a)ym;(a,b,d,c). (6.2)

Next, suppose that m;(a,a,c,c)ym;(a,b,d,c) for all i. We will prove by induction that
m;(a,b,d,c)ya for all 4. This is trivial for ¢ = 0 since mq(a,b,d,c) = a. Assume that
0 <4 < n and that m;(a,b,d, c¢)ya. If 7 is odd, then

mit1(a,b,d,c)ymiy1(a,b,b,c) = mi(a,b,b, c)ym;(a, b, d, c)ya. (6.3)
If ¢ is even, then

mit1(a,b,d,c)ymiy1(a,a,c,c) = mi(a, a,c,c)ym;(a, b, d, c)ya. (6.4)
This finishes the proof that m;(a,b,d,c)ya for all i. In particular, we now know that

aymp(a,b,d, c) = c. m]

6.6 Lemma (Shifting Lemma—Gumm [17]) Suppose that A is an algebra in a variety
V with Day terms myg,...,m,. Let a,y € Con A and let B be a compatible reflexive binary
relation on A. Suppose N C . If aBb, ¢Bd, aac, and b(awNv)d, then ayc (see Fig. 2).

a 8 b a

c ] d c
Figure 2: The Shifting Lemma.

Proof We will employ Lemma 6.5, so we need m;(a, a, ¢, ¢)ym;(a,b,d, c) for all i. First note
that for all ¢ our assumptions imply m;(a, a, ¢, ¢)Bm;(a,b,d, c). Next, note that for all 4

m;(a,a,c,c)am;(a,a,a,a) = a =m;(a,b,b,a)am;(a,b,d,c). (6.5)
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Thus, we have

<mi(a7aac7c7)7mi(a7b7dvc)> € ozﬂﬂ C . (66)
By Lemma 6.5, avyc. O
Proof of Theorem 6.4 Suppose first that V is a variety with terms my,...,m,, satisfying

Day’s equations. Let «, (8, and v be congruences on an algebra A in V with @ > ~. We
must show that a N (6V ) = (aNB) V~. The inclusion D is always true. We establish the
forward inclusion. Define compatible reflexive binary relations I'g,I'1,... on A recursively
by To = Band I’y g =Ty oyoly,. Then BV -y = ;- ,Tn. We will prove by induction
that « N Ty, C (a N B)Vy for all n. First, a Ny = a N B which is clearly contained in
(anB)V~y. Assume that n > 0 and a NI, C (aNP)Vy. Let (a,¢) € aNTyyg. Since
v < aand v < (anB) V-, we have the relations in Fig. 3 for some b and d. The Shifting

(anB@ vy

Figure 3: The inductive step for the first half of the proof of Theorem 6.4.

Lemma now gives that (a,c) € (N B) V. By induction, « NI, C (N B) Vv for all n, so
an(BV~y) C(anp)V~. This inclusion gives equality and completes the proof that Con A
is modular.

Next, suppose that V is a congruence modular variety. Let A be the free algebra in V on
the generators {x,y,z,u}. Let @ = Cga (z,u) V Cga(y, 2), 8 = Cga(z,y) V Cga(u, z), and
v = Cga(y,2). Then (z,u) is in N (B V 7) which by modularity is equal to (o N 3) V 7.
This means there are elements ug,...,u, € A so that © = ug, u = up, u;a N Bugyy for
i even, and u;yu;41 for i odd. Let my,...,m, be 4-ary terms so that m;(z,y,z,u) = wu;.
Immediately, then, we have mo(z,y, z,u) =  and my(z,y,z,u) = u. Since 7 < a, all of
the u;’s are « related. This means that zam;(x,y, z,u)am;(z,y,y,x). However, by our
definitions, (x/a)NSga (z,y) = {z}, so we have m;(z,y,y,z) = = for all 7. Let g : A — A be
the unique homomorphism defined by g(z) = ¢g(y) = = and g(u) = g(z) = 2. Then ker g = (3.
Suppose that i is even. Since m;(z,y, z, u)(a N B)mit1(x,y, z,u), we have

mi(z, x, 2, 2) = mi(g(x), 9(y), 9(2), g(u))
= g(m;(z,y, 2, u))
= g(mit1(z,y, z,u)) (6.7)
=mi+1(9(2), 9(y), 9(2), 9(u))
=mir1(z, 2, 2, 2).

Let f: A — A be the unique homomorphism defined by f(x) = z, f(y) = f(z) =y, and
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f(u) = u. Then ker f = . Suppose that i is odd. Since m;(x,y, z, u)ym,+1(x,y, z,u) we see

mi(z,y,y,u) = mi(f(x), f(y), f(2), f(u))
= f(mi(z,y,z,u))
= f(mi1(z,y,2,u)) (6.8)
=mip1(f(x), f(y), f(2), f(u))

= mi+1(l’, Y, u)
We have established these equalities in A:

x =mo(x,y,z,u)

x =my(z,y,y,xz) foralli
m(x,x,2,2) = mip1(x,x,2,2) for i even
mi(z,y,y,u) = mip1(z,y,y,u) for i odd

mn(xv Y, Z>u) =u.

Since A is freely generated in V by {z,y, z,u}, it follows that these hold as equations in all
of V. a

The lemma usually referred to as the shifting lemma assumes the underlying variety is
modular and that 3 is a congruence. The version we have stated happens to be equivalent
and is what we need to prove Day’s theorem directly. We actually proved that the existence of
Day terms implies the shifting lemma, that the shifting lemma implies congruence modularity,
and that modularity implies the existence of Day terms. Thus, these three conditions are
equivalent.

It has long been known that any lattice identity interpreted as a congruence equation is
equivalent to a weak Maltsev condition [46, 39], but it is still an open problem as to which
lattice equations are equivalent to Maltsev conditions. There are lattice equations which do
not imply modularity among lattices but which, when satisfied by the congruence lattice of
every algebra in a variety, do imply congruence modularity [8]. It was all but conjectured on
p. 155 of [12] that all of these equations are Maltsev conditions for congruences. This has
recently been proven to be true.

6.7 Theorem ([6]) A wvariety V is congruence modular if and only if for all tolerances o
and B on any algebra in V it is the case that Tr(a) N Tr(5) = Tr(a N G).

Using this theorem, it is easy to show that

6.8 Theorem ([5]) Suppose that € is a lattice equation so that for any variety V if V=€,
then V is congruence modular. Then the class of all varieties V with Vi=¢, € is a Maltsev
class.

7 Congruence distributive varieties

The commutator in congruence distributive varieties reduces to congruence intersection. This
can be proved later after we have derived some of the properties of the commutator in
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congruence modular varieties. However, we offer a proof here based on the Jénsson terms.
This will illustrate in an isolated setting the intimate relationship between the commutator
and equations for Maltsev conditions. The proof we are about to see should be reminiscent
of Fact 5.5.

7.1 Theorem A variety V is congruence distributive if and only

VEcenla VY, Bl = [, 81V v, 8] and o, f] = anp. (7.1)

Proof Half of this is almost obvious. Suppose that congruences in V satisfy the stated
commutator equations. Let a, 3,7 be congruences on an algebra A € V. Then

(@anp)Vv(ynp) =la,plV Iy, 0
=[a V0] (7.2)
=(aVy)np.
Thus Con A is distributive.

For the reverse direction, we will need to use Jénsson’s terms. Suppose that V is a
congruence distributive variety and let dy,...,d, be Jonsson terms for V. Let A € V and
a,B € ConA. We will prove that [o, 8] = anN 3. That [o, 8] C an g is always true. We
will prove the reverse inclusion. Let § = [a, 5] and let (x,y) € a N p. We will prove by
induction that d;(x,y,z)dd;(x,y,y) for all i = 0,...,n. This is trivially true for dy since
x = do(z,y,2) = do(z,y,y). Suppose that 0 < i < n and d;(x,y,x)dd;(z,y,y). There are
two cases—either i is even or it is odd. Supposing that i is odd, then

di+1 (3:7 Y, Jj') = dl(x7 Y, x)édl (377 Y, y) = dH—l ('Z7 Y, y) (73)

di(z,z,x) di(z,2,y)
conclude that d;(z, z, 2)dd; (z, x,y). It follows that

dip1(z,z,2) = di(x,x,2)0d; (z, x,y) = diy1(x, x,Y). (7.4)

Suppose next that i is even. Since (di(z’y’z) di(z’y’y)> € M(a,f3), from C(a,3;0) we can

Now

di+1(1'71'71') di+1($:$7y))
€ M ) )
(di+1(xay7 I) di+1(x7y7y) (a /6)

so centrality now gives d;+1(z,y,2)dd;+1(x,y,y). This completes the proof that for all ¢ €
{0,...,n}, di(z,y,2)dd;(z,y,y). The particular case we care about is ¢ = n, which gives
z = dn(z,y, 2)0dn (2,y,y) = y. (7.5)
Thus we have a N 3 C [a, 5], so these congruences are actually equal. We have that
VEconlos 8] = an B. The other equation now follows immediately from distributivity. Sup-
pose that «, 3,y are congruences on an algebra in V. Then
laVvy,fl=(avy)ng
=(anp)Vv(ynps) (7.6)
= [a, 8]V [, Bl.
O

Of course, this gives

7.2 Corollary The only Abelian algebras in a congruence distributive variety are trivial.
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8 Congruence modular varieties

The commutator is particularly well behaved in congruence modular varieties. In fact, we can
extend all of the properties listed for the group commutator in Section 2 to the commutator in
congruence modular varieties. Our primary tool for doing so will be this next characterization
of centrality in congruence modular varieties.

8.1 Definition Suppose that o and  are congruences on an algebra A in a variety with
Day terms my, ..., my,. Define x(«, 3) to be the set of all pairs (m;(x, x,u,u), m;(z,y, z,u))
for which (3 ¥) € M(«, ) and m; is a Day term.

8.2 Theorem (R. Freese and R. McKenzie [12]) Suppose that o, 3, and v are congru-
ences on an algebra A in a congruence modular variety. The following are equivalent.

(1) Cla, By);
2) x(e,8) S s
(3) C(B,a57);
(4) x(B,a) C .

Proof We will prove that (1)—(2)—(3). Then exchanging « and § in these implications
will show that all four conditions are equivalent.

(1)—(2): Suppose that C(c, 5;). Let t be an (n+ m)-ary term of A. Let a,b € A and
X,y € A™ with a;ab; for all i and x;3y; for all 4. This makes (:Eﬁ’;g ZEE?}
of M(a,3). To establish the implication, we need to prove that

) a generic element

m;(t(a,x), t(a,x),t(b,x), t(b,x))ym;(t(a,x), t(a,y), t(b,y), t(b,x)) . (8.1)
The matrix

(mi(t(a,x),t(b,x),t(b,x),t(a,x)) mi(t(a,x),t(b,y),t(b,y),t(a,x))) (8.2)
m;(t(a,x),t(a,x),t(b,x),t(b,x)) m;(t(a,x),t(a,y),t(b,y),t(b,x)) ’

is in M(a, ). Notice that by the Day equations both elements of the top row of this matrix
equal ¢(a,x). In particular, the top elements are 7 related. It follows then that the bottom
elements are also «y related as desired.

(2)—(3): Suppose now that x(c«,3) C ~. Suppose that (% 9) € M(8,«) and that byd.
It follows that (¢ %) € M(«, 8) and hence that (m;(a,a,c,c),m;(a,b,d,c)) € 7 for all i. By
Lemma 6.5 it follows that avyc, so C(3, a;7).

We now have (1)—(2)—(3). By trading « and 3, we get (3)—(4)—(1), so the statements
are equivalent. |

We can now easily prove the following corollaries.

8.3 Theorem Suppose that o, 3, and v are congruences on an algebra A in a congruence
modular variety.
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(1) Cla, B5) if and only if o, B] < .

(2) [o, 8] = Cgalx(, B)) = Cga(x(B, a)).

(3) Cla, By) if and only if C(B, ;7).

4) o8] = [B,q].

(5) If {ag s t € T} C Con A then [\, au, 8] = ,Jow, A]-

(6) For any surjective homomorphism f: A — B, if m = ker f then

[, 8]V = fTH([f(aV m), f(BVm)])

and
[flavm), f(BVm)]=f(le, B] V).
(See Fig. 4)
Con A
aV T
BV
T

\[eVm, BVl [flav ), f(B V)]

Figure 4: To calculate [f(aV ), f(BV )], first pull back through f to oV 7 and SV m. Their
commutator [, 3] might not lie above , so join with 7. The image of this congruence under

fis [flavm), f(B V).

Proof (1)—(4) are immediate from the previous lemma and the definition of the commutator.
We look first, then, at (5). That \/,[a¢, 3] C [V, o, 8] follows from monotonicity. To establish
the reverse inclusion, it suffices to show that C(V/, oy, 3;\/,[ow, 5]). First, notice that by
property (1), C(o, 5; V[, 6]) holds for all t. Then Lemma 4.4 (1) gives the desired result.

For part (6), note that by part (5) [o, 8] V7 = [aV 7,3V 1]V and from this the two
statements can easily be seen to be equivalent. Part (6) now follows from the fact that the
function induced by f on A* maps M(a V7,3V «) onto M(f(a V 7), f(BV 7)) and maps
x(aVm, BV ) onto x(f(aV), f(BV)). o

The symmetry in the above theorem gives us this characterization of centrality in con-
gruence modular varieties.
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8.4 Corollary Suppose that o, B, and 6 are congruences on an algebra in a congruence
modular variety. Then C(a, 3;0) if and only if for all ([é 2) € M(a, )

adb < cdd and adc + bid. (8.3)

To make further arguments clearer, we will often write the elements of A2 as column
vectors.

8.5 Definition Suppose that A is an algebra in a congruence modular variety and «, (5 €
Con A. Let A(a) be the subalgebra of A% whose universe is a and define these three con-

gruences on A(c)
i ={((2). (1)) e AP o € o1} (8.4)

= {((4).(0)) € AP s ) € faus1} (55)
(I R

8.6 Lemma Suppose that a and [ are congruences on an algebra A in a congruence modular
variety. For i € {0,1}, let m; : A% — A be the projection to the it" coordinate and let
7n;i = ker Ti|a(a)- Then

(1) mNAgp < [a, Blo-
(2) noNAap C o, B
(3) Aap Vo =m,"(B).
(4) AapVm = (B).

Proof For the proof, we will write A for A, 3. Let ((%),(%)) € m N A. Then we have
the arrangement in Fig. 5, so we can conclude that {(3),(¥)) € m NA. This means that

(), w @2 6)
Je .
VRGN0

Figure 5: The shifting lemma for Lemma 8.6 (1).

there are ag,...,an,bo,...,b, € A so that a9 = x, by = a, = b, = y and for each i < n
ZZ Z:ﬁ € M(«,3). Since {(an,bn) = (y,y) € [, 3], we can use Corollary 8.4 to establish

that (a;,b;) € [a, F] for all 4. In particular, (x,y) € [, 8]. This places (), (%)) € [o, B0 as
desired. We have established that 71 N A C [a, ]o. This proves (1). (2) now follows because

(@) 0)) et = (). emmn o
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() @) es = {C)-()) e &

For (3), suppose that 208y, zau and yawv. Then

x x Yy Yy
(@) ()a()m ) 6
This shows 7, (8) C 7o V A. The other inclusion is trivial. (4) is similar. |

8.7 Theorem Suppose that V is a congruence modular variety. The commutator is the
greatest binary operation defined on the congruence lattice of every algebra in V so that for
any A,B €V, for any o, 0 € Con A, and for any surjective homomorphism f: A — B

[, 8] <anp and (8.10)
. BV = fH([f(a V), f(BV)]). (8.11)

Proof Let C be any other binary operation on the congruence lattices of algebras in V
satisfying the stated properties. We will prove that the commutator always dominates C'.
The proof is essentially the same as that of this property for groups presented in Section 2.
Let o and (3 be congruences on an algebra A in V.

For i € {0,1}, let m; : A(a) — A be the projection to the i** coordinate with n; =
ker ;| a(q)- Let A = Ay . In Con A(a) we have C(n1,A) € 1 N A by our assumptions on
C. Also, m NA C [, Blo by Lemma 8.6. Hence C(m1,A) C [a, Blo. Let ag = m; '(a) and
Bo = 7r0_1(/8) Then ag =mno Vi and By =19 V A so o = mp(no V1) and 5 = mo(no V A). Tt
follows then by our assumptions on C' that

Cla, B) = C(mo(no V m),mo(mo V A))
= mo(C(n1,A) V1)

(8.12)
C mo([a, Blo)
= [o, A].
This concludes the proof that C' is always dominated by the commutator. m|

At this point in time, we have an extension of all seven of the properties of the group
commutator listed in Section 2.

9 Abelian algebras and Abelian varieties

Recall that we defined an algebra A to be Abelian if [14,14] = 04. In some respects, Abelian
algebras and algebras generating congruence distributive varieties represent two extremes in
congruence modular varieties. In Abelian algebras, the commutator is as small as possible. In
algebras generating congruence distributive varieties, the commutator is as large as possible.
This dichotomy is emphasized further in this theorem.

9.1 Theorem Suppose that A is an algebra in a congruence modular variety. The following
are equivalent.
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(1) The projection congruences have a common complement in Con A x A.
(2) Mj is a 0-1 sublattice of Con AZ.

(3) M3 is a 0-1 sublattice of some subdirect product of two copies of A.

(4) A is Abelian.

Proof (1) — (2) and (2) — (3) are immediate. Suppose that B is a subalgebra of A% which
projects onto both coordinates and that Ms is a 0-1 sublattice of Con B. We claim that B
is Abelian. Let a, 3, and « be the atoms of the copy of M3. Then

1p,1g] =[aV B, a V]
[, 0] V[, 9] V [, 0] V [8,7]
Cav(Bny)

=«

(9.1)

N

so [1p,1p] € . Similarly, [15,1p] is below 3 and . Thus, [15,15] = 0 and B is Abelian.
Let m: B — A be either projection and 7 = ker 7. Now by Theorem 8.3 (6) we have

(1a,14] = [r(1B),7(1B)]
[

1,15V ) 9.2)

=T
™

Thus A is Abelian, so (3) — (4).

Now assume that A is Abelian. For ¢ = 0,1, let m; be the projection of A? to the if®
coordinate and let n; = ker m;. Let A = Ay, 1,. It follows from Lemma 8.6 that AV n; = 14
for i = 0,1. Also, ANmn; C [1a,1a]1—i = m—; for ¢ = 0,1, so ANn; = 042. Thus, A is a
complement of both projection kernels. m|

9.2 Definition Two algebras are polynomially equivalent if they have the same universe and
the same polynomial operations. An algebra is affine if it is polynomially equivalent with a
module over a ring.

J. D. H. Smith and R. McKenzie independently proved that any Abelian algebra in a
congruence permutable variety is affine. C. Herrmann [20] proved that any Abelian algebra
in a congruence modular variety is affine using a complex directed union construction which
forced the existence of a Maltsev operation in the original algebra. This Maltsev operation
is the key to the proof. H.-P. Gumm [13, 15] also constructed this term with his geometric
arguments. Walter Taylor developed the following terms which we will be able to use to
construct such a Maltsev term.

9.3 Lemma (W. Taylor [45]) Suppose that V is a congruence modular variety and that
my, ... my are Day terms for the variety. Define ternary terms qo, . .., qn recursively in the
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following manner

qO(fL’,y7Z) =z
Qi+1(l’71/72) = mi+1(qi(xay7 Z)7$7y7 qi(x7y7 Z)) ’Lfl is even
Gi+1(x, Y, 2) = miv1(@ (T, Y, 2), 9,2, ¢i(2,y,2))  if i is odd.

Then
(1) VE ¢z, z,y) =y for alli.
(2) For any congruence 8 on an algebra A €V and any (z,y) € B, {g(z,y,y),z) € [3,5].

Proof Part (1) we prove by induction on i = 0,1,...,n. It is trivial for ¢ = 0. Suppose that
i>0and V= ¢(z,z,y) = y. Then
gi+1(x,2,y) = mip1(gi(z, 2,9), 2,3, ¢i(z, 2, y)) 4 even or odd
~ Mt (y,l’,l’,y) (93)
~ .

Let (8 be a congruence on an algebra A in V and let 28y. We will prove by induction that

Qi(xa y7y)[ﬁ7 /B]mt (y7y71:71:)f0r even ¢ and (94)
ql(x7y7y)[/67 ﬂ]ml(y,y,y,x)for odd . (95)

This will be sufficient. The case of i = 0 is trivial. So suppose first that i is even and
qi($7 Y, y) [ﬁ: ﬂ]ml (y7 Y, T, 33) It follows that

ai+1(2,9,y) = mi+1(¢i(2, ¥, ), 2,9, 6:(z, Y, y))
[/67 ﬁ]mH—l (ml(y7 Y, x, .’E), T, Y, m; (ya Y, z, ‘T)) (96)
Also note that

mi+1(mi(y,y,x,x),x,x,mi(y,y,x,m)) = m’b(y7 y,x,x)
= mi+1(y7 y’zvx) (97)
= mi+1(mi(y7y7y7y)vy7xami(xaxaxax))'

By centrality, we can replace the underlined variable with the (-equivalent y and maintain
equivalence modulo [8, 5]. Thus

Mi+1 (ml(y7 Y, T, LE), T, Y, m’b(ya Y, T, x))[ﬂ7 ﬁ}mi+1 (ml(ya Y9, y)7 Y, mi(mv T,T, ‘T)) (98)
Combining this with (9.6) gives
qi+1(x7y7 y)[/Ba 6]mi+] (y,y,y,r). (99)

The case when i is odd is similar. O

Part (1) of the lemma tells us that ¢, obeys half of Maltsev’s equations. In the case when
A is Abelian, we can take (3 in Part (2) to be 14 and get the other half of the equations. Once
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we have the Maltsev operation, we can prove that the Abelian algebra is affine. Any ternary
term satisfying the two properties above for g, is called a Gumm difference term. The Gumm
difference term is all we need to conclude that any Abelian algebra in a congruence modular
variety is congruence permutable. A weak difference term for a variety V is a term d so that
whenever 6 is a congruence on an algebra in V and a#b, then

d(b,b, a)[0, 06, 0]d(a, b, b).

The presence of just a weak difference term would be enough to conclude that all Abelian
algebras are affine. In [28], K. Kearnes and A. Szendrei prove that having a weak difference
term is equivalent to a Maltsev condition. In fact, any variety in which congruence lattices
satisfy a nontrivial lattice equation has such a term.

9.4 Corollary (C. Herrmann [20]) If A is an Abelian algebra in a congruence modular
variety, then any Gumm difference term of A is a Maltsev operation. In particular, every
Abelian algebra in a congruence modular variety has permuting congruences.

A little more generally:

9.5 Corollary If 5 is a congruence of an algebra A in a congruence modular variety and
[8, 8] = 04, then every congruence of A permutes with 3.

Proof Suppose that § is a congruence on A satisfying [3, 5] = 04 and « is any congruence
on A. We will prove that a o 8 = 30 a. Suppose that (z,2) € o «. There is some y € A
with z8yaz. Denote the Gumm difference term of A by d. Then d(y,y,z) = z and since
[8,8] =04, d(z,y,y) = x. Therefore,

z=d(z,y,y)od(z,y, 2)Bd(y,y,2) = 2.

We have shown that §oa C ao . It follows that o and § commute as in the proof of
Theorem 6.1. O

Before we prove that Abelian algebras in a congruence modular variety are affine, we need
to know a few things about Abelian algebras with Maltsev terms.

9.6 Definition Suppose that f(z1,...,z,) and g(z1,...,2,) are operations on a set A.
Then f and g commute if they satisfy the equation

n

f(g(z%7"' 7x’}n)7g(‘x%7"' 7x3ﬂ)7"' 79(1.?7' M 71’7”/))
:g(f(x%,,x’f),f(r;,,x?),,f(r}n,,x:ﬁl))

Commutativity of operations can be viewed more easily using matrices. Consider an mxn
matrix with entries from A:

1 2 n
n

Ty X3 o Xy
1 2 n
T Ty 0 Ty

We could apply g to each column of this matrix and then evaluate f at the resulting vector,
or we could evaluate f along each row and apply ¢ to the result. If f and g commute, these
will be the same.
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9.7 Definition A ternary Abelian group is an algebra with a single ternary basic operation
which satisfies Maltsev’s equations and commutes with itself.

9.8 Theorem (H.-P. Gumm [13]) Suppose that A = (A,d) is an algebra with a single
ternary basic operation. The following are equivalent.

(1) A is a ternary Abelian group.
(2) There is an Abelian group (A,+, —,0) with universe A so that d(z,y,z) = v —y+ 2.

Proof If there is such a group, it is easy to check that d(z,y,2) = v — y + z is a Maltsev
operation which commutes with itself, so A is a ternary Abelian group. On the other hand,
suppose that A is a ternary Abelian group. Let 0 € A be arbitrary and define z+y = d(z,0,y)
and —z = d(0,x,0). It is routine to check that these operations make (A, +, —,0) an Abelian
group and that d(z,y,2) =2 —y + 2. |

9.9 Theorem The following are equivalent for any algebra A.
(1) A is affine.
(2) A has a Maltsev polynomial and satisfies C(1a,14;04).
(3) A has a Maltsev polynomial which commutes with every polynomial operation of A.
(4) A has a Maltsev term which commutes with every term operation of A.
)

(5) A has a Maltsev term and is Abelian.

Proof Suppose that A is affine. Then A is polynomially equivalent to a module. The
proof that C'(14,14;04) can be gleaned from the discussion on modules in Section 5. Thus
(1) = (2).

Suppose now that A has a Maltsev polynomial m and that C(14,14;04). We will prove
that m commutes with every polynomial operation of A. Suppose that ¢ is an (n + m)-ary
term of A, x,y,z € A", and c € A™. Then

m(t(y,c),t(y,c), t(z,c)) = m(t(z,c),t(y,c), t(y,c)).
Then
m(t(m(yo, Y0, 50)» - - -, M(Yn—1, Yn—1, Yn—1), €), (¥, ¢), £(2, c))
= m(t(m(Yo, Y0, 20); - - - »» M(Yn—1, Yn—1, 2n—1), €), t(y, c), t(y, c)).

Applying C(14,14;04), we can replace the underlined variables with corresponding z’s to
get

m(t(m(zo, Yo, yO)a R 7m(1‘n71a Yn—1, ynfl)a C)’ t(y, C)a t(Z, C))
= m(t(m($07 Yo, Z0)7 cee 7m($n—17 Yn—1, Zn—1)7 C)7 t(Y7 C)7 t(Y7 C))
Maltsev’s equations now give

m(t(x,c),t(y,c),t(z,c)) = t(m(xo,Y0,20), - - - s M(Tn—1,Yn—1, Zn—1); C)-
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Thus m commutes with any polynomial, so (2) = (3).

Now suppose that A has a Maltsev polynomial m which commutes with every polynomial
of A. We know immediately that m commutes with every term of A and with itself. We
need only to prove that m is a term operation of A. Since m is a polynomial of A, there is
a term operation S of A and elements aq,...,a, € A so that for any z,y,z € A

m($7y7z) = S($7y7zaa17"' 7a’n)'

Let z,y,z € A. We will express m(z,y, z) as a term evaluated only at z,y, and z. Let 0 € A
be arbitrary and define & = 5(0,0,0,y,...,y). We have:

m(z,y,z) = m(m(z,y, z),m(0,0,0), m(x, a,0))
(m(z,0,a),m(y,0,a), m(z,0,0))
(m(z,0,a),m(y,0,a),z)
(m(z,0,a),m(m(y,0,a), m(y,0,a), m(y, 0, a)),
(z,m(y,0,a),m(y,0,a)))
(m(z,m(y,0,a),z),m(0,m(y,0,a),m(y,0,x)), m(,
(,0,a),m(y,0,a)))
m(m(z, m(y,0,a), 2),0,a)
=m(m(z, m(m(y,y,y),m(0,0,0),a),z),0,a)
=m(m(z,m(S(y,y,y,a1,...,a,),5(0,0,0,a1,...,a,), (9.10)
S5(0,0,0,y,...,9)),2),0,a)
= m(m(z, S(m(y,0,0),m(y,0,0),m(y,0,0), m(ar,a1,y),...,
m(an, an,v)), 2),0, a)
=m(m(z, Sy, y,9,9,---,9),2),0,0)
=m(S(z, SW, Y, YsYy---,Y), 2,01, ..,0a,),5(0,0,0,a1,...,a,),
S5(0,0,0,y,...,9)
= S(m(z,0,0),m(S(,y,4,¥,--.,9),0,0),m(z,0,0),m(ar,a1,y), ...,
m(an, an,y))
=8, SW Y 4s Yy -1 Y): 2:Ys -+ Y)-

Il
3

I
3

|
3

3

I
3

3

Thus, m is actually a term and we have established that (3) = (4).

Assume now that A has a Maltsev term m which commutes with every term operation of
A. We will prove that A is affine. Let 0 € A be arbitrary and define x + y = m(x,0,z) and
—z =m(0,2,0). Then by Theorem 9.8, A= (A,+,—,0) is an Abelian group. We will define
a ring R so that A becomes an R-module. Let R be the set of all unary polynomials of A
which fix the element 0. R is nonempty since the unary projection operation and the constant
0 are both in R. Since m commutes with the terms of A and is idempotent, m also commutes
with the polynomials of A. Therefore, m commutes with each r € R. Since each r € R fixes 0,
it follows that each r is an endomorphism of A. Notice that R is closed under the operations
of the ring End A. This is because R contains the identity of End A (the unary projection)
and the zero of End A (the constant 0), and because for each r, s € R the operations r + s,
—r, and rs = ros are unary polynomials of A which fix 0. Thus R is the universe of a subring
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R of End A. Since R C End A7 we have the natural structure of A as an R module. We will
denote this module as g A. We claim that A and g A are polynomially equivalent. We must
show that Polg A = Pol A. That Polg A C Pol A should be clear. We will prove inductively
on rank that every polynomial p(zo,...,on—1) of A is a polynomial of gA. Suppose first
that p is a unary polynomial of A. Let r(z) = p(z) — p(0). Then r is a unary polynomial of
A which fixes 0 so r € R. Moreover, p(z) = p(z) —p(0) +p(0) = r(z)+p(0). If ¢ = p(0), then
p(z) = ra + ¢ is a polynomial of gA as desired. Next, assume that any n-ary polynomial of
A is in Polg A, and let p be an (n + 1)-ary polynomial of A. Then

(o, ..., Tn) = p(m(zo,0,0),...,m(x,-1,0,0),m(0,0,z,))
=m(p(zg,...,2n-1,0),p(0,...,0),p(0,...,0,2,)) (9.11)
=p(xo,-..,Tn-1,0) — p(0,...,0) +p(0,...,0,2,).

Now, p(zo, . ..,Zn—_1,0) is an n-ary polynomial of A, and p(0,...,0, ;) is a unary polynomial

of A. As such, each of these is a polynomial of gA. Since p(0,...,0) is a constant, this
makes p a polynomial of g A. This proves that Polg A = Pol A and completes the proof that

4) = (1).
We have proven that (1)—(4) are equivalent. It is easy to see that these combined are
equivalent to (5). |

Suppose that A is an Abelian algebra in a congruence modular variety. Then A has a
Maltsev term by Corollary 9.4. By the previous theorem, A is affine. On the other hand,
any affine algebra is Abelian; so we have the Fundamental Theorem of Abelian Algebras:

9.10 Theorem (C. Herrmann [20]) An algebra in a congruence modular variety is Abelian
if and only if it is affine.

This theorem has been extended by K. Kearnes and A. Szendrei [28] to the following.

9.11 Theorem If a variety V satisfies a nontrivial lattice equation as a congruence equation,
then the Abelian algebras in'V are affine.

A congruence modular variety in which every algebra is Abelian is termed an Abelian
variety or an affine variety. In Sections 13 and 14, we will need some information about
these varieties. We develop that information now without giving proofs (which in every
case are easy and routine). For more detail on this topic, see R. Freese, R. McKenzie [12],
Chapter IX.

9.12 Definition Two varieties V and W are said to be polynomially equivalent if every
algebra in each of the varieties is polynomially equivalent with an algebra in the other.

Suppose that A is a congruence modular, Abelian variety. Let d(z,y,z) be a Gumm
term for A and let F be the free algebra on A freely generated by {z,y}. Let R be the
set of all ¢(z,y) € F such that A | t(z,z) = z. For r = r(z,y) and s = s(z,y) in R,
put ros = T(S(Z‘,y),y), rt+s= d(T(x,y),y,s(x,y)), -r= d(yﬂ”(l‘,y),y), 0=y, 1=u
Then R = (R, +,0,0,1) is a ring with unit and we have the Fundamental Theorem of Affine
Varieties:
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9.13 Theorem If a variety A is congruence modular and Abelian, then A is polynomially
equivalent with the variety r M of unitary left R-modules where R is the ring of idempotent
binary terms of A defined above.

In fact, if A € A, then the universe of A becomes an R-module, denoted g A, by choosing
some element a € A and putting 0 = a, 7b = 7(b,0), b+c = d*(b,0,c), and —b = d*(0,b,0)
for {b,¢} C A and r € R. This module is, up to isomorphism, independent of the choice of
0 in A. The two algebras A and grA are polynomially equivalent. The Gumm term comes
out to be dA(z,y,2) = = — y + z (evaluated in the module). The passage from A to rA
is generally many-to-one—i.e., gAg = rA; does not imply Ay = A;. But every R-module
occurs as RA for some A € A.

Every algebra A € A is closely associated with an algebra Ay with a one-element subal-
gebra (although A need not have any one-element subalgebra). Namely, Ay = (A x A)/Ay
with Aj; the congruence on A x A generated by {({z,z), (y,v)) : {z,y} C A}. One verifies
that if we choose 0 = a in gA and 0 = (a,a) in g(A x A), then g(A x A) = rA x rA.
Since A x A and g(A X A) have the same congruences (being polynomially equivalent), it is
easily seen that Ay = {{(z,y), (u,v)) € A2 x A2: 2 —y =u—v}. Then gRAy = rA while
Ay has the one-element subalgebra V = {(z,z) : z € A}.

10 Solvability and nilpotence

We can use the commutator to extend the ideas of solvability and nilpotence to congruence
modular varieties. Before we tackle this topic, we will derive H.-P. Gumm’s Maltsev charac-
terization of congruence modularity—which is (relatively) easy to do thanks to the Gumm
difference term supplied by W. Taylor’s equations.

10.1 Theorem (H.-P. Gumm [16]) A variety V is congruence modular if and only if V
has ternary terms do, ... ,d, and q satisfying

= dO (‘T7 Y, Z)

x =~ di(x,y,x) for alli

di(z,x,2) = dip1(x,z,2)  for even i
di(x,2,2) ~ diy1(z,2,2)  for odd i
dp(x, 2, 2) ~q(:c 2, 2)

q(z,z,2) ~

Proof Suppose that V is a congruence modular variety, and let ¢ be a Gumm difference
term for V. Let F be the free algebra in V on the generators {z,y,z}. Let a = Cgp(z,v),
B = Cgr(y,z), and v = Cgp(z,2). Then (x,2z) € yN (aV 3). Now by the property of the
difference term, (z,q(z,z,2)) € [yN (aV G),7N (aV ()]. However
[yn(avB),yNn(aVp)] <[y,aVf
=[v,e] V[0 (10.1)
<(yNa)v(yng).
Thus (z,d(z,z,2)) € (YN &)V (yNG). This means there are uo,...,u, € A with uy = z,
u, = q(,2,2), wijqujpq if @ is even, w;Bu;4q if @ is odd, and w;yu;4q for all i. There are



Congruence modular varieties 301

ternary terms do,...,d, so that u; = d;(x,y,z) for each i. Now, x = do(z,y,z) holds by
design. Define f,g,h : F — F to be the unique homomorphisms defined by

(10.2)

g(z) =z, 9(y) =9g(z) = 2 (10.3)
y (10.4)

Then ker f = «, ker g = 3, and ker h = . For any 4, notice that

r = do(z,y, )
= do(h(z), h(y), h(z))
= h(do(z,y,2))
= h(di(z,y,2))
= di(h(z), h(y), h(2))
=di(z,y, ).

(10.5)

Suppose now that ¢ < n is even. Then

di(z,2,2) = di(f(2), f(y), f(2))
= f(di(z,y,2))
= f(dit1(z,y, 2)) (10.6)
=dit1(f(2), f(y): f(2))

= i+l(x7x7z)'
If i < nis odd then

di(z, 2z, 2) = di(g9(), 9(y), 9(2))
= g(di(z,y,2))
= g9(di1(2,y, 2)) (10.7)
= dit1(9(2), 9(y), 9(2))
=diy1(z, 2, 2).

Finally, d,(x,z,2) = q(z,2,2) by design, and ¢(x,z,z) = z since ¢ is a Gumm difference
term. Since these terms satisfy these equations in F, they satisfy the equations throughout
V.

Finally, assume that V has terms dy, ..., d,, q satisfying the equations in this theorem.
If n were even, then the equations would imply that d,—i(z,z,2) ~ ¢(z,z,2) also, so we
can assume that n is odd. Define 4-ary terms my,...,ma,42 in the following manner.
mo(z,y,z,u) =z and

mai—1(z,y, z,u) = di(z,y,u) for i odd (10.8)
mai—1(2,y, z,u) = di(z,z,u) for i even (10.9)
ma;i(z,y, z,u) = d;(x, z,u) for i odd (10.10)
moi(z,y, z,u) = d;(z,y,u) for i even. (10.11)
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Also, let mon+1 = q(y, z,u) and mayy2(z,y, z,u) = u. It is routine now to check that these
are Day terms for V. Hence V is congruence modular. O

H.-P. Gumm’s Maltsev condition for congruence modularity may be viewed as a compo-
sition of B. Jénsson’s condition for congruence distributivity and A. I. Maltsev’s condition
for congruence permutability. Notice that in the proof of Gumm’s theorem, the term ¢ was
chosen to be the difference term of V. Thus every difference term has Gumm terms associated
with it. On the other had, every ¢ arising from the Gumm terms is a difference term. Hence

10.2 Theorem The following are equivalent for any ternary term q in a variety V.

(1) V is congruence modular; V = q(x,x,y) ~ y; and for all A € V, for all 3 € Con A, for
all {a,b) € B, {a,q(a,b,b)) is in [, B].

(2) For this particular q, there exist ternary terms dy, ... ,d, satisfying Gumm’s equations
for congruence modularity.

Proof All we need to prove is that if dy,...,dy,,q are Gumm terms for a variety V), then ¢
is a difference term. Suppose that [ is a congruence on an algebra A in V and that a/b in
A. We only need to establish that (a,qg(a,b,b)) € [B, 3] since the other equation is part of
Gumm’s equations. We will first establish (d;(a, b, b), d;(a,a, b)) € [3, 3] for all i. This is true
by centrality since

(e G0n8) = (o ann) 00

is in M (3, 8). Next, we establish (d;(a,b,b),d;+1(a,b,b)) € [8, ] for all i. If i is odd, this is
actually an equality, so there is nothing to show. If i is even then

di(a7 b7 b) [/37 ﬂ]dl (CL, a, b) = di+l(a> a, b)[ﬂv /B]di+l (CL, b> b) (1013)

Now it follows that
a = do(a,b,b)[3, Bldn(a,b,b) = q(a,b,b). (10.14)

O

10.3 Definition Suppose that § is a congruence on an algebra A in a congruence modular
variety. Define (6]°, (8]}, (8]?,... recursively as follows. First, (6]° = 8. Next, if (8]" is
defined, then (8]"*! = [, (8]"]. If (8]" = 0 for some n, then 3 is n-step nilpotent. If 1, is
n-step nilpotent, then A is also called n-step nilpotent. Also define the sequence [5]°, [8]!,
[B],... recursively by [8]° = 8 and [B]"*! = [[8]", [B]"]. If [B]" = 04 for some n, then 3 is
n-step solvable. If 14 is n-step solvable, then A is also called n-step solvable.

10.4 Definition Suppose that ¢ is a Gumm difference term for a congruence modular variety
V. Define a sequence of ternary terms qo, g1, ¢, - - . recursively by qo = ¢ and gp41(2,y,2) =
q0(x, qn (2, y,9), gn(z,y, 2)). We will call these terms generalized Gumm terms.

10.5 Theorem (H.-P. Gumm [17]) Suppose that o and 8 are congruences on an algebra
A in a congruence modular variety. Then ao 3 C [a]"ofBoa and ao S C (a]" o foa for all
n.
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Proof We prove this by induction on n. For n = 0, [a]” = «, so the inclusion is trivial.
Suppose that the inclusion holds for n > 0 and suppose that aabBc. By our induction
hypothesis, there are z and y so that a[a]"zSyac. Let ¢ be the Gumm difference term of A.
Then

(a,q(a,z,z)) € [[a]*,[a]"] C [a]*!. (10.15)
Therefore
s0 {a,c) € [a]""! o B o a. The other claim in the theorem is proved similarly. a

If « is n-step solvable, then [a]™ = 0, so this theorem gives a o 8 C B o a. It follows that
a and 3 permute (as in the proof of Theorem 6.1). Hence

10.6 Corollary Suppose that o is an n-step solvable (or nilpotent) congruence of an algebra
A in a congruence modular variety. Then o permutes with every congruence of A.

If A is n-step solvable, then every congruence on A is n-step solvable, so A has permuting
congruences. Moreover, we can adapt the above proof using the generalized Gumm terms to
manufacture a Maltsev term for A so that the entire variety generated by A has permuting
congruences.

10.7 Theorem Suppose that A is an algebra in a congruence modular variety with general-
ized Gumm terms qo,q1,q2,- ... If A is (n+ 1)-step solvable (or nilpotent) for some n, then
A has permuting congruences, and the term qy is a Maltsev term for A.

Proof Leta,b € A. We will first prove that (a, g (a,b,b)) € [L4]**! for all k. We proceed by
induction on k. Since ¢ is a difference term and (a,b) € 14, we clearly have (a, go(a,b,b)) €
[14,14] = [14]'. Now assume that k& > 0 and that {(a, gx(a,b,b)) € [14]*+1. Since go is a
difference term, (a, qo(a, qr(a,b,b), qr(a,b,b))) € [[La]*+1, [1a]*+1] = [1La]*+?, as desired. We
have proved that (a,qi(a,b,b)) € [14]F! for all k. Since [14]""! = 04, this means that
a = qu(a,b,b).

Next, we will prove by induction that gx(a, a,b) = b for all k. This is true for k£ = 0 since
qo is a difference term. Assume that k& > 0 and that gx(a,a,b) = b. Then gxi1(a,a,b) =
qo(a, qr(a,a,a), qx(a,a,b)) = qo(a,a,b) = b. We have shown that gi(a,a,b) = b for all k. In
particular gy (a,a,b) = b.

We have proven that for arbitrary a,b € A, ¢,(a,b,b) = a and ¢, (a,a,b) = b. Therefore,
qn is a Maltsev term for A and the result follows. The claim for nilpotence is proven in a
similar manner. O

10.8 Theorem The class of n-step solvable (nilpotent) algebras in a congruence modular
variety V is a variety.

Proof We prove the theorem for the case of nilpotence. Let IC be the class of n-step nilpotent
algebras in V. We will prove that K is closed under homomorphic images, subalgebras, and
products.

Suppose that A € K and that f : A — B is a surjective homomorphism with ker f = 7.
We will prove by induction on k that (15]* = f((14]* v ) for all k. This is trivial for k = 0,
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so assume that k > 0 and that (15]* = f((14]* V 7). Then

(15" =15, (15]"]
= [fav ), f(1a)F v )
= f([La, (1)) v 7)
= f((1a]** v ).

(10.17)

It now follows that (15]" = f((14]" V) = f(mw) = Op so B is n-step nilpotent and is in K.

Next, suppose that A € K and that B is a subalgebra of K. For any congruences
a,f3,6 € Con A, it should be clear that C(«, 3;6) (in A) implies that C(an B2, 3N B2;56N B?)
(in B). Therefore [a N B2, 3N B?] C [a, 8] N B2. Tt follows that (15]" C (14]" N B2 =0, so
B is n-step nilpotent and B € K.

Finally, suppose that {A; : i € I} € K. Let B = J[,.; A;. Let m : B — A; be the
canonical projection and let n; = ker m;. As we showed above, m;((1p]" V ;) = (14]" = 04.
Thus, (1g]™ C n; for all i. Therefore, (15]™ = 0p. Thus B is n-step nilpotent and is in K.
This finishes the proof that K is a variety. The proof of the theorem for solvable algebras is
similar. O

To prove the next lemma, we need the following commutativity result.

10.9 Lemma Suppose that o and § are congruent on an algebra A with a Maltsev term m
and that C(a,14;6). If a,b,c € A% with a;ab; for all i then

m(m(ag, bo, co), m(a1, by, c1), m(az, by, c2))dm(m(ag, a, az), m(bo, b1, ba), m(co, c1,c2)).
(10.18)

Proof Maltsev’s equations give us
m(m(bo, b1, b2), m(bg, b1, ba), m(co, c1,c2)) = m(m(co, c1, c2), m(bo, b1, b2), m(bo, b1, bz)).

We expand the first subterm of each side of this equality to get

m(m(m(bo, bo, bo), m (b1, b1, b1), m(bg, bz, b2)), m(bo, b1, ba), m(co, c1,c2))
= m(m(m(bo, bo, co), m(b1, b1, c1), m(ba, b2, c2)), m(bo, b, ba), m(bo, b1, b2)).

By centrality, we can replace the underlined b;’s with corresponding a;’s and maintain equiv-
alence modulo § so that

m(m(m(ao, bo, bo), m(ar,b1,b1), m(az, bz, bz)), m(bo, b1, b2), m(co,c1,c2))
dm(m(m(ao, bo, co), m(a1, by, 1), m(az, ba, c2)), m(bo, b1, b2), m(bo, b1, b2)).

Maltsev’s equations now give

m(m(ao, a1, az), m(bo, b1, ba), m(co, c1, c2))dm(m(ao, bo, co), m(a1, by, c1), m(az, ba, c2)) -
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10.10 Lemma Suppose that A is an n-step nilpotent algebra with a Maltsev term m. There
are ternary terms | and r so that for all b,c € A the function [(—,b,c) is the inverse of
m(—,b,c) and the function r(—,b,c) is the inverse of m(c,b,—).

Proof We will prove the existence of [. The existence of r is similar. We will prove this by
induction on n. If n = 0, then A is trivial. If n = 1, then A is Abelian. For any = € A,
Define u+, v = m(u, z,v) and —,u = m(z,u, z) for all u,v € A. Then by Theorem 9.8 these
operations define an Abelian group on A with identity x so that m(u, v, w) = u—, v+, w. For
any b, c € A, the inverse of m(x,b,c) = x — b+, cis clearly l(x,b,¢) = x —pc+,b = m(z, ¢, b).

Next suppose that n > 1 and that the lemma holds for n-step nilpotent algebras. Suppose
that A is (n + 1)-step nilpotent. Let 0 = (14]". Then C(14,0;0), and A/0 is n-step
nilpotent. By our induction hypothesis, there is a term I’ so that I’(—, /0, c¢/) is the inverse
of m(—,b/0,c/0) for all b, c, € A. Let I(y,b,c) = m(m(y,m(l'(y,b,¢),b,¢),y), vy, (y,b,¢c)). We
will show that [ is the desired term. Let y,b,c € A. Let z = I'(y,b,c). By our choice of I, we
know at least that m(z,b,c)0y. Then

m(l(y,b,c),b,c) = m(m(m(y,m(z,b,¢c),y),y,2), m(y,y,b),m(y,y,c))
=m(m(m(y,m(z,b,¢),y),y,y),m(y,y,y), m(z,b,c)) (10.19)
= m(m(y,m(z,b,¢),y),y,m(z,b,c))
where the second equality follows from Lemma 10.9 since m(z, b, ¢)fy and since C(0,14;0).
The set y/60 is closed under m since m is idempotent, and by Lemma 10.9 m commutes
with itself on this # block. Define u 4+, v = m(u,y,v) and —yu = m(y,u,y) on y/6. By

Theorem 9.8, these are Abelian group operations on y/6 with y as an identity. Then we can
continue our calculations to see

m(l(y7 b7 C)’ b7 C) = m(m(y’ m(z7 b’ C)’ y)7 y7 m(z7 b’ C))
= —ym(z,b,¢) +, m(z,b,c) (10.20)

Now we look at the composition in the reverse order. Let z = I'(m(y,b,c),b,c). Then 20y
and

l(m(y7 b7 C)7 b’ C) = m m(m y? b7 C)7 m(z7 b7 c)7 m(y7 b7 C))7 m(y’ b7 c)7 Z)
z

(
m(m(y, z,y), m(b,b,b), m(c, c,c)),m(y,b,c), z)
m(m(y,z,y),b,c), m(y,b,c), z)

m(m(y, z,y),b,c),m(y, b, c),m(y,y,z))
m(m(y, z,y),y,y),m(b, b,y), m(c, c, 2))

m(y, z,),y, 2)

—yZ ty 2

=.

(
(
(
(
( (10.21)
(

Note that the second and fifth equalities follow from Lemma 10.9 since z0y. m|

The real mechanics of this proof are hidden from sight, but there is an elegant structure to
these algebras. The Maltsev term m gives each block of 6 the structure of a ternary Abelian
group. For any b,c € A, the functions m(—,b,c) : b/6 — ¢/0 and m(—,¢,b) : ¢/0 — b/0 are
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inverse isomorphisms of these group structures which exchange b and ¢, so all of the blocks
are isomorphic to a ternary Abelian group G. The algebra A = (A,m) is a sort of semi-
direct product of A/@ and G. To find the term I, we try to solve the equation m(z,b,¢c) =y
for x, assuming that there is a solution z modulo #. To solve this equation, we use the
isomorphisms m(—, b, y), m(—, ¢,y), and m(—, z,y) to map everything into y/0. Then we can
treat y/60 as an Abelian group with identity y to solve the new equation. The nature of the
semi-direct product is such that when we pull this solution back to z/6 using m(—,y, z) we
have a solution to the original equation.

More generally, if «v is any congruence on A and b, ¢ € A then the maps m(—,b,¢) : b/a —
¢/a and m(—,¢,b) : ¢/a — b/a may not be inverses, but they are both injective. Hence the
congruence classes are the same size. Thus

10.11 Corollary Any n-step nilpotent algebra in a congruence modular variety has uniform
congruences.

Suppose that a,b and c are elements of an n-step nilpotent algebra A in a congruence
modular variety with Maltsev term m and that § € Con A.. If afb, then m(a, b, c)dm(b,b,c) =
¢ so m(a,b,c)fc. On the other hand, if m(a,b,c)fc, then a = I(m(a,b,c),b,c)0l(c,b,c).
However, m(l(c,b,¢),b,¢) = ¢ =m(b,b,c), so by Lemma 10.10 {(¢, b,c¢) = b. This means that
afb. We have that afb if and only if m(a,b, ¢)fc. This means that 6 consists precisely of those
pairs {a,b) for which m(a,b,c) € ¢/6. Hence, 6 is uniquely determined by any equivalence
class ¢/0. Thus

10.12 Corollary Any n-step nilpotent algebra in a congruence modular variety has reqular
congruences.

Suppose now that A is an n-step nilpotent algebra in a congruence modular variety. Let
[ and r be the terms guaranteed by the previous lemma and let 0 € A be arbitrary. Now
define these operations on A

u-v=m(u,0,v)
u/v =1(u,0,v) (10.22)

u\v =r(u,0,v).
Then these are the multiplication and division operations of a loop on A. Hence

10.13 Theorem Suppose that A is an n-step nilpotent algebra in the congruence modular
variety V. There is a loop operation in Pol A whose left and right division operations are also
in Pol A.

11 Applications

We briefly describe here some of the important results that have been achieved through the
application of commutator theory in the study of basic questions about varieties. We make
no attempt at completeness.

In 1979 there appeared the paper J. Hagemann, C. Herrmann [19], which provided the
first proofs of much of the basic commutator theory we have developed in the preceding



Congruence modular varieties 307

sections, and the same year appeared H.-P. Gumm, C. Herrmann [18] in which the new
theory was applied to obtain new cancellation, refinement and uniqueness results for direct
products of algebras in congruence modular varieties. H.-P Gumm and C. Herrmann proved,
among other results, that if A x B =2 A x C and if A x B belongs to a congruence modular
variety, and if the congruence lattice of A has the ascending chain condition and the center
of A is a congruence of “finite rank”, then B is “affine-isotopic” to C.

In 1981 appeared R. Freese, R. McKenzie [11] in which commutator theory was used to
show that every residually small congruence modular variety V obeys a certain commutator
law (C1), which must hold in the congruence lattice of every algebra of V augmented by the
commutator operation. Conversely, if V is congruence modular and generated by a finite
algebra A and if A, along with all of its subalgebras, obeys (C1) then V is residually small,
in fact has a finite residual bound.

Also in 1981 appeared a monograph by S. Burris and R. McKenzie [4], containing a
proof that every locally finite congruence modular variety with decidable first-order theory
must decompose as the varietal product of two subvarieties, a decidable affine variety and
a decidable discriminator variety. Commutator theory was the essential tool for this work.
The authors also provided an algorithm which can be used to reduce the question whether
HSP(A) has decidable theory, where A is a given finite algebra, (the decidability problem)
to the question whether the variety of R-modules has decidable theory, where R is a certain
finite ring correlated with A, produced by the algorithm. The problem to characterize in
some fashion those finite A for which the class of finite members of HSP(A) has decidable
theory (the finite decidability problem) seems to be much more difficult than the decidability
problem. In 1997, P. M. Idziak [22] provided a solution to the finite decidability problem for
finite algebras in congruence modular varieties. His result is equally as satisfactory as the
result of S. Burris and R. McKenzie, but is rather more difficult to state.

In 1982 appeared R. McKenzie [32] which used commutator theory to characterize the
locally finite varieties having a finite bound on the cardinalities of their finite directly inde-
composable members (the “directly representable” varieties). A breakthrough result achieved
in the paper was the fact that every directly representable variety has permuting congruences.

The 1987 monograph R. Freese, R. McKenzie [12], which has been the principal source for
the first ten sections of this text, contains the result (Chapter XIV) that any finite nilpotent
algebra of finite type (i.e., which possesses only finitely many basic operations) which lies in
a congruence modular variety and decomposes as the direct product of algebras of prime-
power orders, has a finitely axiomatizable equational theory. R. McKenzie [33] proves that
any finite algebra F belonging to a residually small congruence modular variety of finite
type has a finitely axiomatizable equational theory. A main ingredient in this proof is the
demonstration that F obeys finitely many equations which collectively imply that an algebra
(which satisfies them) satisfies the commutator equation (C1) discovered by R. Freese and
R. McKenzie.

In 1989 appeared K. A. Kearnes [26] which used commutator theory to prove that every
residually small, congruence modular variety with the amalgamation property possesses the
congruence extension property. Whether the words “congruence modular” can be removed
from this result is unknown.

In 1996, P. M. Idziak and J. Berman began a study of the “generative complexity” of
locally finite varieties. They define the generative complexity, or G-function, of a variety
V to be the function Gy defined for all positive integers n so that Gy(n) is the number of
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non-isomorphic n-generated algebras in V. Perhaps their deepest result is a characterization
of finitely generated congruence modular varieties V for which Gy(n) < 2" (for all n > 1) for
some constant c. The characterization is of the same order as P. M. Idziak’s characterization
of finite decidability for HSP(A) but even more complicated. A much easier result of P.
M. Idziak and R. McKenzie [23] will be proved in Section 14 below; namely, a locally finite
congruence modular variety V satisfies Gy(n) < n¢ (for all n > 1), for a constant ¢, if and
only if V is Abelian and directly representable.

Perhaps this is the appropriate place to mention the tame congruence theory of D. Hobby,
R. McKenzie [21]. With this theory, it became possible to extend most of the above-mentioned
results that deal with finite algebras or locally finite varieties, either to all finite algebras and
all locally finite varieties, or to a domain much broader than congruence modular varieties.
Sometimes, tame congruence theory simply produces the result that every locally finite variety
possessing a certain property must be congruence modular. For instance, it is proved in [21],
Chapter 10 that every residually small locally finite variety that satisfies any non-trivial
congruence equation must be congruence modular (i.e., must satisfy the modular law as a
congruence equation).

In the book R. McKenzie, M. Valeriote [34] it is proved that every locally finite variety with
decidable first-order theory decomposes as the varietal product of three decidable subvarieties:
an affine variety, a discriminator variety and a combinatorial variety. This result contains
the result proved five years earlier by S. Burris and R. McKenzie for congruence modular
varieties. In the modular case, the combinatorial variety must consist just of one-element
algebras.

P. M. Idziak, R. McKenzie and M. Valeriote [24] (unpublished) have extended the above-
mentioned result of P. M. Idziak and R. McKenzie into a characterization of all locally finite
varieties V with the property that Gy(n) < n¢ for all n > 1, for some constant ¢. Such a
variety is a varietal product of an affine, directly representable, subvariety and a very special
kind of combinatorial subvariety.

Successful applications of tame congruence theory, like those mentioned in the two pre-
vious paragraphs, have frequently begun with the idea to attempt an extension of results
proved earlier for locally finite congruence modular varieties with the help of commutator
theory. Tame congruence theory is a powerful tool for such efforts but, unlike modular com-
mutator theory, its application appears to be essentially restricted to the realm of locally
finite varieties.

12 Residual smallness

An algebra A is called subdirectly irreducible if it has a smallest non-zero congruence, (called
the monolith of A). According to a theorem of G. Birkhoff, every algebra can be embedded
into a product, [ [, S¢, of subdirectly irreducible algebras S; in such a way that it projects
onto each factor S; (subdirect embedding).

12.1 Definition A variety V is residually small if there is a cardinal bound on the size of
subdirectly irreducible algebras in V. If V is residually small, then we will write resb(V) for
the least cardinal x such that every subdirectly irreducible algebra in V has cardinality less
than x. If the cardinalities of subdirectly irreducible algebras in V have no cardinal upper
bound, then we write resb(V) = oo, and say that V is residually large. For an algebra A, we
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put resb(A) = resb(HSP(A)). A variety V will be called residually finite if resb(V) < Rg. A

residual bound for V is any cardinal k > resb(V).

R. W. Quackenbush [42] proved that if a locally finite variety has an infinite subdirectly
irreducible algebra, then it has unboundedly large finite subdirectly irreducible algebras.
He posed the question, “Does every finitely generated residually finite variety have a finite
residual bound?” While in general the answer to this question is no (R. McKenzie [35]),
the answer is affirmative for finite algebras in congruence modular varieties (R. Freese and
R. McKenzie [11]). Moreover, the class of finite algebras A in congruence modular varieties
for which HSP(A) is residually finite is defined by a commutator equation. This equation,
which takes the form z A [y,y] < [z,y], is called (C1). Notice that (C1) is equivalent to
z Aly,y] =[x Ay,y], as can be proved by substituting z A y for z.

12.2 Theorem Suppose that A is a finite algebra and that HSP(A) is congruence modular.
The following are equivalent.

(1) resb(A) < 0.
(2) resb(A) is a positive integer.
(3) HSP(A)':Con(a A [6 /6} [avﬁ])

(4) S(A)FEcon(an[B, 6] < o, B]).

Proof The implications (3) = (4) and (2) = (1) are trivial. We will prove that (4) implies
the validity of (C1) in finite algebras of HSP(A), and that this in turn implies (2). Finally,
we shall prove that (1) = (3).

To begin, suppose that S(A) = (C1). Let B be any finite algebra in HSP(A). There is a
positive integer n, a subalgebra D of A", and a congruence 6 on D such that B is isomorphic
to D/6. First, we show that D = (C1); then using that, we show that B |= (C1). So let
{a, 8} € ConD. We write 7; for the kernel of the i th projection homomorphism of D into
A, so that D/n; € S(A).

To get a contradiction, we assume that aA[8, 5] # [aA S, §]. This means that a A[3, 5] >
[a A B, 0]. Since D/ng = (C1), using Statement (6) of Theorem 8.3, we have that

[@AB,B Vo= [(aAB)Vn,BVnlVno= ((aAB)Vn)A(BYnoBYmnlVmn);
which gives that
[04/\@5}\/770206/\5/\[57/6}:a/\[/@75] (121)
Modularity of Con D thus implies that
770/\01/\[5,5] >770/\[a/\556] > [770/\01/\575]

Replacing i =0 by ¢ = 1 and « by ng A « in this argument, leads to
m Ao Aa N[5> [m Ao AaA B, Bl (12.2)
Continuing in this fashion, we eventually reach the conclusion that

N\ minans gl > {/\m/\am@ 5}

i<n 1<n
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which is absurd since A,_,, 7; = Op. This contradiction establishes that a A [3, 8] = [a A S, £].
Thus D = (C1).

Now to see that B = D/ satisfies (C1), let {a,3} C ConD with a A > 0. By
Theorem 8.3(6), what we need to show is that a A ([3,5] V0) = [a A 3,08] V6. Since
D E (C1), and o > 6, we have that

A([B. BV O) = (aN[B,8]) VO =[anpB BV,

as required.

Next, suppose that all the finite algebras in HSP(A) satisfy (C1). If HSP(A) had an
infinite subdirectly irreducible algebra, then the variety would contain arbitrarily large finite
subdirectly irreducible algebras by [42]. Therefore, we need only find a finite bound on the
size of the finite subdirectly irreducible algebras in the variety generated by A. Let B be a
finite subdirectly irreducible algebra in the variety generated by A. Choose a positive integer
n, a subalgebra D of A", and a congruence 6 on D with B isomorphic to D/6. Let 8 be the
monolith of B.

By additivity of the commutator, B has a largest congruence ( such that [(, 5] = 0p. We
will prove that B/¢ € HS(A). Let a € ConD be the congruence of D corresponding to ¢
via the isomorphism of B with D/6, and ¢’ be the congruence of D corresponding to 8. (So
that ' is the unique cover of #.) By our choice of ¢, « is the largest congruence in Con D
with [a,0'] < 0. For each ¢ = 0,...,n — 1, let 7; be the kernel of the projection of D to
the it" coordinate. We will prove that there is some i so that 7; < . This will show that
B/¢ = D/a € HS(A). We do so by contradiction. Suppose that 7; £ « for all i. By our
choice of a, this means that [0',7;] £ 0 for all i. It follows that for all i, [6',7;] V 6 is strictly
larger than 6 but contained in ’. Hence, [¢/,1;] V 6 = 0'. If we substitute [0, 7] V 8 for ' in
0" =10',m] V0, we get

([0,7770] \ 0)577]} Vo
®

[
S[ "Nno) VO,m] Ve
=10 Nmo),m] Vv [0,m] Vo (12.3)
<@ nNmnm)Ve.

Since the reverse inclusion is also true, we actually have 8’ = (§'NnyNny) V. By substituting
this result into the equation 6" = [#’,12] V 0, we similarly find that 6’ = (8’ NnoNn Nna) V6.
Proceeding inductively, repeatedly applying this argument, we eventually obtain that ¢’ =
(0" N Ng<ijcn i) V 0. This means that ¢ = 6, which is the desired contradiction. The
assumption that n; £ a for all i must be false, as we claimed.

Now B/( € HS(A) implies |B/¢| < |A|. We shall conclude this proof that (4) = (2) by
demonstrating that each (-class is no larger than 2™ where M is the cardinality of the free
algebra in HSP(A) on |A| + 2 generators. This will prove that [B| < |A| - 2M.

Next, we observe that [(,(] = 0p, equivalently, [a,«] < 6. This is true because D
(C1), so that 6/ A [a,a] < [¢/,a] < 0. But if [a,a] £ 6, then ¢ < [a,a] V 0, giving that
0’ = (0" A [o,a]) V 8 = 0 by modularity, a contradiction. Thus [, (] = 0p.

Denote the Gumm difference term of HSP(A) by ¢. Since [(,(] = 0, we know that the
restriction of ¢ to any (-class is a Maltsev operation, and gives that set the structure of a
ternary Abelian group. Select (0,b) € 8 — Op, and let + and — denote the Abelian group
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operations on 0/¢ with neutral element 0 induced by g. Letting u be any element of B, we
now proceed to prove that |u/¢| < 2. Suppose that z,y € u/¢ and = # y. Since 3 is the
monolith of B, (0,b) € Cgp(x,y). This means that there are elements vy = 0,v9,...,vp = b
and unary polynomials py, . .., pr—1 so that {p;(x),p;(y)} = {vi, viy1} for all i. We can apply
the difference term ¢ and manipulate its local Maltsev characteristics to shorten the chain of
v;’s until k = 2. This means that there is a unary polynomial f so that {f(x), f(y)} = {0,b}.
Moreover, if f(x) = b and f(y) = 0, then we can replace f by the polynomial b— f(z) so that
we can assume f(z) = 0 and f(y) = b. We will bound the number of constants necessary

to construct f. Let cg,...,c;—1 be representatives of the (-classes with ¢y = 0. Note that
I < |A|. There are constants rg,...,r,—1 and an (m + 1)-ary term ¢ so that f(z) = t(z,r)
for all z € B. For each j =1,...,m — 1, select i; so that ¢;;(r;. For notational convenience,

let s; = c;;. If 2 € £/, then the matrix

(t(z, r) —t(z,r) +0 t(x,s) —t(z,s) + O)
t(z,r) —t(z,r) +0 t(z,8) —t(z,8)+0

is in M (¢, ¢). Since the top row of the matrix is an equality, so is the bottom since [¢, ] = 0p.
It follows then that f(z) = t(z,r) = t(2,s) —t(x,s) + 0. Let ¢; = t(x,s). Then for all z € z/¢
we have f(z) = q(t(2,s), ¢, co) (recall that 0 = ¢p). Since each s; = ¢;;, we have an (I+2)-ary
term ¢’ so that f(z) = t/(z,cq,...,q) for all z € u/¢. We have proven that for all x # y € u/¢
there exists an (I+2)-ary term ¢’ so that t/(x, co, ..., ¢) = 0 if and only if ¢'(y, cg, ..., ¢;) # 0.
Define ¥ to be the set of all functions t(—, co, ..., ¢) with t an (I + 2)-ary term of B. Notice
that [%] < [Fugp(a) (! +2)| = M where Fugp(a) (! +2) is the free algebra in HSP(A) on [ +2
generators. Define an equivalence relation ~ on u/¢ by z ~ y if for all f € ¥, f(z) = 0 if
and only if f(y) = 0. Then |(u/¢)/ ~ | < 2I*I < 2M. However, since we can separate points
of u/¢ with functions in ¥, it follows that ~ is the identity relation on u/(, so we have that
|u/¢| < 2M as desired. As stated above, it follows that

y |Al+2
Bl < |A]-2M < |A]- 24T

and this gives a finite upper bound to resb(A). We have proven that (4) = (2).

To complete the proof of this theorem, it only remains to establish that (1) = (3).
Assume that (3) does not hold. We will prove that HSP(A) has arbitrarily large subdirectly
irreducibles. There is an algebra E in HSP(A) with congruences ' and v so that 8’ N
[v,7] € [#,7]. Let 8 = 8 N[y,7]. Then 8 < [y,7] and [8,7] < B (because otherwise,
BNy, =6 =1[6,7 < [0,7]). Choose a strictly meet irreducible congruence 6 which
exceeds [3,7] but not 8. Let 6 be the unique cover of 6. It follows that 8’ < [yV 6,7V 0]V 0
and

[0,y VO <[BVO,yVO <[B,7]VO=9,

because 6/ < SV 6 < [y,7] V 0. Therefore, we can change notation (replacing E by E/0)
and assume that E is subdirectly irreducible with monolith 5. We have that 8 < [vy,~] and
Let A = A, g be the congruence on E(v) as in Lemma 8.6. Let m; : E(y) — E for i =0,1
be the canonical projections with 7; = ker ;. For i = 0,1, let 8; = 7—!(3). From Lemma 8.6
we have that A Nn; = Og(y) and AV = 3;.
Let R be an arbitrary cardinal. We will follow the tradition that X = {¢ : o < R} and
extend the notation for elements of EY which we have been using for finite direct powers up
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to now. That is, we will represent elements of EY as bold faced vectors a, and for § € X, we
will denote the ¢ coordinate of a as as. Let B = {a € EY: asyae for all 0, € R}, For any
€ € N, let 7. € Con B be defined by ay.b if and only if a.vb., and define . analogously. From
our definition of B, it follows that 75 = v, for all €, € X. We will denote this congruence
as v. For each € € N, let 7. be the kernel of the projection of B to the € coordinate and let
N = Nsze 5. Then ne Vs = v for all {6,e} TR, § # €. For each o € N, let 6, be defined as

0, = {{a,b) : a;Pb, and for all € # o, ac = b¢}.
For each o € X\ {0}, let A, be defined as
A, ={(a,b) : {ag,as)A{by, b,) and for all € € {0,0}, ac = b}

Finally, let 6 =\/_ 60, and k = \/ . Aq.
We claim that 0y < 05 V As and that 05 < 0y V As for § # 0. Suppose that afgb. This
means that agfby and otherwise a and b are equal. Now, since {ag, ag) A{bg, bp) we have

a=(ag,...,as,...)
n5(ao, . ., ao, .. .)
Aslbos- - bo, .. .) (12.4)
75(bo, - -, bs, .. .)
=b

s0 0y < 15V As. If we meet with 6 V 65, then using modularity several times, observing that
As <6y V05 and ns A (0 V 05) = (05 A bo) V 05 = 05 (since 0 > 05), we obtain that

0o < (6o V 05) A (05 V As) = {(0o V 0s5) A5}V Ay =05 V As.
That 05 < 6y V Ay can be proven similarly.
For any § # 0 # ¢ this gives
KVOs=kVAsV AN O
=KV ANV O

=KVO VOV O
>0V .

(12.5)

It follows from our definitions that k V 65 = 0 for all ¢ including § = 0.

We also claim that 05 £ k. We first show that 6y £ k. The case for § # 0 then follows
since k V 0y = k V 5. Since Og < ( in Con E, we know that Op < 65 in ConB. Hence, 05 is
compact. If 8y < k, then by compactness, 6y would be exceeded by a join of finitely many
of the A.. We will prove by induction on n > 1 that 6y is not exceeded by a join of n of
the A.. It must be that §p N A, = 0p for all e. To see this, suppose that (a,b) € 6y N A..
This means that as = bs for all § # 0 and that (ag, a)A{by,b) = (bo,ac). By Lemma 8.6
this means that (ag,bo) € [v,0] = 0g. Hence, we also have that ag = by so a = b. Since
0o N A = 0p for all €, it cannot be that 8y < A, for any e. Now suppose that n > 1 and
that 6y is not exceeded by any join of fewer than n of the A.. Suppose that €, €, ..., €, are
n distinct members of X. Then we know that A., < 0y V 0, that ;59 A, <00V (V;5906,),
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and that 0 N (V55 A¢;) = 0p (since 05 < 0p). Also, it is not difficult to prove that the 05s
are independent. Putting all of this together gives

o | \V Aq | =0n0ovo,)n| \/ A,

1<i<n 1<i<n

=000 [ Aq V [0V o) [0V [\ 0, | |n|V A,
i22 i22 (12.6)

=60 (Aq V|60 |\ A
i>2

=0 NA,
=0p.

This means, of course, that 6y £ \/<;<, A¢,. By induction, it cannot be that 6y is less than
any finite join of A’s. It follows then that 8y £ « and that 65 £ & for any J.

Since kK V 05 = 0 but 05 £ k for all §, it follows that x < 6. Therefore, there is a
completely meet irreducible A € Con B which contains x and not 6. In ConB, 75 N7 = 0p
and 15 V 75 = 7. So the interval from 7; to v is isomorphic to the interval from 0 to 7. Since
E is subdirectly irreducible, the interval from 75 to v has a unique atom. Hence, the interval
from 0 to 7§ has a unique atom—which is 65 in our notation. This implies that A N n§ = 0p.
If this were not the case, then A\ > 05 and so A > 65V k = 6 which is a contradiction. We
have then that ns V n5 = v and that ANy = 0. We claim that for all §, AV ns # 7.
To see this, suppose that AV 15 > ~. Then [y,7] < [ns V1,05 VA < 05 V (AN 05) = ns.
Since E 2 B/n;, this would imply that in ConE, [y,7] = Op—which is not true. Now,
since n5 V ne = « for all § # ¢ € N, the congruences A\ V ns, § € N, are pairwise distinct.
Therefore B/A—which is subdirectly irreducible—has at least X congruences. Since X is an
arbitrary infinite cardinal, it follows that HSP(A) has no residual bound. We have proven
the contrapositive of (1) = (3). m|

13 Directly representable varieties

13.1 Definition A variety V is directly representable if and only if there is a finite set D
of finite algebras such that V = HSP(D) and every finite algebra in V belongs to IP(D),
equivalently, V is locally finite and has, up to isomorphism, only a finite set of finite directly
indecomposable algebras. The finite spectrum of a class KC of algebras is the set of positive
integers n such that IC has an n-element algebra. A class K of algebras is said to be narrow
if and only if there is a finite set {po,...,px—1} of prime integers such that every member of
the finite spectrum of K takes the form [T, , p* for some integers a;.

In this section, we prove that every narrow locally finite variety has permuting congru-
ences, characterize finite algebras that generate narrow varieties, and using the commutator,
characterize finite algebras that generate directly representable varieties. The results proved
here are drawn from R. McKenzie [32].



314 R. McKenzie and J. Snow

13.2 Theorem Let V be any locally finite variety and consider these possible properties of
V.

a

(2) V is narrow.

)
)
)
)

V is directly representable.

(3) All congruences on finite algebras in V are uniform.

(4) V has permuting congruences.
We have (1) = (2) = (3) = (4).

Proof Clearly (1) implies (2).

To prove that (2) implies (3), suppose that V is a narrow variety, that A is a finite algebra
in V, and that § € Con A. For n a positive integer, define A,,(6) to be the algebra (subalgebra
of A™) consisting of all sequences u € A” such that w;0u; for all {i,5} C {0,...,n —1}.
We assume that |A /6] = k and that the k distinct f-equivalence classes have cardinalities

ag, ..., ap_1. We are going to show that ag = a; = -+ = ax_1. Observe that
|An(0)] = ag + -+ ap_; = sn(a) (13.1)
where a = (ag,...,ap—1). Let {po,...,pe—1} be a finite set of prime integers that include

all the prime divisors of the members of the finite spectrum of V, and hence all the prime
divisors of the integers s,(a), n > 1. Let d = ged{a; : ¢ < k} and let b = (bo,...,bg_1)
where db; = a;. Choose M to be any positive integer such that 2™ > k. For j < ¢, put
q; = (pj — 1)p§”. An easy calculation, based on the Euler-Fermat theorem, shows that

a4 _ M+1 . .

b’ =0,1 (mod p; Y fori<k, j<t (13.2)
Thus for any positive integer IV, b?j N = 0,1 (mod 1)§"1Hr1)7 and we have

sgN(b) =u; (mod p;-MH) (13.3)

where u; is the number of ¢ < k such that b; is prime to p;. Note that 1 < u; <k, since the
b; have no positive common divisors other than 1, and p?’”l > k. Thus péw +1 cannot divide
qu N(b)

Now taking ¢ = H]- <0 ¢ and N any positive integer, it follows from the above analysis
that s,n(b) is not divisible by p? T

;7 for any j < . Since sqn(b) is a product of powers of
the pj, it follows that

sqv(b) < P =[] p}". (13.4)
j<t
If we had b; > 1 for some ¢, then the sequence (syn(b) : N > 1) would be a strictly increasing
sequence of integers. Because the sequence is bounded, we must have by = by = --- =by_1 =
1. Thus we conclude our proof that a is a constant sequence, or in other words, 6 is a uniform
congruence.

To prove that (3) implies (4), suppose that V is locally finite and its finite algebras have
uniform congruences. We first observe that as an easy corollary of the proof of Theorem 6.1,
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a variety has permuting congruences if and only if its free algebra on three generators has
permuting congruences. Since V is locally finite, it therefore suffices to show that the finite
algebras in V have permuting congruences. Thus suppose that A € V is finite and {a, 5} C
Con A. Let B be the algebra As(a) < A x A consisting of all pairs (z,y) with zay. Let
6 (on B) be the congruence 3 x f§|g, so that (z,y)0(u,v) if and only if xBu and yBv. By
assumption, the congruences 3, N 3,0 are uniform. Let b, ¢, e be the respective block-sizes
for these congruences. Choose any a € A. Then (a,a)/60 consists of all (z,y) € A x A such
that z € /8 and y € x/(a N B); thus e = be.

Now, to conclude this proof, we assume that there are elements u, v, w in A with uavfw
and (u,w) ¢ o «a, and we derive a contradiction. This assumption implies that there is no
z € A with (z,w) € (u,v)/60. Note that for any z € A, if (z,2) € (u,v)/0 for some = = x¢
then (z,z) € (u,v)/0 precisely for the elements z € xo/(aNB). Thus |{u,v)/0| = b'c where b’
is the number of z € v/ such that such (u, z) € foa. We have that ' < b since w € v/ and
(u,w) & Boa. Thus [{u,v)/0] = V¢ < be = |{u,v)/0], which is the promised contradiction. O

13.3 Lemma In a directly representable variety, every finite subdirectly irreducible algebra
is Abelian or simple.

Proof Assume that V is a directly representable variety. By Theorem 13.2, V is congruence-
modular; in fact, it is a Maltsev variety. Since subdirectly irreducible algebras are directly
indecomposable, V has a finite bound on the size of its finite subdirectly irreducible algebras.
As we noted in our proof of Theorem 12.2, this implies that the locally finite variety V has
resb(V) < w, and ¥V = (Cl). Now let A be a finite subdirectly irreducible algebra in V.
To get a contradiction, we suppose that A is neither Abelian nor simple. Where (3 is the
monolith of A, this supposition means that 04 < 3 < 14 and 8 < [14,14]. Applying (C1),
we find that 8 = [3,14].

Choose any positive integer n. Once again, we consider the algebra A,,(3) of 8-constant n-
tuples. Our goal this time is to prove that A, (3) is directly indecomposable. Since |A,(3)| >
2" this will contradict the ground assumption that V is directly representable. (This is the
fourth time that we have used this fruitful construction after Section 11.)

Suppose, for sake of contradiction, that A, (3) is not directly indecomposable. Then it
possesses a pair of congruences (dp, d1) such that 0 < §. < 1, do Vo =1, dg Ady = 0. We
write 7; for the kernel of the projection homomorphism of A, (3) to A at the i coordinate
(as usual) and put 7} = N, 2iMj- We write f; for the kernel of the homomorphism of A, (B)
to A /(3 through the i coordinate, so that 3; = 3; for alll {z,5} C {0,...,n—1}, and we write
simply [ for this congruence. The fact that A = 8 = [8,1] gives A, (8) E 5 =V [5,1]
for each i < n. (Here we have used Theorem 8.3(6), again.) For i < n we have n; < 3,
B =mn; V., and n; A, = 0. Then by modularity, 0 < n}.

We can now show that for each ¢ < n and e € {0,1}, if 5. £ n; then 1} < d.. Indeed, if
de £ mi, then 8 < n; V6., giving 8 =1n; V(B A d:). Then

[}, 01-¢] < [B,01-¢] = [ V (BAS),01-¢] < mi V [0e, 1] = mi- (13.5)
Thus [0}, 61—<] <1} An; = 0. Then since [3,1] = [; V 1}, 1] £ n; we have

0 7é [7727 1] = [771,'750 \ 61} = [77;’60} v [77;’61} = [777{,65] (136)
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Since n; is an atom, then
i = [, 0] < 0. (13.7)

So indeed, . £ n; implies 1} < 4.

Since \/;m; = 8 < 1 =g V d1, then there is € € {0,1} such that . < n; holds for no i.
Then 6. > \/; n; = B. This implies that 61— > 7} holds for no i since dpAd; = 0; consequently,
01— < n; for all i < n. But that forces §;_. = 0. This contradiction proves the lemma. O

For the final theorem of this section, we will need this lemma.

13.4 Lemma (I. Fleischer [10]) Let A < Ay x Aj be a subdirect product, where A has
permuting congruences. Then A is the equalizer of a pair of surjective homomorphisms
;i Ay — K for some algebra K. Consequently, if A has permuting congruences and A is a
subdirect product of a finite system of simple algebras, A < T],cr S¢, then for some W C T,
the projection of A into [],cyy St is an isomorphism mw : A = [,y S

Proof This is left as an exercise for the reader. O

13.5 Theorem

(1) In a directly representable variety, every finite algebra is isomorphic, for some m > 0,
with a direct product By x By X --- x By, where By is Abelian and B; is a simple
non-Abelian algebra for i > 1.

(2) Let A be a finite algebra. HSP(A) is directly representable if and only if A has a
Maltsev term, every subalgebra of A is isomorphic with a direct product of an Abelian
algebra and a product of simple non-Abelian algebras, and the variety A generated by
the collection of all Abelian direct factors of subalgebras of A is directly representable.

(3) Let A be a finite algebra. HSP(A) is narrow if and only if A has a Maltsev term and
every subalgebra of A has uniform congruences.

Proof To prove (1), suppose that V is directly representable and A is a finite algebra in V.

By Lemma 13.3, and G. Birkhoff’s subdirect representation theorem, A is isomorphic,
for some integer m > 0, to an algebra A’ <[], ., B; where By is Abelian and B; (z > 1) is
non-Abelian and simple. (Here we have used that any subdirect product of Abelian algebras
is Abelian.) We assume that m is as small as it can be.

Let 1; denote the kernel of the i coordinate projection of A’ onto B;. Put 6y = 19 and
01 = Ni<j<m M- Since V has permuting congruences, the minimality of m and Lemma 13.4
tells us that the projection of A’ into By x - -+ x B, (an algebra isomorphic to A’/d1) is the
full direct product of By,...,B,,.

Next we claim that A’/d; = [1,1] = 1. This actually follows from the fact that in a
modular variety, the class of algebras satisfying [x, y] = Ay for congruences—called “neutral
algebras”—is closed under binary subdirect products. (Simple, non-Abelian algebras are
neutral.) To see this, suppose that E < Eq X E; is a subdirect product and E; Fcon [z,y] =
x Ay. Let po, p1 denote the two projection congruences on E, and let {a, 5} C ConE. Then
E/pop neutral implies that

aAB<(aVpo)A(BVpo) =[5V po- (13.8)
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Since [, 8] < aA B, by modularity it follows that if [o, 3] < aAS then [o, B]Apo < aABApo.
Suppose that this strict inclusion holds. Now (a A S A pg) A p1 = 0, hence by modularity we
must have ([o, 3] A po) V p1 < (@ ABApg)V p1. But since E/p; is neutral, we can calculate
that

[a7 ﬂ]’PO] \ P1

([, B A po) V p1 > |
H(X vplwg\/pleO \/pl} vV p1
(
(

aVp1)ABVp1)A(poVp1) (13.9)

> (aABApo)V pr.

This final contradiction shows that [a, 5] = a A 3, as claimed.

Thus we have proved that A’/d; = [1,1] = 1. This means that A’ =1 = §; V[1,1]. Since
By is Abelian, then [1,1] < dy. Thus 61 V dg = 1. Since dy A d; = 0 by definition, and since dy
and 6; must commute, then it follows that A’ is the direct product of By and the projection
of A’ into [],~, Bi—i.e., A’ =[], Bi.

Now let A be any finite algebra. To prove (2), observe that we have already proved that
HSP(A) directly representable implies the truth of the other three conditions. Conversely,
suppose that these conditions are valid. Let A be the variety generated by the Abelian direct
factors of subalgebras of A. Every finite algebra B in SP(A) is isomorphic to a subdirect
product of subalgebras of A, and thus is isomorphic to a subdirect product B’ < [],.,, Bi
with By € A and B; simple and non-Abelian for 1 < i < m. Choosing m minimal for B,
the above argument yields that B’ = [],., B;. Now let § be any congruence of B’. Write,
as before, 8y and &; for the kernels of the projections of B’ onto By and By X --- x By,
respectively. The neutrality of B'/§; yields 8 vV & = [0,1] V &1 = [0,80] V 61 (by replacing 1
by 8o V 61). Modularity gives 6 = [0,80] V (0 A1) and 0 V 5 = 5p V (6 A 61). Then

(6o VO) A (61 V)= (30 V(8 A61)) A (01 V[0,00])
= (6o V (0 A01)) A1)V [0, 60])

13.10
= (3o A8V (O A81) v [0,60) (13:10)
<4.
Thus
(boVO)A(d1VEO)=0. (13.11)
Since also,
(boVO)V(61VE) =1, (13.12)

it follows that B'/6 = (B'/( V 0)) x (B'/(61 V 8)), the product of an algebra in A and a
quotient of B’/d;. Since B'/§; is neutral, it has distributive congruence lattice, and every
quotient of this algebra is isomorphic to a direct product of a subsystem of the simple algebras
B, 1<i<m.

We have now shown that every finite algebra in HSP(A) is isomorphic to a product of an
algebra in A and a product of a system of simple non-Abelian direct factors of subalgebras of
A. Since A is directly representable, then V has, within isomorphism, only a finitely number
of directly indecomposable finite algebras.

To prove (3), suppose that the finite algebra A has a Maltsev term and all subalgebras of
A have uniform congruences. We first show that SP(A) is narrow, in fact, that every prime
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divisor of the finite spectrum of SP(A) divides the cardinality of some subalgebra of A. To
do this, we use Lemma 13.4. If B < By x B is a subdirect product in a Maltsev variety, then
B is the equalizer of surjective homomorphisms 7; : B; — K. If the kernel of 7; is a uniform
congruence on B; with congruence classes of size ¢, then it is trivial to see that |B| = |Bj]c.
Now suppose that that F < F; x --- x F,, is a subdirect product where F; are subalgebras
of A. By induction on n, using the prece ding observation and the fact that all congruences
on every F; are uniform, we find that |F| is the product of |F;| and a sequence of integers
€2, .., ¢, where ¢; is the block size of a uniform congruence on F;. Thus |F| = cica...cp
with ¢; a divisor of |F|.

Now since SP(A) is narrow, our proof of Theorem 13.2, (2) = (3), shows that the finite
algebras in SP(A) have uniform congruences. If an algebra B has uniform congruences, then
|B/6]| divides |B| for every congruence #. Thus HSP(A) is narrow, as claimed. |

In [44] it is proven that on any finite set A there altogether only finitely many clones F' so
that the algebra (A, F') satisfies the conditions of (2) in Theorem 13.5. Each of these clones
is generated by its operations of |A|+ 2 variables. To finish our presentation of this topic, we
characterize, in a fashion, the directly representable affine varieties.

13.6 Theorem For an Abelian, congruence modular variety A, the following are equivalent:
(1) A is directly representable.

(2) A is locally finite and the polynomially equivalent variety g M of modules is directly
representable.

(3) A is locally finite and the ring of A, R, is a finite ring of finite representation type.

Proof If A € Aand M € gM and A and M are polynomially equivalent, then these
algebras have the same universe and the same congruence lattice L. Hence A is directly
indecomposable if and only if M is directly indecomposable, since direct decompositions in
algebras with permuting congruences correspond to complement pairs of congruences—(6, 1)
with 6Ny =0, 8V =1. If Ais locally finite, then R is finite, and each of these varieties
has, for each integer n, only finitely many non-isomorphic n-element algebras. (They are all
homomorphic images of the free algebra on n generators in the variety.) Then A is directly
representable if and only if g M is directly representable if and only if there is a finite bound
to the size of finite directly indecomposable algebras in A. A ring R with the property that
up to isomorphism there are only finitely many finitely generated, directly indecomposable,
R-modules is said to be of finite representation type. The equivalence of (1), (2) and (3)
should now be clear. m|

14 Varieties with very few models

14.1 Definition For a class C of algebras and a cardinal k, let G¢(k) denote the number of
pairwise non-isomorphic members of C that are generated by at most k elements. We call
this function, restricted to positive integral k, the G-spectrum (or generative complexity) of
C. We say that C has very few models if and only if there is a positive integer N such that
for all positive integral k& > 1, Ge(k) < &V,
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Below is the chief result of P. M. Idziak, R. McKenzie [23], which will be proved in this
section.

14.2 Theorem A locally finite, congruence modular, variety has very few models if and only
if it is Abelian and polynomially equivalent to the variety of unitary modules over some finite
ring of finite representation type.

In the next two lemmas, V denotes a fixed, locally finite, congruence modular variety
with very few models. We first show that all finite algebras in V are nilpotent. Then by
Corollary 10.6, the finite algebras in V have permuting congruences. Since the free algebra
on three generators in V is finite, it follows that } has a Maltsev term. Then to prove that
V is Abelian, it suffices to show that all finite algebras in V are Abelian. Assuming that this
fails, we show by direct construction that Gy (k) is not bounded by any polynomial function
of k, thus getting a contradiction. Our proofs will be modifications of those appearing in P.
M. Idziak, R. McKenzie [23]. As we mentioned in Section 11, all locally finite varieties with
very few models have recently been completely characterized in P. M. Idziak, R. McKenzie,
M. Valeriote [24]. Each such variety consists entirely of Abelian algebras.

Notation The following notation will be used in the next two lemmas. For any sets B C X,
and elements a, b in an algebra A, we define a member of AX: [a, b]p denotes the function
f € AX such that f(z) = b for € B and f(x) = a for x € X \ B. Then for 2 € X, we use
[a,b]; to denote [a,b]p with B = {z}.

14.3 Lemma FEwvery finite algebra in V is nilpotent.

Proof Assume that this fails. By taking a quotient of a finite non-nilpotent algebra, we can
find a finite algebra A € V with a minimal congruence x such that [1, u] = p. For n > 0, let
X be a set of cardinality 2" and let {X;;:0 < i< n,0 < j < 2} be a system of 2n subsets
of X so that for all z € X there is a function p: {0,1,...,n — 1} — {0,1} such that

{z} = m X (i)
<n
For example, we can take X; o and X;; to be B; and its complement, where By, ..., B,_1 is
a set of generators of the Boolean algebra of all subsets of X.

Let K, be the subalgebra of AX generated by the set of all functions [a, b] X, o Where a
and b are any two elements of A and 0 <i <n — 1. (See the note on notation above.) Thus
K, is generated by a set of a(a—1)n+a elements, where a = |A|. We shall show that K,, has
a set of 2" 4+ 1 pairwise non-isomorphic homomorphic images. Since these are all generated
by at most a(a — 1)n + a elements, then we can conclude that Gy(a(a — 1)n + 1) > 2™, But
this conclusion is obviously incompatible with the assumption that V has very few models.

Suppose that X = {xg,...,x9n_1}. For 0 < i < 2" let ; be the congruence of K,
consisting of all pairs (f, g) € K2 such that f(z;) = g(z;) for all 0 < j < 4. Then for i < j
we have ; < 6;. We shall show that 6; < 6;. This will imply that |K,/6;| < |K,/6;| so that
the two quotient algebras are non-isomorphic, as desired.

Actually, given = € X, we shall show that K,, contains two distinct functions f,g such
that f(y) = g(y) for all y € X \ {z}. Taking x = w;, this certainly implies that 6; > 6;
whenever ¢ < j < 2™,
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So let z € X and write
{z} = () Xip):
i<n
where p is a certain function mapping {0,1,...,n — 1} — {0,1}. We shall now produce, by
induction on 4, pairs of functions (f;,g;) € K2 for 0 <4 <mn — 1, so that where [f; # g;] is
the set of all z € X with f;(2) # gi(2), we have

fl;égl - m X,p

0<5<i

Then fn—1,gn—1 will be the desired pair of functions f, g with [f # g] = {z}. The inductive
construction requires that f;(z) ug;(2) for all z € X—i.e., {fi,g;) € px—and that each of
fi,gi is constant on the set [f; # gi].

Choosing (a,b) € p, a # b, we put fo = [a,a]xovp(o), go = [a, b}Xo,p(n) so that {fo, 90} C Kp,
(fo, 90) € 1x, [fo # go] = Xop(oy and each of fo, go is constant on X ;). Now suppose that
i < n—1 and we have succeeded in constructing f;, g; with the required properties. Let a;, b;
be the constant value of f;, respectively g;, on the set [f; # ¢;]. Since 0 < u = [1, u], then
(ai,b;) does not belong to the center of A. Hence there must exist a term ¢(u, w) and tuples
of elements ¢, d in A so that

t(a;,¢) = t(a;,d) < t(b;, &) # t(bs,d).

Without losing generality, assume that t(b;, ¢) = t(b;,d) and t(az,¢) # t(a;,d). Taking v
in the Shifting Lemma (Lemma 6.6) to be the equality relation, we find that there is a Day
term m(z,y, z,u) such that

m(t(ai, E), t(ai, E), t(ai, J), t(ai, J)) 75 m(t(ai, E), t(bi, E), t(bi, CZ), t(ai, J))

Let a;+1 be the left hand side of this inequality and b;+; be the right. We can choose tuples
of (two-valued) functions h,k in K, so that for all z € X;1,(i41), h(2) = € and k(z) = d
while for all z € X; 41 1_p(i+1), h(2z) = k(2). Then consider the functions

fi+l = m(t(f’u B)a t(f’i7 77')3 t(fu ];")7 t(f’u E))

gi+1 = m(t(fzv h)7 t(g’u h)7 t(gh k)v t(fu k))
Since V = m(u,v,v,u) = u, then fi11(z) = giy1(2) for all z € X for which either f;(z) = gi(2)
or h(z) = k(z). In particular, fi11(2) = gi+1(2) when z ¢ Nj<it1 Xjp()- On the other hand,
if 2 € Nj<ip1 Xjp@) then

fir1(2) = aipr # big1 = gina1(2).

The two functions f;11, gi+1 obviously satisfy all our requirements. This concludes our proof
of the lemma. O

14.4 Lemma Ewvery algebra inV is Abelian.

Proof We assume that the lemma is false, in order to get a contradiction. let A be a
non-Abelian algebra in V of least cardinality. Then it follows that A is finite, is subdirectly
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irreducible, and where p is the monolith of A, we have that A /u is Abelian. By Lemma 14.3,
we have [14, 1] = 04, and our assumption of least cardinality implies that g = [14, 14].

Our proof will consist in constructing, for every structure (X, E) consisting of an equiva~
lence relation E over a finite set X, an algebra R(X, E) = AX /Oy (for a certain congruence
O on AX), and proving that R(X, Ey) & R(X, Fy) if and only if (X, F;) = (X, Ey). If
|X| = k then the number of non-isomorphic equivalence-relation structures (X, E) is m(k),
the number of partitions of the integer k. Thus A* has at least 7(k) non-isomorphic quotient
algebras.

We shall show that A¥ is generated by a set of at most |Alk many elements. Thus it will
follow that Gy (|A|?k) > 7(k). But n(k) is known to be asymptotic to

1 P(W\/Zk/iﬁ)
4kv/3 "

(confer G. E. Andrews [1, p. 70]). Thus we have a clear contradiction to our assumption that
V has very few models. The contradiction will establish that all algebras in V are Abelian.

Let d(z,y, z) be a Maltsev term for V. Suppose that X = {1,...,k}. Choose ay € A. We
show that AX is generated by the set

G = {[ag,b] : b€ Aand z € X},

thus establishing that AX is |A|k-generated. Indeed, if (a1, as,...,a;) € AX, then each of
the functions f; = [ao, a;]; (0 <i < k) belongs to G, and therefore

(a1, ..., ag) = d(d(... (d(d(f1, fo, f2), fo, £3) - - s fo, fre—1), fo, fr)

belongs to the subalgebra generated by G.

Now let (X, E) be a finite equivalence-relation structure. Before defining O, we choose
and fix a non-trivial p-equivalence class N, and an element of N which we will denote by
0. Let A|x denote the set N supplied with all the functions f : N™ — N (for any positive
integral m) such that f = g|x for some polynomial operation g of the algebra A. Since p is
an Abelian congruence, and d|y is a Maltsev operation on N, then A|y is an Abelian algebra
in a certain congruence modular variety. By Theorem 9.10, Ay is polynomially equivalent
to a module M over a ring R with unit. Without any loss of generality, we can assume that
0 is the zero-element of this module.

Where 0 denotes the constant function in N with value 0, we define ©f to be the
congruence relation of AX generated by the set

Gp = {(f,(')) cfeNYand > f(z)=0forall Ze X/E}.
z€Z

The sums in this definition are finite sums in the module.
Since all generating pairs of O are fi-related, we get

where Ji is the kernel of the homomorphism of A¥ onto (A/u)~. Moreover,

if 0,1 € N¥ then (f°,f!) € Op < > fa)=> f'(z)forall Ze X/E. (14.2)
r€Z z€Z
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To prove the “if” in (14.2), note that the assumption that Y., fO(z) =3, f!(2) for all
7 € X/E gives fO — f1 =0 (mod ©g) and therefore (f°, f1) € Op.

Conversely, assume that f9 f1 € NX and (f° f!) € ©p. Then the congruence per-
mutability of the variety generated by A implies that there is a polynomial, say n-ary,
H(z1,...,2,) of AX and f1,...,f, € NX such that Y, , fi(x) = 0 for all Z € X/E
and

fOZH(flvv-wfn)v leH((_),...,O).
This means that there is an n + m-ary polynomial
M1, T YL, 5 Ym)

of A and gq,...,gm € AX with

fo :h/(flv"'7fn7gl7“'7gm)7 fl :h(67~--70»917~--79m)~

It follows that h(a1,...,an,g1(x),...,g9m(z)) € N whenever {ai,...,a,} C N and x € X
(since N is an equivalence class of the congruence p).
Choose g € X and put Z = x¢/E. We apply the fact that [, 14] = 04 to the equation

R(0,...,0,g(z)) — h(0,...,0,g(x)) = h(0,...,0,g(xo)) — h(0,...,0,5(z0))
replacing the underlined elements to obtain
h(uty ... un, g(z)) — h(0,...,0,g(x)) = h(uy, ..., un, g(xo)) — h(0,...,0,g(xq))
for all x € Z and uq,...,u, € N. Thus
h(uy, - un, §(x)) = h(u, - tun, §(20)) = 1(0, ..., 0,g(x0)) + A0, ..., 0, g(x)).

The map (u1,...,un) — h(ui, ..., un, g(xo))—h(0,...,0,g(x0)) is a polynomial of the module
M that maps (0,...,0) to 0; thus it must be of the form (u1, ..., un) = 31 <;<, Aiw; for some
Ai € R. Thus

=n

h(ug, ..., up, g(z)) = Z Aiv; + h(0,...,0,5(z))
i=1

for all x € Z and uy,...,u, € N. This implies that

19@) = B (@) Sul@),5(0)) = 3 Afi(@) + b0 .., 0,5())
i=1
~ 3 MA@ + @)
i=1
Together with Y, fi(x) = 0, this gives

S = )

reZ zeZ

as required in (14.2).
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Now, for a subset B C X we define the following congruences of AX:
ng={{f.g) € AN xAY . fi=g forallte B},  nz=nx\z

For a congruence ¢ of A we put

o ={(f.9) € AX x A* . (fi,q) € p for all t € B}, ¢ = dpNil.

Also, we write 7,7}, ¢¢, ¢} instead of 9y, n/{t}, bieys qﬁ’{t}, respectively. For any congruence ~y

of A, the congruence (yV ©p)/Op of A* /O will be denoted by 7.
Next, we observe that

11} is the unique atom of Con(AX) that is below 1. (14.3)

To see this, note that n; V7, = 1 and n A 17; = 0, hence by modularity in the congruence
lattice, the intervals I[0,7;] and I[n;, 1] are transposes, and hence isomorphic. Thus the
interval I]0,7;], isomorphic to Con A, has the unique atom py A 1, = ).

Choose and fix any a € N \ {0}, and for x € X put a® = [0,a],. Note that we have
ul. = Cg(0,a”) (the congruence generated by the pair (0,a”)) since !, is an atom. Then
since (0,a%) ¢ O (by (14.2)), the covering pair 0 < !, projects up to O < Og V ul, and
therefore

ji’, is an atom in Con(AX /O). (14.4)

Moreover,
Q= [, < (t,s)€E. (14.5)

In fact, if (t,s) € E then (14.2) gives (a’,a®) € Op, which easily yields the “if” direction in
(14.5).

Conversely, suppose that (t,s) ¢ E. If i, = ji, then (a’,0) € ©p V y’. Then by
congruence permutability, we have an element f € AX with

a'®p f 0.

Since (a?, f) € i then f € NX. Then applying (14.2) to ¢! Op f and Z = s/E we get that
> .cz f(z) = 0. On the other hand, from fu,0 we have that f(z) = 0 for all z € X \ {s}.
Consequently, f =0, i.e., {a’,0) € O, which contradicts (14.2).

Next we show:

For v € Con(AX) and t € X either [y,1] C n; or i} C [, 1]. (14.6)

Indeed, suppose that [y,1] € 7. Then there is a term 7(x,7), a pair (f,g) € v and tuples

¢,d in AX such that (r(f,8),7(f,d)) € n; and (7(g,¢),7 ( d)) € mi. Let d = [¢,d];. Then
7(£,6) = (£, ), 7(9,0) # (g, @), 50 that 0 # [y,7] < . Then (14.3) gives i C [1,1], as

required.
Let us call a congruence of A~ /O regular if it is the only atom below a congruence of
the form [y, 1]. We prove:

A congruence of AX /O is regular <= it is of the form /i, for some t € X. (14.7)
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First, suppose that a,y > O are such that & is the unique atom below [y/0g,1/0g]. Then
[v,1] # 0 and we can choose t such that [y,1] £ 7. By (14.6), we have p; < [y,1]. Thus
fiy < [v/©g,1/0g]. By uniqueness of &, we have that & = fi; as required.

To prove that fi} is regular, it suffices to show that u; Vv O is the only congruence o with
Op < a C [n,1] V ©p. Obviously, [n;,1] C [1,1] C f and so [n,1] € 73 N i = pj. Since
n Ve =1and A = [1,1] # 0, then [n;,1] # 0. We now have that [n;, 1] = p} since y} is an
atom. We know that O < ) V O by (14.3). Thus it follows that fi; is regular.

From (14.5) and (14.7) we have that the number of E-classes in X can be recovered from
AX /O p—it is the number of regular atoms in the congruence lattice of this algebra.

We will prove that non-isomorphic structures (X, E), (X, E') give rise to non-isomorphic
algebras AX /Og, AX /© g by showing that the sizes of the equivalence classes of E are also
recoverable from A% /0g.

Note that for the center ¢ of A we have u < ¢ < 1. Obviously,

A% /Cp is isomorphic to (A/¢)P, for any B C X. (14.8)

We have ©p C i € (x C (p for B C X, whence (A% /0g)/(¢3/OFr) = (A/¢)® and |B] is
the logarithm of the cardinality of this algebra to the base |A/¢|. Thus, we can finish the
proof of this lemma by showing that the set of congruences of the form (x\z/Op with Z
ranging over X/FE is definable in AX/Op.

Let us call a congruence & of AX/Op co-regular if ¢ is a maximal congruence with the
property that the commutator [d,1] contains exactly one atom. We conclude our proof by
showing:

A congruence ¢ is co-regular <= § = (x\z/Op for some Z € X/E. (14.9)

To begin, let t € Z € X/E. Now {x\z V1 = 1, 50 [Cx\z,1] Ve = [1,1] V iy = pg, implying
[Cx\z,1] £ e Then by (14.6), [Cx\z,1] > - On the other hand, clearly we have

Cx\z, 1] Sz = \/ 1
s€Z

and this combined with the above conclusion yields

oz ] =y = \/
seZ

Then
[Cx\2/€8,1/08] = [(x\z, 1] VOR = \/ [ = jii-
s€Z

Next, suppose that O < v and 7/Op is co-regular. Then [y/Opg,1/Og] contains exactly
one atom, and by (14.7), this atom must be of the form fi;. Say jij < [y/Og,1/0Og| and
t/E = Z. Then for s € X \ Z, [v,1] cannot contain x/, and so by (14.6), [y,1] < ns. Since
this holds for all s € X \ Z, we have [y, 1] < 7. This is easily seen to imply that v < (x\z-
We have seen in the last paragraph that [(x\z/Og,1/Og] = fi;. The maximality of v now
gives that v = (x\z. The results of this paragraph and the last one, combined, yield (14.9).
O

The next lemma completes our proof of Theorem 14.2.
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14.5 Lemma A locally finite affine variety has very few models if and only if it is directly
representable.

Proof Assume that A is a locally finite, congruence modular, Abelian variety, and let R
denote the finite ring such that A is polynomially equivalent with g M.

For a positive integer n, let F = F 4(n) be the free algebra in A freely generated by
T1,...,%n. Let M be the R-module polynomially equivalent to F, with z, chosen as the
zero element. Every element w € F can be written as t¥ (21,...,2,) for a term ¢, and the
operation tF in F can be expressed as

tF(bl,...,bn) = Z rib; + ¢

1<i<n

for some r; € Rand ¢ € F. Thus w = }7,;., 1 75@; + ¢ is determined by the sequence (r; :
1 <i<n—1) and the element t¥(2,,...,2,) = c¢. This means that f, = [F4(n)| <"1 f
where r = |R| and f1 = |F4(1)].

Now suppose that A is directly representable. Let Dy, ..., Dy_1 be a list of all the directly
indecomposable finite algebras in A, up to isomorphism. If B is an n-generated member of
A, then |B| < f, <r""1f;. We can write

B~ DY x - x D}
for some non-negative integers /¢;, and here

Zfi <logy(fn) < M(n—1)

K3

for some positive integer M, independently of n. The number of solutions (m;) of the in-
equality >, m; < M(n—1)is

(M(" _kl) + k) < (M(n—1) +k)*.
Thus G4(n) < (M(n — 1) + k)* which estabishes that A has very few models.

Conversely, suppose that A is not directly representable. Let A, denote the class of all
algebras in A that have a one-element subalgebra. Since A has at most 2fn non-isomorphic
n-element members, then there is no finite bound on the size of the finite directly inde-
composable members of A. For A € A, the algebra Ay € A, has the same corresponding
module, up to isomorphism, and is directly indecomposable if and only if A is. (Cf. the dis-
cussion at the end of Section 9.) Where d(k) denotes the number of non-isomorphic, directly
indecomposable, k-generated algebras in Ay, we thus have that d(k) is unbounded.

For a fixed k, let Dg,...,Dg4_1 be pairwise non-isomorphic, directly indecomposable, k-
generated members of Ay, where d(k) = d. By a theorem of G. Birkhoff (see, for example,
R. McKenzie, G. McNulty, W. Taylor [37], Theorem 5.3), finite algebras with permuting
congruences and a one-element subalgebra have the unique factorization property. This means
that if (m;)s<a, (mM})i<a are sequences of non-negative integers and [, , D" = ;4 D;n;
then m; = mj for all i < d. Now if ), _,m; < nthen [], ,D;" is nk generated. (This follows
by the same argument used in the proof of Lemma 14.4 to show that A* is |A|k-generated.)
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Thus G4, (nk) is at least as great as the number of systems (1m;);<q of non-negative integers
satisfying Zi<d m; < n, i.e., we have

n+ d(k)

G k) > .

A (k) 2 ( "

In particular, G 4(k?) > (k+g(k)). For any fixed positive integer M, we have d(k) > M for

large k, and for such k, it follows that G 4(k?) > (k*;cM) Since this is a polynomial of degree

M in k, then G 4(k) cannot be bounded for all £ by a polynomial of degree < M /2. This ends

our proof that if A is not directly representable then G 4 is not bounded by any polynomial

function. O

15 Problems

15.1 Problem Is there an algorithm to determine, given a finite ring R with unit, whether
the variety RM of left unitary R-modules is decidable? F. Point, M. Prest [40] and M. Prest
[41] provide a starting point for the exploration of what is known about this problem.

15.2 Problem Is there an algorithm to determine, given a finite algebra F of finite type
such that HSP(F) has modular congruence lattices, whether HSP(F) (or SP(F)) is finitely
axiomatizable? By a famous theorem of K. Baker [2], every finitely generated congruence
distributive variety of finite type is finitely axiomatizable. R. McKenzie [36] proved that
there is no algorithm to determine if HSP(F) is finitely axiomatizable where F ranges over
all finite algebras with one binary operation.

15.3 Problem Prove or disprove that for every finite set A and every operation m =
m(z,y,z) over A that satisfies Maltsev’s equations m(z,z,y) ~ y ~ m(y,z,z), there are
only countably many clones of operations on A containing m. A. A. Bulatov, P. M. Idziak
[3] has results on this problem.

15.4 Problem Is it true that every congruence modular variety of finite type that is residu-
ally finite has a finite residual bound? K. Kearnes, R. Willard [29] proved that this implication
holds for congruence distributive varieties of finite type, and more generally for congruence
meet semi-distributive varieties of finite type.

15.5 Problem Characterize the locally finite congruence modular varieties V' that possess
first-order definable principal congruences—i.e., there is a first-order formula 6(z,y, u,v) so
that for all A € V and {a,b,c,d} C A, A = 6(a,b,c,d) if and only if (a,b) lies in the
congruence of A generated by (¢, d).
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Abstract

An epigroup is a semigroup in which some power of any element lies in a subgroup
of the given semigroup. The class of epigroups includes a number of important classes of
semigroups. Not only some particular types of epigroups but epigroups as such can serve
as the subject matter of a substantial theory. In this survey the following topics concerning
epigroups are considered: epigroups as unary semigroups, certain “nice” decompositions,
finiteness conditions.

A semigroup S is called an epigroup if for any element z of S some power of x lies in
some subgroup of S. The class of epigroups is very large: it contains all periodic semigroups
and, in particular, all finite semigroups, all completely regular semigroups, all completely
0-simple semigroups. It also contains some important concrete semigroups; for example, the
semigroup of all matrices over a division ring is an epigroup. The study of completely 0-simple,
completely regular, and periodic semigroups was begun at the very outset of the development
of the theory of semigroups; we mention in this regard the pioneer works [12,77,84]. In
the course of semigroup-theoretic investigations during several decades, some properties of
epigroups in general were revealed via the study of particular types of epigroups. The first
work where epigroups were considered per se was the paper [51] in which these semigroups
were called pseudo-invertible. This paper was, in its turn, influenced by the paper [15] in
which the notion of the pseudo-inverse of an element had been introduced. Epigroups were
considered later (as one of the objects or the main object of attention) in several dozens
papers by different authors and under different names: quasi-completely reqular, group-bound,
quasiperiodic and some others. The term “epigroup” was suggested by the present writer in
the late eighties and apparently has become fairly common by now. Being shorter and, what
is especially essential, being expressed by a noun, such a term is more flexible and definitely
more appropriate for a concept which pretends to be the object of a certain theory.

In this survey we present quite a number of basic facts about epigroups. Its contents are
revealed by the titles of the sections and subsections. Notice that a very brief presentation
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of the Russian Federation (grant 2227.2003.01) and by the Ministry of Education of the Russian Federation
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of these topics was given by the author earlier in [49, Sections A6 and A7], and, somewhat
more extensively, in [102, §6].
I thank Boris Vernikov for technical assistance in preparing the text of this article.

1 Preliminaries

All standard semigroup-theoretic information can be found, for example, in Chapter A of the
handbook [49]. We will recall some definitions and notation as needed. Let .S be a semigroup.
An element a € S is called a group element if a belongs to some subgroup of S. If S has
a zero, then an element a € S is called a nil-element if ™ = 0 for some n. We will denote
by Eg or simply by E the set of all idempotents of S, by Gr.S the set of all group elements
of S (the group part of S), and by Reg S the set of all regular elements of S. Obviously
Es C GrS C RegS. We will often view E as a partially ordered set with respect to the
natural order: e < f <= ef = fe = e. We say that an element a of a semigroup S divides
an element b € S, and we write a | b, if b belongs to the principal ideal J(a). If S has a zero,
we will denote by Nil S the set of all nil-elements of S; S is a nilsemigroup if NilS = S. A
semigroup S with zero 0 is called nilpotent if there exists n such that zizo--- 2, = 0 for any
1,Z2,...,%, € 5; the smallest n with this property is called the degree of nilpotency of S.
We will denote by G. the maximal subgroup of S having the idempotent e as its identity
element. Thus GrS = . g Ge. The equality Gr.S' = S just defines the completely regular
semigroups. The set of all natural numbers is denoted by N.
For an arbitrary subset M of a semigroup S we put

VM = {z € S|a™ € M for some n € N}.

Thus the fact that S is an epigroup can be expressed by the equality S = v/Gr S. That S is a
periodic semigroup can be expressed by the equality S = \/Es; as is known, this is equivalent
to the property that, for any a € S, the cyclic subsemigroup (a) generated by a is finite. If
S has a zero, then Nil S = /{0}.
For e € E we put
K. =+/G..

By definition, for any element a of an epigroup S there exists e € Eg such that a € K..
That the idempotent e is defined here uniquely is a consequence of the following property
already mentioned in [51]: if a™ € G, then a™ € G, for any n > m. So one may imagine that
elements of an epigroup S are pulled by idempotents to the group part of S, and each element
is “attached” to a single idempotent. This shows that the set of all idempotents plays the
role of a certain framework of an epigroup. The property noted means that any epigroup S
is partitioned into the subsets K. called unipotency classes. The partition into unipotency
classes gives, so to speak, a rough structure of an arbitrary epigroup. A unipotency class of
an epigroup does not have to be a subsemigroup; to find out when this takes place (and even
when all the unipotency classes are subsemigroups) is the goal of Subsection 3.2.

The following well-known statement (see [51] and also [13, Theorem 2.55]) is one of the
first general results concerning epigroups.

1.1 Proposition A semigroup is a [0-]simple epigroup if and only if it is completely [0-]
simple.
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A semigroup is called stable if, for any of its J-classes, the sets of L-classes and R-classes
contained in it are antichains with respect to the natural order (L, < L; means L(a) C L(b);
R, < Ry means R(a) C R(b)); there are some properties equivalent to the one indicated in this
definition. It is easy to show that any epigroup is a stable semigroup; this was done explicitly
in [26]. The following statement points out some useful properties of stable semigroups, and
hence of epigroups.

1.2 Proposition In a stable semigroup: (a) Green’s relations J and D coincide; (b) no
subsemigroup is bicyclic; (c) the idempotents belonging to the same D-class form an antichain.

Assertion (a) here is presented, for instance, in [13, Theorem 6.45]; Assertion (b) appears
explicitly, for instance, in [2]; Assertion (c) follows easily from (b) (without additional as-
sumptions about the semigroup in question), as can be seen, for example, from the argument
in the proof of Theorem 2.54 in [13].

The idempotent of the unipotency class to which an element a belongs will be denoted
by eq. The following properties were mentioned in [51].

1.3 Lemma (a) ae, = eqa; (b) ae, € G, .

Lemma 1.3 easily implies the following assertions.

1.4 Corollary (a) The group G is the kernel (i.e., the smallest ideal) of the subsemigroup
(Ke) generated by K. (b) An idempotent e is the smallest element in the partially ordered
set EN(K,).

The assertions in Lemma 1.3 and its Corollary pertain to the situation involving an
arbitrary semigroup with idempotents. In the case of epigroups, one can state somewhat
strengthened assertions by replacing the subsemigroup (K.) by the subepigroup ((K.)) gen-
erated by K. (see Subsection 2.1).

Recall that a retract of a semigroup S is a subsemigroup 7' for which there exists a
homomorphism ¢ : S — T which is the identity mapping on T'; such a homomorphism ¢ is
called a retraction. A retract ideal is an ideal that is a retract. The following fact is well
known.

1.5 Lemma If T is a retract ideal of a semigroup S, then S is a subdirect product of T' and
the quotient semigroup S/T.

The concepts of the index and period of an element of finite order in a semigroup can
be extended to the case of elements of infinite order. The period of an element of infinite
order will be assumed to be infinite and will be denoted by the symbol co. The indez of an
arbitrary element a of a semigroup S is defined as follows: if (a) NGr S # 0, it is the smallest
natural number n such that a™ € Gr S; if (a) NGr S = 0, it is 0. The index of an element a
will be denoted by ind(a). The elements of index 1 are precisely the group elements. As in
the case of elements of finite order, the pair (indez, period) will be called the type of a given
element. Thus an element of infinite order has type (n,c0), where n is a non-negative integer.
In epigroups, and only in epigroups, all elements have indices that are natural numbers. If the
indices of all elements of an epigroup S are bounded by a natural number, we say that S is an
epigroup of finite index, and its index is defined to be max{ind(a)|a € S}; the index of S is
denoted by ind S. The epigroups of index 1 are precisely the completely regular semigroups.
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2 Epigroups as unary semigroups

2.1 Background

A unary semigroup is a semigroup with an additional unary operation. Note that important
representatives of such algebras are completely regular and inverse semigroups; see the corre-
sponding treatments, for instance, in [49, Sections A10 and A11]. Epigroups can be treated
as unary semigroups as well. To introduce the corresponding unary operation, recall that,
according to Assertion (b) of Lemma 1.3, for any element a of an epigroup we have ae, € Ge,.
Hence one may consider the element

a=(aeq)™", (2.1)

where the right-hand side is the inverse in the group Ge,. This element is called the pseudo-
inverse of a, and the operation a — a is just the stated one. The following equalities hold:

a"a = a™ for some n. (2.2)

aa = aa, aa® = a,
The equalities (2.2) have been used in [15] for the original definition of pseudo-inverses. The
conditions (2.1) and (2.2) are equivalent in the sense that if a and a are some elements of a
semigroup such that the equalities (2.2) hold, then a™ is a group element, and if a" € G,,
then e = e4, and it is easy to ascertain that a € G and condition (2.1) holds.

The definition of the pseudo-inverse of an element @ of non-zero index by (2.1) is more
convenient than by (2.2). Indeed, then we do not need to establish the uniqueness of a for a
given a, the equalities (2.2) (where n = ind(a)) follow directly from (2.1), and we can write
them in the following form, which more clearly illuminates their “structural” meaning:

aa = aa = eg, eqa = a, ae, = a”". (2.2)

But the original form of the equalities (2.2) is still valuable, particularly in connection with
defining epigroups by identities (see Subsection 2.2).

The idea of viewing epigroups as unary semigroups has been proposed in [104], and this
approach was shown in three ways there: in formulating statements solving some problems, in
posing some problems, in applying techniques. A number of results of this work are presented
below in this section and, especially, in Section 3.

In a particular case when an epigroup S is in fact completely regular, the operation a — a
turns into the usual unary operation a — a~! of such semigroups, i.e., a is none other than
the inverse of @ in the maximal subgroup containing a. Along with the basic unary operation
a — a it is useful to consider the derivative operation a +— e,. The latter is linked with the
former by the formula e, = aa. It is customary to denote e, by a* in the theory of finite
semigroups, and by a® in the theory of completely regular semigroups. For the general case
of epigroups, we choose the notation a* here.

Repeated application of pseudo-inversion will be denoted by an additional bar. It follows
from (2.1) that @ = a if and only if a is a group element. The same equality explains the
identities # = 2 and = = 2%r which were already mentioned in [15].

A subepigroup of an epigroup is a subset that is closed under both the operations of
multiplication and pseudo-inversion. It is easy to see that the subepigroups of an epigroup
are precisely the subsemigroups that are themselves epigroups. The simplest example of an
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epigroup having subsemigroups which are not subepigroups is given by the infinite cyclic
group (the subepigroups of a group are obviously none other than its subgroups).

Note the following two elementary properties of the principal character; the latter is a
special case of a rudimentary general algebraic fact.

2.1 Observation A homomorphic image of an epigroup is an epigroup, and any semigroup
homomorphism ¢ of an epigroup S onto some epigroup is automatically an epigroup homo-
morphism, i.e., p(a) = ¢(a) for any a € S.

2.2 Observation Under a homomorphism of an epigroup, the inverse image of a subepigroup
(in particular, the inverse image of an idempotent) is a subepigroup.

A homomorphic image of a subsemigroup of a given semigroup is called a divisor (or
factor) of the semigroup. A divisor is called a Rees divisor if it is the Rees quotient semigroup
of some subsemigroup modulo an ideal. A divisor obtained from a subepigroup of an epigroup
will be called, for brevity, an epidivisor. Observation 2.1 shows that any epidivisor of an
epigroup is itself an epigroup. Since an ideal of an epigroup is obviously a subepigroup,
among the epidivisors of an epigroup are all its principal factors.

The subepigroup generated by a subset A of a given epigroup will be denoted by ((A)),
while the single angular brackets are used to denote the subsemigroup generated by a set.
(We could also suggest the alternative notation ep(A), but the double angular brackets seem
to contrast better with the subsemigroup notation.) If S is an epigroup and S = ((A4)) [resp.,
S = (A)], then A will be called an epigroup [semigroup] generating set of S. It is worth
noting that if A is an epigroup generating set, and A = {a|a € A}, then the set AU A
does not have to be a semigroup generating set of the given epigroup. Moreover, a finitely
generated epigroup (even if it is completely regular) may have no finite semigroup generating
sets: an example is the free completely regular semigroup of rank 2 (see [116]'). We can say,
however, that if S is an epigroup in which the mapping a — a is an endomorphism or an
anti-endomorphism, then S = ((A)) obviously implies S = (A U A). Epigroups with these
properties of the pseudo-inversion operation will be considered in Subsection 3.4.

It is natural to call an epigroup having a one-element epigroup generating set mono-
genic or, in accordance with traditional group-theoretic and semigroup-theoretic terminology,
cyclic. We choose the latter. Consider an arbitrary cyclic epigroup C' = ((a)). Let ind(a) = n.
The equalities (2.2") show that GrC is the cyclic group generated by a, GrC = G,,, C is
a cyclic group if n = 1 (and only in this case), and C \ GrC = {a,...,a" '} if n > 1.
In any event, C' = K,,, C is commutative, and GrC is its kernel. We see that the finite
cyclic epigroups are precisely the finite cyclic semigroups whose structure and classification
are textbook facts. Our aim now is to classify infinite cyclic epigroups. To do this, we need
the construction described below.

Suppose 7' is an arbitrary semigroup, H a subsemigroup, and I an ideal of H. We take
a set F of cardinality equal to that of H \ I and disjoint from T’; the image of any element

'Note, in order to avoid a misunderstanding, that in the work cited, as well as in a number of other
works of different authors, completely regular semigroups were called Clifford (another variant is Cliffordian)
semigroups. 'This good term had been proposed not later than the mid sixties (refer to the book [29]);
being shorter, it seemed to be rather appropriate for the notion which became the subject of a rich theory.
However, later many authors began to use the term “Clifford semigroup” only for the particular case of inverse
completely regular semigroups, i.e., semilattices of groups. Somewhat more detailed terminological remarks
on this matter are given in [108, p. 23].
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z € F under a fixed bijection ¢ : F — H \ I will be denoted by a’. We define an operation o
on the union S =T U F as follows:

Ty ifz,yeT,

xy’ ifeeT, yeF,
zoy=<Kay ifeeF, yeT,

'y’ ifz,y€ Fand 2’y €1,

Y 2'y') ifx,y€ Fanda'y € H\I

It is easy to verify that o is associative; hence S becomes a semigroup that obviously contains
T as an ideal, and the quotient semigroup S/T is isomorphic to the Rees factor H/I. Thus
S is an ideal extension of T'. Figuratively speaking, S is obtained from T' by “attaching” a
copy of subsemigroup H so that the copy of I is identified with I and no other identifications
are made. We will call S an extension of T' by the Rees factor H/I, or a duplicate extension
with attachment H and base I. A duplicate extension of the semigroup 7' is uniquely defined
up to isomorphism by the attachment H and base I; we will denote it by D(T, H,I). It is
easy to see that a duplicate extension is a retract extension, i.e., T' is a retract of D(T, H,I).
In the degenerate case when I = H, we have simply D(T,H,H) =T.
The following classification was given in [104, §1].

2.3 Proposition The infinite cyclic epigroups are exhausted by all possible duplicate ex-
tensions of the infinite cyclic group with attachment consisting of the positive powers of its
generator. Two such epigroups are isomorphic if and only if they have the same index.

The infinite cyclic epigroup of index n will be denoted by C), «. This notation is consistent
with the notation Cj, ,,, for the finite cyclic semigroup of type (n,m). It is also natural to
call (n,00) the type of the epigroup Cj, oo. Thus the family of all cyclic epigroups is {Cp «},
where n runs over the set N, and 7 runs over the set NU {co}. The epigroup C} ; is nothing
but the cyclic group of order m. A homomorphic image of the epigroup Cj, « is, of course, a
cyclic epigroup of index at most n; conversely, it follows easily from the description given by
Proposition 2.3 that any epigroup Cy, » with m < n is a homomorphic image of Cy, oc.

The infinite cyclic epigroup C, o = ((a)) is generated as a semigroup by two elements: a
and b = a. It can be defined in the class of all semigroups by the presentation

Choo = {a,b]ab = ba, ab® =b, a" b= a").

The semigroup Cj, « is an ideal extension of the infinite cyclic group by a cyclic nilpotent
semigroup of order n. The converse is obviously false, but the extensions of the indicated
type admit an exhaustive classification: if we ignore the degenerate case n = 1, they form a
two-parameter family {D,, 1}, n > 1, k > 0, where the semigroup D,,  is defined for £ > 0
by the presentation

Dyj = (a,b]ab = ba, ab*™ =b, a"1o* = a™),
and for k = 0 by the presentation

D, = (a,b,c

ab=ba = b, ac = ca =c¢, bc =cb=a").
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The semigroup D, is embeddable in a cyclic epigroup (and then, for example, in Cyp o)
if and only if & > 0, and this is the case if and only if the idempotent in D, j is a unique
element of finite order. When k > 0, D, ;, is a duplicate extension of the infinite cyclic group
((b)) with attachment (b=*); when k = 1, we have simply Dy, 1 = Cpc0-

As to epigroups having a two-element epigroup generating set, it makes no sense to find
their classification, because, as in the case of groups and semigroups, the following is true.

2.4 Theorem Any countable epigroup is embeddable in a 2-generated epigroup.

Similarly to known results concerning arbitrary countable semigroups [44,60] and finite
semigroups [32], the following is true as well.

2.5 Theorem Any countable epigroup is embeddable in an epigroup generated by three idem-
potents.

Theorems 2.4 and 2.5 were announced in [70]; their proofs are still unpublished (I must
note with sorrow that the first author of [70] died several years ago). Analogous results (with
a number of refinements concerning periods or indices of elements) have been obtained earlier
in [69] for periodic semigroups. Note that the technique developed in [69] made it possible in
passing to reprove all the mentioned results of [32,44,60] as well as the results of the pioneer
works [19, 25, 53] relating to embeddability of countable or finite semigroups in 2-generated
ones.

In some considerations concerning epigroups, it is useful to apply the following fact.

2.6 Lemma The subsemigroup (Es) of an epigroup S is in fact a subepigroup.

This statement was apparently first proved (among some other facts about epigroups) in
the unpublished work [115]. In published form it appeared in particular in [16, Corollary 1],
and in [63, Theorem 2.2]; its very short proof uses a trick from [21] showing that the pseudo-
inverse of a product of k idempotents can be expressed as a product of k+ 1 idempotents (see
also [27, Theorem 1.4.18]). The main line of examination in [63] deals with the set Eg of an
epigroup S € &,, and FEg is treated there as a special type of a universal algebra endowed with
operations t;, ¢ > 2, where t; is the i-ary operation defined by the rule #;(e1,es,...,e;) =
(e1e2---€;)*. This algebra is called the idempotent algebra of an epigroup S, and some
properties of such algebras are examined in [63]. Note in this connection that there is another
type of (partial) algebraic systems which can be defined on the set of all idempotents of a
semigroup, so-called biordered sets. Such biordered sets were characterized abstractly in [52].
In [16] the corresponding characterizations were given for epigroups properly, for periodic
semigroups, for finite semigroups, and, first of all, for eventually regular semigroups. Recall
that a semigroup S is said to be an eventually regular [17] if S = \/RegS. Any epigroup
is clearly eventually regular. Some conditions under which an eventually regular semigroup
turns out to be an epigroup or even a periodic semigroup are given in [18]. In particular, an
eventually regular semigroup S with finitely many regular D-classes is an epigroup if (and
obviously only if) S has no bicyclic subsemigroup.

Let us call a semigroup bi-unary if it is further endowed with two unary operations.
We may view inverse epigroups as bi-unary semigroups, having in mind the operations of
pseudo-inversion x — x and taking the inverse element x +— x~'. There arises a number of
natural questions pertaining to the study of such algebraic systems. Leaving them out of this
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article, we mention only that Corollary 3.54 below presents a “degenerate” case of bi-unary
inverse epigroups—where the two signature unary operations coincide. In the general case,
the connection between these operations is provided by the following fact observed in [104, §7].

2.7 Proposition In any inverse epigroup, the operations of pseudo-inversion and taking the
inverse element are permutable, i.e., the identity (x)~' = 2=1 holds.

2.2 Identities of epigroups

In speaking of identities of epigroups, we have in mind the signature of unary semigroups,
i.e., for an identity v = v, in the terms u and v both multiplication and pseudo-inversion may
appear (as well as the operation a — a“ derivative from them: a* = aa). One can observe
the simpliest identities holding in any epigroup, which follow directly from the corresponding
equalities in (2.2):

rx = T, z(z)? =z

We mention further simple consequences from the definitions:

Here are less trivial examples of the identities that hold in any epigroup:
xwywxw — Iwyw . ZL‘W — IW . wal‘w, Iwyw . ywxw — (Iwy“’l‘“’)g.

Can one describe all the identities which hold in any epigroup? We will denote the class
of all epigroups by €. For a class X of algebraic systems of one type, the equational theory
eq X of this class is the set of all the identities which hold in any system from X. A basis
of eq X, or a basis of identities of X, is a subset of eq X' such that every identity from eq X’
can be derived from identities of this subset. The question above may be reformulated, in
particular, as the problem of finding some basis of eq€. Another way to answer it is to
establish whether the theory eq & is decidable.

The same problem is interesting also for the class &, of all finite semigroups treated
as unary semigroups with pseudo-inversion. Observe that &g, is a pseudovariety, i.e., it is
closed under taking subsystems, homomorphic images and finite direct products. Note in
this connection that the majority of important pseudovarieties of finite semigroups can be
specified in the class of all finite semigroups just by epigroup identities; one may see many
confirmations of this thesis in, for example, [1].

An answer to the questions discussed in the previous paragraph is given by the following
theorem.

2.8 Theorem The equational theories of the classes £ and &g, coincide and have a basis
consisting of the identities x(yz) = (vy)z, z(yx) = (vy)z, z(2)? = x, 2%z = z, vo = zz,

P = ()P, where p runs over the set of all primes. The theory eq & = eq &xy is decidable.

Along with the classes £ and &g, among important classes of epigroups are classes consist-
ing of epigroups S such that Gr S = Eg, i.e., all the maximal subgroups of S are one-element.
Following widely-used terminology, we call the epigroups with this property combinatorial.
Remark that, as applied to finite semigroups, it is common to call such semigroups aperiodic.
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I shall not discuss to what extent this term is apt, but in the general case it is definitely
unacceptable; indeed, combinatorial epigroups are obviously periodic, so, if they were called
aperiodic, we would have a collision between terminology and logic. However, taking into
account the traditional notation used for the class of finite semigroups with the property
under consideration, we will denote the class of all combinatorial epigroups by A and the
class of all finite combinatorial semigroups by Agy,.

2.9 Theorem The equational theories of the classes A and Ag, coincide and have a basis
consisting of the identities x(yz) = (xy)z, x(yr) = (vy)x, xo =z, v = x, 2P = x, where p
runs over the set of all primes. The theory eq A = eq Agy is decidable.

Theorems 2.8 and 2.9 were given in [129] together with a description of the main ideas of
their proofs. (Unfortunately, a full presentation of this material by the author is impossible
because of his tragic death in Black Sea in 2000). Remark that the list of identities which
appeared in the original formulation of Theorem 2.9 in [129] contains an extra identity z-z = x
which can be derived from the others; indeed, from the third identity it follows that x-x = x,
and then, in view of the fourth identity, x -z =2 -x =2 = =z.

Note in the conclusion of this subsection that many important types of epigroups can be
characterized in terms of identities; see various examples in Section 3.

2.3 On varieties of epigroups

The concept of an epigroup identity leads naturally to the concept of a variety of epigroups
treated as unary semigroups. For a class of algebraic systems X of one type, we denote by
L(X) the lattice of all varieties contained in X. The class &€ of all epigroups is not a variety
(in other words, L(€) has no greatest element) because it is not closed under direct products
(of infinite families). Indeed, if we take the family of cyclic epigroups ({a;)) whose indices are
unbounded, then the direct product [],({a;)) is not an epigroup since, for example, no power
of the element (..., a;,...) belongs to a subgroup.

We denote by &, the class of all epigroups of index at most n. The equalities (2.2), along
with the remark that the smallest n with the property indicated in the third of the equalities
is ind(a), establish

2.10 Proposition The class &, is a variety of unary semigroups. It is defined by the iden-
tities
(zy)z = z(y2), Tr = XX, z2? =z, " = 2",
In the lattice L(E), there is a naturally distinguished chain
S C&C---CE,Cee

which, figuratively speaking, can be regarded as the “spine” of this lattice. The reason is the
following property.

2.11 Observation For any variety V of epigroups, there exists n such thatV C &,.

Indeed, a class of epigroups that is not contained in any of the varieties &, obviously
contains cyclic epigroups whose indices are unbounded, so one may refer to the argument
given at the end of the first paragraph of this subsection.
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In view of Observation 2.11, to any variety V of epigroups there corresponds a smallest n
such that V C &,. This number, ind V, which is equal to the maximal index of the epigroups
in V is naturally called the index of the variety V. (We should mention here that the term
“variety of finite index” has already been used in the theory of semigroups in a different
sense, namely for varieties in which the nilpotency degrees of the nilpotent semigroups are
uniformly bounded. The corresponding concept can be appropriately extended to varieties
of epigroups and, to avoid a collision of terminology, we will call a variety with the latter
property a variety of finite degree. A certain characterization of such varieties is given below
in Corollary 3.20 of Proposition 3.18.)

The variety &£ is nothing but the variety of all completely regular semigroups (treated as
unary semigroups). We will call any variety of such semigroups a completely regular (c.r.)
variety; so &1 is the largest c.r. variety. Note that c.r. varieties are examined in several
chapters of [68]. Along with c.r. varieties, among the examined varieties of epigroups are
all periodic varieties, i.e., varieties consisting of periodic semigroups (a lot of such varieties
appeared as a matter of fact in diverse investigations devoted to semigroup varieties). Indeed,
in any periodic variety, an identity of the form 2™ = 2™*™ holds, and the pseudo-inversion
operation in this case can be expressed by a formula in the semigroup signature: for instance,
x = 2™~ 1. Conversely, any class of epigroups that is a semigroup variety obviously consists
of periodic semigroups. Since any non-periodic epigroup contains among its subepigroups the
infinite cyclic group, and the latter generates the variety of all abelian groups, this variety is
the smallest non-periodic variety of epigroups.

Any variety of epigroups that contains & will be called an over c.r. variety. It is clear
that in studying varieties of epigroups we encounter three possible types of situations: (1) we
generalize facts previously established for c.r. or periodic varieties; (2) we find properties of
varieties having significant new consequences for c.r. and/or periodic varieties; (3) we consider
specific properties of over c.r. varieties that are not manifested (or are trivially manifested)
in c.r. and periodic varieties. Among the epigroup varieties that we consider in Section 3 are
both over c.r. varieties and proper subvarieties of £, and we encounter the first two of the
situations just mentioned.

As for possible investigation of epigroup varieties in general, one can, of course, proceed
in several directions, and it would be natural to pay attention to all of the main aspects:
equational, structural, algorithmic, and so on; see, for example, the introductions in the
survey articles [109,110]. Not attempting to list in detail the concrete problems and questions
that arise, we limit ourselves to a few remarks.

Turning to the lattice L(E), we can easily see that it has the same atoms as the lattice
of semigroup varieties, and for any n the upper cone E& = {X € L(E)| X D &,} has a single
atom, namely &, V var Cy,41,1, which is contained in any variety in ETLA \ {€,}. One of the
standard properties examined for lattices of varieties (or lattices of related classes such as,
for instance, pseudovarieties) is the so-called the cover property. By definition, a lattice L
has this property if any element x € L which is not the greatest element of L has a cover in
L, i.e., an element y such that x < y and there is no element of L lying strictly between x
and y. A brief survey of the main results and problems connected with the cover property in
the lattice of semigroup varieties is given in [123] whose central result exhibits an example of
a semigroup pseudovariety which has no cover in the lattice of all semigroup pseudovarieties.
A part of the paper cited is devoted to epigroup varieties. Namely, the following fact has
been established there.
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2.12 Proposition The lattice L(E) has the cover property.

A more significant result of [123] in this direction is concerned with a problem about the
cover property for the lattices L(&,); this problem was noted in [104]. To formulate the result
mentioned, denote by £A, the class of all epigroups from &, whose idempotent generated
subepigroups (see Lemma 2.6) are combinatorial. It is observed in [123] that £.A4,, is a variety
of epigroups.

2.13 Theorem For any n > 1 the variety EA,, has no cover in the lattice L(Ey).

As for the case n = 1, the corresponding problem was first posed by the present writer
more that 25 years ago (see [91, Problem 2.62b]) and still remains open; we repeat it here.

2.14 Problem Does the lattice L(E1) of all completely reqular varieties have the cover prop-
erty?

Another open problem pertaining to the lattice of subvarieties of a variety of epigroups
will be formulated in Subsection 3.3.

Among known results related to the lattice L(E), one may mention also the main result
of [3] which indicates certain intervals in L(€) such that no variety within any interval of the
type considered has a finite basis for its identities. The precise formulation of this statement
would require a number of additional definitions and special notations, so we omit it here.

In Section 3 we give, in particular, some characterizations of varieties consisting of epi-
groups which have certain “nice” decompositions.

There are many questions about epigroup varieties which are waiting to be examined.
Quite a number of such questions are briefly discussed at the end of §1 in [104], so we will
mention only part of them here. In all likelihood, none of the lattices L(&,) has coatoms,
i.e. elements covered by the greatest element; it would be interesting to verify this conjec-
ture. The intervals [E,, 1] of the lattice L(E) deserve special attention. What are their
lattice properties (for example, the order types of maximal chains and the cardinalities of
antichains)? What are the interactions between these intervals (for example, when m < n,
is [Em, Em+1] embeddable into [, E,41], and is it true that [, Emt1] and [En, Ent1] are not
isomorphic)?

We denote by Nil the class of all nilsemigroups, and we put Nif, = Nif N E,. With
each variety V of epigroups we can associate its “nil part” V N Nif, which is a subvariety
of the variety Nifliy,qy, and its “completely regular part” V N &;. It would be interesting to
examine different aspects of the interrelation between a variety and its nil and completely
regular parts in certain situations; some specifications of this idea are proposed in [104, §1],
and the interested reader is referred to the work mentioned?.

2Tt should be noted that the translator of the original Russian version of this work into English was not so
accurate and made many mistakes in choosing appropriate words in the translation. By the way, it began with
the title of the work: the original “To the theory of epigroups” has turned into “On the theory of epigroups”.
There are some blunders; for example, “given” was translated as “long” (Russian equivalents of these words,
written in Roman letters, are “dannyj” and “dlinnyj”, respectively, so only a very thoughtless translator could
mess up the words and in doing so write an expression making no sense). There are several terminological
slips; for example, “complete preimage” is written instead of the correct “inverse image” as well as the prefix
“super” instead of the correct “over” in the situation considered. There is plainly carelessness as well; for
example, “presents” is written instead of the correct “presence”, and so on, and the like.

I will allow myself to give two more similar examples taken from English versions of the surveys [109] and
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Let us mention, finally, some questions that can be posed about free epigroups in various
varieties, including &,. Among such questions is that of the basis rank of &, for n > 1 (is
it equal to 2?) and the related question on the embeddability of the &,-free epigroup of
countable rank in an &,-free epigroup of finite rank. (For n = 1 the answers are known: it is
easy to show that the free completely regular semigroup of countable rank is not embeddable
in any finitely generated completely regular semigroup; also, as is shown in [64], the basis rank
of & is infinite.) It is natural to ask about the decidability of the word problem in &,-free
epigroups (for n = 1 the decidability was established in [24,36,117]), about a description, for
n > 1, of Green’s relations and, in particular, the maximal subgroups, and about a description
of the partially ordered set of idempotents. By the way, one may regard the &,-free epigroups
as looking to some extent like the free Burnside semigroups, i.e., the free semigroups of the
variety defined by the identity 2™ = z"*t™ for some m. Both certain structural properties
of such semigroups and the corresponding algorithmic aspects were considered in [43], and
perhaps some ideas of that work could be applied to the examination of the &,-free epigroups.

3 Certain decompositions

3.0 Introductory remarks

A common trend in a structural theory of the algebraic systems under examination is to find
conditions under which these systems can be constructed in some way from more specific
ones, in particular, those having a more simple, or more rigid, or more clear structure. In
our case, the role of such “building blocks” will be played by completely simple semigroups
(including certain particular types of them, up to groups) as well as nilsemigroups (in par-
ticular, nilpotent semigroups). As to the ways of “assemblage”, we will deal mostly with
ideal extensions and decompositions into bands (including certain particular types of such
constructions, for instance, the semilattice decompositions).

Recall that a semigroup is said to be a band of subsemigroups S,, o € A, if S, form a
partition of S, and for any «, 8 € A, there exists v € A such that 5,5 C S,. This means, in
other words, that these subsemigroups (the components of the band under consideration) are
the classes of some congruence, p, say, on S, and the quotient semigroup S/p is a semigroup
of idempotents. If S/p is commutative, and hence is a semilattice, then S is said to be a
semilattice of semigroups Sy; if the semilattice S/p is a chain, we say that S is a chain of the
corresponding semigroups. If S/p is rectangular, i.e., it satisfies the identity zyx = x, then S
is a rectangular band of the corresponding semigroups. A particular case of a rectangular band
is given by a left [right] bands of semigroups; in this case, for any two components S, S3 of a
given band, the inclusion S, S5 C Sa [SaSs C S5 holds, that is all the components are right
[left] ideals. A decomposition of a semigroup into a semilattice of some subsemigroups is called
a semilattice decomposition. Similarly, we obtain the notion of a rectangular, left and right
decomposition as well. A rectangular decomposition is also called a matriz decomposition.

[110]. In the former, one of the egregious errors uses “arbitrary” instead of “derivative” (Russian equivalents
are “proizvol’nyj” and “proizvodnyj”, respectively, so there is no need to comment what were tranlator’s
attention and understanding). In the latter, “manifold” is used instead of “variety” (Russian equivalents of
these words are the same, namely, “mnogoobrazie”, so the translator of [110] was not aware of the subject
of this survey). The reader of these translations should be vigilant in order to be able to detect probable
incorrectness not due to the authors but introduced by the translator.
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Both of these terms are justified by the fact that the components of a matrix decomposition
can be equipped with double indices running over some sets I and A such that the rule

Si)\Sj,u, - Si;u 7/7] S I, )\7[1, S A,

is fulfilled. If all the components of a given band belong to a certain class of semigroups X,
then we say that the corresponding semigroup is a band (or decomposable into a band) of
semigroups from X. For instance, we may consider bands of groups, bands of commutative
semigroups, and the like. Recall in this connection that completely simple semigroups are
precisely rectangular bands of groups. A semigroup is a left [right] group if it is a left [right]
band of groups; as is known, there are several equivalent properties characterizing these
semigroups, see, for instance, [49, Section A5].

Different decompositions into bands play an important role in the structural theory of
semigroups. Here it is particularly worthwhile to distinguish semilattice and matrix decom-
positions, not only because of their clearness but also due to the following fact: any band of
semigroups forming a family {S,} is a semilattice of rectangular bands of semigroups from
{Sa}; that is, the components S, can be grouped in subfamilies such that the union of the
components belonging to each subfamily is a rectangular band of these components, while
the initial semigroup is a semilattice of the unions mentioned. Notice that various questions
relating to semilattice and matrix decompositions of semigroups are extensively examined
in [65] and [66]; semilattice decompositions were studied in detail in [74], and the note [73]
is devoted to a certain description of the greatest semilattice decomposition of an epigroup.
Notice also that the topic “Bands of semigroups” is surveyed with due fullness in [102, §2.3]
and, somewhat more briefly, in [49, Section A2]. A comprehensive survey of investigations
relating to various kinds of decompositions is given in [11].

One of the distinctive features of the approach carried out in Subsections 3.2-3.5 is the
primary interest in so-called indicator characterizations, i.e., characterizations in terms of
“forbidden” objects; the latter ones in our case are mainly epidivisors. In these divisor
characterizations, there appear mostly finite semigroups having an extremely clear structure.
This makes such characterizations very transparent and enables us to obtain, in most cases
as direct corollaries, many other criteria for the decomposability of epigroups (or, earlier, of
periodic semigroups). Moreover, divisor criteria immediately yield indicator characterizations
of the varieties consisting of the corresponding epigroups. These criteria were subsequently
applied to the theory of varieties as well; see, for example, [79-81,114,127].

3.1 Archimedean epigroups

A semigroup S is called archimedean [left archimedean, right archimedean] if for any a,b € S
there exists an n such that b|a™ [resp., a™ € Sb, a™ € bS]. A semigroup is bi-archimedean if
it is left and right archimedean. A semigroup is unipotent if it has a unique idempotent. An
ideal extension of an arbitrary semigroup by a nilsemigroup [nilpotent semigroup] is called
a nil-extension [nilpotent extension|. Extending to epigroups the corresponding semigroup
terminology (see, for example, [110]), we will call an epigroup identity u = v heterotypical if
one of the words u, v contains a letter which does not occur in the other.

3.1 Proposition The following conditions on a semigroup S are equivalent:

(1) S is an archimedean epigroup;
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(2) S is an epigroup in which Es is an antichain;
(3) S is an nil-extension of a completely simple semigroup;
u))w — W

5) S is an epigroup with the identity (x*y“x v
( g y (2y

)
)
(4) S is an epigroup satisfying some heterotypical identity;
)
(6) S is an epigroup with the identity (x“yz* )~ = z*.
3.2 Corollary The following conditions for a variety V of epigroups are equivalent:
(1) V consists of archimedean semigroups;
(2) one (hence each) of the identities appearing in Proposition 3.1 is satisfied in V;
(3a) V contains no two-element semilattice;
(3b) each regular epigroup inV is completely simple.

The equivalence of conditions (4)—(6) in Proposition 3.1 is an epigroup modification of
a long-known property of periodic semigroups (see [10]). The equivalence of conditions (1)
and (3) was noted in [74]. Condition (3) leads to the following consequence.

3.3 Observation In an archimedean epigroup S, the set Gr S is the kernel of S, the Green’s
relation D coincides with the Rees congruence corresponding to the ideal Gr S, and the rela-
tions L and R (hence also H) are congruences.

The one-sided version of Proposition 3.1 is given by the following.

3.4 Proposition The following conditions on a semigroup S are equivalent:
(1) S is a right [left] archimedean epigroup;
(2) S is an epigroup in which Es is a right [left] zero semigroup;
(3) S is an nil-extension of a right [left] group;
(4) S is an epigroup satisfying the identity x¥y~ = y* [z¥y* = z¥].

Lemma 1.5, together with some additional elementary arguments, implies the following
statement distinguishing a specific subclass of the class of archimedean epigroups.

3.5 Proposition An epigroup S is a subdirect product of a completely reqular semigroup and
a nilsemigroup if and only if Gr S is a retract ideal.

The theme of the retractability of the group part of an epigroup will again be heard
at the end of Subsection 3.3 and in Subsection 3.4. In particular, Theorem 3.48 gives a
characterization of epigroups appearing in Proposition 3.5 in terms of “forbidden epidivisors”.

Two extreme types of unipotent epigroups are groups and nilsemigroups. It turns out that
an arbitrary unipotent epigroup can be built of these polar types. This is seen in Proposi-
tion 3.6 obtained plainly by combining both the left and the right versions of Proposition 3.4,
taking into account Proposition 3.5.
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3.6 Proposition The following conditions on a semigroup S are equivalent:

(1

S is a unipotent epigroup;

(2) S is a bi-archimedean epigroup;

)
)

(3) S is a nil-extension of a group;

(4) S is a subdirect product of a group and a nilsemigroup;
)

(5) S is an epigroup with the identity x* = y*.

3.2 Conditions under which unipotency classes are subsemigroups

One of the main “characters” in this section is the five-element Brandt semigroup Bs. It is
well known as a matrix semigroup

0 0 10 01 0 0 0 0

0 0/°\0 0/’\0 0/°\1 0/°\0 1)f"
Being a completely O-simple inverse semigroup, it has a clear representation as the Rees
matrix semigroup M° [{e};2,2;(¢9)] over the 0-group {e,0}. When examining structural

properties of semigroups, it is convenient to define them by a presentation, also well known:
By ={c,d|® =d? =0, cdc=c, ded = d).

(To reduce the number of defining relations, we at once employ a zero element in them.)
We will not make a distinction between the terms “the semigroup By” and “a semigroup
isomorphic to Bs”; an analogous convention will be applied to other concrete semigroups
that appear below. An ideal extension of an arbitrary semigroup by Bs will be called, for
brevity, a Bo-extension.

The semigroup Bs is frequently encountered in various semigroup-theoretic investigations.
In particular, it plays a special role in our considerations. First of all, it provides an example
of a semigroup with the smallest number of elements that has a unipotency class (namely,
K)) that is not a subsemigroup. But it turns out (and it is rather surprising) that its specific
presence is a characteristic feature for any epigroup with this property. Namely, the following
statement (proved in [104, §2]) is true.

3.7 Proposition A unipotency class K, in an epigroup is not a subsemigroup if and only if
the subepigroup ((K¢)) contains a subsemigroup that is a Ba-extension of a unipotent epigroup.

Any epigroup is a union of its unipotent (for instance, cyclic) subepigroups. If it has
a partition into unipotent subepigroups, this means that such a partition is unique and
its components are precisely the unipotency classes; in this case an epigroup will be called
unipotently partitionable. In the following theorem which provides a criterion for an epigroup
to be unipotently partitionable, the “if” part is delivered by Proposition 3.7, and the “only
if” part follows directly from the fact that a Bs-extension of a unipotent epigroup with
idempotent e contains two elements of K. whose product is an idempotent different from e.

3.8 Theorem An epigroup is unipotently partitionable if and only if it contains no subsemi-
group that is a Ba-extension of a unipotent epigroup.
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The triviality of verifying the properties of By connected with the behavior of its elements
enables us to obtain as direct corollaries of this criterion (actually, of Proposition 3.7) all con-
ditions found before (pertaining mainly to periodic semigroups) for a unipotency class to be a
subsemigroup, and, in particular, conditions for an epigroup to be unipotently partitionable.
We limit ourselves here to only three corollaries. The assertion of the first one was given
in [71] (and in a weaker form in [128]). The assertion of the second corollary in the case of
periodic semigroups was also mentioned in [71]. The third corollary, in view of condition (2)
of Proposition 3.1, follows automatically from the second; it was proved (as one of the main
results) in [22], and the corresponding result for periodic semigroups was given in [84].

3.9 Corollary A torsion class K of a periodic semigroup is a subsemigroup if and only if
for any a,b € K there exist natural numbers p,q such that bPa? € (ab).

3.10 Corollary If an idempotent e of an epigroup S is such that the set of all upper bounds
for e in Eg is a chain (in particular, if e is a mazimal idempotent in Eg), then K. is a
subsemigroup.

3.11 Corollary Any archimedean epigroup is unipotently partitionable.

The latter corollary significantly increases the supply of unipotently partitionable epi-
groups: among such epigroups are all the types of epigroups considered in Subsections 3.3
and 3.4. As for the varieties consisting of unipotently partitionable epigroups, see Proposi-
tion 3.18 below. It follows from Corollary 3.10 that in any epigroup with a finite number of
idempotents there are unipotency classes that are subsemigroups. On the other hand, there
exist epigroups that can be called antipodes of unipotently partitionable epigroups; in such
an epigroup none of the unipotency classes is a subsemigroup. An example of a periodic
semigroup with this property is given in [72].

If a unipotency class K, is not a subsemigroup, then there is nothing we can say about
the structure of the semigroup (K.) (besides the properties indicated in the Corollary of
Lemma 1.3). The point is that any epigroup can be embedded in an epigroup generated as
a semigroup by a single unipotency class. More precisely, the following fact is true (see [104,

§7)).
3.12 Proposition Any semigroup S can be embedded in a semigroup T such that:
(a) T has a zero and it is generated by nil-elements of order 2;
(b) if S is an epigroup [periodic semigroup], then T is also an epigroup [periodic semigroup);

(c) if, in addition, S has finite index n, then T also has finite index, and ind T is equal to
n orn+ 1.

Let us return to Theorem 3.8. We now call attention to the fact that the existence
among the subsemigroups of a given semigroup S of a Bs-extension of a unipotent epigroup
implies the presence of By among the (Rees) epidivisors of S. Indeed, it is obvious that
an ideal extension of an epigroup by an epigroup is an epigroup, so a Bs-extension of a
unipotent epigroup is an epigroup. The answer to the question of whether, in general, the
absence of By among the epidivisors is a characteristic feature of unipotently partitionable
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epigroups is negative. Moreover, unipotently partitionable epigroups cannot be characterized
in any way in terms of forbidden epidivisors or Rees epidivisors. The fact is that the class of
such epigroups (even the finite ones) is not closed under Rees quotient semigroups. This is
demonstrated by the following example.

3.13 Example Let S = (c,d|cdc = ¢, ded = d, c*d = cd? = %, d?c = dc® = d?). Tt is
easy to see that S has six elements and four torsion classes, all of which are subsemigroups:
{c,c?}, {d,d?}, {cd}, and {dc}. The subset I = {c?,d?} is an ideal of S, and S/I = Bs.

The largest homomorphically closed subclass of the class of unipotently partitionable
epigroups, and only this subclass, has the divisor characterization just mentioned; it can be
also transparently characterized from slightly different natural points of view. This is done
in the following theorem proved in [104, §2]; the equivalence of conditions (1), (2a)—(2c),
(3a)—(3c) was already stated in [96].

3.14 Theorem The following conditions on an epigroup S are equivalent:
(1) all homomorphic images of S are unipotently partitionable;
(2a) in any homomorphic image S’ with zero, the set NilS’ is a subsemigroup;
(2b) for any ideal I of S, the set /I is a subsemigroup;
(2¢) in any Rees epidivisor H' of S, the set Nil H' is a subsemigroup;
(3a) there is no semigroup By among the epidivisors of S;
(3b) there is no semigroup Bz among the Rees epidivisors of S;
(3¢c) there is no subsemigroup Bo in any homomorphic image of S;
(3d) for any ideal I of S, there are no subsemigroup Bs in S/I;
(4) for any subepigroup H of S, Reg H C (Gr H);
(5) for anye, f,i € Es, eli and f|i imply ef | or fe|i.

The fact that just epidivisors but not arbitrary divisors appear in conditions (3a), (3b)
is essential. For (3a) this is obvious: groups trivially satisfy the conditions of Theorem 3.14,
but any semigroup is a divisor of a free group of suitable cardinality. The following example
shows that also in condition (3b) epidivisors cannot be replaced by arbitrary divisors.

3.15 Example Let S be the Rees matrix semigroup M [G;Z,Z; (gfl g:ﬂ, where G =
((g)) is the infinite cyclic group with identity element e. Put ¢ = (1,9,1), d = (2,4,2),
Q ={G,g" N |i, A € {1,2}, n > 1}. It can be shown by a direct calculation that @ is an
ideal of the subsemigroup (c,d), cdc = ¢, ded = d, 2,d*> € Q, (c,d) \ Q = {¢,d, cd, dc}, and
therefore (c,d)/Q = By. Thus Bs occurs among the Rees divisors of S. But S satisfies the
conditions of Theorem 3.14, which can be seen at once, for instance, from condition (2b),
since S, being a completely simple semigroup, contains no proper ideals.
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3.3 Epigroups decomposable into a band of archimedean semigroups

The title of this subsection shows what will be the subject of our considerations here. In view
of Observation 2.2, any congruence class on an arbitrary epigroup that is a subsemigroup is
a subepigroup. Therefore, the components of any decomposition of an epigroup into a band
are subepigroups, so from now on we will speak about bands of epigroups with various
properties. Epigroups decomposable into a band of archimedean epigroups are characterized
from different points of view by Theorem 3.16 which may be considered as the culmination of
this section and serves as a base for the rest of its material. To facilitate comprehension, as in
Theorem 3.14, we present a rather long list of equivalent conditions grouped together by type.
The reader will detect certain parallels between conditions on this list and the corresponding
conditions in Theorem 3.14 which, of course, was used to prove Theorem 3.16. The proof
of this theorem is given in [104, §3]. The equivalence of conditions (1a) and (4a) was stated
in [95] and later mentioned also in [23]; the equivalence of (1a), (2a)—(2¢), and (3a)—(3c) was
stated in [97]; the equivalence of (1b), (6a) was first established in [74]; the characterization
given by the first of the identities in (8) was established in [82, §I1.6]. We mention also
that one can find in [23] several other conditions on a semigroup that are equivalent to
the condition that it be decomposable into a semilattice of archimedean epigroups; these
conditions were reproduced in [5, Chapter X], where the corresponding semigroups were
called GV-semigroups. Various results on semigroups decomposable into a semilattice of
archimedean semigroups are contained in the survey [8].

Notice that in the case of finite semigroups, the semigroups under discussion are rather
popular in certain investigations, where they are commonly presented by condition (4c); see,
for instance, [1, Chapter 8] which is devoted to the study of so-called implicit operations on
such semigroups and, as is noted at the beginning of this chapter, contains some of the main
results of the whole book.

Along with the semigroup Bg, among the “cast of characters” in Theorem 3.16 is the
related 5-element semigroup As. It is also well known both as the matrix semigroup

(606866060

and a completely 0-simple semigroup: it is isomorphic to the Rees matrix semigroup

el 9]

over the O-group {e,0}. As By, it can clearly be given by a presentation:
Ay ={c,d|? =0, d> =d, cdc = ¢, ded = d).

If p is a binary relation on a semigroup S, we denote by /p the binary relation on S defined
by the following condition:

z./py <= there exist m,n such that ™ p y".

3.16 Theorem The following conditions on an epigroup S are equivalent:

(1a) S is a band of archimedean epigroups;
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(Ib) S is a semilattice of archimedean epigroups;

(2a) in any homomorphic image S’ with zero, the set Nil S’ is an ideal;
(2b) for any ideal I of S, the set \/I is an ideal;

(2¢) in any Rees epidivisor H' of S, the set Nil H' is an ideal;

(3a) there are no semigroups Aa, Ba among the epidivisors of S;

(3b) there are no semigroups Az, By among the Rees epidivisors of S;

(3¢c) there are no semigroups As, By among the subsemigroups of any homomorphic image
of S;

(3d) for any ideal I of S, there are no semigroups Az, Ba among the subsemigroups of S/I;
4a) RegS =GrS;

4b) for any subepigroup H of S, Reg H = H NReg S;

(4c) each regular D-class in S is a (automatically completely simple) subsemigroup;

(4d) each completely 0-simple principal factor of S is a completely reqular semigroup, i.e.,
it contains no non-zero nil-elements;

5a) for any e, f,i € Eg, ile and f|e imply if|e;
5b) for any a,b € S and e € Eg, a|e and b|e imply ab|e;
6a) for any a € S and e € Eg, a|e implies a®|e;

6b) for any a € S, J(a) C \/J(a?);

—~ o~ S —~

)
)
7a) VD is a transitive relation (and is therefore an equivalence relation);
7b) /D is the smallest semilattice congruence;

)

(8) S satisfies either (hence both) of the identities
((zy)(y2)* (2y))* = (2y)”,  ((zy)“yz(ey)*)” = (2y)*.

‘We mention some direct consequences of Theorem 3.16 pertaining to varieties consisting of
semilattices of archimedean epigroups. Condition (8) of Theorem 3.16 provides an equational
characterization of such varieties. Denote by AS,, the class of all epigroups in &, that are
decomposable into a semilattice of archimedean epigroups.

3.17 Lemma For any n the class AS,, is a subvariety of &,.

Note that AS; = &1, but for n > 1 we have the strict inclusions AS,, C &,.

Structural characterizations of varieties of semilattices of archimedean epigroups are pro-
vided by Proposition 3.18 which is based on Theorem 3.16 in conjunction with Theorem 3.14.
As for the indicator characterization (3) here, the elimination of the semigroup Ap (cf. con-
dition (3a) in Theorem 3.16) is explained by the well-known and easily verified fact that B
is a Rees divisor of the direct product As x As.
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3.18 Proposition The following conditions for a variety V of epigroups are equivalent:

(1) V consists of semilattices of archimedean epigroups (i.e., in view of Observation 2.11
and Lemma 3.17, V is contained in some variety ASy,);

(1') V consists of unipotently partitionable epigroups;

(2) in any epigroup S with zero belonging to V, the set Nil S is an ideal;

(2") in any epigroup S with zero belonging to V, the set NilS is a subsemigroup;
(3) V does not contain Bs;

(4) each regular epigroup in 'V is completely regular;

(4") each completely 0-simple epigroup in V is completely regular.

In the case of periodic varieties, the equivalence of (1), (1'), and (3) was established earlier
in [81] which also contains an equational characterization; the corresponding information was
reproduced in [109, Theorem 7.1]. Asin [81], criterion (3) of Proposition 3.18 can be employed
to further study the varieties of epigroups. From this criterion and the fact (mentioned in [81])
that the variety var Bs has the non-modular lattice of subvarieties we obtain:

3.19 Corollary A wariety of epigroups whose lattice of subvarieties is modular consists of
semilattices of archimedean epigroups.

Another application of the same criterion leads to the following consequence.

3.20 Corollary The following conditions for a variety V of epigroups are equivalent:
(1) V is a variety of finite degree;
(1) each milsemigroup in V is nilpotent;
(2) V consists of semilattices of nilpotent extensions of completely simple semigroups.

Here the equivalence of (1) and (1) is guaranteed by the theorem in [88] on the nilpotency
of a nilsemigroup in which the nilpotency degrees of its nilpotent subsemigroups are uniformly
bounded. The characterization given by condition (2) extends to varieties of epigroups the
same condition found for periodic varieties in [81]. It would be interesting to extend the
other characterizations of the periodic varieties of finite degree obtained in [81] (see also [109,
Theorem 8.1]), as well as in [113] and [114], to the case of varieties of epigroups.

Let us return to Corollary 3.19. It can be considered as a starting point for a solution of
the following problem already mentioned in fact in [104].

3.21 Problem Describe the varieties of epigroups V such that the lattice L(V) is modular.

Among such varieties are all the completely regular varieties, since it is known that L(&;) is
modular (see [61,62,67]). Further, there is a description of semigroup varieties whose lattice
of subvarieties is modular, and, since these varieties are periodic (it follows, for instance,
from the result of [83]), they also belong to the family figuring in Problem 3.21. Moreover,
in all likelihood, just the description mentioned can be extended to the case of varieties of
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epigroups. Remark that this description has solved a long-known problem posed in [20].
The corresponding result had been stated in [121] and published with a proof “modulo the
nil case” in [120,126]. The original version of the proof for the nil case was given only
in the dissertation [122]. A revised and improved version of the proof for this case was
given in passing in the course of the proofs of certain stronger results obtained in the recent
works [118,119,125].

In the remainder of this subsection we characterize epigroups of several well-known sub-
classes of the class of semilattices of archimedean epigroups. Specifically, we will mainly be
interested in epigroups that are decomposable into a semilattice of nil-extensions of rectan-
gular groups (Theorem 3.22), into a band of right archimedean epigroups (Theorem 3.28),
into a semilattice of right archimedean epigroups (Theorem 3.30), into a band of unipotent
epigroups (Theorem 3.31), into a semilattice of unipotent epigroups (Theorem 3.35), or into
a rectangular band of unipotent epigroups (Theorem 3.39). The proofs of all these theorems
are given in [104, §§4—6]. Notice that in a number of papers some of the types of epigroups
considered below have been distinguished within the class of semilattices of archimedean epi-
groups. We mention in this regard the papers [6,7,22,23,46,74,75]; see also [5, Chapters IX
and X] as well as some sections in [9], and the bibliography therein.

It is easy to see that if a semigroup S is decomposable into a semilattice of archimedean
semigroups, then such a decomposition is unique, and it is precisely the greatest semilattice
decomposition of S. Its components will be called the archimedean components. The next
object we consider is the case when the kernels of the archimedean components of an epigroup
with the property under consideration are rectangular groups. Recall that a rectangular group
is a completely simple semigroup in which the set of all idempotents is a subsemigroup, or,
equivalently, a direct product of a group, a left zero semigroup, and a right zero semigroup.
Among the “cast of characters” in Theorem 3.22; along with the semigroups As, Bs, are the
semigroups M,,, n € N, defined by the presentations

M, =(e,f|e® = (efe)" = e, f*=(fef)" = [).

The semigroup M, is isomorphic to the Rees matrix semigroup M [Cy »;2,2; (£ 5)], where €
is the identity element and v is a generator of the group Ci .

3.22 Theorem The following conditions on an epigroup S are equivalent:
(1) S is a semilattice of nil-extensions of rectangular groups;

(2a) S satisfies the identity (xy)* (yz)* (zy)* = (vy)¥;

(2b) S satisfies the identities ((xy)* (yz)* (zy)*)” = (zy)*, z¥y* (a2“y*)Y = (2¥y¥)*;
(3) there are no semigroups Ag, Bo, M, for any prime p among the epidivisors of S.

Note that condition (2a) of Theorem 3.22 is related to the equivalent (but not formulated
in terms of identities) condition Q5 of [74], and condition (2b) appeared in [82, §I1.6]. Note
also that for an element a of an epigroup, the equality aa” = a“ holds if and only if a
has finite order and period 1, i.e., a® = a™*! for some natural number n. In view of this
remark and condition (8) of Theorem 3.16, we see that condition (2b) of Theorem 3.22 can
be transformed into the following criterion (see [5, §2 of Chapter X]):
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3.23 Corollary A semigroup S is a semilattice of nil-extensions of rectangular groups if and
only if S is a semilattice of archimedean epigroups, and, for any e, f € Eg, the element ef
has finite order and period 1.

Corollary 3.23 directly implies:

3.24 Corollary If S is an epigroup that is decomposable into a semilattice of archimedean
epigroups, and Gr S is a subsemigroup, then Es is a subsemigroup if (and obviously only if)
in each archimedean component, the set of idempotents is a subsemigroup.

We will state two corollaries pertaining to the special case of completely regular semi-
groups. Recall that a completely regular semigroup S in which Eg is a subsemigroup is called
an orthogroup. Corollary 3.24, applied to completely regular semigroups, yields the following
long-known fact (see [65, Corollary IV.3.2 and Proposition IV.3.7]):

3.25 Corollary A semigroup is an orthogroup if and only if it is a semilattice of rectangular
groups.

Condition (3) of Theorem 3.22 and Corollary 3.25 give the following criterion:

3.26 Corollary A completely regqular semigroup is an orthogroup if and only if there is no
semigroup My, for any prime p among its epidivisors.

It is impossible to remove from Corollary 3.24 the requirement that Gr S be a subsemi-
group, i.e., the condition that the set of idempotents is a subsemigroup distinguishes a proper
subclass of the class of epigroups described by Theorem 3.22. This subclass is characterized
by Proposition 3.27 (which in turn overlaps Corollary 3.26). In this proposition, there appears
yet another “character”—the semigroup V' defined by the presentation

V:<€,f|€2:€, f2:f7 f€:0>

It is obvious that V consists of four elements: V = {e, f,ef,0}.

3.27 Proposition The following conditions on an epigroup S are equivalent:
(1) S is a semilattice of archimedean epigroups, and Eg is a subsemigroup;
(2) S satisfies the identities (xy)“ (yx)* (xy)* = (zy)¥, (z¥y*)* = z¥y¥;
(3) there are no semigroups By, V., M), for any prime p among the epidivisors of S.

Remark that in the original formulation of this proposition in [104] there was an extra
forbidden epidivisor As which may in reality be omitted; indeed, it is easy to see that the
semigroup V' occurs among the subsemigroups of Az, so a “ban” of V implies the same for
Ag. A similar remark should be made regarding the formulation of Theorem 3.53 below.

In the problem of characterizing semigroups that are decomposable into a band of right
[left] archimedean epigroups, we will consider, for definiteness, the first of the dual situations.
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The solution of this problem for this case is given by Theorem 3.28. We must add to the
“cast of characters” the following semigroups:

L2:<€7f|€f:€7 fe:f>a

L3,1 :<a7f‘a2f:a27 fa:f2:f>7
LZ(n)=(g.flg"™ =g, g"f =fg=f*=f).

Obviously Ly is merely a two-element left zero semigroup. The semigroup L3 1 consists of four
elements and is an ideal extension of a three-element left zero semigroup by the semigroup
C5,1. The semigroup LZ(n) consists of 2n elements and is a chain of two semigroups: an
n-element left zero semigroup and the cyclic group Cf .

3.28 Theorem The following conditions on an epigroup S are equivalent:
(1) S is a band of right archimedean epigroups;
(2) S satisfies the identity (x*y“)* (xy)* = (zvy)¥;

(3) there are no semigroups Aa, B, Ls1, LZ(n) for all n > 1 (it suffices to consider n
being prime) among the epidivisors of S.

The equivalence of conditions (1) and (3) of Theorem 3.28 was announced in [98]. For

the particular case of completely regular semigroups, we have the following consequence.

3.29 Corollary A completely regular semigroup is a band of right groups if and only if there
is no semigroup LZ(p) for any prime p among its epidivisors.
We will say that an idempotent e of a semigroup S switches divisors from right to left

[from left to right] if, for any = € S, e € Sz implies e € xS [e € xS implies e € Sz].

3.30 Theorem The following conditions on an epigroup S are equivalent:

(1

S is a semilattice of right archimedean epigroups;
(2a) S satisfies the identity (xy)“(yx)* = (yx)¥;
(2b) S satisfies the identity x*(yx)* = (yx)¥;

(4

each regular D-class of S is a Tight group;

(5

)
)
)
(3) there are no semigroups As, Ba, Lo among the epidivisors of S;
)
) each idempotent of S switches divisors from right to left;

)

(6) S satisfies any of the conditions of Theorem 3.16 and does not contain Ly as a sub-
semigroup.

Note that condition (5) is related to the equivalent condition Q7 in [74], and the identity
in (2b), as well as the identity in condition (2) of Theorem 3.35 below, appeared in [82, §I1.6].
We denote by Ry, Rs 1, RZ(n) the semigroups dual to Ly, L3 1, LZ(n), respectively.
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3.31 Theorem The following conditions on an epigroup S are equivalent:
(1) S is a band of unipotent epigroups;
(2) S satisfies the identity (zy)* = (z¥y*)¥;

(3) there are no semigroups As, Ba, L3 1, R31, LZ(n), RZ(n) for any n > 1 (it suffices to
consider n being prime) among the epidivisors of S.

Remark that the implication (1) = (2) here is obvious; the rest follows from Theorem 3.28
and its dual, taking into account that, for an epigroup, the property of being unipotent is
equivalent to the property of being bi-archimedean (see Proposition 3.6). For completely
regular semigroups we obtain the following divisor criterion complementing other long-known
criteria for decomposability into a band of groups (see, for example, [13, Vol. I, p. 129)]).

3.32 Corollary A completely reqular semigroup is a band of groups if and only if there are
no semigroups LZ(n) and RZ(n) for any n > 1 among its epidivisors.

In turn, Corollary 3.32 automatically implies the following indicator characterization
found in [76].

3.33 Corollary A wvariety of completely regular semigroups consists of bands of groups if
and only if it does not contain the semigroups LZ(n) and RZ(n) for any n > 1.

Here is one more direct consequence of Theorem 3.31; for the case of periodic semigroups
this result appeared in [71].

3.34 Corollary Any epigroup with two idempotents is a band of unipotent epigroups.
The next theorem follows automatically from Theorem 3.30 and its dual.
3.35 Theorem The following conditions on an epigroup S are equivalent:
(1
(2) S satisfies the identity (xy)* = (yx)*;

S is a semilattice of unipotent epigroups;

(3) there are no semigroups Aa, Ba, Lo, R among the epidivisors of S;

(4) each regular D-class of S is a group;

(5) each idempotent of S switches divisors from left to right and from right to left;

)
)
)
)
)
(6) S satisfies any of the conditions of Theorem 3.16 and does not contain Lo or Ry as
subsemigroups.

We limit ourselves to three examples of well-known facts that follow directly from The-
orem 3.35. Recall that a semigroup S is called weakly commutative if (ab) N bSa # O for all
a,bes.

3.36 Corollary The list of equivalent conditions in Theorem 3.35 can be augmented by the
following ones:
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(7) in S, the equality K = /D holds;
(8) S is weakly commutative.

Note that the equality K = v/D is equivalent to the inclusion D C K. In this form condi-
tion (7) occured earlier. The equivalence of (1), (7), and (8) applied to periodic semigroups
was established in [50], taking into account [85]; the corresponding results were extended to
epigroups in [46].

3.37 Corollary Any epigroup with central idempotents (in particular, any commutative epi-
group) is decomposable into a semilattice of unipotent epigroups.

Periodic semigroups with central idempotents were already considered in [40,41]. Almost
all of the results of these two papers can be extended to epigroups. In particular, for any
semilattice A and any family of unipotent epigroups U, (o € A), there exists an epigroup
that is decomposable into a semilattice of these epigroups; it can be realized by a strong
semilattice structure, which extends Clifford’s construction describing semilattices of groups
(for the latter, see, for instance, [49, Section A10]).

3.38 Corollary A semigroup S is a chain of unipotent epigroups if and only if S is an
epigroup in which Eg is a chain.

Remark that in [5, p. 142], this result was given in a somewhat weaker form, where
the property of being an epigroup was replaced by the property of being decomposable into
a semilattice of archimedean epigroups (in the terminology of [5], the property of being a
GV-semigroup).

3.39 Theorem The following conditions on an epigroup S are equivalent:
(1) S is a rectangular band of unipotent epigroups;

(2a) S satisfies the identity (xyx)¥ = a¥;

(2b) S satisfies the identities (z¥yz*)¥ = z¥, (zy)¥ = (a“y*)¥;

(3) there are no two-element semilattice or semigroups L3 1, Rs1 among the epidivisors of
S;

(4a) S is archimedean, and GrS is a retract of S;
(4b) S is a subdirect product of a completely simple semigroup and a nilsemigroup.

The equivalence of conditions (1) and (4b) was announced in [95], and one of the results
in [22] established the equivalence of (1) and (4a) (it also appeared in [23] and in [5, §2 of

Chapter IX]; condition (4a) was given in the cited papers in the following equivalent form:
S is a retract extension of a completely simple semigroup by a nilsemigroup).
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3.4 Epigroups whose group part is a subsemigroup

It is natural to consider epigroups in which the operation =z +— z is an endomorphism or
an anti-endomorphism. Such epigroups are distinguished by the identities xy = z - y and
Ty =y - x, respectively. In either case, the epigroup in question satisfies the identity

TY =2 Y. (3.1)

Since an element a of an epigroup S belongs to Gr S if and only if a = a, the identity (3.1)
implies, in turn, that the set Gr S is a subsemigroup of S. In this subsection we pay attention
to all four of the mentioned restrictions on an epigroup.

We start with the last restriction defining the largest of the corresponding classes of
epigroups. Note that several particular types of epigroups satisfying this condition occurred
in Subsections 3.1 and 3.3. We give now an indicator characterization of the epigroups under
consideration in terms of forbidden epidivisors. This result has been obtained in [124]. To
formulate it, we need to augment our “cast of characters” by a new family of individual
semigroups.

The following construction was presented in [78]. Let G be a group. Define a multipli-
cation on the disjoint union R(G) of G° with the cartesian square G' x G by preserving the
multiplication on G° and letting, for all g € G, [h, ], [k, €] € G x G,

[h:.ﬂ'g: [hng}? g'[hvj] = [hgilz.ﬂ? [hmﬂ'ozo‘[hvj] =0,

. h,t] if j=k,
o) g = A=
0 otherwise.

Then R(G) becomes a semigroup being obviously an epigroup. Recall that, as in Subsec-
tion 2.1, we denote by C} o and Ci, the infinite cyclic group and the cyclic group of order
n, respectively. The semigroup V' was introduced in Subsection 3.3.

3.40 Theorem For an epigroup S, the set Gr S is a subsemigroup if and only if there are
no semigroups V, R(C1 ), R(C1p) for any prime p among the epidivisors of S.

The role of the semigroup V' in general is clarified by the following fact established also
in the paper [124].

3.41 Proposition The semigroup V occurs among the epidivisors of an epigroup S if (and
obviously only if) there exist e, f € Es such that ef ¢ GrS.

Let us turn to epigroups satisfying the identity (3.1). First of all, they are characterized
by the following simple property, observed in [104, §1].

3.42 Lemma In an epigroup S, the mapping x — x is an endomorphism if and only if the
set GrS is a retract. In this case, the indicated mapping is a unique retraction of S onto
GrS.

Part A of the next proposition clarifies a structure of such epigroups and shows that they
form a subclass of the class of epigroups considered in Theorem 3.16, part B gives a sufficient
condition for the property under discussion.
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3.43 Proposition

A. An epigroup S in which the set Gr S is a retract is decomposable into a semilattice of
rectangular bands of unipotent epigroups.

B. If an epigroup S is decomposable into a band of unipotent epigroups and GrS is a
subsemigroup, then Gr S is a retract.

The premise in A is not a necessary condition, and the conclusion in B is not a suffi-
cient condition for an epigroup to have the group part as a retract. The first assertion is
confirmed by the semigroups LZ(n) for n > 1, which, being completely regular semigroups,
trivially satisfy this condition but undecomposable into a band of unipotent epigroups (see
Theorem 3.31). The second assertion is confirmed by the semigroup V which, as is easily
seen, does not satisfy the identity zy = = - y but is decomposable even into a semilattice
of (three) unipotent semigroups. Thus the class of epigroups under discussion lies strictly
between the classes figuring in the premise in A and the conclusion in B of Proposition 3.43.
In [104] the problem of finding a divisor characterization of epigroups of this class was noted.
Such a characterization has been found in [124].

3.44 Theorem For an epigroup S, the set GrS is a retract if and only if there are no
semigroups Bo, L3 1, R31, V among the epidivisors of S.

The work [124] also contains (without proofs) divisor characterizations of epigroups whose
group part is a quasiideal, or a left ideal, or an ideal, or a retract ideal. Recall that the set
Q C S is called a quasiideal if QS N SQ C Q. The characterizations mentioned involve the
following semigroups supplementing our “cast of characters”:

C=(a,e|€2:e, ae = ea = a, a2=0>;
Y:<a,6,f‘€2:67f2:f7 €f:f€:0, ea:af:(I);

P ={(a,e|e® =e, ca=a, ae=0),

-

and the semigroup P which is dual to P. These semigroups have a very simple structure; C,
—

P, and P are three-element, Y is four-element.

3.45 Theorem For an epigroup S, the set GrS is a quasiideal of S if and only if there are
no semigroups C, Y, V among the epidivisors of S.

3.46 Theorem For an epigroup S, the set GrS is a left ideal of S if and only if there are
no semigroups C, P among the epidivisors of S.

Theorem 3.46 and its dual immediately imply the following consequence.

3.47 Corollary F(ir an epigroup S, the set Gr S is an ideal of S if and only if there are no
semigroups C, P, P among the epidivisors of S.

By combining this corollary and Theorem 3.44, we obtain a characterization of epigroups
whose group part is a retract ideal. Since the semigroup P is, as easily seen, isomorphic to a
subsemigroup in both By and V, this characterization is reduced to the following statement.
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3.48 Theorem For an epigroup S, the set Gr S is a retract ideal of S if and only if there
—
are no semigroups C, P, P, Ly 1, R31 among the epidivisors of S.

Let us now turn to epigroups satisfying the identity zy = x-y. To the property indicated by
Lemma 3.43, the following properties have obviously to be added: all the maximal subgroups
are abelian and the subsemigroup generated by the idempotents satisfies the identity z = x,
which is equivalent to the identity > = . Thus we have the following fact.

3.49 Proposition An epigroup S satisfying the identity xy = x -y is decomposable into
a semilattice of rectangular bands of mil-extensions of abelian groups, and the subsemigroup
(Eg) satisfies the identity x> = x.

That the converse is false is demonstrated by the following example.

3.50 Example Let S be the semigroup given by the presentation
S=(a,fla®=a? fa=f>= ).

(In [104] this semigroup was denoted by Ls o; observe that the semigroup Lz ; which occured
several times above is a homomorphic image of the semigroup Lsz2.) Obviously S consists
of five elements a, a2, f, af, a®f, and it is a chain of the three-element left zero semigroup
{f,af,a®f} and the semigroup (a) = Co;. Hence S trivially satisfies all the conditions of
Proposition 3.49 (in particular (Eg) = Eg satisfies even the identity 22 = x). However the
premise is not fulfilled, since af = af # a®>f =a- f.

Therefore one may pose the following problem (mentioned in [104]).

3.51 Problem Find a structural characterization (in particular, in terms of forbidden divi-
sors) of the epigroups obeying the identity xy = x - y.

If we limit ourselves to archimedean epigroups, then, as was shown in [104], the converse
of Proposition 3.49 is true, i.e., we have

3.52 Proposition An archimedean epigroup S satisfies the identity xy = x -y if and only
if S is a rectangular band of nil-extensions of abelian groups, and the subsemigroup (Es)
satisfies the identity 3 = .

At last, let us turn to epigroups satisfying the identity zy = y - x. They are characterized
from several points of view by the following statement proved in [104, §6].

3.53 Theorem The following conditions on an epigroup S are equivalent:
(1) S satisfies the identity vy =y - x;
(2) S satisfies the identities (xy)¥ = (yz)*, (z¥y~)* = a“y*;
(3) there are no semigroups Ba, Loy, Ra, V among the epidivisors of S;

(4a) S is a semilattice of unipotent epigroups, and Es is a subsemigroup (which is then a
semilattice);
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(4b) S is a semilattice of unipotent epigroups, and GrS is a subsemigroup.

Recall that a unary semigroup is called involutory if its unary operation is an anti-auto-
morphism of order 2. Theorem 3.53 has the following immediate

3.54 Corollary An epigroup S is an involutory semigroup (with respect to the operation
x> x) if and only if S is a semilattice of groups.

3.5 Unipotency classes and Green’s relations

We will denote by K the equivalence relation on an epigroup corresponding to the partition
of the given epigroup into its unipotency classes. In this subsection we are going to talk
about the interaction between the relation K and the relations D, £, R, H; among the
dual situations for £, R, we will, for definiteness, consider £. The results presented in this
subsection are proved in [104, §7].

Note first that in any epigroup K C vH and, in any semigroup, v C V£ C vD. An
example of non-trivial connections is provided by Corollary 3.36 of Theorem 3.35. By anal-
ogy with the condition K = /D there, we will be interested in the equalities X = v/£ and
K = V'H, which define wider classes of epigroups. As in the case of D, these equalities
are equivalent, respectively, to the inclusions £ C I and H C K. The equalities K = £ and
K = H are stronger conditions; they, along with the equality X = D, were considered in [46]
(and, for periodic semigroups, in [85]). Since, as is easy to prove, K C D holds in an epigroup
S if and only if S is a completely regular semigroup, a characterization of the corresponding
epigroups follows directly from Clifford’s theorem on the decomposability of any completely
regular semigroup into a semilattice of completely simple semigroups: in an epigroup S, we
have K =D [K = L, K = H] if and only if S is a semilattice of groups [a semilattice of right
groups, a completely regular semigroup].

Let us turn to the condition £ C K. The following is true.

3.55 Lemma An epigroup in which £ C K is a semilattice of right archimedean epigroups.

There arises the question: Does the property mentioned in the conclusion of Lemma 3.55
characterize the epigroups under consideration? A negative answer is provided by the follow-
ing example.

3.56 Example Let S be the semigroup defined by the presentation

=(a,gla®*=d? ¢° =g, g’a=ag" =a, ga® =d®, d’¢g® = aga).

Tt is convenient to put e = a?, i = g*. It follows directly from the defining relations that e, 4
are idempotents, and e is a right zero. Then eg, eg?, eg® are also right zeros. It is now easy
to see that S consists of 16 elements and has five torsion classes K; = {9), K. = {a,gag? e},
Keg = {ag®,gag, eg}, K.po = {ag? ga,eg’}, K g5 = {ag, gag®, eg*}.
The semigroup S is a chain of two right archimedean semigroups: KU K¢y U Kp2 U K g3
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and K; (the latter is simply a cyclic group of order 4). The L-classes and R-classes are

Li=R; = (g),

Le = {e}, Leg = {eg}, Leg> = {eg’}, Legs = {eg’},

Lo = {a,ga}, Lag = {ag.gag},  Luge ={ag’,9a9’}, L.y = {ag’, gag’},
R = e(g), R, = a{g), Rya = ga(g)-

In particular, S has L-equivalent elements lying in different torsion classes.

It is possible to exhibit a semigroup with the desired properties having fewer elements
(e.g., the semigroup in Example 3.61), but the one in Example 3.56 is needed for one of the
conclusions below. For this reason, we indicate its H-classes: H; = (g) and the remaining
‘H-classes are singletons; thus H C K.

The following lemma, together with the preceding one, “brackets” the class of epigroups
under discussion.

3.57 Lemma If S is a right archimedean epigroup or a semilattice of right archimedean
epigroups in which the archimedean components are decomposable into a band of unipotent
epigroups, then L C K in S.

The disjunction in the premise of Lemma 3.57 is also not a characteristic property of epi-
groups in which £ C K, as is demonstrated by the example of the semigroup obtained from
R31 by adjoining an identity element: the realtion £ in this semigroup coincides with the
equality relation, but it is not archimedean, and its archimedean component R3; is indecom-
posable into a band of unipotent epigroups. We see that the class of epigroups in question
lies strictly between the classes appearing in the premise of Lemma 3.57 and the conclusion of
Lemma 3.55. How can one characterize it in the spirit of the earlier characterizations in this
section? There is a divisor characterization of this class. Indeed, it is closed under subepi-
groups (which is obvious) and homomorphic images (which is proved in [104, Lemma 28]).
Thus we may pose the following problem (already noted in [104]).

3.58 Problem Find a divisor characterization of epigroups in which £ C IC.

It is easy to see that within each of the varieties &,, a direct product of epigroups such that
L C K also has this property. Therefore, in view of what was said before the formulation of
Problem 3.58, the class of such epigroups is a subvariety of £,. An equational characterization
of this class is provided by the following statement.

3.59 Proposition The largest subvariety of &, consisting of epigroups in which L C K is
defined within &, by the identity ((zy)"2)* = (y(xzy)"2)*.

Let us now turn to epigroups in which H C K. The class of such epigroups is considerably
wider than the preceding one and consists not only of semilattices of archimedean epigroups
or even of unipotently partitionable epigroups, as is shown by the example of the semigroup
Ag, where H coincides with the equality relation. The connection between this class and
those considered earlier in this section is demonstrated by the following statement which is
an analogue of Lemma 3.57 in a more general situation.
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3.60 Proposition If S is an archimedean semigroup or a semilattice of rectangular bands
of unipotent epigroups, then H C K in S.

Since under the condition H = K we obtain the class of all completely regular semigroups,
one might put the question: Does the inclusion H C K hold in any epigroup? A negative
answer is provided by the following example.

3.61 Example Let S be the semigroup defined by the presentation
S={a,g|la®=d% ¢® =g, ga=ag? ag*®=a, ga® =a?.

It follows from the defining relations that g?a = a and a%¢?> = aga, so all the defining
relations of the semigroup in Example 3.56 are satisfied. Thus S is a homomorphic image of
that semigroup; S is obtained from it by a pairwise “fusing” of the following elements: ga
and ag?, a and gag?, ag and gag®, ag® and gag. This implies the “fusion” of the R-classes
R, and Ry, as well as the L-classes L, and Lagz7 Loy and Lags‘ Thus S has the following
2-element H-classes: H, = {a,ga}, Hoy = {ag,gag}; the elements of each of them lie in
different torsion classes, e.g., a € K42, ga € K,242. Thus the inclusion H C K is not fulfilled
in S.

In contrast to the situation for epigroups in which £ C I, the problem of finding a divisor
characterization for epigroups such that H C K cannot be posed. This is caused by the fact
that the class of these epigroups is not homomorphically closed; it follows from the arguments
in Examples 3.56 and 3.61: as was noted above, H C K in the epigroup of Example 3.56, and
the epigroup of Example 3.61 is a homomorphic image of the former.

4 Finiteness conditions

4.0 Introductory remarks

Given a class of algebraic systems, by a finiteness condition is meant any property which is
possessed by all finite systems of this class. Imposing finiteness conditions is a classical ap-
proach in investigations of algebraic systems of different kinds. For semigroups, a broad group
of such conditions deals with conditions formulated in terms of ideals or congruences of certain
types, in particular, in terms of the partially ordered sets of principal (one-sided or two-sided)
ideals. Some facts in this direction are presented in [13, §6.6]; see also works [26, 30, 31, 42]
as well as [45, §3.6]. For example, in [26] the interdependence of several minimal conditions
(including, by the way, the property of being an epigroup) has been clarified. In this sec-
tion we shall focus attention on another group of conditions which are expressed basically in
terms of subsemigroups, especially in terms of the lattice of subsemigroups. They distinguish
some subclasses within the class of epigroups. A trivial finiteness condition is the property
of being plainly a finite semigroup. To describe semigroups with some non-trivial finiteness
conditions, we should clarify, so to speak, a character and a degree of “deviations” from the
property of being a finite semigroup. For semigroups considered in Subsections 4.1 and 4.2,
such deviations will always happen in the maximal subgroups only. Thus we have a complete
reduction to groups here. Information on groups with the conditions under consideration is
given in Subsection 4.3.
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Note that the conditions in question are hereditary for subsemigroups (or subepigroups),
S0, as in the situations examined in Section 3, the idea of “forbidden” objects can be used for
a characterization of the corresponding semigroups. These objects are now subsemigroups,
and the role of forbidden subsemigroups is played by semigroups having a unique infinite
basis. The absence of such subsemigroups is a crucial factor in a general scheme (presented
in Subsection 4.1) embracing many concrete finiteness conditions.

For more detailed information on the matters discussed in Subsections 4.1-4.3 (including
the proofs of many results), see [108, Chapter IV]. In Subsection 4.4 we will briefly touch on
several finiteness conditions for nilsemigroups, predominantly calling the reader’s attention
to some open problems.

4.1 Finitely assembled semigroups

A semigroup S is called finitely assembled (f.a.) if the sets Fg and S\ Gr S are finite. Any
f.a. semigroup is evidently an epigroup. The term “finitely assembled” is justified by the
observation that such a semigroup looks as if it is assembled from a finite family of (disjoint)
groups and a finite set of (non-group) elements. If in such a semigroup S all its maximal
subgroups belong to a fixed class X', we say that S is f.a. from groups of X. The structure
of f.a. semigroups is fairly clarified by the following description.

4.1 Proposition A semigroup S is finitely assembled if and only if S has a finite series of
ideals in which each factor is either finite or is a rectangular band of finitely many infinite
groups (this takes place for the kernel of S only) or is obtained from such a band by the
adjunction of a zero.

Note that this proposition in its non-trivial part is based on some statement relating to
a more general situation, namely, when a given epigroup has finitely many idempotents (this
is Proposition 11.1 in [108]).

A key role in the subsequent considerations of this subsection is played by certain prop-
erties formulated in terms of bases. By a basis of an algebraic system is meant an irreducible
(i.e., minimal) generating set of the given system. In order to distinguish bases of an epi-
group regarded as a (usual) semigroup or a unary semigroup, an epigroup basis of the given
epigroup will be called an epibasis. Recall that a semigroup of idempotents is often called a
band.

4.2 Proposition Any epigroup with finitely many idempotents and infinitely many non-
group elements has a (unipotent) subsemigroup [subepigroup] with a unique infinite basis
[epibasis].

4.3 Proposition Any epigroup with infinitely many idempotents has a subsemigroup with a
unique infinite basis. Such a subsemigroup may be taken to be either a nilpotent semigroup
or a band; so in both cases it is a subepigroup with a unique infinite epibasis.

Remark that the inevitable question of whether it is possible to retain only a band in the
conclusion of Proposition 4.3 has a negative answer, which the following example shows.

4.4 Example Consider a semigroup 7' = (¢; |t? = t;, i € N), and denote by T3 the set of all
elements in T' of the form t;t;, - --t;,, where n > 3 and adjacent elements ¢;, are distinct.
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Evidently T3 is an ideal of 7. It is seen that the Rees quotient semigroup S = T'/T3 has
infinitely many idempotents; however all the maximal subbands in S are two-element: each
of them consists of the zero T3 and {¢;} for some 3.

Propositions 4.2 and 4.3 immediately imply the following

4.5 Theorem If an epigroup has no subsemigroups with a unique infinite basis, then it is
finitely assembled.

The property in the premise of this theorem is not characteristic for finitely assembled
semigroups. A trivial counter-example is given by any group having a subsemigroup with a
unique infinite basis, for example, by a non-cyclic free group (which, as is well known, contains
a free subsemigroup of countable rank). However, by considering the subepigroup versions
of Propositions 4.2 and 4.3, we obtain another corollary of them which gives a necessary and
sufficient criterion.

4.6 Theorem Finitely assembled semigroups are exactly the epigroups without subepigroups
with a unique infinite epibasis.

For an abstract semigroup-theoretic property 6, a semigroup possessing this property will
be called a 6-semigroup. For quite a number of finiteness conditions, it is possible to cover
by a general scheme the description of semigroups satisfying these conditions. This scheme is
based on Theorem 4.5, or Theorem 4.6. To expound it, we need the following requirements
which may be satisfied for a property 6:

(A) 0 is hereditary for subsemigroups;
(B) any 6-semigroup has no unique infinite basis;

(C) any semigroup being the union of a finite family of #-subsemigroups is itself a 6-
semigroup.

4.7 Theorem Let 0 be a finiteness condition satisfying the requirements (A)—(C). Then a
semigroup is a B-epigroup if and only if it is finitely assembled from 0-groups.

When considering epigroups, one may also deal with similar requirements concerning
subepigroups:

(A’) 6 is hereditary for subepigroups;
(B) any 6-epigroup has no unique infinite epibasis;
(C) any epigroup being the union of a finite family of §-subepigroups is itself a #-epigroup.

4.7 Theorem Let 6 be a finiteness condition satisfying the requirements (A")-(C’) and, in

addition, such that an ideal extension of a 8-epigroup by a finite semigroup is a 8-epigroup.

Then a semigroup is a 8-epigroup if and only if it is finitely assembled from 6-groups.
These theorems give, under highly general requirements on a property 6, a description

of O-epigroups effecting a complete reduction to the case of groups. So further possible
advances in clarification of the structure of epigroups under consideration becomes entirely a
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task of group theory. It concerns, in particular, the interrelation between different conditions.
Indeed, let £(0) and G(6) denote the classes of all f-epigroups and all §-groups, respectively;
then we have the following immediate consequence of Theorems 4.7 and 4.7’.

4.8 Proposition Let 01 and 0y be two finiteness conditions satisfying the requirements in
Theorem 4.7 or in Theorem 4.7'. Then the inclusion E(01) C E(02) holds if (and obviously
only if) G(01) C G(02). This, in turn, implies similar conclusions for strict inclusion and
for the equality relation. Furthermore, if £(61) C E(02), then any O2-epigroup which is not a
01-epigroup contains a subgroup which, being a O-group, is not a 61-group.

The general scheme presented above has arisen as a result of several subsequent approx-
imations. It was first proposed, for the case of periodic semigroups and in a slightly weaker
form, in [93]. A strengthened variant was exhibited in [94]. Later the author found an im-
proved variant, but, as before, for periodic semigroups only; it was announced in [105] (notice
that f.a. semigroups were called almost finite there). Finally, the latter was extended to epi-
groups in [106]. Theorems 4.5 and 4.7 were announced in [99], Theorems 4.6 and 4.7 were
stated in [100].

In Subsection 4.2 we consider a number of concrete finiteness conditions covered by this
general scheme, namely, by Theorem 4.7. It should be noted that in most cases the semigroups
under consideration turn out to be periodic. Since a subsemigroup of a periodic semigroup
is automatically an epigroup, there is no need to apply Theorem 4.7’ in such cases, and
in the formulation of the corresponding specifications of Theorem 4.7 the assumption that
a semigroup be a priori an epigroup may be omitted. Furthermore, since a subsemigroup
of a periodic group is in fact a subgroup, the corresponding properties of groups may then
be formulated in terms of subgroups. Information about groups with the conditions under
discussion will be given in Subsection 4.3.

4.2 Certain concrete finiteness conditions

In the applications of Theorem 4.7 to concrete cases, one can easily verify requirements (A)
(C) (moreover, the validity of conditions (A) and (B) will always be practically obvious).
Almost all of the conditions considered below are formulated in terms of the lattice Sub of all
subsemigroups of a semigroup S. (In order to have the right to speak of Sub S as a lattice,
one has to treat the empty set as a subsemigroup).

If Sub S satisfies the minimal [maximal] condition, we will call such a semigroup S a
Min-semigroup [Max-semigroup]. It is obvious that any Min-semigroup is periodic. For this
condition Theorem 4.7 turns into the following statement.

4.9 Theorem A semigroup S is a Min-semigroup if and only if S is finitely assembled from
groups with the minimal condition for subgroups.

It is clear that the property of a semigroup of having only finite proper subsemigroups is
stronger than the property of being a Min-semigroup. Therefore Theorem 4.9 immediately
implies the following consequence in which a reduction to groups turns out to be simply
“dismembered”.

4.10 Corollary In a semigroup S, all the proper subsemigroups are finite if and only if S
is either a finite semigroup or an infinite group whose proper subgroups are finite.
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The assertion of this corollary for the case of commutative semigroups was proved in [35],
and it was observed there that an infinite abelian group whose proper subgroups are finite is a
quasicyclic group. Recall that a group G is called quasicyclic if it is given by the presentation

G ={a1,az,...,anla} =1, a¥ | = ay for all n € N),

where p is a prime number. The characteristic property of quasicyclic groups is that the
lattice of subgroups is an infinite chain (being in reality isomorphic to the chain N with
respect to the ordinary order).

In connection with Corollary 4.10, note that an interesting development of the theme
“semigroups whose proper subsemigroups have a lesser cardinality than that of the whole
semigroup” was accomplished in [48]. A semigroup with the property just mentioned was
called a Jdonsson semigroup there, and the following statement was proved.

4.11 Theorem If the generalized continuum hypothesis is assumed, then any Jonsson semi-
group s a group.

Let us turn to Max-semigroups. Such a semigroup does not have to be periodic or even
an epigroup; an example is provided by the infinite cyclic semigroup. Therefore in the
corresponding concrete version of Theorem 4.7 one cannot eliminate the assumption that a
semigroup under consideration be an epigroup. We obtain the following criterion.

4.12 Theorem An epigroup S is a Max-semigroup if and only if S is finitely assembled from
Max-groups.

As for Max-semigroups which are not epigroups, the situation is far from clear. One may
first notice the following property which is weaker than finite assembleness.

4.13 Proposition Any Max-semigroup has finitely many idempotents.

Further information about Max-semigroups can be given for commutative semigroups.
Here we have a complete description. Recall that any commutative semigroup is decompos-
able into a semilattice of archimedean semigroups, so one may speak about the archimedean
components of such a semigroup.

4.14 Theorem For a commutative semigroup S, the following conditions are equivalent:
(1) S is a Max-semigroup;

(2) S has finitely many archimedean components each of which is an ideal extension of a
semigroup embeddable in an (abelian) Max-group by a finite nilpotent semigroup;

(3) S is embeddable in a (commutative) semigroup which is finitely assembled from Max-
groups.

Condition (2) here is a modified variant of the criterion formulated in [37], the criterion
given by condition (3) was found in [107]. Note that certain information about commutative
Max-semigroups was previously obtained in [47]. In particular, the following statement has
been proved there.



366 L. N. Shevrin

4.15 Proposition For an archimedean commutative semigroup S without idempotents, the
following conditions are equivalent:

(1) S is a Max-semigroup;
(2) S is finitely generated;

(3) S is embeddable in the direct product of the infinite cyclic semigroup and a finite unipo-
tent semigroup.

A question concerning possible clarification of the structure of arbitrary Max-semigroups
was posed by the author in the late sixties and was formulated in [105, Question 50]. Con-
dition (3) of Theorem 4.14 suggests a plausible conjecture whose affirmation would mean
obtaining a good reducing description of Max-semigroups. This conjecture is that the answer
to question (a) in the following problem is affirmative. It seems advisable to consider also
questions (b) and (c) in this problem which are consequently weaker from the point of view
of the positive answers.

4.16 Problem

(a) Is any Max-semigroup embeddable in a semigroup which is finitely assembled from Max-
groups?

(b) Is any Max-semigroup embeddable in a finitely assembled semigroup?
(¢) Is any Max-semigroup embeddable in an epigroup?

These questions were first formulated in [107], together with the following problem.

4.17 Problem Is any Max-semigroup that can be embedded in a group embeddable in a
Max-group?

In what follows we mention several more conditions covered by Theorem 4.7. There is no
need to reproduce the special formulations of the theorem for these conditions; remark only
that each of the conditions under consideration implies periodicity of a semigroup satisfying
this condition. We present mostly the definitions of these conditions and note some inter-
relations between them. As already remarked in Subsection 4.0, all relevant details can be
found in [108, Chapter IV].

A semigroup S is said to have finite rank [finite breadth] r if any finitely generated
subsemigroup of S is generated by at most 7 elements [for any r + 1 elements of S, at least
one belongs to the subsemigroup generated by the others], and r is the least number with
this property. A semigroup which is not a semigroup of finite rank [finite breadth] is called a
semigroup of infinite rank [infinite breadth]; similarly we shall use the word “infinite” for to
other conditions which have a numerical meaning. The formulated definition of a semigroup
of finite breadth is equivalent to the definition given originally in terms of the subsemigroup
lattice; for a semigroup S, the property of having finite rank cannot be expressed in terms
of SubS. Any semigroup of finite breadth is of finite rank which is not greater than the
breadth. The direct product of a countable set of cyclic groups which have distinct prime
orders provides an example of a semigroup of rank 1 and of infinite breadth.
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A semigroup S is said to be narrow [of finite length €] if all antichains in the lattice Sub S
are finite [all chains in Sub S are finite, their lengths are bounded by ¢, and ¢ is the least
number with this property]. A simple lattice-theoretic observation shows that a semigroup
of finite length has finite breadth which is not greater than the length. A quasicyclic group
provides an example of a semigroup of breadth 1 and infinite length. Any narrow semigroup
is a Min-semigroup (it is easy to show) and has finite breadth (it follows from Theorems 4.26
and 4.22, taking into account Proposition 4.3).

A semigroup is said to be of finite lattice dimension d if Sub S has dimension d, which
means that Sub S is embeddable in the direct product of d chains, and d is the least number
with this property. Any semigroup of finite lattice dimension has finite breadth which is not
greater than this dimension (this is a manifestation of a non-trivial lattice-theoretic fact).
The direct product of two quasicyclic p-groups for the same p provides an example of a
semigroup of breadth 2 which is not narrow and has infinite lattice dimension.

There are some other conditions of the same character. We mention only one of them
here; not being included in our general scheme (namely, requirement (C) is not satisfied),
it is closely connected with the conditions considered above. We will say that a semigroup
S is of finite width w if Sub S has finite width w, which means that the cardinalities of all
antichains in Sub S are bounded by w, and w is the least number with this property. Any
semigroup of finite width is obviously narrow. The direct product of two quasicyclic groups
for distinct primes provides an example of a narrow semigroup of infinite width.

4.18 Theorem (a) Any semigroup of finite width is finitely assembled from groups of finite
width. (b) A finitely assembled semigroup S in which at most one of the maximal subgroups
is an infinite group of finite width, and the others are finite, is a semigroup of finite width.

The necessary [sufficient] condition given by statement (a) [resp., (b)] is not sufficient
[necessary]; the counter-examples are given in [108]. The gap between these two conditions
seems to be rather narrow. This augments the interest in the following problem which was
actually noted in [90] and formulated explicitly in [106, Part 1].

4.19 Problem Find a necessary and sufficient condition describing the structure of semi-
groups of finite width.

4.3 The case of groups

First of all, note that, for the subgroup lattice of a group, the minimal condition implies
periodicity of the given group; the same takes place for finiteness of breadth, finiteness of
dimension, the property of being narrow (and thereby for finiteness of length or width).
Hence, for groups satisfying these conditions, there is no difference between subsemigroups
and subgroups.

We start our considerations here by mentioning that there was the long-standing problem
of whether any group of finite length is in fact finite. This problem was posed by I. Kaplansky
in the forties, see [4, Problem 43]. Groups providing a negative solution have been constructed
in [55-57], see also [58, Chapter 9]. In these groups every proper subgroup is of prime order,
so the subgroup lattice of such a group has the following diagram.
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Here the prime orders of proper subgroups can be either distinct or the same. In the latter
case one obtains the answer to a question which was known as the Tarski’s problem: Does
there exist an infinite group whose proper subgroups have the same prime order? The groups
constructed in the works mentioned above gave the solution of other problems open for a long
time (see, for instance, comments at the beginning of §27 in [58], or comments on Question I'4
in [33, §1]). The proofs of such results are based on fruitful geometric methods to study groups
presented by defining relations, see [58].

Let us turn to the other conditions considered in Subsection 4.2. We will use the notation
Min [resp., Max] for the minimal [maximal] condition for subsemigroups, Rn [resp., Br, Ln] for
finiteness of rank [breadth, length], and Per for periodicity. We have the following implication,
observed above: Ln = Min & Max & Br, Br = Rn = Per. There were open questions
concerning more precise interrelations between these conditions. Several such questions were
formulated in [89] (see also [105, Questions 51-55], and [33], where all the questions from [89]
are reproduced). In [33] the examination of the interdependence of the listed conditions was
completed: the questions have been solved negatively, even in their strongest form. The main
result of [33] is the following theorem.

4.20 Theorem (a) The conjunction Min & Max & Br does not imply Ln. (b) The conjunc-
tion Min & Max & Rn does not imply Br. (c) The conjunction Min & Max does not imply Rn.
(d) The congunction Min & Br does not imply Max. (e) The conjunction Max & Br does not
imply Min.

Previously, an example of a group constructed in [14] showed that Min does not imply
Br. In [33] there are some related results as well. For instance, the problem discussed
in [105, Question 56] was settled. That question was about the interrelation between Min
and the property of having an at most countable subgroup lattice for periodic groups. It
turned out that both implications are not true for the conditions in question, see Theorems 4
and 5 in [33] (the latter is taken from [54]). In contrast to the situation for arbitrary periodic
groups, these two conditions as well as Min and Br are equivalent for locally finite groups,
see Theorem 4.22 below. Recall that a group G is called locally finite (I.f.) if every finitely
generated subgroup of G is finite.

A special type of L.f. groups is represented by so-called Chernikov groups. A group is said
to be a Chernikov group if it is an extension of a direct product of finitely many quasicyclic
groups by a finite group. It is well known that Chernikov groups satisfy the minimal condition
for subgroups. One of the crucial results in this area is given by the following theorem proved
independently in [38] and [111] (for a proof, see also [39]).

4.21 Theorem A locally finite group satisfies the minimal condition for abelian subgroups
if and only if it is a Chernikov group.

Taking into account this theorem as well as some properties of groups of finite breadth
established in [90], we obtain the equivalence of conditions (1), (2), and (4) of the next
theorem. As to condition (3), it can be added in view of Theorem 13.9 of [108].
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4.22 Theorem For a locally finite group G, the following conditions are equivalent:
(1) G is a Min-group;
(2) G is a Br-group;
(3) the subgroup lattice of G is at most countable;
(4) G is a Chernikov group.

Any Max-group is obviously Noetherian, i.e., satisfies the maximal condition for sub-
groups, but the former condition is stronger than the latter, even in the case of abelian
groups, as the following statement shows.

4.23 Proposition An infinite abelian group is a Max-group if and only if it is the direct
product of the infinite cyclic group and a finite group.

This statement can be generalized as follows, where the situation is completely transpar-
ent. Recall that, for some property 6, a group is said to be a finite extension of a 0-group, or
0-by-finite, if it has a normal subgroup of finite index which is a #-group.

4.24 Theorem Any soluble Max-group is necessarily cyclic-by-finite. Conversely, any cy-
clic-by-finite and, more generally, any Max-by-finite group is a Max-group.

The assertions of this theorem for the case of soluble groups were proved in [107]. As to
the converse assertion in the general case, it was noted in [107] as an open question. This
question was reproduced also in [106, Part 1], and in [34], and it was soon settled in [59],
that has been reflected in [108, Lemma 13.5.5].

The existence of the groups mentioned in Theorem 4.20 gives no hope of obtaining a
satisfactory description of periodic Max-groups. As to non-periodic Max-groups, apparently
there is also no hope of obtaining a transparent description: the types of such groups are
too diverse, as the following statements show. These statements were proved in [34], see
Theorems 1 and 2 there.

4.25 Theorem There are continuously many non-isomorphic 2-generated torsion-free groups
in each of which every maximal subsemigroup is a cyclic group, and distinct mazimal sub-
groups intersect trivially. For any sufficiently big prime p (e.g., p > 10%9) there are con-
tinuously many non-isomorphic 2-generated non-periodic groups G such that the identity
2P (xPyP)P = (axPyP)PxP holds in G; every mazimal subsemigroup of G is a cyclic group either
of infinite order or of order p, and distinct mazximal subgroups of G intersect trivially.

The structure of infinite narrow groups and infinite groups of finite width is described by
the following statements proved in [92] and [90], respectively. One can see that such groups
are automatically locally finite.

4.26 Theorem An infinite group is narrow [of finite width] if and only if it is the direct prod-
uct of a finite group and finitely many quasicyclic groups with distinct primes [a quasicyclic
p-group for some prime p| not dividing the order of the finite factor.

The next theorem was stated in [101].
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4.27 Theorem A locally finite group of finite lattice dimension is a finite extension of the
direct product of finitely many quasicyclic groups for distinct primes.

It seems quite plausible that the converse to this statement is true as well. But there is
no proof by now, therefore one has to formulate the following

4.28 Problem Does any group which is a finite extension of the direct product of finitely
many quasicyclic groups for distinct primes have finite lattice dimension?

4.4 On nilsemigroups

Being of independent interest, along with groups, as one of the most important types of
unipotent epigroups, nilsemigroups occur in various semigroup-theoretic investigations. In
particular, they appear as certain components of the structure of some epigroups examined;
see relevant statements in Section 3. Remark that nilsemigroups could serve as the subject
matter of a separate survey, and the author hopes to prepare such a survey in the future. Here
we restrict our consideration only to information relating to some long-standing problems.

Note first that all the conditions considered in Subsection 4.2, as applied to nilsemigroups,
are reduced to the property of simply being a finite semigroup. This may be regarded as
an immediate consequence of the general result given by Theorem 4.7. But what actually
happens is that the proof of this result (in essence, of Propositions 4.1 and 4.2) uses in one
of the key steps the following fact about nilsemigroups established in [87].

4.29 Theorem Any nilsemigroup whose nilpotent subsemigroups are finite is itself finite.

Applications of this fact are based on the observation that, for a nilpotent semigroup 7'
(which is not a singleton), the set 7'\ T2 is its unique basis, and 7" is finite if and only if this
basis is finite. Hence for many properties which are hereditary for subsemigroups, obvious
arguments reduce questions discussed for nilsemigroups to their nilpotent subsemigroups.

It is easy to ascertain that a finite nilsemigroup is in fact nilpotent. Therefore the prop-
erty of being a nilpotent semigroup may be regarded as the strongest non-trivial finiteness
condition for the class Nif. There are diverse weaker such conditions; we will consider only
a few of them.

A semigroup is called locally nilpotent (I.n.) if each of its finitely generated subsemigroups
is nilpotent. Remark that if we speak about a nilpotent subsemigroup H of some semigroup S,
then the zero of H does not have to be the zero of S, but it is obvious that any l.n. semigroup
is unipotent and so is a nilsemigroup. Since a finitely generated nilpotent semigroup is finite,
L.n. semigroups are precisely locally finite nilsemigroups. There exists an infinite 2-generated
[3-generated] semigroup satisfying the identity 2 = 0 [22 = 0]. Such nilsemigroups which
are not l.n. can be easily constructed by using the famous so-called Thue-Morse words (see,
for instance, [49, Section A3], or [45, §2.6]).

A proper subclass of the class of 1.n. semigroups is formed by semigroups with the idealizer
condition. Recall that the idealizer of a subsemigroup 7 in a semigroup S is the greatest
subsemigroup in S containing T as an ideal. A semigroup S is said to satisfy the idealizer
condition, or to be an I-semigroup, if any proper subsemigroup of S is distinct from its
idealizer. A well ordered series {0} = Ag C A1 C -+ C Aq C Aqq1 C - C Ag = S of ideals

of a semigroup S with zero (where, as usual, A, = U7 <o Ay for every limit ordinal a) is
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called an ascending annihilator series (a.a.s.) of S if SAq+1 U Aqt1S C A, for every a < .
It is easy to see that every semigroup with an a.a.s. is an I-semigroup. In [86] it was shown
that every I-semigroup is L.n. However, it is unknown whether the converse is true, so the
following problem is still open.

4.30 Problem Does the idealizer condition imply the existence of an ascending annihilator
series in a given semigroup?

This problem arose in the early sixties and was explicitly formulated by the author later
in [91, Problem 1.50a] in the following equivalent form: Does every I-semigroup have the
non-trivial annihilator? Recall that the annihilator of a semigroup S with zero is the set
{a € S|laz = za = 0 for each x € S}. The equivalence of these two formulations can
be easily derived from the fact that a homomorphic image of an I-semigroup is again an
I-semigroup.

Another open problem concerns semigroups all of whose proper subsemigroups are nilpo-
tent. We call such a semigroup almost nilpotent. If H is a proper nilpotent subsemigroup
of a semigroup S, and the zero of H is the zero of S, then H is distinct from its idealizer.
Therefore every almost nilpotent nilsemigroup is an I-semigroup. As is shown in [88], almost
nilpotent semigroups not being nilsemigroups are exhausted by 2-element bands and cyclic
groups of prime order. For the nil case, we have the following problem.

4.31 Problem Is any almost nilpotent nilsemigroup in fact nilpotent?

This problem was first noted in [86] and, after that, in [88]. It was formulated later
in [91, Problem 1.52], and from that time this intriguing problem attracted the attention of
a number of researchers. There are results which give an affirmative answer under different
additional restrictions on a semigroup; they concern Problem 4.30 as well. We mention
particularly the paper [28], where, among other results, certain connections of Problems 4.30
and 4.31 with yet another problem relating to I-semigroups (namely, Problem 1.51a from [91])
was established. A survey of the results concerning the problems under discussion was given
in [103]. As was noted in the work mentioned, these problems are connected: namely, a
counter-example to Problem 4.31 will be at the same time a counter-example to Problem 4.30.
In [103] some properties are pointed out which have to be possessed by an almost nilpotent
but non-nilpotent nilsemigroup if such a semigroup exists. These properties show that a
corresponding example should be rather freakish. An approach to produce such an example
was also suggested in [103]; moreover, even a candidate for a counter-example was proposed
there. However, in the plan of a hypothetical proof, a concrete place was indicated where the
construction proposed might lead to a collapse. Such a collapse was, indeed, detected later
in [112]. So, Problem 4.31, being open by now for more than 40 years, is waiting for new
attempts to attack it.

The following diagram of inclusions shows the interrelations between the above-mentioned
classes of semigroups.
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Nilsemigroups
L.n. semigroups

 [-semigroups

Almost . . ;
nilpotent "~ Semigroups with an a.a.s.

nilsemigroups

 Nilpotent semigroups

Continuous lines correspond to strict inclusions, dotted ones mean that we have two unsolved
problems here.
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Abstract

We review several algebraic formalisms used for characterizing families of regular tree
languages. A theory based on syntactic algebras and varieties of congruences is presented
in detail, including the Variety Theorem that establishes the correspondences between
varieties of tree languages, varieties of finite algebras and varieties of congruences on the
finitely generated term algebras. Several examples of varieties of tree languages are given.
Also generalizations of this theory as well as some alternative approaches are considered.

1 Introduction

In 1976 Samuel Eilenberg [18] presented his fundamental Variety Theorem that establishes
a bijective correspondence between varieties of finite monoids and certain families of regular
languages that he called *-varieties, or alternatively, between varieties of finite semigroups
and so-called +-varieties consisting of regular languages that do not include the empty word.
The variety theorem was preceded, and inspired, by some remarkable results about certain
individual families of regular languages. First of all, M. P. Schiitzenberger [77] had shown
in 1965 that a regular language is star-free exactly in case its syntactic monoid is aperiodic,
that is to say, all of its subgroups are trivial. This theorem gave a decision method for
an important family of languages that arises in many seemingly independent ways. In the
early 1970’s several other families of regular languages had been similarly characterized.
By describing exactly the families of regular languages that can be characterized this way
by syntactic monoids or syntactic semigroups, the variety theorem has provided a general
framework for the classification of regular languages that has retained its place till this day.
Of course, there have also been some important amendments to the variety theory itself, such
as Thérien’s varieties of congruences [86, 87] and Pin’s theory of positive varieties [64]. For
the theory of string language varieties the references [2, 18, 37, 45, 63, 64] are recommended.

Algebraic classifications of regular string languages are almost exclusively based on semi-
group theory via syntactic monoids or semigroups (although a classification corresponding to
varieties of finite unary algebras is also possible, cf. [83, 57, 58, 59]). It appears clear that
syntactic monoids or semigroups are not equally well suited for describing properties of tree
languages. In fact, we shall see that many natural families of regular tree languages cannot
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be characterized by these syntactic invariants, and that there are more promising approaches.
In [78, 80] and [1] the syntactic algebra of a subset of any algebra is defined in such a way
that the syntactic algebra of a string language L over an alphabet X becomes its syntactic
monoid when L is viewed as a subset of the free monoid X*. Similarly, if L does not contain
the empty word, then its syntactic algebra as a subset of the free semigroup X7 is its usual
syntactic semigroup. For a tree language T, defined as a set of terms over a finite set ¥ of
operation symbols, i.e., a ranked alphabet, and a finite set X of variables, the syntactic alge-
bra is a Y-algebra that is finite exactly in case T' is a regular tree language. Using syntactic
algebras it is possible to prove a general variety theorem that establishes a correspondence
between certain families of recognizable subsets (as defined in [52]) of finitely generated free
algebras over a given variety V of ¥-algebras and varieties of finite 3-algebras. For the vari-
eties of monoids and semigroups, the two cases of Eilenberg’s variety theorem are obtained.
On the other hand, if V is taken to be the class of all X-algebras, the free algebras are term
algebras and we obtain a variety theorem that establishes a bijection between varieties of
tree languages and varieties of finite 3-algebras. It turns out that a considerable part of the
known families of special regular tree languages are such varieties of tree languages.

As shown in [1] and [80], the variety theorem can be completed with varieties of congru-
ences also for tree languages. The theory can also be generalized in various ways. Firstly,
in [84] a variety theory that does not assume a fixed ranked alphabet is presented. Thus we
obtain generalized varieties of tree languages that include regular tree languages over any pair
of alphabets ¥ and X. On the other hand, in [73] it is shown how the theory can be formu-
lated for many-sorted tree languages. Then there is naturally the above mentioned general
formulations of [1] and [78] in which tree languages are replaced by recognizable subsets of
free algebras over a given variety. Moreover, there are several alternative approaches, a fact
that once again shows that generalizations from strings to trees are not always obvious or
unique. The natural idea of defining syntactic monoids and syntactic semigroups for tree lan-
guages was realized by Thomas [88, 89] who also characterized non-counting tree languages
by their syntactic monoids. However, we shall see that syntactic monoids or semigroups
are of limited use in the case of tree languages. In [22] Esik proposes another alternative
framework in which tree languages are classified by their syntactic algebraic theories—here
the ‘algebraic theories’ are the special categories introduced by Lawvere (1963; cf. [20] or [22]
for the reference). In Wilke’s [92] approach the syntactic invariant used is the syntactic tree
algebra of a tree language. This is a 3-sorted algebraic structure that in some sense embodies
the syntactic algebra as well as the syntactic monoid, or the syntactic semigroup, of the tree
language. The theory differs from those mention before in that trees are not defined directly
as terms but they are represented by terms over an ‘external’ 3-sorted alphabet. The type of
the syntactic tree algebra does not depend on the label alphabet. Instead, the label alphabet
serves as a generating set of the free tree algebra in the same way as the alphabets of string
languages generate the free monoids. However, the formalism is restricted to binary trees.

The theory of finite tree automata and regular tree languages can be formulated as an
algebraic generalization of the theory of finite automata and regular languages in such a way
that Universal Algebra becomes the natural mathematical framework for it. In Section 2
we recall some basic algebraic notions and establish the corresponding notation to be used.
Section 3 is then a brief introduction to finite automata, regular languages, and Eilenberg’s
variety theory. It should facilitate the understanding of the corresponding tree theory and
also put the subject matter of this paper into a proper perspective. In Section 4 it is shown
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how trees are defined as terms. The next two sections introduce the basic notions of the
theory of finite tree automata and regular tree languages. In Section 5 tree recognizers are
defined as finite algebras equipped with initial state assignments and sets of final states, and
then we present some algebraic characterizations of the tree languages recognized by them,
the regular tree languages. Section 6 introduces several operations on tree languages and
notes the closure properties of the family of regular tree languages under them.

Sections 7 to 12 form the core part of the paper. The presentation is based to a great
extent on reference [80], but it has been updated and extended in many ways. On the other
hand, some technical proofs are omitted. Section 7 introduces varieties of tree languages, the
families of regular tree languages to which the variety theory applies. In Section 8 syntactic
congruences and syntactic algebras are considered. This can be done for subsets of arbitrary
algebras, not just tree languages, and then the results become immediately available in many
other similar theories. In Section 9 we consider varieties of finite algebras, also called pseudo-
varieties. These have been studied quite extensively in Universal Algebra independently of
tree languages, and some references to such work are given. Varieties of finite congruences
are introduced in Section 10. These are certain systems of filters of the congruence lattices
of finitely generated term algebras that are very convenient for defining varieties of tree lan-
guages. In Section 11 all these ingredients are brought together to yield the Variety Theorem
that establishes bijective correspondences between varieties of tree languages, varieties of
finite algebras and varieties of congruences. In Section 12 we consider several examples of
varieties of tree languages. Most of these are defined through the corresponding varieties of
congruences, and in some cases also the corresponding variety of finite algebras can be given.
Many of these families have also been studied in connection with the problem of inferring
tree languages from samples (cf. [43] and [46], for example).

The next two sections are devoted to various generalizations and alternative approaches.
Hence, in Section 13 we consider varieties of recognizable subsets of [78] and [1], the theory
of many-sorted varieties developed in [73], and the theory of generalized varieties of tree
languages (GVTLs) of [84]. We also mention the theory of positive varieties of tree languages
recently put forward in [60]. Section 14 begins with a discussion of syntactic monoids of tree
languages and a couple of examples of their use, but we will also note the limitations of the
approach. In particular, we note a recent important result by Salehi [71] that characterizes
the GVTLs that can be defined by syntactic monoids or syntactic semigroups. Then we note
the syntactic theory approach of [22], mentioned already above, the related work on syntactic
pre-clones by Esik and Weil [23], as well as the tree algebras of [92].

In the last section, Section 15, we consider tree languages accepted by deterministic
top-down tree recognizers, called DT-recognizable tree languages for short. These form a
proper subfamily of the family of all regular tree languages [47]. It is not a variety of tree
languages, but its Boolean closure is (as noted in [38, 39]). However, most of the section is
devoted to the syntactic path monoids and syntactic path semigroups introduced by Gécseg
and Steinby [30]. These are obtained from the string languages that describe the labelled
paths leading from the root to a leaf with a given label in a tree belonging to the given tree
language—there is such a language for each leaf symbol. It seems possible that syntactic
path monoids or semigroups are suitable for characterizing families of DT-recognizable tree
languages because DT-recognizable tree languages are completely determined by their path
languages (cf. [12, 90, 28, 39, 29]).

The references are naturally an essential part of a paper like this, and hopefully all the
most important works are mentioned.
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2 Algebraic Preliminaries

Let us begin with some general notation. First of all, the symbol := is sometimes used in
definitions. Thus we write A := B to indicate that A is defined to be equal to B. The basic
set theoretical symbols N, U, C, C,... have their usual meanings. The power set of a set U
is written as pU. A family F C U of subsets of U is a field of sets on U if (1) 0,U € F,
and (2) SNT,SUT,S —T € F whenever S,T € F. The Boolean closure of a set S C pU
of subsets of U is the least field of sets F on U such that S C F. A Boolean subalgebra of a
field of sets F C pU is any subfamily B C F of F that also forms a field of sets on U.

Let @ C A x A be a relation on a set A. The fact that (a,b) € 6, for some a,b € A, is often
expressed by writing a@b. The converse of § is the relation §=! = {(b,a) | (a,b) € 6} on A.
The product of two relations 6 and p on A is the relation 6o p = {(a,c) | (3b € A)abb, bpc}
on A. The diagonal relation {(a,a) | a € A} and the universal relation A x A are denoted
by A4 and V 4, respectively. A relation § C A x A is an equivalence relation, or simply an
equivalence, on Aif Ay C 0,071 C @ and 0of C 6. The set of all equivalences on A is denoted
by Eq(A). The restriction of an equivalence 6 € Eq(A) to a subset B C A is the equivalence
0p := 0N (B x B) on B. For 6 € Eq(A), the quotient set A/0 is the set {a/0 | a € A}, where
a/0 ={be A|afb} is the f-class of a € A. If A/0 is finite, 0 is said to be of finite indez, or
simply to be finite. An equivalence 6 € Eq(A) is said to saturate a subset H of A if H is the
union of some 6-classes.

A mapping ¢ : A — B may also be viewed as a special relation between A and B. Often
we write ap for the image ¢(a) of an element a € A. This notation is used especially when
¢ is a homomorphism. Furthermore, for any H C A and any K C B, we write Hy for
o(H) :={ap | a € H} and Ko~! for ¢ Y(K) := {a € A | ap € K}. If § € Eq(B) is an
equivalence on B, then ¢ o 0o ¢! is the equivalence {(a1,a2) € A x A| a1pfazp} on A.

All lattice theory needed in the theories to be considered, can be found in any standard
text on universal algebra, such as [9] or [32], for example. Let us just recall some notions to
be used here. Partial orders will be called simply orders. Hence an ordered set is pair (A, <)
consisting of a non-empty set A and a relation < on A that is reflexive, antisymmetric and
transitive. A lattice is an ordered set (A, <) such that any two elements a,b € A have a least
upper bound, the join a V b, and a greatest lower bound, the meet a Ab. A complete lattice
is an ordered set (A4, <) such that the least upper bound sup H and the greatest lower bound
inf H exist for every H C A. It is well known that an ordered set is a complete lattice if all
greatest lower bounds exist.

Some of the ordered sets to be considered here are algebraic lattices of the following special
kind. Let S C pU be a set of subsets of a universe U. Then (S, C) is an algebraic lattice if
NCeSforallCCS, and D € S for every directed D C S; D is directed if for any two
sets X,Y € D, there is a set Z € D such that X, Y C Z. Of course, any algebraic lattice is a
complete lattice.

Finally, let us recall that a filter of a lattice (A, <) is a non-empty subset F of A such
that (1) a < b and a € F imply b € F, and (2) a Ab € F whenever a,b € F. The filter
generated by a non-empty subset H C A, i.e., the least filter [H) containing H, can easily be
shown to be the set {a € A| (3n > 0) (Fby,...,bpb € H) D1 A...Aby < a}.
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The tree automata to be considered here are essentially finite algebras of finite type.
Therefore we recall some basic notions of universal algebra. For systematic introductions to
the subject we refer the reader to any of the books [2, 9, 10, 32, 91], for example.

Let ¥ be a set of operation symbols. Hence each symbol in 3 has a unique non-negative
integer arity. For each m > 0, ¥,, denotes the set of m-ary symbols in . A Y-algebra A
consists of a non-empty set A and a Y-indexed family of operations fA on A such that if
f €, (m>0), then fA: A™ — A is an m-ary operation, and any ¢ € ¥y is realized as a
constant ¢ € A. We write A = (A,%), and call A finite if A is a finite set. A one-element
Y.-algebra is said to be trivial.

A Y-algebra B = (B,X) is a subalgebra of a 3-algebra A = (A,X) if B C A and every
operation fB of B is the restriction to B of the corresponding operation f4. In particular,
B = ¢Afor every ¢ € ¥y. This also means that B is a closed subset of A, i.e., f““(bl7 sy bm) €
B whenever m > 0, f € &,, and by,... by, € B, and ¢* € B for every ¢ € Zy. Since there
is a natural bijection between the subalgebras and the non-empty closed subsets of A, non-
empty closed subsets are also called subalgebras. Let Sub(.A) be the set of all closed subsets
of A. The intersection of any set of closed subsets is again closed. Hence, any subset H of
A is contained in a unique minimal closed subset (H) that, when non-empty, is called the
subalgebra generated by H. Obviously, (H) # 0 if H # 0, and (})) = () exactly in case ¥o = 0.

A mapping ¢ : A — B is a homomorphism from A = (A4,%) to B = (B,X), expressed
by writing ¢ : A — B, if fA(al,...,am)go = fB(a1<p, coyame) for all m > 0, f € ¥, and
ai,...,am € A, and ¢Ap = B for every ¢ € £y. A homomorphism is called an epimorphism
if it is surjective, a monomorphism if it is injective, and an isomorphism if it is bijective. The
algebras A and B are isomorphic, A = B in symbols, if there is an isomorphism ¢ : A — B.
If there is an epimorphism ¢ : A — B, then B is said to be an (epimorphic) image of A.

Let A and B be X-algebras. If A is an image of some subalgebra of B, we write A < B
and say that A is covered by B, or that A divides B. It is clear that for any X-algebras A,
Band C, (1) A 2 Aand (2) A <X B and B < C imply A < C. Moreover, if A and B are
finite, then (3) A < B and B < A if and only if A = B. Of course, A < B whenever A is
isomorphic to a subalgebra of B or an image of . Hence the <-relation may be used as a
common generalization of the subalgebra and image relations.

A congruence on A = (A, X) is an equivalence relation  C A x A such that for any m > 0,
feXy,and ar,...,am,b1,...,bp € A,

ar0by,. .. am0bn = fAar, . am) 0 A, b).

Let Con(.A) denote the set of all congruences on A = (A, X). It includes at least the diagonal
relation A4 and the universal relation V 4. For any 6 € Con(A), the quotient algebra A/0 =
(A/6,%) is defined by setting

FA% a1/, .. am/0) = fAar,. .. am)/0

forallm >0,f €%, and a1, ...,am € A, and ¢cV? = cA/O for each ¢ € ¥y. The operations
of A/ are well-defined precisely because 6 € Con(A), and the natural mapping

0" : A— AJO, a— a/b,

is an epimorphism from .4 onto A/6; it is called the natural homomorphism. Futhermore, the
kernel ker ¢ = {(a,a’) € Ax A| ap = d’'¢} of any homomorphism ¢ : 4 — B is a congruence
on A. Moreover, if ¢ is an epimorphism, then 4/ ker ¢ = B.
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Let us recall that a right congruence on a semigroup S is an equivalence 6 on .S such that,
for any a,b,c € S, a0 b implies ac bc. Left congruences are defined similarly, and it is clear
that an equivalence on a semigroup is a congruence if and only if it is both a left and a right
congruence.

A mapping p: A — A is an elementary translation of an algebra A = (A,X) if

p(f) :fA(ah"'7ai—17§7ai+17~~~aam)a

for some m >0, f € ¥,,, 1 <i <m and ay,...,a-1,8i11,-..,am € A (and where ¢ is a
variable ranging over A). Let ETr(A) denote the set of all elementary translations of A. The
set Tr(A) of all translations of A is the smallest set of unary operations on A that contains
the identity map 14 : A — A, a — a, and all elementary translations, and is closed under
composition. The following useful fact is easy to verify.

2.1 Lemma Any congruence 6 on a X-algebra A = (A,X) is invariant with respect to every
translation p € Tr(A) of A, i.e., a@b implies p(a) O p(b). In addition, any equivalence on A
invariant with respect to all elementary translations of A, is a congruence on A.

The direct product [];c; Ai = (I1;e; As, X) of an indexed family (A; | i € I) of ¥-algebras
A; = (A;,X) is defined by setting for every j € I,

ineIAl(alv [ 7am)(.j) = fAj(al(.j)?‘ = amU))?

for any m > 0, f € Xy, a1, ..., am € [[;c; As, and dlier 4i(5) = ¢4 for every ¢ € To; recall
that an element of [[,.; A; is a mapping a : I — |J,c; Ai such that a(i) € A; for every
i € I. For each j € I, the j'™ projection m; : [[;c; Ai — Aj, a — a(j), is easily seen to be
an epimorphism from [[,.; A; onto A;. A subalgebra B = (B,X) of [[,c;A; is a subdirect
product of the algebras A; = (4;,X) (i € I) if Brj = A; for every j € I, and such a subdirect
product is proper if no m; is injective, that is to say the restriction of m; to B does not
define an isomorphism between B and .A;. A monomorphism ¢ : A — [[;c; A; is a (proper)
subdirect decomposition of A = (A,%) if Ap is a (proper) subdirect product. An algebra is
subdirectly irreducible if it has no proper subdirect decomposition. It is well-known that a
non-trivial algebra A = (A4, X) is subdirectly irreducible if and only if it has a unique minimal
non-diagonal congruence, that is to say, if and only if ({6 € Con(A) | 0 D A} D Ayg.

As usual, we write Ay X - x A, for [],.; A; when I = {1,...,n} is finite, and for n = 0
this product is taken to be a trivial X-algebra (that is unique up to isomorphism).

For any class K of 3-algebras,

(1) S(K) is the class of all algebras isomorphic to a subalgebra of some algebra in K,
(2) H(K) is the class of all images of members of K, and
(3) P(K) is the class of all algebras isomorphic to the direct product of members of K.

A class K of X-algebras is a variety if S(K), H(K),P(K) C K. The intersection of all
varieties of ¥-algebras containing a given class K of Y-algebras, the variety generated by K,
is denoted by V(K). It is well known that V(K) = HSP(K) (= H(S(P(K)))). Moreover, any
variety is generated by its subdirectly irreducible members.

If ¥ is a set of operation symbols and X a set of symbols disjoint from X, then the set
T5(X) of X-terms with variables in X is the smallest set T" such that
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(1) XU C T, and
(2) f(t1,...,tm) € T whenever m >0, f € ¥, and t1,...,tm € T.

Clearly, T, (X) # 0 if and only if ¥gU X # 0, and in that case the XX -term algebra Tx(X) =
(T(X), %) is defined by setting ¢Z=X) = ¢ for ¢ € Zo, and fF=) (¢, .. ty) = Flt, ... tm)
for any m > 1, f € 3, and t1,...,t, € Tx(X).

The term algebra 7x(X) is freely generated by X over the class of all ¥-algebras, i.e.,

(1) 7(X) is generated by X, (X) = Tn(X), and

(2) for any Y-algebra A = (A,X), every mapping a : X — A has a unique extension to a
homomorphism a4 : T5(X) — A.

The requirement that a4 : 7s(X) — A be a homomorphism such that za4 = a(x) for every
z € X, gives inductively a unique value ta 4 to every t € Tx(X):

o zay = a(z) for any z € X;
e cay = CTE(X)aA = ¢ for any ¢ € X;
o tay = fTE(X) (tlv cee 7t'm,)aA = fA(tlaAa cee 7tma¢4)a for t = f(tlv o 7t'm,)~

The term function t* : AX — A defined by a ©X-term ¢ € Tx(X) is now obtained by
setting t4(a) = tay for any o : X — A (i.e., a € AX). For example, if t = f(g(2),c), then
tA(a) = tayg = fFAg*(a(x)), ).

3 Finite automata and regular languages

In this section we review some relevant parts of the theory of finite automata and regular
languages. Proofs and further results can be found in [6, 17, 37, 44, 94], for example.

In what follows, an alphabet is a finite non-empty set of symbols called letters. If X
is an alphabet, then X* denotes the set of all (finite) words over X, e is the empty word,
and X is the set of non-empty words over X. The free monoid generated by X under the
concatenation operation (u,v) — uv with e as the identity is also denoted X*. Similarly, X+
also stands for the free semigroup generated by X. Subsets of X* are called languages, and
subsets of X are e-free languages.

An X-automaton is a triple (A, X, ¢) consisting of a finite non-empty set A of states, the
input alphabet X, and a transition function § : Ax X — A; forany a € A and x € X, 6(a, z)
is the next state of the automaton if a is the present state and z is the input letter currently
read by the automaton. The transition function § is extended to a function 6* : A x X* — A
by setting §*(a,e) = a and §*(a,ux) = 6(6*(a,u),z) for all a € A, u € X* and =z € X.
Then, for any a € A and w € X*, §*(a,w) is the state reached from state a after reading
the input word w. An X-recognizer is a system A = (4, X, 4, ap, F), where (A, X, ) is an
X-automaton, ag € A is the initial state, and F' C A is the set of final states. The language
recognized by A is the set L(A) = {w € X* | §*(ap,w) € F}. A language L C X* is
recognizable, or regular, if L = L(A) for some X-recognizer A. Let Rec(X) denote the set of
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all regular languages over X and let Rec = {Rec(X)}x be the family of all regular languages,
where X ranges over all finite alphabets!.

Let us note some closure properties of the family Rec. At the same time we define several
important language operations.

3.1 Proposition Let X and Y be any (finite non-empty) alphabets.

(1) (Boolean operations) Rec(X) forms a field of sets on X*.

(2) (Product) If K, L € Rec(X), then KL := {uv |u € K,v € L} € Rec(X).

(3) (Iteration) If L € Rec(X), then L* := {ujug...up | n > 0,u1,...,u, € L} € Rec(X).
(4) (Quotients) For any L € Rec(X) and w € X*,

(a) w'L:={u € X*|wu € L} € Rec(X);
(b) Lw™! = {u € X* | uw € L} € Rec(X).

(5) (Homomorphisms and Inverse Homomorphisms) For any homomorphism ¢ : X* — Y*,

(a) L € Rec(X) implies Ly € Rec(Y);
(b) L € Rec(Y') implies Lyp~! € Rec(X).

Let us now recall some algebraic characterizations of regular languages that have natural
counterparts in the theory of regular tree languages.

3.2 Theorem (Kleene 1956) A language over an alphabet X is reqular if and only if it
can be obtained from the empty language O and the singleton sets {z} (x € X) by means of
the regular operations union K U L, product KL, and iteration L*.

Hence, a language is regular if and only if it is denoted by a reqular expression that shows
how it can be obtained from the elementary languages () and {z} by regular operations.

3.3 Theorem (Nerode 1958) For any language L C X* the following are equivalent:
(1) L is regular;
(2) L is saturated by a right congruence on X* of finite index;
(3) the following Nerode congruence pr, on X* of L is of finite index:

uorv <= (Vwe X")(uw e L —vwel) (uveX).

The Nerode congruence of a language L C X* is easily seen to be the greatest right
congruence on X* that saturates L, and if L is regular, it yields a minimal recognizer of L
in which the states are the py-classes.

3.4 Theorem (Myhill 1957) For any language L C X*, the following are equivalent:

!Since no set-theoretic problems can arise here, we will simply let X range over “all” alphabets. Of course,
we could assume that every X is a finite non-empty subset of a given infinite set of symbols.
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(1) L is regular;
(2) L is saturated by a congruence on X* of finite index;

(3) the following Myhill congruence py, on X* of L is of finite index:

uprLv <= (Vs,t € X*)(sut € L - svt € L) (u,v € X*).

It is easy to see that up is the greatest congruence on X* that saturates L. The congruence
ur is also called the syntactic congruence of L and the quotient monoid M (L) = X*/ur, is
the syntactic monoid of L. If L is regular, M (L) can be computed because it is isomorphic to
the transition monoid of the minimal recognizer A = (A, X, ag, F) of L, that is, the monoid
formed by the maps §*(—,w) : A — A, a + 0*(a,w) (w € X*), under composition. Myhill’s
Theorem can be restated as follows. Condition (2) of the following corollary is often used as
the definition of regularity in algebraic presentations of the theory of regular languages.

3.5 Corollary For any language L C X*, the following are equivalent:
(1) L is regular;

(2) there exist a finite monoid M, a homomorphism ¢ : X* — M and a subset H C M
such that L= Hp™!;

(3) the syntactic monoid M (L) of L is finite.

Several interesting types of regular languages with some special properties have been
studied in the literature. Let us define generally a family of reqular languages as a mapping
L that assigns to each alphabet X a set £(X) C Rec(X) of regular languages over X. We
write £ = {£(X)}x with the understanding that X ranges over all alphabets. For each such
family £ one is faced with the problem of finding an algorithm for deciding for any given
X-recognizer A whether L(A) € L(X).

The definite languages already introduced by Kleene [42] form perhaps the first non-trivial
proper sub-family of the regular languages that got an effective characterization when Perles,
Rabin and Shamir [56] described the corresponding recognizers. However, a considerably
harder problem was solved when Schiitzenberger [77] proved that a language is star-free if
and only if its syntactic monoid is aperiodic, that is to say, has only trivial subgroups. The
result was remarkable as this family of languages arises in many natural ways (cf. [50]), but
no other decision method for it was known. Subsequently several other families were similarly
characterized by properties of their syntactic monoids or syntactic semigroups. Finally, in
his Variety Theorem Eilenberg [18] identified the families of languages for which such a char-
acterization is possible. As Eilenberg’s theory is also the starting point for the corresponding
work on tree languages, we review its main notions and results. For systematic expositions
the reader is referred to [2, 18, 63, 64]. Briefer accounts can be found in [37, 45].

A family £ = {£(X)}x of regular languages is called a *-variety, or a variety of reqular
languages (VRL) if for all alphabets X and Y,

(1) L(X) € Rec(X),

(2) L € £(X) implies X*\ L € L,
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(3) K,L € £(X) implies K N L € £(X),
(4) L € £(X) implies w™'L, Lw™! € L(X) for every w € X*, and
(5) L € L(Y) implies Ly~! € £(X) for every homomorphism ¢ : X* — Y*.

In [18] the corresponding families of e-free languages are called +-varieties. The greatest
VRL is the family Rec of all regular languages. If we exclude the VRL £ with £(X) = 0
for every X, then the least VRL is Triv, where Triv(X) = {0, X*} for every X. The more
interesting examples include the families of star-free, definite, reverse definite, generalized
definite, locally testable and piecewise testable languages.

A non-empty class M of finite monoids is a variety of finite monoids (VFM), or a pseu-
dovariety, if it is closed under the forming of submonoids, images and finite direct products.
For any given class K of finite monoids, there is a unique minimal VFM V¢(K) containing
K, the VFM generated by K.

For any family £ = {£(X)}x of regular languages, let

LF=Vi({M(L)| L € L(X) for some X}),
and for any class K of finite monoids, define K* = {K*(X)}x by setting
KMNX)={LC X*| M(L) € K} for each X.

If we let VRL and VFM denote the classes of all VRLs and all VFMs, respectively, then
Eilenberg’s Variety Theorem can be stated as follows.

3.6 Theorem (Eilenberg 1976) The mappings £ — L* and M — M” define mutually
inverse isomorphisms between the lattice (VRL, C) of all varieties of regular languages and
the lattice (VFM, Q) of all varieties of finite monoids. In particular,

(1) if £L € VRL, then £ € VFM and £ = L, and
(2) if M € VFM, then M* € VRL and MM = M.

If £ ={L(X)}x is a VRL, then for any X and L C X*, L € L£(X) if and only if
M(L) € L*. Hence, an effective characterization of £ may be obtained by determining the
VFM £#. A similar correspondence holds between the varieties of finite semigroups and the
+-varieties.

Let us also recall an important addition to the Variety Theorem due to Thérien [86, 87].
For any alphabet X, let FCon(X™*) denote the set of congruences on X* of finite index.
Clearly FCon(X™*) is a filter of the congruence lattice Con(X*). A x-variety of congruences,
or a variety of finite congruences (VFC), is a family I' = {I'(X)}x of sets of congruences
such that for all alphabets X and Y,

(1) I'(X) C FCon(X™) is a filter of Con(X*), and

(2) if ¢ : X* — Y* is a homomorphism and 6 € T'(Y), then p 0§ o =1 € T'(X).
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That each VRL corresponds to a unique VFC is a useful fact as many varieties of regular
languages are most naturally defined in terms of congruences of the monoids X*.

‘We conclude this section by noting how finite automata can be defined as unary algebras.
This approach, already propounded by J. R. Biichi and J. B. Wright in the 1950s, provides
a natural passage to tree automata (cf. [8, 13, 16, 28, 79, 85], for example).

Each input letter z € X defines in an X-automaton (A, X, ) a unary operation

A= A a8 z),

and these operations determine § completely. Hence (4, X,0) can be redefined as a unary
algebra A = (A, X) when we view X as a set of unary operation symbols. If € is a variable,
we may identify each word w € X* with an X-term t, over {¢} by setting ¢, = &, and
tw = x(ty) for w = uz (v € X*,z € X). For example, tzzy = y(z(xz(c))). By letting w
represent the term t,,, the X {e}-term algebra may be taken to be Tx(e) = (X*, X), where
7% () = wa for any w € X* and & € X. The mapping 6*(—,w) : A — A, a — §*(a,w),
induced by an input word w € X* in (4, X, §) now becomes the term function w* defined by
the term w (= t,,) in the algebra A = (A, X). Furthermore, an X-recognizer can be defined
as a system A = (A, ag, F), where A = (A, X) is a finite X-algebra, ap € A is the initial
state, and F' C A is the set of final states. The language recognized by A is then the term
set L(A) = {w | w(ag) € F}, and L € X* is regular if and only if L = F~! for some finite
X-algebra A = (A, X), a homomorphism ¢ : Tx(¢) — A and a subset F C A.

Tree recognizers and regular tree languages are now obtained by allowing function symbols
of any finite arities. Let us note that the unary interpretation described above also suggests
an alternative theory of varieties of regular languages [83].

4 Trees and terms

In mathematics and computer science trees are defined in several different ways, often de-
pending on the applications in mind. The trees to be considered here are finite, their nodes
are labelled with symbols, and the branches leaving any given node have a specified order.
For example, derivations in context-free grammars can be represented by such trees. For the
algebraic approach to be adopted here it will be convenient to define our trees formally as
terms of the kind used in algebra and logic, for example.

A ranked alphabet is a finite set of operation symbols, but now these symbols will also be
used for labelling nodes of trees. In what follows, ¥ is always a ranked alphabet. For each
m > 0, the set of m-ary symbols in ¥ is again denoted X,,. If € is also a ranked alphabet,
Y C Q means that %, C §,, for every m > 0. The union XUS2 may be formed if X,,NQ, = 0
whenever m # n, and then (X UQ),, = X, U Q,, for every m > 0. In examples we may
give a ranked alphabet in the form ¥ = {f1/ma,..., fx/my} indicating that ¥ consists of the
symbols f1,..., fin with the respective ranks myq, ..., my.

In addition to ranked alphabets, ordinary finite alphabets, called leaf alphabets, are used
for labelling leaves of trees. These will usually be denoted by X or Y. When a leaf alphabet
is considered together with a ranked alphabet, the two sets are assumed to be disjoint.

Terms will be regarded as syntactic representations of trees, and Y-terms with variables
in X are called also X X-trees. Any t € X U X represents a one-node tree in which the
only node is labelled with the symbol ¢t. A composite term f(¢1,...,t,) is interpreted as
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a tree formed by adjoining the m trees represented by t1,...,t, to a new f-labelled root.
Subsets of T5(X) are called XX -tree languages. We may also speak about X-trees and X-tree
languages without specifying the leaf alphabet, or generally about trees and tree languages
without mentioning any alphabet.

If XoUX = 0, the set Tx(X) is also empty, and if & = g, the only X X-trees are the finitely
many one-node trees labelled with symbols from ¥gUX. To exclude these uninteresting trivial
cases, we will tacitly assume that Yo U X # () and X # Xj.

The inductive definition of Tx(X) yields a Principle of Tree Induction for proving asser-
tions about X X-trees: a statement S holds for every ¥ X-tree if

(1) S holds for every z € X and for every ¢ € Xy, and
(2) S holds for f(ty,...,tn) assuming that S holds for t1,...,t, (m >0, f € ¥,,).

Similarly, notions related to XX-trees may be defined recursively following the inductive
definition of T5(X). As useful examples we define the set of subtrees sub(t), the height hg(t)
and the root (symbol) root(t) of a X X-tree t:

(1) sub(t) = {t}, hg(t) = 0 and root(t) =t for any t € X U Xy;

(2) sub(t) = {t}Usub(t;)U- - -Usub(ty,), hg(t) = max{hg(t1),...,hg(tm)}+1 and root(t) =
flort=f(ty,...,tm)-

For example, for the ¥ X-tree t = g(f(g9(y),x)), where f € 39, g € £1 and z,y € X, we get
hg(t) = 3, root(t) = g and sub(t) = {t, f(9(y), ), 9(y), z, y}.
For any n > 0, let
Tx(X)2" = {t € Ts(X) | hg(t) > n}.

Similarly, let Tx(X)<" be the set of ¥ X-trees of height < n.

Let & be a special symbol that appears neither in any ranked alphabet nor in any leaf
alphabet considered. A (X U {£})-tree in which £ appears exactly once, is called a XX -
context. The set of all ¥ X-contexts is denoted by Cx(X). If p,q € Cx(X), then p-q = q(p)
is the ¥ X-context obtained by replacing the { in ¢ with p. Similarly, if ¢ € Tx(X) and
p € Cx(X), then ¢t -p = p(t) is the X X-tree obtained when the £ in p is replaced with ¢.
The height hg(p) and the root root(p) of a X X-context p are defined the same way as for
Y X-trees treating £ as a leaf symbol, i.e., hg(£) = 0 and root(§) = £. Moreover, the depth
dp(p) of a X -context p is the distance of the {-labelled leaf from the root, that is to say

(1) dp(§) = 0;
(2) dp(p) = dp(q) +1 for p= f(tlv‘ EERY /PR 7tm)7 t1,...,tm € TE(X) and q€c CE(X)

Finally, let us note that in many presentations no separate leaf alphabets are used, but
a special set of nullary symbols is singled out when the need arises. Although this could be
done without any essential loss of generality, leaf alphabets are convenient in many cases and
we shall use them. If X = ) in the above definitions, T5(X) becomes the set T% of ground
X-terms, or ground X-trees, and Cyx(X) becomes the set Cy, of X-contexts.
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5 Finite tree recognizers and regular tree languages

A finite X-algebra A = (A, X) may be regarded as a tree automaton that reads X X-trees in
a bottom-up, or frontier-to-root, fashion starting from the leaves and finishing at the root.
The elements of A are then called states. At a leaf labelled with a nullary symbol ¢ € ¥ it
starts in state ¢*. The starting states at leaves labelled with symbols from X are specified
by a mapping o : X — A. If A has reached the m immediate descendant nodes of a node
u labelled with an m-ary symbol f € X,,, where m > 0, in states ay,...,an, respectively,
then it enters w in state fA(al, ..., 0y). Obviously, the root of a ¥ X-tree ¢ is reached in
state taq, where ag : T5(X) — A is the homomorphic extension of «. Specifying now a set
of final states, we obtain the following tree recognizers that are also called (deterministic)
frontier-to-root tree recognizers.

5.1 Definition A (deterministic bottom-up) ¥.X -recognizer A = (A, a, F') consists of a finite
Y-algebra A = (A, X), an initial assignment o : X — A, and a set FF C A of final states; A
is the state set. The X X-tree language recognized by A is the set

T(A)={teTx(X) | tay € F}.
A Y. X-tree language is called recognizable, or regular, if it is recognized by some ¥ X-recogni-
zer. Let Recy(X) be the set of all recognizable ¥ X-tree languages.

‘We may also speak generally about tree recognizers without specifying the alphabets. The
family of all regular tree languages is denoted by Rec. The following example illustrates some
basic capabilities and a limitation of these recognizers.

5.2 Example Let X = {f/2,¢g/1} and let X = {z,y}. For any t € Tx(X), we set g°(t) = ¢
and g**t1(t) = g(¢*(t)) for all k > 0. The U X-tree language

Ty =A{p(f(g"(x),g"(y))) |p € Cx(X), m =1 (mod 2), n > 2},

formed by the X X-trees that have a subtree f(¢"(z),¢g"(y)) with m odd and n > 2, is
recognized by the X X-recognizer A = (A, «a, F) defined as follows. The state set is A =
{ao, a1,bo,b1,b2,a,a_} and the operations of A are defined thus:

e g*(ap) = a1, g*(a1) = ao, gA(bo) = b1, g*(b1) = gA(bs2) = bo,

A a+) = a4, g‘A(a*) =a—,

(
(
fAla1,b2) = ay, fAar,a) = fA(a,ay) = ay for all a € A, and
e f*(a,b) = a_ in all remaining cases.

Furthermore, a(z) = ag, a(y) = by and F = {a4 }.

On the other hand, the % X-tree language To = {p(f(¢" (), ¢"(x))) | n > 0} is not regular.
Indeed, if T = T(A) for a £ X-recognizer A = (A, o, F), then ¢’ (2)as = ¢*(x)a4 for some
0<j<k Now f(¢’(2),g"(z)) € T(A) would follow from

F(@ (@), g"(@)aa = fAF (2)aa, ¢ (x)aa) = FAg"(@)aa, " (2)aa) € F.
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Similarly as the non-regularity of 75 in the above example, the following general Pumping
Lemma also follows from the finiteness of the state sets of tree recognizers.

5.3 Lemma For any recognizable XX -tree language T there is a number n > 1 such that if
t € T and hg(t) > n, then for some s € Tx(X) and p,q € Cx(X),

(1) t=s-p-q
(2) dp(p) > 1, 1 <hg(s-p) <n, and
(3) s-pF-q €T for every k > 0.

We may choose the number of states of any ¥ X-recognizer A such that T = T(A)
as the limit n in the Pumping Lemma. Moreover, the Pumping Lemma clearly implies
that T is infinite if and only if there is a t € T such that n < hg(t) < 2n. Although
the algorithm suggested by this fact is not very efficient, it proves the decidability of the
Finiteness Problem “Is T(A) finite?”. The Emptiness Problem “T'(A) = (7”7 is decidable,
too. Indeed, if A = (A, a, F) is any ¥ X-recognizer, then T'(A) # 0 if and only if some final
state a € F is reachable, i.e., a = tay for some t € T'. Moreover, the reachable states form
the subalgebra of A generated by a(X) = {a(x) | € X}, and this can always be computed.

Each regular ¥ X-tree language 1" has a minimal ¥ X-recognizer, unique up to isomor-
phism, that can be constructed from any given ¥X-recognizer A = (A, «a, F') of T by first
deleting all non-reachable states (the result is a connected recognizer) and then merging all
pairs of equivalent states. For defining the equivalence of states, we need the following notion
that will be used later too.

5.4 Definition Let A = (A, a, F) be any X X-recognizer. The translation p™ : A — A of A
defined by a X X-context p € Cx;(X) is defined by setting £A = 14 and

pA(a) = fAttiaa,...,¢8a),. .. tmaa)

for p(&) = f(t1,--.,q(&),...,tm), wherem > 0, f € Xy, t1,...,tm € T5(X), g € Cx(X), and
a € A. The set {p® | p € Cx(X)} of all translations of A is denoted Tr(A).

It is easy to verify that all translations of a ¥ X-recognizer A = (A, o, F') are also trans-
lations of the Y-algebra A, and that if A is connected, then Tr(A) = Tr(A). Two states a
and b of a £ X-recognizer A = (A, q, F) are equivalent if for every p € Cx(X), p™(a) € F if
and only if p®(b) € F. The minimization theory of tree recognizers can be found in [28].

The regular tree languages are obtained in many other ways too. A standard subset
construction shows that they are exactly the tree languages recognized by nondeterministic
bottom-up tree recognizers. Also the nondeterministic top-down tree recognizers that process
a tree starting at the root recognize exactly the regular tree languages. Furthermore, they are
defined by regular tree grammars, certain systems of fized-point equations, monadic second
order logic etc. A regular tree grammar G = (N, X, X, P,ag) generating a regular X X-tree
language consists of a finite set IV of non-terminal symbols, the alphabets > and X, an initial
symbol ay € N, and a finite set P of productions, each of them of the form a — x, a — c or
a— f(ai,...,anm), where a,ay,...,am € Nyx € X, c € Ygand f € X, (m > 0). Derivations
and the tree language T(G) = {t € Tx(X) | ap =¢ t} generated by G are defined in the
usual manner. We refer the reader to [28, 29], for example, for details and further references.
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Finally, let us note some algebraic characterizations of regularity that are of direct interest
here. The following fact is an immediate consequence of Definition 5.1.

5.5 Proposition A XX -tree language T is regular if and only if there exist a finite X-algebra
A= (A,Y), a homomorphism ¢ : Ts(X) — A and subset ' C A such that T = Fo™ 1.

We may say that an algebra A = (A,X) recognizes a L X-tree language T if T = Fp~!
for some homomorphism ¢ : 75(X) — A and a subset FF C A. For every X X-tree language
T there is a unique (up to isomorphism) ”smallest” algebra recognizing T', and this algebra
is finite exactly in case T is regular. Moreover, for a regular 7' the smallest algebra is the
underlying algebra of the minimal ¥ X-recognizer of T. These ideas can be also expressed in
terms of congruences by generalizing Nerode’s Theorem to tree languages.

It is easy to see that for any X X-tree language T, there is a greatest congruence 61 on
T5(X) that saturates T. It could be called the Nerode congruence of T, and the following
result is Nerode’s Theorem for tree languages.

5.6 Proposition For any XX -tree language T, the following three conditions are equivalent:
(1) T € Reex(X);
(2) T is saturated by a congruence on Tx(X) of finite index;
(3) the Nerode congruence Op of T is of finite index.

Proof The equivalence of (1) and (2) follows by Proposition 5.5 as follows.

(1) If T = Fy~! for some homomorphism ¢ : 7T5(X) — A and a subset ' C A, where
A = (A,Y) is a finite YX-algebra, then ker ¢ is a congruence of finite index on 7x(X)
that saturates 7T'.

(2) If & € Con(7x(X)) is a congruence of finite index that saturates T, then the finite
Y-algebra 75:(X)/6 recognizes T. Indeed, it is easy to see that T = (T6%)(0%)~! for the
natural homomorphism 6% : T(X) — T5(X)/6, t +— t/6.

Of course, (2) and (3) imply each other immediately. O

A characterization that could be regarded as a counterpart to Myhill’s Theorem is ob-
tained by considering fully invariant congruences on 7s(X) (cf. [79, 81]).

6 Tree language operations and closure properties

We introduce now several tree language operations and note that the family of regular tree
languages is closed under most of them. As shown by the following obvious lemma, we may
usually assume that all tree languages involved are over the same alphabets ¥ and X.

6.1 Lemma IfY and 2 are ranked alphabets such that X C Q, and X andY are leaf alphabets
such that X CY, then for any T C Tx(X), T € Recx(X) if and only if T € Recq(Y).
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In particular, if S € Recs(X), T € Recq(Y), and X, N Q,, = 0 whenever m # n, then
S, T € RGCEUQ(X U Y)

As tree languages are sets, we may apply any Boolean operations, i.e., the usual basic
set-theoretic operations, to them.

6.2 Proposition For any ranked alphabet 3 and any leaf alphabet X, Recx(X) is a field of
sets on Tx(X).

Proof It is clear that §,7%(X) € Recg(X). If S,T € Recg(X), then S = T(A) and
T = T'(B) for some XX -recognizers A = (A, o, F) and B = (B,5,G). Let C = (C,7v,H) be a
new X X-recognizer, where C = (A x B, %) is the direct product A x B, the initial assignment
isvy:X — Ax B,z — (a(z),8(z)), and the set of final states H C A x B is specified
as appropriate. Since ty¢ = (taa,t0g) for every t € Tx(X), it is clear that any Boolean
combination of S and T can be recognized by C by selecting a suitable set H of final states.
For example, T(C) =S —-T if H=F x (B— Q). O

There are a few different natural products of tree languages. The tree language product
T(x «— T, | v € X) of a ¥X-tree language T' and an X-indexed family (T, | z € X) of
Y X-tree languages is the set of all ¥ X-trees that can be obtained from a tree ¢t € T by
simultaneously replacing in it every x € X with a tree from the corresponding set 7,. The
different occurrences of each x may be replaced with different trees from 7.

6.3 Proposition If the XX -tree languages T and T, (v € X) are regular, then so is their
tree language product T'(x — T, | z € X).

Regular tree grammars often provide the simplest way to prove a closure result like this.
Tt is quite easy to construct a regular tree grammar generating T'(x «— T, | z € X) if we are
given grammars generating 7' and the tree languages T, (x € X). Note that we may assume
that all grammars have pairwise disjoint sets of non-terminals.

It is easy to see that the operation defined in the following corollary is a special case of
the tree language product.

6.4 Corollary For any m > 0 and f € ¥,,, the f-product
f(Th"'aT’m) = {f(t]77tm) |t] eT]a--wtm ET’m}
of any Ty, ..., T € Recs(X), is also a reqular ©X -tree language.

For any given z € X, the z-product S -, T of two ¥ X-tree languages S and 7T is defined
as the special tree language product T'(z « T, | z € X ), where T, = S and T, = {z} for all
z # z, v € X. In other words, any element of S -, T' is obtained from some tree ¢t € T by
replacing each z-labelled leaf with some tree from .S, and again different z-labelled leaves can
be replaced with different members of S.

6.5 Corollary If S,T € Recy(X), then S -, T € Recy(X) for every z € X.

For any z € X, the z-iteration of a ¥ X-tree language T is defined as the union
T = {T* |k >0} = {z}UTU ({2} UT) . TU...,

where T% = {2}, and TF* = TF=1%. T U Tk 1% for every k > 1.
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6.6 Proposition If T € Recx(X), then T** € Recx(X) for every z € X.

Any X X-context p € Cx(X) defines a unary operation ¢t — p(t) on T5(X). It is easy to see
that these operations are exactly the translations of the ¥ X-term algebra 7x(X). We extend
them and their inverses in the natural way to tree language operations: for any p € Cx(X)
and T C T5(X), let p(T) := {p(t) |t € T} and p~(T) := {t € T=(X) | p(t) € T}.

6.7 Proposition If T € Recx(X), then p(T),p 1 (T) € Recx(X) for every p € Cx(X).
Moreover, the set {p~(T) | p € Cx(X)} is finite for every reqular Y. X -tree language T.

Proof Let T € Recg(X) and p € Cx(X). Since p(T) = T ¢ {p} and p(T) C Tx(X), the
claim p(T") € Recy(X) holds by Corollary 6.5 and Lemma 6.1.

If A = (A, F) is a S X-tecognizer such that T(A) = T, it is clear that p~*(T) = T(A,)
for the ©X-recognizer A, = (A, a, F},), where F, = {a € A | p”(a) € F}. Since the number
of possible sets F), is finite, this also proves the last assertion of the proposition. O

Since T (X) is generated by X, any homomorphism ¢ : 75(X) — 7x(Y) of X-algebras
is completely determined by the images z¢ € T5(Y") of the leaf symbols € X. In fact, the

image ty of any ¢t € Tx(X) is obtained from t by replacing every occurrence of each x € X
by the XY -tree zp. Again, we associate with any such ¢ two tree language operations:

6.8 Proposition Let ¢ : Tx(X) — Tx(Y) be a homomorphism of X-algebras.
(1) If T € Recs(X), then Ty :={tp |t € T} € Recx(Y).
(2) If T € Recx(Y), then T~ := {s € Ts(X) | sp € T} € Recg(X).

Proof Since Ty = T(xz «— {z¢} | z € X), Claim (1) follows by Proposition 6.3. Assume
now that 7' = T(A) for some XY -recognizer A = (A, a, F). If t € Tx(X), then t € T~ if
and only if one obtains a XY -tree belonging to 7" when, for every z € X, all z-labelled leaves
of t are replaced with xp. Hence, T¢~! = T(B) for the ¥ X-recognizer B = (A, 3, F), where
B: X — Ais defined by the condition (z) = (zp)as (z € X). ]

We shall now consider mappings of trees that may alter the structure of a tree more
radically than the homomorphisms of -term algebras considered above. In what follows, ¥
and () are ranked alphabets, and X and Y are leaf alphabets. Moreover, for any m > 0, let
Em ={&,...,&n} be aset of m variables that do not appear in the other alphabets.

6.9 Definition Given a mapping ¢x : X — Tx(Y) and, for each m > 0 such that %, # 0,
a mapping @, : Xy — To(Y UE,,), the tree homomorphism ¢ : T (X) — T (Y) determined
by these mappings is defined as follows:

(1) zp = ox(z) for any z € X,
(2) cp = po(c) for any ¢ € Xy, and
(3) to =om(f)(& — t1p, ..., &m — tmep) for t = f(t1,...,tm) (Mm > 0).

The tree homomorphism ¢ is linear if no variable &; appears more than once in ¢, (f) for any
m >0 and f € X,,. It is non-deleting if for all m > 0 and f € X,,, every variable &1,...,&n
appears at least once in @, (f).
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6.10 Example If ¥ = {V/2,-/1}, @ = {A/2,-/1}, and X is any finite set of proposi-
tional variables, then ¥ X-trees are propositions formed using the connectives V (disjunction)
and — (negation), while QX-terms are propositions that may involve only the connectives A
(conjunction) and —. A tree homomorphism ¢ : T5(X) — Tq(X) that converts any propo-
sition of the first kind into an equivalent proposition of the second kind is determined by
the mappings ¢x, ¢1 and o such that px(z) = x for every z € X, ¢1(-) = =&, and
p2(V) = 7(—& A~ &), where we have used the conventional way of writing propositions. For
example, (xV-y)p = 7(mxzA-—y). The tree homomorphism is both linear and non-deleting.

A tree homomorphism ¢ : T5(X) — To(Y) defines two tree language operations:
(1) Tg = {t | t € T} (C Ta(Y)), for any T C T(X), and
(2) Te~' = {t € Ts(X) |t € T}, for any T C T(Y).

Since non-linear tree homomorphisms may form identical copies of the image of an arbi-
trarily large subtree, such tree homomorphisms do not necessarily preserve regularity.

6.11 Example For ¥ = {f/1}, Q = {¢g/2} and X = {2}, let ¢ : Tx(X) — Ta(X) be the
tree homomorphism determined by ¢x(z) = z and ¢1(f) = g(&1,&). Clearly, Ts(X)p =
{z,9(z,z),9(g9(x,x),g(x,x)),... } is the non-regular set of all fully balanced QY -trees.

That non-linearity is crucial here is shown by the following result. On the other hand, all
inverse tree homomorphisms preserve regularity.

6.12 Proposition Let ¢ : T5(X) — Tq(Y) be a tree homomorphism
(1) If T € Recq(Y), then Tp~' € Recg(X).

(2) If ¢ is linear, then T € Recs(X) implies T € Recq(Y).

7 Varieties of tree languages

Let X be again a ranked alphabet. A family of reqular X-tree languages is a mapping V that
assigns to every leaf alphabet X a set V(X) of regular ¥ X-tree languages. We write such a
family as V = {V(X)}x. For any two families of regular -tree languages U and V, let us
set U C V if and only if U(X) C V(X) for every X. Unions and intersections of families of
regular X-tree languages are defined by similar componentwise conditions.

7.1 Definition A variety of X-tree languages (3-VTL) is a family of regular X-tree languages
V = {V(X)}x such that for all leaf alphabets X and Y,

(1) V(X) is a Boolean subalgebra of Recy(X),
(2) T € V(X) implies p~H(T) € V(X) for any p € Cs,(X), and
(3) T € V(Y) implies Tt € V(X) for any homomorphism ¢ : 7s(X) — Tx(Y).

Let VTL(X) denote the class of all £-VTLs.
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The defining closure properties of varieties of ¥-tree languages correspond in a natural
way to those defining a *-variety with inverse translations replacing quotient operations.
Note, however, that we require every component V(X) of a X-VTL V to be nonempty.

It is clear that the intersection of any family of ¥-VTLs is also a 3-VTL. Hence, for any
family of regular Y-tree languages U, there is a unique least ¥-VTL U" such that & C U", the
3-VTL generated by V. The X-VTL generated by a given family of regular ¥-tree languages
can be described as follows.

7.2 Proposition Let U be a family of reqular X-tree languages. For any leaf alphabet X,
UY(X) is the Boolean closure of the set all ©X -tree languages p~(T)e ™', where T € U(Y),
peCx(Y), and ¢ : Tn(X) — Tx(Y) is a homomorphism, for some leaf alphabet Y.

Proof LetV = {V(X)}x be the family of regular 3-tree languages where, for each X, V(X)
is the Boolean closure defined in the proposition. It is then clear that 4/ C V C U". Indeed,
if T e U(X), then T = .f*l(T)l;El(X) € V(X), and the inclusion V C UV is a consequence of
the defining closure properties of 3-VTLs. Hence, it suffices to verify that V is a ¥-VTL.

Of course, V satisfies Condition (1) of Definition 7.1 as each V(X)) is defined as a Boolean
closure. Because both inverse translations and inverse homomorphisms commute with all
Boolean operations, i.e., p~H(SUT) = p 1 (S)Up~1(T), p~1(S - T) = p~1(S) —p~X(T) etc.,
it suffices to verify Conditions (2) and (3) for the generating sets of the Boolean closures
defining V. Hence let us consider a set S = p~1(T)p~! € V(X), where T € U(Y), p € Cs(Y)
and ¢ : Ty (X) — 7Tx(Y) is a homomorphism, for some Y.

To verify Condition (2), consider any ¢ € Cx(X). By Lemma 8.5 (to be presented in the
following section) there is a ¥Y-context g, such that q(t)e = g,(tp) for every ¢t € T (X). If
we write r = gy, - p, it is easy to see that ¢~1(S) = r~1(T)p~1 € V(X).

For any homomorphism ¢ : 75(Z) — 7x(X), where Z is some leaf alphabet, S¢~! =
p~H(T)(¥p)~! € V(Z), and therefore V also satisfies Condition (3). |

It is clear that VTL(Y) is closed under unrestricted intersections, and that the union of
any directed family of ¥-VTLs is also a ¥-VTL. Hence the following proposition.

7.3 Proposition For any ranked alphabet ¥, (VTL(XZ), Q) 4s an algebraic lattice such that
inf(F) = N F and sup(F) = (JF)?, for every F C VTL(L).

8 Syntactic congruences and syntactic algebras

We shall see that varieties of X-tree languages can be characterized in terms of syntactic
algebras. Following [78] these are defined for subsets of general algebras in such a way that
for free monoids and semigroups generated by finite alphabets, we get the syntactic monoids
and semigroups used in Eilenberg’s variety theory. The starting point is the following general
notion of recognizability [52] motivated by facts like Corollary 3.5 and Proposition 5.5.

8.1 Definition A subset L C A of an algebra A = (A,X) is said to be recognizable if it is
recognized by a finite Y-algebra, i.e. there exist a finite algebra B = (B, X), a homomorphism
¢ : A — Band asubset F C B such that L = Fyp~!. Let Rec(A) denote the set of all
recognizable subsets of A.
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This notion could also be naturally defined in terms of congruences: L C A is recognizable
in A= (A,Y) if and only if L is saturated by a finite congruence on A. Of course, Rec(X*) =
Rec(X) and Rec(7x(X)) = Recy(X) for any X and any 3. It is easy to see that Rec(A) is a
field of sets on A, and some of the other closure properties of regular string or tree languages
noted above also extend to general algebras (cf. [13, 82] for details and further references).

8.2 Definition The syntactic congruence of a subset L C A of a X-algebra A = (A,X) is
the relation 7 on A defined by the condition that for any a,b € A,

afrb if and only if (Vp € Tr(A))[p(a) € L <= p(b) € L].

The syntactic algebra of L is the quotient algebra A/L := A/0; = (A/L,X), where A/L :=
A/0;, = {a/L | a € A}. The natural homomorphism HhL : A— A/L, a— a/L, is called the
syntactic homomorphism of L and it is denoted by ¢r.

The fundamental properties of syntactic congruences and algebras are as follows.

8.3 Proposition Let L C A be any subset of a X-algebra A = (A,3).
(1) The syntactic congruence 0y, is the greatest congruence on A saturating L.
(2) A X-algebra B = (B, %) recognizes L if and only if A/L < B.
(3) L € Rec(A) if and only if A/L is finite.

Let us also note the following fact about syntactic congruences.

8.4 Lemma FEvery congruence ¢ on any algebra A = (A,X) is the intersection of syntactic
congruences. In particular, 0 = ({0q/, | a € A}.

The following lemma is frequently needed.

8.5 Lemma Let A = (A,X) and B = (B,X) be X-algebras, and let ¢ : A — B be a ho-
momorphism. For any translation p € Tr(A) there is a translation p, € Tr(B) such that
pla)p = pylap) for every a € A. If ¢ is surjective, then there is for every ¢ € Tr(B) a
translation p € Tr(A) such that p, = q.

Proof For p =14, let p, = 1p. For an elementary translation p(§) = fAas, ..., 6 ... am),
we may set p,(§) = Blarp, ..., & ... amp). If @ is surjective, every elementary translation
of B can be written in this form. The proposition follows now from the fact that the remaining
translations are compositions of elementary translations. O
8.6 Proposition Let A= (A,%) and B = (B,X) be X-algebras.

(1) 0a—r =0yr, for any L C A.

(2) Ok N0 C Oxnr, for any K, L C A.

(3) 01 C 0p-1(1, for any L C A and any p € Tr(A).
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(4) pobrop ! C Or -1, for any homomorphism ¢ : A — B and any L C B, and equality
holds if ¢ is an epimorphism.

Proof The first three claims follow directly from the definition of syntactic congruences.
Let us note how Lemma 8.5 yields (4): for any a,b € A,
apofrop b = aplbp
—  (Vp € Tr(A))lpp(ap) € L < py(by) € L]
= (vpeTr(A)pla) € Lg~! < p(b) € Ly~ ']
< al,-1b.
Moreover if ¢ is an epimorphism, then the only implication also becomes an equivalence. O

The following proposition [78] generalizes some basic facts presented in [18] for semigroups
replacing quotients operations by inverse translations.

8.7 Proposition Let A= (A,X) and B = (B,X) be X-algebras.
(1) A/(A—L)=A/L, for any L C A.
(2) A/IKNL=A/K x A/L, for any K,L C A.
(3) A/p~Y(L) = A/L, for any L C A and any p € Tr(A).
(4) A/Lo~t < B/L, for any homomorphism ¢ : A — B and any L C B. If ¢ is an
epimorphism, then A/Lo~1 = B/L.

Proof The first assertion follows directly from Proposition 8.6 (1). For (2) we note first
that B := {(a/K,a/L) | a € A} defines a subalgebra B = (B,%) of A/K x A/L. Since
0 N0, C OknrL, the mapping ¢ : B— A/KNL, (a/K,a/L) — a/KNL, is well-defined, and
it is easy to see that it is an epimorphism from B onto A/K N L. Similarly (3) is obtained
by noting that .A/p~*(L) is an epimorphic image of .A/L since 0, C 0,-1(1,).

Finally to prove (4) we assume first that ¢ is an epimorphism. Then one can verify that

Y A/Le~" — B/L, a/Ly™" — ap/L,
is an isomorphism from A/Lyp~! onto B/L. Firstly, that 1 is well-defined and injective follows
by Lemma 8.5 thus: for any a,b € A,
a/Lo™t =b/Lp™" = (¥p € Tr(A)[p(a) € L' < p(b) € Ly}
— (Vp e Tr(A)py(ap) € L < p,(by) € L]
— (Vg e Tr(B)lg(ap) € L < q(byp) € L]
<= ap/L=>bp/L

PR

Since ¢ is surjective, 1 is also surjective. Moreover, 1) is a homomorphism:
A = (LT = Ap/L = B /L= PP
for every ¢ € ¥, and similarly

PR /L™ am LT o = = P (an LT, (am /LT ),
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for all m > 0, f € ¥, and a1,...,a, € A. Hence, A/Lo~1 = B/L.

Consider now the general case of an arbitrary homomorphism ¢ : A — B. Let C = Ay,
be the image subalgebra in B/L of A under the homomorphism ¢y, : A — B/L. Then
n:A— C, a+— appr, is an epimorphism, and hence A/Lyp~'nn~' = C/Ly~'n by the
previous part of the proof. Since Lo 'nn~t = Ly~! and C is a subalgebra of B/L, this
implies that A/Ly~! < B/L as required. O

The essence of the proposition is that the syntactic algebra of a subset obtained by one
of the operations defining varieties of tree languages is always in every variety of algebras
containing the syntactic algebras of the original subsets. The following technical lemma will
also be needed.

8.8 Lemma If ¢ : A — B is a homomorphism and L C B is any subset of B, then
pobroe =011y | p € Tx(B)}.
Proof Let p denote the right hand side of the claimed equality. For every p € Tr(B),

polop 1 Cyo 91,71@)(,0_1 C Op-1(L)p-1

by Proposition 8.6. Hence ¢ o7, 0 91 C p. The converse holds too: for any a,b € A,

apb = (¥peTr(B))ab,1(y,1b
= (Vp € Tx(B))(Yq € Tr(A)) [g(a) e p (L)™' < q(b) € p (L) ']
= (Vp e Tx(B))(Vq € Tr(A)) [g(a)p € p~ (L) < q(b)e € p~'(L)]
= (Vp € Tr(B))(Vq € Tr(A)) [p(gp(ap)) € L — plgp(byp)) € L]
= (VpeTr(B))[plap) € L < p(by) € L]
B agoo&Logp_lb.

O

An algebra is called syntactic if it is isomorphic to the syntactic algebra of a subset of
some algebra. A subset L of an algebra A = (A,X) is disjunctive if 6, = A 4. The following
fact was first observed for semigroups in [76], and the general form can be found in [78, 80].

8.9 Proposition An algebra is syntactic if and only if it has a disjunctive subset.

We should also mention the paper [41] where Kelarev and Sokratova describe the graphs
such that the corresponding graph algebras are syntactic algebras.

If A= (A,Y) is subdirectly irreducible, then {a} is disjunctive for at least one a € A
because ({013 | @ € A} = Ay by Lemma 8.4. Hence the following result.

8.10 Proposition FEvery subdirectly irreducible algebra is syntactic.

A simple counter-example to the converse of Proposition 8.10 is provided by the 3-element
mono-unary algebra A = ({1,2,3}, f) defined by fA(1) = f4(2) =2 and f4(3) = 3; it has a
proper subdirect decomposition, but {1,3} is a disjunctive subset.
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Let us now consider syntactic congruences and syntactic algebras of tree languages. Since
the Nerode congruence of a ¥ X-tree language T is the greatest congruence on 7x(X) sat-
urating 7', it is exactly the syntactic congruence of T' as a subset of the ¥ X-term algebra
Tx(X). We already denoted it earlier by 67, but from now on 67 will be called the syntactic
congruence of T. The fact that the translations of 75 (X) are precisely the mappings ¢ — p(t)
defined by ¥ X-contexts yields the following description of 6.

8.11 Proposition For any XX -tree language T and all s,t € T (X),
sOrt if and only if (Vp € Cx(X))[p(s) € T « p(t) € T).

The proposition gives an intuitive meaning to the name “syntactic congruence”: two X .X-
trees s and t are syntactically equivalent with respect to a given X X-tree language T if they
appear in 7" in exactly the same contexts. The syntactic algebra Ts,(X) /07 of T is also denoted
SA(T), and the syntactic homomorphism of T is the mapping o7 : Tx(X) — SA(T), t — t/T.

The following facts are immediate consequences of Propositions 5.5, 5.6 and 8.3.

8.12 Corollary A X X-tree language T is regular if and only if its syntactic algebra SA(T)
is finite. Moreover, a X-algebra A recognizes T if and only if SA(T) < A. Hence, SA(T)
yields the minimal XX -recognizer for any T € Recx(X).

By combining Proposition 6.7 with Lemma 8.8, we obtain the following result.

8.13 Corollary Let ¢ : T5;(X) — Tx(Y) be a homomorphism of term algebras, where X and
Y are leaf alphabets. If T € Recx(Y), then

-1
pobrow =0y, N N0y,

for some finite set {p1,...,pr} of XY -contexts.

We will use finite syntactic algebras only, and they can be described as follows.

8.14 Proposition A finite algebra is syntactic if and only if it is isomorphic to the syntactic
algebra of a reqular tree language. More precisely: if A = (A,X) is a finite algebra and X is
any leaf alphabet such that A is generated by a subset of size < |X|, then A is a syntactic
algebra if and only if A= SA(T) for some T € Recs(X).

Proof Since the condition is clearly sufficient, let us assume that A is syntactic. Then it
has a disjunctive subset D C A. Let a : X — A be any mapping such that X« contains
a generating set of A; such a mapping exists by our assumptions. Then the homomorphic
extension oy : Tx(X) — A of « is an epimorphism. By Proposition 8.7 this means that for
T = Da;', we get SA(T) = A/D = A. O

9 Varieties of finite algebras

The pseudovarieties of finite monoids or semigroups introduced in [19] form a central ingre-
dient of Eilenberg’s variety theory [18]. The same notion applied to general algebras of any
finite type, plays the corresponding part in the theory of tree language varieties.
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We begin by introducing a new algebra class operator in addition to the operators S, H
and P defined in Section 2. For any class K of Y-algebras, the class of all algebras isomorphic
to a direct product A; X --- X A, of a finite sequence Ay, ..., A, of members of K is denoted
by P¢(K). Note that P¢(K) always contains all trivial 3-algebras obtained by setting n = 0.

9.1 Definition A class of finite X-algebras K is a variety of finite X-algebras, a -VFA for
short, if it is closed under the formation of subalgebras, homomorphic images and finite direct
products, i.e., if S(K), H(K), P¢(K) C K. Let VFA(X) denote the class of all ¥-VFAs.

Note that by our definition, every 3-VFA is non-empty since it contains at least the trivial
>-algebras The intersection of any class of varieties of finite 3-algebras is obviously also a
Y-VFA. The X-VFA generated by a given class K of Y-algebras is the least X-VFA containing
K as a subclass and it is denoted V¢(K). It is also clear that the union of any directed family
of ¥-VFAs is a ¥-VFA. These observations lead to the following proposition.

9.2 Proposition For any ranked alphabet ¥, (VFA(X), Q) is an algebraic lattice in which
inf K=K and supK = V¢(UK) for every K C VFA(X).

Clearly the class F(V) of all finite members of any variety V of X-algebras is a X-VFA.
However, not all varieties of finite 3-algebras are obtained this way. Ash [4] has shown that
a class K of finite Y-algebras is a 3-VFA exactly in case K = F(V) for some generalized
variety V of ¥-algebras; a generalized variety is a class of algebras closed under the formation
of subalgebras, homomorphic images, finite direct products and (unrestricted) direct powers.

A simple modification of the well-known decomposition V = HSP of the generated variety
operator yields V¢(K) = HSP¢(K). In terms of the covering relation this fact may be
expressed as follows.

9.3 Proposition If K is any class of finite ¥-algebras and A is a finite X-algebra, then
A e Vi(K) if and only if A <= Ay x -+ x Ay, for somen >0 and Ay,..., A, € K.

Proposition 8.10 yields the following useful fact.

9.4 Lemma Fvery %-VFA is generated by the syntactic algebras it contains.

A ¥-VFA K is called equational if there is a set I of identities such that K is the class of
finite X-algebras satisfying I, that is to say, K = F(Mod(I)). In other words, a ¥-VFA K is
equational if and only if K = F(V) for some variety V of ¥-algebras. However, every variety
of finite ¥-algebras can be defined by identities in the following sense.

9.5 Definition Let E be a countable sequence ug =~ vg, u; =~ vy, us ~ vs,... of Y-identities
(over some set of variables). A Y-algebra A is said to ultimately satisfy E, and this we express
by writing A =, E, if there is a number ny > 0 such that A = u, ~ v, for every n > ny.
The class of all finite Y-algebras that ultimately satisfy E, is denoted by Mod,,(E). The class
Mod,,(F) is said to be ultimately defined by the sequence E.

Since the subalgebras, homomorphic images and direct products of any given algebras
satisfy all identities satisfied by these algebras, it is clear that Mod,(E) is a L-VFA for
every sequence F of identities, but the converse also holds. This is expressed by the following
theorem by Eilenberg and Schiitzenberger [19] (cf. also [18]). The original proof was presented
for monoids, but it can easily be extended to any varieties of finite algebras.
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9.6 Theorem For any ranked alphabet ¥, a class of finite X-algebras is a 3-VFA if and only
if it is ultimately defined by some sequence of identities.

Let F be a sequence ug ~ vg,u; =~ vi,us =~ v9,... of Y-identities. For each n > 0,
let E, = {un =~ vp,Unt1 =~ Upny1,...} and let V,, = Mod(E,,) be the variety of X-algebras
defined by E,. Clearly, Vo € Vi € V3 C ... and Mody(E) = J,50 F(Vyn). On the other
hand, it is clear that (J,,~oF(Vy) is a 3-VFA for any ascending chain Vo C V; CVy C ...
of varieties of X-algebras. Hence we obtain the following characterization of varieties of finite
algebras proved in a different way by Baldwin and Berman [5].

9.7 Proposition For any ranked alphabet ¥, a class K of finite X-algebras is a ¥-VFA if
and only if K =50 F(Vy) for some ascending chain Vo C V1 C Va C ... of varieties of
Y -algebras.

Proposition 9.7 can also be expressed as follows.

9.8 Corollary For any ranked alphabet 3, a class K of finite ¥-algebras is a X-VFA if and
only if K = Unzo K, for some ascending chain Ko C K1 C Ky C ... of equational varieties
of finite ¥-algebras.

For further results on varieties of finite algebras the reader is referred to [1, 4, 5, 70], for
example. A systematic study of the topic and related matters, as well many further relevant
references, can be found in the monograph [2] of J. Almeida.

10 Varieties of finite congruences

A variety of tree languages may be characterized by a corresponding variety of finite algebras,
but it is often most conveniently defined by giving a variety of congruences of the kind to be
introduced in this section.

For any ranked alphabet ¥ and any leaf alphabet X, let FCony(X) denote the set of
all congruences on 75 (X) of finite index. Clearly, FConyx(X) is a filter, and hence also a
sublattice, of the congruence lattice Con(7x(X)). By a family of finite X-congruences we
mean a mapping I' that assigns to each leaf alphabet X a subset I'(X) of FConx(X), and
we write it as I' = {I'(X)}x. Inclusions, unions and intersections of families of finite X-
congruences are defined in the natural componentwise manner.

10.1 Definition A wvariety of finite ¥-congruences, a 3-VFC for short, is a family of finite
Y-congruences I' = {I'(X)} x such that for all leaf alphabets X and Y,

(1) I'(X) is a filter of FConyx(X), and
(2) for any homomorphism ¢ : Tx(X) — Ts(Y), 8 € I'(Y) implies w0 6o ¢~ € ['(X).
Let VFC(X) denote the class of all 3-VFCs.

The intersection of any family of ¥-VFCs is obviously again a 3-VFC, and the 3-VFC
generated by a family of finite X-congruences © is the X-VFC

VFC(©) = [ |{T" € FCony(X) | © CT}.
Since the union of any directed family of 3-VFCs is also a 3-VFC, the following holds.
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10.2 Proposition For any ranked alphabet 3, (VFC(X), Q) is an algebraic lattice such that
infC = C and supC = VFC(|JC), for every C C VFC(XL).

By Lemma 8.4, 0 = {6y | t € Te(X)} for any § € Con(7s(X)). If § € FConx(X),
the intersection involves just a finite number of different #-classes. This observation yields
the following counterpart to Proposition 8.10. Recall that an element a of a lattice is meet-
irreducible, if a = b A ¢ implies a = b or a = c.

10.3 Proposition FEvery meet irreducible congruence in FConx(X) is the syntactic congru-
ence of a reqular XX -tree language.

Moreover, since the filter [H) generated by a non-empty subset H of any lattice L is the
set {a € L| (3n > 0)(3by,...,bp € H) by A--- Ab, < a} (cf. [49, p. 48], for example), the

above representation of a congruence § € FCony(X) gives also the following important fact.

10.4 Proposition Any 3-VFC is generated by the syntactic congruences it contains.

We call a 2-VFCT principal, if for each leaf alphabet X, I'(X) = [yx) for some congruence
vx € FCong(X). The following characterization of these X-VFCs is easily verified.

10.5 Proposition Assume that we are given a congruence vx € FCong(X) for each leaf
alphabet X. Then T' = {[yx)}x is a principal X-VFC if and only if yx C @ oy oo~ ! for
all X and'Y and every homomorphism ¢ : T (X) — Tx(Y).

By applying the above condition to all endomorphisms ¢ : 75 (X) — Tx(X), the following
result is obtained.

10.6 Corollary If I' = {[yx)}x is a principal X-VFC, then for each X, vx is a fully
invariant congruence on Ts(X).

Finally, let us mention the following fact noted by V. Piirainen (personal communication).

10.7 Lemma The principal X-VFCs form a sublattice of (VFC(X),C) in which T VA =
{lvx AOx)}x and T AO = {[yx VOx)}x for any B-VFCs T = {[yx)}x and © = {[0x)}x.

11 The Variety Theorem

In this section we present a variety theorem for tree languages. It establishes, for any given
ranked alphabet 3, bijective correspondences between varieties of 3-tree languages, varieties
of finite X-algebras and varieties of finite ¥-congruences via six isomorphisms between the
lattices (VTL(X), C), (VFA(X),C) and (VFC(X), C). These isomorphisms form three mu-
tually inverse pairs, and any possible composition of two of them is a third isomorphism
belonging to the set. We give the definitions in detail and present a few proofs to show
the concordance of the various concepts involved and the relevance of some of the results
presented above. However, for more complete proofs we have to refer the reader to [80, 84].

11.1 Definition For any class K of finite Y-algebras, let K¢ be the family of regular Y-tree
languages and K¢ be the family of finite 3-congruences such that for any leaf alphabet X,
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(1) K{(X) = {T C T(X) | SA(T) € K}, and
(2) K°(X) = {# € FCong(X) | T5(X)/6 € K}.
11.2 Lemma If K € VFA(Y), then K! € VTL(E) and K¢ € VFC().

Proof The claim K' € VTL(Z) follows by Proposition 8.7 when we use the fact that K
is a ¥-VFA. For example, if 7' € K*(X), then p~}(T) € K'(X) for any p € Cx(X) because
SA(p~Y(T)) = SA(T) and SA(T) € K imply SA(p~1(T)) € K.

To prove K¢ € VFC(X), consider any 6,p € FConx(X). If § C p and 6 € K°(X),
then p € K¢(X) because Tx(X)/p = 7x(X)/0 € K implies 7x(X)/p € K. Moreover if
0,p € K°(X), then 6 N p € K°(X) follows from T5(X)/0 Np = Tx(X)/0 x Ts(X)/p and
T=(X)/0,T=(X)/p € K. Because K°(X) contains at least the universal relation Vry (xy, this
means that it is a filter in FCony(X).

To verify that K¢ also satisfies the second condition of Definition 10.1, consider any
homomorphism ¢ : T5(X) — T=(Y) and assume that 6§ € K¢(Y). Let p = pofo el It is
easy to verify that t/p — tp/0 defines a monomorphism v : Ts(X)/p — Tx(Y)/0. Because
7x(Y)/0 € K, this implies that T;(X)/p € K, and therefore p € K°(X). O

11.3 Definition For any family V of regular 3-tree languages, let

V* = Vi({SA(T) | T € V(X) for some X })

be the ¥-VFA generated by the syntactic algebras of the tree languages belonging to V, and
let V¢ be the family of finite X-congruences such that for any leaf alphabet X,

VX)) =[{or | T e V(X)})
is the filter of FCony(X) generated by the syntactic congruences of the members of V(X).

11.4 Lemma IfV € VTL(E), then V* € VFA(S) and V° € VFC(Z).

Proof As everything else is obvious, it suffices to prove that V¢ satisfies Condition (2) of
Definition 10.1. Let ¢ : 7x(X) — 7x(Y) be a homomorphism and assume that 6 € V¢(Y).
Then 67, N--- N 07, C 0 for some T,...,T, € V(Y). Foreach i =1,...,n,

pobr 00t = ({0y1(1)p-1 | p € Tr(Tu(Y))}

by Lemma 8.8. Every set p~1(7})p~! is in V(X) since V is a ©-VTL, and by Proposition 6.7
the number of such sets is finite. Hence each ¢ o 07, 0 p~! is in V¢(X), and therefore ¢ o O o
™1 € V(X)) as required. m|

Let us now introduce the remaining two transformations.
11.5 Definition For any family I' of finite X-congruences, let
I'* =Vi({7x(X)/0 | 6 € T'(X) for some X}),
and let I't be the family of regular Y-tree languages such that for any leaf alphabet X,
(X)) ={T CTs(X) | 0y € T(X)}.
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The first assertion of the following lemma holds by definition, and the second assertion is
easily proved by using Proposition 8.6.
11.6 Lemma If T' € VFC(X), then T € VFA(X) and I't € VTL(Y).
The following facts are completely obvious.
11.7 Lemma The sixz operations introduced above are isotone, that is to say
(1) for any K,L € VFA(X), K C L implies K! C L* and K¢ C L¢,
(2) for anyU,V € VTL(Z), U CV implies U C V* and U C V°, and
(3) for any T,® € VFC(X), T' C ® implies I'* C ®* and I't C @,

To show that the six mappings considered above define isomorphisms between the lat-
tices (VITL(X), C), (VFA(X),C) and (VFC(X), C), it suffices now to prove that they form
mutually inverse pairs. This is stated in the following lemma which we give without proof.
We compose the transformations in the natural way from left to right. For example, for any
$-VFA K, K means (K')®.

11.8 Lemma For any K € VFA(X), V € VIL(X) and ' € VFC(Y),
(1) K =K and K = K,
(2) V2=V and V*t =V,
(3) T% =T and T =T, and moreover
(4) Kct — Kt Ktc = K¢, yac — pc_pca — pa Fta =T and Fat — Ft.
The results of the section can be summarized as the following Variety Theorem.
11.9 Theorem For any ranked alphabet 3, the mappings
VFA(X) — VTL(Y), K — K'; VTL(X) — VFA(X), V — V9,
the mappings
VFA(X) - VFC(Y), K — K¢ VFC(X) — VFA(X), I' — T'?,
and the mappings
VTL(X) — VFC(X), V — V¢ VTL(X) — VFC(Z), I — T,

form three pairs of mutually inverse isomorphisms between the algebraic lattices (VFA(X), C),
(VTL(X),C) and (VFC(X),C). Moreover, K¢ = K!, K = K¢, V% = Y°¢ Y = Y,
I'e =T% gnd I'* =T" for all K € VFA(X), V € VTIL(X) and T € VFC(Y).

Many well-known varieties of tree languages, as well as the associated varieties of finite
algebras and finite congruences, are actually unions of chains of subvarieties or, more gener-
ally, unions of directed families of subvarieties. Moreover, it is often natural to first define
these subvarieties. Therefore, we note the following facts.
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11.10 Proposition LetV = J;c; Vi be the union of a directed family {V; | i € I} of varieties
of X-tree languages. Then

(1) {V;* i eI} is a directed family of ¥-VFAs such that J;c; V;* = V*, and
(2) {V;¢|i €I} is a directed family of £-VFCs such that | J;c; V;¢ = V°.

Proof The families {V;* | i € I} and {V,;¢ | ¢ € I} are directed because the maps U — U*
and U +— UC are isotone. Therefore K = J;c; V; is a B-VFA and T' = | J;¢; V; ¢ is a E-VFC,
and it remains to be shown that K = V* and I" = V°.

Of course, K C V* since V;* C V* for every i € I. For the converse inclusion it suffices to
recall that V* is generated by syntactic algebras SA(T) with T' € V(X) for some X. Indeed,
by the definition of V, any such T is in V;(X) for some ¢ € I, and therefore SA(T) € V,* C K.

The inclusion I' C V¢ is again obvious. If § € V(X)) for some X, then 67, A--- A7, C 6,
where n > 1 and Ty € V;y,..., T, € V,, for some iy,...,4%, € I. Now V;,...,V,;, CV; for
some ¢ € I, and therefore 6 € V;¢(X) C I'(X). Hence also V¢ C T" holds. ad

Let us just note without proofs the corresponding propositions for directed families of
3-VFAs and directed families of X-VFCs.

11.11 Proposition Let K = |J,c; K; be the union of a directed family {K; | i € I} of
varieties of finite X-algebras. Then

(1) {K,' | i €I} is a directed family of ©-VTLs such that J;c; K;' = K', and

(2) {K;°|i€ I} is a directed family of £-VFCs such that | J,c; K;© = K°.

i€l
11.12 Proposition Let ' = |J;c; I's be the union of a directed family {T'; | i € I} of varicties
of finite ¥-congruences. Then

(1) {T;* | i € I} is a directed family of ©-VFAs such that | J;c; T;* =T, and
(2) {L;" | i € I} is a directed family of X-VTLs such that |J;c,; I';* = T'.

Often each subvariety V; (i € I) forming a ¥-VTL V as in Proposition 11.10 is obtained
as follows. For every X, a finite congruence +;(X) € FConyx(X) is introduced and V;(X) is
defined as the set of ¥ X-tree languages saturated by v;(X), and then the congruences v;(X)
define a principal -VFC I'; = {[v;(X))}x such that V; = I';". Moreover, in many cases the
congruences ;(X) form, for any given X, a descending chain, and then {I'; | ¢ € I} and
{Vi | i € I'} form, correspondingly, ascending chains.

Let us now note some special properties of the £-VTLs and ¥-VFAs that correspond to
principal 3-VFCs.

11.13 Proposition Let I' = {[yx)}x be a principal X-VFC. For any leaf alphabet X, let
Fx =Tn(X)/vx and X :={z | 2 € X}, where T = x/vx.

(a) For any X, TY(X) is the set of all ©X -tree languages saturated by vx .

(b) For any X and T C Tx(X), T € TYX) if and only if SA(T) is an epimorphic image
Of -7:X<
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(c) For any X, Fx is freely generated by X over I'*.
(d) T* is the 2-VFA generated by the algebras Fx.

Proof For (a) it suffices to observe that for any T' € Recx(X), T € T*(X) if and only if
vx C 07, while vx C 07 if and only if yx saturates T'.

Let us now consider (b). If T € T'*(X), then vx C 0 implies immediately that SA(T) is
an image of Fx. Assume now that there is an epimorphism ¢: Fx — SA(T). For each z € X
we may choose a term ¢, € T (X) such that (t;/vx)p = «/T, and then the assignment x — t,
can be extended to an endomorphism ¢: 7T5(X) — 7x(X). Of course, w'ygggo = 7. Moreover,
if syxt for some s,t € Tx(X), then spyx t since yx is fully invariant by Corollary 10.6.
Hence, syx t implies s/T = spp = sdm&@ = td)vg(qo = ter =t/T, that is to say, yx C 0.

Since 7yx is a fully invariant congruence on 75(X), Fx is a free algebra. As the class of 3-
algebras A = (A, X) for which any mapping ¢g : X — A can be extended to a homomorphism
¢ Fx — Ais a variety (cf. [32, p. 165], for example), it suffices by (b) to verify that
the algebras Fy belong to this class. Let Y be a leaf alphabet and consider any mapping
o : X — Tx(Y)/vy. Let us define a mapping 9y : X — Tx(Y) by setting, for each z € X,
2y = Sz, where s, is any XY -tree such that Tpg = s,/vy. If ¢ : Tn(X) — Tu(Y) is the
homomorphic extension of 1y, then

¢ Te(X)/vx = Te(Y) /vy, t/vx — t/ry
is the required extension of ¢y to a homomorphism ¢ : Fx — Fy. Indeed,
(1) ¢ is well-defined because yx C ¥ oyy op™ 1,
(2) ¢|X = g as T = /vy = xho/vy = T for every T € X, and
(3) a direct computation shows that ¢ is a homomorphism from Fx to Fy.
It remains to prove (d). By definition, I'* is the ¥-VFA generated by the algebras

T5(X)/0, where X is any leaf alphabet and 6 € [yx). However, yx C 6 means that
Ts(X)/0 < Fx, and hence I'® is already generated by the algebras Fx. a

Note that part (b) of Proposition 11.13 also means that every T € T*(X) is recognized
by a XX-recognizer based on the algebra Fx. Moreover, the proposition implies that the
Membership Problem “T'(A) € T%(X)?”, where A is any given Y. X-recognizer, is decidable
for any 3-VTL defined by a principal -VFC T' = {[yx)}x assuming that the congruences
vx are effectively given.

12 Examples of varieties

We shall now consider several natural families of regular tree languages that form varieties
and use them for illustrating the general notions and facts presented in the previous section.
Some further examples will be noted in the sections to follow.

12.1 Example The greatest ¥-VTL is the family Recs; = {Recs(X)}x of all regular X-tree
languages—the required closure properties were noted in Section 6. That the corresponding
3-VFA is the class Finy of all finite Y-algebras follows from Lemma 9.4 and Proposition 8.14:
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a X-VFA is generated by the syntactic algebras it contains and every finite syntactic X-algebra
is the syntactic algebra of some regular 3-tree language. It is also clear that Recs) is the
family FCony, = {FConyx(X)}x of all finite X-congruences.

Since we excluded the variety of regular Y-tree languages with empty components, the
least X-VTL is Trivs, = {Trive(X)}x, where Trivy(X) = {0, 7x(X)} for each X. Clearly,
Trivy! is the class Trivs of all trivial ¥-algebras, and Trivyl = {{Vry,(x)}}x-

The following notion of nilpotency of tree automata was introduced in [24]

12.2 Example Let us call a Y-algebra A = (A, X) nilpotent if there is an element ag € A
and a number n > 0 such that for any X, any @ : X — A and any ¢ € Tx(X), if hg(t) > n
then taq = ag. Let Nily be the class of all finite nilpotent X-algebras. If A € Nily, the
element ag (obviously uniquely determined) and the smallest number n for which the above
condition is satisfied, are called, respectively, the absorbing state and the degree of nilpotency
of A. Tt is easy to see that Nily is a £-VFA. In fact, for each n > 0, the finite ¥-algebras with
degree of nilpotency < n form a ¥-VFA Nily, ,,, and Nily, is the union of the ascending chain
Trivy = Nily o C Nily; € Nilgs C ... of such sub-X-VFAs. For example, let A = (A, )
be in Nily, ,, with absorbing state ap and let ¢ : A — B be an epimorphism onto a X-algebra
B = (B,X). Since ¢ is surjective, we may define for any f: X — B an o : X — A such
that 8 = xayp for every x € X. Then t05 = taap for every t € Tx(X). In particular, if
hg(t) > n, then ¢85 = apyp, and hence B € Nily,, with apy as the absorbing state.

As noted in [80], Nil}, is the Z-VTL Nily, = {Nils(X)}x, where for each X, Nilg(X) is
the set of all finite ¥ X-tree languages and their complements in 75 (X)) (the co-finite ¥ X-tree
languages). For showing directly that Nily; is a 3-VTL, it is useful to note that hg(¢p) > hg(t)
for any tree t € Tx(X) and any homomorphism ¢ : 7x(X) — Tx(Y), as this implies that
T~ ! is finite for every finite 77 C T(Y). A similar observation can be made about the
translations p : Tx(X) — Tn(X).

Let us consider the corresponding finite congruences. For each n > 0 and any leaf alphabet
X, let v, n(X) be the equivalence on 7% (X) such that

Ts(X) /vsa(X) = {{t} |t € Tu(X)<"} U{Tx(X)="}.

Obviously, vs »(X) € FConx(X) and Vg (xy = v2o(X) 2 vs1(X) D vsa(X) 2 ..., and the
inclusions are proper whenever Tx(X) is infinite. It is also clear that I Nily ,, = {[vs »(X))}x
is a principal X-VFC. Let I' Nily be the union of the ascending chain I'Nily, g € I'Nily ; C
I'Nily o C ... of ¥-VFCs. Of course, I'Nily € VFC(X).

Clearly, a X X-tree language 7T is in Nily,(X) if and only if T is saturated by some vs, ,(X).
In fact, for any T' € Nily(X) there is a least n > 0 such that 7T is saturated by vs ;(X) if and
only if & > n. For every n > 0, let Nily ,(X) be the set of all £¥X-tree languages saturated
by vs»(X). By Proposition 11.13, Nily ,, = {Nily (X )}x is the X-VTL corresponding to
I'Nily; ,. Moreover, Nily is the union of the chain Nilyo € Nilg; € Nilgs C ... and
Nil¢ = T Nily,.

To complete the picture, we note that the chain Nilgy C Nily; C ... matches the
chain I'Nily;, 9 C T'Nily;q C .... The quotient algebra Ny, (X) = Ts(X)/vs,(X) is in
Nily, ,, with the class TE(X)E" as the absorbing state. It corresponds to the algebra Fx of
Proposition 11.13. Hence, a ¥ X-tree language T is in Nily ,(X) if and only if SA(T) is an
image of Ny, ,(X), and Ny ,,(X) is freely generated by {z/vs ,(X) | z € X} over Nily,,.
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For any given X X-recognizer A = (A, a, F'), we may decide whether T'(A) € Nily(X) by
using the correspondence between Nily;, and Nily. We may assume that A is minimal. Then
A = SA(T(A)), and hence T(A) € Nily(X) if and only if A € Nily. The latter condition
can be tested directly. It is easy to see that if an n-element algebra is nilpotent, its degree of
nilpotency is < n — 1. In [24] it is shown that an algebra A = (4, %) is nilpotent if and only
if the unary algebra (A, Tr(A)) is nilpotent, where the operations are the translations of A.

Recall that a string language L C X* is definite [42, 56] if there is a k > 0 such that for
any word w € X* of length > k, w € L if and only if the suffix of w of length £ is in L.
Heuter [33, 35] was the first to study definite tree languages, and we adopt her definition with
a minor modification. That the definite ¥-tree languages form a variety of tree languages is
noted in [80]. Further relevant results can be found in [21].

12.3 Example As our tree recognizers read a tree in the direction from the leaves to the
root, we replace suffixes with root segments. The k-root rooty(t) (k > 0) of a X X-tree t is
defined as follows:

(1) rooty(t) = e (the empty root segment) for every t € Tsx(X).
(2) rooty(t) = root(t) for every ¢t € Tx(X).

(3) Let k > 2. If hg(t) < k, then rooty(t) = t. If hg(t) > k and t = f(t1,...,tm), then
rooty(t) = f(rootg—1(t1),...,r00tk—1(tm)).

For example, if t = f(g(z), f(g9(c),x)), then rooty(t) = €, rooty(t) = f, roota(t) = f(g, f),
roots(t) = f(g(x), f(g,2)) and rooty(t) = ¢ for every k > 4.
For any k£ > 0 and any X, let ds, ;(X) be the equivalence on T%(X) defined by

s0nk(X)t if and only if rooty(s) = root(t) (s,t € Tn(X)).

It is obvious that dx ;(X) is in FCong(X) with a congruence class corresponding to every
possible root segment rooty(t). For any homomorphism ¢ : 75(X) — 7Tx(Y'), any k > 0 and
any s,t € Tx(X), if rooty(s) = root(t) then clearly rooty(s¢) = rooty(ty) also. This implies
by Proposition 10.5 that I' Defy, ;, = {[0xx(X))} x is a principal ¥-VFC for each k = 0,1,...,
and hence I' Defy; = [ J;»(I' Defy ;. is a X-VFC.

For any k > 0, a £ X-tree language T is said to be k-definite if it is saturated by Os k(X),
that is to say, for any s,¢ € T5(X), if rooty(s) = rooty(t), then s € T if and only if t € T. Let
Defy; 1 (X) denote the set of k-definite X X-tree languages. It follows immediately from the
definition that Defy, ;, = {Defy, (X)}x is the ¥-VTL corresponding to the X-VFC I' Defy, .
A Y X-tree language is definite if it is k-definite for some k > 0. Let Defy; = (J;»( Defs 1 be
the X-VTL of all definite ¥-tree languages. Of course, Defs, = I' Deft.

For each k > 0, an algebra A = (A,X) is k-definite [21] if rooty(s) = rooty(t) implies
say = tay for every leaf alphabet X, every a : X — A and all s,¢t € Tx(X). Let Defy
be the class of all finite k-definite 3-algebras, and let Defy, = J,~, Defy ; be the class of
all finite definite X-algebras. It is easy to verify directly that every Def sk is a X-VFA, but
one can also show that Defy,; = T Defy!; by considering the quotient algebras Dy ;(X) :=
T5(X)/051(X). Indeed, it is clear that Dy ;(X) is k-definite and that any k-definite X-
algebra with a generating set of size < |X| is an epimorphic image of Dy (X). In fact,
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Dy 1(X) is generated freely over Defy ;, by {x/d5 1 (X) | x € X}. It follows from the results
of [33] that Defy ;, is the X-VFA corresponding to Defy .

For any given k > 0 and X, the question “T'(A) € Defy, ,(X)?” is again decidable for any
Y X-recognizer A = (A, a, F); assuming that A is minimal, one has just to check whether
the algebra A is k-definite. On the other hand, it is not immediately clear that the question
“T'(A) € Defs(X)?” is decidable. However, Heuter [33, 34] has shown that if A has n states
and T(A) is definite, then T'(A) is (n — 1)-definite. Furthermore, Esik [21] has shown that A
is k-definite if and only if the unary algebra (A, Tr(A)) is k-definite. Hence, the definiteness
question of regular tree languages can be reduced to the well-known question of whether a
given unary algebra is definite. Let us also note that the paper [21] contains many further
results about definite tree automata. In particular, it is shown that the class of definite tree
automata is closed under cascade compositions, and various equational characterizations are
considered.

A language is reverse definite [7] if there is a k > 0 such that for any word w € X* of
length > k, w € L if and only if the prefix of w of length k is in L. In the definition of
a generalized definite language [31] a prefix condition and a suffix condition are combined.
These notions can be extended to trees as follows.

12.4 Example The counterparts of prefixes of words are subtrees. However, two differences
should be noted. Firstly, a tree may have several subtrees of a given height, and secondly,
to take into account the whole frontier part of a tree up to a certain depth, we have to also
consider the subtrees of lesser height.

For any k > 0, let suby(t) = {s € sub(¢) | hg(t) < k}. For example, if f(g(c), f(z, g(c)))
then subg(t) = 0, suby (t) = {c,z}, suba(t) = {c, z, g(c)}, subs(t) = {c¢, x, g(c), f(z,9(c))} and
subyg(t) = sub(¢) for all k > 4.

For any k£ > 0 and any X, let px 1(X) be the equivalence on Tx(X) defined by

spnk(X)t if and only if subg(s) = suby(t) (s,t € Tx(X)).

It is obvious that py ;(X) € FConx(X) with a congruence class for every possible collection
suby(t) of subtrees of height < k. For any homomorphism ¢ : 7s(X) — 7x(Y), any k > 0
and any s,t € Tx(X), if subg(s) = subg(t) then clearly also suby(sp) = suby(typ). This
implies by Proposition 10.5 that I'RDefs, ;, = {[px1(X))}x is a principal X-VFC for each
k=0,1,..., and hence I'RDefy, = | J;»,I' RDefy ; is a 3-VFC.

The Y X-tree languages saturated by px x(X) are said to be reverse k-definite (k > 0).
Let RDefy, ,(X) denote the set of all reverse k-definite X X-tree languages. Then RDefy; , =
{RDefs, 1.(X)}x is the E-VTL corresponding to the 3-VFC I'RDefy; . A X X-tree language
is reverse definite if it is reverse k-definite for some k& > 0. Let RDefsy, = (J;»o RDefx ;. be
the X-VTL of all reverse definite X-tree languages. Of course, RDefs = I' RDefy..

For any h,k > 0 and X, let v5 4 1(X) = px,p(X) Ndx x(X). It is again easy to see that
I'GDefs 1, 1, = {[v=,n,x(X))}x is a principal X-VFC for any pair h, k > 0, and that the family
of these principal £-VFCs is directed. Therefore their union I' GDefy, = | J n>0k>0 L GDefy p i
is also a X-VFC. T

For any h,k > 0 and X, a X X-tree language is called generalized (h, k)-definite if it is
saturated by vs , x(X), and it is generalized definite if it is generalized (h, k)-definite for some
h,k > 0. Hence, T C Tx(X) is generalized (h, k)-definite, if s € T if and only if ¢t € T, for
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any s,t € Tx(X) such that suby(s) = subp(t) and rooty(s) = rooty(t). Let GDefspp =
{GDefx; »x(X)} be the X-VTL of all generalized (h, k)-definite X-tree languages, and let
GDefy = Uh>0,k>0 GDefy, j, i be the X-VTL of all generalized definite X-tree languages.
Obviously, GDefx ,, =T GDefEtthc, and hence also GDefy, = FGDefzt, Moreover, it is clear
that

(1) Trivy C GDefy ;1 C Recy; for all b,k > 0,

(2 GDefzyoyk = Defg;’k,

)
)
(3) GDefx 0 = RDefx 3, and

(4) GDefy;; € GDefy p 1, whenever ¢ < h and j < k.

Moreover, the inclusions in (4) are proper whenever i < j or j < k (for any non-trivial ¥).

The problems “T'(A) € RDefy?” and “T'(A) € GDefy?” were shown to be decidable by
Heuter [34, 35]. Wilke [92] characterizes the syntactic tree algebras (cf. Section 14) of reverse
definite binary tree languages.

A language L C X* is local (in the strict sense) (cf. [17], for example), if there are sets
A,B C X and C C X? of initial letters, final letters and allowed pairs of consecutive letters,
respectively, such that L = AX* N BX* — X*(X2 — C)X*. A corresponding notion also
appears in the theory of tree languages. Firstly, any regular tree language is the image of
a local tree language under an alphabetic tree homomorphism. Secondly, the production
trees of any context-free grammar form a local tree language, and hence every context-free
language is the yield of a local tree language (cf. [28, 29]).

12.5 Example The root symbol root(t) of a tree ¢ corresponds to the last letter of a word.
The counterparts of pairs of consecutive letters, as well as of initial letters, are given by the
following notion. The set fork(¢) of forks of a ¥ X-tree t is defined as follows:

(1) fork(z) = fork(c) =0 for x € X and ¢ € Xg;
(2) fork(t) = fork(t1) U - - U fork(tm,) U {f(root(t1), ... ,ro0t(tm))} for t = f(t1,... tm)-

For example, if t = g(f(f(c,z),g(c))), then fork(t) = {g(f), f(f,9), f(c,x),g(c)}. The (finite)
set of all possible forks appearing in any Y X-tree is denoted by fork(X, X). For any F C

fork(3, X) and R C XU X, let
SL(F,R) = {t € Tx(X) | fork(t) C F, root(t) € R}.

Tree languages of this form are said to be local in the strict sense. Let SLocs(X) be the
set of all ¥ X-tree languages local in the strict sense. Clearly, SLocy(X) C Recs(X) for any
¥ and X, but the family SLoc = {SLocx(X)}x is not a X-VTL because it is not closed
under unions or complements. On the other hand, it is easy to see that it is closed under
inverse translations and inverse homomorphisms. For example, let ¢ : 75(X) — 75(Y) be a
homomorphism and let T = SL(F,R) € SLocs(Y). Then Ty~ ! = SL(F',R'), where R' =
(RNE)U{z € X | zp € T}, and F’ consists of all forks f(dy,...,dn) € fork(X, X) such that
fler,...,em) € F when foreach i =1,...,m, ¢; = d; if d; € ¥, and e; = root(d;p) if d; € X.
This readily implies that the X-VTL generated by SLocy, the family Locy, = {Locy(X)}x



Algebraic classifications of regular tree languages 415

of local X-tree languages, is simply the Boolean closure of SLocy, that is to say, Locs(X) is
the Boolean closure of SLocy(X) for each X.

The family Locy, can also be obtained directly as the ¥-VTL corresponding to a X-VFC
as follows. For each X let us define the relation Ax(X) on T%(X) by the condition

sAn(X)t if and only if fork(s) = fork(t) and root(s) = root(t) (s,t € Tx(X)).

It is easy to see that Ax(X) € FCony(X) for each X, and that I' Locs, = {[As(X))}x is the
»-VFC such that FLoctE = Locsy.

This example can be generalized by defining for each £ > 0 a 3-VTL of k-testable tree
languages. For this we have to define in a natural way the set forky(t) of “k-forks” of a tree
t; the forks defined above are then 1-forks (cf. [43]).

13 Some generalizations

In this section we consider a few generalizations of the variety theory discussed above. Some
alternative approaches are then reviewed in the section to follow. Let us begin with the theory
of varieties of recognizable subsets of free algebras presented in [78]. The theory generalizes
also Eilenberg’s theories of *- and +-varieties. The point of view adopted is that the syntactic
algebra of a language L over an alphabet X is a monoid, the syntactic monoid of L, because
L is regarded as a subset of the free monoid X*, while the syntactic algebra of a ¥ X-tree
language T is a X-algebra because T is viewed as a subset of the term algebra 75 (X). The
theory of syntactic congruences and syntactic algebras of subsets of algebras presented in
Section 8 is directly applicable to the generalization to be considered here.

Let V be any given variety of ¥-algebras. We shall consider recognizable subsets of the
free algebras over V generated by finite non-empty sets. Without loss of generality, we may
assume that these generating sets are the finite non-empty leaf alphabets X,Y,Z, ... used
above. The free V-algebra generated by a set U is denoted by Fv(U) = (Fyv(U), X).

A family of recognizable V-sets is a mapping R that assigns to every X a set R(X) C
Rec(Fv (X)) of recognizable subsets of Fy(X). We write R = {R(X)}x and define the
C-relation as well as the unions and intersections of families of recognizable V-sets by the
natural componentwise conditions.

13.1 Definition A family of recognizable V-sets R = {R(X)}x is a variety of recognizable
V-sets, a V-VRS for short, if for all X and Y,

(1) R(X) is a Boolean subalgebra of Rec(Fy (X)),

(2) T € R(X) implies p~!(T) € R(X) for any p € Tr(Fy (X)), and

(3) T € R(Y) implies Ty~ € R(X) for any homomorphism ¢ : Fy(X) — Fy(Y).
Let VRS(V) denote the class of all V-VRSs.

Clearly, (VRS(V), Q) is a complete lattice. If V is the class of all 3-algebras, the term
algebra 75 (X) can be used as Fv(X) and then the V-varieties of recognizable sets are
exactly the 3-VTLs. Similarly, for the variety Mon of all monoids and the variety Sg of all

semigroups, VRS(Mon) and VRS(Sg) are the classes of all - and +-varieties, respectively.
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Let R = {R(X)}x be a family of recognizable V-sets. The syntactic algebra SA(T) of a
set T C Fy(X) is defined to be its syntactic algebra Fv (X)/0r as a subset of Fy(X). Of
course, SA(T) is finite if and only if T is recognizable in Fy (X). Now, let

R* = Vi({SA(T) | T € R(X) for some X })

be the X-VFA generated by the syntactic algebras of the subsets belonging to R. On the other
hand, for any class K of finite X-algebras, let K" = {K"(X)}x be the family of recognizable
V-sets such that K"(X) = {T' C Fy(X) | SA(T) € K} for each X. Furthermore, let VFA (V)
denote the class of all 3-VFAs contained in V. We may now formulate the following Variety
Theorem [78].

13.2 Theorem For any variety V of X-algebras, the mappings
VRS(V) — VFA(V), R — R%, and VFA(V) - VRS(V), K — K",

form a pair of mutually inverse isomorphisms between the complete lattices (VRS(V), C)

and (VFA(V), Q).

The theorem can be proved exactly as the parts of Theorem 11.9 that concern the con-
nection between VTL(X) and VFA(X). As noted above, the theory of syntactic algebras
presented in Section 8 is directly applicable here, too, and replacing the term algebras 75 (X)
with the free algebras Fyv(X) does not require any essential changes either since just the
freeness property is needed.

We could complete Theorem 13.2 with varieties of finite congruences on the free algebras
Fv(X). As a matter of fact, varieties of congruences appear both in the related theory to be
discussed next and the generalization to many-sorted mentioned thereafter.

In [1] Almeida studies various ways to describe varieties of finite algebras. Since varieties of
recognizable sets and varieties of finite congruences (in our terminology) are among these, his
work also includes a variety theory similar to that considered above. A detailed presentation
of this theory, as well as many related matters, can be found in [2]. Here we review just the
main notions and results adapting the terminology and notation to ours.

The starting point is any given ¥-VFA K. Syntactic congruences and syntactic algebras
of subsets of algebras are defined as above. A subset L C A of an algebra A = (A,Y) is
said to be K-recognizable if it is recognized by a member of K, i.e., if L = Fp~! for some
B = (B,Y) in K, a subset FF C B and a homomorphism ¢ : A — B. Moreover, L C A is
locally K-recognizable if L N (H) is K-recognizable for every finite H C A.

Let V = V(K) be the variety of X-algebras generated by K, and for each n > 1, let
Fn = (F,,%) be the free V-algebra generated by X,, := {x1,...,2,}. Similarly let F, =
(E.,,%) be the free V-algebra generated by X, := {z1,2z2,23,...}. We may assume that
FL CF CFC...CF,=U,>Fn Foreah n > 1, let Rec,(K) be the set of all
K-recognizable subsets of F,,, and let Con,(K) = {# € Con(F,) | F./0 € K}. Moreover
let LRec(K) be the set of all locally K-recognizable subsets of F,,, and let LCon(K) consist
of all congruences 6 € Con(F,) such that B/f0p € K for every finitely generated subalgebra
B = (B,X) of F,.

It is clear that the family (Rec,(K) | n > 1) is essentially the V-VRS corresponding
to K since Rec,(K) = K"(X,) for every n > 1. The locally K-recognizable subsets of F,
represent in some sense families of sets of K-recognizable subsets of the algebras 7, (n > 1).
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In particular, a subset L of F, is in LRec(K) if and only if LN F}, € Rec, (K) for every n > 1.
Similarly LCon(K) is closely related to the family of all Con,(K) (n > 1).
A wvariety of K-languages is a sequence V = (V;,),>1 such that for all n,m > 1,

(1) V4 is a Boolean subalgebra of Rec, (K),
(2) p~(T) € V,, whenever T € V,, and p € Tr(F,), and
(3) T~ €V, for any T € V,,, and any homomorphism ¢: F;,, — Fp,.

A global variety of K-languages is a Boolean subalgebra W of LRec(K) closed under inverse
translations and inverse endomorphisms of F,, such that if L € LRec(K) and for every finite
H C F,, thereis an Ly € W for which LN (H) = Ly N{H), then L € W. The last condition
may be interpreted to mean that W contains any subset of F,, that belongs to it locally.

A wariety of filters of K-congruences is a sequence (®y,),>1 such that for all m,n > 1,

(1) @, is a filter of Con,(K), and
(2) 0 € @, implies p oo~ € &, for any homomorphism ¢: F;, — F,.

Similarly, a global variety of filters of K-congruences is a filter ® of LCon(K) closed under
inverse endomorphisms of F, such that if § € LCon(K) and for every finitely generated
subalgebra A = (A, X) of F,, there is a o € ® such that 04 = g4, then 6 € ®.

Now Almeida’s Variety Theorem establishes isomorphisms between the complete lattices
formed by (1) all varieties of K-languages, (2) all global varieties of K-languages, (3) all
varieties of filters of K-congruences, (4) all global varieties of filters of K-congruences, and
(5) all 3-VFAs contained in V.

Salehi and Steinby [73] extend the theory of varieties of recognizable sets to many-sorted
algebras (cf. [51] for a survey and many further references). Many-sorted algebras are much
used in computer science, especially in the theory of data types. Many-sorted tree languages
were introduced by Maibaum [48], and Courcelle [13, 14] has studied recognizable subsets of
general many-sorted algebras. Moreover, it can be noted that Wilke’s [92] tree algebras—to
be considered in the next section—involve three sorts. For a given set S of sorts, there are
actually two natural kinds of recognizable subset of an S-sorted algebra A = (A, Q), where
A = (Ag)ses is the S-sorted set of elements and € is an S-sorted ranked alphabet. Firstly, we
may consider sorted subsets L = (Lg)ses that include for each sort s € S a subset Ly C Ag
of that sort. On the other hand, there are the ‘pure’ subsets in which all elements are of the
same sort. In [48] and [13, 14] sets of the second kind are considered, but in [73] the variety
theory is presented primarily for sorted subsets. However when S is finite, the recognizable
subsets the two types are definable in terms of each other, and in [73] a variety theorem is
also derived for varieties of pure recognizable sets.

In the theories mentioned so far, all varieties considered are over a given fixed ranked
alphabet. In [84] the variety theory of tree languages is generalized so that we may speak
generally about, say, the variety of definite tree languages or the variety of locally testable tree
languages without fixing the ranked alphabet. Corresponding to such generalized varieties
of tree languages (GVTLs) we have generalized varieties of finite algebras (GVFAs) and
generalized varieties of finite congruences (GVFCs). To define these one has to generalize
the basic notions of universal algebra in such a way that algebras of different types can be
considered together. For example, a generalized homomorphism from a X-algebra A = (4, %)



418 M. Steinby

to an Q-algebra B = (B,Q) consists of two mappings ¢: ¥ — Q and ¢: A — B such that
1(Zm) € Q for every m > 0, and fA(ay, ..., am)p = (f)B(ar1p, ..., anmyp) for all m > 0,
f € X, and ay,...,a,, € A. Also the definitions of syntactic congruences and syntactic
algebras have to be suitably modified. All the examples of ¥-VTLs mentioned in Section 7
yield also examples of GVTLs. Thus, there are the GVTLs of definite, reverse definite,
generalized definite, locally testable and aperiodic tree languages, for example. A recent
example is provided by the piecewise testable tree languages studied by Piirainen [62]. Here
piecewise testability is defined using the well-known homeomorphic embedding order of trees
(cf. [3], for example). In fact for each k > 0, the k-piecewise testable tree languages form a
GVTL, and the GVTL of all piecewise testable tree languages is the union of the ascending
chain of these sub-GVTLs. Let us also note that if V = {Vs(X)}s x is a GVTL (where X
ranges over all ranked alphabets and X over all leaf alphabets), then for any fixed ¥ we get
a X-VTL VZ = {VE(X)}X

A positive x-variety is defined as a generalized #-variety that is not required to be closed
under complementation. Pin [64] shows that these families of regular languages can be
characterized by ordered syntactic monoids, and he proves a variety theorem that connects
positive x-varieties with varieties of finite ordered monoids. Of course there is a corresponding
notion of positive 4-varieties. Recently Petkovié¢ and Salehi [60] have presented some tree
language counterparts to this theory. In particular they extend the above mentioned theory
of generalized varieties by establishing a correspondence between generalized positive varieties
of tree languages and generalized varieties of finite ordered algebras. Any GVTL is naturally
a generalized positive variety of tree languages but also other examples are presented in [60].

14 Alternative approaches

Transition semigroups of tree automata were already considered in the 1970’s (for references,
cf. [28, p. 123]), but syntactic monoids as a means to classify regular tree languages were
introduced several years later by Thomas [88, 89]. A similar notion defined for binary trees
is used in [53, 54, 55, 65].

Let us first note that the set Cyx(X) of all ¥ X-contexts forms a monoid with respect
to the product p - ¢ = g(p) with £ as the unit element. Recall also that for any Y X-tree ¢
and any Y X-context p, ¢ - p is the X X-tree p(t). Following [88, 89], the syntactic monoid
congruence of a ¥ X-tree language T is now defined as the relation puy on Cx(X) such that
for any p, ¢ € Cx(X),

p up q ifand only if (Vt € Tx(X))(Vr e Cx(X))[t-p-r€T « t-q-reT)].

The syntactic monoid SM(T) of T is the quotient monoid Cx(X)/pr. It is easy to show
that a X X-tree language is regular if and only if its syntactic monoid is finite. Of course,
the syntactic semigroup congruence or and the syntactic semigroup SS(T) = C5 (X)/or are
defined similarly, but restricting p and ¢ to Cy; (X) == Cx(X) — {¢}.

The following facts about syntactic monoids of tree languages are due to K. Salomaa [75]:

(1) Every finite monoid is isomorphic to the syntactic monoid of a regular tree language
over some (unary) ranked alphabet and a suitable leaf alphabet.

(2) The syntactic monoid of a regular tree language T is isomorphic to the translation
monoid Tr(SA(T)) of the syntactic algebra of T'.
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(3) SM(T%(X) — T) = SM(T) and SM(T N U),SM(T UU) =< SM(T) x SM(U) for any
T,U C T (X).

(4) SM(p~Y(T)) = SM(T) for any T C T(X) and any p € Cx(X).
(5) SM(Tp~!) < SM(T) for any homomorphism ¢: T(X) — T=(Y) and T C Ts(Y).

Let M be a variety of finite monoids. For any ¥ and X, let M4 (X) be the set of all
Y X-tree languages T such that SM(7T") € M. If follows from the above facts (3)—(5) that
ML, = {ML(X)}x is a S-VTL.

14.1 Example A Y. X-tree language T is called aperiodic, or non-counting, if there is a
number n > 0 such that for all ¢+ € T(X) and p,q € Cx(X), t-p"*1 . ¢ € T if and only if
t-p"-q € T. It is easy to verify directly that the family Apy, = {Aps(X)}x of such tree
languages is a X-VTL, but Thomas [88, 89] proved that Apy, = Ap’, where Ap is the VFM
of finite aperiodic monoids, that is to say finite monoids in which all subgroups are trivial.
He also shows that the families of aperiodic, first-order definable and star-free tree languages
are all pairwise distinct although the corresponding string language families are all equal (cf.
[50]). These families and related matters are studied further in [35, 36, 66, 68, 67, 69].

14.2 Example A Y-algebra A = (A,Y) is said to be monotone if there is an order < on A
such that ay,...,am < fA(a1,...,an) forallm >0, f € 8, and ay,...,a, € A. A X X-tree
language is monotone if it is recognized by a finite monotone Y-algebra. An element u € S
of a semigroup S is a divisor of an element s € S if s = wv or s = vu for some v € S. A
subsemigroup is said to be closed under divisors if it contains all divisors of its elements.
Finally, a subsemigroup S’ of a semigroup S is called a right-unit subsemigroup if there is
an element s € S such that ' = {u € S | su = s}. Gécseg and Imreh [25] prove that a
regular tree language is monotone if and only if every right-unit subsemigroup of its syntactic
monoid is closed under divisors. Piirainen [61] notes that the finite monotone algebras form
a GFVA and the monotone tree languages the corresponding GVTL. Moreover he shows that
a regular tree language is monotone if and only if its syntactic monoid is R-trivial.

Like the generalized variety theory discussed in the previous section, the syntactic monoid
approach does not require a fixed ranked alphabet. In [84] it is noted that every family of
recognizable tree languages M definable by syntactic monoids is a GVTL, but that the
converse does not hold: not every GVTL is of the form M. Indeed, for each VFM M, M¢
is just the greatest GVTL V such that SM(T) € M whenever T is in V. For example, in
[92] Wilke shows that the reverse definite tree languages cannot be characterized by syntactic
monoids (or syntactic semigroups). Recently, Salehi [71] has described the GVTLs that can be
characterized by syntactic monoids or syntactic semigroups. His results confirm the intuitive
impression that the defining power of the syntactic monoid framework is quite limited for
tree languages. In particular, it turns out that the definite tree languages cannot be defined
by syntactic monoids or semigroups, contrary to what is claimed in [54]. Furthermore, in
[62] Piirainen shows that the piecewise testable tree languages cannot be defined by syntactic
monoids. In the paper [60] mentioned already in the previous section, Petkovié¢ and Salehi
also consider ordered syntactic monoids of tree languages and, extending the result of [71],
they characterize the generalized positive varieties of tree languages that can be characterized
by these.
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The syntactic monoid of a regular language L is isomorphic to the transition monoid of
the minimal recognizer of L, and this again is the monoid of all unary term functions of the
algebra underlying the recognizer. This observation may be seen as the starting point of the
classification theory by Z. Esik [22], where everything is formulated in terms of (algebraic)
theories of Lawvere (cf. [20, 22]). Such a theory is a category of a certain kind in which the
objects are the non-negative integers. A theory T is finitary if for each pair of objects n, p, the
set T'(n,p) of morphisms n — p is finite. Each ranked alphabet ¥ defines a theory X TM of
trees such that for each n > 0, we may identify XTM(n, 1) with the set T5(X,,) of £.X,,-trees.
A tree language L C X TM(n, 1) is then said to be recognizable if there exist a finitary theory
T, a morphism ¢: XTM — T of theories and a set P C T'(n,1) such that T = Py, Esik
develops a theory of varieties of such recognizable tree languages that in its form resembles
the theory described in Section 11, but syntactic algebras are replaced by syntactic theories,
varieties of finite algebras by varieties of finitary theories, etc. The paper [22] also considers
several examples, suggests some open problems, and compares the presented theory with
other approaches. In particular, the relationship to the theory of generalized varieties of [84]
is discussed in some detail.

As noted in [22], Esik’s theory could be reformulated in terms of clones (cf. [10, 15, 49]). In
[23] Esik and Weil introduce syntactic preclones and present a variety theorem that connects
each variety of tree languages with a variety of finitary preclones. Within this framework
they characterize the first-order definable tree languages as well as some families obtained by
extending the FO language with various restricted second-order quantifiers.

The tree algebra framework of Wilke [92] is designed for languages of binary trees. The
nodes of the trees considered are labelled with symbols taken from a finite label alphabet
A, and each of these symbols may be used both as a binary symbol labelling an inner node
or as a nullary symbol labelling a leaf. Hence A may be regarded as a (generalized) ranked
alphabet such that Ayg = Ay = A. Then the set T4 of A-trees and the set C4 of A-contexts
are defined inductively by the following two clauses:

(1) ACTy and € € Cy;
(2) ifae A, s,t € Ty and p € Cy, then a(s,t) € Ta and a(p,t),a(t,p) € Ca.

To represent such trees and contexts, Wilke introduces a sorted ranked alphabet I" with the
three sorts 1 (labels), t (trees) and c (contexts), and the six operation symbols ¢, k, A, p,
n and o. The types of these operation symbols and their interpretations in the I'-algebra
Ta = (A,T4,Cx,T) of A-trees and A-contexts are as follows:

t:1—1t, a— a; k:ltt — t, (a,s,t) — a(s,t); At — ¢, (a,t) — a(&,t);
pilt —c, (a,t) ~a(t,€); n:ct—t, (pt)— p); o:cc—c, (p.q)— p(q).

Hence in 74 the t-operator forms from a label a € A the one-node A-tree a, the k-operator
creates from a label a and two A-trees s and ¢ a new A-tree with an a-labelled root and
s and t as the two maximal proper subtrees, etc. As a matter of fact Wilke considers the
subalgebra 77 = (A, T4, C;;, I) of T4, where C} := C4 —{¢}, obtained by omitting the unit
A-context £. Each I'-term with variables in A of sort t or of sort ¢ represents in a natural
way an A-tree or an A-context respectively, when these interpretations of the operators are
adopted. In fact, it is obvious that every A-tree and every A-context has at least one such
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representation. For example, the A-tree a(b(a,a),b), where a,b € A, is represented both by

r(a, £(b,1(a), (a)), (b)) and by n(A(a, (b)), (b, 1(a), u(a))).
It is easy to verify that the algebra of A-trees T4 satisfies the identities

o(o(p.q),r) = o(p,o(q,7)) (TAL)
n(a(p,q).t) ~n(p,n(qt)), (TA2)
n(A(a, s),t) ~ k(a,t,s), (TA3)
n(p(a,s),t) ~ k(a, s,t), (TA4)

where p, ¢ and r are variables of sort ¢, s and ¢ are variables of sort t, and a is a variable
of sort 1. Any T'-algebra satisfying the identities (TA1)—(TA4) is called a tree algebra. Wilke
shows that TX is the free tree algebra generated by the sorted set (A,D,0). The syntactic
tree algebra congruence Tp of an A-tree language T C T4 is the greatest congruence on
T saturating the sorted subset (B, T,0), and the syntactic tree algebra STA(T) of T is
defined as the corresponding quotient algebra ’TI /7r. Tt is not hard to see that an A-tree
language T is regular if and only if its syntactic tree algebra STA(T) is finite. In fact, the t-
component of STA(T) is in essence the syntactic algebra SA(T) of T while the c-component
corresponds to the syntactic semigroup SS(7T') of T. As an application of syntactic tree
algebras, Wilke presents an elegant effective equational characterization of the reverse definite
A-tree languages. The general theory of tree algebras is developed further in [74, 72].

15 Deterministic top-down tree languages

In this section we consider tree languages recognized by deterministic top-down tree recogniz-
ers, or DT recognizers for short, that read their input trees in a deterministic way starting
at the root and ending at the leaves. Such tree automata are also called deterministic root-
to-frontier recognizers, or DR recognizers. That DT recognizers are much weaker than the
bottom-up recognizers considered above was already observed in the 1960s. However, the
family of DT-recognizable tree languages is still quite interesting and it includes, for exam-
ple, the sets of production trees of context-free grammars (cf. [29], for example). For general
introductions to the topic and further references we refer the reader to [28, 29, 38, 39]. Here
we shall consider the variety properties of this family of tree languages. In particular, we de-
fine the syntactic path monoid introduced by Gécseg and Steinby [30] as a tool for classifying
DT-recognizable tree languages.

Let ¥ be a ranked alphabet and X a leaf alphabet. To simplify matters, we assume that
Yo = 0. A deterministic top-down X-algebra, a DT Y-algebra for short, A = (A, X) consists
of a non-empty set A and a Y-indexed family of top-down operations

FAA— AT (m>0, feSn).

Such a DT X-algebra A is finite if A is a finite set. In [27] it is shown that subalge-
bras, homomorphisms, congruences, quotient algebras and direct products—with their usual
properties—can be defined in a natural way for DT-algebras.

15.1 Definition A deterministic top-down XX -recognizer, or a DT XX -recognizer, is a sys-
tem A = (A, ag, ), where
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(1) A=(A,X) is a finite DT X-algebra,
(2) ao € A is the initial state, and

(3) a: X — pA is the final state assignment.

The elements of A are the states of A. To define the tree language recognized by A, we first
extend « to a mapping a4 : Tn(X) — pA thus:

e ray = xa for each x € X;
o flty,... tmas={a € A| fA(a) € traq X -+ X tmas}
Now the tree language recognized by A is defined as
T(A) = {t c Tg;(X) | ap € tOé_A}.

A ¥ X-tree language T is said to be DT-recognizable if T = T(A) for a DT XX -recognizer A.
Let DRecy; = {DRecx(X)}x where, for each X, DRecx(X) is the set of all DT-recognizable
¥ X-tree languages.

The process by which a DT Y X-recognizer A = (A, ag, o) accepts or rejects a given input
tree t € Tx(X) can be described as follows:

e A starts at the root of ¢ in state ag;

e if A hasreached node u labeled with f € ¥, in state a, it continues to the ith
successor node of u in state a; (1 <4 < m), where (ay,...,an) = f*(a);

immediate

e { is accepted if and only if A reaches each leaf in a state a € xa matching the label x
of that leaf.

The family DRecy, is closed under inverse translations and inverse homomorphisms, but
not under all Boolean operations. Hence, it is not a variety of Y-tree languages, but its
Boolean closure BDRecy, is. The ¥-VTL BDRecy, has been studied extensively by Jurvanen
[38, 39]. For example, she has established the inclusion relations between BDRecy; and many
of the other 3-VTLs mentioned before. In particular it is shown that BDRecy is properly
included in Recy, (for any nontrivial X)), a fact also established by Thomas [89] in a different
way. However, it seems that the corresponding ¥.-VFA is still not known.

In what follows, we shall consider a new kind of syntactic monoid introduced in [30]
especially for DT-recognizable tree languages.

As shown by Gécseg and Steinby in [27], each DT X X-recognizer can be converted into
an equivalent minimal DT ¥ X-recognizer of a certain kind, and that this minimal recognizer
is unique up to isomorphism. To make these statements precise, we have to introduce some
new concepts. For any DT ¥ X-recognizer A = (A, ag,«) and any a € A, let

T(A,a):={teTx(X)|a€tas},

and call state a a 0-state if T(A,a) = 0. Clearly T(A,a) = () means that A accepts no tree
starting in state a. Furthermore, a state a € A is said to be reachable if ay =* a, where =*
is the reflexive, transitive closure of the relation = (C A x A) defined by

a=b ifand only if b= Wi(fA(a)) for some m >0, fe¥,and 1 <i<m (a,b€ A),

where 7;: A™ — A is the i** projection mapping.
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15.2 Definition We call a DT X X-recognizer A = (A, ag, «)

(1) normalized if, for all m > 1, f € £,, and a € A, either every component in f4(a) =
(a1,...,a) is a O-state or no a; is a O-state,

(2) reduced if T(A,a) = T(A,b) implies a = b (a,b € A),
(3) connected if all of its states are reachable, and

(4) minimal if it is connected and reduced.

15.3 Definition A homomorphism ¢ : A — B from a DT Y. X-recognizer A = (A, ap,a) to
a DT X X-recognizer B = (B, by, 3) is defined by a mapping ¢ : A — B such that

(1) fB(ap) = (a1, .. amep) if fA(a) = (a1, am), m >0, f € T, a € A,
(2) app = b, and
(3) 2Byt = xa for every x € X.

A bijective homomorphism ¢ : A — B is an isomorphism of DT ¥ X-recognizers and in this
case we say that A and B are isomorphic.

The following results of [27] show that the same facts about minimal recognizers hold
for deterministic top-down tree recognizers as in the bottom-up case with the exception that
uniqueness requires normalization.

15.4 Proposition Any DT XX -recognizer A can be converted to an equivalent normalized
minimal DT XX -recognizer B, and this is also minimal with respect to the number of states
among all DT LX -recognizers B such that T(B) = T(A). Moreover, any two equivalent
minimal normalized DT X -recognizers are isomorphic.

Deterministic top-down recognizers are essentially weaker than their bottom-up counter-
parts because they have to accept or reject at each leaf separately without being able to
combine or compare in any way the information gathered from different paths leading from
the root to leaves. In fact, a DT recognizer accepts any tree ¢ such that every path of ¢ appears
in some tree accepted by it, and this property actually characterizes the DT-recognizable tree
languages as shown in [12, 90]. Since paths are also used for defining the syntactic monoids
to be considered here, we now define them formally.

The path alphabet associated with X is the ordinary finite alphabet

S =S x {1,....m} | m > 0}.

We write (f,4) € S as fi. It f is the label of a node, ¢ indicates the direction taken at that
node. Hence words over X represent paths leading from the root to a leaf in a ¥ X-tree.

15.5 Definition For any x € X, the set g, (¢) of z-paths in a ¥ X-tree t is defined as follows:
(1) ga(x) = {e};
(2) galy) =0 fory € X, y # z;



424 M. Steinby

(3) gz‘(t) = flgw(tl) U---u fmgw(tm) for t = f(th cee 7t'm,)~

The z-path language of a tree language T C Tx(X) is the set T, := (J{gx(¢) | t € T}. The z-
path languages T, of T (z € X) are collectively called the path languages of T. Furthermore
the path closure of T is defined as the ¥ X-tree language

oT) = {t € Ts(X) [ (Vo € X) gu(t) € Tr},
and T is said to be closed if ¢(T) =T.

It is clear that T +— ¢(T) is a closure operator on Tx(X). The following lemma shows
that a closed tree language is completely determined by its path languages.

15.6 Lemma If T C Tx(X) is closed and t € Tx(X), then t € T if and only if g,(t) C Ty
for every x € X.

The following basic fact was proved by Courcelle [12] and by Virdgh [90].

15.7 Proposition A reqular tree language is DT-recognizable if and only if it is closed.

For example, the finite set 7' = {f(x,y), f(y,x)} cannot be recognized by a DT recognizer
since it is not closed. Indeed it is clear that if a DT recognizer accepts the trees f(z,y) and
f(y, z), then it must accept also f(z,z) and f(y,y). On the other hand, it is easy to construct
a DT recognizer for the closure ¢(T) = {f(z,v), f(y,z), f(z,z), f(y,y)}

We shall use also the following simple observation.

15.8 Lemma The path languages Ty, (x € X ) of any DT-recognizable ¥X -tree language T
are reqular.

Proof By Proposition 15.4, we may assume that 7' = T(A) for a normalized DT XX-
recognizer A = (A, agp,). Then for each x € X, the language T, is recognized by the
i—recognizer A, = (A,i,é., ap, xa), where § is defined by setting 6(a, f;) = a; for all a € A
and f; € s assuming that f4(a) = (a1,...,am). The fact that A is normalized is needed to
prove L(A,) C T,. m]

The following notions were introduced in [30].

15.9 Definition The syntactic path congruence of a £.X-tree language T is the relation ar
on X* defined by

wy gy wy <= (Vz € X)(Vu,v € i*)(uwlv €T, & uww € Ty) (w1, we € i*)

The syntactic path monoid of T is the quotient monoid PM(T") = ii/ﬂT The syntactic path
semigroup PS(T) of T is similarly defined as a quotient monoid of ¥ restricting fir to XT.

Since pir is the intersection of the usual syntactic congruences of the path languages of
T, it really is a congruence on ¥* and the following lemma holds.

15.10 Lemma For any XX -tree language T, i is the greatest congruence on $* that sat-
urates every path language T, (x € X) of T.
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The following counterpart to the usual Myhill Theorem is noted in [30].

15.11 Theorem For any closed XX -tree language T' the following are equivalent:
(1) T € DRecx(X);
(2) there is a congruence on Ik of finite index that saturates all the path languages of T';
(3) pr is of finite index.

Of course, the theorem yields the following immediate consequence.

15.12 Corollary A closed tree language T is DT-recognizable if and only if the monoid
PM(T) is finite.

For any T' € DRecy(X), the syntactic path monoid PM(T') is effectively computable
because it can be shown to be isomorphic to the minimal recognizer of the family (7 | z € X)
of path languages of T, and this can be formed by Lemma 15.8; a recognizer of (T, | x € X)
is a finite automaton A = (A, %, 6, ag, (F, | 2 € X)) with a family of sets of final states such
that for every z € X, T, = L(A,) for the i—recognizer A, = (A7f3,5, ap, F). One may
use the well-known minimization theory of Moore-automata to show that such a minimal
recognizer always exists. The transition monoid TM(A) of A is formed by the mappings

wh A — A a b(a,w), (we)
with uAvA = (uv)? as the operation.
In conclusion, we present some examples of characterizations by path monoids.

15.13 Example A DT Y X-recognizer A = (A, ag, «) is monotone if there is an order <
on A such that a < ai,...,an, whenever fA(a) = (ay,...,ay) for some m > 0, f € T,
and a,aq,...,a, € A. A DT-recognizable tree language is monotone if it is recognized by
a monotone DT recognizer. Gécseg and Imreh [25] show that a closed ¥ X-tree language T'
is monotone if and only if every right-unit subsemigroup of PM(T) is closed under divisors.
By the results of Piirainen [61] noted in Example 14.2, this means that 7" is monotone if and
only if PM(T) is R-trivial.

The following example is from [26] but we have slightly modified the terminology.

15.14 Example For any given DT X-algebra A = (A, X), we define the state frontier map
sf: A x Ty (X) — A* as follows:

(1) sf(a,z) =afora € A and z € X;

(2) sf(a,t) = sf(a1,t1)...sf(@m,tm) for t = f(t1,...,tm), a € A and fA(a) = (ay,...,am).
The minimum height mh(t) of a X X-tree t is defined by the conditions:

(1) mh(z) =0 for any z € X;

(2) mh(¢) = min(mh(t1),...,mh(ty)) +1 for t = f(t1,...,tm).
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For any k > 0, a DT X-algebra A = (A, X) is called frontier k-definite if sf(a,t) = sf(b,t) for
all a,b € A whenever mh(t) > k, and we call A frontier definite if it is frontier k-definite for
some k > 0. A DT X X-recognizer A = (A, «, F) and the tree language T(A) recognized by
it are called frontier definite if the underlying DT Y-algebra is frontier definite. Recall also
that a semigroup S is definite if Su = {u} for every idempotent u € S, that is to say every
idempotent of S is a right zero. Now, Gécseg and Imreh [26] show that a DT-recognizable tree
language T is frontier definite if and only if its syntactic path semigroup PS(T") is definite.

Gécseg and Imreh [26] give also a characterization of a family of similarly defined nilpotent
DT-recognizable tree languages. These examples may appear somewhat contrived as the
families of tree languages are defined through properties of their recognizers, but it is to be
noted that the characterizations give decision methods that do not require any knowledge
about the parameter k. It seems that the syntactic monoid (or semigroup) approach is more
useful in the case of DT-recognizable tree languages than in the case of all recognizable tree
languages because DT-recognizable tree languages are determined by their path languages.

Acknowledgements

I have derived much inspiration from working with Tatjana Petkovié¢, Ville Piirainen and
Saeed Salehi on topics related to this paper. I also thank all of them for reading the
manuscript and for their many useful comments. Thanks are also due to the organizers
of the excellent seminar that led me to write this paper, as well to the patient editors of this
volume. I am especially grateful to Martin Goldstein for his careful editorial work.

References

[1] J. Almeida, On pseudovarieties, varieties of languages, filters of congruences, pseudo-
identities and related topics, Algebra Universalis 27 (1990), 333-350.

[2] J. Almeida, Finite Semigroups and Universal Algebra, World Scientific, Singapore, 1995.
[3] J. Avenhaus, Reduktionssysteme, Springer-Verlag, Berlin, 1995.

[4] C. J. Ash, Pseudovarieties, generalized varieties and similarly described classes, J.
Algebra 92 (1985), 104-115.

[5] J. T. Baldwin and J. Berman, Varieties and finite closure conditions, Collog. Math. 35
(1976), 15—20.

[6] W. Brauer, Automatentheorie, B. G. Teubner, Stuttgart, 1984.

[7] J. A. Brzozowski, Canonical regular expressions and minimal state graphs of definite
events, in: Proc. Symp. Math. Theory of Automata, Microwave Research Inst. Symp.
Ser. 12, Brooklyn, New York, 1963, 529-561.

[8] J. R. Biichi, Finite Automata, Their Algebras and Grammars. Towards a Theory of
Formal Expressions, Springer-Verlag, New York, 1989.



Algebraic classifications of regular tree languages 427

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

21]

22]

[23]

[24]

S. Burris and H. P. Sankappanavar, A Course in Universal Algebra, Springer-Verlag,
New York, 1981.

P. M. Cohn, Universal Algebra, D. Reidel, Dordrecht, 2nd revised ed., 1981.

H. Comon, M. Dauchet, R. Gilleron, F. Jacquemard, D. Lugiez, S. Tison, and M. Tom-
masi, Tree Automata and Applications, http://www.grappa.univ-1ille3.fr/tata/
(project under development since 1997).

B. Courcelle, A representation of trees by languages I, Theoret. Comput. Sci. 6 (1978),
255-279.

B. Courcelle, On recognizable sets and tree-automata, in: Resolution of Equations in
Algebraic Structures, Vol. 1 (M. Nivat and H. Ait-Kaci, eds.), Academic Press, New
York, 1989, 93-126.

B. Courcelle, Basic notions of universal algebra for language theory and graph gram-
mars, Theoret. Comput. Sci. 163 (1996), 1-54.

K. Denecke and S. L. Wismath, Universal Algebra and Applications in Theoretical
Computer Science, Chapman & Hall/CRC, Boca Raton, 2002.

J. Doner, Tree acceptors and some of their applications, J. Comput. System Sci. 4
(1970), 406-451.

S. Eilenberg, Automata, Languages, and Machines, Vol. A, Academic Press, New York,
1974.

S. Eilenberg, Automata, Languages, and Machines, Vol. B, Academic Press, New York,
1976.

S. Eilenberg and M.-P. Schiitzenberger, On pseudovarieties, Advances in Mathematics
19 (1976), 413-418.

S. Eilenberg and J. B. Wright, Automata in general algebras, Information and Com-
putation 11 (1967), 452-470.

7. Esik, Definite tree automata and their cascade composition, Publ. Math. Debrecen
48, 3-4 (1996), 243-261.

7. Esik, A variety theory for trees and theories, Publ. Math. Debrecen 54 (1999), 711-
762.

Z. Esik and P. Weil, On certain logically defined regular tree languages, in: Foundations
of Software Technology and Theoretical Computer Science, Lecture Notes in Comput.
Sci. 2914, Springer, Berlin 2003, 195-207.

F. Gécseg and B. Imreh, On a special class of tree automata, in: Automata, Languages
and Programming Systems, Dept. Math., K. Marx University of Economics, Budapest,
1988, 141-152.



428

[25]

[26]

[27]

(28]
29]

[30]

[31]

[32]
[33]
[34]

[35]

(36]

37]
[38]

[39]

[40]

[41]

[42]

M. Steinby
F. Gécseg and B. Imreh, On monotone automata and monotone languages, J. Au-
tomata, Languages and Combinatorics 7 (2002), 71-82.

F. Gécseg and B. Imreh, On definite and nilpotent DR tree languages, J. Automata,
Languages and Combinatorics 9 (2004), 55-60.

F. Gécseg and M. Steinby, Minimal ascending tree automata, Acta Cybernetica 4 (1978),
37-44.

F. Gécseg and M. Steinby, Tree automata, Akadémiai Kiad6, Budapest, 1984.

F. Gécseg and M. Steinby, Tree languages, in: Handbook of Formal Languages, Vol. 8
(G. Rozenberg and A. Salomaa, eds.), Springer-Verlag, Berlin, 1997, 1-69.

F. Gécseg and M. Steinby, Minimal recognizers and syntactic monoids of DR tree
languages, in: Words, Semigroups and Transductions (M. Ito, G. Paun, and S. Yu,
eds.), World Scientific, Singapore, 2001, 155-167.

A. Ginzburg, About some properties of definite, reverse-definite and related automata,
IEEE Trans. Electronic Computers EC-15 (1966), 809-810.

G. Grétzer, Universal Algebra, Springer-Verlag, New York, 2nd revised ed., 1979.
U. Heuter, Definite tree languages, Bulletin of the EATCS 35 (1988), 137-142.

U. Heuter, Generalized definite tree languages, in: Math. Found. of Comput. Sci.,
Lecture Notes in Comput. Sci. 379, Springer, Berlin, 1989, 270-280.

U. Heuter, Zur Klassifizierung reguldrer Baumsprachen, Dissertation, Faculty of Natu-
ral Science, RWTH, Aachen, 1989.

U. Heuter, First-order properties of trees, star-free expressions and aperiodicity, RAIRO
Theoret. Informatics and Appl. 25 (1991) 125-145.

J. M. Howie, Automata and Languages, Clarendon Press, Oxford, 1991.

E. Jurvanen, The Boolean closure of DR-recognizable tree languages, Acta Cybernetica
10 (1992), 255-272.

E. Jurvanen, On tree languages defined by deterministic root-to-frontier recognizers,
Ph.D. thesis, University of Turku, 1995.

E. Jurvanen, A. Potthoff, and W. Thomas, Tree languages recognizable by regular
frontier check, in: Developments in language theory (G. Rozenberg and A. Salomaa,
eds.), World Scientific, Singapore 1994, 3-17.

A. Kelarev and O. Sokratova, Directed graphs and syntactic algebras of tree languages,
J. Automata, Languages and Combinatorics 6 (2001), 305-311.

S. C. Kleene, Representation of events in nerve nets and finite automata, in: Automata
Studies (C. E. Shannon and J. McCarthy, eds.), Princeton University Press, Princeton,
NJ, 1956, 3-42.



Algebraic classifications of regular tree languages 429

[43]

(4]

[45]

[46]

(47]

(48]

[49]

[50]

[51]

[53]

[54]

[55]

T. Knuutila, Inference of k-testable tree languages, in: Advances in Structural and
Syntactic Pattern Recognition (H. Bunke, ed.), World Scientific, Singapore 1992, 109
120.

D. C. Kozen, Automata and Computability, Springer, New York 1997.

G. Lallement, Semigroups and combinatorial applications, John Wiley & Sons, New
York, 1979.

D. Lépez, Inferencia de lenguajes de arboles, Ph.D. thesis, Universida Politécnica de
Valencia, 2003.

M. Magidor and G. Moran, Finite automata over finite trees, Technical Report 30,
Hebrew University, Jerusalem, 1969.

T. S. E. Maibaum, A generalized approach to formal languages, J. Comput. Systems
Seci. 8 (1974), 409-439.

R. N. McKenzie, G. F. McNulty, and W. F. Taylor, Algebras, Lattices, Varieties, Vol. I,
Wadsworth & Brooks/Cole, Monterey, CA, 1987.

R. McNaughton, and S. Papert, Counter-free automata, MIT Press, Cambridge, MA,
1971.

K. Meinke and J. V. Tucker, Universal algebra, in: Handbook of Logic in Computer
Science, Vol. 1 (S. Abramsky, D. Gabbay, and T. S. Maibaum, eds.), Clarendon Press,
Oxford 1992, 189-411.

J. Mezei and J. B. Wright, Algebraic automata and context-free sets, Information and
Control 11 (1967), 3-29.

M. Nivat and A. Podelski, Tree monoids and recognizabili‘_c_y of sets of finite trees, in:
Resolution of Equations in Algebraic Theories, Vol. 1 (H. Ait-Kaci and M. Nivat, eds.),
Academic Press, Boston, 1989, 351-367.

M. Nivat and A. Podelski, Definite tree automata (cont’d), Bull. EATCS 38 (1989),
186-190.

P. Péladeau and A. Podelski, On reverse and general definite tree languages, in: Au-
tomata, Languages and Programming, Lecture Notes in Comput. Sci. 623, Springer,
Berlin, 1992, 150-161.

M. Perles, M. O. Rabin, and E. Shamir, The theory of definite automata, IEEE Trans.
Electronic Computers EC-12 (1963), 233-243.

T. Petkovié¢, Varieties of automata and semigroups (in Serbian), Ph.D. thesis, University
of Nig, 1998.

T. Petkovi¢, M. Cirié, and S. Bogdanovi¢, Characteristic semigroups of directable au-
tomata, in: Proceedings of Developments in Language Theory 2002 (M. Ito and M.
Toyama, eds.), Lecture Notes in Computer Science 2450, Springer, Berlin, 2003, 417—
428.



430

[59]

[60]

[61]

[62]

[63]
[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

[74]
[75]

M. Steinby

T. Petkovié¢, M. C’irié7 and S. Bogdanovi¢, Unary algebras, semigroups and congruences
on free semigroups, Theoret. Comput. Sci. 324 (2004), 87-105.

T. Petkovi¢ and S. Salehi, Positive varieties of tree languages, TUCS Technical Report
622, Turku Centre for Computer Science, Turku, 2004.

V. Piirainen, Monotone algebras, R-trivial monoids and a variety of tree languages,
Bulletin of the EATCS 84 (2004), 189-194.

V. Piirainen, Piecewise testable tree languages, TUCS Technical Report 634, Turku
Centre for Computer Science, Turku 2004.

J.-E. Pin, Varieties of formal languages, North Oxford Academic Publ., London, 1986.

J.-E. Pin, Syntactic semigroups, in: Handbook of Formal Languages, Vol. 1 (G. Rozen-
berg, A. Salomaa, eds.), Springer, Berlin, 1997, 679-746.

A. Podelski, A monoid approach to tree automata, in: Tree Automata and Languages
(M. Nivat and A. Podelski, eds.), Elsevier Science Publishers, Amsterdam, 1992, 41-56.

A. Potthoff, Logische Klassifizierung requldrer Baumsprachen, Bericht Nr. 9410, Insti-
tut fir Informatik und Praktische Mathematik, Christian-Albrechts-Universitét, Kiel,
1994.

A. Potthoff, Modulo counting quantifiers over finite trees, Theor. Comput. Sci. 126
(1994), 97-112.

A. Potthoff, First-order logic on finite trees. Theory and Practice of Software Develop-
ment (P. D. Mosses et al., eds.), Lecture Notes in Comput. Sci. 915, Springer, Berlin,
1995, 125-139.

A. Potthoff and W. Thomas, Regular tree languages without unary symbols are star-
free, Fundamentals of Computation Theory, Lecture Notes in Computer Science 710,
Springer, Berlin, 1993, 396-405.

J. Reiterman, The Birkhoff theorem for finite algebras, Algebra Universalis 14 (1985),
1-10.

S. Salehi, Varieties of tree languages definable by syntactic monoids, TUCS Technical
Report 619, Turku Centre for Computer Science, Turku 2004.

S. Salehi, Varieties of Tree Languages, Ph.D. thesis, University of Turku, to be presented
in 2005.

S. Salehi and M. Steinby, Varieties of many-sorted recognizable sets, TUCS Technical
Report 626, Turku Centre for Computer Science, Turku, 2004.

S. Salehi and M. Steinby, Tree algebras and regular tree languages, in preparation.

K. Salomaa, Syntactic monoids of regular forests, M.Sc. thesis, University of Turku,
1983, in Finnish.



Algebraic classifications of regular tree languages 431

[76]

[77]

(78]

[79]

(80]

[81]

[82]

(83]

(84]

(85]

(86]

[87]

[88]

(89)]

[90]

[91]

[92]

B. M. Schein, Homomorphisms and subdirect decompositions of semigroups, Pacific J.
Math. 17 (1966), 529-547.

M.-P. Schiitzenberger, On finite monoids having only trivial subgroups, Information
and Control 8 (1965), 190-194.

M. Steinby, Syntactic algebras and varieties of recognizable sets, in: Les Arbres en
algébre et en programmation, Université de Lille, Lille, 1979, 226-240.

M. Steinby, Some algebraic aspects of recognizability and rationality, Foundations of
Computing Theory, Lecture Notes in Comput. Sci. 117, Springer, Berlin, 1981, 360-372.

M. Steinby, A theory of tree language varieties, in: Tree Automata and Languages (M.
Nivat and A. Podelski, eds.), North-Holland, Amsterdam, 1992, 57-81.

M. Steinby, On generalizations of the Nerode and Myhill theorems, Bulletin of the
EATCS 48 (1992), 191-198.

M. Steinby, Recognizable and rational subsets of algebras, Fundamenta Informaticae
18 (1993), 249-266.

M. Steinby, Classifying regular languages by their syntactic algebras, in: Results and
Trends in Computer Science, Lecture Notes in Comput. Sci. 812, Springer, Berlin,
1994, 353-364.

M. Steinby, General varieties of tree languages, Theoret. Comput. Sci. 205 (1998), 1-43.

J. W. Thatcher and J. B. Wright, Generalized finite automata theory with an appli-
cation to a decision problem of second order logic, Mathematical Systems Theory 2
(1968), 57-81.

D. Thérien, Classification of regular congruences, Ph.D. Thesis, University of Waterloo,
1980.

D. Thérien, Classification of finite monoids: the language approach, Theoretical Com-
puter Science 14 (1981), 195-208.

W. Thomas, On non-counting tree languages, Grundlagen der Theoretische Informatik
(Proc. 1. Intern. Workshop, Paderborn 1982), 234-242.

W. Thomas, Logical aspects in the study of tree languages, in: 9th Colloguium on Trees
in Algebra and Programming (B. Courcelle, ed.), Cambridge University Press, London,
1984, 31-49.

J. Virdgh, Deterministic ascending tree automata I, Acta Cybernetica 5 (1980), 33-42.
W. Wechler, Universal Algebra for Computer Scientists, Springer-Verlag, Berlin, 1992.

T. Wilke, An algebraic characterization of frontier testable tree languages, Theoret.
Comput. Sci. 154 (1996), 85-106.



432 M. Steinby

[93] R. T. Yeh, Some structural properties of generalized automata and algebras, Mathe-
matical Systems Theory 5 (1971), 306-318.

[94] S. Yu, Regular languages, in: Handbook of Formal Languages, Vol. 1 (G. Rozenberg
and A. Salomaa, eds.), Springer-Verlag, Berlin, 1997, 41-110.



Index

Abelian algebra 280

Abelian congruence 280, 321
Abelian group 175

Abelian lattice 282

Abelian ring 282

Abelian variety 299
A-completeness 230

affine variety 299

arithmetical variety 284

agent 241, 253

Allen’s interval algebra 205
alphabet 225, 387, 391
Archimedean epigroup 343, 348, 351
automatic theorem proving 263
automaton 3, 77, 80, 215, 387
automaton function 227

behavior algebra 247, 248, 251
bisimilarity 246

center 280, 282, 307, 320

centrality 274, 278

clone of operations 318, 326
combinatorial variety 308
commutator equation 307, 309, 315
commuting operations 296
completeness 85, 93, 109, 230, 235
congruence distributive 284
congruence lattice 277

congruence modular 286
congruence regular 306

congruence relation 91

conjugacy invariant 38

constraint language 201

constraint satisfaction problem 181
cover property 340, 341

criterial system 218

Day terms 286
decidable 8
difference term 296
directed set 9

directly indecomposable algebra 274, 313

distributive lattice 173

endoprimal algebra 169
environment 242
epigroup 331

fine spectrum 150

finite automaton 387

finite basis problem 161, 166

finite monoid 163, 165

finite tree recognizer 393

finitely assembled semigroup 362
finiteness condition 361

free algrebra 56, 285, 299, 310, 311, 319
function with delay 223

Green’s relations 359
G-spectrum 318
Gumm terms 302

head insertion 260, 261
Heyting algebra 174

insertion function 256
insertion programming 263
interpret 283

inverse semigroup 26

Jonsson terms 284

Kleene algebra 174
Kleene-completeness 96

language 387

lattice equation 288, 296
lattice of congruences 277
locally finite 49

locally finite variety 62, 74, 155
logical set 83

look-ahead insertion 261

loop operation 306

[-valued logic 219

majority term 282
Maltsev class 283
Maltsev polynomial 297
Maltsev term 284



434

metric completeness 103
m-fold exponential 153

neutral algebra 316
nilpotency 7, 411

nilpotent algebra 274, 302, 303, 307, 319

nilpotent congruence 302
nilsemigroup 370

one-step insertion 258, 261

parallel composition 254, 261
path language 424

piecewise testable 8, 25
polymorphism 191
polynomial equivalence 294
polynomial operation 280
polyrelation 114, 119, 125, 129, 139
predicate 235

profinite semigroup 1, 10, 12
proving machine 269
pseudoidentity 19
pseudovariety 1, 6

pure 63

quotient algebra 317, 319

ranked alphabet 405
r-completeness 230
regular tree language 381
relational database

semisimple 69

sequential composition 253, 261
sequential function 79

shifting lemma 286

simple algebra 315

solvable algebra 273, 300, 302
solvable congruence 302
spectrum 149

Stone algebra 173

subdirectly irreductible 308, 315, 321
syntactic algebra 399

syntactic congruence 5, 400
syntactic equivalant 162
syntactic semigroup 5, 159, 418

tameness 27

term condition 274, 276, 278
term operation 277, 278, 297
ternary Abelian group 297
tolerance 277

trace equivalence 245

tractable algebra 196
transition semigroup 3
transition system 243, 265, 266
tree homomorphism 398

tree language 381

unary semigroup 334
uniform congruence 306
unipotency class 345, 359

valuation 48, 66

variety 47, 152

variety of epigroups 339
variety of finite algebra 404
variety of finite congruence 405
variety of tree languages 398
variety theorem 406
V-recognizable 14



	nlReader(9.pdf
	Structural Theory of Automata, Semigroups, and Universal Algebra.pdf



