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Discrete Distributions Introduction

Introduction

This is the fifth book of examples from the Theory of Probability. This topic is not my favourite,
however, thanks to my former colleague, Ole Jorsboe, I somehow managed to get an idea of what it is
all about. The way I have treated the topic will often diverge from the more professional treatment.
On the other hand, it will probably also be closer to the way of thinking which is more common among
many readers, because I also had to start from scratch.

The prerequisites for the topics can e.g. be found in the Ventus: Calculus 2 series, so I shall refer the
reader to these books, concerning e.g. plane integrals.

Unfortunately errors cannot be avoided in a first edition of a work of this type. However, the author
has tried to put them on a minimum, hoping that the reader will meet with sympathy the errors
which do occur in the text.

Leif Mejlbro
26th October 2009
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Discrete Distributions 1. Some theoretical background

1 Some theoretical background

1.1 The binomial distribution
It is well-known that the binomial coefficient, where o € R and k € Ny, is defined by

<a ) _ ale—=1)-(a—k+1) o

k k(k—1)---1 TR
where

¥ =ala—1)-(a—k+1)

denotes the k-th decreasing factorial. If in particular, « = n € N, and n > k, then

()

is the number of combinations of k£ elements chosen from a set of n elements without replacement.

If n € Ny and n < k, then
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Discrete Distributions 1. Some theoretical background

Also the following formulee should be well-known to the reader
n n—1 n—1
(2)=(F20)+("%"). mnen
n n—1
(1) n(171), ke
Chu-Vandermonde’s formula:

k
n-—+m n m
( k >:Z<Z)(k—l)7 k,m,neN, k<n+m.

i=0

(—1)’€( _(O‘k“)):(o“]gk ) a€R, keN.

The binomial series:

(1+x)‘*:+f< Z )a:k, ze]-1,1, a€eRr

k=0
(1—2)"® = :Zj: ( *(5]; 1) ) (—1)Fak = :ﬁ; ( b . g ) "

If in particular « = n € N, then

n

(a+b)"z<z>akbnk, a, beR.

k=0

(yer(3) o (Her-z(¥)

Stirling’s formula

n! ~v2mn {E} ,
€

where ~ denotes that the proportion between the two sides tends to 1 for n — +o0.

A Bernoulli event is an event of two possible outcomes, S and F, of the probabilities p and ¢ = 1 — p,
resp.. Here S is a shorthand for Success, and F for Failure. The probability of success is of course p.

Assume given a sequence of n Bernoulli events of the same probability of success p. Then the proba-
bility of getting precisely k successes, 0 < k < n, is given by

(%)=

where the binomial coefficient indicates the number of ways the order of the k successes can be chosen.

A random variable X is following a binomial distributions with parameters n (the number of events)
and p €10, 1] (the probability), if the possible values of X are 0, 1, 2, ..., n, of the probabilities

n

P{X:k}:(k )pk(l—p)n_k, E=0,1,2, ..., n
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Discrete Distributions 1. Some theoretical background

In this case we write X € B(n,p). It is of course possible here to include the two causal distributions,
where p = 0 or p = 1 give degenerated binomial distributions.

If X € B(n,p) is following a Bernoulli distribution, then

E{X}=np and V{X} =np(1 —p) = npgq.

If X € B(n,p) and Y € B(m,p) are independent and binomially distributed random variables, then
the sum X +Y € B(n + m,p) is again binomially distributed. We say that the binomial distribution
is reproductive in the parameter of numbers for fized probability parameter.

1.2 The Poisson distribution

A random variable X is following a Poisson distribution of parameter a € R, and we write X € P(a),
if the possible values of X lie in Ny of the probabilities

ak
P{X=k}="7e"  keNo

In this case,

E{X}=a and V{X} =a.

When we compute the probabilities of a Poisson distribution it is often convenient to apply the
recursion formula

P{X:k}:%P{X:k—l}, for k € N.

Assume that {X,,} is a sequence of Bernoulli distributed random variables,
XneB(n,g), a>0and n € Nmedn > a.
n

Then {X,,} converges in distribution towards a random variable X € P(a), which is Poisson dis-
tributed.

1.3 The geometric distribution

A random variable X is following a geometric distribution of parameter p €]0,1[, and we write
Pas(1, p), if the possible values of X lie in N of the probabilities

P{X =k} =pg" ' =p(l-p*, kel
We have the following results

P{X<k}=1-¢* and P{X>kl=¢"  keN,
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Discrete Distributions 1. Some theoretical background

and

E{X}:% and V{X}:]%.

Consider a number of tests under identical conditions, independent of each other. We assume in each
test that an event A occurs with the probability p.
Then we define a random variable X by

X =k, if A occurs for the first time in test number k.

Then X is geometrical distributed, X € Pas(1, p).
For this reason we also say that the geometric distribution is a waiting time distribution, and p is
called the probability of success.

If X € Pas(1,p) is geometrically distributed, then
P{X>m+n|X >n}=P{X >m}, m, n € N,
which is equivalent to
P{X >m+n}=P{X >m} - P{X >n}, m, n € N.

For this reason we also say that the geometric distribution is forgetful: If we know in advance that the
event A has not occurred in the first n tests, then the probability that A does not occur in the next
m tests is equal to the probability that A does not occur in a series of m tests (without the previous
n tests).

1.4 The Pascal distribution

Assume that Y7, Ys, Y3, ..., are independent random variables, all geometrically distributed with the
probability of success p. We define a random variable X, by

X, =Yi+Yst - +Y,.

This random variable X, has the values r, r + 1, r +2, ..., where the event {X, = k} corresponds to
the event that the r-th success occurs in test number k. Then the probabilities are given by

P{X?”:k}:<l;:i>pqurv k:T,T-I-].,T-i-Q,....

We say that X, € Pas(r,p) is following a Pascal distribution of the parametres r € N and p €10, 1],
where 7 is called the parameter of numbers, and p is called the parameter of probability. In this case

B{X} = % and  V{X}= ;—Z.

If X € Pas(r,p) and Y € Pas(s,p) are independent Pascal distributed random variables of the same
parameter of probability, then the sum X +Y € Pas(r+s,p) is again Pascal distributed. We say that
the Pascal distribution is reproductive in the parameter of numbers for fived parameter of probability.

9
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Discrete Distributions 1. Some theoretical background

Clearly, the geometric distribution is that particular case of the Pascal distribution, for which the
parameter of numbers is 7 = 1. We also call the Pascal distributions waiting time distributions.

It happens quite often that we together with X, € Pas(r,p) consider the reduced waiting time, Z, =
X, —r. This is following the distribution

k -1 7 - T
P{Zrzk}z( +Z )p qk:(—l)’“( kr)pq’ﬂ k € Ny,
with

rq rq
E{Z.} =— and Vi{Z.} = —.
{2} ) {2} e

We interpret the random variable Z, by saying that it represents the number of failures before the
r-th success.

If » € N above is replaced by k € R, we get the negative binomially distributed random variable
X € NB(k,p) with the parameters k € R, and p €]0,1[, where X has Ny as its image, of the
probabilities

5\ . k=1 .
P =my=Cof ()t = (PR e ke

360°
thinking.
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Discrete Distributions 1. Some theoretical background

In particular,
B{X} = % and  V{X}= %.

If Kk =r € N, then X € NB(r,p) is the reduced waiting time X = X, — r, where X, € Pas(r,p) is
Pascal distributed.

1.5 The hypergeometric distribution

Given a box with the total number of N balls, of which a are white, while the other ones, b = N — q,
are black. We select without replacement n balls, where n < a+b = N. Let X denote the random
variable, which indicates the number of white balls among the chosen n ones. Then the values of X
are

max{0, n —b}, ..., k, ... min{a,n},

each one of the probability

(i) ()
k n—k
P{X =k}= .
{ } a+b
n
The distribution of X is called a hypergeometric distribution. We have for such a hypergeometric
distribution,

na nab(a +b—n)

EXy=1mm ad VXY= o

There are some similarities between an hypergeometric distribution and a binomial distribution. If we
change the model above by replacing the chosen ball (i.e. selection with replacement), and Y denotes
the random variable, which gives us the number of white balls, then

YeB (n, L) is binomially distributed,
a+b

with
k n—k
n \ a®-b
P{Y_k}_<k>m’ k € Ny,
and
E{Y} = na and V{Y} = nab

a+b (a+0b)?
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Discrete Distributions 2. The binomial distribution

2 The binomial distribution

Example 2.1 Prove the formule
n n—1 n—1
(1) =(z1)+ (") woen
A T k,neN
k) ="\ k-1 ) e

either by a direct computation, or by a combinatorial argument.

By the definition
n—1 n—1 B (n—1)! n—-1!"  (n—1)!
(k1)+< k ) S oD —R)  Mm k=1 Mgy R

k!(nni I ( " >

It is well-known that we can select k£ elements out of n in ( Z ) ways.

This can also be described by
1) we either choose the first element, and then we are left with k — 1 elements for n — 1 places; this
ill give in total ([ 1 ), or
will give ota r_1 ) ©
2) we do not select the first element, so k elements should be distributed among n — 1 places. This
gives in total ( n; ! ) ways.
The result follows by adding these two possible numbers.

By the definition,

’“( ; ) :k'k!(nn!k)! = (kn(lT;!an)!k)! :”< i )

Example 2.2 Prove the formula
. k n+1
Z(r)_(r+1>’ r,n €Ny, r<n.
k=r
HINT: Find by two different methods the number of ways of choosing a subset of r+1 different numbers

from the set of numbers 1, 2, dots, n + 1.

Clearly, the formula holds for n = r,

£()-()==(1) (22
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Discrete Distributions 2. The binomial distribution

Assume that the formula holds for some given n > r. Then we get for the successor n + 1, according
to the first question of Example 2.1,

2(0) =207
- (1))

and the claim follows by induction after n for every fixed r.
Since r € Ny can be any number, the claim follows in general.

ALTERNATIVELY the formula can be shown by a combinatorial argument. Given the numbers 1, 2, 3,

n+l ) different ways.

., n+ 1. From this we can choose a subset of r + 1 different elements in ( el

Then we split according to whether the largest selected number k+1isr+1,r+2, ..., n+ 1, giving
(n+ 1) — k disjoint subclasses.

Consider one of these classes with k+1, k = r, ... , n, as its largest number. Then the other » numbers
must be selected from 1, 2, 3, ... , k, which can be done in ( f > ways. Hence by summation and
identification,

i kN ([ n+1
r ) \r+1 )"
k=r
Example 2.3 Prove by means of Stirling’s formula,

2n 1 2271
n NI
REMARK: One can prove that
2n 22n QTL 2277,
Ve =< < .
2n+1 /mn n VT
Stirling’s formula gives for large n,
nl~+vV2mn-n"-e ",

hence

2n \ _ (2n)! _V2m-2n- (2n)2ne—2n _ 2/ 22n . pin . e=2n _ 1 o2n
n nin! (V2rn - nn - e—n)Q 21n - n2n - e—2n NLTD ’
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Discrete Distributions 2. The binomial distribution

Example 2.4 Prove by means of the identity

(1+x)”:z<z>xk, reR, neN,

k=0

the formule

and

1 n=l_1 X1
L:Zm(;’)xkﬂ r€R, neN

n+1 Py

The former result follows by a partial differentiation and the second result of Example 2.1.

The latter result follows by an integration from 0.
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Discrete Distributions 2. The binomial distribution

Note that

1 n\ 1 nl 1 (n+1) 1 n+1
E+1\ k) k+1 kn—k! n+1 (k+D((n+1)—(k+1) n+1\ k+1 )’
so we also have
(1+z)"+t — " n+1 1 &/ 41
- Z gt = > k.
n+1 n—|—1 kE+1 n—l—lkz1 k
Example 2.5 A random variable X is binomially distributed, X € B(n,p). Prove that

B{X(X - 1)} = n(n - 1)p*,

and then find the variance of X.

By a direct computation,

n

B{X(X —1)}

I
i
|

Kk = 1) PX =k} = Zk o f )t

k=1

B z:: ( 1)pk(l_p)n_k:”(”_1)271:(Z;)pk(l—p)""“

k=2
n—2
9 )
= n(n—l)p22<n£ )pe(l—p)( 7= n(n - 1)p*.
£=0

Since E{X} = np, or if one prefers to compute,

- v no\ ok nek_ N~ n—1 k
ZkP{Xk}—Zk< L )p (1-p) —nz< L1 )pp(l—p)
k=1 k=1

n—1 n—1
= np) ( ¢ )pl(l —p)" I = np,
=0

we get the variance

B{X}

V{X} = E{X?}-(B{X})’=E{X?} - B{X} + E{X} — (E{X})*
= B{X(X - 1)} + E{X} — (B{X})? = n(n — 1)p* + np — n’p* = —np* + np
= np(l —p) = npg,

where we as usual have put g =1—p

15
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Discrete Distributions 2. The binomial distribution

Example 2.6 Consider a sequence of Bernoulli experiments, where there in each experiment is the
probability p of success (S) and the probability q of failure (F). A sequence of experiments may look
like

SFSSSFFSSFFFFSFSFF --- .

1) Find the probability that FF occurs before FS.
2) Find the probability that FF occurs before for SF.

1) Both FF and FS assume that we first have an F, thus

P{FF before FS} = P{F} =q.

2) If just one S occurs, then FF cannot occur before SF, thus

P{FF before SF} = P{F in the first experiment} - P{F in the second experiment} = ¢*.

Example 2.7 We perform a sequence of independent experiments, and in each of them there is the
probability p, where p €0, 1[, that an event A occurs.
Denote by X,, the random variable, which indicates the number of times that the event A has occurred
in the first n experiments, and let X, 1 denote the number of times the event A has occurred in the
first n+ k experiments.
Compute the correlation coefficient between X,, and X, 1.
First note that we can write
Xn+k - Xn + Yk»
where Y} is the number of times that A has occurred in the latest k experiments.
The three random variables are all Bernoulli distributed,
X, € B(n,p), Yy € B(k,p) and X, . € B(n+k,p).
Since X,, and Y}, are independent, we have
Cov (Xn7Xn + Yk) =V {Xn} = np(l _p)'
Furthermore,
\% {X7L+k} = (’I’L + k)p(l - p)

Then

_ Cov(Xp, Xngr) Vi{X,.} n
0 (Ko Xntk) = VI VX VX Vn+k
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Discrete Distributions 2. The binomial distribution

Example 2.8 1. Let the random wvariable X1 be binomially distributed, X1 € B(n,p), (where p €
10,1[). Prove that the random variable Xo = n — X5 is binomially distributed, Xo € B(n,1 — p).
Let F denote a experiment of three different possible events A, B and C. The probabilities of these

events are a, b and c, resp., where

a >0, b >0, c>0 and a+b+c=1.

Consider a sequence consisting of n independent repetitions of F.
Let X, Y and Z denote the number of times in the sequence that A, B and C occur.

2. Find the distribution of the random variables X, Y and Z and find

V{X}, V{Y} and V{X+Y}

3. Compute Cov(X,Y) and the correlation coefficient o(X,Y).

4. Compute P{IX =i ANY =4} fori>0,j>0,i+j<n.

1) This is almost trivial, because

P{Xy=k}=P{X,=n—k} = ( o >pn—k(1_p)k: ( " )(l_p)kpn—k

for k=0,1, 2, ..., n, thus Xy € B(n,1—p).
We express this by saying that X; counts the successes and Xo counts the failures.

2) Since X € B(n,a) and Y € B(n,b) and Z € B(n,c), it follows immediately that
V{X} =na(l—a) and V{Y} =nb(1l—0b).
We get from X +Y +Z =nthat X +Y =n—Z € B(n,1 —¢), so
VIX+Y}=V{n—Z} =V{Z} =nc(l —c).

3) From a+ b+ ¢ =1 follows that c =1 — (a + b) and 1 — ¢ = a + b. Then it follows from (2) that

Cov(X,Y) = % (VIX + Y} = V{X} - V{V})

S 1= (a+b))(@+b) —a(l—a)—b(1 - b)}

S {(a+b) — (a+b)® — (a+b)+ (a +17)}

2
= 3 (—2ab) = —nab.
Hence,
. Cov(xY) —nab Y S N S U N
N =R T VG omara | \@raeTa | T-au-5
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Discrete Distributions 2. The binomial distribution

4) We can select ¢ events A in ( TZL > ways, and then j events B in < e ) ways, SO

P{X=iY =j}= ( " > < ”;’ )aibﬂ'c"ij.

i
Remark 2.1 We get by a reduction,

( sz ) < ng_z ) - i!(nni i) 'j!(y(zn-_iii!j)! = iin ﬁ!z‘-j)! = ( zny )

analogously to the binomial distribution. Note that i + j + (n — i — j) = n, cf. the denominator.
Therefore, we also write

)

and the distribution of (X,Y") is a trinomial distribution (multinomial distribution or polynomial
distribution). ¢

Find out more and apply

redefining / standards M
f E by

Click on the ad to read more
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Discrete Distributions 2. The binomial distribution

Example 2.9 An event H has the probability p, where 0 < p < 1, to occur in one single experiment.
An experiment consists of 10n independent experiments.

Let X, denote the random wvariable which gives us the number of times which the event H occurs in
the first n experiments.

Then let X5 denote the random variable, which indicates the number of times that the event H occurs
in the following 2n experiments.

Let X3 denote the random wvariable, which indicates the number of times the event H occurs in the
following 3n experiments.

Finally, X4 denotes the random wvariable, which gives us the number of times the event H occurs in
the remaining 4n experiments.

1. Find the distributions of X1, Xo, X3 and X4.

Using the random variables X1, Xo, X3 and X4 we define the new random variables
Yi=Xo+ X3, Yo=X3+X4, YV3=X1+Xo+X3 and Yi=Xo+ X3+ Xy.

2. Compute the correlation coefficients o (Y1,Ys) and o (Y3, Ys).

1) Clearly,
Pen=t = (G )ra-mh k=0
P{Xs=k} = 2]:‘ PFA—p2k k=0,1,..., 0,
P{Xs=kt = (2" )pra—p** k=013
{ 3 } k p( p) ) b PR n’
Pixs=k} = (Y )pra—pink k=01 4
{ 4 = } - k p( p) 9 =U, L, ..., 4n.

2) Since Y7 = Xo + X3 is the number of times which H occurs in a sequence of experiments consisting
of bn experiments, then

P{iﬁ—k}—<5£>pk(1p)5"’“, kE=0,1,..., 5n.
Analogously,

m k Tn—k

P{YQZk} = k p(lip) ) k:O,l,...,?n,
6n k 6n—k

P{Ys =k} = 3 p"(1—p) , k=0,1,...,6n,
In k In—k

P{Y; =k} = p ) Pr=p) ., k=0,1,...,9n.

Since in general for a binomial distribution X € B(m, p),
E{X}=mp and  V{X}=mp(l-p),

we get here

V{Y1} = 5np(1 - p), V{Ya} = Tnp(1 —p),
VA{Y3} = 6np(1 - p), VA{Ya} = 9np(1 - p).
19
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Discrete Distributions 2. The binomial distribution

Since the X;-s are mutually independent, we get

Cov(Y1,Ys) = ENY:)—E{vi) E{Ya)
E{(Xo+X3)(Xs+X4)} —(E{X2}+E{X3}) (E{X3}+E{X4})
= E{Xo(Xs+X4)} - E{Xo} (E{Xs}+ E{X4})
+E{X3} - (B{X3})® + E{X5Xs} — E{X3} E {X,}
= 0+ V{X3}+0=23np(l—p),

hence
o (YimYy) Cov(Y1,Ys) _ 3np(1 —p) _ 3 3\/5
VV T v{Yed eap(l—p)-Tp(l—-p) V35 35
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Discrete Distributions 2. The binomial distribution

Analogously,
Cov (YE),7 Y4) = F {Y3Y4} - F {YE),} E {Y4}
E{(Xl + X5 + X3) (X2 + X3+ X4)}
= E{X1(Xo+ X3+ X))} — E{X1} E{Xs+ X3+ X4}
+EA{( X2+ X3) Xa} — E{Xo + X3} E{X4}
+E ((X2 + X3)2} — (B{Xs+ X3})?
= 04+ 0+ V{Xe+ X3} =V {Y1} =5np(l —p),
hence
Cov (V3,Y, 5np(1 — 5 5v/6
0(Y3,Yy) vl la) _ np(l — p)

T VIV ViYy Jomp(l_p) 9w(_p) /6 18

Example 2.10 An assembly of 20 politicians consists of 10 from party A, 8 from party B and 2 from
parti C. A committee is going to be set up.

1) The two politicians from party C want that the committee has such a size that the probability of C
being represented in the committee, when its members are chosen randomly, is at least 25 %. How
big should the committee be to fulfil this demand?

2) One agrees on the size of the committee of 3. If the members are chosen randomly among the 20
politicians, one shall find the distribution of the 2-dimensional random variable (X 4, Xp).
(Here, X 4 indicates the number of members in the committee from A, and Xp the number of
members from B, and X the number of members from C).

3) Find the distribution for each of the random variables X 5, Xp and X¢.

4) Find the mean and variance for each of the random variables X o, Xp and X¢.

1) Let n, 1 <n < 20, denote the size of the committee. We shall compute the probability that C is
not represented in the committee. Clearly, n < 18. Then the probability that C is not represented
is given by

18 17 19—n

P{n chosen among the 18 members of A and B} = 20 19 3= n

The requirement is that this probability is < 75 %. By trial-and-error we get

18
n 55 = 090,
18 17
-9 20l
n 50 19 = 08053,
18 17 16
n=3 20 19 13 718

We conclude that the committee should at least have 3 members.

21
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Discrete Distributions

2. The binomial distribution

2) We can choose 3 from 20 members in a total of

20 20-19-18

This gives us the following probabilities of the various possibilities:

P{3fromA}:ﬁ<130>_ 120 2

1
P{2 from A and 1 from B} = 1110 ( 120 >
1 10 2
P{2fr0mAand1fromC}—T40(2)<1 =
1
P{1 from A and 2 from B} = 1140 < 110 > < g
P{1 from each of A and B and C} = L
1140 1
1 10 2
P{lfromAanderomC}m< 1 ) ( 9
1 /8 56 14
P{3 from B} = —_ = 1100 = o5
{8 from B} = 3975 ( 3 ) 1140 ~ 285°
1 8 2
P{eromBandlfromC}%< 9 > ( 1 >

P{lfromBanderomC}zﬁ(?)(;

By suitable interpretations, e.g.
P{X,=2,Xp=0}=P{X,=2,X¢c =1},

etc., we obtain the distribution of (X4, X5),

360 6
1140~ 19’
9 3
1140 = 38’
280 14
T 1140 57’
8
1
101
1140 1147
56 _ 14
1140 285’
2
1140 = 285

Xg\XA] 0 [ 1 [2]3]Xg
1 3 2 11

0 0 | 77 |35 | 1s || 7

1 78 6, | M

D S B 98

3 PTH * * * 585

* 2 5 [ B2

L x5 [ Slslxlasl 1]

Table 1: The distribution of (X4, X5).
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Discrete Distributions 2. The binomial distribution

2
P{Xs=3 Xp=0}=
6
P{XA:Q,ngl}:E7
3
P{XA:Q,XB:0}:£7
14
P{XA:I,XB:2}:§7
8
P{XA:I,Xle}:E7
1
P{XA::l,XB:O}_m,
14
P{XA:(LXB:?)}:ﬁ,
14
P{XA:07XB22}:ﬁ7
2
P{Xa=0,Xp= }_E’

P{X,=0,Xp=0}=0.
This distribution is best described by the table on page 20.

3) The distributions of X4 and Xp are marked in the table by X% and X}.
We compute the distribution of X by

1 2 3
P{Xc=2} = P{X,4=1 Xc=2 P{iXp=1,X¢c=2}=—+ — = —
{Xc =2} {(Xa=1Xc=2}+P{Xp=1Xc=2} =737+ 555 = 755
P{Xczl} = P{XAZQ,XC:I}—FP{XA:1,XB=1,XC:1}
+P{Xp=2Xc=1}
3 8 14 51

38 57 T 285 1907

P{Xc=0} = P{Xa=3 +P{Xa=2 Xp=1}
+P{XA:1, XB:2}+P{XB:3}

2 6 14 14 68

= 0105 s 05

Summing up we obtain the distributions given on page 22.
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Discrete Distributions 2. The binomial distribution

[T 5]
X, LRI

B9 ——p— 280
Xc |l 95 | 766 | o5 | O

Table 2: The distributions of X4, Xp and Xc¢.

4) The means are

15 15 2 1 57 3
E{X,)=1-—242.243.2 - (1 12) = 2L - 2
{Xa} T2 3g (15 +30+12) 38 2

44 28 14 1 114 6
E{Xpl=1 —492.2243. = — _—_(444564+14) = — = 2
{Xs} 95 " 95 7% 285 o5 (44 +56+14) 95 5

51 3 57 3
E{X;t=1-249. 2 - 2 2
{Xe} 190 7% 190 190 10’

which can also be found in other ways. We have e.g.
3
E{XA}+E{Xg}+E{Xc}=3 and E{XA}:57

and then we only have to compute E {X¢}.
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Discrete Distributions 2. The binomial distribution

Furthermore,
E{XE,}:1.£+4.£+9,;_8 = %(15+60+36) - %’
E{X%}Zl-%+4~§+9.% _ %(44+112+42) _ %’
E{X%}=1.%+4.% _ ﬁ(51+12) _ %
SO
V{Xa} = %—%:%7
V{Xs) = p o=,
ViXe) = oo 20

190 100 1900
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Discrete Distributions 3. The Poisson distribution

3 The Poisson distribution

Example 3.1 Let X and Y be independent Poisson distributed random variables of the parameters
a and b, resp.. Let Z =X +Y. Find

P{X =k|Z=n}, k=0,1,2,..., n.

Since X and Y are independent, we get for £k =0, 1,2, ..., n, that
PIX=kANX+Y=n} P{X=kAY=n-—k}
P{X=k|Z= = =
{ |2 =n} P{Z = n} P{Z = n}
P{X =k} -P{Y =n—k}
P{Z =n} ’
Since Z = X 4+ Y is Poisson distributed with parameter a + b, we get
ak o bnfk e—b
K (n—k) ! kpn—k
PX=k|Z=n} = & =kt _ T A
(a +'b) o—(a+b) El(n —k)! (a+0b)
n!

- (D)

which describes a binomial distribution B <n, %)
a

Example 3.2 Let X and Y be random variables for which
X is Poisson distributed, X € P(a),

and

P{Yan}(Z)pk(lp)”k, k=0,1,...,n,

where n € Ng and p €10, 1.
Prove that' Y is Poisson distributed, Y € P(ap).

We get for k € Ny,

n

ZP{Y:k|X=n}~P{X:n}:Z<Z)pk(l_p)”—k.a_e—a

n!

P{Y =k}

n=~k n=~k

e e ¢

S n! ok n—k .m bk 1 n—k n—k
= - 17 . g 17
nz;kk;!(n—k)! ar P =) at = at T;c(n—kk;)!( )" a

670.

=1 L e =1 N
= Fakpkz:m{(lfp)} :FakkaE{(lfp)a}
: n=0 : n=0 "

_ e k, k (1—-p)a _ 1
B R TR

proving that Y € P(ap).

(ap)*te?,
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Discrete Distributions 3. The Poisson distribution

Example 3.3 We have in Ventus: Probability c¢-2 introduced skewness of a distribution.
Compute the skewness v(X) of a random variable X, which is Poisson distributed with parameter a.
What happens to v(X), when a — oo ?

The skewness is defined as

7(%0) = 5 B{(Xa -},

where
B{(Xa— 1)} = B{XZ} = (302 + 12%)..
We have for a Poisson distributed random variable X, € P(a),

k
P{Xa:k}:%e*“, keNy, a>0,

and
E{X,})=p=a and V{X,}=0"=a.

It follows from

& k & k—3
_ a —a __ .3 a —a __ 3
E{Xa(Xa—1)(Xa—2)}—2k(k—1)(k—2)ﬁe =a Z(k_S)!e =d,
k=3 k=3
and
X3 = X,(Xe—-1)(X,—2)+3X2-2X,
= X, (Xo—1)(Xo—2)+3X,(Xo— 1)+ X,,
that

E{Xg}:a3+3a2+a,
hence
E{(X,—pw)}=E{X2} —p(Bc®+p*) = (a® +3a®+a) —a(3a—a®) = a.

We get the skewness by insertion,

7(Xa) = iE{(Xa—u)?’} _e _ b

o3

Finally, it follows that

1
Jm v (Xe) = lim == =0.
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Discrete Distributions 3. The Poisson distribution

a
3

N O Uk W= O
\]

Y

Example 3.4 A carpark where one may park at most 1 hour, has 192 parking places. On the first
five days (Monday — Friday) in one particular week someone has counted the number of vacant places
at the time intervals of 5 minutes between 2:00 PM and 4:00 PM, i.e. performed 24 observations per
day, thus in total 120 observations. The resulls of this investigation (which comes from Los Angeles)
18 shown in the table. Here X; denotes the number of vacant places and n; the number of times there
were observed X; vacant places.

1) We assume that the number X of vacant places at any time between 2 PM and 4 PM is Poisson
distributed of the same mean as in the given results of the observations. Compute the expected
number of observations. corresponding to

X=0, X=1, X=2 X=3 X=4, X=5 X=6, X>T.

2) A cardriver tries once a day on each of the first five days of the week to park in the carpark between
2 PM and 4 PM. Find the probability that he finds a vacant place on every of these days, and find
the probability that he finds a vacant place just one of the five days.

1) We first determine X\ by

1 47
A=—(1-424+2-214+3-164+4-7T+5-246-3) = — =~ 1.5667.
120( * * + + * ) 30

Using this A we get
)\k
P{X:k}:ﬁef)‘, kGNO

When these probabilities are multiplied by the total number 120, we obtain the following table:

7

L n J o] 1 ]2]3[4]5]6]
Xopserved 1| 29 | 42 | 21 | 16 | 7 | 2 | 3
Xexpected || 25:0 | 392 | 30.7 | 16.1 | 6.3 | 2.0 | 0.5 | 0.2

olv

2) The probability that he finds a vacant place on one day is

4
P{le}lP{XO}le)‘lexp<3—(7)> ~ 0.79.
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Discrete Distributions 3. The Poisson distribution

The probability that he finds a vacant place on all 5 days is

(P{X >1})° = {1 — exp (-%) }5 ~ 0.31.

The probability that he finds a vacant place on one particular day (Monday — Friday), but not on
any other of the days is

P{X >1}-(P{X =0})* = (1 — exp (%)) - exp (4- %) .

The probability that he finds a vacant place on precisely one of the 5 days is

5-P{X>1} - (P{X=0})*=5 <1 — exp (—)) - exp <4. %) ~ 0.0075.

“I studied
English for 16 P
L}

years but... -~
...I finally
learned to
speak it in jus
Six lessons”

Jane, Chinese architect

QUT THERE

Click to hear me talking

before and after my

" unique course download

— - ‘I J ‘u

f E Y
29 \
Click on the ad to read more
Download free eBooks at bookboon.com



http://s.bookboon.com/EOT

Discrete Distributions 3. The Poisson distribution

Example 3.5 A schoolboy tries modestly to become a newspaper delivery boy. He buys every morning
k newspapers for 8 DKK for each, and he tries to sell them on the same day for 12 DKK each. The
newspapers which are not sold on the same day are discarded, so the delivery boy may suffer a loss by
buying too many newspapers.

Ezxperience shows that the number of newspapers which can be sold each day, X, can be assumed
approximately to follow a Poisson distribution of mean 10, thus

1 k
P{X =k} = ie*w, k € Np.

an:() % lome—lo
0.00005
0.0005
0.0028
0.0104
0.0293
0.0671
0.1302
0.2203
0.3329
0.4580
0.5831

O© OO T WwN —~ O

—
e}

Let E}, denote his expected profit per day (which possibly may be negative), when he buys k newspapers
in the morning.

1) Prove that
:Z (12m — 8k) 10" =10 Z ak e,
m=k+1
2) Prove that

10m
Epp1 — Epy=4-12 Z e 10,

m=0
3) Compute by using the table, Exy+1 — Ey and Ey for k=0, 1, ..., 10 (2 decimals).
4) Find the value of k, for which his expected profit Ey is largest.

1) He spends in total 8k DKK, when he buys k newspapers and earns 12 DKK for each newspaper
he sells. Thus

k m
By = ) (12m- Sk) Tty Z (12k — 8k:) e 10
m=0 m=k+1
k
= (12m — Sk) 4kz e 10,
m=0 k+1 :
30
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Discrete Distributions 3. The Poisson distribution

2) Then, using the result of (1),

g 10m > 10m
Bppr— By = Y (12m—8k—8) —e W 4d(k+1) Y —e
m=0 m: m=k+2 m:
k %)
nom wom
—Z(l?m—8/€)we 10 4k Z —!6 10
m=0 m=k+1
k k
_ 10™ 1o 0™ 1o
= 7;0(1277%8/4)?@ 87;0—!e
10 = 10™
+4(k+1) gk Y et
| |
(k + 1) m=k+2 ’
o) 10m k m
+4 Y —e 0=y (1sm—k)—e 1
m=k-+2 m=0
=10 10++1
—4k Z e 10 gy e~
| |
m=k+2 (k + 1)
k %)
0™ 10 10™ 1o
- et 3 AT
m=0 m=k-+1
%) k
0™ —10 10m —10
—ay eos Y
m=0 m=0
Fo1om
= 4-12 Z gm0
m=0
k|| Bxy1— Ex | Eg
0 3.9994 0.00
1 3.9940 4.00
2 3.9664 7.99
3 3.8752 11.96
4 3.6484 15.84
5 3.1948 19.48
6 2.4376 22.68
7 1.3564 25.12
8 0.0052 26.47
9 -1.4960 | 26.48
10 22,9972 | 24.98

3) Using the formulae

Ek+1_Ek:4_12 E E We_lo
m=0m=0
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Discrete Distributions 3. The Poisson distribution

and
Eii1 = (Exp1 — Ex) + Eg
we get the table on the previous page.
4) We obtain the largest expected profit, 26.48 DKK, for k = 9, because

FE9g—FEg >0 and Fio— F9 < 0.
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Discrete Distributions 4. The geometric distribution

4 The geometric distribution

Example 4.1 Given a random variable X of the values 1, 2, ... of positive probabilities. Assume
furthermore,

P{X >m+n}=P{X >m} P{X >n}, m, n € N.

Prove that the distribution of X is a geometric distribution.

It follows from the assumptions that

P{X>n}=P{X>1+---+1}=(P{X > 1})", ncN.
Putting a = P{X > 1} > 0 we get

P{X >n}=a",
hence

P{X=n}=P{X>n—-1}-P{X>n}=a""'—a"=(1-a)a""".
This shows that X is geometrically distributed with p =1 — a and ¢ = a, hence X € Pas(1,1 — a).
Example 4.2 Let X1, X5, ... be independent random wvariables, which are following a geometric
distribution,

P{X;=k}=pg" !, keN; ieN,

where p >0, ¢g>0 and p+q = 1.
Prove by induktion that Y, = X1 + Xo + -+ + X, has the distribution

P{Yr:k}:<lj:i>ﬂqk_r7 k=r,r+1,....

Find the mean and variance of Y.

The claim is obvious for r = 1.
If r =2 and k > 2, then

k-1 k-1
P{Ya=k} = Y P{Xi=0}-P{Xa=k—0} =) pq"lpgd"*!
(=1 =1

_ k1 _ k1 _
= (k—l)pzq’”:( ) )pzqk2=<21)p2q’“ g

proving that the formula holds for r» = 2.

Assume that the formula holds for some r, and consider the successor r + 1 with Y,11 = X, 41 + Y,
and k > r + 1. Then

k—r k—r
o k=C0=1Y\ , e
P{Y,i1 =k} = E:P{&%l—Q~PﬂQ—k—%}—§:pf1( . )quf
(=1 =1
k—r
ol o k—0—1
_ p+1qk (+1)Z< o )
/=1
33
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Discrete Distributions 4. The geometric distribution

It follows from Example 2.2 using some convenient substitutions that

S-S (=),

hence by insertion,
k-1 T —(r
qu+1:k}:( ) >p+%k(+u

This is exactly the same formula, only with r replaced by r + 1.
The claim now follows by induction.

Finally,

E{Yr}:rE{Xl}::—) and V{Y,} =rV{X}= ;_g

Example 4.3 An (honest) dice is tossed, until we for the first time get a siz.

Find the probability p, that the first siz occurs in toss number n.

Let the random variable X denote the sum of the pips in all the tosses until and included the first toss
in which we obtain a siz. Find the mean E{X}.

Clearly,

1 5 n—1
Zn=P{Y =n}=--(2) | N.
D { n} 5 (6) n e

If the first six occurs in toss number n, there are only in the first n — 1 tosses possible to obtain 1, 2,

1
3, 4, 5 pips, each of the probability 5 Hence the mean of the first n — 1 tosses is

1 1
3(1+2+3+4+5):3'15:3'

In toss number n we get 6 pips, so the expected number of pips in n tosses under the condition that
the firs six occurs in toss number n is

(n—1)-3+6=3(n+1).

Then the mean of X is given by

o0

E{X}

I

=

3

_|_

=

bS]

3

I
(]

=

3

+

=
=
7N
| Ut
N——
3
L

I
N —
—N—
(]

3
N
[«r )
N——
3
L

+
(]
7N
| Ot
N———
3
L
——
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Discrete Distributions 4. The geometric distribution

Example 4.4 A box contains N different slips of paper. We then draw randomly one slip from the
box and then replace it in the box. Hence all experiments are identical and independent.

Let the random variable X, n denote the number of draws until we have got r different slips of paper,
(r=1,2,---, N). Prove that

1 1 1
E{X, y}=N{—4— +...p U
{ X} {N+N—1+ +N—r+1}

HinT: Use that
Xen=Xin+Xoen—Xin)+ -+ (Xonv —XoZ1N),
and that each of these random variables is geometrically distributed.

Find E{X, n} in the two cases N =10, r =5 and N = 10, r = 10.
Prove that

N+1
NIn——— < FE{X, N1
nN—T—|—1< { ,N}< n

N —7’
and show that for r fixed and large N,

N
N1

. N —r

is a good approzimation of E{X, n}.
1
N+ -
An even better approximation is N In - T
N —r + 5

Since X},_1,n denotes the number of draws for obtaining k —1 different slips, X y — Xx_1,n indicates
the number of draws which should be further applied in order to obtain a new slip. When we have
obtained k — 1 different slips of paper, then we have in the following experiments the probability
N—-(k—-1) N-—-k+1
N N N
of getting an different slip. This proves that X x — X1, n is geometrically distributed with

N—-—k+1 1 N
= ——— and mean

- k=1,2,...,N
N p N—I{;—‘rl’ ) ) ) )

where we use the convention that Xo x = 0, thus X; vy — Xo,.nv = X1 N

The mean is

{Xon} = E{Xin}+E{Xon - Xin}+ -+ E{X, v — X1 v}
1 1 1
= Nd{—+——+——+ -+ ( 1IN — 1p.
{N+N—1+N—2+ + dfrac r+}
Putting for convenience
N
1
ar N = Z E:
k=N—r+1
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Discrete Distributions 4. The geometric distribution

this is written in the following short version
E{XTJ\/} =N Ar N -

If N =10 and r = 5, then
1 11 1 1
E{X =10d—+-+-+=-+=p =6,46.
{X5,10} {10+9+8+7+7} )
If N =10 and r = 10, then

1 1 1
E{X =108 — 4 —4—+---41p=2929.
{X10.10} 0{1O+9+8+ +} 9,29

We shall finally estimate

N

ar N = Z %

k=N-—r+1
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Discrete Distributions 4. The geometric distribution

1
The sequence <E> is decreasing, hence by the criterion of integral,

N+1
1 N+1
ar7N>/ fdleni—'_

N7T+1m N—T’—‘-l
and
N
1 N
N < —dr =1 ,
CL’N /N_TLL' X anr
hence
N+1 N
N-In—— < N-.a,.y = F{X, N - .
BN <N ey = B <N

Remark 4.1 Note that the difference between the upper and the lower bound can be estimated by
N N +1 N N—-r+1
N« —1 =N1 .
{nN—r nN—r—f—l} n(N+1 N—r )
1 1 1 1
—N{ln(l—i—N_T) —1n<1+N>}~N{N_T—N}

T T T
=N- <

(N-1))N N-r N’

which shows that if r is kept fixed and N is large, then

N +1 N
Nlnm and NlnN_r

are both reasonable approximations of E{X, y}. O

NUMERICAL EXAMPLES

r= r=2>5 r =20
N=10 N=20 N =150
E{X,n} 6.4563  5.5902  21.3884
N In N 6.0614  5.4387  21.3124
N-—-r+1
N+ 3
NIn ————=— | 64663 55917  21.3885
N—r+ 5
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Discrete Distributions 4. The geometric distribution

Example 4.5 A box contains h white balls, r red balls and s black balls (h > 0, r >0, s > 0). We
draw at random a ball from the box and then return it to the box. This experiment if repeated, so the
experiments are identical and independent.

Denote by X the random variable which gives the number of draws, until a white ball occurs for the
first time, and let Y denote the number of draws which are needed before a red ball occurs for the first
time.

1) Find the distributions of the random variables X and Y.
2) Find the means E{X} and E{Y}.

3) Find for n € N the probability that the first white ball is drawn in experiment number n, and that
no red ball has occurred in the previous n — 1 experiment, thus P{X =n A'Y > n}.

4) Find P{X <Y}

1) Since X and Y are following geometric distributions, we have

p{x_n}_L(lL)“, new,
h+r+s h+r+s
r r nt
P{Y:n}:m<1—m> . neN.
2) Then,
E{X}:% and E{Y}zw.

3) When the first white ball is drawn in experiment number n, and no red ball has occurred in the
previous n— 1 experiment, then all drawn balls in the first n — 1 experiments must be black. Hence
we get the probability

n—1
s h
PX=nAY>n}=—""1}) . N,
{ " >n} <h+r+s> h+r+s’ ne

4) FIRST SOLUTION. It follows by using (3),

s} o) n—1
s h
P{IX=nAY = .
ngl { " > n} ;(h—kr—&—s) h+r+s

h+r+s h _h
h+r h+r+s h+r

P{X <Y}

SECOND SOLUTION. The number of black balls does not enter the problem when we shall find
P{X <Y}, so we may without loss of generality put s = 0. Then by the definition of X and Y,

h

PIX <Y}=P{X=1} =

In fact, if Y > X, then X must have been drawn in the first experiment.
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Discrete Distributions 4. The geometric distribution

Example 4.6 Given a roulette, where the event of each game is either “red” or “black”. We assume
that the games are independent. The probability of the event “red” in one game is p, while the
probability of the event “black” is q, where p >0, ¢ >0, p+q=1.

Let the random variable X denote the number of games in the first sequence of games, where the
roulette shows the same colour as in the first game.

1) Find for n € N the probability that X = n.
2) Find the mean of the random variable X .

3) Find the values of p, for which the mean is bigger than 8.

1
4) Find forp = 3 the variance of the random variable X .

1) We first note that

P{X =n} P{the first n games give red and number (n + 1) gives black}

+ P{the first n games give black and number (n+1) gives red}
= plat+d"p=ps(p" " +¢" 7).

Notice that

gP{X:”}:i(P”qﬁLq"P):Pq(LJFL)=pq<l+1)=p+q=1.

ot 1-p 1-—4¢q

2) We infer from

- 1
n" = —— for |z < 1,
; (1—2)2

that the mean is

= = 1 1 11
E{X} = pq np" '+ ng" ! =pq{ + }=pq{—+—}
,; ,; (I-p2 (1-g)? @ 7’
_p e _PHe_ pra’-2pg 1,
q p Pq Pq Pq
3) Now ¢ =1—p, so
1 1
E{X}=— 2= 9
p(1—p)

is bigger than 8 for

1 1
—— > 10, hence for p* —p+ — > 0.
p(1 =p) 10
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1
Since p? —p+ — =0 for

10
1 1 1 1 25—10 1 15
p = — :i: _—_——_—— = - :l: = — :l: -,
2 4 10 2 100 2 10
we get the two possibilities
1 V15 1 V15
- — — 11 -+ —1
p€]0,2 10[ eller pE 2+ 0 l,

or approximately,

0<p<0.1127 or 0.8873 < p < 1.
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Discrete Distributions 4. The geometric distribution

4) In general,

VIX} = BE{X?} - (B{X})’ = E{X(X - )} + B{X} - (E{X})?
00 2
- Zn(n—1){pn1+q”p}+9+9—<£+g)
~ ¢ p \g »p
2 S 2 2oo 2 P 4 P ¢
= qun(nfl)pni +pq Z”(”*DQTF +a+5*q—2*p*2
n=2 n=2
2 p,q9 p» ¢
2 2
= P gt gt - 5 2
(1-p)3 (l-q?® ¢ » ¢ p?
2 2 2 2 2 2
= oI P 1 P O, P T Py
q +q9 p ¢ p @ P g p
= 9<9+1)+g<g+1)—2:%+%—2.
q\q p\p ¢ p

. 1 2
Inserting p = 3 and ¢ = 3 we get

9 2
V{X} = 1t 9-2=+6-2=—

Example 4.7 We perform a sequence of independent experiments. In each of these there is the
probability p of the event A, and the probability ¢ = 1 —p of the event B (0 < p < 1). Such a sequence
of experiments may start in the following way,

AAABBABBBBBBAAB--- .

Every mazimal subsequence of the same type is called a run. In the example above the first run AAA
has the length 3, the second run BB has length 2, the third run A has length 1, the fourth run BBBBBB
has length 6, etc.

Denote by )/(:L the length of the n-th run, n € N.

1) Ezplain why the random variables X,,, n € N, are independent.
2) Find P{X, =k}, ke N.

3) Find E{X1} and V {X1}.

4) Find P{Xs =k}, k€ N.

5) Find E{X>} and V {Xo}.

6) Prove that

E{Xx} < E{X1} and V{Xo}<V{X1}.

1) The probability of the event {X,, = k} depends only of the first element of the n-th run, proving
that X,,, n € N, are independent.
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2) It follows like in Example 4.6 that (k rersults of A, resp. B)

E{X1} =P{A---AB}+ P{B---BA} =p"q+ ¢"p=pq (0" " +4"7").

3) The mean is, cf. Example 4.6,

= -~ ~ 1 1 p.a P+ 1
E{X1}=) pq-k(@ "'+ =pq{ + }——+—= =—-2
) ; ( ) (1-p3? (1-9? qa p pq Pq
Furthermore,
E{X: (X1 =1} = > k(k—1ptq+ > k(=1 p=p>¢Y k(k—1)p* > +pg® Y k(k—1)¢" >
k=2 k=2 k=2 k=2
2 P q2}
= Pq —+pq-—=2{— SR
P ¢ p?
hence
oA p a (p,a)
V) = BOn G- B - Bt e { e D Ea o (2,0
P g p \g p
2 2
P ¢ p g P4
- q—2+—2+a+—*1:?+?*2.

4) If we have £ copies of A and k copies of B in the first sum, and ¢ copies of B and k copies of A ib
the second sum, then

P{X;=Fk} = iP{AmAB-nBA}—i—f:P{BmBAmAB}:ipqu-p+iq@p’fq
= J4

o0 2 2.k
_ 2 k /-1 k =1 _ q-p 2 k—1 2, k—1
qugp Jrq}?gq +1_q prq +qp .

5) The mean is
2 2 2 2

_ 2 k-1 2 k-1_ P q D q
E{X,} = ka +qu Tt a2 g-2

Furthermore,

o0

— 1)t 2Pt
> k(k—1)q +Zk

k=2

= p2qzk(k —1)¢"? + pg® Z k(k—1)p*—2
k=2 k=2

2 2 22%q  2pg? (p q)

2 2

= P4 g tpd =+ =2(=+2),
(1 Q)S (1 p)3 p3 q3 q P

E{X;(Xy—1)}
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hence

V{Xa} = E{X2(Xo-1)}+E{Xo} - (E{X2})’
_ P, a . Jp . q
= 2{5+5}+2—4_2{5+]—3—1}.

1
6) Now ¢(z) = z + — has a minimum for z = 1, so if we put x = B, then
x q

E{xi}="2+
q
It follows from
X1 g2 1 1
V{ 1}—.’E +P+.’E+;—2
and

2
V{X2}22J)+E—2,

sesssssssrssssessansansrssrsarsansarsarsassrssrnssnnsrnsssssssssessesessfilCcate]-Lucent @
www.alcatel-lucent.com/careers

2%

One generation’s transformation is the next’s status que:

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".

N
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Discrete Distributions 4. The geometric distribution

that
1 1 l—z (z—1)(2%—1)
2
V{Xi} -V{Xe} = =z +x—27x75:x(x71)+ = = .~
r—1\°
= ( ) (> +x+1) >0,
x

hence V {X;} >V {X5}. Equality is only obtained for x = g =1, i.e. for

1
p=q=g3

Example 4.8 We toss a sequence of tosses with an (honest) dice. The tosses are identical and
independent. We define a random variable X of values in Ny by

X =mn, if the first sixz is in toss number n + 1.
1) Find the distribution and mean of X.

2) Find for k=0, 1, 2, ..., n, the probability that there in n tosses are precisely k fives and no siz.

3) Find the probability p, i that the first siz occurs in toss number n + 1, and that we have had
precisely k fives, n =k, k+ 1, .... in the first n tosses.

4) Find for every k € Ny the probability py that we have got exactly k fives before we get the first siz.

5) Find the expected number of fives before we get the first six.

1) Tt is immediately seen that

5\" 1 5"

Hereby we get the mean

E{X}ﬁnp{xn};in(g)“;.wa
6

2) If in n tosses there are k fives and no six, this is obtained by choosing & places out of n, which

can be done in ( Z ) sways. The remaining n — k tosses are then chosen among the numbers

{1,2,3,4}, so

n NP (ay "
P{k fives and no six in n tosses} = < 3 > {6} {6} ,

fork=0,1,...,n.
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3) If n > k, then

P{k fives and no six in n tosses} x P{one six in toss number n + 1}
B n l k % n—=k 17 n 1 k+1 g n—k
-\ k 6 6 6 \k)\6 3 '

4) This probability is

S & a2 & e 2
Pr = mek—M.GZ k 3( T 4k.¢ Z k 3
n==k n==k n=k+1

o0

- e 5 GBSO

B 1 ot i n—1 1 k41 2 n—(k+1)
- 4k.6 (k+1)—1 3 3

n=k+1

Pnk

1
= okl kGNo,

1
because the sum is the total probability that Y € Pa (k +1, 5) occurs, hence = 1.

An ALTERNATIVE computation is the following

Sea- () ()G -6 2 ()6

= £=0

OB OTED TG e

ALTERNATIVELY we see that every other toss than just fives or sixes are not relevent for the

Pk

1
question. If we neglect these tosses then a five and a six occur with each the probability 3 Then

the probability of getting exactly k fives before the first six is

k k+1
1 1 1
(2) 2-() +  rem

5) The expected number of fives coming before the first six is then

00 S oo k—1
k 1 1 1 1
Z’W'FZWZZZ’“G) Zg'wzl
k=0 k=1 k=1 1- =
2

Here ones usual intuition fails, because one would guess that the expected number is < 1.
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Example 4.9 Let X1 and X5 be independent random variables, both following a geometric distribution
P{X; =k} =p¢" 1, k€N, i=1,2.

Let Y = min { Xy, X5},

1) Find the distribution of Y.

2) Find E{Y'} and V{Y}.

1) If k € N, then

PlY=k} = P{X1=k Xo>k}+P{X;>k Xo=k}+P{X1=Fk, Xo =k}
= 2P{X, =k} -P{Xy >k} + (P{X, =k})’
_ 2qu71 .qk +p2q2k72 _ q2k72 {2pq+p2}
= ()" e+’ A =0-8) (),

proving that Y is geometrically distributed, ¥ € Pas (1, qz).

ALTERNATIVELY we first compute

P{Y >k} =P{X, >k, Xo >k} =P{X, >k} -P{Xy >k} =q¢*,
and use that

P{Y >k—1} = P{Y =k} + P{Y > k},
hence by a rearrangement,

P{Y =k} P{Y >k—1} — P{Y >k} = ¢* 2 - ¢*

(1-¢*) ()",  forkeN,

and it follows that Y is geometrically distributed, Y € Pa (1,¢?).
2) Using a formula and replacing p by 1 — ¢2, and ¢ by ¢?, we get

! and  V{Y} ¢
n =
1-¢ (1-¢%)

E{Y} =
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Example 4.10 Let X, and X5 be independent random variables, both following a geometric distri-
bution,

P{X; =k} =pg" 1, keN, i=1,2.
Put Z = max {Xq, Xo}.
1) Find P{Z =k}, k € N.
2) Find E{Z}.

1) A small consideration gives
P{Z <n} = P{max (X1, Xs) <n} =P{X; <n} -P{Xs <n},

which is also written

N P{Z=k}=> P{X1=(}-> P{Xy=m}.
k=1 /=1 m=1

/

Leadiny
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Discrete Distributions 4. The geometric distribution

Then
n n—1
P{Z=b} = Y P{Z=k}-) P{Z=k}
k=1 k=1
n—1 n—1
(=1 m=1
n—1 n—1
=Y P{Xy =1} P{Xy=m}
=1 m=1
n n—1
= P{X;=n}-> P{Xo=m}+P{Xo=n}-> P{X;=1(}
my /=1
n n—1
_ pqnfl qukfl +pqn71 qukfl
k=1 k=1
n n—1
= p2! qu—l 4 p2gnt qu—1
k=1 k=1
. 1=q" oy 1—qg"t
= p*nl. q 1 p2gnt. 4q
I—gq I—¢q
— pqnfl {1 _ qn +1-— qnfl} :p{Qqnfl _ q2n72 _ q2n71} .
CHECK:

M8

ZP{Z =n} = Zqu"_l —p
n=1 n=1

1
pr— 2 ‘@ — 1 .
P, p(1+q)

2p  p(l+q)
p (1-q9(1+q)

()" —pg i ()"

n=1

1
1—g¢q

2

=2-1=1,

proving that the probabilities found here actually are summed up to 1. ¢

2) From

1
Zn =1%p2"" ! = e for |z| < 1,

follows that

oo o0 . o0 n71
E{Z} Y nP{Z=n}=2> ng" '~ (1+aqpYy n(s)
n=1 n=1 n=1
1 1 2p (I+q)p
= 2 ———-(4+qp - ——5 =5 ———"—
(1—-4q)? (1+q) (1-¢2)* p* {(1+qp}?
1 242-1 1+

9
p (I+qp pll+q  1-¢>
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Example 4.11 Let X, and X5 be independent random variables, both following a geometric distri-
bution,

P{X; =k} =pd" !, ke N; i=1,2.
LadY = X1 —XQ.
1) Find P{Y =k}, k€ Z.

2) Find E{Y} and V{Y}.

1) Since X; and X5 are independent, we get
P{Y=k}=> P{Xi=k+iAXp=i}=) P{X;=k+i} P{Xy=1i}.

Then we must split the investigations into two cases:

a) If k£ >0, then

o oo oo 2
i— i— i— i—1 p
Py =k} = > pd"™"epd Tt =) 0%t =0 ) () = 2 ¢
i=1 i=1 i=1
p l—q
l1+q l+q
b) If instead k& < 0, then
oo ) ) oo i1 (qz)*k‘
PY =k} = D pd™" gt = Y0 PN ()T =0
i=—kt1 i=—k+1 q
2
I e e R S Sk e
1-¢ 1 T1vq? T1tq"
ALTERNATIVELY if follows for & < 0 by the symmetry that
P{Y =k} = P{X;—Xo=—|k|} =P{Xy— X1 = |k|}
= P k= P gk g ke N,.

14+¢ 71+q

Summing up,

2) The mean exists and is given by
B{Y}=E{X| - Xo} = E{X1} — E{X5} =0.

Since X; and X are independent, the variance is

VIY} = V(X - Xo) = VX)) 4V (- Xa} = V(X)) 4V {X) =

p?
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4. The geometric distribution

Example 4.12 A man has N keys, of which only one fits into one particular door. He tries the keys

one by one:

Let X be the random variable, which indicates the number of experiments until he is able to unlock

the door. Find E{X}.

If he instead of each time taking a key at random (without bothering with, if the key already has been

tested) put the tested keys aside ,

1) In the first case we have a uniform distribution,

1
P{X:k}zﬁ fork=1,2,..., N,
hence
N
N+1
E{X}=— Z

1
2) In this case the corresponding random variable is geometrically distributed with p = N

N

how many tries should he use at the average?

hence

1 1\"! 1

Then finally, by some formula,

E{Y}=N.

Iy
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Discrete Distributions 5. The Pascal distribution

5 The Pascal distribution

Example 5.1 Let X and Y be random wvariables, both having values in No. We say that the random
variable X is stochastically larger than Y, if

P{X >k} > P{Y >k} for every k € Ny.
1) Prove that if X is stochastically larger than'Y, and if E{X} exists, then

E{Y} < B{X}.

2) Let X € Pas(r,p1) and Y € Pas(r,p2), where r € N and 0 < p; < pa < 1. Prove that X is
stochastically larger than Y .

1) We use that
B{X}=> P{X >k},
k=0

and analogously for Y. Then
B{X}=> P{X>k}>> P{Y>k}=E{Y}
k=0 k=0

2) Intuitively the result is obvious, when one thinks of the waiting time distribution. This is, however,
not so easy to prove, what clearly follows from the following computations.
Obviously, P{X >k} > P{Y > k} is equivalent to

P{X <k} < P{Y < Ek}.
Hence, we shall prove or the Pascal distribution that the function
k 1 4
OEDY ( S ) prL=py
k=r

is increasing in p €]0, 1] for every r € N and k > r.
Writing more traditionally = instead of p, we get

= S oo B Yo

j=r 7=0
k—r .
7=0

We put a convenient index on X, such that we get the notation

P{XTSk}:QOT,k(‘T), :Z?Z])E]O,l[.
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Then by a differentiation,

pri(z) = %pnk(x)_xr% ( jrr—1 )(1—z)j1

J
j=0 J
r e i+r—1
= —prr(z)—ra’ (j o )(1—$)]_1
; J—1
=1
r k—r—1 4
— _ Lt J T 1 J
poaa) = a3 (T )
7=0
k—(r+1) i
. +(r+1) -1
S TR ALED D (R IO
=0
r

= - {erk(@) — ory1p(z)}
g (P{X, <k} —P{X;41 <k}).

The event { X, ;1 < k} corresponds to that success number (r+1) comes at the latest in experiment
number k. The probability is < the probability that success number 7 occurs at the latest in
experiment number k, thus

Pli@) = = (PAX, Sk} = P{X,n <k} 20, a0l
s0 ¢y () is increasing in x. Therefore, if X € Pas(r,p;) and Y € Pas(r, p2), where r € N and
0 < p; <p2 <1, then

P{X <k} < P{Y <k} for k> r.

This is equivalent to the fact that X is stochastically larger than Y.

ALTERNATIVELY, the result can be proved by induktion after r. If r = 1, then
P{X>k}=(1-p)" >0 -p)*=P{Y >k},

and the result is proved for r = 1.

When r > 1, then we write

X = XT:Xl and Y
i=1

Il
Ny
=

where

X; € Pas(1,p2) and Y; € Pas(1,p2),
and where the X;-s (resp. the Y;-s) are mutually independent.
The condition

P{X >k} > P{Y > k}, for every k € No,
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Discrete Distributions 5. The Pascal distribution

does only concern the distributions of X, resp. Y. Therefore, we can assume that X and Y are
independent, and that all the X;-s and Yj-s above also are independenty.

We shall prove the following lemma:

If X1, X5, Y1, Y5 are independent random variables with values in Ny, where X7 is stochas-
tically larger than Y1, and Xs is stochastically larger than Yy, then X1+ Xo is stochastically
larger that Y1 + Y.

PRrOOF. If k € Ny, then

P{X1+X2>k} i/\X1>k—i}

> P{X,

=0

= iP{ngi}-P{Xl >k —i}
=0

iP{XQ:i}-P{Yl >k —i}

>
=0
= PVi+Xy>k} =) P{Vi=i} -P{Xy>k—i}
=0
> Y P{Vi=i} - P{Ya>k—i}=P{Yi+Ys >k},
=0

and the claim is proved. [J

Then write
r—1 r—1
X = (ZX) +X, and Y= (Z Xi> +Y,.
i=1 i=1

It follows form the assumption of induction that 27~ X; is stochastically larger than 37— Y;.
Since X also is stochastically larger than Y., it follows from the result above that X is stochasti-
cally larger than Y.
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6 The negative binomial distribution

Example 6.1 A random variable X has its distribution given by
P{X =k} = ( o )p”(—q)k, k € No,

where p>0,¢>0,p+q=1 and k > 0, thus X € NB(k,p).
Find the mean and variance of X.

First note that

()=

hence the mean is given by

= n+rx—1 s n+r—1 > n+rk
_ - KN __ - K.on o __ Kk n+1
BE{X} = Zn< n )pq —Zﬂ( "1 )pq =n 0( N )qq

n=1 n=1 n=
_ ﬂi nt {1} =1 1 _ Kg
op n Py
n=0
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Discrete Distributions 6. The negative binomial distribution

Furthermore,
= n+r—1 w n - n+r—1 won
) B LIRSl (L P LD SRR ) (R I
n=2 n=2
= H(H-‘rl)i R g
_ o~ (nA {2} =1 o ¢
= H(H+1)Z_%< n )p q H(m+1)-?§,
whence
¢ q°
VIX) = B{X(X =D} B(X) = (XD = se s ) G4 -2

2
q q Kq Kq
= K|l —>5+-|=—=5@+p)=—-
( p) p2( ) p?
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7 The hypergeometric distribution

Example 7.1 BANACH’S MATCH STICK PROBLEM. A person B has the habit of using two boxes of
matches at the same time. We assume that a matchbox contains 50 matches. When B shall apply o
match, he chooses at random one of the two matchboxes without noticing afterwards if it is empty. Let
X denote the number of matches in one of the boxes, when we discover that the other one is empty,
and let Y denote the number of matches in the first box, when the second one is emptied.

It can be proved that

100—r
_ 1
arzp{er}z(m%OT)G) . r=0,1,...,50.

Find analogously

b, = P{Y =r}, r=1,2,...,50.

For completeness we give the proof of the result on a,..

We compute P{X = 50 — k}, thus we shall use 50 matches form one of the boxes and k matches from
the other one, and then in choice number 50 + k£ + 1 = 51 + k choose the empty box.

In the first 50 + k& choices we shall choose the box which is emptied in total 50 times, corresponding
to the probability

504k \ (N (1N* 504k (1)
50 2 2] = k 2 ‘
1
In the next choice we shall choose the empty box, which can be done with the probability 3 Finally,

we must choose between 2 boxes, so we must multiply by 2. Summing up,

1 50+k
P{X =50 —k} = ( 50;’“ ) (§> . k=0,1,...,50.

Then by the substitution r = 50 — k,

_ 1 100—r
aTP{Xr}<1O%0r)(§> . r=0,1,...,50.

In order to find b, we shall compute P{Y = 50 — k}, i.e. we shall use 49 matches from one of the
boxes and k matches from the other one, and then choose the box, in which there is only 1 match
left. Analogously to the above we get

1 49+k
P{Y:50—1<;}:(49];HC ) (§>  k=0,1,....50.

Then by the substitution r = 50 — k,

99—r
. 1
bT—P{Y—r}—(9949r>(§> . r=0,1,...,50.
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Example 7.2 . (Continuation of Example 7.1).
1) Find an explicit expression for the mean p of the random variable X of Example 7.1.
2) Find, by using the result of Example 2.3, an approzimate expression of the mean p.

HINT TO QUESTION 1: Start by reducing the expression

50
50 — = (50 —r)a,.
r=0

It follows from Example 7.1 that

100—r
. 1
aT:P{X:r}:<1O%0T>(§> . r=0,1,...,50.

The text of the example is confusing for several reasons:

(a) On the pocket calculator TI-92 the mean is easily computed by using the command
> (r+nCr(100 — r,50) % 2°(r — 100), 7,0, 50),

corresponding to
50 100—7
100 —r 1

Zr( 50 ) <§> ~ 7.03851.
r=0

The pocket calculator is in fact very fast in this case.

(b) The hint looks very natural. The result, however, does not look like any expression containing

" , which one uses in the approximation in Example 2.3. T have tried several variants, of

which the following is the best one:

1) By using the hint we get

50 49 100 — 7 1 100—r
50,112(501")%2(501")( 0 ) <§) :
r=0 r=0

Then by Example 2.2,

(:ii)Z(f), r,n €Ny, r<n.
k

When we insert this result, we get

(5O_r)<100r> — 50— (100—r)! _ (100—r)!!:51(1007ﬂ>

50 50!(50 — r)! 511(49 — 1) 51
99—r 49—r 49—r
B E\ 50+5 Y 50 4 j
512<5O>_51Z< - >_51Z( ; )
k=50 j=0 j=0
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Then continue with the following

50 —p =

i(m —7) <

=0

49 49—r 50+]
- 5122( 50 )

i

r=

100 — 1 100—7r 49
o)) el

100 — r 1 100—r - 1 100
50 2 T2

100 -7\ (17" [ 100
50 2 50

r=0

Jj=0
51+

N————
—N
N
DO | =
~——
+
_|_

. 5045
)() -

1 100—7"_51§9: 50 + 49—
2 =20 50 .

() ()0

hence by a rearrangement,

100 1 100
et (1) ()"

2) Tt follows from Example 2.3 that

( 2n ) 22n .
~ , e
n NZZD

hence

100
100 1
o (8)()"

2100

( 100 > N
50 V50w

for n = 50,

101

1~ — 1 = 7.05863.
V50w

(according to Example 2.2)

(
(5)"} = (

100 1 100

51 > (5)

+@ 100 1 100
51 \ 50 2 ’

ADDITIONAL REMARK. If we apply the more precise estimate from Example 2.3,

100 2100 _ 100
101 /507 50

2100
) < Ve
507

then it follows by this method that

7.01864 < p < 7.05863.

It was mentioned in the beginning of this example that a direct application of the pocket calculator

gives

1~ 7.03851,

which is very close to the mean value of the upper and lower bound above.
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Example 7.3 A box contains 2N balls, of which 2h are white, 0 < h < N.
Another box contains 3N balls, of which 3h are white.

If we select two balls from each of the boxes, for which box do we have the largest probability of getting
2 white balls?

Which boz has the largest probability of obtaining at least one white ball?

1) Traditionally the other balls are black, so N = h + s.
We are dealing with hypergeometric distributions, so

(2h)<25> <2h)
2 0 2 2h(2h — 1 2h —1
p2 = P {2 white balls from Uy} = = _2h@h=1) b 2R
<2N> <2N
2 2

3

) 2N(2N —1) N 2N -1’

and analogously,

) _ 3hBh—1) h 3h—1

2
2 = P {2 white balls f 3) = '
ps = P{2 white balls from Us} (3N) SNBN—-1) N 3N -1
2

[ ]
B By 2020, wind could provide one-tenth of our planet's
ra | n p O W e r electricity needs. Already today, SKF's innovative know-
how is crucial to running a large proportion of the
world’s wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our

stems for on-line condition monitoring and automatic
jcation. We help make it more economical to create

Therefore we'need the best employees who can
eet this challenge!

Tr)_af Power of Knowledge Engineering

'-r:-.%.i

=

Plug into The Power of Knowle‘ngineering.
Visit us at www.skf.com/knowledges
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Discrete Distributions 7. The hypergeometric distribution

It follows from

3h—1 2h—1 1
N T oV 1~ BN DEn 1) (MY —8h—2N+1) = (6hN —2h = 3N + 1)}

N —h

= Byvonenv-1

that po < p3.

2) By interchanging h and s we get analogously that we have the largest probability of obtaining 2
black balls from Us.
Since ({at least one white ball} is the complementary event of {two black balls}, we have the
largest probability of obtaining at least one white ball from Us.

Example 7.4 A box contains 10 white and 5 black balls. We select without replacement 4 balls. Let
the random variable X denote the number of white balls among the 4 selected balls, and let Y denote
the number the number of black balls among the 4 selected balls.

1) Compute P{X =i}, i=0, 1, 2, 83, 4, and P{Y =i}, i=0, 1, 2, 3, 4.
2) Find the means E{X} and E{Y}.
3) Compute the variances V {X} and V {Y}.

4) Compute the correlation coefficient between X and Y .

1) This is an hypergeometric distribution with a = 10, b =5 and n = 4, thus

P G | F1) I 69 1 0 )
(7) (V)

By some computations,

<10 ) ( 5)

0 4 1.5 1

P{X =0} = P{Y =4} = - = 365 = 373 ~ 0.0037,
4 >

(1())(5)

1 3 10-54 90
P{X=1}=P{Y =31 = = L2 — ~— ~0,0733
{ } { } 1365 1365 273 ’ ’

(1())(5) T2

2 2 109 | 54 90

P{X =2 =P{y =2} = =12 L2 _ ~ 0,32
{ } { } 1365 1365 273 0,3297,

(13())(?) 055 120

123
P{X=3}=P{Y =1} = = = = = ~0,4396
X =3 =Py =1} 1365 1365 213
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4 0 10-9-8-7 42
P{X =4} = P{Y =0} = = L234 _ % ~(, 1538
{ ! { } 1365 1365 273 ’ ’

where of course

90 30 120 40 42 2

273 o1 23 o1 M o T

2) The means are

a 10 8
E{XY=n. _ 4. _8
Xy =n- 10+5 3
and
b 5 4
E{Y =n. — —4. =2 (=4—E{X)).
Wh=n-"ry 015 3 | X

3) The variance is

nab(a + b —n) 4-10-5-(104+5—4) 200-11 44
VX =V} = e 0-1  (0+5210+5-1) 22514 63

4) Tt follows from Y = 4 — X that

Cov(X,Y) = E{XY}-E{X)E{Y}=E{X(4—-X)} - E{X}E{4- X}
4E{X} - E{X?} —4BE{X}+ (B{X})* = -V{X},
hence
WX V) = Cov(X,Y) _ —V{X}

VVIXTV{Yr  V{X}

Example 7.5 A collection of 100 rockets contains 10 duds. A customer buys 20 of the rockets.
1) Find the probability that exactly 2 of the 20 rockets are duds.
2) Find the probability that none of the 20 rockets is a dud.

3) What is the expected number of duds among the 20 rockets?

This is an hypergeometric distribution with a = 10 (the duds) and b = 90 and n = 20. Let X denote
the number of duds. Then

(1) P{X=i}=(119>(2090i> i=0,1,2 ... 10,

100 ’
20
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1) When i = 2, it follows from (1) that

10\ (90
2 18 ) 100 90! 200800 90! 80! 20! 10! 1

PixX =21 = 100 T o8 181720 100! 100! 720 180 812!
(w)
B 80.79-78-77-76-75-74-73  20-19-10-9 _ 101355025 .o
100-99-98-97-96-95-94-93-92 - 91 2 318555566

2) When i = 0, it follows from (1) that

10\ (90
0 20 90! 801201 90! 80!

( 100 ) 701200 1000 100! 70!
20

P{X =0} =

. 80-79-78-77-76-75-74-73-72-71 15149909 ~ 0.0951
T 100-99-98-97-96-95-94-93-92-91 159277783 © '

3) The expected number of duds is the mean

a 10
=20 — = 2.
a+b 100

E{X}=n-

Example 7.6 A box Uy contains 2 white and 4 black balls. Another box Us contains 3 white and 3
black balls, and a third box Us contains 4 white and 2 b black balls.
An experiment is described by selecting randomly a sample consisting of three balls from each of the

three boxes. The numbers of the white balls in each of these samples are random variables, which we
denote by X1, Xs and Xs.

1. Compute E{Xl}, E{XQ}, E{Xg} and E{X1 + X2 + Xg} and V{Xl + X2 + Xg}
2. Find the probability P{X; = X5 = X3}.

Then collect all 18 balls in one box, from which we take a sample consisting of 9 balls. Then the
number of white balls in the sample is a random variable, which is denoted by Y .

Find E{Y'} and V{Y}.

The boxes Uy, Us and Us are represented by

Uy ={h, h, s, s, s, s}, Us ={h, h, h, s, s, s}, Us ={h, h, h, h, s, s}.
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1) We have in all three cases hypergeometric distributions. Hence,

piy - LGN

) t=1,0,1,2
6
(5)
3 3
, i 3 _
P{X, =1} = ) , 1=1,0,1, 2, 3,
(5)
4 2
. ) 3—1 .
P{X;=1i} = 1=1,0,1,2, 3.

The means and the variances can now be found by formulae in any textbook. However, we shall
here compute all probabilities in the “hard way”, because we shall need them later on:

TURN TO THE EXPERTS FOR
SUBSCRIPTION CONSULTANCY

Subscrybe is one of the leading companies in Europe when it comes to innovation
and business development within subscription businesses.

We innovate new subscription business models or improve existing ones. We do
business reviews of existing subscription businesses and we develope acquisition and

retention strategies.

Learn more at linkedin.com/company/subscrybe or contact
Managing Director Morten Suhr Hansen at mha@subscrybe.dk

SUBSCRYBE - fofle fifur
¥y

Click on the ad to read more
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a) When we draw from U; we get

3 4 3 2 1
P X :0 = | ) = s — . —_ = =
(X =0} (0) 6 5 4 5
3 2 4 3 3
P X :1 = | )] = = . —_ = =
3 21 4 1
PIX, = — [ °).2.=2. Z_z
P{X;=3} = 0,
where
3 9 3 1 7
hence
7 2
ViXi}=--1*==Z.
Xip=g-12=2
b) When we draw from Us we get analogously
3 3 21 1
P _X = = | ] == _ = —
{X2 =0} <0> 6 5 4 20
3 3 3 2 9
P X :1 = | ) s = s — . —_ = —
(X =1} <1> 6 5 4 20
3 3 2 3 9
P X :2 = | _ ] = — - —_ = —
X2 =2} (2) 6 5 4 20
3 3 21 1
P X :3 = | _ ) = = . —_ = —
{Xe =3} (3) 6 5 4 20
hence
9 9 1 9+18+3 3
E{Xy,} = 1-%+2-%+3'2—0—T—5,
9 9 1 9+36+9 54 27
B{X2) = 1-—+4-— s = — = —
{2} 20 Tt 20 20 10
54 9 54—45 9
VXl = %7iT T T w
¢) When we draw from Us we get complementary to the draw from U; that
P{X;=0} = 0,
1
P{X;=1} = =
P{X3:2} = 27
1
P{X;=3} = 5
Hence we get (there are here several variants)
1 3 1 146+3
E{Xg}:1-5+2-5+3-5:%:2:3—E{X1}7
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and

2
Then

3 9

E{X; +X2+X3}:E{X1}+E{X2}+E{X3}:1+§+2=5.

Since X7, Xo and X3 are stochastically independent, we get

2 9 2 8+49+8 25 5
V{X1+X2+X3}:V{X1}+V{X2}+V{X3}=g+—+—=7= =

20 5 20 20 4
2) It follows that

[
NE

P{X1 =X, = X3} P{X1 =k} P{Xo =k} P{X3=k}

9

9
20

1
20

- + +0- 55

U‘ll»—tﬁ
ot w
]| o
Il

[N}

ot w

1_
20 5 250

[N}

S|~
ot =
Ut =
Ut =

Vowo Toucxs | Rewanr Tovcks | Macx Touews | Wowo Buses | Vowo Coxseucrion Ecuesent | Wowo Pesm | Vowo Aeso | Vowo IT

Vowo Fimskcer Sepaces | Vowo 3P | Vowo Powemream | Vowo Pasrs | Vowo Tecsmowoey | Vowo Loasncs | Busieess Anes Asie
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Discrete Distributions 7. The hypergeometric distribution

3) We have in this case the hypergeometric distribution

o G) G
(v) (%)

with a =b=n =29, hence

na 9-9 9
EY — = — = —
v} a+b 9+9 27
and
V{v} = nab(a +b —n) _9:9-9-9 81 :g.

(a+b0)2(a+b—1) 182-17 4-17 68

Example 7.7 Given a sequence of random variables (X,,), for which

an by
P{X, =k} = < ’<?<2n<+7;>k >

where m, a,, b, € N, and where a,, — co and b, — 00 in such a way that

max (0,m — b,) < k < min (a,, m),

Qn
ay +

P p €0, 1.

Prove that the sequence (X,,) converges in distribution towards a random variable X, which is bino-
mially distributed, X € B(m,p).
Give an intuitiv interpretation of this result.

When n is sufficiently large, then a,, > m and b,, > m. We choose n so big that this is the case. Then
for 0 < k < m,
an! b,! m! (an+b,—m)!

K (an—k) (m—k) (bp—m+k)! (an+bp)!
m\ an(an—1)-(an,—k+1) by (b,—1)-- (b, —m+k+1)
( k > ' (@ +0n) (an+by—1) - (an+by —m+1)

m an a,—1 a,—k+1 by, b,—m-+k+1
< k > CUntbn anAby—1  aptbp—k+1l antba—k  ap+by—m—+1

P{X,=k} =

— (?)pk(l—p)mk for k=0,1,..., m mnarn — co.

Remark 7.1 If we have a large number of white balls a,,, and a large number of black balls, then it is
almost unimportant if we draw with replacement (binomial) or without replacement (hypergeometric).
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An ALTERNATIVE proof, in which we apply Stirling’s formula, is the following. Let
P{X =k} = < ’l’; )pk(l—p)mk7 k=0,1,...,m, X & B(m,p).

Choose N, such that b, > m and a,, > m for all n > N. Then it follows from Stirling’s formula for
n> N,

P{sz}—P{Xn:k}:<7;”)17’“(1_10)7"k_(akn )(mbfk>

[ m — ay! by,! m! (an + by —m)!
(0 ) e T

[ m — m! (an + by —m)laylb,!

- < k )pk(lp) - Kl(m = k) (by —m+ k) (an — E)! (an + by)!

([ m — m (an + by —m)! a,'by,!

—< k )pk(l‘p) k‘( k )'(bn—m—f—k)!(an—k)!'(an—i—bn)!’

where
(@ntbu—m)! ~ /20 (b —1) - (a +by =)+ exp(— (@ +by —m)),
(by—m+k)! ~ /27 (by—m! +k) - (by —m+k)>* exp(—(b, —m+Fk)),
(an — k) ~ /27 (an — k) - (an — k)* Fexp(—(an — k),
an! ~ V21 - al - exp (—ay),
bp! ~ V2 - b2 - exp (—by),
(an + b)) ~ /21 (ay + p) - (@ + bp)* 07 - exp (= (an + by)) .
Since the exponentials disappear by insertion, we get the following

(an + bp — m)la,!by!
(b —m+ k) (a, — k) (an + by)!

\/ 2r(ay + b, —m) - 27a,, - 27b,

X

27t(by, —m+ k) - 2w(an, — k) - 2w(an + by)

" (an 4 by, — m)anTon=mgdnpbn
(bn —m+ k)bn—7n+k(an _ k‘)“n—’f(an + bn)a”+b”

B \/an +b,—m  a, b, y
B an+bn an—k nn—m—|—k;
a/n+bn_m @n+bn akbm_k (7% an—k b’ﬂ by —m+k
. ( an + by, > (anernfm)m (ank> (bnm+k)

antb an—k
n n k: n
—~1- lim (1— m ) . lim (1+ ) x

n— oo a,n+bn n—o00 anfk;

by, —mk k m—k
« lim (14— k lim an bn
n—00 b, —m-+k n—oo \ ay+b,—m an+b,—m

—1.e ™. ek .emfk -pk(l _p)m —k :pk(l _p)mfk.
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Finally, we get by insertion

lim (P{X =k} — P{X, =k}) =0,

n—oo

and we have proved that X,, — X € B(m,p) in distribution.

Example 7.8 A deck of cards consists of the 13 diamonds. The court cards are the 3 cards jack,
queen and king. We let in this example ace have the value 1.

We take a sample of 4 cards.

Let X denote the random wvariable, which indicates the number of cards which are not court cards
among the 4 selected cards.

1) Compute the probabilities
P{X =i}, =123 4.
2) Find the mean E{X}.

3) We now assume that among the chosen 4 cards are precisely 2 cards which are not court cards,
thus X = 2.

What is the expected sum (the mean) of these 2 cards which are not court cards?

1) Here X is hypergeometrically distributed with a = 10, b = 3, n = 4, so we get

ooy L)L) 0y s

13 —m i 4—’&)’ 7,:1,2,3,4.
4

Hence,
PIX =1} — 0 2
B 715 1437
135 27
P{xX=2 = —=—--_
{ } 715~ 143’
360 72
P X = = _— = —
{ 3 715 143’
PIX =4 — 210 42
- 715 1437

2) Then by a convenient formula the mean is

na 74~10740
a+b 13 13

B{X} =

ALTERNATIVELY we get by a direct computation,

1 440 40

E{X}=—(1-24+2-27T43-T24+4-42)= — = —.

{3 143( + * * ) 143 13
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3) Given that we have two cards which are not court cards. The first one can have the values
1,2, 3, ..., 10, and the expected value is

1 11
—{1+243+-4+10} = —.
10{++++}2

11
The second card has also the expected value 2 hence the expected sum is

1 11

— + — =11

2 + 2
ALTERNATIVELY and more difficult we write down all 90 possibilities of the same probability, where
we are aware of the order of the two cards:

142, 241, 341, o 10+ 1,
1+3, 2+ 3, 342, o 10 + 2,
1+4, 2+ 4, 344, e 10 + 3,
1+ 10, 2+ 10, 3+ 10, e 10+ 9.

The total sum is
18- (142+3+---4+10) = 18- 55 = 990.

Then the average is

990
— =11.
90

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...

69

Click on the ad to read more
Download free eBooks at bookboon.com



http://s.bookboon.com/Gaiteye

Discrete Distributions 7. The hypergeometric distribution

Example 7.9 We shall from a group Gy consisting of 2 girls and 5 boys choose a committee with
8 members, and from another group Gs of 3 girls and 4 boys we shall also select a committee of 3
members.Let X1 denote the number of girls in the first committee, and Xo the number of girls in the
second committee.

1. Find the means E{X1} and E {Xs}.

The two groups G and Go are then joined into one group G of 14 members. We shall from this group
choose a committee of 6 members. Let Y denote the number of girls in this committee.

3. Find the mean E{Y'} and the variance V{Y}.

We are again considering hypergeometric distributions.

1) Since Gy consists of 2 girls and 5 boys, of which we shall choose 3 members, we get
a=2, b=25, a+b="17 and n =23,

hence
na 3-1 6
E{X,} = = — = -,
(X a+b T 7

Since G consists of 3 girls and 4 boys, of which we shall choose 3 members, we get

a=3, b=4, a+b="7 and n =3,

hence

w
NeJ

na 3-
E{XZ}_a—Fb_— 7

2) Tt follows from

P{Xlk}<2)(3ik>i<z)< o ) for k=0, 1,2,
and

P{ng}<z)<(73>4k>3l5<z)< 1 ) for k=0, 1,2, 3,
3

and P{X; =3} =0 that

P{X1 =Xp} = P{X1 =0} P{X5 =0} + P{X; =1} P{Xo = 1} + P{X; =2} P{X> =2}.

Here

P{Xlzo}.p{X2:0}:<§><§>,(g><§>_10'4_40

35 35 352 352’
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4
)(2)_2-10-3-6_360

35 ' 35 352 352’

P{X1:2}.p{X2:2}:<§>35<?>_<;)3<£11>:5~3-4_ 60

which gives by insertion

— o
S~—
~~
N Ot
~—
N\
— W

P{X; =1} P{Xy=1} = (

5 352 352’

40 +360 +60 460 92

PO=X =" “m " w

3) Since G consists of 5 girls and 9 boys, of which we shall choose 6 members, we get

a =9, b=9, a+b=14 and n =6,

hence
na 6-5 15
EY = = — = —
3 a+b 14 7’
and
Viv) = nab(a+b—n) :6-5~9.(14—6)_5-6-8-9_540

(a+b)32(a+b-1) 142.(14—1)  4-13-49 637
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