
Advances in Computational Management Science 12

Dmitrii Lozovanu
Stefan Pickl

Optimization of 
Stochastic Discrete 
Systems and 
Control on Complex 
Networks
Computational Networks



Advances in Computational Management
Science

Volume 12

Series editors

Hans M. Amman, Eindhoven, The Netherlands
Berc Rustem, London, UK



More information about this series at http://www.springer.com/series/5594

http://www.springer.com/series/5594


Dmitrii Lozovanu • Stefan Pickl

Optimization of Stochastic
Discrete Systems
and Control on
Complex Networks
Computational Networks

123



Dmitrii Lozovanu
Institute of Mathematics and Informatics
Academy of Sciences of Moldova
Chisinau
Moldova

Stefan Pickl
Institut für Theoretische Informatik
Mathematik und Operations Research
Universität der Bundeswehr München
Munchen
Germany

ISSN 1388-4301
ISBN 978-3-319-11832-1 ISBN 978-3-319-11833-8 (eBook)
DOI 10.1007/978-3-319-11833-8

Library of Congress Control Number: 2014951665

Springer Cham Heidelberg New York Dordrecht London

© Springer International Publishing Switzerland 2015
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission or
information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed. Exempted from this legal reservation are brief
excerpts in connection with reviews or scholarly analysis or material supplied specifically for the
purpose of being entered and executed on a computer system, for exclusive use by the purchaser of the
work. Duplication of this publication or parts thereof is permitted only under the provisions of
the Copyright Law of the Publisher’s location, in its current version, and permission for use must always
be obtained from Springer. Permissions for use may be obtained through RightsLink at the Copyright
Clearance Center. Violations are liable to prosecution under the respective Copyright Law.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt
from the relevant protective laws and regulations and therefore free for general use.
While the advice and information in this book are believed to be true and accurate at the date of
publication, neither the authors nor the editors nor the publisher can accept any legal responsibility for
any errors or omissions that may be made. The publisher makes no warranty, express or implied, with
respect to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



Preface

This book comprises the recent results on studying sto-
chastic dynamic programming models and solving opti-
mal control problems on networks. The main attention is
addressed to stochastic versions of classical discrete
control problems, Markov decision processes, and a
game-theoretical approach to these stochastic dynamic
models. The authors included in the book their own
results concerning the determination of the optimal
solution of discrete optimal control problems on net-
works and solving the game variants ofMarkov decision
problems in the sense of computational networks.

Investigations on elaborations of efficient methods and algorithms for modern
stochastic dynamic programming problems represent a relevant topic in Operations
Research. With respect to computational networks, stochastic dynamic optimization
models are widely used for studying and solving many practical decision problems
from diverse areas such as ecology, economics, engineering, communications
systems, etc. Therefore, in the book an attempt is made to systematize the most
important existing methods for the mentioned class of problems as well as to
describe new algorithms for solving different classes of the stochastic dynamic
programming problems.

The book consists of four chapters.
The first chapter studies the finite state space of Markov processes and gives a

review of existing methods and algorithms for determining the main characteristics in
Markov chains. New approaches based on dynamic programming and combinatorial
methods for determining the state-time probabilities, the matrix of limiting proba-
bilities, and differential matrices in a Markov chain are proposed and formulated.
Based on a classical numerical methods in this chapter new polynomial-time
algorithms for determining the limiting probabilities and differential matrices are
described.

Complex Networks are the heart of Operations
Research and Operations Research is in the core
of Complex Networks.

Panos Pardalos
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Along with well-known numerical methods for determining the basic charac-
teristics in finite Markov processes, new calculation procedures and algorithms for
their finding in the case of stationary and nonstationary discrete processes are
presented.

Asymptotic behavior of the average and expected total rewards (costs) in
Markov processes with rewards (costs) are analyzed and the corresponding
asymptotic formulae are derived. Computational complexity aspects of the prob-
lems of determining the average and the discounted expected total rewards (costs)
are analyzed and the corresponding procedures for calculating these characteristics
are described.

Chapter 2 is dedicated to infinite horizon stochastic discrete optimal control
models and Markov decision problems with average and expected total discounted
optimization criteria. Necessary and sufficient conditions for determining the
optimal stationary strategies in such problems are formulated and algorithms for
determining their solutions are developed. The stochastic control problems are
formulated on networks and the corresponding algorithms for determining their
optimal solutions using a linear programming approach are proposed. Furthermore,
a relationship between the class of stationary Markov decision problems and the
class of stochastic control problems on networks is analyzed and procedures how to
reduce one class of problems to another are described. The most important results of
Chap. 2 are related to a linear programming approach for unichain and multichain
Markov decision problems with average and expected total discounted costs opti-
mization criteria. Based on such an approach new algorithms for solving problems
in general form are derived. Afterwards, efficient iterative procedures for deter-
mining the optimal solutions of Markov decision problems and stochastic control
problems on networks are described. Additionally, a new class of Markov decision
problems and stochastic control problems with stopping states are introduced and
the corresponding mathematical tool for solving this class of problems is developed.
Some extensions and generalizations of the stochastic decision models are con-
sidered and their possible applications for solving classical optimization problems
are suggested.

In Chap. 3 a special game-theoretical approach to Markov decision processes
and stochastic discrete optimal control problems is developed. An essentially new
class of stochastic positional games is formulated and studied applying the game-
theoretical concept to Markov decision problems with average and expected total
discounted costs optimization criteria. To formulate this class of games we assume
that Markov decision processes may be controlled by several actors (players).

The set of states of the system in such processes is divided into several disjoint
subsets which represent the corresponding position sets of the players. Each player
has to determine which action should be taken in each state of his position set in
order to minimize (or maximize) his own average cost per transition or the expected
total discounted cost. For the stochastic discrete optimal control problems with
infinite time horizon this approach is developed in a similar way and a new class of
stochastic positional games on networks is obtained.
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The main results we describe in this chapter are related to the existence of Nash
equilibria for a considered class of stochastic positional games and an elaboration of
the algorithms for determining the optimal stationary strategies of the players. We
formulate and prove Nash equilibria conditions for the stochastic positional games
with average and discounted payoff functions of the players and develop algorithms
for determining the optimal strategies for different classes of games. These results
are specified for antagonistic stochastic positional games and algorithms for
determining the optimal strategies of the players are gained. In the following, we
show that the obtained results generalize the well-known results for deterministic
positional games and new conditions for determining the solutions of the problems
can be derived. Moreover, we show that the considered class of stochastic posi-
tional games can be used for studying cyclic games and Shapley stochastic games.
New polynomial-time algorithms for deterministic antagonistic positional games
are described. The algorithms for determining the optimal strategies of the players
in deterministic cases are developed for a more general class of positional games on
networks. Additionally, the multi-criteria decision problems with Pareto and
Stackelberg optimization principles are formulated and some approaches for
determining the solutions of these problems are suggested.

Chapter 4 is devoted to finite horizon stochastic control problems and Markov
decision processes. In this chapter dynamic programming algorithms for deter-
mining the optimal solutions of the problems using the network representation of
the finite discrete processes are developed. We show that the solutions for the
considered stochastic horizon decision problems can be efficiently found using a
backward dynamic induction principle. The algorithms are described in general
form for stationary and nonstationary cases of the problems. Moreover, the algo-
rithms are developed for the case with varying time of states’ transitions of the
dynamical systems. These algorithms are a contribution to the important field of
computational network theory.

January 2015 Dmitrii Lozovanu
Stefan Pickl
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Notations

A Set of actions in a Markov decision process
a An action in a Markov decision process
A(x) Set of actions in the state x
C Complex space
C ¼ ðcx;yÞ Matrix of transition costs in a finite state space Markov

process
cx;y Cost of the system’s transition from the state x to the

state y
DxðtÞ Variance of total cost for the time-discrete system

during t transitions with a starting state x
E Set of edges of the graph of states’ transitions of the

system for control problems on a network
e ¼ ðx; yÞ A directed edge of the graph of the states’ transitions in

control problems on a network
E(x) Set of directed edges originated in vertex x
F(z) z-Transform for a nondecreasing time-discrete function

f(t)
G ¼ ðX;EÞ Graph of the states’ transitions of the system for control

problems on a network
Gp ¼ ðX;EpÞ Graph induced by the transition probability function in a

Markov chain or in a Markov decision process
I Identity matrix
KðzÞ Characteristic polynomial of the transition probability

matrix in a Markov chain
L Time-discrete system
L Length of input data of a decision problem
P ¼ ðpx;yÞ Matrix of transition probabilities for a finite state space

Markov process
Pt t-th Power of matrix P
Ps ¼ ðpsx;yÞ Matrix of transition probability induced by a stationary

strategy s in a Markov decision process

xvii



P(t) Dynamic stochastic matrix
PðtÞ Pt

Pxðy; tÞ Probability that the system will reach the state y using
t transitions if it starts transitions in the state x

Q ¼ ðqx;yÞ Matrix of limiting probabilities for a finite state space
Markov chain

R
m m-Dimensional real space

S Set of stationary strategies for a finite state space control
problem and Markov decision process

S Set of strategies for a continuous control model
and Markov decision problem

s A strategy from S or from S
T(t) Pt � Q
t Time-moment for the state in a discrete dynamical

system
UtðxðtÞÞ Set of feasible controls for a time-discrete system in the

state x(t) at the time moment t
u(t) Control vector from UtðxðtÞÞ
X Finite set of states for a time-discrete system and a finite

state space Markov process
XC Set of controllable states for a control problem on a

network
XN Set of uncontrollable states for a control problem on a

network
X(x) Set of neighbor vertices for the vertex x in the graph of

states’ transitions G ¼ ðX;EÞ
x(t) State of the dynamical system at the moment of time t
Z Set of dynamical states for the discrete control problem,

i.e., Z ¼ fxðtÞ ¼ ðx; tÞ jx 2 X; t ¼ 0; 1; 2; . . .g
ZC Set of controllable dynamical states for the control

problem
ZN Set of dynamical states for the discrete control problem
γ Discount rate in discrete Markov decision models
ε A small quantity
μx Immediate cost in the state x for a Markov process with

transition costs; it is expressed as
P

y2X px;ycx;y
π Vector of the limiting state probabilities in an ergodic

Markov chain
πðτÞ Vector of the state probabilities of the system in a

Markov chain at the moment of time τ

σxðtÞ Expected total cost for the time-discrete system during
t transitions if it starts transitions in the state x
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σγ
x Expected total discounted cost with discount factor γ in

a Markov chain for the system if it starts transitions in
the state x

σγ
x ðtÞ Expected total discounted cost with discount factor γ in

a Markov chain for the system during t transitions if it
starts transitions in the state x

τ Time counter in discrete systems
τe Transition time through a directed edge e ¼ ðx; yÞ in the

graph of states’ transitions for the control problem on a
network

τxðtjÞ uðtjÞ
� �

Transition time from the state xðtjÞ to the state xðtjþ1Þ
induced by the control vector
uðtÞ 2 UtðxðtjÞÞ

ωx Expected cost per transition in the Markov chain for the
system if it starts transitions in the state x

ωxðtÞ Expected cost per transition in the Markov chain for the
system during t transitions if it starts transitions in the
state x

* Superscript denoting an optimal strategy, value or
decision rule in the problems

argmax An element or a subset of elements at which the
maximum of a function is obtained

argmin An element or a subset of elements at which the
minimum of a function is obtained

0 Scalar or vector zero
× Cartesian product
h Completion of the proof
¼) Implication token
ðG;XC;XN ; c; pÞ Decision network for an infinite horizon stochastic

control problem with a finite set of states X ¼ XC [ XN

ðG; ZC; ZN ; c; p; t; z0; zf Þ Time-expanded network for a finite horizon stochastic
control problem

ðX;A; c; pÞ Markov process with the set of states X, the set of
actions A, the transition cost function c : X � X � A !
R and the transition probability function
p : X � X � A ! ½0; 1�

Γ ¼ ðfSigi¼1;m;

fFigi¼1;mÞ
Noncooperative game of m players with the sets of
strategies Si and the payoff functions Fi; i ¼ 1; 2; . . .;m

ðX;A; fXigi¼1;m;

fcigi¼1;m; p; x0Þ
Stochastic positional game of m players with average
payoff functions

ðX;A; fXigi¼1;m;

fcigi¼1;m; p; γ; x0Þ
Stochastic positional game of m players with discounted
payoff functions
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Chapter 1
Discrete Stochastic Processes,
Numerical Methods for Markov Chains and
Polynomial Time Algorithms

In this chapter we consider stochastic discrete systems with a finite set of states. We
study stationary and non-stationary discrete Markov processes. The main attention
we address to the problems of determining the state-time probabilities, calculation
of the limiting and the differential probability matrices, determining the expected
total cost and calculation of the average and the expected total discounted costs in
the finite-state space of Markov processes. These problems arise in many practi-
cal decision problems from different areas and need efficient numerical methods
and algorithms for their solving. Our aim is to study the efficiency of the existing
algorithms for solving these problems, to analyze the algorithms from a computa-
tional complexity point of view and to describe some new approaches for solving the
considered problems. Especially, new algorithms and calculation procedures are pro-
posed for determining the state-time probabilities and the limiting matrix in Markov
chains. Mainly, we describe and formulate two classes of algorithms.

The first class is based on the properties of generating functions and classical
numerical methods; the second one mainly uses the combinatorial properties of
the graphs of transition probabilities in Markov chains and a dynamic programming
approach for such processes. In a detailed formwe analyze the dynamic programming
procedures for determining the state-time probabilities in finite Markov processes.
We study the asymptotic behavior of these procedures and show how to use them for
calculating thematrix of limiting state probabilities inMarkov chains. Beside that we
describe new algorithms for determining the differential matrices for the generating
functions based on classical numerical methods. We analyze especially asymptotic
behavior of the basic characteristics inMarkov chains using the z-transformation and
illustrate the calculation procedures for determining these characteristics. In addition,
computational complexity aspects of the considered problems and of the proposed
algorithms are analyzed and discussed.
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1.1 The Basic Definitions and Some Preliminary Results

The basic definitions related to finite-state space of Markov processes and the main
results concerning the calculation of the state-time probabilities of the dynamical
system in such processes can be found in [26, 39, 48–50, 52, 55, 56, 114, 140]. In
this section we introduce some necessary notions and describe some preliminary
results related to Markov processes that we use in this book.

1.1.1 Discrete Markov Processes and Determining the State-Time
Probabilities of the System

Consider a discrete Markov process that models the evolution of the stochastic
dynamical system L with the finite set of states X = {x1, x2, . . . , xn}. Assume
that at the moment of time t = 0 the system is in the state xi0 ∈ X and for an arbi-
trary state x ∈ X the probabilities px,y of the systems’ transitions from x to another
state y ∈ X are given, i.e.,

∑

y∈X

px,y = 1, ∀x ∈ X; px,y ≥ 0, ∀x, y ∈ X.

Here, the probabilities px,y do not depend on time, i.e. we have a stationary Markov
process determined by the stochastic matrix P = (px,y) and a given starting state
xi0 . So, we consider a stationary finite-state space Markov chain where the transition
time from one state to another is constant and it is equal to 1 [56, 114, 115, 140].

For the dynamical system L we denote by Pxi0
(x, t) the probability to reach the

state x at the moment of time t if it starts transitions at the moment of time t = 0 in
the state xi0 . We consider the probability Pxi0

(x, t) at the discrete moment of time
t = 0, 1, 2, . . . . Following [47] we define and calculate Pxi0

(x, t) using a recursive
formula

Pxi0
(x, τ + 1) =

∑

y∈X

Pxi0
(y, τ )py,x , τ = 0, 1, 2, . . . , t − 1, (1.1)

where Pxi0
(xi0 , 0) = 1 and Pxi0

(x, 0) = 0 for x ∈ X\{xi0}. We call these probabili-
ties state-time probabilities of the system L. Formula (1.1) can be represented in the
matrix form

π(τ + 1) = π(τ )P, τ = 0, 1, 2, . . . , t − 1. (1.2)

Here π(τ ) = (π1(τ ),π2(τ ), . . . ,πn(τ )) is a vector, where an arbitrary component i
expresses the probability of the system L to reach from the state xi0 to the state xi

using τ transitions, i.e., πi (τ ) = Pxi0
(xi , τ ).
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At the starting moment of time τ = 0 the vector π(τ ) is given and its components
are defined as follows: πi0(0) = 1 and πi (0) = 0 for arbitrary i �= i0. It is easy
to observe that if for a given starting vector π(0) we apply formula (1.2) for τ =
0, 1, 2, . . . , t − 1 then we obtain

π(t) = π(0)Pt , (1.3)

where Pt = P × P ×· · ·× P . So, an arbitrary element p(t)
xi ,x j of this matrix represents

the probability of the system L to reach the state x j from xi by using t transitions.
It is easy to see that if the starting state of the system π(0) is fixed then

n∑

i=1

πi (τ ) = 1, τ = 0, 1, 2, . . . . (1.4)

The correctness of this relation can be proved easily by using the induction principle
with respect to τ . Indeed, for τ = 0 the equality (1.4) holds according to the definition.
If we assume that (1.4) takes place for every τ ≤ t then for τ = t + 1 we obtain

n∑

i=1

πi (t + 1) =
n∑

i=1

∑

x j ∈X

px j ,xi π j (t) =
∑

x j ∈X

π j (t)
n∑

i=1

px j ,xi =
∑

x j ∈X

π j (t) = 1.

So, the relation (1.4) holds.
Let us assume that for the matrix P there exists the limit

lim
t→∞ Pt = Q.

Then for an arbitrary starting state in the case of a large number of transitions the
vector of state-time probability π(t) can be approximated with the corresponding
row vector of the matrix Q. Indeed, if in (1.3) we take the limit then we have

π = lim
t→∞ π(t) = π(0) lim

t→∞ Pt = π(0)Q.

An arbitrary component π j of π = (π1,π2, . . . ,πn) can be treated as the probability
that the systemLwill occupy the state x j after a large number of transitions if it starts
transitions in xi0 . The vector π is called the vector of limiting state probabilities for
the dynamical system L with a given starting state xi0 .

Based on the property mentioned above we may conclude that

n∑

j=1

π j = 1

for an arbitrary π(0).
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This means that the elements qx,y of the matrix Q satisfy the condition

∑

y∈X

qx,y = 1, ∀x ∈ X

where qx,y ≥ 0, ∀x, y ∈ X , i.e., Q = (qx,y) is a stochastic matrix. An arbitrary
element qx,y of this matrix expresses the limiting probability of the system L to
occupy the state y ∈ X if the system starts transitions in x . The matrix Q is called
the matrix of limiting state probabilities [47]; shortly we call this matrix the limit
matrix. TheMarkov chain for which there exists limt→∞ Pt = Q is called aperiodic
Markov chain [114, 140].

If the limit matrix Q possesses the property that all its rows are the same then
the corresponding Markov process is called Markov unichain [1, 47]. In [1, 47, 114]
such processes are called ergodic Markov processes. Some authors use the notion of
ergodic Markov process in the sense of an aperiodic Markov chain where all limiting
probabilities are different from zero [37, 56]. Here we shall use the terminology
from [114, 140]. The Markov process for which the limit matrix contains at least
two different rows is called Markov multichain [56, 114, 140]. A more detailed
classification of a Markov chain with respect to values of limiting probabilities is
given in the next section.

So, for a Markov unichain we have qxi ,x j = qxk ,x j = π j , ∀xi , x j , xk ∈ X , i.e.,
the limiting state probabilities π j , j = 1, 2, . . . , n j do not depend on the state in
which the system starts transitions. For such processes the vector π of limiting state
probabilities can be found by solving the system of linear equations

π(I − P) = 0;
n∑

j=1

π j = 1, (1.5)

where I is the identity matrix. The first equation in (1.5) corresponds to the condition
π = πP that can be obtained from (1.2) if τ → ∞. The second equation in (1.5)
reflects the property that after a large number of transitions the dynamical system
will occupy one of the states x j ∈ X . It is well known that the rank of the matrix
(I − P) for a Markov unichain is equal to n − 1 and the system (1.5) has a unique
solution [98, 140]. In the case of a Markov multichain the rank of the matrix (I − P)

is less than n − 1.
It is easy to check that the Markov chain with the following probability transition

matrix

P =

⎛

⎜⎜⎝

1

2

1

2

2

5

3

5

⎞

⎟⎟⎠

is ergodic and there exists limt→∞ Pt = Q.
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The vector π = (π1,π2) can be found by solving the system of linear equations

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1

2
π1 − 2

5
π2 = 0,

1

2
π1 − 2

5
π2 = 0,

π1 + π2 = 1.

If we solve this system then we obtain π1 = 4/9, π2 = 5/9, i.e., π = (4/9, 5/9)
and

Q =

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ .

In general, the system (1.5) may also have a unique solution if the limit limt→∞ Pt

does not exist. This case corresponds to a periodic Markov chain [114]. In such
a process a component π j of the vector π that satisfies (1.5) can be treated as the
probability of the systemL to occupy the state x j at randommoments of times during
a large number of transitions.An example forwhich limt→∞ Pt does not exist and the
system (1.5) has a unique solution is represented below by the following probability
transition matrix

P =
(
0 1

1 0

)
.

It is easy to check that

P2t =
(
1 0

0 1

)
, P2t+1 =

(
0 1

1 0

)
, ∀t ≥ 0,

i.e., we have 2−periodic Markov chains. In general, for a k−periodic Markov chain
(k > 1) for the matrix P there exists t0 such that for t > t0 it holds Pk+t = Pt . The
system of linear equations (1.5) for the given example of 2−periodic Markov chains
is the following

⎧
⎪⎪⎨

⎪⎪⎩

π1 − π2 = 0,

π2 − π1 = 0,

π1 + π2 = 1.

If we solve this system then we obtain π1 = 1/2, π2 = 1/2. In such a way we obtain
the matrix
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Q =

⎛

⎜⎜⎝

1

2

1

2

1

2

1

2

⎞

⎟⎟⎠ .

A more detailed characterization of the periodic and aperiodic Markov chains can
be found in [33, 56, 114, 127]. In the following we show how the notion of the
limit matrix Q can be extended for an arbitrary Markov chain, i.e., for the case that
limt→∞ Pt does not exist. We can see that in this case the elements of the matrix Q
have a different interpretation.

1.1.2 Definition of the Limit Matrix and the Classification of the
States in Markov Chains

The limit matrix Q for an arbitrary transition probability matrix P can be defined by
using the following limit

lim
t→∞

1

t

t−1∑

τ=0

Pτ .

This limit is called Cesaro limit [33, 114, 127, 140]. In [20] it has been proven that
this limit exists for an arbitrary stochastic matrix P , i.e.,

lim
t→∞

1

t

t−1∑

τ=0

Pτ = Q

where P0 = I is the identity matrix. Moreover, in [20] it is shown that if limt→∞ Pt

exists then

lim
t→∞ Pt = lim

t→∞
1

t

t−1∑

τ=0

Pτ = Q.

In addition, in [20] it is shown that for an arbitrary stochastic matrix P the corre-
sponding limit matrix Q satisfies the condition

P Q = Q P = Q. (1.6)

Based on this propertywe can give the interpretation of the solution of theEq. (1.5) for
the periodic Markov process. In the general case an element qx,y of the limit matrix
Q in theMarkov chain can be interpreted as the long-run time fraction that the system
occupies the state y if it starts transitions in x . For an aperiodic Markov chain an
arbitrary element qx,y can be treated as the steady-state probability that the system
will be in the state y after a large number of transitions if it starts transitions in x .

We give a classification of the states in a Markov chain using the structure
properties of the matrices P and Q. We say that the state y is accessible from
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the state x if there exists t > 0 such that Px (y, t) > 0, i.e., y is accessible from x
if y can be reached from x with a positive probability Px (y, t). A subset Y of X is
called closed set if no state outside Y is accessible from any state in Y .

If a closed set X does not contain a proper closed subset then it is called irreducible
set. An irreducible set in X induces a distinctMarkov chain whichwe call irreducible
Markov chain. The irreducible set consisting of a single state is said to be anabsorbing
state.

Let Q = (qx,y) be the limit matrix of the Markov process with a given transition
probability matrix P = (px,y). Two states x, y ∈ X are called equivalent if in the
matrix Q the rows that correspond to x and y are the same, i.e., the states x, y ∈ X
are equivalent if qx,z = qy,z , ∀z ∈ X . Thus, the set of states X can be divided into
several subsets X1, X2, . . . , Xk (X = ⋃k

i=1 Xi , Xi ∩ X j = ∅, i �= j
)
such that each

subset contains only equivalent states and there are no equivalent states that belong
to different subsets. A state x ∈ X is called positive recurrent state if qx,x > 0; a
state x ∈ X for which qx,x = 0 is called transient state.

Let X+ = {x ∈ X | qx,x > 0}, X0 = {x ∈ X | qx,x = 0}. Then the set X can be
represented as follows

X = X+
1 ∪ X+

2 ∪ · · · ∪ X+
k′ ∪ X0,

where each X+
i consists of positive recurrent states, i.e., X+

i = {x ∈ Xi | qx,x > 0},
i ∈ {1, 2, . . . , k′}, and X0 is the set of transient states. Taking into account that two
arbitrary states x, y ∈ X+

i are equivalent we have qx,y > 0 and qy,x > 0. It is easy
to observe that X+

i in X represents the maximal set with mutual accessible states
and that no state outside of Xi is accessible from Xi . Thus, each X+

i ⊆ X represents
an irreducible set in X .

So, for arbitrary two states x, y ∈ Xi , i = 1, 2, . . . , k′, it holds qx,y > 0 and for
arbitrary two states x, y ∈ X that belong to different irreducible sets X+

i and X+
j ,

it holds qx,y = 0 and px,y = 0. Based on these properties we may conclude that
the states x ∈ X can be relabeled in such a way that the matrices P and Q can be
expressed as follows

P =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

P1 0 . . . 0 0

0 P2 . . . 0 0

. . . . . . .

. . . . . . .

. . . . . . .

0 0 . . . Pk′ 0

W1 W2 . . . Wk′ Wk′+1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Q =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Q1 0 . . . 0 0

0 Q2 . . . 0 0

. . . . . . .

. . . . . . .

. . . . . . .

0 0 . . . Qk′ 0

R1 R2 . . . Rk′ 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

In these matrices Pi and Qi correspond to transitions between states in X+
i ; the

matrices Wi and Ri correspond to transitions from states in X0 to Xi and Wk′+1 is the
matrix that corresponds to transitions between states in X0. Thematrix P represented
in such a form is called the transition probability matrix in canonical form.
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1.1.3 A Decomposition Algorithm for Determining the Limit
Matrix

If the matrix P of transition probabilities is given in canonical form then for
determining the limit matrix Q a decomposition algorithm which is described in
[37, 115] can be applied. Each component Pi corresponds to a irreducible Markov
chain and, therefore, all rows of the matrix Qi are identical. Each matrix Qi is
determined according to the formula

Qi = eiπ
i ,

where ei is the column vector, where each component of which is equal to one and
πi is a row vector with the component that represents the solution of the system

πi = πi Pi ,
∑

j

πi
j = 1.

The matrices Ri can be calculated by using the formula

Ri = (I − Wk′+1)
−1Wi Qi , i = 1, 2, . . . , k′. (1.7)

The correctness of this formula can be proved if we represent, respectively, the
transition matrix P as

P =
(

P 0

W Wk′+1

)
,

the limit matrix Q as

Q =
(

Q 0

R 0

)
,

and then apply the property (1.6). Indeed, since P Q = Q, we obtain

W Q + Wk′+1R = R.

Thus,

Wi Qi + Wk′+1Ri = Ri , i = 1, 2, . . . , k′.

Taking into account that in the case of a Markov multichain the inverse matrix
(I − Wk′+1)

−1 for (I − Wk′+1) exists (see [7, 21]) we obtain from this formula (1.7).
So, to determine the limit matrix Q it is sufficient to represent the matrix P in the

canonical form and then to determine Q1, Q2, . . . , Qk′ and R1, R2, . . . , Rk′ .
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An algorithm for relabeling the states in Markov chains which transform the
matrix P of probability transitions into its canonical form is described in [37, 62,
115]. This algorithm uses O(n2) elementary operations. In general, to determine the
irreducible sets Xi we can use the graph of probability transitions G p = (X, E p)

for Markov chains.
The adjacency matrix of this graph is obtained from the matrix P by changing

the nonzero probabilities with units. Then the strongly connected components which
do not contain directed edges to other strongly connected components correspond to
the irreducible sets Xi . Therefore, if we apply an algorithm for finding the strongly
connected components of G p we obtain an algorithm for finding the irreducible
sets Xi .
Example Consider the problem of determining the limit matrix Q for aMarkov chain
with the probability matrix

P =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0
1

2

1

2
0

0
2

5

3

5
0

1

4

1

4

1

4

1

4

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

In Fig. 1.1 the graph of probability transitions G p = (X, E p) of a Markov chain
is given. The strongly connected components of this graph are determined by the
subsets

X1 = {1}, X2 = {2, 3}, X3 = {4}.
The irreducible sets correspond to strongly connected components that do not contain
outgoing directed edges to other strongly connected components. Thus, we have two
irreducible sets X1 = {1} and X2 = {2, 3}. Therefore, the transition probability
matrix mentioned above has a canonical form, where

1

4

321

1/4

1/4

1/41/4

1/2

2/5

1/2

3/5

Fig. 1.1 The graph of probability transitions
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P1 = (1), P2 =

⎛

⎜⎜⎝

1

2

1

2

2

5

3

5

⎞

⎟⎟⎠ , W1 =
(
1

4

)
, W2 =

(
1

4

1

4

)
, W3 =

(
1

4

)
.

Therefore, we solve the system of linear equations πi = πi Pi ,
∑

j πi
j = 1 for

i = 1, 2 and determine π1 = (1), π2 = (4/9 5/9). This means that

Q1 = (1), Q2 =

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ .

Now we calculate Ri = (I − W3)
−1Wi Qi , i = 1, 2 and obtain

R1 =
(
3

4

)−1

(1)

(
1

4

)
=
(
1

3

)
;

R2 =
(
3

4

)−1 (1

4

1

4

)
⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ =
(

8

27

10

27

)
.

In such a way we obtain the limit matrix

Q =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0
4

9

5

9
0

0
4

9

5

9
0

1

3

8

27

10

27
0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

It is easy to check that in the worst case this algorithm uses O(|X |3) elementary
operations. We can see that along to this algorithm other variations for determining
the limit matrix in a Markov chain can be used. In the following we analyze an
approach for determining the limit matrix that allows us to study the asymptotic
behavior of the state-time probability in Markov chains. This approach is based on
the properties of the generating functions [33, 47]. In [47] the generating functions
are called z-transforms.
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1.1.4 The z-Transform and the Asymptotic Behavior of
State-Time Probabilities

For the analysis of the asymptotic behavior of state-time probabilities in Markov
processes we shall use the apparatus of the generating functions [33, 47, 56, 127,
140]. In [47] the generating function is called z-transform. In this section we describe
shortly the results from [47] concerning the application of the z-transform to an
asymptotic estimation of the state-time probability in a Markov chain. Then in the
next section we will develop numerical algorithms for the calculation of the limit
matrix and the state-time probabilities using the z-transform.

We consider the z-transform for a time-discrete function f (t), t = 0, 1, 2, . . .
with the values f (0), f (1), (2), . . . that do not increase in magnitude faster than a
geometric sequence. In this case the z-transform

F(z) =
∞∑

t=0

f (t)zt

can be defined uniquely.
Based on the definition of the z-transform we can easily obtain the following

elementary properties:

(1) F(z) = F1(z) + F2(z) if f (t) = f1(t) + f2(t),

where F1(z) =
∞∑

t=0
f1(t)zt and F2(z) =

∞∑
t=0

f2(t)zt ;
(2) F(z) = k F ′(z) if f (t) = k f ′(t),

where F ′(z) =
∞∑

t=0
f ′(t)zt ;

(3) F(z) = z−1[F ′(z) − f ′(0)] if f (t) = f ′(t + 1),

where F ′(z) =
∞∑

t=0
f ′(t)zt ;

(4) F(z) = zF ′(z) if f (t) = f ′(t − 1),

where F ′(z) =
∞∑

t=0
f ′(t)zt ;

(5) F(z) = 1

1 − z
if f (t) =

{
1, t = 0, 1, 2, . . . ,

0, t < 0;
(6) F(z) = 1

1 − αz
if f (t) = αt ;

(7) F(z) = αz

(1 − αz)2
if f (t) = tαt ;

(8) F(z) = z

(1 − z)2
if f (t) = t;
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(9) F(z) = F ′(αz) if f (t) = αt f ′(t),

where F ′(z) =
∞∑

t=0
f ′(t)zt .

In a more detailed form the properties of the z-transform for different classes of
time-discrete functions are described in [33, 47, 56, 127]. Note that the z-transform
can be applied to the vectors and matrices by applying the z-transform to each
component of the array. If we denote the z-transform of the vector π(t) by F(z) and
if we apply the z-transform to the relationship

π(t + 1) = π(t)P

then we obtain
F(z + 1) = F(z)P.

Based on property (3) this formula can be written as follows

z−1(F(z) − F(0)) = F(z)P,

i.e.,

F(z)(I − z P) = F(0)

were I is the identity matrix. Taking into account that F(0) = π(0)we finally obtain

F(z) = π(0)(I − z P)−1.

So, the z-transform of the vector of state-time probabilities is equal to the initial
vector of probabilities π(0) multiplied by the matrix (I − z P)−1. This mean that
the solution of the transient problem is contained in the matrix (I − z P)−1. We can
obtain the probabilities of our transient problem in an analytical form if we weight
the rows of the matrix (I − z P)−1 by the initial state probabilities, sum them, and
then take the inverse transformation. In such a way we can obtain the matrix P(t)
which represents the inverse transformation of the matrix (I − z P)−1. An example
which illustrates how to obtain the matrix P(t) for the Markov process with the
following stochastic matrix of probability transitions is given below

P =

⎛

⎜⎜⎝

1

2

1

2

2

5

3

5

⎞

⎟⎟⎠ .

To determine the matrix P(t) we form the matrix
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(I − z P) =

⎛

⎜⎜⎝

1 − 1

2
z −1

2
z

−2

5
z 1 − 3

5
z

⎞

⎟⎟⎠

and find the inverse matrix

(I − z P)−1 = 1

Δ(z)

⎛

⎜⎜⎝

1 − 3

5
z

1

2
z

2

5
z 1 − 1

2
z

⎞

⎟⎟⎠

where Δ(z) = (1 − z)(1 − z/10).
Finally, the inverse matrix can be represented as follows

(I − z P)−1 = 1

1 − z

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ + 1

1 − 1

10
z

⎛

⎜⎜⎝

5

9
−5

9

−4

9

4

9

⎞

⎟⎟⎠ .

If we take the inverse transform of (I − z P)−1, then we obtain

P(t) =

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ + 1

10t

⎛

⎜⎜⎝

5

9
−5

9

−4

9

4

9

⎞

⎟⎟⎠ .

From this formula in the case t → ∞ we obtain

P(t) → Q =

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ .

Note that the example given above corresponds to an aperiodic Markov chain and
for the matrix P there exists the limit limt→∞ Pt . An example for which this limit
does not exist is given by the following matrix

P =
(
0 1

1 0

)
.

In a similar way we can find the matrix (I − z P)−1 of the z-transform
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(I − z P)−1 = 1

1 − z

⎛

⎜⎜⎝

1

2

1

2

1

2

1

2

⎞

⎟⎟⎠ + 1

1 + z

⎛

⎜⎜⎝

1

2
−1

2

−1

2

1

2

⎞

⎟⎟⎠ .

Based on property (6) of the z-transform we obtain the matrix

P(t) =

⎛

⎜⎜⎝

1

2

1

2

1

2

1

2

⎞

⎟⎟⎠ + (−1)t

⎛

⎜⎜⎝

1

2
−1

2

−1

2

1

2

⎞

⎟⎟⎠ .

We can see that in this case for the matrix P the limit limt→∞ P(t) does not exist.
However, the matrix Q can be found by using the z-transform.

Thus, the vector π(t) can be calculated by using the following formula

π(t) = π(0)P(t).

By comparison of this formula with formula π(t) = π(0)Pt we conclude that
P(t) = Pt . This formula can be used for the asymptotic analysis of the transient
problem. An important property of the matrix P(t) which can be obtained on the
bases of the z transform is the following: Among the component matrices in the rep-
resentation of P(t) there exists at least onematrix that is stochastic and it corresponds
in the term (I − z P)−1 with the coefficient 1/(1 − z). This follows from the fact
that the determinant of (I − z P) is equal to zero for z = 1, i.e., the stochastic matrix
P always has at least one characteristic value equal to 1. In the ergodic case the
Markov process P(t) will contain exactly one such stochastic matrix. Moreover, in
the ergodic case the rows of the stochastic components are identical and correspond
to the vector of limiting-state probabilities of the process. This component does not
depend on time and we denote it by Q. The remaining terms of P(t) express the
transient behavior of the process and represent matrices multiplied by coefficients
of the form λt

k, tλt
k, t2λt

k, . . . , where |λk | ≤ 1; for the ergodic processes |λk | < 1.
In the following we can see that λk represents the proper values of the characteristic
polynomial of the matrix P . The transient component of P(t) that depends on t is
denoted by T (t); this component vanishes as t becomes very large. The matrices of
the component T (t) possess the property that the sum of the elements in each row is
equal to zero. This property for transient components holds because it expresses the
perturbations from the limiting state probabilities. The matrices with such properties
are called differential matrices. So, the matrix P(t) for the Markov process can be
represented as follows

P(t) = Q + T (t),
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where Q is a stochastic matrix where the rows represent the vector of limiting state
probabilities and T (t) is the sum of the differential matrices with the geometric
coefficients which for the ergodic case tends to zero if t → ∞.

The z-transform shows that thematrix Q exists for an arbitrary transition probabil-
ity matrix P and T (t) can be expressed as the sum of differential matrices multiplied
with the coefficients t iλt

k , where λk are the roots of the characteristic polynomial
of the matrix P . In the next two sections we show how to determine Q and the
corresponding components (differential matrices) of the matrix T (t).

1.2 An Algorithm for Determining the Limit Matrix Based
on the z-Transform and Classical Numerical Methods

In this section we develop a numerical method for determining the limit matrix in
discreteMarkov processes based on the z-transform and classical numerical methods
[64, 72]. We propose and formulate a polynomial time algorithm for determining the
limit matrix Q.

The running time of the algorithm is O(n4) where n is the number of the states
of the dynamical system. In the following we show that the proposed method can be
extended for calculating the differential matrices.

1.2.1 The Main Approach and the General Scheme
of the Algorithm

Let C be a complex space and denote by M(C) the set of complex matrices with n
rows and n columns. We consider the function A : C → M(C), where

A(z) = I − z P, z ∈ C.

We denote the elements of the matrix A(z) by ai, j (z), i, j = 1, 2, . . . , n, i.e.,

ai, j (z) = δi, j − zpi, j ∈ C[z],

where

δi, j =
{
1 if i = j,

0 if i �= j,
i, j = 1, 2, . . . , n.

It is evident that the determinant Δ(z) of the matrix A(z) is a polynomial of degree
less or equal to n, (deg(Δ(z)) ≤ n,Δ(z) ∈ C[z]). Therefore, if we denoteD = {z ∈
C | Δ(z) �= 0} thenweobtain that |C\D| ≤ deg(Δ(z)) ≤ n and for an arbitrary z ∈ D
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there exists the inverse matrix of A(z). So, we can define the function F :D → M(C)

where

F(z) = (A(z))−1.

Then the elements Fi, j (z), i, j = 1, 2, . . . , n of F(z) can be found as follows

Fi, j (z) = M j,i (z)

Δ(z)
, i, j = 1, 2, . . . , n,

where
Mi, j (z) = (−1)i+ j Ai, j (z)

and Ai, j (z) is a determinant of the matrix obtained from A(z) by deleting the row i
and the column j , i, j = 1, 2, . . . , n. Therefore,

M j,i (z) ∈ C[z], deg(M j,i (z)) ≤ n − 1, i, j = 1, 2, . . . , n.

Note that Δ(1) = 0 because for the matrix A(1) the following property holds

n∑

j=1

(δi, j − pi, j ) =
n∑

j=1

δi, j −
n∑

j=1

pi, j = δi,i − 1 = 0, i = 1, 2, . . . , n.

This means that 1 ∈ C\D and Δ(z) can be factorized by z − 1.
Taking into account that Fi, j (z) is a rational fraction with the denominator Δ(z)

we can represent Fi, j (z) uniquely in the following form

Fi, j (z) = Bi, j (z) +
∑

y∈C\D

m(y)∑

k=1

αi, j,k(y)

(z − y)k
, i, j = 1, 2, . . . , n, (1.8)

where m(z) is the order of the root of the polynomial Δ(z), z ∈ C\D, αi, j,k(y) ∈ C,
∀y ∈ C\D, k = 1, 2, . . . , m(y), i, j = 1, 2, . . . , n. In the representation of Fi, j (z)
given above the degree of the polynomial Bi, j (z) ∈ C[z] satisfies the condition

deg(Bi, j (z)) = deg(M j,i (z)) − deg(Δ(z)),

where deg(M j,i (z)) ≥ deg(Δ(z)), otherwise Bi, j (z) = 0.
To represent (1.8) in a more convenient formwe shall use the expressions of series

expansion for the functions νk(z) = 1/(1− z)k , k = 1, 2, . . .. First of all we observe
that for these functions there exist a series expansion. In particular for k = 1 the
function ν1(z) can be represented by ν1(z) = ∑∞

t=0 zt . In the general case (for an
arbitrary k > 1) the following recursive relation holds νk+1(z) = dνk(z)/ (kdz),
k = 1, 2, . . .. Using these properties and the induction principle we obtain the series
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expansion of the function νk(z), ∀k ≥ 1: νk(z) = ∑∞
t=0 Hk−1(t)zt , where Hk−1(t)

is a polynomial of degree less or equal to (k − 1).
Based on the properties mentioned above we can make the following transforma-

tion in (1.8):

Fi, j (z) = Bi, j (z) +
∑

y∈C\D

m(y)∑

k=1

(
− 1

y

)k

αi, j,k(y)

(
1 − 1

y
z

)k

= Bi, j (z) +
∑

y∈C\D

m(y)∑

k=1

(
− 1

y

)k

αi, j,k(y)νk

(
z

y

)

= Bi, j (z) +
∑

y∈C\D

m(y)∑

k=1

(
− 1

y

)k

αi, j,k(y)

∞∑

t=0

Hk−1(t)

(
z

y

)t

= Bi, j (z) +
∞∑

t=0

(
z

y

)t ∑

y∈C\D

m(y)−1∑

k=0

(
− 1

y

)k+1

αi, j,k+1(y)Hk(t).

We can observe that in the relation above the expression

m(y)−1∑

k=0

(
− 1

y

)k+1

αi, j,k+1(y)Hk(t)

represents a polynomial of degree less or equal to m(y)−1 and we can write it in the
form

∑m(y)−1
k=0 βi, j,k(y)tk , where βi, j,k(y) represent the corresponding coefficients

of this polynomial. Therefore, if in this expression we substitute
∑m(y)−1

k=0 (−1/y)k+1

αi, j,k+1(y)Hk(t) by
∑m(y)−1

k=0 βi, j,k(y)tk then we obtain

Fi, j (z) = Bi, j (z) +
∞∑

t=0

zt
∑

y∈C\D

m(y)−1∑

k=0

tk

yt
βi, j,k(y)

= Wi, j (z) +
∞∑

t=1+deg(Bi, j (z))

zt
∑

y∈C\D

m(y)−1∑

k=0

tk

yt
βi, j,k(y),

i, j = 1, 2, . . . , n, (1.9)

where βi, j,k(y) ∈ C, ∀y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1, i, j = 1, 2, . . . , n,
and Wi, j (z) ∈ C[z] is a polynomial, where the degree satisfies the condition
deg(Wi, j (z)) = deg(Bi, j (z)), i, j = 1, 2, . . . , n.

In addition we observe that the norm of the matrix P satisfies the condition
‖P‖ = maxi=1,2,...,n

∑n
j=1 pi, j = 1, and, therefore, ‖z P‖ = |z|‖P‖ = |z|.
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Let |z| < 1. Thus, for F(z) we have

F(z) = (I − z P)−1 =
∞∑

t=0

Pt zt .

This means that

Fi, j (z) =
∞∑

t=0

pi, j (t)z
t , i, j = 1, 2, . . . , n. (1.10)

From the definition of the z-transform and from (1.9), (1.10) we obtain

pi, j (t) =
∑

y∈C\D

m(y)−1∑

k=0

tk

yt
βi, j,k(y), ∀t > deg(Bi, j (z)), i, j = 1, 2, . . . , n.

Since 0 ≤ pi, j (t) ≤ 1, i, j = 1, 2, . . . , n, ∀t ≥ 0, we have

|y| ≥ 1, ∀y ∈ C\D, βi, j,k(1) = 0, ∀k ≥ 1.

This implies αi, j,k(1) = 0, ∀k ≥ 2.
Now let us assume that Δ(z) = (z − 1)m(1) H(z), where H(1) �= 0. Then the

relation (1.8) is represented as follows:

Fi, j (z) = αi, j,1(1)

z − 1
+ Bi, j (z) +

∑

y∈(C\D)\{1}

m(y)∑

k=1

αi, j,k(y)

(z − y)k

= αi, j,1(1)

z − 1
+ Yi, j (z)

H(z)
, i, j = 1, 2, . . . , n,

where Yi, j (z) ∈ C[z] and
deg(Yi, j (z)) = deg(Bi, j (z)) + deg(T (z)) = deg(Bi, j (z)) + deg(Δ(z)) − m(1)

= deg(M j,i (z)) − m(1) ≤ n − 1 − m(1) ≤ n − 2, i, j = 1, 2, . . . , n.

If we denote

Y (z) = (Yi, j (z))i, j=1,2,...,n, α1(1) = (αi, j,1(1))i, j=1,2,...,n

then the matrix F(z) can be represented as follows:

F(z) = 1

z − 1
α1(1) + 1

H(z)
Y (z). (1.11)
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From this formula and from the definition of the limiting state matrix Q we have

Q = −α1(1), (1.12)

i.e., in the representation of the inverse matrix of (I − z P) the limit matrix Q will
correspond to the term with the coefficient 1/(1 − z).

From (1.11) and (1.12) we obtain the formula

Q = lim
z→1

(1 − z)(I − z P)−1.

In the following we show how to determine the polynomial Δ(z) and the function
F(z) in the matrix form.

1.2.2 The Calculation of the Coefficients of the Characteristic
Polynomial

Let us consider the characteristic polynomial

K (λ) = |P − λI | =
n∑

k=0

νkλ
k .

It is easy to observe that νn = | − I | = (−1)n �= 0. This means that deg(K (λ)) = n
and the characteristic polynomial may be written in the following form

K (λ) = (−1)n(λn − α1λ
n−1 − α2λ

n−2 − · · · − αn).

If we assume that α0 = −1 then the coefficients νk can be represented as follows

νk = (−1)n+1αn−k, k = 0, 1, 2, . . . , n.

In [44] it is shown that the coefficients αk can be calculated by using O(n3) ele-
mentary operations based on Leverrier’s method. This method can be applied for
determining the coefficients αk by the following way:

(1) Determine the matrices

Pk = (p(k)
i, j ), i, j = 1, 2, . . . , n, k = 1, 2, . . . , n

where Pk = P × P × · · · × P;
(2) Find the traces of the matrices Pk :

sk = tr(Pk) =
n∑

j=1

p(k)
j, j , k = 1, 2, . . . , n;
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(3) Calculate the coefficients

αk = 1

k

(
sk −

k−1∑

j=1

α j sk− j

)
, k = 1, 2, . . . , n.

Thus, if the coefficients αk are known then we can determine the coefficients of the
polynomial Δ(z) = ∑n

k=0 βk zk . Indeed, if z ∈ C\{0} then

Δ(z) = |I − z P| = (−z)n
∣∣∣∣P − 1

z
I

∣∣∣∣ = (−1)nzn K

(
1

z

)

= (−1)nzn
n∑

k=0

νk
1

zk
= (−1)n

n∑

k=0

νk zn−k =
n∑

k=0

(−1)nνn−k zk

=
n∑

k=0

(−1)n(−1)n+1αk zk =
n∑

k=0

(−αk)z
k .

For z = 0 we have

Δ(0) = |I | = 1 = −α0.

Therefore, finally we obtain

Δ(z) =
n∑

k=0

(−αk)z
k, ∀z ∈ C.

This means that

βk = −αk, k = 0, 1, 2, . . . , n.

So, the coefficients βk , k = 0, 1, 2, . . . , n can be calculated using a similar recursive
formula

βk = −αk = −1

k

(
sk −

k−1∑

j=1

α j sk− j

)
= −1

k

(
sk +

k−1∑

j=1

β j sk− j

)
, k = 1, 2, . . . , n,

β0 = −α0 = 1.

Based on the result described above we can propose the following algorithm for
determining the coefficients βk :

Algorithm 1.1 Determining the Coefficients of the Characteristic Polynomial

(1) Calculate the matrices Pk =
(

p(k)
i, j

)
, i, j = 1, 2, . . . , n, k = 1, 2, . . . , n;

(2) Determine the traces of the matrices Pk :
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sk = tr(Pk) =
n∑

j=1

p(k)
j, j , k = 1, 2, . . . , n;

(3) Find the coefficients

β0 = 1, βk = −1

k

(
sk +

k−1∑

j=1

β j sk− j

)
, k = 1, 2, . . . , n.

1.2.3 Determining the z-Transform Function

Now let us show how to determine the function F(z). Consider

H ′(z) = (z − 1)H(z)

and denote N = deg(H ′(z)) = n − (m(1) − 1). We have already shown that the
function F(z) can be represented in the following matrix form:

F(z) = 1

δ(z)

N−1∑

k=0

zk R(k),

where

(z − 1)m(1)−1
N−1∑

k=0

zk R(k)
i, j = M j,i , i, j = 1, 2, . . . , n.

We shall use the identity relation I = (I − z P)(I − z P)−1 and will make in it some
elementary transformations:

δ(z)I = (I − z P)

N−1∑

k=0

zk R(k) =
N−1∑

k=0

zk R(k) −
N−1∑

k=0

zk+1(P R(k))

= R(0) +
N−1∑

k=1

zk(R(k) − P R(k−1)) − zN (P R(N−1)).

Let H ′(z) = ∑N
k=0 β∗

k zk and let us substitute this expression in the formula above.
Then we obtain the following formula for determining the matrices R(k), k =
0, 1, 2, . . . , N − 1:

R(0) = β∗
0 I ; R(k) = β∗

k I + P R(k−1), k = 1, 2, . . . , N − 1. (1.13)

So, we have

F(z) =
(

Vi, j (z)

δ(z)

)

i, j=1,2,...,n
,
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where

Vi, j (z) =
N−1∑

k=0

R(k)
i, j zk, i, j = 1, 2, . . . , n.

Based on these formulae we can propose the following algorithm for determining
the matrix Q.

1.2.4 An Algorithm for Calculating the Limit Matrix

Consider

H(z) =
N−1∑

k=0

γk zk; Y (z) =
N−2∑

k=0

y(k)zk; y∗ = α1(1).

Then according to relation (1.11) we obtain

Vi, j (z)

δ(z)
= Fi, j (z) = y∗

i, j

z − 1
+

∑N−2
k=0 y(k)

i, j zk

H(z)
, i, j = 1, 2, . . . , n.

This implies

Vi, j (z) =
N−1∑

k=0

R(k)
i, j zk = y∗

i, j H(z) + (z − 1)
N−2∑

k=0

y(k)
i, j zk

= y∗
i, j

N−1∑

k=0

γk zk +
N−2∑

k=0

y(k)
i, j zk+1 −

N−2∑

k=0

y(k)
i, j zk

=
N−1∑

k=0

γk y∗
i, j z

k +
N−1∑

k=1

y(k−1)
i, j zk −

N−2∑

k=0

y(k)
i, j zk

=
(
γ0y∗

i, j − y(0)
i, j

)
+

N−2∑

k=1

(
γk y∗

i, j + y(k−1)
i, j − y(k)

i, j

)
zk

+
(
γN−1 y∗

i, j + y(N−2)
i, j

)
zN−1, i, j = 1, 2, . . . , n.

If we equate the corresponding coefficients of the variable z with the same exponents
then we obtain the following system of linear equations:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

R(0)
i, j = γ0y∗

i, j − y(0)
i, j ,

R(k)
i, j = γk y∗

i, j + y(k−1)
i, j − y(k)

i, j , k = 1, 2, . . . , N − 2,

R(N−1)
i, j = γN−1 y∗

i, j + y(N−2)
i, j .

i, j = 1, 2, . . . , n,
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This system is equivalent to the following system:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

y(0)
i, j = γ0y∗

i, j − R(0)
i, j ,

y(k)
i, j = γk y∗

i, j + y(k−1)
i, j − R(k)

i, j , k = 1, 2, . . . , N − 2,

y(N−2)
i, j = −γN−1 y∗

i, j + R(N−1)
i, j .

i, j = 1, 2, . . . , n,

Here we can observe that there exist the coefficients u
(k)
i, j , v

(k)
i, j ∈ C, k = 0, 1, 2, . . . ,

N − 2, i, j = 1, 2, . . . , n, such that

y(k)
i, j = u

(k)
i, j y∗

i, j + v
(k)
i, j , k = 0, 1, 2, . . . , N − 2, i, j = 1, 2, . . . , n.

From the first equation we obtain

u(0)
i, j = γ0, v

(0)
i, j = −R(0)

i, j , i, j = 1, 2, . . . , n.

From the next N − 2 equations we obtain

y(k)
i, j = γk y∗

i, j + y(k−1)
i, j − R(k)

i, j

= γk y∗
i, j + u(k−1)

i, j y∗
i, j + v

(k−1)
i, j − R(k)

i, j

=
(
γk + u

(k−1)
i, j

)
y∗

i, j +
(
v

(k−1)
i, j − R(k)

i, j

)
,

k = 1, 2, . . . , N − 2, i, j = 1, 2, . . . , n,

which involve the recursive equations

u
(k)
i, j = u

(k−1)
i, j + γk, v

(k)
i, j = v

(k−1)
i, j − R(k)

i, j , k = 1, 2, . . . , N −2, i, j = 1, 2, . . . , n.

We obtain the direct formula for the calculation of the coefficients:

u
(k)
i, j =

k∑

r=0

γr , v
(k)
i, j = −

k∑

r=0

R(r)
i, j , k = 0, 1, 2, . . . , N − 2, i, j = 1, 2, . . . , n.

If we introduce these coefficients in the last equation of the system then we obtain

u(N−2)
i, j y∗

i, j + v
(N−2)
i, j = −γN−1 y∗

i, j + R(N−1)
i, j , i, j = 1, 2, . . . , n

⇔ y∗
i, j

N−1∑

r=0

γr =
N−1∑

r=0

R(r)
i, j , i, j = 1, 2, . . . , n

⇔ y∗
i, j =

N−1∑
r=0

R(r)
i, j

N−1∑
r=0

γr

= Ri, j

H(1)
, i, j = 1, 2, . . . , n,
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where Ri, j = ∑N−1
r=0 R(r)

i, j , i, j = 1, 2, . . . , n. Finally, if we denote R = (Ri, j )n×n

then we obtain:

Q = − 1

H(1)
R. (1.14)

Based on the result described above we can describe the algorithm for determining
the matrix Q.

Algorithm 1.2 The Determination of the Limit Matrix Q

(1) Find the coefficients of the characteristic polynomial Δ(z) = ∑n
k=0 βk zk using

Algorithm 1.1;
(2) Divide m(1) times the polynomial Δ(z) by z − 1, using Horner’s scheme and

find the polynomial H(z) that satisfies the condition H(1) �= 0. At the same
time we preserve the coefficients β∗

k , k = 0, 1, 2, . . . , N of the polynomial
(z − 1)H(z) obtained at the previous step of Horner’s scheme;

(3) Determine H(1) according to the rule described above;
(4) Find the matrices R(k), k = 0, 1, 2, . . . , N − 1, according to (1.13);
(5) Determine the matrix R = ∑N−1

k=0 R(k);
(6) Calculate the matrix Q according to formula (1.14).

It is easy to check that the running time of Algorithm 1.2 is O(|X |4). Indeed, step
(1) and step (4) of the algorithm use O(|X |4) elementary operations and each of the
remaining steps uses in the worst case O(|X |3) elementary operations.

Below we give some numerical examples which illustrate the main details of the
algorithm described above.

Example 1 Consider the discrete Markov process with the stochastic matrix of prob-
ability transitions

P =
(
0 1

1 0

)
.

We have already noted that

P2t =
(
1 0

0 1

)
, P2t+1 =

(
0 1

1 0

)
, ∀t ≥ 0,

i.e., this Markov chain is 2−periodic. So, for the considered example limt→∞ Pt

does not exist.
Nevertheless we can see that the matrix Q exists and it can be determined by

using the algorithm described above. If we apply this algorithm then we obtain:
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(1) Find

P =
(
0 1

1 0

)
, P2 =

(
1 0

0 1

)
;

s1 = tr(P) = 0, s2 = tr
(
P2) = 2;

β0 = 1, β1 = −s1 = 0, β2 = −1

2
(s2 + β1s1) = −1.

(2) Divide the polynomial β2z2 + β1z + β0 by z − 1 using Horner’s scheme

and obtain m(1) = 1, N = 2; β∗
0 = 1, β∗

1 = 0, β∗
2 = −1; γ0 = −1, γ1 = −1.

(3) Determine

H(1) = γ0 + γ1 = −2.

(4) Calculate

R(0) = β∗
0 I =

(
1 0

0 1

)
, R(1) = β∗

1 I + P R(0) =
(
0 1

1 0

)
.

(5) Find

R = R(0) + R(1) =
(
1 0

0 1

)
+
(
0 1

1 0

)
=
(
1 1

1 1

)
.

(6) Determine

Q = − 1

H(1)
R = 1

2

(
1 1

1 1

)
=
(
0.5 0.5

0.5 0.5

)
.

In such a way we obtain the limit matrix

Q =
(
0.5 0.5

0.5 0.5

)
.

Note that the considered process is not ergodic in the sense of the definition from
[114, 140] because the matrix Pt contains zero elements ∀t ≥ 0.
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However, the limit matrix exists and the rows of this matrix are identical. As we
have already shown the vector of the limiting probabilities π∗ = (0.5, 0.5) can also
be found by solving the system of linear equations (1.5).
Example 2 Consider a Markov process with the stochastic matrix

P =
(
0.5 0.5

0.4 0.6

)
.

It easy to observe that here we have an ergodic Markov chain. We can determine the
matrix Q by using our algorithm.

In the same way we determine

P =
(
0.5 0.5

0.4 0.6

)
, P2 =

(
0.45 0.55

0.44 0.56

)
;

s1 = tr(P) = 0.5 + 0.6 = 1.1, s2 = tr(P2) = 0.45 + 0.56 = 1.01;
β0 = 1, β1 = −s1 = −1.1, β2 = −1

2
(s2 + β1s1) = 0.1.

Using Horner’s scheme

we obtain

β∗
0 = 1, β∗

1 = −1.1, β∗
2 = 0.1; γ0 = −1, γ1 = 0.1; H(1) = γ0 + γ1 = −0.9;

R(0) = β∗
0 I =

(
1 0

0 1

)
, R(1) = β∗

1 I + P R(0) =
(−0.6 0.5

0.4 −0.5

)
;

R = R(0) + R(1) =
(
0.4 0.5

0.4 0.5

)
; Q = − 1

H(1)
R = 1

9

(
4 5

4 5

)
.

Finally we obtain

Q =

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ .

The rows of this matrix are the same and all elements of the matrix Pt are non zero if
t → ∞. So, this is an ergodic Markov chain with the vector of limiting probabilities
π∗ = (4/9, 5/9). Aswe have shown this vector can be found by solving system (1.5).
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Example 3Weconsider aMarkovmultichainwith the stochasticmatrix of probability
transitions

P =

⎛

⎜⎜⎝

1 0 0

0 1 0
1

3

1

3

1

3

⎞

⎟⎟⎠ .

In this case the solution of the system of linear equations (1.5) is not unique. If we
apply the proposed algorithm we can determine the matrix Q. According to this
algorithm we obtain:

P =

⎛

⎜⎜⎝

1 0 0

0 1 0
1

3

1

3

1

3

⎞

⎟⎟⎠ , P2 =

⎛

⎜⎜⎝

1 0 0

0 1 0
4

9

4

9

1

9

⎞

⎟⎟⎠ , P3 =

⎛

⎜⎜⎝

1 0 0

0 1 0
13

27

13

27

1

27

⎞

⎟⎟⎠ ;

s1 = tr(P) = 7

3
, s2 = tr(P2) = 19

9
, s3 = tr(P3) = 55

27
; β0 = 1,

β1 = −s1 = −7

3
, β2 = − s2 + β1s1

2
= 5

3
, β3 = − s3 + β1s2 + β2s1

3
= −1

3
.

If we apply Horner’s scheme

then we obtain

β∗
0 = −1, β∗

1 = 4

3
, β∗

2 = −1

3
; γ0 = 1, γ1 = −1/3; H(1) = γ0 + γ1 = 2

3
;

R(0) = β∗
0 I =

⎛

⎜⎝
−1 0 0

0 −1 0

0 0 −1

⎞

⎟⎠ , R(1) = β∗
1 I + P R(0) =

⎛

⎜⎝

1/3 0 0

0 1/3 0

−1/3 −1/3 1

⎞

⎟⎠ ;

R = R(0) + R(1) =
⎛

⎜⎝

−2/3 0 0

0 −2/3 0

−1/3 −1/3 0

⎞

⎟⎠ ; Q = − 1

H(1)
R =

⎛

⎜⎝

1 0 0

0 1 0

1/2 1/2 0

⎞

⎟⎠ .
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So, finally we have

Q =
⎛

⎜⎝
1 0 0

0 1 0

1/2 1/2 0

⎞

⎟⎠ .

In this case all rows of the matrix Q are different. It is easy to observe that for the
considered example limt→∞ Pt = Q exists.

Finally, we can remark that the proposed approach also allows to determine the
differential components of the matrix T (t).

1.3 An Algorithm for Determining the Differential Matrices
in Markov Chains

Now we show how to use the method from the previous section for determining
the differential components of the matrix T (t). We propose a simple modification
of this method that allows us to calculate all components of the transient matrix in
the case if the roots of the characteristic polynomial are known. So, if there exist
efficient algorithms for determining the roots of the characteristic polynomial then
the differential components of the matrix T (t) can be determined efficiently by using
algorithms similar to the algorithms from the previous section. We show that if the
roots of the characteristic polynomial are known then the differential matrices of the
matrix T (t) can be calculated by using O(|X |4) elementary operations.

1.3.1 Determining the Differential Matrices Based on
the z-Transform

To formulate the algorithm for determining the differential matrices we shall use the
relationship between the coefficients of the matrix P(t) = Pt and the corresponding
coefficients of F(z) in the formulae (1.9), (1.10). An arbitrary element pi, j (t) of the
matrix P(t) = Pt represents the probability of the system to reach the state x j from
xi using t transitions. The corresponding coefficients in the formulae (1.9), (1.10)
have the same sense and, therefore, we obtain that an arbitrary element pi, j (t) of the
matrix P(t) can be expressed by the formula

pi, j (t) =
∑

y∈C\D

m(y)−1∑

k=0

tk

yt
βi, j,k(y), ∀t > deg(Bi, j (z)), i, j = 1, 2, . . . , n,

where D = {z ∈ C | |I − z P| �= 0}, βi, j,k(y) ∈ C, ∀y ∈ C\D, k =
0, 1, 2, . . . , m(y) − 1, m(y)—is the order of the root y of the polynomial Δ(z) =
|I −z P| and Bi, j (z) is a polynomial of degree less or equal ton−1, i, j = 1, 2, . . . , n.
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If we denote βk(y) = (βi, j,k(y))i, j=1,n, ∀y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1,
then

P(t) =
∑

y∈C\D

m(y)−1∑

k=0

tk

yt
βk(y), ∀t ≥ n. (1.15)

As we have shown C\D consists of the set of inverses of the nonzero proper values
of the matrix P , where the order of each element is the same as the order of the
corresponding proper value. This means that (1.15) gives the components of the
matrix P(t) with respect to proper values of the matrix P . Thus, if we determine
these components then we find the limit and differential matrices in a Markov chain.

We have already described the algorithm for determining the stationary compo-
nents of the matrix P(t) in the previous section. In the following we show how to
determine all matrices βk(y) from (1.15). To develop such an algorithm we shall use
some properties of the linear recurrent equations.

1.3.2 Linear Recurrent Equations and its Main Properties

Consider an arbitrary set K onwhich the operations of summation andmultiplication
are defined. On this set we consider the following relation

an =
m−1∑

k=0

qkan−1−k, ∀n ≥ m, (1.16)

where qk are given elements from K . A sequence a = {an}∞n=0 is called the linear
m-recurrence on K if there exists a vector q = (qk)

m−1
k=0 ∈ K m such that (1.16)

holds. Here we call q the generating vector and we call I [a]
m = (an)m−1

n=0 the initial
value of the sequence a. The sequence a is called the linear recurrence on K if there
exists m ∈ N

∗ (N∗ = {1, 2, . . . }) such that the sequence a is a linear m-recurrence
on K . If qm−1 �= 0 then the sequence a is called non-degenerated; otherwise it is
called degenerated.

Denote:

Rol[K ][m]—the set of non-degenerated linear m-recurrences on K ;

Rol[K ]—the set of non-degenerated recurrences on K ;

G[K ][m](a)—the set of generating vectors of length m of the sequence a ∈
Rol[K ][m];
G[K ](a)—the set of generating vectors of the sequence a ∈ Rol[K ].
In the following we will consider K as a subfield of the field of complex numbers C
and a = {an}∞n=0 ⊆ C.

We call the function G[a] : C → C, G[a](z) = ∑∞
n=0 anzn , the generating

function of the sequence a = (an)∞n=0 ⊆ C and we call the function G[a]
t : C → C,
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G[a]
t (z) = ∑t−1

n=0 anzn the partial generating function of order t of the sequence
a = (an)∞n=0 ⊆ C.

Let a ∈ Rol[K ][m], q ∈ G[K ][m](a). For this sequence we will consider the
characteristic polynomial Δ

[q]
m (z) = 1 − zG[q]

m (z) and the characteristic equation
Δ

[q]
m (z) = 0. For an arbitrary α ∈ K ∗ we also call the polynomial Δ

[q]
m,α(z) =

αΔ
[q]
m (z) characteristic polynomial of the sequence a. We introduce the following

notations:

Δ[K ][m](a)—the set of characteristic polynomials of degree m of the sequence
a ∈ Rol[K ];
Δ[K ](a)—the set of characteristic polynomials of the sequence a ∈ Rol[K ].
If we operate with arbitrary recurrence (not obligatory non-degenerated) then for the
corresponding setwewill use similar notations andwill specify thiswith themark “∗”,
i.e., we will denote respectively: Rol∗[K ][m], Rol∗[K ], G∗[K ][m](a), G∗[K ](a),
Δ∗[K ][m](a), Δ∗[K ](a). We shall use the following well known properties:

(1) Let: a ∈ Rol[K ][m], q ∈ G[K ][m](a), Δ
[q]
m,α(z) = ∏p−1

k=0 (z − zk)
sk , zi �=

z j ∀i �= j .

Then an = I [a]
m · ((B[a])T )−1 · (β[a]

n )T , ∀n ∈ N (N = {0, 1, 2, . . . }),
where β[a]

i =
(

τi, j

zi
k

)

k=0,p−1, j=0,sk−1
,

τi, j =
⎧
⎨

⎩
i j if i2 + j2 �= 0,

1 if i = j = 0,
i ∈ N, B[a] = (β[a]

i )m−1
i=0 .

(2) If a is a matrix sequence, a ∈ Rol[Mn(K )][m] and q ∈ G[Mn(K )][m](a), then
a ∈ Rol∗[K ][mn] and |I − zG[q]

m (z)| ∈ Δ∗[K ][mn](a).

1.3.3 The Main Results and an Algorithm

Consider amatrix sequence a = (P(t))∞t=0. Then it is easy to observe that the follow-
ing recurrent relation at = Pat−1, ∀t ≥ 1 holds. So, a belongs to Rol[Mn(R)][1]
with the generating vector q = (P) ∈ G[Mn(R)][1](a). Therefore, according to
property (2) from Sect. 1.3.2 we have a ∈ Rol∗[R][n] and Δ(z) ∈ Δ∗[R][n](a).

Let r = degΔ(z) and consider the subsequence a = (P(t))∞t=n−r of the sequence
a. We have a ∈ Rol[R][r ] and Δ(z) ∈ Δ[R][r ](a). For the corresponding elements
this relation can be expressed as follows: ai, j ∈ Rol[R][r ], Δ(z) ∈ Δ[R][r ](ai, j ),

i, j = 1, 2, . . . , n.
According to property (1) from Sect. 1.3.2 we obtain

pi, j (t) = ai, j (t) = ai, j (t − n + r)

= I
[ai, j ]
r (BT )−1(βt−n+r )

T , i, j = 1, 2, . . . , n, ∀t ≥ n − r, (1.17)
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where

βt =
(

tk

yt

)

k=0,m(y)−1;y∈C\D
, B = (β j ) j=0,r−1, 00 ≡ 1 (1.18)

for t ≥ 0. Therefore, we can determine the initial values of the subsequences ai, j ,
i, j = 1, 2, . . . , n:

I
[ai, j ]
r = (ai, j (t))

r−1
t=0 = (ai, j (t))

n−1
t=n−r = (pi, j (t))

n−1
t=n−r , i, j = 1, 2, . . . , n.

(1.19)
If for y ∈ C\D we denote

I
[ai, j ]
r (BT )−1 = (γi, j,l(y))l=0,m(y)−1, i, j = 1, 2, . . . , n, (1.20)

then formula (1.17) can be represented in the following form:

pi, j (t) =
∑

y∈C\D

m(y)−1∑

s=0

(t − n + r)l

yt−n+r
γi, j,s(y)

=
∑

y∈C\D

m(y)−1∑

s=0

l∑

k=0

Ck
l (r − n)l−k yn−rγi, j,l(y)

tk

yt

=
∑

y∈C\D

m(y)−1∑

k=0

tk

yt

m(y)−1∑

l=k

Ck
l (r − n)l−k yn−rγi, j,l(y)

=
∑

y∈C\D

m(y)−1∑

k=0

tk

yt
βi, j,k(y), i, j = 1, 2, . . . , n, ∀t ≥ n − r, (1.21)

where

βi, j,k(y) = yn−r
m(y)−1∑

l=k
Ck

l (r − n)l−kγi, j,l(y),

∀y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1, i, j = 1, 2, . . . , n.

(1.22)

If we rewrite the relations (1.21) in the matrix form then we obtain the representation
(1.15) of the matrices βk(y) (y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1), i.e., these
matrices can be determined according to formula (1.22).

Based on the results abovewe can describe the following algorithm for the decom-
position of the transient matrix:

Algorithm 1.3 The Decomposition of the Transient Matrix

Input Data: The matrix of the transition probability P .

Output Data: The matrices βk(y) (y ∈ C\D, k = 0, 1, 2, m(y) − 1).
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1. Calculate the coefficients of the polynomial Δ(z) for the matrix P using the
algorithm from Sect. 1.2 (the algorithm based on Leverrier’s method [44]);

2. Solve the equation Δ(z) = 0 and find all roots of this equations in C; then
determine C\D;

3. Determine the order of each root m(y) of the polynomial Δ(z) (the order of
each root can be found using Horner’s scheme; m(y) is equal to the number of
successive factorizations of the polynomial Δ(z) by (z − y), ∀y ∈ C\D);

4. Calculate the matrix B using formula (1.18);
5. Determine the matrix (BT )−1;
6. Calculate the values Ck

l , l = 0, 1, 2, . . . ,maxy∈C\D m(y) − 1, k = 0, 1, 2, . . . ,
l, according to Pascal’s triangle rule: C0

l = Cl
l = 1, Ck

l = Ck−1
l−1 + Ck

l−1
(k = 1, 2, . . . , l − 1);

7. Find recursively (r − n)l , l = 0, 1, 2, . . . ,maxy∈C\D m(y) − 1;
8. For every i, j = 1, 2, . . . , n do the following steps:

a. Find the initial value I
[ai, j ]
r according to formula (1.19);

b. Calculate the values γi, j,l(y), y ∈ C\D, l = 0, 1, 2, . . . , m(y)−1, according
to (1.20);

c. For arbitrary y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1, determine the coeffi-
cients βi, j,k(y) of the matrix βk(y) using formula (1.22) and the parameters
calculated in the steps 6, 7.

1.3.4 Comments on the Computational Complexity
of the Algorithm

The proposed algorithm can be used for determining the differential matrices in
the case if the characteristic values of the matrix P are known. Therefore, the
computational complexity of the algorithmdepends on the computational complexity
of the algorithm for determining the characteristic values of the matrix P .

If the set of characteristic values of thematrix P is known then it is easy to observe
that the running time of the algorithm for determining the differential matrices is
O(n4). We obtain this estimation of the algorithm if we estimate the number of
elementary operations at the steps 3–8 in the worst case.

Note that the matrix β0(1) corresponds to the limit probability matrix Q of the
Markov process and, therefore, this matrix can be calculated using O(n4) elementary
operations.

So, based on the results described above we may conclude that the matrix P(t)
can be represented as follows

P(t) =
∑

y∈C\D

m(y)−1∑

k=0

βk(y)
tk

yt
, ∀t ≥ n − r.

For t = 0, 1, 2, . . . , n − r − 1 this formula can be expressed in the form
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P(t) = L(t) +
∑

y∈C\D

m(y)−1∑

k=0

βk(y)
tk

yt
, (1.23)

where L(t) is a matrix that depends only on t . If the matrices βk(y), ∀y ∈ C\D,
k = 0, 1, 2, m(y) − 1, are known then we can determine the matrices L(t) from
(1.23) taking into account that P(t) = Pt , ∀t ≥ 0.

In [47] it is noted that the matrices L(t), t = 0, 1, 2, . . . , n −r −1, and βk(y), for
each y ∈ (C\D)\{1}, k = 0, 1, 2, . . . , m(y) − 1, are differential matrices, i.e., the
sum of elements of each row is equal to zero. The unique non-differential component
in the representation (1.23) is the matrix β0(1); the remaining matrices βk(1), k =
1, 2, . . . , m(1) − 1, are null (see [72]).

1.4 An Algorithm for Determining the Limit and the
Differential Matrices

The results from the previous sections can be used for a simultaneous calculation of
the limit and the differentialmatrices in aMarkov process.We propose amodification
of the algorithms from the Sects. 1.2 and 1.3.3 that allows us to determine the limit
and the differential matrices in the case if the proper values of the characteristic
polynomial are known.

1.4.1 Some Auxiliary Results Concerning the Representation
of the z-Transform

Let us consider the method for determining the matrix F(z) = (I − z P)−1 from the
previous section with a simple modification: In the calculation procedure we will not
divide F(z) by (z − 1)m(1)−1.

Then it easy to observe that

F(z) = 1

Δ(z)

n−1∑

k=0

R(k)zk, (1.24)

where thematrix-coefficients R(k), k = 0, 1, 2, . . . , n−1, are determined recursively
according to the formula

R(0) = β0 I ; R(k) = βk I + P R(k−1), k = 1, 2, . . . , n − 1; (1.25)

and the values βk, k = 0, 1, 2, . . . , n, represent the coefficients of the polynomial
Δ(z) calculated according to the algorithm described above.

As we have shown in Sect. 1.2 the elements of the matrix F(z) can be represented
by the following formula
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Fi, j (z) = Bi, j (z) +
∑

y∈C\D

m(y)∑

k=1

αi, j,k(y)

(z − y)k
, i, j = 1, 2, . . . , n. (1.26)

In the general form the relation (1.26) can be written as follows

Fi, j (z) = Bi, j (z) + Qi, j (z)

Δ(z)
, i, j = 1, 2, . . . , n, (1.27)

where Qi, j (z) ∈ C[z] and deg(Qi, j (z)) < deg(Δ(z)) = r, i, j = 1, 2, . . . , n.
If we write the equality (1.24) for each element and after that we make the corre-

sponding substitutions in (1.27) then we obtain the formula

n−1∑

k=0

R(k)
i, j zk = Bi, j (z)Δ(z) + Qi, j (z), i, j = 1, 2, . . . , n.

So, Bi, j (z) = ∑n−1−r
k=0 bi, j,k zk and Qi, j (z) = ∑r−1

k=0 qi, j,k zk represent the quotient

and the rest, respectively, after the division of the polynomial
∑n−1

k=0 R(k)
i, j zk by Δ(z).

Therefore, the polynomials Bi, j (z) and Qi, j (z) can be found by using the procedure
described below.

Calculation procedure for determining
the polynomials Bi, j (z) and Qi, j (z), i, j = 1, 2, . . . , n:

• For i, j = 1, 2, . . . , n do:

– qi, j,k = R(k)
i, j , k = 0, 1, 2, . . . , n − 1;

• For k = n − 1, n − 2, . . . , r do:

– bi, j,k−r = qi, j,k

βr
;

– qi, j,k−t = qi, j,k−t − bi, j,k−rβr−t , t = 0, 1, 2, . . . , r .

1.4.2 Expansion of the z-Transform with Respect to Nonzero
Characteristic Values

Let μ ∈ C\D, m(μ) = m (μ−1 be a nonzero characteristic value of the matrix P
and assume that the order of this characteristic value ism). According to the formulae
(1.26), (1.27), for the separated root μ we have

Qi, j (z)

Δ(z)
=

m∑

k=1

αi, j,k(μ)

(z − μ)k
+

∑

y∈(C\D)\{μ}

m(y)∑

k=1

αi, j,k(y)

(z − y)k
, i, j = 1, 2, . . . , n. (1.28)
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Let Δ(z) = (z − μ)m D(z), D(z) = ∑r−m
k=0 dk zk and denote deg(D(z)) = M . The

relation (1.28) can be written as follows:

Qi, j (z)

Δ(z)
= Gi, j (z)

(z − μ)m
+ Ei, j (z)

D(z)
, i, j = 1, 2, . . . , n,

where Ei, j (z) = ∑M−1
k=0 ei, j,k zk , Gi, j (z) = ∑m−1

k=0 gi, j,k zk ∈ C[z], i, j =
1, 2, . . . , n.

Making an elementary transformation we obtain

Qi, j (z) = Gi, j (z)D(z) + Ei, j (z)(z − μ)m, i, j = 1, 2, . . . , n.

By the expansion (z−μ)m = ∑m
k=0 Ck

m(−μ)m−k zk and then introducing the notation
ξ(k) = Ck

m(−μ)−k, k = 0, 1, 2, . . . , m we have

(z − μ)m =
m∑

k=0

Ck
m(−μ)m−k zk = (ξ(m))−1

m∑

k=0

ξ(k)zk .

Now for our relation we make the following transformations:

r−1∑

t=0

qi, j,t z
t =

m−1∑

k=0

gi, j,k zk
M∑

l=0

dl z
l + (ξ(m))−1

M−1∑

l=0

ei, j,l z
l

m∑

k=0

ξ(k)zk

=
m−1∑

k=0

M∑

l=0

gi, j,kdl z
k+l + (ξ(m))−1

m∑

k=0

M−1∑

l=0

ξ(k)ei, j,l z
k+l

=
r−1∑

t=0

zt

⎡

⎢⎢⎢⎢⎢⎣

∑

k+l=t
0≤k≤m−1
0≤l≤M

gi, j,kdl + (ξ(m))−1
∑

k+l=t
0≤k≤m

0≤l≤M−1

ξ(k)ei, j,l

⎤

⎥⎥⎥⎥⎥⎦
.

Equating the corresponding coefficients in this formula we obtain

qi, j,t =
∑

0≤k≤m−1
0≤t−k≤M

dt−kgi, j,k + (ξ(m))−1
∑

0≤l≤t
t−m≤l≤M−1

ξ(t − l)ei, j,l

=
m−1∑

k=0

dt−k I{0≤x≤M}(t − k)gi, j,k

+ (ξ(m))−1
t∑

l=0

ξ(t − l)I{t−m≤x≤M−1}(l)ei, j,l ,
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where IA(x) is the index of the set A: IA(x) = 1, ∀x ∈ A and IA(x) = 0, ∀x /∈ A.
Now we observe that for t ≤ M − 1 the formula above can be written in the

following form:

qi, j,t =
m−1∑

k=0

dt−k I{x≤t}(k)gi, j,k + (ξ(m))−1
t∑

l=0

ξ(t − l)I{x≥t−m}(l)ei, j,l

=
m−1∑

k=0

dt−k I{x≤t}(k)gi, j,k

+ (ξ(m))−1
(

ei, j,t +
t−1∑

l=0

ξ(t − l)I{x≥t−m}(l)ei, j,l

)
.

This involves

ei, j,t = ξ(m)

[
qi, j,t −

m−1∑

k=0

dt−k I{x≤t}(k)gi, j,k

−(ξ(m))−1
t−1∑

l=0

ξ(t − l)I{x≥t−m}(l)ei, j,l

]
.

So, finally we obtain the following expression

ei, j,t = wi, j,t +
m−1∑

k=0

xt,k gi, j,k, t = 0, 1, 2, . . . , M − 1, i, j = 1, 2, . . . , n.

In the following wewill determine the coefficientswi, j,t and xt,k from the expression
above.

Then we have

ei, j,t = wi, j,t +
m−1∑

k=0

xt,k gi, j,k = ξ(m)qi, j,t −
m−1∑

k=0

ξ(m)dt−k I{x≤t}(k)gi, j,k

−
t−1∑

l=0

ξ(t − l)I{x≥t−m}(l)
[
wi, j,l +

m−1∑

k=0

xl,k gi, j,k

]

=
[
ξ(m)qi, j,t −

t−1∑

l=0

ξ(t − l)I{x≥t−m}(l)wi, j,l

]

+
m−1∑

k=0

gi, j,k

[
− ξ(m)dt−k I{x≤t}(k) −

t−1∑

l=0

ξ(t − l)I{x≥t−m}(l)xs,k

]
.
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So, we obtain
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

xt,k = −ξ(m)dt−k I{x≤t}(k) −
t−1∑

l=max{0, t−m}
ξ(t − l)xl,k,

k = 0, 1, 2, . . . , m − 1;
wi, j,t = ξ(m)qi, j,t −

t−1∑
l=max{0, t−m}

ξ(t − l)wi, j,l ,

t = 0, 1, 2, . . . , M − 1, i, j = 1, 2, . . . , n.

(1.29)

In the case t ≥ M we obtain the following transformations

qi, j,t =
m−1∑

k=0

dt−k I{0≤x≤M}(t − k)gi, j,k

+ (ξ(m))−1
M−1∑

l=0

ξ(t − l)I{x≥t−m}(l)
[
wi, j,l +

m−1∑

k=0

xl,k gi, j,k

]

= (ξ(m))−1
M−1∑

l=0

ξ(t − l)I{x≥t−m}(l)wi, j,l

+
m−1∑

k=0

gi, j,k

[
dt−k I{0≤x≤M}(t − k)

+ (ξ(m))−1
M−1∑

l=0

ξ(t − l)I{x≥t−m}(l)xl,k

]
.

This involves

m−1∑

k=0

rt,k gi, j,k = si, j,t , t = M, M + 1, . . . , r − 1, i, j = 1, 2, . . . , n, (1.30)

where
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

rt,k = dt−k I{0≤x≤M}(t − k) + (ξ(m))−1
M−1∑

l=max{0, t−m}
ξ(t − l)xl,k;

si, j,t = qi, j,t − (ξ(m))−1
M−1∑

l=max{0, t−m}
ξ(t − l)wi, j,l , k = 0, 1, 2, . . . , m − 1.

(1.31)

The results described above allow us to determine the values αi, j,k(μ), k =
1, 2, . . . , m, i, j = 1, 2, . . . , n. Indeed, according to formula (1.28) we have

Gi, j (z)

(z − μ)m
=

m∑

k=1

αi, j,k(μ)

(z − μ)k
= 1

(z − μ)m

m∑

k=1

αi, j,k(μ)(z − μ)m−k .
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If we express this formula in a more detailed form then we obtain

m−1∑

l=0

gi, j,l z
l =

m∑

k=1

αi, j,k(μ)(z − μ)m−k =
m−1∑

k=0

αi, j,m−k(μ)(z − μ)k

=
m−1∑

k=0

αi, j,m−k(μ)

k∑

l=0

Cl
k(−μ)k−l zl

=
m−1∑

l=0

zl
m−1∑

k=l

αi, j,m−k(μ)Cl
k(−μ)k−l .

So, we have

gi, j,l =
m−1∑

k=s

Cl
k(−μ)k−lαi, j,m−k(μ), l = 0, 1, 2, . . . , m − 1, i, j = 1, 2, . . . , n.

If we substitute the expression gi, j,l in (1.30) then we obtain

si, j,t =
m−1∑

k=0

rt,k

m−1∑

l=k

Ck
l (−μ)l−kαi, j,m−l(μ)

=
m−1∑

l=0

αi, j,m−l(μ)

l∑

k=0

Ck
l (−μ)l−krt,k

=
m∑

l=1

αi, j,l(μ)

m−l∑

k=0

Ck
m−l(−μ)m−l−krt,k

=
m∑

l=1

r∗
t,lαi, j,l(μ), t = M, M + 1, . . . , r − 1, i, j = 1, 2, . . . , n,

where

r∗
t,l =

m−l∑

k=0

Ck
m−l(−μ)m−l−krt,k, t = M, M + 1, . . . , r − 1, s = 1, 2, . . . , m.

(1.32)

The solution of the system is

αi, j (μ) = (R∗)−1Si, j , i, j = 1, 2, . . . , n, (1.33)
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where

αi, j (μ) = ((αi, j,l(μ))l=1,m)T , Si, j = ((si, j,t )t=M,r−1)
T

and

R∗ = (r∗
t,l)t=M,r−1, l=1,m .

1.4.3 The Main Conclusion and the Description
of the Algorithm

In Sect. 1.2.1 we have introduced the complex functions νk(z) = (1− z)−k , ∀k ≥ 1
that satisfy the recurrent relation νk+1(z) = dνk(z)/ (kdz) , ∀k ≥ 1. In addition, we
have shown that νk(z) = ∑∞

t=0 Hk−1(t)zt , ∀k ≥ 1, where the coefficient Hk−1(t)
is a polynomial of degree less or equal to k − 1. Moreover, the calculation formula
for the elements βi, j,k(y) and the corresponding matrices

Wi, j (y, t) =
m(y)−1∑

k=0

(−y)−k−1αi, j,k+1(y)Hk(t), ∀y ∈ C\D, i, j = 1, 2, . . . , n

have been obtained.

Let Hk(t) = ∑k
l=0 u(k)

s tl , ∀k ≥ 0. Then

νk+1(z) = d

kdz

∞∑

t=0

Hk−1(t)z
t = 1

k

∞∑

t=1

t Hk−1(t)z
t−1 = 1

k

∞∑

t=0

(t + 1)Hk−1(t + 1)zt

and we obtain

Hk(t) = 1

k
(t + 1)Hk−1(t + 1) = 1

k
(t + 1)

k−1∑

l=0

u(k−1)
l (t + 1)l

= 1

k

k−1∑

l=0

u
(k−1)
l (t + 1)l+1 = 1

k

k−1∑

l=0

u
(k−1)
l

l+1∑

l=0

Cl
l+1t l

= 1

k

k−1∑

l=0

u
(k−1)
l

(
1 +

l+1∑

l=1

Cl
l+1t l

)

= 1

k

k−1∑

l=0

u(k−1)
l + 1

k

k∑

l=1

t l
k−1∑

l=l−1

u(k−1)
l Cl

l+1.
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This means that

⎧
⎪⎨

⎪⎩

u
(0)
0 = 1,

u
(k)
0 = 1

k

k−1∑
l=0

u
(k−1)
l , u

(k)
j = 1

k

k−1∑
l= j−1

Cr
l+1u

(k−1)
l , ∀k ≥ 1, j = 1, 2, . . . , k.

(1.34)
We obtain a formula for calculating the elements of the matrices for the expressions

⎧
⎪⎨

⎪⎩
βi, j,k(y) =

m(y)∑
l=k+1

(−y)−lαi, j,l(y)u
(l−1)
k ,

y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1, i, j = 1, 2, . . . , n.

(1.35)

Based on the results described above we can use the following algorithm for deter-
mining the limit and the differential matrices in a Markov chain:

Algorithm 1.4 Determining the Limit and Differential Matrices

Input Data: The matrix of the probability transitions P .

Output Data: The matrices βk(y) (y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1).

1–3. Do steps 1–3 of Algorithm 1.3;

4. Calculate thematrices R(k), k = 0, 1, 2, . . . , n−1, according to formula (1.25);

5. Find the values qi, j,k , k = 0, 1, 2, . . . , r − 1, i, j = 1, 2, . . . , n, using the
calculation procedure described in Sect. 1.4.1;

6. Calculate Ck
s , s = 1, 2, . . . ,maxy∈C\D m(y), k = 0, 1, 2, . . . , s, using Pas-

cal’s triangle rule;

7. Determine u(k)
j , k = 0, 1, 2, . . . ,maxy∈C\D m(y) − 1, j = 0, 1, 2, . . . , k,

using formula (1.34);

8. For every μ ∈ C\D do the items a–g:

a. Determine the values ξ(k) = Ck
m(−μ)−k , k = 0, 1, 2, . . . , m (m = m(μ));

b. Determine the coefficients dk , k = 0, 1, 2, . . . , r − m, using Horner’s
scheme;

c. Calculate the values xt,k , t = 0, 1, 2, . . . , M − 1, k = 0, 1, 2, . . . , m − 1,
according to (1.29);

d. Calculate the values rt,k , t = M, M + 1, . . . , r − 1, k = 0, 1, 2, . . . , m − 1,
using formula (1.31);

e. Determine the elements of the matrix R∗ according to the relation (1.32);
f. Determine the matrix (R∗)−1 using known numerical algorithms;
g. For i, j = 1, 2, . . . , n do the items g1–g4 :

g1. Calculate the valueswi, j,t , t = 0, 1, 2, . . . , M−1, according to formula
(1.29);

g2. Calculate the values si, j,t , t = M, M + 1, . . . , r − 1, using formula
(1.31);
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g3. Determine the vector αi, j (μ) according to relation (1.33);
g4. Calculate the elements βi, j,k(μ) of the matrix βk(μ), k = 0, 1, 2, , . . . ,

m(μ) − 1, according to formula (1.35).

It is easy to observe that the computational complexity of this algorithm is similar
to the computational complexity of the algorithm from the previous section. If the
characteristic values of the matrix P are known then the algorithm finds the limit and
the differential matrices using O(n4) elementary operations. Note that this algorithm
can be applied if the set (or a subset) of characteristic values of thematrix P is known.
In this case we use the set (or the subset) C \D of the inverse nonzero characteristic
values; the algorithm will determine the corresponding matrices which correspond
to these characteristic values. The computational complexity of the algorithm in the
case of unknown characteristic values depends on the complexity of the algorithm
for determining the roots of the characteristic polynomial.

1.4.4 Numerical Examples

We will illustrate the details of the proposed algorithms for periodic as well as for
aperiodic Markov chains.

Example 1 Let a Markov chain with the following transition probability matrix be
given

P =
⎛

⎜⎝
1 0 0

0 0.5 0.5

0.5 0 0.5

⎞

⎟⎠

and consider the problem of determining the limit matrix and the differential com-
ponents of the matrix P(t).

At first we apply Algorithm 1.3.

Step 1
Calculate the coefficients of the characteristic polynomial. Thus, we find

P2 =
⎛

⎜⎝
1 0 0

0.25 0.25 0.5

0.75 0 0.25

⎞

⎟⎠ , P3 =
⎛

⎜⎝
1 0 0

0.5 0.125 0.375

0.875 0 0.125

⎞

⎟⎠ ;

s1 = trP = 2, s2 = trP2 = 1.5, s3 = trP3 = 1.25

and determine

β0 = 1, β1 = −s1 = −2, β2 = −(s2 + β1s1)/2 = 1.25,

β3 = −(s3 + β1s2 + β2s1)/3 = −0.25.
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Steps 2–3
Find the roots of the equation Δ(z) = 0 and the set C\D:

Δ(z) =
3∑

k=0

βk zk = 1 − 2z + 1.25z2 − 0.25z3 = (1 − z)(1 − 0.5z)2,

C\D = {z ∈ C | Δ(z) = 0} = {1, 2}, m(1) = 1, m(2) = 2, r = n = 3.

Step 4
Find the matrix B:

β0 = (1, 1, 0), β1 = (1, 0.5, 0.5),

β2 = (1, 0.25, 0.5) =⇒ B =
⎛

⎜⎝
1 1 0

1 0.5 0.5

1 0.25 0.5

⎞

⎟⎠ .

Step 5
Calculate (BT )−1:

(BT )−1 =
⎛

⎜⎝
1 0 −2

−4 4 6

4 −4 −4

⎞

⎟⎠ .

Steps 6–7
Find the coefficients Ck

s using Pascal’s triangle rule:

C0
0 = C0

1 = C1
1 = 1, (r − n)0 = 00 = 1, (r − n)1 = 01 = 0.

Steps 8a–8b
Determine I

[ai, j ]
r and γi, j,l(y):

Γ1,1 = I
[a1,1]
3 (BT )−1 = (1, 1, 1)

⎛

⎜⎝
1 0 −2

−4 4 6

4 −4 −4

⎞

⎟⎠ = (1, 0, 0),

Γ1,2 = (0, 0, 0)(BT )−1 = (0, 0, 0),

Γ1,3 = (0, 0, 0)(BT )−1 = (0, 0, 0),

Γ2,1 = (0, 0, 0.25)(BT )−1 = (1,−1,−1),

Γ2,2 = (1, 0.5, 0.25)(BT )−1 = (0, 1, 0),

Γ2,3 = (0, 0.5, 0.5)(BT )−1 = (0, 0, 1),

Γ3,1 = (0, 0.5, 0.75)(BT )−1 = (1,−1, 0),

Γ3,2 = (0, 0, 0)(BT )−1 = (0, 0, 0),

Γ3,3 = (1, 0.5, 0.25)(BT )−1 = (0, 1, 0).
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Step 8c
Find the coefficients βi, j,k(y) for the limit and the differential matrices by using the
formula:

βi, j,k(y) =
m(y)−1∑

l=k

0l−kγi, j,l(y) = γi, j,k(y)

for y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1, i, j = 1, 2, 3.
Based on this formula we obtain

β0(1) =
⎛

⎜⎝
1 0 0

1 0 0

1 0 0

⎞

⎟⎠ , β0(2) =
⎛

⎜⎝
0 0 0

−1 1 0

−1 0 1

⎞

⎟⎠ , β1(2) =
⎛

⎜⎝
0 0 0

−1 0 1

0 0 0

⎞

⎟⎠ .

So, the matrix P(t) can be represented as follows:

P(t) =
⎛

⎜⎝
1 0 0

1 0 0

1 0 0

⎞

⎟⎠ +
⎛

⎜⎝
0 0 0

−1 1 0

−1 0 1

⎞

⎟⎠
(
1

2

)t

+
⎛

⎜⎝
0 0 0

−1 0 1

0 0 0

⎞

⎟⎠ t

(
1

2

)t

(1.36)

because λ = 1/2.
If we apply Algorithm 1.4 for Example 1, then we obtain: Steps 1–3
Repeat the steps 1–3 of Algorithm 1.3 and find:

P2 =
⎛

⎜⎝
1 0 0

0.25 0.25 0.5

0.75 0 0.25

⎞

⎟⎠ , P3 =
⎛

⎜⎝
1 0 0

0.5 0.125 0.375

0.875 0 0.125

⎞

⎟⎠ ;

β0 = 1, β1 = −2, β2 = 1.25, β3 = −0.25;
C\D = {1, 2}, m(1) = 1, m(2) = 2, r = n = 3.

Steps 4–5
Find R(k) and qi, j,k :

R(0) = β0 I =
⎛

⎜⎝
1 0 0

0 1 0

0 0 1

⎞

⎟⎠ , R(1) = β1 I + P R(0) =
⎛

⎜⎝
−1 0 0

0 −1.5 0.5

0.5 0 −1.5

⎞

⎟⎠ ,

R(2) = β2 I + P R(1) =
⎛

⎜⎝
0.25 0 0

0.25 0.5 −0.5

−0.25 0 0.5

⎞

⎟⎠ ;

qi, j,k = R(k)
i, j , i, j = 1, 2, 3, k = 0, 1, 2.
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Steps 6–7
Calculate Ck

s and u(k)
l :

C0
1 = C1

1 = C0
2 = C2

2 = 1, C1
2 = C0

1 + C1
1 = 2; u

(0)
0 = u

(1)
0 = u

(1)
1 = 1.

Step 8
For μ = 1 and μ = 2 do the items a–g: If we fix μ = 1 then we have

8′) m = m(μ) = 1, M = r − m = 2, xi(0) = 1, xi(1) = −1.

Based on Horner’s scheme we obtain

Then we calculate

x0,0 = −ξ(1)d0 = −1, x1,0 = −ξ(1)d1 − ξ(1)x0,0 = 0;
r2,0 = d2 − ξ(1)x1,0 = −0.25, r∗

2,1 = r2,0 = −0.25;
R∗ = (−0.25); (R∗)−1 = (−4);

wi, j,0 = −qi, j,0 = −R(0)
i, j , wi, j,1 = −qi, j,1 + wi, j,0 = −R(0)

i, j − R(1)
i, j , i, j = 1, 2, 3;

(si, j,2)3×3 = (qi, j,2 − wi, j,1)3×3 = (R(0)
i, j + R(1)

i, j + R(2)
i, j )3×3 =

⎛

⎜⎝
0.25 0 0

0.25 0 0

0.25 0 0

⎞

⎟⎠ ;

(αi, j (1))3×3 = −4(si, j,2)3×3 =
⎛

⎜⎝
−1 0 0

−1 0 0

−1 0 0

⎞

⎟⎠ ;

(βi, j,0(1))3×3 = (−αi, j (1))3×3 =
⎛

⎜⎝
1 0 0

1 0 0

1 0 0

⎞

⎟⎠ ⇒ β0(1) =
⎛

⎜⎝
1 0 0

1 0 0

1 0 0

⎞

⎟⎠ .

If we fix μ = 2 then we have

8′′) m = m(μ) = 2, M = r−m = 1; ξ(0) = 1, ξ(1) = −1, ξ(2) = 0.25 .

Find the coefficients di using Horner’s scheme
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Then we calculate

x0,0 = −ξ(2)d0 = −0.0625, x0,1 = 0; r1,0 = 0, r1,1 = 0.25, r2,0 = −0.0625,

r2,1 = −0.25 ⇒ r∗
1,1 = 0.25, r∗

1,2 = 0, r∗
2,1 = −0.125, r∗

2,2 = −0.0625

=⇒ R∗ =
(

0.25 0

−0.125 −0.0625

)
=⇒ (R∗)−1 =

(
4 0

−8 −16

)
;

wi, j,0 = 0.25qi, j,0 = 0.25R(0)
i, j ; si, j,1 = qi, j,1 + 4wi, j,0 = R(0)

i, j + R(1)
i, j ,

si, j,2 = qi, j,2 − wi, j,0 = R(2)
i, j − 0.25R(0)

i, j =⇒ Si, j =
⎛

⎝
R(0)

i, j + R(1)
i, j

R(2)
i, j − 0.25R(0)

i, j

⎞

⎠

=⇒ αi, j (2) = (R∗)−1Si, j =
⎛

⎝
4R(0)

i, j + 4R(1)
i, j

−4R(0)
i, j − 8R(1)

i, j −16 R(2)
i, j

⎞

⎠ , i, j = 1, 2, 3;

βi, j,0(2) = −0.5αi, j,1(2) + 0.25αi, j,2(2) = −3R(0)
i, j − 4R(1)

i, j − 4R(2)
i, j ,

βi, j,1(2) = 0.25αi, j,2(2) = −R(0)
i, j − 2R(1)

i, j − 4R(2)
i, j , i, j = 1, 2, 3;

=⇒ β0(2) =
⎛

⎜⎝
0 0 0

−1 1 0

−1 0 1

⎞

⎟⎠ , β1(2) =
⎛

⎜⎝
0 0 0

−1 0 1

0 0 0

⎞

⎟⎠ .

So, we obtain formula (1.36).

Example 2 Let a 2-periodicMarkov process determined by the matrix of probability
transition

P =
(
0 1

1 0

)
be given.

Consider the problem of determining the limit and the differential components of the
matrix P(t).

At first we apply Algorithm 1.3.

Steps 1–3
Find the characteristic polynomial Δ(z) = 0 and the set C\D in a similar way as in
Example 1:

P2 =
(
1 0

0 1

)
, s1 = trP = 0, s2 = trP2 = 2 =⇒ β0 = 1, β1 = −s1 = 0,

β2 = −(s2 + β1s1)/2 = −1 =⇒ Δ(z) =
2∑

k=0
βk zk = 1 − z2 = (1 − z)(1 + z),
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i.e.,

C\D = {z ∈ C | Δ(z) = 0} = {1,−1}, m(1) = m(−1) = 1, r = n = 2.

Steps 4–5
Find the matrices B and (BT )−1:

β0 = (1, 1), ovβ1 = (1,−1) ⇒ B =
(
1 1

1 −1

)
,

(BT )−1 =
(
0.5 0.5

0.5 −0.5

)
.

Steps 6–8
Determine Ck

s , I
[ai, j ]
r and γi, j,l(y):

C0
0 = 1, , (r − n)0 = 00 = 1; Γ1,1 = Γ2,2 = (1, 0)

(
0.5 0.5

0.5 −0.5

)
= (0.5, 0.5),

Γ1,2 = Γ2,1 = (0, 1)

(
0.5 0.5

0.5 −0.5

)
= (0.5, −0.5)

=⇒ β0(1) =
(
0.5 0.5

0.5 0.5

)
, β0(−1) =

(
0.5 −0.5

−0.5 0.5

)
.

So, we obtain the following formula for the matrix P(t):

P(t) =
(
0.5 0.5

0.5 0.5

)
+
(

0.5 −0.5

−0.5 0.5

)
(−1)t . (1.37)

Now we apply Algorithm 1.4 for Example 2.
Steps 1–3
Repeat the steps 1–3 of Algorithm 1.3 and find

P2 =
(
1 0

0 1

)
, β0 = 1, β1 = 0, β2 = −1

=⇒ Δ(z) = 1 − z2 = (1 − z)(1 + z)

=⇒ C\D = {1,−1}, m(1) = m(−1) = 1, r = n = 2.

Step 4
Calculate

R(0) = β0 I =
(
1 0

0 1

)
, R(1) = β1 I + P R(0) =

(
0 1

1 0

)
.
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Steps 5–7
Find

qi, j,k = R(k)
i, j , i, j = 1, 2, k = 0, 1; C0

1 = C1
1 = 1, u0

0 = 1.

Step 8
For μ = 1 and μ = −1 do the items a–g:

If we fix μ = 1 then we have

8′) m = m(μ) = 1, M = r − m = 1, ξ(0) = 1, ξ(1) = −1;
then determine d0 and d1 using Horner’s scheme

This means that

x0,0 = −ξ(1)d0 = −1; r1,0 = d1 − ξ(1)x0,0 = −2 =⇒ r∗
1,1 = −2

=⇒ R∗ = (−2), (R∗)−1 = (−0.5); wi, j,0 = ξ(1)qi, j,0 = −R(0)
i, j , i, j = 1, 2;

si, j,1 = qi, j,1 + ξ(1)wi, j,0 = R(0)
i, j + R(1)

i, j

=⇒ αi, j (1) = (−0.5)(si, j,1) = −0.5R(0)
i, j − 0.5R(1)

i, j , i, j = 1, 2;
βi, j,0(1) = −αi, j,1(1) = 0.5R(0)

i, j + 0.5R(1)
i, j , i, j = 1, 2;

=⇒ β0(1) =
(
0.5 0.5

0.5 0.5

)
.

If we fix μ = −1 then we have

8′′) m = m(μ) = 1, M = r − m = 1, ξ(0) = 1, ξ(1) = 1;
then determine d0 and d1 using Horner’s scheme

This means that

x0,0 = −ξ(1)d0 = −1; r1,0 = d1 + ξ(1)x0,0 = −2 =⇒ r∗
11 = −2

=⇒ R∗ = (−2), (R∗)−1 = (−0.5); wi, j,0 = ξ(1)qi, j,0 = R(0)
i, j , i, j = 1, 2;

si, j,1 = qi, j,1 − ξ(1)wi, j,0 = R(1)
i, j − R(0)

i, j

=⇒ αi, j (−1) = (−0.5)(si, j,1) = −0.5R(1)
i, j + 0.5R(0)

i, j , i, j = 1, 2;
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βi, j,0(−1) = αi, j,0(−1) = −0.5R(1)
i, j + 0.5R(0)

i, j , i, j = 1, 2;

=⇒ β0(−1) =
(

0.5 −0.5

−0.5 0.5

)
.

So, we obtain formula (1.37).
In the examples given above the roots of the characteristic polynomials are real

values. Below we consider an example where the characteristic polynomial contains
complex roots. For this example the calculations in the algorithms are similar as for
the case with real roots, however, at the final stage of the algorithms in order to obtain
the real representation of P(t), it is necessary to make some additional elementary
transformations that eliminate the imaginary component of T (t). We illustrate these
transformations on the example below.

Example 3 Let a Markov chain with the matrix of probability transitions

P =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1

2
0

1

2

1

2

1

4

1

4

1

4

1

2

1

4

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

be given and consider the problem of determining the limit matrix and the differential
components of the matrix P(t).

If we apply Algorithm 1.3 then we obtain:

Step 1
Calculate the coefficients of the characteristic polynomial. Thus, we find

P2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

3

8

1

4

3

8

7

16

3

16

3

8

7

16

1

4

5

16

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, P3 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

13

32

1

4

11

32

13

32

15

64

23

64

27

64

7

32

23

64

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

;

s1 = trP = 1, s2 = trP2 = 7

8
, s3 = trP3 = 1

and determine

β0 = 1, β1 = −s1 == −1, β2 = −(s2 + β1s1)/2 = 1

16
,

β3 = −(s3 + β1s2 + β2s1)/3 = − 1

16
.

Steps 2–3
Find the roots of the equation Δ(z) = 0 and the set C\D:
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Δ(z) =
3∑

k=0

βk zk = 1 − z + 1

16
z2 − 1

16
z3 = − 1

16
(z − 1)(z − 4i)(z + 4i),

C\D = {z ∈ C | Δ(z) = 0} = {1,−4i, 4i}; m(1) = m(−4i) = m(4i) = 1,
r = n = 3.

Step 4
Find the matrix B: β0 = (1, 1, 1), β1 = (1, i/4,−i/4), β2 = (1,−1/16,−1/16),
i.e.,

B =

⎛

⎜⎜⎜⎜⎜⎝

1 1 1

1
i

4
− i

4

1 − 1

16
− 1

16

⎞

⎟⎟⎟⎟⎟⎠
.

Step 5
Calculate (BT )−1:

(BT )−1 =

⎛

⎜⎜⎜⎜⎜⎜⎝

1

17

8

17
+ 2

17
i

8

17
− 2

17
i

0 −2i 2i

16

17
− 8

17
+ 32

17
i − 8

17
− 32

17
i

⎞

⎟⎟⎟⎟⎟⎟⎠
.

Steps 6–7
Find the coefficients Ck

s using Pascal’s triangle rule:

C0
0 = C0

1 = C1
1 = 1, (r − n)0 = 00 = 1, (r − n)1 = 01 = 0.

Steps 8a–8b
Determine I

[ai, j ]
r and γi, j,l(y):

Γ1,1 = I
[a1,1]
3 (BT )−1 =

(
1,

1

2
,
3

8

)
(BT )−1 =

(
7

17
,

5

17
− 3

17
i,

5

17
+ 3

17
i

)
,

Γ1,2 =
(
0, 0,

1

4

)
(BT )−1 =

(
4

17
, − 2

17
+ 8

17
i, − 2

17
− 8

17
i

)
,

Γ1,3 =
(
0,

1

2
,

3

8

)
(BT )−1 =

(
6

17
, − 3

17
− 5

17
i, − 3

17
+ 5

17
i

)
,

Γ2,1 =
(
0,

1

2
,

7

16

)
(BT )−1 =

(
7

17
, − 7

34
− 3

17
i, − 7

34
+ 3

17
i

)
,

Γ2,2 =
(
1,

1

4
,

3

16

)
(BT )−1 =

(
4

17
,

13

34
− i

34
,

13

34
+ i

34

)
,
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Γ2,3 =
(
0,

1

4
,

3

8

)
(BT )−1 =

(
6

17
, − 3

17
+ 7

34
i, − 3

17
− 7

34
i

)
,

Γ3,1 =
(
0,

1

4
,

7

16

)
(BT )−1 =

(
7

17
, − 7

34
+ 11

34
i, − 7

17
− 11

34
i

)
,

Γ3,2 =
(
0,

1

2
,

1

4

)
(BT )−1 =

(
4

17
, − 2

17
− 9

17
i, − 2

17
+ 9

17
i

)
,

Γ3,3 =
(
1,

1

4
,

5

16

)
(BT )−1 =

(
6

17
,

11

34
+ 7

17
i,

11

17
− 7

17
i

)
.

Step 8c
Find the coefficients βi, j,k(y) for the limit and the differential matrices using the
formula

βi, j,k(y) =
m(y)−1∑

l=k

0l−kγi, j,l(y) = γi, j,k(y)

for y ∈ C\D, k = 0, 1, 2, . . . , m(y) − 1, i, j = 1, 2, 3.
Based on this formula we obtain

β0(1) =

⎛

⎜⎜⎜⎜⎜⎜⎝

7

17

4

17

6

17
7

17

4

17

6

17
7

17

4

17

6

17

⎞

⎟⎟⎟⎟⎟⎟⎠
,

β0(−4i) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

5

17
− 3

17
i − 2

17
+ 8

17
i − 3

17
− 5

17
i

− 7

34
− 3

17
i

13

34
− 1

34
i − 3

17
+ 7

34
i

− 7

34
+ 11

34
i − 2

17
− 9

17
i

11

34
+ 7

34
i

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

,

β0(4i) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

5

17
+ 3

17
i − 2

17
− 8

17
i − 3

17
+ 5

17
i

− 7

34
+ 3

17
i

13

34
+ 1

34
i − 3

17
− 7

34
i

− 7

34
− 11

34
i − 2

17
+ 9

17
i

11

34
− 7

34
i

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.
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So, the matrix P(t) can be represented as follows:

P(t) = β0(1) + λtβ0(−4i) + λ
t
β0(4t), (1.38)

where λ = 1/(−4i) = i/4 and λ = 1/(4i) = −i/4.
If we set i = cos(π/2) + i sin(π/2) then

λt =
(

i

4

)t

=
(
1

4

)t(
cos

tπ

2
+ i sin

tπ

2

)
.

Here β0(4i) is the conjugate matrix of β0(−4i), i.e., β0(4i) = β0(−4i).
Therefore,

λtβ0(−4i) + λ
t
β0(4t) = 2

(
Re(β0(−4i))Re(λt ) − Im(β0(−4i))Im(λt )

)
.

If we take these properties into account then we obtain

P(t) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

7

17

4

17

6

17

7

17

4

17

6

17

7

17

4

17

6

17

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

+ 2

(
1

4

)t

cos
tπ

2

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

5

17
− 2

17
− 3

17

− 7

34

13

34
− 3

17

− 7

34
− 2

17

11

34

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

+ 2

(
1

4

)t

sin
tπ

2

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

3

17
− 8

17

5

17

3

17

1

34
− 7

34

−11

34

9

17
− 7

34

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.

Formula (1.38) can be obtained by usingAlgorithm1.4. The calculation procedure
according to this algorithm is similar to the calculation procedures for the previous
examples.

1.5 A Dynamic Programming Approach for Discrete Markov
Processes and Combinatorial Algorithms for Determining
the Limit Matrix

In this section we develop new dynamic calculation procedures for finite Markov
processes. We consider the problem of determining the probability of systems’ tran-
sitions from a given starting state to a given final state if the final state should be
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reached at the moment of time from a given interval. We can see that the asymptotic
behavior analysis of the proposed calculation of the dynamic programming proce-
dures for this problem will allow us to formulate several polynomial time algorithms
for calculating the limit matrix in Markov chains [88, 110], including also the algo-
rithm from Sect. 1.4.

1.5.1 Calculation of the State-Time Probability of the System with
the Restriction on the Number of Transitions

We consider the problem of determining the probability of systems’ transitions from
the state xi0 to the state x with the condition that the state x should be reached at
the time moment t (x) such that t1 ≤ t (x) ≤ t2 where t1 and t2 are given. So, we
need to calculate the probability that the system L will reach the state x at least
at one of the moments in time t1, t1 + 1, . . . , t2. We denote this probability by
Pxi0

(x, t1 ≤ t (x) ≤ t2). Some reflections on this definition allow us to write the
following formula

Pxi0
(x, t1 ≤ t (x) ≤ t2)

= Pxi0
(x, 0 ≤ t (x) ≤ t2) − Pxi0

(x, 0 ≤ t (x) ≤ t1 − 1). (1.39)

Further we describe some results that can be used for calculating the probability
Px (y, 0 ≤ t (y) ≤ t) for x, y ∈ X and t = 1, 2, . . . . For this reason we shall give
the graphical interpretation of the Markov processes using the graph of probability
transitions G p = (X, E p). In this graph each vertex x ∈ X corresponds to a state
of the dynamical system and a possible transition of the system from one state x
to another state y with positive probability px,y is represented by the directed edge
e = (x, y) ∈ E p from x to y; the corresponding probabilities px,y are associated
to directed edges (x, y) ∈ E p in G p. It is evident that in the graph G p each vertex
x contains at least one leaving edge (x, y) and

∑
y∈X px,y = 1. In general this

graph can be treated as a random graph [10] with some additional properties. As
example the graph of states’ transitions G p = (X, E p) for the Markov process with
the stochastic matrix of probabilities

P =

⎛

⎜⎜⎜⎜⎝

0.3 0.3 0.4 0

0.5 0 0.5 0

0 0.4 0 0.6

0 0.3 0.5 0.2

⎞

⎟⎟⎟⎟⎠

is represented in Fig. 1.2.
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Fig. 1.2 The graph of states’ transitions
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Fig. 1.3 The graph of the process with a deadlock vertex

In the following we will consider also the stochastic process which may stop if
one of the states from a given subset of states of the dynamical system is reached.
This means that the graph of such a process may contain the deadlock vertices.

So, we consider the stochastic process for which the graph may contain the dead-
lock vertices y ∈ X and

∑
z∈X px,z = 1 for the vertices x ∈ X which contain at

least one leaving directed edge. As example in Fig. 1.3 a graph G p = (X, E p)which
contains deadlock vertices is represented.

This graph corresponds to the stochastic process with the following matrix of
states’ transitions

P =

⎛

⎜⎜⎜⎜⎜⎝

0.3 0.3 0.4 0

0.5 0 0.3 0.2

0 0.6 0 0.4

0 0 0 0

⎞

⎟⎟⎟⎟⎟⎠
.

Such a graph does not correspond to aMarkov process and thematrix of the transition
probability P contains rows with zero components. Nevertheless in this case the
probabilities Px0(x, t) can be calculated on the basis of the recursive formula (1.2).
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Fig. 1.4 The graph of the process with an absorbing state

Note that thematrix P can easily be transformed into a stochasticmatrix changing the
probabilities py,y = 0 for the deadlock states y ∈ X by the probabilities py,y = 1.
This transformation leads to a new graph which corresponds to a Markov process
because the obtained graph contains a new directed edges e = (y, y)with pe = 1 for
y ∈ X . In this graph the vertices y ∈ X contain the loops and the corresponding states
of the dynamical system in a newMarkov process that represents the absorbing states.
So, the stochastic process which may stop in a given set of states can be represented
either by the graph with deadlock vertices or by a graph with absorbing vertices. In
Fig. 1.4 the graph is represented with absorbing vertex y = 4 for theMarkov process
defined by the matrix P given below.

P =

⎛

⎜⎜⎜⎜⎜⎝

0.3 0.3 0.4 0

0.5 0 0.3 0.2

0 0.6 0 0.4

0 0 0 1.0

⎞

⎟⎟⎟⎟⎟⎠
.

It is easy to see that the stochastic matrix P in this example is obtained from the
previous one by changing p4,4 = 0 by p4,4 = 1. The corresponding graph with the
absorbing vertex y = 4 in this case is obtained from the graph in Fig. 1.3 by adding
the directed edge e = (4, 4) with p4,4 = 1.

We shall use the graph with absorbing vertices for the calculation of the proba-
bilities Px (y, 0 ≤ t (y) ≤ t).

Lemma 1.5 Let a Markov process for which the graph G p = (X, E p) contains an
absorbing vertex y ∈ X be given. Then for an arbitrary state x ∈ X the following
recurrence formula holds:

Px (y, 0 ≤ t (y) ≤ τ + 1) =
∑

z∈X

px,z Pz(y, 0 ≤ t (y) ≤ τ ),

τ = 0, 1, 2, . . . , (1.40)
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where Px (y, 0 ≤ t (y) ≤ 0) = 0 if x �= y and Py(y, 0 ≤ t (y) ≤ 0) = 1.

Proof It is easy to observe that for τ = 0 the lemma holds. Moreover, we can see
that here the condition that y is an absorbing state is essential; otherwise for x = y
the recursive formula (1.40) fails to hold. For t ≥ 1 the correctness of formula
(1.40) follows from the definition of the probabilities Px (y, 0 ≤ t (y) ≤ t + 1),
Pz(y, 0 ≤ t (z) ≤ t) and the induction principle on τ . �

The recursive formula from this lemma can be written in matrix form as follows

π′(τ + 1) = Pπ′(τ ), τ = 0, 1, 2, . . . . (1.41)

Here P is the stochastic matrix of theMarkov process with the absorbing state y ∈ X
and

π′(τ ) =

⎛

⎜⎜⎜⎝

π′
1(τ )

π′
2(τ )
...

π′
n(τ )

⎞

⎟⎟⎟⎠ , τ = 0, 1, 2, . . .

are the column vectors, where an arbitrary componentπ′
i (τ ) expresses the probability

of the dynamical system to reach the state y from xi by using not more than τ units
of times, i.e., π′

i (τ ) = Pxi (y, 0 ≤ t (y) ≤ τ ). At the starting moment of time τ = 0
the vector π′(0) is given:

All components are equal to zero except the component corresponding to the
absorbing vertex which is equal to one, i.e.,

π′
i (0) =

{
0, if xi �= y,

1, if xi = y.

If we apply this formula for τ = 0, 1, 2, . . . , t − 1 then we obtain

π′(t) = Ptπ′(0), t = 1, 2, . . . , (1.42)

where Pt is the t-th power of the matrix P . So, if we denote by jy the index of the
column of the matrix Pt which corresponds to the absorbing state y then an arbitrary
element p(t)

i, jy
of this column expresses the probability of the system L to reach the

state y from xi by using not more than t units of time, i.e., p(t)
i, jy

= Pxi (y, 0 ≤ t (x) ≤
t). This allows us to formulate the following lemma:

Lemma 1.6 Let a discrete Markov process with the absorbing state y ∈ X be given.
Then:

(a) Pxi (y, t) = Pxi (y, 0 ≤ t (y) ≤ t), f or xi ∈ X \ {y}, t = 1, 2, . . . ;
(b) Pxi (y, t1 ≤ t (y) ≤ t2) = p(t2)

i, jy
− p(t1−1)

i, jy
,
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where p(t2)
i, jy

, p(t1−1)
i, jy

represent the corresponding elements of the matrices Pt2 and

Pt1−1.

Proof The condition (a) in this lemma holds because

Pxi (y, t) = p(t)
i, jy

= Pxi (y, 0 ≤ t (y) ≤ t).

The condition (b) follow from Lemma 1.5 and the following properties

Pxi (y, 0 ≤ t (y) ≤ t2) = p(t2)
i, jy

, Pxi (y, 0 ≤ t (y) ≤ t1 − 1) = p(t1−1)
i, jy

. �

So, to calculate Pxi (y, t1 ≤ t (y) ≤ t2) it is sufficient to find the matrices Pt1−1, Pt2

and then to apply the formula from Lemma 1.6.
Below we give an example which illustrates the calculation procedure of the state

probabilities on the bases of the recursive formula above for the stationary case of
the Markov process.

Example 1 Let the Markov process with the stochastic matrix P which corresponds
to the graph of transition probabilities represented in Fig. 1.3 be given. It is easy to
see that the state y = 4 is an absorbing state. We consider the problem of finding the
probabilities Pxi (y, 4) and Pxi (y, 2 ≤ t (x) ≤ 4), where xi = 2. To determine this
probability we shall use the probability matrices P1 = P and P4:

P1 =

⎛

⎜⎜⎜⎜⎜⎝

0.3 0.3 0.4 0

0.5 0 0.3 0.2

0 0.6 0 0.4

0 0 0 1.0

⎞

⎟⎟⎟⎟⎟⎠
.

All probabilities Pxi (y, 4), i = 1, 2, 3 can be derived from the last column of the
following matrix:

P4 =

⎛

⎜⎜⎜⎜⎜⎝

0.1701 0.1881 0.1542 0.4876

0.1455 0.1584 0.1335 0.5626

0.1260 0.0990 0.0954 0.6796

0 0 0 1.0

⎞

⎟⎟⎟⎟⎟⎠
.

The probability Pxi (y, 2 ≤ t (x) ≤ 4) for xi = 2 we find on the bases of Lemma 1.6.
According to condition (a) of this lemma we have

P2(4, 0 ≤ t (4) ≤ 4) = P2(4, 4) = p(4)
2,4 = 0.5626;

P2(4, 0 ≤ t (4) ≤ 1) = P2(4, 1) = p(1)
2,4 = p2,4 = 0.2
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and according to the condition (b) we obtain

P2(4, 2 ≤ t (4) ≤ 4) = p(4)
2,4 − p(1)

2,4 = 0.5626 − 0.2 = 0.3626 .

The procedure of calculating the probabilities Px (y, 0 ≤ t (y) ≤ t) in the case of
the Markov process without absorbing states can easily be reduced to the procedure
of calculating the probabilities in the Markov process with the absorbing state y by
using the following transformation of the stochastic matrix P . We put piy , j = 0 if
j �= iy and piy ,iy = 1. It is easy to see that such a transformation of the matrix P
does not change the probabilities Px (y, 0 ≤ t (y) ≤ t). After such a transformation
we obtain a new stochastic matrix for which the recursive formula from the lemma
above can be applied. In general, for the Markov processes without absorbing states
these probabilities can be calculated by using the algorithm which operates with
the original matrix P without changing its elements. Below such an algorithm is
described.

Algorithm 1.7 Determining the State-Time Probabilities of the
System with a Restriction on the Number of Transitions

Preliminary step (Step 0): Put Px (y, 0 ≤ t (y) ≤ 0) = 0 for every x ∈ X \ {y} and
Py(y, 0 ≤ t (x) ≤ 0) = 1.
General step (Step τ + 1, τ ≥ 0): For every x ∈ X calculate

Px (y, 0 ≤ t (x) ≤ τ + 1) =
∑

z∈X

px,z Pz(y, 0 ≤ t (y) ≤ τ ) (1.43)

and then put

Py(y, 0 ≤ t (y) ≤ τ + 1) = 1. (1.44)

If τ < t − 1 then go to the next step, i.e., τ = τ + 1; otherwise STOP.

Theorem 1.8 Algorithm 1.7 correctly finds the probabilities Px (y, 0 ≤ t (x) ≤ τ )

for x ∈ X, τ = 1, 2, . . . , t . The running time of the algorithm is O(|X |2t).

Proof It is easy to see that at each general step of the algorithm the probabilities
Px (y, 0 ≤ t (x) ≤ τ + 1) are calculated on the bases of formula (1.43) which
takes condition (1.44) into account. This calculation procedure is equivalent with the
calculation of the probabilities Px (y, 0 ≤ t (x) ≤ τ + 1) with the condition that
the state y is an absorbing state. So, the algorithm correctly finds the probabilities
Px (y, 0 ≤ t (x) ≤ τ ) for x ∈ X , τ = 1, 2, . . . , t . To estimate the running time of
the algorithm it is sufficient to estimate the number of elementary operations at the
general step of the algorithm. It is easy to see that at the iteration τ the algorithm uses
O(|X |2) elementary operations. So, the running time of the algorithm is O(|X |2t).�

If we use in Algorithm 1.7 the same notation π′
i (τ ) = Pxi (y, 0 ≤ t (y) ≤ τ ),

πiy (τ ) = Py(y, 0 ≤ t (y) ≤ τ ) as in formula (1.40) then we obtain the following
simple description in matrix form:
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Algorithm 1.9 Calculation of the State-Time Probabilities of the System in the
Matrix Form (Stationary Case)

Preliminary step (Step 0): Fix the vector π′(0) = (π′
1(0),π

′
2(0), . . . ,π

′
n(0)), where

π′
i (0) = 0 for i �= iy and π′

iy
(0) = 1.

General step (Step τ + 1, τ ≥ 0): For a given τ calculate

π′(τ + 1) = Pπ′(τ )

and then put
π′

iy
(τ + 1) = 1. (1.45)

If τ < t − 1 then go to the next step, i.e., τ = τ + 1; otherwise STOP.

Note that in the algorithm the condition (1.45) allows us to preserve the value
π′

iy
(t) = 1 at every moment of time t in the calculation process. This condition

reflects the property that the system remains in the state y at every time-step t if
the state y is reached. We can modify this algorithm for determining the probability
Px (y, 0 ≤ t (y) ≤ 0) in a more general case if we assume that the systemwill remain
at every time step t in the state y with the probability π′

iy
(t) = q(y), where q(y)

may differ from 1, i.e., q(y) ≤ 1. In the following we can see that this modification
allows us to elaborate a new polynomial-time algorithm for determining the matrix
of the limit probabilities in a stationary Markov process.

If q(y) is known then we can use the following algorithm for calculating the state
probabilities of the system with a given restriction on the number of its transitions.

Algorithm 1.10 Calculation of the State-Time Probabilities of the System with
Known Probability of its Remaining in the Final State (Stationary Case)

Preliminary step (Step 0): Fix the vector π′(0) = (π′
1(0),π

′
2(0), . . . ,π

′
n(0)), where

π′
i (0) = 0 for i �= iy and π′

iy
(0) = q(y).

General step (Step τ + 1, τ ≥ 0): For a given τ calculate

π′(τ + 1) = Pπ′(τ )

and then put
π′

iy
(τ + 1) = q(y). (1.46)

If τ < t − 1 then go to the next step, i.e., τ = τ + 1; otherwise STOP.

Remark 1.11 The results and algorithms described above are valid for an arbitrary
stochastic process and for an arbitrary graph for which

∑
z∈X pxi ,z = r(xi ) ≤ 1.

An example which illustrates the calculation procedure in this algorithm is given
below.
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Example 2 Consider the Markov process with the stochastic matrix P which
corresponds to the graph of transition probabilities G p = (X, E p) represented in
Fig. 1.4. Fix y = 4 and let us calculate the probabilities πix = Px (y, 0 ≤ t (y) ≤ t)
for x ∈ {1, 2, 3} and t = 3. If we use this algorithm in the case q(y) = 1, i.e., we
apply Algorithm 1.9, then we obtain:

Step 0

P1(4, 0 ≤ t (4) ≤ 0) = 0; P2(4, 0 ≤ t (4) ≤ 0) = 0;
P3(4, 0 ≤ t (4) ≤ 0) = 0; P4(4, 0 ≤ t (4) ≤ 0) = 1.

Step 1

P1(4, 0 ≤ t (4) ≤ 1) = 0; P2(4, 0 ≤ t (4) ≤ 1) = 0;
P3(4, 0 ≤ t (4) ≤ 1) = 0.6; P4(4, 0 ≤ t (4) ≤ 1) = 1.

Step 2

P1(4, 0 ≤ t (4) ≤ 2) = 0.4 · 0.6 = 0.24;
P2(4, 0 ≤ t (4) ≤ 2) = 0.5 · 0.6 = 0.30;
P3(4, 0 ≤ t (4) ≤ 2) = 0.6;
P4(4, 0 ≤ t (4) ≤ 2) = 1.

Step 3

P1(4, 0 ≤ t (4) ≤ 3) = 0.3 · 0.24 + 0.3 · 0.30 + 0.4 · 0.6 = 0.402;
P2(4, 0 ≤ t (4) ≤ 3) = 0.5 · 0.24 + 0.5 · 0.6 = 0.42;
P3(4, 0 ≤ t (4) ≤ 3) = 0.4 · 0.30 + 0.6 = 0.72;
P4(4, 0 ≤ t (4) ≤ 3) = 1.

If we put in this algorithm q(y) = 0.7 then we obtain:

Step 0

P1(4, 0 ≤ t (4) ≤ 0) = 0; P2(4, 0 ≤ t (4) ≤ 0) = 0;
P3(4, 0 ≤ t (4) ≤ 0) = 0; P4(4, 0 ≤ t (4) ≤ 0) = 0.7 .

Step 1

P1(4, 0 ≤ t (4) ≤ 1) = 0; P2(4, 0 ≤ t (4) ≤ 1) = 0;
P3(4, 0 ≤ t (4) ≤ 1) = 0.42; P4(4, 0 ≤ t (4) ≤ 1) = 0.7 .
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Step 2

P1(4, 0 ≤ t (4) ≤ 2) = 0.4 · 0.42 = 0.168;
P2(4, 0 ≤ t (4) ≤ 2) = 0.5 · 0.42 = 0.21;
P3(4, 0 ≤ t (4) ≤ 2) = 0.6 · 0.7 = 0.42;
P4(4, 0 ≤ t (4) ≤ 2) = 0.7 .

Step 3

P1(4, 0 ≤ t (4) ≤ 3) = 0.3 · 0.168 + 0.3 · 0.21 + 0.4 · 0.42 = 0.2814;
P2(4, 0 ≤ t (4) ≤ 3) = 0.5 · 0.168 + 0.5 · 0.42 = 0.294;
P3(4, 0 ≤ t (4) ≤ 3) = 0.4 · 0.21 + 0.6 · 0.7 = 0.504;
P4(4, 0 ≤ t (4) ≤ 3) = 0.7 .

1.5.2 Determining the Limiting State Probabilities in Markov
Chains Based on Dynamic Programming

Nowlet us show that the algorithms fromSect. 1.5.1 allowus to elaborate an algorithm
for determining the matrix of the limiting probabilities for Markov chains which is
similar to the algorithm fromSect. 1.4. To characterize this algorithmwewill analyze
the algorithms from Sect. 1.5.1 in the case of a large number of iterations, i.e., if
τ → ∞.We can see that in the case τ → ∞ these give the conditions for determining
the limit states probabilities in the Markov chain.

Denote by Q = (qi, j ) the limit matrix for the Markov chain induced by the
stochastic matrix P = (pxi ,x j ). We denote the column vectors of the matrix Q by

q j =

⎛

⎜⎜⎜⎜⎜⎜⎝

q1, j

q2, j

...

qn, j

⎞

⎟⎟⎟⎟⎟⎟⎠
, j = 0, 1, 2, . . . , n,

and the row vectors of the matrix Q are denoted by qi = (qi,1, qi,2, . . . , qi,n),
i = 1, 2, . . . , n. To characterize algorithms for finding the limit matrix Q for an
arbitrary Markov chain we need to analyze the structure of the corresponding graph
of transition probabilities G p = (X, E p) and to study the behavior of the algorithms
from the previous section in the case t → ∞. First of all we note that for the ergodic
Markov chainwith positive recurrent states the graphG p is strongly connected and all
row vectors qi , i = 1, 2, . . . , n are the same. In this case the limit state probabilities
can be derived by solving the system of linear equations
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π = πP,

n∑

J=1

π j = 1,

i.e., qi = π, i = 1, 2, . . . , n. In general such an approach can be used for an arbitrary
Markov unichain.

If we have a Markov multichain then the graph G p consists of several strongly

connected components G1 = (X1, E1), G2 = (X2, E2), . . . , Gk = (Xk, Ek)

where
⋃k

i=1 Xi = X . Additionally, among these components, there are such strongly
connected components Gir = (Xir , Eir ), r = 1, 2, . . . , k′ (k′ < k) which do not
contain a leaving directed edge e = (x, y) where x ∈ Xir and y ∈ X \ Xir . We
call such components Gir deadlock components in G p. In the following we shall use
these deadlock components for the characterization of the structure of the Markov
multichains.

Lemma 1.12 If Gir = (Xir , Eir ) is a strongly connected deadlock component in
G p then Xir is a positive recurrent class of Markov chains (irreducible chains); if

x ∈ X \ ⋃k′
r=1 Xir then x is a transient state of the Markov chain.

Lemma 1.12 reflects the well known properties of Markov chains from [47, 56, 114,
127] expressed in the terms of the graphs of probability transitions.

Now we analyze some properties that can be derived from the algorithms from
the previous section in the case t → ∞.

Let a Markov process with finite set of states X be given. For an arbitrary state
x j ∈ X we denote by X j the subset of states xi ∈ X for which in G p there exists
at least a directed path from xi to x j . In addition we denote N = {1, 2, . . . , n},
I (X j ) = {i | xi ∈ X j }.
Lemma 1.13 Let a Markov process with a finite set of states X be given and let us
assume that x j is an absorbing state. Furthermore, let π′(x j ) be a solution of the
following system of linear equations

π′(x j ) = Pπ′(x j ); π j, j = 1; πi, j = 0 f or i ∈ N \ I (X j ), (1.47)

where

π′(x j ) =

⎛

⎜⎜⎜⎜⎜⎜⎝

π1, j

π2, j

...

πn, j

⎞

⎟⎟⎟⎟⎟⎟⎠
.

Then π′(x j ) = q j , i.e., πi, j = qi, j , i = 1, 2, . . . , n. If x j is a unique absorbing state
in the graph G p of the Markov chain and if x j in G p is attainable from every xi ∈ X
(i.e. I (X j ) = N) then πi, j = qi, j = 1, i = 1, 2, . . . , n.
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Proof We apply Algorithm 1.9 with respect to a given absorbing state x j , (y j = x j )
if t → ∞. Then π′(t) → π′(x j ) and, therefore, we obtain π′(x j ) = Pπ′(x j ) where
π j, j = 1 and πi, j = 0 for i ∈ N \ I (X j ). The correctness of the second part of
the lemma corresponds to the case if I (X j ) = N and, therefore, we obtain that the
vector π j with the components πi, j = 1, i = 1, 2, . . . , n is the solution of the system
π′(x j ) = Pπ′(x j ), π j, j = 1. So, the lemma holds. �

Remark 1.14 If x j is not an absorbing state then Lemma 1.13 may fail to hold.

Remark 1.15 Lemma 1.13 can be extended to the case if
∑

y∈X pxi ,y = q(xi ) ≤ 1
for some states xi ∈ X . In this case the solution of the system (1.47) also can
be treated as the limiting probabilities of the system to reach the state x j . In such
processes there exists always at least one component πi, j of the vector π′(x j ) that is
less then 1 even if X j = X .

Let us show that the result formulated above allows us to find the vector of limit
probabilities q j of the matrix Q if the diagonal elements q j, j of Q are known.
We consider the subset of states Y + = {x j | q j, j ≥ 0}. It is easy to observe that

Y + = ⋃k′
r=1 Xir ; we denote the corresponding set of indices of this set by I (Y +).

For each j ∈ I (Y +) we define the set X j in the same way as above.

Lemma 1.16 If a non zero diagonal element q j, j of the limit matrix Q in the Markov
multichain is known, i.e., q j, j = q(x j ), then the corresponding vector q j of the matrix
Q can be found by solving the following systems of linear equations:

q j = Pq j ; q j, j = q(x j ); qi, j = 0 f or i ∈ N \ I (X j ).

Proof We apply Algorithm 1.10 with respect to the fixed final state y j = x j ∈ X
with q(y j ) = q j, j if t → ∞. Then for given y j = x we have π(t)′ → q j and,
therefore, we obtain q j = Pq j where q(y j ) = q j, j and qi, j = 0 for i ∈ N \ I (X j ).
So, the lemma holds. �

Based on this lemma and Algorithm 1.10 we can prove the following result.

Theorem 1.17 The limit state matrix Q for Markov chains can be derived by using
the following algorithm:

(1) For each ergodic class Xir solve the system of linear equations

πir = πir P(ir ),
∑

j∈I (Xir )

πir
j = 1,

where πir is the row vector with components πir
j for j ∈ I (Xir ) and P(ir ) is

the submatrix of P induced by the class Xir . Then for every j ∈ I (Xir ) put

q j, j = πir
j ; for each j ∈ I

(
X \ ⋃k′

r=1 Xir
)

set q j, j = 0;
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(2) For every j ∈ I (Y +),Y + = ⋃k′
r=1 Xir solve the system of linear equations

q j = Pq j ; q j, j = π j, j ; qi, j = 0, ∀i ∈ N \ I (X j )

and determine the vector q j . For every j ∈ I (X \ Y +) set q j = 0, where 0 is
the column vector with zero components.

The algorithm determines the matrix Q using O(n3) elementary operations.

Proof Let us show that the algorithmfinds correctly the limitmatrix Q. Item (1) of the
algorithm determines the limit probabilities q j, j . This item is based on Lemma 1.12
andon the conditionswhich each ergodic class Xir and each transient state x ∈ X\Y +
should satisfy. So, item (1) correctly finds the limit probabilities qi, j for j ∈ N . Item
(2) of the algorithm is based on Lemma 1.16 and, therefore, correctly determines
the vectors q j of the matrix Q wif the diagonal elements q j, j are known. So, the
algorithm correctly determines the limit matrix Q of the Markov multichain.

The running time of the algorithm is O(n3). We obtain this estimation if we
estimate the number of elementary operations at each step of the algorithm. At
step 1 of the algorithm we solve n′ ≤ n system of equations where each system
contains |Xir | variables and ∑k′

r=1 |Xir | ≤ n. Therefore, as a whole the solutions
of these systems can be obtained using O(n3) elementary operations. At step 2 of
the algorithm we solve n systems of linear equations for determining the vectors q j .
However, these systems have the same left part and can be solved simultaneously
using Gaussian elimination. Therefore, we obtain O(n3) elementary operations. �

An example that illustrates the details of the algorithm described in this theorem is
given below. As we have noted, in the worst case the running time of the algorithm is
O(n3), however, intuitively it is clear that the upper bound of this estimation cannot
be reached. Practically, this algorithm efficiently finds the limit matrix Q. In the
next section we will show how the proposed algorithm can be modified such that the
solution can be found in a more suitable form.

Example Consider the problem of determining the limit matrix of probabilities Q for
the Markov multichain determined by the following probability transition matrix

P =

⎛

⎜⎜⎜⎜⎜⎝

1 0 0 0

0.25 0.25 0.25 0.25

0 0 0.5 0.5

0 0 0.5 0.5

⎞

⎟⎟⎟⎟⎟⎠
.

The corresponding graph G p = (X, E p) of this Markov multichain is represented
in Fig. 1.5. We apply the algorithm from Theorem 1.17.

(1) Find the deadlock components Xir , r = 1, 2, . . . , k′ in the graph G p and for
each of them solve the system of linear equations



64 1 Discrete Stochastic Processes, Numerical Methods . . .

1

2

431

0.25

0.25

0.250.25

0.5

0.5

0.5

0.5

Fig. 1.5 The graph of the Markov multichain

πir = πir P(ir ),
∑

j∈I (Xir )

πir
j = 1.

In our case we have two deadlock components X1 = {1}, X2 = {3, 4} and,
therefore, we have to solve the following two systems of linear equations

π1 = π1P(1), π1
1 = 1;

π2 = π2P(2), π2
3 + π2

4 = 1

where
π1 = (π1

1); P(1) = (1);

π2 = (π2
3,π

2
4); P(2) =

(
0.5 0.5

0.5 0.5

)
.

So, we have to solve the following systems

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

π1
1 = π1

1, π1
1 = 1;

π2
3 = 0.5π2

3 + 0.5π2
4,

π2
4 = 0.5π2

3 + 0.5π2
4,

π2
3 + π2

4 = 1.

and we obtain π1
1 = 1; π2

3 = 0.5; π2
4 = 0.5.

This means that the diagonal elements q j, j of the matrix Q are:

q1,1 = 1; q3,3 = 0.5; q4,4 = 0.5; q2,2 = 0.

Here the vertex x = 2 corresponds to a transient state and, therefore, q2,2 = 0.
At the next step of the algorithm we obtain the vectors q j , j = 1, 2, 3, 4.
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(2) Fix j = 1. For this case q1,1 = 1, X1 = {1, 2}, N \ X1 = {3, 4}.
Therefore, we have to solve the system of linear equations

q1 = Pq1; q1,1 = 1; q1,3 = 0; q1,4 = 0.

This system can be written as follows

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1,1 = q1,1;
q2,1 = 0.25q1,1 + 0.25q2,1 + 0.25q3,1 + 0.25q4,1;
q3,1 = 0.5 q3,1 + 0.5 q4,1;
q4,1 = 0.5 q3,1 + 0.5 q4,1;
q1,1 = 1, q3,1 = 0, q4,1 = 0

and we determine

q1 =

⎛

⎜⎜⎜⎜⎜⎝

1

0.33(3)

0

0

⎞

⎟⎟⎟⎟⎟⎠
.

For j = 2 we have q2,2 = 0, therefore,

q2 =

⎛

⎜⎜⎜⎜⎜⎝

0

0

0

0

⎞

⎟⎟⎟⎟⎟⎠
,

because the state x = 2 is a transient state.
For j = 3 we have q3,3 = 0.5, X3 = {2, 3, 4}, N \ X3 = {1}.
In this case it is necessary to solve the system of linear equations

q3 = Pq3; q3,3 = 0.5; q1,3 = 0
Thus, if we solve the system of linear equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1,3 = q1,3;
q2,3 = 0.25q1,3 + 0.25q2,3 + 0.25q3,3 + 0.25q3,4;
q3,3 = 0.5 q3,3 + 0.5 q3,4;
q4,3 = 0.5 q3,3 + 0.5 q3,4;
q3,3 = 0.5, q1,3 = 0.
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then we obtain

q3 =

⎛

⎜⎜⎜⎜⎜⎝

0

0.33(3)

0.5

0.5

⎞

⎟⎟⎟⎟⎟⎠
.

For j = 4 we have q4,4 = 0.5, X4 = {2, 3, 4}, N \ X4 = {1}. In this case it is
necessary to solve the system of the linear equations

q4 = Pq4; q4,4 = 0.5; q1,4 = 0,

If we solve the system of linear equations
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1,4 = q1,4;
q2,4 = 0.25q1,4 + 0.25q2,4 + 0.25q3,4 + 0.25q4,4;
q3,4 = 0.25q3,4 + 0.25q4,4;
q4,4 = 0.25q3,4 + 0.25q4,4;
q4,4 = 0.5, q1,4 = 0

then we find

q4 =

⎛

⎜⎜⎜⎜⎜⎝

0

0.33(3)

0.5

0.5

⎞

⎟⎟⎟⎟⎟⎠
.

So, the limit matrix is

Q =

⎛

⎜⎜⎜⎜⎜⎝

1 0 0 0

0.33(3) 0 0.33(3) 0.33(3)

0 0 0.5 0.5

0 0 0.5 0.5

⎞

⎟⎟⎟⎟⎟⎠
.

1.5.3 An Algorithm for the Calculation of the Limit Matrix
in Markov Chains with Running Time O(n3)

In the following we propose a modification of the algorithm for calculating the
limit matrix from the previous section. The theoretical estimation of the number of
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elementary operations of the modified algorithm is also O(n3). However, we can see
that in this algorithm we can solve less then |Y +| systems of linear equations of the
form

Pq j = q j ; q j, j = 1; qi, j = 0, ∀i ∈ N \ I (X j ).

Moreover,we show that these systems canbe simplified.Wedescribe and characterize
the proposed modification for calculating the limit matrix Q using the structure
properties of the graph of the probability transitions G p = (X, E p) and its strongly
connected deadlock components Gir = (Xir , Eir ), r = 1, 2, . . . , k′.

Algorithm 1.18 Determining the Limit State Matrix for a Markov Multichain
The algorithm consists of two parts. The first part determines the limit probabili-
ties qx,y for x ∈ ⋃k′

r=1 Xir and y ∈ X . The second procedure calculates the limit

probabilities qx,y for x ∈ X \ ⋃k′
r=1 Xir and y ∈ X .

Procedure 1:

1. For each ergodic class Xir we solve the system of linear equations:

πir = πir P(ir ),
∑

y∈Xir

πir
y = 1

where P(ir ) is the matrix of probability transitions corresponding to the ergodic
class Xir , i.e., P(ir ) is a submatrix of P , and πir is a row vector with the compo-
nents πir

y for y ∈ Xir . If πir
y are known then qx,y for x ∈ Xir and y ∈ X can be

calculated as follows:

Set qx,y = πir
y if x, y ∈ Xir and qx,y = 0 if x ∈ Xir , y ∈ X \ Xir .

Procedure 2:

1. We construct an auxiliary directed graph G A = (X A, E A) which is obtained
from the graph G p = (X, E p) by using the following transformations:
We contract each set of vertices Xir into one vertex zir where Xir is a set of vertices
of a strongly connected deadlock component Gir = (Xir , Eir ). If the obtained
graph contains parallel directed edges e1 = (x, z), e2 = (x, z), . . . , em′ =
(x, z) with the corresponding probabilities p1x,z, p2x,z, . . . , pm′

x,z then we change

themby one directed edge e = (x, z)with the probability px,z = ∑m′
i=1 pi

x,z ; after
this transformation we associate to each vertex zi

r a directed edge e = (zr , zr )

with the probability p′
zr ,zr = 1.

2. We fix the directed graph G A = (X A, E A) obtained by the construction
described in step 1 where X A = (

X \ (
⋃k′

r=1 Xir )
)∪ Zr , Zr = (z1, z2, . . . , zk′

).
In addition we fix a new probability matrix P ′ = (p′

x,y) which corresponds to
this graph G A.
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3. For each x ∈ X A and every zi ∈ Zr we find the probability π′
x (z

i ) of the system’s
transition from the state x to the state zr . The probabilities π′

x (z
i ) can be found

by solving the following k′ systems of linear equations:

P ′π′(z1) = π′(z1), π′
z1

(z1) = 1, π′
z2

(z1) = 0, . . . , π′
zk′ (z1) = 0;

P ′π′(z2) = π′(z2), π′
z1

(z2) = 0, π′
z2

(z2) = 1, . . . , π′
zk′ (z2) = 0;

...
...

...
...

P ′π′(zk′
) = π′(zk′

), π′
z1

(zk′
) = 0, π′

z2
(zk′

) = 0, . . . , π′
zk′ (zk′

) = 1,

where π′(zi ), i = 1, 2, . . . , k′ are the column vectors with components π′
x (z

i ) for
x ∈ X A. So, each vector π′

x (z
i ) gives the probabilities of the systems’ transitions

from the states x ∈ X A to the ergodic classes Xi .
4. We put qx,y = 0 for every x, y ∈ X \ ⋃k′

r=1 Xir and qx,y = π′
x (z

r )πir
y for every

x ∈ X \ ⋃r
r=1 Xir and y ∈ Xir , Xir ⊂ X . If x ∈ Xir and y ∈ X \ Xir then fix

qx,y = 0.

In the algorithm π(zi )′ can be treated as the vector, where each component πx (zi )′
expresses the probability that the system will be in the positive recurrent class Xi

after a large number of states’ transitions of the system if it starts transitions in the
state x ∈ X . Therefore, qx,y = π′

x (z
i )πi

y , if y ∈ Xi .

By comparison this algorithmwith the previous one we observe that here we solve
the system of linear equations

P ′π(zr ) = π′
zr , π′

zr = 1, π′
zi = 0, i = 1, 2, . . . k′ (i �= r), r = 1, 2, . . . , k′

instead of the system of equations

Pq j = q j ; q j, j = 1; qi, j = 0, ∀i ∈ N \ I (X j )

for j = 1, 2, . . . , k′.
Theorem 1.19 The algorithm correctly finds the limit state matrix Q and the running
time of the algorithm is O(|X |3).
Proof The correctness of Procedure 1 of the algorithm follows from the definition
of the ergodic Markov class (positive recurrent Markov chain). So, Procedure 1 finds
the probabilities qx,y for x ∈ ⋃k′

r=1 Xir and y ∈ X . Let us show that Procedure 2
finds correctly the remaining elements qx,y of the matrix Q. Indeed, each vertex
x ∈ X \ ⋃r

r=1 Xir in G A corresponds to transient states of the Markov chain and,

therefore, we have qx,y = 0 for every x, y ∈ X\⋃k′
r=1 Xir . If x ∈ Xir then the system

cannot reach a state y ∈ X \ Xir and, therefore, for such two arbitrary states x, y
we have qx,y = 0. Finally, we show that the algorithm determines correctly the limit
probability qx,y if x ∈ X \ ⋃r

r=1 Xir and y ∈ Xir . In this case the limit probability
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qx,y is equal to the limit probability of the system to reach the ergodic class Xir

multiplied by the limit probability of the system to remain in the state y ∈ Xir , i.e.,
qx,y = πx (zr )πir

y . Here πir
y is the probability of the system to remain in the state

y ∈ Xir and πx (zir ) is the limit probability of the system to reach the absorbing state
zir in G A. According to the construction of the auxiliary graph G A the value πx (zir )

coincides with the limit probability of the system to reach the ergodic class Xir . The
correctness of this fact can be easily obtained from Lemma 1.12 and Theorem 1.17.
According to Lemma 1.12 the probabilities πx (zr ) for x ∈ X \ ⋃k′

r=1 Xir can be
found by solving the following system of linear equations

P ′π′(zr ) = π′(zr ),

π′
z1

(zr ) = 0, π′
z2

(zr ) = 0, . . . , π′
zr (zr ) = 1, . . . , π′

zk′ (zr ) = 0,

which them determine correctly. So, the algorithm correctly finds the limit state
matrix Q.

Now let us show that the running time of the algorithm is O(n3). We obtain
this estimation from the items 3 and 4. In item 3 we solve k′ ≤ n systems
of linear equations πir = πi p P(ir ),

∑
y∈Xir πir

y = 1, where
∑k′

r=1 |Xir | ≤ n.

Therefore, here we determine the solution of these systems using O(n3) elemen-
tary operations. In item 4 we also solve k′ ≤ n systems of linear equations.
Each of these systems contains not more then n variables. All these systems
have the same left part and, therefore, can be solved simultaneously applying
the Gaussian elimination. The simultaneous solution of these r systems with the
same left part by using the Gaussian elimination method uses O(n3) elementary
operations. �

As we have shown in the proof of the theorem each component π′
x (z

i ) of the vector
π′(zi ) represents the probability that the system will occupy a state of the recurrent
class Xi after a large number of states’ transitions if the system starts transitions in
the state x ∈ X , i.e., the vector π′(zi ) gives the limiting probabilities π′

x (z
i ) for every

x ∈ X and the arbitrary recurrent class Xi . Therefore, qx,y = π′
x (z

i )πi
y , if y ∈ Xi .

It is easy to observe that if the subgraph G ′ = (
X \⋃k′

r=1 Xir , E ′) of G A induced

by the subset of vertices X \ ⋃k′
r=1 Xir is an acyclic graph then

πx (z
i )′ = Px (z

i , 0 ≤ t (zi ) ≤ |X A|),

where Px (zi , 0 ≤ t (zi ) ≤ |X A| is the probability of the system to reach zi in G A
from x using T (z) transitions such that 0 ≤ t (zi ) ≤ |X A|. These probabilities can be
calculated using the algorithms from Sect. 1.5. Thus, in the case that the subgraph G ′
is acyclic Procedure 2 can be modified by introducing the calculation of the vectors
πx (zi ) on the bases of the algorithms from Sect. 1.5.

Below an example that illustrates the calculation procedure in Algorithm 1.18 is
given.
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Example Consider the problem of determining the limit matrix of the probabilities
Q for the example from the previous section, i.e., the Markov chain is determined
by the stochastic matrix of probabilities

P =

⎛

⎜⎜⎜⎜⎜⎝

1 0 0 0

0.25 0.25 0.25 0.25

0 0 0.5 0.5

0 0 0.5 0.5

⎞

⎟⎟⎟⎟⎟⎠
.

The graph G p = (X, E p) of the Markov process is represented in Fig. 1.5.
If we apply Procedure 1 of the algorithm, then we find the probabilities

π1
1 = 1, π2

3 = 0.5, π2
4 = 0.5

which represent the solutions of the system:

π1 = π1P(1), π1
1 = 1;

π2 = π2P(2), π2
3 + π2

4 = 1.

The first system represents the ergodicity condition for the recurrent class that
corresponds to the deadlock component X1 = {1} and the second one represents the
ergodicity condition that corresponds to the deadlock component X2 = {3, 4}, i.e.,

P(1) = (1); P(2) =
(
0.5 0.5

0.5 0.5

)
.

In such a way we determine

q1,1 = 1, q1,2 = 0, q1,3 = 0, q1,4 = 0,

q3,3 = 1, q3,4 = 0, q3,1 = 0, q3,2 = 0,

q4,4 = 0.5, q4,3 = 0.5, q4,1 = 0, q4,2 = 0.

After that we apply Procedure 2. To apply this procedure we construct the auxiliary
graph G A = (X A, E A). This graph is represented in Fig. 1.6. Graph G A is obtained
from G p where the components Xi1 = {1} and Xi2 are contracted respectively into
vertices Z1 = 1′ and Z2 = 3′.

The matrix P ′ for this graph is given by

P ′ =

⎛

⎜⎜⎝

1 0 0

0.25 0.25 0.5

0 0 1

⎞

⎟⎟⎠ .
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1

Fig. 1.6 The graph G A obtained from G p

We solve the following two systems of linear equations:

P ′π′(1′) = π′(1′), π′
1′(1′) = 1, π′

3′(3′) = 0;
P ′π′(3′) = π′(3′), π′

3′(1′) = 0, π′
1′(3′) = 0,

where

π′(1′) =

⎛

⎜⎜⎝

π′
1′(1′)

π′
2′(1′)

π′
3′(1′)

⎞

⎟⎟⎠ , π′(3′) =

⎛

⎜⎜⎝

π′
1′(3′)

π′
2′(3′)

π′
3′(3′)

⎞

⎟⎟⎠ .

The first system of equations can be written in the following form

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

π′
1′(1′) = π′

1′(1′),

0.25π′
1′(1′) + 0.25π′

2′(1′) + 0.5π′
3′(1′) = π′

2′(1′),

π′
3′(1′) = π′

3′(1′),

π′
1′(1′) = 1, π′

3′(1′) = 0

and we obtain

π′
1′(1′) = 1; π′

2′(1′) = 0.33(3); π′
3′(1′) = 0.

The second system of equations can be represented as follows

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

π′
1′(3′) = π′

1′(3′),

0.25π′
1′(3′) + 0.25π′

2′(3′) + 0.5π′
3′(3′) = π′

2′(3′),

π′
3′(3′) = π′

3′(3′),

π′
3′(3′) = 1, π′

1′(3′) = 0
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and we obtain

π′
3′(3′) = 1; π′

2′(3′) = 0.66(6); π′
1′(3′) = 0.

After that we calculate

q2,1 = π′
2(1

′) · π1
1 = 0.33(3), q2,2 = 0,

q2,3 = π′
2(3

′) · π2
3 = 0.66(6) · 0.5 = 0.33(3),

q2,4 = π′
2(3

′) · π2
4 = 0.66(6) · 0.5 = 0.33(3).

Thus, we obtain the limit matrix

Q =

⎛

⎜⎜⎜⎜⎜⎝

1 0 0 0

0.33(3) 0 0.33(3) 0.33(3)

0 0 0.5 0.5

0 0 0.5 0.5

⎞

⎟⎟⎟⎟⎟⎠
.

1.5.4 An Algorithm for Determining the Limit Probabilities Based
on the Ergodicity Condition

The main idea of the algorithm described in this section is based on the ergodicity
condition for Markov chains and on the structure properties of the graph G p of
probability transitions. We consider the problem of finding the limit probabilities
qi0, j , j = 1, 2, . . . , n in the Markov chain with a fixed starting state x(0) = xi0
and a given stochastic matrix P . We show that this problem can be reduced to
an auxiliary problem of finding the limit probabilities in a new Markov chain for
which the corresponding graph of probability transitions G0 = (X, E0) is strongly
connected. Finally, for a new Markov chain we obtain the problem of determining
the limiting probability

q0
i0, j = π0

j , j = 1, 2, . . . , n

where π0 = (π0
1,π

′
2, . . . ,π

0
n) can be found by solving the system of linear equations

π0 = π0P0,

n∑

j=1

π0
j = 1. (1.48)

Here P0 is the stochastic matrix of the auxiliary irreducible Markov chain with
the graph of probability transitions G0 = (X, E0). Afterwards we show that each
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component qi0, j can be obtained from the corresponding π0
j , j ∈ {1, 2, . . . , n} using

a special approximation procedure from [58]. We define the auxiliary graph G0 =
(X, E0) and the corresponding auxiliary Markov chain in the following way:

Let G1 = (X1, E1), G2 = (X2, E2), . . . , Gk = (Xk, Ek) be the strongly
connected components of the graph G p = (X, E p) where

⋃k
i=1 Xi = X and k > 1.

Denote by Gir = (Xir , Ei ′n ), r = 1, 2, . . . , k′ the deadlock components of graph Gp
and assume that xi0 ∈ X \ ⋃k′

r=1 Xir and G p satisfy the condition that each vertex
x ∈ X is attainable from xi0 . If G p contains vertices x j which could not be reached
from xi0 then we set qi0, j = 0 and delete these vertices from G p. Our problem can
easily be solved also in the case that xi0 belongs to a deadlock component Gir . In
this case the limit probabilities also can be determined easily: We put qi0, j = 0 for
x j ∈ X \ Xir and determine the nonzero components qi0, j by solving the system of
linear equations πir = πi p P(ir ),

∑
y∈Xir πir

y = 1 (see Procedure 1 of the algorithm
from the previous section).

The strongly connected graph G0 = (X, E0) of the auxiliary Markov unichain is
obtained from the graph G p = (X, E p) using the following construction:

• graph G0 contains the same set of vertices X as the graph G p;
• the set of directed edges E0 of the graph G0 consists of the set of edges E and
the new directed edges e = (x, xi0) oriented from x ∈ ⋃k′

r=1 Xir to xi0 , i.e.,

E0 = E ∪ E ′ where E ′ = {
(x, xi0)

∣∣ x ∈ ⋃k′
r=1 Xir

}
;

• we define the probabilities p0x,y for (x, y) ∈ E0(x ∈ X2) in G0 using the following
rules:

(a) p0x,y = px,y for (x, y) ∈ E0 if x ∈ X \ ⋃k′
r=1 Xir ;

(b) p0x,xi0
= ε for (x, xi0) ∈ E ′, x ∈ ⋃k′

r=1 Xir , where ε is a small positive value
in comparison with pe for e ∈ E ;

(c) p0x,y = px,y(1 − ε) for (x, y) ∈ E if x, y ∈ X \ ⋃k′
r=1 Xir .

Graph G0 is strongly connected and, therefore, for the corresponding Markov chain
with the new probability transition matrix P0 there exists the limit matrix Q0 whose
rows are all identical. The vector π0 = (π0

1,π
0
2, . . . ,π

0
n) with the components π0

j =
q0

i, j , i, j = 1, 2, . . . , n can be found by solving the system of linear equations (1.48).
Moreover, based on the algorithm from the previous section we may conclude that
for a small ε the solution of this system (1.48) will represent the approximation values
for the components of the vector of the limiting probabilities in the initial Markov
chain with given starting state i0 and probability matrix P . The probabilities p0x,y

for (x, y) ∈ E0 are defined according to the items a)–c) that allow us to preserve
in the auxiliary Markov chain the small values of the limiting state probabilities π0

j

for the states x j ∈ X \ ⋃k′
r=1 Xir . In addition, we can see that the condition c) in

the auxiliary problem allows us to preserve an appropriate proportion of the limiting
states probabilities in each irreducible set Xir and between different ergodic classes
as the proportion of the limiting probabilities in the initial problem.
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Using the results from [58] we can see that the exact values of the limiting prob-
abilities π j = qi0, j , j = 1, 2, . . . , n can be found from the corresponding π0

j using
a special approximation procedure from [58] if ε is a suitable small value.

Indeed let us assume that the probabilities pi, j are given in the form of irreducible
decimal fractions pi, j = ai, j/bi, j , i, j = 1, 2, . . . , n where the numerators as well
as the denominators are integer numbers. Then the values π j can be found from π0

j
using the roundoff procedure from [58] if ε satisfies the following condition:

ε ≤ 2−L ,

where

L =
∑

(x,y)∈E

log(ax,y + 1) +
∑

(x,y)∈E

log(bx,y + 1) + 2 log(n) + 1.

Here L is the length of the binary-coded representation of the elements of thematrix P
where each probability px,y is given by the integer couple ax,y, bx,y . If for given ε the
valuesπ0

j , j = 1, 2, . . . , n are known then eachπ0
j can be represented as a convergent

continued fraction, and we may find a unique rational fraction A j/B j which satisfies

the condition
∣∣∣π0

j − A j/B j

∣∣∣ ≤ 2−2L−2. After that we fix π j = A j/B j . In such a

way we find the exact limiting probabilities π j , j = 1, 2, . . . , n. In general we can
see that the probabilities π0

j can be expressed as functions that depend on ε, i.e.,

π0
j = π0

j (ε), j = 1, 2, . . . , n.

This means that the limiting probabilities π j for our initial problem can be found as
follows:

π j = lim
ε→0

π0
j (ε), j = 1, 2, . . . , n.

Below an example that illustrate the algorithm described above is given.

Example Again we use the data for a Markov chain from the previous example and
consider the problem of determining the limiting state probabilities in the case if the
starting state of the system is xi1 = 2 and the stochastic matrix of probabilities is

P =

⎛

⎜⎜⎜⎜⎜⎝

1 0 0 0

0.25 0.25 0.25 0.25

0 0 0.5 0.5

0 0 0.5 0.5

⎞

⎟⎟⎟⎟⎟⎠
.
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Fig. 1.7 The auxiliary graph G0 = (X, E0)

The corresponding graph G p = (X, E p) of this Markov chain is represented in
Fig. 1.5.

We apply the algorithm described above for determining the vector of limiting-
state probabilities π = (π1,π2,π3), where π1 = q2,1, π2 = q2,2, π3 = q2,3,
π4 = q2,4.

The corresponding strongly connected auxiliary graph G0 = (X, E0) is repre-
sented in Fig. 1.7 and the corresponding matrix of probabilities P ′ for the auxiliary
Markov chain is given below

Po =

⎛

⎜⎜⎜⎜⎜⎝

1 − ε ε 0 0

0.25 0.25 0.25 0.25

0 ε 0.5 − 0.5ε 0.5 − 0.5ε

0 ε 0.5 − 0.5ε 0.5 − 0.5ε

⎞

⎟⎟⎟⎟⎟⎠
.

For the matrix P we have p1,1 = 1, p1,2 = p1,3 = p1,4 = 0; p2,1 = p2,2 =
p2,3 = p2,4 = 1/4; p3,1 = p3,2 = 0, p3,3 = p3,4 = 1/2; p4,1 = p4,2 = 0,
p4,3 = p4,4 = 1/2. Therefore, we can take L ≥ 35. This implies that we can set
ε = 0.0001. We consider the system of linear equations

π0 = π0P0;
4∑

j=1

π0
j = 1

and determine the solution of this system. So, if for ε = 0.0001 we solve the system
of linear equations
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

π0
1 = (1 − ε)π0

1 + 0.25π0
2;

π0
2 = επ0

1 + 0.25π0
2 + επ0

3 + επ0
4;

π0
3 = 0.25π0

2 + (0.5 − 0.5ε)π0
3 + (0.5 − 0.5ε)π0

4;
π0
4 = 0.25π0

2 + (0.5 − 0.5ε)π0
3 + (0.5 − 0.5ε)π0

4;
1 = π0

1 + π0
2 + π0

3 + π0
4

then we obtain the solution

π0
1 = 0.3333; π0

2 = 0.0001; π0
3 = 0.3333; π0

4 = 0.3333.

If for each π0
j , j = 1, 2, 3, 4 we find the approximate rational fraction then we

determine

π1 = 1

3
; π2 = 0; π3 = 1

3
; π4 = 1

3

that satisfies the conditions

∣∣∣π0
1 − 1

3

∣∣∣ ≤ 0.0001; |π0
2 − 0| ≤ 0.0001;

∣∣∣π0
3 − 1

3

∣∣∣ ≤ 0.0001;
∣∣∣π0

4 − 1

3

∣∣∣ ≤ 0.0003.

Therefore, finally we obtain

q2,1 = 1

3
; q2,2 = 0; q2,3 = 1

3
; q2,4 = 1

3
.

The system above can be solved in general form with respect to ε and the following
representation of the solution in parametrical form can be obtained:

π0
1(ε) = 1

3 + 4ε
; π0

2(ε) = 4ε

3 + 4ε
;

π0
3(ε) = 2 + 3ε

(2 + 2ε)(3 + 4ε)
; π0

4(ε) = 2 + ε

(2 + 2ε)(3 + 4ε)
.

If after that we find the corresponding limits when ε → 0 then we obtain

π1 = lim
ε→0

π0
1(ε) = 1

3
; π2 = lim

ε→0
π0
2(ε) = 0;

π3 = lim
ε→0

π0
3(ε) = 1

3
; π4 = lim

ε→0
π0
4(ε) = 1

3
,

i.e., we obtain the limiting probabilities for our problem.
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1.5.5 Determining the First Hitting Limiting Probability of the
State in a Markov Chain

In this section we consider Markov processes in which the system may stop tran-
sitions as soon as a given state y ∈ X is reached. We call such processes Markov
processes with stopping state. We show that the dynamic programming algorithms
from Sect. 1.5 can be used for determining the probability of first hitting the stopping
state from an arbitrary starting state.

Let a Markov chain with the corresponding matrix of probability transitions P be
given. Fix a state y ∈ X and consider the problem of determining the probabilities
πi of first hitting the state y when the system starts transition in a state xi ∈ X .

It is evident that if we have a Markov unichain and y as a absorbing state then
the probability of first hitting the state y from a given state xi ∈ X is equal to the
limiting probability qx,y from x to y where qx,y = 1 for every x ∈ X . If we apply
Algorithm 1.10 and if we take into account that τ → ∞ then we obtain the following
system of linear equations

π′ = Pπ′, π′
iy

= 1,

where π′ is the column vector with components π′
ix
, i.e.,

π′ =

⎛

⎜⎜⎜⎜⎜⎜⎝

π′
1

π′
2

...

π′
n

⎞

⎟⎟⎟⎟⎟⎟⎠
.

So, this system for Markov unichains with absorbing state always has a unique
solution pi = 1, i = 1, 2, . . . , n and qxi ,y = pi = 1, ∀xi ∈ X .

If we have an arbitrary Markov multichain that contains an absorbing state y ∈ X
then the limiting probabilities qxi ,y from xi ∈ X to y also coincide with the limiting
probabilities πi of first hitting the state y ∈ X . However, here these probabilities may
be different from 1 and some of them may be equal to zero. The zero components of
the vector π can easily be determined from the graph G p = (X, E p) of this Markov
process. Indeed, let X y be the set of vertices x ∈ X for which in G p there exists a
directed path from x to y, we consider Iy = {

i ∈ {1, 2, . . . , n} | xi ∈ X y
}
. Then it is

evident that πi = 0 if and only if i ∈ N \ Iy , where N = {1, 2, . . . , n}. Therefore, the
probabilities πi for xi ∈ X can be found by solving the following system of linear
equations

π′ = Pπ′, π′
iy

= 1 and πi = 0, ∀ i ∈ N \ Iy .

We obtain this system of equations from Algorithm 1.10 if τ → ∞.
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In the general case for an arbitrary Markov chain if y is not an absorbing state
the probability of first hitting the state y from x ∈ X can be found by the following
way: We consider a new matrix of probability transitions P ′ which is obtained from
P by changing the elements py,z with the new elements p′

y,z , where p′
y,y = 1 and

py,z = 0, ∀z ∈ X \ {y}. After that we obtain a new Markov chain with a new matrix
of probability transitions P ′ where y is an absorbing state and we determine the
limiting probabilities of first hitting the state y from x ∈ X using the procedure
described above. So, in order to determine the vector of first hitting probabilities we
have to solve the following system of linear equations

π′ = P ′π′; π′
iy

= 1, π′
i = 0, ∀ i ∈ N \ Iy .

Thus, for an arbitrary starting state x ∈ X and an arbitrary positive recurrent state
y in a Markov unichain the first hitting probability π′

x,y is equal to 1, i.e., π′
x,y = 1,

∀x ∈ X .

Example Consider the problem of determining the probabilities of first hitting for
the Markov process with the matrix of probability transitions

P =

⎛

⎜⎜⎜⎜⎜⎝

0.3 0.3 0.4 0

0.5 0 0.3 0.2

0 0.6 0 0.4

0 0 0 1.0

⎞

⎟⎟⎟⎟⎟⎠

and a given stopping state y = 3.
To determine π′

1,π
′
2,π

′
3,π

′
4 we form the matrix

P ′ =

⎛

⎜⎜⎜⎜⎜⎝

0.3 0.3 0.4 0

0.5 0 0.3 0.2

0 0 1.0 0

0 0 0 1.0

⎞

⎟⎟⎟⎟⎟⎠

and find the set X y = {4} for the corresponding graph G ′
p = (X, E ′

p). This means
that we have to solve the system of linear equations

π′ = P ′π′, π′
3 = 1, π′

4 = 0.

The solution of this system is

π′
1 = 0.8909(09), π′

2 = 0.745(45), π′
3 = 1, π′

4 = 0.
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It is evident that the vector of the first hitting limiting probabilities π′ for different
fixed stopping states y ∈ X may be different, i.e., it depends on the stopping state
y. Therefore, in the following we will denote this vector for a given stopping state
y ∈ X by π′(y), where

π′(y) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

π′
1, jy

π′
2, jy

...

π′
n, jy

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.

If we find the vectors of first hitting probabilities π′(y) for every stopping state y ∈ X
then we determine the matrix π′ = (πi, j )

′, where an arbitrary element π′
i, j represents

the limiting probability of first hitting the state x j if the system starts transitions in
the state xi .

It easy to observe that the following relationship between the elements of the limit
matrix Q = (qi, j ) and the elements of the matrix of the first hitting probabilities π′
in the Markov chain holds

qi, j = π′
i, j q j, j , i, j = 1, 2, . . . , n.

Using this property and the property of the limit matrix we obtain the system of linear
equations

n∑

j=1

π′
i, j q j, j = 1, i = 1, 2, . . . , n.

In the general case the rank of this system may be less then n and, therefore, the
values q j, j cannot be determined uniquely if the matrix π′ is known. This system has
a unique solution with respect to q j, j only in the case if in the Markov chain each
positive recurrent state is an absorbing state.

1.6 Determining the State-Time Probabilities of the System
for Non-stationary Markov Processes

We consider Markov processes for which the probabilities of systems’ transi-
tions from one state to another depend on time. Such processes are called non-
stationary Markov processes. In this case the process is defined by a dynamic matrix
P(t) = (px,y(t)) and a given starting state xi0 , where the dynamic matrix P(t) is
assumed to be stochastic for every discrete moment of time t = 1, 2, . . . . The state-
time probabilities Pxi0

(x, t) for non-stationary Markov processes are defined and
calculated in a similar way as for stationary processes by using the recursive formula
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Pxi0
(x, τ + 1) =

∑

y∈X

Pxi0
(y, τ )py,x (τ ), τ = 0, 1, 2, . . . , t − 1

where Pxi0
(xi0 , 0) = 1 and Pxi0

(xi0 , 0) = 0 for x ∈ X \ {xi0}. It is evident that
if px,y(t) does not depend on time; then this formula becomes the formula from
Sect. 1.5. The matrix form of this formula can be represented as follows

π(τ + 1) = π(τ )P(τ ), τ = 0, 1, 2, . . . , t − 1

where π(τ ) = (π1(τ ),π2(τ ), . . . ,πn(τ )) is the vector with the components πi (τ ) =
Pxi0

(xi , τ ). At the startingmoment of time τ = 0 the vector π(τ ) is given in the same
way as for stationary processes, i.e., πi0(0) = 1 and πi (0) = 0 for arbitrary i �= i0.
If we apply this formula for a given starting vector π(0) and τ = 0, 1, 2, . . . , t − 1
then we obtain

π(t) = π(0)P(0)P(1)P(2) · · · P(t − 1).

So, an arbitrary element pxi ,x j
(t) of the matrix P(t) = P(0)P(1)P(2) · · · P(t −

1) expresses the probability of the system L to reach the state x j from xi by using t
units of time.

Now let us show how to calculate the probability Pxi0
(y, t1 ≤ t (y) ≤ t2) in

the case of non-stationary Markov processes. In the same way as for the stationary
case we consider the non-stationary Markov process with a given absorbing state
y ∈ X . So, we assume that the dynamic matrix P(t) which is stochastic for every
t = 0, 1, 2, . . . and py,y(t) = 1 for arbitrary t is given. Then the probabilities
Px (y, 0 ≤ t (y) ≤ t) for x ∈ X can be determined if we tabulate the values
Px (y, t − τ ≤ t (y) ≤ t), τ = 0, 1, 2, . . . , t using the following recursive formula:

Px (y, t − τ − 1 ≤ t (y) ≤ t) =
∑

z∈X

px,z(t − τ − 1)Pz(y, t − τ ≤ t (y) ≤ t)

where for τ = 0 we fix

Px (y, t ≤ t (y) ≤ t) = 0 if x �= y and Py(y, t ≤ t (y) ≤ t) = 1.

We can represent this recursive formula in the following matrix form

π′′(τ + 1) = P(t − τ − 1)π′′(τ ), τ = 0, 1, 2, . . . , t − 1.

At the starting moment of time t = 0 the vector π′′(0) is given: All components are
equal to zero except the component corresponding to the absorbing state which is
equal to one, i.e.,

π′′
i (0) =

{
0, if xi �= y,

1, if xi = y.
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If we apply this formula to τ = 0, 1, 2, . . . , t − 1 then we obtain

π′′(t) = P(0)P(1)P(2) · · · P(t − 1)π′′(0), t = 1, 2, . . . .

So, if we consider the matrix P(t) = P(0)P(1)P(2) · · · P(t − 1) then an arbitrary
element pi, jy

(t) of the column jy in the matrix P(t) expresses the probability of the
system L to reach the state y from xi by using not more than t units of time, i.e.,
pi, jy

(t) = Pxi (y, 0 ≤ t (y) ≤ t).

Here the matrix P(t) is a stochastic matrix for t = 0, 1, 2, . . . where py,y(t) = 1
for t = 1, 2, . . . and

π′′(τ ) =

⎛

⎜⎜⎜⎜⎜⎜⎝

π′′
1 (τ )

π′′
2 (τ )

...

π′′
n (τ )

⎞

⎟⎟⎟⎟⎟⎟⎠
, τ = 0, 1, 2, . . .

is the column vector, where an arbitrary component π′′
i (τ ) expresses the probability

of the dynamical system to reach the state y from xi by using not more than τ units
of time if the system starts transitions in the state x at the moment of time t − τ , i.e.,
π′′

i (τ ) = Pxi (y, t − τ ≤ t (y) ≤ t).
This means that in the case that y is an absorbing state the probability Px (y, t1 ≤

t (y) ≤ t2) can be found in the following way:

(a) Find the matrices

P(t1 − 1) = P(0)P(1)P(2) · · · P(t1 − 2)

and

P(t2) = P(0)P(1)P(2) · · · P(t2 − 1);

(b) Calculate

Px (y, t1 ≤ t (y) ≤ t2) = Px (y, 0 ≤ t (y) ≤ t2) − Px (y, 0 ≤ t (y) ≤ t1 − 1)

= pix , jy
(t2) − pix , jy

(t1 − 1),

where pix , jy
(t1−1) and pix , jy

(t2) represent the corresponding elements of the matri-

ces P(t1 − 1) and P(t2).
The results described above allow us to formulate algorithms for the calculation

of the probabilities Px (y, 0 ≤ t (y) ≤ t) for an arbitrary non-stationary Markov
process. Such algorithms can be obtained if in the general steps of the Algorithms 1.9
and 1.10 we change the matrix P by the matrix P(t − τ − 1) and π′(τ ) by π′′(τ ).
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Below we describe these algorithms. They can be derived in an analogues way as
the algorithms from the previous section.

Algorithm 1.20 Calculation of the State-Time Probabilities of the System in the
Matrix Form (Non-stationary Case)

Preliminary step (Step 0): Fix the vector π′′(0) = (π′′
1 (0),π

′′
2 (0), . . . ,π

′′
n (0)), where

π′′
i (0) = 0 for i �= iy and π′′

iy
(0) = 1.

General step (Step τ + 1, τ ≥ 0): For a given τ calculate

π′′(τ + 1) = P(t − τ − 1)π′′(τ )

and then put

π′′
iy

(τ + 1) = 1.

If τ < t − 1 then go to the next step, i.e., τ = τ + 1; otherwise STOP.

Algorithm 1.21 Calculation of the State-Time Probabilities of the System with
Known Probability of its Remaining in the Final State (Non-stationary Case)

Preliminary step (Step 0): Fix the vector π′′(0) = (π′′
1 (0),π

′′
2 (0), . . . ,π

′′
n (0)), where

π′′
i (0) = 0 for i �= iy and π′′

iy
(0) = 1.

General step (Step τ + 1, τ ≥ 0): For a given τ calculate

π′′(τ + 1) = P(t − τ − 1)π′′(τ )

and then put
π′′

iy
(τ + 1) = q(y).

If τ < t − 1 then go to the next step, i.e., τ = τ + 1; otherwise STOP.

Note that Algorithm 1.21 finds the probabilities Px (y, 0 ≤ t (y) ≤ t) when the
value q(y) is given. We treat this value as the probability of the system to remain in
the state y; for the case q(y) = 1 this algorithm coincides with the previous one.

To calculate the probability Pxi0
(x, t1 ≤ t (x) ≤ t2) for x ∈ X in the case of

non-stationary Markov processes we shall use also the following auxiliary result.

Lemma 1.22 Let a Markov process determined by the stochastic matrix of proba-
bilities P = (px,y) and the starting state xi0 be given. Then the following formula
holds:

Pxi0
(x, t1 ≤ t (x) ≤ t2) = Pxi0

(x, t1) + Pt1
xi0

(x, t1 + 1)

+Pt1,t1+1
xi0

(x, t1 + 2) + . . .

+Pt1,t1+1,...,t2−1
xi0

(x, t2)

(1.49)
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where Pt1,t1+1,...,t1+i−1
xi0

(x, t1 + i), i = 1, 2, . . . , t2 − t1, is the probability of the
dynamical system to reach the state x from x0 by using t1 + i transitions such that it
does not pass through x at the moments of time t1, t1 + 1, t1 + 2, . . . , t1 + i − 1.

Proof Taking into account that Pxi0
(x, t1 ≤ t (x) ≤ t1 + i) expresses the probability

of the system L to reach from x0 the state x at least at one of the moments of time
t1, t1 + 1, . . . , t1 + i we can use the following recursive formula

Pxi0
(x, t1 ≤ t (x) ≤ t1 + i) = Pxi0

(x, t1 ≤ t (x) ≤ t1 + i − 1)

+ Pt1,t1+1,...,t1+i−1
xi0

(x, t1 + i).
(1.50)

Applying formula (1.50) t2 − t1 times to i = 1, 2, . . . , t2 − t1 we obtain the equality
(1.49). �

Note that formulae (1.49) and (1.50) could not be used directly for the calculation
of the probability Px0(x, t1 ≤ t (x) ≤ t2). Nevertheless we can see that such a
representation of the probability Pxi0

(x, t1 ≤ t (x) ≤ t2) in the time-expanded
network method will allow us to formulate a suitable algorithm for calculating this
probability and to develop new algorithms for solving the problems from Chap. 4.

Corollary 1.23 If the state x of the dynamical system L in the graph of probability
transitions G p = (X, E p) corresponds to a deadlock vertex then

Pxi0
(x, t1 ≤ t (x) ≤ t2) =

t2∑

t=t1

Pxi0
(x, t). (1.51)

Let X f be a subset of X and assume that at the moment of time t = 0 the dynamical
system L is in the state x0. Denote by Pxi0

(X f , t1 ≤ t (X f ) ≤ t2) the probability
that at least one of the states x ∈ X f will be reached at the time moment t (x) such
that t1 ≤ t (x) ≤ t2. Then the following corollary holds:

Corollary 1.24 If the subset of states X f ⊂ X of the dynamical system L in the
graph G p = (X, E p) corresponds to the subset of deadlock vertices then for the
probability Pxi0

(X f , t1 ≤ t (X f ) ≤ t2) the following formula holds

Pxi0
(X f , t1 ≤ t (X f ) ≤ t2) =

∑

x∈X f

t2∑

t=t1

Pxi0
(x, t). (1.52)

It is easy to see that formula (1.52) generalizes formula (1.51).

http://dx.doi.org/10.1007/978-3-319-11833-8_4
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1.7 Markov Processes with Rewards and Transition Costs

Markov processes with rewards have been introduced in [1, 3, 4, 47]. The main
problems related to such processes and approaches for their solving can be found
in [47, 114, 140]. In this section we consider Markov processes with rewards and
analyze some basic notions that we will relate to stochastic control problems in
the following. For a Markov processes with rewards there are given the probability
matrix P = (px,y), a starting state and the matrix C = (cx,y) where an arbitrary
element cx,y expresses the reward if the system makes a transition from the state x
to the state y. Thus, when the system makes transitions from one state to another we
obtain a sequence of rewards. This sequence of rewards is a random variable with a
probability distribution induced by the probability relations of the Markov process
and for which the expected total reward during T state-time transitions of the system
can be defined. In this book for stochastic control problems we will treat the rewards
as the costs, i.e., we consider Markov processes with transition costs. Thus, in the
following we call the expected total reward the expected total cost.

1.7.1 Definition and Calculation of the Expected Total Cost

Consider a Markov process with the transition probability matrix P = (px,y) and a
given starting state of the dynamical system. In addition, assume that the matrix C =
(cx,y) is definedwhere cx,y expresses the cost of the system’s transition from the state
x to the state y. ThisMarkov process generates a sequence of costs which is a random
variable induced by transition probability distributions in the states. Therefore, the
expected total cost during t transitions when the system starts transitions in a given
state x ∈ X can be defined in an analogues way as for Markov processes with
rewards. We denote this expected total cost by σx (t). The values σx (t) for x ∈ X are
defined and calculated on the bases of the following recursive formula

σx (τ + 1) =
∑

y∈X

px,y(cx,y + σy(τ )), τ = 0, 1, 2, . . . , t − 1 (1.53)

where σx (0) = 0 for every x ∈ X . Formula (1.53) can be treated in a similar way
as the formula for calculating the total earning in Markov processes with rewards
[47]. The expression cx,y + σy(τ ) means that if the system makes a transition from
the state x to the state y then it spends the amount cx,y plus the amount it expects to
spend during the next τ −1 transitions if the system starts transitions in the state y at
the moment of time τ = 0. Taking into account that in the state x the system makes
transitions in a random way (with the probability distribution px,y), we obtain that
the values cx,y +σy(τ ) should be weighted by the transition probabilities px,y . In the
case of the non-stationary process, i.e., if the probabilities and the costs are changing
in time, the expected total cost of the dynamical system is defined and calculated in
a similar way; in formula (1.53) we change px,y by px,y(τ ) and cx,y by cx,y(τ ).
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It is easy to observe that the formula for the expected total cost given above can
be represented as follows

σx (τ + 1) =
∑

y∈X

px,ycx,y +
∑

y∈X

px,yσy(τ ), τ = 0, 1, 2, . . . , t − 1.

If for an arbitrary state xi ∈ X in this formula we denote

μi =
∑

y∈X

pxi ,ycxi ,y, σi (τ ) = σxi (τ ), i = 1, 2, . . . , n

and if we regard μi and σi (τ ) as the components of the corresponding vectors

μ =

⎛

⎜⎜⎜⎜⎜⎜⎝

μ1

μ2

...

μn

⎞

⎟⎟⎟⎟⎟⎟⎠
, σ(τ ) =

⎛

⎜⎜⎜⎜⎜⎜⎝

σ1(τ )

σ2(τ )

...

σn(τ )

⎞

⎟⎟⎟⎟⎟⎟⎠

then the formula for calculating the expected total cost can bewritten in the following
matrix form:

σ(τ + 1) = μ + Pσ(τ ), τ = 0, 1, 2, . . . , t − 1. (1.54)

The component μi of the vector μ may be interpreted as the cost to be expected in
the next transition out of state xi and, therefore, we call it the expected immediate
cost in the state xi . An arbitrary component σi (τ ) of the vector σ(τ ) expresses the
expected total cost of the system during τ transitions if the system starts transitions
in the state xi .

Applying t times this formula and taking into account that σ(0) = 0, where 0 is
a vector with zero components, we obtain

σ(t) = P0μ + P1μ + P2μ + · · · + Pt−1μ,

where P0 is the identity matrix, i.e., P0 = I .
For an arbitrary state xi ∈ X we denote

ωi (t) = 1

t
σi (t), t = 1, 2, . . . .

This value expresses the expected average cost per transition of the system during
t state transitions if the system starts transitions in xi . We call the vector ω(t) with
the components ωi (t), i = 1, 2, . . . , n the vector of average costs of the system if it
starts transitions in xi .



86 1 Discrete Stochastic Processes, Numerical Methods . . .

Let us consider an arbitrary discrete Markov process for which there exists the
limit

lim
t→∞ Pt = Q.

Then there exists the limit

lim
t→∞ ω(t) = ω

and ω = Qμ. This fact can be proved by using the following property. Let
Q(0), Q(1), Q(2), . . . , Q(t), . . . be an arbitrary sequence of real matrices for which
there exists the limit

lim
t→∞ Q(t) = Q.

Then there exists the limit

lim
t→∞

∑t−1
k=0 Q(k)

t

and this limit is equal to Q, i.e.,

lim
t→∞

∑t−1
k=0 Q(k)

t
= Q.

So, if we put Q(t) = Pt then we obtain

lim
t→∞

1

t

t−1∑

k=0

Pk = Q.

This means that

lim
t→∞ ω(t) = lim

t→∞
1

t

t−1∑

k=0

Pkμ = Qμ.

Using the results described above we can determine the vector of expected average
costs ω(t) if t → ∞ in the following way: We find the limit matrix Q and the vector
μ and then calculate ω = Qμ. This means that in the case of a large number of states’
transitions t the vector of the expected total costs σ(t) can be approximated with the
vector t Qμ, i.e., σ(t) ≈ t Qμ.

We have proved the property mentioned above in the case if there exists the limit
limt→∞ Pt = Q. In the general case the existence of the limit limt→∞ ω(t) = ω
for an arbitrary matrix P can be proved by using the Cesaro limit
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lim
t→∞

1

t

t−1∑

k=0

Pk = Q.

The result described above allows us to prove the following lemma:

Lemma 1.25 For an arbitrary Markov process the vector of limiting average costs
ω satisfies the following equations:

ω = Pω (1.55)

ω = Qω. (1.56)

Proof Using formula (1.54) we can write the following relation

σ(t + 1)

t
= μ

t
+ P

σ(t)

t
,

i.e.,

t + 1

t

σ(t + 1)

t + 1
= μ

t
+ P

σ(t)

t
.

If in the last equation we take the limit if t → ∞ then we obtain the equality (1.55).
We prove formula (1.56) using (1.55). From (1.55) we obtain

ω = Pω, ω = P2ω, . . . , ω = Ptω.

This implies

ω = 1

t

t−1∑

τ=0

Pτω.

If in this formula we take the limit for t → ∞ then we obtain (1.56). �

In the following we study the asymptotic behavior of the expected total cost and of
the average cost per transition in theMarkov processes with transition costs using the
z-transform. We can see that the z-transform allows us to formulate a more adequate
asymptotic formula for determining the expected total cost and average cost per
transition for the dynamical system in Markov chains.

1.7.2 An Asymptotic Behavior Analysis of the Expected Total Cost
Based on the z-Transform

Now we show that the z-transform can be used for the estimation of the expected
total cost of the dynamical system in the case of a large number of transitions. To
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obtain an asymptotic formula for the expected total cost in Markov processes we
apply the z-transform to the equation

σ(t + 1) = μ + Pσ(t).

Based on the properties of the z-transform from Sect. 1.1.4 we get

z−1(Fσ(z) − Fσ(0)) = 1

1 − z
μ + P Fσ(z).

Through rearrangement we obtain

Fσ(z) − σ(0) = z

1 − z
μ + z P Fσ(z),

(I − z P)Fσ(z) = z

1 − z
μ + σ(0)

or

Fσ(z) = z

1 − z
(I − z P)−1μ + (I − z P)−1σ(0). (1.57)

For many practical problems σ(0) is identically zero and, therefore, the Eq. (1.57)
reduces to

Fσ(z) = z

1 − z
(I − z P)−1μ.

In general σ(0) may be different from zero.
In Sect. 1.1.4 we have shown that the inverse transformation of (I − z P)−1 has

the form Q + T (t), where Q is the limit matrix and T (t) is a sum of differential
matrices with geometrically decreasing coefficients. This means that for (I − z P)−1

the following relation can be written

(I − z P)−1 = 1

1 − z
Q + T(z),

where T(z) is the z-transform of T (t).
If we substitute this formula in (1.57) then we obtain

Fσ(z) = z

(1 − z)2
Qμ + z

1 − z
T(z)μ + 1

1 − z
Qσ(0) + T(z)σ(0). (1.58)

To identify the components of σ(t) by using the inverse transformation for Fσ(z)
we have to analyze each component of Fσ(z). First of all we observe that the term
zQμ/(1− z)2 represents the ramp of the magnitude Qμ. A more detailed analysis of
the term zT(z)μ/(1− z) allows us to conclude that it represents a step of magnitude
T(1)μ plus geometric terms that tend to zero as t becomes very large. Furthermore,
let us assume that all roots of the equation det(I − z P) = 0 are different. Then T(z)
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can be expressed as follows

T(z) =
∑

i

Di

1 − αi z
,

where Di are the matrices that do not depend on z and αi represent some constants
each of which is less then 1. Therefore, zT(z)/(1 − z) can be represented in the
following way

z

1 − z
T(z) = 1

1 − z

∑

i

Di

1 − αi
−
∑

i

Di

(1 − αi )(1 − αi z)
.

If after that we take the inverse transformation then we obtain

∑

i

Di

1 − αi
−
∑

i

Diα
t
i

1 − αi
.

Now it is evident that

∑

i

Di

1 − αi
= T(1).

In a similar way we can show that the inverse transformation of zT(z)/(1 − z) is
T (1) if the equation det(I − z P) = 0 admits multiple roots.

So, the term zT(z)μ/(1− z) in (1.58) expresses the ramp of the magnitudeT(1)μ.
The quantity Qσ(0)/(1− z) is a step of magnitude Qσ(0) and T(z)σ(0) represents
geometric components that vanish if t is large.

Finally, if we take the inverse transformation for Fσ(z) then we obtain the asymp-
totic representation of the expected total cost

σ(t) = t Qμ + T(1)μ + Qσ(0) + ε(t),

where ε(t) → 0 if t → ∞.
If we come back to the expression ω = Qμ then our formula can be written as

follows
σ(t) = tω + ε + ε(t), (1.59)

where

ε = T(1)μ + Qσ(0)

and ω represents the limiting vector of the average costs; a component ω j of the
vector ω expresses the average cost per transition of the system if it starts transitions
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in the state x j . The component T(1) can be determined using O(n4) elementary
operations based on the approach described in the Sects. 1.3 and 1.4.

Below we give an example which illustrates how to calculate the expected total
cost in Markov processes based on the formula above.

Example 1 Consider the Markov process with the corresponding matrices of proba-
bility transitions and cost transitions

P =
(
0.5 0.5

0.4 0.6

)
; C =

(
9 3

3 −7

)
.

We are seeking for the estimation of the vector of the expected total costs σ(t) and
the vector of average costs per transition in this Markov process.

First of all we find the vector μ =
(

μ1

μ2

)
where μ1 = 0.5 · 9 + 0.5 · 3 = 6,

μ2 = 0.4 · 3− 0.6 · 7 = −3, i.e., μ =
(

6
−3

)
. If we take σ identically equal to zero

then we have
σ(t) = t Qμ + T(1)μ. (1.60)

In Sect. 1.1.4 it is shown that for our example we have

(I − z P)−1 = 1

1 − z

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ + 1

1 − 1

10t

⎛

⎜⎜⎝

5

9
−5

9

−4

9

4

9

⎞

⎟⎟⎠ = 1

1 − z
Q + T(z)

that implies

Q =

⎛

⎜⎜⎝

4

9

5

9

4

9

5

9

⎞

⎟⎟⎠ ; T(1) =

⎛

⎜⎜⎝

50

81
−50

81

−40

81

40

81

⎞

⎟⎟⎠ .

If we introduce S,T(1) in (1.60) and take into account that μ =
(

6

−3

)
then we

obtain

σ(t) = t

(
1

1

)
+

⎛

⎜⎜⎝

50

9

40

9

⎞

⎟⎟⎠ .
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So,

σ1(t) = t + 50

9
, σ2(t) = t − 40

9
.

The vector of average cost per transition ω is determined as follows:

ω = Qμ =
(
1

1

)
.

A more detailed interpretation of this example can be found in [47].

1.7.3 Determining the Expected Total Cost for Non-stationary
Markov Processes

Consider a Markov process with a given matrix of probabilities P and a cost matrix
C where the elements of these matrices depend on time, i.e., px,y = px,y(t), cx,y =
cx,y(t) and

∑
y∈X px,y(t) = 1 for every t = 0, 1, 2. . . . . So, we consider a non-

stationary Markov process determined by the dynamic matrices P(t) = (px,y(t))
and C(t) = (cx,y(t)). For an arbitrary x ∈ X the expected total cost σx (t) during t
transitions of the system if it starts transitions in x can be calculated on the bases of
the following recursive formula

σx (τ ) =
∑

y∈X

px,y(t − τ )(cx,y(t − τ ) + σy(τ − 1)), τ = 1, 2, . . . , t

starting with σx (0) = 0 for every x ∈ X . After t steps we obtain σx (t). Note that
in the recursive formula above σx (τ ) expresses the expected total cost during τ
transitions of the system if it starts transitions in x at the moment of time t − τ .
Based on this calculation procedure we can show that the following formula for σ(t)
holds

σ(t) = μ(0) + P(0)μ(1) + P(0)P(1)μ(2) + . . .

+ P(0)P(1)P(2) · · · P(t − 2)μ(t − 1),

where

μ(τ ) =

⎛

⎜⎜⎜⎜⎜⎜⎝

μ1(τ )

μ2(τ )

...

μn(τ )

⎞

⎟⎟⎟⎟⎟⎟⎠
, τ = 0, 1, 2, . . . , t − 1,
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are the column vectors with the components

μ j (τ ) =
∑

y∈X

px j ,y(τ )cx j ,y(τ ), τ = 0, 1, 2, . . . , t − 1; j = 1, 2, . . . , n.

This formula can easily be proved by using the induction principle on the number
of transitions t . The value μ j (τ ) in this formula expresses the immediate cost of the
system in the state x at the moment of time τ .

1.7.4 Definition and Calculation of the Variance of the Total Cost

For aMarkov process with probability matrix P = (px,y) and associated cost matrix
C = (cx,y) we can define the variance Dxi0

(t) of the total cost during t transitions
for the dynamical system if it starts transitions in the state x(0) = xi0 at the moment
of time t = 0 [34, 115]. For an arbitrary state x ∈ X and an arbitrary t we define
and calculate the variance Dx (t) during t transitions using the following recursive
formula

Dx (τ + 1) =
∑

y∈X

px,y((cx,y − μx )
2 + Dy(τ )), τ = 0, 1, 2, . . . , t − 1

where

μx =
∑

w∈X

px,wcx,w

and Dx (0) = 0 for every x ∈ X . This formula can be treated in the same way as
the formula for the expected total cost. The variance for the non-stationary case is
defined in a similar way.

If we denote the column vector by D(t) with components Dx (t) and the column
vector by μv with components

μv
x =

∑

y∈X

(cx,y − μx )
2

then the formula above in the extended form can be expressed as follows

D(t) = P0μv + P1μv + P2μv + · · · + Pt−1μv.

In a similar way as for the average cost it can be shown that for D(t) there exists

D = lim
t→∞

1

t
D(t)
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and D = Qμv . A component Dx of vector D can be treated as the limiting average
variance for the dynamical system if it starts transitions in the state x [114]. So, for
the case of a large number of transitions the variance vector D(t) can be expressed as

D(t) = t D + ε′ + ε′(t),

where

ε′ = T(1)μv + Q D(0)

and ε′(t) tends to zero if t → ∞, i.e., D(t) for a large t the value D(t) can be
approximated with t D, i.e., D(t) ≈ t Qμv .

1.8 Markov Processes with Discounted Costs

Consider a Markov Process with a given stochastic matrix of transition probabilities
P = (px,y) and a matrix of transition costs C = (cx,y). Assume that the future
costs of states’ transitions of the dynamical system from one state to another in the
considered process are discounted according to a given discount factor (discount
rate) γ, where 0 < γ < 1. This means that at the moment of time t the cost of the
system’s transition from a state x ∈ X to a state y ∈ X is cx,y(t) = γt cx,y . For such
a process the expected total discounted cost during t transitions if the system starts
transitions in a state x ∈ X is defined and calculated on the basis of the following
recursive formula

σx (τ + 1) =
∑

y∈X

px,y(cx,y + γσy(τ )), τ = 0, 1, 2, . . . t − 1.

Using the vector notations from Sect. 1.7.1 this formula can be expressed in the
matrix form

σ(τ + 1) = μ + γPσ(τ ), τ = 0, 1, 2, . . . t − 1,

where σ(0) is the vector with zero components. This implies that the expected total
discounted cost during t transitions can be calculated by applying the formula

σ(t) = P0μ + γP1μ + γ2P2μ + · · · + γt−1Pt−1μ, (1.61)

where μ is the vector with the components μi = ∑
y∈X pxi ,ycxi ,y , i = 1, 2, . . . , n.

In the following we can see that for Markov processes with discounted costs the
limit limt→∞ σ(t) = σ < ∞ always exists (see [47, 135, 140]). Using this property
we can take the limit in the relation σ(t + 1) = μ + γPσ(t) for t → ∞ and we
obtain the equation

σ = μ + γPσ.
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For 0 ≤ γ < 1 this equation has a unique solution with respect to σ. So, the vector
of limiting expected total discounted costs σ can be found by solving the system of
linear equations

(I − γP)σ = μ

where det(I − γP) �= 0 for 0 ≤ γ < 1.
To prove the properties mentioned above and to study the asymptotic behavior

of the expected total discounted costs in Markov processes we will use again the
z-transform.

If we apply the z-transform to the relation σ(t + 1) = μ + γPσ(t) then we have

z−1(Fσ(z) − Fσ(0)) = 1

1 − z
μ + γP Fσ(z).

After rearrangement we obtain

Fσ(z) = z

1 − z
(I − γz P)−1μ + (I − γz P)−1Fσ(0).

In this case the inverse matrix of (I − γz P) can be represented as follows

(I − γz P)−1 = 1

1 − γz
Q + T(γz). (1.62)

Thus,

Fσ(z) = z

(1 − z)(1 − γz)
Qμ + z

1 − z
T(γz)μ +

(
1

1 − γz
Q + T(γz)

)
Fσ(0).

If we substitute here

z

(1 − z)(1 − γz)
= 1

1 − γ

(
1

1 − z
− 1

1 − γz

)

then we can find the inverse z-transform of the component

z

(1 − z)(1 − γz)
Qμ;

the pre-image of this component corresponds to

1

1 − γ
Qμ − γt

1 − γ
Qμ.
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It is easy to observe that the inverse transform of zT(z)/(1 − z) is T (γ). Indeed, if
all roots of the characteristic polynomial det(I − z P) = 0 are different then

T(γz) =
∑

i

Di

1 − αiγz
,

where Di represent matrices that do not depend on z and αi are the corresponding
proper values. Therefore,

z

1 − z
T(z) = 1

1 − z

∑

i

Di

1 − αiγz
−
∑

i

Di

(1 − αiγ)(1 − αiγz)
.

Based on this formula for zT(z)/(1 − z) we can find the inverse z-transform which
has the form

∑

i

Di

1 − αiγ
−
∑

i

Di (αiγ)t

1 − αiγ
.

This allows us to conclude that

∑

i

Di

1 − αiγ
= T (γ).

In an analogues way we can show that the inverse z-transform of zT(z)/(1− z) is
T (γ) if the equation det(I − z P) = 0 admits multiple roots. Finally, we can observe
also that all coefficients in the representation of Fσ(0) tend to zero for t → ∞.
Therefore, for large t the expected total discounted cost can be expressed by the
following asymptotic formula

σ(t) = 1

1 − γ
Qμ + T (γ)μ + ε(t),

where ε(t) → 0 for t → ∞. If we take the relation (1.62) into account then we
obtain that for σ(t) there exists limt→∞ σ(t) = σ and

σ = (I − γP)−1μ, (1.63)

where

(I − γP)−1 = 1

1 − γ
Q + T (γ).

So, if 0 < γ < 1 then there exists (I − γP)−1 and the vector of limiting discounted
costs σ can be calculated by using formula (1.62).



96 1 Discrete Stochastic Processes, Numerical Methods . . .

In general formula (1.62) can be obtained from the recursive formula (1.61) for
t → ∞. Indeed for 0 < γ < 1 we have

lim
t→∞ σ(t) =

∞∑

τ=0

(γP)τμ.

The matrix P is stochastic and 0 < γ < 1. Therefore, all proper values are less than
1 and we obtain

∞∑

t=0

(γP)τ = (I − γP)−1.

This means that limt→∞ σ(t) = σ = (I − γ)−1μ, i.e., formula (1.63) holds.
Example Let a Markov process with discounted costs be given, where λ = 0.8,

P =
⎛

⎝
0.5 0.5

0.6 0.4

⎞

⎠ ; C =
⎛

⎝
5 3

6 −4

⎞

⎠ ,

and consider the problem of determining σ =
(

σ1

σ2

)
. This vector can be found

according to formula (1.63) or by solving the system of linear equations (I −γP)σ =
μ, where μ =

(
μ1

μ2

)
. So, if we calculate μ1 = 5 × 0.5 + 3 × 0.5 = 4; μ2 =

6 × 0.6 − 4 × 0.4 = 2 then we find σ1 and σ2 by solving the system of linear
equations

⎧
⎪⎨

⎪⎩

0.6σ1 − 0.4σ2 = 4,

−0.48σ1 + 0.58σ2 = 2.

The solution of this system is σ1 = 20, σ2 = 20.

1.9 Semi-Markov Processes with Transition Costs

So far we have studied Markov processes in which the time between transitions is
constant. Now we will consider a more general class of stochastic discrete processes
where the transition time τ from one state x ∈ X to another state y ∈ Y is an integer
random variable that takes values from a given interval [1, t ′], i.e., τ ∈ {1, 2, . . . , t ′}.
Such processes are related to Semi-Markov processes [97]. We consider a stochastic
discrete process that is determined by a finite set of states X and a probability function
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p : X × X × {1, 2, . . . , t ′} → [0, 1]

that satisfies the condition

∑

y∈X

t∑

τ=1

px,y,τ = 1, ∀x ∈ X,

where px,y,τ expresses the probability of the system to pass from the state x to the
state y using τ units of time. Let Pxi0

(x, t) denote the probability of the system L to
reach the state x at the moment of time t if it starts transitions in the state xi0 at the
moment of time t = 0. It is easy to observe that this probability for the considered
process can be calculated by using the following recursive formula

Pxi0
(x, t) =

∑

y∈X

t∑

τ=1

py,x,τ Pxi0
(y, t − τ ), t = 0, 1, 2, . . . , t,

where Pxi0
(xi0 , 0) = 1 and Pxi0

(x, 0) = 0 for x ∈ X \ {xi0}. Here we set px,y,τ = 0
if τ > t ′. If in the considered process for arbitrary x, y ∈ X the probabilities px,y,τ

satisfy the condition

px,y,τ = 0, τ = 2, 3, . . . t ′, (1.64)

then we obtain a Markov process and the formula above for calculating Pxi0
(x, t) is

transformed into formula (1.1).
For a Semi-Markov process with transition costs along the cost function

c : X × X × {1, 2, . . . , t ′} → R

is given that determines the values cx,y,τ for every x, y ∈ X and τ ∈ {1, 2, . . . , t}.
Here cx,y,τ is the cost of the system L to pass from the state x to the state y by
using τ units of time. The total expected cost σx (t) at the moment of time t if the
system starts transitions in a state x at the moment of time t = 0 is a random variable
induced by the cost and probability transition functions.

We define and calculate this value using the following formula

σx (t) =
∑

y∈X

t∑

τ=1

px,y,τ (cx,y,τ + σy(t − τ )), t = 1, 2 . . . , t − 1, (1.65)

where σx (0) = 0, ∀x ∈ X . If the probabilities px,y,τ satisfy the condition (1.64)
then formula (1.65) becomes formula (1.53) for the calculation of the expected total
cost in Markov processes. Formula (1.65) can be written in the following form
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σx (t) = μt
x +

∑

y∈X

t∑

τ=1

px,y,τ σy(t − τ ), t = 1, 2, . . . , t,

where

μt
x =

∑

y∈X

t∑

τ=1

px,y,τ cx,y,τ

represents the immediate cost in the state x ∈ X . In an analogous way as for Markov
processes here we can introduce the discount factor γ, 0 < γ < 1. If we assume that
the cost at the next discrete moment of time is discounted with the rate γ then we
can define the expected total discounted cost σγ

x (t) by using the following recursive
formula

σγ
x (t) =

∑

y∈X

t∑

τ=1

px,y,τ (cx,y,τ + γτσy(t − τ )), t = 0, 1, 2 . . . , t .

It is easy to observe that for an arbitrary Semi-Markov process with transition costs
an auxiliary Markov process with transition costs can be constructed. We obtain this
auxiliary Markov process if we represent a transition from the state x to the state y
by using τ ∈ {1, 2, . . . , t ′} units of time in a Semi-Markov process as a sequence of
τ unit time transitions via τ − 1 fictive intermediate states xτ

1 , xτ
2 , . . . , xτ

τ−1. So, we
regard a transition from x to y by using τ units of time in the Semi-Markov process
as a sequence of transitions

x → xτ
1 , xτ

1 → xτ
2 , . . . , xτ

τ−2 → xτ
τ−1, xτ

τ−1 → y,

for an auxiliary Markov process where the corresponding transition probabilities are
defined as follows:

px,xτ
1

= px,y,τ ; pxτ
1 ,xτ

2
= pxτ

2 ,x3 = · · · = pxτ
τ−2,x

τ
τ−1

= pxτ
τ−1,y

= 1.

We define the transition costs for the auxiliaryMarkov process with new fictive states
as follows:

cx,xτ
1

= cx,y,τ ; cxτ
1 ,xτ

2
= cxτ

2 ,xτ
3

= · · · = cxτ
τ−2,x

τ
τ−1

= cxτ
τ−1,y

= 0.

After the construction above the problem of calculating the probabilities Px (y, t) and
the expected total costs in Semi-Markov processes can be reduced to the problem
of calculating the corresponding characteristics for the auxiliary Markov process.
Moreover, the proposed approach allows us to determine the limiting state proba-
bilities, the average cost per transition and the expected total cost for Semi-Markov
processes with transition costs.
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1.10 Determining the Expected Total Cost for Markov Processes
with Stopping States

For Markov processes with transition costs the expected total cost may not exists
if the system makes transitions indefinitely. In this section we consider a class of
Markov processes with transition costs for which the expected total cost exists and
can be efficiently calculated.

Let a Markov process determined by the matrix of transition probability P =
(px,y) and the matrix of transition costs C = (cx,y) be given. In addition, we assume
that for the Markov process a stopping state z ∈ X as it is defined in Sect. 1.5.5
is given. We consider the problem of determining the expected total cost for the
dynamical system if it starts transitions in a state x ∈ X and stops transitions in
a given state z as soon as this state is reached. We show that if the stopping state
z ∈ X corresponds to a positive recurrent state of the unichain Markov process then
the expected total cost exists for an arbitrary starting state and it can be efficiently
calculated. We show also how to define and calculate the expected total cost in a
process with a given stopping state for an arbitrary Markov chain with transition
costs.

At first let us consider our problem in the case of unichain processes if the stopping
state coincides with an absorbing state z ∈ X . In this case the expected total cost for
the problem with a stopping state z can be calculated for an arbitrary starting state
x ∈ X considering cz,z = 0, σz = 0 and applying the recursive formula (1.54). So,
here we have only to fix cz,z = 0 in thematrixC if cz,z �= 0 and then to apply formula
(1.54). Based on the results from Sect. 1.7.2 we may conclude that in the considered
case this iterative procedure is convergent. Thus, the expected total cost σx in the
unichain Markov process exists for an arbitrary starting state x ∈ X . Therefore, if in
the recursive formula (1.54) we take the limit when t tends to ∞ then we obtain the
system of linear equations

σ = μ + Pσ, σz,z = 0

which has a unique solution. The existence of a unique solution of this system of
equations for the unichainMarkov process with stopping state z ∈ X where cz,z = 0,
can be proved if we represent σ = μ + Pσ in the following form

(I − P)σ = μ. (1.66)

The rank of the matrix (I − P) is equal to n − 1 because the column vectors of the
matrix P that correspond to the states x ∈ X \ {z} are linear independent. Therefore,
if we add the condition σz = 0 to the system (1.66) then we obtain the system of
linear equations

(I − P)σ = μ, σz = 0, (1.67)
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which has a unique solution because of μz = 0. So, we can determine σx for every
x ∈ X . The solution of the system (1.67) can be found using the well known classical
numerical method as well as the iterative procedure from [119, 128]. After replacing
σz,z = 0 in σ = μ+ Pσ we obtain the system for which the iterative procedure from
[119, 128] can be efficiently used for an approximation.

Below an example for calculating the expected total cost in a Markov unichain
with an absorbing stopping state is given.

Example 1 Let a Markov unichain with absorbing stopping state z = 4 be given,
where the probability and the transition matrices are defined as follows:

P =

⎛

⎜⎜⎜⎜⎜⎝

0.3 0.3 0.4 0

0.5 0 0.3 0.2

0 0.6 0 0.4

0 0 0 1.0

⎞

⎟⎟⎟⎟⎟⎠
, C =

⎛

⎜⎜⎜⎜⎜⎝

2 1 2 0

−3 0 −1 1

0 1 0 2

0 0 0 0

⎞

⎟⎟⎟⎟⎟⎠
.

So, X = {1, 2, 3, 4} and z = 4.
Consider the problem of determining the expected total costs when the system

starts transitions in the states x ∈ X \ {4} and stops transitions in the state z = 4,
i.e., we have to calculate σ1, σ2, σ3, σ4, where σ4 = 0.
We find

μ1 = 0, 3 · 2 + 0.3 · 1 + 0.4 · 2 = 1.7,

μ2 = 0.5 · (−3) + 0.3 · (−1) + 0.2 · 1 = −1.6,

μ3 = 0.6 · 1 + 0.4 · 2 = 1.4

and solve the system of linear equations (1.67), i.e., we determine the solution of the
following system of linear equations

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0.7σ1 − 0.3σ2 − 0.4σ3 = 1.7,

−0.5σ1 + σ2 − 0.3σ3 − 0.2σ4 = −1.6,

−0.6σ2 + σ3 − 0.4σ4 = 1.4,

σ4 = 0.

The solution of this system is

σ1 = 4, σ2 = 1, σ3 = 2, σ4 = 0.

If the stopping state z ∈ X corresponds to a positive recurrent state in the unichain
Markov process then the problem of determining the expected total cost can be
calculated bymodifying the state z into an absorbing state. Thismeans that thematrix
P is changed into a newmatrix P ′ which is obtained from P where the elements pz,y
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that correspond to the row z are changed as follows: pz,z = 1, pz,y = 0, ∀y X \ {z}.
In such a way we obtain a new unichain Markov process with a new probability
transition matrix, where z is an absorbing state and we can calculate the expected
total cost for an arbitrary starting state x ∈ X .

For defining and calculating the expected total cost of first hitting a given state
z ∈ X of an arbitrary Markov process it is necessary to introduce an additional
hypothesis related to probability transitions because the first hitting probability π′

x,z
for some x ∈ X may be less then one or equal to zero. It is evident that if π′

x,z = 0
then the expected total cost σx in the considered Markov process with stopping state
z makes no sense. Therefore, we can consider the problem of calculating σx only for
x ∈ X = X \ X0, where

X0 = {x ∈ X | πx,z = 0}.

Thismeans that the expected total cost in the considered processwith a given stopping
state z can be calculated by using only thematrices P = (px,y),C = (cx,y) generated
by the elements px,y and cx,y for x, y ∈ X . Here P is a submatrix of P and the
condition

∑
y∈X px,y = 1 for some x ∈ X may fail to hold. We obtain the condition

∑
y∈X px,y = 1, ∀x ∈ X if we change the matrix P into a new matrix P

′ = (p′
x,y),

where

p′
x,y = 1∑

v∈X

px,v

px,y, ∀x ∈ X \ {z}; pz,z = 1; pz,x = 0, ∀x ∈ X \ {z}.

Here the probabilities p′
x,y canbe treated as the conditional probability of the system’s

transition from the state x to the state y in the case if the state z is reached, i.e., when
π′

x,y = 1. Such a transformation of the probabilities allowsus to estimate the expected
total cost if the dynamical system stops transitions in the state z. Therefore, in this
case for each state x ∈ X the corresponding probability transitions px,y from x for
y ∈ X and p′

x,y from x for y ∈ X should be proportional. It is easy to observe that
after the transformation mentioned above the immediate costs μ′

x and the probability
of first hitting the absorbing state in the auxiliary problem satisfy the following
properties:

• min
y∈X

c′
x,y ≤ μx ≤ max

y∈X
c′

x,y, ∀x ∈ X ;

• the probability of first hitting the state z from arbitrary x ∈ X is equal to 1.

Thus, to calculate the expected total cost in a Markov process with stopping state
z we have to construct the auxiliary Markov process with probability matrix P and
cost matrix C , then to determine the matrices P

′
and C

′
, where C

′
is obtained from

C by fixing cz,x = 0, ∀x ∈ X and after that to calculate the expected total cost
of first hitting the state z from an arbitrary state x ∈ X . These values express the
corresponding expected total costs in the initialMarkov process with stopping state z.
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Example 2 Consider the problem of determining the expected total costs σx for the
Markov process with the matrices P, C from Example 1 if z = 3.

For this example we have X0 = {4} and X = {1, 2, 3} because π′
4,3 = 0 and

π′
x,3 �= 0 for x = 1, 2, 3. Thus, we obtain

P =

⎛

⎜⎜⎝

0.3 0.3 0.4

0.5 0 0.3

0 0.6 0

⎞

⎟⎟⎠ , C =

⎛

⎜⎜⎝

2 1 2

−3 0 −1

0 1 2

⎞

⎟⎟⎠ .

Using the procedures mentioned above we determine

P
′ =

⎛

⎜⎜⎝

0.3 0.3 0.4

0.625 0 0.375

0 0 1

⎞

⎟⎟⎠ , C
′ =

⎛

⎜⎜⎝

2 1 2

−3 0 −1

0 0 0

⎞

⎟⎟⎠ .

For the auxiliary Markov process with the matrices P
′
and C

′
we solve the system

of linear equations (I − P
′
)σ′ = μ′, σ′

z = 0.
So, we calculate

μ′
1 = 0, 3 · 2 + 0.3 · 1 + 0.4 · 2 = 1.7,

μ′
2 = 0, 625 · (−3) + 0.375 · (−1) = 2.25,

μ′
3 = 0,

and solve the following system of linear equations

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0.7σ′
1 − 0.3σ′

2 − 0.4σ′
3 = 1.7,

−0.625σ′
1 + σ′

2 − 0.375σ′
3 = −2.25,

σ′
3 = 0.

The solution of this system is σ′
1 = 1.041, σ′

2 = 1.5994, σ′
3 = 0 and for the initial

problem we can take σ1 = σ′
1, σ2 = σ′

2, σ3 = σ′
3. These values express the expected

total cost from x ∈ {1, 2, 3} to z = 3 in the case if the system stops transitions in
z = 3.

The expected total cost for the discounted Markov processes with stopping state
z can be determined by using the following system of linear equations

(I − γP)σ = μ, σz = 0.

If z ∈ X is an absorbing state for a Markov unichain with cz,z = 0 then this system
has a unique solution for an arbitrary γ ∈ (0, 1].



Chapter 2
Stochastic Optimal Control Problems
and Markov Decision Processes
with Infinite Time Horizon

The aim of this chapter is to develop methods and algorithms for determining the
optimal solutions of stochastic discrete control problems and Markov decision prob-
lems with an infinite time horizon. We denote such methods and algorithms on the
bases of the results from the previous chapter and classical optimization methods.
The set of states of the system in the considered problems is finite and the starting
state is fixed. We study the stochastic discrete processes that may be controlled in
some dynamical states. The average and the expected total discounted costs opti-
mization principles for such processes are applied and new classes of a stochastic
control model are formulated. Based on such a concept we study a class of stochastic
discrete control problems that emphasis Markov decision problems and determinis-
tic optimal control problems with an infinite time horizon. We obtain the stochastic
versions of classical discrete control problems assuming that the dynamical system
in the control process may admit dynamical states in which the vector of control
parameters is changing in a random way according to given distribution functions of
the probabilities on given feasible sets. So, in the considered control problems we
assume that the dynamics of the system may contain controllable states as well as
uncontrollable states. These problems are formulated on networks and polynomial
time algorithms for determining their optimal solutions are proposed. In the case
that the dynamical system contains only controllable states the proposed algorithms
become algorithms for determining the optimal stationary strategies of the classical
deterministic control problems with an infinite time horizon. The proposed methods
and algorithms are extended to Markov decision processes.

We develop a linear programming approach to Markov decision processes and
show how to use the duality theory for determining solutions of the decision problems
with average and expected total discounted optimization criteria. Based on such
an approach we describe algorithms for solving new classes of stochastic discrete
optimization problems. Polynomial time algorithms for Markov decision problems
with average and expected total discounted costs optimization criteria are proposed
and formulated.

Furthermore, some numerical examples are given and the computational com-
plexity aspects of the described methods and algorithms are analyzed.

© Springer International Publishing Switzerland 2015
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and Control on Complex Networks, Advances in Computational Management Science 12,
DOI 10.1007/978-3-319-11833-8_2

103



104 2 Stochastic Optimal Control Problems . . .

2.1 Problem Formulation and the Main Concept of Optimal
Control Models with Infinite Time Horizon

The infinite horizon decision problem can be regarded as approximation model for
decision problems with an finite time horizon in the case of a large sequence of deci-
sions. Often, it is easier to solve the infinite horizon problem and to use the solution
of this to obtain a solution of the finite horizon problem with a large number of deci-
sions. The Markov decision processes and the classical control problems with infinite
time horizon are related to such kind of models that are widely used for studying
and solving many practical finite horizon decision problems. Below we formulate a
class of stochastic discrete optimal control problems with average and expected total
discounted costs optimization criteria that combine the statements of deterministic
optimal control problems with infinite time horizon and Markov decision processes
[5, 114]. We start with a formulation of the stochastic optimal control problem that
represents a generalization of the following deterministic control model.

Let a discrete dynamical systemLwith a finite set of states X ⊂ Rn be given where
at every time-step t = 0, 1, 2, . . ., the state of the systemL is x(t) ∈ X . At the starting
moment of time t = 0 the state of the dynamical system L is x(0) = x0. Assume
that the dynamics of the system L is described by the system of difference equations

x(t + 1) = gt (x(t),u(t)), t = 0, 1, 2, . . . (2.1)

where

x(0) = x0 (2.2)

and

u(t) = (u1(t),u2(t), . . . ,um(t)) ∈ Rm

represents the vector of the control parameters (see [6, 11, 132]). For any time step t
and an arbitrary state x(t) ∈ X the feasible set Ut (x(t)) of the vector u(t) of control
parameters is given, i.e.,

u(t) ∈ Ut (x(t)), t = 0, 1, 2, . . . . (2.3)

We assume that in (2.1) the vector functions

gt (x(t),u(t)) = (g1
t (x(t),u(t)), g2

t (x(t),u(t)), . . . , gn
t (x(t),u(t)))

are determined uniquely by x(t) and u(t) at every time step t = 0, 1, 2, . . .. So,
x(t + 1) is determined uniquely by x(t) and u(t).

Additionally, we assume that at each moment of time t the cost

ct (x(t), x(t + 1)) = ct (x(t), gt (x(t),u(t)))

of the system’s transition from the state x(t) to the state x(t + 1) is known.
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Let

x0 = x(0), x(1), x(2), . . . , x(t), . . .

be a trajectory generated by given vectors of the control parameters

u(0),u(1), . . . ,u(t − 1), . . . .

Then after a fixed number of transitions τ of the dynamical system we can calculate
the integral-time cost (total cost) which we denote by Fτ

x0
(u(t)), i.e.,

Fτ
x0

(u(t)) =
τ−1∑

t=0

ct (x(t), gt (x(t),u(t))). (2.4)

In [6, 11] the following discrete optimal control problem with finite time horizon has
been considered: Find for given τ the vectors of control parameters

u(0),u(1),u(2), . . . ,u(τ − 1)

which satisfy the conditions (2.1)–(2.3) and minimize the functional (2.4). The solu-
tion of this optimal control problem can be found by using dynamic programming
techniques [6, 79].

Here we consider the infinite horizon control model. We assume that τ is not
bounded, i.e., τ → ∞. It is evident that if τ → ∞ then the integral-time cost

lim
τ→∞

τ−1∑

t=0

ct (x(t), gt (x(t),u(t)))

for a given control may not exist. Therefore, we study in this case the asymptotic
behavior of the integral-time cost Fτ

x0
(u(t)) by a trajectory determined by a feasible

or an optimal control. To estimate this value we apply the concept from [5, 6], i.e.,
for a fixed control u if τ is too large we estimate Fτ

x0
(u(t)) asymptotically using the

function φu(τ ) = Kϕ(τ ) such that

lim
τ→∞

1

ϕ(τ )

τ−1∑

t=0

ct (x(t), gt (x(t),u(t))) = K , (2.5)

where K is a constant.
So, in control problems with an infinite time horizon we are seeking for a control

u∗ with a suitable limiting function φu∗(τ ).
Based on the asymptotic approach mentioned above we may conclude that for a

given control, if τ is too large, the value Fτ
x0

(u(t)) can be approximated by Kϕ(τ ).
Moreover, we can see that for the stationary case of the control model with the costs

that do not depend on time the function φu(τ ) is linear. This means that ϕ(τ ) = τ
and Fτ

x0
(u(t)) for a large τ can be approximated by φu(τ ) = K τ .
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In the following we study only stationary control problems. For such problems
the vector functions gt and the feasible sets Ut (x(t)) do not depend on time, i.e.,
gt (x,u) = g(x,u) and Ut (x) = U (x), ∀x ∈ X , t = 0, 1, 2, . . .. Moreover, the con-
trol at every discrete moment of time depends only on the state x ∈ X and the cost
of the system’s transition from the state x ∈ X to the state y ∈ Y does not depend
on time, i.e., ct (x(t), x(t + 1)) = c(x, y), ∀x, y ∈ X and every t = 0, 1, 2, . . . if
x = x(t), y = x(t + 1).

Thus, for the considered stationary control problems the integral-time cost by
a trajectory during τ transitions can be asymptotically expressed as Fτ

x0
(u(t)) =

Kϕ(τ ), where ϕ(τ ) = τ . In this case for the dynamical system L the constant K in
(2.5) expresses the average cost per transition along a trajectory determined by the
control u(t). Therefore, for the infinite horizon optimal control problem the objective
function which has to be minimized is defined as follows:

Fx0(u(t)) = lim
τ→∞

1

τ

τ−1∑

t=0

c(x(t), g(x(t),u(t))). (2.6)

In [5] it is shown that for the stationary case of the problem the optimal control u∗
does not depend on time or on the starting state and it can be found in the set of
stationary controls.

Another class of control problems with an infinite time horizon which is widely
used for practical problems is characterized by a discounting objective cost
function [8]

F̂x0(u(t)) =
∞∑

t=0

γt ct (x(t), gt (x(t),u(t))). (2.7)

Here γ is a discount factor that satisfies the condition 0 < γ < 1 and F̂x0(u(t))
is called the total discounted cost. In a control problem with such an optimization
criterion we are seeking for the control which minimizes the functional (2.7).

In [28, 114, 129, 140] it is shown that if 0 < γ < 1 and the costs ct (x(t),
gt (x(t),u(t))) are bounded then for the stationary case of the control problem with
a discounted objective optimization criterion the optimal stationary control exists.

The problems formulated above correspond to deterministic models in which
the decision maker is able to fix the vector of control parameters u(t) from a given
feasible set Ut (x(t)) in each dynamical state x(t); the states x(t) ∈ X in these models
are called controllable states.

The main results we describe in the following are related to stochastic versions
of the control problems formulated above. We consider the control models in which
the dynamical system in the control process may admit dynamical states x(t) where
the corresponding vector of control parameters u(t) is changed in a random way
according to given distribution functions

p : Ut (x(t)) → [0, 1],
k(x(t))∑

i=1

p
(
ui

x(t)

) = 1 (2.8)
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on the corresponding dynamical feasible set Ut (x(t)). Here k(x(t)) = |Ut (x(t))|,
i.e., we consider the control models with finite feasible sets.

We regard each dynamical state x(t) of the system in the considered control
problem as a position (x, t) and we assume that the set of positions

Z = {(x, t) = x(t)
∣∣x(t) ∈ X, t = 0, 1, 2, . . .}

is divided into two subsets

Z = ZC ∪ Z N , ZC ∩ Z N = ∅

such that ZC corresponds to the set of controllable states and Z N corresponds to the
set of uncontrollable states. This means that for the stochastic control problems we
have the following behavior of the dynamics in the control process: If the starting state
x(0) belongs to the set of controllable states ZC then the decision maker fixes the
vector of control parameters u(0) from the feasible set U0(x(0)) and we obtain
the next state x(1); if the state x(0) belongs to the set Z N then the system passes to
the next state x(1) in a random way. If at the moment of time t = 1 the state x(1)

belongs to the set of controllable states ZC then the decision maker fixes the vector
of control parameters u(1) from U1(x(1)) and we obtain the next state x(2); if x(1)

belongs to the set of uncontrollable states Z N then the system passes to the next state
x(2) in a random way and so on indefinitely.

It is evident that for a fixed control the average cost per transition and the dis-
counted total cost in this process represent the random variables induced by the
distribution functions on feasible sets in the uncontrollable states and the control in
the controllable states.

To define the expected average cost per transition and expected discounted total
cost in the considered stochastic control problems for a fixed control we will apply
the concept of Markov decision processes in the following way:

Let u′(t) ∈ Ut (x(t)) be the given feasible vectors in the controllable states x(t) ∈
ZC . Then we may assume that we have the following distribution functions

p : Ut (x(t)) → {0, 1} for x(t) ∈ ZC

where p(u′(t)) = 1 and p(u(t)) = 0, ∀u(t) ∈ Ut (x(t))\{u′(t)}.
These distribution functions in the controllable states together with the distribution

functions (2.8) in the uncontrollable states determine a Markov process. For this
Markov process with transition probabilities pz,v and transition costs cz,v for (z, v) ∈
Z × Z we can determine the expected average and the expected discounted total costs
which we denote, respectively, by Fx0(u(t)) and F̂x0(u(t)). In such a way we obtain
the corresponding optimization problems in which we are seeking for the controls
that minimize the expected average and discounted total costs, respectively.

Thus, we shall use the combined concept of deterministic and stochastic control
models from [36, 81–94, 96, 108, 109], and will develop algorithms for determining
optimal strategies of the considered problems. Mainly, we will study the stationary
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versions of the control problems with a finite set of states for the dynamic system
and will describe algorithms based on linear programming. In the general case, for
non-stationary control problems, the optimal control may not exist. Some special
classes of non-stationary problems may admit the solution and the optimal control
can be found by using a special calculation procedure.

2.2 An Optimal Stationary Control with an Average Cost
Criterion and Algorithms for Solving Stochastic Control
Problems on Networks

In this section we consider the stationary stochastic discrete optimal control problem
with average cost criterion. We formulate this problem on networks and describe
polynomial time algorithms for determining the optimal control by using a linear
programming approach.

2.2.1 Problem Formulation

Let a discrete dynamical system L with a finite set of states X be given, where
|X | = n. At every discrete moment of time t = 0, 1, 2, . . . the state of L is x(t) ∈ X .
The dynamics of the system is described by a directed graph of states’ transitions
G = (X, E) where the set of vertices X corresponds to the set of states of the
dynamical system and an arbitrary directed edge e = (x, y) ∈ E expresses the
possibility of the system L to pass from the state x = x(t) to the state y = x(t + 1)

at every discrete moment of time t . So, a directed edge e = (x, y) in G corresponds
to a stationary control of the system in the state x ∈ X which provides a transition
from x = x(t) to y = x(t + 1) for every discrete moment of time t . We assume
that graph G does not contain deadlock vertices, i.e., for each x there exists at least
one leaving directed edge e = (x, y) ∈ E . In addition, we assume that to each edge
e = (x, y) ∈ E a quantity ce is associated which expresses the cost (or the reward
[47]) of the system L to pass from the state x = x(t) to the state y = x(t) for every
t = 0, 1, 2, . . . .

The cost ce for an arbitrary edge e = (x, y) is denoted by cx,y . A sequence
of directed edges E ′ = {e0, e1, e2, . . . , et , . . .} where et = (x(t), x(t + 1)),
t = 0, 1, 2, . . . determines in G a control of the dynamical system with a fixed
starting state x0 = x(0). An arbitrary control in G generates a trajectory x0 =
x(0), x(1), x(2), . . . for which the average cost per transition can be defined in the
following way

f (E ′) = lim
t→∞

1

t

t−1∑

τ=0

ceτ .
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In [5] it is shown that this value exists and | fx0(E ′)| ≤ maxe∈E ′ |ce|. Moreover,
in [5] it is shown that if G is strongly connected then for an arbitrary fixed starting
state x0 = x(0) there exists the optimal control E∗ = {e∗

0, e∗
1, e∗

2 . . .} for which

f (E∗) = min
E ′ lim

t→∞
1

t

t−1∑

τ=0

ceτ

and this optimal control does not depend either on the starting state or on time.
Therefore, the optimal control for this problem can be found in the set of stationary
strategies S. A stationary strategy in G is defined as a map:

s : x → y ∈ X (x) for x ∈ X,

where X (x) = {y ∈ X
∣∣ e = (x, y) ∈ E}.

Let s be a stationary strategy. Denote by Gs = (X, Es) the subgraph of G gener-
ated by edges of the form e = (x, s(x)) for x ∈ X . Then it is easy to observe that
in Gs there exists a unique directed cycle Cs which can be reached from x0 through
the directed edges from Es . Moreover, we can see that the mean cost of this cycle
is equal to the average cost per transition of the dynamical system by the trajectory
generated by the stationary strategy s. Thus, if G is a strongly connected directed
graph then the problem of determining the optimal control on G is equivalent to the
problem of finding in G the cycle C∗

G for which

∑
e∈E(C∗

G ) ce

n(C∗
G)

= min
CG

∑
e∈E(CG ) ce

n(CG)
,

where E(CG) is the set of directed edges of the directed cycle CG in G that can be
reached from a starting vertex and n(CG) is the number of its edges. If the cycle C∗

G
is known then the optimal control for an given arbitrary starting state x0 = x(0) in G
can be found in the following way: We fix the transitions through the directed edges
of the graph in order to reach a vertex of the directed cycle C∗

G and then we preserve
transitions through the directed edges of this cycle.

Polynomial and strongly polynomial time algorithms for determining the optimal
average cost cycles in a weighted directed graph and the optimal stationary strategies
for control problems on networks have already been proposed in [53, 65, 79, 117].

In the following we will consider the stochastic version of the problem formulated
above. We assume that the set of states X of the dynamical system may admit states
in which the system L makes transitions to the next state in a random way according
to a given distribution function of probabilities on the set of possible transitions
from these states. So, the set of states X is divided into two subsets XC and X N

(X = XC ∪ X N , XC ∩ X N = ∅), where XC represents the set of states x ∈ X
in which the transitions of the system to the next state y can be controlled by the
decision maker at every discrete moment of time t and X N represents the set of states
x ∈ X in which the decision maker is not able to control the transition because the
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system passes to the next state y randomly. Thus, for each x ∈ X N a probability
distribution function px,y on the set of possible transitions (x, y) from x to y ∈ X (x)

is given, i.e.,

∑

y∈X (x)

px,y = 1, ∀x ∈ X N ; px,y ≥ 0, ∀y ∈ X (x). (2.9)

Here px,y expresses the probability of the system’s transition from the state x to the
state y for every discrete moment of time t . Note, that the condition px,y = 0 for
a directed edge e = (x, y) ∈ E is equivalent with the condition that G does not
contain this edge.

In the same way as for the deterministic problem here we assume that to each
directed edge e = (x, y) ∈ E a cost ce is associated.

We call the graph G with the properties mentioned above decision network and
denote it by (G, XC , X N , c, p, x0). So, this network is determined by the directed
graph G with a fixed starting state x0, the subsets XC , X N , the cost function c :
E → R and the probability function p : EN → [0, 1] on the subset of the edges
EN = {e = (x, y) ∈ E

∣∣ x ∈ X N , y ∈ X} where p satisfies the condition (2.9). If
the control problem is considered for an arbitrary starting state then we denote the
network by (G, XC , X N , c, p).

We define a stationary strategy for the control problem on networks as a map:

s : x → y ∈ X (x) for x ∈ XC .

Let s be an arbitrary stationary strategy. Then we can determine the graph Gs =
(X, Es ∪ EN ), where Es = {e = (x, y) ∈ E | x ∈ XC , y = s(x)}, EN = {e =
(x, y) | x ∈ X N , y ∈ X}. This graph corresponds to a Markov process with the
probability matrix Ps = (ps

x,y), where

ps
x,y =

⎧
⎨

⎩

px,y, if x ∈ X N and y ∈ X;
1, if x ∈ XC and y = s(x);
0, if x ∈ XC and y �= s(x).

In the considered Markov process for an arbitrary state x ∈ XC the transition (x, s(x))

from the states x ∈ XC to the states y = s(x) ∈ X is made with the probability
px,s(x) = 1 if the strategy s is applied. For this Markov process we can determine the
average cost per transition for an arbitrary fixed starting state xi ∈ X in such a way
as we have defined it in Sect. 1.7.2. Thus, we can determine the vector of average
costs ωs which corresponds to the strategy s. As we have shown in Sect. 1.7.2 the
vector ωs can be calculated according to the formula ωs = Qsμs , where Qs is the
limit matrix of the Markov process generated by the stationary strategy s and μs

is the corresponding vector of the immediate costs, i.e., μs
x = ∑

y∈X (x) ps
x,ycs

x,y .
A component ωs

x of the vector ωs represents the average cost per transition in our
problem with a given starting state x and a fixed strategy s, i.e.,

fx (s) = ωs
x .

http://dx.doi.org/10.1007/978-3-319-11833-8_1
http://dx.doi.org/10.1007/978-3-319-11833-8_1
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In such a way we can define the value of the objective function fx0(s) for the control
problem on a network with a given starting state x0 when the stationary strategy s is
applied.

The control problem on the network (G, XC , X N , c, p, x0) consists of finding a
stationary strategy s∗ for which

fx0(s
∗) = min

s
fx0(s).

In the next section we can see that the optimal stationary strategy in the consid-
ered problem does not depend on the starting state. We show that a polynomial time
algorithm for determining the optimal solution of this problem can be elaborated.
Moreover, we show that the proposed algorithm can be extended to Markov decision
processes.

2.2.2 A Linear Programming Approach for Determining
Optimal Stationary Strategies on Perfect Networks

We consider the stochastic control problem on the network (G, XC , X N , c, p, x0)

with XC �= ∅, X N �= ∅ and assume that G is a strongly connected directed graph.
Additionally, we assume that in G for an arbitrary stationary strategy s ∈ S the
subgraph Gs = (X, Es ∪ EN ) is strongly connected. This means that the Markov
chain induced by the probability transition matrix Ps is irreducible for an arbitrary
strategy s. We call the decision network with such a condition a perfect network. At
first we describe an algorithm for determining the optimal stationary strategies for the
control problem on perfect networks. Then we show that the proposed algorithm can
be extended for the problem if an arbitrary strategy s generates a Markov unichain.
For a unichain control problem the graph Gs induced by a stationary strategy may
not be strongly connected but it contains a unique strongly connected component
that is reachable from every x ∈ X .

So, in this section we consider the control problem that the average cost per
transition is the same for an arbitrary starting state, i.e.,

fx (s) = ωs, ∀x ∈ X.

We will consider in the next section the case of a multichain control problem, i.e., the
case that for different starting states the average cost per transition may be different.

Let s ∈ S be an arbitrary strategy. Taking into account that for every fixed x ∈ XC

we have a unique y = s(x) ∈ X (x) then we can identify the map s with the set of
boolean values sx,y for x ∈ XC and y ∈ X (x), where

sx,y =
{

1, if y = s(x);
0, if y �= s(x).
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For the optimal stationary strategy s∗ we denote the corresponding boolean values
by s∗

x,y .
Assume that the network (G, XC , X N , c, p, x0) is perfect. Then the following

lemma holds.

Lemma 2.1 A stationary strategy s∗ is optimal if and only if it corresponds to an
optimal solution q∗, s∗ of the following mixed integer bilinear programming problem:
Minimize

ψ(s, q) =
∑

x∈XC

∑

y∈X (x)

cx,ysx,yqx +
∑

z∈X N

μzqz (2.10)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈XC

sx,yqx +
∑

z∈X N

pz,yqz = qy, ∀y ∈ X;
∑

x∈XC

qx +
∑

z∈X N

qz = 1;
∑

y∈X (x)

sx,y = 1, ∀x ∈ XC ;

sx,y ∈ {0, 1}, ∀x ∈ XC , y ∈ X; qx ≥ 0, ∀x ∈ X,

(2.11)

where

μz =
∑

y∈X (z)

pz,ycz,y, ∀z ∈ X N .

Proof Denote μx = ∑
y∈X (x) cx,ysx,y for x ∈ XC . Then μx for x ∈ XC and μz

for z ∈ X N represent, respectively, the immediate cost of the system in the states
x ∈ XC and z ∈ X N if the strategy s ∈ S is applied. Indeed, we can treat the values
sx,y for x ∈ XC and y ∈ X (x) as probability transitions from the state x ∈ XC to
the state y ∈ X (x).

Therefore, for fixed s the solution qs = (qs
xi1

, qs
xi2

, . . . , qs
xin

) of the system of
linear equations

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∑

x∈XC

sx,yqx +
∑

z∈X N

pz,yqz = qy, ∀y ∈ X;
∑

x∈XC

qx +
∑

z∈X N

qz = 1;
(2.12)

corresponds to the vector of limit probabilities in the ergodic Markov chain deter-
mined by the graph Gs = (X, Es ∪ EN ) with the probabilities px,y for (x, y) ∈ EN

and px,y = sx,y for (x, y) ∈ EC (EC = E\EN ). Therefore, for given s the value
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ψ(s, qs) =
∑

x∈XC

μx qx +
∑

z∈X N

μzqz

expresses the average cost per transition for the dynamical system if the strategy s
is applied, i.e.,

fx (s) = ψ(s, qs), ∀x ∈ X.

So, if we solve the optimization problem (2.10), (2.11) on a perfect network then we
find the optimal strategy s∗. ��
Remark 2.2 In the case of a perfect network the objective function ψ(s, q) on the
feasible set of solutions of the system (2.11) depends only on s, because qx for x ∈ X
can be uniquely expressed via sx,y (x ∈ XC , y ∈ X) according to (2.12). Moreover,
for perfect networks the condition qx ≥ 0 for x ∈ X in (2.11) holds if sx,y ≥ 0,
∀x ∈ XC , y ∈ X . Therefore, the condition qx ≥ 0 for x ∈ X in (2.11) is redundant
and can be omitted. This condition is essential only for multichain control problems.

In the following for an arbitrary vertex y ∈ X we will denote by X−
C (y) the set of

vertices from XC which contain directed leaving edges e = (x, y) ∈ E that end
in y, i.e., X−

C (y) = {x ∈ XC | (x, y) ∈ E}; in an analogues way we define the set
X−(y) = {x ∈ X | (x, y) ∈ E}.

Based on the lemma above we can prove the following result.

Theorem 2.3 Let α∗
x,y (x ∈ XC , y ∈ X), q∗

x (x ∈ X) be a basic optimal solution
of the following linear programming problem:
Minimize

ψ(α, q) =
∑

x∈XC

∑

y∈X (x)

cx,yαx,y +
∑

z∈X N

μzqz (2.13)

subject to ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X−
C (y)

αx,y +
∑

z∈X N

pz,yqz = qy, ∀y ∈ X;
∑

x∈XC

qx +
∑

z∈X N

qz = 1;
∑

y∈X (x)

αx,y = qx , ∀x ∈ XC ;

αx,y ≥ 0, ∀x ∈ XC , y ∈ X; qx ≥ 0, ∀x ∈ X.

(2.14)

Then the optimal stationary strategy s∗ on a perfect network can be found as
follows:

s∗
x,y =

{
1, if α∗

x,y > 0;
0, if α∗

x,y = 0,
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where x ∈ XC , y ∈ X (x). Moreover, for every starting state x ∈ X the optimal
average cost per transition is equal to ψ(α∗, q∗), i.e.,

fx (s
∗) =

∑

x∈XC

∑

y∈X (x)

cx,yα
∗
x,y +

∑

z∈X N

μzq∗
z

for every x ∈ X.

Proof To prove the theorem it is sufficient to apply Lemma 2.1 and to show that
the bilinear programming problem (2.10), (2.11) with boolean variables sx,y for
x ∈ XC , y ∈ X can be reduced to the linear programming problem (2.13), (2.14).
Indeed, we observe that the restrictions sx,y ∈ {0, 1} in the problems (2.10), (2.11)
can be replaced by sx,y ≥ 0 because the optimal solutions after such a transformation
of the problem are not changed. In addition, the restrictions

∑

y∈X (x)

sx,y = 1, ∀x ∈ XC

can be changed by the restrictions

∑

y∈X (x)

sx,yqx = qx , ∀x ∈ XC

because for the perfect network it holds qx > 0, ∀x ∈ XC .
Based on the properties mentioned above in the problem (2.10), (2.11) we may

replace the system (2.11) by the following system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X−
C (y)

sx,yqx +
∑

z∈X N

pz,yqz = qy, ∀y ∈ X;
∑

x∈XC

qx +
∑

z∈X N

qz = 1;
∑

y∈X (x)

sx,yqx = qx , ∀x ∈ XC ;

sx,y ≥ 0, ∀x ∈ XC , y ∈ X; qx ≥ 0, ∀x ∈ X.

(2.15)

Thus, we may conclude that problem (2.10), (2.11) and problem (2.10), (2.15) have
the same optimal solutions. Taking into account that for the perfect network qx > 0,
∀x ∈ X we can introduce in problem (2.10), (2.15) the notations αx,y = sx,yqx

for x ∈ XC , y ∈ X (x). This leads to the problem (2.13), (2.14). It is evident that
αx,y �= 0 if and only if sx,y = 1. Therefore, the optimal stationary strategy s∗ can
be found according to the rule given in the theorem. ��
Remark 2.4 In Theorem 2.3 the linear programming problem (2.13), (2.14) can be
changed by the following equivalent linear programming problem:
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Minimize

ψ(α, q) =
∑

x∈XC

∑

y∈X (x)

cx,yαx,y +
∑

z∈X N

μzqz (2.16)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X−
C (y)

αx,y −
∑

x∈X (y)

αy,x +
∑

x∈X N

px,yqx = 0, ∀y ∈ XC ;
∑

x∈X−
C (y)

αx,y − qy +
∑

x∈X N

px,yqx = 0, ∀y ∈ X N ;
∑

x∈XC

∑

y∈X (x)

αx,y +
∑

x∈X N

qx = 1;

αx,y ≥ 0, ∀x ∈ XC , y ∈ X; qx ≥ 0, ∀x ∈ X N .

(2.17)

This problem is obtained from (2.13), (2.14) if we take into account Remark 2.2 and
eliminate qx for x ∈ XC from (2.14). If we solve this problem then we should take
into account that αx,y = sx,yqx , ∀x ∈ XC , y ∈ X (x), where qx = ∑

y∈X (x) αx,y ,
∀x ∈ XC .

So, if the network (G, XC , X N , c, p, x0) is perfect then we can find the optimal
stationary strategy s∗ by using the following algorithm.

Algorithm 2.5 Determining the Optimal Stationary Strategy on Perfect
Networks

(1) Formulate the linear programming problem (2.13), (2.14) and find a basic optimal
solution α∗

x,y (x ∈ XC , y ∈ X), q∗
x (x ∈ X).

(2) Fix a stationary strategy s∗ where s∗
x,y = 1 for x ∈ XC , y ∈ X (x) if α∗

x,y > 0;
otherwise put s∗

x,y = 0.

Below an example for determining the optimal control problem on networks by using
linear programming is given.

Example Consider a stochastic control problem for which the network is represented
in Fig. 2.1, i.e.,

G = (X, E), X = {1, 2, 3, 4}, XC = {1, 2}, X N = {3, 4},
E = {(1, 3), (1, 4), (2, 3), (2, 4), (3, 1), (3, 4), (4, 2), (4, 3)}.

The transition cost for directed edges from E and the transition probabilities for
directed edges originating in the vertices 3 and 4 are given by:

c1,3 = 1, c2,3 = 3, c3,1 = 2, c4,2 = 1,

c1,4 = 2, c2,4 = 1, c3,4 = 4, c4,3 = 3,

p3,1 = 0.5, p3,4 = 0.5, p4,2 = 0.5, p4,3 = 0.5 .
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1

3

4

2

Fig. 2.1 The perfect network for the control problem

We are seeking for the optimal stationary strategy s∗ which gives the solution of the
problem for an arbitrary starting state x ∈ X .

It is easy to see that the network is perfect and, therefore, we can determine the
optimal strategy by solving the linear programming problem (2.13), (2.14).

For this example we have

ψ(α, q) = c1,3α1,3 + c1,4α1,4 + c2,3α2,3 + c2,4α2,4 + μ3q3 + μ4q4,

where

μ3 = p3,1c3,1 + p3,4c3,4 = 0.5 · 2 + 0.5 · 4 = 3,

μ4 = p4,2c4,2 + p4,3c4,3 = 0.5 · 1 + 0.5 · 3 = 2.

So, to determine the optimal stationary strategy s∗ we need to solve the linear pro-
gramming problem:
Minimize

ψ(α, q) = α1,3 + 2α1,4 + 3α2,3 + α2,4 + 3q3 + 2q4

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0.5q3 = q1,

0.5q4 = q2,

α1,3 + α2,3 + 0.5q4 = q3,

α1,4 + α2,4 + 0.5q3 = q4,

α1,3 + α1,4 = q1,

α2,3 + α2,4 = q2,

q1 + q2 + q3 + q4 = 1,

qi ≥ 0, i = 1, 2, 3, 4; αi, j ≥ 0, i, j = 1, 2, 3, 4.

It is easy to check that the optimal solution of this problem is
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1

3

4

2

s∗
1,3 = 1

s∗
2,4 = 1

Fig. 2.2 The network induced by the optimal strategy

α∗
1,4 = 0, α∗

2,3 = 0, α∗
1,3 = 1

6
, α∗

2,4 = 1

6
,

q∗
1 = 1

6
, q∗

2 = 1

6
, q∗

3 = 2

6
, q∗

4 = 2

6
and ϕ(α∗, q∗) = 2.

So, s∗
1,4 = 0, s∗

2,3 = 0, s∗
1,3 = 1, s∗

2,4 = 1.
In Fig. 2.2 a network is presented which corresponds to an optimal stationary

strategy s∗
1,3 = 1, s∗

2,4 = 1.

2.2.3 Remark on the Application of the Unichain Linear
Programming Model for an Arbitrary Network

The linear programming problem (2.13), (2.14) can be solved on an arbitrary decision
network (G, XC , X N , c, p). A basic optimal solution α∗, q∗ determines the strategy

s∗
x,y =

{
1, if α∗

x,y > 0;
0, if α∗

x,y = 0,

and a subset X∗ = {x ∈ X | qx∗ > 0}, where s∗ provides the optimal average cost per
transition for the dynamical system L when it starts transitions in the states x0 ∈ X∗.

This means that for an arbitrary network Algorithm 2.5 determines the optimal
stationary strategy of the problem only in the case if the system starts transitions in
the states x ∈ X∗. So, in the general case the algorithm finds a strategy s∗ and a
distinct positive recurrent class X∗ in X with the minimal average cost per transition
of the system L for an arbitrary starting state x0 ∈ X∗.

For a unichain control problem Algorithm 2.5 determines the strategy s∗ and the
recurrent class X∗. In this case the remaining states x ∈ X\X∗ in X correspond to
transient states and the optimal stationary strategies in the states x ∈ X\X∗ can be
chosen in order to reach X∗. Therefore, the linear programming model (2.13), (2.14)
can be used for determining the optimal stationary strategy for an arbitrary unichain
control problem.
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2.2.4 Determining the Solutions for an Arbitrary Unichain
Control Problem and for the Deterministic Case

As we have noted the linear programming model (2.13), (2.14) can be used for
studying the control problem on a network of arbitrary structure. Here we show
how to use the linear programming model (2.13), (2.14) for determining the optimal
stationary strategies of the control problem in the following two cases:

(1) the network is not perfect but for an arbitrary stationary strategy s the matrix Ps

corresponds to a recurrent Markov chain;
(2) the network contains only controllable states, i.e., X N = ∅.

First let us analyze the problem in the case (1). In this case an arbitrary strategy s in
G generates a graph Gs with unique strongly connected components G ′

s = (X ′
s, E ′

s)

that can be reached from any vertex x ∈ X . The optimal stationary strategy s∗ in G
can be found from a basic optimal solution by fixing s∗

x,y = 1 for the basic variables.
This means that in G we can find the optimal stationary strategy as follows:

We solve the linear programming problem (2.13), (2.14) and find a basic optimal
solution α∗, q∗. Then we find the subset of vertices X∗ = {x ∈ X | q∗

x > 0} which in
G corresponds to a strongly connected subgraph G∗ = (X∗, E∗). On this subgraph
we determine the optimal solution of the problem using the algorithm described in
the previous section. It is evident that if x0 ∈ X∗ then we obtain the solution of the
problem with fixed starting state x0. To determine the solution of the problem for an
arbitrary starting state we may select successively vertices x ∈ X\X∗ which contain
outgoing directed edges that end in X∗ and will add them at each time to X∗ using
the following rule:

• if x ∈ XC ∩ (X\X∗) then we fix an directed edge e = (x, y), put s∗
x,y = 1 and

change X∗ by X∗ ∪ {x};
• if x ∈ X N ∩ (X\X∗) then change X∗ by X∗ ∪ {x}.
Thus, in the case (1) we can determine the optimal stationary strategy of the control
problem on the network (G, XC , X N , c, p, x0).

In the case (2) (X N = ∅) we have a deterministic model and the linear program-
ming problem (2.13), (2.14) becomes the linear programming problem from [65,
117]. Thus, the linear programming model generalizes the deterministic model from
[65, 117] and from Theorem 2.3 we obtain the following result.

Lemma 2.6 Let G = (X, E) be a strongly connected directed graph with X N = ∅
and let α∗

x,y , (x, y) ∈ E be the basic optimal solution of the linear programming
problem:
Minimize

ψ(α) =
∑

x∈XC

∑

y∈X (x)

cx,yαx,y (2.18)
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subject to
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∑

x∈X−(y)

αx,y −
∑

z∈X (y)

αy,z = 0, ∀y ∈ X;
∑

x∈X

∑

y∈X (x)

αx,y = 1;

αx,y ≥ 0, ∀(x, y) ∈ E .

(2.19)

Then the subgraph G ′ = (X ′, E ′) generated by the directed edges (x, y) ∈ E with
α∗

x,y > 0 has a structure of a directed cycle and an optimal stationary strategy s∗
for the control problem on G with a given starting state x0 can be found as follows:

• fix a simple directed path which connects x0 with the directed cycle G ′ and find
the set of edges E ′′ of this directed path;

• fix the stationary strategy s∗ where s∗
x,y = 1 if (x, y) ∈ E ′ ∪ E ′′; otherwise put

s∗
x,y = 0.

Proof If X N = ∅ then problem (2.13), (2.14) is transformed into the following
problem:
Minimize (2.18) subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X−(y)

αx,y = qy, ∀y ∈ X;
∑

x∈X

qy +
∑

z∈X N

qz = 1;
∑

y∈X (x)

αx,y = qx , ∀x ∈ X;

αx,y ≥ 0, ∀x, y ∈ X; qx ≥ 0, ∀x ∈ X.

(2.20)

After the elimination of qx and qy from the system (2.20) we obtain the system (2.19).
In such a way we obtain that (2.18), (2.19) becomes the mean cost cycle problem on
G and the algorithm from the lemma above determines the optimal solution of the
problem. ��
Based on the lemma above we can propose the following algorithm for finding the
solution of the problem in the case X N = ∅.

Algorithm 2.7 Determining the Optimal Solution for the Deterministic Control
Problem

1. Formulate the linear programming problem (2.18), (2.19) and find a basic optimal
solution α∗

x,y and the corresponding directed graph G ′ = (X ′, E ′) which has the
structure of a directed cycle;

2. Fix a simple directed path which connects x0 with the directed cycle G ′ and find
the set of edges E ′′ of this directed path;
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3. Fix a stationary strategy s∗ where s∗
x,y = 1 if (x, y) ∈ E ′ ∪ E ′′; otherwise put

s∗
x,y = 0.

So, the deterministic control problem can be efficiently solved on an arbitrary network
if X N = ∅.

2.2.5 Dual Linear Programming for the Unichain Control
Problem and an Algorithm for Determining
the Optimal Strategies

For the linear programming model (2.16), (2.17) we consider the following dual
problem:
Maximize

ψ ′(ε,ω) = ω (2.21)

subject to

⎧
⎨

⎩

εx − εy + ω ≤ cx,y, ∀ x ∈ XC , y ∈ X (x);
εx − ∑

z∈X
px,zεz + ω ≤ μx , ∀ x ∈ X N .

(2.22)

Remark 2.8 The conditions qy ≥ 0, ∀x ∈ X N in the unichain primal linear pro-
gramming problem are redundant. Therefore, the constraints 2.22 in the problem
(2.21), (2.22) can be replaced by the following constraints

⎧
⎨

⎩

εx − εy + ω ≤ cx,y, ∀ x ∈ XC , y ∈ X (x);
εx − ∑

z∈X
px,zεz + ω = μx , ∀ x ∈ X N . (2.23)

The optimal stationary strategies of the unichain control problem correspond to basic
optimal solutions of this problem and can be found by using the following theorem.

Theorem 2.9 An arbitrary optimal solution ε∗
x (x ∈ X), ω∗ of the problem (2.21),

(2.22) for a unichain control model on the network (G, XC , X N , c, p) possesses the
following property:

(1) min
y∈X(x)

{cx,y + ε∗
y − ε∗

x − ω∗} = 0, ∀x ∈ XC ;
(2) μx + ∑

z∈X (x)

px,zε
∗
z − ε∗

x − ω∗ = 0, ∀x ∈ X N ;
(3) a stationary strategy s∗ : XC → X is optimal if and only if (x, s∗(x)) ∈ E∗

C ,
∀x ∈ XC , where
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E∗
C = {e = (x, y) ∈ EC | cx,y + ε∗

y − ε∗
x − ω∗ = 0}.

The value ω∗ is equal to the optimal average cost in the unichain control problem
on the network (G, XC , X N , c, p).

Proof The properties (1) and (2) of the theorem represent the optimality conditions
for the dual linear programming problem (2.21), (2.22). If α∗

x,y , (x ∈ XC , y ∈
X (x)), q∗

x (x ∈ X) is a basic solution of the primal problem (2.16), (2.17), where
α∗

x,y = s∗
x,yq∗

x , q∗ = ∑
y∈X (x) αx,y, then we can take s∗

x,y = 1 for (x, y) ∈ EC that
satisfies the conditions (1), (2) and sx,y = 0 in the other case. This means that an
optimal stationary strategy in G is determined by the map s∗ : XC → X for which
(x, s∗(x)) ∈ E∗

C , ∀x ∈ XC . ��
Corollary 2.10 Each subset Es∗ = {e = (x, s∗(x)) ∈ E∗

C | x ∈ XC } in G generates
a subgraph Gs∗ = (X, Es∗ ∪ EC ) that corresponds to a Markov unichain, i.e., Gs∗
contains a unique strongly connected component that is reachable from every x ∈ X.
The values of the boolean variable s∗

x,y, x ∈ X, y ∈ X (x) that correspond to an
optimal solution of the problem can be found by fixing

s∗
x,y =

{
1, if (x, y) ∈ Es∗ ;
0, if (x, y) /∈ Es∗ .

Corollary 2.11 Let s be an arbitrary strategy for the control problem on the network
(G, XC , X N , c, p) and Ps = (ps

x,y) be the transition probability matrix induced by
this strategy,

ps
x,y =

⎧
⎨

⎩

px,y, if x ∈ X N and y ∈ X;
1, if x ∈ XC and y = s(x);
0, if x ∈ XC and y �= s(x).

Then in the Markov process induced by this transition probability matrix it holds

qs
x

(
μs

x + εs
x −

∑

z∈X

ps
x,zε

s
z − ωs

)
= 0 ∀x ∈ X,

where qs
x is a limiting probability in the state x ∈ X and μs

x = ∑
y∈X (x) ps

x,ycx,y .

From Theorem 2.9 we can make the following conclusions. For an arbitrary unichain
control problem there exist a function ε∗ : X → R and a value ω∗ that satisfy the
conditions

(1) cx,y = cx,y + ε∗
y − ε∗

x − ω∗ ≥ 0, ∀x ∈ XC , ∀y ∈ X (x);

(2) min
y∈X

cx,y = 0, ∀x ∈ XC ;

(3) μx = μx + ∑
y∈X

px,yε
∗
x − ε∗

x − ω∗
x = 0, ∀x ∈ X N .



122 2 Stochastic Optimal Control Problems . . .

If in the decision network (G, XC , X N , c, p) we change the cost function c by
c then we obtain a new control problem on the network (G, XC , X N , c, p). Such
a transformation of the cost function in the control problem does not change the
optimal stationary strategies. In the new control problem the cost function c satisfies
the conditions miny∈X (x) cx,y = 0, ∀x ∈ XC and μx = 0, ∀x ∈ X N . For this
problem the optimal average cost ω∗

x for every x ∈ X is equal to zero and an
optimal stationary strategy can be found by fixing an arbitrary map s∗ such that
(x, s∗(x)) ∈ E∗

C , where E∗
C = {(x, y) ∈ EC | cx,y = 0}.

We call the cost function cx,y = cx,y + ε∗
y − ε∗

x − ω∗, (x, y) ∈ E a potential
transformation induced by the potential function ε∗ : X → R and the values ω∗

x
for x ∈ X . Furthermore, we call the new problem with the cost function c a control
problem in canonical form.

2.2.6 The Potential Transformation and Optimality
Conditions for Multichain Control Problems

The aim of this section is to formulate and prove the optimality conditions for an aver-
age multichain stochastic control problem. For this reason we extend the notions of
the potential function and potential transformation for a multichain control problem
and study their main properties. Based on these properties we prove the optimality
conditions and show how to reduce the average multichain control problem to an
auxiliary one in canonical form for which the optimal solutions can easily be found.
We show that such a transformation of the control problem into an auxiliary problem
in canonical form always exists. Finally, we show that the problem of determining
optimal stationary strategies in a multichain control problem can be formulated as a
linear programming problem.

We define the decision network in canonical form (G, XC , X N , c, p) for a mul-
tichain control problem on the network (G, XC , X N , c, p) by using the potential
transformation

cx,y = cx,y + εy − εx − hx , ∀x ∈ X, ∀y ∈ X (x), (2.24)

where the function ε : X → R and the values hx for x ∈ X satisfy the conditions:

(1) cx,y = cx,y + εy − εx − hx ≥ 0, ∀x ∈ XC , y ∈ X (x);

(2) min
y∈X

cx,y = 0, ∀x ∈ XC ;

(3) μx = μx + ∑
y∈X

px,yεy − εx − hx = 0, ∀x ∈ X N ;

(4) hx = min
y∈X (x)

hy, ∀x ∈ XC , ∀y ∈ X (x);



2.2 An Optimal Stationary Control with an Average Cost Criterion . . . 123

(5) hx = ∑
y∈X

px,yhy, ∀x ∈ X N

(6) Eh(x) ∩ Ec(x) �= ∅, where

Eh(x) =
{

(x, y) ∈ EC | y ∈ argmin
z∈X (x)

{hz}
}

, x ∈ XC

and

Ec(x) =
{

(x, y) ∈ EC | y ∈ argmin
z∈X (x)

{cx,z}
}

, x ∈ XC .

In general, the potential transformation (2.24) can also be considered for an arbitrary
network. However, the optimal stationary strategies in the control problem after such
a potential transformation may differ from the optimal stationary strategies in the
initial network. The potential transformation with the properties mentioned above
preserves the optimal strategy of the multichain control problem.

If the decision network in canonical form is known then the optimal stationary
strategy for the stochastic multichain control problem can be found in a similar way
as for the unichain case of the problem, i.e., we fix a strategy s∗ : XC → X such that
(x, s∗(x)) ∈ E∗

c . Moreover, the potential transformation c that satisfies the conditions
(1)–(6) gives the values of the optimal average costs ω∗

x = hx in the states x ∈ X for
a multichain control problem on the network (G, XC , X N , c, p).

In the following we show that for an arbitrary network (G, XC , X N , c, p) that
there exists a network in canonical form (G, XC , X N , c, p) that obtains the optimal
stationary strategy s∗ and the optimal average costs ω∗

x for x ∈ X . We ground all
these results on the basis of the following optimality principle for a multichain control
problem.

Theorem 2.12 For an arbitrary decision network (G, XC , X N , c, p) there exists a
potential transformation

cx,y = cx,y + ε∗
y − ε∗

x − h∗
x , ∀x ∈ X, y ∈ X (x)

of the cost function c that satisfies the following conditions:

(1) cx,y = cx,y + ε∗
y − ε∗

x − h∗
x ≥ 0, ∀x ∈ XC , y ∈ X (x);

(2) min
y∈X

cx,y = 0, ∀x ∈ XC ;

(3) μx = μx + ∑
y∈X

px,yε
∗
y − ε∗

x − h∗
x = 0, ∀x ∈ X N ;

(4) h∗
x = min

y∈X (x)
h∗

y, ∀x ∈ XC , ∀y ∈ X (x);
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(5) h∗
x = ∑

y∈X
px,yh∗

y, ∀x ∈ X N ;

(6) E∗
h∗(x) ∩ E∗

c (x) �= ∅, ∀x ∈ XC , where

E∗
h∗(x) =

{
(x, y) ∈ EC | y ∈ argmin

z∈X (x)

{hz}
}

, x ∈ XC

and

E∗
c (x) =

{
(x, y) ∈ EC | y ∈ argmin

z∈X (x)

{cx,z}
}

, x ∈ XC .

The values ε∗
x for x ∈ X correspond to a basic solution of the system of linear

equations

⎧
⎨

⎩

cx,y + εy − εx − h∗
x = 0, ∀x ∈ XC , (x, y) ∈ E∗

h∗(x);
μx + ∑

y∈X
px,yεy − εx − h∗

x = 0, ∀x ∈ X N
(2.25)

and determines the decision network in canonical form (G, XC , X N , c, p) for the
control problem on the network (G, XC , X N , c, p), where cx,y = cx,y +ε∗

y −ε∗
x −h∗

x ,
∀x ∈ X, y ∈ X (x).

The values h∗
x for x ∈ X coincide with the corresponding optimal average costs ω∗

x
for x ∈ X and an optimal stationary strategy for the control problem on the network
can be found by fixing an arbitrary map s∗ : XC → X such that (x, s∗(x)) ∈
E∗

h∗(x) ∩ E∗
c (x), ∀x ∈ XC .

This theorem is tightly connected with the existence of the solutions for the bias
equations in average Markov decision processes (see [115, 140]). In the terms of
bias equations this theorem can be formulated in the following way:

Theorem 2.13 The system of equations

⎧
⎪⎨

⎪⎩

εx + hx = min
y∈X

{cx,y + εy}, ∀x ∈ XC ;
εx + hx = μx + ∑

y∈X
px,yεy, ∀x ∈ X N

(2.26)

has solutions with respect to εx for x ∈ X under the set of solutions of the following
system of equations

⎧
⎪⎨

⎪⎩

hx = min
y∈X (x)

hy, ∀x ∈ XC ;
hx = ∑

y∈X (x)

px,yhx , ∀x ∈ X N .
(2.27)
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If ε∗
x , h∗

x (x ∈ X) is the solution of these equations then h∗
x for x ∈ X coincides with

the optimal average costs ω∗
x .

To prove Theorem 2.12 we need some auxiliary results.
Let s : X → X be a feasible strategy for the control problem on the decision

network (G, XC , X N , c, p) and Ps = (ps
x,y) be the transition probability matrix of

the Markov chain induced by the strategy s, i.e.,

ps
x,y =

⎧
⎨

⎩

px,y, if x ∈ X N and y = X (x);
1, if x ∈ XC and y = s(x);
0, if x ∈ XC and y �= s(x).

(2.28)

Denote by Qs = (qs
x,y) the limit matrix in the Markov chain with probability tran-

sition matrix Ps and by Xs
1, Xs

2, . . . , Xs
k the corresponding irreducible sets in this

Markov chain.

Lemma 2.14 Let ωs
x be the average cost per transition of the system for a fea-

sible strategy s : XC → X of the control problem on the decision network
(G, XC , X N , c, p). Then for an arbitrary potential function ε : X → Rand arbitrary
real values hx for x ∈ X the average cost per transition ωs

x of the system on the
potential transformed network (G, XC , X N , p, c) satisfies the condition

ωs
x = ωs

x −
∑

z∈X

qs
x,zhz, ∀x ∈ X. (2.29)

Proof Let s be a feasible stationary strategy of the control problem. Consider a
potential transformation cx,y = cx,y + εy − εx − hx , (x, y) ∈ E determined by an
arbitrary function ε : X → R and arbitrary real values hz for z ∈ X . Then after the
potential transformation the average cost ωs

x for an arbitrary x ∈ X can be calculated
as follows:

ωs
x =

∑

z∈X

μs
zqs

x,z =
∑

z∈X

∑

y∈X (z)

ps
z,ycz,yqs

x,z

=
∑

z∈X

∑

y∈X (z)

ps
z,y(cz,y + εs

y − εs
z − hz)q

s
x,z =

∑

z∈X

∑

y∈X (z)

ps
z,ycz,yqs

x,z

+
∑

z∈X

qs
x,z

∑

y∈X (z)

ps
z,yε

s
y −

∑

z∈X

qs
x,z

∑

y∈X (z)

ps
z,yε

s
z −

∑

z∈X

qs
x,zhz

∑

y∈X (z)

ps
z,y

= ωs
x +

∑

z∈X

qs
x,z

( ∑

y∈X (z)

ps
z,yεy −

∑

y∈X (z)

ps
z,yεz

)
−
∑

z∈X

qs
x,zhz,

i.e., we have

ωs
x = ωs

x +
∑

z∈X

qs
x,z

( ∑

y∈X (x)

ps
z,yε

s
y − εs

z

)
−
∑

z∈X

qs
x,zhz, ∀x ∈ X. (2.30)
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Now we show that for an arbitrary strategy s it holds

∑

z∈X

qs
x,z

( ∑

y∈X (z)

ps
z,yε

s
y − εs

z

)
= 0, ∀x ∈ X. (2.31)

Let Xs
1, Xs

2, . . . , Xs
k be the corresponding irreducible sets in the Markov chain

induced by the strategy s. Then in the graph Gs = (X, Es ∪ EN ) each subset Xs
i

of X generates a strongly connected graph that corresponds to a distinct irreducible
Markov chain and in each irreducible set the average costs for an arbitrary starting
state is the same.

If we denote by ωs,i the average cost for the corresponding states in the irreducible
sets Xs

i then we have

∑

z∈X

qs
x,z

( ∑

y∈X (z)

ps
z,yε

s
y − εs

z

)

=
∑

z∈X

qs
x,z

((
μs

z +
∑

y∈X (z)

ps
z,yε

s
y − εs

z − ωs
z

)
+ (ωs

z − μs
z)

)

=
k∑

i=1

∑

z∈Xs
i

qs
x,z

((
μs

z +
∑

y∈X (z)

ps
z,yε

s
y − εs

z − ωs,i
)

+ (ωs,i − μs
z)

)

=
k∑

i=1

∑

z∈Xs
i

qs
x,z

(
μs

z +
∑

y∈X (z)

ps
z,yε

s
y − εs

z − ωs,i
)

+
k∑

i=1

∑

z∈Xs
i

qs
x,z(ω

s,i − μs
z).

Here, according to Corollary 2.11 it holds

μs
z +

∑

y∈X (z)

ps
z,yε

s
y − εs

z − ωs,i = 0, ∀z ∈ Xs
i , i = 1, 2, . . . , k.

Therefore, we obtain

∑

z∈X

qs
x,z

( ∑

y∈X (z)

ps
z,yε

s
y − εs

z

)
=

k∑

i∈1

∑

z∈Xs
i

qs
x,z(ω

s,i − μs
z)

=
k∑

i=1

ωs,i
∑

z∈Xs
i

qs
x,z −

k∑

i=1

∑

z∈Xs
i

qs
x,zμ

s
z =

k∑

i=1

ωs,i −
k∑

i=1

ωs,i = 0.

So, condition (2.31) holds.
If we introduce (2.31) in (2.30) then we obtain (2.29). ��
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Corollary 2.15 Let s be an arbitrary feasible strategy for the control problem on the
network (G, XC , X N , c, p) and Qs = (qs

x,y) be the matrix of limiting probabilities in
the Markov chain induced by the strategy s. Then for an arbitrary potential function
ε : X → R the following condition holds

∑

z∈X

qs
x,z

( ∑

y∈X (x)

ps
z,yε

s
y − εs

z

)
= 0, ∀x ∈ X. (2.32)

If in (2.24) we fix hx = h, ∀x ∈ X then we obtain the following potential transfor-
mation

cx,y = cx,y + εy − εx − h, ∀x ∈ X, ∀y ∈ X (x), (2.33)

In this case from Lemma 2.14 we obtain the following result.

Corollary 2.16 Let ωs
x be the average cost per transition of the system for a

feasible strategy s : XC → X of the control problem on the decision network
(G, XC , X N , c, p). Then for an arbitrary potential function ε : X → R and h ∈ R

the average cost per transition ωs
x of the system on the potential transformed network

(G, XC , X N , c, p) satisfies the condition

ωs
x = ωs

x − h, ∀x ∈ X, ∀s. (2.34)

Corollary 2.16 shows that an arbitrary control problem with average cost criterion can
be transformed into a similar one where the transition cost function c is nonnegative
or positive. Indeed, if we take an arbitrary function ε : X → R and h = −M , where
M ≥ max(x,y)∈E |cx,y |, then the cost function c in the control problem becomes
nonnegative or positive.

Lemma 2.17 Assume that for a fixed strategy s the values hs
x , x ∈ X satisfy the

condition

hs
x −

∑

y∈X (x)

ps
x,yhs

y = 0, ∀x ∈ X. (2.35)

Then for an arbitrary potential function ε : X → R the average cost ωs
x in the

control problem on the network (C, XC , X N , c, p) with a transformed potential cost
function

cx,y = cx,y + εy − εx − hs
x , ∀x ∈ X, ∀y ∈ X (x)

can be calculated using the following formula

ωs
x = ωs

x − hs
x , ∀x ∈ X. (2.36)
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If hs
x for x ∈ X satisfies the condition

hs
x −

∑

y∈X (x)

ps
x,yhs

y ≤ 0, ∀x ∈ X, (2.37)

then

ωs
x ≥ ωs

x − hs
x , ∀x ∈ X. (2.38)

If hs
x for x ∈ X satisfies the condition

hs
x −

∑

y∈X (x)

ps
x,yhs

y ≥ 0, ∀x ∈ X, (2.39)

then

ωs
x ≤ ωs

x − hx , ∀x ∈ X, ∀s ∈ S. (2.40)

Proof According to Lemma 1.25 (see Eqs. (1.55), (1.56)) the condition (2.35) implies

hs
x =

∑

y∈X (x)

qs
x,yhs

y, ∀x ∈ X. (2.41)

If we introduce (2.41) in (2.29) then we obtain (2.35). In the case if hs
x for x ∈ X

satisfies (2.37) we obtain hs
x ≤ ∑

y∈X (x) ps
x,yhs

y . This implies (2.38). If hs
x for x ∈ X

satisfies (2.39) then we obtain hs
x ≥ ∑

y∈X (x) ps
x,yhs

y . This implies (2.40). ��
Lemma 2.18 Let s be an arbitrary stationary strategy for the control problem on
the network (G, XC , X N , c, p) and Ps = (ps

x,y) be the probability transition matrix
induced by the strategy s, i.e., the elements ps

x,y of this matrix are defined according
to (2.28). Then the system of linear equations

⎧
⎪⎨

⎪⎩

μs
x + ∑

y∈X
ps

x,yε
s
y − εs

x − hs
x = 0, ∀x ∈ X;

hs
x − ∑

y∈X (x)

ps
x,yhs

y = 0, ∀x ∈ X; (2.42)

has solutions. Moreover, if

hs
x −

∑

y∈X (x)

ps
x,yhs

y ≤ 0, ∀x ∈ X (2.43)

then
μs

x +
∑

y∈X

px,yε
s
y − εs

x − hs
x ≥ 0, ∀x ∈ X; (2.44)

http://dx.doi.org/10.1007/978-3-319-11833-8_1
http://dx.doi.org/10.1007/978-3-319-11833-8_1
http://dx.doi.org/10.1007/978-3-319-11833-8_1
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if

hs
x −

∑

y∈X (x)

ps
x,yhs

y ≥ 0, ∀x ∈ X (2.45)

then

μs
x +

∑

y∈X

px,yε
s
y − εs

x − hs
x ≤ 0, ∀x ∈ X. (2.46)

Proof We shall use the vector representation of the system (2.42). Denote by μ, h
and ε the vectors with the corresponding components μx , hx and εx for x ∈ X .
Additionally, assume that the matrix Ps is represented in canonical form as it is
defined in Sect. 1.1.3, i.e.,

Ps =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

Ps
1 0 . . . 0 0

0 Ps
2 . . . 0 0

. . . . . . .

. . . . . . .

. . . . . . .
0 0 . . . Ps

k 0
W s

1 W s
2 . . . W s

k W s
k+1

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

,

where Ps
r , r = 1, 2, . . . , k represent the submatrices of Ps that corresponds to

the ergodic classes Xs
r of the Markov multichain and W s

r represent the submatrices
of Ps that give the probability transitions from the states x ∈ X\(⋃k

r=1 Xs
r ) to

the states Xs
r ; the elements of the matrix W s

k+1 represent the probability transitions

px,y between the states x, y ∈ ⋃k
r=1 Xs

r . For each class Xs
r we shall use the vectors

μs,r , hs,r and εs,r with the corresponding components μs,r
x , hs,r

x and εs,r
x for x ∈ Xs

r .
Using these notations we can write the system (2.42) as follows

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

μs,r − (I r − Ps
r )εs,r − hs,r = 0, r = 1, 2, . . . , k;

μs,k+1 −
k∑

r=1

(I k+1 − W s
r )εs,r + (I k+1 − W s

k+1)ε
s,k+1 − hs,k+1 = 0;

(I r − Ps
r )hs,r = 0, r = 1, 2, . . . , k;

k∑
r=1

(I r − W s
r )hs,r + (I k+1 − W s

k+1)h
s,r = 0.

(2.47)

In this system each equation

μs,r − (I r − Ps
r )εs,r − hs,r = 0

that corresponds to the class Xs
r , r ∈ {1, 2, . . . , k} has a solution. This solution

can be found on the bases of Theorem 2.9. According to this theorem we obtain

http://dx.doi.org/10.1007/978-3-319-11833-8_1
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hs,r
x = ωs,r , ∀x ∈ Xs

r , where ωs,r is the average cost of the ergodic class Xs
r .

In (2.47) each equation

(I r − Ps
r )hs,r = 0, r ∈ {1, 2, . . . , k}

is redundant and therefore can be deleted. Thus, from the last equation of (2.47) we
can determine

hs,r = −(I k+1 − Wk+1)
−1

k∑

r=1

(I r − W s
r )hs,r .

Note that for (I k+1 −Wk+1) there always exists the inverse matrix (see [7, 21, 115]).
If we introduce this expression in the equation

μs,k+1 −
k∑

r=1

(I k+1 − W s
r )εs,r + (I k+1 − W s

k+1)ε
s,k+1 − hs,k+1 = 0

of the system (2.47) then we can determine uniquely εs,k+1. So, the system (2.42)
obtains solutions.

The second part of the lemma follows from the procedure given above to determine
the solution of the system (2.42).

The condition (2.43) implies

μs,k+1 −
k∑

r=1

(I k+1 − W s
r )εs,r + (I k+1 − W s

k+1)ε
s,k+1 − hs,k+1 ≥ 0

and the condition (2.45) implies

μs,k+1 −
k∑

r=1

(I k+1 − W s
r )εs,r + (I k+1 − W s

k+1)ε
s,k+1 − hs,k+1 ≤ 0.

In (2.42) the solution of the system of equations

μs,r − (I r − Ps
r )εs,r − hs,r = 0, r = 1, 2, . . . , k

does not depend on the conditions (I r − Ps
r )hs,r ≤ 0 and (I r − Ps

r )hs,r ≥ 0. So, the
lemma holds. ��
Corollary 2.19 For an arbitrary stationary strategy s on the decision network
(G, XC , X N , c, p) there exist εs

x and hs
x for x ∈ X that satisfy the conditions

(1) cx,y + εs
y − εs

x − hs
x = 0, ∀x ∈ XC , y = s(x);
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(2) μx + ∑
y∈X (x)

px,yε
s
y − εs

x − hx = 0, ∀x ∈ X N ;

(3) hs
x = hs

y, ∀x ∈ XC , y = s(x);
(4) hs

x = ∑
y∈X (x)

px,yhs
y, ∀x ∈ X N .

If hs
x for x ∈ X satisfies the conditions

hs
x ≤ hs

y for x ∈ XC , y = s(x) and hs
x ≤

∑

y∈X (x)

px,yhs
y f or x ∈ X N

then
cx,y + εs

y − εs
x − hs

x ≥ 0, ∀x ∈ XC , y = s(x);

μx +
∑

y∈X (x)

px,yε
s
y − εs

x − hx ≥ 0, ∀x ∈ X N .

If hs
x for x ∈ X satisfies the conditions

hs
x ≥ hs

y for x ∈ XC , y = s(x) and hs
x ≥

∑

y∈X (x)

px,yhs
z f or x ∈ X N

then

cx,y + εs
y − εs

x − hs
x ≤ 0, ∀x ∈ XC , y = s(x);

μx +
∑

y∈X (x)

px,yε
s
y − εs

x − hx ≤ 0, ∀x ∈ X N .

If in Lemma 2.18 we vary the strategy s then as a consequence from this lemma we
obtain the following result.

Lemma 2.20 Let (G, XC , X N , c, p) be an arbitrary decision network. Then there
exist a function ε∗ : X → R and the values h∗

x for x ∈ X such that for an arbitrary
stationary strategy s of the control problem on the network it holds

⎧
⎪⎨

⎪⎩

μs
x + ∑

y∈X
ps

x,yε
∗
y − ε∗

x − h∗
x ≥ 0, ∀x ∈ X;

h∗
x − ∑

y∈X (x)

ps
x,yh∗

y ≤ 0, ∀x ∈ X; (2.48)

Moreover, there exists a stationary strategy s∗ such that

h∗
x − ∑

y∈X (x)

ps∗
x,yh∗

y = 0, ∀x ∈ X, (2.49)
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where ε∗
x for x ∈ X represents a solution of the system of the equation

μs∗
x +

∑

y∈X

ps∗
x,yεy − εx − h∗

x = 0, ∀x ∈ X. (2.50)

Corollary 2.21 For an arbitrary decision network (G, XC , X N , c, p) there exist the
values ε∗

x , h∗
x for x ∈ X that represent the solution of the system of linear inequalities

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

cx,y + ε∗
y − ε∗

x − h∗
x ≥ 0, ∀x ∈ XC , ∀y ∈ X (x);

μx + ∑
y∈X (x)

px,yε
∗
y − ε∗

x − h∗
x ≥ 0, ∀x ∈ X N ;

h∗
x − h∗

y ≤ 0, ∀x ∈ XC , ∀y ∈ X (x);
h∗

x − ∑
y∈X (x)

px,yh∗
y ≤ 0, ∀x ∈ X N ,

(2.51)

where h∗
x for x ∈ X satisfy the condition

⎧
⎨

⎩

min
y∈X (x)

{h∗
y − h∗

x } = 0, ∀x ∈ XC ;
h∗

x − ∑
y∈X (x)

px,yh∗
y = 0, ∀x ∈ X N

(2.52)

and ε∗
x for x ∈ X represents a solution of the system of linear equations

⎧
⎨

⎩

cx,y + εy − εx − h∗
x = 0, ∀(x, y) ∈ E∗

h∗;
μx + ∑

y∈X (x)

px,yεy − εx − h∗
x = 0, ∀x ∈ X N , (2.53)

where E∗
h∗ = {

(x, y) ∈ EC | x ∈ XC , y ∈ argminz∈X (x) h∗
z

}
.

Proof of Theorem 2.12. According to Lemma 2.20 and Corollary 2.21 for the deci-
sion network (G, XC , X N , c, p) there exist the function ε∗ : X → R and the values
h∗

x for x ∈ X that satisfy the conditions (2.51)–(2.53). Thus, we can determine as a
basic solution of the system (2.51) and the potential transformation

cx,y = cx,y + ε∗
y − ε∗

x − h∗
x , ∀x ∈ XC , ∀y ∈ X (x)

that corresponds to the network (G, XC , X N , c, p) in canonical form. We obtain an
optimal stationary strategy s∗ for the problem on this network if for every x ∈ X we
fix s∗(x) = y∗, where y∗ satisfies the condition cs∗

x,y∗ = 0. Based on Lemma (2.17)
we have

0 = ωs∗
x = ωs∗

x − h∗
x , ∀x ∈ X,

and for an arbitrary other strategy s it holds ωs
x − h∗ ≥ 0. So, ω∗

x = h∗
x , ∀x ∈ X .
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2.2.7 Linear Programming for Multichain Control Problems
and an Algorithm for Determining Optimal Stationary
Strategies

We develop the linear programming approach for a multichain control problem on
the bases of the optimality criterion established in Theorem 2.12 and Corollary 2.21.
If the vectors h

∗
and ε∗ with the corresponding components h∗

x and ε∗
x satisfy the

condition (2.52), then we obtain the vector of optimal average costs ω∗. Consequently
we have to determine the “maximal” h

∗
that satisfies (2.51). This means that we have

to maximize the positive linear combination of components of h
∗

that satisfy (2.51).
Thus, we can determine ε∗ and ω∗ if we solve the following linear programming

problem:
Maximize

ψ ′(ε,ω) =
∑

x∈X

θxωx (2.54)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

εx − εy + ωx ≤ cx,y,∀x ∈ XC , ∀y ∈ X (x);
εx − ∑

y∈X (x)

px,yεy + ωx ≤ μx , ∀x ∈ X N ;

ωx − ωy ≤ 0, ∀x ∈ XC , ∀y ∈ X (x);
ωx − ∑

y∈X (x)

px,yωy ≤ 0, ∀x ∈ X N ;
(2.55)

where θx > 0, ∀x ∈ X and
∑

x∈X θx = 1.
Note that in this model in the case of the unichain control problem the restrictions

ωx − ωy ≤ 0 for x ∈ XC , y ∈ X (x) and ωx − ∑
y∈X (x) px,yωy ≤ 0 for x ∈ X N

become redundant in (2.55), because here we can take ωx = ωy, ∀x, y ∈ X .
Thus, this model generalizes the linear programming model (2.21), (2.22). Using
this model we can propose the following algorithm for determining the solution of
the multichain control problem.

Remark 2.22 In (2.55) the inequalities that correspond to the states x ∈ X N can be
changed by equalities, i.e., the constraints (2.55) in the problem (2.54), (2.55) can
be replaced by the constraints

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

εx − εy + ωx ≤ cx,y, ∀x ∈ XC , ∀y ∈ X (x);
εx − ∑

y∈X (x)

px,yεy + ωx = μx , ∀x ∈ X N ;

ωx − ωy ≤ 0, ∀x ∈ XC , ∀y ∈ X (x);
ωx − ∑

y∈X (x)

px,yωy = 0, ∀x ∈ X N .

(2.56)
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Thus, the optimal solutions of the problems (2.54), (2.55) and (2.54), (2.56) are the
same.

Algorithm 2.23 Determining the Optimal Stationary Strategies for the
Multichain Control Problem

(1) Formulate the linear programming problem (2.54), (2.55) and determine an opti-
mal solution ε∗, ω∗ that satisfies the conditions (2.52), (2.53).

(2) Formulate the potential transformation

cx,y = cx,y + ε∗
y − ε∗

x − ω∗
x , ∀(x, y) ∈ E .

(3) Determine the set

E∗
c (x) =

{
(x, y) ∈ EC

∣∣∣∣∣ y ∈ argmin
z∈X (x)

cx,z

}
, ∀x ∈ XC ;

E∗
ω∗(x) =

{
(x, y) ∈ EC

∣∣∣∣∣ y ∈ argmin
z∈X (x)

ω∗
z

}
, ∀x ∈ XC ;

(4) Fix a strategy s∗ : XC → X such that s∗(x) = y for every x ∈ X , where
(x, y) ∈ Ec∗(x) ∩ E∗

ω∗(x).

Below we illustrate Algorithm 2.23 based on the following example.

Example Consider the stochastic control problem on network (G, X1, X2, c, p) with
the structure of the graph G = (X, E) given in Fig. 2.3.

In this graph the vertices are represented by circles and squares. The vertices
represented by circles correspond to the controllable states of the dynamical system
and the vertices represented by squares correspond to uncontrollable states.

3

54 6

21

4
(3, 0.4) (1, 1)

(8, 0.6)

(3, 0.4)

(2, 0.2)

(1, 0.4)

(4, 0.5)

3

1

(4, 0.5) 2

Fig. 2.3 The structure of the graph G = (X, E)
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So,
X = {1, 2, 3, 4, 5, 6}; XC = {1, 5}; X N = {2, 3, 4, 6};

E = {(1, 2), (1, 4), (2, 1), (2, 3), (2, 5), (3, 3), (4, 4), (4, 5),

(5, 5), (5, 4), (6, 3), (6, 5)};
EC = {(1, 2), (1, 4), (5, 5), (5, 4)};
EN = {(2, 1), (2, 3), (2, 5), (3, 3), (4, 4), (4, 5), (6, 3), (6, 5)}.

The values of the cost function c : E → R and of the transition probability function
p : E → R are written close to the edges in the picture. For the edges e = (x, y) ∈
EN these values are written in parentheses, where the first quantity expresses the
cost and the second one represents the probability transition from the state x to the
state y. For the edges e = (x, y) ∈ EC only the costs are given which are written
also close to the edges. Thus, for this example we obtain:

c1,2 = 4, c1,4 = 1, c2,1 = 1, c2,3 = 3, c2,5 = 2, c3,3 = 1,

c4,4 = 4, c4,5 = 4, c5,5 = 2, c5,4 = 3, c6,3 = 8, c6,5 = 3;
p2,1 = 0.4, p2,3 = 0.4, p2,5 = 0.2, p3,3 = 1, p4,4 = 0.5,

p4,5 = 0.5, p6,3 = 0.6, p6,5 = 0.4.

We apply Algorithm 2.23. Afterwards, we solve the linear programming problem:
Maximize

Ψ
′
(ε,ω) = θ1ω1 + θ2ω2 + θ3ω3 + θ4ω4 + θ5ω5 + θ6ω6

subject to ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1 − ε2 + ω1 ≤ c1,2;
ε1 − ε4 + ω1 ≤ c1,4;
ε5 − ε4 + ω5 ≤ c5,4;
ε5 − ε5 + ω5 ≤ c5,5;
ε2 − (p2,1ε1 + p2,3ε3 + p2,5ε5) + ω2 ≤ μ2;
ε3 − p3,3ε3 + ω3 ≤ μ3;
ε4 − (p4,4ε4 + p4,5ε5) + ω4 ≤ μ4;
ε6 − (p6,3ε3 + p6,5ε5) + ω6 ≤ μ6;
ω1 − ω2 ≤ 0, ω1 − ω4 ≤ 0;
ω5 − ω5 ≤ 0, ω5 − ω4 ≤ 0;
ω2 − (p2,1ω1 + p2,3ω3 + p2,5ω5) ≤ 0;
ω3 − p3,3ω3 ≤ 0;
ω4 − (p4,4ω4 + p4,5ω5) ≤ 0;
ω6 − (p6,3ω3 + p6,5ω5) ≤ 0.

Here

θ1 = θ2 = θ3 = θ4 = θ5 = θ6 = 1

6
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and

μ2 = 2, μ3 = 1, μ4 = 4, μ6 = 6.

If we introduce these data in the linear programming model above then we obtain
the problem:
Maximize

Ψ
′
(ε,ω) = 1

6
ω1 + 1

6
ω2 + 1

6
ω3 + 1

6
ω4 + 1

6
ω5 + 1

6
ω6

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1 − ε2 + ω1 ≤ 4;
ε1 − ε4 + ω1 ≤ 1;
ε5 − ε4 + ω5 ≤ 3;

ω5 ≤ 2;
ε2 − 0.4ε1 − 0.4ε3 − 0.2ε5 + ω2 ≤ 2;

ω3 ≤ 1;
ε4 − 0.5ε4 − 0.5ε5 + ω4 ≤ 4;
ε6 − 0.6ε3 − 0.4ε5 + ω6 ≤ 6;
ω1 − ω2 ≤ 0, ω1 − ω4 ≤ 0, ω5 − ω4 ≤ 0;
ω2 − 0.4ω1 − 0.4ω3 − 0.2ω5 ≤ 0;
ω4 − 0.5ω4 − 0.5ω5 ≤ 0;
ω6 − 0.6ω3 − 0.4ω5 ≤ 0.

The optimal solution of this problem that satisfies the conditions (2.52), (2.53) is:

ε∗
1 = 0, ε∗

2 = −8

3
, ε∗

3 = −25

3
, ε∗

4 = 4, ε∗
5 = 0, ε∗

6 = −2

5
;

ω∗
1 = 4

3
, ω∗

2 = 4

3
, ω∗

3 = 1, ω∗
4 = 2, ω∗

5 = 2, ω∗
6 = 7

5
.

If we determine the potential transformation

cx,y = cx,y + ε∗
y − ε∗

x − ω∗
x , ∀(x, y) ∈ E

then we obtain

c1,2 = 0, c1,4 = 11

3
, c2,1 = 7

3
, c2,3 = −4, c2,5 = 10

3
,

c3,3 = 0, c4,5 = −2, c4,4 = 2, c5,4 = 5, c5,5 = 0, c6,3 = −4

3
, c6,5 = 2;

μ2 = 0, μ3 = 0, μ4 = 0, μ6 = 0.
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(7/3, 0.4)

(-2, 0.5)

5

11/3

(2, 0.5) 0

Fig. 2.4 The network (G, XC , X N , c, p) in canonical form

The network (G, XC , X N , c, p) in canonical form is represented by Fig. 2.4.
This network satisfies the conditions:

(1) min{c1,1, c1,4} = 0, min{c5,5, c5,4} = 0;

(2) μ2 = 0, μ3 = 0, μ4 = 0, μ6 = 0.

For a given optimal solution ε∗
x , ω∗

x for x ∈ X we have E∗
h∗(1) = Ec(1) = {(1, 2)}

and E∗
h∗(5) = Ec(5) = {(5, 5)}.

Therefore, if we fix s∗(1) = 2; s∗(5) = 5 then we obtain the optimal stationary
strategy s∗ : 1 → 2; 5 → 5. The corresponding network induced by the optimal
stationary strategy s∗ is represented by Fig. 2.5.
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(1, 0.4)

(4, 0.5)
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Fig. 2.5 The network induced by the optimal strategy
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Another optimal solution of the linear programming problem for this example is:

ε∗
1 = 0, ε∗

2 = −8

3
, ε∗

3 = −13

2
, ε∗

4 = 1

3
, ε∗

5 = −11

3
, ε∗

6 = − 7

15
;

ω∗
1 = 4

3
, ω∗

2 = 4

3
, ω∗

3 = 1, ω∗
4 = 2, ω∗

5 = 2, ω∗
6 = 7

5
.

If we calculate cx,y and μx that correspond to this optimal solution then we obtain

c1,2 = 0, c1,4 = 0, c5,4 = 3, c5,5 = 0, μ2 = 0, μ3 = 0, μ4 = 0, μ6 = 0.

It is easy to observe that in this case E∗
c (x) �= E∗

h∗(x) for x = 1. However, we can
determine the optimal solution s∗(1) = 2, s∗(5) = 5 if we fix the strategy s∗ such
that (x, s∗(x)) ∈ E∗

c (x) ∩ E∗
h∗(x) for x = 1 and x = 2, i.e., we obtain the same

optimal stationary strategy as in the previous case.

Remark 2.24 If for a multichain control problem it is necessary to determine the
optimal stationary strategy s∗ only for a fixed starting state x0 then it is sufficient to
solve the linear programming problem:
Maximize

ψ ′(ε,ω) = ωx0 (2.57)

subject to (2.54). The optimal strategy for the considered problem can be found
using Algorithm 2.23 if in the item 1 we exchange the problem (2.54), (2.55) by the
problem (2.55), (2.57).

If in the example above we fix x0 = 1 and solve the linear programming problem
(2.55), (2.57) then we obtain the optimal solution ε∗, ω∗, where

ε∗
1 = 0, ε∗

2 = −8

3
, ε∗

3 = −25

3
, ε∗

4 = 4, ε∗
5 = 0;

ω∗
1 = 4

3
, ω∗

2 = 4

3
, ω∗

3 = 1, ω∗
4 = 2, ω∗

5 = 2

and ε∗
6, ω∗

6 are arbitrary values that satisfy the conditions

ε∗
3 − 0.6ε∗

3 − 0.4ε∗
5 + ω∗

6 ≤ 6, ω∗
6 − 0.6ω∗

3 − 0.4ω∗
5 ≤ 0.

Here ε∗
6 may differ from −2/5 and ω∗

6 may differ from 7/5. In this case we obtain
the same optimal strategy s∗ : 1 → 2; 5 → 5 but we do not obtain ε∗

6 and ω∗
6 . If we

solve the problem (2.55), (2.57) for x0 = 6 then we obtain

ε∗
6 = −25

3
, ω∗

6 = 7

5
, ε∗

3 = 0, ω∗
3 = 1, ε∗

5 = 0, ω∗
5 = 2.

The remaining variables may be arbitrary.
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2.2.8 Primal and Dual Linear Programming Models
for the Multichain Problem

The problem (2.54), (2.55) generalizes the unichain dual linear programming model
(2.21), (2.22). Therefore, we can regard (2.54), (2.55) as the dual problem of a
primal multichain linear programming model. If we dualize (2.54), (2.55) then we
obtain a problem which generalizes the problem (2.16), (2.17). This problem can be
formulated as follows:
Minimize

ψ(α,β,λ, q) =
∑

x∈XC

∑

y∈X (x)

cx,yαx,y +
∑

z∈X N

μzqz (2.58)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X−
C (y)

αx,y −
∑

x∈X (y)

αy,x +
∑

x∈X N

px,yqx = 0, ∀y ∈ XC ;
∑

x∈X−
C (y)

αx,y − qy +
∑

x∈X N

px,yqx = 0, ∀y ∈ X N ;
∑

y∈X (x)

αx,y +
∑

y∈X

βx,y −
∑

y∈X−
C (x)

βy,x −
∑

y∈X−
N (x)

py,xλy = θx ,∀x ∈ XC ;

qx + λx −
∑

y∈X−
N (x)

py,xλx = θx , ∀x ∈ X N ;

αx,y,βx,y ≥ 0, ∀x ∈ XC , y ∈ X (x); qx ,λx ≥ 0, ∀x ∈ X N .

(2.59)
It is easy to see that this linear programming model generalizes the unichain linear
programming model (2.16), (2.17). The last two restrictions (equalities) in (2.59)
generalize the constraint

∑

x∈XC

∑

y∈X (x)

αx,y +
∑

x∈X N

qx = 1.

In the following we shall regard the linear programming problem (2.54), (2.55).

2.2.9 An Algorithm for Solving the Multichain Control Problem
Using a Dual Unichain Model

For multichain control problems the optimal average costs in different states may
be different. Therefore, the set of states X can be divided into several subsets
X1, X2, . . . , Xk such that each subset Xi , i ∈ {1, 2, . . . , k} contains the states
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with the same optimal average costs and there are no states from different subsets
with the same optimal average costs.

Let ωi be the corresponding optimal average cost of the states x ∈ Xi ,
i = 1, 2, . . . , k and assume that ω1 < ω2 < · · · < ωk. In this section we show that
the average costs ωi and the corresponding subsets Xi can be found successively by
solving k unichain linear programming problems (2.21), (2.22).

At the first step of the algorithm we solve the linear programming problem:
Maximize

ψ ′(ε, h) = h (2.60)

subject to

⎧
⎨

⎩
εx − εy + h ≤ cx,y, ∀x ∈ XC , y ∈ X (x);
εx − ∑

z∈X
px,zεz + h ≤ μx , ∀x ∈ X N . (2.61)

Let ε1
x (x ∈ X), h1 be an optimal solution of this problem on the network

(G, XC , X N , c, p). Then this solution satisfies the conditions:

(1) c1
x,y = cx,y + ε1

y − ε1
x − h1 ≥ 0, ∀x ∈ XC , y ∈ X (x);

(2) μ1
x = μx + ∑

y∈X (x)

px,yε
1
y − ε1

x − h1 ≥ 0, ∀x ∈ X N ;
(3) There exists a nonempty subset X1 from X where

min
y∈X (x)

c1
x,y = min

y∈X1(x)
c1

x,y = 0, ∀x ∈ X1 ∩ XC ;
μ1

x = 0, ∀x ∈ X1 ∩ X N ,

and X1 is a maximal subset in X with such a property.

If in the network (G, XC , X N , c, p) we make the potential transformation

c1
x,y = cx,y + ε1

y − ε1
x − h1, ∀x ∈ X, y ∈ X (x)

then we obtain the network (G, XC , X N , c1, p) with a new cost function c1 on E .
According to Lemma 2.14 and Corollary 2.16 the optimal stationary strategies of the
control problem on this network are the same as the optimal stationary strategies on
the network (G, XC , X N , c, p). Moreover, we have here

ω1
x = ωx − h1, ∀x ∈ X,

where ωx for x ∈ X represents the corresponding optimal average costs of the states
x ∈ X in the primal problem and ω1

x are the optimal average costs of the states in
the control problem on the network with transformation potential function c1.

Thus, after the first step of the algorithm we obtain the subset X1, the value of
the optimal average cost ω1 = h1 for the states x ∈ X1, the function ε1 : X → R



2.2 An Optimal Stationary Control with an Average Cost Criterion . . . 141

and the network (G, XC , X N , c1, p) with a new cost function c1, where the optimal
average costs ω1

x in the problem with the new network satisfy the condition:

ω1
x = 0, ∀x ∈ X1; ω1

x = ωx − h1 > 0, ∀x ∈ X\X1.

At the second step of the algorithm we solve the linear programming problem:
Minimize the objective function (2.60) subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

εx − εy + h ≤ c1
x,y, ∀x ∈ XC\X1, y ∈ X (x);

εx − ∑
z∈X

px,zεz + h ≤ μ1
x , ∀x ∈ X N \X1;

εx − εy ≤ c1
x,y, ∀x ∈ X1 ∩ XC , y ∈ X (x);

εx − ∑
z∈X)

px,zεz ≤ μ1
x , ∀x ∈ X1 ∩ X N .

(2.62)

This system is obtained from (2.61) by changing cx,y and μx by cx,y and μx , and
setting h = 0 in the inequalities that correspond to the states x ∈ X1.

Let ε2
x (x ∈ X), h2 be an optimal solution of this problem on the network

(G, XC , X N , c1, p). Then this solution satisfies the conditions:

(1) c2
x,y = cx,y + ε2

y − ε2
x − h2 ≥ 0, ∀x ∈ XC , y ∈ X (x);

(2) μ2
x = μx + ∑

y∈X (x)

px,yε
2
y − ε2

x − h2 ≥ 0, ∀x ∈ X N ;

(3) There exists a nonempty subset X2 from X where

min
y∈X (x)

c2
x,y = min

y∈X2(x)
c2

x,y = 0, ∀x ∈ X2 ∩ XC ;

μ2
x = 0, ∀x ∈ X2 ∩ X N ,

and X2 is a maximal subset in X with such a property.

After that we make the potential transformation

c2
x,y = c1

x,y + ε2
y − ε2

x − h2, ∀x ∈ X, y ∈ X (x)

in the network (G, XC , X N , c1, p) and we obtain the network (G, XC , X N , c2, p)

with a new cost function c2 on E . According to Lemma 2.14 and Corollary 2.16 the
optimal stationary strategies of the control problem on this network are the same as
the optimal stationary strategies on the network (G, XC , X N , c1, p). Moreover, here
we have

ω2
x = ω1

x − h2, ∀x ∈ X\X1,

where ω1
x for x ∈ X\X1 represent the corresponding optimal average costs of the

states in the problem before the potential transformation is made and ω2
x are the
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optimal average costs of the states x ∈ X\X1 in the control problem after the
potential transformation is made.

Thus, after the second step of the algorithm we obtain the subset X2, the value
of the optimal average cost h2 for the states x ∈ X2, the function ε2 : X → R and
the network (G, XC , X N , c2, p) with a new cost function c2, where for the optimal
average costs ω2

x in the problem we may set:

ω2
x = 0, ∀x ∈ X1 ∪ X2; ω2

x = ω1
x − h2 > 0, ∀x ∈ X\(X1 ∪ X2).

At the next step of the algorithm we solve the linear programming problem:
Minimize the objective function (2.60) subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

εx − εy + h ≤ c2
x,y, ∀x ∈ XC\(X1 ∪ X2), y ∈ X (x);

εx − ∑
z∈X

px,zεz + h ≤ μ2
x , ∀x ∈ XC\(X1 ∪ X2);

εx − εy ≤ c2
x,y, ∀x ∈ (X1 ∪ X2) ∩ XC ;

εx − ∑
z∈X

px,zεz ≤ μ2
x , ∀x ∈ (X1 ∪ X2) ∩ X N .

(2.63)

This system is obtained from (2.62) by exchanging c1
x,y and μ1

x by c2
x,y and μ2

x ,
and setting h = 0 in the inequalities that corresponds to the states x ∈ X2.

After a finite number of steps we obtain the subsets

X1, X2, . . . , Xk (X = X1 ∪ X2 ∪ · · · ∪ Xk),

the potential functions εi : X → R, i = 1, 2, . . . , k and the values h1, h2, . . . , hk,
where

ωi =
i∑

j=1

h j , j = 1, 2, . . . , k.

If we find ε∗
x = ∑k

i=1 εi
x and fix ω∗

x = ωi∗ for x ∈ Xi then we determine the potential
transformation

cx,y = cx,y + ε∗
y − ε∗

x − ω∗
x , ∀x ∈ X, y ∈ X (x),

that satisfies the conditions (1) – (6) of Theorem 2.12. This means that we determine
the network (G, XC , X N , c, p) and the optimal stationary strategy s∗.

Example Consider the stochastic control problem on the network with the data from
the example given in the previous section. The network is represented by Fig. 2.3,
where X = XC ∪ X N , XC = {1, 5}, X N = {2, 3, 4, 6}, and the costs and transition
probabilities are written again along the edges.
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We apply the algorithm described above. At the first step of the algorithm we
solve the linear programming problem:
Minimize

ψ ′(ε, h) = h

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1 − ε2 + h ≤ 4;
ε1 − ε4 + h ≤ 1;
ε5 − ε4 + h ≤ 3;
ε5 − ε5 + h ≤ 2;
ε2 − 0.4ε1 − 0.4ε3 − 0.2ε5 + h ≤ 2;
ε3 − ε3 + h ≤ 1;
ε4 − 0.5ε4 − 0.5ε5 + h ≤ 4;
ε6 − 0.6ε3 − 0.4ε5 + h ≤ 6.

An optimal solution of this problem is h1 = 1, ε1
1 = 0, ε1

2 = 0, ε1
3 = 0, ε1

4 =
0, ε1

5 = 0, ε1
6 = 0 = 1. We calculate c1

x,y and μ1
x using the formula

c1
x,y = cx,y + ε1

y − ε1
x − h1, ∀x ∈ X1, y ∈ X (x);

μ1
x = μx +

∑

y∈X (x)

px,ycx,y − ε1
x − h1, x ∈ X2

and determine c1
1,2 = 3, c1

1,4 = 0, c1
5,4 = 2, c1

5,5 = 1; μ1
2 = 1, μ1

3 = 0, μ1
4 =

3, μ1
6 = 5. After the first step of the algorithm we obtain:

X1 = {3}; h1 = 1; ε1
1 = 0, ε1

2 = 0, ε1
3 = 0, ε1

4 = 0, ε1
5 = 0, ε1

6 = 0.

At the second step of the algorithm we solve the linear programming problem:
Minimize

ψ ′(ε, h) = h

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1 − ε2 + h ≤ 3;
ε1 − ε4 + h ≤ 0;
ε5 − ε4 + h ≤ 2;
ε5 − ε5 + h ≤ 1;
ε3 − ε3 ≤ 0;
ε2 − 0.4ε1 − 0.4ε3 − 0.2ε5 + h ≤ 1;
ε4 − 0.5ε4 − 0.5ε5 + h ≤ 3;
ε6 − 0.6ε3 − 0.4ε5 + ω ≤ 5.
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An optimal solution of this problem is

h2 = 1

3
, ε2

1 = 0, ε2
2 = −8

3
, ε2

3 = −25

3
, ε2

4 = 4, ε2
5 = 0, ε2

6 = −2

5
.

We calculate c2
x,y and μ2

x using formula

c2
x,y = c1

x,y + ε2
y − ε2

x − h2; μ2
x = μ1

x +
∑

z∈X

px,yεz − h2

and find

c2
1,2 = 0, c2

1,4 = 2

3
, c2

5,4 = 17

3
, c2

5,5 = 2

3
, μ2

2 = 0, μ2
3 = 0, μ2

4 = 2

3
, μ2

6 = 1

15
.

After the second step of the algorithm we obtain: X2 = {1, 2};

h2 = 1

3
, ε2

1 = 0, ε2
2 = −8

3
, ε2

3 = −25

3
, ε2

4 = 4, ε2
5 = 0, ε2

6 = −2

5
.

At the third step of the algorithm we solve the linear programming problem:
Minimize

ψ ′(ε, h) = h

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1 − ε2 ≤ 0;
ε1 − ε4 ≤ 11

3
;

ε5 − ε4 + h ≤ 17

3
;

ε3 − ε3 ≤ 0;
ε5 − ε5 + h ≤ 2

3
;

ε2 − 0.4ε1 − 0.4ε3 − 0.2ε5 ≤ 2

3
;

ε4 − 0.5ε4 − 0.5ε5 + h ≤ 2

3
;

ε6 − 0.6ε3 − 0.4ε5 + h ≤ 1

15
.

An optimal solution of this problem is

h3 = 1

15
, ε3

1 = 0, ε3
2 = 0, ε3

3 = 0, ε3
4 = 0, ε3

5 = 0, ε6 = 0.
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Using this solution we find

c3
1,2 = 0, c4

1,4 = 11

3
, c3

5,5 = 3

5
, c3

5,4 = 26

5
, μ3

2 = 0, μ3
3 = 0, μ3

4 = 3

5
, μ3

6 = 0.

After this step we obtain:

X3 = {6}; h3 = 1

15
, ε3

1 = 0, ε3
2 = 0, ε3

3 = 0, ε3
4 = 0, ε3

5 = 0, ε6 = 0.

At the fourth step of the algorithm we solve the linear programming problem:
Minimize

ψ ′(ε, h) = h

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1 − ε2 ≤ 0;
ε1 − ε4 ≤ 11

3
;

ε5 − ε4 + h ≤ 28

5
;

ε3 − ε3 ≤ 0;
ε5 − ε5 + h ≤ 3

5
;

ε2 − 0.4ε1 − 0.4ε3 − 0.2ε5 ≤ 2

3
;

ε4 − 0.5ε4 − 0.5ε5 + h ≤ 3

5
;

ε6 − 0.6ε3 − 0.4ε5 ≤ 0.

An optimal solution of this system is h4 = 3/5, ε3
1 = 0, ε3

2 = 0, ε3
3 = 0, ε3

4 = 0,
ε3

5 = 0, ε6 = 0. Using this solution we find c4
1,2 = 0, c4

2,4 = 11/3, c4
5,4 = 5,

c4
5,5 = 0, μ4

2 = 0, μ4
3 = 0, μ4

4 = 0, μ4
6 = 0. After this step we obtain X4 = {4, 5}

and h4 = 3/5.
Thus, finally we have X = X1 ∪ X2 ∪ X3 ∪ X4, where

X1 = {3}, X2 = {1, 2}, X3 = {6}, X4 = {4, 5},

and

ω1 = h1, ω2 = h1 + h2, ω3 = h1 + h2 + h3, ω4 = h1 + h2 + h3 + h4,

i.e.,

ω1 = 1, ω2 = 4

3
, ω3 = 7

5
, ω4 = 2.



146 2 Stochastic Optimal Control Problems . . .

In addition we can find

ε∗
1 = ε1

1 + ε2
1 + ε3

1 + ε4
1 = 0; ε∗

2 = ε1
2 + ε2

2 + ε3
2 + ε4

2 = −8

3
;

ε∗
3 = ε1

3 + ε2
3 + ε3

3 + ε4
3 = −25

3
; ε∗

4 = ε1
4 + ε2

4 + ε3
4 + ε4

4 = 4;
ε∗

5 = ε1
5 + ε2

5 + ε3
5 + ε4

5 = 0; ε∗
6 = ε1

6 + ε2
6 + ε3

6 + ε4
6 = −2

5
.

If we make the potential transformation of the cost function c for ω∗ and ε∗ found
above then we obtain the network in canonical form (G, XC , X N , c, p) represented
by Fig. 2.4 that gives the optimal stationary strategies.

2.2.10 An Approach for Solving the Multichain Control Problem
Using a Reduction Procedure to a Unichain Problem

We consider the stochastic control problem on the network (G, XC , X N , c, p, x0)

with fixed starting state x0 and describe an approximation algorithm for determining
the optimal solutions which is based on a reduction procedure of the multichain
problem to the unichain case.

We describe the reduction procedure in the case if the graph G satisfies the con-
dition that for an arbitrary vertex x ∈ XC each outgoing directed edge e = (x, y)

ends in X N , i.e., we assume that

EC = {e = (x, y) ∈ E | x ∈ XC , y ∈ X N }.

If the graph G does not satisfy this condition then the considered control problem
can be reduced to a similar control problem on an auxiliary network (G ′, X ′

C , X ′
N ,

c′, p′, x0), where the graph G ′ satisfies the condition mentioned above. Graph G ′ =
(X ′, E ′) is obtained from G = (X, E), where each directed edge e = (x, y) ∈ EC

is changed by the following two directed edges e1 = (x, xe) and e2 = (xe, y).
We include each vertex xe in X ′

N and to each edge e′ = (xe, y) we associate the
cost c′

xe,y = cx,y and the transition probability p′
xe,y = 1. To the edges e′ = (x, xe)

we associate the cost c′
x,xe

= c(x,y), where e = (x, y). For the edges e ∈ EN

in the new network we preserve the same costs and transition probabilities as in
the initial network, i.e., the cost function c′ on EN and on the set of edges (x, xe)

for x ∈ XC , e ∈ EC is induced by the cost function c. Thus, in the auxiliary
network the graph G ′ is determined by the set of vertices X ′ = X ′

C ∪ X ′
N and the

set of edges E ′ = E ′
C ∪ E ′

N , where X ′
C = XC ; X ′

N = X N ∪ {xe, e ∈ EC };
E ′

C = {e′ = (x, xe) | x ∈ XC , e = (x, y) ∈ EC }; E ′
N = EN ∪ {e′ = (xe, y) | e =

(x, y) ∈ EC , y ∈ X}. It is evident that there exists a bijective mapping between the
set of strategies in the states x ∈ XC of the network (G, XC , X N , c, p, x0) and the
set of strategies in the states x ∈ XC of the network (G ′, X ′

C , X ′
N , c′, p′, x0) that

preserves the average costs of the problems on the corresponding networks.
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Thus, without loss of generality we may consider that G possesses the property
that for an arbitrary vertex x ∈ XC each outgoing directed edge e = (x, y) ends
in X N . Additionally, let us assume that the vertex x0 in G is reachable from every
vertex x ∈ X N . Then an arbitrary strategy s in the considered problem induces a
transition probability matrix Ps = (ps

x,y) that corresponds to a Markov unichain
with a positive recurrent class X+ that contains the vertex x0.

Therefore, if we solve the control problem on the network then we obtain the
solution of the problem with fixed starting state x0. So, we obtain such a solution
if the network satisfies the condition that for an arbitrary strategy s the vertex x0
in Gs is attainable for every x ∈ X N . Now let us assume that this property does
not take place. In this case we can reduce our problem to a similar problem on a
new auxiliary network (G ′′, X ′′

C , X ′′
N , p′′, c′′, x0) for which the property mentioned

above holds. This network is obtained from the initial one by the following way: We
construct the graph G ′′ = (X, E ′′) which is obtained from G = (X, E) by adding
new directed edges e′′

x0
= (x, x0) from x ∈ X N \{x0} to x0, if for some vertices

x ∈ X N \{x0} in G there are no directed edges e = (x, x0) from x to x0. We define
the costs of directed edges (x, y) ∈ E ′′ in G ′′ as follows: If e′′ = (x, y) ∈ E then
the cost c′′

e′′ of this edge in G ′′ is the same as in G, i.e., c′′
e′′ = ce′′ for e′′ ∈ E ; if

e′′ = (x, x0) ∈ E ′′\E then we put c′′
e′′ = 0. The probabilities p′′

x,y for (x, y) ∈ E ′′
where x ∈ X N we define by using the following rule: We fix a small positive value
ε and put p′′

x,y = px,y − εpx,y if (x, y) ∈ E ′′\E, y �= x0 and in G there is no
directed edge e = (x, x0) from x to x0; if in G for a vertex x ∈ X\{x0} there exists
a leaving directed edge e = (x, x0) then for an arbitrary outgoing directed edge
e = (x, y), y ∈ X (x) we put p′′

x,y = px,y ; for the directed edges (x, x0) ∈ E ′\E
we put p′′

x,x0
= ε.

Let us assume that the probabilities px,y for (x, y) ∈ E are given in the form of
irreducible decimal fractions px,y = ax,y/bx,y .

Additionally, assume that ε ≤ 2−2L−2, where

L =
∑

(x,y)∈E

log(ax,y + 1) +
∑

(x,y)∈E

log(bx,y + 1)

+
∑

e∈E

log(|ce| + 1) + 2 log(n) + 1.

Here L is the length of the binary-coded data of the matrix P and of the cost vector
c with integer components; each probability px,y is given by the integer couple
ax,y, bx,y . Then, based on the results from [57, 58] for our auxiliary optimization
problem (with approximated data) we can conclude that the solution of this problem
will correspond to the solution of our initial problem.

If we consider the control problem on the auxiliary network (G ′, X ′
C , X ′

N , c′,
p′, x0) then we can observe that an arbitrary optimal basic solution of the linear
programming problem (2.13), (2.14) satisfies the condition q∗

x0
> 0 and therefore

we can determine the optimal stationary strategy s′∗ for the auxiliary problem using
Algorithm 2.5. In addition we can observe that if for our stochastic control problem
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on the network there exists the optimal stationary strategy s∗ then it coincides with
an optimal stationary strategy s′∗ of the stochastic control problem on the auxiliary
network, i.e., s∗ = s′∗. Moreover, the optimal values of the objective functions
fx0(s

∗) can be obtained from the optimal value of the objective function f ′
x0

(s′∗) in the
auxiliary problem using the approximation procedure. So, to find the optimal solution
of the problem on the network (G, XC , X N , c, p, x0) it is necessary to construct
the auxiliary network (G ′, X ′

C , X ′
N , c′, p′, x0) where for each vertex x ∈ X ′

N an
arbitrary directed edge e′ = (x, y) ends in X N . Then we construct the network
(G ′′, X ′′

C , X ′′
N , c′′, p′′, x0) and the auxiliary stochastic optimal control problem on

this network. If the optimal stationary strategy s′∗ in the auxiliary problem is found
then we fix s∗ = s′∗ on XC .

Example Consider the multichain control problem on the network (G, XC , X N , c,
p, x0) represented by Fig. 2.6. In this network the vertices represented by circles
correspond to the controllable states of the dynamical system and the vertices repre-
sented by squares correspond to uncontrollable states. To each edge that originates
in the vertices which correspond to the controllable states the associated cost is writ-
ten along the edge. To each edge that originates in the vertices that correspond to
uncontrollable states the associated cost and the transition probability are written in
parentheses. The starting state x0 is fixed and it corresponds to vertex 2, i.e., x0 = 2.

For this network we have XC = {1, 4, 6}, X N = {2, 3, 5} and there exist two
edges (1, 1), (1, 4) which start in XC and end in XC . The corresponding network
(G ′, X ′

C , X ′
N , c′, p′, x0) is represented on Fig. 2.7. This network is obtained from

the network on Fig. 2.7 by adding two new vertices 1′ and 1′′ on the edges (1, 1) and
(1, 4).

The network (G ′′, X ′′
C , X ′′

N , c′′, p′′, x0) is represented in Fig. 2.8. This network
is obtained from the network in Fig. 2.7 by adding the directed edges (x, x0) that
start in the vertices x ∈ X ′′

N = {1′, 1′′, 5, 3} and end in x0 = 2, where cx,x0 = 0

3
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21

3

(2, 0.4) (1, 1)

3

3

(2, 0.4)

(2, 0.2)

3

(2, 0.5)

(2, 0.5)

3

3

Fig. 2.6 The network (G, XC , X N , c, p, x0)
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(2, 0.2)
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(3, 1)

(2, 0.5)

3
3

(3, 1)

3(2, 0.4)

(2, 0.5)

3

1

1

Fig. 2.7 The network (G ′, X ′
C , X ′

N , c′, p′, x0)
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3(2, 0.4)

(2, 0.5 - 0.5)

3

1

1 (1, 1 - )

3

(3, 1 - )

(3, 1 - )

3

(2, 0.2)

3

(2, 0.5 - 0.5)

(2, 0.4)

(0, )

(0, )

(0, )

(0, )

Fig. 2.8 The network (G ′′, X ′′
C , X ′′

N , c′′, p′′, x0)

and px,x0 = ε. The corresponding probabilities px,y for the directed edges (x, y)

for x ∈ X ′′
N are defined as follows: p′′

x,y = px,y − px,yε. The control problem on
the auxiliary network possesses the property that an arbitrary strategy s′′ generates
a Markov unichain. Therefore, for this problem we can use the linear programming
model (2.13), (2.14) or the linear programming model (2.21), (2.22) with ε = 10−4.
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In both cases we determine the same optimal stationary strategy

s∗′′ : 1 → 2; 4 → 5; 6 → 3.

This means that the optimal solution for the initial problem is

s∗ : 1 → 2; 4 → 5; 6 → 3.

In the following we show that the linear programming models for the stochastic
control problem can be extended for Markov decision processes which lead to the
linear programming models from [25, 45, 46, 51, 115].

2.3 A Linear Programming Approach for Markov Decision
Problems with an Average Cost Optimization Criterion

We extend now the linear programming approach and algorithms from the previous
section for the Markov decision problem with an average cost optimization criterion.
We show that an arbitrary Markov decision problem can be transformed into a sto-
chastic control problem on a network and vice versa, an arbitrary stochastic control
problem on a network can be formulated as a Markov decision problem. Thus, the
considered problems are equivalent and therefore the linear programming approach
can be developed and specified for Markov decision problems.

2.3.1 Problem Formulation

A Markov decision process [4, 115] is determined by a tuple (X, A, p, c), where
X is a finite state space, A is a finite set of actions, p is a nonnegative real function
p : A × X × X → R+ that satisfies the condition

∑
y∈X pa

x,y = 1, ∀a ∈ A and
c : A × X × X → R is a real function. The function p for a fixed action a ∈ A
and arbitrary x, y ∈ X determines the probability pa

x,y of the system’s transition
from the state x ∈ X at the moment of time t to state y at the moment of time
t + 1 for every t = 0, 1, 2, . . .. For a fixed action a ∈ A and arbitrary x, y ∈ X the
function c determines the cost ca

x,y of the system’s transition from the state x = x(t)
to the state y = x(t + 1) for t = 0, 1, 2, . . .. In the considered Markov process
the functions p and c do not depend on time, i.e., we have a stationary Markov
decision process. If in each state x ∈ X we fix an action from a ∈ A then we
obtain a Markov process induced by these actions. The problem with an average
cost optimization criterion for the Markov decision process (X, A, p, c) with given
starting state x0 consists in determining the actions in the states of the system that
provide the minimal (or maximal) average cost per transition for the Markov process
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induced by the chosen actions. In the following we will study this problem in terms
of stationary strategies.

We define a stationary strategy s for Markov decision process as a map

s : x → a ∈ A(x) for x ∈ X,

where A(x) represents the set of actions in the state x ∈ X . An arbitrary stationary
strategy s induces a simple Markov process with the transition probability matrix
Ps = (ps

x,y) and the transition cost matrix Cs = (cs
x,y). For this Markov process

with probability and cost matrices Ps, Cs we can determine the expected average
cost per transition ωs

x0
if the dynamical system starts transitions in the state x0 at the

moment of time t = 0. We denote this quantity by fx0(s), i.e.,

fx0(s) = ωs
x0

.

We consider the Markov decision problem with an average cost criterion, i.e., we are
seeking for a strategy s∗ for which

fx0(s
∗) = min

s
fx0(s).

For an arbitrary Markov decision problem we may assume that the action sets in
different states are different, i.e., A(x) �= A(y). However, it is easy to observe that
an arbitrary problem can be reduced to the case |A(x)| = |A(y)| = |A|, ∀x, y ∈ X
introducing some copies of the actions in the states y ∈ X if for two different states
x, y ∈ X it holds |A(y)| < |A(x)|.

In the case |A(x)| = |A(y)| = |A|, ∀x, y ∈ X a Markov decision process can
be given by 2|A| matrices Pak = (pak

x,y), Cak = (cak
x,y), k = 1, 2, . . . , |A|, where∑

y∈X pak
x,y = 1, ∀ak ∈ A,∀x ∈ X .

A fixed strategy s : x → ak ∈ A(x) for x ∈ X generates a Markov process with
the probability transition matrix Ps and the transition cost matrix Cs induced by the
rows of the corresponding matrices Pak and Cak , k = 1, 2, . . . , |A|, respectively.

Using the matrix representation of the Markov decision processes we can show
that the stochastic control problem with average cost criterion can be represented as
a Markov decision problem. Indeed, the matrix representation of the control problem
corresponds to the case if X = XC ∪ X N , XC ∩ X N = ∅, where for an arbitrary
state xi ∈ XC the probabilities pak

xi ,y are equal to 0 or 1 and for an arbitrary state
xi ∈ X N the corresponding i − th rows in the matrices Pa1 , Pa2 , . . . , Pa|A| and
Ca1, Ca2 , . . . , Ca|A| are the same. This means that an arbitrary stochastic control
problem can be transformed into a Markov decision problem.

In the next section we show that an arbitrary Markov decision problem with
average cost criterion can be reduced to a stochastic control problem on an auxiliary
network. We can observe that the mentioned reduction procedure can be realized in
polynomial time. Thus, the considered problems are equivalent from a computational
point of view. Using the reduction procedure of the Markov decision problem to a
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stochastic control problem we can extend the algorithms from the previous section
for determining the optimal solution for Markov decision problems.

2.3.2 Reduction of Markov Decision Problems to Stochastic
Control Problems

Let us show that the problem of determining the optimal stationary strategies s∗ in a
Markov decision process (X, A, p, c) with average cost criterion can be reduced to
the problem of determining the optimal stationary strategy in the control problem on
a network (G ′, X ′

C , X ′
N , p′, c′, x ′

0), where G ′ = (X ′, E ′), X ′
C , X ′

N , p′, c′ and x0
are defined in the following way: The set of vertices X ′ = X ′

C ∪ X ′
N contains (|A|+

1)|X | vertices, where |X ′
C | = |X | and |X ′

N | = |A||X |. So, the set of controllable
states in the control problem consists of a copy of the set of states X and the set of
uncontrollable states X ′

N consists of |A| copies of the set of states X . Therefore, we
define X ′

C and X N as follows:

X ′
C = {x ′ = x | x ∈ X}; X ′

N =
⋃

a∈A

Xa,

where

Xa = {xa = (x, a) | x ∈ X} for a ∈ A.

We also represent the set of directed edges E ′ as a couple of two disjoint subsets
E ′ = E ′

C ∪ E ′
N , where E ′

C is the set of outgoing edges from x ′ ∈ X ′
C and E ′

N is the
set of outgoing edges from xa ∈ X ′

N . The states E ′
C and E ′

N are defined as follows:

E ′
C = {(x, (x, a)) | x ∈ X ′

C ; (x, a) ∈ X ′
N , a ∈ A};

E ′
N = {((x, a), y) | (x, a) ∈ X ′

N , y ∈ X ′
C , pa

x,y > 0, a ∈ A}.

On the set of directed edges E ′ we define the cost function c′ : E ′ → R, where

c′
e′ = 0, ∀e′ = (x, (x, a)) ∈ E ′

C ;

c′
e′ = 2 ca

x,y for e′ = ((x, a), y) ∈ E ′
N (x, y ∈ X, a ∈ A).

On E ′
2 we define the transition probability function p′ : E ′

N → [0, 1], where p′
e′ =

pa
x,y for e′ = ((x, a), y) ∈ E ′

N .
It is easy to observe that between the set of stationary strategies S in the Markov

decision process and the set of strategies S′ in the control problem on the network
(G ′, X ′

C , X ′
N , c′, p′, x0) there exists a bijective mapping that preserves the average

cost per transition. Therefore, if we find the optimal stationary strategy for the control
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problem on the network then we can determine the optimal stationary strategy in the
Markov decision process.

The network constructed above gives a graphical interpretation of the Markov
decision process via the structure of the graph G, where the actions and all pos-
sible transitions for an arbitrary fixed action are represented by arcs and nodes. A
more simple graphical interpretation of the Markov decision process may be given
using the graph of probability transitions G p = (X, E p), which is induced by the
probability function p : X × X × A → [0, 1]. This graph may contain parallel
directed edges where each directed edge corresponds to an action. The set of vertices
X corresponds to the set of states and the set of edges E p consists of |A| subsets

E1
p, E2

p, . . . , E |A|
p

(
E p = ⋃|A|

i=1 Ei
p

)
, where Ei

p = {eai = (x, y)ai | pai
x,y >

0}, i = 1, 2, . . . , |A(x)|.
An example how to construct the graph G p = (X, E p) and how to determine

the solution of the Markov decision problem using the reduction procedure to an
auxiliary control problem on the network is given below.

Example Consider a Markov decision process (X, A, p, c) where X = {1, 2}, A =
1, 2 and the possible values of the corresponding probability and cost functions
p : X × X × A → [0, 1], c : X × X × A → R are defined as follows:

pa1
1,1 = 0.7, pa1

1,2 = 0.3, pa1
2,1 = 0.6, pa1

2,2 = 0.4,

pa2
1,1 = 0.4, pa2

1,2 = 0.6, pa2
2,1 = 0.5, pa2

2,2 = 0.5;
ca1

1,1 = 1, ca1
1,2 = 0, ca1

2,1 = −2, ca1
2,2 = 5,

ca2
1,1 = 0, ca2

1,2 = 4, ca2
2,1 = 2, ca2

2,2 = −3.

We consider the problem of finding the optimal stationary strategy for the corre-
sponding Markov decision problem with minimal average costs and an arbitrary
fixed starting state.

The data concerned with the actions in the considered Markov decision problem
can be represented in a suitable form using the probability matrices

Pa1 =
(

0.7 0.3
0.6 0.4

)
, Pa2 =

(
0.4 0.6
0.5 0.5

)

and the matrices of transition cost

Ca1 =
(

1 0
−2 5

)
, Ca2 =

(
0 4
2 −3

)
.

In Fig. 2.9 this Markov process is represented by the multigraph G p = (X, E p) with
the set of vertices X = {1, 2}.

The set of directed edges E p contains parallel directed edges that correspond to
probability transitions from one state to another for different actions. We call this
graph multigraph of the Markov decision process.
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Fig. 2.9 The graph of the Markov decision process
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Fig. 2.10 The graph G ′ for the control problem

In Fig. 2.10 the graph G ′ = (X ′, E ′) is represented. In G ′ the sets X ′
C , X ′

N , E ′
C , E ′

N
are defined as follows:

X ′
C = {1, 2}, X ′

N = X1 ∪ X2 = {(1, 1), (1, 2), (2, 1), (2, 2)}

where

X1 = {(1, 1), (1, 2)}, X2 = {(2, 1), (2, 2)}

and

E ′
C = {(1, (1, 1)), (1, (1, 2)), (2, (2, 1)), (2, (2, 2))},

E ′
N = {((1, 1), 1), ((1, 1), 2), ((2, 1), 1), ((2, 2), 1),

((1, 2), 1), ((1, 2), 2), ((2, 1), 2), ((2, 2), 2)}.
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The probabilities p′
e = p′

(x,a),y = pa
x,y for directed edges ((x, a), y) ∈ E ′

N are
written along the edges in Fig. 2.10 and the costs of the directed edges from E ′ are
defined in the following way:

c′
1,(1,1) = c′

1,(1,2) = 0, c′
2,(2,1) = c′

2,(2,2) = 0,

c′
(1,1),1 = 2, c′

(1,1),2 = 0, c′
(2,1),1 = −4, c′

(2,2),1 = 4,

c′
(1,2),1 = 0, c′

(1,2),2 = 8, c′
(2,1),2 = 10, c′

(2,2),2 = −6.

The set of possible stationary strategies for this Markov decision process consists
of four strategies, i.e., S = {s1, s2, s3, s4} where

s1 : 1 → a1, 2 → a1;
s2 : 1 → a1, 2 → a2;
s3 : 1 → a2, 2 → a1;
s4 : 1 → a2, 2 → a2.

A fixed strategy s in the Markov decision process generates a simple Markov process
with transition costs, where the corresponding matrices Ps, Cs are formed from the
rows of the matrices Pai and Cai , i = 1, 2. As an example, if we fix the strategy
s2 then we obtain a simple Markov process with transition costs generated by the
following matrices Ps2 and Cs2 :

Ps2 =
(

0.7 0.3
0.5 0.5

)
, Cs2 =

(
1 0
2 −3

)
.

It is easy to check that this Markov process is ergodic and the limit matrix of this
process is

Qs2 =
⎛

⎜⎝

5

8

3

8
5

8

3

8

⎞

⎟⎠ .

We can determine the components of the vector of immediate costs μs2 =
(

μs2
1

μs2
2

)

using formula μs2
i = ps2

i,1 cs2
i,1 + ps2

i,2 cs2
i,2, i = 1, 2, i.e., μs2

1 = 0.7 and μs2
2 = 0.5.

In such a way we determine f1(s2) = f2(s2) = 1/4. Analogously, it can be cal-
culated by f1(s1) = f2(s1) = 22/30, f1(s3) = f2(s3) = 16/10 and f1(s4) =
f2(4) = 9/11. We can see that the optimal stationary strategy for the Markov
decision problem with minimal average cost criterion is s2. This strategy can be
found by solving the following linear programming problem on the auxiliary net-
work (G ′, X ′

C , X ′
N , p′, c′):
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Minimize

ψ(α, q) = 1.4q1,1 + 4.8q1,2 + 1.6q2,1 − q2,2

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0.7q1,1 + 0.4q1,2 + 0.6q2,1 + 0.5q2,2 = q1,

0.3q1,1 + 0.6q1,2 + 0.4q2,1 + 0.5q2,2 = q2,

α1,(1,1) = q1,1,

α1,(1,2) = q1,2,

α2,(2,1) = q2,1,

α2,(2,2) = q2,2,

α1,(1,1) + α1,(1,2) = q1,

α2,(2,1) + α2,(2,2) = q2,

q1,1 + q1,2 + q2,1 + q2,2 + q1 + q2 = 1,

α1,(1,1), α1,(1,2), α2,(2,1), α2,(2,2) ≥ 0,

q1,1, q1,2, q2,1, q2,2, q1, q2 ≥ 0.

The optimal solution of this problem is

q∗
1 = 5

16
, q∗

2 = 3

16
, q∗

1,1 = 5

16
, q∗

2,2 = 3

16
, q∗

1,2 = 0, q∗
2,1 = 0,

α∗
1,(1,1) = 5

16
, α∗

2,(2,2) = 3

16
, α∗

1,(1,2) = 0, α∗
2,(2,1) = 0

and the optimal value of the objective function is ψ(α∗, q∗) = 1/4.
The optimal strategy s∗ on G ′ we can find using Theorem 2.3, i.e., we fix

s∗
1,(1,1) = 1, s∗

1,(1,2) = 0, s∗
2,(2,1) = 0, s∗

2,(2,2) = 1.

This means that the optimal stationary strategy for the Markov decision problem is

s∗ : 1 → a1, 2 → a2

and the average cost per transaction is f1(s∗) = f2(s∗) = 1/4.
The auxiliary graph with distinguished optimal strategies in the controllable states

x1 = 1 and x2 = 2 is represented in Fig. 2.11. The unique outgoing directed edge
(1, (1, 1)) from vertex 1 that ends in vertex (1, 1) corresponds to the optimal strategy
1 → a1 in the state x = 1 and the unique outgoing directed edge (2, (2, 2)) from
vertex 2 that ends in vertex (2, 2) corresponds to the optimal strategy 2 → a2 in the
state x = 2.
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Fig. 2.11 The graph induced by the optimal strategy in the control problem

2.3.3 A Linear Programming Approach for the Average Markov
Decision Problem and an Algorithm for Determining the
Optimal Strategies

In the previous sections we have shown that the optimal stationary strategies for
Markov decision processes can be found by constructing an auxiliary stochastic con-
trol problem and applying the linear programming algorithm for the control problem
on an auxiliary network. Below we show how to apply a linear programming algo-
rithm directly to the Markov decision problem with an average cost optimization
criterion without constructing the auxiliary stochastic control problem.

At first we describe the linear programming algorithm for a special class of Markov
decision processes.

We consider Markov decision processes with the property that an arbitrary sta-
tionary strategy s : X → A generates an ergodic Markov chain, i.e., we assume
that the graph Gs

p = (X, Es
p) of the matrix of probability transitions Ps = (ps

x,y) is
strongly connected. In general, we can see that the linear programming approach can
be used for an arbitrary Markov decision problem where an arbitrary stationary strat-
egy generates a unichain. We call such Markov decision processes perfect Markov
decision processes. It is easy to observe that if for an arbitrary strategy s : A → X
in the Markov decision process each row of the matrix Ps = (ps

x,y) contains at least

[(|X | + 1) /2] + 1 nonzero elements then the corresponding graph Gs
p =

(
X, Es

p

)

contains a unique strongly connected component that can be reached from every
x ∈ X [19], i.e., in this case the matrix Ps corresponds to a Markov unichain.
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Let s : X → A be an arbitrary strategy (s ∈ S) for a Markov decision process.
Then for every fixed x ∈ X we have a unique action a = s(x) ∈ A(x) and therefore
we can identify the map s with the set of boolean values sx,a for x ∈ X and a ∈ A(x),
where

sx,a =
{

1, if a = s(x);
0, if a �= s(x).

In a similar way for the optimal stationary strategy s∗ we shall proceed with the
boolean values s∗

x,a .
Assume that the Markov decision process is perfect. Then the following lemma

holds.

Lemma 2.25 A stationary strategy s∗ is optimal if and only if it corresponds to an
optimal solution of the following mixed integer bilinear programming problem:
Minimize

ψ(s, q) =
∑

x∈X

∑

a∈A(x)

μx,asx,a qx (2.64)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X

∑

a∈A(x)

pa
x,ysx,aqx = qy, ∀y ∈ X;

∑

x∈X

qx = 1;
∑

a∈A(x)

sx,a = 1, ∀x ∈ X;

sx,a ∈ {0, 1}, ∀x ∈ X, a ∈ A(x); qx ≥ 0, ∀x ∈ X,

(2.65)

where

μx,a =
∑

y∈X

ca
x,y pa

x,y

is the immediate cost in the state x ∈ X for a fixed action a ∈ A(x).

Proof For a fixed strategy s the system (2.65) has a unique solution with respect
to qx , x ∈ X which represents the limiting probabilities of the recurrent Markov
chains with the matrix of probability transition Ps . The value of the objective function
(2.64) for this solution expresses the average cost per transition for an arbitrary fixed
starting state. Therefore, for a fixed strategy s we have fx (s) = ψ(s, qs), ∀x ∈ X.

This means that if we solve the optimization problem (2.64), (2.65) for the perfect
Markov decision process then we obtain the optimal stationary strategy s∗. ��
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Remark 2.26 For a perfect Markov decision processes the objective function ψ(s, q)

on the set of feasible solutions depends only on sx,a for x ∈ X, a ∈ A(x). Moreover,
the conditions qx ≥ 0 for x ∈ X in (2.65) hold if sx,a ≥ 0, ∀x ∈ X, a ∈ A(x) and
therefore in the case of perfect Markov processes can be omitted. The conditions
qx ≥ 0, ∀x ∈ X in (2.65) are essential for non perfect Markov processes.

Based on Lemma 2.25 we can prove the following result.

Theorem 2.27 Let α∗
x,a (x ∈ X, a ∈ A(x)), q∗

x (x ∈ X) be a basic optimal
solution of the following linear programming problem:
Minimize

ψ(α, q) =
∑

x∈X

∑

a∈A(x)

μx,aαx,a (2.66)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X

∑

a∈A(x)

pa
x,y αx,a = qy, ∀y ∈ X;

∑

x∈X

qx = 1;
∑

a∈A(x)

αx,a = qx , ∀x ∈ X;

αx,a ≥ 0, ∀x ∈ X, a ∈ A(x); qx ≥ 0, ∀x ∈ X,

(2.67)

where

μx,a =
∑

y∈X

ca
x,y pa

x,y for x ∈ X.

Then the optimal stationary strategy s∗ for a perfect Markov decision process can
be found as follows:

s∗
x,a =

{
1, if α∗

x,a > 0;
0, if α∗

x,a = 0,

where x ∈ X, a ∈ A(x).
Moreover, for every starting state x ∈ X the optimal average cost per transition

is equal to ψ(α∗, q∗), i.e.,

fx (s
∗) =

∑

x∈X

∑

a∈A(x)

μx,aα∗
x,a

for every x ∈ X.
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Proof The proof of this theorem is similar to the proof of Theorem 2.3. Applying
Lemma 2.25 we obtain that the bilinear programming problem (2.64), (2.65) with
boolean variables sx,a for x ∈ X, a ∈ A(x) can be reduced to the linear programming
problem (2.66), (2.67). We observe that the restriction sx,a ∈ {0, 1} in the problem
(2.64), (2.65) can be replaced by sx,a ≥ 0 because the optimal basic solutions after
such a transformation of the problem are not changed. In addition the restrictions

∑

a∈A(x)

sx,a = 1, ∀x ∈ X

can be changed by the restrictions

∑

a∈A(x)

sx,a qx = qx , ∀x ∈ X

because the condition qx > 0, ∀x ∈ X for the perfect Markov process holds. This
means that the system (2.65) in the problem (2.64), (2.65) can be replaced by the
following system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X

∑

a∈A(x)

pa
x,y sx,a qx = qy, ∀y ∈ X;

∑

x∈X

qx = 1;
∑

a∈A(x)

sx,a qx = qx , ∀x ∈ X;

sx,a ≥ 0, ∀x ∈ X, a ∈ A(x); qx ≥ 0, ∀x ∈ X.

(2.68)

In such a way we may conclude that problem (2.64), (2.65) and problem (2.64), (2.68)
have the same optimal solutions. Taking into account that for the perfect network we
have qx > 0, ∀x ∈ X then in problem (2.64), (2.68) we can introduce the notations
αx,a = sx,a qx for x ∈ X, a ∈ A(x), i.e., we obtain the problem (2.66), (2.67). It
is evident that αx,a �= 0 if and only if sx,y = 1. Therefore, the optimal stationary
strategy s∗ can be found according to the rule formulated in the theorem. ��
It is easy to observe that qx in the system (2.67) can be eliminated if we take into
account that

∑

a∈A(x)

αx,a = qx , ∀x ∈ X.

Then theorem 2.27 can be formulated in the following way.

Theorem 2.28 Let α∗
x,a (x ∈ X, a ∈ A(x)), be a basic optimal solution of the

following linear programming problem:
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Minimize

ψ(α) =
∑

x∈X

∑

a∈A(x)

μx,aαx,a (2.69)

subject to
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∑

a∈A(y)

αy,a −
∑

x∈X

∑

a∈A(x)

pa
x,y αx,a = 0, ∀ y ∈ X;

∑

x∈X

∑

a∈A(x)

αx,a = 1;

αx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(2.70)

Then the optimal stationary strategy s∗ for the perfect Markov decision process can
be found as follows:

s∗
x,a =

{
1, if α∗

x,a > 0;
0, if α∗

x,a = 0,

where x ∈ X, a ∈ A(x). Moreover, for every starting state x ∈ X the optimal
average cost per transition is equal to ψ(α∗, q∗), i.e.,

fx (s
∗) =

∑

x∈X

∑

a∈A(x)

μx,a α∗
x,a

for every x ∈ X.

Thus, based on theorems proven above the optimal stationary strategy for the
Markov decision problem can be found using the following algorithm.

Algorithm 2.29 Determining the Optimal Stationary Strategies for the Perfect
Markov Decision Problem

(1) Formulate the linear programming problem (2.66), (2.67) and find a basic optimal
solution α∗

x,y, q∗
x , q∗

z of this problem;
(2) Fix s∗

x,a = 1 for (x, a) that corresponds to the basic components of the optimal
solution and set s∗

x,a = 0 for the remaining components.

Example Consider the Markov decision problem with an average cost criterion from
Sect. 2.3.2. The corresponding multigraph of the Markov decision process is repre-
sented in Fig. 2.9.

The optimal stationary strategy s∗ of this problem can be found by solving the
linear programming problem (2.66), (2.67), i.e.:
Minimize

ψ(α, q) = 0.7α1,1 + 2.4α1,2 + 0.8α2,1 − 0.5α2,2
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1 2p2
1,1=0.7 p2

2,2=0.5

p1
1,2=0.3

p2
2,1=0.5

Fig. 2.12 The graph induced by the optimal strategy in Markov decision problem

subject to
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0.7α1,1 + 0.6α2,1 + 0.4α1,2 + 0.5α2,2 = q1,

0.3α1,1 + 0.4α2,1 + 0.6α1,2 + 0.5α2,2 = q2,

q1 + q2 = 1,

α1,1 + α1,2 = q1,

α2,1 + α2,2 = q2,

α1,1, α1,2, α2,1, α2,2 ≥ 0, q1, q2 ≥ 0.

The optimal solution of this problem is

q∗
1 = 5

8
, q∗

2 = 3

8
, α∗

1,1 = 5

8
, α∗

2,2 = 3

8
, α∗

1,2 = 0, α∗
2,1 = 0

and the corresponding average cost is equal to 1/4 , i.e., ψ(α∗, q∗) = 1/4.
The optimal solution of the problem corresponds to the optimal stationary strategy

s∗
1,1 = 1, s∗

1,2 = 0, s∗
2,1 = 0, s∗

2,2 = 1 i.e. s∗ : 1 → a1, 2 → a2.

So, the optimal stationary strategy s∗ determines the Markov process with the
following probability and cost matrices

Ps∗ =
(

0.7 0.3
0.5 0.5

)
, Cs∗ =

(
1 0
2 −3

)
.

The graph of transition probabilities of this Markov process is represented in
Fig. 2.12.

The result described above shows that the Markov decision problem with an aver-
age cost criterion can be transformed into a stochastic optimal control problem on
the auxiliary network (G ′, XC , X N , p′, c′, x0). This means that the linear program-
ming algorithm proposed in the previous sections can be developed and specified
for Markov decision problems with an average and discounted costs optimization
criteria.
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2.3.4 A Dual Linear Programming Model for an Average Markov
Decision Problem

Consider the linear programming problem (2.69), (2.70) for an arbitrary unichain
Markov decision process. As we have shown the solution of this problem always
exists. If we dualize (2.69), (2.70) then we obtain the following problem:
Maximize

ψ′(ε,ω) = ω (2.71)

subject to

εx −
∑

y∈X

pa
x,yεy + ω ≤ μx,a, ∀x ∈ X, ∀a ∈ A. (2.72)

Based on duality theory of linear programming we obtain the following result.

Theorem 2.30 The linear programming problem (2.71), (2.72) has solutions and an
arbitrary optimal solution ε∗, ω∗ of the problem possesses the following property:
For each x ∈ X there exists an action a∗ ∈ A(x) that satisfies the condition

min
a∈A(x)

{
μx,a∗ +

∑

y∈X

pa∗
x,yε

∗
y − ε∗

x − ω∗
}

= 0, ∀x ∈ X. (2.73)

The action a∗ in each state x ∈ X determines the optimal stationary strategy s∗(x) =
a∗ and ω∗ is equal to the optimal value of the average cost in the Markov decision
process.

This theorem represents the optimization criterion for unichain Markov decision
problems with average expected cost. Based on this criterion we can determine the
optimal stationary strategies of the problem in the unichain case using the following
algorithm.

Algorithm 2.31 Determining the Optimal Solution of a Unichain Markov
Decision Problem Using a Dual Linear Programming Model

(1) Formulate the linear programming problem (2.71), (2.72) and find an optimal
solution ε∗, ω∗ of this problem;

(2) For each x ∈ X fix s∗(x) = a∗, where a∗ ∈ A(x) satisfies condition (2.73).
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2.3.5 Optimality Conditions for Multichain Decision Problems
and a Linear Programming Approach

The optimality conditions for a multichain Markov decision problem with an average
optimization cost criterion can be derived from the optimality conditions for an aver-
age multichain control problem if we take into account the mentioned relationship
between Markov decision processes and stochastic control models. Based on Theo-
rem 2.13 and the results from Sect. 2.3.2 we can formulate the following optimality
principle for an average multichain decision problem.

Theorem 2.32 Let a Markov decision process (X, A, p, c) be given. Then the system
of equations

εx + ωx = min
a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yεy

}
, ∀x ∈ X; (2.74)

has a solution under the set of solutions of the system of equations

ωx = min
a∈A(x)

{∑

y∈X

pa
x,yωx

}
, ∀x ∈ X, (2.75)

i.e., the system of equations (2.75) has such a solution ω∗
x , x ∈ X for which there

exists a solution ε∗
x , x ∈ X of the system of equations

εx + ω∗
x = min

a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yεy

}
, ∀x ∈ X. (2.76)

The values ω∗
x for x ∈ X coincide with the optimal average costs ωx , x ∈ X for the

Markov decision problem and an optimal stationary strategy

s∗ : x → a ∈ A(x) for x ∈ X

for an average Markov decision problem can be found by fixing a map s∗(x) = a ∈
A(x) such that

a ∈ argmin
a∈A(x)

{∑

y∈X

pa
x,yω

∗
x

}

and

a ∈ argmin
a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yε

∗
y

}
.
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Note that the Lemmas 2.14, 2.20 are valid also for average Markov decision problems
if the strategies s and s∗ we treat as strategies s : X → A; s∗ : X → A for the
Markov decision problem.

Then from these lemmas we obtain the proof of Theorem 2.32. The proof of this
theorem also follows from the Theorems 2.12, 2.13 and the reduction procedure from
Markov decision problem to stochastic control problem described in Sect. 2.3.2.

From Theorem 2.32 we can make the following conclusion. To determine a solu-
tion of the Markov decision problem it is necessary to determine ωx for x ∈ X
that satisfies (2.75) and for which there exists εx for x ∈ X that satisfies (2.74).
This is equivalent with the problem of determining the “maximal” vector ω with the
components ωx for x ∈ X that satisfies the conditions

εx + ωx ≤ μx,a +
∑

y∈X

pa
x,yεy, ∀x ∈ X, ∀a ∈ A(x);

ωx ≤
∑

y∈X

pa
x,yωx , ∀x ∈ X, ∀a ∈ A(x).

Thus, we have to maximize a positive linear combination of components of ω
under the restrictions given above, i.e., we obtain the following linear programming
problem:
Maximize

ψ′(ε,ω) =
∑

x∈X

θxωx (2.77)

subject to

⎧
⎪⎨

⎪⎩

εx + ωx ≤ μx,a + ∑
y∈X

pa
x,yεy, ∀x ∈ X, ∀a ∈ A(x);

ωx ≤ ∑
y∈X

pa
x,yωx , ∀x ∈ X, ∀a ∈ A(x)

(2.78)

where θ > 0, ∀x ∈ X and
∑

x∈X θx = 1.
From Theorem 2.32 we obtain the following result.

Corollary 2.33 For an arbitrary strategy s : X → A the following system of linear
equations

⎧
⎪⎪⎨

⎪⎪⎩

εx + ωx = μx,s(x) + ∑
y∈X

ps(x)
x,y εy, ∀x ∈ X;

ωx = ∑
y∈X

ps(x)
x,y ωx , ∀x ∈ X

(2.79)

has a solution.
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2.3.6 Primal and Dual Linear Programming Models for a
Multichain Markov Decision Problem

We can regard the linear programming model (2.77), (2.78) as a dual model for a
primal multichain linear programming problem. So, if we consider the dual model
or (2.77), (2.78) then we obtain the following linear programming problem:
Minimize

ψ(α) =
∑

x∈X

∑

a∈A(x)

μx,aαx,a (2.80)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∑

a∈A(y)

αy,a −
∑

x∈X

∑

a∈A(x)

pa
x,y αx,a = 0, ∀y ∈ X;

∑

a∈A(y)

αy,a +
∑

a∈A(y)

βy,a −
∑

x∈X

∑

a∈A(x)

pa
x,yβx,a = θy, ∀y ∈ X;

αx,a ≥ 0, βy,a ≥ 0, ∀x ∈ X, a ∈ A(x),

(2.81)

where θ > 0, ∀y ∈ X and
∑

y∈X θy1.
This problem generalizes the unichain linear programming problem (2.69), (2.70)
from Sect. 2.3.3. In (2.81) the restrictions

∑

a∈A(y)

αy,a +
∑

a∈A(y)

βy,a −
∑

x∈X

∑

a∈A(x)

pa
x,yβx,a = θy, ∀y ∈ X (2.82)

with the condition
∑

y∈X θy = 1 generalize the constrain

∑

x∈X

∑

a∈A(y)

αy,a = 1 (2.83)

in the unichain model. It is easy to check that by summing (2.82) over y, we obtain
the equality (2.83).

2.4 Iterative Algorithms for Markov Decision Processes
and Control Problems with an Average Cost Criterion

As we have shown the Markov decision problem and optimal control problems with
average cost criterion can be solved using the linear programming approach. Here we
show that these problems can be solved using iterative algorithms. These algorithms
are based on the optimization criteria proved in previous sections. We can observe
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that the optimization criterion for a stochastic control problem in the case XC = ∅
leads to the equation which can be derived directly from formula (1.59).

Indeed, using formula (1.59) we can write the following two equivalent equations

σ(t) = tω + ε + ε(t),

σ(t − 1) = (t − 1)ω + ε + ε(t − 1),

where ε(t) and ε(t −1) tend to zero if t tends to infinity. If we introduce the expression
of σ(t) and σ(t − 1) in the recursive formula

σ(t) = μ + Pσ(t − 1)

then we obtain

tω + ε + ε(t) = μ + P((t − 1)ω + ε + ε(t − 1).

Through rearrangement we get

ε + tω − (t − 1)Pω = μ + Pε + Pε(t − 1) − ε(t).

Here ω = Pω. In addition for a Markov unichain all components of the vector ω
are the same, i.e., ω1 = ω2 = · · · = ωn = ω (here ωi = ωxi ). So, if t → ∞ then
ε(t), ε(t − 1) → 0 and we obtain

εi + ω = μxi + [Pε]i , i = 1, 2, . . . , n. (2.84)

This is the system of equations for a unichain Markov process. It is well known that
in the case of unichain processes the rank of the matrix (I − P) is equal to n − 1
(see [98]). Based on this fact in [98] it has been shown that the system of equations
(2.84) has a unique solution once it is setting εi = 0 for some i . This means that two
different vectors ε′ and ε′′ which represent the solutions of this equation differ only
by some constant for each component. Therefore, the system of equations (2.84)
allows us to determine the average cost per transition in unichain Markov processes
with transition costs. The existence of the solution of this system of equations (2.84)
also follows from Theorem 2.30.

The system of equations for the decision problem in the case of unichain processes
is the following

εi + ω = min
a∈A(xi )

(
μxi ,a + [Paε]i

)
, i = 1, 2, . . . , n. (2.85)

According to Theorem 2.30 the system of equations (2.85) has solutions. The solution
of this system of equations and the optimal stationary strategy for unichain Markov
decision problems can be found using the following iterative algorithm.

http://dx.doi.org/10.1007/978-3-319-11833-8_1
http://dx.doi.org/10.1007/978-3-319-11833-8_1
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Algorithm 2.34 Determining the Solution of a Unichain Markov Decision
Problem

Preliminary step (Step 0): Fix an arbitrary stationary strategy

s0 : xi → a ∈ A(xi ) for xi ∈ X.

General step (Step k, k > 0): Calculate

μxi ,ak−1 =
∑

y∈X (xi )

psk−1(xi )
xi ,y csk−1(xi )

xi ,y

for every xi ∈ X . Then solve the system of linear equations

εk−1
i + ωk−1 = μxi ,sk−1(xi )

+ [Psk−1
εk−1]i , i = 1, 2, . . . , n,

εk−1
n = 0,

and find εk−1
1 , εk−1

2 , . . . , εk−1
n−1 and ωk−1. After that determine a new strategy

sk : xi → a ∈ A(xi ) for xi ∈ X,

where

sk(xi ) = argmin
a∈A(xi )

(
μxi ,a + [Paεk−1]i

)
, i = 1, 2, . . . , n.

Check if the following condition holds

sk(xi ) = sk−1(xi ), ∀xi ∈ X. (2.86)

If the condition (2.86) holds then fix

s∗ = sk, ω∗ = ωk

as the optimal solution of the problem; otherwise go to the next step k + 1.
The correctness and the convergence of this algorithm follow from the results

described above and the results from [115, 118–120, 140].
The algorithm described above can be specified for determining the optimal sta-

tionary strategies in the stochastic control problem with an average cost optimization
criterion.

Algorithm 2.35 Determining the Solution for a Stochastic Control Problem

Let the average control problem on a perfect network determined by the graph of
state’s transition G = (X, E) with the set of controllable states XC , the set of
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uncontrollable states X N , the probability function p : EN → [0, 1] which satisfies
the condition from Sect. 2.3 and the cost function c : E → R be given.

Preliminary step (Step 0): Fix an arbitrary stationary strategy

s0 : xi → x j ∈ X (xi ) for xi ∈ XC .

General step (Step k, k > 0): Determine the probability matrix Psk−1 = (
psk−1

xi ,x j

)
,

where

psk−1

xi ,x j
=
⎧
⎨

⎩

pxi ,x j , if xi ∈ X N and (xi , x j ) ∈ E2;
1, if xi ∈ XC and x j = sk−1(xi );
0, if xi ∈ XC and x j �= sk−1(xi ).

Then calculate

μxi ,sk−1(xi )
=

∑

x j ∈X (xi )

psk−1(xi )
xi ,x j

cxi ,x j

for every xi ∈ X . After that solve the system of linear equations

εk−1
i + ωk−1 = μxi ,sk−1(xi )

+ [Psk−1
εk−1]i , i = 1, 2, . . . , n,

εk−1
n = 0,

and find εk−1
1 , εk−1

2 , . . . , εk−1
n−1 and ωk−1. Then determine a new strategy

sk : xi → x j ∈ X (xi ) for xi ∈ XC ,

where

sk(xi ) = argmin
x j ∈X (xi )

(
cxi ,x j + εk−1

j

)
, ∀xi ∈ XC .

Check if the following condition holds

sk(xi ) = sk−1(xi ), ∀xi ∈ XC . (2.87)

If the condition (2.87) holds then fix

s∗ = sk, ω∗ = ωk

as the optimal solution of the problem; otherwise go to the next step k + 1.
In the case X N = ∅ this algorithm is transformed into the algorithm for solving a

deterministic control problem. In this case the algorithm correctly finds the solution of
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the problem if each stationary strategy in G generates a subgraph Gs which contains
a unique directed cycle.

The algorithms described above determine the optimal stationary strategies for a
Markov decision problem and a stochastic optimal control problem if an arbitrary
strategy in these problems generates a unichain process.

For the multichain case of the problem the algorithm uses the multichain bias
equations (2.74)–(2.76).

Algorithm 2.36 Determining the Solution of a Multichain Markov Decision
Problem

Preliminary step (Step 0): Fix an arbitrary stationary strategy

s0 : xi → a ∈ A(xi ) for xi ∈ X.

General step (Step k, k ≥ 1): Determine the matrix Psk−1
and μsk−1

that corresponds
to the strategy sk−1. Find ωsk−1

and εsk−1
which satisfy the conditions

{
(Psk−1 − I )ωsk−1 = 0;
μsk−1 + (Psk−1 − I )εsk−1 − ωsk−1 = 0.

Then find a strategy sk such that

sk ∈ argmin
s

{
Psωsk−1

}

and set sk = sk−1 if

sk−1 ∈ argmin
s

{
Psωsk−1

}
.

After that check if sk = sk−1? If sk = sk−1 then go to next step k + 1; otherwise
choose the strategy sk such that

sk ∈ argmin
s

{
μs + Psεsk−1

}

and set sk = sk−1 if

sk−1 ∈ argmin
s

{
μs + Psεsk−1

}
.

After that check if sk = sk−1? If sk = sk−1 then STOP and set s∗ = sk−1; otherwise
go to the next step k + 1.

The convergence of the algorithms based on iterative procedures are proved in
[115, 121–123]. In a similar way as for the unichain case of the problem the algorithm
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described above can be specified for a multichain stochastic control problem on
networks. The computational complexity of the Markov decision problems in the
general case is studied in [106].

2.5 A Discounted Stochastic Control Problem and Algorithms
for Determining the Optimal Strategies on Networks

Now we consider the infinite horizon discounted stochastic control problem. Follow-
ing the concept from the previous sections we formulate the discounted stochastic
control problem on networks and describe algorithms for determining the optimal
stationary strategies using a linear programming approach. Then we extend this
approach for Markov decision problems with an expected total discounted cost opti-
mization criterion.

2.5.1 Problem Formulation

Let a time-discrete system L with finite set of states X be given and assume that
the dynamics of the system is described by a directed graph of states’ transitions
G = (X, E) with the vertex set X and edge set E . Thus, an arbitrary directed edge
e = (x, y) ∈ E expresses the possibility of the system to pass from the state x = x(t)
to the state y = x(t) at every discrete moment of time t = 0, 1, 2, . . .. On an edge
set E a cost function c : E → R is defined that indicates a cost ce to each directed
edge e = (x, y) ∈ E if the system makes a transition from the state x = x(t) to the
state y = x(t + 1) for every t = 0, 1, 2, . . .. We define the stationary control for the
system L in G as a map

s : x → y ∈ X (x) for x ∈ X,

where X (x) = {y ∈ X | (x, y) ∈ E}.
Let s be an arbitrary stationary control. Then the set of edges of the form (x, s(x))

in G generates a subgraph Gs = (X, Es) where each vertex x ∈ X contains one
leaving directed edge. So, if the starting state x0 = x(0) is fixed then the sys-
tem makes transitions from one state to another through the corresponding directed
edges es

0, es
1, es

2, . . . , es
t , . . . , where es

t = (x(t), x(t + 1)), t = 0, 1, 2, . . .. This
sequence of directed edges generates a trajectory x0 = x(0), x(1), x(2), . . . which
leads to a unique directed cycle. For an arbitrary stationary strategy s and a fixed
starting state x0 the discounted expected total cost σ

γ
x0(s) is defined as follows

σγ
x0

(s) =
∞∑

t=0

γt ces
t
,

where γ, 0 < γ < 1, is a given discount factor.
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Based on the results from [47, 114] it is easy to show that for an arbitrary sta-
tionary strategy s there exists σ

γ
x0(s). If we denote by σγ(s) the column vector with

components σ
γ
x (s) for x ∈ X then σ

γ
x0(s) can be found by solving the system of

linear equations

(I − γPs)σγ(s) = cs, (2.88)

where cs is the vector with corresponding components cx,s(x) for x ∈ X , I is the
identity matrix and Ps the matrix with elements ps

x,y for x, y ∈ X defined as follows:

ps
x,y =

{
1, if y = s(x);
0, if y �= s(x).

It is well known that for 0 < γ < 1 the rank of the matrix I − γPs is equal to |X |
and the system (2.88) has solutions for arbitrary cs (see [114, 140]). Thus, we can
determine σ

γ
x0(s

∗) for an arbitrary starting state x0.
In the considered deterministic discounted control problem on G we are seeking

for a stationary control s∗ such that

σγ
x0

(s∗) = min
s

σγ
x0

(s).

We formulate and study this problem in a more general case considering its stochastic
version. We assume that the dynamical system may admit states in which the vector
of control parameters is changed in a random way. So, the set of states X is divided
into two subsets X = XC ∪ X N , XC ∩ X N = ∅, where XC represents the set of
states in which the decision maker is able to control the dynamical system and where
X N represents the set of states in which the dynamical system makes transitions
to the next state in a random way. This means that for every x ∈ X on the set of
feasible transitions E(x) the distribution function p : E(x) → R is defined such that∑

e∈E(x) pe = 1, pe ≥ 0, ∀e ∈ E(x) and the transitions from the states x ∈ X N to
the next states are made randomly according to these distribution functions. Here,
in a similar way as for the deterministic problem we assume that to each directed
edge e = (x, y) ∈ E a cost ce of system’s transition from the state x = x(t) to
the state y = x(t + 1) for t = 0, 1, 2, . . . is associated. In addition we assume that
the discount factor γ, 0 < γ < 1, and the starting state x0 are given. We define a
stationary control on G as a map

s : x → y ∈ X (x) for x ∈ XC .

Let s be an arbitrary stationary strategy. We define the graph Gs = (X, Es ∪ EN ),
where Es = {e = (x, y) ∈ E | x ∈ XC , y = s(x)}, EN = {e = (x, y) | x ∈
X N , y ∈ X}. This graph corresponds to a Markov process with the probability
matrix Ps = (ps

x,y), where
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ps
x,y =

⎧
⎨

⎩

px,y, if x ∈ X N and y ∈ X;
1, if x ∈ XC and y = s(x);
0, if x ∈ XC and y �= s(x).

For this Markov process with associated costs ce, e ∈ E we can define the expected
total discounted cost σ

γ
x0(s) as we have introduced in Chap. 1. We consider the

problem of determining the strategy s∗ for which

σγ
x0

(s∗) = min
s

σγ
x0

(s).

Without loss of generality we may consider that G has the property that an arbitrary
vertex in G is reachable from x0; otherwise we can delete all vertices that could not
be reached from x0.

2.5.2 A Linear Programming Approach for a Discounted Control
Problem on Networks

We develop a linear programming approach for the discounted stochastic control
problem on the network (G, X, E, c, p, x0) with a given discount factor γ using the
same logical scheme as in Sect. 2.2. We identify an arbitrary stationary strategy s in
G with the set of boolean variables sx,y for x ∈ XC and y ∈ X (x), where

sx,y =
{

1, if y = s(x);
0, if y �= s(x).

(2.89)

In the following we will simplify the notations and instead σ
γ
x we shall use σx .

Lemma 2.37 For a fixed strategy s the values σ
γ
x , x ∈ X determine the unique

optimal basic solution of the following linear programming problem:
Maximize

ϕs
x0

(σ) = σx0 (2.90)

subject to

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σx − γ
∑

y∈X (x)

sx,y σy ≤
∑

y∈X (x)

cx,y sx,y , ∀x ∈ XC ;

σx − γ
∑

y∈X (x)

px,y σy ≤ μx , ∀x ∈ X N ;
(2.91)

http://dx.doi.org/10.1007/978-3-319-11833-8_1
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where

μx =
∑

y∈X (x)

cx,y px,y, ∀x ∈ X N

and

∑

y∈X (x)

sx,y = 1, ∀x ∈ XC ; sx,y ∈ {0, 1}, ∀x ∈ XC , y ∈ X.

Proof If for a fixed strategy s we treat the values sx,y as the transition probabilities
from the states x ∈ X to the states y ∈ X then the condition (2.88) in the extended
form can be written as follows:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σx − γ
∑

y∈X (x)

sx,y σy =
∑

y∈X (x)

cx,y sx,y , ∀x ∈ XC ;

σx − γ
∑

y∈X (x)

px,y σy = μx , ∀x ∈ X N .
(2.92)

This system determines uniquely the values σx for x ∈ X . Therefore, for fixed s the
linear programming problem (2.90), (2.92) has a solution and the optimal value of
the objective function is equal to σx0 .

It is evident that if in this system we change the costs cx,y by new costs c′
x,y such

that c′
x,y ≤ cx,y then we obtain a new linear programming problem for which the

corresponding optimal value σ′
x0

of the objective function is less or equal to σx0 .
Thus, if we change the system of linear equations (2.92) by the following system of
linear inequalities

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σx − γ
∑

y∈X (x)

sx,y σy ≤
∑

y∈X (x)

cx,y sx,y , ∀x ∈ XC ;

σx − γ
∑

y∈X (x)

px,y σy ≤ μx , ∀x ∈ X N ,
(2.93)

then for a fixed strategy s we obtain a new linear programming problem (2.90), (2.93)
with the optimal solution σx0 . So, the lemma holds. ��

Now we consider the optimization problem (2.90), (2.93) in the case if sx,y are
arbitrary boolean variables and correspond to the possible stationary strategies. So,
if we add the condition sx,y ∈ {0, 1}, ∀x ∈ XC , y ∈ X to (2.93) then we obtain the
mixed integer bilinear programming problem in which we have to maximize with
respect to σx and minimize with respect to s.

Based on Lemma 2.37 we can prove the following result.
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Theorem 2.38 Let α∗
x,y (x ∈ XC , y ∈ X), β∗

x (x ∈ X) be an optimal solution of
the following linear programming problem:
Minimize

φx0(α,β) =
∑

x∈XC

∑

y∈X (x)

cx,y αx,y +
∑

x∈X N

μxβx (2.94)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X−
C (y)

αx,y − γ
∑

x∈X−
N (y)

px,y βx = 1, y = x0;

βy − γ
∑

x∈X−
C (y)

αx,y − γ
∑

x∈X−
N (y)

px,y βx = 0, ∀y ∈ X\{x0};
∑

y∈X (x)

αx,y = βx , ∀x ∈ XC ;

βx ≥ 0, ∀x ∈ X; αx,y ≥ 0, ∀x ∈ XC , y ∈ X (x),

(2.95)

where

μx =
∑

y∈X (x)

cx,y px,y, ∀x ∈ X N .

Then

α∗
x,y

β∗
x

∈ {0, 1}, ∀y ∈ X (x),∀y ∈ X∗
C ,

where X+
C = {x ∈ XC | βx > 0} and an optimal stationary strategy for the

discounted stochastic control problem on the network can be found as follows:

• if x ∈ X+
C then fix

s∗
x,y = α∗

x,y

β∗
x

,∀x ∈ X (x);

• if x ∈ X\X+
C then fix an arbitrary sx,y ∈ {0, 1} for every y ∈ X (x) such that

∑

y∈X (x)

sx,y = 1.

Proof According to Lemma 2.37 for a fixed strategy s the values σx , x ∈ X can be
found by solving the linear programming problem (2.90), (2.91).
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Considering the dual problem for (2.90), (2.91) with respect to σx for a fixed
strategy s we obtain the following optimization problem:
Minimize

φs
x0

(β) =
∑

x∈XC

∑

y∈X (x)

cx,y sx,y βx +
∑

x∈X N

μxβx (2.96)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X−
C (y)

sx,y βx − γ
∑

x∈X−
N (y)

px,y βx = 1, y = x0;

βy − γ
∑

x∈X−
C (y)

sx,y βx − γ
∑

x∈X−
N (y)

px,y βx = 0, ∀y ∈ X\{x0};

βx ≥ 0, ∀x ∈ X.

(2.97)

In this system sx,y for x ∈ XC , y ∈ X (x) the following condition is satisfied:
⎧
⎪⎨

⎪⎩

∑

y∈X (x)

sx,y = 1, ∀x ∈ XC ;

sx,y ≥ 0, ∀x ∈ X, y ∈ X (x).

(2.98)

Then, an optimal strategy s∗ of the control problem on G corresponds to an extreme
point of the set of solutions of system (2.98). It is easy to observe that system (2.97)
is consistent for an arbitrary feasible solution of system (2.97), and therefore, an
optimal stationary strategy s∗ can be determined by minimizing (2.96) with respect
to sx,y and βx subject to (2.97), (2.98). Thus, if we add condition (2.98) to condition
(2.97) (and after that we minimize (2.96) with respect to sx,y and βx ), then we obtain
the following nonlinear programming problem:
Minimize

φx0(s,β) =
∑

x∈XC

∑

y∈X (x)

cx,ysx,yβx +
∑

x∈X N

μxβx (2.99)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X−
C (y)

sx,y βx − γ
∑

x∈X−
N (y)

px,y βx = 1, y = x0;

βy − γ
∑

x∈X−
C (y)

sx,y βx − γ
∑

x∈X−
N (y)

px,y βx = 0, ∀y ∈ X\{x0};
∑

y∈X (x)

sx,y = 1, ∀x ∈ XC ;

βx ≥ 0, ∀x ∈ X; sx,y ≥ 0, ∀x ∈ X, y ∈ X (x).

(2.100)
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This is a bilinear programming problem however it can be easily reduced to a linear
programming problem (2.96), (2.97) using the following elementary transformations:

We change in (2.100) the restrictions
∑

y∈X (x) sx,y = 1, ∀x ∈ XC by
∑

y∈X (x)

sx,y βy = βy, ∀x ∈ XC and then we introduce the notations

αx,y = sx,y βy, ∀x ∈ X, y ∈ X (x). (2.101)

It is easy to observe that if α∗
x,y (x ∈ XC , y ∈ X), β∗

y (y ∈ X) is a basic optimal

solution of problem (2.94), (2.95) then for each x ∈ X+
C among α∗

x,y, y ∈ X (x)

only one it is different from zero and it is equal to β∗
x . Moreover, if α∗

x,y (x ∈
XC , y ∈ X), β∗

y (y ∈ X) is a basic optimal solution of the problem (2.94), (2.95)

then α∗
x,y = 0, ∀x ∈ X\X+

C ,∀y ∈ X) and therefore for x ∈ X\X+
C , y ∈ X (x) in

the optimal solution of problem (2.99), (2.100) we can fix arbitrary s∗
x,y ∈ {0, 1} for

y ∈ X (x) such that
∑

y∈X (x) sx,y = 1. So, we can determine the optimal stationary
strategy for the control problem on network according to the rule formulated in the
theorem. ��

Note that in the considered control problem with fixed stating state x0 the vertices
x ∈ X+

c of the graph G correspond to the states in which the decision person makes
the optimal control. The vertices x ∈ X\X+

C of graph G correspond to the states of
the dynamical system that couldn’t be reached in the process of the optimal control
made by the decision person. Therefore for the optimal solution of the control problem
on G with fixed starting state x0 we can set s∗

x,y = 0,∀x ∈ X\X+
C ,∀y ∈ X (x).

This does not affect the sense of the control problem on networks.
From Theorem 2.38 in the case X = XC (i.e. X N = ∅) we obtain conditions for

determining the optimal stationary strategies of the deterministic discounted control
problem.

Corollary 2.39 Let X = XC and α∗
x,y (x ∈ X, y ∈ X), β∗

x (x ∈ X) be an optimal
solution of the following linear programming problem:
Minimize

φx0(α,β) =
∑

x∈X

∑

y∈X (x)

cx,y αx,y (2.102)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X−(y)

αx,y = 1, y = x0;

βy − γ
∑

x∈X−(y)

αx,y = 0, ∀y ∈ X\{x0};
∑

y∈X (x)

αx,y = βx , ∀x ∈ X;

βx ≥ 0, ∀x ∈ X; αx,y ≥ 0, ∀x ∈ X, y ∈ X (x).

(2.103)
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Then the optimal stationary strategy s∗ of the discounted stochastic control problem
on network can be found by fixing

s∗
x,y = α∗

x,y

β∗
x

, ∀x ∈ X+
C , y ∈ X (x)

and arbitrary s∗
x,y ∈ {0, 1} for x ∈ X\X+

C such that
∑

y∈X (x) sx,y = 1;
Based on Theorem 2.38 we can propose the following algorithm for determining

the optimal solution of the discounted control problem on the network.

Algorithm 2.40 Determining the Optimal Stationary Strategy for the
Discounted Stochastic Control Problem

(1) Formulate the linear programming problem (2.96), (2.97);
(2) Determine an optimal solution α∗

x,y (x ∈ XC , y ∈ X), β∗
y (y ∈ X) of the

problem (2.96), (2.97) and fix

s∗
x,y = α∗

x,y

β∗
x

, ∀x ∈ XC , y ∈ X (x)

and an arbitrary s∗
x,y ∈ {0, 1} for every x ∈ X\X+

C such that
∑

y∈X (x) sx,y = 1.

The results described above allow us to determine the stationary strategy for the
problem with a fixed starting state x0. In the general case, if it is necessary to find
the optimal stationary strategy for an arbitrary starting state x ∈ X then we can use
the following results.

Lemma 2.41 For a fixed strategy s the values σ
γ
x , x ∈ X determine the unique

optimal basic solution of the following linear programming problem:
Maximize

ϕs(σ) =
∑

x∈X

σx (2.104)

subject to (2.91).

The proof of this lemma is identical to the proof of Lemma 2.37. Based on this
lemma we can prove the following theorem.

Theorem 2.42 Let α∗
x,y (x ∈ XC , y ∈ X), β∗

x (x ∈ X) be a basic optimal solution
of the following linear programming problem:
Minimize

φ(α,β) =
∑

x∈XC

∑

y∈X (x)

cx,y αx,y +
∑

x∈X N

μxβx (2.105)
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subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X−
C (y)

αx,y − γ
∑

x∈X−
N (y)

px,y βx = 1, ∀y ∈ X;
∑

y∈X (x)

αx,y = βx , ∀x ∈ XC ;

βx ≥ 0, ∀x ∈ X; αx,y ≥ 0, ∀x ∈ X, y ∈ X (x).

(2.106)

If in the graph G = (X, E) each vertex x ∈ X contains at least one leaving directed
edge then β∗

x > 0, ∀x ∈ XC and

α∗
x,y

β∗
x

∈ {0, 1}, ∀x ∈ XC , y ∈ X (x).

The optimal stationary strategy s∗ of the discounted stochastic control problem on
the network can be found by fixing

s∗
x,y = α∗

x,y

β∗
x

, ∀x ∈ XC , y ∈ X (x).

The proof of this theorem is similar to the proof of Theorem 2.38 and the solution of
the problem can be found by using the linear programming problem (2.105), (2.106).
Based on this theorem we determine the optimal stationary strategies for an arbitrary
starting state x ∈ X .

In the problem (2.105), (2.105) we can eliminate βy from those restrictions
that correspond to vertices y ∈ XC if we take into account the relation βy =∑

x∈X (y) αy,x for y ∈ XC . After that from Theorem 2.42 we obtain the follow-
ing corollary:

Corollary 2.43 Let α∗
x,y (x ∈ XC , y ∈ X), β∗

x (x ∈ X) be a basic optimal solution
of the following linear programming problem:
Minimize

φ(α,β) =
∑

x∈XC

∑

y∈X (x)

cx,y αx,y +
∑

x∈X N

μxβx (2.107)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∑

x∈X (y)

αy,x − γ
∑

x∈X−
C (y)

αx,y − γ
∑

x∈X−
N (y)

px,y βx = 1, y ∈ XC ;

βy − γ
∑

x∈X−
C (y)

αx,y − γ
∑

x∈X−
N (y)

px,y βx = 1, y ∈ X N ;

βx ≥ 0, ∀x ∈ X N ; αx,y ≥ 0, ∀x ∈ XC , y ∈ X (x),

(2.108)
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If in the graph G = (X, E) each vertex x ∈ X contains at least one leaving directed
edge then

∑
y∈X (x) α∗

x,y > 0, ∀x ∈ XC and

α∗
x,y∑

y∈X α∗
x,y

∈ {0, 1}, ∀x ∈ XC , y ∈ X (x).

The optimal stationary strategy s∗ of the discounted stochastic control problem on
the network can be found by fixing

s∗
x,y = α∗

x,y∑
y∈X (x) αx,y

, ∀x ∈ XC , y ∈ X (x).

2.5.3 Dual Linear Programming Models for a Discounted Control
Problem

If we dualize the linear programming problem (2.94), (2.95) then on the basis of
duality theory we obtain the following result.

Theorem 2.44 Let w∗
x (x ∈ XC ), σ∗

x (x ∈ X) be the optimal solution of the linear
programming problem:
Maximize

ϕx0(σ, w) = σx0 (2.109)

subject to

⎧
⎪⎪⎨

⎪⎪⎩

wx − γσy ≤ cx,y, ∀x ∈ XC , y ∈ X (x);
−wx + σx ≤ 0, ∀x ∈ XC ;
σx − γ

∑

y∈X (x)

px,yσy ≤ μx , ∀x ∈ X N .
(2.110)

Then w∗
x = σ∗

x , ∀x ∈ XC and σ∗
x0

is the optimal discounted expected total cost for
the problem on the network with the starting state x0. An optimal stationary strategy
can be found by fixing s∗ : XC → X such that (x, s∗(x)) ∈ E∗(x), ∀x ∈ XC , where
E∗(x) = {(x, y) | y ∈ X (x), σ∗

x − γσ∗
y − cx,y = 0}.

As a consequence from this theorem we obtain the following result.

Corollary 2.45 For an arbitrary discounted control problem on the network (G, XC ,

X N , c, p) with a given discount factor γ there exist the values σ∗
x for x ∈ X that

satisfy the following conditions:

(1) cx,y = cx,y + γσ∗
y − σ∗

x ≥ 0, ∀x ∈ XC , y ∈ X (x);
(2) min

y∈X (x)
{cx,y} = 0, ∀x ∈ XC ;
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(3) μx = μx + γ
∑

y∈X (z)

px,yσ
∗
y − σ∗

x = 0, ∀x ∈ X N .

An arbitrary stationary strategy s∗ : XC → X such that (x, s∗(x)) ∈ E∗(x),

∀x ∈ XC , where E∗(x) = {(x, y) | y ∈ X (x), cx,y = 0}, represents an optimal
stationary strategy for the discounted control problem.

In the case X N = ∅, from this corollary we obtain the optimality condition for
the deterministic discounted control problem. The conditions for determining the
optimal strategy and the value of the optimal cost for the problem with γ = 1 in the
case if this value exists can also be derived from Theorem 2.44 and Corollary 2.45.

The results formulated above can be extended to the problem of determining the
optimal stationary strategy with an arbitrary starting state x ∈ X . For the problem
(2.105), (2.106) we can construct the dual problem in a similar way and we then
obtain the following result.

Theorem 2.46 Let σ∗
x , w∗

x (x ∈ X) be the optimal solution of the linear program-
ming problem:
Maximize

ϕ(σ, w) =
∑

x∈X

σx (2.111)

subject to (2.110). Then σ∗
x for x ∈ X represents the optimal discounted expected

total costs for the problem on the network with starting states x ∈ X. An optimal
stationary strategy can be found by fixing s∗ : XC → X such that (x, s∗(x)) ∈
E∗(x), ∀x ∈ XC , where E∗(x) = {(x, y) | y ∈ X (x), σ∗

x − γσ∗
y − cx,y = 0}.

2.6 A Linear Programming Approach for a Discounted Markov
Decision Problem

Consider a Markov decision process (X, A, p, c) with a finite set of states X , a finite
set of actions A, the probability function p : A × X × X → [0, 1] that satisfies the
condition

∑
y∈X pa

x,y = 1, ∀a ∈ A and the cost function c : A × X × X → R. In
addition we assume that the discount factor γ, 0 ≤ γ < 1, and the starting state x0
are given.

Let us fix a stationary strategy

s : x → a ∈ A(x) for x ∈ X,

that induces a simple Markov process with a transition probability matrix Ps =
(ps

x,y) and a transition cost matrix Cs = (cx,y). Then we can determine the dis-
counted expected total costs σ

γ
x0(s) (in order to simplify the notation in the following

we shall use σx0(s) instead of σ
γ
x0(s)).
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We consider the problem of determining the strategy s∗ such that

σx0(s
∗) = min

s
σx0(s).

In a similar way as for the control problem, here we identify an arbitrary strategy
s : X → A with the set of the boolean variables sx,a for x ∈ X and a ∈ A, i.e.,

sx,a =
{

1, if a = s(x);
0, if a �= s(x).

(2.112)

Lemma 2.47 For a fixed strategy s the values σ
γ
x , x ∈ X determine the unique

optimal basic solution of the following linear programming problem:
Maximize

ϕs
x0

(σ) = σx0 (2.113)

subject to

σx − γ
∑

y∈X

∑

a∈A(x)

sx,a pa
x,y σy ≤

∑

a∈A(x)

sx,a μx,a, ∀x ∈ X; (2.114)

where

μx,a =
∑

a∈A(x)

ca
x,y pa

x,y, ∀x ∈ X

and

∑

a∈A(x)

sx,a = 1, ∀x ∈ X; sx,a ∈ {0, 1}, ∀x ∈ X, a ∈ A(x).

Proof For a fixed strategy s the solution of the system of linear equations

σx − γ
∑

y∈X

∑

a∈A(x)

sx,a pa
x,y σy =

∑

a∈A(x)

sx,a μx,a, ∀x ∈ X (2.115)

uniquely determines σx , ∀x ∈ X . Thus, the problem of maximization of the objective
function (2.113) subject to (2.115) for a fixed strategy s has a unique feasible solution
which is an optimal one. This implies that if for fixed s we consider the problem:
Maximize (2.113) subject to

σx − γ
∑

y∈X

∑

a∈A(x)

sx,a pa
x,y σy ≤

∑

a∈A(x)

sx,a μx,a, ∀x ∈ X (2.116)
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then it has the same optimal solution as the problem (2.113), (2.115). Moreover,
if in the problem (2.113), (2.116) we vary the boolean variables sx,y and take the
maximum with respect to σ and the minimum with respect to s then we obtain the
optimal strategy for the control problem. ��

Using the lemma above we can prove the following theorem.

Theorem 2.48 Let α∗
x,a, β∗

y (x ∈ X, a ∈ A) be a basic optimal solution of the
following linear programming problem:
Minimize

φx0(α,β) =
∑

x∈X

∑

a∈A(x)

μx,a αx,a (2.117)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y αx,a = 1, y = x0;

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y αx,a = 0, ∀y ∈ X\{x0};

∑

a∈A(x)

αx,a = βx , ∀x ∈ X;

βy ≥ 0, ∀y ∈ X; αx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(2.118)

Then the optimal stationary strategy s∗ for the discounted Markov decision problem
is determined as follows:

s∗
x,a =

{
1, if α∗

x,a �= 0;
0, if α∗

x,a = 0.
(2.119)

Proof According to Lemma 2.47 the optimal stationary strategy s∗ corresponds to
the optimal solution of the problem (2.113), (2.114).

In a similar way as in the proof of Lemma 2.37 here we have that a stationary strat-
egy s corresponds to an extreme point of the set of solutions of the following system

⎧
⎪⎨

⎪⎩

∑

a∈A(x)

sx,a = 1, ∀x ∈ X;

sx,a ≥ 0, ∀x ∈ X, a ∈ A.

(2.120)

Therefore, if we dualize (2.113), (2.120) with respect to σx for a fixed strategy s then
we obtain the following optimization problem:
Minimize

φx0(s,β) =
∑

x∈X

∑

a∈A(x)

μx,asx,a βx (2.121)
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subject to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y sx,a βx = 1, y = x0;

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y sx,a βx = 0, ∀y ∈ X\{x0};

βy ≥ 0, ∀y ∈ X.

(2.122)

Now if we minimize (2.113) with respect to sx,a and βx and in (2.120) we take into
account the following restriction

∑

a∈A(x)

sx,a = 1, ∀x ∈ X; sx,a ≥ 0, ∀x ∈ X, a ∈ A(x)

then we obtain the problem:
Minimize

φx0(s,β) =
∑

x∈X

∑

a∈A(x)

μx,asx,a βx (2.123)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y sx,a βx = 1, y = x0;

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y sx,a βx = 0, ∀y ∈ X\{x0};

∑

a∈A(x)

sx,a = 1, ∀x ∈ X;

βy ≥ 0, ∀y ∈ X; sx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(2.124)

This bilinear programming problem can be easily reduced to a linear program-
ming problem (2.117), (2.118) using the following elementary transformations: We
change in (2.124) the restrictions

∑
a∈A(x) sx,a = 1, ∀x ∈ X by

∑
a∈A(x) sx,a βx =

βx , ∀x ∈ X and then we introduce the notations

αx,a = sx,a βx , ∀x ∈ X, a ∈ A(x). (2.125)

If αa
x,y

∗, β∗
y (x, y ∈ X, a ∈ A) is a basic optimal solution of the linear pro-

gramming problem (2.117), (2.118) then by using (2.125) we obtain s∗
x,a according

to (2.119). ��
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Based on Theorem 2.48 we can propose the following algorithm for determining
the solution of the Markov decision problem.

Algorithm 2.49 Determining the Optimal Stationary Strategy for the
Discounted Markov Decision Problem

(1) Formulate the linear programming problem (2.117), (2.118);
(2) Determine a basic optimal solution α∗

x,a (x ∈ X, a ∈ A), β∗
y (y ∈ X) of the

problem (2.117), (2.118) and determine s∗
x,x according to (2.119).

The results described above allow us to determine the stationary strategy for the
discounted Markov decision problem in the case if the starting state x0 is fixed. In the
general case, if it is necessary to find the optimal stationary strategy for an arbitrary
starting state x ∈ X then we can use the following results.

Lemma 2.50 For a fixed strategy s the values σ
γ
x , x ∈ X determine the unique

optimal basic solution of the following linear programming problem:
Maximize

ϕs(σ) =
∑

x∈X

σx

subject to

σx − γ
∑

y∈X

∑

a∈A(x)

sx,a pa
x,y σy ≤

∑

a∈A(x)

sx,a μx,a, ∀x ∈ X,

where

μx,a =
∑

a∈A(x)

ca
x,y pa

x,y, ∀x ∈ X

and

∑

a∈A(x)

sx,a = 1, ∀x ∈ X; sx,a ∈ {0, 1}, ∀x ∈ X, a ∈ A(x).

The proof of this lemma is similar to the proof of Lemma 2.47.
Using this lemma we can prove the following theorem:

Theorem 2.51 Let α∗
x,a, β∗

y (x ∈ X, y ∈ X, a ∈ A) be a basic optimal solution of
the following linear programming problem:
Minimize

φ(α,β) =
∑

x∈X

∑

a∈A(x)

μx,aαx,a (2.126)
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subject to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y αx,a = 1, ∀y ∈ X;

∑

a∈A(x)

αx,a = βx , ∀x ∈ X;

βy ≥ 0, ∀y ∈ X; αx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(2.127)

Then the optimal stationary strategy s∗ for the discounted Markov decision problem
is determined according to (2.119).

The proof of this theorem is identical to the prove of Theorem 2.48; here we have
to apply Lemma 2.50 instead of Lemma 2.47.

It is easy to observe that the constraints βy ≥ 0, ∀y ∈ X, in (2.127) are redundant.
Therefore, we can eliminate βx ,∀x ∈ X, from (2.127) introducing the expressions∑

a∈A(x) αx,a = βx for x ∈ X in the first group of the constraints. After that from
Theorem 2.51 we obtain the following corollary.

Corollary 2.52 Let α∗
x,a (x ∈ X, y ∈ X, a ∈ A) be a basic optimal solution of the

following linear programming problem:
Minimize

φ(α) =
∑

x∈X

∑

a∈A(x)

μx,aαx,a (2.128)

subject to
⎧
⎨

⎩

∑

a∈A(x)

αx,a − γ
∑

x∈X

∑

a∈A(x)

pa
x,y αx,a = 1, ∀y ∈ X;

αx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(2.129)

Then the optimal stationary strategy s∗ for the discounted Markov decision problem
is determined as follows:

sx,a =
{

1, if a = s(x);
0, if a �= s(x).

2.6.1 A Dual Linear Programming Model for the Discounted
Markov Decision Problem

We formulate the dual linear programming model for the discounted Markov decision
problem using the problem (2.128), (2.129). Applying the duality linear programming
theorems to this problem we obtain the following result:



2.6 A Linear Programming Approach for a Discounted Markov Decision Problem 187

Theorem 2.53 Let σ∗
x (x ∈ X) be the optimal solution of the linear programming

problem:
Maximize

ϕ(σ) =
∑

x∈X

σx (2.130)

subject to

σx − γ
∑

y∈X

pa
x,yσy ≤ μx,a, ∀x ∈ X, a ∈ A(x). (2.131)

Then σ∗
x for x ∈ X represents the optimal discounted expected total costs for the

problem on the network with starting states x ∈ X. An optimal stationary strategy
can be found by fixing s∗ : X → A such that s∗(x) = a ∈ A∗(x), ∀x ∈ X, where
A∗(x) = {a ∈ A(x) | σx − γ

∑
y∈X pa

x,yσy = 0}.
Thus, the solution of the discounted Markov decision problem can be found by

solving the dual linear programming problem (2.130), (2.131).

2.7 An Iterative Algorithm for Discounted Markov Decision
Processes and Stochastic Control Problems

To determine the optimal discounted costs and the corresponding optimal strategy
in the Markov processes with discounted costs we shall use the following system of
equations with respect to σx1,σx2 , . . . ,σxn :

σxi = min
a∈A(xi )

[
μxi ,a + γ

∑

x j ∈X

pa
xi ,x j

σx j

]
, i = 1, 2, . . . , n.

According to Theorem 2.53 this system of equations has a solution. Below we
describe an iterative algorithm for determining the solution of this system of equa-
tions and finding the optimal stationary strategies of the discounted Markov decision
problem.

Algorithm 2.54 Determining the Optimal Stationary Strategies for the
Discounted Markov Decision Problem

Preliminary step (Step 0): Fix an arbitrary stationary strategy

s0 : xi → a ∈ A(xi ) for xi ∈ X.
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General step (Step k, k > 0): Calculate

μxi ,sk−1(xi )
=

∑

y∈X (xi )

psk−1(xi )

xi ,y csk−1(xi )
xi ,y

for every xi ∈ X . Then solve the system of linear equations

σxi = μxi ,sk−1(xi )
+ γ

∑

x j ∈X

psk−1(xi )
xi ,x j

σx j , i = 1, 2, . . . , n

and find the solution σk−1
x1

,σk−1
x2

, . . . ,σk−1
xn

. After that determine a new strategy

sk : xi → a ∈ A(xi ) for xi ∈ X,

where

sk(xi ) = argmin
a∈A(xi )

[
μxi ,a + γ

∑

x j ∈X

pa
xi ,x j

σk−1
xi

]
, i = 1, 2, . . . , n.

Check if the following condition holds

sk(xi ) = sk−1(xi ), ∀xi ∈ X. (2.132)

If the condition (2.132) holds then fix

s∗ = sk; σ∗
xi

= σk
xi

, ∀xi ∈ X

as the optimal solution of the problem; otherwise go to the next step k + 1.
This algorithm can be specified for a stochastic control problem with a discounted

cost criterion. The correctness and the convergence of this iterative algorithm can be
derived from the results described above and the results from [32, 112, 128, 136].

Algorithm 2.55 Determining the Optimal Stationary Strategies for the
Discounted Stochastic Control Problem

We consider the discounted control problem on the network (G, X1, X2, c, p) with a
given discount factor γ. The dynamics of the system is described by a directed graph
G = (X, E) with the set of controllable states XC and the set of uncontrollable states
X N . In addition we assume that the probability function p : E2 → [0, 1] and the
cost function c : E → R are given.
Preliminary step (Step 0): Fix an arbitrary stationary strategy

s0 : xi → x j ∈ X (xi ) for xi ∈ XC .
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General step (Step k, k > 0): Determine the probability matrix Psk−1 = (psk−1

xi ,x j
),

where

psk−1

xi ,x j
=
⎧
⎨

⎩

pxi ,x j , if xi ∈ X N and (xi , xi ) ∈ EN ;
1, if xi ∈ XC and x j = sk−1(xi );
0, if xi ∈ XC and x j �= sk−1(xi ).

Then calculate

μxi ,sk−1(xi )
=

∑

y∈X (xi )

psk−1(xi )
xi ,y csk−1(xi )

xi ,y

for every xi ∈ X and solve the system of linear equations

σxi = μxi ,sk−1(xi )
+ γ

∑

x j ∈X

psk−1(xi )
xi ,x j

σx j , i = 1, 2, . . . , n

and find the solution σk−1
x1

,σk−1
x2

, . . . ,σk−1
xn

. After that determine a new strategy

sk : xi → a ∈ A(xi ) for xi ∈ XC ,

where

sk(xi ) = argmin
a∈A(xi )

[
μxi ,a + γ

∑

x j ∈X

pa
xi ,x j

σk−1
xi

]
, ∀xi ∈ XC .

Check if the following condition holds

sk(xi ) = sk−1(xi ), ∀xi ∈ XC . (2.133)

If the condition (2.133) holds then fix

s∗ = sk; σ∗
xi

= σk
xi

, ∀xi ∈ X

as the optimal solution of the problem; otherwise go to the next step k + 1.
This algorithm finds the optimal stationary strategy for an arbitrary stochastic

control problem. In the case when X = XC (X N = ∅) we obtain an iterative
algorithm for deterministic discounted control problems.
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2.8 Determining the Optimal Expected Total Cost for Markov
Decision Problems with a Stopping State

The algorithms proposed in the previous sections determine the optimal stationary
strategies for discounted Markov decision problems in the case if the discount factor
γ satisfies the condition 0 < γ < 1. If γ = 1 then the expected total cost in these
problems may not exist. Here we study a class of unichain decision problems for
which γ may be equal to 1 and the expected total cost exists. Moreover, we can see that
for some problems γ may be an arbitrary positive value. For the considered problems
we show how to determine the optimal expected total cost using a linear programming
approach and iterative procedures. To ensure the existence of the expected total cost
in these problems we assume that for the dynamical system there exists a state in
which transitions stop as soon as this state is reached [89]. Furthermore, we describe
algorithms for determining optimal strategies in such problems.

2.8.1 Problem Formulation and a Linear Programming Approach

Let (X, A, p, c) be a Markov decision process with a finite set of states X , a finite set
of actions A, the probability function p : A×X×X → R

+ that satisfies the condition∑
y∈X pa

x,y = 1, ∀a ∈ A and the transition cost function c : A × X × X → R.
In addition a discount factor γ for the Markov decision process is given, where 0 <

γ ≤ 1. We consider the problem of determining the stationary strategy with minimal
expected total cost for unichain Markov processes in the case if the dynamical system
stops transitions in a given state z ∈ X . At first we assume that the Markov process
is perfect. Moreover, we assume that for an arbitrary fixed action in this decision
process the state z ∈ X is an absorbing state. Obviously, in this case for 0 < γ < 1
the optimal expected total costs σx and the optimal stationary strategy for an arbitrary
starting state x ∈ X\{z} can be found using the linear programming models (2.128),
(2.129) and (2.130), (2.131) considering ca

z,z = 0, ∀a ∈ A(z). If the optimal strategy
s∗ is found then we have only to fix s∗(x) for x ∈ X\{z} because z is the stopping
state. In this case the expected total cost for a given starting state σx0 can be found
by solving the linear programming problem (2.117), (2.118). Now we can see that
the considered linear programming models can be used for determining the solution
of the decision problem with an absorbing stopping state z ∈ X in the case γ = 1 if
ca

z,z = 0, ∀a ∈ A(x). Indeed, for a fixed strategy s the rank of the matrix (I − Ps) for
the unichain process is equal to |X |−1 and the system of equations (I − Ps)σ = μs

has a unique solution if we put σz = 0. Thus, for unichain processes with absorbing
state z ∈ X the system of equations

{
(I − Ps)σ = μs;

σz = 0

has a unique solution if ca
z,z = 0, ∀a ∈ A(z).
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The properties mentioned above allow us to conclude that for a unichain decision
problem with 0 < γ ≤ 1 the following lemma holds.

Lemma 2.56 A stationary strategy s∗ is optimal if and only if it corresponds to
an optimal solution σ∗, s∗ of the following mixed integer bilinear programming
problem:
Maximize

ϕx0(σ, s) = σx0 (2.134)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σx − γ
∑

y∈X

∑

a∈A(x)

sx,a pa
x,y σy ≤

∑

a∈A(x)

sx,a μx,a, ∀x ∈ X\{z};

σz = 0;
∑

a∈A(x)

sx,a = 1, ∀x ∈ X\{z};

sx,a ∈ {0, 1}, ∀x ∈ X\{z}, a ∈ A(x),

(2.135)

where

μx,a =
∑

y∈X

pa
x,y ca

x,y .

Note that in (2.134), (2.135) the boolean variables sx,a for x ∈ X\{z}, a ∈ A(x)

correspond to a strategy s : X\{z} → X , where sx,a = 1 if s(x) = a and sx,a = 0
if s(x) �= a. Based on this lemma, we can prove the following theorem.

Theorem 2.57 Let αx,a
∗, β∗

y (x ∈ X\{z}, y ∈ X\{z}, a ∈ A) be a basic optimal
solution of the following linear programming problem:
Minimize

φx0(α,β) =
∑

x∈X\{z}

∑

a∈A(x)

μx,a αx,a (2.136)

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X\{z}

∑

a∈A(x)

pa
x,y αx,a ≥ 1, y = x0;

βy − γ
∑

x∈X\{z}

∑

a∈A(x)

pa
x,y αx,a ≥ 0, ∀y ∈ X\{x0, z};

∑

a∈A(x)

αx,a = βx , ∀x ∈ X\{z};

βy ≥ 0, ∀y ∈ X\{z}; αx,a ≥ 0, ∀x ∈ X\{z}, a ∈ A(x).

(2.137)
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Then the optimal stationary strategy s∗ for the discounted unichain decision problem
with absorbing state z ∈ X is determined as follows:

s∗
x,a =

{
1, if α∗

x,a �= 0;
0, if α∗

x,a = 0.
(2.138)

The proof of Theorem 2.57 is obtained in the same way as Theorem 2.48. Lemma 2.56
and Theorem 2.57 differ from Lemma 2.47 and Theorem 2.48, respectively, only in
a single restriction in the systems (2.135) and (2.137). These systems are obtained
from (2.114) and (2.114), respectively, by deleting the constraints that correspond to
the absorbing state z. In the proof of Theorem 2.57 we have only to assume that the
expected total cost for the problem with an absorbing stopping state exists.

Remark 2.58 The values σx , ∀x ∈ X for a unichain Markov decision problem with
stopping state z with ca

z,z = 0, ∀a ∈ A(z) and γ = 1 coincide with the values
εx , ∀x ∈ X for an zero average cost Markov decision problem.

Based on Theorem 2.57 the optimal stationary strategy of the problem with stopping
state can be found by using the following algorithm.

Algorithm 2.59 Determining the Optimal Stationary Strategy for a Markov
Decision Problem with Stopping State

(1) Formulate the linear programming problem (2.136), (2.137);
(2) Determine a basic optimal solution α∗

x,a (x ∈ X\{z}, a ∈ A), β∗
y (y ∈ X\{z})

of the problem (2.136), (2.137) and determine s∗
x,x according to (2.138).

Remark 2.60 Theorem 2.57 and Algorithm 2.59 are also valid for an arbitrary
Markov decision problem with a stopping state z in the case γ ≥ 1 if the cost
function c : X × X × A → R is strict positive and there exists a strategy s that
induces a unichain process with a stopping absorbing state z. Thus, Theorem 2.57 in
the case γ ≥ 1 gives necessary and sufficient conditions for determining the optimal
stationary strategies in the discounted decision problem with positive costs and given
stopping state z.

If in the considered decision problem it is necessary to determine the optimal station-
ary strategies for an arbitrary starting state x ∈ X\{z} then we can use the following
result.

Theorem 2.61 Let α∗
x,a (x ∈ X\{z}, a ∈ A) be a basic optimal solution of the

following linear programming problem:
Minimize

φ(α) =
∑

x∈X\{z}

∑

a∈A(x)

μx,aαx,a (2.139)
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subject to

⎧
⎪⎨

⎪⎩

∑

a∈A(y)

αy,a − γ
∑

x∈X\{z}

∑

a∈A(x)

pa
x,y αx,a ≥ 1, ∀y ∈ X\{z};

αx,a ≥ 0, ∀x ∈ X\{z}, a ∈ A(x).

(2.140)

Then the optimal stationary strategy s∗ for the discounted Markov decision problem
with an arbitrary starting state x ∈ X\{z} and given stopping state z is determined
as follows:

s∗
x,a =

{
1, if α∗

x,a �= 0;
0, if α∗

x,a = 0.

The proof of this theorem can be obtained by using the following lemma.

Lemma 2.62 A stationary strategy s∗ is optimal if and only if it corresponds to
an optimal solution σ∗, s∗ of the following mixed integer bilinear programming
problem:
Maximize

ϕ(σ, s) =
∑

x∈X

σx

subject to (2.135).

If for the linear programming problem (2.139), (2.140) we construct the dual model
in the same way as for the previous problems then we obtain the following result.

Theorem 2.63 Let σ∗
x (x ∈ X) be the optimal solution of the linear programming

problem:
Maximize

ϕ(σ) =
∑

x∈X

σx (2.141)

subject to

σx − γ
∑

y∈X

pa
x,yσy ≤ μx,a, ∀x ∈ X\{z}, a ∈ A(x), (2.142)

where 0 < γ ≤ 1. Then σ∗
x for x ∈ X represents the optimal discounted expected

total cost for the problem with starting states x ∈ X. An optimal stationary strategy
can be found by fixing s∗ : X\{z} → A such that s∗(x) = a ∈ A∗(x), ∀x ∈ X\{z},
where A∗(x) = {a ∈ A(x) | σx − γ

∑
y∈X pa

x,yσy = μx,a}.
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We can obtain an iterative algorithm for the problems with a stopping state from
the algorithm for a discounted Markov decision problem from Sect. 2.7 if at each
iteration of the algorithm we solve the system of linear equations

⎧
⎨

⎩

σz = 0;
σxi = μxi ,sk−1(xi )

+ γ
∑

x j ∈X\{z}
psk−1(xi )

xi ,x j σx j , ∀xi ∈ X\{z}

instead of the system of linear equations

σxi = μxi ,sk−1(xi )
+ γ

∑

x j ∈X

psk−1(xi )
xi ,x j

σx j , ∀xi ∈ X.

Thus, if in the general step of the iterative algorithm from the previous section we
replace this system of the equations by the system of equations written above we
obtain the iterative algorithm for the problem with an absorbing state. Now let us
show how to solve the unichain Markov decision problem with a given stopping state
z ∈ x if z is not an absorbing state but is a positive recurrent state of the Markov
process induced by an arbitrary stationary strategy. In this case the problem can
be reduced to the case with an absorbing stopping state if we make the following
minor transformations in the unichain Markov decision process: For an arbitrary
action a ∈ A(z) we set pa

z,y = 0, ∀y ∈ X\{z}; pa
z,z = 1. Obviously, after such

a transformation of the unichain decision process we obtain the optimal stationary
strategies of the problem if the state z is reached.

2.8.2 Optimality Conditions for the Control Problem on Network
with a Stopping State

Consider a discounted control problem for the decision network (G, XC , X N , c, p)

with a given stopping state z ∈ X and a given discount factor γ, 0 < γ ≤ 1. Then
on the basis of Theorem 2.42 the following result can be proved.

Theorem 2.64 Assume that in G an arbitrary stationary strategy s : x → X (x)

for x ∈ XC generates a subgraph Gs = (X, Es ∪ EN ) where the vertex z can be
reached from arbitrary x ∈ X\{z}. Then the linear programming problem:
Minimize

φ(α,β) =
∑

x∈XC

∑

y∈X (x)

cx,y αx,y +
∑

x∈X N

μxβx (2.143)
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subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∑

x∈X (y)

αy,x − γ
∑

x∈X−
C (y)

αx,y − γ
∑

x∈X−
N (y)

px,y βx = 1, y ∈ XC\{z};

βy − γ
∑

x∈X−
C (y)

αx,y − γ
∑

x∈X−
N (y)

px,y βx = 1, y ∈ X N \{z};

βx ≥ 0, ∀x ∈ X N ; αx,y ≥ 0, ∀x ∈ XC , y ∈ X (x),

(2.144)

has a solution. If α∗,β∗ is an arbitrary basic solution of the problem (2.143), (2.144)
then the optimal stationary strategy s∗ for the discounted control problem with a
stopping state z can be found by fixing s∗

x,y = 1 for x ∈ XC , y ∈ X (x) if α∗
x,y > 0,

and sx,y = 0∗ in the other case.

It is easy to observe that the problem (2.143), (2.144) is obtained from the problem
(2.107), (2.108) by deleting the restriction that corresponds to a stopping state z.
Thus, if the conditions of the theorem hold then the problem has a solution for
arbitrary γ ∈ (0, 1].

The optimality conditions for control problems on networks with a stopping state
can be derived if we consider the dual model for the problem (2.143), (2.144) or
from Theorem 2.63. If we specify this theorem for the problem on networks then we
obtain the following result.

Theorem 2.65 Let (G, XC , X N , c, p) be a perfect decision network with a given
stopping state z and a given discount factor γ (0 < γ ≤ 1), where the function
c : E → R is strictly positive. Then the optimal expected discounted total cost σ∗

x
of the control problem on the decision network exists for an arbitrary fixed starting
state x ∈ X. The values σ∗

x , for x ∈ X\{z} can be found by solving the following
linear programming problem:
Maximize

ϕ(σ) =
∑

x∈X

σx (2.145)

subject to
⎧
⎪⎨

⎪⎩

σx − γσy ≤ cx,y, ∀x ∈ XC\{x}, y ∈ X (x);
σx − γ

∑

y∈X

px,yσy ≤ μx , ∀x ∈ X N \{z} (2.146)

and the optimal stationary strategy can be determined by fixing s∗ : X\{z} → A such
that s∗(x) = y ∈ X∗(x), ∀x ∈ XC\{z}, where X∗(x) = {y ∈ X (x) | σx − γσy =
cx,y}.
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Corollary 2.66 Let (G, XC , X N , c, p) be a perfect decision network that satisfies
the conditions of Theorem 2.65. Then for an arbitrary γ ∈ (0, 1] there exist the
values σ∗

x for x ∈ X that satisfy the conditions:

(1) cx,y + γσ∗
y − σ∗

x ≥ 0, ∀x ∈ XC\{x}, y ∈ X (x);
(2) min

y∈X (x)
(cx,y + γσ∗

y − σ∗
x ) = 0, ∀x ∈ XC ;

(3) μx + γ
∑

y∈X

px,yσ
∗
y − σ∗

x = 0, ∀x ∈ X N \{z};

An optimal stationary strategy of the optimal control problem on the network
(G, XC , X N , c, p) with stopping state z can be found by fixing s∗ : X\{z} → A
such that s∗(x) = y ∈ X∗(x), ∀x ∈ XC\{z}, where X∗(x) = {y ∈ X (x) | cx,y +
γσ∗

y − σ∗
x = 0}.

Remark 2.67 The control problem on the network with a given stopping state z in
the case X N = 0, γ = 1 becomes the problem of determining in G the minimum
cost paths from x ∈ X to z. If G is an acyclic graph with sink vertex then the problem
has a solution for an arbitrary γ > 0.

2.8.3 A Dynamic Programming Algorithm for Solving
Deterministic Non-stationary Control Problems on Networks

As we have noted the deterministic stationary control problem on networks with
fixed stopping state z corresponds to the case X N = ∅ and the solution can be found
by using linear programming models (2.143), (2.144) and (2.145), (2.146). In this
section we show that this problem can be solved for the non-stationary case using a
dynamic programming method. We describe an algorithm for finding the solution of
the deterministic control problem on the network when the costs on the edges may
depend on time. So, we assume that X N = ∅ and in the network to each directed edge
e = (x, y) ∈ E the cost function ce(t) that depends on t is associated. This means
that if the system makes a transition from the state x = x(t) to the state y = x(t +1)

then the cost is cx,y(t). Thus, the problem in this case is formulated in the following
way:

For a given time-moment t and fixed starting and stopping states x0, x f ∈ X it
is necessary to determine in G a sequence of the system’s transitions (x(0), x(1)),
(x(1), x(2)), . . ., (x(t − 1), x(t)), which transfers the system L from a starting state
x0 = x(0) to a stopping state x f = x(t) such that the total cost

Fx0x f (t) =
t−1∑

t=0

c(x(t),x(t+1))(t)

of the system’s transitions by a trajectory
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x0 = x(0), x(1), x(2), . . . , x(t) = x f

is minimal, where (x(t), x(t + 1)) ∈ E, t = 0, 1, 2, . . . , t − 1.

We describe the dynamic programming algorithm for solving this problem.
Denote by

F∗
x0,x f

(t) = min
x0=x(0),x(1),...,x(t)=x f

t−1∑

t=0

c(x(t),x(t+1))(t)

the minimal total cost of the system’s transition from x0 to x f with t stages, where
F∗

x0,x f
(0) = 0 in the case x0 = x f and F∗

x0x f
(t) = ∞ if x f cannot be reached from

x0 by using t transitions.
If we introduce the values F∗

x0x(t)(t) for t = 0, 1, 2, . . . , t − 1 then it is easy to
observe that for F∗

x0x(t)(t) the following recursive formula can be gained:

F∗
x0x(t)(t) = min

x(t−1) ∈ X−
G (x(t))

{
F∗

x0,x(t−1)(t − 1) + c(x(t−1),x(t))(t − 1)
}
,

where

F∗
x0,x(0)(0) = 0

and

X−
G(y) = {x ∈ X | e = (x, y) ∈ E}.

Based on this recursive formula we can tabulate the values F∗
x0x(t)(t), t = 1, 2, . . . , t

for every x(t) ∈ X . These values and the solution of the problem can be found using
O(|X |2t) elementary operations (here we do not take into account the number of
operations for calculating the values of the functions ce(t) for a given t).

The tabulation process should be organized in such a way that for every vertex
x = x(t) at a given moment in time t it is determined not only the cost F∗

x0x(t)(t) but
also the state x∗(t − 1) at the previous time-moments for which

F∗
x0,x(t)(t) = F∗

x0x∗(t−1) + c(x∗(t−1),x(t))(t − 1)

= min
x(t−1)∈X−

G (x(t))
{F∗

x0,x(t−1) + c(x(t−1),x(t))(t − 1)}.

So, if to each x at the time-moments t = 0, 1, 2, . . . , t we associate the labels
(t, x(t), F∗

x0x(t), x∗(t − 1)), then the corresponding table allows us to find the opti-
mal trajectory successively starting from the final position, x f = x∗(t), x∗(t −
1), . . . , x∗(1), x∗(0) = x0. In the example given below all possible labels for every
x and every t are represented in Table 2.1.
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Table 2.1 The values F∗
x0,x(t) and x∗(t − 1)

t x, F∗ 0 1 2 3 4 5

0 F∗
x0,x(0) 0 ∞ ∞ ∞ ∞ ∞

x∗(0 − 1) − − − − − −
1 F∗

x0,x(1) ∞ 1 ∞ 1 ∞ ∞
x∗(0) − 0∗ − 0 − −

2 F∗
x0,x(2) ∞ 3 2 ∞ 5 2

x∗(1) − 3 1∗ − 3 1

3 F∗
x0,x(3) ∞ ∞ 5 6 4 3

x∗(2) − − 1 2∗ 2 2

4 F∗
x0,x(4) ∞ 12 ∞ 11 8 6

x∗(3) − 3∗ − 2 2 2

5 F∗
x0,x(5) ∞ 19 16 ∞ 21 16

x∗(4) − 3 1 − 3 1∗

0 

4 3 

1 5 

2 

Fig. 2.13 The structure of the dynamic network

This problem can be extended to the case if the final state x f should be reached at
the moment of time t (x f ) from a given interval [t1, t2]. If t1 �= t2 then the problem
can be reduced to t2−t1+1 problems with t = t1, t = t1+1, t = t1+2, . . . , t = t2,
respectively; by comparing the minimal total costs of these problems we find the best
one and t (x f ).

An important case of the considered problem is if t1 = 0 and t2 = ∞. The
solution of the problem with such a condition if the network may contain directed
cycles has sense only for positive and non-decreasing cost functions ce(t) on the
edges e ∈ E . Obviously, for this case we obtain 0 ≤ t (x f ) ≤ |X | and the problem
can be solved in time O(|X |3) (the case with a free number of stages).

Example Let the dynamic network determined by the graph G = (X, E) represented
in Fig. 2.13 be given. The cost functions are the following:
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c(0,1)(t) = c(0,3)(t) = c(2,5)(t) = 1;
c(2,3)(t) = c(3,1)(t) = 2t; c(3,4)(t) = 2t + 2;
c(1,2)(t) = c(2,4)(t) = c(1,5)(t) = t; c(4,5)(t) = 2t + 1.

We consider the problem of finding a trajectory in G from x(0) = x0 = 0 to
x f = 5, where T = 5.

Using the recursive formula described above we get Table 2.1 with values
F∗

x0x(t)(t) and x∗(t − 1).
Starting from the final state x f = 5 we find the optimal trajectory

5∗ ← 1∗ ← 3∗ ← 2∗ ← 1∗ ← 0∗

with total cost Fx0,x(5)(5) = 16.
The considered non-stationary control problem has been extended and general-

ized in [71, 79] as non linear minimum cost flow problems on dynamic networks.
Algorithms based on time-expanded network methods for such a class of problems
are described in [70, 71, 79, 93, 94].

2.9 Discrete Decision Problems with Varying Time of State’s
Transitions and Special Solution Algorithms

So far, in the control problems with average and discounted optimization cost criteria
we have considered that the time between transitions in the control process is constant
and it is equal to 1. We extend these problems and generalize these problems by
assuming that the time of system’s transition from one state to another in the decision
process vary and it may be different from 1. Such a problem statement may be useful
for studying and solving the decision models for the case of Semi-Markov processes.
In this section we show that the deterministic problem with varying time of states’
transitions can be reduced to the problem with a fixed unit time of system transitions
from one state to another.

2.9.1 Problem Formulation

At first we formulate the control problem with an average cost optimization criterion
when the transition time between the states is not constant.

Let the dynamical system L with a finite set of states X ⊆ R
n be given, where at

every discrete moment of time t = 0, 1, 2, . . . the state of L is x(t) ∈ X . Assume,
that the control of the system L at each time-moment t = 0, 1, 2, . . . for an arbitrary
state x(t) is realized by using the vector of control parameters u(t) ∈ R

m for which
a feasible set Ut (x(t)) is given, i.e., u(t) ∈ Ut (x(t)). For arbitrary t and x(t) on
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Ut (x(t)) it is defined an integer function

τx(t) : Ut (x(t)) → N

which represents to each control u(t) ∈ Ut (x(t)) an integer value τx(t) (u(t)). This
value expresses the time of system’s transition from the state x(t) to the state x

(
t +

τx(t) (u(t))
)

if the control u(t) ∈ Ut (x(t)) has been applied at the moment t for a
given state x(t).

The dynamics of the system L is described by the following system of difference
equations

⎧
⎪⎪⎨

⎪⎪⎩

t j+1 = t j + τx(t j )

(
u(t j )

) ;
x(t j+1) = gt j

(
x(t j ),u(t j )

) ;
u(t j ) ∈ Ut j

(
x(t j )

) ;
j = 0, 1, 2, . . . ,

where

x(t0) = 0, t0 = 0

is a given starting state of the dynamical systemL. Here we suppose that the functions
gt and τx(t) are known and t j+1 and x(t j+1) are determined uniquely by x(t j ) and
u(t j ) at each step j .

Let u(t j ), j = 0, 1, 2, . . ., be a control, which generates the trajectory x(0),
x(t1), x(t2), . . ., x(tk), . . .. For this control we define the mean integral-time cost by
a trajectory

Fx0 (u(t)) = lim
k→∞

∑k−1

j=1
ct j

(
x(t j ), gt j

(
x(t j ), u(t j )

) )

∑k−1

j=0
τx(t j )(u(t j ))

where ct j

(
x(t j ), gt j

(
x(t j ), u(t j )

) ) = ct j

(
x(t j ), x(t j+1)

)
represents the cost of the

system L to pass from the state x(t j ) to the state x(t j+1) at the stage [ j, j + 1].
We consider the problem of finding the time-moments t = 0, t1, t2, . . ., tk−1,

. . . and the vectors of control parameters u(0), u(t1), u(t2), . . ., u(tk−1), . . . which
satisfy the conditions mentioned above and minimize the functional Fx0 (u(t)).

In the case of τx(t)(u(t)) ≡ 1 for every t and x(t) this problem becomes the
control problem with unit time of states’ transitions. The problem of determining the
stationary control with unit time of states’ transitions has been studied in [5, 53, 65,
73, 117]. In the mentioned papers it is assumed that Ut (x(t)), gt and ct do not depend
on t , i.e., gt = g, ct = c and Ut (x) = U (x) for t = 0, 1, 2, . . .. Richard Bellman
showed in [5] that for the stationary case of the problem with unit time of states’
transitions there exists an optimal stationary control u∗(0), u∗(1), . . ., u∗(t), . . .
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such that

lim
k→∞

∑k−1

t=0
c
(
x(t), g

(
x(t),u∗(t)

) )

k

= inf
u(t)

lim
k→∞

∑k−1

t=0
c
(
x(t), g (x(t),u(t))

)

k
= λ < ∞.

Furthermore in [65, 117] it is shown that the stationary case of the problem can
be reduced to the problem of finding the optimal mean cost cycle in a graph of
states’ transitions of a dynamical system. Based on these results in [18, 53, 73, 117]
polynomial-time algorithms for finding the optimal stationary control are proposed.
This variant of the problem can be solved by using the linear programming problem
(2.18), (2.19) from Sect. 2.2.4.

Below we extend the results mentioned above to the general stationary case of
the problem with arbitrary transit-time functions τx . We show that this problem can
be formulated as the problem of determining the optimal mean cost cycles in the
graph of states’ transitions of the dynamical system for an arbitrary transition-time
function on the edges.

For the discounted control problem with varying time of states’ transitions the
dynamics is determined in the same way as for the problem above; but the objective
function which has to be minimized is defined as follows:

F̂x0(u(t)) =
∞∑

j=0

γt j c
(
x(t j ), g

(
x(t j ),u(t j )

) )
,

where γ, 0 < γ < 1, is a given discounted factor.

2.9.2 A Linear Programming Approach for the Problem with
Arbitrary Transition Costs

We consider the stationary case of the deterministic transition control problem, i.e.,
when gt , ct , Ut (x(t)), u(t) do not depend on t and the transition function τx(t)

depends only on the state x and on the control ux in the state x . So, gt = g, ct = c,
Ut (x) = U (x), τx(t) = τ (x,ux ) for u(t) = ux ∈ U (x), ∀x ∈ X, t = 0, 1, 2, . . ..

In this case it is convenient to study the problem on a network where the dynamics
of the system is described by the graph of states’ transitions G = (X, E). An arbitrary
vertex x of G corresponds to a state x ∈ X and an arbitrary directed edge e = (x, y) ∈
E expresses the possibility of the system L to pass from the state x(t) to the state
x(t + τe), where τe is the time of the system’s transition from the state x to the
state y through the edge e = (x, y). So, on the edge set E it is defined the function
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τ : E → R
+ which associates to each edge a positive number τe which means that if

the systemL at the moment of time t is in the state x = x(t) then the system can reach
the state y at the moment of time t + τe if it passes through the edge e = (x, y),
i.e., y = x(t + τe). In addition, on the edge set E it is defined the cost function
c : E → R, which associates to each edge the cost ce of the system’s transition from
the state x = x(t) to the state y = x(t + τe) for an arbitrary discrete moment of time
t . So, finally we have that to each edge e = (x, y) ∈ E the cost ce and the transition
time τe from x to y are associated.

In G an arbitrary edge e = (x, y) corresponds to a control in the initial problem
and the set of edges E(x) = {e = (x, y) | (x, y) ∈ E} originating in the vertex x
corresponds to the feasible set U (x) of the vectors of control parameters in the state
x . The transition time function τ in G is induced by the transition time function τx

for the stationary control problem.
It is easy to observe that the infinite horizon control problem with a varying time

of states’ transitions of the system on G can be regarded as the problem of finding
in G the minimal mean cost cycle C∗

G that can be reached from the vertex x0 where
the vertex x0 corresponds to the starting state x0 = x(0) of the dynamical system
L. Indeed, a stationary control in G corresponds to a fixed transition from a vertex
x ∈ X to another vertex y ∈ X through a directed edge e = (x, y) in G. Such a
strategy of states’ transitions of the dynamical system in G generates a trajectory
which leads to a directed cycle CG with the set of edges E(CG). Therefore, the
considered stationary control problem on G is reduced to the problem of finding the
minimal mean cost cycle that can be reached from x0, where in G to each directed
edge e = (x, y) ∈ E the cost ce and the transition time τe of the system’s transition
from the state x = x(t) to the state y = x(t + τe) are associated.

If the minimal mean cost cycle C∗
G in G is known then the stationary optimal

control for our problem can be found by the following way: In G we fix an arbitrary
simple directed path P(x0, xk) with the set of edges E(P(x0, xk)) which connects
the vertex x0 with the cycle C∗

G . After that for an arbitrary state x ∈ X we choose
a stationary control which corresponds to a unique directed edge e = (x, y) ∈
E(P(x0, xk)) ∪ E(C∗). For such a stationary control the following equality holds:

inf
u(t)

lim
k→∞

∑k−1

j=0
c
(
x(t0), g

(
x(t j ),u(t j )

) )

∑k−1

j=0
τx (u(t j ))

=
∑

e∈E(C∗)
ce

∑
e∈E(C∗)

τe

.

Note that the condition U (x) �= ∅, ∀x ∈ X , for the stationary case of the control
problem means that in G each vertex x contains at least one leaving directed edge e =
(x, y). We will assume that in G every vertex x ∈ X is attainable from x0; otherwise
we can delete vertices from X for which there are no directed paths P(x0, x) from
x0 to x . Moreover, without loss of generality, we may consider that G is a strongly
connected graph. Then the problem of finding the optimal stationary control for the
problem from Sect. 2.2.4 can be formulated as combinatorial optimization problem
on G in which it is necessary to find a directed cycle C∗

G such that
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∑

e∈E(C∗
G )

ce

∑

e∈E(C∗
G )

τe

= min
CG

∑

e∈E(CG )

ce

∑

e∈E(CG )

τe

.

The problem of determining the minimal mean cost cycle in a double weighted
directed graph has been studied in [19, 53, 63, 117]. In the cited works algorithms
based on linear programming and parametrical methods are proposed. For the prob-
lem with a unit time of states’ transitions in [53] a strongly polynomial time algorithm
is proposed.

In the following we describe an approach which is based on linear programming.
We can see that such an approach may be used for solving a more general class of
problems, as example, for the multi-criterion version of minimal mean cost cycle
problems [82].

We consider the following linear programming problem:
Minimize

z =
∑

e∈E

ceαe (2.147)

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

e∈E+(x)

αe −
∑

e∈E−(x)

αe = 0, ∀x ∈ X;
∑

e∈E

τeαe = 1;

αe ≥ 0, ∀e ∈ E .

(2.148)

where E+(x) = {e = (x, y) ∈ E | y ∈ X}, E−(x) = {e = (y, x) ∈ E | y ∈ X}.
The following lemma holds.

Lemma 2.68 Let α = (
αe1,αe2 , . . . ,αem

)
be a feasible solution of the system

(2.148) and Gα = (Xα, Eα) be the subgraph of G, generated by the set of edges
Eα = {ei ∈ E | αei > 0}. Then an arbitrary extreme point α0 = (

α0
e1

,α0
e2

, . . . ,α0
em

)

of the polyhedron set determined by (2.148) corresponds to a subgraph Gα0 =
(Xα0 , Eα0) which has the structure of a simple directed cycle and vice versa,
i.e., if Gα0 = (Xα0 , Eα0) is a simple directed cycle in G then the solution
α0 = (

α0
e1

,α0
e2

, . . . ,α0
em

)
with

αo
ei

=

⎧
⎪⎪⎨

⎪⎪⎩

1
∑

e∈Eα0
τe

, if ei ∈ Eα0;

0, if ei /∈ Eα0
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corresponds to an extreme point of the set of solutions (2.148).

Proof Let α = (
αe1,αe2 , . . . ,αem

)
be an arbitrary feasible solution of the system

(2.148). Then it is easy to observe that Gα = (Xα, Eα) contains at least one directed
cycle. Indeed, for an arbitrary x ∈ Xα there exist at least one leaving edge e′ =
(x, y) ∈ Eα and at least one entering edge e′′ = (z, x) ∈ Eα; otherwise α does not
satisfy condition (2.148).

Let us show that if Gα is not a simple directed cycle then α does not represent
an extreme point of the set of solutions of the system (2.148). If Gα has not the
structure of a simple directed cycle then it contains a simple directed cycle C with
the set of edges E(CG) ⊂ Eα, i.e., m′ = |E(CG)| < m. Without loss of generality
we may consider that E(C) = {e1, e2, . . . , em′ }. Fix an arbitrary value θ such that
0 < θ < minei ∈E(C) αei and consider the following two solutions:

α1 = 1

1 − θ
∑m

i=1
τei

(
αe1 − θ, αe2 − θ, . . . , αem′ − θ, αem′+1

, . . . , αem

)
;

α2 = 1

θ
∑m

i=1
τei

(
θ, θ, . . . , θ︸ ︷︷ ︸

m′
, 0, 0, . . . , 0

)
.

It is easy to check that α1 and α2 satisfy the condition (2.148), i.e., α1 and α2

are feasible solutions of the problem (2.147), (2.148). If we chose θ such that 0 <

θ
∑m′

i=1 τei < 1 then we obtain that α can be represented as a convex combination
of feasible solutions α1 and α2, i.e.,

α =
(

1 − θ

m′∑

i=1

τe

)
α1 +

(
θ

m′∑

i=1

τe

)
α2. (2.149)

So, α is not an extreme point of the set of solutions (2.148). If Gα represents a simple
directed cycle then the representation (2.149) is not possible, i.e., the second part of
Lemma 2.68 holds. ��
Using Lemma 2.68 we can prove the following result.

Theorem 2.69 The optimal basic solution α∗ = (
α∗

e1
,α∗

e2
, . . . ,α∗

em

)
of problem

(2.147), (2.148) corresponds to a minimal mean cycle C∗
G = Gα∗ in G, i.e.,

α∗(ei ) =

⎧
⎪⎨

⎪⎩

1
∑

e∈E(C∗)
τe

, if e ∈ E(C∗);

0, if e /∈ E(C∗),

where E(C∗
G) is the set of edges of a directed cycle C∗

G.

Proof According to Lemma 2.68 an arbitrary extreme point α0 of the set of solutions
of system (2.148) corresponds in G to the subgraph Gα0 = (X0

α, E0
α) which has the
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structure of a directed cycle. Taking into account that the optimal solution of problem
(2.147), (2.148) is attained in an extreme point we obtain the proof of the theorem.��
The linear programming problem (2.147), (2.148) allows us to find the minimal
mean cycle in the graph G with positive values τe = τx,y, for e = (x, y) ∈ E .
More efficient algorithms for solving the problem can be obtained using the dual
problem (2.147), (2.148).

Theorem 2.70 If G is a strongly connected directed graph then there exists a func-
tion ε : X → R and the value λ such that:

(a) εy − εx + cx,y ≥ τx,y · λ, ∀(x, y) ∈ E;
(b) min

y∈O−(x)
{εy − εx + cx,y − τx,yλ} = 0, ∀x ∈ X;

(c) an arbitrary cycle C
∗ of the subgraph G0 = (X, E0) of G, generated by edges

(x, y) ∈ E for which εy − εx + cx,y − τx,y · λ = 0 determines a minimal mean
cycle in G.

Proof We consider the dual problem for (2.147), (2.148):
Maximize

W = λ

subject to

εx − εy + τx,yλ ≤ cx,y, ∀(x, y) ∈ E .

If p is the optimal value of the problem then by using duality properties of the solution
of the problem we obtain (a), (b) and (c). ��
Based on results described above we can make the following conclusions.

1. If λ = 0 then the values εx , x ∈ X can be treated as the cost of minimal paths
from vertices x ∈ X to a vertex x f which belongs to the minimal mean cycle
C∗

G (with λ = 0) in the graph G with given costs ce of edges e ∈ E . So, if x f is
known then the cycle C∗

G can be found in the following way. We construct the
tree of minimum cost directed paths from x ∈ X to x f and determine the values
εx , ∀x ∈ X . Then in G we make a transformation of the costs c′

x,y = εy−εx+cx,y

for (x, y) ∈ E and find the subgraph G0 = (X, E0) generated by edges (x, y)

with c′
x,y = 0. After that we fix in G0 a cycle C∗ with zero cost of the edges.

If the vertex x f is not known then we have to construct the tree of minimal cost
paths which respect to each x f ∈ X . So, in this case with respect to each tree we
find the subgraph G0 = (X, E0). Then at least for one of such a subgraph we
find a cycle C∗

G with zero cost (c′
x,y = 0) of the edges.

2. If λ �= 0 and λ is known then the minimal mean cost cycle C∗ can be found by the
following way. In G we change the costs cx,y of edges (x, y) ∈ E by cx,y −τx,yλ
and after that solve the problem with the new costs according to point 1.



206 2 Stochastic Optimal Control Problems . . .

3. If λ �= 0 and it is not known then we find it using the bisection method on the
segment [h1

0, h2
0] where h1 = mine∈E ce, h2 = maxe∈E ce. At each step k of

the method we find the midpoint λk = (
h1

k + h2
k

)
/2 of the segment [h1

k, h2
k] and

check if in G with the cost ck
x,y − τx,yλk there exists the cycle with negative cost.

If at a given step there exists the cycle with negative cost then we fix h1
k+1 = h1

k,
h2

k+1 = λk; otherwise we put h1
k+1 = λk, h1

k+1 = h1
k. In such a way we find λ

with a given precision. After that the exact value of λ can be found from λk using
a special roundoff procedure from [58].

The algorithm described above allows us to determine the solution of the problem in
the case if τe ≥ 0,∀e ∈ E . In general this problem can be considered for arbitrary τe

and ce. In this case we may use the following fractional linear programming problem:
Minimize

z =
∑

e∈E
ceαe

∑
e∈E

τeαe

(2.150)

subject to
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∑

e∈E+(x)

αe −
∑

e∈E−(x)

αe = 0, ∀x ∈ X;
∑

e∈E

αe = 1;

αe ≥ 0, e ∈ E,

(2.151)

where E−(x) = {e = (y, x) ∈ E | y ∈ X}; E+(x) = {e = (x, y) ∈ E | y ∈ X}.
Of course, this model is valid if on the set of solutions of system (2.151) it holds∑
e∈E τeαe �= 0. In a similar way as for the linear programming problem here we

can show that an arbitrary optimal basic solution of the problem (2.150), (2.151)
corresponds to an optimal mean directed cycle in G.

Let α = (
αe1 ,αe2 , . . . ,αe|E |

)
be an arbitrary feasible solution of system (2.151)

and denote by Gα = (Xα, Eα) the subgraph of G generated by the set of edges
Eα = {e ∈ E | αe > 0}. In [73] it is shown that an arbitrary extreme point

α0 =
(
α0

e1
,α0

e2
, . . . ,α0

e|E |

)
of the set of solutions of system (2.151) corresponds

to a subgraph Gα0 = (Xα0 , Eα0) which has the structure of an elementary directed
cycle. Taking into account that for the problem (2.150), (2.151) there exists an opti-

mal solution α∗ =
(
α∗

e1
,α∗

e2
, . . . ,α∗

e|E |

)
which corresponds to an extreme point of

the set of solutions (2.151) we obtain that

max z =
∑

e∈Eα∗
ceα

∗
e

∑
e∈Eα∗

τeα
∗
e
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and the set of edges Eα∗ generates a directed cycle Gα∗ for which α∗
e = 1/|Eα∗ |,

∀e ∈ Eα∗ . Therefore,

max z =
∑

e∈Eα∗
ce

∑
e∈Eα∗

τe

.

So, an optimal solution of problem (2.150), (2.151) corresponds to the minimal mean
cost cycle in the directed graph of states’ transitions of the dynamical system.

This means that the fractional linear programming problem (2.150), (2.151) can
be used for determining the optimal solution of the problem in the general case.

2.9.3 Reduction of the Problem to the Case with Unit Time
of States’ Transitions

As we have shown the deterministic control problem with an average cost crite-
rion on the network can be solved for an arbitrary transition-time function using
a linear programming problem (2.147), (2.148) or a linear fractional programming
problem (2.150), (2.151). For the discounted control problem with varying time of
state transitions a similar linear programming model could not be derived. However,
both problems can be reduced to the corresponding cases of the problems with unit
time of states’ transitions of the system.

Below we describe a general scheme how to reduce the control problems with
varying time of states’ transitions to the case with unit time of states’ transition of
the system. We show that our problems can be reduced to the case with unit time
of states’ transitions on an auxiliary graph G ′ = (X ′, E ′) which is obtained from
G = (X, E) using a special construction. This means that after such a reduction we
can apply the linear programming approach described in Sect. 2.2.

Graph G ′ = (X ′, E ′) with unit transitions on directed edges e′ ∈ E ′ is obtained
from G where each directed edge e = (x, y) ∈ E with corresponding transition time
τe is changed by a sequence of directed edges

e′
1 = (x, xe

1), e′
2 = (xe

1, xe
2), . . . , e′

τe
= (xe

τe−1, y).

This means that we represent a transition from a state x = x(t) at the moment of
time t to the state y = x(t + τe) at the moment of time t + τe in G in G ′ as the
transition of a dynamical system from the state x = x(t) at the time-moment t to
y = x(t + τe) if the system makes transitions through a new fictive intermediate set
of states x ′

1, x ′
2, . . . , x ′

τ−1 at the corresponding discrete moments of time

t + 1, t + 2, . . . , t + τe − 1.
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x y

x=x(t)

τe

y=x(t+τe)

Fig. 2.14 The edge e = (x, y) with the associated transition time τe

• • •x x1 x2 xτe-1 y

τe edges

x(t) x(t+1) x(t+2) x(t+τe-1) x(t+τe)

Fig. 2.15 The intermediate states for the edge e = (x, y) in G ′

The graphical interpretation of this construction is represented in Figs. 2.14 and
2.15. In Fig. 2.14 it is represented an arbitrary directed edge e = (x, y) with the
corresponding transition time τe in G. In Fig. 2.15 it is represented the sequence of
directed edges e′

i and the intermediate states x1, x2, . . . , xτe−1 in G ′ that correspond
to a directed edge e = (x, y) in G. So, the set of of vertices X ′ of the graph G ′
consists of the set of states X and the set of intermediate states X E = {xe

i | e ∈
E, i = 1, 2, . . . , τe}, i.e., X ′ = X ∪ X E . Then the set of edges E ′ is defined as
follows:

E ′ =
⋃

e∈E

Ee, Ee = {(x, xe
1), (xe

1, xe
2), . . . , (xe

τe−1, y) | e = (x, y) ∈ E}.

We define the cost function c′ : E ′ → R in the following way:

c′
x,xe = cx,y, if e = (x, y) ∈ E;

c′
xe

1,xe
2

= cxe
2,xe

3
= · · · = cxτe−1,y = 0.

It is evident that between the set of stationary strategies

s : x → y ∈ X + (x) for x ∈ X

and the set of stationary strategies

s′ : x ′ → y′ ∈ X ′+(x ′) for x ′ ∈ X ′

there exists a bijective mapping such that the corresponding average and discounted
costs on G and on C ′ are the same. So, if s′∗ is the optimal stationary strategy of
the problem with unit transitions on G ′ then the optimal stationary strategy s∗ on
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G is determined by fixing s∗(x) = y if s′∗(x) = xe
1, where e = (x, y). For the

stochastic versions of the control problem on G = (X, E) the construction of the
auxiliary graph is similar. Here we should take into account that the set of vertices
(states) X are divided into two disjoint subsets XC and X N where XC correspond to
the set of controllable states and X N corresponds to the set of uncontrollable states.
Moreover, the probability function p : EN → [0, 1] on the set EN = {e = (x, y) ∈
E | x ∈ X N } is defined such that

∑
y∈X+(x) px,y = 1. The graph G ′ = (X ′, E ′) in

the case of stochastic control problems is constructed in the same way as above. Here
we have only to precise how to define the sets X ′

C , X ′
N and the probability function

p′ on the set E ′
N = {e′ = (x ′, y′) ∈ E ′ | x ′ ∈ X ′

N } in G ′. To obtain a bijective
mapping between the stationary strategies of the problems in the initial graph G and
the stationary strategies of the problem in the auxiliary graph it is necessary to take
X ′

C = XC , X ′
N = X ′\XC and to define the probability function p′ : E ′ → [0, 1] as

follows:

p′
x ′,y′ =

{
px,y, if x ′ = x, x ′ ∈ X N ⊂ X ′

N and y′ = x ′
1;

0, if x ′ ∈ X ′
N \X N .

The cost function on G ′ for the corresponding auxiliary stochastic control problems
is defined in the same way as for deterministic problems.

In the following we extend the approach described above to Semi-Markov decision
problems, which is valid for the stochastic control problem in its general form.

2.10 Determining the Optimal Strategies for Semi-Markov
Decision Problems

The average and discounted Markov decision problems can be extended to Semi-
Markov Decision Processes [113–115, 134, 140, 141]. A Semi-Markov decision
process is determined by a finite state space X , a finite set of actions A, a nonnegative
real function

p : A × X × X × {1, 2, . . . , t} → [0, 1]

that satisfies the condition

∑

y∈X

t∑

τ=1

pa
x,y,τ = 1, ∀a ∈ A

and the cost function

c : A × X × X × {1, 2, . . . , t} → R.
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Here the function p for a fixed action a ∈ A, arbitrary x, y ∈ X and a fixed τ ∈
{1, 2, . . . , t} determines the probability pa

x,y,τ of the system to pass from the state
x ∈ X to state y by using τ units of time. The function c for a fixed action a in the
state x ∈ X , a given y ∈ X and a fixed τ determines the cost ca

x,y,τ of the system
to pass from the state x to the state y using τ units of time. We define a stationary
strategy s in the Semi-Markov decision process as a map

s : x → a ∈ A(x) for x ∈ X,

where A(x) represents the set of actions in the state x ∈ X . An arbitrary stationary
strategy s induces a Semi-Markov process with the transition probabilitis ps

x,y,τ
and the transition costs cs

x,y,τ . For this Semi-Markov process with given transition
costs we can define the average cost per transition ωx0(s) and the expected total
discounted cost σ

γ
x0(s) if the system starts transitions in the state x0 at the moment

of time t = 0. The problems of determining stationary strategies with minimal
average and expected total discounted cost for Semi-Markov decision processes can
be formulated and studied in a similar way as for Markov decision processes.

Using the results from Sect. 1.9 we can reduce the considered decision problems to
the corresponding problems for an auxiliary Markov decision process. Indeed, for an
arbitrary action a ∈ A in a state x ∈ X , a given y ∈ X and fixed τ ∈ {1, 2, . . . , t} the
transition from x to y in Semi-Markov decision process we represent as a sequence
of τ transitions with unit time via τ fictive intermediate states

x → xa,τ
1 ,

xa,τ
1 → xa,τ

2 , . . . , xa,τ
τ−2 → xa,τ

τ−1,

xa,τ
τ−1 → y,

where the corresponding probabilities and transition costs are defined as follows:

px,xa,τ
1

= pa
x,y,τ ;

pxa,τ
1 ,xa,τ

2
= pxa,τ

2 ,xa,τ
3

= · · · = pxa,τ
τ−2,x

a,τ
τ−1

= pxa,τ
τ−1,y

= 1;
ca

x,xa,τ
1

= ca
x,y,τ ;

ca
xa,τ

1 ,xa,τ
2

= ca
xa,τ

2 ,xa,τ
3

= · · · = ca
xa,τ
τ−2,x

a,τ
τ−1

= ca
xa,τ
τ−1,y

= 0.

After that we consider a new Markov decision problem with a new set of states
X

′ = X ∪ X ′ obtained from X by adding the set of fictive intermediate states X ′
and new probability and cost functions defined above; the set of actions in the state
x ∈ X in the new problem are the same as for Semi-Markov decision problems and
in each added fictive state there is a unique action determined by a unique transition
to the next state with a probability equal to 1.

http://dx.doi.org/10.1007/978-3-319-11833-8_1
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It is evident that if s∗ is a optimal stationary strategy for the auxiliary decision
problem then an optimal stationary strategy s∗ of the Semi-Markov decision problem
(with average or discounted optimization criterion) can be found in the following
way:

s∗(x) = s∗(x) for x ∈ X.

In such a way we can reduce the Semi-Markov decision problem to the corresponding
auxiliary Markov decision problem.



Chapter 3
A Game-Theoretical Approach to Markov
Decision Processes, Stochastic Positional
Games and Multicriteria Control Models

In this chapter we formulate and study a class of stochastic positional games applying
the game-theoretical concept to Markov decision problems with average and expected
total discounted costs optimization criteria. We consider Markov decision processes
that may be controlled by several actors (players). The set of states of the system in
such processes is divided into several disjoint subsets which represent the correspond-
ing position sets of the players. Each player has to determine which action should
be taken in each state of his position set in order to minimize his own average cost
per transition or the expected total discounted cost. The cost of system’s transition
from one state to another in the Markov process is given for each player separately.
In addition the set of actions, the transition probability functions and the starting
state are known. We assume that players use only stationary strategies, i.e., each
player in his arbitrary position uses the same action for an arbitrary discrete moment
of time. In the considered stochastic positional games we are seeking for a Nash
equilibrium. The proposed approach is developed for stochastic control problems on
networks. Furthermore, we show that the considered class of stochastic positional
games can be used for studying cyclic games and Shapley stochastic games with
average payoff functions of the players. The main results we describe in this chapter
are concerned with the existence of Nash equilibria in the considered games and with
the elaboration of algorithms for determining the optimal stationary strategies of the
players. We show that Nash equilibria for the game model with average cost payoff
functions of the players exists if an arbitrary situation generated by the stationary
strategies of the players corresponds to a Markov unichain. For the model with a dis-
counted payoff function we show that Nash equilibria always exist. Furthermore, the
antagonistic game models for Markov decision problems with average and expected
total discounted costs are considered and new results concerning with the existence
of saddle points are derived. Algorithms based on classical numerical methods for
determining optimal strategies of the players are analyzed and new combinatorial
algorithms for solving positional games on networks are proposed.

Additionally, we formulate and study multi-objective dynamic decision problems
with Stackelberg and Pareto optimization principles and describe some general
schemes for determining the solutions of these problems. Some extensions and

© Springer International Publishing Switzerland 2015
D. Lozovanu and S. Pickl, Optimization of Stochastic Discrete Systems
and Control on Complex Networks, Advances in Computational Management Science 12,
DOI 10.1007/978-3-319-11833-8_3
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generalizations of multicriteria dynamic control problem are suggested and new
algorithms based on dynamic programming are proposed.

3.1 Stochastic Positional Games with Average
Payoff Functions of the Players

We introduce a class of stochastic positional games applying the concept of non-
cooperative games to Markov decision problems with an average cost optimization
criterion. We call this new class of games stochastic positional games with average
payoff functions or average stochastic positional games [69, 91]. The considered
class of games extends and generalizes cyclic games [43, 75, 79], Markov decision
problems with average cost optimization criteria [115, 135, 140] and the stochastic
control problem from Sect. 2.2. Nash equilibria conditions for such a class of games
are derived and some approaches for determining optimal strategies of the players
are described.

3.1.1 Problem Formulation

We formulate the stochastic positional game with average payoff functions using the
framework of a Markov decision process (X, A, p, c) with a finite set of states X , a
finite set of actions A, a transition probability function p : X × X × A → [0, 1] that
satisfies the condition

∑

y∈X

pa
x,y = 1, ∀x ∈ X, ∀a ∈ A

and a transition cost function c : X × X → R which represents the costs cx,y of
states’ transitions for the dynamical system if it makes a transition from the state
x ∈ X to another state y ∈ X .

We consider the noncooperative model with m players in which m transition cost
functions are given

ci : X × X → R, i = 1, 2, . . . , m,

where ci
x,y expresses the cost of the system’s transition from the state x ∈ X to the

state y ∈ X for the player i ∈ {1, 2, . . . , m}. In addition we assume that the set of
states X is divided into m disjoint subsets X1, X2, . . . , Xm

X = X1 ∪ X2 ∪ · · · ∪ Xm (Xi ∩ X j = ∅, ∀i �= j),

http://dx.doi.org/10.1007/978-3-319-11833-8_2
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where Xi represents the positions set of the player i ∈ {1, 2, . . . , m}. So, the Markov
process is controlled by m players, where each player i ∈ {1, 2, . . . , m} fixes actions
in his positions x ∈ Xi .

We consider the stationary game model, i.e., we assume that each player fixes
actions in the states from his positions set using stationary strategies. We define the
stationary strategies of the players as m maps:

s1 : x → a ∈ A1(x) for x ∈ X1;
s2 : x → a ∈ A2(x) for x ∈ X2;
...

...

sm : x → a ∈ Am(x) for x ∈ Xm,

where Ai (x) is the set of actions of the player i in the state x ∈ Xi . Without loss
of generality we may consider |Ai (x)| = |Ai | = |A|, ∀x ∈ Xi , i = 1, 2, . . . , m.
In order to simplify the notation we denote the set of possible actions in a state x ∈ X
for an arbitrary player by A(x).

A stationary strategy si , i ∈ {1, 2, . . . , m} in the state x ∈ Xi means that at
every discrete moment of time t = 0, 1, 2, . . . the player i uses the action a = si (x).
Players fix their strategy independently and do not inform each other which strategies
they use in the decision process.

If the players 1, 2, . . . , m fix their stationary strategies s1, s2, . . . , sm , respectively,
then we obtain a situation s = (s1, s2, . . . , sm). This situation corresponds to a sim-

ple Markov process determined by the probability distributions psi (x)
x,y in the states

x ∈ Xi for i = 1, 2, . . . , m. We denote by Ps = (ps
x,y) the matrix of probability

transitions of this Markov process. If the starting state x0 is given, then for the Markov
process with the matrix of probability transitions Ps we can determine the average
cost per transition ωi

x0
(s1, s2, . . . , sm) with respect to each player i ∈ {1, 2, . . . , m}

taking into account the corresponding matrix of transition costs Ci = (ci
x,y). So, on

the set of situations we can define the payoff functions of the players as follows:

Fi
x0

(s1, s2, . . . , sm) = ωi
x0

(s1, s2, . . . , sm), i = 1, 2, . . . , m.

In such a way we obtain a discrete noncooperative game in normal form which is
determined by a finite set of strategies S1,S1, . . . ,Sm of m players and the payoff
functions defined above. In this game we are seeking for a Nash equilibrium [102],
i.e., we consider the problem of determining the stationary strategies

s1∗
, s2∗

, . . . , si−1∗
, si ∗, si+1∗

, . . . , sm∗

such that

Fi
x0

(s1∗
, s2∗

, . . . , si−1∗
, si ∗, si+1∗

, . . . , sm∗
)

≤ Fi
x0

(s1∗
, s2∗

, . . . , si−1∗
, si , si+1∗

, . . . , sm∗
), ∀si ∈ S

i , i = 1, 2, . . . , m.
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The game defined above is determined uniquely by the set of states X , the position
sets X1, X2, . . . , Xm , the set of actions A, the cost functions ci : X × X → R,
i = 1, 2, . . . , m, the probability function p : X × X × A → [0, 1] and the starting
position x0. Therefore, we denote it by

(X, A, {Xi }i=1,m, {ci }i=1,m, p, x0).

We call this game stochastic positional game with average payoff functions.
In the case pa

x,y = 0 ∨ 1, ∀x, y ∈ X, ∀a ∈ A the stochastic positional game is
transformed into the cyclic game studied in [43, 75, 79].

3.1.2 Determining Nash Equilibria for Stochastic Positional
Games with Average Payoff Functions

To provide the existence of Nash equilibria for the considered stochastic positional
game we shall use the following condition. We assume that an arbitrary situation
s = (s1, s2, . . . , sm) of the game generates a Markov unichain with the correspond-
ing matrix of probability transitions Ps = (ps

x,y). We call the Markov process with
such a property with respect to the situations s = (s1, s2, . . . , sm) ∈ S of the game
perfect Markov decision process. We show that in this case the problem of determin-
ing Nash equilibria for a stochastic positional game can be formulated as continu-
ous model that represents the game-theoretic variant of the following optimization
problem:
Minimize

ψ(s, q) =
∑

x∈X

∑

a∈A(x)

μx,asx,a qx (3.1)

subject to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
x∈X

∑
a∈A(x)

pa
x,ysx,aqx = qy, ∀y ∈ X;

∑
x∈X

qx = 1;
∑

a∈A(x)

sx,a = 1, ∀x ∈ X;

sx,a ≥ 0, ∀x ∈ X, a ∈ A(x),

(3.2)

where

μx,a =
∑

y∈X+(x)

cx,y pa
x,y

is the immediate cost in the state x ∈ X for a fixed action a ∈ A(x).
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It is easy to observe that the problem (3.1), (3.2) represents the continuous model
for a Markov decision problem with an average cost criterion. Indeed, an arbitrary
stationary strategy s : X → A can be identified with the set of boolean variables
sx,a ∈ {0, 1}, x ∈ X, a ∈ A(x) that satisfies the conditions

∑

a∈A(x)

sx,a = 1, ∀x ∈ X; sx,a ≥ 0, ∀x ∈ X, a ∈ A.

These conditions determine all feasible solutions of the system (3.2). The remain-
ing restrictions in (3.2) correspond to the system of linear equations with respect to
qx for x ∈ X . This system of linear equations reflects the ergodicity condition for the
limiting probability qx , x ∈ X in the Markov unichain, where qx , x ∈ X , are deter-
mined uniquely for given sx,a, ∀x ∈ X , a ∈ A(x). Thus, the value of the objective
function (3.1) expresses the average cost per transition in this Markov unichain and
an arbitrary optimal solution s∗

x,a, q∗
x (x ∈ X, a ∈ A) of the problem (3.1), (3.2)

with s∗
x,a ∈ {0, 1} represents an optimal stationary strategy for a Markov decision

problem with an average cost criterion. If such an optimal solution is known, then an
optimal action for the Markov decision problem can be found by fixing a∗ = s∗(x)

for x ∈ X if s∗
x,a = 1. The problem (3.1), (3.2) can be transformed into a linear

programming problem using the notations αx,a = sx,aqx , ∀x ∈ X, a ∈ A(x) (see
[68]). Based on such a transformation of the problem we will describe some addi-
tionally properties of the optimal stationary strategies in Markov decision processes.

Lemma 3.1 Let a Markov decision process (X, A, p, c) be given and consider the
function

ψ(s) =
∑

x∈X

∑

a∈A(x)

μx,asx,a qx ,

where qx for x ∈ X satisfies the condition
⎧
⎪⎨

⎪⎩

∑
x∈X

∑
a∈A(x)

pa
x,ysx,aqx = qy, ∀y ∈ X;

∑
x∈X

qx = 1.
(3.3)

Assume that an arbitrary stationary strategy s in the Markov decision process
generates a Markov unichain, i.e., we have a perfect Markov decision process. Then
the function ψ(s) depends only on sx,a for x ∈ X, a ∈ A(x), and on the set S of
solutions of the system

⎧
⎨

⎩

∑
a∈A(x)

sx,a = 1, ∀x ∈ X;

sx,a ≥ 0, ∀x ∈ X, a ∈ A(x),

(3.4)

the function ψ(s) is monotone.
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Proof According to Lemma 2.25 for perfect Markov decision processes an arbitrary
basic solution of the system (3.4) corresponds to a stationary strategy. Moreover, for
each such strategy the rank of the matrix of the system (3.3) is equal to |X | and the
system (3.3) has a unique solution with respect to qx (x ∈ X) (see [115, 140]). In
the case of an arbitrary feasible solution of the system (3.4) the rank of the matrix
of system (3.3) is also equal to |X | and for each such solution the system (3.3) has a
unique solution with respect to qx (x ∈ X) because the matrix of system (3.3) can be
represented via the matrices that correspond to basic solutions of the system (3.4).

This means that the system (3.3) has a unique solution with respect to qx (x ∈
X) for an arbitrary solution of the system (3.4) and, therefore, for perfect Markov
decision processes the function ψ(s) depends only on s.

Now let us prove the second part of the lemma. We show that on the set of solutions
of the system (3.4) the function ψ(s) is monotone. For this reason it is sufficient to
show that for arbitrary s′, s′′ ∈ S with ψ(s′) �= ψ(s′′) the following relation holds

min{ψ(s′),ψ(s′′)} < ψ(s) < max{ψ(s′),ψ(s′′)} (3.5)

if
s = θs′ + (1 − θ)s′′, 0 < θ < 1.

We can see that the relation (3.5) holds for an arbitrary s ∈ S(s′, s′′), where

S(s′, s′′) = { s | min{s′
x,a, s′′

x,a} < sx,a < max{s′
x,a, s′′

x,a}, ∀x ∈ X, a ∈ A(x)}

and the equations

ψ(s) = ψ(s′), ψ(s) = ψ(s′′)

on the set

S(s′, s′′) = { s | min{s′
x,a, s′′

x,a} ≤ sx,a ≤ max{s′
x,a, s′′

x,a}, ∀x ∈ X, a ∈ A(x)}

have the unique solutions s = s′ and s = s′′, respectively.
We prove the correctness of this property using the relationship of the problem

(3.1), (3.2) with the following linear programming problem:
Minimize

ψ(α) =
∑

x∈X

∑

a∈A(x)

μa
x αx,a (3.6)

http://dx.doi.org/10.1007/978-3-319-11833-8_2
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subject to ⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∑
x∈X

∑
a∈A(x)

pa
x,y αx,a = qy, ∀y ∈ X;

∑
x∈X

qx = 1;
∑

a∈A(x)

αx,a = qx , ∀x ∈ X;

αx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(3.7)

The problem (3.6), (3.7) is obtained from (3.1), (3.2) introducing the substitutions
αx,a = sx,aqx for x ∈ X, a ∈ A(x). These substitutions allow us to establish a
bijective mapping between the set of feasible solutions of the problem (3.1), (3.2)
and the set of feasible solutions of the linear programming problem (3.6), (3.7). So,
if αx,a for x ∈ X, a ∈ A(x) and ψ(α) are known then we can uniquely determine

sx,a = αx,a

qx
, ∀x ∈ X, a ∈ A(x) (3.8)

for which ψ(s) = ψ(α).
In particular, if an optimal basic solution α∗, q∗ of the linear programming prob-

lem (3.6), (3.7) is found, then the optimal stationary strategy for a Markov decision
problem can be found fixing

s∗
x,a =

{
1, if α∗

x,a > 0;
0, if α∗

x,a = 0.

Let s′, s′′ be arbitrary solutions of the system (3.4) where ψ(s′) < ψ(s′′). Then there
exist the corresponding feasible solutions α′,α′′ of the linear programming problem
(3.6), (3.7) for which

ψ(s′) = ψ(α′), ψ(s′′) = ψ(α′′),
α′

x,a = s′
x,aq ′

x , α′′
x,y = s′′

x,aq ′′
x ∀x ∈ X, a ∈ A(x),

where q ′
x , q ′′

x are determined uniquely by the system of linear equations (3.3) for
s = s′ and s = s′′, respectively. The function ψ(α) is linear and therefore for an
arbitrary α = θα′ + (1 − θ)α′′, 0 ≤ θ ≤ 1 the following equality holds

ψ(α) = θψ(α′) + (1 − θ)ψ(α′′),

where α is a feasible solution of the problem (3.6), (3.7), that in the initial problem
(3.1), (3.2) corresponds to a feasible solution s for which

ψ(s) = ψ(α); qx = θq ′
x + (1 − θ)q ′′

x , ∀x ∈ X.
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Using (3.8) we have

sx,a = αx,a

qx
, ∀x ∈ X, a ∈ A(x),

i.e.

sx,a = θα′
x,a + (1 − θ)α′′

x,a

θq ′
x + (1 − θ)q ′′

x
= θs′

x,aq ′
x + (1 − θ)s′′

x,aq ′′
x

θq ′
x + (1 − θ)q ′′

x

= θq ′
x

θq ′
x + (1 − θ)q ′′

x
s′

x,a + (1 − θ)q ′′
x

θq ′
x + (1 − θ)q ′′

x
s′′

x,a .

So, we obtain

sx,a = θx s′
x,a + (1 − θx )s

′′
x,a,

where

θx = θq ′
x

θq ′
x + (1 − θ)q ′′

x
, 0 ≤ θ ≤ 1.

It is easy to observe that 0 ≤ θx ≤ 1, where θx = 0, ∀x ∈ X if and only if θ = 0 and
θx = 1, ∀x ∈ X if and only if θ = 1. This means that for an arbitrary s ∈ S(s′, s′′)
the condition (3.5) holds and the equations

ψ(s) = ψ(s′), ψ(s) = ψ(s′′)

on the set S(s′, s′′) have the unique solutions s = s′ and s = s′′, respectively. Thus,
the function ψ(s) is monotone on the set of solutions of the system (3.4). �

Remark 3.2 The monotonicity property of the function ψ(s) is induced by the
monotonicity property of the linear function ψ(α) that implicitly depends only on s.

Now we extend the results described above for the continuous model of the stochastic
positional game with average payoff functions. We consider the model for perfect
Markov decision processes.

Let us denote by Si , i ∈ {1, 2, . . . , m} the set of solutions of the system

⎧
⎨

⎩

∑
a∈A(x)

si
x,a = 1, ∀x ∈ Xi ;

si
x,a ≥ 0, ∀x ∈ Xi , a ∈ A(x).

(3.9)

So, Si is a convex compact set and its arbitrary extreme point corresponds to a basic
solution s′ of the system (3.9), where s′

x,a ∈ {0, 1}, ∀x ∈ X1, a ∈ A(x). Thus, if s′
is an arbitrary basic solution of the system (3.9), then s′ ∈ S

i .
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On the set S = S1 × S2 × · · · × Sm we define m payoff functions

ψi (s1, s2, . . . , sm) =
m∑

j=1

∑

x∈X j

∑

a∈A(x)

μi
x,as j

x,aqx , i = 1, 2, . . . , m, (3.10)

where

μi
x,a =

∑

y∈X

ci
x,y pa

x,y

is the immediate cost of player i ∈ {1, 2, . . . , m} in the state x ∈ X for a fixed action
a ∈ A(x); qx for x ∈ X are determined uniquely by the following system of linear
equations

⎧
⎪⎪⎨

⎪⎪⎩

m∑
i=1

∑
x∈Xi

∑
a∈A(x)

pa
x,ysi

x,aqx = qy, ∀y ∈ X;
∑

x∈X
qx = 1

(3.11)

when s1, s2, . . . , sm are given.
Below we show that for our game models the following properties hold:

• The set of Nash equilibria solutions of the continuous model is non empty if and
only if the set of Nash equilibria solutions of the game in positional form is not
empty;

• If (s1, s2, . . . , sm) is an extreme point of S then

Fi
x (s

1, s2, . . . , sm) = ψ(s1, s2, . . . , sm), ∀x ∈ X, i = 1, 2, . . . , m

and all Nash equilibria solutions for the continuous game model that correspond to
extreme points in S represent Nash equilibria solutions for the game in positional
form.

As a corollary from Lemma 3.1 we obtain the following result:

Lemma 3.3 For perfect Markov processes each payoff function

ψi (s1, s2, . . . , sm), i ∈ {1, 2, . . . , m}

possesses the property that

ψi (s1, s2, . . . , si−1, si , si+1, . . . , sm)

is monotone with respect to si ∈ Si for arbitrary fixed sk ∈ Sk, k = 1, 2, . . . ,

i − 1, i + 1, . . . , m.

Using this lemma we can prove the following theorem.
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Theorem 3.4 Let (X, A, {Xi }i=1,m, {ci }i=1,m, p, x)be a stochastic positional game
with a given starting position x ∈ X and average payoff functions

F1
x (s1, s2, . . . , sm), F2

x (s1, s2, . . . , sm), . . . , Fm
x (s1, s2, . . . , sm)

of the players 1, 2, . . . , m, respectively. If for an arbitrary situation s = (s1,

s2, . . . , sm) of the game the transition probability matrix Ps = (ps
x,y) corre-

sponds to a Markov unichain, then for the stochastic positional game with payoff
functions Fi

x (s
1, s2, . . . , sm), i = 1, 2, . . . , m there exists a Nash equilibrium

s∗ = (s1∗
, s2∗

, . . . , sm∗). Moreover, for this game there exists a situation s∗ =
(s1∗

, s2∗
, . . . , sm∗) which is a Nash equilibrium for an arbitrary starting position

x ∈ X.

Proof According to Lemma 3.3 each payoff function ψi (s1, s2, . . . , sm), i ∈
{1, 2, . . . , m} satisfies the condition that

ψi (s1, s2, . . . , si−1, si , si+1, . . . , sm)

is monotone with respect to si ∈ Si for arbitrary fixed sk ∈ Sk , k = 1, 2, . . . , i −
1, i + 1, . . . , m. In the considered game each subset Si , i ∈ {1, 2, . . . , m} is convex
and compact.

Therefore, these conditions (see [23, 24, 116, 125]) provide the existence of
a Nash equilibrium for the functions ψi (s1, s2, . . . , sm), i ∈ {i, 2, . . . , m} on
S1 × S2 ×· · ·× Sm . Taking into account that S is a polyhedron set and the functions
ψi (s1, s2, . . . , si−1, si , si+1, . . . , sm) are monotone we obtain that the Nash equi-
librium s1∗

, s2∗
, . . . , sm∗ corresponds to a basic solution of the system (3.9). This

means that (s1∗
, s2∗

, . . . , sm∗) is a Nash equilibrium for the functions

F1
x (s1, s2, . . . , sm), F2

x (s1, s2, . . . , sm), . . . , Fm
x (s1, s2, . . . , sm)

on the set of situations S = S
1 × S

1 × · · · × S
m . �

Remark 3.5 The values

ωi
x = Fi

x (s
1∗

, s2∗
, . . . , sm∗

), i = 1, 2, . . . , m

of the game for perfect Markov decision processes do not depend on the starting
position x , i.e., ωi

x = ωi
y, i = 1, 2, . . . , m for arbitrary x, y ∈ X .

Using the results described above we may conclude that in the case of perfect Markov
decision processes a Nash equilibrium for stochastic positional games can be deter-
mined by using classical iterative methods for the continuous game models with
payoff functions ψi (s1, s2, . . . , sm), i ∈ {i, 2, . . . , m} on the set S1 × S2 ×· · ·× Sm .
If we refer these iterative methods to a discrete game model with payoff functions
on S

1 × S
1 × · · · × S

m , then we obtain the iterative procedures where players fix
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successively their strategies in order to minimize their payoff functions, respectively,
and finally in order to reach a Nash equilibrium.

In general, for stochastic positional games with average payoff functions of the
players, a Nash equilibrium may not exists if the stationary strategies do not generate a
Markov unichain. Moreover, a Nash equilibrium may not exists even for deterministic
positional games (see [43,79]). So, Theorem 3.4 in the case pa

x,y ∈ {0, 1}, gives
conditions for the existence of Nash equilibria in cyclic games with average payoff
functions.

3.1.3 Determining Nash Equilibria for Average Stochastic
Positional Games Using the Potential Transformation

We extend the potential transformation for stochastic positional games using
Theorem 2.71 and Eq. (2.85) in the case of unichain Markov decision processes.
For such games Theorem 3.4 can be formulated in the terms of a potential transfor-
mation that gives new conditions for determining Nash equilibria solutions.

Theorem 3.6 Let (X, A, {Xi }i=1,m, {ci }i=1,m, p, x)be a stochastic positional game
with a given starting position x ∈ X and average payoff functions

F1
x (s1, s2, . . . , sm), F2

x (s1, s2, . . . , sm), . . . , Fm
x (s1, s2, . . . , sm)

of the players 1, 2, . . . , m, respectively. Assume that for an arbitrary situation
s = (s1, s2, . . . , sm) of the game the transition probability matrix Ps = (ps

x,y)

corresponds to a Markov unichain. Then there exist the functions

εi : X → R, i = 1, 2, . . . , m

and the values ω1,ω2, . . . ,ωm that satisfy the following conditions:

(1) μi
x,a + ∑

y∈X
pa

x,yε
i
y − εi

x − ωi ≥ 0, ∀x ∈ Xi , ∀a ∈ A(x), i = 1, 2, . . . , m;
(2) min

a∈A(x)
{μi

x,a + ∑
y∈X

pa
x,yε

i
y − εi

x − ωi } = 0, ∀x ∈ Xi , i = 1, 2, . . . , m;
(3) on each position set Xi , i ∈ {1, 2, . . . , m} there exists a map si ∗ : Xi → A

such that

si ∗(x) = a∗ ∈ argmin
a∈A(x)

{
μi

x,a +
∑

y∈X

pa
x,yε

i
y − εi

x − ωi
}

and

μ
j
x,a∗ +

∑

y∈X

pa∗
x,yε

j
y − ε

j
x − ω j = 0, ∀x ∈ Xi , j = 1, 2, . . . , m.

http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
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The set of maps s1∗
, s2∗

, . . . , sm∗ determines a Nash equilibrium situation
s∗ = (s1∗

, s2∗
, . . . , sm∗) for the stochastic positional game (X, A, {Xi }i=1,m,

{ci }i=1,m, p, x
)

and

Fi
x (s

1∗
, s2∗

, . . . , sm∗
) = ωi , ∀x ∈ X, i = 1, 2, . . . , m.

Moreover, the situation s∗ = (s1∗
, s2∗

, . . . , sm∗) is a Nash equilibrium for an arbi-
trary starting position x ∈ X.

Proof According to Theorem 3.4 for average stochastic positional games there exists
a Nash equilibrium s∗ = (s1∗

, s2∗
, . . . , sm∗), and

ωi = Fi
x (s

1∗
, s2∗

, . . . , sm∗
), ∀x ∈ X, i = 1, 2, . . . , m.

Let us fix the strategies s1∗
, s2∗

, . . . , si−1∗
, si+1∗

, . . . , sm∗ of the players 1, 2,

. . . , i −1, i +1, . . . , m and consider the problem of determining the minimal average
cost per transition with respect to the player i . Obviously, if we solve this decision
problem then we obtain the strategy si ∗. We can determine the solution of this deci-
sion problem using the dual linear programming model (2.71), (2.72). According to
Theorem 2.30 for this problem there exist the functions εi : X → R and the values
ωi , i = 1, 2, . . . , m that satisfy the conditions:

(1) μi
x,a + ∑

y∈X
pa

x,yε
i
y − εi

x − ωi ≥ 0, ∀x ∈ Xi , ∀a ∈ A(x);

(2) min
a∈A(x)

{
μi

x,a + ∑
y∈X

pa
x,yε

i
y − εi

x − ωi
}

= 0, ∀x ∈ Xi .

Moreover, for fixed strategies s1∗
, s2∗

, . . . , si−1∗
, si+1∗

, . . . , sm∗ of the
corresponding players 1, 2, . . . , i − 1, i + 1, . . . , m we can select the strategy si ∗ of
the player i where

si ∗(x) ∈ argmin
a∈A(x)

{
μi

x,a +
∑

y∈X

pa
x,yε

i
y − εi

x − ωi
}

and ωi = Fi
x (s

1∗
, s2∗

, . . . , sm∗), ∀x ∈ X, i = 1, 2, . . . , m. This means that the
conditions (1)–(3) of the theorem hold. �

Corollary 3.7 Let (X, A, {Xi }i=1,m, {ci }i=1,m, p, x) be a stochastic positional

game for which there exist the functions εi : X → R, i = 1, 2, . . . , m and the
values ω1,ω2, . . . ,ωm that satisfy the conditions (1)–(3) of Theorem 3.8. Then for
this game there exists a Nash equilibrium and the optimal stationary strategies of
the players can be found according to the rule from the theorem.

Theorem 3.6 generalizes condition (2.85) for the unichain average Markov decision
problem. Based on this theorem we can determine the optimal stationary strate-
gies of the players if εi and ωi are known. The functions εi and the values ωi for

http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
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i ∈ {1, 2, . . . , m} can be found using a similar iterative algorithm as for the decision
problem from the previous chapter. However, the problem of determining εi and
ωi seems to be too difficult from a computational point of view. The question con-
cerned with the existence of polynomial time algorithms for determining the optimal
strategies of the players in the considered games is an open problem. Moreover, the
existence of the polynomial time algorithm for average stochastic positional games is
an open problem even for a special deterministic antagonistic game. We will discuss
the computational complexity of the problem of determining the optimal stationary
strategies of the players in such games in the following sections.

3.1.4 Necessary and Sufficient Conditions for the Existence
of Nash Equilibria in Average Stochastic
Positional Games

Let (X, A, {Xi }i=1,m, {ci }i=1,m, p, x) be an average stochastic positional game in
which a Nash equilibrium exists for an arbitrary starting position x ∈ X . Denote
ωi

x = Fi
x (s

1∗
, s2∗

, . . . , sm∗), ∀x ∈ X, i = 1, 2, . . . , m, where s∗ = (s1∗
, s2∗

, . . . ,

sm∗) is a Nash equilibrium solution of the game. For this game in a similar way as
for the average stochastic control problem we can define the potential transformation

ci
x,y = ci

x,y + εi
y − εi

x − ωi
x , ∀x, y ∈ X

of the costs with respect to each player i ∈ {1, 2, . . . , m}, where εi : X → R is an
arbitrary real function. It is easy to show that the considered potential transformations
of the costs in the game do not change the optimal stationary strategies of the players.
Therefore, based on this property and on results from the previous section we obtain
the following result.

Theorem 3.8 Let (X, A, {Xi }i=1,m, {ci }i=1,m, p, x) be an average stochastic posi-
tional game. Then in this game there exists a Nash equilibrium for an arbitrary
starting position x ∈ X if and only if there exist the functions

εi : X → R, i = 1, 2, . . . , m

and the values ω1
x ,ω

2
x , . . . ,ω

m
x for x ∈ X that satisfy the following conditions:

(1) μi
x,a + ∑

y∈X
pa

x,yε
i
y − εi

x − ωi
x ≥ 0, ∀x ∈ Xi , ∀a ∈ A(x), i = 1, 2, . . . , m;

(2) min
a∈A(x)

{μi
x,a + ∑

y∈X
pa

x,yε
i
y − εi

x − ωi
x } = 0, ∀x ∈ Xi , i = 1, 2, . . . , m;

(3) on each position set Xi , i ∈ {1, 2, . . . , m} there exists a map si ∗ : Xi → A
such that
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si ∗(x) = a∗ ∈ argmin
a∈A(x)

{
μi

x,a +
∑

y∈X

pa
x,yε

i
y − εi

x − ωi
}

and

μ
j
x,a∗ +

∑

y∈X

pa∗
x,yε

j
y − ε

j
x − ω j = 0, ∀x ∈ Xi , j = 1, 2, . . . , m.

If such conditions hold then the set of maps s1∗
, s2∗

, . . . , sm∗ determines a Nash
equilibrium of the game for an arbitrary starting position x ∈ X and Fi

x (s
1∗

, s2∗
,

. . . , sm∗) = ωi
x , i = 1, 2, . . . , m.

3.1.5 Nash Equilibria Conditions for Cyclic Games

In [43, 75, 79] the following positional game has been studied. Let a dynamical system
L with a finite set of states X be given. The dynamics of the system is described by
a directed graph of the state’s transitions G = (X, E), where the set of vertices
X corresponds to the set of states of the system L and an arbitrary directed edge
e = (x, y) ∈ X expresses the possibility of the system’s transition from the state
x = x(t) to the state y = x(t + 1) at every discrete moment of time t = 0, 1, 2, . . . .
We assume that the graph G possesses the property that each vertex x ∈ X contains
at least one outgoing directed edge. The starting state of the system is given, i.e.,
x0 = x(0), and the dynamics of the system is controlled by m players. For each player
i ∈ {1, 2, . . . , m} a cost function ci : E → R is defined, where for (x, y) = e ∈ E
the value ci

x,y expresses the cost of the system’s transition from the state x = x(t) to
the state y = x(t + 1), t = 0, 1, 2, . . . . The set of states X is divided into m disjoint
subsets X1, X2, . . . , Xm

X = X1 ∪ X2 ∪ · · · ∪ Xm (Xi ∩ X j = ∅, ∀i �= j),

where Xi represents the positions set of the player i ∈ {1, 2, . . . , m}. Each player
may control the dynamical system only in his positions. So, the control process on
G is made by the players as follows:

If the starting state x0 = x(0) belongs to the set of positions Xi then player i on the
set of possible transitions E(x0) = {(x0, y) ∈ E | y ∈ X} selects a transition (x0, x1)

from the state x0 to the state x1 = x(1); in general, if at the moment of time t the
dynamical system is in the state xt = x(t) and x(t) ∈ Xi then the system is controlled
by player i , i.e., player i selects the transition from the state xt to a state xt+1 ∈ X (xt ),
where X (t) = {y ∈ X | (xt , y) ∈ E}. In this dynamical process each player intends
to minimize his average cost per transition by a trajectory x0, x1, x2, . . . , i.e.,
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Fi = lim
t→∞

1

t

t−1∑

τ=0

ci
xt ,xt+1

→ min, i = 1, 2, . . . , m.

In a more strict way this dynamical game can be formulated in terms of stationary
strategies. We define the stationary strategies of the player as m maps

si : x → y ∈ X (x) f or x ∈ Xi ; i = 1, 2, . . . , m.

Let s1, s2, . . . , sm be an arbitrary set of strategies of the players. We denote by
Gs = (X, Es) the subgraph generated by edges e = (x, si (x)) for x ∈ Xi and
i = 1, 2, . . . , m. Obviously, for fixed s1, s2, . . . , sm the graph Gs possesses the
property that a unique directed cycle Cs with the set of edges E(Cs) can be reached
from x0. For fixed strategies s1, s2, . . . , sm and a fixed starting state we define the
quantities

Fi
x0

(s1, s2, . . . , sm) = 1

n(Cs)

∑

e∈E(Cs )

ci
e, i = 1, 2, . . . , m,

where n(Cs) is the number of directed edges of the cycle Cs . The graph G is finite
and therefore the set of strategies S

i of each player i ∈ {1, 2, . . . , m} is a finite
set. In such a way on the set of situations S = S

1 × S
2 × · · · × S

m the func-
tions F1

x0
(s1, s2, . . . , sm), F2

x0
(s1, s2, . . . , sm), . . . , Fm

x0
(s1, s2, . . . , sm) determine

a game in normal form which in [43, 75, 79] is called cyclic game and it is denoted
by (G, {Xi }i=1,m, {ci }i=1,m, x0).

It is easy to see that this game represents a particular case of a stochastic positional
game from Sect. 3.1.1. Indeed, we can regard the cyclic game as a stochastic posi-
tional game induced by the set of states X with the partition X = X1 ∪ X2 ∪· · ·∪ Xm ,
the cost functions ci , i = 1, 2, . . . m and the set of action A with the correspond-
ing probabilities pa

x,yk
, where for a given state x ∈ X we have r(x) = |E(x)|

actions that correspond to possible transitions through the edges e1 = (x, y1), e2 =
(x, y2), . . . , er(x) = (x, yr(x)):

p1
x,y1

= 1, p1
x,y2

= 0, p1
x,y3

= 0, . . . , p1
x,yr(x)

= 0;

p2
x,y1

= 0, p2
x,y2

= 1, p2
x,y3

= 0, . . . , p2
x,yr(x)

= 0;

.........................................................................

pr(x)
x,y1

= 0, pr(x)
x,y2

= 0, pr(x)
x,y3

= 0, . . . , pr(x)
x,yr(x)

= 1;

So, cyclic games can be regarded as stochastic positional games with average payoff
functions where pa

x,y = 0 ∨ 1, ∀x, y ∈ X, ∀a ∈ A.
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As we have noted for cyclic games a Nash equilibrium may not exist. An example
of a cyclic game for which no Nash equilibrium does exist is given in [43, 79]. We
can obtain a Nash equilibrium existence criterion from Theorem 3.4.

Theorem 3.9 If for an arbitrary situation of the game s = (s1, s2, . . . , sm) the
corresponding graph Gs = (X, Es) contains a unique directed cycle such that it
can be reached from an arbitrary x ∈ X then in the cyclic game there exists a Nash
equilibrium s1∗

, s2∗
, . . . , sm∗. Moreover s1∗

, s2∗
, . . . , sm∗ is a Nash equilibrium for

an arbitrary starting position x ∈ X of the game.

We obtain this theorem as a corollary from Theorem 3.4 if we regard cyclic games
as a special case of unichain stochastic positional games.

In the following we formulate a necessary and sufficient condition for the existence
of Nash equilibria in so-called ergodic cyclic games with m players. To formulate
this result we need the following definition.

Definition 3.10 Let s1∗
, s2∗

, . . . , sm∗ be a solution in the sense of Nash for a cyclic
game determined by a network (G, {Xi }i=1,m, {ci }i=1,m, x0), where G = (X, E) is
a strongly connected directed graph. We call this game an ergodic cyclic game if
s1∗

, s2∗
, . . . , sm∗ represents the solution in the sense of Nash for a cyclic game on

the network (G, {Xi }i=1,m, {ci }i=1,m, x) with an arbitrary starting position x ∈ X
and

Fi
x (s

1∗
, s2∗

, . . . , sm∗
) = Fi

y(s
1∗

, s2∗
, . . . , sm∗

), ∀x, y ∈ X, i = 1, 2, . . . , m.

Theorem 3.11 The dynamic c-game determined by the network (G,[4]{Xi }i=1,m,

{ci }i=1,m, x0), where G = (X, E) is a strongly connected directed graph, is an
ergodic one if and only if there exist on X m real functions

ε1 : X → R
1, ε2 : X → R

1, . . . , εm : X → R
1,

and m values ω1,ω2, . . . ,ωm such that the following conditions are satisfied:

(a) εi
y − εi

x + ci
x,y − ωi ≥ 0, ∀(x, y) ∈ Ei ,

where Ei = {e = (x, y) ∈ E | x ∈ Xi }, i = 1, 2, . . . , m;

(b) min
y∈XG (x)

{εi
y − εi

x + ci
x,y − ωi } = 0, ∀x ∈ Xi , i = 1, 2, . . . , m;

(c) the subgraph G ′ = (X, E ′) generated by edge set E ′ = E0
1 ∪ E0

2 ∪ · · · ∪ E0
m,

E0
i = {e = (x, y) ∈ Ei | εi

y − εi
x + ci

x,y − ωi = 0}, i = 1, 2, . . . , m, has the

property that it contains a connected subgraph G
0 = (X, E

0
), for which every

vertex x ∈ X has only one leaving edge e = (x, y) ∈ E
0

and besides that

εi
y − εi

x + ci
x,y − ωi = 0, ∀(x, y) ∈ E

0
, i = 1, 2, . . . , m.
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The optimal solution of the problem can be determined by fixing the maps:

s1∗ : x → y ∈ X
G

0(x) for x ∈ X1;
s2∗ : x → y ∈ X

G
0(x) for x ∈ X2;

...

sm∗ : x → y ∈ X
G

0(x) for x ∈ Xm,

where X
G

0(x) = {y | (x, y) ∈ E
0}, and

Fi
x (s

1∗
, s2∗

, . . . , sm∗
) = ωi , ∀x ∈ X, i = 1, 2, . . . , m.

Proof =⇒ Let (G, {Xi }i=1,m, {ci }i=1,m, x0) be a network which determines an
ergodic cyclic game with m players, i.e., in this game there exists a Nash equilibrium
s1∗

, s2∗
, . . . , sm∗. Define

ωi = Fi
x0

(s1∗
, s2∗

, . . . , sm∗
), i = 1, 2, . . . , m. (3.12)

It is easy to verify that if we change the cost function ci by ci = ci − ωi ,
i = 1, 2, . . . , m, then the obtained network (G, {Xi }i=1,m, {ci }i=1,m, x0) determines
a new ergodic cyclic game which is equivalent to the initial one. For the new game
s1∗

, s2∗
, . . . , sm∗ is a Nash equilibrium and

Fi
x0

(s1∗
, s2∗

, . . . , sm∗
) = 0, i = 1, 2, . . . , m.

This game can be regarded as the dynamic c-game from [9, 76] on the network
(G, {Xi }i=1,m, {ci }i=1,m, x0) with a given starting position x0 and a final position

x0 ∈ Cs∗ , where Cs∗ is a directed cycle generated by strategies s1∗
, s2∗

, . . . , sm∗
such that

∑

e∈E(Cs∗ )

ci
e = 0, i = 1, 2, . . . , m.

Taking into account that our game is ergodic we may state, without loss of
generality, that x0 belongs to a directed cycle Cs∗ generated by strategies s1∗

, s2∗
, . . . ,

sm∗. Therefore, the ergodic game with a network (G, {Xi }i=1,m, {ci }i=1,m, x0) can
be regarded as the dynamic c-game from [9, 76] on the network (G, {Xi }i=1,m,

{ci }i=1,m, x0) with a starting position x0 and a final position x0. So, according to
Theorem 2 from [9] there exist m real functions

ε1 : X → R
1, ε2 : X → R

1, . . . , εm : X → R
1,
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such that the following conditions are satisfied:

(1) εi
y − εi

x + ci
x,y ≥ 0, ∀(x, y) ∈ Ei , i = 1, 2, . . . , m;

(2) min
x∈XG (x)

{εi
y − εi

x + ci
x,y} = 0, ∀x ∈ Xi , i = 1, 2, . . . , m;

(3) the subgraph G ′ = (X, E ′), generated by the edge set E ′ = E0
1 ∪ E0

2 ∪· · ·∪ E0
m ,

E0
i = {e = (x, y) ∈ Ei | εi

y − εi
x + ci

x,y = 0}, i = 1, 2, . . . , m, has the property

that it contains a connected subgraph G
0 = (X, E

0
), for which every vertex

x ∈ X has only one leaving edge e = (x, y) ∈ E
0

and besides that

εi
y − εi

x + ci
x,y = 0, ∀(x, y) ∈ E

0
, i = 1, 2, . . . , m.

If in the conditions (1), (2) and (3) mentioned above we take into account that
ci

x,y = ci
x,y − ωi , ∀(x, y) ∈ E , i = 1, 2, . . . , m, then we obtain the conditions (a),

(b) and (c) from Theorem 3.11.
⇐= Assume that the conditions (a), (b) and (c) of Theorem 3.11 hold. Then for

the network (G, {Xi }i=1,m, {ci }i=1,m, x0) the conditions (1), (2) and (3) are satisfied.

It is easy to check that an arbitrary set of strategies s1∗
, s2∗

, . . . , sm∗, where

si ∗ : x → y ∈ X
G

0(x), i = 1, 2, . . . , m,

is a Nash equilibrium for an ergodic cyclic game on the network (G, {Xi }i=1,m,

{ci }i=1,m, x0) and

Fi
x (s

1∗
, s2∗

, . . . , sm∗
) = 0, i = 1, 2, . . . , m.

This implies that s1∗
, s2∗

, . . . , sm∗ determines a Nash equilibrium for the ergodic
cyclic game on the network (G, {Xi }i=1,m, {ci }i=1,m, x0). �

Remark 3.12 The value ωi , i = 1, 2, . . . , m, coincides with the value of
Fi

x (s
1∗

, s2∗
, . . . , sm∗), i = 1, 2, . . . , m. If ωi = 0, then the ergodic cyclic game

coincides with the dynamic c-game on the network (G, {Xi }i=1,m, {ci }i=1,m, x0).

Note that for ergodic zero-sum games Theorem 3.11 gives necessary and sufficient
conditions for the existence of saddle points, i.e., Theorem 3.11 extends results from
[43] to cyclic games with m players.

3.1.6 Average Stochastic Positional Games on Networks

In a similar way as for average Markov decision problems we can apply the
game-theoretical concept to average stochastic control problems on networks. This
leads to a new game-theoretic control model on networks which we call average
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stochastic positional games on networks. We formulate this model as a stochastic ver-
sion of the cyclic game. We assume that the graph of states’ transitions G = (X, E)

along the subsets X1, X2, . . . , Xm contains a subset X0 for which the transitions
from the states x ∈ X0 to another state y ∈ X are made in a random way.

Thus, for the set of states X is given by a partition X1, X2, . . . , Xm, X0, where
Xi represents the position set of the player i ∈ {1, 2, . . . , m} and X0 is the subset
of states of X for which the probability distributions px,y of the system’s transition
from every x ∈ X0 to another state y ∈ X are given. This means that to the directed
edges e = (x, y) that originate in a state x ∈ X0 the probabilities px,y are associated,
where

∑

y∈X (x)

px,y = 1, ∀x ∈ X0.

In addition to each directed edge e = (x, y) ∈ E m costs c1
e , c2

e , . . . cm
e are associated,

where ci
e represents the cost of the system’s transition from the state x to the state y

for the player i ∈ {1, 2, . . . , m}. In a similar way as for cyclic games we define here
the stationary strategies of the players as m maps:

si : x → y ∈ X (x) for x ∈ Xi , i = 1, 2, . . . , m.

Let s1, s2, . . . , sm be a set of stationary strategies of the players. Then we can
determine the graph Gs=(X, Es∪E0), induced by the situation s = (s1, s2, . . . , sm),
where

Es = {e = (x, y) ∈ E | x ∈ Xi , y = si (x), i = 1, 2, . . . , m}

and

E0 = {e = (x, y) | x ∈ X0, y ∈ X}.

This graph corresponds to a Markov process with the probability matrix Ps = (ps
x,y),

where

ps
x,y =

⎧
⎨

⎩

px,y, if x ∈ X0 and y = X;
1, if x ∈ Xi and y = si (x);
0, otherwise.

In the considered game the transitions (x, si (x)) from the states x ∈ Xi to the states
y = si (x) ∈ X are described by the probability px,si (x) = 1 if the players 1, 2, . . . , m
fix their stationary strategies s1, s2, . . . , sm , respectively. For this Markov process
we can determine the average costs per transition ωi

x (s
1, s2, . . . , sm) with respect to

each player i ∈ {1, 2, . . . , m} for an arbitrary fixed starting state x ∈ X . We regard
these functions as payoff functions for the model of the control problem on the
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network, i.e.,

Fi
x0

(s1, s2, . . . , sm) = ωi
x0

(s1, s2, . . . , sm), i = 1, 2, . . . , m.

We denote this game by (G, {Xi }i=1,m, X0, {ci }i=1,m, p, x0), where G = (X, E)

is the graph of states’ transitions of the dynamical system and p : E0 → [0, 1] is
the probability transition function defined on the set E0 = {e = (x, y) ∈ E | x ∈
X0, y ∈ X} that satisfies the condition

∑
y∈X (x) px,y = 1, ∀x ∈ X0.

For this discrete game we can use the continuous game model with the continuous
payoff functions (3.10), (3.11) and the compact sets S1, S2, . . . , Sm determined by
the set of the solutions of the systems (3.9). If in this continuous model we specify
the expressions of the payoff function and the set of strategies in accordance with the
structure of the network then we obtain the continuous model, where S1, S2, . . . , Sm

and Fi
x0

(s1, s2, . . . , sm) = ψi (s1, s2, . . . , sm) are defined as follows:

Each subset Si , i ∈ {1, 2, . . . , m} represents the set of solutions of the system

⎧
⎨

⎩

∑
y∈X (x)

si
x,y = 1, ∀x ∈ Xi ;

si
x,y ≥ 0, ∀x ∈ Xi , y ∈ X (x),

(3.13)

and

ψi (s1, s2, . . . , sm) =
m∑

j=1

∑
x∈X j

∑
y∈X (x)

ci
x,ys j

x,yqx

+ ∑

x∈X0

∑
y∈X (x)

μi
x,yqx , i = 1, 2, . . . , m,

(3.14)

where qx for x ∈ X are determined from the following system of linear equations

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑
x∈X

∑
y∈X (x)

px,yqx = qy, ∀y ∈ X0;
∑

x∈X
si

x,yqx = qy, ∀y ∈ Xi , i = 1, 2, . . . , m;
∑

x∈X
qx = 1.

(3.15)

According to Theorem 3.4 in the case of perfect Markov processes for the game with
payoff functions (3.14), (3.15) on the compact sets determined by (3.13) there exists
a Nash equilibrium s∗ = (s1∗

, s2∗
, . . . , sm), where each si ∗ corresponds to a basic

solution of the system (3.13). So, we can use the continuous model (3.13–3.15) for
determining a Nash equilibrium for a discrete game on the network.

As a corollary from Theorem 3.8 we obtain the following result.
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Theorem 3.13 Let (G, {Xi }i=1,m, X0, {ci }i=1,m, p, x) be a stochastic positional
game with a given starting position x ∈ X and average payoff functions

F1
x (s1, s2, . . . , sm), F2

x (s1, s2, . . . , sm), . . . , Fm
x (s1, s2, . . . , sm)

of the players 1, 2, . . . , m, respectively. Assume that for an arbitrary situation s =
(s1, s2, . . . , sm) of the game the transition probability matrix Ps = (ps

x,y) induces
a Markov unichain. Then there exist the functions

εi : X → R, i = 1, 2, . . . , m

and the values ω1,ω2, . . . ,ωm that satisfy the following conditions:

(1) εi
y − εi

x + ci
x,y − ωi ≥ 0, ∀x ∈ Xi , i = 1, 2, . . . , m;

(2) min
y∈X (x)

{εi
y − εi

x + ci
x,y − ωi } = 0, ∀x ∈ Xi , i = 1, 2, . . . , m;

(3) εi
y − ∑

y∈X
px,yε

i
x + μi

x − ωi = 0, ∀x ∈ X0, i = 1, 2, . . . , m;

(4) On each position set Xi , i ∈ {1, 2, . . . , m} there exists a map si ∗ : Xi → A
such that

si ∗(x) = y∗ ∈ argmin
y∈A(x)

{
εi

y − εi
x + ci

x,y − ωi
}

, ∀x ∈ Xi

and

ε
j
y∗ − ε

j
x + c j

x,y∗ − ω j = 0, ∀x ∈ Xi , j = 1, 2, . . . , m.

The set of maps s1∗
, s2∗

, . . . , sm∗ determines a Nash equilibrium situation
s∗ = (s1∗

, s2∗
, . . . , sm∗) for the stochastic positional game (G, {Xi }i=1,m, X0,

{ci }i=1,m, p, x) and

Fi
x (s

1∗
, s2∗

, . . . , sm∗
) = ωi , ∀x ∈ X, i = 1, 2, . . . , m.

Moreover, the situation s∗ = (s1∗
, s2∗

, . . . , sm∗) is a Nash equilibrium for an
arbitrary starting position x ∈ X.

Obviously, the average game control model on the network can be represented as
an average stochastic positional game. On the other hand an arbitrary stochastic
positional game can be reduced to a game-theoretic control model on networks using
the construction from Sect. 2.3.2. Thus, the stochastic positional game is equivalent
to the game-theoretic control problem on a certain network.

http://dx.doi.org/10.1007/978-3-319-11833-8_2
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3.1.7 Saddle Point Conditions for Average Stochastic
Antagonistic Positional Games and Determining
the Optimal Strategies of the Players

We obtain the stochastic antagonistic positional game with an average payoff
function from the game-theoretic model from Sect. 3.1 in the case m = 2 and
c = c2 = −c1. So, this game is determined by the finite sets of strategies of the
players S

1,S2 and the payoff function Fx0 : S
1 × S

2 → R, where Fx0(s
1, s2) for

a fixed strategies s1 ∈ S
1, s2 ∈ S

2 is equal to an average cost per transition in the
Markov process induced by the strategies s1 and s2, if the system starts transitions
in x0, i.e.,

Fx0(s
1, s2) = ωx0(s

1, s2).

We denote this game by (X, A, X1, X2, c, p, x0), where c = c2 = −c1 and x0 is the
starting position of the game.

Based on Theorem 3.4 we may conclude that in the case of unichain Markov
processes for stochastic antagonistic positional games a saddle point exists and the
corresponding conditions for determining the optimal stationary strategies of the
players can be derived from Theorem 3.8.

Below we show that in the stochastic antagonistic positional game the saddle
point exists for an arbitrary Markov decision process [90]. So, we prove that for an
arbitrary stochastic antagonistic positional game (X, A, X1, X2, c, p, x0) with an
average payoff function Fx (s1, s2) there exist the stationary strategies s1∗

, s2∗
for

which

Fx0(s
1∗

, s2∗
) = max

s1∈S1
min

s2∈S2
Fx0(s

1, s2) = min
s2∈S2

max
s1∈S1

Fx0(s
1, s2). (3.16)

We prove the existence of a saddle point for the payoff function Fx0(s
1∗

, s2∗
) by

using the results from Sect. 2.3.5.

Theorem 3.14 Let (X, A, X1, X2, c, p, x) be an arbitrary stochastic positional
game with an average payoff function Fx (s1, s2). Then the system of equations

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

εx + ωx = max
a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yεy

}
, ∀x ∈ X1;

εx + ωx = min
a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yεy

}
, ∀x ∈ X2

(3.17)

has a solution under the set of solutions of the system of equations

http://dx.doi.org/10.1007/978-3-319-11833-8_2
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⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ωx = max
a∈A(x)

{∑

y∈X

pa
x,yωx

}
, ∀x ∈ X1;

ωx = min
a∈A(x)

{∑

y∈X

pa
x,yωx

}
, ∀x ∈ X2,

(3.18)

i.e., the system of equations (3.18) has such a solution ω∗
x , x ∈ X for which there

exists a solution ε∗
x , x ∈ X of the system of equations

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

εx + ω∗
x = max

a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yεy

}
, ∀x ∈ X1;

εx + ω∗
x = min

a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yεy

}
, ∀x ∈ X2.

(3.19)

The optimal stationary strategies of the players

s1∗ : x → a1 ∈ A(x) for x ∈ X1;
s2∗ : x → a2 ∈ A(x) for x ∈ X2

in the stochastic positional game can be found by fixing the arbitrary maps s1∗
(x) ∈

A(x) for x ∈ X1 and s1∗
(x) ∈ A(x) for x ∈ X2 such that

s1∗
(x) ∈

(
argmax
a∈A(x)

{∑

y∈X

pa
x,yω

∗
x

})⋂(
argmax
a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yε

∗
y

})
,

∀x ∈ X1

(3.20)

and

s2∗
(x) ∈

(
argmin
a∈A(x)

{∑

y∈X

pa
x,yω

∗
x

})⋂(
argmin
a∈A(x)

{
μx,a +

∑

y∈X

pa
x,yε

∗
y

})
.

∀x ∈ X2

(3.21)

For the fixed optimal strategies s1∗
, s2∗

the corresponding values of the payoff
function Fx (s1∗

, s2∗
) coincide with the values ω∗

x for x ∈ X and (3.16) holds.

Proof Let x ∈ X be an arbitrary state and consider the stationary strategies s1 ∈
S

1, s2 ∈ S
2 for which

Fx (s
1, s2) = min

s2∈S2
max
s1∈S1

Fx (s
1, s2).
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We show that

Fx (s
1, s2) = max

s1∈S1
min

s2∈S2
Fx (s

1, s2),

i.e., we show that (3.16) holds and s1 = s1∗
, s2 = s2∗

.
According to Theorem 2.32 and Corollary 2.33 for the situation s = (s1, s2) the

system of linear equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εx + ωx = μx,a +
∑

y∈X

pa
x,yεy, ∀x ∈ X1, a = s1(x);

εx + ωx = μx,a +
∑

y∈X

pa
x,yεy, ∀x ∈ X2, a = s2(x);

ωx =
∑

y∈X

pa
x,yωx , ∀x ∈ X1, a = s1(x);

ωx =
∑

y∈X

pa
x,yωx , ∀x ∈ X2, a = s2(x)

(3.22)

has the solution ε∗
x , ω∗

x (x ∈ X) which for a fixed strategy s2 ∈ S
2 satisfies the

condition:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε∗
x + ω∗

x ≥ μx,a +
∑

y∈X

pa
x,yε

∗
y, ∀x ∈ X1, a ∈ A(x);

ε∗
x + ω∗

x = μx,a +
∑

y∈X

pa
x,yε

∗
y, ∀x ∈ X2, a = s2(x);

ω∗
x ≥

∑

y∈X

pa
x,yω

∗
x , ∀x ∈ X1, a ∈ A(x);

ω∗
x =

∑

y∈X

pa
x,yω

∗
x , ∀x ∈ X2, a = s2(x)

and Fx (s1, s2) = ω∗
x , ∀x ∈ X .

Taking into account that Fx (s1, s2) = mins2∈S2 Fx (s1, s2) then for a fixed strategy
s1 ∈ S

1 the solution ε∗
x , ω∗

x (x ∈ X) satisfies the condition

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε∗
x + ω∗

x = μx,a +
∑

y∈X

pa
x,yε

∗
y, ∀x ∈ X1, a = s1(x);

ε∗
x + ω∗

x ≤ μx,a +
∑

y∈X

pa
x,yε

∗
y, ∀x ∈ X2, a ∈ A(x);

ω∗
x =

∑

y∈X

pa
x,yω

∗
x , ∀x ∈ X1, a = s1(x);

ω∗
x ≤

∑

y∈X

pa
x,yω

∗
x , ∀x ∈ X2, a ∈ A(x)

http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
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So, the following system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εx + ωx ≥ μx,a +
∑

y∈X

pa
x,yεy, ∀x ∈ X1, a ∈ A(x);

εx + ωx ≤ μx,a +
∑

y∈X

pa
x,yεy, ∀x ∈ X2, a ∈ A(x);

ωx ≥
∑

y∈X

pa
x,yωx , ∀x ∈ X1, a ∈ A(x)(x);

ωx ≤
∑

y∈X

pa
x,yωx , ∀x ∈ X2, a ∈ A(x)

has a solution, which satisfies condition (3.22).
This means that s1∗ = s1, s2∗ = s2 and

max
s1∈S1

min
s2∈S2

Fx (s
1, s2) = min

s2∈S2
max
s1∈S1

Fx (s
1, s2), ∀x ∈ X,

i.e., the theorem holds. �

Thus, the optimal stationary strategies s1∗
, s2∗

of the players for an average
antagonistic positional game can be found by using the solutions of the system
of Eqs. (3.17), (3.19) and the conditions (3.20), (3.21). The solution of the system
(3.17), (3.19) that satisfies the conditions (3.20), (3.21) can be found by using iterative
algorithms like algorithms for decision problems from Sect. 2.4.

Algorithm 3.15 Determining the Optimal Stationary Strategies of the Players
in Antagonistic Games with an Average Payoff Function

Preliminary step (Step 0): Fix the arbitrary stationary strategies

s1
0 : x → y ∈ X (x) for x ∈ X1,

s2
0 : x → y ∈ X (x) for x ∈ X2.

that determine the situation s0 = (s1
0 , s2

0 ).

General step (Step k, k ≥ 1): Determine the matrix Psk−1 that corresponds to the
situation sk = (s1

k−1, s2
k−1) and find ωsk−1 and εsk−1 which satisfy the conditions

{
(Psk−1 − I )ωsk−1 = 0;
μsk−1 + (Psk−1 − I )εsk−1 − ωsk−1 = 0.

Then find a situation sk = (s1
k , s2

k ) such that

http://dx.doi.org/10.1007/978-3-319-11833-8_2
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s1
k (x) ∈ argmax

a∈A(x)

{∑

y∈X

pa
x,yω

s1
k−1

x

}
, ∀x ∈ X1;

s2
k (x) ∈ argmax

a∈A(x)

{ ∑
y∈X

pa
x,yω

s2
k−1

x

}
, ∀x ∈ X2

and set sk = sk−1 if

s1
k−1(x) ∈ argmax

a∈A(x)

{ ∑
y∈X

pa
x,yω

s1
k−1

x

}
, ∀x ∈ X1;

s2
k−1(x) ∈ argmax

a∈A(x)

{ ∑
y∈X

pa
x,yω

s2
k−1

x

}
, ∀x ∈ X2.

After that check if sk = sk−1? If sk = sk−1 then go to the next step k + 1; otherwise
choose a situation sk = (s1

k , s2
k ) such that

s1
k (x) ∈ argmax

a∈A(x)

{
μx,a + ∑

y∈X
pa

x,yε
s1
k−1(x)

y

}
∀x ∈ X1;

s2
k (x) ∈ argmax

a∈A(x)

{
μx,a + ∑

y∈X
pa

x,yε
s2
k−1(x)

y

}
∀x ∈ X2

and set sk = sk−1 if

s1
k−1(x) ∈ argmax

a∈A(x)

{
μx,a + ∑

y∈X
pa

x,yε
s1
k−1(x)

y

}
∀x ∈ X1;

s2
k−1(x) ∈ argmax

a∈A(x)

{
μx,a + ∑

y∈X
pa

x,yε
s2
k−1(x)

y

}
∀x ∈ X2.

After that check if sk = sk−1? If sk = sk−1 then STOP and set s1∗ = s1
k−1, s2∗ =

s2
k−1; otherwise go to the next step k + 1.

Remark 3.16 If px,y ∈ {0.1}, ∀x, y ∈ X then the algorithm is transformed for
determining the optimal stationary strategies of the players in deterministic parity
games.

The convergence of the algorithm described above can be determined in a sim-
ilar way as the convergence of the iterative algorithm for determining the optimal
solution of the Markov decision problem with an average cost optimization criteria
(see [115, 140]).
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3.1.8 Saddle Point Conditions for Average Stochastic
Antagonistic Positional Games on Networks

We obtain the average stochastic positional games on networks from the
game-theoretic control model on the network from Sect. 3.1.6 in the case m = 2
and c = c2 = −c1. This stochastic antagonistic game is determined by a tuple
(G, X1, X2, X0, ci , p, x), where G = (X1 ∪ X2 ∪ X0, E) is the graph of the states’
transitions of the dynamical system with the cost function c : E → R, the set of
positions of the first player X1, the set of positions of the second player X2 and the
probability function p : E0 → [0, 1] on E0 = {e = (x, y) ∈ E | x ∈ X0, y ∈ X}
that satisfy the condition

∑
y∈X (x) px,y = 1, ∀x ∈ X0. The stationary strategies of

the players are determined by the maps

s1 : x → y ∈ X (x) for x ∈ X1;
s2 : x → y ∈ X (x) for x ∈ X2

and for the average payoff function we have

Fx (s
1, s2) = F2

x (s1, s2) = −F1
x (s1, s2).

Using the results from Sect. 3.1.6 we may conclude that the saddle point for this
antagonistic game exists. Moreover, from Theorem 3.14 we obtain the following
result.

Theorem 3.17 Let an average stochastic antagonistic positional game (G, X1, X2,

X0, ci , p, x) be given. Then there exist a function ε : X → R and the values ωx for
x ∈ X that satisfy the following conditions:

(1) εy − εx + cx,y − ωx ≤ 0, ∀x ∈ X1;
(2) max

y∈X (x)
{εy − εx + cx,y − ωx } = 0, ∀x ∈ X1;

(3) εy − εx + cx,y − ωx ≥ 0, ∀x ∈ X2;
(4) min

y∈X (x)
{εy − εx + cx,y − ωx } = 0, ∀x ∈ X2;

(5) ωx = max
y∈X (x)

ωy, ∀x ∈ X1;

(6) ωx = min
y∈X (x)

ωy, ∀x ∈ X2.

The optimal stationary strategies s1∗
and s2∗

of the players can be found by fixing
the arbitrary maps

s1∗ : x → y ∈ X (x) for x ∈ X1;
s2∗ : x → y ∈ X (x) for x ∈ X2
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such that

(x, s1∗
(x)) ∈ E1

ω(x) ∩ E1
c (x), ∀x ∈ X1

and

(x, s2∗
(x)) ∈ E2

ω(x) ∩ E2
c (x), ∀x ∈ X2,

where

E1
ω(x) =

{
(x, y) ∈ E

∣∣ y ∈ argmax
y∈X (x)

(εy − εx + cx,y − ωx )
}
, for x ∈ X1;

E1
c (x) =

{
(x, y) ∈ E

∣∣ y ∈ argmax
y∈X (x)

ωy

}
, for x ∈ X1;

E2
ω(x) =

{
(x, y) ∈ E

∣∣ y ∈ argmin
y∈X (x)

(εy − εx + cx,y − ωx )
}
, for x ∈ X2;

E2
c (x) =

{
(x, y) ∈ E

∣∣ y ∈ argmin
y∈X (x)

ωy

}
, for x ∈ X2.

In addition ωx = Fx (s1∗
, s2∗

), ∀x ∈ X.

We obtain the proof of this theorem if we specify the conditions of Theorem 3.17
for the game-theoretic control model on networks.

The considered stochastic antagonistic positional game on networks generalizes
antagonistic deterministic cyclic games from [29, 43, 142]. The saddle point con-
ditions for cyclic games proved in [43] can be obtained from Theorem 3.17 for the
case X0 = ∅.

3.1.9 Applications of Average Stochastic Positional Games for
Studying Shapley Stochastic Games

In 1953 Lloyd Shapley introduced a class of stochastic games that generalizes Markov
decision processes and repeated games (see [124]). Below we show that the stochastic
positional games are tightly connected with Shapley stochastic games and can be used
for studying some problems concerned with the existence of Nash equilibria in such
games.

A stochastic game in the sense of Shapley is a dynamic game with probabilistic
transitions played by several players in a sequence of stages, where the beginning of
each stage corresponds to a state of the dynamical system. The game starts at a given
state from the set of states of the system. At each stage the players select actions from
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their feasible sets of actions and each player receives a stage payoff that depends on
the current state and the chosen actions. The game then moves to a new random state
of which the distribution depends on the previous state and the actions chosen by the
players. The procedure is repeated at the new state and the game continues for a finite
or infinite number of stages. The total payoff of a player is either the limit inferior
of the average of the stage payoffs or the discounted sum of the stage payoffs.

So, an average Shapley stochastic game with m players consists of the following
elements:

1. A state space X (which we assume to be finite);
2. A finite set Ai (x) of actions with respect to each player i ∈ {1, 2, . . . , m} for an

arbitrary state x ∈ X ;
3. A stage payoff f i (x, a) with respect to each player i ∈ {1, 2, . . . , m} for each

state x ∈ X and for an arbitrary action vector a ∈∏i Ai (x);
4. A transition probability function p : X ×∏x∈X

∏
i Ai (x)×X → [0, 1] that gives

the probability transitions pa
x,y from an arbitrary x ∈ X to an arbitrary y ∈Y for a

fixed action vector a ∈∏i Ai (x), where
∑

y∈X pa
x,y = 1, ∀x ∈ X, a ∈∏i Ai (x);

5. A starting state x0 ∈ X .

The stochastic game starts in state x0. At stage t players observe state xt and
simultaneously choose actions ai

t ∈ Ai (xt ), i = 1, 2, . . . , m. Then nature selects
state xt+1 according to probability transitions pat

xt ,y for a fixed action vector at =
(a1

t , a2
t , . . . , am

t ). A play of the stochastic game x0, a0, x1, a1, . . . , xt , at , . . . defines
a stream of payoffs f i

0 , f i
1 , f i

2 , . . . , where

f i
t = f i (xt , at ), t = 0, 1, 2, . . . .

The t-stage average stochastic game is the game where the payoff of player i ∈
{1, 2, . . . , m} is

Fi
t = 1

t

t−1∑

τ=1

f i
τ .

The infinite average stochastic game is the game where the payoff of player i ∈
{1, 2, . . . , m} is

F
i = lim

t→∞ Fi
t .

In a similar way the Shapley stochastic game with expected discounted payoffs of
the players can be defined. In such a game along to elements described above also a
discount factor λ (0<λ<1) is given and the total payoff of a player represents the
expected discounted sum of the stage payoffs.

By comparison Shapley stochastic games with stochastic positional games we
can observe the following: The probability transitions from a state to another state as
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well as the stage payoffs of the players in a Shapley stochastic game depend on the
actions chosen by all players, while the probability transitions from a state to another
state as well the stage payoffs (the immediate costs of the players) in a stochastic
positional game depend only on the action of the player that controls the state in
his position set. This means that a stochastic positional game can be regarded as a
special case of the Shapley stochastic game. Nevertheless we can see that stochastic
positional games can be used for studying some classes of Shapley stochastic games.

The main results concerned with determining Nash equilibria in Shapley stochas-
tic games can be found in [35, 41, 65, 95, 104, 130]. The existence of Nash equilibria
for such games are proven in the case of stochastic games with a finite set of stages
and in the case of the games with infinite stages when the total payoff of each player is
the discounted sum of stage payoffs. If the total payoff of a player represents the limit
inferior of the average of the stage payoffs then the existence of Nash equilibrium in
Shapley stochastic games is an open question.

Based on the results from previous sections we can show that in the case
of the average non-antagonistic stochastic games a Nash equilibrium may not
exist. In order to prove this we can use the average stochastic positional game
(X, A, {Xi }i=1,m, {ci }i=1,m, p, x0) from Sect. 3.1. It is easy to observe that this
game can be regarded as a Shapley stochastic game with average payoff functions
of the players, where for a fixed situation s = (s1, s2, . . . , sm) the probability tran-
sition ps

x,y from a state x = x(t) ∈ Xi to a state y = x(t + 1) ∈ X depends only on
strategy si of player i and the corresponding stage payoff of player i ∈ {1, 2, . . . , m}
is equal to μs

i = ∑
y∈X ps

x,yci
x,y . Taking into account that the cyclic game repre-

sents a particular case of the average stochastic positional game and for the cyclic
game Nash equilibrium may not exist (see [43, 79]) we obtain that for the average
non-antagonistic Shapley stochastic game Nash equilibrium may not exist.

Note that Theorem 3.4 can be extended for average Shapley stochastic games, i.e.
we can ensure the existence of Nash equilibrium for such games in the case when an
arbitrary situation induces a Markov unichain. Moreover, Theorems 3.6 and 3.8 and
3.14 also can be extended for Shapley stochastic games.

3.2 Stochastic Positional Games with Discounted
Payoff Functions

In this section we apply the concept of noncooperative games to discounted Markov
decision problems and formulate a new class of stochastic games which we call
stochastic positional games with discounted payoff functions or discounted stochastic
positional games [69, 91]. We show that for the considered class of games a Nash
equilibrium always exists.
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3.2.1 Problem Formulation

We formulate the stochastic positional game-theoretic model for the discounted
Markov decision problem in a similar way as the game-theoretic model from the
previous section. We apply the game-theoretical concept to a discounted Markov
decision process (X, A, p, c) with finite set of states, finite set of actions A, the prob-
ability transition function p : X × X × A → R, the cost function c : X × X → R

and a given discount factor γ, 0 < γ < 1. So, for our game-theoretic model we
assume that m transition cost functions ci : X × X → R, i = 1, 2, . . . , m, are given
and the set of states X is divided into m disjoint subsets X1, X2, . . . , Xm , where Xi

represents the positions set of the player i ∈ {1, 2, . . . , m}. Thus, the Markov process
is controlled by m players, where each player i ∈ {1, 2, . . . , m} fixes actions in his
positions x ∈ Xi using stationary strategies. We define the stationary strategies of
the players in this game as m maps:

si : x → a ∈ A(x) for x ∈ Xi ; i = 1, 2, . . . , m.

Let s1, s2, . . . , sm be a set of stationary strategies of the players that determine
the situation s = (s1, s2, . . . , sm). Consider the matrix of probability transitions
Ps = (ps

x,y) which is induced by the situation s, i.e., each row of this matrix corre-

sponds to a probability distribution psi (x)
x,y in the state x where x ∈ Xi . If the starting

state x0 is given, then for the Markov process with the matrix of probability tran-
sitions Ps we can determine the discounted expected total cost σi

x0
(s1, s2, . . . , sm)

with respect to each player i ∈ {1, 2, . . . , m} taking into account the corresponding
matrix of transition costs Ci = (ci

x,y). So, on the set of situations we can define the
payoff functions of the players as follows:

F̂ i
x0

(s1, s2, . . . , sm) = σi
x0

(s1, s2, . . . , sm), i = 1, 2, . . . , m.

In such a way we obtain a new discrete noncooperative game in normal form which
is determined by the sets of strategies S

1,S2, . . . ,Sm of m players and the payoff
functions defined above. In this game we are seeking for a Nash equilibrium, i.e.,
we are seeking for such strategies s1∗

, s2∗
, . . . , si−1∗

, si ∗, si+1∗
, . . . , sm∗ of the

players for which it holds:

F̂ i
x0

(s1∗
, s2∗

, . . . , si−1∗
, si ∗, si+1∗

, . . . , sm∗
)

≤ F̂ i
x0

(s1∗
, s2∗

, . . . , si−1∗
, si , si+1∗

, . . . , sm∗
), ∀si ∈ S

i , i = 1, 2, . . . , m.

This game is determined uniquely by the set of states X , the positions sets X1,

X2, . . . , Xm , the set of actions A, the cost functions ci : X×X → R, i = 1, 2, . . . , m,
the probability function p : X ×X × A → [0, 1] the discount factor γ and the starting
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position x0. Therefore, we denote it by (X, A, {Xi }i=1,m, {ci }i=1,m, p, γ, x0). As we
have mentioned above we call this game stochastic positional game with discounted
payoff functions.

3.2.2 Determining Nash Equilibria for Stochastic Positional
Games with Discounted Payoff Functions

We show that for stochastic positional games with discounted payoff functions a Nash
equilibrium always exists, if the discount factor γ satisfies the condition 0 < γ < 1.
To prove this result we shall use a continuous discounted game which represents the
game-theoretic model for the following continuous optimization problem:
Maximize

ϕx0(σ, s) = σx0 (3.23)

subject to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

σx − γ
∑

y∈X

∑

a∈A(x)

sx,a pa
x,y σy =

∑

a∈A(x)

sx,a μx,a, ∀x ∈ X;
∑

a∈A(x)

sx,a = 1, ∀x ∈ X;

sx,a ≥ 0, ∀x ∈ X, a ∈ A(x),

(3.24)

where

μx,a =
∑

y∈X

pa
x,y cx,y .

This problem represents the continuous model for the discounted decision problem
in the Markov decision process (X, A, p, c) with given discount factor γ and fixed
starting state x0. As we have shown the system of linear equations (3.24) has a unique
solution with respect to σx and, therefore, the objective function (3.23) on the set of
feasible solutions depends only on s. It is easy to observe that the optimal solution
of the problem (3.23), (3.24) is not changed if the equations in (3.24) are replaced
by inequalities (≤). If we dualize after that (3.23), (3.24) with respect to σx for fixed
s then we obtain the following problem:
Minimize

ϕx0
(s,β) =

∑

x∈X

∑

a∈A(x)

μx,a sx,aβx (3.25)
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subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y sx,aβx = 0, ∀y ∈ X \ {x0};

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y sx,aβx = 1 for x = x0;

∑

a∈A(x)

sx,a = 1, ∀x ∈ X;

βy ≥ 0 ∀y ∈ X; sx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(3.26)

Using elementary transformations in this problem and introducing the notations
αx,a = sx,aβx , ∀x ∈ X, a ∈ A(x) we obtain the following linear programming
problem:
Minimize

φx0(s,β) =
∑

x∈X

∑

a∈A(x)

μx,a αx,a (3.27)

subject to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y αx = 0, ∀y ∈ X \ {x0};

βy − γ
∑

x∈X

∑

a∈A(x)

pa
x,y αx = 1, x = x0;

∑

a∈A(x)

αx,a = βx , ∀x ∈ X;

βy ≥ 0, ∀y ∈ X; αx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

(3.28)

If (α∗,β∗) is an optimal basic solution of the problem (3.27), (3.28) then the optimal
stationary strategy s∗ for the discounted Markov decision problem is determined as
follows:

s∗
x,a =

{
1, if α∗

x,a �= 0;
0, if α∗

x,a = 0.
(3.29)

and α∗
x,a = s∗

x,aβ∗
x , ∀x ∈ X, a ∈ A(x).

It is easy to observe that βx > 0, ∀x ∈ X if for the considered Markov decision
process there exists an action a ∈ A(x0) such that px0,y > 0, ∀y ∈ X . Without loss of
generality we may assume that such a condition for our problem holds; otherwise we
can add a fictive action a′ in the state x0 for which pa′

x,y > 0, ∀y ∈ X (
∑

y∈X pa′
x,y =

1) and ca′
x0,y = K , ∀y ∈ X, where K is a suitable big value.

For the continuous model of the discounted Markov decision problem we can
prove a similar property as for the average Markov decision problem.
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Lemma 3.18 Let a Markov decision process (X, A, p, c) with a discount factor γ,
0 < γ < 1 be given. Consider the function

ϕx0(s) = σx0 ,

where σx for x ∈ X satisfies the condition

σx − γ
∑

y∈X

∑

a∈A(x)

sx,a pa
x,y σy =

∑

a∈A(x)

sx,a μx,a, ∀x ∈ X. (3.30)

Then the function ϕx0(s) depends only on sx,a for x ∈ X, a ∈ A(x) and it is
monotone on the set S of solutions of the following system:

⎧
⎪⎨

⎪⎩

∑

a∈A(x)

sx,a = 1, ∀x ∈ X;

sx,a ≥ 0, ∀x ∈ X, a ∈ A(x).

The proof of this lemma is similar to the proof of Lemma 3.1.
Based on the results above we can formulate the continuous game model with m

players for the discounted Markov decision problem as follows:
On the set S = S1 × S2 × · · · × Sm we consider m payoff functions

ϕi
x0

(s1, s2, . . . , sm) = σi
x0

, i = 1, 2, . . . , m,

where σi
x for x ∈ X satisfy the conditions

σi
x − γ

∑

y∈X

∑

a∈A(x)

sk
x,a pa

x,yσ
i
y =

∑

a∈A(x)

sk
x,a μi

x,a, ∀x ∈ Xk; i, k = 1, 2, . . . , m,

where

μi
x,a =

∑

y∈X

pa
x,y ci

x,y, i, k = 1, 2, . . . , m.

This game model possesses the same property as the previous continuous model:

• The set of Nash equilibria solutions of the continuous model is non empty if and
only if the set of Nash equilibria solutions of the game in positional form is not
empty;

• If (s1, s2, . . . , sm) is an extreme point of S then F̂ i
x (s

1, s2, . . . , sm) = ϕi
x (s

1, s2,

. . . , sm), ∀x ∈ X, i = 1, 2, . . . , m and all Nash equilibria solutions for the
continuous game model that correspond to extreme points in S represent Nash
equilibria solutions for the game in positional form.
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As a corollary from Lemma 3.18 we obtain the following result.

Lemma 3.19 For an arbitrary discounted Markov decision process each function
ϕi

x0
(s1, s2, . . . , sm), i ∈ {1, 2, . . . , m} possesses the property that ϕi

x0
(s1, s2, . . . ,

si−1, si , si+1, . . . , sm) is monotone with respect to si ∈ Si for an arbitrary fixed
sk ∈ Sk, k = 1, 2, . . . , i − 1, i + 1, . . . , m.

Using this lemma we can prove the following theorem.

Theorem 3.20 Let (X, A, {Xi }i=1,m, {ci }i=1,m, p, γ, x) be a stochastic positional
game with a given starting position x ∈ X and discounted payoff functions

F̂1
x (s1, s2, . . . , sm), F̂2

x (s1, s2, . . . , sm), . . . , F̂m
x (s1, s2, . . . , sm)

of the players 1, 2, . . . , m, respectively. Then in this game there exists a Nash
equilibrium s∗ = (s1∗

, s2∗
, . . . , sm∗). Moreover, for this game there exists a solu-

tion s∗ = (s1∗
, s2∗

, . . . , sm∗) which is a Nash equilibrium for an arbitrary starting
position x ∈ X.

The proof of this theorem is similar to the proof of Theorem 3.4.
Using Theorem 3.20 we can prove the existence of a saddle point for an arbitrary

antagonistic stochastic positional game with a discounted payoff function. We obtain
the antagonistic case of the game with a discounted payoff function from the general
model of the discounted stochastic positional game if m = 2 and c = c2 = −c1.
So, this game is determined by the finite sets of strategies of the players S

1,S2

and the payoff function F̂x0 : S1 × S
2 → R, where F̂x0(s

1, s2) for fixed strategies
s1 ∈ S

1, s2 ∈ S
2 is equal to the expected total discounted cost in the Markov process

induced by the strategies s1 and s2, if the system starts transitions in x0, i.e.,

F̂x0(s
1, s2) = σx0(s

1, s2).

We denote this game by (X, A, X1, X2, c, p, γ, x0), where c = c2 = −c1, x0 is the
starting position and γ, (0 < γ < 1), is a given discount factor. From Theorem 3.20
we obtain the following result.

Corollary 3.21 Let (X, A, X1, X2, c, p, γ, x) be an antagonistic stochastic
positional game with a given starting position x ∈ X and a discounted payoff
function F̂x (s1, s2), where s1 ∈ S

1, s2 ∈ S
2. Then for this game there exist the

strategies s1∗ ∈ S
1, s2∗ ∈ S

2 for which

F̂x (s
1∗

, s2∗
) = max

s1∈S1
min

s2∈S2
F̂x (s

1, s2) = max
s2∈S2

min
s1∈S1

F̂x (s
1, s2), ∀x ∈ X. (3.31)

Theorem 3.20 can be extended for discounted stochastic positional games on
networks (G, {Xi }i=1,m, X0, {ci }i=1,m, p, γ, x), where G, Xi , p, c are defined in
the same way as for the average game model on networks; γ is a discount factor that
satisfies the condition 0 < γ < 1.
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The values of the payoff functions F̂ i
x (s

1, s2, . . . , sm), i = 1, 2, . . . , m in this
game are determined by the expected total discounted costs in the Markov process
induced by the situation s = (s1, s2, . . . , sm) where each strategy si represents a
map si : x → y ∈ X (x) for x ∈ Xi .

Respectively, Corollary 3.21 can be extended to antagonistic positional games on
networks (G, X1, X2, X0, c, p, γ, x) with a discount factor γ and c = c2 = −c1.

The optimal stationary strategies of the players for the discounted game can be
found using the continuous game-theoretic model in the same way as for the average
stochastic positional game.

3.2.3 Discounted Stochastic Positional Games with Different
Discount Factors for the Players

In the stochastic positional game model for discounted Markov decision problems
formulated in Sect. 3.2.1 it is assumed that the discount factor γ is the same for all
players. In general this game model can be formulated and studied for the case if for
different players the discount factors may be different. So, if we assume that for each
player i ∈ {1, 2, . . . , m} his own discount factor γi is given then the corresponding
payoff functions F̂ i

x0
(s1, s2, . . . , sm), i = 1, 2, . . . , m of the players for a fixed

starting state x0 are defined as follows:
Let s1, s2, . . . , sm be a set of strategies of the players. Then we calculate

the expected total discounted costs σi
x0

(s1, s2, . . . , sm), i = 1, 2, . . . , m for the
Markov process with the matrix of probability transitions Ps induced by the solution
s = (s1, s2, . . . , sm) where the transition costs of the players are discounted with
respect to the corresponding discount factors γi , i = 1, 2, . . . , m. After that we set

F̂ i
x0

(s1, s2, . . . , sm) = σi
x0

(s1, s2, . . . , sm) i = 1, 2, . . . , m.

We denote this game by (X, A, {Xi }i=1,m, {ci }i=1,m, p, {γi }i=1,m, x0).

For this game Lemma 3.18 also holds if in the corresponding continuous game
model with different discount factors the payoff functions of the players on the
compact set S = S1 × S2 × · · · × Sm are defined as follows:

ϕi
x0

(s1, s2, . . . , sm) = σi
x0

, i = 1, 2, . . . , m,

where σi
x for x ∈ X satisfy the conditions

σi
x − γi

∑

y∈X

∑

a∈A(x)

sk
x,a pa

x,yσ
i
y =

∑

a∈A(x)

sk
x,a μi

x,a, ∀x ∈ Xk; i, k = 1, 2, . . . , m.

This implies that Theorem 3.20 holds for the game with different discount factors of
the players. So, for the considered game there exists a Nash equilibrium.
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3.2.4 Determining Nash Equilibria for Discounted Stochastic
Positional Games Using a Potential Transformation

Nash equilibria conditions for the discounted stochastic positional games can be
formulated in the term of a potential transformation using a dual linear programming
model (2.109), (2.110) and Theorem 2.44.

Theorem 3.22 Let a discounted stochastic positional game (X, A, {Xi }i=1,m,

{ci }i=1,m, p, γ, x) with a discount factor 0 < γ < 1 be given. Then there exist

the values σi
x , i = 1, 2, . . . , m, for x ∈ X that satisfy the following conditions:

(1) μi
x,a + γ

∑

y∈X

pa
x,yσ

i
y − σi

x ≥ 0, ∀x ∈ Xi , ∀a ∈ A(x), i = 1, 2, . . . , m;

(2) min
a∈A(x)

{
μi

x,a + γ
∑

y∈X

pa
x,yσ

i
y − σi

x

}
= 0, ∀x ∈ Xi , i = 1, 2, . . . , m;

(3) on each position set Xi , i ∈ {1, 2, . . . , m} there exists a map si ∗ : Xi → A
such that

si ∗(x) = a∗ ∈ argmin
a∈A(x)

{
μi

x,a + γ
∑

y∈X

pa
x,yσ

i
y − σi

x

}
, ∀x ∈ Xi

and

μ
j
x,a∗ + γ

∑

y∈X

pa∗
x,yσ

j
y − σ

j
x = 0, ∀x ∈ Xi , j = 1, 2, . . . , m.

The set of maps s1∗
, s2∗

, . . . , sm∗ determines a Nash equilibrium situation
s∗ = (s1∗

, s2∗
, . . . , sm∗) for the discounted stochastic positional game (X, A,

{Xi }i=1,m, {ci }i=1,m, p, x) and

F̂i
x (s

1∗
, s2∗

, . . . , sm∗
) = σi

x , ∀x ∈ X, i = 1, 2, . . . , m.

Moreover, the solution s∗ = (s1∗
, s2∗

, . . . , sm∗) is a Nash equilibrium for an arbi-
trary starting position x ∈ X.

Proof According to Theorem 3.20 for a discounted stochastic positional game there
exists a Nash equilibrium s∗ = (s1∗

, s2∗
, . . . , sm∗), and

σi
x = F̂ i

x (s
1∗

, s2∗
, . . . , sm∗

), ∀x ∈ X, i = 1, 2, . . . , m.

Let us fix the strategies s1∗
, s2∗

, . . . , si−1∗
, si+1∗

, . . . , sm∗ of the players 1, 2,

. . . , i−1, i+1, . . . , m and consider the problem of determining the expected total dis-
counted cost with respect to the player i . Obviously, the optimal stationary strategy for

http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
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this problem is si ∗. The solution of this decision problem can be determined by using
the dual linear programming model (2.109), (2.110). According to Theorem 2.44 for
this problem there exist the values σi

x , i = 1, 2, . . . , m for x ∈ X that satisfy the
conditions:

(1) μi
x,a + γ

∑

y∈X

pa
x,yσ

i
y − σi

x ≥ 0, ∀x ∈ Xi , ∀a ∈ A(x), i = 1, 2, . . . , m;

(2) min
a∈A(x)

{
μi

x,a + γ
∑

y∈X

pa
x,yσ

i
y − σi

x

}
= 0, ∀x ∈ Xi i = 1, 2, . . . , m.

Moreover, for fixed strategies s1∗
, s2∗

, . . . , si−1∗
, si ∗, si+1∗

, . . . , sm∗ of the corre-
sponding players 1, 2, . . . , i − 1, i + 1, . . . , m we can select the strategy si ∗ of the
player i where

si ∗(x) ∈ argmin
a∈A(x)

{
μi

x,a + γ
∑

y∈X

pa
x,yσ

i
y − σi

x

}

and

F̂ i
x (s

1∗
, s2∗

, . . . , sm∗
) = σi

x , ∀x ∈ X, i = 1, 2, . . . , m.

This means that the conditions (1)–3) of the theorem hold. �

Remark 3.23 For the game with different discount factors γ1, γ2, . . . , γm

Theorem 3.22 holds if in conditions (1)–(3) of the theorem we replace γ by γi .

Using the result proven above we can formulate saddle point conditions for
discounted stochastic antagonistic positional games. We obtain such games from
discounted stochastic positional games in the case m = 2 for c = c2 = −c1. As a
corollary from Theorem 3.22 we obtain the following saddle point condition for a
discounted stochastic antagonistic game.

Corollary 3.24 Let (X, A, X1, X2, c, p, γ, x) be an arbitrary stochastic antagonis-
tic positional game with a discounted payoff function F̂x (s1, s2). Then there exist the
values σx for x ∈ X that satisfy the conditions:

(1) max
a∈A(x)

{
μx,a + γ

∑

y∈X

pa
x,yσy − σx

}
= 0, ∀x ∈ X1, where

μx,a =
∑

y∈X (x)

pa
x,ycx,y;

(2) min
a∈A(x)

{
μx,a + γ

∑

y∈X

pa
x,yσy − σx

}
= 0, ∀x ∈ X2.

http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
http://dx.doi.org/10.1007/978-3-319-11833-8_2
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The optimal stationary strategies s1∗
, s2∗

of the players in the game can be found
by fixing the maps

s1∗
(x) = a∗ ∈ argmax

a∈A(x)

{
μx,a + γ

∑
y∈X

pa
x,yσy − σx

}
, ∀x ∈ X1;

s2∗
(x) = a∗ ∈ argmin

a∈A(x)

{
μx,a + γ

∑
y∈X

pa
x,yσy − σx

}
, ∀x ∈ X2,

where
F̂x (s

1∗
, s2∗

) = σx , ∀x ∈ X.

Based on the results above we can propose the following iterative algorithm for deter-
mining the optimal stationary strategies of the players for discounted antagonistic
positional games.

Algorithm 3.25 Determining the Optimal Stationary Strategies of the Players
in an Antagonistic Game with a Discounted Payoff Function

Preliminary step (Step 0): Fix the arbitrary stationary strategies

s1
0 : xi → a ∈ A(xi ) for xi ∈ X1;

s1
0 : xi → a ∈ A(xi ) for xi ∈ X1.

and determine the situation s0 = (s1
0 , s2

0 ).

General step (Step k, k > 0): Calculate

μxi ,sk−1 =
∑

y∈X (xi )

p
sk−1(xi )
xi ,y csk−1(xi )

xi ,y

for every xi ∈ X . Then solve the system of linear equations

σxi = μxi ,sk−1(xi ) + γ
∑

x j ∈X

psk−1(xi )
xi ,x j σx j , i = 1, 2, . . . , n

and find the solution σk−1
x1

,σk−1
x2

, . . . ,σk−1
xn

. After that determine the new strategies

s1
k : xi → a ∈ A(xi ) for xi ∈ X1,

s2
k : xi → a ∈ A(xi ) for xi ∈ X2,

and the corresponding solution sk = (s1
k , s2

k ), where

s1
k (xi ) = argmax

a∈A(xi )

[
μxi ,a + γ

∑

x j ∈X

pa
xi ,x j

σk−1
xi

]
for xi ∈ X1;
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s2
k (xi ) = argmin

a∈A(xi )

[
μxi ,a + γ

∑

x j ∈X

pa
xi ,x j

σk−1
xi

]
for xi ∈ X2.

Check if the following condition holds

s1
k (xi ) = s1

k−1(xi ), ∀xi ∈ X1;
s1

k (xi ) = s1
k−1(xi ), ∀xi ∈ X2?

(3.32)

If the condition (3.32) holds then fix

s1∗ = s1
k ; σ∗

xi
= σk

xi
, ∀xi ∈ X1;

s2∗ = s1
k ; σ∗

xi
= σk

xi
, ∀xi ∈ X2;

otherwise go to the next step k + 1. The strategies s1∗
and s2∗

represent the optimal
stationary strategies of the players in the game.

The convergence of this algorithm can be derived in a similar way as the conver-
gence of the iterative algorithm for determining the optimal solution of the Markov
decision problem with a discounted optimization criterion (see [115, 140]).

3.2.5 Nash Equilibria Conditions for Discounted
Games on Networks

From Theorem 3.22 we can derive Nash equilibria conditions in the term of potential
transformation for a discounted game-theoretic model on networks.

Theorem 3.26 Let a discounted stochastic positional game on the network
(G, {Xi }i=1,m, X0, {ci }i=1,m, p, γ, x) with a discount factor γ, 0 < γ < 1, where
G = (X, E) is the graph of the state’s transition of the dynamical system and
X = ⋃m

i=1 Xi ∪ X0 be given. Then there exist the values σi
x , i = 1, 2, . . . m, for

x ∈ X that satisfy the following conditions:

(1) ci
x,y + γσi

y − σi
x ≥ 0, ∀x ∈ Xi , ∀y ∈ X (x), i = 1, 2, . . . , m;

(2) min
y∈X (x)

{ci
x,y + γσi

y − σi
x } = 0, ∀x ∈ Xi , i = 1, 2, . . . , m;

(3) μi
x + γ

∑

y∈X (x)

px,yσ
i
y − σi

x = 0, ∀x ∈ X0, i = 1, 2, . . . , m;

(4) on each position set Xi , i ∈ {1, 2, . . . , m} there exists a map si ∗ : Xi → X
such that

si ∗(x) = y∗ ∈ argmin
y∈X (x)

{μi
x + γσi

y − σi
x }, ∀x ∈ Xi
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and

c j
x,y∗ + γσ

j
y∗ − σ

j
x = 0, ∀x ∈ Xi , j = 1, 2, . . . , m.

The set of maps s1∗
, s2∗

, . . . , sm∗ determines a Nash equilibrium situation s∗ =
(s1∗

, s2∗
, . . . , sm∗) for the discounted stochastic positional game on the network

(G, X, {Xi }i=1,m, {ci }i=1,m, γ, p, x) and

F̂i
x (s

1∗
, s2∗

, . . . , sm∗
) = σi

x , ∀x ∈ X, i = 1, 2, . . . , m.

Moreover, the situation s∗ = (s1∗
, s2∗

, . . . , sm∗) is a Nash equilibrium for an arbi-
trary starting position x ∈ X.

In the case m = 2, c = c2 = −c1 from Theorem 3.26 we obtain the following result.

Corollary 3.27 Let a discounted antagonistic stochastic positional game on the
network (G, X1, X2, X0, c, p, γ, x) with a discount factor 0 < γ < 1, where
G = (X, E) is the graph of the states’ transition of the dynamical system and
X = X1 ∪ X2 ∪ X0 be given. Then there exist the values σx , for x ∈ X that satisfy
the following conditions:

(1) max
y∈X (x)

{cx,y + γσy − σx } = 0, ∀x ∈ X1;

(2) min
y∈X (x)

{cx,y + γσy − σx } = 0, ∀x ∈ X2;

(3) μx + γ
∑

y∈X (x)

px,yσy − σx = 0, ∀x ∈ X0.

The optimal stationary strategies s1∗
, s2∗

in the antagonistic game that satisfy the
condition

F̂x (s
1∗

, s2∗
) = max

s1∈S1
min

s2∈S2
F̂x (s

1, s2) = min
s2∈S2

max
s1∈S1

F̂x (s
1, s2), ∀x ∈ X

can be found by fixing

s1∗
(x) = y∗ ∈ argmax

y∈X (x)

{cx,y + γσy − σx }, ∀x ∈ X1

and

s2∗
(x) = y∗ ∈ argmin

y∈X (x)

{cx,y + γσy − σx }, ∀x ∈ X2.
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3.3 Nash Equilibria Conditions for Stochastic Positional
Games with Stopping States and Determining Optimal
Strategies of the Players in Dynamic c-Games

In this section we apply the game-theoretical concept to a Markov decision problem
with a stopping state and formulate the game-theoretic model for this problem.
We specify Nash equilibria conditions for the considered game using the discounted
positional game and develop algorithms for determining the optimal stationary
strategies of the players in a dynamic c-game on networks.

3.3.1 Problem Formulation and the Main Results

We consider the stochastic positional game with a stopping state for a perfect Markov
processes with stopping state. We obtain this game from a discounted stochastic
positional with 0<γ≤1 assuming that the perfect Markov decision process contains
an absorbing stopping state z ∈ X . We denote the stochastic positional game with
a stopping state by (X, A, {Xi }i=1,m, {ci }i=1,m, p, γ, x0, z). Here x0 is the starting
state of the decision process and z is the state in which the process stops as soon as
this state is reached. In the considered game for the absorbing stopping state z we
will assume that ci

z,z = 0, i = 1, 2, . . . , m.
If 0 < γ < 1 then Nash equilibria conditions for the positional game with an

absorbing stopping state can be derived from Theorem 3.22 considering ci
z,z =

0, i = 1, 2, . . . , m.
Below we assume that γ = 1 and formulate Nash equilibria conditions for the

game with an absorbing stopping state if the cost functions ci , i = 1, 2, . . . , m,
satisfy the condition

ci
x,y > 0, ∀x ∈ X \ {z}, y ∈ X, i = 1, 2, . . . , m; ci

z,z = 0, i = 1, 2, . . . , m,

and for the players there exists at least one solution s = (s1, s2, . . . , sm) which
generates a unichain Markov process with an absorbing state z and ci

z,z = 0,

i = 1, 2, . . . , m. We define the payoff functions

F̂1
x0

(s1, s2, . . . , sm), F̂2
x0

(s1, s2, . . . , sm), . . . , F̂m
x0

(s1, s2, . . . , sm)

of the players for the game with the conditions mentioned above in the following way:
Let s1, s2, . . . , sm be a fixed set of strategies of the players 1, 2, . . . , m and assume
that γ ∈ (0, 1]. Then for a fixed starting state x the situation s = (s1, s2, . . . , sm)

induces a Markov process for which we can determine the expected discounted total
cost

σγ i
x0

(s1, s2, . . . , sm), ∀γ ∈ (0, 1), i = 1, 2, . . . , m.
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For each i ∈ {1, 2, . . . , m} we define

F̂ i
x0

(s1, s2, . . . , sm) = lim
γ→1

σγ i
x0

(s1, s2, . . . , sm),

where F̂ i
x0

(s1, s2, . . . , sm) represents the value of the payoff function for player
i if the corresponding strategies s1, s2, . . . , sm of the players 1, 2, . . . , m are
fixed. Obviously, F̂ i

x (s
1, s2, . . . , sm) > 0, ∀x ∈ X \ {z}, i = 1, 2, . . . , m, and

F̂ i
x (s

1, s2, . . . , sm) < ∞, for x ∈ X \ {z}, i = 1, 2, . . . , m if the situation
s = (s1, s2, . . . , sm) with fixed starting state x generates a Markov chain with absorb-
ing state z; otherwise F̂ i

x (s
1, s2, . . . , sm) = ∞ for x ∈ X \ {z}, i = 1, 2, . . . , m.

We obtain a characterization of Nash equilibria situations in the considered game on
the bases of the following theorem.

Theorem 3.28 Let a stochastic positional game (X, A, {Xi }i=1,m, {ci }i=1,m,

p, γ, x, z) with a stopping state z where γ = 1 and the cost functions ci ,

i = 1, 2, . . . , m, satisfy the condition

ci
x,y > 0, ∀x ∈ X \ {z}, y ∈ X, i = 1, 2, . . . , m; ci

z,z = 0, i = 1, 2, . . . , m

be given. Additionally, assume that for the considered game there exists at least one
solution s = (s1, s2, . . . , sm) that generates a unichain Markov process with an
absorbing state z. Then for the payoff functions

F̂1
x (s1, s2, . . . , sm), F̂2

x (s1, s2, . . . , sm), . . . , F̂m
x (s1, s2, . . . , sm)

on the set of strategies S1,S2, . . . ,Sm of the players in this game there exists a Nash
equilibrium s1∗

, s2∗
, . . . , sm∗.

Moreover, there exist the values σi
x , i = 1, 2, . . . , m, for x ∈ X that satisfy the

following conditions:

(1) σi
z = 0, i = 1, 2, . . . , m;

(2) μi
x,a +

∑

y∈X

pa
x,yσ

i
y − σi

x ≥ 0, ∀x ∈ Xi \ {z}, ∀a ∈ A(x), i = 1, 2, . . . , m;

(3) min
a∈A(x)

{
μi

x,a +
∑

y∈X

pa
x,yσ

i
y − σi

x

}
= 0, ∀x ∈ Xi \ {z}, i = 1, 2, . . . , m;

(4) on each position set Xi , i ∈ {1, 2, . . . , m} there exists a map si ∗ : Xi → A
such that

si ∗(x) = a∗ ∈ argmin
a∈A(x)

{
μi

x,a +
∑

y∈X

pa
x,yσ

i
y − σi

x

}
, ∀x ∈ Xi
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and

μ
j
x,a∗ +

∑

y∈X

pa∗
x,yσ

j
y − σ

j
x = 0, ∀x ∈ Xi , j = 1, 2, . . . , m.

The set of maps s1∗
, s2∗

, . . . , sm∗ determines a Nash equilibrium solution
s∗ = (s1∗

, s2∗
, . . . , sm∗) for the stochastic positional game (X, A, {Xi }i=1,m,

{ci }i=1,m, p, x, z) with a final state z, where

F̂i
x (s

1∗
, s2∗

, . . . , sm∗
) = σi

x , ∀x ∈ X, i = 1, 2, . . . , m.

The situation s∗ = (s1∗
, s2∗

, . . . , sm∗) is a Nash equilibrium of the game for an
arbitrary starting position x ∈ X.

Proof According to Theorem 3.20 for the discounted stochastic positional game
(X, A, {Xi }i=1,m, {ci }i=1,m, p, γ, x, z) there exists a Nash equilibrium situation

s∗(γ) = (s1∗
(γ), s2∗

(γ), . . . , sm∗(γ)) for an arbitrary γ ∈ (0, 1). If an arbitrary
situation s = (s1, s2, . . . , sm) does not generate a unichain Markov process with the
absorbing state z then taking into account that

ci
x,y > 0,∀x ∈ X \ {z}, y ∈ X, i = 1, 2, . . . , m; ci

z,z = 0, i = 1, 2, . . . , m

we have

F̂ i
x (s

1, s2, . . . , sm) = lim
γ→1

σγ i
x (s1, s2, . . . , sm) = ∞, i = 1, 2, . . . , m.

However, for an arbitrary situation which generates a unichain Markov process with
the absorbing state z it holds

F̂ i
x (s

1, s2, . . . , sm) = σγ i
x (s1, s2, . . . , sm) < ∞, i = 1, 2, . . . , m

for an arbitrary γ ∈ (0, 1] because cz,z = 0.
This means that there exists γ0 ∈ (0, 1) such that for an arbitrary γ ≥ γ0 (γ ≤ 1)

the corresponding Nash equilibrium solution s1∗
(γ), s2∗

(γ), . . . , sm∗(γ) of the game
with discount factor γ induces a unichain Markov process with the absorbing state z.
So, we obtain a Nash equilibrium solution s∗ = (s1∗

, s2∗
, . . . , sm∗) for the stochastic

positional game with stopping state z in the case γ = 1 as follows

F̂ i
x (s

1∗
, s2∗

, . . . , sm∗
) = lim

γ→1
F̂ i

x (s
1∗

(γ), s2∗
(γ), . . . , sm∗

(γ)), i = 1, 2, . . . , m.

The conditions (1)–(4) of the theorem can be obtained from the conditions of
Theorem 3.22 for γ = 1 in the case if an arbitrary Nash equilibrium solution s∗
of the game generates a Markov unichain with the absorbing state z.
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For the absorbing final state we obtain σi
z = 0, i = 1, 2, . . . , m because ci

z,z =
0, i = 1, 2, . . . , m. Moreover, the values σx , x ∈ X for optimal stationary strategies
s1∗

, s2∗
, . . . , sm∗ of the players in the game with the absorbing stopping state z

coincide with the values ε∗
x , x ∈ X for the game with average payoff function,

where Fi
x (s

1∗
, s2∗

, . . . , sm∗) = 0, i = 1, 2, . . . , m �

It is easy to see that the result described above can be extended for some classes of
stochastic positional games with a stopping state if γ is an arbitrary real value. Nash
equilibria conditions for such games can be derived also on the basis of Theorem 3.22.

3.3.2 Stochastic Positional Games with a Stopping State
on Networks and Determining Nash Equilibria

We formulate the stochastic positional game with a stopping state on networks using
the network model of discounted stochastic positional games from Sect. 3.2.5 in
the case that the graph G = (X, E) contains a vertex z which can be reached from
every x ∈ X . In terms of stationary strategies of the players this means that for
the discounted stochastic positional game (G, {Xi }i=1,m, X0, {ci }i=1,m, p, γ, x, z)

with a stopping state z there exists at least one solution s = (s1, s2, . . . , sm) which
generates a Markov unichain with an absorbing state z. We formulate Nash equilibria
conditions for this game in the case that γ = 1 and the cost functions ci : E →
R, i = 1, 2, . . . , m, satisfy the conditions: ci

e > 0, ∀e ∈ E, i = 1, 2, . . . , m, and
ci

ez
= 0 for ez = (z, z), i = 1, 2, . . . , m.

Theorem 3.29 Let (G, {Xi }i=1,m, X0, {ci }i=1,m, p, γ, x, z) be a stochastic
positional game on networks with a stopping state z where γ = 1 and the cost
function ci , i = 1, 2, . . . , m, satisfy the condition

ci
x,y > 0, ∀x ∈ X \ {z}, y ∈ X (x), i = 1, 2, . . . , m; ci

z,z = 0, i = 1, 2, . . . , m.

Additionally, assume that for the considered game there exists at least one solution
s = (s1, s2, . . . , sm) that generates a unichain Markov process with an absorbing
state z.

Then for the payoff functions

F̂1
x (s1, s2, . . . , sm), F̂2

x (s1, s2, . . . , sm), . . . , F̂m
x (s1, s2, . . . , sm)

on the set of strategies S1,S2, . . . ,Sm of the players in this game there exists a Nash
equilibrium s1∗

, s2∗
, . . . , sm∗. Moreover, there exist the values εi

x , i = 1, 2, . . . , m,
for x ∈ X that satisfy the following conditions:

(1) εi
z = 0, i = 1, 2, . . . , m;

(2) ci
x,y + εi

y − εi
x ≥ 0, ∀x ∈ Xi \ {z}, ∀y ∈ X (x), i = 1, 2, . . . , m;
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(3) min
y∈X (x)

{ci
x,y + εi

y − εi
x } = 0, ∀x ∈ Xi \ {z}, i = 1, 2, . . . , m;

(4) for each x ∈ X0 it holds

μi
x +

∑

y∈X

px,yε
i
y − εi

x = 0, i = 1, 2, . . . , m;

(5) on each position set Xi , i ∈ {1, 2, . . . , m} there exists a map si ∗ : Xi → X
such that

si ∗(x) = y∗ ∈ argmin
y∈X (x)

{ci
x,y + εi

y − εi
x }, ∀x ∈ Xi

and

c j
x,y∗ + ε

j
y∗ − ε

j
x = 0,∀x ∈ Xi , i, j = 1, 2, . . . , m.

The set of maps s1∗
, s2∗

, . . . , sm∗ determines a Nash equilibrium solution s∗ =
(s1∗

, s2∗
, . . . , sm∗) for the stochastic positional game (X, A, {Xi }i=1,m,

{ci }i=1,m, p, x, z) with a stopping state z, where

F̂i
x (s

1∗
, s2∗

, . . . , sm∗
) = εi

x , ∀x ∈ X, i = 1, 2, . . . , m.

The solution s∗ = (s1∗
, s2∗

, . . . , sm∗) is a Nash equilibrium for an arbitrary starting
position x ∈ X.

We obtain the proof of this theorem from Theorem 3.28 if we regard the game as
a particular case of the discounted stochastic positional game from the previous
section, where the strategies of the players are defined as maps si : x → y ∈ X (x)

for x ∈ Xi , i = 1, 2, . . . , m. Here εi
x = σi

x , i = 1, 2, . . . , m.

3.3.3 Determining Optimal Stationary Strategies
of the Players in Dynamic c-Games

In [9, 12, 77, 83] the following dynamic game on networks has been studied. Let G =
(X, E) be a directed graph of the states’ transitions of the dynamical system L with a
given partition X1, X2, . . . , Xm of the vertex set X , where the corresponding subsets
Xi , i = 1, 2, . . . , m are regarded as position sets of m players 1, 2, . . . , m.

Graph G possesses the property that each vertex contains at least one leaving
directed edge and on the edge set E there are defined m cost functions

ci : E → R, i = 1, 2, . . . , m.
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These functions represent for each directed edge e = (x, y) ∈ E the corresponding
costs c1

x,y, c2
x,y, . . . , cm

x,y, for the players if the dynamical system makes a transition
from the state x to the state y through the directed edge e = (x, y). Additionally, in
G two vertices x0 and x f are distinguished, where x0 represents the starting position
of the game and x f is a position in which the game stops.

Thus, the game starts in the position x0 at the moment of time t = 0. If x0
belongs to the set of positions Xk0 of the player k0 ∈ {1, 2, . . . , m} then the move
is done by player k0. Move means that the player k0 fixes an outgoing directed edge
e1 = (x0, x1) and the dynamical system makes a transition from the state x0 to the
state x1 ∈ X (x0). After the first move the dynamical system is in the state x1 at the
moment of time t = 1. If x1 belongs to the set of positions Xk1 of the player k1 then
the move is made by player k1 ∈ {1, 2, . . . , m}, i.e., player k1 selects a new position
x2 for the state’s transition of the system and so on. The game stops at the moment of
time t if the state x f is reached, i.e., if xt = x f . This game may be finite or infinite.
If the final state x f is reached at a finite moment of time t then the game is finite;
otherwise the game is infinite. Each player in the game has the aim to minimize his
own integral cost

∑t−1
τ=0 ci

et
. In this game we are seeking for a Nash equilibrium.

In [77, 83] the considered game is called dynamic c-game and it is denoted by
(G, {Xi }i=1,m, {ci }i=1,m, x0, x f ). Below we formulate conditions for determining
Nash equilibria in a dynamic c-game. We show that if in G the vertex x f is attainable
from the vertex x0 and the cost functions are positive then a Nash equilibrium exists.
Moreover, we show that the optimal strategies of the players in the game can be found
in the set of stationary strategies S1,S2, . . . ,Sm . We define the stationary strategies
of the players 1, 2, . . . , m as m maps:

si : x → y ∈ X (x) for x ∈ Xi , i = 1, 2, . . . , m.

In the terms of stationary strategies the dynamic c-game in normal form with payoff
functions

H1
x0x f

(s1, s2, . . . , sm), H2
x0x f

(s1, s2, . . . , sm), . . . , Hm
x0x f

(s1, s2, . . . , sm)

of the players 1, 2, . . . , m can be defined in the following way.
Let s1, s2, . . . , sm be a fixed set of strategies of the players 1, 2, . . . , m. Then in

G the subset of directed edges Ei
s = {(x, si (x)) ∈ E | x ∈ Xi } corresponds to the

set of transitions of the dynamical system in the states x ∈ Xi controlled by player
i ∈ {1, 2, . . . , m}.

The subset Es = ⋃m
i=1 Ei

s in G generates a subgraph Gs = (X, Es) in which
either a unique directed path Ps(x0, x f ) from x0 to x f exists or such directed path
in G does not exist.

If s1, s2, . . . , sm generate in G a subgraph Gs , which contains a unique directed
path Ps(x0, x f ) from x0 to x f , then we put
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Hi
x0x f

(s1, s2, . . . , sm) =
∑

e∈E(Ps(x0,x f ))

ci
e, i = 1, 2, . . . , m. (3.33)

where E(Ps(x0, x f )) represents the set of directed edges of the directed path
Ps(x0, x f ).

If in Gs there is no directed path from x0 to x f then a unique directed cycle Cs

with a set of edges E(Cs) can be obtained wif we pass through directed edges from
x0. Therefore, there exists a unique directed cycle Cs , which we can get from x0
and a unique directed path P ′

s(x0, x ′), which connects x0 and Cs (the vertex x ′ is
a unique common vertex of P ′

s(x0, x ′) and Cs). In this case Hi
x0x f

(s1, s2, . . . , sm),

i = 1, 2, . . . , m are defined as follows:

Hi
x0x f

(s1, s2, . . . , sm) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

+∞, if
∑

e∈E(Cs )

ci
e > 0;

∑

e∈E(P ′
s (x0,x ′))

ci
e, if

∑

e∈E(Cs )

ci
e = 0;

−∞, if
∑

e∈E(Cs )

ci
e < 0.

(3.34)

It is easy to observe that the dynamic c-game represents a particular case of the net-
work model of a stochastic positional game with a stopping state z = x f . We obtain
the dynamic c-game from a stochastic positional game in the case X0 = ∅. Therefore,
from Theorem 3.28 we obtain the following result.

Theorem 3.30 Let (G, {Xi }i=1,m, {ci }i=1,m, x0, x f ) be a dynamic network for
which the vertex x f in G is attainable from every x ∈ X. Assume that the vectors
ci = (ci

e1
, ci

e2
, . . . , ci

e|E |), i ∈ {1, 2, . . . , m} have positive and constant components.

Then in a dynamic c-game on the network (G, {Xi }i=1,m, {ci }i=1,m, x0, x f ) for the

players 1, 2, . . . , m there exists an optimal solution s1∗
, s2∗

, . . . , sm∗ in the sense of
Nash, which satisfies the following properties:

• the graph Gs∗ = (X, Es∗) generated by s1∗
, s2∗

, . . . , sm∗ has the structure of a
directed tree with a sink vertex x f ;

• s1∗
, s2∗

, . . . , sm∗ represents the solution of a dynamic c-game on the network
(G, {Xi }i=1,m, {ci }i=1,m, x, x f ) with an arbitrary starting position x ∈ X and a
given final position x f .

This theorem has been formulated and proved in [9]. Theorem 3.29 represents a
generalization of this theorem for stochastic positional games. In [9] the following
result has also been proved.

Theorem 3.31 Let (G, {Xi }i=1,m, {ci }i=1,m, x0, x f ) be a network for which the

vertex x f in G is attainable from every x ∈ X. Assume that the vectors ci =
(ci

e1
, ci

e2
, . . . , ci

e|E |), i ∈ {1, 2, . . . , m} have positive and constant components. Then
on the vertex set X of the network game there exist m real functions
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ε1 : X → R
1, ε2 : X → R

1, . . . , εm : X → R
1,

which satisfy the conditions:

(1) εi
y − εi

x + ci
x,y ≥ 0, ∀(x, y) ∈ Ei , i = 1, 2, . . . , m, where

Ei = {e = (x, y) ∈ E | x ∈ Xi , y ∈ X};
(2) min

y∈X (x)
{εi

y − εi
x + ci

x,y} = 0, ∀x ∈ Xi , i = 1, 2, . . . , m;
(3) the subgraph G0 = (X, E0) generated by the edge set E0 = E0

1 ∪ E0
2 ∪· · ·∪ E0

m,
E0

i = {e = (x, y) ∈ Ei | εi
y −εi

x +ci
x,y = 0}, i = 1, 2, . . . , m, has the property

that the vertex x f is attainable from any vertex x ∈ X and G0 contains a

subgraph G
0 = (X, E

0
), E

0 ⊂ E, which possesses the same property and
besides that

εi
y − εi

x + ci
x,y = 0, ∀(x, y) ∈ E

0
, i = 1, 2, . . . , m.

If ε1, ε2, . . . , εm are arbitrary real functions, which satisfy the conditions (1)–(3),
then the optimal solution characterized by Nash strategies in the dynamic c-game
on the network (G, {Xi }i=1,m, {ci }i=1,m, x0, x f ) can be found as follows: Choose in

G
0

an arbitrary directed tree GT = (X, E∗) with sink vertex x f and fix in GT the
following maps:

s1∗ : x → y ∈ XGT (x) for x ∈ X1;
s2∗ : x → y ∈ XGT (x) for x ∈ X2;

...

sm∗ : x → y ∈ XGT (x) for x ∈ Xm,

where XGT (x) = {y ∈ X | (x, y) ∈ E∗}.
Proof According to Theorem 3.30 for the considered dynamic c-game
(G, {Xi }i=1,m, {ci }i=1,m, x0, x f ) there exists an optimal solution characterized by

Nash strategies s1∗
, s2∗

, . . . , sm∗ of the players 1, 2, . . . , m and these strategies gen-
erate in G a directed tree GTs∗ = (X, Es∗) with sink vertex x f . In this tree we find
the functions

ε1 : X → R
1, ε2 : X → R

1, . . . , εm : X → R
1,

where εi
x = Hi

xx f
(s1∗

, s2∗
, . . . , sm∗), ∀x ∈ X , i = 1, 2, . . . , m. It is easy to verify

that ε1, ε2, . . . , εm satisfy the conditions (1) and (2).

Additionally, we can see that in G0 there exists the graph G
0 = (X, E

0
), which

satisfies condition (3), because GT ⊆ G
0
. Moreover, if in G

0
a directed tree

GTs′ = (X, Es′), which is different from GTs∗ , with sink vertex is chosen, then
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GTs′ generates another optimal solution characterized by a Nash solution s′1, s′2,
. . . , s′m .

Now let us show that if

ε1 : X → R
1, ε2 : X → R

1, . . . , εm : X → R
1,

are arbitrary functions, which verify the conditions (1)–(3), then an arbitrary directed

tree GT = (X, Es∗) of G
0

generates the maps:

s1∗ : x → y ∈ XGT (x) for x ∈ X1;
s2∗ : x → y ∈ XGT (x) for x ∈ X2;

...

sm∗ : x → y ∈ XGT (x) for x ∈ Xm,

which correspond to an optimal solution characterized by a Nash solution.
We use the induction on the number m of the players in the dynamic c-game.

In the case that m = 1 the statement is true, because X1 = X and the conditions
(1)–(3) for positive c1

e provide the existence of a tree GT = (X, Es∗) of optimal
paths, which corresponds to the solution s1∗

for the problem of finding the shortest
paths from x ∈ X to x f in G.

Assume that the statement holds for m ≤ k, k ≥ 1, and let us prove it for m = k+1.
We consider that the first player fixes his strategy s1 = s1∗

and consider the problem
of finding an optimum by Nash strategies in the network game with respect to other
players. The obtained game in the positional form can be interpreted as a c-game
with m − 1 players, since the positions of the first player can be considered as the
positions of any other player. Furthermore, we consider them as the positions of the
second player.

Thus, if we fix s1 = s1∗
, then we obtain a new game with m − 1 players, where

we may consider the position of the first player as the position of an arbitrary other
player; we will consider these positions as the positions of the second player. This
means that we obtain a new c-game (G1, X1

2, X3, . . . , Xm, c2
1, c3

1, . . . , cm
1 , x0, x f ),

where X1
2, G1 and the functions ci

1, i = 2, . . . , m, are defined as follows:

X1
2 = X1 ∪ X2, G = (X, (E \ E1) ∪ E1

s1∗)

and the cost function c2
1 on (E \ E1) ∪ E1

s1∗ is induced by the cost function c2.
In the normal form this game is determined by the payoff functions

H2
x0x f

(s1∗
, s2, . . . , sm), H3

x0x f
(s1∗

, s2, . . . , sm), . . . , Hm
x0x f

(s1∗
, s2, . . . , sm),

where s2 ∈ S2, s3 ∈ S3, . . . , sm ∈ Sm ; S2,S3, . . . ,Sm are the respective sets of
feasible stationary strategies of the players 2, 3, . . . , m.
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In this new dynamic c-game (G1, X1
2, X3, . . . , Xm, c2

1, c3
1, . . . , cm

1 , x0, x f ) we
consider m − 1 functions

ε2 : X → R
1, ε3 : X → R

1, . . . , εm : X → R
1,

which satisfy the conditions:

(1) εi
y − εi

x + ci
1(x,y) ≥ 0, ∀(x, y) ∈ E1

i , i = 2, . . . , m, where

E1
2 = {e = (x, y) ∈ E1 | x ∈ X1

2, y ∈ X},
E1

i = {e = (x, y) ∈ E1 | x ∈ Xi , y ∈ X}, i = 3, . . . , m;
(2) min

y∈XG1 (x)
{ε2

y − ε2
x + c2

1(x,y)} = 0, ∀x ∈ X1
2,

min
y∈XG1 (x)

{ε2
y − ε2

x + ci
1(x,y)} = 0, ∀x ∈ Xi , i = 3, . . . , m;

(3) the subgraph G10 = (X, E10
) generated by the edge set E10 = E10

2 ∪ E0
3 ∪

∪ · · · ∪ E0
m , E10

2 = {e = (x, y) ∈ E1
2 | ε2

y − ε2
x + c2

1(x,y) = 0}, E0
i = {e =

(x, y) ∈ Ei | εi
y − εi

x + ci
1(x,y) = 0}, i = 2, . . . , m, has the property that

the vertex x f is attainable from any vertex x ∈ X and G10
contains a subgraph

G
10 = (X, E

10

), which possesses the same property and besides that

εi
y − εi

x + ci
1(x,y) = 0, ∀(x, y) ∈ E

10

, i = 2, . . . , m.

According to the induction assumption, in the dynamic c-game (G1, X1
2, X3, . . . ,

Xm, c2
1, c3

1, . . . , cm
1 , x0, x f ) the stationary strategies s2∗

, s3∗
, . . . , sm∗ induced by

the directed tree GT = (X, Es∗),

s2∗ : x → y ∈ XGT (x) for x ∈ X1
2;

s3∗ : x → y ∈ XGT (x) for x ∈ X3;
...

sm∗ : x → y ∈ XGT (x) for x ∈ Xm,

where s2∗
(x) = s1∗

(x) for x ∈ X1 and s2∗
(x) = s2∗

(x) for x ∈ X2, determine a
Nash equilibrium.

Thus,

Hi
xx f

(s1∗
, s2∗

, s3∗
, . . . , si−1∗

, si ∗, si+1∗
, . . . , sm∗

)

≤ Hi
xx f

(s1∗
, s2∗

, s3∗
, . . . , si−1∗

, si , si+1∗
, . . . , sm∗

), ∀si ∈ Si , 2 ≤ i ≤ m.
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Also, it is easy to verify that

H1
xx f

(s1∗
, s2∗

, . . . , sm∗
) ≤ H1

xx f
(s1, s2∗

, . . . , sm∗
), ∀s1 ∈ S1,

because for fixed s2∗
, s3∗

, . . . , sm∗ in G the problem of finding

min
s1∈S1

H1
xx f

(s1, s2∗
, . . . , sm∗

) for x ∈ X

becomes the problem of finding the shortest paths from x to x f in the graph
G ′ = (X, E ′), generated by a set E1 and the edges (x, s∗

i (x)), x ∈ Xi , i =
2, 3, . . . , m, with costs c1

e on the edges e ∈ E ′. On this graph the following condition
is satisfied:

ε1
y − ε1

x + c1
x,y ≥ 0; ∀(x, y) ∈ E ′,

which implies

H1
xx f

(s1∗
, s2∗

, . . . , sm∗
) ≤ H1

xx f
(s1, s2∗

, . . . , sm∗
), ∀s1 ∈ S1,

because H1
xx f

(s1∗
, s2∗

, . . . , sm∗) = ε1
x , ∀x ∈ X .

Hence s1∗
, s2∗

, . . . , sm∗ is a Nash equilibrium for the dynamic c-game. �

Remark 3.32 Let

ε1 : X → R
1, ε2 : X → R

1, . . . , εm : X → R
1,

be arbitrary real functions on X in G and c1, c2, . . . , cm are m new cost functions
on the edges e ∈ E obtained from c1, c2, . . . , cm as follows:

ci
x,y = εi

y − εi
x + ci

x,y, ∀(x, y) ∈ E, i = 1, m. (3.35)

Then the dynamic c-games determined on the networks (G, X1, X2, . . . , Xm, c1, c2,

. . . , cm, x0, x f ) and (G, X1, X2, . . . , Xm, c1, c2, . . . , cm, x0, x f ), respectively, are

equivalent because the payoff functions Hi
xx f

(s1, s2, . . . , sm) and H
i
xx f

(s1, s2, . . . ,

sm), i = 1, 2, . . . , m in such games differ only by a constant, i.e.,

Hi
xx f

(s1, s2, . . . , sm) = H
i
xx f

(s1, s2, . . . , sm) + εi (x f ) − εi (x).

In [79, 83] the transformation (3.35) is named the potential transformation of the
edges’ costs of the players in the game.

Remark 3.33 The conditions of Theorem 3.31 ensure the existence of the
optimal stationary strategies s1∗

, s2∗
, . . . , sm∗ of the players 1, 2, . . . , m for every
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starting position x ∈ X in a dynamic c-game on the network (G, X1, X2, . . . ,

Xm, c1, c2, . . . , cm, x, x f ) with positive and constant cost functions c1, c2, . . . , cm .
If c1, c2, . . . , cm are arbitrary constant functions then the conditions of
Theorem 3.31 represent necessary and sufficient conditions for the existence of
optimal stationary strategies s1∗

, s2∗
, . . . , sm∗ in the dynamic c-game on the net-

work (G, X1, X2, . . . , Xm, c1, c2, . . . , cm, x, x f ) for every starting position x ∈ X .

On the basis of the obtained results we can propose the following algorithm for
determining Nash equilibria in the considered dynamic game with constant costs on
the edges of the network.

Algorithm 3.34 Determining Nash Equilibria for the Dynamic c-Game on an
Acyclic Network
Let us consider a dynamic c-game for which the graph G = (X, E) has the structure
of an acyclic directed graph with sink vertex x f . Then a Nash equilibrium for the
dynamic c-game on the network can be found as follows:

Preliminary step (Step 0): Fix X0 = {x f } and put εi (x f ) = 0, i = 1, 2, . . . , m;

General step (Step k, k ≥ 1): If X \ Xk−1 = ∅ then STOP; otherwise find a vertex
xk ∈ X \ Xk−1 for which XG(xk) ⊆ Xk−1, where XG(xk) = {y ∈ X | (xk, y) ∈ E}.
If xk ∈ Xik , ik ∈ {1, 2, . . . , m}, then find an edge (xk, yk) for which

εik
yk + cik

xk ,yk = min
y∈XG (xk )

{εik
y + cik

xk ,y
}.

After that put

εi
xk = εi

yk + ci
xk ,yk , i = 1, 2, . . . , m

and

Xk = Xk−1 ∪ {xk}.

Then go to the next step.

If the functions εi , i = 1, 2, . . . , m, are known, then the optimal strategies of the
players s1∗

, s2∗
, . . . , sm∗ can be found as follows:

Find a tree GTs∗ = (X, Es∗) in the graph G
0 = (X, E

0
) and fix the strategies

si (x) : x → y ∈ Xi , (x, y) ∈ Es∗ , i = 1, 2, . . . , m.

Example Let a dynamic c-game be given on an acyclic network with two players
represented in Fig. 3.1, i.e., the network consists of a directed graph G = (X, E) with
partition X = X1 ∪ X2, X1 = {0, 1, 4, 5}, X2 = {2, 3}, a starting position x0 = 0,
a final position x f = 5 and costs of the players 1 and 2 as given in parenthesis in
Fig. 3.1. In Fig. 3.1 the positions of the first player are represented by circles and the
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Fig. 3.1 The network for the acyclic c-game

positions of the second player are represented by squares. We consider the problem
of determining optimal stationary strategies of the players in this dynamic c-game
with an arbitrary starting position x ∈ X and a fixed stopping position x f = 5.

If we apply Algorithm 3.34 we obtain

Step 0
X0 = {5}, ε1

5 = 0, ε2
5 = 0.

Step 1
X \ X0 �= ∅, therefore, find a vertex x1 ∈ X \ X0 such that XG(x1) ⊆ X0, i.e.,
x1 = 4. Vertex 4 belongs to the set of positions of the first player and we calculate

ε1(4) = ε1
5 + 3 = 3; ε2

4 = ε2
5 + 5 = 5;

X1 = X0 ∪ {4} = {5, 4}.

Step 2
X \ X1 �= ∅ and find vertex x2 ∈ X \ X1 such that XG(x2) ⊆ X1, i.e., x2 = 2.
Vertex 2 belongs to the set of positions of the second player and we calculate

min{ε2
5 + c2

2,5, ε
2
4 + c2

2,4} = min{6, 6} = 6.

So, we obtain this minimum for the edges (2, 4) and (2, 5). Here we can fix an
arbitrary edge from {(2, 4), (2, 5)}. For example, we fix edge (2, 5). Then at step 2
we obtain

ε2
2 = 6; ε1

2 = ε1
5 + c1

2,5 = 2;
X2 = X1 ∪ {2} = {2, 4, 5}.

Step 3
X \ X2 �= ∅; x3 = 3. Vertex 3 belongs to the set of positions of the second player,
therefore, we find
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min{ε2
2 + c2

3,2, ε2
4 + c2

3,4, ε2(5) + c2
(3,5)} = 7.

So, we obtain this minimum for e = (3, 2). We calculate

ε2
3 = ε2

2 + c2
3,2 = 7; ε1

3 = ε1
2 + c1

3,2 = 4;
X3 = X2 ∪ {3} = {2, 3, 4, 5}.

Step 4
X \ X3 �= ∅; x4 = 1. Vertex 1 belongs to the set of positions of the first player,
therefore, we find

min{ε1
2 + c1

1,2, ε1
2 + c1

1,3} = 5.

So, we obtain this minimum for e = (1, 2). We calculate

ε1
1 = ε1

2 + c1
1,2 = 5; ε2

1 = ε2
2 + c2

1,2 = 8;
X4 = X3 ∪ {1} = {1, 2, 3, 4, 5}.

Step 5
X \ X4 �= ∅; x5 = 0. Vertex 1 belongs to the set of positions of the first player,
therefore, we find

min{ε1
2 + c1

0,2, ε1
1 + c1

0,1, ε1
3 + c1

0,3} = 5.

We determine

ε1
0 = ε1

2 + c1
0,2 = 5; ε2

0 = ε2
2 + c2

0,2 = 10;
X5 = X4 ∪ {0} = {0, 1, 2, 3, 4, 5}.

Step 6
X \ X5 = ∅ STOP.

Thus, according to Theorem 3.31 we can determine a tree of the optimal paths
GTs∗ = (X, Es∗) that corresponds to the optimal stationary strategies of the players:

s1∗ : 0 → 2; 1 → 2; 4 → 5;
s2∗ : 2 → 5; 3 → 2.

The graph GTs∗ = (X, Es∗), generated by the corresponding edges that determine
εi

x , is represented in Fig. 3.2.
Note that at step 2 the minimal value ε2

2 is not determined uniquely because
ε2

5 + c2
2,5 = ε2

4 + c2
2,4 = 6. Therefore, if at this step we select the directed

edge (2, 4), then in the following the calculation procedure leads to another set of
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Fig. 3.2 The graph induced by the optimal strategies of the players
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Fig. 3.3 The directed tree GTs∗ = (X, Es∗ ) for the second solution

optimal stationary strategies of the players. Below the result of the algorithm with
the mentioned alternative at Step 2 is presented.

Step 0
ε1

5 = 0, ε2
5 = 0.

Step 1
ε1

4 = 3, ε2
4 = 5.

Step 2
ε1

2 = 4, ε2
2 = 6.

Step 3
ε1

3 = 6, ε2
3 = 7.

Step 4
ε1

1 = 7, ε2
1 = 8.

Step 5
ε1

0 = 7, ε2
0 = 10.

In this case the corresponding directed tree GTs∗ = (X, Es∗) is represented in
Fig. 3.3. This directed tree corresponds to the optimal stationary strategies:
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s1∗ : 0 → 2; 1 → 2; 4 → 5;
s2∗ : 2 → 4; 3 → 2.

Algorithm 3.35 Determining Nash Equilibria in a Dynamic c-Game on an
Arbitrary Network Based on the Reduction in Comparison to the Case with
an Acyclic Network
Let us consider a dynamic c-game with m players and let the directed graph G have
an arbitrary structure, i.e., G may contain directed cycles. Moreover, we consider
that for x f there are no leaving edges (x f , x) ∈ E . We show that in this case the
problem can be reduced to the problem of finding optimal strategies in an auxiliary
game with a network without directed cycles.

We construct an auxiliary directed graph G = (Z , E) without directed cycles,
where Z and E are defined as follows:

Z = Z0 ∪ Z1 ∪ Z2 ∪ · · · ∪ Z |X |−1,

where

Z j = {z j
0, z j

1, z j
2, . . . , z j

|X |−1}, j = 0, 1, 2, . . . , |X | − 1,

so, Z0, Z1, . . . , Z |X |−1 represent the copies of the set X ;

E = E0 ∪ E1 ∪ E2 ∪ · · · ∪ E |X |−2 ∪ E f ,

where

E j = {(z j
k , z j+1

l ) | (xk, xl) ∈ E}, j = 0, 1, 2, . . . , |X | − 2;
E f = {(z j

k , z|X |−1
f ) | (xk, x f ) ∈ E, j = 0, 1, 2, . . . , |X | − 3}.

It is easy to observe that the vertex z|X |−1
f is attainable in this graph from any z0

k ∈ Z0.

If we delete in G all vertices zi
k , for which there is no directed path from zi

k to zi
f , then

we obtain an acyclic directed graph G
′ = (Z ′, E

′
) with sink vertex z|X |−1

f . In the
following we divide the vertex set Z ′ into m subsets Z ′

1, Z ′
2, . . . , Z ′

m corresponding
to the position sets of the players 1, 2, . . . , m, respectively:

Z ′
1 = {z j

k ∈ Z ′ | xk ∈ X1, j = 0, 1, 2, . . . , |X | − 1};
Z ′

2 = {z j
k ∈ Z ′ | xk ∈ X2, j = 0, 1, 2, . . . , |X | − 1};

...

Z ′
m = {z j

k ∈ Z ′ | xk ∈ Xm, j = 0, 1, 2, . . . , |X | − 1}.
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We define on the edge set E
′

the cost functions as follows:

ci
z j

k ,z j+1
l

= ci
xk ,xl

, ∀(z j
k , z j+1

l ) ∈ E j , j = 0, 1, 2, . . . , |X | − 2, i = 1, 2, . . . , m;
ci

z j
k ,z|X |−1

f

= ci
xk ,x f

, ∀(z j
k , z|X |−1

f ) ∈ E f , j = 0, 1, 2, . . . , |X | − 3.

After that we consider a dynamic c-game on the network (G,′ Z ′
1, Z ′

2, . . . , Z ′
m, c1, c2,

. . . , cm, z0
0, z|X |−1

f ), where G
′

is an acyclic directed graph with sink vertex z|X |−1
f .

If we use Algorithm 3.35, then we determine the values εi
z j

k

, ∀z j
k ∈ Z ′, i =

1, 2, . . . , m. It is easy to observe that if we put εi
x f

= 0, i = 1, 2, . . . , m, and

εi
xk

= εi
z|X |−1

k

, ∀xk ∈ X \{x f }, i = 1, 2, . . . , m, then we obtain functions εi : X → R,

which satisfy the conditions (1)–(3) from Theorem 3.31. Thus, we find the tree
GT = (X, Es), which corresponds to the optimal strategies s∗

1 , s∗
2 , . . . , s∗

m of the
players in our dynamic c-game.

Algorithm 3.35 is inconvenient because of the great number of vertices in the auxiliary
network.

Furthermore, we present a simpler algorithm for finding optimal strategies of the
players.

Algorithm 3.36 Determining Nash Equilibria for the Dynamic c-Game with an
Arbitrary Network

Preliminary step: Assign to every vertex x ∈ X a set of labels ε1
x , ε2

x , . . . , εm
x as

follows:
εi

x f
= 0, ∀i = 1, 2, . . . , m,

εi
x = ∞, ∀x ∈ X \ {x f }, i = 1, 2, . . . , m.

General step (step k (k ≥ 1)): For every vertex x ∈ X \ {x f } change the labels εi (x),

i = 1, 2, . . . , m, in the following way: If x ∈ Xk then find vertex x for which

εk
x + ck

x,x = min
y∈X (x)

{εk
y + ck

x,y}.

If εk
x > εk

x +ck
x,x , then replace εi (x) by εi

x +ci
x,x , i = 1, 2, . . . , p. If εk

x ≤ εk
x +ck

x,x ,
then do not change the labels.

Repeat the general step n −1 times. Then the labels εi
x , i = 1, 2, . . . , m for x ∈ X

become constant.

Remark 3.37 In the algorithm the labels εi (x), i = 1, 2, . . . , m, may become con-
stant after less than n −1 steps. So, the algorithm stops if the labels become constant.

Let us state that these labels satisfy the conditions of Theorem 3.31. Hence, using the
labels εi

x , i = 1, . . . , m, x ∈ X , and Theorem 3.31, we construct an optimal solution
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Fig. 3.4 The network for c-game that contains a directed cycle

characterized by Nash strategies of the players 1, 2, . . . , m. Algorithm 3.36 has the
computational complexity O(m|X |2|E |).
Example Let a dynamic c-game of two players on the network represented by Fig. 3.4
be given. This network consists of a directed graph G = (X, E) with sink vertex
x f = 5, given partition X = X1 ∪ X2, X1 = {0, 1, 4, 5}, X2 = {2, 3}, and the
costs for the players 1 and 2 written respectively in parenthesis in Fig. 3.4. We are
seeking for optimal stationary strategies of the players in the dynamic c-game with
an arbitrary starting position x ∈ X and fixed stopping state x f = 5.

Step 0 (Preliminary step)

Fix ε1
5 = 0, ε2

5 = 0;

ε1
0 = ε1

1 = ε1
2 = ε1

3 = ε1
4 = ∞;

ε2
0 = ε2

1 = ε2
2 = ε2

3 = ε2
4 = ∞.

We repeat the general step 5 times. At each step we examine each vertex x ∈ X
and update its labels ε1

x , ε2
x by using the condition of the algorithm; we will examine

the vertices according to their numerical order.

Step 1

Vertex 0 ∈ X1, therefore, calculate ε1
0 = ∞; this implies ε2

0 = ∞;

vertex 1 ∈ X1, therefore, calculate ε1
0 = ∞; this implies ε2

1 = ∞;

vertex 2 ∈ X2, therefore, calculate

ε2
5 + c2

2,5 = min{ε2
5 + c2

2,5, ε
2
4 + c2

2,4} = min{5,∞} = 5;

so, ε2
2 = 5; this implies ε1

2 = ε1
5 + c1

2,5 = 3;

vertex 3 ∈ X2, therefore, calculate

ε2
5 + c2

3,5 = min{ε2
5 + c2

3,5, ε
2
2 + c2

3,2} = min{0 + 4, 5 + 1} = 4;

so, ε2
3 = 4; this implies ε1

3 = ε1
5 + c1

3,5 = 0 + 2 = 2;

vertex 4 ∈ X1, therefore, calculate
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ε1
3 + c1

4,3 = min{ε1
5 + c1

4,5, ε
1
3 + c1

4,3} = min{0 + 4, 2 + 1} = 3;

so, ε1
4 = 3; this implies ε2

4 = ε2
3 + c2

4,3 = 4 + 2 = 6;

vertex 5 ∈ X1; ε1
5 = 0, ε2

5 = 0.

Step 2

Vertex 0 ∈ X1, therefore, calculate ε1
0 = ∞; this implies ε2

0 = ∞;

ε1
2 + c1

0,2 = min{ε1
2 + c1

0,2, ε
1
1 + c1

0,1, ε
1
3 + c1

0,3} = min{3 + 2,∞ + 5, 2 + 8} = 5;

so, ε1
0 = 5; this implies ε2

2 = ε2
2 + c2

0,2 = 4 + 5 = 9;

vertex 1 ∈ X1, therefore, calculate

ε1
2 + c1

1,2 = min{ε1
2 + c1

1,2, ε
1
3 + c1

1,3} = min{3 + 1, 2 + 3} = 4;

so, ε1
1 = 4; this implies ε2

1 = ε2
2 + c2

1,2 = 5 + 4 = 9;

vertex 2 ∈ X2, therefore, calculate

ε2
5 + c2

2,5 = min{ε2
5 + c2

2,5, ε
2
4 + c2

2,4} = min{5, 8} = 5;

so, ε2
2 = 5; this implies ε1

2 = ε1
5 + c2

2,5 = 3;

vertex 3 ∈ X2, therefore, calculate

ε2
5 + c2

3,5 = min{ε2
5 + c2

3,5, ε
2
2 + c2

3,2} = min{4, 6} = 4;

so, ε2
3 = 4; this implies ε1

3 = ε1
5 + c1

3,5 = 2;

vertex 4 ∈ X1, therefore, calculate

ε1
3 + c1

1,3 = min{ε1
5 + c1

4,5, ε
1
3 + c1

4,3} = min{4, 3} = 3;

so, ε1
4 = 3 and ε2

4 = 6;

vertex 5 ∈ X1; ε1
5 = 0, ε2

5 = 0.

Step 3

Vertex 0 ∈ X1, therefore, calculate

ε1
1 + c1

0,1 = min{ε1
2 + c1

0,2, ε
1
1 + c1

0,1, ε
1
3 + c1

0,3} = min{5, 9, 10} = 5;

so, ε1
0 = 5 and ε2

0 = ε2
2 + c2

0,2 = 9;

vertex 1 ∈ X1, therefore, calculate

ε1
2 + c1

1,2 = min{ε1
2 + c1

1,2, ε
1
3 + c1

1,3} = min{3 + 1, 2 + 3} = 4;

so, ε1
1 = 4 and ε2

1 = ε2
2 + c2

1,2 = 5 + 4 = 9;

vertex 2 ∈ X2, therefore, calculate

ε2
5 + c2

2,5 = min{ε2
5 + c2

2,5, ε
2
4 + c2

2,4} = min{5, 8} = 5;

so, ε2
2 = 5 and ε1

2 = 3;

vertex 3 ∈ X2, therefore, calculate

ε2
5 + c2

3,5 = min{ε2
5 + c2

3,5, ε
2
2 + c2

3,2} = min{4, 6} = 4;

so, ε2
3 = 4 and ε1(3) = 2;
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Fig. 3.5 The tree of the optimal paths

vertex 4 ∈ X1, therefore, calculate

ε1
3 + c1

4,3 = min{ε1
5 + c1

4,5, ε
1
3 + c1

4,3} = min{4, 3} = 3;

so, ε1
4 = 4 and ε2

4 = 2.
After step 3 we observe that the labels coincide with the labels after step 2. So,

the labels become constant and we finish the algorithm. Finally we have obtained

ε1
0 = 5, ε1

1 = 4, ε1
2 = 3, ε1

3 = 2, ε1
4 = 3, ε1

5 = 0;
ε2

0 = 9, ε2
1 = 9, ε2

2 = 5, ε2
3 = 4, ε2

4 = 6, ε2
5 = 0.

Thus, if we make the potential transformation of the edges’ costs then we can select
the tree GTs∗ = (X, Es∗) with zero cost of edges that satisfy the conditions of
Theorem 3.31. This tree is represented in Fig. 3.5.

So, the optimal stationary strategies of the players are the following:

s1∗ : 0 → 2; 1 → 2; 4 → 3;
s2∗ : 2 → 5; 3 → 5.

In [76, 77, 79] the non-stationary version of a dynamic c-game has been considered.
A similar result for the non-stationary game is obtained and algorithms for determin-
ing optimal strategies of the players are derived. Moreover, in [79] this game model
has been formulated and studied with the condition that the stopping position x f

should be reached at the moment of time t (x f ), such that t1 ≤ t (x f ) ≤ t2, where
t1 and t2 are given. However, efficient polynomial time algorithms for determining
Nash equilibria in such games can be derived only for the non-stationary case.

3.3.4 On Determining Nash Equilibria for Stationary Dynamic
c-Games and Multicriteria Problems with Restrictions
on the Number of Moves

The stationary dynamic c-game with restrictions on the number of moves of the
players has been formulated in [79]. In this game each player has the aim to min-
imize his integral-time cost and to reach the final state x f at the moment of time
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t (x f ), such that t1 ≤ t (x f ) ≤ t2, where t1 and t2 are given. The payoff functions
Hi

x0x f
(s1, s2, . . . , sm), i = 1, 2, . . . , m in this game are defined as follows.

Let s1, s2, . . . , sm be the set of stationary strategies of the players and
Gs = (X, Es) be the graph generated by these strategies. Then we set

Hi
x0x f

(s1, s2, . . . , sm) =
∑

e∈E(Ps (x0,x f ))

ci
e, i = 1, 2, . . . , m

if t1 ≤ |E(Ps(x0, x f ))| ≤ t2; otherwise we put Hi
x0x f

(s1, s2, . . . , sm) = +∞.
In this case the problem of determining a Nash equilibrium in a dynamic c-game
is N P-hard [38, 79]. This problem is complicate even in the case m = 1 because
for t1 = t2 = |X | − 1 and unit costs on the edges it is transformed into the Hamil-
tonian path problem in a directed graph [38]. We have the same situation for the
stationary multicriteria problems of determining Pareto optima with a fixed number
of transitions. For the non-stationary versions of the considered problems there exist
polynomial time algorithms for determining Nash equilibria and Pareto optima. Such
algorithms are elaborated and formulated in [79].

3.4 Determining Pareto Solutions for Multicriteria
Markov Decision Problems

We formulate multicriteria models for Markov decision problems with average and
discounted optimization criteria applying the concept of cooperative games to the
framework of a Markov decision process (X, A, p, c) with a finite set of states X , a
finite set of actions A, a transition probability function p : X × X × A → [0, 1] that
satisfies the condition

∑

y∈X

pa
x,y = 1, ∀x ∈ X, ∀a ∈ A

and a transition cost function c : X × X → R which gives the costs cx,y if the
dynamical system makes a transition from x ∈ X to y ∈ X .

We assume that in the decision process m actors (players) participate and for each
player i ∈ {1, 2, . . . , m} a transition cost function ci : X × X → R, is given that
determines the costs ci

x,y for the player i if the system makes transitions from x to
y. Additionally, we assume that the starting state x0 is known and that the players
use a common stationary strategy

s : x → a ∈ A(x) for x ∈ X

of fixing the actions in the states.
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A fixed strategy s generates a Markov process for which we can determine the
average cost ωi

x0
(s) and the expected discounted cost σi

x0
(s) for a given discount

factor γ with respect to each player i ∈ {1, 2, . . . , m}.
If we denote Fi

x0
(s) = ωi

x0
(s), F̂ i

x0
(s) = ωi

x0
(s), i = 1, 2, . . . , m, then on the set

of a stationary strategies S we obtain the vector functions

Fx0(s) = (F1
x0

(s), F2
x0

(s), . . . , Fm
x0

(s)),

F̂x0(s) = (F̂1
x0

(s), F̂2
x0

(s), . . . , F̂m
x0

(s)).

In such a way we obtain multicriteria decision problems for which Pareto solutions
must be found. Each of the considered multicriteria decision problems can be reduced
to a single-objective problem using on S the corresponding convolution criteria

min → F ′
x0

(s) =
m∑

i=1

θi Fi
x0

(s),

min → F̂ ′
x0

(s) =
m∑

i=1

θi F̂ i
x0

(s),

where θi > 0, i = 1, 2, . . . , m;
∑m

i=1 θi = 1. Note that such a reduction of the
multicriteria decision problems to single-objective problems allows us to find Pareto
solutions, however, the approach mentioned above may not find all Pareto solutions
of the corresponding multi-objective problems (see [30]). Some classes of the multi-
criteria Markov decision problems and approaches for determining Pareto solutions
are described in [27, 40, 133, 137–139].

3.5 Deterministic Antagonistic Positional Games
on Networks and Algorithms for Finding
Optimal Strategies of the Players

The mathematical tool we develop in this section is related to deterministic antag-
onistic positional games on networks. We propose polynomial-time algorithms for
finding max-min paths in networks and for determining optimal strategies of the
players in antagonistic positional games. These algorithms are applied for studying
and solving cyclic games. The computational complexity of the proposed algorithms
is analyzed.
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3.5.1 Zero-Sum Games on Networks and Polynomial Time
Algorithms for Max-Min Path Problems

In the previous section we have studied dynamic c-games with positive cost functions
on the edges. Therefore, we cannot use those results for zero-sum games. In the
following we study zero-sum games of two players with arbitrary cost functions on
the edges and propose polynomial-time algorithms for their solving. The main results
related to this problem have been obtained in [29, 43, 65–67, 83, 142]. At first we study
a max-min path problem on networks, which generalizes classical combinatorial
problems of the shortest and the longest paths in weighted directed graphs.

This max-min paths problem arose as an auxiliary one if optimal stationary
strategies of the players in cyclic games are searched. In addition, we shall use
the considered dynamic c-game for studying and solving zero-sum control problems
with alternate player’s control [83]. The main results are concerned with the exis-
tence of polynomial-time algorithms for determining max-min paths in networks as
well as with an elaboration of such algorithms.

Let G = (X, E) be a directed graph with a vertex set X and an edge set E .
Assume that G contains a vertex x f ∈ X such that it is attainable from each vertex
x ∈ X , i.e., x f is a sink vertex in G. On the edge set E a function c : E → R, which
assigns a cost ce to each edge e ∈ E is given. In addition the vertex set is divided
into two disjoint subsets X1 and X2 (X = X1 ∪ X2, X1 ∩ X2 = ∅), which we regard
as position sets of two players.

On G we consider a game of two players. The game starts at the position x0 ∈ X .
If x0 ∈ X1, then the move is done by the first player, otherwise it is done by the
second one. The move indicates the passage from the position x0 to the neighbour
position x1 through the edge e1 = (x0, x1) ∈ E . After that if x1 ∈ X1, then the
move is done by the first player, otherwise it is done by the second one and so on.
As soon as the final position is reached the game is over. The game can be finite or
infinite. If the final position x f is reached in finite time, then the game is finite. In
the case if the final position x f is not reached, the game is infinite. The first player
in this game has the aim to maximize

∑
i cei while the second one has the aim to

minimize
∑

i cei .
The considered game in normal form in the terms of stationary strategies can be

defined as follows: We identify the stationary strategies s1 and s2 of the players with
the maps

s1 : x → y ∈ X (x) for x ∈ X1;
s2 : x → y ∈ X (x) for x ∈ X2,

where X (x) represents the set of extremities of edges e = (x, y) ∈ E , i.e.
X (x) = {y ∈ X | e = (x, y) ∈ E}. Since G is a finite graph then the sets of
strategies of the players
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S
1 = {s1 : x → y ∈ X (x) for x ∈ X1};

S
2 = {s2 : x → y ∈ X (x) for x ∈ X2}

are finite sets. The payoff function Hx0(s
1, s2) on S

1 × S
2 is defined by the

following way:
Let in G be a subgraph Gs = (X, Es) generated by edges of the form (x, s1(x))

for x ∈ X1 and (x, s2(x)) for x ∈ X2. Then either a unique directed path Ps(x0, x f )

from x0 to x f exists in Gs or such a path does not exist in Gs . In the second case
in Gs there exists a unique directed cycle Cs , which can be reached from x0.

For given s1 and s2 we set

Hx0(s
1, s2) =

∑

e∈E(Ps (x0,x f ))

ce,

if in Gs there exists a directed path Ps(x0, x f ) from x0 to x f , where E(Ps(x0, x f ))

is a set of edges of the directed path Ps(x0, x f ). If in G there is no directed path
from x0 to x f , then we define Hx0(s

1, s2) as follows: Let P ′
s(x0, y′) be a directed

path, which connects the vertex x0 with the cycle Cs and P ′
s(x0, y′) has no other

common vertices with Cs except y′. Then we put

Hx0(s
1, s2) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

+∞, if
∑

e∈E(Cs )

ce > 0;
∑

e∈E(P ′
s (x0,y′))

ce, if
∑

e∈E(Cs )

ce = 0;

−∞, if
∑

e∈E(Cs )

ce < 0.

This game is related to zero-sum positional games of two players and it is deter-
mined by the graph G with the sink vertex x f , the partition X = X1 ∪ X2, the cost
function c : E → R and the starting position x0. We denote the network, which
determines this game, by (G, X1, X2, c, x0, x f ). In the case when the dynamic
c-game is considered for an arbitrary starting position x ∈ X we shall use the
notation (G, X1, X2, c, x f ).

In [83, 85] it is shown that if G does not contain directed cycles, then for every
x ∈ X the following equality holds

v(x) = max
s1∈S1

min
s2∈S2

Hx (s
1, s2) = min

s2∈S2
max
s1∈S1

Hx (s
1, s2), (3.36)

which means the existence of optimal strategies of the players in the considered game.
Moreover, in [83, 85] it is shown that in G there exists a tree GT ∗ = (X, E∗) with
the sink vertex x f , which gives the optimal strategies of the players in the game for
an arbitrary starting position x0 ∈ X . The strategies of the players are obtained by
fixing
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s1∗
(x) = y, if (x, y) ∈ E∗ and x ∈ X1 \ {x f };

s2∗
(x) = y, if (x, y) ∈ E∗ and x ∈ X2 \ {x f }.

In the general case for an arbitrary graph G equality (3.36) may fail to hold.
Therefore we formulate necessary and sufficient conditions for the existence of opti-
mal strategies of the players in this game and propose a polynomial-time algorithm
for determining the tree of max-min paths from every x ∈ X to x f . Furthermore
we show that our max-min paths problem on the network can be regarded as a zero
value ergodic cyclic game. So, the proposed algorithm can be used for solving such
games.

In [43, 65, 83] the formulated game on network (G, X1, X2, c, x0, x f ) is named
the dynamic c-game. Some preliminary results related to this problem have been
obtained in [83, 85]. More general models of positional games on networks with p
players have been studied in [9, 74–76, 81–83].

The considered max-min paths problem can be used for the zero-sum control
problem with an alternate players’ control (see Sect. 3.9).

3.5.2 An Algorithm for Solving the Problem on Acyclic
Networks

The formulated problem for acyclic networks has been studied in [76, 83, 85].
Let G = (X, E) be a finite directed graph without directed cycles and a given

sink vertex x f . The partition X = X1 ∪ X2 (X1 ∩ X2 = ∅) of the vertex set of G
is given and the cost function c : E → R on the edges is defined. We consider the
dynamic c-game on G with a given starting position x ∈ X .

It is easy to observe that for fixed strategies of players s1 ∈ S
1 and s2 ∈ S

2 the
subgraph Gs = (X, Es) has a structure of a directed tree with sink vertex x f ∈ X .
This means that the value Hx (s1, s2) is determined uniquely by the sum of edge
costs of the unique directed path Ps(x, x f ) from x to x f . In [83, 85] it is proved
that for an acyclic c-game on network (G, X1, X2, c, x, x f ) there exist the strategies
of players s1∗

, s2∗
such that

v(x) = Hx (s
1∗

, s2∗
) = max

s1∈S1
min

s2∈S2
Hx (s

1, s2)

= min
s2∈S2

max
s1∈S1

Hx (s
1, s2) (3.37)

and s1∗
, s2∗

do not depend on a starting position x ∈ X , i.e. (3.37) holds for every
x ∈ X .

The equality (3.37) is evident in the case if ext(c, x) = 0, ∀x ∈ X \ {x f }, where
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ext(c, x) =
⎧
⎨

⎩

max
y∈X (x)

c(x,y), x ∈ X1;
min

y∈X (x)
c(x,y), x ∈ X2.

In this case v(x) = 0, ∀x ∈ X and the optimal strategies of the players can be
obtained by fixing the maps s1∗ : X1 \ {x f } → X and s2∗ : X2 \ {x f } → X
such that s1∗ ∈ VEXT(c, x) for x ∈ X1 \ {x f } and s2∗ ∈ VEXT(c, x) for
x ∈ X2 \ {x f }, where

VEXT(c, x) = {y ∈ X (x) | c(x,y) = ext(c, x)}.

If the network (G, X1, X2, c, x0, x f ) has the property that ext(c, x) = 0,
∀x ∈ X \ {x f }, then it is named the network in canonic form. So, for the acyclic
c-game on the network in canonic form equality (3.37) holds and v(x) = 0, ∀x ∈ X .

In the general case equality (3.37) can be proved by using properties of the poten-
tial transformation c′

(x,y) = c(x,y) + εy − εx on the edges e = (x, y) of the network,
where ε : X → R is an arbitrary real function on X (the potential transformation
for antagonistic positional games has been introduced in [43, 76]). The fact is that
such a transformation of the costs on the edges of the acyclic network in a c-game
does not change the optimal strategies of the players, although values v(x) of posi-
tions x ∈ X are changed by v(x) + εx f − εx . It means that for an arbitrary function
ε : X → R the optimal strategies of the players in acyclic c-games on the networks
(G, X1, X2, c, x0, x f ) and (G, X1, X2, c′, x0, x f ) are the same.

We assume that the vertices x ∈ X of the acyclic graph G are numbered with
1, 2, . . . , |X |, such that if x > y then in G there is no directed path from y to x . For
acyclic graphs such a numbering of the vertices is possible and can be made starting
from a sink vertex. Therefore, we can use the following recursive formula

ε(x) =
⎧
⎨

⎩

max
y∈X (x)

{c(x,y) + εy} for x ∈ X1 \ {x f };
min

y∈X (x)
{c(x,y) + εy} for x ∈ X2 \ {x f } (3.38)

to tabulate the values εx , ∀x ∈ X starting with ε(x f ) = 0. It is evident that the
transformation c′

(x,y) = c(x,y) + εy − εx satisfies the condition ext(c′, x) = 0,
∀x ∈ X . This means that the following theorem holds.

Theorem 3.38 For an arbitrary acyclic network (G, X1, X2, c, x0, x f ) with a sink
vertex x f there exists a function ε : X → R which determines the potential
transformation c′

(x,y) = c(x,y) + εy − εx on the edges e = (x, y) such that the
network (G, X1, X2, c, x0, x f ) has the canonic form. The values εx , x ∈ X, which
determine function ε : X → R, can be found by using recursive formula (3.38).

On the basis of this theorem the following algorithm for determining optimal
strategies of the players in the c-game is proposed in [76].
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Fig. 3.6 The network for an antagonistic game that has no saddle points

Algorithm 3.39 Determining Optimal Strategies for the Players on an Acyclic
Network

1. Determine the values ε(x), x ∈ X , according to the recursive formula (3.38)
and the corresponding potential transformation c′

(x,y) = c(x,y) + εy − εx on the
edges (x, y) ∈ E .

2. Fix arbitrary maps s1∗
(x) ∈ VEXT(c′, x) for x ∈ X1 \ {x f } and s2∗

(x) ∈
VEXT(c′, x) for x ∈ X2 \ {x f }.

Remark 3.40 The values εx , x ∈ X , represent the values of the acyclic c-game
on (G, X1, X2, c, x0, x f ) with starting position x , i.e. ε(x) = v(x), ∀x ∈ X .
Algorithm 3.39 needs O(|X |2) elementary operations because the tabulation of the
values ε(x), x ∈ X , using formula (3.38) for acyclic networks requires this number
of operations.

3.5.3 The Main Results for the Problem on an Arbitrary Network

First of all we give an example which shows that equality (3.36) may fail to hold. In
Fig. 3.6 the network with the starting position x0 = 0 and the final position x f = 3
is given, where positions of the first player are represented by circles and positions
of the second player are represented by squares; values of cost functions on the edges
are given alongside them.

It is easy to observe that

max
s1∈S1

min
s2∈S2

H0(s
1, s2) = 2, min

s2∈S2
max
s1∈S1

H0(s
1, s2) = 3.

The following theorem gives conditions for the existence of a saddle point with
finite v(x) for each x ∈ X in the c-game.

Theorem 3.41 Let (G, X1, X2, c, x0, x f ) be an arbitrary network with the sink
vertex x f ∈ X. In addition assume that

∑
e∈E(Cs )

ce �= 0 for every directed cycle Cs

from G. Then for the c-game on (G, X1, X2, c, x0, x f ) condition (3.36) with finite
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v(x) holds for every x ∈ X if and only if there exists a function ε : X → R,
which determines the potential transformation c′

(x,y) = c(x,y) + εy − εx on edges
(x, y) ∈ E such that ext(c′, x) = 0, ∀x ∈ X. Moreover, if in G there exists the
potential transformation c′

(x,y) = c(x,y) + εy − εx on edges (x, y) ∈ E such that
ext(c′, x) = 0, ∀x ∈ X \ {x f }, then v(x) = εx − εx f , ∀x ∈ X.

Proof =⇒ Let us consider that
∑

e∈E(Cs )
ce �= 0 for every directed cycle Cs in

G and condition (3.36) holds for every x ∈ X . Moreover, we consider that v(x) is
a finite value for every x ∈ X .

Taking into account that the potential transformation does not change the cost of
the cycles, we obtain that this transformation does not change the optimal strategies
of the players although values v(x) of the positions x ∈ X are changed by
v(x) − εx + εx f . It is easy to observe that if we put εx = v(x) for x ∈ X , then the
function ε : X → R determines the potential transformation c′

(x,y) = c(x,y)+εy−εx

on the edges (x, y) ∈ E such that ext(c′, x) = 0, ∀x ∈ X .
⇐= Let us consider that there exists the potential transformation c′

(x,y) = c(x,y)+
εy − εx on the edges (x, y) ∈ E such that ext(c′, x) = 0, ∀x ∈ X . The value
v(x) of the game after the potential transformation is zero for every x ∈ X and
the optimal strategies of the players can be found by fixing s1∗

and s2∗
such

that s1∗
(x) ∈ VEXT(c′, x) for x ∈ X1 \ {x f } and s2∗

(x) ∈ VEXT(c′, x) for
x ∈ X2 \ {x f }. Since the potential transformation does not change the optimal
strategies of the players we put v(x) = εx − εx f and obtain (3.36). �
Corollary 3.42 If for every directed cycle Cs in G the condition

∑
e∈E(Gs )

ce �= 0
and equality (3.36) hold then there exists the potential transformation ε : X → R

such that ext(c′, x) = 0, ε(x f ) = 0 and v(x) = εx , ∀x ∈ X.

Corollary 3.43 If for every directed cycle Cs in G the condition
∑

e∈E(Gs)
ce �= 0

holds then the existence of the potential transformation c′
(x,y) = c(x,y) + εy − εx

on edges (x, y) ∈ E such that

ext(c′, x) = 0,∀x ∈ X (3.39)

represents necessary and sufficient conditions for the validity of the equality (3.36)
for every x ∈ X. In the case if in G there exists a cycle Cs with

∑
e∈E(Cs )

ce = 0
condition (3.39) becomes only a necessary one for the validity of the equality (3.36)
for every x ∈ X.

Corollary 3.44 If in the c-game there exist the strategies s1∗
and s2∗

, for which
(3.36) holds for every x ∈ X, and these strategies generate in G a tree Ts∗ = (X, Es∗)
with the sink vertex x f , then there exists the potential transformation c′

(x,y) = c(x,y)+
εy −εx on the edges (x, y) ∈ E such that the graph G0 = (X, E0), generated by the
set of the edges E0 = {(x, y) ∈ E |c′

(x,y) = 0}, contains the tree Ts∗ as a subgraph.

Taking into account the results mentioned above we propose an algorithm for
determining the optimal strategies of the players in a c-game based on the construction
of the tree of max-min paths. This algorithm works if such a tree in G exists.
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3.5.4 A Polynomial Time Algorithm for Determining
the Optimal Strategies of the Players
in an Antagonistic Dynamic c-Game

We consider the dynamic c-game determined by the network (G, X1, X2, c, x f )

where the graph G has a sink vertex x f . At first we assume that for an arbitrary
vertex there exists the value v(x) which satisfies condition (3.39) and v(x) �= ±∞.
So, we assume that in G there exists a tree of max-min paths from x ∈ X to x f .
We show that for determining the optimal strategies of the players in the considered
game there exists a polynomial time algorithm. In this section we propose such an
algorithm based on the reduction to an auxiliary dynamic c-game with an acyclic
network (G, W1, W2, c, w0

f ), where graph G = (W, E) with W = W1 ∪ W1 is
obtained from G = (X, E) in the following way:

The set of vertices W consists of n − 1 copies of the vertex set X and the sink
vertex w0

f , i.e.

W = {w0
f } ∪ W 1 ∪ W 2 ∪ · · · ∪ W n−1,

where W i = {wi
0, w

i
1, . . . , w

i
n−1}, i = 1, 2, . . . , n − 1. Here W i ∩ W j = ∅ for

i �= j and vertices wi
k ∈ W i , i = 1, 2, . . . , n − 1, correspond to vertex xk from

X = {x0, x1, x2, . . . , xn−1}.
The set of edges E is defined by the following way:

E = E0 ∪ E1 ∪ E2 ∪ · · · ∪ En−1;
Ei = {(wi+1

k , wi
l )| (xk, xl) ∈ E}, i = 1, 2, . . . , n − 2;

E0 = {(wi
k, w

0
f )| (xk, x f ) ∈ E, i = 1, 2, . . . , n − 1}.

In G the edge subset Ei ⊆ E connects vertices of the set W i+1 with vertices of
the set W i by the edges (wi+1

k , wi
l ) if in G there exists a directed edge (xk, xl).

In addition in G each vertex wi
k , i = 1, 2, . . . , n − 1, is connected with a sink

vertex w0
f by the edge (wi

k, w
0
f ) if in G there exists a directed edge (xk, x f ).

The subsets W1, W2 and the cost function c: E → R are defined as follows:

W1 = {wi
k ∈ W | xk ∈ X1}, W2 = {wi

k ∈ W | xk ∈ X2};

c
(wi+1

k ,wi
l )

= c(xk ,xl ), (xk, xl) ∈ E and (wi+1
k , wi

l ) ∈ Ei ; i = 1, 2, . . . , n − 2;
c(wi

k ,w
0
f )

= c(xk ,x f ), (xk, x f ) ∈ E and (wi
k, w

0
f ) ∈ E0; i = 1, 2, . . . , n − 1.

From G we delete all vertices wi
k for which there are no directed paths from

wi
k to w0

f . For the obtained directed graph we will preserve the same notation and

we will keep in mind that G does not contain such vertices.
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Let us consider the dynamic c-game determined by the acyclic network (G, W1,
W2, c, w0

f ) with sink vertex w0
f . So, we consider the problem of determining the

values v′(wi
k) of the game for every wi

k ∈ W .
We show that if v′(w1

k ), v′(w2
k ), . . . , v′(wn−1

k ) are the corresponding values of
the vertices w1

k , w2
k , . . . , wn−1

k in the auxiliary game, then there exists i ∈ {1, n−1}
such that v(xk) = v′(wi

k). We seek the vertex wi
k among wn−1

k , wn−2
k , . . . , w2

k , w
1
k

that starts with the highest level set W n−1.
We consider in G the max-min path

PG(wn−1
k , w0

f ) = {wn−1
k , wn−2

k1
, wn−3

k2
, . . . , wn−r−1

kr
, w0

f }

from wn−1
k to w0

f generated by directed edges e = (wn−i−1
ki

, wn−i
ki+1

) for which

ε′
(wn−i

ki+1
)
− ε′

(wn−i−1
ki

)
+ c

(wn−i−1
ki

,wn−i
ki+1

)
= 0,

where

ε′
(w

j
k )

= v′(w j
k ), ∀w

j
k ∈ {wn−1

k , wn−2
k1

, wn−3
k2

, . . . , wn−r−1
kr

, w0
f }.

The directed path PG(wn−1
k , w0

f ) corresponds in G to a directed path

PG(xk, x f ) = {xk, xk1 , xk2 , . . . , xkr , x f }

from xk to x f . In G we consider the subgraph Gn−1
k = (Xn−1

k , En−1
k ) induced by

the set of vertices Xn−1
k = {xk, xk1 , xk2 , . . . , xkr , x f }. For vertices xki and xk we put

v(xki ) = v′(wn−i−1
ki

), v(xk) = v′(wn−1
k ) and determine εxki

= v(xki ), εxk = v(xk).

Then we verify if in Gn−1
k the following condition holds:

ext(c′, z) = 0, ∀z ∈ Xn−1
k , (3.40)

where c′
(z,x) = εx − εz + c(z,x) for e = (z, x) ∈ En−1

k .

If condition (3.40) holds and Gn−1
k does not contain directed cycles then we

may conclude that for the dynamic c-game on G with starting position xk it holds
v(xk) = v′(w′

k). Note that for every vertex xki of the directed path P0(xki , x f ) we
obtain v(xki ) = v′(wn−i−1

ki
). If the condition mentioned above does not take place,

then v(xk) �= v′(wn−1
k ) and we delete wn−1

k from G. After that we consider the
vertex wn−2

k , construct the graph Gn−2
k = (Xn−2

k , En−2
k ) and in the same way verify

if v(xk) = v′(wn−1
k ). Finally we obtain that at least for an vertex wi

k the directed
path PG(wi

k, w f ) does not contain a directed cycle and condition (3.40) holds, i.e.
v(xk) = v(wi

k). In such a way we obtain v(xk) for every xk ∈ X .
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If v(x) is known for every x ∈ X then we fix εx = v(x) and define the potential
transformation c′

(z,x) = c(z,x) +εx −εz on edges (z, x) ∈ E . After that find the graph

G0 = (V, E0), generated by the set of edges E0 = {(z, x) ∈ E | c′
(z,x) = 0}.

In G0 we fix an arbitrary tree T ∗ = (V, E∗), which determines the optimal
strategies of the players as follows:

s1∗
(z) = x, if (z, x) ∈ E∗ and z ∈ X1 \ {x f };

s2∗
(z) = x, if (z, x) ∈ E∗ and z ∈ VB \ {x f }. �

The correctness of the algorithm is based on the following theorem.

Theorem 3.45 Let v(xk) be the value of the vertex xk in the dynamic c-game on G
and

PG(xk, x f ) = {xk, xk1 , xk2 , . . . , xkr , x f }

be the max-min path from xk to x f in G. Then v′(wr+1
k ) = v(xk).

Proof The construction described above allows us to conclude that between the set
of max-min directed paths from xk to x f with no more than r + 1 edges in G and
the set of max-min directed paths from wr+1

k to w0
f with no more than r + 1 edges

in G there exists a bijective mapping which preserves the sum of costs of the edges.
Therefore v′(wr+1

k ) = v(xk). �

Remark 3.46 If PG(xk, x f ) = {xk, xk1 , xk2 , . . . , xkr , x f } is the max-min path from
xk to x f in G then in G several vertices wr+i

k ∈ W for which v′(wr+i
k ) = v(xk),

where i ≥ 1 may exist. If v′(wr+i
k ) = v(xk), then in G the max-min path

PG(wr+1
k , w0

f ) = {wr+i
k , wr+i−1

k1
, wr+i−2

k2
, . . . , wi

kr
, w0

f } corresponds to the max-
min path PG(xk, x f ) in G.

It is easy to observe that the running time of the algorithm is O(|X |4). Indeed, the
values of the positions of the game on the auxiliary acyclic network can be calculated
in time O(N 2), where N is the number of vertices of the auxiliary network. Taking
into account that N ≈X2 for our auxiliary network we obtain that the running time
of the algorithm is O(|X |4).

Note that the proposed algorithm can also be applied for the c-game if the tree
of max-min paths in G may not exist but there exists a max-min path from a given
vertex x0 ∈ X to x f . Then the algorithm finds in G the max-min path with a given
starting position x0 and a final position x f .

An important problem for the dynamic c-game is how to determine vertices x ∈ X
for which v(x) = +∞ and vertices x ∈ X for which v(x) = −∞. Taking into
account that the final position x f in such games cannot be reached we may delete
vertices x of the graph G for which there exist max-min paths from x to x f . In order
to specify the algorithm for this case we need to study the infinite dynamic c-game
where the graph G has no sink vertex x f . This means that the outcome of the game
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Fig. 3.7 The network for the dynamic c-game

is a cycle which may have positive, negative or zero sum costs of the edges. For
determining the outcome of the game in this case we can use the same approach
based on the reduction to the acyclic c-game.

The algorithm for finding the optimal strategies of the players in an infinite
dynamic c-games is similar to the algorithm for finding the optimal strategies of
the players in cyclic games. We describe such an algorithm in Sect. 3.7.5 and we can
state that for an arbitrary position x ∈ X the value of the cyclic game is positive if
and only if the value v(x) of the infinite dynamic c-game is positive. In addition we
can state that efficient polynomial time algorithms for solving cyclic games can be
elaborated if a polynomial time algorithm for solving the infinite dynamic c-game
exists.

In the following we give an example which illustrates the details of the algorithm
proposed above.

Example Consider the dynamic c-game determined by the network (G, X1, X2,

c, x f ) given in Fig. 3.7. The position set X1 of the first player is represented by circles
and the position set X2 of the second player is represented by squares; x f = 0. The
costs of the edges are given alongside them.

The auxiliary acyclic network for our dynamic c-game is represented in Fig. 3.8.
Each vertex in Fig. 3.8 is represented by double numbers where the first one

represents the number of the copy in G and the second one corresponds to the number
of the vertex in G. Alongside the edges there are given their costs and alongside the
vertices there are given values of the dynamic c-game on an auxiliary network.

Let us fix vertex wn−1
k = 33 as the starting position of the dynamic c-game on

the auxiliary network. Then we obtain v′(33) = −5. In order to verify if v(3) = −5
we find the max-min path PG(33, 00) = {33, 22, 11, 00} from 33 to 00 and the
values v′(33) = −5, v′(22) = 1, v′(11) = 0, v′(00) = 0. The path PG(33, 00) in
G corresponds to the path PG(3, 0) = {3, 2, 1, 0}. For vertices 3, 2, 1, 0 in G we fix
ε3 = v′(33) = −5, ε2 = v′(22) = 1, ε1 = v′(11) = 0, ε0 = v′(00) = 0. After that
find the graph G3

3 = (X3
3, E3

3) generated by the set of vertices X3 = {3, 2, 1, 0}. In
this case graph G3

3 coincides with graph G. Then we make a potential transformation
c′
(x,y) = εy − εx + c(x,y) = 0 with given ε3 = −5, ε2 = 1, ε1 = 0, ε0 = 0,
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Fig. 3.8 The auxiliary network for the dynamic c-game

c′
(1,0) = ε0 − ε1 + c(1,0) = 0 − 0 + 0 = 0,

c′
(2,0) = ε0 − ε2 + c(2,0) = 0 − 1 + 0 = −1,

c′
(3,0) = ε0 − ε3 + c(3,0) = 0 − (−5) + 0 = 5,

c′
(1,3) = ε3 − ε1 + c(1,3) = −5 − 0 + 4 = −1,

c′
(2,1) = ε1 − ε2 + c(2,1) = 0 − 1 + 1 = 0,

c′
(3,2) = ε2 − ε3 + c(3,2) = 1 − (−5) − 6 = 0.

So, after the potential transformation c′
(x,y) = εy − εx + c(x,y), ∀(x, y) ∈ E , we

obtain the network given in Fig. 3.9 with new costs on the edges.
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5
3 

Fig. 3.9 The network after the potential transformation
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Fig. 3.10 The tree of max-min paths

If we select the tree with zero cost edges we obtain the tree of max-min paths,
represented in Fig. 3.10.

If we start with vertex wn−1
k = 32 then we obtain the subgraph G3

2 = (X3
2, E3

2)

which coincides with the graph G = (X, E) for which we determine ε2 = v′(32) =
5, ε1 = v′(21) = 4, ε3 = v′(13) = 0, ε0 = v′(00) = 0. It is easy to see that in this
case the condition

extr(c′, x) = 0, ∀x ∈ X,

is not satisfied.

3.5.5 Pseudo-polynomial Time Algorithms for Solving
Antagonistic Dynamic c-Games

In this section we describe an algorithm for solving dynamic c-games which is based
on a special recursive procedure for the calculation of the values v(x). From the prac-
tical point of view the proposed algorithm may be more useful than the algorithm from
the previous section although its computational complexity is O(|X |3∑e∈E |ce|)
(c : E → R is an integer function).

We assume that in G there exists the tree of max-min paths.

Preliminary step (Step 0): Set X∗ = {x f }, εx f = 0.

General step (Step k): Find the set of vertices

X ′ = {z ∈ X \ X∗ | (z, x) ∈ E, x ∈ X∗}.

For each z ∈ X ′ we calculate

εz =
⎧
⎨

⎩

max
x∈OX∗ (z)

{εx + c(z,x)}, z ∈ X1 ∩ X ′;
min

x∈OX∗ (z)
{εx + c(z,x)}, z ∈ X2 ∩ X ′, (3.41)
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where OX∗(z) = {x ∈ X∗ | (z, x) ∈ E}, and then do the following points (a) and (b):

(a) Fix β(z) = εx for z ∈ X ′ ∪ X∗ and then for every x ∈ X ′ ∪ X∗ calculate

β(z) =
⎧
⎨

⎩

max
x∈OX∗∪X ′ (z)

{εx + c(z,x)}, z ∈ X1 ∩ (X ′ ∪ X∗);
min

x∈OX∗∪X ′ (z)
{εx + c(z,x)}, z ∈ X2 ∩ (X ′ ∪ X∗) (3.42)

(b) Check if β(z) = εz for every z ∈ X ′ ∪ X∗. If this condition is not satisfied then
fix εz = β(z) for every z ∈ X ′ ∪ X∗ and go to point (a).

If β(z) = εz for every z ∈ X ′ ∪ X∗ then in X ′ ∪ X∗ we find the subset

Y k = {z ∈ X∗ ∪ X ′ | extrx∈OX∗∪X ′ (z){εx − εz + c(z,x)} = 0
}
,

where

extx∈OX∗∪X ′ (z){εx − εz + c(z,x)}

=
⎧
⎨

⎩

max
x∈OX∗∪X ′ (z)

{εx − εz + c(z,x)}, z ∈ (X ′ ∪ X∗) ∩ X1;
min

x∈OX∗∪X ′ (z)
{εx − εz + c(z,x)}, z ∈ (X ′ ∪ X∗) ∩ X2.

After that we change X∗ by Y k and check if X∗ = X? If X∗ �= X , then go to the
next step. If X∗ = X , then define the potential transformation c′

(z,x) = c(z,x)+εx −εz

on edges (z, x) ∈ E and find the graph G0 = (X, E0), generated by the set of edges
E0 = {(z, x) ∈ E | c′(z, x) = 0}. In G0 fix an arbitrary tree T ∗ = (X, E∗), which
determines the optimal strategies of the players as follows:

s1∗
(z) = x, if (z, x) ∈ E∗ and z ∈ X1 \ {x f };

s2∗
(z) = x, if (z, x) ∈ E∗ and z ∈ X2 \ {x f }.

Let us show that this algorithm finds the tree of max-min paths T ∗ = (X, E∗) if such
a tree exists in G.

Theorem 3.47 If there exists in G the tree of max-min paths T ∗ = (X, E∗) with sink
vertex x f then the algorithm finds it using O

(|X |3∑e∈E |ce|
)

elementary operations.

Proof Consider the set Y k−1 obtained after k − 1 steps of the algorithm and assume
that at step k after points (a) and (b) the condition

β(z) = εz for every z ∈ X ′ ∪ X∗

holds. This condition is equivalent to the condition
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extx∈OX∗∪X ′ (z){εx − εz + c(z,x)} = 0, ∀z ∈ X ′ ∪ X∗

which involves Y k−1 ⊂ Y k .
Therefore, in the following we obtain that if for every step k of the algorithm the

corresponding calculation procedure (3.42) is convergent then Y 0 ⊂ Y 1 ⊂ Y 2 ⊂
· · · ⊂ Y r = X , where r < n. This means that after r < n steps the algorithm finds
the values ε(x) for x ∈ X and the potential transformation c′

(y,x) = εx −εy +c(y,x)

for edges e = (y, x) ∈ E such that ext(c′, y) = 0, ∀x ∈ X , i.e. the algorithm
constructs the tree T ∗ = (X, E∗). So, for a complete proof of the theorem we have
to show the convergence of the calculation procedure based on formula (3.42) for an
arbitrary step k of the algorithm.

Assume that at step k of the algorithm the following condition

extx∈OX∗∪X ′ (z){εx − εz + c(z,x)} �= 0 for every z ∈ X ′

holds. Consider the set of edges E ′ = {e = (z, x ′) ∈ E | β(z) = εx ′ + c(z,x ′),
z ∈ X ′, x ′ ∈ x ∈ OX∗∪X ′(z)} where x ′ corresponds to vertex z such that

ε(x ′) + c(z, x ′) =
⎧
⎨

⎩

max
x∈OX∗∪X ′ (z)

{εx + c(z,x)}, z ∈ X1 ∩ (X ′ ∪ X∗);
min

x∈OX∗∪X ′ (z)
{εx + c(z,x)}, z ∈ X2 ∩ (X ′ ∪ X∗).

The calculation on the basis of (a) and (b) can be treated as follows. Players
improve the values εz of vertices z ∈ X ′ using passages from z to corresponding
vertices x ′ ∈ OX∗∪X ′(z). At each iteration of this calculation procedure the players
can improve their income by β(z) − ε(z) units for every position z ∈ X .

Denote by X̃ the subset of vertices z′ ∈ X ′ for which in G ′ = (X ′, E ′) there
exist directed paths from z′ ∈ X̃ to vertices from Xk−1. Then the improvements of
the players mentioned above are possible for an arbitrary vertex z ∈ X̃ . This means
that if procedure (a), (b) at step k is applied then after using one iteration of this
procedure we obtain β(z) = εz , ∀z ∈ X̃ . In the following we can see that in order
to achieve εz = β(z) for the rest of the vertices z ∈ X ′ \ X̃ it is necessary to apply
more than one iteration.

Let us consider in G ′ the subset X̃ ′ = X ′ \ X̃ . Then in G ′ there are no directed
edges e = (z, x ′) such that z ∈ X̃ ′ and x ′ ∈ Xk−1. Without loss of generality
we may consider that in G the subset X̃ ′ generates a directed cycle C ′. Denote by
n(C ′) the number of the vertices of this cycle and assume that the sum of its edges
is equal to θ (θ may be positive or negative). We can see that if we apply formula
(3.42) then after each n(G) iterations of the calculation procedure the values εz of
the vertices z ∈ C ′ will decrease at least by |θ| units if θ < 0; if θ > 0 then
these values will increase by θ. Therefore the first player will preserve passages from
vertices z ∈ C ′ to vertices x ′ of the cycle C ′ if β(z)−ε(z) > 0; otherwise the first
player will change the passage from one vertex z0 ∈ C ′ to a vertex x ′′ ∈ OX∗∪X ′(z)
which may belong to Xk−1.
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Fig. 3.11 The network with sink vertex x f = 5

In an analogous way the second player will preserve passages from vertices z ∈ C ′
to vertices x ′ of cycle C ′ if β(z) − ε(z) < 0; otherwise the second player will
change the passage from one vertex z0 ∈ X to a vertex x ′′ which may belong to
Xk−1. So, if in G there exists the tree of max-min paths then after a finite number
of iterations of the procedure (a), (b) we obtain β(z) = ε(z) for z ∈ X ′. Taking into
account that the values β(z) will decrease (or increase) after each n(G) iterations
by integer units |θ| we may conclude that the number of iterations of the procedure
is comparable with |X |2 · maxz∈X ′ |β(z) − εz |. In the worst case these quantities
are limited by |X |2∑e∈E |ce|. This involves that the computational complexity of

the algorithm is O
(
|X |3∑e∈E |c(e)|

)
. �

Remark 3.48 The algorithm for an acyclic network can be applied without points (a)
and (b) because the condition β(z) = εz , ∀z ∈ X ′ holds at every step k. In general,
the version of the algorithm without the points (a) and (b) can be used if Y k−1 �= Y k

at every step k. In this case the running time of the algorithm is O(|X |3).
The algorithm described above can be modified for the dynamic c-game in general
form if the network contains vertices x for which v(x) = ±∞. In order to detect
such vertices in point (a) it is necessary to introduce a new condition which allows
us to select vertices z ∈ X ′ with great values β(z) (positive and negative). But in
this case the algorithm becomes more difficult than the algorithm for finite games.

Below we present two examples which illustrate the details of the algorithm. The
first example illustrates the work of the algorithm if it is not necessary to use points
(a) and (b). The second example illustrates the details of the recursive calculation
procedure in the points (a) and (b).

Example 1 Consider the problem of determining the optimal stationary strategies
on the network which may contain cycles. The corresponding network with sink
vertex x f = 5 is given in Fig. 3.11. In this network the positions of the first player
are represented by circles and the positions of the second one are represented by
squares, i.e. X1 = {1, 2, 4, 5}, X2 = {0, 3}.
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The values of the cost functions of the edges are given in parenthesis alongside
them. We can see that for the given network there exists a tree of max-min paths
which can be found by using the algorithm.

Step 0
X∗ = {5}; ε5 = 0.

Step 1
Find the set of vertices X ′ = {3, 4} for which there exist directed edges (3, 5) and
(4, 5) from vertices 3 and 4 to vertex 5. Then we calculate according to (3.41) values
ε3 = 3, ε4 = 2. It is easy to check that for vertices 3 and 4 the following condition
holds:

exty∈X X∗∪X ′ (x){εy − εx + c(x,y)} = 0.

So, Y 1 = {3, 4, 5}. Therefore if we change X∗ by Y 1, after step 1 we obtain X∗ =
{3, 4, 5}.
Step 2
Find the set of vertices X ′ = {0, 1, 2} for which there exist directed edges from
vertices x ∈ X ′ to vertices y ∈ X∗. Then according to (3.41) we calculate

ε2 = max
y∈X∗(2)

{ε3 + c(2,3), ε4 + c(2,4)} = max{5, 3} = 5;

ε1 = ε3 + c(1,3) = 9;

ε0 = ε4 + 6 = 8.

So, ε0 = 8, ε1 = 9, ε2 = 5, ε3 = 3, ε4 = 2, ε5 = 0.
It is easy to check that Y 2 = {0, 2, 3, 4, 5}. Indeed,

exty∈X X∗∪X ′ (3){εy − ε3 + c(3,y)}

= min{ε5 − ε3 + c(3,5), ε2 − ε3 + c(3,2)} = min{0 − 3 + 3, 5 − 3 + 1} = 0;

exty∈X X∗∪X ′ (2){εy − ε3 + c(2,y)}

= max{ε3 − ε2 + c(2,3), ε4 − ε2 + c(2,4)} = max{3 − 5 + 2, 2 − 5 + 1} = 0;

exty∈X X∗∪X ′ (1){εy − ε1 + c(1,y)}

= max{ε3 − ε1 + c(1,3), ε2 − ε1 + c(1,2), ε0 − ε1 + c(0,1)}

= max{3 − 9 + 6, 3 − 9 + 5, 8 − 9 + 4} = 3;

exty∈X X∗∪X ′ (0){εy − ε0 + c(0,y)}
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= min{ε4 − ε0 + c(0,4), ε2 − ε0 + c(0,2), ε1 − ε0 + c(0,1)}

= min{2 − 8 + 6, 5 − 8 + 4, 9 − 8 + 1} = 0;

exty∈X X∗∪X ′ (4){εy − ε4 + c(4,y)}

= max{ε5 − ε4 + c(4,5), ε2 − ε4 + c(4,2)} = max{0 − 2 + 2, 5 − 2 − 4} = 0.

So, the set of vertices for which exty∈X X∗∪X ′ (x){εy − εx + c(x,y)} = 0 consists of
vertices 0, 2, 3, 4, 5.
Step 3
Find the set of vertices X ′ = {1} and calculate

ε(1) = max
y∈X X∗ (1)

{εy + c(1,y)} = max{ε3 + c(1,3), ε2 + c(1,2), ε0 + c(1,0)}

= max{3 + 6, 5 + 3, 8 + 4} = 12.

Now we can see that the obtained values ε0 = 8, ε1 = 12, ε2 = 5, ε3 = 3,
ε4 = 2, ε5 = 0 satisfy the conditions

εy − εx + c(x,y) ≤ 0 for every (x, y) ∈ E, x ∈ X1;
εy − εx + c(x,y) ≥ 0 for every (x, y) ∈ E, x ∈ X2.

The directed tree GT = (X, E∗) generated by edges (x, y) ∈ E for which
εy − εx + c(x,y) = 0 is represented in Fig. 3.12.

The optimal strategies of the players are:

s1 : 1 → 0; 2 → 3; 4 → 5;

s2 : 0 → 4; 3 → 5.
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Fig. 3.12 The tree induced by the optimal strategies of the players
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Table 3.1 The results of the iteration procedure for β(0), β(1), β(2), β(3)

i β(0) β(1) β(2) β(3)

0 0 0 0 0

1 0 4 1 −6

2 0 0 5 −5

3 0 0 1 −1

4 0 3 1 −5

5 0 0 4 −5

6 0 0 1 −2

7 0 2 1 −5

8 0 0 3 −5

9 0 0 1 −3

10 0 1 1 −5

11 0 0 2 −5

12 0 0 1 −4

13 0 0 1 −5

14 0 0 1 −5

Example 2 Consider the problem of determining the tree of max-min paths
T ∗ = (X, E∗) for the network given in Fig. 3.8 with the same costs of the edges as
in the previous section.

If we apply the algorithm described above then we use only one step (k = 1).
But this step consists of two items (a) and (b) that make calculations on the basis of
formula (3.42). In Table 3.1 the values β(0), β(1), β(2), β(3) at each iteration of the
calculation procedure on the bases of formula (3.42) are given.

We can see that the convergence of the calculation procedure is obtained at itera-
tion 14. Therefore we conclude that ε0 = 0, ε1 = 0, ε2 = 1, ε3 = −5. If we make a
potential transformation we obtain the network in Fig. 3.9. In Fig. 3.10 it is presented
the tree of max-min paths T ∗ = (X, E∗).

3.6 A Polynomial Time Algorithm for Solving Acyclic
l-Games on Networks

An acyclic l-game on networks has been introduced in [66, 76] as an auxiliary
problem for studying and solving special cyclic games, which we will consider in
the next section.
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3.6.1 Problem Formulation

Let (G, X1, X2, c, x0, x f ) be a network, where G = (X, E) represents a directed
acyclic graph with the sink vertex x f ∈ X . On E it is defined a function c: E → R

and on X it is given a partition X = X1 ∪ X2 (X1 ∩ X2 = ∅) where X1 and X2
correspond to positions sets of two players 1 and 2, respectively.

We consider the following acyclic game from [76]. Again we define the strategies
of the players as maps

s1: x → y ∈ X (x) for x ∈ X1 \ {x f };
s2: x → y ∈ X (x) for x ∈ X2 \ {x f }.

We define the payoff function H x0 : S1 × S2 → R in this game as follows:
Let s1 ∈ S1 and s2 ∈ S2 be fixed strategies of the players. Then the graph

Gs = (X, Es), generated by the edges (x, s1(x)), x ∈ X \ {x f }, and (x, s2(x)),
x ∈ X \ {x f }, has a structure of a directed tree with the sink vertex x f . Therefore,
it contains a unique directed path Ps(x0, x f ) with n(Ps(x0, x f )) edges. We put

H x0(s
1, s2) = 1

n(Ps(x0, x f ))

∑

e∈E(Ps (x0,x f ))

ce.

The payoff function H x0(s
1, s2) on S1 × S2 defines a game in normal form,

which is determined by the network (G, X1, X2, c, x0, x f ).
We consider the problem of finding the strategies s1∗

and s2∗
, for which

v(x0) = H x0(s
1∗

, s2∗
) = max

s1∈S1
min

s2∈S2
H x0(s

1, s2).

3.6.2 The Main Properties of Optimal Strategies in Acyclic
l-Games

First of all let us show that for the considered max-min problem there exists a saddle
point.

Denote

v(x0) = H x0(s
10

, s20
) = min

s2∈S2
max
s1∈S1

H x0(s
1, s2)

and let us show that v(x0) = v(x0).
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Theorem 3.49 For an arbitrary acyclic l-game the following equality holds:

v(x0) = H x0(s
1∗

, s2∗
) = max

s1∈S1
min

s2∈S2
H x0(s

1, s2) = min
s2∈S2

max
s1∈S1

H x0(s
1, s2).

Proof First of all let us note the following property of an acyclic l-game, determined
by (G, X1, X2, c, x0, x f ): If the cost function c is changed by c′ = c + h (h is an
arbitrary real number), then we obtain an equivalent acyclic l-game determined by
(G, X1, X2, c′, x0, x f ) for which v′(x0) = v(x0)+ h and v

′′
(x0) = v(x0)+ h. If we

denote by H
′
x0

(s1, s2) the payoff function of the l-game after the transformation
mentioned above then we have

H x0(s
1, s2) = H

′
x0

(s1, s2) + h,∀s1 ∈ S
1,∀s2 ∈ S

2

It is easy to observe that if h = −v(x0) then for the acyclic l-game with network
(G, X1, X2, c′, x0, x f ) we obtain v′(x0) = 0. This means that an acyclic l-game

becomes an acyclic c-game with max-min value of the game H
′
x0

(s10
, s20

). Therefore
if after the transformation of the game we regard it as an acyclic c-game then the
following property holds:

0 = v′(x0) = max
s1∈S1

min
s2∈S2

H
′
x0

(s1, s2) = min
s2∈S2

max
s1∈S1

H
′
x0

(s1, s2) = 0.

Taking into account that

H
′
x0

(s1, s2) = H x0(s
1, s2) − v(x0)

we obtain that

min
s2∈S2

max
s1∈S1

(
H x0(s

1, s2) − v(x0)
)

= max
s1∈S1

min
s2∈S2

(
H x0(s

1, s2) − v(x0)
)

= v(x0) − v(x0),

i.e. v(x0) − v(x0) = 0. So, v(x0) = v(x0). �

Theorem 3.50 Let an acyclic l-game determined by the network (G, X1, X2, c,
x0, x f ) with the starting position x0 be given. Then there exists the value v(x0) and
the function ε: X → R, which determines the potential transformation c′

(x,y) =
c(x,y) + εx − εy of costs on the edges e = (x, y) ∈ E such that the following
conditions hold

(a) v(x0) = ext(c′, x), ∀x ∈ X \ {x f };
(b) εx0 = εx f .

The optimal strategies of the players in an acyclic l-game can be found as follows:
Fix the arbitrary maps s1∗

: X1 \ {x f } → X and s2∗
: X2 \ {x f } → X such that

s1∗
(x) ∈ VEXT(c′, x) for x ∈ X1 \ {x f } and s2∗

(x) ∈ VEXT(c′, x) for
x ∈ X2 \ {x f }.
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Proof The proof of the theorem follows from Theorem 3.38 if we regard the acyclic
l-game as an acyclic c-game on the network (G, X1, X2, c′, x0, x f ) with the cost
function c′ = c − v(x0). �

Corollary 3.51 The difference εx − εx0 , x ∈ X, represents the costs of max-min
path from x to x f in the acyclic c-game on the network (G, X1, X2, c′, x0, x f )

with c′
(x,y) = c(x,y) − v(x0), ∀(x, y) ∈ E.

3.6.3 A Polynomial Time Algorithm for Finding
the Value and the Optimal Strategies
in the Acyclic l-Game

The algorithm, which we describe below, is based on the results from Sect. 3.6.2.
In this algorithm we shall use the following properties:

1. The value v(x0) of an acyclic l-game on the network (G, X1, X2, c, x0, x f ) is
nonnegative if and only if the value v(x0) of an acyclic l-game on the network
(G, X1, X2, c, x0, x f ) is nonnegative; moreover v(x0) = 0 if and only if v(x0)

= 0.
2. If M1 = min

e∈E
ce and M2 = max

e∈E
ce, then M1 ≤ v(x0) ≤ M2.

3. If in the network (G, X1, X2, c, x0, x f ) the cost function c : E → R is changed
by the function ch : E → R, where

ch
e = ce − h,∀e ∈ E (3.43)

(h is an arbitrary constant), then the acyclic l-games on (G, X1, X2, c, x0, x f )

and (G, X1, X2, ch, x0, x f ), respectively, have the same optimal strategies s1∗
,

s2∗
. In addition, the values v(x0) and vh(x0) of these games differ by a constant

h: vh(x0) = v(x0) − h. So, the acyclic l-games on (G, X1, X2, c, x0, x f ) and
(G, X1, X2, ch, x0, x f ) are equivalent.

According to the properties mentioned above, if v(x0) is known, then the acyclic
l-game can be reduced to the acyclic c-game by using transformation (3.38) with
h = v(x0). After that we can find the optimal strategies in the game with net-
work (G, X1, X2, ch, x0, x f ) by using Algorithm 3.39. The most important phase
in the proposed algorithm represents the problem of finding the value h, for which
vh(x0) = 0. Taking into account properties 1 and 2, we will seek for this value by
using the dichotomy method on segment [M1, M2], such that at each step of this
method we will solve a dynamic c-game with network (G, X1, X2, ck, x0, x f ), where
ck = c − hk . The main idea of the general step of the algorithm is the following.
We make transformation (3.43) with h = hk , where hk is a midpoint of the segment
[M1

k , M2
k ] at step k. After that we apply Algorithm 3.39 for the dynamic c-game

on network (G, X1, X2, chk , x0, x f ) and find vhk (x0). If vhk (x0) > 0 then we fix
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segment [M1
k+1, M2

k+1], where M1
k+1 = M1

k and M2
k+1 = (M1

k + M2
k

)
/2; otherwise

we put M1
k+1 = (

M1
k + M2

k

)
/2 and M2

k+1 = M2
k . If vhk (x0) = 0 then STOP. The

detailed description of the algorithm is the following.

Algorithm 3.52 Determining the Value and Optimal Strategies of the Players
for the Acyclic l-Game
Let us assume that the cost function c : E → R is integer and max

e∈E
|ce| �= 0.

Preliminary step (step 0): Find the value v(x0) and optimal strategies s1∗
and s2∗

of
the dynamic c-game on (G, X1, X2, c, x0, x f ) by using Algorithm 3.39. If v(x0) = 0
then fix s1∗

and s2∗
as the solution of the l-game, put v(x0) = 0 and STOP; otherwise

fix M1
1 = mine∈E ce, M2

1 = maxe∈E ce, L = maxe∈E |ce| + 1.

General step (step k, k ≥ 1): Find hk = (M1
k + M2

k

)
/2 and make the transformation

of the edges’ costs

ck
e = ce − hk for e ∈ E .

Solve the dynamic c-game on the network (G, X1, X2, ck, x0, x f ) and find the value
vk(x0) and the optimal strategies s1∗

, s2∗
.

If vk(x0) = 0 then fix the optimal strategies s1∗
and s2∗

and put v(x0) = hk .
If |vk(x0)| ≤ 1/

(
4|X |2 L

)
then fix s1∗

and s2∗
; find v(x0) = H x0(s

1∗
, s2∗

)/

n(Ps∗(x0, x f )) and STOP. If vk(x0)>1/
(
4|X |2L

)
then fix M1

k+1 = M1
k , M2

k+1 =hk

and go to step k + 1. If vk(x0)<−1/
(
4|X |2L

)
then fix M1

k+1 =hk , M2
k+1 = M2

k and
go to step k+1.

Theorem 3.53 Let (G, X1, X2, c, x0, x f ) be a network with an integer cost function
c : E → R, and L = maxe∈E |ce|. Then Algorithm 3.52 finds correctly the value
v(x0) and optimal strategies s1∗

, s2∗
in the acyclic l-game. The running time of the

algorithm is O(|X |2 log L + 2|X |2 log |X |).
Proof Let (G, X1, X2, ck, x0, x f ) be a network after the final step k of
Algorithm 3.52. If we solve the corresponding acyclic c-game, then

|vk(x0)| ≤ 1

4|X |2 L

and the values εk
x , x ∈ X , determined according to Algorithm 3.39 represents the

approximation solution of the system

⎧
⎨

⎩

εy − εx + ck
(x,y) ≤ 0 for x ∈ X1, (x, y) ∈ E;

εy − εx + ck
(x,y) ≥ 0 for x ∈ X2, (x, y) ∈ E;

εx0 = εx f .

This means that εk
x , x ∈ X , and hk represents the approximative solution of the

system
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⎧
⎨

⎩

εy − εx + c(x,y) ≤ hk for x ∈ X1, (x, y) ∈ E;
εy − εx + c(x,y) ≥ hk for x ∈ X2, (x, y) ∈ E;
εx0 = εx f .

According to [57, 58], the exact solution h = v(x), εx , x ∈ X , of this system can
be obtained from hk , εk

x , x ∈ X , by using the special round-off procedure in time
O(log(L +1)). Therefore the strategies s1∗

, s2∗
after the final step k of the algorithm

correspond to the optimal solution of the acyclic l-game.
Taking into account that the tabulation of the values ε(x), x ∈ X , in G needs

O(|X |2) operations and the number of iterations of the algorithm is O(log L +
2 log |X |), we obtain that the running time of the algorithm is O(|X |2 log L +
2|X |2 log |X |). �

3.7 Algorithms for Finding the Optimal Strategies
of the Players in a Cyclic Game

Cyclic games have been studied in [29, 43, 66, 67, 99, 142]. Later in [68, 79, 83]
this game has been used for studying the game variant of the infinite horizon discrete
control problem with average cost criterion by a trajectory. Here we show that the
problem of finding optimal strategies of the players in a cyclic game is tightly con-
nected with the problem of finding optimal strategies of the players in the dynamic
c-game and the acyclic l-game. On the basis of these results we propose algorithms
for determining the value and the optimal strategies in a cyclic game.

3.7.1 Problem Formulation and the Main Properties

Let G = (X, E) be a finite directed graph in which every vertex x ∈ X has at least
one leaving edge e = (x, y) ∈ E . On the edge set E it is given a function c : E → R

which assigns a cost ce to each edge e ∈ E . In addition the vertex set X is divided
into two disjoint subsets X1 and X2(X = X1 ∪ X2, X1 ∩ X2 = ∅) which we will
regard as position sets of the two players. On G we consider the following two-person
game from [29, 43, 79, 131, 142]: The game starts at position x0 ∈ X . If x0 ∈ X1
then the move is done by the first player, otherwise it is done by the second one.
The move means that the passage from the position x0 to the neighbor position x1
through the edge e1 = (x0, x1) ∈ E . After that if x1 ∈ X1 then the move is done by
the first player, otherwise it is done by the second one and so on indefinitely. The first
player has the aim to maximize limt→∞ inf 1

t

∑t
i=1 cei while the second player has

the aim to minimize limt→∞ sup 1
t

∑t
i=1 cei . In [29] it is proved that for this game

there exists a value v(x0) such that the first player has a strategy of moves that insures
limt→∞ inf 1

t

∑t
i=1 cei ≥ v(x0) and the second player has a strategy of moves that

insures limt→∞ sup 1
t

∑t
i=1 cei ≤ v(x0).
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Furthermore in [29] it is shown that the players can achieve the value v(x0)

applying the strategies of moves which do not depend on t . This means that the
considered game can be formulated in terms of stationary strategies. Such a statement
of the game in [43] is named a cyclic game. In [131, 142] this game is called parity
game .

The strategies of the players in the cyclic game are defined as maps

s1: x → y ∈ X (x) for x ∈ X1,

s2: x → y ∈ X (x) for x ∈ X2,

where X (x) = {y ∈ X | e = (x, y) ∈ E}. Since G is a finite graph then the sets of
strategies of the players

S
1 = {s1: x → y ∈ X (x) for x ∈ X1};
S

2 = {s2: x → y ∈ X (x) for x ∈ X2}

are finite sets.
The payoff function H x0 : S1 × S

2 → R in the cyclic game is defined as follows:

Let s1 ∈ S
1 and s2 ∈ S

2 be fixed strategies of the players. Denote by Gs = (X, Es)

the subgraph of G generated by edges of the form (x, s1(x)) for x ∈ X1 and (x, s2(x))

for x ∈ X2. Then Gs contains a unique directed cycle Cs which can be reached from
x0 through the edges e ∈ Es . We consider that the value H x0(s

1, s2) is equal to mean
edges cost of cycle Cs , i.e.,

H x0(s
1, s2) = 1

n(Cs)

∑

e∈E(Cs )

ce,

where E(Cs) represents the set of edges of cycle Cs and n(Cs) is a number of the edges
of Cs . So, the cyclic game is determined uniquely by the network (G, X1, X2, c, x0),
where x0 is the given starting position of the game. If we consider the problem of
finding the optimal strategies of the players for an arbitrary starting position x ∈ X ,
then we will use the notation (G, X1, X2, c). In [29, 43] it is proved that there exist
the strategies s1∗ ∈ S1 and s2∗ ∈ S2 such that

v(x) = H x (s
1∗

, s2∗
) = max

s1∈S1
min

s2∈S2
H x (s

1, s2)

= min
s2∈S2

max
s1∈S1

H x (s
1, s2), ∀x ∈ X.

So, the optimal strategies s1∗
, s2∗

of the players in cyclic games do not depend on
a starting position x0 although for different positions x, y ∈ X the values v(x) and
v(y) may be different. It means that the positions set X can be divided into several
classes X = X1 ∪ X2 ∪ · · · ∪ Xk according to values of positions v1, v2, . . . , vk ,
i.e., x, y ∈ Xi if and only if vi = v(x) = v(y). In the case k = 1 the network
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(G, X1, X2, c) is named the ergodic network [43]. In [79, 83] it is shown that every
cyclic game with an arbitrary network (G, X1, X2, c, x0) with given starting position
x0 can be reduced to a cyclic game on an auxiliary ergodic network (G ′, X ′

A, X ′
B, c′).

It is well-known [54, 131, 142] that the decision problem associated to the cyclic
game is in N P ∩ co-N P . Some exponential and pseudo-polynomial algorithms for
finding the value and the optimal strategies of the players in cyclic game are proposed
in [142]. The computational complexity of the problem of determining the optimal
stationary strategies for stochastic games is studied in [22]. Our aim is to propose
polynomial time algorithms for determining optimal strategies of the players in cyclic
games. We argue such algorithms on the basis of results which have been announced
in [83, 85].

3.7.2 Some Preliminary Results

First of all we need to remind some preliminary results from [43, 68, 76, 79, 83, 85].
Let (G, X1, X2, c) be a network with the properties described in Sect. 3.7.1. In an
analogous way as for dynamic c-games here we denote

ext(c, x) =
⎧
⎨

⎩

max
y∈X (x)

c(x,y) for x ∈ X1,

min
y∈X (x)

c(x,y) for x ∈ X2,

VEXT(c, x) = {y ∈ X (x) | c(x,y) = ext(c, x)}.

We shall use the potential transformation c′
(x,y) = c(x,y) + ε(y) − ε(x) for costs on

the edges e = (x, y) ∈ E , where ε: X → R is an arbitrary function on the vertex
set X . In [43] it is shown that the potential transformation does not change the value
and the optimal strategies of the players in cyclic games.

Theorem 3.54 Let (G, X1, X2, c) be an arbitrary network with the properties
described in Sect. 3.7.1. Then there exists the value v(x), x ∈ X and the func-
tion ε: X → R which determines the potential transformation c′

(x,y) = c(x,y) +
ε(y)−ε(x) for costs on the edges e = (x, y) ∈ E, such that the following properties
hold

(a) v(x) = ext(c′, x) for x ∈ X,

(b) v(x) = v(y) for x ∈ X1 ∪ X2 and y ∈ VEXT(c′, x),
(c) v(x) ≥ v(y) for x ∈ X1 and y ∈ XG(x),
(d) v(x) ≤ v(y) for x ∈ X2 and y ∈ XG(x),
(e) max

e∈E
|c′

e| ≤ 2|X | max
e∈E

|ce|.
The values v(x), x ∈ X on the network (G, X1, X2, c) are determined uniquely
and the optimal strategies of the players can be found by the following way: Fix the
arbitrary strategies s1∗

: X1 → X and s2∗
: X2 → X such that s1∗

(x) ∈ VEXT(c′, x)

for x ∈ X1 and s2∗
(x) ∈ VEXT(c′, x) for x ∈ X2.
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This theorem follows from Theorem 3.17. In [43] a constructive proof of Theorem
3.54 is given. In [79] it is shown that the conditions of this theorem can be obtained
from the continuous optimal mean cost cycle problem in a weighted directed graph.

Further we shall use Theorem 3.54 in the case of the ergodic network (G, X1,

X2, c), i.e., we shall use the following corollary:

Corollary 3.55 Let (G, X1, X2, c) be an ergodic network. Then there exists the
value v and the function ε: X → R which determines the potential transformation
c′
(x,y) = c(x,y)+εy−εx for costs of the edges e = (x, y) ∈ E such that v = ext(c′, x)

for x ∈ X. The optimal strategies of the players can be found as follows: Fix arbitrary
strategies s1∗

: X1 → X and s2∗
: X2 → X such that s1∗

(x) ∈ VEXT(c′, x) for
x ∈ X1 and s2∗

(x) ∈ VEXT(c′, x) for x ∈ X2.

3.7.3 The Reduction of Cyclic Games to Ergodic Ones

Let us consider an arbitrary network (G, X1, X2, c, x0) with a given starting position
x0 ∈ X which determines a cyclic game. In [79, 83, 85] it is shown that this game
can be reduced to a cyclic game on an auxiliary ergodic network (G ′, W1, W2, c),
G ′ = (W, E ′) with the same value v(x0) of the game as the initial one, where
x0 ∈ W = X ∪ U ∪ Z .

The graph G ′ = (W, E ′) is obtained from G if each edge e = (x, y) is changed
by a triple of edges e1 = (x,u), e2 = (u, z), e3 = (z, y) with the costs
ce1 = ce2 = ce3 = ce. Here u ∈ U , z ∈ Z and x, y ∈ X ; W = X ∪ U ∪ Z .
In addition, in G ′ each vertex u is connected with x0 by edge (u, x0) with the cost
c(u,x0) = M (M is a great value) and each vertex z is connected with x0 by edge
(z, x0) with the cost c(z,x0) = −M . In (G ′, W1, W2, c) the sets W1 and W2 are defined
as follows: W1 = X1 ∪ Z ; W2 = X2 ∪ U .

It is easy to observe that this reduction can be done in linear time.

3.7.4 A Polynomial Time Algorithm for Solving Ergodic
Zero-Value Cyclic Games

Let us consider an ergodic zero value cyclic game determined by the network
(G, X1, X2, c, x0), where G = (X, E). Then according to Theorem 3.54 there
exists the function ε : X → R which determines the potential transformation
c′
(x,y) = c(x,y) + εy − εx on the edges (x, y) ∈ E such that

ext(c, x) = 0, ∀x ∈ X. (3.44)

This means that if x f is a vertex of the cycle Cs∗ determined by optimal strategies s1∗

and s2∗
then the problem of finding the function ε : X → R which determines the

canonic potential transformation is equivalent to the problem of finding the values
εx , x ∈ X in a max-min path problem on G with the sink vertex x f where εx f = 0.
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So, in order to solve the zero value cyclic game we fix at each time-step a vertex
x ∈ X as a sink vertex (x f = x) and solve a max-min path problem on G with the
sink vertex x f . If for the given x f = x the function ε : X → R obtained on the basis
of the algorithm from Sects. 3.5.4 and 3.5.5 determines the potential transformation
which satisfies (3.44) then we fix s1∗

and s2∗
such that s1∗

(x) ∈ VEXT(c′, x) for
x ∈ X1 and s2∗

(x) ∈ VEXT(c′, x) for x ∈ X2. If for the given x the function
ε : X → R does not satisfy (3.44) then we select another vertex x ∈ X as a sink
vertex and so on. This means that the optimal strategies of the players in zero value
ergodic cyclic games can be found in time O(|X |4).
Example Consider the ergodic zero-sum cyclic game determined by the network
given in Fig. 3.13 with starting position x0 = 0. Positions of the first player are
represented by circles and positions of the second one are represented by squares,
i.e., X1 = {1, 2, 4, 5}, X2 = {0, 3}.

The network in Fig. 3.13 is obtained from the network in Fig. 3.13 by adding the
edge (5, 2) with the cost c(5,2) = −5. It is easy to check that the value of a cyclic
game on this network for an arbitrary fixed starting position is equal to zero.

The max-min mean cycle which determines a way with zero cost is 2 → 3 →
5 → 2. Therefore, if we fix a vertex of this cycle as a sink vertex (as example
x = 5) then we can find the potential function ε : X → R which determines the
potential transformation c′

(x,y) = εy − εx + c(x,y) such that ext (c′, x) = 0, ∀x ∈ X .
This function ε : X → R can be found by using the algorithm from example from
Sects. 3.5.4 and 3.5.5, i.e. we find costs of min-max paths from every x ∈ X to
vertex 5. So, ε0 = 8, ε1 = 12, ε2 = 5, ε3 = 3, ε4 = 2, ε5 = 0. After the potential
transformation we obtain the network with the following costs of edges:

c′
(3,5) = ε5 − ε3 + c(3,5) = 0 − 3 + 3 = 0,

c′
(4,5) = ε5 − ε4 + c(4,5) = 0 − 2 + 2 = 0,

c′
(5,2) = ε2 − ε5 + c(5,2) = 5 − 0 − 5 = 0,

c′
(2,3) = ε3 − ε2 + c(2,3) = 3 − 5 + 2 = 0,
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Fig. 3.13 The network for the ergodic zero-sum cyclic game
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Fig. 3.14 The network after the potential transformation
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Fig. 3.15 The network induced by the optimal strategies of the players

c′
(3,2) = ε2 − ε3 + c(3,2) = 5 − 3 + 1 = 3,

c′
(4,2) = ε2 − ε4 + c(4,2) = 5 − 2 − 4 = −1,

c′
(2,4) = ε4 − ε2 + c(2,4) = 2 − 5 + 1 = −2,

c′
(0,4) = ε4 − ε0 + c(0,4) = 2 − 8 + 6 = 0,

c′
(0,2) = ε2 − ε0 + c(0,2) = 5 − 8 + 4 = 1,

c′
(1,3) = ε3 − ε1 + c(1,3) = 3 − 12 + 6 = −3,

c′
(1,2) = ε2 − ε1 + c(1,2) = 5 − 12 + 3 = −4,

c′
(1,0) = ε0 − ε1 + c(1,0) = 8 − 12 + 4 = 0,

c′
(0,1) = ε1 − ε0 + c(0,1) = 12 − 8 + 1 = 5.

The network after the potential transformation is given in Fig. 3.14. We can see that
ext(c′, x) = 0, ∀x ∈ X . Therefore, the edges with zero cost determine the optimal
strategies of the players:

s1∗ : 1 → 0; 2 → 3; 4 → c; 5 → 2;
s2∗ : 0 → 4; 3 → 5.

The graph Gs∗ = (X, Es∗)generated by these strategies is represented in Fig. 3.15.
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3.7.5 A Polynomial Time Algorithm for Solving Cyclic Games
Based on a Reduction to Acyclic l-Games

On the basis of the obtained results we can propose a polynomial time algorithm for
solving cyclic games.

We consider an acyclic game on the ergodic network (G, X1, X2, c, x0) with
the given starting position x0. The graph G = (X, E) is considered to be strongly
connected and X = {x0, x1, x2, . . . , xn−1}. Assume that x0 belongs to the cycle Cs∗
determined by the optimal strategies of the players s1∗

and s2∗
. If in G there are

several of such cycles we consider one of them with the minimum number of edges.
We construct an auxiliary acyclic graph GTr = (W r , Er ), where

W r = {w0
0} ∪ W 1 ∪ W 2 ∪ · · · ∪ W r , W i ∩ W j = ∅, i �= j;

W i = {wi
0, w

i
1, . . . , w

i
n−1}, i = 1, 2, . . . , r;

Er = E0 ∪ E1 ∪ E2 ∪ · · · ∪ Er−1;
Ei = {(wi+1

k , wi
l ) | (xk, xl) ∈ E}, i = 1, 2, . . . , r − 1;

E0 = {(wi
k, w

0
0) | (xk, x0) ∈ E, i = 1, 2, . . . , r}.

The vertex set W r of GTr is obtained from X if it is doubled r times and then a sink
vertex w0

0 is added. The edge subset Ei ⊆ E in GTr connects the vertices of the set
W i+1 and the vertices of the set W i in the following way:

If in G there exists an edge (xk, xl) ∈ E then in GTr we add the edge (wi+1
k , wi

l ).
The edge subset E0 ⊆ E in GTr connects the vertices wi

k ∈ W 1 ∪ W 2 ∪ · · · ∪ W r

with the sink vertex w0
0, i.e., if there exists an edge (xk, x0) ∈ E then in GTr we add

the edges (wi
k, w

0
0) ∈ E0, i = 1, 2, . . . , r .

After that we define the acyclic network (GT ′
r , W1, W2, c′, w0

0), GT ′
r = (Wr , Er )

where GT ′
r is obtained from GTr by deleting the vertices wi

k ∈ W r from which the
vertex w0

0 can not be attainable. The sets W1, W2 and the cost function c′: Er → R

are defined as follows:

W1 = {wi
k ∈ Wr | xk ∈ X1}, W2 = {wi

k ∈ Wr | xk ∈ X2};
c′
(wi+1

k ,wi
l )

= c(xk ,xl ) if (xk, xl) ∈ E and (wi+1
k , wi

l ) ∈ Ei ; i = 1, 2, . . . , r −1;
c′
(wi

k ,w
0
0)

= c(xk ,x0) if (xk, x0) ∈ E and (wi
k, w

0
0) ∈ E0; i = 1, 2, . . . , r.

Now we consider the acyclic c-game on the acyclic network (GT ′
r , W1, W2,

c′, wr
0, w

0
0) with the sink vertex w0

0 and the starting position wr
0.

Lemma 3.56 Let v = v(x0) is a value of the ergodic cyclic game on G and the
number of edges of the max-min cycle Cs∗ in G is equal to r . In addition, let vr (w

r
0)

be the value of the l-game on (GT ′
r , W1, W2, c′) with the starting position wr

0. Then
v(x0) = vr (w

r
0).
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Proof It is evident that there exists a bijective mapping between the set of cycles with
no more than r edges (which contains the vertex x0) in G and the set of directed paths
with no more than r edges from wr

0 to w0
0 in GT ′

r . Therefore v(x0) = vr (w
r
0). �

On the basis of this lemma we can propose the following algorithm for finding the
optimal strategies of the players in cyclic games.

Algorithm 3.57 Determining the Optimal Stationary Strategies of the Players
in Cyclic Games with a Known Vertex of a Max-Min Cycle of the Network
We construct the acyclic networks (GT ′

r , W1, W2, c′), r = 2, 3, . . . , n, and for each
of them solve a l-game. In such a way we find the values v2(w

2
0), v3(w

3
0), . . . , vn(wn

0 )

for these l-games.
Then we consecutively fix v = v2(w

2
0), v3(w

3
0), . . . , vn(wn

0 ) and at each time
solve the c-game on the network (G, X1, X2, c′′), where c′′ = c − v. Fixing at each
time the values ε′(xk) = v(xk) for xk ∈ X we check if the following condition

ext(cr , xk) = 0, ∀xk ∈ X

is satisfied, where cr
(xk ,xl )

= c′′
(xk ,xl )

+ε(xl)−ε(xk). We find r for which this condition

holds and fix the respective maps s1∗
and s2∗

such that s1∗
(xk) ∈ VEXT(c′′, xk) for

xk ∈ X1 and s2∗
(xk) ∈ VEXT(c′′, xk) for xk ∈ X2. So, s1∗

and s2∗
represent the

optimal strategies of the players in cyclic games on G.

Remark 3.58 Algorithm 3.57 finds the value v(x0) and optimal strategies of the
players in time O(|X |5 log L + 4|X |3 log |X |), because Algorithm 3.52 needs
O(|X |4 log L + 4|X |2 log |X |) elementary operations for solving an acyclic l-game
on the network (GT ′

r , W1, W2, c′), where L = maxe∈E |ce| + 1.

In the general case, if the belonging of x0 to the max-min cycle is unknown then we
use the following algorithm.

Algorithm 3.59 Determining the Optimal Strategies of the Players in Ergodic
Cyclic Games (General case)

Preliminary step (step 0): Fix Y1 = X .

General step (step k): Select a vertex y ∈ Y1, fix x0 = y and apply Algorithm 3.57.
If there exists r ∈ {2, 3, . . . , n} such that ext(cr , x) = 0, ∀x ∈ X , then fix s1∗ ∈
VEXT(ck, x) for x ∈ X1 and s2∗ ∈ VEXT(ck, x) for x ∈ X2 and STOP; otherwise
put Yk+1 = Yk \ {y} and go to next step k + 1.

Remark 3.60 Algorithm 3.59 finds the value v and optimal strategies of the players
in time O(|X |6 log L + 4|X |4 log |X |), because in the worst case Algorithm 3.57 is
repeated |X | times.

The algorithm for solving cyclic games allows us to determine the sign of value v(x0)

in an infinite dynamic c-game on G with starting position x0. In order to determine
sign(v(x0)) we solve on G a cyclic game with starting position x0 and determine
v(x0). Then sign(v(x0)) = sign(v(x0)).
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3.7.6 An Approach for Solving Cyclic Games Based
on the Dichotomy Method and Solving
a Dynamic c-Game

In this section we describe an approach for solving cyclic games considering that
there exist efficient algorithms for solving a dynamic c-game (including infinite
dynamic c-games).

Consider the ergodic cyclic game determined by the ergodic network (G, X1, X2,

c, x0)where the value of the game may be different from zero. The graph G is assumed
to be strongly connected.

At first we show how to determine the value of the game and optimal strategies
of the players in the case if the vertex x0 belongs to a max-min cycle in G induced
by optimal strategies of the players.

To our ergodic cyclic game we associate a dynamic c-game determined by an
auxiliary network (G, X1, X2∪{x ′

0}, c, x0, x ′
0), where the graph G = (X∪∪{x ′

0}, E)

is obtained from G by adding a copy x ′
0 of vertex x0 together with copies e′ = (x, x ′

0)

of the edges e = (x, x0) ∈ E with costs ce′ = ce. So, for x ′
0 there are no leaving

edges (x ′
0, x).

It is evident that if the value v = v(x0) of the ergodic cyclic game on (G, X1, X2,

c, x0) is known then the problem of finding the optimal strategies of the players is
equivalent to the problem of finding optimal strategies of the players in a dynamic
c-game on the network (G, X1, X2 ∪ {x ′

0}, c′, x0, x ′
0) with the cost functions

c′
e = ce − v(x0) for e ∈ E .

Moreover, if s1∗
and s2∗

are optimal strategies of the players in the dynamic c-game
on (G, X1, X2 ∪{x ′

0}, c′, x0, x ′
0), then the optimal strategies s∗

A and s∗
B of the players

in the ergodic cyclic game can be found as follows:

s∗
1(x) = s1(x) for x ∈ X1 if s1(x) �= x ′

0;
s∗

2(x) = s2(x) for x ∈ X2 if s2(x) �= x ′
0

and

s∗
1(x) = x0 if s1(x) = x ′

0;
s∗

2(x) = x ′
0 if s2(x) = x ′

0.

It is easy to observe that for the considered problems the following properties hold.

1. The value v(x0) of the ergodic cyclic game on the network (G, X1, X2, c, x0) is
nonnegative if and only if the value v(x0) of the dynamic c-game on the network
(G, X1, X2 ∪ {x ′

0}, c, x0, x ′
0) is nonnegative; moreover v(x0) = 0 if and only if

v(x0) = 0.
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2. If M1 = mine∈E ce and M2 = maxe∈E ce, then M1 ≤ v(x0) ≤ M2.
3. If in the network (G, X1, X2, c, x0) the cost function c : E → R is changed

by c′ = c + h, then the optimal strategies of the players in the ergodic cyclic
game on the network (G, X1, X2, c′, x0) do not change although the value v(x0)

is changed by v′(x0) = v(x0) + h.

On the basis of these properties we seek for the unknown value v(x0) = v(x),
which we denote by h, using the dichotomy method on the segment [M1, M2] such
that at each step of this method we will solve a dynamic c-game with network
(G, X1, X2 ∪ {x ′

0}, ch, x0, x ′
0), where ch = c − h. So, the main idea of the general

step of the algorithm is the following: We make the transformation

ck = c − hk for e ∈ E,

where hk is a midpoint of the segment [M1
k , M2

k ] at step k.
After that we apply the algorithm from Sect. 3.5.5 for the dynamic c-game on

the network (G, X1, X2 ∪ {x ′
0}, ck, x0, x ′

0) and find vhk (x0). If vhk (x0) > 0 then we
fix the segment [M1

k+1, M2
k+1], where M1

k+1 = M1
k and M2

k+1 = (
M1

k + M2
k

)
/2;

otherwise we put M1
k+1 = (

M1
k + M2

k

)
/2 and M2

k+1 = M2
k . If vhk (x0) = 0 then

STOP.
So, using the dichotomy method in an analogous way as for the acyclic l-game

we determine the value of the acyclic game. If this value of the dynamic c-game
is known then we determine the strategies of the players by using algorithms from
Sect. 3.5.4 or Sect. 3.5.5.

In the case if x0 may not belong to a max-min cycle determined by optimal
strategies of the players in the cyclic game we solve |X | problems by fixing at each
time the starting position x0 = x for x ∈ X . Then at least for a position x0 = x ∈ X
we obtain the value of the cyclic game and the optimal strategies of the players.

3.8 On Determining Pareto Optima for Cyclic Games
with m Players

To determine a Pareto solution for the cyclic game with m players we can use the
continuous model from Sect. 2.2.4 and extend it for the multi-objective case of the
problem in the following way:
Minimize the vector function

H(α) = (H
1
(α), H

2
(α), . . . , H

m
(α))

http://dx.doi.org/10.1007/978-3-319-11833-8_2
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subject to
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑

e∈E−(x)

αe −
∑

e∈E(x)

αe = 0, ∀x ∈ X;
∑

e∈E

αe = 1;
αe ≥ 0, e ∈ E,

where

H
i
(α) =

∑

e∈E

ci
eαe, i = 1, 2, . . . , m;

E−(x) = {e = (y, x) | (y, x) ∈ E}; E(x) = {e = (x, y) | (x, y) ∈ E}.

Pareto optima for this multicriterion problem can be found by using the approach
from [14–16, 30, 111]. Solutions of this continuous problem will correspond to
solutions of the discrete multicriterion problem on a given strongly connected graph
G = (X, E) with cost functions ci : E → R, i = 1, 2, . . . , m.

Note that a Pareto solution for the cyclic game with m players on G does not
depend on the partition X = X1 ∪ X2 ∪ · · · ∪ Xm .

3.9 Multi-objective Control Based on the Concept
of Noncooperative Games: Nash Equilibria

Consider a dynamic system L with a finite set of states X , where at every time-step
t the state of L is x(t) ∈ X . For the system L two states x0, x f ∈ X are given
where x0 represents the starting state of L , i.e., x0 = x(0), and x f represents the
state in which the dynamical system must be brought, i.e. x f is the final state of L.
We assume that the dynamic system should reach the final state x f at the moment of
time t (x f ) such that t1 ≤ t (x) ≤ t2 where t1 and t2 are given. The dynamics of the
system L is controlled by m players and it is described as follows:

x(t + 1) = gt (x(t), u1(t), u2(t), . . . , um(t)), t = 0, 1, 2, . . . (3.45)

where

x(0) = x0

is a starting point of the system L and ui (t) ∈ R
ni represents the vector of the control

parameters of the player i , i ∈ {1, 2, . . . , m}. The state x(t +1) of the systemL at the
time-step t +1 is obtained uniquely if the state x(t) at the time-step t is known and the
players 1, 2, . . . , m fix their vectors of the control parameters u1(t),u2(t), . . . ,um(t)
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independently, respectively. For each player i , i ∈ {1, 2, . . . , m} the admissible sets
Ui

t (x(t)) for the vectors of the control parameters ui (t) are given, i.e.,

ui (t) ∈ Ui
t (x(t)), t = 0, 1, 2, . . . ; i = 1, 2, . . . , m. (3.46)

We assume that Ui
t (x(t)), t = 0, 1, 2, . . . ; i = 1, 2, . . . , m are non-empty finite

sets and

Ui
t (x(t)) ∩ U j

t (x(t)) = ∅, i �= j, t = 0, 1, 2, . . . .

Let us consider that the players 1, 2, . . . , m fix their vectors of the control para-
meters

u1(t),u2(t), . . . ,um(t); t = 0, 1, 2, . . . ,

respectively, and the starting state x(0) = x0 as well as the final state x f are known.
Then for the fixed vectors of the control parameters u1(t),u2(t), . . . , um(t) either a
unique trajectory

x0 = x(0), x(1), x(2), . . . , x(t (x f )) = x f

from x0 to x f exists and t (x f ) represents the time-moment if the state x f is reached,
or such a trajectory from x0 to x f does not exist.

We denote by

Fi
x0x f

(u1(t),u2(t), . . . ,um(t)) =
t (x f )−1∑

t=0

ci
t (x(t), gt (x(t),u1(t),u2(t), . . . ,um(t)))

the integral-time cost of the system’s transition from x0 to x f for player i ,
i ∈ {1, 2, . . . , m} if the vectors u1(t),u2(t), . . . ,um(t) satisfy condition (3.46) and
generate a trajectory

x0 = x(0), x(1), x(2), . . . , x(t (x f )) = x f

from x0 to x f such that
t1 ≤ t (x f ) ≤ t2;

otherwise we put

Fi
x0x f

(u1(t),u2(t), . . . ,um(t)) = ∞.
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Note that ci
t (x(t), gt (x(t), u1(t), u2(t), . . . , um(t))) = ci

t (x(t), x(t + 1))

represents the cost of the system’s passage from state x(t) to state x(t + 1) at the
stage [t, t + 1] for player i .

Problem 3.61 Find vectors of control parameters

u1∗
(t), u2∗

(t), . . . , ui−1∗
(t), ui∗(t), ui+1∗

(t), . . . , um∗
(t),

which satisfy the condition

Fi
x0x f

(u1∗
(t), u2∗

(t), . . . , ui−1∗
(t), ui∗(t), ui+1∗

(t), . . . , um∗
(t)) ≤

≤ Fi
x0x f

(u1∗
(t), u2∗

(t), . . . , ui−1∗
(t), ui (t), ui+1∗

(t), . . . , um∗
(t))

∀ui (t) ∈ R
mi , i = 0, 1, 2, . . . , m.

So, we consider the problem of finding the solution in the sense of Nash [2,79, 100,
102].

The problems formulated above, can be regarded as mathematical models for
dynamical systems controlled by several players who do not inform each other which
vectors of control parameters they use in the control process.

An important particular case of Problem 3.61 is represented by the zero-sum
control problem of two players with the given costs

ct (x(t), x(t + 1)) = c2
t (x(t), x(t + 1)) = −c1

t (x(t), x(t + 1))

of the system’s passage from state x(t) to state x(t + 1), which determine the payoff
function

Fx0x f (u
1(t), u2(t)) = F2

x0x f
(u1(t), u2(t)) = −F1

x0x f
(u1(t), u2(t)).

In this case we seek for a saddle point (u1∗(t), u2∗(t)) of the function Fx0x f (u
1(t),

u2(t)) [103], i.e. we consider the following max-min control problem:

Problem 3.62 Find vectors of control parameters u1∗
(t), u2∗

(t) such that

Fx0x f (u
1∗

(t), u2∗
(t)) = max

u1(t)
min
u2(t)

Fx0x f (u
1(t), u2(t))

= min
u2(t)

max
u1(t)

Fx0x f (u
1(t), u2(t)).

So, for this max-min control problem we are seeking for a saddle point [103].
The results obtained in previous sections allows us to formulate conditions for

the existence of Nash equilibria in such dynamic games. Moreover, we describe a
class of game control problems for which the dynamic programming technique can
be used for determining Nash equilibria.
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3.9.1 Stationary and Non-stationary Multi-objective
Control Models

The multi-objective control model formulated above is related to the non-stationary
case. In this model the functions gi

t , t = 0, 1, 2, . . . , may be different for different
moments of time and the players in the control process can change their vectors of
control parameters for an arbitrary state x = x(t) at different moments in time t .
Additionally, for a given state x = x(t) the admissible sets Ui

t (x(t)), i = 1, 2, . . . , m,
can be different for different moments in time t . Moreover, the costs of the system’s
transition ct (x(t), x(t + 1)) from state x = x(t) to state y = x(t + 1) are varying in
time for given x and y.

Stationary versions of the considered control problems correspond to the case if
the functions gi

t , t = 0, 1, 2, . . . , do not change in time, i.e., gi
t ≡ gi , t = 0, 1, 2, . . . ,

and the players preserve the same vectors of control parameters in time for given states
x ∈ X . Additionally, we consider that the admissible sets Ui

t (x(t)), t = 0, 1, 2, . . . ,
for vectors of control parameters do not change in time, i.e., Ui

t (x(t)) = Ui (x),
t = 0, 1, 2, . . . , i = 1, 2, . . . , m.

In general, for non-stationary control problems the players can use non-stationary
strategies although the functions gi

t , t = 0, 1, 2, . . . , and the admissible sets of the
control parameters Ui

t (x(t)), t = 0, 1, 2, . . . , may not change in time, i.e., gi
t ≡ gi ,

t = 0, 1, 2, . . . and Ui
t (x(t)) = Ui (x), t = 0, 1, 2, . . . , i = 1, 2, . . . , m.

3.9.2 Multi-objective Control Problems with Infinite
Time Horizon

For the control problems with infinite time horizon the final state is not given and
the control process is made indefinitely on discrete moments in time t = 0, 1, 2, . . . .
Mainly two classes of multi-objective problems in this topic are considered.

In the first class of problems each player i ∈ {1, 2, . . . , m} has the aim to minimize
his own objective function

Fi
x0

(u1(t), u2(t), . . . , um(t))

= lim
τ→∞

1

τ

τ∑

t=0

ci
t (x(t), gt (x(t), u1(t), u2(t), . . . , um(t)))

that expresses the average cost per transitions by a trajectory determined by all
players together. For the second class each player i ∈ {1, 2, . . . , m} has to minimize
the discounted objective function
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F̂ i
x0

(u1(t), u2(t), . . . , um(t))

=
τ∑

t=0

γt ci
t (x(t), gt (x(t), u1(t), u2(t), . . . , um(t))),

with a given discount factor γ, where 0 < γ < 1.

As we have noted for the single-objective control problems with infinite time
horizon and constant transition costs there exists the optimal stationary control. Based
on the results obtained for positional games we may derive conditions and algorithms
for determining Nash equilibria for the stationary game control problem with average
and discounted objective functions.

If m = 2 and

c2
t (x(t), gt (x(t), u1(t), u2(t))) = −c1

t (x(t), gt (x(t), u1(t), u2(t))),

then we obtain a zero-sum control problem with infinite time horizon. For such a
game we are seeking for a saddle point.

3.10 Hierarchical Control and Stackelberg’s
Optimization Principle

Now we shall use the concept of hierarchical control and assume that in (3.45)
for an arbitrary state x(t) at every moment in time, the players fix their vectors
of control parameters successively one after another according to their numerical
order. Moreover, we assume that each player fixing his vectors of control parameters
informs posterior players which vector of control parameters has been chosen at the
given moment in time for a given state. So, we consider the following hierarchical
control process:

Let L be a dynamical system with a finite set of states X and a fixed starting point
x(0) = x0 ∈ X . The dynamics of system L is defined by the system of difference
equations (3.45) and it is controlled by p players using the corresponding vectors of
the control parameters u1(t),u2(t), . . . ,um(t).

For each vector of control parameters ui (t) the feasible set (3.46) is defined for an
arbitrary state x(t) at every discrete moment in time t . Additionally, we assume that
for an arbitrary state x(t) ∈ X at every moment in time t the players fix their vectors
of control parameters successively one after another according to a given order. For
simplicity, we will consider that the players fix their vectors of control parameters
in the order corresponding to their numbers. Each player, after fixing his vectors of
control parameters, informs posterior players which vector of control parameters has
been chosen at the given moment in time for a given state. Finally, if the vectors
of control parameters u1(t),u2(t), . . . ,um(t) and the starting state x(0) = x0 are
known then the cost Fi

x0x f
(u1(t), u2(t), . . . , um(t)) of the system’s passage from
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the starting state x0 to the final state x f for player i ∈ {1, 2, . . . , m} is defined in the
same way as in Sect. 3.9.

In this hierarchical control process we are looking for Stackelberg strategies
[78, 79, 126], i.e. we consider the following hierarchical control problem:

Problem 3.63 Find vectors of control parameters u1∗
(t),u2∗

(t), . . . ,um∗
(t), for

which

u1∗
(t) = argmin

u1(t)∈U 1
(
ui (t)∈Ri (u

1,...,ui−1)
)

2≤i≤m

F1
x0x f

(u1(t), u2(t), . . . , um(t));

u2∗
(t) = argmin

u2(t)∈R2(u
1∗

)(
ui (t)∈Ri (u

1∗
,u2,...,ui−1)

)

3≤i≤m

F2
x0x f

(u1∗(t), u2(t), . . . , um(t));

u3∗
(t) = argmin

u3(t)∈R3(u
1∗

,u2∗
)(

ui (t)∈Ri (u
1∗

,u2∗
,u3,...,ui−1)

)

4≤i≤m

F3
x0x f

(u1∗
(t), u2∗

(t), . . . , um(t));

...

um∗
(t) = argmin

um (t)∈Rm(u1∗
,u2∗

,...,um−1∗
)

Fm
x0x f

(u1∗
(t),u2∗

(t), . . . ,um−1∗
(t),um(t));

where Rk(u
1,u2, . . . ,uk−1) represents the best responses of player k if the players

1, 2, . . . , k − 1 have already fixed their vectors u1(t), u2(t), . . . , uk−1(t), i.e.,

R2(u
1) = argmin

u2(t)∈U 2
(
ui (t)∈Ri (u

1,...,ui−1)
)

3≤i≤m

F2
x0x f

(u1(t),u2(t), . . . ,um(t));

R3(u
1,u2) = argmin

u3(t)∈U 3
(
ui (t)∈Ri (u

1,...,ui−1)
)

4≤i≤m

F3
x0x f

(u1(t),u2(t), . . . ,um(t));

...

Rm(u1,u2, . . . ,um−1) = argmin
um (t)∈U m

Fm
x0x f

(u1(t), u2(t), . . . , um(t));

Ui =
∏

x(t)

∏

t

U i
t (x(t)), t = 0, 1, 2, . . . ; i = 0, 1, 2, . . . , m.

It is easy to observe that if the solution u1∗
(t), u2∗

(t), . . . , um∗
(t) of Problem 3.61

does not depend on the order of fixing the vectors of control parameters of the players
1, 2, . . . , m then u1∗

(t), u2∗
(t), . . . , um(t) is a solution in the sense of Nash.

If c2
t (x(t), x(t +1)) = −c1

t (x(t), x(t +1)) = ct (x(t), x(t +1)), then we obtain
the max-min control problem of two players with the payoff functions



314 3 A Game-Theoretical Approach to Markov Decision Processes . . .

Fx0x f (u
1(t), u2(t)) = F2

x0x f
(u1(t), u2(t)) = −F1

x0x f
(u1(t), u2(t)).

In this case we are seeking for the vector of the control parameters u1∗
(t), u2∗

(t)
such that

Fx0x f (u
1∗

(t), u2∗
(t)) = max

u1(t)
min
u2(t)

Fx0x f (u
1(t), u2(t)).

For the considered class of problems we will also develop an algorithm based on
dynamic programming.

3.10.1 Multi-objective Control Based on the Concept
of Cooperative Games: Pareto Optima

We consider a dynamical system L, which is controlled by m players 1, 2, . . . , m
and formulate the control model which is based on the concept of cooperative games.
Assume that the players coordinate their actions in the control processes by using
common vectors of control parameters u(t) = (u1(t), u2(t), . . . , um(t)) (see [11,
17, 60, 100, 101, 107]). So, the dynamics of the system is described by the following
system of difference equations

x(t + 1) = gt (x(t), u(t)), t = 0, 1, 2, . . .

where

x(0) = x0 and u(t) ∈ Ut (x(t)), t = 0, 1, 2, . . . .

Additionally, we assume that systemL should reach the final state at the time moment
t (x f ) such that t1 ≤ t (x f ) ≤ T2.

Let

u(0), u(1), u(2), . . . , u(t − 1), . . .

be a players’ control, which generates a trajectory

x(0), x(1), x(2), . . . , x(t), . . . .

Then either this trajectory passes through state x f at the finite moment T (x f ) or it
does not pass through x f . We denote by

Fi
x0x f

(u(t)) =
t (x f )−1∑

t=0

ci
t (x(t), gt (x(t), u(t))), i = 1, 2, . . . , m
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the integral-time cost of the system’s passage from x0 to x f if

t1 ≤ t (x f ) ≤ t2;

otherwise we put
Fi

x0x f
(u(t)) = ∞.

Here ci
t (x(t), gt (x(t), u(t))) = ci

t (x(t), x(t + 1)) represents the cost of the
system’s passage from state x(t) to state x(t + 1) at the stage [t, t + 1] for player i ,
i ∈ {1, 2, . . . , m}.
Problem 3.64 Find vectors of control parameters u∗(t) such that there is no other
control vector u(t) �= u∗(t), for which

(F1
x0x f

(u(t)), F2
x0x f

(u(t)), . . . , Fm
x0x f

(u(t)))

≤ (F1
x0x f

(u∗(t)), F2
x0x f

(u∗(t)), . . . , Fm
x0x f

(u∗(t)))

and for any i0 ∈ {1, 2, . . . , m}

Fi0
x0x f

(u(t)) < Fi0
x0x f

(u∗(t)).

So, we consider the problem of finding a Pareto solution [100, 101, 107].
Unlike Nash equilibria, Pareto optima for multi-objective discrete control always

exist if there is an admissible solution u(t), t = 0, 1, 2, . . . , t (x f ), which generates
a trajectory x0 = x(0), x(1), x(2), . . . , x(t (x f )) = x f from x0 to x f .

3.11 Alternate Players’ Control Condition and Nash
Equilibria for Dynamic Games in Positional Form

In order to formulate the theorem of the existence of Nash equilibria for the considered
multi-objective control problem from Sect. 3.9 we will apply the following condition:

We assume that an arbitrary state x(t) ∈ X of the dynamic system L at the time-
moment t represents a position (x, t) ∈ X × {0, 1, 2, . . . } of one of the players
i ∈ {1, 2, . . . , m}. This means that in the control process the next state x(t + 1) ∈ X
is determined (chosen) by player i if the dynamic system L at the time-moment t
has the state x(t), which corresponds to the position (x, t) of player i . This situation
corresponds to the case if the expression

gt (x(t), u1(t), u2(t), . . . , ui−1(t), ui (t), ui+1(t), . . . , um(t))

in (3.45) for a given position (x, t) of player i only depends on the control vector
ui (t), i.e.,
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gt (x(t), u1(t), u2(t), . . . , ui−1(t), ui (t), ui+1(t), . . . , um(t)) = gi
t (x(t), ui (t)).

So, the notations (x, t) and x(t) have the same meaning.

Definition 3.65 We say that the alternate players’ control condition is satisfied for
the multi-objective control problems if for any fixed (x, t) ∈ X × {0, 1, 2, . . . }
the Eq. (3.45) only depend on one of the vectors of control parameters. The multi-
objective control problems with such an additional condition are called game control
models in positional form.

The following lemma presents a necessary and sufficient condition that holds for the
alternate players’ control.

Lemma 3.66 The alternate players’ control condition for the multi-objective control
problem holds if and only if at every time-step t = 0, 1, 2, . . . for the set of states X
there exists a partition

X = X1(t) ∪ X2(t) ∪ · · · ∪ Xm(t); (Xi (t) ∩ X j (t) = ∅, i �= j) (3.47)

such that the equations (3.45) can be represented as follows:

x(t + 1) = gi
t (x(t), ui (t)) if x(t) ∈ Xi (t);

t = 0, 1, 2, . . . ; i = 1, 2, . . . , m,
(3.48)

i.e.,

gt (x(t), u1(t), u2(t), . . . , ui (t), ui+1(t), . . . , um(t))

= gi
t (x(t), ui (t)) if x(t) ∈ Xi (t); t = 0, 1, 2, . . . ; i = 1, 2, . . . , m.

Here, Xi (t) corresponds to the set of the positions of player i at the time-step t (note
that some of Xi (t) in (3.47) can be empty sets).

Proof ⇒ Let us assume that the alternate players’ control condition holds for a
multi-objective control problem. Then for a fixed time-step t the equations (3.45)
depend on only one of the vectors of control parameters ui (t), i ∈ {1, 2, . . . , m}.
Therefore, if we denote by Xi (t) the set of the states of the dynamical system which
corresponds to the positions of player i at time-step t , equation (3.45) can be regarded
as a solution which satisfies (3.48).

⇐ Let us assume that the partition (3.47) is given for any t = 0, 1, 2, . . . ,
and the expression in (3.45) is represented in the form (3.48). This means that at
every time-step t this equation depends on only one of the vectors of the control
parameters. �

On the basis of these results we can prove the important fact that the set of the
positions can be characterized in the following way:
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Corollary 3.67 If the alternate players’ control condition for the multi-objective
control problem holds then the set of the positions Zi ⊆ X × {0, 1, 2, . . . } of player
i can be represented as follows:

Zi =
⋃

t

(Xi (t), t), i = 1, 2, . . . , m.

Let us assume that the alternate players’ control for the problem from Sect. 3.9
holds. Then the set of possible system’s transitions of the dynamical system L can
be described by a directed graph G = (Z , E) with the set of vertices Z =⋃m

i=1 Zi ,
where Zi , i = 1, 2, . . . , m, represents the set of the positions of player i . An
arbitrary vertex z ∈ Z in G corresponds to a position (x, t) of one of the players
i ∈ {1, 2, . . . , m} and a directed edge e = (z′, z′′) reflects the possibility of the
system’s transition from state z′ = (x, t) to state z′′ = (y, t + 1) determined by x(t)
and the control vector ui (t) ∈ Ui

t (x(t)) such that

y = x(t + 1) = gi
t (x(t), ui (t)) if x(t) ∈ Zi .

We associate to the edges ((x, t), (y, t + 1)) of the graph G the costs ci ((x, t),
(y, t + 1)) = ci

t (x(t), gi
t (x(t), ui (t))), i = 1, 2, . . . , m.

Graph G is represented in Fig. 3.16. This graph contains t2 +1 copies of the set of
states X (t) = (X, t), where X (t) = X1(t)∪ X2(t)∪· · ·∪ Xm(t), t = 0, 1, 2, . . . , t2.
In G there are also the edges ((x, t), (x f , t2)) if t1 − 1 ≤ t ≤ t2 − 1 and for a given
position (x, t) = x(t) ∈ Xi (t) of the player i there exists a control ui (t) ∈ Ui

t (x(t))
such that

·
·
·

•  •  •

•  •  •

• • •

•  •  •
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x (t+1)

x (t)

(X, t1 -1) (X, t1) (X, t2 -1)(X,1)(X,0) (X, t2)

(xf , t2)

(x0 ,0)

Fig. 3.16 The network for the multi-objective control problem
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x f = x(t + 1) = gi
t (x(t), ui (t)).

To these edges ((x, t), (x f , t2)) we associate the costs ci ((x, t), (x f , t2)) = ci
t (x(t),

gi
t (x(t), ui (t))), i = 1, 2, . . . , m.

It is easy to observe that G is an acyclic directed graph in which an arbitrary
directed path from (x0, 0) to (x f , t2) contains t (x f ) edges such that t1 ≤ t (x f ) ≤ t2.
So, a directed path from (x0, 0) to (x f , t2) corresponds to a feasible trajectory of the
dynamical system from x0 to x f .

This means that our multi-objective problem with alternate players’ control con-
dition can be regarded as a dynamic noncooperative game on a network.

Based on such a representation of the dynamics of system L in [74, 76, 77, 79]
the following result is grounded.

Theorem 3.68 Let us assume that for the multi-objective control problem there
exists a trajectory

x0 = x(0), x(1), x(2), . . . , x(t (x f )) = x f

from a starting state x0 to a final state x f generated by vectors of control parameters

u1(t), u2(t), . . . , um(t), t = 0, 1, 2, . . . , t (x f ) − 1,

where ui (t) ∈ Ui
t (x(t)), i = 1, 2, . . . , m, t = 0, 1, 2, . . . , t (x f ) − 1 and t1 ≤

t (x f ) ≤ t2. Moreover, we assume that the alternate players’ control condition is satis-
fied. Then for this problem there exists an optimal solutionu1∗

(t), u2∗
(t), . . . , um∗

(t)
in the sense of Nash.

The correctness of this theorem follows from Theorem 3.30 because the problem of
determining Nash equilibria for the game-theoretic control problem with alternate
player’ control condition is equivalent to the problem of determining Nash equilibria
in the dynamic c-game on an auxiliary constructed time-expanded network.

As an important result from Theorem 3.68 we obtain the following corollary:

Corollary 3.69 Assume that for any u1(t) ∈ U 1
t (x(t)), t = 0, 1, 2, . . . in the

max-min control problem there exists a control u2(t) ∈ U 2
t (x(t)), t = 0, 1, 2, . . . ,

t (x f ) − 1 such that u1(t) and u2(t) generate a trajectory

x0 = x(0), x(1), x(2), . . . , x(t (x f )) = x f

from a starting state x0 to a final state x f , where t1 ≤ t (x f ) ≤ t2. Moreover, we
assume that the alternate players’ control condition is satisfied. Then for the payoff
function Fx0x f (u

1(t), u2(t)) in the max-min control problem there exists a saddle

point (u1∗
(t), u2∗

(t)), i.e.,
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Fx0x f (u
1∗

(t), u2∗
(t)) = max

u1(t)
min
u2(t)

Fx0x f (u
1(t), u2(t))

= min
u2(t)

max
u1(t)

Fx0x f (u
1(t), u2(t)).

All results related to the existence theorems and algorithms for solving the problems
on networks can be referred to the problems from Sects. 3.3–3.5.

3.12 Determining a Stackelberg Solution for Hierarchical
Control Problems

We consider the hierarchical control problem from Sect. 3.10. In order to develop
a dynamic programming technique for determining a Stackelberg solution we study
the static case of the hierarchical problem and analyze the computational complexity
of this problem. Additionally, we formulate the hierarchical control problem on the
network and propose a dynamic programming algorithm for its solving. Based on
these results we extend the dynamic programming technique for the hierarchical
control problem from Sect. 3.10.

3.12.1 A Stackelberg Solution for Static Games

Let a static game of m players Γ = ({Si}i=1,m, {Fi }i=1,m) be given, where Si ,
i = 1, 2, . . . , m, represent nonempty finite sets of the strategies of the players and

Fi : S1 × S2 × Sm → R
1, i = 1, 2, . . . , m,

are the corresponding payoff functions in Γ . We consider the problem of deter-
mining a Stackelberg solution in this game, i.e., we are seeking for strategies
s1∗

, s2∗
, . . . , sm∗ such that it holds:

s1∗ = argmin
s1∈S1,(

si ∈R2(s1,...,si−1)
)

2≤i≤m

F1(s
1, s2, . . . , sm);

s2∗ = argmin
s2∈R2(s1∗

),(
si ∈Ri (s1∗

,s2,...,si−1)
)

3≤i≤m

F2(s
1∗

, s2, . . . , sm);

s∗
3 = argmin

s3∈R3(s1∗
,s2∗

),(
si ∈Ri (s1∗

,s2∗
,s3,...,si−1)

)

4≤i≤m

F3(s
1∗

, s2∗
, . . . , sm);
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...

sm∗ = argmin
sm∈Rm (s1∗

,s2∗
,...,sm−1∗

)

Fm(s1∗
, s2∗

, . . . , sm−1∗
, sm),

where Rk(s1, s2, . . . , sk−1) is the set of the best responses of player k if the players
1, 2, . . . , k − 1 have already fixed their strategies s1, s2, . . . , sk−1, i.e.,

R2(s
1) = argmin

s2∈S2,(
si ∈Ri (s1,...,si−1)

)
3≤i≤m

F2(s
1, s2, . . . , sm);

R3(s
1, s2) = argmin

s3∈S3,(
si ∈Ri (s1,s2,...si−1)

)
4≤i≤m

F3(s
1, s2, . . . , sm);

...

Rm(s1, s2, . . . , sm−1) = argmin
sm∈Sm

Fm(s1, s2, . . . , sm).

In this game the players fix their strategies successively according to their numerical
order. Therefore, if the order of fixing the strategies of the players is changed then the
best responses of the players will correspond to a Stackelberg solution with respect
to a new order of the players.

Lemma 3.70 Let s1∗
, s2∗

, . . . , sm∗ be a Stackelberg solution of the game Γ . If this
solution remains the same for an arbitrary order of fixing strategies of the players,
then s1∗

, s2∗
, . . . , sm∗ is a Nash equilibrium.

Proof Assume that s1∗
, s2∗

, . . . , si−1∗
, si ∗, si+1∗

, . . . , sm∗ is a Stackelberg solution
for an arbitrary order of fixing strategies of the players. Then we may consider that
an arbitrary player i fixes his strategy in the last order and therefore

Fi (s
1∗

, s2∗
, . . . , si−1∗

, si ∗, si+1∗
, . . . , sm∗

) ≤
≤ Fi (s

1∗
, s2∗

, . . . , si−1∗
, si , si+1∗

, . . . , sm∗
), ∀si ∈ Si , i = 1, 2, . . . , m.

So, s1∗
, s2∗

, . . . , si−1∗
, si ∗, si+1∗

, . . . , sm∗ is a Nash equilibrium. �

The computational complexity of determining pure Nash equilibria in discrete games
has been studied in [31, 42, 105]. Based on the results from [31] we can conclude
that finding a Stackelberg solution in the considered games is NP-hard if the number
of players m acts as input data parameter of the problem. In the case that m is fixed
(i.e. m does not act as input data parameter of the problem), then a Stackelberg
solution can be found in polynomial time. In the case of a small number of players,
especially in the case of two or three players, exhaustive search allows us to determine
Stackelberg strategies for large dimensioned finite games. Indeed, if we calculate
s1∗

, s2∗
, . . . , sm∗ according to the condition from the definition of a Stackelberg



3.12 Determining a Stackelberg Solution for Hierarchical Control Problems 321

solution we use |S1| × |S2| × · · · × |Sm | steps. So, in the case of two players we can
determine a Stackelberg solution using O(|S1||S2|) elementary operations (here we
do not take into account the number of operations for calculating the values Fi (s1, s2)

for given (s1, s2). We can use this fact for solving hierarchical control problems with
two or three players.

3.12.2 Hierarchical Control on Networks and Determining
Stackelberg Stationary Strategies

Let G = (X, E) be the graph of states’ transitions for a time-discrete systemL. So, X
corresponds to the set of states of L and an arbitrary directed edge e = (x, y) ∈ E
means the possibility of system L to pass from state x = x(t) to state y = x(t + 1)

at every moment in time t = 0, 1, 2, . . . Assume that the system L is controlled by
m players and on the edge set the following m functions are defined:

ci : E → R
1, i = 1, 2, . . . , m,

which assign m costs c1
e , c2

e , . . . , cm
e to each edge e ∈ E . For player i the quantity ci

e
expresses the cost of systemL to pass through edge e = (x, y) from state x = x(t) to
state y = x(t +1) at every moment in time t = 0, 1, 2, . . . On G the players use only
stationary strategies and intend to minimize their integral-time costs by a trajectory
x0 = x(0), x(1), x(2), . . . , x(t (x f )) = x f from a starting state x0 to a final state
x f , where t1 ≤ t (x f ) ≤ t2. We define the stationary strategies of the players as m
multi-value functions

s1 : x → X j1
1 (x) ∈ A1(x) for x ∈ X \ {x f };

s2 : x → X j2
2 (x) ∈ A2(x) for x ∈ X \ {x f };

...

sm : x → X jm
m (x) ∈ Am(x) for x ∈ X \ {x f };

which satisfy the condition

|s1(x) ∩ s2(x) ∩ · · · ∩ sm(x)| = 1, ∀x ∈ X, (3.49)

where Ai (x), i = 1, 2, . . . , m, are given sets of subsets from X (x) = {y ∈ X | e =
(x, y) ∈ E}, i.e., Ai (x) = {X1

i (x), X2
i (x), . . . , X Ki (x)

i (x)}, X j
i (x) ⊆ Xi (x),

j = 1, 2, . . . , Ki (x).
The strategies s1(x), s2(x), . . . , sm(x) for a given x ∈ X \ {x f } correspond to

vectors of control parameters u1(t),u2(t), . . . ,um(t) at a given state x = x(t) in
the control Problem 3.62 and reflect the fact that the set of control parameters at
the given state x = x(t) uniquely determines the next state y = x(t + 1) ∈ X at
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every moment in time t = 0, 1, 2, . . . . Therefore, here we use condition (3.49) and
consider that y =⋂m

i=1 si (x).
If | ∩ s j (x)| �= 1 then the set of strategies s1, s2, . . . , sm is not feasible. In the

following we consider that the players use only feasible strategies.
An arbitrary set X j

i (x) ∈ Ai (x) in our control problem represents a possible set
of next states y = x(t + 1) ∈ X in which player i prefers to transfer system L if
at the moment in time t the state of the dynamical system is x = x(t). This set for
control Problem 3.62 can be treated as a set of possible next states y = x(t +1) ∈ X
if player i fixes a feasible vector of control parameters ui (t) ∈ Ui

t (x(t)). Therefore,

if we treat X j
i (x) as preferences of the next possible sets of the states from Ai (x) for

player i ∈ {1, 2, . . . , m} then the unique next state y represents the intersection of
preferences s1(x), s2(x), . . . , sm(x) of the players 1, 2, . . . , m, i.e. y =⋂m

i=1 si (x),

where si : x → X ji
i ∈ Ai (x) for x ∈ X \ {x f }, i = 1, 2, . . . , m.

Let s1, s2, . . . , sm be a fixed set of feasible strategies of the players 1, 2, . . . , m.
Denote by Gs = (X, Es) the subgraph generated by edges e = (x, y) ∈ E such
that y = ⋂m

i=1 si (x) for x ∈ X \ {x f }. Then in Gs either a unique directed path
Ps(x0, x f ) in Gs exists or such a path does not exist. Therefore, for s1, s2, . . . , sm

and fixed starting and final states x0, x f ∈ X we can define the quantities

Ĥ1
x0x f

(s1, s2, . . . , sm), Ĥ2
x0x f

(s1, s2, . . . , sm), . . . , Ĥm
x0x f

(s1, s2, . . . , sm)

in the following way. We put

Ĥ i
x0x f

(s1, s2, . . . , sm) =
∑

e∈E(Ps (x0,x f ))

ci
e, i = 1, 2, . . . , m

if

t1 ≤ |E(Ps(x0, x f ))| ≤ t2;

otherwise we put
Ĥ i

x0x f
(s1, s2, . . . , sm) = +∞.

Note that in this control process the players fix their strategies successively one after
another according to their numerical order at each moment in time t = 0, 1, 2, . . .

for every state x ∈ X \ {x f }.
Additionally, we assume that each player fixing his strategies informs posterior

players which strategy has been chosen.
In the considered hierarchical control problem we are seeking for Stackelberg

stationary strategies, i.e. we are seeking for strategies s1∗
, s2∗

, . . . , sm∗, for which
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s1∗ = argmin
s1∈S1,(

si ∈Ri (s1,...,si−1)
)

2≤i≤m

Ĥ1
x0x f

(s1, s2, . . . , sm);

s2∗ = argmin
s2∈R2(s1∗

),(
si ∈R3(s1∗

,s2,...,si−1)
)

3≤i≤m

Ĥ2
x0x f

(s1∗
, s2, . . . , sm);

s3∗ = argmin
s3∈R3(s1∗

,s2∗
),(

si ∈Ri (s1∗
,s2∗

,s3,...,si−1)
)

4≤i≤m

Ĥ3
x0x f

(s1∗
, s2∗

, . . . , sm);

...

sm∗ = argmin
sm∈Rm (s1∗

,s2∗
,...,sm−1∗

)

Ĥm
x0x f

(s1∗
, s2∗

, . . . , sm−1∗
, sm),

where Rk(s1, s2, . . . , sk−1) is the set of best responses of player k if the players
1, 2, . . . , k − 1 have already fixed their strategies s1, s2, . . . , sk−1, i.e.,

R2(s
1) = argmin

s2∈S2,(
si ∈Ri (s1,...,si−1)

)
3≤i≤m

Ĥ2
x0x f

(s1, s2, . . . , sm);

R3(s
1, s2) = argmin

s3∈S3,(
si ∈Ri (s1,...,si−1)

)
4≤i≤m

Ĥ3
x0x f

(s1, s2, . . . , sm);

...

Rm(s1, s2, . . . , sm−1) = argmin
sm∈Sm

Ĥm
x0x f

(s1, s2, . . . , sm).

where S1,S2, . . . ,Sm represent the corresponding admissible sets of stationary
strategies of the players 1, 2, . . . , m.

Remark 3.71 In general the stationary strategies s1, s2, . . . , sm of the players in the
hierarchical control problem on G can be defined as arbitrary multi-value functions

si : x → X ji
i (x) ∈ Ai (x) for x ∈ X \ {x f }, i = 1, 2, . . . , m.

If the conditions (3.49) for x ∈ X \ {x f } do not take place, i.e. if at least for a state
x ∈ X \ {x f } the following condition holds:

|s1(x) ∩ s2(x) ∩ · · · ∩ sm(x)| �= 1,

then we put Ĥ i
x0x f

(s1, s2, . . . , sm) = +∞.

So, the hierarchical control problem is determined by the dynamic network
(G, A1, A2, . . . , Am, c1, c2, . . . , cm, x0, x f , T1, T2), where Ai =⋃x∈X Ai (x)
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and ci = (ci
e1

, ci
e2

, . . . , ci
e|E |), i = 1, 2, . . . , m. In the case T2 = ∞, T1 = 0

we denote the corresponding network by (G, A1, A2, . . . , Am, c1, c2, . . . , cm,

x0, x f ). The following theorem allows us to describe a class of multi-objective hier-
archical control problems for which an arbitrary Stackelberg solution is also a Nash
equilibrium.

Theorem 3.72 Let the hierarchical control problem on the network (G, A1,

A2, . . . , Am, c1, c2, . . . , cm, x0, x f ) be given, where G has the property that for
an arbitrary vertex x ∈ X there exist a directed path from x to x f . Addition-
ally, assume that the sets A1(x), A2(x), . . . , Am(x) satisfy the following condition:
For an arbitrary vertex x ∈ X \ {x f } there exists ix ∈ {1, 2, . . . , m} such that
Aix (x) = {{y} | y ∈ XG(x)

}
and Aix (x) = {XG(x)} if i ∈ {1, 2, . . . , m} \{ix }.

Then for the hierarchical control problem on G there exists a Nash equilibrium.

Proof First of all it is easy to observe that if the conditions of the theorem hold
then in the multi-objective control problem on G there exist stationary strategies
s1, s2, . . . , sm which generate a trajectory x0, x1, x2, . . . , x f from a starting state x0
to a final state x f for an arbitrary given starting vertex x0 = x ∈ X . This means that
a Stackelberg solution for the hierarchical control problem on G exists. Additionally,
we can see that the dynamic c-game from Sect. 3.3.3 (the multi-objective control
problem in positional form) represents a particular case of the problem formulated
above if the sets A1(x), A2(x), . . . , Am(x) satisfy the condition that for an arbitrary
x ∈ X \ {x f } there exists ix ∈ {1, 2, . . . , m} such that Aix (x) = {{y} | y ∈ XG(x)

}

and Ai (x) = {XG(x)} if i ∈ {1, 2, . . . , m} \ {ix }. In this case a Stackelberg solution
of the hierarchical control problem does not depend on the order of fixing strategies
by the players, and therefore, on the bases of Lemma 3.70 an arbitrary Stackelberg
solution of the multi-objective control problem on G is a Nash equilibrium. �

3.12.3 An Algorithm for Determining Stackelberg Stationary
Strategies on Acyclic Networks

We consider the hierarchical control problem on an acyclic network (G, A1,

A2, . . . , Am, c1, c2, . . . , cm, x0, x f ), i.e., G = (X, E) is an acyclic directed graph
and t1 = 0, t2 = ∞. We also assume that in G vertex x f is attainable from every
vertex x ∈ X .

Algorithm 3.73 Determining Stackelberg Strategies on Acyclic Networks

Preliminary step (Step 0): Fix X0 = {x f }, E0 = ∅ and put εi (x f ) = 0,
i = 1, 2, . . . , m.

General step (Step k, k ≥ 1): If X \ Xk−1 = ∅ then STOP; otherwise find a vertex
xk ∈ X \ Xk−1 for which XG(xk) ⊆ Xk−1, where XG(xk) = {y ∈ X | (xk, y) ∈ E}.
With respect to vertex xk we consider the static problem of finding Stackelberg
strategies s1∗

(xk), s2∗
(xk), . . . , sm∗(xk) in the game
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Γ (xk) = (S1(xk), S2(xk), . . . , Sm(xk), F1, F2, . . . , Fm),

where the sets of strategies of the players S1(xk), S2(xk), . . . , Sm(xk) and the payoff
functions F1, F2, . . . , Fm are defined as follows:

Si (xk) = {si (xk) | si : xk → X
j j
i (xk) ∈ Ai (xk)}, i = 1, 2, . . . m;

Fi (s
1, s2, . . . , sm) =

⎧
⎪⎪⎨

⎪⎪⎩

εi (y) + ci
(xk ,y)

, if y =
m⋂

i=1
si (xk);

+∞, if
∣∣∣

m⋂
i=1

si (xk)

∣∣∣ �= 1.

(3.50)

After that find a Stackelberg solution s1∗
(xk), s2∗

(xk), . . . , sm∗(xk) for the static
game Γ (xk) and determine the vertex y∗ =⋂m

i=1 si ∗(xk).

Then calculate

εi (xk) = εi (y∗) + ci
(xk ,y∗), i = 1, 2, . . . , m

and fix Ĥxk x f
(s1∗

, s2∗
, . . . , sm∗) = εi (xk), i = 1, 2, . . . , m.

Put Xk = Xk−1 ∪ {xk}, Ek = Ek−1 ∪ {(xk, y)}, GT k = (Xk, Ek) and go to the
next step.

This algorithm determines Stackelberg stationary strategies s1∗
, s2∗

, . . . , sm∗ for an
arbitrary starting position x0 = x and the fixed final position x f . The corresponding
optimal values of integral costs of the system’s passage from a starting state x0 = x
to a final state x f are Ĥx0x f (s

1∗
, s2∗

, . . . , sm∗). The algorithm determines the tree
GT |X |−1 = (X, E |X |−1) of optimal strategies with a sink vertex x f which gives
Stackelberg strategies for an arbitrary starting position x0 = x ∈ X . It is easy to
observe that if for a given starting position x0 of the considered dynamic game a
Nash equilibrium exists then the algorithm determines this equilibrium. Note that
the proposed algorithm can also be adapted for the problem if for different moments
in time and for different states the order of fixing stationary strategies of the players
can be different. We should take into account this order of fixing strategies of the
players calculating values h∗

i (xk, y) for a given state xk(t).

Example Consider a hierarchical control problem on a network with two players
where the corresponding graph G = (X, E) is presented in Fig. 3.17.

This network has the structure of a directed acyclic graph with a given starting
vertex x0 = x(0) and final vertex x f = 4. To each vertex it is given a set of subsets

Ai (x) = {X j
i }, where
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2 
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4 

0 

Fig. 3.17 The network for the hierarchial control problem

A1(0) = {{1, 2}, {1, 4}}; A2(0) = {{2, 4}, {1, 4}};
A1(1) = {{2, 3}, {3, 4}}; A2(1) = {{2, 4}, {2, 3}};
A1(2) = {{4}}; A2(2) = {{4}};
A1(3) = {{2}, {2, 4}}; U 2(2) = {{4}, {2, 4}}.

On the edges e ∈ E there are defined cost functions c1 : E → R
1 and c2 : E → R

1,
where

c1
(0,1) = 2; c1

(0,2) = 1; c1
(0,4) = 5;

c2
(0,1) = 3; c2

(0,2) = 2; c2
(0,4) = 6;

c1
(1,2) = 3; c1

(1,3) = 4; c1
(1,4) = 3;

c2
(1,2) = 3; c2

(1,3) = 1; c2
(1,4) = 5;

c1
(3,2) = 1; c1

(3,4) = 2;
c2
(3,2) = 1; c2

(3,4) = 4;
c1
(2,4) = 1; c2

(2,4) = 2.

If we use Algorithm 3.73 then we obtain:

Step 0
Fix X0 = {4}, ε1(4) = 0, ε2(4) = 0, E0 = ∅.

Step 1
X \ X0 �= ∅ and XG(2) ⊆ X0, therefore, fix x1 = 2 and solve the static game



3.12 Determining a Stackelberg Solution for Hierarchical Control Problems 327

Γ (2) = (S1(2), S2(2), F1, F2)

where

S1(2) = {s1 : 2 → {4}}, S2(2) = {s2 : 2 → {4}}

and F1(s1, s2) = 1; F2(s1, s2) = 2. For this game we have a trivial solution s1∗
(2) =

{4}; s2∗
(2) = {4}. We calculate ε1(2) = 0 + c1

(2,4) = 1; ε2(2) = 0 + c2
(2,4) = 2 and

put Ĥ1
2,4(s

1∗
, s2∗

) = 1, Ĥ2
2,4(s

1∗
, s2∗

) = 2.
Fix X1 = X0 ∪ {2} = {2, 4}; E1 = E0 ∪ {(2, 4)} = {(2, 4)}; GT 1 =

({2, 4}, {(2, 4)}).
Step 2
X \ X1 �= ∅ and XG(3) ⊆ X1, therefore, fix x2 = 3 and solve the static game

Γ (3) = (S1(3), S2(3), F1, F2)

where

S1(3) = {s1
1 : 3 → {2}; s1

2 : 3 → {2, 4}},
S2(3) = {s2

1 : 3 → {2, 4}; s2
2 : 3 → {4}}

and Fi (s1
j , s2

j ) are defined according to (3.50), i.e.,

F1(s
1
1 , s2

1 ) = 2; F2(s
1
1 , s2

1 ) = 3 (s1
1(3) ∩ s2

1 (3) = 2);
F1(s

1
1 , s2

2 ) = F2(s
1
1 , s2

2 ) = ∞ (s1
1(3) ∩ s2

2 (3) = ∅);
F1(s

2
1 , s1

2) = F2(s
2
1 , s1

2) = ∞ (s2
1 (3) ∩ s1

2(3) = {2, 4},
i.e. |{2, 4}| �= 1);

F1(s
2
1 , s2

2 ) = 2; F2(s
2
1 , s2

2 ) = 4 (s2
1 (3) ∩ s2

2 (3) = 4).

If we solve this game we find a Stackelberg solution s1∗
(3) = {2}; s2∗

(3) = {2, 4}.
We calculate ε1(3) = ε1(2) + c1

(3,2) = 2; ε2(3) = ε2(2) + c2
(3,2) = 3 and put

Ĥ1
2,4(s

1∗
, s2∗

) = 1, Ĥ2
2,4(s

1∗
, s2∗

) = 2.
Fix X2 = X1 ∪ {3} = {2, 3, 4}; E2 = E1 ∪ {(3, 2)} = {(2, 4), (3, 2)};

GT 2 = ({2, 3, 4}, {(3, 2), (2, 4)}).
Step 3
X \ X2 �= ∅ and XG(1) ⊆ X2, therefore, fix x3 = 1 and solve the static game

Γ (1) = (S1(1), S2(1), F1, F2)
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where

S1(1) = {s1
1 : 1 → {2, 3}; s1

2 : 1 → {3, 4}},
S2(3) = {s2

1 : 1 → {2, 4}; s2
2 : 1 → {3, 4}}

and Fi (s1
j , s2

j ) are defined according to (3.50), i.e.

F1(s
1
1 , s2

1 ) = 4; F2(s
1
1 , s2

1 ) = 5 (s1
1(1) ∩ s2

1 (1) = 2);
F1(s

1
1 , s2

2 ) = F2(s
1
1 , s2

2 ) = ∞ (s1
1(1) ∩ s2

2 (1) = ∅);
F1(s

1
2 , s2

1 ) = 3; F2(s
1
2 , s2

1 ) = 5 (s1
2(1) ∩ s2

1 (1) = 4);
F1(s

1
2 , s2

2 ) = 5; F2(s
1
2 , s2

2 ) = 3 (s1
2(1) ∩ s2

2 (1) = 3).

If we solve this game we find a Stackelberg solution s1∗
(1) = s1

1(1); s2∗
(1) =

s2
1 (1), i.e. s1∗

(1) = {2, 3}; s2∗
(1) = {2, 4}. We calculate ε1(1) = ε1(2)+c1

(3,2) = 4;

ε2(1) = ε2(1) + c2
(3,2) = 5 and put Ĥ1

2,4(s
1∗

, s2∗
) = 4, Ĥ2

2,4(s
1∗

, s2∗
) = 5.

Fix X3 = X2 ∪ {1} = {1, 2, 3, 4}; E3 = E2 ∪ {(1, 2)} = {(1, 2), (2, 4), (3, 2)};
GT 3 = ({1, 2, 3, 4}, {(1, 2), (3, 2), (2, 4)}).
Step 4
X \ X3 �= ∅ and XG(0) ⊆ X3, therefore, fix x4 = 0 and solve the static game

Γ (0) = (S1(0), S2(0), F1, F2)

where

S1(0) = {s1
1 : 0 → {1, 2}; s1

2 : 0 → {1, 4}},
S2(0) = {s2

1 : 0 → {2, 4}; s2
2 : 0 → {1, 4}}

and Fi (s1
j , s2

j ) are defined according to (3.50), i.e.

F1(s
1
1 , s2

1 ) = 2; F2(s
1
1 , s2

1 ) = 4 (s1
1(0) ∩ s2

1 (0) = 2);
F1(s

1
1 , s2

2 ) = F2(s
1
1 , s2

2 ) = ∞ (s1
1(0) ∩ s2

2 (0) = ∅);
F1(s

1
2 , s2

1 ) = 5; F2(s
1
2 , s2

1 ) = 6 (s1
2(0) ∩ s2

1 (0) = 4);
F1(s

1
2 , s2

2 ) = F2(s
1
2 , s2

2 ) = ∞ (s1
2(0) ∩ s2

2 (0) = {1, 4},
|{1, 4}| �= 1).

If we solve this game we find a Stackelberg solution s1∗ = s1
1 ; s2∗ = s2

2 , i.e.
s1∗ = {1, 2}; s2∗ = {2, 4}. We calculate ε1(0) = ε1(2) + c1

(0,2) = 2; ε2(0) =
ε2(0) + c2

(0,2) = 4 and put Ĥ1
2,4(s

1∗
, s2∗

) = 2, Ĥ2
2,4(s

1∗
, s2∗

) = 4.
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Fig. 3.18 The tree of the solution for the hierarchial control problem

Fix X4 = X3 ∪{0} = {0, 1, 2, 3, 4}; E4 = E3 ∪{(0, 2)} = {(0, 2), (1, 2), (2, 4),

(3, 2)}; GT 4 = ({0, 1, 2, 3, 4}, {(0, 2), (1, 2), (3, 2), (2, 4)}).
Step 5
We obtain X \ X4 = ∅, therefore STOP.

So, the optimal stationary strategies of the players are the following:

s1∗ : 0 → {1, 2}; 1 → {2, 3}; 2 → {4}; 3 → {2};
s2∗ : 0 → {2, 4}; 1 → {2, 4}; 2 → {4}; 3 → {2, 4}.

The set of stationary strategies in G generates the tree given in Fig. 3.18.
In this tree the strategies

s1∗
(0), s2∗

(0) generate the transition (0, 1);
s1∗

(1), s2∗
(1) generate the transition (1, 2);

s1∗
(2), s2∗

(2) generate the transition (2, 4);
s1∗

(3), s2∗
(3) generate the transition (3, 4).

So, this tree gives the optimal stationary strategies of the players for an arbitrary
starting position x0 = x .

In this example, for x0 = 0 we obtain a Stackelberg solution which is also a Nash
equilibrium. If we fix x0 = 1 this Stackelberg solution is not a Nash equilibrium.
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3.12.4 Algorithms for Solving Hierarchical Control Problems

Based on the results from Sect. 3.12.3 we can propose an algorithm for solving the
multi-objective hierarchical control problem from Sect. 3.10. First of all we show
that the hierarchical control problem from Sect. 3.10 can be reduced to a stationary
hierarchical control problem on an auxiliary network (G, c1, c2, . . . , cm, y0, yT )

for which Stackelberg stationary strategies should be found.
We construct the graph G = (Y, E) of the network in the following way:

Y = Y 0 ∪ Y 1 ∪ Y 2 ∪ · · · ∪ Y t1 ∪ Y t1+1 ∪ · · · ∪ Y t2 (tk ∩ Y l = ∅, k �= l);

where Y t = (X, t) corresponds to the set of states x(t) ∈ X of system L at time
moment t (t = 0, 1, 2, . . . , t2):

E = E0 ∪ E1 ∪ E2 ∪ · · · ∪ Et1 ∪ Et1+1 ∪ · · · ∪ Et2−1 ∪ E f ;

where Et , t = 0, 1, 2, . . . , t2 − 1, represents the set of directed edges in G which
connects vertices from Y t with vertices from Y t+1.

We include an arbitrary directed edge ((x, t), (y, t + 1)) in Et , t = 0, 1, 2, . . . ,

t2 −1, if in the control process at time moment t for a given state x = x(t) there exist
vectors of control parameters u1(t), u2(t), . . . ,um(t) from corresponding feasible
sets U 1

t (x(t)), U 2
t (x(t)), . . . , U m

t (x(t)) such that

y(t + 1) = gt (x(t), u1(t), u2(t), . . . , um(t)).

In an analogous way, we define the set E f . We include an arbitrary edge ((x, t),
(x f , t2)) in E f , t = t1−1, t1, t1+1, . . . , t2−1, if at time moments t ∈ [t1−1, t2−
1] for a state x(t) there exist vectors of control parameters u1(t),u2(t), . . . ,um(t)
from corresponding feasible sets U 1

t (x(t)),U 2
t (x(t)),. . . ,U m

t (x(t)) such that

x f (t + 1) = gt (x(t), u1(t), u2(t), . . . , um(t)).

Additionally, to each vertex (x, t) we associate a set of subsets Ai (x, t) = {X j
i (x, t+

1), j = 1, 2, . . . , Ki (x)}, where an arbitrary set X j
i (x, t + 1) represents the set of

possible next states x(t +1) if player i fixes a feasible vector of control parameters
u(t) ∈ Ui

t (x(t)), i.e. |Ai (x, t)| = |Ut (x(t))|.
We define in G the cost functions c1, c2, . . . , cm as follows:
To each edge et = ((x, t), (y, t + 1)) ∈ Et we associate the costs

ci
et

= ci
t (x(t), y(t + 1)), i = 1, 2, . . . , m, t = 0, 1, 2, . . . , t2 − 1

and to edge et = ((x, t), (x f , T2)) ∈ E f we associate the costs

ci
et

= ci
t (x(t), x f (t + 1)), i = 1, 2, . . . , m, t = t1 − 1, t1, t1 + 1, . . . , t2 − 1.
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After that we use the algorithm from Sect. 3.12.3 and determine Stackelberg
stationary strategies on G with a fixed starting state y0 = (x0, t) and a final state
yt = (x f , t2). Taking into account that there exists a bijection between the set of
Stackelberg stationary strategies of the players on G and the Stackelberg solution of
the hierarchical control problem from Sect. 3.10 we can find a Stackelberg solution
of the problem.

3.13 Extensions and Generalizations of the Dynamic Decision
Problem Based on Concept of Multi-objective Games

The considered control problems and the corresponding game models from the
previous sections can be generalized applying the concept of multi-objective games
[79]. In this section we consider multi-objective games, which extend noncooperative
ones [59, 102, 103] and Pareto multi-criteria problems [79, 107, 111]. The payoff
functions of the players in such games are presented as vector functions, where the
players intend to optimize them in the sense of Pareto on their sets of strategies. At the
same time in our game-theoretic model it is assumed that the players are interested
to preserve a Nash optimality principle if they interact between them on the set of
situations. Such an aspect of the game leads to a new equilibria notion which we call
Pareto-Nash equilibria [13, 92, 105]. Such a concept can be used for multi-objective
control problems and algorithms for their solving can be derived.

3.13.1 Problem Formulation

The multi-objective game with p players is denoted by Γ = (X1, X2, . . . , Xm,

F1, F2, . . . , Fm), where Xi is the set of strategies of the player i , i = 1, 2, . . . , m,
and Fi = (F1

i , F2
i , . . . , Fri

i ) is the vector payoff function of player i , defined on the
set of situations X = X1 × X2 × · · · × Xm :

Fi : X1 × X2 × · · · × Xm → Rri , i = 1, 2, . . . , m.

Each component Fk
i of Fi corresponds to a partial criterion of player i and represents

a real function defined on the set of situations X = X1 × X2 × · · · × Xm :

Fk
i : X1 × X2 × · · · × Xm → R1, k = 1, ri , i = 1, 2, . . . , m.

We call a solution of the multi-objective game Γ = (X1, X2, . . . , Xm, F1, F2,

. . . , Fm) a Pareto-Nash equilibrium and define it in the following way:
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Definition 3.74 The situation x∗ = (x∗
1 , x∗

2 , . . . , x∗
m) ∈ X is called a Pareto-Nash

equilibrium for a multi-objective game Γ = (X1, X2, . . . , X p, F1, F2, . . . , Fm) if
for every i ∈ {1, 2, . . . , p} strategy x∗

i represents a Pareto solution for the following
multi-criteria problem:

max
xi ∈Xi

→ f
i
x∗(xi ) = ( f i1

x∗ (xi ), f i2
x∗ (xi ), . . . , f iri

x∗ (xi )),

where

f ik
x∗ (xi ) = Fk

i (x∗
1 , x∗

2 , . . . , x∗
i−1, xi , x∗

i+1, . . . , x∗
m),

k = 1, 2, . . . , m, i = 1, 2, . . . , m.

This definition generalizes the well-known Nash equilibria notation for classical
noncooperative games (single-objective games) and Pareto optima for multi-criteria
problems. If ri = 1, i = 1, 2, . . . , m, then Γ becomes a classical noncooperative
game, where x∗ represents a Nash equilibria solution; in case p = 1 the game Γ

becomes a Pareto multi-criteria problem, where x∗ is a Pareto solution.
An important special class of multi-objective games represents zero-sum games

of two players. This class is obtained from the general case of a multi-objective game
Γ = (X1, X2, . . . , Xm, F1, F2, . . . , Fm) if m = 2, r1 = r2 = r and F2(x1, x2) =
−F1(x1, x2).

The zero-sum multi-objective game is denoted by Γ = (X1, X2, F), where
F(x1, x2) = F2(x1, x2) = −F1(x1, x2). A Pareto-Nash equilibrium for this game
corresponds to a saddle point x∗ = (x∗

1 , x∗
2 ) ∈ X1 × X2 for the following max-min

multi-objective problem:

max
x1∈X1

min
x2∈X2

→ F(x1, x2) = (F1(x1, x2), F2(x1, x2), . . . , Fr (x1, x2)). (3.51)

Strictly, we define a saddle point x∗ = (x∗
1 , x∗

2 ) ∈ X1 × X2 for the zero-sum multi-
objective problem (3.51) in the following way:

Definition 3.75 The situation (x∗
1 , x∗

2 ) ∈ X1 × X2 is called a saddle point for the
max-min multi-objective problem (3.51) (i.e. for the zero-sum multi-objective game
Γ = (X1, X2, F)) if x∗

1 is a Pareto solution for the multi-criteria problem:

max
x1∈X1

→ F(x1, x∗
2 ) = (F1(x1, x∗

2 ), F2(x1, x∗
2 ), . . . , Fr (x1, x∗

2 )),

and x∗
2 is a Pareto solution for the multi-criteria problem:

min
x2∈X2

→ F(x∗
1 , x2) = (F1(x∗

1 , x2), F2(x∗
1 , x2), . . . , Fr (x∗

1 , x2)).



3.13 Extensions and Generalizations of the Dynamic Decision . . . 333

If r = 1 this notion corresponds to a classical saddle point notation for min-max
problems, i.e. we obtain the saddle point notation for classical zero-sum games of
two players.

In this section we show that the theorems of Nash [102] and Neumann [100, 103]
related to classical noncooperative games can be extended for our multi-objective
case of games. Moreover, we show that all results related to discrete multi-objective
games, especially matrix games can be developed in an analogous way as for classical
ones. Algorithms for determining optimal strategies of the players in the considered
games will be developed.

3.13.2 Main Results

At first we formulate the main theorem which represents an extension of the Nash
theorem for our multi-objective version of the game.

Theorem 3.76 Let Γ = (X1, X2, . . . , Xm, F1, F2, . . . , Fm) be a multi-objecti-
ve game, where X1, X2, . . . , Xm are convex compact sets and F1, F2, . . . , Fm

represent continuous vector payoff functions. Moreover, let us assume that for
every i ∈ {1, 2, . . . , m} each component Fk

i (x1, x2, . . . , xi−1, xi , xi+1, . . . , xm),
k ∈ {1, 2, . . . , ri }, of the vector function Fi (x1, x2, . . . , xi−1, xi , xi+1, . . . , xm)

represents a concave function with respect to xi on Xi for fixed x1, x2, . . . , xi−1, xi+1,

. . . , xm. Then for the multi-objective game Γ = (X1, X2, . . . , Xm, F1, F2, . . . , Fm)

there exists a Pareto-Nash equilibria situation x∗ = (x∗
1 , x∗

2 , . . . , x∗
m) ∈ X1 × X2 ×

· · · × Xm.

Proof Let α11,α12, . . . ,α1r1 ,α21,α22, . . . ,α2r2 , . . . ,αm1,αm2, . . . ,αmrm be an
arbitrary set of real numbers which satisfy the following condition

⎧
⎪⎪⎨

⎪⎪⎩

ri∑

k=1

αik = 1, i = 1, 2, . . . , m;

αik > 0, k = 1, 2, . . . , ri , i = 1, 2, . . . , m.

(3.52)

We consider an auxiliary noncooperative game (single-objective game) Γ = (X1,

X2, . . . , Xm, f1, f2, . . . , fm), where

fi (x1, x2, . . . , xm) =
ri∑

k=1

αik Fk
i (x1, x2, . . . , xm), i = 1, 2, . . . , m.

It is evident that fi (x1, x2, . . . , xi−1, xi , xi+1, . . . , xm) for every i ∈ {1, 2, . . . , m}
represents a continuous and concave function with respect to xi on Xi for fixed
x1, x2, . . . , xi−1, xi+1, . . . , xm because α11,α12, . . . ,α1r1 ,α21,α22, . . . ,α2r2 , . . . ,

αm1,αm2, . . . ,αmrm satisfy condition (3.52) and Fk
i (x1, x2, . . . , xi−1, xi , xi+1,



334 3 A Game-Theoretical Approach to Markov Decision Processes . . .

. . . , xm) is a continuous and concave function with respect to xi on Xi for fixed
x1, x2, . . . , xi−1, xi+1, . . . , xm , k = 1, 2, . . . , ri , i = 1, 2, . . . , m.

According to the Nash theorem [102] for the noncooperative game Γ = (X1, X2,

. . . , X p, f1, f2, . . . , fm) there exists a Nash equilibrium x∗ = (x∗
1 , x∗

2 , . . . , x∗
m),

i.e.,

fi (x∗
1 , x∗

2 , . . . , x∗
i−1, xi , x∗

i+1, . . . , x∗
m)

≤ fi (x∗
1 , x∗

2 , . . . , x∗
i−1, x∗

i , x∗
i+1, . . . , x∗

m), ∀xi ∈ Xi , i = 1, 2, . . . , m.

Let us show that x∗ = (x∗
1 , x∗

2 , . . . , x∗
m) is a Pareto-Nash equilibria solution for the

multi-objective game Γ = (X1, X2, . . . , Xm, F1, F2, . . . , Fm).
Indeed, for every xi ∈ Xi we have

ri∑

k=1

αik Fk
i (x∗

1 , x∗
2 , . . . , x∗

i−1, xi , x∗
i+1, . . . , x∗

m)

= fi (x∗
1 , x∗

2 , . . . , x∗
i−1, xi , x∗

i+1, . . . , x∗
m)

≤ fi (x∗
1 , x∗

2 , . . . , x∗
i−1, x∗

i , x∗
i+1, . . . , x∗

m)

=
ri∑

k=1

αik Fk
i (x∗

1 , x∗
2 , . . . , x∗

i−1, x∗
i , x∗

i+1, . . . , x∗
m),

∀xi ∈ Xi , i = 1, 2, . . . , m.

So,

ri∑

k=1

αik Fk
i (x∗

1 , x∗
2 , . . . , x∗

i−1, xi , x∗
i+1, . . . , x∗

m)

≤
ri∑

k=1

αik Fk
i (x∗

1 , x∗
2 , . . . , x∗

i−1, x∗
i , x∗

i+1, . . . , x∗
m), (3.53)

∀xi ∈ Xi ; i = 1, 2, . . . , m

for given α11,α12, . . . ,α1r1 ,α21,α22, . . . ,α2r2 , . . . ,αm1,αn2, . . . ,αmrm which
satisfy (3.52).

Taking in account that the functions f ik
x∗=Fk

i (x∗
1 , x∗

2 , . . . , x∗
i−1, xi , x∗

i+1, . . . , x∗
m),

k = 1, 2, . . . , ri , are concave functions with respect to xi on a convex set Xi and
αi1,αi2, . . . ,αik satisfy the condition

∑ri
k=1 αik = 1, αik > 0, k = 1, 2, . . . , ri ,

then according to the theorem from [30] (see also [14–16]) condition (3.53) implies
that x∗

i is a Pareto solution for the following multi-criteria problem:

max
xi ∈Xi

→ f
i
x∗(xi ) = ( f i1

x∗ (xi ), f i2
x∗ (xi ), . . . , f iri

x∗ (xi )), i ∈ {1, 2, . . . , m}.
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This means that x∗ = (x∗
1 , x∗

2 , . . . , x∗
p) is a Pareto-Nash equilibria solution for the

multi-objective game Γ = (X1, X2, . . . , Xm, F1, F2, . . . , Fm). �

So, if the conditions of Theorem 3.76 are satisfied then a Pareto-Nash equilibria
solution for the multi-objective game can be found by using the following algorithm:

Algorithm 3.77 Determining Pareto-Nash Equilibria of a Multi-objective Game

1. Fix an arbitrary set of real numbers α11,α12, . . . ,α1r1 ,α21,α22, . . . ,α2r2 , . . . ,

αm1,αm2, . . . ,αmrm , which satisfy condition (3.52);
2. Form the single-objective game Γ = (X1, X2, . . . , Xm, f1, f2, . . . , fm), where

fi (x1, x2, . . . , xm) =
ri∑

k=1

αik Fk
i (x1, x2, . . . , xm), i = 1, 2, . . . , m;

3. Find Nash equilibria x∗ = (x∗
1 , x∗

2 , . . . , x∗
m) for the noncooperative game Γ =

(X1, X2, . . . , Xm, f1, f2, . . . , fm) and fix x∗ as a Pareto-Nash equilibria solution
for the multi-objective game Γ = (X1, X2, . . . , Xm, F1, F2, . . . , Fm).

Remark 3.78 Algorithm 3.77 finds only one of the solutions for the multi-objective
game Γ = (X1, X2, . . . , X p, F1, F2, . . . , Fm). In order to find all solutions
in the sense of Pareto-Nash, it is necessary to apply Algorithm 3.77 for every
α11,α12, . . . ,α1r1 ,α21,α22, . . . ,α2r2 , . . . ,αm1,αm2, . . . ,αmrm which satisfy
(3.52) and to form the union of all obtained solutions.

Note that the proof of Theorem 3.76 is based on a reduction of the multi-objective
game Γ =(X1, X2, . . . , Xm, F1, F2, . . . , Fm) to an auxiliary one Γ = (X1, X2, . . . ,

Xm, f1, f2, . . . , fm) for which the Nash theorem [102] can be applied. In order to
reduce the multi-objective game Γ to an auxiliary one Γ a linear convolution criteria
for vector payoff functions in the proof of Theorem 3.76 has been used. Perhaps
a similar reduction of the multi-objective game to a classical one can be used also
applying other convolution procedures for vector payoff functions of the players, for
example, the standard procedure for the multi-criteria problem from [30, 111].

For the zero-sum multi-objective game of two players the following theorem
holds:

Theorem 3.79 Let Γ = (X1, X2, F) be a zero-sum multi-objective game of two
players, where X1, X2 are convex compact sets and F(x1, x2) is a continuous vector
function on X1 × X2. Moreover, let us assume that each component Fk(x1, x2),
k ∈ {1, 2, . . . , r}, of F(x1, x2) for fixed x1 ∈ X1 represents a convex function with
respect to x2 on X2 and for every fixed x2 ∈ X2 it is a concave function with respect
to x1 on X1. Then for the zero-sum multi-objective game Γ = (X1, X2, F) there
exists a saddle point x∗ = (x∗

1 , x∗
2 ) ∈ X1 × X2, i.e. x∗

1 is a Pareto solution for the
multi-criteria problem:
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max
x1∈X1

→ F(x1, x∗
2 ) = (F1(x1, x∗

2 ), F2(x1, x∗
2 ), . . . , Fr (x1, x∗

2 ))

and x∗
2 is a Pareto solution for the multi-criteria problem:

min
x2∈X2

→ F(x∗
1 , x2) = (F1(x∗

1 , x2), F2(x∗
1 , x2), . . . , Fr (x∗

1 , x2)).

Proof The proof of Theorem 3.79 can be obtained as a corollary from Theorem 3.76
if we regard our zero-sum game as a game of two players of the form Γ =
(X1, X2, F1(x1, x2), F2(x1, x2), where F2(x1, x2) = −F1(x1, x2) = F(x1, x2).

The proof of Theorem 3.79 can be obtained also by reducing our zero-sum
multi-objective game Γ = (X1, X2, F) to the classical single-objective case
Γ = (X1, X2, f ) and applying Neumann’s theorem from [103], where

f (x1, x2) =
r∑

k=1

αk Fk(x1, x2)

and α1,α2, . . . ,αr are arbitrary real numbers, such that

r∑

k=1

αk = 1; αk > 0, k = 1, 2, . . . , r.

It is easy to show that if x∗ = (x∗
1 , x∗

2 ) is a saddle point for the zero-sum game
Γ = (X1, X2, f ) then x∗ = (x∗

1 , x∗
2 ) represents a saddle point for the zero-sum

multi-objective game Γ = (X1, X2, F). �
So, if the conditions of Theorem 3.79 are satisfied then a solution of a zero-sum multi-
objective game Γ = (X1, X2, F) can be found by using the following algorithm:

Algorithm 3.80 Determining the Saddle Point of Payoff Functions in a
Zero-Sum Multi-objective Game

1. Fix an arbitrary set of real numbers α1,α2, . . . ,αr , such that

r∑

k=1

αk = 1; αk > 0, k = 1, 2, . . . , r;

2. Form the zero-sum game Γ = (X1, X2, f ), where

f (x1, x2) =
r∑

k=1

αk Fk(x1, x2).

3. Find a saddle point x∗ = (x∗
1 , x∗

2 ) for the single-objective zero-sum game Γ =
(X1, X2, f ). Then fix x∗ = (x∗

1 , x∗
2 ) as a saddle point for the zero-sum multi-

objective game Γ = (X1, X2, F).
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Remark 3.81 Algorithm 3.80 finds only one solution for the given zero-sum multi-
objective game Γ = (X1, X2, F). In order to find all saddle points it is necessary to
apply Algorithm 3.80 for every α1,α2, . . . ,αr satisfying the conditions

∑r
k=1 αk =

1; αk > 0, k = 1, 2, . . . , r , and then to form the union of the obtained solutions.

Note, that for reducing the zero-sum multi-objective games to classical ones another
convolution criteria for vector payoff functions can be used, i.e. the standard proce-
dure from [30, 111].

3.13.3 Discrete and Matrix Multi-objective Games

Discrete multi-objective games are determined by the discrete structure of the sets of
strategies X1, X2, . . . , Xm . If X1, X2, . . . , Xm are finite sets then we may consider
Xi = Ji , Ji = {1, 2, . . . , li }, i = 1, 2, . . . , m. In this case the multi-objective game
is determined by vectors

Fi = (F1
i , F2

i , . . . , Fri
i ), i = 1, 2, . . . , m,

where each component Fk
i , k = 1, 2, . . . , ri , represents a m-dimensional matrix of

size l1 × l2 × · · · × lm .
If m = 2 then we have a bi-matrix multi-objective game and if F2 = −F1 then

we obtain a matrix multi-objective one. In an analogous way as for single-objective
matrix games here we can interpret the strategies ji ∈ Ji , i = 1, 2, . . . , m, of the
players as pure strategies.

It is evident that for such matrix multi-objective games Pareto-Nash equilibria
may not exist, because Nash equilibria may not exist for bi-matrix and matrix games
in pure strategies. But with each finite discrete multi-objective game we can asso-

ciate a continuous multi-objective game Γ = (Y1, Y2, . . . , Ym, f 1, f 2, . . . , f m) by
introducing mixed strategies yi = (yi1, yi2, . . . , yiri ) ∈ Yi of player i and vector
payoff functions f 1, f 2, . . . , f m , which we define in the following way:

Yi =
⎧
⎨

⎩yi = (yi1, yi2, . . . , yili ) ∈ Rli
∣∣∣

li∑

j=1

yi j = 1, yi j ≥ 0, j = 1, 2, . . . , li

⎫
⎬

⎭ ;

f i = ( f 1
i , f 2

i , . . . , f ri
i ),

where

f k
i (y11, y12, . . . , y1r1 , y21, y22, . . . , y2r2 , . . . , ym1, ym2, . . . , ymrm )

=
l1∑

j1=1

l2∑

j2=1

· · ·
lm∑

jm=1

Fk
i ( j1, j2, . . . , jm) yi j1 yi j2 . . . yi jm ;

k = 1, 2, . . . , ri , i = 1, 2, . . . , m.
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It is easy to observe that for an auxiliary multi-objective game Γ = (Y1, Y2, . . . , Ym,

f 1, f 2, . . . , f m) the conditions of Theorem 3.76 are satisfied and, therefore,
Pareto-Nash equilibria y∗ = (y∗

11, y∗
12, . . . , y∗

1r1
, y∗

21, y∗
22, . . . , y∗

2r2
, . . . , y∗

m1, y∗
m2,

. . . , y∗
mlm

) exist.
In the case of matrix games the auxiliary zero-sum multi-objective game of two

players is defined as follows:

Γ = (Y1, Y2, f );

Y1 =
⎧
⎨

⎩y1 = (y11, y12, . . . , y1l1) ∈ Rl1
∣∣∣

l1∑

j=1

y1 j = 1; y1 j ≥ 0, j = 1, 2, . . . , l1

⎫
⎬

⎭ ;

Y2 =
⎧
⎨

⎩y2 = (y21, y22, . . . , y2l2) ∈ Rl2
∣∣∣

l2∑

j=1

y2 j = 1; y2 j ≥ 0, j = 1, 2, . . . , l2

⎫
⎬

⎭ ;

f = ( f 1, f 2, . . . , f r ),

where

f k(y11, y12, . . . , y1r , y21, y22, . . . , y2r ) =
l1∑

j1=1

l2∑

j2=1

Fk( j1, j2)y1 j1 y2 j2;

k = 1, 2, . . . , r.

The game Γ = (Y1, Y2, f ) satisfies the conditions of Theorem 3.79 and, therefore,
a saddle point y∗ = (y∗

1 , y∗
2 ) ∈ Y1 × Y2 exists.

So, the results related to discrete and matrix games can be extended for the
multi-objective case of the game and can be interpreted in an analogous way as
for single-objective games. In order to solve these associated multi-objective games,
Algorithms 3.77 and 3.80 can be applied.

3.13.4 Some Comments on Multi-objective Games

The considered multi-objective games extend the classical ones and represent a com-
bination of cooperative and noncooperative games. Indeed, the player i in a multi-
objective game Γ = (X1, X2, . . . , Xm, F1, F2, . . . , Fm) can be regarded as a union
of ri sub-players with payoff functions F1

i , F2
i , . . . , Fri

i , respectively. So, the game
Γ represents a game with m coalitions 1, 2, . . . , m which interact between them on
the set of situations X1 × X2 × · · · × Xm .

The introduced Pareto-Nash equilibria notation uses the concept of cooperative
games because according to this notation sub-players of the same coalitions should
optimize in the sense of Pareto their vector functions Fi on the set of strategies Xi .
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On the other hand the Pareto-Nash equilibria notation takes also into account the
concept of noncooperative games, because the coalitions interact between them on
the set of situations X1×X2×· · ·×Xm and are interested to maintain Nash equilibria
between coalitions.

The obtained results allow us to describe a class of multi-objective games for
which a Pareto-Nash equilibria exists. Moreover, a suitable algorithm for finding
Pareto-Nash equilibria is proposed.

3.13.5 Determining a Pareto-Stackelberg Solution
for Multi-objective Games

For the multi-objective gameΓ = (X1, X2, . . . , X p, F1, F2, . . . , F p) a hierarchical
optimization principle can be applied in an analogous way as for the classical static
game from Sect. 3.12. This allows us to define a Pareto-Stackelberg solution x∗

1 ,
x∗

2 , . . . , x∗
m for the multi-objective game Γ if we assume that the players fix their

strategies successively one after another according to their numerical order. Each
player optimizes his vector payoff function in the sense of Pareto and, fixing his
optimal strategy x∗

i , informs posterior players which strategy has been applied.
So, a Pareto-Stackelberg solution for the considered multi-objective game Γ =

(X1, X2, . . . , X p, F1, F2, . . . , Fm) can be defined in the same way as the Stack-
elberg solution for the classical static game if at the corresponding level player i
optimizes his vector payoff function in the sense of Pareto taking into account that
the previous players have already fixed their strategies and the posterior players will
act optimally.

It is easy to show that if a set of strategies x∗
1 , x∗

2 , . . . , x∗
m is a Pareto-Stackelberg

solution of the multi-objective game for an arbitrary order of fixing strategies of the
players, then x∗

1 , x∗
2 , . . . , x∗

m is a Pareto-Nash solution.



Chapter 4
Dynamic Programming Algorithms
for Finite Horizon Control Problems
and Markov Decision Processes

In this chapter we study stochastic discrete control problems and Markov decision
processes with finite time horizon. We assume that the set of states of dynamical
system is finite and the starting and the final states are fixed. For finite horizon control
problems we use the same concept as for infinite horizon decision models, i.e we
assume that in the control process the dynamical system may admit dynamical states
where the vector of control parameters is changing in a random way according to
given distribution functions of the probabilities on given feasible dynamical sets. So,
we consider the control problems for which the dynamics may contain controllable
states as well the uncontrollable ones. We show that in general form the stochastic
control problems can be formulated on networks and the dynamic programming
algorithms for determining the optimal solution of the problems can be developed.
We extend the corresponding dynamic programming technique for finite horizon
Markov decision problems.

4.1 Problem Formulation

We consider a time-discrete system L with a finite set of states X ⊂ R
n . At every

time-step t = 0, 1, 2, . . . , the state of the system L is x(t) ∈ X . Two states x0 and
x f are given in X , where x0 = x(0) represents the starting state of system L and x f

is the state in which the system L must be brought, i.e., x f is the final state of L. We
assume that the system L should reach the final state x f at the time-moment t (x f )

such that t1 ≤ t (x f ) ≤ t2, where t1 and t2 are given. The dynamics of the system L

is described as follows

x(t + 1) = gt (x(t),u(t)), t = 0, 1, 2, . . . , (4.1)

where

x(0) = x0 (4.2)
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and u(t) = (u1(t),u2(t), . . . ,um(t)) ∈ R
m represents the vector of control

parameters.
For any time-step t and an arbitrary state x(t) ∈ X a feasible finite set Ut (x(t)) =

{u1
x(t),u

2
x(t), . . . ,u

k(x(t))
x(t) }, for the vector of control parameters u(t) is given, i.e.,

u(t) ∈ Ut (x(t)), t = 0, 1, 2, . . . . (4.3)

We assume that in (4.1) the vector functions gt (x(t),u(t)) are uniquely determined
by x(t) and u(t), i.e., the state x(t + 1) is determined uniquely by x(t) and u(t) at
every time-step t = 0, 1, 2, . . .. In addition we assume that at each moment of time t
the cost ct (x(t), x(t + 1)) = ct (x(t), gt (x(t),u(t))) of system’s transition from the
state x(t) to the state x(t + 1) is known.

Let

x0 = x(0), x(1), x(2), . . . , x(t), . . .

be a trajectory generated by given vectors of control parameters

u(0),u(1), . . . ,u(t − 1), . . . .

Then either this trajectory passes through the state x f at the time-moment t (x f ) or
it does not pass through x f .

We denote

Fx0x f (u(t)) =
t (x f )−1∑

t=0

ct (x(t), gt (x(t),u(t))) (4.4)

the integral-time cost of system’s transitions from x0 to x f if t1 ≤ t (x f ) ≤ t2;
otherwise we put Fx0x f (u(t)) = ∞.

In [6, 11, 59, 79] the following problem have been formulated and studied:
Determine the vectors of control parameters u(0),u(1), . . . ,u(t), . . . which satisfy
conditions (4.1)–(4.3) and minimize functional (4.4).

This problem represents a finite horizon control model with controllable states of
a dynamical system where for an arbitrary state x(t) at every moment of time the
choosing of the vector of control parameter u(t) ∈ Ut (x(t)) is assumed to be at our
disposition.

In the following we consider the stochastic versions of the control model
formulated above. We assume that the dynamical system L may admit uncontrol-
lable states, i.e., for the system L there exist dynamical states in which we are not
able to control the dynamics of the system and the vector of control parameters
u(t) ∈ Ut (x(t)) for such states is changing in a random way according to a given
distribution function
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p : Ut (x(t)) → [0, 1],
k(x(t))∑

i=1

p(ui
x(t)) = 1 (4.5)

on the corresponding dynamical feasible sets Ut (x(t)), where k(x(t)) = |Ut (x(t))|.
If we regard an arbitrary dynamic state x(t) of the system L at a given moment

of time t as position (x, t) then the set of positions

Z = {(x, t) | x ∈ X, t = 0, 1, 2, . . . , t2}

of the dynamical system can be divided into two disjoint subsets

Z = ZC ∪ Z N (ZC ∩ Z N = ∅),

where ZC represents the set of controllable positions of L and Z N represents the
set of positions (x, t) = x(t) for which the distribution function (4.5) of the vectors
of control parameters u(t) ∈ Ut (x(t)) are given. This means that we obtain the
following behavior of the dynamical system L in the control process. If the starting
points belong to controllable positions then the decision maker fixes a vector of
control parameters and we obtain the state x(1). If the starting state belongs to the set
of uncontrollable positions then the system passes to the next state in the random way.
After that if at the time-moment t = 1 the state x(1) belongs to the set of controllable
positions then the decision makers fix the vector of control parameteru(t) ∈ Ut (x(t))
and we obtain the state x(2). If x(1) belongs to the set of uncontrollable positions
then the system passes to the next state in the random way and so on. In this dynamic
process the final state may be reached at a given moment of time with a probability
which depends on the control of the system in the controllable states as well as the
expectation of integral time cost by a trajectory depends on the control of the system
in these states. Therefore, our main concentration will be addressed on studying and
solving the following classes of problems:

Problem 4.1 Determine for given vectors of control parameters u(t) ∈ Ut (x(t)),
x(t) ∈ ZC , the probability that the dynamical system L with a given starting state
x0 = x(0) will reach the final state x f at the moment of time t (x f ) such that
t1 ≤ t (x f ) ≤ t2. We denote this probability by Px0(u(t), x f , t1 ≤ t (x f ) ≤ t2); if
t1 = t2 = t then we use the notation Px0(u(t), x f , t).

Problem 4.2 Find the vectors of control parameters u∗(t) ∈ Ut (x(t)), x(t) ∈ ZC

for which the probability in Problem 4.1 is maximal. We denote this probability by
Px0(u

∗(t), x f , t1 ≤ t (x f ) ≤ t2); in the case t1 = t2 = t we shall use the notation
Px0(u

∗(t), x f , t).

Problem 4.3 Determine for given vectors of control parameters u(t) ∈ Ut (x(t)),
x(t) ∈ ZC and given t the expected total cost during t state’s transitions of the system
L if it starts transitions in the state x0 = x(0) at the moment of time t = 0. We denote
this value by σx0(u(t), t).
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Problem 4.4 Determine the vectors of control parameters u∗(t) ∈ Ut (x(t)), x(t) ∈
ZC for which the expected total cost in Problem 4.3 is minimal. We denote this value
by σx0(u

∗(t), t).

Problem 4.5 For given vectors of control parameters u(t) ∈ Ut (x(t)), x(t) ∈ ZC ,
determine the expected total cost of state’s transitions from a starting state x0 to a
final state x f if x f is reached at the time-moment t (x f ) such that t1 ≤ t (x f ) ≤ t2.
We denote this expected cost by σx0(u(t), x f , t1 ≤ t (x f ) ≤ t2); we denote in the
case t1 = t2 = t this value by σx0(u(t), x f , t).

Problem 4.6 Determine the vectors of control parameters u∗(t) ∈ Ut (x(t)), x(t) ∈
ZC for which the expected total cost in Problem 4.5 is minimal. We denote this
minimal expected cost by σx0(u

∗(t), x f , t1 ≤ t (x f ) ≤ t2); in the case t1 = t2 = t
we denote this value by σx0(u

∗(t), x f , t).

We define the probability Px0(u(t), x, t) for the dynamical system L in the consid-
ered problem in the following way:

Let u′(t) be a fixed feasible control. Then on each feasible set Ut (x(t) in the
controllable states x(t) ∈ ZC we can define the following probability functions:
p(u(t)) = 1 if u(t) = u′(t); otherwise put p(u(t)) = 0.

So, the vectoru′(t) in a given controllable state x = x(t) means that the dynamical
system makes a transition from x = x(t) to the state y = gt (x(t),u′(t)) with the
probability equal to 1 and the rest of probability transitions from x to another state are
equal to zero. Thus, a fixed control u′(t) generates a finite Markov process for which
the probability of system’s transition from a starting state x0 to a final state x by
using t units of time can be defined. We denote this probability by Px0(u

′(t), x, t).
We define the probability Px0(u

′(t), x, t1 ≤ t (x) ≤ t2) for given t1 and t2 and
fixed feasible control u′(t) as the probability of the dynamical system L to reach the
state x at least at one of the moment of times t1, t1 + 1, . . . , t2 if the system starts
transitions in the state x0 (at the moment of time t = 0).

In an analogues way we define the expected total cost in the problems 4.3–4.6 using
the corresponding notion for Markov processes with transition costs from Chap. 1.
We define for a fixed control u′(t) the expected total cost σx0(u

′(t), t) of system L

in Problem 4.3 as the expected total cost during t state’s transitions of the dynamical
system in the Markov process generated by the control u′(t) and the corresponding
transition costs. We will precise the expected total cost σx0(u(t), x, t1 ≤ t (x) ≤ t2)
in the Problems 4.5 and 4.6 in a more detailed form in Sect. 4.3.

For an additional characterization of the finite stochastic processes with transition
costs we shall use also the notion of the variance of the total cost for the dynamical
system and the corresponding problem of determining the variance in such processes
will be considered.

The problems formulated above comprises a class of deterministic and stochastic
dynamic problems from [6, 11, 47]. The problems from [47] related to finite Markov
processes became Problems 4.1–4.3 in the case if ZC = ∅, t1 = t2 = t and if
the probabilities p(ui

x(t)) do not depend on time but depend only on the states.

http://dx.doi.org/10.1007/978-3-319-11833-8_1
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The discrete optimal control problems from [6,11] became Problems 4.4–4.6 in the
case Z N = ∅.

The considered problem can de studied and solved separately, however the
combined joint solution for some of them also may be discussed and justified.
For example, if we solve Problem 4.2 and find the control with the maximal prob-
ability of system’s transitions from the starting state to the final one then after that
may be expected the optimal control estimate the expected total cost, i.e. we have to
solve additionally Problem 4.5. If we solve Problem 4.6 and find the control which
provides the minimal expected total cost of states’ transitions of the system from x0
to x f then after that the optimal control estimates the probability of states’ transition
of the system from x0 to x f , i.e., we have to solve additionally Problem 4.1.

We show that all considered characteristics and the optimal control in Problems
4.1–4.6 can be found using algorithms based on the direct and backward dynamic
programming procedures.

4.2 Algorithms for Solving Stochastic Control Problems
Using Time-Expanded Networks

In order to simplify the description of the main approach and to ground the algorithms
for solving the problems formulated in Sect. 4.1 we shall use the network repre-
sentation of the dynamics of the system and we will formulate these problems on
networks. Note that in our control problems the probabilities and the costs of states’
transitions of the system in general case depend on time. Therefore, here we develop
a time-expanded network method from [76,79] for the stochastic versions of control
problems and reduce them to the stationary case of the problems. This will allow
us to describe dynamic programming algorithms for solving the problems on static
networks [80]. At first we show how to construct the time-expanded network and
how to solve the problems with a fixed number of stages, i.e. we consider the case
t1 = t2 = t .

4.2.1 Construction of the Time-Expanded Network
with a Fixed Number of Transitions

If the dynamics of the discrete system L and the information related to the feasible
sets Ut (x(t)) and the cost functions ct (x(t), gt (x(t),u(t))) in the problems with
t1 = t2 = t are known then our time-expanded network can be obtained in the
following way: We identify each position (x, t) which corresponds to a dynamic
state x(t) with a vertex z = (x, t) of the network.

So, the set of vertices Z of the network can be represented as follows

Z = Z1 ∪ Z2 ∪ . . . ∪ Zt
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where
Zt = {(x, t) | x ∈ X}, t = 0, 1, 2, . . . , t .

To each vector of control parameters u(t) ∈ Ut (x(t)), t = 1, 2, . . . , t − 1 which
provides a systems’ transition from the state x(t) = (x, t) to the state x(t + 1) =
(y, t + 1) we associate in our network a directed edge e(z, w) = (

(x, t), (y, t + 1)
)

from the vertex z = (x, t) ∈ Zt to the vertex w = (y, t + 1) ∈ Zt+1, i.e. the
set of edges E of the network is determined by the feasible sets Ut (x(t)), t =
0, 1, 2, . . . , t −1. To each directed edge e = (z, w) = (

(x, t), (y, t +1)
)

originating
in the uncontrollable positions (x, t) we put in correspondence the probability pe =
p
(
ui (t)

)
, where ui (t) is a vector of control parameter which provides the transition

of the system from the state x = x(t) to the state x(t + 1) = (y, t + 1). Thus,
if we distinguish in E the subset of edges EN = {e = (z, w) ∈ E | z ∈ Z N }
originating in uncontrollable positions Z N then on EN we obtain the probability
function p : E → R which satisfies the condition

∑

e∈E(z)

pe = 1, z ∈ Z N \Zt

where E(z) is the set of edges originating in z, i.e., E(z) = {e = (z, w) | e ∈ E, w ∈
Z}. In addition in the network we add to the edges e = (z, w) = (

(x, t), (y, t+1)
)

the
costs c(z,w) = c((x, t), (y, t +1)) = ct

(
x(t), x(t +1)

)
which correspond to the costs

of system’s transition from the states x(t) to the states x(t +1). We denote the subset
of edges of the graph G originating in vertices z ∈ ZC by EC , i.e., EC = E\EN .

So, our network is determined by the tuple (G, ZC , Z N , c, p, t, z0, z f ), where
G = (Z , E) is the graph which describes the dynamics of the system; the vertices
z0 = (x0, 0) and z f = (x f , t) correspond to the starting and the final states of the
dynamical system, respectively; c represents the cost function defined on the set of
edges E and p is the probability function defined on the set of edges EN which satisfy
condition (4.5). Thus, Z = ZC ∪ Z N , where ZC is a subset of vertices of G which
corresponds to the set of controllable positions of the dynamical system and Z N is
a subset of vertices of G which corresponds to the set of uncontrollable positions of
system L. The subsets ZC and Z N can be represented as follows ZC = ⋃t

t=0 ZC
t ,

Z N = ⋃t
t=0 Z N

t , where ZC
t = {(x, t) ∈ Zt | (x, t) ∈ ZC } and Z N

t = {(x, t) ∈
Zt | (x, t) ∈ Z N }. The graphical representation of the structure of this network is
given on Fig. 4.1. For Problems 4.1 and 4.2 the information about the cost function
c is not required, therefore this function in the notation above of the network can
be omitted; for Problems 4.3 and 4.4 the final state is not given and therefore in the
notation of the network we can also omit.

It is easy to observe that the Problem 4.1 in the case t1 = t2 = t can be formulated
and solved on network (G, ZC , Z N , p, t, z0, z f ). A control u(t) of system L in the
controllable state x(t) on this network means a transitions from the vertex z = (x, t)
to w = (y, t+1) through a leaving edges eu = (z, w) = ((x, t), (y, t+1)) generated
by u(t).
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Fig. 4.1 The graphical representation of the structure of the time-expanded network

This is equivalent with an association to these leaving edges of the probability peu = 1
of the states’ transition from (x, t) to (y, t + 1) considering pe = 0 for the rest of
the leaving directed edges. In other words a control on a time-expanded network
means an extension of the probability function p from EN to E according to the rule
mentioned above. We denote this probability function on E by pu and we will keep
in mind that pue = pe for e ∈ EN and this function satisfies on EC the following
property

pu : EC → {0, 1},
∑

e∈EC (z)

pue = 1 for z ∈ ZC .

So, each feasible control u(t) in the problems from Sect. 4.1 uniquely defines the
function pue on E and vice versa. Therefore if u(t) is given for the control problems
then we denote the time-expanded network by (G, ZC , Z N , c, pu, t, z0, z f , ). In the
case if the controlu(t) in the Problems 4.1–4.6 is not fixed then for the time-expanded
network we shall use the notation (G, ZC , Z N , c, p, t, z0, z f ). For the probability
transition from a starting position z0 to a final position z f of the system L on this
network we shall use a similar notation Pz0(u(t), z f , t).

4.2.2 An Example of Constructing the Time-Expanded Network

We describe an example how to construct the time-expanded network for the
stochastic control problem which we will use for the illustration of the calculation
procedures of the state-time probabilities and the expected total cost. We consider
the dynamical system with the set of states X = {1, 2, 3, 4} and t = 5. The starting
state of the system is x(0) = 2 and the final state is x f = x(5).
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Fig. 4.2 The structure of the time-expanded network

All necessary information related to the dynamics and the control parameters of
the problem are given in Table 4.1. The structure of the time-expanded network is
represented on Fig. 4.2. In this figure the controllable positions of the dynamical
system are represented by circles and the uncontrollable ones are represented by
squares.

If the feasible sets Ut (x(t)) are known for all dynamical state x(t) then the time-
expanded network can be constructed by using O

( ∑t
t=0

∑
x(t)∈X |Ut (x(t)|) ele-

mentary operations. In general the complexity of the construction procedure of the
time-expanded network depends on input data of the dynamics of the system and
on the corresponding parameters of the problem. In our example we assume that the
input data of the problem is presented by the list of the dynamical states x(t) = (x, t),
the feasible sets Ut (x(t)) in the controllable states x(t), the values of the cost func-
tions ct (x(t), x(t + 1)) and the corresponding transition probabilities px(t), x(t+1) in
the uncontrollable states x(t) for every discrete moment of time t . Therefore we will
estimate the complexity of the proposed algorithms for our problems with respect to
this information.

If for the dynamical system we fix the control

u: (1, 0) → (2, 1) for x(0) = (1, 0),

u: (2, 0) → (3, 1) for x(0) = (2, 0),

u: (3, 0) → (3, 1) for x(0) = (3, 0),

u: (4, 0) → (3, 1) for x(0) = (4, 0),

u: (1, 1) → (2, 2) for x(1) = (1, 1),

u: (2, 1) → (3, 2) for x(1) = (2, 1),

u: (3, 1) → (3, 2) for x(1) = (3, 1),

u: (4, 1) → (3, 2) for x(1) = (4, 1),

u: (1, 2) → (2, 3) for x(2) = (1, 2),
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Table 4.1 Information related to the dynamics and the control parameters of the problem

t x X (t) Ut (x(t)) = {ui } Distribution functions Cost functions

(x, t) ui : (x, t) → (y, t + 1) for uncontrollable states ct (x(t),u(t))

0 1 (1,0) u1: (1,0) → (1,1) 2

u2: (1,0) → (2,1) 4

2 (2,0) u1: (2,0) → (1,1) 4

u2: (2,0) → (2,1) 6

u3: (2,0) → (3,1) 3

3 (3,0) u1: (3,0) → (3,1) 6

u2: (3,0) → (4,1) 2

4 (4,0) u1: (4,0) → (3,1) 2

u2: (4,0) → (4,1) 5

1 1 (1,1) u1: (1,1) → (1,2) 6

u2: (1,1) → (2,2) 2

2 (2,1) u1: (2,1) → (1,2) 7

u2: (2,1) → (3,2) 2

3 (3,1) u1: (3,1) → (2,2) 2

u2: (3,1) → (3,2) 5

u3: (3,1) → (4,2) 3

4 (4,1) u1: (4,1) → (3,2) 7

u2: (4,1) → (4,2) 4

2 1 (1,2) u1: (1,2) → (1,3) 8

u2: (1,2) → (2,3) 1

2 (2,2) u1: (2,2) → (1,3) p(u1) = 0.6 3

u2: (2,2) → (3,3) p(u2) = 0.4 7

3 (3,2) u1: (3,2) → (2,3) p(u1) = 0.3 3

u2: (3,2) → (4,3) p(u2) = 0.7 8

4 (4,2) u1: (4,2) → (3,3) p(u1) = 0.5 2

u2: (4,2) → (4,3) p(u2) = 0.5 4

3 1 (1,3) u1: (1,3) → (1,4) p(u1) = 0.4 1

u2: (1,3) → (2,4) p(u2) = 0.6 5

2 (2,3) u1: (2,3) → (2,4) p(u1) = 0.5 1

u2: (2,3) → (3,4) p(u2) = 0.5 4

3 (3,3) u1: (3,3) → (3,4) p(u1) = 0.6 3

u2: (3,3) → (4,4) p(u2) = 0.4 4

4 (4,3) u1: (4,3) → (3,4) p(u1) = 0.7 5

u2: (4,3) → (4,4) p(u2) = 0.3 4

(continued)
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Table 4.1 (continued)

t x X (t) Ut (x(t)) = {ui } Distribution functions Cost functions

(x, t) ui : (x, t) → (y, t + 1) for uncontrollable states ct (x(t),u(t))

4 1 (1,4) u1: (1,4) → (1,5) p(u1) = 0.2 7

u2: (1,4) → (2,5) p(u2) = 0.8 2

2 (2,4) u1: (2,4) → (1,5) p(u1) = 0.3 6

u2: (2,4) → (3,5) p(u2) = 0.7 3

3 (3,4) u1: (3,4) → (2,5) p(u1) = 0.5 2

u2: (3,4) → (3,5) p(u2) = 0.5 4

4 (4,4) u1: (4,4) → (3,5) p(u1) = 0.6 5

u2: (4,4) → (4,5) p(u2) = 0.4 3

3

4

1

(X,0) (X,1) (X,2) (X,3) (X,4) (X,5)

1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3

4 4 4 4 4

Fig. 4.3 The corresponding time-expanded network induced by the control u(t)

then we obtain the network (G, ZC , Z P , c, pu, t, z0, z f ) represented on Fig. 4.3.
For this network the edges originating in controllable positions (vertices) get the
following probabilities:

p((1,0), (2,1)) = 1; p((2,0), (3,1)) = 1; p((3,0), (3,1)) = 1; p((4,0), (3,1)) = 1;

p((1,1), (2,2)) = 1; p((2,1), (3,2)) = 1; p((3,1), (3,2)) = 1; p((4,1), (3,2)) = 1;

p((1,2), (2,3)) = 1.

The rest of transition probabilities on the edges originating in controllable positions
are equal to zero. The transition probabilities on the edges originating in uncontrol-
lable positions (vertices) are determined by distribution function given in Table 4.1.
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4.2.3 Algorithms for Determining the State-Time Probabilities
and the Optimal Control for the Problem
with a Fixed Number of Transitions

In this section we describe algorithms for determining the solutions of Problems 4.1
and 4.2 using the direct and backward dynamic programming algorithms. At first we
use the direct procedure for the calculation of the probabilities Pz0(u(t), z, τ ), of
system transitions from z0 to z ∈ Zτ , τ = 1, 2, . . . , t for the Problem 4.1 on the
network (G, ZC , Z N , pu, t, z0, z f ).

Algorithm 4.7 Determining the State-Time Probabilities Using a the Direct
Dynamic Programming Procedure

Preliminary step (Step 0): Put Pz0(u(t), z0, 0) = 1 for z0 = (x0, 0) and
Pz0(u(t), z, t) = 0 for every z ∈ Z\{z0}.
General step (Step τ, τ ≥ 1): For every z ∈ Zτ calculate

Pz0(u(t), z, τ ) =
∑

(w,z)∈E−(z)

Pz0(u(t), w, τ − 1)pu(w,z)

where E−(z) = {(w, z) ∈ E | w ∈ Zτ−1}. If τ = t then STOP; otherwise go to the
next step.

The correctness of the algorithm is evident. Algorithm 4.7 is based on the recursive
formula 1.1 from Sect. 1.1 for the calculation of the state-time probabilities of the
system on the time-expanded network.

Lemma 4.8 If for every x(t) ∈ X and t = 0, 1, 2, . . . , t − 1 the feasible sets
Ut (x(t)) are nonempty then the state-time probabilities Pz0(u(t), z, τ ) calculated
according to Algorithm 4.7 satisfy the condition

∑

z∈Zτ

Pz0(u(t), z, τ ) = 1, τ = 0, 1, 2, . . . , t .

Proof We prove this lemma using an induction principle on the number of stages τ .
In the case τ = 0 the lemma is evident. Assume that lemma holds for an arbitrary
τ ≥ 0 and let us show that it is true for τ + 1. Indeed,

∑

z∈Zτ+1

Pz0(u(t), z, τ + 1) =
∑

z∈Zτ+1

∑

(w,z)∈E−(z)

Pz0(u(t), w, τ)pu(w,z).

If for every (w, z) which does not belong to the edges’ set E we consider
pu(w,z) = 0 then we can introduce in the last sum all terms Pz0(u(t), w, τ)pu(w,z).

http://dx.doi.org/10.1007/978-3-319-11833-8_1
http://dx.doi.org/10.1007/978-3-319-11833-8_1
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Thus,

∑

z∈Zτ+1

Pz0(u(t), z, τ + 1) =
∑

z∈Zτ+1

∑

w∈Zτ

Pz0(u(t), w, τ)pu(w,z)

=
∑

w∈Zτ

∑

z∈Zτ+1

Pz0(u(t), w, τ)pu(w,z)

=
∑

w∈Zτ

Pz0(u(t), w, τ)
∑

z∈Zτ+1

pu(w,z) =
∑

w∈Zτ

Pz0(u(t), w, τ) = 1,

i.e., lemma holds. 
�
In the following for the control problems from Sect. 4.1 we will assume that the
condition Ut (x(t)) �= ∅ for every x(t) ∈ X , t = 0, 1, 2, . . . , t2 − 1 holds.

Algorithm 4.7 allows us for a given control u(t) to find the probabilities
Px0(u(t), x, τ ) of state’s transition from x0 to an arbitrary x for every τ =
0, 1, 2, . . . , t . Using the network interpretation of Problem 4.1 we can develop an
algorithm for the calculation of probabilities Px(t−τ)(u(t), x f , t) of states’ tran-
sition from an arbitrary dynamical state x(t − τ) to the final state x f for every
τ = 0, 1, 2, . . . , t starting from a final state x f if the control u(t) is given. This
algorithm is based on a backward dynamic programming procedure.

Algorithm 4.9 Determining the State-Time Probabilities of the System Using
the Backward Dynamic Programming Procedure

Preliminary step (Step 0): Put Pz f (u(t), z f , t) = 1 for z f = (x f , t) and
Pz(u(t), z, t) = 0 for every z ∈ Zt\{z f }.
General step (Step τ, τ ≥ 1): For every z ∈ Zt−τ calculate

Pz(u(t), z f , t) =
∑

(z,w)∈E(z)

Pw(u(t), z f , t)pu(z,w)

where E(z) = {(z, w) ∈ E | w ∈ Zτ+1}. If τ = t then STOP; otherwise go to next
step.

Algorithm 4.9 finds the values Px(t−τ)(u(t), x f , t) = P(x, t−τ)(u(t), (x f , t), t)
which represent the probability of system’s transition from the state x at the moment
of time t − τ to the state x f using τ units of time. Finally if we fix τ = t then we
obtain the probabilities Px (u(t), x f , t) of system’s transition from every x to x f by
using t units of time.

Theorem 4.10 For a given control u(t) Algorithm 4.9 correctly finds the state-time
probabilities P(x,t−τ)(u(t), x f , t) for every x ∈ X and τ = 0, 1, 2, . . . , t . The
running time of the algorithm is O(|X |2t).
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Proof The preliminary step of the algorithm is evident. The correctness of the general
step of the algorithm follows from a recursive formula for the calculation of the state-
time probabilities of the dynamical system in the Markov processes on the network.
In order to estimate the running time of the algorithm it is sufficient to estimate
the number of elementary operations of the general step of the algorithm. It is easy
to see that the number of elementary operations for the tabulation of the state-time
probabilities at the general step is O(|X |2). Taking into account that the number of
steps of the algorithms is equal to t we obtain that the running time of the algorithm
is O(|X |2t). 
�
Remark 4.11 The direct and the backward dynamic algorithm are valid for
determining the probabilities Px (u(t), x f , t) also in the case if the condition (4.5)

may not take place, i.e.
∑k(x(t))

i=1 p(ui
x(t)) ≤ 1.

Below we illustrate the calculation procedures of the direct and backward dynamic
programming algorithms for the stochastic control problem from Sect. 4.2.2.

Example Let the discrete system L with the dynamics described in Sect. 4.2.2
be given and consider the problem of determining the state-time probabilities
Px0(u(t), y, τ ) and Px(T −τ)(u(t), x f , t) for the following control u(t):

u: (1, 0) → (2, 1) for x(0) = (1, 0),

u: (2, 0) → (3, 1) for x(0) = (2, 0),

u: (3, 0) → (3, 1) for x(0) = (3, 0),

u: (4, 0) → (3, 1) for x(0) = (4, 0),

u: (1, 1) → (2, 2) for x(1) = (1, 1),

u: (2, 1) → (3, 2) for x(1) = (2, 1),

u: (3, 1) → (3, 2) for x(1) = (3, 1),

u: (4, 1) → (3, 2) for x(1) = (4, 1),

u: (1, 2) → (2, 3) for x(2) = (1, 2).

Assume that t = 5, x(0) = 2 and x f = x(5) = 3. The corresponding time-
expanded network induced by the control u(t) is represented on Fig. 4.3.

If we apply algorithm Algorithms 4.7 and 4.9, respectively, then we obtain the
state-time probabilities Px0(u(t), y, τ ) and Px(t−τ)(u(t), x f , t), τ = 0, 1, 2, 3, 4, 5
given in Table 4.2.

We can see that the direct dynamic programming algorithm finds the probabilities
of the system transitions from a fixed starting state x(0) = 2 to an arbitrary state
x(t), t = 0, 1, 2, 3, 4, 5; the backward dynamic programming algorithm finds the
probabilities of the system’s transitions from an arbitrary dynamical state x(t − τ) ∈
X , τ = 0, 1, 2, 3, 4, 5 to a fixed final state x(5) = 3. All these probabilities are given
in Table 4.2.

Now let us show that the backward dynamic procedure of the calculation of
the state probabilities described above can be extended for determining the optimal
control u∗(t) in Problem 4.1 with t1 = t2 = t .
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Table 4.2 State-time probabilities Px0 (u(t), y, τ ) and Px(t−τ)(u(t), x f , t), τ = 0, 1, 2, 3, 4, 5

Direct Dynamic Programming Backward Dynamic Programming

Algorithm Algorithm

τ x x(t) = (x, t) Px0 (u(t), y, τ ) t − τ x(t − τ) = Px(t−τ)

(
u(t), x f , t

)

(x, t − τ)

0 1 (1,0) 0 5 (1,5) 0

2 (2,0) 1 (2,5) 0

3 (3,0) 0 (3,5) 1

4 (4,0) 0 (4,5) 0

1 1 (1,1) 0 4 (1,4) 0

2 (2,1) 0 (2,4) 0,7

3 (3,1) 1 (3,4) 0,5

4 (4,1) 0 (4,4) 0,6

2 1 (1,2) 0 3 (1,3) 0,42

2 (2,2) 0 (2,3) 0,6

3 (3,2) 1 (3,3) 0,54

4 (4,2) 0 (4,3) 0,53

3 1 (1,3) 0 2 (1,2) 0,6

2 (2,3) 0,3 (2,2) 0,468

3 (3,3) 0 (3,2) 0,551

4 (4,3) 0,7 (4,2) 0,535

4 1 (1,4) 0 1 (1,1) 0,468

2 (2,4) 0,15 (2,1) 0,551

3 (3,4) 0,64 (3,1) 0,551

4 (4,4) 0,21 (4,1) 0,551

5 1 (1,5) 0,045 0 (1,0) 0,551

2 (2,5) 0,32 (2,0) 0,551

3 (3,5) 0,551 (3,0) 0,551

4 (4,5) 0,084 (4,0) 0,551

Algorithm 4.12 Determining the Optimal Control for Problem 4.2 with
t1 = t2 = t
We describe the algorithm for finding the optimal control u∗(t) and the probabilities
Px(t−τ)(u

∗(t), x f , t) of the systems’ transitions from the states x ∈ X at the moment
of times t − τ to the state x f by using τ units of time for τ = 0, 1, 2, . . . , t . The
algorithm consists of the preliminary, the general and the final steps.

The preliminary and the general steps of the algorithm determines the transition
probabilities Px(t−τ)(u

∗(t), x f , t) from the states x(t − τ) ∈ X at the moment of
time t − τ to the state x f = x(t) ∈ X at the moment of time t if the optimal control
u∗(t) is applied. At the end of the last iteration of the general step the algorithm
determines the subset of edges E∗

C of EC which determines the optimal controls.
The final step of the algorithm constructs an optimal control u∗(t) of the problem.
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Preliminary step (Step 0): Put Pz f (u
∗(t), x f , t) = 1 for z f = (x f , t) and

Pz(u
∗(t), x f , t) = 0 for every z ∈ Z\{z f }. In addition set E∗

C = ∅.

General step (Step τ ≥ 1, τ ≥ 1): For given τ do the following items a) and b):

(a) For each uncontrollable position z = (x, t − τ) ∈ Z N
t−τ

, i.e., z = x(t − τ),

calculate

Pz(u
∗(t), x f , t) =

∑

(z,w)∈E(z)

Pw(u∗(t), x f , t)p(z,w),

where E(z) =
{
(z, w) ∈ E | w = x(t − τ + 1) = (x, t − τ + 1) ∈ Z N

t−τ+1

}
;

(b) For each controllable position z = (x, t − τ) ∈ ZC
τ calculate

Pz(u
∗(t), x f , t) = max

(z,w)∈E(z)
Pw(u∗(t), x f , t)

and include in the set E∗
C the edges e∗ = (z, w)∗ ∈ E(x, t − τ) that satisfy the

condition

(z, w)∗ = argmax
(z,w)∈E(z)

{Pw(u∗(t), x f , t)}.

If τ = t then go to Final step; otherwise go to step τ + 1.

Final step: Form the graph G∗ = (Z , E∗
C ∪ (E\EC )) and fix on E∗

C an arbitrary
map

u∗ : (x, t) → (y, t + 1) ∈ XG∗(x, t) for (x, t) ∈ ZC

where XG∗(x, t) = {(y, t + 1) ∈ Z | ((x, t), (y, t + 1)) ∈ E∗
C }. The map u∗ corre-

sponds to an optimal control for Problem 4.2 and Px(0)(u
∗(t), x f , t) for x(0) ∈ X

represent the probability transitions of the system from the starting states x(0) ∈ X
to x f by using t units of time if the optimal control is applied.

Theorem 4.13 Algorithm 4.12 correctly finds the optimal control u∗(t) and the
state-time probability Px(0)(u

∗(t), x f , t) for an arbitrary starting position x(0) ∈ X
in Problem 4.1 in the case t1 = t2 = t . The running time of the algorithm is O(|X |2t).

Proof The general step of the algorithm reflects the optimality principle of the
dynamic programming for the problem of determining the control with maximal
probabilities Px(t−τ)(u

∗(t), x f , t) of system’s transition from the states x ∈ X at
the moment of time t − τ to the state x f at the moment of time t .

For each controllable position (x, t −τ) ∈ Z the values Px(t−τ)(u
∗(t), x f , t) are

calculated on the time-expanded network in consideration that for a given moment
of time t − τ and a given state x ∈ X the optimal control u∗(t − τ) ∈ Ut (x(t − τ))

is applied. Therefore, the values P(x, t−τ)(u
∗(t), (x f , t), t) are calculated correctly
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for every x ∈ X and τ = 0, 1, 2, . . . , t . In the case τ = t we obtain the state-time
probabilities Px (u

∗(t), x f , t) = P(x,0)(u
∗(t), x f , t) for x ∈ X . At each step of the

algorithm an directed edge e∗ corresponds to an optimal control and therefore at the
final step we obtain the set of edges E∗ which determines the optimal controls for an
arbitrary state x and at every moment of time t −τ . The computational complexity of
the algorithm can be estimated in the same way as in Algorithm 4.9. The algorithm
needs t steps and at each step it uses O(|X |2) elementary operations. So, the running
time of the algorithm is O(|X |2t). 
�
The following example illustrates the calculation procedure of Algorithm 4.12.

Example Consider the problem of determining the optimal control u∗(t) for the
example from Sect. 4.2.2 where t = 5, x f = 3; the corresponding time-expanded
network is represented in Fig. 4.2.

If we apply Algorithm 4.12 then we obtain:

Step 0
P(1,5)(u

∗(t), 3, 5) = 0; P(2,5)(u
∗(t), 3, 5) = 0; P(3,5)(u

∗(t), 3, 5) = 1;
P(4,5)(u

∗(t), 3, 5) = 0; E∗
C = ∅.

Step 1
P(1,4)(u

∗(t), 3, 5) = 0; P(2,4)(u
∗(t), 3, 5) = 0.7;

P(3,4)(u
∗(t), 3, 5) = 0.5; P(4,4)(u

∗(t), 3, 5) = 0.6; E∗
C = ∅.

Step 2
P(1,3)(u

∗(t), 3, 5) = 0.42; P(2,3)(u
∗(t), 3, 5) = 0.6;

P(3,3)(u
∗(t), 3, 5) = 0.54; P(4,3)(u

∗(t), 3, 5) = 0.53; E∗
C = ∅.

Step 3
P(1,2)((u

∗(t), 3, 5) = 0.6; P(2,2)(u
∗(t), 3, 5) = 0.468;

P(3,2)(u
∗(t), 3, 5) = 0.551; P(4,2)(u

∗(t), 3, 5) = 0.5035;

E∗
C = {((1, 2), (2, 3))}.

Step 4
P(1,1)(u

∗(t), 3, 5) = 0.6; P(2,1)(3, 5) = 0.6;
P(3,1)(u

∗(t), 3, 5) = 0.551; P(4,1)(u
∗(t), 3, 5) = 0.551;

E∗
C ={((1, 2), (2, 3))}

∪ {((1, 1), (1, 2)), ((2, 1), (1, 2)), ((3, 1), (3, 2)), ((4, 1), (3, 2))}.
Step 5
P(1,0)(u

∗(t), 3, 5) = 0.6; P(2,0)(u
∗(t), 3, 5) = 0.6;

P(3,0)(u
∗(t), 3, 5) = 0.551; P(4,0)(u

∗(t), 3, 5) = 0.551;
E∗

C = {((1, 2), (2, 3)), ((1, 1), (1, 2)), ((2, 1), (1, 2)), ((3, 1), (3, 2)),

((4, 1), (3, 2))} ∪ {((1, 0), (1, 1)), ((1, 0), (2, 1)), ((2, 0), (1, 1)), ((2, 0),

(2, 1)), ((3, 0), (3, 1)), ((3, 0), (4, 1)), ((4, 0), (3, 1)), ((4, 0), (4, 1))}.
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Fig. 4.4 The network which corresponds to the optimal control u∗

After steps 1–5 we fix the map

u∗ : (1, 0) → (1, 1); (2, 0) → (1, 1); (3, 0) → (3, 1); (4, 0) → (3, 1);

(1, 1) → (1, 2); (2, 1) → (1, 2); (3, 1) → (3, 2); (4, 1) → (3, 2);

(1, 2) → (2, 3).

which determines the optimal control. The network which corresponds to this optimal
control is represented in Fig. 4.4.

4.2.4 Algorithms for Determining the State-Time Probabilities
and the Optimal Control for the Problem with the Number
of Transitions from a Given Interval

Now we consider the problems of determining the state-time probabilities of the
dynamical system in the case t1 �= t2. We show how to solve this problem applying
the time-expanded network method. In this case we shall use the time-expanded
network (G, ZC , Z N , c, p, t, z0, z f ) with t = t2 and we will make some minor
modification in its construction. We delete all directed edges originating in the ver-
tices (x f , t) for t = t1, t1 + 1, . . . , t2 − 1 preserving all remaining edges of the
network. The structure of the time-expanded network after this additional transfor-
mation is represented in Fig. 4.5. We denote the time-expanded network in this case
by (G0, ZC , Z N , c, p, t1, t2, z0, Y ), where Y = {(x f , t1), (x f , t1 +1), . . . , (x f , t2)}
and G0 = (Z , E0) is the graph obtained from G by deleting all edges which originate
in vertices from Y , i.e., E0 = E\{(z, w) ∈ E | z ∈ Y }.
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Fig. 4.5 The time-expanded network for the problem with t1 �= t2

Based on the construction above we obtain the following property of the probability
Px0(u(t), x f , t1 ≤ t (x f ) ≤ t2).

Lemma 4.14 For an arbitrary feasible control u(t) and a given starting state x0 of
the dynamical system L the following formula holds

Px0(u(t), x f , t1 ≤ t (x f ) ≤ t2) =
t2−t1∑

k=0

Pz0(u(t), (x f , t1 + k), t1 + k), (4.6)

where Pz0(u(t), (x f , t1 + k), t1 + k), k = 0, 1, 2, . . . , t2 − t1 represents the
time-state probabilities calculated on the time-expanded network (G0, ZC , Z N ,

c, p, t1, t2, z0, Y ).

Based on Lemma 4.14 we can calculate Px0(u(t), x f , t1 ≤ t (x f ) ≤ t2) as
follows. We apply Algorithm 4.7 on the time-expanded network (G0, ZC , Z N ,

c, pu, t1, t2, z0, Y ) and determine the state-time probabilities Pz0(u(t), (x, τ ), τ )

for every (x, τ ) ∈ Z and τ = 0, 1, 2, . . . , t2. Then we find the probability
Px0(u(t), x f , t1 ≤ t (x f ) ≤ t2) using formula (4.6).

Example Let us calculate the probability P2(u(t), 3 ≤ t (3) ≤ 5) with the control
u(t) given in the example from Sect. 4.2.2. The corresponding network induced by
the control u(t) is represented in Fig 4.6. If we apply formula (4.6) then we obtain

P2(u(t), 3, 3 ≤ t (3) ≤ 5)

= P2(u(t), (3, 3), 3)) + P2(u(t), (3, 4), 4) + P2(u(t), (3, 5), 5),
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Fig. 4.6 The network induced by the control u(t)

where P(2,0)(u(t), (3, 3), 3)), P(2,0)(u(t), (3, 4), 4) and P(2,0)(u(t), (3, 5), 5) are
calculated on the time-expanded network given in Fig. 4.6. So,

P(2,0)(u(t), 3, 3 ≤ t (3) ≤ 5) = 0 + 0.64 + 0.231 = 0.871 .

The state-time probabilities P(2,0)(u(t), (3, 3), 3), P(2,0)(u(t), (3, 4), 4), and
P(2,0)(u(t), (3, 5), 5) on the auxiliary network can be calculated applying Algo-
rithm 4.7 or Algorithm 4.9. We obtain a more suitable algorithm for the tabulation
of the values Px(0)(u(t), x f , t1 ≤ t (x f ) ≤ t2) for a fixed control in Problem 4.1 if
we use the backward induction principle on the time-expanded network. Below we
describe such an algorithm.

Algorithm 4.15 Determining the State-Time Probabilities for the Problem 4.1
with t1 �= t2 based on a Backward Induction Principle

Preliminary step (Step 0): Put P(x f ,t2−τ)(u(t), x f , t1 ≤ t (x f ) ≤ t2) = 1,

for τ = 0, 1, 2, . . . , t2 − t1 and set P(x,t2−τ)(u(t), x f , t1 ≤ t (x f ) ≤ t2) = 0,

for (x, t2 − τ) ∈ Z\Y , t = 0, 1, 2, . . . , t2.

General step (Step τ, τ ≥ 1): For every (x, t2 − τ) = z ∈ Z N
t2−τ\Y calculate

P(x,t2−τ)(u(t), x f , t1 ≤ t (x f ) ≤ t2)

=
∑

(z,w)∈E0(z)

Pw(u(t), x f , t1 ≤ t (x f ) ≤ t2)pu(z,w),

where w = (y, t2 − τ + 1) ∈ Zt2−τ+1, E0(z) = {(z, w) ∈ E0 | w ∈ Zτ+1}.
If τ = t2 then go to the final step; otherwise go to step τ + 1.
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Final step: Set Px(t2−τ)(u(t), x f , t1 ≤ t (x f ) ≤ t2) = P(x,t2−τ)(u(t), x f ,

t1 ≤ t (x f ) ≤ t2) for every (x, t2 − τ) = z ∈ Zt2−τ , τ = 0, 1, 2, . . . , t2 and
fix Px(0)(u(t), x f , t1 ≤ t (x f ) ≤ t2) = P(x,0)(u(t), x f , t1 ≤ t (x f ) ≤ t2) for
x(0) ∈ X .

It easy to check that in the worst case the algorithm uses O(|X |2t2) elementary
operations.

The backward dynamic programming algorithm described above can be extended
for the control Problem 4.2.

Algorithm 4.16 Determining the Optimal Control for Problem 4.2
The algorithm determines the optimal control u ∗ (t) and the probabilities Px(t2−τ)

(u∗(t), x f , t1 ≤ t (x f ) ≤ t2) for τ = 0, 1, 2, . . . , t2. These probabilities are tab-
ulated using the time-expanded network (G0, ZC , Z N , c, p, t1, t2, z0, Y ) in the
following way:

Preliminary step (Step 0): Put P(x f ,t2−τ)(u
∗(t), x f , t1 ≤ t (x f ) ≤ t2) = 1,

for τ = 0, 1, 2, . . . , t2 − t1 and set P(x,t2−τ)(u
∗(t), x f , t1 ≤ t (x f ) ≤ t2) = 0,

for (x, t2 − τ) ∈ Z\Y , t = 0, 1, 2, . . . , t2; in addition set E∗
C = ∅.

General step (Step τ, τ ≥ 1): For given τ do items (a) and (b):

(a) For every (x, t2 − τ) = z ∈ Z N
t2−τ\Y calculate

P(x,t2−τ)(u
∗(t), x f , t1 ≤ t (x f ) ≤ t2)

=
∑

(z,w)∈E(z)

Pw(u∗(t), x f , t1 ≤ t (x f ) ≤ t2)p(z,w),

where w = (y, t2 − τ + 1) ∈ Zt2−τ+1;
(b) For every (x, t2 − τ) = z ∈ ZC

τ \Y calculate

P(x,t2−τ)(u
∗(t), x f , t1 ≤ t (x f ) ≤ t2)

= max
(z,w)∈E(z)

Pw(u∗(t), x f , t1 ≤ t (x f ) ≤ t2)

and include in E∗
C the edges e∗ = (z, w)∗ for which

(z, w)∗ = argmax
(z,w)∈E(z)

{Pw(u∗(t), x f , t1 ≤ t (x f ) ≤ t2)}.

If τ = t2 then go to the final step; otherwise go to step τ + 1.

Final step: Form the graph G∗ = (Z , E∗
C ∪ (E∗\EC )) and fix on E∗

C an arbitrary
map

u∗ : (x, t) → (y, t + 1) ∈ XG∗(x, t) for (x, t) ∈ ZC

where XG∗ = {(y, t + 1) ∈ Z | ((x, t), (y, t + 1)) ∈ E∗}.
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4.2.5 Determining the State-Time Probabilities and the Optimal
Control Using a Modified Time-Expanded Network

The algorithm from the previous section can be modified using a simple modification
of the time-expanded network that allows us to reduce Problem 4.1 with t1 �= t2 to
Problem 4.1 with fixed number of stages t were t = t2. We ground this reduction
procedure using a new time-expanded network which we denote by (G+, ZC , Z N ,

c+, pu+, t2, z0, z f ). This network is obtained from (G0, ZC , Z N , c, pu, t1, t2,
z0, Y ) in the following way:

Graph G+ = (Z , E+) is obtained from G0 = (Z , E0) by adding the directed
edges

((x f , t1), (x f , t1 + 1)), ((x f , t1 + 1), (x f , t1 + 2)), . . . , ((x f , t2 − 1), (x f , t2)),

i.e.,

E+ = E ∪ {((x f , t1 + i), (x f , t1 + i + 1)), i = 0, 1, 2, . . . , t2 − t1 − 1}.

To each directed edge ei = ((x f , t1 +i), (x f , t1 +i +1)), i = 0, 1, 2, . . . , t2 −t1 −1
we associate the transition probability p(ei ) = 1 and the transition cost c∗

(ei )
=

0; for the rest of the edges in G∗ we preserve the same probabilities and the
same costs as in G0. We denote the network obtained after this construction by
(G+, ZC , Z N , c+, pu+, t2, z f ). The graphical representation of this network is
given in Fig. 4.7.

It is easy to observe that if for a fixed control u(t) we consider the prob-
lem of determining the probabilities P(x f ,t2−τ)(u(t), (x f , t2), t2) on the network
(G+, ZC , Z N , c+, pu+, t2, z f ) then

P(x f ,t2−τ)(u(t), (x f , t2), t2) = P(x f ,t2−τ)(u(t), Y, t1 ≤ t (Y ) ≤ t2).

These probabilities can be found by using Algorithm 4.9 on the network (G+,

ZC , Z N , c+, pu+, T2, z f ). Thus, Algorithm 4.15 on the network (G0, ZC , Z N ,

c, pu, t1, t2, Y ) can be replaced by Algorithm 4.9 on the network (G+, ZC ,

Z N , c+, pu+, t2, z f ).

Example 1 Consider the problem of calculation the probability P2(u(t), 3, 3 ≤
t (3) ≤ 5) for the example from Sect. 4.2.4. We can calculate this probability using
the modified network represented on Fig. 4.8, because

P2(u(t), 3, 3 ≤ T (3) ≤ 5) = P(2,0)(u(t), (3, 5), 5),

where P(2,0)(u(t), (3, 5), 5) is calculated on this network.
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Fig. 4.7 The graphical representation of modified time-expanded network
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Fig. 4.8 The network which corresponds to the control u(t)

The modified network is obtained from the network on Fig. 4.6 by adding
directed edges ((3, 3), (3, 4)), ((3, 4), (3, 5)) with the probabilities p((3,3),(3,4)) =
p((3,4),(3,5)) = 1. If we apply Algorithm 4.7 or Algorithm 4.9 then we obtain

P(2,0)(u(t), (3, 5), 5) = 0.871 .
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Fig. 4.9 The time-expanded network for the control problem

Algorithm 4.17 Determining the Optimal Control for Problem 4.2 with t1 �= t2
The optimal control u∗(t) and the transition probabilities Px(t2−τ)(u

∗(t), x f , t1 ≤
t (x f ) ≤ t2) for Problem 4.2 can be found using Algorithm 4.12 on the time-
expanded network (G+, ZC , Z N , c+, pu+, t2, z0, z f ), i.e. we determine u∗(t)
and Px(t2−τ)(u

∗(t), x f , t1 ≤ t (x f ) ≤ t2) as follows:

(1) Construct the time-expanded network (G+, ZC , Z N , c+, pu+, t2, z0, z f );
(2) Find the optimal control u∗(t) and the transition probabilitiesPx(t2−τ)(u

∗(t),
x f , t2) for x(t2 − τ) ∈ X, τ = 0, 1, 2, . . . , t2 using Algorithm 4.12.

(3) Fix the optimal control u∗(t) and the transition probabilitiesPx(t2−τ)(u
∗(t),

x f , t1 ≤ t (x f ) ≤ t2) = Px(t2−τ)(u
∗(t), x f , t2) for x(t2 − τ) ∈ X , τ =

0, 1, 2, . . . , t2.

Example 2 Consider the problem of determining the optimal control u∗(t) and the
state-time probabilities Px(5−τ)(u

∗(t), 3, 3 ≤ t (3) ≤ 5), τ = 0, 1, 2, 3, 4, 5 in
Problem 4.2 for the example from Sect. 4.2.2.

The time-expanded network for this example is represented in Fig. 4.9. In this
network p((3,3),(3,4)) = p((3,4),(3,5)) = 1; the rest of the probability transitions are
the same as in the example from Sect. 4.2.2.

We determine the optimal control u∗(t) and the probabilities P(x,t2−τ)(u
∗(t), 3, 5)

on the network (G+, ZC , Z N , c+, pu+, t2, z0, z f ) using Algorithm 4.12:
Step 0
P(1,5)(u

∗(t), 3, 5) = 0; P(2,5)(u
∗(t), 3, 5) = 0; P(3,5)(u

∗(t), 3, 5) = 1;
P(4,5)(u

∗(t), 3, 5) = 0; E∗
C = ∅.
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Step 1
P(1,4)(u

∗(t), 3, 5) = 0; P(2,4)(u
∗(t), 3, 5) = 0.7; P(3,4)(u

∗(t), 3, 5) = 1;
P(4,4)(u

∗(t), 3, 5) = 0.6; E∗
C = ∅.

Step 2
P(1,3)(u

∗(t), 3, 5) = 0.42; P(2,3)(u
∗(t), 3, 5) = 0.85;

P(3,3)(u
∗(t), 3, 5) = 1; P(4,3)(u

∗(t), 3, 5) = 0.88; E∗
C = ∅.

Step 3
P(1,2)(u

∗(t), 3, 5) = 0, 85; P(2,2)(u
∗(t), 3, 5) = 0.652;

P(3,2)(u
∗(t), 3, 5) = 0.871; P(4,2)(u

∗(t), 3, 5) = 0.94; E∗
C = {((1, 2), (2, 3))}.

Step 4
P(1,1)(u

∗(t), 3, 5) = 0.85; P(2,1)(u
∗(t), 3, 5) = 0.871;

P(3,1)(u
∗(t), 3, 5) = 0.94; P(4,1)(3, 5) = 0.85;

E∗
C = {((1, 2), (2, 3))} ∪ {((1, 1), (1, 2)), ((2, 1), (3, 2)), ((3, 1), (4, 2))}.

Step 5
P(1,0)(u

∗(t), 3, 5) = 0.871; P(2,0)(u
∗(t), 3, 5) = 0.94;

P(3,0)(u
∗(t), 3, 5) = 0.94; P(4,0)(u

∗(t), 3, 5) = 0.94;

E∗
C = {((1, 2), (2, 3)), ((1, 1), (1, 2)), ((2, 1), (3, 2)), ((3, 1), (4, 2))}

∪{((1, 0), (1, 1)), ((1, 0), (2, 1)), ((2, 0), (3, 1)), ((3, 0), (3, 1)),

((3, 0), (4, 1)), ((4, 0), (3, 1)), ((4, 0), (4.1))}.

After steps 0–5 we fix the map

u∗: (1, 0) → (2, 1); (2, 0) → (3, 1); (3, 0) → (3, 1); (4, 0) → (4, 1);
(1, 1) → (1, 2); (2, 1) → (3, 2); (3, 1) → (4, 2); (4, 1) → (4, 2);
(1, 2) → (2, 3)

which determines the optimal control. In addition we fix

P(1,0)(u
∗(t), 3, 3 ≤ t (3) ≤ 5) = P(1,0)(u

∗(t), 3, 5) = 0.871;
P(2,0)(u

∗(t), 3, 3 ≤ t (3) ≤ 5) = P(2,0)(u
∗(t), 3, 5) = 0.94;

P(3,0)(u
∗(t), 3, 3 ≤ t (3) ≤ 5) = P(3,0)(u

∗(t), 3, 5) = 0.94;
P(4,0)(u

∗(t), 3, 3 ≤ t (3) ≤ 5) = P(4,0)(u
∗(t), 3, 5) = 0.94.

The network which corresponds to the optimal control u∗(t) is represented in
Fig. 4.10.
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Fig. 4.10 The network which corresponds to the optimal control u∗(t)

4.3 Algorithms for Determining the Expected Total Cost
and the Optimal Control Using a Time-Expanded
Network

In this section we describe dynamic programming algorithms for the calculation of the
expected total cost of the dynamical system in Problems 4.3–4.6. For the calculation
of these values we shall use the time-expanded networks from the previous section.

4.3.1 Determining the Expected Total Cost and the Optimal
Control in the Problems with a Fixed Number
of Transitions

To develop a backward dynamic programming algorithm for the calculation of
the expected total cost σx(0)(u(t), t) in problems 4.3–4.6 we introduce the values
σx(t−τ)(u(t), t) for τ = 0, 1, 2 . . . , t .

The value σx(t−τ)(u(t), t) for a fixed τ expresses the cost to be expected during τ

transitions if the system starts transitions in a state x at the moment of time t − τ and
finish transitions at the moment of time t . It is evident that the following recursive
formula holds:

σx(t−τ)(u(t), t)

=
∑

x(t−τ+1)∈X

px(t−τ),x(t−τ+1)

(
cx(t−τ),x(t−τ+1) + σx(t−τ+1)(u(t), t)

)
.
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If we set σx(t)(u(t), t) = 0 and apply this formula for τ = 1, 2, . . . , t then we
determine σx(0)(u(t), t). For the time-expanded network (G, ZC , Z N , c, pu, t, z0)

this recursive formula can be written as follows

σz(u(t), t) =
∑

(z,w)∈E(z)

pu(z,w)(c(z,w) + σw(u(t), t)),

z ∈ Zt−τ , τ = 1, 2, . . . , t,

where σz(u(t), t) = 0 for z ∈ ZT ; E(z) = {(z, w) ∈ E | w ∈ Zt−τ+1}. Here
z = (x, t − τ) ∈ Zt−τ , w = (x, t − τ + 1) ∈ Zt−τ+1 and the value

σz(u(t), t) = σ(x,t−τ)(u(t), t)

for a given control u(t) expresses the expected total cost during τ transitions on G if
the system starts transitions in z = (x, t − τ) at the moment of time t − τ and finish
transitions at the moment of time t in a position (y, t) ∈ Zt .

Thus, the values σz(u(t), t) = σx(t−τ)(u(t), t) for τ = 0, 1, 2, . . . , t can be
tabulated using the backward dynamic programming algorithm. A similar procedure
can be used for the tabulation of the values for the variance Dx(t−τ)(u(t), t).

In the following we show how to determine the optimal control and the opti-
mal value of the expected total cost for Problem 4.4 on the time-expanded network
(G, ZC , Z N , c, p, t, z0).

Algorithm 4.18 Determining the Optimal Control for Problem 4.4
The algorithm consists of the preliminary, the general and the final steps. At the
preliminary and general steps the algorithm determines the optimal values of the
expected total costs σ(x,t−τ)(u

∗(t), t) of the system during τ transitions from the
states x(t − τ) = (x, t − τ) at the moment of time t − τ to the final state x f if
the optimal control u∗(t) is applied. The final step of the algorithm determines an
optimal control for Problem 4.4.

Preliminary step (Step 0): Put σ(x,t−τ)(u
∗(t), t) = 0 for every (x, t) ∈ Zt and set

E∗
C = ∅;

General step (Step τ , τ ≥ 1): For given τ do items a) and b):
(a) For each uncontrollable position z = (x, t − τ) ∈ Z N

t−τ
calculate

σz(u
∗(t), t) =

∑

(z,w)∈E(z)

p(z,w)(c(z,w) + σw(u∗(t), t));

(b) For each controllable position z ∈ ZC
t−τ

calculate

σz(t) = min
(z,w)∈E(z)

(c(z,w) + σw(u∗(t), t))
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and include in the set E∗
G the edges e∗ = (z, w)∗ for which

(z, w)∗ = argmin
(z,w)∈E(z)

{c(z,w) + σw(u∗(t), t)}.

If τ = T then go to the final step; otherwise go to step τ + 1.

Final step: Form the graph G∗ = (Z , E∗
G ∪ (E\EC )) and fix in G∗ an arbitrary

map

u∗ : (x, t) → (y, t + 1) ∈ XG∗(x, t) for (x, t) ∈ ZC .

Algorithm 4.18 uses the backward induction principle and therefore it finds correctly
the optimal control u∗(t) and the expected total costs σx(0)(t) arbitrary starting posi-
tion x = x(0) ∈ X in Problem 4.4. The running time of the algorithm is O(|X |2t).

4.3.2 Determining the Expected Total Cost and the Optimal
Control with a Given Number of Transitions and a Fixed
Final State

In this section we describe an algorithm for the calculation of the expected total cost
σx0(u(t), x f , t1 ≤ t (x f ) ≤ t2) in Problem 4.5. This value expresses the cost to
be expected if the system starts a transition in the state x0 and the final state x f is
reached at the moment of time t (x) such that t1 ≤ t (x) ≤ t2.

At first we show how to calculate σx0(u(t), x f , t1 ≤ t (x f ) ≤ t2) for a given
control u(t) in the case t1 = t2 = t .

We construct the time-expanded network (G, ZC , Z N , z0, z f , c, pu, t) and
assume that Px0(u(t), x f , t) �= 0 (if Px0(u(t), x f , t) = 0 then we set
σx0(u(t), x f , t) = 0).

If Px0(u(t), x f , t) = 1 then Pz0(u(t), z f , t) = 1 and therefore the expected total
cost σz0(u(t), z f , t) can be calculated as the expected total cost σ ′

x0
(u(t), x f , t) of

the system L during next t transitions if it starts transitions in x0, i.e., σz0(u(t),
z f , t) = σz0(u(t), t).

If 0 < Px0(u(t), x f , t) < 1 then we will calculate the expected total cost
σz0(u(t), z f , t) with the condition that after t transitions the final state x f is reached.
This means that the probabilities pue on the edges e ∈ E of the time-expanded net-
work should be redefined or transformed in such way that the probability of the
system’s transition from the starting position z0 to final position z f during t tran-
sitions is equal to 1. We denote these redefined values by p′

e and call them the
conditional probabilities. The conditional probabilities p′

e, e ∈ E provide a transfer
of the dynamical system L from the starting state x0 to the final state x f at the time
moment t with the probability P ′

x0
(u(t), x f , t) = 1. It is evident that if the system

couldn’t pass through a directed edge e ∈ E during transitions from (x, 0) to z f then
the conditional probability p′

e of this edge is equal zero. So, the subnetwork of the
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time-expanded network, generated by edges with nonzero probabilities p′
e has the

structure of a directed graph with a sink vertex z f . Thus, if from the graph G = (Z , E)

we delete all directed edges which do not belong to a directed path from z0 to z f

then we obtain a new graph G ′ = (Z , E ′). It is evident that in the obtained new net-
work for some positions z ∈ Z the condition

∑
(z,w)∈E ′(z) p(z,w) = 1 is not satisfied

(here E ′(z) represents the subset of edges from E ′ which originate in the vertex z,
i.e. E ′(z) = {(z, w) | (z, w) ∈ E ′}). Therefore for the new network we define the
conditional probabilities p′

e in such way that the condition
∑

(z,w)∈E ′(z) p(z,w)′ = 1
holds for an arbitrary vertex that contains at least one leaving directed edge. More
precisely, we define the probabilities p′

e for e ∈ E ′ in the following way:
For each position z ∈ Z we determine the value θ(z) = ∑

(z,w)∈E ′(z) pu(z,w)

and after that for an arbitrary position z ∈ Z with θ(z) �= 0 we make for every
(z, w) ∈ E ′(z) the transformation

p′
(z,w) = 1

θ(z)
pu(z,w).

After these transformations we can apply Algorithm 4.18 on a stochastic network
(G ′, ZC , Z N , z0, c, p′, t) with conditional probabilities p′

e on edges e ∈ E , where
p′

e = 0 for e ∈ E\E ′. If for this network we determine σ ′
z0

(u(t), t) then we determine
σx0(u(t), x f , t) = σ ′

z0
(u(t), t), i.e., this value represents the expected total cost for

the dynamical system in Problem 4.5 if it starts transition in x0 in the case t1 = t2 = t .
It is easy to observe that the expected total costσz0(u(t), z f , t)defined and calculated
in such a way satisfies the condition

Cmin(z0, z f ) ≤ σz0(u(t), z f , t) ≤ Cmax (z0, z f ),

where Cmin(z0, z f ) and Cmax(z0, z f ) represent, respectively, the minimal and the
maximal total costs of the directed paths from z0 to z f in the time-expanded network.

In the case t1 �= t2 the expected total cost σx0(u(t), x f , t1 ≤ t (x) ≤ t2)
can be defined and calculated in an analogues way if we consider Problem 4.5
on a stochastic network (G+, ZC , Z N , c+, p+, t2, z0, z f ) with a fixed num-
ber of stages t = t2 and if we make the similar transformations of the prob-
ability on the edges of this network. After these transformations we obtain the
time-expanded network with new probabilities p′

e, e ∈ X for which the expected
total cost σz0(u(t), z f , T2) = σ ′

z0
(u(t), t2) can be defined. Using the network

(G+, ZC , Z N , c+, p+, t2, z0, z f )we show that Algorithm 4.18 can be modified in
such a way that it finds simultaneously the probabilities p′

e and the expected total costs
σx(t2−τ)(u(t), x f , t1 ≤ t (x f ) ≤ t2) = σx(t2−τ)(u(t), x f , t2) for t = 0, 1, 2, . . . , t2.

Algorithm 4.19 Determining the Expected Total Cost and the Conditional
probabilities for Problem 4.5

Preliminary step (Step 0): Put θ(z f ) = θ ′(z f ) = 1 and θ(z) = θ ′(z) = 0 for
z ∈ Zt2\{z f }; in addition fix σ ′

z(u(t), z f ) = 0 for every z ∈ Z .

General step (Step τ, τ ≥ 1): For each position (x, t2 − τ) ∈ Zt2−τ find
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θ(z) =
∑

(z,w)∈E∗(z)
pu(z,w)θ

′(w),

where E+(z) = {e = (z, w) | (z, w) ∈ E+}, i.e., E+(z) represents the subset of
directed edges from E+ which originate in z. Then calculate

p′
(z,w) = 1

θ(z)
pu(z,w)θ

′(w)

for every (z, w) ∈ E∗(z) and put

θ ′(z) =
∑

w∈E∗(z)
p′
(z,w)

for z ∈ Zt2−τ .
After that for every (x, t2 − τ) ∈ Zt2−τ calculate

σ ′
(x,t2−τ)(u(t), t2) =

∑

(z,w)∈E ′(z)
(c(z,w) + σ ′

w(u(t), t2))p′
(z,w),

where w = (y, t2 − τ + 1) ∈ Zt2−τ+1.
Check if τ < t2? If τ < t2 then go to the next step; otherwise fix

σx(0)(u(t), x f , t1 ≤ t (x f ) ≤ t2) = σ(x,0)(u(t), t2)

for every x ∈ X and STOP.

Remark 4.20 In Algorithm 4.19 the values θ(z) and θ(z)′ for z ∈ Z satisfy the
conditions 0 ≤ θ(z) ≤ 1, θ(z)′ ∈ {0, 1}. The value θ(z)′ in the algorithm is equal
to 1 if and only if the vertex z in G ′ contains at least one leaving directed edge.

Remark 4.21 In the case t1 = t2 = t the algorithm determines the expected total
cost σx(0)(u

′∗(t), x f , t) for the problem with a fixed number of stages.

Example Consider the problem of determining the expectation σx0(u(t), x f , t1 ≤
t (x f ) ≤ t2) for the example from Sect. 4.2.2 with a given control u(t), where
x f = 3, t1 = 3, t2 = 5.

We reduce the considered problem to the problem with a fixed number of stages
on the auxiliary network represented in Fig. 4.2. So, on this approach we have to
find the expected total cost Ez0(u(t), z f , T2), where z f = (3, 5); t2 = 5. Note that
in this network

p((3,3),(3,4)) = p((3,4),(3,5)) = 1, c((3,3),(3,4)) = c((3,4),(3,5)) = 0;

the probabilities and the costs for the rest of edges are the same as in the network
from Fig. 4.2.
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If we apply Algorithm 4.19 then we obtain:
Step 0
θ(1, 5) = 0; θ(2, 5) = 0; θ(3, 5) = 1; θ(4, 5) = 0;
θ ′(1, 5) = 0; θ ′(2, 5) = 0; θ ′(3, 5) = 1; θ ′(4, 5) = 0;
σ ′

(1,5)(u(t), 5) = 0; σ ′
(2,5)(u(t), 5) = 0;

σ ′
(3,5)(u(t), 5) = 0; σ ′

(4,5)(u(t), 5) = 0.

Step 1
p′
((1,4),(1,5)) = 0; p′

((1,4),(2,5)) = 0; p′
((2,4),(1,5)) = 0; p′

((2,4),(3,5)) = 1;
p′
((3,4),(3,5)) = 1; p′

((4,4),(3,5)) = 1, p′
((4,4),(4,5)) = 0;

θ(1, 4) = 0; θ(2, 4) = 0.7; θ(3, 4) = 1; θ(4, 4) = 0.6;
θ ′(1, 4) = 0; θ ′(2, 4) = 1; θ ′(3, 4) = 1; θ ′(4, 4) = 1;
σ ′

(1,4)(u(t), 5) = 0; σ ′
(2,4)(u(t), 5) = 3;

σ ′
(3,4)(u(t), 5) = 0; σ ′

(4,4)(u(t), 5) = 5.

Step 2
p′
((1,3),(1,4)) = 0; p′

((1,3),(2,4)) = 1; p′
((2,3),(2,4)) = 0.5;

p′
((2,3),(3,4)) = 0.5; p′

((3,3),(3,4)) = 1; p′
((4,3),(3,4)) = 0.7;

p′
((4,3),(4,4)) = 0.3;

θ(1, 3) = 0.6; θ(2, 3) = 1; θ(3, 3) = 1; θ(4, 3) = 1;
θ ′(1, 3) = 1; θ ′(2, 3) = 1; θ ′(3, 3) = 1; θ ′(4, 3) = 1;
σ ′

(1,3)(u(t), 5) = 5 + σ ′
(2,4)(u(t), 5) = 8;

σ ′
(2,3)(u(t), 5) = (1 + σ ′

(2,4)(u(t), 5))0.5 + (4 + σ ′
(3,4)(u(t), 5))0.5 = 4;

σ ′
(3,3)(u(t), 5) = 0;

σ ′
(4,3)(u(t), 5) = (5 + σ ′

(3,4)(u(t), 5))0.7 + (4 + σ ′
(4,4)(u(t), 5))0.3 = 6.2 .

Step 3
p′
((1,2),(2,3)) = 1; p′

((2,2),(1,3)) = 0.6; p′
((2,2),(3,3)) = 0.4;

p′
((3,2),(2,3)) = 0.3; p′

((3,2),(4,3)) = 0.7; p′
((4,2),(3,3)) = 0.5;

p′
((4,2),(4,3)) = 0.5;

θ(1, 2) = 1; θ(2, 2) = 1; θ(3, 2) = 1; θ(4, 2) = 1;
θ ′(1, 2) = 1; θ ′(2, 2) = 1; θ ′(3, 2) = 1; θ ′(4, 2) = 1;
σ ′

(1,2)(u(t), 5) = 1 + σ ′
(2,3)(u(t), 5) = 5;

σ ′
(2,2)(u(t), 5) = (3 + σ ′

(1,3)(u(t), 5))0.6 + (7 + σ ′
(3,3)(u(t), 5))0.4 = 9.4;

σ ′
(3,2)(u(t), 5) = (3 + σ ′

(2,3)(u(t), 5))0.3 + (8 + σ ′
(4,3)(u(t), 5))0.7 = 12.04;

σ ′
(4,2)(u(t), 5) = (2 + σ ′

(3,3)(u(t), 5))0.5 + (4 + σ ′
(4,3)(u(t), 5))0.5 = 6.1 .

Step 4
p′
((1,1),(2,2)) = 1; p′

((2,1),(3,2)) = 1; p′
((3,1),(3,2)) = 1; p′

((4,1),(3,2)) = 1;
θ(1, 1) = 1; θ(2, 1) = 1; θ(3, 1) = 1; θ(4, 1) = 1;
θ ′(1, 1) = 1; θ ′(2, 1) = 1; θ ′(3, 1) = 1; θ ′(4, 1) = 1;
σ ′

(1,1)(u(t), 5) = 2 + σ ′
(2,2)(u(t), 5) = 11.4;

σ ′
(2,1)(u(t), 5) = 2 + σ ′

(3,2)(u(t), 5) = 14.04;
σ ′

(3,1)(u(t), 5) = 5 + σ ′
(3,2)(u(t), 5) = 17.04;

σ ′
(4,1)(u(t), 5) = 7 + σ ′

(3,2)(u(t), 5) = 19.04 .
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Fig. 4.11 The network induced by the control u(t)

Step 5
p′
((1,0),(2,1)) = 1; p′

((2,0),(3,1)) = 1; p′
((3,0),(3,1)) = 1; p′

((4,0),(3,1)) = 1;
θ(1, 0) = 1; θ(2, 0) = 1; θ(3, 0) = 1; θ(4, 0) = 1;
θ ′(1, 0) = 1; θ ′(2, 0) = 1; θ ′(3, 0) = 1; θ ′(4, 0) = 1;
σ ′

(1,0)(u(t), 5) = 4 + σ ′
(2,1)(u(t), 5) = 18.04;

σ ′
(2,0)(u(t), 5) = 3 + σ ′

(3,1)(u(t), 5) = 20.04;
σ ′

(3,0)(u(t), 5) = 6 + σ ′
(3,1)(u(t), 5) = 23.04;

σ ′
(4,0)(u(t), 5) = 2 + σ ′

(3,1)(u(t), 5) = 19.04 .

So, after the final step of the algorithm we obtain

σ1(u(t), 3, 3 ≤ t (3) ≤ 5) = σ ′
(1,0)(u(t), 5) = 18.04;

σ2(u(t), 3, 3 ≤ t (3) ≤ 5) = σ ′
(2,0)(u(t), 5) = 20.04;

σ3(u(t), 3, 3 ≤ t (3) ≤ 5) = σ ′
(3,0)(u(t), 5) = 23.04;

σ4(u(t), 3, 3 ≤ t (3) ≤ 5) = σ ′
(3,0)(u(t), 5) = 19.04.

The corresponding network generated by edges e ∈ E with nonzero probabilities
p′

e is represented in Fig. 4.11.

4.3.3 Determining the Optimal Control and the Expected
Total Cost for the Control Problem with a Restriction
on the Number of Transitions

We extend now the previous algorithm for determining the optimal control in
Problem 4.6. The algorithm determines the optimal expected total cost σx(0)(u

∗(t),
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x f , t1 ≤ t (x f ) ≤ t2) for an arbitrary starting state x(0) ∈ X , the optimal control
u∗(t) and the conditional probabilities p′

e that correspond to the optimal control
u∗(t). In the same way as in the previous algorithm we shall use the time-expanded
network (G+, ZC , Z N , c+, p+, t1, t2, z0, z f ) and the backward induction principle.

Algorithm 4.22 Determining the Optimal Control and the Conditional Proba-
bilities for Problem 4.6

Preliminary step (Step 0)

Set:

θ(z f ) = θ ′(z f ) = 1; θ(z) = θ ′(z) = 0, ∀z ∈ Zt2\{z f };
σ ′

z f
(u∗(t), t2) = 0; σ ′

z(u
∗(t), t2 = M, ∀z ∈ Z

(
M >

∑
e∈E+ |ce/pe|

) ;
E∗ = ∅.

General step (Step τ, τ ≥ 1)
For each position z ∈ Zt2−τ find

θ(z) =
∑

(z,w)∈E+(z)

p(z,w)θ
′(w),

where E+(z) = {e = (z, w) | (z, w) ∈ E+}, i.e., E+(z) represents the subset of
directed edges from E+ which originate in z. Then for each z ∈ ZT2−τ do items (a),
(b) and (c):

(a) If z ∈ Z N and E+(z) �= ∅ then calculate

p′
(z,w) = 1

θ(z)
p(z,w)θ

′(w)

for (z, w) ∈ E∗(z) and put

θ ′(z) =
∑

w∈E∗(z)
p′
(z,w)

for z ∈ Zt2−τ . Then for z = (x, t2 − τ) ∈ Z N find

σ ′
(x,t2−τ)(u

∗(t), T2) =
∑

(z,w)∈E ′(z)
(c(z,w) + σ ′

w(u∗(t), t2))p′
(z,w),

where w = (y, t2 − τ + 1) ∈ Zt2−τ+1.
If E+(z) = ∅ then put

σ ′
(x,t2−τ)(u

∗(t), t2) = M

and fix θ(z) = θ ′(z) = 0.
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(b) If z ∈ ZC and E+(z) �= ∅ then calculate

σ ′
(x,t2−τ)(u

∗(t), t2) = min
(z,w)∈E∗(z)

(c(z,w) + σ(w)).

After that include in E∗ the directed edges (z, w)∗ for which

(z, w)∗ = argmin
(z,w)∈E∗(z)

{c(z,w) + σw(u∗(t), t2)}

and put θ(z) = θ ′(w) = 1. If E∗(z) = ∅ then put

σ ′
(x,t2−τ)(u

∗(t), t2) = M

and fix θ(z) = θ ′(z) = 0.
(c) If τ ≤ T then go to the next step; otherwise fix an arbitrary map

u∗:(x, t) → (y, t + 1), t = 0, 1, 2, . . . , t2

on the set of controllable positions such that ((x, t), (y, t + 1)) ∈ Eu∗ . Then set

σx(0)(u
′∗(t), x f , t1 ≤ t (x f ) ≤ t2) = σ(x,0)(u

∗, t2)

for x(0) ∈ X and STOP.

Example Consider the Problem 4.6 of determining the optimal control u∗(t) and the
expected total cost σx0(u

∗(t), x f , t1 ≤ t (x f ) ≤ t2) for the example from Sect. 4.2.2,
where x f = 3, t1 = 3, t2 = 5 (Problem 4.6).

We reduce this problem to the control problem with a fixed number of transi-
tions on the time-expanded network represented in Fig. 4.9. Thus, we obtain the
problem of finding the optimal control u∗(t) with the minimal expected total cost
σz0(u

∗(t), z f , t2), where z f = (3, 5); t2 = 5. In this network

p((3,3),(3,4)) = p((3,4),(3,5)) = 1, c((3,3),(3,4)) = c((3,4),(3,5)) = 0;

the probabilities and the costs for the remaining edges are the same as in the network
from Fig. 4.2.

If we apply Algorithm 4.18 then we obtain:
Step 0

θ(1, 5) = 0; θ(2, 5) = 0; θ(3, 5) = 1; θ(4, 5) = 0;
θ ′(1, 5) = 0; θ ′(2, 5) = 0; θ ′(3, 5) = 1; θ ′(4, 5) = 0;
σ ′

(1,5)(u
∗(t), 5) = M; σ ′

(2,5)(u
∗(t), 5) = M; σ ′

(3,5)(u
∗(t), 5) = 0;

σ ′
(4,5)(u

∗(t), 5) = M; E+ = ∅.
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Step 1
The set Z4 contains only uncontrollable positions, therefore, we obtain:

p′
((1,4),(1,5)) = 0; p′

((1,4),(2,5)) = 0; p′
((2,4),(1,5)) = 0; p′

((2,4),(3,5)) = 1;
p′
((3,4),(3,5)) = 1; p′

((4,4),(3,5)) = 1; p′
((4,4),(4,5)) = 0;

ε(1, 4) = 0; ε(2, 4) = 0.7; ε(3, 4) = 1; ε(4, 4) = 0.6;
σ ′(1, 4) = M; σ ′(2, 4) = 3; σ ′(3, 4) = 0; σ ′(4, 4) = 5;
E+ = ∅.

Step 2
The set Z3 contains only uncontrollable positions, therefore we have:

p′
((1,3),(1,4)) = 0; p′

((1,3),(2,4)) = 0.7; p′
((2,3),(2,4)) = 0.5; p′

((2,3),(3,4)) = 0.5;
p′
((3,3),(3,4)) = 1; p′

((4,3),(3,4)) = 0.7; p′
((4,3),(4,4)) = 0.3;

θ(1, 3) = 0.6; θ(2, 3) = 1; θ(3, 3) = 1; θ(4, 3) = 1;
θ ′(1, 3)= 0.6; θ ′(2, 3)= 1; θ ′(3, 3)= 1; θ ′(4, 3)= 1;
σ ′

(1,3)(u
∗(t), 5) = 5 + σ ′

(2,4)(u
∗(t), 5) = 8;

σ ′
(2,3)(u

∗(t), 5) = (1 + σ ′
(2,4)(u

∗(t), 5))0.5 + (4 + σ ′
(3,4)(u

∗(t), 5))0.5 = 4;
σ ′

(3,3)(u
∗(t), 5) = 0;

σ ′
(4,3)(u

∗(t), 5) = (5 + σ ′
(3,4)(u

∗(t), 5))0.7 + (4 + σ ′
(4,4)(u(t), 5))0.3 = 6.2.

E+ = ∅.

Step 3
The set Z2 contains the controllable position (1, 2), therefore, we calculate

σ ′
(1,2)(u

∗(t), 5)

= min{c((1,2),(2,3)) + σ ′
(2,3)(u

∗(t), 5), c((1,2),(1,3)) + σ ′
(1,3)(u

∗(t), 5)}
= c((1,2),(2,3)) + σ(2, 3) = 1 + σ(2, 3) = 5

and include in E+ the edge ((1, 2), (2, 3)), i.e., Eopt = {((1, 2), (2, 3))}.
After that we find

p′
((1,2),(1,3)) = 0; p′

((1,2),(2,3)) = 1; p′
((2,2),(1,3)) = 0.6; p′

((2,2),(3,3)) = 0.4;
p′
((3,2),(2,3)) = 0.3; p′

((3,2),(4,3)) = 0.7; p′
((4,2),(3,3)) = 0.5; p′

((4,2),(4,3)) = 0.5;
θ(1, 2) = 1; θ(2, 2) = 1; θ(3, 2) = 1; θ(4, 2) = 1;
θ ′(1, 2) = 1; θ ′(2, 2) = 1; θ ′(3, 2) = 1; θ ′(4, 2) = 1;

σ ′
(2,2)(u

∗(t), 5) = (3 + σ ′
(1,3)(u

∗(t), 5))0.6 + (7 + σ ′
(3,3)(u

∗(t), 5))0.4 = 9.4;
σ ′

(3,2)(u
∗(t), 5) = (3 + σ ′

(2,3)(u
∗(t), 5))0.3 + (8 + σ ′

(4,3)(u
∗(t), 5))0.7 = 12.04;

σ ′
(4,2)(u

∗(t), 5) = (2 + σ ′
(3,3)(u

∗(t), 5))0.5 + (4 + σ ′
(4,3)(u

∗(t), 5))0.5 = 6.1 .
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Step 4
The set Z1 contains only controllable positions, therefore we calculate

σ ′
(1,1)(u

∗(t), 5) = min{6 + σ ′
(1,2)(u

∗(t), 5), 2 + σ ′
(2,2)(u

∗(t), 5)}
= min{6 + 5, 2 + 9.4} = 11;

σ ′
(2,1)(u

∗(t), 5) = min{7 + σ ′
(1,2)(u

∗(t), 5), 2 + σ ′
(3,2)(u

∗(t), 5)} = 7 + 5

= min{7 + 5, 2 + 12.04} = 12;
σ ′

(3,1)(u
∗(t), 5) = min{2 + σ ′

(2,2)(u
∗(t), 5), 5 + σ ′

(3,2)(u
∗(t), 5), 3 + σ ′

(4,2)(u
∗(t), 5)}

= min{2 + 9.4, 5 + 12.04, 3 + 6.1} = 9.1;
σ ′

(4,1)(u
∗(t), 5) = min{7 + σ ′

(3,2)(u
∗(t), 5), 4 + σ ′

(4,2)(u
∗(t), 5)}

= min{7 + 12.04, 4 + 6.1} = 10.1

and find

E∗ = {((1, 2), (2, 3))}
∪{((1, 1), (1, 2)), ((2, 1), (1, 2)), ((3, 1), (4, 2)), ((4, 1), (4, 2))};

p′
((1,1),(2,2)) = 1; p′

((2,1),(3,2)) = 1; p′
((3,1),(3,2)) = 1; p′

((4,1),(3,2)) = 1;
θ(1, 1) = 1; θ(2, 1) = 1; θ(3, 1) = 1; θ(4, 1) = 1;
θ ′(1, 1)= 1; θ ′(2, 1)= 1; θ ′(3, 1)= 1; θ ′(4, 1)= 1.

Step 5
The set Z1 contains only controllable positions, therefore we calculate

σ ′
(1,0)(u

∗(t), 5) = min{2 + σ ′
(1,1)(u

∗(t), 5), 4 + σ ′
(2,1)(u

∗(t), 5)}
= min{2 + 11, 4 + 12} = 13;

σ ′
(2,0)(u

∗(t), 5) = min{4 + σ ′
(1,1)(u

∗(t), 5), 6 + σ ′
(2,1)(u

∗(t), 5), 3 + σ ′
(3,1)(u

∗(t), 5)}
= min{4 + 11, 6 + 12, 3 + 9.1} = 12.1;

σ ′
(3,0)(u

∗(t), 5) = min{6 + σ ′
(3,1)(u

∗(t), 5), 2 + σ ′
(4,1)(u

∗(t), 5)}
= min{6 + 9.1, 2 + 10.1} = 12.1;

σ ′
(4,0)(u

∗(t), 5) = min{2 + σ ′
(3,1)(u

∗(t), 5), 5 + σ ′
(4,1)(u

∗(t), 5)}
= min{2 + 9.1, 5 + 10.1} = 11.1

and find

E∗ = ((1, 2), (2, 3)), ((1, 1), (1, 2)), ((2, 1), (1, 2)), ((3, 1), (4, 2)),

((4, 1), (4, 2)), ((1, 0), (1, 1)), ((2, 0), (3, 1)), ((3, 0), (4, 1)),

((4, 0), (3, 1));
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3

4

1

3 3

(X,0) (X,1) (X,2) (X,3) (X,4) (X,5)

1 1 1 1 1

2 2 2 2 2 2

3 3 3

4 44 4 4

Fig. 4.12 The network which corresponds to the optimal control u∗(t)

p′
((1,0),(2,1)) = 1; p′

((2,0),(3,1)) = 1; p′
((3,0),(3,1)) = 1; p′

((4,0),(3,1)) = 1;
ε(1, 0) = 1; ε(2, 0) = 1; ε(3, 0) = 1; ε(4, 0) = 1.

At the final step of the algorithm we fix the map

u∗ : (1, 2) → (2, 3); (1, 1) → (1, 2); (2, 1) → (1, 2); (3, 1) → (4, 2);
(4, 1) → (4, 2); (1, 0) → (1, 1); (2, 0) → (3, 1); (3, 0) → (4, 1);
(4, 0) → (3, 1)

that determine the optimal control u∗(t). Additionally, we obtain the expected total
costs

σ1(u
∗(t), 3, 3 ≤ t (3) ≤ 3) = σ ′

(1,0)(u
∗(t), 5) = 13;

σ2(u
∗(t), 3, 3 ≤ t (3) ≤ 3) = σ ′

(2,0)(u
∗(t), 5) = 14;

σ3(u
∗(t), 3, 3 ≤ t (3) ≤ 3) = σ ′

(3,0)(u
∗(t), 5) = 14.1;

σ4(u
∗(t), 3, 3 ≤ t (3) ≤ 3) = σ ′

(3,0)(u
∗(t), 5) = 14.

The time-expanded network generated by the edges e ∈ E with nonzero probabilities
p′

e is represented in Fig. 4.12; the directed edges originating in the controllable
positions correspond to the optimal control of the considered problem.

4.4 Discrete Control Problems with Varying Time of States’
Transitions of the Dynamical System

In the previous sections we have studied the control models with a fixed unit time
of states’ transitions of the dynamical system by a trajectory. Now we extend these
models and consider the discrete control problems if the time of systems’ transitions
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from one state to another may be different from 1 and may vary in the control process.
We assume that the time of states’ transitions depends on the vectors of control
parameters belonging to a feasible set defined for an arbitrary state at every discrete
moment of time. In this section we show that the time-expanded network method and
the dynamic programming algorithms can be extended for the problems with varying
time of states’ transitions of the dynamical system. We describe these results for the
deterministic control problem and show that the time-expanded network method for
the stochastic cases of the problem can be applied in a similar way.

4.4.1 Deterministic Control Problem with Varying Time
of States’ Transitions

Consider the dynamical system L with the finite set of states X , where at every
discrete moment of time t = 0, 1, 2, . . . the state of L is x(t) ∈ X . The starting state
x0 = x(0) and the final state x f are fixed. Assume, that the dynamical system should
reach the final state x f at the time moment t (x f ) such that

t1 ≤ t (x f ) ≤ t2

where t1 and t2 are given.
The control of the time-discrete system L at each time-moment t = 0, 1, 2, . . .

for an arbitrary state x(t) is made by using the vector of control parameters u(t) for
which a feasible set Ut (x(t)) is given, i.e., u(t) ∈ Ut (x(t)). In addition we assume
that for an arbitrary t and x(t) on Ut (x(t)) it is defined an integer function

τx(t) : Ut (x(t)) → N

which gives to each control u(t) ∈ Ut (x(t)) an integer value τx(t) (u(t)). This
value represents the time of the system’s passage from the state x(t) to the state
x
(
t + τx(t) (u(t))

)
if the control u(t) ∈ Ut (x(t)) has been applied at the moment t

for a given state x(t).
Assume that the dynamics of the system is described by the following system of

difference equations

⎧
⎪⎨

⎪⎩

t j+1 = t j + τx(t j )

(
u(t j )

) ;
x(t j+1) = gt j

(
x(t j ),u(t j )

) ;
(t j ) ∈ Ut j

(
x(t j )

) ;
j = 0, 1, 2, . . . ,

(4.7)

where
t0 = 0, x(t0) = xt0 (4.8)

is a starting representation of the dynamical system L.
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We suppose that the functions gt j and τx(t j ) in (4.7) are known and t j+1 and
x(t j+1) are determined uniquely by x(t j ) and u(t j ) at every step j = 0, 1, 2, . . ..

Let u(t j ), j = 0, 1, 2, . . ., be a control, which generates the trajectory

x(0), x(t1), x(t2), . . . , x(tk), . . . .

Then either this trajectory passes through the final state x f and t (x f ) = tk represents
the time-moment if the final state x f is reached or this trajectory does not pass
trough x f .

For an arbitrary control we define the quantity

Fx0,x f (u(t)) =
k−1∑

j=0

ct j

(
x(t j ), gt j

(
x(t j ), u(t j )

) )
(4.9)

if the trajectory x(0), x(t1), x(t2), . . . , x(tk), . . . passes through the final state x f at
the time-moment tk = t (x f ) such that t1 ≤ t (x f ) ≤ t2; otherwise we put

Fx0,x f (u(t)) = ∞.

Here ct j

(
x(t j ), gt j

(
x(t j ),u(t j )

)) = ct j

(
x(t j ), x(t j+1)

)
represents the cost of

the system L to pass from the state x(t j ) to the state x(t j+1) at the stage [ j, j + 1].
We consider the following control problem:

Problem 4.23 To find time-moments t = 0, t1, t2, . . . , tk−1 and vectors of control
parameters u(t0),u(t1),u(t2), . . . ,u(tk−1) which satisfy the conditions (4.7), (4.8)
and minimize the functional (4.9).

It is evident that for this problem there exists the optimal control u∗(t) if there
exists a feasible control which provides a trajectory from a starting state x0 to a
final state x f . The optimal solution of the problem can be found by using direct or
backward dynamic programming algorithms. Both algorithms can be grounded on
the basis of the time expanded method. A specification of this method for the control
problem with varying time of states’ transition of the dynamical system is given in
the next section.

4.4.2 The Time-Expanded Network Method for a Deterministic
Control Problem with Varying Time of States’ Transitions

At first we describe how to construct the auxiliary time-expanded network if
t2 = t1 = t and then we show that the general case of the problem with t2 > t1 can
be reduced to the case with fixed t .

Assume that t2 = t1 = t and construct a time-expanded network with the structure
of an acyclic directed graph G = (Z , E), where Z consists of t + 1 copies of the set
of states X corresponding to the time moments t = 0, 1, 2, . . . , t . So,



4.4 Discrete Control Problems with Varying Time of States’ . . . 379

•  
•                                                   
•                                                   

•  
•        
•                                                   

•  •  • 

•  •  • 

•  •  • 

•  •  • •  •  • 

•  •  • 

•  
•                                                   
•                                                   

•  
•                  
•                                                   

•  •  • 

•  •  • 

•  •  • 

•  •  • 

•  •  • 

•
•
• 

•
•
•                              

•  •  •

y0 = (x0, 0)

y

Cs

j = (x,

t = 0 t = 1 t = tj t = tj+1 t = t 1 

tj )

yj+1 = (z, tj+1 )

yf f= (x , t )

(u(tτ j ))

t = t

Fig. 4.13 The time-expanded network for the problem in general case

Z = Z0 ∪ Z1 ∪ Z2 ∪ . . . ∪ Zt (Zt ∩ Zl = ∅, t �= l),

where Zt = (X, t) corresponds to the set of states of the dynamical system at
the time moment t = 0, 1, 2, . . . , t . This means that Zt = {(x, t) | x ∈ X}, t =
0, 1, 2, . . . , t . The graph G is represented in Fig. 4.13, where at each moment of
time t = 0, 1, 2, . . . , t we can see all copies of the vertex set X .

We define the set of edges E of the graph G in the following way:
If at a given moment of time t j ∈ [0, t] for a given state x = x(t j ) of the dynamical

system there exists a vector of control parameters u(t j ) ∈ Ut j

(
x(t j )

)
such that

z = x(t j+1) = gt j

(
x(t j ),u(t j )

)
,

where
t j+1 = t j + τx(t j )

(
u(t j )

)
,

then
(
(x, t j ), (z, t j+1)

) ∈ E , i.e., in G we connect the vertex y j = (x, t j ) ∈ Y t j with
the vertex y j+1 = (z, t j+1) (see Fig. 4.13). To this edge e = (

(x, t j ), (z, t j+1)
)

we
associate in G the cost ce = ct j

(
x(t j ), x(t j+1)

)
.

The following lemma holds

Lemma 4.24 Let u(t0),u(t1),u(t2), . . . ,u(tk−1) be a control of the dynamical
system in Problem 4.23, which generates a trajectory

x0 = x(t0), x(t1), x(t2), . . . , x(tk) = x f
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from x0 to x f , where

t0 = 0, t j+1 = t j + τx(t j )

(
u(t j )

)
, j = 0, 1, 2, . . . , k − 1;

u(t j ) ∈ Ut
(
x(t j )

)
, j = 0, 1, 2, . . . , k − 1;

tk = T .

Then in G there exists a directed path

PG(z0, z f ) = {z0 = (x0, 0), (xt1 , t1), (xt2 , t2), . . . , (xtk , t) = z f }

from y0 to z f , where xt j = x(t j ), j = 0, 1, 2, . . . , k, and x(tk) = x f ,
i.e., t (x f ) = tk = t . So, between the set of states of the trajectory xt0 =
x(t0), x(t1), x(t2), . . . , x(tk) = x f and the set of vertices of the directed path
PG(z0, z f ) there exists a bijective mapping

(xt j , t j ) ⇐⇒ x(t j ), j = 0, 1, 2, . . . , k

such that xt j = x(t j ), j = 0, 1, 2, . . . , k, and

k−1∑

j=0

ct j

(
x(t j ), x(t j+1)

) =
k−1∑

j=0

c(
(xt j ,t j ),(xt j+1 ,t j+1)

),

where t0 = 0, xt0 = x(t0) and x f = x(tk), tk = t .

Proof In Problem 4.23 an arbitrary control u(t j ) at a given moment of time t j for
a given state x(t j ) ∈ Ut j

(
x(t j )

)
uniquely determines the next state x(t j+1). So,

u(t j ) can be identified with a unique transition
(
x(t j ), x(t j+1)

)
from the state x(t j )

to the state x(t j+1). In G = (Z , E) this transition corresponds to a unique directed
edge

(
(xt j , t j ), (xt j+1 , t j+1)

)
which connects vertices (xt j , t j ) and (xt j+1 , t j+1); the

cost of this edge is c
(
(xt j , t j ), (xt j+1 , t j+1)

) = ct j

(
x(t j ), x(t j+1)

)
. This one-to-

one correspondence between the control u(t j ) at a given moment of time and the
directed edge e = (

(xt j , t j ), (xt j+1 , t j+1)
) ∈ E implies the existence of a bijective

mapping between the set of trajectories from the starting state x0 to the final state x f

in Problem 4.23 and the set of directed paths from z0 to z f in G, which preserve the
integral-time costs. 
�
Corollary 4.25 If u∗(t j ), j = 0, 1, 2, . . . , k−1 is the optimal control of the dynam-
ical system in Problem 4.23, which generates a trajectory

xt0 = x∗(0), x∗(t1), x∗(t2), . . . , x∗(tk) = x f
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from x0 to x f , then in G the corresponding directed path

P∗
G(z0, z f ) = {z0 = (xt0 , 0), (x∗

t1 , t1), (x∗
t2 , t2), . . . , (x∗

tk , tk) = zT }

is the minimal integral cost directed path from z0 to z f and vice-versa.

So, the control problem with varying time of states’ transitions can be reduced to the
problem of finding the minimum cost directed path with fixed starting and final ver-
tices in the time-expanded network. For this problem direct and backward dynamic
programming algorithms an be applied. Note that if we apply direct dynamic pro-
gramming algorithms then we determine the optimal trajectories from a starting state
x0 to every state x(t) with t = 0, 1, 2, . . . , T . If we apply backward dynamic pro-
gramming algorithms then we obtain the optimal trajectories with starting states x(t)
for t = 0, 2, . . . , T to a final state x f = x(T ).

Based on the results mentioned above we can determine the solution of Prob-
lem 4.23 by using the time-expanded network method in the following way:

(a) Determining the optimal solution of Problem 4.23 with a fixed number of tran-
sitions.

1. We construct the auxiliary time-expanded network consisting of a directed acyclic
graph G = (Z , E), a cost function c : E → R

1 and given starting and final
vertices z0 and z f .

2. We find in G the directed path P∗
G(z0, y f ) from a starting vertex y0 to a final

vertex y f with a minimal sum of the edge’s costs.
3. We determine the control u∗(t j ), j = 0, 1, 2, . . . , k− 1, which corresponds to a

directed path P∗
G(z0, z f ) from z0 to z f . Then u∗(t j ), j = 0, 1, 2, . . . , k − 1, is

a solution of Problem 4.23.

(b) Determining the optimal solution of Problem 4.23 with a fixed number of tran-
sitions from a given interval.

In the case t1 ≤ t (x f ) ≤ t2 (t2 > t1) Problem 4.23 can be reduced to t2 − t1 + 1
problems fixing each time t = t1, t1 + 1, . . . , t2. If we solve these problems and
find the best solution then we determine the solution of the problem in the case
t1 �= t2. In this case a more suitable procedure to solve the problem is to reduce
it to the minimum cost path problem on an auxiliary graph G = (Z , E) which is
obtained from G = (Z , E) by adding a new vertex z f and directed edges ((x, t), z f ),
t = t1, t1 + 1, . . . , t2, where c((x, t), z f ) = 0. An arbitrary directed path from a
starting vertex (x0, 0) to a final vertex z f in G corresponds to the optimal trajectory
of the control problem with the starting state x0 and the final state x f .

Remark 4.26 The time-expanded network can be simplified if we delete from G all
vertices z ∈ Z which are not attainable from z0 as well as vertices y ∈ Y for which
there is no directed path from z to z f .

(c) Determining the solution of the control problem with a varying time of states’
transitions.
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In the considered control problem it is assumed that the cost function ct
(
x(t), gt

(x(t),u(t)) = ct (x(t), x(t + 1)) of the system’s transition from the state x = x(t)
to the state y = x(t + 1) depends on time t , on the state x = x(t) and on the vector
of control parameters u(t). In general we may consider that the cost function of the
system’s transition from the state x(t) to the state x(t + 1) depends also on the tran-
sition time τx(t)(u(t)), i.e., the cost function ct

(
x(t), gt (x(t), u(t)) , τx(t)(u(t))

) =
ct

(
x(t), x(t + 1), τx(t)(u(t))

)
depends on t, x(t), u(t) and τx(t)(u(t)).

It is easy to observe that the problem in such a general form can be solved in an
analogous way as the previous problem by using the time-expanded network method
with a simple specification of the costs on the edges of the network. In the auxiliary
time-expanded network we define the cost functions ce on the edges e as follows:

ce = ct j

(
x(t j ), x(t j+1), τx(t j )

(
u(t j )

) )
.

So, the problem with the cost functions that depend on the transition time of the states’
transitions of the system can be solved by using the proposed algorithms from above.
The dynamic programming algorithms based on the time-expanded network method
for solving the control problem with a varying time of states’ transitions have been
developed in [87].

4.4.3 The Stochastic Discrete Control Problem with a Varying
Time of States’ Transitions

We formulate the stochastic version of the control problem with a varying time of
states’ transitions in a similar way as the problem with unit state’s transitions of the
system. We assume that in the control process the dynamical system may admit the
states x(t j ) in which the vector of control parameters u(t) ∈ Ut j (x(t) is changed in
a random way according to a given distribution functions of the probabilities

p : Ut (x(t)) → [0, 1],
k(x(t j ))∑

i=1

p(ui
x(t j )

) = 1 (4.10)

on the corresponding dynamical feasible sets Ut (x(t)). If we regard each dynamical
state x(t) of the system L for t ∈ {0, 1, 2, . . . , t2} as a position (x, t) then the set of
positions

Z = {(x, t) | x ∈ X, t = 0, 1, 2, . . . , t2}

can be divided into two disjoint subsets

Z = ZC ∪ Z N (ZC ∩ Z N = ∅),
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such that ZC represents the set of controllable positions and Z N represents the set
of positions (x, t) = x(t) for which the distribution function (4.10) of the vectors of
control parameters u(t) ∈ Ut (x(t)) are given. So, in this case we have the following
behavior of the dynamical system: If the starting state x0 = x(t0) belongs to the
controllable positions then the decision maker fixes a vector of the control parameters
and the system passes to a new state x(t1) which is reached at the moment of time
t1. In the case if the state x(t0) belongs to the set of uncontrollable positions the
system passes to a state x(t1) ∈ X in a random way. If the state x(t1) belongs to
the set of controllable positions then the decision maker fixes a vector of the control
parameter u(t1) ∈ Ut1(x(t1)) and the system passes to the state x(t2) and reaches
it at the moment of time t2. In the case if x(t1) belongs to the set of uncontrollable
positions then the system passes to a state x(t2) ∈ X in a random way and so on. In
this dynamic process the final state may be reached at a given moment of time with
a probability which depends on the control of the decision maker as well as on the
probability distribution functions in the uncontrollable states. The total cost in this
process also is a random variable that depends on the probabilities in controllable
positions. Therefore, for this control model we can consider the Problems 4.1–4.6.
The probability transitions and the expected total cost in these problems can be
defined and calculated in a similar way as for the unit states’ transitions with some
minor modifications.

4.5 Dynamic Programming Algorithms for Finite Horizon
Markov Decision Problems

The stochastic control problems from Sect. 4.1 can be extended for Markov
decision processes with a finite time horizon, and similar dynamic programming
algorithms for determining their solutions can be derived. Below we formulate the
corresponding decision problems for finite horizon Markov processes and show how
to apply the time-expanded method for solving them.

4.5.1 Problem Formulations

A non-stationary discrete Markov decision process is determined by a tuple
(X, A, p, c) where:

• X is a finite set of states;
• A is a finite set of actions;
• p : A × X × X × {0, 1, 2, . . . , t} → [0, 1] is a probability function which for

an arbitrary state x ∈ X , a fixed action a ∈ A(x) and every discrete moment of
time t ∈ {0, 1, 2, . . . , t} gives the transition probabilities pa

x,y(t) from the state x
to y ∈ X such that

∑
y∈X pa

x,y(t) = 1;
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• c : A × X × X × {0, 1, 2, . . . , t} → R is a cost function which for an arbitrary
state x ∈ X , an arbitrary action a ∈ A(x) and an arbitrary discrete moment of
time t ∈ {0, 1, 2, . . . , t} gives the transition costs ca

x,y(t) from the state x to the
states y ∈ X .

We consider Markov decision processes with a finite time horizon, i.e., t =
0, 1, 2, . . . , t , where t is given. Assume that the starting state x0 = x(0) is known
and the decision maker fixes the actions a ∈ A in the states x(t) ∈ X, for
t = 0, 1, 2, . . . , t − 1. Then we obtain a Markov process in which we can determine
the probability of the states’ transitions from a starting state x0 to an arbitrary other
state and the corresponding expected total cost with a fixed number of transitions.

In the considered Markov process the decision maker may use the stationary as
well as the non-stationary strategies of fixing the actions in the dynamical states. We
define the non-stationary strategy as a map

s : (x, t) → a ∈ A(x) for (x, t) ∈ X × {0, 1, 2, . . . , t − 1},

where A(x) is the set of actions in the state x . Here (x, t) has the same meaning as
the notation x(t), i.e., (x, t) = x(t).

Let S be the set of strategies in the finite Markov decision process (X, A, p, c). An
arbitrary strategy s ∈ S determines the control in the states x = x(t) and, therefore,
we can formulate the following decision problems that are similar to the stochastic
control problems 4.1–4.6:

Problem 4.27 For a given strategy s ∈ S, determine the probability that the dynam-
ical system L with a given starting state x0 = x(0) will reach the final state x f at
the moment of time t (x f ) such that t1 ≤ t (x f ) ≤ t2. We denote this probability by
Px0(s, x f , t1 ≤ t (x f ) ≤ t2); if t1 = t2 = t then we use the notation Px0(s, x f , t).

Problem 4.28 Find the strategy s∗ ∈ S, for which the probability in Problem 4.27
is maximal. We denote this probability by Px0(s

∗, x f , t1 ≤ t (x f ) ≤ t2); in the case
t1 = t2 = t we shall use the notation Px0(s

∗, x f , t).

Problem 4.29 For a given strategy s ∈ S, and given T determine the expected total
cost during t states’ transitions of the system L if it starts transitions in the state
x0 = x(0) at the moment of time t = 0. We denote this value by σx0(s, t).

Problem 4.30 Determine the strategy s∗ ∈ S for which the expected total cost in
Problem 4.29 is minimal. We denote this value by σx0(s

∗, x f , t).

Problem 4.31 For a given stationary strategy s ∈ S, determine the expected total
cost of the states’ transitions from a starting state x0 to a final state x f if x f is reached
at the time-moment t (x f ) such that t1 ≤ t (x f ) ≤ t2. We denote this expected total
cost by σx0(s, x f , t1 ≤ t (x f ) ≤ t2); in the case t1 = t2 = t we denote this value by
σx0(s, x f , t).

Problem 4.32 Determine the strategy s∗ ∈ S for which the expected total cost in
Problem 4.5 is minimal. We denote this minimal expected total cost by σx0(s

∗, x f ,

t1 ≤ t (x f ) ≤ t2); in the case t1 = t2 = t we denote this value by σx0(s
∗, x f , t).
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Obviously, the probabilities Px0(s, x f , t1 ≤ t (x f ) ≤ t2), Px0(s, x f , t) and the
expected total cost σx0(s, t) in the Problems 4.27 and 4.29 for a fixed strategy s ∈ S

can be found by using the algorithms from previous sections. The optimal strategy
s∗ in Problem 4.30 can be obtained by using the backward dynamic programming
algorithm from [115]. For the Problems 4.28, 4.31 and 4.32 the backward dynamic
algorithms can be derived if we apply the time-expanded method in a similar way as
for the stochastic control problems. In general we can see that all considered problems
can be reduced to the stochastic control Problems 4.27–4.32 on an auxiliary time-
expanded network.

4.5.2 Construction of the Time-Expanded Network for a Finite
Horizon Markov Decision Process

The structure of the time-expanded network is determined by the directed graph
G = (Z , E), where the set of vertices Z and the set of edges E are defined as follows:
Z consists of 2t + 1 disjoint subsets ZC

0 , ZC
1 , ZC

2 , . . . , ZC
t and Z N

0 , Z N
1 , . . . , Z N

t−1,

where ZC
t for t ∈ {0, 1, 2, . . . , t} corresponds to the set of states of the system at

the moment of time t and Z N
t for t ∈ {0, 1, 2, . . . , t − 1} corresponds to the set of

possible fixed actions in different states for the dynamical system at the moment of
time t .

Thus,

Z =
(

ZC
0 ∪ Z N

0

)
∪

(
ZC

1 ∪ Z N
1

)
∪

(
ZC

2 ∪ Z N
2

)
∪ . . . ∪

(
ZC

t−1 ∪ Z N
t−1

)
∪ Z N

t ,

where ZC
t = {(x, t) | x ∈ X}, t = 0, 1, 2, . . . , t and Z N

t = {((x, a), t)|x ∈ X, a ∈
A}, t = 0, 1, 2, . . . , t − 1. In the time-expanded network

ZC = ZC
0 ∪ ZC

1 ∪ ZC
2 ∪ . . . ∪ ZC

t

represents the set of controllable states and

Z N = Z N
0 ∪ Z N

1 ∪ Z N
2 ∪ . . . ∪ Z N

t−1,

represents the set of uncontrollable states.
The set of edges E consists of 2t disjoint subsets EC

0 , EC
1 , EC

2 , . . . , EC
t−1 and

E N
0 , E N

1 , . . . , E N
t−1, where

EC
t = {e = ((x, t), ((x, a), t)) | x ∈ X, a ∈ A}, t = 0, 1, 2, . . . , t − 1

is the set of directed edges e ∈ E that originate in the vertices (x, t) ∈ ZC
t and end

in ((x, a), t) ∈ Z N
t , and
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E N
t = {e = (((x, a), t), (y, t + 1)) | a ∈ A, y ∈ X}, t = 0, 1, 2, . . . , t − 1

is the set of directed edges e ∈ E that originate in vertices ((x, a), t) ∈ Z N
t and end

in (y, t + 1) ∈ ZC
t+1.

So,
EC = EC

0 ∪ EC
1 ∪ EC

2 ∪ . . . ∪ EC
t−1

represents the set of directed edges that originate in the controllable states and

E N = E N
0 ∪ E N

1 ∪ E N
2 ∪ . . . ∪ E N

t−1

represents the set of directed edges that originate in the uncontrollable states.
To each directed edge e = (((x, a), t), (y, t + 1)) ∈ E N we associate the transi-

tion probability pe = pa
x,y(t) and the transition cost ce = ca

x,y(t). To each directed
edge e = ((x, t), ((x, a), t)) ∈ EC we put in correspondence the transition cost
ce = 0.

In such a way we obtain the time-expanded network on which we can formulate
the problem of determining the probabilities Px0(u(t), x f , t ′), Px0(u(t), x f , t ′1 ≤
t (x f ) ≤ t ′2) for a given control u(t), the control u∗(t) which provides the corre-
sponding maximal transition probabilities Px0(u

∗(t), x f , t ′), Px0(u
∗(t), x f , t ′1 ≤

t (x f ) ≤ t ′2), and the optimal control u∗(t) that provides the corresponding maximal
expected total costs σx0(u

∗(t), x f , t ′), σx0(u
∗(t), x f , t ′1 ≤ t (x f ) ≤ t ′2).

It is easy to observe that if we solve these problems (Problems 4.1–4.6) on the
time-expanded network with t ′ = 2t , t ′1 = 2t1 and t ′2 = 2t2 then we obtain the
solutions of the Markov decision Problems 4.27–4.32.

4.5.3 Backward Dynamic Programming Algorithms for Finite
Horizon Markov Decision Problems

The backward dynamic programming algorithms for the Markov decision
problems 4.28 and 4.30 can be grounded without their reduction to stochastic control
problems and the construction of the auxiliary time-expanded network. Below we
describe such dynamic programming algorithms for the Problems 4.28 and 4.30.

Algorithm 4.33 Determining the Optimal Strategies for the Decision
Problem 4.28
Let s be a strategy that determines the actions a = s(x(t)) ∈ A(x(t)) in the dynam-
ical states x(t) ∈ X , t = 0, 1, 2, . . . , t2. For a given strategy s we denote by
Px(t2−τ)(s), x f , t1 ≤ t (x f ) ≤ t2) the probability transition from the state x(t2 − τ)

at the moment of time t2 − τ to the state x f if the state x f is reached at the moment
of time t (x f ) such that t1 ≤ t (x f ) ≤ t2.
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Then the optimal strategy s∗(x(t)) and the corresponding values

Px(t2−τ)(s
∗, x f , t1 ≤ t (x f ) ≤ t2) for t = 0, 1, 2, . . . , t1

can be found by using the following algorithm:

Preliminary step (Step 0)
Fix s∗(x f (t)) = ∅, Px f (t)(s

∗, x f , t1 ≤ t (x f ) ≤ t2) = 1 for t = t1, t1 + 1, . . . , t2,
and set s∗(x(t2)) = ∅, Px(t2)(s

∗(x(t2), x f , t1 ≤ t (x f ) ≤ t2) = 0 for x(t2) ∈
X\{x f }.
General step (Step τ, τ ≥ 1)
If 1 ≤ τ ≤ t2 − t1 then for every x(t2 − τ) ∈ X\{x f } find

Px(t2−τ)(s(x(t2−τ)), x f , t1 ≤ t (x f )≤ t2)

= max
a∈A(x(t2−τ))

{
pa

x(t2−τ),y(t2−τ+1)(t2−τ) · Px(t2−τ+1)(s
∗, x f , t1 ≤ t (x f )≤ t2)

}

and fix s∗(x(t2 − τ)) = a∗ ∈ A(x(t2 − τ)), where a∗ is the action for which this
maximum is reached.

If t2 − t1 < τ ≤ t2 then for every x(t2 − τ) ∈ X find

Px(t2−τ)(s(x(t2−τ)), x f , t1 ≤ t (x f )≤ t2)

= max
a∈A(x(t2−τ))

{
pa

x(t2−τ),y(t2−τ+1)(t2 − τ) · Px(t2−τ+1)(s
∗, x f , t1 ≤ t (x f )≤ t2)

}

and fix s∗(x(t2 − τ)) = a∗ ∈ A(x(t2 − τ)), where a∗ is the action for which this
maximum is reached.

Check if τ < t2?

If τ < t2 then go to the next step; otherwise STOP.

After t2 steps Algorithm 4.33 determines the optimal strategy s∗ and the corre-
sponding probabilities Px(0)(s∗, x f , t1 ≤ t (x f ) ≤ t2) for an arbitrary starting state
x(0) ∈ X .
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Algorithm 4.34 Determining the Optimal Strategies for the Decision
Problem 4.30

For a given strategy s we denote by σx(t−τ)(s, t) the expected total cost for the
dynamical system if it starts a transition in the state x(t − τ) at the moment of time
t − τ and finishes transitions at the moment of time t . The optimal strategy s∗ and
the corresponding values

σx(t−τ)(s
∗, t), τ = 0, 1, 2, . . . , t

can be found by using the following algorithm:

Preliminary step (Step 0)
Fix s∗(x(t)) = ∅, σx(t)(s

∗, t) = 0 for every x(t) ∈ X .
General step (Step τ, τ ≥ 1)
Find

σx(t−τ)(s
∗, t) = min

a∈A(x(t−τ))

{
μa

x(t−τ)
(t2 − τ)

+
∑

y(t−τ+1)∈X

pa
x(t−τ),y(t−τ+1)

(t2 − τ) · σ a
y(t−τ+1)

}
,

where

μa
x(t−τ)

(t2 − τ) =
∑

y(t−τ+1)∈X

pa
x(t−τ),y(t−τ+1)

(t2 − τ) · ca
x(t−τ),y(t−τ+1)

(t2 − τ),

and fix s∗(x(t − τ)) = a∗ ∈ A(x(t − τ)) where a∗ is the action for which this
maximum is reached.

Check if τ < t?

If τ < t then go to the next step; otherwise STOP.

After t steps Algorithm 4.34 determines the optimal strategy s∗ and the corre-
sponding expected total costs σx(t−τ)(s

∗, t) for an arbitrary starting state x(t − τ),
τ = 0, 1, 2, . . . , t . In the case τ = t we obtain the optimal total cost σx(0)(s∗, t)
during t transitions if the system starts transitions in x(0) ∈ X .
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Conclusion

The stochastic dynamic programming problems considered in this book generalize
classical ones and have large applications for studying and solving many practical
dynamic decision problems from various areas. New results concerned with deter-
mining the optimal stationary strategies for the stochastic discrete control problems
and Markov decision processes with an average and expected total discounted costs’
optimization criteria are derived. Based on these results and classical numerical
methods new algorithms for solving the dynamic decision problems with finite and
infinite time horizon are elaborated and grounded.

The most important results of the book are related to complex decision processes,
where the dynamics of the system is controlled by several actors. The corresponding
decision models for such processes are formulated and studied applying the game-
theoretical concept to Markov decision processes. Following this concept a new
class of stochastic positional games and multi-objective decision problems that ex-
tend deterministic positional games and multi-criteria control problems to networks
have been studied. Nash equilibria conditions for average and discounted stochastic
positional games are gained and algorithms for determining the optimal stationary
strategies of the players are grounded. Furthermore, the concept of multi-objective
control is applied to classical discrete optimal control problems and new classes of
multi-criteria decision problems are studied. Necessary and sufficient conditions for
determining Pareto optima and Stackelberg strategies in the consideredmulti-criteria
control models are obtained. The dynamic programming techniques for such a class
of problems are developed and new polynomial time algorithms for determining
Nash equilibria and Pareto optima are elaborated. Polynomial time algorithms for
determining the optimal strategies of the players for the dynamic c-games and for
the game control problems in positional form are suggested.
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