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Preface

Despite the fears of university mathematics departments, mathematics
education is growing rather than declining. But the truth of the matter
is that the increases are occurring outside departments of mathematics.
Engineers, computer scientists, physicists, chemists, economists, statisti-
cians, biologists, and even philosophers teach and learn a great deal of
mathematics. The teaching is not always terribly rigorous, but it tends to
be better motivated and better adapted to the needs of students. In my
own experience teaching students of biostatistics and mathematical biol-
ogy, I attempt to convey both the beauty and utility of probability. This
is a tall order, partially because probability theory has its own vocabulary
and habits of thought. The axiomatic presentation of advanced probability
typically proceeds via measure theory. This approach has the advantage
of rigor, but it inevitably misses most of the interesting applications, and
many applied scientists rebel against the onslaught of technicalities. In the
current book, I endeavor to achieve a balance between theory and appli-
cations in a rather short compass. While the combination of brevity apd
balance sacrifices many of the proofs of a rigorous course, it is still consis-
tent with supplying students with many of the relevant theoretical tools.
In my opinion, it better to present the mathematical facts without proof
rather than omit them altogether.

In the preface to his lovely recent textbook (153}, David Williams writes,
“Probability and Statistics used to be married; then they separated; then
they got divorced; now they hardly see each other.” Although this split
Is doubtless irreversible, at least we ought to be concerned with properly
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bringing up their children, applied probability and computational statis-
tics. If we fail, then science as a whole will suffer. You see before you my
attempt to give applied probability the attention it deserves. My other re-
cent book [95] covers computational statistics and aspects of computational
probability glossed over here.

This graduate-level textbook presupposes knowledge of multivariate cal-
culus, linear algebra, and ardinary differential equations. In probability
theory, students should be comfortable with elementary combinatorics, gen-
erating functions, probability densities and distributions, expectations, and
conditioning arguments. My intended audience includes graduate students
in applied mathematics, biostatistics, computational biology, computer sci-
ence, physics, and statistics. Because of the diversity of needs, instructors
are encouraged to exercise their own judgment in deciding what chapters
and topics to cover.

Chapter 1 reviews elementary probability while striving to give a brief
survey of relevant results from measure theory. Poorly prepared students
should supplement this material with outside reading. Well-prepared stu-
dents can skim Chapter 1 until they reach the less well-known material of
the fina! two sections. Section 1.8 develops properties of the multivariate
normal distribution of special interest to students in biostatistics and sta-
tistics, This material is applied to optimization theory in Section 3.3 and
to diffusion processes in Chapter 1].

We get down to serious business in Chapter 2, which is an extended essay
on calculating expectations. Students often camplain that probability is
nothing more than a bag of tricks. For better or worse, they are confronted
here with some of those tricks. Readers may want to skip the final two
sections of the chapter on surface area distributions on a first pass through
the book.

Chapter 3 touches on advanced topics from convexity, inequalities, and
optimization. Beside the obvious applications to computational statistics,
part of the motivation for this material is its applicability in calculating
bounds on probabilities and moments.

Combinatorics has the odd reputation of being difficult in spite of rely-
ing on elementary methods. Chapters 4 and 5 are my stab at making the
subject accessible and interesting. There is no doubt in my mind of combi-
natorics’ practical importance. More and more we live in 2 world dominated
by discrete bits of information. The stress on algorithms in Chapter 5 is
intended to appeal to computer scientists.

Chapters 6 through 11 cover core material on stochastic processes that
I have taught to students in mathematical biology over a span of many
vears. If supplemented with appropriate sections from Chapters 1 and 2,
there is sufficient material here for a traditional semester-long course in
stochastic processes. Although my examples are weighted toward biology,
particularly genetics, I have tried to achieve variety. The fortunes of this
book doubtless will hinge on how campelling readers find these examples.
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You can leaf through the Table of Contents to get a better idea of the topics
covered in these chapters.

In the final two chapters on Poisson approximation and number the-
ory, the applications of probability to other branches of mathematics come
to the fore. These chapters are hardly in the mainstream of stochastic
processes and are meant for independent reading as much as for classroom
presentation.

All chapters come with exercises. These are not graded by ditficulty, but
hints are provided for some of the more difficult ones. My own practice is
to require one problem for each hour and a half of lecture. Students are
allowed to choose among the problems within each chapter and are graded
on the best of the solutions they present. This strategy provides incentive
for the students to attempt more than the minimum number of problems.

I would like to thank my former and current UCLA and University of
Michigan students for their help in debugging this text. In retrospect, there
were far more contributing students than I ean possibly credit. At the
risk of offending the many, let me single out Brian Dolan, Ruzong Fan,
David Hunter, Wei-hsun Liao, Ben Redelings, Eric Schadt, Marc Suchard,
Janet Sinsheimer, and Andy Ming-Ham Yip. I also thank John Kimmel of
Spriuger—Verlag for his editorial assistance.

Finally, I dedicate this book to my mother, Alma Lange, on the occasion
of her 80th birthday. Thanks, Mom, for your cheerfulness and generosity
in raising me. You were, and always will be, an inspiration to the whole
family.



Preface to the First Edition

When I was a postdoctoral fellow at UCLA more than two decades ago,
I learned genetic modeling from the delightful texts of Elandt-Johnson [2]
and Cavalli-Sforza and Bodmer [1]. In teaching my own genetics course over
the past few years, first at UCLA and later at the University of Michigan,
I longed for an updated version of these books. Neither appeared and I was
left to my own devices. As my hastily assembled notes gradually acquired
more polish, it occurred to me that they might fill a useful niche. Research
in mathematical and statistical genetics has been proceeding at such a
breathless pace that the best minds in the field would rather create new
theories than take time to codify the old. It is also far more profitable to
write another grant proposal. Needless to say, this state of affairs is not
ideal for students, who are forced to learn by wading unguided into the
confusing swamp of the current scientific literature.

Having set the stage for nobly rescuing a generation of students, let me
inject a note of honesty. This book is not the monumental synthesis of pop-
ulation genetics and genetic epidemiology achieved by Cavalli-Sforza and
Bodmer. It is also not the sustained integration of statistics and genetics
achieved by Elandt-Johnson. It is not even a compendium of recommen-
dations for carrying out a genetic study, useful as that may be. My goal
is different and more modest. I simply wish to equip students already so-
phisticated in mathematics and statistics to engage in genetic modeling.
These are the individuals capable of creating new models and methods
for analyzing genetic data. No amount of expertise in genetics can over-
come mathematical and statistical deficits. Conversely, no mathematician
or statistician ignorant of the basic principles of genetics can ever hope to
identify worthy problems. Collaborations between geneticists on one side
and mathematicians and statisticians on the other can work, but it takes
patience and a willingness to learn a foreign vocabulary.

So what are my expectations of readers and students? This is a hard
question to answer, in part because the level of the mathematics required
builds as the book progresses. At a minimum, readers should be familiar
with notions of theoretical statistics such as likelihood and Bayes’ theorem.
Calculus and linear algebra are used throughout. The last few chapters
make fairly heavy demands on skills in theoretical probability and combi-
natorics. For a few subjects such as continuous time Markov chains and
Poisson approximation, I sketch enough of the theory to make the expo-
sition of applications self-contained. Exposure to interesting applications
should whet students’ appetites for self-study of the underlying mathemat-
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ics. Everything considered, I recommend that instructors cover the chapters
in the order indicated and determine the speed of the course by the math-
ematical sophistication of the students. There is more than ample material
here for a full semester, so it is pointless to rush through basic theory if
students encounter difficulty early on. Later chapters can be covered at the
discretion of the instructor.

The matter of biological requirements is also problematic. Neither the
brief review of population genetics in Chapter 1 nor the primer of molecu-
lar genetics in Appendix A is a substitute for a rigorous course in modern
genetics. Although many of my classroom students have had little prior
exposure to genetics, I have always insisted that those intending to do re-
search fill in the gaps in their knowledge. Students in the mathematical
sciences occasionally complain to me that learning genetics is hopeless be-
cause the field is in such rapid flux. While I am sympathetic to the difficult
intellectual hurdles ahead of them, this attitude is a prescription for failure.
Although genetics lacks the theoretical coherence of mathematics, there are
fundamental principles and crucial facts that will never change. My advice
is follow your curiosity and learn as much genetics as you can. In scientific
research chance always favors the well prepared.

The incredible flowering of mathematical and statistical genetics over
the past two decades makes it impossible to summarize the field in one
book. I am acutely aware of my failings in this regard, and it pains me to
exclude most of the history of the subject and to leave unmentioned so many
important ideas. I apologize to my colleagues. My own work receives too
much attention; my only excuse is that I understand it best. Fortunately,
the recent book of Michael Waterman delves into many of the important
topics in molecular genetics missing here [4].

I have many people to thank for helping me in this endeavor. Carol
Newton nurtured my early career in mathematical biology and encouraged
me to write a book in the first place. Daniel Weeks and Eric Sobel deserve
special credit for their many helpful suggestions for improving the text. My
genetics colleagues David Burke, Richard Gatti, and Miriam Meisler read
and corrected my first draft of Appendix A. David Cox, Richard Gatti, and
James Lake kindly contributed data. Janet Sinsheimer and Hongyu Zhao
provided numerical examples for Chapters 10 and 12, respectively. Many
students at UCLA and Michigan checked the problems and proofread the
text. Let me single out Ruzong Fan, Ethan Lange, Laura Lazzeroni, Eric
Schadt, Janet Sinsheimer, Heather Stringham, and Wynn Walker for their
diligence. David Hunter kindly prepared the index. Doubtless a few errors
remain, and I would be grateful to readers for their corrections. Finally, I
thank my wife, Genie, to whom I dedicate this book, for her patience and
love.
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A Few Words about Software

This text contains several numerical examples that rely on software from
the public domain. Readers interested in a copy of the programs MENDEL
and FISHER mentioned in Chapters 7 and 8 and the optimization program
SEARCH used in Chapter 3 should get in touch with me. Laura Lazzeroni
distributes software for testing transmission association and linkage dise-
quilibrium as discussed in Chapter 4. Daniel Weeks is responsible for the
software implementing the APM method of linkage analysis featured in
Chapter 6. He and Eric Sobel also distribute software for haplotyping and
stochastic calculation of location scores as covered in Chapter 9. Readers
should contact Eric Schadt or Janet Sinsheimer for the phylogeny software
of Chapter 10 and Michael Boehnke for the radiation hybrid software dis-
cussed in Chapter 11. Further free software for genetic analysis is listed in
the recent book by Ott and Terwilliger [3].

0.1 REFERENCES

[1] Cavalli-Sforza LL, Bodmer WF (1971) The Genetics of Human Pop-
ulations. Freeman, San Francisco

[2] Elandt-Johnson RC (1971) Probability Models and Statistical Methods
in Genetics. Wiley, New York

[3] Terwilliger JD, Ott J (1994) Handbook of Human Genetic Linkage.
Johns Hopkins University Press, Baltimore

[4] Waterman MS (1995) Introduction to Computational Biology: Maps,
Sequences, and Genomes. Chapman and Hall, London



Preface to the Second Edition

Progress in genetics between the first and second editions of this book has
been nothing short of revolutionary. The sequencing of the human genome
and other genomes is already having a profound impact on biological re-
search. Although the scientific community has only a vague idea of how
this revolution will play out and over what time frame, it is clear that large
numbers of students from the mathematical sciences are being attracted
to genomics and computational molecular biology in response to the latest
developments. It is my hope that this edition can equip them with some of
the tools they will need.

Almost nothing has been removed from the first edition except for a
few errors that readers have kindly noted. However, more than 100 pages
of new material has been added in the second edition. Most prominent
among the additions are new chapters introducing DNA sequence analysis
and diffusion processes and an appendix on the multivariate normal dis-
tribution. Several existing chapters have also been expanded. Chapter 2
now has a section on binding domain identification, Chapter 3 a section
on Bayesian estimation of haplotype frequencies, Chapter 4 a section on
case-control association studies, Chapter 7 new material on the gamete
competition model, Chapter 8 three sections on QTL mapping and factor
analysis, Chapter 9 three sections on the Lander-Green-Kruglyak algorithm
and its applications, Chapter 10 three sections on codon and rate varia-
tion models, and Chapter 14 a better discussion of statistical significance
in DNA sequence matches. Sprinkled throughout the chapters are several
new problems.

I have many people to thank in putting together this edition. It has been
a consistent pleasure working with John Kimmel of Springer. Ted Reich
kindly helped me in gaining permission to use the COGA alcoholism data
in the QTL mapping example of Chapter 8. Many of the same people who
assisted with editorial suggestions, data analysis, and problem solutions in
the first edition have contributed to the second edition. I would particu-
larly like to single out Jason Aten, Lara Bauman, Michael Boehnke, Ruzong
Fan, Steve Horvath, David Hunter, Ethan Lange, Benjamin Redelings, Eric
Schadt, Janet Sinsheimer, Heather Stringham, and my wife, Genie. As a
one-time editor, Genie will particularly appreciate that a comma now ap-
pears in my dedication between “wife” and “Genie,” thereby removing any
suspicion that I am a polygamist.
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1

Basic Principles of Population
Genetics

1.1 Introduction

In this chapter we briefly review some elementary results from population
genetics discussed in more detail in the references [2, 3, 4, 6, 7, 10, 13].
Various genetic definitions are recalled merely to provide a context for this
and more advanced mathematical theory. Readers with a limited knowledge
of modern genetics are urged to learn molecular genetics by formal course
work or informal self-study. Appendix A summarizes a few of the major
currents in molecular genetics. In Chapter 15, we resume our study of pop-
ulation genetics from a stochastic perspective by exploiting the machinery
of diffusion processes.

1.2 Genetics Background

The classical genetic definitions of interest to us predate the modern molec-
ular era. First, genes occur at definite sites, or loci, along a chromosome.
Each locus can be occupied by one of several variant genes called alleles.
Most human cells contain 46 chromosomes. Two of these are sex chromo-
somes — two paired X’s for a female and an X and a Y for a male. The
remaining 22 homologous pairs of chromosomes are termed autosomes.
One member of each chromosome pair is maternally derived via an egg;
the other member is paternally derived via a sperm. Except for the sex
chromosomes, it follows that there are two genes at every locus. These con-
stitute a person’s genotype at that locus. If the two alleles are identical,
then the person is a homozygote; otherwise, he is a heterozygote. Typ-
ically, one denotes a genotype by two allele symbols separated by a slash
/. Genotypes may not be observable. By definition, what is observable is a
person’s phenotype.

A simple example will serve to illustrate these definitions. The ABO
locus resides on the long arm of chromosome 9 at band g34. This locus
determines detectable antigens on the surface of red blood cells. There
are three alleles, A, B, and O, which determine an A antigen, a B antigen,
and the absence of either antigen, respectively. Phenotypes are recorded by
reacting antibodies for A and B against a blood sample. The four observable
phenotypes are A (antigen A alone detected), B (antigen B alone detected),
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TABLE 1.1. Phenotypes at the ABO Locus

Phenotypes | Genotypes
A AJA, AJO
B B/B, B/O
AB A/B
0] 0/0

AB (antigens A and B both detected), and O (neither antigen A nor B
detected). These correspond to the genotype sets given in Table 1.1.

Note that phenotype A results from either the homozygous genotype
A/A or the heterozygous genotype A/O; similarly, phenotype B results
from either B/B or B/O. Alleles A and B both mask the presence of the
O allele and are said to be dominant to it. Alternatively, O is recessive
to A and B. Relative to one another, alleles A and B are codominant.

The six genotypes listed above at the ABO locus are unordered in the
sense that maternal and paternal contributions are not distinguished. In
some cases it is helpful to deal with ordered genotypes. When we do, we
will adopt the convention that the maternal allele is listed to the left of the
slash and the paternal allele is listed to the right. With three alleles, the
ABO locus has nine distinct ordered genotypes.

The Hardy-Weinberg law of population genetics permits calculation of
genotype frequencies from allele frequencies. In the ABO example above,
if the frequency of the A allele is p4 and the frequency of the B allele
is pp, then a random individual will have phenotype AB with frequency
2papp. The factor of 2 in this frequency reflects the two equally likely
ordered genotypes A/B and B/A. In essence, Hardy-Weinberg equilibrium
corresponds to the random union of two gametes, one gamete being an
egg and the other being a sperm. A union of two gametes, incidentally, is
called a zygote.

In gene mapping studies, several genetic loci on the same chromosome
are phenotyped. When these loci are simultaneously followed in a human
pedigree, the phenomenon of recombination can often be observed. This
reshuffling of genetic material manifests itself when a parent transmits to
a child a chromosome that differs from both of the corresponding homol-
ogous parental chromosomes. Recombination takes place during the for-
mation of gametes at meiosis. Suppose, for the sake of argument, that in
the parent producing the gamete, one member of each chromosome pair is
painted black and the other member is painted white. Instead of inheriting
an all-black or an all-white representative of a given pair, a gamete in-
herits a chromosome that alternates between black and white. The points
of exchange are termed crossovers. Any given gamete will have just a
few randomly positioned crossovers per chromosome. The recombination
fraction between two loci on the same chromosome is the probability that
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they end up in regions of different color in a gamete. This event occurs
whenever the two loci are separated by an odd number of crossovers along
the gamete. Chapter 12 will elaborate on this brief, simplified description
of the recombination process.

A1/As

FIGURE 1.1. A Pedigree with ABO and AK1 Phenotypes

As a concrete example, consider the locus AK1 (adenylate kinase 1) in
the vicinity of ABO on chromosome 9. With modern biochemical techniques
it is possible to identify two codominant alleles, A; and As, at this enzyme
locus. Figure 1.1 depicts a pedigree with phenotypes listed at the ABO locus
and unordered genotypes listed at the AK1 locus. In this pedigree, as in
all pedigrees, circles denote females and squares denote males. Individuals
1, 2, and 4 are termed the founders of the pedigree. Parents of founders
are not included in the pedigree. By convention, each nonfounder or child
of the pedigree always has both parents included.

Close examination of the pedigree shows that individual 3 has alleles A
and A; on his paternally derived chromosome 9 and alleles O and As on
his maternally derived chromosome 9. However, he passes to his child 5 a
chromosome with O and A; alleles. In other words, the gamete passed is
recombinant between the loci ABO and AK1. On the basis of many such
observations, it is known empirically that doubly heterozygous males like
3 produce recombinant gametes about 12 percent of the time. In females
the recombination fraction is about 20 percent.

The pedigree in Figure 1.1 is atypical in several senses. First, it is quite
simple graphically. Second, everyone is phenotyped; in larger pedigrees,
some people will be dead or otherwise unavailable for typing. Third, it is
constructed so that recombination can be unambiguously determined. In
most matings, one cannot directly count recombinant and nonrecombinant
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gametes. This forces geneticists to rely on indirect statistical arguments to
overcome the problem of missing information. The experimental situation
is analogous to medical imaging, where partial tomographic information is
available, but the full details of transmission or emission events must be
reconstructed. Part of the missing information in pedigree data has to do
with phase. Alleles O and A5 are in phase in individual 3 of Figure 1.1. In
general, a gamete’s sequence of alleles along a chromosome constitutes a
haplotype. The alleles appearing in the haplotype are said to be in phase.
Two such haplotypes together determine a multilocus genotype (or simply
a genotype when the context is clear).

Recombination or linkage studies are conducted with loci called traits
and markers. Trait loci typically determine genetic diseases or interesting
biochemical or physiological differences between individuals. Marker loci,
which need not be genetic loci in the traditional sense at all, are signposts
along the chromosomes. A marker locus is simply a place on a chromosome
showing detectable population differences. These differences, or alleles, per-
mit recombination to be measured between the trait and marker loci. In
practice, recombination between two loci can be observed only when the
parent contributing a gamete is heterozygous at both loci. In linkage analy-
sis it is therefore advantageous for a locus to have several common alleles.
Such loci are said to be polymorphic.

The number of haplotypes possible for a given set of loci is the product
of the numbers of alleles possible at each locus. In the ABO-AK1 example,
there are k = 3 x 2 = 6 possible haplotypes. These can form k? genotypes
based on ordered haplotypes or k + k(k D = WCH) genotypes based on
unordered haplotypes.

To compute the population frequencies of random haplotypes, one can
invoke linkage equilibrium. This rule stipulates that a haplotype fre-
quency is the product of the underlying allele frequencies. For instance,
the frequency of an OA; haplotype is popa,, where po and pa, are the
population frequencies of the alleles O and Ai, respectively. To compute
the frequency of a multilocus genotype, one can view it as the union of two
random gametes in imitation of the Hardy-Weinberg law. For example,
the genotype of person 2 in Figure 1.1 has population frequency (popa,)?,
being the union of two OAs haplotypes. Exceptions to the rule of linkage
equilibrium often occur for tightly linked loci.

1.3 Hardy-Weinberg Equilibrium

Let us now consider a formal mathematical model for the establishment
of Hardy-Weinberg equilibrium. This model relies on the seven following
explicit assumptions: (a) infinite population size, (b) discrete generations,
(c) random mating, (d) no selection, (e) no migration, (f) no mutation, and
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(g) equal initial genotype frequencies in the two sexes. Suppose for the sake
of simplicity that there are two alleles A; and As at some autosomal locus
in this infinite population and that all genotypes are unordered. Consider
the result of crossing the genotype A;/A; with the genotype A;/As. The
first genotype produces only A; gametes, and the second genotype yields
gametes A; and As in equal proportion. For the cross under consideration,
gametes produced by the genotype A;/A; are equally likely to combine
with either gamete type issuing from the genotype A;/As. Thus, for the
cross A;/A; X Ay/As, the frequency of offspring obviously is %Al/Al and
%Al/AQ. Similarly, the cross A;/A; x As/As yields only A;/As offspring.
The cross Ay /As x Ay /Ay produces offspring in the ratio %Al/Al,%Al/Ag,
and %Ag /As. These proportions of outcomes for the various possible crosses
are known as segregation ratios.

TABLE 1.2. Mating Outcomes for Hardy-Weinberg Equilibrium

Mating Type Nature of Offspring Frequency
Al/Al X Al/Al Al/Al u2
Al/Al X Al/AQ %Al/Al + %Al/AQ 2uv
Al/Al X AQ/AQ Al/AQ 2uw
Al/AQ X Al/AQ iAl/Al“F%Al/AQ"‘%AQ/AQ 1)2
Al/AQ X AQ/AQ %Al/AQ + %AQ/AQ 2w
AQ/AQ X AQ/AQ AQ/AQ ’LU2

Suppose the initial proportions of the genotypes are u for A;/A;, v for
A1 /As, and w for As/As. Under the stated assumptions, the next genera-
tion will be composed as shown in Table 1.2. The entries in Table 1.2 yield
for the three genotypes A; /A1, A1/As, and Ay /Ay the new frequencies

u2+uv+1v2 = (u+lv)2
4 N 2
1, 1 1
uv + 2uw + =v° +ovw = 2(u+—v)(—v+w)
2 2 2
L2 4wt (1 + )2
-V vw + wt = —v 4w
4 2 ’

respectively. If we define the frequencies of the two alleles A; and As as
p1=u+ 5 and p2 = § +w, then Ay /A; occurs with frequency p?, A1/As
with frequency 2p1p2, and Ay /As with frequency p3. After a second round
of random mating, the frequencies of the genotypes A;/A;, A;1/As, and
A2/A2 are

[Pl (p1 + Pz)} 2

= p

o 1 2
(pl + 521?1192)
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1 1
2(?? + §2p1p2) (521?1172 + p%) = 2pi(p1 +p2)p2(p1 + p2)
= 2pip2
1 2\ 2 2
(521911?2 +p2) = [p2(p1+p2)]
= pgl

Thus, after a single round of random mating, genotype frequencies stabilize
at the Hardy-Weinberg proportions.

We may deduce the same result by considering the gamete population.
Ay gametes have frequency p; and A, gametes frequency po. Since random
union of gametes is equivalent to random mating, A;/A; is present in the
next generation with frequency p?, A /Ay with frequency 2p1pa, and Az /Ay
with frequency p3. In the gamete pool from this new generation, A; again
occurs with frequency p? + pipe = p1(p1 +p2) = p1 and Az with frequency
p2. In other words, stability is attained in a single generation. This random
union of gametes argument generalizes easily to more than two alleles.

Hardy-Weinberg equilibrium is a bit more subtle for X-linked loci. Con-
sider a locus on the X chromosome and any allele at that locus. At genera-
tion n let the frequency of the given allele in females be ¢, and in males be
7. Under our stated assumptions for Hardy-Weinberg equilibrium, one can
show that ¢, and r, converge quickly to the value p = %qo + %ro. Twice as
much weight is attached to the initial female frequency since females have
two X chromosomes while males have only one.

Because a male always gets his X chromosome from his mother, and his
mother precedes him by one generation,

Tn = Qn_1. (1.1)

Likewise, the frequency in females is the average frequency for the two sexes
from the preceding generation; in symbols,

1 1
n = gno1t 2Tno1. 1.2
q 5n—1+ 57n—1 (1.2)

Equations (1.1) and (1.2) together imply

2 1 _ 2(1 L1 ) L1
3Qn 3Tn - 3 2Qn—1 2Tn—1 3Qn—1
2 1
= —(Qn_ —Tp_1- 1.3
34 1+37’ 1 (1.3)

It follows that the weighted average %qn + %rn = p for all n.
From equations (1.2) and (1.3), we deduce that

B 3,1
=P = = 5P+ 3P
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1 1 3 /2 1 1
= “qn-1tzrm-1—=|3s-1+ -1 )+ =P

2 2 2\3 3 2
- 1 + 1
- 2‘]77,71 2p
1
- 73 (gn—1—p)-

Continuing in this manner,

G —p = (—%)n(qo = D).

Thus the difference between ¢, and p diminishes by half each generation,
and ¢, approaches p in a zigzag manner. The male frequency r, displays
the same behavior but lags behind ¢, by one generation. In contrast to the
autosomal case, it takes more than one generation to achieve equilibrium.
However, equilibrium is still approached relatively fast. In the extreme case
that go = .75 and r¢9 = .12, Figure 1.2 plots ¢, for a few representative
generations.

0.8 1.0
I

Frequency
0.6

0.4

0.2

0.0
I

Generation

FIGURE 1.2. Approach to Equilibrium of ¢, as a Function of n

At equilibrium how do we calculate the frequencies of the various geno-
types? Suppose we have two alleles A7 and As with equilibrium frequencies
p1 and po. Then the female genotypes A; /A1, A1/As, and Ay/As have fre-
quencies p?, 2p1p2, and p3, respectively, just as in the autosomal case. In
males the hemizygous genotypes A; and As clearly have frequencies p;
and po.
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Example 1.3.1 Hardy- Weinberg Equilibrium for the X g(a) Locus

The red cell antigen Xg(a) is an X-linked dominant with a frequency
in Caucasians of approximately p = .65. Thus, about .65 of all Caucasian
males and about p? + 2p(1 — p) = .88 of all Caucasian females carry the
antigen. ]

1.4 Linkage Equilibrium

Loci on nonhomologous chromosomes show independent segregation at
meiosis. In contrast, genes at two physically close loci on the same chromo-
some tend to stick together during the formation of gametes. The recombi-
nation fraction 6 between two loci is a monotone, nonlinear function of the
physical distance separating them. In family studies in man or in breeding
studies in other species, 6 is the observable rather than physical distance.
In Chapter 12 we show that 0 < 0 < % The upper bound of % is attained
by two loci on nonhomologous chromosomes.

The population genetics law of linkage equilibrium is of fundamental
importance in theoretical calculations. Convergence to linkage equilibrium
can be proved under the same assumptions used to prove Hardy-Weinberg
equilibrium. Suppose that allele A; at locus A has frequency p; and allele B;
at locus B has frequency ¢;. Let P,,(A; B;) be the frequency of chromosomes
with alleles A; and B; among those gametes produced at generation n.
Since recombination fractions almost invariably differ between the sexes,
let 07 and 6,, be the female and male recombination fractions, respectively,
between the two loci. The average 6 = (6 + 6,,,)/2 governs the rate of
approach to linkage equilibrium.

We can express P, (A;B;) by conditioning on whether a gamete is an egg
or a sperm and on whether nonrecombination or recombination occurs. If
recombination occurs, then the gamete carries the two alleles A; and B;
with equilibrium probability p;q;. Thus, the appropriate recurrence relation
is

1
P,(A;Bj) = B (1 —07)Pu1(AiBy) + 05pig;]
1
t3 (1 = 0mm) Po—1(AiB)) + Ompig;]

= (1 — H)Pnfl(AiBj) + opin'

Note that this recurrence relation is valid when the two loci occur on non-
homologous chromosomes provided § = 1 and we interpret P, (A4;B;) as
the probability that someone at generation n receives a gamete bearing the
two alleles A; and B;. Subtracting p;q; from both sides of the recurrence
relation gives

Po(AiBj) —pigj = (1 —=0)[Po-1(AiBj) — pigj]
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= (1-0)"[Po(AiB;) — pigs]-
Thus, P,(A;B;) converges to p;q; at the geometric rate 1 — §. For two
loci on different chromosomes, the deviation from linkage equilibrium is
halved each generation. Equilibrium is approached much more slowly for
closely spaced loci. Similar, but more cumbersome, proofs of convergence to
linkage equilibrium can be given for three or more loci [1, 5, 9, 11]. Problem
7 explores the case of three loci.

1.5 Selection

The simplest model of evolution involves selection at an autosomal locus
with two alleles A; and As. At generation n, let allele A; have population
frequency p, and allele As population frequency ¢, = 1 — p,. Under the
usual assumptions of genetic equilibrium, we deduced the Hardy-Weinberg
and linkage equilibrium laws. Now suppose that we relax the assumption of
no selection by postulating different fitnesses wa, /4,, wa,/a,, and wa, /4,
for the three genotypes. Fitness is a technical term dealing with the repro-
ductive capacity rather than the longevity of people with a given genotype.
Thus, wa,/a,/wa, /4, is the ratio of the expected genetic contribution to
the next generation of an A;/A; individual to the expected genetic con-
tribution of an A;/As individual. Since only fitness ratios are relevant,
we can without loss of generality put wa, 4, = 1, wa, /4, = 1 — 7, and
Wa,/4, = 1 — s, provided of course that » < 1 and s < 1. Observe that r
and s can be negative.

To explore the evolutionary dynamics of this model, we define the average
fitness

Wn = (1 - r)p?z + 2pngn + (1 - 8)%21
= 1—rp;, —sq;

at generation n. Owing to our implicit assumption of random union of
gametes, the Hardy-Weinberg proportions appear in the definition of w,,
even though the allele frequency p,, changes over time. Because A;/A;
individuals always contribute an A; allele whereas A; /A5 individuals do so
only half of the time, the change in allele frequency Ap,, = pp4+1 — pn can
be expressed as

(1 =7)p +Pntn
W,

1- 2 n4n — 1- Z - 2 n
_ A =m)pn t pndn — (= 1P — 500)P (1.4)
Wn,
ann[S - (T + S)pn]

Wn,

Ap n =

n
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At a fixed point po, € [0,1], we have Ap,, = 0. In view of equation
(1.4), this can occur only when py, equals 0, 1, or possibly ri-i-s The third
point is a legitimate fixed point if and only if » and s have the same sign.
In the case r > 0 and s < 0, the linear function g(p) = s — (r + s)p satisfies
g(0) <0 and g(1) < 0. It is therefore negative throughout the open interval
(0,1), and equation (1.4) implies that Ap,, < 0 for all p,, € (0,1). It follows
that the decreasing sequence p,, has a limit po, < 1 when pg < 1. Equation
(1.4) shows that ps > 0 is inconsistent with Ap, = lim, . Ap, = 0.
Hence, we arrive at the intuitively obvious conclusion that the A; allele is
driven to extinction. In the opposite case r < 0 and s > 0, the A, allele is
driven to extinction.

When r and s have the same sign, it is helpful to consider the difference

S

_ = A _
Pt r+s Pt Pn r+s

(T + S)pnq"( n ’I‘-T-S)
= 7 2 2 T Pn -
1—1rp2 —sq? T+s

1—7‘p%—sq,21— (r + 8)Pndn S
1—rp2 —sq¢? (pn_r—i-s)

1 —7rp, — sqn S

l—rp%—sq%( n_r—i—s)'

If both r and s are negative, then the factor

L —rpn — SGn
A = —
(e) 1—rp; — sqp
> 1,
and p, — —— has constant sign and grows in magnitude. Therefore, ar-

guments siTI;rlislar to those given in the r > 0 and s < 0 case imply that
limy, o0 pr = 0 for py < %Jrs and lim,_,. pn, = 1 for pg > TLJFS The point
15 1s an unstable equilibrium.

If both r and s are positive, then 0 < A(p,) < 1, and p, — 745 has
constant sign and declines in magnitude. In this case, lim, . Py, =

and the point —£= is a stable equilibrium. For py ~

r+s
Apn) ~ ,\( i )

-5
r+s?

S
r+s?

r+s
_ r+s—2rs
 rds—rs’
and p, — 735 = A(5)"(po — +55)- In other words, p, approaches its
equilibrium value locally at the geometric rate (- js)

The rate of convergence of p, to 0 or 1 depends on whether there
is selection against the heterozygous genotype A;/As. Consider the case
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r > 0 and s < 0 of selection against a dominant. Then p,, — 0 and the
approximation

(1 —r)pk 4 pndn
1—rp2 — sq?
Pn

(1-s)

for p, ~ 0 makes it clear that p, approaches 0 locally at geometric rate
1

Pn+1

%

1-s°
If r > 0 and s = 0, then p,, — 0 still holds, but convergence no longer

occurs at a geometric rate. Indeed, the equality

D pn(l - Tpn)
e 1—rp3
entails
1 11 (1 —rp? 1)
Pn+1 Dn Pn \1—1pn
_ (1 — pn)
1—rp,

=~ T

It follows that for pg close to 0

Lo SL-h

Pn Po i—o ‘Pi+1  Pi
~ nr.

This approximation implies the slow convergence

on 1

. N —
nr —+ plo

for selection against a pure recessive.

Heterozygote advantage (r and s both positive) is the most inter-
esting situation covered by this classic selection model. Geneticists have
suggested that several recessive diseases are maintained at high frequencies
by the mechanism of heterozygote advantage. The best evidence favoring
this hypothesis exists for sickle cell anemia [2]. A single dose of the sickle
cell gene appears to confer protection against malaria. The evidence is
much weaker for a heterozygote advantage in Tay-Sachs disease and cystic
fibrosis. Geneticists have conjectured that these genes may protect carriers
from tuberculosis and cholera, respectively [14].
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1.6 Balance Between Mutation and Selection

Mutations furnish the raw material of evolutionary change. In practice,
most mutations are either neutral or deleterious. We now briefly discuss
the balance between deleterious mutations and selection. Consider first the
case of a dominant disease. In the notation of the last section, let A be
the normal allele and Ay the disease allele, and define the fitnesses of the
three genotypes by r > 0 and s < 0. If the mutation rate from As to A;
is u, then equilibrium is achieved between the opposing forces of mutation
and selection when

ocoYoo 1_ 2
Pocfoo + ( S)qm(1

1 —rpZ, —s¢3 —H)

oo =
If we multiply this equation by 1 —rp2, — sq2, and divide it by ¢eo, we get

1=rpl = s = (1= 5¢s)(1 — p).
Dropping the negligible term rp2 , we find that this quadratic has the

approximate solution
/1/ ‘|

T(EHTW]
w(l—s

14+ =2
S

%

doo

%

%

which yields poo = 1 — oo =~ “(125) The corresponding equilibrium fre-

quency of affecteds is 2poogoo = M

For a recessive disease (r > 0 and s = 0), the balance equation becomes

Pooloo + 45
Goo = - (1= p)
Weo
Goo
= ———(1—-p).
Ty (1—p)
In other words, 1 — rp%, = 1 — p, which has solution po, = +/p/r. The

frequency of affecteds at equilibrium is now p?, = £, Thus given equal mu-

tation rates, dominant and recessive diseases will afflict comparable num-
bers of people. In contrast, the underlying allele frequencies and rates of
approach to equilibrium vary dramatically. Indeed, it is debatable whether
any human population has existed long enough for the alleles at a recessive
disease locus to achieve a balance between mutation and selection. Ran-
dom sampling of gametes (genetic drift) and small initial population sizes
(founder effect) play a much larger role in determining the frequency of
recessive diseases in modern human populations.
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1.7 Problems

1. In blood transfusions, compatibility at the ABO and Rh loci is im-
portant. These autosomal loci are unlinked. At the Rh locus, the +
allele codes for the presence of a red cell antigen and therefore is
dominant to the — allele, which codes for the absence of the antigen.
Suppose that the frequencies of the two Rh alleles are ¢4 and g_.
Type O— people are universal donors, and type AB+ people are uni-
versal recipients. Under genetic equilibrium, what are the population
frequencies of these two types of people? (Reference [2] discusses these
genetic systems and gives allele frequencies for some representative
populations.)

2. Suppose that in the Hardy-Weinberg model for an autosomal locus
the genotype frequencies for the two sexes differ. What is the ultimate
frequency of a given allele? How long does it take genotype frequencies
to stabilize at their Hardy-Weinberg values?

3. Consider an autosomal locus with m alleles in Hardy-Weinberg equi-
librium. If allele A; has frequency p;, then show that a random non-
inbred person is heterozygous with probability 1 — 1" | p7. What is
the maximum of this probability, and for what allele frequencies is
this maximum attained?

4. In forensic applications of genetics, loci with high exclusion probabil-
ities are typed. For a codominant locus with n alleles, show that the
probability of two random people having different genotypes is

n—1 n n
e = Z Z 2pip;(1 —QPin)-l-pr(l - p7)
=1 j=i+1 =1

under Hardy-Weinberg equilibrium [8]. Simplify this expression to

n 2 n
e = 1—2(2@2) —I—Zp?.
i=1 i=1
2

Prove rigorously that e attains its maximum epax = 1 — =+ %
when all p; = % For two independent loci with /n alleles each, verify
that the maximum exclusion probability based on exclusion at either
locus is 1 — % + ﬁ — % How does this compare to the maximum
exclusion probability for a single locus with n equally frequent alleles
when n = 167 What do you conclude about the information content of
two loci versus one locus? (Hint: To prove the claim about eax, note
that, without loss of generality, one can assume p; < ps < --- < p,,. If
pi < pi+1, then e can be increased by replacing p; and p; 41 by p; +

and p;11 — z for x positive and sufficiently small.)
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5. Moran [12] has proposed a model for the approach of allele frequencies
to Hardy-Weinberg equilibrium that permits generations to overlap.
Let u(t), v(t), and w(t) be the relative proportions of the genotypes
A1/Aq, A1/As, and As/As at time t. Assume that in the small time
interval (¢, t+dt) a proportion dt of the population dies and is replaced
by the offspring of random matings from the residue of the population.
In effect, members of the population have independent, exponentially
distributed lifetimes of mean 1. The other assumptions for Hardy-
Weinberg equilibrium remain in force.

(a) Show that for small dt
1 2
u(t+dt) = w(t)(1—dt) + [u(t) + §v(t)} dt + o(dt).
Hence,
1 2
u(t) = —u(t) + [u(t) n 5u(t)] .
(b) Similarly derive the differential equations

V() = _v(t)+2[u(t)+%v(t)} [%v(t)+w(t)]

1 2
w'(t) = —w(t)+ bv(t) +w(t)} :
(c) Let p(t) = u(t)+ sv(t) be the allele frequency of A;. Verify that

p'(t) = 0 and that p(t) = pg is constant.
(d) Show that

[u(t) = p3) = —lu(t) —pd),
and so
ut) = p; = [u(0) - pile™".
(e) Similarly prove
v(t) = 2po(1 —po) = [0(0) = 2po(1 — po)le”*
w(t) = (1 =po)? = [w(0) = (1 —po)?e .

(f) If time is measured in generations, then how many generations
does it take for the departure from Hardy-Weinberg equilibrium
to be halved?

6. Consider an X-linked version of the Moran model in the previous
problem. Again let u(t), v(t), and w(t) be the frequencies of the three
female genotypes Ai/A1, A1/As, and As/As, respectively. Let r(t)
and s(t) be the frequencies of the male genotypes A; and As.
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(a) Verify the differential equations

) = () +ult) + 5olt)
S = —s(t)—i—%v(t)—i—w(t)
W) = —ult)+r(t) [u(t)+%v(t)]
(1) = —v(t)+r(t)[%v(t)+w(t)] +5(0)[ult) + 50(0)]
w'(t) = Bv t}
(b) Shovz thtat the frequency "% + 2[u(t) + Ju(t)] of the A; allele is

(c) Let py be the frequency of the A; allele. Demonstrate that

() —pol = —olr(t)

and hence

_p0]7

3t

r(t) — po = [1(0) — pole” 2"

(d) Use parts (a) and (c) to establish

lim [u(t)—i—%v(t)] -

t—o0

(e) Show that
[(u(t) = p)e)

— M06+u@d—%d

= r(t) [u(t) + %v(t)} el — piet

= (po+[r(0) = pole?")
1

X (po - lpo — 5[r(0) — pole™*

3 3
= (po+r(0) = pole™¥)

Po-

x(m—gwm—mkﬁﬂa—%a
= p_;[r(o) —pole™? — %[7‘(0) — polPe .
Thus
u(t) = pt = [u(0) — pdle™" + po[r(0) — pol(e " — e~ ")
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It follows that lim;—. u(t) = pg.

(f) Finally, show that

tlim s(t) = 1-—po
Jim o(t) = 2po(1 — po)
tlim w(t) = (1—po)

7. Consider three loci A—B—C along a chromosome. To model conver-
gence to linkage equilibrium at these loci, select alleles A;, B;, and
C, and denote their population frequencies by p;, ¢;, and r. Let 045
be the probability of recombination between loci A and B but not
between B and C. Define 8¢ similarly. Let 6 4 be the probability of
simultaneous recombination between loci A and B and between loci
B and C. Finally, adopt the usual conditions for Hardy-Weinberg and
linkage equilibrium.

(a) Show that the gamete frequency P, (A;B;C}) satisfies

P,(A;iB;jCy) = (1—=0ap—0pc —0ac)Pu_1(A;B;Cy)
+ GABpiPnfl(BjOk) + GBCTkPnfl(AiBj)
+ 040q; Pr—1(AiCr).

(b) Define the function

Ln(AiB;Cx) = Pu(AiB;Ck) — pigjri — pilPa(B;Ck) — 4j7]
— 16[Pn(AiBj) — piqj] — ¢;[Pn(AiCr) — pitk).

Show that L, (A4;B;C}) satisfies
L,(A;iB;jCy) = (1—=0ap—0pc —0ac)Ln_1(A;B;Cy).

(Hint: Substitute for P, (B;C)) — ¢;7, and similar terms using
the recurrence relation for two loci.)

(c) Argue that lim, .o L,(A;B;Cx) = 0. As a consequence, con-
clude that limy, oo P, (A;B;Cr) = piqiT-

8. Consulting Problems 5 and 6, formulate a Moran model for approach
to linkage equilibrium at two loci. In the context of this model, show
that

P/(AiBj) = e "Ry(AiB)) + (1 — e ")pigy,

where time ¢ is measured continuously.
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To verify convergence to linkage equilibrium for a pair of X-linked
loci A and B, define P,;(A;B;) and P,,(A;Bj) to be the frequencies
of the A; B; haplotype at generation n in females and males, respec-
tively. For the sake of simplicity, assume that both loci are in Hardy-
Weinberg equilibrium and that the alleles A; and B; have frequencies
pi and ¢;. If 2, denotes the column vector [P, (A4;B;), Py (A4;B;)]t
and 6@ the female recombination fraction between the two loci, then
demonstrate the recurrence relation

1

under the usual equilibrium conditions, where the matrix

1[1 — 0] 1

_ 2 2

M= < 1-0 0> ’

Show that equation (1.5) can be reformulated as w, = Mw,_; for
wyp = 2, — piq; 1Y, where 1 = (1,1)%. Solve this last recurrence and
show that lim, ., w, = 0. (Hints: The matrix power M™ can be

simplified by diagonalizing M. Show that the eigenvalues w1 and wo
of M are distinct and less than 1 in absolute value.)

Consider an autosomal dominant disease in a stationary population.
If the fitness of normal Ay /As people to the fitness of affected A;/As
people is in the ratio 1 — s : 1, then show that the average num-
ber of people ultimately affected by a new mutation is 1:55. (Hints:
An Ay /As person has on average 2 children while an A; /A, person
has on average % children, half of whom are affected. Write and
solve an equation counting the new mutant and the expected num-
ber of affecteds originating from each of his or her mutant children.
Remember that s < 0.)

Consider a model for the mutation-selection balance at an X-linked
locus. Let normal females and males have fitness 1, carrier females
fitness ¢, and affected males fitness ¢,. Also, let the mutation rate
from the normal allele A5 to the disease allele A; be p in both sexes.
It is possible to write and solve two equations for the equilibrium
frequencies poos and pooy of carrier females and affected males.

(a) Derive the two approximate equations

1

1
pooy ~ 14 + Poox §tz

assuming the disease is rare.
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(b) Solve the two equations in (a).

(c) When t, = 1, show that the fraction of affected males represent-
ing new mutations is %(1 — t,). This fraction does not depend
on the mutation rate.

d) If t, =1 and t, = 0, then prove that peo, ~ 4p and peoy =~ 3.
Yy Yy

In the selection model of Section 1.5, it of some interest to deter-
mine the number of generations n it takes for allele A; to go from
frequency pg to frequency p,. This is a rather difficult problem to
treat in the context of difference equations. However, for slow selec-
tion, considerable progress can be made by passing to a differential
equation approximation. This entails replacing p,, by a function p(t)
of the continuous time variable t. If we treat one generation as our
unit of time, then the analog of difference equation (1.4) is

dp _ pgls — (r+s)p]

dt ] ’

where ¢ =1 —p and @ = 1 — rp? — sq¢>. If we take this approximation
seriously, then

/n Pn M)
n o~ dt = / - _ap.
0 po P8 — (7 +s)p]

Show that this leads to

1 n — Pn
n = (——1>lnp——|—<1—1>1nl P
s Do r 1—po

_<1+1_1)1nw
T |s = (r + s)po

when p,, and pg are both on the same side of the internal equilibrium
point and neither r nor s is 0. Derive a similar approximation when
s = 0 or r = 0. Why is necessary to postulate that p, and pg be
on the same side of the internal equilibrium point? Is it possible to
calculate a negative value of n? If so, what does it mean?

Let f(p) be a continuously differentiable map from the interval [a, b]
into itself, and let poo = f(Poo) be an equilibrium (fixed) point of the
iteration scheme p,41 = f(pn). If |f/(pso)| < 1, then show that pso
is a locally stable equilibrium in the sense that lim, .. pn = P for
po sufficiently close to ps. How fast does p,, converge to po,? Apply
this general result to determine the speed of convergence to linkage
equilibrium for an autosomal locus.

To explore the impact of genetic screening for carriers, consider a
lethal recessive disease with two alleles, the normal allele A and the
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recessive disease allele A;. Mutation from As to A; takes place at rate
1. No backmutation is permitted. An entire population is screened
for carriers. If a husband and wife are both carriers, then all fetuses
of the wife are checked, and those who will develop the disease are
aborted. The couple compensates for such unsuccessful pregnancies,
so that they have an average number of normal children. Affected
children born to parents not at high risk likewise are compensated for
by the parents. These particular affected children are new mutations
and do not contribute to the next generation. Let u,, and v,, be the
frequency of people with genotypes A;/As and Ay/As, respectively,
at generation n.

TABLE 1.3. Mating Outcomes under Genetic Screening

Mating Type | Frequency | A;/A; Offspring | As/A; Offspring
A1JAy x Ay /A u? 2+ 3u T —3u
A1/As x As /Ay 20V 3+ 5n 3= qu
Ao /Ay x As/As v2 20 1-2u

(a) In Table 1.3, mathematically justify the mating frequencies ex-
actly and the offspring frequencies to order O(u?). (Hint: Apply
the expansion (1 —z)~! =372 2 for [z| < 1.)

(b) Derive a pair of recurrence relations for u,4+1 and v,41 based
on the results of Table 1.3. Use the recurrence relations to show
that u,, + v, = 1 for all n.

(c) Demonstrate that the recurrence relation for w,; has equilib-
rium value us, = /6u. This implies a frequency of approxi-
mately /3u/2 for allele A;. (Hint: In the recurrence for w41,
substitute v,, = 1 — u,, and take limits. Assume that us, is of
order \/u and neglect all terms of order w32 or smaller.)

(d) Find the function f(u) giving the recurrence un+1 = f(uy).
Show that f/(ue) = 1 —24/2p/3.

(e) Discuss the implications of the above analysis for genetic screen-
ing. Consider the increase in the equilibrium frequency of the
disease allele and, in light of Problem 13, the speed at which
this increased frequency is attained.
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Counting Methods and the EM
Algorithm

2.1 Introduction

In this chapter and the next, we undertake the study of estimation meth-
ods and their applications in genetics. Because of the complexity of genetic
models, geneticists by and large rely on maximum likelihood estimators
rather than on competing estimators derived from minimax, invariance, ro-
bustness, or Bayesian principles. A host of methods exists for numerically
computing maximum likelihood estimates. Some of the most appealing in-
volve simple counting arguments and the EM algorithm. Indeed, historically
geneticists devised many special cases of the EM algorithm before it was
generally formulated by Dempster et al. [5, 12]. Our initial example retraces
some of the steps in the long march from concrete problems to an abstract
algorithm applicable to an astonishing variety of statistical models.

2.2 Gene Counting

Suppose a geneticist takes a random sample from a population and observes
the phenotype of each individual in the sample at some autosomal locus.
How can the sample be used to estimate the frequency of an allele at the
locus? If all alleles are codominant, the answer is obvious. Simply count
the number of times the given allele appears in the sample, and divide by
the total number of genes in the sample. Remember that there are twice
as many genes as individuals.

TABLE 2.1. MN Blood Group Data

Phenotype | Genotype | Number
M M/M 119
MN M/N 76
N N/N 13

Example 2.2.1 Gene Frequencies for the MN Blood Group

The MN blood group has two codominant alleles M and N. Crow [4]
cites the data from Table 2.1 on 208 Bedouins of the Syrian desert. To
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estimate the frequency pjs of the M allele, we count two M genes for each
M phenotype and one M gene for each M N phenotype. Thus, our estimate
of par is par = 25HILT0 = 755, Similarly, py = 25236 = 245 Note that
pm+pN =1 ]

In general, at a locus with k£ codominant alleles, suppose we count n;
alleles of type i in a random sample of n unrelated people. Then the ratio

Pi = 5+ provides a desirable estimate of the frequency p; of allele i. Since

the counts (nq,...,ny) follow a multinomial distribution, the expectation
E(p;) = % = p;. In other words, p; is an unbiased estimator. By the

strong law of large numbers, p; is also a strongly consistent estimator [6].
In passing, we also note the variance and covariance expressions

2np;i(1 — pi)
(2n)?

pi(1 —pi)
2n

L 2npip;

Cov(pi,p;) = — (22)%

_pipj

on
Finally, as observed in Problem 3, the p; constitute the maximum likelihood
estimates of the p;.

This simple gene-counting argument encounters trouble if we consider a
locus with recessive alleles because we can no longer infer genotypes from
phenotypes. Consider the ABO locus, for instance. Suppose we observe n 4
people of type A, np people of type B, nap people of type AB, and ng
people of type O. Let n = na+np+nap+no be the total number of people
in the random sample. If we want to estimate the frequency p4 of the A
allele, we cannot say exactly how many of the na people are homozygotes
A/A and how many are heterozygotes A/O. Thus, we are prevented from
directly counting genes.

There is a way out of this dilemma that exploits Hardy-Weinberg equi-
librium. If we knew the true allele frequencies p4 and po, then we could
correctly apportion the n4 individuals of phenotype type A. Genotype A/A
has frequency p? in the population, while genotype A/O has frequency
2papo. Of the n4 people of type A, we expect na/a = nap?%/(p% +2papo)
people to have genotype A/A and ny,0 = na2papo/(p% + 2papo) people
to have genotype A/O. Employing circular reasoning, we now estimate p4
by

Var(p;) =

2nA/A +na/0+naB
2n '

The trick now is to remove the circularity by iterating. Suppose we make
an initial guess pma, Pmp, and p,o of the three allele frequencies at it-
eration 0. By analogy to the reasoning leading to (2.1), we attribute at

pa = (2.1)
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iteration m

2
Pina
nA
pgnA + 2pmAme

N, AJA =

people to genotype A/A and

2Dm APmO
p12nA + 2pmAme

Nm,A/O

people to genotype A/O. We now update p,,, 4 by

2N, AjA + N, Aj0 + NAB
Pm+1,4 = .

2n

(2.2)

The update for p,,5 is the same as (2.2) except for the interchange of the
labels A and B. The update for p,,0 is equally intuitive and preserves
the counting requirement pma + pmp + pmo = 1. This iterative proce-
dure continues until p,, 4, PmpB, and p,,o converge. Their converged values
PooA, PooB, ad poco provide allele frequency estimates. This gene-counting
algorithm [12] is a special case of the EM algorithm.

Example 2.2.2 Gene Frequencies for the ABO Blood Group

As a practical example, let ng = 186, ng = 38, nap = 13, and np = 284.
These are the types of 521 duodenal ulcer patients gathered by Clarke et
al. [2]. As an initial guess, take poa = .3, pog = .2, and pgo = .5. The
gene-counting iterations can be done on a pocket calculator. It is evident
from Table 2.2 that convergence occurs quickly. [ |

TABLE 2.2. Iterations for ABO Duodenal Ulcer Data

Iteration m | pna PmB | PmoO

0 .3000 | .2000 | .5000
.2321 | .0550 | .7129
.2160 | .0503 | .7337
.2139 | .0502 | .7359
.2136 | .0501 | .7363
.2136 | .0501 | .7363

T W N =

2.3 Description of the EM Algorithm

A sharp distinction is drawn in the EM algorithm between the observed,
incomplete data Y and the unobserved, complete data X of a statistical
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experiment [5, 9, 13]. Some function ¢(X) = Y collapses X onto Y. For
instance, if we represent X as (Y,Z), with Z as the missing data, then
t is simply projection onto the Y-component of X. It should be stressed
that the missing data can consist of more than just observations missing
in the ordinary sense. In fact, the definition of X is left up to the intuition
and cleverness of the statistician. The general idea is to choose X so that
maximum likelihood becomes trivial for the complete data.

The complete data are assumed to have a probability density f(X | 6)
that is a function of a parameter vector 6 as well as of X. In the E step of
the EM algorithm, we calculate the conditional expectation

QO [0n) = Elnf(X][0)]Y,0,].

Here 60,, is the current estimated value of 6. In the M step, we maximize
Q(0 | 6,,) with respect to . This yields the new parameter estimate 6,1,
and we repeat this two-step process until convergence occurs. Note that 6
and 6,, play fundamentally different roles in Q(6 | ,,).

The essence of the EM algorithm is that maximizing Q(6 | 6,,) leads to an
increase in the loglikelihood In g(Y" | €) of the observed data. This assertion
is proved in the following theoretical section, which can be omitted by
readers interested primarily in practical applications of the EM algorithm.

2.4 Ascent Property of the EM Algorithm

The entropy (or information) inequality at the heart of the EM algorithm
is a consequence of Jensen’s inequality, which relates convex functions to
expectations. Recall that a twice-differentiable function h(w) is convex on
an interval (a,b) if and only if A”(w) > 0 for all w in (a,b). If the defining
inequality is strict, then h(w) is said to be strictly convex.

Proposition 2.4.1 (Jensen’s Inequality) Let W be a random variable with
values confined to the possibly infinite interval (a,b). If E denotes ex-
pectation and h(w) is conver on (a,b), then E[R(W)] > h[E(W)]. For a
strictly convex function, equality holds in Jensen’s inequality if and only if
W =E(W) almost surely.

PROOF: Put u = E(W). For w in (a,b), we have

)2
h(w) = h(u) + ' (u)(w —u) + h”<v>w
> h(u) + R (u)(w—u)
for some v between u and w. Note that v is in (a,b). Now substitute the
random variable W for the point w and take expectations. It follows that

E[R(W)] = h(u) + h'(w)[E(W) — u]
= h(u).
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If h(w) is strictly convex, then the neglected term h” (v)% is positive
whenever w # u. ]

The next proposition uses the language of measure theory. To assist
readers unfamiliar with the subject, it is fair to point out that in practical
applications most measures reduce to ordinary length, area, or volume for
continuous random variables and to counting for discrete random variables.
In the former case, we integrate, and in the later case, we sum. The term
“almost everywhere” is the counterpart of “almost surely” in probability
theory and can be interpreted as everywhere with little harm.

Proposition 2.4.2 (Entropy Inequality) Let f and g be probability densi-
ties with respect to a measure p. Suppose f > 0 and g > 0 almost every-
where relative to u. If By denotes expectation with respect to the probability
measure fdu, then Ef(In f) > E¢(Ing), with equality only if f = g almost
everywhere relative to p.

PROOF: Because —In(w) is a strictly convex function on (0, 00), Jensen’s
inequality applied to the random variable g/ f implies

Ef(In f) — Ef(lng) = Ef<—1n§>

—lnEj( )

= —ln/ fdu
= —ln/gd,u

= 0.

Y

Equality holds only if % =E f(7‘7.) almost everywhere relative to y. However
E f(%) =1. [ |

Reverting to the notation Q(0 | 6,) = E[ln f(X | 6) | Y = vy, 60,] of the
EM algorithm, we next prove that

for all 6 and 6,,, where g(y | 0) is the likelihood of the observed data Y = y.

To this end, note that both I Ez I‘ Zg and 5 éz ‘l Z ; are conditional densities of

X on {: t(z) = y} with respect to some measure tty. The entropy inequality
now indicates that

Q@10 -mmgly|0) = B(w|[ZEID] v —y0,)
(18] -0
= Q0 ]6,) —Ing(y | bn)-
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Thus, the difference Ing(y | 8) — Q(6 | 8,) attains its minimum when
0 = 0,,. If we choose 6,41 to maximize Q(6 | 6,,), then it follows that

gy | Ons1) = QOn+1|6n)+ gy | Ont1) — Qnt1 | 0n)]
= Ing(y | On),
with strict inequality when f(z | 0p+1)/9(y | Ont1) and f(z | 605)/9(y | 0n)
are different conditional densities or when Q(0p+1 | 6,) > Q(6,, | 6,). This
verifies the promised ascent property Ing(y | 0n,4+1) > Ing(y | 6,) of the

EM algorithm.

2.5 Allele Frequency Estimation by the EM
Algorithm

Let us return to the ABO example and formalize gene counting as an EM
algorithm. The observed numbers of people in each of the four phenotypic
categories constitute the observed data Y, while the unknown numbers of
people in each of the six genotypic categories constitute the complete data
X. Let n4/4 be the number of people of genotype A/A. Define ny,0, np/ 5,
and np,o similarly and set n =na +np + nap + no. Note that the nap
people of phenotype AB and the np people of phenotype O are already
correctly assigned to their respective genotypes A/B and O/O. With this
notation the complete data loglikelihood becomes

Inf(X | p) = najalnpy +na0m(2papo) +np/pnpy
+np/oIn(2pepo) +napn(2papp) +no Inp? (2.3)

+1n ( " )
na/ANA/0 MB/B B/O MAB 1O

In the E step of the EM algorithm, we take the expectation of In f(X | p)
conditional on the observed counts n4, ng, nag, and no and the current
parameter vector p,, = (Pma,PmB, Pmo)t. It is obvious that

E(nap | Y,pm) = nasp
E(no | Y,pm) = no.
A moment’s reflection also yields
Nm,a/a = E(naa|Y,pm)
2
= na— Pina
Pma T 2PmAPmO
Nm,a/0 = Emao |Y,pm)
2pmAme
= ’]’LA

p?nA + 2pmAPmoO -
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The conditional expectations n,, p,p and n,, g/o are given by similar ex-
pressions.

The M step of the EM algorithm maximizes the Q(p | p,) function de-
rived from (2.3) by replacing n.4/4 by 7y, 474, and so forth. Maximization
of Q(p | pm) can be accomplished by introducing a Lagrange multiplier and
finding a stationary point of the unconstrained function

H(p,A\) = Q(p|pn)+Apa+ps+po—1).

Setting the partial derivatives

0 2nm Nm
—H(p,\) = A4 | ImAJO | TAB )
Opa PA PA PA

0 2n,, N,
—H(p,\) = B/5 | TmB/O | TAB |y
Ops DB PB PB

0 N N 2
C Hp,\ = —mA0 ImB/O | MO
dpo PO PO PO

0

5H(Pa/\) = pa+pe+po—1

equal to 0 provides the unique stationary point of H(p, ). The solution of
the resulting equations is

2N, 474 + M, A70 +1AB

Pm+1,A

2n
2Nn,B/B + N, BjO + N AB
Pm+1,B =
2n
Nn,A/0 + Nm,B/0O + 210
Pm+1,0 = m .

In other words, the EM update is identical to gene counting.

2.6 Classical Segregation Analysis by the EM
Algorithm

Classical segregation analysis is used to test Mendelian segregation ratios
in nuclear family data. A nuclear family consists of two parents and their
common offspring. Usually the hypothesis of interest is that some rare dis-
ease shows an autosomal recessive or an autosomal dominant pattern of
inheritance. Because the disease is rare, it is inefficient to collect families
at random. Only families with at least one affected sibling enter a typical
study. The families who come to the attention of an investigator are said
to be ascertained. To test the Mendelian segregation ratio p = % for an
autosomal dominant disease or p = % for an autosomal recessive disease,
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the investigator must correct for the ascertainment process. The simplest
ascertainment model postulates that the number of ascertained siblings fol-
lows a binomial distribution with success probability 7 and number of trials
equal to the number of affected siblings. In effect, families are ascertained
only through their affected siblings, and siblings come to the attention of
the genetic investigator independently, with common probability 7 per sib-
ling. The number of affecteds likewise follows a binomial distribution with
success probability p and number of trials equal to the number of siblings.
The EM algorithm can be employed to estimate p and m jointly. More
complicated and realistic ascertainment models are discussed in [14].

Suppose that the kth ascertained family has sj siblings, of whom 7y, are
affected and a; are ascertained. The numbers r, and aj constitute the
observed data Y} for the kth ascertained family. The missing data consist
of the number of at-risk families that were missed in the ascertainment
process and the corresponding statistics 7, and ar = 0 for each of these
missing families. The likelihood of the observed data is

NE i e L
1—(1—pm)sk ’

k

where the product extends only over the ascertained families. The denom-
inator 1 — (1 — pm)*®* in this likelihood is the probability that a family with
sk siblings is ascertained.

These denominators disappear in the complete data likelihood

[0 ()ero-or

k

because we no longer condition on the event of ascertainment for each
family. This simplification is partially offset by the added complication
that the product now extends over both the ascertained families and the
at-risk unascertained families. If 6 = (p,7), rmr = E(rk | Yi,0m), and
amr = E(ag | Yk, 0), then the E step of the EM algorithm amounts to
forming

QO |0, = Z[rmk Inp+ (sg — rmi) In(1 — p)
k

+ e InT + (g — @) In(1 — 7).

The M step requires solving the equations

Sl -

—~Lp L—p

D e e A
™ 1—m
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The EM updates are therefore

Zk T'mk

Pm+1 S 5k (2.4)
E :k Amk
frmt1 Zk Tmk ( 5)

We need to reduce the sums in the updates (2.4) and (2.5) to sums over
the ascertained families alone. To achieve this goal, first note that the sum
Zk Amk = Zk ar, automatically excludes contributions from the unascer-
tained families. To simplify the other sums, consider the kth ascertained
family. If we view ascertainment as a sampling process in which unascer-
tained families of size s; are discarded one by one until the kth ascertained
family is finally ascertained, then the number of unascertained families
discarded before reaching the kth ascertained family follows a shifted geo-
metric distribution with success probability 1 — (1 — pm)®*. The sampling
process discards, on average,

(1 —pm)**
1—(1—pm)sk

unascertained families before reaching the kth ascertained family. Once
this ascertained family is reached, the sampling process for the (k + 1)th
ascertained family begins.

How many affected siblings are contained in the unascertained families
corresponding to the kth ascertained family? The expected number of af-
fected siblings in one such unascertained family is

ke d ()P (1= p) i (1 — )7
(1 —pm)sx '

A little calculus shows that

d[1—p+pl—mi]*
e = —_ |t:1
dt (1 — pmr)s«

_ skl —p+p(d —m)t*tp(1 — 7) |
(1 —pm)s =
sep(l — )
1—prm '

The expected number of affected siblings in the unascertained families cor-
responding to the kth ascertained family is given by the product
sp(l—m) (L—pm)*  _ spp(l —m)(L —pm)*

1—pr 1—(1—pn)sk 1—(1—pm)sk

of the expected number of affecteds per unascertained family times the
expected number of unascertained families.
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These considerations lead us to rewrite the updates (2.4) and (2.5) as

$kPm (L= ) (L =P T )k 1
>k [Tk + 2B (17(17);(;,”771;)% ) }

Pmt1 = 1—pmmm)®
o el + el
Dok
Tm+1 = 85Pm (1= ) (L =P 7 )6 "1 ]
Zk |:Tk + 1—(1—pmmm)°k i|

where all sums extend over the ascertained families alone.

TABLE 2.3. Cystic Fibrosis Data

Siblings s | Affecteds r | Ascertaineds a | Families n
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Example 2.6.1 Segregation Analysis of Cystic Fibrosis

The cystic fibrosis data of Crow [3] displayed in Table 2.3 offer an op-
portunity to apply the EM algorithm. In this table the column labeled
“Families n” refers to the number of families showing a particular config-
uration of affected and ascertained siblings. For these data the maximum
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likelihood estimate p = .2679 is consistent with the theoretical value of
p = 1/4 for an autosomal recessive. Starting from p = 7 = 1/2, the EM
algorithm takes about 20 iterations to converge to the maximum likelihood
estimates p = .2679 and 7 = .3594. [ |

2.7 Binding Domain Identification

Lawrence and Reilly [8] discuss an EM algorithm for recognizing DNA pro-
tein binding domains. Protein binding is intimately connected with regula-
tion of DNA transcription as discussed in the first two sections of Appendix
A. For instance, promoter domains facilitate the binding of transcription
factors that collectively form a complex initiating RNA synthesis by RNA
polymerase II. The DNA bases occuring within a domain are not absolutely
fixed. The famous TATA box about 10 bases upstream of many genes has
the consensus sequence TAxxxT, where the x bases are variable. This vari-
ability makes domain recognition difficult.

As a toy example of the kind of data encountered, consider the four gene
segments listed in Table 2.4. These are part of a larger data set of 18 F.

TABLE 2.4. CRP Gene Segments

Gene Base Sequence
1 aacgcaat TAATGTGAGTTAGCTCACTCATtaggca..
2 ccattaccgeccaaTTGTGTAACAGAGATTACACA Aacgegt..
3 gacaaaaacgagtaagAAAAGTGTCTATAAACACGGCAgaagaa..
4 caatgtctgtggt TTTTTTGATCGTTTTCAAAAAAagegcec..

coli segments generated by restriction digests, each digest excising a total
of 105 bases [8]. All 18 segments contain a cyclic adenosine monophosphate
receptor protein (CRP) binding domain that is exactly 22 bases long. In
the four segments depicted, bases in the binding domain are capitalized.
For the purposes of this model, we assume that the upstream segments are
independently generated and show no gaps in their binding domains. At
most one domain is permitted per segment.

A fair amount of notation is inevitable in deriving the EM algorithm.
Suppose that there u upstream segments, s sites (base positions) per seg-
ment, d sites covered by a binding domain, and exactly one domain per
segment. Denote the observed base at site j of segment i by y;;. The ma-
trix Y = (y;;) constitutes the observed data. Each of the y;; takes one of
the four values A (adenosine), T' (thymine), C' (cytosine), or G (guanine).
If I; is a domain {j,...,j+d—1} commencing at site j, then the likelihood
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of the observed data is

u s—d+1
g(Y |p) = H d+1 ;kgp —j+ Ly kgp()yzk

Here p(0,b) is the probability that any site outside the binding domain is
occupied by base b, and p(m,b), 1 < m < d, is the probability that position
m within the binding domain is occupied by base b. Each base is assigned
independently according to these probabilities, and each domain is assigned
an initial site independently and uniformly from the set {1,...,s —d+1}.

We identify the missing data with a matrix Z = (z;;) of indicator random
variables. Entry z;; determines whether the binding domain in segment ¢
begins at site j . With this understanding, the loglikelihood of the complete
data X = (Y, Z) reduces to

u s—d+1
1an|p Z Z Zij Zlnp -7+ 1,y +Zlnp0ym
=1 j=1 kel; k&I

Note here that only one of the z;; is nonzero for each i. The E step of the
EM algorithm evaluates the conditional expectation

Hkgj. pn(k —Jj+1, yik) Hkg]. pn(O, yik)
- aH [licr, Pn(k—m+1 yzk)erlm Pn(0,Yir)

using Bayes’ rule. Adapting the reasoning of the ABO example, it is easy
to demonstrate that the M step gives

E(zij | Y,pn)

u s—d+1
Pny1(0,0) = Z Z (zij | Y,pn) Z Leyin=b}
=1 j=1 kgI;
1 u s—d+1
anrl(mvb) = EZ Z E(Zij | Kpn)l{yi,wrm—l:b}'
i=1 j=1

On convergence, not only does the EM algorithm supply the background
probabilities p(0,b) and the domain probabilities p(m, b), but it also yields
for each site the posterior probability that the site initiates a binding do-
main.

2.8 Problems

1. At some autosomal locus with two alleles R and r, let R be domi-
nant to 7. Suppose a random sample of n people contains n, people
with the recessive genotype r/r. Prove that \/n,/n is the maximum
likelihood estimate of the frequency of allele » under Hardy-Weinberg
equilibrium.
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2. Color blindness is an X-linked recessive trait. Suppose that in a ran-
dom sample there are fp normal females, f; color-blind females, mpg
normal males, and my; color-blind males. If n = 2fg +2f, + mp +my
is the number of genes in the sample, then show that under Hardy-
Weinberg equilibrium the maximum likelihood estimate of the fre-
quency of the color-blindness allele is

. —mp +\/m% + 4n(my, + 2f)
P = .
2n

Compute the estimate p, = .0772 for the data fp = 9032, f, = 40,
mp = 8324, and mp = 725. These data represent an amalgamation
of cases from two distinct forms of color blindness [4]. Protanopia, or
red blindness, is determined by one X-linked locus, and deuteranopia,
or green blindness, by a different X-linked locus.

3. Consider a codominant, autosomal locus with £ alleles. In a random
sample of n people, let n; be the number of genes of allele ¢. Show that
the gene-counting estimates p; = n;/(2n) are maximum likelihood
estimates.

4. In forensic applications of DNA fingerprinting, match probabilities
p? for homozygotes and 2p;p; for heterozygotes are computed [1]. In
practice, the frequencies p; can only be estimated. Assuming codom-
inant alleles and the estimates p; = n;/(2n) given in the previous
problem, show that the natural match probability estimates satisfy

I T
Var(p?) — 4p?(;n—pi)+0(%)
EQpidy) = 2p;— ol
Var@sy) = PPy p; —apipy) +0( ).

(Hint: The n; have joint moment-generating function (3°, p;e®)?".)

5. Consider two loci in Hardy-Weinberg equilibrium, but possibly not
in linkage equilibrium. Devise an EM algorithm for estimating the
gamete frequencies pap, pap, PuB, and pgp, where A and a are the
two alleles at the first locus and B and b are the two alleles at the
second locus [17]. In a random sample of n individuals, let naapp
denote the observed number of individuals of genotype A/A at the
first locus and of genotype B/B at the second locus. Denote the eight
additional observed double-genotype frequencies similarly. The only
one of these observed numbers entailing any ambiguity is n.4.p5s; for
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individuals of this genotype, phase cannot be discerned. Now show
that the EM update for pap is

2nAABB + NAABb + NAaBB + MmAB/ab
2n
2pmABpmab

2pmABpmab + 2pmAbpmaB '

Pm+1,AB

NmAB/ab — TAaBb

There are similar updates for pap, pan, and pgp, but these can be
dispensed with if one notes that for all m

PA = DPmAB + DmAb
PB = DPmAB tT PmaB
1 = PmAB + PmAb + PmaB + Pmab,

where p4 and pp are the gene-counting estimates of the frequencies
of alleles A and B. Implement this EM algorithm on the mosquito
data [17] given in Table 2.5. You should find that pap = .73.

TABLE 2.5. Mosquito Data at the Idhl and Mdh Loci

naaBB = 19 | naay =5 | naaw =0
NAeBB =8 | NaaBy =8 | Naapy =0
NgaBB = 0 NgaBb = 0 Naabb = 0

. In a genetic linkage experiment, AB/ab animals are crossed to mea-

sure the recombination fraction 6 between two loci with alleles A and
a at the first locus and alleles B and b at the second locus. In this
design the dominant alleles A and B are in the coupling phase. Ver-
ify that the offspring of an AB/ab x AB/ab mating fall into the four
2
categories AB, Ab, aB, and ab with probabilities m = % + %,

1—(1-0)2 1-(1-0)? 1-0)? . .
Ty = %, T3 = %, and Ty = ( 1 ) , respectively. Devise

an EM algorithm to estimate 8, and apply it to the counts

(y1,y2,y3,9a) = (125,18,20,34)

observed on 197 offspring of such matings. You should find the max-
imum likelihood estimate 6 = .2083 [11]. (Hints: Split the first cate-
gory into two so that there are five categories for the complete data.
Reparameterize by setting ¢ = (1 — 6)2.)

. In an inbred population, the inbreeding coefficient f is the probability

that two genes of a random person at some locus are both copies of
the same ancestral gene. Assume that there are k codominant alleles
and that p; is the frequency of allele A;. Show that fp; + (1 — f)p?
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is the frequency of a homozygous genotype A;/A; and (1 — f)2p;p;
is the frequency of a heterozygous genotype A;/A;. Suppose that we
observe n;; people of genotype A;/A; in a random sample. Formulate
an EM algorithm for the estimation of the parameters f,pi,...,px
from the observed data.

. Consider the data from the London Times [15] for the years 1910 to
1912 reproduced in Table 2.6. The two columns labeled “Deaths ¢”
refer to the number of deaths of women 80 years and older reported
by day. The columns labeled “Frequency n;” refer to the number of
days with i deaths. A Poisson distribution gives a poor fit to these
data, possibly because of different patterns of deaths in winter and
summer. A mixture of two Poissons provides a much better fit. Under
the Poisson admixture model, the likelihood of the observed data is

9 i i
H [ae‘“ Py (1- a)ef‘”ﬁ ,
b ! i!

where « is the admixture parameter and pq and ps are the means of
the two Poisson distributions.

TABLE 2.6. Death Notices from the London Times

Deaths i | Frequency n; | Deaths i | Frequency n;
0 162 5 61
1 267 6 27
2 271 7 8
3 185 8 3
4 111 9 1

Formulate an EM algorithm for this model. Let 6 = («, 11, p2)t and

ae ik
ae g + (1 — e

be the posterior probability that a day with ¢ deaths belongs to Pois-
son population 1. Show that the EM algorithm is given by

Zi ni2i(0m)

A1 = >
2 ni%i(fm)i
Hm+1,1 = ZZ n:2i(Om)

-
m+1, ZZ ni[l — Zz(em)] '
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10.

11.
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From the initial estimates oy = .3, po1 = 1.0, and pp2 = 2.5, compute
via the EM algorithm the maximum likelihood estimates & = .3599,
i1 = 1.2561, and fio = 2.6634. Note how slowly the EM algorithm
converges in this example.

In the EM algorithm, demonstrate the identity

9 n _ 9

for any component #; of 6 at any interior point 8™ of the parameter
domain. Here L(6) is the loglikelihood of the observed data Y.

Suppose that the complete data in the EM algorithm involve N
binomial trials with success probability 6 per trial. Here N can be
random or fixed. If M trials result in success, then the complete data
likelihood can be written as 6™ (1 — )N ~M¢, where c is an irrelevant
constant. The E step of the EM algorithm amounts to forming

QO16,) = E(M|Y,0,)In0+EN —M |Y,0,)n(1—0)+Inc.

The binomial trials are hidden because only a function Y of them is
directly observed. Show in this setting that the EM update is given
by either of the two equivalent expressions

o _ EOM|Y.60,)
T E(NV Y6,
_ oo 0,(1—0,) d

R et

where L(0) is the loglikelihood of the observed data Y™ [10, 16]. (Hint:
Use Problem 9.)

As an example of the hidden binomial trials theory sketched in Prob-
lem 10, consider a random sample of twin pairs. Let u of these pairs
consist of male pairs, v consist of female pairs, and w consist of op-
posite sex pairs. A simple model to explain these data involves a
random Bernoulli choice for each pair dictating whether it consists
of identical or nonidentical twins. Suppose that identical twins oc-
cur with probability p and nonidentical twins with probability 1 — p.
Once the decision is made as to whether the twins are identical or
not, then sexes are assigned to the twins. If the twins are identical,
one assignment of sex is made. If the twins are nonidentical, then two
independent assignments of sex are made. Suppose boys are chosen
with probability ¢ and girls with probability 1 — g. Model these data
as hidden binomial trials. Using the result of Problem 10, give the
EM algorithm for estimating p and g. What other problems from this
chapter involve hidden binomial trials?
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12. Chun Li has derived an extension of Problem 10 for hidden multino-
mial trials. Let N denote the number of hidden trials, 8; the proba-
bility of outcome i of k possible outcomes, and L(6) the loglikelihood
of the observed data Y. Derive the EM update

or 0 0
ntl  _  gn i ny _ n_ZLe"
o = O+ s Ty |56, L) S o L(9")

Here the superscripts indicate iteration number.

13. In the spirit of Problem 10, formulate models for hidden Poisson and
exponential trials [16]. If the number of trials is N and the mean per
trial is 0, then show that the EM update in the Poisson case is

O d

O = Oph+—=—————L(0,
i TRV [ Y.6,)d6 (6n)
and in the exponential case is
62 d
Ont1 = On+ oo~ 57 L(0n),
+1 B V.o -

where L(6) is the loglikelihood of the observed data Y.

14. Suppose light bulbs have an exponential lifetime with mean 6. Two
experiments are conducted. In the first, the lifetimes y1,...,y, of n
independent bulbs are observed. In the second, p independent bulbs
are observed to burn out before time ¢, and ¢ independent bulbs are
observed to burn out after time ¢. In other words, the lifetimes in the
second experiment are both left and right censored. Construct an EM
algorithm for finding the maximum likelihood estimate of 6 [7].

15. A palindromic DNA string such as ggatcc equals its reverse comple-
ment. Amend the EM algorithm of Section 2.7 so that it handles
palindromic binding domain patterns. What restrictions does this
imply on the domain probabilities p(m, b)?
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Newton’s Method and Scoring

3.1 Introduction

This chapter explores some alternatives to maximum likelihood estimation
by the EM algorithm. Newton’s method and scoring usually converge
faster than the EM algorithm. However, the trade-offs of programming
ease, numerical stability, and speed of convergence are complex, and sta-
tistical geneticists should be fluent in a variety of numerical optimization
techniques for finding maximum likelihood estimates. Outside the realm of
maximum likelihood, Bayesian procedures have much to offer in small to
moderate-sized problems. For those uncomfortable with pulling prior distri-
butions out of thin air, empirical Bayes procedures can be an appealing
compromise between classical and Bayesian methods. This chapter illus-
trates some of these well-known themes in the context of allele frequency
estimation and linkage analysis.

3.2 Newton’s Method

In iterating toward a maximum point 0, Newton’s method and scoring rely
on quadratic approximations to the loglikelihood L(#) of a model. To mo-
tivate Newton’s method, let us define the score dL(6) to be the differential
or row vector of first partial derivatives of L(#) and the observed infor-
mation —d?L(0) to be the Hessian matrix of second partial derivatives
of —L(0). A second-order Taylor’s expansion around the current point 6,
gives

LO) ~ D) + L0~ )+ 56— 0,) P L6.)(0 — 6,). (3.1

In Newton’s method, one maximizes the quadratic approximation on the
right of (3.1) by setting its gradient

dL(0,)" + d*L(0,)(0 —6,) = 0
and solving for the next iterate
Opns1 = 60, —d?L(6,) 'dL(6,)".

Obviously, any stationary point of L(#) is a fixed point of Newton’s algo-
rithm.
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There are two potential problems with Newton’s method. First, it can be
expensive computationally to evaluate the observed information. Second,
far from é, Newton’s method is equally happy to head uphill or downhill.
In other words, Newton’s method is not an ascent algorithm in the sense
that L(0,+1) > L(6,). To generate an ascent algorithm, we can replace the
observed information —d?L(#,,) by a positive definite approximating matrix
A,,. With this substitution, the proposed increment Af,, = A, 'dL(6,)t, if
sufficiently contracted, forces an increase in L(#). For a nonstationary point,
this assertion follows from the first-order Taylor’s expansion

L6, +alb,) — L(6,) = dL(0,)aAbd, + o(a)
adL(0,) A dL(6,) + o(w),

where the error ratio O(O‘j‘) — 0 as the positive contraction constant a — 0.
Thus, a positive definite modification of the observed information combined
with some form of backtracking leads to an ascent algorithm. The simplest
form of backtracking is step-halving. If the initial increment A6,, does not
produce an increase in L(6), then try %Aﬁn. If %AOH fails, then try %Aﬁn,
and so forth.

3.3 Scoring

A variety of ways of approximating the observed information exists. The
method of steepest ascent replaces the observed information by the iden-
tity matrix I. The usually more efficient scoring algorithm replaces the ob-
served information by the expected information J(0) = E[—d?>L(6)]. The
alternative representation J(6) = Var[dL(0)] of J() as a covariance matrix
shows that it is nonnegative definite [8, 18]. An extra dividend of scoring is
that the inverse matrix J (9)*1 immediately supplies the asymptotic vari-
ances and covariances of the maximum likelihood estimate 0 [8, 18]. Scoring
and Newton’s method share this advantage since the observed information
is asymptotically equivalent to the expected information under reasonably
natural assumptions. The available evidence indicates that the observed
information matrix is slightly superior to the expected information matrix
in estimating parameter asymptotic standard errors [7].

It is possible to compute J(#) explicitly for exponential families of
densities [10]. Such densities take the form

fz]6) = g($)66(9)+h(w)t7(9) (3.2)

relative to some measure v, which in practice is usually either Lebesgue
measure or counting measure. Most of the distributional families commonly
encountered in statistics are exponential families. The score and expected
information can be expressed in terms of the mean vector p(6) = E[h(X)]
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and covariance matrix 3(0) = Var[h(X)] of the sufficient statistic h(X).
Several authors [2, 3, 10] have noted the representations

dLB) = [h(x) - p(O)'S(O) " du(6) (3.3)
J(0) = du(0)"'=(0)" du(®), (3.4)

where dpu(6) is the matrix of partial derivatives of u(6). If the vector v(f)
in definition (3.2) is linear in 6, then

J(0) = —d*L(0) = —d*5(9),

and scoring coincides with Newton’s method.

Although we will not stop to derive the general formulas (3.3) and (3.4),
it is instructive to consider the special case of a multinomial distribution
with m trials and success probability p; for category i. If X = (X71,..., X;)*
denotes the random vector of counts and 6 the model parameters, then the
loglikelihood of the observed data X = x is

lelnpz —i—ln( m ),
Xry1...2]

and consequently the score vector dL(#) has entries

0 Lo 0

Here 6; is the jth component of §. Because %Zé:l pi(0) = %1 =0, the

expected information matrix J(#) has entries

JO = E [_ 96,00y, L(e)]

l
82
Z () 90,005 57 Pi(0)
l
8

l
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These results for the multinomial distribution are summarized in Table
3.1, which displays the loglikelihood, score vector, and expected information
matrix for some commonly applied exponential families. In the table, X = x
represents a single observation from the binomial, Poisson, and exponential
families. The mean E(X) is denoted by p for the Poisson and exponential
distributions. For the binomial family, we express the mean E(X) = mp
in terms of the number of trials m and the success probability p per trial.
This is similar to the conventions adopted above for the multinomial family.
Finally, the differentials dp, dp;, and du appearing in the table are row
vectors of partial derivatives with respect to the entries of 6.

TABLE 3.1. Score and Information for Some Exponential Families

Distribution L(6) dL(6) J(0)
Binomial (m _xxl)nli ?1 _p) ;(;7_"5) dp ﬁdptdp
Multinomial > wilnp; > %dpi o gdpgdpi
Poisson —p+zlnp —dp + Sdp %dutdu
Exponential “Inp— 4 —%d,u + zdp #—Bdutd,u

Example 3.3.1 Inbreeding in Northeast Brazil

Data cited by Yasuda [20] on haptoglobin genotypes from 1,948 people
from northeast Brazil are recorded in column 2 of Table 3.2. The hap-
toglobin locus has three codominant alleles G, G2, and G5 and six corre-
sponding genotypes. The slight excess of homozygotes in these data sug-
gests inbreeding. Now the degree of inbreeding in a population is captured
by the inbreeding coefficient f, which is formally defined as the probability
that the two genes of a random person at a given locus are copies of the
same ancestral gene. Column 3 of Table 3.2 gives theoretical haptoglobin
genotype frequencies under the usual conditions necessary for genetic equi-
librium except that inbreeding is now allowed. To illustrate how these fre-
quencies are derived by conditioning, consider the homozygous genotype
G1/Gy. If the two genes of a random person are copies of the same an-
cestral gene, then the two genes are GG alleles with probability p;, the
population frequency of the G; allele. On the other hand, if the two genes
are not copies of the same ancestral gene, then they are independently the
G allele with probability p?. Thus, G1/G1 has frequency fp; + (1 — f)p3.
For a heterozygous genotype such as G1/Ga, it is impossible for the genes
to be copies of the same ancestral gene, and the appropriate genotype fre-
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quency is (1~ f)2pips.

TABLE 3.2. Brazilian Genotypes at the Haptoglobin Locus

Genotype | Observed Number | Genotype Frequency
G1/Gy 108 for+ (1= f)p?
G1/Go 196 (1= f)2pip2
G1/Gs 429 (1= f)2pip3
G2/Ga 143 fpa+ (1= fps
Ga/Gi 513 (1 f)2p2ps
G3/Gs 559 fos+ (1= f)p3

Because ps = 1 — p; — po, this model effectively has only the three
parameters (pi,ps, f). From the initial values, (po1, poz, fo) = (%, %, .02),
scoring converges in five iterations to the maximum likelihood estimates

(hr,p2, f) = (2157,.2554,.0431).

If we invert the expected information matrix, then the asymptotic standard
errors of Py, Pa, and f are .0067, .0071, and .0166, respectively. If we invert
the observed information matrix, the first two standard errors remain the
same and the third changes to .0165. The asymptotic correlations of f
with p; and po are less than .02 in absolute value regardless of how they
are computed. ]

3.4 Application to the Design of Linkage
Experiments

In addition to being useful in the scoring algorithm, expected information
provides a criterion for the rational design of genetic experiments. In animal
breeding, it is possible to set up test matings for the detection of linkage
and estimation of recombination fractions. Consider two linked, codomi-
nant loci A and B with alleles A; and As and B; and Bs, respectively.
The simplest experimental design is the phase-known, double-backcross
mating Ay B1/A2Bs x A1 B1/A;1B;. This mating notation conveys, for ex-
ample, that the left parent has one haplotype with alleles A; and B; and
another haplotype with alleles As and Bs. Offspring of this mating can be
categorized as recombinant with probability § and nonrecombinant with
probability 1 — 6. In view of equation (3.5), the expected information per
offspring is
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1

) (3.6)
The efficiencies of mating designs can be compared based on their ex-
pected information numbers J(6) [17]. The phase-known, double-inter-
cross mating Ay By /A2 Ba x A1 By /A2 Bs offers an alternative to the double-
backcross mating. Table 3.3 shows nine phenotypic categories and their as-
sociated probabilities (column 3) for offspring of this mating. Since some
of these probabilities are identical, the corresponding categories can be col-
lapsed. Thus, categories 1 and 9 can be combined into a single category
with probability (1 — 6)?/2; categories 2, 4, 6, and 8 can be combined into
a single category with probability 26(1 — 0); and categories 5 and 7 can
be combined into a single category with probability 62/2. Category 3 has
a unique probability. Based on these four redefined categories and formula

(3.5), the expected information per offspring is

2(1—-20)2  2(1—26)2

0 —e Tera—op

J(0) (3.7)

TABLE 3.3. Offspring Probabilities for a Double-Intercross Mating

Category i | Phenotype | cxc p; X P
1 A1/A1,B1/B; (1*49>2 9(1;9)
2 A1/A1,Bi/B,y | 110 92+(i79)2
3 Ay /As, Bi /By | CEA=07 | g1 _g)
4 Ay1/A2,B1/By 9(12—0) 92+(411_0)2
5 Ay /Ay, By/Bo 0 o01-0)
6 Ay1/As, By/ By 9(1;9) 02+(i70)2
7 As/As, By /By o 00-0)
8 Ay/As, By /By | 230 02+(41170)2
9 Az/Az, B2/ By (1—49)2 0(14—9)

Besides comparing the double-backcross mating to the coupling x cou-
pling, double-intercross mating, we can compare both to the phase-known,
coupling xrepulsion, double-intercross mating Ay By/As Box A1 By /A2 By .
Column 4 of Table 3.3 now provides the correct probabilities for the nine
phenotypic categories. The odd-numbered categories of Table 3.3 collapse
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FIGURE 3.1. Graph of Linkage Information Numbers

to a single category with probability 20(1 — ), and the even-numbered
categories to a single category with probability #2 + (1 — 6)2. In this case,
the expected information reduces to
2 2
10 = 201-20)°  4(1-20)° 38)
6(1—9) 02+ (1—6)2
In Figure 3.1 we plot the information numbers (3.6), (3.7), and (3.8) as
functions of € in circles, in boxes, and as a smooth curve, respectively. (See
also Table 3.8 of [17].) Inspection of these curves shows that both inter-
cross designs have nearly twice the information content as the backcross
design for 6 small. Beyond about # = .1, the intercross designs begin to
degrade relative to the backcross design. In the neighborhood of 8 = .5,
the backcross design and the couplingxcoupling, double-intercross design
have about equivalent information while the couplingxrepulsion, double-
intercross design is of no practical value. In general, if one design has «
times as much information per offspring as a second design, then it takes a
times as many offspring for the second design to achieve the same precision
in estimating € as the first design.

3.5 Quasi-Newton Methods

Quasi-Newton methods of maximum likelihood update the current ap-
proximation A,, to the observed information —d2L(6,,) by a low-rank per-
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turbation satisfying a secant condition. The secant condition originates
from the first-order Taylor’s approximation

dL(@n)t — dL(9n+1)t ~ d2L(9n+1)(9n — 9n+1)-
If we set

gn = dL(0,)" — dL(fn41)*

Sn = on - 9n+1;

then the secant condition is — A, 4+1$, = gn. The unique symmetric, rank-
one update to A, satisfying the secant condition is furnished by Davidon’s
formula [5]

Ani1 = Ay — cpuptl, (3.9)

with constant ¢, and vector v, specified by

1
S 3.10
‘ (gn + Ansn)tsn (3.10)
Un = gn+AnSn

Until recently, symmetric rank-two updates such as those associated with
Davidon, Fletcher, and Powell (DFP) or with Broyden, Fletcher, Gold-
farb, and Shanno (BFGS) were considered superior to the more parsimo-
nious update (3.9). However, numerical analysts [4, 11] are now beginning
to appreciate the virtues of Davidon’s formula. To put it into successful
practice, monitoring A,, for positive definiteness is necessary. An immedi-
ate concern is that the constant ¢, is undefined when the inner product
(gn + Ansn)ts, = 0. In such situations, or when (g, + Aps,)ts, is small
compared to viv,, one can ignore the secant requirement and simply take
An+1 = An

If A, is positive definite and ¢, < 0, then A, 1 is certainly positive
definite. If ¢,, > 0, then it may be necessary to shrink ¢,, to maintain positive
definiteness. In order for A, 41 to be positive definite, it is necessary that

t g-1 t14-1 t -1 t -1
vh AT [An — crunUyJA 0, = v, A o[l — epuy, AL o]

> 0.

In other words, 1 — ¢, v! A 1v, > 0 must hold. Conversely, this condition
is sufficient to insure positive definiteness of A, ;1. This fact can be most
easily demonstrated by noting the Sherman-Morrison formula [15]

Cn _ _
[An — Cn’l}nvfl]_l = A;l + mAnlvn[Anlvn]t. (311)

Formula (3.11) shows that [A,, — c,v,v%] ! exists and is positive definite

under the stated condition. Since the inverse of a positive definite matrix
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is positive definite, it follows that A,, — c,v,v! is positive definite as well.
This necessary and sufficient condition suggests that ¢, be replaced by
min{c,, (1 —€)/(v}, A 'v,)} in updating A,,, where € is some constant in
(0,1).

3.6 The Dirichlet Distribution

In this section, we briefly discuss the Dirichlet distribution. In the next
section, we use it to construct an empirical Bayes procedure for estimating
allele frequencies when genotype data are available from several different
populations. As is often the case, the Bayes procedure provides an inter-
esting and useful alternative to maximum likelihood estimation.

The Dirichlet distribution is a natural generalization of the beta dis-

tribution [12]. To generate a Dirichlet random vector Y = (Y1,...,Yy)?, we
take k independent gamma random variables X7,..., X} of unit scale and
form the ratios
X.
Yi = =
> j=1 X

By “unit scale” we mean that X; has density 2 'e=% /T'(a;) on (0, 00)
for some «; > 0. Clearly, each Y; > 0 and Ele Y, =1.

We can find the joint density of (Y1,...,Y;x—1) by considering the larger
random vector Z = (Yi,...,Y,_1,9)%, where S = Zle X;. The inverse
transformation

x = T(z)
Yy1s

YkS

with yp, =1 — Zf:_ll y; has Jacobian

s o ... 0 Y1
0 S 0 Y2
det(dT) = det| : . . .
0 0 ... S8 Yr—1
-s =5 ... —S Yk
S 0 Y1
0 s 0 s
= det
0 0 S Yk—1
0 0 0 1
k-1
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It follows that the density function of Z is

a;—1 k
[ Yi ‘| ie1 Oﬁflefs.

Integrating out the variable s, we find that (Y1,...,Y;_1)! has density

k
H (3.12)

Hzl(

where . = Zle ;. It is more convenient to think of the density (3.12) as
applying to the whole random vector Y. From this perspective, the density
exists relative to the uniform measure on the unit simplex

k
Ay = {(yh...,yk)t cy1 >0, Yk >07Zyi:1}.
i=1

Once the density (3.12) is in hand, the elegant moment formula

k
E( }/lml) _ / itoa;— ld
il;Il Hi:l Ak zl_[1y !

B (o) b T(m; + ;)
= T ta) 1;[1 (3.13)

['(av)

follows immediately from the fact that the density has total mass 1. The
moment formula (3.13) and the factorial property I'(¢ + 1) = tI'(¢) of the
gamma function together yield the mean E(Y;) = a;/a..

3.7 Empirical Bayes Estimation of Allele
Frequencies

Consider a locus with k£ codominant alleles. If in a sample of n people
allele i appears n; times, then the maximum likelihood estimate of the ith
allele frequency is n;/(2n). This classical estimate based on the multinomial
distribution can be contrasted to a Bayes estimate using a Dirichlet prior
for the allele frequencies p1, ..., pr [13].

The Dirichlet prior is a conjugate prior for the multinomial distribution
[14]. This means that if the allele frequency vector p = (p1,...,px)" has
a Dirichlet prior with parameters aq, ..., ax, then taking into account the
data, p has a Dirichlet posterior with parameters ny + aq,...,ng + ai. We
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deduce this fact by applying the moment formula (3.13) in the conditional
density computation

& 2n k nit+oa;—1
H’i T(a;) (”1 ) Hi:l b;
H’CFLF((” )‘fAk i= 1‘11 miteildg

i=1

2n+ O‘ nHral
Hz 1 F(nZ + aZ i=1

The posterior mean (n; + «;)/(2n + «.) is a strongly consistent, asymptot-
ically unbiased estimator of p;.

The primary drawback of being Bayesian in this situation is that there
is no obvious way of selecting a reasonable prior. However, if data from
several distinct populations are available, then one can select an appropriate
prior empirically. Consider the marginal distribution of the allele counts
(N1,...,Ng)t in a sample of genes from a single population. Integrating
out the prior on the allele frequency vector p = (p1,...,px)! yields the
predictive distribution [16]

Pr(Ny =nq,...,Np = ng)
B 2n I(a) k D(n; + a;)
B < ny---ng ) r@2n+a.) NG (3:-14)

=1

This distribution is known as the Dirichlet-multinomial distribution.
Its parameters are the a’s rather than the p’s.

With independent data from several distinct populations, one can esti-
mate the parameter vector a = (v, ..., ax)t of the Dirichlet-multinomial
distribution by maximum likelihood. The estimated « can then be recycled
to compute the posterior means of the allele frequencies for the separate
populations. This interplay between frequentist and Bayesian techniques is
typical of the empirical Bayes method.

To estimate the parameter vector o characterizing the prior, we again
revert to Newton’s method. We need the score dL(«) and the observed
information —d?L(a) for each population. Based on the likelihood (3.14),
elementary calculus shows that the score has entries

0
6ai

Lia) = () —¢@2n+a)+(ni + o) —¢(ai),  (3.15)

where ¢(s) = 4 InT(s) is the digamma function [9]. The observed infor-
mation has entries
82 / !/
——L = - 2 3.16
g le) = —Vle)+venta) (3.16)

L=y [ (ni + i) = 9" ()],



50 3. Newton’s Method and Scoring

where 1¢;—;y is the indicator function of the event {i = j}, and where 9’(s)

is the trigammaTrigamma function function % InT(s) [9]. The digamma
and trigamma functions appearing in the expressions (3.15) and (3.16)
should not be viewed as a barrier to computation since good software for
evaluating these transcendental functions does exist [1, 19].

Equation (3.16) for a single population can be summarized in matrix
form by

—d’L(a) = D —cll?, (3.17)
where D is a diagonal matrix with ith diagonal entry
di = Y(ai) = (ni + i),

¢ is the constant ¢'(a.) — ¥’ (2n + «.), and 1 is a column vector of all 1’s.
Because the trigamma function is decreasing [9], d; > 0 when n; > 0. For
the same reason, ¢ > 0. Since the representation (3.17) is preserved under
finite sums, it holds, in fact, for the entire sample.

The observed information matrix (3.17) is the sum of a diagonal matrix,
which is trivial to invert, plus a symmetric, rank-one perturbation. From
our discussion of Davidon’s symmetric, rank-one update, we know how to
correct the observed information when it fails to be positive definite. A
safeguarded Newton’s method can be successfully implemented using the
Sherman-Morrison formula to invert —d?L(a) or its substitute.

TABLE 3.4. Allele Counts in Four Subpopulations

Allele | White | Black | Chicano | Asian

5 2 0 0 0

6 84 50 80 16

7 59 137 128 40

8 41 78 26 8

9 53 54 55 68

10 131 51 95 14

11 2 0 0 7

12 0 0 0 1
Total 2n 372 370 384 154

Example 3.7.1 Houston Data on the HUMTHOI Locus

The data of Edwards et al. [6] on the eight alleles of the HUMTHO1
locus on chromosome 11 are reproduced in Table 3.4. The allele names for
this tandem repeat locus refer to numbers of repeat units. From the four
separate Houston subpopulations of whites, blacks, Chicanos, and Asians,
the eight a’s are estimated by maximum likelihood to be .11, 4.63, 7.33,
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TABLE 3.5. Classical and Bayesian Allele Frequency Estimates

Allele | White | Black | Chicano | Asian
5 .0054 .0000 .0000 .0000
.0053 .0003 .0003 .0006
6 .2258 1351 .2083 .1039
.2227 .1380 .2064 1147
7 .1586 .3703 .3333 .2597
.1667 .3645 .3301 .2630
8 1102 .2108 .0677 .0519
.1105 .2045 .0707 .0609
9 1425 .1459 1432 4416
.1465 .1498 1471 4073
10 .3522 1378 2474 .0909
.3424 1421 .2445 .1070
11 .0054 .0000 .0000 .0455
.0057 .0007 .0007 .0404
12 .0000 .0000 .0000 .0065
.0002 .0002 .0002 .0061
Sample
Size 2n 372 370 384 154

2.97, 5.32, 5.26, .27, and .10. The large differences in the estimated a’s
suggest that arbitrarily invoking a reference prior with all a’s equal would
be a mistake in this problem.

Using the estimated a’s, Table 3.5 compares the maximum likelihood es-
timates (first row) and posterior mean estimates (second row) of the allele
frequencies within each subpopulation. It is noteworthy that all posterior
means are within one standard error of the maximum likelihood estimates.
(These standard errors are given in Table 2 of [6].) Nonetheless, the empiri-
cal Bayes procedure does tend to moderate the extremes in estimated allele
frequencies seen in the different subpopulations. In particular, all posterior
means are positive. The maximum likelihood estimates suggest that those
alleles failing to appear in a sample are absent in the corresponding sub-
population. The empirical Bayes estimates suggest more reasonably that
such alleles are simply rare in the subpopulation. [ |

3.8 Empirical Bayes Estimation of Haplotype
Frequencies

Estimation of haplotype frequencies is even more fraught with uncertainty
than estimation of allele frequencies. Many haplotypes are so rare that they
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do not appear in most population samples. In the absence of data to the
contrary, one can argue that it is reasonable to steer haplotype frequency
estimates toward linkage equilibrium. From an empirical Bayesian perspec-
tive, the most natural equilibrium frequencies can be found by computing
allele frequency estimates at each locus and taking products. We build on
this insight by choosing a Dirichlet prior whose mode occurs at these es-
timated haplotype frequencies. A short calculation shows that the mode
of the Dirichlet density (3.12) reduces to the point p with coordinates
pi = (Bi/B, where 3; = «; — 1 and f = a, — k. Thus we choose 3; so
that the ratio 3;/8 coincides with the frequency of the ith haplotype under
linkage equilibrium using the estimated allele frequencies. These choices do
not determine (3, which specifies the overall strength of the prior.

Problem 5 of Chapter 2 discusses the standard EM algorithm for maxi-
mum likelihood estimation of haplotype frequencies from a random sample
of individuals. The Bayesian version of the EM algorithm adds 3 pseudo-
haplotypes to the various haplotype classes in proportion to their linkage
equilibrium frequencies 3;/8. Problem 12 of this chapter shows how to in-
clude these pseudo-haplotypes in the haplotype counting update of the EM
algorithm.

3.9 Problems

1. Let f(z) be a real-valued function whose Hessian matrix (am‘?—;z_ )
i O j
is positive definite throughout some convex open set U of R™. For
u # 0 and = € U, show that the function ¢ — f(z + tu) of the real
variable ¢ is strictly convex on {¢ :  + tu € U}. Use this fact to
demonstrate that f(z) can have at most one local minimum point on
any convex subset of U.

2. Apply the result of Problem 1 to show that the loglikelihood of the
observed data in the ABO example of Chapter 2 is strictly concave
and therefore possesses a single global maximum. Why does the max-
imum occur on the interior of the feasible region?

3. Show that Newton’s method converges in one iteration to the maxi-
mum of the quadratic function

1
LO) = d+e'o+ 5efFe
if the symmetric matrix F' is negative definite.

4. Verify the loglikelihood, score, and expected information entries in
Table 3.1 for the binomial, Poisson, and exponential families.
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5. A family of discrete density functions p,(6) defined on {0,1,...} and
indexed by a parameter 6§ > 0 is said to be a power-series family if
for all n

0™
p(0) = —x, (3.18)

9(0)
where ¢,, > 0 and where g(0) = Y-, ck0" is the appropriate normal-
izing constant. If X;,..., X, is a random sample from the discrete

density (3.18) with observed values z1,...,z,,, then show that the
maximum likelihood estimate of 6 is a root of the equation

TS )
m; ' 9(9)

Prove that the expected information in a single observation is

where 02(6) is the variance of the density (3.18).

6. Let the m independent random variables Xi,..., X,, be normally
distributed with means p;() and variances o2 /w;, where the w; are
known constants. From observed values X; = z1,..., X;, = T,,, one

can estimate the mean parameters # and the variance parameter o2

simultaneously by the scoring algorithm. Prove that scoring updates
0 by

On+1 (3.19)

= 0, +[szdﬂz Yedpui( n] sz T; On)dpi(0,)"

and o2 by

n+1 = _sz T .Uz n)]2

In the least-squares literature, the scoring update of 6 is better known
as the Gauss-Newton algorithm.

7. In the Gauss-Newton algorithm (3.19), the matrix

Z w;dp; (0 d.uz (0)
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10.

11.
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can be singular or nearly so. To cure this ill, Marquardt suggested
substituting

A, = Z widpi (0,) dpi (0,) + N
i=1
for it and iterating according to
en-l-l = 911 + Ail Z wj [xi - Mi(en)]dﬂi(en)t' (3'20)
i=1

Prove that the increment Af,, = 0,41 — 6, proposed in equation
(3.20) minimizes the criterion

1 A
) Zwl[xz — i (0n) — dﬂi(en)AenP + §||A9n”§
i=1

Consider the quadratic function

L) = —(1,1)9—%%(% 1)9

defined on R2. Compute the iterates of the quasi-Newton scheme
Opy1 = On+ A 'dL(6,)"

1 0

starting from 6; = (0,0)! and A; = — ( 01

update (3.9).

> and using Davidon’s

For symmetric matrices A and B, define A1 0 to mean that A is
nonnegative definite and A > B to mean that A — B > 0. Show that
Ap> B and B C imply A> C. Also show that Ar B and B A
imply A = B. Thus, > induces a partial order on the set of symmetric
matrices.

In the notation of Problem 9, demonstrate that two positive definite
matrices A = (a;;) and B = (b;;) satisfy A> B if and only they satisfy
B~ A~1. If Av B, then prove that det A > det B, tr A > tr B, and
a;; > by for all 4. (Hints: A > B is equivalent to 2t Az > 2! Bz for all
vectors . Thus, A> B if and only if 7> A~Y/2BA~1/2 if and only if
all eigenvalues of A"Y2BA1/2 gare < 1.)

Let X = (Xi,...,X,,)! follow a multinomial distribution with n
trials and m categories. If the success probability for category i is 6;
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13.

14.

15.

16.
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fori1<i<m-1landl-— Z;n:_ll ; for i = m, then show that X has
expected information

o8 0 - 0
0o 67! ... 0
J@O) = n ’ — 11
: : g : 1= 0;
0 0 - 6'

where 1 is a column vector of ones.

In the setting of the EM algorithm, suppose that Y is the observed
data and X is the complete data. Let Y and X have expected infor-
mation matrices J(0) and I(0), respectively. Prove that I(6) > J(0)
in the notation of Problem 9. If we could redesign our experiment so
that X is observed directly, then invoke Problem 10 and argue that
the standard error of the maximum likelihood estimate of any com-
ponent 6; will tend to decrease. (Hints: Using the notation of Section
24,1et h(X | 0) = f(X | 6)/g(Y | 0) and prove that

I(0) — J(0) = E{E[-d*Inh(X |6)|Y,6]}.

The inner expectation on the right of this equation is an expected
information.)

As an application of Problems 10, 11 and 12, consider the estima-
tion of haplotype frequencies from a random sample of people who
are genotyped at the same linked, codominant loci. The resulting
multilocus genotypes lack phase. Find an explicit upper bound on
the expected information matrix for the haplotype frequencies and
an explicit lower bound on the standard error of each estimated fre-
quency. (Hints: The complete data specify phase. For the standard-
error bound, use the Sherman-Morrison formula.)

Let Y = (Y1,...,Y})! follow a Dirichlet distribution with parameters
ai,...,0,. Compute Var(Y;) and Cov(Y;,Y;) for ¢ # j. Also show
that (Y7 + Ya,Ys,...,Ys)! has a Dirichlet distribution.

In the notation of Problem 14, find the score and expected infor-
mation of a single observation from the Dirichlet distribution. (Hint:
In calculating the expected information, take the expectation of the
observed information rather than the covariance matrix of the score.)

Suppose n unrelated people are sampled at a codominant locus with &
alleles. If N; = n; genes of allele type i are counted, and if a Dirichlet
prior is assumed with parameters aq, ..., ax, then we have seen that
the allele frequency vector p = (p1,...,px)" has a posterior Dirichlet
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distribution. Use formula (3.13) and show that

Var(p2 | Ny =n1,..., Ny =ng) =

E(pf|N1=n1,...,Nk:nk) =

7

E(2pipj|N1=n1,...,Nk=nk) = 2 ‘ ‘ ‘_

Var(2p;p; | Nv =n1,...,Ny =ng) =

A + )2 (n; + ay)?
(2n + a4
_ [2(”1' + i) (n; + %‘)]2
(2n+a.)? ’

where 2" = z(x 4+ 1)---(x +r — 1) denotes a rising factorial power.
It is interesting that the above mean expressions entail

E@? | Ni=n1,...,Ne=ng) > p?
E@2pipj | Ni=n1,..., Ny =ni) < 2p:pj,

where p; and p; are the posterior means of p; and p;.

Problem 5 of Chapter 2 considers haplotype frequency estimation for
two linked, biallelic loci. The EM algorithm discussed there relies on
the allele-counting estimates pa, pa, pB, and pp.

(a)

Construct the Dirichlet prior from these estimates mentioned
in Section 3.8 and devise an EM algorithm that maximizes the
product of the prior and the likelihood of the observed data. In
particular, show that the EM update for psp is

2n44BB + NAABb + N AaBB + MmAB/ab + BAB
2n+ 3
2PmABDPmab
2pmABPmab + 2PmAbPmaB

Pm+1,AB =

NmAB/ab = TAaBb

where Bap = aap — 1 and 3 = a — 4. There are similar updates
for pap, pap, and pep. (Hint: The log prior passes untouched
through the conditional expectation of the E step of the EM
algorithm.)

Implement this EM algorithm on the mosquito data given in
Table 2.5 of Chapter 2 for the value a — 4 = 10 and starting
from the estimated linkage equilibrium frequencies. You should
find that pap = .717, pap = .083, pan = .121, and p,p, = .079.
Describe how you would generalize the algorithm to more than
two loci and more than two alleles per locus.



3. Newton’s Method and Scoring 57

3.10 REFERENCES

1]

2]

8]

[9]

[10]

[11]

[12]

[13]

Bernardo JM (1976) Algorithm AS 103: psi (digamma) function. Appl
Statist 25:315-317

Bradley EL (1973) The equivalence of maximum likelihood and
weighted least squares estimates in the exponential family. J Amer
Stat Assoc 68: 199-200

Charnes A, Frome EL, Yu PL (1976) The equivalence of generalized
least squares and maximum likelihood in the exponential family. J
Amer Stat Assoc 71:169-171

Conn AR, Gould NIM, Toint PL (1991) Convergence of quasi-Newton
matrices generated by the symmetric rank one update. Math Prog
50:177-195

Davidon WC (1959) Variable metric methods for minimization. AEC
Research and Development Report ANL-5990, Argonne National Lab-
oratory

Edwards A, Hammond HA, Jin L, Caskey CT, Chakraborty R (1992)
Genetic variation at five trimeric and tetrameric tandem repeat loci
in four human population groups. Genomics 12:241-253

Efron B, Hinkley DV (1978) Assessing the accuracy of the maximum
likelihood estimator: Observed versus expected Fisher information.
Biometrika 65:457-487

Ferguson TS (1996) A Course in Large Sample Theory. Chapman &
Hall, London

Hille E (1959) Analytic Function Theory Vol 1. Blaisdell Ginn, New
York

Jennrich RI, Moore RH (1975) Maximum likelihood estimation by
means of nonlinear least squares. Proceedings of the Statistical Com-
puting Section: American Statistical Association 57—65

Khalfan HF, Byrd RH, Schnabel RB (1993) A theoretical and experi-
mental study of the symmetric rank-one update. SIAM J Optimization
3:1-24

Kingman JFC (1993) Poisson Processes. Oxford University Press, Ox-
ford

Lange K (1995) Applications of the Dirichlet distribution to forensic
match probabilities. Genetica 96:107-117



58 3. Newton’s Method and Scoring

[14] Lee PM (1989) Bayesian Statistics: An Introduction. Edward Arnold,
London.

[15] Miller KS (1987) Some Eclectic Matriz Theory. Robert E Krieger Pub-
lishing, Malabar, FL

[16] Mosimann JE (1962) On the compound multinomial distribution, the
multivariate §-distribution, and correlations among proportions. Bio-
metrika 49:65-82

[17] Ott J (1985) Analysis of Human Genetic Linkage. Johns Hopkins Uni-
versity Press, Baltimore

[18] Rao CR (1973) Linear Statistical Inference and its Applications, 2nd
ed. Wiley, New York

[19] Schneider BE (1978) Algorithm AS 121: trigamma function. Appl Sta-
tist 27:97-99

[20] Yasuda N (1968) Estimation of the inbreeding coefficient from pheno-
type frequencies by a method of maximum likelihood scoring. Biomet-
rics 24:915-934


Administrator
ferret


4

Hypothesis Testing and
Categorical Data

4.1 Introduction

Most statistical geneticists are frequentists, and fairly traditional ones at
that. In testing statistical hypotheses, they prefer pure significance tests
or likelihood ratio tests based on large sample theory. Although one could
easily dismiss this conservatism as undue reverence for Karl Pearson and
R. A. Fisher, it is grounded in the humble reality of geneticists’ inability
to describe precise alternative hypotheses and to impose convincing priors.
In the first part of this chapter, we will review by way of example the large
sample methods summarized so admirably by Cavalli-Sforza and Bodmer
[6], Elandt-Johnson [11], and Weir [44]. Then we will move on to modern
elaborations of frequentist tests for contingency tables. Part of the nov-
elty here is in designing tests sensitive to certain types of departures from
randomness. Permutation procedures permit approximation of the exact
p-values for these tests and consequently relieve our anxieties about large
sample approximations [28].

4.2 Hypotheses About Genotype Frequencies

An obvious question of interest to a geneticist is whether a trait satisfies
Hardy-Weinberg equilibrium in a particular population. If the trait is not in
Hardy-Weinberg equilibrium, then two explanations are possible. First, the
genetic model for the trait may be incorrect. For instance, a one-locus model
is inappropriate for a two-locus trait. If the model is basically correct, then
the further population assumptions necessary for Hardy-Weinberg equilib-
rium may not be met. Thus, forces such as selection and migration may be
distorting the Hardy-Weinberg proportions.

Our aim in this section is to discuss simple likelihood methods for testing
Hardy-Weinberg proportions. We emphasize likelihood ratio tests rather
than the usual chi-square tests. The two types of tests are similar, but
likelihood ratio tests extend more naturally to other statistical settings. Our
exposition assumes familiarity with basic notions of large sample theory.
Many books cover the essentials. At an elementary level we recommend
[31] and at an advanced level [14, 26, 36].
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Example 4.2.1 ABO Ulcer Data

Consider the ABO duodenal ulcer data presented earlier and repeated in
column 2 of Table 4.1. If we do not assume Hardy-Weinberg equilibrium,
then each of the four phenotypes A, B, AB, and O is assigned a correspond-
ing frequency g4, B, gap, and go, with no implied functional relationship
among them except for g4 + gp + gap + qo = 1. The maximum likeli-
hood estimates of these phenotypic frequencies are the sample proportions
Ga =14 =180 gp="8 =2 gap =" = F and jo = "2 = &7
Under Hardy-Weinberg equilibrium, gene counting provides the maximum
likelihood estimates p4 = .2136, pp = .0501, and po = .7363. Denote the
vector of maximum likelihood estimates for the two hypotheses by ¢ and
D, respectively, and the corresponding maximum likelihoods by L(§) and
L(p). The likelihood ratio test involves the statistic

(q”‘) AMA AN B 2N AB 51O

21nL = 2In da 4p dap 90
L(p) (p% + 2papo)"4 (Ph + 2PBPO)"E (2D APB) "5 (P) "0
4a iB
= maln 5———+2npln 5—F———
P4 + 2papo b% + 2pBPo
daB

——— +2npln qA—2O
2paPpB Do
= 2(1.578 —1.625 — 1.740 4 1.983)
= .393.

+2napIn

This statistic is approximately distributed as a x? distribution with de-
grees of freedom equaling the difference in the number of independent para-
meters between the full hypothesis and the Hardy-Weinberg subhypothesis.
In this case the degrees of freedom are 3 — 2 = 1. The likelihood ratio is
not significant at the .05 level based on comparison with a x3 distribution.
Thus, we provisionally accept Hardy-Weinberg equilibrium in this popula-
tion of ulcer patients.

The ABO ulcer data come from a study that also includes data on normal
controls [7]. Table 4.1 provides the more comprehensive data. It appears

TABLE 4.1. ABO Data on Ulcer Patients and Controls

Phenotype | Ulcer Patients | Normal Controls
A 186 279
B 38 69
AB 13 17
0] 284 315

that there may be too many O-type individuals among the ulcer patients.
We can test this conjecture by testing whether allele frequencies differ be-
tween ulcer patients and normal controls. Let p, ¢, and r denote the vector
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of allele frequencies among patients, controls, and the combined sample,
respectively. To test the hypothesis p = ¢, we compute separate maximum
likelihoods L, (p), Ln(G), and L.(7) for the ulcer patients, normal controls,
and combined sample under the assumption of Hardy-Weinberg equilib-
rium. The appropriate likelihood ratio statistic is

Lu(p)Ln(4)
Le(7)
= 2InL,(p) +2In L, (q) — 2In Lo(#).

x5 = 2In

The degrees of freedom of the y? are the difference 4 — 2 = 2 between
the number of independent parameters for the two populations treated
separately versus in combination.

Gene counting for the normal controls yields the maximum likelihood
estimates g4 = .2492, ¢ = .0655, and Jo = .6853 and for the combined
sample 74 = .2335, 7 = .0588, and 7o = .7077. Straightforward compu-
tations yield

InL,(p) = —173.903 —189.955 — 97.750 — 49.963
= —511.571

InL,(G) = -—238.134—253.114 — 163.050 — 58.161
= —712.459

InL.(7) = —414.198 —443.848 — 261.644 — 107.846
= —1227.536.

Hence, the homogeneity 3 = 2 (—511.571 — 712.459 + 1227.536) = 7.012.
This statistic is significant at the .05 level but not at the .01 level. Sub-
sequent studies have substantiated the association between duodenal ulcer
and blood type O. [ ]

Example 4.2.2 Color Blindness

The data for this color-blindness example were mentioned in Problem
2 of Chapter 2. If Hardy-Weinberg equilibrium does not hold, then we
postulate a probability gg for normal females, g, for color-blind females,
rp for normal males, and r, for color-blind males. The only functional
relationship tying these frequencies together are the constraints gg +¢q, = 1
and rg + 7, = 1. If in a random sample there are fp normal females, f;
color-blind females, mp normal males, and m; color-blind males, then the
likelihood of the sample is

<fo+ fb> qf;BqZ{b (mB + mb> P
B

mp
C. c 11 . . fgm ~ _f
Maximizing this likelihood leads to the estimates ¢p = i B = o
fp = —2B_ and ) = — b,
B mp+my’ b mp+my
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Under the Hardy-Weinberg restrictions, Problem 2 of Chapter 2 shows
how to compute the maximum likelihood estimates of the allele frequency
py. Testing Hardy-Weinberg equilibrium with the data fp = 9032, f, = 40,
mp = 8324, and my = 725 requires computing the approximate chi-square
statistic

~fB 5fb amB amy

2 95 9% "B T
X7 = 2ln — > 2 —
! (1= p3)P= (pg) o (1 — o)™ (Pp) ™
= 2fpln qBA2+2fb1n?—g+2m31n TBA +2mblng
1- Dy Dy 1—pyp Do
= 2(14.115—12.081 — 26.144 + 26.669)
= 5.118.

This chi-square statistic has 2 — 1 = 1 degree of freedom and is significant
at the .025 level. In fact, there are two different common forms of color
blindness in humans. A two-locus X-linked model does provide an adequate
fit to these data. ]

4.3  Other Multinomial Problems in Genetics

Historically, chi-square tests have been the preferred method of testing hy-
potheses about multinomial data with known probabilities per category.
Chi-square tests are appropriate when no clear alternative suggests itself.
However, in many genetics problems the most reasonable alternative is
some type of clustering of observations in one or a few categories. In such
situations, tests for detecting excess counts in a few categories should be
conducted. Ewens et al. [12] highlight the Z;,ax test in an application to
in situ hybridization, a form of physical mapping of genes to particular
chromosome regions. This application is characterized by fairly large ob-
served counts in most categories and an excess count in a single category.
Other applications, such as measuring the nonrandomness of chromosome
breakpoints in cancer [9], involve lower counts per category and excess
counts in several categories.

For relatively sparse multinomial data with known but unequal proba-
bilities per category, other statistics besides Zy,ax are useful. For instance,
the number of categories W, with d or more observations can be a sensitive
indicator of clustering. Problems in detecting nonrandomness in mutations
in different proteins or in amino acids along a single protein afford interest-
ing opportunities for applying the W, statistic [17, 43]. When the variance
and mean of W, are approximately equal, then W is approximately Pois-
son [4, 22]. In practice, this asymptotic approximation should be checked
by applying an exact numerical algorithm for computing p-values.
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4.4 The Z,.x Test

Consider a multinomial experiment with n trials and m categories. Denote
the probability of category i by p; and the random number of outcomes in
category ¢ by N;. The Zp,.x statistic [12, 15] is defined by

Ni —np;

Zmax max ————
1<iSm \/upi(1 - pi)

This statistic is designed to detect departures from the multinomial as-
sumptions caused by the clustering of the observations in one or a few
categories. Consequently, a one-sided test is appropriate, and the multino-

mial model is rejected when Z,,,x is too large. The specific form of the

Zmax statistic is suggested by the fact that the category specific statistics
7, = _Nizmpi
npi(1 = p;)

are standardized to have mean 0 and variance 1. Furthermore, when n
is large, each Z; is approximately normally distributed. The usual rule of
thumb np; > 3 for normality is helpful, particularly if a continuity correc-
tion is added to Z;.

To compute p-values for Zpa.x, let zmax be the observed value of the
statistic, and define the events A; = {Z; > zmax . Then

Pr(Zmax > zmax) = Pr ( Lﬂj Ai)
=1

m

< 3 Pr(A) (11)
~ n;[l—fb(zmax)],

where ® is the standard normal distribution function. Alternatively, each
Pr(4;) can be computed exactly as a right-tail probability of a binomial
distribution with n trials and success probability p;.

The upper bound (4.1) can be supplemented by the lower bound

Pr ( 6 Ai) > iPr(Ai) - ZPY(Ai N A;j)

i<j

> 3 Pr(A) - Y Pr(A) Pr(4)) (12)
m m m 2

= S Pr(A + % S Pr(4,)? - % lz Pr(A;)
=1 =1 =1

m(m —

1) 2
2 [1 - (I)(Zmax)] .

Q

m[l — ®(zmax)] —
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If m[l — ®(2zmax)] is small, then the bound (4.1) will be an excellent ap-
proximation to the p-value.

The first inequality in (4.2) is an example of an inclusion-exclusion
bound. To prove it, take expectations in the inequality

lym 4, 2 Z la, — Z 14,14, (4.3)
=1

i<j

involving indicator functions. To establish the inequality (4.3), suppose
that a sample point belongs to exactly k of the events A;. If kK = 0, then
inequality (4.3) is trivial. If £ > 0, then inequality (4.3) becomes 1 > k— (’;),
which is logically equivalent to k% — 3k +2 = (k — 2)(k — 1) > 0. The
replacement Pr(A4;NA;) < Pr(A;) Pr(A4;) in (4.2) can be rigorously justified
[19, 27] as sketched in Problem 3. Note that this inequality reflects the
negative correlation of the multinomial components N;.

Ewens et al. [12] suggest that if the Z,.x test is highly significant, then
the category ¢ with largest component Z; should be removed and the Z;,.x
statistic recalculated. This entails replacing n by n — N; and each p; by
pj/(1—p;) for j # i and computing a new Zy,x for the reduced data. This
procedure is repeated until all outlying categories have been identified and
Zmax 18 no longer significant.

Example 4.4.1 Application to In Situ Hybridization

TABLE 4.2. Z,ax Test for the ZYF Probe in Macropus eugenii

Segment | Proportion p; | Grains n; | Statistic z;
1p 0.042 24 3.666
1q 0.189 37 -2.406
2p 0.019 4 -0.571
2q 0.136 25 -2.261

3/4p 0.104 35 1.174
3/4q 0.178 44 -0.886
5p 0.031 29 7.030
5q 0.097 28 0.190
6p 0.048 11 -0.670
6q 0.062 11 -1.564
7 0.053 19 1.126
Xp 0.011 4 0.534
Xq 0.018 3 -0.911
Y 0.012 5 0.908

In situ hybridization is a technique for mapping unique sequence DNA
probes to particular chromosomal regions [12]. In metaphase spreads,
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chromosomes are highly contracted and can be distinguished on the basis
of size, position of their centromeres, and characteristic banding patterns.
To map a probe, the DNA trapped within a metaphase spread on a micro-
scope slide is denatured in situ and hybridized with a tritium-labeled or
fluorescent-labeled probe. A photographic emulsion immediately above the
spread registers the presence of the probe on one or more chromosomes.
When a human probe is hybridized to chromosomes of another mam-
malian species, the probe and corresponding conserved sequence on the
mammalian chromosome may be sufficiently different that the hybridiza-
tion signal is weak. In such cases the probe can appear to hybridize pref-
erentially to several different chromosomal regions. To pick out the real
peaks of hybridization from purely random peaks, Ewens et al. [12] apply
the Zax test. Table 4.2 reproduces their data on the hybridization of the
human ZYF probe, a zinc finger protein probe on the Y chromosome, to
homologous regions of the chromosomes of the Australian marsupial Macro-
pus eugenii. Fourteen chromosomal segments and 279 hybridization events
appear in the table. The observed zyax statistic of 7.030 is significant at
the .001 level and confirms the presence of a ZYF homologue on the p arm
of chromosome 5 of the marsupial. Recalculation of the Z,,. statistic with
segment 5p omitted shows a second significant site on region 1p. Further
analysis identifies no other significant regions. ]

4.5 The W, Statistic

Another useful statistic is the number of categories W, having d or more
observations, where d is some fixed positive integer. This statistic has mean
A=>" w;, where

pi = i(g)pf(l—m"‘k

k=d

is the probability that the count of category i satisfies N; > d. If the
variance of Wy is close to A, then as discussed in Problem 4, Wy follows an
approximate Poisson distribution with mean A [4].

As a supplement to this approximation, it is possible to compute the
distribution function Pr(Wy < j) recursively by adapting a technique of
Sandell [32]. Once this is done, the p-value of an experimental result wy
can be recovered via Pr(Wy > wg) = 1 — Pr(Wy < wg — 1). The recursive
scheme can be organized by defining t; 1. ; to be the probability that Wy < j,
given k trials and [ categories. The indices j, k, and [ are confined to the
ranges 0 < j <wg—1,0<k <n,and 1 <1 < m. The [ categories implicit
in tj 1, refer to the first [ of the overall m categories; the ith of these [
categories is assigned the conditional probability p;/(p1 + - + p1)-
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With these definitions in mind, note first the obvious initial values (a)
toxn = 1 for k < d, (b) tor1 =0 for k > d, and (c) tj1 = 1 for j > 0.
Now beginning with [ = 1, compute t; ;; recursively by conditioning on
how many observations fall in category . Since at most d — 1 observations
can fall in category ! without increasing Wy by 1, the recurrence relation
for j =0 is

to,k,1

min{d—1,k} i ki
- L O (oaetm) e
P i) \p1t-+m P14+ e

and the recurrence relation for j > 0 is

Lkl

min{d—1,k}

5 7 k—1
k DI il
i—o ? pr+---+m pr+---+m
J ‘ DI b
+ R — l-— b1, k—il—1-
Z()(p1+ +pz) ( p1+"'+pl> It !

These recurrence relations jointly permit replacing the matrix (¢;5,:-1) by
the matrix (¢;%,). At the end of this recursive scheme on [ = 2,...,m, we
extract the desired probability €., —1,n,m-

This algorithm for computing the distribution function of Wy relies on
evaluation of binomial probabilities b; j = (f)rl(l — 7)*=%. The naive way
of computing the b, j is to evaluate the binomial coeflicient separately and
then multiply it by the two appropriate powers. The recurrence relations
bk =1bi—1k—1+ (1 —r)b; 1 for 0 < i < k and the boundary recurrences
bor = (1 —7)bo,x—1 and by = rby_1 -1 offer a faster and more stable
method. To start the recurrence, use the initial conditions bg; = 1 —r
and by ;1 = r. It is noteworthy that the binomial recurrence increments the
number of trials k£ whereas the recurrence for the distribution function of
W4 increments the number of categories [.

Example 4.5.1 Mutations in Hemoglobin «

Mutations in the human hemoglobin molecule have been observed in
many populations. Vogel and Motulsky [43] tabulate 66 mutations in the
141 amino acids of the hemoglobin « chain Of these 141 amino acids, 16
show two or more mutations. With all p; = 141 , the mean of W5 is A = 11.3.
Under the Poisson approximation for Ws, the associated p-value is .11. In
this example the Poisson approximation is poor, and the exact algorithm
yields the more impressive p-value of .028. Thus, the data suggest nonran-
domness. It may be that some amino acids are so essential for hemoglobin
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function that mutations in these amino acids are immediately eliminated
by evolution. [ |

4.6 Exact Tests of Independence

The problem of testing linkage equilibrium is equivalent to a more gen-
eral statistical problem of testing for independence in contingency tables.
To translate into the usual statistical terminology, one need only equate
“locus” to “factor,” “allele” to “level,” and “linkage equilibrium” to “inde-
pendence.” In exact inference, one conditions on the marginal counts of a
contingency table. In the linkage equilibrium setting, this means condition-
ing on the allele counts at each locus. Suppose we sample n independent
haplotypes defined on m loci. Recall that a haplotype i = (i1,...,%m) is
just an m-tuple of allele choices at the participating loci. If the frequency
of allele £ at locus j is pj;x, then under linkage equilibrium the haplotype
i=(i1,...,in) has probability

m
pi = H Djis s
j=1

and the haplotype counts {n;} from the sample follow a multinomial dis-
tribution with parameters (n, {pi}). The marginal allele counts {n;z} at
any locus j likewise follow a multinomial distribution with parameters
(n,{p;r})- Since under the null hypothesis of linkage equilibrium, marginal
counts are independent from locus to locus, the conditional distribution of
the haplotype counts is

({:i}) [T "
[T, ({n?k}) [ 1 (pjn) "

= i 4.4

One of the pleasant facts of exact inference is that the multivariate Fisher-
Yates distribution (4.4) does not depend on the unknown allele frequen-
cies. Problem 8 indicates how to compute its moments [23].

We can also derive the Fisher-Yates distribution by a counting argument
involving a sample space distinct from the space of haplotype counts. Con-
sider an m x m matrix whose rows correspond to loci and whose columns
correspond to haplotypes. At locus j there are n genes with nj;, genes rep-
resenting allele k. If we uniquely label each of these n genes, then there are
n! distinguishable permutations of the genes in row j. The uniform sample
space consists of the (n!)”™ matrices derived from the n! permutations of
each of the m rows. Each such matrix is assigned probability 1/(n!)™. For

Pr({ni} [ {n;r})
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instance, if we distinguish duplicate alleles by a superscript *, then the 3 x4
matrix

ay az ai aj

bs by bt by (4.5)

C2 C1 C3 Cy

for m = 3 loci and n = 4 haplotypes represents one out of (4!)3 equally
likely matrices and yields the nonzero haplotype counts

nal b3 C2
nag b1 C1

Naibies —

I
= = e

Nasbycs =

To count the number of matrices consistent with a haplotype count vec-
tor {n;}, note that the haplotypes can be assigned to the columns of a
typical matrix from the uniform space in ( {g}) ways. Within each such as-

signment, there are [[}", ], n ! permutations of the genes of the various
allele types among the available positions for each allele type. It follows
that the haplotype count vector {n;} has probability

Pr({n;}) = ({ni})lg;!;nnk .

({:i})
H;ﬁ:l ({"?k}) '

In other words, we recover the Fisher-Yates distribution.

This alternative representation yields a device for random sampling from
the Fisher-Yates distribution [24]. If we arrange our observed haplotypes
in an m X n matrix as described above and randomly permute the entries
within each row, then we get a new matrix whose haplotype counts are
drawn from the Fisher-Yates distribution. For example, appropriate per-
mutations within each row of the matrix (4.5) produce the matrix

* *
ay ap Qa2 ag

by b7 b2 b3
Co Co C1 C3

with nonzero haplotype counts

nal bl C2 - 2
Nagbycy

Nagbscs
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Iterating this permutation procedure r times generates an independent,
random sample Z1, ..., Z, from the Fisher-Yates distribution. In practice,
it suffices to permute all rows except the bottom row m because haplotype
counts do not depend on the order of the haplotypes in a haplotype matrix
such as (4.5). Given the observed value T,ps of a test statistic T' for linkage
equilibrium, we estimate the corresponding p-value by the sample average
¥ Limt Yr(202Ty00) -

In Fisher’s exact test, the statistic T' is the negative of the Fisher-Yates
probability (4.4). Thus, the null hypothesis of linkage equilibrium (inde-
pendence) is rejected if the observed Fisher-Yates probability is too low.
The chi-square statistic ) ; %
pendence, provided we estimate its p-value by random sampling and do
not foolishly rely on the standard chi-square approximation. As noted in
Problem 8, the expectation E(ni) = n[-, (nji, /n).

is also reasonable for testing inde-

Example 4.6.1 Chromosome-11 Haplotype Data

Weir and Brooks [45] construct 184 haplotypes on 8 chromosome-11
markers from phenotype data on 24 Utah pedigrees. Omitting the two
markers BEGI]-Hind3 and ADJ-BCI and the two individuals 1353-8600 and
1355-8516 due to incomplete typing, we wind up with 180 full haplotypes
on 6 pertinent markers. These markers possess 2, 2, 10, 5, 3, and 2 alleles,
respectively. The data can be summarized in a six-dimensional contingency
table by giving the counts n; for each possible haplotype i = (i1, ..., 5).
Since there are 2 x 2 x 10 x 5 x 3 x 2 = 1,200 haplotypes in all, the table
is very sparse, and large sample methods of testing linkage equilibrium are

suspect. The chi-square statistic x2 => [rs EE&"‘)] has an observed value
of 1,517 for these data. This corresponds to a large sample p-value of es-
sentially 0. On the other hand, the empirical p-value calculated from 3,999
independent samples of the x? statistic is .1332 £ .0057 [24]. Although the
grossly misleading large sample result is hardly surprising in this extreme
case, it does remind us of the limitations of large sample approximations
and the remedies offered by modern computing. [ |

Readers should be aware that there are other methods for calculating p-
values associated with exact tests on contingency tables. Agresti [1] surveys
the deterministic algorithms useful on small to intermediate-sized tables.
For the large, sparse tables encountered in testing Hardy-Weinberg and
linkage equilibrium, Markov chain Monte Carlo methods can be even faster
than the random permutation method described above [16, 24].

4.7 Case-Control Association Tests

With little change, the same analysis applies to case-control association
studies. In this setting two factors appear, disease status and genotype.
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The levels for disease status are case and control. The levels for genotype
are the various observed genotypes among either cases or controls. One
can use multilocus genotypes rather than single-locus genotypes and, when
available, haplotypes rather than genotypes. The use of haplotypes doubles
sample size and leads to smaller tables with less sparsity. Because cases
often differ from controls in the overabundance of one or two genotypes
(or haplotypes), it is desirable to implement a test that is sensitive to such
departures. A variation on the Z.x test is nearly ideal in this regard.
Consider the standardized residuals

cij — E(cij)

Zij = ;
Var(c;;)

where c1; is the number of times genotype j appears among cases and ca;
is the number of times genotype j appears among controls. The statistic
Zmax = max; j Zij simpliﬁes to Zmax = maxj j |Z1J| because Z2j = —le.
Permutation of case-control labels offer the opportunity of approximating
the distribution of this statistic. Problems 8 and 9 give the mean and
variance of ci; as

Bley) = 2 (4.6)
Var(ei;) = e(er —Legle; = 1) + E(c15) — E(c1y)?,

n(n—1)

where ¢, is the number of cases, c; is the number of times genotype j
appears among both cases and controls, and n is the number of cases plus
the number of controls. The marginal sums c;. and c; are the analogs of
the marginal allele counts nj; in the linkage equilibrium problem.

Example 4.7.1 Exact Treatment of the ABO Ulcer Data

The ABO ulcer data of Table 4.1 provide a chance to compare the various
test statistics. The permutation version of Fisher’s exact test and the Zy,.x
test give p-values of 0.0335 + 0.0036 and 0.0169 4 0.0026, respectively, for
10,000 permutations. As anticipated, the Z,., statistic attains its maxi-
mum for genotype O. These results compare well with the p-value of 0.0295
for the likelihood ratio test and suggest that the Z,,.x statistic possesses
somewhat greater power than the other two statistics for detecting depar-
tures in a single genotype. [ |

4.8 The Transmission/Disequilibrium Test
Example 4.2.1 on the association between the ABO system and duodenal

ulcer depended on detecting a difference in allele frequencies between pa-
tients and normal controls. In a racially homogeneous population like that
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of Britain at the time of the Clarke et al. study [7], this is a reasonable pro-
cedure. However, in racially mixed societies like that of the United States,
associations can result from population stratification rather than direct
causation of alleles at a candidate locus or linkage disequilibrium between
the alleles at a marker locus and deleterious alleles at a nearby disease-
predisposing locus. Thus, if a disease is concentrated in one racial or ethnic
group, then that group’s allele frequencies at a marker will predominate in
the affecteds regardless of whether or not the marker is linked to a disease
locus. If normal controls are not matched by ethnicity to affecteds, then
transmission association can be easily confused with ethnic association.

The transmission/disequilibrium test neatly circumvents these mislead-
ing ethnic associations by exploiting the internal controls provided by par-
ents [13, 39, 41]. If marker data are collected on the parents of an affected
as well as on the affected himself, then one can determine for a codominant
marker which of the maternal and paternal alleles are passed to the affected
and which are not. The only ambiguity arises when both parents and the
child share the same heterozygous genotype. Even in this case one can still
count the number of alleles of each type passed to the affected. In the trans-
mission/disequilibrium test, the marker alleles potentially contributed by
heterozygous parents to sampled affecteds are arranged in a 2 x m con-
tingency table, with one row counting parental alleles passed to affecteds
and the other row counting parental alleles not passed to affecteds. The m
columns correspond to the m different alleles seen among the parents. It
seems reasonable in this scheme to exclude contributions from homozygous
parents because these tell us nothing about transmission distortion.

In analyzing contingency table data of this sort, we should explicitly
condition on the parental genotypes. This eliminates ethnic association.
Once we have done this, there is no harm in counting alleles transmitted
to affected siblings or to related, affected individuals scattered throughout
an extended pedigree. The two inviolable rules to observe are that both
parents of an affected must be typed and that marker typing should done
in one part of a family without regard to the outcomes of marker typing in
another part of the family.

The transmission/disequilibrium test for two alleles permits exact cal-
culation of p-values [39]. In generalizing the test to multiple alleles, this
convenience is sacrificed, but one can approach the problem of calculating
approximate p-values by standard permutation techniques [37, 20, 25]. The
question of an appropriate test statistic also becomes murky unless we con-
sider rather simple, and probably unrealistic, alternative hypotheses. We
will suggest two statistics that are intuitively reasonable. Both are based on
computing a standardized residual for each cell of the 2 xm table. Let c;; be
the count appearing in row ¢ and column j of the table. If h; heterozygous
parents carry allele j, then under the null hypothesis of Mendelian trans-
mission, ¢;; is binomially distributed with h; trials and success probability
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1/2. The standardized residual corresponding to ¢;; is therefore

>

Cij_T]
ﬁ'

4

Zij

The chi-square statistic x? = 2521 Z;n:l ij furnishes an omnibus test for
departure from the null hypothesis of Mendelian segregation to affecteds.
The maximum standardized residual Znax = max; ; Z;; should be sensitive
to preferential transmission of a single allele to affecteds just as in the in
situ hybridization and the case-control association problems.

The conditional probability space involved in testing the null hypothesis
is complicated. Verbally we can describe its sample points as those tables
that could have been generated by transmission from the parents with their
given genotypes to their affected offspring. The constraints imposed by
conditioning on parental genotypes not only fix the margins on the table but
also couple the fate of alleles shared by parents. Under the null hypothesis,
each relevant transmission event is independent and equally likely to involve
either gene of the transmitting parent. Except for biallelic markers [39], it is
difficult to compute the exact distribution of either proposed test statistic in
this setting. However, we can easily sample from the underlying probability
space by randomly selecting for each affected what maternal and paternal
genes are transmitted to him. Once these random segregation choices are
made, then a new table is constructed by counting the number of alleles of
each type transmitted to affecteds. If we let T} be the value of the statistic T’
for the ¢th randomly generated table from a sample of n such independent
tables, then the p-value of the observed statistic Tons can be approximated
by the sample proportion

_ 1<
Pr(T > Tons) = - Z Lr>1p03-
i=1

TABLE 4.3. Transmission/Disequilibrium Test for Costa Rican AT Families

Transmission Allele

Pattern 1 3 4 5 7 8 10 11 20 21
Transmitted 0122|1011 [0] 0 0 0 2
Not Transmitted | 0 | 4 014134 1 1 2 9

Example 4.8.1 Atazia-telangiectasia (AT) in Costa Rica

Table 4.3 summarizes marker data on 16 Costa Rican children afflicted
with the recessive disease ataxia-telangiectasia (AT). At the chromosome-
11 marker D11S1817, 28 of their 32 fully-typed parents are heterozygous.
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Inspection of Table 4.3 strongly suggests that at the very least, allele 4
of this marker is preferentially transmitted to affecteds. This suspicion is
confirmed by the two permutation tests. Out of 10% independent trials,
none of the simulated statistics was as large as the corresponding observed
statistics X2 = 92.91 and Zyax = 4.69. In fact, there are just a handful of
different AT mutations segregating in this population isolate. Each muta-
tion is defined by a unique haplotype signature involving marker D11S1817
and several other markers closely linked to the AT locus [42]. [ |

The early papers on the TDT have prompted many interesting gener-
alizations. For instance, versions of the TDT exist for sibships and even
pedigrees [2, 5, 34, 38, 40]. Other generalizations are described in the pa-
pers [8, 18, 21, 30, 33, 46]. In Chapter 7 we meet a parametric version of
the TDT known as the gamete competition model.

4.9 Problems

1. Test for Hardy-Weinberg equilibrium in the MN Syrian data pre-
sented in Chapter 2.

2. Table 4.4 lists frequencies of coat colors among cats in Singapore [35].
Assuming an X-linked locus with two alleles, estimate the two allele
frequencies by gene counting. Test for Hardy-Weinberg equilibrium
using a likelihood ratio test.

TABLE 4.4. Coat Colors among Singapore Cats

Females Males
Dark t/t | Calico t/y | Yellow y/y | Dark t | Yellow y
63 55 12 74 38
3. Let (N, ..., N,,) be the outcome vector for a multinomial experiment

with n trials and m categories. Prove that

Pr(Ny <ty,...,Np <tm) < [[Pr(Vi <ti) (4.7)
=1

Pr(Ny > t1,..., N > tm) < [[Pr(Vi > t;) (4.8)
=1

for all integers t1,...,tm. If all ¢t = 0 in (4.8) except for ¢; and ¢;,
conclude that

Pl“(Nl Z ti,Nj 2 tj) S PI‘(Nl 2 ti) PI’(Nj 2 tj)
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as stated in the text. (Hints: It suffices to show that (4.7) holds when
n = 1 and that the set of random vectors satisfying (4.7) is closed
under the formation of sums of independent random vectors. For (4.8)
consider the vectors —Ny,...,—Ny,.)

. Using the Chen-Stein method and probabilistic coupling, Barbour et

al. [4] show that the statistic Wy satisfies the inequality

1— -2
sup |Pr(Wy € A) —Pr(Z € A)] < ——

A = Var(Wa)l, (4.9)
ACN

where Z is a Poisson random variable having the same expectation
A=Y p; as Wy, and where N denotes the set {0,1...} of non-
negative integers. Prove that

A=Var(Wa) = > ul =Y > Cov(ln,>ap 1n,>ay)-

i g

In view of Problem 3, the random variables 1{y,>q; and 1yy,;>q; are
negatively correlated. It follows that the bound (4.9) is only useful
when the number A71(1 — =) Y, 42 is small. What is the value of
A1 — e )Y, u? for the hemoglobin data when d = 2? Careful
estimates of the difference A — Var(W,) are provided in [4].

. Consider a multinomial model with m categories, n trials, and prob-

ability p; attached to category <. Express the distribution function of
the maximum number of counts max; IV; observed in any category in
terms of the distribution functions of the W,. How can the algorithm
for computing the distribution function of Wy be simplified to give
an algorithm for computing a p-value of max; N;?

. Continuing Problem 5, define the statistic Uy to be the number of

categories ¢ with N; < d. Express the right-tail probability Pr(Uy > j)
in terms of the distribution function of W,. This gives a method for
computing p-values of the statistic Uy. In some circumstances Uy has
an approximate Poisson distribution. What do you conjecture about
these circumstances?

. The nonparametric linkage test of de Vries et al. [10] uses affected

sibling data. Consider a nuclear family with s affected sibs and a
heterozygous parent with genotype a/b at some marker locus. Let n,
and np count the number of affected sibs receiving the a and b alleles,
respectively, from the parent. If the other parent is typed, then this
determination is always possible unless both parents and the child
are simultaneously of genotype a/b. de Vries et al. [10] suggest the
statistic T = |ng, — np|. Under the null hypothesis of independent
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transmission of the disease and marker genes, Badner et al. [3] show
that T has mean and variance

s(l)s(;) s even
BT = {s(;)sl(il) s odd
Var(T) = s—E(T)%

Prove these formulas. If there are n such parents (usually two per
family), and the ith parent has statistic T}, then the overall statistic

> i [Ti — E(T)]
> iz Var(T;)

should be approximately standard normal. A one-sided test is ap-
propriate because the T; tend to increase in the presence of linkage
between the marker locus and a disease predisposing locus. (Hint:

The identities
21
2 (S> _ 25_1 _ ( )
‘ 7 2
1=0

si(0) - k()

for s even and similar identities for s odd are helpful.)

[SIPRVY

. To compute moments under the Fisher-Yates distribution (4.4), let
- {u(u—l)---(u—r—i—l) r>0
1 r=20
be a falling factorial power, and let {l;} be a collection of nonnegative
integers indexed by the haplotypes i = (i1 ...,4m). Setting [ = >, [
and I, = > ; 14, =k} li, show that

™ (e
E(an) _ IT;Z, 1T, () |

(1

njij

In particular, verify that E(n;) =n H;"Zl

n

. Verify the mean and variance expressions in equation (4.6) using
Problem 8. Alternatively, write c¢;; as a sum of indicator random
variables and calculate the mean and variance directly. Check that
the two methods give the same answer. (Hints: In applying Problem
8, 1 has two components. Set all but one of the [; equal to 0. Set the
remaining one equal to 1 or 2 to get either a first or second factorial
moment. The kth indicator random variable indicates whether the
kth person is a case and has genotype j.)



76

10.

11.

12.
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A geneticist phenotypes n unrelated people at each of m loci with
codominant alleles and records a vector i = (i1/i},...,im/ik,) of
genotypes for each person. Because phase is unknown, i cannot be
resolved into two haplotypes. The data gathered can be summarized
by the number of people n; counted for each genotype vector i. Let n
be the number of alleles of type k at locus j observed in the sample,
and let np be the total number of heterozygotes observed over all
loci. Assuming genetic equilibrium, prove that the distribution of the
counts {n;} conditional on the allele totals {nz} is

n_\onn
Pr({ni} | {njr}) = Hsi%)zn) (4.10)
J=1 \{n;r}

The moments of the distribution (4.10) are computed in [24]; just as
with haplotype count data, all allele frequencies cancel.

Describe and program an efficient algorithm for generating random
permutations of the set {1,...,n}. How many calls of a random num-
ber generator are involved? How many interchanges of two numbers?
You might wish to compare your results to the algorithm in [29].

Describe and program a permutation version of the two-sample ¢-test.
Compare it on actual data to the standard two-sample t-test.
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Genetic Identity Coefficients

5.1 Introduction

Genetic identity coefficients are powerful theoretical tools for genetic analy-
sis. Geneticists have devised these indices to measure the degree of inbreed-
ing of a single individual and the degree of relatedness of a pair of relatives.
Since the degree of inbreeding of a single individual can be summarized by
the relationship between his or her parents, we will focus on identity coef-
ficients for relative pairs. These coefficients pertain to a generic autosomal
locus and depend only on the relevant pedigree connecting two relatives
and not on any phenotypes observed in the pedigree. In Chapter 6 we will
investigate the applications of identity coeflicients. Readers desiring moti-
vation for the combinatorial problems attacked here may want to glance at
Chapter 6 first.

5.2 Kinship and Inbreeding Coefficients

Two genes G1 and G4 are identical by descent (i.b.d.) if one is a physical
copy of the other or if they are both physical copies of the same ancestral
gene. Two genes are identical by state if they represent the same allele.
Identity by descent implies identity by state, but not conversely. The sim-
plest measure of relationship between two relatives ¢ and j is their kinship
coefficient ®;;. Malécot [12] defined this index to be the probability that a
gene selected randomly from ¢ and a gene selected randomly from the same
autosomal locus of j are i.b.d. The kinship coefficient takes into account
the common ancestry of ¢ and j but not their observed phenotypes at any
particular locus. When ¢ and j are the same person, the same gene can
be drawn twice because kinship sampling is done with replacement. The
inbreeding coefficient f; of an individual ¢ is the probability that his
or her two genes at any autosomal locus are i.b.d.; inbreeding sampling is
done without replacement. Since ®;; = %(1 + fi) and f; = ®;, where k and
[ are the parents of 4, an inbreeding coefficient entails no new information.
Note that f; = 0 unless i’s parents k and [ are related. If f; > 0, then ¢ is
said to be inbred.

The last column of Table 5.1 lists kinship coefficients for several com-
mon types of relative pairs. The table also contains probabilities for other
identity coefficients. Before defining these additional indices of relationship,
let us focus on a simple algorithm for computing kinship coefficients. This
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TABLE 5.1. Condensed Coefficients of Identity

Relationship A7 | Ag | Ag | @
Parent—Offspring 0 1 0 %
N 1 1 1

Half Siblings 0 5 1 :
Full Siblings 1 i 1!
; : 1 3 1
First Cousins 0 3 3 =
Double First Cousins %6 1%, 1%‘ %
: 1 15 1

Second Cousins 0 6 2| &
Uncle-Nephew 0 i i :

algorithm produces the kinship coefficient for every possible pair in a pedi-
gree. These coefficients can be arranged in a symmetric matrix ® with ®;;
as the entry in row 7 and column j. To compute ®, we first number the
people in the pedigree in such a way that every parent precedes his or her
children. Any person should have either both or neither of his or her par-
ents present in the pedigree. To avoid ambiguity, it is convenient to assume
that all pedigree founders are non-inbred and unrelated.

LT
o)

FIGURE 5.1. A Brother—Sister Mating

The matrix @ is constructed starting with the 1x 1 submatrix in its upper
left corner. This submatrix is iteratively expanded by adding a partial row
and column as each successive pedigree member is encountered. To make
this precise, consider the numbered individuals in sequence. If the current
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individual 7 is a founder, then set ®;; = %, reflecting the assumption that
founders are not inbred. For each previously considered person j, also set
®;; = ®;; = 0, reflecting the fact that j can never be a descendant of ¢ due
to our numbering convention. If ¢ is not a founder, then let ¢ have parents k
and [. It is clear that ®;; = % + %@kl because in sampling the genes of i we
are equally likely to choose either the same gene twice or both maternally
and paternally derived genes once. Likewise, ®;; = ®;; = 1 ®j; + 5P
because we are equally likely to compare either the maternal gene of i or the
paternal gene of ¢ to a randomly drawn gene from j. These rules increase
the extent of ® by an additional diagonal entry and the corresponding
partial row and column up to the diagonal entry. This recursive process is
repeated until the matrix ® is fully defined.

To see the algorithm in action, consider Figure 5.1. The pedigree depicted
there involves a brother—sister mating. Its kinship matrix

1 1 1 1 1
3 007 1 7 1

1 1 1 1 1
0 5 7 1 71 1
101 1 1 3 3
4 4 2 4 8 8

@ p—

101 1 1 3 3
4 4 4 2 8 8
11 38 3 5 3
4 4 8 8 8 8
11 38 3 3 5
4 4 8 8 8 8

is constructed by creating successively larger submatrices in the upper left
corner of the final matrix.

Before proceeding further, let us pause to consider a counterexample
illustrating a subtle point about the kinship algorithm. In the pedigree
displayed in Figure 5.1, we have ®35 # %@15 + %@25 in spite of the fact
that 3 has parents 1 and 2. This paradox shows that the substitution rule
for computing kinship coefficients should always operate on the higher-
numbered person. The problem in this counterexample is that while the
paternal (or maternal) gene passed to 3 is randomly chosen, once this choice
is made, it limits what can pass to 5. The two random experiments of
choosing a gene from 1 to pass to 3 and choosing a gene from 1 for kinship
comparison with 5 are not one and the same.

While useful in many applications, the kinship coefficient ®;; does not
completely summarize the genetic relation between two individuals ¢ and
j. For instance, siblings and parent—offspring pairs share a common kinship
coeflicient of %. Recognizing the deficiencies of kinship coefficients, Gillois
[2], Harris [3], and Jacquard [5] capitalized on earlier work of Cotterman [1]
and introduced further genetic identity coeflicients. Collectively, these new
identity coefficients better discriminate between different types of relative
pairs. Unfortunately, the traditional graph-tracing algorithms for computa-
tion of these identity coeflicients are cumbersome compared to the simple
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algorithm just given for the computation of kinship coefficients [13]. We
will explore more recent algorithms that approach the problem of com-
puting identity coeflicients obliquely by first defining generalized kinship
coefficients and then relating these generalized kinship coefficients to the
pairwise identity coefficients [9].

i’s genes gt + - g2
j’s genes gi + -+ 95
N N A
S é S5 Si Sz
I
S6 57 S5 S5 Sto
XN S
ST St ST3 ST4 575

FIGURE 5.2. The Fifteen Detailed Identity States

5.3 Condensed Identity Coefficients

Consider the ordered genotypes g; /g7 and g /g7 of two people i and j at
some autosomal locus. The relation of identity by descent partitions these
four genes into equivalence classes or blocks of i.b.d. genes. How many
different partitions or identity states exist? Exhaustive enumeration gives
a total of 15 partitions or detailed identity states.

These are depicted in Figure 5.2, which is adapted from [6]. In Figure
5.2, dots correspond to genes and lines connect genes that are i.b.d. The
detailed identity states range from the partition S} with only one block,
where all four genes are i.b.d., to the partition 575 with four blocks, where
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no genes are i.b.d. Several of the partitions are equivalent if maternally
derived genes and paternally derived genes are interchanged in one or both
of the two people 7 and j. If the maternal and paternal origins of the two
pairs of genes are ignored, then the 15 detailed identity states collapse
to 9 condensed identity states [6]. Figure 5.3 depicts these nine states
S1,...,S9. Note that

Sy = S;US;
Ss = S;USE
Sz = S;USi,
Ss = S7oUST UST3U ST,
i’s genes . e
j’s genes . e
S1 S S3 Sy S
Sﬁ 57 SS 59

FIGURE 5.3. The Nine Condensed Identity States

Suppose Ay denotes the probability of condensed state Si. Although
it is not immediately obvious how to compute the condensed identity
coefficient Ay, some general patterns can easily be discerned. For example,
A1, Ay, Az, and Ay are all 0 when ¢ is not inbred. Likewise, A1, Ag, As,
and Ag are 0 when j is not inbred. The relation

1 1
b = A+ §(A3+A5+A7)+ ZAS

is also easy to verify and provides an alternative method of computing the
kinship coefficient ®;;.

By ad hoc reasoning, one can compute the Ay in simple cases. For ex-
ample, Table 5.1 gives the nonzero Ay for some common pairs of relatives.
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A more complex example is afforded by the two offspring of the brother—
sister mating in Figure 5.1. Straightforward but tedious calculations show

_ 1 _ 1 _ 1 _ 1 _ 1 _ 1 _ T
thatAl_E7A2_§7A3_§aA4_§3A5_§7A6_§7A7_§7

Ag = 1—56, and Ag = % in this case. Because inbreeding is rare, the three
coefficients A7, Ag, and Ag originally introduced by Cotterman [1] suffice

for most practical purposes.

5.4 Generalized Kinship Coefficients

We generalize classical kinship coefficients by randomly sampling one gene
from each person on an ordered list of n people rather than one gene from
each of two people [7, 8, 9, 17]. If a person is repeated in the list, then
sampling is done with replacement. The ordered sequence of n sampled
genes Gy, ..., G, can be partitioned into nonoverlapping blocks whose con-
stituent genes are i.b.d. A generalized kinship coefficient gives the proba-
bility that a particular partition occurs.

This simple verbal description necessarily involves complex notation. For
instance, with four individuals 4, j, k, and [, there are 15 partitions of the
four sampled genes G;, G;, G, and G;. Again these range from the single-
block partition {G;, G, Gk, G}, where all of the genes are i.b.d., to the
four-block partition {G;},{G,},{Gx},{G:}, where no genes are i.b.d. We
will denote the probability of any such partition by enclosing its blocks
within parentheses preceded by ®, bearing in mind that this probability
depends neither on the order of the blocks nor on the order of the sampled
genes within a block. Thus, the two partitions mentioned above have prob-
abilities ®({G;, G, Gk, Gi}) and ®({G;},{G,},{Gk},{Gi}), respectively.
The classical kinship coefficient between ¢ and j becomes ®({G;, G;}) in
this notation, and its complementary probability becomes ®({G,},{G,}).

5.5 From Kinship to Identity Coefficients

What is the relationship between generalized kinship coefficients and con-
densed identity coefficients? Suppose we randomly sample two genes G}
and G7 from 4 and two genes G and G from j. Now consider one of the
detailed identity states S} of Figure 5.2. If we imagine G} and G? occupying
the upper two gene positions and Gjl- and G? occupying the lower two gene
positions, then S} defines a detailed identity state of the four randomly
sampled genes. Corresponding to the 15 random detailed identity states
are 9 random condensed identity states as shown in Figure 5.3. Denote the
probability of a random condensed identity state Si by ¥i. The probability
U, is an integer multiple of a generalized kinship coefficient. For example,
v, = (I)({G17 G?? Ggl‘v G?})a

K2
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and by symmetry
s = ({G,GIHGIHGT) + ®({G}, GTHGIHG]})

+O({G] G HGIHGT + o({G]. GTHGIHGS )
10({G;}, GGHGTHGT

since Sg = STy U ST U ST5 U ST,

It is straightforward to express the ¥’s in terms of the A’s by conditioning
on which condensed identity state the four original genes of ¢ and j occupy.
For instance,

1 1 1 1
\Ijl - A1+ZA3+ ZA5+§A7+EA8 (51)

To verify equation (5.1), suppose the four genes of ¢ and j occur in con-
densed identity state S7. Then the four randomly sampled genes fall in Sy
with probability 1. This accounts for the first term on the right of equation
(5.1). The second term +Aj arises because if the four genes of i and j are
in S3, both G} and G3 must be drawn from the lower left gene of S3 to
achieve state S7 for the randomly sampled genes. Given condensed identity
state Ss, G} and Gf are so chosen with probability %. The term %A;’, is
accounted for similarly. The term %A7 arises because if the four genes of ¢
and j are in S7, the four randomly sampled genes must all be drawn from
either the left-hand side of S7 or the right-hand side of S;. Finally, the
term %Ag arises because if the four genes of i and j are in Sg, the four
randomly sampled genes can only be drawn from the left-hand side of Ss.
The remaining condensed identity states are incompatible with the random
condensed identity state S;. For example, there is no term involving Az in
equation (5.1) since Sy does not permit identity by descent between any
gene of ¢ and any gene of j.
Similar reasoning leads to the complete system of equations

1 1 1 1
v, = A1+ZA3+ZA5+§A7+EA8
1 1 1 1 1 3 1
Uy = A2+ZA3+§A4+ZA5+§A6+§A7+EA8+ZA9
1 1 1
\113 = §A3 + ZA7 + gAg
1 1 1
v, = §A4+ §A8+ZA9
Uy = EA + EA + EA (5.2)
5 — 2 5 4 7 ) 8 .
1 1 1
Vg = §A6+ §A8+ZA9
1
U, = =-Ay

4
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1

\Ijg - ZAg
1

\Ijg = ZAQ

It is obvious that the matrix of coefficients appearing on the right of
(5.2) is upper triangular. This allows us to backsolve for the A’s in terms
of the U’s, beginning with Ag and working upward toward A;. The result
is

Ay = \I}l_%\IIS_%‘IJS'F%\IJ?'Fi‘I’S
Ay = o oWy Wy — s~ U+ 2 Ur + s+ T
2 2 2 4
Ay = 20s— 205 — Uy
Ay = 20, — Ug— 20,
As = 2Ws— 20, — Uy (5.3)
Ag = 2Ug— Ug—2Uy
Ay = 40,
Ag = 4Ug
Ag = 4T,

It follows that one can compute all of the condensed identity coefficients
Aq,...,Ag by computing the coefficients ¥y, ..., ¥g. The algorithm de-
veloped in the next section for calculating generalized kinship coefficients
immediately specializes to calculation of the WU’s.

5.6 Calculation of Generalized Kinship Coefficients

Generalized kinship coefficients (kinship coefficients for short) can be com-
puted recursively by a straightforward algorithm having two phases [7, 9,
14, 17]. In the recursive phase of the algorithm, a currently required kinship
coeflicient is replaced by a linear combination of subsequently required kin-
ship coefficients. This replacement is effected by moving upward through a
pedigree and substituting randomly sampled parental genes for randomly
sampled offspring genes. In the static phase of the algorithm, boundary
kinship coefficients involving only randomly sampled genes from founders
are evaluated. Not surprisingly, the algorithm is reminiscent of our earlier
algorithm for computing ordinary kinship coefficients. We again assume the
members of a pedigree are numbered so that parents precede their offspring.

Boundary Conditions

Boundary Condition 1 If a founder, or indeed any person, is involved in
three or more blocks, then & = 0. This condition is obvious because
a person has exactly two genes at a given autosomal locus.
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Boundary Condition 2 If two founders occur in the same block, then
again ® = 0. This condition follows because founders are by definition
unrelated.

Boundary Condition 3 If only founders contribute sampled genes and
neither boundary condition 1 nor boundary condition 2 pertains, then
® = (1)™~m2 where m, is the total number of sampled founder
genes over all blocks, and ms is the total number of founders sampled.
To verify this condition, imagine choosing one initial gene for each
founder involved in ®. Since a founder cannot be inbred, a subsequent
gene chosen for him or her must coincide with the initial choice if
the two genes contribute to the same block. If they contribute to
two different blocks, the subsequent gene must differ from the initial
gene. In either case, the correct choice is made with probability %
independently of other choices.

Recurrence Rules

Suppose ¢ is a nonfounder involved in a kinship coefficient ®. The three
recurrence rules operate by substituting genes sampled from i¢’s parents
j and k for genes sampled from 4. It is required that no person involved
in ® be a descendant of i. According to our numbering convention, this
requirement can be met by taking ¢ to be the highest-numbered person in
®. The form of the recurrence rules depends on whether ¢ belongs to one
or two blocks. In the former case, suppose without loss of generality that
i occupies the first part of the first block. In the latter case, suppose that
1 occupies the first parts of the first two blocks. It is noteworthy that all
three recurrence rules preserve or diminish the number of sampled genes
involved in the replacement kinship coefficients relative to the number of
sampled genes involved in the current kinship coefficient. In stating the
rules, we let G;, G, and G}, denote randomly sampled genes from i, j, and
k, respectively.

Recurrence Rule 1 Assume that only one gene G; is sampled from 1.
Then

1

G, MY O] = gelGy, . )

+30lGk, ]

This rule follows because the gene drawn at random from ¢ is equally
likely to be a gene drawn at random from either j or k.

Recurrence Rule 2 Assume that the genes G}, ..., G are sampled from
i for s > 1. If these genes occur in one block, then

BGL,..., G5, Y. D
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1\
= [1-2(5) 12HG, Grs- H}- - {)]
1\s
+(3) @Gy HY--- )]
1\s
+(3) @G- 33
In this rule the genes G}, ..., G$ are replaced, respectively, by single
genes from both j and k, by a single gene from j only, or by a single
gene from k only. The three corresponding coefficients 1 — 2( )*,
(1)%, and (3)* are determined by binomial sampling with s trials and
success probability %
Recurrence Rule 3 Assume that the genes G},...,G?, Gf“, R Gf“

are sampled from ¢. If the first s genes occur in one block and the
remaining ¢ genes occur in another block, then

OHGE, ... Gs . MG G LYY
1

_ (§)S+t<1>[{Gj,...}{Gk,...}{}...{}]

+(3) " elGk - MG 30 D

This rule follows because neither the maternal gene nor the paternal
gene of i can be present in both blocks. Again binomial sampling
determines the coefficients (3)**".

Example 5.6.1 Sample Calculations for an Inbred Pedigree

Consider the inbred siblings 5 and 6 in Figure 5.1. Let us compute the

kinship coefficient 1Ws = ®({G}, G§}H{GEHGE}), where G) denotes the
Ith sampled gene of person k. Recurrence rule 3 and symmetry imply

U = JRUGHLGIHGIHGE) + J0(Gh GEHGIHGR)

= (G} GIHGIHGR

= 3 d({GL, GIHGIHG2Y) + <I>({G3,G HGIHGEY).

)_x

Recurrence rules 2 and 3, boundary conditions 2 and 3, and symmetry
permit us to express A = <I)({G3, G3HGLHG?)) as

4 = 3¢<{G1 GIHGIHE + 12(GTHGIHG
+ 20({GHHGIHG

— 04-= @({Gl}{G4}{G 1
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P({GIHGTHG:)) + é‘P({G%}{G%}{Gf})

P({GIHGIHG:Y)

Ol — | — 0| —

Although here we replace 3 by the grandparents 1 and 2 before we replace
4 by the same pair, this is permitted because 4 is not a descendant of 3. In
like manner, B = ®({G}, G7}{G1}{G3}) can be reduced to

1 1
B = J0({G},GIHGIHG:} + ;2({Go, GIHGIHGY)
1
= 5®({G1, GIHGIHG:Y)
1 1
= 32({GLGIHGIHG: + 32({G1, GEHGIHGLY)
1 1 1
= 3 X 1 + 3 x 0
_ 1
32
These reductions yield i‘llg = %A + %B = 22—6 for this particular sibling
pair. The condensed identity coefficient Ag = 4Ug = % for the pair follows
directly from equation (5.3). [ |

5.7 Problems

1. Consider two non-inbred relatives ¢ and j with parents k and [ and
m and n, respectively. Show that

A'Y = (I)km(I)ln + (I)knq)lm
Ag = 4D, —2A;
Ag = 1-A7—Ag,

where the condensed identity coefficients all pertain to the pair i and
j. Thus, in the absence of inbreeding, all nonzero condensed identity
coeflicients can be expressed in terms of ordinary kinship coefficients.

2. Given the assumptions and notation of Problem 1 above, show that
4A7Ag < A2 [15]. This inequality puts an additional constraint on
A7, Ag, and Ag besides the obvious nonnegativity requirements and
the sum requirement A7 + Ag + Ag = 1. (Hints: Note first that

1 1
¢, = §A7 + ZAS

1 1 1 1
= &, +-Pr, +-P, +-P,.
4k +4k+4l +4z
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Next apply the inequality (a + b)? > 4ab to prove 4A; < (49;5)%;
finally, rearrange.)

. Calculate all nine condensed identity coefficients for the two inbred

siblings 5 and 6 of Figure 5.1.

. The Cholesky decomposition of a positive definite matrix €2 is the

unique lower triangular matrix L = (l;;) satisfying Q = LL! and
l;; > 0 for all i. Let ® be the kinship matrix of a pedigree with n
people numbered so that parents precede their children. The Cholesky
decomposition L of & can be defined inductively one row at a time
starting with row 1. Given that rows 1,...,7 — 1 have been defined
and that ¢ has parents r and s, define [4, 10]

0 j>
lij = %lrj + %lsj 7<i
i—1 L.
(®ii — X1 )2 G =1
Prove by induction that L is the Cholesky decomposition of ®. Why
is 1;; positive? (Hints: ®;; > 3P + 5Py and 05 = 30,5 + £ P, for
Jj<i)

. Explicit diagonalization of the kinship matrix ® of a pedigree is an

unsolved problem in general. In this problem we consider the special
case of a nuclear family with n siblings. For convenience, number the
parents 1 and 2 and the siblings 3, ...,n+2. Let e; be the vector with
1 in position ¢ and 0 elsewhere. Show that the kinship matrix @ for the

nuclear family has one eigenvector e; — ex with eigenvalue %; exactly
n — 1 orthogonal eigenvectors %73 Z;n:;l e —ep, 4<m<n+2,
1.

7; and one eigenvector

with eigenvalue

4
e +ey+

(€3 + -+ +eny2)

with eigenvalue A for each of the two solutions of the quadratic equa-
tion
1 n+1 1

2__ —_ =
A (2+ 1 )A+8 0.

This accounts for n + 2 orthogonal eigenvectors and therefore diago-
nalizes ®.

. Continuing Problem 5, we can extract some of the eigenvectors and

eigenvalues of a kinship matrix of a general pedigree [16]. Consider a
set of individuals in the pedigree possessing the same inbreeding coef-
ficient and the same kinship coefficients with other pedigree members.
Typical cases are a set of siblings with no children and a married pair
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of pedigree founders with shared offspring but no unshared offspring.
Without loss of generality, number the members of the set 1,...,m
and the remaining pedigree members m + 1, ..., n. Show that

(a) The kinship matrix ® can be written as the partitioned matrix

d — allm—i—agllt 15
o b1t c )’

where 1 is a column vector consisting of m 1’s, I,,, is the m xm
identity matrix, a; and as are real constants, b is a column vector
with n—m entries, and C is the (n—m) x (n—m) kinship matrix
of the n — m pedigree members not in the designated set.

(b) The matrix a1l,, + az11® has 1 as eigenvector with eigenvalue
a1 + mas and m — 1 orthogonal eigenvectors

=
U; = i1 Zej — €y,
Jj=1
i = 2,...,m, with eigenvalue a;. Note that each u; is perpen-

dicular to 1.

(¢) The m—1 partitioned vectors (13 ) are orthogonal eigenvectors

of ® with eigenvalue a;.

7. We define the X-linked kinship coefficient ®;; between two relatives
¢ and j as the probability that a gene drawn randomly from an X-
linked locus of ¢ is i.b.d. to a gene drawn randomly from the same
X-linked locus of j. When ¢ = j, sampling is done with replacement.
When either i or j is male, one necessarily selects the maternal gene.
Show how the algorithm of Section 5.2 can be modified to compute
the X-linked kinship matrix ® of a pedigree [11].

8. Selfing is a mating system used extensively in plant breeding. As its
name implies, a plant is mated to itself, then one of its offspring is
mated to itself, and so forth. Let f,, be the inbreeding coeflicient of the
relevant plant after n rounds of selfing. Show that f,,41 = %(1 + fn)
and therefore that f,, = (2" —1)/2".

9. Geneticists employ repeated sib mating to produce inbred lines of lab-
oratory animals such as mice. At generation 0, two unrelated animals
are mated to produce generation 1. A brother and sister of generation
1 are then mated to produce generation 2, and so forth. Let ¢,, be the
kinship coefficient of the brother—sister combination at generation n,
and let f,, be their common inbreeding coefficient. Demonstrate that
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fn+1 = ¢n and that

1 1
Pny1 = §¢n+1fn+1
1 1 1
= 3Pnt  Pn1t 7

From this second-order difference equation, deduce that

w oG () G ()

Thus, lim, .« ¢ = lim,— frn = 1, and one random allele is fixed
at each locus.

1

Wright proposed a path formula for computing inbreeding coefficients
that can be generalized to computing kinship coefficients [15]. The
pedigree formula is

1 n(pij)
Ty = ) (5) 1+ fawipls
Pij

where the sum extends over all pairs p;; of nonintersecting paths
descending from a common ancestor a(p;;) of ¢ and j to ¢ and j,
respectively, and where n(p;;) is the number of people counted along
the two paths. The common ancestor is counted only once. If i = j,
there is only the degenerate pair of paths that start and end at ¢ but
possess no arcs connecting a parent to a child. In this case, the formula
reduces to the fact ®;; = %(1 + /). In general, a path is composed of
arcs connecting parents to their children. Two paths intersect when
they share a common arc. To get a feel for Wright’s formula, verify it
for the case of siblings of unrelated parents. Next prove it in general
by induction. Note that although founders are allowed to be inbred,
no two of them can be related. (Hint: Consider first the founders of
a pedigree and then, recursively, each child of parents already taken
into account.)

The definition of a generalized X-linked kinship coefficient exactly
parallels the definition of a generalized kinship coefficient except that
genes are sampled from a generic X-linked locus rather than a generic
autosomal locus. Adapt the algorithm of Section 5.6 to the X-linked
case by showing how to revise the boundary conditions and recurrence
relations [18].
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6

Applications of Identity
Coefficients

6.1 Introduction

The current chapter discusses some applications of kinship and condensed
identity coefficients. We commence with the simplest problem of genetic
risk prediction involving just two relatives. This setting is artificial because
practical genetic counseling usually takes into account information on a
whole pedigree rather than information on just a single relative. We will
revisit the question of genetic counseling when we explore algorithms for
computing pedigree likelihoods.

Our applications of identity coefficients to the correlations between rel-
atives, to risk ratios for qualitative diseases, and to robust linkage analysis
are more relevant. Calculation of correlations between relatives forms the
foundation of classical biometrical analyses of quantitative traits such as
height, weight, and cholesterol level [3]. Due to the advent of molecular ge-
netics and positional cloning strategies and to the controversies surrounding
race and IQ, biometrical genetics has fallen out of fashion. Nonetheless, it
is still a useful tool for exploratory analysis of quantitative traits. If one is
mindful of its untestable assumptions and treats its results with caution,
then biometrical genetics can offer remarkable insights into the nature and
strength of genetic influences on quantitative traits.

Calculation of genetic risk ratios brings genetics into the mainstream
of epidemiological thinking on qualitative diseases. Although the models
employed to interpret risk ratios are simplistic, it is helpful to have simple
models for benchmarks. If these models are ruled out for a disease, then
geneticists should adopt robust methods for mapping genes predisposing
people to the disease. This chapter ends by explaining one such robust
technique for linkage analysis. Section 9.13 takes up this topic again and
offers better statistics.

6.2 Genotype Prediction

One application of condensed identity coefficients involves predicting the
genotype of person j based on the observed genotype of person i. At an
autosomal locus in Hardy-Weinberg equilibrium, suppose allele a; has pop-
ulation frequency py. To obtain the genotypic distribution of j at this locus
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given j’s relationship to ¢ and ¢’s genotype, we condition on the various con-
densed identity states that ¢ and j can jointly occupy. (Figure 5.3 depicts
the nine possible states.) This conditioning yields

9
Pr(j = am/an |i=ar/a;) = ZPr(j:am/an|ST,i=ak/al)

r=1

x Pr(Sy | i = ar/ar).

If ¢ has heterozygous genotype aj/a; and inbreeding coefficient f; [7], then
states S1,...,.54 are impossible, and

Pr(Sy, i = ax/a;)

Pr(S, |i=ar/a;) =

Pr(i = ar/a;)
{ 0 forr <4
= A2
(1—fi§72kppklpz for r > 4
B 0 forr <4
- ﬁTﬂ_ for r > 4.
When i is a homozygote ai/ay, states Si,...,S4 come into play. In this
case [2],

Pr(S,, i = ar/ax)
Pr(i = ar/ax)
Arpi
7 fipu+(Q—fi)p} forr=<4
- Arpi
fipk+(—=f:)p;

A,
— { fi+(1—fi)pk forr <4

Arpr
fi+(1—fi)pk for 7> 4.

Pr(S, | i=ar/ar) =

forr >4

Note that Pr(S, | i = ax/ai) = Pr(Sy | i = ax/ar) = A, when f; = 0.

The conditional probabilities Pr(j = am/an | Sr, i = ax/a;) can be
computed as follows [7]: In states S and S7, j has the same genotype as 1.
In states Sa, S4, Sg, and Sg, j’s genotype is independent of i’s genotype. In
states Sy and Sg, j is also an obligate homozygote and has the homozygous
genotype a,,/a,;, with probability p,,. In states Sy and Sg, j’s genotype
follows the Hardy-Weinberg law. In states Ss and Sg, j shares one gene in
common with ¢; the shared gene is equally likely to be either of i’s two genes.
The other gene of j is drawn at random from the surrounding population.
Thus, if ¢ is a heterozygote ay/a; in state Ss, then j has genotypes ay/a,
(ar £ 1), ai/a, (a, # ai), and ag/a; with probabilities p,/2, p,./2, and
pr/2+p1/2, respectively. If ¢ is a homozygote ay /ax in states S3 or Sg, then
j has genotype ay/a, with probability p,. Finally in state S5, j is again
an obligate homozygote. If ¢ is ax/a;, then j is equally likely to be either
ax/ax or aj/ay.
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Example 6.2.1 Siblings at the ABO Locus

Consider two non-inbred siblings ¢ and j and their ABO phenotypes.
Because Pr(S, | i = A/B) = A,, we have, for example,

Pr(j = A/B |i= A/B)
_ im@:Aﬁn&J:Aﬂﬂ+%m@:Am|&J:Aﬂn

1
+1Pr(j =A/B Sy, i=A/B)

S ALY L
- D) 2pA 2PB 4pApB-

Similarly,

Pr(j =A|i=0/0)
= Pr(j=A/A|i=0/0O)+Pr(j=A/O|i=0/0)
1 1 1 1 1 1
—X04+=x0+-p4+-x0+= -2 :
g XV x 04 7pa+ 7 XU+ gpat 72papo
If we assign i either phenotype A or phenotype B, then we must decompose
i’s phenotype into its constituent genotypes. Problem 2 addresses compli-
cations of this sort. ]

6.3 Covariances for a Quantitative Trait

Consider a quantitative trait controlled by a single locus in Hardy-Weinberg
equilibrium. Let the kth allele aj, at the determining locus have population
frequency pg. In the absence of environmental effects, a non-inbred person
with ordered genotype ay/a; has constant trait value ug; = pyx. No gener-
ality is lost if we standardize all trait values so that the random value X of
a non-inbred person has mean E(X) = 3", >, prprpr = 0. In quantitative
genetics, an additive decomposition p = oy + oy is sought. Because such a
decomposition may not be possible, the allelic contributions «y, are chosen
to minimize the deviations dx; = pux; — o — ay. The classical way of doing
this is to minimize the sum of squares

SN s = D0 (uke — ok — )’ prpr. (6.1)
ko1 E o1
Setting the partial derivative of (6.1) with respect to ay equal to 0 gives
0 = —4 Z(Mkz — g — )PP

7
= —Apy Z Owipi-
.
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It follows that the optimal deviations satisfy >, dpp; = 0 for all k.
Because E(X) =0 and ), pr = 1, we also find that

0 = Y Yy oum
= Zk: ZZ: HRLDRDL — Zk: zl: kPP — Zk: zl: QupkpL
-2 Zk: QP
Using the fact Y, agpy, = 0 just established, we now conclude that
0 = > dup
= zl: PP = Y QkpL— Y cupy

In other words, ax = Y, tripi-

The above calculations can be carried out in a more abstract setting.
Suppose Z; and Z; are independent random variables. Given a random
variable X with E(X) = 0, how can one choose functions h; and hg so that
E{[X — h1(Z1) — ha(Z2)]?} is minimized? This problem is easy to solve if
one observes that E[h;(Z1)] = E[h2(Z2)] = 0 should hold and that

Var[X — hi(Z1) — ha(Z2)] = Var(X) + Var[hi(Z1)] + Var[ha(Z2)]
—2Cov[X, hi(Z1)] — 2 Cov[X, ha(Z2)]
= Var[X — h1(Z1)] + Var[X — ha(Z2)]
— Var(X).

Now it is well known that Var[X — h;(Z;)] is minimized by taking h;(Z;)
to be the conditional expectation E(X | Z;) of X given Z; [4]. In the
present case, X is the trait value, Z; is the maternal allele, and Z is the
paternal allele. The solution E(X | Z; = ax) = Y, pripr coincides with
ay given above. It is natural to introduce the additive genetic variance
02 = 2Var[E(X | Z;)] and the dominance genetic variance

o7 = Var[X —E(X | Z) - B(X | Z)].

Next suppose ¢ and j are relatives. It is of some interest to compute the
covariance Cov(X;, X;) between the trait values X; and X; of i and j. Let
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us do this calculation under the simplifying assumption that neither ¢ nor
j is inbred. Conditioning on the various identity states and using the facts
Dbk =1, axpk =0,>, 0 =0, and o = >, prapi, we deduce

E(X:X;)
= Ay Z Z(Oék + ay + 610) P
k1

+ Asig D D> (o + a4 Gra) (0 + i + Ok )PRDID
k

I m

+ Do YD D> (ko Ga) (@ + A+ Srun)PrPIPPn
k

l m n

= Az {2 daipe+ > ) 5;%11)1@171} + Asij Y oDk
k ko1 k

1 1 9 9
= 2 EAW + ZAgij:| 2 zk: appk + Arij Zk: Zz: 0iPrDL
= 2(1)”0(21 + Anjd?i,

where 02 =23, aipy and 03 = Y, >, 07, prpi are explicit expressions for
the additive and dominance genetic variances. Since E(X;) = E(X;) = 0,
the desired covariance Cov(X;, X;) = E(X;X;). When i and j represent
the same person, Var(X;) = o2 + o2 is the total genetic variance. If i
is a parent of j, then Cov(X;, X;) = %02. If 4 and j are siblings, then
Cov(X;, X;) = $02 4 103

The above arguments generalize to allow some environmental determi-
nation of the trait. Suppose that W; and W; are the random genotypes of
two non-inbred relatives ¢ and j. If X; and X; are independent given W;
and Wj, then the expression for Cov(X;, X;) continues to hold provided
we define g = E(X | W = ag/a;) for the trait value X and genotype W
of a random person. Indeed, in view of our convention that E(X) = 0, we
find that

Cov(X;, X;) = B(X;X;)
= E[E(X;X; | W, W;)]
= E[E(X; | W) E(X; | W;)].

However, the total trait variance of any person is inflated because

Var(X) = Var[E(X | W)] + E[Var(X | W)]
= 02405 +E[Var(X | W)).

These simple variance and covariance expressions extend straightfor-
wardly to polygenic traits, where many genes of small effect act additively
to determine a quantitative trait. Many interesting statistical problems
arise in this classical biometrical genetics setting.
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6.4 Risk Ratios and Genetic Model Discrimination

The correlation patterns among relatives provide a simple yet powerful
means of discriminating between genetic models for a trait. Following Risch
[10], let us explore these patterns for a genetic disease characterized by two
states, normal and affected. To any person in a population there corre-
sponds an indicator random variable X such that X = 0 if the person is
normal and X = 1 if the person is affected. In this notation the prevalence
of the disease is K = Pr(X =1) = E(X).

The disease may have both genetic and environmental determinants. For
the sake of simplicity, we assume that the disease indicators X; and X;
of two relatives i and j are independent given their genotypes. We further
suppose that the prevalence of the disease does not vary with age and that
genetic equilibrium holds at the disease locus. These strong assumptions
are apt to be violated in practice, but they may hold approximately. For
instance, if selection is weak and mating is nearly random, then the as-
sumption of genetic equilibrium may not be too damaging. Furthermore,
if by a certain age every person definitely does or does not contract the
disease, then we can restrict our attention to people beyond this cutoff age.

Now consider two non-inbred relatives ¢ and j of type R. Given that per-
son 1 is affected, it is often possible to estimate empirically the conditional
probability Kg = Pr(X; = 1| X; = 1) that j is affected also. The joint
probability of both i and j being affected is

KKrp = Pr(X;=1,X,=1) (6.2)
E(X;X;).

For a single-locus model, the covariance decomposition for two relatives

gives
E(X:X;) = Cov(X;, X;)+ K>

= 2‘I)ij0'(21—|—A71'j0'(21—|—K2. (63)

An important index for discriminating between genetic models is the risk

ratio A\p = Kr/K for a relative of type R. Ar measures the increased risk

of disease for the relative of an affected person compared to the population
prevalence. It follows from equations (6.2) and (6.3) that

202 o2
Arp—1 = (I)RF-FAWQK—%. (6.4)

In equation (6.4), ® and A7 are subscripted by the relative type R. Table 6.1
lists some relative types and their corresponding values of Agp —1. Note that
parent—offspring pairs are first-degree relatives; half-siblings, grandparent—
grandchild, and uncle—niece pairs are typical second-degree relatives; and
first cousins are typical third-degree relatives.
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TABLE 6.1. Agr for Different Relative Types R

R | Relative Type | Adjusted Risk Ratios Ap — 1
on | Oa
M | Identical twin el + el
oa o4
S | Sibling K2 1K2
o
1 | First-degree K2
o
2 | Second-degree 1K2
o,
3 | Third-degree K2

Evidently from the entries in the table for first, second, and third-degree
relatives,

Mol = 200-1)
4(/\3 - 1)1 (65)
and if 0% = 0, then for identical twins and siblings
Av—1 = 2(Ms—1)
20\ — 1).

More complicated multilocus models yield different patterns of decline
in Ag — 1. For example, consider a two-locus multiplicative model. The
disease indicator X now satisfies X = Y Z, where Y and Z are indicators
for two independent loci. This model is appropriate for a double-dominant
disease. In this case, if the alleles at the first locus are A and a and at the
second locus B and b, then people of unordered genotypes {A/A, B/B},
{A/a,B/B}, {A/A, B/b}, and {A/a, B/b} are affected, and people of all
other genotypes are normal.

As noted above, the population prevalence is

K = EX)
E(Y)E(2)
= K1K27
with K1 = E(Y) and K2 = E(Z). For two relatives of type R, the joint

probability of both being affected is in obvious notation

KKr = E(X;X))
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E(Y;Z:Y;Z;)
E(Y;Y;) E(Z:iZ;)
= KiKirK>KspR.

This computation relies on the Y random variables being independent of
the Z random variables. The risk ratio

Kr

K

Kigr Kog

K1 K3

= AMRA2R.

AR =

Using the equations (6.5) for each locus separately, it follows that for
second-degree relatives

)\2 = )\12 /\22

and for third-degree relatives

Az = Ai3Aas

1 3 1 3
(Z/\H + Z) (Z)\m + Z) )

again in more or less obvious notation. The simple formulas

A—1  A3-—1
M—1  A-—1
1
T2
no longer apply. For instance, when A\i; = Ao; = 4, we have \; = 16,

(M —1)/(\1 = 1) = .35, and (A3 — 1)/(A2 — 1) = .39. Thus, the ratio
(A —1)/(An—1 — 1) declines faster than for a single-locus model.

A possibly more realistic variant of the single-locus model is a two-locus
genetic heterogeneity model. In this model either of two independent loci
can cause the disease. Let Y be the disease indicator random variable for
the first locus, and let Z be the disease indicator random variable for the
second locus. Since the two forms of the disease are indistinguishable, X =
Y +Z—Y Z is the indicator for the disease caused by either or both loci. For
a moderately rare disease, the term Y Z will be 0 with probability nearly
1. Neglecting the term Y Z, the approximate population prevalence of the
disease under the heterogeneity model is

K = B(Y)+E>2)
= K+ Ks.
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Again in obvious notation, the joint probability of ¢ and j both being
affected is approximately

KKr = E[(Yi+Z)(Y;+ Z;))
= EWY;) +E(Y;) E(Z)) + E(Y;) E(Z:) + E(Z:Z;)
= KiKip+2K1Ks+ KoKop.

The equations for K and K K can be combined to yield

KKp—K?* = K Kig+2K K+ KoKop — (K + K»)?
= Klz()\lR—l)-i-Kg(/\gR—l), (66)

where \1gp = K1r/K1 and M\ar = Kar/K>. Dividing (6.6) by K2 now gives

g1 = (%) (g —1)+ (%) (hor 1)

with /\R = KR/K

We conclude from this analysis that the pattern of decline of A — 1 for
the two-locus heterogeneity model is indistinguishable from that for the
single-locus model. Risch [10] argues that the index Ag — 1 declines too
rapidly in schizophrenia to fit the pattern dictated by these two models.
He reports a prevalence of K = .0085 and the risk ratios displayed in Table
6.2.

TABLE 6.2. Risk Ratios for Schizophrenia

Relative Type R | Risk Ratio Ap
Identical twin 52.1
Fraternal twin 14.2
Sibling 8.6
Offspring 10.0
Half-sibling 3.5
Niece or nephew 3.1
Grandchild 3.3
First cousin 1.8
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6.5 An Affecteds-Only Method of Linkage Analysis

Genetic epidemiologists are now actively attempting to map some of the
genes contributing to common diseases. This task is complicated by the
poorly understood inheritance patterns for many of these diseases. While
major genes certainly contribute to some common diseases such as breast
cancer and Alzheimer disease, the classical monogenic patterns of inheri-
tance typically do not fit pedigree and population data. One strategy for
identifying disease predisposing genes is to restrict mapping studies to pedi-
grees showing multiple affecteds with early age of onset. Such pedigrees are
more apt to segregate major genes than pedigrees with isolated affecteds
showing late onset. Even this enrichment strategy does not guarantee a
single Mendelian pattern of inheritance in the ascertained pedigrees.

In the absence of a well-defined disease inheritance model, it is still prof-
itable to pursue linkage analysis by robust methods. Robust linkage meth-
ods are predicated on the observation that a marker allele will track a
closely linked disease allele as both descend from a founder through a pedi-
gree. Only recombination can separate a pair of such alleles present in a
pedigree founder. Thus, marker genes can be used as surrogates for disease
genes. Robust linkage tests seek to assess the amount of marker allele shar-
ing among affecteds. Excess sharing is taken as evidence that the marker
locus is closely linked to a disease predisposing locus. The marker locus
may be a candidate locus for the disease. In this case it is perhaps better
to speak of association between the marker and the disease.

Our immediate goal is to examine one robust linkage statistic and to
compute the mean and variance of this statistic using kinship coefficients
[12]. These computations are valid under the null hypothesis of independent
segregation of the marker locus and the disease. Beyond this independence
assumption, nothing specific is assumed about disease causation.

Consider a pedigree and two affected individuals ¢ and j in that pedigree
who are typed at a given marker locus. We assume that the marker locus
is in Hardy-Weinberg equilibrium and that its alleles are codominant with
the kth allele having population frequency pi. At the heart of our robust
statistic is the pairwise statistic Z;; assessing the marker sharing between
i and j. It is desirable for Z;; to give greater weight to shared rare alleles
than to shared common alleles. This weighting is

accomplished via a weighting function f(p) of the population frequency
p of the shared allele. Typical choices for f(p) are f(p) =1, f(p) = 1//p,
and f(p) = 1/p. Now let M; and M; be the observed marker genotypes of
1 and j. Imagine drawing one marker gene GG; at random from ¢ and one
marker gene G; at random from j.

The statistic Z;; is defined as the conditional expectation

Zij = E(l4e=c,1f(pa:) | Mi, Mj), (6.7)

where the indicator function 1{g,—g,} is 1 when the sampled genes G; and
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G; match in state. Although substituting i.b.d. for identity by state might
be attractive in this definition, the alternative statistic with i.b.d. matches
counted would be considerably more difficult to evaluate. In any event, if
person 4 has observed genotype M; = ax/a; and person j has genotype
M; = a,/an, then definition (6.7) reduces to

1 1
Zij = Zl{ak:am}f(pk) + Zl{ak:an}f(pk)

1 1
+ Zl{alzam}f(pl) + Zl{al:an}f(m)-

From the pairwise statistics Z;;, we form an overall statistic Z = E{i)j} Zij
by summing over all affected pairs {i,j} typed in the pedigree. In most
applications we take ¢ # j, but the contrary procedure of comparing an
affected person to himself can be useful for inbred affecteds if the disease
is thought to be caused by recessively acting genes.

Since the mean and variance of Z obviously are

BZ) = Y E(Zj)
{i,5}

Var(Z) = Z ZCOV(ZU,ZM),
{i.5} {k,1}

it suffices to calculate E(Z;;) and Cov(Z;;, Zy;). If we condition on whether
the two sampled genes G; and G are i.b.d., then it follows that

E(Zij) = Ellc.=c;1/(pc.)]
iy Y For)pk + (1= D) > f(pr)pk-
k k

The covariance Cov(Zi;, Zi) = E(Z;jZw) — E(Zi;) E(Zk) can be com-
puted by first noting that 1;g,—q,} f (pe;) depends only on the observed
marker genotypes M; and M; and that 1;g,—¢,} f(Pc,) depends only on
the observed marker genotypes My, and M;. These two facts imply that

E(ZijZkl)
= E[E(I{GZZG]}f(sz) | Mi’Mj)E(l{Gk:Gl}f(ka) | Mkle)]
= E[E(c,=¢;1 f(pc:)lcr=cy f(pey) | Mi, My, My, My)]
[

= E 1{G7L:Gj}f(pGi)l{Gk:Gl}f(ka)]'

To evaluate the last expectation, we condition on how the four sam-
pled genes G;, G, Gy, and G; are partitioned under identity by descent.
Consider again the condensed identity states of Figure 5.3. In each state,
imagine genes GG; and G; appearing on the top row in no particular order
and genes G, and G appearing on the bottom row in no particular order.
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Let T, denote the probability of the condensed identity state .S, under
these conventions. Then

E(Z;Zw) = Y E(c—c1f(pa)lici—ciyf(pa,) | S) Yo

Table 6.3 lists the necessary conditional expectations. The entries in
the table are straightforward to verify. For instance, consider the entry
for state Sg. In this condensed identity state, one of the two genes on
the top row is i.b.d. with one of the two genes on the bottom row. Thus,
lig,=¢;11{G,=c,y = 1 only when G, G, G, and G, all agree in state. By
independence, all four genes coincide with the mth allele with probability
P

To compute the probabilities T,., we reason as we did in Chapter 5 in
passing between generalized kinship coefficients and condensed identity co-
efficients. Consider the 15 detailed identity states possible for 4 genes as
depicted in Figure 5.2. Now imagine in all states that the sampled genes
G; and G; occupy the top row in some particular order and that G} and
G occupy the bottom row in some particular order. The probability of any
detailed identity state is just a generalized kinship coefficient involving the
four sampled genes G;, G, Gy, and G;. Under the usual correspondence
between detailed and condensed states, adding the appropriate generalized
kinship coefficients yields each Y,.

TABLE 6.3. Conditional Expectations for Marker Sharing

State r E(l{Gi:Gj}f(pGi)l{Gk:Gl}f(ka) | Sr)
1 > P f (Dm)?
2 {3 pmf(pm)}?
3,5, 7 > Do f (Dm)?
4, 6 2 22 F ) HZ, o f (D) }
8 > om P f(Pm)?
9 (32, 0 f () }?

Given a collection of pedigrees, it is helpful to combine the marker-
sharing statistics from the individual pedigrees into one grand statistic.
The grand statistic should reflect the information content available in the
individual pedigrees and should lead to easily approximated p-values. If Z,,
is the statistic corresponding to the mth pedigree, then these goals can be
achieved by defining

Zm Wm [Zm - E(Zm)]
V2om w2, Var(Z,,) ’
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where w,, is a positive weight assigned to pedigree m. Under the null
hypothesis of independent segregation of the disease phenotype and the
marker alleles, the grand statistic 7" has mean 0 and variance 1. For a
moderately large number of pedigrees, T should be approximately normally
distributed as well. In practice, p-values can be computed by simulation,
and normality need not be taken for granted. A one-sided test is appropriate
because excess marker sharing increases the observed value of T.

Choice of the weights is bound to be somewhat arbitrary. With r,, typed
affecteds in a pedigree, results of Hodge [6] suggest

Tm — 1

This weighting scheme represents a compromise between giving all pedi-
grees equal weight (w,, = 1/4/Var(Z,,)) and overweighting large pedigrees
(wm = 1). Overweighting is a potential problem because the number of
affected pairs 7., (r,, — 1)/2 is a quadratic rather than a linear function of
rm. If we suspect recessive inheritance and want to exploit information on
inbred affecteds, then it is reasonable to replace r,, — 1 by 7, in formula
(6.8).

Applications of the statistic T to pedigree data on Huntington disease,
rheumatoid arthritis,Arthritis, rheumatoid breast cancer, and Alzheimer
disease are discussed in the references [5, 9, 12]. Extension of the statistic
to multiple linked markers is undertaken in [13].

6.6 Problems

1. Let the disease allele at a recessive disease locus have population
frequency ¢. If a child has inbreeding coefficient f, argue that his
or her disease risk is fq + (1 — f)q?>. What assumptions does this
formula entail? Now suppose that a fraction « of all marriages in the
surrounding population are between first cousins [1]. Show that the
fraction of affecteds due to first-cousin marriages is

o(f59+180°) _ _ a(l+159)
fa+ @1 —f)e 16[f + (1~ fla]’

where f is the average inbreeding coefficient of the population. Com-
pute this fraction for o = .02, f = .002, and for ¢ = .01 and ¢ = .001.
What conclusions do you draw from your results?

2. Consider a disease trait partially determined by an autosomal locus
with two alleles 1 and 2 having frequencies p; and po. Let ¢/, be the
probability that a person with genotype k/l manifests the disease.
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For the sake of simplicity, assume that people mate at random and
that the disease states of two relatives i and j are independent given
their genotypes at the disease locus. Now let X; and X; be indicator
random variables that assume the value 1 when ¢ or j is affected,
respectively. Show that

Pl“(Xj =1 | Xl = 1) = ZZZPF(X] =1 | gj)PI’(gj | ST, gi)
gi 95 Sr

x Pr(Sy | gi) Pr(g; | Xi =1), (6.9)

where g; and g; are the possible genotypes of 7 and j and S, is a con-
densed identity state. This gives an alternative to computing risks by
multiplying the relative risk ratio Ag by the prevalence K. Explicitly
evaluate the risk (6.9) for identical twins and parent—offspring pairs.

Suppose that marker loci on different chromosomes are typed on two
putative relatives. At locus i, let p;; be the likelihood of the observed
pair of phenotypes conditional on the relatives being in condensed
identity state S;. In the absence of inbreeding, only the states S7,
Sg, and Sy are possible. If we want to estimate the true relationship
between the pair, then we can write the likelihood of the observations
as

L(A) = H(Aﬂ)n + Aspis + Aopio)

K2

and attempt to estimate the A’s [11]. Describe an EM algorithm
to find the maximum likelihood estimates. The value of L(A) can
be compared under the maximum likelihood estimates and under
choices for the A’s characterizing typical relative pairs such as parent—
offspring, siblings, first cousins, and so forth. Discuss the merits and

demerits of this strategy. For one objection, see Problem 2 of Chapter
5.

. Suppose that the two relatives ¢ and j are inbred. Show that the

covariance between their trait values X; and X is

Cov(Xi, X;) = (4414203 +205+2A7 + Ag) Y aips

k

+ (4A1 + Ag + A5) Z akékkpk

k
F ALY SR+ AT D Supkp
k k l
+ (A — fifj)(z5kkpk)2-
k

What is Cov(X;, X;) when o2 = 0?
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5. For a locus with two alleles, show that the additive genetic variance
satisfies

o2 = 2pipa(an — az)?
= 2pipa[p1 (k11 — paz) + p2(pae — p22)]?. (6.10)

As a consequence of formula (6.10), 02 can be 0 only in the unlikely
circumstance that pio lies outside the interval with endpoints w1
and fi22. (Hint: Expand 0 = 2(a1p; + agp2)? and subtract from the
expression defining 02.)

Show that the dominance genetic variance satisfies

oq = Pipy(m1 — 2ma + paa)?.

It follows that if either py or py is small, then o2 will tend to be small
compared to 02. Hint: Let @ = p%,uu +2p1pajii2 —|—p§,u22. Since @ = 0,
it follows that

011 = pi1—201+7

= p3(pa1 — 2p12 + po2)
di2 = —pip2(p11 — 212 + piz2)
G2 = pi(pir — 2pa2 + pi22).

6. Prove that any pair of nonnegative numbers (02, 02) can be realized

as additive and dominance genetic variances. The special pairs (%, 0)
and (0,1) show that the two matrices ® = (®;;) and A7 = (Ar;y)
defined for an arbitrary non-inbred pedigree are legitimate covariance
matrices. (Hint: Based on the previous problem,

2p1p2(p1u + pav)?

= pips(u—v)?

g

ISHVIEST V)

g

for w = p11 — p12 and v = p1a — pag. Solve for w and v.)

7. Show that the matrices ® and A7 of coefficients assigned to a pedigree
do not necessarily commute. It is therefore pointless to attempt a
simultaneous diagonalization of these two matrices. (Hint: Consider
a nuclear family consisting of a mother, father, and two siblings.)

8. Let (Xi,...,X,) and (Y1,...,Y,) be measured values for two dif-
ferent traits on a pedigree of n people. Suppose that both traits are
determined by the same locus. Show that there exist constants o4z,
and 04,y such that

COV(XZ', Y}) = 2q)ij0amy + A’?ijo'dmy
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for any two non-inbred relatives ¢ and j [8]. Prove that the two ma-

trices
2 2
Oaze  Caxy Odga Tdzy
2 2
Tazy  OTayy Odzy  Tayy
: : 2 2 2 2
are covariance matrices, where o5, 05,,, 05y, and oy, are the

additive and dominance genetic variances of the X and Y traits,
respectively. (Hints: For the first part, consider the artificial trait
W = X +Y for a typical person. For the second part, prove that

Oazy = 2 COV(Al, Bl)
Udmy = COV(X — Al — AQ,Y — Bl — Bg),

where Ay, = E(X | Zi) and By, = E(Y | Zx), Z1 and Z; being the
maternal and paternal alleles at the common locus.)

In the two-locus heterogeneity model with X =Y + Z — Y Z, carry
through the computations retaining the product term Y Z. In partic-
ular, let K, be the prevalence of the mth form of the disease, and
let K,,r be the recurrence risk for a relative of type R under the
mth form. If K is the prevalence and Kg is the recurrence risk to a
relative of type R under either form of the disease, then show that

K = Ki+Ky— KK,
KKr = KiKip+ KKy — K1KigKy+ K1 Ky + KoKsp
— K1 KoKop — K1 K1rKo — K1 KoK + K1 K1pKoKap.

Assuming that K7, Ko, K1g, and Kog are relatively small, verify the
approximation

Ar — 1
Ki\? K> \?
= <71> ()\13—1)+<72> (Aor — 1)
KiK.
+ 11(22[2K1+2K2—K1K2—2K13—2K2R+K13K23]

Q

<K7> (Mg —1) + <K7> (Aor = 1),

where A\g = Kpg/Kpm and Agp = Kg/K.

In the pedigree depicted in Figure 6.1, compute the marker-sharing
statistic Z and its expectation E(Z) for the three phenotyped affect-
eds 3, 4, and 6. Assume f(p) = 1/p, po = 1/2, pp = 1/4, and for a
third unobserved marker allele p. = 1/4.
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1 2
O

FIGURE 6.1. A Pedigree Illustrating Marker Sharing Among Affecteds

6.7 REFERENCES

[1]

2]

3]

[4]

Crow JF, Kimura M (1970) An Introduction to Population Genetics
Theory. Harper and Row, New York

Elston RC, Lange K (1976) The genotypic distribution of relatives of
homozygotes when consanguinity is present. Ann Hum Genet 39:493—
496

Fisher RA (1918) The correlation between relatives on the supposition
of Mendelian inheritance. Trans Roy Soc Edinb 52:399-433

Grimmett GR, Stirzaker DR (1992) Probability and Stochastic
Processes, 2nd ed. Oxford University Press, Oxford

Hall JM, Lee MK, Newman B, Morrow JE, Anderson LA, Huey B,
King M-C (1990) Linkage of early-onset familial breast cancer to chro-
mosome 17q21. Science 250:1684—1689

Hodge SE (1984) The information contained in multiple sibling pairs.
Genet Epidemiology 1:109-122

Jacquard A (1974) The Genetic Structure of Populations. Springer-
Verlag, New York

Lange K, Boehnke M (1983) Extensions to pedigree analysis. IV. Co-
variance components models for multivariate traits. Amer J Med Genet
14:513-524

Pericak-Vance MA, Bebout JL, Gaskell PC Jr, Yamaoka LH, Hung
W-Y, Alberts MJ, Walker AP, Barlett RJ, Haynes CA, Welsh KA,



114 6. Applications of Identity Coefficients

Earl NL, Heyman A, Clark CM, Roses AD (1991) Linkage studies in
familial Alzheimer disease: evidence for chromosome 19 linkage. Amer
J Hum Genet 48:1034-1050

[10] Risch N (1990) Linkage strategies for genetically complex traits. I.
Multilocus models. Amer J Hum Genet 46:22-228

[11] Thompson EA (1986) Pedigree Analysis in Human Genetics. Johns
Hopkins University Press, Baltimore

[12] Weeks DE, Lange K (1988) The affected-pedigree-member method of
linkage analysis. Amer J Hum Genet 42:315-326

[13] Weeks DE, Lange K (1992) A multilocus extension of the affected-
pedigree-member method of linkage analysis. Amer J Hum Genet
50:859-868



7

Computation of Mendelian
Likelihoods

7.1 Introduction

Rigorous analysis of human pedigree data is a vital concern in genetic epi-
demiology, human gene mapping, and genetic counseling. In this chapter
we investigate efficient algorithms for likelihood computation on pedigree
data, placing particular stress on the pioneering algorithm of Elston and
Stewart [8]. It is no accident that their research coincided with the in-
troduction of modern computing. To analyze human pedigree data is te-
dious, if not impossible, without computers. Pedigrees lack symmetry, and
all simple closed-form solutions in mathematics depend on symmetry. The
achievement of Elston and Stewart [8] was to recognize that closed-form so-
lutions are less relevant than good algorithms. However, the Elston-Stewart
algorithm is not the end of the story. Evaluation of pedigree likelihoods re-
mains a subject sorely in need of further theoretical improvement. Linkage
calculations alone are among the most demanding computational tasks in
modern biology.

7.2 Mendelian Models

Besides the raw materials of pedigree structure and observed phenotypes,
a genetic model is a prerequisite for likelihood calculation. At its most
elementary level, a model postulates the number of loci necessary to explain
the phenotypes. Mendelian models, as opposed to polygenic models, involve
only a finite number of loci. For purposes of discussion, it is convenient to
use the term “genotype” when discussing the multilocus, ordered genotypes
of an underlying model. Because ordered genotypes preserve phase, they
are preferable to unordered genotypes for theoretical and computational
purposes. Of course, observed genotypes are always unordered.

Any Mendelian model revolves around the three crucial notions of pri-
ors, penetrances, and transmission probabilities [8]. Prior probabil-
ities pertain only to founders. If G is a possible genotype for a founder,
then in the absence of other knowledge, Prior(G) is the probability that
the founder carries genotype G. Almost all models postulate that prior
probabilities conform to Hardy-Weinberg and linkage equilibrium.

Penetrance functions specify the likelihood of an observed phenotype X
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given an unobserved genotype G. We denote a penetrance by Pen(X | G).
Penetrances apply to all people in a pedigree, founders and nonfounders
alike. Implicit in the notion of penetrance is the assumption that the phe-
notypes of two or more people are independent given their genotypes. This
restriction rules out complex models in which common environment in-
fluences phenotypes. It is easier to incorporate environmental effects in
polygenic models. In Mendelian models, likelihood evaluation involves com-
binatorics; in polygenic models, it involves linear algebra.

In general, Pen(X | G) can represent a conditional likelihood as well as a
conditional probability. This would be the case, for instance, with a quan-
titative trait X following a different Gaussian density for each genotype.
For many genetic traits, Pen(X | G) is either 0 or 1; in other words, each
genotype leads to one and only one phenotype. When a phenotype is un-
observed, it is natural to assume that the penetrance function is identically
1.

The third and last component probability of a likelihood summarizes the
genetic transmission of the trait or traits observed. Let Tran(Gy | Gi, G;)
denote the probability that a mother ¢ with genotype G; and a father j with
genotype Gj produce a child k£ with genotype G. For ordered genotypes,
the child’s genotype Gy can be visualized as an ordered pair of gametes
(Uk, V&), U, being maternal in origin and V) being paternal in origin. If
all participating loci reside on the same chromosome, then Uy and Vj, are
haplotypes. Because any two parents create gametes independently, the
transmission probability

Tran(Gy | Gi,G;) = Tran(Uy | Gi) Tran(V, | G5)

factors into two gamete transmission probabilities. Unordered geno-
types do not obey this gamete factorization rule.

Specification of gamete transmission probabilities is straightforward for
single-locus models. For a single autosomal locus, Tran(H | G) is either
1, %, or 0, depending on whether the single allele H is identical in state
to both, one, or neither of the two alleles of the parental genotype G,
respectively. For multiple linked loci, Haldane’s model [10] permits easy
computation of gamete transmission probabilities, provided one is willing
to neglect the phenomenon of chiasma interference. For the sake of compu-
tational simplicity, we now adopt Haldane’s model, which postulates that
recombination occurs independently on disjoint intervals.

To apply Haldane’s model, one begins by discarding all homozygous loci
in the parent. This entails no loss of information because recombination
events can never be inferred between such loci. Between each remaining
adjacent pair of heterozygous loci, gametes can be scored as recombinant
or nonrecombinant. Once adjacent intervals have been consolidated to the
point where all interval endpoints are marked by heterozygous loci, cal-
culation of gamete transmission probabilities is straightforward. Invoking
independence, the probability of a gamete is now % times the product over
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all consolidated intervals of the corresponding recombination fractions 6 or
of their complements 1 —6, depending on whether the gamete shows recom-
bination on a given interval or not. The factor of % accounts for the parental
chromosome chosen for the first locus. In the exceptional case where there
are no heterozygous loci, the gamete transmission probability is 1. If there
is only one heterozygous locus, the gamete transmission probability is %
Recombination fractions for consolidated intervals can be computed via
Trow’s formula as described in Problem 1.

The likelihood L of a pedigree with n people can now be assembled from
these component parts. Let the ith person have phenotype X; and possible
genotype G;. Conditioning on the genotypes of each of the n people yields
Ott’s [27] representation of the likelihood

L = Y Pr(Xy,....X, | Gu,...,Gn)Pr(Gy,...,Gy)
Gn

G1

= 3" ST [[Pen(Xi | Gi) Pr(Gh, ..., G) (7.1)
G1 Gn i

— Z HPen(Xi | Gi)HPrior(Gj) H Tran(Gp, | Gk, G1),
G1 Gn i J {k,l,m}

where the product on j is taken over all founders and the product on
{k,l,m} is taken over all parent—offspring triples.

At this point, several comments are appropriate concerning the explicit
likelihood representation (7.1). First, ranges of summation for the geno-
types are not specified. At the very least it is profitable to eliminate any
genotype G; with Pen(X; | G;) = 0. We will discuss later an algorithm
for genotype elimination that performs much better than this naive tac-
tic in most circumstances. Second, the notation in (7.1) does not make it
clear whether the likelihood L should be computed as a joint sum or as
an iterated sum. One can argue rigorously that an iterated sum is always
preferable to a joint sum if minimizing counts of additions and multiplica-
tions is taken as a criterion [18]. Viewing (7.1) as an iterated sum opens
up the possibility of rearranging the order of summation so as to achieve
the most efficient computation. Third, calculation of L is numerically sta-
ble since only additions and multiplications of nonnegative numbers are
involved. There will be no disastrous roundoff errors due to subtraction
of quantities of similar magnitude. However, serious underflows can be en-
countered because all terms are usually probabilities and hence lie in the
interval [0, 1]. Underflows can be successfully defused by repeated rescaling
and reporting the final answer as a loglikelihood. Last of all, the various
terms in (7.1) can be viewed as values taken on by arrays. For instance,
Pen(X; | G;) is an array of rank 1 that depends on the possible genotypes
G, for 7. Similarly, Tran(Gy, | G;, G;) is an array of rank 3 depending on G,
G;, and Gy, jointly. Thus, computation of L is inherently array-oriented.
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7.3 Genotype Elimination and Allele Consolidation

As hinted above, systematic genotype elimination is a powerful technique
for accelerating likelihood evaluation. This preprocessing step involves more
than just using those genotypes compatible with a person’s observed phe-
notype. The phenotypes of the person’s relatives also impose rigid com-
patibility constraints on his or her possible genotypes. Although this fact
has long been known informally, it is helpful to state a formal algorithm
that mimics how geneticists reason. In doing so, we will focus on ordered
genotypes at a single autosomal locus. Because ordered genotypes carry
phase information, applying the algorithm separately to several linked loci
automatically eliminates superfluous phases among the loci as well as su-
perfluous genotypes within each locus.

Here then is the algorithm [18, 19]:

(A) For each pedigree member, list only those ordered genotypes compat-
ible with his or her phenotype.

(B) For each nuclear family:

(1) Consider each mother—father genotype pair.

(a) Determine which zygotes can arise from the genotype pair.

(b) If each child in the nuclear family has one or more of these
zygote genotypes among his or her current list of genotypes,
then save the parental genotypes and any child genotype
matching one of the created zygote genotypes.

(¢) If any child has none of these zygote genotypes among his
or her current list of genotypes—in other words, is incom-
patible with the current parental pair of genotypes—then
take no action to save any genotypes.

(2) For each person in the nuclear family, exclude any genotypes not
saved during step (1) above.

(C) Repeat part (B) until no more genotypes can be excluded.

As an illustration of the algorithm, consider the pedigree of Figure 7.1
at the ABO locus, and suppose individuals 2, 3, and 5 alone are typed at
this locus. Then applying part (A) of the algorithm leads to the genotype
sets displayed in column 2 of Table 7.1. Applying (B) to the nuclear family
{3,4,5} gives column 3, and finally, applying (B) to the nuclear family
{1,2,3} gives column 4. Recall that the maternal allele is listed to the left
of the paternal allele in an ordered genotype. This convention shows up in
the genotype set for person 3. No further genotypes can be eliminated by
repeated use of (B), and column 4 provides the minimal genotype sets. In
more extensive pedigrees, genotype eliminations can ripple up and down
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FIGURE 7.1. A Pedigree Partially Typed at the ABO Locus

through the pedigree, requiring multiple visits to each nuclear family. For
pedigrees that are graphically trees, that is, have no loops or cycles, the
algorithm is guaranteed to eliminate all superfluous genotypes for each
person [19]. O’Connell and Weeks present a generalization of the algorithm
that is optimal even in the exceptional cases [5].

TABLE 7.1. Genotype Sets for a Genotype Elimination Example

After After Applying | After Applying
Person | Applying (A) (B) to {3,4,5} (B) to {1,2,3}
1 All 9 genotypes All 9 genotypes {Al/él/}’B/’l/BO/’AO}/ 4,

2 {0/0} {0/0} {0/0}

3 {A/A;A/O,0/A} {A/0,0/A} {O/A}
{A/O,0/A,B/O, | {A/O,0/A,B/O,

4 All 9 genotypes 0/B,0/0} 0/B,0/0}
5 {0/0} {0/0} {0/0}

Allele consolidation is another tactic that reduces ranges of summation.
At a highly polymorphic, codominant marker locus, most pedigrees will
segregate only a subset of the possible alleles. If a person i is untyped, then
the range of summation for his or her genotypes may involve genotypes
composed of alleles not actually seen within the pedigree. These unseen
genotypes can be consolidated by consolidating unseen alleles. In most ap-
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plications, this action will not change the likelihood of the pedigree, pro-
vided the lumped allele is assigned the appropriate summed population
frequency. For instance, suppose only the first three alleles from the set
{A; : 1 <i < 6} of six possible alleles are seen among the typed people of
a pedigree. Then one can consolidate alleles Ay, A5, and Ag into a single
artificial allele A7 with frequency py = p4 + ps + ps in obvious notation.

If allele consolidation is carried out on a pedigree-by-pedigree basis, then
substantial computational savings can be realized. Even more dramatic
savings can occur when allele consolidation is carried out locally within a
pedigree. O’Connell and Weeks’ [26] explanation of local consolidation is
well worth reading but a little too lengthy to recite here. Finally, note that
there are some problems such as allele frequency estimation from pedigree
data [2] where allele consolidation is disastrous. A little common sense
should be an adequate safeguard against these abuses.

7.4 Array Transformations and Iterated Sums

To elaborate on some of the comments made earlier about iterated sums
and arrays, we now strip away the genetics overlay and concentrate on
issues of numerical analysis. As an example [18], consider the problem of
computing the sum of products

S > Y AGh,Ga)BGH)C(Gs, ), (7.2)

G1€S51 G2€S2 G3€ES3

where S; is the finite range of summation for the index G;, and where A,
B, and C are arrays of real numbers. Let S; have m; elements. Computing
(7.2) as a joint sum requires 2mimoms multiplications and mymams — 1
additions. If we compute (7.2) as an iterated sum in the sequence (3,2,1)
specified, we first compute an array

D(Gs) = Z C(Ga,G3)
G3€Ss

in ma(ms — 1) additions. Note that the arrays A and B do not depend on
the index G5 so it is uneconomical to involve them in the sum on G3. Next
we compute an array

E(G)) = Z A(G1,G2)B(G2)D(Ge) (7.3)
G2€8S2

in 2myme multiplications and m; (mo—1) additions. Last of all, we compute
thesum ), g E(G1)inm;—1 additions. The total arithmetic operations
needed for the joint sum is 3mimomg — 1; for the iterated sum the total
is ma(3my + m3 — 1) — 1. It is clear that the iterated sum requires the
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same number of operations when mgs = 1 and strictly fewer operations
when mg > 1. If we take the alternative order (3, 1,2), the total operations
are mg(my +ms + 1) — 1. Thus, the order (3,1, 2) is even better than the
original order (3,2,1).

Note that when (7.2) is computed as an iterated sum, arrays are con-
stantly being created and discarded. At each summation, those arrays de-
pending on the current summation index are multiplied together, and the
resulting product array is summed on this index. This process leads to a
new array no longer depending on the eliminated index, and those arrays
participating in the formation of the new array can now be discarded. Each
summation therefore transforms the original computational problem into
a problem of the same sort, except that the number of indices is reduced
by one. Eventually, all indices are eliminated, and the original problem is
solved.

Finding an optimal or nearly optimal summation sequence is highly non-
trivial. In genetics problems, one can attempt to generate such sequences
by working from the periphery of the pedigree inward. Such pruning of the
pedigree succeeds for graphically simple pedigrees. However, in the pres-
ence of inbreeding, cycles or loops in the graphical structure of the pedigree
impede this approach. Furthermore, a purely graphical treatment ignores
the important differences in the number of genotypes per person. A detailed
analysis of this problem is carried out in [9].

Greedy algorithms provide useful heuristics for choosing a nearly opti-
mal summation sequence. For instance, we can always sum on that index
requiring the fewest current arithmetic operations to eliminate. Thus, in
our toy example, we would start with index 1 or 3 depending on whether
m1 < mg or my > ms3. A tie my = mg is broken arbitrarily. This greedy
heuristic is not always optimal, as Problem 3 indicates.

Another context where greedy algorithms arise naturally is in the for-
mation of array products. Consider, for instance, equation (7.3). If we first
multiply array B times array D to get

F(G2) = B(G2)D(G2),
and then multiply and sum to form

E(Gy) = Z A(G1, G2)F(Go),
G2€8s

we save mims — mg multiplications. This example illustrates that arrays
should always be multiplied pairwise until only two arrays involving the
current summation index survive. These last two arrays can then be mul-
tiplied and afterwards summed, or they can be simultaneously multiplied
and summed. The latter method generalizes matrix multiplication; it entails
the same amount of arithmetic but requires less storage than the former
method. In forming pairwise products of intermediate arrays, we face the
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question of what two arrays to multiply at any given step. In equation (7.3)
the answer is obvious. In more complex examples, we can resort to a greedy
approach; namely, at each stage we always pick the two arrays that cost
the least to multiply. Ties at any stage are broken by arbitrarily choosing
one of the best pairs of arrays.

7.5 Array Factoring

The calculation of pedigree likelihoods involving many linked markers has
raised interesting challenges. Even with complete phenotyping of all pedi-
gree members, phase ambiguities pose a problem. Lathrop et al. [22] show
that for many fully typed nuclear families (with or without grandparents
appended), the likelihood factors into a product of likelihoods involving
subsets of the loci. These multiplicand likelihoods can be quickly evalu-
ated. Lander and Green [17] take a different approach. They redefine the
likelihood expression (7.1) so that the sums extend over loci rather than
people. In other words, their algorithm steps through the likelihood calcu-
lation locus by locus while considering all people simultaneously at each
locus. This tactic has the consequence of radically displacing the source of
computational complexity. Instead of scaling exponentially in the number
of loci, their algorithm scales linearly. However, since all pedigree members
are taken simultaneously, it scales exponentially in the number of pedigree
members. Although the clever speedups proposed by Kruglyak et al. [15, 16]
help, very large pedigrees are simply beyond the reach of the Lander and
Green algorithm.

A synthesis of these two methods is possible [9]. On one hand, the factor-
ization method of Lathrop et al. [22] ultimately depends on being able to
factor the prior, penetrance, and transmission arrays. On the other hand,
the method of Lander and Green [17] shifts summations from people to
loci. It is possible to decompose on both people and loci in such a manner
that the prior, penetrance, and transmission arrays factor. This sugges-
tion entails viewing the multilocus ordered genotypes of a given person
as originating from a Cartesian product of his or her single-locus ordered
genotypes. A negative consequence of this synthesis is the substitution of a
swarm of small arrays where a few large ones formerly sufficed. In compen-
sation for this complication is the potential benefit of encountering much
smaller initial and intermediate arrays in the likelihood calculation.

To elaborate on this synthesis, consider again a typical person ¢ in a
pedigree with n members. Suppose that i’s phenotype X; is determined
by m loci 1,...,m taken in their natural order along a chromosome. A
multilocus ordered genotype G; of i decomposes into an ordered sequence
Gi = (G, ...,Gim,) of single-locus ordered genotypes G;;. Under Hardy-
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Weinberg and linkage equilibrium, the prior Prior(G;) factors as
Prior(G;) = H Prior(Gij). (7.4)
j=1

If i’s phenotype X; also decomposes into separate observations X;; at each
locus, then most penetrance functions exhibit the factorization

j=1

Failures of assumption (7.5) are rare in linkage studies and represent epis-
tasis among loci. Both equations (7.4) and (7.5) are forms of probabilistic
independence.

Factorization of transmission arrays is more subtle. According to Hal-
dane’s model, a gamete transmission probability Tran(H}, | G;) factors into
terms encompassing blocks of loci, with each block delimited by two het-
erozygous loci in the parent ¢. For example, suppose r and s, 1 <r < s < m,
are the only heterozygous loci in the parental genotype G;. Then the trans-
mission probability for the haplotype Hy, factors as

Tran(Hk | Gz) = Tran[(Hkl, ceey Hkr) | (Gih ey GZT)]
X’I‘I‘an[(Hk,T+l7"'7HkS) |(Gi7‘7'-'7Gis)7Hkr]
XTran[(Hk,s+1;"'7Hkm) |(Gi55-"aGim)7Hks]a

where the block (r,...,s) spans the only interval on which recombination
can be counted. Traversing the haplotype from locus 1 to locus m, a factor
of % accounts for which parental allele is encountered at the first heterozy-
gous locus r. Thus,

1

Tran[(Hkl,...,HkT) |(G11,,GZT)] = 5

Recombination or nonrecombination between loci » and s is summarized
by

Tran[(Hk7T+1, [P ;Hks) | (G“«, ey Gis)7 Hkr]

_ Ors for recombination on interval [r, s]
1—6,s for nonrecombination on interval [r, s],

where 6,5 is the recombination fraction between loci r and s. Finally, be-
cause recombination cannot be scored between loci s and m,

Tran[(Hk,SJrl,...,Hkm)|(Gi5,...,Gim),Hks] = 1.

For transmission array factorization to be useful, it must take the same
form for all possible multilocus genotypes G;. Clearly, a transmission array
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can be factored uniformly into two terms involving a given locus and loci to
the right and left of it, respectively, only if the contributing parent is an ob-
ligate heterozygote at the locus. A combination of inspection and genotype
elimination quickly identifies all obligate heterozygous loci in parents.

In this reformulated model, the summations in the likelihood representa-
tion (7.1) are replaced by analogous summations over person—locus combi-
nations Gj;. Although this substitution increases the complexity of finding
a good summation sequence, most other features of likelihood evaluation re-
main unchanged. For instance, genotype elimination is already carried out
one locus at a time. Array creation and annihilation are handled similarly
in both likelihood formulations, except that more numerous but smaller
arrays are encountered in the person—locus mode of calculation.

7.6 Examples of Pedigree Analysis

Example 7.6.1 Paternity Testing

Paternity testing confirms or eliminates a putative father as the actual
father of a child. Phenotyping of the mother, child, and putative father
is done at a number of different marker loci. If a genetic inconsistency is
found, then the putative father is absolved. On the other hand, if the trio
is consistent at all loci typed, then either a rare event has occurred or the
putative father is the actual father. There are two ways of quantifying the
rarity of this event. The Bayesian approach is to compute a likelihood ratio
of the trio with the putative father as real father versus the trio with the
real father as a random male. This likelihood ratio or paternity index
can be transformed into a posterior probability if a prior probability of
paternity is supplied.

A strictly frequentist approach to the problem is to compute the prob-
ability that a random male would be excluded by at least one of the tests
based on the phenotypes of the mother and child. This exclusion proba-
bility relieves a judge or jury from the necessity of quantifying their prior
probabilities of paternity. Both posterior and exclusion probabilities can
be computed for each locus separately and then cumulated over all loci
jointly. The locus-by-locus statistics are useful in determining which loci
are critically important in confirming paternity. The cumulative statistics
are the ones quoted in court.

To compute the paternity index, imagine two pedigrees. The first pedi-
gree, Ped;, contains the mother and child and the putative father as actual
father. The second pedigree, Peds, substitutes a random male with all phe-
notypes unknown for the actual father. The putative father is present as
an isolated individual unrelated to the child in Peds. Suppose the vec-
tor X7 denotes the observed phenotypes for the trio of mother, child,
and putative father at the jth locus of a set of marker loci in Hardy-
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TABLE 7.2. Phenotypes for a Paternity-Testing Problem

125

Person ABO Phenotype | ADA Phenotype
Mother AB 1/1
Child B 1/2
Putative Father B 1/2

Weinberg and linkage equilibrium. The paternity index for the jth locus is
Pr(X7 | Ped;)/ Pr(X7 | Pedy). Over all loci it is

[1, Pr(X7 | Pedy)
[1; Pr(X7 | Pedz)

(7.6)

Let o be the prior probability that the putative father is the actual father
based on the nongenetic evidence; let 8 be the posterior probability that
the putative father is the actual father based on both the nongenetic and
the genetic evidence. Then a convenient form of Bayes’ theorem is

aHjPr(Xj | Ped;)
(1 =) [[; Pr(X7 | Peda)

B

1-p

The exclusion probability for the jth locus can be found by carrying out

the genotype elimination algorithm on Ped; for this locus. Let S; be the

set of non-excluded genotypes for the random male. Then the exclusion

probability for locus j is 1 — che s Pr(G;). The exclusion probability
over all loci typed is 1 —J[;[> ¢, es, Pr(Gy)]-

TABLE 7.3. Statistics for the Paternity-Testing Example

Locus Paternity Index | Exclusion Probability
ABO 1.39 .078
ADA 7.58 .872
Both Loci 10.5 .882

As a simple numerical example, consider the phenotype data in Table 7.2.
At the ABO locus, suppose the three alleles A, B, and O have population
frequencies of .28, .06, and .66, respectively. At the ADA locus, suppose
the two codominant alleles 1 and 2 have population frequencies of .934
and .066, respectively. It is evident in this case that the only excluded
genotype for the father at the ABO locus is A/A; at the ADA locus, the only
excluded genotype is 1/1. Table 7.3 lists the computed paternity indices and
exclusion probabilities. Although the ADA locus is less polymorphic than
the ABO locus, in this situation it yields the more decisive statistics. In
practice, a larger number of individually more polymorphic loci would be
used. ]
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Example 7.6.2 Gamete Competition Model

When a new locus is investigated, one of the first statistical tasks is
to check whether its proposed alleles and genotypes conform to Mendelian
segregation ratios. The typical way of doing this is to subdivide all available
nuclear families into different mating types. For any given pair of parental
genotypes, there are from one to four possible offspring genotypes. The
numbers of offspring observed in the various genotypic categories are used
to compute an approximate y? statistic. These approximate y? statistics
are then added over the various mating types to give a grand 2. This
classical procedure suffers from the fact that the component x? statistics
often lack adequate numbers for large sample theory to apply. If the alleles
at the proposed locus involve dominance, then defining mating types is also
problematic.

An alternative procedure is to assign each allele A; a segregation pa-
rameter 7;. These parameters can be estimated by maximum likelihood
from the available pedigree data. The parameters enter the likelihood cal-
culations at the level of gamete transmission probabilities. For two dif-
ferent alleles A, and A;, take Pr(4; | A;/A;) = 7,/(7; + 7;) as suggested
in the Bradley-Terry model for ranking sports teams in the same league.
[3, 12, 14, 20, 29, 30]. For a homozygous parental genotype A;/A;, take
Pr(4; | A;/A;) = 1. Under the hypothesis of Mendelian segregation, all
the 7’s are equal. Because multiplying the 7’s by the same constant pre-
serves segregation ratios, one should impose a constraint such as 7; = 1 for
one ¢. Using a likelihood ratio statistic, one can then test whether all other
T — 1.

As a simple numerical example, consider the four alleles 1+, 1—, 2+,
and 2— of the PGM1 marker locus on chromosome 1. The PGM1 data of
Lewis et al. [23] lists 93 people in 5 pedigrees. For these data, the maximum
likelihood estimates are 714 = 1, 71— = .79, 7o+ = .84, and 7o = 1.26.
The likelihood ratio statistic is approximately distributed as a 2 with three
degrees of freedom. The observed value of this statistic,

2 x [(—=114.70) — (—115.64)] = 1.88,

suggests that the alleles of the PGM1 locus do conform to Mendelian in-
heritance. Note that this analysis safely ignores the issue of ascertainment.

This gamete competition model also forms the basis of a attractive
parameteric generalization of the transmission/disequilibrium test (TDT).
In the absence of severity data, the most natural implementation uses
Mendelian segregation ratios for transmission to unaffected children and
Bradley-Terry segregation ratios for transmission to affected children. This
tactic permits detection of distorted transmission to affecteds. The model
also accommodates quantitative as well as qualitative outcomes, allows for
covariates, and makes effective use of full pedigree data. To use quantita-
tive outcomes and covariates, it is convenient to reparameterize by writing
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7; = ¥ [29]. This eliminates the positivity constraint 7; > 0. Disease sever-
ity can be taken into account by writing w; = B;x,, where x,, is the child’s
severity index adjusted by gender and standardized to have mean 0 and
variance 1. If large values of the severity index are associated with allele ¢,
then we expect the estimated value of 3; to be positive. Because
1

Pr(i/j — i) = T o (7.7)
we take one ; = 0. Under the null hypothesis of Mendelian transmission,
all g; = 0.

It is instructive to see how the gamete competition model handles intra-
genic single nucleotide polymorphisms (SNPs). Unfortunately, com-
bining multiple intragenic SNPs into a single super marker complicates
application of the traditional TDT, which requires codominant markers.
For instance, suppose we score each of three linked SNPs as a 1 or 0. An
observed triple heterozygote is consistent with any of the four unordered
haplotype pairs 111,/000, 110/001, 101/010, and 011/100. If we admit the
possibility of incomplete typing within a single individual, the ambiguity
is even greater. Circumventing the phase problem by assigning individuals
their most probable haplotypes is arbitrary and bound to lead to subtle bi-
ases. The gamete competition model neatly circumvents the phase problem
by including each possible haplotype pair weighted by its overall contribu-
tion to the likelihood of the pedigree. This is a virtue of a likelihood-based
method compared to a nonparametric method. Of course, applying the
gamete competition model to multilocus SNP data will require good esti-
mates of haplotype frequencies. The safest course is to estimate haplotype
frequencies simultaneously with transmission parameters.

The pedigree data of Keavney et al. [13] on three SNPs within the
angiotensin-1 converting enzyme (ACE) gene illustrate the gamete competi-
tion model in action. We test whether gamete transmission at these markers
correlates with the quantitative trait, gender adjusted serum ACE levels.
The intragenic SNPs involved are the fourth (A-240T), sixth (T1237C) and
ninth (G2350A) polymorphisms. Because the ACE gene spans only 26kb
(kilobases), the recombination fractions between these SNPs are effectively
zero. For the sake of readability, each of the three SNPs incorporates its
two alleles as the first and last letter of its name. Thus, T1237C has alleles
T and C. The pedigree data consist of 83 white British families ranging
in size from 4 to 18 members [13]. Families were selected without regard
to ACE levels, which were determined on 405 family members. Genotypes
were collected on 555 family members.

We now consider the impact on ACE levels of transmission at all three
loci. The most general model based on equation (7.7) has 8 possible haplo-
types. The likelihood ratio statistic of 80.26 = 2(—682.63 4+ 722.76) of the
null hypothesis (all 3’s 0) has an asymptotic p-value < 10~ on 7 degrees of
freedom. In Table 7.4, the maximum likelihood estimates of the haplotype
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TABLE 7.4. Transmission of A-240T, T1237C and G2350A Haplotypes as a Func-
tion of ACE Level

ik ATA ATG ACA ACG
fir | 414 £ .025 .010 £ .006 | .058 + .012 | .180 + .020
ik TTA TTG TCA TCG
Fik | 005 4 .004 | .0001 + .0000 | .008 & .005 | .325 + .024
ik ATA ATG ACA ACG
Bijk | -000 £ .000 393 £ .928 | .149 &+ .370 | 1.137 £ .230
ik TTA TTG TCA TCG
Bijr | -2.101 £ 3.105 | .110 + 23.913 | .508 + .614 | 1.470 + .212

frequencies frra, frra, and frcoa fall below 1% and have large attached
standard errors. When we repeat the analysis after binning haplotype TTA
with TCA and haplotype TTG with TCG, the resulting likelihood ratio sta-
tistic is 81.22 (p-value < 1076 with 5 degrees of freedom). Further analysis
of these data suggest that SNP (G2350A alone is driving the association
and that neither of the more upstream markers A-240T and T1237C are
likely to play a part in controlling ACE levels.

|

Example 7.6.3 Risk Prediction

Risk prediction in genetic counseling reduces to an exercise in computing
conditional probabilities [4, 25]. Figure 7.2 depicts a typical risk prediction
problem. The fetus 7 in Figure 7.2 has been tested for the marker gene
secretor linked to the autosomal dominant disease myotonic dystrophy. As-
suming that myotonic dystrophy cannot be clinically diagnosed at the fetal
stage, what is the risk that the fetus will eventually develop the disease?
At the myotonic dystrophy locus, affected individuals in the pedigree are
denoted by partially darkened circles or squares. The disease allele Dm™ is
so rare that the Dm™*/Dm™ disease genotype is virtually nonexistent. The
secretor locus also exhibits dominance, with the Set allele being dominant
to the Se™ allele. Thus, phenotypes at either locus convey whether the
dominant allele is present.

To compute the risk to the fetus, we must form the ratio of two proba-
bilities. The denominator probability is just the probability of the observed
phenotypes within the pedigree. These phenotypes include the fetus’s se-
cretor phenotype, but not its unknown disease phenotype. The numerator
probability is the probability of the observed phenotypes within the pedi-
gree plus an assigned phenotype of affected for the fetus at the myotonic
dystrophy locus. Given Hardy-Weinberg and linkage equilibrium, allele fre-
quencies of pg.+ = .52 and pp,,+ = .0001, and a recombination fraction
of # = .08 between the two loci, the risk to the fetus can be computed as
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Set Set Se~
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FIGURE 7.2. Risk Prediction for a Pedigree Segregating Myotonic Dystrophy

.84. Tt takes great patience to carry out these calculations by hand, but a
computer does them in less than a twinkling of an eye [20]. This example
is mainly of historical interest since the gene for myotonic dystrophy has
been cloned [1]. [

Example 7.6.4 Lod Scores and Location Scores

Geneticists are keenly interested in mapping genes to particular regions
of particular chromosomes. Classically they have defined linkage groups in
plants and nonhuman animal species by testing for reduced recombination
between two loci in a breeding experiment. In humans, planned matings
are ethically objectionable, and geneticists must rely on the random re-
combination data provided by human pedigrees. During the past decade a
vigorous effort has been made to map large numbers of marker loci using
a common group of specially chosen pedigrees [6]. These CEPH (Centre
d’Etude du Polymorphisme Humain) pedigrees are large nuclear families.
Most of them include all four associated grandparents; this helps deter-
mine phase relations in the parents. With the advent of physical mapping
techniques such as somatic cell hybrids, in situ hybridization, and radia-
tion hybrids, pedigree analysis has diminished in importance, but it still
is the only method for mapping clinically important diseases of unknown
etiology.

In mapping a disease locus, the CEPH pedigrees are useless. Only pedi-
grees segregating the disease trait of interest contain linkage information
on that trait. In a typical clinical genetics study, the likelihood of the
trait and a single marker is computed over one or more relevant pedi-
grees. This likelihood L(f) is a function of the recombination fraction 6
between the trait locus and the marker locus. The standardized loglikeli-
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FIGURE 7.3. An Episodic Ataxia Pedigree with Reconstructed Haplotypes

hood Z(#) = log,o[L(0)/L(3)] is referred to as a lod score. Here “lod”
is an abbreviation for “logarithm of the odds.” A lod score permits easy
visualization of linkage evidence. As a rule of thumb, most geneticists pro-
visionally accept linkage if Z(f) > 3 at its maximum 6 on the interval
[0, 3]; they provisionally reject linkage at a particular 6 if Z(6) < —2. Ac-
ceptance and rejection are treated asymmetrically because with 22 pairs
of human autosomes it is unlikely that a random marker even falls on the
same chromosome as a trait locus.

Figure 7.3 depicts an updated version of pedigree 4 from an article by
Litt et al. mapping the autosomal dominant disease episodic ataxia to
chromosome 12p [24]. Presumably the great-grandmother 2001 is the source
of the disease gene in this pedigree. Her affected descendants are indicated
by black circles and squares. Except for 2001 and the spouse 1011 of 1010,
all of the remaining 29 members of the pedigree were available for typing
with the nine 12p markers shown in the figure. Figure 7.4 plots the lod score
between episodic ataxia and the marker D12S372. This pedigree strongly

=
=
=

B WA R WO N WR

199 100 102 103 104 114 113 115 116 117
4 4 11 e3 3 21 31 31 e33 3 3 3 1 e3 3 13
3 3 4 3 e6 3 2 3 ®6 3 3 4 e66 °6 4 e6 3 6 2 14
9 10 109 109 1010 109 9 9 el08 0101 e109 e109 9 8
3 4 25 e3 4 4 3 3 5 2 3 e33 3 2 3 2 e3 3 2 3
2 5 16 2 6 6 6 2 6 6 6 26 16 2 1 2 1 5 6
4 9 7 4 o7 4 4 3 7 3 105 o7 4 7 4 o7 4 o7 4 5 5
3 3 33 2 4 3 1 2 3 11 e22 3 2 2 2 2 1 4 4
4 4 6 1 3 5 4 6 31 8 7 e33 6 3 3 5 e3 3 4 4
12 76 o4 6 6 4 4 6 3 6 e44 7 4 4 1 o4 4 4 4

T
r
.
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Lod Score

Theta
FIGURE 7.4. Lod Score Curve for Episodic Ataxia Versus Marker D125372

suggests but does not prove linkage. Note that individual 9004 is a definite
recombinant between the disease locus and D12S372; this fact explains the
limiting behavior limg_,g Z(#) = —oo of the lod score curve. In this example
as in all examples, Z (%) = 0 by definition.

Once a disease gene is mapped to a particular chromosome region, ge-
neticists saturate the region by typing many nearby markers in the disease
pedigrees. Because the order and separation of the markers are usually
known from the CEPH families, the goal now becomes one of positioning
the disease locus on the known marker map. In the method of location
scores, we accomplish this task by evaluating and plotting the joint like-
lihood of the disease and marker phenotypes as a function of the position
of the disease locus [21, 28, 31]. This necessitates converting recombination
fractions into map distances, a process we will consider in Chapter 12. For
the moment, let us only mention Haldane’s map function

1
d = —3 In(1 — 20) (7.8)
and its inverse
1 —2d
0 = 5(1 —e Y, (7.9)
which is certainly reminiscent of a Poisson process with intensity 2. The

map distance d featured in these formulas represents the expected number
of crossovers between the two loci per gamete. The unit of distance is the
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Location Score

Distance (d)
FIGURE 7.5. Location Score Curve for Episodic Ataxia Versus 12p Markers

Morgan (or the centiMorgan, which equals 10~2 Morgans), in honor of one
of the pioneers of gene mapping. Map distances have the advantages of be-
ing additive over large distances and approximately equaling recombination
fractions for small distances.

A location score is analogous to a lod score. An origin is arbitrarily fixed
and map distances d are now measured relative to it. If L(d) denotes the
likelihood of the trait and marker data when the trait locus is at position
d, then Z(d) = logyo[L(d)/L(o0)] defines the location score. In effect, one
standardizes the loglikelihood by moving the trait off the marker chromo-
some. This extreme position entails independent segregation of the trait
gene relative to the marker genes. One defect of location scores is that re-
combination fractions do not depend on sex. If we postulate a common ratio
of female to male map distances, then even this defect can be remedied.

Figure 7.5 plots a location score curve for the episodic ataxia pedigree
drawn in Figure 7.3. Owing to the computational difficulty of this prob-
lem, only the representative marker pY2/1 from the tight cluster pY2/1,
pY21/1, KCNAS5, and D125S99 was used in the calculations. The map for the
six participating chromosome 12p markers can be summarized as follows:

Recombination Fractions Between Adjacent 12p Markers

leM leM 3cM 3cM

5100 “M cAcNL1A1 2N 5372 deM

S91 S93

pY2/1

In Figure 7.5, the origin occurs at locus D12591, and distances are given
in units of centiMorgans (cM).
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Inspection of the location score curve shows that it rises above the mag-
ical level of 3 and that the episodic ataxia gene probably resides on the
interval from D12S372 to pY2/1. Where the marker S372 is uninformative
for linkage, other markers fill the information gap. Thus, location scores
make better use of scarce disease pedigrees than lod scores do. In Chapter
9 we will revisit this problem and demonstrate how the haplotypes dis-
played in Figure 7.3 are reconstructed and how one can compute location
scores using an almost arbitrary number of markers. ]

7.7 Problems

1. Under Haldane’s model of independent recombination on disjoint in-
tervals, it is possible to compute the recombination fraction 6;; be-
tween two loci ¢ < j by Trow’s formula

j—1

1-20;; = [ —20kk41), (7.10)
k=1

where the loci occur in numerical order along the chromosome, and
where 6, 111 is the recombination fraction between the adjacent loci
k and k + 1. Verify Trow’s formula first for three loci (i = 1 and
j = 3) and then by induction for an arbitrary number of loci. (Hint:
For three loci, recombination occurs between loci 1 and 3 if and only
if it occurs between loci 1 and 2 and not between loci 2 and 3, or vice
versa.)

2. Consider the partially typed, inbred pedigree depicted in Figure 7.6.
The phenotypes displayed in the figure are unordered genotypes at a
single codominant locus with three alleles. Show that the genotype
elimination algorithm fails to eliminate some superfluous genotypes
in this pedigree.

3. The sum of array products

> 0 Y A(G1,Ga,Gs,Ga)B(Ga, Gs)
G1€851 Gg€eSy

x C(Gs,Ge)D(Gs, G7,Gs, Gg)

can be evaluated as an iterated sum by the greedy algorithm. If all
range sets S; have the same number of elements m > 2, then show
that one greedy summation sequence is (5,1,2,3,4,7,8,9,6). Prove
that the alternative nongreedy sequence (1,2, 3,4,5,7,8,9, 6) requires
fewer arithmetic operations (additions plus multiplications) [18].
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O

1 2
O '
3 4
5 6 7
2/2 1/2 2/3

FIGURE 7.6. A Genotype Elimination Counterexample

4. Consider the array product

E(G17 G27 G3; G47 G5)
= A(G1,G2,G3)B(G1)C(Ga,G3,G4)D(G5),

where the range set S; for the index G; has 4, 2, or 3 elements ac-
cording as ¢ = 1,4 € {2,3,4}, or i = 5. Show that the greedy tactic
of assembling the product array from the pairwise products of the
multiplicand arrays first multiplies B times D, then A times C, and
finally the product BD times the product AC. Demonstrate that the
alternative of multiplying A times B, then C' times D, and finally the
product AB times the product C'D requires fewer total multiplica-
tions [18].

. Verify the numerical entries in Table 7.3.

Do by hand the risk prediction calculation for myotonic dystrophy,
showing the various steps of the computations in detail. Neglect the
extremely rare Dm + /Dm+ genotype at the myotonic dystrophy lo-
cus. Using two-locus genotypes, evaluate the two required likelihoods
as seven-fold iterated sums.

Figure 7.7 gives a pedigree for an autosomal recessive disease and
a linked marker. The four marker genes a, b, ¢, and d are assumed
distinct. If the recombination fraction between the two loci is 8, then
show that the risk of the fetus 5 being affected is

(1—=0)50+ (1—0)%0%+ (1 —0)%0* + (1 — 6)6°
(1-6)*+2(1-0)262 + 6+ '
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O——T

1 2
a/b c/d
© @ &
3 4 5
b/d b/d b/c

FIGURE 7.7. Risk Prediction for a Recessive Disease via a Linked Marker

8. A healthy male had a sister with cystic fibrosis (CF), but she and his

parents are dead. What is his risk of being a carrier for this recessive
disease? About 75 percent of all disease alleles at the CF locus are
accounted for by the AF5ps mutation. If he tests negative for the
AF50s mutation, what is his risk of being a carrier [28]?

O——0

1 2

0 O [
w O

FIGURE 7.8. Risk Prediction for an X-linked Recessive Disease

. The grandson 7 depicted in the pedigree of Figure 7.8 is afflicted
by a lethal, X-linked recessive disease [25]. Problem 11 of Chapter 1
notes that if the carrier females for such a disease are fully fit, then
they have a population frequency 4y, where p is the mutation rate to
the disease allele. In view of this fact, demonstrate that the mother
4 has a chance of approximately 5/13 of carrying the disease allele.
Consequently, her next son has a chance of 5/26 of being affected.
(Hints: Either the grandmother 1 is a carrier, or the mother 4 is a
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10.

11.
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new mutation and passes the disease allele to the grandson 7, or the
grandson 7 is a new mutation. The presence of unaffected uncles 5
and 6 and an unaffected brother 8 modifies the probabilities of these
contingencies. Because p is very small, you may approximate the
probability of a carrier female passing either the normal or disease
allele as 1/2. You may also approximate the prior probability of a
normal female or normal male as 1.)

Consider a nuclear family in which one parent is affected by an auto-
somal dominant disease [11]. If the affected parent is heterozygous at
a codominant marker locus, the normal parent is homozygous at the
marker locus, and the number of children n > 2, then the family is in-
formative for linkage. Because of the phase ambiguity in the affected
parent, we can split the children of the family into two disjoint sets of
size k and n — k, the first set consisting of recombinant children and
the second set consisting of nonrecombinant children, or vice versa.
Show that the likelihood of the family is

L) = %9’6(1 —0)"F 4 %9”*’@(1 — ),

where 6 is the recombination fraction between the disease and marker
loci. A harder problem is to characterize the maximum of L(#) on the
interval [0, 1]. Without loss of generality, take k < 2. Then demon-
strate that the likelihood curve is unimodal with maximum at 6 =0
when k = 0, at # = 1 when (n — 2k)? < n, and at € (0,1) oth-
erwise. (Hints: The case kK = 0 can be resolved straightforwardly by
inspecting the derivative L'(6). For the remaining two cases, write
L'(0) = 0*=1(1 — 0)"~*g(r), where g(r) is a polynomial in 7 = .
From this representation check that § = 0 is a local minimum of L(9)
and that § = 1 is a stationary point of L(¢). The maximum of L(6)
must therefore occur at § = % or some other positive root of g(7).
Use Descartes’ rule of signs [7] and symmetry to limit the number of
positive roots of g(7) on 7 € (0,1], that is, § € (0, ]. Compute L"(3)
to determine the nature of the stationary point 6 = %)

Consider the revision
L(3) = Z"'ZHPGH(Xi | G;)BYGi=a)
G1 Gn i

X HPrior(Gj) H Tran(G,, | G, G)
J {k,l,m}

of the likelihood expression (7.1), where [ is an artificial parame-
ter and g is a fixed genotype. Prove that % In L(1) is the expected
number of people in the pedigree with genotype g conditional on the
observed phenotypes in the pedigree. Note that this device is easy to
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implement in a good pedigree analysis program with the ability to
compute partial derivatives numerically. Suggest at least one other
interesting conditional expectation that one could compute by this
technique.
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8
The Polygenic Model

8.1 Introduction

The standard polygenic model of biometrical genetics can be motivated
by considering a quantitative trait determined by a large number of loci
acting independently and additively [12]. In a pedigree of m people, let XF
be the contribution of locus k to person . The trait value X; = >, XF for
person 4 forms part of a vector X = (X1,..., X,;,)? of trait values for the
pedigree. If the effects of the various loci are comparable, then the central
limit theorem implies that X follows an approximate multivariate normal
distribution. (See the references [19, 21] and Appendix B.) Furthermore,
independence of the various loci implies Cov(X;, X;) = >, Cov(XF, Xjk)
From our covariance decomposition for two non-inbred relatives at a single
locus, it follows that

COV(Xi,Xj) = 2(1)”0(21 + AnjO’ﬁ,

where 02 and 02 are the additive and dominance genetic variances summed
over all participating loci. These covariances can be expressed collectively
in matrix notation as Var(X) = 202® + ¢2A7. Again it is convenient to
assume that X has mean E(X) = 0. Although it is an article of faith that
the assumptions necessary for the central limit theorem actually hold for
any given trait, one can check multivariate normality empirically.
Environmental effects can be incorporated in this simple model by sup-
posing that the observed trait value for person ¢ is the sum Y; = X; + Z;
of a genetic contribution X; and an environmental contribution Z;. If we

assume that the random vector Z = (Z1,..., Zy)" is uncorrelated with X
and follows a multivariate normal distribution with mean vector v and co-
variance matrix Y, then the trait vector Y = (Y3,...,Y,,)! is multivariate

normal with mean E(Y') = v and covariance Var(Y) = 202® + 02A7 + T.

Different levels of environmental sophistication can be incorporated by
appropriately choosing v and Y. Typically v is defined to be a linear func-
tion v = Au of a parameter vector i of p mean components. The m x p
design matrix A specifies the measured covariates determining this lin-
ear function. For instance, p might be (g g, pm, @), where py is the female
population mean at birth, u,, is the male population mean at birth, and
a is a regression coefficient on age. A row of A is then either (1,0, age)
or (0,1, age), depending on whether the corresponding person is female or
male.

Among the simplest possibilities for Y is T = ¢21, where I is the m x m
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identity matrix. The parameter o2 is referred to as a variance compo-
nent. For this choice of YT, environmental contributions are uncorrelated
among pedigree members. Note that environmental contributions include
trait measurement errors. To represent shared environments within a pedi-
gree, it is useful to define a household indicator matrix H = (h;;) with
entries

heo — { 1 ¢ and j are in the same household
“ 0 otherwise.

A reasonable covariance model incorporating both household and random
effects is T = 07 H + 021, giving an overall covariance matrix {2 for Y of

Q = 2020 +03A; +0iH + 01,

This last representation suggests studying the general model
0 = Zggrk, (8.1)
k=1

where the variance components U,% are nonnegative and the matrices I'y, are
known covariance matrices. Since measurement error will enter almost all
models, at least one of the I'y, should equal I. For convenience, we assume
Ir.=1

8.2 Maximum Likelihood Estimation by Scoring

2

The mean components j1, ..., 1, and the variance components 0%, ..., o2

appear as parameters in the multivariate normal loglikelihood
m 1 1 t1
L(y) = —Eln27r—§lndetQ—§(y—A,u) Q (y—Ap) (8.2)

for the observed data Y = y [15, 17, 21, 23]. In equation (8.2), det{
denotes the determinant of Q, and v = (1, ..., up, 0%, ...,02)" denotes the
parameters collected into a column vector. Because I, = I, € is nonsingular
whenever o2 > 0.

To implement the scoring algorithm for maximum likelihood estimation
of v, we need the loglikelihood L(7), score dL(v), and expected informa-
tion J(v) over all the pedigrees in a sample. Because these quantities add
for independent pedigrees, it suffices to consider a single pedigree. In de-
riving the score and expected information for a single pedigree, we could
use the general results presented in Chapter 3 for exponential families of
distributions. It is more illuminating to proceed directly after reviewing the
following facts from linear algebra and calculus:
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(a) If B = (bi;) is a square matrix with cofactor B;; corresponding to
entry b;j, then the determinant det B =}, b;; B;; is expandable on
any row 3. If B is invertible as well, then its inverse C = B~! has
entries Cij = ﬁ(Bﬂ)

(b) If B = (b;;) is a square matrix, then the trace tr(B) of B is defined
by tr(B) = ), bi;. The trace function satisfies tr(BC) = tr(C'B) for
any two conforming matrices B and C.

(c) The matrix transpose operation satisfies (BC)! = C*B*.

e expectation of a random vector 1y-..,Xpn)" 1s defined com-

d) Th f d X =(X X,,)? is defined
ponentwise by E(X) = [E(X1),...,E(X,)]!. Linearity carries over
from the scalar case in the sense that

E(X+Y) = EX)+E®Y)
E(BX) = BE(X)

for a compatible random vector Y and a compatible matrix B.

(e) If B is a matrix and W is a random vector, then the quadratic form
WtBW has expectation E(W!BW) = tr[B Var(W)]+E(W)!BE(W).
To verify this assertion, observe that

E(W!BW) = E(ZWibijo)

> b E(W; W)
Z bi;[Cov(W;, W;) + E(W;) E(W;)]

= tr[BVar(W)] + E(W)'BE(W).

(f) The partial derivative of a matrix B = (b;;) with respect to a scalar
parameter 6 is the matrix with entries (%bij). Because the trace func-

tion is linear, -2 tr(B) = tr( B) The product rule of differentiation

» 90
implies Z(BC) = (& )C+ BEC.
(g) The derivative of a matrix inverse is 5B~ = —B~1(&B)B~!. To
derive this formula, solve for 2 B~! in
0
0 = =1
00
0
= —(B™'B
59 )

- (%B )B+B— %B
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(h) If B is a square matrix, then % Indet B = tr(B~'-2 B). This formula
is validated by

P P P

spndetB = 3 ( . et B)%bi‘j
Bi; ﬁb»»

> det B9

- ()

using property (a).

Applying the above facts to the loglikelihood (8.2) leads to the score.
With respect to the mean component u;, we have

9] 1 0 \! 1 0
L = —-(A QO ly-A —(y—Ap)tQtA
o 2( o u) (y = Ap) + 5(y — Au) o
- ( 0 )tAtQ‘l( — Ap)
= (gt y— Ap).
With respect to the variance component o2, we have
0 B 19 1 . 0 4
—801-211 = 2307 Indet 2(y Ap) 8039 (y— Ap)

G RO Ly~ AT (y — Ap).

In similar fashion, the elements of the observed information matrix are

0? 9 N\t 0
— L = (=—u) Alo71A
OuiOp (aﬂj H) o
0? 0 t
————L = (=—u) A0 (y—A
D20, (auj ,u) (v — Ap)
62
- % I
Op; 007
0 1 —1p -1
gzl = U@ ne r;)
1 _ _ _
+ 5(3/ — A QIO (y — Ap)
1 _ _ _
+5ly - At QTN (y - Ap)
= — %tY(Q_IFiQ_ll—‘j)
+(y — Ap)' QT 0 (Y — Ap).
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Note that % 1 and 8%3_29 =T'; are treated as constants in these derivations.

Since E(Y) = Ay, the expected information matrix has entries

2
B ( - 3#?8% L) - (%M)tAtQ_lAa%iu

J

0? 9 N yto-1p.o-1
B(- 801.2(%@) - (8—M ) AT E(Y) — Ap
-0 (8.3)
E ( - 8721:) — _lu@ o) + @ no e o)
801-280]2 2 ! J ! J

% tI‘(QilFiﬂill—‘j).

Some simplification in the above formulas can be achieved by defining

the partial score d,L = (a%lL, ceey %L) and the corresponding partial
P
observed information matrix —diL. Since (6%1 TR (%p ) is the identity
matrix I,
d, L' = A'Q My — Ap)

~’L = A'QT'A

The expected information matrix J evidently has the block diagonal form

r= (T k)

where —d?, L is the observed information matrix on o2 = (0%,...,02)".
Since the block form of .J is retained under matrix inversion, the current
1 is updated in the scoring algorithm by

p+ (AQTA) ANy — Ap) = (AMQTRA) ANy (8.4)

If there is more than one pedigree, the quantities A*Q~' A and A*Q~'y must
be summed over all pedigrees before matrix inversion and multiplication.
The scoring increment Ac? to o2 is similarly expressed as

Ao? = B(-d%L) 'd,.L".

It is convenient to initialize o2 at (0,...,0,1)%. Since Q = I in this case,
the first iteration of the scoring algorithm (8.4) produces the standard lin-
ear regression estimate of p. Of course, this estimate does not take into
account the correlational architecture of the pedigree. In those unlikely cir-
cumstances when g is known exactly, the initial value o2 = (0,...,0,1)
leads to a least-squares estimate of o2 after a single iteration of scoring.
(See Problem 4.) Computation of the score dL and expected information
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matrix E(—d?L) also simplifies drastically when € = I. This fact can be
used to good advantage in a quasi-Newton search of the loglikelihood [29].
Although quasi-Newton methods explicitly require neither the observed nor
the expected information matrix, a good initial approximation to the ob-
served information matrix is crucial. Starting a search at o = (0,...,0,1)
and approximating the observed information matrix by the expected infor-
mation matrix fits in well with the quasi-Newton strategy.

The basic model just presented can be generalized in many useful ways
[21]. First, missing observations can be handled by deleting the appropri-
ate rows (and columns) of the observation vector y, the design matrix A,
and the covariance matrix §2 of a pedigree. Second, theoretical means and
covariances that depend nonlinearly on the parameters can be accommo-
dated. To be precise, suppose A(u) is the mean vector and Q(c?) is the
covariance matrix of a given pedigree. Then any appearance of Aaim W in
the scoring algorithm is replaced by %A(u), and any appearance of I'; is
[é)

P
9o

ance models for multivariate traits can be devised.

replaced by Q(0?). Third, as we shall see later in this chapter, covari-

8.3 Application to Gc Measured Genotype Data

Human group specific component (Gc) is a transport protein for vitamin
D. The Gc locus determines qualitative variation in the Gc protein. An
interesting question is whether the genotypes at the Gc locus also influence
quantitative differences in plasma concentrations of the Gc protein. Daiger
et al. [6] collected relevant data on 31 identical twin pairs, 13 fraternal twin
pairs, and 45 unrelated controls. Gc concentrations and Gc genotypes are
available on all individuals. The three genotypes 1/1, 1/2, and 2/2 at the
Gec locus are distinguishable.

A reasonable model for these data involves p = 5 mean components
and r = 3 variance components [4]. The covariates are Gec genotype, sex,
and age. To accommodate these covariates requires mean components i /1,
pis2, and fig o for the three genotypes, a male offset jimale to distinguish
males from females, and a regression coefficient f1,¢c on age. With these
components, the expected trait value for a 35-year-old female with Gc
genotype 1/2is p11/2 + 35/1age, for instance. For a 15-year-old male with
genotype 2/2, the expected trait value is 119/2 + ftmale + 15ptage-

Instead of choosing the variance components 02, 03, and o2 parameter-
izing the additive genetic variance, the dominance genetic variance, and
the random environmental variance, we can proceed somewhat differently
for these data. Let afot be the total trait variance, pjqent the correlation
between identical twins, and pg.a¢ the correlation between fraternal twins.
Mathematically the two sets of parameters give the same model. Biologi-
cally, the interpretation of the second set of parameters is less rigid. Note
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that the hypothesis 05 = 0 is equivalent to the hypothesis pgas = %pident.

TABLE 8.1. Maximum Loglikelihoods for the Gc Data

Model Loglikelihood | Parameters
Full Model -217.610 8
Pirat = 3 Pident -217.695 7
Hi/1 = Hij2 = K2/2 -230.252 6

Table 8.1 summarizes maximum likelihood output from the computer
program FISHER [22] for these data. In the first analysis conducted, all
eight parameters were estimated under the model just described. The sec-
ond analysis was performed under the constraint pgar = % Pident, and the
third analysis was performed under the constraints pi,,1 = pr1/2 = p2/2. A
likelihood ratio test shows that there is virtually no evidence against the
assumption pgay = %pident. Furthermore, under the model pg.ay = % Didents
the estimated correlation between identical twins is .80, indicating a highly
heritable trait. High heritability is also suggested by the extremely signifi-
cant likelihood ratio test for the equality of the three Gec genotype means.
Although further test statistics do detect modest departures from normal-
ity in these data, it is safe to say that Gc genotypes have a major impact
on plasma concentrations of the Ge protein.

8.4 Multivariate Traits

Often geneticists collect pedigree data on more than one quantitative trait.
To understand the common genetic and environmental determinants of two
traits, let X = (X1,..., X)) and Y = (Y1,...,Y,) be the random values
of the n members of a non-inbred pedigree [21]. If both traits are determined
by the same locus, then in the absence of environmental effects, we know
that

COV(XZ', XJ) = 2(131']'0'31 + A’ﬁjdﬁm (85)

COV(Y;‘, Y}) = 2(131']'0'37! + A7ij0(21y, (86)

where 02, and o2 are the additive and dominance genetic variances of the
X trait, and o3, and oﬁy are the additive and dominance genetic variances

of the Y trait. If we consider the sum Z; = X; +Y;, then we can likewise
write the decomposition

COV(ZZ',Z]‘) = 2(I)ij0¢2zz+A7ijU(2iz (87)

in obvious notation. Subtracting equations (8.5) and (8.6) from equation
(8.7), dividing by 2, and invoking symmetry and the bilinearity of the
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covariance operator, we deduce that

COV(Xi, Y}) = COV(Y;, XJ)
= 20040y + A7ij0dzy, (8.8)
where
1
Oazy = §(U¢3z - ng - Ugy)
1
Odxy = 5(03,2 - Usm - Uﬁy)

are additive and dominance cross covariances, respectively.

It is helpful to collect the covariances (8.8) into a single variance matrix.
Notationally and computationally, the key is the matrix Kronecker product
[16, 30]. Let A = (a;;) be an r x s matrix and B = (b;;) an ¢t X u matrix.
The Kronecker product A ® B is the rt x su block matrix
allB s alsB
AeB = [ o
amB - arsB
Problem 8 explores some of the many theoretical properties of Kronecker

products. Given the Kronecker product construction, the covariances can
be collectively expressed as

var| (V)
, (2B 0 0 2 5> (0 0
%(0 0)+"“9”y(2<1> o)+"ay<o 2<1>>
2o (A7 O 0 Ay 5 (0 0
+ Odx ( 0 0 + Odxy A7 0 +Udy 0 A7 (89)

2 2
2(0“ U“;”) P+ ( Jdz Udfy) ® Ar.

Oazy Ogy Odzy  Ogy

The covariance representation (8.9) carries over to two traits determined
by multiple loci if each locus contributes additively to each trait. Random
measurement error can also be incorporated in this scheme if the covariance
matrix (8.9) is amended to include the further terms

2o (I O 0 I 2 (0 0 _ 02, Oeay
Uez (O 0 + Ueacy I 0 + Uay 0 I - Ueq;y O_Sy ® I

Finally, if we desire to model common household effects, then we tack on
the additional terms

H 0 0 H 0 0 o2 Oha
U’%z(o 0)*””?/(1—1 o)*”fw<o H) - (Uhh;u a,%y)@’H’

Y
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where H is the household indicator matrix. Means can be linearly parame-

T - @

for given design matrices A and B.

For three or more multivariate traits, we get analogous Kronecker prod-
ucts involving matrices %,, 34, X, and ¥ for the additive, dominance,
random environment, and common household effects, respectively. Each of
these matrices is a parameterized covariance matrix figuring in the decom-
position of the multivariate trait for a single, random individual. In carrying
out parameter estimation by scoring, we are faced with a dilemma. Matrices
such as X, are required to be symmetric and nonnegative definite. Symme-
try presents little trouble in scoring, but nonnegative definiteness is much
harder to enforce. For a bivariate trait, we can reparameterize by replac-
ing the cross-covariance 044, by the cross-correlation pqz, subject to the
bounds —1 < pgqy < 1. In higher dimensions, this solution to the dilemma
is no longer open to us. A better remedy is to reparameterize by going over
to the Cholesky decompositions of ¥, ¥4, X, and ¥j. As mentioned
in Problem 4 of Chapter 5, the Cholesky decomposition A of a matrix A is
lower triangular, has nonnegative diagonal entries, and satisfies the square
root equation A = AA!. Clearly A has just the right number of parame-
ters, and its off-diagonal entries are unrestricted. The simple nonnegativity
constraints on the diagonal entries are easily accommodated in maximum
likelihood estimation.

8.5 Left and Right-Hand Finger Ridge Counts

Total finger ridge count is a highly heritable trait for which an abundance
of pedigree data exists. In her Tables 1 and 3, Holt [14] records left and
right-hand ridge counts on 48 nuclear families and 18 pairs of identical
twins. To assess the degree to which the left and right-hand counts are un-
der common genetic and environmental control, we can treat these counts
as bivariate traits and estimate mean and covariance components by max-
imum likelihood. Because it is well known that dominance effects are small
for ridge counts, we postulate an additive genetic variance for each hand
(02, and ¢2,), a random environmental variance for each hand (¢ and
02.), an additive genetic correlation between hands (pa), and a random
environmental correlation between hands (pe-). We also postulate for each
hand a separate mean for males (m) and females (f). This gives the four
mean parameters fimi, tfi, fmr, and iy, in addition to the six covariance
parameters.

The maximum likelihood estimates for Holt’s data plus or minus the
corresponding asymptotic standard errors appear in Table 8.2. From this
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TABLE 8.2. Maximum Likelihood Estimates for the Ridge Count Data

Parameter | Estimate | Parameter Estimate
Ll 66.6 + 2.8 Palr .992 £+ .008
Mgl 59.0 £2.8 o2, 657.5 + 69.2
P 68.9 + 2.9 o 30.3+75
Kfr 62.7 + 2.8 Pelr —.146 + .178
021 638.8 &= 65.7 o2, 35.6+9.9

table we can draw several tentative conclusions. First, ridge counts tend
to be higher for males than females and for right hands than left hands.
Second, left and right-hand ridge counts are highly heritable traits, as re-
flected in the ratio of the additive genetic variances to the corresponding
random environmental variances. Third, the additive genetic correlation is
surprisingly strong and the environmental correlation is surprisingly weak.
If these data are credible, then ridge counts on the left and right hands are
basically determined by the same set of genes. Furthermore, the environ-
mental determinants for the two hands may act independently; indeed, the
estimate of the environmental correlation is less than one standard devia-
tion from 0. Although we omit them here, overall goodness of fit statistics
suggest that the model is reasonably accurate [21].

8.6 QTL Mapping

QTL mapping is predicated on the assumption that one locus contributes
disproportionately to a quantitative trait [1, 3, 13, 15, 32]. We can estimate
the extent of that contribution if we quantify more accurately the allele
sharing between each pair of relatives at the quantitative trait locus
(QTL). The kinship coefficient @, is an average value depending only on
the pedigree connecting j and k. If we track the transmission of marker
genes in the vicinity of the QTL, then we can use this information to
estimate a conditional kinship coefficient ®;;, that provides a much better
idea of the extent of allele sharing at the QTL. We can extend this line
of reasoning to an arbitrary number n of QTL loci floating in a polygenic
sea. If we denote the conditional kinship matrix corresponding to the ith
QTL by i)i, then the overall covariance matrix for a univariate trait with
no dominance or household effects becomes

Q = 220@&%—}—203@—1—03[,
i=1

One can test the null hypothesis that the additive genetic variance o2;

equals zero by comparing the likelihood of this restricted model with the
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model where o2, is estimated. The difference between the two log,, like-
lihoods produces a lod score similar to the classical lod score of linkage
analysis. Twice the difference in log, likelihoods of these two models yields
a test statistic that is asymptotically distributed as a 1/2 : 1/2 mixture
of a x? variable and a point mass at zero [33]. When multiple QTLs are
jointly considered, the resulting likelihood ratio test statistic has a more
complicated asymptotic distribution. Accurate computation of the condi-
tional kinship matrices &, as a function of map position of the ith QTL
is obviously a critical step in QTL mapping. Fortunately, this problem can
be attacked by exact computation on small pedigrees and stochastic sim-
ulation methods on large pedigrees. We defer discussion of particulars to
Chapter 9.

8.7 Factor Analysis

Factor analysis has the potential to uncover the coordinated control of
multiple traits by the same genes. The standard factor analysis model pos-
tulates that a covariance matrix A can be written as AA?, where A is a
factor loading matrix [24]. This appears identical to the Cholesky decom-
position, but there are two crucial differences. First, the matrix A is no
longer square; indeed, it may have far fewer columns than rows. Second, A
is no longer lower triangular. If we write A and A as partitioned matrices
in the obvious manner, then we have

(A11 A12> (A1> (AL AL = (AlAﬁ A1A§>
A21 A22 Ag 1 2 AgA’i AQAE ’
where the number of columns of A; and A, equals the number of factors.
This equality suggests taking A; to be the Cholesky decomposition of
A1 and A% to be AflAlg. The parameterization of A by the unique
combination of the Cholesky block Aj plus the arbitrary block Ao feeds
directly into maximum likelihood estimation. Admittedly this procedure
is somewhat ad hoc, but in view of the well-known indeterminacy of the
factor loadings, the exact nature of A is intrinsically less interesting than
the excess of its rows over its columns.

The maximum likelihood estimator A of A = (d;;) immediately yields
the maximum likelihood estimator A = AA? of A = (\;;). If A has f

columns corresponding to f underlying factors, a particular estimate \;;
can be written as

min{i,j, f}

hij = Z indjn

k=1

One of the disadvantages of the Cholesky and factor analytic parameteri-
zations is that the asymptotic standard errors of the estimated parameters
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are hard to interpret. This suggests transforming the asymptotic variances
and covariances based on the expansion

. min{4,7,f} min{4,5,f} o o
Var(/\ij) = Z Z COV(éikéjk75il5jl)' (8.10)

k=1 =1

The delta method of large sample theory uses the linearizations

>

w0k~ Ok + 0in(On — 1) + 0k (Oir — dix)

Suby  ~  Subj + 0u(6 —651) + 6;1(8 — )

S

>

to approximate
Cov(dirdjr, duds)
R 0ik0it0k,ji + 0ik0510 kil + 0jk0iGik ji + 0jk0j1 Gk, (8.11)

where 6, ;1 is the estimated covariance of Sjk and 5jl and so forth. Inverting
the observed information matrix produces the estimated covariances, which
can be substituted in the expansion (8.10) of the asymptotic variance.

8.8 A QTL Example

We now examine data submitted by the Collaborative Study on the Ge-
netics of Alcoholism (COGA) to the Eleventh Genetic Analysis Workshop.
COGA investigators at six American sites conducted a genome scan of al-
coholism and related risk factors on 105 pedigrees containing 1214 people.
The relevant risk factors in our case are platelet activity levels of the en-
zyme monoamine oxidase B (MAOB) and auditory and visual event related
potentials (ERPs). ERPs are complex brain waves indicative of cognitive
brain activity in response to certain stimuli such as light or sound. P300 is
one component of these waves that shows an amplitude reduction in recov-
ering alcoholics and relatives of alcoholics at risk for developing alcoholism.

As a followup to the positive linkage findings of various workshop par-
ticipants, [2, 18, 25, 31] we undertake here a trivariate analysis of MAOB
activity and two ERP measurements on the z area of the scalp, the Pz
and Cz leads of P300 amplitude. Two families have been excluded in this
analysis, one with MAOB levels more than 10 standard deviations from
the mean and one with questionable genotyping results. All three traits are
adjusted for sex and the Pz and Cz leads for age. Figure 8.1 depicts three
location score curves, the lower one with one QTL factor and the upper two
with two and three QTL factors, respectively. These curves are defined by
log,o La/L, where Lg is the maximum likelihood of the multivariate normal
model with the QTL at position d, and L is the maximum likelihood of the
multivariate normal model omitting the QTL.
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QTL location score
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FIGURE 8.1. QTL Location Score Curves

Throughout the entire region on chromosome 12 the two factor and full
model yield almost identical QTL curves. This is hardly surprising since
the Pz and Cz leads are not only highly correlated but have similar QTL
curves when analyzed as single traits. In the region from 0 to 50 cM, the
one factor model is nearly identical to the full model. In this region, the
location score for MAOB analyzed alone is zero, and including this trait
contributes no new linkage information. From 50cM to nearly the end of the
chromosome the upper curve is distinct from the lower curve. In this region,
the linkage signals from MAOB and the Pz and Cz leads are sufficiently
different that two factors are more explanatory than one factor. Finally,
at the end of the chromosome all three curves nearly coincide again. This
suggests that a single QTL might determine the three traits in this region.

Of course, the possibility of over-interpretation is real in this analysis
given the modest maxima of the curves. The reduced models do have the
advantage of parsimony and better precision in parameter estimates. Com-
pared to univariate QTL analysis, the Cholesky and factor analytic parame-
terizations appear to give bumpier likelihood surfaces. In our experience,
it is prudent to commence optimization from multiple starting points to
avoid being misled by inferior local modes.
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8.9 The Hypergeometric Polygenic Model

Two elaborations of the polygenic model present substantial computational
difficulties. In the polygenic threshold model, a qualitative trait such
as the presence or absence of a birth defect is determined by an underly-
ing polygenically determined liability. If a person’s liability falls above a
fixed threshold, then the person possesses the trait [9, 10]; otherwise, he or
she does not. Likelihood evaluation under the polygenic threshold model
involves multivariate normal distribution functions and nasty numerical in-
tegrations [23]. In the mixed model, a quantitative trait is determined as
the sum of a polygenic contribution plus a major gene contribution [8, 27].
In this case, computational problems arise because the likelihood is a mix-
ture of numerous multivariate normal densities [28].

One strategy to overcome these computational barriers is to approximate
polygenic inheritance by segregation at a large, but finite, number of addi-
tive loci. In the finite polygenic model, the alleles at n symmetric loci
are termed polygenes and are categorized as positive or negative [11, 34].
Positive polygenes contribute +1 and negative polygenes —1 to a trait. If
positive and negative polygenes are equally frequent at each locus, then
the trait mean and variance for a random non-inbred person are 0 and 2n,
respectively. An arbitrary mean p and variance o2 for the trait X can be
achieved by transforming X to \/%X + . When the number of loci n is
moderately large, X appropriately standardized is approximately normal.
Although the finite polygenic model is superficially attractive, it is defeated
by the 3™ multilocus genotypes per person necessary to implement it.

If one is willing to allow nongenetic transmission, then the situation
can be salvaged by employing the hypergeometric polygenic model of
Cannings et al. [5]. In this model the 2n polygenes of a person exist in a
common pool that ignores separate loci. If we equate a person’s genotype
to the number of positive polygenes within it, then there are only 2n + 1
possible genotypes. This is a major reduction from 3™. A gamete is gener-
ated in this model by randomly sampling without replacement n polygenes
from a parental pool of 2n polygenes. Thus, a person having i positive poly-
genes transmits a gamete having j positive polygenes with hypergeometric
probability

N
G
5 .
)

Two independently generated gametes unite to form a child. To make this
hypergeometric polygenic model as similar as possible to the finite poly-
genic model, we finally postulate that all pedigree founders independently
share the binomial distribution

e

Ti—j
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for their number of positive polygenes 1.

The hypergeometric polygenic model mimics the polygenic model well
in two regards. First, both models entail the same pattern of variances
and covariances among the relatives of a non-inbred pedigree. Second, as
n — oo in the hypergeometric polygenic model, appropriately standardized
trait values within a pedigree tend to multivariate normality. We will verify
the first of these assertions, leaving the second for interested readers to
glean from the reference [20].

To compute the means, variances, and covariances of the trait values
within a pedigree, let X; denote the trait value of pedigree member . When
i is a pedigree founder, E(X;) = 0 by virtue of the binomial distribution
(8.12). If ¢ has parents k and [ in the pedigree, then we can decompose

Xi = Y +Yi

into a gamete contribution from & plus a gamete contribution from /. As-
suming that the parental trait means vanish, we infer that

E(X;,) = E[EX,;|Xk X))
= E[EYi-i | Xi)] +EEY—; | X1)]

1 1
= B(3%) +B(3%)
5k + TR
0
and inductively conclude that all trait means in the pedigree vanish.
To compute trait covariances, let j be another member of the pedigree

who is not a descendant of 7. If ¢ is a founder, then X; and X; are inde-
pendent and consequently uncorrelated. If ¢ has parents k£ and [, then

COV(XZ',XJ‘) = E[COV(XZ',XJ‘ |Xk,Xl)]
+ COV[E(Xi | Xk,Xl),E(Xj |Xk,Xl)]

_ o+cov[%(xk + X0, B(X; | Xi, X))
_ %cov[xk,E(X”Xk,Xz)]
+ % Cov[X, E(X; | Xk, X1)]
= %Cov[E(Xk | X, X1), E(X; | X, X7)]
+ % Cov[E(X; | Xi, X1),E(X; | Xk, X1)]
= %Cov(Xk,Xj) + %Cov(Xz,Xj)-

Note that E[Cov(X;, X, | Xk, X;)] = 0 in this calculation because X; and
X; are independent conditional on the parental values Xj; and X;. The
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recurrence
1 1
COV(Xi,Xj) = §COV(Xk,Xj)—|— ECOV(XZ,XJ‘) (813)

is precisely the recurrence obeyed by ordinary kinship coefficients.

Calculation of variances is a little more complicated. If ¢ is a founder,
then the binomial distribution (8.12) implies Var(X;) = 2n. If 7 has parents
k and [, then

Var(X;) = E[Var
= E[Var

Xi | Xg, Xp)] + Var[E(X; | Xg, Xp)]
Yk—»z | X;C,Xl)] + E[Val“(yl_,i | Xk,Xl)]

+ Var[ (Xk =+ Xl)]
= E[Vaur(Yk_,Z | Xi)] + E[Var(Y—; | X1)] (8.14)

(
(

1 1 1
+ ZVar(Xk) t3 Cov(Xy, X7) + B Var(X;).

To make further progress, we must compute E[Var(Y;—; | X;)]. With
this end in mind, suppose we label the 2n polygenes of k by the numbers
1,...,2n, and let W,, be +1 or —1 according as the mth polygene of
k is positive or negative. If we also let A,, be the event that the mth
polygene of k is sampled in forming the gamete contribution Yj_,;, then
X, = 2727?:1 Wy and Yi_; = Zf:zl 1a,, Wp. A moment’s reflection shows
that Var(1a,) = 1 and that

(rs) 1
COV(IAT, 1As) = €2n) — Z
B 1
4(2n — 1)
Conditional on W = (Wi, ..., Wa,)!, we therefore calculate that
Var(Yi—; | Xx) = Var(Yp—; | W)
1 1 o ’
= |-+—— W2 — W,
] v ey (S w)

and consequently that

E[Var(Yi—: | X&) = [l + é} 2n — Var(X}).

1
4 4(2n-—1) 4(2n —1)

Substituting this and a similar expression for E[Var(Y;—; | X;)] in equation
(8.14) produces the recurrence
1

wis) = [zt

o — 1) Var(Xi)
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1 1 1
+7 <1 — 5 1) Var(X)) + 5 Cov(Xy, X)).  (8.15)

In the absence of inbreeding, Cov(Xy, X;) = 0, and one can argue induc-
tively that Var(X;) = 2n. Indeed, the induction hypothesis Var(X}) = 2n
and Var(X;) = 2n and the recurrence (8.15) imply that Var(X;) = 2n.

Summarizing the situation for a non-inbred pedigree, all means reduce
to E(X;) = 0 and all variances to Var(X;) = 2n. All covariances either
are 0 or are governed by the recurrence (8.13). Thus, insofar as first and
second moments are concerned, the hypergeometric polygenic model ex-
actly mimics the inheritance of a fully additive polygenic trait (o2 = 0)
with mean 0 and variance 2n. This resemblance and the empirical calcula-
tions carried out by Elston, Fernando, and Stricker [11, 34] for the mixed
model suggest that the hypergeometric polygenic model is a computation-
ally efficient substitute for the polygenic model. A pleasing aspect of this
substitution is that all computations can be performed via a version of the
Elston-Stewart algorithm featured in Chapter 7.

8.10 Application to Risk Prediction

For a simple numerical application to the polygenic threshold model, con-
sider the pedigree of Figure 8.2. In this pedigree, darkened individuals
are afflicted by a hypothetical disease with a prevalence of .01 and a
heritability of .75. We approximate the polygenic liability to disease
of person ¢ in the pedigree by the sum Z; = Ua(\/%—an‘) + o.Y;, where
X, is determined by the hypergeometric polygenic model with 2n poly-
genes; the Y; are independent, standard normal deviates; o2 = .75; and
02 = .25. The ratio 02 /(02 +02) is by definition the heritability of each Z;.
Given that each Z; follows an approximate standard normal distribution,
the liability threshold of 2.326 is determined by the prevalence condition
—L foo e’ /2dz = 01.
Vor J2.326

The individuals represented by <> marks in Figure 8.2 are unborn, po-
tential children. Table 8.3 gives the conditional probabilities that these
children will be afflicted with the disease. The recurrence risks recorded
evidently stabilize at about 35 percent, 12 percent, and 6 percent as the
number of polygenes 2n — oo. Under the alternative hypothesis of an
autosomal dominant mode of disease, these risks are 1/2, 1/2, and 0, re-
spectively. In counseling families such as this one, where risks are strongly
model dependent, one should obviously exercise caution.
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FIGURE 8.2. Risk Prediction Under the Polygenic Threshold Model

TABLE 8.3. Recurrence Risks for the Unborn Children in Figure 8.1

Polygenes 2n | Child 8 | Child 11 | Child 12
10 .326 .081 .054
20 .349 104 057
30 .354 111 .058
40 357 115 .058
50 .358 A17 .058

8.11 Problems

1. Suppose that A;i and (); are the mean vector and covariance ma-
trix for the ith of s pedigrees evaluated at the maximum likelihood
estimates. Under the multivariate normal model (8.1), show that

S

SV - AR QY - A = Y e,
=1

i=1

where m; is the number of entries of the trait vector Y [15]. Hint:
Ok o = 0.
Z 3%

2. In the notation of Problem 1, prove that the pedigree statistic
(Yl - Aiu)tﬂfl(yi - Al,u)

has a Xfm distribution when evaluated at the true values of y and o2
[30]. This Xfm distribution holds approximately when the maximum
likelihood estimates i and &2 are substituted for their true values.
There is a slight dependence among the statistics

(V= A p)' Q7 (Y — Agjn)
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because of the functional relationship featured in Problem 1. (Hint:

1
What is the distribution of 2, *(Y"— A;u)? Recall that a linear trans-
formation of a multivariate normal variate is multivariate normal.)

. Verify that the formulas (8.3) for the expected information matrix
continue to hold when the mean A(p) and the covariance Q(o?) are
nonlinear functions of the underlying parameter vectors p and o2,
provided any appearance of Aai“_ 1 is replaced by (%_A(,u) and any
appearance of I'; is replaced by 8%?9(02)'

. Suppose all pedigrees from a sample have been amalgamated into a
single pedigree. For a trait vector Y with E(Y) = 0, consider the
covariance components model

)/z}/; = ZO’%FMJ‘-’-GU, (816)
k=1

where the e;; are independent, identically distributed random errors.
Let U be the matrix YY?, W}, be the matrix I'y, and e be the matrix
(i), all written in lexicographical order as column vectors. Then the
model (8.16) can be written as

U = Wo*+e, (8.17)

where W = (W1,...,W,). Show that the normal equations for esti-
mating o2 reduce to one step of scoring starting from (0,...,0,1)%.
This result is due to Robert Jennrich.

. As an alternative to scoring in the polygenic model, one can imple-
ment the EM algorithm [7]. In the notation of the text, consider a
multivariate normal random vector Y with mean v = Ay and covari-
ance Q =Y ;_, 02l';, where A is a fixed design matrix, the o7 > 0,
the I'y, are positive definite covariance matrices, and I', = I. Let the
complete data consist of independent, multivariate normal random
vectors X!, ..., X" such that ¥ = 2221 X* and such that X* has
mean 1;,—,) Ap and covariance ol Uy = (u1,...,pp,0%,...,02)",
and the observed data are amalgamated into a single pedigree with
m people, then prove the following assertions:

(a) The complete data loglikelihood is

1 T
Inf(X|~v) = —EZ{lndetFk—i—mlnai
k=1

LI - BOC T X — B(X)]).

+
2
O}
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(b) Omitting irrelevant constants, the Q (v | v, ) function of the EM
algorithm is

Q1)
= —= Z{mlnak [tr(I‘ "Cor) + VL Ty tonk]}
- % In0? — SL (o) + (e — Ap) (e — Aw),

where v,,;, is the conditional mean vector
vk = lpge—mAp+ il [y — Ayl
and Y, is the conditional covariance matrix
T, = U,%l—‘k - U%FkQ_loil—‘k

of X* given Y = y evaluated at the current iterate ~y,. (Hint:
Consider the concatenated random normal vector ()1(/ : ) and use
fact (e) proved in the text.)

(c) The solution of the M step is

Hnt1 = (AtA)_lAtVnr
1
O = [ k) + VT k), 1<k <r -1
1
0121+1.,T = E[tr(rm“) + (Vm“ - Aﬂn+1)t(1/nr - Aﬂn-l-l)]'

In the above update, 1,41 is the next iterate of the mean vector
1 and not a component of u.

6. Continuing Problem 5, show that o2 ke > 0 holds for all k& and n if
02, > 0 holds initially for all k. If all 6%, > 0, show that all 02, > 0.

7. Continuing Problem 5, suppose that one or more of the covariance
matrices I'y is singular. For instance, in modeling common household
effects, the corresponding missing data X* can be represented as
X* = o), M, W where M, is a constant m x s matrix having exactly
one entry 1 and the remaining entries 0 in each row, and where W*
has s independent, standard normal components. Each component of
Wk corresponds to a different household; each row of M}, chooses the
correct household for a given person. It follows from this description
that

ol = Var(XF)
= oi MM}
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The matrix Hy = MM }é is the household indicator matrix described
in the text. When X* has the representation o M;W*, one should
replace X* in the complete data by o, W¥*. With this change, show
that the EM update for o7 is

1
2 ¢
Ol ke = g[tr(Tnk) + V) Vnk)s
where v, and Y, are

vk = opMpQTH(y — Ap)
Yr = o0l —otMIQ M,

evaluated at the current parameter vector .

. Demonstrate the following facts about the Kronecker product of two
matrices:

(a) ¢c(A® B) = (cA) ® B=A® (¢B) for any scalar c.

(b) (A® B)! = A' ® B*.
(c) A+B)eC=AC+BxC.
d A (B+C)=A®B+AxC.
(e) (A®B)@(C=A® (Be().
(f) (A® B)(C® D)= (AC)® (BD).

)

(g) If A and B are invertible square matrices, then
(A B™' = A'@B™L.

(h) If X is an eigenvalue of the square matrix A with algebraic mul-
tiplicity r and p is an eigenvalue of the square matrix B with
algebraic multiplicity s, then Ay is an eigenvalue of A ® B with
algebraic multiplicity rs.

(i) If A and B are square matrices, tr(A ® B) = tr(A) tr(B).

(j) If A is an m x m matrix, and B is an n X n matrix, then
det(A® B) = det(A)"det(B)™.

All asserted operations involve matrices of compatible dimensions.
(Hint: For part (h), let A=USU~! and B = VTV ~! be the Jordan
canonical forms of A and B. Check that S ® T is upper triangular.)

. In some variance component models, several pedigrees share the same
theoretical mean vector p and variance matrix 2. Maximum likeli-
hood computations can be accelerated by taking advantage of this re-
dundancy. In concrete terms, we would like to replace a random sam-
ple y1,...,yx from a multivariate normal distribution with a smaller
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random sample z1,...,2; in a manner that leaves the loglikelihood
invariant up to a known multiplicative constant. Show that this re-
quirement can be expressed formally as

k
k k _11 t
—5Infdet© — o tr [Q EZ(yg—u)(yJ—u)}

!
l l 41
= —c §1n|detQ|—§tr{Q 172(2j—u)(2j—u)t}

J=1

for some constant ¢. Matching terms involving In | det Q| forces the
choice ¢ = % Given ¢, we then take

l k
1 1
7 Z(Zj —m)(z — % Z — ).
=1 =1
Prove that this last equality holds for all u if and only if Z = 7 and

l
PICEIOE

Until this point, we have not specified the reduced sample size [. If
each y; has m components, we claim that we can take { = m + 1.

~| —

k
Z ; —9)! = S (8.18)

?rl»—‘

This claim is based on constructing m+ 1 vectors vy, ..., Upy41 in R™
satisfying

m—+1

v =0 (8.19)

=1

m—+1
t
2 = e

where I, xm is the m x m identity matrix. Given these vectors and
given the Cholesky decomposition S = M M? of the sample variance
of the sequence y1, .. ., yx, we define z; = /mMwv;+7. Show that this
construction yields the sample mean equality Z = ¥ and the sample
variance equality (8.18).

Thus, it remains to construct the sequence vy, ..., v;y,41. Although
geometrically the vectors form the vertices of a regular tetrahedron,
we proceed in a purely algebraic fashion. For m = 1, the trivial choice
v1 = (1) and va = (—1) clearly meets the stated requirements. If
V1,...,Vm, work in R™1, then verify by induction that the vectors
w; = (vj Lo 2) 1<j<m

—m~!
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0
s = (2

satisfy the two equalities (8.19) in R™.

In the factor analysis model of Section 8.7, we can exploit the approx-
imate multivariate normality of the estimators to derive a different
approximation to the parameter asymptotic standard errors. Sup-
pose the multivariate normal random vector Z has mean u = (u;)
and variance = (wj;). Verify by evaluation of the appropriate par-
tial derivatives of the characteristic function E(e?'%) = ¢i0'n—0"20/2
at # = 0 that

Cov(Z:;Z;,Z12)) = E(Z;Z;ZyZ) —E(Z;Z;)E(ZrZ))
= Wjwik T i iWik + g Wil
+ pifewi + WikWir + WiWik -

This translates into the refined approximate covariance

COV(Sikgjka gilgjl) ~ giksil&jk,jl + 51'1@53‘163‘1@,1‘1
+ Sjk&lc}ihﬂ + Sjksjl&ik,il (8.20)

+ Oik,ilOjk,ji + Oik,j10jk,il,

which can be substituted in the expansion (8.10) of the asymptotic
variance.

Any reasonable model of QTL mapping for an X-linked trait must
take into account the phenomenon of X inactivation in females. As
a first approach, assume that all females are divided into n patches
and that in each patch one of the two X chromosomes is randomly
inactivated. If we suppose that the patches contribute additively, but
not necessarily equally, to a quantitative trait u, then we can write
u = Z?:l c;u;. Here the u; are identically distributed random vari-
ables of unit variance, and the ¢; are scale constants measuring the
functional sizes of the patches. For a monogenic trait, we postulate
that u; = ay when allele k is expressed in patch . If allele £ has
population frequency py, then show that

n

E(u) = (Zci)(zk:akpk)-

i=1

This mean also applies to males provided we make the assumption
that a male is also divided into n patches. This is a harmless fiction
because the same maternally derived allele is expressed in each patch
of a male.
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To calculate the covariance between the trait values v and v of two
relatives, we exploit the bilinearity property

n

Cov(u,v) = ZZcichov(ui,vj).

i=1 j=1

To make further progress, let z;; be the indicator function of the
event that the genes expressed in patch ¢ of the first person and
patch j of the second person are identical by descent. The probabil-
ity Pr(z;; = 1) = ¢ is just the X-linked kinship coefficient between
the two relatives. This probability can be either unconditional or con-
ditional. If it is conditional, then in QTL mapping we condition on
the observed X-linked marker types for the two individuals and their
relatives. In any case, by conditioning on the z;;, prove that

n
2
Cov(u,v) = (Z ci) o.
i=1
Given that only one gene is expressed in the same patch of the same
person, show that the trait variance for a single person is

Var(u) = (icf)(l —¢)+ (ici)2¢.

= =

Because ¢ = 1 for a male and ¢ = % for a non-inbred female, it is
trivial to show when the ¢; are positive that the male trait variance
(30 ¢i)? exceeds the female trait variance 3 >0 | 2+ 3 (301 ;)2
This makes sense; the process of X mactlvatlon smooths the contri-
butions from different alleles and decreases the variance.

In practice, we need to select parameters that can be estimated from
pedigree data. Assuming that there are no inbred females, one way
of achieving this is to let o) = ()i ¢;)* and 0F = Y, ¢7. Then,
except for female variances, all trait variances and covariances can
be expressed as 02¢. For a female trait variance, we amend this ex-
pression by adding 07(1 — ¢), with the understanding that ¢ = 1/2.
The extra term 0? can easily be included in the random environment

portion of any multivariate normal model.

In the hypergeometric polygenic model, verify that the number of
positive polygenes a non-inbred person possesses follows the binomial
distribution (8.12). Do this by a qualitative argument and by checking
analytically the reproductive property

S E) ()G e = ()G

g1 g2

for polygene transmission under sampling without replacement.
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In the hypergeometric polygenic model, Var(X;) = 2n holds for each
person

7 in a non-inbred pedigree. In the presence of inbreeding, give a coun-
terexample to this formula. However, prove that

0<Cov(X;,X;) < (24qg)n

for all pairs ¢ and j from a pedigree with ¢ people. Note that the
special case i = j gives an upper bound on trait variances. (Hint:
Argue by induction using the recurrence formulas for variances and
covariances.)

In the hypergeometric polygenic model, suppose that one randomly
samples each of the n polygenes transmitted to a gamete with replace-
ment rather than without replacement. If j # i is not a descendant
of ¢, and ¢ has parents k and [, then show that this altered model
entails

B(X)) = 0
Cov(Xi, X;) — % Cov(Xp, X,) + % Cov(X,, X;)
Var(X;) = 2n++ (1- 1) varxe) + = (1- L) var(xy)
ar i = n 1 " ar k 1 n ar 1

1
+ 5 COV(Xk, Xl).

Continuing Problem 14, let v, be the trait variance of a person m
generations removed from his or her relevant pedigree founders in a
non-inbred pedigree. Verify that v, satisfies the difference equation

1 1
Um = 2n+—<1——)vm1
2 n

with solution

oo A LN, An
K T S n STyl

Check that v,, steadily increases from vy = 2n to the limit vy, =

4n
45
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9
Descent Graph Methods

9.1 Introduction

Mapping disease and marker loci from pedigree phenotypes is one of the
most computationally onerous tasks in modern biology. Even tightly opti-
mized software can be quickly overwhelmed by the synergistic obstructions
of missing data, multiple marker loci, multiple alleles per marker locus,
and inbreeding. This unhappy situation has prompted mathematical and
statistical geneticists to formulate alternatives to the Elston-Stewart algo-
rithm. The most productive alternatives use elementary graph theory. The
Lander-Green-Kruglyak algorithm alluded to in Chapter 7 exploits gene
flow graphs and works well on small pedigrees. For large pedigrees, it is
helpful to combine the graph theory perspective with stochastic methods
of numerical integration [12, 23, 24, 32, 39, 40, 42].

One of the advantages of descent graph methods is that they enable us
to ask questions about genetic identity by descent. This has implications
for computing nonparametric linkage statistics and conditional kinship co-
efficients. Although the deterministic and stochastic algorithms share a
common core, they diverge in several details. The Lander-Green-Kruglyak
algorithm makes an interesting detour into Fourier analysis. The stochastic
methods can be viewed as part of the Markov chain Monte Carlo (MCMC)
revolution sweeping statistics. The Metropolis algorithm and Gibbs sam-
pling make it straightforward to construct a Markov chain sampling from
a complicated conditional distribution [7, 8, 10, 13, 28, 38]. Once a sam-
ple is available, then any conditional expectation can be approximated by
forming its corresponding sample average. The implications of this insight
are profound for both classical and Bayesian statistics. As a bonus, trivial
changes to the Metropolis algorithm yield simulated annealing, a general-
purpose algorithm for solving difficult combinatorial optimization problems
such as haplotyping [17, 31].

The agenda for this rather long chapter is to (a) review the existing
theory of finite-state Markov chains, (b) briefly explain the Metropolis al-
gorithm and simulated annealing, (c¢) apply these ideas to the computation
of location scores and the reconstruction of haplotypes, (d) develop the
Walsh transform and Baum’s algorithm standing behind the Lander-Green-
Kruglyak algorithm, and (e) show how these techniques fit in computing
nonparametric linkage statistics, conditional kinship coefficients, and error
probabilities in genotyping.
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9.2 Review of Discrete-Time Markov Chains

For the sake of simplicity, we will only consider chains with a finite state
space [6, 11]. The movement of such a chain from epoch (or generation) to
epoch is governed by its transition probability matrix P = (p;;). If Z,

denotes the state of the chain at epoch n, then p;; = Pr(Z,, = j | Z,—1 =1).

As a consequence, every entry of P satisfies p;; > 0, and every row of P
satisfies Z pij = 1. Implicit in the definition of p;; is the fact that the
future of the chain is determined by its present without regard to its past.
This Markovian property is expressed formally by the equation

PI’(Zn = in | Zn—l = in—la ey ZO = io) = PI’(Zn = in | Zn—l = in—l)'

The n-step transition probability p( " = Pr(Z, = j| Zo = i) is given
by the entry in row i and column j of the matrix power P". This follows
because the decomposition

pz(;z) = Z"'me"'pinflj

i1 in—1

over all paths ¢ — 4y — --- — 4,1 — J corresponds to matrix multipli-
cation. A question of fundamental theoretical importance is whether the
matrix powers P™ converge. If the chain eventually forgets its starting state,
then the limit should have identical rows. Denoting the common limiting
row by 7, we deduce that 7 = 7P from the calculation

™

= lim P"*!
n—oo

- ( lim P")P
i
- |:|r

™

Any probability distribution 7 on the states of the chain satisfying the
condition m = 7P is termed an equilibrium or stationary distribution
of the chain. For finite-state chains, equilibrium distributions always exist
[6, 11]. The real issue is uniqueness.

Mathematicians have attacked the uniqueness problem by defining ap-
propriate ergodic conditions. For a finite-state chain, two ergodic assump-

tions are invoked. The first is aperiodicity; this means that the greatest

common divisor of the set {n >1: p(?)

i > 0} is 1 for every state 7. Aperiod-
icity trivially holds when p;; > 0 for all i. The second ergodic assumption

is irreducibility; this means that for every pair of states (i, j) there exists
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a positive integer n;; such that pgr-“j) > 0. In other words, every state is
reachable from every other state. Said yet another way, all states commu-
nicate. For an irreducible chain, Problem 5 states that the integer n;; can
be chosen independently of the particular pair (i, j) if and only if the chain
is also aperiodic. Thus, we can merge the two ergodic assumptions into the
single assumption that some power P™ has all entries positive. Under this
single ergodic condition, a unique equilibrium distribution 7 exists with all
entries positive.

Equally important is the ergodic theorem [6, 11]. This theorem permits
one to run a chain and approximate theoretical means by sample means.
More precisely, let f(z) be some function defined on the states of an ergodic
chain. Then lim, % Z?:_Ol (Z;) exists and equals the theoretical mean

E«(f(2) = Y mf(2)

of f(Z) under the equilibrium distribution . This result generalizes the
law of large numbers for independent sampling.

The equilibrium condition # = 7P can be restated as the system of
equations

Uy = Z TiDij (9 1)
for all j. In many Markov chain models, the stronger condition

TjPji = TiPij (9.2)

holds for all pairs (4, 7). If this is the case, then the probability distribution
7 is said to satisfy detailed balance. Summing equation (9.2) over ¢ yields
the equilibrium condition (9.1). An irreducible Markov chain with equilib-
rium distribution 7 satisfying detailed balance is said to be reversible.
Irreducibility is imposed to guarantee that all entries of 7 are positive.

If i1, ...,4m, is any sequence of states in a reversible chain, then detailed
balance implies

TiyPivia =  TigDPigiy
TiyPizis = TigDigia

Tim—1Pim—1im T P im—1

T‘—Zmpzmzl = 7T7:] pil G, *

Multiplying these equations together and canceling the common positive
factor m;, ---m;,, from both sides of the resulting equality gives Kolmo-
gorov’s circulation criterion [15]

PiviaPisiz = " Pim—1imPimis =  PirimPimim—1 " PigizaPDigiy- (93)
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Conversely, if an irreducible Markov chain satisfies Kolmogorov’s crite-
rion, then the chain is reversible. This fact can be demonstrated by explic-
itly constructing the equilibrium distribution and showing that it satisfies
detailed balance. The idea behind the construction is to choose some arbi-
trary reference state ¢ and to pretend that m; is given. If j is another state,
let i — 43, — -+ — i, — j be any path leading from 4 to j. Then the
formula

. Diiy Pivio *° * Pipj (9.4)
Pjim Pimim—1 * " " Piri

T =

defines 7;. A straightforward application of Kolmogorov’s criterion (9.3)
shows that the definition (9.4) does not depend on the particular path
chosen from i to j. To validate detailed balance, suppose that k is adjacent
to j. Then i — 4y — -+ — 4, — j — k furnishes a path from i to k
through j. It follows from (9.4) that m, = 7;pjx/pk;, which is obviously
equivalent to detailed balance. In general, the value of 7; is not known
beforehand. Setting m; = 1 produces the equilibrium distribution up to a
normalizing constant.

Example 9.2.1 Two Different Markov Chains on a DNA Strand

As explained in Appendix A, a DNA strand is constructed from the four
bases A (adenine), G (guanine), C (cytosine), and T (thymine). The strand
has a directionality so that we can imagine starting at its 5’ end and walking
toward its 3’ end. As one proceeds along the strand, the bases encountered
are not independent. To a first approximation [37], the successive bases
conform to a Markov chain with transition matrix

A C G T

32 .18 .23 .27
37 .23 .05 .35
B0 .21 25 .24
23 .19 .25 .33

HQQQp»

It is easy to check that the equilibrium distribution of this aperiodic chain
is = (.30, .20, .20, .30).

Bishop et al. [2] use the above chain to construct a more complicated
Markov chain capturing the random distances between restriction sites.
Restriction enzymes recognize certain specific sequences of bases along
a DNA strand and cut the DNA at these restriction sites. For instance, the
enzyme Alul recognizes the sequence AGCT. To investigate the random
distance between restriction sites for Alul, it is helpful to construct a chain
with states A, C, G, T, AG, AGC, and AGCT. The first four states are
interpreted as in the chain above. AG is the state where the current DNA
base is G and the previous base is A. Here part of the desired restriction
site pattern has been achieved. The state AGC is even further along on
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the way to the desired full restriction site AGCT. Once AGCT is attained,
the next base encountered will completely disrupt the pattern, and we are
back again at A, C, G, or T. This second chain has transition matrix

A C G T AG AGC AGCT

A 32 .18 0 .27 .23 0 0
C 37 .23 05 35 0 0 0
G B0 .21 25 24 O 0 0
P = T 23 19 25 33 O 0 0
AG B30 0 25 24 O 21 0
AGC 37 .23 05 0 0 0 .35
AGCT \ 23 19 25 33 O 0 0

9.3 The Hastings-Metropolis Algorithm and
Simulated Annealing

The Hastings-Metropolis algorithm is a device for constructing a Markov
chain with a prescribed equilibrium distribution 7 on a given state space
[13, 28]. Each step of the chain is broken into two stages, a proposal stage
and an acceptance stage. If the chain is currently in state 4, then in the
proposal stage a new destination state j is proposed according to a proba-
bility density ¢;; = ¢(j | ). In the subsequent acceptance stage, a random
number is drawn uniformly from [0, 1] to determine whether the proposed
step is actually taken. If this number is less than the Hastings-Metropolis
acceptance probability

ai; = min {1, UELEL } (9.5)
Tidij
then the proposed step is taken. Otherwise, the proposed step is declined,
and the chain remains in place.
Historically, Metropolis et al. [28] considered only symmetric proposal
densities with g;; = ¢;;. In this case the acceptance probability reduces to

a;; = min{l,ﬁ}. (9.6)
U

It is also noteworthy that in applying either formula (9.5) or formula (9.6),

the m; need only be known up to a multiplicative constant.

To prove that 7 is the equilibrium distribution of the chain constructed
from the Hastings-Metropolis scheme (9.5), it suffices to check that detailed
balance holds. If 7 puts positive weight on all points of the state space, it is
clear that we must impose the requirement that the inequalities ¢;; > 0 and
gji > 0 are simultaneously true or simultaneously false. This requirement



174 9. Descent Graph Methods

is also implicit in definition (9.5). Now suppose without loss of generality
that the fraction

45

Tiqij

< 1

for some j # i. Then detailed balance follows immediately from
Tjdji
Tiqij
Tjdji

= ;45055

TiqijQij =  Tiqij

The Gibbs sampler is a special case of the Hastings-Metropolis algo-
rithm for Cartesian product state spaces [7, 8, 10]. Suppose that each
sample point ¢ = (41,...,%y,) has m components. For instance, i. could
represent the genotype of person c in a pedigree of m people. The Gibbs
sampler updates one component of 7 at a time. If the component is cho-
sen randomly and resampled conditional on the remaining components,
then the acceptance probability is 1. To prove this assertion, let ¢, be the
uniformly chosen component, and denote the remaining components by
Tee= (11, le—1y0ct1,---,0m). If j is a neighbor of i reachable by chang-
ing only component i., then j_. =i_.. Hence, the proposal probability

1 7Tj

qij = —=
m Z{k:k,czi,c} Tk

satisfies m;q;; = m;q;i, and the ratio appearing in the acceptance probability
(9.5) is 1. In the location score application discussed in this chapter, the
Gibbs sampler leads to chains that either mix too slowly or are reducible.
For this reason, the general Metropolis algorithm is preferable.

In simulated annealing we are interested in finding the most probable
state of a Markov chain [17, 31]. If this state is k, then 7, > 7; for all ¢ # k.
To accentuate the weight given to state k, we can replace the equilibrium
distribution 7 by a distribution putting probability

T
25
on state ¢. Here 7 is a small, positive parameter traditionally called temper-

(r)

i

e

MO

hll

ature. For a chain with symmetric proposal density, the distribution =
can be attained by running the chain with acceptance probability

oy = min{1,(2)7}. 0.7

In fact, what is done in simulated annealing is that the chain is run with
7 gradually decreasing to 0. If 7 starts out large, then in the early steps
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of simulated annealing, almost all proposed steps are accepted, and the
chain broadly samples the state space. As 7 declines, fewer unfavorable
steps are taken, and the chain eventually settles on some nearly optimal
state. With luck this state is k or a state equivalent to k if several states are
optimal. Simulated annealing is designed to mimic the gradual freezing of a
substance into a crystalline state of perfect symmetry and hence minimum
energy.

9.4 Descent States and Descent Graphs

To apply the MCMC method to the analysis of human pedigree data, we
must choose an appropriate state space and a mechanism for moving be-
tween neighboring states of the space. Given our goal of computing lo-
cation scores, the state space must capture gene flow at multiple marker
loci. For the sake of simplicity and in keeping with most genetic practice,
only codominant alleles will be allowed at the marker loci. The state space
will also omit mention of the trait locus. This locus is handled somewhat
differently and appears later in our discussion.

The states of our state space are rather complicated graphs describing
gene flow in a pedigree at the participating marker loci. It suffices to fo-
cus on a single pedigree because location scores are computed pedigree
by pedigree. Figure 9.1 (a) depicts a typical pedigree with marker pheno-
types noted at a codominant marker locus. Figure 9.1 (b) conveys more
detailed, but consistent, information about the gene flow in the pedigree.
Each person is replaced by two nodes; the left node is a place holder for
his maternally inherited gene, and the right node is a place holder for his
paternally inherited gene. Arcs connect parent nodes to child nodes and
determine which grandparental genes children inherit. For example, the
granddaughter 8 inherits from her father 4 the maternal gene of her grand-
mother 1. The maternal gene of the grandmother is labeled allele 1, which
is consistent with the observed phenotype 1/4 of the granddaughter. The
combination of the gene flow graph and the assigned founder alleles in Fig-
ure 9.1 (b) constitutes a descent state at the locus. The gene flow graph
alone is called a descent graph at the locus. An assignment of one descent
state (respectively, descent graph) to each participating locus constitutes
a descent state (respectively, descent graph) of the pedigree.

Several comments are in order at this point. First, a descent state at
a locus determines an ordered genotype for each and every person in the
pedigree. Some descent states are consistent with the observed phenotypes
of the pedigree, and some descent states are not. Those that are consistent
are said to be legal; those that are not are illegal. Second, if a descent
graph is consistent with at least one legal descent state, then the descent
graph is legal; otherwise, it is illegal. Obviously, the collection of descent
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(b) Descent State Description of Gene Flow

FIGURE 9.1. Gene Flow in a Fully Typed Pedigree

graphs is much smaller than the collection of descent states. This is the
reason for preferring descent graphs to descent states as points of the state
space [40, 41]. The size of the state space is further diminished by allowing
only legal descent graphs.

The equilibrium distribution 7 of our Markov chain should match the
distribution of legal descent graphs GG conditioned on the observed marker
phenotypes M of the pedigree. Because the normalizing factor Pr(M) is
irrelevant in applying the Metropolis acceptance formula (9.6), it suffices
to calculate joint probabilities Pr(GN M) rather than the conditional prob-
abilities 75 = Pr(G | M). If we let G be an arbitrary descent state, then

Pr(GNM) = > Pr(G), (9.8)
Gb—»é\ﬂM

where G — GN M denotes consistency between G and both G and M. The
descent state probability Pr(G) is the product

Pr(G) = Prior(G) Trans(G)
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of a prior probability and a transmission probability.

Under the usual assumptions of genetic equilibrium, Prior(G) is the prod-
uct of the population frequencies of the founder alleles involved in G. Since
a descent state entails no ambiguities about recombination, Trans(G) re-
duces under Haldane’s model of recombination to a product of a power of %
and relevant powers of the recombination fractions and their complements
for the adjacent intervals separating the markers. Finally, owing to the fact
that all compatible descent states G — G exhibit the same transmission
pattern, we can reexpress the likelihood (9.8) as

-~

Pr(GNM) = Trans(G) Y Prior(G). (9.9)
GHaﬁM

In the next section we tackle the subtle problem of quick computation of
the sum of priors >, 5, Prior(G) [19, 34].

9.5 Descent Trees and the Founder Tree Graph

Given [ loci in a pedigree with p people and f founders, there are 2Ip nodes
in a descent graph. These nodes are grouped in 2If descent trees. The
descent tree rooted at a particular founder node contains that founder node
and those non-founder nodes inheriting the corresponding founder gene. All
nodes of a descent tree involve the same locus. When a founder gene is not
passed to any descendant of the founder, then the descent tree exists but
is degenerate.

It is convenient to proceed to a higher level of abstraction and make
the founder trees into an undirected graph. This abstraction serves to keep
track of how founder alleles are constrained in a coupled manner by the ob-
served marker phenotypes in the pedigree. The nodes of the founder tree
graph are the descent trees of the descent graph. Two nodes of the founder
tree graph are connected by an edge if and only if the two corresponding
descent trees pass through the same typed locus of some person in the
pedigree. This definition precludes connecting two descent trees associated
with different loci. Part (a) of Figure 9.2 shows a descent graph for a single
marker locus in which each descent tree is labeled above its rooting founder
gene. Do not confuse these labels with the allele symbols used in descent
states. Part (b) of Figure 9.2 shows the founder tree graph corresponding
to this descent graph, assuming all nonfounders and no founders are typed
at the locus.

It is possible for two descent trees at the same locus to mutually impinge
on more than one person typed at the locus. Although this information
is relevant to discerning whether the two trees are genetically compatible
with the observed phenotypes in the pedigree, for the sake of simplicity, we
will still view the descent trees as connected by just a single edge. When
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FIGURE 9.2. Construction of a Founder Tree Graph

a descent tree intersects no one typed at its associated locus, the descent
tree is isolated from all other descent trees in the founder tree graph.

As suggested above, if we assign an allele to each descent tree via the
founder gene at its root, then the fates of two connected descent trees are
coupled by the common, typed people through which they pass. For exam-
ple, if both descent trees pass through an individual having heterozygous
genotype a;/aj, then one of the descent trees must carry allele a; and the
other allele a;. They cannot produce a legal descent state if they both carry
allele a; or allele a;, or one descent tree carries a completely different al-
lele. Refinement of these simple ideas involving the founder tree graph will
permit us to compute the prior sum Prior(G) associated with a
descent graph.

One can subdivide the nodes of the founder tree graph into connected
components. These components are sets of descent trees and should not
be confused with the components of the descent graph, which are single
descent trees. In the founder tree graph, two nodes belong to the same
component if and only if one can travel from one node to the other by a
finite sequence of edges. A component is said to be singleton if it consists

G GnNM
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TABLE 9.1. Allele Vectors for the Components of the Founder Tree Graph

Descent Trees in Component Legal Allele Vectors
{B} All singleton allele vectors
{A,C,E} (1,2,1) and (2,1,2)
{D,F,G,H} (1,2,3,4)

of a single node. In a nonconsanguineous pedigree, a descent tree forms
a singleton component if it passes through no one typed at its associated
locus. In this case, all alleles can be legally assigned to the founder gene at
the top of the descent tree. In a consanguineous pedigree, a descent tree
can form a singleton component even if it descends through a typed child.
However, the descent tree must descend to the child via both of its parents.
If the typed child has homozygous genotype a;/a;, then a; is the only allele
permitted for the founder gene. If the typed child is heterozygous, then no
legal allele exists for the founder gene.

The situation for a multinode (or nonsingleton) component of the founder
tree graph is equally simple. If we label the nodes of the component as
t1,...,tx, then the founder gene of node t¢; is transmitted to some typed
person who is either homozygous or heterozygous. If the person is homozy-
gous, then there is only one legal choice for the founder gene of ¢;. Because
this founder gene is connected to another founder gene through the current
typed person or another typed person, the connected founder gene is also
completely determined. This second founder gene is in turn connected to
a third founder gene through some typed person. Hence, the third founder
gene is also uniquely determined. In general, a cascade of connecting edges
completely determines the permissible alleles for each of the founder genes
of the component, unless, of course, an inconsistency is encountered at
some step. If descent tree t; passes through a typed heterozygote, then
the founder gene of ¢; may be either observed allele. Once one of these
two alleles is chosen for ¢, then the alleles of all other founder genes in
the component are determined by the argument just given. Thus, we can
summarize the situation for a multinode component t¢1,...,¢; by noting
that either two, one, or no allele vectors a = (ay,,...,a, ) can be legally
assigned to the founder genes of the component. Table 9.1 displays all legal
allele vectors for each component of the founder tree graph shown in part
(b) of Figure 9.2 based on the genotypes shown in part (a) of the same
figure.

To simplify >, & c
founder tree graph C1,...,Cy,, and let G — G N M be a consistent descent
state. As just noted, there is an allele vector a; with constituent alleles a;;
assigned to each component C; of the descent state G. Under conditions of

Prior(G), label the connected components of the
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genetic equilibrium, each founder gene is sampled independently; therefore,

Prior(G) = H Pr(a;)
i=1

m

= J]I]Pr(as). (9.10)

i=1 j

By construction, the founder genes assigned to different components do not
impinge on one another. In other words, the set of founder genes consistent
with G and M is drawn from the Cartesian product of the sets Sy, ..., S, of
legal allele vectors for the components C1, ..., Cy,, respectively. Applying
the distributive rule to equation (9.10) consequently yields

> Prior(G) = HPr(CZ-), (9.11)

G GnM

where

Pl”(Cl) = Z HPr(aij).

a; €8 J

As mentioned earlier, an allele vector set S; contains either all allele vectors
or just two, one, or none. In the first case, Pr(C;) = >_, 5 Pr(a;) = 1,
and in the remaining three cases, Pr(C;) = >, g Pr(a;) contains only
two, one, or no terms. Hence, calculation of ZG.—»amM Prior(G) reduces
to easy component-by-component calculations.

Although likelihood calculation with non-codominant markers or incom-
pletely penetrant traits can be handled similarly, two complications intrude.
First, we need a systematic method of generating the set S; of allele vectors
for component C;. Second, we must include penetrance values in the like-
lihood calculation, assuming that each person’s phenotypes at the various
loci are independent conditional on his or her genotypes at the loci. Re-
garding the second complication, note that each component C; carries with
it a set Q; of phenotyped people through whom the founder genes pass.
Specifying an allele vector a; € S; determines the genotype of each person
k € Q;. In computing Pr(C;), we must multiply the product Hj Pr(ai;) by
the penetrance of each k € @; at the current locus.

The allele vectors a; € 5; can be generated efficiently by a backtracking
scheme [29]. This entails growing a compatible allele vector from partial
vectors that are compatible. The idea can be illustrated by reference to
component Co = {A,C, E} of Figure 9.2 We start with the assignment
(aa) = (1), which is consistent with the phenotypes in the pedigree, grow
it to (aa,ac) = (1,1), which is inconsistent, discard all vectors begin-
ning with (a4, ac) = (1,1), move on to (aa,ac) = (1,2), which is consis-
tent, grow this to (aa,ac,ar) = (1,2,1), which is consistent, discard each
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of the next three vectors (aa,ac,ar) = (1,2,2), (aa,ac,ar) = (1,2,3),
and (a4, ac,ap) = (1,2,4) as inconsistent, backtrack to the partial vector
(aa,ac,) = (1,3), which is inconsistent, and so forth, until ultimately we
identify the second compatible vector (a4, ac,ag) = (2,1,2) and reject all
other allele vectors. The virtue of backtracking is that it eliminates large
numbers of incompatible vectors without actually visiting each of them.
If penetrances are quantitative, so that every genotype is compatible with
every phenotype, then S; expands to a Cartesian product having nl! ele-
ments, where |C;] is the number of founder genes in C; and n is the number
of alleles at the current locus. In this case, backtracking will successfully
construct every allele vector in the Cartesian product, but the correspond-
ing computational complexity balloons to unacceptable levels if either |C;|
or n is very large. Backtracking is certainly possible in small pedigrees for
recessive disease loci with just two alleles [18].

9.6 The Descent Graph Markov Chain

The set of descent graphs over a pedigree becomes a Markov chain if we
incorporate transition rules for moving between descent graphs. The most
basic transition rule, which we call rule T, switches the origin of an arc
descending from a parent to a child from the parental maternal node to
the parental paternal node or vice versa [23, 24, 32, 40, 41]. The arbitrary
arc chosen is determined by a combination of child, locus, and maternal or
paternal source. Figure 9.3 illustrates rule Ty at the black node.

o o o o w\i o o
\\ /

FIGURE 9.3. Example of Transition Rule Ty

From the basic rule Ty we can design composite transition rules that
make more radical changes in an existing descent graph and consequently
speed up the circulation of the chain. For example, the composite transition
rule 77 illustrated in Figure 9.4 operates on the two subtrees descending
from the person with black nodes at the given locus. One of these subtrees
is rooted at the maternal node, and the other is rooted at the paternal node.
The two subtrees are detached from their rooting nodes and rerooted at
the opposite nodes. More formally, transition rule 77 begins by choosing a
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Al

FIGURE 9.4. Example of Transition Rule T}

person i and a locus [. It then performs a T transition at each node deter-
mined by a child of ¢, the given locus [, and the sex of i. Thus, every child
of ¢« who previously inherited ¢’s maternal gene now inherits ¢’s paternal
gene and vice versa.

a5

Transition Rule T5,

i s

Transition Rule 15

FIGURE 9.5. Examples of Transition Rules T2, and 1o

Our second composite transition rule has the two variants T, and Tb
illustrated in Figure 9.5. Each variant begins by choosing a locus [ and
a couple ¢ and j with common children. Four different descent subtrees
are rooted at the parents ¢ and j. In Figure 9.5 these start at the black
nodes. Rule Ts, exchanges the subtree rooted at the maternal node of ¢
with the subtree rooted at the maternal node of j; it likewise exchanges
the paternally rooted subtrees of ¢ and j. In contrast, rule Ts, exchanges
the maternally rooted subtree of i with the paternally rooted subtree of j
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and vice versa. Two subtle points of this process are worth stressing. After
swapping subtrees, we have paternally derived genes flowing to maternal
nodes and vice versa. The obvious adjustments must be made in the chil-
dren and grand-children to correct these forbidden patterns of gene flow.
Also, if either parent has children with another spouse, then that parent’s
relevant subtrees are reduced. Only the paths descending through the chil-
dren shared with the chosen spouse are pertinent. Problem 11 asks readers
to provide a formal description of the sequence of Ty and T} transitions
invoked in executing a T, or Th transition.

/1 2/2 1/1 2/2

1/2
Graph B

FIGURE 9.6. Failure of Descent Graphs A and C to Communicate

One of the complications in constructing a Markov chain on legal de-
scent graphs is that two states may not communicate in the presence of
three or more alleles per marker. Figure 9.6 gives a counterexample in-
volving a single marker locus. In the pedigree depicted in Figure 9.6, all
founders are typed and homozygous; the great-grandchild is typed and het-
erozygous. This great-grandchild must receive his allele 1 from one pair of
great-grandparents and his allele 2 from the other pair. The two possibilities
are labeled descent graph A and descent graph C. However, it is impossible
to move in a finite number of transitions from descent graph A to descent
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graph C without passing through an illegal descent graph such as descent
graph B, where the great-grandchild inherits a homozygous genotype.

The remedy to this dilemma is to “tunnel through” illegal descent graphs
by taking multiple transitions per step of the Markov chain [32]. In practice,
we employ a random number of transitions per step of the chain. This per-
mits the chain to pass through illegal descent graphs on its way between
legal descent graphs. Among the many devices for selecting the random
number of transitions per step, one of the most natural is to sample from
a geometric distribution with mean 2. This procedure entails taking a sin-
gle transition with probability %, two transitions with probability %, three
transitions with probability %, and so forth. For each transition one ran-
domly selects a transition rule and a person and locus. If the transition rule
selected is Tp, then one also randomly selects a maternal or paternal node
to switch. If one of the T5 transitions is selected, then one also randomly
selects a spouse of the selected person.

Although selections are random, they need not be uniform. For example,
it is probably wise to select transition Ty more often than 77, and 77 more
often than T, and to target untyped people more often than typed people.
It makes sense to make other choices uniformly, such as the selection of
a spouse for a Tb transition or of a maternal or paternal node for a Tj
transition. In implementing the Metropolis algorithm, it simplifies matters
to keep the proposal distribution symmetric and use equation (9.6). This is
possible if independent choices are made at each transition. Indeed, because
each transition is its own inverse, taking a given sequence of transitions in
reverse order leads back from a proposed descent graph to the current
descent graph.

The Metropolis algorithm always takes steps to more favorable descent
graphs but never allows steps to illegal descent graphs. It is perfectly pos-
sible for the Markov chain to remain in place if a step is rejected or the
step consists of a double application of the same transition. This feature
forces the chain to be aperiodic. Finally, the chain is also irreducible since
the tunneling mechanism permits the chain to move from any legal descent
graph to any other legal descent graph in a single step.

9.7 Computing Location Scores

Location scores can be computed by a hybrid of stochastic sampling of
marker descent graphs and deterministic likelihood evaluation. Denote the
unknown trait position by d and the observed trait phenotypes on a pedi-
gree by T. Since it is trivial to compute the likelihood Pr(T") of the trait
phenotypes in the absence of the marker phenotypes, the key ingredient
in computing a location score log;,[Prqa(T | M)/ Pr(T)] is the conditional
probability Prq(T | M).
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If we can sample from marker descent graphs G given the marker types
M, then we can employ standard pedigree likelihood programs such as
MENDEL [25] to estimate Prqg(T | M). The basis for this computation is
the obvious decomposition

Prg(T | M) = Y Pry(T | G)Px(G | M), (9.12)
a

which relies implicitly on the assumption of linkage equilibrium between
the trait and marker loci. To evaluate (9.12), we run a Metropolis-coupled
Markov chain on marker descent graphs G. This chain has equilibrium dis-
tribution matching the conditional distribution Pr(G | M). If a sequence
of descent graphs @0, .. .,@n,l is generated by running the chain, then
the sample average %Z::Ol Pry(T | G;) will approximate Pry(T | M) ac-
curately for n sufficiently large. N

Deterministic computation of Pry(7T N G;) can be done by MENDEL if
it is alerted to recognize a mixture of the marker descent graph G, and the
trait phenotypes T as legitimate input [34]. Division of the joint likelihood
Pry(T N G;) output by MENDEL by the marginal likelihood Pr(G;) then
gives the requisite conditional likelihood Pry(T | él) used in computing the
sample average approximation. Since the trait locus is usually biallelic, and
since sampling from the Markov chain fills in all of the missing information
on marker gene flow, the deterministic part of a location score calculation
is generally quick.

9.8 Finding a Legal Descent Graph

The MCMC method of location scores must start with a legal descent
graph. Finding such a descent graph is harder than it first appears, but
fortunately the problem yields to a randomized version of genotype elim-
ination. The successful strategy proceeds locus by locus and constructs a
legal vector of ordered genotypes for a pedigree. From this vector a descent
state and corresponding descent graph are then assembled. Based on the
genotype elimination method of Chapter 7, the following algorithm applies
[34]:

1. Perform step (A) of genotype elimination on the pedigree.
2. Perform steps (B) and (C) of genotype elimination.
3. Consider each individual’s genotype list:

(a) If all people possess exactly one ordered genotype, then use these
genotypes to construct a descent state, assigning sources in the
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process. If a parent is homozygous at a locus, then randomly
assign sources to all genes contributed by the parent to his or
her children. Exit the algorithm with success.

(b) If any genotype list is empty, then either there is an inconsistency
in the pedigree data, or one of the rare counterexamples to the
optimality of genotype elimination has occurred. In either case,
exit the algorithm with failure.

(c) Otherwise, choose one of the people with multiple genotypes
currently listed and randomly eliminate all but one of his or her
ordered genotypes. Now return to step 2.

If the algorithm fails, then one should check the pedigree for phenotyp-
ing errors and nonpaternity. One of these two alternatives is certain for a
graphically simple pedigree. If no errors are found, and the pedigree has
cycles or loops—for instance, if it is inbred—then the algorithm should be
retried with different random choices in step 3, part (c).

9.9 Haplotyping

In haplotyping one attempts to find the most likely descent state for a se-
lected group of markers typed on a pedigree [19, 34]. Simulated annealing
is designed to solve combinatorial optimization problems of just this sort.
Because the space of descent states is very large, it is again advantageous to
work on the much smaller state of descent graphs. This entails maximizing
a different function than the conditional likelihood 75 = Pr(G | M) of a

descent graph G given the marker phenotypes M. Here we assign to G the
joint likelihood Pr(G) = Pr(GN M) of the most likely descent state G con-
sistent with both G and M. This modified objective function is substituted
for 75 in the simulated annealing acceptance probability (9.7).

Recall that the transmission probability Trans(G) in the joint likelihood
Pr(G N M) does not depend on G. A best descent state corresponding to
the descent graph G therefore maximizes the product

Prior(G) = H Pr(a;),
i=1

where a; is any legal allele vector assigned to component C; of the founder
tree graph associated with G. To maximize Prior(G), one simply maximizes
each factor Pr(a;) over its set S; of legal allele vectors. When the set S;
has one or two members, then it is trivial to choose the best member. If S;
consists of more than two members, then C; must consist of a single descent
tree, and .S; contains all possible alleles for the corresponding founder gene.
In this case, one chooses the allele with maximum population frequency.
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Except for the gradual lowering of temperature and the above indicated
revision of the acceptance probability, the remaining details of simulated
annealing exactly parallel the Markov chain simulations employed in cal-
culating location scores.

9.10 Application to Episodic Ataxia

We now apply the preceding theory to the pedigree of episodic ataxia shown
in Figure 7.3. After manually haplotyping the pedigree, Litt et al. [27] reject
the standard CEPH marker map [3] because it “would result in an obligate
triple crossover, within a 3-cM region, in individual 113.” Accordingly, their
Figure 2A presents a haplotype vector for the pedigree using the alternative
order that shifts locus D12S99 three positions distal (toward the telomere)
to its CEPH position. They claim that this alternative order reduces the
apparent triple crossover to a single crossover.

The descent graph method improves on their manual haplotyping of the
nine marker loci and produces the haplotypes shown in Figure 7.3. The orig-
inal disease-bearing chromosome passed from affected to affected is flagged
by e signs. This chromosome is disrupted twice by recombination events.
Close inspection of our computer-generated reconstruction shows that it
eliminates the triple crossover and a total of three superfluous recombina-
tion events postulated in the Litt et al. reconstruction [27]. Thus, there
is no reason to question the CEPH map. Fortunately, these revisions do
not affect the conclusion drawn by Litt et al. that the episodic ataxia locus
lies between the marker D12S372 and the pY2/1-pY21/1-KCNA5-D12S99
marker cluster.

The episodic ataxia pedigree also illustrates MCMC calculation of loca-
tion scores. As mentioned in Chapter 7, this pedigree is near the limit of
what is computable by deterministic likelihood algorithms. Eliminating the
three loci pY21/1, KCNAS5, and D12S99, MENDEL calculates the exact lo-
cation scores given by the continuous curve in Figure 7.5. The difference
between the exact scores and the MCMC location scores (the dotted curve
in Figure 7.5) is always less than 0.1 and usually less than 0.04. It is note-
worthy that the deterministic calculations take 11 times longer than the
MCMC calculations on one desktop computer — 2 hours versus 22 hours.
Even more impressive is that scaling up to larger pedigrees and a denser
marker map is straightforward for the MCMC method but impractical for
deterministic methods.
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9.11 The Lander-Green-Kruglyak Algorithm

Descent graphs also provide a basis for deterministically computing the
likelihood of a small pedigree [18, 19, 20, 21]. Success within this framework
depends on (a) the assumption of genetic equilibrium, (b) the product
rule for calculating penetrances across many loci, and (c) the application
of results from the theory of hidden Markov chains and Fourier analysis.
In explaining how these parts fit together, our first order of business is
to identify an appropriate Markov chain. Instead of viewing the chain as
evolving over time, we think of it as evolving from one locus to the next
along a sequence of ordered loci. At each locus, the state of the chain is the
pedigree’s descent graph at that locus. Likelihood calculation proceeds via
Baum’s forward algorithm as described here and in Chapter 11 [1, 4].
Baum’s algorithm recursively updates the joint probabilities

al(]) = Pr(Yi:ylu"w}/i—lzyi—lazi:j)u

where in the current context Y; represents the random vector of pheno-
types at locus ¢, and Z; represents the random descent graph at that lo-
cus. In Section 9.5 we dealt with the problem of computing the likelihood
@i(y; | j) that Y; = y; given that Z; = j. Each of the m meiotic events
in the pedigree involves a random choice of whether the contributing par-
ent transmits a grandmaternally or a grandpaternally derived allele. These
choices determine 2™ a priori equally likely descent graphs at each locus.
Hence, a1(j) = 2™ at the first locus. Because of the inherent phase un-
certainties within a pedigree founder, it is also possible to force one child of
each founder to inherit the founder’s grandmaternal allele at an autosomal
locus [20]. This action decreases the size of the state space of the Markov
chain and speeds up likelihood evaluation. In the interests of brevity, we
omit further discussion of this subtle effect.
Baum’s forward algorithm updates «;(j) via

aiv1(k) = Z%(j)(bi(yi | )ti(k | 7), (9.13)

where t;(k | j) is the conditional probability that descent graph k occurs
at locus ¢ + 1 given descent graph j at locus i. At the last locus, say
locus n, we recover the likelihood of the pedigree by forming the sum
> On(yn | J)an(d). At first sight it appears that the update (9.13) takes
on the order of O(22™) arithmetic operations. This discouraging estimate
neglects crucial symmetries, however.

To expose these symmetries, we represent the descent graphs j and k by
m-vectors of indicators

j = (.]177.]771)
ko= (k... km),
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where j,, = 0 or 1 according as the rth meiosis in j involves the transmission
of a grandmaternal gene or grandpaternal gene and similarly for k.. If we
let 8; denote the recombination fraction between loci ¢ and ¢ 4 1, then

m
tilk | j) = JLO =00 0omsrmomoang o=t

r=1

The meiosis indicators j and k can be viewed as elements of a commutative
group if we define addition by

j+k = [(j1+k)mod2...,(jm~+ km) mod 2]

and the identity element by 0 = (0, ..., 0). (See Problem 12 for the proper-
ties of a commutative group.) From the group perspective, Baum’s update
(9.13) becomes the convolution

it (k Zﬁz i(k=j) = Bixti(k),

where 5;(5) = a;(j)di(y: | 7). This suggests the possibility of exploiting
elementary Fourier analysis in the guise of the Walsh transform [16].

The Walsh transform turns a sequence a; indexed by a meiosis indicator
7 into a new sequence aj indexed by a meiosis indicator k£ via

1 1 m
C"Lk — 5 . 5 H 7‘]7‘
Jm=0r=1

=0
- X 1)) g (9.14)
where (k,j) = Y1 kyjr. The inverse Walsh transform
ar = L Z(_1)<k 2
2m £
J
deserves its names because
1 1
el 1R, — _1){Lk) _1){k.5)
k k J
1 .
_ L _1\(k,g=0)
= Zaj o Z( 1)k

- Soge - 2 fleno
k1=0 m=0T7r=1
= ap
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The last equality is the consequence of the identity

1 .
ERTUN(AS R A A
> (=1 {0 i # L

k=0

for all I,., j, € {0,1}.
The Walsh transform sends the convolution a * by = Zj a;by,—; into the

pointwise product aiby. Indeed,

SEDERash = S (=D)ERS g

k k J
= 2D Y
j k

= [0 | [ ).

J

Assuming that the Walsh transform and its inverse are quick to compute,
a good indirect strategy for computing a * by is to Walsh transform ax and
by, separately, take the pointwise product dll;l, and then inverse transform.

Inspection of equation (9.14) suggests that we evaluate the multiple sum
as an iterated sum. The inner sum

1

(1) . oo
Ak = 2 (=DFIma,
=0

km
= Qgm0 T (DTG 1)
replaces the index j,, by the index k,,. The next sum

1

(2) j— k?mfljnlfl (1)
Vs seim—zkm—1,km) Z (=1 Qs —2,Gm—1km)
j7n71:O
_ (1) Ve, (1)
= OG0k T DTG k)

replaces the index j,,—1 by the index k,,—1. Each succeeding sum likewise
trades a j index for a k index. Because there are m indices and each in-
dex substitution requires 2™ additions or subtractions, this fast Walsh
transform computes aj = a,(cm) in O(m2™) operations, an enormous sav-
ings over the O(22™) operations required by the naive method. Because the
inverse Walsh transform also has computational complexity O(m2™), and
pointwise multiplication has computational complexity O(2™), the indirect
method of computing a convolution takes only O(m2™) operations.

It turns that the we can explicitly calculate the Walsh transform ti(k)
of the transition matrix ¢;(j). If we define s,(j,.) = (1 — ;)1 776", then
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- {(1_291-)271’“ S k>0

If we posit unequal female 6,; and male 6,; recombination fractions sepa-
rating loci ¢ and i+ 1, then a straightforward adaptation of these arguments
yields

ti(k) = (1 —20,)P® (1 —26,,)7%)

where p(k) is the number of components k, = 1 with r a female meiosis
and ¢(k) is the number of components k, = 1 with r a male meiosis.

9.12 Genotyping Errors

One or two unfortunately placed genotyping errors can profoundly influ-
ence the magnitude of lod and location scores. Although many errors can
be detected by a careful rereading of gels or other phenotypic tests, it is
often more powerful to use the contextual evidence provided by relatives.
Overt violations of Mendel’s laws are the easiest to detect. The less ob-
vious errors such as unlikely double recombinants do more damage. For
these more subtle errors, the best approach is to construct a genotyping
error model and compute posterior error probabilities. The single-locus ver-
sion of this tactic is advocated in the papers [5, 26, 30, 36]. In practice, any
realistic error model forces one to consider many alternative genotypes. At
a highly polymorphic marker locus, this complication creates a major com-
putational bottleneck for the Elston-Stewart method. Computing posterior
error probabilities with multiple linked markers just exacerbates the prob-
lem. The deterministic and stochastic descent graph methods discussed in
this chapter are capable of handling posterior error computations involving
linked markers. Only in this setting can unlikely double recombinants be
detected.

There are several plausible models for mistyping error. All invoke inde-
pendence of typing errors from person to person and locus to locus. The
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simplest error model posits a uniform distribution of errors over the avail-
able genotypes at a single locus. Empirically, this penetrance model appears
capable of detecting most typing errors. In reading the bands of a gel, er-
rors are not distributed uniformly over all genotypes but tend to cluster.
For example, with tandem repeat loci, a repeat allele is ordinarily confused
with a neighboring allele with one more or one less repeat. This kind of
error often causes heterozygotes to be mistyped as homozygotes. Taking a
uniform distribution over neighboring genotypes as defined by neighboring
alleles should model gel reading better. Computational speed would also be
enhanced by eliminating some genotypes as mistyping choices for a given
genotype. Of course, if geneticists adopt single nucleotide polymorphisms
and genotyping chips and discard tandem repeat markers and gels, then
the naive uniform model becomes more persuasive.

Regardless of the error model, all posterior error probabilities reduce to
simple conditional probabilities. Let M denote the collection of observed
genotypes in a pedigree and A;; the event that the true genotype and
observed genotype at locus j of person ¢ match. The posterior probability
of no error at this locus and person is just the conditional probability
Pr(M N A;; | M). Given the correct penetrance function implementing the
genotyping error model, one can approximate this conditional probability
stochastically as the proportion of time in the Markov chain simulation
that the true and observed genotypes match. This is one setting where it
is preferable to operate on descent states rather than descent graphs since
this change obviates the need for implementing a time-consuming backtrack
scheme to compute the likelihood of each encountered descent graph. If one
proceeds deterministically, it is easiest to evaluate Pr(M N A;;) and Pr(M)
separately and divide. A trivial adjustment of the genotyping penetrance
function accounts for the difference between these probabilities. For small
pedigrees, it helps in the deterministic computations to reduce the set of
possible alleles at each locus to those actually seen in the pedigree. This
may change posterior probabilities slightly, but the decrease in computing
time easily justifies the shortcut.

9.13 Marker Sharing Statistics

Well-designed descent-graph statistics can readily capture excess identity-
by-descent sharing among the affected members of a disease pedigree. We
have already encountered one such statistic in Chapter 6. The current sta-
tistics are better because they exploit multiple linked markers and geno-
typing results on normal as well as affected members of a pedigree. In com-
puting these new statistics, descent graphs can be sampled exhaustively
on small pedigrees or stochastically on large pedigrees [19, 33]. Statistics
are scored by sliding a hypothetical trait locus across the marker map. At
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each putative position of the trait locus, the observed marker phenotypes
determine the conditional probabilities of the different descent graphs at
the trait locus. A given descent graph partitions the set of genes of affected
people at the trait locus into blocks. Two genes belong to the same block
if and only if they are identical by descent. Good nonparametric linkage
statistics quantify the clustering of genes in such partitions.

In discussing possible statistics, it is useful to consider a generic partition
of genes into m identity by descent blocks By, ..., By,. If block B; contains
|B;| genes, then some appealing sharing statistics are:

Thlocks = m
T = 2o 1B
— (Bl
Thuirs = 9.15
s = > (15 (9.15)

Ta = [[IBil
=1

Statistic Tpoeks counts the number of blocks, Timax records the maximum
number of genes within any block, and Tpairs counts the number of pairs
of genes identical by descent over all blocks. Statistic Ty is a rapidly in-
creasing function of the size of the blocks [43]. A low value of Tjjoes OF @
high value of Tiax, Tpairs; or Ty indicates clustering.

Now suppose we have r affecteds in a pedigree. If we suspect dominant
disease inheritance, then in most cases there is only one disease gene per
affected. This suggests that we entertain the thought experiment of sam-
pling one trait gene from each affected before making any comparison. Let
i be an indicator that is 0 when we sample a maternal gene of the kth
affected person and 1 when we sample a paternal gene. Given a descent
graph, the statistics T},1ocks through Ty are all meaningful for the genes
indicated by the vector (i1, ...,4,). Furthermore, the statistic

= max Tj[(i1,...,%)]

(415.-s07)

dom
T;

is apt to be more informative of the sharing caused by dominant inheritance
than the statistic 7. For a recessive disease, there are two disease genes per
affected, and sampling seems counterproductive. A compromise between
these two extremes is to employ the averaged statistic

1 1
1 . .
Tjadd — ? E e E Tj[(ll, “e ,ZT)]

11=0 i =0

designed for diseases with additive penetrances.
In practice, one takes the expected values of these nonparametric sta-
tistics conditional on the observed marker genotypes, the trait location,
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and the constellation of affecteds within the pedigree. Consider one of the
suggested statistics U, and denote its value on pedigree k by Uj. If this
pedigree has observed marker phenotypes My, then our test statistic is
the conditional expectation Z, = E(Uy | Mj). In Chapter 6, we suggested
testing for excess marker sharing using the standardized statistic

>k Wi[Z — E(Zy)]

S - )
Sy wg Var(Zy)

where wy, is a positive weight assigned to pedigree k. The reader will recall
the specific recommendation

Tk
wy = —

Var(Zy)

for a pedigree with r, affecteds. Unfortunately, the problem now intrudes of
how to calculate E(Z}) and Var(Zy). On small pedigrees, one can compute
the unconditional values E(Uy) and Var(Uy) simply by enumerating all
possible descent graphs. While it is true that E(Zy) = E(Uy), we can only
assert that Var(Zy) < Var(Uy). If we substitute Var(Uy) for Var(Zy), a
standard normal approximation for S is bound to be conservative.

It seems that the only remedy is to compute p-values empirically. The
necessary simulations are feasible if done intelligently. The fact that dif-
ferent pedigrees are independent and contribute additively to each sharing
statistic eases the pain of simulation considerably. Consider a generic sum
S = X; + .-+ X, of n independent random variables. For example, we
could take

Tk

Xk = ’wk[Zk—E(Zk)], W = W

If we want to sample S a million times, we can in principle sample the whole
vector (X1,...,X,) a million times and sum. This would be prohibitively
expensive in the pedigree case because of the work involved in simulating
each Xj. One simulation statistic for one pedigree involves completely re-
sampling the observed markers by gene dropping and then recomputing
the test statistic in question. Alternatively, we could sample each X}, say a
hundred times, then construct a million different vectors (X7, ..., X,) by
repeatedly drawing each X independently from its previously constructed
subsample of size one hundred. If n is large and the variances Var(X}) are
comparable, then this two-stage procedure is reasonably accurate and costs
a fraction of the naive procedure.

These ideas are now implemented in the latest version of MENDEL.
Extensive testing suggests that the statistics displayed in Table 9.2 have
the most power against the indicated alternatives [22]. The superscript
“rec” in the table refers to the original statistics given in equation (9.15)
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TABLE 9.2. Best Marker-Sharing Statistics for Various Alternatives

Disease | Single Generation | Multiple Generations
Model of Affecteds of Affecteds
Recessive TS ks T ocks
Additive T2dd padd T Tag
Dominant ngi%s’ Tadd T

with no sampling. Wherever the statistics 7244 and T;‘lid appear together

pairs
in Table 9.2, we tend to prefer ngi(ris because its reduced skewness leads to
better approximation of p-values and less sensitivity to extreme pedigrees.
Despite these tentative conclusions, many questions remain unresolved. For
example, could we increase the power of the various pairs statistics by giving
distantly related affected pairs more weight? It is certainly more striking
for distantly related relatives to share marker alleles than for closely related
relatives.

In concluding this chapter and section, we note that the current compu-
tational methods are easily adapted to supply the conditional kinship coef-
ficients needed in QTL mapping. Each descent graph determines a unique
kinship coeflicient between a pair of relatives regardless of their disease sta-
tus. Averaging over all possible descent graphs then yields their conditional
kinship coefficient given the observed marker data. Again we can perform
the computations stochastically or deterministically. If we want conditional
kinship coefficients at points between real markers, we can add pseudo-
markers with no observed data or implement the algorithm described in
[35].

9.14 Problems

1. Numerically find the equilibrium distribution of the Markov chain
corresponding to the Alul restriction site model. Is this chain re-
versible?

2. The restriction enzyme Hhal has the recognition site GCGC. Formu-
late a Markov chain for the attainment of this restriction site when
moving along a DNA strand. What are the states and what are the
transition probabilities?

3. “Selfing” is a plant breeding scheme that mates an organism with
itself, selects one of the progeny randomly and mates it with itself,
and so forth from generation to generation. Suppose at some genetic
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locus there are two alleles A and a. A plant can have any of the three
genotypes A/A, A/a, or a/a. Define a Markov chain with three states
giving the genotype of the current plant in the selfing scheme. Show
that the nth power of the transition matrix is

—_

pPr = )n+l

b G b
0 0

o= ©

What is lim,,—oo P™"? Demonstrate that this Markov chain has mul-
tiple equilibrium distributions and characterize them.

Find a transition matrix P such that lim,,_ ., P™ does not exist.

. For an irreducible chain, demonstrate that aperiodicity is a necessary

and sufficient condition for some power P™ of the transition matrix
P to have all entries positive. (Hint: For sufficiency, you may use the
following number theoretic fact: Suppose S is a set of positive integers
that is closed under addition and has greatest common divisor 1. Then
there exists an integer m such that n € S whenever n > m.)

. Let Zy, Z1,Z,... be a realization of an ergodic chain. If we sample

every kth epoch, then show (a) that the sampled chain Zy, Zj, Zo, - - -
is ergodic, (b) that it possesses the same equilibrium distribution as
the original chain, and (c) that it is reversible if the original chain is.
Thus, we can estimate theoretical means by sample averages using
only every kth epoch of the original chain.

The Metropolis acceptance mechanism (9.6) ordinarily implies ape-
riodicity of the underlying Markov chain. Show that if the proposal
distribution is symmetric and if some state i has a neighboring state
j such that m; > m;, then the period of state ¢ is 1, and the chain,
if irreducible, is aperiodic. For a counterexample, assign probability
= % to each vertex i of a square. If the two vertices adjacent to a
given vertex ¢ are each proposed with probability %, then show that
all proposed steps are accepted by the Metropolis criterion and that
the chain is periodic with period 2.

If the component updated in Gibbs sampling depends probabilis-
tically on the current state of the chain, how must the Hastings-
Metropolis acceptance probability be modified to preserve detailed
balance? Under the appropriate modification, the acceptance proba-
bility is no longer always 1.

Importance sampling is one remedy when the states of a Markov chain
communicate poorly [13]. Suppose that 7 is the equilibrium distribu-
tion of the chain. If we sample from a chain whose distribution is v,
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then we can recover approximate expectations with respect to © by
taking weighted averages. In this scheme, the state z is given weight
w, =7, /v,. Ut Zy,Z1,Z5 ... 1s arun from the chain with equilibrium
distribution v, then under the appropriate ergodic assumptions, prove
that
n—1

t 202D g ),

n— o0 ieo Wz,
The choice v, w;/ " for 7 > 1 lowers the peaks and raises the valleys
of 7 [14]. Unfortunately in practice, if v differs too much from 7, then
the estimator

Sy wz, f(Z))

—1
Z?:O wz;

of the expectation E,[f(X)] will have a large variance for n of mod-
erate size.

Another device to improve mixing of a Markov chain is to run several
parallel chains on the same state space and occasionally swap their
states [9]. If m is the distribution of the chain we wish to sample
from, then let 7(Y) = 7, and define m — 1 additional distributions
72, ..., 7™ For instance, incremental heating can be achieved by
taking
1
ﬂ,gk) x 7_‘_Zl+(k71)f

for 7 > 0. At epoch n we sample for each chain k a state Z, given
the chain’s previous state Z,_j . We then randomly select chain ¢
with probability % and consider swapping states between it and chain
j =1+ 1. (When ¢ = m no swap is performed.) Under appropriate
ergodic assumptions on the m participating chains, show that if the
acceptance probability for the proposed swap is

T, T,

@ ) )’

T Zni T Zn

min < 1,

then the product chain is ergodic with equilibrium distribution given
by the product distribution 7Y @ 7 @ ... @ 7(™). The marginal
distribution of this distribution for chain 1 is just w. Therefore, we
can throw away the outcomes of chains 2 through m, and estimate
expectations with respect to 7 by forming sample averages from the
embedded run of chain 1. (Hint: The fact that no swap is possible
at each step allows the chains to run independently for an arbitrary
number of steps.)
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Formally describe the transition rules T, and T, on descent graphs
in terms of the transition rules Ty and T7;.

Consider the set G of column vectors j = (j1,...,jm)! whose entries
are either 0 or 1. If m = 3, a typical vector in G is (0, 1, 1). Altogether
G has 2™ elements. Prove that G forms a commutative group under
the addition operation

j+k = [(j1+k)mod2,...,(Jm + kmn) mod 2]".
This entails showing that
(a) If j and k are in G, then j + k is in G.
(b) For all j, k,and l in G, we have j+ (k+1) = (j + k) + L.
(
(d

(e) Every element j has an additive inverse —j such that

)
)
¢) For all j and k in G, we have j + k =k + j.
) There is an identity element 0 of G such that j + 0 = j.
)

i=i = i+(=j) =o.

Note that you may simply cite without proof any relevant facts about
modulo arithmetic.

One can adapt the Lander-Green-Kruglyak algorithm to perform hap-
lotyping. In the notation of Section 9.11, define ~;(y; | j) to be the
likelihood of the most likely descent state consistent with the descent
graph j and the marker phenotypes y; at locus i. Section 9.9 de-
scribes how to compute ~;(y; | ). At locus 1 set 51(j) = v1(y1 | §)
and p;(j) = j for each descent graph j of the pedigree. Given these
initial values, recursively set

Bixa(k) = maxGi(G)ti(k [ j)vie1(isr | K).
If the maximum over j occurs for descent graph j*, let

piv1(k) = (pi(j"), k).

In the case of a tie, arbitrarily choose j* from among the possible
best j. At locus n, the last locus, suppose k provides a maximum
of B,(j). Show that the path p, (k) solves the haplotyping problem
in the sense of providing an optimal descent graph, which can be
completed to an optimal descent state as described in Section 9.9.
Prove that this dynamic programming solution has computational
complexity O(n22™), where m is the effective number of meioses.
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Molecular Phylogeny

10.1 Introduction

Inferring the evolutionary relationships among related taxa (species, gen-
era, families, or higher groupings) is one of the most fascinating problems of
molecular genetics [17, 22, 23]. It is now relatively simple to sequence genes
and to compare the results from several contemporary taxa. In the current
chapter we will assume that the chore of aligning the DNA sequences from
these taxa has been successfully accomplished. The taxa are then arranged
in an evolutionary tree (or phylogeny) depicting how taxa diverge from
common ancestors. A single ancestral taxon roots the binary tree describ-
ing the evolution of the contemporary taxa. The reconstruction problem
can be briefly stated as finding the rooted evolutionary tree best fitting the
current DNA data. Once the best tree is identified, it is also of interest to
estimate the branch lengths of the tree. These tell us something about the
pace of evolution. For the sake of brevity, we will focus on the problem of
finding the best tree.

It is worth emphasizing that molecular phylogeny is an area of intense
current research. Most of the models applied are caricatures of reality. Be-
sides the dubious assumption that alignment is perfect, the models fail to
handle site-to-site variation in the rate of evolution, correlation in the evolu-
tion of neighboring sites, and sequence variation within a taxon. Evolution-
ary biologists tend take the attitude that it is necessary to start somewhere
and that a failure to account for details will not distort overall patterns if
the patterns are sufficiently obvious. Mathematical biology abounds with
compromises of this sort. However, better models can answer more subtle
questions. Scientific attention is now shifting to identifying gene families,
sequence motifs, and conserved regions within genes. The final sections of
this chapter deal with codon models and spatial correlation in the rate of
evolution. These modeling elaborations have the potential of shedding light
on protein structure and function.

10.2 Evolutionary Trees

An evolutionary tree is a directed graph showing the relationships be-
tween a group of contemporary taxa and their hypothetical common ances-
tors. The root of the tree is the common ancestor of all of the contempo-
rary taxa. The other nodes are either the contemporary taxa at the tips of
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root

FIGURE 10.1. The Only Rooted Tree for Two Contemporary Taxa

the tree or speciation events (internal nodes) from which two new taxa
bifurcate.

The first theoretically interesting question about evolutionary trees is
how many trees T}, there are for n contemporary taxa. For n = 2, obviously
T, = 1; the single tree with two contemporary taxa is depicted in Figure
10.1. The three possible trees for three contemporary taxa are depicted
in Figure 10.2. In general, T}, = % Thus, Ty = 15, T5 = 105,

Ts = 945, and so forth.

root root root

FIGURE 10.2. The Three Rooted Trees for Three Contemporary Taxa

To verify the formula for T),, first note that an evolutionary tree with n
tips has 2n — 1 nodes and 2n — 2 edges. This is certainly true for n = 2,
and it follows inductively because every new tip to the tree adds two nodes
and two edges. The formula for T,, is proved in similar inductive fashion.
Ty = (2-2—3)!/(22720!) = 1 obviously works. Given a tree with n tips, tip
n + 1 can be attached to any one of the existing 2n — 2 edges or it can be
attached directly to the root if the current bifurcation of the root is moved
slightly forward in time. Thus,

Toor = (2n—1)T,
(2n —1)(2n — 3)!
2n=2(n — 2)!
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(2n —1)(2n — 2)(2n — 3)!
2n=22(n — 1)(n — 2)!
(2n —1)!

2n=1(p — 1)V

For instance with n = 2, the single rooted tree of Figure 10.1 is transformed
into one of the three rooted trees of Figure 10.2 by the addition of the tip
3.

10.3 Maximum Parsimony

The first step in constructing an evolutionary tree is to partially sequence
the DNA of one representative member from each of several related taxa. A
site-by-site comparison of the bases observed along some common stretch of
DNA is then undertaken to ascertain which evolutionary tree best explains
the relationships among the taxa. In the past, evolutionary biologists have
also compared amino acid sequences deduced from one or more common
proteins. DNA sequence data are now preferred because of their greater
information content. As discussed in Appendix A, the four DNA bases are
A (adenine), G (guanine), C (cytosine), and T (thymine). Of these, two are
purines (A and G), and two are pyrimidines (C and T).

G

1G G2 3A A4 1G G2 3A A4

(a) (b)
FIGURE 10.3. A Maximum Parsimony Assignment

The maximum parsimony method first devised by Eck and Dayhoff
[4] and later modified by Fitch [8] provides a computationally fast tech-
nique for choosing a best evolutionary tree. Maximum parsimony assigns
bases site by site to the internal nodes of an evolutionary tree so as to
achieve the minimum number of base changes as one passes from descen-
dant nodes to ancestral nodes. For instance, Figure 10.3 (a) depicts the
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1G A3 2G A4 1G A3 2G A4

(a) (b)

FIGURE 10.4. Another Maximum Parsimony Assignment

result of sequencing four contemporary taxa 1, 2, 3, and 4 at a particular
DNA site; Figure 10.3 (b) represents an assignment of bases to the inter-
nal nodes that leads to only one disagreement between neighboring nodes
in the given evolutionary tree. This assignment, which is not unique, is a
maximum parsimony assignment. Figures 10.4 (a) and 10.4 (b) depict a
maximum parsimony assignment to a different evolutionary tree. In this
case, the minimum number of base changes is two. Hence, these two evo-
lutionary trees can be distinguished given the bases observed on the four
contemporary taxa. When many sites are considered, each rooted tree is
assigned a maximum parsimony score at each site. These scores are then
added over all sites to give a maximum parsimony criterion for a rooted
tree.

One flaw in this scheme is that several rooted trees will possess the same
maximum parsimony score. This fact can be appreciated by considering the
role of the root. The root is unique in having exactly two neighbors. All
other internal nodes have three neighbors, and the tips have one neighbor.
If, on one hand, the bases at the two neighbors of the root agree, then the
root will be assigned their shared base. If, on the other hand, the bases
at the two neighbors of the root disagree, then the root will be assigned a
base agreeing with one neighbor and disagreeing with the other neighbor. In
either case, omitting the root leaves the maximum parsimony score assigned
to the rooted tree unchanged. Thus, rooted trees that lead to the same
unrooted tree are indistinguishable under maximum parsimony. Figure
10.5 illustrates how two different rooted trees can collapse to the same
unrooted tree. The unrooted tree with the minimum maximum parsimony
sum is declared the best unrooted tree.

Let us now demonstrate in detail how maximum parsimony operates
[4, 8, 10]. Assignment of bases to nodes is done inductively starting with
the tips, at which the bases are naturally fixed. Now suppose that we have
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1 2 3 4 1 2 3 4
1 3
2 4

FIGURE 10.5. Two Rooted Trees Corresponding to the Same Unrooted Tree

solved the maximum parsimony problem for the two direct descendants i
and j of an internal node k. By this we mean that we have constructed a
maximum parsimony assignment to the subtree consisting of 7 and all of its
descendants under the condition that the base at ¢ is fixed at a particular
value b;. We likewise assume that we have constructed a maximum parsi-
mony assignment to the subtree consisting of j and all of its descendants
under the condition that the base at j is fixed at a particular value b;. Let
the corresponding maximum parsimony scores be s;(b;) and s;(b;). If node
i represents a contemporary taxon with observed base b, then we take
si(bi) = 1y, 0=y and similarly for node j.

Suppose we now fix the base of the parent node k at a particular value
bi.. The value of the maximum parsimony score si(by) assigned to k under
this condition is by definition

Sk(bk) = (gx}il)n)[l{bk;ébi} + 1{bk7£bj} + Sz(bl) + Sj(bj)]. (10.1)

3,05
We now move inductively upward through the tree until reaching the root
. At that juncture, the maximum parsimony score for the whole tree is
s = miny, s;(by). If in equation (10.1) node 7 is a contemporary taxon, then
in view of the definition of s;(b;), the intermediate score si(by) reduces to

sp(be) = minfly, spevey + Loy, 0,y +55(05)]-
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Analogous simplifications hold when node j is a contemporary taxon and
when nodes ¢ and j are both contemporary taxa.

For three contemporary taxa, it is trivial to verify that the parsimony
score s takes one of the three values 0, 1, or 2. If the observed bases of
the three taxa all agree, then s = 0; if two bases agree and one disagrees,
then s = 1; and if all three disagree, then s = 2. Since the three possible
rooted trees for three contemporary taxa collapse to the same unrooted
tree, these numerical conclusions are consistent with the fact that maximum
parsimony is actually a device for distinguishing unrooted trees. Problem
3 explores the more informative situation with four contemporary taxa.

Computation of the maximum parsimony score is best accomplished by
recursively traversing the nodes of the underlying evolutionary tree in a
postorder fashion [18]. In a recursive traversal, we view each internal node
as possessing a left and right subtree. In the maximum parsimony postorder
traversal, we first compute recursively the scores s;(b;) for nodes in the left
subtree of the root, then we compute recursively the scores s;(b;) for nodes
in the right subtree of the root, and finally we compute the scores at the
root. The recursive nature of postorder traversal guarantees that the we
visit the tips first and then move upward through the tree. In a preorder
traversal, we visit the root first, then its left subtree recursively, and finally
its right subtree recursively. Thus, postorder traversal is bottom-up, and
preorder traversal is top-down.

A preorder traversal is convenient in assigning a set of bases that realize
the maximum parsimony score. To assign the optimal bases, we first con-
struct a system of pointers in the postorder traversal. When we visit node
k, we connect base by to the bases b; and b; at the daughter nodes 7 and
j that furnish the minimum of the right-hand side of equation (10.1). In
the case of a tie, we choose a pair (b;,b;) arbitrarily among the best pairs.
The preorder traversal commences by choosing an optimal base at the root.
We then follow the constructed pointers recursively down through the left
subtree and then recursively down through the right subtree. As we visit
each internal node, the appropriate pointer from its parent node identifies
a base compatible with the maximum parsimony score.

In spite of maximum parsimony’s speed and intuitive appeal, it can be
misleading in extreme cases. Felsenstein [5] points out that maximum par-
simony even fails the basic test of statistical consistency. In the remainder
of this chapter, we focus on building a parametric model for the evolution-
ary changes at a single DNA site and implementing maximum likelihood
estimation within the context of this model [6].
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10.4 Review of Continuous-Time Markov Chains

As a prelude to the model-based approach, let us pause to review the theory
of finite-state, continuous-time Markov chains. Just as in the discrete-time
theory summarized in Chapter 9, the behavior of a Markov chain can be
described by an indexed family Z; of random variables giving the state oc-
cupied by the chain at each time ¢. Of fundamental theoretical importance
are the probabilities p;;(t) = Pr(Z; = j | Zo = i). For a chain having a
finite number of states, these probabilities can be found by solving a ma-
trix differential equation. To derive this equation, we use the short-time
approximation

piji(t) = Xijt+o(t) (10.2)

for ¢ # j, where \;; is the transition rate (or infinitesimal transition
probability) from state i to state j. Equation (10.2) implies the further
short-time approximation

pi(t) = 1—Nt+o(t), (10.3)
where )\i = Zj;éi /\U
Now consider the Chapman-Kolmogorov relation
pit+h) = pi(O)pi(h) + > pik(t)prs(h), (10.4)
k]

which simply says the process must pass through some intermediate state k
at time ¢ en route to state j at time ¢+ h. Substituting the approximations
(10.2) and (10.3) in (10.4) yields

piit+h) = pi(t)(1 = Nh) + > pik(t)Akjh + o(h).
k#j
Sending h to 0 in the difference quotient

pij{t+ h}z —pull) —pi(DA] + Y _pir(t) e + %

oy

produces the forward differential equation
P = =pi(ON + > P (). (10.5)
iy

The system of differential equations (10.5) can be summarized in matrix
notation by introducing the matrices P(t) = [p;;(¢)] and A = (A;;), where
Aij = Nij for © # j and Ay; = —A;. The forward equations in this notation
become

Pty = P(t)A (10.6)
PO) = I,
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where [ is the identity matrix. It is easy to check that the solution of the
initial value problem (10.6) is furnished by the matrix exponential

®© kak
t"A
P(t) = " = — (10.7)
k=0
Probabilists call A the infinitesimal generator or infinitesimal tran-
sition matrix of the process.
A probability distribution 7 = (7;) on the states of a Markov chain is a

row vector whose components satisfy 7; > 0 for all ¢ and Zi m; = 1. If
mP(t)=m (10.8)

holds for all £ > 0, then 7 is said to be an equilibrium distribution for
the chain. Written in components, the eigenvector equation (10.8) reduces
to Y, mipij(t) = m;. Again, this is completely analogous to the discrete-
time theory described in Chapter 9. For small ¢, equation (10.8) can be
rewritten as

7l +tA) +o(t) = .

This approximate form makes it obvious that 7A = 0 is a necessary condi-
tion for 7 to be an equilibrium distribution. Multiplying (10.7) on the left
by 7 shows that 7A = 0 is also a sufficient condition for 7 to be an equi-
librium distribution. In components, this necessary and sufficient condition
amounts to

domiNi = my Ay (10.9)

J#i J#i

for all 7. If all the states of a Markov chain communicate, then there is one
and only one equilibrium distribution 7. Furthermore, each of the rows of
P(t) approaches 7 as t — oo. Lamperti [16] provides a clear exposition of
these facts.

Fortunately, the annoying feature of periodicity present in discrete-time
theory disappears in the continuous-time theory. The definition and proper-
ties of reversible chains carry over directly from discrete time to continuous
time provided we substitute infinitesimal transition probabilities for tran-
sition probabilities. For instance, the detailed balance condition becomes

TiNij = TWjNj (10.10)

for all pairs ¢ # j. Kolmogorov’s circulation criterion for reversibility contin-
ues to hold, and when it is true, the equilibrium distribution is constructed
from the infinitesimal transition probabilities exactly as in discrete time.
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10.5 A Nucleotide Substitution Model

Models for nucleotide substitution are of great importance in molecular
evolution. Kimura [13], among others, views the changes occurring at a
single position or site as a continuous-time Markov chain involving the four
bases A, G, C, and T. The matrix A below gives the transition rates under
a generalization of Kimura’s model of neutral evolution. In this matrix the
rows and columns are labeled by the four states in the order A, G, C, and
T from top to bottom and left to right.

A G C T

A[f—(a+~v+N) o' vy A

A = G € —(e+7v+N) vy A

- C ) K —(0+Kk+0) B
T ) K o] —(0+k+o0)

Without further restrictions, this chain does not satisfy detailed balance.
If we impose the additional constraints Sy = Ao and ad = ek, then the
distribution

5

e Ey |
K

T S iR
v

L BT (10.11)
A

L Sy

satisfies detailed balance. To verify detailed balance, one must check six
equalities of the type (10.10). For instance, maa = wge follows directly
from the definitions of 74 and 7g and the constraint ad = ex. Kolmogorov’s
criterion indicates that the two stated constraints are necessary as well as
sufficient for detailed balance.

In the Markov chain, two purines or two pyrimidines are said to differ by
a transition. (This convention of the evolutionary biologists is confusing.
All states differ by what a probabilist would call a single transition of the
chain. However, we will defer to the biologists on this point.) A purine and
a pyrimidine are said to differ by a transversion. The matrix A displays a
modest amount of symmetry in the sense that the two transversions leading
to any given state always share the same transition rate.

In principle, it is possible to solve for the finite-time transition matrix
P(t) in this model by exponentiating the infinitesimal generator A. To avoid
this rather cumbersome calculation, we generalize the arguments of Kimura
[13] and exploit the symmetry inherent in the model. Define g4y (¢) to be
the probability that the chain is in either of the two pyrimidines C or T
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at time ¢ given that it starts in A at time 0. We will derive a system of
coupled ordinary differential equations obeyed by gay (t) and pag(t). The
entry pag(t) of P(t) is the probability that the chain is in G at time ¢ given
that it starts in A at time 0. By the same reasoning that led to the forward
equation (10.5), we have

qay(t+h) = qay(t)(1 —0h —kh) + pac(t)(y + Mh
+ [ = qay (t) = pac(®)](y + A)h + o(h),
where 1 — qay (t) — pac(t) equals the probability psa(t) of being in A at

time ¢. Forming the obvious difference quotient and letting h — 0 yields
the differential equation

Qay(t) = —c1qay(t) +ca,
where
1 = 0+Kk+y+A
C2 = 7 + A

This equation can be solved by multiplying by the integrating factor et
and isolating the terms [gay (t)e“*!]" involving gay () on the left side of the
equation. These manipulations yield the solution

qay(t) = 2_2(1 — et (10.12)

1
satisfying the initial condition g4y (0) = 0.
To solve for pag(t), write the forward approximation
paclt+h) = pac(®)(1—ch—h = A) + qay (£)sh
+ [1 = qay (t) — pac(t)]ah + o(h).

This leads to the differential equation

Pac(t) = —czpac(t) + cagay (t) + o,
where
cz = et+ta+y+A
4 = K-—ao.

Substituting the solution (10.12) for g4y (¢), one can straightforwardly ver-
ify that this last differential equation has solution
pAG(t) _ coCq4 + Cy _ C2Cy et
cic3 c1(es —c1)
cocy — s — c1) o—cat
cs(ez — 1)

(10.13)



10. Molecular Phylogeny 213

satisfying pag(0) = 0.

This analysis has produced the probabilities paa(t), pac(t), and gay (t)
of being in A, G, or either pyrimidine at time ¢ starting from A at time
0. To decompose gay (t) into its two constituent probabilities pac(t) and
par(t), define quy () to be the probability that the chain is in either purine
at time ¢ given that it starts in either purine at time 0. Likewise, define
quc(t) to be the probability that the chain is in the pyrimidine C at time ¢
given that it starts in either purine at time 0. Because of the symmetry of
the transition rates, quy (t) makes sense, and quc(t) = pac(t) = pac(t).
From gay (t) and pac(t), we calculate par(t) = qay (t) — pac(t).

To derive a differential equation for gy (t), note the approximation

quu(t+h) = qu®)(1 —vh =)+ quct)( + k)h
+ [ —quu®) = que®)](0 + K)h +o(h),

where 1 — quu (t) — quc(t) is the probability of being in T at time ¢. This
approximation leads to

quu(t) = —caquu(t) +cs,
where ¢; was defined previously and
cs = 0+k.
Again, the solution

_ —cit
wol) = EHaZo) (10.14)

satisfying qup (0) = 1 follows directly.
The approximation for qyc(t),

quc(t+h) = quc@)(l =6k —rh—Bh)+ quu(t)vh
+[1—quu(t) — quc(t)]oh + o(h),
yields the differential equation

awe(t) = —csque(t) +crquu(t) + o,
where
6 = 0+Kk+0o+0
cr = 7Y —oO.

In view of equation (10.14) and the initial condition ¢y (0) = 0, the solu-
tion for quc(t) is

csCr + ocy (Cl — 05)07 oert
C1Ce C1 (CG - Cl)
_arles —es) +olcs —c1) o
ce(ce — c1) '

quc(t)

(10.15)
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In summary, we have found the top row [paa(t),pac(t),pac(t), par(t))
of P(t) corresponding to the nucleotide A. By symmetrical arguments, the
other rows of P(t) can also be calculated. In the limit ¢ — oo, the rows of
P(t) all collapse to the equilibrium distribution 7.

10.6 Maximum Likelihood Reconstruction

Maximum likelihood provides a second method of comparing evolutionary
trees. As with maximum parsimony, DNA data are gathered at several
different sites for several different contemporary taxa. A model is then
posed for how differences evolve at the various sites. Most models involve
the following assumptions:

(a) All sites evolve according to the same tree.
(b) All sites evolve independently.
(c) All sites evolve according to the same stochastic laws.

(d) Conditional on the base at a given site of an internal node, evolution
proceeds independently at the site along the two branches of the tree
descending from the node.

Further assumptions about the detailed nature of evolution at a site can be
imposed. For instance, we can adopt the generalized Kimura substitution
model as just developed.

We now discuss how to compute the likelihood of the bases observed
at the tips of an evolutionary tree for a particular site. According to as-
sumptions (a), (b), and (c¢), we need merely multiply these site-specific
likelihoods to recover the overall likelihood of a given tree. For a tree with
n tips, it is convenient to label the internal nodes 1,...,n — 1 and the tips
n,...,2n — 1. Also, let b; be either one of the four possible bases at an
internal node or the observed base at a tip. If the root is node 1, then
designate the prior probability of base b; at this node by gp, . Assumption
(d) now provides the likelihood expression

D> an [ Py | ba), (10.16)
by

b1 (i)

where (7, j) ranges over all pairs of ancestral nodes ¢ and direct descendant
nodes j.

The sums-of-products expression (10.16) is analogous to our earlier rep-
resentation of a pedigree likelihood. The factor ¢, corresponds to a prior,
and the factor Pr(b; | b;) to a transmission probability. There is no ana-
log of a penetrance function or of genotype elimination in this context. To
evaluate expression (10.16), we carry out one summation at a time. It is
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most economical to choose an order for the iterated sums consistent with
the graphical structure of the tree. In particular, the tree should be pruned
working upward from the tips. This can be accomplished by a postorder
traversal. Other methods of pruning are possible, but none is as easy to
implement computationally in a recursive computer language.

It is a curious feature of reversible Markov-chain models that the root
can be eliminated and one of the two direct descendants of the root substi-
tuted for it. Suppose that nodes 2 and 3 are the direct descendants of the
root. Those arrays of the likelihood (10.16) involving the index by are g, ,
Pr(by | b1), and Pr(bs | b1). In the Markov-chain context, it is natural to
take gp, as the equilibrium distribution. Furthermore, if ¢t and t3 are the
times separating the root from nodes 2 and 3, respectively, then

Pr(bz | b1) = Do, (t2)
Pr(bs | b1) = DPoibs(ts).

Isolating the sum over b; and invoking finite-time detailed balance now give

> @ Doibs (t2)Porbs (t3) =D GbaPbob, (t2)Pyby (t3)

bl bl

= by Y Pooby (E2)Pb105 (t3)
by

Qb Dbybs (t2 + t3).

(See Problem 7 for a brief discussion of finite-time detailed balance.) This is
Felsenstein’s pulley principle. The root can be eliminated and moved to
either one of its direct descendants—in this case, node 2. Thus, if only re-
versible chains are considered, then maximum likelihood cannot distinguish
two rooted trees that correspond to the same unrooted tree [6].

10.7 Origin of the Eukaryotes

Eukaryotic organisms differ from prokaryotic organisms in possessing a
nucleus, a cellular organelle housing the chromosomes. The origin of eu-
karyotes from prokaryotic bacteria is one of the most intriguing questions
in evolutionary biology. Bacteria can be subdivided into four broad groups.
The eubacteria are common pathogens of eukaryotes, the halobacte-
ria are found at high salt concentrations, the eocytes metabolize sulfur
and are found at high pressures and temperatures, and the methanogens
metabolize methane. Evolutionary biologists have traditionally classified
the latter three groups in a single phylum, the archebacteria, leaving the
eubacteria as the natural candidates for the ancestors of eukaryotes. In sup-
port of this view is the fact that mitochondria and chloroplasts, important
organelles of eukaryotic cells, derive from eubacteria. Lake [15] upset this
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tidy classification by comparing 16s ribosomal RNA sequences from a va-
riety of representative eukaryotic and prokaryotic organisms. His analysis
refutes the archebacterial grouping and supports the eocytes as the closest
bacterial ancestor of the eukaryotes.

In this example we examine a small portion of Lake’s original data. The
relevant subset consists of 1,092 aligned bases from the rRNA of the or-
ganisms A. salina (a eukaryote), B. subtilis (a eubacterium), H. morrhuae
(a halobacterium), and D. mobilis (an eocyte). These four taxa can be
arranged in the three unrooted evolutionary trees depicted in Figure 10.6.
Maximum parsimony favors the G tree with a score of 975 versus a score
of 981 for each of the E and F trees. Although this result supports the
archebacteria theory of the origin of the eukaryotes, the evidence is hardly
decisive.

eukaryote halobacterium eukaryote eocyte eukaryote halobacterium
1 3 1 2 1 3
5 5 5
2 4 3 4 4 2
eocyte eubacterium halobacterium eubacterium eubacterium eocyte
E Tree F Tree G Tree

FIGURE 10.6. Unrooted Trees for the Evolution of Eukaryotes

Maximum likelihood analysis of the same data contradicts the maximum
parsimony ranking. Under the reversible version of the generalized Kimura
model presented in Section 10.5, the E, F, and G trees have maximum
loglikelihoods (base e) of —4598.2, —4605.2, and —4606.6, respectively. Ac-
cording to the pulley principle, we are justified in treating each of these
unrooted trees as rooted at one node of branch 5. (See Figure 10.6 for the
numbering of the branches.) Column 2 of Table 10.1 displays the parameter
estimates and their standard errors for the favored E tree. In the table, cer-
tain entries are left blank. For instance, under reversibility the parameters
e and o are eliminated by the constraints ¢ = ad/k and ¢ = Bvy/A. The
distribution at the root is specified as the stationary distribution (10.11).
To avoid confounding branch lengths in the model with the infinitesimal
rate parameters « through o, we force the branch length of branch 4 to be
1.

A crude idea of the goodness of fit of the model can be gained by com-
paring it to the unrestricted multinomial model with 4* = 256 cells. Under
the unrestricted model, the maximum loglikelihood of the data is —4361.3.
The corresponding chi-square statistic of 473.8 = 2(—4361.3 + 4598.2) on
245 degrees of freedom is extremely significant. However, the multinomial
data are sparse, and we should be cautious in applying large sample theory.

Under the full version of the generalized Kimura model, all rooted trees
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TABLE 10.1. Parameter Estimates for the Best Eukaryotic Trees

Estimates for Best | Estimates for Best
Parameter Unrooted Tree Rooted Tree

« 155+ .016 .051 +.013

0 174 £ .019 217 £.023

¥ .084 £ .007 .078 £.009

) .080 £ .007 .060 £ .009

€ 174 £ .018

K .107 +.009 117 +.013

A .067 £ .006 .078 £.009

o 134 £.025

TA 193 £.012

fe] 373 £.015

TC 297 + .015

T 137 +£.011

Branch 1 1.642 + .153 1.690 + .154

Branch 2 234 +.047 110 +.044

Branch 3 .539 £ .065 .568 £ .065
Branch 4 1+0 1+0

Branch 5 188 £ .051 .190 £ .050

Branch 6 .082 £ .050

are in principle distinguishable. Figure 10.7 depicts the best rooted tree,
which, not surprisingly, collapses to the unrooted E tree. Column 3 of Table
10.1 provides maximum likelihood parameter estimates for this rooted tree.
The corresponding maximum loglikelihood (—4536.2) represents a substan-
tial improvement over the maximum loglikelihood (—4598.2) of the E tree
under the reversible version of the model. Most of this improvement occurs
because imposing the stationary distribution on the root in the reversible
model is incompatible with the wide variation in DNA base proportions
in the contemporary species displayed in Table 10.2. Indeed, under the
generalized Kimura model with stationarity imposed, the maximum log-
likelihood of the best rooted tree falls to —4588.7. This best tree coincides

TABLE 10.2. Observed Base Proportions for the Four Contemporary Taxa

A. salina D. mobilis H. morrhuae B .subtilis
Base | Eukaryote | Eocycte | Halobacterium | Eubacterium
A .250 232 .202 .255
G 319 .328 .367 279
C .230 .263 .290 234
T .202 178 141 232
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root

eubacterium halobacterium eukaryote eocyte

FIGURE 10.7. Best Rooted Tree for the Evolution of Eukaryotes

with the tree depicted in Figure 10.7.

Without the assumption of stationarity, two other rooted trees reducing
to the E tree have nearly the same loglikelihoods (—4537.3 and —4537.4)
as the best rooted tree. Apparently, distinguishing rooted trees in practice
is much harder than distinguishing them in theory. On the other hand, the
best rooted tree corresponding to either an F or G tree has a much lower
loglikelihood than that (—4544.2) of the best rooted tree.

10.8 Codon Models

Except for regulatory regions, codons rather than nucleotides are the units
of evolution. Because there are 61 non-stop codons compared to 4 nu-
cleotides, codon models are much more computationally demanding than
nucleotide models. Nonetheless, taking variation at the codon level into ac-
count can substantially improve reconstruction of evolutionary trees [9, 25].
It also helps identify conserved domains within proteins. The most natural
method of turning a nucleotide substitution model into a codon substitu-
tion model is to penalize nonsynonymous codon changes. For example,
SUpPPOSe wpq is the infinitesimal transition rate from base b to base d. On the
codon level, the infinitesimal transition rate from codon (a,b,¢) to codon
(a,d,c) is still wpg, assuming sites mutate independently. If two codons are
nonsynonymous, then one can penalize transitions between them by replac-
ing wpq by pwpq for p < 1. Here we can view p as the probability that a
proposed evolutionary change is accepted. If the destination codon is one
of the three stop codons, the acceptance probability is 0. The acceptance
probability for a synonymous change is 1. In the presence of strong positive
selection, a value of p > 1 is plausible. In this case, we simply interpret the
product pwyq as a rate.

Besides accounting for nonsynonymous codon changes in a parsimonious
manner, this codon model possesses the attractive property of turning a
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reversible nucleotide model into a reversible codon model. Suppose the
equilibrium distribution of the nucleotide model is given by m, for each
nucleotide b. Under reversibility, mywpq = mqwap. If the acceptance proba-
bilities are symmetric, then we claim that the equilibrium probability of
the codon (a, b, ¢) is m,m7. up to a multiplicative constant. The proof of
this statement is simply the equality

TaTpTeWpdpP = TagTdTcWdppP,

where p = pa.b,c)—(a,d,c) = Pla,d,c)—(a,b,c)- Decause stop codons are omit-
ted, we must normalize our proposed equilibrium distribution by divid-
ing its entries by the sum Z(mb)c) T TpTe taken over all non-stop codons
(a,b,c).

In practice it is advantageous to group the twenty amino acids into
penalty sets having roughly similar charge properties [19]. The most nat-
ural division according to charge consists of four groups: the non-polar
amino acids S; = {G,I,V,L, A, M, P, F, W}, the positive-polar/positively
charged amino acids Sa = {Q, N, Y, H, K, R}, the negative-polar /negatively
charged amino acids S3 = {5, T, E, D}, and the single amino acid cysteine
S4 = {C}. Cysteine is put into a group by itself because of its propensity
to form disulfide bonds bridging different parts of a protein. In the sets
S1 through Sy, we use the amino acid abbreviations listed in Table A.1 of
Appendix A. To achieve a parsimonious parameterization of the acceptance
probabilities, we distinguish the acceptance probability pg within a group,
the acceptance probability p; between a polar and a nonpolar group, the ac-
ceptance probability ps between different polar groups, and the acceptance
probability p3 involving substitution of a cysteine. One would anticipate
that po > p1 > p2 and py > p3. The one case where we might expect
the symmetry condition to fail involves p3. Substitution of another amino
acid for a cysteine involved in a disulfide bond is bound to be much less
likely than the reserve substitution. However, it would take an enormous
amount of data to see this effect, and it is mathematically advantageous to
maintain symmetry for the sake of reversibility.

10.9 Variation in the Rate of Evolution

Some amino acids of a protein are so crucial to function and structure that
they strongly resist substitution. Because of the division of a protein into
functional and structural domains, these resistant codon sites tend to be
clumped. Cross taxa comparisons can help identify the resistant sites and
the level of spatial correlation. The key is to use the theoretical machinery
of Gibbs random fields [2, 12, 24]. For the sake of argument, suppose that
we classify codon sites as fast or slow evolvers using an indicator random
variable C; that equals 1 when codon site i is slow evolving and equals 0
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when codon site i is fast evolving. If the sites are numbered 1 through m,
then a Gibbs random field assigns the prior probability

eH(c)
PI'(C = C) = W
to the random vector C' = (C4, ..., Cy,) using a potential function H(c).

One fruitful choice of H(c) is

H(c) = 9OZC1+29 21{%:%}.

=1

This multilevel logistic model [3] accounts for the proportion of slow evolv-
ing codon sites through the parameter 6y. Spatial correlation at a distance
j > 11is accounted for by the parameter 6;. The larger 6; is, the stronger
the correlation between codon sites ¢ and ¢ + j. Common sense suggests
that in most circumstances #; > 03 > --- > 6, > 0. The special case r = 1
is just the Ising model of statistical mechanics [21].

To compute the likelihood of the data under the rate variation model, we
follow Schadt and Lange [19], and let L. =[]}, L., denote the likelihood
of the data given the rate variation vector C' = ¢ = (cq, . .., ¢ ). The overall
likelihood is then

1 H(c)
L = WZLCG(

o) | TR 141 G

c1=0 cm=01=1

Computation of either the partition function }_, ef(d) or the numerator

D e L.ef(©) of I reduces to the evaluation of a multiple sum of products of
arrays. Once again we compute the multiple sum as an iterated sum. Con-
sider the numerator of L. In the forward algorithm, we eliminate the indices

€1, Cm in the indicated order. Starting with the array ag(cy,...,¢) =1
at step 0, at step ¢ we create the new array a;(c;11,. .., cmin{Hnm}) via
a;i(Cit1, - - acmin{i-l-r,m})

min{r,m—i}

1
Ooc; 0ilec.—c., .
= § Lcie o¢ H eI e 7LJrJ}afifl(civ .- -7Cmin{i—l+r,m})

CiZO j:l

and discard the old array a;—1(ci, ..., Cmin{i—14+r,m})- The final array a,,
has zero dimension and furnishes the numerator >°, L.ef ().

In computing a;(c;t1, .. -, Cmin{i+r,m}) it is advantageous to perform the
indicated array multiplications pairwise, starting with the two smallest ar-

rays L.,e%° multiplying the resulting product against et lei=eita} and
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so forth until a single array holding L.,e%¢ H;-n:iri{r’mﬂ} eliltei=e
formed. Multiplication of this array against a;—1(c;, . .. s Cmin{i—14r,m}) can
be carried out simultaneously with addition over the index c¢;. When the
array eliltei=eiy; g brought into play, its obvious symmetries can be ex-
ploited to reduce the overall computational burden. The computational
complexity of the forward algorithm scales linearly in m.

These technical details fail to specify how we distinguish between slow
and fast-evolving codon sites. One obvious choice is to again modulate
the rate of evolution through the acceptance probabilities. Slow evolution
can be distinguished from fast evolution by introducing a multiplicative
parameter 17 € (0,1) and replacing each acceptance probability p; by np;.
For synonymous codon changes, it makes sense to retain the acceptance
probability of 1.

i} s

root

rabbit rat goat lemur man opossum

FIGURE 10.8. Standard Tree for the Evolution of Six Mammalian Taxa

10.10 IHustration of the Codon and Rate Models

To illustrate the flexibility of the codon substitution and rate variation
models, we now apply them to six aligned [-hemoglobin genes from the
mammalian taxa: opossum, goat, rat, rabbit, monkey, and human [7]. The
globin gene superfamily is well understood, both structurally and evolution-
arily. The S-hemoglobin sequence used in this study stretches over 444 nu-
cleotides and represents 148 codons. In goats, the second and third codons
are missing; we set these to unobserved in the subsequent data analysis.
The (-hemoglobin secondary structure includes 11 a-helices encompassing
111 codons. These helices are conserved, but less so than the non-helical
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regions, which contain the oxygen binding site. Figure 10.8 displays the
generally accepted phylogeny connecting these taxa.

TABLE 10.3. Parameter Estimates for Mammalian Hemoglobin

Parameter Estimate Parameter Estimate
«@ 0.144 £0.305 branch 1 0.076 £ 0.024
I6] 0.138 £0.164 branch 2 0.182 £ 0.027
v 0.117 +0.186 branch 3 0.424 +0.024
) 0.059 +0.163 branch 4 0.923 +0.025
€
K
A
o

0.123 £ 0.147 branch 5 0.773 £ 0.054
0.069 £ 0.159 branch 6 0.001 +0.049
0.099 + 0.241 branch 7 0.605 + 0.147
0.164 £ 0.215 branch 8 1.071£0.132

Po 1.102 £ 0.157 branch 9 1.000
P1 0.470 £ 0.220 branch 10 1.000
P2 0.964 £ 0.267

p3 3.275 £ 0.361

0o —0.276 + 0.157

01 0.458 £ 0.227

n 0.055 £ 0.317

Given this tree, Table 10.3 lists the maximum likelihood parameter es-
timates and their standard errors for the codon model with spatial cor-
relation. To avoid estimating nucleotide frequencies at the root, we use a
fully reversible model incorporating equation (10.11). Table 10.4 provides
the maximum loglikelihoods (base e) for this model and some alternative
reversible models. It is noteworthy that each successive model refinement
yields a substantial improvement in the maximum loglikelihood. Perhaps,
the most interesting increase — from -1918.6 to -1889.8 — occurs in going
from a nucleotide model to a codon model with the same set of parameters.
Apparently, omitting stop codons substantially improves the realism of the
codon version of the nucleotide model.

The parameter estimates displayed Table 10.3 satisfy the unexpected
inequalities ps > pg > 1 > pa > p1. We have let these parameters float in
the estimation procedure rather than enforce the natural inequalities. As
partial explanations for the odd behavior of the estimates, it is useful to
bear in mind the small amount of data and the fact that all “acceptance
probabilities” p; for fast evolution are replaced by much lower acceptance
probabilities np; for slow evolution. The small sample size also explains the
large standard errors attached to most parameter estimates.
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TABLE 10.4. Maximum Loglikelihoods of Various Hemoglobin Models

Model Rate Penalty Spatial Maximum
Type Classes | Parameters | Parameters | Loglikelihood
Nucleotide 1 0 0 -1918.6
Codon 1 0 0 -1889.8
Codon 1 1 0 -1853.2
Codon 1 4 0 -1847.4
Codon 2 4 2 -1825.4

10.11 Problems

1. Compute the number of unrooted evolutionary trees possible for n

contemporary taxa. (Hint: How does this relate to the number of
rooted trees?)

. In the notation of Section 10.2, let S,, = 15 + --- + T;,. Prove the
inequalities

n—2 1
T, (1 < S, < T,|14+——
(1+57) = s = 2 (1455)

for all n > 2.

. Consider four contemporary taxa numbered 1, 2, 3, and 4. A total of
n shared DNA sites are sequenced for each taxon. Let Ny, be the
number of sites at which taxon 1 has base w, taxon 2 base x, and so
forth. If we denote the three possible unrooted trees by E, F, and G,
then we can define three statistics

NE = Z ZNT’I"SS

re{A,G,C,T} s#r

NF = Z ZNrsrs

re{A,G,C,T} s#r

Ng = Z ZNTSS’I"

re{A,G,C,T} s#r

for discriminating among the unrooted trees. Show that maximum
parsimony selects the unrooted tree E, F, or G with largest statis-
tic Ng, Np, or Ng. Draw the unrooted tree corresponding to each
statistic.

. Let w and v be column vectors with the same number of components.
Applying the definition of the matrix exponential (10.7), show that
st {I—i—suvt if v'u =0

s'utu_l

I —+ eTu’U/Ut OtherWise.
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Using this, compute the 2 x 2 matrix exponential

ewls (T 5)]

and find its limit as s — oo.

. Consider a continuous-time Markov chain with infinitesimal transi-

tion matrix A = (A;;) and equilibrium distribution 7. If the chain is
at equilibrium at time 0, then show that it experiences ¢t ), m;\; tran-
sitions on average during the time interval [0, ¢], where \; = >, ,; Aj;.

Let A be the infinitesimal transition matrix and 7 the equilibrium
distribution of a reversible Markov chain with n states. Define an
inner product (u,v), on complex column vectors u and v with n
components by

<U,U>ﬂ- = Zuiﬁiv:a
[

where * denotes complex conjugate. Verify that A satisfies the self-
adjointness condition

(Au, vy, = (u, Av) .
Conclude by standard arguments that A has only real eigenvalues.

Let A = (A;;) be an m x m matrix and 7 = (m;) be a 1 X m row
vector. Show that the equality mA;; = ;A ; is true for all pairs
(i,7) if and only if diag(m)A = A'diag(rw), where diag(rm) is a di-
agonal matrix with ith diagonal entry ;. Now suppose A is an in-
finitesimal generator with equilibrium distribution 7. If P(t) = A
is its finite-time transition matrix, then show that detailed balance
mil\;j = mjAj; for all pairs (4, 7) is equivalent to finite-time detailed
balance m;p;;(t) = m;p;i(t) for all pairs (¢,7) and times t > 0.

Let A be the infinitesimal transition matrix of a Markov chain, and
suppose p > max; A;. If R=1+ iA, prove that R has nonnegative
entries and that
o0 i
o —pt (:ut) 7
St = > e R
i=0
coincides with P(t). (Hint: Verify that S(t) satisfies the same defining
differential equation and the same initial condition as P(t).)

Let P(t) = [pi;(t)] be the finite-time transition matrix of a finite-state
irreducible Markov chain. Show that p;;(t) > 0 for all 4, j, and ¢ > 0.
Thus, no state in a continuous-time chain displays periodic behavior.
(Hint: Use Problem 8.)
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Let A and B be the 2 x 2 real matrices

a —b A0
=) =0
Show that
A _ o fcosb —sinb B _ A1 0
© = ° (sinb cosb)’ e = (1 1)
(Hints: Note that 2 x 2 matrices of the form (‘; ;b) are isomorphic

to the complex numbers under the correspondence (a ;b) < a -+ bi.

b
For the second case write B = A\l 4+ C.)

Define matrices

b e ()

Show that AB # BA and that

1 1
A B _ a+b
e e = € (1 2)

ATE = e“+b[cosh(1)<(1) ?)—i—sinh(l)((l) é)}

Hence, e4eP # eA+B. (Hint: Use Problem 10 to calculate e and e”.
For eA*B write A+ B = (a +b)I + R with R satisfying R? = I.)

Prove that det(e?) = e"(Y) where tr is the trace function. (Hint:
Since the diagonalizable matrices are dense in the set of matrices
[11], by continuity you may assume that A is diagonalizable.)

For the nucleotide substitution model of Section 10.5, prove formally
that P(t) has the same pattern for equality of entries as A. For exam-
ple, pac(t) = pac(t). (Hint: Prove by induction that A* has the same
pattern as A. Then note the matrix exponential definition (10.7).)

For the nucleotide substitution model of Section 10.5, show that A
has eigenvalues 0, —(y+A+0+k), —(a+e+vy+A), and —(0+k++0)
and corresponding right eigenvectors

t
1 = (1,1,1,1)

u = (1,1,—9,—9)t
C2 C2
alcs —c3) + kea —e(es — c3) — dea t
v o= ( , ,1,1)
0(cz —c2) —€ecs d(cg — c2) — ecs
w - (1 ) B(ca — ¢g) + Acs —0(62—06)—’}/65)t
" y(ce —cs5) —aca’ y(cg —¢s5) —ocy
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respectively, where the constants cq,...,cs are same ones defined in
equations (10.12) through (10.15).

For the nucleotide substitution model of Section 10.5, verify in general
that the equilibrium distribution is

€0 +rK)+d(y+A)

AT Aty tet N +otR+N
B a(d+ k) +r(y+A)
T et N o+ RtN
B YO +r)+o(y+A)
T B itRto) o RTN
B MO+ k) +B(y+A)
T Britrto) Y HotRtN)

There is an explicit formula for the equilibrium distribution of a
continuous-time Markov chain in terms of weighted in-trees [20]. To
describe this formula, we first define a directed graph on the states
1,...,n of the chain. The vertices of the graph are the states of the
chain, and the arcs of the graph are ordered pairs of states (i, 7) hav-
ing transition rates A;; > 0. If it is possible to reach some designated
state k from every other state ¢, then a unique equilibrium distribu-
tion m = (m1,...,7y,) exists for the chain. Note that this reachability
condition is weaker than requiring that all states communicate.

The equilibrium distribution is characterized by defining certain sub-
graphs called in-trees. An in-tree T} to state i is a subgraph having
n — 1 arcs and connecting each vertex j # i to ¢ by some directed
path. Ignoring orientations, an in-tree is graphically a tree; observing
orientations, all paths lead to i. The weight w(T;) associated with
the in-tree 7; is the product of the transition rates A;; labeling the
various arcs (7, k) of the in-tree. For instance, in the nucleotide sub-
stitution chain, one in-tree to A has arcs (G,A), (C,A), and (T,C).
Its associated weight is edo.

In general, the equilibrium distribution is given by

> 2, w(Ty)

The reachability condition implies that in-trees to state k exist and
consequently that the denominator in (10.17) is positive. The value
of the in-tree formula (10.17) is limited by the fact that in a Markov
chain with n states there can be as many as n”~2 in-trees to a given
state. Thus, in the nucleotide substitution model, there are 4*=2 = 16
in-trees to each state and 64 in-trees in all. If you are undeterred by

T

(10.17)
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this revelation, then use formula (10.17) to find the equilibrium dis-
tribution of the nucleotide substitution chain of Section 10.5 when
detailed balance is not assumed. Your answer should match the dis-
tribution appearing in Problem 15.

In his method of evolutionary parsimony, Lake [14] has highlighted
the balanced transversion assumption. This assumption implies the
constraints Aac = Aar, Agc = Agr, A\ca = Aca, and Ara = Apg
in the nucleotide substitution model with general transition rates.
Without further restrictions, infinitesimal balanced transversions do
not imply finite-time balanced transversions. For example, the iden-
tity pac(t) = par(t) may not hold. Prove that finite-time balanced
transversions follow if the additional closure assumptions

Ac—Aga = Ag— M
Acr —Arc = Ar—Ac

are made [1]. (Hint: Show by induction that the matrices A¥ have the
balanced transversion pattern for equality of entries.)

In Lake’s balanced transversion model of the last problem, show that

AagAar = AaTAga
ActATA = ArcAca

are necessary and sufficient conditions for the corresponding Markov
chain to be reversible.

In the Ising model, one can explicitly calculate the partition function
e ef(©) of Section 10.10. To simplify matters, we impose circular
symmetry and write

H(C) = 90 Z c; + 91 Z 1{c¢:ci+1}5
=1 =1

where ¢y,+1 = ¢1. Show that

1 1 m
E eH(C) = g . g H 6900»; eell{cizci+1}
(&

c1=0 cm=01=1
= Z---Zﬁugzmﬂ. (10.18)
u1 Um 1=1

Here each u; ranges over the set of two vectors (1,0)" and (0, 1), and
Z is the 2 x 2 matrix

7 - et e
- efo  p200+01 |-
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Use the representation (10.18) of the partition function to prove that
DM = e ey
c

where ¢ and ¢9 are the eigenvalues of Z. What are these eigenvalues?
(Hints: Express the partition function as a matrix trace, and use the
identity >, uu® =1.)
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Radiation Hybrid Mapping

11.1 Introduction

In the 1970s Goss and Harris [12] developed a new method for mapping
human chromosomes. This method was based on irradiating human cells,
rescuing some of the irradiated cells by hybridization to rodent cells, and
analyzing the hybrid cells for surviving fragments of a particular human
chromosome. For various technical reasons, radiation hybrid mapping
languished for nearly a decade and a half until revived by Cox et al. [10].
The current, more sophisticated and successful versions raise many fasci-
nating statistical problems. We will first discuss the mathematically simpler
case of haploid radiation hybrids. Once this case is thoroughly digested, we
will turn to the mathematically subtler case of polyploid radiation hybrids.

In the haploid version of radiation hybrid mapping, an experiment starts
with a human-rodent hybrid cell line [10]. This cell line incorporates a full
rodent genome and a single copy of one of the human chromosomes. To frag-
ment the human chromosome, the cell line is subjected to an intense dose of
X-rays, which naturally also fragments the rodent chromosomes. The repair
mechanisms of the cells rapidly heal chromosome breaks, and the human
chromosome fragments are typically translocated or inserted into rodent
chromosomes. However, the damage done by irradiation is lethal to the cell
line unless further action is taken to rescue individual cells. The remedy is
to fuse the irradiated cells with cells from a second unirradiated rodent cell
line. The second cell line contains only rodent chromosomes, so no confu-
sion about the source of the human chromosome fragments can arise for a
new hybrid cell created by the fusion of two cells from the two different cell
lines. The new hybrid cells have no particular growth advantage over the
more numerous unfused cells of the second cell line. However, if cells from
the second cell line lack an enzyme such as hypoxanthine phosphoribosyl
transferase (HPRT) or thymidine kinase (TK), both the unfused and the
hybrid cells can be grown in a selective medium that kills the unfused cells
[10]. This selection process leaves a few hybrid cells, and each of the hybrid
cells serves as a progenitor of a clone of identical cells.

Each clone can be assayed for the presence or absence of various human
markers on the original human chromosome. Depending on the radiation
dose and other experimental conditions, the cells of a clone generally con-
tain from 20 to 60 percent of the human chromosome fragments generated
by the irradiation of its ancestral human-rodent hybrid cell [8, 10]. The
basic premise of radiation hybrid mapping is that the closer two loci are



232 11. Radiation Hybrid Mapping

on the human chromosome, the less likely it is that irradiation will cause a
break between them. Thus, close loci will tend to be concordantly retained
or lost in the hybrid cells, while distant loci will tend to be independently
retained or lost. The retention patterns from the various hybrid clones
therefore give important clues for determining locus order and for estimat-
ing the distances between adjacent loci for a given order.

11.2  Models for Radiation Hybrids

The breakage phenomenon for a particular human chromosome can be rea-
sonably modeled by a Poisson process. The preliminary evidence of Cox
et al. [10] suggests that this Poisson breakage process is roughly homoge-
neous along the chromosome. For their data on human chromosome 21, Cox
et al. [10] found that 8,000 rads of radiation produced on average about
four breaks per cell. The intensity A characterizing the Poisson process is
formally defined as the breakage probability per unit length. Assuming a
length of 4 x 10* kilobases (kb) for chromosome 21, A ~ 4/(4 x 10%) = 10~4
breaks per kb when a cell is exposed to 8,000 rads [10].
For any two loci, the simple mapping function

1—60 = ™ (11.1)

relates the probability 6 of at least one break between the loci to the phys-
ical distance 0 between them. When AJ is small, § ~ \J. This is analogous
to the approximate linear relationship between recombination fraction and
map distance for small distances in genetic recombination experiments. In-
deed, except for minor notational differences, equation (11.1) is Haldane’s
mapping function for recombination without chiasma interference.

In addition to breakage, fragment retention must be taken into account
when analyzing radiation hybrid data. A reasonable assumption is that dif-
ferent fragments are retained independently. For the purposes of this exposi-
tion, we will make the further assumption that there is a common fragment
retention probability . Boehnke et al. [5] consider at length more compli-
cated models for fragment retention. For instance, the fragment bearing
the centromere of the chromosome may be retained more often than other
fragments. This is biologically plausible because the centromere is involved
in coordination of chromosome migration during cell division. However,
these more complicated models appear to make little difference in ultimate
conclusions.

In a radiation hybrid experiment, a certain number of clones are scored
at several loci. For example, in the Cox et al. [1990] chromosome 21 data,
99 clones were scored at 14 loci. In some of the clones, only a subset
of the loci was scored. One of their typical clones can be represented as
(0,0,0,0,0,1,0,0,0,0,7,0,0,1). A “1” in a given position of this observa-
tion vector indicates that the corresponding human locus was present in
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the hybrid clone; a “0” indicates that the locus was absent; and a “7” in-
dicates that the locus was untyped in the clone or gave conflicting typing
results.

11.3  Minimum Obligate Breaks Criterion

Computing the minimum number of obligate breaks per order allows com-
parisons of different orders [3, 4, 5, 23]. If the order of the loci along the
chromosome is the same as the scoring order, then the clone described in
the last section requires three obligate breaks. These breaks occur when-
ever a run of 0’s is broken by a 1 or vice versa; untyped loci are ignored
in this accounting. The minimum number of obligate breaks for each clone
can be summed over all clones to give a grand sum for a given order. This
grand sum serves as a criterion for comparing orders. The minimum breaks
criterion can be minimized over orders by a stepwise algorithm [5] or by
standard combinatorial optimization techniques such as branch-and-bound
[19] and simulated annealing [17].

The advantage of the minimum breaks criterion is that it depends on al-
most no assumptions about how breaks occur and fragments are retained.
Given a common retention rate, this criterion is also strongly statistically
consistent. Following Barrett [1] and Speed et al. [20], let us demonstrate
this fact. Consider m loci taken in their natural order 1,...,m along a
chromosome, and imagine an infinite number of independent, fully-typed
radiation hybrid clones at these loci. Let B;(o) be the random number of
obligate breaks occurring in the ¢th clone when the loci are ordered accord-
ing to the permutation o. In general, a permutation can be represented as
an m-vector (o(1),...,0(m)). Ambiguity about the left-to-right orienta-
tion of the loci can be avoided by confining our attention to permutations
o with 0(1) < o(m). The correct order is given by the identity permutation
id.

Given n clones, the best order is identified by the permutation giving
the smallest sum S,(0) = Y., B;(c). Consistency requires that S, (id)
be the smallest sum for n large enough. Now the law of large numbers
indicates that lim, .o S,(c) = E[Bi(0)] with probability 1. Thus to
demonstrate consistency, it suffices to show that the expected number of
breaks E[B; (id)] under id is strictly smaller than the expected number of
breaks E[B;(0)] under any other permutation o.

To compute E[B;(id)], note that the interval separating loci ¢ and i + 1
manifests an obligate break if and only if there is a break between the two
loci and one locus is retained while the other locus is lost. This event occurs
with probability 2r(1 — 7)6; ;+1, where 7 is the retention probability and



234 11. Radiation Hybrid Mapping

I;(1)

152

—_— I5(3)

1)

I5(5)

FIGURE 11.1. An Interval Match for the Permutation o = (4,6, 2,1, 3,5).

0;.i+1 is the breakage probability between the two loci. Thus,

E[B,(id)] = 2r(1—r)29i,i+1. (11.2)

The corresponding expression for an arbitrary permutation o is

E[Bi(0)] = 2r(l1—r Z 0o (i) .o (it 1)- (11.3)
=1

The interval I,(; defined by a pair {o(i),c(i + 1)} is a union of adjacent
intervals from the correct order 1,...,m. It is plausible to conjecture that
we can match in a one-to-one fashion each interval (k,k + 1) against a
union /,(;) containing it. See Figure 11.1 for a match involving the permu-
tation (o(1),0(2),0(3),0(4),0(5),0(6)) = (4,6,2,1,3,5). If this conjecture
is true, then either O k+1 = 05(;),5(i+1) When the union I, ;) contains a sin-
gle interval, or O k41 < 05(i),0(i+1) When the union /,;) contains several
intervals. If the former case holds for all intervals (k,k + 1), then o = id.
The inequality E[B1(id)] < E[B1(0)] for o # id now follows by taking the
indicated sums (11.2) and (11.3).
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Thus, the crux of the proof reduces to showing that it is possible to
match one to one each of the intervals (k, %k + 1) against a union set I,
that contains or covers it. This assertion is a special case of Hall’s marriage
theorem [6]. A simple direct proof avoiding appeal to Hall’s theorem can
be given by induction on m. The assertion is certainly true for m = 2.
Suppose it is true for m — 1 > 2 and any permutation. There are two cases
to consider.

In the first case, the last locus m is internal to the given permutation
o in the sense that o equals (o(1),...,4,m,7,...,0(m)). Omitting m from
o gives a permutation w of 1,...,m — 1 for which the m — 2 intervals
(1,2),...,(m — 2,m — 1) can be matched by induction. Assuming j < 4,
the pair {i,j} in w covers one of the intervals (j,5 + 1),...,(¢ — 1,i) in
this matching. In the permutation o, match the pair {j, m} to this covered
interval. This is possible because j < i. To the pair {i,m} in o, match the
interval (m — 1,m). The full matching for ¢ is constructed by appending
these two matches to the matches for w minus the match for the pair {3, j}.
The situation with ¢ < j is handled similarly.

In the second case, m is positioned at the end of o. By our conven-
tion this means ¢ = (o(1),...,0(m — 1),m). By induction, a matching
can be constructed between w = (o(1),...,0(m — 1)) and the intervals
(1,2),...,(m —2,m — 1). To this matching append the permitted match
between the pair {o(m —1),m} and (m — 1, m). This completes the proof.

Clones with undetected typing errors can unduly influence the ranking
of locus orders. A clone bearing a large number of obligate breaks probably
should be retyped at the loci delimiting its obligate breaks. To identify
outlier clones, one needs to compute the distribution of the number of
obligate breaks under the true order and the true retention and breakage
probabilities. This distribution can be computed recursively by defining
pr(i,7) to be the joint probability that there are j obligate breaks scored
among the first k loci of a clone and that the kth locus is present in the
clone in 7 copies. The index k ranges from 1 to m, the index j ranges from 0
to k—1, and the index ¢ equals 0 or 1. In this notation, the initial conditions

. . 1—r fori=0
pi(i,0) = {r fori=1
are obvious. With no missing data and with 6, now indicating the breakage

probability between loci k and k + 1, the appropriate recurrence relations
for adding locus k + 1 are

pre+1(0,5) = pr(0,5)(1 = Okr) +pr(L,5 — 1)0k(1 — 1)
per1(L,73) = pe(0,5 — 1)0kr + pr(1,5)[1 — Ok (1 —7)].

In these recurrence relations, pg (i, ) is taken as 0 whenever j < 0. When
the final locus k = m is reached, the probabilities p,,(i,j) can be summed
on ¢ to produce the distribution of the number of obligate breaks. In prac-
tice, the best order identified and estimates of the retention and breakage
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probabilities under this order must be substituted in the above calculations.
The next section addresses maximum likelihood estimation.

11.4 Maximum Likelihood Methods

The disadvantage of the minimum obligate breaks criterion is that it pro-
vides neither estimates of physical distances between loci nor comparisons
of likelihoods for competing orders. Maximum likelihood obviously reme-
dies the latter two defects, but does so at the expense of introducing some
of the explicit assumptions mentioned earlier. We will now briefly discuss
how likelihoods are computed and maximized for a given order. Different
orders can be compared on the basis of their maximum likelihoods.

Because different clones are independent, it suffices to demonstrate how
to compute the likelihood of a single clone. Let X = (X1,...,X,,) be the
observation vector for a clone potentially typed at m loci. The component
X is defined as 0, 1, or 7, depending on what is observed at the ith locus.
We can gain a feel for how to compute the likelihood of X by considering
two simple cases. If m = 1 and X; #7, then X; follows the Bernoulli
distribution

Pr(X;=1i) = 7(1—r)"" (11.4)
for retention or nonretention. When m = 2 and both loci are typed, the

likelihood must reflect breakage as well as retention. If 6 is the probability
of at least one break between the two loci, then

Pr(X;=0,X2=0) = (1-r)(1-0r)
Pl“(Xl = 1,X2 = 0) = PI’(Xl = 0,X2 = 1)

= (1-r)r (11.5)
Pr(X1=1,Xo=1) = 1-2(1—r)0r—(1—r)(1—06r)

= (1—-0+06r)r

Note that we parameterize in terms of the breakage probability 6 between
the two loci rather than the physical distance § between them. Besides the
obvious analytical simplification entailed in using 6, only the product AJ
can be estimated anyway. The parameters A and § cannot be separately
identified.

As noted earlier, the probability of an obligate break between the two
loci is 2r(1 — )0, in agreement with the calculated value

PI‘(Xl # XQ) = PI‘(Xl = 1,X2 = O) + PI‘(X1 = O,XQ = 1)
from (11.5). Tt is natural to estimate r and Pr(X; # X3) by their empirical
values. Given these estimates, one can then estimate 6 via the identity
PI‘(X1 }é XQ)

0 = 2r(l1—r)
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Problems 2 and 3 elaborate on this point.

Generalization of the likelihood expressions in (11.5) to more loci involves
two subtleties. First, the sheer number of terms accounting for all possible
breakage and retention patterns quickly becomes unwieldy. Second, missing
data can no longer be ignored. The key to efficient likelihood computation is
to recognize that the likelihood splits into simple factors based on a hidden
Markov property of the underlying model. To expose this factorization
property, again assume that the loci 1,...,m occur in numerical order
along the chromosome. Let 6; be the breakage probability on the interval
connecting loci ¢ and i+1, and suppose only loci 1 <t; <ty <--- <t, <m
are typed. If the typing result at locus ¢ is zy, , then

Pr(X=2) = Pr(Xy =xy) (11.6)
X HPr(Xti = xti) | Xy =Ty, Xty = xti—l)'
1=2

Now Pr(X;, = x,) is immediately available from (11.4). In the degenerate
case n = 1, the product in (11.6) is taken as 1. In general, the independence
property of the governing Poisson process implies

Pl"(Xti = T, | th, . 7Xti—1) = PI’(Xti = Tg; | Xti—l)'
Indeed, when X;, = X, |,

ti—1
Pr(Xy, = 20, | Xeysooos Xoo ) = [1— I1 (1—9j)}r%(1—r)1—wn
Jj=ti—1
t;i—1
+ [ a-0. (11.7)
Jj=ti—1

The first term on the right of (11.7) involves conditioning on at least one
break between loci t;—1 and ¢;. Here the retention fate of locus ¢; is no
longer tied to that of locus ¢;_1. The second term involves conditioning
on the complementary event. When X;, # X;,_ ,, we have the simpler
expression

t;—1
PI’(Xti = Ty, | th, e 7th'71) = |:1 — H (1 — 9_7)} ot (1 — T)lizti

Jj=ti—1

since a break must occur somewhere between the two loci.

The EM algorithm provides an attractive avenue to maximum likelihood
estimation of the m parameters 61,...,60,,—1 and r. Collect these m pa-
rameters into a vector v = (61,...,0,_1,7)t. Each of the entries ; of v
can be viewed as a success probability for a hidden binomial trial. As doc-
umented in Problem 9 of Chapter 2, the EM update for any one of these
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parameters takes either of the equivalent generic forms

E(#successes | obs, Yo1d)
TYnew,i = .
E(#trials | obs, vo1a)

oL
Yold,i (1 — '701d,i)%

E(#trials | obs, Yo1d)

Yold,i + (11.8)

where obs denotes the observations X over all clones, and L is the loglikeli-
hood function. The second form of the update (11.8) requires less thought
to implement since only mechanical differentiations are involved in form-
ing the score. If the number of clones is H, then H is also the expected
number of trials appearing in the denominator for both updates to 6;. The
expected number of trials for r coincides with the expected number of frag-
ments. This expectation can be found by letting IV; be the random number
of breaks between loci ¢ and ¢ + 1 over all clones. The first form of the
update for #; shows that

0 E(N; | obs, Yo1d)
new,i H .

It follows that the expected number of fragments over all H clones is

m—1 m—1
H+ > E(Ni|obs,Youa) = HA+ Y Onewi)-
=1 =1

11.5 Application to Haploid Data

TABLE 11.1. Best Locus Orders for Haploid Radiation Hybrid Data

Orders AL Breaks
12 3 45 6 7 8 9 10 11 12 13 0.00 123
12 3 45 6 7 8 10 9 11 12 13 149 125
1 2 3 4 5 13 12 11 10 9 8 7 6 1.79 126
5 4 3 2 1 6 7 & 9 10 11 12 13 1.84 128
12 3 45 7 6 8 9 10 11 12 13 1.93 127
6 7 1 2 3 4 5 & 9 10 11 12 13 226 127
6 7 5 4 3 2 1 8 10 11 12 13 2.43 128
12 3 45 6 7 8 11 10 9 12 13 3.22 127
12 3 45 6 7 8 11 9 10 12 13 3.23 127
1 2 3 4 5 13 12 11 10 8 7 6 328 128
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The Cox et al. [10] data mentioned earlier involves 99 hybrids typed at 14
marker loci on chromosome 21. Examination of these data [5] shows that
the markers D21S12 and D21S111 are always concordantly retained or lost.
Since order cannot be resolved for these two loci, locus D21S111 is excluded
from the analysis presented here. Table 11.1 presents the 10 best orders
based on the maximum likelihood criterion. The difference in maximum
loglikelihoods between the best order and the current order is given in the
column labeled AL. Logarithms here are to the base 10, so a difference of
3 corresponds to a likelihood ratio of 1,000. The minimum obligate breaks
criterion is given in the column labeled Breaks. It is encouraging that the
three best maximum likelihood orders are also the three best minimum
obligate breaks orders. Evidently, some of the better orders involve complex
rearrangements of the best order.

The diagram below gives the estimated distances between adjacent pairs
of loci under the best order. These distances are expressed in the expected
numbers of breaks x 100 between the two loci per chromosome. (One ex-
pected break is one Ray, so the appropriate units here are centiRays,
abbreviated cR.) In Table 11.1 and the diagram, the loci D21S16, D21548,
D215S46, D21S4, D21S52, D21S11, D21S1, D21S18, D21S8, APP, D21S12,
D21S47, and SOD1 are numbered 1 through 13, respectively.

Interlocus Distances for the Best Order

7.6 7.9 194 27.3 644 18.0 _55.6 349 11.1 235 362 _ 25.3
1-2-3-4-5-6-7-8-9-10-11 - 12 — 13

11.6 Polyploid Radiation Hybrids

Polyploid radiation hybrid samples can be constructed in several ways. For
instance, one can pool different haploid clones and test each of the pools
so constructed for the presence of the various markers to be mapped. If ¢
clones are pooled at a time, then a pool contains fragments generated by
¢ independently irradiated chromosomes. The overlapping nature of a pool
obscures fragment retention patterns. Balanced against this information
loss is the information gained by attaining a higher effective retention rate
per locus per pool.

Another method of generating polyploid samples is to expose normal
human diploid cells to a lethal dose of gamma irradiation. Some of the
irradiated cells can again be rescued by hybridization to unirradiated cells
from a rodent cell line. If the rodent cells are deficient in an enzyme such as
HPRT, then only the hybrid cells will grow in a culture medium requiring
the enzyme. Thus, the design of the diploid experiment is almost identical to
the original haploid design. The diploid design carries with it the advantage
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that the same clones can be used to map any chromosome of interest.
Although in principle one could employ heterozygous markers, geneticists
forgo this temptation and score only the presence, and not the number of
markers per locus in a diploid clone. Finally, just as with haploid clones,
one can pool diploid clones to achieve sampling units with an arbitrary
even number of chromosomes.

We now present methods for analyzing polyploid radiation hybrids with
¢ chromosomes per clone or sampling unit [15]. For the sake of brevity, we
use the term “clone” to mean either a haploid clone, a diploid clone, or a
fixed number of pooled haploid or diploid clones. Our analysis will assume
that the breakage and fragment retention processes are independent among
chromosomes and that typing can reveal only the presence and not the
number of markers per locus in a clone.

11.7 Maximum Likelihood Under Polyploidy

Again let X = (X1,...,X,,) denote the observation vector for a single
clone. If no markers are observed at the ith locus, then X; = 0. If one or
more markers are observed, then X; = 1. Because (1 — )¢ is the probabil-
ity that all ¢ copies of a given marker are lost, the single-locus polyploid
likelihood reduces to the Bernoulli distribution

Pr(X;=i) = [1—(1—7)°(1—r)t-9,

The two-locus polyploid likelihoods

Pr(X:=0,Xo=0) = [1-r)1-06r)°

PI’(Xl = 1,X2 = 0) = PI’(Xl = 0,X2 = 1)
(I=r)°=[1=r)(1-06r) (11.9)

PrX1=1,Xo=1) = 1-20—-7r)°4+[(1—-7r)(1—0r)°

generalize the two-locus haploid likelihoods (11.5). The expression for the
first probability Pr(X; = 0,X5 = 0) in (11.9) is a direct consequence of
the independent fate of the ¢ chromosomes during fragmentation and re-
tention. Considering a given chromosome, the marker at locus 1 is lost
with probability 1 — r. Conditional on this event, the marker at locus 2
must also be lost. This second event occurs with probability 1 — 6r since its
complementary event occurs only when there is a break between the two
loci and the fragment bearing the second locus is retained. The stated ex-
pression for Pr(X; =0, X5 = 1) in (11.9) can be computed by subtracting
Pr(X; = 0, X3 = 0) from the probability (1 —7)¢ that all ¢ markers are lost
at locus 1. Finally, Pr(X; = 1, X5 = 1) is most easily computed by sub-
tracting the three previous probabilities in (11.9) from 1 and simplifying.
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Preliminary estimates of the parameters r and 6 can be derived from the
empirically observed values of Pr(X; = 0, X5 = 0) and Pr(X; =1, X5 = 1).
In fact, the equation

Pl“(Xl = 1,X2 = 1) — Pl“(Xl = O,Xg = 0) = 1- 2(1 — 'f‘)c
can be solved to give

1—Pr(X;=1,X, = 1)+ Pr(X; = 0, X5 = 0)] ¢
2

ro= 1- (11.10)

Once r is known, 6 is determined from the first equation in (11.9) as

1
c

0 — 1—7‘—[PI‘(X1=0,X2:0)] ' (1111)
r(l—r)
Thus, the map (0,7) — (Pr(X; = 1,X3 = 1),Pr(X; = 0, X5 = 0)) is one
to one. Its range is not the entire set {(s,t): s >0, t >0, s+ ¢ < 1} since
one can demonstrate that any image point of the map must in addition
satisfy the inequality

A
-

Py

>
I

\:—‘

s
|

\H/ S—
-

PN

>
|

=

s
|

=

(11.12)

See Problem 8 for elaboration.

The observed values of Pr(X; = 1,Xs = 1) and Pr(X; = 0,X3 = 0)
are maximum likelihood estimates for the simplified model in which the
only constraints on the four probabilities displayed in (11.9) are nonnega-
tivity, the symmetry condition Pr(X; =1,X5 =0) =Pr(X; =0, X2 = 1),
and the requirement that the four probabilities sum to 1. This simplified
model has in effect two parameters, which we can identify with the prob-
abilities Pr(X; = 1,X5 = 1) and Pr(X; = 0,X; = 0) and estimate by
their empirical values. These values are maximum likelihood estimates un-
der the simplified model. If these estimates satisfy inequality (11.12), then
they furnish maximum likelihood estimates of the radiation hybrid model
as well. Since maximum likelihood estimates are preserved under repara-
meterization, the maximum likelihood estimates of r and 6 can then be
computed by substituting estimated values for theoretical values in (11.10)
and (11.11).

Under the polyploid model with many loci, likelihood calculation is hin-
dered by the fact that likelihoods no longer factor. Nonetheless, it is possible
to design a fast algorithm for likelihood calculation based on the theory of
hidden Markov chains [18]. In the current context, there exists a Markov
chain whose current state is the number of markers present in a clone at the
current locus. As the chain progresses from one locus to the next, starting
at the leftmost locus and ending at the rightmost locus, it counts the num-
ber of markers at each locus in the clone. These numbers are hidden from
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view because only the presence or absence of markers is directly observ-
able. Suppose the chain is in state ¢ at locus k. The probability ¢. (7, j) of a
transition from state ¢ at locus k to state j at locus k+ 1 is of fundamental
importance.

To compute ¢ (i, j), consider first a haploid clone. In this situation the
chromosome copy number ¢ = 1, and it is clear that

th(O, 0) = 1—0kr
th(O, 1) = Or

ba(1,0) = 6u(1—r)
t171€(1,1) 1—6%(1 —T).

Employing these simple transition probabilities, we can write the following
general expression:

ten(i,j) = m%j} (;) (C_i) (11.13)

l=max{0,i+j—c} J = !
x t1 (1, 1)y (1,0) 7y 1 (0, 1) 4, (0,0)¢7 I+

Formula (11.13) can be deduced by letting ! be the number of markers
retained at locus k that lead via the same original chromosomes to markers
retained at locus k + 1. These [ markers can be chosen in (;) ways. Among
the 7 markers retained at locus k, the fate of the [ markers retained at locus
k+1 and the remaining ¢ — [ markers not retained at locus k+1 is captured
by the product #; x(1, 1)1 x(1,0)*~" in (11.13). For j total markers to be
retained at locus k4 1, the ¢ — ¢ markers not retained at locus k£ must lead
to j — [ markers retained at locus k + 1. These j — [ markers can be chosen
in (;3) ways. The product t1 x(0,1)7 7t £(0,0)¢#=J*! captures the fate
of the ¢ — ¢ markers not retained at locus k. Finally, the upper and lower
bounds on the index of summation [ insure that none of the powers of the
t1,5(u, v) appearing in (11.13) is negative.

In setting down the likelihood for the observations (X1,..., X,,) from a
single clone, it is helpful to define a set O; corresponding to each X;. This
set indicates the range of markers possible at locus i. Thus, let

{0,1,...,¢} for X; missing
Oi = {0} for Xi =0
{1,...,¢} for X; = 1.

The sets O, ..., Oy, encapsulate the same information as (Xi,...,X;).
Owing to the Markovian structure of the model, the likelihood of the ob-
servation vector (X1,..., X,,) amounts to

L Z Z <jcl)7°j1(1—7")c_jl ﬁtc,k(jkajk+1)- (11.14)

j1€01 Jm€Om k=1
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The necessity of evaluating this sum of products lands us in familiar terrain.
Here, however, there is more symmetry than in pedigree calculations. As
suggested by Baum [2, 11], it is natural to evaluate the sum as an iterated
sum in either the forward or reverse direction.

Suppose Z; is the unobserved number of markers at locus i. The only
restriction on Z; is that Z; € O;. Baum’s forward algorithm is based on
recursively evaluating the joint probabilities

ar(j) = Pr(Z1€01,..., 251 € Op1,Zk = j)

for j € Oy. At the leftmost locus a4 (j) = (;)rj(l —7)¢~J and the obvious
update is

w1 () = Y an(iter(ij)-

1€0

The likelihood (11.14) can be recovered by forming the sum .. amm(j)
at the rightmost locus.

In Baum’s backward algorithm we recursively evaluate the conditional
probabilities

ﬂk(l) = Pr(Zk+1 S Ok+17 . '7Z’m € Om | Zk = Z)v

for i € Oy, starting by convention at (3,,(j) = 1 for j € O,,. The required
update is clearly

Br@) = D ten(i)Bra (4)-

JE€Ok+1

In this instance the likelihood (11.14) can be recovered at the leftmost locus
by forming the sum ), a1(i)531(4).

A quick search of the likelihood can be achieved if the partial derivatives
of the likelihood can be computed analytically. Let us now indicate briefly
how to do this based on the intermediate results of Baum’s forward and
backward algorithms. For instance, consider a partial derivative 80 Pof P
with respect to a breakage probability. Inspection of equation (11. 14) leads
to the expression

S 5T (e

j1€01 Jm€Om

[6(2 tei(Jis Jivr1) } gtck (ks Jr+1)- (11.15)

Evidently, (11.15) can be evaluated as

g;zip = Z Z ai(ji)[%tc,i(jiaji+1)}6i+l(ji+1).(11.16)

§i€0; ji+1€0;41
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Similar reasoning implies that

%P = Y {%al(jl)}ﬁl(jl) (11.17)

Jj1€01

m—1
+Y > Y ai(ji)[%tc,i(jiaji-i-l) Bit1(jis1)-

i=1 5;€0; ji+1€0i41

The partial derivatives appearing on the right-hand sides of (11.16) and
(11.17) are tedious but straightforward to evaluate. An efficient evaluation
of P and its partial derivatives can therefore be orchestrated by carrying out
the backward algorithm first, followed by the forward algorithm performed
simultaneously with the computation of all partial derivatives. Given a
partial derivative E%P of the likelihood P, one forms the corresponding

entry in the score vector by taking the quotient (%P) /P.

Finally, we note that the EM algorithm for maximum likelihood esti-
mation generalizes easily to the polyploid case. The only differences are
that now the expected number of trials for a breakage parameter is cH
and the expected number of trials for the common retention probability is

cH(1+ Zg_ll Onew,i), where H is again the total number of clones.

11.8 Obligate Breaks Under Polyploidy

An obligate break is scored between two loci ¢ and i+ 1 of a clone whenever
X; =1 and X;41 = 0 or vice versa. According to equation (11.9), the
probability of this event is

PI‘(XZ = 1, XfL'Jrl = O) + PI‘(XZ = O,XiJrl = 1)
= 2(1—=7r)°[1 = (1—0,r)°.

Because the probability 2(1 —r)¢[1 — (1 —6;r)¢] has a positive partial deriv-
ative 2¢er(1—7r)¢(1—6;7)~1 with respect to 0;, it is increasing as a function
of 6;. Monotonicity of the obligate breakage probability was the only prop-
erty used in establishing the statistical consistency of the minimum breaks
criterion for ordering loci. Thus, the minimum breaks criterion is applicable
to polyploid radiation hybrids and can form the basis of a quick method
for ranking locus orders.

Outlier detection by counting obligate breaks is also feasible. With the
probabilities py (i, j) defined as in the haploid case, we can again compute
the distribution of the number of obligate breaks per clone assuming no
missing data. Note that now the index i specifying the number of marker
copies present at locus k ranges from 0 to ¢ instead of from 0 to 1. The
initial conditions are

c

mo) = ($)ra-n

7
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Taking into account the defining condition for an obligate break leads to
the recurrence relation

karl(ivj) = Zpk(lvj)tc,k(lai)+Zpk(lvj_1)tc,k(lvi)

I~i i

for all 0 < ¢ < ¢, where [ ~ 7 indicates that [ and ¢ are simultaneously in ei-
ther the set {0} or the set {1,...,c}, and where the transition probabilities
tek(l,7) are defined in (11.13). As already noted in the haploid case, when
the final locus k = m is reached, the probabilities p,,(i,j) can be summed
on ¢ to produce the distribution of the number of obligate breaks.

11.9 Bayesian Methods

Bayesian methods offer an attractive alternative to maximum likelihood
methods. To implement a Bayesian analysis of locus ordering, two technical
hurdles must be overcome. First, an appropriate prior must be chosen. Once
this choice is made, efficient numerical schemes for estimating parameters
and posterior probabilities must be constructed.

It is more convenient to put a prior on the distances between the adja-
cent loci of an order than on the breakage probabilities determined by these
distances. In designing a prior for interlocus distances, we can assume with
impunity that the intensity of the breakage process satisfies A = 1. It is
also reasonable to assume that the m loci to be mapped are sampled uni-
formly from a chromosome interval of known physical length. This length
may be difficult to estimate in base pairs. Furthermore, physical distances
measured in base pairs are less relevant than physical distances measured
in expected number of breaks (Rays). We can circumvent the calibration
problem of converting from one measure of physical distance to the other
by using the results of a maximum likelihood analysis. Suppose that un-
der the best maximum likelihood order, we estimate a total of b expected
breaks between the first and last loci. With m uniformly distributed loci,
adjacent pairs of loci should be separated by an average distance of %.
This quantity should also approximate the average distance from the left
end of the interval to the first locus and from the right end of the interval
to the last locus. These considerations suggest that d = % would be
a reasonable expected number of breaks to assign to the prior interval. In
practice, this value of d may be too confining, and it is probably prudent
to inflate it somewhat.

Given a prior interval of length d, let §; be the distance separating the
adjacent loci ¢ and ¢ + 1 under a given order. To calculate the joint dis-
tribution of the vector of distances (01,...,dnm—1), expand this vector to
include the distance §; separating the left end of the interval from the first

locus. These spacings are related to the positions t¢1,...,%,, of the loci on
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the interval by the lower triangular transformation

[t i=0
0i = {uﬂ—n 1<i<m-—1. (11.18)

Because the t; correspond to order statistics from the uniform distribution
on [0,d], the positions vector (t1,...,tm) has uniform density m!/d™ on
the set

{(t1, . tm) 0 <ty < oo <ty <}

The fact that the Jacobian of the transformation (11.18) is 1 implies that
the spacings vector (o, ..., 0m,—1) has uniform density m!/d™ on the set

m—1
{(607---;5m71):0§5i7 i:O,...,m—l, Zélgd}
1=0

The marginal density of the subvector (d1,...,d0,—1) can now be recovered
by the integration
d=01==0m=1 g~ MMd=0i— O
o d_m o = am '
This prior for the spacings 61, ..., 0,1 resides on the set

m—1
{(517---;5m71):0§5i7 i:l,...,m—l, Zélgd}
=1

A uniform prior on [0,1] is plausible for the retention probability r. This
prior should be independent of the prior on the spacings. With the resulting
product prior now fixed for the parameter vector v = (§1,...,0m_1,7)t, we
can estimate parameters by maximizing the log posterior L(v) + R(7Y),
where L(v) is the loglikelihood and

R(’y) = 1n(d — 51 — = 5m—1)

is the log prior. This yields the posterior mode. Because the M step
is intractable, the EM algorithm no longer directly applies. However, in-
tractability of the M step is no hindrance to the EM gradient algorithm
[13]. If Q(¥ | Yola) is the standard @ function produced by the E step of
the EM algorithm, then the EM gradient algorithm updates v via

Yoew = Yold — |d*°Q(Yold | Yola) + d*R(Vola) (11.19)
X [dL(Yo1a) + dR(Youa)]"

where dL and dR denote the differentials of L and R, d?>R is the second
differential of R, and d?°Q(7 | Yo1a) is the second differential of Q relative
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to its left argument. In effect, we update v by one step of Newton’s method
applied to the function Q(v | Yo1a) + R(Y), keeping in mind the identity
d*°Q(Yola | Yo1d) = dL(o1a) proved in Problem 9 of Chapter 2.

All of the terms appearing in (11.19) are straightforward to evaluate. For
instance, taking into account relation (11.1) with A = 1, we have

B B de;
3 &_L(v) = % L(W)d—&_
B)
= %L(v)(l —0;).

Differentiation of the log prior produces

) 1
Uy Sy
)

53(7) =0

—d’R = (dR)'dR.

Computation of the diagonal matrix d>°Q(v | ) is more complicated.
Let N; be the random number of chromosomes in the sample with breaks
between loci 7 and i + 1. As noted earlier, this random variable has a
binomial distribution with success probability 6; and cH trials. Because
of the nature of the complete data likelihood, it follows that modulo an
irrelevant constant,

QMY | Yola)
= E(N; | obs,vo1a) In(6;) + E([cH — N;] | obs, Yo1a) In(1 — 6;).

Straightforward calculations show that

il E(N; | obs, o1a)(1 — 6
552@0 | o) = _E(V | 921d>< )

If énew,i is the EM update of 6; ignoring the prior, then as remarked pre-
viously, E(IV; | obs, Yo1d) = cHénew,i )

It is possible to simplify the EM gradient update (11.19) by applying the
Sherman-Morrison formula discussed in Chapter 3. In the present context,
we need to compute (A + uu’)~!v for the diagonal matrix

A = —d®Q(ew | Yoia)

and the vectors u = dR(Yo1a) and v* = dL(vo1q) + dR(Vo1a)- Because R(v)
does not depend on r, the partial derivative %R(W) vanishes. Thus, the
matrix A 4+ uu® is block diagonal, and the EM gradient update for the

parameter r coincides with the EM gradient update for r ignoring the
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prior. This suggests that the EM gradient update and the ordinary EM
update for r will be equally effective in finding the posterior mode.

From the Bayesian perspective, perhaps more important than finding
the posterior mode is the possibility of computing posterior probabilities
for the various locus orders. Under the natural assumption that all orders
are a priori equally likely, the posterior probability of a given order « is

[ eLa(M+Ra() gy
EﬁfeLﬁ(7)+Rﬁ(7)d7’

(11.20)

where the sum in the denominator ranges over all possible orders § and
Ls and Rg denote the loglikelihood and log prior appropriate to order 3.
Two ugly issues immediately rear their heads at this point. First, unless the
number of loci m is small, the number of possible orders can be astronom-
ical. This problem can be finessed if the leading orders can be identified
and the sum truncated to include only these orders. In many problems only
a few orders contribute substantially to the denominator of the posterior
probability (11.20).

The other issue is how to evaluate the integrals appearing in (11.20). Due
to the complexity of the integrands, there is no obvious analytic method
of carrying out the integrations. For haploid data, Lange and Boehnke
[14] suggest two approximate methods. Both of these methods have their
drawbacks and can be computationally demanding. Here we suggest an
approximation based on Laplace’s method from asymptotic analysis [7, 22].
The idea is to expand the logarithm of the integrand ele(M+FEa(¥) in g
second-order Taylor’s series around the posterior mode 4. Recalling the
well-known normalizing constant for the multivariate normal density and
defining F,, () = La(7y) + Ra(7), this approximation yields

/eFa(V)dW ~ /eF"‘(ﬁ)*‘%(W—ﬁ)tsza("?)(v—ﬁ)dy
= DM T det(~d?Fa(3)) 72 (11.21)

The accuracy of Laplace’s approximation increases as the log posterior
function becomes more peaked around the posterior mode 4. The quadratic
form d?F, (%) measures the curvature of F,(v) at 4.

11.10 Application to Diploid Data

Table 11.2 lists the 10 best orders identified for 6 loci on chromosome 4
from 85 diploid clones created at the Stanford Human Genome Center and
distributed by Research Genetics of Huntsville, Alabama. These six se-
quence tagged sites constitute a small subset of a much more extensive
set of chromosome 4 markers. The columns labeled Prob. 1, Prob. 2, and
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Prob. 3 are posterior probabilities calculated under various approximations
of the integrals feLﬁ("Y)*‘Rﬁ(V)dv in formula (11.20). The first approxima-
tion is

/ (LR gy o L +Ra(3), (11.22)

where 4 is the maximum likelihood estimate and the log prior function
Rgs(y) is taken as 0. The second approximation uses the actual log prior
function in (11.22) and replaces the maximum likelihood estimate by the
posterior mode. The third approximation is just the Laplace approximation
(11.21). For the numbers shown in Table 11.2, all 360 = %! orders were
included in the denominator of (11.20).

The three posterior probabilities displayed in Table 11.2 evidently agree
well. Except for one minor reversal for the Laplace approximation, the 10
listed orders have the same ranks. These posterior probability ranks are
roughly similar to the ranks based on minimum obligate breaks.

TABLE 11.2. Best Locus Orders for Diploid Radiation Hybrid Data

Orders Prob.1 Prob. 2 Prob.3 Breaks
1 2 3 4 5 6 .36114 .35690 .34569 52
1 2 3 5 4 6 .32028 .33051 .32845 51
2 3 4 5 6 1 .16736 .16301 .16601 51
2 3 5 4 6 1 .14554 14451 .15400 51
1 2 3 6 5 4 .00244 .00222 .00233 54
1 4 5 6 3 2 .00136 .00119 .00128 54
1 3 2 4 5 6 .00054 .00045 .00053 56
1 2 3 5 6 4 .00038 .00036 .00054 54
1 3 2 5 4 6 .00024 .00022 .00029 55
1 4 6 5 3 2 .00021 .00019 .00029 54

The failure of Table 11.2 to identify a decisively best order reflects uncer-
tainties in placing locus 1 to the right or to the left of the major cluster of
loci and in reversing loci 4 and 5 in this cluster. The maximum likelihood
odds for pair reversals under the best identified order are given in the dia-
gram below. It is interesting that the odds for inverting loci 1 and 2 provide
no hint of the overall ambiguity in ordering locus 1. Clearly, caution should
be exercised in interpreting pairwise inversion odds.

Pairwise Inversion Odds for the Best Order

5.8x10° _ 6.7x10% _ 1.7x10%3 1.1 1.5%x10%
1 2 3 4 5 6

Maximum likelihood estimates of the interlocus distances under the best
order are as follows:
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Interlocus Distances for the Best Order

1 108.7 9 17.4 3 37.9 4 11.9 5 12.5 6

The total map length between locus 1 and locus 6 is b = 188.4 cR under
this order. In the Bayesian analyses, b was increased to 200 cR to determine

a prior interval length o

f 2= 7X200 = 280 cR. Interlocus distances based on the

posterior mode then give a total map length of only 176.5 cR. Apparently,
imposition of a tight prior tends to decrease estimated interlocus distances.

11.11

Problems

1. For m loci in a haploid clone with no missing observations, the ex-
pected number of obligate breaks E[B(id)] is given by expression
(11.2).

(a)

Under the correct order, show [1] that

m—

Var[B(id)] = 1—r{29“+1—2r1—r Z Zi1

m—2 m—1

+ (1 —2r)2 Z Z 0ii+105,5+1( 1_6‘i+1,j)}7

=1 j=i+1

where the breakage probability 6;11,; = 0 when i+ 1 = j. (Hint:
Let S; be the indicator of whether a break has occurred between
loci 7 and 7 + 1. Verify that

E(SiS;) = r(1=7)0ii105 5411 = biy1;(1 = 2r)?]

by considering four possible cases consistent with S;S; = 1. The
first case is characterized by retention at locus i, nonretention
at locus ¢ + 1, retention at locus 7, and nonretention at locus
j+1)

The above expression for Var[B(id)] can be simplified in the
Poisson model by noting that

Jj—1

1=0it1; = H (1 — Ok ps1)-
k=i+1

Using this last identity, argue by induction that

m—2 m—1

Z Z 03,i+10;,+1(1 — Oit1,5)

i=1 j=i+1
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m—1 m—1
= Z Oiiv1 —[1 — H (1 —0:541)]-
i—1 i=1

2. In a haploid radiation hybrid experiment with m loci, let X;; be the
observation at locus j of clone i. Assuming independence of the

clones and no missing data, show that

n m

1 1
Fn = — — lex,.— 11.23

is a strongly consistent sequence of estimators of r. Let a;; be the
probability Pr(X;; # Xix) = 2r(1 — r)0;%. Show that

. 1 ¢
nje = — Z Lix,#X0)
=1

is a strongly consistent sequence of estimators of a;i. Finally, prove
that
A o dnjk:

Onjke Wl — ) (11.24)

is a strongly consistent sequence of estimators of 6, the breakage
probability between loci j and k.

3. In addition to the assumptions of the last problem, suppose that there
are just m = 2 loci. Prove that the estimates (11.23) and (11.24)
of r and 6 reduce to the maximum likelihood estimates described in
Sections 11.4 and 11.7 when inequality (11.12) is satisfied empirically.

4. Let énjk be any strongly consistent sequence of estimators of 6;; for
polyploid radiation hybrid data. Prove that minimizing the estimated
total distance

m—1

D(o) = - Z In[1 = 0, (3),0 (4 1))

=1

between the first and last loci of an order o provides a strongly con-
sistent criterion for choosing the true order.

5. Let L(7) be the loglikelihood for the data X on a single, haploid clone
fully typed at m loci. Here v = (01,...,0,,—1,7) is the parameter
vector. The expected information matrix J has entries

62
00

J.

Yivs L(v)
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. Continuing the last problem, prove that Jy,¢, has a maximum at r =
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Show that [9, 14]
r(l—r)(2-06;)

oo = HTO0,0 =0, + 0
']91'7’ - J’I"ei

(1-20)(1-6)

(1 - 6‘17‘)(1 - 6‘1 + 917‘)
m—1
1 1—r r
o T 3 91 .

/ r(l—r) + ; [r(l—ﬁﬂ“) + (1—7‘)(1—91--1-91-7“)]

Prove that all other entries of J are 0. Hints: Use the factorization
property of the likelihood. In the case of two loci, denote the proba-
bility Pr(X7 = i, X2 = j) by p;; for brevity. Then a typical entry Jus
of J is given by

1 1 81 81
o - BRI

i=0 j=o Pii

1

when 6; is fixed. Use this fact to show that Jy,o, < 1/[20;(1 — 6;)].
Given a known retention probability r, this inequality proves that
the asymptotic standard error of the estimated 6; will be at least v/2
times greater than that calculated for a simple binomial experiment
with success probability 6.

Complete the calculation of the partial derivatives of the likelihood
for a single clone under the polyploid model by specifying the partial
derivatives a%itm-, %tcm and %al(jl) appearing in equations (11.16)
and (11.17).

. Under the polyploid model for two loci, consider the map

0,7) — (qoo,q11)
qo0 = Pl“(Xl = O,Xg = 0)
g1 = Pr(X;=1,X,=1).

Show that this map from {(#,r) : € [0,1], r € (0,1)} is one to one
and onto the region

Q = {(g00,q11) : qo0 € (0,1), qu1 € (0,1), qooq11 > ¢g, }»

where g1 = Pr(X; = 0, X5 = 1). Prove that § = 0 if and only if
goo + ¢11 = 1, and 6 = 1 if and only if gooq11 = ¢&,- The upper
boundary of @ is formed by the line goo + ¢11 = 1 and the lower
boundary by the curve gooqi1 = ¢3;. Prove that the curve is generated
by the function q11 = 1+ goo — 2,/qoo-
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10.

11.
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Under the polyploid model for two loci, show that the expected in-
formation for 0 is

Ar?(1—0r)°2(1 —r)°[1 — 2(1 — )¢ + (1 — Or)°]

Joo = Ao i =2 =+ (= e = r)]

Argue that Jyp has a maximum as a function of r near r = C_+1 when
0 is near 0. (Hint: Be careful because limg_,¢ Jgg = 00. The singularity
at @ = 0 is removable in the function % In Jygg.)

This result suggests that the value r = cj_l is nearly optimal for

small # in the sense of providing the smallest standard error of the
maximum likelihood estimate 6 of 6. In this regard note that Jy, and
Jrr have finite limits as # — 0. Thus for small 6, the approximate
standard error of 6 is proportional to ﬁ even when r is jointly

estimated with 6.

In computing the distribution of the number of obligate breaks per
clone in the polyploid model, how must the initial conditions and
recurrences for the probabilities pg (4, ) be modified when some loci
are untyped?

The construction of radiation hybrids always involves a selectable
enzyme such as HPRT or TK. On the chromosome containing the
selectable locus, at least one fragment containing the locus is neces-
sary to form a viable clone. This requirement invalidates our model
of fragment retention for the chromosome in question. The obvious
amendment of the model is to condition on the event of retention of
at least one fragment bearing the selectable locus. Discuss how this
change of the model affects likelihood calculation via Baum’s forward
and backward algorithms [16].

11.12 REFERENCES

[1]

2]

Barrett JH (1992) Genetic mapping based on radiation hybrid data.
Genomics 13:95-103

Baum LE (1972) An inequality and associated maximization tech-
nique in statistical estimation for probabilistic functions of Markov
processes. Inequalities 3:1-8

Bishop DT, Crockford GP (1991) Comparisons of radiation hybrid
mapping and linkage mapping. Genetic Analysis Workshop 7: Is-
sues in Gene Mapping and Detection of Major Genes. MacCluer JW,
Chakravarti A, Cox D, Bishop DT, Bale SJ, Skolnick MH, editors,
Cytogenetics and Cell Genetics, S Karger, Basel



254

11. Radiation Hybrid Mapping

[4] Boehnke M (1991) Radiation hybrid mapping by minimization of the

(5]

(6]

[7]

8]

[15]

[16]

number of obligate chromosome breaks. Genetic Analysis Workshop
7: Issues in Gene Mapping and Detection of Major Genes. MacCluer
JW, Chakravarti A, Cox D, Bishop DT, Bale SJ, Skolnick MH, editors,
Cytogenetics and Cell Genetics, S Karger, Basel

Boehnke M, Lange K, Cox DR (1991) Statistical methods for multi-
point radiation hybrid mapping. Amer J Hum Genet 49:1174-1188

Brualdi RA (1977) Introductory Combinatorics. North-Holland, New
York

de Bruijn, NG (1981) Asymptotic Methods in Analysis. Dover, New
York

Burmeister M, Kim S, Price ER, de Lange T, Tantravahi U, Myers
RM, Cox DR (1991) A map of the distal region of the long arm of
human chromosome 21 constructed by radiation hybrid mapping and
pulsed-field gel electrophoresis. Genomics 9:19-30

Chernoff H (1993) Kullback-Leibler information for ordering genes us-
ing sperm typing and radiation hybrid mapping. Statistical Sciences
and Data Analysis: Proceedings of the Third Pacific Area Statisti-
cal Conference, Matsusita K, Puri ML, Hayakawa T, editors, VSP,
Utrecht, The Netherlands

Cox DR, Burmeister M, Price ER, Kim S, Myers RM (1990) Radiation
hybrid mapping: A somatic cell genetic method for constructing high-
resolution maps of mammalian chromosomes. Science 250:245-250

Devijver PA (1985) Baum'’s forward-backward algorithm revisited.
Pattern Recognition Letters 3:369-373

Goss SJ, Harris H (1975) New method for mapping genes in human
chromosomes. Nature 255:680-684

Lange K (1995) A gradient algorithm locally equivalent to the EM
algorithm. J Roy Stat Soc B 57:425-437

Lange K, Boehnke M (1992) Bayesian methods and optimal experi-
mental design for gene mapping by radiation hybrids. Ann Hum Genet
56:119-144

Lange K, Boehnke M, Cox DR, Lunetta KL (1995) Statistical methods
for polyploid radiation hybrid mapping. Genome Res 5:136—150

Lunetta KL, Boehnke M, Lange K, Cox DR (1996) Selected locus and
multiple panel models for radiation hybrid mapping. Amer J Hum
Genet 59:717-725



[17]

[18]

[19]

11. Radiation Hybrid Mapping 255

Press WH, Flannery BP, Teukolsky SA, Vetterling WT (1992) Nu-
merical Recipes. The Art of Scientific Computing, 2nd ed. Cambridge
University Press, Cambridge

Rabiner L (1989) A tutorial on hidden Markov models and selected
applications in speech recognition. Proc IEEFE 77:257-285

Reingold EM, Nievergelt J, Deo N (1977) Combinatorial Algorithms:
Theory and Practice. Prentice-Hall, Englewood Cliffs, NJ

Speed TP, McPeek MS, Evans SN (1992) Robustness of the no-
interference model for ordering genetic loci. Proc Natl Acad Sci
89:3103-3106

Stringham HM, Boehnke M, Lange K (1999) Point and interval esti-
mates of marker location in radiation hybrid mapping. Amer J Hum
Genet 65:545-553

Tierney L, Kadane JB (1986) Accurate approximations for posterior
moments and marginal densities. J Amer Stat Assoc 81:82-86

Weeks DE, Lehner T, Ott J (1991) Preliminary ranking procedures for
multilocus ordering based on radiation hybrid data. Genetic Analysis
Workshop 7: Issues in Gene Mapping and Detection of Major Genes.
MacCluer JW, Chakravarti A, Cox D, Bishop DT, Bale SJ, Skolnick
MH, editors, Cytogenetics and Cell Genetics, S Karger, Basel



12

Models of Recombination

12.1 Introduction

At meiosis, each member of a pair of homologous chromosomes replicates
to form two sister chromosomes known as chromatids. The maternally
and paternally derived sister pairs then perfectly align to form a bundle
of four chromatids. Crossing-over occurs at points along the bundle known
as chiasmata. At each chiasma, one sister chromatid from each pair is
randomly selected and cut at the crossover point. The cell then rejoins the
partial paternal chromatid above the cut to the partial maternal chromatid
below the cut, and vice versa, to form two hybrid maternal-paternal chro-
matids. The preponderance of evidence suggests that the two chromatids
participating in a chiasma are chosen nearly independently from chiasma to
chiasma [31]. This independence property is termed lack of chromatid in-
terference. After crossing-over has occurred, the recombined chromatids
of a bundle are coordinately separated by two cell divisions so that each of
the four resulting gametes receives exactly one chromatid.

The number and positions of the chiasmata along a chromatid bundle
provide an example of a stochastic point process [6]. Most probabilists
are familiar with point processes such as Poisson processes and renewal
processes. This chapter considers point process models for the formation of
chiasmata. Each such chiasma process induces correlated and identically
distributed crossover processes on the four gametes created from a chro-
matid bundle. We can conceive of both chiasma and crossover processes as
occurring on a fixed interval of the real line. When one makes, as we do
in this chapter, the assumption of no chromatid interference, then each of
the four crossover processes is created from the chiasma process by ran-
dom thinning of chiasmata. If we characterize a gamete by the origin
of one of its telomeres (chromosome ends), then it participates in half
of the crossovers on average. Random thinning amounts to independently
choosing for each chiasma whether the gamete does or does not participate
in the underlying crossover event. Because of the symmetry of the model,
these two choices are equally likely.

For any well-behaved set A on the chromatid bundle, the random variable
N4 counts the number of random points in A. The chiasma process is de-
termined by these random variables. Two important functions of A are the
intensity measure E(N4) and the avoidance probability Pr(N4 = 0).
It is natural to assume that E(N(4;) = 0 for every fixed point @ and that
random points never coincide. Beyond these assumptions, we seek models
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that correctly capture the phenomenon of chiasma interference. This sec-
ond kind of interference involves the suppression of additional chiasmata in
the vicinity of a chiasma already formed. Although a fair amount is known
about the biochemistry and cytology of crossing-over, no one has suggested
a mechanism that fully explains chiasma interference [28, 30]. Until such
a mechanism appears, we must be content with purely phenomenological
models for the relatively small number of chiasmata per chromatid bundle.
Even if a satisfactory model is devised, calculation of gamete probabilities
under it may be very cumbersome. The models considered in this chapter
have the advantage of permitting exact calculation of multilocus gamete
probabilities.

12.2 Mather’s Formula and Its Generalization

Mather [19] discovered a lovely formula connecting the recombination frac-
tion @ separating two loci at positions ¢ and b to the random number of
chiasmata N, occurring on the interval [a,b] of the chromatid bundle.
Mather’s formula

Pr(N[aJ,] > 0)

N =N =

[1 = Pr(Njy ) = 0)] (12.1)

makes it clear that 0 < 8 < % and that 6 increases as b increases for a fixed.
The genetic map distance d separating a and b is defined as % E(Nja), the
expected number of crossovers on [a, b] per gamete. The unit of distance is
the Morgan, in honor of Thomas Hunt Morgan. For short intervals, 6§ ~ d
because E(N[q4)) = Pr(Np ) > 0).

To prove (12.1), note first that a gamete is recombinant between two loci
a and b if and only if an odd number of crossovers occurs on the gamete
between a and b. Let r,, be the probability that the gamete is recombinant
given that n chiasmata occur on the chromatid bundle between a and b. It
is clear that ro = 0. For n > 0, we have the recurrence

T, = %rn,l + %(1 —Tn—1) (12.2)
because a gamete is recombinant after n crossovers if it is recombinant
after n — 1 crossovers and does not participate in crossover n, or if it is
nonrecombinant after n — 1 crossovers and does participate in crossover n.
In view of recurrence relation (12.2), it follows that r, = 1 for alln > 0,
and this fact proves Mather’s formula (12.1).

As a simple application of Mather’s formula, suppose that the number
of chiasmata on the chromatid bundle between a and b follows a Poisson
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distribution with mean A. Then a gamete is recombinant with probability
7(1 — e7*) and nonrecombinant with probability (1 + e~*). Haldane’s
model, which postulates that the chiasma process is Poisson, turns out to
be crucial in generalizing Mather’s formula [17, 24]. To derive this gener-
alization, we employ a randomization technique pioneered by Schrodinger.
Consider a sequence of k+1 loci along a chromosome. The k+1 loci define
k adjacent intervals I,...,I;. A gamete can be recombinant on some of
these intervals and nonrecombinant on others. For a subset S C {1,...,k},
let ys denote the probability that the gamete is recombinant on each of the
intervals I; indexed by ¢ € S and nonrecombinant on each of the remaining
intervals I; indexed by i ¢ S. Under Haldane’s model, the numbers of
chiasmata falling on disjoint intervals are independent. Therefore,

s Mla-ed o,

i€s i¢s

where \; denotes the expected number of chiasmata on interval I;.

Next consider what happens when we fix the number N, = n; of chias-
mata occurring on each interval I;. The probability of the recombination
pattern dictated by S now changes to the conditional probability yn s,
where n is the multi-index (n1,...,nx). We recover yg via

(12.4)

i

i, we de-

Equating formulas (12.3) and (12.4) and multiplying by Hl e
duce that

<
w
—
b
I

k .
A
2oms I35
n =1
1\ A A
- (5) [T -] + . (12.5)
ics i¢s
We extract the coefficient yng by evaluating the partial derivative

S
a;?“- CONTF (ySH )

at Ay = --- = A\ = 0. Equating the two results from identity (12.5) yields
N
s (5) ITC = 1) T+ Lm0y
i€S i¢s

1\ k
(5) ;(_1)|SQT‘ 1{Zi€T ni=0}’
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where T ranges over all subsets of {1,...,k} and |S N T| indicates the
number of elements in the intersection S N7T. This last formula continues
to hold when the fixed counts n; are replaced by the random counts Ny,.
Taking expectations therefore produces

ys = E(y~ns)

- 3 I (;NL. ~0) (12.6)
(%)k 21: zl:(_UZf:l siti py. (zk:ti]vli - 0),
t=0 =1

t1=0

where s; = lycsy and t; = lgery are the obvious indicator functions.
This is the sought-after generalization of Mather’s formula [24, 26]. It col-
lectively expresses the multilocus gamete probabilities as the inverse Walsh
transform of the avoidance probabilities of the chiasma process.

Special cases of (12.6) are easy to construct. For instance, Mather’s for-
mula (12.1) can be restated as y(;y = 3[1 — Pr(Ny, = 0)] for k = 1. The
probability of nonrecombination is yy = 3[1 + Pr(N;, = 0)]. When k = 2,
two of the relevant gamete probabilities are

Y1y
_ 3[1 — Pr(Ny, = 0) + Pr(Ny, = 0) — Pr(N1, + Ny, = 0)

Y{1,2} (12.7)
- 3[1 _ Pr(Ny, = 0) — Pr(Ny, = 0) + Pr(Ns, + N, = 0)].

12.3 Count-Location Model

The count-location model operates by first choosing the total number N of
chiasmata along the bundle of four chromatids [13, 23]. If we identify the
bundle with the unit interval [0, 1], then N = Njo 1. Let g, = Pr(N = n)
be the distribution of N. Once the number of chiasmata is chosen, the
individual chiasmata are located independently along the bundle according
to some common continuous distribution F'(¢). If A = E(N) in this setting,
then the map length of an interval [a,b] reduces to d = LA[F(b) — F(a)].
The recombination fraction 6 of the interval can be expressed compactly
via the generating function Q(s) = >_" ;¢ns™ of N. Conditioning on the
value of N, we find that

1

0 = EPY(N[a,b]>O)

1 o0
3 an[l —Pr(Nigp =0 | N =n)]

n=0



12. Models of Recombination 261

5> and1 — 1= F(b) + Fa)]")

1 1 1
= 3 2Q(l 227 d).
Thus, the count-location model yields a map function § = M (d) giving
the recombination fraction 6§ of an interval purely in terms of the corre-
sponding map distance d.

Gamete probabilities are easily computed in the count-location model
based on formula (12.6). Indeed, if I; = [a;,b;] and w; = F(b;) — F(a;),
then the gamete probability ys can be expressed in either of the equivalent
forms

i = (3) 00 - Y w)
T €T
= ;(Jn(%)k; nETa ;wz

Further algebraic simplification of yg is possible but will not be pursued
here [24].

Example 12.3.1 Haldane’s Model

Haldane’s Poisson model corresponds to the chiasma count distribution
¢n = A"e~*/n! with generating function Q(s) = e~*(1=%) [11]. In this case,
the conversion between map distance d and recombination fraction 6 is
mediated by the pair of functions mentioned in equations (7.8) and (7.8)
of Chapter 7. Although Haldane’s model is widely used, it unrealistically
entails no chiasma interference. This defect is partially compensated for by
its computational simplicity. See, for instance, Problem 1 of this chapter
and Trow’s formula in Problem 1 of Chapter 7. ]

Other simple choices for the chiasma count distribution include the bi-
nomial and truncated Poisson distributions with generating functions

1 s\7
Q) = (2 * 2)
67)\(175) —e A
Q(S) - 1— 6_)‘ ’
respectively [12, 29]. The latter choice is particularly useful because it incor-
porates the empirical observation that almost all chromatid bundles display
at least one chiasma.

12.4 Stationary Renewal Models

Renewal processes provide another important class of recombination



262 12. Models of Recombination

models. A renewal process is generated by the partial sums of a sequence
X1, Xs, ... of nonnegative, i.i.d. random variables. The first random point
on [0, 00) occurs at X1, the second at X7 + Xs, the third at X; + Xo + X5,
and so forth [8, 15, 25]. If the X; have common continuous distribution
function F(z) With mean p, then for large « the interval (z, z+Ax) contains
approximately 42 m L random points. The expected number of random points
U(x) on the interval (0, z] coincides with the distribution function E(Nyg 4))
of the intensity measure. In the renewal theory literature, F'(z) is said to
be the interarrival distribution, and U(x) is said to be the renewal
function. If the X; follow an exponential distribution, then the renewal
process collapses to a Poisson process with intensity A = % and renewal
function U(z) = 4.

The identity U(z) = Z characterizes a Poisson process. In general, we
can achieve a uniform distribution for the intensity measure by passing
to a delayed renewal process where X; follows a different distribution
function Fi(z) than the subsequent X;. The appropriate choice of Fi(z)
turns out to have density F. (z) = [1 — F(x)]/u. Problem 3 sketches a
proof of this fact. The delayed renewal process with density [1 — F(z)]/u
is a stationary point process in the sense that it exhibits the same
stochastic behavior regardless of whether we begin observing it at 0 or
at some subsequent nonrandom point y > 0. In particular, the waiting
time until the next random point after y also follows the equilibrium
distribution Foo ().

For more than two generations, geneticists have proposed various map
functions. The recent work of Zhao and Speed [32] clarifies which of these
map functions legitimately arise from point process models. They show
that any valid map function can be realized by constructing a stationary
renewal process for the underlying chiasma process. Implicit in this finding
is the fact that a map function does not uniquely define its chiasma process.

In exploring the map function problem, let us consider for the sake of
simplicity a map function § = M (d) that is twice differentiable and whose
derivative satisfies the fundamental theorem of calculus in the form

da
M'(dy) — M'(dy) = / M"(z)dx.
dy
By virtue of Mather’s formula (12.1), it is clear that (a) M(0) = 0, (b)
M'(d) > 0, and (c) M’(0) = 1. If at least one chiasma is certain on a

segment of infinite length, then it is also clear that (d) limg—. M(d) =
The final property (e) M”(d) < 0 is true but more subtle.

Property (e) can be proved by noting that formula (12.6) implies on one
hand that

1
5

Y{1,2,3} — Y{1,3}
1
= g —QPY(N]2=0)+2PI‘(N[]:O,NIQZO)
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+2Pr(Ny, = 0,Ny, = 0) — 2Pr(Ny, = 0, Ny, = 0, Ny, = 0)}

1
= —;E [(1 = Lng, =0p) Lng, =03 (1 = Ly, =oy)] (12.8)

< 0.

On the other hand, if the map distance assigned to interval I; is d;, then one
can invoke Mather’s formula (12.1) and exchange avoidance probabilities
for recombination fractions in the above computation. This gives

Y{1,2,3} — Y{1,3}
1

- g{ —2[1 — 2M (da)] + 2[1 — 2M (d1 + do)] (12.9)

21— 2M(dy + da)] — 2[1 — 2M (dy + d + dy)] }.
Equality (12.9) and inequality (12.8) together imply that
M(dy + do 4 d3) — M (dy + d2) — M (da + d3) + M(d2)
da+d3
_ / (M (dy +u) — M’ (w)]du

da
0.

IN

Because this holds for all positive d;, the integrand M'(d; +u)—M'(u) <0,
and property (e) follows from the difference quotient definition of M”(d)
[27].

Now suppose a chiasma process is determined by a stationary renewal
model with distribution function F(z) having density f(z) = F’(z). Be-
cause of stationarity, the map length of the interval [a,a + b] is d = %. In
view of Mather’s formula (12.1) and the form of the equilibrium density
F! (z), the corresponding recombination fraction is

M(d) = %{1-&/?[1-}1@)]417}
= %{1—%A:Amf(y)dydx}.

Differentiating this expression twice with respect to d yields
M(d) = —2uf(2pd).

Thus, f(z) can be recovered via

1 x
= —-M"(5-). 12.10
f@) = —5M (5 (12.10)
Without loss of generality, we can always rescale distances so that pu = 2

2
in this formula.
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Conversely, if we postulate the existence of a map function M (d) satisfy-
ing properties (a) through (e), then equation (12.10) defines a valid density
function f(z). Indeed, property (e) indicates that f(z) > 0, and properties
(a) and (d) indicate that fooo M'(z)dz = 3. In view of properties (b) and
(e), this last fact entails limy—.o M’(z) = 0. Thus, the calculation

/000 flx)dz = M'(0) — lim M'(z)

xr—00
=1

verifies that f(z) has total mass 1. Using f(z) to construct a stationary
renewal process yields a map function matching M (d) and proves Zhao and
Speed’s converse.

Example 12.4.1 Kosambi’s Map Function

Kosambi’s map function [16] M (d) =  tanh(2d) has first two derivatives

4
M'(d) = (e2d 4 ¢—2d)2
2d _ ,—2d
M'(d) = —16———°

(€2 4 ¢—2d)3"
From these expressions it is clear that properties (a) through (e) are true.
Taking p = % in equation (12.10) yields

e — e~
(e2m + 6—21)3 '

2x

flz) = 16

12.5 Poisson-Skip Model

The Poisson-skip process is a particularly simple stationary renewal
model that is generated by a Poisson process with intensity A and a skip
distribution s,, on the positive integers. Random Poisson points are divided
into o points and x points; o points are “skipped” to reach y points, which
naturally correspond to chiasmata. At each x point, one independently
chooses with probability s, to skip n — 1 o points before encountering
the next x point. This recipe creates a renewal process with interarrival
distribution

m!
n=1 m=n
The Poisson tail probability Y °_ %e_” appearing in this formula is

the probability that the nth random point to the right of the current y point
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lies within a distance x of the current x point. If we let w =Y "2 | ns,, be
the mean number of points until the next x point, then Wald’s formula [15]
shows that F'(z) has mean §. The density of the equilibrium distribution
is

€1>

- F)] = 350:3” - 5 ()\x)me—,\m}

According to equation (12.1), the map function for the Poisson-skip
model boils down to

2
I YD N =N e OV L
= 5{1_5/1 Sn ]

it follows that

n=1 k=0

To calculate gamete probabilities under the Poisson-skip model, it is
helpful to consider two associated Markov chains. The state space for the
first chain is {0,1,2,...}. When the chain is in state 0, the most recent
point encountered was a x point. When it is in state ¢ > 0, it is must
pass exactly ¢ — 1 o points before encountering the next y point. Thus,
if the chain is currently in state 0, then it moves to state n — 1, n > 1,
with transition rate As,. This transition mechanism implies that the chain
decides how many o points to skip simultaneously with moving to the next
point. When the chain decides to skip no o points, it remains in state 0.
If the chain is currently in state n > 0, then it falls back to state n — 1
with transition rate A. These are the only moves possible. If at most r — 1
o points can be skipped, then the motion of the chain on the reduced state
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space {0,1,2,...,7 — 1} is summarized by the infinitesimal generator
0 1 eeoor—=2 r—1
0 “A1—=51) Asa -+ Asp_1 Asy
1 A A 0 0
r = . . . . .
r—1 0 o - A =

The equilibrium distribution for the chain has entries m,, = % Zn>m Sn-
Indeed, the balance condition 7I" = 0 reduces to

—l Sn)\(l—Sl)—Fl spA = 0
w w

n>0 n>1

for row m = 0 and to

%an)\smﬁ-l_% an)\‘i‘% Z spA = 0

n>0 n>m n>m+1

for row m > 0. These equations follow from the identity > s, = 1.

The second Markov chain is identical to the first except that it has an
absorbing state 0,ps. In state 0 the chain moves to state 0,15 with transition
rate Asy. In state 1 it moves to state 0, instead of state 0 with transition
rate \. If at most r — 1 o points can be skipped, then this second chain has
infinitesimal generator

0 1 oo r—=2 r—1 Oaps
0 =X XS -+ AS_1 AS. DSy
1 0 =X 0 0 A
A = : : : : :
r—1 0 0 “ee A -2 0
Oabs 0 0 0 0 0

As emphasized in Chapter 10, the entry p;;(f) of the matrix exponential
! provides the probability that the Poisson-skip process moves from state
1 of the first Markov chain at time 0 to state j of the same chain at time ¢.
The entry ¢;;(t) of the matrix exponential et provides the probability that
the Poisson-skip process moves from state i of the first chain to state j of
the first chain without encountering a x point during the interim. Because
A has the partition structure

s ()

for ® an rxr matrix and v a 1 Xr column vector, one can easily demonstrate
that e has the corresponding partition structure with e*® as its upper
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left block. More to the point, the entries of ¢;;(t) of e'® can be explicitly
evaluated as

(t) - 7= (12.11)
; = k—j . .
q0; Zk>j Sk(g\]:)T)!e—At i>0
for ¢ = 0, and as
o j>iorj=0
qi;(t) = { ((/\Z?J)‘] e 0<j<i (12.12)

for i > 0.

The solutions (12.11) and (12.12) can be established by path-counting
arguments. For instance, the expression for goo(t) is based on the obser-
vation that the Poisson-skip process cannot leave state 0 and return to it
without encountering a x point. The process stays in state 0 with proba-
bility e=*. On the other hand, the process can leave state 0 and end up
in state j > 0 if the kth point to its right is the next x point and if it
encounters k — j o points during the time interval [0, ¢]. Conditioning on
the value of k gives the expression in (12.11) for go;(¢) when j > 0. Similar
reasoning leads to the expressions (12.12) for ¢;;(t) when i > 0.

Although at first glance finding explicit solutions for the entries p;;(t)
of e’ seems hopeless, some simplification can be achieved by considering
the discrete renewal process corresponding to how many random points are
skipped. Starting from a x point, let u, be the probability that the nth
point to the right of the current point is a x point. By definition, ug = 1.
Furthermore, the probabilities u,, satisfy the classical recurrence relation

Up = S1Up—1+ S2Up—2 + -+ + Sp—1U1 + Splo,

which enables one to compute all of the u, beginning with ug. This re-
currence is derived by conditioning on the number of the next-to-last x
point.
Armed with these probabilities, we can now express
(A)

—j B %) (/\t)ZJrn ~
pi(t) = 1{0<j§i}m€ )\t+1{j:0}ZU’n - A

(z—l—n)!e

7
J n=0

c- ()T
1m0y D tn Y Sk ——e M. (12.13)
= (i+n+k—j)

n=0

Indeed, the first term (At)=7e=* /(i — j)! of (12.13) expresses the prob-
ability of encountering i — j o points during [0,¢]; this is relevant when
there is a direct path from state ¢ to j that does not pass through state
0. The term u, (At)"*"e~*/(i + n)! is the probability of passing through
the ¢ — 1 current o points to the right, hitting the next y point, and re-
turning to a x point after encountering n further points. Finally, the term
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U sk (A) TP HF=Ie=A /(i 4 n 4+ k — j)! is the probability of passing through
the i — 1 current o points to the right, hitting the next x point, returning
to a x point after encountering n further points, and then passing through
k — j remaining o points en route to a x point k£ points down the road.

We are now in a position to calculate gamete probabilities. According to
formula (12.6), we must first calculate the avoidance probability

Pr(ZNIizo)

€T

for a subset {I; : ¢ € T'} of the ordered, adjacent intervals Iy, ..., I. Sup-
pose, for example, that k = 3 and T = {1, 3}. Let interval I; have length
x;. At the start of interval 7, the Poisson-skip process is in state r of the
first Markov chain with equilibrium probability .. On the interval I, the
process must not encounter a x point. It successfully negotiates the interval
and winds up at state s with probability ¢.s(z1). On interval I, there is
no restriction on the process, so it moves from state s at the start of the
interval to state t at the end of the interval with probability ps(x2). On
interval I3, the process again must not encounter a y point. Therefore, the
process successfully ends in state u with probability ¢, (z3). Summing over
all possible states at the start and finish of each interval gives the avoidance
probability

Pr(Np, + Niy =0) = > > 3> mrgra(@1)pet (w2)geu(@3).

In obvious matrix notation, this reduces to
Pr(Ny, + Ni, =0) = me™Pem2lems®,

The general case is handled in exactly the same fashion.
Avoidance probabilities can be combined to give a compact formula for
gamete probabilities by defining the two matrices

R(:E) _ %(emf‘_ewb)
2@ = e +e )

Returning to our special case with three intervals, suppose that we wish
to calculate yy; 2y. Applying the distributive law in the gamete probability
formula (12.6), we easily deduce that

Y12y = mR(z1)R(22)Z (w3)1.

In effect, we choose on each interval whether to avoid y points, and thus
use matrix e®®, or whether to embrace both y and o points, and thus use
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matrix e”'". The factors of § in the definition of R(z) and Z(z) give the
overall factor (3)* in (12.6), and the factors of +1 and —1 make the sign
(—1)‘SQT| come out right. In general, if a set S is characterized by the
k-tuple of indicators s; = 1;csy, then the gamete probability ys can be
expressed as

ys = wR(x1)** Z(x1) 5 - R(xg) ™ Z(ap) 751 (12.14)

Formula (12.14) can also be derived and implemented by defining an ap-
propriate hidden Markov chain. Let U; be the unobserved state of the first
Markov chain at locus j, and let Y; be the observed indicator random vari-
able flagging whether recombination has occurred between loci j —1 and j.
To compute a gamete probability Pr(Y2 = 41,...,Ysr1 = ix), one can ap-
ply Baum'’s forward algorithm as in the radiation hybrid model of Chapter
11 [2, 7]. We begin the recursive computation of the joint probabilities

filug) = Pr(Ya=ir,....Y; =ij1,U; = u)

by setting fi(u1) = my,. At locus k + 1 we recover the gamete probability
Pr(Ya =i1,...,Yes1 = ix) from the identity

Pr(Ys =iy, ..., Y41 = i) = Z Jra1 (ugg1).

Uk41

In view of Mather’s formula (12.1), if 4; = 1, then
fJ+l u]+1 Zf] u] {puwuﬁl(%) Quj uji1 (CC])}

because 3 [Pu; u;.1 (Tj)—qu,,u,. (%)) is the probability that the chain moves
from state U; = u; at locus j to state Uj1 = uj41 at locus j + 1 and that
the chosen gamete is recombinant on the interval between the loci. On the
other hand, if 7; = 0, then

frar () ny 03)3g [P (23) - )]

because

1
Qujujtq (‘TJ) + 5 |:p71«j,71«j+1 (‘TJ) — Quju i (IJ)}

1
= 5 Pujuji (‘TJ) + Quj uji1 (x]):|

is the probability that the chain moves from state U; = u; at locus j to state
Ujt+1 = uj4+1 at locus j + 1 and that the chosen gamete is nonrecombinant
on the interval between the loci. Hence, Baum’s forward algorithm is simply
a device for carrying out the vector times matrix multiplications implied
by formula (12.14).
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Example 12.5.1 Chi-Square Model

In the chi-square model [1, 5, 10, 21, 22, 33], a fixed number of points is
skipped. If every rth point is a x point, then s; = 1f;—,) and the equilibrium

distribution 7 is uniform on {0,1,...,r — 1}. The discrete renewal density
Un = 1{=0 mod r}- The expressions for qo;(t) and p;;(t) simplify to
. e M ji=0
q0;(t) = Qo' -x s
and
()\ VIR N O\ L
ii(t) = 1l )
pi;(t) {J<}( +Zl (mr +i—7)! ¢
This model tends to fit data well. [ ]

12.6 Chiasma Interference

Chiasma interference can be roughly divided into count interference and
position interference. Count interference arises when the total number
of chiasmata on a chromosome follows a non-Poisson distribution. Position
interference arises when the formation of one chiasma actively discourages
the formation of other chiasmata nearby. The count-location model exhibits
count interference but not position interference. Stationary renewal mod-
els exhibit both types of interference and therefore are somewhat better
equipped to capture the subtleties of recombination data.

Traditionally, geneticists have measured interference by coincidence co-
efficients. The coincidence coefficient C(I7, I2) of two adjacent intervals Iy
and I, is defined as the ratio of the probability of recombination on both
intervals to the product of their individual recombination fractions. Based
on equations (12.1) and (12.7), this ratio is

i[l —Pl“(]\/v]1 = 0) —Pl“(N]2 = 0) +Pl“(N]1 +N]2 = 0)]

Clh.Iz) = I~ Pr(Ny, = 0))1[1 — Pr(Ny, = 0))

The conditions C(I1,1z) < 1 and C(I1,I3) > 1 are referred to as posi-
tive and negative interference, respectively. Positive interference occurs
when

Pr(Np, + Ni, =0) < Pr(Np =0)Pr(Ny, =0), (12.15)

and negative interference occurs when the reverse inequality obtains. Hal-
dane’s model gives equality and exhibits no interference.
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In the count-location model, inequality (12.15) is equivalent to

QU —a1—13) < Q(—21)Q(L — x2), (12.16)

where 1 = %dl and zo = %dg are the standardized map lengths of the
intervals I; and I, and Q(s) is the generating function of the total number
of chiasmata on the chromatid bundle. It is of some interest to characterize
the class C of discrete distributions for the chiasma count N guaranteeing
positive interference or at least noninterference. In general, we can say that

C
(a) is closed under convergence in distribution,
(b) is closed under convolution,

(c) contains all distributions whose generating functions Q(s) are log-
concave in the sense that % InQ(s) <0,

(d) contains all distributions concentrated on the set {0, 1} or on the set
{17 2’ 37 4}'

Properties (a) and (b) are trivial to deduce. Problems 8 and 9 address
properties (c) and (d). Property (d) is particularly relevant because most
chromatid bundles carry between one and four chiasmata. From these four
properties, we can build up a list of specific members of C. For instance,
C contains all binomial distributions and all distributions concentrated on
two adjacent integers. Compound Poisson distributions such as the negative
binomial exhibit negative interference rather than positive interference.

For the stationary renewal model, we allow equality in inequality (12.15)
and reexpress it for all y,z > 0 as

Faly+2) < Fuoly)Ful2), (12.17)

where the right-tail probability

Fule) = 1-Fu(a)
1 oo
_ ;/0 L - Flw+ o))dw. (12.18)

Log-concavity of Fi () is a sufficient condition for the submultiplicative
property (12.17). Indeed, the inequality

_ vtz g _
In Fioo = — InFo(z)d
nFoo(y+2) /0 o (x)dx
v g z
< / — In Foo (z)dz + — In Fio (z)dzx
o dx 0
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is equivalent to the inequality

Yrd - d . -
< — -
0 < /0 {dzv In Fioo () e In Fioo(z + z)} dz,
which is certainly true if % In F,(z) is decreasing.
A sufficient condition in turn for
- d1l—-F(x)
— InFo = ——-_—
dz? (z) dx puFeo(x)
1— F(x))?
fl@) [-Flz) (12.19)
phs(@) P Foo(x)?
< 0
f

to hold is that the hazard rate 1_1(;”()1)

case, then in view of equation (12.18), we can average the right-hand side
of the inequality

be increasing in x. If this is the

f@) __Jatw)

1-Fx) - 1-F(z+w)
with respect to the probability density
1—F(z+w) 1 -Flr+w)
= Fle + o)l o (2)

to give the bound

f(@) < 1-F@)
1—F(z) = pFeo(z)’

This last bound implies the log-concavity condition (12.19).

In summary, increasing hazard rate leads to positive interference [14]. For
the particular case of the Poisson-skip process, we can assert considerably
more. Let C now be the class of discrete skip distributions {s,}22; that
guarantee positive interference or no interference. Then C satisfies prop-
erties (a) and (b) enumerated for the count-location model. Furthermore,
properties (c) and (d) are replaced by

(e) contains all distributions {s, }°2; that are positive on some interval,
0 elsewhere, and log-concave in the sense that 8721 > Sp—18n41 for all

n,

(f) contains all distributions concentrated on a single integer or two ad-
jacent integers, all binomial, negative binomial, Poisson, and uniform
distributions, and all shifts of these distributions by positive integers.

Although the proofs of these assertions are not beyond us conceptually, we
refer interested readers to [18] for details.
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12.7 Application to Drosophila Data

As an application of the various recombination models, we now briefly dis-
cuss the classic Drosophila data of Morgan et al. [20]. These early geneticists
phenotyped 16,136 flies at 9 loci covering almost the entire Drosophila X
chromosome. Because of the nature of the genetic cross employed, a fly
corresponds to a gamete scorable on each interlocus interval as recombi-
nant or nonrecombinant. Table 12.1 presents the gamete counts n recorded.
Here the set S denotes the recombinant intervals. For example, 6,607 flies
were nonrecombinant on all intervals (the first category), and one fly was
recombinant on intervals 5, 6, and 8 and nonrecombinant on all remaining
intervals (the last category).

TABLE 12.1. Gamete Counts in the Morgan et al. Data

S n S n S n S n

) 6607 | {2,4} | 38| {6,7} |21 ]| {2,5,6} | 3
{1} 506 | {2,5} | 85| {6,8F |30 ]| {2,5,7} | 4
{2} 1049 | {2,6} | 237 | {7,8} 2| {2,5,8} | 1
{3} 855 | {2,7} | 123 | {1,2,3} | 1 | {2,6,7} | 2
{4} 1499 | {2,8} | 70 | {1,2,6} | 1| {2,6,8} | 3
{5} 937 | {3,4} 22 | {1,3,5} | 1|{2,7,8}| 2
{6} 1647 | {3,5} 55 | {1,4,5} | 1| {3,4,7}| 2
{7} 683 | {3,6} | 177 | {1,4,6} | 1| {3,4,8} | 1
{8} 379 | {3,7} | 88| {1,4,7}| 2| {3,5,6} | 1
{1,2} 3143,8| 38| {1,4,8}| 1| {3,5,7} | 2
{1,3} 6 | {4,5} | 41 | {1,5,7}| 2| {3,5,8} | 3
{1,4} 41 | {4,6} | 198 | {1,5,8} | 1| {3,6,7} | 1
{1,5} 55 | {4,7} | 159 | {1,6,8} | 1| {3,6,8} | 1
{1,6} 118 | {4,8} | 91 | {2,3,6} | 1| {4,5,8} |1
{1,7} 54 | {5,6} | 35| {2,4,6} | 4| {4,6,8} | 4
{1,8} 34 | {5,7} | 49 | {2,4,7} | 5| {4,7,8} | 1
{2,3} 3 |1{58}| 40| {2,4,8} | 6 | {5,6,8} | 1

Table 12.2 summarizes the results presented in the papers [18, 23]|. Hal-
dane’s model referred to in the first row of the table fits the data poorly.
The count-location model yields an enormous improvement in the maxi-
mum loglikelihood displayed in the last column of the table. In the count-
location model, the maximum likelihood estimates of the count proba-
bilities are (qo,¢1,42,93) = (.06,.41,.48,.05); these estimates correct the
slightly erroneous values given in [23]. The departure of the count proba-
bilities from a Poisson distribution is one of the reasons Haldane’s model
fails so miserably. The chi-square and mixture models referred to in Table
12.2 are special cases of the Poisson-skip model. The best fitting chi-square
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and mixture models have skip distributions determined by s; = 1 and
(s4,85) = (.06,.94), respectively. These two models yield a further very
large improvement over the count-location model because they take into
account position interference as well as count interference. In spite of the
inadequacies of Haldane’s model and the count-location model, all four
models give roughly similar estimates of the map distances (in centiMor-
gans = 100 x Morgans) between adjacent pairs of loci. Note that Haldane’s
model and the count-location model compensate for the reduced number
of double crossovers on adjacent intervals by expanding map distances.

TABLE 12.2. Analysis of the Morgan et al. Data

Interval
Model 1 2 3 4 5 6 7 8 maxIn L
Haldane 54 11.4 85 152 89 184 8.1 4.6 | —37956.61
Count-Loc | 5.3 10.8 82 142 86 169 7.8 4.5 | —37449.17
Chi-square | 5.1 9.8 7.5 13.3 84 156 7.5 4.4 | —36986.87
Mixture 51 9.8 7.5 133 84 155 7.5 4.4 | —36986.34

12.8 Problems

1. Prove that in Haldane’s model the gamete probability formula (12.6)

collapses to the obvious independence formula

k

vs = [Iora—oy—

i=1

. Karlin’s binomial count-location model [12] presupposes that the to-
tal number of chiasmata N has binomial distribution with generating
function Q(s) = (3 + 5)". Compute the corresponding map function
and its inverse.

. Consider a delayed renewal process generated by the sequence of inde-
pendent random variables X7, Xo,... such that X; has distribution
function G(z) and X; has distribution function F(z) for ¢ > 2. If
G(xz) = F(x), then show that the renewal function U(z) = E(N[g 4)
satisfies the renewal equation

U(z) = F(z)+ /Ox U(x —y)dF(y). (12.20)



12. Models of Recombination 275

If G(z) is chosen to make the delayed renewal process stationary, then
show that
x

i G(x) + /OI Uz — y)dG(y), (12.21)

where 1 is the mean of F(z). If ﬁ{(/\) = [, e *dH (z) denotes
the Laplace transform of the distribution function H(z) defined on
(0, 00), also verify the identity
1—dF()\)

pA
Finally, prove that the Laplace transform of the density %[1 — F(x)]
matches EC\?(/\)

dG(\) =

. Show that Felsenstein’s [9] map function

1 2 md_ g
2e22-7d —~ 11
arises from a stationary renewal model when 0 < v < 2. Kosambi’s
map function is the special case v = 0. Why does (12.22) fail to give
a legal map function when v > 27 Note that at v = 2 we define

0= ﬁil by ’'Hopital’s rule.

9 (12.22)

. Continuing Problem 4, prove that Felsenstein’s map function has in-
verse
1
d = In {
2(v—-2)

. The Carter and Falconer [4] map function has inverse

1-26
1—2(7—1)9]'

1
M7t = Z[tan—l(ze)thamrl(ze)].
Prove that the map function satisfies the differential equation
M'(d) = 1-16M*(d)

with initial condition M (0) = 0. Deduce from these facts that M (d)
arises from a stationary renewal model.

. Fix a positive integer m, and let w,, = e be the principal mth root
of unity. For each integer j, define the segmental function ,,«;(z)
of = to be the finite Fourier transform

1m71
k .
moj(z) = —g eTWm I
m
k=0

These functions generalize the hyperbolic trig functions cosh(z) and
sinh(z). Prove the following assertions:
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a

b

m (T) = mpm ().
m (2 +y) = Ypsy man(@)mayk(y).

(a)
(b)
(¢) mayi(@) = 33 oy for 0<j<m—1.
)
)

Jtkm)!
(d

(e

d%[maj(gcﬂ = maj_1(x) .

Consider the differential equation -2

d;n (x) = kf(x) with initial
conditions %jf(()) =c¢j for 0 < j <m — 1, where k and the c;
are constants. Show that

m—1

flx) = chk_%maj(k%x).

Jj=0

(f) The differential equation %f(x) = kf(x) 4+ g(z) with initial

conditions %jf(O) = ¢; for 0 < j < m — 1 has solution

f@) = [ E o @ = o)y
m—1
—I—chk " (k7 x)
7=0

(g) limy—oo e “paj(z) = —.

(h) In a Poisson process of intensity 1, e=%,,a;(x) is the probability
that the number of random points on [0, z] equals j modulo m.

(i) Relative to this Poisson process, let NV, count every mth random
point on [0, z]. Then N, has probability generating function

m—1
P(s) = e* Z sfﬁmaj(s#x).
§=0
(j) Furthermore, N, has mean

,zml

E(Nr) m Z ]maj

(k) limy 0 [E(Nm) - %} = _ml

8. In the count-location model, suppose that the count distribution has

a log-concave generating function Q(s). Prove that the model exhibits
positive or no interference [23].
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. In the count-location model, suppose that the count distribution is

concentrated on the set {0,1} or on the set {1,2,3,4}. Prove that
the model exhibits positive or no interference [23]. (Hint: Check the
log-concavity property by showing that Q" (s)Q(s) — Q’(s)? reduces
to a sum of negative terms.)

In the count-location model, suppose that the count distribution has
generating function
_ 8 L4, 45
Q(s) = 35s+ £ + =s".
Prove that the opposite of inequality (12.16) holds for z; = .4 and
x2 = .1 and, therefore, that negative interference occurs [23].

The Poisson-skip model with skip distribution s; =p and s3=1—1p
has interarrival density

_ z?
fl@) = pe+ (A -p)5e™
Show that f(z) has decreasing hazard rate for x small and positive
[18].

The collection of count-location models that are also stationary re-
newal models is very small [3]. Haldane’s homogeneous Poisson model
is one example. Another is the trivial model with no chiasmata. The
admixture of two such independent processes furnishes a third exam-
ple subsuming the first two. To prove that this exhausts the possi-
bilities, consider a count-location process that uniformly distributes
its points on [0, 1]. Let g, denote the nth count probability. If the
process is also a stationary renewal process, let Fo(x) be the distri-
bution of X7 and F(z) be the distribution of the subsequent X;, in
the notation of Section 12.4. Show that

Faolz) = 1= gu(1—a)"
n=0

and that

F(z) = Pr(Xo<z|X;=y)
Yoo gn(l — o — y) !
Zzo:o nQn(l - y)n_l

Use these identities and the identity F/ (x) = [1 — F(x)]/p to demon-
strate that ¢(z) = > 0" ng,(1 —2)"~! satisfies the functional equa-
tion ¢(x)e(y) = p~1o(z + y), where u is the mean of F(x). Setting
Y(x) = pd(x), it follows that ¥ (x)Y(y) = YP(x + y) and ¥(0) = 1.

= 1—
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The only decreasing function fitting this description is 1 (z) = e 5%
for some B > 0. Argue that this solution entails

n—1_,—03
o = T sy
pun!
1—e b
1—-py = .
Bu
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13

Sequence Analysis

13.1 Introduction

One of the first chores after a gene is mapped and cloned is to search
for similarities between the gene and previously cloned genes. These ho-
mologies can illuminate the evolutionary history of the new gene and the
structure and function of its derived protein. Indeed, it is fair to say that
sequence comparison is the single most useful application of the burgeoning
genetic databases. Cross species comparisons are being done on a massive
scale to identify gene families, regulatory motifs, and conserved re-
gions within genes. In this chapter, we explore some of the principles and
algorithms applied in recognizing DNA sequence patterns and producing
optimal alignments between two sequences. Our treatments of both prob-
lems are necessarily superficial.

In pattern recognition, we limit our comments to testing for the over-
abundance or underabundance of known patterns using simple Poisson
models. Pattern discovery is a more diffuse and difficult topic. In sequence
alignment we look only at dynamic programming algorithms. Com-
peting approaches tend to be either more heuristic or more convoluted
[2, 10, 11, 12]. Dynamic programming solves a problem by taking advantage
of already computed solutions of smaller examples of the same problem.
The general technique is well worth learning. Even the current specialized
algorithms for sequence alignment apply not only to molecular genetics but
also to other diverse problem areas such as text collation, error detection
and correction of coded messages, and matching of geological strata [5].

13.2 Pattern Matching

Occasionally, one is interested in counting the number of occurrences of
a particular pattern in a DNA sequence and in determining whether the
pattern is over, or under, represented. For instance, one might suspect
that the Alul restriction site AGCT occurs too seldomly in a given DNA
sequence X = (x1,...,&,). For the sake of simplicity, assume that each
x; of x is drawn independently from the set of possible bases A, C, G,
and T with probabilities p4, pc, pg, and pr, respectively. For any ¢ be-
tween 4 and n, the probability that (z;—3,2;—2,2;—1,z;) = (A,G,C,T) is
papapcpr. Furthermore, the number of bases between neighboring oc-
currences of this pattern is nearly geometrically distributed with success
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probability papgpcpr. If we go over to a continuous approximation, we can
envision Alul sites scattered randomly according to a Poisson process on
the interval [0, n] with intensity papapopr. This model is motivated by the
observations that interarrival times in a Poisson process are exponentially
distributed and that the exponential distribution is the continuous analog
of the geometric distribution.

For other restriction enzymes, the situation is more complicated. For in-
stance, consider the restriction enzyme Hhal with recognition site GCGC.
In this case, recognition sites tend to occur in clumps. Thus, if GCGC oc-
curs, it is easy to achieve a second recognition site by extending GCGC
to GCGCGC. In treating this and more general patterns, we had better
be specific in defining a clump. The most workable definition of a clump
involves renewal theory and departs slightly from standard English usage.
In a finite DNA sequence, if the first occurrence of the pattern ends at posi-
tion n, then we have the first renewal at position n. Subsequent renewals of
the pattern occur at subsequent nonoverlapping occurrences of the pattern.
For example, in the sequence TGCGCAGCGCGCGCGCA, renewals occur
at positions 5, 10, and 14. A clump is formed by a renewal of the pattern
and any overlapping realizations of the pattern to the right of the renewal.
Thus, the clump sizes for the three renewals just noted are 1, 2, and 2.

Rather than treat this specific case further, let us consider a general
pattern R = (r1,...,7,) and investigate its expected clump size c. To
determine ¢, we set R = (ry,...,r;) and Ry = (Tm—iy1s---,7Tm). The
equation we are looking for is

¢ = 1 + Z p”‘H»l o .p"‘ml{R(i):R(i)}' (131)

The constant 1 on the right of this equation simply counts a renewal of
the pattern. The ith term in the sum involves the overlap at i sites of
the renewal with a second realization of the pattern to the right of the
renewal. To attain this second realization, the condition R(?) = R(;) must
hold. The remaining m — i bases of the second realization must also fill out
the pattern. This further condition holds with probability p,,., - - - pr,,-

Once again we suppose that clumps occur according to a Poisson process
with intensity A [1]. Naturally, this assumption improves for restriction
enzymes that cut less frequently. Ignoring the fact that R cannot start at
any of the last m — 1 sites, the expected number of occurrences of the
pattern R is the product

NCA = NPy - Dr,,-

Solving for the mean distance A~! between renewals yields

1 —
{RW=R@}>
p pr7n i=1

Pry -
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using the obvious fact R(™ = R, in equation (13.1).

One can test the Poisson hypothesis in various ways [12]. For instance,
the total number of clumps T" should be approximately normal with mean
and variance nA. If we divide the interval [0,7n] into k equal subintervals
and let T; denote the number of clumps in the ith subinterval, then the
normal approximation to the Poisson suggests that

z’“: — n\/k)?

p n\/k

should be approximately chi-square with & degrees of freedom. If we esti-
mate A by T'/n, then the degrees of freedom drop by 1. As a rule of thumb,
k should satisfy T'/k > 5.

Alternatively, we can condition on T and check whether the T" points are
uniformly distributed over [0, n]. The standard Kolmogorov-Smirnov test
assesses the largest deviation between the empirical distribution function
of the points and the uniform distribution on [0, n]. Finally, the interclump
distances are approximately exponentially distributed. This suggests test-
ing the smallest and largest interclump distances against their respective
exponential and extreme value distributions. Section 14.6 develops these
statistics and more elaborate test statistics.

13.3 Alphabets, Strings, and Alignments

How can we quantify the similarity of two finite strings from a com-
mon alphabet? One fruitful approach is to introduce a distance function
on strings. In mathematical analysis, distance is measured by a metric
d(z,y) > 0 having the properties (a) d(z,y) = d(y, ), (b) d(z,y) = 0 if
and only if x =y, and (c¢) d(z, z) < d(z,y) + d(y, z). Property (c) is called
the triangle inequality. We will assume that a metric d(z,y) is defined on
the underlying alphabet; for many purposes, the trivial choice d(z,y) = 1
for x # y is adequate. Once we have a metric on the alphabet, then we
can define a metric called the Levenshtein metric on finite strings from
the alphabet. Before attempting to construct the Levenshtein metric, a few
motivating remarks will be helpful.

First, even in genetics more than one alphabet is of interest. The obvious
choice is the four letter alphabet A, C, T, and G. This reduces to a two letter
alphabet if we simply record whether a base is a purine or a pyrimidine.
A third alphabet is the 20 letter alphabet composed of the different amino
acids.

Second, we need to exercise some care in defining the term alignment.
Consider the two English words GENETICS and GENOTYPES and their
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two alignments

G ENZETTI C S -
G ENOTYUPES
G ENZET - I C S
G ENOTYPE S

The first alignment makes slightly more sense linguistically, but the second
alignment displays more aligned letter matches. Note that both alignments
involve the blank character -. In molecular applications, blank characters
are called insertions or deletions, or simply indels if there is no need to
distinguish between them. It is very convenient to add the blank character
to any alphabet. If there is metric d(x,y) defined on the alphabet, we will
extend the metric so that d(—,z) = d(z,—) = § > 0 for some constant d.

It is also convenient to extend every finite string x = (x1,..., %) to be an
infinite string by appending an infinite number of blank characters to its
right end.

Aligning strings involves the insertion of a finite number of leading or in-
ternal blanks rather than an infinite number of trailing blanks. However, we
are not allowed to insert leading and internal blanks willy-nilly in aligning
two strings; overlapping inserted blanks (:) are forbidden. This restriction
implies that there are only a finite number of possible alignments of two
strings x = (z1,...,%m,) and y = (y1,...,ys) with m and n letters, re-
spectively. Indeed, if the derived strings x* and y* provide an alignment of
x and y, then the nontrivial part of the alignment extends from position
1 to at most position m + n. These extreme alignments are achieved by
appending n leading blanks to x to create x* and taking y* = y or by
appending m leading blanks to y to create y* and taking x* = x.

To calculate the number of alignments f(m, n) between two given strings

x = (z1,...,2m) and y = (y1,-..,Yn), we derive a recurrence relation
whose concomitant initial condition is
f0,5) = [f(i,0) = 1 (13.2)

for all nonnegative integers ¢ and j. The recurrence relation (13.3) below
stems from the simple observation that the nontrivial part of any alignment
ends with one of the three pairs (””j”‘), (y_n)’ or (fj:) The remainder of the
alignment to the left of one of these pairs constitutes a legitimate alignment
between two shorter strings. Hence,

fm,n) = flm—-1n)+ f(mn—1)+f(m—-1,n—-1). (13.3)

This recurrence relation is difficult to solve, but we can easily show that it

grows extremely rapidly.
Let g(m,n) = ("!") = ("™'™). Then it is clear that the binomial coeffi-

cient g(m,n) satisfies the same initial condition (13.2) as f(m,n) but the
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simpler recurrence

based on Pascal’s combinatorial triangle. We now argue inductively that
f(m,n) > g(m,n). The induction is primed by the identical initial con-
dition (13.2). Assuming the inequality holds for all pairs of nonnegative
integers (m,n) with m+mn =k —1 > 0 for some integer k& — 1, we advance
the induction from k£ — 1 to k by neglecting the third term f(m —1,n—1)
on the right of recurrence (13.3), substituting g(m — 1,n) for f(m — 1,n)
and g(m,n — 1) for f(m,n — 1), and finally invoking recurrence (13.4).
This proves the inequality for all pairs (m,n) with m +n = k. The size
of g(n,n) can be accurately estimated by application of Stirling’s formula
nl ~ 2" tze . A straightforward calculation shows that

22n

g(n,n) ~ \/ﬁ

13.4  Minimum Distance Alignment

To an alignment x* and y* of x and y, we assign the distance ), d(x}, y}).
Although this is an infinite sum, all but a finite number of terms are 0 owing
to the fact d(—,—) = 0. The Levenshtein distance between the original
strings x and y we now define as

D(x,y) = min » d(zj,y;),
(e*y) =
where the pair (x*,y*) ranges over all possible alignments. The symmetry
property (a) characterizing a metric follows directly from the definition of
D(x,y). The inequality D(x,y) > 0 is also obvious. Equality holds when
x = y because d(z,y) is a metric. Strict inequality holds when x # y
because there are only a finite number of alignment pairs (x*,y*). Thus,
property (b) of a metric is also true.

The validity of the triangle inequality (c) is less obvious. One way of
proving it is to think of computing the alignment distance ), d(z},y}) by
transforming x into y by a sequence of steps, each step carrying its own
penalty. Consider the example of converting the word INDUSTRY into the
word INTEREST [5] in the following listing

I NDUSTTU RY
I NDUS TR -
I NDUST - -
I NRUS T - -
I NRES T - -
I NTRE S T -
I NTEIRE S T
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The first two deletions exact penalty ¢ each, the next two substitutions ex-
act penalties d(D, R) and d(U, F), and the last two insertions exact penalty
d each. This tallies with the distance 46 + d(D, R) + d(U, E) attributed to
the alignment

I N - - DUSTRY
I NTEREST - -

In general, each listing provides a path from x to y corresponding to a
unique alignment. The length of the path is the sum the penalties exacted
along the way; this length perfectly matches the distance of the correspond-
ing alignment if no repetitious operations such as the insertion and deletion
of the same blank are carried out. The distance D(x,y) is the length of
the minimal path from x to y. The relevance of these observations to prov-
ing the triangle inequality lies in appending a minimal path from y to z
to a minimal path from x to y. The length of the concatenated path is
D(x,y) + D(y,z). Being one of many paths connecting x and z, the con-
catenated path has length bounded below by D(x,z). Thus, the triangle
property is true.

One of the difficulties with the Levenshtein metric is that it is implic-
itly given as the solution to a minimization problem over the large space
of alignments. Even though we cannot give an explicit formula for the
metric, we can calculate its value with reasonable efficiency via a dy-
namic programming algorithm introduced by Needleman and Wunsch [6].
Ifx=(x1,...,2,) and y = (y1,...,Yyn) are two strings, then the dynamic
programming algorithm operates on the matrix of distances with entries
D;; = D[(z1,...,2:), (Y1, ---,y;)]- A little reflection renders the boundary
values

Dy = 46, Doj = jo, 4,j > 0
obvious. These boundary values are fed into the recurrence
Dij = min{Di_Lj + 9, Di,j—l + 9, Di—l,j—l + d(:vi, yj)}, (135)

whose proof follows the pattern of the proof of the recurrence (13.3). For
instance, if the optimal alignment between (z1, ..., z;) and (y1,. .., y;) ends
with the pair (Ij) , then we should take an optimal alignment up to this pair
with cost D;_1 ; and add the penalty d(z;, —). Taking the minimum over
the three possible final pairs yields the minimum distance of any alignment
between the partial strings (x1,...,2;) and (y1,...,y;).

The beauty of the dynamic programming algorithm is that it not only
provides the distance D(x,y) when we reach (i, j) = (m,n), but it does so
efficiently and yields an optimal alignment in the process. The number of
operations is of order O(mn) because the recurrence (13.5) accesses only
entries below and to the left of the current entry and consequently can be



13. Sequence Analysis 287

run entirely within the rectangle {(7,7) € [0,m] x [0,n]}. To construct an
optimal alignment, all we have to do is record at each application of the
recurrence (13.5) which of the three terms gives the minimum. In case of a
tie, we arbitrarily choose a best term. If we keep track of this information
in a system of pointers, then when we reach entry (m,n) in the matrix of
distances, we can follow the pointers back to (0,0). At each step we recover
one more pair of an optimal alignment, working from its right end to its
left end.

If more than one best alignment exists, and we want to identify all of
them, then we need to keep track of a stack of equivalent pointers at each
entry of the D matrix. Only in the case of a tie will a stack contain more
than a single pointer. In finding the first optimal alignment, we start at
(m,n) and follow the path defined by the top pointer of each successively
encountered stack. Once we reach (0,0) or a boundary and identify this
alignment, we reverse direction along the pointers previously traversed.
Each time we backup and hit a stack, we move down one pointer in the
stack, and start a new forward path commencing with that pointer. When
we reach (0,0) or a boundary, we identify a new optimal alignment. If at
any stage in a backtrack we hit the bottom of a stack and cannot descend
farther, then we backtrack along the bottom pointer to the next entry of the
D matrix. The backtracking process ends when the final backtrack hits the
bottom of the stack at (m,n). Because it produces successive alignments
that share as much of their right ends as possible, backtracking is very
efficient.

An interesting variant of the dynamic programming algorithm is specifi-
cally designed to handle the simultaneous insertion or deletion of multiple
bases. This occurs often enough in the evolution of DNA sequences to war-
rant comment. Suppose that we penalize an indel of length &k by g(k). For
example, we could take g(k) = a + (kK — 1)3; the case « = 8 = ¢ obvi-
ously coincides with our previous penalty on single indels. In general, it
is desirable to impose the subadditivity condition g(k) < kg(1) on g(k)
because the insertion or deletion of a block of bases is more likely than the
sequential insertion or deletion of each base of the block.

To compute the distance D(x,y) between two strings x = (21,...,Zm)
and y = (y1,...,Yn), it is necessary to define three quantities E;;, Fj,
and G;; analogous to D;;. These are the minimum distances between two
alignments of the partial strings (z1,..., ;) and (y1,...,y;) ending in (””j),
(y_]), and (ij), respectively. Clearly, we have D;; = min{E;;, F;;, G,;}. The
boundary conditions for these matrices are

EOO = 07 El = g(l)a EO] = 00,
Foo = 0, Fipp = oo, Foj = g(j)
Goo 0, Gy = oo, Go; = o

for i and j positive. The infinities appearing among these boundary condi-



288 13. Sequence Analysis

tions signal that the corresponding terms represent impossible conditions.
For example, Ey; = oo because it is impossible to end an alignment with
(*°) when x is a null string.

These boundary values feed into the recurrences

Eij = min{ min {Fi_p; +g(k)}, min {Gip;+9(k)}}
Fij = min{ min {£;;_ +g(k)}, min {Gij+g(k)}} (13.6)
Gij = min{Ei_1;_1,Fi1-1,Gi—1j-1} +d(zi, y5).

In the first recurrence, the blank at the end of the alignment is part of
a larger gap involving k consecutive blanks. Overall the gap contributes
a gap distance g(k). Because the gap ends with (**), it must be flanked

on the left by either (;]) or (z;;’“) To the left of the gap, we take the
best possible alignment constructible from the partial strings (x1, ..., z;—x)
and (y1,...,y;) ending with the appropriate pair. The second recurrence
is proved similarly, and the third recurrence is even simpler because the
compatible alignments cannot end with a gap.

The computational complexity of algorithm (13.6) is of order

éé(iﬂ) - é(mgl)+i(";l>
= O(nm? +mn?).

For an affine gap distance g(k) = a + (k — 1)5, the algorithm can be
revised so that it achieves the computational complexity O(mn) of the
original algorithm (13.5). The same boundary conditions apply, but now
the recurrences reduce to

Eyy = min{Ei_1,;+ 6, Fi-1;+o,Gi—1j+a}
F;;, = min{Ei7j71 + «, Fi7j71 + 0, Gi,jfl + OZ} (13.7)
Gij = min{E;_1;_1,Fi—1,j-1,Gi—1j-1} +d(zi,y;).

The first of these recurrences is derived by considering the three possible
pairs ("1), (;), and (xyzl) immediately preceding the end pair (**). The
other recurrences are derived similarly.

Construction of a particular minimum distance alignment based on the
recurrences (13.7) again proceeds via a system of pointers with the twist
that a pointer in one matrix may point to an entry in another matrix. For
example, suppose in the first recurrence of (13.7) that the minimum term
is F;_1,; + . Then the pointer at entry (¢,j) of the E matrix points to
entry (i — 1, j) of the F matrix. In any event, starting with the minimum
term in Dy, = min{ Epp, Frn, Gmn } and following the pointers back to a
boundary, one can trace out a minimum distance alignment.
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13.5 Parallel Processing and Memory Reduction

Computational complexity is not the only criterion for evaluating an algo-
rithm. Demands on memory and the potential for parallel processing are
also important. Proper implementation of the Needleman-Wunsch algo-
rithm leads to substantial improvements in both regards. Parallel process-
ing cannot be achieved by proceeding row by row or column by column in
the dynamic programming matrix, but it can be achieved by proceeding
along parallel diagonal lines. With a proportional gap penalty g(k) = k¢,
suppose we know the entries D; ; for all combinations (i, j) with i +j < m.
Then each entry D;; along the diagonal 7 4+ j = m + 1 is determined
independently via equation (13.5) from three entries in the two previous
diagonal lines i4+j = m and i+ j = m — 1. A multiprocessor machine with
shared memory could easily exploit this fact.

Memory reduction is more subtle. As presented, the Needleman-Wunsch
algorithm requires storing a pointer at each of mn cells. If it were not for
this storage requirement, then we could proceed row by row (or column by
column), discarding rows (or columns) as we go. Discarding already visited
rows or columns reduces the memory requirement to min{m, n}. It is possi-
ble to tweak the Needleman-Wunsch algorithm in a manner that retains this
storage advantage, preserves the traceback property, and merely doubles
the overall computational complexity. For the sake of convenience, assume
a proportional gap penalty and choose i = | % |. Any optimal alignment of
x against y matches the letter z; with either a letter y; or a —. In the former
case, we perform the Needleman-Wunsch algorithm without traceback sep-
arately on the left substring (x1,...,x;—1) and the full string y, and on the
right substring (z;41, - . ., m) and the full string y. For the left substring of
(21,...,2-1), let the optimal alignment ending with the pair (i —1,j —1)
have distance L;_1 j_1, and for the right substring (;41,...,Zm), let the
optimal alignment beginning with the pair (i + 1,5 + 1) have distance
R(i+1,j41). (It is trivial to modify the Needleman-Wunsch algorithm to
give optimal subalignments beginning with index pairs rather than ending
with index pairs.) If we match x; against —, then the pertinent left distance
for each j is L;—1 ; rather than L; 1 ;—1. The best index j to match with
i solves the problem

mjin{Lz'—l,j—l +d(zi,y;) + Riv1j41, Li-1j +d(zi, =) + Riga 41} (13.8)

Once we identify j, we can fill out the rest of the optimal match by recur-
sively applying our modified algorithm to the pair of left x and y substrings
and to the pair of right x and y substrings.

Although it is clear that the maximum storage required by this scheme is
m+n, we must make certain the computational complexity does not balloon
out of control. One thing we can dismiss right off is the depicted additions
and minima involved in finding the solution to (13.8). The amount of work
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here is proportional to n. It is true that this problem is solved recursively,
but there are only on the order of log, m recursion levels to consider. To
simplify matters further, we now count only the minima involved in the
various invocations of the Needleman-Wunsch algorithm without traceback.
With this proviso, we claim that the complexity ¢(m,n) of the space-saving
algorithm satisfies ¢(m,n) < 2mn. This inequality is trivially true for m
equal to 1. For larger values of m we argue inductively that

c(m,n) < n g c(m/2,7) + c(m/2,n — j)

- 2 2
< mn+mj+m(n—j) (13.9)
= 2mn.

The occurrences of nm/2 in the first inequality in (13.9) account for the two
initial applications of the unadorned Needleman-Wunsch algorithm. The
remaining terms ¢(m/2, j) and ¢(m/2,n — j) reflect the recursive nature of
the space-saving algorithm.

13.6 Maximum Similarity Alignment

There is nothing sacred in aligning strings by minimum distance. In simi-
larity alignment, a relatively large positive score s(z,z) > 0 is assigned to
a pairwise match, a relatively small positive score or a negative score s(z, y)
to a mismatch x # y, and a negative score s(z,—) = s(—,x) = =6 < 0
to an indel. The overall similarity of an alignment x* and y* of strings x
and y is the sum ), s(z},y;), where again only a finite number of terms
contribute owing to the convention s(—, —) = 0. The similarity between x
and y is now defined as

S(x,y) = e s(z}, ;)

Calculation of S(x,y) proceeds just as the case of minimum distance align-
ment except that in the recurrence (13.5) and its boundary conditions we
substitute max for min and s(z,y) for d(z,y). If we penalize longer gaps
proportionately less severely than single gaps, then we assign a negative
score h(k) to a gap of length k. Extension of the underlying recurrences
and their associated boundary conditions for these more complicated gap
scores is left to the reader.

It is of some interest to determine when minimum distance and maximum
similarity give the same best alignment. The next proposition bears on this
question.

Proposition 13.6.1 Suppose that the metric d(x,y) and similarity score
s(z,y) are related by s(x,y) = ¢ — d(z,y) and the gap distance g(k) and
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gap score h(k) by h(k) = —g(k) + £ for some constant ¢ > 0. Then we
have s(xz,x) = ¢ for all x, and some similarity scores are negative provided
0 < ¢ < max(,,) d(z,y). More importantly,

c(m+n)
—

Hence, an optimal distance alignment is an optimal similarity alignment,
and vice versa.

D(x,y) +S(x,y) =

Proof: In an alignment x* and y* of x = (z1,...,2m) andy = (y1,...,Yn)s
let (z]) € (;) be a typical aligned pair and #}j, be the number of indels of
length k. A simple counting argument reveals that

m+4+n = 2 Z 1+Zk#k-
()G F

Hence,

= min Z d(zi,y;) + Zg(k)#k

(x*,y*)

(x*,y*)

= i | Y e Y sn) - Sh Y D
@ k k

= —5 - max Z s(xi, y5) +Zh(k)#k
()eG) g

The fact that the same alignment x* and y* gives both minimum distance
and maximum similarity is obvious from the above equalities. The other
claims of the proposition are also clear. [ |

13.7 Local Similarity Alignment

Two DNA sequences with little overall similarity may well possess regions
with high similarity. Thus, the best global alignment between two sequences
is often of less interest than the best local alignment between the sequences.
The Smith-Waterman algorithm for finding a best local alignment is one
of the most widely applied computational tools in modern biology [7]. The
following brief derivation shows that it has the same complexity O(mn) as
the Needleman-Wunsch global alignment algorithm.
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We first treat the case of a proportional gap score h(k) = —kd. In de-
termining the best local alignment of two strings x = (z1,...,2,) and
v = (y1,---,Yn), we define the matrix entry

Hy = max{0,S[(x:,...,zx), Wj,...,y)]: 1 <i<k,1<j<lI}.

In other words, Hy; is the best similarity for an x substring ending with
x) against a y substring ending with ;. The presence of 0 in the defini-
tion of Hy; indicates that a null string is a candidate substring in each case.
The Smith-Waterman algorithm computes H (x,y) = maxy; Hy; and a best
local alignment in the process. In computing the Hg; by dynamic program-
ming, we have the boundary conditions Hyy = Hy; = 0 because aligning an
x (or y) substring against a null string gives a negative similarity score un-
less the x (or y) substring itself is null. Finally, the dynamic programming
algorithm feeds these boundary conditions into the recurrence

Hyy = max{0,Hy—1;—0,Hp1—1—0,Hy—1,-1+ s(zx, )} (13.10)

To find a best local alignment, we establish a system of pointers. Tracing
these pointers back from the best pair (k, 1), we either reach a boundary or
a pointer points to the 0 term in (13.10). In either case, we terminate the
optimal substrings on the left.

We can extend the Smith-Waterman algorithm to an affine gap score

h(k) = —a — (k — 1) by introducing the maximum substring similarities
Ey, Fy, and Gy for substring alignments ending in (I_’C), (;), and (fl’;),

respectively. In this notation Hy; = max{Fy;, Fri, Gri}, and we have the
boundary conditions Fyx; = Fyx; = Gy = 0 if either £k = 0 or [ = 0. The
corresponding recurrences are

Ey = max{0,Ex_1;— 03, Fr_1;—a,Gr_1; — a}
Fy = max{0,Ey;—1 — o, Fii—1 —3,Gri—1 — a}
G = max{0,Ex_1;-1+ 5, Fx—1,-1 + 8, Gr—1,1-1 + s},

where in the last equation we have abbreviated s = s(zg, y1).

Finally, to identify repeat units within a DNA sequence x, it is helpful to
compare X to itself. Since x matches itself perfectly, the best local alignment
is the trivial global alignment. To avoid drawing this conclusion in the
Smith-Waterman algorithm, we define the new boundary condition H;; = 0
for all ¢ and invoke the recurrence (13.10) only on the upper triangle of (H;;)
where ¢ < j.

13.8  Multiple Sequence Comparisons

Alignment of three or more sequences is considerably harder than alignment
of two sequences [8, 12]. To see how the computational complexity of global
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alignment varies with the number of sequences, suppose that we have m
sequences and the ith sequence is (z%,... ,:Eih) Dynamic programming
requires a score function s(y!,...,y™), where each y’ is a letter or a gap
—, with at most m — 1 gaps. The score function is sufficient to determine
a solution given the assumption of proportional gap scores. The dynamic
programming algorithm operates recursively by updating the maximum
score S(i1,...,im) assigned to the best alignment involving the first i;
elements of the jth sequence. To express the update as concisely as possible,
define the increment A; to 0 or 1 and the operator A;x to be

(= A =0
Air = {:1: A =1

In this notation, dynamic programming gives

S(Zlvalm)
= A1+.r{1f§m>0{5(i1 —Ar i = Ap) + s(Arz L A )

beginning with S(0,...,0) = 0 and omitting the value A; = 1 whenever
the index ¢; = 0. Because the maximum extends over 2™ — 1 possible vec-
tors (Aq,...,Ay,), the overall complexity is O(2™ [];~, n;). This rapidly
mounting complexity obviously limits the usefulness of dynamic program-
ming and has prompted a diversity of heuristic treatments of the multiple
alignment problem [2, 10, 12].

Problems

1. Suppose we wished to test the hypothesis that recognition sites for
a certain restriction enzyme are Poisson distributed along a chromo-
some with a predicted intensity Ag. One experimental approach would
be to sample the fragments resulting from a digest of the chromosome
by the restriction enzyme. The sampling is done by a probe, which
is a small segment of the overall chromosome. The probe is made
radioactive or fluorescent and will combine with and highlight those
fragments sharing a common stretch of DNA with it. The lengths
of the fragments can be measured, but it is impossible to tell which
fragments are internal to the probe and which are partially external.
To test the hypothesis that the true intensity A = Ag, one can add
up all fragment lengths and subtract the length of the probe. The
resulting statistic X should be the sum of two independent exponen-
tially distributed random variables with intensity A. To complete the
design of the experiment, we use n widely spaced probes and measure
n independent excess distances Xi,..., X,.

(a) Find the maximum likelihood estimate of .



294 13. Sequence Analysis

(b) Show that the likelihood ratio test rejects the null hypothesis
A = Ao whenever the statistic

is too large or too small.
(c) Prove that T has a 3, distribution.

2. Use the Borel-Cantelli lemma [4] to prove that the pattern SF.S of a
success, failure, and success occurs infinitely many times in a sequence
of Bernoulli trials. This result obviously generalizes to more complex
patterns.

3. Renewal theory deals with repeated visits to a special state in a sto-
chastic process [3, 4]. Once the state is entered, the process leaves it
and eventually returns for the first time after n > 0 steps with proba-
bility f,. The return times following different visits are independent.
Define u,, to be the probability that the process is in the special state
at epoch n given that it starts in the state at epoch 0. Show that

Un =  fin_1+ fotn_2+ -+ fruo

for n > 1. If we define the generating functions U(s) = > ups”
and F(s) = > 02 fos™ with fo = 0 and ug = 1, then prove that
U(s)=[1-F(s)] %

4. Repeated visits to a pattern such as GCGC in a DNA sequence consti-
tute a renewal process as noted in the text. Given the assumptions of
Section 13.2, one can calculate the generating functions U(s) and F'(s)
defined in Problem 3 for renewals of the pattern R = (r1,...,7p). If
we let pr = py, -+ pr,, and

1 k=0
w = {prkarl o Prol{ron-m=pg,,_,; 1<k<m-—1,
0 k>m

then show that

n—1
PR = Y Un_kdk (13.11)
k=0

for n > m. Use this to prove that

PR = [U(s) - 1)Q0) (13.12)
Uls) — prs™ + (1= 5)Q(s)

(1-5)Q(s)
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DPRS™
prs™ + (1 —5)Q(s)

)

where Q(s) = Z?:_()l qns™. Note that F’(1) is the expected time be-
tween renewals. Explicitly calculate F’(1) for the pattern GCGC.
(Hints: To demonstrate equation (13.11), condition on the most re-
cent renewal of the pattern. In proving equation (13.12), multiply
equation (13.11) by s™ and sum on n. You will need to use the fact
uj=0for1<j<m-—1.)

. Let x = (21,...,2y) and y = (y1,...,Yn) be two strings such that
m > n. Show that:

a) The number of alignments of length m is (7).

(c

(d) The total number of alignments is >, (}) ("R,

n

m+k) .

n

(a)

(b) The number of alignments of length m + 2 is (2) ("7?).
) In general, the number of alignments of length m+k is (Z) (
)

Note that we distinguish the double pairs (fy;) and (;ﬁ)

_:“) in an
Yi—

alignment between two strings x = (21, ..., %) andy = (Y1, ..., Yn),
then show that the number of alignments reduces to (mnt") (Hints:
Argue that an alignment is completely determined by what pairs (;)

occur within it. Hence, there are >, (W) (7)) = >, (,7".) () = (™)
possible alignments.)

. If we refuse to distinguish the double pairs (”fy_]) and (

. A gap penalty g(k) > 0 is said to be subadditive if g(k) < kg(1)
for all & > 0 and concave if g(k + 1) — g(k) > g(k +2) — g(k + 1)
for all K > 0. Show that a concave gap penalty g(k) with g(0) = 0
is subadditive and that the particular choice g(k) = aln(k + 1) is
concave for a > 0. (Hint: Any concave function on the nonnegative
integers can be extended to a concave function on [0,00) by linear
interpolation. Subadditivity is then geometrically obvious.)

. Continuing Problem 7, let f(I) be a function on the nonnegative in-
tegers, and define a function g (1) = f(k +1) — f(k) for every integer
kE > 0. Show that f(I) is concave if and only if each gx(l) is subaddi-
tive.

. Consider a word of length n chosen from the four-letter DNA alphabet
{A,T,C,G}. If letters are chosen for each position independently with
probabilities pa, pr, pc, and pg, respectively, then let RZ be the
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length of the longest run of A’s in the word. Show that the distribution
of R satisfies the recurrence relation

m—+1
Pr(R? < m) Zp (1 —pa)Pr(R2, <m)

for n > m and the initial condition Pr(R? < m) =1 for n < m [9].
Similar results obtain for runs of any other letter.

In the context of the last problem, let S be the length of the longest
run of any letter when the word starts with an A. Define S, S¢,
and S¢ similarly. Argue that

Pr(S# Zp [pr Pr(Si_; <m) (13.13)
+pe Pr(SS_; <m) + pe Pr(SS_; < m)]

for n > m and that Pr(S2 < m) = 1 for n < m. Show how recurrence
(13.13) and similar recurrences for the distributions of S, S¢ and
S permit exact calculation of the distribution of the length of the
maximal run R,, of any letter type.
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Poisson Approximation

14.1 Introduction

In the past few years, mathematicians have developed a powerful technique
known as the Chen-Stein method [2, 5] for approximating the distribution
of a sum of weakly dependent Bernoulli random variables. In contrast to
many asymptotic methods, this approximation carries with it explicit error
bounds. Let X, be a Bernoulli random variable with success probability pe,,
where « ranges over some finite index set I. It is natural to speculate that
the sum S =3 _; X, is approximately Poisson with mean A =" ; pa.
The Chen-Stein method estimates the error in this approximation using
the total variation distance between two integer-valued random variables
Y and Z. This distance is defined by

I1£(Y)—L(Z)| = sup |Pr(Y € A) —Pr(Z € A),
ACN
where £ denotes distribution, and N denotes the integers. Taking A = {0}
in this definition yields the useful inequality

[Pr(Y =0)=Pr(Z=0)| < [£Y)-L(EZ)].

The coupling method is one technique for explicitly bounding the total
variation distance between S = ) _; X, and a Poisson random variable
Z with the same mean A [5, 15]. In many concrete examples, it is possible
to construct for each a two random variables U, and V, on a common
probability space in such a way that V,, is distributed as S — 1 conditional
on the event X, = 1 and U, is distributed as S unconditionally. The bound

1£8) - L) < =

Y

(&

2 reB(Ua—Va)  (141)
acl

then applies. Because U, and V,, live on the same probability space, they
are said to be coupled. If U, > V, for all a, then the simplified bound

1—e?
A

holds. Inequality (14.2) shows that Var(S) ~ E(S) is a sufficient as well as
a necessary condition for S to be approximately Poisson.

The neighborhood method of bounding the total variation distance
exploits certain neighborhoods of dependency B, associated with each «

1£(5) = L(Z)]| < [A = Var(5)] (14.2)
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in I [1]. Here B,, is a subset of I containing «. Usually B, is chosen so that
X, is independent of those X3 with 3 outside B, . If this is the case, then

define two constants
b= D > papp

a€cl BEBq
b2 = Z Z Pag,
ael BeBa\{a}
where
Pap = E(XoXp)

= Pr(Xo=1Xz=1).

In this context, A — Var(S) = b; — be, and the total variation distance
between S and its Poisson approximation Z with mean A\ satisfies

1—e?

1£8) - L) <= —

(b1 + b2). (14.3)

Both Chen-Stein methods are well adapted to solving many problems
arising in mathematical genetics. We will illustrate the main ideas through
a sequence of examples. Readers interested in mastering the underlying
theory are urged to consult the references [2, 5, 15].

14.2 The Law of Rare Events

Suppose that X5, ..., X,, are independent Bernoulli random variables with
success probabilities py, ..., p,. If the p, are small and the mean number
of successes \ = 22:1 Po 1s moderate in size, then the law of rare events
declares that the sum S = Y "_, X,, is approximately Poisson distributed.
The neighborhood method provides an easy verification of this result. If we
let N, be the singleton set {a} and Z be a Poisson random variable with
mean A, then inequality (14.3) reduces to

T L
zlltv = h\ Do

because the sum ZﬁeNQ\{a} Dag is empty.

14.3 Poisson Approximation to the W, Statistic

In Chapter 4 we studied the W, statistic for multinomial trials. Recall that
W, denotes the number of categories with d or more successes after n trials.
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If we let g, be the success rate per trial for category a € I = {1,...,m},
then this category accumulates d or more successes with probability

Pa = Zn:(Z)Q’;(l—qa)""“-

k=d

The coupling method provides a bound on the total variation distance
between S = W, and a Poisson random variable with mean \ = 221:1 Per-
Our argument will make it clear that we can even elect a different quota d,,
for each category in defining the number of categories that meet or exceed
their quotas.

To validate the coupling bound (14.1), we must construct the random
variables U, and V,, described in Section 14.1. For U,, we imagine conduct-
ing the multinomial trials according to the usual rules and set U, = Wjy.
If the number of outcomes Y, falling in category « satisfies Y, > d, then
Xo = 1, and we set V, = Zﬁ;m Xp. If Y, < d, then we resample from
the conditional distribution of Y, given the event Y, > d. This produces a
random variable Y > Y,,, and we redefine the outcomes of the first Y —Y,,
trials falling outside category « so that they now fall in category «. If we let
V, be the number of categories other than « that now exceed their quota
d, it is obvious because of the redirection of outcomes that Wy > V. Thus,
the conditions for the Chen-Stein bound (14.2) apply. As pointed out in
Problem 4 of Chapter 4, the sum ) | p? should be small for the Poisson
approximation to have any chance of being accurate.

14.4  Construction of Somatic Cell Hybrid Panels

Somatic cell hybrids are routinely used to assign particular human genes
to particular human chromosomes [6, 21]. In brief outline, somatic cell
hybrids are constructed by fusing normal human cells with permanently
transformed rodent cells. The resulting hybrid cells retain all of the rodent
chromosomes while losing random subsets of the human chromosomes. A
few generations after cell fusion, clones can be identified with stable sub-
sets of the human chromosomes. All chromosomes, human and rodent, nor-
mally remain functional. With a broad enough collection of different hybrid
clones, it is possible to establish a correspondence between the presence or
absence of a given human gene and the presence or absence of each of the
24 distinct human chromosomes. From this pattern one can assign the gene
to a particular chromosome.

For this program of gene assignment to be successful, certain major as-
sumptions must be satisfied. First, the human gene should be present on a
single human chromosome or on a single pair of homologous human chro-
mosomes. Second, the human gene should be detectable when present in a
clone and should be distinguishable from any rodent analog of the human
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gene in the clone. Genes are usually detected by electrophoresis of their
protein products or by annealing of an appropriate DNA probe directly to
part of the gene. Third, each of the 24 distinct human chromosomes should
be either absent from a clone or cytologically or biochemically detectable
in the clone. Chromosomes can be differentiated cytologically by size, by
the position of their centromeres, and by their distinctive banding patterns
under appropriate stains. It is also possible to distinguish chromosomes by
in situ hybridization of large, fluorescent DNA probes or by isozyme assays
that detect unique proteins produced by genes on the chromosomes.

In this application of the Chen-Stein method, we consider the informa-
tion content of a panel of somatic cell hybrids [11]. Let n denote the number
of hybrid clones in a panel. Since the Y chromosome bears few genes of in-
terest, hybrids are usually created from human female cells. This gives a
total of 23 different chromosome types—22 autosomes and the X chromo-
some. Figure 14.1 depicts a hybrid panel with n = 9 clones. Each row of
this panel corresponds to a particular clone. Each of the 23 columns cor-
responds to a particular chromosome. A 1 in row ¢ and column j of the
panel indicates the presence of chromosome j in clone i. A 0 indicates the
absence of a chromosome in a clone. An additional test column of 0’s and
1’s is constructed when each clone is assayed for the presence of a given
human gene. Barring assay errors or failures of one of the major assump-
tions, the test column will uniquely match one of the columns of the panel.
In this case the gene is assigned to the corresponding chromosome.

FIGURE 14.1. A Somatic Cell Hybrid Panel
01010001000000101101111
10101100100001001010111
01111010000010011011011
11100110010100011100101
00011110001111101000110
01111111111000001000000
00101011011100001111100
00010111000101111010101
10001100010110101011001

If two columns of a panel are identical, then gene assignment becomes
ambiguous for any gene residing on one of the two corresponding chro-
mosomes. Fortunately, the columns of the panel in Figure 14.1 are unique.
This panel has the unusual property that every pair of columns differs in at
least three entries. This level of redundancy is useful. If a single assay error
is made in creating a test column for a human gene, then the gene can still
be successfully assigned to a particular human chromosome because it will
differ from one column of the panel in one entry and from all other columns
of the panel in at least two entries. This consideration suggests that built-in
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redundancy of a panel is desirable. In practice, the chromosome constitu-
tion of a clone cannot be predicted in advance, and the level of redundancy
is random. Minimum Hamming distance is a natural measure of the redun-
dancy of a panel. The Hamming distance p(cs, ¢;) of two columns ¢, and
¢; counts the number of entries in which they differ. The minimum Ham-
ming distance of a panel is obviously defined as ming, ¢ p(cs, c:), where
{s,t} ranges over all pairs of columns from the panel.

When somatic cell hybrid panels are randomly created, it is reasonable to
make three assumptions. First, each human chromosome is lost or retained
independently during the formation of a stable clone. Second, there is a
common retention probability p applying to all chromosome pairs. This
means that at least one member of each pair of homologous chromosomes
is retained with probability p. Rushton [17] estimates a range of p from .07
to .75. The value p = % simplifies our theory considerably. Third, different
clones behave independently in their retention patterns.

Now denote column s of a random panel of n clones by C7'. For any two
distinct columns C7' and Cf', define X7, ;, to be the indicator of the event
p(C?,CP) < d, where d is some fixed Hamming distance. The random
variable Y = > (5.t} X}Ll&t} is 0 precisely when the minimum Hamming
distance equals or exceeds d. There are (223) pairs @ = {s,t} in the index
set I, and each of the associated X has the same mean

« (n i n—i
Pa = ; (i)q (1—a)"
where ¢ = 2p(1 — p) is the probability that C?' and C}* differ in any entry.
This gives the mean of Y* as A = (223)pa.

The Chen-Stein heuristic suggests estimating Pr(Y* > 0) by the Poisson
tail probability 1 —e~*. The error bound (14.3) on this approximation can
be computed by defining the neighborhoods B, = {8 : |8] = 2, BNa # 0},
where vertical bars enclosing a set indicate the number of elements in the
set. It is clear that X7 is independent of those X7 with § outside B,.

The Chen-Stein constant b; reduces to (223) | Bo|p?. An elementary counting
argument shows that

23 21
Ba| = — = 43.
ni ()2
Since the joint probability p,s does not depend on the particular pair
B € B,\{a} chosen, the constant by is (%)(|Ba| — 1)pag. Fortunately,
Pap = p2 when p = 1/2. Indeed, by conditioning on the value of the
common column shared by a and f, it is obvious in this special case that
the events X = 1 and X3 = 1 are independent and occur with constant

probability p,. The case p # 1/2 is more subtle, and we defer the details
of computing p,s to Problem 8. Table 14.1 provides some representative
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estimates of the probabilities Pr(Y;* > 0) for p = 1/2. Because the Chen-
Stein method also provides upper and lower bounds on the estimates, we
can be confident that the estimates are accurate for large n. In two cases in
Table 14.1, the Chen-Stein upper bound is truncated to the more realistic
value 1.

TABLE 14.1. Chen-Stein Estimate of Pr(Yy" > 0)

d | n | Estimate | Lower Bound | Upper Bound
1110 0.2189 0.1999 0.2379
1115 0.0077 0.0077 0.0077
1120 0.0002 0.0002 0.0002
1125 0.0000 0.0000 0.0000
2|10 0.9340 0.0410 1.0000
2|15 0.1162 0.1112 0.1213
2|20 0.0051 0.0050 0.0051
2|25 0.0002 0.0002 0.0002
3|10 1.0000 0.0410 1.0000
3 (15 0.6071 0.4076 0.8066
3120 0.0496 0.0487 0.0505
3|25 0.0025 0.0025 0.0025

14.5 Biggest Marker Gap

Spacings of uniformly distributed points are relevant to the question of
saturating the human genome with randomly generated markers [14]. If
we identify a chromosome with the unit interval [0,1] and scatter n mark-
ers randomly on it, then it is natural to ask for the distribution of the
largest gap between two adjacent markers or between either endpoint and
its nearest adjacent marker. We can attack this problem by the coupling
method of Chen-Stein approximation. Corresponding to the order statistics
Wi, ..., W, of the n points, define indicator random variables X7, ..., X, 1
such that X, =1 when W, — W,_1 > d. At the ends we take Wy = 0 and
Wp+1 = 1. The sum S = ZZ; X, gives the number of gaps of length d
or greater.

Because we can circularize the interval, all gaps, including the first and
the last, behave symmetrically. Just think of scattering n 4+ 1 points on
the unit circle and then breaking the circle into an interval at the first
random point. It therefore suffices in the coupling method to consider the
first Bernoulli variable X; = 1y, >4). Now scatter the n points in the
usual way, and let U; count the number of gaps that exceed d in length.
If Wy > d, then define V; to be the number of gaps other than W; that
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exceed d. If, on the other hand, W7 < d, then resample W; conditional on
the event W7 > d to get Wi'. For a > 1, replace the gap W, — W,_1 by
the gap (Wo — Wo—1)(1 — W) /(1 — W1) so that the points to the right
of Wi are uniformly chosen from the interval [W7,1] rather than from
[W1, 1]. This procedure narrows all remaining gaps but leaves them in the
same proportion. If we now define V; as the number of remaining gaps that
exceed d in length, it is clear that V; has the same distribution as S — 1
conditional on X; = 1. Because U; > Vi, the Chen-Stein inequality (14.2)
applies.

To calculate the mean A = E(S), we again focus on the first interval. The
identity Pr(X; = 1) = Pr(W; > d) = (1 — d)™ and symmetry then clearly
imply that A = (n + 1)(1 — d)™. In similar fashion, we calculate

Var(S) = (n+1)Var(Xy)+ (n+ 1)n Cov(X1, X2)
= (n+ 1)1 —-d)" - (n+1)(1—ad)*"
+ (n+ 1)nE(X1Xs) — (n+ n(l — d)*

Because

E(Xng) = Pr Xl = 1 X2 = 1)

/ / n — 1 1 — U(Q)] QdU(g)dU(l)
u(l)er

A [1 —d—u(l)]" 1dU( 1)
= (1-2d)"

for 2d < 1, it follows that

Var(S) = (n+1)(1—d)" - (n+1)(1—d)*"
+ (n+1)n(l —2d)" — (n+ 1)n(1 — d)*".

If d is small and n is large, then one can demonstrate that Var(S) ~ E(S5),
and the Poisson approximation is good [5].

It is of some interest to estimate the average number of markers required
to reduce the largest gap below d. From the Poisson approximation, the
median n should satisfy e~ (+1)1=d)" ~ % This approximate equality can
be rewritten as

—In(n+1)+Inln2

n o~ Y (14.4)

and used iteratively to approximate the median. If one chooses evenly
spaced markers, it takes only é markers to saturate the interval [0, 1].
For the crude guess n = é, substitution in (14.4) leads to the improved
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approximation

—In(2 +1) +Inln2
In(1 —d)
1.1

—1n—.

d d

Q

In fact, a detailed analysis shows that the average required number of
markers is asymptotically similar to élné for d small [8, 18]. The factor
lné is the penalty exacted for randomly selecting markers.

The tedium of filling the last few gaps also plagues other mapping en-
deavors such as covering a chromosome by random clones of fixed length
d [20]. If we let the center of each clone correspond to a marker, then ex-
cept for edge effects, this problem is completely analogous to the marker
coverage problem.

14.6 Randomness of Restriction Sites

Restriction enzymes are special bacterial proteins that snip DNA. The
restriction sites where the cutting takes place vary from enzyme to en-
zyme. For instance, the restriction enzyme EcoRI recognizes the six-base
sequence GAATTC and snips DNA wherever this sequence appears. The
restriction enzyme Notl recognizes the rarer eight-base sequence GCGGC-
CGC and consequently tends to produce much longer fragments on average
than EcoRI. To a good approximation, the restriction sites for a particular
enzyme occur along a chromosome according to a homogeneous Poisson
process. Clustering of restriction sites is a particularly interesting violation
of the Poisson process assumptions.

If one visualizes n restriction sites along a stretch of DNA as random
points on the unit interval [0, 1], then under the Poisson process assump-
tion, the n points should constitute a random sample of size n from the
uniform distribution on [0, 1]. The distances between adjacent points are
known as spacings, or scans. An m-spacing is the distance between the
first and last point of m + 1 adjacent points. In Section 14.5, we approxi-
mated the distribution of the largest 1-spacing. Here we are interested in
detecting clustering by examining the smallest m-spacing S,, from a set
of n restriction sites. Values of m > 1 are important because very short
DNA fragments are difficult to measure exactly. The Chen-Stein method
provides a means of assessing the significance of an observed m-spacing
Sm = s [5, 13].

Consider the collection I of subsets « of size m 4+ 1 from the set of n
random points on [0,1]. Let X, be the indicator random variable of the
event that the distance from the first point of a to the last point of « is

less than or equal to s. There are |I| = (mer) such collections «, and each
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X, has the same expectation. Because the event {S,, < s} is equivalent to
the event S = > X, > 0, it suffices to compute the probability S = 0.
The Chen-Stein approximation suggests that Pr(S = 0) ~ e~* with

= () B = (0 ) s e,

Karlin and Macken use this approximation with m = 10 to detect clustering
of Pstl restriction sites in the E. coli bacterial genome [13].

To verify the substitution E(X,) = pa = (m+1)s™—ms™™!, we proceed
by conditioning on the position u of the leftmost of the m+-1 points. Because
the remaining m points of a must lie within a distance s to the right of u,
it follows that

1

Pa = (m-l-l)/ol_ssmdu-i-(m-i-l)/l (1—u)"du

= (m+1)s™(1—s)+sm! . (14.5)

= (m+1)s™ —ms™,

Thus, if s is small,

A= <m+1>[(m—|—1)sm—msm+1]
n(n—1)~-~(n—m)sm
m(m—1)---1

If ) is to be bounded away from 0 and oo, written A < 1, then n™+!s™ < 1.
Here n is taken as very large and s as very small.

To compute the Chen-Stein bound (14.3), it is convenient to define the
neighborhood B, = {8 : |8 = m+1, fNa # 0}. Again X, is indepen-
dent of those Xg with § outside B,. The Chen-Stein constant b; can be
expressed as

by = |I||Ba|p(21

e e [

(mﬁ-l)
m+1 m+1
- /\2[1—1——---1— }
( )=t
Now for any m + 1 numbers a1, ..., a1 from [0,1], standard inclusion—
exclusion arguments imply that
a1+ -+ amy1 — Z aia; < 1—(1—a1) - (1—ams1)
1<i<j<m+1
< ai+--Famt1-
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Tt follows that by = 2D — 1,

Evaluation of the constant by is more difficult. Consider § € B, such
that [N al =k for 0 <k <m+ 1. Let Uy) and Uy be the positions of
the first and last of the k common points shared by 3 and «. If we condition
on the values U(1) = u¢1y and Uy = u(y), then the indicator variables X,

and Xz are independent and identically distributed. Hence,
Pl“(Xa = 1,Xﬁ =1 | U(l) = U(l),U(k) = U(k))
= Pr(Xo=1]|Un = uq), U = uw)™.

In order that X, = 1, the m+ 1 —k remaining points in a must be within a
distance s to the left of u(;) and a distance s to the right of u ). It follows
that PI‘(XQ =1 | U(l) = U(1), U(k) = U(k)) < (3S)m+17k for U(k) — U(1) <s.

This uniform bound yields a crude upper bound on p,g if combined with
the probability that Uy — Ugyy < s. This latter probability is

Pr(Upgy —Uqy <s) = ks* ' —(k—1)s"

for exactly the same reasons that produced equality (14.5). Thus, we can
assert that pas < g = [ks* 1 —(k—1)s*](35)?"*+1=* whenever |fNa| = k.

Since there are (m,j 1) (Z;r"f:;) such collections (3 for every a,

S o W [ [ oty TR

k=1

The upper bound (14.6) is hard to evaluate explicitly, but its dominant
contribution occurs when k = m. Indeed, because of the asymptotic rela-
tions n™T1s™ = 1 and ¢ =< s>™ 51, the kth term of the sum satisfies

n m+1\/n-m-1 o o 2m—k+2 2m—k+1
<m+1)( k )(m+1—k>% - ’

_ _@m—_k+1)(ntl)
2m k+2n —

~

n
k—m—1

= n m

Thus, the dominant term of the sum is of order n='/™, and for sufficiently
large n and sufficiently small s, the Poisson approximation Pr(S = 0) ~ e~
applies. The slow rate O(n~1/™) of convergence of the total variation dis-
tance to 0 is rather disappointing in this example. The theoretical argu-
ments and numerical evidence presented by Glaz [9] and Roos [16] suggest
that a compound Poisson approximation performs better.

14.7 DNA Sequence Matching

A basic problem in DNA sequence analysis is to test whether two different
sequences share significant similarities. Strong similarity or homology often
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indicates a common evolutionary origin of the two sequences. In many cases
homology also indicates a common biochemical or structural function of the
genes encoded by the sequences.

To pose the problem of sequence comparison statistically, consider two
sequences with m and n bases, respectively. Now imagine sliding the first
sequence along the second sequence. For some alignment the two sequences
share a region attaining the longest perfect match. (Here the match is local,
and no internal indels are permitted in either sequence.) Since ties can
occur, there may be several such regions. Let M,,,, be the random number
of base pairs involved in a longest perfect match. Under the null hypothesis
that the two sequences are unrelated, one can compute the approximate
distribution of M,,,. If the observed value of M,,, is inordinately large
according to this distribution, then significant homology can be claimed.

Computing the distribution of M,,,, is subtle. Fortunately, the Chen-
Stein method is applicable. Assume first that the bases appearing at the
various positions of either sequence are chosen independently from the set of
nucleotides {A,C,T,G} with probabilities g4, qc, qr, and gg, respectively.
The probability of a match between any two positions is

¢ = GtaG+a+a

Define W;; to be the indicator random variable for the event of a match
between position i of the first sequence and position j of the second se-
quence. The indicator random variable X;; of the event that a perfect
match of length ¢ or longer begins at positions ¢ and j of the two sequences
is given by

t—1

Xij = (U=Wiirjo1) [ Wirkisn-
k=0

This expression for X;; ignores end effects. For m and n large compared
to t, end effects will be trivial. Alternatively, imagine the two sequences
wrapped into circles, and interpret the subscript arithmetic involved in
defining X;; as modulo m and n.

According to the Chen-Stein approximation, the distribution function of
the longest match M,,,, satisfies

Pr(Mp, <t) = Pr()_X;;=0)
(4,9)
R ef)‘,
where A = 37, s Pr(Xj; = 1). There are mn pairs (i,j) and each has
probability Pr(X;; = 1) = (1 —¢)q" of initiating a perfect match. It follows
that A = mn(1 — ¢)q¢'. Evaluating the error bound (14.3) for the Poisson
approximation is possible, but too complicated to present here. See [20] for
the full treatment.
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The Chen-Stein approximation does provide considerable insight into the
distribution of M,,,,. For instance, the approximate median of M,,,, satisfies
e~ & 1/2. This gives mn(1 — q)¢* ~ In2, or mn(l — q)/In2 ~ (1/q)%.
Solving for ¢ yields ¢ ~ 1og% [mn(1 —q)/In2]. This suggests that M,y is of
order logi [mn(1 — q)]. In fact, it is known [3, 19] that M,,,, has mean and
variance

1
E(Mpy,) = log, [mn(1—q)] + vlogie— 3 (14.7)

[7r log 1 6}2 1
Var(Mp,) = 6 + TR (14.8)
where v ~ .577 is Euler’s constant. Note that E(Mp,) grows like 2log, /, n
as n grows; Var(M,,) stays virtually constant.

To gain some insight into formulas (14.7) and (14.8), it is instructive to
consider the simpler problem of characterizing the limiting behavior of the
maximum number of failures observed in n independent realizations of a
geometric waiting time with failure probability ¢ per trial. The sequence
matching problem is more complicated because it involves the maximum of
mn dependent waiting times, with failure equated to matching and success
to nonmatching.

In the simplified problem, we construct a waiting time that counts the
number of failures before an ultimate success by taking the integer part
| X | of an appropriate exponential waiting time X. Now X can be viewed
as the time until the first random point of a Poisson process on [0,00). In
this setting the random variable | X | = k if and only if there are no random
points on the disjoint intervals [0,1), [1,2), ... , [k — 1,k) and at least one
random point on the interval [k, k41). If the intensity of the Poisson process
is A, then this event occurs with probability (e=*)*(1—e~?). It follows that
| X | is geometrically distributed with failure probability ¢ = e=*.

Now let X1,..., X, be n independent, exponentially distributed waiting
times with common intensity A. Clearly, the integer part of the maximum
M, = maxj<;<n X; satisfies | M, | = maxj<i<n|X;|. In view of the in-
equalities 0 < M,, — | M, | < 1, the moments of |M,,| are approximately
the same as the moments of M,,.

At first glance, calculating the moments of M, appears hard. However,
progress can be made by invoking a standard representation of the order
statistics X1y < --- < X(,,) = M, [8]. Imagine the X; as random points
scattered on the interval [0, 00). From the calculation

Pr(Xg) >z) = HPr(Xizx) = e
i=1

we find that X(;) is exponentially distributed with intensity n\. Because
of the lack of memory property of the exponential, the n — 1 points to
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the right of X,y provide an exponentially distributed sample of size n — 1
starting at X ;). Duplicating our argument for X (), we find that the differ-
ence X(z) — X(1) is independent of X ;) and exponentially distributed with
intensity (n—1)A. Arguing inductively we now see that Z; = X(;) and that
the differences Z; 11 = X(;41) — X(;) are independent and that Z; is expo-
nentially distributed with intensity (n — ¢ 4+ 1)A. From the representation
My, =Xy = iy Z;, we can read off the first two moments

Var(M, i% = IV

The normalized random variable Y,, = AM,,/Inn has mean 1 and vari-
ance tending to 0. Hence, the sequence Y,, converges in probability to 1.
With more effort, one can prove that it converges almost surely to 1. The
Erdos-Rényilaw [7] generalizes this almost sure convergence result to global
sequence matches without gaps. Arratia et al. [3, 4] prove analogs of the
Erdos-Rényi law for local sequence alignments.

One can improve on the moment approximation E(| M, |F) ~ E(MF).
For instance roughly | M, | =~ M, — U, where U is uniform on [0,1] and
independent of M,,. Because A = 1/log Le, it follows that

Q

1
= login+~logie— =
a q 2

Var(| M, ]) = Var(Mn)—l-E

2
(w log% e) 1

6 12°

14.8 Problems

1. Prove that the Chen-Stein bound (14.1) implies the bound (14.2)
when the inequality U, > V, holds for all a.

2. Show that in the neighborhood method A — Var(S) = by — bs.

3. For a random permutation oy, ...,0, of {1,...,n},let Xo = 115, —a}
be the indicator of a match at position . Show that the total number



312

14. Poisson Approximation

of matches S =Y _, X, satisfies the coupling bound

2(1 —e 1)

3

IN

I1£(5) = L(Z)|

n

where Z follows a Poisson distribution with mean 1. (Hint: Use in-
equality (14.1) rather than inequality (14.2).)

. In certain situations the hypergeometric distribution can be approx-

imated by a Poisson distribution. Suppose that w white balls and b
black balls occupy a box. If you extract n < w + b balls at random,
then the number of white balls S extracted follows a hypergeometric
distribution. Note that if we label the white balls 1,...,w, and let
X be the random variable indicating whether white ball « is cho-
sen, then S = Y""_, X,. Show that you can construct a coupling by
performing the sampling experiment in the usual way. If white ball
does not show up, then randomly take one of the balls extracted and
exchange it for white ball «.. Calculate an explicit Chen-Stein bound,
and give conditions under which the Poisson approximation to .S will
be good.

. Consider the n-dimensional unit cube [0,1]™. Suppose that each of

its n2"~! edges is independently assigned one of two equally likely
orientations. Let S be the number of vertices at which all neighboring
edges point toward the vertex. The Chen-Stein method implies that
S has an approximate Poisson distribution Z with mean 1. Verify the
estimate

I£(8) = L(Z)]| < (n+1)27" (1 —e).

(Hint: Let I be the set of all 2™ vertices, X, the indicator that vertex
a has all of its edges directed toward o, and B, = {8 : || — | < 1}.
Note that X, is independent of those Xz with |6 — «f > 1. Also,
by = 0 because pas =0 for || —af =1.)

A graph with n nodes is created by randomly connecting some pairs
of nodes by edges. If the connection probability per pair is p, then all
pairs from a triple of nodes are connected with probability p3. For p
small and \ = (g)p3 moderate in size, the number of such triangles
in the random graph is approximately Poisson with mean A. Use the
neighborhood method to estimate the total variation error in this
approximation.

Suppose n balls (people) are uniformly and independently distributed
into m boxes (days of the year). The birthday problem involves find-
ing the approximate distribution of the number of boxes that receive
d or more balls for some fixed positive integer d. This is a special case
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of the W Poisson approximation treated in the text by the coupling
method. In this exercise we attack the birthday problem by the neigh-
borhood method. To get started, let the index set I be the collection
of all sets of trials a C {1,...,n} having |a| = d elements. Let X,, be
the indicator of the event that the balls indexed by « all fall into the
same box. Argue that the approximation Pr(W,; = 0) ~ e~* with

n 1
= ()

is plausible. Now define the neighborhoods B, so that X, is inde-
pendent of those Xz with 3 outside B, . Prove that the Chen-Stein
constants by and by are

v (ID-CN6)
s = (EOCET

When d = 2, compute the total variation bound

1—e L—e*(5)(4n—17)
bi+b = 2 .
N (i) A 2
. In the somatic cell hybrid model, suppose that the retention probabil-
ity p # 3. Define wy q,;,4,, = Pr[p(C}, CY) = dia, p(C},CY) = dis]
for a random panel with n clones. Show that

d—1 d-1
Pap = E § Wn,dy2,d1s>

regardless of which § € B,\{a} is chosen [10]. Setting = p(1 — p),
verify the recurrence relation

Wn+1,d12,d1s = T(wn,d12—17d13 + Wn,dya,dis—1 + wn7d12—17d13—1)
+ (1 - 3T)wn,d12,d13'

Under the natural initial conditions, wo,q,,,d,5 is 1 when dia = di3 =0
and 0 otherwise.

. In the somatic cell hybrid model, suppose that one knows a priori that
the number of assay errors does not exceed some positive integer d.
Prove that assay error can be detected if the minimum Hamming
distance of the panel is strictly greater than d. Prove that the locus
can still be correctly assigned to a single chromosome if the minimum
Hamming distance is strictly greater than 2d.
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10. Consider an infinite sequence Wy, Wy, ... of independent, Bernoulli

11.

random variables with common success probability p. Let X, be the
indicator of the event that a success run of length ¢ or longer begins
at position a. Note that X; = H};:l W;. and

jHt—1
X; = (1=-wim) [ ™
k=j

for 7 > 1. The number of such success runs starting in the first n po-
sitions is given by S = > .; Xo, where the index set I = {1,...,n}.
The Poisson heuristic suggests the S is approximately Poisson with
mean A = p'[(n—1)(1—p)+1]. Let B, = {3 €I : |8 —a| < t}. Show
that X, is independent of those X3 with § outside B, . In the Chen-
Stein bound (14.3), prove that the constant bo = 0. Finally, show
that the Chen-Stein constant by < A\?(2t+1)/n+ 2Ap! for 1 < t < n.
(Hint:

by = p*+2tp*(1-p)
+[2nt — 2 +n — 3t — 1|p**(1 — p)?

exactly. Note that the pairs a and ( entering into the double sum for
by are drawn from the integer lattice points {(,7) : 1 <4,j < n}. An
upper left triangle and a lower right triangle of lattice points from
this square do not qualify for the double sum defining b;. The term
p? in by corresponds to the lattice point (1,1).)

Let X4,..., X, be n independent, exponentially distributed waiting
times with common intensity A, and define M,, = max;<;<y X;. Show
that AM,, — Inn converges in distribution to the extreme value sta-
tistic having density e=¢ “e %. (Hints: This assertion can be most
easily demonstrated by considering the moment generating function
of AM,, —Inn. Since M,, has density n(1—e=**)"~1\e~** prove that

E[GSO\M"_IH n)] _ / es(kz—lnn)n(l _ e—)\m)n—l/\e—)\zd:p
0
> su 1 —u\n—1_-—u
= e (1 — —e )" re "du.
—Inn n
Argue that in the limit
lim E[es(AMnflnn)] _ / esuefefuefudu
= w e dw (14.9)
0
= I(1-s),

where I'(x) is the gamma function. )
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12. Continuing Problem 11, show that I'(1 — s) is an analytic function
of the complex variable s for |s| sufficiently small and that the con-
vergence in equation (14.9) is uniform. Consequently, the moments
of AM,, —Inn converge to the moments of the extreme value density
e~¢ "e ™. Prove that this density has mean and variance

d

)

Elnf(l—sﬂs:o = 5

d? 1

d—821nr(1—8)|520 = Zﬁ
k=1
2
6

where v is Euler’s constant. (Hint: Quote whatever facts you need
about the log gamma function InT'(¢) [12].)
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Diffusion Processes

15.1 Introduction

The early application of diffusion processes by Fisher, Wright, and Kimura
elevated population genetics to one of the more sophisticated branches of
applied mathematics [3, 4, 8]. Although diffusion models address and solve
many interesting stochastic questions that are impossible to even discuss
in a deterministic framework, these models also raise the mathematical
bar. The current chapter surveys the theory at an elementary level, stress-
ing intuition rather than rigor. Readers with the time and mathematical
background should follow up this brief account by delving into serious pre-
sentations of the mathematics [1, 2, 7, 8].

Mathematical geneticists have pushed exact methods in diffusion models
about as far as one could realistically hope. The emphasis has been on sta-
tionary processes. Unfortunately, human genetics models need to take into
account population growth. If further progress is to be made in investigating
nonstationary models, then mathematical geneticists will have to pay more
heed to numerical methods. The final three sections of this chapter con-
front problems arising in numerical implementation of the Wright-Fisher
Markov chain and its diffusion approximation.

15.2 Review of Diffusion Processes

A diffusion process X; is a continuous-time Markov process that behaves
locally like Brownian motion. Its sample paths are continuous functions
confined to an interval I with left endpoint ¢ and right endpoint b. In some
applications a = —oo or b = 400 is appropriate. If a is finite, then I may be
either closed or open at a, and likewise at b. The process X; is determined
by the Markovian assumption and the distribution of its increments. For
small s and X; = z, the increment X4 — X; is approximately normally
distributed with mean and variance

E(Xt+5 — Xt | Xt = CC) = ,u(t,:c)s + O(S) (151)
Bl(Xiys — X))? | Xy =2] = 02(t,2)s + o(s). (15.2)

The functions (¢, z) and o2(t,z) > 0 are called the infinitesimal mean
and variance, respectively. Here the term “infinitesimal variance” is used
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rather than “infinitesimal second moment” because the approximation
V&I‘(Xt+5 - Xt | Xt = .I)

= E[(Xiss — X0)? | Xy = 2] — [u(t, )5 + o(s)]”
E[(Xi1s — X0)* | Xy = 2] + o(s)

follows directly from approximations (15.1) and (15.2). If the infinitesimal
mean and variance do not depend on time ¢, then the process is time
homogeneous. If y(t,7) = 0 and 0(¢, ) = 1, then X, reduces to standard
Brownian motion.

To begin our nonrigorous, intuitive discussion of diffusion processes, we
note that the normality assumption implies

E(|Xiss — X/ | X, =2) = E ( % " ‘Xt - x) [U(t,x)\/g}m

= o(s) (15.3)

for m > 2. This insight is crucial in various arguments involving Taylor
series expansions. For instance, it allows us to deduce how X; behaves
under a smooth, invertible transformation. If Y; = ¢(¢, X;) denotes the
transformed process, then

2

() (X —2) + 22

0
—g(t,z)s + 2(,%29(1%,;5)52

9

&cg
o? 1 02 ,

+ %g(t, 7)s(Xits — @) + 5@9(@ 7)(Xyys — )

+0[(1 Xs4s — 2| +5)°]
for X; = x and y = ¢g(t, z). Taking conditional expectations produces

0 0
E(Viss = Yi | Yi=y) = 5g(t.o)s+ —glt 2)ult,2)s

bt ) (1, 2)s + o).

In similar manner,

Var(Yips — Y2 | YVi=y) = [%g(t,x)} o?(t,z)s + o(s).

It follows that the transformed diffusion process Y; has infinitesimal
mean and variance

P P 1 82 ,
/LY(tvy) - &g(tv'r) + %g(ta I):u(ta :17) + Eﬁg(ta I)U (t,CC)

At = [Zoeo)] o0
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at y = g(t, ).

In many cases of interest, the random variable X; has a density function
f(t,z) that depends on the initial point Xy = zq. To characterize f(¢,x), we
now give a heuristic derivation of Kolmogorov’s forward partial differ-
ential equation. Our approach exploits the notion of probability flux.
Here it helps to imagine a large ensemble of diffusing particles, each inde-
pendently executing the same process. We position ourselves at some point
x and record the rate at which particles pass through x from left to right
minus the rate at which they pass from right to left. This rate, normalized
by the total number of particles, is the probability flux at . We can express
the flux more formally as the negative derivative — 2 Pr(X; < ).

To calculate this time derivative, we rewrite the difference

Pr(X: <z) — Pr(X¢gs < )
= Pr(X; <, Xpps >2) +Pr(Xe <z, Xips < 1)
—Pr(Xy <z, Xpys <z) = Pr(Xy > 2, Xiqs < 2)
= Pr(X; <z, Xips > ) — Pr(Xe > 2, Xiqs < ).

The first of the resulting probabilities, Pr(X; < z, X;4+s > x), can be
expressed as

P <o X >0) = [ [ fo ) dyds
0 r—2z

where the increment Z = Xy — Xy has density ¢s(y, z) when X; = y. In
similar fashion, the second probability becomes

PI‘(Xt > I,XtJrs S I / / t Y ¢S Y,z )dydza

producing overall
Pr(X: <z) —Pr(Xps <) = / / Ft,y)os(y, z) dydz.(15.4)

Because for small values of s only values of y near = should contribute
to the flux, we substitute the first-order expansion

FE0s2) ~ [ 0)0u(w2) + o [1(t 200, 2)] (0 - 2)
in equation (15.4). In light of equations (15.1) and (15.2), this yields
Pr(X, < z) — Pr(Xips < @)
~ [ {reooa+ 2 itaen)w-o) s
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_ /OO Lof(t2)u(r,2) - ?%[f(t,x)gbs(z,z)”dz

— 00

~ ltaftas— o[ [ Pode s desa)]
~ p(ta)f(t,z)s — %82[ (¢, x)f(t,x)} s.

Using equation (15.3), one can show that these approximations are good
to order o(s). Dividing by s and sending s to 0 give the flux

_%Pr(Xt<x) — ot o) f(tw) — 16‘1[ 2(t,2) (¢, 7).

A final differentiation with respect to x now produces the Kolmogorov
forward equation

2
%f(t, x) = —% [u(t, x) f(¢, x)} + %% [02(1%, x) f(t, :C)] . (15.5)

As t tends to 0, the density f(¢,z) concentrates all of its mass around the
initial point xg.

Example 15.2.1 Standard Brownian Motion
If u(t,x) = 0 and o2(¢,x) = 1, then the forward equation becomes

0] 102

At Xo = 0 one can check the solution

7 1 2
t,r) = e 2t
(t,2) 2nt

by straightforward differentiation. Thus, X; has a Gaussian density with
mean 0 and variance t. Here is clear that X; becomes progressively more
concentrated around its starting point as ¢ tends to 0. ]

Example 15.2.2 Transformations of Standard Brownian Motion

The transformed Brownian process Y; = 0X; + at + xg has infinitesimal
mean and variance py (t,x) = « and 0% (t,z) = o?. It is clear that Y}
is normally distributed with mean ot + xo and variance o%t. The further
transformation Z; = e¥t leads to a process with infinitesimal mean and
variance pz(t, 2) = za+ 3202 and 0% (t, z) = 2202. Because Y; is normally
distributed, Z; is lognormally distributed. [ |
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15.3  Wright-Fisher Model

The Wright-Fisher model for the evolution of a deleterious or neutral
gene postulates (a) discrete generations, (b) finite population size, (¢) no
immigration, and (d) formation of gametes by random binomial sampling.
In assumption (d), each current population member contributes to an infi-
nite pool of potential gametes in proportion to his or her fitness. Mutation
from the normal allele Ay to the deleterious allele A; takes place at this
stage with mutation rate n; backmutation is not permitted. In the neu-
tral model we neglect mutation and treat the two alleles symmetrically.
Once the pool of potential gametes is formed, actual gametes are sam-
pled randomly. At each generation, the three genotypes occur in the usual
Hardy-Weinberg proportions even though allele frequencies change over
time.

In Chapter 1 recall that we let wa,/4,, wa,/a,, and wa, 4, denote the
average fitnesses of the three genotypes A;/A;, A1/As and As/As of an
autosomally determined trait. Simplifying our previous discussion and no-
tation slightly, for a dominant disease we may suppose wa,/4, = 1 and
Wa, /4, = Wa,/4, = f < 1. (In the notation of Chapter 1, » > 0 and
1 —s=1/f.) For a neutral trait, wa, 4, = wa,/a, = Wa,/4, = 1, and
for a recessive disease wa, 4, = wa, 4, = 1 and wy, /4, = f < 1. (In the
notation of Chapter 1, s =0 and 1 — r = f for a recessive.) For our pur-
poses, the population size N,,, at generation m need not be constant. The
primary object of study in the current chapter is the frequency X,, of al-
lele A; at generation m. This frequency is the ratio of the total number Y,,
of A; alleles to the total number of genes 2N,,. The Wright-Fisher model
specifies that Y, is binomially distributed with 2N, trials and success
probability p(X,,—1) determined by the proportion p(X,,—1) of A; alleles
in the pool of potential gametes for generation m. In passing to a diffusion
approximation, we take one generation as the unit of time and substitute

wm,zy) = E(Xpe1 — X | X = 2m) (15.6)
= p(Tm) —Tm
o2(m,zm) = Var(Xpi1 — Xm | Xon = ) (15.7)
_ p(@m)[1 — p(zm)]
2Nt

for the infinitesimal mean pu(t,z) and variance o2(t,z) of the diffusion
process evaluated at time ¢t = m and position x = x,,.

Under neutral evolution, the gamete pool probability p(x) = x. This for-
mula for p(x) entails no systematic tendency for either allele to expand at
the expense of the other allele. For a dominant disease, p(z) = n+ fx, which
implies an equilibrium frequency of zo, = 1/(1 — f) in the corresponding
deterministic model. Finally, for a recessive disease, p(r) = n+z—(1— f)a?,
which implies an equilibrium frequency of zo = /n/(1 — f). Most popu-
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lation geneticists substitute p(z) = x in formula (15.7) defining the infin-
itesimal variance o2 (¢, 2). This action is justified for neutral and recessive
inheritance, but less so for dominant inheritance where the allele frequency
x is typically on the order of magnitude of the mutation rate 7. It is also
fair to point out that in the presence of inbreeding or incomplete mixing of
a population, the effective population size is less than the actual pop-
ulation size [3]. For the sake of simplicity, we will ignore this evolutionary
fact.

15.4 First Passage Time Problems

Let ¢ < d be two points in the interior of the range I of a diffusion process
X;. Define T, to be the first time ¢ that X; = ¢ and similarly for T;. The
process X; exits (¢, d) at the time T' = min{T,, T;}. We consider two related
problems involving these first passage times. One problem is to calculate
the probability u(z) = Pr(Ty < T, | Xo = x) that the process exits via d
starting from x € [c, d]. It is straightforward to derive a differential equation
determining u(z) given the boundary conditions u(c) = 0 and u(d) = 1.
With this end in mind, we assume that X; is time homogeneous.

For s > 0 small and = € (¢, d), the probability that X; reaches either ¢
or d during the time interval [0, s] is o(s). Thus,

u(z) = Eu(Xs) | Xo=2z]+ o(s).

If we let AX; = X;— X and expand u(X;) in a second-order Taylor series,
then we find that

u(Xs) = ulz+AX;)
- u(x)—l—u’(x)AXs+%[u”(z)+r(AXs) AX2, (15.8)

where the relative error 7(AXj) tends to 0 as AX, tends to 0. Invoking
equations (15.1), (15.2), and (15.8) therefore yields

u(@) = Blu(X.)]+ os)
= ula) + pla)u (@)s + 3o @ (@)s + ofs),

which upon rearrangement and sending s to 0 gives the differential equation

0 = u(x)u’(:v)—i—%ﬁ(x)u"(x). (15.9)

It is a simple matter to check that equation (15.9) can be solved explicitly

by defining
T (Y 2u(2)
ww) = [y
1
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and setting
u(z) = (7 (15.10)

Here the lower limit of integration ! can be any point in the interval [c, d].
This particular solution also satisfies the boundary conditions.

Example 15.4.1 Fization Probabilities in the Neutral Model

In the diffusion approximation to the neutral Wright-Fisher model with
constant population size N, we calculate

€z Y
’U((E) = / e_fl Odzdy = x-—1.
l

Thus, starting at a frequency of x for allele A1, allele A5 goes extinct before
allele A; with probability

. r—1—(c=1)
G Sy gy sy S
This example is typical in the sense that u(z) = (z — ¢)/(d — ¢) for any
diffusion process with p(z) = 0. [ |
Another important problem is to calculate the expectation

w(z) = E[g(T) | Xo = 2]

of a function of the exit time T from [c, d]. For instance, g(t) = t" gives the

nth moment of 7', and g(t) = e~% gives the Laplace transform of 7. We

again derive an ordinary differential equation determining w(zx), but now

the pertinent boundary conditions are w(c) = w(d) = ¢(0). To emphasize

the dependence of T" on the initial position x, let us write T}, in place of T'.
We commence our derivation with the expansion

w(z) = E[g(T:) | Xo=2]
= E[g(Tx. +s) | Xo =x]+ o(s)
= Elg(Tx,) + 9 (Tx.)s | Xo= 2]+ o(s)
= E{E[g(Tx,) | Xi] | Xo =2} + E[g'(Tx,) | Xo = 2]s + o(s)

= Ew(X;) | Xo =2| +E[¢(T:) | Xo = z]|s+ o(s).

Employing the same reasoning used in deriving the differential equation
(15.9) for u(x), we deduce that

Ew(X) | Xo=12] = w(z)+ plx)w'(z)s+ %0’2(1')’11}”(1')8 + o(s).
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It follows that

w(z) = w(z)+ pl@)w'(z)s + %O’Q(ZE)’LU”(I)S
+ Elg(Ty) | Xo = x]s + o(s).

Rearranging this and sending s to 0 produce the differential equation

0 = ule)! (@) + go* () () + Elg'(T.) | Xo =a].
The special cases g(t) = t and g(t) = e~% correspond to the differential
equations
0 = pl2)w'(z)+ %UQ(x)w”(x) +1 (15.11)
0 = pl2)w'(z)+ %UQ(x)w”(x) — Ow(z), (15.12)
respectively.

Example 15.4.2 Fization Times in the Neutral Model

In the diffusion approximation to the neutral Wright-Fisher model with
constant population size N, equation (15.11) becomes

- x(l—a:) "

If we take ¢ = 0 and d = 1, then w(z) represents the expected time until
fixation of one of the two alleles. To solve equation (15.13), observe that

r 1
w(z) = —4N/ ——dy+k
(@) 1 y(l—y) '

1 1
- —4N/ [—+—] dy +
1y (1-y)
= —AN[lnz —In(1 —2)]+ k1
for some constant k;. Integrating again yields
w(x) = —4N/ ny —In(1 —y)]dy + k1z + ko
1
3
= —AN[zlnz+ (1 —2)In(l — )] + k1z + ko

for some constant ks. The boundary condition w(0) = 0 implies ks = 0,
and the boundary condition w(1) = 0 implies k; = 0. It follows that

w(x) = —4AN[zlnz+ (1 —2z)In(l —2)].

This is proportional to N and attains a maximum of 4NIn2 at x = 1/2. &
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15.5 Process Moments

Taking unconditional expectations in expression (15.1) and cumulating the
results up to time ¢ suggests the integral equation

E(X;) = E(Xq)+ /0 E[u(s, X,)] ds

for the mean E(X}). Differentiating this result with respect to ¢ provides
the ordinary differential equation

CB(X) = Elu, X (15.14)

characterizing E(X;). Taking unconditional variances in expression (15.2)
yields in a similar manner

Va.l"(Xt+5) = E[V&I’(Xt + AXt | Xt)] + Var[E(Xt + AXt | Xt)]

E[o?(t, X;)s + o(s)] + Var[X, + u(t, X;)s + o(s)]
E[o?(t, X;)]s + Var(X;) + 2 Cov[ Xy, u(t, X¢)]s + o(s)

for AXy; = X;ys — X;. Cumulating these results up to time ¢ suggests that
t
Var(X;) = Var(Xp)+ / E[o?(s, X,)] ds
0

t
+2/ Cov[Xs, pu(s, X)) ds.
0

Finally, differentiating this integral equation gives the ordinary differential
equation

%Var(Xt) — Blo2(t X))] + 2 Cov[Xy, u(t, X)) (15.15)

rigorously derived in [6].
Example 15.5.1 Moments in the Wright-Fisher Diffusion Process

In the diffusion approximation to the Wright-Fisher model for a dominant
disease with constant population size N, we have u(t,z) =n— (1 — f)z.
Hence, the differential equation (15.14) becomes

d
SE(X) = 0 (1-)EX)

with solution

By = oo ety
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for X = . The limiting value of /(1 — f) is the same as the deterministic
equilibrium. In the case of neutral evolution with f = 1 and n = 0, the
mean E(X;) = z( is constant. In these circumstances, equation (15.15)
reduces to

d _ E(X,) -E(X})
p Var(X;) = 5N
~ wo — af — Var(Xy)
N 2N ’
with solution
Var(X:) = zo(1 — x0) [1 - e‘ﬁ} .

This expression tends to zo(1 — o) as ¢ tends to oo, which is the variance
of the limiting random variable

De B 1 with probability xg
Rl 0 with probability 1 — zg .

Fan and Lange [5] calculate Var(X;) for the dominant case. In the recessive
case, this approach to E(X;) and Var(X;) breaks down because (¢, ) is
quadratic rather than linear in x. [ |

15.6 Equilibrium Distribution

In certain situations, a time-homogeneous diffusion process will tend to
equilibrium. To find the equilibrium distribution, we set the left-hand side
of Kolmogorov’s equation (15.5) equal to 0 and solve for the equilibrium
distribution f(x) = lim;—, f (¢, z). Integrating the equation

d

0 = @) f@)] + 5oy 2@ @) (15.16)

once gives

1d
ko= —u@)f @)+ 5o (@) f@)]
for some constant k1. The choice k1 = 0 corresponds to the intuitively
reasonable condition of no probability flux at equilibrium. Dividing the no
flux equation by o?(z) f(z) yields

d

—Inlo*(@)f(2)] =
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If we now choose [ in the interior of the range I of X; and integrate a
second time, then we deduce that

" 2u(y)
In[o? = k d
Wt @f@) = ket [ Zlay,
from which Wright’s formula
T 2n(y) d
kgefl 2w Y
= —_— 1 .1
/(@) ) (1517)

for the equilibrium distribution follows. An appropriate choice of the con-
stant k3 = €2 serves to make |’ ; f(x)dz =1 when the equilibrium distrib-
ution exists and is unique.

Example 15.6.1 FEquilibrium for a Recessive Disease Gene

Equilibrium for a disease gene is maintained by the balance between selec-
tion and mutation. To avoid fixation of the deleterious allele and to ensure
existence of the equilibrium distribution, backmutation of the deleterious
allele to the normal allele must be incorporated into the model. In reality,
the chance of fixation is so remote that backmutation does not enter into
the following approximation of the equilibrium distribution f(x). Because
only small values of the disease gene frequency are likely, f(x) is concen-
trated near 0. In the vicinity of 0, the approximation (1 — z) = x holds.
For a recessive disease, these facts suggest that we use

2uy)  _ 2n— (11— f)y’]
o2(y) u—y)

Q

w[t-a-p)

in Wright’s formula (15.17).
With this understanding,

2Nks 4NN In(z/1)—2N(1—f) (=2 —=1?)
T
— k4x4N7771672N(17f)12

%

f(x)

for some constant k4 > 0. The change of variables z = 2N (1 — f)x? shows
that the mth moment of f(x) is

Q

1
k4/ xm+4N77—le—2N(1—f)m2dx
0

/xmf(:zr) dx
I
_ k4 /1 xm+4Nn72672N(17f):624N(1 — fadz
AN(1=f) Jo
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B s 2N(1-) . .
= m/o [m ¢
k4

> F+2Nn—-1 -z
2[2N<1—f>]%+2Nn/o ‘ o

22N (1 - f)]FN

Q

Taking m = 0 identifies the normalizing constant

202N (1 — £

k
! I'(2Nn)

With this value of k4 in hand, the mean of f(z) is

I'(2Nn+ 1)

IECE VAN(L= TNy

When N7 is large, application of Stirling’s formula implies that the mean
is close to the deterministic equilibrium value \/n/(1 — f). In practice, one
should be wary of applying the equilibrium theory because the approach
to equilibrium is extremely slow. [ |

15.7 Numerical Methods for Diffusion Processes

It is straightforward to simulate a diffusion process X;. The definition tells
us to extend X; to Xy, by setting the increment X4 — Xy equal to a nor-
mal deviate with mean yu(t, r)s and variance o (¢, x)s. The time increment
s should be small, and each sampled normal variate should be independent.
Techniques for generating random normal deviates are covered in standard
texts on computational statistics and will not be discussed here [9, 10].
Of more concern is how to cope with a diffusion process with finite range
I. Because a normally distributed random variable has infinite range, it
is possible in principle to generate an increment that takes the simulated
process outside I. One remedy for this problem is to take s extremely small.
It also helps if the infinitesimal variance o2 (¢, z) tends to 0 as x approaches
the boundary of I. This is the case with the neutral Wright-Fisher process.

Simulation offers a crude method of finding the distribution of X;. Sim-
ply conduct multiple independent simulations and compute a histogram
of the recorded values of X;. Although this method is neither particu-
larly accurate nor efficient, it has the virtue of yielding simultaneously the
distributions of all of the X; involved in the simulation process. Thus, if
1000 times are sampled per simulation, then the method yields all 1000
distributions, assuming that enough computer memory is available. Much
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greater accuracy can be achieved by solving Kolmogorov’s forward equa-
tion. The ideal of an exact solution is seldom attained in practice, even
for time-homogeneous problems. However, Kolmogorov’s forward equation
can be solved numerically by standard techniques for partial differential
equations. Here we would like to discuss a nonstandard method for finding
the distribution of X; that directly exploits the definition of a diffusion
process.

This method recursively computes the distribution of X;, at n times
points labeled 0 < t; < --- < t,, = t. In the diffusion approximation to the
Wright-Fisher model, it is reasonable to let dt; = t;41 —t; be one generation.
It is also convenient to supplement these points with the initial point ¢y = 0.
For each ¢;, we would like to compute the probability that Xy, € [ai;, a; j+1]
for r;+1 points a;0 < - -+ < a;,,. We will say more about these mesh points
later. In the meanwhile, let p;; denote the probability Pr(Xy, € [aij,a; j+1])
and ¢;; the center of probability E(X, € [aij, @i j+1]). Our method
carries forward approximations to both of these sequences starting from an
arbitrary distribution for Xj.

In passing from time ¢; to time t;;1, the diffusion process redistrib-
utes a certain amount of probability from interval [a;j,a; j11] to interval
[@i+1 ks @it1,k+1]. Given the definition of a diffusion process and the no-
tation m(i,z) = = + p(t;, z)6t; and s%(i,x) = o2(t;,2)6t;, the amount
redistributed is approximately

Pij—i+1,k
Qit1,k+1 ly—m(i,z)]?

@i 41
/ / e =G dyf(t;,x) de(15.18)

ait1,6+1—m(4,2)]/s(i,2) .2

Qi 541
= e~ zdzf(t;,x)dx
/ ous /[a1+1k —m(t,x)]/s(i,x)

(Here and in the remainder of this section the equality sign indicates ap-
proximate equality.) In similar manner, the center of probability ¢;j—i+1,k
of the redistributed probability approximately satisfies

Cij—i+1, kpiniJrl k

Qit1,k+1 [y—m(i,z)]?

@i, 541
/ / =26 dyf(ti,z)de  (15.19)
\/m o

@41 k1 —m(x)

@i, j+1 s(i,) 22
= [m(i,x) + s(i,x)z]le” T dz f(t;, z) do
V2 /7.+1 k m(% x)

(i,

Given these quantities, we calculate

rifl

Pi+1,k = E Pij—i+1,k
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—1
13

Citlk = E Cij—i+1,kDij—i+1,k (15.20)
Pit+1,k =0

assuming that X, is certain to belong to one of the intervals [a;;, a; j+1]-

To carry out this updating scheme, we must approximate the integrals
Dij—it+1,k and Cij—it+1,kPij—it+1,k- If the interval [aij, ai_j+1] is falrly narrow,
then the linear approximations

m(i, ) = fijo + fij1 @
52(1',33) = aizj (15.21)
f(ti,x) = fijo+ fijnx

should suffice for all z in the interval. The first two of these linear approx-
imations follow directly from the diffusion model. The constants involved
in the third approximation are determined by the equations

a; 1
/ (fijo + fijix) dz

iJ

DPij
1
= fijo(aij+1 —aij) + §fij1(azi7j+1 + aij)(ai j11 — aij)

Qg 41

CijDij = / z(fijo + fijix) dx

aj
1

= 5fijolaige +aij)(aige1 - aij)

1
+ gfijl(@?,jﬂ + ai 10 + ag;) (@i i1 — ai;)
with inverses
2pi; (203 + 2a550i,541 + 203 ;11 — 3aijcij — 3ai41Ci;)
(@ij41 — ai)?
6pij(2cij — aij — aijt1)
(aij41 — ai)?
Problem 13 asks the reader to check that the linear density fijo + fijiz is
nonnegative throughout the interval (a;j, a; j4+1) if and only if its center of
mass ¢;; lies in the middle third of the interval.
Given the linear approximations (15.21), we now show that the double

integrals (15.18) and (15.19) reduce to expressions involving elementary
functions and the standard normal distribution function

fijo =

fiji = (15.22)

O(z) = v 2qy,

1 x
= / e
V2r J oo
The latter can be rapidly evaluated by either a power series or a continued
fraction expansion [10]. It also furnishes the key to evaluating the hierarchy
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of special functions
L[
Op(z) = — yfe Y /dy

through the integration-by-parts recurrence

Pp(z) = —\/%x’f—le—f/%r(k—1)<1>k_2(x) (15.23)

beginning with ®o(x) = ®(x). We can likewise evaluate the related integrals
& .
Vj(z) = / y Pr(y) dy
—0o0
via the integration-by-parts reduction

1
Jj+1

. 1
2Py (x) — j—@j+k+1(y)- (15.24)

Wk (z) 1

Based on the definition of ®(z), the integral (15.18) becomes

ai, j
_ T (2 = ijo — Hij1®
Dij—itl k= O ——m—————
a

ij Oij

A4 1,k+1

(fijo + fipz) de,

Ait+1,k

and based on the recurrence (15.23), the integral (15.19) becomes

Cij—i+1,kDij—i+1,k

@i, j+1 2 — Wii) — i1
= / (kijo + /Lz‘jﬂ)@(—u”o A )
a

ij Oij

At 1,k+1

(fijo + fijix) dx

Ait+1,k
@i,j+1 Aig1,k+1

(fijO —|— fijlx) d.I

_ T
V2T Jay

To evaluate the one-dimensional integrals in these expressions for p;;—i+1.%
and ¢;j_.i+1,6Pij—i+1,k, We make appropriate linear changes of variables so

e~ (z=pijo—pijnz)?/(207;)

Ait1,k

that e~*"/2 and ®(x) appear in the integrands and then apply formulas
(15.23) and(15.24) as needed. Although the details are messy, it is clear that
these maneuvers reduce everything to combinations of elementary functions
and the standard normal distribution function.

To summarize, the algorithm presented approximates the probability p;;
and center of probability ¢;; of each interval [ai;,a; j+1] of a subdivision
of the range I of X;. Equation (15.22) converts these parameters into a
piecewise-linear approximation to the density of the process in prepara-
tion for propagation to the next subdivision. The actual propagation of
probability from an interval of the current subdivision to another inter-
val of the next subdivision is accomplished by computing p;;—;+1,x and
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Cij—i+1,kDij—it+1,k based on elementary functions and the standard normal
distribution function. The pieces p;;j—it1,% and ¢;j—it1,5 are then reassem-
bled into probabilities and centers of probabilities using equations (15.20).

Choice of the mesh points a;o0 < -+ < a;,, at time ¢; is governed by
several considerations. First, the probability Pr(X:, ¢ [a:0, a;r;]) should be
negligible. Second, o(t;, ) should be well approximated by a constant and
w(ti, ) by a linear function on each interval [a;j, a; j+1]. Third, the density
f(ti, z) should be well approximated by a linear function on [a;j;, a; j+1] as
well. This last requirement is the hardest to satisfy in advance, but nothing
prevents one from choosing the next subdivision adaptively based on the
distribution of probability within the current subdivision. Adding more
mesh points will improve accuracy at the expense of efficiency. Mesh points
need not be uniformly spaced. It makes sense to cluster them in regions
of high probability and rapid fluctuations of f(¢,z). Given the smoothness
expected of f(t,x), rapid fluctuations are unlikely.

Many of the probabilities p;;_.;+1, are negligible. We can accelerate the
algorithm by computing p;j—i+1,% and ¢;j—it1,k only for [ai+1 k, Git1 k+1]
close to [aij, a; j+1]. Because the conditional increment X;,,, — Xy, is nor-
mally distributed, it is very unlikely to extend beyond a few standard de-
viations o;; given Xy, is in [ai;, a; j+1]. Thus, the most sensible strategy is
to visit each interval [a;j;, a; j+1] in turn and propagate probability only to
those intervals [a;41,k, @i+1,k+1) that lie a few standard deviations to the
left or right of [a;j, a; j+1]-

15.8 Numerical Methods for the Wright-Fisher
Process

One of the problems with the diffusion approximation to the Wright-Fisher
Markov chain is that it degrades for very low allele frequencies. Because of
the interest in gene extinction, this is regrettable. However in the regime of
low allele frequencies, we can always fall back on the Wright-Fisher Markov
chain. As population size grows, the Markov chain updates become more
and more computationally demanding. The interesting issue thus becomes
how to merge the Markov chain and diffusion approaches seamlessly into a
single algorithm for following the evolution of an allele. Here we present one
possible algorithm and apply it to understanding disease-gene dynamics in
a population isolate.

The algorithm outlined in the previous section has the virtue of being
posed in terms of distribution functions rather than density functions. For
low allele frequencies, discreteness is inevitable, and density functions are
unrealistic. In adapting the algorithm to the regime of low allele frequencies,
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it is useful to let

i3
2N;

Qi =

for 0 < j < g and some positive integer ¢. The remaining a;; are distributed
over the interval [a;q, 1] less uniformly. This tactic separates the possibility
of exactly j alleles at time t;, 0 < j < ¢, from other possibilities. For
0 < j < ¢q, binomial sampling dictates that

2N;11 L
Pij—itlk = Z< l+ >pl(1—p)2N”ll

l

1 2Ni+1> I I
Cij—itl,h = ———— p(l—p)=t
’ i Pij—i+1,k ; < l 2Ni+1 ( )

where p = m(i, z) is the gamete pool probability at frequency x = j/(2N;)
and the sums occur over all l such that [/(2N;41) € [@i+1,k, Gi+1,k+1). When
0 <k < g, it is sensible to set ¢;j—i+1,6 = k/(2Nit1).
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FIGURE 15.1. Density of the Frequency of a Recessive Gene

15.9 Specific Example for a Recessive Disease

To illustrate our numerical methods for a recessive disease, we again turn to
Finland. Unless stated to the contrary, we assume that the population has
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grown exponentially from 1000 founders to ng = 5,000,000 contemporary
people over a span of 80 generations. Our hypothetical recessive disease has
mutation rate n = 1075, fitness f = 0.5, and a high initial gene frequency
of 0.015. The slow deterministic decay to the equilibrium gene frequency
of /n/(1 — f) = 0.0014 extends well beyond the present. Figure 15.1 plots
the density of the frequency of the recessive gene from generation 7 to
generation 80. The figure omits the first seven generations because the
densities in that time range are too concentrated for the remaining densities
to scale well. The left ridge of the gene density surface represents a moderate
probability mass collecting in the narrow region where the gene is either
extinct or in danger of going extinct.
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FIGURE 15.2. Extinction Probability of a Recessive Gene

As a technical aside, it is interesting to compare two versions of our
algorithm. Version one carries forward only probabilities and not centers of
probabilities. Version two carries both forward. Version one is about twice
as fast as version two, given the same mesh points at each generation. In
Figure 15.1, version two relies on 175 intervals in the continuous region.
With 2000 intervals in the continuous region, version one takes 25 times
more computing cpu time and still fails to achieve the same accuracy at
generation 80 as version two. Needless to say, the remaining figures in this
section incorporate results from version two.

Gene extinction is naturally of great interest. Figure 15.2 depicts the
probability that the recessive gene is entirely absent from the population.
This focuses our attention squarely on the discrete domain where we would
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expect the diffusion approximation to deteriorate. The solid curve of the
graph shows the outcome of computing directly with the exact Wright-
Fisher chain. At about generation 60, the matrix times vector multiplica-
tions implicit in the Markov chain updates start to slow the computations
drastically. In this example, it took 14 minutes of computing time on a
desktop PC to reach 80 generations. When we used our new algorithm
with ¢ = 40 intervals covering the discrete region and 500 intervals cover-
ing the continuous region, it took only 11 seconds to reach generation 80.
The resulting dashed curve is quite close to the solid curve in Figure 15.2,
and setting ¢ = 50 makes it practically identical.
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FIGURE 15.3. Impact of a Population Bottleneck

Figure 15.3 shows the impact of a population bottleneck. The conven-
tional wisdom among mathematically naive geneticists is that bottlenecks
can exert substantial influence on the frequency of disease genes. This is
simply untrue unless the population dips to a very low level. The figure
contrasts the means and standard deviations of the disease gene frequency
computed with and without a bottleneck. To implement the bottleneck, we
let the population grow exponentially from generation 0 to generation 56 to
a total of 387,000 people. At generation 57 the population drops suddenly
to 43,045 people and then grows exponentially thereafter to 497,444 people
at generation 80, reaching 1/10 of its current actual size. Such a precipitous
drop is far in excess of what any plague or famine has caused in Finnish
history, yet the differences introduced in the gene frequency distribution
are barely perceptible. The mean is unaffected, as would be anticipated,
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and the standard deviation increases only very slightly. Less severe bot-
tlenecks at generation 57 are unnoticeable in these plots. Of course, if a
bottleneck of this fractional magnitude were introduced earlier, then the
impact would be substantial.

15.10 Problems

1. Consider a diffusion process X; with infinitesimal mean u(t,z) and
infinitesimal variance o2 (¢, x). If the function f(t) is strictly increas-
ing and continuously differentiable, then argue that Y; = Xy is a
diffusion process with infinitesimal mean and variance

py (ty) = plf@),ylf (1)
oy (ty) = *[ft),ylf @)

Apply this result to the situation where Y; starts at yo and has
py (t,y) = 0 and 0% (t,y) = o?(t). Show that Y; is normally dis-
tributed with mean and variance

EY) = wo
Var(Y;) = /002(5)615.

(Hint: Let X; be standard Brownian motion.)

2. Consider a time-homogeneous diffusion process X; starting at z¢ and
having pu(t, 2) = —az+n and 02 (¢, ) = 0. Show that X, is normally
distributed with mean and variance

1— —at
E(Xt) — $087Qt+ 77( € )
(0%
0,2(1_6720&5)
Var(X;) = — 7
ar( t) %0

The case n = 0 and « > 0 is the Ornstein-Uhlenbeck process. (Hints:
The transformed process Y; = X;/,» — n/a has infinitesimal mean
py (t,z) = —ax/o? and infinitesimal variance 0% (¢,2z) = 1. Check
Kolmogorov’s forward equation for Y;.)

3. Prove that the diffusion process X; discussed in Problem 2 is not a
smooth, invertible transformation X; = ¢(¢, Y;) of standard Brownian
motion Y;.

4. Calculate the equilibrium distribution for the diffusion process dis-
cussed in Problem 2 by applying Wright’s formula (15.17). What
restriction must you place on a? Show that your conclusions are con-
sistent with the limiting mean and variance of the process.
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In the diffusion approximation to a branching process with immigra-
tion, we set u(t,z) = (a—v)z+n and 0?(t,z) = (a+v)z+n, where
and v are the birth and death rates per particle and 7 is the immigra-
tion rate. Justify these expressions by appealing to a continuous-time
Markov chain.

Continuing Problem 5, demonstrate that

E(X,) = zoelt + % [eﬁt — 1}
yro(e* —ePt) (et — &)
V&I‘(Xt) = ﬁ “+ 62
_om(e 1) (e — 1)
232 23

for 6 =a—v,y=a+v, and Xy = zg. When a < v, the process
eventually reaches equilibrium. Find the limits of E(X}) and Var(X}).

. In Problem 5 suppose 7 = 0. Verify that the process goes extinct with

probability min{1, 6722_15””0} by using equation (15.10) and sending
c to 0 and d to oo.

In Problem 5 suppose > 0 and o < v. Show that Wright’s formula

leads to the equilibrium distribution

anv 2(a—v)x

flx) = k[(a+v)r+n]e? e ofv

for some normalizing constant & > 0 and x > 0.

. Consider the Wright-Fisher model with no selection but with muta-

tion from allele A; to allele Ay at rate n; and from A, to A; at rate
n2. With constant population size N, prove that the frequency of the
A allele follows the beta distribution

_ TEAN(n +n2)] - -
f(a:) _ 1—\(4N772)i—\(4]\[2n1)$41v 1(1 _ $)4N 1

at equilibrium. (Hint: Substitute p(z) = 2 in formula (15.7) defining
the infinitesimal variance o2(t, z).)

Consider the transformed Brownian motion with infinitesimal mean
o and infinitesimal variance o2 described in Example 15.2.2. If the
process starts at @ € [c, d], then prove that it reaches d before ¢ with
probability
—Ba _ ,—Be 9
e e a

Verify that u(z) reduces to (x — ¢)/(d — ¢) when o = 0. This simpli-
fication holds for any diffusion process with u(x) = 0.
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11.

12.

13.
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Suppose the transformed Brownian motion with infinitesimal mean «
and infinitesimal variance o2 described in Example 15.2.2 has a > 0.
If c = —o0 and d < oo, then demonstrate that equation (15.12) has
solution

oa—Va?+ 2020

w(z) = 47 for 4y = 5

o
Simplify w(z) when o = 0, and show by differentiation of w(x) with
respect to 6 that the expected time E(T') to reach the barrier d is
infinite. When « < 0, show that

Pr(T'<oo) = e dn),

(Hints: The variable v is a root of a quadratic equation. Why do we
discard the other root? In general, Pr(T < oo) = limg o E (e77).)

In Problem 11 find w(x) and E(T') when c is finite. The value o < 0
is allowed.

Prove that the linear density fijo + fijiz is nonnegative throughout
the interval (a;j,a; j+1) if and only if its center of mass ¢;; lies in the
middle third of the interval. (Hint: Without loss of generality, take
Qi = 0)
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Appendix A: Molecular
Genetics in Brief

A.1 Genes and Chromosomes

All of life is ultimately based on biochemistry and all of genetics on the
biochemistry of DNA and RNA. The famous DNA double helix discovered
by Watson and Crick carries the information necessary for the develop-
ment, maintenance, and reproduction of all organisms, from bacteria to
humans. The genetic code consists of an alphabet of four letters (or bases)
organized into words (or codons) of three letters each. Codons are further
grouped into genes or parts of genes known as exons. Genes are trans-
lated as needed by a cell into proteins; these in turn catalyze the many
reactions taking place in the cell and serve as structural components of
cellular organelles and membranes.

The four bases of DNA are adenine, guanine, cytosine, and thymine,
abbreviated A, G, C, and T, respectively. The first two of these bases are
purines; the latter two are pyrimidines. In RNA, a sister compound to
DNA, the pyrimidine uracil (U) is substituted for thymine. Both RNA and
DNA are polymers constructed by linking identical sugar units—ribose
in the case of RNA and deoxyribose in the case of DNA—by identical
phosphate groups. These sugar/phosphate linkages along the backbone of
the polymer (or strand) occur at carbon sites on the sugars designated by
the abbreviations 3" and 5. One base is attached to each sugar; a single
repeat unit consisting of a sugar, phosphate group, and base is known as a
nucleotide. Codons are read in the 5’ to 3’ direction.

DNA is distinguished from RNA by its stronger tendency to form double
helices of complementary strands. The two strands of DNA are held to-
gether by hydrogen bonds between the bases projecting into the center of
the double helix from the backbones. The geometry of base pairing dictates
that adenine is paired to thymine and cytosine to guanine. These hydrogen
bonds are strong enough to stabilize the double helix but weak enough to
permit unzipping of the DNA for transcription of a gene on one strand
or replication of both strands when a cell undergoes division. Note that
in transcribing a gene, the antisense DNA strand serves as the template
rather than the sense strand so that the copied messenger RNA will
carry sense rather than antisense codons.

A chromosome is more than just a naked double helix. To protect DNA
from the occasionally harsh environment of the cell, to keep it from getting
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hopelessly tangled, and to control what genes are expressed when, the dou-
ble helix is wrapped around protein structures with a central core of eight
histone proteins. A complex of wrapped DNA and histone core is known as
a nucleosome. Nucleosomes are further organized into chromatid fibers
by supercoiling. Thus, the helical motif is repeated at several levels in the
construction of a chromosome. At the highest level of chromosome organi-
zation are the centromere and two telomeres. The centromere is critical
to proper division of duplicated chromosomes at mitosis and meiosis. The
telomeres protect the ends of a chromosome from degradation and control
the maximal number of divisions a cell line can undergo. In gene mapping,
the centromere and telomeres serve as cytologically visible landmarks. The
adjectives proximal and distal indicate centromeric and telomeric direc-
tions, respectively.

The 22 autosomes and the X chromosome of humans contain a total
of 3 x 10° base pairs. Embedded within the human genome are between
30,000 and 100,000 genes, most of which range from 10,000 to 100,000 bases
in length. Much of the genome consists of noncoding DNA whose function
is poorly understood. However, one should be careful in dismissing the
noncoding regions as “junk” DNA. All organisms must control the timing
and level of transcription of their genes. Geneticists have identified regula-
tory regions such as promoters, enhancers, and silencers upstream and
downstream from many genes. Other regions provide recognition sites for
recombination enzymes and attachment sites for the machinery of chromo-
some segregation during meiosis and mitosis. Even the patently junk DNA
of pseudogenes provides a fossil record of how genes duplicate, evolve,
and are eventually discarded. The full significance of the human genome
will become clear only after it is completely sequenced. Exploring and in-
terpreting this treasure trove should occupy geneticists for many years to
come.

TABLE A.1. Amino Acids

Amino Acid | Abbreviation | Amino Acid | Abbreviation
Alanine Ala or A Leucine Leu or L
Arginine Arg or R Lysine Lys or K
Aspartic acid Aspor D Methionine Met or M
Asparginine Asn or N Phenylalanine Phe or F
Cysteine Cys or C Proline Proor P
Glutamic acid Glu or E Serine Ser or S
Glutamine Gln or Q Threonine Thr or T
Glycine Gly or G Tryptophan Trp or W
Histidine His or H Tyrosine TyrorY
Isoleucine Tle or I Valine Val or V
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A.2 From Gene to Protein

Proteins are constructed from the 20 amino acids shown in Table A.1. With
an alphabet of four letters, three base words could in principle code for
43 = 64 different amino acids. Nature has elected to forgo this opportunity
and instead opts for redundancy in the genetic code. This redundancy is
very evident in Table A.2. Several other features of Table A.2 are worth
noting. First, three codons serve as genetic stop signals for terminating a
growing protein polymer. Second, the codon AUG for methionine also plays
the role of a start signal provided it is preceded by purine-rich sequences
such as AGGA. Third, the base U is substituted for the base T. This
substitution occurs because the DNA specifying a gene is first transcribed
into single-stranded premessenger RNA. After appropriate processing,
premessenger RNA is turned into messenger RNA (mRNA), which is then
translated into protein by cell organelles known as ribosomes. On release
from a ribosome, a protein folds into its characteristic shape. Depending
on its ultimate function, a protein may undergo further processing such as
cleavage or the addition of lipid or carbohydrate groups.

TABLE A.2. The Genetic Code

2nd Position

1st Position U C A G 3rd Position

Phe Ser Tyr Cys
U Phe Ser Tyr Cys
Leu Ser Stop Stop
Leu Ser Stop Trp

Leu Pro His Arg
C Leu Pro His Arg
Leu Pro Gln Arg
Leu Pro Gln Arg

Ile Thr Asn  Ser
A Ile Thr Asn  Ser

Tle Thr Lys Arg
Met Thr Lys Arg

Val Ala Asp Gly
G Val Ala Asp Gly
Val Ala Glu Gly
Val Ala  Glu Gly

QPFQc QPFPOc QrFac QFrQc
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The processing of premessenger RNA involves several steps. In eukary-
otes (organisms with a well-defined nucleus for housing chromosomes), the
exons of a typical gene are interrupted by noncoding sequences. These in-
tervening sequences (or introns) must be spliced out of the premessenger
RNA. A cap involving a methylated guanine is also added to the 5" end
of the RNA, and a poly(A) tail involving about 200 adenines is added to
the 3’ end. These additions assist in stabilizing the RNA and binding it to
the ribosomes. After messenger RNA is transported to the exterior of the
nucleus, it is threaded through a ribosome like a magnetic tape through
the head of a tape player. Transfer RNA molecules bring the appropri-
ate amino acids into place for addition to the growing chain of the protein
encoded by the messenger RNA. Figure A.1 summarizes the flow of infor-
mation from gene to protein.

DNA pre mRNA mRNA protein
Stored Replicate Edited Active
Information Information Information Product

FIGURE A.1. Information Flow from Gene to Protein

In the eukaryotic cell, transcription is initiated in the nucleus by a large
complex of proteins that binds to the DNA upstream or at the start of a
gene. The central player in the transcription complex is one of three RNA
polymerases. RNA polymerase 1 transcribes ribosomal RNA genes, RNA
polymerase II transcribes genes encoding messenger RNA, and RNA poly-
merase IIT transcribes small RN As such as transfer RNA [6]. The broad role
assumed by RNA polymerase II is critically dependent on a great number
of accessory proteins known as transcription factors. Many transcription
factors are small proteins that are bound constantly to the central poly-
merase, while others float more freely around the nucleus and bind to more
or less specific patterns in DNA. As scouts for the polymerase, transcription
factors collectively accentuate or repress transcription at specific genes, de-
pending on the needs of the cell. The stretches of DNA recognized by these
proteins are known as binding domains, binding motifs, or simply binding
sites. Promoter domains occur near the start of a gene and enhancer do-
mains more distally. Although the minimal set of promoters necessary for
gene transcription is fairly well understood, repeated or shared promoter
elements are suspects in the precise choreography of tissue and time specific
gene expression.
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A.3 Manipulating DNA

Geneticists manipulate DNA in many ways. For instance, they unzip (or
denature) double-stranded DNA by heating it in solution. They rezip
(or anneal) it by cooling. Because double helices are so energetically fa-
vored, complementary strands quickly find and bind to one another. Even
small segments of one strand will locally anneal to a large segment of a
complementary strand. Geneticists exploit this behavior by devising small
radioactive or fluorescent probes to identify large segments. A single base
mismatch between probe and strand leads to poor annealing. Probes as
short as 20 bases can provide a perfect match to a unique part of the
human genome.

TABLE A.3. Commonly Used Restriction Enzymes
Restriction | Recognition | Average Fragment
Enzyme Site Length in Man
Alul AGCT 0.3 kb
Haelll GGCC 0.6 kb
Taql TCGA 1.4 kb
Hpal CCGG 3.1 kb
EcoRI GAATTC 3.1kb
Pstl CTGCAG 7 kb
Notl GCGGCCGC 9766 kb

Chromosomes are much too large to handle conveniently. To reduce DNA
to more manageable size, geneticists cut it into fragments and measure
the length of the fragments. Restriction enzymes function as geneti-
cists’ molecular scissors. Table A.3 lists some commonly used restriction
enzymes, each of which recognizes a specific base sequence and cuts DNA
there. Recognition sites are scattered more or less randomly throughout
the genome. Restriction maps characterize the number, order, and ap-
proximate separation of recognition sites on large DNA segments. These
maps are laborious to prepare and involve digesting a segment with differ-
ent combinations of restriction enzymes or with a single enzyme at less than
optimal laboratory conditions. These latter partial digests randomly miss
some recognition sites and therefore give a mixture of fragments defined
by adjacent sites and fragments spanning blocks of adjacent sites. Water-
man [9] discusses the interesting computational issues that arise in piecing
together a restriction map.

Gel electrophoresis and Southern blotting are geneticists’ molecular
yardsticks. In electrophoresis, a sample of DNA is placed at the top of
a gel subject to an electric field. Under the influence of the field, DNA
migrates down the gel. Large DNA fragments encounter more obstacles
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than small fragments and consequently travel more slowly, just as in a
flowing stream, large stones travel more slowly than small ones. Once the
DNA fragments are separated by size, a Southern blot can be made. This
involves denaturing the fragments by the addition of alkali and transferring
the separated strands to a nitrocellulose or nylon membrane. After the
strands are fixed to the membrane by baking or chemical crossbinding,
radioactive probes are introduced to the membrane and anneal with specific
fragments. When the membrane is applied to an X-ray film, a sequence
of bands develops on the film highlighting those DNA fragments bound
to probes. Alternatively, if sufficient DNA is sampled, then fluorescent or
chemiluminescent probes can be substituted for radioactive probes.

Geneticists often work with minuscule amounts of DNA. For instance, in
genotyping human sperm cells, geneticists encounter single-copy DNA. The
polymerase chain reaction (PCR) permits enormous copy-number am-
plification of a short DNA sequence. The chromosome region surrounding
the target sequence is first denatured by heating it in a solution containing
the four DNA bases, two specially chosen primers, and a polymerase.
As the solution cools, the two primers anneal to the two strand-specific
3’ regions flanking the target sequence. The polymerase then extends each
primer through the target sequence, creating a new strand that partially
complements one of the original strands. This constitutes the first cycle
of PCR and doubles the number of target sequences. Each subsequent cy-
cle of denaturation, primer annealing, and polymerase extension similarly
doubles the number of target sequences. Figure A.2 depicts the first cycle
of the process. Here the primers are shorter than they would be in practice.

Cloning is a kind of in vivo DNA amplification. DNA fragments iso-
lated by restriction enzymes are ligated into circular DNA molecules called
vectors and inserted into bacteria or yeast cells. Once inside the host cells,
vectors resemble viruses in their ability to harness the machinery of the cell
to replicate independently of the host chromosomes. Vast libraries of ran-
dom DNA clones can be maintained in this manner. These clone libraries
furnish the raw material for DNA sequencing.

A.4 Mapping Strategies

Linkage mapping is described in detail in earlier chapters. It is worth em-
phasizing here the nature of most modern markers. Restriction fragment
polymorphisms (RFLPs) exploit individual differences in the presence or
absence of restriction sites. Suppose a probe is constructed to straddle a
polymorphic restriction site for a particular restriction enzyme. If nonpoly-
morphic restriction sites flank the probe region on its left and right, then
Southern blots of appropriately digested DNA from random individuals fall
into three patterns. Homozygotes for the absence of the site show a single
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band high on the gel. This band corresponds to the long fragment between
the two flanking restriction sites. Homozygotes for the presence of the site
show two separate bands lower down on the gel. These correspond to the
two smaller fragments defined by the flanking sites and separated by the
interior restriction site. Heterozygotes show all three bands. If the probe
falls to one side of the polymorphic restriction site, then at most two bands
appear, but it is still possible to distinguish all three genotypes.

The single base pair differences revealed by RFLPs must fall within a re-
striction site for some restriction enzyme. These sites are naturally rare, and
it is convenient to exploit single base pair differences wherever they occur.
This can be accomplished by sequencing a small segment of DNA around
a polymorphic site and designing short probes (or oligonucleotides) that
match the sequence of the segment except at the site. At the site, each
probe matches one of the dominant bases appearing in the population. Be-
cause annealing of a short probe requires a perfect match, Southern blots
with different probes detect different alleles. This technique is particularly
useful in screening for common mutations in disease loci.

The biallelic markers generated by single base pair differences exhibit
limited polymorphism. Short tandem repeat markers are often much
more polymorphic. For instance, the dinucleotide CA is repeated a random
number of times in many regions of the human genome. Repeat numbers
in a repetitive sequence - - -CACACACACA. - - often vary from person to
person. If a probe closely flanks a repeat region, then Southern blotting
with the probe will reveal allelic differences in the number of repeat units
as length differences in the fragments highlighted by the probe.

Radiation hybrids and somatic cell hybrids are physical mapping
techniques covered in detail in Chapters 11 and 13, respectively. Flu-
orescence in situ hybridization (FISH) and pulsed-field gel elec-
trophoresis are two other competing physical techniques with good reso-
lution. In FISH, probes are directly annealed to chromosomes during the in-
terphase period of cell division. Because chromosomes are less contracted
during interphase, map resolution to within 100,000 bases is possible. In a
recent variation of FISH, probes are annealed to DNA filaments stretched
on a glass slide. In pulsed-field gel electrophoresis, the electric field applied
to a gel is occasionally reversed. This permits large DNA fragments to un-
tangle and slowly migrate down the gel without breaking. If two different
probes anneal to the same large fragment, then presumably they coexist on
the fragment. Using a sufficient number of fragments, closely spaced loci
defined by well-defined probes can be ordered.

One advantage of physical mapping is that it does not require polymor-
phic loci. It is usually harder to find polymorphisms than it is to construct a
probe from unique sequence DNA. For example, geneticists can easily iden-
tify expressed sequence tags by sequencing complementary DNA
(cDNA). Because cDNA is synthesized from messenger RNA, an expressed
sequence tag is guaranteed to be in the coding region of some gene. (Re-
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call that all of the introns are spliced out of messenger RNA, leaving only
the contributions from the exons.) Discovery of expressed sequence tags
and classification of the genes they label have attracted the interest of the
biotechnology industry. Because many genes are expressed only in certain
tissues and only at certain times of development, systematic classification
and mapping of expressed genes is apt to pay off in suggesting candidate
genes for human diseases.

Finally, as a prelude to sequencing the human genome and the genomes
of other species, a great deal of thought and effort has gone into ordering
the clones present in clone libraries. Restriction maps of different clones
often show sufficient similarity to suggest that two clones overlap. Alterna-
tively, two clones may both harbor the same expressed sequence tag. The
presence of such a chromosome anchor on both clones is proof of overlap.
Chains of overlapping clones are referred to as contigs. Readers may con-
sult Waterman [9] for a mathematical analysis of strategies for constructing
contigs and closing the gaps between them.
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Primer
Target Sequence Template
5 ——AGCT TaaT y
3 TCGA ACCA y
Primer
Template
Denaturation
5'— AGCT T
+
3 TCGA ACCA 5/
Primer Annealing
g AGCT TGGT 3/
ACCA-5
Primer
Primer +
5-AGCT
3'— TCGA ACCA y
Polymerase Extension
5 ——AGCT AT
ACCA-5'
_|_
5-AGCT
3 TCGA ACCA 5/

FIGURE A.2. DNA Amplification by PCR



Appendix B: The Normal
Distribution

B.1 Univariate Normal Random Variables

A random variable X is said to be standard normal if it possesses the
density function

—_
N

P(x) = e T,

(x) o

To find the characteristic function ¢(s) = E(e®X) of X, we derive and
solve a differential equation. Differentiation under the integral sign and
integration by parts together imply that

Lie) = — /OO 5250~ d
dS S = \/_ € re X

2
_z_
= — 2 dx
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— Eezsxe*T - \/ﬂ/ daj
= —si(s).

The unique solution to this differential equation with initial value 1/3(0) =1
is(s) = e=%°/2. The differential equation also yields the moments

B(X) = 30)
= 0

BxY) = Lo
= o[-0+ 5906
= 1.

An affine transformation Y = ¢ X + p of X is normally distributed with
density

1 Yy— W 1 _y—w?
—w( ) = e 202
o o V2mo



352 Appendix B: The Normal Distribution

Here we take o0 > 0. The general identity E [eis(“+ax)} = eis”E[ei(”S)X]
permits us to write the characteristic function of Y as

6252

eis‘%ﬁ(os) = %2

The mean and variance of Y are u and o2.

One of the most useful properties of normally distributed random vari-
ables is that they are closed under the formation of independent linear
combinations. Thus, if Y and Z are independent and normally distributed,
then aY + bZ is normally distributed for any choice of the constants a and
b. To prove this result, it suffices to assume that Y and Z are standard
normal. In view of the form of 9(s), we then have

E [eis(aY-i-bZ)} - E [ei(as)Y} E {ei(bs)z}
= 7/; [(aQ + bz)s} .

Thus, if we accept the fact that a distribution function is uniquely defined
by its characteristic function, aY + bZ is normally distributed with mean
0 and variance a? + b.

Doubtless the reader is also familiar with the central limit theorem. For
the record, recall that if X, is a sequence of i.i.d. random variables with
common mean g and common variance o2, then

m (X — x N
—2]71( i~ <zl = L / e_TQdu.
no? V2T J o

Of course, there is a certain inevitability to the limit being standard normal;
namely, if the X, are standard normal to begin with, then the standardized
sum n~ /237" X is also standard normal.

lim Pr

n—oo

B.2 Multivariate Normal Random Vectors

We now extend the univariate normal distribution to the multivariate nor-
mal distribution. Among the many possible definitions, we adopt the one
most widely used in stochastic simulation. Our point of departure will be
random vectors with independent, standard normal components. If such a
random vector X has n components, then its density is

- 1 n/2 t
e—m?/2 _ (i) e 7 m/2'
e} V2T 2m

J

Because the standard noeral distribution has mean 0, variance 1, and
characteristic function e /2, it follows that X has mean vector 0, variance
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matrix I, and characteristic function
n
E is X H 752/2 — 7sts/2

We now define any affine transformation ¥ = AX 4 p of X to be multi-
variate normal [2]. This definition has several practical consequences. First,
it is clear that E(Y) = p and Var(Y) = A Var(X)A! = AA* = Q. Second,
any affine transformation BY +v = BAX + Bu+v of Y is also multivari-
ate normal. Third, any subvector of Y is multivariate normal. Fourth, the
characteristic function of Y is

E(eistY) — eistuE(eistAX) — eistu—stAAts/2 _ eistu—stQS/Z

This enumeration omits two more subtle issues. One is whether Y pos-
sesses a density. Observe that Y lives in an affine subspace of dimension
equal to or less than the rank of A. Thus, if Y has m components, then
n > m must hold in order for Y to possess a density. A second issue is
the existence and nature of the conditional density of a set of components
of Y given the remaining components. We can clarify both of these issues
by making canonical choices of X and A based on the classical QR de-
composition of a matrix, which follows directly from the Gram-Schmidt
orthogonalization procedure [1].

Assuming that n > m, we can write

A = Q<§),

where @ is an n X n orthogonal matrix and R is an m X m upper triangular
matrix with nonnegative diagonal entries. (If n = m, we omit the zero
matrix in the QR decomposition.) It follows that

AX = (L 0H)Q'X = (L 0o')Z

In view of the usual change of variables formula for probability densities
and the facts that the orthogonal matrix Q* preserves inner products and
has determinant 41, the random vector Z has n independent, standard
normal components and serves as a substitute for X. Not only is this true,
but we can dispense with the last n — m components of Z because they
are multiplied by the matrix 0f. Thus, we can safely assume n = m and
calculate the density of Y = LZ 4 i when L is invertible. In this situation,
Q = LL! is termed the Cholesky decomposition, and the usual change of
variables formula shows that Y has density

(%)"/ﬂ det L~L|e~ W= (L)' L (y=p) /2
™

(ZL)"/ﬂ det |12~ -0 -)/2,
™

f(y)
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where Q = LL? is the variance matrix of Y.
To address the issue of conditional densities, consider the compatibly
partitioned vectors Y* = (Y, YY), Xt = (X{, X%), p* = (p}, 1) and ma-

trices
Li; O Q11 Qoo
< L21 L22 ) < Q21 Q22
Now suppose that X is standard normal, that Y = LX + pu, and that L,
has full rank. For Y; = y; fixed, the equation y; = L11 X7 + p1 shows that

X is fixed at the value x1 = L1_11 (y1 — p1). Because no restrictions apply
to Xo, we have

Yy = LopXo+ LotLyy (y1 — pa) + pia-

Thus, Y3 given Y7 is normal with mean Loj Lfll (y1 — p1) + po and variance
Loo L. To express these in terms of the blocks of Q = LL!, observe that

Q1 = Ly LY
Qo1 = LoLly
Qo2 = LaLh + LapLh,.

The first two of these equations imply that Lo L)' = Q197" The last
equation then gives
LosLhy, = Qoo — Loy Lk,

= Qg — Qo (L}) "Ly Qo

= Qoo — Vo1 Q' Qo
None of these calculations requires that Y be of full rank. In summary, the
conditional distribution of Y5 given Y7 is normal with mean and variance

EY2 Y1) = QuQ7' (Vi — )+ po
Var(Yg | Yl) = 922 — 92191_11912.
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ABO locus, see Blood group loci
ADA locus, 125
Additive genetic correlation, 149
Additive genetic variance, 100, 111
cross covariance, 148
in calculating risk ratios, 102
in trait covariances, 141
Adenine, 341
Affine gap distance, 288
Affine gap score, 292
Alcoholism example, 152
Alignment, see Sequence alignment
Allele, 1
codominant, 2
dominant, 2
recessive, 2
Allele consolidation, see Pedigree,
likelihood for
Allele-sharing statistics, see Marker-
sharing statistics
Alul restriction site, 172, 195, 281
Alzheimer disease, 109
Amino acids
penalty sets, 219
table of, 342
table with codons, 343
Angiotensin-1 converting enzyme,
127
Antigen, 1
Aperiodicity (ergodic assumption),
170
Array products
greedy algorithm for multi-
plying, 121, 134
Ascent algorithm, 40
Ascertainment, 27
Association tests, 69, 126
Ataxia telangiectasia (AT), 72

Autosome, 1, 342
Avoidance probability, 257

Backtracking
descent graph method, 180
optimization, 40
Backward algorithm, see Baum’s
backward algorithm
Base, 341
Baum’s backward algorithm, 243
Baum’s forward algorithm, 188,
243, 269
Bayes’ theorem, 125
Bayesian method
empirical, see Empirical Bayes
for radiation parameter fre-
quency estimation, 245
Bernoulli random variables
success runs, 295, 314
sum of, 299
Binding domain identification, 31,
37
Binomial distribution, 154
hidden, see Hidden trials
Biometrical genetics, 97
polygenic model, see Polygenic
model
Birthday problem, 312
Blood group loci
ABO blood group
association with ulcers, 70
chromosome location, 1
concavity of loglikelihood,
52
estimation of allele frequen-
cies, 23, 2627
linkage with AK1 locus, 3
phenotypes, 1
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genotype prediction for sib-
lings, 99
MN blood group, 21, 73
paternity testing example, 125
phenotype frequencies, 13
Rh locus, 13
testing for subpopulation dif-
ferences, 60
testing Hardy-Weinberg equi-
librium, 60
Borel-Cantelli lemma, 294
Bradley-Terry model, 126
Branch-and-bound
for ordering loci, 233
Breakage, see Radiation hybrid(s)
Breast cancer, 109
Brownian motion, 318, 320

Case-control tests, 69

Cats, calico, 73

Centromere, 65, 342

CEPH pedigrees, 129

Chapman-Kolmogorov relation, 209

Chen-Stein bound, 299-300
coupling method, see Coupling

method

neighborhood method, see Neigh-

borhood method
Chi-square statistic
for linkage equilibrium, 69

for testing Hardy-Weinberg equi-

librium, see Likelihood
ratio statistic
for testing segregation ratios,
126
in transmission/disequilibrium
test, 72, 73
restriction site clumping, 283
under polygenic model, 158
Chiasma interference, 258, 270—
272
positive and negative, 270
Chiasma point process, 257
Chiasma(ta), 257
distributions for count of, 271

Haldane’s model for, 116, 133,
177, 232, 259, 261, 270,
274
Karlin’s model for, 274
Cholesky decomposition, 92, 151,
353
covariance matrix parameter-
ization, 149
Chromatid, 257, 342
Chromatid interference, 257
Chromosome(s), 1, 341
chromosome 11 haplotype ex-

ample, 69

covering by random clones,
306

sex, 1

sister, 257

Cloning, 346
Clump size, 282
Codominant alleles, 2
Codon, 341
table of amino acids, 343
Codon models, 218-222
example, 221
penalized transitions, 218
penalty sets, 219
reversible, 219, 222
root probabilities, 222
Coincidence coefficients, 270
Color blindness
allele frequency, 33
testing Hardy-Weinberg equi-
librium, 61
Commutative group, 189, 198
Complementary DNA, see DNA,
complementary
Conjugate prior, 48
Contig, 348
Convex function, 24
Count interference, 270
Count-location model, see Recom-
bination fraction
Coupling x coupling mating, see
Double-intercross mating



Coupling x repulsion mating, see
Double-intercross mating
Coupling method, 299
for approximating Wy, 74, 301
for approximating hypergeo-
metric distribution, 312
for birthday problem, 312
for gap lengths between mark-
ers, 304-306
for matches in random per-
mutation, 311
Crossover, 2
Crossover processes, 257
Cystic fibrosis
and heterozygote advantage,
11
risk prediction, 135
segregation analysis, 30
Cytosine, 341

Davidon’s formula, 46
Death notice data, 35
Deoxyribonucleic acid, see DNA
Descartes’ rule of signs, 136
Descent graph, 175
likelihood of, 176, 179-181
Descent state, 175
use in haplotyping, 186
Descent tree, 177-179
Design matrix, 141
Detailed balance
continuous time, 210
discrete time, 171
Diffusion process, 317-338
approximate distribution, 329
center of probability, 329
recurrence for, 331
special functions, 331
first passage time, 322
forward equation, 320, 329
infinitesimal mean, 317
infinitesimal variance, 317
ODE for mean, 325
ODE for variance, 325
probability flux, 319

Index 357

simulation, 328
smooth transformation of, 318
Wright’s formula, 327
Digamma function, 49
Dirichlet distribution, 47
as conjugate prior for multino-
mial, 48
posterior moments, 55
variance and covariance, 55
Dirichlet-multinomial distribution,
49
Distal direction, 342
Distance
genetic, 258
total variation, see Total vari-
ation distance
DNA
annealing, 345
complementary, 347
denaturing, 345
fingerprinting, 33
length of base runs in, 295—
296
manipulation by geneticists,
345
sequence comparison, 281-293,
308-310
strand, 341
Markov chains on, 172
sense and antisense, 341
structure, 341
using restriction enzymes to
cut, 306
vector, 346
Dominance genetic variance, 100,
111
cross covariance, 148
in calculating risk ratios, 102
in trait covariance, 141
Dominant allele, 2
Dominant disease gene
diffusion model, 321
mean frequency, 325
Double-backcross mating, 43
Double-intercross mating, 44-45



358 Index

Drosophila
recombination on X chromo-
some, 273
Dynamic programming, 281
haplotyping, 198
multiple sequence alignment,
292-293
Needleman-Wunsch algorithm,
see Needleman-Wunsch
algorithm
Smith-Waterman algorithm,
see Smith-Waterman al-
gorithm

Egg, 1
Electrophoresis, see Gel electrophore-
sis
Elston-Stewart algorithm, 115-117
for hypergeometric polygenic
model, 157
EM algorithm, 23
ascent property, 24—26
expected information, 55
for estimating admixture pa-
rameter, 35
for estimating allele frequen-
cies, 26
for estimating binomial pa-
rameter, 36
for estimating haplotype fre-
quencies, 33, 55
for estimating identity coef-
ficients, 110
for estimating inbreeding co-
efficients, 34
for estimating multinomial pa-
rameters, 37
for estimating recombination
fractions, 34
for estimating segregation ra-
tios, 28
for finding binding domains,
31, 37
for polygenic model, 159-161

for radiation hybrid mapping,
237
gradient method for posterior
mode, 246
Empirical Bayes, 39
for allele frequency estimation,
48
for haplotype frequency esti-
mation, 51, 56
Enhancer region, 342, 344
Entropy inequality, 25
Environmental effect, see Quan-
titative trait
Eocyte, 215
Episodic ataxia pedigree data, 130
haplotyping using descent graph
method, 187
Epistasis, 123
Epoch, 170
Equilibrium distribution, 262
continuous time, 210
discrete time, 170
Wright’s formula, 327
Equilibrium, stable and unstable,
10
Erdos-Rényi law, 311
Ergodic condition, 170, 196
Ergodic theorem, 171
Errors, genotyping, see Genotyp-
ing errors
Eubacteria, 215
Eukaryote, 215, 344
Evolution, neutral
Kimura’s model of, 211-214
equilibrium distribution, 226
Evolution, slow versus fast, 219
Evolutionary parsimony, Lake’s method
of, 227
Evolutionary trees, 203—-208
likelihood for, 214
maximum parsimony, see Max-
imum parsimony
model assumptions, 214
possible number of, 204, 223
postorder traversal, 208



preorder traversal, 208
rooted, 205
unrooted, 206
Exclusion probability, see Pater-
nity testing
Exon, 341
Expected information, see Infor-
mation, expected
Exponential distribution, 310
Exponential family, 40
score and information for spe-
cific examples, 42
Expressed sequence tags, 347
Extinction of allele, 10
Extreme value distribution, 314
moments, 315

Factor analysis, 151-152
example, 152
maximum likelihood, 151
standard errors, 163
Fast Walsh transform, 190
Felsenstein’s map function, see Map
function, Felsenstein’s
Felsenstein’s pulley principle, 215
Finger ridge counts, 149-150
FISH, see Fluorescence in situ hy-
bridization
FISHER pedigree analysis software,
xi, 147
Fisher’s exact test, 69
Fisher-Yates distribution, 67-69
moments of, 75
Fitness, 9
Fixed point, 10, 18
Fluorescence in situ hybridization,
347
Forward algorithm, see Baum’s for-
ward algorithm
rate variation model, 220
Founder, 3
Founder effect, 12
Founder tree graph, 177-180
connected component of, 178
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Gamete, 2
Gamete competition model, 126
Gamete probability
in terms of avoidance proba-
bilities, 260
under count-location model,
261
under Poisson-skip model, 265—
269
Gauss-Newton algorithm, 53
Gel electrophoresis, 345
pulsed-field, 347
reading errors, 192
Gene, 1
marker, see Marker gene
Gene assignment, using somatic
cell hybrids, 301-304
Gene counting for allele frequen-
cies, 22
Genetic databases, 281
Genetic drift, 12
Genetic identity coefficient, see Iden-
tity coefficient
Genome, human, 342
Genotype, 1
multilocus, 4
ordered and unordered, 2
Genotype elimination algorithm,
118-120, 133
used to find legal descent graph,
185
Genotyping errors, 191-192
Geometric distribution
descent graph transitions, 184
distance between restriction
sites, 282
sequence matching, 310
Gibbs random fields, 219
partition function, 220, 227
potential function, 220
Gibbs sampling, 174, 196
Graph
descent, see Descent graph
number of triangles in, 312
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Group specific component (Gc),
146-147
Guanine, 341

Haldane’s model, see Chiasma(ta),
Haldane’s model
Hall’s marriage theorem, 235
Halobacteria, 215
Hamming distance, 303
minimum, 303, 313
Haplotype, 4
contingency table counts, 76
frequency estimation, 51, 55,
56
Haplotyping, 186
Haptoglobin locus, 42
Hardy-Weinberg equilibrium, 2
assumptions, 4
at autosomal loci, 6
at X-linked loci, 6, 14
convergence when generations
overlap, 14
for Xg(a) locus, 8
testing for, 59-62, 73
among racially mixed sub-
populations, 70
Hastings-Metropolis algorithm, 173—
175
acceptance probability, 173
for descent graphs, 184
symmetric proposal density,
173, 196
Hazard rate, 272
for Poisson-skip model, 277
Hemizygote, 7
Hemoglobin
codon model for, 221
mutations in, 66
Heritability, 157
Heterozygote, 1
probability of, 13
Heterozygote advantage, 11
Hhal restriction site, 195, 282
Hidden Markov chains

in Lander-Green-Kruglyak al-
gorithm, 188

in Poisson-skip process, 269

in radiation hybrids, 241
Hidden trials

binomial, 36

EM algorithm for, 36, 37

multinomial, 37

Poisson or exponential, 37
Histone proteins, 342
Homologous pairs, 1
Homology, 308

testing DNA sequences for,

308-310

Homozygote, 1
Household indicator matrix, 142
HUMTHO1 locus data, 50
Huntington disease, 109
Hybridization, in situ, 62, 64
Hyperbolic trigonometric functions

generalization of, 275
Hypergeometric distribution, 154

approximation by Poisson, 312

Identity by descent, 81
Identity by state, 81
Identity coefficient
condensed, 85
in calculating risk ratios,
102
relation to kinship coeffi-
cient, 85, 91
used for genotype predic-
tion, 97
Identity states
condensed and detailed, 84
partitions for linkage statis-
tics, 193
Importance sampling, 196
In situ hybridization, see Hybridiza-
tion, in situ
In-trees, 226
Inbreeding coefficient, 34, 81
path formula for computing,
94



relation to disease risk, 109
under sib mating, 93
Indel, 284
Independence testing, see Link-
age equilibrium, testing
for
Infinitesimal transition matrix, 210
eigenvalues of, 224, 225
probability, see Transition rate
Information
expected, 4042
as efficiency of experimen-
tal design, 4345
EM algorithm, 55
for Dirichlet distribution,
55
for multivariate normal, 145,
159
for power-series family, 53
for radiation hybrids, 251,
253
multinomial, 54
observed, 39
for Dirichlet-multinomial dis-
tribution, 49
for multivariate normal, 144
Intensity measure, 257
Interarrival distribution, 262
for Poisson-skip model, 277
Interphase, 347
Intron, 344
Irreducibility (ergodic assumption),
170
Ising model, 220, 227
Iterated sum, 120-122, 243
greedy algorithm for, 121, 133

Jensen’s inequality, 24

Kimura’s model, see Evolution, neu-
tral
Kinship coefficient, 81
algorithm for computing, 82—
83
generalized, 86-91

Index 361

computation of, 88-91
used in robust linkage analy-
sis, 106
in calculating risk ratios, 102
in QTL mapping, 195
relation to identity coefficients,
85
X-linked, 93
generalized, 94
in QTL mapping, 164
Kinship matrix, 83
diagonalization, 92, 111
QTL mapping, 150
Kolmogorov’s circulation criterion
continuous time, 210
discrete time, 171
Kolmogorov-Smirnov test, 283
Kosambi’s map function, see Map
function, Kosambi’s
Kronecker product, 148, 161

Lagrange multiplier, 27
Lander-Green-Kruglyak algorithm,
122, 188-191
in haplotyping, 198
Laplace’s method used in approx-
imating integrals, 248
Levenshtein metric, 283, 286
Liability, 154
Likelihood ratio statistic
for QTL mapping, 151
for testing allele frequency dif-
ferences, 61
for testing Hardy-Weinberg equi-
librium, 60, 62, 73
for testing segregation para-
meters, 126
Linear algebra, some review of,
142-144
Linkage analysis, 4, 346
QTL mapping, 151
robust methods for, 106-109
using lod and location scores,
129-133
Linkage equilibrium, 4
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convergence for three loci, 16
convergence for two loci, 8
convergence when generations
overlap, 16
nonparametric test for, 74
testing for, 6769
Location scores, 131
stochastic method for, 175,
184, 187
Locus, 1
Lod score, 130
Log-concavity
in count-location model, 271,
277
in Poisson-skip model, 271
of ABO likelihood, 52

Map function, 261
Carter and Falconer’s, 275
Felsenstein’s, 275
for Poisson-skip model, 265
for radiation hybrid breakage,
232
Haldane’s, 131
Karlin’s, 274
Kosambi’s, 264, 275
properties of, 262
Mapping, linkage, see Linkage analy-
sis
Marker(s), 4
gaps between, 304-306
short tandem repeat, 347
Marker-sharing statistics, 112, 192—
195
affecteds-only method, 107
for dominant diseases, 193
for recessive diseases, 193
simulation of p-values, 194
Markov chain
continuous time, 209-210
average number of transi-
tions, 224
equilibrium distribution, 226
discrete time, 170-173
on DNA strand, 172

improving mixing of, 196-197
on pedigree descent graphs,
175-177, 181-184
transition rules, 181-183, 198
with multiple transitions per
step, 184
restriction site model, 172, 195
used in Poisson-skip model,
265
Markov chain Monte Carlo, 169—
198
for testing linkage equilibrium,
69
Marriage theorem, see Hall’s mar-
riage theorem
Mather’s formula, see Recombi-
nation fraction
Matrix exponential, 210, 223
Maximum likelihood estimation
by scoring, see Scoring method
for evolutionary trees, 214-
215
compared to maximum par-
simony, 216
for radiation hybrid mapping
haploid case, 236, 251
polyploid case, 240
in factor analysis, see Factor
analysis
Newton’s method, see New-
ton’s method
of allele frequencies, 32-33
of power-series parameter, 53
Quasi-Newton methods, see
Quasi-Newton methods
using EM algorithm, see EM
algorithm
variances and covariances, 40
Maximum parsimony, 205-208, 223
algorithm for, 206
compared to maximum like-
lihood, 216
tree traversal scheme, 208
Mean components, 141
Meiosis, 2



Meiosis indicators, 189
MENDEL pedigree likelihood soft-
ware, xi, 185
Messenger RNA, see RNA, mes-
senger
Metaphase spread, 64
Methanogen, 215
Metropolis algorithm, see Hastings-
Metropolis algorithm
Mixed model for polygenic trait,
154
Moran’s model, 14-16
Morgan, 132
Mosquito two-locus genotype data,
34
Multilevel logistic model, 220
Multinomial distribution
Wy statistic for
Poisson approximation to,
300
distribution function, 73, 74
hidden, see Hidden trials
testing hypotheses about, 62—
73
Multivariate normal distribution,
see Normal distribution,
multivariate
Mutation, 12
in hemoglobin, 66
Myotonic dystrophy pedigree data,
128, 134

Needleman-Wunsch algorithm, 286—
290
affine gap distance, 288
memory reduction, 289-290
parallel processing, 289
Neighborhood method, 299
for number of triangles in ran-
dom graph, 312
for somatic cell hybrid pan-
els, 303
for success runs in Bernoulli
trials, 314
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for testing clustering of re-
striction sites, 306-308
Neutral model, 321
fixation probabilities, 323
fixation times, 324
mean frequency, 326
variance of frequency, 326
Newton’s method, 39
for a quadratic function, 52
Nonparametric linkage analysis
affecteds-only method, 106
descent graph method, 192
Normal distribution, 351-354
multivariate, 142, 352-354
data compression, 161
univariate, 351-352
Normal equations, 159
Nuclear family, 27
likelihood for, 136
Nucleosome, 342
Nucleotide, 341
Nucleus, 215, 344

Obligate breaks
distribution
haploid case, 235, 250
polyploid case, 244, 253
minimum criterion
consistency of, 233-235
haploid case, 233
polyploid case, 244
Observed information, see Infor-
mation, observed
Oligonucleotide, 347
Order statistics, 310
Ott’s likelihood representation, 117

Partial digest, 345

Partition function, see Gibbs ran-
dom fields, partition func-
tion

Pascal’s triangle, 285

Paternity testing, 124-125

Pattern matching, 281-283
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PCR, see Polymerase chain reac-
tion
Pedigree, 2
condensed identity coeflicients
for, 90, 92
gene flow in, 175-177
kinship matrix for, 83, 94
likelihood for, 115-124
allele consolidation, 120
differentiation of, 136
factoring, 122
genotype elimination algo-
rithm, see Genotype elim-
ination algorithm
Ott’s representation, 117
numbering convention for, 82
Penetrance, 115
array factoring, 123
Permutation
best for radiation hybrids, 233
generating random, 76
in transmission/disequilibrium
test, 71
number of fixed points in, 311
two-sample ¢ test, 76
PGM1 locus data, 126
Phase, 4
ambiguity in Snps, 127
Phenotype, 1
Phylogeny, 203
Poisson distribution
as approximate sum of indi-
cators, 299-315
as approximation to hyper-
geometric distribution, 312
as model for chiasmata, 258,
261
in modeling radiation hybrid
breakage, 232
law of rare events, 300
mixture of, 35
restriction sites, 282
Poisson-skip process, 264
chi-square model, 270
map function, 265

positive interference, 270
Polygenes, 154
Polygenic model, 141-165
finite, 154
hypergeometric, 154-157, 164~
165
reproductive property, 164
with inbreeding, 165
threshold, 154
Polymer, 341
Polymerase, 346
Polymerase chain reaction, 346
DNA amplification by, 350
Polymorphic locus, 4
Population isolate
bottleneck, 335
Finnish recessive diseases, 333
Position interference, 270
Positive definiteness
in Newton’s method, 40
in Quasi-Newton methods, 46
in scoring method, 40
partial ordering by, 54
Posterior mode, 246
Posterior probabilities
for genotyping errors, 192
in paternity testing, 124
Potential function, see Gibbs ran-
dom fields, potential func-
tion
Power-series family, 53
Prediction of genotypes, 97
Premessenger RNA | see RNA, pre-
messenger
Primer, 346
Prior for pedigree founders, 115,
214
factoring, 123
Probe, 345
Prokaryote, 215
Promoter region, 342, 344
Protein, 341
construction of, 343-344
Proximal direction, 342
Pseudogene, 342



Pulley principle, see Felsenstein’s
pulley principle
Pulsed-field gel electrophoresis, see

Gel electrophoresis
Purine, 205, 341
Pyrimidine, 205, 341

QR decomposition, 353
QTL mapping, 150-152
example, 152
X-linked trait, 163
Quantitative trait, 99
covariances between relatives,
100
in presence of inbreeding,
110
covariances for bivariate traits,
111
environmental effect on, 101,
141
multilocus, 141
Quasi-Newton methods, 45, 54
for multivariate normal log-
likelihood, 146

Radiation hybrid(s), 347
breakage probability, 232, 236,
251
criteria for comparing locus
orders, 233-238
haploid two-locus likelihoods,
236
mapping, 231
models for, 232
polyploid
multi-locus likelihood, 241
partial derivatives of like-
lihood, 252
two-locus model, 240, 252—
253
posterior probabilities for lo-
cus orders, 248
Random thinning, 257
Rate variation model, 219-222
example, 221

Index 365

modulation parameter, 221
Ray, 239
Recessive allele, 2
Recessive disease gene
diffusion model, 321
Finnish bottleneck, 335
Finnish example, 333
Finnish extinction probabil-
ity, 334
impact of counseling, 18
stochastic equilibrium, 327
Recombination, 2
Recombination fraction, 2
as function of map distance,
see Map function
count-location model, 260, 277
Mather’s formula for, 258
generalization of, 260
implications for map func-
tions, 262
Trow’s formula, 117, 133
Reference prior, 51
Regulatory region, 218, 281, 342
Renewal function, 262
Renewal process, 261
delayed, 262, 274
discrete, 267
pattern matching, 282, 294
Restriction enzymes, 172, 306, 345
table of, 345
Restriction fragment polymorphism,
346
Restriction map, 345
Restriction sites, 306
detecting clustering of, 306—
308
Markov chain model, 172, 195
Poisson model, 281, 293
Reversible Markov chain
continuous time, 210
discrete time, 171
RFLP, see Restriction fragment
polymorphism
Ribonucleic acid, see RNA
Ribosome, 343
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Risk, 102, 110
Risk prediction, 128
for myotonic dystrophy, 128,
134
for recessive disease, 134
for X-linked recessive, 135
under polygenic threshold model,
157
Risk ratio, 102
two-locus models, 103-105, 112
RNA
16s ribosomal, 216
messenger, 341, 343
polymerase, 344
premessenger, 343
strand, 341
structure, 341
transfer, 344
Robust linkage analysis, see Link-
age analysis
Root of evolutionary tree, 203

Scan statistic, 306
Schizophrenia, risk ratios for, 105
Schrédinger’s randomization tech-
nique, 259
Score, 39
for Dirichlet distribution, 55
for Dirichlet-multinomial dis-
tribution, 49
for multivariate normal, 144
for some exponential families,
42
Scoring method, 39
for inbreeding coefficient and
allele frequency, 42
for mean and variance com-
ponents, 142
relation to least squares, 53
Secant condition, 46
Segmental function, 275
Segregation parameter, 126
Segregation ratio, 5, 27
Selection, 9
balance with mutation, 12, 17

speed of, 18
Selfing, 93, 195
Sequence alignment
listing, 285
multiple, 292-293
pairwise, 283-292
local similarity, 291-292
maximum similarity, 290
291
minimum distance, 285288
number of, 284-285, 295
significance of, 308-311
Sequence tagged sites, 248
Sex chromosome, see Chromosome(s),
sex
Sherman-Morrison formula, 46
in posterior mode calculation,
247
Sickle cell anemia
and heterozygote advantage,
11
Silencer region, 342
Simulated annealing, 174
for haplotyping, 186-187
for ordering loci, 233
Single nucleotide polymorphism,
127
Sister chromosomes, see Chromo-
somes, sister
Smith-Waterman algorithm, 291
292
Software, xi
Somatic cell hybrid, 301, 347
model for panel construction,
313
panel of chromosome indica-
tors, 302
assumptions, 303
error detection and correc-
tion, 303, 313
Southern blotting, 345
Spacing of markers, 306
Sperm, 1
State space, 170



Stationary distribution, see Equi-
librium distribution

Stationary point process, 262

Steepest ascent, 40

Step-halving, 40

Stirling’s formula, 285, 328

Stochastic methods, see Markov
chain Monte Carlo

Stochastic point process, 257

Subadditivity, 287, 295

Sum, iterated, see Iterated sum

Tandem repeat locus, 50
Taxon, 203
Tay-Sachs disease and heterozy-
gote advantage, 11
Telomere, 257, 342
Thinning, random, see Random
thinning
Thymine, 341
Tip of evolutionary tree, 203
Total variation distance, 299
bound for, see Chen-Stein bound
Trait, 4
Transcription (of genes), 341, 343
Transcription factor, 344
Transfer RNA, see RNA, transfer
Transition
in evolutionary model, 211
Transition probability matrix, 170,
195-196
Transition rate, 209
Translation (of genes), 341
Transmission probability, 115, 214
array factoring, 123-124
for gametes, 116
gamete competition model, 126
Transmission/disequilibrium test,
70-73, 126
Transversion, 211
Trow’s formula, see Recombina-
tion fraction
Twins, trait covariance between,
146
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Univariate normal distribution, see
Normal distribution, uni-
variate

Uracil, 341
Variance component, 142

Wy statistic, 62, 65—67
Poisson approximation to, 300
recursive calculation of dis-

tribution, 74

Wald’s formula, 265

Walsh transform, 189-191, 260

Wright’s path formula, 94

Wright-Fisher model, 320
bottleneck, 335
density function, 333
extinction probability, 334
Finnish example, 333
numerical methods for, 332

X chromosome, 1, 342
convergence to Hardy-Weinberg
equilibrium, 6
X-linked kinship coefficient, see Kin-
ship coefficient, X-linked

Y chromosome, 1

Zmax Statistic, 62
approximate distribution, 63
for case-control tests, 70
in testing in situ hybridiza-
tion, 64
in transmission/disequilibrium
test, 7273
Zygote, 2



Sprm ger Texts in Statistics (continued from page i)

Madansky: Prescriptions for Working Statisticians

McPherson: Applying and Interpreting Statistics: A Comprehensive Guide,
Second Edition

Mueller: Basic Principles of Structural Equation Modeling: An Introduction to
LISREL and EQS

Nguyen and Rogers: Fundamentals of Mathematical Statistics: Volume I:
Probability for Statistics

Nguyen and Rogers: Fundamentajs of Mathematical Statistics: Volume II:
Statistical Inference

Noether: Introduction to Statistics: The Nonparametric Way

Nolan and Speed: Stat Labs: Mathematical Statistics Throngh Applications

Peters: Counting for Something: Statistical Principles and Personalities

Pfeiffer: Probability for Applications

Pitman: Probability

Rawlings, Pantula and Dickey: Applied Regression Analysis

Robert: The Bayesian Choice: From Decision-Theoretic Foundations to
Computational Implementation, Second Edition

Robert and Casella: Monte Carlo Statistical Methods

Rose and Smith: Mathematical Statistics with Mathematica

Santner and Duffv: The Statistical Analysis of Discrete Data

Saville and Wood: Statistical Methods: The Geometric Approach

Sen and Srivastava: Regression Analysis: Theory, Methods, and Applications

Shao: Mathematical Statistics

Shorack: Probability for Statisticians

Shumway and Stoffer: Time Series Analysis and Its Applications

Terrell: Mathematical Statistics: A Unified [ntroduction

Timm: Applied Multivariate Analysis

Toutenburg: Statistical Analysis of Designed Experiments, Second Edition

Whittle: Probability via Expectation, Fourth Edition

Zacks: Introduction to Reliability Analysis: Probability Models
and Statistical Methods



ALSO AVAILABLE FROM SPRINGER!

Numerical
Analysis for
Statisticians

e

Rick Durrett

Probability Models
for DNA Sequence
Evolution

NUMERICAL ANALYSIS
FOR STATISTICIANS

KENNETH LANGE

This book is intended to equip students to craft their
own software and to understand the advantages and
disadvantages of different numerical methods.
Issues of numerical stability, accurate approxi-
mation, computational complexity, and mathe-
matical modeling share the limelight in a broad yet
rigorous overview of those parts of numerical
analysis relevant to statisticians. Although the
bulk of the book covers traditional topics from lin-
ear algebra, optimization theory, numerical inte-
gration, and Fourier analysis, several chapters
highlight recent statistical developments such as
wavelets, the bootstrap, hidden Markov chains, and
Markov chain Monte Carlo methods.

1999/371 PAGES/HARDCOVER/ISBN 0-387-94979-8
STATISTICS AND COMPUTING

MATHEMATICAL AND
STATISTICAL METHODS

FOR GENETIC ANALYSIS
Second Edition
KENNETH LANGE

This book enables students in the mathematical
sciences to understand and model the epidemio-
logical and experimental data encountered in
genetics research. Mathematical, statistical, and
computational principles relevant to this task are
developed hand in hand with applications to pop-
ulation genetics, gene mapping, risk prediction,
testing of epidemiological hypotheses, molecular
evolution, and DNA sequence analysis. This sec-
ond edition expands the original edition by over
100 pages and includes new material on DNA
sequence analysis, diffusion processes, binding
domain identification, and QTL mapping and fac-
tor analysis.

2002/384 PAGES/HARDCOVER/ISBN 0-387-95389-2
STATISTICS FOR BIOLOGY AND HEALTH

PROBABILITY MODELS FOR
DNA SEQUENCE EVOLUTION

RICK DURRETT

Given a collection of DNA sequences, what
underlying forces are responsible for the observed
patterns of variability? The author approaches this
question by introducing and analyzing a number
of probability models: the Wright-Fisher model,
the coalescent, the infinite alleles model, and the
infinite sites model. He discusses the complica-
tions that come from nonconstant population
size, recombination, population subdivision, and
three forms of natural selection: directional selec-
tion, balancing selection, and background selec-
tion. These theoretical results set the stage for the
investigation of various statistical tests to detect
departures from “neutral evolution.” The final
chapter studies the evolution of whole genomes
by chromosomal inversions, reciprocal translo-
cations, and genome duplication.

2002/300 PP./HARDCOVER/ISBN 0-387-95435-X
PROBABLILTY AND ITS APPLICATIONS

To Order or for Information:

In the Americas: CALL: 1-800-SPRINGER or FAX: (201)
348-4505 e WRITE: Springer-Verlag New York, Inc.,
Dept. S5430, PO Box 2485, Secaucus, NJ 07096-
2485 o VISIT: Your local technical bookstore

o E-MAIL: orders@springer-ny.com

Outside the Americas: CALL: +49 (0) 6221 345-217/8
* FAX: + 49 (0) 6221 345-229 * WRITE: Springer
Customer Service, Haberstrasse 7, 69126
Heidelberg, Germany e E-MAIL: orders@springer.de
PROMOTION: $5430

Springer

www.springer-ny.com






