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1. Introduction.

A Silverman game is a two person zero sum game
defined in terms of two sets, S; and S,, of positive
numbers and two parameters, the threshold T > 1 and
the penalty v > 0. Players I and II choose numbers
independently from S; and S,, respectively. The higher
number wins 1, unless it is at least T times as large
as the other, in which case it loses v. If the
numbers are equal the payoff is zero.

Such a game might be thought of as an imperfect
model for various bidding or spending situations in
which within some bounds the higher bidder or the
bigger spender "wins", but loses if it is overdone.
Some situations which come to mind are spending on
armaments, advertising spending, or sealed bids in an
auction.

Most previous work on such games has dealt
either with symmetric games, where S; = S,, or with
disjoint games, where S1vn S, = ¢. A version of the
symmetric game on a special discrete set S is
described in [3, p. 212]. 1In [1], Evans examined the
symmetric game on (a,b), where 0 < a < b < ®,

obtained necessary and sufficient conditions that an



optimal strategy exist and gave an optimal strategy in
the case where one exists. Symmetric games on an
arbitrary discrete set S are solved in (2] for all T
and v except for v too near zero in some cases. An
analogous game with S = [a,»), a > 0, with payoff a
certain continuous function of y/x, is examined in [5].

Nonsymmetric Silverman games were first
considered by Heuer in [4], where the game with S; the
set of positive odd integers and S, the evens was
solved for all T and v. This work was extended to
arbitrary discrete and disjoint S, and S, in [7], where
a classification into 8 classes and solutions are
obtained for v 2 1 and all T, and partial results are
obtained for v < 1.

Nearly all the games studied in the above-
mentioned papers have optimal strategies whose support
is a bounded subset of the corresponding strategy set,
and thus in the discrete case optimal strategies are
of finite type. The reason for this, at least when
v 2 1, is made clear in [6], where it is shown that
Silverman games with penalty > 1 are part of a much
larger class of games which always have bounded

optimal strategies.



In this work we begin to analyze the vast class
of discrete Silverman games that lie between the
extremes of S; = S, and S; n S, = ¢. We recall a few
facts about these two extreme cases. When S; = S, the
game always reduces to a (2n+l) by (2n+l) game for

some n 2 0. The essential subgame is the game on the

essential set

W= ({e,e,...,e00,5,...£),

where e = <Te,> = <Tc1> (here {x) denotes the

largest element of S less than x, and c; is the
smallest element of S;), and f; = <Teh1>. Further,

£, = {Tc) whenever €; < C £ €j,.

In the disjoint case [7] there are 8 classes.

In classes 1A, 2A and 2B, at least one player has an
optimal pure strategy, and when V > 1 both do, so the
game has a saddle point.

In classes 3A and 3B the game réduces to 2 by 2,
and in the remaining classes, 4A.k, 4B.k and 5A.Kk,
the game reduces to (2k+1) by (2k+1).

In the work that follows we begin a systematic

analysis of Silverman games where S, and S, are

arbitrary discrete sets of positive numbers and the

penalty is 2 1. There are always finite subsets W, of



S, and W, of S, such that optimal strategies for the
subgame on W, X W, are optimal for the full game on
Sy X S,, and a principal objective is to find minimal
subsets with this property.

In Section 5 we define balanced Silverman games,
and thereafter limit our study to these games. We
show in Sections 8 to 11 how all balanced Silverman
games reduce to nine fundamental types, one of which
is 2 by 2, four of which are larger games of even
order, and four of which are of odd order. We think
these are all irreducible, and discuss the evidence

for this in Section 13.



2. Games with saddle points.

The theorems in [7) dealing with classes 1A, 2A
and 2B do not depend on the strategy sets being
disjoint, and include all Silverman games where at
least one player has an optimal pure strategy, except
the symmetric 1 by 1 case:

THEOREM 2.1. In the symmetric Silverman game
(S,T,v), suppose that there is an element ¢ in S such
that ¢ < Tc; for all c¢; in §, and that S n (c,Tc) = ¢.
Then pure strategy c is optimal.

PROOF. Let A(X,y) be the payoff function. By
symmetry the game value is 0. Since A(c,y) = 1,0 or v
according as y < ¢, Yy = c or y 2 Tc, we have
A(c,y) 2 0 for every y in S. O

In this theorem, as in those referred to in the
preceding paragraph, no assumption of discreteness

is made.



3. The 2 by 2 games.

For the remainder of the paper we assume that S,
and S, are discrete. It turns out that a great many
discrete Silverman games are reducible to 2 by 2
games, in the sense that each player has a 2-component
optimal mixed strategy. In this section we shall
identify all irreducible 2 by 2 Silverman games, and
in the next section are some theorems giving condi-
tions under which games reduce to 2 by 2. "Game" here-
after will always mean "Silverman game."

It is clear from the payoff rule for Silverman
games that if the elements in each S; are listed in
increasing order, the entries in each row of the
payoff matrix are subject to the order -v, 1, 0, -1,
v, and columns, from top to bottom, the opposite
order. It is easy to see that a 2 by 2 game with v or
-v on the diagonal reduces by dominance to a 1 by 1
game. (In Section 5 we shall see that a game of any
size having |A(i,i)| = v for some i is reducible by
dominance.) Since interchanging S, and S, replaces
the game matrix A by its negative transpose, which we
shall denote by A', it will suffice to find all
irreducible 2 by 2 game matrices where the first

nonzero diagonal element is -1.



Subject to the above restriction, and taking
into account the row and column order and dominance
considerations, one finds that there are just 3
possible‘first rows, hamely
o -1, o v, and -1 v.
It is straightforward then to verify that there are
exactly 8 irreducible 2 by 2 game matrices, namely the

following four and their duals (negative transposes):

(T = 4) 2 3 (T = 3)
(B) (B) 1l-1 v
2/ 0 -1

(T = 3) 2 3 (T = 3)
(C) (D) 1l-1 v
3/ 1 o0

(The first row 0 -1 occurs only in (C').)

The unigue optimal mixed strategy P = (p,,p,) for
the row player, Q = (q1,q2) for the column player, and

the game value V are given below for convenience.

(8) P = (2,v+1)/(v+3), Q = (v+1,2)/(v+3), V = (v-1)/(v+3)

(B) P = (1,v+1)/(v+2), Q = (v+1,1)/(v+2), V = -1/(v+2)
(C) P = (2,v)/(v+2), Q = (v+l,1)/(v+2), V = (v/(v+2)
(D) P = (1,v+1)/(v+2), Q = (v,2)/(v+2), V = v/ (v+2).



4. Some games which reduce to 2 by 2 when v 2 1.

The game of case (A) above and its dual (A') are
the reduced games of Classes 3A and 3B in the disjoint

case [7]. However, many games where S; n S, # ¢ also
reduce to these 2 by 2 games, as we see in the first
two theorems below. From now on we assume also that
v 2 1.

Let Sy = {¢y,c;,C5,..-}, S, = {d4,d;,,d5,...}, with
c; < ¢, and d; < d;,; for each i. We assume without
loss of generality that 1 = ¢; £ d;. Extending
slightly a notation used in [2],

(4.0.1) <x>i denotes the largest element

of S; less than x.
When the context makes clear which S§; is involved we
may simply write {x». E.g., in the equation g, = {c;T)
it is understood that 4, is in S,. For each i, let

¢ = min [d;,®) n S,;, if [d;,®) n S; % ¢
(4.0.2)

d; = min [c;,®) n S,, if [c;,®) n S, # ¢.

For given S,, S, and T, define integers m and r by

c, = <4,T);
(4.0.3) { n = <O
d, = ;> = <1).
Let P = (p1,p2,p3,...) and Q = (q1,q2,q3,...) denote

the mixed strategies, on S; and S, respectively, which



assign probabilities )< to ¢; and g, to d; for
i=1,2,3,... . The payoff for (x,y) in S; x S, is
always denoted by A(x,y). The expected payoff for
mixed strategies ¥,6 is denoted by E(¥,6).

Consider the game with s; = (1,3,5,7,9,29,42,66},
S, = {2,4,6,7,28,36,66,89} and T = 10. Here c, = 9,
d. = 7, and the subgame on {1,9} X {2,28} has the
matrix of case (A) in Section 3. Optimal strategies
for this 2 by 2 game are P = (2,v+1)/(v+3), Q =
(v+1,2)/(v+3), and the game value is V = (v-1)/(v+3).
Although there are no dominated strategies in §; or S,
(see game matrix below), we shall see that P and Q are
optimal for the full game on S; X S,. We partition the

matrix as follows:

(v+1) (2)
2 4 6 728 36 66 89
(2) 1 -1 -1-1-1} Vv v Vv v
3 1 -1 -1-1/]-1 Vv v Vv
5 1 1-1-1{-1-1 v v
7 1 1 1 0f-1-1-1 Vv
(v+1) 9 1 1 1 1{-1 -1 -1 -1
29 -v 1 1 1| 1 -1 -1 -1
42 -v -v 1 1|1 1 -1 -1
66 -v -v-v 1{ 1 1 0 -1

Against (2,28}, the strategies 3,5,7,9 in S; are
equivalent, as are 29,42,66, and the latter group has
expectation less than V. Against {1,9} the strategies

2,4,6,7 in S, are equivalent, as are 28,36,66,89.
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Consequently, strategies optimal on the 2 by 2 subgame
are optimal for the full game. Theorem 4.1 below
gives general conditions under which such a reduction
to a case (A) 2 by 2 game is possible. In the nota-
tion of that theorem and of (4.0.2) we have j = 1,
ci =3, d = 28 and cf = 29 2 ;T in the above example.

THEOREM 4.1. Assume that
(4.1.1) d. < c, (i.e., that S, n [c,,T) = ¢):
(4.1.2) 3 4d; < ¢, such that if 4, = {c]T) then

Sy n [4,,4;T) = ¢.

(Note that then d4; > 1. See remark below.)

Then the game value is (v-1)/(v+3), and the

following strategies ¥y and § are optimal:

Y s
P, = g = 2/(v+3)
p, = q = (V+1)/(v+3)

REMARK. If d; = 1, then ¢} = 1, g = T, so

dy < ¢, by (4.1.1). Then ¢ £ ¢, < 4T, in contradic-
tion to (4.1.2). Thus g; > 1.
PROOF of theorem. Let V = (v-1)/(v+3). We show

first that E(y,d) 2 V for all d in S,. If 4 < c,,

then d < ¢, < T £ dT, so A(c,,d) = 1. Also, ¢, < cC

< dT, so A(cy,d) 2 -1. Thus E(y,d) 2 P, - p, = V.
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Ifd 2c¢,, thend 2T = ¢,T, so A(cy,d) = v.
Also, A(c,,d) 2 -1, so E(¥,d) 2 vp, = P, = V.
Next we show that E(c,é) < V for all c in S;.

If ¢ < d;, then ¢c < d; < ¢, £ Tc, so A(c,d;) = -1.

Since A(c,d,) < v, we have E(c,§) < -qj + vq = V.
Ifdch<dk, thenc}Sc, soc<dk<c}T$Tc,

and therefore A(c,qd,;) = -1. Moreover,

d; s c = A(c,d;) <1, so we have E(c,$) < 9, - q = V.

Finally, if ¢ 2 d,, then c 2 ¢; 2 4q;T by (4.1.2),

so A(c,d;) = -v. But A(c,d;) <1, so E(c,é) < - vqj + q
= —-(v¥+v-2)/(v+3) <0 < V. O
THEOREM 4.2. Assume that
(4.2.1) c, < d. (i.e., that s; n [4,,4,T) = ¢):
(4.2.2) 3 ¢; < d, such that if ¢, = {d]T) then
S, n [c,cT) = ¢.
(Note that then 1 < ¢; < ¢. See remark below.)

Then the game value is (-v+1)/(v+3), and the

following strategies, ¥ and §, are optimal:

y §
P, = q = (vtl)/(vt3)
P, = q, = 2/(v¥3).

REMARK. If j = 1, then ¢, < 4,T, and (4.2.1)

then implies that ¢, < T, and therefore ¢, < c¢;. Then
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(4.2.1) further implies that d; < d, < T. But 4, > ¢,
so that (4.2.2) implies 4, 2 c;T, a contradiction.
Thus j > 1. Furthermore, from (4.2.2) we have c; < d,
< T < ¢;T, but S; n [¢,c;T) = ¢. Therefore ¢, > cj.
PROOF of theorem. Let V = (-v+l1)/(v+3). We show

first that E(y,d) 2V for all 4 in S,. (i) If d < c;

then d < c; < d. < T <dT, so A(cj,d) = 1. Also,

A(c,,d) 2 - v, so E(y,d) 2 pj - vp, = V.

(ii) If c; £d < ¢, then d; <d, sod < ¢ < d;T < dT,

and A(c,,d) = 1. Also, c; S d :»A(cj,d) > -1, so

E(y,4d) 2 P, +p, = V. (iii) 1fd 2c¢,, then d 2 c;T
by (4.2.2), so A(c;,d) = v. Since A(c.,d) = -1, we
have E(y,d) 2 vp, = P, = (vi+v=2)/(v+3) = 0 > V.

We complete the proof by showing that E(c,§) <V

for all ¢ in S;. (i) If ¢ < d.,, thenc < d, < T < cT,

so A(c,d,) = -1. Also, d; < d, < cT, so A(c,d;) < 1.
Thus E(c,$§) < q9, - 49 = V. (ii) If c 2 d,, then by
(4.2.1) we have ¢ 2 d;T, so A(c,d;) = -v. Since

A(c,d,) £ 1, we have E(c,$) < - vd, + q = V. o
The next two theorems give conditions under
which the game reduces to the 2 by 2 game of case (B)

or its dual (B'). Examples illustrating Theorems 4.3,

4.5 and 4.7 are given following Theorem 4.7.
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THEOREM 4.3. Assume that
(4.3.1) c = 4d_,

(4.3.2) o] 2 d.T, and

m+ 1
(4.3.3) 3 ¢; < d, such that ¢;T £ d.,;, < c,T.
Then V = -1/(v+2), and the following strategies,

vy and §, are optimal:

Y $
P, =a = (v+1)/(v+2)
p. =dq = 1/ (v+2).

i r+1
PROOF. We show first that E(y,d) > -1/(v+2) for

all 4 in S,. (i) 1If d < c,, then A(c,,d) 2 0 because

m/’

d <c, < dl. Since c¢c; < d. < T £ 4T, A(c;,d) 2 -1.

Thus E(vy,d) 2 -p, = -1/(v+2). (ii) If 4 > c,, then
d 24d.,, 2T, so A(c;,d) = v. We also have
A(c,,d) 2 -1, so E(y,d) 2 vp, - p_ = -1/ (v+2).

We complete the proof by showing that E(c, §)
< -1/(v+2) for all c in S,. (i) 1If c < 4., then
c <d. < cT so A(c,d,) = -1. Since A(c,d.,,) < v, we

have E(c,¥§) < -q_ + vq . = -1/(v+1l). (ii) If c = 4d

r!
then A(c,d,) = 0, and since c = d, < 4.,y < ¢,T = cT,

we have A(c,d.,;) = -1. Thus E(c,$) = -q = —-1/(v+2).

r+1

(iii) If ¢ > d., thenc 2c > d4.T, so A(c,d,;) = -v.

m+1

Also, ¢ 2 4,T = ¢,T > d,,,, so A(c,d.,y) £ 1. Thus

r

E(c,8) £ -vg + g, = (-v2-v+l)/(v+2) < - 1/(v+2). O
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Similarly, one proves the dual:
THEOREM 4.4. Assume that

(4.4.1) Ch = dl"

(4.4.2) d c,T, and

r+1 2

(4.4.3) j d; < ¢, such that q;T < c < 4,T.

m+1

Then V = 1/(v+2), and the following strategies

are optimal:
p, = q = (v+l)/(v+2)
P, =4 = 1/(v+2).

The next theorem gives conditions under which
the game reduces to a type (C) 2 by 2.

THEOREM 4.5. Assume that
(4.5.1) cpq =4, ,
(4.5.2) Cp < dy4q < c,T, and
(4.5.3) o]

T <d C

m-1 re1 S Cpeqe
Then the game value is v/(v+2), and the following

strategies, y and §, are optimal:

v: P, = 2/(v+2) , p, = V/(v+2)

m-1 m
S q = (v+1) /(v+2), q,, = 1/(v+2).
PROOF. Let V = v/(v+2). We show first that
E(y,d) 2V for all 4 in S,. (i) If d < d,, then

d £ ¢,.q < dT, so A(c,4,d) is 1 or 0. Since d < ¢, < 4T,

we have A(c,,d) = 1. Thus E(vy,d) 2 p, = V. (ii) If
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d 2 d.,4, then by (4.5.3), A(c,.q;,d) = v. Since by
(4.5.2), d > ¢,, we have A(c,,d) 2 -1. Thus
> i - =
E(y,d) 2vp - p = V.
We complete the proof by showing that E(c,§) <V
for all ¢ in s4. (i) If ¢ < ¢,4, then ¢ £ 4, < cT,

so A(c,d,) is 0 or ~1. Hence E(c,§) < qu + vg ,, = V.

(ii) If ¢ = ¢, then 4. = ¢,y < ¢, <=4,T, so A(c,,d,)

= 1. From (4.5.2) we have A(c,,d,,;) = -1, so E(c,,§)
=9q -9, = V. (iii) TIf ¢ 2 ¢y, then c 24T
by (4.5.1) and (4.5.3), so that A(c,d,) = =-v, and by

(4.5.3), A(c,d4,,4) £ 1. Thus E(c,§) = -vg + q., =

(-v2=v+1)/(v+2) < 0 < V. O
The dual theorem is the following.
THEOREM 4.6. Assume that

(4.6.1) dl“1 = Cm,

(4.6.2) Cpet < 4.T, and

(4.6.3) d__,T <c,, <d

r-1 m+ 1 r+t°
(Note that now d, < ¢,T < 4T £ ¢,y = d. < Cpuq.)
Then the game value is V = -y/(v+2), and the

following strategies are optimal.

VK p = (v+tl)/(v+2), p_ .. = 1/(v+2)

m m+1

Y q 2/ (v+2), qr = v/ (v+2).

r-1

The proof is similar to that of Theorem 4.5. 0O



16

The next theorem deals with games that reduce to
2 by 2 games of type (D).
THEOREM 4.7. Assume that
(4.7.1) T >d, § Sy,
(4.7.2) T <c =4 < 4T and
(4.7.3) disq 2 4, T.
Then the game value is V = v/(v+2), and the

following strategies, ¥ and §, are optimal:

¥Y: P, 1/ (v+2), p. = (v+1) / (v+2)
é: q, = v/ (v+2), q, = 2/(v+2)

PROOF. We show first that E(y,d) =2 V for all d
in S,. (i) If d < c¢., then since ¢, < ;T < AT we have
A(c.,d) = 1. By (4.7.1), d > 1, so A(1,d) 2 -1. Thus
E(y,d) > - p, + P = V. (ii) If d = c. = d,, then
by (4.7.2), we have A(1l,d,) = v, and A(c.,4,) = 0, so
E(y,d) = vp, = V. (iii) If 4 > d,, then by (4.7.3),
A(c.,d) = v = A(c,y,d), so that E(¥,d) =v > V.

We complete the proof by showing that E(c,$8) <V
for all ¢ in s;. (i) If ¢ £4d,, then by (4.7.1) we
have A(c,d;) = -1. Since A(c,qd,) < v, E(c,é) <
-q, +vg =V. (ii) If d; < c £ 4,, then (4.7.2)
implies d; < ¢ < 44T, so A(c,d;) = 1. Also, c < 4,

< 44T < cT, which implies that A(c,d,) is 0 or -1.
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Thus E(c,6) < q1.1 + qz.o = V. (iii) If ¢ > -4, then
c 2 ¢y 24T, so A(c,dy) = -v. Since A(c,qd,) <1, we
have E(c,$) < - vg, + q = (-v3+2) /(v+2) < v/(v+2) = V. O
The dual case, (D'), does not occur under the

convention that c¢; < d,. Section 10 shows how another
large class of games reduces to 2 by 2 games of type
A or A'.

Below we give examples of games which reduce to
2 by 2 games of types B, C and D as indicated by
Theorems 4.3, 4.5 and 4.7. The asterisks in the mar-
gin indicate the active strategies, and the separat-

ing lines aid in seeing that the optimal mixed strate-

gies for the 2 by 2 subgame are optimal for the full

game.
X X
T 5 1 3 4 9140 50 95
Ype ’ 1 0 -1 -1 -1} vy
Theorem 4.3. 2 1 -1 -1 -1 v v
T = 10 vV
x 3/'1 0-1-1] v v v
X 911 1 1 0(-1 -1 v
90|{-v =v -v ~v}{ 1 1 -1
96|~y =v -v =y 1 1 1
X X
1 3 4 5|55 65 80 85
Type C, 1/0-1-1-1|{v v v v
Theorem 4.5. 2 1 -1 -1 -1 v v v v
T=10 3{1 0-1-1{V v v v
X 5 1 1 1 0 v v v v
*9/1 1 1 1|-1 -1 -1 -1
60 |-V -V -V V| 1 -1 -1 -1
70|-V =V v -V} 1 1 -1 -1
85|=V =V =¥ -v| 1 1 1 O
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v

5112 120 130

3

0 -1{-1
1 -1j-1

1
1

1{-1 -1 -1

X

Type D,
Theorem 4.7.
T =10

12

60|-v -v -v

90|-v -V =V



5. Reduction by dominance.

In [6], it is shown that every discrete Silverman
game with v 2 1 reduces by dominance to a finite game,
and in [7], it is shown that if S; n [a,b] = ¢, where
a and b are elements of S3.;, then b is dominated by a.
In this section we shall discuss four types of

dominance for Silverman games, including the above

two. Through repeated reduction of the strategy sets

S, and S, by means of these four types of dominance we
obtain what we call pre-essential sets W1 € S, and

WZ C S,. These are minimal subsets in the sense that
no further reduction is possible through the use of
these four types of dominance.

In the symmetric case, where S; = S,, the common

reduced set at this stage is the essential set of

Evans and Heuer [2]. In the general case, W1 and WZ

need not yet be essential sets, in the sense that

optimal strategies for the game on W1 X wz must

assign positive probabilities to each of their
elements. In Sections 8 to 11 we discuss conditions
under which further reduction is possible, and obtain,
for what we call balanced Silverman games, what appear

to be irreducible subgames with the property that
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optimal strategies for the subgame are optimal for
the full game.
We have the following four types of dominance.
A. The reduction to finite sets.
In [6] it has been shown that if d; 2 Tc, then 4,
dominates d;, and any c; 2 Td, is dominated by c,.
For the convenience of the reader we give a brief
sketch here. 1If d; 2 Tc, then A(c;,d;) = v for all
i £ m, and therefore A(c;,d,) < A(ci,dj) because all
A(x,y) <v. For i > m, then (by definition of m)
c; 2 Td, so that A(c;,d,) = -v < A(c;,d;) because all
A(x,y) 2 -v. The argument for c; 2 Td, is similar.

The following table makes the argument graphically:

0
< e e

-v ... -y
Thus we reduce our strategy sets to S; n (0,Td,) and

S, n (0,Tc,) .
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B. Two elements of S;; in an S;-interval.
As shown in (7], if ¢, < 4; < 4,4 < ¢4, then g;
dominates dj,,, and we delete d;,, from S,. Similarly,
if d; < ¢ < ¢y < 4j,y Or ¢ < C,q < dy, then ¢
dominates c,,; and we eliminate c¢,,;. Also, if S; ; has
two or more elements greater than the largest element
of S;, the first of these greater elements dominates
the others. The argument is illustrated in the follow-

ing table for the case of two elements of S; between

consecutive elements of S,: (T=10)

e o o 4 5 6 ... 40 55 ... 440 460 510
45 -y 1 1 ... 1-1 ... -1 v v
51 -V -V l oo 0 l -l s o -l -l v

45 dominates 51 in S;.
C. Two elements of S;; in a TS;-interval.
LEMMA 5.1. Assume that S; and S, have been
truncated as described in A.
(a) If for some k < m, we have
(5.1.1) Tc, < d; < dj,y < Tg,,,, then 4;,, dominates d;.
(b) If for some k < r, we have

(5.1.2) Td, < ¢; < ¢j,q < Td,,,, then cy, dominates c

jo
Before giving a formal proof we illustrate the

argument for part (b) in the following table: (T=10)
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] 4 5 ... 43 45 48 50 ... 399
43|-v 1 ... 0 -1 -1-1 ... =1
48j-Y 1 ... 1 1 0-1 ... -1

48 dominates 43 in S,
PROOF. (a) If ¢ < ¢ then A(c,d;) = A(c,djﬂ) = V.
If ¢,y £ cCc < dj, then A(c,dj) = A(c,djﬂ) = -1. If

c = d;, then A(c,d;) = 0 > -1 = A(c,d;,,). If

it
d; < c < djﬂ, then A(c,d;) =1 > -1 = A(c,dj,). Since
S, has been truncated at Td., and by (5.1.1) 4; 2 Tc,
> d., S; has no elements 2 Td;. If c = d;,; then q4; <
¢ < Td; so A(c,d;) = 1 while A(c,d;,y) = 0. If

djﬂ < c < de, then A(c,dj) = A(c,djﬂ) =1, so we
have A(c,d;,;) < A(c,d;) for all c in S,.

(b) The proof here is similar. O

D. Two elements of TS;.; in an S;-interval.
LEMMA 5.2. (a) Suppose that for some 4; < 4,
we have <de>1 = <de+1>1 =c ¢ i.e.,
Then d;,,; dominates d;.

(b) If for some c; < ¢, we have

<ch>2 = <ch+1>2 =4, ; i.e.,
(5.2.2) dy < Tc; < Tcjyq < dyyqy

then c;,; dominates cj.
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Before giving the proof we illustrate the argu-

ment for part (b) in the following table: (T=10)

|3 4 5 6 7 ... 38 60 ... 399
411 0-1 -1 -1 ...-1 Vv ., v
6/1 1 1 0-1 ...-1 v ... v
6 dominates 4 in S,.
PROOF. (a) If c < d; then ¢ < d; < 4d;,, £ 4,
< cT, so A(c,dj) = A(c,dh1) = =1, Ifc = dj then

A(c,d;) =0 > -1 A(c,dh1). If d; < c < d;,,; then

A(c,dj) =1>0 = A(c,dﬁ1). If dj+1 < ¢ £ ¢, then
A(c,d;) = A(c,dj,4) = 1. If c 2 ¢, then A(c,d;)

A(c,dh1) = -v. In all cases we have A(c,dh1) < A(c,dﬂ.
(b) The proof here is similar. 0O
By "step A" applied to a given pair of strategy
sets S; and S, we shall mean the removal of all
dominated elements of the type discussed in (A) above.
Similar understandings apply to "step B," "step C" and
"step D." These steps may be further broken down
into A, A,, B,, B,, etc., where step A, refers to
removal from S, of dominated elements of type A, etc.
It is convenient to assume that after each of the
steps B;, C;, D; the elements of S; are renumbered so
that the k-th element in increasing order has

subscript k again.
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It is sometimes the case that after steps A, B,
¢ and D have been taken, further reduction is possible
by repeating these steps. However, since after step
A the strategy sets are finite (we are assuming the
original strategy sets to be discrete), after some
finite number of the above steps no further reduction
in this way is possible.

Let ﬁ1 and Wz be the subsets of S; and S, that
remain when the cycle A,, A,, B;, B,, C;, C,, Dy, D,,

has been repeated until no further reduction occurs.

We shall call ﬁ1 and ﬁz the pre-essential strategy

sets, and write e; and f; for the j-th element of

o

W, ﬁz respectively, in increasing order. The
notation (eiT>2 in this context refers to the largest
element of Wz smaller than e;T; similarly, (fiT>1 is
the largest element of W1 smaller than f;T. Many of
these games are further reducible, in the sense that
there are proper subsets W; of ﬁi such that optimal
strategies for the game on W, X W, are optimal for the

game on ﬁ1 X %2, and therefore also for the full

original game. For what we shall call balanced games,

this reduction is treated in Sections 8-11. We shall

refer to the game on W1Ax ﬁz as the semi-reduced game.
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(5.2.3) Let n and s be the integers such that
en = <£;T) and £, = {e;T).

THEOREM 5.3. |W,| = |¥,] = n+s+1, and for
k=1,...,8+1, e, = {fT>. For k ='1,...,n+1,
£ = <&T). Thus

w1 = {€1,€, 44,81, {6T,...,L{£,,T>} and

W, = {(£,,6, .., E,,{e,TD, ..., {eTD}.

PROOF. W1 has no element larger than f ;T and

'Wz none larger than e

1T because of invariance under

step A. W1 has no more than s+1 elements 2> e,,,, for
otherwise we would have

Tfy, < e; < e,y < Tfy,4
for some k < s+1 and some j > n+l1l, contrary to
invariance under step C. The s+l elements e,,; = {f;T),

{£,TY,...,{£,,sT> must be distinct because of
invariance under step D. Thus W1 has exactly n+s+1
elements, with e, = {(£T> for k = 1,...,s+1. A dual

argument shows the corresponding facts for Wz. o

The following examples illustrate.

EXAMPLE 5.4. Let s, = (1,2,3,5,7,8,11,20,25,31,
41,48,55,70,75,81,88,95,100,...}, S, = {1,4,5,6,8,9,
15,29,30,38,49,58,65,75,80,89,98,105,...) and T = 10.

Step A removes all elements > 90 from S; and all
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elements 2 80 from S,. Step B removes 3, 25, 48, 88
from S, and 30, 65 from S,. Step C removes 11, 20,

70 from S, and 29, 38 from S,. Step D changes nothing,
and the reduced sets after this first pass are S;' =
(1,2,5,7,8,31,41,55,75,81}, S,' = {1,4,5, 6,8,9,15,49,
58,75}. In the second pass, step A changes nothing,
step B removes 41 from S, and 15 from S,. Step C
changes nothing and step D removes 1 from S; and 4
from S,. A third pass leaves the sets unchanged, and

the pre-essential sets are

W1 {2,5,7,8,31,55,75,81}
W, = (1,5,6,8,9,49,58,75) .
Here n = 3, s = 4, and each set has n+s+l1 = 8 elements.
EXAMPLE 5.5. Let S, = {1,2,4,5,7,8,9,20,28,36,
50,59,85,95,101,...}, S, = {1,3,4,5,6,8,9,15,28,35,
52,59,84,95,105,...}, T = 10. After one pass of

steps A, B, C, D we have the pre-essential sets

W, = {1,2,5,8,9,28,36,59,85)

=

> = {1,3,5,8,9,15,35,59,84) ,
with n = s = 4, and each reduced set has 2n+l = 9
elements.

Following are the payoff matrices for the

reduced games in these two examples. In accordance
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with our convention that Player I has the smallest

pure strategy, we interchange W, and Wz in the first,
making n = 4, s = 3. In general the matrix has n
subdiagonals with each element being -1 or 0, an s by
s triangle of -vs in the lower left corner, s
superdiagonals of 1s or 0s and an n by n triangle of
vs in the upper right corner.

Example 5.4

2 5 7 8 31 55 75 81
1l -1 -1 -1 -1 v v v v
5 1 0 -1 -1 -1 v v v
6/ 1 1-1-1-1 -1 v v =4
8 1 1 1 0-1 -1 -1 v
9 i 1 1 1-1 -1 -1 -1
49 -y 1 1 1 1 -1 -1 -1
58/ =y -y 1 1 1 1 -1 -1
75 =y =v =y 1 1 1 0 -1
s =3

1 3 5 8 9 15 35 59 84
1] 0-1 -1 -1 -1 v v v v
2 1-1-1-1-1-1 v v v
5 1 1 0-1-1-1 -1 vy v n=4
8 i 1 1 0-1-1 -1 -1 v
9 11 1 1 0-1 -1 -1 -1
28 =, 1 1 1 1 1 -1 -1 -1
36 =y -» 1 1 1 1 1 -1 -1
59 =y =v -y 1 1 1 1 o -1
85| -v -v -v -v 1 1 1 1 1
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In order to reduce the scope of our study
somewhat, we shall restrict ourselves in the remainder

of the paper to balanced games, defined as follows:
DEFINITION 5.6. Let W1 and Wz be pre-essential

strategy sets. The game on W1 x Wz is called balanced
provided that n = s and there are no zeros off the
diagonal in the payoff matrix.

Example 5.5 above is balanced, but 5.4 is not.
The payoff matrix for a balanced game is completely
determined by the diagonal, and the off-diagonal part
is skew-symmetric. Since interchanging strategy sets
changes the matrix to its negative transposed, we may
assume without loss of generality that the first
nonzero diagonal element is -1. Note also that
invariance under step B implies that 1 and -1 do not
occur consecutively on the diagonal, but must always
be separated by a zero.

The case n = 0 is trivial. In the next section

we discuss the case n = 1.



6. Balanced 3 by 3 games.

When n = 1 the pre-essential sets have three
elements each. There are nine different possible
diagonals, and none of these games reduces further.
Thus W,andwz are already the essential sets. The
nine diagonals and the solutions of the corresponding
3 by 3 games are given below. We abbreviate the
diagonal elements -1 and +1 by - and +, respectively.

P = (p1,p2,p3) is the optimal strategy for Player I,
Q = (q1ﬂ%,q3) that for Player II. V is the game value.

1. 000. This is the symmetric game, and. the
solution, as given in [2], is P =Q = (1,v,1)/(v+2);
vV = 0.

2. 00-. P = (v+3,v2+2v-1,v+2)/(v+2)%, Q =
(v+1, (v+1)2,v+2) / (v+2)2; Vv = =1/ (v+2)°.

3. 0-0. P = (2,v2+2v,2v+2)/(v+2)%, Q =
(2v+2,v242v,2) / (v+2)2, V = -v2/ (v+2)°.

4. O0--. P = (4,v3+2v-1,2v+2)/(v?+4v+5), Q =

(2v+2, (v+1)2,2) / (V2+4v+5) ; V = =(v2+1)/ (v2+4V+5) .

5. =0+. P (1,v+1,1)/(v+3), Q =

(1,v-1,1)/(v+l), V = 0.

6. =-00. P = (v+2, (v+1)%,v+1)/(v+2)°, Q =

2
(v+2,v242v-1,v+3) / (v+2)2; V = -1/ (v+2)°.
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7. =0-. P = (2,v3+2v,2v+2)/(v+2)%, Q =
(2v+2,v2+2V,2) / (v+2)%; v = -v2/ (v+2)2.

8. -—-0. P

(2, (V+1)2,2V+2) / (V2+4V+5), Q =
(2V+2,V2+2V-1,4) / (V2+4V+5) ; V = =(V2+1)/ (Vi+4V+5) .

9. =---. P = (a?,1,a)/(l+a+a?), Q =
(a,1,a?)/(1+a+a?); V = (-l+a-a’)/(l+a+a’®), where
a=2/(V+1). Here %1 and %2 are disjoint, and the
reduced game is in the Class 4B.1 of [7].

There is a duality in cases (2) and (6) and
again in the pair (4) and (8). In each pair, the
diagonal of one is the reverse of that of the other.
The vector P in one is the reverse of Q in the other,

and the game values are equal. The reason is easy to

o -1 v
see. The game matrix in (2) is 1 o -1 |-
-v 1 -1
so P must satisfy the inequalities
P, - sz 2V
- >
P, + p; 2 v
Vp, = 1p, = p, 2 V.
1 2 i
-1 -1 v
The matrix in game (6) is 1 o0 -1 '
-v 1 o

s0 Q in this game must satisfy the inequalities
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qz—vq1SV
-q, + q1SV
vg, - qz-q1.<_V.

Since all three strategies are essential, i.e., no
components may be zero, equality must hold throughout,

and thus (qs,qz,q1) must satisfy the same equations

that (p1 ,pz,ps) does.



7. Balanced 5 by 5 games.

Subject to our restriction that the first nonzero
diagonal element is -, there are exactly 50 balanced
5 by 5 games. We may list them in lexicographic order
of diagonals from 0 0 0 0 O to - - = - - (with the
ordering 0 < - < + ). Of these fifty, the five with
diagonals of the form - 0 + X y reduce to 2 by 2
games of type A, as may be seen from Theorem 10.1
below. They are numbers 34-38 in our ordering. The
four with diagonals x y - 0 + similarly reduce to 2 by
2 games of type A', as implied by Theorem 10.2. They
are numbers 7, 19, 31 and 48. The four having
diagonals - x 0 y +, numbers 24, 28, 41 and 45, reduce
to 3 by 3, as implied by Theorem 8.1.

In the remaining 37 games, it appears that all

five pure strategies are essential; i.e., the

essential sets are W, = W1 and W, = Wz. The first,
with diagonal 0 0 0 0 0, is the symmetric game; its.
solution is given in [2]. The last, with diagonal
----- , is the disjoint game of class 4B.2 in [7].
In Section 12 we give explicit solutions for a few
further classes of games, of which some of the 5 by 5

games are special cases. As discussed in the last
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paragraph of Section 6, the games fall to some extent
into pairs in which the solution for one member of
the pair may be obtained immediately from that for
the other.

There are several types of balanced 2n+l1 by
2n+1 games that reduce to 5 by 5. These are special
cases of balanced games that reduce to odd order, and

we examine these in the next section.



8. Reduction of balanced games to odd order.

Recall that for balanced Silverman games the
payoff matrix is completely determined by the diagonal,
and that every diagonal element is 1, 0 or -1. The
evidence strongly suggests that unless both 1 and -1
occur (and therefore all three of 1, 0, -1), the game
is irreducible. If both 1 and -1 occur, with one of
them in the middle position, then the game reduces
to 2 by 2, as we show in Section 10. In this section
and the next three, we examine the reduction for all
other diagonals; i.e. those where each of 1, 0 and -1
occur on the diagonal and the middle element is O.
Those which reduce to an odd order game are treated
in the present section and those reducing to even
order in Section 9.

We shall refer to the first n diagonal elements
as the left part and the last n elements as the right
part, and we suppose now that these are separated by
a central zero. Suppose at first that each of the
left and right parts includes a nonzero element. Let
a be the number of initial zeros in the left part and
b be the number of final zeros in the left part.

Similarly, let ¢ and d be the numbers of initial and
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final zeros, respectively, in the right part. If we
denote a string of u zeros by 0Y, the diagonals we are

now considering have the form

(8.0.1) ©0* w G x o° [o] o y H z o ,
where each of w,X,y,2 is 1 or -1, and G and H are
arbitrary strings. The box indicates the middle
element. We note that
(8.0.2) a+b < n-1, with equality iff G is empty
and w and x coincide;
c+d £ n-1l, with equality iff H is empty
and y and z coincide.

There are 16 possible sequences wxyz, but since
interchanging roles of the two players changes the
sign of each diagonal element, there is no loss of
generality in assuming that w = -1, as we shall

usually do. This leaves us with eight sequences,

which we number as follows:

(8.0.3) (i) - -+ + (V) -+ + +
(ii) - -+ - (vi) - + + -
(iii) - - - + (vii) -+ - +
(iv) - - - - (viii) - + - -

The notation (i') refers to the opposite sequence

+ + - -, and similarly for (ii'), etc. The games
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break further into cases as follows:
(8.0.4) (A) a <£c, bz2d (C) a<c, b<gd
(B a>c, b2d (b) a >c, b < d.

Sixteen of the resulting 32 cases reduced to balanced
games (hence, odd order). The other sixteen reduce
to even order games with some off-diagonal zeros.

Consider now diagonals in which one of the parts
(left or right) consists entirely of zeros. We may
represent these in the form
(8.0.5) o [o o° y H z 0¢ , or
(8.0.6) ©0° w G x o° [ o .
Assuming again that the first nonzero diagonal
element is -1, we have the cases
(8.0.7) (ix) 00 - - (xi) --00

(x) 00 -+ (xii) -+ 0 0 ,

with no further breakdown of the kind in (8.0.4).
Two of these cases reduce to balanced (odd order)
games, the other two to even order games with some
off-diagonal zeros.

If V > 1 all of these reduced games appear not
to be further reducible. But if V = 1 there is

always a further reduction to a 2 by 2 game with

. -1 1 . .
matrix [ 1 - ] or its negative.
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The eighteen cases which reduce to odd order are
(ia), (iB), (ic), (ib), (iic), (iip), (iiia), (iiic),
(ivB), (ivC), (vA), (vB), (viiA), (viiD), (viiiB),
(viiiD), (ix) and (xi). The reduced game is in each
case a balanced game with one of the following
diagonal types, or one of these with the roles of the

players reversed:

(8.0.5A) 0 - o9 [] 0 + o
(8.0.5B) o' - of [o o + + o¢
(8.0.5C) 0° - - o [ol o® + ob*
(8.0.5D) oc*' - ot [ol o° + ob*

The A, B, C and D in these labels correspond to the

subclasses in (8.0.4). Thus, cases (iA), (iiia),

(vA) and (viiA) all reduce to type (8.0.5A), etc.
Our first theorem of this section deals with

(iA), (iB), (vA), (vB), (iiia) and (viiA). Let t =

min {a,c+1},

Wy = {e;: 1 <1 < t+1),

W2 = {e;: n+l-d < i < n+t+l),

2n+l-d £ i £ 2n+l},

W= (£: 1< St)Y (£.4),

W = (f;: ntl-d €3 < n+t+1} YV (£ ...),

=
W
]
—~—
H

2n+2-d £ j £ 2n+l}.



38

THEOREM 8.1 Assume that b 2d, w= -1, z =1,
and, in case a > ¢, that y = 1. Let W, = W} u W? u W?
and W, = W;'U Wg U Wg. Then optimal strategies for the

(2t+2d+3) by (2t+2d+3) game on W; x W, are optimal for

the full game on W1 x Wz. The reduced game is the

balanced game with diagonal (8.0.5A) if a < ¢, and
(8.0.5B) if a > c.
PROOF. It will be helpful in reading the proof

to refer to the payoff matrix in Figure 1. We show

first that against W,, each e; in W,~W, is dominated

by one in W,;, as follows:

(1) e,,; dominates e; for t+l1 < i < a+l;
(ii) e,+1-4 dominates e; for a+2 < i < n+1-4d;
(iii) e, .4 dominates e; for n+t+l < i < n+a+l;

(iv) €5n+1-4¢ dominates e; for n+a+2 < i < 2n+1-d.
For (i), let t+1 £ i £ a+l, and consider first
such e; against f£; in W;. For 1 < j £ t we have
j <i<gat+tl £n< j+n, so a;,; = 1 in every case.

Against f_,;, these e; are likewise equivalent, since

a = -1 when t+1 £ i < a+l1l, and Aget,ae1 = 1 by

i,a+1
hypothesis. For such e; against £, in Wg, consider

first n+l-d < j < n+t+l. From (8.0.1) we have

i < j £ n+t+1 £ i+n, so each a; j = -1. Since n+a+2 >
’
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i+n, each e; ..., = Vv, and thus all e; in this group

are equivalent against Wwi. If £ is in Wg we have
j 2 2n+2-d, while i < a+l1 < n+l-b < n+l-d, so j > i+n

and a;

i,j = V in every case. Thus all e; in this group

are equivalent against W,.

(ii) Let a+2 < i £ n+l~-d. For f; in W; we have

j £ a+l < i< n+l < n+j, so every a; ; = 1. For f;

in W% and such i we have i < j € n+a+2 £ i+n. If i < j

then a; ;j = -1, and if i = j = n+l-d then a; ; = 0 since

d < b. Thus e.,.4, dominates.
(iii) Let n+t+l € i < n+ta+l. If t = a then

e is the only e; in this range, and there is

n+t+1

nothing to prove, so assume that t = c+1 < a. For £;

in W;~\ {f,,4) we have i > j+n, so that every a; . = -v.

a+1 J

For f; in (f_ ,} v W§~\ {f,+5+2) We have j < i < n+a+l

£3J+n. If j < i then a;; = 1. If i =3 = n+t+l =
n+c+2, then a; ; = y = 1 by hypotheses. For n+a+2 < j
< 2n+l we have i < j < i+n, and hence every a; ; = -1.

J

Thus all e; in this group are equivalent against W,.

(iv) Let n+a+2 < i £ 2n+l1-d. For all j £ a+l we

have i > j+n and thus a; ; = -v. For n+l-d < j £ n+t+l

we have j < i < j+n, so that a; ; = 1. If j = n+a+2

then j < i < j+n. When j =i, a;; < 1; in all other
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cases a;,; = 1. In particular az, .4,; = 1 2 a;,;
all i in this range. For 2n+2-d < j < 2n+1 we have i
< j < i+n and hence a; ; = -1. Thus against W,, e, 4
dominates all e ; in this group.

To complete the proof we show that against W,
each f; in Wi\wz is dominated by one in W,, as follows.

(1) f,.y dominates f; for t+l1 < j < n-d.

(ii) £,,., dominates f; for n+t+2 < j < 2n+1-d.

For (i), let t+1 £ j £ n-d, and consider first

such f; against W|. Then i < t+1 < j < n-d < n+i.
If i < j then a; ;= -1. If i=3=¢%41 and t < a
then a; ; = 0 while a; .,y = -1. If i =3J = t+1 = a+l

1,)

then aj, -1 by hypothesis. Thus, against W}, f

] a+1

dominates the f; in this group. For e; in W2 and such

j we have j < i £ j+n, so every a;,j = 1. For e in

W? and such j we have i > j+n, and every a; ; = -v.

Thus f,,, dominates against all of W,.

(ii) Let n+t+2 < j < 2n+l1-d. For e; in W} we

have j > i+n, so a; ; = v. For e; in Wi, i < j < i+n,
whence a; ; = -1 in every case. For e; in W, j<i

< j+n. If j < i then a;; = 1 in every case, and if
j = i = 2n+1-d then a; . = 1 by hypothesis. Thus all

J

f; in this range are in fact equivalent against Ww,,
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and the proof is complete. (It is easy to check
that the reduced game has the diagonal asserted.) 0O
The next theorem deals with cases (icC), (iD),
(iic), (iip), (viiD) and (viiiD). Let u =
min {a+l,c+1}, and define the sets
Wl o= (e;: 1 <1i<u) v (e,
W = {e;: n+l-b < i < n+u) U (en i)/

W = {e;: 2n+l-b < i < 2n+1),

W, = {(f;: n-b < j < n+l+u},

W; = {(f;: 2n+l-b < j < 2n+1}.
Cases (viiD) and (viiiD) are settled in this theorem
by observing that when a > ¢ and b < d, the proof is
valid also when w (the diagonal element following
the initial a zeros) is +1. This means that the
reduction is valid for (vii') + - + - and (viii')

+ - + + in case (D), so that by interchanging W, and

W, we have reduced optimal sets for (vii) - + - + and
(viii) = + - -,

THEOREM 8.2. Assume that b < d, x = -1 and
Yy = +1. We assume W = -1 only in case a < c. With

Wg as defined in the preceding paragraph, let W; =

W, UW uW, i=1,2. Then optimal strategies for the
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(2u+2b+3) by (2u+2b+3) game on W; X W, are optimal for

the full game on W1 x WZ. The reduced game is the
balanced game with diagonal (8.0.5C) if a < c¢. 1In
cases (iD) and (iiD) the reduced game is the balanced
game with diagonal (8.0.5D) and in (viiD) and (viiiD)
it is that with diagonal (8.0.5D'), namely
0*' + o° [o] 0¢ - ob'.

PROOF. The game matrix is shown in Figure 2.
We show first that against W,, each e; in W{\W1 is
dominated by one in W,, as follows:

(1) e.,, dominates e; for u+l < i < n-b;

(ii) ep4.+2 dominates e; for n+u+l < i < 2n-b.

For (i), let u+l < i £ n-b, and consider first
such e; against f; in W;. Since 1 £ j < u we have
J < i< j+n, so each a;,j = 1. Next, if f; € Wg we

have n-b £ j < n+l+u, so that i £ j < i+n. If i < j,

each a; ; = -1, and if i = j = n-b then a; ; = x = -1 by

hypothesis. Consider f; in W>. Then j 2 2n+l-b > i+n,

so each a; ; = v. Thus all e; in this group are

equivalent against W,.

(ii) Let n+u+l £ i1 £ 2n-b. For 1 <

< u we

J
have i > j+n, so every a; ; = -v. For n-b < j < n+l+u

we have j < i < j+n. If j < i, every a;;

i

1. If § =
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i = n+ut+l, then a;; £ 1 = aj,.; j, SO against W u W%
e ,+» dominates all e; in this group. For f; in Wz we
have 2n+l1-b £ j < 2n+l1, so i < j < i+n, and each
a; j = -1. Thus e, dominates in this group against
every f; in W,.

To complete the proof we show that against W,

each f; in W{\Wz is dominated by one in W,, as follows.
(i) f, dominates f; for u < j < c+l;
(ii) f,., dominates f; for c+2 < j < n-b;
(iii) f,,., dominates f; for n+u+l < j < n+c+2;
(iv) fone1-p GOominates f; for n+c+3 < j < 2n+1-b.
For (i), let u £ j £ c+l. If a 2 c then u = c+l
and there is nothing to prove. Thus, suppose a < c,

and consider first e; with i < u, so that i < j < i+n.

If i < j we have a; ; = -1, and if i = j = u, then

i
since u = a+l we have a;; =w=-1 by hypothesis, so

against these e;, all f; in this group are equivalent.
Next consider e; with c+2 < i < ntu. Then j < i < j+n,
so each a; ; = 1. For all i 2 n+c+2 we have i > j+n

J

and hence a; ; = -v. Thus all f in this group are
equivalent against all e; in W,.
(ii) Let c+2 £ j < n-b, and consider first e;

in W}, Thus 1 € i € c+2. In view of (8.0.1) we have
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c+2 £ n-d+1 < n-b. For i < c+2 then, a; ,p, = -1. If
c+2 < n-b, then ag,; ., = -1 also, and a,.p,qp = X = -1
by hypothesis, so we have aj,n.pb = -1 < a;; for all i, ]

under consideration. Next consider e; in Wf. Then
n+l-b < i € ntc+2 € 2n-b, so j < i £ j+n, and each

a; ; = 1. Now consider e; in W?. Then i > j+n, so

each a; ; = -v. Thus, against all e; in W,, f

dominates the f; in this group.

(iii) Let n+l4+u £ j < n+c+2. If u = c+l1l there
is nothing to prove here, so we may assume u = a+l <

c+l. For 1 £ i £ uwe have j > i+n, and every aj j = v.

For c+2 < i < ntu we have i < j < i+n, so each a; ; =

-1. For ntc+2 £i £2n+1, j £i < j+n. If j < i then

a; ;: =1, and if j = i = n+c+2, then aj,

i,] =y =1 by

i
hypothesis. Thus, against W,, all f; in this group
are equivalent.

(iv) Let n+c+3 £ j £ 2n+l-b. For 1 £ i £ c+2,

every a;; is v, since j > i+n. For n+l-b < i < n+c+2

we have i < j < i+n, so each a; ; = -1. For 2n+l1-b <
i < 2n+l1 we have j < i < j+n. If j < i then a;; = 1.

If j = i = 2n+l1-b then a; j = 0 because b < d. Thus

aj 2n+1-p S @j,; for all j in this group and all e; in W,

so the proof is complete. O
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The next theorem takes care of the single case

(viiiB), - + - - with a > ¢, b 2 d. For this theorenm

we define

W) = {e;: 1 <1i < c+l),

W = {e,.,) U {e;: n+l-d < i < n+c+2},

W; = (eye.p) U {€;: 2n+2-d < i < 2n+1),

W) = (f;: 1 <73 <c+2),

W3 = {f;: n+l-d < j < n+c+2},

Wi = {f;: 2n+l-d £ j < 2n+l).

THEOREM 8.3. Assume that a > ¢, b 2d, x =1
and y = z = -1. With W{ as defined abové, let w; =
wluwuw, i=1,2. Then optimal strategies for
the (2c+2d+5) by (2c+2d+5) game on W, x W, are optimal
for the full game on W1 x WZ. The reduced game is the
balanced game with diagonal (8.0.5B').

PROOF. The game matrix is shown in Figure 3.

We show first that against W,, each e; in W{\W1 is
dominated by one in W,, as follows:

(1) e, , dominates e; for c+2 < i < n-d;

(ii) e,n,1.p dominates e; for n+c+3 < i < 2n+1-d.

For (i), let c+2 £ i € n-d, and consider first
such e; against f; in W;. Then j £ i < n+j, so every

a; ; £1, with a;; =1 when i > j and a,p . = 1, 0
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or -1. Note that with a > ¢, (8.0.1) implies n-b >

ct+2. If n-b > c+2 then a,, ; is still 1 for every j

]
since Qpp,n-b = X = 1 by hypothesis. Thus, against W;,
e,., dominates the e; in this group. For f; in Wg we

. . . _ . 3 .
have i < j < i+n, so every a; ; = -1. For f; in W;, j

> i+n and every a; ; = v. Thus against W3 U W all e;

in this group are equivalent.
(ii) Let n+c+3 < i £ 2n+l1-d, and consider first

. . 1 . . .
such e; against f; in W,. Since i > j+n, every a, ;

= =v. For f; in Wg, j < i £ j+n, so every a; ; = 1.

For f; in Wg we have i < j < i+n. If i < j then a;

= =1. If i=j = 2n+l-d then a;; = z = -1. Thus all
e; in this group are equivalent against W,.

We complete the proof by showing that against Ww,,

each f; in 'v”vz\wz is dominated by one in W,, as

follows:
(i) f.., dominates f; for c+2 < j < n-b;
(ii) fne1-q dominates f; for n+l-b < j < n+1-d;
(iii) £,,.., dominates f; for n+c+2 < j < 2n-b;
(iv) fone1-q dominates f; for 2n+l-b < j < 2n+1-d.

For (i), let c+2 < j < n-b, and consider such f;

against e; in W}. Then 1 < J < i+n so that every a; ;

= -1. For e; inwﬁwehavejsisj+n. If j < 1
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=1, and if j = i = n-b then a; ; = x = 1.

then a; i,i

]’j

For e, in W;, i > j+n, and every a; j = -v. Thus all f;

in this range are equivalent against W,.
(ii) Let n+1-b £ j £ n+l1-d, and consider first
such f; against e; with 1 £ i < n-b. Then 1 < j < i+n,

so every a; ; = -1. Next consider such f; against e;

with n+t+l1-d < i € 2n+l1-b. Then j £ i £ j+n. For j < i,

each a; ;j = 1, and if j = i = n+1-d then a; ; = 0

because b 2 d. Thus f,,, 4 dominates against e; in

n+1

this range. For e; with 2n+2-d < i < 2n+1 we have

i > j+n, so every a; ; = -v. Thus against all e; in W,
fo+1-g dominates the f; in this group.

(iii) Let n+c+2 £ j < 2n-b, and consider first

such f; against e; in W}. Then j > i+n, so every
a;,; = v. For e in W, we have i £ j < i+n. If i < j
then a; ; = -1, and if i = j = n+c+2 then a;; =y=-1

i
by hypothesis. For e; in Wﬁ, we have i > j+n, and
every a; ; = -v. Thus, against the e; in W,, all f; in
this group are equivalent.

(iv) Let 2n+l1l-b £ j £ 2n+1-d, and consider first

such f; against e; with i < n-b. Then j > i+n, so

every a; ; = V. Next consider such f; against e; with

ntl-d < i £ 2n+l-b. Then i £ j £ i+n, and for i < j
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each a; ; = -1. If i =3 = 2n+l-b, a;; 2 -1. Since z
= -1, ;1.4 = -1 for all i in this range, and thus
fone1-4 dominates. Finally, consider such f; against
e; with 2n+2-d < i< 2n+l1. Then j < i < j+n, so every
a; ; = 1. Thus, against all e; in W,, f,,, 4 dominates
the f; in this group, and the proof is complete. 0O.

The next theorem likewise treats a single case,
namely (iiiC): - - - + with a £ c and b < d. For
this theorem we define the sets

Wl = (e;r 1 <1 < a+l),

W = (e,1.4) U {e;: n+l-b < i < n+a+l),

W = {(eynu1.q) U (€1 2n+l-b < i < 2n+1},

W, = (f;: 1 <3 < a+l),

Wg = {fj:

n-b < j < n+a+2},
W; = (f;: 2n+l-b < j < 2n+1).
THEOREM 8.4. Assume that x =y = -1, z = 1,

a £cand b < d. Let Wg be as defined above, and

W, = W} U W? UW?, i =1,2. Then optimal strategies for

the (2a+2b+5) by (2a+2b+5) game on W, x W, are optimal
for the full game on W1 X Wz. The reduced game is the
balanced game with diagonal (8.0.5C).

PROOF. The game matrix is shown in Figure 4.
We show first that against W,, each e; in Wf\w1 is

dominated by one in W,, as follows:
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(1) e..,.4 dominates e; for a+2 < i < n-b;
(ii) e,,.4.4 dominates e; for nt+a+2 < i < 2n-b.
For (i), let a+2 < i < n-b, and consider first

such e; against £, in W;. Then j < i £ j+n, so every

a;,; = 1. Next consider such e; against f; in W3, where
we have i £ j < i+n. For i < j, each a;; = -1, and
if i = j = n-b then a; ; = x = -1 by hypothesis.

Finally, consider such e; against f; in W>. Then
j > i+n, so every a;; = v. Thus, against W,, all e;
in this group are equivalent.

(ii) Let n+at+2 £ i £ 2n-b, and consider first

. . 1 . . '
such e; against f; 1n W,. Since 1 > j+n, every

a; ; = -v. Next consider such e; against f; in W,

Then j < i £ j+n, so every a;; £ 1, with a; ; = 1 when
i >3j. 1If 2n+l-d > n+a+2 then every a, .4; = 1 2 a; ;.
If i = 2n+l-d = n+a+2 then a; ; = z = 1 by hypothesis,

so against W3, e,,.;.; dominates the e; in this group.
Lastly, consider such e; against f; in W>. Then
i < j < i+n, so every a; ; = -1. Thus, against all of
W,, €,,,1.4 dominates the e; in this group.

We complete the proof by showing that against w,,

each f; in wi\wz is dominated by one in W,, as follows:

(1) f..y dominates f; for a+l < j < n-d;
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(ii) f,, dominates f; for n+l-d < j< n-b;

(iii) £,,., dominates f; for n+a+2 < j < 2n+1-d;
(iv) fone1-p dominates f; for 2n+2-d < j < 2n+1-b.
For (i), let a+1l £ j £ n-d, and consider first

such f; against e; in W;. Then i £j < i+n. For i < j

every a; -1. If i = 3j = a+1l then a; ;= -1 by

i J

hypothesis. Thus all f£; in this group are equivalent

against W]. Next consider such f; against e; in wi.

Then j < i £ n+j, so every a;; = 1. Finally, consider

such f; against e; in W.. Then i > j+n, so every a; ;

= -v. Thus the f; in this group are equivalent against
all e; in Ww,.
(ii) Let n+l-d £ j £ n-b, and consider first

such f; against e; with i < n+l-d. Note that from

a <c and (8.0.1) we have a+d< c+d £ n-1, so that

a+l < n+l-d. Since i £ j < i+n, each a;; 2 ~-1. With

J = n-b, each a;; = -1 (including i = j, since x = -1

by hypothesis), so f,, dominates. Next consider such
f; against e; with n+l-b < i < 2n+1-d. Now j < i £ j+n,

so every a; ; = 1. Lastly, consider such fj against e;

with 2n+l1-b < i € 2n+l. Then i > j+n, so every

a;,; = -v. Thus, against all e; in W,, f,, dominates

in this group.
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(iii) Let n+a+2 < j < 2n+l1~-d, and consider first
such f; against e; in W}. Then j > i+n, so every

a;,; = v. Next consider such f; against e; in Wi.

Then i < j < i+n, so every a;,; = -1. Now consider

such f; against e; in W. Then j < i € j+n and every
a;,; = 1. Thus all f; in this group are equivalent
against W,.

(iv) Let 2n+2-d £ j £ 2n+1-b, and consider first
such f; against e; with i < n+1-d. Then j > i+n, so
every a;,; = v. Next consider such f; against e; with
n+l-b £ i £ n+ta+l. As we saw in (ii), a+l < n+1-d, so

i < j £ i+n, and every a; ; = -1. Finally, consider

such f; against e; with 2n+1-b < i. Then j < i < j+n.
If j <i, a;,; = 1. If j =1 = 2n+l-b then, since

b < d, we have a; ; = 0. Thus, against these e;, and

hence against all e; in W,, £,,,., dominates in this
group. This completes the proof. O

We turn now to cases (iv), (ix) and (xi), where,
as mentioned earlier, there appears to be no
reduction unless +1 occurs somewhere in the string G
or H in (8.0.1), (8.0.5) or (8.0.6). The cases
where +1 is in G and where +1 is in H are treated

separately. The following theorem deals with the



56

first subcase, (ivBG). Note that since - and + on the

diagonal must be separated by a 0, such a + can occur

only in a position k for which a+3 < k < n-b-2.
THEOREM 8.5. Assume that a > ¢, b 2d, w=x =

y = 2 = =1, and that for some k with a+3 < k < n-b-2,

+1 occurs on the diagonal in position k. Let

Wy = {e;: 1 <1 < c+l) U (e},

ntl-d < i < ntct2} U (e 141}

2n+2-d < i £ 2n+1},

Wy = (£;: 1 <3 <c+2),

Wi = (£.: ntl-d < j < n+c+2),

Wg = (f.: 2n+1-d < j £ 2n+l1},

and W; = W} u W? u W? for i = 1,2. Then mixed
strategies which are optimal for the (2c+2d+5) by

(2c+2d+5) subgame on W; X W, are optimal for the full

game on ﬁ, X ﬁz. The reduced game is the balanced
game with diagonal (8.0.5B').
PROOF. The proof is indicated by the game

matrix in Figure 5. We show first that against W,,

. o~ . [} s
every e; 1n W, ™~W, 1s dominated by one in W,, as follows:
(1) e, dominates e; for c+2 < i < n-d, and
(ii) e, dominates e; for n+c+3 < i < 2n+1-d.

For (i), let c+2 <ic< n-d, and consider first
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such e; against f; in W;, where we have j < i £ j+n.

If j < i then every e;; =1, and if j = i = c+2 then

a; ; < 0, so e dominates. For fj in Wg we have

i < j £ i+n, so every a;; = -1, and for f; in Wg,

i
j > i+n so every a; ; = v. Thus e, dominates in this

group against all of W,.

(ii) Let n+c+3 < i < 2n+l-d. For f; in W; we

have i > j+n, so that every a; ; = -v, and for f; in

W we have j < i < j+n, so that every a; ; = 1. For f;
in W3 we have i £ j < i+n. If i < j then a; j = -1, and
if i = j = 2n+1-d then a;; = z = -1 by hypothesis.

Thus all e; in this group are equivalent against W,.

To complete the proof we show that against W,

every f; in ﬁg\wz is dominated by one in W,, as follows:
(1) f.., dominates f; for c+2 < j <k,
(ii) fhi1-¢ dominates f; for k+l < j < n+l-d,
(iii) f£,,.,, dominates f; for n+c+2 < j < n+k, and
(iv) fine1-¢ dominates f; for n+k+l < j < 2n+l-d.
For (i), let c+2 £ j < k. For all i < c+l1 we

have a; ; = =1. For k £ i < n+c+2 we have j < i < j+n.

If § < i then a; j = 1, and if j = i = k then a;; = 1

also, by hypothesis. For the remaining e; in W, we

have i > j+n so that evéry a; ; = ~Y. Thus the f; in

this group are equivalent against all e; in W,.
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(ii) Let k+1 < j < n+l-d. For e; in W] we have

i < j £ i+n, so every a;j = -1. For e; in Wf,

j £1i <3j+n. If j < i then each a;,; =1, and if

i =3J = n+l-d then a;; = 0, so f., 4 dominates. For
e; in W?, i > j+n and every aj,j = -v. Thus £ 4

dominates the f£; in this group against all of W,.

(iii) Let n+c+2 < j < ntk. For e; with i < c+1,

every a; ; = +v. For k < i < n+c+2 we have i < j < i+n.
If i < j then every a; ; = -1, and if i = j = n+c+2
then a; ;j =y = -1 as well. For the remaining e; in W,
we have j < 1 £ j+n, so that every a;,j = 1. Thus

J

all f; in this group are equivalent against W,.
(iv) Let n+k+l < j < 2n+1-d. For e; in W} we

. . _ . 2
have j > i+n, so every a; ; = v. For e; 1n Wy,

i<j<i+n. If i < j then a;; = -1, and if i = J =

n+k+1l, then a; ; 2 -1, so f,, 4 dominates. For e; in
Wf, j < i £ j+n, so every a;j = 1. Thus £, , .4
dominates the f; in this group against all of W,, and
the proof is complete. O

The cases (ivBH) and (ix) are covered in the next
theorem. For (ix) we formally regard a = b = n. If
in (ivB) both G and H include a +1, both Theorems 8.5

and 8.6 apply, giving different but isomorphic reduced

games.
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THEOREM 8.6. Assume that a > ¢, b 2d, w=x=
y = z = -1, and that for some k with c+4 < k < n-d-2,

+1 occurs on the diagonal in position n+k. Let
W} = {e;: 1 <1 < c+l1} VU (e},
Wf = {e;: ntl-d < i < n+c+2} VU (e},
: 2n+2-d £ i £ 2n+1},
W) = (£;: 1 <3 <c+2),
Wg = (f:: n+l-d < j < n+c+2},
W, = (£;: 2n+l-d < 3 < 2n+1},
and W; = THRY W? U W? for i = 1,2. Then mixed
strategies which are optimal for the (2c+2d+5) by
(2c+2d+5) subgame on W, * W, are optimal for the full
game on %1 % %2. The reduced game is the balanced
game with diagonal (8.0.5B').
PROOF. The game matrix is shown in Figure 6.
We show first that against W,, every e; in %{\W1 is
dominated by one in W,, as follows:
(1) e, dominates e; for c+2 < i < n-d, and
(ii) e, dominates e; for n+c+3 < i < 2n+1-d.
For (i), let c+2 < i < n-d, and consider first

such e; against f; in W;, where we have j < i < j+n.

i=c+2, a;; <1,

= 1, and for j i

When j < i each a; ;

so e, dominates. For f; in W} every a; ; = -1 and for
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f; in Wg every a; ; = v, so e dominates these eg;

against all of W,.

ii) Let n+c+3 < i < 2n+1-d. For £, in W) ever
J 2 y

a; j = -v, and for £; in Wg every a; ; = 1. For f; in Wg
we have i £ j < i+n. If i < j then a; ; = -1, and if
i = J = 2n+l1-d then a; ; = z = -1 also. Thus the e;

J

in this group are equivalent against W,.

To complete the proof we show that against W,

every f; in Wi\wz is dominated by one in W,, as

follows.
(1) f.,, dominates f; for c+2 < j < k-1,
(ii) fre1-¢ dominates £; for k < j < n+l-4d,

(iii) f£.,.,, dominates f; for n+c+2 < j < n+k, and

(iv) fane1-q dominates f; for n+k+l < j < 2n+1-4d.

For (i), let c+2 £ j £ k-1. For 1 £ i £ c+l1 we
have every a; ; = -1 and for k < i < n+c+2 every a; ;

= 1. For i = n+k every a; j = -v, so the f; in this

i
group are equivalent against Ww,.
(ii) Let k < j < n+1-d.

For e; in W} we have 1 £ j < i+n. If i < j then every

a;,; = -1, and if i = j = k then a; ; 2 -1, so f 4

dominates. For e; in W% we have j <1 < j+n. If j < i

then every a; ; = 1, and if j = i = n+1-d then a; ; = 0,
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so f.,,.q dominates. For e; in Wﬁ, i > j+n so that
every a; j = -v. Thus f 4 dominates the f; in this
group against all e; in W,.

(iii) Let n+c+2 < j < n+k. For e; with i < c+1

every a; ;j = v. For k £ i < n+c+2 we have i < j < i+n.
If i < j every a;; = -1, and if i = j = n+c+2 then
aj,; =y = -1 also. For the remaining e; in W, we have

j £i<3j+n. If j < i then every a;; = 1, and if

j = i = n+k then a; ; = 1 by hypothesis. Thus the f;
in this group are equivalent against W,.

(iv) Let n+k+l < j < 2n+l1l-d. For e; in w} every
a; ; = v, and for e; in W} every a; ; = -1. For e; in W}
every a; ; = 1, so the f; in this group are likewise
equivalent against W,;, and the proof is complete. O

Next we deal with the cases (ivCG) and (xi).

THEOREM 8.7. Assume that a £ ¢, b <d, w=x-=
y = z = -1, and that for some k with a+3 < k < n-b-2,
+1 occurs on the diagonal in position k. Let

Wi = {e;: 1 <1 < a+l) v {a.},

Wl = (e;: ntl-b < i < n+a+l} U {@peyet)s

_azw
]

{e;: 2n+1-b < i < 2n+1},
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Wy = (£;: 1 <3 < a+l},

W2 = (£;: n-b < j < n+a+2),

W; = (f;: 2n+l-b < j < 2n+1),

and W; = W} U Wf U W? for i = 1,2. Then mixed
strategies which are optimal for the (2a+2b+5) by

‘(2a+2b+5) subgame on W, x W, are optimal for the full

game on W, X Wz. The reduced game is the balanced
game with diagonal (8.0.5C).

PROOF. The matrix is shown in Figure 7. We show

first that against W,, every element of W{\W, is
dominated by one in W,, as follows:

(1) e, dominates e; for a+2 < i < n-b, and

(ii) e, 3 dominates e; for n+a+2 < i < 2n-b.

For (i) let a+2 < i < n-b and consider first such

e; against f; in W;. Then j < i £ j+n so every a;,; = 1.

For f; in W5 we have i < j < i+n. If i < j every

a. . = -1, and if i = j = n-b then a;,; = x = -1 also.

For f; in Wg we have j > i+n so every a; ; = v. Thus
’

the e; in this group are equivalent against W,.
(ii) Let n+a+2 < i £ 2n-b. For £; in W; we have

i > j+n, so every a; ; = -y. For f. in W5 we have
1,) J 2

j £1i < j+n. If j < i then every a;,; = 1, and if

i

J = i = n+a+2 then a; ; £ 0, so e, dominates. For
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£, in W; we have i < j < i+n so that every a; ; = -1.
Thus e,,,,; dominates in this group of e; against all
f; in W,.

To complete the proof we show that against Ww,,

every f; in Wi\wz is dominated by one in W,, as

follows:
(i) f..; dominates f; for a+l < j <k,
(ii) f,.p, dominates f; for k+l < j < n-b,
(iii) f£,,,.,, dominates f; for n+a+2 < j < n+k, and
(iv) fone1-p dominates f; for n+k+l < j < 2n+1-b.

For (i), let a+l < j < k and consider first such

3
f; against e; with 1 < i < a+l, where we have

i<j<i+n. If i < j every a;; = -1, and if

i =73 = a+l then a; ; = w = -1 also. Next consider

such f; against e; with k < i < n+a+l, where we have

j £i<j+n. If j < i then a;; =1, and if j =i =k

then a; ; = 1 by hypothesis. Finally, for e; with

i
i 2 n+k+1 all a; ; = =Y. Thus the f; in this group are

equivalent against W;.

(ii) Let k+1 < 3j < n-b. For e; in W] we have

i < j < i+n, so every a; ; = -1. For e; in W},
j < i £ j+n and every aj j = 1. For g in Wf, i > j+n
so every a; . = =-V. Thus all f; in this group are

1,

equivalent against Ww,.
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(iii) Let n+a+2 < j < n+k. For e; with

1 <i < a+l, we have j > i+n so every a;; = v. For e;

with k < i < n+a+l, i < j < i+n and every a; ; = -1.
For the remaining e; in W, we have j < i £ j+n so that

every a; ; = 1. Thus the f; in this group too are

equivalent against all of W,.
(iv) Let n+k+l < j < 2n+l-b. For e; in W) every
a; ; = v. For e; in Wf we have 1 £ j £ i+n. If i < j

then a; ; = -1, and if i = j = n+k+1l, then a; ; 2z -1,

so f, .., dominates. For e; in W? we have j £ i £ j+n.
If j < i then a;; =1, and if j = i = 2n+1-b then

J

a; ; =0, so £, .., dominates. Thus f,,, , dominates

the f; in this group against all e; in W,, and the
proof is complete. Q0O

The remaining subcase which reduces to a game of
odd order is ivC with + on the right.

THEOREM 8.8. Assume that a < ¢, b< 4, w=x=
Yy = 2 = -1, and that for some k with c+4 < k £ n-d-1,

+1 occurs on the diagonal in position n+k. Let
Wy = (e;: 1 <1 < a+l) u (a.},

W% = {e;: n+tl-b < i < n+a+l} U (ap.y)

b
- W
I¥

e:: 2n+l~b < i £ 2n+l)
1 14
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W) = (£f;: 1 <3 < a+l},
W2 = (f;: n-b < j < n+ta+2),
W; = {f;: 2n+l-b < i < 2n+1},

and W; = Wl U W U W} for i = 1,2. Then mixed
strategies which are optimal for the (2a+2b+5) by

(2a+2b+5) subgame on W, x W, are optimal for the full

game on W1 x Wz. The reduced game is the balanced
game with diagonal (8.0.5C).

PROOF. The matrix is shown in Figure 8. We show

first that against W, each e; in W{\W1 is dominated by
an element of W,, as follows:

(1) e, dominates e; for a+2 < 1 < n-b, and

(ii) e, dominates e; for n+a+2 < i < 2n-b.

For (i), let a+2 £ i £ n-b, and consider first

such e; against £; in W;. Then j < i £ j+n, and

therefore every a; ;j = 1. For f; in Wg we have

i £3j <i+n. If i < j then a;;j = -1, and if i =3

= n-b then a; ; = x = -1 also. For f; in W; we have

j > i+n and hence every a; ; = v. Thus the e; in this

group are equivalent against W,.
(ii) Let n+a+2 < i < 2n-b. For f; in W) we have

i > j+n, so every a; ; = -v. For f; in W5 we have

j£i<j+n. If j <ithena;; =1, and if j =i =



69

8 ° 8 waa Josas Yy l 0 } X1 1 31 euw s W ey ’ a3 1 n 38 [
O . ﬁ . . ﬁ . ﬁ ﬁ . . a— A . a-|* " a- aA—- _+=Nm
I— . 0 e 1 . 1 1 e 1 a- coa=lt a- a- o|_+=~m
T- . - . . 1 . 1 1 [ 1 1 © “ e a- a-— x...:w
I~ . I~ . . I- . w 1 . . 1 1 . 1 P a-— a- N+m+=w
- . - . . - . I- 0 . . 1 1 . 1 [ 1 a- _+w+=m
a o I R S SRR £ B 1 SR O R 1| Y%
a . a sl - . - - - - - S 1 a-Uy
a o I T R CRIL R I s T R B A 1 *a
a . a . . a . a I- . . 1- 1- . 1 R I—- 1 _+wm
a . a N . a a RN - I- R - 0 Ty
_+=Nu . o0-+=mu N . x...:‘* . N+w+=‘* _+w+=‘* . . ol_.v:‘* ols‘* . uu e _+w‘* _‘*



70

n+a+2 then a; ; < 1, so e, dominates. For £; in Wg we

have i < j £ i+n, whence every a; ; = -1. Thus e;,
dominates the e; in this group against all of W,.

To complete the proof we show that against W,
each f; in Wg\wz is dominated by one in W,, as follows:
(1) f,+; dominates f; for a+l < j < k-1,
(ii) f,., dominates f; for k < j < n-b,
(iii) £,,,., dominates f; for n+a+2 < j < n+k, and
(iv) faone1-p dominates f; for n+k+l < j < 2n+l-b.
For (i), let a+1 < j £ k-1, and consider first
such f; against e; with i < a+l1. If i < a+l then
i <j <£i+n, and every a; ; = -1. If i = j = a+l then
a;: . = w = -1 also. Next consider such £; against e;
with k £ i < n+ta+l. Then j < i £ j+n, so every
a; ; = 1. For the remaining e; in W, we have i > j+n
so that every a; ; = -v. Thus the f; in this group are
equivalent against all of Ww,.
(ii) Let k £ j £ n-b. For e; in W} we have
i <3j <i+n. If i < j then a;

j = -1, and if i =

j = k, then a; ; 2 -1, so f_, dominates. For e; in W
we have j < i < j+n, and every a; ; = 1. For e; in W],
i > j+n so every a; ; = -v. Thus f _, dominates in

this group against all Ww,.
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(iii) Let n+a+2 < j < n+tk. Then for e; with

i < a+l, every a; ; = v. For e; with k < i < nt+a+l we

have i < j < i+n, so that every a; ; = -1. For the

remaining e; in W,, j £ i < j+n. If j < i then
aj,; = 1, and if j = i = n+k then a; ; = 1 by hypothesis.

Thus the f; in this group are equivalent against W,.

(iv) Let n+k+l < j < 2n+l1-b. For e; in W} we

have j > i+n so every a; ; = v. For e; in w2,

i < j £ i+n, and every a; j = -1. For g in W? we have
j<i<j+n. If j < i thena;; =1, and if j =1 =
2n+1-b then a; ; = 0, so f,,.,, dominates. Thus £,

dominates the f; in this group against all of W,;, and

the proof is complete. O



9. Reduction of balanced games to even order.

In this section we describe the reduction of the
remaining eighteen of the 36 cases in (8.0.3),
(8.0.4) and (8.0.7). There are again four types of
reduced game, corresponding to (A), (B), (C) and (D)
in (8.0.4). 1In our description of these, the first
nonzero main-diagonal element is again always -1, and -
off-diagonal zeros are concentrated in a middle
segment of the first subdiagonal. The remainder of the
matrix is the same in all cases, and may be described

by the diagram in Figure 9.

» nk =s% +1

g v
S* S?'\‘
Figure 9.

If the order of the reduced game is 2n*, then each
element of the n* by n* triangle in the upper right

corner is v, and each element in the s* by s* triangle
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in the lower left corner is -v. (Here s* = n*-1.)
Between the main diagonal and the upper right triangle
are s* diagonals, each element of which is -1, and
between the first subdiagonal and the lower left
triangle are s* diagonals, each element of which is 1.
The four patterns on the main diagonal and first

subdiagonal are

(9.0.1A) 0% (-1)*¥¢ od
1a+1 0a+d+1 1d+1
(9.0.1B) 0s*!  (-1)¢*9? od
1c+1 oc+d+1 1d+1
(9.0.1C) 02 (-1)*P*? b
1a+1 Oa+b+1 1b+1
(9.0.1D) oc*1  (-1)P*c* b+

1c+2 0b+c+1 1b+2

Our first theorem here deals with cases (iiB),
(viB), (iiiB), (viiB) and (x). The theorem does not
assume w = -1, and actually applies directly to (iiiB)'
and (viiB)', where the sign sequences are opposite to
those in (iii) and (vii). Cases (iiiB) and (viiB)

are obtained then by interchanging the roles of the

players.
THEOREM 9.1. Assume that y =1, 2 = -1, a > ¢C
and b 2 d. (We do not assume that w = -1.) Let

W, = {e;: 1 £1i < ct2},
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Wf = {e;: n+l-d £ i1 £ n+c+2},
: 2n+2-d < i £ 2n+1},

W= (f;: 1 <3 <c+l},

W5 = (f;: n+l-d £ j < n+c+2},

W = (f;: 2n+l-d < j < 2n+l},
and W, = W U W} U W for i = 1,2. Then optimal
strategies for the (2c+2d+4) by (2c+2d+4) subgame on
Wy X W, are optimal for the full game on W, x Wz. The
reduced game is of type (9.0.1B).

PROOF. We show first that against W,, each

element of W{\W1 is dominated by an element of W,, as
follows:
(1) e.,, dominates e; for ¢c+2 < i < n-d, and
(ii) e+, dominates e; for n+c+2 < i < 2n+1-d.
(See Figure 10 for the payoff matrix of the game.)
For (i), let c+2 < i £ n-d, and consider first

. . 1 . . . .
such e; against f; in W,. Since J < c+l < 1 < n+j,

every a; ; = 1. Next consider such e; against £; in Wg.
Now i < n+l-d < j < ntc+2 < i+n, and every a;; = -1.
For f; in Wg we have j > n+i, so that every a; ; = v.

Thus, against W, all e; in this group are in fact

equivalent.
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(ii) Let n+c+2 £ i £ 2n+l-d, and consider first

such e, against f; in w;. Here j £ c+l1l, so i > n+j

and every a; ; = -v. Next consider such e; against f£;
in wg. Then j < i < j+n. If j < i then a;; = 1, and
if j = i = n+c+2 then a; ; = y = 1 by hypothesis.

Last, consider such e; against f; in Wg, where we have

i<j<i+n. If i < j then a;; =-1, and if i = j =

2n+l-d, then a; ; = z = -1 by hypothesis. Thus,
against W, all e; in this group are equivalent.

We complete the proof by showing that against W,,

each element of ngwz is dominated by an element of
W,, as follows:
(1) fo+1-q dominates f; for c+2 < j < n+l-d, and
(ii) f£,.,y.4 dominates f; for n+c+3 < j < 2n+l-d.
For (i), let c+2 < j £ n+l-d, and consider first
such f; against e; in w}. Then i < j < i+n. If i < j
then a; ; = -1, and if i =3j = c+2, then a; ; 2 -1, so

fo+1-g dominates. Next consider such f; against e; in

n+1

w2. Then j £1i < 3j+n. If j < i we have a; ; =1, and if

3 i = n+l-d, then a; ; = 0 since b 2 d. Thus

a a:

ij,j in each case. Last, consider such f;
’

ine1-d S

against e; in W}. Then i > j+n so that every a; ; = -v.
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Thus f,,, 4, dominates the other £; in this group against
all of w,.
(ii) Let n+c+3 < j < 2n+1-d, and consider first

such f; against e; in W}. Then j > n+i, and each

aj ; = v. For e in Wf we have i < j £ i+n, so that
each a; ; = -1. Finally, for e; in W; we have
J <1 < j+n and every a; ; = 1. Thus all f; in this

i
group are equivalent against W,, and the proof is
complete. O

The next theorem deals with cases (vC), (viQ),
(viic), (viiic) and (xii).

THEOREM 9.2. Assume that w= -1, x =1, a £ ¢
and b < d. Let

W) = {e;: 1 <1< a+l),
Wf = {e;: n-b < i < n+a+l},
W = {e;: 2n+l-b < i < 2n+1},

Wy = (£;: 1 <3 < a+1),

W5 = {f;: n+tl-b < j < n+a+2},

W = {£;: 2n+l-b < j < 2n+1}),
and W; = W} U W? U W?, i = 1,2. Then optimal
strategies for the (2a+2b+4) by (2at+2b+4) subgame
on W, x W, are optimal for the full game on W, x %,.

The reduced game is of type (9.0.1C).
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PROOF. We show first that against W,, each

element of W{\w1 is dominated by an element of W,,
as follows:

(1) e,., dominates e; for a+2 < i < n-b, and

(ii) e, 1., dominates e, for n+a+2 < i < 2n+l-b.
(See Figure 11 for the payoff matrix.)

For (i), let a+2 £ i < n-b, and consider first

such e; against f; in W}. Since j < a+l we have

j < 1 < j+n, and every a; ; = 1. For f; in Wg,
i < j £ i+n, so that every a; ; = -1, and for f; in Wg,
j > i+n and therefore every a; ; = v. Thus, against

J

W, these e; are equivalent.
(ii) Let n+a+2 £ i £ 2n+1-b, and consider first
such e; against f; in W;. Since i > j+n, every

a; ; = -v. For f; in Wg we have j < i < j+n. If j < i

then a; ; = 1, and if j = i = n+a+2 then a; ; < 1, so

against W5, e,,;., dominates the e; in this group. For

f; in Wg we have i < j < i+n. If i < j each a;; = -1,

and if i = j = 2n+1-b then a; ; = 0. Thus e, .,

dominates the e; in this group against all f; in W,.
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To complete the proof we show that against W,

each element of Wi\wz is dominated by one in W,, as

follows:
(1) f,.; dominates f; for a+l < j £ n-b, and
(ii) f£,,,., dominates f; for n+a+2 < j < 2n-b.

For (i), let a+1l £ j £ n-b, and consider first
such f; against e; in W], where we have i < j < i+n.

If i < j each a; ; = -1, and if i = j = a+l then a; ; =

w = -1 by hypothesis, so, against W] all f; in this

group are equivalent. Next consider such f; against

e; in W}, where we have j < i £ j+n. If j < i then

a:

i,j =1, and if j = i = n-b then a; ; = x = 1 by

J

hypothesis, so against Wﬁ these f; are again

equivalent. For e; in W;, i > j+n, so every a; ;=
-v. Thus all f; in this group are equivalent
against W,.

(ii) Let n+a+2 < j < 2n-b. For e; in W} we have

j > i+n, so that every a; ; = v. For e; in W}, i < j
< i+n and hence every a; ; = -1. For g in W? we have
J <1< j+n, and every a; ; = 1. Thus all f; in this

group are equivalent against W,, and the proof is
complete. O

The next theorem handles cases (vD) and (viD).
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THEOREM 9.3. Assume that w= -1, x =y =1,

a >cand b < d. Let

W1 = (e.

;01 <1< c+2y,

Wf = {e;: n-b < i < n+c+2},

()

W? = (e.

;¢ 2n+l-b < i < 2n+1},

[
A

Wy = (f; <3

; c+1l} U (£},

Wi = (f:: n+tl-b < j < ntc+2} U (£,,..2),

W = (f;: 2n+l-b < j < 2n+1},
and W, = W) U W UW for i = 1,2. Then optimal
strategies for the (2b+2c+6) by (2b+2c+6) subgame on
W, x W, are optimal for the full game on ﬁ1 x ﬁz. The

reduced game is of type (9.0.1D).

PROOF. We show first that against W,, each

element of ﬁ{\w1 is dominated by an element of W,,
as follows:

(1) e.,, dominates e; for c+2 < i < a+l,

(ii) e,., dominates e; for a+2 < i < n-b,

(iii) e, dominates e; for n+c+2 < i < n+a+l,
and

(iv) €,n+1-p dominates e; for n+a+2 < i < 2n+l-b.
(See Figure 12 for the matrix of the game.)

For (i), let c+2 < i £ a+l, and consider first

such e; against f; with j < c+l1. Then j < i < j+n and
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every a; ; = 1. Next consider such e; against f; with

a+l £ j < n+tct2, where we have i < j < i+n. If i < j

then a; ; = =1, and if i = j = a+l then a;; = w = -1

J 0

also. Lastly consider such e; against f; with n+a+2
< j £2n+l. Then j > i+n, so every aj j = v. Thus
against W, all e; in this group are equivalent.

(ii) Let a+2 £ i < n-b. For f; in W; we have

j < i < j+n, and every a;,; = 1. For f; in W% we have
i < j £ i+n so that every a; ; = -1, and for f; in Wg,
j > i+n and every a; ; = v. Thus all e; in this group

are equivalent against W,.

(iii) Let n+c+2 < i £ n+a+l. For j < c+l we

have i > n+j so every a; ; = -v. For a+l < j < n+c+2
we have j < i < j+n. If j < i then a;; = 1 in every
case, and if j = i = n+c+2 then a;; =y = 1. For j 2

n+a+2 we have i < j < i+n, and hence every a; ; = -1l.

Thus all e; in this group are equivalent against W,.
(iv) Let n+a+2 < i < 2n+l-b. For f; in W; we

have i > j+n so every a; ; = -V. For f; in Wg we have

j £i<j+n. If j < i then each a;; =1, and if j =1

= n+a+2 then a; ; £ 1, so e, dominates. For f; in W

we have i < j < i+n. If i < j then a;; = -1, and if
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i = 3j = 2n+l1-b then a; ; = 0, so again e,,,,., dominates.

Thus against all f; in W,, e, ., dominates the e; in
this group.

To complete the proof we show that against w,,

each element of ﬁg\wz is dominated by an element of W,,

as follows:
(1) f,.; dominates f; for c+2 < j < n-b, and
(ii) £

n+asz dominates f; for n+c+3 < j < 2n-b.

For (i), let c+2 £ j £ n-b, and consider first
such f; against e; in W, where i < j < i+n. If i < j

then every a; ; = -1. 1If i =73 = c+2 < a+1 then

a;,; = 0, and if i = j = c+2 = a+l1 then a; ; = w = ~1.

In every case, f dominates. Next consider such f;

a+1
against e; in Wﬁ, where j £ i £ j+n. If j < i then

ai'j = 1, and if j =3 = n—b, then ai,j =¥ = 1, so all

f; in this group are equivalent against Wf. For e; in

Wﬁ we have i1 > j+n, so that every a; ; = -v. Thus,

against all e; in W,, f,,, dominates the f; in this

a+1
group.
(ii) Let n+c+3 < j < 2n-b. For e; in W] we have

j > n+i, so every a; ; = V. For e; in Wf, i< j £ i+n,

and every a; ; = -1. For e; in Wﬁ we have j < i, and
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therefore every a; ; = 1. Thus the f; in this group

are equivalent against all e; in W,, and the proof is
complete. O

The next theorem takes care of cases (viA) and
(viiia).

THEOREM 9.4 Assume that w= -1, x =1, z = -1,
a £cand b 2 d. Let

W:II = {e.

it 1 £ 1< a+tl},

W = {e,,} VU {e;: ntl-d < i < n+a+l},
W; = (em1p) U (€ 2n+2-d < 1 < 2n+1},
Wy, = {(£;: 1 <3 < atl},

W5 = (f;: n+l-d £ j < n+a+2},

W; = (f;: 2n+1-d < j < 2n+1},
and W; = W} v W? v W? for i = 1,2. Then optimal

strategies for the (2a+2d+4) by (2a+2d+4) subgame on

W, x W, are optimal for the full game on W1 x Wz. The
reduced game is of type (9.0.134).

PROOF. We show first that against W,, every

element of W{\W1 is dominated by an element of W,,
as follows:
(1) e,., dominates all e; with a+2 < i < n-4,

and
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(ii) e;,,1., dominates all e; with n+a+2 < i <
2n+1-d.
(See Figure 13 for the matrix of the game.)

For (i), let a+2 £ i £ n-d, and consider first

such e; against f£; in W;. Then j < i < j+n, so that

each a; ; = 1. For f; in Wg we have i < j < i+n, so
each a; ; = -1, and for f; in Wg, j > i+n and each
aj j = v. Thus against W,, all e; in this group are
equivalent.

(ii) Let n+a+2 < i < 2n+l1-d. For £; in W) we

have i > j+n, so that every a; ; = -v. For f; in Wg,

J£i<j+n. If j < 1ithena;; =1, and if j =i =

n+a+2, then a; ; < 1, so e, dominates. For f; in Wg

i
we have i < j < i+n. If i < j then a;,; = -1, and if

i =3J = 2n+l-d then a;; = z = -1. Thus e,
dominates the e; in this group against all £f; in W,.

To complete the proof we show that against Ww,,

every element of W{\Wa is dominated by an element of
W,, as follows:
(i) f,.; dominates f; for a+l < j < n-b,
(ii) f.+1.¢ dominates f; for n+l-b < j < n+1-4,
(iii) f£,,,, dominates f; for n+a+2 < j < 2n-b,

and
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(iv) fn+1-¢ dominates £; for 2n+l-b < j < 2n+1-d.
For (i), let a+l £ j < n-b, and consider first
such f; against e; in W], where i < j < i+n. If i < j

then a; ; = -1, and if i = j = a+1, then a;; =w= -1,

so all f; in this group are equivalent against W}.

For e; in Wf we have j < i € j+n. If j < i, each a; ; =

1, and if j = i = n-b then a;; = x =1, so against Wf

all f; in this group are equivalent. For e; in W? we

have i > j+n, whence every a; ; = -v. Thus, against

all e; in W, the f; in this group are equivalent.

(ii) Let n+l-b < j £ n+l-d, and consider first

such f; against e; with i < n-b. Then i < j < i+n, so

each a;,; = =1. For e with n+l1-d £ i £ 2n+1-b we have

j £1 £ 3j+n. If j < i then a;; =1, and if j =1 =

n+1-d then a; ; < 1, so f,,.4 dominates. For e; with
i 2 2n+2-d we have i > j+n, and every a; ; = -V. Thus,

against all e; in W,, £ ,, 4 dominates the f; in this
group.

(iii) Let n+a+2 < j < 2n-b. For e; in W} we

have j > i+n, so every a;j =Y. For g in Wf, i< j
< j+n and every a; ; = -1. For g in W?, j <1< j+n
and every a; ; = 1. Thus against W,, all f; in this

J

group are equivalent.
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(iv) Let 2n+l-b < j £ 2n+l-d. For i £ n-b we

have all a; ; = v. For n+l-d < i < 2n-b we have i < j

< n+i so that a;

i,j = _1, and if i

J = 2n+1-b then a; ;
2 -1, so f,,,1.4 dominates in this group against all e;
in Wy with i < 2n+1-b. For the remaining e; in W; we
have j < i £ j+n, and every a; ; = 1. Thus £, , domi-
nates the f; in this group against all e; in W;, and

the proof is complete. O

The next theorem deals with the single case (iiA).

THEOREM 9.5. Assume that w=x= -1, y = 1,
2 =-1, a<cand b 2 d. Let
W} = {e;: 1 £1i < a+l} VU (e,,},

Wf = {e;: ntl-d < i < nta+l} U (e, ..},

W? = {e.'

j2 2n+2-d < i < 2n+1),

Wy = {f;: 1 <1i < a+l},

W, = (£;: ntl-d < i < n+a+2),

W = (f;:

it 2n+l-d < i < 2n+1},

and W; = W v W? U W?, for i = 1,2. Then optimal

1

strategies for the (2a+2d+4) by (2a+2d+4) subgame on

W, x W, are optimal for the full game on W1 X Wz. The

reduced game is of type (9.0.13).
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PROOF. We show first that against W,, every

element of ﬁ{\W, is dominated by an element of W,, as

follows:
(1) e.,, dominates all e; with a+2 < i < n-d, and
(ii) e, ., dominates all e; with n+a+2 < i <

2n+1-4d.

(See Figure 14 for the payoff matrix of this game.)

For (i), let a+2 <1 < n-d. For f; in W; we have

j < i < j+n so that every a; ; = 1, and for f; in Wg,
i < j £ i+n and every a;,; = -1. For f£; in Wg, j > i+n
and every a; ; = v. Thus against all f; in W; the e; in

this group are equivalent.

(ii) Let n+a+2 < i < 2n+l1-d. For f; in W;, i>

j+n so that every a; ; = ~v. For f; in Wg we have j <
i< j+n. If j < i every a;; = 1, and if i = j = n+a+2
then a; ; £ 1, so e, dominates. (Note that if a = c
and i = j = n+a+2 then a;,; =Yy =1) For f; in Wg, icg
j< i+n. If i < j then every a; ; = -1, and if i = j =
2n+l-d then a; ; = 2 = -1 also. Thus against all of W,,
€,.c+» dominates the e; in this group.

To complete the proof we show that against W,

every element of Wi\wz is dominated by one in W,, as

follows:
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(i) f,.q dominates £; for a+l < j < c+1,

(ii) fh+1.q dominates f£; for c+2 < j < n+l-d,

(iii) f£,,,, dominates f; for n+a+2 < j < n+c+2,
and

(iv)  f,n.q.q dominates f; for n+c+3 < j < 2n+l-d.

For (i), let a+l £ j £ c+l, and consider first

such f; against e; with i < a+l. If i < a+l every

a;; =-1, and if i = j = a+l then a;; = w = -1, so

these f; are equivalent against this set of e;. Next
consider such f; against e; with c+2 < i < n+a+l. Then

3 < 1 £ j+n, so every a; ; = 1. For i > n+c+2 we have

i > j+n and therefore every a; ; = -v. Thus against

all e; in W; the £; in this group are equivalent.
(ii) Let c+2 £ j £ n+l-d, and consider first
such f; against e; in W}, where we have i < j < i+n.

If i < j then every a; ; = -1, and if 1 = j = c+2 then

a:. . 2 -1, so £

i .q dominates. Next consider such f;

n+1
against e; in W}, where we have j < i < n+j. For j < i,

every a; ; = 1, and if j = i = n+l-d then a;; < 1, so

f,+1.q dominates. For e; in Wﬁ we have 1 > j+n, and

every a; ; = -v. Thus against all of W,, f ,,.4

dominates the f; in this group.
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(iii) Let n+a+2 £ j £ n+tc+2. For i < a+l every

aj,; = v, and for c+2 < i < nt+a+l we have i < j < i+n,
so every a;; = -1. For the remaining e; in W, we have
J £i<j+n. If j < i thena;; =1, and if j =i =
n+c+2 then a; ; = y = 1 also, so all f; in this group

are equivalent against W,.

(iv) Let n+c+3 < j < 2n+l-d. For e; in W} we

have j > n+l, so every a; ; = v, and for e; in Wf, i<
j € i+n so that every a;,; = -1. For e in W?, j <1ixZ
j+n, and every a;,; = 1. Thus all f; in this group are

equivalent against W,, and the proof is complete. O
The next theorem deals with the single
case (iiiD).
THEOREM 9.6. Assume that w=x=y = -1, z =1,
a>c and b < d. Let
W} = {e;: 1 £1 £ c+l},
W2 = (e 1.4} U {e;: ntl-b < i < n+c+2},
W; = {(ey41.q} Y {€;: 2n+l-b < i < 2n+1},

W) = (f;: 1 <3 < c+2),

j2 n-b < j < n+c+2},

3 .

2n+1-b < j < 2n+1},
and W; = W U W, UW for i = 1,2. Then optimal

strategies for the (2b+2c+6) by (2b+2c+6) subgame on
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W, x W, are optimal for the full game on W1 X Wz. The

reduced game is of type (9.0.1D).

PROOF. We show first that against W,, every

element of W{\W1 is dominated by an element of W,
as follows:

(1) e,.+1.4 dominates e; for c+2 < i < n-b, and

(ii) e,,.1.4 dominates e; for n+c+3 < i < 2n-b.
(See Figure 15 for the payoff matrix of the game.)

For (i), let c+2 < i £ n-b, and consider first
such e; against £, in W;, where we have j < i £ j+n.
If j < i then every a; ; =1, and if j = i = c+2 then
a; ; <1, so e, 4.4 dominates.

1,)

ii Let n+c+3 < i € 2n-b. For f. in W) we have
j 2

i > j+n so every a; ; = -v, and for f; in Wg, jJ < 1ixZ
j+n so that every a; ; = 1. For f; in Wg we have i < j
< i+n and every a; ; = 1. Thus against W,, all e; in

this group are equivalent.

To complete the proof we show that against W,,
each element of W{\Wz is dominated by an element of W,,
as follows:

(1) f.,, dominates f; for ct+2 < j £ n-d,

(ii) f,., dominates f; for n+l-d < j < n-b,

(iii) £,,.,, dominates f; for n+ct+2 < j < 2n+l-d,
and

(iv) f5,+1-p dominates f; for 2n+2-d < j < 2n+1-b.
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For (i), let c+2 < j < n-d. For e; in W} we have

i < j £ i+n, so that every a; ; = -1. For e in Wﬁ, j
< i £ j+n, so every a; ; = 1, and for e; in Wj, i > n+j
and every a; ; = -v. Thus, against W;, all f; in this

group are edquivalent.
(ii) Let n+1-d < j < n-b, and consider first
such f; against e; with i £ n+tl-d. If i < j then every

a; ; = -1, and if i = j = n+l-d then a; ; 2 -1, so f

dominates. Next consider such f; against e; with
n+l-b < i < 2n+l-d. Then j < i < n+j, so that every

a; ; = 1. For the remaining e; in W; we have i > n+j,

so that every a; ; = -v. Thus £, dominates the f; in

this group against all of W,.
(iii) Let n+c+2 < j £ 2nt+l-d. For e; in W}, j >

n+i so every a; ; = v. For e; in Wi we have i < j < n+i.

If i < j then every a; ; = -1, and if i = j = n+tct+2

then a; ; = y = -1 also. For e; in W; we have j < i <

jt+n. If j < i then every a;; =1, and if j = 1 =

2n+1-d then a; ; = z = 1 as well. Thus the f; in this

group are equivalent against w,.
(iv) Let 2n+2-d < j £ 2nt+l-b. For e; in
W, U {e,qp} we have j > i+n, so that every a;; = v.

For e; with n+tl-b < i < 2n+l1-d we have i < j < i+n, and
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every a; ; = -1. For the remaining e; in W, we have
j £is<j+n. If j < i then a;; =1, and if j =1 =
2n+1-b then a; ; = 0, so f, ., dominates. Thus,

against all e; in W,, f,,,,., dominates the other f; in
this group, and the proof is complete. O

There remains only case iv, - - - -, and our next
four theorems give the reduction to even order games
for the subcases A (a £ ¢, b >d) and D (a > ¢, b < 4d).
We begin with ivA with a + in the first part of the
diagonal.

THEOREM 9.7. Assume that w = x =y = 2z = -1,
a <c¢c, b 2>2d, and that +1 occurs on the diagonal in

position k, where a+3 < k £ n-b-2. Let

W} = (e

-
IA
.
IA

a+l} U {e.},
W = {e;: ntl-d < i < n+a+l} U {44}
W = {e;: 2n+2-d < i < 2n+1)
Wy = {f;: 1 <J < a+l),
W2 = (f;: ntl-d < j < n+a+2},
W = (f:: 2n+1-d < j < 2n+1},
and W, = W} u W U W for i = 1,2. Then mixed

strategies which are optimal for the (2a+2d+4) by

(2a+2d+4) subgame on W, x W, are optimal for the full

game on ﬁ, X ﬁz. The reduced game is of type (9.0.1A).
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PROOF. The game matrix is shown in Figure 16.

We show first that against W,, every pure strategy in
W{\W, is dominated by one in W;, as follows:
(1) e, dominates e; for a+2 < i < n-d;
(ii) epys1 dominates e; for n+a+2 < i < 2n+l1-d.
For (i), let a+2 £ i £ n-d, and consider first

such strategies against f£; in W). Then j < i < j+n,

and thus every a; ; = 1. For f; in W2 we have i < j <
i+n, and therefore every a; ; = -1. For f; in Wg,
j > n+i so that every a; ; = v. Thus all e; in this

group are in fact equivalent against W,.

(ii) Let n+a+2 £ i £ 2n+l1-d, and consider first
such e; against f; in Wl. Since i > j+n, every a;; =
-v. For f; in Wg we have j < i < j+n. If j < i then

a;,; = 1. If j=1= n+tat2, a;; = 0 or -1, SO e .,

dominates. For f; in Wg we have 1 £ j < i+n. 1If

i < j, every a;; = =1. Ifi=3j = 2n+l-d, then aj,; =
-1 by hypothesis. Thus e, ,; dominates in this group
against all of W,.

To complete the proof we show that against Ww,,

every pure strategy in Wi\wz is dominated by one in
W,, as follows:

(1) f..1 dominates f; for a+l < j < k;
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(ii) fne1-¢ dominates f; for k+l1 < j < n+1-d;
(iii) f£,,,,, dominates f; for n+a+2 < j < n+k;
(iv) f,.+1.q dominates fj for n+k+l < j £ 2n+1-d.

For (i), let a+l1l £ j £ k, and consider first such
<

£; against e; with 1 < i a+l. For i < a+l1l we have

i < Jj < i+n, so that every a;; = -1. 1If i=9 =a+1
then a; ; = w = -1 by hypothesis. Thus all £; in this
group are equivalent against such e;. Next consider

such f; against e; with k < i < n+a+l. Then j < i <

j+n. If j < i, all a;,; =1, and if j = i = k, then
a;; =1 by hypothesis, so again the f; under
consideration are equivalent against these e;. For the

remaining e; in W; we have i > n+k+l > j+n so every
a; ; = -v. Thus all f; in this group are equivalent
against W,.

(ii) Let k+1 £ j £ n+l-d, and consider first

such f; against e; in W!. Then i < j < i+n, so every

a; j = -1. For g in Wf we have j £ i £ j+n. If j < i

then every a; ; = 1, and if j = i = n+l-d then a; ; =0,
so f,,i.q dominates. For e; in W? we have i > j+n, so

every a; ;j = -v. Thus f,,, 4 dominates this set of f;

against all of W,.
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(iii) Let n+at+2 < j < ntk. For every e; with

i € a+l we have a; ; = v. For e; with k < i < n+a+l we
have i < j < i+n, so every a; ; = -1. For the remaining
e; in W;, J < i < j+n so that each a; ; = 1. Thus

J

these f; are equivalent against W,.

(iv) Let n+k+l < j < 2n+l1-d. For e; in W] we
have j > i+n, so every a;; = v. For e; in Wf, i<3j<
i+n. If i < j, every a;; = -1, and if i = j = nt+k+l,
a; ; 2 -1, so £, 4 dominates. For e; in W?, j <1< j+n
and every a; ; = 1. Thus £, ,, 4 dominates the f; in this

group against all of W,, and the proof is complete. O
Subcase ivA with a + in H is handled in the
next theorem.
THEOREM 9.8. Assume that w = x =y = 2z = -1,
a £c, b 2d and that +1 occurs on the diagonal in

position n+k, where ct+4 £ k< n-d-1. Let
;v 1 <1 <a+l} u (e},
W = (e;: ntl-d < i < nta+l} U (e, )},

Wy = {e;: 2n+2-d < i < 2n+l1},

=
N —-

Il
~—
H
=
IA
wJ
IA

a+l},
W = (f;: n+tl-d < j < n+a+2},
W, = {(f;: 2n+1-d < j < 2n+1},

and W, = W} u W uw for i = 1,2. Then mixed
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strategies which are optimal for the (2a+2d+4) by

(2a+2d+4) game on W, X W, are optimal for the full game

on W1 X Wz. The reduced game is of type (9.0.1A).

PROOF. The game matrix is shown in Figure 17.

We show first that against W, each pure strategy in

%{\w1 is dominated by one in W,, as follows:

(i) e, dominates e; for a+2 < i < n-d;

(ii) e,,, dominates e; for n+a+2 < i < 2n+1-d.

For (i), let a+2 £ i < n-d, and consider first
such e; against f; in W). Then j < i < j+n, so every
a; ; = 1. For f; in W; we have 1 < j £ i+n, so every

a; ; = -1, and for f; in Wg, j > i+n so every a;,; = V.
Thus these e; are equivalent against W,.
(ii) Let n+a+2 £ i <€ 2n+1-d, and consider first

: . 1 . . _
such e; against f; in W,. Then 1 > j+n so every a; ; =

-v. For f; in wg we have j < i £ j+n. If j < i then

a;,;; =1, and if j = 1 = n+a+2 then a; ; < 1, so ey,

dominates. For f; in W; we have i £ j < i+n. If i < j
every a; ; = -1. If i = j = 2n+l1-d then a;; = -1 by
hypothesis. Thus e,, dominates in this group against

all of W,.

To complete the proof we show that against W,

each f; in W,W, is dominated by one in W,, as follows.
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(1) f,.; dominates f; for a+l < j < k-1;

(ii) f .1.4 dominates f; for k < j < n+l-d;

(iii) f£,,,, dominates f; for n+a+2 < j < n+k; and
(iv) fne1-¢ dominates f; for n+k+l < j < 2n+1-d.

For (i), let a+l £ j £ k-1, and consider first

such f; against e; with 1 < i < a+l, where we have i <

j< i+n. If i < j each a;; = -1, and if i =9 = a+1

then a; ; = w = -1 by hypothesis. Thus against such e;,

all f; in this group are equivalent. Next consider

such f; against e; with k < i < n+ta+l. Then j < i <

J+n, so every a; ; = 1. For the remaining e; in W, we

have i > j+n so that every a; ; = -v. Thus the f; in

this group are equivalent against all of W,.

(ii) Let k £ j £ n+l-d, and consider first such
f; against e; in W}, where we have i1 £ j < i+n. If
i < J every a;,; = -1, and if i = j = k then a; ; 2 -1,
so f,1.q dominates. Next consider such f; against e; in

Wﬁ, where we have j £ i £ j+n. If j < i then each

a; j = 1, and if 3 = 1 = n+l1-d then aj,j = 0, so £ .4

dominates. Finally, for e; in W; we have i > j+n so
every a; ; = -v. Thus f ,, 4 dominates this group

against all e; in W,.
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(iii) Let n+a+2 £ j £ ntk, and consider first

such f; against e; with i < a+l. Then j > i+n so every

a;; = v. For e; with k< i < n+a+l we have i < j < n+i
so every a; ; = -1. For the remaining e; in W, we have
J £1i<j+n. If j < i then a;; =1, and if j = 1 = n+k
then a; ; = 1 by hypothesis, so the f; in this group

are equivalent against W,.

(iv) Let nt+k+1 < j < 2n+l1-d. For e; in W} we

. . - . 2 .
have ] > 1+n so every a; j = v. For e; 1n W, 1 < J <
i+n, so every a; ; = -1, and for e; in Wf we have j < i
< j+n and hence every a; ; = 1. Thus all f; in this

i,
group are equivalent against W,, and the proof
is complete. O
We turn now to subcase ivD, dealing first with
the case of at least one + in G.
THEOREM 9.9. Assume that w = x =y = 2 = -1,
a>c, b <d, and that +1 occurs on the diagonal in

position k, where a+3 < k £ n-b-2. Let

1 <1

IA

ctl} U (e},

w? = {e;: n+l-b < i < n+tc+2)} U (e 1),

W: = {e;: 2n+l-b < i < 2n+1},
W) = {f;: 1 <3 < c+2),
W5 = {f;: n-b < j < ntc+2},

Wy = {f;: 2n+l-b < j < 2n+1),
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and W, = W U W u W for i

i 1,2. Then mixed

strategies which are optimal for the (2b+2c+6) by

(2b+2c+6) game on W, x W, are optimal for the full game

on W, X %2. The reduced game is of type (9.0.1D).
PROOF. The game matrix is shown in Figure 18.
We show first that against W, every e; in W{\W, is
dominated by one in W,, as follows.
(i) e, dominates e; for c+2 < i < n-b, and
(ii) e, 4+ dominates e; for n+c+3 < i < 2n-b.
For (i), let c+2 £ i £ n-b, and consider first
such e; against f; in W), where we have j < i < j+n.

If j < i then a;; =1, and if 3 = 1 = c+2 then aj,; £0,

so e, dominates. For f; in W, we have i < j < i+n.

= -1, and if i = j = n-b, a, ; = x =

If i < j then a; i

i
-1 also. For f; in W, we have j > i+n so that every
a; ; = v. Thus the e; in this group are equivalent

1,)

against all f; in W,.

ii Let n+c+3 < i < 2n-b. For f. in W) we have
j 2

. . - . 2 .
1 > j+n so every a; ; = -v. For f; in W; we have j <

. . . 3 . . .

1 < j+n, so every a; ; = 1, and for f; in W;, 1 < J < 1+n
and every a; ;: = -1. Thus the e; in this group are

J

likewise equivalent against all of W,.
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To complete the proof we show that against Ww,,
every f; in Wi\wz is dominated by one in W,,

as follows.

IA
o

(i) f.., dominates f; for c+2 < j
(ii) f,., dominates f; for k+1 < j < n-b;

(iii) f,,.,, dominates f; for n+c+2 < j < n+k; and
(iv) fone1-p dominates f; for n+k+l < j < 2n+1-b.

For (i), let c+2 £ j £ k. If i £ c+l then i < j

< i+n and every a; ; = -1. For k < i < n+c+2 we have

j £1i<3j+n. If j < i then every a;; =1, and if j =

i
i = k then a; ; = 1 by hypothesis. For the remaining e;

in W, we have i > j+n so that every a; ; = -v. Thus the

f; in this group are equivalent against W,.

(ii) Let k+1 £ j £ n-b, and consider first such

. . 1 : . . _
f, against e; in W;. Then 1 < J < i+n, so every a; ; =

-1. For e; in W? we have j < i £ j+n so that every

= . 3 . . _
aj,; = 1, and for e; in Wy, i1 > J+n so every a; ; = -v.

Thus the f£; in this group are equivalent against W,.

(iii) Let n+tc+2 £ j < n+tk. For 1 £ i £ c+1

every a; ; = V, since j > i+n. For k < i < n+c+2 we

have i < j < i+n. If i < j then every a;; is -1, and

i
if i = j = n+c+2 then a; ; =y = -1 also. For the

remaining e; in W, we have j < i < j+n so that every
a;,; = 1. Thus the f; in this group are equivalent

against W,.
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(iv) Let n+k+1l < j < 2n+l-b. For e; in W} we

have j > i+n and hence every a; ; = v. For e; in Wf

we have i £ j < i+n. Each a; ; with i < j is -1, and

if i = j = ntk+1 then a; ; 2 -1, so f,,,, dominates.

IA

For e; in W? we have j <1 j+n. If j < i then each

a;; =1, and if 1 = j = 2n+1-b then a; ; = 0 (since
b < d). Thus f,,,, dominates the f; in this group
against all of W,, and the proof is complete. O

Our final theorem covers subcase ivD with at
least one + in H.

THEOREM 9.10. Assume that w =x =y =2 = -1,
a>c, b <d, and that for some k with ¢c+4 <€ kX £ n-d-1,

+1 occurs on the diagonal in position n+k. Let

W, = (e;: 1 <1< ctHl) U (g},
W% = {e;: ntl-b < i £ ntc+2} U {eni )
wf = {e;: 2n+1l-b < i < 2n+1},

Wy = (f.: 1 <3 < c+2),
n-b < j £ n+c+2},
W = (f;: 2n+l-b < j < 2n+1},
and W; = W} U W% U W? for i = 1,2. Then mixed

strategies which are optimal for the (2b+2c+6) by

(2b+2c+6) game on W, x W, are optimal for the full game

on W, x ﬁz. The reduced game is of type (9.0.1D).
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PROOF. The game matrix is shown in Figure 19.

We show first that against W, every element of W{\W1
is dominated by one in W;, as follows.
(i) e, dominates e; for c+2 < i < n-b, and
(ii) e, dominates e; for n+c+3 < i < 2n-b.
For (i), let c+2 £ i £ n-b, and consider first

such e; against f; in W;, where we have j £ i < j+n.

If j < i then a;; =1, and if i = j = c+2 then a; ; < 0,
so e, dominates. For f; in W, we have i < j < i+n.
If i < j then a; ;j = -1, and if i = j = n-b then a; ;
= x = -1 also. for f; in W; we have j > i+n so that
every a; ; = v. Thus e, dominates this group of e;
against all of W,.

(ii) Let n+c+3 < i < 2n-b. For f; in W, i >
j+n so every a; ; = -v. For f; in WS, j < i< j+n, so
every a; ; = 1, and for f; in W} we have i < j < i+n
and hence every a; ; = -1. Thus the e; in this group

are equivalent against W,.

To complete the proof we show that against W,
every f; in ﬁ{\wz is dominated by one in W,,
as follows:

(i) f.., dominates f; for c+2 < j < k-1;

(ii) f,., dominates f; for k < j < n-b;
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(iii) f£,.,, dominates f; for n+tc+2 < j < n+k; and

(iv) fone1-p dominates f; for n+k+l < j < 2n+l-b.

For (i), let c+2 < j £ k-1, and consider first

such f; against e; with 1 < i < c+l. Then i < j < i+n

so every a; ; = -1. Against e; with k £ i < n+c+2

these f; are again equivalent, since j < i< j+n, so

that every a; ; = 1. For the remaining e; in W, we

have i > j+n, so every a;; = -v. Thus, against all

of W, the f; in this group are equivalent.
(ii) ©Let k < j < n-b, and consider first such f;

against e; in W!, where we have i < j < i+n. If i < 3
i 1 ’

every a; ; = -1, and if i = j = k then a; ; 2 -1, so f,,

v i,

dominates. For e; in W? we have j < i £ j+n, so every

= s 3 s s =
a;; =1, and for e; in W;, 1 > j+n, so that every aj,; =

=v. Thus f,, dominates the f; in this group against
all of w,.
(iii) Let n+c+2 £ j £ ntk, and consider first

such f; against e; with 1 < i < c+l. Then j > i+n, so

every a; ; = v. Next consider such f; against e; with
’

k £ i € ntc+2, in which case we have i £ j < i+n. If

i < J then a; ; = -1, and if i = j = n+c+2 then a; ; =y

J

= -1 also. For the remaining e; in W,, we have j < i

< j+n. If j < i then every a;; =1, and if j =1 =

i
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n+k, then a; ; = 1 by hypothesis. Thus all f; in this

group are equivalent against W,.

(iv) Let n+k+l < j < 2n+l-b. For e; in W] we

have j > i+n, so every a; ; = v. For e; in W, i< <
i+n, so every a; ; = -1. For e; in W; we have j < i <
j¥n. If j < i then every a; ; =1, and if j =i =
2n+l1-b then a; ; = 0, so f,,,, dominates. Thus f,

dominates the f; in this group against all of W;, and

the proof is complete. O



10. Games with +1 as central diagonal element.

When the central diagonal element is #1, the
facts are considerably simpler. It again appears to
be the case that unless both +1 and -1 occur on the
diagonal, the game is irreducible. We shall show that
when both do occur, the game always reduces to the

1

-1
-y l:l according as the

2 by 2 game -1 v] or [
i -1
central diagonal element is +1 or -1. Let us denote
the diagonal elements (X;, Xy, <.+, Xpne1)+
THEOREM 10.1. Assume that x,,, = +1 and that for
some kK < n, x, = -1. Let W, = (e;,e,,,} and
W, = {(f,,f,.s1}. Then optimal strategies for the

subgame on W, x W, are optimal for the full game on

W, x W,. These optimal strategies are P =
(2,v+1)/(v+3), Q@ = (v+1l,2)/(v+3), and the game value
is (v-1)/(v+3).

PROOF. It is easy to see that the matrix for

the game on W, x W, is 1 _I ] , and that the

optimal strategies and game value for this game are as
asserted. We show now that these strategies are

optimal for the full game by showing that E(P,f;) 2V

for every fj in Wz and E(e;,Q) <V for every e; in W“
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where V = (v-1)/v+3). See Figure 20 for the matrix
the full game.

For j < n+l we have a;; 2 -1 and ap,,; = 1, so
E(P,f;) = [2ay,; + (Vv+l)a,,, ;1/(V+3) 2

(-2 + (v+1)]/(V+3) = V. For j > n+l, a;; =V and a

of

n+l, ]
= -1, so E(P,f;) = [2V - (V+1)]/(V+3) = V.
Now consider E(e;,Q) for i < k. If i < k then
aj y = -1, and 3, = -1 by hypothesis. For all i <K,
Aj neke1 = Vy S0 E(e,Q) = [(V+1) a;  + 2a; 11/ (V43) =
(v+l) (2)
£f1 000 £ oee £ fiq] Ere2 o0 Freker oo Foneg
(2) e1 X1 ° o 0 -1 eee =1 -1 v ° o0 v * oo v
e, 1 ... =1 ...-1 -1(-1 ... Vv ... v
e, 1 ... cee X, =1 (-1 ... -1 ... W
(v+1) enq | 1 ... ceo 1 -1 ... -1 ... -1
en,._z -V ¢ o LR Xn,._z * o -1 e o -1
en+k+1 -V o o0 -V o o0 1 1 1 o Xn+k+1 .00 -1
e2n+1' -v L) -V ° e -V 1 J 1 o o 1 ° o0 X2n+1

Figure 20. Game matrix for Theorem 10.1

(-(V+1) + 2v]/(v+3) = V. Next consider k < i < n+k.

Then a; y = 1 and a; .1 = -1, so E(e;,Q) =
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[(v+1)=-2]/(v+3) = V. Finally, for i > n+k we have
aj, = -V and aj 4 < 1. Thus E(e;,Q) <
[-v(v+1l) + 2]/(v+3) = —-(v+2) (v-1)/(v+3) < 0 £V, and
the proof is complete. O

If x,,4 = -1 and for some k < n, x, = +1, then we
have the game of Theorem 10.1 with the roles of the

players reversed. We now deal with the case where

X, = —1 and +1 occurs on the right half of the
diagonal.

THEOREM 10.2 Assume that x,,; = -1 and that x ,,
= +1 for some Kk, 3 =< Kk =< n+l. Let W, = (e, e} and

W, = (f,,f,,}- Then optimal strategies for the

subgame on W, x W, are optimal for the full game on

W, x W,. These optimal strategies are P =
(v+1,2)/(v+3), Q = (2,v+1l)/(v+3), and the game value
is (=-v+1)/(v+3).

PROOF. Observe that the matrix of the game on

. 1 -1 .
W, x W, 15[ -y 1 :] . One checks readily that the

optimal strategies and value for this game are as
asserted. We show that they are optimal for the full
game by showing that E(P,f;) 2 V for every f; in Wz
and E(e;,Q) < V for every e; in W,, where V =

(-v+1)/(v+3). The matrix of the game is shown in

Figure 21.
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For j < k each a,; = 1and a,, ; = -v, so E(P,f;)
= [(v+l)a, ; + 23y, ;1/(v+3) = [(v+1l) =~ 2v]/(v+3) = V.
For kX < j < n+k, 3, ; 2 -1 and a;,, ; = 1, so E(P,f;) 2
[~(v+1l) + 2]/(v+3) = V. For j > n+k, a,,j = vV and ag,,;
= =1. Then E(P,f;) = [v(v+l) - 2]/(v+3) =

(v+2) (v-1)/(v+3) > 0 2V, so we have E(P,f;) 2 V for

. [aY)
every fj in W,.

(2) (V+i)

By oeeol £ oo £y £y Eo oo E e fopug

e, X9 eeeml ...-1 -1 vV ... v |... v

(v+1) e, l .o % ¢0e=-1 -1 -1 ... -1 |[... v

e, 1 ... eee X "1 -1 ... -1 |... v

€1 1 ... -1 -1 ... -1 (... -1

€ |7V .. 1 .. 1 1 X0 00 =1 oo -1

(2) e |7V o1 .. 1 1 1 ... 1 }... -1
L R O L At A | 1 ... 1 fe.. X

Figure 21. Matrix for the game of Theorem 10.2.
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Now consider E(e;,Q). For i < n+l, every a;, <1

and a; .4 = —-1. Thus E(e;,Q) = [2a; + (v+l)a; 41/ (v+3)
< [2 - (v+1)]}/(v+3) = V. For i > n+1, a; 1 = -v and
aj e = 1, sO E(e;,Q) = [-2v + (v+1)]/(v+3) = V. Thus

E(e;,Q) £V for every e; in 'v‘i“ and the proof is

complete. O



11. Further reduction to 2 EZ 2 when v = 1,
We show now how all of the reduced games in
Sections 8 and 9 reduce further, if v = 1, to 2 by 2

games with matrix

(11.0.1) A, = [_i —i]

This is the matrix A' of Section 3, with v = 1.
The optimal strategies and game value are
(11.0.2) P=Q-= (.5, .5) , V= 0.

Recall that all games in Section 8 reduce to
balanced games with one of the four diagonals
(8.0.5A) to (8.0.5D). Our first theorem below shows

how all of these reduce to 2 by 2 when v = 1.
THEOREM 11.1. Let W, = {e;,€),...,€,,} and W, =
{f:,£5,...,f5,41) be the strategy sets in a balanced

Silverman game with one of the diagonals (8.0.5A) to

(8.0.5D). Let
Wi = {€u2/€nas2)s Wo = {£.,1,f04042) 1n case (A) or (C);
W, = {eqorCmce2)r Wo = {£.,2,f,43) in case (B) or (D).

Then for v = 1 the game may be reduced to the 2 by 2
game on W; x W,, having the matrix and solution given
in (11.0.1) and (11.0.2).

PROOF. For cases (A) and (C) the payoff matrix

is shown in Figure 22, where the entry u is 0 in case
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(A) and is -1 in case (C). One sees that against W,,

each of the strategies e;, a+2 < i < nt+a+l, is
equivalent to e,,,, and each e; with i < a+2 or i >
n+a+l is equivalent to e, ., if v = 1. Against W,,

n+a+

each of the strategies f;, a+2 < j < n+a+2, is

dominated by f and each of the remaining £; is

n+a+2 7’
equivalent to f,,, when v = 1. Thus, optimal

strategies for the game on W, x W, are optimal for

N N
the full game on W, x W,.

X X
) SN SN & SUPSIS SUUUPTES SUUPY DU SEp
e, 0 ... =1 [-1 ... v v (... Vv
€41 1 ... -1 -1 ... -1 v ... v
¥ e |1« 1 ju ... -1 -1 |... vV
neast |~V ... 1 -1 |... -1
€aez |~V e.. =V 1 |... -1
ezn+1 -V o o0 -V =V oo ® l l o o o 0
_ 0 in (A
4 = L -1 in &c;

Figure 22, Payoff matrix for game of

Theorem 11.1 (A) and (C).



121

The payoff matrix for cases (B) and (D) is shown
in Figure 23, where the entry u is 1 in case (B) and
is 0 in case (D). One sees that against W, the

strategies e; with c+3 < i < nt+c+2 are all

X X
f1 M fc+1 fc+2 fc+3 e fn+c+2 fn+c+3 tee f2n+1
e, 0O ... -1 (-1 -1 ... v v cee W
€ .1 1l ... -1 -1 ... v v . v
X el 1 ... -1 -1 ... -1 v v
€.,3 1 ... 1 o ... -1 -1 . v
X €ice2 |7V eoe TV 1 N -1 e =1
€rica3 |7V e TV |~V oo u eee =1
= e Nt 2 Bk Bl 1 1 eee O
u= {1in (B)
- L0 1n (D)

Figure 23. Payoff matrix for game of

Theorem 11.1 (B) and (D).

equivalent, and the remaining e; are dominated by e,
if v = 1. Against W, the strategies f; with c+2 < j <
n+c+2 are equivalent to f_,,, and when v = 1 the other

f; are equivalent to f Thus, optimal strategies

n+c+3*
for the game on W, x W, are optimal for the full game.
It is easy to check that this 2 by 2 subgame has the

matrix and solution asserted. O
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All games in Section 9 reduce to even order
games having matrix format as shown in Figure 9, and
having one of the four main diagonal and subdiagonal
configurations (9.0.1A) to (9.0.1D). We drop the
asterisks now from n and s. The payoff function
outside the main diagonal and first subdiagonal is
given by

vif j 2 i+n
(11.1.1) Ale,£)) = 3 1 1f 341 23 54

-v if i1 > Jj+n
For j < i < j+1, A(e;,f;) is specified in each case by
the given main diagonal and subdiagonal.

THEOREM 11.2. Let W, = {e;,€,,...,8,,) and W, =
{(£1,£5,,...,f5,) be strategy sets with payoff function A
given by (11.1.1) and one of the diagonal-subdiagonal
configurations (9.0.1A) to (9.0.1D). Let

Wi = (eg2/€nsas2)r Wo = {£,,1,f 4041} in case (A) or (C):

Wi = {e.2/€mcia}sr Wo = (£.,5,f..2) in case (B) or (D).
Then for v = 1 the game may be reduced to the 2 by 2
game on W, X W,, having the matrix and solution given
in (11.0.1) and (11.0.2).

PROOF. For cases (A) and (C) the payoff matrix

is shown in Figure 24, where the element u is -1 in
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case (A) and 0 in case (C). The zeros on the
subdiagonal are irrelevant to the proof. The relevant
subdiagonal entries are A(e,,,,f,,;) = 1 and

A(e ,a42:fn4ae1) = 1. Against W,, the strategies e;with
a+2 < i < n+ta+l are all equivalent to e,,,, and with

v = 1 each of the remaining e, is equivalent to e,,,,-

Against W,, each f; with a+2 £ j < n+a+l is equivalent

to f....1, and with v = 1 the remaining strategies f;

X X
£, ... £ ffaQ eoe Frvaet 1Envas2 o+ fap
e, o ... -1 {-1 ... v v cee ¥
.41 1 ... -1 |-1 ... v v eee VU
X e, 1 ... 14-1 ... -1 v cee ¥V
neast | "V .o 1 ces =1 -1 e =1
en+a+2 -V cees =V o0 1 u LR -1
ezn -V oo =V -V o oo 1 1 LR 0

Figure 24. Payoff matrix for game of

Theorem 11.2 (A) and (C).
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are dominated by f Thus, optimal strategies for

a+1*
the game on W; X W, are optimal for the full game.
For cases (B) and (D) the payoff matrix is shown

in Figure 25. One sees that against W,, the strategies

e; with ¢c+3 < i < n+c+2 are dominated by e, .,, and
with v = 1 each of the remaining e; is equivalent to
e.,,- Against W,, each £; with c+2 £ j £ n+c+l is
X X
f1 e fc+1 fc+2 fc+3 . fn+c+1 fn+c+2 fn+c+3 ° . on
ey O ... -1 }|-1 -1 ... v v v ces U
.41 1 ... -1 -1 ... v v v cse UV
L - - 1 ... -1 -1 ... -1 v v A
e..3 1 ... u -1 ... -1 -1 v s V¥
€nicet |~V eee 1 eee =1 | -1 -1 ...-1
Chice2 |~V e =V .o -1 -1 cee ~1
Chicez |~V e =V | -V .o 1 0 eee =1
e, I=v ... =V [-v =~v ... 1 3 1 1 +e. O
u = {o in (B)
~— L1 in (D)

Figure 25. Payoff matrix for game of

Theorem 11.2 (B) and (D).
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equivalent to f_,, and with v = 1 each of the
remaining f; is equivalent to e, ,. Thus optimal
strategies for the game on W, x W, are optimal for

the full game.

It is easy to see that in all cases the reduced

game is as asserted in the theorem. O



12. Explicit solutions for certain classes.

In the papers [2] on symmetric games and [7] on
disjoint games, explicit optimal strategies and game
values are obtained for all games. The fact that the
diagonal consists entirely of zeros in the symmetric
case and entirely of ones in the disjoint case has the
effect that the components in the optimal strategy
vectors may be described by simple recursions. For
nonconstant diagonals these relations among the
components are less regular, but in a few cases where
the diagonal is nearly constant one can still obtain
relatively nice explicit formulas. We shall do so
here for diagonals which are constant except for the
middle element, or constant except for the last
element.

The notation ¢ = 2/(v+1l) used in [7] will be
useful again here. We first treat the games with
diagonal (-1 ... -1 0 -1 ... -1), the zero being the
central diagonal element.

THEOREM 12.1. In the balanced 2n+l1l by 2n+1l
Silverman game with central diagonal element 0 and
all other diagonal elements equal to -1, the game

value is
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n -
vV = [ s o?l-
j=2 J

" M3

aZJJ/D, where D =1 + a + I aj,
1 ;

and optimal mixed strategies for the row and column
players, respectively, are P/D and Q/D, where

P = (a?™+a,a?"?,a?™4, . ..,a?%,2,a2"",a2"3, ... ,a);

Q = (a,a3,...,a?"",2,a2%,a%,...,a%"2,0%"+a).

PROOF. We show that PA = DV(1,1,...,1), AQ' =
DV(1,1,...,1)t , where A is the payoff matrix, and the
theorem follows.

Let C; denote the j-th column of A, and P, the

i~-th component of P. Then

n+1 2n+1 n 2j n 2j-1
PCyy == p.+ & p =-Z a + I a = DV.
i=1 1 izn+2 ! i=1 i=2
Also, P(C,,1-C,) = - P, t (v+1)p2n+1 = -2 + (v+l)a = 0.
For j =1 ton-1,
P(C;,=C;) = =2 + (v+1) = —22™2% 4
j+1 J pj+1 pj+n+1
2n-2j+1 _ _ .
(v+l) a = 0, so we have PC; = DV for 1 < J < n+l.

Next we have

P(Cn+2_cn+1) = (V+l)p1 - pﬂ+1 = 2pﬂ+2

(v+1) (@®+a) - 2 - 22!
= 0 since (v+l)a = 2.
For j = 2 to n we have

P(Chjs17Cnej) = (v¥1)P; = 2P .,
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2n-2j+2 2n-2j+1
n-2j Q n-cj

= (v+l)a -2 =0,

and thus PC; = DV for 1 £ j £ 2n+l.

We turn now to AQ', and denote by R; the i-th row
of A; q. is the i-th component of Q. Clearly R,,Q' =
PC,,, = DV. Also,

t o
(Ry1=Ry)Q = 2q + q . - (v+l)q, .,
= 2a2"! + 2 - (v+1) (a®+a) = O.
For 1 £ j £ n-1,
t - -
(Rj.1"Rj)Q" = 29, (‘H'l)qj+n+1

2j-1

= 2a - (v+1)e? = o.

Note next that

(Rr-|+2-Rn+1)Qt —(U+l)q1 + qn+1

-(v+l)a + 2 = O,
and for 2 £ j £ n,
(Rvje1=Rpej)Q° = =(v+1)q, + 2q .

= —(v+1)a?™ 4 20%7% = 0.

Thus R;Q' = DV for all i, 1 £ i £ 2n+1, and the proof
is complete. O

The next theorem deals with games having
diagonal (-1 -1 ... =1 0).

THEOREM 12.2. In the balanced 2n+l1l by 2n+l
Silverman game with last diagonal element equal to 0
and all other diagonal elements equal to -1, the game

value is



where D=1+ a + X aj,

and optimal strategies for the row and column players,
respectively, are P/D and Q/D, where

P = (a?",a?2,...,0%,2,a%"",a2"3 . ..,0%,20);

Q = (aB,e3B,...,a% 38,2021 B,a%6,...,a%"28,2e%"),

where B = 2-a2.
PROOF. Again we shall show that each component
of PA and each component of AQ' is DV. We again

denote the j-th column of A by C;, and the i-th row

by R;. We note first that

n+1 2n+1
PC = -3 R D ¥ .
n+1 i=1 p‘ i=n+2 p]
n . n i
=-3% o2 =2+ 5 ¥ + 20 = DV.
i=1 i=2
For 1 £ j £ n, P(Cj+1_cj) = —ij+1 + (v+l)pn+j+1° 1f

j = n, this amounts to -4 + 2(v+l)e = 0, and if j < n,

2n-2j+1

it is -20®™%Y + (v+1)a = 0. For 1<3j <n-1,

P(Cn+j+1—cn+j) = (V+l)pj - 2p

n+j+1

2n-2j+2 2n-2j+1

= (v+l)a - 2a =0,

and P(C,,,1-C,,) = (v+1)pn = Py
= (v+l)a® - 2a = 0.

Thus we have PC; = DV for each j, 1 < j < 2n+l.
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For R,,, We have

n-1 2i-1 n-1 .
Ry =83 o7 + 222" =8 = o - 2e¢2 = v,

j=1 j=0
as one readily verifies. Observe next that
(Rov1~R,) Q" = 2q - (v+l)q, ,
= 402" - (v+1)2a®" = 0.
For j =1 ton-~-1,
t
(Rj+1~Rj)Q" = 2q; - (V"'l)qjm,.,

2j-3

= pa = (v+l)fBa

Again, for j = 1 to n - 1 we have

2172 = 9,

(Roeje1=Rpej)Q° = = (v+1)q; + 2q .

1

- (v+1) B 4+ 28272 = o,

Finally,

(Rone1™Rpn) @ = = (v#1)q + 2q, + q,

= —(v+1)2a2"" + 2B22"2 + 202,
which one readily sees is 0, and we have R;Q' = DV
for every i, 1 < i < 2n+l1. O

Consider next the balanded games where the

central diagonal element is -1 and all other diagonal
elements are 0. By subtracting adjacent columns we
find that necessary and sufficient conditions for a
vector P to satisfy
(12.2.1) PA =K (1,1,...,1) for some k

are
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(12.2.2) pj + pj+1 = (v+1)pn+j+1 for j =1 ton - 1;

p, +2p ., = (vil)p, .i
P, = (viL)p.;
pn+j + pn+j+1 = (v+1)pj for j = 2 to n.

We rewrite these conditions in the following way:

(12.2.3) P = (v+1)p1,

n+2
p2 = (v+1)pn+2 - P1:

P, = (vt1)p, - p

n+2 '’

o)
il

(v+1)p2n - Pn_1:
Poner = (v+1)pn = Panr

P, =% [(v+1)p, . - p].

n+1
Proceeding now as in the totally symmetric case [2],
we define polynomials

F, (x) = 0, Fo(x) = 1, and
(12.2.4) {
F(x) = (x+1) Fp4(x) = F.,(x) for k 2 1.

Thus F,(x) = x + 1, F,(x) = x?2 + 2%, etc. By standard
difference equations methods we find that the solution

of (12.2.4) is

(12.2.5) Fe(x) = (Y - y*Y/(y-y'h,

1
where y = [x+1 + (x°+2x-3)%]/2.

Here y and y ! are the two roots of the quadratic
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equation y? - (x+1)y + 1 = 0, and their sum is y + y'
= x + 1. It is understood, of course, that if y = y!
then the quotient in (12.2.5) is replaced by a
geometric sum.

Since we are interested in making the F,(v) be
components of strategy vectors we need to know that
they are not negative. For x 2 1 we have y 2 1 and

hence F, (x) > 0. For -3 < x < 1, y is nonreal and

F (X) = 0 if and only if y?**' = 1 (y ¢ (1,-1)). This
holds if and only if (x+1)/2 = Re y € {cos %g%: h =
1,2,...,k}. Thus the largest zero of F,(x) is X =

i
2 cos X1 " 1, and we have

i
(12.2.6) F.(x) > 0 for x > 2 cos a1 ~ 1

Now define the 2n+l-component vector P by

1
(12.2.7) P = (FOIFZI""FZn-ZI'Z_FZn'F1'F3'"’IFZn-1)'

where F; = F;(v).
Then each component of P is positive for v >

2 cos - 1, and in view of (12.2.3) to (12.2.4),

T
2n+1
P satisfies (12.2.1).

By subtracting adjacent rows instead of columns

we find that necessary and sufficient conditions that

a vector Q satisfy
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t
for some K

(12.2.8) AQ* = K (1,1,..,1)
are exactly those expressed in (12.2.2) and (12.2.3)
but with the order of the components reversed; i.e.,

with Dpea- j in place of p;- Thus we define Q by

(12.2.9) Q = (Fan1sFanzreeerFri3Fon Fanare s Fp, Fy) o
It follows that K in (12.2.8) must equal that in
(12.2.1) and that the game value is K/D, where D is
the sum of the components in P. We summarize these
results in the next theorem.

THEOREM 12.3. 1In the balanced 2n+l1l by 2n+1l
Silverman game with central diagonal element -1 and
all other diagonal elements O the optimal strategies
for the row and column players, respectively, are P/D
and Q/D, where P and Q are given by (12.2.7), (12.2.9)

and (12.2.5), and D is the sum of the components of P.
n-1
The game value is V = K/D, where K = I (F,;,1—F5;)
i=0
1
- _Z‘an .
PROOF. All but the value of K has been proved

before stating the theorem. To obtain the value of

K we use K = PC where C,,, is the (n+1)-th column

n+17

k+1 2k+1
of A, and obtain K = -Z p. + X Pp.. The asserted
i=1 i=k+2

value is then immediate. O
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For the game with -1 as last diagonal entry and
all others 0 we can obtain similar explicit formulas
for the column player's optimal strategy vector, but
for the row player we have to settle for a rather
cyclic kind of recursion which does not seem to yield
a similar explicit solution. By subtracting adjacent

rows we obtain the conditions

(12.3.1) q. + d.,, = (v+1)qn+i+1 for 1 1 to n,

g . +q = (v+1)q, for i =1 to n-1,

n+i n+i+1

and q, = (v+1)qn

for the column player's optimal strategy Q. We

rewrite these in the form

(12.3.2) q, = (vil)q
9., = (V*1)q,, - q
Doy = (VH)G = G,
d., = (vt1q, , =49,

q, = (v+l)q , - q,

_
and  q, ., = w1y (9, * 4

n n+1

).
Then with the sequence {F,} defined exactly as in

(12.2.4) and (12.2.7) we have

1+F,, 4
(12.3.3) Q = F2n-2’F2n_-4’""FO’FZn-1’F2n-3'"’F1I_W .
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By subtracting adjacent columns we obtain the

corresponding conditions on the row player's optimal

strategy P:
(12.3.4) P, + P, = (v+1)pn_"i+1 for 1 = 1 to n,
P * Py = (v1)p, for i=1+%to n-1,
and pzn-+ 2p2n+1 = (v+1)pn.

Although these involve the same recursion that we have
used to define the polynomials F, (x) and thereby to
obtain explicit formulas for the components of Q here,
and of P and Q in the preceding theorems, here there
seem to be no clear choices for F.; and F, which are
independent of n to initialize the process.

THEOREM 12.4. In the balanced 2n+1 by 2n+1
Silverman game with diagonal (0 0 ... 0 -1) the
optimal strategy for the column player is Q/D, where
Q is given by (12.3.3) and D is the sum of the

components of Q. The row player's optimal strategy P
2n+1
is determined by the equations (12.3.4) and i§1 p, = 1.
The game value is
V = K/D , where
n-t 1+F2n-1

I (Fg=Fpq) + 1 = 537

(12.4.1) K
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PROOF. All but the value V have been discussed

prior to the statement of the theorem. The common
value of R;Q', where R; denotes the i-th row of the

payoff matrix, is quQt, which is seen at once to be
K as given by (12.4.1). O

Finally, we can extend the reach of Theorems
12.2 and 12.4 in the following way. (Cf. last
paragraph of Section 6.) For any vector W, let W’
denote the vector obtained by reversing the order of
the components of W. Let E denote a vector each
component of which is 1.

THEOREM 12.5. Let A be the payoff matrix of a
balanced Silverman game with diagonal D and game
value V. Let A’ be the matrix of the balanced
Silverman game with diagonal D'. If P and Q are

vectors with the property that

(12.5.1) PA =VE and AQ' = VE'
then
(12.5.2) QA" = VE and A'P'* = VE'.

Thus in the game A’ the value is V, and Q' and P’ are
optimal strategies for the row and column player,

respectively.
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PROOF. That (12.5.1) implies (12.5.2) one sees
immediately (by writing out the scalar equations if
necessary), and the final statement in the theorem

follows. O



13. Concluding remarks on irreducibility.

We conclude with brief remarks about the evidence
that the reduced games obtained in Sections 8 and 9
are not further reducible. (Those in Sections 10 and
11 clearly are not.)

It is well known that if A is an n by n game

matrix with game value V and if P = (p1,...,pn) and
Q = (q1,...,qn) are optimal mixed strategies for the

row and column players, respectively, which are
completely mixed (i.e., have no zero components), then

(13.0.1) PA = (V,...,V), and
AQt = (V,...,V)".

Moreover, in this case all optimal mixed strategies

satisfy (13.0.1). If V = 0 and A has rank n-1, or

V # 0 and A has rank n, completely mixed strategies

satisfying (13.0.1) are unique optimal strategies, and

consequently no optimal strategies exist which are not

completely mixed; i.e., the game is not reducible.
Balanced Silverman games with all diagonal

elements zero are symmetric, and these are known to

be irreducible. The completely mixed optimal

strategies are shown in [2] to be unique. We have

verified the same in several low order cases for the
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nonsymmetric reduced games obtained in Sections 8

and 9, when v > 1. Also, in the course of our studies
of these games we have seen machine-generated
solutions of hundreds of examples, and without
exception the optimal strategies have been completely
mixed. We are reasonably confident therefore that
these games are not further reducible, but proof of
that conjecture must await closer analysis of the
rank of these payoff matrices as a function of v for
v > 1.

(As these notes go to press, the reduced games of
Section 8 have been shown to be irreducible when

v > 1, and progress in that direction has been

made for those of Section 9.)
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This book consists of 5 chapters. The general
theme is to develop a mathematical frame-
work and a language for modelling dynamical
systems from observed data. Two chapters
study the statistical aspects of approximate
linear time-series analysis. One chapter devel-
ops worst case aspects of system identifica-
tion. Finally, there are two chapters on system
approximation. The first one is a tutorial on
the Hankel-norm approximation as an
approach to model simplification in linear
systems. The second one gives a philosophy
for setting up numerical algorithms from
which a model optimally fits an observed time
series.
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Statistical Analysis and
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Structural Change

1989. XIX, 488 pp. 98 figs. 60 tabs. Hardcover
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This book treats methods and problems of the
statistical analysis of economic data in the
context of structural change. It documents the
state of the art, gives insights into existing
methods, and describes new developments
and trends. An introductory chapter gives a
survey of the book and puts the following
chapters into a broader context. The rest of
the volume is organized in three parts:

a) Identification of Structural Change;

b) Model Building in the Presence of Struc-
tural Change; c) Data Analysis and Modeling.
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of Competitive Equilibria
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The book is divided into three sections. In the
first section, a detailed tutorial and an exten-
sive annotated bibliography serve to introduce
the methodology. The second section in-
cludes two papers which present new method-
ological advances in the theory of the AHP.
The third section, by far the largest, is dedi-
cated to applications and case studies; it
contains twelve chapters. Papers dealing with
project selection, electric utility planning,
governmental decision making, medical deci-
sion making, conflict analysis, strategic plan-
ning, and others are used to illustrate how to
successfully apply the AHP. Thus, this book
should serve as a usefull text in courses
dealing with decision making as well as a valu-
able reference for those involved in the appli-
cation of decision analysis techniques.





<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Gray Gamma 2.2)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Perceptual

  /DetectBlends true

  /DetectCurves 0.1000

  /ColorConversionStrategy /sRGB

  /DoThumbnails true

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions false

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams true

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts false

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 150

  /ColorImageMinResolutionPolicy /Warning

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 150

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 150

  /GrayImageMinResolutionPolicy /Warning

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 150

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /Warning

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 600

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /PDFA1B:2005

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<





    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>







    /HUN <>

    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>





    /SKY <>



    /SUO <>

    /SVE <>

    /TUR <>



    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0034002e00350032003600330029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003100200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>

  >>

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [595.276 841.890]

>> setpagedevice





