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0 Foreword

The present foreword addresses itself to readers with a previous knowledge, or in-
terest, in pseudodifferential analysis, modular form theory or quantization theory.
The book itself, however, to start with the introduction which follows, has been
written under no such assumption, and everything needed will be recalled in due
time.

A. Pseudodifferential analysis: First and above all, this is the study of a certain
class of pseudodifferential operators in one variable, namely those whose Weyl
symbols are automorphic distributions on RZ2, i.e., distributions invariant under
the linear action of the group T' = SIL(2,Z): these symbols are interesting, but
singular objects. The spectral theory of the Euler operator in L2(I"\R?) — a Hilbert
space the very definition of which may involve the Weyl calculus — shows that
automorphic distributions are linear superpositions of the following elementary
distributions: the Eisenstein distributions {of which a continuous family is needed)
and the {exceptional) cusp-distributions. The main object of this study is the
construction of a multiplication table — in other words a symbolic calculus - for
the associated operators.

From the point of view of pseudodifferential analysis, one interest of this work
lies in that it requires handling, and composing, extremely singular operators.
When automorphic distributions are taken as symbols, a composition formula of
the familiar type such as

hi#hs ~h1h2+(4i7r)”1 {hl,h2}+~~~ (0.1)

would be totally inappropriate, since none of the terms on the right-hand side could
have in general any signification. This calls for a drastic change of point of view,
putting the emphasis, on the phase space R? too, on spectral-theoretic concepts
rather than differential geometry. Also, it is useful to extend the Weyl calculus Op
as a more general calculus Op? depending on some integer p > 0: besides its role
in smoothing up some of the difficulties inherent in the Weyl calculus proper, this
extension may have some interest from the point of view of harmonic analysis —
it yields a parameter-dependent generalization of the metaplectic representation
— and appears in the analysis of certain relativistic wave equations; it is also the
natural pseudodifferential analysis to use in problems dealing with functions on
the real line, flat up to a specified order at zero. Other by-products include an
improved version of Cotlar’s lemma about sums of “almost-orthogonal” operators
(in Section 10), and some understanding and applications, from the point of view
of operator theory, of the complement of the symplectic Lie algebra sp(n,R) in
the full linear algebra gl(2n,R) (Section 12).

B. Non-holomorphic modular form theory: There is no classical way to turn spaces
of automorphic functions on the half-plane into non-commutative (associative) al-
gebras: the main point of the book is that, taking a guantum point of view, such
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a construction is possible, even quite natural. The trick is to associate operators
to automorphic functions (relying on some symbolic calculus of operators) and
consider the composition of operators. The composition formulas bring to light,
in a novel way, much of the structure pertinent to the study of non-holomorphic
modular form theory, such as the zeta function, Hecke’s theory, L-functions and
convolution L-functions. Even though we could have worked throughout on the
half-plane, we have found it much better, for several reasons, to transfer automor-
phic functions to the plane R2, where they become objects I-invariant under the
linear action of some arithmetic group. This forces one to work with distributions
rather than functions, but apart from this harmless fact, it has only advantages:
one of these is that the algebraic structure on the space of automorphic distribu-
tions can be defined solely in terms of the — immensely popular — Weyl calculus of
operators (cf. supra). The main result (Sections 5 and 15) expresses the composi-
tion of any two Eisenstein distributions as the image of a quite canonical “Bezout
distribution” (related to Poincaré-Selberg series) under a simple, but interesting,
operator: more details can be found in the following introduction.

C. Quantization theory: Under this vocable, we mean the definition and study of
rules of symbolic calculus associated with the consideration of nice “phase spaces”:
such a space could be R? (on which there are more possibilities than what is
usually believed, including the OpP-calculus referred to in the first part of this
foreword), or I'\R? (the main object of study here), or a homogeneous space, or
(tentatively, at least) some of the spaces of interest in algebraic geometry. Writing
this monograph has confirmed again our feeling that deformation quantization (the
“small parameter” point of view) may not be the more fruitful point of view. Since
this position — also based on a fairly wide experimentation with the construction of
alternative pseudodifferential analyses, over a span of years — lies outside the more
popular trends, we have found it useful, in a last, largely self-contained, expository
section, to indicate what could be some lines of a program in this direction. It is
to be noted, in particular, that concepts relative to the composition of symbols
are given a much wider realm than is usually the case, even (¢f. Section 17) in the
case of the one-dimensional Weyl calculus.



1 Introduction

The group SL(2,R) acts on the Poincaré upper half-plane II as a group of frac-
tional-linear transformations z +— fzzj:g Given a discrete subgroup I' of SL(2,R)
such as I' = SL(2,7Z) (with one exception in Section 18, this will be the sole case
considered in this book), the I'-invariant functions f on II are called automorphic
functions: they can be identified to functions on any fundamental domain of the
action of I', by which is meant any domain in II containing essentially ~ i.e., up to
a negligible set — one point in each I'-orbit. A non-holomorphic modular form is an
automorphic function on II which is at the same time a generalized eigenfunction
of the Laplace-Beltrami operator A for some eigenvalue %.

One of the themes of the present work is that moving from the half-plane II to
the plane RZ?, on which I acts in a linear way, is advantageous in several important
aspects. Let us discard, to begin with, the first argument against this idea: there
is no fundamental domain for the action of I' in R2. True, and no continuous non-
constant function on R? qualifies as a I'-invariant function. However, I-invariant
distributions do exist, and are the central object of this study. Besides the Dirac
mass at the origin, the simplest example available is the Dirac comb, supported
in Z2. Since the Euler operator € = 7= (22 —|—§a—?5 +1) (the extra term 1 makes
& a formally self-adjoint operator on L?(R?)) commutes with the linear action of
SL(2,R), the terms Gf ,, of the (continuous) decomposition of the Dirac comb into
its homogeneous components of degrees —1 — i\ are themselves T'-invariant: we
call them the Fisenstein distributions.

It is very classical to denote as L?(I'\II) the Hilbert space consisting of all
automorphic functions whose restriction to some fundamental domain of T' in
IT is square-integrable with respect to the invariant measure on II: indeed, this
Hilbert space does not depend on which fundamental domain you choose. It is
not as obvious, on the other hand, how to define a Hilbert space L?(I'\R?) of
automorphic (i.e., I-invariant) distributions on R?: but this can be done, which
will be our first task.

A connection between automorphic distributions and non-holomorphic mod-
ular forms is best seen with the help of the (one-dimensional) Weyl calculus of
pseudodifferential operators, a fixture of our story. This is a certain map which
associates an operator Op(h) acting on functions of one variable to functions h
of two variables. More precisely, Op(h) is well defined as a linear map from the
Schwartz space S(R) of rapidly decreasing C*° functions on the real line to the
dual space S'(R) of tempered distributions whenever A lies in the space S’(R?):
Op(h) is called the operator, or pseudodifferential operator, with symbol h. It is
customary to set Op(h1) Op(hz) = Op(hi#h2) when the left-hand side makes
sense: thus, the composition of operators gives rise to a partially defined bilinear
composition # of distributions in two variables.

One of the niceties of the Weyl calculus is its covariance under the metaplec-
tic representation, a concept which we now explain. It may be a little difficult to
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4 1. Introduction

visualise a topologlcal group which would be a two-fold cover of SL(2 R), i

a connected group SL(2 R) together with a homomorphism from SL(Z ]R) to
SL(2,R) the kernel of which would have exactly two elements. However, such a
group exists, for reasons having to do with homotopy theory (the so-called funda-
mental group 71 (SL(2,R)) is isomorphic to Z, of which Z/2Z is a quotient group):
it is called the metaplectic group, and any of the two elements of ﬁ(Z, R) which go
to some given element g of SL(2,R) under the homomorphism referred to above
is said to lie above g. Now, there is a canonical isomorphism between S"i(?,R)
and a group of unitary transformations of the Hilbert space L?(R), namely the
group generated by the transformations u — v with v(at) = a~2u(a"'t) for some
a >0, or v(t) = u(t) expimet? for some ¢ € R, or v = e~ © Fu, where F is the
Fourier transformation. Any unitary transformation U in the metaplectic group
restricts as an isomorphism from the space S(R) onto itself, and extends as an
isomorphism from the space S'(R) onto itself. The covariance property of the Weyl
calculus refers to the formula U Op(h) U~ = Op(hog™!): it is valid whenever h
lies in 8’(R?) and U lies above g € SL(2,R) in the metaplectic group.

It is to be noted that the two unitary transformations of L?(R) which lie, in
the metaplectic group, above the same element g of SL(2,R), are simply related
since one is the product of the other by the transformation which consists in
multiplying by —1: this will make the fact that the map U — g¢: SL(2,R) —
SL(2,R) is two-to-one rather than an isomorphism essentially harmless. Denote,
for reasons to be apparent presently, as wu; the (even) function ¢t — e~ on R,
renormalized so as to have norm 1 in the space L?(R); in a similar way, denote
as u! the renormalized version of the (odd) function ¢ — te=™". If g = (ab) €
SL(2,R), and U is a unitary transformation in the metaplectic group, lying above
the point g, it turns out that, up to the multiplication by some factor, depending
only on g, of modulus 1, the functions Uu; and Uu} agree with a pair of functions
u, and ul, depending only on the point z = (2%).i = g;i‘g: note that the
knowledge of z = g.i, on the other hand, only implies that of the class gK, with
K =S50(2),in SL(2,R).

Then, any symbol h € &'(R?) invariant under the linear action of the matrix
—1I (in this case, Op(h) preserves the parity of functions) can be characterized
by a pair of functions on II, namely, with p = 0 or 1, the two functions z
(u? | Op(h)ub). The fundamental point (a consequence of the covariance of the
Weyl calculus together with our construction of the functions u?, p = 0 or 1)
is that if h is an automorphic distribution in R?, these two functlons on II are
automorphic in the usual sense: with the help of the Weyl calculus, we are thus in a
position to establish a one-to-one correspondence between a space of automorphic
distributions (on R?) and a space of pairs of automorphic functions on II. Under
this transfer, a certain Hilbert space of such pairs (for the cognoscenti only: the
space of Cauchy data for the Lax-Phillips scattering theory) finally becomes the
space L?(I'\R?) we have been looking for.
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The structure of this space is, up to a point, well understood. Elements of
this space are superpositions of the following building blocks, hereafter referred to
as elementary automorphic distributions: the Eisenstein distributions, of which a
continuous superposition is needed; and a countable family of much more myste-
rious cusp-distributions.

The next question is to better understand the cusp-distributions. Could one
define a generating object for all elementary automorphic distributions, in a way
comparable to the way the Dirac comb can be decomposed into Fisenstein distri-
butions? The answer is yes, and is introduced early in this work under the name of
Bezout’s distribution and denoted as B. It can be thought of as being associated
with a comb of straight lines in R? in just the same way the Dirac comb is a comb
of points.

That the above-defined correspondence between automorphic distributions
(on R?) and pairs of automorphic functions on II links the spectral theory of the
Euler operator on R? to that of the Laplacian on II can be traced to the formula

(A B %) (u? | Op(h)u?) = (uf | Op(x” £ h)ul), (1.1

which expresses that if h happens to be homogeneous of degree —1 — ¢\, the scalar
product (u?|Op(h)ul), as a function of z, is a (possibly generalized) eigenfunc-

tion of A for the eigenvalue %. In particular, under this correspondence, the

Eisenstein distribution (’3?)\ gives rise to a pair of modular forms both proportional
to the usual Eisenstein series F1-.: this is the modular form defined by complex

2
continuation from the series (convergent when Re v < —1)

Elgu(z)zé > (%)_ (1.2)

m,ncz
(m,n)=1

It is now possible to point towards a few of the advantages offered by the
whole construction. First, R? has more symmetries than II since, besides the linear
action of SL(2,R), it is also endowed with the action of R? itself by translations.
Next, the very concept of homogeneous automorphic distribution is slightly sub-
tler than that of non-holomorphic modular form. For any given non-holomorphic
modular form gives rise to two automorphic distributions (linked by the Fourier
transformation on R?), each one corresponding to the choice of a square root of
A2: in this way, the linearly independent automorphic distributions (‘Eﬁﬂ/\ corre-
spond to the linearly dependent Eisenstein series F FETH and the same goes for
cusp-distributions versus non-holomorphic cusp-forms.

The fundamental novelty, which leads to most of the developments in the
present paper, lies in the interpretation of automorphic distributions as symbols
of operators. For, with any luck, such operators might be composed, and this would
provide the space of automorphic distributions with the structure of an associative
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algebra. However, there are considerable difficulties, which we shall first overlook
80 as to present some of the final results: later in this introduction, we shall explain
the origin of these difficulties and the way they are to be solved.

In linear analysis (and in quantum mechanics as well), it is always a good
idea to substitute for the study of a given self-adjoint operator A that of any
commutative algebra, as large as possible, of self-adjoint operators, containing A as
an element. For the case of the operator A —which admits a self-adjoint realization
in the space L2(T'\II) of automorphic functions — such an algebra was introduced
by Hecke: besides A, it consists of a sequence (Tn)n>1 of explicit (not differential)
operators of an arithmetic nature, to be completed by one extra operator. All
this transfers to the automorphic distribution level, to a sequence (T$)y>1 of
operators, to be completed by the operator T such that (T9%th)(z,€) =
h(—z,): this last operator permits splitting automorphic distributions as sums of
automorphic distributions of parities 0 and 1. Together with the Euler operator
£ and T9% the sequence (T9s')y>1 generates a maximal commutative algebra
of self-adjoint operators on the space L?(I"\R?), and the elementary automorphic
distributions that have been alluded to above are exactly the joint eigenfunctions
of all operators in this commutative algebra.

It is useful to introduce a generating series for all Hecke operators, setting
L(s) =3 ysy N T for complex s with Re s large. Multiplying £(s) by some
Gamma-like function, in the spectral-theoretic sense, of the two operators £ and
T4t one finds an operator £'(s) the complex continuation of which, as a function
of s, satisfies the simple functional equation £'(1 —s) = £'(s) x (—1)Pa%. The
main formula (Theorem 15.1) of the book can be expressed as

¢l nel,, =2 (———H’(;JFA?)) Fr (;1“@21 _Az)) B

+ side term, (1.3)

where 1§ is, up to a slightly different normalization, just the sharp composition #
of automorphic distributions corresponding under the Weyl calculus Op to the
composition of operators, F is the Fourier transformation on R?, 9B is the Bezout
distribution the existence of which, as a canonical generator of all elementary
automorphic distributions, has been asserted above, and the side term is a simple
linear combination of four Eisenstein distributions.

It is a consequence of the covariance of the Weyl calculus under the metaplec-
tic representation that hi#hs (or hifhs) has to be an automorphic distribution
whenever h; and hs are. The equation (1.3) is thus only the first entry — in some
sense, but not all, the one most difficult to get at — in a multiplication table, the
entries of which should give the decomposition into elementaries of the f-product
of any two elementary automorphic distributions. This task has been pushed up
to some point, but not fully completed, in Section 16. We have also, in the same
section, hinted at a partly conjectural unified formula, stated in terms of Fulerian
products.
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Early in this work (in Section 5), we give a heuristic proof of the main for-
mula (1.3), which makes a clear understanding of the role played by the two factors
E(%ﬁ’b)) possible. However, the genuine proof of this formula entails consider-
able difficulties, and will be given later, in Sections 13 to 15. The most serious one
arises from the fact that a h-product such as @g/\lh QE?/\Z is not quite meaningful in
the usual sense, since the associated operators cannot be composed. To lower our
requirements, we may satisfy ourselves with the demand that all operators that
have to be dealt with should act on the space linearly generated by the functions
u?, p=_0or 1, z € I, and should be valued in the algebraic dual of this space: this
is the bare minimum needed for applications to modular form theory. However,
the operator whose Weyl symbol is an elementary automorphic distribution does
not even send u, into L?(R), which prevents us, if p = 0, from defining

(u? | Op(€!, ) Op(€ly ) ul): = (Op(e",, )ul|Op(€h Jub)  (1.4)

as we would like to do: however, on the other hand, this definition is all right if
p=1.

There are two ways to circumvent this difficulty. The cheaper one, which
we have used in the explicit computations, is based on the remark (Proposition
13.1) that one can sometimes define the image under the Euler operator £ of
the symbol A of some operator A without being able to define either h or A:
the trick is to consider instead of A the operator PAQ — QAP, where @ and
P are the two canonical generators of Heisenberg’s representation in L2(R). This
just works with our problem, and makes it possible to define the f-product of
any two Fisenstein distributions modulo some distribution homogeneous of degree
—1, which has to be a multiple of the Eisenstein distribution € if automorphic.
Adopting this point of view, which we have done in all arithmetic computations,
has the advantage that one may still work with the Weyl calculus, though with a
rather indirect definition: another one is the explicit character of the composition
formulas. A disadvantage is that the composition of operators used in this context
exists only in such a weak sense that giving a meaning to the composition of three
operators the Weyl symbols of which are elementary automorphic distributions —
which would be necessary to support a claim of associativity — seems at best a
remote possibility.

There is a deeper way to deal with the problem, based on the embedding
of the Weyl calculus Op into a certain sequence (Op”)p=01,... of calculi. As soon
as p > 1 (i.e., with the exception of the Weyl calculus itself), the composition
of two operators the symbols of which are elementary automorphic distributions
has a genuine meaning in the OpP-calculus, an even stronger one (Section 10)
if p > 2: finally, any given number of operators with homogeneous automorphic
Op?P-symbols can be composed (Theorem 10.7) if p is large enough. Just like the
Weyl calculus, the OpP-calculus benefits from some covariance property, linked to
some (inequivalent) variant of the metaplectic representation: as a consequence,
the composition, in the sense of the OpP-symbolic calculus, of two automorphic
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distributions, is again (when well-defined) automorphic. Constructing the Op?-
calculi will take time: however, besides their role in smoothing up the Weyl cal-
culus somewhat, when dealing with very singular symbols, these calculi may have
an importance of their own. On the one hand, they seem to be the right pseudod-
ifferential analyses in problems dealing with operators acting on functions flat up
to a certain order at zero; next, their construction may be considered (Section 8)
as paralleling Dirac’s construction of the wave equation for the electron, except
that instead of just one operator one has to consider a pair of non-commuting
operators; finally (Section 7 about the horocyclic calculus) they provide a way, in
quantization theory, of dealing with some of the not so nice features (the symbol
map is not an isometry) inherent in the quantization of symmetric spaces.

We take this opportunity to give, in Section 17, a full proof of a theorem,
somewhat carelessly treated in [62, Section 5], dealing with the one-dimensional
Weyl calculus in general (not that associated with automorphic symbols): the
point is that there exists a composition formula completely different from the
well-known one, and that it is the one suitable when the metaplectic representation
enters the picture in any serious way. Contrary to the usual (Moyal-type) formula
hi#tha ~ hihg + (4im) "t {hq,ha} + -+ , it has an extension to the OpP-calculus,
though we have not made the coefﬁments of this formula fully explicit (they are
given instead by recurrence relations with respect to p). One may mention here
too that, as has been proved by our student Bechata [5], this formula extends to
the Weyl calculus on (complex-valued functions on) p-adic numbers, whereas the
more familiar one would be meaningless too in this case.

We wish to strongly stress again that, in the arithmetic situation which is
the environment of this paper, there is a symbolic calculus of operators, but the
composition formula cannot bear any relation to the one we have grown accus-
tomed to, or to any concept based on Taylor expansions and on classical objects
such as the pointwise product of symbols: this composition formula is precisely
the multiplication table the construction of which has begun here. This is not as
exotic as one might think and, at the end of this work, we have inserted an in-
formal section entitled “new perspectives in quantization theory”, partly to show
that the nature of composition formulas in alternative pseudodifferential analyses
is much more varied, and linked to interesting spectral theory, than experience
with the sole Weyl calculus might lead one to believe. The same section contains
a small number of open problems, mostly of a harmonic analytic nature, some of
which look quite feasible, even though extensive work may be required towards
their solution.

Before we leave this introduction, we want to address ourselves, again, to
our readers more interested in modular form theory, especially in facts about the
Rankin-Cohen products. These are expressions

J .

Lk Ei+j—1\ (ka+j—1\ G-

FfR (11, f) =) (-1 (1 / )<2jfl )ff“)fé” (15)
=0
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which permit building a sequence of holomorphic modular forms of weights k; +
ko + 2j from any pair of holomorphic modular forms f;, fo of weights k; and
k2. These bilinear expressions were first introduced by H. Cohen [12] (Rankin had
considered a special case in [40]) and enjoy quite a popularity at present [70, 13,
10, 11, 39]. We urge our readers interested in Rankin-Cohen products to have a
look at the quantization Section 19, in particular the part of it relative to the
composition formulas, to see why, in connection with some appropriate symbolic
calculus, the composition formulas given in [63], the main ingredients of which were
just Rankin-Cohen products, had a status quite comparable — but the symbolic
calculus and the phase space were different — to, say, the composition formula from
our present Section 17. Only, discrete Hilbert sums rather than direct integrals had
to be considered there; in the arithmetic situation which is the most important
object of the present work (Chapter 3), both discrete sums and integrals have to
be considered simultaneously.

The methods in the present work, by definition, have to rely on ideas from
two usually separated fields of activity. The present author is certainly more at
ease with pseudodifferential analysis, which he has practised for decades, than with
number theory. But he believes that his lack of competence in this latter domain
is a guarantee that this book will be accessible to analysts in general: he can
only hope that practitioners of modular form theory will view with a sympathetic
eye these attempts, by an analyst, at familiarizing himself with some of the more
elementary tools of their fascinating trade.



Chapter 1

Automorphic Distributions
and the Weyl Calculus

2 The Weyl calculus, the upper half-plane,
and automorphic distributions

The defining formula of the Weyl calculus [68] is

b)) = [ (T o) up) A gy, wes®. ()

The operator Op(h) is called the operator, or pseudodifferential operator, with
symbol h. If h € §'(R?), the space of tempered distributions on RZ, then Op(h)
is a well-defined linear operator from the space S(R) of rapidly decreasing C*°
functions on R to S&'(R), and the map Op so defined is an isomorphism. One
way to see this is to introduce, for any pair u, v of functions in S(R), the Wigner
function W(v,u) on R? defined as

W(v,u)(z,£) = / o(x + t)u(z — t) ¥ dt. (2.2)
Then, as is easily seen, W (v,u) € S(R?), and for every h € §'(R?) the formula
(v|0p(R)u) = (h, W (v, u))

_ /R h(z, &) W (v, u)(z, €) dr dé (2.3)

is a proper definition of Op(h): observe that we define scalar products ( | ) as
being antilinear with respect to the argument on the left. The symbol h lies in

A. Unterberger, Automorphic Pseudodifferential Analysis and Higher Level Weyl Calculi
© Springer Basel AG 2003
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L?(R?) if and only if Op(h) extends as a Hilbert-Schmidt operator on L2(R). It
is often useful to note that W (v, u) is also the symbol of the rank-one operator
w — (v|w)u.

The Weyl calculus of pseudodifferential operators was introduced by H.Weyl
in 1926, as an answer to questions regarding the early theory of quantum mechan-
ics; a somewhat similar motivation — with considerable incentive from harmonic
analysis as well — will be present in Section 19. But the main current importance
of pseudodifferential analysis lies in its role as the basic tool in the modern treat-
ment of linear partial differential equations. One should mention that, though
Weyl’s formula was mentioned in the Kohn-Nirenberg foundational paper [28], it
is mainly the standard calculus (which will be needed in (11.22), where it plays
a minor role) that has been used, up to comparatively recently, by analysts: for
this calculus, there is no covariance under the metaplectic representation. The
literature on pseudodifferential analysis and its applications to partial differen-
tial equations is immense: our first choices would be the treatises [51, 24, 45] by
Tréves, Hormander, Shubin. A short introduction to the Weyl calculus, with more
emphasis on harmonic analysis than on partial differential equations (thus closer
from our present point of view) can be found in the Chapter 0 of [65]. No previous
familiarity with the Weyl calculus, however, would be of much use in the present
work, in which new methods had to be built from scratch.

Recall [67] that there exists a certain twofold covering SNL(Z7 R) of the group
SL(2,R) and a unitary representation Met of 5'2(2,]1&) in L?(R), preserving the
space S(R) and extending as a representation within the dual space &'(R) such
that, for every g € ﬁ(?,R) lying above some point g € SL(2,R), and every
tempered distribution A on R?, the covariance rule

Met(g) Op(h) Met(g) ' = Op(hog™") (2.4)

should hold: Met is the so-called metaplectic representation. The set of all unitary
operators Met(g), g € SL(2,R), is generated as a group by the operators of the
following three species:

(i) transformations u — v, v(z) = a Zu(a™'z), a > 0;

2

(ii) multiplications by exponentials exp imcz?, ¢ real;

oy _dmo . . .
(ili) e~ "2 times the Fourier transformation.

These three transformations are associated with points ¢ that lie above the points
g=(0,2%), (L9) and (% §) of SL(2,R). As a consequence, Met is not an
irreducible transformation, but acts within L2, (R) and L2,,(R) separately: the
two terms can then be shown to be acted upon in an irreducible way. It is an easy

task to check (2.4), starting from (2.1), in each of the three cases above.
A first consequence of the covariance formula (2.4) is that, given any two

symbols h; and he, say in L%(R?) (the associated operators are then Hilbert-
Schmidt operators on L2(RR), thus can be composed in the usual sense), and given



2. The Weyl calculus, the upper half-plane, and automorphic distributions 13

any (¢%) € SL(2,R), the formula

(hao (2 5))#(hao (25)) = (hadtha) o (214) (2.5)

holds. In particular, if h; and hs are invariant under the action of a certain element
of SL(2,R), so is hi#hso, by definition the symbol of Op(hy) Op(hs). From the
second interpretation of the Wigner function given right after (2.3), and from the
covariance formula (2.4), it also follows that

W (Met(§) v, Met(§) u) = W(v,u)og™! (2.6)

if u, v € S(R) and § € SL(2,R) lies above g € SL(2,R).
On R2, we shall always use the symplectic Fourier transformation F, de-
fined as
(FH)w.8) = [ hlyon) 2 ayan. 27)
R2
It is more intrinsic than the usual Fourier transformation, which depends on the
choice of a scalar product on R? rather than a two-form: in particular, it com-
mutes with the linear action of the group SL(2,R) on RZ. In connection with the
Weyl calculus, however, we shall often use instead G = 22imE T (cf. infra for the
signification of 227¢ if in doubt): here & stands for Euler’s operator, as defined by

1 0 9]

(the extra constant makes it formally self-adjoint on L?(R?)), so that
(Gh)(z,€) = 2/ h(y,n) eV dy d (2.9)
R2

Concerning the use of G, let us remark — the verification as a consequence
of (2.1) is immediate — that, if h € S'(R?), Gh is the symbol of the operator
u +— Op(h)ii, where @(x) = u(—=z): in particular, G? is the identity transformation.
Then, operators with G-invariant symbols vanish on S,q4(R), and those whose
symbols change to their negatives under G vanish on Seven(R). On the other hand,
even distributions on R? are just the symbols of the operators that commute with
the map u +— 1, in other words the operators which send Seven(R) to S, (R)
and Sodaa(R) to 8! 44(R). Even-even symbols h are those of operators which vanish
on S,qd(R) and send S(R) to S.,.,(R): they are characterized as being even
distributions invariant under G, and there is a similar notion of odd-odd symbol
(even, invariant under — G).

We assume some familiarity with the general spectral theory of self-adjoint
operators, as can be found in treatises of functional analysis, for instance [41, 69,
in particular with Stone’s theorem about groups of unitary operators and their
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infinitesimal generators. The Euler operator £ is essentially self-adjoint on L?(R?),
when C§°(R?\{0}) is taken as its initial domain. One has

(t*™h)(z, €) = t h(tx, t€) (2.10)

for every h € L?(R?) and t > 0: besides the fact that the map t — t27¢ is a
group homomorphism, this means in particular that
d .
= (¥ h) = 2irER if he CP(R\{0}).
t=1
The operator %7€ is a continuous endomorphism of the space S(R?), and extends
as a continuous endomorphism of the dual space S’'(R?), setting

(€@, h) = (&, t72¢h) (2.11)
whenever h € S(R?) and G € §'(R?), or
(717G, by = (8, (3,€) — h(tz, t€)) . (2.12)

A distribution & is homogeneous of degree —1 — v if and only if t*"¢& =tV &.

We now recall the spectral theory of the operator &£, i.e., the decomposition
of functions h in L?(R?) into homogeneous parts. Actually, we shall only have
to deal with the subspace L2 . (R?) of L?(R2) consisting of even functions: this
simplifies notation a little bit.

Any function h € S(R?) can be decomposed as the integral

h:/ ha dA (2.13)

—o0
into functions homogeneous of degrees —1 — i), setting

1

h)\(SC, 5) m

/ t h(tx, t€) dt - (2.14)
0
indeed (2.13) follows from (2.14) together with an application of the one-dimen-
sional Fourier inversion formula to the function f(7)=e" h(e"x,€e"¢).

In the case when h is even, one can recover hy from the function h& on the
real line defined as

B3(s) = ha(s,1) (2.15)
since one may write
(. €) = €] 18 (g) . (2.16)
One then has -
sy = 4 [ IRy (2.17)
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a formula which permits extending the definition of h& as an element of L2(R),
for almost every A\ € R, whenever h lies in L2, (R?): the formulas (2.13) and

even
(2.17) together provide the spectral decomposition of Euler’s operator in the space

L2, (R?). It will often be necessary to consider the complex continuation of the
function A+ hy, getting the function v — h_;,, with
1 oo
hoiw(z,€) = — / t h(tz, t€) dt, (2.18)
2 0

as a result: if A lies in S(R2), the function h_;, is well defined for Re v > —1, a
function homogeneous of degree —1 — v in R?\{0}. Again, we set

B>, (8) = h_g(s,1). (2.19)

Recall that G, rather than F, plays an important role in the Weyl calculus.
Coming back to the link between G and F, as expressed just before (2.8), note
that when acting on functions, the operator 9— s HiTE ig given by the formula

(27447 h) (,6) = n (2, 2%¢) . (2.20)

There is no satisfactory way to get rid of the factor /2 entirely when dealing with
the Weyl calculus in an arithmetic environment: ultimately, this is due to the fact
that both the one-dimensional and the two-dimensional Fourier transformations
play a role here, whereas the characters on the line that give rise to these two
Fourier transforms are more naturally normalized in a different way (compare F
and @G in (2.9)). This is why, for short, we shall also use the modified version Op 3
of the Weyl calculus, defined by

Op./3(h) = Op (2—%“”5 h) : (2.21)

the use of Op s instead of Op will only serve to make a few formulas nicer,
especially at the end of Section 16.

Remark. Some of our readers with a training in arithmetic will undoubtedly feel
some reservations about the presence of the factor /2 in (2.20) and would find
the change (x,&) — (x,2£) or (2z,€) rather than (Q%x, 2%5) preferable. They are
of course right and, had we pursued the present work in the direction of congru-
ence subgroups, this would have been our choice: however, when the emphasis is
on SL(2,7Z), the present choice permits one not to have to bother with Hecke’s
subgroup T'o(2).

We now introduce the Poincaré upper half-plane II = {z € C: Im z > 0}, on
which the group SL(2,R) acts through fractional-linear transformations:

az+b

ab —
(28).z= prarip (2.22)
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On II, the Laplace-Beltrami operator

0?02
— 29
A= (6w2 + 3?]2) (2.23)

commutes with this action: in just the same way, the Euler operator £ on R?2
commutes with the linear action of SL(2,R).
For every z € II, consider the two functions u, and u!l defined on the real

line by
1
1\ 2 2
u,(t) = 21 <Im (——)) exp (m t—) ,
z z
5 1 1)) ¢ t2
ul(t) =24 w2 (Im (-)) t exp (m T) : (2.24)
z z

The family (u,).cn is total in L2, (R), and the family (ul),cn is total in

L2,4(R). For our purposes, the best way to prove this is to use the metaplectic
representation Met the existence of which has been recalled just around (2.4), and
to show (this has been done in [62, p. 120-121]) that, if § € S\I/Z(Q,R) lies above
(¢%) € SL(2,R) and if b > 0, one has the formulas

1
b 2
a—+ =
Met(g)u, = + ( £ ) Uaz+b ,

Ia+ §| cz+d
3
b\ —2
a+ g
Met(§) ui = + <|a n ZI) uéﬁs , (2.25)

in which the important fact is that the coefficients in front of the right-hand sides
are constants (i.e., depend only on z) of modulus one: this less precise result is
quite easy to check directly, for one may satisfy oneself with doing this only when
g describes the set of generators of SL(2,R) given right after (2.4). Then, that
each of the above-mentioned family is total in the appropriate space results from
the well-known fact that, when restricted to even, or odd, functions in L?(R),
the metaplectic representation is irreducible. In the odd case (only), one has a
more precise result, to wit a resolution of the identity, obtained by polarizing the
identity

[vllZa@) = (8m)" /H |(uz o) dpu(z) . (2.26)

Proposition 2.1. An operator Op(h), with h € S..,(R?), is characterized by the
pair of functions z — (u.|Op(h)u,) and z+— (ul|Op(h)ul).

Proof. Using (2.24), one sees that the function (z,w) +— (uw|Op(h)uy) (resp.
(uL|Op(h)ul)) is (Im (—1)Im (1))’ with 6 = 1 (resp. 2) times a function

w
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holomorphic with respect to w and antiholomorphic with respect to z. Thus, if
these two functions of (z,w) vanish on the diagonal of T1 x II, they vanish on the
whole of II x II. Since h is even, one may assume that h is either an even-even or
an odd-odd symbol: in either case, one may conclude, observing that the family
(uz)zen (resp. (ul).em) is total in Seven(R) (resp. Soada(R)) as well. O

As a consequence of (2.2), it is easily found that

Wl ue)(0,6) =2 xp (~ o - 26 (2.27)

and

21

47
1,1 2
W(ul, ul)(z,&) =2 |———|z — 2&° — 1] ex

|z — z§|2> : (2.28)

actually, using (2.6), it is enough to check (2.27) and (2.28) when z = 4, which
simplifies the computation greatly.
A simple, if somewhat tedious, calculation (again, group-invariance argu-

2
ments make it easier) shows that if k(%) is a smooth function k of the
indicated expression, one has

1 _ 2 _ 2
(A1 (=20 oy (2260 (2.29)
\ 4 Im z Im 2
where the emphasis is put on the z-variable (resp. the (x,&)-variables) on the

left-hand (resp. right-hand) side. This applies in particular to the pair of Wigner
functions just displayed, yielding for every h € S’(R?), and p = 0 or 1, the relation

(uziop(? 2)u) = (A= 1) (oo (OBANZ)  (230)

as a consequence of (2.3) and (2.27), (2.28).
We conclude this section with the definition of automorphic distributions.

Definition 2.2. Set I' = SL(2,Z) ¢ SL(2,R). An automorphic distribution is any
I-invariant tempered distribution on R?, i.e., any distribution & € S'(R?) with
the property that

(Gog ' h)y: =(&,hog)
— (&,h) (2.31)

for every h € S(R?) and every g € I'.

Observe that since the matrix (7' %) lies in T, every automorphic distri-
bution is an even distribution, which will make our life somewhat easier: it is only
in Section 18 that we shall approach more general arithmetic groups and possibly
odd distributions, but we shall not go far in this direction.



18 Chapter 1. Automorphic Distributions and the Weyl Calculus

Theorem 2.3. An automorphic distribution & is characterized by the pair of func-
tions z +— (uB|Op(&)ul) (p = 0,1) on the upper half-plane: these two functions
are automorphic. If & is homogeneous of degree —1 — i), these functions are
generalized eigenfunctions of A for the eigenvalue #.

Proof. Since an automorphic distribution is even, the first point follows from
Proposition 2.1. Observe that neither of the extra factors, of modulus 1, that
appear on the right-hand sides of (2.25), shows any longer in the scalar product
(u2|Op(6)uk), since its two occurrences there cancel out: that such a scalar prod-
uct is an automorphic function of z is thus a consequence of the covariance formula
(2.4). It has to be a generalized eigenfunction of A for the eigenvalue 1—+4’ﬁ if 6
is homogeneous of degree —1 — i)\, as a consequence of (2.30). O

3 Eisenstein distributions, Dirac’s comb and
Bezout’s distribution

For Re v < —1, h € S(R?), one can define

(QS?,,h}z% 3 /OO It h(tn, tm) dt , (3.1)

m|+In|£0 7~

a convergent expression. As shown in [62, Proposition 13.1], this defines an even
tempered distribution €#, homogeneous of degree —1—v, and the function v + el
extends as a holomorphic function of v for v # £1, with simple poles at v = +1;
the residues there are given as Res,—_; @,”, = —1 and Res,—1 QSE‘, = ¢, the unit
mass at the origin of R2. All that concerns the analytic continuation of the map
v — €} was derived in loc.cit. from (3.25) below, an identity obtained by the
use of Poisson’s formula. Also, F&! = Qf{,,. We shall also use, here, a different
normalization, setting

—1—v

F=2"7"¢ . (32)

since € is homogeneous of degree —1 — v, this can also be written as

313/ — 9~z Hin€ @Iu” (3.3)
in the sense of (2.12). Then,
939, = sﬁ;u ) (3.4)
with G as defined in (2.9). In view of (2.21), one has
Op(3%) = Opy5(€}). (3:5)

Incidentally, the reader may wonder why we have felt it necessary to use
both a change of typographical style and the superscript f to denote the lifted-up
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version €} of the Eisenstein series E 1w (¢f. Theorem 3.1) or the lifted-up version

ijﬁ (cf. infra, (4.4)) of a Maass cusp-form M. This is so because we need to
preserve the notation of [62], in which intermediary versions &, and 9; (which
we are dispensing with here, but which are likely to recur elsewhere) also played
a role.

Remark on notation: to help the reader, let us make the following conventions.
Fraktur-style capital letters with the superscript § denote homogeneous automor-
phic distributions. Non-homogeneous automorphic distributions, like the Dirac and
Bezout distributions introduced later in this section, are denoted by fraktur-style
capital letters without such a superscript; fraktur-style lower-case letters shall
denote non-automorphic distributions, usually the pieces some more interesting
(automorphic) distributions are made of. Calligraphic-style letters F, G are re-
served for versions of the Fourier transformation, M and A (in the next section)
for Maass cusp-forms.

Introduce, whenever Re v < 1, the distribution g, such that

1 x
(qu h) ¢ = 5/ 1817 (1, 0) dt (3.6)
which is just the term with n = 1, m = 0 from the right-hand side of (3.1). One
may abbreviate q, as

a(,€) = 5 la ¥ 8(6) - (37)

here, of course, & denotes the Dirac mass on R. Given g = (‘Z g) € SL(2,R), one
has (g, 0g~!, k) = (q,,h o g) with

(hog)(§) = h(a&s + b2, c€1 + d&a), (3.8)

so that

1 X
vog k)= [ I hat,ct)dr. (39)

As is usual, if |m|+ |n| # 0, we shall denote as (m,n) the largest common divisor
of m and n. When m € Z,n € Z, (m,n) = 1, the pair () describes the set
I'/T9, where ' = SL(2,Z) and T = {(} %) : b € Z}: our notation I'% is meant
to emphasize that this is only I' "N, with N = {(} %) : b € R} while the (twice
as large) group T = {g, g € I'%} is the subgroup of I' whose associated
group of fractional-linear transformations of II (and of P;(C) = CU {oo}) is the
stabilizer of the point at infinity. Using also (3.2), one may thus write (setting in
(3.1) m=rmy, n=rn; with r > 1 and (m1,n1) =1)

1-v) D> avog™, (3.10)

ger/rs,

—1-v

3 =2

where ( is the Riemann zeta function.
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This series is weakly convergent in S’(R?) if Re v < —1. Introduce also
v, =Gq-, : (3.11)
then, if Re v > —1 and h € S(R?),

o0
(vu, h) =/ [t dt /R2 h(y,n) e~ """ dy dn, (3.12)
from which it follows that t, is a function:
I(ite
(€)= - F((j%)’ j2g[ 1. (313)

Using (3.10),(3.4) and (3.11), one thus gets when Re v > 1 the expression (a
weakly convergent series in S'(R?))

F =2

=N ((1+4v) Z t,og L. (3.14)

ger/re,

No expansion comparable to (3.10) or (3.14), however, can be given when —1 <
Re v < 1: in this range of values of v, it is (3.25) below that has to be used.

In order to better understand the operator Op(g*), we shall apply Proposi-
tion 2.1.

Theorem 3.1. For v # +1, one has

(uz | Op(§%)us) = B1_. (2) (3.15)
and
(uz |Op(F})uz) = —v B, (2), (3.16)
2
where E iy (2) is the classical Fisenstein series defined when Re v < —1 as
v—1
1 [mz —n?\ 2
m,ncz
(m,n)=1

and [48, p. 208]

L. 2 (3.18)
with
¢"(s): =5 0(5) ()

= (1—s). (3.19)
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Proof. Using analytic continuation, one may assume that Re v < —1. From (2.3)
together with (2.27) and (2.28), one has

(01 Op(E ) = (3 (0.8) = 2expl-pofo—2eP) ) (520)
and
tyy 1) — (=t o | AT e _em
(u210p(EE ) = (8 (@) =2 | ol — 26~ 1] exp(- 2o — 26))
(3.21)
Set, for £ > 0 and fixed z € II,
J(gz,8) = %/_oo |t|7" .2 exp (—2171;?1:@ - z§]2> dt
P e A

Then, from (3.10) and (3.9), then (3.20) and (3.21),

CA-v) > J(lin,m)

(m,n)=1

—1—-v

(uy | OP(SE)UZ) =2

= —VEL.(2). (3.24)
O

We also gave in [62, Proposition 13.1] another expression of the Eisenstein
distribution €!: namely, for Re v < 0, v # —1, and h € S(R?), one has

oo

(@, 1) = ¢(~v) /oo =1 (FT R (0, 8) dt+((1—u)/ It h(t,0) dt

—_— — 00

—{—Zo,,([n[)/_o:o [t]7 1 (Fyth) (%t) dt, (3.25)

n#0
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where the partial Fourier transform is defined as

(Frih)(s,t) = / h h(z,t) e*™ dz | (3.26)

—0o0
and, for n > 1, o,(n) =Y 4>1d".
dln
Only the presence of the first two terms dictated the condition Re v < 0
there, but analytic continuation makes it possible to drop this condition, assuming
instead v # —1,0,1,2,.... One may write (3.25) as

et (z,8) = C(=v) ||+ ¢ —v) || 77 6(€) + ZJV(W) R i

n#0
(3.27)
Note that, at v = 0, the infinities from the first two terms cancel out since {(0) =
—3 and
Sl e = 5 €~ Dsindl - (329
2 ~ o de gnsl '

this explains why Qfg is, indeed, meaningful.
Consider the following two distributions on R?:

0=4(z—1)4(¢) (3.29)
and

b= §(E—1), (3.30)
i.e., the distributions defined, for h € S(R?), by

(0,h) = h(1,0) (3.31)
and
(b, h) = /00 h(z,1)e*™ dz . (3.32)

One may observe that 0 o g~! = 0 whenever ¢ € I’ , the subgroup of I' defined

right after (3.9), and that the same invariance property holds if one substitutes b
for 0. It thus makes sense, at least formally, to define the distributions

PP =21 Y~ dog! (3.33)
ger/Te,
and 1
_ -1
B = > bogTh. (3.34)

ger/Ig,
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However, as we shall show in the next section, the first of these two distribu-
tions is just a slightly modified version of the Dirac comb alluded to above, while
the second one incorporates all homogeneous automorphic distributions invariant
under the symplectic Fourier transformation in its decomposition into homoge-
neous components. Otherwise stated, the first object, as we shall see, yields nothing
but the Eisenstein series, while the second yields, in a sense, all non-holomorphic
modular forms. The major task of the present work is to show how canonically
B generates not only automorphic distributions but also, in the sense of Weyl’s
calculus, sharp products of such.

Set

D(z,§) =21 Y  Sa—n)é—m) (3.35)

Iml+In|#£0

(the Dirac comb on R? with the mass at the origin deleted): then [62, Proposition
16.1)

D =27+ / ¢l dx (3.36)

in a weak sense in S.,,,(R?); the proof is quite easy.
Since (00 g~' k) = (0,hog) and, as said just after (3.9), the set of pairs

(7 ) is a set of representatives of I'/T'%, one has
(@Pmehy =2m Y h(n,m). (3.37)
(n,m)=1

The distribution just defined is related to the Dirac comb in an easy way. Actually,
as shown in (loc.cit., (16.57))

@prime _ 1_2 _|_/ (<<1 _ Z)\))_l eg)\ d)\’ (338)
™ —o0

so that one could write in some sense
DPImE — (((1+2in€)) "' D. (3.39)

As it turns out, the distribution DP"™€ is somewhat more fundamental than D,
and the definition of the Bezout distribution which follows bears more similarity
to DP™e than to ©: we should really have denoted it as BP'™¢ but have not
done so, for the sake of simpler notation, as it is by far the more important of the
two related distributions, the second of which will be made explicit at the very
end of this section.

We now turn to the proper definition of the Bezout distribution.

Definition 3.2. With b defined as in (3.30), set, for every £ > 1,

bt =722 (n2€2 + 1) --- (P22 + (£ - 1)?)b. (3.40)
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One then defines, for ¢ > 1, the distribution

1
B = 5 > btogt, (3.41)
ger/Te,

a definition to be justified in the theorem that follows.

Actually, we are only interested in defining <%e , h> when h € Seven(R?); if
h € Soqa(R?), the series may not converge (though it does so if A lies in the image
of S.,da(R?) under the operator in€ (w2£2 + 1), a remark unimportant at this
point), but it must be treated as zero since one may group the terms bog~! and
b’ o (—g)~! whose sum is an even distribution.

Theorem 3.3. If £ > 1, the series on the right-hand side of (3.41) is weakly conver-
gent in Sl ,.,(R?), i.e., the series (B h) = %der/ro (b0 g™t h) converges

even

for every h € Seven(R?).
Proof. Our problem is to show that the series

1

(B,h) = 5 > (bog™'h) (3.42)
ger/Tg,

converges whenever h € Seven(R?) lies in fact in the image of the operator 72 £2.

Completing the column () to (m m; ), we thus have to examine

1
(m,n)=1
with -
Inm(h): = / h(nz + n1,mz +mi) e ™ dx : (3.44)

obviously, I, ., depends only on the pair n,m. This expression of B (together
with the condition min — nym = 1) justifies the name of “Bezout distribution”.
If |m| > |n|, so that in particular m # 0, we write

I’n,m(h) —_ e—2i7r% /

-0

[e o}

1 .
h <naf; - —, mx) e dy (3.45)
m

where, as is usual, 7 is characterized by the condition nn = 1 mod m. In the case
when |n| > |m|, we use instead of (3.45) the equation

]n,m(h) — eZiﬂ%/

— 00

oo

1 .
h (n:c, mx + E) 2™ dy (3.46)

with m = 1 mod n this time. Of course, I, ., (h) makes sense whether h is even
or odd. We first need a lemma:
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Lemma 3.4. Let h € S(R?). One has for some constant C > 0 the inequality

[ Inm(B)| < C (m* +n?)73 (3.47)
and, if h is an odd function,

[In,m ()] < C(m® +n*)7 . (3.48)

Proof. We may assume that |m| > |n|: starting from (3.45), we get

n,m S 1+mx_ T
L ()] c/< 2,21 g

— o0

<Cm™'. (3.49)
Since, for t between 0 and F1n‘7 one has
/ [14 (nz —t)? + m?2?] 'dz <Cm™',

it is clear that I, n»(h) agrees, up to a term less than Cm™2, with the integral
. = & .
e / h(nz, mxz) ™ dz
-0
which reduces if h is odd to

_ o0
ie 2 / (sin27z) h(nz, mz) dz

—0o0

) s [ 2
:ll—| 6_2”5/ (sin %) h (%x,x) dz, (3.50)
m _

o0

clearly a O(m™2) for large m, as seen by splitting the integral into the parts where
|Z| <1and |z| > |m]| O

End of the proof of Theorem 3.3. Again, we consider the case when |m| > |n|. Let

f = f(s,0) be any function in S(R?). Recalling that h = 2in € [ = (s% + 06% +
1) f, we have

(2im& f) (nq;— l,mx) = (aji—}-l) (f (nx— i,mx)) - iy— <nq;— l,mx) ,
m dx m m 0s m

so that, after an integration by parts,

In,m(QiTr & f) =

a [ 1 190 1 -
e 2" m / [—Ziﬂxf <mc — —,mx) - — —f (nx — —,mx)] e d |
oo m m 0Os m
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or

Inm (2iTE ) = —%75 Inm ((o b —8—> f) , (3.51)

finally leading to

472 1 8\ 2 10
’"vm(—“zfzf):—;l—zf"’m(<"+%$) f)*?’"vm(("‘azm)f)’

(3.52)
where the last term arises from the commutation formulas [2i7&,0] = o and
i€, 2] =-Z.

It is then immediate from Lemma 3.4 that if f € Seven(R?), one has
L (—472E2f)| < C (m? +n?) 73,
from which Theorem 3.3 follows. O

Recall that the version Op, 5 of the Weyl calculus was defined in (2.21).
We now analyze the action of the operator with the Bezout distribution as its
Op /5-symbol on the families of functions defined in (2.24).

Theorem 3.5. For every £ > 1, one has

T(L+7¢
(uzl Opﬁ(%e) uz) = (471.)13 &j__)
I (3)
o+3
L E Y 2 . Mz —ng
2 T T o — 22 T 2 ,
X2(n1 my JET/T <I_mlz+"1|2) ety (3:53)
my g JET/ TS
and

Proof. Of necessity, (ul|Op, /5(b)ul) = 0. For it is immediate that the distribution
b is invariant under the symplectic Fourier transformation F defined in (2.7), thus
its image under 23+ ig invariant under G: as a consequence (cf. remark after
(2.9)), Op(2~ 21" p) vanishes on odd functions.

We now compute the interesting part. With z = z + iy (we then use (s,0)
rather than (z,£) or (y,n) on R?), one has

(uz] Op /5(b) uz) = <b, 9-3-—int W(uz,uz)>

]2
= <b, (s,0) — expﬁﬂ—lﬁ—y—z—(ﬂ— > : (3.55)
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thus

[ o]

(Uz| Opﬂ(b) ’u,z) = e_ﬂy/ eZiﬂ's e;7r

—o0

(s=2)?
v ds

=y %7 (3.56)

Then, as a consequence of the metaplectic covariance of the Weyl calculus together
with (2.25)

(uz] Opy5(b 0 g7 1) uz) = (ug-1..| OP 5(b) ug-1.5)

Y . Moz — N2
=|——"—7 ] exp2it ———
|—m1z+n1| —miz+ M

(ST

(3.57)

if g=(mims) €l
Next, since £ commutes with the action of I', one has

2 E2(n2E241) - (m2E2+ (£ —1)%) 27317 (hogt) = 273FE (plogl),
Also, as a consequence of (2.30), together with (2.4) and (2.25),
(42 Op 5(b 0 g™ 1) us)
_ <A - i) <A+ %) (A - i (- 1)2> (2 (tg-1..| Op s5(b) g-1..)) .
(3.58)

We note by induction that

<A— i-) (A+ z-) (A— i + (3—1)2) (y%em) :(4w)25%9y“%e2m.
(3.59)

The theorem follows, and one should recall at this point that the series on
the right-hand side of (3.53) is a special case of a class of automorphic functions
introduced by Selberg [43] (following the use of Poincaré’s series in the holomorphic
case), and used by many authors in the field ([15, 20] or [62, Section 20]).

A still special case is given by the family of functions (depending on v € C
with Re v < —1 and on an integer N)

1—v
1-v 1 Y I . Moz —No
U , == —_— 2mrN——=,
N (z 2 ) 2 Z (|—mlz+n1|2> Xp LT —myiz+ng

(my ms)ET/TS

(3.60)
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With this notation, the first statement of the theorem reduces to

(uz] Opﬁ(%z) uy) = (4m)° F—(ﬁ%—%—) Uh (z,(f + %) . (3.61)

r'(3)

O

In the next section, we shall make the decomposition of the Bezout distri-
bution into homogeneous components explicit, at the same time proving that not
only B¢, with £ > 1, but also B itself makes sense as a tempered distribution.

Remark. One can also define I, ,, under the sole assumption that |m|+ |n| # 0
instead of (m,n) = 1, setting

Inm(h): = / h(nz + ny (m,n), mx + my (m,n)) > d, (3.62)

where the matrix (g, m; ) has determinant (m,n). The automorphic distribution

¢(1+ 2im £) B, which bears the same relation to B as the relation of D to DPrime
(¢f- (3.39)), is just

1
C(1+2im€)B = 5 > ILim. (3.63)
|l + |40

4 The structure of automorphic distributions

We now need to refresh the reader’s memory on Maass cusp-forms and the Roelcke-
Selberg expansion — or, as the case may be, deliver him a crash course on the
subject. On these classical matters, concerning the spectral theory of the modular
Laplacian, several books are available, in particular [48, 25]. To begin with, recall
that II is endowed with an SL(2,R)-invariant Riemannian structure, for which
the so-called “hyperbolic distance” is characterized by coshd(i,z+iy) = 1%&,
together with its SL(2,R)-invariance property. The associated invariant measure
is du(z + iy) = y~2dz dy.

There are infinitely many possible fundamental domains for the action of I'
on II: the most usual one consists of all points z € II with —% < Re z< % and
|z|? > 1. The space L2(I'\II) is the Hilbert space of automorphic (i.e., -invariant)
functions on II which are square-summable when restricted to any fundamental
domain. In this space, the Laplacian A has a canonical self-adjoint realization,
the spectral resolution of which has both a continuous and a discrete, countable,
spectrum. Eisenstein series £ i, A € R (¢f. (3.17)) serve as a (redundant, since

E11: are linearly dependent) family of generalized eigenfunctions, corresponding
2

to the continuous part [§,00[ of the spectrum. Genuine eigenfunctions of A, i.e.,
the ones in L?(T'\II), belong to a Hilbert space which has an orthonormal basis
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temporarily denoted as {(%)% , M1, My, ...}, where the normalized constant cor-

2
responds to the eigenvalue 0, and M corresponds to the eigenvalue %7—: the
non-constant ones are called cusp-forms, and we shall always assume that A; > 0
and that the sequence (};) is non-decreasing. It is known, by an application of

Selberg’s trace formula, that A; goes to infinity as j — oo in such a way that
2

% ~ 127 ([48, p.290] or [25, p.174]). The Roelcke-Selberg theorem is the asser-
tion that any f € L%(T'\II) can be uniquely written as
. I
— 0 J 4 .
f=9 +Z<1> MJ+87T/_OO<I>()\)E%d>\, (4.1)
jz1

where ®° ®7 are constants with _|®7])? < oo, and ® € L?(R) satisfies the
symmetry property

= , (4.2)

with ¢* as defined in (3.19).

. . . A2 . . .
A cusp-form M associated with the eigenvalue HTL admits a Fourier series
expansion (with respect to Re z) given as

M;(z +iy) = y? > b Ko, (2 [nly) e (4.3)

n#0 2
for some coefficients b, depending on M. This is a simple consequence of the
method of separation of variables: observe that if a function of y alone is an

eigenfunction of A for the eigenvalue 1_"2, it has to be a linear combination of
g 4

y' 7 and y *°. Such a term is indeed present in the expansion (4.5) below of
Eisenstein series but absent from the expansion {4.3) of cusp-forms, precisely so
as to ensure that cusp-forms are square-integrable in the fundamental domain.

We now lift M; to an automorphic distribution on R?. There is one subtle,
but essential, point in this lifting, to wit: corresponding to one cusp-form, there
are two distinct automorphic distributions. We shall assume that our sequence
(Aj, M;) (note that in our present notation eigenvalues are to be repeated ac-
cording to their multiplicity, though it is not known whether multiple eigenvalues
do exist) has been parametrized by the set {j: 7 > 1}, and let us repeat that
for each j the number A; has been chosen > 0 (only its square is known from
the eigenvalue of A, or from the right-hand side of (4.3)). Then we define the
distribution smﬁ on R? through the equation

(2, 1) = 25"l = b, /: 0w (B a, )

n#0 -
where the partial Fourier transform F;'h has been defined in (3.26). It has been
proved in [62, Proposition 13.1] that smﬁ is an even tempered distribution, ho-
mogeneous of degree —1 — iA;. We also define mt ; by the same formula, after



30 Chapter 1. Automorphic Distributions and the Weyl Calculus

A; has been replaced by —\;: equation (4.4) is then valid for all j € Z* if one
defines A_;: = —A\;. One may wish to call either of the two distributions Emij a
“cusp-distribution”.

Eisenstein series, too, have classical Fourier series expansions, given by

1—v 1+v

Ei(rt+iy) =C(A-v)y = +1+v)y >

+2y% Y Inl "% o (Inl) K g (2mlnly) 2 (4.5)
n#0

Observe again that the presence of the first two terms distinguishes Eisenstein
series from cusp-forms, as seen from the expansion (4.3). Comparing (4.3) and
(4.4) on one hand, (4.5) and (3.25) on the other, one sees that the way M; has

been lifted to ZD”(L- is quite similar to the way the Eisenstein series E7;_,, has
=

been lifted to the pair of automorphic distributions QEL)\, even though the latter
ones had an alternative definition (3.1) (not a direct one, though, as it relied on
analytic continuation).

The following is a quotation from [62, Theorem 13.2 and Proposition 13.4],
though we have changed the normalizations slightly so as to take the use of the
quantization rule Op s into account. It is not going to be used in this book, but
our readers with a previous interest in the Lax-Phillips scattering theory for the
automorphic wave equation [30] may find the right-hand side of (4.8) quite natural.

Theorem 4.1. The map & — A = Opﬂ(G) establishes an isometry from the space
of tempered distributions & on R? admitting decompositions

1 o0
6:c0+c66+g;/—oo\I/(A)GgAdA+ch£m§ (4.6)
J#0
with
2 2m 2 /12 1 = 21 % (21)]2
WSIIr: = 5 (leol” +leol”) + 5= [ [T @A) dA
+2Z|Cj|2 < o0 (4.7)
J#0

onto a linear space of operators A: S(R) — S§'(R) commuting with all operators
Met(g), g € I', and satisfying

JAIR: =l 2= (uz|Auwz) |22\
2
1 1|72 1 1
L2(T\II)

< 00. (4.8)
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Let us remark that the spaces of distributions or operators just introduced
are not complete. This is so because we have decided, for simplicity, to consider
only tempered distributions as symbols: a further extension would be necessary so
as to get true Hilbert spaces. The absolute value around A — 1 in (4.8) is needed
solely because of the eigenvalue 0.

Up to now, eigenvalues # have been repeated according to their multi-
plicity, and the cusp-forms M; corresponding to the same eigenvalue have been
chosen in an arbitrary way, with the sole condition that, together, they should
make an orthonormal basis of the given eigenspace. More precision is now needed
concerning the choice of the cusp-forms M;. First, we need to distinguish even
cusp-forms M, invariant under the map M +— M with M(z) = M(~2), from
odd cusp-forms, which change to their negatives under this transformation; even
(resp. odd) eigenvalues are those for which there exists at least one even (resp. odd)
eigenfunction. It is suitable to our needs to denote from now on as ()‘z)kzl the
increasing sequence of positive numbers such that #)—2— is an even eigenvalue
of A: a similar convention holds for the sequence ()\,;) k>1 of odd eigenvalues; we
still set A* k= —)\f. Since possibly multiple eigenvalues (it is not known whether
any such can exist, in the case of the full modular group T') are not repeated
any more, we need to define for each k, in a specific way, an orthonormal basis
(M;l>1<€<n: or (M o)1<pcn- of even, or odd, cusp-forms corresponding to the
given eigenvalue. This is made possible by Hecke’s theory.

For every N > 1, the Hecke operator T is the linear operator on automor-
phic functions defined as

Tnf) ) =N+ Y f(‘”; ”>. (49)

ad=N,d>0
bmodd

All relevant information concerning the Tx’s can be found in [48, p.241]; also
recall for future use (loc.cit., p. 238) that

b
Myz)= |J T (8 d) , (4.10)
ad=N,d>0
bmodd

where My (Z) denotes the set of matrices with integer coefficients and determi-
nant N. Then, for each eigenvalue —(a one can select an orthonormal basis
(Mk, ) <t<nt of the corresponding elgenspace, in such a way that each Mk ,
should be a Maass‘Hecke eigenform: this means that, besides being an eigenfunc-
tion of A, it should also be an eigenfunction of the Hecke operator Ty for each V.

Hecke’s theory shows that if M is a Maass-Hecke form, then b4, # 0 and
WM = bN M == b —& M. It is customary, when dealing with Hecke’s theory,

to con51der Maass Hecke eigenforms N normalized by the condition that by =1
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. . 1+(AhH2 .
(so that Ty N = by NV for all N > 1). Given an even eigenvalue —35—, with
k > 1, we shall denote as (N, kil)Kan a basis of the corresponding (even or

odd) eigenspace, consisting of Maass-Hecke forms normalized by the above-stated
condition, to wit that the coefficient b, from the expansion (4.3) of N - should

be 1: then, for any given /\ki, the functions N,fe are uniquely defined up to a
permutation.

We now lift AT %.¢ 10 an automorphic distribution on R2. The recipe has been
provided in (4.4) and remains the same: only the coefficients b, have to be taken
from the Fourier series expansion (4.3) of N k¢~ In this way, we end up with two

well-defined distributions (9% ,)% and (9%, ,)* (the one with the subscript k > 1
corresponds to the positive choice of a square root of ()\f)g), homogeneous of
degrees —1 — iAr and —1 — {A_p = —1 + i\ respectively.

The following result should be compared to Theorem 3.1.

Theorem 4.2. For every k€ Z>, and £ =1,..., nf, one has
F (M) = (O ), (4.11)
where F is the symplectic Fourier transformation. Also, for every z € Il
(uz | Opyg(MEN ) = NE ,(2) (4.12)

and

(w2 | Op((TE ) ud) = ~AENE,(2), (4.13)
where Op_ s has been defined in (2.21).

Proof. 1t is just the same proof for even or odd cusp-forms: we shall thus drop the
sign +. For p =0 or 1, one has, using the Wigner function (2.27) or (2.28),

(u | Opy5(M, ) ul) = (N, 274" Wk, ) (4.14)
with
. d p
9=z i€ W(ul,u)(s,0) = (~2 — - 1) exp (~7T—€|s - 20[2) . (4.15)
de o1 y
Now, with

h(s,0) = exp <~7—;£|s - zaP)
=exp (~7; [(s —z0) + y202]> , (4.16)
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one has 1
(\Fl_lh) ("’z t) = (y_>§ e2i7l”n;v e—ﬂsytz e_frantzy
t ’ E
and

Thus, with the coefficients b, taken from (4.3),

1 2k 1 2innz
(210D y5(M ) u2) = 5 n] =" bny? 7"
n#£0

(o] 2 p
[t (amy (25 ) et

Now, as a consequence of [31, p. 85],

> — A — —my(t? n2 _
/ = D @ = 2= Ko, (2rinly)

— 00

which yields the result if p =0.If p =1, we write

oo 2
/ (2” (tg - %)) 1]~ 1 e ) gy

(23
= 2{n] =% (2nlnly) [K oy _, (27lnly) - Ks |, (27lnly))
i
= 2(=ih) Inl = K, (2nlnly)

according to [31, p.67]. This proves the two formulas (4.12) and (4.13).
To show that F ‘ﬂ%’e = ‘ﬁu_ k0> O, what amounts to the same, that

—iinE ol —itinE
G (2irmEmy ) =2 bt

it suffices, according to Proposition 2.1, to show that

(u? |Op(G (273 E otk ))ur) = (u? | Op(27 2+ 9t ) ul)

33

(4.17)

2 P
(7 ') (Ft) =yt e <2wy <t2 - n—)) atal

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

forall z € I and p = 0, 1. Now, from the remark which follows (2.9}, the left-hand
side is just (—1)P (uP|Op(2~2+imé ‘ﬂij) uP), so that what is needed in order to

complete the proof of Theorem 4.2 is to remark that

(—1)P (u? | Op (ML ) ul) = (u2 | Op 5", ) ul),

a consequence of (4.12) and (4.13) since A_p = —Ag.

(4.23)
o
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We now give the decomposition of the Bezout dlstrlbutlon into its homoge-
neous components. We should insist on the fact that, in ‘.le o the subscript k can
be any non-zero integer, while in Ny 4, it has to be > 1.

Theorem 4.3. For £ > 1, the Bezout distribution B¢ admits the weakly convergent
decomposition, in S[wen( 3,

(1 ®PU—T(+%)
B ‘4w/_00 I A
1 I( )F(€+ )
+ = ne )
2 %e: ”MHEHQ ( k,f)
kezZ>
1 D — )T+ 2%)
+ = an- )¢, 4.24
22 e 24
keZ>

where the norms are to be taken in the space L?(T\II).

Proof. We shall first show that the right-hand side of (4.24) is weakly convergent
for every £ > 0, then apply Proposition 2.1 to show that, if £ > 1, its sum coincides

with B¢, Incidentally, note that this will also give a meaning as an element of
S on(R?) to B = B itself: remark that

iA
D)t 1 (4.25)
C*(@A) ¢ (=1A) (i) ¢(—iA)
has no singularity on the real line and that, around (3.28), we emphasized that
@g is meaningful.

First, consider the integral term on the right-hand side of (4.24), and make
¢!, explicit with the help of (3.25). Using Pochhammer’s symbols (a), = ngj)@ =
ala+1)--- (a+ £~ 1) and the definition (3.19) of the function ¢*, we have to
show, whenever h € S(R?), the convergence of the following three integrals:

00 (2AY, (EA o0 _
I :/wo(_?()f)‘(_)?_)ﬁd,\/—oo ¢~ T (]:l_lh)(O,t) it

——.——-.—€C(1 —1A) dA /m [t| =" h(t,0) dt

[ (=8)e(B)e » o
1'3——/_Oo N = d)\rg)am [n]) / I¢| iA— 1(}"1 lh) (?,t) dt. (4.26)

It is known [49, p.161,149] that [((1 £ i\)|*! < C log [A| as |A| — oo so
that, using the functional equation (3.19) of the zeta function and the estimate [31,
p. 13] of the Gamma function on vertical lines, the same (even better, actually)

>4
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inequality holds for ({(£i)\))~!. Pochhammer’s symbols are taken care of, for
large |A|, by means of

d

t —iA4r—1
i ( —iAt+rdt

signt)® = (Jt| 75" (signt)'=°), (4.27)

with € = 0 or 1, so that, saving an extra factor
integration by parts, we are done for I; and Is.

1+)\2 at the end, and using an

So far as I3 goes, we start with the same integration by parts so as to com-
pensate the Pochhammer’s symbols, still saving an extra factor ﬁ, next use the

trivial inequality |osa(|n])] <1+ § log" and write (r =0,1,...)

%) d J
[ (5) e ()
I oo n|m n2\ "N
< Cy Z/_ i !ﬁl <1+t2+t—2> dt

<Cn[n™ (14 |nl)~F Z/ 72 (L4 42) 7

dt

N
3

(L+t 2" 5dt (4.28)

to conclude.
In view of (4.4), consider the term

Y T/ zAk . n
P i St e [ e () . g

k£ n#0

coming from the application of the right-hand side of (4.24) to h: note that we
have dropped the superscript + since what follows applies just as well to the
sum of automorphic distributions which corresponds to even, or odd, Maass-Hecke
eigenforms. The study of this term goes along the same lines as that of I3, except
for the following: first, the dA-integration is replaced by a summation with respect
to k,£; next, the coefficients b, from the Fourier series expansion of 'A/!kll are
unknown, and so is ||[Mpg),e]|”!. As indicated in [48, p.220], |b,| is uniformly
majorized by some fixed power of |n| (the exponent {’5 +¢ would do), and we have
seen from the study of I3 how to take care of powers of n. Next, very temporarily
reverting to the notation (\;, Nj) instead of (Mg, Nj¢) so as to indicate that
eigenvalues should be repeated according to their multiplicity, one has, as recalled
just before (4.1), A; ~ (48]')% as j — 00, so that powers of \; (coming, say, from
Pochhammer’s symbols) in our series can be taken care of in exactly the same way
powers of A were compensated in the study of I3. Finally, as a consequence of a
result of R.A.Smith [46], quoted in [48, p. 247], one has for large |k|

()]

which ends the proof that the series on the right-hand side of (4.24) is convergent.

1
Mgl <C ) (4.30)
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To finish the proof of Theorem 4.3, we only have to show, with p = 0 or
1, that for all z € II, (uf|Op s5(B*)u?) agrees with the analogous scalar prod-
uct, obtained after substituting for B¢ the right-hand side of (4.24). Recall from
Theorem 3.1, and (3.5), that

(u2 | Op 5(€hy) ul) = (u | Op(Fty) ul)
= (—iNP FL M( ). (4.31)

From (4.12), (4.13),
(u? | Opy5((MEE)) ) = (—iM) NE,(2). (1.32)

Finally, using Theorem 3.5, what we have to show is that

L[ D=3+ )
E /~oo(—l)\) C*(’l)\) C*( ) 1 2m (Z) dX

iad iad
1 I(6— 26)T(e+ 2e)
+ = (_i/\z)p 2 2 N+ e(z)
> 2 IATE I i
keZ>
1 D=5 r(e+ 56
+ = (—iA, )P 2 2N .(2) (4.33)
9 - ”Mk[,(i“z [kl
keZ>

is zero for p = 1, and agrees with (47)* F(?’)) Ur(z,€+ 3), as defined in (3.61),

for p=0.

The first point comes from the fact that, except for the factor —il, —i)\:
or —iA., all that remains under the integral or the series in each term on the
right-hand side of (4.33) is an even function of A, /\: or A . The interesting part
was proved by Selberg [43] and, rephrased as

1)) <oy T DT )

together with

() oo i) ().

can also be found in [15, p. 246] or [20, p.247]. O

It is natural to ask whether one could give the (integral) first term on the
right-hand side of (4.24) a closed form, say when £ =0
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Proposition 4.4. Set, for t € R,

Gt)=>_ <e2”- 1—2im T) Méb(r), (4.36)

r>1

where Mob(r) is the arithmetic function (usually denoted as p(r)) which vanishes
if r is not square free, and is —1 to the number of prime factors of r otherwise.
Set

Z / #(t) h(tn,tm)dt,  he S(R?), (4.37)

(m n)=1
a formula to be compared to the initial definition (3.1) of Eisenstein distributions.

Finally, set

1 R 1
Beont = — TN A7 Ay ﬁ d>\, .
ot = o L OEDR (4.38)

which is (using (4.25)) the continuous term in the spectral decomposition of B.
Then

Beow = 6+5 3 Resumyp[COm) C-im) ' €,]. (439
¢*(p)=0

Proof. Before we start it, note that the presence of the extra terms on the right-
hand side of (4.39), associated to the non-trivial zeros of the zeta function, implies
of course that &, contrary to Beont, lies outside the Hilbert space of automorphic
distributions introduced in Theorem 4.1.

Note that

- t
e¥mr — 1 — 2in ~| < Cmin (% 1d), teR (4.40)

so that, for every a with 1 <a <2,
|6(t)] < Cmin (2, ]¢]*). (4.41)

Given any h € S(R?), one has

ta-+o00
© 0= (&) d (1.42)
with o
h_#(m,ﬁ):%/ s h(sz,s£)ds, (4.43)
0
thus
(G, ho)y=— > / o(t) dt / ~ h(stn, stm) ds . (4.44)

(mn
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If 1<a=1Imu <2, one may write

(&, hoy)=— Y / s~ ®(u) h(sn, sm) ds (4.45)

(m n)=1

with

- / o) [ d

:/ [efim— 1dtZ( A 1 — 2 = ) Mbb(r)

- r>1

_ / 41 dt S (€37 — 1 — 24 t) rik Mob(r)

r>1
1 /oo in—1 2wt .
= — t|** et~ 1 —2imt)dt
i ) )
__ 1 L(ip) (=% + %)

_ S~
C(ip) C(—ip)
(we have used the duplication formula for the Gamma function [31, p. 3] together

with the functional equation (3.19) of the zeta function and the well-known ex-
pansion as a Dirichlet series of %)

(4.46)

Using the identity (a consequence of (3.1))
<Q§gu ,h> (1 — i) Z / ~ h(sn,sm)ds, (4.47)
(m,n)=1
we get, from (4.45),

L S S P .
(& hes) = 4 T <esm,h> . (4.48)

the theorem then follows from (4.41) and a contour deformation; note that the
simple pole of (’Egu at p = ¢ (c¢f. discussion between (3.1) and (3.2)) is killed by
that of {(—iu). d

The distributions Beony and & are closely related to a “comb”, i.e., a I'-
invariant measure supported in Z2\{0}.
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Proposition 4.5. Set

Rz, &) = % S (mym) Mb( (n,m) ) 8(z — n) (€ —m). (4.49)

[l +|m] 0

The decomposition of the distribution R into homogeneous components is

_ 1 1 4
_4WKWQL4MG4MGMM

37 Resumip[(C(1—ip) ((—i) P €L, 1. (4.50)
¢*(p)=0

Proof. From the analogue of (4.44), one gets, if Im > 1 and h € S(R?),

R, h_y) = 4i Z (n,m)Méb((n,m)) /000 s~ h(ns, ms) ds

" inlHml0
= — Z Z r Mob(r / ~U# h(rns,rms) ds
’l‘>1 (nm
1 Z
= 471_ (n; / # h(ns,ms)ds
= Z h_u(n,m
(n,m)=1
1 =1
= E(C(_ZM)) <Dprilne7 h—u>
1
= - i) (A —ip) ™ (D, hey) (4.51)

Using (4.42), then the fact [62, (16.6)] that (D, h_,) = <QE h> (proved in

iy
just the same way), one gets, if a > 1,

ouh) = [ ey (€ de, @52
which leads to (4.50) after a contour deformation. O

Remark. In some sense, one may thus write

C(1+2ir &) G pit2inE I'(—in&)

S =" me T r(+iné€)

(4.53)
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5 The main formula: a heuristic approach

With considerable precautions, one can give a meaning to the sharp product of two
Eisenstein distributions g, and %, . The “main formula” (5.38) or (5.62) referred
to in the title above expresses the distribution 3,“,1 #&Ez as the image of the Bezout
distribution B under a simple operator, quite interesting from an arithmetic point
of view: the Bezout distribution has been built precisely towards this purpose.
We shall not prove the main formula in this section, only give a heuristic
approach to it, with the following aims in mind: first, to introduce, at this early
stage, the ingredients of the operator connecting ¥ #§%, to B; next, to give a
rough explanation of why the main formula should be expected, at the same time
pointing towards the main tools as well as the main difficulties of the complete
proof, which will be given in Sections 13 to 15. The formal arguments given here
probably provide a better feeling about the role played by the “Dirichlet-Hecke”
series L(s) (5.22) in (5.44) than the rigorous arguments to be developed later.

First, we transfer the usual Hecke operators T to our distribution setting.

Definition 5.1. Let S’P*"(R?) be the subspace of S’(IR?) consisting of distributions
invariant under the linear action of the matrix (} 1), é.e., under the transforma-
tion (z,&) — (z + &,&): of course, it contains the space of I'-invariant tempered
distributions.

Given 6 € S'P"(R?) and an integer N > 1, we define the distribution

T{s*S through

(T§*&,hy: =N"7 Y <6, (z,g)Hh(dz\/_ﬁbg,\j—%». (5.1)

ad=N,d>0
bmodd

In particular, if & coincides with a function hj, one has

Tdisth Y(z,€) = N3 b (ax+b§’_d§_) . 5.2
(TN**h1)(,€) ad:;,cbo 1 VN /N (5-2)
bmod d
One also defines
(TS, ) = (8, (2,6) = h(~,9)) : (5-:3)

that 795G is automorphic if & is, is a consequence of the fact that the matrix
(3'9) normalizes I' in GL(2,R). One may also note that T4 Tdist = Tist 7dist,
a consequence of (5'9) (8%) =(27?) (5'?), so that it would be quite natural

to set TISt: = Tdist Tdist for all N > 1.

Remark. Recall that the involution 6 — GG admits a companion interpretation
on the operator level since, as reported after (2.8), one has Op(&)u = Op(GS)u
if & € §'(R?) and u € S(R).
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The involution 795* also has such an interpretation, to wit
(Op(TEF*6) u)" = Op(6)" @ (5.4)
if a(x) =a(-z) and Op(&)* is the formal adjoint of Op(&).

One can easily prove in a direct way that, for N > 1, Tl‘\i,iSt G is automorphic
if & is. However, one may dispense with the proof since it is a consequence of
Proposition 2.1 and of the next proposition. Also, it is immediate that the Hecke
operator TE* commutes with £. Finally, T8 commutes with the symplectic
Fourier transformation if N > 1 [62, Proposition 16.11], for general N when
acting on even distributions only (in particular automorphic distributions).

Proposition 5.2. For p = 0 or 1, and z € II, one has for every & € &' P (R?)
and N > 1 the relation

(2| Op5(TR™ &) ul) = T (2 — (u|Op,5(6)ub)), (5.5)
where the operator Ty is defined by (4.9) on all functions f on II invariant under
the translation z — z 4+ 1: in particular, on automorphic functions, Ty is the
usual Hecke operator. Also,

(u2 | Op 5(TEF* &) ul) = (ul; | Op,5(6) u” ;). (5.6)
Proof. Starting in just the same way as in (4.14), (4.15), we get

(u? | Op 5(TR™ &) ul

P
< 2i—1> < TV &, (s,0) = exp (—E|s—za|2>>
de Y
N~

P
<—2§g - 1) Z <6, (s,0) = exp (—;—Z |ds — bo — aza|2>>
e= ad=N,d>0

m|>—\

l

b mod d
d )p . < |8_az+b0.|2
= 2— —1 N~z Z S, (s,0) > exp —WET_H)
< de e=1 ad=N,d>0 Im %5
b mod d
=NTE Y (1 Opya(®) ) | (57)
ad=N,d>0 ¢ 4
b mod d
The second part is immediate. O
Note that
(NT"ETEES by = Y (6, (z,€) — h(dz — b, af)) . (5.8)
ad=N,d>0

b mod d
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It has been observed in [62, Section 16] that Dirichlet series in the argument
2im €, as well as the modified operator N "¢ T{s* act within the space of au-
tomorphic distributions supported in Z2?\{0}. One can prove something entirely
analogous with the Bezout distribution substituted for the distribution DPrime,
i.e., substituting combs of lines for combs of points. However, we shall satisfy
ourselves with the following (needed) result.

Proposition 5.3. Given n,m with (n,m) = 1 and an integer N > 1, define the
tempered distribution I,

(INn by = / h(nz 4+ ny, mz +my) > N d | (5.9)

where (g my) € L. Then

Ni7r5 T]c\l[ist B = Z

(n m)=1

(5.10)

nm?

where both sides are considered as continuous linear forms on the image of S(R?)
under the operator w2 E2.

Proof. Let w denote a complete set of matrices (3 Z) with integer coefficients and

a>1, ad =N, bmodd, and let w denote a complete set of matrices (g _ab) under

the same conditions: the map g +— det (g). g~ ! preserves My(Z) (cf. (4.10)) and

sends a set w to a set @. Thus
=Jm=Jr. (5.11)
YEWw YEw

Let A be a complete set of representatives of T'/T'%.. Then

My(z)= | gT%v=|J v9T%. (5.12)
YEW YE®
geA geA

Now UyewT'% ¥ = Uyeay TS since both sets coincide with {(§ 4):a > 1, ad =
N}. Thus
- Ut (5.13)

YEW
geA

too.
One then has, for every h € S(R?),

(NTmETgstrlg by = Y / h(dz — b,a) e*™ dx
ad=N,d>0
b mod d

= Z eZi’Tg/ h(dz,a) e*™ dx . (5.14)
ad=N,d>0 —oo
b mod d



5. The main formula: a heuristic approach 43

. it .
Since 3", oq 4€2™ @ =0 unless d = 1, this reduces to

/ h(z, N)e*™ dx
_ / —142im &€ h) (N’ 1) 2imx dr
= NQ““Sh 1) e N dy (5.15)

thus

<N—i7'r£ TI(\i/iSt 11170 ) h> — <11]\7/'O,N2i7'r£ h>
= (N2 E N hY . (5.16)
Letting I'/TY, act and summing, we are done, in view of (3.41): the proof of
Theorem 3.3 indeed justifies the convergence of both sides in the case when A lies
in the image of S(R?) by the operator 72 &2 .
Incidentally, recall that (4.24) from Theorem 4.3, in which the right-hand side
is still meaningful when ¢ = 0, allowed us to give a meaning to B as a tempered

distribution; the same could be done here with the right-hand side of (5.10), which
would thus become an identity in S, (R?). O

The action of the Hecke operators TdISt on Eisenstein distributions @ﬁ or on
cusp-distributions (‘ﬁk 2)” is easy to debcrlbe too. The first one has been given in
[62, (16.88)]: for every N > 1,

Tdst el — N=% 5, (N) &b . (5.17)
Proposition 5.4. One has, for every N > 1,
TR (M )t = b (,)F, (5.18)

where by is the N-th coefficient from the Fourier expansion (4.3) of the cusp-form
NE .
|k|,€

Proof. According to Theorem 4.2 and Proposition 5.2, one has if z € Il and p =0
or 1

(uZ | Op /5(TH™ (Mp)?) ul) = (—idk)” (T Njj o)(2)
= (=iAp)” bNMm,e( z)
= by (uZ|Ops(M ) ud),  (5.19)

so that the proposition follows from Proposition 2.1. O
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Proposition 5.5.

Tt el = ¢f (5.20)

and .
T OGP = O )P, T () = (0 ) (5:21)
Proof. This is a consequence of (5.6). g

As observed in [62, (16.83)], one can handle all Hecke operators simultane-
ously through the consideration of the one-parameter family of operators

L(s): =Y N Ty

N>1
= [[ @-p T +p>)7". (5.22)
p prime
For Re v <
i _r
L(s) € C(s 2) g(s+ 2) ¢ (5.23)

and, for any cusp-distribution (‘ﬁ,f Z)ﬂ, one has for Re s large enough
E(S) (mtl)n = L(S7 |:]L:|7[) (g“)ﬂ(l:ct,é)‘i ) (524)

where the L-function L(S,M;t) associated to a cusp-form admitting the Fourier
series expansion on the right-hand side of (4.3) is defined, as is usual, by the
Dirichlet series
(s, MF) =) ban™*: (5.25)
n>1
this is a consequence of (5.17) and (5.18).
1+(A\)?

Recall that if M;r is an even cusp-form, associated to the eigenvalue ——4L—

L*(s, Mj) extends as an entire function of s satisfying the functional equation [8,
p. 107]

L*(s, M]) = L*(1 — s, M) (5.26)
if one defines
it iy
M) =roT [ 242 5_Y +
L* (s, M) =m F(2+ 4)F(2 4) L(s, M}); (5.27)
1+(A])?

if M is an odd cusp-form, associated to the eigenvalue
instead

" I s+1 7,)\; s+1 7,)\; B
L(S,Mj)_']r F( 2 +T>F( 5 e L(S,Mj), (5.28)

17—, one should set
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getting in this case the functional equation
L*(s, M) =—-L"(1 —s,M]). (5.29)

Just in the same way as changing L(s,M;t) to L*(S,M;t) made the usual
functional equation possible, a modified version £'(s) of the Dirichlet-Hecke op-
erator £(s) will be invariant under the symmetry s+ 1 — s.

Definition 5.6. An (even) distribution & € S, (R?) shall be said to be of even

resp. odd) type if it is invariant (resp. changes to its negative) under the operator
: g g
T4t introduced in (5.2).

From Proposition 5.5, it follows that Eisenstein distributions are of even type,
and that a cusp-distribution (‘JIZZ)ﬁ (resp. (‘ﬁ,;é)ﬂ) is of even (resp. odd) type.

Definition 5.7. With L(s) = "y, N * T, one defines

oo T (22526)

1'\ s+l+iw &
L'(s)=nm2"" (

Leven(s) + rz7s

r(%) I“(Q—s;wrg)

£odd (S) (5.30)

where Leoven(s) (resp. Lodd(8)) is the linear operator on automorphic distributions
which coincides with £(s) on (even) distributions of the even (resp. odd) type and
vanishes on distributions of the odd (resp. even) type.

In this definition, we are postponing all questions of convergence, or rather
of analytic continuation. Assuming that this has been done, observe that

L(s)=L'(1-s) T, (5.31)

i.e., L' (s) = £L'(1-s) according to type, a consequence of (5.23) and (5.24), (5.26)
and (5.29).

Consider two Eisenstein distributions ¥ and §¥_. From (3.14) and (3.13)
it follows that, if Re v > 1,

=

v—3

3'?, = 2_2 71"’/_%

(H)

- | —mz +né| 17 (5.32)
(-%) |n|+4|§|¢o

thus, if Re v; > 1 and Re v, > 1, one may expect the formula

—v1—va—6

%’ﬁ #&ﬂ =9 = 7{.*1/1*112—1 r (I—Zﬂ) r (—1+T'/2-)
V1 Vo

T T(7)
XY | = maz €T —max + ngé T2 (5.33)

[n1]+]{m1]#0
|nz|+|ma|#0
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First, we split this sum as

3 #TE, = (BL #3 Jmarg + (§, #5, )main » (5.34)

where the “marginal” terms are those with n;mg —nom; = 0. Setting n; =7;n
and m; =r;m with r1 > 1, ro # 0 and (n,m) = 1, it is immediate that

. 14v4 14y
" # :w_,,_,,_lr(Q)F(2)
(80, #8 0 = 27 T T Ty

x2¢(1L+uv)C(1+vs) Y |—mz+ng™ 777 (5.35)

(n,m)=1
or, using (5.32) again,
() T (Hy2) T (-t
(-%) T (-%) (=)

)4 m)
(24 v + 1)

r
(ggl#ggz)marg = 77% T

§ et (5:36)

or finally, using the functional equation (3.19) of the zeta function,

(S,ﬁ/l #S‘u&) — _C(__KL)__C(:_VE)_) 311111+1/2+1 . (5.37)

marg — C(_l o~

Our first aim in this section is to indicate why one may expect a formula
such as

1 1 _ L
(glﬂq#g;ﬁ/g)main =L (#) gﬁl (#) 2_§+m5%

+ side terms, (5.38)

where the side terms, similar to (5.37), cannot be made precise from the much too
rough analysis that follows.

Let us just mention here, without proof, that the number of side terms,
including (5.37), would be two or three in our case: in Sections 13 and 15, we shall
find four side terms. The reason for this is that the number of side terms depends
on the position of Re (11 £ v2) with respect to %1: in Sections 13 to 15 (where
proofs are complete), it is the case when |Re (v £12)] < 1 that will be discussed.

The relation (5.38) would be even nicer if, in analogy with (3.3), we had
introduced a special notation for the distribution 2721w € B recall that 3=
9-ztin€ @! is better adapted than &¥ to the use of the Op-calculus: in the Op Non
calculus, it is the other way around (cf. (5.62) below).

We now study the (much harder) main part (3% #§% )main- It has been
shown in [62, Lemma 5.1], and it will be reviewed with more care in Theorem
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11.3, that if Re 11 > 1, Re 1, > 1 and w1, v, are distinct from even integers, one
has the formula

EAS / " hada (5.39)
with
@& = 3 ClomiN el e (5.40)
J=0,1
where [t[%: = |t|* (signt)’ and

u1+u22—u—5 7ru1+1/22—i)\ T (‘21’1) T (:_21’_2)
vit+l vot1
D (252) T (=)
r (1+I/1—V2+i>\+gj) r (1+u1+l/2—i)\+2j)> r (1-1/1+1/2+i/\+2j>
4

Cj(Vl,l/Q;i)\) =2

, 4 4
x ¢/ .
1—v14va—iA+27 1—vi—va+iA+25) 14+v)—vo—iA+25
() ) (e
(5.41)
Applying the covariance formula (2.5), it follows from (5.33) that
14+ 1+v
(3& 43t ) _ 9=t vt 71/1—112711_‘( 21)F( 22)
Vi s Jmain > .
: TS
x> —1—vy —votiX
/ > i, ;i) > [nima —nomal;  ?
T j=0,1 nimz—nami#£0
—1—v] fvg—iX —14vy —vp—iX
| —miz +mnif]; * | —maz +n2l;  * dX. (5.42)

We first refer to Definition 5.6 and observe that, when acting on even distri-
butions, any of the operators 2iw &, G or L(s) preserves the type (even or odd) of
distributions. Also, since changing my, ms to their negatives changes nyms—mnaom,
to its negative as well, it is clear that the last sum on the right-hand side of (5.42)
has the type specified by j: it is of even type if j = 0, of odd type if j = 1. Next,
going back to Definition 5.7 and remembering that G& = —£ G, one sees that,
when acting on distributions of the type specified by j,

£<1+V1+l/2) gﬁ,<1+l/1 ):w“”l
T
T

I 1+1/1+l/2+2u1‘€+27 14vy— 1/2 2imE+25
14+vi+vs 1+vi -
X L gL .
F(l v —vo— 2171‘8+27) (1 1/1+l/2+217r€+2]) 2 2

(5.43)
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When acting on distributions homogeneous of degree —1 —iA, 2im £ acts as
the scalar —i), so that an admittedly formal argument would already reduce the
formula to be proven to

=1 (——H”;J“”Q) G (71”;_”2) g-+2ime g

+ side terms, (5.44)

with

( 1—vi4vp4iA427 )

oo ) r
—9—4X  —24vy—vo—id 4
6= / D) () >
4

—00 j=0,1 r nima—nami >0

—1—vg—vy+il
1( vy 5 I_m2x+n2€|J 5

(nima2 —namy) 2 | ~7’7111""'"/15[]‘ )
(5.45)

Next, with g = (22 ), so that g7 = (nyma — nomy) ™! (2l 1), we

may write the sum on the last line, recalling that the set of matrices w has been
introduced in the beginning of the proof of Proposition 5.3, as

—1—uq —vgHiA 1 —lovitvp—id —14v] —vg—id 3
YN Yy *(lxlj P g )ogl (5.46)

N=>1 gEMN (Z)

or, using (5.11), as

Z N~1~V1;v2+i)\ Z fJ oy (547)

N>1 YEW
with
—1l—vy4vo—iX —1+V1'—l/271:)\
fi(z, &) = Z [=miz+nigl;  ° —maz+n2l; ? . (5.48)
ml o )ET
mi1 mo

On the other hand, from (5.2),

Tnfi=N%Y fjow. (5.49)

YEw
Thus (5.44), to be proven, reduces to

14+v1 —1o

61=GE< 5

) 272+ E 98 4 side terms, (5.50)
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with

( 1=y +uvg+id+2] )
4

iA —24wy—vg—iA
L= 2
G / dX Z i 3 . (1+V1_V2_M+2j>
4

- 7=0,1

—1—vyrg—ir —14vy—vg—i
Yo l-mz+mgl; | —maz + €|, ? . (5.51)

ny N2
(m1 Mg )EF

As a next step, observe that

—1—vptvg—iX — 14y —vg—iA i
g(mj P )=<27r)

r (17u1+u2—z}+2j> r (1+u17u24i)\+2j)
4 1 —1—vqFugtid —14vg —vgtiX
2 2 (5.52)

1€l

T .
14v—va+id+2] 1—v1+vo+id+2j ’ ’J
T 5 r 7

and recall that G commutes with the action of SL(2,R): thus (changing A to —X
in the integral) &; = G &1, so that the identity to be proven is, finally,

1 — )
G =L <#> 275 E 98 4t side terms. (5.53)

To try to justify this formula, we now start from the right-hand side, and
from Proposition 5.3, thus getting if Re (14 — v2) > 1 the formula

Ni7r8£<1+l/1 ) B 5 Z N2 —il- V1+V2 Z m. (554)

N>1 (n,m)=1

From (5.9), one has
LY, =1og™! (5.55)

n,m

with g = (s m} ) € ' (where the second column is arbitrary) and
I (@,8) =™ 56— 1), (5.56)
The decomposition of the distribution (IfYO)even, with
1
(Ill\,lo)even(x»f): = E[I{YO(%O + I{YO(_% &)l

into homogeneous components, is, using (2.13) and (2.14),

1 * —1—i itNE
(B, = 3= [ €77V E an, (5.57)
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an admittedly formal integral. If one could perform the sum of I'/T'Y -transforms
of this identity, one would thus get, but this is again essentially heuristic,

1+~ e —1 u1+u2+z>\
L|——= ztim §
N>1

ma + né| "L BTV ERSE g (5.58)
(nym)=1

still with (/%) € T, and up to extra side terms. Obviously, a contour deforma-
tion would be needed in order to substitute for the series under the integral sign
a convergent one: this (and the residue theorem) explains the disappearance of
side terms from the result of our rough arguments. Let us mention at once that,
though this would be quite feasible if non-trivial, we shall not try to repair the
preceding arguments in the proof of the main formula to be started in Section 13,
rather follow a quite different path, for reasons which will be given then.

We now split the distribution on the right-hand side of (5.58), noting that
the set of matrices with integral entries and determinant —1 can be described

either as the set of matrices (7, . ), or the set of matrices (. Zn ), with

m —mi
g = (mmt) €T, and that changing g to the first of these matrices would be
tantamount to changing (x,€) to (—x,£), whereas changing g to the second one

would be the same as changing N to —N. Thus, up to side terms,

1+ — in ~9z _
£< V; Vz) stin€og / A 12 Z

N#0 (n,m)=1

—1—vytrg+ir ) .
L | 1—iX 2im N A2 n1

j | —mx +ng|™~ -ma¥ne dA.  (5.59)

[NV

Now, it is an easy consequence of Poisson’s formula (¢f. for instance [62,
(10.9), (10.10), (10.31), (10.32)]) that, for real ¢,

[(&4L) ,

s—1 2z7rNt s—s —s

N§¢O|N| — i gb F(lk'*); It + 0], (5.60)
€L

with the following proviso: the domains of convergence of the two sides of this
equation are disjoint, since the left-hand side (resp. the right-hand side) converges
for Re s < 0 (resp. Re s > 1), and it is to be understood that, on both sides,
analytic continuation has to be used. Formally plugging the result of this (genuine)
equation into (5.59), we would get

( 1—v1 s +iA+2) )

r ].+l/1 +1,7r5% / Zﬂ- ~2+u1 vg—iX 4 4 ’
2 F <1+l/1—l/z—zx+2])

7=0,1
—1-ix mix —ni§ _Zlbvi—vaoin
Z | — mx + né| Z|m+b|j 2 X, (5.61)

(n,m)=1 bez
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which is the same as (5.45), using again that the set of pairs n,m parametrizes
r/ro..

Remark. As a conclusion to this heuristic section, let us briefly point towards the
main difficulty, and the way it is going to be solved.

Proving the main formula (5.38) or, if one agrees to use the Op sa-calculus,
the equivalent one, in which § denotes the sharp product from the Op v/3-¢calculus,

el hel, = (——-———H’“ +”2> FL <71+"1 _"2) B

D) 2
+ C—C((_—l_yllug;% (’3?,1+V2+1 + other side terms (5.62)
—“l1—-vi -1

(recall that the Fourier transformation has been defined in (2.7) and Bezout’s
distribution B in the beginning of the proof of Theorem 4.3, and in (3.42) in an
informal way) entails considerable difficulties.

Some of these are already apparent from the heuristic considerations that pre-
cede. They are connected to the lack of absolute convergence of series of integrals,
and are to be taken care of by the (not quite) usual complex contour deformation
methods. Another difficulty stems from the fact that we are dealing with rather
singular distributions, typically something like |z|$ |§ ljﬁ . To circumvent this dif-
ficulty, we shall appeal to Proposition 2.1 again, substituting for the analysis of
3, #3!, the technically simpler analysis of functions z — (u2|Op(F4, #3%,) ub).
We may then use results relative to the spectral theory of the automorphic Lapla-
cian to proceed further.

But the main difficulty has not yet been singled out. It is the fact that
gﬁm#sﬁz is not really meaningful in the usual sense. Though Op(&ﬁu) is always
well defined, for v # =+1, as a linear operator from S(R) to &'(R), it is not
possible to find three “dense” spaces F;, Fs, F3 of functions or distributions,
each of which would be invariant under the metaplectic representation, such that
Op({?ﬁuz) should send E; to Fs,, and Op(&ﬁul) should send Fs to F3. Not even
choosing for Fj the space algebraically generated by the u2’s, p =0 or 1, and for
E5 the algebraic dual of this space, would do, for it will be proven in the beginning
of Section 10 that Op(§*) does not even send u, into L?(R): things behave better
so far as odd states ul are concerned.

A spectral analysis of the problem of giving the sum on the right-hand side
of (5.33) a meaning shows that there is a remaining difficulty, quite similar to the
one that prevented us, in Theorem 3.3, from giving the series (3.41) defining B*
a direct meaning in the case when ¢ = 0. Namely, it is only after we have applied
im & or, more generally, (im &), for some p > 1 to each term, that a series such as
ST = maz + ni] TV #] — max + neé 712 can be made to converge.

We must then give some answer to the following question: how can one, in
certain cases, give a meaning to the image under iw & of the symbol A of some
operator A, without being able to define either h or A7 An answer is provided
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in Section 12 and the very beginning of Section 13: though this is not strictly
unavoidable, a much better understanding of this issue can be obtained from the
introduction of the “higher-level Weyl calculi”, to be developed in the next seven
sections. For, with the OpP-calculus, there is a naturally associated pair of sets of
functions (u®),err, (u2T1),em, such that, extending the concept of Wigner function
to the OpP-theory, the Wigner function associated with a pair (u?,u?) (resp. with
a pair (u2*! uPT1)) should be essentially the image of the usual Wigner function
W (u,,u,) under the operator (—in &), (resp. (—im&)pt1)-

The OpP-calculus has other applications, and may not be devoid of inter-
est from the point of view of elementary harmonic analysis, relativistic quantum
mechanics or quantization theory. However, readers only interested in the automor-
phic Weyl calculus may be advised to jump to Section 13, after having familiarized
themselves only with Definition (6.13) and with Proposition 12.1.



Chapter 2

A Higher-level Weyl Calculus
of Operators

N.B. The level alluded to here is an energy level (Theorem 8.1).

6 A tamer version of the Weyl calculus:
the horocyclic calculus

The OpP-calculus, to be introduced in Section 9 with a first approach in the present
section, smoothes up the most serious difficulties inherent in the automorphic
pseudodifferential analysis in two ways. First, as soon as p > 1, it “forgets” all
distributions homogeneous of degree —1: and a detailed spectral analysis of our
problem shows that this part of the decomposition is indeed the major obstacle
to defining the sharp product of, say, two Eisenstein distributions. Next, its use
makes it possible to substitute for the collection of functions (1,) a set of functions
47 +1 which are just as nice as the 1,’s outside zero but which, moreover, vanish
up to a certain order at zero (cf. (6.2)). In the next seven sections, we shall develop
this calculus to a further extent than what is strictly needed for its application to
the automorphic pseudodifferential calculus.

The horocyclic calculus was first introduced in [56, Theorem 6.1], but [62,
Section 17] gives a more self-contained introduction. It depends on some real pa-
rameter 7 > —1, and on the consideration of the Hilbert space H,,1 of (classes
of) measurable functions on the half-line (0, 00) such that

v]1241 = /0 [u(s)|?s™" ds < . (6.1)

There exists a unitary projective representation D11 of SL(2,R) in this space,
equivalent to a representation taken from the projective discrete series of SL(2,R).

A. Unterberger, Automorphic Pseudodifferential Analysis and Higher Level Weyl Calculi
© Springer Basel AG 2003
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The horocyclic calculus is a symbolic calculus of operators on H,;;, in which
symbols live on R2: it satisfies a covariance property fully analogous to (2.4), the
representation D, y; taking the place of the metaplectic representation. As we wish
to rapidly familiarize the reader with the main features of the horocyclic calculus,
we postpone the definition of D;4; to the next section.

It may not be necessary at present to recall the original definition of the
horocyclic calculus, which depends on the use of the Radon transformation, from
functions on II to even functions on R?, and on a connection between the horo-
cyclic calculus and any of the symbolic calculi available with IT as a phase space.
Instead, we shall give a set of characteristic properties, which the reader may take
as an axiomatic definition of the calculus. The existence and uniqueness will be
shown by other, more interesting, means in Section 9, at least in the special case
when 27 is an odd integer: it will be sufficient to deal with this case in the present
work, even though, as shown in Section 8, part of the structure with p replaced
by an arbitrary real number may be useful in the study of some relativistic wave
equations.

We first define, for any 7 > —1 and z € II, the function

T4+1

R T e T O ) I

z

it has norm 1, and the representation D, ;; essentially permutes the elements of
this family: for, given any z € Il and g € SL(2,R), there exists w € C, |w| =1
depending on (7,g,z), such that

Dra(9)yl ™ =wegth. (6.3)
For any pair w, z of points of II, we consider the rank-one operator
Py v (g o)t (6.4)

where the scalar product (antilinear on the left) is of course that associated with
the Hilbert space H., 1. The following, reproducing [62, Theorem 17.5 and Propo-
sition 17.6], is a characterization of the horocyclic calculus.

Theorem 6.1. For every T > —1, there exists a unique isometry symb_,, from
the Hilbert space of all Hilbert-Schmidt operators on H,i1 into L2, (R?) with
the following properties: first, the image of symb._,, consists of all functions in

L2, (R?) invariant under the (unitary) symmetry

even

r(in€) T (r+ % —in€)
T(—in€) T (7 + § +in€)

G. (6.5)

Neat, the function py . = symb, |(Py, z), where P, . is the rank-one oper-
ator defined in (6.4), is characterized, with the notation introduced in (2.14) and
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(2.15), by the equation

b +1 il i1y [ 4 o (w—z)3+%
w,z X w WL 5 —, 6.6
ek =500 (5) T S e
where the scalar product, taken in the space H, 1, can be made explicit as
— _ T4+1 ,_ . 741
(-r+1 w-r—&-l)_(wl_w 1)2 (Zl_zl)z (67)
w Ve = (z 1—w 1)1 J ‘
and the constant 'y/(ﬂ 1§ given by
Pl 1, 0
'y§+1—2_%(27r)_1_% F(2+ 2) F(T+2+ 2) (6.8)

r(g) T+
The function symb._, |(B) is called the horocyclic symbol of the operator B.

Given 7 > —1, the two maps SgZ;tl and S’ defined by

szt =277 o () (69
and ,
(S35 o)) =27 7o (5 ) st (6.10)

define two isometries, the first one from H,41 onto L2 (R), the second one
from H, ;1 onto L2 ,(R). In the even case, we shall choose 7 = —3 + 2¢ with
£=0,1,... and set

uZ'(t) = (Saeen ¥2 (D)

2041 ; 1\ e e
B <I(‘?;Tl2+ 1)) (Im <__)> e (6.1)
= z
2

in the odd case, we shall choose 7 = % + 2/ and set

ulH(E) = (Sgiqq wIT(®)

2042\ 2 g 2
() G ()
2

The two formulas (6.11) and (6.12) of course reduce to
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whatever the parity of p = 0,1,.... We also remark that our present notation
extends the meaning of 2, as it has been defined in (2.24) in the case when
p = 0 or 1. The reader should not mistake the sequence (u}),>¢ for an orthogonal
sequence of Hermite functions, despite the coincidence for p = 0 or 1.

We shall now substitute for the Weyl calculus a generalized version: op? will

do when dealing with operators acting within spaces of even functions only, and
op?*! will work in the odd case. Mark the lower-case, meant to emphasize that,
so to speak, in any case, only “one fourth” of a complete calculus of operators on
L?(R) is realized in this way.
Definition 6.2. We denote as op? the isometry from the subspace of L2 (R?)
consisting of all functions invariant under the symmetry (6.5), where 7 = ~% +2¢,
onto the space of even-even Hilbert-Schmidt operators on L?(R) (cf. discussion
following (2.9)), characterized by

1y —1 1
A= op*(h) <= h = symby,, 1 (( f,f;*nf) Asqﬁf;tﬁ) , (6.14)

20+1 2

and we denote as op the isometry from the subspace of L2 (R?) consisting
of all functions invariant under the symmetry (6.5), where 7 = % + 2¢, onto the
space of odd-odd Hilbert-Schmidt operators on L?(R) characterized by

A= o0p**1(h) <= h = symby,, s ((sqif; ) Asgt ) : (6.15)

Note that only the intertwining operator occurring in (6.14) or (6.15) distin-
guishes the opP-calculus from the horocyclic calculus. From [62, Theorem 17.7],
it follows that the op®-(resp. the op!)-calculus is just the same as the even-even
(resp. the odd-odd) part of the Weyl calculus. But, first, one should check that
the symmetry (6.5) reduces to G when 7 = ——;—, to —G when 7 = %: again, one
should go back to the discussion following (2.9) to note that, indeed, this is all
right.

To develop the opP-calculus further, we first compute Wigner functions. The
concept is the same as in (2.3), only substituting op? for Op. Consider the invo-
lution (6.5)

TnE)T(p—in€) (—im &)

S Tew T rnd)  ~ Gre), O (6.16)

Xp:

using on the right-hand side the notation provided by the use of Pochhammer’s
symbols.

The Wigner function wigP(v,u), where v, u lie in S(R) and have the parity
associated with p, is characterized by the property that one should have

(vlopP(h)u) = /]R2 h(z, &) wigP (v,u)(z, &) dx d§ (6.17)
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for every h € LZ . (R?) invariant under ¥,, and that it should also be invariant
under the same symmetry.

One of the most pleasant properties of the horocyclic calculus (a property
not shared by any of the calculi available with II as a phase space, for instance
[6, 7] or [55, 58]) is that the symbol map is an isometry from a space of Hilbert-
Schmidt operators to some closed subspace of L2, (R?). This also holds for the
opP-calculus in view of the intertwining formula (6.14) or (6.15). A consequence,
by a trivial Hilbert space argument, is that the Wigner function wig?(v,u) is also
the opP-symbol of the rank-one operator w +— (v|w)u. From Theorem 6.1, we get
in particular (with the notation (2.14), (2.15))

—1—3X

[wig? (a2, u2)]h () = 7.3 ('Z — 4] ) . (6.18)

Im 2z

Thus, from (2.16) and (6.8),

T3 F(ﬂ) F(p—|—ﬁ) 27 |z — 2€)? e
[wig? (2, uD)la (1, €) = 2 2 ( ) (6.19)
2 T()rp+d) Im z
Recall (2.13) that
wigP (u®, uP) :/ [wigP (ul, ul)]x dA (6.20)

and that 2irEh = —iAh if h is a distribution on R? homogeneous of degree
—1 — 4. It thus follows that

wigh (uf, ul) = T(—ir&) T (p+ %) W (uz, uz)
= (—iﬂ'—é')p W(u,,u 6.21
(%)p ( zZ) Z)’ ( )
with (recalling (2.27))
W(uz,us)(z, &) =2 exp (—%) . (6.22)

The equation (6.21), together with the G-invariance of W (u,,u,) and the
relation G(im £) G~ = —in £, makes it possible to check that, indeed, wig?(u.,u,)
is invariant under ,. As X, is its own transpose, when acting on S..,(R?), one

even
sees that defining opP(h) by (6.16) is also meaningful whenever h € L2, (R?):

the result is just the same as op?(3(h + Z,h)).
We already observed in (2.29) that applying the operator 72 £2 to a function

27 |o—2£ |2

> viewed as a function of z,&, was equivalent to applying it, viewed

of g =
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as a function of z, the operator A — %. Here, taking the first point of view, one
gets

. d 1
in€.k(q) = <q—d—q + 5) .k(q) . (6.23)
We have thus proved
Proposition 6.3. For any p=20,1,..., and z € 11,
d 1 d __ 1 d 3
gk +3) (e -4) (e —p+3
wigh (u?, u?)(z, ) = (~1)" (ot 3 (1 7 - +p)dq ) et
22 2
(6.24)

Im z

Note that the right-hand side is the product of e~? by a polynomial in gq.
Using a “sesquiholomorphic” argument, one 1mmed1ately finds wigP(u®,, uP) for
any pair w, z as well: indeed, since u? is (Im (——)) 5+ times an antlholomorphlc
function of 2, (6.17) shows that wigP(uf,u) is (Im (—1)Im (-1))% T+4 times a
function which is holomorphic in w and antiholomorphic in z. Thus wigP (ub), u?
is obtained from (6.24) by substituting
(z — wt) (z — 2§)

w—z
23

27

for g, and multiplying the whole new function obtained by (compare (6.7))

(u_)_l — w_l)%"'zlf(z_l — 2_1)%"'%
(z71 —w-1)pts

This makes it possible, for any tempered (this is far from necessary) distribution
h € 8'(R?), invariant under the symmetry (6.16), to define op?(h) in the following
minimal sense: as a linear operator from the space algebraically generated by the
u?’s, z € 11, to the weak dual of this space.

We now generalize Theorem 3.1 and Theorem 4.2. First, just as in the Weyl
calculus, we set (c¢f. (2.21))

op”5(h) = op?(27 2" E ). (6.27)

Theorem 6.4. For every p=0,1,... and z € 1,

(=5),

(uklop” 5(€}) ul) = @), Ei . (2) (6.28)
2

if v# 11, and

(ullop” 5 (9 )*) uk) = O ) .e(?) (6.29)

for any cusp-distribution (‘ﬂki’e)”.
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Proof.

b, 27 wigh (a2, ul))

< bine ZT(E);D @’ﬁ/ ’ (uza uz)>
(=

(u”|0p\/— () up)

@),

So (5t W) (6.30)

(3),

since € is homogeneous of degree —1—v, and it suffices to apply Theorem 3.1 for
the first part. The second part is proven in the same way, using Theorem 4.2. O

7 The higher-level metaplectic representations

The “square root construction” to be introduced now is very similar to the one
which yields first-order systems such as Dirac’s equation from second-order equa-
tions such as Klein-Gordon’s. Only, the starting point here will be not one operator,
but the set of infinitesimal operators from a pair of representations taken from the
discrete series of SL(2,R). In the next section, as a development unrelated to our
current automorphic endeavours, we shall briefly describe how this construction
indeed produces the radial parts of the energy operators from Dirac’s equation (a
wave equation for the electron-positron) or from Weyl’s equation for the neutrino.
Our present motivations are different: the main point is to smooth up a lit-
tle bit the Weyl calculus of operators while preserving its fundamental covariance
property. To this effect, we first need to generalize the metaplectic representation
Met to a sequence (Met,)p>0: this will be obtained by piecing together two irre-
ducible representations D b+l and D ot 2 from the holomorphic discrete series of
SL(2,R). We reproduce the (classmal) definition of this latter concept, from [62,
Section 17]. Recall that a projective representation is almost like a representation,
except for the fact that the homomorphism property is weakened by allowing extra
“phase” factors, complex numbers of modulus one (¢f. 1. in Proposition 7.1). Also,
the projective representation Dr11 defined as follows is square-integrable only in
the case when 7 > 0, but we shall, for simplicity, call the whole family (where
7 > —1) the projective holomorphic discrete series, or simply the discrete series.

Proposition 7.1. Let 7 be a real number > —1, and let H,41 be the Hilbert space
of all (classes of) measurable functions on the half-line (0,00) such that

vl = /Ooo [v(s)|?s™ 7 ds < oo. (7.1)

There exists a unitary projective representation @ = Dri1 of SL(2,R) in Hr 41
with the following properties, in the statement of which g = (“ 3)
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1. for every pair (g,q1) of elements of SL(2,R), the complex number
m(g9g1) " 1m(g)m(g1) belongs to the group exp(2inTZ);

2. for every g with b < 0, 7(g) = e ("D 7(—g);

Cifb=0,a>0,(7(g)v)(s) = a” lv(a"2s)e?" s,

4. if b >0, and v € C§°(]0, ),

(ﬂ(g)v)(s):e“”%l%/ooov(t) (;)g exp <2i7rds:at) Jr (%@) dt.
(7.2)

w

Proof. That one can give a real-type realization of the holomorphic discrete servies
in which the integral kernels of the unitary operators m(g) are realized with the
help of Bessel-type functions is well known in a much more general context [21, 22].
An elementary reference is ([55], Proposition 1.5) (note that in the latter reference,
the representation was denoted as g — M,-1 and that our present D.;1(g) is just
M,, with g1 = (93)971(9{), and 7 substituted for A).

Of course, if 7 is an integer, D, 1 can be chosen as a genuine representation
in a unique way; in any case, D;+1(g) is uniquely defined up to the multiplication
by some number in exp(2inTZ). d

Proposition 7.2. Under the assumption that T > 0, consider the Hilbert space ITITH
of all holomorphic functions f in I with

112 = /H F(2)P(m 2)™ du(z) < oo (7.3)

together with the map v — f,
f(z) = (4m)? (F(T))—% 2771 / v(s) e~2imsz ™ g, (7.4)
0

The map just defined is an isometry from H.y.y onto Hyy,: it intertwines the
representation D41 of SL(2,R) in H, 41 and a representation D,y1 of SL(2,R)
m H‘r—{—l; taken from the holomorphic (projective) discrete series, characterized up
to scalar factors in the group exp(2inTZ) by the fact that

. dz—b
D = (- Tl 7.5
B,a@NE) = -z + @)1 f (252 (7.5)
if ¢ < 0. In all this the fractional powers which occur are those associated with the
principal determination of the logarithm in II.

Let us emphasize that, as one should be, we have been very careful with the
phase factors, especially in view of the fact that the values of 7 of main interest

to us are —3%, 1, 3,.... Not everyone normalizes the holomorphic discrete series
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in the same way, as the conjugation under some inner automorphism of SL(2,R)
may occur: here, no choice could possibly be arbitrary, in view of the necessity of
coherence with the Weyl symbolic calculus.

It is important, first, to understand the infinitesimal operators of the repre-
sentation D;y1, i.e., the infinitesimal operators, in the sense of Stone’s theorem,
of the one-parameter groups of unitaries ¢t — w(exp tX), X € g = sl(2,R). For
instance, if X = (8 _01), and g = exp X = ((1) ‘15), the operator 7(g) given in
(7.2) is exactly, when § < 0, the operator exp(i3A), where A is the appropriate
self-adjoint realization of the formal differential operator

1 d? d
A——g (5@4—(1—7)%) (76)
on the half-line. One can also establish the following: if A is a certain self-adjoint
realization of the formal differential operator

1 [ d
A——ZT‘ (Sa§2—+(1‘-7')£~477' S), (77)

gim 5 (exp (—%A) v) (s) = 2 /0 b (;)’ J(4nVs) vt dt,  (7.8)

_im

so that exp(—% A) is the unitary 7(g), in the sense of Proposition 7.1, corre-
sponding to g = (% §).
It is much easier to check that if X = (—01 (1]), so that exp(aX) = (e“’ 0, ),

0 e
then m(g), given in Proposition 7.1 as
(m(g)v)(s) = e* 1D u(e**), (7.9)

can also be expressed as w(g) = exp(iad), with
A=—if2sL 11 (7.10)
= - — -7} .
ds ’

also, that if X = (9§), so that exp(vX) = (19), one has m(exp 7.X) = exp(iy A)
with (Av)(s) = 27 sv(s).

In the three cases when X is the element (J73'), (3'Y) or (99) of g,
we have thus made a certain operator A, such that m(e!X) = exp(itA), explicit:
the correspondence X ~— iA from g to a certain space of second-order differential
operators, linearly extended, is usually denoted as X +— dr(X): it is the infinitesi-
mal representation associated with 7. It is then Stone’s theorem on one-parameter
groups of unitaries which permits one to define, for each formal differential opera-
tor A in the linear space under consideration, the self-adjoint realization one has
in mind: it will not be necessary to characterize the domain of iA4 in each case.

We can now begin our construction of the representation Met,, p =0,1,...
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Definition 7.3. Given p = 0,1,..., we consider the space S,(R) = {z — 2P v(z),
v € §(R)}, and the operators of “position and momentum” @ and P, defined on
Sp(R) by the equations

Qu = zu,
1 |du p
- | Z= _1\pt1l &
oir | do + ( 1) = w| . (7.11)

Note that, if u = zP v,

20 (Pu)(e) = = (a (@) + (~1)7* 2 () ()

=P dv + prP~ u(z) — v(—2)]. (7.12)
dx
This implies that Pu € S,(R).

The space Sp(R) is provided with the topology which makes the multiplica-
tion by zP an isomorphism from S(R) to Sp(R).

Of course, P and @ reduce to the usual position and momentum operators
in the case when p = 0: then, the operators iP, i@ and ¢/ linearly generate, over
R, the set of infinitesimal operators of the so-called Heisenberg representation
of the three-dimensional Heisenberg group in L2(R). When p # 0, P and Q
do not generate a finite-dimensional Lie algebra, but we have no need for it. It
is handy to write all operators on S,(R) in block-matrix form, corresponding
to the decomposition Sp(R) = (Sp(R))even @ (Sp(R))oda- To avoid carrying the
coefficient (—1)P*! throughout, or splitting the discussion at every step, or using
very cumbersome terminology, we shall usually assume that p is even: however,
when p is odd, the situation is fully similar except for the fact that one must
switch the two terms of the direct sum above instead. All statements given in the
even case will then remain valid in the odd case.

The following formal computations are straightforward, if somewhat tedious.

Proposition 7.4. With respect to the decomposition S,(R)=(Sp(R))even®(Sp(R))odd
in the case when p is even, Sp(R) = (Sp(R))odd @ (Sp(R))even when p is odd, one

)
has . 4 .
0 x 0 -4+ =
— [ dz T
Q (9: 0)’ P 2m(g’;—§ 0 )

1+2p 0
[Pl = % ( 0 1- 2‘?)

1 2a: +1 0
m)’ PQ+QP—§E< 0 2x +1)

1 d? +p(1~p) 0
P?=—-— (dr 0 &2 pip) | - (7.13)

2
dm da? 2

O

N
1
7~
o §,
3, O
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One must note that all “second-order” operators are diagonal in block-matrix
form, contrary to P and Q; they generate a Lie algebra, isomorphic to g = sl(2,R),
given by the relations:

Proposition 7.5.
1
2 ~21 L
[P%,Q% = — (PQ+QP),
P2, PQ+QP] = = P2,
1T
Q% PQ+QP] =~ Q" (714
Finally,
Proposition 7.6.
~[Q% Pl =[PQ+QP,Q)= - Q,

[P?,Q] = —[PQ+QP,P| = %P. (7.15)

We now connect the operators in the linear space generated by P2, PQ +
QP, Q? to the infinitesimal operators of the representations D, {, T = p £ %
Define, in block-matrix form, the unitary operator

p+3 0
@ — even 3 (7. 16)
0 ng;dg

from H,, 1 ® H,, s onto L%, (R) ® L2,4(R). Under this isomorphism, one may

transfer the operators P2, PQ 4 QP, Q*. The result of a simple formal computa-
tion is the following:

Proposition 7.7.

1 d? 3 d
o-1(r P — |z az + (G —P) 3] 0 |
e ( 0 —o 582 + (5 — ) 4]
_i(9sd 13 _
o (1 (PQ+QP)® = < i(2s d30+2 p) _i(28%0+%_p))7
- 2ms 0
e (1 Q)P = ( 0 2M) . (7.17)

In the upper-left corner (resp. the lower-right corner), one recognizes in
each case the operator A, listed above, corresponding to the case when X =

(8_01), (’01(1]) or (998), and to the value 7 = p—% (resp. p + %) Since the
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operators —idm(X), with m =D, 1 or D, 3 have already been provided with
an unambiguous definition as self-adjoint (rather than only symmetric) operators,
we can, under the transfer by @, give all operators in the linear space generated
by P%, PQ+ QP and Q? an unambiguous definition as a self-adjoint operator on
L?(R) just as well.

Definition 7.8. The p-metaplectic representation Met, is the unitary projective
representation on L%(R) defined by

® (DIH-O%(Q) Dp:)%(g)) oL (7.18)

for all g € SL(2,R), where D, has been introduced in Definition 7.1.

Met,(g) =

Remark that, since 7 =p =+ % and p € Z, Met, lifts up, for all values of p,
as a genuine representation of a twofold covering of SL(2,R), but not of SL(2,R)
itself.

Theorem 7.9. For p = 0,1,..., the unitary operator Met,(g) preserves the sub-
space Sp(R) of L%(R) for every g € SL(2,R).

Proof. With g = (2%), the case when b = 0 is trivial, so we can assume that

. U,_1 0 .
b > 0 and write Met,(g) = * 2 with
0 U,
2
2 2
W) =L [ oy iy exp (i 2L )
2
5 () wtydy, (ra9)

with j=0o0r 1, =7+ % mod 2. Setting ¢ = p when dealing with functions of
the parity related to p (i.e., even if p is even, odd if p is odd), ¢ = p + 1 when
deahng with functions of the opposite parity, performing the change of variable
y +— 7= and changlng the constants a and d, we thus have to show that, for every
q= O, 17 , the operator V, defined by

oo 2 J _1(lz
(Vau)(z) = / i (da®+ay®) (zy)? _____.T ZISIIf;I) u(y) dy (7.20)
—oo Ty|?2

preserves the space Sq(R): let us not forget that a function in S,(R) of any given
parity is actually in Sy(R).
Since [31, p. 72] one has for some constant C and every r > 0

SO (g (2).
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and the function (r—! dd—r) (S””) extends as an even C* function of r on the real
line, it is clear that, as soon as u lies in S(R), the function z +— —VgT)(z) is well
defined and C* on R: it remains to be shown that it is rapidly decreasing at
infinity.

First assume that u is zero in a neighbourhood of 0. Then, for |z| > 1, an
integration by parts, applied to the equation

d\? [sinz
111' (dz%tay ) -2 -1 Yy 9
) = [~ (o) () wnds, 2

makes it possible to isolate of the factor sinzy; next, a new integration by parts,
based on the relation sinzy = (z~* d‘—iy)‘w sin zy, shows that the function 27V, u
is also rapidly decreasing at infinity (together with all its derivatives).

We now drop the assumption that v vanishes in a neighbourhood of 0, still
assuming, of course, that u € S;(R). Let w be an arbitrary function in Sy(R), and
denote as yw the function y — yw(y). Assuming ¢ > 1, and using an integration

by parts (based on the use of the operator —(%(y.) ) and the equation [31, p. 67]

ol Iy oal) = ol 9, y) = (-3 ) Jy sl (729

one may write, starting from (7.19) and (7.20),
Vil N@) == [ e @1 oy (sgnay)”
[2imay® J,_1 (Jey)) + (1= q) Ty (Jzy]) + |2yl Jp_s (Jzy)) Jw(y) dy,  (7.24)

in other words

(Vy (' + (2 — Qw + 2im ay®w) ) (z) = —z Vo1 (yw). (7.25)
Now, given any u € S;(R), solve the equation
yw' + (2 — Qw + 2imay*w = u (7.26)
with w(0) = 0, so that
-2 _—iray? Y 2 imat?
w(y) =y ‘e "W / t° e dt. (7.27)
0

Then, with ¢ € C§°(R) with ¢(y) = 1 in a neighbourhood of 0, u can be written as
u = u1+us, where uj (resp. uz) is the image under the operator yd%—l-Q—q—i—Ziﬂ ay?
of the function ¢w (resp. (1 — ¢)w). The function Vjus lies in V,(R) because
ug does and, moreover, vanishes in a neighbourhood of 0. From (7.25) one has
Vour = —x V1 (ygw), so that the proof of Theorem 7.9 follows by induction: the
case when ¢ = 0 reduces to the well-known fact that unitaries in the image of the
(usual) metaplectic representation preserve the space S(R). O
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We now come to the discussion of the adjoint action of unitaries in the p-
metaplectic group on the operators P and @: at the same time, this will provide
us with an easy mnemonic for remembering the group homomorphism @ (a twofold
covering) extending the map Met,(g) — g .

Theorem 7.10. Given an operator
X =n[a(PQ+QP)+BP*+~QY (7.28)

in the Lie algebra (over R) generated by the operators P2%, Q?, PQ + QP, set

X = (;a ;ﬁ) €g: (7.29)

this is the matriz of the operator iad X , acting on the space generated by Q and
P, in the basis (—P,Q). Given any operator —yP + nQ in this space, one has,
for every t € R,

X (—yP +1Q) e X = —y'P+1/Q (7.30)

with (gj) _ (exptX) (g) .

Proof. From Proposition 7.6, one has

[X7P] :i(aP+ny),
[X,Q] = —i(aQ+ BP), (7.31)

which proves the first point. The second one is a consequence of the relation
eitX (——yP + "7Q) e—itX — eit ad X (—yP 4 WQ) , (7.32)
where iad X is represented by the matrix X in the given basis. O

In particular, defining o, by the equation (7.8), i.e.,

(o-u)(s) = 27 / (3)" amvsty ity dr, (7.33)
0
one defines the p-Fourier transformation F, as
_ Op-1 0 -1,
Fp=20 ( 0 2 —iap+%) o (7.34)

then '
Fp = eTP+3) exp (__%r (m(Q* + Pz))) , (7.35)
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and

FlQF,=P. (7.36)

When p =0, F, is the usual Fourier transformation F on L?(R), defined as

(Fu)(y) = /6‘2”” u(z) de. (7.37)

I 0

0o 1)’
Making F, explicit will help understand in which sense it generalizes the

Fourier transformation.

In all cases, fg = the block-matrix representation of the map u +— .

Proposition 7.11. Let u € C3°(R\{0}). Assume that p is even. If u is even, one
has

(Fu)(w) =2 (el T,y @rlaly) u(y) dy (7.38)
0
and if u is odd,

1

(Fpu)le) = ~2im (signa) [ (Jaly)? Ty, 2elely) ule) dy. (7.39)
0
Proof. From (7.34) and the Definition (7.16) of ®, one gets

pt3 Py .
Fp = Sgever T, 1 (Sgbved )t on even functions

and

—1 ng;dQ Optl (qugdg )yt on odd functions. (7.40)

Proposition 7.11 is then a consequence of (7.33) together with the Definition

1 3

6.9), (6.10) of Sqf;;’;ﬁ and Sg°17: the computation is straightforward, if some-
odd

what tedious. a

From (7.32), it is clear that the map 6 : £Met,(g) — g € SL(2,R) is charac-
terized as follows: with U = £Met,(g), 6(U) is the matrix of the transformation
AdU:

(AdU)(~yP +nQ) = U (~yP +nQ) U™ (7.41)

in the basis (—P, Q).

Now, consider the effect of p-metaplectic unitaries (3.e., operators w Met,(g)
for some g € SL(2,R) and w € C, |w| = 1) on functions u? or u2*! as introduced
n (6.13).
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Theorem 7.12. Given a p-metaplectic unitary U, with 0(U) (as defined above
(7.41)) = (2%), one has

Uuw=wdb,, (7.42)
cz+d
and
Uul't =o'l (7.43)
cz+
for some “phase factors” w or w' € C, with |w| = |w'| = 1.

Proof. This is a consequence of (6.13) and of the Definition 7.8 of the p-metaplectic
representation: however, we prefer to give a direct proof for a set of generators of
the p-metaplectic group (this is sufficient), computing the phase factors in the
cases considered. If U = exp (iv.m Q?), so that 6(U) = (}9), one immediately
gets, according to Proposition 7.4,

(Ud)() = ™" ul(x)
=u?, (z) (7.44)
with =14, ie, 2= 2 = (38
wttl If U = exp (io.m (PQ 4 QP)), so that 9(U) = (¢," ), one gets, starting
from (6.13) and using Proposition 7.4 again,

) .z, and the same goes for the action on

(Uul)(z) = ul a,(2), (7.45)

and the same goes with the odd states uf™!.
Things are more complicated in the case when U = exp (i3.m P?), so that

oU) = ((1) _15). Assuming, say, § < 0, and using, with 7 = p & %, the formula

1
provided by (7.19), we get, with C = (%) 2, the equation
T4+1
41 1 2 i T e ;
U, ul ) (2) = C (Im (—-)) e T [ Jay)? (signay)?
z 18] J -0
2, .2 g
exp <—i7rx -;y ) Jr (27T||ﬂa|:y|) yTTE e dy, (7.46)

with j=7— p—l—% (= 0 or 1). This integral is essentially found in [31, p. 93], which
yields the result

e =c (m (D)7 (5 ()

e—i?rTerl |93|T+% (Signm)j exp (iﬂ'wz (,B(Tl———gi - %)) , (7.47)
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where the subscript in () gh_tl means that the principal determination of the power

function on the right-half plane is to be chosen. Now, with —2,1—/ = E—(l_l—ﬁ—) — %, SO
- . BT

that 2z’ = z— 3, one has Im (—%) =1 - —g—| 2Im (—1) so that, with ¢ = %@i——ll—)
_,L'ﬂ,‘rJrl 71 i 7_+% T+%

and w = ¢ 2 Gight » We get |w| = 1 and the relation Uru. * = wu, 3.

If 8 > 0, the formula is almost the same: only e~"" 3" has to be changed to its
inverse.

We shall also need the formulas

Flyp —iz ~37P p
ub = | — U
Pz || ] . -3

right
and
3
Lol s (T2 2T on
Folubt =1 <W> u (7.48)
right ®
proved in the same way, starting from (7.38), (7.39). O

In connection with the representation Met,,, the families of functions (u%).en
and (u2™1),en will be used in exactly the same way the families (u,) and (ul)
have been used in connection with the usual metaplectic representation.

Proposition 7.13. Assume that p is even. Then the set (ul).cm is total in
(SP(R))even and the set (uBt1).cnn is total in (SP(R))oda-

Proof. Dividing functions in the appropriate space by z” or zP*! reduces the
question to the case when p = 0, in which it is well known to be true. ([l

In all that precedes, and in all to be coming with the exception of Section 12
(which depends on induction on p starting from p = 0), the assumption that p is
an integer is not necessary: we now substitute for p any real number s (one should
assume S > —% if an appeal to the projective representation D, +1 is needed) and
extend Proposition 7.4 as a definition, setting in particular

d 4 s
p= <d 0 dr(;h) : (7.49)

- 2w ar %

we shall regard P; as acting on functions u only defined on (0, 00), which is not a

genuine difference from our first interpretation, in which each component of u was

assumed to have a definite parity; observe that we changed the variable x to r.
The spectral structure of the operator Ps (and, as a consequence of the ana-

logue of (7.30) concerning the s-metaplectic representation, that of any operator
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in the real vector space generated by P; and Q4 = Q) is of course an easy matter,
in view of the formula

1 a2 _s(s—1)
Ps2 =—— (W r? 0 (750)

d? (s+1)
0 & sletl)
taken from (7.13).
Another interesting operator is the operator A = 7 (P? + ), which occurs
in (7.35), hereafter referred to as the Op®-version of the harmonic oscillator. From

(7.13),
A= (LO LSOH) (7.51)
with )
L= —ﬁ [% - 5(%1—) - 47r2r2] . (7.52)

The standard WKB method shows that, among the solutions of (Ls—A)¢ =0 on
10, 00|, there is one which goes to zero, as r — oo, like r*~3¢~™ and another one
which goes to infinity like r*~2¢™”. On the other hand, at r = 0, the roots of the
indicial equation are s and 1—s. We assume that s > % from now on. If s > %, it
is clear from what precedes that L, initially defined on C§°(]0, o0]), is essentially
self-adjoint on L?((0,00);dr); if 3+ < s < 2, we fix a self-adjoint extension of
L, by the boundary condition r¢’ — s¢ = 0 at 0, which selects the solutions
of (Ls — A\)$ = 0 behaving like r® at zero. One can show that L, is unitarily
equivalent to the operator which is the generator, in the sense of Stone’s theorem,
of the unitary group 6 — D, 1 ((Cose —sind )) associated with the representation

sinf cos @
D, +1 from the projective discrete series. However, it suffices for our purposes to

note that the spectrum of L, is the sequence (s + % + 2n)p=0,1,... and that an
eigenfunction corresponding to the eigenvalue s+ % + 2n is the function

bn(r) = e 7 LY (2712, (7.53)

which can be found in [31, p.243]: here LS_%) is a generalized Laguerre polyno-
mial.

The matrix structure, on the other hand, of the operator P;, makes the study
of the “generalized eigenvalue equation” Psu = Mwu in which M may be a general
hermitian matrix, interesting as well. The following proposition will be useful in
the next section.

Proposition 7.14. Assume s > %, and let M = (g) _jb) be an arbitrary hermitian

matriz with d # 0. The equation

1
Py = B Mu (7.54)
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has a non-trivial solution in the space (L?((0,00);dr))? if and only if b > 0 and
the condition

2
detM—i—( bs ) =0 (7.55)
s+n

is satisfied for some n = 0,1,.... If (7.55) holds, the corresponding space of solu-
tions is one-dimensional, generated by

re L(Zs_l)(27r,ur)
Un('f') = KT 2 " s (756)
(—L Pt L Q)
where p = (—det M)% = Sf’fﬂ : the second row should be interpreted as zero in the

case when n=0.

Proof. Assume that det M < 0 to start with, and set det M = —pu?, p > 0.
2
Consider the isometry 8: (L2((0,00);dr))? — (L?((0, 00); 2 dx))? defined by

m
2
(Bu)(z): = T iu (x_)
7
or
(07 0)(r) = (ur) T o((ur)?). (7.57)
A straightforward computation shows that
d (3+2s)
0P, 01 — - 0. Sdt ) (7.58)
4w 4 % + “(5367;25) 0

Thus, with v = fu, the equation P,u = %Mu is equivalent to
Bow=u*Mzv (7.59)

with

d 1425
peo L 0 Aeh
2im d _|_2;2f 0

dx

= (@ ) Py (2

=

), (7.60)

where (m%) denotes the operator of multiplication by z2. We also set

1 0 4y 23
BS = % d 2s+1 T x : (761)
d
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this is the adjoint of B, in (L?((0,00);dz))?, not in the Hilbert space referred to
in the beginning of the present proof. It is immediate that

i <ad__¢_) ¥ ) (7.62)
88 472 0 d%zg _ Q_fﬁ%(z_zi%_) . .
Also, setting
M= (5%7) (7.63)
so that in particular M<f M = —p2I, a straightforward computation shows that
Mt (2) By — BX M (z) = “271’31 : (7.64)

thus

7 (BE 4 i M (2)) (Ba — ' M (2)) = 7 B2 Byt (%) — 2—2— I, (7.65)

and (7.59) implies

7 (B Bs + (z%))v = zZ—S v. (7.66)

At this point, we may briefly remark that if det M had been non-negative, we
would have been led with the help of analogous transformations to a second-order
differential equation without any L? solution near infinity (the same left-hand side
with a term —(z?), or no such term at all, instead of (z?2)). It was thus no loss of
generality to assume that det M < 0, and we now come back to the discussion of
this case.

Comparing (7.62) and (7.52), one sees that

Lo, 1 0
7 (B By + (22)) = ( wio +§) , (7.67)

Actually, with v = (71), the problem Byv = p~!Mzv fully reduces — formally to
start with — to the eigenfunction equation

Ly, 101 = " v1, (7.68)

since w9 can then be obtained as

1 .
_ | H 1 d 328\ b
V2= [ind (ac i ' z2 ) a| " (7.69)

Since 2s — 2+ > 1 as well, we discussed the equation (7.68) in L?((0,00);dz)

just before the statement of Proposition 7.14. It should be observed that since
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s > L only a solution v; equivalent near 0 to a constant times z25— 2 , hot x“%

can yleld a vo in the required space L?((0,1);z?dz) near zero: it is thus, even
when s < %, the self-adjoint extension of L, 1 discussed before the statement
of Proposition 7.14 that we are indeed intereste

We thus get, from (7.53),

bs=p(s+mn) for some n =0,1,... (7.70)
and, up to a multiplicative constant,
vi(z) =e ™" 22573 L2~V (2r2?), (7.71)
which implies (using (7.69) and (7.70))

%dvg(ac) — e g E [ (LY me?) + DL DY) | (172)
Since (a consequence of some formulas in [31, p. 241])
25 % LE D) + n L&V +t L&) =0, (7.73)
one has .
va(z) = 72—;7;—“6-” 2273 L2 (97,2) (7.74)
if n>1, and vy =0 if n = 0. Computing p~* 0~ v, we are done. O

Remark. The Op®-version of the harmonic oscillator A, introduced in (7.51), has
a neater structure than any of its two non-zero entries, actually just as neat as that
of the ordinary harmonic oscillator. For its eigenfunctions can be constructed by
the usual procedure applicable to Hermite functions: the proof of the proposition
that follows is immediate by induction. It should be emphasized that it works
notwithstanding the fact that @ and P; do not generate a finite-dimensional Lie
algebra in the case when s # 0.

Proposition 7.15. Set A=z (Q+iP,) (the annihilation opemtor) and A* =32 (Q—
iP,) (the creation operator, adjoint to the preceding one in (L?((0,00);dr))?). One

has
1
5s+s 0
_ g 2
AAA+< ! %_s>

1
AA*(?S“S 0 > (7.75)
Set Wo(r) = (Tsea""z) and, for k>0, U, = A**0y. Then ATy =0; also

>
AV, — kW_4 , keven > 2
(k+2s)Wg_y , kodd
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and 1

A\Ilkz(k—|—§+s)\llk, allk > 0. (7.76)
Finally

[Woj41ll® = (25 + 1+ s) | ¥1|%,
[Wojr2ll® = (25 +2) [P0, 5=0,1,... (7.77)

and the sequence of functions ( ”3:”),0 constitutes an orthonormal basis of the
>0

space (L?((0,00);dr))?.

8 The radial parts of relativistic wave operators

The present section is an excursion into quantum mechanics, leading to another
interpretation of the constructions from the last section: it is unrelated to modular
form, or automorphic distribution, theory.

It is a very classical fact that, when the space L?(R?) is decomposed accord-
ing to the action of the rotation group, the Fourier transformation (that associated
with the Euclidean structure of R?) decomposes into summands, each of which is
related under the elementary change of coordinate s + s? to the Hankel transform
7(g) as defined in (7.2), with g = (9 !): more specifically, if r = |z|, z € R? and
f is the product of a function U(r) by some harmonic homogeneous polynomial
of degree k, then the Fourier transform of f is V(r) times the same polynomial,
with o

V(r) = zm—krl—%—k/ U@ Ja_y,,(2mrt)dt : (8.1)
0
note that the subscript 7 = % — 1+ k is an integer or half an integer according
to whether the dimension d is even or odd. The whole representation 7 = D 4
can also be interpreted as a summand in the decomposition of the part of the
metaplectic representation on L?(R?) commuting with rotations.

In the preceding section, we have been led to analyzing a certain realization
of the direct sum of D, +1 and D, TEE in the case when p = 0, it was especially
natural to identify the spaces Hy and Hj with the even and odd parts of L?(R).
We now give an alternative interpretation of the direct sum of D, +1 and D, 43
in the case when p > 1, showing that the operator P as introduced in (7.13), or
a certain linear combination of P and [P, @], can be thought of as a radial part
of a first-order system occurring in a wave equation from relativistic quantum
mechanics.

The analogy between the original construction of the Dirac wave equation
and our definition of the operators P, () is related to the fact that, in both cases,
a “square root construction” is needed. In our case, Q?, PQ + QP and P? were
known before P and Q were (and, indeed, are directly related to the infinitesimal
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operators of some pair of representations from the discrete series of SL(2,R)). We
very briefly recall now how the Dirac equation and, in a similar way, the Weyl
equation (possibly for the neutrino: it describes a massless particle and has no
invariance under the parity transform, which makes it suitable for the description
of a particle playing a role in weak interactions) answer a square root problem:
we shall use results and methods from Thaller’s book [50], in particular pages 125
to 129.

With ¢ = ¢(t,z), t € R,z € R3, both wave equations can be written

(loc.cit., p.3 and 4) as

it %—f = Hyo, (8.2)

with an operator Hy acting only in the space coordinates x to be defined now.
Recall the definition of Pauli matrices

o=(8), o=(17), a=(%): (8.3)

one also introduces the vectors o = (61,02,03) and v = (8%, —a%, 5‘2—3) as well

as their “scalar product” o.v7 = Zaj—az-j. Then, Weyl’s equation is just (8.2)
with the choice
Hy = —ihco.7, (8‘4)

in other words, with 8; = %,
Ty

Os 01 - “92) : (8.5)

Ho = —he <31 +idy -0
of course, f and ¢ denote Planck’s constant and the velocity of light respectively.
It is immediate that A

0
H2 = —h2c? (0 A) : (8.6)

where A is the usual (negative !) Laplacian on R3. Thus the construction of H,
just answers the problem of extracting a square root of (some two-dimensional
matrix extension of) A. We also denote as £ the operator

o ( x3 T — ix2> 7 (8.7)

T+ txs —~T3

a square root of the corresponding two-dimensional matrix extension of the oper-
ator of multiplication by |z|?.

Remarks.
1. One may observe that the operators HZ, Q2 and

3
5, 0% == (it 4 3) (41
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constitute a linear basis of the set of infinitesimal operators of some (re-
ducible) unitary representation of the twofold covering of SL(2,R).

2. Contrary to the triple {HZ , 9%, HyQ+Q Hy}, Hy and 9 do not fit within
any finite-dimensional Lie algebra. However, under the adjoint action, the
Lie algebra above acts on the linear space generated by Hp and Q, in view
of the formulas

—[Q?%, Ho) = [HoQ+ Q Hy, Q] = -2ihc,
[H3, Q)= —[HoQ + Q Hy, Hy| = —2ihicHy : (8.9)

these formulas are completely analogous to (7.15), which will be explained
by Theorem 8.1.

In the case of Dirac’s equation, four-component spinors are needed: then, 1
denoting the 2 x 2-identity matrix and o.57 denoting also the diagonal 2 x 2-
matrix the non-zero entries of which coincide with o.<7 as previously defined, one

sets )
_( mc*1 ~thco. 7\ |
Ho = (—ihca.v —mc?1 ) ’ (8.10)

m is a positive number, to be interpreted as the mass of the electron. It is then
immediate that

o [(—h2* A+ mch)1 0
Hy = ( 0 (—A%2c2 A+ m2ct)1 )’ (8.11)

showing, as is of course well known, that in this case too the construction of Hy
answers a square root problem.

We now show that, in the Weyl case, the operators which occur in the de-
composition of the operator Hy under the rotation group (more precisely under
its twofold covering SU(2)) are nothing but cases of the operator P introduced
in the present section: with a slight modification, the same will do in connection
with the Dirac equation.

Following Thaller’s notation and methods, we introduce polar coordinates
with x(r, 6, ¢) defined by

z1(r,0,¢) = r sinf cos ¢,
x2(r,0,¢) = r sinf sin ¢,
x3(r,0,$) = r cosb, (8.12)

and the vector e, = %, the unit vector in the radial direction. Then, with p =
—ifisy and L = x A p (the orbital angular momentum), one has [50, (4.101)]

) ) 9 1
—Zﬁv = —ihe, '8—T — ; (6’7- A L) : (813)
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this equation holds for scalar functions on R? or, just as well, componentwise for
vector-valued functions. Given any two vectors A, B in C3, one has the immediate
relation

(0.A)(0.B)=(A.B)1+i0.(AANB), (8.14)
so that (8.13) implies
Cihoog = —ili(ae)) 2+ L (o) (o.L) ; (8.15)
or r
thus, in Wey!’s case,
Hy = —ic(o.e,) (ﬁ% - %a.L) , (8.16)

the analogue of loc.cit., (4.104). It is immediate, from (8.5) and (8.7), to compute
the commutator

(K¢

[Ho, 9] = < (3% + 20.L) . (8.17)

o~

Next, a separation of variables is considered, embedding L?((0,00),dr) ®
L?(5%) (where 52 is the unit sphere) into L?(R?) via the map such that fQW s 1,
with

P(a(r,0,9)) =r f(r) (6, ¢). (8.18)
On 52, the usual (scalar) spherical harmonics Y;™, with [ =0,1,2,... and m =
~l,—l+1,...,+l, are considered: recall (loc.cit., p. 126) that, for m > 0,

1
2041 (I—m)t] 2
Y"(0,¢) = [ 4; EZ+Z§'} e™? P (cos 0) (8.19)
in terms of the Legendre polynomials
" (_1)m m dm+l
P (x) = o (1—xz?)% W(ﬁ—l)% (8.20)
and that L
Y= () (8.21)
Next, one introduces, for j = £,3,... and m; = —j,—j + 1,...,+j, the two-

. my -
component functions ¥”*7, on S?, with
2

jE
1
1 VI +m; Y]T]% :
> ma+L
J—3 2] /]_m]}/;’fjé'i‘z

(8.22)

and .

. 1 ViFl—m;Y 5 ?

P Tts (8.23)
jtz \/2]4—2 — ]+1+m]Y:’:11+2
)
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(again, with Thaller’s notation). It has been shown in loc.cit., p.127, that the
functions \II;"; L are simultaneous eigenfunctions of the operators (well defined on
(L2(5?))%) #7'J? ;= h"'L? + o.L + 2h (where L? is the sum of squares of the
components of L), Js3 := L3 + ho3/2 and o.L + #: the eigenvalues are A times
respectively j(j+ 1), m; and —k, where £ = —(j + 3) in the case of the function
\I/;na' and k= j + 3 in the case of the function \I/Zf% Also (loc.cit., (4.121)),

1
2

o Wi =V, (8.24)

The Hilbert space (L2(S?))? thus appears as the Hilbert direct sum of the

spaces $)jm,; with j = %,%,... and m; = —j,...,+j, where §;,,, is the two-
dimensional space generated by the functions \II;'I ;. Then the space (L?(R3))?
2

appears as the Hilbert direct sum of the subspaces L?((0, ), dr) ®9;,m, if each of

these spaces is identified with its image under the embedding (8.17): by means of

the basis {\I/T_Jl , \II;':;} of $j,m,, the space L?((0,00),dr)®£;, ., can of course be
2 2

identified with (L2((0,00),dr))?, which provides a realization of endomorphisms
of this space by 2 x 2-matrices of operators on L2((0, 00),dr).

The following theorem shows that the pair (P, Q) introduced in Definition
7.3 is nothing but a restriction of the pair of operators

1 1s; O — 10 T r1 —ix
1 3 1 b _ 3 1 2
(2mhe) " Ho = 2T (31 +1i0y —03 ) » 2 (371 + iz -3 )
(8.25)

to some space in an orthogonal sequence of Hilbert spaces, all isomorphic to
(L?((0,00),dr))?, associated with the decomposition under the rotation group of
a Hilbert space of solutions of the Weyl wave equation for the neutrino.

Theorem 8.1. The restriction to the space L*((0,00),dr) ®$,m, ~ (L?*((0,00),dr))?
of the operator Hy which occurs on the right-hand side of Weyl’s equation (8.2)
agrees with 2whc P, where P is the operator introduced in (7.13) corresponding
to the value p = j + % of the integral parameter there. The operator £ defined
in (8.7) preserves the same space and, under the identification of this space with
(L2((0,00),dr))?, becomes the operator Q = (%1 introduced in (7.13) as well.

Proof. As an immediate consequence of (8.15),(8.24) together with the actual
value of k as recalled above, and not forgetting that, because of the embedding
(8.18), it is the operator d% — %, acting on functions of r alone, that transfers to

the operator % acting on functions on R?, one finds the equation

d 14 it
Ho:—iﬁc<d N i r0+ v ): (8.26)

dr T T
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of course, here, one has r > 0 whereas x could be positive or negative in (7.13):
however, this is not a genuine difference since, in (7.13), we only considered vector-
valued functions on the real line each component of which had a specified parity.

Concerning £), written in polar coordinates, in the original basis for spinors,

—i¢
Q=r ( cosf e “n9> : (8.27)

e gind —cosf

as

one has to check the relations

Qf( W, (0.0) =7 f(r) W], (0,9)

and
Q) vy 1 (0:9) =7 f(r) W72, (6,9). (8.28)

Taking (8.22), (8.23) into account, as well as (8.19), one sees that the first of these
two relations reduces to the pair of equations

(G —m+1) Pjri_l%(cos 6) — (j+m) cos9P (cos&) = sin&P;zt%(cos 6),
cosf Pfit%(cos 6) — J++2 (cosf) = (j+m) smHP (cos 0) (8.29)

and the second one to the pair of equations

m—l

(j—m+1) cosHP 2 (cos&) (G+m) P (cos&) = sinGP;zz%(cos ),
ij+2 (cos®) — cosf P, m 2 (cos A=(G-m+1) sinGPjTj__l% (cos®) : (8.30)

all these equations can be found in [31, p. 171].
For safety, one may check that

142p 0
[P @] = 2ir ( 0 1- 210)
or
_he (1+2p 0

in the matrix realization of operators in the space L*((0,00),dr) ® $;m,. From
(8.17), this reduces to remarking that

i1
a.L—I—ﬁ:ﬁ(ng? _(j(ir ;)>’ (8.32)
2

which was indeed mentioned between (8.23) and (8.24). O
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When dealing with the operator Hy taken from Dirac’s equation, the com-
putations are slightly more complicated but are done in full in [50]. One first
introduces the four-component functions

L 0
+ = Il - — ” .
q)mj,:F(j—i-%) - < ]O 2) ’ CI)"Ljv:!:(j+%) - (W;ZE%) : (833)

note (comparing this to loc.cit., (4.111)) the disappearance of the coefficient 4 from
the non-zero component of the first of these two functions. This time, as explained
in loc.cit., p.127, one must decompose (L2(52%))* by means of the simultaneous
consideration of the operators J2, J; and K, the so-called spin-orbit operator.
This introduces a family of two-dimensional subspaces R, , (parametrized by
j and m; as above, together with r; = F(j + 3)) of (L%(5?))*, in which we take
{®,, «;s ®m, ., } @ a basis. With the same meaning as in (8.26), one finds that, in

the tensor product of L2((0,00),dr) by this space, the operator Hy is represented

by the matrix
L me —ihe(f- )
hi, = <—ific (% ) 2 . (8.34)

This can be found from loc.cit., (4.134), with the following two differences: we

have not set A = 1, and there is an extra coeflicient ¢ in the vector (I)+, -
m;,F(i+3)

as taken there, so that (4.122) from loc.cit. must be replaced, with «; = ( 907 ),

U]'O

by the equation

e & =dF (8.35)
With p = —k;, a non-zero integer, one finds that this operator can also be
written as
mc?
hy; = 2nhc P — T (2ir [P, Q] — 1) (8.36)
Kj

with the operators P and @ as taken from (7.13): in this case, p could also be a
negative integer, but it would then suffice to switch the two basis vectors to change
this if so wished.

We also introduce, this time, the operator ( g ’3) and note, as an easy conse-
quence of Theorem 8.1, that, again, it can be represented by the operator-matrix
(9 7) within the space &, «, provided with the isomorphism with (L?((0,00),dr))?

associated to the basis {Q:[Ljﬁj,{)g”ﬁj}. Since, in the original four-component
spinor representation,
0 9QV\]_ [(%(3h+20.L) 2mc?Q
[H“’ (Q 0)] = ( —2me2Q £ (3h+20.L) (8:37)

as follows from (8.17), one may check that the matrix representation, within
Rm, x;, of this commutator is the matrix

hic (14 2p 0 o 0 2r\
7( 0 1—?49)+mC —2r 0)°
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one may thus verify that, indeed, this is the same as the bracket
2
ke P + % 2ir[P,Q] - 1), Q

computed within the algebra generated by the operators P and @ in Proposi-
tion 7.4.

We finally consider Dirac’s equation for the electron subjected to an attractive
Coulomb potential: the operator Hp in (8.10) must be replaced by

H=Hy+ } , (8.38)

with v < 0. We set
v

ke -
in the case of the Coulomb problem associated with the hydrogen atom, one has
v = —%, where e is the charge of the electron and ¢q is the fundamental unit
so denoted, so that « is in this case the fine structure constant, a dimensionless
constant ~

o = (8.39)

1
137.036 -
The same additional term < then arises in the radial components of the oper-
ator under study, so that, from (8.34), one ends up with the problem of computing
the eigenvalues and eigenfunctions in (L?((0, 00), dr))? of the new operator
me* + 2 —ific (& — 5))

T

(g T i

T

(8.40)

Taking when necessary the conjugate under the matrix (§}), it is no loss of
generality to assume that x < 0, which we do from now on.
Following (with slight modifications) the computations in [50, p. 209], one is

led to introducing, with
s=+vVK—a?, (8.41)

A: = <Sf“ —m> , (8.42)

the matrix
i S—K

which diagonalizes the matrix (?§) (_ T iﬁ’i"“) = fic (%, ~'), where the sec-
ond matrix on the left-hand side arose as the coefficient of % in h,. Of course,

this requires that one should have « < |&|, and we assume the stronger inequality
a < 4/K2— %: it is certainly satisfied in the case of the equation modelling the

hydrogen atom, since & is a non-zero integer, and it implies that s > % Following
the trick in loc.cit., one is led to computing

2 —ihe (L + =
(ffoi)A_l(%)hnA:( e f (dr;”)): (8.43)

- d S .
—ihic = ;) mc
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with w = Au, the eigenvalue equation (h, — E)w = 0 takes the more pleasant

form
mc? —ific (& + £) E(-x Z
(—iﬁc (& —2) —mc? =% —% —x) " (8.44)
or
2nhc Psu = Nu, (8.45)
with
-mc? 0 E (Va2 + s2 —ia
N-( 0 mc2)+;( o VaZis) ' (8.46)
note that
det N = E? —m?ct. (8.47)
Setting M = (whic) !N, we have to solve the equation
1
Pou = 5 Mu
in (L2((0,00);dr))?: we may thus apply Proposition 7.14, with
m2ct — E? Eas™!
= — d b= 8.48
a (mhic)? an rhc (8.48)

finding in particular that the set of eigenvalues of h, is the sequence (Ep)n=0,1,...
2 ;2
with E, >0 and m?c* - E% = (—‘;—_%% and getting the well-known fact [50, p.214]
that
mc*(s +n)

En = 2 2
a2+ (s+n)

(8.49)

as a result.

The spectral decomposition of the energy operator occurring in the equation
of the relativistic hydrogen atom is of course well known: we only deemed it worth-
while to emphasize its link with the study of the operator Ps, showing also that
the analysis of the radial parts of the problem reduces to that of the Op®-version
of the harmonic oscillator.

9 The higher-level Weyl calculi

One of several ways to characterize the Weyl calculus is by the property that it
sends the symbol (z,&) — €™ (az+b) to the operator exp 2im (ax + % %). We
extend this to a definition of the OpP-calculus.
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Definition 9.1. Given a function h on R? the (symplectic) Fourier transform F h
of which lies in L'(R?), one defines

Ov7(h) = [ (FR)(w.n) exp (2im (1Q = uP) du . (0.1

with P and @ as introduced in (7.11).

We must first give the operator exp (2iw (nQ — yP)) a meaning for every
(y,m) € R?, in other words define a self-adjoint realization of the operator nQ —vyP:
since, obviously, the operator @ (of multiplication by z) is essentially self-adjoint
in L?(R) when initially defined on S,(R), the same goes for all operators nQ —yP.
For, on one hand, Theorem 7.9 shows that all p-metaplectic unitaries preserve the
space S,(R); on the other hand, each operator n@ — yP is the image of @ under
the adjoint action of such a unitary. Then all operators exp (2i7 (nQ—yP)) are well
defined unitary operators in L?(R), so that OpP(h) is well defined as a bounded
linear operator in this space.

Theorem 9.2. The Op”-calculus is covariant under the action of the p-metaplectic
representation, i.e., given h with F h € L'(R?) and a metaplectic unitary U, one
has

UOpP(h)U ' = OpP(hod(U)™1), (9.2)

where O(U) € SL(2,R) has been defined in (7.41).

Proof. Since U (—yP +nQ)U~! = —¢y/'P + 7/Q with (Z:) = 6(U) (%), one has,

with (y',7') and (y,n) linked by this relation,

UOp (U = [ (Fw.n) exp 2in (4Q — ¥ P dy g

= [ (F o0 ) exp 2im (1@~ yP)) dydy : (93
R2
since F commutes with the linear action of SL(2,R) in R?, we are done. O

In particular, even symbols give rise to operators which send even (resp. odd)
functions to functions with the same parity.

Theorem 9.3. Given h satisfying the hypotheses of Definition 9.1, and z € II, one
has

(u? | OpP () u?) = / (FR) ()

N (ir &), <<M)H exp <_M>> dydn (9.4)

2Im z
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and
W |0 uz) = [ (Fhn)
R2
LT 7|y — 2nl?

(%)p_H 2Im 2

where we have used Pochhammer’s symbols again.

N

1
Proof. Let us first compute (u?|e?™ 9 u?). With C(p) = (%):—3—) , one has, as
2

a consequence of (6.13),

(u?]e™ @ ub)
1
Im (——
z

- co)” (
S
o (-

oo
2p —27'rt Im (— )62iﬂ't dt

o0 2 1 X
) / e—2ﬂ't Im (—3) e?m’st dt
ge=1J—0o0

K

)" (o

) )

[<2Im <")> Eexp< 21n:i2 ))] 86)

Now, given any point (y,n) € R?\{0}, choose a p-metaplectic unitary U with
nQ—-yP=UQU ', and set O(U) = (2Y) € SL(2,R). Then (Theorem 7.12), for

some w € C, |w| = 1, depending only on 2 and p, one has U luf = wu?,,_,

—cz+a

exp [T
2Im (£=%)

(9.7)

B
mH

[H “’p 8

2

N|H
l\J

and one can write

(u:g]emﬂ (nQ=vP) ug) = (u’pdz—b [ e?m @ Py, )
—cz+a —cz+a
— p 1 2 P
_ C 2 I cz a e 9
() (m (dz-b 4m2 de? ) | _,
b

Since, as a consequence of Theorem 7.10, one has (%) = (24)(9), ie, b=y
and d = 7, this leads to

PO (B P (277) P2 Imz \”

1 &2\’ 2[7}z—y|2
Fh N | ——— == X —Me" —————— dydn. (9.8
% /]Rz( ), m) ( 472 d52) =1 (e P ( ¢ 2Im z )) y (98)

=
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To finish the proof, we need a lemma.

Lemma 9.4.
1 d2\?
<‘m d—>

Proof. Applying Rodrigues’ formula relative to Hermite polynomials [31, p. 252],
one can write the left-hand side as

e~
e=1

22 (2 +0?) o (v +7%) 7P = (27) 7P (in E), (e"EWHn")y.
(9.9)

(~1)P 2% P e3P b, ((g(yQ +17%)) 2) . (9.10)

Connecting this to generalized Laguerre functions (loc.cit., p. 250), this can also

be written as -

. _1

(2m) 7 ple” 30D LT (22 +0%)) (9.11)

Noting that in€ = %(yg% + 770—877 + 1) acts on functions of t = Z(y* 4+ n?) as
1

tdit + 5, we see that the lemma reduces to the assertion that

d 1 d 3 d 1 s _ (_l)
— — — — . = N | t 2
(tdt + 2) <tdt + 2) (tdt +p 2) e ple ™" Ly /(). (9.12)

By induction, we thus have to show that

(t% it —i—) (e’tL(_%)(t)> et P, (9.13)

This is a consequence of the two relations

d (-1 1 1 1
t%L,(, D) =) <p— 5) L (9.14)
and ) )
1 _1 1
p+1)Li7 = (2p+ 5 —t) Ly 2 - ( - 5) Ly (9.15)
to be found in (loc.cit.,p. 241). O

End of the proof of Theorem 9.3. Applying the lemma to (9.8), we get

Pl p oy (2m)P (tm &)y —E (g
rtop ) = T [ S () = e i000) dyc(zn, |
9.16

from which (9.4) follows, using the covariance Theorem 9.2. The formula (9.5) (in
which p+ 1 has been substituted for p) follows just the same lines, since Theorem
7.12 applies to both cases. g
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Corollary 9.5. Assume that p is even. If h € L?(R?), satisfying the hypotheses of
Definition 9.1, is an even function on R?, then Op®(h) coincides with opP(h) (as
introduced in Definition 6.2) on (SP(R))even, and OpP(h) coincides with opP™!(h)
on (8P(R))oda (= (SP7(R))odd)-

Proof. Since

(7 (i o0 (522} ) =2 (-2 L) o

and F (iw €), = (—imw E)p, one can write (9.4) as

(wzio () u) = [ a6 S 2 exp (<2 '”“”I—jni) do d€
2/P

= [ 09 EEE W s u2) o, €) dn
R? (2)17

- / h(x, €) wigh (u?, u2) (z, €) da de , (9.18)
R2

where we have used (2.27) and (6.21). Since both Op?(h) and op”(h) act continu-
ously from (SP(R))even to L2 ., (R), and agree on each function u?, they coincide

on (SP(R))even according to Proposition 7.13; the same goes with the odd-odd
part. O

Remarks. Though possibly somewhat disconcerting, it would be fully correct to
simultaneously set

WP(ul, ul) = wigh(ul, uf) and WP(ul*' ul™) = wigh™ (uf*t, ul*1).
The OpP-calculus, restricted to even symbols, contains both the opP-calculus and
the opPt!-calculus.

Starting from (6.16), one sees after some formal manipulations that an even
function h on R? can be uniquely rebuilt from the pair of (respectively %,-
invariant and ¥,44-invariant) functions

Y- J;EP ho and APl = %l h 9.19)
as
h=(—in &) [(p - imE) AP — (p+im &) hPT]. (9.20)

This can be meaningful, for instance in the case when h? and hPT!) both lying
in L2, (R?), are such that A = 0 does not lie in the support of the spectral
decomposition of the sum on the right-hand side of (9.20). In this case, Theorem

6.1 (the proof of which has not been reproduced here, and goes back to [56] together
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with [62, Section 17]) shows that the square of the norm of OpP(h) as a Hilbert-
Schmidt operator in L*(R) is [|A?||72ge) + ]]h”“HQLQ(W). It is only when p =0
that this reduces to ||h||2LQ(R2) (since Xp =G and X = —G).

To develop the Op”-calculus further, we need to make exp 2im (nQ — yP)
explicit for almost all (y,7n), taking advantage of Theorem 7.10. To provide for our
needs in the present work, however, it suffices to consider only even symbols h,
which calls for making only cos 27w (n@ — yP) explicit rather than the exponential:
this simplifies matters greatly, though the sine part can also be analyzed (using
Legendre functions ), of the second kind, involving logarithms unless p = 0).

In our case, only Legendre polynomials P, (n = 0,1,...) will have to be
used. Recall for instance [31, p.232] Rodrigues’ formula

_ 1 d’fl
T onql dgn

The domain on which Legendre polynomials naturally live as a sequence of or-
thogonal polynomials is the interval [—1,1].

P.(z) [(z? —1)"]. (9.21)

Theorem 9.6. Assume that p is even > 2. Let h be an even function on R? sat-
isfying the assumption of Definition 9.1 and assume that the function y—! (ya% +
776%—{—1) Fh =y 1 (2in &) Fh lies in L'(R?) too. Then, for every u € (Sp(R))even,
OpP(h) is given by the equation

(Op”(h)u)(z) = /]RZ (F (im ER))(y, ) flyy_dn

letul w2 e2 24 42 42
/ S R R (x—+—i> u(t)dt, (9.22)
|

z—y| 2xt

and if u € (Sp(R))oad, the same formula works after one has changed the subscript
p — 1 of the Legendre polynomial to p.

Proof. If n#0, set = —%, and start from the equation
exp 2im (nQ —yP) = einBP? g2imnQ i P , (9.23)

a consequence of (7.30); recall that 9(e"i”ﬂP2) = (é ’f) If 8 > 0, the operator
e~"AP” i5 given, on the even or odd subspace, by the formula (7.19) for U, with
(% S) = (é ’f) recall that the value of 7 corresponding to the even (resp. odd)
subspace is T = p — % (resp. p+ %) The operator cos 2nn() preserves each of the
two subspaces: its effect is to multiply a function of s by cos27ns. We may thus

set

cos 27 (nQ —yP) = AP cos(2mnQ) e~ imBP*

A: 0
:< : AH%) (9.24)



88 Chapter 2. A Higher-level Weyl Calculus of Operators

(according to the decomposition S,(R) = (Sp(R))even @ (Sp(R))odd), with the
formula, valid for = > 0,

(A7u)(z) = %”- /OOO@S)% T, (%) -

/m(st)% COS(27T7]S) ei7\'52;§t2 JT (%) u(f,) dt : (925)
0

this formula is also valid if 8 < 0 since the two factors e (™+1) cancel out.

Now 2ms cos(27ns) = 5‘95 sin(277s), and the operator a% relative to the pair
of coordinates (8 = —%, n) is the same as the operator n~! (ya% + na%) relative
to the coordinates (y,n).

On the other hand, the integral

/0 " sin(2mns) J, (2;;?8) o (gl%slf) “ o

(semi-convergent unless ¢ = |z £ y|) can be found in [31, p.426]: its value is, if
T> -3,

L |lsignny P, ————-————xQ +12 - x char l—xQ i ’62772] <1
4 (zt)z T2 2xt 2zt -

1y 2 + 12—y
= P i —
Am (xt)= 2 2xt

) x char (| — |yl <t <z +y]). (9.27)

Thus, for u of a given parity (related to 7 in the above-mentioned way), and
x > 0, one has

O )@ = 5 [ ) L

0 0 240l n@?-e2) 2 +¢2 — 92
v P_i|— t)ydt | . (9.2
vz +13) (y/[. ¢ () wae ) e2)

This leads to Theorem 9.6 after it has been observed that y =2 (ya—ay + 7]-88—”) (y.) =
y~ 1 (2im ) has the operator —(2im€) (y~!.) as a transpose, and that —inEF =
inFE.

The proof is over but, for one’s peace of mind, one may check that in the
case of the odd-odd part of the Weyl calculus (p = 0, P, 1= 1), one gets the
correct formula: this can be done, letting the operator y~! (ya% + na%) remain
on the same side as in (9.28). The same works, provided one does not appeal to a
non-existent polynomial P_;, with the even-even part of the Weyl calculus, after
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one has computed the elementary case 7 = —% of the integral (9.26), and found
that it is . ]
Y .
_— sign +e1x +e9t). 9.29
D DI CIUEEEEED (9.29)
ey=ez=1
(|

Contrary to the Weyl calculus, the OpP-calculus does not benefit, when p #
0, from the Heisenberg covariance, which entails a few differences. In particular,
the space S.(IR?), to be defined now, is better adapted to the new situation than
S(R?). Tt is defined as the space of all functions h = h(y,n) € C*°(R?\{0}), all
derivatives of which are rapidly decreasing as |y| 4+ |n| — oo, and which have
the following behaviour at zero: for every pair («, ) of non-negative integers, and
every polynomial P(y,n) homogeneous of degree a+8, the function P(y,n) 8;’85 h
extends as a continuous function on R2. The space S.(R?) has a natural Fréchet
topology, and we denote as S’(R?) its topological dual, a subspace of &'(R?).

Proposition 9.7. The definition 9.1 of Op?(h) extends to the case when h is an
even tempered distribution with Fh € (S'(R?))even, defining a weakly continuous
linear operator from S,(R) to the dual space of Sp(R).

Proof. Since, under the assumptions of Definition 9.1, one has, for v and v €

SP(R)7
01 Op () = [ (FR)wn) (o] exp 2im (1@ = yP) ) dydn, (930

one has to show that the function V(y,n) (the Fourier transform of the Op?-
concept of Wigner function) defined as

(V(v,w)(y,n) = (v] exp 2im (nQ — yP) u) (9.31)

lies in S (R?). Obviously, the function V (v, u) is continous and bounded. One has

L 0 0 2im (nQ -y P) 2i -
LI AL R = — yP) e2im (nQ=yP) 9.32
5o <y3y+nan> € (nQ —yP)e : (9.32)
and from the equation (¢f. Theorem 7.10)
exp 2im (nQ — yP) = e i H Y 2imnQ gim P , (9.33)

valid if n # 0, we get
1 0

: e2im (nQ-yP) — _ p2 p2im (nQ-yP) 4 2im (nQ—yP) p2 (9.34)
iw Oy

In view of (7.36), there is a similar formula which permits us to express the y a—aﬁ'

derivative of exp (2im (nQ — yP)). Finally, [n a%,y —38-7]] =7 a% -y 8%’ so that for
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every operator D in the linear space generated by y 3—‘1—, Y 5‘97—], n —8%, n 567—], one can
express (DV)(y,n) as a linear combination (the coefficients of which are polyno-
mials in y,7) of expressions (Av| exp (2i7 (nQ — yP)) Bu), where A and B are
operators in the algebra generated by P and @ (thus acting as endomorphisms of
Sp(R)). Then the same holds when substituting for D any element in the algebra
generated by the four first-order differential operators above.

What remains to be shown is that, given v and u € Sp(R), the function
V(v,u)(y,n) is rapidly decreasing as |y|+ |n| — co. To do this, we use the explicit
formula for V(v u) provided by Theorem 9.6 (compare (9.30) and (9.22)). Since
the operator y <= a +7 = 3 has been taken care of by (9.32), this amounts to showing
that the 1ntegral

Yl / / wn(my —¢2) P, 2?2 —y? + 2
2 2xt

x char (| — |y|| <t <z + |y|)dzdt (9.35)

is rapidly decaying to zero as |y| + || — oo. This is clear as y — oo since on the
support of the integrand, either z or ¢ is no smaller than %ly|, to arrive at the
same conclusion when |n| — oo, the easiest way is to use (7.36) again. O

For instance, since the first Definition (3.1) of the Eisenstein distribution &
is actually that of a measure, it is clear that €! lies in the space (S'(R?))even
when Re v < —1. This still holds when Re v < 0, v # —1 according to (3.25),
but not in general.

For our purposes in the present paper, however, it is much more convenient to
be satisfied with the following “minimal” definition (cf. remark following Proposi-
tion 6.3) of an operator Op”(h): as a weakly continuous operator from the linear
space algebraically generated by the sets of functions u? and u2*!, z € II, to the
algebraic dual of this space. For, then, Theorem 9.3, together with a “sesquiholo-
morphic” argument (¢f. what follows Proposition 6.3) gives Op?(h) a meaning
whenever h € &'(R?). Observe from (9.18) that if h is homogeneous of degree
-1 —2j for some j = 0,1,...,p—1, i.e., (in€)ph = 0, then OpP(h) = 0: in
particular £k = 0 implies Op?(h) =0 for every p > 1.

In particular, if A = h(z) with h € S.,.,(R), the operator Op?(h) is simply
the operator of multiplications by h. This is well known in the case of the Weyl
calculus; on the other hand, a formal argument, starting from (9.1), is immediate.
However, a more careful proof will at the same time provide us with a formula
which will be useful later. Using the decomposition (2.13) of a Wigner function
into its homogeneous parts, one sees that it is sufficient to examine the case when
h itself is homogeneous, or only that when h(z,&) = |z| 1™ with Re v < 0, in
which case Op(h) is just the operator that multiplies a function of z by |z|~17:
for, as a tempered distribution, |z|~'~" depends on v in a holomorphic way in
the set defined by v #0,2,....
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To begin with, one has for every z € Il and p > 0,

+1 p+3 poo
el ) = E (m (<2)) [ et g
p

I'(p+3) oo
ver I(p— %) N2
=(27)2 f(?i% (Im (—;» : (9.36)

When p = 0, i.e., in the case of the Weyl calculus, this of course coincides with
the scalar product (u.| Op(|z|=1"")u,).

Then, (6.21) and Theorem 9.3 (or Corollary 9.5) yield

(—im &)y .
), e z)>

= (S, W )

v+1
e

(3)p Cem= Fr((_f)) (Im (‘%)) S, (937)

and it suffices to compare (9.36) to (9.37): the same can be done with the functions
uB™! instead of the functions .

(2] OpP (|2~ )ut) = <lw|‘1_”7

We finally give a rather explicit, if in inductive form, connection of the Op”-
calculus to the Weyl calculus. It is essential, at this point, to consider simultane-
ously even and odd values of p: we thus call functions of the parity related to p
the functions on R which are even (resp. odd) according to whether p is. Note
that, when changing the parity of p, nothing is changed to the fact that, at least
for the time being, only even symbols on R? are considered.

One may rewrite Theorem 9.6 as follows: if p > 1, u € S§,(R) has the parity
related to p and x > 0, one has

y
fz+y| 2 2,2
/ Pys (w__+_t__y_) u(®)dt, (9.38)
(

z_yl 2$t

=) 332— 2
0P () =2 [ (5 (imem) (2—yty) dy

where F, ! denotes the inverse Fourier transform with respect to the second vari-
able; if u € S,(R) has the other parity, the formula remains true after one has
replaced p by p+ 1 on the right-hand side.
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Lemma 9.8. If h € (S'(R?))even s homogeneous of degree —1—v, |Re v| < 1, one
has for x >0,

v

vt = (=5), [ im0l et - e

P (Tt i, [ 2?4

x—t

if u e Sp(R) has the parity related to p; if u has the other parity, the formula
remains true provided one changes p to p+ 1 on the right-hand side.

Proof. Actually, the integral should not be considered as giving a pointwise value of
Op?(h)u, rather (after it has been extended to z < 0 by parity) a weak definition
in S,(R): the same remains valid in the computations which follow.

One has imr€h = —% h, and

et 4

vie—t

(Fy t(im ER)) (%y) =-3 (F5'h) <£g—t,x~t> . (9.40)

so that, for u with the parity related to p and = > 0,

Op @) = v [ v (e =) -y

|z+yl 2,42 .2
/ Ppy (ﬁt——y) w(t)dt (9.41)
|

z—y| 2(L’t
or
e t
(Op?(h)u)(x) = / (F5th) (E;—, - t) k(x,t)u(t)dt (9.42)
0
with
-+t 2 2 2
_ _ + -y
— _ v v—1 P -~ :B______
k(x,t) vz —t /]:c—tl y p—1 ( 57 ) dy

vz 1 2t =
:—uxt|x—t|-”(m2+t2)—z—/ <1 —L) Py_1(s)ds. (9.43)

-1 B 22 + 12 s
According to [31, p. 231],

1 2, 42\\ 3
2xt m(z®+1°)\? 2rxt
/ ) exp <’l‘ m 8) Pp~1 (S) dS = (T) Ip*% (m) . (944)

As Re v < 2, we can then use the Gamma integral to find
k(s,t) = ——a— 7% (at)} |z — |77 (2% + 12) 7
INE

Ry 2rxt
X/O r 2 e Ip—% (m) dt, (945)
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where, thanks to [31, p.92], the value of the integral is

v—1
v |1‘2—t2| 2 1‘2+t2
(o t) (Bt T gt (220 0
P73 <x2+t2> T1<|$2~t2| (0.46)
this proves the lemma. (W

Remark. Though the case when p = 0 (the even-even part of the Weyl calculus)
has been excluded from our computations (since we have used Theorem 9.6, which
does not apply in this case), the result of Lemma 9.8 is valid nevertheless, since
[31, p.172]

2 2 12 v
1 x°+t ~1, 92 9k ||jT—1? x+t|?
1\ Ty ) T mat)TE |zt -7 ;o (947
qs'”21(|a:2—t2| Unet) ™2 " =01 1| T le=) [P O4D
also, since h is homogeneous of degree —1 — v, one has
t]” t —t
i—i_t' (Fyth) (E‘;—,m—t> = (F;'h) (x2 ,m+t) . (9.48)

Now, on the whole real line, (F5 1h)(m7+t, x —t) is the well-known integral kernel
of Op(h).

The same verification (though, this time, it is not really necessary) would
work with the odd-odd part of the Weyl calculus, using (loc.cit.)
2 T+t
r—1t

_1 2442 t
vk, () = et bt - [ -

=\ 22 — 2

E ] . (9.49)

Theorem 9.9. Assume that p > 1, and let h satisfy the same assumptions as in
Lemma 9.8. On functions u € S,(R) with the parity related to p, Op¥(h)u is the
same as OpP~(h)u. On functions with the other parity, one has

1-p+3

Op”(h)u = —pg—“ Opp—l(h)u
+ 5—:;% [z OpP (h)(z ™ u) + 271 OpP L (h)(2u)]. (9.50)

Proof. That OpP(h) and OpP '(h) agree as operators acting on functions with
the parity related to p is a consequence of Corollary 9.5, which works just as well
when p — 1 is odd (with the usual switch of the two terms in the decomposition
of Sp—1(R)). Assume now that p > 2, and that u has the parity contrary to that
related to p. We start from Lemma 9.8, using [31, p. 165]

(-5 (o5 wr (20

3. 2442 2442 1. 2 4 42
= 41331__1 ( x°+ ) +(1-2p) i;‘p%ufl <L) . (9.51)
2 3

|22 — 2| 2t |22 — 12
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so that, for x > 0, recalling from the proof of Lemma 9.8 that the computations
which follow must be considered as valid in the weak sense in S, (R),

—5+p—1 v o 1 _1

D _ 2 _Z 2 42

O (h)a) = - =2 (<) /0 (dmat)} |a? — 23
T+t|% s, (2442 [T+t
p— ZB_Vz_l (|$2‘t2l> (F5h) 5 t) u(t)dt

2p—1 v o 1 2 2;—1 T t
—_— Axt)2 —t 2 [ — 4 —
+p+.g. ( 2),,/0 (dmat)® 27 =775 { 53 + 55

L gt (S e (St w e

9.52)

Paying much attention to the parity of functions involved, we end up with the
formula (9.50).

A slightly different proof is required for the part of the Op'-calculus dealing
with even functions. This time, we use the identity (loc.cit.)

Quxt  _2 z? + 12 1 1
=2 o (W = (mxt)7% 2% — £°|2
i1 —x_1
rz+t|? T+t 2
x 2)71 —
[(V +2) ( T~ Tt )
(-2 a:-i—t%_l_ r4t]72T )
T —t -1 '
(9.53)
the proof is quite similar, but we must also use (9.48) again. O

Corollary 9.10. Let h be an even tempered distribution with Fh € S'(R?). Then,
for every integer p > 1, the operator OpP(h) defined according to Proposition 9.7
agrees on functions the parity of which is unrelated to p with the operator

3 |@ow (Zn) e+ o (2 gn) @]

p—in& p—in&
+ OpP~! (ﬂ h) . (9.54)
p—iné&

It agrees with OpP~ (k) on functions the parity of which is related to p.

Proof. We first observe that the operator (p —im &)™}, defined on L?(R?) by

(p—in &) L h)(z,€) =2 /loo t72P h(tx, t€) dt (9.55)
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sends the space S.(R?) defined just before Proposition 9.7 to itself; since the
transpose (p+im &)~ of (p—im &)~ ! is the same as the conjugate of (p —im &)~!
under F, the operator (p—im&)~! is also well defined as an endomorphism of the
space of even tempered distributions A such that Fh € S'(R?). Formula (9.54) is
essentially, then, a rephrasing of (9.50), after a decomposition of functions in the
space S.(R?) into their homogeneous components has taken place. ]

Remark. It must be emphasized that Corollary 9.10 does not provide a link be-
tween the OpP-symbol and symbols of lower level of the same operator: in other
words, there is no simple formula for the Weyl symbol of an operator such as
() Op(h) (x~1). This explains why, in Section 12, it will not be an easy task to
extend our results on the Weyl sharp product of two power functions in Section
11 to the analogous question in the OpP-calculus.

10 Can one compose two automorphic operators?

In this section, we indicate why it is not possible to compose, in the usual sense,
two operators the Weyl symbols of which are FEisenstein distributions or cusp-
distributions; but that one can do so if one substitutes for the Weyl calculus
the OpP-calculus, for some number p > 2. If one is satisfied with a minimal
definition of such a product (this concept is introduced just after Proposition 6.3
and recalled between (9.35) and (9.36)), the condition p > 1 suffices. Actually, in
Definition 13.2, we shall show how a rather indirect definition makes it possible to
finally work with the Weyl (p = 0) case. The Op”-calculus, however, seems to be
unavoidable (Theorem 10.7) if one wishes to compose a number N > 3 of operators
with homogeneous automorphic symbols: as mentioned in the introduction, this
has some bearing on the question of associativity for the partially defined sharp
operation on automorphic symbols.

Consider the distribution b% (n # 0) defined as

(6% h) = |n|% /oo It~ (F7 L) (%t) dt | (10.1)

— o0

in other words 4
bl (2,€) = [n|% ¢ ¥ e®E (10.2)

It occurs in the Fourier series decomposition (3.25) of the Eisenstein distribution
@! . also in that (4.4) of any cusp-distribution. We are interested in it as a con-
stituent of a I'-invariant distribution, so it is just as well to consider instead the
distribution

ar =b0 (), (10.3)

i.e.,
ol (z,6) = |n|¥ |zt 7P (10.4)
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We want to compute OpP(a%) by an application of Theorem 9.6, thus starting with
the elementary observation that Fal = a_.”. Let us point out that, in the present
section, we have to deal with symbols in &’(R?) not in S'(R?). Nevertheless, they
give rise, in the OpP-calculus, to operators at least in the minimal sense: we can
still use Lemma 9.8 for the computations, as an easy continuity argument shows.

We first compute the Weyl operator Op(a¥) = Op°(a%), using (9.1): since (a
remembrance from Heisenberg’s representation)

<exp 2w (nx - 2—3:; (%) u) (z) = u(x —y) 2@ (10.5)

we find, if Re v > 0,
(Op(a%)u)(z) = n|~% / " (e — ) 253 dy dn (10.6)
RZ

(this is of course meant in the sense that the result has to be tested against a

function of x in the space S(R)). Now the equation ¥ + 7 = Z is solvable

only if 2 > 2n and, if 22 > 2n, it has two solutions y = z &+ v/22 — 2n; also,
d 2 . .

y?—2n = £2yv/a? — 2n and |F¥| = e = \/z|29_| s=. This yields the result, after

complex continuation has been used:

Proposition 10.1. For every n # 0, v € C, and u € S(R), Op(aX)u is a function,
gwen as

(Op(a®)u)(x) = |n|~ 2 char (22 > 2n) (z* — 2n) "2

Y u(—\/x2~2n) —I—'x—\/x?—?n’y u(\/x2~2n)] .

(10.7)

X Hm—l— z2 — 2n

This explains why we cannot use the Weyl calculus in any direct way in our
present investigations. For, if n > 0 and » € S(R) does not vanish at zero, the
function Op(a%)u will never lie in L2(R), because of the factor (22 — 2n)~2: it
just fails. This absolutely prevents us from giving a meaning to a product like
Op(ay) Op(ay2) with ng > 0 and n; < 0, not even in the minimal sense, which
would call (starting from the observation that the adjoint of Op(aZ)is Op(a”,,))
for giving at least

(uz] Op(ay) Op(ay2) uz) = (Op(a”,,,) uz | Op(ay2) uz) (10.8)

a meaning for all z: note that we have not even come, yet, to the problem of
summing with respect to m, which in this case of course makes things even worse.

The most salient features of the operators Op(ak) in (10.7) or Op?(ak) to
be analyzed presently, are easily explained in relation to the following lemma.
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Lemma 10.2. Given p €]0,1], define the following two Hilbert spaces of measures:

Lg\’,’;n:{u: iam [6(:3— 2(p+m)) +5(m+ 2(p+m))} :

m=0
[l event = 22> (0 +m)? |am|? <oo} (10.9)
0

and

rigy={u= 3on oo z<p+m>)—a<x+ )]
[l g =28 (4 ) fa? < oo} | (10.10)
0
Then L2(R) can be written as the Hilbert direct integral

1
PR =0 | (10 L) d. (10.11)

Proof. Split u € L2(R) into its even and odd parts Ueyen and tuoqq. Defining
Upeven 8N Up odd as the sums within the right-hand sides of (10.9) and (10.10),

Ueven ( \V 2(p+m))

setting a, = W in the first case, and using in the second one the

same formula with uoqq substituted for ueven, it suffices to verify the formulas

1 1
U= / Up,even dp + / Up,odd dp,
0 0

i
Jul? = / [t even2 oven -+ o 12 000 | - (10.12)
D

Now, consider the commutative subgroup C = {& (19);c € Z, ¢ = £1} of

I': recall that the p-metaplectic unitaries above (1 9) are the two transformations

. 2 . —_ .o
u — e y, and that the transformations above ( 01 ~01) are u +— =i,

i . —im(B41
since the transformations above (% 3) are +e " (5+%) F, (a consequence of

(7.8),(7.33),(7.34)). However, it is simpler (so as not to have to use any two-fold
cover) to use on C the modified representation which agrees with the metaplectic
representation on elements (1) and simplifies on the element (' %) to the
unitary transform u +— . The Hilbert space decomposition referred to in Lemma
10.2 is none other than the decomposition associated with the set of character2s of
Ny

C, i.e., with pairs (£1, p), where p is a real number mod 1: indeed, on L%2 ®L7,,

the transformation u — €™y acts as the multiplication by e?"°?  and the
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transform u — @ of course acts on each of the two spaces in the last sum as
(ﬁl)parity.

As shown by (10.4), a¥ o (i(l))_1 = a7 when c¢ € Z: the covariance of the
OpP-calculus under the p-metaplectic representation thus shows that the operator
Op®(a¥) must commute with the decomposition referred to in Lemma 10.2.

Theorem 10.3. Let a” be given by (10.4), with |Re v| <1 and n € Z*. For every
even p > 0, and u € (Sp(R))even, one has

(OpP(ay) u)(z) = 2% (%)% (—g)p char (22 > 2n)
(___Ezl_w_l %)2 %_12_1( ) U(M) (10.13)

and, if u € (Sp(R))oda, the same formula holds after one has changed p to p+1
on the right-hand side and inserted the factor signzx.

2

z
1— 2
n

Proof. We apply Lemma 9.8, with

1 v T+t z
rta) (Tt - t) =

Now the equation ¢+ ;2% = g is solvable if and only if 22 > 2n, and its non-

negative solution is ¢t = v/z2 — 2n, Also,

T+t
2

- (5(9:—t— 2n ) . (10.14)

T+t

dt 4+ Va?-2n (10.15)
dz—t— 2% 2va?—2n '
This immediately leads to the sought-after result. 0

We prepare for the analysis of Op?(€#) by the remark that, since & is in-
variant under the linear action of the matrix (? _01 ) €T, (3.25) may be rewritten,
if v#-1,0,1,2,..., as

oo

(eh,h) =((—v) /oo [t (F5 ) (t,0) dt + ¢(1 — ,,)/ [t|7¥ h(0,t) dt

- — 00

+Y_ Inl"Eau(lnl) (ay, k), (10.16)

n#0

in other words

€l (z,6) = C(~v) | ™7 + C(1 - v) 8(2) €]

+ Y Inl" % ou(In)) al(z,€). (10.17)
n#0
In Theorem 10.3, we computed the operator A%: = Op?(a’). We now com-

pute the operator corresponding to the second exceptional term.
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Proposition 10.4. Assume that |Re v| < 1, v # 0 and that p is even. The operator
AY: = OpP(6(x) |€|7Y) is given as follows: on even functions lying in Sp(R), it
coincides with the operator

u cp(v) |z (10.18)
" (5) (-3)
 D(=%) (=L
p(v) =277 2= 2 (10.19)
: L) S
on odd functions, it coincides with the operator
s cprr (V) |z (10.20)
where cp+1(v) is obtained by substituting p+ 1 for p in cp(v).
Proof. Tt is easily found that
(izv
G (@) lel~) = 2¢n~d L o, (10.21)

()

Recall from what immediately follows (6.22) that, on even functions, an operator

Op?(h) coincides with OpP(X,h) with X, = (&?gg)i” G. The same goes for odd

functions after X,11 has been substituted for ¥,. Proposition 10.4 thus follows
from the fact, proved just in (9.36)—(9.37), that if h depends only on =z, the

operator OpP(h) is the operator of multiplication by the function h. O

Because of Proposition 10.4, the first two terms on the right-hand side of
(10.17) are quite obvious to deal with: the first one yields, under Op?, a bounded
operator from S,(R) to L?(R) provided Re v < p — %, and the second one does
the same if Re v > % — p. Under the condition |Re v| < p— %, one sees also that
each of the first two terms on the right-hand side of (10.17) yields, under Op?, a
bounded operator from L*(R) to S, (R) since, as a consequence of (10.1) together
with the fact that the operators exp (2im (nQ — yP)) are unitary, the adjoint of an
operator Op”(h) is Op”(h), just as in the Weyl calculus.

The image, under OpP, of the series on the right-hand side of (10.17), though
of course more difficult to analyze, actually behaves better in a way.

To prepare for the proof of a precise result, we need a certain estimate ((10.27)
below) which goes more than half-way towards the proof of a certain version of
Cotlar’s lemma, all the practitioners of pseudodifferential analysis will find essen-
tially familiar: this lemma, proven by Cotlar [14] and shown in the same paper to
be relevant for the study of such operators as the Hilbert transform, seems to have
been first applied towards the study of general pseudodifferential operators in the
paper [9] of Calderon-Vaillancourt. Note, however, that our present version (which
we used to teach ten years ago, but never properly published) is both stronger
and easier to prove than the more familiar one (¢f. remark below): this is why we
cannot resist adding the few extra lines from (10.27) to (10.28) so as to complete
the proof.
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Lemma 10.5. Let H be a Hilbert space, and (Ayn)n>1 a sequence of bounded linear
operators on H. Set

ky(n,m) = ||| An] % |Am|? |
and
ko(n,m) = || [A%|% [A%|2 ||, (10.22)

where |B|: = (B*B)z for every bounded operator B. Assume that there exist two
constants C1 > 0 and Cy > 0 such that, with 7 =1, 2,

(NIE

> ki(n,m) |z lw| < C; (lenlz’) (Z ;wm|2) (10.23)

n,m

for all sequences of numbers (zn)n>1 and (Wy)m>1. Then the operator A defined,
in the weak sense on H, as A =Y. A,, is bounded on H, and satisfies the

estimate || A|| < (C1C5)3.

Proof. We use the so-called polar decomposition B = U|B| of any bounded linear
operator B [41], where U is a partial isometry: it is characterized by the given
relation on the closure of the image of |B| and the fact that it vanishes on Ker |B|.
One then easily sees (taking the square) that |B*| = U |B|U*. As a consequence,
one finds, for any pair u,v of vectors in H, that

1 w1
(| Bu)l < [[[Bl2u][[|[B*[2v] : (10.24)
indeed,
1 1oy
(v Bu)| = |(v,U|Blu)| < | [BI>u| [[|B]?U*v | (10.25)
also,
PR . " £ 1
[1BI2Uv > = (v|U|B[U™v) = (v||B*|v) = || [B*|2 0> (10.26)

Thus, for every n,

Zl(lenU)IS(Z(UIIAnIU)) (anAmv)) : (10.27)

n
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this reduces the problem to the case when A, = A% for all n, a positive semi-
definite operator, in which one may then conclude by

| Au® =) (Amu| Anw)
=" (ahahatu) ai)

<Y kiln,m) || AZu || AZu|

3

<0 Y| Al
=C; Z(ulAnu)

= C1 (u, Au)
<CiflAuffu]- (10.28)

O

Remark. In the usual Cotlar’s lemma, instead of the kernels kj(n,m) and kao(n,m),
one has to deal with K| (n,m) = || A, A%, ||z and kj(n,m) = || A5 A ||2. The

m
preceding lemma, is stronger since on one hand

1An]Z [ A2 12 = [ 1Am] ® | Al |Aml? |, (10.29)

and an application of Hadamard’s three line theorem (which can be found in many
places, for instance as Theorem XII.1.3 in [73]) to the function

F(2) = (0] | Am| 5% |An| |Am] 2~ w) (10.30)
permits us to prove that
1 1
[11Am |2 [Anl [Am|2 | < [Anl[Am] || - (10.31)

with partial isometries U,, and U,, such that |A,|=U,A, and |An| = |An|* =
Ar,Ux,, one also gets

[ [An| [Am] | = | UnAn AL UL ||
< | AnAg | (10.32)

m

which justifies this remark.

Lemma 10.5 will not really be needed here: only the fact (a consequence of
(10.27)) that the two conditions > || |[A,| || < coand Y || |A%L]]| < oo are sufficient
to ensure the weak convergence of the series Y A,.
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Theorem 10.6. Consider, for € > 0, the Hilbert space H = L*(R, (1 + 2%)¢dx) =
{fuonR: [% (14 %)% |u(z)|*dz < oo}. Consider the operator

A=7"|n|"% 0,(In|]) OP*(a};), (10.33)
n#0

the OpP-symbol of which is the sum of the series on the right-hand side of (10.17)
(from which the first two terms have been excluded). If p > 2, and |Re v| <
min(1,p— %), the operator is well defined, in the weak sense, as a bounded operator
from H to L23(R), provided that € > 1+ |Re v|. In particular, in the case of the
FEisenstein distribution Qfg)‘, A € R, this works as soon as p > 2, and € only has to
be > 1. If sm§ s an arbitrary cusp-distribution, as defined by the series (4.4), one
can define in the same way the operator Op? (smg) as a bounded operator from H
to L*(R) as soon as p >3 and ¢ > %; this result could be improved to p > 2 and
€ > 1 if the non-holomorphic Ramanujan-Petersson conjecture had been proved.

Proof. Forgetting the constant (i.e., independent of z and n) coefficients on the
right-hand side of (10.13) (one may then assume that v # 0 if p > 1), set

(Bru)(z) = |n|*% char (2° > 2n)

n

1
z 2 1 x? — n) ( 3
—— 2l — ] ulVz* — 2n) 10.34
(\/x2~2n> k4 3 ( n| ( )
where u has the parity related to p, and z > 0; the case when the parity of u is
opposed to that of p works even better (with the same proof), and we shall not
worry about it. After a change of variable z — +/x2 + 2n, it is immediate that

the adjoint (B%)* of BY in L?(R) is given as
(BH)*=B",,. (10.35)

The two transformations  — va2 + 2n and x — v/z? — 2n destroy each other in
— = 1 . .
the product BY, B, and |BY%| = (BY, BY)z reduces to the operator of multipli-

cation by the function
2
i_ x“+n
3P
m——l{u ( |n| )

z |n|*% char (2% > —2n) (10.36)

Recall from [31, p. 153] that

1 ip o (s—1\*"
(o) izio- (22)

Al

1+v 1—-v 1 1—s
2F1< 5 ,——2——,54‘?»7)-

(10.37)
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When s = TT;L’" and 22 > —2n, one has s > 1 and 1—2— 0: recall that the

hypergeometric function is well defined and C* on | — oo, 1[. When 1 < s < 2,
we simply write

|q3§j_2f’l(s)[ <O(s—1)5 %, (10.38)

For s > 2, we use the “linear transformation” of the hypergeometric function [31,
p- 48] (recalling that |Re v| <1, v #0)

2 2
S
2 > I'(3 +p)(+v) 1Fv v 2
” oy 2F1 ,p¢—;1¢u;—> 10.39
§<1+s> FiE Ly T\ T2 PR ) U109
to get the estimate

1i_ e v|—

P22 (s) < C(1+s) 5. (10.40)
2

We are actually asserting that the operator A will be bounded not as an
operator in L?(R), but as an operator from L2(R,(1 + z2?)¢dz) to L?(R) for

suitable € > 0. This amounts to a claim concerning the operator A (1+x2)7% as
an operator in L?(R). We thus set
C*=BY(1+2%)7 %, (10.41)
so that |CY] is the operator of multiplication by the function
- 2
z— fou(z): =n|” % char (z° > —2n) (14 %)~ 5 |27 <%ﬁ> (10.42)
= n

and |(C%)*| is the operator of multiplication by the function

2

D (’”—_—’1>1 . (1043)

|

R
2

T |nl_% char (2% > 2n) (1 + 2% — 2n)

Since both operators [C%| and |(C%)*| are multiplication operators, finding
their operator-norms is a trivial task: as is easily seen, all we have to do is to
consider the supremum of the function on the right-hand side of (10.42) in the
case when n > 1. It is no loss of generality either, diminishing ¢ if needed, to
assume that

1
|Reu[~|—1<€<p——§. (10.44)

From our preceding review of the hypergeometric function,

Faw(@) <Cn~3 (14225 (ﬁfﬁ (10.45)

n
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if <1, and

n

|[Re v|—1
2

faw(@) <Cn~% (1422)°% (1 + %) (10.46)

if 3;— > 1. In view of our assumption that |Re v| < p — %, the estimate (10.45),
together with

|Re v

n|= % ou(inl) = O(Inl "= log|nl),  |n| - oo, (10.47)

is sufficient in the case when |z| < 1;if |z| > 1 but 2% < 1, we multiply the

n

right-hand side of (10.45) by (_T%)%(p_%*s), getting the estimate

—1l—¢

fap(@) <Cn72 (10.48)

sufficient for our purposes thanks to (10.47), as a result. Finally, if %2 > 1, we
—e+|Re v|—1

multiply the right-hand side of (10.46) by (%) 2 and find (10.48) again.
This concludes the proof of the part of Theorem 10.6 dealing with the operators
associated to the Eisenstein distributions.

In the case of a cusp-distribution £m§ in the place of the Eisenstein distribu-
tion, there are only two changes: first, the two exceptional terms from the analogue
of (10.17) are absent (cf.(4.4)); next, the coefficient |n|~% 0,(|n|) has to be re-
placed by the coefficient b, from the Fourier series decomposition of M ;. Now, it
is no loss of generality to assume that M; is a Maass-Hecke eigenform, in which
case, while waiting for a proof of the non-holomorphic Ramanujan conjecture, one
can be satisfied with the inequality |b,| < C [n[l%“, proved by Selberg [43], as
quoted in [48, p.220]. O

! ven(R?), acts from S, (R) to
L?(R), the operator Op”(6) acts from L?(R) to S,(R). Theorem 10.6 thus gives a
meaning, as an operator from S,(R) to S,(R), to a product Op(h1) Op(hz) where
p > 2 and each h; is an Eisenstein distribution @, with |Re v| < 1, or when p > 3
and each h; is a cusp-distribution or an Eisenstein distribution.

As soon as an operator Op?(&), where & € S

The OpP-calculus not only makes it possible to compose two operators with
homogeneous automorphic symbols: it even permits taking the composition of any
given number of such operators, provided that p is large enough. To see this,
introduce for € > 0, § > 0 the space

H.s5 = L*(R,|z|~2°(1 + 2%)° dz). (10.49)
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Theorem 10.7. Let (£,8) and (&',8') satisfy for some a < 1 the following set of
inequalities:

§—6>a+1, (e=8)—(¢'=8)>a+1,
1 1
> - -, > 44
p_2 p_2+ )
/ 7 3 3
p>e -6 +a +§ p>5—€+a+§. (10.50)

Let 9! be any homogeneous automorphic distribution, the Fourier coefficients of
which satisfy the estimates |b,| < Cn|% for n # 0: any « > |Re v| will do in
the case when M = &' and any o > -“:l will do in the case of a cusp-distribution.

Then the operator OpP (M) is bounded as a linear operator from H. s to Her g

Proof. Before we give it, observe that given any pair (¢’,4’), one can find (g, ¢)
and p such that all the inequalities (10.50) are satisfied: this proves our assertion
concerning the possibility to compose any number of operators with homogeneous
automorphic symbols in the appropriate OpP-calculus.

Instead of the operator C¥ in (10.41), we now have to consider the operator

= 2|77 (1 +2°)7 BY W( +a%) %
= BY o (@® + 2n)"F (1 + 22) "5 (1 + 22 + 2n) 7 char(z® > —2n). (10.51)

Then |DY| is the operator of multiplication by the function

PLL <l;ln>

and |(DY)*| is obtained in the same way, substituting —n for n and the pairs
(—€’,—d") and (—¢,—0) for (g,8) and (¢/,d’) respectively: this substitution leaves
the set of inequalities (10.50) invariant. Also, the case when n < —1 reduces by a
change of variables to that when n > 1: using (10.38) and (10.40) as

In(T) = ln|"% char(z® > —2n)

el (@ +2n)"F (1 +22) (1 +a? 1 2n)F

. (10.52)

[Re v| _ 1

|‘J32 L(8)] <C(s—DEF (s 1)~ 4 (10.53)
we find

gun(z) <Cn 2|z (2® +2n) T (1 +2°) 3 (1 + 22+ 2n)%
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el -8’

When |z| <1, since § +p — % > 0, this is less than Cn~1T"% % so that

Z n? S$UP|y <1 Gn,v(T) < 00 (10.55)

n>1

under the assumptions made. When |z| > 1,

|Re S—¢

gn,u(flf') <Cn~ 2V|(:1;2) > +E8—% (1‘2 + 2n)

1_ 5t
€ s |Re V' P 1
5 J’_T_

i (10.56)

If the exponent of z? is > 0, this is

_ IRe v|

<Cn~ "7 (224 2n)

(e'=8")—(e=8) | |Re v|-1
£ 5 3 + 8211

(e'=§')—(e~8)—1
2

(10.57)

and the same holds in the case of a cusp-distribution img., in which we must
substitute iA; for v. If, on the contrary, p < % 4+ € — 4, one has

E’*Jlfp 1

gn,u(x) <Cn—z 714, (1058)
In both cases,
Z n2 SUP|4(>1 Gn.(T) < 00. (10.59)
n>1

The assumption § —¢’ > |Re v|+1 is needed only in the case of an Eisenstein
distribution where, in conjunction with the inequality (e—68)—(e’'—¢’) > |Rev|—1,
a stronger version of which has already been assumed, it lets the two exceptional
terms, which are (Proposition 10.4) the multiplication operators by |z|**~1, act
from H.s5to He . O

11 The sharp product of two power-functions:
the Weyl case

In this section and the next one, as a preparation for the composition formula of

P P
Section 17, we examine a sharp product |z| 17¥1#|¢|~17¥2 where # of course
denote the sharp product in the OpP-analysis, characterized by the formula

OP? (hy #hs) = Op” (h) OP (hs).

It is sometimes convenient to analyze separately the commutator and anticommu-
tator part and, in a corresponding way, to make use, on II, of the Poisson bracket
of two functions together with their pointwise product.
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Definition 11.1. Given two even symbols &7 and hg, such that the product, in any
order, of OpP(hy) and OpP(hs) makes sense, we set

P P
3 (h1#h2 + hz#h1> itj=0,
ha AP hy = (11.1)
J

1 P P .
5 hl#hg—hg#hl lf]:].t

when dealing with the Weyl calculus (the p = 0 case), we shall usually drop the
superscript p. Given any two functions fi, fo € C°°(II), we set

) hf ifj=0,
h ?fz‘{é{fl,fz} =1, ()

where the “Poisson bracket” is defined, with z = z + iy, as

. 0f10fa  0f10f
{f17f2}' _y2 ( ay 6117 +%8—y>

We need to briefly refresh the reader’s memory on the spectral decomposition
of the (non-automorphic) Laplace-Beltrami operator A on II.

(11.3)

As a consequence of spherical representation theory, if f € C§°(II), one may

write (Mehler’s formula)
A
/ Iz (—— tan h———) dX (11.4)

Hz) 47r2/f Posy 12_(coshd(z w)) dp(w), (11.5)

with

where P _1 1y is the usual Legendre function, d stands for the geodesic distance

on II, and the numerical factor on the right-hand side of (11.4) is |c(3)|72 in terms
of Harish-Chandra’s ¢-function. One may note the formula
[ (1A T (1=id
™ ™ L) TS (11.6)

22 Ty TR

Let H;x be the completion of the space of all fy (f € C5°(II)) under the
norm defined by

1ixle, = (47*)72 HxHf( 2) f(w) B _ 1, 12 (coshd(z,w)) du(z) dps(w)

= (@)~ (f, ) ey (11.7)

1
2
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Then

> A A
sy = 4 [ 1B, (e ) an (118)
and since )
Afy= 0+ )f, (11.9)

(11.4) and (11.8) express the decomposition of L2(TI) as a Hilbert direct integral
of eigenspaces of A.

One way to prove (11.4)—(11.5) without harmonic analysis — but with the
help of a few special function formulas — is based on the Stieltjes-Stone-Kodaira-
Titschmarsh theorem [41] or [48, p. 111], which gives the spectral density (when it
exists)

dE, 1

Fr o [T (o 0™ = (T o 0) )] (11.10)

relative to the spectral decomposition

I:/dEp, T:/pdEp (11.11)

of some self-adjoint operator 7" in our case, T = A, acting on the Hilbert space

L3(IT), so that the dp-integral only takes place on [%, oo and we may set p = %A—Z;
2
we are more interested, actually, in & E, 2 = 3 (df;") (p = 122). Now the
4
resolvant of A, i.e., the operator (A — 1_4”2 )~ is given if Re v < 0 as

(coshd(z,w))dp(w) (11.12)

(NS

((A_ 1—41/2)_1 f) (z):%/r[f(w)agéﬁ

in terms of some Legendre function: a proof of this can be found, for instance, in
2
[29], or [48, p.270] or [62, p.206]. If A > 0 and v = —0 £ 4}, one has 15~ =

—I‘Z’\Q +40, so that the integral kernel of ‘{% at p= 1":{\2 is given as
1 1
o [2.4-50) —Q_%Jr%(é)] (11.13)

with §(z,w) = coshd(z,w). One can conclude with the help of the equation

2 4724

to be found in [31, p.164].
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One should be careful to notice that, in the spectral decomposition of a
function f on II, the subscript A in fy always satisfies A > 0, and points towards
the (generalized) eigenvalue 1—";%3 of A. On the other hand (¢f. (2.13),(2.14)), on
(even) functions h on R?, the subscript A in hy can be any real number, and
points towards the (generalized) eigenvalue -—% of £, corresponding to functions
homogeneous of degree —1 — iA.

Recall from (9.37) the formula

—v-1
i vt o " 22\ 7

(us|Op(|2] " )us) = 2 75 T (-2) (Im Z) , (11.15)

v # 0,2,.... We need to extend (11.5) as a definition for some more general

functions f, built from analogues of (11.15), not even square-integrable in general.

Even though 3_ 1y is an even function of A, we shall always, for clarity (so that

it should be clear that we are dealing with a spectral decomposition on II, not
R?), assume that A >0 in f.

Lemma 11.2. Let €1 and &g salisfy €1 +e2 > —1, |e1 — g2 < 1, and let a
continuous function f on Il satisfy

[N

if(z)l < C (%2;)?7— (Im 2)~7 (11.16)
or o 3
2 —2 T2 1
|f(2)] < C|Re 2| <%> (Im 2)7% (11.17)

for some constant C > 0. Then, for every A > 0, one may define fr(z) by (11.5),
where the integral is convergent.

Proof. According to the decomposition of

14dd 1—42  1—t
2 T2 72

Ty () =P ( (11.18)

provided by the first two lines of [31, p.48], one sees, remembering that the hy-
pergeometric series takes the value 1 at the origin, that

B o <CEE, t oo, (11.19)
Then

B3 1 2 (coshd(z,w))| < C (coshd(z, w)) 2

1
2

< C ™% (coshd(i,w))"?

. 2 2\ —
O o252 <1+(Imw) + (Re w) )

[N

11.20
2Im w ( )
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If (11.16) is satisfied, we thus have to bound the integral

[
I Yy
4 1+2
:/ sin 9d9/
0

When (11.17) is satisfied, there is an extra factor

DO

_1
y# <1+x2+y2> 2 dxdy
y y?

(1+7%) "3 dr. (11.21)

zz—ﬁyf’ which is less than 1. O
We shall begin our analysis of a product Op?(|z|~1~*1) Op?(|¢|~17"2) by the
Weyl (p = 0) case. This case is much easier in view of the second (the first, histor-
ically!) covariance property of this calculus, to wit that related to the Heisenberg
representation. Indeed, recall that the Weyl calculus is related in an easy way to
the standard, or convolution-first, calculus, the definition of which is given by

(Opaaiu)(@) = [ @ ulw) e dyds,  weS®.  (1122)

It is immediate that both operators Op(h) and Opq(h) can be defined, whenever
h € 8'(R?), as linear operators from S(R) to S'(R). Also, as is well known (cf. e.g.
[562, p.15]), the standard symbol f and the Weyl symbol g of the same operator
are linked by the formula

Cep (-2 ) (11.23)
9= P\ " Gin ogoe ) 1 '

(Fr9)(n,€) = (1) (n,ﬁ - g) ; (11.24)

where F; denotes the Fourier transformation with respect to the first variable,
defined as (F19)(n,€) = [ g(z,&) e~ 2" dz. The easiest way to check this formula
is to check, from (11.22) and (2.1), that (with & = Fu)

or

F(Opya(h)u)() = / (Fuf)(n— €,6) a(€) d

and

FOpmn = [ (£ (n g, 1EE ) ae)de.  (11.25)

Defining the product of two operators Op(h1) Op(hz) is always possible when
the two symbols lie in &’(R?) and are such that the first one (as a function of
z,€) depends only on z, and the second only on &: for, in this case, one may
take Schwartz’s space O [42, p.99] as an intermediary space (one would take

¢ if one were interested in the product in the reverse order). Moreover, in this
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case, the standard symbol of the product of operators above coincides with the
pointwise product of the two symbols, and (11.24) makes it possible to compute
the Weyl symbol of the product as well: this is the method we shall use presently.
More generally, we shall say that a symbol A is polarized if it depends only on
some (non-zero) linear combination ax + b€ of x and &. Two polarized symbols
are transversally polarized if the linear forms they depend on are linearly indepen-
dent: in this case, the two associated operators can be composed in a meaningful
way, since the conjugation by some metaplectic transformation (recall that all
metaplectic transformations preserve the space S(R) as well as its dual) reduces
the problem to the particular situation of a pair of symbols the first of which de-
pends only on z, the second only on ¢ (the intermediary space, however, is not
preserved). One may recall (2.5) at this point.

The next theorem is a special case of Lemma 5.1 in [62]. We take this oppor-
tunity to give a few more details about the proof, the previous version of which
made use of semi-convergent only integrals. We first set

[t]5: = [t|* (sign(t)), acC, j=0,1. (11.26)
As a matter of fact, in view of our investigations with automorphic distributions,
it would be sufficient to consider only sharp products of non-signed powers, ¢.e., of
the kind |z|~1~"14£|€|~1~72. However, the consideration of the more general case
will be unavoidable in the induction procedure to be carried in the next section
in relation to the OpP-calculus. Before stating the theorem, let us recall that
x — |z|;' 7" is well defined as a tempered distribution, depending holomorphically
on v, for vk k+2,....

Theorem 11.3. Let &k = 0 or 1, and let v1 and vy be complex numbers with
[Re (h —12)| <1, Re (h + 1) > —1, and 1 #k,k+2,..., 0 #kk+2,....
For j=0o0r1, and A € R, set

2
I‘( l/1+2k+1 )F( I/2+2k:+1)

vitrg—iA—=5 vitvg—ix | itk T —vatk
CJ(VI;VZ,k,ZA):z = 22 > m 1+22 2 ( 2 ) ( )

14v1 —va+HiA+2) 14+vy +vo—id+2(j+k—25k) 1—vi tva+id+2j
« ij+k42jlc F( 4 >F( 4 >F( 4 )

1—v +D —1 +27 1—v —V2+’L)\+2 ]+k—‘2]k +D — 77>\+2 l :
1 ( . Z 2 )I ( : 4 ( : )I ( ! Z )
(11.27)

Let hy(z,€) = |z|, "7 and ha(z,€) = €| 772, Then one has, in the weak sense
in S'(R?),

hl#hgz/ Ry d), (11.28)
with
. —1—vy+vg—iA —l+4v;—vog—iX
ha(z, ) = Y Cilv,vasksid) [l 2 [¢l; = . (11.29)

7=0,1
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Proof. The claim is that, for every function W € S(R?), one has

o
(b, W) = / (hx, W) dA. (11.30)
-0
Using the estimate [31, p. 13]
ID(z +iy)| ~ (2m)2 e EW [y7~2, Jy] — oo, (11.31)

we first remark that the coeflicient |C(v1, vo; k; i))| is majorized by some constant
times |A|zRe (1H2)_ Gince

a —1— v1+u2 i\ 71+u127u2—i)\
(o35 +€5¢) (et €l )

~1-vy4vg—iX —14vy—vo—il

=(=1-1A) lle ’ |£IJ * , (11.32)

the right-hand side of (11.30) can also be written for any positive integer N as

/ E Cji(v1,va; ;i) (14X "N dx

0 j=0,1

,l—v1;u271’/\ —1+l/12—u2—i)\ o P N
|z ; €], - £3£+2 W), (11.33)

a convergent integral under the assumptions made on W and v, v5. On the other
hand, as a consequence of (11.23),

_ —1—vq —1—vs _1_ 82
<h1#hz,w>—<|x| €l ,exp(_mmg)@, (11.34)

a holomorphic function of v, v5 in the domain indicated. This makes it possible
to assume, without loss of generality, that —1 — Re v < Re 11 < Re vy < 0.
Under this condition, one may write, using (11.24),

Nk v 43 F( V1+k) > 2w vy 1=ve

(P1dths)(z,§) = (—4)" 772 F—(,,m/ e nly 5——‘ dn,
2 — 0o
(11.35)
as was done in [62], (5.28), as well as
1 Ry
(hi#tha)(s) = — X (hi#ho)(rs, ) dr
27r 0

1 . vi—3 F(lﬁ:@) o v < ) iTTrSs n 1w
=3 (—i)kn1=z —F(,,1+21+k) / e dﬂ/ it g2imren }7“* §}k dr,
) Joe 0
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as written in loc.cit., (5.30). To improve the convergence still, one may write

(ha#h2)(x,€) = lim._o(h1#h2) (2, §) , (11.37)

with
(ha#tha)® (z,6) = €2 (hy#tha)(z, €). (11.38)

Substituting (h;#ha)€ for hi#ha, one is led to inserting the extra factor e 2mer?
under the last integral on the right-hand side of (11.36): then one is dealing with
a genuinely convergent double integral, and the rest of the proof of Lemma 5.1 in
[62] goes without change. O

Reading the rather technical rest of this section is not necessary for the
sequel. The main interest of Theorem 11.4 is to show why, when coupled with
spectral decomposition, the bilinear operations # are so closely related to the

J
pointwise product and Poisson bracket on II. A similar phenomenon will show
up in Section 17. Theorem 11.4 and its corollary are also necessary if one tries
to repair the heuristic proof, given in Section 5, of our main formula: we have
chosen a different path, in Sections 13 to 15, but the one not expounded would be
needed if one wanted to treat the case of two Eisenstein factors €,, and €&,, with
Revi > 1, Re v > 1.

Theorem 11.4. Set
F77(2) = (w2 | Op(lz) ™" Jus) x (uz | Op(J€] ™72 )us) . (11.39)

Assume that |Re (v1 £ w2)| < 1, 11 #0, v2 # 0. Then, for all z € T1, one has

(ualOp(lz] P 1) = 72 S (i [
p(ja I |
I (H )TC’V

1—v1—va+id4+25 1— v1+u2 IA+27 14+, — l/2 iIA+29 1+v1+va+Hid+25
NESES aa r r 2

(F572) 5 4,

(11.40)

where the operation indicated by the last subscript |\ is defined according to
Lemma 11.2, i.e., by equation (11.5).
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On the other hand,

(uz|Op(lfy " #ElEl 72 )uz)

2y P52 (Ag) (M) T(H2) /°° N w—)
. D(—)D(= ) D) D(352) Jooe p(3amratd=2i)y

14+iX 1—4A
M(==)T(52)
P( 1—vy +ui—i)\+2j )P( 1411 ~Vi~i/\+2j )1—\( 1411 +uivi)\+2j )1—\( 1+, +1/Z+i/\+2j )

(f’.’l”’2)|)\| dA.

J

X

(11.41)

Substituting ul for u, on the left-hand side, one has in both cases a similar
wdentity after one has plugged the extra factor —i) on the right-hand side.

Proof. With Cj(v1,v2; k;i)) as defined in (11.27), and hy(,€) = |z];" ",
ha(z,&) = |€|, ' 2, one has, according to Theorem 11.3,

(u|Op((ha#tha))uz) = Y Cj(va, vasksiN I, 0 (2), (11.42)

7=0,1

where

. —1—vyt+vg—id —14vy —vg—iX
I an(2) = (uzIOp (I:clj 2 el > >u) ) (11.43)

From (2.3) and (2.27),

Booa@=2 [ el T T e (— 2o — 22 dad.
v1,V2;58A R2 J J Im 2
(11 44)

1 1
. _z — 2 2 — r2s = =
Setting s = £ € R, 7 =" +£° > 0, so that « 1+s2) % £ (1+ 1 dz df =

drds _ 2 _ T|2—3l2
stireny and |z — 2€|* = -, we get

IIZ1,V2;1')\(Z)

o0 Zl-vitvp—ir ~14iA o0 il 2rr IZ — S|2
=9 . 2 1+s8)=2d P Il AN]SR
/ [sl; (1+4s%) 3/0 T exp ( m 2) (1 £ %) r

—0o0

—144iA
—14s 1—4A 0 Zlowitvp—id — 52 2
= 2 (2n) ‘“P( 21 )/ i ('zlm“j ) ds. (11.45)

On the other hand, the case p = 0 from (9.37) gives (u.|Op(h1)u.): in view
of (7.48), Fu, agrees with u_1 up to some constant of modulus one, so that, from
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the covariance formula (2.4),
(uz | OP(JE] 717" )uz) = (Fus | Op(|2| ™' 7"2) Fu.)
= (u_1|Op(J2|~""")u_1). (11.46)
One thus has
i@ =200 (-5) T (=F) LT am ) TEE auan)

2 2
and, as a small computation involving the use of the Poisson bracket (11.3) shows,
f17(2)
1 v v v v
=3 m 5 e (5 )1 (=5 ) (Re ) m )5

(11.48)

We may then compute (f5*?)j5 and (f;""*?))5 by an application of (11.5),
in which we have substituted for the Legendre function PB_ 1, (coshd(z,w)) its
integral expression

1 A 1 A
1 [ 2N T2 |y 52\ T2
‘_B_%+%(coshd(z,w)) = ;/ (u) (u> ds  (11.49)

Im 2z Im w

proved in [62, (4.38)]. We thus get
) =252 (SR 0 (=) [t )5 )

1 2N 1 i

oo |z—s|2 =5t |w~s|2 -3~ 7
d ——— —_ ds. 11.50
'u/_oo ( Im 2 Im w N ( )

We integrate first with respect to w, picking from [62], (8.22) the formula

o2 \ “F (- 52\ TEE vatt Thovyrea—in
J (i Maa) e ) =

F( 1+1/1~;11/2+i)\)rl( 1+1/14;V2——i/\)1-w( 1—1/14:11/24-1'/\)1-\( 1+u1—2u2+1)\)

X > . » , (11.51)
DT (H52)T(H52)
so that
(5w ) =25 2 () (-3)

1-\( 141 —41/2—}-1‘)\ )F( 1+1/1—i:;/2 —iA )F( 1—vq -}Z—;/z+i)\ )F( 1411 +4u2+i)\)
DT (2 (H2)

o0 —1—vy vy —iX lz — 8|2 _%J’_%
Is|— 7 [ S—- ds. (11.52)
SN Im z

X
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The computation of (f;""*?) () calls for that of the integral

-3

—v1 1_ix
wl? 5 w—sl2\" 272 vot1

instead of that on the right-hand side of (11.50). Writing

|w|2 2 B 1 (9 lw|2 —_u%_l
(Re w) (Imw - V1+1(Imw)8Rew Im w

and using an integration by parts, so as to finally substitute —% for ’5?{%7;’ one
can see that this integral is

i F(3+1/1~;1V2+i)\)1—\(3+V1ZV2—1:)\)I‘(3—1/1+1—11/2+7:A)F(3+V1-‘{;1V2+’L'A) |S| ,1,,,1;,,27”\
- - 1
2 F(Jgul )F( 1+21)\)F(3+2Vz)

Thus (fy"""?)x(2) has an expression fully similar to the right-hand side of (11.52),
except that each of the four Gamma factors F(%’zi—“) has to be replaced by
F(%), and there is an extra factor —sign(s) in the integrand.

Setting, for A € R,
(7)) = By, w0 N I,y (2), (11.53)

a definition of the first factor on the right-hand side, we thus have, comparing
(11.45) and (11.52),

u1+u22—i)\—5 7ru1+u22—i)\—4 F(—%) F(—%)

Bj(l/l, VQ;iA) = (—].)j 2

F( 121/1 ) F( 1+21/2 )
F( 1+V1~Vi+i)\+2j )F( 1+V1+1/Zvi)\+2j )F( 1*V1+Vz+i)\+2j )F( 1+V1+Vz+’i)\+2j)
TLiA V¢ L=iA (11.54)
L(=52)0(=52)
In view of (11.42), we thus have
C-(VI)VQ;k;i)‘) v,V
Op((h1#h ) = L (f 11.55
(uOp((hrtha) ) = 35 R IG) (1159
and, using (11.27) and (11.54), we immediately get
Cj(”ly va; k;iA) — 2 (_‘i)j
Bj(v1,v2;i))
F(H;’)\)F(l—zi)\)
x F( 17V1~Vz+’l’A+2]’ )F( 1‘V1+V1217i)\+2j )F( 1+ AVZ~iA+2j )F( 1+V1+VZ+iA+2j ) ?
(11.56)

which proves (11.40).
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When changing & from 0 to 1, the change in the left-hand side (from (11.40)
to (11.41)) is due to the change in the coefficient C;{v1,vo;k;iA) from (11.27).
There is an extra factor of

F( 1~2u1 ) P(l;jz ) P(1+2u1 ) P(l—EVQ) Z-1~2j y F( 1+u1+u22i.>\+2—2jl) F( 1—y1—uz+?'A+23l’) '
F(2Jr21/1 ) F(2Jr2V2 ) F(-%) 1"(_%1_) 1—w( 171/1—1/21-0\-&-2—2] )F( 1+u1+u2—1/\+2] )

(11.57)

Observing that one of the four Gamma factors below is not the same in the right-
hand sides of (11.40) and (11.41), we see that, going from the right-hand side of
(11.40) to that of (11.41), there is an extra factor of

F(1—2u1)F(l—QVQ)F(lJ;m)P(lJ;VQ) F(3+V1+Vifi)\—2j) y F(17V1#V2+i)\+2j) .
I‘\(QBVl)I“(?EVQ)I“(AV_l)F(_VQ_l) P(3—u1—u2+iz\—2j) P(1+V1+Vi—i)\+2j)

2 4
(11.58)

i2]+1

The expressions (11.57) and (11.58) agree, which concludes the proof of the part
of Theorem 11.4 dealing with the functions wu,.

When substituting the functions u! for the functions u,, one can see, using
(2.27) and (2.28), that all one has to do is to replace the factor exp(— 22 |z —2z£/?)

Im z

from the integrand of (11.44) by its image under the operator —2iw&: one can
—1—vytvg—iA —14vy—vg—i)

also, instead, let the operator 2im& act on |[z|;  ? €] , ending

up with the extra factor —iA. W]

Corollary 11.5. The formulas (11.40) and (11.41) still hold if we substitute for the
assumptions |Re (11 £ 1) < 1, 11 #£0, v # 0, the assumptions

|Re (Z/1 — 1/2)| <1, Re (1/1 + 1/2) > —1 (1159)

together with v1 # k. k+2,...,v0 # k,k+ 2,... where k has the value 0 or 1
according to whether we are dealing with the formula (11.40) or (11.41).

Proof. As a distribution-valued function, the map v; — |z};1_”1 is holomorphic

for 11 # k,k +2,.... Thus, the left-hand side of (11.40) or (11.41) is, for fixed
z € 11, a holomorphic function of v, v, in the indicated domain. So as to simplify
notation, we consider only the case when k = 0 from now on, as there is no longer
any difference between the two cases. In view of (9.37), nothing is changed in the
computation of f3*""?(z), fi*""*(z) which led to (11.47) and (11.48). Getting rid
of the factors which depend only on vy, 15, which are all holomorphic, we see that
all that has to be done is to show that the integral

20 I—«(1+i)\)r(1~i/\)
2 2
[ F( 1+i)\~1/i—1/2+2j )F( 171’/\—11[11-&-1/2—1-2]’ )F( 1—i)\+ui—l/2+2j )F( 1+i)\+ui+u2+2j )

A /II‘B_%+%(coshd(z,w)) fw)du(w), (11.60)
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meant as a superposition of integrals (integrating with respect to du(w) first),
converges and depends on v1, v in a holomorphic way, in the case when f = g*1-*2
vi,v2

or f=g;""%, with

—vy—1 _ v1tva+?2
]

g (2) = (22)" 7 (2 -2)

and

—vy—3

R =(E+2)(22)7 7 (2-2)

vitvot4
—z

(11.61)

Now, the convergence of the integral over II on the right-hand side of (11.60) is just
a consequence of Lemma 11.2, and it remains to take care of the dA-integration
as well. In view of (11.31), whenever vy, v, lies within a compact subset of the
domain under consideration, one has for some constant C the estimate

F( 14;’)\ )F( 1721')\)
F( 1+i)\7u411~1/2+2j )F( 172‘)\—V411+l/2+2j )1—1( 1—i)\+111117u2+2j )1—\( 1+iA+V}1+u2+2j )

<COA+M)H. (11.62)

On the other hand, an elementary, if tedious, computation, shows (writing A =
(z — 2)? 5%;) that Ag”*2 is a linear combination of ¢g**2 and g*1*2*272 and
that Agy""? is a linear combination of g7*"** g P32 t2 and gvit2v2+2, Since

K

14+A2\ 7
fia = ( 1 ) (A%f)n (11.63)
the dM-integration is taken care of as well. O

12 Beyond the symplectic group

The main aim of this section is to extend Theorem 11.3, the composition of the
(Weyl) sharp product of two power functions, to the OpP-calculus. A crucial tool
for this lies in the understanding of a link between the operators Op?f(h) and
Op?(2im E ), h being any distribution in F(S’(R?))even-

It is our feeling that these latter considerations may be of some independent
interest in the Weyl calculus itself, in which it is not more difficult to tackle with
the n-dimensional case.

Recall that the definition of the n-dimensional Weyl calculus is just the same
as (2.1), except for the fact that the exponent 2im(x — y)n must be replaced by
2im {(x — y, 1), the integration taking place on R2”. Again, the linear map Op is an
isomorphism from S’(R?") onto the space of weakly continuous linear operators
from S(R™) to S&'(R™). There is one pair (Qj, P;) of position and momentum



12. Beyond the symplectic group 119

operators for each coordinate: (); is the operator which multiplies a function of
xz by x;, and P; = ﬁ 8—2;; the Weyl symbols of these two operators are the two
functions (z, ) — z; and (z, &) — &;. Multiplying an operator Op(h), on the left
or on the right, by P; or @, can be traced on the level of symbols by the set of

formulas

1 0Oh 1 Oh
G#h =& h+ 95, xj#h_xjh_ﬂa_gj,
1 0Oh 1 Oh
S =¢h— — — o '
h#&; = &; 4in Oz, , h#x; =x; h+ Zin 9, (12.1)

Let § be the ((2n + 1)-dimensional) Lie algebra of the Heisenberg group: since
{&,xk} = djk, b can be identified with the space of real-valued affine functions
(2,8) — {a,z) + (B,€) + c on R*", provided with the structure associated to the
Poisson bracket. One has §j = R @ p, where p is the subspace of linear functions
on R?7,

Elements in the symmetric second power of p (over R) can be identified to
homogeneous polynomials of degree 2 with real coefficients, i.e., the functions £,

Uz, &) = (az, x) + 2 (bx, §) + (c€, &) (12.2)

where a, b, ¢ are real n x n matrices with real entries and, denoting as o’ the
transpose of a, one has @’ = a and ¢’ = ¢. Then, given any symbol h € S'(R?"),
one has (a consequence of (12.1))

im (L#h — h#tl) = <bx+c§,g—2> — <ax+b'§,2—?> , (12.3)

a function which shall also be denoted as adinf (h). This is the image of h under
the differential operator ad in¢ with real linear coefficients on R?™ associated with
the matrix

—a

( ’ _cb/> €sp(n,R) : (12.4)

actually, this matrix is the generic element of the Lie algebra of the symplectic
group, the dimension of which is 2n? + n.
Setting A = Op(h) and L = Op(inf), one may write (12.3) as

ad L (A) = Op(adinf (h)). (12.5)

This is the infinitesimal version of the (n-dimensional version of) the covariance
relation (2.4) of the Weyl calculus under the metaplectic representation: indeed,
the operators (im)™!L are just the infinitesimal operators, in the sense of Stone’s
theorem, of the unitaries arising from the metaplectic representation.

As is well known, the analysis of the effect, on an operator, of the operations
of commutation with a prescribed set of operators plays an important role in
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pseudodifferential analysis, where it may serve to characterize classes of operators
defined by conditions relative to their symbols, as R. Beals showed [4].

We now want to address the following question: is there any interpretation
of the second antisymmetric power of p? Alternatively, can one find an operator-
theoretic interpretation of the action on symbols of elements in the Lie algebra
gl(2n,R)?

Proposition 12.1. With any element

A=im> Ry A S, (12.6)
k

with Y, Rk A Sy lying in the second antisymmetric power, over R, of the lin-
ear space generated by all the Q;’s, P;’s, associate the linear operator mad (A)

“mad” stands for “mized adjoint”) acting on the space of linear operators from
S(R™) to S'(R™), defined as

mad (A)(A) = i > (Ri ASk — Sk ARy). (12.7)
k

Setting Ry = Op(rk), Sk = Op(sg), one has
mad (A)(Op(h)) = Op(mad (irA)(h)) (12.8)

with
mad (imA)(h): = im Y (ri#thts, — sp#h#tre), (12.9)
k

and the space of all operators mad (iw)\) describes a supplementary subspace
op (n,R) of sp(n,R) in gl(2n,R), it being understood that the differential opera-
tor associated with M = (Mjk)1<j k<2n € 8[(2n,R) is ZMijkg% + 123 My,

Proof. Only the last assertion requires a proof. It is a consequence of the relations
(themselves a consequence of (12.1))

1 Oh Oh
vj#thtor — ortthite; = 5 <xj 5 (—9—{) ,
J

1 oh oh
&R — At = —5— (gj 2, 5;) ,
J
1 on _ on
Tih e = Setth#te; = =5 (%’ Fo S g T O h) . (12.10)
J

Comparing (12.10) to (12.4), one sees that the first two lines of (12.10) provide for

antisymmetric substitutes for the blocks ¢ and —a taken from the block-matrix in

(12.4), whereas the third line permits one to obtain matrices of the species (g 1?’ ):
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thus, we get a full supplementary space, in gl (2n,R), of the Lie algebra sp (n, R).
It is to be noted that, since the linear first-order operator on the right-hand side
of the last line of (12.10) has to be formally self-adjoint on L?(R?"), it is natural
that the constant J;, should occur there. O

Remarks.

1. In particular, we now have an operator interpretation for the action on sym-
bols of the operator 2in& = 3 x; % + ¢ 5%_ + n. Only, one should be
careful that the operators with symbols h and (z, &) — t"h(tz, t€) with ¢ > 0
are not unitarily equivalent in general: this transformation is tantamount to
a change in “Planck’s constant”, coupled if needed (i.e, if one wants the
rescaling to alter only the £-variables) with a (symplectic) map of the kind
h= ((z,6) = h(t™ =, t§)).

2. You may think of dp (n,R) as the “diaplectic” subspace of gl(2n,R), where
the prefix is justified by (12.7). The subalgebra sp (n, R) normalizes 0p (n,R)
in the Lie algebra gl (2n,R). This may be checked from (12.3) and (12.10) by
a case-by-case study, or by the remark that if R, S, T lie in the linear space
generated by the @);’s and the P;’s,sodoes RTS—TRS = R[S, T]+[R,T] S,
accompanied by the formula [ad (RS), mad (T AV)] = mad (RST —TRS)A
V) +mad ((VRS — RSV)AT).

In the one-dimensional case, the Euler operator 2im £ alone enables one to
bridge the gap from sI(2,R) to gl (2,R). We proceed towards an analysis of an
operator-theoretic interpretation of this operator in the OpP-calculus: this is not
as easy if p > 0 as in the Weyl case, mostly in view of the more complicated
commutation relation (7.13) between P and Q.

Lemma 12.2. In the Op®-calculus, the operator
P o2im (1Q—yP) Q-Q e2im (1Q~yP) p _ (nQ — yP) e2im (nQ—yP) (12.11)
coincides, on functions with a parity related to p, with the operator

L4 2P oimmo-yp) | P {e—%” (nQ-yP) _  2ir (anyP)} . (12.12)
2im 24 ’

the same formula is valid for the action of the operator on functions with a parity

contrary to p, after one has substituted —p for p in (12.12).

Proof. Set, for t € R,
R(t) = P Xt Q=vP) g _ @ 2imt(1Q-uP) p (12.13)
Then

R'(t) = 2in P (nQ — yP) 2™t (Q=vP) @ _ 27 Q (nQ — yP) 2™ (1@=¥P) p
= 2im (nQ — yP) R(t) + 2ix [P, Q] e (19~vF) (nQ — yP). (12.14)
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Also, R(0) = [P, Q)] so that, regarding (12.14) as a differential equation, we easily
get

R(t) = ¥ 19=vP) [P Q]+

t
2im e2mt Q=Y P) / e~ 2ims MQ=yP) [ p O] 275 MQ=YP) g5 (nQ — yP). (12.15)
0

Next, we compute 2ime~ 2% [P, Q]e*™Q: since Q is the operator of multipli-
cation by z, the block-form of this matrix is (using also (7.13))

( cos2mnr  —i sin 27r77;v) (1 +2p 0 ) ( cos2mmr i sin 27r77x>

—¢ sin27mnx  cos2mnx 0 1—2p/ \i¢sin2mnx cos2mnz
—I+2p cos 4mnz i sindmnz
—i sindmnx — cosdmnx
=T+ 2pe¥mQ ((1) _01) : (12.16)

In view of (9.23), here recalled (valid when 7 # 0)
e2im nQ—yP) __ e—’iﬂ‘% P? eZiﬂ'nQeiW% p? (1217)

and of the fact that P2 commutes with [P, Q], one has

2im e=2m (Q=uP) [p ] 2™ (MQ=YP) _ [ 4 9y ¢=4im (nQ=yP) <(1) 01) :

(12.18)

an identity also valid if 7 = 0 (using (7.36)). Using also the fact that (§ %),
which is the block-matrix form of the endomorphism u — (—1)P4 of Sp(R),
anticommutes with n@) — yP, we can make (12.15) explicit as

R(t) = 19D [P, Q] + 1™ (197 (3Q — y P)
P [ —2int(nQ-yP) _ 2imt (nQ—yP)> L0
+ 50 (e e o _1) - (219
Specializing to t = 1, we get (12.12). O

Lemma 12.3. Let h be an even distribution in F(S'(R?))even and let A = OpP(h).
The operators OpP((2p + 2im E) h) and 2iw (PAQ — QAP) agree on the subspace
of Sp(R) consisting of functions with the parity related to p, and the operators
Op”((—2p + 2irE)h) and 2im (PAQ — QAP) agree on the subspace of Sp(R)
consisting of functions with the parity contrary to p. Also, (2p+ 2inE)h is X,-
invariant if and only if h is Tpy1-invariant, and (—2p+2iw E) h is Lpy1-invariant
if and only if h is Xp-invariant.
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Proof. First note that OpP(h) and Op”(2in€ h) are well defined by Proposition
9.7. If v and v lie in S,(R) and have the parity related to p, one has

(v| Op”(h)u) = /Rz (Fh)(y,m) (v] exp 2iw (nQ — yP) u) dy dn (12.20)

so that, from Lemma 12.2, using the fact that h is even,

2im (v|(PAQ — QAP)u) = 2in /]R (FR)(y,m)
(v] [(nQ — yP) 2™ M9=¥P) 1 (1 4 2p) 2™ (Q=¥P) ) dy dy.  (12.21)
From (9.32),
2im (Q — yP) ¥ M2=VP) — (2in £ — 1) 27 (1Q-VF) (12.22)

where the operator 2iw € — 1 transfers to —2i7w & — 1 under transposition, then to
2im € — 1 again under commutation with F. Thus

2im (v|(PAQ — QAP)u)

. F((2p+2im &) h)(y,n) (v] exp 2ir (nQ — yP)u)dydn. (12.23)

Concerning the second statement, we note that, as a consequence of (6.16),
one has

) _(p+in&) )
Zp (p+7,7r5) = mzp+1 (p+l71’5)
= (p+z7r5) Ep-i—l
and
Spr(p—imé) =(p—im€)%,. (12.24)

O

It is convenient, at this point, to introduce some terminology. First, recall
from the proof of Corollary 9.10 that, if p > 1, the operator (p + i &)1 is well
defined as an endomorphism of S’(R?): as a consequence, if h € FS'(R?), i.e.,

Gh € S'(R?), one can always define S,h = =82 Gh ¢ §/(R2). If T,h, too, lies
. i ), 14

in the space FS'(R?) (in particular, this is the case if h is ¥,-invariant), then

h= ((Z:fgg) 2 G(X,h) is in S'(R?). All this may look just a little bit confusing, but

this is only due to the fact that the useful space is FS’(R?) rather than S’'(R?).
Anyway, the developments in this section will yield at each step only symbols
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actually lying in the intersection FS'(R?) N &'(R?). Given a continuous linear
operator A from S,(R) to S,(R), commuting with the map u + @, we shall say
that A admits a lower-type symbol if there exists an even symbol h € FS'(R?)
satisfying ¥,h = h such that the restrictions of A and Op”(h) to the subspace
of Sp(R) consisting of all functions with a parity related to p agree: of necessity,
the symbol A is unique, up to the addition of a linear combination of distributions
homogeneous of degrees —1 — 25,0 < j < p—1 (¢f (9.18)), connected to a
horocyclic symbol, as follows from Definition 6.2 and Corollary 9.5. Similarly, we
define the concept of higher-type symbol of A, in relation to the restriction of A
to the subspace of S,(R) consisting of all functions with a parity contrary to p:
of course, it is then the involution X,,; that has to be considered instead of ¥,.
Formula (9.20) permits us, in principle, to fully rebuild any even symbol from its
lower and higher parts: but, in order that an operator admit an Opf-symbol, it
may not be sufficient that it should admit both a lower-type symbol and a higher-
type symbol, since there is the problem of applying (iw£)~! to the sum on the
right-hand side of (9.20).

One other word of caution is necessary: it is only in the Weyl (p = 0) case that
any symbol reduces to the sum of its lower and higher parts, for then X; = —Xg.
Also, it is not true unless p = 0 that an operator with a X,-invariant symbol
should vanish on functions with the parity contrary to p (or vice-versa).

Remark. The following is an immediate consequence of Lemma 12.3: let p > 1,
and let A be a bounded linear operator from S,(R) to S,(R), commuting with
the map u + @. If the operator 2im (QAP — PAQ) admits a lower-type symbol
hiow, then A admits a higher-type symbol, the image under (2p + 2im&)~! of
h10w~

Within some fixed OpP-calculus, we set, for k =0 or 1 and v € C, v #
kk+2,...,

Q" = 0P (21 7"), P = OpP(IElTY), (12.25)

after having noted that the symbols involved are well defined as tempered distribu-
tions depending analytically on v in the given range of values of (k,v): actually,
we take |Q|;'™" to mean the operator of multiplication by |z|;'™" even when
Re v > 0 and define (cf. (7.36)) |P|;'™": = F;1|Q|, "~ Fp; this is the only
place in this section where we consider symbols possibly not in S’(R?). Note that
in the case when k = 1 the symbols in (12.25) are odd functions on R?, so that the
associated operators change the parity of functions. Their definition can neverthe-
less be regarded as an extension of (9.1): alternatively, one may use the formulas

R =l =1QI"*"Q, |Pi""=PIP|* " =|P|*"P.
(12.26)
We also set
AP (v, 05 k) = QI [Pl 2, (12.27)
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assuming throughout this section that, besides vy # k, k+2,..., vo £k, k+2,...,
one also has |Re (11 — )| < 1, Re (v1 + v2) > —1. Even though we are really
interested only in the case when k& = 0, the consideration of the case k = 1 is
unavoidable. Our main problem is to show that, for all p, the operator AP (v, v9; k)
has an OpP-symbol hP(vy,10;k); also, to relate this symbol to the Weyl symbol
RO(v1,vo3k) = || 'V #1€] T2 that this latter symbol is well defined as a
tempered distribution is a consequence of the remark following (11.20).

It is, however, necessary for our purposes to remark a little more, namely
that both hY(vq,19;k) and the Fourier tranform (or, what amounts to the same,
the G-transform) of this symbol lie in the space (S’(R?))even used in Proposition

9.7. To that effect, one may use Theorem 11.3. Indeed, on one hand any sym-
—1—vy+rg—iX —14vg—vg—iX

bol |z, 2 €, ° lies in this space since it is integrable against any
continuous function rapidly decreasing at infinity; on the other hand the summa-
tion with respect to A can be taken care of by means of (11.27). This shows that
RO(v1,ve;k) is in (8 (R?))even- On the other hand, from Theorem 11.3 again, we

get the weak decomposition in 8., (R?):
GhO(v1,v9; k) = / (Gh®(v1, vo; k))a dA (12.28)
with
(gho(yla Va3 k)))\(.'lf, 6)
. —1—vy4rvg—iX —1+vy —vg—iA
= Y Dilv,vak;iN) 2l ® ey, (12.29)

§=0,1
and
D;(vn,v2;k;4A)

( 1—vi4vo+ir42j ) F( 14y ~vo+iA+-24

4 4 . b 4 .
1—\(1+V1*Vi~’i)\+gj)F(I—V1+Vz—i)\+2j) x CJ(VI’V2’k’ /LA) - (1230)

= (2m)"*

the same reasoning as the one applied to hY(v1,v2;k) above can now be applied
to its G-transform.

We now show by induction on p that, under the hypotheses indicated right
after (12.27), any operator AP(vy,v9;k) has a lower-type symbol as well as a
higher-type symbol.

Lemma 12.4. Under the assumptions that v1 # k. k+2,... and va £k, k+2,...,
together with |Re (11 —12)| < 1, Re (11 +1v2) > —1, one has

1+I/2

AP(v1, 193 k) Q = Q AP (v1, 13 k) ~ %

QAP + Ly + 1;1— k). (12.31)
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Proof. When acting on functions of ¢ of any given parity, P = (2ir)~' (4 £ ), so
that

1+v
Pe| ™ 7vu) = [tV Pu— Tiov 12.32
(7 ) = o] Pu— =2 el 2, (1232)
in other words
—1-v —1-v 1 + v v
Q"' P="P|QT! |QI12 (12.33)
Using
P:]-'p'lQ]:p, —sz;IP]:p, (12.34)
we get
1y 1y 1+V v
P Q= QP — ST P2y (12.35)
Thus
AP(11,19;0)Q = Q™ [P|71 2 Q
1 —|— 1/2

— Ilelful Q|P|—~1—u2 _ |Ql 1—11 IPI 2—vy

=Q (IQI*”I [Pt i +”2

2 Qi ) . (12:36)

which gives the case k = 0 of the lemma. The proof of the case k =1 is identical.
O

Lemma 12.5. Let p > 1 be given. Assume that whenever k =0 or 1, and vy, vs
are complex numbers such that vy # k,k+2,..., va £k, k+2,... and |Re (1n —
v2)| < 1, Re (v1 +va) > —1, the operator AP(v1,va;k) has a lower-type symbol
hY . (v1,va;k). Then, such an operator also has a higher-type symbol, given by the
formula

(2p + 2im &) By, (1, v23 k)
(1 —+ 1/1)(1 + 1/2)
24w

hp

low

(nh+ L+ 1;1-k).
(12.37)

= —(1+uv1 +wa)hl (1,2 k)+

low

Proof. First recall from the remarks which followed (12.24) that (2p + 2iw &)~}
can indeed be applied to the right-hand side of (12.37) if p # 0, thus making this
equation a valid definition of A, gh(z/l, v2; k): (12.24) then shows that, indeed, this
symbol is ¥4 -invariant. It is immediate that

QAP(VI,VQ;k)P:Ap(Vl - 1,1/2— l,l—k) (1238)
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On the other hand, using (12.33), then Lemma 12.4 (twice),
P AP (1,12 k) Q = PQI [P Q
—1—v —v 1 + Vi v v
= |Q‘kl ! |P|1_i |Q|12k ' |P|k1 *Q
1 +V1
=Q AP — Ly - 11 -k)Q - —Q AP (1,125 k) Q

:Ap(Vl—-1,V2—1;1—k)——%Ap(lll,llg;k)

14+ (14+11)(1 + a)
o A Wivaik) - e AP+ L+ 11— k). (12.39)
Using the remark just before (12.25), we are done. O

The preceding lemma gives a pair of equations (k = 0 or 1) entirely concerned
with the OpP-theory only: we now connect the Op?*'-theory to the OpP-theory.

When acting on functions with the parity related to p + 1, the operators
AP(v1,v9;0) and APT! (v, 1;0) (products of two factors with even symbols) agree.
This is so fundamental that we give another short proof of this fact, independent
of Corollary 9.5. It suffices to show that, on the given space of functions, the two
operators P?, taken from the Op?-theory or the Oppﬂ—theory, agree Now, from

(713), P? =~y (% 5, ) with 4, = (£ +2) (& - 2) = &5 + 252 and
Dp=(& - 2)(L 4+2)=4; 22D Thus D, = Ay

Things are different so far as the operators AP(vi,ve;1) and AP*(1q,v9;1)
are concerned. Indeed,

A (v 1) = QI P
= 1QI™ " QPP (12.40)

Now, in the OpP-theory, one has

24 =D
whereas
1 (z2 —p—1 0
P=— da 12.41
@ 2im ( 0 zd 4+ p+ 1) ( )

in the OpP*!-theory. This leads to the following:

Lemma 12.6. Let p > 0 be given. Assume that whenever k=0 or 1, and vy, 1o
are complex numbers such that v1 # k,k+2,..., vra #k,k+2,... and |Re (v —
v)l < 1, Re (v1 + v2) > —1, the operator AP(vi,va;k) has a higher-type symbol
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hﬁigh(ul, va; k). Then, under the same assumptions regarding vi, Ve, any operator
APt (vy, 95 k) also has a lower-type symbol, given as

RPN (01, 195 0) = Pign (V1523 0) (12.42)
or
2p +1
hEES (v, va;1) = BE, (11, 951) — i Mhign( + Lo +1,0). (12.43)

Proposition 12.7. Let k =0 or 1. For every p = 0,1,..., and every pair (v1,vs)
of complex numbers with v1 £k, k+2,...,ve #k k+2,... and |Re (1n —12)| <
1, Re (v1 + o) > —1, the operator AP(vi,va;k) admits a unique OpP-symbol
hP(v1,ve; k) in the space (S'R?))even, with GhP(vi,vo;k) in the same space. For
p > 0, the symbol (1+in &), hﬁigh(ul, va; k) is a linear combination, the coefficients
of which are polynomials in v1, vy of degree < p depending on p,k,r, of the
symbols hgigh(ul +rve+mk) with r=0,1,...,2p, ¥ =0o0rl, r+k =k
mod 2; for p > 1, the symbol (1+1in&)p_1 bl (v1,v2;k) is a linear combination,
the coefficients of which are polynomials in 11, vo of degree < p depending on
p, k,r, of the symbols hgigh(lll +rve+mk’) with r=0,1,...,2p—1, ¥ =0 or
1, r+ k' =k mod 2.

Proof. All linear combinations to be discussed in the present proof are supposed
to have coeflicients which are polynomials in vy, v5. We know from the consider-
ations which preceded Lemma 12.4 that, with h®(v1,ve;k) = ||~ ”1#|§]“1 vz
both h°(v1,1s;k) and its G-transform lie in (S’(R?))even , and the same holds
with hlow(ul, va; k) and hgigh (v1,v2; k), the images of h®(v1,v2; k) under the op-
erators £ (I £ g) Using (12.37), (12.42) or (12.43), and remembering that, for
p>1, (p+ir &)~ can be applied to any symbol hin &'(R?), we may inductively
construct two sequences (b (11,125 k))p>0 and (hhlgh(ul, va; k))p>o of lower-type
and higher-type symbols of the sequence of operators (AP(v4,v2;k))p>0. Indeed,
(12.37) makes it possible to construct the higher-type symbol of AP(vy,v;k) from
the knowledge, for all admissible pairs v, vg, of the corresponding lower-type sym-
bol, while (12.42) and (12.43) make it possible to compute a lower-type symbol in
terms of some higher-type symbols, while raising the level p.

The assertion concerning

(1+i7r5)phfligh(l/1,ug;k), p>0, or (1+im&)p_1hl (11,v2;k), p>1,

low

is immediate by induction, a consequence again of (12.37), (12.42) and (12.43),
and from what has been said in the paragraph following (12.24), all symbols
Ry (v1,v25 k), hﬁigh(yl, vos k), Ghi (v1,v2;k) and ghﬁigh(l/l, vo; k) lie in S'(R?).
The symbol hP(v1,v9; k) can then be obtained from (9.20), as

hP (v, v9;k) = (—2im £) 71 [(2p — 2im E) KL (v1,v2; k)
— (2p + 2im &) Ay, (V1,125 )] (12.44)
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admittedly, it is only for p > 0 that the operator (p + im&)~! is well defined
as an endomorphism of &’(R?). However, we only have to apply (2im &)™, here,
to symbols of the species Ay, (v1 + 7,v2 + 5 k'), and it follows from (12.5) and
(12.6), together with

[RO(v1 + 12 + 1K) — Ghiign (1 + v + 15K |
(12.45)

NN

hgigh(ul +rve+rik) =

that the function

1
—[Cj(r1 +ryv2 + 15K 5iX) — Dj(vn + v + 15 K500 |

2
is the spectral density of hgigh(ul +7,v9+7; k') against the family of homogeneous
—1—vytvg—iX —14uy —vg—iX
distributions |z|; 2 (3P 2 and that it remains a C*° function of
A after it has been divided by —iA. O

Lemma 12.8. For every integer v > 0, and k = 0 or 1, one can uniquely define four
polynomials Ay, Br i, Cri and Dy, in three indeterminates, with degree(Ar ) <
r, degree(C,. ) <r, degree(By ) < r—1, degree(D, 1) < r — 1, with the following
properties: set k' = 0 or 1, r+ k' = k mod 2, and let vy, vo € C satisfy the
assumptions of Proposition 12.6. Then

hoign(V1 + 1,02 + 15 K') = [(11 + 1) (v2 + 1),] 7 x

[Ar k(v1,v2;2iT E) h?ligh(ul, va; k) + 2im € By (1, v0; 2im E) BiL (11, v25 k) ]
(12.46)

and

R) (v +rve 4+ 1K) = [(v1 + D)y (2 + 1)) 1 x
[Crk(v1,v0; 2im E) Y, (v1, va5 k) + 2im € Dy o (v1, v; 2im E) hﬂigh(l/l, va; k).
(12.47)

Proof. This is obtained by induction, starting from the two equations

(2im) " hpign (1 + L2 + 1;k) =
1+ 4+
(14 1)1 + o)

1

(1+V1)(1+I/2) v hlow(yl,y27 )

(12.48)

Riign(v1, v2; 1 — k) +

and
(2im) " hY (1 + L + 15 k) =

1+v 4+ WO (w1, vl — k) +

it S 2w ERY. . (v1,v0;1 — k),
(1+V1)(1+I/2) low hlgh( 1,%2 )

(12.49)

(141 + o)
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the second of which is the case p = 0 of (12.37): in a similar way, the first one
follows from Lemma 12.3. Alternatively, one can derive (12.48) and (12.49) from
the identity

14+vy+ve+2in€

(1 +v1)(1+v2) hO(vi,va5 1 — k) (12.50)

RO(vy + 1ve + 1;k) =2

and its consequence

141+ —2in€
(I 4+v1)(1 +12)

GhO(v1 + 1,10 + 1;k) =2 GhO(v1,v2;1 — k). (12.51)

The easiest way to prove (12.50) is, using Theorem 11.3, to note that the coeffi-
cients Cj(v1,v2; k;iA) in (11.22) satisfy

Ci(vi + Lo+ 1;1;40)  Ci(vi +1,v2 +1;050))
C(v1,v2;0;4X) o Ci(v1,v2;1;i))
1 — i
— it A (12.52)
(14+v1)Q + )

O

Theorem 12.9. For Kk = 0 or 1, and p = 0,1,..., one can find two polynomsi-
als Mp.(v1,v9; X) and Npi(v1,v2; X) in vi, v2 and some indeterminate X, the
degrees of which are at most 2p, such that, whenever k, vy, vo satisfy the assump-
tions of Proposition 12.7, the identity

hp(Vl , V25 k‘)

= [(1 4+ 1)2p (v2 +1)2p (1 + Wf) ]! Mok (11, v2; 2 €) Bty (v1, 123 )

+ (1 4 1)2p (V2 + D)ap (im E)p] ™" Npuso(v1, v2; 2im E) Wiy, (v1,v23k)  (12.53)

holds. Recall that

[l 7 1€ ) + G (el #1El )] (12.54)

DO | =

h?ow(ylv va; k) =
and that

[l #lel ) = G (laly " #lelc )] . (12.55)

l\DI»—l

hhlgh(Vh V23 ) =

Proof. Tt suffices to combine Proposition 12.7 and Lemma 12.8. O



Chapter 3

The Sharp Composition of
Automorphic Distributions

13 The Roelcke-Selberg expansion of functions
associated with Qf,ﬁjl#éﬁ?: the continuous part

In this section, we begin our proof of the main formula (5.38) (or (5.62). First,
there are two reasons why we do not follow the lines of the heuristic approach
in Section 5, neither of which has to do with the difficulty of the approach. The
first one is that, from the very start, the original definition as a series (3.1) or
(5.32) of F% is only valid if Re v > 1 while, from the point of view of the spectral
analysis of automorphic distributions, the case when v is pure imaginary is more
important: the method below will take us directly to this case. Still, let us observe
that it is precisely because our heuristic section was based on the Definition (5.32)
of F¥ that it allowed us to get some true understanding of the role played by the
Dirichlet-Hecke operators L(s) in the formula. The second, and related, reason is
that a proof based on (5.32) would depend on a definition of Eisenstein series which
could not generalize to more general automorphic distributions. On the contrary,
our present proof is based on the Fourier series expansion (3.25), which generalizes
to the case of cusp-distributions (4.4).

As said at the end of Section 5, one possible way, avoiding the use of the
OpP-calculus (¢f. Theorems 10.6 and 10.7) to try and define the sharp product
of two Eisenstein distributions could be based on an answer to the question: how
can one {sometimes) give a definition of the image under 2iw & of the symbol h
of some operator A, without being able to define either h or A? Section 12 gives
the answer:

A. Unterberger, Automorphic Pseudodifferential Analysis and Higher Level Weyl Calculi
© Springer Basel AG 2003
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Proposition 13.1. Let & € S,

even

(R2). For every z € 11, one has
(u:|Op(2im € &) u.) = (ul|Op(&) ul) (13.1)
and
(ul|Op(2in € &) ul) = ~3% [ (u|Op(&) u?) + (u%|Op(&) u.)]
+ 3 (u?|Op(6&) u?). (13.2)

Proof. Recalling that in the Weyl calculus, when acting on functions of z, the
operators () and P are respectively the operators of multiplication by z and
L one gets from (6.13) the relations

1 d
Zim dx’

Qu, = P (Im <—%))§ ul. (13.3)

Since 27! — 27! = —2{Im (—1), this entails the relation
1
(Pu:|AQu.) — (Quz|A Pu,) = %n (uz]Auz), (13.4)

so that (13.1) is a consequence of Lemma 12.3: observe that in the case of the
Weyl calculus this lemma reduces to the formula

Op(2irEh) = 2im (POp(h) Q — QOp(h) P). (13.5)

Recall from Proposition 12.1 that the right-hand side of (13.5) was denoted as
mad (2im (P A Q)) Op(h) there.
The formula (13.2) is proved in the same way, using

1 1 -1
1 2 2 1 2
Pu! = Im | —— uy + 2 (m (=2 z7 2. (13.6)
* in2 z 23 z B
]

It is essential to note, now, that the right-hand sides of (13.1) and (13.2) can
very well be meaningful, thus giving the operator Op(2im & &) a minimal sense
(i.e., a sense as a linear space from the linear space generated by the functions
u,, ul to the algebraic dual of this latter space), without it being necessary to
assign the would-be operator Op(&) any meaning. Also observe that a sesqui-
holomorphic argument permits to find the function (w, 2) — (ul|Op(&)ul) from
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the knowledge of the function z — (ul|Op(&)ul), and that something similar

holds for the right-hand side of (13.2). This scheme will work in our present inves-
tigations: however, it will be necessary to consider the right-hand side of (13.2) as
given as just one integral, not the sum of three (divergent) ones.

Definition 13.2. Let A; and Az be two linear operators: S(R) — S'(R), commut-
ing with the map « — @, and let A} be the formal adjoint of A;. We shall say
that the operator mad (2im (P A Q)) (A1 Az) is well defined in the minimal sense
if, for every point z € I, and p = 0, 1 or 2, the distributions Aju?f and Azu? are
actually (locally summable) functions on R, and the integrals

/ " A (Al (0) dt (13.7)

— 00

and

| [T () - 3t T ()0

— 00

—3% (ATa2)(2) (Aguz)(t)] dt (13.8)

are convergent as improper integrals. We shall say that the operator mad (2imw (P A
Q)) (A1A2) admits a symbol ¥ in the minimal sense if there exists a (necessar-
ily unique) symbol ¥ € S.,.,(R?) such that these two integrals coincide with

even

(u, | Op(%)u,) and (ul |Op(T)ul) respectively.

Remark. Again, the operator mad (2iw (PAQ)) (A1 A2) can be well defined in the
minimal sense without A; A being necessarily so. However, if the first-mentioned
operator admits a symbol ¥ in the minimal sense and if the operator (2iw&)~!
can be applied to ¥ from the consideration of the decomposition of ¥ into homo-
geneous components, then one may define (2im &)~ % as a symbol of A;As. This
symbol will at best be defined only up to the addition of an arbitrary (tempered)
distribution of degree —1: but this is quite coherent with the fact, observed af-
ter (9.35), that, for p > 1, the Op®-calculus “forgets” all such distributions. For
Proposition 13.1 is just a devious trick to avoid the use of the Op'-calculus and
stay within the Weyl calculus proper.

Such a definition of a symbol of A; As is somewhat indirect, but it is in full
analogy with the definition of Bezout’s distribution in Section 4: from the proof
of Theorem 3.3, we found that only (2iw&)2 B, rather than 9B, could be given a
direct definition by a convergent series as in (3.41): but after we found, for ¢ > 1,
the spectral decomposition of B¢ in Theorem 4.3, it appeared that it also made
sense for ¢ = 0.

Proposition 13.3. If vy, vo are complex numbers with |Re (11 £ o) < 1, the
operator mad (2i7 (PAQ)) (Op(3Y,) Op(3L,)) is well defined in the minimal sense.
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Proof. Recall from (3.2), (3.27) and (10.4) that, if v # —1,0,1,...,

F =27 [ () el - w)d@) e+ Y
n#0

o)) .
nfF

(13.9)

and from (10.7) that

(Op(a”)u)(t) = |n|~ % char(t> > 2n) (t* — 2n) "=

x 3 ’t eV 2n’” u(evVE=2m) . (13.10)

e=%1

To better understand the difficulty involved in defining the product Op(F¥)
Op(34,), let us first examine (from the consideration of (13.9)) the operator

Op(>-,< 1 oellnl) qv): clearly, it sends S(R) to S(R) since, if |u(t)] < C (1 +

Injz ™

[t|)~2N, one has, for n <0,

|Re v| |Re v|
(O )u)(O)] < Cla ™™ (2 + 20n) ¥ [+ VET 2], (13.1)
and a term-by-term differentiation can be carried out without any trouble. Since
(from (13.10) or, in a simpler way, (10.4))

*

op Z(’”(%”)a; —(op> ey (13.12)

n>1 n n>1

the operator just mentioned sends S&’'(R) to S’(IR). As one can thus expect, it will

. v, (In1]) ou, (7 . . . .
indeed be the sum >, <1 % ayl #ay? that will create difficulties; in
ny>1 ni| 2 ng 2

other words, when examining (Op(&n,—l)ui‘z’ |Op(3¥,) u?) and expanding the two
symbols under consideration by means of (13.9), it is the terms with n; > 1 and
no > 1 which we must be careful of.

Concerning the second term on the right-hand side of (13.9), it is immediate
from (2.1), or even more so from (10.19) and (10.20), that if v ¢ Z,

VY = 1/7_‘_1/—% 1“(1—71/)

So as to simplify notation somewhat, we shall change z to —% before studying
the expressions (13.7) and (13.8), in which Op(%,ﬁ,j) has been substituted for A;:
we thus set

[t 1. (13.13)

P = [ (OB L, )0 (Op(3E,) ut)(0) (13.14)

— 00

e
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and

w =

foran(2) = / " 3000 v )0 (Op(&E,) v 1))
-3 ) (Op(3%,) u” () (Op(%ﬂz)ui‘;)(t)] dt. (13.15)

p=0,2

We first examine the simpler integral (13.14), a genuine one as it will turn
out. Since, with z = = + iy,

ul i (t) = C(1)yd tem (13.16)

with C(1) = 27 2, where we have set, more generally, (cf. (6.13))

)Pt :
C(p) = (%) , (13.17)

(13.16), together with (13.9), (13.10), (13.13) and the functional equation (3.19) of
the zeta function, yields, if |Re v| < 1, recalling (11.26) for the notation concerning
signed powers,

v—1

(Op(%?,) Uié) (t)y=C() y% [24—3:i C(=v) 7Y =27 C(v) |t]Y] p—imit?

T C(1) yi Z UTS‘TZ') char(t? > 2n)
n#0

X Ht Ve o - ‘t I/ Qn‘ } -t =) - (131g)

The first two terms add up to a function which is an O(}J¢|~1®¢ !} near zero, and
rapidly decreasing at infinity; it has also been observed that the sum of all terms
with n < 0 in the sum above is a smooth function, rapidly decreasing at infinity.
The terms with n > 0, however, must be examined more carefully: first, their sum
has a mild singularity, to wit a lack of differentiability at the points £+v/2n, n > 1.
Since |e—"#(t*=2n)| = ¢~mv("~2n) anqd the number of terms to be considered is

< ﬁ, only the n’s with #? — 2n = O(logt) may contribute to a total not less, say,
p)
than O(t2). But when ¢? —2n = O(logt), t — oo, one has

\t Ve | - lt + V12 - 2nr =0 (tRe RRVIZES 2n) ;

also, given C' > 0, the sum Y +/t? —2n extended to all integers n such that
0 <2 —2n < Clogt is an O((logt)?). Finally, Ln(,"—l = o_,(n) is, for large n,
an O(logn) if Re v > 0, an O(n™®° ¥ logn) if Re v < 0, so that the terms




136 Chapter 3. The Sharp Composition of Automorphic Distributions

with n > 0 from (13.18) contribute to (Op(F%)u',)(t) a term which is an
O(Jt|!Re ¥I=1 (log t)2) for large t.

This estimate shows that, when |Re 14|+ |Re 12| < 1, the right-hand side
of (13.14) is a bona fide integral. The improper integral (13.15) is slightly more
difficult to deal with. Our claim is that the dt-integral, taken from —a to a (—ay
to ag, with a; and as independent, would be just as well) has a limit as a — oo,
and that this limit is also the sum of the double series of integrals obtained from
the decomposition (13.19) below: the simple trick is to perform an integration by
parts (in the integral ffa ...) in some of the terms involved, namely, with the
notation below, those with n; > 1 and no > 1.

For p=0or 2, and |[Re v| <1,

2p+1

(Op(&ﬂ/) u’ié) (t)=C(p)y * [212;1 C(=v) Pt + 9%+ W) |t|p+u-1]

LZGV IVI char(t? > 2n)
= Inl

x [|e=vE=2n| +|t+ VE=2m| ] (22— 2m)*F e (13.09)

—inzt? +

X e

We develop (Op(&,ufl)u’fl)(t) (resp. (Op(S,ﬂjz)u’fl)(t))7 with p; (resp. p2) = 0
or 2 but p; + pa > 2 according to the preceding expansion, with n; (resp. na)
substituted for m: as explained right after (13.12), only the terms with n; >

1, ng > 1 are worrisome in the expansion of the product (Op(g%, )u? 11)(t) X

(Op(%&) 2)(t): since —g%)% = fl—” they contribute to the integrand on the right-
hand side of (13 15) the functlon

g(t) =275 35 0(0)C2) Y 1 (1) 1, (n2)

vy 1 %)
TL1,TL221 nl n2
char(t* > 2max(ny,n2) Z [t — 1412 — 2nq "' |t — e2v/t2 — 2ng|*?
Elzﬂ:l
€2=:t1
t2—2n2 1 t2—2n1 1
Ay (82 — 2n1)% (82 — 2n)% — - 3
7ry( nl) ( Tlg) (t2—2n1) (t2~2n2)

> eiﬂz(tzf?ﬂl) e—in(t2—2"2) . (1320)

This series cannot be integrated on the real line (though each term can) only
because of the behaviour of g at infinity. However, note that

eiﬂz(t2—2n1) efiﬂi(t2—2n2) - e—27ry(t2-n1—n2) e2i7r(n2—n1)x (1321)



13. Composition of Eisenstein distributions: the continuous part 137
and that the last line in the preceding expression of ¢(t) can be written as

) d
9Zim(n2—m)z o (—t_1£> [(t2 B 2,’11)% (t2 _ 277,2)% e—27ry(t2,nl—n2)] . (1322)

Since

% ()t—elvt2—2n1 t—sgvt2—2n2 ”2)

g1l Egl/9
= - + ‘t~s V2 —2n
[\/t2—2n1 \/t2—2n2] ! !

”n

vy v

t —e9\/12 — 2ny

b

(13.23)

one may write [~ g(t)dt as [~ h(t)dt with
o0 o0

h) = 2T 3o o)yt Y el 0w (n2) it

vl Uy
nma>1l L2
vy V2
char(t2 > 2max(ny, na) Z Jt —e1V12 —2n4 t—ea/t2 —2ny
e1=+1
Ez::f:l
E11 t1 £l 1 AQ] 9 L9 L _9 2_
X + +t t2 — 2n1)2 (12 — 2ny)2 e 2TV T Tn2)
[ V2 =2n; V2 —2ns ( DR 2)

(13.24)

Splitting the last exponential as e~ my(t"=2m1) o—my(t*=2n2) 4pq using the Cauchy-
Schwarz inequality for series together with the estimate

Z lo_,(n)}|? char(t® > 2n) [|t] + /2 — QnFRe Y [14(t*—2n)] e~ 2my(t—2n)

n>1

-0 (W*Re v|-2 (1ogt)%) . |t — oo, (13.25)

obtained, as in the study of the integral (13.14), by remarking that only the terms
with t?2 — 2n = O(logt) are important in the sum, we see that, when |Re v|+
|[Re a2} < 1, the function h is integrable. O

Lemma 13.4. The functions fﬁlm and f?
are I'-invariant.

introduced in (13.14) and (13.15)

1,2

Proof. This is obvious for the first one, in view of the covariance of the Weyl
calculus under the metaplectic representation and the absolute convergence of the
integral (13.14). Note that the invariance of 317,,2 under translations by integers
is obvious too.
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After the preparation provided by the proof of Lemma 13.3, one may write

+V2+2 2
vi,v2

the function 2 (z) as a series, the main part of which being

o, (In1]) 0w, (In2])
2 2]
[ni| 2 |ng| %

~3% 3 (Op(a%,,)w?, |Op(aiz) w’ ) | |

p=0,2

|3(0p(a®,,)u? ;| Op(azz)u? ;)
ni,na#0

(13.26)

where each scalar product within the bracket is meaningful: this is the same as

DL (u! s |mad(2in(P A Q) (Op(at) Op(aiz)) ul s ) -

In1| % |na|

ny, no#0
(13.27)
Now, by the metaplectic covariance property,
(' 1 [mad(2im(P A Q) (Op(az:) Op(az)) ul ;)
= (u} [mad(2im(P A Q) (Op(by};) Op(b}2)) us)
(13.28)
with b% = a% o (9 '), which concludes the proof since one also has
mad(2im(P A Q)) (Op(3%,) Op(§,)) =275 37 Zlmlon ()

yi r2
oy Il el 7

mad(2im(P A Q)) (Op(by:) Op(by2)) + extra terms
(13.29)

(where the extra terms arise from the consideration, for each factor, of the first
two terms on the right-hand side of (13.9): they are exactly the transforms, under
the map z — —1, of the terms we have neglected writing in (13.26)): this series
expansion has to be understood in the minimal sense, i.e., when testing against a
pair (us,u;) or (ul,ul). O

Under the assumption that [Re vi|+ |Re v2] < 1, we shall now consider the

function f ,, and expand it as a Fourier series

V1,V2 ) - Z a‘rn y) 82”"7”2 (1330)
meZ
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Using (13.21) again, we find, starting from (13.18),

ag(y) = % Z €1 52/ —2myt® gy

e1==+1
go==+1
: {2'— C(—e1 ) ((—eamg) [f] 751172 27T 3 i
n#0
21—%Lnll_’%:%“—nuCham(t2 > 2n) ]t—alvt2 —2n ' t—ea/t2—2n 2]
(13.31)
and, for m # 0,
an,(y) = a'(m;v1,v5y) + a' (—m; va, 115 y) + Z an(m;vi,vasy)  (13.32)
n#0
n#E—m
with
1 3 —av =2 au,(Iml)
a (m;v,vey) = Y2 Z £18227 7 ((—ervi)
e1==%1 |m|
eo==%1
/ char(t2 > 2m) |t| 75 |t — eaV/22 — 2m| e 2(E-m) g (13.33)
and

P S e 7t g o (fn + m)

a:z(m, VlaVQ;y) |n|l,1 |n+m|”2

Elaﬂ:l
62::t1

/ ‘t e VE 20| |t—enV/2—2n— Qm‘ T2y amem) gy (13.34)

where the last integral is taken on the domain characterized by #? > max(2n, 2n+
2m).

Lemma 13.5. If |Re (11 £ )| < 1, the function

1teivytegvy
G2 = fh L, (2)=2 ) eream 2

v

e1==%1
Ez::t].
1 —e1v1 — g
I <__1;__2_2> ((=ewn)((—e21n) By crvipea (2)  (13.35)

lies in L?(T\II). It remains in this space after it has been applied the Laplacian
A any number of times.
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Proof. Recall that a fundamental domain of T'in ITis {z € II: |2|
Re z < 1}. In view of the classical Fourier expansion (4.5) of E}_ (

v)E 1w (z), it is then immediate that the function

> 1, -1 <
) =

-

ltejvitegvy 1-— e1vy —
F (

Eq
2e1€am 2 5 2 2) ¢(—e1r) C(“52V2)E1+51V1;52V2 (2)

(13.36)
agrees, up to some error term in L2(I'\II), with the function

1+ e1vitesvy

) C((—e11)((—ea)y ™ =,
(13.37)

ltejvitegvo 1-— g1V — €92
2e1e69m 2 r B S—

which is the same as the term

oo
—ejv1—egrp—2

1 &9 (C(l))2 y% g—tHEe=s g(*é'l Vl) ((462 1/2) / |tl'—€1 v1—€2 Vg e*27\'yt2 dt
—o0
(13.38)
from the right-hand side of the expansion (13.31) of a}(y).
It thus remains to be shown that the major term »_ 20--- of ad(y), together

with the series 3., . al (y) e¥™™* add up to some function in L?(T'\IT). Let us
first estimate, when z lies in the usual fundamental domain of I" in II, so that

y > ‘/75, and n # 0, the term

nw=[ Y aalt-av®om
t2>2n 1=+1

go==+1

Vi v2

Vit2 —2n

6727Ty(t2 —2n) dt ,

(13.39)
or

oo
I(y) = 2/\5 Ut— N
t— itz —2n e

+ |2n|l’1+l’2

vituvz —vitve

— [2n|"*

t—Vt2—-2n
t—Vt2—2n

—|2n|"

—Vvi—Vb2 ] e—27ry(t272n) dt )
(13.40)
When n < 0, setting ¢ = /2|n| sinh s, we find

o0 v v o0
/ (\/ t2 —2n — t) e~ 2P =2m) gy — (2|n|)”§_1 / e Vs emdninly cosh®s ooqh g ds |
0 0

(13.41)
so that each of the four terms on the right-hand side of (13.40) contributes to
ad(y) a term which is an O(e~?™%) in the fundamental domain.

When n > 0, setting t = v/2n cosh s, one finds

>0 o0
/ (t A i Qn)y e 2my(t*=2n) gy — (2n) = / evs ey sinh® s ginh g ds |
0

Nem
(13.42)
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so that

I,(y) = 8(2n) R / (sinh 11 5) (sinh 1) e =471y sinh” s sinh s ds :
0

(13.43)

it is clear that the integral is an O((ny)~2).
Since 22U — 5 (|n|) = O([n|max©:~Re »1) Jog|n|) and |Re (1 £1)| < 1,

[n]¥1
the series
3
iy
n#0

oy, (In]) ouy (In])
|n|V1+V2

Ro (v)+vot1)
2

[n]

(ny) ™2 (13.44)

converges and contributes an O(y~?), a function in L2(I'\II), to a}(y).
The series 3, ., ay,(y) €*™™* remains to be analyzed. Set

1

t— e/ —2n— 2m| P eyt =2nom) gy (13 45)

where the integration takes place on the domain defined by 2 > max(2n, 2n+2m).
Since, then, ¢? —2n —m > |m|, one gets, using the Cauchy-Schwarz inequality,

1
2 2

Vi e—ﬂ’y(tz—Qn) dt

Z €1 lt—El\/tQ—?ﬂ

e1=%x1

L ()] < eIy /

t2>2n
X /
t2>2n+2m

The summability with respect to n is obtained in the same way as the one relative
to I,(y) above, and the extra factor e~™/™¥ takes care of the m-summability, at
the same time providing for the behaviour of the term En#),‘m ak(m;v1,ve;y)
from (13.32) at infinity in the fundamental domain. The contribution of the term
a'(m; vy, ve;y) is taken care of by the estimate t* —m > |m|, valid when ¢ > 2m.

That the application of the Laplacian does not destroy the estimates in all
that precedes is immediate. d

[N

2

vz e—ﬂ'y(tz—2n—2m) di

Z €9 }t—EQ\/t2—2n—2m

Ez=:|:1

(13.46)

From the Definition (13.35) of g ,,(2), (13.30) and (4.5), one has the Fourier
expansion

Tonan(2) = D bin(y) ™M, (13.47)
meZ



142 Chapter 3. The Sharp Composition of Automorphic Distributions

with
3 Zvimre=2 ou, (|n]) o, (In])
o) = T T eves [ 2755 3 2 rptei)
e1=%1 n#0
Eo= :l:l

v

char(t? > 2n) It —a1Vi2 —2n| |t—ea V2 —2n

eqvyteqv 1-— —
-2 Z E1E2 7THL : é 22 Ik <—€1V1 621/2) C(—Ellll)C(—Egllg)

V2:| 6—27Ty(t2—2n) di

61::|:1 2
EQ:Zl:l
¢ (—611/1 —621/2) _m (13.48)
C*(2 4 e1v1 + 219)
and, for m # 0,

b}n(y) = a}n(y) 1 Z £1€2

C (2 +e1n +€2V2) )
62 +1

e p (L2 5 () (o)

2
T—_1—e117—€219 (lml) K1+51V%+E2v2 (27‘("me) . (13.49)

™

1 1tejvitegry
yzm|m

We shall apply to the function g} ..v, the Roelcke-Selberg theorem, already quoted
n (4.1), in the following version: one has the spectral decomposition

1 o0
9111171/2 = @0 + Z(gll’h‘&)k + —8—7:('- / (I)()\) E% d)\., (1350)
k>1 oo

where ®° is a constant, ® € L?(R) satisfies the symmetry property (4.2) and,
for every k =1,2,... the function (g} ,,)r denotes the projection of g ,, on
the finite-dimensional space of L?(I'\Il) corresponding to the discrete eigenvalue

2
4>"“ )k>1 denotes the sequence of eigenvalues of the mod-
ular Laplacian enumerated without repetition.

Here is a recipe for computing the coefficients of the Roelcke-Selberg decom-
position of any function g € L?(I'\Il) with Ag € L?(T'\II)), with the Fourier
series expansion

= bm(y) e, (13.51)

meZ

taken from [62, Theorem 7.3, Theorem 7.4]: it may be considered as an extension
of the Rankin-Selberg unfolding method, and is in full generality best phrased
in hyperfunction-theoretic terms, though a simpler concept will do here. First,
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the coefficients ®° and ®()\): we shall worry about the discrete part in the next
section. With the help of the coefficient by(y) from (13.51), set

1 1 _3\m _%
Co () = g/o bo(y)y~* (1“(y_)ig) dy
2
and
- 1 [ s (my)~F
Co(w) =~¢= 1 bo(y)y~* ( (y_)ﬂ) dy. (13.52)
2

Then the function C is holomorphic in the half-plane Im z > 1 and extends as a
meromorphic function to the half-plane Im g > 0, with an only possible (simple)
pole at p = i: the residue there is (—4im)~! ®°. The function C; is holomorphic
in the half-plane Im p < 0. If each of the two functions COi happens to extend up
to the real line as a continuous function, the jump

Co(N) = CF (A +i0) — Cy (A —0) (13.53)
is related to the spectral density ® by the relation

e NG IS G2V I
== r(_%)(p( A) B(N). (13.54)

G ~ 87w ¢(1—iN)

Remark. In particular, assume that the coefficient bo(y) from the Fourier series
expansion (13.51) of some function g € L2(T'\IT), Ag € L2(T'\II), can be written
as a finite sum

bo(y) = coly) + D coy™, (13.55)
4

where |Re ag| < 3 for all £ and the integral [ co(y)y 5~% dy converges when
Im g < 2. Then the integral

o) = /0 " eolyyy i dy (13.56)

is convergent for p in the non-void strip max(1,1 — 2ming(Re ap)) < Im p < 2.
It extends as a meromorphic function, still denoted as ¢, in the upper half-plane,
without poles except ¢ and the numbers (1 — 2ay), and one has

B(—X) = (A +i0) (13.57)

for every A € R. Indeed, on the one hand, if Im g > max(1,1 — 2mins(Re ay)) (a
number < 2), one has

i

1 /! s (my)™ % + 1 7== ce
= | cowy 2 T dy =Cy(p) — ——=— :

(13.58)
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where the left-hand side must be a convergent integral. On the other hand, in the
lower half-plane,

L eyt gy - LT
87 ) ol\Y)Yy F(—%E) Y o \H 87— z) ——+Oég _ﬂ

(13.59)

a holomorphic function. Thus C, (i) extends as a meromorphic function in the
half-plane Im p < 2, with the points (1 — 2 ) as only possible poles, and the
function Cy (u) — Cy (1), meromorphic in the strip 0 < Im g < 2 with no pos-
sible poles except ¢ and the points (1 — 2 ay), coincides in the strip max(l 1-

2ming(Re ay)) < Im p < 2 with the integral glffooo coly)y=2 (P(y) ) dy. Con-
sidering Cg (A + i0) — Cg (X + 40) and using (13.54), we find the expression for

D(—N).
One should also note that, under the conditions above, the constant ®° in
the Roelcke-Selberg decomposition of g is given as —4im times the residue of the

1 w‘% .
function g- Sy d(p) at p=1.

Theorem 13.6. If |Re (11 £ 12)| < 1, the continuous part of the Roelcke-Selberg
decomposition (13.50) of the function g, . introduced in (13.35) is given by the
spectral density

. T(2) iy , ~
<I>()\):i)\7r—z 2 y Z C(1 ZE)\+V1+V2)C<1+ZE)\+I/1 VQ)
e==%1 2 2

1+ieX—v) +19 1—deXN—v; — 1y
X 5 ¢ 5 .

(13.60)

The constant term ®° is zero.

Proof. In view of the expression (13.48) of b}(y), the remark above applies: indeed,
on the one hand |Re (£21£2¢2)| < 1; on the other hand, setting

B = CyE [T eI e T Y

- i;zii "o
Oy (ilnll)liuzz(inb char(t2 > 2n) ’t — & _ 2n V2 - 2n| 13 61
n v 1%

we proved in (13.44) that co(y) = O(y~2) for y — oo, which proves the conver-
s
2 2

gence of the integral fl cs(y)y dy when Im p < 2. We may thus set

() = / )y dy, (13.62)
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a convergent integral when 1+ W < Im p < 2, which can also be
written (integrating first with respect to dy) as

R e (2 —w> 3~ gl o (in)

2 = |n|V1+V2
i — 1 v2
/ (t2—2n) “22 Z E1 €92 ‘t—sl\/t2—2n t—sgvt2—2n dt.
t2>2n e1==41
62=i1
(13.63)

Denoting as I!(vi,v3) the integral which appears on the second line of this last
formula, one has, if n > 1,

. o0
I (vr,v9) = (271)%@/ | sinh 51 Z e ey e~ (F1viHea)s g

-0 Elzil
eo==%1

(13.64)
and

) )
Ii i) = (2n 71+u1;—u2+w cosh s in—1 £1 &3 e—(el vi+ez va)s ds.
n

o0 61:i:1
eg=%1

(13.65)
Both integrals converge if —1 + |Re v1] + [Re 5] < Im g < 2 (for the first one,
the sum must be expressed as the product of two hyperbolic sines, as in (13.43)).
Also, it is immediate that

o . : R .
/ |sinh s|# ™1 e™vS ds = 2'1“/ tT 2 L=t tat

oo 0

T 1—i££71/) F(l*ig-i-u)

Cipy (
=2 ”L]'—‘(lu) iz—u + iputv
D(H%=2) (%)
(13.66)
if —14+|Rev|<Im pu <0, and that
&9 ) T 1—ip—v r 1—ip+tv
/_Oo(cosh s)H eV ds = 27 ( 21_‘(1)_ EM) 2 (13.67)
if ~1+|Rev|<Im p.
Observe that these two integrals add up to
i . 1—ip—v 1—pu+v 1
27 F(Z:u') F( )F( ) —iptv iu—v
2 2 F(l é+ )1—\( 14 g )
1 1
+ (13.68)

F(l—ig—u) 1—\(1+i5+1/) + F(Z,LL) 1"(1 _ Z,u,) ’
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which is the same as

2~iu 1—jpy— 1—1 —_ .
F(W)F( s V) F( HH_V) [cosw(w v) +cos m(ipt+v) +sinm'u]
T

2 2 2 2
91-in 1—ip— 1-i
= F(iM)F( 25 V)F( z;H_V)cos (;M) [co 5 +Sln¥]

22— 1—ip—v 1—iu+v
—I'(in) ( 5 ) < 5

w(in)  m(1—ipt+v) w(l—iu—v)

X c0s —;—cos 1 cos 1
e ()P (= p()
7 —ip 3—iutv ip—v 3—iu—v iputrvy
(A5 D (352) T (34 ) P(H=2) D (342 ) I (H4E)
(13.69)
Using the duplication formula for the Gamma function [31, p. 3]
1
I(z)=2""'773T (g) r (Z; ) , (13.70)
this is the same as
) T i r 1—ip—v T 1—ip4v
27t 13 5_23 ( 1@,“3 ( 1;*%3 : (13.71)
M5 D) (=)

Thus, from this result and (13.63), when 1+ |Re 11| + |Re 12| < Im p < 2, one
has

F( l1—ipu—vi—cvs ) 1—\( l—z',u+;l/1+su2 )

iu 2—ip
¢1(M)—27T1+2m F(_QL)IF( 2 ) Z £ —1m 4 _—-
F( 2z,u) e 1-\( +w~Zl—er/2)1—\( +zu+;1/1+6uz)

x 3 0T oy (n)ow(n). (13.72)
n>1

On the other hand ([48, p.163] or [25, p.232] or [62, p. 144]) a formula due
to Ramanujan yields

ST g (o, (n) = (C(1 i)' x

n>1

1—iu+vi+rv2 1—iu+vi—vo 1—ip—1v1+1e 1—tu—vy—vy
¢ 2 ¢ 2 ¢ 2 ¢ 2

(13.73)

if Im g > 1+ |Re 11| + |Re vy
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From the functional equation (3.19) of the zeta function,

F(l_i“'zl's"z) I‘(l“i“+:1+€”2) ¢ (1 — i -1 —81/2> C(l —ip+ +€l/2>

1—\( 1+i,u+Z1 +eva ) 1—\( 1+iuvi/1 —Evy ) 2 2
g (L) (L noen) g
2 2
and _
r(y) rie
2 (¢(1—ip) 7t = 13.75
T(154) ) ¢(ip) (8.75)
Thus
i p(:ﬁ.ﬂ)
$'(w) = (—ip)m? —2=x Y e
Clip) 621
1+iep+r1+1e 1—ieputuv1—vy 1—tep—v14vo 1+icpu—v1—vo
¢ ¢ ¢ ¢ )
2 2 2 2
(13.76)
which concludes the proof of Theorem 13.6, with the help of (13.57). O

Remark. As this is immediate, one may observe (though this has to be true by the
very construction of ®) that the function

CH(—iA) @(\) = iAT <%) r (121—’\) DI

e==%1
¢ 1—ig A+ +1g ¢ 1+ieA 41— ¢ 1+ieA—vi+uo ¢ 1—igA—11—19
2 2 2 2
(13.77)
is even.
Theorem 13.7. Assume that |Re (11 £10)] < 1 and set
2 2 Lteywiteguy
gul,uz('z>: = ful,V2(2)+2 Z (1+81V1 +82V2)7T 2
e1==%1
eqo=x%1
1 — &1 — e
Iy (__1_;__2_2_) C(—Ellll) C(—EQVQ) E1+51u142r52u2 (Z) (1378)

where f2 . has been introduced in (13.15). Then, for every N >0, the function
ANg2 . lies in L*(T\II). The continuous part of the Roelcke-Selberg decomposi-
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tion, analogous to (13.50), of 931,1/2’ is given by the spectral density

d(\) = N1~ % r(5) <y
C(—iA)
e==+1

1—ieA+v1+1o 1+ieA+v1—19 1+ieA—vi+1o 1—ieA—v1—1o
¢ 2 ¢ 2 ¢ 2 ¢ 2 ’

(13.79)

The constant term ®° is zero.

Proof. Just as in (13.30), we now set

1/1 1/2 Z a2, 2L7r7n:v . (1380)

meZ

Rather than redo the whole proof, let us indicate what is to be changed. From
the expansion (13.27) of the main contribution to f2 , (z), and the remark that
a similar treatment applies to the terms we have neglected Writing in (13.16),
it is clear that, changing a}(y), al (y), al(m;vi,ve;y) and al(m;vi,ve;y) to
a3(y), a2,(y), a®(m;vi,ve;y ) and a2 (m;v1,v9;Y), the calculations between (13.30)
and (13.34) will apply to ,,1 v, after we have made the modifications that corre-
spond to applying mad (2z7r(P AQ)) to each operator involved. For any operator A,

(ul_é |2im(PAQ —QAP)ul_%) = (—2i7rPu17% |AQu1_%) — (Qul_% |A(2i7rP)u1_%)
(13.81)

and applying Q (resp. 2im P) to u!, (t) amounts to multiplying it by t (resp.

t~1 — 2imzt). This provides us with the extra factors that must be inserted below
the various di-integrals between (13.31) and (13.34) so as to change the notions
relative to f,,1 ., to the corresponding ones relative to ffl’,,zz within the first term

on the right-hand side of (13.31), which gives a{(y), insert the extra factor
e169 [t 4 2imat)t — t(t ™ — 2inzt)] = €169 [~2 + 4wyt?]. (13.82)

The presence of £ e in this extra factor ought to be explained: it originates from
the application of (13.13) (the same will occur presently with (13.10) instead) and
the fact that Pu! 1 and Qu' L contrary to u! —1, are even functions. Within the

second term from the same 1ntegral insert

N S S 2 2 _
m + 2imze1 /'t Zn] eVt 2n
—e1Vt2 - 2n [—52—5—— — 2imZeqa\/ 12 — 2n]

12 —2n
=e1e9 [-2+4my(t> —2n)] . (13.83)
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Under the integral on the right-hand side of (13.33), which gives a'(m;vy,v2;9),
insert the extra factor

2 — 2m)3 t
l_( m)#

(S

- +dnyt (t* — 2m
t @ —zmp TN )

] : (13.84)

finally, within the integral (13.34), insert the extra factor

1 1
t2—2n—2m\ 2 t2—2n 2 5 1, N
€1€2 [— (*m—) <m> +4ny(t*—2n)z (t* —2n—2m)2 | .
(13.85)

In the proof of Lemma 13.5, the main term (13.37), differing by some error
term in L?(T\II) from the Eisenstein series (13.36), originated from the integral
(13.38): in view of the correcting factor (13.82), this integral has to be replaced,
now, by

(C(l))2y%2ﬂ;;2"—213<(761 Vl)((_€2yg)/oo (=2 4 dmyt?) [t| e —52v o2yt g
= 471'L€”{ﬁ2 (—e1v1) {(—€2v2)

X [—F (1;61—1121—:212> +T (tﬁi’;;f&”i)] yl+ g
= 2R (1 +e1v1 +e212)

1—ce111 — e1viteay
<« T < 11/; 521/2) C(—e1 1) C(—e2 12) y1+4%_2_2 :

(13.86)

up to an error term in L?([C\IT), all this coincides with

14+eq1vy1+eqvg
2

—2m (1+61V1 +621/2)

1—eq1) —eqv
xI <_.__%_2> C(—El UI)C(—EQ 1/2) El_,’_elul«;sgug (Z),

(13.87)

which provides the linear combination of Eisenstein series to be considered on the
right-hand side of (13.78).

The rest of the proof of Lemma 13.5 called for the examination of the second
term 3, ... on the right-hand side of (13.32) together with that of the series
> om0 al (y) e*™™=. As observed in the proof of Proposition 13.3, factors like
t2 — 2n4 or t2 — 2n4 are rather harmless in all estimates, since all can be assumed
to be O(logt) in the domain of the t-variable where the exponential is not an
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O(t~%) for N as large as one pleases: however, the presence of 1€ in the extra
factors which precede requires that, as in the proof of Proposition 13.3, we should

appeal to the identity
9 1 2 1
_ ﬂ ’ _ ﬂ ’ e—2my(t?—n1—ny)
12 — 2nq t2 — 2ny

= (~t —) [(t2 - 2n1)% (t* - 2n2)% 672“:"“2‘"1‘"2)]

INIE

l47ry (t? — 2n1)% (t? — 2ny)

(13.88)

already used between (13.20) and (13.22), and perform, in the terms with n; >
1, ng > 1, the corresponding integration by parts. Let us also recall, from (13.23),

that
d v
(t—1~— —tWZ) (]t—el\/tQ—in t—EQ\/ t2—2n2 2)
e11 t—! %) t1 _9 vy vy
= - + +1 ‘t—sl\/tQ—inl ‘t—EQ\/t2—2n2’ N

V1

dt
\/t2 — 2’111 vV t2 - 2712
(13.89)

a function which, after having been multiplied by (t2 —2n1)z (t2—2ny)? (a factor
originating from (13.88)) is an O(t/Re »1l+[Re v1l=1) in 3 way uniform with respect
to ny > 1, ne > 1.

Then the end of the proof of Lemma 13.5 extends to the new situation, which
proves the first part of Theorem 13.7.

The second part is of course modelled on the proof of Theorem 13.6. The
function c}(y) introduced in (13.61) must be replaced by cZ(y), obtained by plug-
ging the extra factor &1 2 [—2+ 4my(t? — 2n)], from (13.82), under the integral, in
all terms with n < 0. When n > 0, on the other hand, we must use the integration
by parts provided by (13.88) and (13.89), substituting for the preceding expression
the new extra factor (which can also be read directly from a comparison between
(13.20) and (13.24)), in the case when n; = ny = n,

—e1 89 (1 + E2v2)tTH(#? — 2n)? + t2(t2 — 2n)]. (13.90)

After the dt-integration has been carried, one sees, observing also that

e o] . o0 .
/ e 2my(t* ~2n) [—2 + dmy(t2 — 2n)]y~ % dy = —i,u/ e 2y =2n) = gy,
0 0

(13.91)

that ¢!(u) must be replaced by ¢?(u), a function which can be decomposed in
an analogous way, separating the terms with n < 0 from those with n > 0: the
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integrals I!(vy,v9) and I, (v1,v9), with n > 1, have to be replaced by I2(vy,v2)
and 12, (v1,v2), where I%, (v1,12) is obtained from I, (v1,1vs), in (13.65), by

deleting the factor e1 €5 and multiplying the result by —ipu; also, since the factor
(13.90) becomes —e&; &5 (€111 + £212) tanh s + (tanh s)?] when ¢ = (2n)7 coshs,

I2 (1, 15) = —(2n) gt / | sinh s/ (cosh s)™*

Z [e1v1 + a2 + tanh s] e (e1miteara)s go (13.92)
e1==+1
Egzjtl
it is essential to note that the integral still converges if —1 + |Re 11|+ |Re 12| <
Im g < 2 since

— Y (e +equy) e (Erriteza) s

e1==+1
ep=+1

= 2(1q + v2) sinh(vy + v2)s + 2(v1 — vo) sinh(vy — 12)s. (13.93)

However, to compute I2(v1,v2), it is much easier, relying on an argument
of analytic continuation at the end, to assume to start with that —1 4+ |Re 14| +
[Re vo| < Im p < 0, in which case the calculations from the proof of Theorem
13.6 can still be used: when going from I}(v1,v2) to I2(v1, 1), all that has to be
done, again, is to forget the factor &1 €2 and multiply the result by —ip. Thus, to
modify the expression (13.76) so as to get ¢?(u) in place of ¢'(p), it suffices to
delete the factor £ and multiply the result by —ip: this leads to (13.78). g

14 The Roelcke-Selberg expansion of functions
associated with @ﬁm#@ﬁwz the discrete part

We now come to the computation of the orthogonal projection (911,1,1,2)1@ of gll,l,l,2
onto the finite-dimensional subspace of L2?(I'\Il) corresponding to the discrete

2
eigenvalue #&: we repeat that all the Ap’s are distinct. Again, we start from the

Fourier series expansion (13.47), which defines the coefficients b}, (y).
The recipe {62, Theorem 7.4] calls for the examination of the analytic con-
tinuation as meromorphic functions in the entire plane of the functions (m # 0)

2

Culi) = g [ty g

_ip

: (14.1)

initially defined when Im g > 0: then one has

(g,ﬁhw)k(z) = yz Z dm KMTk (27|m]y) 2 ™™ (14.2)
m#0
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with
A

dpm = —8im lmll_zi x residue of Cy,(u) at pu = \g. (14.3)

Actually, the theorem quoted is slightly different: there, it is assumed that one
has first substracted from the function g = g, ,, € L*(T'\II) to be analyzed the
continuous part geont of its Roelcke-Selberg expansion, and that the coefficients b},
are relative to the difference g— goont. Thus, the contribution to the integral C,, (u)
of what comes from the function g ffooo SN E 10 d\ must be analyzed too:

this is possible since, from Theorem 13.6, we now know ®(\) explicitly. In a quite
comparable situation, the relevant contour deformation argument has been given in
[62, Theorem 11.1], and there is no need to repeat the rather lengthy proof here: in
view of the behaviour [31, p. 13] at infinity of the Gamma function on vertical lines,
and of the classical estimates [49, p. 149, 161] of {(o-+it), t — oo, within the critical
strip, or of (C(it))~1, (13.60) gives an inequality [B()\) < C'e= ™" |A[?, |A| — oo,
for some b, and the proof of the quoted theorem used exactly the same [62, (11.8)].
Let us just emphasize, as a consequence of the analysis, that gcont contributes to
Cy(p) a term which has no poles in some open half-plane containing the closed
upper half-plane except points —iw, w a non-trivial zero of the zeta function. Since
none of these poles is real, this is of no consequence for our present purposes.

Despite the fact that f,, ,,, contrary to gi ,,, does not belong to L?(I'\II),
we may also substitute for C,, the function defined in the same way (but only
when Im p is large) after al,(y) has been substituted for bl,(y): this would amount
to neglecting the extra term on the right-hand side of (13.49), the complex con-
tinuation of which indeed does not contribute to C,,(u) any pole on the real line
since [31, p.91], for Im u > 1+ |Re vi| + |Re 12|,

oo .
/ y % Klﬁrf_w;ﬂ_2"2(277|m|y) dy
0

s o (L e ) (D= e

(14.4)

The integrals involved in this section, contrary to the ones that led to The-
orems 13.6 and 13.7, cannot be computed explicitly: the good news is that, now,
only the singularities of Cp,(u) as p crosses the real line are of interest, so that we
may neglect all terms which extend holomorphically a little below R. In particular,
we may substitute for Cy,(u) the function

wljeo
—
=
<
~—
)
X
<
—~
—
=
ot
~

~ 1 > —
Cm(p) = g;/o Z ay,(m;v1,v2;9) y TCE)
n#0 2

n#—m

where al(m;uvi,vo;y) was defined in (13.34).
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We first remark that, when Im p is large enough, one can exchange the signs
of summation and integration, in other words that the series

3 amummuwml)‘ / —‘ [ X e
n#0 |n"’1 ,n —|—m'V2 g1=%+1
nt—m go==%1

v2
t—e1Vi2—2n t—eoVit2 —2n — Qm' e~ 2my(t’=2n—m) g dy,

(14.6)

Vi

in which the last integral is carried over the set defined by 2 > max(2n, 2n+2m),
is convergent: this has actually been done in (13.46).

Starting from (13.34), with C(1) = 2% 12, using (14.5) and performing the
dy-integration first, we get, for Im u large enough,

Go) — 27T (_ _u) 5 salmon(ntm) oo

2 = [n|¥1 |n -+ mv2

n#&—m
(14.7)

with

Ly (nim): =

/ Z £1E9 ’t—al —2n

e1==+1
ea==%1

v

‘t—EQ\/tQ —2n—2m ’

(t2—2n— m) “Ldt,

(14.8)

where the integral is carried over the same set as above: recall that t2—2n—m > |m|
on this set.

Our problem (still under the assumption |Re (v; £1v3)| < 1) is to understand
the function C,, up to an error term which holomorphically extends slightly below
the real line: it should be emphasized that m is kept fixed throughout. Since

UTgﬁ') = o_,(In]) = O(|n|*™>*~F**) log n|)

as |n| — oo, we should begin with an expression of I, ,,(n;m) up to an error
term in O(|n]®), with « < —1 4+ min(0, Re v1) + min(0, Re v5). As

L, (ny—m) =1, ., (n—m;m), (14.9)

it suffices to consider the case when m > 0.
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The integral I, ,,(n;m) converges as soon as
Im p > |Re v1| + |Re 1| — 1.

When n — oo, we set t = +(2n + 2m)% cosh s, so that

—14vy4vo+ip ©
o (im) = = 2+ 2m) 2[5 oy sinh ()
0

51::!:1
Hp g1
coshs —e; [ sinh? s + _m_ sinh? s + _m sinh sds;
n+m 2n + 2m
(14.10)
when n — —o0, setting t = |2n + 2m|% sinh s,
L, y(nym) = —42n+ 2m|—‘1+”1;"2+w / Z €1 sinh(v,5)
0 e1==+1
m 3 & m 31
(cosh2 s+ s ml) — &1 sinh s (cosh2 s+ m) cosh sds.
(14.11)

When n — oo, S e;|coshs — e (sinh®s + E’%ﬁ)% |“* goes to —2 sinh(vs)
and the same holds, when t — —oo, for Y ey |(cosh? s + ﬁTnT)% — €7 sinh 5|
thus, if Im p < 2, as well as Im p > |Re v1| + |[Re 12| — 1,

Iuhyz(n;m) - 2u1+u22+iu+5 |n|—1+u1;—u2+iu Ci(ljl,VQ;‘u,), n — j:oo, (1412)
with
1 [ . .
CH(vy,va5 1) = 3 / sinh(v; s) sinh(vys) | sinh s|# ™' ds = 2772 (3p)
0
F( 1— z&—ul Vo ) ( l—igf-;ul-{-l/g ) F( 1—2’&-{-21/1—1/2 ) F( 1—iﬁv21/1 “+vo )
X T 1+zg£fl/1 Vo + 1+iptrvi+rve - T 1+iptvi—ve - T 1+ip—vitve
( ) ( 2 ) ( 2 ) ( 2 )

(14.13)

(a function without singularity at p =0 or ), where we have used (13.66), and

oo

1
C™(v1,vo; 1) = 3 /;oo sinh(v;s) sinh(vys) (cosh s)* ! ds = I‘(l i)

X[F<1—i,u—21/1—1/2>F<1—iu—;1/1+1/2)_F<1—z,u Vi4vs )I‘ 1— w—f—m—w)]'

14.14)

2zu2
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In the case when Im p < 1, the error term that remains when replacing I, ,.,(n;m)
by the right-hand side of (14.12) is an O(|nlw)7 and the exponent
—34Re (”12"'”2)_1"’ £ is indeed less than —1 + min(0,Re v1) + min(0, Re v2) (cf.
what immediately precedes (14.9)) as soon as Im u > |Re 11|+ |Re vo] — 1. As we
assume |Re (11 £ v2)| < 1, it follows from (14.7) and (14.12) that, when applying
(14.2) and (14.3), we may substitute for Cy,(p) the function D,,(u) defined as

D =257 (<5 | X au@ i+ mhn~ =72

2 n>1
n#E—m
—1—vy—vgtin
x Ctv i)+ Y onlln)ov(in+m) ™7 C (v, v p)| -
n<—1
nZ—m
(14.15)

A neat simplification occurs when we consider, instead of C* (v, 9; 1) and
C~(vy,v2; p), their sum and difference. In view of the expression (13.71) for the
sum of the right-hand sides of (13.66) and (13.67), we indeed get

(%)

P(5%)

y l:F( 1—12#—41/1—1/2 ) F( l—igiu1+1/2 ) F( 1—iﬂ.tlulwu2 ) F( 1—12[1,—41/1 +vo )

CH (v, va; ) + C~ (v1, g3 ) = 27 2 1%

- - - - - . (14.16
F(1+1u—41/1-u2)1—\(1+1;HZI1+VQ) F( 1+w+41/1—1/2)1—\(1+1u—41/1+u2)‘| ( )

Similarly, the difference of the right-hand sides of (13.66) and (13.67), i.e.,

' 1 —ip— 1—i
2_”‘F(iu)l“< zg 1/) F( zg%—z/)

1 1 1

’ [F(l‘?*”)l“(”ié“”) T T TN )

} ., (14.17)

can be written, following the same computations as those between (13.68) and
(13.71), as

2—iu 1—ipy— 1—4 L .
T(u)T ( Z;L V) r ( W+V> [cosﬂ(l'u v) %—(:os,ﬁir(l'uz+ V) ~sinm'u]
™

2 2

22~1‘,p 1—ip— 1—i . 1—i i
= F(iu)F< zg V)F( Zu—l-l/)COSﬂ(w) . m(1—iptv) sinﬂ( iu—v)
T

2 9 Ty 4
s I (ip) P n( At
1+ 1—3 1—2 v 3+iu—v — - 3 vy !
TG T (i) T (it p(3tiemyy p( Loy p( 3ty

(14.18)
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which reduces to

1—\(22&) 1—\(3vi;1~u ) 1—1(3—1'5—}-1/)

27 o2 i . (14.19)
() () T (S
It follows that
oy TCL)
CH(v1,v95 ) — C (v1,vo5 ) = 27 2 2 2
(v1,v2; 1) (v1,v2; 1) T
1—1 3—ipu—vi—va 1—\ 3—iutritre 1—\ 3—iptvi—vg T 3—ip—vituvo
(3+W—4V1—V2) (3+iHﬁV1+V2) N (3+iuﬁul~—u2) (3+m~4u1+u2) : (14‘20)
D=2 ) D(==ge2) (5= ) (=2
Finally, we see that (14.2) is valid with
. _RE .
dm = —=8im|m|™ 2 X residue of Dp,(1) at p= g (14.21)
if
) 7 oy
Dn(s) = 2+~ ™! (—5“) > [CF (v, vas ) + (<1)7C (1, 23 )]
7=0,1
—l-vy—votip
> oulnl)ow(In+ml)nl; 2 ;o (14.22)
n#0
n#E—m

recalling that signed powers have been defined in (11.26).

To get at the poles and residues of the two Dirichlet series on the right-hand
side of (14.22), we shall appeal to the pointwise product and Poisson bracket (11.3)
of the two Eisenstein series £7_,, and E7_,,. On one hand, trying to find, by an

application of the same method,zthe discrete summands in the spectral decomposi-
tion of these two functions will depend on an examination of the same series: only
the coefficients will differ. On the other hand, the Roelcke-Selberg decomposition
of these two functions is known [62, Section 14]. Recall from (loc.cit., Section 12),
that the Poisson bracket under consideration lies in L?(I'\II) and, from (loc.cit.,
Proposition 14.2) that the ordinary product E7%_,, E%_,, lies in this space after

one has subtracted from it a sum of four Eisenstein series. For short, we shall still
call Roelcke-Selberg decomposition of the product the sum of the four Eisenstein
series (which lies outside L?(I"\IT)) and of the usual Roelcke-Selberg decomposi-
tion of the remainder.

For every k, let us denote as (g5¥"3, )k (resp. (g2risy™),) the projection onto

the subspace of L?(I'\II) corresponding to the discrete eigenvalue 1+4Ai of the
product E7%_ iy B i (resp. the halved Poisson bracket = {E1 gy s E%_ i D). The

method expounded in (14.1),(14.2), (14.3) is still applicable. As Just sald, however,
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it is necessary to first subtract from the product {this is not necessary when dealing

with the Poisson bracket) a certain linear combination of four Eisenstein series

d_cle1vr, av2) By | vy veqr, (the coefficients of which can be found in [62, (9.10)]
2

but are not needed), so as to get a function in L2(T'\II) as a result: this is in full
analogy with the way (13.35) we built the function g, ,, from f; . We denote
as bs¥™m  CSY™(p), d¥™ the Fourier coefficients of the product, the function built
by (14.1) from these coeflicients, finally the coefficient defined by (14.3) from the
residues of the function C;¥™; something entirely analogous goes for the Poisson
bracket, using the superscript “antisym” everywhere.

Lemma 14.1. Assume |Re (v1 £ 1v2)| < 1. One has

2_47'("% ~1—wy—votip
O™ (1) ~ = =1~ ou(Inl)ou,(In+mf) n| =2 X
D(—4)T(35%) nz;;o ’
n#—m
F(].—Z'/L-Zl/l-‘-lQ)F(l—iu—t—;ﬂ—l@)F(l-iu—glul-}-l&)F(].“Z',U,—;llll—l/g)

(14.23)

up to an error term which extends holomorphically to the half-plane Im p > —1+
|[Re 11| + |Re wa|. In a similar way,

' 274in2 —lovi—vptin
C;aﬂnt]sym(u) ~ F(—m)l—‘(l_i”) Z ov(Inl) 0u; (In + m|) |n|1 : x
2 2 n#0
n#E—m
F(3—-iu+ul+1/2)F<3—z’u+l/1~1/2>F(3—z’u~1/1+1/2)F(3~iu—ul—y2>
4 4 4 4

(14.24)
up to an error term which extends holomorphically to the same half-plane.

Proof. From (4.5), one sees that b%Y™(y), the coefficient of €™ in the expansion
m

t (2) Bl (2) = 3 6™ () 2™, (14.25)
2 2 mEZ

is given for m # 0 as the sum of three terms: those which come from the “constant”
(i.e., independent of z) terms in the expansion (4.5) of one, or the other, of the
two factors, which do not contribute to the real poles of C™ (by (14.4) again),
and the interesting part

v, (In]) ov, (In + ml)
bf%’m(y) N4y : vy 2 Kﬂ
2 i FnemE

n#—m

(2m|nly) K= (2nn + mly) . (14.26)
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Then
svm 1 1-% o, (|n]) o, (In +m
r'(-%) oy [n|Z |n+m|3
n#t—m

x/ yilzim K%(27r|n|y)K§(27r|n+m|y)dy. (14.27)
0

The so-called Weber-Schafheitlin integral on the last line can be expressed
[31, p.101] as

1 —1+ip 1 — 7,[J, -t —1l+ip—vg vo
3™ (F( 5 )) In| =™ =2  |n+m|ZF

Xr(l—iu—i—l/l—i—l/z)r ( 1—iu+1/1—1/2)F(l—i,u—ul—i—uz)r < lﬁi,ll,“lll*ﬂ/z)

4 4 4 4

1—4 1| — iy 1 2
><2F1< w+1/1+1/2’ i 1/1+1/2; m;l_<n+m> )

4 4 2 n
(14.28)

Since, for fixed m and n — oo, the argument 1 — (2£™)2 of the hypergeometric

function is quite close to 0, the value of this function is close to 1, and the error
committed in the integral by substituting the constant 1 for the hypergeometric
1-Im u Re v
e ~1); since 5'|_(||ﬂ%_|2 = O(|n|| z |), the error commit-
n
ted in C&Y™(u) by this substitution extends as a holomorphic function of p for
Im p > —14 |Re v1|+ |Re v2|, a neighborhood of the closed upper half-plane. This

leads to (14.23).

We emphasize that, so as to be in position to apply [62, Theorem 7.4], we
should really consider instead of d¥™ the coefficient d¥™ obtained as the residue,
as in (14.3), of the function C,n associated to the difference between Ei_, Ei_.,

function would be O(|n|

2 2
and the linear combination of four Eisenstein series above: however, from an equa-
tion similar to (14.4), one sees that the function C,, associated through (14.1) to
an Eisenstein distribution £ yElviteavy has no real poles.

2

Using the formula that gives the derivative of a Bessel function [31, p.67],
we get

d 1
ay Y7 Ky (2rlnly)
1 1 1
= —7 |n|y? (Ku2 (2ninly) + K v32 (27|nly)) + 2y 2 Ky (27lnly) :
(14.29)
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this entails (using (4.5))
{Ei,, Ei,}~
2 2
8im > |ma|77 [na % ou, (Jna)) 0u, (Inal) AT Rama(y) - (14.30)
n1n2¢0
with

ny — N2
———y* Ky (27fna fy) K2 (27[naly)

) =2
+ 7 ni|na y? (szlg 2r|nily) + K%g (27|n1ly) Kz (27|n2|y)

— 7Ny |na y3 K% (27r|n1 ly) (Ku22~2 (27nzly) + Ku22+2 (27r|n2|y) s (14.31)

and we have to evaluate the integral

o0
—8—ip
L = /0 y— T anz(y)dy. (14.32)

It is out of the question to write its lengthy expression, provided by the Weber-
Schafheitlin integral (14.28) as soon as Im g > —3 + |Re v1| + [Re v2| (yes, the
situation has improved): because of the presence of factors like ny, na, or |nq|no,
or nj |ne|, ordinary powers | |* as well as signed powers | |$ do appear in the
result of the computation; on the other hand, some of the Gamma factors are to
be evaluated at 3;"%, and some at %. Keeping only the “main
term” just as we have done after (14.28), i.e., replacing all the hypergeometric
functions by 1, we find

1 —34:
fll,ﬁzwgz”_szu
3—i 3—i - 3—ip— 3—ip—yy —
y F( zy,-{:lul+l/2)1—w( z,u-{:lul I/Q)I\'( 1L 4u1+u2)F( ipL 41/1 u2)
r(%5%)
—1tip—vo vy —3tip—vg vot?2 4
X | |n 2 9|2 —|n 2 nal; 2+ -
L e e e
y 3—ip—v1+1ve3—iu—v) — 12
4 4
3—iptrv+ve 3—iutv — v —3tip—v vo+2
4 H 1 2 b 1 2 I vy sl 2
4 4
3—iu+vy—1vo I—ipu—v — 1y Zltin—vy vy
- 1 1 lnaly 2 Inaf?
3—1 vg 3—iu—uv + v ZStin—vy vat4

We need to substitute for the pair (ni,n2) a pair (—n, n + m) with n #
0, —m, and find a main term as n — +oo: thus, since m is to be kept fixed,
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[ng|® = |n]®, |n2|® = |n+m|, [n2|f = In+m|§ but |n1|§ = —|n|f. After this
substitution, the main term of Ly becomes
1—dp -3t —ltip
24 w2 |n’1 ?
1‘\( 3—-‘;&-};11/1*{*112 ) I\( 3—iu-tll/1—1/2 ) F( 3—i‘u—41/1+l/2 ) 1‘\( 3—1:[1—41/1—1/2)
x 3_. . (14.34)
(%)
up to an error term in O(|n|L?n”ﬁ) since
Z l”l%(lRe vil+Re v2)=3(3+Im p) - o (14.35)

n#0, —m

as soon as Im p > —1+|Re v1| + |Re 12|, (14.30) shows that, up to an error term
which extends as a holomorphic function of p a little below the real line, one has

Cantisym(u) ~ Z(l - Z,u) w2
" 2 T(-%)
y F( 3—1’”4;11/1 —+vg ) F( 3— ;HZII —vo ) F( 3—1'”—41/1 “+vy ) F( 3—1'”—;11/1——1/2)
r(5E)
—1— VlvV2+l
x > v (Inl) 0w, (In+ml) Inl; : (14.36)
n#0
n#E—m
this ends the proof of Lemma 14.1. O

So as to state the two theorems in this section, some reminders are necessary,
concerning the spectral theory of the modular Laplacian A on L2(I'\II). Recall

from the discussion between (4.8) and (4.11) that (lﬂ%’iﬁ) is the sequence of (not
repeated) even (resp. odd) eigenvalues of A and that the image of the orthogonal
projection operator P)\: (resp. PA;) onto the corresponding eigenspace, consisting
solely of even (resp. odd) cusp-forms, has a basis of Maass-Hecke forms denoted
as (Nlj:f)1<€<n+ (resp. (Nk",e)1<e<n;): it is assumed that Af > 0 for all k. So
far as we know, $t has never been proved that the sets of even and odd eigenvalues
are disjoint, so that the preceding operators should really have been denoted as
P)\ . and P__: but no confusion can arise. Also, the definition of the L-function

( NT) assomated with an even or odd cusp-form has been recalled in (5.27)
and (5.28): there is a slight difference in the Archimedean factor between the two
cases.

+42
Theorem 14.2. Assuming |[Re (11 £11)| < 1, let H(%)
the modular Laplacian, and let

(902 et = Prt Guy s (14.37)

be an even eigenvalue of
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where the function g, ,, has been introduced in (13.35). One has

(911/1 N2 )k7+
ixt —ixt is)\: )
2

-y () (=) (=

F( 1+i5)\:4—u1—1/2 ) F( 1-— zs)\ 4+1/1 vo ) F( 1—i5)\;:4-1/1+1/2 ) F( 1+i6)\;:;—1/1+1/2 )

L (1—v1—1 (14— _
o (RN ) o (PR ) NG

¢

e=+1

(14.38)
In a similar way, if lﬂ—i‘;ﬁ is an odd eigenvalue, set
(9r0)e= = Pr- Guy - (14.39)
Then

(gllll,ljz)k:_

aD(5e) T(Te) (B2

= 52:;1 F( 3+i€AJ;4—u1 —vo ) F( 3~—i€)\,: +vy~vo ) F( 3vi5)\;471/1+u2 ) F( 3+ie)\;4+u1 +v2 )

— 14+v; — _ — (=
o (T ) v (P ) I

(14.40)

Proof. One should first realize that, since an Eisenstein series is an even modular
form (under the symmetry z — —Z), so is the product of two Eisenstein series,
while their Poisson bracket is odd. A function such as g,}lm (resp. g?,huz), or
fL ., (resp. f2 ,,) (¢f. (13.14) and (13.15)), on the other hand, has cusp-forms
of both types in its decomposition, since it has to do with the composition of two
operators.

The Roelcke-Selberg decomposition of the pointwise product E5_,, Ei_ e has

been given in [62, Section 14]: with our present notation, mtroduced just before
Lemma 14.1, one would write (loc.cit., (14.9) and Theorem 14.5) as

(935 ZL*(I — M ) (i{— )H el PN
(14.41)

On the other hand, the Fourier coefficients of (gll,h,,z) k+ and (g7,
in terms of the residues at p = )\Z of two functions (taking the place of Cf in

(14.1)) which are respectively expressed as the even (i.e., j = 0) term in (14.22),

)k,+ are given
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and (14.23): now the Dirichlet series involved in both functions are the same,
only the coefficients differ. Taking the ratio of these two coefficients (recall that
Ct(vy,ve; 1) + C~(v1, v9; 1) has been made explicit in (14.16)), we find (14.38).
In a similar way, [62, Theorem 14.8] together with (loc.cit., (12.1) and (14.61))
gives the Roelcke-Selberg decomposition of the Poisson bracket {E7_ E v B,k
2

with our present notations, given an odd eigenvalue —+—(2‘k—)——,

ntis 1 1 * 1_’/1“’/2 — * 1+I/1*I/2 _ o
(™ - =52 L (———2 , H)L (——2 N VIl
2
(14.42)

Now, it is the coefficient of the odd (i.e., j = 1) term from (14.23) that should be
compared to (14.24), using also (14.20): this leads to (14.40). O

Theorem 14.3. Under the same assumptions as in Theorem 14.2, set
2 2
(G wadlt = Par G0y s (90, 00k = Pa- G0, 0y s (14.43)

where gzhw was introduced in (13.78). Then

(ggl,uz)k,-!-
ot it +12
FI‘(”‘_k)p(_li\_»L) (_(_"15_)_)

— 2 2

= ieAT — 1 —u —ieXT 4y —p ieAT —1 tu ot >

s;:!: 1—\(1+zs)\k4 1 2)1_‘(1 )\k+ 1 2)1-\(1 /\k4 1+ Z)I‘(1+’E>‘k:"l+ 2)

* _ 1+V1—I/2
S (RN ) (R AR ) I
(14.44)
and

2

(9o v )b -

iAT —iAL A0)?
(50 r(T=) (B5h)
e F( 3+i6)\;4-u1—u2 ) F(S—ie)\;:ul —vy ) F( 3—1’6)\,:4—1/1—1—1/2 ) F( 3+ie/\,:4+u1 +u2)

f1—v1i—1 _ 14+ —1 _ =2 e
o () o (R NG el
£

(14.45)

Proof. The proof of Theorem 14.2 can be modified into a proof of Theorem 14.3
along the lines of the end of the proof of Theorem 13.7. To start with, there is
an extra factor —iy with the same origin as in (13.91). Next, if we consider the
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analogue of (14.8) occurring in our present computation, all we have to do, besides
plugging the extra factor —ip, is forgetting the factor e1e9, thus substituting
cosh(r1s) and cosh(rves) for the corresponding hyperbolic sines in (14.13) and
(14.14): this has already been explained after (13.91). The net result is that, in
(14.13),(14.14),(14.16) and (14.20), the minus sign in front of the product of
Gamma factors depending on vy — vy must disappear: this leads to (14.44) and
(14.45), from a comparison with (14.38) and (14.40). O

15 A proof of the main formula

In this section, we state and prove the composition formula announced in (5.38)
or (5.62): one may also look at (15.33) for a fully expanded version of this result.
We refer to Definition 13.2 for a proper understanding of the following statement.

Theorem 15.1. Let vy and vy be complex numbers with |Re (1 £ uva)| < 1. There
exists an automorphic (tempered) distribution & satisfying for every z € II the
identities

(u:10p(2in € &) us) = [ " OpEL )l Op(EE ) ul)(de (15.1)
and
(ul0p(2ine &) ul) = [ [3(0p(EE, 1)) Op(3E,) )t

~33 (Op(%,)u:)(t) Op(8%,) u)(t) — 3% (Op(SE, Ju2)(t) Op(3E,) u2) (1) | dt :
(15.2)

the distribution & is unique up to the addition of a multiple of the Fisenstein
distribution @g. One choice of &, denoted as S’f,l #&’3,2, s given as

i oyt Clevi)(leve) .4 Clevr) ((—ev) 4 ]
S50 = sgl [<<E<vl Tus) - 1) 1=t T E ey — i) — 1) S

+ L (——1+V;+V2> G (-—————1+”;'”2> 9 s HiTE g (15.3)

where B = B is the Bezout distribution properly introduced in the proof of The-
orem 4.3, and L'(s) was introduced in Definition 5.7

Remarks. By a sesquiholomorphic argument, the pair (z,z) may be replaced by
(w, z). The conditions above exactly mean, in the sense of Definition 13.2, that the
operator mad (2im (PAQ)) (Op(§¥,) Op(3?,)) admits the symbol 2ir € (F¥, #3*,)
in the minimal sense.

The almost-uniqueness only is due to the equation iw & @g =0
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All the difficulties of the proof of Theorem 15.1 are behind us: what remains
is only a matter of piecing various notions and results together. It is useful to give
another normalization of cusp-distributions, defining

—1—iaf

(o) =277 O C (=N IV 72 (00 )F (15.4)

when k > 1, A\ > 0 and all concepts are introduced between (4.10) and (4.11);

next, A_p = —A; and (‘J"("_"k’e)’i = f'(‘ﬁ:’e)u. We make exactly the analogous

definition of (§ ,)¥, substituting the superscript — for + everywhere in (15.4).
The case £ =0 of Eheorem 4.3 may then be recalled as follows, recalling also

(cf (3.2)) that ¢! =27= Fi:

g-i+imEeg _ 1 /Oo (C(EN) C(—=iN) L dA

i J_ o
£33 D D) B
ke
£33 ) CA) T B0 (15.5)
k.l
keZ™

Lemma 15.2. One has
6§ =38, GGE) =G5 (15.6)

Proof. The first equation was already given in (3.4). Since (cf. (2.7)) G =2%"¢ F
and (cf. (4.4)) (‘ﬂ,f ;) is homogeneous of degree —1—i\, one has (not forgetting

that £F = —FE), G (M) = 210k (M=, ,)¥, from which the second equation
follows. U

Lemma 15.3. One has

i, M(5-%) v v
’ f__ i-s 2" 1 _Z )
L)8, = F(1;S+§)C(S 2>C( +2> S
! + 1-s F(% — vﬁ\l;: +
L (8) (Sk,e) =72 s it L(37 || e) (Sk,f) P
(5 +3)
RPNV (G ik w RPNV R
L (S) (Sk,[) =2 iAT L(Sa-/\/lkl,[) (Sk/‘,f) . (157)
P(Qgs + _f_)

Proof. Since §, and (3j,)* are proportional respectively to €% and (9 ,)*, the
first identity is a consequence of (5.23) and (5.30); the other two are a consequence
of (5.24) and (5.30). O
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The definition of the function s — L*(s, M) associated with a cusp-form
M, recalled in (5.27) and (5.28), is very classical. There is a more precise variant
adapted to cusp-distributions 9 only: recall from (4.4) that any cusp-form M,

. . A2 . . .
associated to the eigenvalue HjT], with 7 > 1 and A; > 0, yields two cusp-
distributions (Dﬁij)”, homogeneous of degrees —1 —4A; and —1+4A; respectively.
The map (9M;) — M, on the contrary, is well defined.

Definition 15.4. For any even cusp-distribution (9*)f, homogeneous of degree
—1—iAt, AT e R, we set

it

Ads, () = md s 1\

— S + .
(e 3 i) L(s, M), (15.8)

where M is the cusp-form associated with (9*)¥; similarly, if (90t)* is an odd
cusp-distribution homogeneous of degree —1 — i\~ associated with the cusp-form
M~ we set

L(s, M™). (15.9)

Observe that, since

1 1—s iA S iA
3 J* +y — - — - +\#
ﬂL(S,M)-F( 9 + 4>F<2+ 4)A(s,(9ﬁ))

and

, 25 A~ 1 i
wEL*(s,M_):F< 2%%) r(s’; +ZT> Als, (), (15.10)

the function A(s, (9M+)F), just like L*(s, M¥), is invariant under the symmetry
s+ 1—s, and that A(s, (9M™)*) changes to its negative under the same symmetry.

To define the action of the operator £’(s) on an automorphic tempered dis-
tribution &, rather than trying to give a global definition, we assume that &
has, in the weak sense in S.,.,(R?), a decomposition into homogeneous compo-
nents, just like B¢ in (4.24), and we define £'(s), componentwise, by means of
the preceding lemma. In this way:

Lemma 15.5. Assume that |Re (v1 £ vs)| < 1. Then

1 1 —
2im £ L (M) Gr (M) bHmEg L T

5 5 +%

disc

(15.11)

18C
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with

1 <o
rIcont = E/ (‘_Z)‘) s’Lj)\

—0o0

C( 14+ -;u2+i)\) (( 14+ —21/2—1')\) C( 1—u1§u2~i/\) C( 1—1q ~2u2+i)\ )

C(iA) C(—iA)

dx, (15.12)

and

Ak (o ) (g, (0, )Y
CEAT) C(=ixy) ’

(15.13)

1 .
‘I(—fisc = 5 Z (—Z)\;:) (%zf)u X

finally

Alkta, oy g AR, (10, )Y

- 1 LN e
Tane = 3 2 X)X NI

(15.14)

Proof. That the series and integrals involved are weakly convergent in S.,.,(R?)
follows the lines of the beginning of the proof of Theorem 4.3. The three terms
of the decomposition of course refer to the continuous part and the two discrete
parts of the decomposition of the distribution under study into homogeneous parts.
From Lemmas 15.2 and 15.3, we find that the image of 3?/\ under the operator

1 1 -
Suim: —timel (AT gp (FRAZ2) (15.15)

is
F( 1414 ~4V2—i/\) F( 14+v1+vo+id )

4
F( lwulaugﬂ-i)\) F( 1—1/1—41/2—1'/\)

14+v—vo—iA 14+11 —vo+iA 14+v1+va+1iA 1414+ —iA
(Tt (Lno kB (andiatin) (T

—v1

(iA) 311-1)\ x

™

(15.16)

(do not forget that 2im & 3"3/\ = —iA 35 1)~ Using the functional equation of the zeta
function in the form
I'(3)

I3

N|w

C(s) =m""2¢(1—s) (15.17)
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this simplifies to

C<1—V1-;V2+i)\>g<1+V1—2V2+i)\>C(1—V1—21/2—i)\><<1+l’1_;’/2_i)\>(i/\)gn_w\;

(15.18)
finally, we change X to —A\ in the integral, finding (15.12) as a result.
There is no need to redo the computation in order to find
1+l/1—112——7l/\+ 1+y1+112+i)\+
_ I =) I( £) .
S”h’/? (ste)u =7 171/1+111/2+i)\+ 1—1/1—111/2—7)\+ (ZAﬁ) (gtk’e)u
I'( ) I( ra—
1—}—Z/1+V2 + 1+V1—V2 4
x L (#,Nwm) L (T’NNM (15.19)
and
B . F(1+y1—y27z‘)\g ) F( 1+V1+1/2+i)\; ) . B
Sur vz (&c,e)u =m 1—m+i2+i,\* 1-1y ~i2—i,\— (i) (g—k,l)u
I*( ) I( )
1+uv1+ s _ 1+4+v1 — 1y _
(M V(M ) s
Recalling Definition 15.4, we may write (since /\:_tk = ~)\f)

1+ +v 1+, —v .
Sun (5= (T2 o, ) 4 (AR 007 ) D)

2
(15.21)
and, in a similar way,

_ 1401+ _ 14— _ o _
Svs (1) =A (———m)”) A (M,mk,m) (D) E -

2 2
(15.22)
This leads to (15.13) and (15.14) after we have changed k to —k in the series. [

Lemma 15.6. One has
(w2 |Op(F Juz) = ¢*(v) Brzu (),
(u|Op(Fh)uz) = —v (" (v) Bazv (2),
(2| OP((FiE ") ue) = €7 (6AF) ¢ (=0 WG ol T2 N o (2)

and

(WL|OP((BE )N ul) = —irF ¢ GAE) ¢ (=i IV ol 2 N (7). (15.23)
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Proof. The first two equations were given in (3.15) and (3.16), to be completed
by (3.18) and (3.19). Next, recall from (2.21) that Op_gz(h) = Op(2~ 3+ €h) so
that (4.12) reads

vl-i/\i

T (M) we) = N () - (15.24)

(uz | Op(2

The third equation (15.23) is thus a consequence of the Definition (15.4) of (%ki P

According to (4.13), substituting ul for u, on the left-hand side of this last equa-
tion just calls for the extra factor —z’)\f on the right-hand side. g

Proof of Theorem 15.1. Denote as ¥ the image of the right-hand side under 2im £,
i.e.,

C(evr) ((eva)
o 21 |: L) = 1) Cle(vr +12) = 1) 31 e(vitvz)

C(er1) C(—ern) 5
C(e(vy — Vz) -1) e(v1—vz)—1

+ %

+(1 —e(n1 ~1p))

+ scont + ‘I (1525)

disc disc ?

where the last three terms have been defined in Lemma 15.5: we may denote as
Tside the first term.
What we have to show is that (u,|Op(%)u,) agrees with the function ,}1 vy (2)

introduced in (13.14), and that (ul|Op(%)ul) agrees with the function fZ2 ,(z)
introduced in (13.15). First, the side terms: we use Lemma 15.6. Since (3. 18)

(1 —e(v1 +12)) Eewiyy = C(e(v + 1) — 1) B _cwiyn (15.26)

one has

(ulep(SSide)uz)

= 32 [t -0 R el o) Byt
e=%1

C(evy) ¢(—era)
Ce(n —v2) = 1)

+ (1 —e(v1 — 7)) ey —n) — 1) Elwswl;ug) ()| (15.27)

or

(uzlop(iside)uz)
_9 Z [ 1- 5(V1+V2) (E‘M) ((El/l)C(EVQ) El—s(ul;VQ) (Z)

2
e==1

I b A <—~———1 t 5(1/21 > V2)) ((en)((—ev) Bt (2) |- (15.28)
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This clearly identifies to the function f} . (2) — g}, ,,(2) as defined in (13.35):
indeed, when &) = €3 = —¢ in (13.35), one gets the first term on the right-hand
side of (15.28); when &1 = —e2 = —¢, one gets the second one. Comparing the
exceptional terms on the right-hand sides of (13.35) and (13.78), one sees that,
in order to find the second ones in terms of the first, one has to insert the factor

—H—Elg”;l—gﬂ, which is e(v; + v2) — 1 when &) = e3 = —¢, 1 — e(v; — 1) when
€1 = —&3 = —e: these are precisely the extra factors to be inserted in the two

terms on the right-hand side of (15.28) when changing u. to u! on the left-hand
side, as it follows from a comparison between the first two lines of (15.23). Thus
(u3|OP(Tsidc)uy) agrees with fu1 »(2) = gfl,ug(z)-

Next, the continuous part. Using (15.12) and the first formula (15.23) on one
hand, (13.50) and (13.60) on the other hand, we must identify the integrals

L S
| g i

Am X (i)
C(1+V1+V2+i>\) C(1+u1~2u2fz/\) g(l—ul-zuzfi,\) g(l—l’172112+i/\)
2 C(IN) (=i dx  (15.29)
and
L[ ms 1) |
S )T Gy < 2, )
1—icA+11+12 1+ic A1 —1o 1+ied—v1+1n 1—ieA—v1 1o
g(Aie e ) o PR (At ) (o g,
(15.30)

which is immediate since (*(i\) E% (z)=m" 3 cF((Z\)) Ei 10 (z) is an even func-
tion of \. Substituting the study of (ul{Op(Tcont)ul) for that of (1 1OP(Feont ) uz),
we must insert under the first of these two integrals the extra factor —i\, thus
changing e\ to —A? in the second: comparing (13.79) to (13.60), we are done.

Finally, the discrete parts: we must draw the reader’s attention to the fact
that, in Lemma 15.5, the index k can be positive or negative: but, in Theorems
14.2 and 14.3, one has k > 1 since we are dealing with the Roelcke-Selberg de-
composition on II, not with decompositions into homogeneous parts on R2. From
(15.13) and Lemma 15.6, immediately reducing the domain of k in (15.13) to
{1,2,...}, one gets

Z S IS Ay
(uz|0p( d1<;c - Z€>\+ <—2k > T <———2k )
k. e==+1
€>1

1+ 4+ v 1+v —
X A <_;—2_7(‘ﬂ:k72)”> A (+ (mAek o) ) ”Mkl[” N k\e( z).

(15.31)
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Since, from (15.10), the product of the two A-functions on the last line is also
* [ 14+vi+v * vi—v2
mL ( gt 2vN1Jz;1,e) L (1+ 3 ,/\/]ZM)

T (1—V1—I;2+i6)\2-) T (1+V1+1;2+i6)\2') T (17V1+1;2*1:EA2-) T (1+u1-1;2vig,\z) )

(15.32)

the right-hand side of (15.31) is just the same as that of (14.38). Exactly the same

computation works for the T3, . part: only
L1+ _ . L [1—v1—11 - )
() - (S )

finally, from Lemma 15.6, substituting u! for u, again calls for inserting the extra
factor —iAE (k € Z¥), i.e., —ieAf after we have reduced k to the set {1,2,...},
and a comparison between Theorems 14.2 and 14.3 finishes the proof of Theorem
15.1. O

Remarks.
1. It is instructive to check the coherent way under which the data and results of
the formula

i g C(ev1) ((eva) # Clevy) ((—eve) 4
S = 3 | o o) et oty B
1 oo i C( 1+1/1J;u2+i)\) C( 1+u1—2u2—i/\) C( lful-gug—i)\) C( 1—1/1—21/2+i)\)
T /-oo S RONEEDY a
1 £\ A(FEte, (mie)u)A(l_JrV%;uz’ (m:i:k’g)ﬂ)
PP SN )
(15.33)

transform under the symmetries G and T4 discussed in the remark following
(5.3), as well as under the complex conjugation. From the functional equation
Op(g6) = Op(6)C = COp(6), with Cu = 4, valid for every automorphic
distribution &, and from Lemma 15.2, one expects the formula sﬂ_,,l#s”_,,z =
1, #3!,. Using the equation A(1 — s, (,)f) = £A(s,(M,)F), one may check
that it is indeed satisfied. The equation b, #3%, = G(Fh, #55,) may be veri-
fied in the same way, though it is slightly more fun to check. From the equation
Op(T9#*&) u = Op(&)*u — note that this is also Op(&)'u where Op(6)’ is the
transpose of Op(&) - together with T9'F = F¥  we see that we must expect
that &b #3% = T (3, #3",), which can indeed be asserted from (15.33) and
the equation T'dist (Sf o)F = +(3;,)". Finally, since taking the complex conjugate
of some symbol amounts to taking the adjoint of the associated operator, one
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should expect the relation 3?,1 #Su = 3?;2#3’?,—1. To verify this, one may suc-

cessively check that j\/|k| ) = ijvuq (from (4.3)), (M = £(NE, ¥ (from

(4.12)-(4.13)), (3M) = (3%, o) (from (15.4)), finally use the already quoted
relation A(1 — s, (‘ﬂi[) ) = +A(s, (O e)u)-

2. The first and second lines of the right-hand side of (15.33) are related. Indeed,
if one introduces the function

C (1+U1+U2+Z/L) C (1+I/1—u2—i/.L) C (1—1/1+I/2—i‘u) C (17V1‘V2+41:H)
F _ = i 2 2 2
= 5% i) S

(15.34)

which appears, when u = A\ € R, as the integrand in the second line, the first one
is exactly 2¢m times the sum of the residues of F at the poles of the product of
four zeta functions upstairs; the other poles of F, which originate from the zeros
of ¢(ip){(—ip), do not contribute to (15.33).

The reason for all this is the following: Theorem 15.1 extends to more general
values of (v1,19), provided only that Re (»1 £ v3) # £1. But the number of
exceptional terms (the ones on the first line of the right-hand side of (15.33))
is in general four minus the smallest number of times one must cross the union
of the four lines Re (11 + 12) = %1 to link the actual value of (Re vi, Re 1)
to (0,0). Each exceptional term on the right-hand side of (15.33) is connected
not to a change of contour in the dl-integral, but to a discontinuity of the dA-
integral, always taken on R, whenever (Re vy, Re v2) crosses any of the four lines
Re (v + v3) = +1; something similar occurs in [62, Proposition 14.2].

16 Towards the completion of the multiplication table

In this section, written for the sake of (almost) completeness, we compute, with
the same meaning as in Theorem 15.1, a sharp product such as 39,#(3%)” instead

of !, #3T¢ . An identity

FAG ) =R (1 V,(Eifg)”> QTEtinE g (16.1)

similar to (15.3), will be written: constructing the operator R'(15% (8’ )F) taking
the place formerly taken by the operator L£'(it4t22)g L’(H"a =3 will depend
on “convolution L-functions”, a classical concept recalled in (16.19).

At the end of the section, using Eulerian products, we shall show that — with
one possible, but unlikely, exception — one can give a unified expression for all

coefficients involved in the decomposition into homogeneous components of sharp
products of “elementary” automorphic distributions.
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Before embarking on the rather lengthy, if straightforward, computations,
there is one point which we wish to stress. One rather interesting feature of the
main formula (15.3) for F? #3% was that it has been possible to factorize, as
L/(ute) g £/(1=rz) the operator transforming 273 +HmE P into the main
part of 39,1 #S%: this decomposition was explained, in a heuristic way, in Section 5.

No such decomposition is possible in our present investigations regarding
S?,#(&fg)ﬂ. The reason is that, for Eisenstein distributions @& only, the Hecke

polynomial (corresponding to —%E*{,_,,, a normalization chosen so that the first
2

Fourier coefficient should be 1)

a,(p)

3
p2

1 -—

X+X2=(1-p 2X)(1—-p?X) (16.2)

(where p is prime) factors as a product of two meaningful polynomials: for giving

&? rather than E7_, only, singles out the degree of homogeneity —1 — v from
2

the pair (—1 — v, —1 + v). We do not know how to split into the product of
two distinguishable factors the Hecke polynomials relative to cusp-distributions,
a rather deep question which will have to be raised again at the very end of this
section.

Coming back to more down-to-earth developments, recall from (4.3),(4.4)
that if M), is a cusp-form with a Fourier series expansion

My(z+iy) =y > by Ky (2m[n]y) ¥ ™, (16.3)
n#0

the associated cusp-distribution 9% homogeneous of degree —1 — i), (where A,
can be positive or negative) is given by

1 iAp oo i B
@0 = 53l ¥ b, [ (Fe) @ ()

n#0 -0

or, in view of (10.1) and (10.3), together with a I'-invariance argument,

1 .
Mk = 5 } b ai, (16.5)
n#0

where a’ has been defined in (10.4).

Recall from (13.9) that the “non-constant” part of F%, i.e., the sum of all
terms from the right-hand side of (13.9) with the exception of the first two terms
(the analogues of which are absent from the expansion of cusp-distributions) is
given by the same expansion, with v substituted for ¢\, and

Ay

b, =2
|n

(16.6)

v
2
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In order to complete our multiplication table (with respect to the sharp prod-
uct of automorphic distributions), thus arriving at a genuine symbolic calculus of
(pseudodifferential) operators with automorphic symbols, what would remain to
be done is a set of explicit formulas for the sharp product of an Eisenstein distri-
bution and a cusp-distribution (in any order), or that of two cusp-distributions.
We shall satisfy ourselves with the first of these two problems: also, let us remark
that it was precisely with this purpose in mind that we chose the method of proof
of our main theorem which was developed in the Sections 13-15, rather than that
suggested by the heuristic considerations of Section 5.

Indeed, there is very little to modify in our preceding computations, besides
changing the coefficients b,,. As a matter of fact, the new situation is easier, since
there are no “constant” terms to worry about, and we do not need to substract
any linear combination of Eisenstein series from the analogues of f,, . and f7
so as to get a result in the space L?(I'\II); moreover, in order to find the integral
term of the decomposition, one may appeal to the usual Rankin-Selberg method
rather than the more elaborate version between (13.51) and (13.59).

Consider the case of a sharp product & = g #M!, with ! as is usual and
IME given by (16.4): we assume that 9 is associated with an even or odd cusp-
form, 1.e., that the coefficients b,, are even or odd functions of n. It should be
understood right away that the meaning to be ascribed to this is only indirect,
just as in Proposition 13.2: that is, we define only 2in £ & in the minimal sense,
denoting as f,} ot and ff ot the two functions on the right-hand sides of (13.1)

and (13.2).
Following the same proof as that of Theorem 13.6, and using (16.6), we must

substitute for the series 24 2 on0 U”(llnn“u)liiz(ln‘) which occurs on the right-

hand side of (13.63) the series

27"y __._”"(|"|33” : (16.7)

n#0 |n|y+ 2

besides substituting v (resp. iA,) for 14 (resp. va) everywhere. In the case when
M|, is an even cusp-form, say M, = ./\/lj‘ +» we must thus substitute for the series

Yons1 no a,,(n)o,,(n) on the right-hand side of (13.72) the expression

2= 3 T 0y () b (16.8)

n>1

which coincides when Tm g is large [62, (14.37)] with

27145@‘” (1 - i,u,))il I (HTM—H/’A/‘%!) L <H¥’Nt|,£) . (16.9)

In the case of the odd cusp-form M = ./\/;e, the calculation is just the same,
except for the fact that the difference, as computed between (14.17) and (14.19),
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of the two integrals in (13.64) and (13.65), rather than their sum as computed
between (13.68) and (13.71), should occur: comparing the results of the two cal-
culations, we see that the odd case differs from the even case only in that each of
four Gamma factors on the right-hand side of (13.72) has to be computed at the

3+ipt(viteva) 1dipd(vitevs)
4 4 .

point rather than

Proposition 16.1. Let v be a complex number with |Re v| < 1, and consider the
cusp-distribution (F,,)" as defined in (15.4): 7 can be either positive or negative,
in other words so can be the sign of A.. In analogy with (13.14) and (13.15), set

= [ " (Op(ET) UL ) (1) (Op(FE)H) ul (1) (16.10)

— 00

and

2@ = [30p@Ew )0 Op(EL w2 1))
3/ . : !

-3 Y m(om(ﬁewmip)(t)] dt : (16.11)

p=0,2 *

these two functions lie in L?(T\IL).

The spectral density ®1 in the Roelcke-Selberg decomposition (4.1) of the first
of these two functions is given by the equation

_a T(3) IV P
o CED ean ¢ 2

e==1

142A \—v
A (_+__2_+_ (stm)g A (1_+_§_ &) ) (16.12)

(recall that the functions A( (IMF)H) have been defined in (15.8)), and that asso-
ciated with the function f is given by the formula

O1(N) = iAT

(B )

Lo T NP
Dy(\) = N7 T 2 :
2(M) = Q=) ¢ (iAF) ¢ (—iNF) ngl

. 1 oy
A ($7 (§+er,€)u) A (+_Z2)\-—_ (Ssrf) ) . (1613)

In the case when attention is paid to an odd cusp-distribution (&;e)”, the

spectral density associated with the function f; or ff &= )nis gwen by the
f APy

AL
same pair of formulas, only substituting A for \f.
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Proof. Start with the function f (5

using also (16.9) together with (15.4) (which provides the extra factor from (‘ﬁj’[)ﬁ
to (Sj’e)ﬁ), one finds that ®1(A) = ¢1(—A), where ¢;1(u) is defined as

Following the proof of Theorem 13.6 and

~.

L i 1—1 v 57,)\+ 7 vteint
sr() = nie TETCRY) o TCEEEEe IO o)
I‘(l_glli) ot} F(1+zu v— sz)\+)1—\(1+z/t+u+az>\ )
CEAD) C(=iN) + -2 L—iptv 0 =V oy
A () ()
(16.14)
The definition (15.8) of the functions A(s, (9;}+)") yields the identity
—ip—v—eiA} —iptrteinl
ﬂ_wl—‘(l 1 v eAr)F(l ;+4+6 T)XL 1—dpu+v N+ 1— N
D Mipmv—eirt \po Lbiptudeirt 2 ], .
( 1 )T 1 )
1—ip+v 1—ip—v
=A («—-—2———— (‘T(J_FEM) ) A <—2-—, (‘J‘(jne)ﬁ) , (16.15)

from which one easily gets the first of the four equations stated. When changing
£l . to f2 G all that has to be done (following the proof of Theorem 13.7))
VS r v 7,8

is to suppress the sign e right after the related summation sign, and multiply the
net result by 2.

When substituting an odd cusp-form (3, )¥ for (3+ )¥, one sees (from what
has been said immediately after (16.9)) that each of the four Gamma factors
F(l—iw) has to be replaced by (%) but this difference dis-
appears from the final formula, since it is taken care of by the extra factors (in
(15.8) and (15.9)) from L(s, M%) to A(s, (IME)%). O

Remarks.
1. For one’s peace of mind, one should check that each of the two functions
A= (*(—iA) ®;(A) is even. In the first case for instance, using the functional
equation of the function s+ A(s, (Ejr’e)”), one may write

o e
CENRO =i e o < ¢
A <1—$7 (Sier,e)u> A <$V— (gsrl) ) I (1616)

from which this is immediate.

N eIl
2. The factor T D)
denotes the norm in the space L?(I'\R?) introduced in Theorem 4.1: this is
a consequence of (4.7) and (4.4).

can also be written as ||(Sir,2)ﬁ”;27 where || |Ir
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We prepare for the analysis of the discrete parts from the Roelcke-Selberg

decompositions of fV1 &) and ff (35 by that relative to the pointwise product
s\0r e O g

and Poisson bracket of the two functions F3i_, and ]\flfl ;- First, note that
= ;

El;u {Ml,ﬂg}dMZ/ {El—_u,Ml}ﬂgd,u (16.17)
nia m\1I 2

for any two cusp-forms M; and M. Indeed, we may assume that each of the two
forms has a given parity (relative to its transformation under the map z — —z).
Next, the Poisson bracket of two functions with the same (resp. the opposite)
parity is odd (resp. even): it follows that, if M; and My have the same parity,
the integrands on the two sides of (16.17) are always odd functions, so that both
integrals are zero. We thus may assume that M; and My have opposite parities,
and write the difference of the two sides of (16.17) as I = fF\H{Ml, Eiv Mo} dp.

One of the two functions M and ElfTV M must vanish on the arc [z] =1, —% <

T < % since it is odd as well as invariant under the map z — —%: this, and the
periodicity, permits us to evaluate the integral I by parts (going back to the
definition (11.3) of Poisson brackets) without any boundary term, thus proving
(16.17).

If M7 and My are two cusp-forms with the Fourier expansions
Mi(2) =y? > bp Ko, (2nlnly) e
n#0 ?

and

Ma(2) =97 > cn Ky, (27lnly) €™, (16.18)

n#0
it is customary to define the “convolution L-function” associated with these two
functions [8, p. 73] or [26, p. 231] (the references just quoted emphasize, rather, the
case of two holomorphic cusp-forms) by the formula, valid for Re s large enough,
but the function obtained extends as a meromorphic function in the entire plane,

L(s, My x My) = ((25) D bncan™. (16.19)
n>1

From the references just given, in particular Lemma 1.6.1 in the first one, one sees
that, if M7 and My are Hecke forms, so that their L-functions have Eulerian
products:

L(s, My) = [J(1 = bpp™* +p72) 7",

P

L(s, My) = H(1 —cpp A p )T, (16.20)
p
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then the convolution L-function also has such a product, given as

Lis, My x Mo) =] TI =852 p )", (16.21)
r 61::|:1
62=:|:1
where the coefficients 3, and -y, are obtained from the Hecke polynomials

1-bX + X2 =(1-6,X)(1-6,"'X),

1—X + X2 =(1-7X)1-7,"X). (16.22)
The standard Rankin-Selberg method {71, p.268] makes it possible to prove the
following lemma, the first half of which could also be derived from Moreno’s compu-

tation [36] of the spectral decomposition of the pointwise product of an Eisenstein
series by a (Maass) cusp-form.

Lemma 16.2. Assume |Re v| < 1. Then, for any two even Maass-Hecke cusp-
forms ./\/l,i’z1 and Nkizh, of the same parity, one has (with Ny, ., = Nli,ej and
My = Ar)

v—1

— 1 =
/I‘\H E%l (Z)Nk-l,el (Z)Nkz,fz(z) dﬂ(z) = Z 1—‘(1,_,,)
2
r (1—u+i();lk1+)\k2)) r <17u+i(/\4k1—/\k2)) T (1—y+i(—;\k1+)\k2)) T (1—y—z'(>r1+>\k2)>
1—v
x (¢(1 - V))‘1L< 5 Nt XNk2,Z2> : (16.23)

In the case of two Maass-Hecke cusp-forms of different parity, one has the
formula

1 — 1 o7
3 [y P ) Wi Mo} () = i,

T <3—u+i()r +>\k2)) r (3*u+i()\4kl—)\k2)) r <3—V+i(—ikl+)\k2)) T (3*’/*1'(/\4161*'/\@))

x (=)L (1 ; Y Nir X ng,éz) : (16.24)

Proof. With M; = Nkil,zl and My = N , . as in (16.18), the “constant” (i.e.,
independent of z) term in the Fourier expansion of the product M; Mj is (since
the Fourier coefficients of the Hecke form M are real numbers)

ap(y) = yan Cn K&Tl(27r|n|y) Kzéz (27 |n|y) . (16.25)
n#0

Thus, the Rankin-Selberg method (loc.cit.) or the extension described between
(13.51) and (13.59) permits to find the spectral density ® of the Roelcke-Selberg
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decomposition (13.50) of M; M, from the formula
O(—N) = (Brse | My My)

= [ Bia () M) Fla2) du(2)

I\II

:/ aoly)y™ 7 dy, (16.26)
0

where the last integral is meant as the value at p = A obtained by analytic
continuation from its value for Im p large. From the Weber-Schafheitlin integral
[31, p. 101], already used in (14.27), we get, if M; and M5 have the same parity,

@(-A)— e Zb can T X

n>1
r <17i)\+i(:\1k1 +>‘k2)) r (1~1A+i(2k1 —Aky) ) r ( 1—iA+i(=Ag, +Aky) ) r <l—iA-i(Zk1 +Aky) ) ,

4
(16.27)

where, again, the sum of the Dirichlet series really means the value at p = A “from
above”: (16.23) follows, using (16.19) and analytic continuation again.

When integrating the Poisson bracket of two Hecke cusp-forms against an
Eisenstein series, only the case when the two cusp-forms have a distinct parity
can yield a non-zero result. With M; = N, ki o, and Mz = NF | the constant
coefficient of interest this time is

ao(y) = Y buca {y* Ko, (2nlnly) 2%yt Koy (2minly) =27} (16.28)
n#0

This can be written as

(y) =2im Y bncaciim, v), (16.29)
n#0

where the last factor has the same signification as the particular case of (14.31):
thus

& —3—iX . —n.
/ aly)y™ 7 dy=2irY bucaI5 1, (16.30)
0 n#0
where the last factor has the same signification as in (14.32).

Fortunately, there is no need to redo the quite heavy calculations between
(14.28) and (14.34). We must of course change the coefficient 2 "1(|n|) from the

nl 2
Fourier expansion (4.5) of the Eisenstein series E7}_,, (2) to b,, and do something
=

similar with the second factor which occurred in our previous computations. Next,
looking at (14.28), it is immediate that the integer m which occurred there has
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to be replaced by 0 (we are now dealing with the “constant” part from a Fourier
series expansion), so that the hypergeometric function reduces to 1 exactly, and
not only approximately; finally, the equation (14.34) becomes exact for the same
reason (in Section 13, we were quite satisfied with a main term and an estimate,
since we were only interested in the singularities of the relevant function of p when
crossing the real line, not in its exact value). This leads to (16.24), not forgetting
a last sign change, due to the fact that the case m = 0 from Section 13 would
correspond to the pair (—n,n), not (n,—n). O

Remark. From (16.23) and (16.24), together with the functional equation (3.18)
of the function EIATU, one sees that the function L*(—l-gﬂ, Ny ,ey X Ny 4,) defined
as

1—-v _ 1—-v
L (Tv Nkhel XNkz,b) =a""'L (Ta Nkh& XNk2y£2> X

r (1—V+i(/>lk1+)\k2)> r (1~V+i()\4k1—/\k2)> r (1~u+i(72\k1+)\k2)) T (1—u—7:(,>lkl+,\k2))

(16.31)

if N, e, and N, ¢, have the same parity, and

1=V e 1-v
L <T7 Nklyel XNkzlz) =x 'L <T7 Nkhel XNkz,b) X

F (3—V+i(/>1k1 +)\k2)> F (3—V+i():1k1—/\k2)> F (3-V+i(~ik1 +>‘k2)) F (3—U—i():1k1+>\k2))

(16.32)

if the parities of N, ¢, and Ny, ¢, are opposite, is invariant under the symmetry
v +— —v. This, or at least half of it (Poisson brackets are probably less used than
pointwise products in number theory, though just as important in pseudodifferen-
tial analysis), is of course certainly well known.

Recall that the projection operators P/\k+ and P - onto the eigenspaces of the
modular Laplacian consisting solely of even, or odd, cusp-forms, have been defined
just before Theorem 14.2. From the preceding lemma, together with (16.17), we
shall get the images, under each of these two operators, of the functions (where
r>1)

sym * ntisym 1 *
Gonyy: = B Npee and g™ = 3 {El_;z y Nog} (16.33)

VNp g

here, N, could be an ./\/:r , Or an /\/';g: in the first case, the function gi’)’ﬁne will
only have possible non-zero images under operators P)\:, and the function gsf}f}fzm
will only have possible non-zero images under operators PA;; if Mrgisa ./\/:@, it

is the other way around.
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sym

We denote as (g,7y; ,)x the image of the function g)’x; , under the projec-
tion P)‘: (resp. P, ) accordmg to whether M, is an even or odd Maass-Hecke
k

antisym

cusp-form; we denote as (g,5., )k the image of the function g"““by"l

under the
projection P)\; (resp. P)‘:) accordlng to whether N, is even or odd. In each case,
in what follows, A, or Ag should be provided with the only superscript + or —
which is meaningful.

Lemma 16.3. Assuming |Re v| < 1, one has with the notation just explained

(gm ZL* < Nyg x N W) Wieo|2Niw  (16:34)
and
antisym * _ -2
(gy’ y 4Z ZL ( , Tg x N [/) ||Nk7g1“ Nk’g/ . (16.35)
Proof. This is an immediate consequence of Lemma 16.2 and (16.17). O

Proposition 16.4. Assume that |Re v| < 1 and, with v € Z*, consider a cusp-
distribution (E:L,)ii as has been defined in (15.4). Recall that the functions f G

and f (57" have been defined in (16.10) and (16.11). The projections of each of

these two functions onto the (discrete) eigenspaces of the modular Laplacian are
given by the formulas

(ot oot = € (AT AT NIl o

. 5o (3) r() ()

ST (1+ie>\;;u—z’>\i> r (1-1'5,\;::/71')\,?) r (1—is,\k+4—u+z',\i) r (1+z’s>\¢i-u+i,\i)

XZL*< |r|e k@/) IV 72N

(16.36)
together with

(Fy gy b = AN AN I I

. (%) (=) ()

ST (3+iEA;4-V—i)\;r> r (3—isA;+u-iAi> r (371'5A;4AV+2')\;") r (3+isA;:u+iAi)

XZL*( IrlexNke/) INeer 72 N

(16.37)
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for the first one, and

(£ gt e Ject = C(SAXD) C AT IV o172

. o) £ () (459

1+ied) —v—ixt 1—ze>\k++u—z'/\i 1—der) —v+ixt 1A +v+idt
e=%1 r ( 1 r r r 4

4
XZL*< 5 Nifex kl’) NG 2N
(16.38)

together with

(F2 gy e = €T (AN C AN NGl 2

s —iA (A7)2
- ()P 5) ()
(3+z‘s>\;4—u—z‘,\i) r (3—15,\;+u4,\i) r (3—is/\; vu+i/\i’) r (3+ie,\;:u+i,\jr)

e=21 T 1

X ZL* ( '2' ITI XN e'> ”NkiefH_Q/\/};e,
(16.39)

for the second one.

Proof. Let (b,,) be the sequence of Fourier coefficients relative to the Maass-Hecke
cusp-form ./\/| L the coefficients b), relative to the cusp—dlstrlbutlon ({S’+ )%, ho-

mogeneous of degree —i — i\, are given (a consequence of (15.4)) as

—~1—ixTF

T

iA
b, = 277 G AR ¢ (=N I b (16.40)

Following the computations in Section 13, only substituting v (resp. iAf) for 1y

(resp. va), and substituting 2i b;H—m for arz(lnTml) we find that
n+m
3 LTI
(fj,(gjz)n)k,+(z) =y? Z dm K%& (27|my) e* (16.41)
) m#A0

with
. LYY .
dm = —8im|m|™ 2 Xresidue of D, (p) at p= Mg, (16.42)
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where (compare (14.22))

Do) = 2427 (=2 ¢ GAD) ¢ (<A G
x SOt + (Il S ou(nl) bugminls T

=01 o
n#-—m

(16.43)

On the other hand, we need to generalize Lemma 14.1, denoting this time
as C’Sym(,u) and C2rtsym(y) the functions associated by (14.1) to the functions

Y Niv.e OF gi%‘f’[? as defined in (16.33). Here, we must replace U—I”M by
" 2

% brym in order to transform (14.23) and (14.24) into equations valid in our present

case, thus getting

2_571’_% “izyi
Crsr):m(ﬂ) ~ 7 = UV(I"I) ntm |
T(-4)T(*54) ,lZ#O
n#E—m
—iptv+i —iptv—id} —ip—vir} —ip—v—i
xI‘(l u+4+Ai) I‘(l u+4 Ar) 1“(1 u4+Ar) 1“(1 = Ai)
(16.44)
and
Capm() =2 S ) by ol
mnlsm,uN i Oy {|T]) Ot |V 2
M5 T(5E) &
n#—m
< T (:s—m+4u+z'>\:r) r (3~iu+4u*i/\f) T (3-m—4u+z'>\;) I (34;1-4;1-&,?)
(16.45)

up to an error term which extends holomorphically to the half-plane Im p >
-1+ |Re v|. u

In order to properly state the theorem concerning the decomposition of
3?,#(3&)” into homogeneous components, it is useful to introduce a definition,
which should be compared to Definition 5.7 of £(s) and £'(s): actually, it is the
product L'(3tte2) G £/(H=42) from the right-hand side of (15.3) which can
be so generalized, not its two individual factors on both sides.

Definition 16.5. Let 9% be a cusp-distribution, homogeneous of degree —1 — i},
arising by (4.4) from some even Maass-Hecke cusp-form and the choice of a square
root of (\;F)2. As an operator acting on automorphic (tempered) distributions, we
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set, when Re s is large,

b
R(s, M) = ¢(2s) Aﬁ’ Tyt (16.46)
N>1

where the set (by)nezx 18 the sequence of Fourier coefficients of the Maass-Hecke
form under consideration. We also set
F(s-}—éﬂé’_ﬂ) F(S—iﬂg U\:r)

—14+int

—lTriAy 4 2 4
R'(s,Mb) =2 =~ xl72% x

l—stin & &t 1—s— 17r5 z)\+
r 2 4 r + 4
stltim & ﬂ s+1—iﬂ'5 ﬂ
(== = ) {55+
R

2—s+in & AL 2—s—im & z)\+
r (—2 2 ) r (— + 25

X Reven(37 ma) - odd(samg«) 5

(16.47)

where Reven (s, ML) (resp. Roaa(s, ME)) is the linear operator on automorphic dis-
tributions which coincides with R(s,9M#) on distributions of the even (resp. odd)
type and vanishes on distributions of the odd (resp. even) type (cf. Definition 5.6).

One can show that R'(s,9M!) extends as an operator-valued meromorphic
function in the entire s-plane and that it satisfies the equation (which plays the
role formerly played by (5.31))

R (s, M) = R'(1 —s,GME). (16.48)
The easiest way to do this is to calculate the effect of R’(s, mtﬂ) on the distributions
SM, 3 e/) and (S,;e,) assuming, say, that 9 = (‘ﬁJr LA

Lemma 16.6. When Re s is large, one has
iA iA
Ris, (M) = L <s + 2N e) L <s - —2—,N|j1’[> 3 (16.49)

and

R(s, ()" o) = L, N o X N o) (B )P (16.50)
Proof. Let (by)yezx and (cN)Ner be the sequences of Fourier coeflicients of
the Maass-Hecke cusp-forms M |, and Mkl - Then, for N > 1, TS (&k o)t =
cN (% k e') as a consequence of Theorem 4.2 and Proposition 5.2 (together with the
fundamental equation Tn ./\fk| s = CN A/Ikl ): (16.50) thus follows from (16.46)

and (16.19). On the other hand, T$® ¢} = N~% ¢, (N) € for comparable reasons
(or ¢f. [62, (16.88)]), and (16.49) follows from the equation (loc.cit., (4.37))

SN E o, (N) by = (¢25) 7 L (s+ 5, M) L(s— 5N, - (165D)

N>1
O
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With the help of (16.47), (15.4) and (5.27), one derives from (16.49) the
equation

R (S0 ) 8 = 5 UMD C i) NGl 8
) I (1 Vi A[ITI e) (1 v4iA A[Irl z)
r (1+u—iiA+A:r)) T (1—u+151,\ )\r)) r (1—u—z§1>\—,\i)) r (1+u+i8+>\i)) ’

(16.52)

From (16.50) together with (16.31) and (16.32), one finds
R l—v F+ ) + u:[*-/\+ i INT |2 #
5  ( T,z) (&c,z') B Cr(EA) €T (=N IV, 71, oA~ (Ske')

5 Lr (I_TV7 AR N|k| e'>
r (1+u—i(A:+Ai)) r (1—u+z‘(2:—xi)) T (1 v— z(Z: Ai)) r (1+y+i(2:+xi))

4
(16.53)

and
R iyt (30 3= T ety i) IV 2 (3 )
2 7(3"T,e) (3k,e') = _EC @A) C(=aAD) || |T|’15H (sk,zf)

Lx (L%Z’Nﬂ,z X N|;| ef)
X - (3+u—i(A;+Ai)) r (3—u+i(i\;—)\j’)) r (3 v— z(ik Ai)) r (3+u+i(2;+,\¢)) .

4
(16.54)

Together with Theorem 4.1 (the decomposition of automorphic distributions
into homogeneous components), the equations (16.52), (16.53) and (16.54) provide
the analytic continuation of R'(3, (S;L’e)ﬂ) as an (operator-valued) function of

s. The functional equation (16.48) is a consequence of the relation G (3;})11 =
(3“_LT’£)tj from Lemma 15.2, the relation A\*, = —\} as defined right after (4.4),
and of the functional equations relative to the functions s — L*(s, Ijl,l) and
s — L*(s, Itl ¢ X Nkl o)

Theorem 16.7. Let v € C satisfy |Re v| < 1. With the same meaning as in
Theorem 15.1, only substituting §, and (S:tl)u for 3” and 8,,2, one can uniquely

— up to the addition of a multiple of @g — define the automorphic distribution
6= 39,#(5:[)”, salisfying the identities analogous to (15.1) and (15.2). One has

FHE ) =R (1 ’, (s;ﬁgﬁ) g-itineg (16.55)
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Proof. Just as in Lemma 15.5, we write (starting from (15.51))
T _2m57z’< — (& )) —3timE g

. i >0 —iA \I/()\ Z)\ ak N + 4

k e’
k£0
1 —iAL by B
+35) T ()
2 ot CliNg ) C(=iAy) Rt
kA0
(16.56)
with
1-v
TN F, =R ( 5 (3" )”) 3. (16.57)
1—-v
ake (T =R ( ,(3&)”) LY (16.58)
_ 1-v _
bk,f’ (%’k)gl)n = R, ( B ; (S:g)u> (Sk,)g/)ﬁ 5 (1659)
as computed in (16.52), (16.53) and (16.54).
What we need to prove is the pair of equations
(uz | Op(‘I)uz) = f,}y(gjl)n (Z)7
(ui | Op(‘I)ui) = fi(g:rl)n (Z) , (16.60)

where the Roelcke-Selberg expansion of the right-hand sides have been computed
in Proposition 16.1 and Proposition 16.4. Using Lemma 15.6, one sees that what
remains to be done is to verify the pair of equations

1 —Z)\\I’ .
fu7({§il)lﬁ(z) 47r/ C —Z)\) 1—diX 1)‘ (Z) d)\

z)\ ixt _
+3 Z*”w ( > <_—2i) @t Wik o™ M (2)

k@’

Ay i\,
b 0T (5 (<) b I 172N )
ké’

(16.61)
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1 [ =X20(\) _a (i)
2 _ _
umtl)"(z) T 4w /_ RENEE r ( 2) 1 (2)dA

and

1 N AT
30T () T (-5 ene 1G0T
N4
1 _ i, )\ _

(16.62)

So far as the continuous parts from the Roelcke-Selberg decompositions are
concerned, we must thus check (reducing the integral to that of an even function)
that

B1(N) _ A (T(=A) — ¥()
N NN

and
Da(N) _ A (Y(=N) +F(N)
¢ (i) CEN((=in) 7
where the functions ®; and ®5 have been introduced and computed in Proposition

16.1, or, what amounts to the same in view of the functional equations satisfied
by these two functions (cf. remark preceding (16.16)) that

17 (i) [210) | @)
2 I(¥) A A2
Using (16.57), (16.52) and the equation (a consequence of (15.4) and (15.10)

AR ) A (R 6

FEEN)CERD? N AL (R A B (5N
F(l v— 1)\+z)\ ) (1+u+i4>\+z'>¢> F(l—u+z)\— T) 1—\(1+V—1;1)\—1)\+) ’

4
(16.65)

one immediately derives (16.64) from (16.12) and (16.13) (the terms with ¢ = 1
from the right-hand sides of these two equations cancel out).

Next, the discrete parts: with ag e and bg e as defined in (16.58), (16.59)
and computed in (16.53), (16.54), we must check that, for k£ > 1, one has

.A+ .)\+ .)\+
B (55) 1 (-55) Sl o) NG N2

el

(16.63)

() = —

(16.64)

= (ft},(Sie)“)k’+(Z) (1666)
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and

2% i, A, -2 A
(%)t (+5) D —me WV )

el
= (f) @+ - (2), (16.67)

finally that

AH)2 ixt ixt _
SO (B0 0 (- 55) Slaose + o) I M)

e/
= (2ge et (16.68)

and

e e o
e/
=y grye-().  (1669)

With the help of (16.53) and (16.54) on one side, (16.36)—(16.39) on the other
side, the verification is straightforward. a

Proposition 16.8. The continuous part of the decomposition of 39,#(3:’6)“ into
homaogeneous components can also be written as

IV
i + 4 _ Il
(&V#(ST,Z) )cont - C* (ZA;‘!_) g*(_l)\j‘-)

14+v+2in€ 1+v+2in€ 1.
< A (ﬁ_’(gze)ﬁ) GA (#’W_,(gthm) . (2—2+m£,3>

cont

2 2
(16.70)

Proof. Using the spectral decomposition (15.5) of 2-2+""€%B and the invariance
under G of this distribution, one may write the right-hand side of (16.70) as

Wi o /ooA(%A&te)”)A(l—%ﬂ,@;@)ﬂ)

— f

M) ¢ (—ind) T Ar oo CEA) C(—iN) Sin dA-
(16.71)

Now (15.4) and (15.10) yield
14+v—3A —1viat CH(ENT) CH(—iAt)
A 3 i_r ﬁ) =2 2
(P et NP

i (HV;“’N;M) (16.72)

X
1+v—id—irf 1—v+ix—iAt
T T
4 1
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and, to get the first A-factor on the right-hand side of (16.71), it suffices to change
(A, AF) into (=, —A;M). This yields (16.70) after one has used (16.52) to compute
the left-hand side

~ R (1%, 8L
i) c(mz) & L5

as given by (16.56), of this equation. 0

The structure of the composition formulas may show in a clearer way from
a reformulation of the preceding results in terms of Fulerian products: this will
occupy us for the remainder of this section.

It will be convenient, here, to use the normalisation Op, 5 of the Weyl cal-
culus as defined in (2.21), and the associated f-product, linked to the usual sharp
product by the equation

fil fo =237 ((2*%“’”5f1)#(2'%+"”5f2)) : (16.73)

this will permit us to get rid of the extra operator 22+ € ip 4]l its occurrences.
Recall that our constant use, in these last two sections, of the distributions
4 and (3i,)" was due to the role they play in the expansion (15.5) of 2 3 HinE B,
We now choose another normalization, paying interest, rather, to the distri-
butions 3 €} and (9;,)". The reason for this is that, when p =0 or 1and z €I,

one has
(uti0pez (5 ) ) = (=07 3 B )
and
(w210pyz ((O0F ) u2) = (~iXEP N o(2) (16.74)

as reported in (3.15), (3.16) and (4.12), (4.13): now, the functions 3 E%_,
2
and j\/’ﬁgl , are normalized by the fact that the coefficient of y? Ky (2my) e

r
2

or y2 K+ (2my) €*@ in their Fourier series expansions (4.5) or (4.3) is 1. As a

-

P
2

consequence, the corresponding L-functions have (for Re s large) the Eulerian

product expansions

1 * -8, —%
L(s,; 1_7,,):271 n~%o,(n)

n>1
3
= [ a-pf)ta-p )7 (16.75)

p prime
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and, if (4.3) is the Fourier series expansion of j\/lfl ”

L{s, ﬁ:(,e) = an n=*

n>1

= I a-pb+p2)"
p prime

= II a=p ) (a-p5H" (16.76)
p prime

if the Hecke polynomial 1 — b, X + X? factors as (1 - 8, X) (14 8, X) (cf. [8,
p. 119]). Let us, for clarity, refer to the unordered pair (8,, ;") as the p*P-Hecke
pair relative to Afw,e' in view of (16.75), the pair (p%,p~ %) should be thought
of as the p*P-Hecke pair relative to %E’{v_,,

2
With the help of Eulerian products, we would like to get a better grasp of
the coefficients ¢(9; 91, M2) which should make the formula

1 o d\
NNy = — TN . N o
e = o /.m ( €, ) & TN C )
+

A r __)‘L
DI AL (&) r Z)Gn%e)”
kl:i: ”N|k|g|| ’

+ exceptional terms (16.77)

valid in general: here, M, or My could be an 3 1¢! or an (‘J‘(jE )*, and the excep-
tional terms are present only when both 9, and M, are Eisenstein distributions.
One should have another look at (4.33) to understand the reason for the presence
of the extra factors (independent of 93, My) in the integral or series.

Before doing this, however, let us remark that building our multiplicative
table — a task which we shall leave uncompleted — is a lengthy job, involving
difficulties of several natures: after reduction by some symmetry considerations of
the kind used at the end of Section 15, we are left with an overall task of completing
about 19 entries ¢(9M; Ny, MNy), of which we have made only 7 fully explicit. To
start with, let us observe that changing an (‘.YI;r e)u to an (‘ﬂ; e)ﬂ is not quite as
trivial as it seems since, besides having to be very careful with signs, one must
also, here and there, trade a pointwise product of automorphic functions for half
a Poisson bracket of such, or the other way around. Next, the case when I, 9
and M, are all Eisenstein distributions was, from the point of view of analysis,
the most difficult one, because of severe divergences: it was at this point that the
usual Rankin-Selberg method proved insufficient. On the other hand, difficulties
of a number-theoretic nature increase when the number & of cusp-distributions
among N, M; and Ny does. For « = 0,1 or 2 respectively, c(9;Ny,MN3) can be
expressed, up to Gamma factors, as a product of four zeta functions, a product
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of two L-functions or a convolution L-function. As a conjecture, would it be too
much to expect that, when k& = 3, the value at s = % of a triple L-function as
defined in [8, p. 386] should be required?

Relying on the present state of our multiplication table, here is a list of
coefficients ¢(9;9;,Mz). From (15.33), and the fact that 227 € F! = ¢ one

gets

1
c (5 egx, e, eﬂyz)

_lc 1+V1+V2+i)\ ¢ 1+ —1v9—iA ¢ 1—vi+vo—iA ¢ 1—v1—vo+iA
4 2 2 2 2

1 T (1+u1—4u2+z:)\) T (1+V1+V2 1)\)
4 r (1—1/1-0;1/2—1)\) T (1 vy— u2+z)\)
¢

1+ —v9+iA 1+v1— 1/2—1)\ 1—|—1/1+1/2 —iA 1+ +vo+id
x¢( AT )¢ ¢ =25

1—v1— V2+l)\i+2€ )

(16.78)
or, finally,
v1—v2+iA vitva—iA
. le @ﬂ @ﬁ _171-_’/11"(1+142+1)1"(1+1+21)
2 z)\’ V1’ - 4 T (1 V1+V2 z)\ F 1—v— V2+z)\)
1+l/1+1/2 1 1+I/1—I/2 1.
x L 2 1 ,>\ s 5 # .
(16.79)
Still from (15.33), and the fact that
1 C*(iAR) ¢ (=iAE) ot
27778 (Fi ) = S ()
- [N 112 we
one gets
1 1 1+V1+1/2 141~ V2
O 3 € €)= 1A (AR ) 4 (R )
1 r <1+V1 V2+1)\ +2¢ (1+u1+1/2 l)\i+26>
= - 7T_V1 (
1

F(l vitvg— ZAi+2€)
L

+v+ e
N )
[kl.€ ] >

(16.80)

r
r

1+ — 1/2
() (e

with € = 0 if dealing with (‘ﬂ: )%, € =1if dealing with (‘.)'I,;e)n. We may already
observe that, when going from 6(2 il SEh) to c((’)’l;:’ Wi sel let),
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the Gamma factors are identical, except for the substitution of )\2‘ for A; also,
if (Bp, ,8;1) is the p*'-th Hecke pair relative to %E’{_M in the first case, and to
=

N‘IZIICEI , in the second one, the products of two L-functions apparent in (16.79) and
(16.80) can both be written as

I (o)

prime
-1
x(1-p=#g,) (1-p— ﬂ;l)] .
(16.81)

Thus, when examined with the help of Eulerian products, the formulas for
c (% Qig)\; % ) i ; et ) and c ((m;e)ﬂ, % Qi,ﬂ,l, é ) ) are identical. However, there
is no way to get rid of the Gamma factors in the second one, whereas this would
be possible in the first.

Starting from (16.70), one finds that

1 14+v+iX 14+v—idA
e(3ehiz e O ) = 7 (s, mr,e)”) A (2R o, )

+ +_
F(I_HI AT +z)\> r 1+1/+z)\ z)\)

:—’]‘{'_y

4 r (1 1/+1)\+—z)\) r <1 v_ 1)\++1)\>
L

1+v—iA 1+v+iA
‘ L( Y Z) ( N Z) .
(16.82)

If (8p,8, 1) is the p'M-th Hecke pair relative to ‘NI:I > One may write the
product of two L-functions as

[ 11 (1 —pT ﬂp) (1 —pTE ﬂ;l)

prime

-1
X (1 T gp) (1 _ gp—l)} : (16.83)

looking also at the product of Gamma factors on the right-hand side of equa-
tion (16.82), one sees that, again, the Eulerian product version of the coefficient

( Q‘Eg)\, 1e (‘ﬂj[)ﬂ) has exactly the same structure as the first two coefficients

discussed.
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Finally, let us compute and discuss the coefficient c ((‘ﬁ: o) 5 €L, (M, )ﬂ) .

&5,

From (16.56), (16.58) and (16.53), we see that the coefficient of 1 Do B in

the expansion of 3?,#(3;}) is
T o,
56 (A (=N IV 72
14+v +
y ( MNire wa)
r (1+u—i()\k++/\,‘f)) r (1—u+z(,\g—)\i)) r (1~u—i(,\;-,\i)) T (1+u+i(,\:+)\j)) J
1 1 1 1

(16.84)

where we have used the invariance under s +— 1—s of a function L*(s, N'" x N't).
From (16.31), this is

s 1+v
3TN C N IMTI ( N,fov':.,e,)
_ vt it
r (1+u 12j+zx\;§) r (1+ +1/1\1j i, )

X .
r (1~u+if~i,\j) r (1—u—i,\i+i>\;)
1

(16.85)

Thus

1
(Ot g et o)
(1+u—i2:r+i,\;) r (1+u+i>\j~i,\;)

1
1—v+idt —ixf ) r (1~u«i>\:f+i,\,j )

1+v v +
X L( va,e XN|k|,e') ‘

1 T
=-7
1" T 2

4 4

(16.86)

Again, the Archimedean factor is exactly the same as before, mutatis mu-
tandis. Introducing the p*®-th Hecke pair (3,, B, 1) relative to /\/’I:fl , as before,

together with the pair (o, 0;!) relative to N’IZI > one gets (using this time
(16.21))

L(1+y AﬁruXNIZ.,@) :[ H (l—p# apﬂp) (1‘ = apfy, )
e
-1
(1 o) (10 )|

(16.87)
).

m|;

the same as (16.83) except for the substitution of (ap,a;?!) for (p E
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Thus a clear conjecture concerning the general structure of coefficients
c(M; N1, Ny) emerges. Of course, one has to be careful with the Gamma, factors
{(¢f. (16.57) and (16.39) on one hand, (16.54) on the other, as well as (16.80)) when
cusp-distributions of the odd type are concerned, and we have to admit that the
case when M, D1 and My are all cusp-distributions might present some more dif-
ficulties (the other cases are only a question of how patient you are) if one wishes
to connect the result to the value at s = -;— of some triple L-function, not only to
the integral on T'\II of the product of three Hecke forms or to the integral of a
Hecke form times the Poisson bracket of two Hecke forms or to the iterated Poisson
bracket of three Hecke forms.

Remark. It is clear that all coefficients ¢(91; 911, 912) which occur in the decompo-
sition into homogeneous components of a product M4, of “elementary” auto-
morphic distributions i.e., % €£’s or (M ,)"’s, have nice Eulerian products, with a
fully identical structure: there is one possible exception in the case when all three
entries are cusp-distributions.

Our proofs, however, could not be based on (arithmetic) localisation tech-
niques: only an adelic setting, not a classical distribution setting, might make this
possible, but we would then not be dealing with the same problem.

An interesting question regards the splitting of the Hecke polynomial 1 —
by X+ X 2 into two distinguishable factors. An adelic point of view is required here,
but much more is involved: let us only remark that, so far as the Archimedean
place is concerned, this is exactly what we have done throughout the present work
(cf. (16.2)), substituting decompositions into homogeneous components (on R?)
for spectral decompositions with respect to A (on II).

We hope to succeed in carrying out a similar program in general in the not
too distant future.



Chapter 4

Further Perspectives

17 Another way to compose Weyl symbols

This section serves several purposes. The first one is to give a detailed proof of
the first theorem to follow, a rather careless version of which was indicated in
[62], Theorem 5.3. Next, we shall observe (with fewer details) that, contrary to
the usual formula for the composition of symbols, this theorem extends to the
OpP-calculus. The reason why this is so is that, for p > 1, the OpP-calculus,
while still covariant under the p-metaplectic representation, does not admit any
covariance under the Heisenberg representation: indeed, the point 0 € R plays a
very special role in this calculus, which has therefore no translation invariance. In
Section 19, we shall indicate why, in the general context of quantization, this type
of formula is prevalent. Last, let us indicate that, as has been proved by Bechata
[5], the present formula extends to the p-adic Weyl calculus (dealing with complex-
valued functions on p-adic numbers), while, again, the Moyal-type formula would
be meaningless.

In the second part of this section, we shall see that there is a close relation
between the composition of Weyl symbols on one hand, the pair constituted by the
pointwise product and Poisson bracket of functions on II on the other hand. This
phenomenon has already been encountered in the last part of Section 11. The same
holds in the quite different I'-invariant environment, as a comparison, say, between
our present Theorem 13.6 and Theorem 9.6 of [62], or between Theorem 14.2 and
Theorem 14.5 from loc.cit. would show. In this direction, let us emphasize that
the arithmetic case cannot be reduced to that which deals with A on the “open
space” II, since one is concerned there with two quite different realizations of the
Laplacian. On the other hand, we fully used in the present work (especially in
Section 14) the resources provided by the results from loc.cit.

The reason for all these resemblances is that, on a rank-one symmetric space
such as II, there are very few possible covariant bilinear machines: more precisely,

A. Unterberger, Automorphic Pseudodifferential Analysis and Higher Level Weyl Calculi
© Springer Basel AG 2003
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there are essentially two possibilities (one symmetric, one antisymmetric) as soon
as a maximal spectral decomposition has been carried, with respect to both the
input and output; of course, there is a considerable variety of possibilities in global
formulas, i.e.. those which do not use the spectral decomposition.

Theorem 17.1. Let hy and hs be two symbols in Seven(R?). Then one has, in the
weak sense in S'(R?),

hl#h2:/ B d, (17.1)

— 00

where hy is associated through (2.16) to the function h3,

Wi (s) = / / dh dh /R Ko inain(51,9238) (), (s2) (o), (2)ds s,

(17.2)
and the integral kernel Kix, ix,;ixn(S1,82;8) is given as

3 i(=A+A1+A0)—2
Ky, irgin(s1,82;8) =272 (2m) .

1Hi(A+A1—A2)+2j 14+i(A—A1 +22)+2j 14+i(=A=A1—X2)+2
e

1 .
x Yy (=)
=0

J

1+i(— A=A +A2)+25 14+i(—= A+ —X2)+2j 14+ A+A1+A2)+25
T ( 41 2 J) T ( 41 2 ]) T ( [11 2 J)

X ng\l,i)\z;i)\(slaSQQS), (17.3)
with

J o). — L(—14+iMa+A2+A L—1+i(Ai—Aa=A
X inaiin(51:5238) = [s1 = s HHO D g — g3CTHRm)

J
L(—14i(=A1+A2—A)) : 51 — 82 ) ]
X |89 — 5|2 sign{ —M—— . (174
| 2 | [ g ((S—Sl)(SQ—S) ( )

Actually, in [62, Theorem 5.3], we gave a more general formula, since symbols
not necessarily even were considered as well: this will not be needed here, and it
would complicate notations a little bit. However, though all computations have
been properly carried in loc.cit., we have not been very careful there in giving all
justifications, especially in view of the fact that semi-convergent integrals had to
be used. This was not really important in loc.cit., where the main reason for our
statement of Theorem 5.3 was to give some extra incentive towards the interest
in the integral kernels in (17.4), which played an important role in other parts of
this work.

We take this opportunity to complete the justification of the theorem under
discussion. Our first lemma to that effect is Theorem 11.3 or, rather, the case when
k = 0 of this theorem (then the function C;(vi,v9;k;i)) from (11.27) simplifies a
little bit, to the function Cj(v1,v2;iA) in (5.41)). In any case, using signed powers,
as defined in (11.26) is necessary even when k = 0.
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The next lemma is just (a particular case since we here consider only even
symbols) Lemma 5.2 in [62], the proof of which involved only (absolutely) conver-
gent integrals, and will not be rewritten here. We first generalize the Definitions
(17.4) and (17.3) of thvi/\z;”(sl,s%s) and Kx, ing:in (51, s2; 8), letting complex
numbers v; and v, with possibly non-zero real parts be substituted for iA; and iA;
everywhere. Of course, we denote the new functions obtained as xfjlm i A (51,52 5)
and Ky, u,;in(51,52;8).

Lemma 17.2. Assume that
[Re (11 £ 1) <1, Rew; <0, Rewry<0. (17.5)

Then, with hi(x, &) = |x| 7171, hao(x,€) = |€|71772, one has in the weak sense in
S'(R?)
hidthy = / By dA, (17.6)

with
hb / Kyl,l/z z/\(51,52, )Isll 1= dSl d82 (177)

Corollary 17.3. Let (‘j g) be given, with ad — bc # 0. With the same assumptions
as in Theorem 11.3, one has

o0

laz -+ bE| " e+ dg] 1 = / on(a, &) dA, (17.8)

— 00

with

gi(s) = / Koy iiin(51,8058) lasy + b7 7 |esg + d| ™12 dsy dss . (17.9)
R2

Proof. Setting (§) = (ad — bc) (&), it is no loss of generality to assume that
ad — bc = 1. As a consequence of (2.5),
>
lax + bE| 7Y TV e + dE| T2 = / ha(az + b, cx + d&) dA (17.10)

and from (2.16), then (17.7),

ha(az 4 b€ cx + dE) = |ex + dE) 717 RY (aw + b§>

cx + d€

i azx + b

:l0$+d§‘ i /\/ Kyl,uz;i)\ <31a82; g
]R2

—1~—V1 d
__—_C.’E—I—d€> |51! 81d82¢

(17.11)
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Now the kernel K, ,,.:2(51,52;s) has the fundamental covariance property (im-
mediate, cf. [62],(5.16)) that

% as; + b asz—l-b'a%‘*‘b
viveid \ e T d esy + d cg +d

1442
= |esy +d|F 7 |esg 4 d|t T2 c% +d £

Koy nzin (51752; E) . (17.12)
Performing a change of variables in (17.11), we thus get

ha(azx + b, cx + d€) = |cx + dg| 7
—1+iA

x /2 las1 + bl_l_”l |cso +d|*1_”2 c% +d Koy vaiin (51,52; %) dsy dsa
R
(17.13)
i.e.,
lax 4+ b&| 1V #|cx + dE| T2 :/ ax(z, &) dA (17.14)
with

—1—i —1-v —1—v T
ga(z,&) = I¢| " /\/ lasy + b7 [eso + d| T2 Ky ugiin (51782; Z) dsydsy .
Rz

(17.15)
Applying (2.15) again, we are done. a

We need another lemma, so as to bound the last integral in (17.2).

Lemma 17.4. Set

“l4ert
I: :/ |51—52|#
R3

—l—e1+eo —14eq1—€9

|so —s| 72 |s—s1|T 2 [ui(s1) ua(s2) u(s)|dsydseds. (17.16)

Set

Huillls = sup((1 + [s1])*** Jua (s1)])
l1ualll2 = sup((1 + [s2[)'*** ua(s2)]) - (17.17)
Assume that |e1 £+ ea| < 1, so that in particular |u;||lre < ||| u;lll;, 7 =1,2.

Then
I < Clllwlllx [[uzlllz [[ullze, (17.18)

with a constant C' depending only on €1, €3.
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Proof. Set
vi(s1) = |s1| 7w (syh),
va(s2) = |sa| 71T ua(sy ),
v(s) = |s| Tu(s™h), (17.19)
sothat [[lv1|ll1 = [luilll1, lllv2lllz = llulll2s lvllzz = ||u [|r2. If A is a measurable

subset of R3, denote as I4 the same integral as I after the domain of integration
has been changed to A. Set A’ = {(s1,s2,5): (s7%,55',57') € A}. Then an
obvious change of variables shows that [4/ is just the same as I after wuq, us
and u have been replaced by v1, v2 and v. To prove Lemma 17.4, it thus suffices
to bound by the required product of norms the integral I4 in the case when
A = {(s1,82,8): |s1] €2, [s2] < 2} or when A = {(s1,52,5): [s1] < 1, |s2| > 2}.
Consider the first case to start with: set

—1l4+e14e€ —1l—e1+€ — £1—€
J(s) = o ]<2 s — 59| 2 “lsg—s|T 2 s — s =5 sy dss . (17.20)
11>
|s2|<2
If |s| < 3, then
—l4eqte —1—eq+4e —14eq—c
J(s) < |s1 — s2l e P e e 5 dsy dss
[s1|<5
|s2{<5
g/ P d31/ =2 Lt T g, (17.21)
ls11<5 1< 13

Now, in view of the assumptions made about €1, €2, the last integral is less than a
constant if €y < 0, less than C; + Ca |log|sy|| if €2 = 0, and less than a constant
times |s1|7¢2 if €2 > 0. This shows that J(s) is bounded for |s| < 3;if |s| > 3,

A1+51 +eo

J(s) < Cls|™! %9”32'31 — 89| T2 dsidsy
[s2]<2
<C|s|7! (17.22)

since |e1 + €2| < 1, so that J(s) < C (14 |s|)~! for all s and

[e e}

I < supj,,1<olua(si)] X supyg, <olua(sz)| x / (1 +1s) ™" Ju(s)lds

-0
< Clluallpee fluzllze [Jull - (17.23)
We now assume that A = {(s1,s2,8): |s1] <1, |s2] > 2}. Then

—1+eq+e9 —1l—e1+£9 —14€1—£9
ls2] = 27 fsa—s|T 2 [s—s| T

Ia<Clule= [, _,

[s2|>2

|ua(s2) u(s)|ds1dseds. (17.24)



200 Chapter 4. Further Perspectives

Now

./ (14 [s2]) 775 [so] 722 [sp — 5| =22 dsy
|s2|>2

—1-c+
g/ [sa] —ge |sg — s| 5 dso

[s2|=2
SC/ sl 2T (L )T sy
2<sp|< k2l
—|—C (1 + |8|) 1+62 |S | 14e;—e2 |52 _.3| —1— 51+52 d82
|32|>max(2 I)
<C+sh~ (17.25)
since |e; — 2| < 1. Thus
I4 < Cllulpe /| | L+ |22 s — 1|~ 2= |u(s)| ds1 ds
81 S].
x sup ((1+ [s2])'°2 [uz(s2)])
o0
< Clluafze= (luzll2 ></ K(s) [u(s)| ds (17.26)
—o0
with
K(S) :/ (1 + |SI) 1+62 |S . 51| 1+s1 €9 dSl
|s1]<1
<C(1+|sht. (17.27)
(]

We shall apply Lemma 17.4 presently with €; = Re v1, €2 = Re vy and
= (h)" Sivs) = (h2)",,,, finally u = (h3)}, with hi, ho, h3 three functions
in Seven(R ). Recall from (2.18), (2.19) that

1 oo
wi(s1) = o / £ hy(ts1, ) dt - (17.28)
2T Jo
then wy, defined as w1 (s1) = |s1]71 7" u1(s7?), can be written as
1 oo
wi(s1) = — / £ ha(t, ts1) dt (17.29)
2T 0

(one may compare w; to vy in (17.19)), and the norm |||uy]||; as defined in
(17.17) is equivalent to |lui|lpe + ||w1]/L=. Given g1 €] — 1,1], one clearly has,
since Re 11 = ¢4,

[[lual[ls < sup (s1 H/ ¢ [[ha(ts1, 1) + [ (¢, Es1) ] dt)
0

< Cler)sup((1 + 2% + €%) [ (2, 6)]) - (17.30)
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Of course, something entirely similar holds with us or wu, after one has substituted
hs or hg for hi, and vs or i for vy.

The basic idea towards the proof of Theorem 17.1 is to reduce it to the case
when the two factors are polarized in the sense described between (11.25) and
(11.26), i.e., when each of them only depends on some linear combination of z
and &. The formula (2.9) for the G-transform provides such a decomposition for
each factor: indeed, it suffices to write

&) =2 [ (Gh)(wm) et dyay, (17.31)
]R2
and to use polar coordinates, to get the decomposition
h(z,§) = / h?(zsin 6 — & cos ) db (17.32)
0

with -
R (x) = 2/ (Gh)(tcos 8, tsinf) ™ |t| dt. (17.33)

—0

One may observe that (still under the assumption that h lies in S(R?)), the
function h?(z) is a C™ function of (6,z), and that it satisfies the estimates

r— (1+ |m|)°‘+j <_@_

ae)j h(z) € L*(R), a< g (17.34)

Conversely, assume that a function h on R? can be written as
h(zx,&) = / ¢°(xsin@ — € cos ) db (17.35)
0

for some function g? € L!(R), depending as such in a continuous way on 8. We
then compute Gh: if f(z,£) = a(x), it is immediate that (Gf)(x, &) = d(z) a(2¢),
from which, after a rotation of coordinates, one gets

(Gh, ¢) = /0 " i /_ 9% (2€) $(€ cos 0, £ sin 0) dé (17.36)

for any function ¢ € S(R?). Thus

|€] (GR) (& cos 0, £ sin ) = gP(2¢) (17.37)

it follows that g¢? has to coincide with h? as defined by (17.33).
We now need to connect the decomposition of a function h € Seyen(R?)
into homogeneous parts to the decomposition of a symbol into polarized ones, as
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provided by (17.32), (17.33). Using (17.33) as a definition of (h_;,)?, and remem-
bering that GE = —£G, one thus gets, for every complex v with —1 < Rev <1
and z # 0,

(h—i,,)g(:c) =2 /00 (Gh)iyv(t cos B, tsinb) eghimte |t] dt

1 [ Ry
= — / rY dr/ et |t (Gh)(rt cos @, tsin ) dt
0

™ hde o}
1 < —v-2.0 (%
=5s ) T (;) dr (17.38)

or, finally, noting from (17.33) that, in our case, (h-;,)? is an even function,
1 o
(h—i)?(z) = |z|717% x ——/ v hO(r)dr, (17.39)
2T 0
where the integral converges thanks to (17.34). Since
(hei) (@, €) = / (h_v) (zsin 0 — & cos0) db, (17.40)
0

one has

R, (s) = / (h—i,)?(ssin@ — cos6) df
0

=/ [|ssin0—c059|“1“” X i—/ ¥ he(r)dr] de . (17.41)
0 21 Jo

Proof of Theorem 17.1. Set

vytrg—ix—2

Aj(vr,ve;iA) = 9-3% (2m) 2

T (1+V1—V2+i)\+2j) T (1—V1+uz+i>\+2j) r (l—ul—uz—i)\+2j)
J

1—vi4ve—id+2j 1+v1—vo—iA42j 1411+ +id+27
P (Izte=ies ) p (Lo T 2

x (—1) . (17.42)

so that (17.3), extended by complex continuation as explained just before Lemma
17.2, reads

1

Ky usin(81, 825 8) = Z A, 02310 XD, pein (51582 ) - (17.43)
=0

Set 1) = £1+14\; and vy = £9+1)2, and assume in all that follows that |e;teq]| <
1. We first note the estimate

. 'A £ ‘-2—5
(A (1, 033 0| < C 'HE_VZ—“

2
'>\ —512+52 A 7512—52
x 1+:_'/1_|_2V—2_H ’1+_’fli_’/22i , (17.44)
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a consequence of (11.31); a rougher estimate, sufficient for our purposes, is
3
[Aj (1,15 00)| < C [T+ A)(A + A3)(1+ A%)] . (17.45)

The claim in Theorem 17.1 is that, given any three functions hi, hs, hy €
S(R?), the first two even (it then does not harm the generality to assume that so
is the third one), one has

oo

(hadtha, hs) :/ (hx, hig) dA, (17.46)
-0
where hf\ is the integral defined by (17.2).
We first show that, indeed, hf\ is well defined, for all A, as an element of

L?(R). Since (é’hj)';\j = ~ﬁ(hj)g\j, (17.2) can also be written as

2T
/ / ]ZOI <1 - &) (1 - M{) A]' (i)\17i)\2; l)\) d)\l d)\g
/Rz ngl,ikz;ik(sl"g?;s) (L +imE)3(h1))}, (s1) (1 +4mE)3 (ha)), (82) ds1 dss .
(17.47)

Now, in view of Lemma 17.4 and (17.30), the last integral on the right defines a
function of sin L?(R), with a norm bounded by a constant independent of A1, Aa:
using then (17.45), one can carry the d\; d\s-integration, which shows that h, is
well defined as an element of L?(R), with a norm bounded by a constant times

(1+A2)3. Now, using (2.16), next (2.14),

xz

(hx, h3) = /}R2 ha(z,€) €] 71 R (g

= ~ bs S - S A
_2/_()0@( )d/o ha(st, £) 1= dt
=47r/_ W5 (s) (h3)” 5 (s)ds. (17.48)

Using again (h3)® , = (1+ 2)73((1 + in€)® hy)’ ,, one sees that the integral on
the right-hand side of (17.46) is convergent, and that it can be written as

/oo<hk,h3)d)\»47r/ d)\/ B (5) (ha)?5 (5) ds

1
—47r/ d/\/ (hs)® ds/ > Aj(iAr,iAg;00) dAg d)g
R2

Jj=0

) dz d¢

/ Xr, ingiin (51,523 8) (1 ), (51) (Ba)hy (52) sy sz, (17.49)
RZ

a convergent 6-tuple integral.
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The estimates which led to (17.49), primarily based on Lemma 17.4 and
(17.45), show that, fixing ; and €2 with |e; +e3] < 1 and substituting everywhere
v1 = €1 +iA and v = €9 + @Ay for tA; and iAo would let the integral on the
right-hand side of (17.49) remain convergent. Then a contour deformation shows
(using (17.43) again) that

o
/ (hx, ha) dX = 47 / dll’l dyz
—o0 Re vi=e; JRe vo=es

/ dA | Koy wain(s1, 52;8) (h1)” i, (51) (h2)"_41, (52) (h3)”(5) ds1 ds2 ds
— R'
(17.50)

for any such pair (g1, €2). We choose €1 < 0, e2 < 0 (still with 1 +e2 > —1) to
be in a position to apply Lemma 17.4 presently.

Next, decompose (h1)—;,, and (h2)—., into polarized symbols according to
(17.40):

(h1)—ivy (z,6) = /Oﬂ((hl) i )P (xsin B — Ecosby) db; - (17.51)

in the corresponding decomposition of (h2)_i.,, we use of course the angle 60
instead of 6;. Then, according to (17.39),

(hl) i (81) = / b(y1,01) |51 sinf; — cos 01|_1_V1 db, , (1752)
0
where we have set
1 S
b(l/1,91) = ———/ ,,,1'/1 (h1)91 (T’l) d?”'l . (1753)
2 0

From (17.34) it follows that, given &; €] — 1, 1], b(v1,61) is bounded for 6; € [0, 7]

and Re v = e1: powers of Im v; can also be saved, so as to ensure the convergence

of the following integral with respect to d%, by the same trick as the one in (17.47).

Thus

0 dvy d
/ (hA,hg)d)\:élwA B 71 "2// (v1, 01) b(va, 0) dO, dbs

T Re vo=¢o
oo
/ d)\/ Koy :in(51,82;8) 815061 — cos B 1 |sg sin By — cos @y 172
_ R3
(h3)* \(s)ds1 dsyds, (17.54)

provided we show the convergence of the new integral: this requires some more
care, in view of the df; dfs-integration, and of the singularity which is to be
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expected when 8y — 8; € 7Z, i.e., when the linear forms zsinf; — £ cos#; and
x sin Bz — € cos O, are not transversal (all our preceding lemmas have been based on
the reduction to the case when these two forms were simply z and &). Recalling
(17.43), and noting that

XD, sin (515825 8)] = X2, ,0(s1, 525 8) (17.55)

when Re v; = £1, Re v5 = g9, one sees that one has to find an appropriate bound
for the integral

—1l+e)—eg —1—g1+eg
|s2 — |7

—14eq e
1(91,92):/ Is1 — sa] TR |5y — o
Rﬁi

|s1sin0; — cosBy| 175 s sin By — cos Oy 152 (hs)® y(s)| dsy dsy ds .
(17.56)

. _ s . asy+b ass+b
Performing when 0> —6; ¢ Z the change of variables s; — csad 27 —L—CS2 T3 S
- — -1 . .
astl ‘where (¢%) € Gisdefinedas (4%) = ( 0 cosbe COSGl) with § = sin(f,—

cs+d —571sin @, siné;
1), one sees that s;sinf; — cosé; transforms to

81
cs1+d?

that s98infy — cosfy

transforms to —3—, thus
cso+d

2 —l—cjteq
2

—1+ey+4e —1l4e;—¢
1(6,,05) = |61 / o1 — 5] TEE R |y g TR |, )
R3

as+b
h b
(ha)= (cs + d)
Now, in the proof of [62], Lemma 5.2 (our present Lemma 17.2), we have computed,
under the assumptions €1 < 0, €2 < 0, le; — €3] < 1, the integral

l81|A17€1 les + dlAl

ds1dsz ds. (17.57)

/ 51— 52| A s —s| T B sy —s| T P 1|7 dsy dsy
RS

=Cler, ea) sl = 7 (17.58)
for some constant C(e, €2). Since, as a consequence of (2.14) and of the fact that
h3 € Seven(R?), one has |(hs3)* ,(s)] < C(1 + 5%)~7 for some C > 0, it follows
that

[N

oo —1l—e1+eqg b -
1(61,85) < Cley, &) |5|—1-62></ Is| =% |es + d| 7L <1+(‘c’jjr'd)2) ds
= Cle1, €2) |6]717%2 J(61,62) (17.59)
with
1 —l—gj+4e 1
J(01,92):/ 15|72 [(as )2 + (es + d)%] 7 ds
-1
1 ~l4ej3—¢ _1
+/ || e [(bs+a)® + (ds+c)*] * ds. (17.60)
-1
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On the one hand, the L2-norm of the function s — [(as+b)2+(cs+d)2]2 or
[(bs+a)? + (ds+c)?)~ % does not depend on the matrix (28) € G. Its L>-norm,
however, does, as follows: the minimum of the function s+ (as +b)% + (cs 4 d)?2
as s describes the real line turns out to be (a? +¢?)~!, in our case §2; similarly,
the minimum of (bs 4+ a)? + (ds + ¢)? is 1. Thus

maxser [(as+b)* + (cs + d)?] : < |67 (17.61)

and, if s+ 5 =1 p €200 one has |s [(as + )2+ (es + d)? 3 |pe <
v |(5| Pr0v1ded that the function s |s| 52 Jies in L([-1,1)), i.e.,
losptez > 1 one thus has J(6:,602) < C16]°%" and I(0y,0,) < C 5|72 €2+—.
Since ¢ = sin(f; — 61), the integral on the right-hand side of (17.54) will be
convergent if one can choose p with § > 1_€}+€2 and g9 < % —1,1e, £<
(still with |eq £eg| <1, g1 < 0 and &3 < 0), which is possible.

In accordance with (17.8), we then set, if 61 — 6, ¢ 7Z,

1+£2

oo
|zsin @ — & cosfy| 1TV #|xsinfy — Ecosby| T2 = / (9o, 02 A (2, &) dA

(17.62)
a definition of the function (gy’52)x: (17.48) and Corollary 17.3 show that

((gh52), ha) =t | (a50h00) ()50

:471'/ (hg)b_)\(s) ds/ Ko, vyin(81, 825 8) |s18in 04 —cos |71
— oo R2

|s2sinfy — cos | 172 dsy dsy . (17.63)
Thus (17.54) reduces to

o dvy d
/ (hA,h:J,)d)\:/ / L ”2/ / (v1,01) b(v, 62)
—o00 Re v1=¢1 JRe vo=es

< |z sinf; — §c0591|_17"1 #|zsin Oy — £ coshy|™ 1=va h3> dfy dos .
(17.64)

On the other hand, using (2.13) and a contour integration, next (17.40),
finally (17.41) and (2.16), we get, whenever &; > —1,

dl/
meo=[ ()o@ P
Re vi1=¢;
_ / D" ), (osiny — € costy) dby
Re vi=¢e; { 0

= / %V—l b(Vl, 91) |£L' sin 91 — { COS 91 |71*'/1 d91 . (1765)
Re vi=¢, 0
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Thus

d, d
(ha#tha, hy) = / / —=
Re v1=¢1 Y/ Re va=ea

<</ b(v1,01) |zsinfy — Ecosfy| 1 d91) #
0

(/ b(vz,02) |z sin g — & cos By 1772 ng) , h3> ,
0
(17.66)

and the only remaining problem is showing that, given 14, and ro with —1 <
Rev; <0, -1 <Rewy <0, |[Re (11 £10)] <1, and h3 € Seven(R?), one has

<</7r b(v1,01) lxsinf; — Ecosby| 1T d91> #
0

</ b(va, 02) |z sin Gy — € cos |12 d62> ,h3> :/ / b(vy1,61) b(ve, 02)
0 0o Jo

(|zsing; —Ecosr|™' " #|zsin by — Ecosba| 12, hy ) dby df; .
(17.67)

We first show that the two sides of this equation depend analytically on
V1, Vo in the larger domain —1 < Re v; <0, —1 <Re s <0, |[Re (1 —1o)| < 1,
[Re (11 — v2)] — Re (11 + v2) < 2. Concerning the left-hand side, recall from
(17.52) that the integral that appears as the first factor there is none other than
(h1)—iu, (z,€): in view of the direct Definition (2.18) of such a symbol, it can be
decomposed, since it is smooth outside 0 and homogeneous of degree —1 — v, as
the sum of an integrable symbol and a smooth symbol with bounded derivatives
of all orders: each of the two terms thus produces a bounded operator on L*(R).

To study the right-hand side, we need a lemma.

Lemma 17.5. Assume that —~1 < Re 11 <0, -1 <Re vz <0, |Re (v1 —v2)| <1,
[Re (v1 — 12)| — Re (11 +1v2) < 2, and let hy € S(R?). One has, for all 6, and 62
m 10, 7|,

’< |zsind, — £cos |1 #|zsinfy — Ecosfa| T T2 by >|
<C | Sil’l(eg _ el)l—l—min(Re vi,Re v) (1768)

with some C > 0 independent of 01, 0.

Proof. We first give a slightly modified version of Theorem 11.3, using a contour
deformation i\ +— —e + i, 0 < e < 1, ending up with

o0

e = [ i, (17.69)

— o0
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with

) —l4e—vy4vg—id —~14e4v] —vg—id
hiepa(z,€) = Y Cj(vi,va;—e +iN) [zl; ° [{P— . (17.70)
j=0,1

Looking at (11.27) and (11.29), we find that this integral decomposition is valid
under the new conditions

—1<Rer; <0, -1 <Rews <0, lRe (lll—Vg)' <1-—g¢, lRe (V1+I/2)| >—-1—c¢.

(17.71)
This leads to the following modified version of (17.62):
|z sin ) — Ecosfy |17 #|xsinhy — Ecosby| T2 = / (90702 Jieta(@, ) A,
(17.72)
with
i . —l—e—vy)—vo+iX .
(9,02 ie+A(x, &) = | sin(f2 — 01))] ? Z Cj(v1,v2; —€ +iA)
j=0,1
—14e—vifug—i) —1fetr]—vg—iX
|z sinfy — & cos by 2 |z sin 02 — £ cos Oa]; 2 ;
(17.73)

where C;(11,v9; —¢ +142) is defined from (11.27) by analytic continuation: indeed,
when the matrix ( :g g; o g;) lies in G, i.e., when sin(fs —61) = 1, this follows
from (17.70) together with (2.5). If this is not the case, a simple homogeneity
argument will do, after one has divided the first row of the matrix that precedes
by sin(6s — ;).

Consider, for large N, the integral

—14e—Re (v1—v3) —14e+Re (v1—vg)
- =z

I=/ |zsin @, — £ cosb] 2 | sin 63 — £ cos Oz
RZ
(1+2%+65)Ndrde. (17.74)

Assuming for instance Re v2 < Re vy, one may write the integral I, setting
0=05—0,, as

Zite-Re (vj-—vy) . zitetRe (v3—wp) _
/ 617 fasind — geost| T 7 (Lba? 4607V dode
R2

_l4etRe (v1—vg) et _1ietRe (v3—vs)
< C'|sind)| B — supg/ (1+z2)_%|z—§cotan0l B

-0
—14e+Re (v]—vo)

< C'|sind| E . (17.75)
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Thus, recalling from (11.31) that the coefficient C;(11,v0; —e4+4X) is bounded
by a constant times (1 + |A])z®e (1 +2)=€) e get

[((gbsicens s )

—1l—e¢—Re (v1+v3) —14e4+Re (v —v9g)
2 2

(14|20 @22 fsing)
= C|sin@| 178 2 (14 || 2R (i) - (17.76)

< C|sind)

Finally, the dA-summability is achieved by the use of the integration by parts
associated with (11.32). O

End of the proof of Theorem 17.1. Since the exponent of |sin(fz — 6,)| on the
right-hand side of (17.68) is > —1, and the two functions b(v;,6;) are bounded,
the integral on the right-hand side of (17.67) is convergent and (just like the
left-hand side, as observed above), depends analytically on 14, 15 in the domain
characterized by (17.71). One may thus be satisfied with proving (17.67) under the
additional assumption that Re vy < ~% and Revy < —%. To that effect, introduce
the harmonic oscillator L = Op(r (2% +£2)) and its domain D(L) as a self-adjoint
operator in L2(R). Then D(L) ¢ L*°(R) and D(L), with its proper Hilbert
space structure, is acted upon in an isometric way by all operators Met(g), g
lying above the subgroup K = SO(2) of G. It then follows (by a reduction to
the case when 6, = %) that, since —1 < Re 11 < —%, the operator A,, 9,: =
Op(|zsinfy — &cosy|~1 1) sends D(L) to L2(R), as well as L%(R) to D(L™1),
with a norm independent of 6,. Recalling that the two functions b(v;,0;) are
bounded, we may thus write

(/ b(r1,01) Au, 6, d91> </ b(v2,62) Ay, 6, d92>
0 0

= / / b(Vl, 91) b(l/z, 92) AV1,91 A,,Q’ez d01 d92 s
0 0
(17.77)

an identity between two bounded operators from D(L) to D(L™!): this concludes
the proof of Theorem 17.1. O

Remark. Recall from (11.1) that

Bty = %(hl#h2+h2#h1) ifj7=0, (17.78)
1#he = -

J %(hl#hz — hz#hl) lf_] =1.
It is immediate that

Xing.ing:ix (52,815 8) = (—=1)? Xf,\l,i,\g;u(sl,52§5)~ (17.79)
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From this equation, and Theorem 17.1, it is clear that one gets for hy#hy (resp.
0
hi1#tha) the same expression as that provided by (17.1), (17.2), after one has kept,
1

on the right-hand side of (17.3), only the terms with j =0 (resp. j = 1).

We must now recall a few facts concerning the Radon transformation, and
the result of some computations performed in [62, Section 4]. We parametrize the
generic elements of the subroups N, A, K occurring in the Iwasawa decomposition

of G =SL(2,R) = NAK as

1 b ez 0 cos? sin?
- pr— T = 2 . .
n (0 1) r @ ( 0 e_5> K (— sin?  cos é) (17.80)

2 2

Following the normalizations in ([23],ch.IL, §3), we set dn = 7~ 'db, da = = dr,
dk = (47)~1dh, which corresponds to the choice of the Haar measure

dg = e~2°01°8%) dp, da dk (17.81)

on G = NAK. Recall that p, the positive half-root, is the element of a* charac-
terized by p ((§ %)) = 1.

The homogeneous space G/K is identified with the Poincaré upper half-
plane II in the standard way: its base point is 4. Since the class of ¢ € G in
G/N is characterized by the left column of the matrix g, the space Z = G/MN,
with M = {£I}, can be identified with the quotient of R?\{0} by the equivalence
relation which identifies two points, the negative of each other: in other words,
functions on Z are to be identified with even functions on R?\{0}), and the correct
measure to be used on Z is [62, (4.3)] that which corresponds to the Lebesgue
integral of even functions on the whole of R2. Also, the natural base-point of = is
+(1,0).

One then defines the Radon transform V from functions f on II to functions
on = by the formula

(VD(1.0) = [ 1((gn)i)an (17.82)
and its dual transform V* (from functions h on = to functions on II) as
(V*h)(g.i) = / h((gk).(1,0) dk. (17.83)
K

The two operators V and V* are formally adjoint of each other under the
given normalizations of the measures on II and =. However, V is not an isometry,
and does not have a dense range in any meaning: the second of these two facts is
fundamental, but the first one is a defect, which can be repaired with the help of
the operator

1T (2 —ing L S ;
T — (g) *__L) - ﬁ—a(ﬁmg)/ £ 3 (14 ¢) " HE gy (17.84)
0
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Recall that £ is essentially self-adjoint on L2, (R?) when given the initial domain
C, (R2\{0}), and that "¢ was made explicit in (2.10). The operator TV is

an isometry from L2(II) to some subspace of L2, (R?), which we shall describe
presently. Set, as an operator on L2 (R?),

=_—= £ (2m)" <G, 17.85

r(%-mg)(ﬂ) 9 (1785)

an involutive unitary transformation. To understand &, one may note ([56], Propo-
sition 4.1) that if h(z,&) = ho(x? 4 £2), then (kh)(z,€) = (2% + £2) " Tho((2z? +
£)7h.
The following is taken from [62, Theorem 4.1].

Theorem 17.6. The unitary transformation TV , initially defined on the space of
continuous functions on Il with a compact support, extends as an isometry from
L3(IT) onto the subspace Ran(TV) of L2, (R?) consisting of all functions invari-
ant under the symmetry TkT 1. The operator V*T* extends on Ran(TV) as the
inverse of TV, and is zero on the subspace (Ran(TV))* of L2,.,(R?) consisting
of all functions h with TKkT~'h = —h. Moreover, the isometry TV intertwines the
two quasi-regular actions of G = SL(2,R) on L% (I) and L?*(Z) respectively, and

transforms the operator A — § on L*(I) into the operator m£% on L*(Z).

We need to recall from [62, (4.34) and (4.36)] the formulas

: T (552) |z — s|? i
T (%) /n< Tm 2 ) f(2)du(z)  (17.86)

Mlu

1
5(2m)”

(TVf)i(s) =

and

(S

oo Im z

(ﬂ) oo |z — |2 -3+
(V*T*hy)(2) = (2m)~ ——27/ R5.(s) (——) ds.  (17.87)
r(-%)
Also, from (11.4), (11.6), together with Theorem 17.6, it follows that
n D (52) T (52)
2 T(3)r(3)

We are now in a position to relate the Weyl sharp product on even functions
on R? to the pointwise products and Poisson brackets of functions on II.

Lemma 17.7. Given h € Seven(R?), one has for all X € R,

V*T*(TVf)s = Fial - (17.88)

(4 |Op(h)us) = 2 (2m) % r( j) (VT ha)(z) (17.89)

and
(ul|Op(hy)ul) = —2¢,\(27r)%r( Z;) (V*T*hy)(2). (17.90)
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Proof. Recall that the role of the Wigner function W (u,v) associated with a pair
of functions u, v € S(R) was explained in (2.3),and that W (u,,u.) and W (ul,ul)
were made explicit in (2.27) and (2.28). We need the decomposition of these two
functions into homogeneous components: with the notation (2.13)—(2.16), it has
been found in ([62], (13.14), (13.15)) that

(W (uz,u))5(s) = (2m) > T (1 J;’)‘) (ls - z|2) - (17.91)

Im z

and
(W (ul, ul))l = ix (W (uz, u,))b . (17.92)

Then, using also (17.48), one has for every h € Seven(R?),
(uz|0p(h,\)uz) = <h)\7 W(’U,Z, uz))

= 47r/°° RS(5) W (uz,us)’ \(s)ds, (17.93)

—00

so that (17.89) follows from (17.95) and (17.87); (17.90) then follows from (17.96).
O

The following theorem should be compared to Theorem 11.4:

Theorem 17.8. Given hy and hy € Seven(R?), one has for all X € R, and all
z € I, the equations

(uz|Op((R1#th2)2)uz) = WQZ / /

D (5T (352)

l"( 14+i(A—21—2X9)+2j )F( l+i(—)\—A1+A2)+2j)F( 1+i(—A+A1 —Ao)+2j )I‘( 1+i()\+)\1+)\2)+2j)
4 1 1 4

(uz|Op((h1)x, )uz) x (UZ|OP((h2)A2)UZ)j||/\| dhid)a, (17.94)

and (ul|Op((hi#h2)a)ul) is obtained by the same formula, substituting ul for

u, everywhere and inserting the extra factor )‘”)‘\ under the integral.

Proof. To start with, we need to recall again two formulas from [62]. Propositions
8.1 and 8.2 there deal with two functions u; and wus on the real line, and with
their lifted-up versions ug and ug as homogeneous even functions on R? of degrees
—1—iX\; and —1—i\y: the operation u — u! is the reciprocal of the operation hy —
R, defined in (2.15), and we shall assume here, to start with, that u; = (hl);1 and

Uy = (hg)g‘2 for some functions h; and h2 € Seven(R?), so that ug = (hj)x,. The
regularity assumption in the two quoted propositions is that w; and ws should
belong to the spaces CX and Cf¥ of C*-vectors of two representations 7y,
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and m;y, taken from the class one principal series of G: there is no need to define
these spaces here, as it suffices to recall from [62, (13.17)] that, indeed, h';\ does
belong to the appropriate space CX whenever A € Seven(R?). We may then quote
the two propositions under consideration in one stroke, using the notation (11.2):
if A1 and hs lie in Seven(R?), one has for almost all s, and j = 0,1,

[ s 51:5253) (103, s0) () () s disg = 28 2
R

P (=)0 (=52) T (3)

X F( LA $£29)+2) )F( 1+i(A~Ai+xz)+2j>F( [ETEES VS PRST; )F( [ERTENN 7%2)+2j)
4

b

(ﬂdwvwmnn§wwwm»»QA@. (17.95)

Thus, from (17.99) and Theorem 17.1,

1
(hl#hQ))\ = 47'('2 / / 1( >\+)\ PW(=AHA+HAD)
Jj=0

L) ()T (5)

1"( 14+i(A—X1 —A0)+2j )1"( 1+i(—= A=A +A)+25 )F( 14+4i(=XA+A1=Ap)+2j )1"( 1+i()\+)\1+)\2)+2j)
4 Z P 4

<TV((V*T*(h In) X (VT (o )Az))>A dhds . (17.96)

Next, using Lemma 17.7,

A

2) VT GuE). aren

WN%«M#M»WJ=2@@%F<

Using also

V*T* <TV((V*T*(h1),\1) x (V* T*(hz)xz))>

Y A
- 1-\(1+2i/\)F(1—2i/\) |:
=5 i i (VT (h)a,) x (V*T*(h2)x,) | » (17.98)
2 T(HI(-3%) j N
a consequence of (17.88), finally, in the same way as in (17.101),
- 1 (21)~
(V*T*(hj)a; ) (2) = B I‘(T) (uz|Op((hj)a, )u2) , (17.99)
2

one proves the first part of Theorem 17.8. The second one is the result of a com-
parison of (17.89) and (17.90). O
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The game can be played in reverse, yielding
1 .. [
(w:lOB((h)n )  (uOp(h)n,Jus) = 5 [
J T S
I‘( 1+i()\—)\}1—>\2)+2j )F( 1+i(—>\—>:ll+>\2)+2j )I‘( 1+i(-—>\+>:11~>\2)+2j )F( 1+i(>\+>\}l+>\2)+2j)

ICIEDY

<uz|0p (((hl)h#mm) ) u) oy (17.100)
J A

Consider for instance two homogeneous symbols in the commutant of the har-
monic oscillator, introduced just after (17.76) and needed to complete the proof
of Theorem 17.1:

Theorem 17.9. Let 7é(x,&) = w(x? + £2) be the symbol of the harmonic oscillator

L. Assume that —1 < Rewv; <1, -1<Rewvs < 1. Let h = 13*17,’1 #éAAVz be the
composition of the two Weyl symbols under consideration. Then
1+v1+va—iA 1+v1 —vo+iA 1—vi+va+iA 1—vi—vo—iX
XF(+1-Z2 )F(+142+)F( 1-22+)F( 142 )
1+v 1+v —1
D(H) T(H2) T (52)
(17.101)
Proof. From ([53],(1.6) or (1.8)), one has
1 1 S L
—2m st 2\—3 —
=(1- 2 1. 17.102
op(e ) -7 (152) L 0ss< (17.102)
Setting, for 0 < 51, s2 < 1,
(1-s51)1-82) 1-3s
- , 17.103
(I+s1)14+s2) 1+s ( )
ie, s = {2 hence 1 - 5% = u—(_li)l—(i;—);%l, one sees that
s1+s
e 2ty Ims2l — (1 4 5159)7 ! e e ¢ (17.104)
a formula still valid, by analytic continuation, for s; > 0, sg > 0. Since
+1
1y 2mw) 2 0 -
7 = (_E)_l/ e 2" ds,  Rewv>—1, (17.105)
L (554) Jo

one has

h: =0Tyt

(2m) 5

[e@) (e o) ,—,;_1 vo—1 _ s14s d d
=1 . / / 5,7 sy7 e mihmt LT (17.106)
D(252) T (#2) Jo Jo L+ 5182
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Thus
(2W)£§Q R e S e R T § 2 s1+s2 , dsy dso dt
B[ i g
TEM T b b o o
1 vitvg—id—1 r (H—D‘) —1—i)
— ()= — 2 =z 1 P A
3 (27 rEE) e e
(17.107)
with

vy—1
I(Vl,VQ;)\) = / / S (81 + 82) (1 + 8182) d81 dss
1+u1+uz z)\) T (1+U1A4u2+zi)\) r (1—%1—21/24—1’)\) r (1fu1—4uz——ik)
2 T (352) T (52) ’
(17.108)

NI

where the last equality is obtained by the change of variables s, = t3x , Sg =
1 1
tzxz. O

Remark. One cannot help noticing a certain analogy between the coefficient in
(17.101) and the one in the integral term of (15.33). This is quite justified, since
in both cases we are interested in the expansion into homogeneous components
of the sharp product of two homogeneous objects: only, these are I'-invariant in
(15.33) and K-invariant (K = SO(2)) in (17.101).

Theorem 17.9 gives a quite different proof of the following formula, first given
by Mizony, whose proof [33, 34] depends on an ingenious identity concerning the
function sFs:

Corollary 17.10. For every § > 1, one has

ROLIWSORSY

1
3+ 872

<1+;(A A1—Az) ) r (1+1( A—A14+A2) ) (1+1 )\+/\1—>\2)) F(1+i()\+>\1+)\2))
4 4

r(3)r

r <1+i(7)\1r)\1+)\2)) r (1+i(/\+4xl~/\z)) T <1+L(Af4A1+A2)) r (H(A+4A1+A2))

O () T (%) T (5%) T (1559)

(17.109)
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Proof. From (17.89), then (17.87), it follows that

=)(2)

__w 1—1A > —1-3x IZ — S|2 %
—92(2 A 2 >
(27) I‘< 3 )/_Oo(l—i-s) (—Imz ) ds
1 113X
_ (amHET ( - ) P, o (coshd(i, =), (17.110)

2
where d is the hyperbolic distance on II: the last equation is a special case of the
formula

1 7% [lo—sl2\ 272 | — g2\ 7%
_[ (Iz sl) (Lw_sl_> ds =P_;3 i (coshd(z,w)) (17.111)

T Im =z Im w

(uz|Op(£77 " uy) = 2(27r)“r( ’;) (V*T* e~

proved in [62, (4.38)]. The corollary is then a consequence of Theorem 17.9,
(17.100) and (17.110), setting & = coshd(%, z), together with the observation that
the integrand on the right-hand side of (17 109) is invariant under the change of
X to —\. Of course, a symbol such as £~ 2 does not lie in S(R?), but this is
easy to repair, using instead the approx1mat10n

14ix 0 _
—27rel (27T) : —2m(ste) b —2mes 2L
— T € e s 2 ds.
T ( 144X )
2

(€+€)

|

Remarks. A few remarks concerning either the Op?-calculus or a comparison be-
tween the results of Sections 15 and 17, are in order.

Theorem 17.1 extends to the OpP-calculus, with the sole difference that
the Gamma factors on the right-hand side of (17.3) (the coefficients denoted as
Aj(v1,v2;) in (17.43)) should be replaced by some coefficients A (v1,v2;i0): for
the proof of Theorem 17.1 relied entirely on Theorem 11.3 (the spectral decom-
position of the sharp product of two power functions), and it has been proved in
Theorem 12.9 that Theorem 11.3 extends to the OpP-calculus, at the sole price of
changing the coefficients C;(v1, v2;iX) to p-dependent coefficients. That we do not
write the Op?-version of Theorem 17.1 explicitly is only due to the fact that the
results of Section 12 do not make the coefficients C’;’ (1, v2;4) fully explicit: they
are given instead by recurrence relations. It is only when p = 0 (the Weyl case) that
the formulas which are the results of Theorems 17.1 and 17.8 are actually simpler
for the full calculus than for its even-even and odd-odd parts considered separately.
This may be the occasion to state that Theorem 17.1 extends to the case when
symbols which are not necessarily invariant under the map (z,§) v (—z, —¢) are
considered. Indeed, this more general case is considered in [62, Theorem 5.3]: even
though the proof there is far from being as complete as that of Theorem 17.1 in
the present work, only the algebra differs.
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Concerning the sharp product of automorphic symbols, our first guess of
Theorem 15.1 was based on a simultaneous consideration of Theorem 17.1 (in its
earlier version from loc.cit.) and of the results of [62] regarding the Roelcke-Selberg
decomposition of the product or Poisson bracket of two Fisenstein series. Indeed,
denote as © the map introduced in Proposition 2.1, which associates with an au-
tomorphic distribution h a pair of automorphic functions on II, namely the two
functions z — (u2|Op(h)u?), p = 0 or 1. Then Theorem 17.8, a consequence of
Theorem 17.1, would seem to relate the Roelcke-Selberg decomposition of the im-
age under © of the symbol E,ﬁ,l #3?}2 to that of the two functions E7F_,, E‘_I;,,2

2

and {E

cable to such singular distributions as Sﬁl and 39,2. Still, disregarding difficulties
and concentrating on the computations, we certainly got in this way the right
result: this was a third verification of the formula for the sharp product of two
Eisenstein distributions since, besides the genuine proof in Sections 12 to 14, we
already gave a completely different heuristic “proof” of it in Section 5.

2
Y., , Ei ., }. Only Theorems 17.1 and 17.8 are very far from being appli-
2 2

Tt is clear, from such formulas as (6.21), that the two main theorems regard-
ing the existence of explicit formulas for 5, #§f, or F4#(3;,)* should admit
extensions to the case when #? (p = 1,2,...) is substituted for #, in other words
in the OpP-calculus. That we have not made these formulas explicit is due to
the following two reasons: first, more readers are likely to be interested in new
facts concerning the ubiquitous Weyl calculus than in the structure of new calculi;
next, when p > 1, the formulas should again be more complicated and involve
coefficients only determined by recurrence relations. Still, it is important to note
that, contrary to the case of the Weyl calculus in which the definition of F¥ . #3’3,2
had to be somewhat indirect, based as it was on Proposition 13.1 (a definition
of E(FY #31,) rather than of Fh #3%,), the definition of F¥ #PF! would be
perfectly natural for p > 2, in view of Theorem 10.6.

18 0Odd automorphic distributions and
modular forms of non-zero weight

Our purpose in this section is to stress that the whole Weyl calculus, not only the
part associated with even symbols, has interesting connections with modular form
theory. Our emphasis is not on the interesting new arithmetic facts that emerge
when substituting for T' a congruence subgroup I, or when twisting the definition
by characters of T”: only, doing this is unavoidable in the present context.

As a consequence of Proposition 2.1, an automorphic distribution & can
be characterized by a pair of non-holomorphic modular forms f° and f!, where
fP(2) = (u}|Op,5(&)ul). That one gets a characterization is due to the fact that,
by definition, an automorphic distribution is even (since the matrix (“01 _01) lies

in T'): consequently, the associated operator commutes with the map w +— 4.
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We now generalize the concept of automorphic distribution, allowing a sub-
group IV of T and a character x of I” to enter the picture: a I'-automorphic
distribution & with character x shall be any tempered distribution satisfying the
equation

Gog=x(9)6 (18.1)

for all g € IV the left-hand side of (18.1) is still defined by the equation (& o g, h) =
<6, ho g~1> for every h € S(R?). Introducing a non-trivial character is unavoid-
able if one wants, so as to give R? (as opposed to II) its full role, to consider
odd symbols as well. Indeed, the equation (18.1) cannot be valid, if & # 0 is
odd, unless the condition x(( ' %)) = —1 is satisfied (assuming of course that
—Iel).

In the odd case, instead of the above-defined functions f° and f!, we must
now consider the functions f%! and fY, where

fPI7P(z): = (uk|Opy5(S)u, ™) - (18.2)

again they characterize the (odd) distribution &. As will be seen, the two func-
tions so defined will be modular forms of weights F1 and character x. We take
from [8, p.135] the definition of a I'-modular form of weight k and character x,
with X(( _01 5 )) = (~1)k, as a C°® function f on II, satisfying the automorphy
condition

b bz~ \* ,
F(EE) - (o) ore, g=(eher,  sy)

at the same time of moderate growth at infinity (i.e., bounded by some power of
Im z as Im z — o) and an eigenfunction of the Maass differential operator [8,

p.129]
Ap=A+ikIm (—%) <z2—a—+22—a-). (18.4)

One may remember that the usual definition (loc.cit.) involves the multiplier

(l—‘;‘jz—i%‘)k instead of the one above: the two notions are related by the fact that,

with
(Suf)(z) = (ﬂ) f2), (18.5)

the function S ! f is automorphic in the usual sense if and only if the function f
is automorphic in the sense of (18.3). Our present slash operator thus has to be

defined as .
a+bz"t\ " az+b
()o- i) /(3) 189)

and the operator Ay is the conjugate, under the Sy-transform, of the usual oper-
ator Ay = A+ik(Im 2)(£ + £): it is also the conjugate of Ay under the map

fef fle)=f(-2).
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One may also recall (loc.cit., p.144) that the study of Maass forms of gen-
eral integral weights can be essentially reduced to that of forms of degrees 0
and 1. As a matter of fact, it is quite possible to obtain Maass forms of arbi-
trary integral weights j — k in a direct way, substituting for (uZ|Op_ 5(&)u?) or
(u?|Op 5(S)ul~?), with p = 0 or 1, more general expressions (v1|Op, 5(&)vF),
where the function vJ (not to be mistaken for u} except in the cases when
j = 0 or 1) is the j-th eigenfunction of the z-dependent harmonic oscillator

2
- = Op(m “”I—:nz—il—) However, this may not be necessary since in any case an even
or odd automorphic distribution is fully characterized by two of the four functions
(u2|Op,5(G)ud) with p=0or 1, g=0or1.

Concerning the unavoidable occurrence of the intertwining operator Sy, we
must emphasize again that the constraint of compatibility with the Weyl calculus
left us no choice whatsoever (it is essential that one should have Met(g)u, =
0(g, z) ug . for some complex number 6(g,z) of absolute value 1): to see it in
a different light, let us mention that some formulas would have been simpler if
we could have worked throughout — as we did in [55] — with the right half-plane
rather than the upper half-plane. On the other hand, one may observe that no
automorphy condition could be simpler than (18.1), which concerns automorphic
distributions rather than modular forms.

It may be interesting to start with an effective construction of all characters of
I", which can be neatly done with the help of the metaplectic representation Met:
recall that this is a representation, in &’(R), of the two-fold covering SL(2,R) of
SL(2,R), and we are interested in its restriction to the part T of .ﬁ(2,R) that
lies above T'. Though it is rather delicate (the Maslov index theory is needed in
general, and quadratic residue symbols are necessary [44] for the arithmetic case)
to make the representation Met explicit without any ambiguity, it is quite easy
to describe it up to the ambiguity factors +1: indeed, right after (2.4), we have
recalled that the unitary transformations associated with points g that lie above
the points g = (19) and (% §) of I' (these two matrices of course generate
') are respectively the operator of multiplication by the exponential expimz?
and e~ % times the Fourier transformation. Now, if E is any even-dimensional
subspace of S'(R) invariant under the metaplectic transformation, and if Metg
is the metaplectic representation considered as acting only on E, it is clear that,
defining for any § € I the number x(§) as the determinant of Metz(g), one gets
a character of T' which actually can be identified to a character of T' (since, up to
the possible multiplication by —1, Metg(g) only depends on the image of g in T').

Proposition 18.1. Given any even number N > 2, the linear subspace EV of
S'(R) a basis of which is provided by the distributions vn,q (@ mod N) with

ongla) =6 (=- (j + %) VN) (18.7)

is invariant under the metaplectic representation restricted to T
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More precisely, for every q, one has
im?

2
i 4
o am &
e UN,g=¢€¢ N UNgq

and

[N

_im _im
et Foyg=e€e + N

Z BTN Uy, (18.8)

rmod N
The associated character xny = det Metgn, as explained just before the state-
ment of Proposition 18.1, is given on generators of I" by
. (N—1)(2N-1) .
v ((19)=¢€"""7¢ and  xn (( %)) =" (18.9)
If 6]N, xn generates the group of all characters of T.

Proof. The first of the two formulas (18.8) is trivial. For the second one, we use
Poisson’s formula .
2irakx __ -1 _ l
e = |af Z& (x a) , (18.10)
k J
valid for any real number a 3# 0, to find

(Fowa)a) =3 e mie i/

6_217V“L Z —2ir kv N

= N3 W0 Za (m- ——)
=N"5) 2 F (x - %) , (18.11)

k

Setting k = Nj +r, » mod N, we get the second of the two formulas (18.8).
The determinant of the matrix associated with the multiplication by e s
exp (124 .-+ (N —1)%) = exp iwm—v%&l—). The determinant of the matrix
associated with the transformation e~ ¢ Fis e~ "% N2 times the determinant
A = det (67 )o<q,k<n-1), Where 8 is a primitive N**-root of unity. In view of the
relation (e~ % F)? = —iC with Cv = 9, together with Cvn 4, = vn,—q, it is easier
to compute A2 which is det ((bgk)o<gk<n—1) With by = 0 unless ¢ +k = 0
mod N, in which case by, = N; thus A? = (- I)M_—Z) NY. This yields
xn(( % §)) = ei for some e = +1, since iV x (- ) R
even.

= —1as N is
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Set s = (% §) and ¢t = (}9), so that s? = (st)® = (' ;). Thus, for
any character x of T', x(s) must be a fourth root of unity, and x(st) must be
a sixth root of unity; also, I' can have at most 12 characters. Now, as shown
by what has already been proved of (18.9), xn(s) is a primitive fourth root of
unity for every N, and xn(¢) is a primitive third root of unity whenever N is
divisible by 3, which proves t(}:’e lg,QsIE st)a,tement in Proposition 18.1. Finally, since

—1 —1

6

x(—st) = x(s%t) = ~cie” is a third root of unity, it follows that
e=(-1)FH. .

Remark. In particular, there are six characters y of I'such that x(( 3" %)) = —1.

We first justify the claim above concerning the link between IV-automorphic
distributions with character x and the corresponding modular forms.

Theorem 18.2. If & is a I'-automorphic distribution with character x, homoge-
neous of degree —1 — i\, the function

1 (z) = (u:|0p 5(6) uy)
— <6, 9-3—inE W(uz,ui)> (18.12)

is a I"-modular form of weight —1 with character x, on which the operator A_,
takes the eigenvalue 1%\—2-.
The same holds with the function f'°(z) = (u}|Op 5(6)u.), only changing

the weight —1 to 1.

Proof. First, we establish the equation

_1

W(uz,ul)(z, &) = 273 (Im (——l)) ’ 1(z—z£) exp ~2Wl—%—§|—i : (18.13)

z z

to do this, we note that the case when z =1, i.e.,
W (us, ul)(z, €) = 2% (3 — i€) e 27 +E0) (18.14)

is an easy consequence of (2.2). Next, observe that when restricted to the subgroup
N'A of SL(2,R) = NAK, where N’ is the image of N under the conjugation by
the matrix (? “01 ), the metaplectic representation can be defined by the formulas
which follow (2.4), without any need for lifting them to some cover of the (simply
connected!) group N’A. In particular, setting

(Met ((2 %)) v) (z) = eme™ g7t u(a"lx), (18.15)

ca™l

one sees from (2.24) that Met((® % ))u? = u, p = 0 or 1, provided that

ca”l

z = —2__ Then, from the covariance formula (2.6) and the fact that W (¢, ) is

ac—1
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also the Weyl symbol of the rank-one operator v +— (¢|v)1, one finds

W (s, ul)(z, &) =277 (o 'z + i(cz — af))
x exp —2m[a"?z® + (cx — a&)?], (18.16)

the same as (18.13) in view of the equation defining z in terms of a, c.

From this identity, one routinely checks the transformation formula (using
(18.6) with k& = —1)

W(uz,u;)(x,ﬁ) g:W(uz,u;)(dx—bﬁ, —cx + a)

-1

= W(uz,u3) (97" (2,€)) (18.17)

and the same applies after one has substituted 272 € W (u,,ul) for W (u.,ul).

Then,
0.1 B a+ bzt 0.1 az+b
(f Alg) (2) = |a +bz=1 f cz+d
_ a+bz1
~la+bz7Y

(&, 275" W(ny.,ul )

)

where we have used (18.17) at the end. If & is automorphic, the last expression
coincides with x(g) f1(z) when g € I, so we are done for the first part, for what
concerns the transformation rule. The differential equation will be a consequence
of the more general lemma that follows.

Next, & is automorphic with character ¥ if & is automorphic with character
x, and f10(z) is the complex conjugate of (u.|Op, 5(6)ul), which reduces all
that has to be proven about f¥ to the similar facts regarding f%!. g

- <6’ (z,8) — g —int W(uz,ui)(x,f)

= (&, @ W, u))og™)
(18.18)

Looking at the formula (18.13) for W (u,, ul)(z,&), we need to establish that
all functions in a related class satisfy a certain differential equation, comparable
to (2.29) but more complicated.

Lemma 18.3. Given any C™ function ¢ on [0,00[, the images under the operators
A_j— % and w? E? of the function

m—zzf (Im (_9)"% ¢(%> (18.19)
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are the same. It should be understood, of course, that the first (resp. the second)
of the two operators acts on the given function when considered as a function of

z (resp. (x,£)).

Proof. Start from the function

- () o(ty)

it is the transform, under the involution f — f (cf what follows (18.6)), of the

1

function (Im z)~z qzﬁ(ﬁ), whose image under the operator A, mentioned right
after (18.6) is easily computed to be

- g (Im 2)"% ¢ (ﬁ) ~3(Im 2)"% ¢/ (Ir; Z) —(Im z)" % ¢ (Enl—z> .
(18.21)

It follows that

>
kS
E
—~
Il
|
| o
N
bt
8
/-l\
ISl
N— "
N——
— |
Nl
©-
TN
—
8
|
W=
SN
N——

Now, choosing some matrix

g= (‘;’ 2) = <_f 2) (18.23)

such that (£)=g7"1 (%), we get

(o)== ()" o(5) s

We can then apply the fact that the slash operation of weight —1 commutes with
the operator A_q, finding

1

oo [ () (R ()

3 (lo—zP\ L lw—28 , (lo—2€?\ (lz—2€\® , (|o—2€]
X[—Z¢( Im 2 >_3 Im z ¢< Im z >_< Im z ) ¢ ( Im = )]

(18.25)
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On the other hand, since z,€ only enter the function under consideration
through two homogeneous combinations, it is not difficult to find

e [ (i (1)) o ()| -2 (e ()
z z Im z Tz z
=2\ L le—2?  (le—2EP\  (lz—zE*\* , (le—2€]

X[_QS( Im z >_3 Im z ¢< Im z )_( Im z ) ¢< Im 2 )}

(18.26)

O

Needless to say, since W (ul,u,) = W(u,,ul), the consideration of f-0 in-
stead of 9! leads to the consideration of the class of functions analogous to (18.9),
with 27! (z — z€) replaced by its complex conjugate: then, the same result applies,
only substituting Ay for A_;.

Remark. Let L be the standard harmonic oscillator considered in Theorem 17.9
or in the end of the proof of Theorem 17.1, also as the case s = 0 of the operator
A of Proposition 7.15: L = Op(z? + £2). A complete orthonormal basis of L%(R)

is provided by the sequence (vF)i>0, with vF = (k!)"2A**v, where A* =
7 (z — =4 and v(z) = 2%~ In terms of the ordinary Hermite polynomials
Hy, one has
v (z) = 2875 (k)3 e (\/271' x) : (18.27)
More generally, given any point z € II, consider the oscillator
_e2
L,=O0p (77 u) . (18.28)
Im 2
Considering the image under the metaplectic representation of some g lying above
2
the matrix (‘; a91 ), one sees that, if z = -%—, the functions v¥ defined as
v¥(z) = eimaT g% ¥ (a7 ) (18.29)

constitute a complete orthonormal basis of eigenfunctions of the oscillator L.,.
Then, substituting for the function f%! in (18.12) the function

F7¥(z) = (v]|0p 5(8) vh), (18.30)

Theorem 18.2 fully extends, only substituting the weight j — k and the operator
A for —1 and A_;.

One can now generalize the Dirac and Bezout distributions: given a subgroup
IV of I' and a character x of I trivial on the subgroup I'o, =I" NI, we set,
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with 0 and b defined as in (3.29) and (3.30),

DT =2m Y x(g)dog
ger /I,

and, formally at least,

1 _
By = > xlg)bog™t. (18.31)
ger’ /Tg,

These are I"-automorphic distributions with character x as defined in (18.1).
There is of course no convergence problem (in the space of tempered distri-

butions) regarding the first of these two series, but we must again consider the

second one more carefully. Assuming that —I = (' %) € I", the case when

x(—I) =1 is taken care of by Theorem 3.3, requiring that one should consider,
for £ > 1, the distribution

1 -
B = 3 > x(g)bfog (18.32)
geT"/T7,

instead of B,.

In the case when x(—I) = —1, we need to reconsider our definition slightly
(cf. the observation that immediately precedes the statement of Theorem 3.3), and
we introduce instead of b¢ and %f{ the distributions

2
¢ = (77252—{— -31) (7#82 + Z) <7r2 £+ (e— %) ) b (18.33)

(compare (3.40)) and

1 -
Q:f( =3 Z x(g)cfog™t - (18.34)
geT’/T'g,

we can now give an analogue of Theorem 3.3.

Theorem 18.4. Assume that ¢ > 1. The series defining (€, , h) converges when-
ever the function h € S(R?) lies in the image of S(R?) by the operator 2in €.

Proof. Starting from (3.52), and noting that the operator [2ir€, o — 5= %] =

o + 5= 2 is also the operator which occurs on the right-hand side of (3.51), one

2iw Os
finds the equation (applying (3.52) to h = 2ix€ f rather than f)
4n? 1 9)\?
. 2 09 . .
In,m(z’tﬂ'g [-47(' E° — 1] f) = _W In,m ((0’ + % 5;) . 2Z7I'(€f>

472 9 1 92

from which the theorem follows, with the help of Lemma 3.4. O
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One should note, however, that the function f%! associated with Qf( — con-
trary to f19 — will be zero for an arbitrary choice of x. For the distribution b
introduced in (3.30) is invariant under the Fourier transformation F in (2.7), hence
2-37€ p i invariant under G and, as explained right after (2.9), the operator
Op,5(b) = Op(2~2~%"€ b) vanishes on odd functions; so does, then, Op 5(By)
considered on any space of odd functions on which it is meaningful. However, as-
suming x(—I) = —1, a non-trivial result may be obtained from the consideration
of

(ul | Op 5(b) u.) = <b, 9-4-in€ W(u;,uz)> : (18.36)

where, setting z = x + iy again,

1
1 T\%, 6  s—Zo |s — zo|?
2 2 € 1 2z = e — P —— 1 "
( W (u,,uz))(s, o) <2y) || wo T (18.37)

Theorem 18.5. For any integer N > 1, and any complex number v such that
Re v < —1, set

()05 R o ()

g:( mny n2 )GF//FIZO

my1 mo

J— Z J—
wlmmizdml o oien 22T (g g

—mi1z +ny —miz+ny

Then, for every integer £ > 1, one has, with Qf( defined in (18.34), the
identity
L+ 3
(111 0p @) ) = (amy L)
(z)

Viy(z,0+1). (18.39)

Proof. Before giving it, we make a few observations. First, the extra factor |—§| in
(18.38) accounts for the operator S; in (18.5): dropping this factor, one gets a
I"-modular form of weight 1 with character x in the usual sense, actually, again,
a Poincaré-Selberg series. The number N in the exponent is not needed in the
present theorem, but would occur, as shown in Proposition 5.3, when the action of
Hecke’s operators is considered. Finally, the series that defines (ul|Op ﬁ(Gf() Uy)
is, indeed, convergent, though a direct claim to Theorem 18.4 is not possible. For
the function W (u},u;) conjugate to the one in (18.14) does not lie in the image
under the operator 2iw& of any function in S(R?): it can, however, with ¢ = 0
or 1, be written as the image of the function

(,0) > 2731 % (s —io) ! (5 —e?m (52”2)) ,

either of which is either slightly singular at zero or not rapidly decreasing at
infinity.
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We start with the equation (a consequence of (18.36), (18.37))

(ul | Op 5(b) us) = l2l (1)5/00 (s — gyt -2z
= (271')1 y= 2177,27 (1840)

a result to be compared to (3.56). Then

(Ul I Op\/i(cf) uz)

= <u;|opﬁ <<7r252 + i) <7r2€2 + <e— %>2> b> u>
- <b, (7&92 + %) (wzsz + (Z— %>2> .2—%~”5W(u;,uz)> . (18.41)

Applying (18.40) and Lemma 18.3, we get
(u: | Opyg(ce) uz) = At (A1 +2) -+ (A +£(0 = 1)) (u;|Op5(b)u,) . (18.42)
We thus compute, with f(z) = Bl e?*% recalling from (18.4) that A; =
A+Zy(z Z‘i_%%)v

st sen =yt [ar-2e 8 —we-yrea (2428 L(2-2)4],

2 07

= [2m (20— 1) y™*" — et —1) 9] |z| e2imz (18.43)

so that

Al(A1+2)~-(A1+€(€—1))(yﬁe”“):(m) %g .<g_1) S 2 i

and

1 2 ]
(uz | OP 5(ce) uz) = (2m)% (4m)* ¥(—2T2) y 7l X (18.45)
2

On the other hand, using (18.13), we get
(ul|Opyperog ™) u.) = <Ce og !t 273 E W (ul, uz)>
= <CZ ’ 2_%_“‘-5 W(uia uz) © g>

g . (18.46)
1

The last equation, together with (18.45), leads to Theorem 18.5. O

= (uz | Op 5(ce) u2)
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19 New perspectives and problems in
quantization theory

The word “quantization” covers a variety of activities. We take it to mean, ap-
proximately (and half-jokingly), pseudodifferential analysis plus harmonic analysis
minus applications to partial differential equations. The rule of the game is to em-
ulate, as best one can, Weyl’s 1926 definition of his symbolic calculus. Experience
shows that there are many possible directions in which this can be achieved. We are
concerned, here, only with situations in which a good group invariance is present,
and we shall be especially interested in the structure of the composition formulas.
We shall also raise a number of questions, some of which seem quite tractable.

First, let us make it clear from the very start that we do not place much
emphasis on Planck’s constant (or on so-called deformation quantization either):
as it is necessary to explain our reasons, we shall, very temporarily, introduce such
a constant and denote it as ¢, since h has been consistently used in this text to
denote functions on R?. The e-dependent one-dimensional Weyl’s quantization
rule is (compare (2.1))

O = ! [ n(TFhe) HEe P umayae. o

Let us start with a discussion of the variety of composition formulas available
in the Weyl calculus, i.e., the variety of ways to analyze the sharp operation,
defined by

Op(hl#hz) = Op(hl) Op(hg) . (192)

Introducing the symplectic form [, ] defined by

[(y,m), (2, Q)] = —yC + 2m, (19.3)

the first formula (hereafter referred to as the global integral composition formula)
appears in two fully equivalent versions, to wit

4

(h#ths)(X) = — /R (V) ha(2) et -X2-Xl gy az (19.4)

(where it has been found convenient to denote the pair (z,£) as X € R?), and
(hi#h2)(X) = {e™F(hi(X +Y) ha(X + 2))} (Y = Z =0), (19.5)

where L stands for the operator, on functions of (Y;72) = ((y,7); (2,()), defined

by
o? o?
. . - =1
inL = (4im) ( By ¢ + 52 0n 017) . (19.6)
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The Moyal formula is obtained after one has expanded the exponential
exp(imeLl) as a power series in e: it reads

(h#h2)(z,€)

N6 2 S () () neeo () () e

n>0 j+k=n

(19.7)

Of course, the right-hand side makes sense, as a finite sum, in the case when the
symbols hy and hy are polynomials with respect to, say, the second variable, with
smooth functions of the first variable as coefficients: these are just the symbols of
linear differential operators. That the formula (with € = 1) is still correct, in some
suitable asymptotic sense, when h; and hg lie in appropriate classes of symbols,
is part of the subject of pseudodifferential analysis, and may require some care.

The role of the parameter ¢ is fully justified in the Weyl calculus itself, as
it is the parameter which distinguishes one particular representation in the main
“series” of irreducible representations of Heisenberg's group. That a small param-
eter should be considered in the so-called semi-classical analysis of general and
difficult problems of partial differential equations (the literature on this is im-
mense) is also, of course, beyond doubt. We are not forgetting, either, that the
pioneers (Bohr, Dirac .. .) of quantum mechanics did put emphasis, in their “corre-
spondence principle”, on € as making (through a limiting process) the connection
from quantum mechanics to classical mechanics possible. However, it would lead
to a considerable loss of information (and interest) to systematize the role of such
“small” parameters in situations where a large group is present, in which one can
do much better, relying instead on the combined resources of harmonic analysis
and spectral theory.

In this text, we made almost no use of the Heisenberg representation (of
Heisenberg’s group) into L?(R), which one may regard as a projective represen-
tation (i.e., a representation up to the correction by complex factors of modulus
one) of the additive group of R? into L?*(R), namely that defined (we now fix
e=1) by

(r(y,mu)(t) = u(t —y) ¥ =2, (19.8)
Starting from the function u; (cf. (2.23)), hereafter denoted as ¥, such that (t) =

2% e~ one gets a total set (,) in L*(R) if one sets 9,44y = T(2,y)%. More
precisely, ||ul|? = o [(¥z|u)|? dx dy for every u € L?(R) or, equivalently,

u= /C(¢Z|u)¢z dz dy . (19.9)

Of course, it should be clear to the reader that the subscript z € C in (19.9)
bears no relation to the subscript z € IT in u,, in (2.23). In the first case, it is the
Heisenberg representation that is involved; in the second case, the metaplectic one.
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Another symbolic rule (though one can hardly consider it as a symbolic calcu-
lus of operators) is that which assigns to an operator A4 on L?(R) (under extremely
weak assumptions regarding A) its Wick symbol f, the function on C defined by
f(2) = (¥2|A%.) 12(w)- In the reverse direction, the operator with anti-Wick symbol
g (g living on C too) is defined as

OPanti—wick(9) ¥ = /CQ(SU + 1Y) (Yotiy|w) Yutiy dz dy . (19.10)

Recall that, with A = _8%25 — —EZI—QZ on C = R?, any operator with an anti-
Wick symbol g has a Weyl symbol h = exp ('a%) g, and every operator with a
Weyl symbol h has a Wick symbol f = exp (—8%) h. Going backwards, however,
is impossible.

The rank-one projection operator u — (,|u) 1, has the Dirac mass at the
point z as its anti-Wick symbol. In the Weyl calculus, the Dirac mass at z = x+1y
is associated to the involutive operator o, with

(0.u)(t) = u(2z — t) e*™ ==ty . (19.11)

this operator is closely linked to the symmetry S,: w — 2z —w on the phase space
C since
0,0p(h)o, =Op(hoS,) (19.12)

for every symbol h.

In all that precedes, it is not more difficult to start with R™ rather than
R. This is of course not the case in the non-commutative generalizations about
which we shall briefly report now, and the rank-one situation, in particular that
concerned with the upper half-plane II, has been considerably more developed
than the higher-rank analogues.

Given any hermitian symmetric space II (admitting a bounded realization),
the reproducing kernel property of the Bergman space of II or, more generally, of
Hilbert spaces H of holomorphic L? sections of appropriate line bundles on II,
makes it possible to assign to each point z of Il a vector 1, in a canonical way, so
that the Wick-anti-Wick calculus of operators can be generalized right away: this
was done by Berezin [6, 7], the pair of symbols taking the name of covariant and
contravariant symbols. The connected component G of the identity in the group
Aut(II) of complex automorphisms of II is a Lie group, acting transitively on II
(then II = G/K with K compact), and there is enough group structure in the
whole construction to enable Aut(II) to act on H through a unitary representation
7, or at least a projective unitary representation. Instead of generalizing the Wick
calculus, one can generalize the Weyl calculus in such a way that, just as in (19.11)—
(19.12), the Dirac mass at z € II should give rise to the operator o, a self-adjoint
operator associated through the representation 7 to the geodesic symmetry S, on
1T around =z.
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It is not at all our point, in this section, to discuss the merits of the two quan-
tization rules, generalizing Wick’s and Weyl’s: let us just mention that, in parallel
with the two species (covariant and contravariant) of symbols in the generalization
of Wick’s, there is a pair of (active and passive) symbols in the generalization of
Weyl's. When viewed globally (we shall explain what this means in a moment),
the generalization of the Weyl calculus certainly qualifies as a pseudodifferential
analysis, at least in the examples which have been treated, while the Berezin cal-
culus does not, as it suffers from the same defect as the Wick calculus: there is no
going back from the covariant symbol to a contravariant symbol.

The only hermitian symmetric space II which has been considered in this
work is the upper half-plane: the family of Hilbert spaces to be considered is then
the family (H,y1, 7 > —1), introduced in Proposition 7.1 (the projective discrete
series) and the main features of the calculi generalizing Wick’s, or Weyl's, have in
this case been recalled in [62, Section 17].

What we wish to emphasize in this last section is that the quantization
method suggests a variety of problems in harmonic analysis, having to do with
the concrete spectral decomposition of several interesting operators: a few of them
have been treated by several authors.

A typical example of such problems is the spectral characterization of the
operators on the phase space (this is where symbols live, as opposed to the config-
uration space where, in some realization as functions, elements of H do) linking
two species of symbols of the same operator: for instance the contravariant and
covariant ones, or the active and passive ones. The first of these two problems has
attracted a lot of attention in recent years. Actually, a formula was given by Berezin
himself [7], who did not have the time to write a proof. A complete proof, not for-
getting the exceptional domains either, was subsequently given in [64], and more
general situations (for instance that of matrix-valued Berezin kernels) were stud-
ied, very recently, by van Dijk, Hille, Molchanov, Pevzner [16, 17, 18], Zhang [72],
Neretin [37, 38]. Arazy and Upmeier [2] went further in that they first considered
real symmetric domains (where, of course, one is not, in general, properly dealing
with symbols of operators, but some of the theory subsists): they also solved [1, 3],
for all rank-one domains, the question of spectrally analyzing the link between the
active and passive symbols of one operator. This latter, more difficult, problem,
had only been solved, previously, in the case of the upper half-plane [55].

Many questions, concerned with the explicit spectral theory of invariant (not
differential) operators in homogeneous spaces, are of great significance in this di-
rection. For instance, can one have a theory that would be valid for phase spaces of
the symmetric non-Riemannian type? A first approach in this direction was given
in [35, 60], where the case of the phase space G/MA with G = SL(2,R) (the
one-sheeted hyperboloid, when viewed as an orbit in the coadjoint representation
of G), was considered. As it turns out, this is the good choice of a phase space if
you wish to have a symbolic calculus of operators acting on the Hilbert space of a
representation taken from the principal series of representations of G (recall that
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the representation D, i, defined in Proposition 7.1, for which the Wick-type or
Weyl type calculi are available, is taken from the projective discrete series).

Another question concerns the use of the horocyclic space G/MN = R?/(z, )
~ (—z,—&) and its higher-rank generalizations. It is important for the following
reasons. The operator, referred to above, linking the active and passive symbols
of the same operator, contrary to that linking the contravariant and covariant
symbols, is a very nice invertible operator [55], which would (as well as its inverse)
be called a pseudodifferential operator in any symbolic calculus of operators one
would like to make available, with II taking the role of the configuration, rather
than phase, space. However, it would be even nicer if this operator, linking the
two species of symbols, were simply the identity operator. First, one should realize
that the map: active symbol — operator and the map: operator — passive symbol
are the adjoint of each other (the same goes with the pair contravariant-covariant)
if one considers on one side the space of L2-functions on the phase space, on
the other side the space of Hilbert-Schmidt operators on the Hilbert space H
of functions on which operators are supposed to act. It then becomes clear that
only one species of symbol will do if it realizes an isometry between the Hilbert
spaces of symbols and operators under consideration: this is satisfied, for instance,
in the case of the Weyl calculus, and it is a very desirable property. Now, using
the method of [56], one should be able to implement such a program if, instead
of using a hermitian symmetric space G/K as a phase space, one would use the
appropriate space of horocycles. In the case when G = SL(2,R), this led to the
definition of the horocyclic calculus (¢f. Section 6); in the higher-rank case, it
should work too: the proper harmonic analysis on the phase space itself can be
found in [23, Chapter 2], and its two most important properties are that invariant
operators on the horocyclic space are much easier to describe than on the space
G/K, next that an appropriate Radon transformation connects the analysis on
the two homogeneous domains.

We now come to the question of composition formulas: as will be seen, it raises
a host of interesting questions, again of a spectral-theoretic nature, in a harmonic
analysis setting. From the beginning of this section, one may expect that several
answers to this question may be possible. First, we discard the Moyal-type formula
(19.7) as well as the attempts at generalizing it with hermitian symmetric spaces
as phase spaces: no such formula can be relevant. Berezin did suggest one in [7],
but that was after he had identified the ratio of two Gamma functions with the
asymptotic expansion one can get from an application of Stirling’s formula: his
point of view in this early work was that the parameter which we have denoted as
7 in the case when G = SL(2,R) should be understood as the inverse of a “Planck’s
constant” and, true enough, if you neglect remainders formally lying in O(77°°),
you will be able to give some kind of justification to Berezin’s composition formula.
However, we now explain why this is not a correct point of view. First, there is
no such thing as a calculus of operators using solely, say, the covariant species of
symbol: there is a trivial formula enabling one to find the covariant symbol of the
product of two operators with given contravariant symbols, but there is no going
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backwards from a covariant symbol to a contravariant symbol. So, let us take
instead a calculus in which such a composition of symbols can exist, for instance
the one defined by the passive symbol. In the case when G = SL(2,R), a fully
explicit “global” such formula was given, a generalization of (19.5). Let us observe
that the formula (19.5) has three ingredients: a chart ®x: R? — R? (that defined
by ®x(Y) = X +Y) for every point X of the phase space, the e-dependent
exponential function, and the operator iwL on R2. In the case when the phase
space is the upper half-plane, it was found in [58] (one can also find the formula in
[62, (17.36)]) that a formula with the same kind of structure, and exactly the same
operator iwL, works, with the following modifications: first, the chart ®, becomes
a z-dependent chart (easily defined in terms of the normal geodesic coordinates
around z on I) from R? onto II. But next, and most important, the exponential
(e-dependent) function must be replaced by a certain explicit function Er(inL)
with an essential singularity at 7 = oo when its dependence with respect to this
parameter is concerned: thus, Taylor expansions with respect to 7! are essentially
meaningless.

We shall not raise the question whether analogues of the formula we have just
been discussing to the higher-rank case can be found: this is probably untractable,
and we shall suggest in a moment a different, deeper formulation of the composition
problem. Meanwhile, let us note that some questions concerning the active (or
passive, there is no distinction at this point) calculus have been answered in the
affirmative in some higher-rank cases. The following question is quite natural in
view of experience with pseudodifferential analysis, and its solution relies as much
on methods developed in this context [53], in particular the systematic use of
families of coherent states and the appropriate concept of Wigner function, than
on harmonic analysis: is it true that symbols on II which are C°°, and satisfy
the property that they remain bounded functions after having been applied any
operator in the differential algebra D(G/K), give rise to bounded operators (on the
relevant Hilbert space)? For two different series of hermitian symmetric domains,
the positive answer was given in [57], then [66]. A more detailed analysis of the
characterization of certain classes of operators by properties of their symbols has
been developed in the case of the upper-half plane[58]. For contravariant symbols,
of course, no such question is of any interest since very bad symbols yield very
good operators, in general: of course, poor operators may have excellent covariant
symbols.

There is no doubt that Moyal’s type formulas like (19.7), which give some
approximation of the symbol of the product of two operators in terms of local
operations (such as Taylor expansions), are the quintessence of the way pseudodif-
ferential analysis is applied to problems in partial differential equations. It is true,
too, even though this may have only historical value by now, that the founding
fathers of quantum mechanics viewed the quantization problem as a link between
operator theory and geometry on the phase space, based on the use of such tools as
Poisson brackets and related concepts (canonical transformations ...). However,
our point is that one should more properly view the quantization method as a link
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between the spectral theory of operators on the configuration space and the phase
space respectively.

Consider the case when the phase space X is acted upon, in a transitive way,
by some group G of measure-preserving transformations: assume, also, that the
symbolic calculus you are considering is covariant (cf. (2.4)) under this action of G
and a certain representation 7 of G in H. This means that n(g) Op(h)7(g)~! =
Op(hog™1) for every admissible symbol h and every g € G. In the nicer cases, the
regular representation of G into L2(X) will decompose as a superposition (both
a continuous integral part and a series will be needed in general) of irreducible
unitary representations of G. It thus makes sense to ask for a formula that would
give the composition of symbols in relation to such a decomposition: in other
words, we want to put our hands on the terms of the decomposition of hi#hs in
terms of those of hi and hs.

We want to briefly report about cases when this program has been imple-
mented, and tell why we view this way of looking at composition formulas as a
fundamental one. First, consider the case of the Weyl calculus (the n-dimensional
case would work just as well). If you are interested in its covariance under the
Heisenberg representation, the group G to be considered is R?, acting upon it-
self by translations. Now the differential operators on the phase space R? which
commute with this action are the differential operators with constant coefficients,
and the joint (generalized) eigenfunctions of this algebra of operators are just the
exponentials X — e2™(4:X) A ¢ R2: this provides the decomposition of L?(R?)
into irreducibles. The formula we are asking for reduces in this case to

e2i7r(A,X)#e2i7r(B,X) — ¢imlAB] p2in(A+B.X) . (19.13)

now the integral composition formula (19.4) is nothing else than this formula,
coupled with the Fourier inversion formula on R2. A totally different way to look at
the (one-dimensional, in this case) Weyl calculus is to forget about the Heisenberg
representation and interest oneself in the metaplectic representation instead: then
the geometric action of the group G = SL(2,R) on R? is the linear action, the
Euler operator generates the algebra of invariant differential operators on the phase
space, and the decomposition of L?(R?) into irreducibles is the decomposition into
homogeneous components (there are some extra signs to be considered unless, as
we have done in this work, one is only interested in even symbols: ¢f [62, Section
5]). Then the composition formula is nothing but the one the proof of which has
been detailed as Theorem 17.1. Recall from the remark at the end of Section 17
that the last formula has an extension to the Op®-calculi.

Consider now the quantization rules associated with various homogeneous
spaces of G = SL(2,R). Let us start with II = G/K, and the symbolic calculus
defined by means of the passive symbol in the D,41 (¢f. Proposition 7.1)-calculus:
Section 17 in [62] contains a complete set of formulas, of a spectral-theoretic nature,
relating the various calculi available in relation to the representation D,4;. The
Laplacian A generates the algebra of G-invariant differential operators on II, and
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the question is to give the spectral decomposition, as defined by Mehler’s formula

(11.4)-(11.5), of the sharp product (from the D,ii-calculus) of two symbols f;
2
and f>, (generalized) eigenfunctions of the Laplacian for the eigenvalues %l and

1422 . I
—Z—Z respectively. Here it is, in the case when 7 = j:%:

(fi#n) =* iy (“AW)
T A e=+1 j= o

D5 N5 - 2) () N - ) D5 52 (=)
F(l-%—i(s)\f):ll )\2)+2])F(1+’L( £ A~ >\1+>\2)+2]>F(1 i(— ex+il )\2)+2])F(1+i(e)\+)\41+)\2)+2j)

<f1 X f2>A . (19.14)

recall from (11.2) that f; >0< f2 and fi; x fo denote the pointwise product and
1

half the Poisson bracket of the two functions under consideration. We shall not
prove this formula here, only explain how this can be done. First, one should break
the formulas in Theorem 17.1 into two parts, so as to consider the even-even and

1
odd-odd parts of the Weyl calculus separately. Next, use the maps Sgéven and

Sqogdd, as defined in (6.9) and (6.10), to transfer the two parts of the even Weyl
calculus to two calculi acting on the spaces associated with the two representations
D1 and Ds respectively: what one gets is the two horocyclic calculi (Theorem
6. 1) relative to these representations. Now, [62, (17.20) and (17.15)] relates the
horocyclic symbol of an operator to its passive symbol, in terms making use of
the Radon transformation. Finally, (17.95) and (17.98) permit one to relate the
bilinear operations on II in (19.15) to the operations on R2 associated with the
integral kernels X‘ZAl’i/\%i/\(Sl,SQ;S) which occur in the formulation of Theorem
17.1. In the case when 7 = 0 (the Hardy space), a formula analogous to (19.14)
has been given by our student Marzi: the coefficients to be substituted for the
products of Gamma factors, however, involve [32] two-dimensional integrals.

From the point of view of harmonic analysis — though possibly not from that
of pseudodifferential analysis — this way of looking at the composition formula
has some features which are more essential than the global formula referred to
above: for it does not really care about which (covariant) symbolic calculus you
are using. For instance, if you wish to use the active symbol rather than the passive
symbol, some complicated change is needed in the global formula: but in (19.14),
all you have to do is to insert three extra factors, depending on A;, A2 and on A
respectively, making up for the connecting link (expressed in spectral-theoretic
terms [62, (17.15)]) between the two calculi under consideration.

Still in the case when G = SL(2,R), one can do the same with the phase
space X = G/MA (a one-sheeted hyperboloid) instead of G/K. Now [47], the
decomposition of L2(G/M A) involves both a continuous part and a discrete part:
the latter one is the Hilbert sum of the representations Dsp, k = 1,2,.... As
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said before, the space G/M A is a good phase space for the symbolic calculi of
operators acting on the Hilbert spaces of representations taken from the principal
series (m;x) (the complementary series would do just as well). As has been proved in
[63], the discrete part of L?(G/M A) is closed under the sharp product of symbols,
and there are some fully explicit series of differential bilinear operators permitting
one to compute the components (under the action of G) of the sharp product
of any two such symbols: in this case, and for this part of the calculus, there is a
Moyal-type series (but, again, certainly not a power series in A~!: the Gamma-like
coefficients, as functions of A, have an essential singularity at infinity), and it even
converges in the L? sense.

One of our incentives towards obtaining such a formula had been the following
fact, established as a lemma by H.Cohen in [12], and also reported about in [71]: if
f1 and fy are holomorphic modular forms (with respect to any arithmetic group)
of weights k1 and k2 and j is a non-negative integer, the function

J .
FfrR(fr, f2) = D (=1 (klﬂ_l) (]”;_]l_l) A0 (9.5
=0

is a holomorphic modular form of weight ki 4+ ks +2j. One cannot fail to recognize
this fact as a fact of covariance and, indeed, the various terms in the composition
formula, in the case under consideration, are just provided by the Cohen bilinear
machine, up to the (A-dependent) coefficients [63]. A related idea (without any
symbolic calculus of operators, though) was developed, independently, in [13].
This may be a good place to start introducing considerations relative to
automorphic function theory. But before doing this, we may raise the question
of generalizing this way to look at the composition formula to higher-rank cases.
As said before, we consider it as both more tractable and deeper, at least from
the point of view of harmonic analyis, than the search for global formulas. It
might start with the systematic search, on homogeneous spaces X, for invariant
(in some obvious sense) bilinear operations, defined on pairs of (generalized) joint
eigenfunctions of the algebra D(X) of invariant differential operators: in the case
when X is the upper half-plane, there are essentially two such operations, namely
the operations (f1, f2) — (f1 X f2)x which occur in (19.14). More operations are
J

to be expected in the higher-rank cases.

Lifting automorphic functions from T'\II to functions on T'\G, as is usually
done [8, p.242], one may look at the problem of developing automorphic pseu-
dodifferential analysis from a fairly general point of view, very similar to what
precedes: namely, modular forms appear as the building blocks in the decompo-
sition of the right regular representation of G in the appropriate L2-space, and
the question is to compute and decompose the sharp product (with respect to
some calculus) of any two such forms. There are many obvious questions which
may be raised in this context. In the present work, we have considered only the
case when I' = SL(2,7Z), certainly an interesting one since both a continuous
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and a discrete part are involved. Could one do something similar, at least, say,
when SL(2,Z) is replaced by some congruence subgroup? In the cocompact case,
could one find interesting formulas in connection with, say, quaternion algebras?
Since any Riemann surface with genus > 2 can be realized as a quotient of IT
by such an arithmetic group, this would be a good way to answer the problem
of quantizing all Riemann surfaces. Of course, higher-rank analogues can be ex-
pected to be much more complicated, since Siegel’s domains are to replace the
upper half-plane: but, looking back at the introduction of [67], one may remember
that A.Weil had such modular forms in mind when he introduced the metaplectic
representation. Needless to say, the introduction of a “small parameter” would be
even more counterproductive in the arithmetic context.

Finally, let us just mention that, when the parameter 7 in D,y goes to oo,
the representation has a non-degenerate limit or, more properly said, contraction:
in this case it is a representation of the (3-dimensional) Poincaré group of lowest
dimension. There is, then, a perfectly canonical symbolic calculus “in the limit”
which, under increasing degrees of generality, was developed in [54, 59, 65] under
the name of “Fuchs calculus”. Contrary to all the other calculi mentioned in the
present section (with the exception of the Weyl calculus), the Fuchs calculus ad-
mits composition formulas of the Moyal type, valid in the asymptotic sense for
appropriate classes of symbols, which should make it useful as a pseudodifferential
analysis, though applications to partial differential equations have not yet been
carried far enough.

As a byproduct of [59], symbolic calculi meant as calculi of observables fully
compatible with the principles of special relativity have been developed (the Klein-
Gordon and the Dirac calculi): a very short exposition of the fundamentals of these
two calculi can be found in [61]. It should be observed that these depend on two
constants (Planck’s constant and the velocity of light), and that the Weyl calculus
is of course the limit of the Klein-Gordon calculus as ¢ — oo: the point of this
remark is to recall that, in physics, Planck’s constant is far from being the only
“small constant” of interest. It is only after we had developed the OpP-calculi
in view of their applications to the automorphic pseudodifferential analysis that
we realized that, again, these calculi can be viewed as the calculi of observables
(satisfying a certain superselection rule) associated with some elementary particle,
in this case the neutrino, as was shown in Section 8.
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