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Preface

Complex Networks are the heart of Operations
Research and Operations Research is in the core
of Complex Networks.

Panos Pardalos

This book comprises the recent results on studying sto-
chastic dynamic programming models and solving opti-
mal control problems on networks. The main attention is
addressed to stochastic versions of classical discrete
control problems, Markov decision processes, and a
game-theoretical approach to these stochastic dynamic
models. The authors included in the book their own
results concerning the determination of the optimal
solution of discrete optimal control problems on net-
works and solving the game variants of Markov decision
problems in the sense of computational networks.

Investigations on elaborations of efficient methods and algorithms for modern
stochastic dynamic programming problems represent a relevant topic in Operations
Research. With respect to computational networks, stochastic dynamic optimization
models are widely used for studying and solving many practical decision problems
from diverse areas such as ecology, economics, engineering, communications
systems, etc. Therefore, in the book an attempt is made to systematize the most
important existing methods for the mentioned class of problems as well as to
describe new algorithms for solving different classes of the stochastic dynamic
programming problems.

The book consists of four chapters.

The first chapter studies the finite state space of Markov processes and gives a
review of existing methods and algorithms for determining the main characteristics in
Markov chains. New approaches based on dynamic programming and combinatorial
methods for determining the state-time probabilities, the matrix of limiting proba-
bilities, and differential matrices in a Markov chain are proposed and formulated.
Based on a classical numerical methods in this chapter new polynomial-time
algorithms for determining the limiting probabilities and differential matrices are
described.




vi Preface

Along with well-known numerical methods for determining the basic charac-
teristics in finite Markov processes, new calculation procedures and algorithms for
their finding in the case of stationary and nonstationary discrete processes are
presented.

Asymptotic behavior of the average and expected total rewards (costs) in
Markov processes with rewards (costs) are analyzed and the corresponding
asymptotic formulae are derived. Computational complexity aspects of the prob-
lems of determining the average and the discounted expected total rewards (costs)
are analyzed and the corresponding procedures for calculating these characteristics
are described.

Chapter 2 is dedicated to infinite horizon stochastic discrete optimal control
models and Markov decision problems with average and expected total discounted
optimization criteria. Necessary and sufficient conditions for determining the
optimal stationary strategies in such problems are formulated and algorithms for
determining their solutions are developed. The stochastic control problems are
formulated on networks and the corresponding algorithms for determining their
optimal solutions using a linear programming approach are proposed. Furthermore,
a relationship between the class of stationary Markov decision problems and the
class of stochastic control problems on networks is analyzed and procedures how to
reduce one class of problems to another are described. The most important results of
Chap. 2 are related to a linear programming approach for unichain and multichain
Markov decision problems with average and expected total discounted costs opti-
mization criteria. Based on such an approach new algorithms for solving problems
in general form are derived. Afterwards, efficient iterative procedures for deter-
mining the optimal solutions of Markov decision problems and stochastic control
problems on networks are described. Additionally, a new class of Markov decision
problems and stochastic control problems with stopping states are introduced and
the corresponding mathematical tool for solving this class of problems is developed.
Some extensions and generalizations of the stochastic decision models are con-
sidered and their possible applications for solving classical optimization problems
are suggested.

In Chap. 3 a special game-theoretical approach to Markov decision processes
and stochastic discrete optimal control problems is developed. An essentially new
class of stochastic positional games is formulated and studied applying the game-
theoretical concept to Markov decision problems with average and expected total
discounted costs optimization criteria. To formulate this class of games we assume
that Markov decision processes may be controlled by several actors (players).

The set of states of the system in such processes is divided into several disjoint
subsets which represent the corresponding position sets of the players. Each player
has to determine which action should be taken in each state of his position set in
order to minimize (or maximize) his own average cost per transition or the expected
total discounted cost. For the stochastic discrete optimal control problems with
infinite time horizon this approach is developed in a similar way and a new class of
stochastic positional games on networks is obtained.
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Preface vii

The main results we describe in this chapter are related to the existence of Nash
equilibria for a considered class of stochastic positional games and an elaboration of
the algorithms for determining the optimal stationary strategies of the players. We
formulate and prove Nash equilibria conditions for the stochastic positional games
with average and discounted payoff functions of the players and develop algorithms
for determining the optimal strategies for different classes of games. These results
are specified for antagonistic stochastic positional games and algorithms for
determining the optimal strategies of the players are gained. In the following, we
show that the obtained results generalize the well-known results for deterministic
positional games and new conditions for determining the solutions of the problems
can be derived. Moreover, we show that the considered class of stochastic posi-
tional games can be used for studying cyclic games and Shapley stochastic games.
New polynomial-time algorithms for deterministic antagonistic positional games
are described. The algorithms for determining the optimal strategies of the players
in deterministic cases are developed for a more general class of positional games on
networks. Additionally, the multi-criteria decision problems with Pareto and
Stackelberg optimization principles are formulated and some approaches for
determining the solutions of these problems are suggested.

Chapter 4 is devoted to finite horizon stochastic control problems and Markov
decision processes. In this chapter dynamic programming algorithms for deter-
mining the optimal solutions of the problems using the network representation of
the finite discrete processes are developed. We show that the solutions for the
considered stochastic horizon decision problems can be efficiently found using a
backward dynamic induction principle. The algorithms are described in general
form for stationary and nonstationary cases of the problems. Moreover, the algo-
rithms are developed for the case with varying time of states’ transitions of the
dynamical systems. These algorithms are a contribution to the important field of
computational network theory.

January 2015 Dmitrii Lozovanu
Stefan Pickl
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Chapter 1

Discrete Stochastic Processes,

Numerical Methods for Markov Chains and
Polynomial Time Algorithms

In this chapter we consider stochastic discrete systems with a finite set of states. We
study stationary and non-stationary discrete Markov processes. The main attention
we address to the problems of determining the state-time probabilities, calculation
of the limiting and the differential probability matrices, determining the expected
total cost and calculation of the average and the expected total discounted costs in
the finite-state space of Markov processes. These problems arise in many practi-
cal decision problems from different areas and need efficient numerical methods
and algorithms for their solving. Our aim is to study the efficiency of the existing
algorithms for solving these problems, to analyze the algorithms from a computa-
tional complexity point of view and to describe some new approaches for solving the
considered problems. Especially, new algorithms and calculation procedures are pro-
posed for determining the state-time probabilities and the limiting matrix in Markov
chains. Mainly, we describe and formulate two classes of algorithms.

The first class is based on the properties of generating functions and classical
numerical methods; the second one mainly uses the combinatorial properties of
the graphs of transition probabilities in Markov chains and a dynamic programming
approach for such processes. In a detailed form we analyze the dynamic programming
procedures for determining the state-time probabilities in finite Markov processes.
We study the asymptotic behavior of these procedures and show how to use them for
calculating the matrix of limiting state probabilities in Markov chains. Beside that we
describe new algorithms for determining the differential matrices for the generating
functions based on classical numerical methods. We analyze especially asymptotic
behavior of the basic characteristics in Markov chains using the z-transformation and
illustrate the calculation procedures for determining these characteristics. In addition,
computational complexity aspects of the considered problems and of the proposed
algorithms are analyzed and discussed.

© Springer International Publishing Switzerland 2015 1
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and Control on Complex Networks, Advances in Computational Management Science 12,
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2 1 Discrete Stochastic Processes, Numerical Methods . . .

1.1 The Basic Definitions and Some Preliminary Results

The basic definitions related to finite-state space of Markov processes and the main
results concerning the calculation of the state-time probabilities of the dynamical
system in such processes can be found in [26, 39, 48-50, 52, 55, 56, 114, 140]. In
this section we introduce some necessary notions and describe some preliminary
results related to Markov processes that we use in this book.

1.1.1 Discrete Markov Processes and Determining the State-Time
Probabilities of the System

Consider a discrete Markov process that models the evolution of the stochastic
dynamical system L with the finite set of states X = {x1,x2,...,x,}. Assume
that at the moment of time t = 0 the system is in the state x;, € X and for an arbi-
trary state x € X the probabilities p, y of the systems’ transitions from x to another
state y € X are given, i.e.,

D pey=1, V¥xeX; py>0, Vx,yeX
yeX

Here, the probabilities p, , do not depend on time, i.e. we have a stationary Markov
process determined by the stochastic matrix P = (py,y) and a given starting state
Xiy- S0, we consider a stationary finite-state space Markov chain where the transition
time from one state to another is constant and it is equal to 1 [56, 114, 115, 140].

For the dynamical system I we denote by Py, (x, 1) the probability to reach the
state x at the moment of time ¢ if it starts transitions at the moment of time ¢ = 0 in
the state x;,. We consider the probability P,Cl.0 (x, t) at the discrete moment of time
t =0,1,2,....Following [47] we define and calculate Px,.0 (x, t) using a recursive
formula

Py (. 7+ 1) =D Py (v.Tpyr. 7=0,1,2,....t—=1, (L)
yeX

where PX,0 (xiy,0) = 1 and sz'o (x,0) = 0forx € X\{x;,}. We call these probabili-
ties state-time probabilities of the system L. Formula (1.1) can be represented in the
matrix form

m(r+1)=n(r)P, 7=0,1,2,...,t—1. (1.2)
Here (1) = (m1(7), m2(7), ..., mu (7)) is a vector, where an arbitrary component i

expresses the probability of the system L to reach from the state x;, to the state x;
using 7 transitions, i.e., m; (7) = Px,.O (xi, 7).
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At the starting moment of time 7 = 0 the vector 7(7) is given and its components
are defined as follows: 7;,(0) = 1 and 7;(0) = O for arbitrary i # ip. It is easy
to observe that if for a given starting vector 7w(0) we apply formula (1.2) for 7 =
0,1,2,...,t — 1 then we obtain

w(t) = w(0)P’, (1.3)
where P’ = P x P x---x P.So, an arbitrary element p)((f) x; of this matrix represents
the probability of the system L to reach the state x; from x; by using ¢ transitions.

It is easy to see that if the starting state of the system 7(0) is fixed then

Smn =1 1=012,.... (1.4)

i=1

The correctness of this relation can be proved easily by using the induction principle
withrespectto 7. Indeed, for 7 = 0 the equality (1.4) holds according to the definition.
If we assume that (1.4) takes place for every 7 < ¢ then for 7 =t 4+ 1 we obtain

n

Dmit+ D)= pami)= D> T D puy = > i) =1
i=1 i=1

i=1 x_,'EX )CI‘GX X_,'EX

So, the relation (1.4) holds.
Let us assume that for the matrix P there exists the limit
lim P’ = Q.
—00
Then for an arbitrary starting state in the case of a large number of transitions the

vector of state-time probability 7(¢) can be approximated with the corresponding
row vector of the matrix Q. Indeed, if in (1.3) we take the limit then we have

7= lim 7(t) = 7(0) lim P’ =7(0)Q.
t—>00 t—00
An arbitrary component 7; of 7 = (71, m2, ..., 7,) can be treated as the probability
that the system L. will occupy the state x ; after a large number of transitions if it starts
transitions in x;,. The vector 7 is called the vector of limiting state probabilities for

the dynamical system LL with a given starting state x;,.
Based on the property mentioned above we may conclude that

n
Zﬂ'j =1
J=l1

for an arbitrary 7 (0).
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This means that the elements g, , of the matrix Q satisfy the condition

qu’y =1, VxeX
yeX

where gy > 0, Vx,y € X, ie., O = (qyx,y) is a stochastic matrix. An arbitrary
element g, y of this matrix expresses the limiting probability of the system L to
occupy the state y € X if the system starts transitions in x. The matrix Q is called
the matrix of limiting state probabilities [47]; shortly we call this matrix the limit
matrix. The Markov chain for which there exists lim,_, o, P! = Q is called aperiodic
Markov chain [114, 140].

If the limit matrix Q possesses the property that all its rows are the same then
the corresponding Markov process is called Markov unichain [1,47].In [1, 47, 114]
such processes are called ergodic Markov processes. Some authors use the notion of
ergodic Markov process in the sense of an aperiodic Markov chain where all limiting
probabilities are different from zero [37, 56]. Here we shall use the terminology
from [114, 140]. The Markov process for which the limit matrix contains at least
two different rows is called Markov multichain [56, 114, 140]. A more detailed
classification of a Markov chain with respect to values of limiting probabilities is
given in the next section.

So, for a Markov unichain we have Gx;xj = Gugxj = Tjs Vxi, xj, xx € X, ie.,
the limiting state probabilities 7, j = 1,2, ...,n; do not depend on the state in
which the system starts transitions. For such processes the vector 7 of limiting state
probabilities can be found by solving the system of linear equations

I —P)=0; > m=1, (1.5)

j=1

where [ is the identity matrix. The first equation in (1.5) corresponds to the condition
7 = 7P that can be obtained from (1.2) if 7 — oo. The second equation in (1.5)
reflects the property that after a large number of transitions the dynamical system
will occupy one of the states x; € X. It is well known that the rank of the matrix
(I — P) for a Markov unichain is equal to n — 1 and the system (1.5) has a unique
solution [98, 140]. In the case of a Markov multichain the rank of the matrix (I — P)
is less thann — 1.

It is easy to check that the Markov chain with the following probability transition
matrix

NN N =
N W N —

is ergodic and there exists lim;_, o, P’ = Q.
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The vector m = (71, ™) can be found by solving the system of linear equations

1 2

Em - §7r2:O,
1 2

ETI'] — 571'2:0,
™ + m=1.

If we solve this system then we obtain m; = 4/9, m» = 5/9,i.e., 7 = (4/9, 5/9)
and

ol s~ Ol K~
O O Wn

In general, the system (1.5) may also have a unique solution if the limit lim,_, o, P’
does not exist. This case corresponds to a periodic Markov chain [114]. In such
a process a component 7; of the vector 7 that satisfies (1.5) can be treated as the
probability of the system LL to occupy the state x ; at random moments of times during
alarge number of transitions. An example for which lim;_, o, P! does notexistand the
system (1.5) has a unique solution is represented below by the following probability

transition matrix
0 1
P = .
1 0
It is easy to check that
P2[ — 1 0 P21+1 — O 1 Vt > 0
0 1 1 0 -

i.e., we have 2—periodic Markov chains. In general, for a k—periodic Markov chain
(k > 1) for the matrix P there exists 7y such that for > 7 it holds P¥** = P'. The
system of linear equations (1.5) for the given example of 2—periodic Markov chains
is the following

m —m =0,
m —m =0,
T +m=1.

If we solve this system then we obtain 71 = 1/2, m» = 1/2. In such a way we obtain
the matrix
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= N =
N = N =

A more detailed characterization of the periodic and aperiodic Markov chains can
be found in [33, 56, 114, 127]. In the following we show how the notion of the
limit matrix Q can be extended for an arbitrary Markov chain, i.e., for the case that
lim;_, oo P does not exist. We can see that in this case the elements of the matrix Q
have a different interpretation.

1.1.2 Definition of the Limit Matrix and the Classification of the
States in Markov Chains

The limit matrix Q for an arbitrary transition probability matrix P can be defined by
using the following limit

t—1
lim — PT.
—oo

7=0

This limit is called Cesaro limit [33, 114, 127, 140]. In [20] it has been proven that
this limit exists for an arbitrary stochastic matrix P, i.e.,

=
lim — PT=0
t—>00 t
7=0
where PO = [ is the identity matrix. Moreover, in [20] it is shown that if lim,_, o, P’
exists then

-1
1
lim P! = lim - » P" = Q.
t—00 t—0o0 f Z Q
7=0
In addition, in [20] it is shown that for an arbitrary stochastic matrix P the corre-
sponding limit matrix Q satisfies the condition

PO=0P=0. (1.6)

Based on this property we can give the interpretation of the solution of the Eq. (1.5) for
the periodic Markov process. In the general case an element g, of the limit matrix
Q in the Markov chain can be interpreted as the long-run time fraction that the system
occupies the state y if it starts transitions in x. For an aperiodic Markov chain an
arbitrary element g, , can be treated as the steady-state probability that the system
will be in the state y after a large number of transitions if it starts transitions in x.
We give a classification of the states in a Markov chain using the structure
properties of the matrices P and Q. We say that the state y is accessible from
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the state x if there exists # > O such that Py (y, t) > 0, i.e., y is accessible from x
if y can be reached from x with a positive probability Py (y, t). A subset ¥ of X is
called closed set if no state outside Y is accessible from any state in Y.

Ifaclosed set X does not contain a proper closed subset then it is called irreducible
set. Anirreducible set in X induces a distinct Markov chain which we call irreducible
Markov chain. The irreducible set consisting of a single state is said to be an absorbing
state.

Let Q = (gx,y) be the limit matrix of the Markov process with a given transition
probability matrix P = (py y). Two states x, y € X are called equivalent if in the
matrix Q the rows that correspond to x and y are the same, i.e., the states x, y € X
are equivalent if g, ; = gy ;, Yz € X. Thus, the set of states X can be divided into
several subsets X1, Xp, ..., X (X = Ule Xi, XiNX; =0, i # j) such that each
subset contains only equivalent states and there are no equivalent states that belong
to different subsets. A state x € X is called positive recurrent state if g , > 0; a
state x € X for which g, , = 0 is called transient state.

Let X* = {x € X|qxx > 0}, X = {x € X|gy.x = 0}. Then the set X can be
represented as follows

X=Xfuxju..-uxux°’

where each XlJr consists of positive recurrent states, i.e., Xl.+ ={x € Xi| gx.x > 0},
ie{l,2,...,k},and X 0 is the set of transient states. Taking into account that two
arbitrary states x, y € Xl+ are equivalent we have g, y > 0 and g, , > 0. Itis easy
to observe that X l+ in X represents the maximal set with mutual accessible states
and that no state outside of X; is accessible from X;. Thus, each X l+ C X represents
an irreducible set in X.

So, for arbitrary two states x, y € X;,i = 1,2, ..., k', it holds gx,y > 0 and for
arbitrary two states x, y € X that belong to different irreducible sets X l+ and X;',
it holds ¢gx,y = 0 and p, , = 0. Based on these properties we may conclude that
the states x € X can be relabeled in such a way that the matrices P and Q can be
expressed as follows

PO ...0 0 0, 0 ... 0 0
0 p ... 0 0 0 0 ... 0 0
P - ’ Q =
0 0 ... P O 0 0 ... Oy O
Wi Wa ... W Wi Rl R ... Re O

In these matrices P; and Q; correspond to transitions between states in X ,.+; the
matrices W; and R; correspond to transitions from states in X° to X; and Wy 41 isthe
matrix that corresponds to transitions between states in X°. The matrix P represented
in such a form is called the transition probability matrix in canonical form.
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1.1.3 A Decomposition Algorithm for Determining the Limit
Matrix

If the matrix P of transition probabilities is given in canonical form then for
determining the limit matrix Q a decomposition algorithm which is described in
[37, 115] can be applied. Each component P; corresponds to a irreducible Markov
chain and, therefore, all rows of the matrix Q; are identical. Each matrix Q; is
determined according to the formula

where e; is the column vector, where each component of which is equal to one and
m' is a row vector with the component that represents the solution of the system

7t =7TiP,' Zﬂ‘; =1.

J
The matrices R; can be calculated by using the formula
Ri=(I—Wei) 'W;0i, i=12,... k. (1.7)

The correctness of this formula can be proved if we represent, respectively, the

transition matrix P as
P 0
p={_ ,
W Wit

0 0
(%))
R 0

and then apply the property (1.6). Indeed, since P Q = Q, we obtain

the limit matrix Q as

Wa + Wkurli =R.
Thus,

WiQi +Wpy Ri=R;, i=12,...,k.

Taking into account that in the case of a Markov multichain the inverse matrix

=Wy Y= for (I — Wy 1) exists (see [7, 21]) we obtain from this formula (1.7).
So, to determine the limit matrix Q it is sufficient to represent the matrix P in the

canonical form and then to determine Q1, Q», ..., O and Ry, Ry, ..., Ry.
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An algorithm for relabeling the states in Markov chains which transform the
matrix P of probability transitions into its canonical form is described in [37, 62,
115]. This algorithm uses O (n?) elementary operations. In general, to determine the
irreducible sets X; we can use the graph of probability transitions G, = (X, E))
for Markov chains.

The adjacency matrix of this graph is obtained from the matrix P by changing
the nonzero probabilities with units. Then the strongly connected components which
do not contain directed edges to other strongly connected components correspond to
the irreducible sets X;. Therefore, if we apply an algorithm for finding the strongly
connected components of G, we obtain an algorithm for finding the irreducible
sets X;.

Example Consider the problem of determining the limit matrix Q for a Markov chain
with the probability matrix

1 0 0 0
11
0 - - 0
2 2
P=
2 3
0 = Z 0
55
11 1 1
4 4 4 4

In Fig. 1.1 the graph of probability transitions G, = (X, E,) of a Markov chain
is given. The strongly connected components of this graph are determined by the
subsets

X1 ={l}, X2=1{2,3}), X5={4}.

The irreducible sets correspond to strongly connected components that do not contain
outgoing directed edges to other strongly connected components. Thus, we have two
irreducible sets X1 = {1} and X» = {2, 3}. Therefore, the transition probability
matrix mentioned above has a canonical form, where

Fig. 1.1 The graph of probability transitions
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= (@) w2 1) = ()

Therefore, we solve the system of linear equations 7 = 7P, > j 7Tl; = 1 for
i = 1,2 and determine 7! = (1), 72> = (4/9 5/9). This means that

=), ,=

NN =
WD W N =

Or=), 0=

O L O W

4
9
4
9
1

o

Now we calculate R; = (I — W3)~'Ww; Qi,i = 1,2 and obtain

3\ 1
Ri={- 1
‘ (4) ()() (3)
4 5
3\7'/1 1\[9 9 8 10
Ry=|= - - == ==)-
4 4 4 4 5 27 27
9 9
In such a way we obtain the limit matrix
1 0 0 O
4 5
o - - 0
9 9
Q0= 4 5
0o - = 0
9 9
1 8 10
- = —= 0
3 27 27

It is easy to check that in the worst case this algorithm uses O (] X 1) elementary
operations. We can see that along to this algorithm other variations for determining
the limit matrix in a Markov chain can be used. In the following we analyze an
approach for determining the limit matrix that allows us to study the asymptotic
behavior of the state-time probability in Markov chains. This approach is based on
the properties of the generating functions [33, 47]. In [47] the generating functions
are called z-transforms.
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1.1.4 The z-Transform and the Asymptotic Behavior of
State-Time Probabilities

For the analysis of the asymptotic behavior of state-time probabilities in Markov
processes we shall use the apparatus of the generating functions [33, 47, 56, 127,
140]. In [47] the generating function is called z-transform. In this section we describe
shortly the results from [47] concerning the application of the z-transform to an
asymptotic estimation of the state-time probability in a Markov chain. Then in the
next section we will develop numerical algorithms for the calculation of the limit
matrix and the state-time probabilities using the z-transform.

We consider the z-transform for a time-discrete function f(¢),t = 0, 1,2, ...
with the values f(0), f(1), (2), ... that do not increase in magnitude faster than a
geometric sequence. In this case the z-transform

F) =Y f0
t=0

can be defined uniquely.
Based on the definition of the z-transform we can easily obtain the following
elementary properties:

(1) F(z) = Fi1(2) + F2(2) it f@) = fi@t) + f2(0),
where Fi(z) = § fiHOz' and Fr(z) = % H
t=0 =0
(2) F(z) =kF'(2) it f() =kf'(0),
where F'(z) = > f/(t)7';
=0
(3) F()=z"'[F'(2) = f'(0)]
where F'(z) = > f/(t)7';
t=0
4) F(z) =zF'(2) it f@)=f'@-1,
where F'(z) = > f'(t)7';
t=0

f fO=ra+0,

—

1 1, t=0,1,2,...,

®) F@) =1 if  f(r) = [

-z 0, r<0:
6) F(z) = if  f@t) =a;

1—az
(7) F(x) = —— it ) = ral;

(1 —az)? ’
8) F(z) = . if f@)=¢t

(1-2)?
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) F(z) = F'(az) if f(t) =a f'(1),
where F'(z) = > f/(t)7".
t=0

In a more detailed form the properties of the z-transform for different classes of
time-discrete functions are described in [33, 47, 56, 127]. Note that the z-transform
can be applied to the vectors and matrices by applying the z-transform to each
component of the array. If we denote the z-transform of the vector 7(¢) by F(z) and
if we apply the z-transform to the relationship

it +1)=n@)P

then we obtain
F(z+1)=F@P.

Based on property (3) this formula can be written as follows
T N(F(2) = F(0) = F()P,
ie.,
F(z)(I —zP) = F(0)
were [ is the identity matrix. Taking into account that F (0) = 7(0) we finally obtain
F(z) = m(0)(I —zP)™".

So, the z-transform of the vector of state-time probabilities is equal to the initial
vector of probabilities 7(0) multiplied by the matrix (/ — zP)~!. This mean that
the solution of the transient problem is contained in the matrix (I — zP)~!. We can
obtain the probabilities of our transient problem in an analytical form if we weight
the rows of the matrix (I — zP)~! by the initial state probabilities, sum them, and
then take the inverse transformation. In such a way we can obtain the matrix P (r)
which represents the inverse transformation of the matrix (I — zP)~!. An example
which illustrates how to obtain the matrix P(r) for the Markov process with the
following stochastic matrix of probability transitions is given below

NN N =
N W N =

To determine the matrix P () we form the matrix
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1 1 1
- =z —=z
2 2
1 —zP) =
( ) ) 1
5° 5°
and find the inverse matrix
3 1
-2z =z
1
I — ZP)fl __U 5 2
A(z) 2 . 1
5° 2°

where A(z) = (1 — z)(1 — z/10).
Finally, the inverse matrix can be represented as follows

ol bk~ Ol

1
1 -z

1

| 1
0%\ —

+

(I—zP) ' =

O L O W

Ol &~ Ol
Ol Ol

If we take the inverse transform of (I — zP)~!, then we obtain

1
+ —

P@r) = o

Ol &~ Ol
O O W
O &~ O Wn
Ol Ol Wn

From this formula in the case t — oo we obtain

P(t)— Q=

Ol &~ O
O L O Wn

Note that the example given above corresponds to an aperiodic Markov chain and
for the matrix P there exists the limit lim;_, o, P’. An example for which this limit
does not exist is given by the following matrix

()

In a similar way we can find the matrix (/ — zP)~! of the z-transform
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1
11—z

1

[—zP) ' =
( ) 14z

R = N —
N — N —
= N —
= N —

Based on property (6) of the z-transform we obtain the matrix

+ (=1

N = N =
= N =

1o
2 2
o1
2 2

We can see that in this case for the matrix P the limit lim,_, . P(¢) does not exist.
However, the matrix Q can be found by using the z-transform.
Thus, the vector 7(¢) can be calculated by using the following formula

(1) = 7(0)P(¢).

By comparison of this formula with formula 7(r) = 7(0) P’ we conclude that
P(t) = P'. This formula can be used for the asymptotic analysis of the transient
problem. An important property of the matrix P () which can be obtained on the
bases of the z transform is the following: Among the component matrices in the rep-
resentation of P () there exists at least one matrix that is stochastic and it corresponds
in the term (I — zP)~! with the coefficient 1 /(1 — z). This follows from the fact
that the determinant of (I — z P) is equal to zero for z = 1, i.e., the stochastic matrix
P always has at least one characteristic value equal to 1. In the ergodic case the
Markov process P (r) will contain exactly one such stochastic matrix. Moreover, in
the ergodic case the rows of the stochastic components are identical and correspond
to the vector of limiting-state probabilities of the process. This component does not
depend on time and we denote it by Q. The remaining terms of P(f) express the
transient behavior of the process and represent matrices multiplied by coefficients
of the form A}, 1\, tzAf{, ..., where |\¢| < 1; for the ergodic processes |A¢| < 1.
In the following we can see that )\ represents the proper values of the characteristic
polynomial of the matrix P. The transient component of P () that depends on ¢ is
denoted by 7'(¢); this component vanishes as ¢ becomes very large. The matrices of
the component 7 (¢) possess the property that the sum of the elements in each row is
equal to zero. This property for transient components holds because it expresses the
perturbations from the limiting state probabilities. The matrices with such properties
are called differential matrices. So, the matrix P (r) for the Markov process can be
represented as follows

P1)=0+T®),
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where Q is a stochastic matrix where the rows represent the vector of limiting state
probabilities and 7'(¢) is the sum of the differential matrices with the geometric
coefficients which for the ergodic case tends to zero if ¥ — oo.

The z-transform shows that the matrix Q exists for an arbitrary transition probabil-
ity matrix P and 7T (¢) can be expressed as the sum of differential matrices multiplied
with the coefficients t"/\;c, where )\ are the roots of the characteristic polynomial
of the matrix P. In the next two sections we show how to determine Q and the
corresponding components (differential matrices) of the matrix 7°(¢).

1.2 An Algorithm for Determining the Limit Matrix Based
on the z-Transform and Classical Numerical Methods

In this section we develop a numerical method for determining the limit matrix in
discrete Markov processes based on the z-transform and classical numerical methods
[64, 72]. We propose and formulate a polynomial time algorithm for determining the
limit matrix Q.

The running time of the algorithm is O (n*) where n is the number of the states
of the dynamical system. In the following we show that the proposed method can be
extended for calculating the differential matrices.

1.2.1 The Main Approach and the General Scheme
of the Algorithm

Let C be a complex space and denote by M(C) the set of complex matrices with n
rows and n columns. We consider the function A : C — M(C), where

A(zy=1-zP, zeC.
We denote the elements of the matrix A(z) by a;,;(z),i,j =1,2,...,n,1ie,
a;,j(2) = bi,j — zpi,j € Clzl,
where
1 if i =j,
bij = i,j=12,...,n.
0 if i #j,

It is evident that the determinant A(z) of the matrix A(z) is a polynomial of degree
less or equal to n, (deg(A(z)) < n, A(z) € C[z]). Therefore, if we denote D = {z €
C| A(z) # 0} then we obtain that |[C\D| < deg(A(z)) < nandforanarbitraryz € D
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there exists the inverse matrix of A(z). So, we can define the function F:D — M(C)
where

F(x) = (AR)™".
Then the elements F; j(z),i, j =1,2,...,n of F(z) can be found as follows

M; ()

Fii(2) = AG)

, 1,j=1,2,...,n,

where o
M; (@)= (=D A; ;(2)

and A; ;(z) is a determinant of the matrix obtained from A(z) by deleting the row i
and the column j, i, j = 1,2, ..., n. Therefore,

MJ',,'(Z) e C[z], deg(Mj,,'(Z)) <n-—1, i,j=1,2,...,n.

Note that A(1) = 0 because for the matrix A(1) the following property holds

n n n
S Gij—pi)= 01— D pij=06i—1=0, i=12_..n
j=1 j=1 j=1

This means that 1 € C\D and A(z) can be factorized by z — 1.
Taking into account that F; ;(z) is a rational fraction with the denominator A(z)
we can represent F; ;(z) uniquely in the following form

) a; k()

Fij@=Bij@+ Y Zm i, j=12...n, (1.8)

yeC\D k=1

where m(z) is the order of the root of the polynomial A(z), z € C\D, oy j x(y) € C,
VyeC\D, k=1,2,...,m(y),i,j=1,2,...,n. In the representation of F; ;(z)
given above the degree of the polynomial B; ;(z) € C|z] satisfies the condition

deg(B;,j(z)) = deg(M; ;(z)) — deg(A(z)),

where deg(M ;(z)) > deg(A(z)), otherwise B; j(z) = 0.

To represent (1.8) in a more convenient form we shall use the expressions of series
expansion for the functions v4(z) = 1/(1 — 2K,k =1,2,.... First of all we observe
that for these functions there exist a series expansion. In particular for k = 1 the
function v (z) can be represented by v1(z) = > ;o z'. In the general case (for an
arbitrary k > 1) the following recursive relation holds vx41(z) = dvk(z)/ (kdz),
k =1,2,.... Using these properties and the induction principle we obtain the series
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expansion of the function v (z), Vk > 1: 14 (z) = Z?io Hi_1(t)z', where H,_1(1)

is a polynomial of degree less or equal to (k — 1).
Based on the properties mentioned above we can make the following transforma-

tion in (1.8):

1 k
m(y) (——) @i jk(y)
Fij@) =Bij@+ Y Z—

yeC\D k=1 (1 _ —Z)
y

m(y) 1 z
=Bij@+ Y Z( —) a,-,,-,k<y)uk(;)

yeC\D k=1
m(y)
=B+ > Z(——) al,kaHk 1<r>( )
yeC\D k=1
m(y)—1 1\ k+1
=Bi,./(Z)+Z( ) > > (——) i, jk+1 (V) Hi (1).
1=0 yeC\D k=0

We can observe that in the relation above the expression

m(y)—1

1 k+1
> ( - —) Qi k41 (9) Hi (1)
k=0 Y
represents a polynomial of degree less or equal to m(y) — 1 and we can write it in the
form Zm() )—1 Bi.j, £tk where Bi,j.k(y) represent the corresponding coefficients
of this polynomial. Therefore, if in this expression we substitute Zm -1 (—1/y)kt!

1
i, j k1 () He (1) by S0 71 6, 5 1 (v)eF then we obtain

m)=1 k
Fij@) = ,,(z>+Zz > > P
=0 yeC\D k=0
00 m(y)—1 k
= W)+ > > —ﬁz]k(y)
t:H—dcg(B,-,_,'(z)) yeC\D k=0
i,j=12,...,n, (1.9)

where §; jx(y) € C,Vy e C\D, k =0,1,2,...,.m(y) = 1,i,j = 1,2,...,n
and W; j(z) € C[z] is a polynomial, where the degree satisfies the condition
deg(W; j(z)) = deg(B; j(2)).i,j=1,2,...,n

In addition we observe that the norm of the matrix P satisfies the condition
| Pl = max;—=12,..» Z’}zl pi,j = 1, and, therefore, [|zP| = |z||| P|l = |z|.
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Let |z| < 1. Thus, for F(z) we have

o0
Fz)=—zP) ' = Z P'7.
=0
This means that
o0
Fij@ =Y 70 i.j=12.._.n (1.10)

From the definition of the z-transform and from (1.9), (1.10) we obtain

m(y)—1 (k
= > > Pk, V> deg(Bij@). ij=12,...n.
yeC\D k=0

Since 0 < ﬁi’j(z‘) <Lij=12,...,n, Vt>0,wehave
vyl =1, Vy e C\D, S;;x(1) =0, Vk>1.

This implies «; j x (1) =0, Vk > 2.
Now let us assume that A(z) = (z — 1)V H(z), where H(1) # 0. Then the
relation (1.8) is represented as follows:

)
i j1(1) < i jk(y)
Flj@=—""0"+B,@+ 2 > (le_y)k
ye(C\D)\{1} k=1
o) Y j(2)
Toz—1 H(z)’

where ¥; ;(z) € C[z] and

deg(Y; j(z)) = deg(Bi j(z)) + deg(T (z)) = deg(B; j(2)) + deg(A(z)) —m(l)
=degM;;(z)) —-m(l)<n—-1-m(l) <n-2, i,j=1,2,...,n

If we denote
Y(2) = (Y;j(@)ij=12,..n> c1(1) = (g j,1(1))i j=12,..n

then the matrix F'(z) can be represented as follows:

1
ar(l) + —Y(2). (1.11)

F(Z)= )
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From this formula and from the definition of the limiting state matrix Q we have

0 =—a(l), (1.12)
i.e., in the representation of the inverse matrix of (I — zP) the limit matrix Q will

correspond to the term with the coefficient 1 /(1 — z).
From (1.11) and (1.12) we obtain the formula

0= liml(l -2 —zP)" .
—>

In the following we show how to determine the polynomial A(z) and the function
F (2) in the matrix form.

1.2.2 The Calculation of the Coefficients of the Characteristic
Polynomial

Let us consider the characteristic polynomial

n
K =P =M= nX
k=0
It is easy to observe that v, = | — I| = (—1)" # 0. This means that deg(K(\)) = n
and the characteristic polynomial may be written in the following form
KO = (—D)" N —aq N7 — a2 — o — ).
If we assume that g = —1 then the coefficients 14 can be represented as follows
ve= (=" gk, k=0,1,2,....n.

In [44] it is shown that the coefficients oy can be calculated by using 0 (n3) ele-
mentary operations based on Leverrier’s method. This method can be applied for
determining the coefficients oy by the following way:

(1) Determine the matrices
Pr=(pih, ij=12.n k=12...n

where PK = P x P x --- x P;
(2) Find the traces of the matrices P*:

n
§k=tr(Pk)=Zp§-]f;, k=1,2,...,m
=1
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(3) Calculate the coefficients

k—1
1/ _
ay = E(Sk - Iz_lajsk—j), k=1,2,....n

Thus, if the coefficients oy are known then we can determine the coefficients of the
polynomial A(z) = >} BrzX. Indeed, if z € C\{0} then

1 1
P———I’: G4Y%"K(—)
Z Z
n 1 n n
= (D" D = D" D ud =D (=D vt
k=0 < k=0 k=0

=D DDt = Y —andh
k=0

k=0

A(R) =|I —zP| = (=2)"

For z = 0 we have

AQ) = I =1 = —ay.

Therefore, finally we obtain

n

AQR) =D (—ap)*, VzeC.
k=0

This means that

By =—ar, k=0,1,2,...,n.

So, the coefficients O;, k = 0, 1, 2, ..., n can be calculated using a similar recursive
formula
1 k—1 1 k—1
B = —ap = _];(Ek - ZajSkj) = —%(Ek +Zﬂj§k,‘), k=1,2,...,n,
j=1 j=1

Based on the result described above we can propose the following algorithm for
determining the coefficients [Jy:

Algorithm 1.1 Determining the Coefficients of the Characteristic Polynomial

(1) Calculate the matrices Pk = (pl.(f‘/?), L,j=12,...,n, k=1,2,...,m;

(2) Determine the traces of the matrices P :
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sk—tr(Pk)—Zp;k;, k=1,2,...,n;
j=l1

(3) Find the coefficients

k—1

1/ _
Bo=1, 5k=_%(sk+zlﬁjsk—j)s k=1,2,...,n.
j:

1.2.3 Determining the z-Transform Function

Now let us show how to determine the function F'(z). Consider

H'(z) = (z—1)H(2)
and denote N = deg(H'(z)) = n — (m(1) — 1). We have already shown that the

function F(z) can be represented in the following matrix form:

N-1

1 k
F(z)=%2z

k=0

where

l)m(l) IZZkR(k) /l’ i’j:1,2,...,n

We shall use the identity relation I = (I —zP)(I —zP)~! and will make in it some
elementary transformations:

N-1 N-1
S = (I —zP) Y ZR® = Z RO - (PR®)
k=0 k=0
N-1
— R(O) + Z Zk(R(k) _ PR(k—l)) _ ZN(PR(N_l)).
k=1

Let H'(z) = Z X=0 5 zF and let us substitute this expression in the formula above.
Then we obtain the following formula for determining the matrices R®, k =
0,1,2,....N—1:

RO =gsr; R® =pi1 + PR*D, k=1,2,...,N—1. (1.13)

(Vi)
F(Z) - ( 6(Z) )i,j:l,Z,...,n’

So, we have
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where

N—1
k ..
Vij(@) = Z Ri(,j) Kij=12....n
k=0

Based on these formulae we can propose the following algorithm for determining
the matrix Q.

1.2.4 An Algorithm for Calculating the Limit Matrix

Consider

- N=2
H) =Y s Y@= yP& y=a.

Then according to relation (1.11) we obtain

N=2 (k) _k
Vi,j(Z) yz] k= Oyljz .o
= 1](Z) , Lj=1,2,...,n.
0(2) —1 H(z)
This implies

N—1
Vij@ = D RF =y H@ + - D) Zy"" ¢

k=0 k=0
N-1 N-2 N-2
_ K ®) k1 ®)
=iy 2w+ 2 vt = D i
k=0 k=0 k=0
N-1 N-—1
K - ok
= > i+ 2! ZY”
k=0 k=1
N-=-2
0 k—1 k
(voy, i y,(j)) +> (wl jHET =y ,))
k=1

N-2 - .
+(7N ly,]—i—yl(j ))ZN h i,j=12,...,n.

If we equate the corresponding coefficients of the variable z with the same exponents
then we obtain the following system of linear equations:

0 _ (0)
Ri,j —’YOY;TJ' —Vij>

(k) (k—=1) (k) _ —
Ri’ —'yylj—f—ylj =i k=12,....,.N=2, i,j=1,2,...,n,

(N=1) (N-2)
Ri,j = In- lyl]+yl] :
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This system is equivalent to the following system:

o _ ©0)

Yij =70y — R ;.

W =yt Ay V= RN k=12, N2, i =12,
(N=2) (N=1)

Yi.j = "Tn- ly!j+R :

Here we can observe that there exist the coefficients ugk.) () cCk=0,1,2,.

l‘]7 l]
N—-2,i,j=1,2,...,n,such that

(k) (k) %

W =ulyr o) k=012, N=2 i j=12...n

i,j’
From the first equation we obtain

u”) v =R, i j=1.2
[’ 9 9 - b 9.

=00 V= LN

From the next N — 2 equations we obtain

kl kl k

k=1,2,...,N—2, 1,]:1,2,...,11

which involve the recursive equations

®) _ k=D

uf = w4y 0 =0 VRN k=12, N2 =12,

i,j i,j i,j lj

We obtain the direct formula for the calculation of the coefficients:

U i,j

r=0

k
u ="y o = ZR(” k=0,1,2,....N—2, i,j=1,2,...

23

’

,n.

If we introduce these coefficients in the last equation of the system then we obtain

(N=2) x (N=2) (N=1)

Ui, j le+U = "In- 1ylj+R , Lj=1,2,...,n
N—-1
©MZ%—ZR§’}, =12
r=0
N—1
>R
* r=0 J Rl,] .
@ yl.] = —1 = H(l)’ l’.] = 1729 1n1
W
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where R; j = )" R} i, j = 1,2,.... n. Finally, if we denote R = (R; j)nxn
then we obtain:

1

(1.14)
Based on the result described above we can describe the algorithm for determining
the matrix Q.

Algorithm 1.2 The Determination of the Limit Matrix Q

(1) Find the coefficients of the characteristic polynomial A(z) = ZZ:O ﬁkzk using
Algorithm 1.1;

(2) Divide m(1) times the polynomial A(z) by z — 1, using Horner’s scheme and
find the polynomial H (z) that satisfies the condition H (1) # 0. At the same
time we preserve the coefficients 3, k = 0,1,2,..., N of the polynomial
(z — 1)H (z) obtained at the previous step of Horner’s scheme;

(3) Determine H (1) according to the rule described above;

(4) Find the matrices R® k=0, 1,2,..., N — 1, according to (1.13);

(5) Determine the matrix R = Z,ICV:_OI R®:;

(6) Calculate the matrix Q according to formula (1.14).

It is easy to check that the running time of Algorithm 1.2 is O (|X|*). Indeed, step
(1) and step (4) of the algorithm use O (| X 1) elementary operations and each of the
remaining steps uses in the worst case O (| X|?) elementary operations.

Below we give some numerical examples which illustrate the main details of the
algorithm described above.

Example 1 Consider the discrete Markov process with the stochastic matrix of prob-
ability transitions

We have already noted that

P2t — 1 0 , P2t+1 — 0 1 , V¢ > O,
0 1 1 0

i.e., this Markov chain is 2—periodic. So, for the considered example lim;_, », P’
does not exist.

Nevertheless we can see that the matrix Q exists and it can be determined by
using the algorithm described above. If we apply this algorithm then we obtain:
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0 1 10
P= , P*= ;
10 0 1

5i=t(P)=0, 5 =t(P?)=2;

(1) Find

1
Bo=1 pi=-51=0, p[r= —5(32 + fis1) = -1

(2) Divide the polynomial 327> + 31z + o by z — 1 using Horner’s scheme

=

1{-1|-1
1{—1{-2

andobtainm(1) =1, N =2; 5=1,08{ =0, =-1l:v=—1,7 =—1.
(3) Determine

H() = +m = -2,

(4) Calculate

RO == ") rv=pgierro=(° 1)
0 1 10
10 0 1 11
R=RO +RM = + = :
0 1 10 11

(6) Determine
1 /1 1 0.5 05
H(D) 2\1 1 0.5 05
In such a way we obtain the limit matrix
0.5 05
Q= :
0.5 05
Note that the considered process is not ergodic in the sense of the definition from
[114, 140] because the matrix P’ contains zero elements V¢ > 0.

(5) Find
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However, the limit matrix exists and the rows of this matrix are identical. As we
have already shown the vector of the limiting probabilities 7* = (0.5, 0.5) can also
be found by solving the system of linear equations (1.5).

Example 2 Consider a Markov process with the stochastic matrix

0.5 05
P= .
04 0.6
It easy to observe that here we have an ergodic Markov chain. We can determine the

matrix Q by using our algorithm.
In the same way we determine

0.5 05 ) 0.45 0.55
P = , P°= ;
0.4 0.6 0.44 0.56
51=t(P)=05+06=1.1, 5 =tr(P?) =0.45+0.56=1.01;

1
Bo=1, f1=-51=~1.1, [h= —5(52 + 5151 =0.1.

Using Horner’s scheme

0.1{—1.1|1
1{0.1|—1 |0
1{0.1{—-0.9

we obtain

Bi=1, 8 =—11, B5=0.1; yo=—1, 31 =0.1; H(1)=70+m =—0.9;

RO _ 51— 10 RO 14 pRO 0.6 0.5 |
0 1 04 —0.5

I 04 05 oo L 4 5
B “\o4 05) ° HO 9\4 s5)

Finally we obtain

1

Il
Ol s~ O~
O L O W

The rows of this matrix are the same and all elements of the matrix P’ are non zero if
t — 00. S0, this is an ergodic Markov chain with the vector of limiting probabilities
7™ = (4/9, 5/9). As we have shown this vector can be found by solving system (1.5).
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Example 3 We consider a Markov multichain with the stochastic matrix of probability
transitions

~

I
W= O =
W= o O

W= = O

In this case the solution of the system of linear equations (1.5) is not unique. If we
apply the proposed algorithm we can determine the matrix Q. According to this
algorithm we obtain:

1 0 O 1 0 O 1 0 0
p—|0 1 0] p2_JO 1 0| p_|O 1 0|,
1 1 1 4 4 1 13 13 1
3 3 3 9 9 9 27 27 27
S=uP) =L, H=uP)= 1 H=uP)=2: =1
S| =tr =—, S)=tr =—, S3=1r = —; =1,
1 3 2 9 3 77 0
_ 7 52+ B151 5 53 4 G152 + (251 1
B =—51= 3 B2 = > =3 B3 = 3 =-3
If we apply Horner’s scheme
Y N A
3| 3 3
T e BT I
3| 3
1
11— 1 0
3
-t 2
3 3
then we obtain
* * 4 * 1 2
By =-1, ﬂ1=§, ﬁ2=—§; Y=1 7=-1/3 H(1)=70+71=§;
-1 0 0 1/3 0 0
RO=pgsr=1 0o -1 o, RV =p714PRY = 0 1/3 ;
0 0 -1 -1/3 —-1/3 1
—-2/3 0 0 | 1 0
R=RO 4+ RM = 0 —-2/3 0|; 0=—-——FR= 0 1

H(l)
~1/3 —1/3 0 12 172
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So, finally we have

1 0 0
0= 0 1 0
/2 172 0

In this case all rows of the matrix Q are different. It is easy to observe that for the
considered example lim;_, o, P’ = Q exists.

Finally, we can remark that the proposed approach also allows to determine the
differential components of the matrix 7 (¢).

1.3 An Algorithm for Determining the Differential Matrices
in Markov Chains

Now we show how to use the method from the previous section for determining
the differential components of the matrix 7 (). We propose a simple modification
of this method that allows us to calculate all components of the transient matrix in
the case if the roots of the characteristic polynomial are known. So, if there exist
efficient algorithms for determining the roots of the characteristic polynomial then
the differential components of the matrix 7 () can be determined efficiently by using
algorithms similar to the algorithms from the previous section. We show that if the
roots of the characteristic polynomial are known then the differential matrices of the
matrix 7'(¢) can be calculated by using O (| X ) elementary operations.

1.3.1 Determining the Differential Matrices Based on
the z-Transform

To formulate the algorithm for determining the differential matrices we shall use the
relationship between the coefficients of the matrix P (f) = P’ and the corresponding
coefficients of F(z) in the formulae (1.9), (1.10). An arbitrary element p; ; () of the
matrix P(t) = P’ represents the probability of the system to reach the state x j from
x; using ¢ transitions. The corresponding coefficients in the formulae (1.9), (1.10)
have the same sense and, therefore, we obtain that an arbitrary element p; j (1) of the

matrix P(r) can be expressed by the formula

m(y)—1
_ t ..
pi,j(t) = E E —Bijk(y), Vt>deg(Bij(2), i,j=12....n,
yeC\D k=0 Y

where D = {z € CJ||I —zP| # 0}, Bi,jx(y) € C,Vy € C\D, k =
0,1,2,...,m(y) — 1, m(y)—is the order of the root y of the polynomial A(z) =
|l —zPland B; ;(z) isapolynomial of degreelessorequalton—1,i, j = 1,2, ..., n.
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If we denote B () = (3, k("); ;o ¥y € C\D, k =0,1,2, ..., m(y) — 1,

then
m(y)—1 i

— t
Py= > > yﬁk(y), Vi > n. (1.15)

yeC\D k=0

As we have shown C\D consists of the set of inverses of the nonzero proper values
of the matrix P, where the order of each element is the same as the order of the
corresponding proper value. This means that (1.15) gives the components of the
matrix P (r) with respect to proper values of the matrix P. Thus, if we determine
these components then we find the limit and differential matrices in a Markov chain.

We have already described the algorithm for determining the stationary compo-
nents of the matrix P (r) in the previous section. In the following we show how to
determine all matrices Sy (y) from (1.15). To develop such an algorithm we shall use
some properties of the linear recurrent equations.

1.3.2 Linear Recurrent Equations and its Main Properties

Consider an arbitrary set K on which the operations of summation and multiplication
are defined. On this set we consider the following relation

m—1

an = ZCIkanflfk» Vn = m, (1.16)
k=0

where gy are given elements from K. A sequence a = {a,},2, is called the linear
m-recurrence on K if there exists a vector ¢ = (qk)Z:()l € K™ such that (1.16)
holds. Here we call g the generating vector and we call I,Ela - (an)gz_ol the initial
value of the sequence a. The sequence a is called the linear recurrence on K if there
exists m € N* (N* = {1, 2, ...}) such that the sequence a is a linear m-recurrence
on K. If g,,—1 # O then the sequence a is called non-degenerated; otherwise it is
called degenerated.
Denote:

Rol[ K |[m]—the set of non-degenerated linear m-recurrences on K;

Rol[ K ]—the set of non-degenerated recurrences on K ;
G[K][m](a)—the set of generating vectors of length m of the sequence a €
Rol[K][m];
G[K](a)—the set of generating vectors of the sequence a € Rol[K].
In the following we will consider K as a subfield of the field of complex numbers C
and a = {a,}72, € C.

We call the function G4 : C — C, Gld(z) = Zf;o a,z", the generating
function of the sequence a = (a,);>, < C and we call the function GE“] :C— C,
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Gga](z) = Z;;lo anz" the partial generating function of order t of the sequence
a = (an)2, S C.

Let a € Rol[K][m], ¢ € G[K][m](a). For this sequence we will consider the
characteristic polynomial A%](z) =1- zG%](z) and the characteristic equation
A,[,‘f ](z) = 0. For an arbitrary « € K* we also call the polynomial A,[g,]a () =
aAL‘f ](z) characteristic polynomial of the sequence a. We introduce the following
notations:

A[K][m](a)—the set of characteristic polynomials of degree m of the sequence
a € Rol[K];

A[K](a)—the set of characteristic polynomials of the sequence a € Rol[K].

If we operate with arbitrary recurrence (not obligatory non-degenerated) then for the
corresponding set we will use similar notations and will specify this with the mark “*”’,
i.e., we will denote respectively: Rol*[K][m], Rol*[K], G*[K][m](a), G*[K](a),
A*[K][m](a), A*[K](a). We shall use the following well known properties:

(1) Let: a € Rol[K[ml, q € GIKIml(@), AW(2) = [12)(z — 2%, 2 #
2 Vi # J.
Thena, = Ljy - (BHT)~ - (BYNT, ¥n e N (N={0,1,2,...}),

where ﬁl.[a] = (Tl—lj)
2y J k=0,p—1, j=0,5.—1
il if 2 + j2 £ 0,
= i eN, Bla=@glhnl
1ifi=j =0,
(2) If a is a matrix sequence, a € Rol[M, (K)][m] and g € G[M,,(K)][m](a), then
a € Rol*[K1[mn] and |I — zG(2)| € A*[K1lmn](a).

s

1.3.3 The Main Results and an Algorithm

Consider a matrix sequence a = (F(t))toio. Then it is easy to observe that the follow-
ing recurrent relation a;, = Pa,_1, V¢t > 1 holds. So, a belongs to Rol[M,(R)][1]
with the generating vector ¢ = (P) € G[M,(R)][1](a). Therefore, according to
property (2) from Sect. 1.3.2 we have a € Rol*[R][n] and A(z) € A*[R][n](a).

Letr = deg A(z) and consider the subsequence a = (F(t))fin_r of the sequence
a. We have a € Rol[R][r] and A(z) € A[R][r](a). For the corresponding elements
this relation can be expressed as follows: @; ; € Rol[R][r], A(z) € A[R][r](@;,;),
i,j=12,...,n.

According to property (1) from Sect. 1.3.2 we obtain

Pi () =aijt) = a;jt —n+r)
= 1B By, =12 n, Ye=n—r, (117)
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where

k
t

5 = (_t) L B=) e =1 (118)
y k=0,m(y)—1;yeC\D

for t > 0. Therefore, we can determine the initial values of the subsequences a; ;,
i,j=12,...,n

[ai, ;] .
L = @i 02y = (@i j 02, = Bi (O} Zypr i j=1.2,....n.

(1.19)
If for y € C\D we denote
lai, ] - ..
LB = (i jd O =gy B d = 12,..m, (1.20)
then formula (1.17) can be represented in the following form:
m(y)—1 l
_ (t—n+r)
Pi= > > e g )
yeC\D s5=0
m(y)—1 1
= > DD Clor—n'Ty ’mmy)
yeC\D s=0 k=0
my =1 gk m)=1
= > Z Z Cror—n) ™Y i 11 (y)
yeC\D k=0
m(y)—1 k
= Z Z 5l,k(y) i,j=1,2,....n, Vt>=n—r (121)
yeC\D k=0
where
=l -
5i,j,k()’) =y z C[ (r_n) ’Yi,j,l(y)a (122)

VyeC\D, k=0,1,2,....m(y)—1, i,j=1,2,....n.

If we rewrite the relations (1.21) in the matrix form then we obtain the representation
(1.15) of the matrices FGx(y) (y € C\D, k = 0,1,2,...,m(y) — 1), i.e., these
matrices can be determined according to formula (1.22).

Based on the results above we can describe the following algorithm for the decom-
position of the transient matrix:

Algorithm 1.3 The Decomposition of the Transient Matrix

Input Data: The matrix of the transition probability P.
Output Data: The matrices Bk (y) (y € C\D, k =0,1,2, m(y) — 1).
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1. Calculate the coefficients of the polynomial A(z) for the matrix P using the
algorithm from Sect. 1.2 (the algorithm based on Leverrier’s method [44]);

2. Solve the equation A(z) = 0 and find all roots of this equations in C; then
determine C\D;

3. Determine the order of each root m(y) of the polynomial A(z) (the order of
each root can be found using Horner’s scheme; m(y) is equal to the number of
successive factorizations of the polynomial A(z) by (z — y), Vy € C\D);

4. Calculate the matrix B using formula (1.18);

5. Determine the matrix (B7)~1;

6. Calculate the values Cf, 1 =0,1,2,...,max,cc\pm(y) — 1, k =0,1,2,...,
[, according to Pascal’s triangle rule: CZO = Cll =1, Clk = Clk__l1 + Clk_1
k=1,2,...,1—1);

7. Find recursively (r — n)l, 1=0,1,2,...,maxycc\pm(y) — 1;

8. Foreveryi, j =1,2,...,n do the following steps:

a. Find the initial value I,[ai’j ! according to formula (1.19);

b. Calculate the valuesv; j;(y),y € C\D, [ =0, 1,2, ..., m(y)—1, according
to (1.20);

c. For arbitrary y € C\D, k = 0,1,2,...,m(y) — 1, determine the coeffi-
cients 3; ; x(y) of the matrix S (y) using formula (1.22) and the parameters
calculated in the steps 6, 7.

1.3.4 Comments on the Computational Complexity
of the Algorithm

The proposed algorithm can be used for determining the differential matrices in
the case if the characteristic values of the matrix P are known. Therefore, the
computational complexity of the algorithm depends on the computational complexity
of the algorithm for determining the characteristic values of the matrix P.

If the set of characteristic values of the matrix P is known then it is easy to observe
that the running time of the algorithm for determining the differential matrices is
O(n*). We obtain this estimation of the algorithm if we estimate the number of
elementary operations at the steps 3—8 in the worst case.

Note that the matrix (3p(1) corresponds to the limit probability matrix Q of the
Markov process and, therefore, this matrix can be calculated using O (n4) elementary
operations.

So, based on the results described above we may conclude that the matrix P(1)
can be represented as follows

m(y)—1 k

PO= > > K=, Viza—r

yeC\D k=0 Y

Fort=0,1,2,...,n —r — 1 this formula can be expressed in the form
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m(y)—1 k
PO =LO+ D > B (1.23)
yeC\D k=0 Y

where L(¢) is a matrix that depends only on ¢. If the matrices FGx(y), Vy € C\D,
k =0,1,2,m(y) — 1, are known then we can determine the matrices L(¢) from
(1.23) taking into account that P(r) = P!, Vt > 0.

In [47] it is noted that the matrices L(¢), t =0, 1,2, ...,n—r —1,and Gk (y), for
eachy € (C\D)\{1}, k =0,1,2,...,m(y) — 1, are differential matrices, i.e., the
sum of elements of each row is equal to zero. The unique non-differential component
in the representation (1.23) is the matrix y(1); the remaining matrices ¢ (1), k =
1,2,...,m(1l) — 1, are null (see [72]).

1.4 An Algorithm for Determining the Limit and the
Differential Matrices

The results from the previous sections can be used for a simultaneous calculation of
the limit and the differential matrices in a Markov process. We propose a modification
of the algorithms from the Sects. 1.2 and 1.3.3 that allows us to determine the limit
and the differential matrices in the case if the proper values of the characteristic
polynomial are known.

1.4.1 Some Auxiliary Results Concerning the Representation
of the z-Transform

Let us consider the method for determining the matrix F(z) = (I — zP)~! from the
previous section with a simple modification: In the calculation procedure we will not
divide F(z) by (z — 1)"~1,

Then it easy to observe that

n—1

1
— (k) k
F(z) = Q) Z R*™z", (1.24)

where the matrix-coefficients R®, k = 0, 1,2, ..., n—1, are determined recursively
according to the formula

RO =pgy1; R® =p0+PR*V, k=12 ... n-1 (1.25)

and the values G, k = 0, 1,2, ..., n, represent the coefficients of the polynomial
A(z) calculated according to the algorithm described above.

As we have shown in Sect. 1.2 the elements of the matrix F(z) can be represented
by the following formula
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m(y)

i jk(y) .
Fij()=Bij()+ Z LI T b=l (1.26)
yeO\D k=1 &7

In the general form the relation (1.26) can be written as follows

(2
9:/) i,j=1,2...,n, (1.27)

Fi j(z) = B; j(2) + TORE

where Q; j(z) € Cl[z] and deg(Q;,;(z)) < deg(A(x)) =r,i,j=1,2,...,n
If we write the equality (1.24) for each element and after that we make the corre-
sponding substitutions in (1.27) then we obtain the formula

ZR(k)Zk =B (AR + Qi @), i,j=12....n

So, Bi j(z) = >0 - bijxz* and Q; j(z) = ZZ;(]) qi,j k2" represent the quotient
and the rest, respectively, after the division of the polynomial ZZ;(% Rf?zk by A(z).
Therefore, the polynomials B; ;(z) and Q; ;(z) can be found by using the procedure
described below.

Calculation procedure for determining
the polynomials B; j(z) and Q; j(z), i,j=1,2,...,n
e Fori,j=1,2,...,ndo:
~ gk =R k=012 n-1
e Fork=n—-1,n-2,...,rdo:

i, j.k

Br
— Gi,jh—t =qi jk—t —bi jk—rBr—, t=0,1,2,...,r

= bijk-—r=

1.4.2 Expansion of the z-Transform with Respect to Nonzero
Characteristic Values

Let € C\D, m(u) =m (u~' be a nonzero characteristic value of the matrix P
and assume that the order of this characteristic value is m). According to the formulae
(1.26), (1.27), for the separated root i we have

m(y)

Qi,j(Z) i (67 ]k(M) Q; ]k()’) ..
= —+ E E — i,j=1,2,...,n. (1.28)
4@ @ edDnp i €Y
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Let A(z) = (z — )" D(z), D(z) = > j_{ dxz* and denote deg(D(z)) = M. The
relation (1.28) can be written as follows:

Qi@  Gijk)  Ei;@)
A @—w™ D@’

i,j=12,...,n,

M-1 -1 .
where E; j(z) = Dy e ki Gij(2) = Dho gijk2d* € Clzl, i, j =
1,2,...,n

Making an elementary transformation we obtain

0i,j@) =G @D+ E j@—w", i,j=12,...,n.

By the expansion (z— )™ = >}, C ,’; (— )™ *z¥ and then introducing the notation
Ek)y = CK(—w)7*, k=0,1,2,...,m we have

=" =D Cp (=" = Em)™"' D et

k=0 k=0
Now for our relation we make the following transformations:

r—1
> gt = Zg”kz Zdzz + (€0m)~ ‘Zemz Zf(k)z
t=0

=~
(=}

S
L

I
M=

m M-—1
9i.j ki + €)D" Ekyer i
k=0 =0

~
Il
o
~
Il
o

> gijkdi+ Em)T" D ke

Il
~ ~
|M|
L
2]
L

= k+I1=t k+I1=t
0<k<m-—1 0<k<m
0<i<Mm 0<i<M-—1

Equating the corresponding coefficients in this formula we obtain

Gijuo= D, dickgijk+EmNT" D L —Deij

0<k<m—1 O=l=t
0<t—k<M t—m<I<M—1
m—1

= Z di—lo<x<my(t — k) gi, j .k
k=0

1
+ €)' D = DIy mee<m-—yDeiji1,
=0
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where 14 (x) is the index of the set A: I4(x) =1, Vx € Aand I4(x) =0, Vx ¢ A.
Now we observe that for r < M — 1 the formula above can be written in the
following form:

m—1 t
Giji = D ditlp=n(K)gijx + Em) D& = Dlpzi—myDei j1
k=0 [=0
m—1
=D di i I<y(K)gi ik
k=0
-1
+(Em))~! (ei,j,z + Zﬁ(i - l)I{th—m}(l)ei,j,l)~
1=0
This involves
m—1
ei jr = &(m) |:Qi,j,t = > di i< () gi jk
k=0
t—1
—(Em)~' > e - l)I{x>t—m}(l)ei»fJi|‘
1=0

So, finally we obtain the following expression

m—1
€ jt =W jr+ Zx,’kgi,j,k, t=0,1,2,....M—-1, i,j=1,2,...,n.
k=0

In the following we will determine the coefficients w;_ ; , and x; x from the expression
above.
Then we have

m—1 m—1
eiji = Wijr+ Z Xk 9ijk = §(m)gi,jr — Z Em)d;—i Iix <1y (K) gi, j k
k=0 k=0
t—1 m—1
=D&t = DIixzi-my () [wi,j,z + > xux gi,j,ki|
1=0 k=0

t—1

|:€(m)6h',j,t - Zf(f - I)I{x>t—m}(l)wi,j,l:|

=0

t—1

m—1
+ Z gi,j,kI: —&m)d; il <ry (k) — Zf(l - l)I{xzt—m}(l)xs,k:|'
k=0

[=0
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So, we obtain

t—1

Xk = —§m)d; i lx<n (k) — >, E(t —Dxpk,
I=max{0, r—m}
k=0,1,2,...,m—1;

—1

wi jr = &§mM)qijr — > £ —Dwj ji,

[=max{0, t—m}

t=01,2,... . M—1, i,j=12,....n

(1.29)

In the case t > M we obtain the following transformations

m—1
gi.jt = Zdtka{OSXSM}(t —K)gij.k
k=0
M—1 m—1
+Em) T D = DIezi-my () [w,-, REEY gi,‘,,k}
1=0 k=0
M—1
= (€)' Dt = Dlpezi—myDwi jg
=0
m—1
+ Z Ji,jk |:dtk1{0§x§M}(f —k)
k=0
M—1
+Em)NT DL - Z)I{x>t—m}(1)xl,ki|-
1=0

This involves
m—1
Dk Gigk=Siga. t=M.M+1,...r—1 i j=12_...n (130
k=0

where

M—1
rok = diklosx=my(t —K) + Em)~" D £ — Dy

[=max{0, t—m}
M—1

Sija=dqijc— Em)NT" D> L —Dwij, k=0,1,2,...,m— 1.
[=max{0, r—m}

(1.31)

The results described above allow us to determine the values o; jx(u), k =
1,2,....,m,i,j=1,2,...,n. Indeed, according to formula (1.28) we have

Gij(@ a1 & o
(z—mm Z G-k G- kzaz,],k(u)(z W

k=1 =1
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If we express this formula in a more detailed form then we obtain

m—1 m—1
Zg,,zz —Za,,k(uxz—mm = jmk ()@ — )
k=0
—Za,,m k(mZCk( e
k=0
m—1 —

= Z i jm—k (W Cp (=)

=l k=l
So, we have
m—1
gija =D Cho=p* i jmi(), 1=0.1,2,....m—1, i j=12 . .n
k=s

If we substitute the expression g; ;; in (1.30) then we obtain
m—1 m—1
Si,ji = Z Ttk Z Cl (=)' ai jm—1(p)
= Zal,m z(u)ZC,( 'y
1=0

m m—l1
Z i ja () D Co (=)™
k=0

la,jl(,u) t=M,M+1,....,r—1, i,j=1,2,...,n,

i Ms T

where

m—

Z e R =M M =1, s =12, m

(1.32)
The solution of the system is

aij() = (RN 'S, i j=1,2,....n, (1.33)
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where

ai (1) = (i ju)—r)" - Sij = (ij)—ir=)"
and

* * .
R —(rz,l)z:M,r—l, =1,

1.4.3 The Main Conclusion and the Description
of the Algorithm

In Sect. 1.2.1 we have introduced the complex functions v (z) = (1 — z)_k ,Vk > 1
that satisfy the recurrent relation vx41(z) = dk(z)/ (kdz) , Vk > 1. In addition, we
have shown that v (z) = > 72 Hk—1(t)z", Vk > 1, where the coefficient Hy_ (¢)
is a polynomial of degree less or equal to kK — 1. Moreover, the calculation formula
for the elements (3; j «(y) and the corresponding matrices

m(y)—1

Wi iD= > (=0 ji WH@), Yy eC\D, i,j=12....n
k=0

have been obtained.

Let Hy(1) = > X o u#!, ¥k > 0. Then
d & i i
Ver1(2) = 1> Hie (02 = 3 D tHe (0= 2 3 (1 + D Hi (1 D7
t=0 =1 =0

and we obtain

1 1 -
Hi(@0) = 2+ DH1 (641D = 2+ 1D Zu}"*”a +1)
I+1

k—1
1
(k=1) I+1 (k=1)
=%§ up @+ D =—§ EC,Ht

=0 =0

1k—1 I+1
- zZuf"‘”(l + ZC{HH)
Z g Zt > ik

=1 I=l-1
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This means that

(0) — 1
1 k=1 1k1
ué’”—zz w0 <k> Z Cz+1 WV k> 1, j=1,2,... k.

(1.34)
We obtain a formula for calculating the elements of the matrices for the expressions

m(y)

51!1”(()})_[:%»1( y) al]l(y)u ’ (135)

yeC\D, k=0,1,2,....m(») —1,i,j=12,....n.

Based on the results described above we can use the following algorithm for deter-
mining the limit and the differential matrices in a Markov chain:

Algorithm 1.4 Determining the Limit and Differential Matrices

Input Data: The matrix of the probability transitions P.
Output Data: The matrices O (y) (y € C\D, k=0,1,2,...,m(y) — 1).

1-3. Do steps 1-3 of Algorithm 1.3;
4. Calculate the matrices R®), k = 0, 1,2, ..., n—1,according to formula (1.25);

5. Find the values ¢g; j, k = 0,1,2,...,r — 1,i,j = 1,2,...,n, using the
calculation procedure described in Sect. 1.4.1;

6. Calculate Cf, s =1,2,...,max,cc\p m(y), k=0,1,2,...,s, using Pas-
cal’s triangle rule;

7. Determine ui»k), k=012,... maxyec\pm(y) — 1, j = 0,1,2,...k,
using formula (1.34);

8. For every u € C\D do the items a—g:

a. Determine the values (k) = Cf;(—,u)_k, k=0,1,2,....,m (m =m(w));

b. Determine the coefficients dix, k = 0,1,2,...,r — m, using Horner’s
scheme;

c. Calculate the values x; 4, t=0,1,2,.... M —1,k=0,1,2,...,m — 1,
according to (1.29);

d. Calculate the values ry y,t =M, M+1,...,r—1,k=0,1,2,...,m—1,
using formula (1.31);

e. Determine the elements of the matrix R* according to the relation (1.32);

f. Determine the matrix (R*)~! using known numerical algorithms;
g. Fori,j=1,2,...,ndotheitems g;—g4 :
g1. Calculate the values w; j;,t =0,1,2,..., M—1, according to formula
(1.29);
g2. Calculate the values s; j,, t = M, M +1,...,r — 1, using formula

(1.31);
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g3. Determine the vector «; (1) according to relation (1.33);
g4. Calculate the elements 3; ; x (u) of the matrix Gx(u), k =0,1,2, ...,
m(p) — 1, according to formula (1.35).

It is easy to observe that the computational complexity of this algorithm is similar
to the computational complexity of the algorithm from the previous section. If the
characteristic values of the matrix P are known then the algorithm finds the limit and
the differential matrices using O (n*) elementary operations. Note that this algorithm
can be applied if the set (or a subset) of characteristic values of the matrix P is known.
In this case we use the set (or the subset) C \ I of the inverse nonzero characteristic
values; the algorithm will determine the corresponding matrices which correspond
to these characteristic values. The computational complexity of the algorithm in the
case of unknown characteristic values depends on the complexity of the algorithm
for determining the roots of the characteristic polynomial.

1.4.4 Numerical Examples

We will illustrate the details of the proposed algorithms for periodic as well as for
aperiodic Markov chains.

Example 1 Let a Markov chain with the following transition probability matrix be
given

1 0 0
P=1]0 0.5 05
05 0 0.5

and consider the problem of determining the limit matrix and the differential com-
ponents of the matrix P (¢).

At first we apply Algorithm 1.3.

Step 1
Calculate the coefficients of the characteristic polynomial. Thus, we find

1 0 0 1 0 0
P =1025 025 05 |, P*=]05 0.125 0375 |:
075 0 0.25 0.875 0 0.125

Si=ttP =2, sh=tP?=15 s3=uP> =125
and determine

Bo=1, p1=—51=-2, fo=—(2+5;51)/2 =125,
B3 = — (53 + 152 + (3251)/3 = —0.25.
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Steps 2-3
Find the roots of the equation A(z) = 0 and the set C\D:
3
A@R) =D fdh =1-20+1.252% 0252 = (1 — (1 — 0.52)%,
k=0
C\D={zeClA() =0} ={1,2}, m()=1, m2)=2, r=n=3.

Step 4
Find the matrix B:

By =(1,1,0), B, =(1,0.5,0.5),

11 0
B, =(1,025,05 = B=|1 05 05
1 025 05
Step 5
Calculate (BT)~!:
1 0 -2
BH1=]-4 4 6
4 —4 -4

Steps 6-7
Find the coefficients Cf using Pascal’s triangle rule:

cg=Cc)=ci=1, ¢r-n’=0"=1, ¢-—-n'=0"=0.

Steps 8a—-8b

Determine 1,/

]
and ;.1 (y):

10 -2
ra=0""@H"'=u1,)| -4 4 6]|=(,00),
4 —4 —4

Iz =(0,0,00(B")"" = (0,0,0),

Iz =(0,0,00(B")"" = (0,0,0),

Ny =(0,0,025BNH"1=1,-1,-1),
Do =(1,0.5,0.25(BT)~1 = (0, 1,0),
N3 =(0,05,05(B7)"!=(0,0,1),
I3 =(0,0.5,075(B"H~ =1, -1,0),
I35 =(0,0,00B")"" =(0,0,0),

33 =(1,0.5,0.25(BT)~! = (0, 1,0).
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Step 8c
Find the coefficients 3; ; x(y) for the limit and the differential matrices by using the

formula:
m(y)—1

Bijk = D 075y 500 =ik
1=k

forye C\D,k=0,1,2,...,m(y)—1,i,j=1,2,3.
Based on this formula we obtain

1 0 0 0 0 O 0 0 O
G=[1 0 0|, so@=|-1 1 0|, sr=|-1 0 1
1 0 0 -1 0 1 0 0 O
So, the matrix P () can be represented as follows:
1 0 0 0 0 0 0 0 0
— N\’ 1\’
PHy=11 0 O+ -1 1 O 5) +1 -1 0 1 I(E) (1.36)
0 0 -1 0 1 0 0 0
because \ = 1/2.
If we apply Algorithm 1.4 for Example 1, then we obtain: Steps 1-3
Repeat the steps 1-3 of Algorithm 1.3 and find:
1 0 0 1 0 0
P2=1025 025 05 |, P’=]05 0.125 0375 |;
0.75 0 0.25 0875 0 0.125
Bo=1, Br1=-2, p=125 [ =-0.25;
C\D={1,2}, m(hH)=1, m2)=2, r=n=3.
Steps 4-5
Find R® and g; jx:
1 0 O —1 0 0
RO =p,7=10 1 0 RY=3I+PRO=]| 0 -15 05],
0 0 1 0.5 0 —1.5

025 0 0

RP =31 +PRD=| 025 05 -05]|;
-025 0 0.5
Gijk = R}ﬁ?, i,j=1,23 k=0,12.
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Steps 6-7

Calculate C¥ and ul(k):

AA=cl=c=c3=1 cl=c)+cl =2 v =u =u =1

Step 8
For ;1 = 1 and ¢t = 2 do the items a—g: If we fix ;# = 1 then we have

8) m=mpw=1, M=r—-m=2, xi(0)=1, xi(l)=-1.
L

Based on Horner’s scheme we obtain

—025(1125]| -2 1
1 ]1-025]1 —-110

= do = —1, dy = 1, do = —0.25.

Then we calculate

x0,0 = —§(Mdo = —1, x10=—EMD)d1 — {(D)xp,0 =0;
ra0 =dy —&(1)xp0 = —0.25, }’;] =r0 = —0.25;

R* = (=0.25); (R*)~! = (—4):

Wi j 0= —4qij0= —R,-(,Oj), Wi j 1= —qij1+Wij0= —R;,O; - Ri(,]j), i,j=12,3;
025 0 O
(5i,j.2)3x3 = (@i, j.2 — Wi, j,1)3x3 = (Rf?,-) + Rl-(,lj) + Rff,?)3x3 =1025 0 0];

025 0 O

-1 0 O

(0, j(1)3x3 = —4(si j2)3x3 =] -1 0 0];

-1 0 O
1 0 O 1 0 0
Bi,j,0(3x3 = (—a; j(MD)3xz=]1 0 0 = B(H=|1 0 0
1 0 O 1 0 O

If we fix © = 2 then we have
8) m=mu =2, M=r-m=1; £0)=1, &1)=-1, £2)=0.25.

Find the coefficients d; using Horner’s scheme

—0.251.25|-2 | 1
2 1-0.25(0.75|—=0.5| 0 | = do = 0.25, d; = —0.25.

2 1-0.25]0.25| 0
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Then we calculate

x0.0 = —€£Q)dy = —0.0625, x0.1 =0; r1,0 =0, 1.1 =0.25, ra 9= —0.0625,
ran=—025=rf =025, rf,=0, rj =-0.125 r},=—0.0625

o 025 0 o~ 4 0
—0.125 —0.0625 -8 —16

©
l’.]

0 1

w; j,0 = 0.25¢g; j o = 0'25Ri(,j); Sij1=4qij1+4w;jo=R" + Ri(,j)7
(0) ()
R+ R

2) (0) L] L]

Si,j2 =4qi,j2 — Wi jo= R" P — 0.25R" =S =

" " R —0.25R)

4R") + 4r"
= ;,j(2) = (RS, = O ol o | Bi=123
—4R") — 8R") —16 R,
0 1 2
Bi.j.0(2) = =0.50;,;,1(2) + 0.250;,;2(2) = —3R] ]? — 4R} j) — 4R j),
0 1 2 .o
Bij1(2) = 0.250; j2(2) = —Rl.(’j) - 2R§J? - 4Rl.(’]?, ij=1,23;

0 0 O 0 0 0
= Hh@=[-1 1 0|, Aa@=[-1 01
-1 0 1 0 0 O

So, we obtain formula (1.36).

Example 2 Leta?2-periodic Markov process determined by the matrix of probability

transition
0 1
P = be given.
1 0

Consider the problem of determining the limit and the differential components of the
matrix P (t).

At first we apply Algorithm 1.3.
Steps 1-3
Find the characteristic polynomial A(z) = 0 and the set C\D in a similar way as in
Example 1:

, (1 0 _ ~ ) ~
=, ) Si=uP=0 H=uPP=2= =1 f=-5=0

2
Bo=—G2+Bis1)2=-1 = A@Q) = fF=1-22=1-2)(1+2),
k=0
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ie.,
C\D={zeClA@=0}={1,—-1}, m(h)=m(-) =1, r=n=2.

Steps 4-5
Find the matrices B and (BT)~!:

11
Bo = (1. 1), ovﬁlz(l,—l):h(l _1),
05 05
T\—1 _
(B%) _(0.5 —0.5)'

and ; ;1 (y):

Steps 6-8

Determine ¥, 1}"/!

cd=1, ,( Y=00=1;, n T 1,0) 05 03 0.5, 0.5)
= 3 3 r—n = = ; = = ) = D, . ,
0 hET A2 05 —05

I I 0, 1) 0505 0.5, —0.5)
2Rt = YN os —os) T T

L (05 03 NV ACEREE
= P =1 s os5) D=\ o5 o5)

So, we obtain the following formula for the matrix P(t):

+ 0.5 05 0.5 -0.5 b 137
t) = —1)". .
© 0.5 05 * -0.5 0.5 ( (137

Now we apply Algorithm 1.4 for Example 2.
Steps 1-3
Repeat the steps 1-3 of Algorithm 1.3 and find

, (10
P = 0 1 P 60217 ﬁlzov ﬁ2=_1

= A =1-22=1-2(1+2)
= C\D={l,—-1}, m(D=m(-)=1, r=n=2.

Step 4
Calculate

1 0 0 1
RO — 3,1 = . RM =581+ PRO = .
Bo (0 1) b1 Lo
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Steps 5-7
Find

gijx=RY. i j=12 k=01 C)=C|=
Step 8
For 4y =1 and pt = —1 do the items a—g:
If we fix © = 1 then we have
8) m=mw=1, M=r—-m=1, £0) =1

then determine dy and d; using Horner’s scheme

-1 0] 1
1 |{-1|-1] 0

This means that

L,

47

0 _
ug = 1.

&) =-1

= d():*l, dlifl

x0,0 = —&(Ddo = —1; rio=di —E&Mxo0=-2 = r{| =2

= R* = (-2), (R =(=0.5); wijo=E,WDqijo=—
0 1
st = diojut + EDwijo = RY + R

= 0i.j(1) = (=0.5)(s:.j.1) = —0.5R,) —0.5R/").

RY

l,j’ lv,]=172;

i,j=12

0 1 ..
Bijol) = —a; j1(1) = 0.5R) +05R) i, j=1,2;

Bo(1) 0.5 05
— = .
’ 0.5 0.5

If we fix © = —1 then we have

8y m=muw=1, M=r—-m=1, £0) =

then determine dy and d; using Horner’s scheme

-1/ 0|1
—1|-11 110

This means that

17

= d():l, dy = —1.

& =1;

x0,0 =—EM)dy = —1; rig=di +&{Dxp0=—-2 = rf; =-2

— R*=(=2), (R") ' =(=0.5); wijo=£,Mgijo

I 0
siji1 =qij,1 —EDw; j o= Ri(,j) - Ri(,j)

= 0 j(—1) = (=0.5)(s;.j1) = —05R{) + 0.5R

©
1,]°

0 .o .
Ri,j’ lv] - 1729
Lj=12
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Bijo(=1) = aijo(=1) = —0.5R) + 0.5R"). i, j = 1.2;

Bo(—1) 0.5 —-0.5
— pPo(—1) = .
-0.5 0.5

So, we obtain formula (1.37).

In the examples given above the roots of the characteristic polynomials are real
values. Below we consider an example where the characteristic polynomial contains
complex roots. For this example the calculations in the algorithms are similar as for
the case with real roots, however, at the final stage of the algorithms in order to obtain
the real representation of P (1), it is necessary to make some additional elementary

transformations that eliminate the imaginary component of 7'(¢). We illustrate these
transformations on the example below.

Example 3 Let a Markov chain with the matrix of probability transitions

Alm OI—= N—
= A=
Bl—= A= N =

be given and consider the problem of determining the limit matrix and the differential
components of the matrix P(z).
If we apply Algorithm 1.3 then we obtain:

Step 1
Calculate the coefficients of the characteristic polynomial. Thus, we find
3 1 3 13 1 11
8 4 8 32 4 32
po|l 33 pro| B 1 23
16 16 8 |’ 32 64 64 |°
7 1 5 27 7 23
16 4 16 64 32 64
< < 2T - 3
si=trtP =1, 5p,=trP :g, s3=trP’ =1

and determine

- 1
bo=1, pr=-S1==—-1, Bh=-E+05)/2=

1
B3 = —(s3+ Pisa+ as1)/3 = BT

Steps 2-3
Find the roots of the equation A(z) = 0 and the set C\D:
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!
AQz) = Zﬁkz —l—z+1—62 T ———(Z—l)(z—4l)(z+4l)

C\D ={z € ClA(zr) = 0} = {1, —4i,4i}; m(l) = m(—4i) = m4i) =
r=n=23.
Step 4

Find the matrix B: B, = (1, 1,1), 8, = (1,i/4, —i/4), B, = (1, —=1/16, —1/16),
ie.,

1 1 1
! i i
B = 4 4
1 1
] —— ——
16 16
Step 5
Calculate (BT)~!:
1 8 2. 8 2
_ + —1 _
17 17 17 17 17
-1
BH =1 o —2i 2i

7 uto 17 17

Steps 6-7
Find the coefficients C ]Y‘ using Pascal’s triangle rule:

cg=cl=cl=1, ¢r-n"=0"=1, ¢-m'=0"=0.

Steps Sa—Sb

Determine I ai.j]

and 7; j.1(y):

_ 13 _ 7 5 3. 5 3.
ry =187y 1=(1,7,7)<BT> 1=( L ﬁ+ﬁl),

0| W
\/
—
[oo]
3
N
L
Il
/N
—
Slo
Q@
3|«
—_
Sl w
+
—_
Sl
v

I
I
—_~ =
Bl— N— R
=
~
=
>~
s
|
I

—_
> w
v
—
o]
5
N
|
I
N TN
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Step 8c
Find the coefficients [3; ; x(y) for the limit and the differential matrices using the

formula
m(y)—1

Bij k() = Z 0" i 10 () =ik ()
1=k

forye C\D,k=0,1,2,...,.m(y)—1,i,j=1,2,3.
Based on this formula we obtain

7 4 6
7 17 17
7 4 6
n=|L = 21
bo(1) 7 17 17
7 4 6
7 17 17
5 3 2 8 3 5
—— =i ——+—i —— ——i
7o T 1T
73 131 37
|73, 1o 3 7|
Po(=4D) 3 17 3 3 1T
702 9 7
34 73 T17 170 3434
5 N 3. 2 8 . 3 n 5,
717 T T
7 3 131 3 7
| 7.3 B 1. 3 7.
Po(4i) 7R T AV VL 17 34
7 11 2 9 11 7
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So, the matrix P () can be represented as follows:

— . —t

P(1) = fo(1) + N Bo(—4i) + X fo(41), (1.38)

where A = 1/(—4i) = i/4and X = 1/(4i) = —i /4.
If we seti = cos(m/2) + i sin(m/2) then

; i\’ 1\’ tmo .t
N=({-) =1|- coS — +isin — |.
4 4 2 2

Here (39 (4i) is the conjugate matrix of Fy(—4i), i.e., Bp(4i) = BO(—41').
Therefore,

N Bo(—4i) + X fo(4r) = 2(Re(ﬂo(—4i))Re(>\’) - Im(ﬂo(—4i))1m(>\’))-

If we take these properties into account then we obtain

7 4 6 5 2 3

17 17 17 7 1717

P(t) = 7408 +2(l)tcost—ﬂ- 7 B3
17 7 7 4 2 34 34 17

4 7 2 11

17 17 17 3417 34

3 8 5

17 17 17

-+-2(l)tsint—7T i i —l
2 17 34 34

11 9 7

34 17 34

Formula (1.38) can be obtained by using Algorithm 1.4. The calculation procedure
according to this algorithm is similar to the calculation procedures for the previous

examples.

1.5 A Dynamic Programming Approach for Discrete Markov
Processes and Combinatorial Algorithms for Determining
the Limit Matrix

In this section we develop new dynamic calculation procedures for finite Markov
processes. We consider the problem of determining the probability of systems’ tran-
sitions from a given starting state to a given final state if the final state should be
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reached at the moment of time from a given interval. We can see that the asymptotic
behavior analysis of the proposed calculation of the dynamic programming proce-
dures for this problem will allow us to formulate several polynomial time algorithms
for calculating the limit matrix in Markov chains [88, 110], including also the algo-
rithm from Sect. 1.4.

1.5.1 Calculation of the State-Time Probability of the System with
the Restriction on the Number of Transitions

We consider the problem of determining the probability of systems’ transitions from
the state x;, to the state x with the condition that the state x should be reached at
the time moment ¢ (x) such that #; < f(x) < f, where t; and t, are given. So, we
need to calculate the probability that the system L will reach the state x at least
at one of the moments in time #,# + 1, ..., . We denote this probability by
me (x, 11 < t(x) < 1p). Some reflections on this definition allow us to write the
following formula

Py (. 1 < 1(x) < 1)
= Py (. 0<1(x) <) = Py (r, 0<1@) <n — 1), (1.39)

Further we describe some results that can be used for calculating the probability
Pi(y, 0 <t(y)<t)yforx,y € Xandt = 1,2,.... For this reason we shall give
the graphical interpretation of the Markov processes using the graph of probability
transitions G, = (X, E}). In this graph each vertex x € X corresponds to a state
of the dynamical system and a possible transition of the system from one state x
to another state y with positive probability p, , is represented by the directed edge
e = (x,y) € E, from x to y; the corresponding probabilities p. y are associated
to directed edges (x, y) € Ep in G,. It is evident that in the graph G, each vertex
x contains at least one leaving edge (x,y) and D>  _y pr,y = 1. In general this
graph can be treated as a random graph [10] with some additional properties. As
example the graph of states’ transitions G, = (X, E),) for the Markov process with
the stochastic matrix of probabilities

03 03 04 O
05 O 05 0
0 04 O 0.6
0 03 05 02

is represented in Fig. 1.2.
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Fig. 1.3 The graph of the process with a deadlock vertex

In the following we will consider also the stochastic process which may stop if
one of the states from a given subset of states of the dynamical system is reached.
This means that the graph of such a process may contain the deadlock vertices.

So, we consider the stochastic process for which the graph may contain the dead-
lock vertices y € X and D" __y px . = 1 for the vertices x € X which contain at
least one leaving directed edge. As example in Fig. 1.3 a graph G, = (X, E,) which
contains deadlock vertices is represented.

This graph corresponds to the stochastic process with the following matrix of
states’ transitions

03 03 04 O
05 0 03 02
0 06 O 0.4
0 0 0 0

P =

Such a graph does not correspond to a Markov process and the matrix of the transition
probability P contains rows with zero components. Nevertheless in this case the
probabilities Py, (x, t) can be calculated on the basis of the recursive formula (1.2).
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Fig. 1.4 The graph of the process with an absorbing state

Note that the matrix P can easily be transformed into a stochastic matrix changing the
probabilities py , = 0 for the deadlock states y € X by the probabilities py , = 1.
This transformation leads to a new graph which corresponds to a Markov process
because the obtained graph contains a new directed edges e = (y, y) with p, = 1 for
y € X.Inthis graph the vertices y € X contain the loops and the corresponding states
of the dynamical system in a new Markov process that represents the absorbing states.
So, the stochastic process which may stop in a given set of states can be represented
either by the graph with deadlock vertices or by a graph with absorbing vertices. In
Fig. 1.4 the graph is represented with absorbing vertex y = 4 for the Markov process
defined by the matrix P given below.

03 03 04 O

05 0 03 0.2
0 06 0 0.4
0 0 0 1.0

P=

It is easy to see that the stochastic matrix P in this example is obtained from the
previous one by changing p4 4 = 0 by ps 4 = 1. The corresponding graph with the
absorbing vertex y = 4 in this case is obtained from the graph in Fig. 1.3 by adding
the directed edge e = (4, 4) with pg 4 = 1.

We shall use the graph with absorbing vertices for the calculation of the proba-
bilities Py (y, 0 <1(y) <1).

Lemma 1.5 Let a Markov process for which the graph G, = (X, E ) contains an
absorbing vertex y € X be given. Then for an arbitrary state x € X the following
recurrence formula holds:

Py, 0<t(y) <7+ 1) =D peoPly, 0<t(y) <7),
zeX
7=0,1,2,..., (1.40)
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where Py(y, 0 < 1(y) =0) =0ifx # yand Py(y, 0 <t(y) <0) = L.

Proof 1t is easy to observe that for 7 = 0 the lemma holds. Moreover, we can see
that here the condition that y is an absorbing state is essential; otherwise for x =y
the recursive formula (1.40) fails to hold. For ¢+ > 1 the correctness of formula
(1.40) follows from the definition of the probabilities Py(y, 0 < t(y) < t + 1),
P.(y, 0 <t(z) <t) and the induction principle on 7. O

The recursive formula from this lemma can be written in matrix form as follows
m(r+1)=Pr'(r), 7=0,1,2,.... (1.41)

Here P is the stochastic matrix of the Markov process with the absorbing state y € X
and
™ (1)
/ ) (7)
(1) = . , 7=0,1,2,...

(1)

are the column vectors, where an arbitrary component 7 (7) expresses the probability
of the dynamical system to reach the state y from x; by using not more than 7 units
of times, i.e., wf(r) = Py, (y, 0 <t(y) < 7). At the starting moment of time 7 = 0
the vector 7’(0) is given:

All components are equal to zero except the component corresponding to the
absorbing vertex which is equal to one, i.e.,

’ _ 0, ifx Tl
m(0) = 1, ifxi=y.
If we apply this formula for 7 = 0, 1, 2, ..., — 1 then we obtain
7' (t)=P'7'©0), t=1,2,..., (1.42)

where P! is the ¢-th power of the matrix P. So, if we denote by j, the index of the
column of the matrix P’ which corresponds to the absorbing state y then an arbitrary

element p@ of this column expresses the probability of the system L to reach the

l,j)-
state y from x; by using not more than ¢ units of time, i.e., p’.(t;y =Py, 0<t(x) <

t). This allows us to formulate the following lemma:

Lemma 1.6 Let a discrete Markov process with the absorbing state y € X be given.
Then:

(Cl) le(y7t):Px,(yvOit(y)it)7 fOr xlEX\{y}vtzlazsv
(b) Pu(y, 11 <1(y) <n) = p2 — p=b

iy]y isJy ’
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where p™, p

L]y
Pt]fl

(CE))

ij, represent the corresponding elements of the matrices P and

Proof The condition (a) in this lemma holds because
Py(v,0) = p) = Pu(y, 0 <1(y) 1)

The condition (b) follow from Lemma 1.5 and the following properties

Py, 0=t =) =p%. P 0=t =n—D=p"
So, to calculate Py, (y, 11 < t(y) < rp) itis sufficient to find the matrices pu-l pn
and then to apply the formula from Lemma 1.6.

Below we give an example which illustrates the calculation procedure of the state
probabilities on the bases of the recursive formula above for the stationary case of
the Markov process.

Example 1 Let the Markov process with the stochastic matrix P which corresponds
to the graph of transition probabilities represented in Fig. 1.3 be given. It is easy to
see that the state y = 4 is an absorbing state. We consider the problem of finding the
probabilities Py, (y, 4) and Py, (y, 2 < t(x) < 4), where x; = 2. To determine this
probability we shall use the probability matrices P! = P and P*:

03 03 04 O

05 0 03 0.2

0 0.6 0 0.4

0 0 0 1.0

P! =

All probabilities Py, (y,4), i = 1,2, 3 can be derived from the last column of the
following matrix:

0.1701 0.1881 0.1542 0.4876
0.1455 0.1584 0.1335 0.5626
0.1260 0.0990 0.0954 0.6796
0 0 0 1.0
The probability Py, (y, 2 < t(x) < 4) for x; = 2 we find on the bases of Lemma 1.6.
According to condition (a) of this lemma we have
Py(4, 0 <1(4) <4) = Py(4,4) = p}’} = 0.5626;
Py4, 0<1(4) < 1) = P4, 1) = pi') = prs =02
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and according to the condition (b) we obtain

Py(4, 2 <1(4) <4) = pi) — pil} = 0.5626 — 0.2 = 0.3626.

The procedure of calculating the probabilities P, (y, 0 < #(y) < t) in the case of
the Markov process without absorbing states can easily be reduced to the procedure
of calculating the probabilities in the Markov process with the absorbing state y by
using the following transformation of the stochastic matrix P. We put p; ; = 0 if
J #iyand p; i = 1.1Itis easy to see that such a transformation of the matrix P
does not change the probabilities Py (y, 0 < t(y) < t). After such a transformation
we obtain a new stochastic matrix for which the recursive formula from the lemma
above can be applied. In general, for the Markov processes without absorbing states
these probabilities can be calculated by using the algorithm which operates with
the original matrix P without changing its elements. Below such an algorithm is
described.

Algorithm 1.7 Determining the State-Time Probabilities of the
System with a Restriction on the Number of Transitions

Preliminary step (Step 0): Put Py(y, 0 <t(y) <0) =0 foreveryx € X \ {y} and
Py(y,0<t(x)<0)=1.
General step (Step T+ 1, 7 > 0): For every x € X calculate

Pe(y, 0<t(x) =7+ 1) = pr,sz(y, 0<t(y)=7) (1.43)
zeX

and then put

Py(y,0<t(y) <7+ =1 (1.44)
If 7 <t — 1 then go to the next step, i.e., 7 = 7 + 1; otherwise STOP.

Theorem 1.8 Algorithm 1.7 correctly finds the probabilities Py (y, 0 < t(x) < T)
forx € X, 7=1,2,...,t. The running time of the algorithm is O (|X|?t).

Proof Tt is easy to see that at each general step of the algorithm the probabilities
P.(y,0 < t(x) < 7+ 1) are calculated on the bases of formula (1.43) which
takes condition (1.44) into account. This calculation procedure is equivalent with the
calculation of the probabilities Py (y, 0 < #(x) < 7+ 1) with the condition that
the state y is an absorbing state. So, the algorithm correctly finds the probabilities
Py, 0 <t(x) <7)forx € X, 7 =1,2,...,t. To estimate the running time of
the algorithm it is sufficient to estimate the number of elementary operations at the
general step of the algorithm. It is easy to see that at the iteration 7 the algorithm uses
o0(X% elementary operations. So, the running time of the algorithmis O (| X 12). 0

If we use in Algorithm 1.7 the same notation 7/ (1) = Py, (y, 0 < t(y) < 7),
T, (1) = Py(y, 0 < t(y) < 7) as in formula (1.40) then we obtain the following
simple description in matrix form:
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Algorithm 1.9 Calculation of the State-Time Probabilities of the System in the
Matrix Form (Stationary Case)

Preliminary step (Step 0): Fix the vector 7'(0) = (7] (0), 75(0), ..., m,(0)), where
7.(0) = 0 fori # iy and wfv(O) = 1.

General step (Step T+ 1, 7 > 0): For a given 7 calculate
7' (r+1) = Pr'(7)

and then put
7r,fv(7' +1)=1. (1.45)

If 7 <t — 1 then go to the next step, i.e., 7 = 7 + 1; otherwise STOP.

Note that in the algorithm the condition (1.45) allows us to preserve the value
7rlfv(t) = 1 at every moment of time 7 in the calculation process. This condition
reflects the property that the system remains in the state y at every time-step ¢ if
the state y is reached. We can modify this algorithm for determining the probability
Py (y, 0 < t(y) < 0)inamore general case if we assume that the system will remain
at every time step ¢ in the state y with the probability 7rlfv (t) = q(y), where g(y)
may differ from 1, i.e., g(y) < 1. In the following we can see that this modification
allows us to elaborate a new polynomial-time algorithm for determining the matrix
of the limit probabilities in a stationary Markov process.

If ¢ (v) is known then we can use the following algorithm for calculating the state
probabilities of the system with a given restriction on the number of its transitions.

Algorithm 1.10 Calculation of the State-Time Probabilities of the System with
Known Probability of its Remaining in the Final State (Stationary Case)

Preliminary step (Step 0): Fix the vector 7'(0) = (7} (0), 75(0), ..., 7,,(0)), where
7(0) = O fori # iy and ] (0) = q(y).

General step (Step T+ 1, 7 > 0): For a given 7 calculate
7'(r+1) = P7a'(1)

and then put
wlfy(T +1=q@). (1.46)

If 7 <t — 1 then go to the next step, i.e., 7 = 7 + 1; otherwise STOP.

Remark 1.11 The results and algorithms described above are valid for an arbitrary
stochastic process and for an arbitrary graph for which >___y py, - =r(x;) < 1.

An example which illustrates the calculation procedure in this algorithm is given
below.
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Example 2 Consider the Markov process with the stochastic matrix P which
corresponds to the graph of transition probabilities G, = (X, E) represented in
Fig. 1.4. Fix y = 4 and let us calculate the probabilities m; = P,(y, 0 <t(y) <1)
for x € {1, 2,3} and t+ = 3. If we use this algorithm in the case ¢g(y) = 1, i.e., we
apply Algorithm 1.9, then we obtain:

Step 0
Pi4,0=<14=<0)=0; P4 0=<:4) =<0)=0;
P34,0<14)=<0)=0;, P4, 0=<14=<0=1
Step 1
P4, 0=<t4®H=<1)=0; P4 0=<:4)=<1)=0;
P34, 0=<14)<1)=06; P4 0=<t@H=<=DH=1.
Step 2
Pi4,0<t(4)<2)=04-0.6=0.24;
Py(4,0<1(4) <2)=0.5-0.6=0.30;
P34, 0<1t(4) <2)=0.6;
P44, 0=1(4)<2)=1.
Step 3

Pi(4,0<1t(4)<3)=0.3-024+03-0.30+0.40.6 = 0.402;
P4, 0<1t(4) <3)=0.5-0.24-+05-0.6 = 0.42;

P34, 0 <t(4) <3)=0.4-0.30+0.6 = 0.72;

Pi(4, 0 <t(4) <3)=1.

If we put in this algorithm ¢ (y) = 0.7 then we obtain:
Step 0

P4, 0=14) =<0)=0; P# 0=1(4) =<0)=0;
P34,0<t4)<0)=0; P44,0=<t(4)=<0)=0.7.

Step 1

Pi4,0<t@®H=<1H=0, P4 0=t =1)=0;
P3(4,0<t(4)<1)=042; Ps4,0<tr4)<1)=0.7.
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Step 2
Pi(4,0<t(4) <2)=04-0.42=0.168;
Pr4,0<r4) <2)=05-042=0.21;
P3(4,0<1t(4)<2)=0.6-0.7=0.42;
Pi(4,0<1t(4)<2)=0.7.

Step 3

Pi(4,0<t(4)<3)=03-0.16840.3-0.21 + 0.4-0.42 = 0.2814;
P4, 0 <t(4) <3)=05-0.168 4+ 0.5 - 0.42 = 0.294;

P34, 0 <t(4) <3) =0.4-021+0.6-0.7 = 0.504;

Ps(4, 0 <t(4) <3)=0.7.

1.5.2 Determining the Limiting State Probabilities in Markov
Chains Based on Dynamic Programming

Now let us show that the algorithms from Sect. 1.5.1 allow us to elaborate an algorithm
for determining the matrix of the limiting probabilities for Markov chains which is
similar to the algorithm from Sect. 1.4. To characterize this algorithm we will analyze
the algorithms from Sect. 1.5.1 in the case of a large number of iterations, i.e., if
T — 00. We can see thatin the case 7 — o0 these give the conditions for determining
the limit states probabilities in the Markov chain.

Denote by O = (g;,;) the limit matrix for the Markov chain induced by the
stochastic matrix P = (py, x;). We denote the column vectors of the matrix Q by

q1,j
) q2.j
q’ = ., j=0,1,2,...,n,
qn,j
and the row vectors of the matrix Q are denoted by q; = (gi.1,49i2.---54in),
i = 1,2,...,n. To characterize algorithms for finding the limit matrix Q for an

arbitrary Markov chain we need to analyze the structure of the corresponding graph
of transition probabilities G, = (X, E),) and to study the behavior of the algorithms
from the previous section in the case t — oo. First of all we note that for the ergodic
Markov chain with positive recurrent states the graph G j, is strongly connected and all
row vectors g;, i = 1,2, ..., n are the same. In this case the limit state probabilities
can be derived by solving the system of linear equations
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ie.,q; =m,i =1,2,...,n. Ingeneral such an approach can be used for an arbitrary
Markov unichain.

If we have a Markov multichain then the graph G, consists of several strongly
connected components G! = (X', EY), G> = (X%, E?), ..., G* = (X*, E")
where Ufle X! = X. Additionally, among these components, there are such strongly
connected components G = (X, E"), r = 1,2,..., k' (kK < k) which do not
contain a leaving directed edge ¢ = (x, y) where x € X" and y € X \ X7. We
call such components G deadlock components in G p- In the following we shall use
these deadlock components for the characterization of the structure of the Markov
multichains.

Lemma 1.12 If G'r = (X', E') is a strongly connected deadlock component in
G then X' is a positive recurrent class of Markov chains (irreducible chains); if

’ .
xeX\ Ule X' then x is a transient state of the Markov chain.

Lemma 1.12 reflects the well known properties of Markov chains from [47, 56, 114,
127] expressed in the terms of the graphs of probability transitions.

Now we analyze some properties that can be derived from the algorithms from
the previous section in the case t — oo.

Let a Markov process with finite set of states X be given. For an arbitrary state
xj € X we denote by X; the subset of states x; € X for which in G, there exists
at least a directed path from x; to x;. In addition we denote N = {1,2,...,n},
I(X;)={i|x € X;}.

Lemma 1.13 Let a Markov process with a finite set of states X be given and let us
assume that x; is an absorbing state. Furthermore, let ' (x i) be a solution of the
following system of linear equations

7T/()Cj) = P7r/(xj); Tij= 1; Ti,j = 0 fOV i€ N\I(Xj), (1.47)
where
1, j
71—21/
m'(xj) =
T, j
Then 7r/(xj) = ﬁj, ie,mj=qij,1=12,...,nlIfx;isaunique absorbing state

in the graph G , of the Markov chain and if x j in G, is attainable from every x; € X
(i.e. I(Xj) :N)thenm’j =4qij= 1,i=1,2,...,n
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Proof We apply Algorithm 1.9 with respect to a given absorbing state x;, (y; = x;)
if t — oo. Then 7’(r) — 7'(x;) and, therefore, we obtain 7' (x ;) = P7’(x;) where
mj,j = land m; ; = 0 fori € N\ I(X;). The correctness of the second part of
the lemma corresponds to the case if /(X ;) = N and, therefore, we obtain that the
vector 7/ with the components ; ; = 1,i = 1,2, ..., nisthe solution of the system
7'(xj) = P7'(x}), wj j = 1. So, the lemma holds. O

Remark 1.14 1f x; is not an absorbing state then Lemma 1.13 may fail to hold.

Remark 1.15 Lemma 1.13 can be extended to the case if ZyeX Py =q(x;) <1
for some states x; € X. In this case the solution of the system (1.47) also can
be treated as the limiting probabilities of the system to reach the state x;. In such
processes there exists always at least one component 7; ; of the vector 7’ (x ;) that is
less then 1 evenif X; = X.

Let us show that the result formulated above allows us to find the vector of limit
probabilities g/ of the matrix Q if the diagonal elements g; ; of Q are known.
We consider the subset of states YT = {xjlqj,; = 0}. It is easy to observe that
Yt = Uf/: 1 X ir: we denote the corresponding set of indices of this set by 7(Y ).
For each j € I1(Y) we define the set X j in the same way as above.

Lemma 1.16 Ifanon zero diagonal element q, ; of the limit matrix Q in the Markov
multichainis known, i.e., q; ; = q(x;), then the corresponding vectorq’ of the matrix
Q can be found by solving the following systems of linear equations:

7' =Pq’; q;j=q(x)); qij=0 for ieN\IX)).

Proof We apply Algorithm 1.10 with respect to the fixed final state y; = x; € X
with g(y;) = gj,j if t — oo. Then for given y; = x we have 7(t)’ — g’ and,
therefore, we obtain g/ = Pg/ where q(yj) =gqj,jandg; j =0fori € N\1(X;).
So, the lemma holds. |

Based on this lemma and Algorithm 1.10 we can prove the following result.

Theorem 1.17 The limit state matrix Q for Markov chains can be derived by using
the following algorithm:

(1) For each ergodic class X' solve the system of linear equations

ir — ir p(r) ir _
T =mr Py, Z T = 1,
jel(Xir)

where 7' is the row vector with components 71';-’ for j € I(X'r) and P is
the submatrix of P induced by the class X'r. Then for every j € I(X') put

qj,j = w;’;for each j €1 (X \ Uf/:l Xi’) setqj i =0;
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(2) Forevery jeI(Y1), YT = Uf/:] X'r solve the system of linear equations

7 =Pg; qj =7 qij=0, Vie N\I(X;)

and determine the vector q’. For every j € I(X \ YT) set g/ = 0, where 0 is
the column vector with zero components.

The algorithm determines the matrix Q using O (n>) elementary operations.

Proof Letus show that the algorithm finds correctly the limit matrix Q. Item (1) of the
algorithm determines the limit probabilities ¢, ;. This item is based on Lemma 1.12
and on the conditions which each ergodic class X' and each transient state x € X\ YT
should satisfy. So, item (1) correctly finds the limit probabilities g; ; for j € N.Item
(2) of the algorithm is based on Lemma 1.16 and, therefore, correctly determines
the vectors g/ of the matrix Q wif the diagonal elements g j,j are known. So, the
algorithm correctly determines the limit matrix Q of the Markov multichain.

The running time of the algorithm is O (n®). We obtain this estimation if we
estimate the number of elementary operations at each step of the algorithm. At
step 1 of the algorithm we solve n’ < n system of equations where each system
contains |X| variables and Zf;l |X;,| < n. Therefore, as a whole the solutions
of these systems can be obtained using O (n*) elementary operations. At step 2 of
the algorithm we solve n systems of linear equations for determining the vectors g .
However, these systems have the same left part and can be solved simultaneously
using Gaussian elimination. Therefore, we obtain O (1n°) elementary operations. [J

An example that illustrates the details of the algorithm described in this theorem is
given below. As we have noted, in the worst case the running time of the algorithm is
O (n?), however, intuitively it is clear that the upper bound of this estimation cannot
be reached. Practically, this algorithm efficiently finds the limit matrix Q. In the
next section we will show how the proposed algorithm can be modified such that the
solution can be found in a more suitable form.

Example Consider the problem of determining the limit matrix of probabilities Q for
the Markov multichain determined by the following probability transition matrix

1 0 0 0
025 025 025 0.25
0 0 05 0.5
0 0 0.5 0.5

The corresponding graph G, = (X, E) of this Markov multichain is represented
in Fig. 1.5. We apply the algorithm from Theorem 1.17.

(1) Find the deadlock components X i p=1,2,...,k in the graph G, and for
each of them solve the system of linear equations
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Fig. 1.5 The graph of the Markov multichain
7l = gir pn), Z 7r;-’ =1.
jel(Xir)

In our case we have two deadlock components X' = {1}, X2 = {3, 4} and,
therefore, we have to solve the following two systems of linear equations

ol =7xlp®, ﬂ{ =1
e 7r2P(2), 71% +7142‘ =1
where ] . ]
T = (m}); PY = (1);

0.5 0.5
72 = (W%, 7@%); P = .
0.5 0.5

So, we have to solve the following systems

1 1 1 _ 1.
mo=my, 7 =1

73 = 0.57% + 0.577,
73 = 0.573 + 0.577,
7r32, + wﬁ =1.
and we obtain 7r11 =1; 7T§ =0.5; Wf =0.5.

This means that the diagonal elements ¢, ; of the matrix Q are:

q1=1, ¢q33=05 gs4=05 ¢g2=0.

Here the vertex x = 2 corresponds to a transient state and, therefore, g2 » = 0.
At the next step of the algorithm we obtain the vectors ¢/, j = 1, 2, 3, 4.
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(2) Fix j=1.Forthiscaseq;1 =1, X1 = {1, 2}, N\ X1 = {3, 4}.
Therefore, we have to solve the system of linear equations

7' =pP7 qi=1; q13=0; q14=0.

This system can be written as follows

q1,1 = 41,1,

q2.1 = 0.25¢g1,1 + 0.25g2,1 + 0.25¢g3,1 + 0.25q4.1;
q31 = 0.5 g3,1 +0.5 g4.1;
q4,1 = 0.5 g31+0.5 ga,1;

qii=1, ¢g31=0, g41=0

and we determine

1
. 0.33(3)
q =
0
0
For j = 2 we have g3 » = 0, therefore,
0
7 = "1
0
0

because the state x = 2 is a transient state.
For j =3 wehave gz 3 =0.5, X3 = {2, 3, 4}, N\ X3 = {1}.
In this case it is necessary to solve the system of linear equations

T =P7; ¢33=05 q3=0
Thus, if we solve the system of linear equations
[ g13 = q1.3;
q2.3 = 0.25g1 3 + 0.25¢2 3 + 0.25¢3 3 + 0.25g3 4;
q33 = 0.5 ¢33+0.5 q3.4;
q43 = 0.5 ¢33+ 0.5 g3.4;

| ¢33 =05, q13=0.

65
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then we obtain
0
0.33(3)
0.5
0.5

For j =4 we have g44 = 0.5, X4 = {2, 3, 4}, N \ X4 = {1}. In this case it is
necessary to solve the system of the linear equations

7' =Pq* qui=05 q4=0,

If we solve the system of linear equations

[ q1.4=q1.4:
q2.4 = 0.25¢1 4 + 0.25g2.4 + 0.25¢3 4 + 0.25¢4 4;
q3.4 = 0.25¢3,4 4+ 0.25¢4 4;
qa4 = 0.25¢3,4 + 0.25¢4,4;
| 944=05, q4=0

then we find
0
0.33(3)
N 0.5
0.5
So, the limit matrix is
1 0 O 0
0.333) 0  0.33(3) 0.33(3)
N 0 0 05 0.5
0 0 05 0.5

1.5.3 An Algorithm for the Calculation of the Limit Matrix
in Markov Chains with Running Time 01

In the following we propose a modification of the algorithm for calculating the
limit matrix from the previous section. The theoretical estimation of the number of
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elementary operations of the modified algorithm is also O (n3). However, we can see
that in this algorithm we can solve less then |Y | systems of linear equations of the
form

PF =¢'; qj;j=1; q;j=0, Vie N\IX;).

Moreover, we show that these systems can be simplified. We describe and characterize
the proposed modification for calculating the limit matrix Q using the structure
properties of the graph of the probability transitions G, = (X, E,) and its strongly
connected deadlock components G = (X', E"), r =1,2,..., k.

Algorithm 1.18 Determining the Limit State Matrix for a Markov Multichain
The algorithm consists of two parts. The first part determines the limit probabili-

ties g,y for x € Uf/:] Xir and y € X. The second procedure calculates the limit
probabilities gy y for x € X'\ U]:’:l Xirandy € X.

Procedure 1:

1. For each ergodic class X' we solve the system of linear equations:

7l = 7ir pn), Z w;’ =1

yeXxir

where PUr) is the matrix of probability transitions corresponding to the ergodic
class X', i.e., PUr) is a submatrix of P, and 7' is a row vector with the compo-
nents ﬂ;,’ fory € X'r . If wl}f‘ are known then g, , for x € X" and y € X can be
calculated as follows:

Setqyy =77 ifx,y € X" and g, , =0ifx € X', y € X \ X"
Procedure 2:

1. We construct an auxiliary directed graph GA = (XA, EA) which is obtained
from the graph G, = (X, E) by using the following transformations:
We contract each set of vertices X'~ into one vertex z'~ where X" is a set of vertices
of a strongly connected deadlock component G = (X ir | E'r). If the obtained
graph contains parallel directed edges ¢! = (x, z), ¢? (x 2), - =
(x, z) with the corresponding probabilities pi’ - p)zc’ R then we change
them by one directed edge e = (x, z) with the probability py . = Zf”z,l pi’ . after
this transformation we associate to each vertex zi a directed edge e = (7, 7")
with the probability er o =1

2. We fix the directed graph GA = (X A EA) obtained by the constructlon
described in step 1 where XA = (X\(U lX" )UZ’, 7' =N 22z ).
In addition we fix a new probability matrix P’ = (p}. y) which corresponds to
this graph GA.
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3. Foreachx € XA andevery z' € Z" we find the probability i & ) of the system’s
transition from the state x to the state z". The probabilities 7 (z') can be found
by solving the following k’ systems of linear equations:

P'r'el) = w'@h, wi@h =1 wh@h) =0, ... 7 =0

P'n'(e?) = 7). 7@ =0, 7L =1 ... 7, =0

PrE) =@, @) =0 @) =0 ... 7, =1
where 7/(z!),i = 1,2, ..., k" are the column vectors with components Tl (z%) for

x € XA. So, each vector 7, (z') gives the probabilities of the systems’ transitions
from the states x € X A to the ergodic classes X'.

4. Weputg,, =0foreveryx,y € X\ U]:/:1 Xir and gy y = 7, (z")my for every
xeX\U/_;X"andy € X", X" C X.Ifx € X" andy € X \ X" then fix
qx,y =0.

In the algorithm 7(z')’ can be treated as the vector, where each component Ty @y
expresses the probability that the system will be in the positive recurrent class X’
after a large number of states’ transitions of the system if it starts transitions in the
state x € X. Therefore, gy y = w;(z")w;, ify e X'
By comparison this algorithm with the previous one we observe that here we solve
the system of linear equations
P'r(Z") =7r£r, ,=1 7, =0,i=12,...k @ #r), r= 1,2,...,k

z" Z
instead of the system of equations
Pg =g’ q;j=1 ¢i;=0 VieN\IX)

forj=1,2,..., k.

Theorem 1.19 The algorithm correctly finds the limit state matrix Q and the running
time of the algorithm is O (1X|3).

Proof The correctness of Procedure 1 of the algorithm follows from the definition
of the ergodic Markov class (positive recurrent Markov chain). So, Procedure 1 finds
the probabilities g, for x € Uf;l Xir and y € X. Let us show that Procedure 2
finds correctly the remaining elements g, , of the matrix Q. Indeed, each vertex
xeX\U_ X ir in G A corresponds to transient states of the Markov chain and,

therefore, we have g,y = Oforeveryx, y € X\ Uf/zl X' If x € X' then the system
cannot reach a state y € X \ X’ and, therefore, for such two arbitrary states x, y
we have gy , = 0. Finally, we show that the algorithm determines correctly the limit
probability g, , if x € X \ [J._; X'~ and y € X" . In this case the limit probability
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qx,y 1s equal to the limit probability of the system to reach the ergodic class X ir
multiplied by the limit probability of the system to remain in the state y € X", i.e.,
Gx,y = Tx (z’)ﬂ’y". Here le’ is the probability of the system to remain in the state
y € X' and 7, (z') is the limit probability of the system to reach the absorbing state
z;, in GA. According to the construction of the auxiliary graph G A the value 7y (')
coincides with the limit probability of the system to reach the ergodic class X'7. The
correctness of this fact can be easily obtained from Lemma 1.12 and Theorem 1.17.
According to Lemma 1.12 the probabilities 7, (z") for x € X \ Uf/:l X'r can be
found by solving the following system of linear equations

P'r'(z") = 7' (2",

71—21 (Zr) - O, 7-(;2 (Zr) - Oa LICIE ) Tré’ (Zr) - 17 LICION ) ﬂ-;k’ (Zr) - 09

which them determine correctly. So, the algorithm correctly finds the limit state
matrix Q.

Now let us show that the running time of the algorithm is O(n?). We obtain
this estimation from the items 3 and 4. In item 3 we solve X < n systems
of linear equations 7'r = 7' PUr), zyexi, W’y’ = 1, where Z];/:l X, | < n.
Therefore, here we determine the solution of these systems using O (n>) elemen-
tary operations. In item 4 we also solve k¥’ < n systems of linear equations.
Each of these systems contains not more then n variables. All these systems
have the same left part and, therefore, can be solved simultaneously applying
the Gaussian elimination. The simultaneous solution of these r systems with the
same left part by using the Gaussian elimination method uses O (n>) elementary
operations. (I

As we have shown in the proof of the theorem each component 7/, (z') of the vector
7' (z') represents the probability that the system will occupy a state of the recurrent
class X' after a large number of states’ transitions if the system starts transitions in
the state x € X, i.e., the vector 7/ (z') gives the limiting probabilities ™ (") for every
x € X and the arbitrary recurrent class X'. Therefore, ¢, y =T (zi)w;, if ye X',

It is easy to observe that if the subgraph G’ = (X \ U, xir, E') of GA induced
by the subset of vertices X \ Ulr‘/:1 X'r is an acyclic graph then

(@) = Pz, 0 <1(z) < |XA]),

where P, (z',0 < t(z') < |XA] is the probability of the system to reach z’ in GA
from x using T (z) transitions such that 0 < #(z') < |X A|. These probabilities can be
calculated using the algorithms from Sect. 1.5. Thus, in the case that the subgraph G’
is acyclic Procedure 2 can be modified by introducing the calculation of the vectors
7 (z) on the bases of the algorithms from Sect. 1.5.

Below an example that illustrates the calculation procedure in Algorithm 1.18 is
given.
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Example Consider the problem of determining the limit matrix of the probabilities
Q for the example from the previous section, i.e., the Markov chain is determined
by the stochastic matrix of probabilities

1 0 0 0
0.25 025 025 0.25
0 0 05 0.5
0 0 0.5 0.5

P =

The graph G, = (X, E) of the Markov process is represented in Fig. 1.5.
If we apply Procedure 1 of the algorithm, then we find the probabilities

7r11 =1, 7T§ =0.5, m% =0.5
which represent the solutions of the system:
al = 7T1P(1), 7T} =1;
?=mn?P?®, wyni=1
The first system represents the ergodicity condition for the recurrent class that

corresponds to the deadlock component X! = {1} and the second one represents the
ergodicity condition that corresponds to the deadlock component X* = {3, 4}, i.e.,

P — 1y PO 05 05
0.5 05

In such a way we determine

qgii=1 q2=0, q3=0¢4=0,
$33=1 ¢4=0, ¢31=0, ¢32=0,
q44=0.5, qa3=05, ¢q41=0, q42=0.
After that we apply Procedure 2. To apply this procedure we construct the auxiliary
graph GA = (XA, EA). This graph is represented in Fig. 1.6. Graph G A is obtained
from G, where the components X' = {1} and X'? are contracted respectively into
vertices Z! = 1" and Z% = 3.
The matrix P’ for this graph is given by
1 0 0
P'=1025 025 05
0 0 1
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0.25

0.5
0.25
1

Fig. 1.6 The graph G A obtained from G,

We solve the following two systems of linear equations:
P'r'(1) =~'(l), =, =1, w43)=0;
P'r(3) =7@3), w,(1)=0, =|,(3)=0,

where
7r’1,(1’) 7r’1,(3’)
1)y =| 1) |, @) =] 7,@3)
7Tg/(l/) 7T§/(3/)

The first system of equations can be written in the following form
7, (1) =7,(1),
0.257, (1) 4 0.2577, (1') + 0.57%, (1) = 7, (1),
(1) = w4, (1),
(1) =1, 7,1)=0
and we obtain
(1) =1; 75(1)=0333); =3 (1) =0.
The second system of equations can be represented as follows
7}, (3" =, (3),
0.25m,(3") 4 0.257},(3") + 0.57%,(3") = 75,(3"),
(3 = 74, (3),
m,3) =1, 7,(3)=0
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and we obtain
/ / ) / / . / /
7r3,(3 )=1; Ty (3") =0.66(6); 7r1,(3 ) =0.
After that we calculate

g2 = w5 (1') - 7] =0.33(3), q22 =0,
q23 = T (3) - 73 = 0.66(6) - 0.5 = 0.33(3),
@24 = TH(3) - 75 = 0.66(6) - 0.5 = 0.33(3).

Thus, we obtain the limit matrix

1 0 0 0
0333) 0 0.333) 0.33(3)

o 0 05 0.5
0 0 05 0.5

1.5.4 An Algorithm for Determining the Limit Probabilities Based
on the Ergodicity Condition

The main idea of the algorithm described in this section is based on the ergodicity
condition for Markov chains and on the structure properties of the graph G, of
probability transitions. We consider the problem of finding the limit probabilities
Giy,j» j = 1,2,...,n in the Markov chain with a fixed starting state x(0) = x;,
and a given stochastic matrix P. We show that this problem can be reduced to
an auxiliary problem of finding the limit probabilities in a new Markov chain for
which the corresponding graph of probability transitions G° = (X, E?) is strongly
connected. Finally, for a new Markov chain we obtain the problem of determining
the limiting probability

gn ;=7 j=12...n
where 70 = (7r(1), Ty ooy 7r2) can be found by solving the system of linear equations
n
' =x0P0 > x9=1. (1.48)
j=l1

Here P° is the stochastic matrix of the auxiliary irreducible Markov chain with
the graph of probability transitions G = (X, E?). Afterwards we show that each
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component g;,, ; can be obtained from the corresponding 77(}, je{l,2,...,n}using

a special approximation procedure from [58]. We define the auxiliary graph G° =
(X, E%) and the corresponding auxiliary Markov chain in the following way:

Let G' = (X', EY, G*> = (X?, E?), ..., Gk = (X*, E¥) be the strongly
connected components of the graph G, = (X, E,) where Ule X' =Xandk > 1.
Denote by Gir = (Xi’, Ei;v), r=1,2,..., k' the deadlock components of graph Gp
and assume that x;, € X \ Uf;l X' and G p satisfy the condition that each vertex
x € X is attainable from x;,. If G, contains vertices x; which could not be reached
from x;, then we set g;,, ; = 0 and delete these vertices from G ,. Our problem can
easily be solved also in the case that x;, belongs to a deadlock component G In
this case the limit probabilities also can be determined easily: We put g;, ; = 0 for
x;eX\X i and determine the nonzero components iy, by solving the system of
linear equations 7'r = 7r PUr)| Zye Xir 7r§f = 1 (see Procedure 1 of the algorithm
from the previous section).

The strongly connected graph G° = (X, E) of the auxiliary Markov unichain is
obtained from the graph G, = (X, E) using the following construction:

e graph G contains the same set of vertices X as the graph G P

o the set of directed edges E° of the graph G° consists of the set of edges E and
the new directed edges e = (x, x;,) oriented from x € Uf/zl X' to Xy, 1.€.,
EY = EU E’ where E/ = {(x,xio) |x IS U]:/:I Xi’};

e we define the probabilities pgy for (x, y) € E%(x € X») in G° using the following
rules:

y

@ pY, =peyforx,y) e E%ifx € X\ UK, xir,

(b) pg,xio = e for (x,x;)) € E/,x € Uf/zl X'r, where € is a small positive value
in comparison with p, fore € E;

© POy = pry(—@for(x.y) € Eifx,ye X\ U X

Graph G is strongly connected and, therefore, for the corresponding Markov chain
with the new probability transition matrix P there exists the limit matrix Q° whose

rows are all identical. The vector 79 = (77?, 778 e, 7r2) with the components 7T? =
qlp i i,j=1,2,...,ncanbe found by solving the system of linear equations (1.48).

Moreover, based on the algorithm from the previous section we may conclude that
for a small e the solution of this system (1.48) will represent the approximation values
for the components of the vector of the limiting probabilities in the initial Markov
chain with given starting state iy and probability matrix P. The probabilities pg’ y

for (x,y) € E° are defined according to the items a)—c) that allow us to preserve

in the auxiliary Markov chain the small values of the limiting state probabilities 7r5.)

for the states x; € X \ U];/:I X'r. In addition, we can see that the condition c) in
the auxiliary problem allows us to preserve an appropriate proportion of the limiting
states probabilities in each irreducible set X'~ and between different ergodic classes
as the proportion of the limiting probabilities in the initial problem.
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Using the results from [58] we can see that the exact values of the limiting prob-
abilities 7; = g;,,j, j = 1,2, ..., n can be found from the corresponding 7T(; using
a special approximation procedure from [58] if € is a suitable small value.

Indeed let us assume that the probabilities p; ; are given in the form of irreducible

decimal fractions p; j = a; j/b; j,i, j = 1,2, ..., n where the numerators as well

as the denominators are integer numbers. Then the values 7; can be found from w?

using the roundoff procedure from [58] if € satisfies the following condition:
e<27k,
where

L= > loglaxy+1)+ D logbyy +1)+2logn)+ 1.
(x,y)€E (x,y)eE

Here L is the length of the binary-coded representation of the elements of the matrix P
where each probability py  is given by the integer couple ay y, by y. If for given € the
values 77(/.), j=1,2,..., n areknowntheneach 77(} canbe represented as a convergent
continued fraction, and we may find a unique rational fraction A ;/ B; which satisfies

the condition ’W? - Aj/Bj’ < 2722 After that we fix 7; = A;/B;. In such a

way we find the exact limiting probabilities 7;, j = 1,2, ..., n. In general we can
see that the probabilities 77(1? can be expressed as functions that depend on ¢, i.e.,

0_ .0 P
7rj_7rj(e), j=12,...,n.

This means that the limiting probabilities 7; for our initial problem can be found as
follows:

mp=limal), j=12, ... .n.
e—0

Below an example that illustrate the algorithm described above is given.
Example Again we use the data for a Markov chain from the previous example and
consider the problem of determining the limiting state probabilities in the case if the
starting state of the system is x;, = 2 and the stochastic matrix of probabilities is

1 0 0 0

0.25 025 025 0.25

0 0 05 0.5

0 0 0.5 0.5

P=
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Fig. 1.7 The auxiliary graph G° = (X, E?)

The corresponding graph G, = (X, E) of this Markov chain is represented in
Fig. 1.5.

We apply the algorithm described above for determining the vector of limiting-
state probabilities 7 = (w1, m, m3), where m1 = @q2.1, M2 = 22, T3 = q2.3,
T4 = q2,4-

The corresponding strongly connected auxiliary graph G° = (X, E) is repre-
sented in Fig. 1.7 and the corresponding matrix of probabilities P’ for the auxiliary
Markov chain is given below

l1—€ € 0 0
025 025 0.25 0.25
P’ =
0 € 0.5—-0.5¢ 0.5—0.5¢
0 € 0.5—-0.5¢ 0.5—0.5¢
For the matrix P we have p11 =1, p12 = p13 = p14 =0; p21 = p22 =
P23 = p24a = 1/4 p31 = p32 =0, p33 = p3a = 1/2; p41 = psp = 0,

pa3 = pas = 1/2. Therefore, we can take L > 35. This implies that we can set
€ = 0.0001. We consider the system of linear equations

and determine the solution of this system. So, if for e = 0.0001 we solve the system
of linear equations
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[ 7) = (1 — ) + 0.257);
7r(2) = e7r(1) + 0.257rg + e7r(3) + E’ITg;
= 0.2579 + (0.5 — 0.5)75 + (0.5 — 0.5¢)7);
T = 0.2579 + (0.5 —0.5)75 + (0.5 — 0.5)7);
1= 7r? + 7Tg + 7r(3) + ’/Tg

then we obtain the solution

7 =0.3333; 7Y =0.0001; 75 =03333; 79 =0.3333.

0

If for each ;

determine

, J = 1,2,3,4 we find the approximate rational fraction then we

1 1 1
771=§§ m = 0; 7T3=§; =3

that satisfies the conditions
1
‘W? _ 5‘ <0.0001; |79 — 0] < 0.0001;
0 ! 0 1
79— 5| = 00001 | - 3| < 0.0003.
3 3

Therefore, finally we obtain

_1. =0 _1. _1
qz,1—3, q2,2 = VU, 42,3—3’ 42,4—3

The system above can be solved in general form with respect to ¢ and the following
representation of the solution in parametrical form can be obtained:

e = 7—— Q) =
73446 22T 3446
2+ 3¢ 2+¢€
= = .
(2 +2€)(3 + 4e) (24 26)(3 + 4e)

If after that we find the corresponding limits when ¢ — 0 then we obtain

w1 = lim 7'((1)(6) = —; m = lim ﬂg(e) =0;
e—0 e—0

W] = W] =

. . 1
w3 = lim 77(3)(5) = —; my = lim 71'2(6) = -,
e—0 e—0 3

i.e., we obtain the limiting probabilities for our problem.
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1.5.5 Determining the First Hitting Limiting Probability of the
State in a Markov Chain

In this section we consider Markov processes in which the system may stop tran-
sitions as soon as a given state y € X is reached. We call such processes Markov
processes with stopping state. We show that the dynamic programming algorithms
from Sect. 1.5 can be used for determining the probability of first hitting the stopping
state from an arbitrary starting state.

Let a Markov chain with the corresponding matrix of probability transitions P be
given. Fix a state y € X and consider the problem of determining the probabilities
m; of first hitting the state y when the system starts transition in a state x; € X.

It is evident that if we have a Markov unichain and y as a absorbing state then
the probability of first hitting the state y from a given state x; € X is equal to the
limiting probability ¢, , from x to y where g, , = 1 for every x € X. If we apply
Algorithm 1.10 and if we take into account that 7 — oo then we obtain the following
system of linear equations

7 =Pr, @ =1,

where 7’ is the column vector with components 7/ , i.e.,
X

So, this system for Markov unichains with absorbing state always has a unique
solution p; =1,i =1,2,...,nand gy, y = pi = 1, Vx; € X.

If we have an arbitrary Markov multichain that contains an absorbing state y € X
then the limiting probabilities g, y from x; € X to y also coincide with the limiting
probabilities 7r; of first hitting the state y € X. However, here these probabilities may
be different from 1 and some of them may be equal to zero. The zero components of
the vector 7 can easily be determined from the graph G, = (X, E ) of this Markov
process. Indeed, let X, be the set of vertices x € X for which in G, there exists a
directed path from x to y, we consider Iy, = {i € {1,2,...,n}|x; € X, }. Theniitis
evident that m; = Oifand only ifi € N\ Iy, where N = {1, 2, ..., n}. Therefore, the
probabilities 7; for x; € X can be found by solving the following system of linear
equations

=Pr, @ =1 and m =0, VieN\I,.

We obtain this system of equations from Algorithm 1.10 if 7 — oo.
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In the general case for an arbitrary Markov chain if y is not an absorbing state
the probability of first hitting the state y from x € X can be found by the following
way: We consider a new matrix of probability transitions P’ which is obtained from
P by changing the elements py . with the new elements p;, ., where p), , = 1 and
Dy,z = 0,Vz € X\ {y}. After that we obtain a new Markov chain with a new matrix
of probability transitions P’ where y is an absorbing state and we determine the
limiting probabilities of first hitting the state y from x € X using the procedure
described above. So, in order to determine the vector of first hitting probabilities we
have to solve the following system of linear equations

7 =Pr; 7 =1 7w =0 VieN\I.

Ly

Thus, for an arbitrary starting state x € X and an arbitrary positive recurrent state
y in a Markov unichain the first hitting probability 7 yisequalto 1, ie., e y=1
Vx € X.

Example Consider the problem of determining the probabilities of first hitting for
the Markov process with the matrix of probability transitions
03 03 04 O
05 0 03 02
0 06 0 0.4
0 0 0 1.0
and a given stopping state y = 3.
To determine 7|, 75, 5, 7, we form the matrix
03 03 04 0
05 0 0.3 0.2
0 0 1.0 0
0 0 0 1.0

and find the set X, = {4} for the corresponding graph G/, = (X, E},). This means
that we have to solve the system of linear equations

7 =P, m3 =1, 7@1 =0.
The solution of this system is

T =0.8909(09), 7 =0.745(45), m =1, m=0.
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It is evident that the vector of the first hitting limiting probabilities 7" for different
fixed stopping states y € X may be different, i.e., it depends on the stopping state
y. Therefore, in the following we will denote this vector for a given stopping state
y € X by ©/(y), where

/
T .
L jy

”é,jy
7' (y) =

/
n,jy

If we find the vectors of first hitting probabilities 7’ (y) for every stopping state y € X
then we determine the matrix 7’ = (7; ;)’, where an arbitrary element 7rlf’ ; represents
the limiting probability of first hitting the state x; if the system starts transitions in
the state x;.

It easy to observe that the following relationship between the elements of the limit
matrix Q = (g;,;) and the elements of the matrix of the first hitting probabilities 7’
in the Markov chain holds

/ ..
4i,j =T j4j.j> L J= 1,2,...,n.

Using this property and the property of the limit matrix we obtain the system of linear
equations

n

14 .
E 4. = 1, i=1,2,...,n.
=

In the general case the rank of this system may be less then n and, therefore, the
values ¢, ;j cannot be determined uniquely if the matrix 7’ is known. This system has
a unique solution with respect to g; ; only in the case if in the Markov chain each
positive recurrent state is an absorbing state.

1.6 Determining the State-Time Probabilities of the System
for Non-stationary Markov Processes

We consider Markov processes for which the probabilities of systems’ transi-
tions from one state to another depend on time. Such processes are called non-
stationary Markov processes. In this case the process is defined by a dynamic matrix
P(t) = (px,y(t)) and a given starting state x;,, where the dynamic matrix P (¢) is
assumed to be stochastic for every discrete moment of time t = 1, 2, .. .. The state-
time probabilities Py, (x, t) for non-stationary Markov processes are defined and
calculated in a similar way as for stationary processes by using the recursive formula
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Py (. 7+ 1) =D Py (0. Tpya(r), 7=0,1,2,... 11
yeX

where Pxi0 (xiy,0) = 1 and Px,.0 (xip,0) = 0 for x € X \ {x;,}. It is evident that
if py y(t) does not depend on time; then this formula becomes the formula from
Sect. 1.5. The matrix form of this formula can be represented as follows

m(r+ 1) =n(r)P(r), 7=0,1,2,...,t—1

where (1) = (71 (1), m2(7T), ..., Ty (7)) is the vector with the components 7; (T) =
P"io (x;, 7). At the starting moment of time 7 = 0 the vector 7 (7) is given in the same
way as for stationary processes, i.e., 7, (0) = 1 and 7; (0) = O for arbitrary i # iy.
If we apply this formula for a given starting vector 7(0) and 7 =0, 1,2, ...,7 — 1
then we obtain

w(t) =7(Q)PO)P(LHPR2) --- P(t —1).

So, an arbitrary element ﬁx,-,x/- (¢) of the matrix P(t) = P(0)P(1)P(2)--- P(t —
1) expresses the probability of the system L to reach the state x; from x; by using ¢
units of time.

Now let us show how to calculate the probability Pxi0 (y, 1 <t(y) < f)in
the case of non-stationary Markov processes. In the same way as for the stationary
case we consider the non-stationary Markov process with a given absorbing state
y € X. So, we assume that the dynamic matrix P(¢) which is stochastic for every
t =0,1,2,... and p, ,(t) = 1 for arbitrary ¢ is given. Then the probabilities
Pi(y, 0 < t(y) < t) for x € X can be determined if we tabulate the values
Py, t—7<t(y)<t), 7=0,1,2,...,t using the following recursive formula:

Py, t=7—1<t() =)= pelt—7—DP(y. t =7 <t(y) <1)
zeX

where for 7 = 0 we fix
Pe(y, 1t <t(y)<t)=0 if x#y and Py(y, 1 =t(y)<t)=1
We can represent this recursive formula in the following matrix form
T'(rt+ 1) =Pt —7—Dr"(r), 7=0,1,2,...,t—1.

At the starting moment of time ¢ = 0 the vector 7”(0) is given: All components are
equal to zero except the component corresponding to the absorbing state which is
equal to one, i.e.,

0, ifx; #y,

w;’(()):[l .
. ifx =y
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If we apply this formulato 7 =0, 1,2, ...,¢ — 1 then we obtain
*'(t) = POO)P(HPQR)---P(t — DHA"©0), t=1,2,....

So, if we consider the matrix P (1) = P@O)P(1)P(2)--- P(t — 1) then an arbitrary
element p; ; (¢) of the column jy in the matrix P (z) expresses the probability of the
system LL to reach the state y from x; by using not more than ¢ units of time, i.e.,

Pij, (1) = Py (y, 0 < 1(y) =1).
Here the matrix P(¢) is a stochastic matrix forr = 0, 1, 2, ... where py,v(t) -1
fort =1,2,... and :
7 (T)

75 (T)
(1) = _ , 7=0,1,2,...

)

is the column vector, where an arbitrary component 7/’ (7) expresses the probability
of the dynamical system to reach the state y from x; by using not more than 7 units
of time if the system starts transitions in the state x at the moment of time r — 7, i.e.,
/(1) = Py (y, t =7 <t(y) < 1).

This means that in the case that y is an absorbing state the probability Py (y, t; <
t(y) < 1) can be found in the following way:

(a) Find the matrices
Pt —1)=POYP)PQ)---P(t; —2)

and
P(1) = P(O)P()P(2)--- P(1 — 1);

(b) Calculate

Pi(y, 1 <t(0) <) =Py, 0<5t(y) <) = P(y, 0<t(y) <t — 1)
= Pi,.jy () = Py, j, (1 = 1),

where p; i (f1—1) and p; iy (r2) represent the corresponding elements of the matri-
ces P(t; — 1) and P(r).

The results described above allow us to formulate algorithms for the calculation
of the probabilities P,(y, 0 < r(y) < t) for an arbitrary non-stationary Markov
process. Such algorithms can be obtained if in the general steps of the Algorithms 1.9
and 1.10 we change the matrix P by the matrix P(t — 7 — 1) and 7/(7) by 7 (7).
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Below we describe these algorithms. They can be derived in an analogues way as
the algorithms from the previous section.

Algorithm 1.20 Calculation of the State-Time Probabilities of the System in the
Matrix Form (Non-stationary Case)

Preliminary step (Step 0): Fix the vector 7”(0) = (7] (0), 75(0), ..., 7,,(0)), where
7/ (0) =0 fori # i, and 77;;_(0) =1.

General step (Step T + 1, 7 > 0): For a given 7 calculate
m'(r+1) =Pt —71—Dr"(n)
and then put
7r,{;(7'+ =1
If 7 <t — 1 then go to the next step, i.e., 7 = 7 + 1; otherwise STOP.

Algorithm 1.21 Calculation of the State-Time Probabilities of the System with
Known Probability of its Remaining in the Final State (Non-stationary Case)

Preliminary step (Step 0): Fix the vector 7”(0) = (7 (0), 75 (0), ..., 7, (0)), where
7/ (0) = 0 fori # i, and 7rlf;(0) =1.

General step (Step 7 + 1, 7 > 0): For a given 7 calculate
7' (t+1) =Pt —71—Da"(1)

and then put
T (T +1) =q().

If 7 <t — 1 then go to the next step, i.e., 7 = 7 + 1; otherwise STOP.

Note that Algorithm 1.21 finds the probabilities P,(y, 0 < #(y) < r) when the
value g (y) is given. We treat this value as the probability of the system to remain in
the state y; for the case g(y) = 1 this algorithm coincides with the previous one.

To calculate the probability Pxio (x, 1 < t(x) < 1) for x € X in the case of
non-stationary Markov processes we shall use also the following auxiliary result.

Lemma 1.22 Let a Markov process determined by the stochastic matrix of proba-
bilities P = (py,y) and the starting state x;, be given. Then the following formula
holds:

Py, (¥, 1 S1(x) <12) = Py (x,11) + Pl (x, 51 + 1)

+PL T e +2) + (1.49)
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where P;}O’”H"“’”J”_l(x, t+1i),i=12,...,0n — t1, is the probability of the
dynamical system to reach the state x from xo by using t| + i transitions such that it
does not pass through x at the moments of time t1,t; + 1,61 +2,...,t1 +i — 1.

Proof Taking into account that Py, (x, 1 <t(x) < t1+1i) expresses the probability
of the system L to reach from x the state x at least at one of the moments of time
t1,t1 +1,...,1 + i we can use the following recursive formula

Py, (x, 1 St(x) Sti+10) = Py (x, h St(x) <t +i—1)

41, n+i—1 . (1.50)

TP (x, 11 +1).
Applying formula (1.50) r, — t; timestoi = 1,2, ..., t, —t; we obtain the equality
(1.49). y

Note that formulae (1.49) and (1.50) could not be used directly for the calculation
of the probability Py, (x, #j < t(x) < ). Nevertheless we can see that such a
representation of the probability Pxio (x, 1 < t(x) < tfp) in the time-expanded
network method will allow us to formulate a suitable algorithm for calculating this
probability and to develop new algorithms for solving the problems from Chap. 4.

Corollary 1.23 [f the state x of the dynamical system L in the graph of probability
transitions G, = (X, Ep) corresponds to a deadlock vertex then

%]
Py (x, 61 St(x) <) =D P

=t

(x,1). (1.51)

i

Let X  be a subset of X and assume that at the moment of time ¢t = 0 the dynamical
system L is in the state xo. Denote by me (X7, 1 < t(Xy) < 1) the probability
that at least one of the states x € X y will be reached at the time moment 7 (x) such
that 11 < #(x) < t». Then the following corollary holds:

Corollary 1.24 If the subset of states Xy C X of the dynamical system L in the
graph G, = (X, Ep) corresponds to the subset of deadlock vertices then for the
probability sz'o (X7, 1 =t(Xy) < 1) the following formula holds

n
Py (Xt St(Xp) < 1) = > ZPXI.O (x,1). (1.52)

xeXyt=n

It is easy to see that formula (1.52) generalizes formula (1.51).
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1.7 Markov Processes with Rewards and Transition Costs

Markov processes with rewards have been introduced in [1, 3, 4, 47]. The main
problems related to such processes and approaches for their solving can be found
in [47, 114, 140]. In this section we consider Markov processes with rewards and
analyze some basic notions that we will relate to stochastic control problems in
the following. For a Markov processes with rewards there are given the probability
matrix P = (py,y), a starting state and the matrix C = (cy,y) where an arbitrary
element ¢, expresses the reward if the system makes a transition from the state x
to the state y. Thus, when the system makes transitions from one state to another we
obtain a sequence of rewards. This sequence of rewards is a random variable with a
probability distribution induced by the probability relations of the Markov process
and for which the expected total reward during T state-time transitions of the system
can be defined. In this book for stochastic control problems we will treat the rewards
as the costs, i.e., we consider Markov processes with transition costs. Thus, in the
following we call the expected total reward the expected total cost.

1.7.1 Definition and Calculation of the Expected Total Cost

Consider a Markov process with the transition probability matrix P = (p,,,) and a
given starting state of the dynamical system. In addition, assume that the matrix C =
(cx,y) is defined where ¢y, expresses the cost of the system’s transition from the state
x to the state y. This Markov process generates a sequence of costs which is a random
variable induced by transition probability distributions in the states. Therefore, the
expected total cost during ¢ transitions when the system starts transitions in a given
state x € X can be defined in an analogues way as for Markov processes with
rewards. We denote this expected total cost by o (¢). The values o, () for x € X are
defined and calculated on the bases of the following recursive formula

ox(t+1) = pr,y(cx,y +oy(m), 7=0,1,2,...,t—1 (1.53)
yeX

where 0, (0) = 0 for every x € X. Formula (1.53) can be treated in a similar way
as the formula for calculating the total earning in Markov processes with rewards
[47]. The expression ¢y, y + oy (7) means that if the system makes a transition from
the state x to the state y then it spends the amount ¢, , plus the amount it expects to
spend during the next 7 — 1 transitions if the system starts transitions in the state y at
the moment of time 7 = 0. Taking into account that in the state x the system makes
transitions in a random way (with the probability distribution p, ), we obtain that
the values ¢, + 0 (7) should be weighted by the transition probabilities p, . In the
case of the non-stationary process, i.e., if the probabilities and the costs are changing
in time, the expected total cost of the dynamical system is defined and calculated in
a similar way; in formula (1.53) we change py y by px y(7) and ¢, y by ¢y (7).
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It is easy to observe that the formula for the expected total cost given above can
be represented as follows

o(T+ 1) =D peyoyt D peyoy(), T=0,1.2,...1—1
yeX yeX

If for an arbitrary state x; € X in this formula we denote

i = pri,ycxi,yv oi(T) =0y (1), i=12,...,n
yeX

and if we regard y; and o;(7) as the components of the corresponding vectors

g o1(7)

2 o2(T)
p=1| |, o=

Hn on(T)

then the formula for calculating the expected total cost can be written in the following
matrix form:

octr+ 1) =pu+ Po(r), 7=0,1,2,...,t—1. (1.54)

The component p; of the vector i may be interpreted as the cost to be expected in
the next transition out of state x; and, therefore, we call it the expected immediate
cost in the state x;. An arbitrary component o; (7) of the vector o(7) expresses the
expected total cost of the system during 7 transitions if the system starts transitions
in the state x;.

Applying ¢ times this formula and taking into account that o(0) = 0, where 0 is
a vector with zero components, we obtain

o) =Plu+Plut+ PPu+---+ Py,

where P9 is the identity matrix, i.e., PY=1.
For an arbitrary state x; € X we denote

1
wi(t) = ;o,»(t), t=1,2,....

This value expresses the expected average cost per transition of the system during
t state transitions if the system starts transitions in x;. We call the vector w(t) with
the components w; (), i = 1, 2, ..., n the vector of average costs of the system if it
starts transitions in x;.
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Let us consider an arbitrary discrete Markov process for which there exists the
limit
lim P’ = Q.

t—00

Then there exists the limit
lim w(t) = w
11— 00

and w = Qu. This fact can be proved by using the following property. Let
00, (1), 02), ..., Q(t), ... beanarbitrary sequence of real matrices for which
there exists the limit

lim Q) = Q.
11— 00
Then there exists the limit

Dm0 Q) 0 Q(k)

t%oo t

and this limit is equal to Q, i.e.,

lim Dz Q) 0 Q) _o.

t—00 t

So, if we put Q(r) = P! then we obtain

A7 ZP"

This means that

. R .
tl_l)rg()w(t):}_l)rg(};%P p=0op

Using the results described above we can determine the vector of expected average
costs w(t) if t — oo in the following way: We find the limit matrix Q and the vector
(v and then calculate w = Qpu. This means that in the case of a large number of states’
transitions ¢ the vector of the expected total costs o (¢) can be approximated with the
vector t Qu, i.e., o(t) ~ tQu.

We have proved the property mentioned above in the case if there exists the limit
lim; .o P' = Q. In the general case the existence of the limit lim;_, o, w(f) = w
for an arbitrary matrix P can be proved by using the Cesaro limit
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) lt—l L
tlingo;;P =0

The result described above allows us to prove the following lemma:

Lemma 1.25 For an arbitrary Markov process the vector of limiting average costs
w satisfies the following equations:

w= Pw (1.55)
w = Quw. (1.56)

Proof Using formula (1.54) we can write the following relation

t+1 t
o+ _p, po®)
t t t

i.e.,

t+1lot+D) _p a(®)

t t+1 t t

If in the last equation we take the limit if # — oo then we obtain the equality (1.55).
We prove formula (1.56) using (1.55). From (1.55) we obtain

w=Pw, w=Pw, .., w=Pu.
This implies
=
w=- PTw.
;D P
7=0
If in this formula we take the limit for 1 — oo then we obtain (1.56). (Il

In the following we study the asymptotic behavior of the expected total cost and of
the average cost per transition in the Markov processes with transition costs using the
z-transform. We can see that the z-transform allows us to formulate a more adequate
asymptotic formula for determining the expected total cost and average cost per
transition for the dynamical system in Markov chains.

1.7.2 An Asymptotic Behavior Analysis of the Expected Total Cost
Based on the z-Transform

Now we show that the z-transform can be used for the estimation of the expected
total cost of the dynamical system in the case of a large number of transitions. To
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obtain an asymptotic formula for the expected total cost in Markov processes we
apply the z-transform to the equation

o(t+1)=p+ Po(®).
Based on the properties of the z-transform from Sect. 1.1.4 we get
2N (Fp(2) = Fp(0) = iu + PFy(2).
Through rearrangement we obtain
F,(z) —o(0) = IZTZM + 2P F;(2),
(I =2P)Fo(c) = T——p+0(0)

or
Z — _

Fo@) = U =zP) "t (I =2P) Lo (0). (1.57)
For many practical problems ¢ (0) is identically zero and, therefore, the Eq. (1.57)
reduces to

2 —1
Fo(z) = —— U —zP)" p.
-z

In general ¢(0) may be different from zero.

In Sect. 1.1.4 we have shown that the inverse transformation of (I — zP) ™! has
the form Q + T (¢), where Q is the limit matrix and 7 (¢) is a sum of differential
matrices with geometrically decreasing coefficients. This means that for (I —zP) ™!
the following relation can be written

1
(I—-zP) ' = T2+ TE,

where T(z) is the z-transform of 7 (7).
If we substitute this formula in (1.57) then we obtain

1
11—z

z z
Fy(z) = (I_—Z)ZQ/J + ITZT(Z)N +

00(0) + T(z)o(0).  (1.58)

To identify the components of o(¢) by using the inverse transformation for F,(z)
we have to analyze each component of F,,(z). First of all we observe that the term
2Qu/(1 —z)? represents the ramp of the magnitude Q.. A more detailed analysis of
the term zT(z) /(1 — z) allows us to conclude that it represents a step of magnitude
T(1) 1 plus geometric terms that tend to zero as ¢t becomes very large. Furthermore,
let us assume that all roots of the equation det(/ — z P) = 0 are different. Then T(z)
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can be expressed as follows

D;
T(z)=21_aiz,

1

where D; are the matrices that do not depend on z and «; represent some constants
each of which is less then 1. Therefore, zT(z)/(1 — z) can be represented in the
following way

Z 1 D, D,
IO = T 2 e A T e e

i i

If after that we take the inverse transformation then we obtain

D; Dioﬂ
z]—lai _121—02,'.

i

Now it is evident that

Z 1 bi _ T(1).

1

In a similar way we can show that the inverse transformation of zT(z)/(1 — z) is
T (1) if the equation det(/ — zP) = 0 admits multiple roots.

So, the term zT(z) /(1 —z) in (1.58) expresses the ramp of the magnitude T (1) .
The quantity Qo (0)/(1 — z) is a step of magnitude Qo (0) and T(z)o (0) represents
geometric components that vanish if ¢ is large.

Finally, if we take the inverse transformation for F,;(z) then we obtain the asymp-
totic representation of the expected total cost

o) =t1Qpu+T(Mp+ Qo(0) + ),

where €(t) — 0if t — oo.
If we come back to the expression w = Qu then our formula can be written as
follows
o(t) =tw+e+€(t), (1.59)

where
e=T)pu+ Qo(0)

and w represents the limiting vector of the average costs; a component w; of the
vector w expresses the average cost per transition of the system if it starts transitions
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in the state x;. The component T(1) can be determined using o(n" elementary
operations based on the approach described in the Sects. 1.3 and 1.4.

Below we give an example which illustrates how to calculate the expected total
cost in Markov processes based on the formula above.

Example 1 Consider the Markov process with the corresponding matrices of proba-
bility transitions and cost transitions

0.5 0.5 9 3
P = ;o C = .
04 0.6 3 -7
We are seeking for the estimation of the vector of the expected total costs o () and

the vector of average costs per transition in this Markov process.

H1

First of all we find the vector y = ( ) where 11 = 05-9+05-3 = 6,

M2
,LL2=0.4-3—0.6-7=—3,i.e.,u=(

then we have

_2) If we take o identically equal to zero

o(t) =1Qu+ T(D)p. (1.60)

In Sect. 1.1.4 it is shown that for our example we have

4 5 5 5
1 [9 09 1 9 9 1
I—-zP) " = + =—0+T(2)

l-z|4 5 IR B R 1—z

5 9/ 10\75 3
that implies

4 5 50 50
9 9 81 81

0= ;0 T() =
4 5 40 40
9 9 81 81

6
If we introduce S, T(1) in (1.60) and take into account that y = ( 3) then we

1
U(t)=t( )+
1

obtain 50

o~
o
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So,

) =t+ >0 )=t 40
o1(t) = —, O =t——.
! 9 72 9

The vector of average cost per transition w is determined as follows:

oe()

A more detailed interpretation of this example can be found in [47].

1.7.3 Determining the Expected Total Cost for Non-stationary
Markov Processes

Consider a Markov process with a given matrix of probabilities P and a cost matrix
C where the elements of these matrices depend on time, i.e., py,y = px y(f), Cx,y =
Cx,y(t) and ZyeX Dx,y(t) = lforeveryt =0,1,2..... So, we consider a non-
stationary Markov process determined by the dynamic matrices P(f) = (py,y (1))
and C(t) = (cy,y(t)). For an arbitrary x € X the expected total cost o, (¢) during ¢
transitions of the system if it starts transitions in x can be calculated on the bases of
the following recursive formula

o (1) = pr,y(t —T)(Ccx,y(t —T)+oy(r—=1), 7=1,2,...,¢t
yeX

starting with o, (0) = 0 for every x € X. After ¢ steps we obtain o, (¢). Note that
in the recursive formula above o, (7) expresses the expected total cost during 7
transitions of the system if it starts transitions in x at the moment of time ¢ — 7.
Based on this calculation procedure we can show that the following formula for o (¢)
holds

o(t) = p0) + PO)u(l) + PO)P()p(2) + ...
+ P(O)P()P(2)--- Pt —2)u(t — 1),

where

1(7)

p2(T)
p(r) = ) ., T=0,1,2,...,1—1,

i (T)
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are the column vectors with the components

pi(m) =D pey(@ey (), T=0,12,...1—1; j=12....n
yeX

This formula can easily be proved by using the induction principle on the number
of transitions 7. The value y; () in this formula expresses the immediate cost of the
system in the state x at the moment of time 7.

1.7.4 Definition and Calculation of the Variance of the Total Cost

For a Markov process with probability matrix P = (py,y) and associated cost matrix
C = (cx,y) we can define the variance D)‘io () of the total cost during ¢ transitions
for the dynamical system if it starts transitions in the state x (0) = x;, at the moment
of time t = 0 [34, 115]. For an arbitrary state x € X and an arbitrary ¢ we define
and calculate the variance Dy (¢) during ¢ transitions using the following recursive
formula

Di(r+1)=> pey((cxy — )+ Dy(), 7=0,1,2,...,t—1
yeX

where

Hx = z Px,wCx,w

weX

and D, (0) = 0 for every x € X. This formula can be treated in the same way as
the formula for the expected total cost. The variance for the non-stationary case is
defined in a similar way.

If we denote the column vector by D(¢) with components D, (¢) and the column
vector by p¥ with components

,U; = Z(Cx,y - ﬂx)z

yeX
then the formula above in the extended form can be expressed as follows
D) = PO’ + P'p" + PP’ 44 P10t

In a similar way as for the average cost it can be shown that for D(¢) there exists

_ 1
D = lim -D(t)
t—oo t
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and D = Qu. A component D, of vector D can be treated as the limiting average
variance for the dynamical system if it starts transitions in the state x [114]. So, for
the case of a large number of transitions the variance vector D(t) can be expressed as

D(t) =tD+¢& +€@),

where

e =T’ + QD(0)

and €' (¢) tends to zero if t — o0, i.e., D(¢t) for a large 7 the value D(¢) can be
approximated with ¢t D, i.e., D(t) =~ tQu".

1.8 Markov Processes with Discounted Costs

Consider a Markov Process with a given stochastic matrix of transition probabilities
P = (py,y) and a matrix of transition costs C = (cy,y). Assume that the future
costs of states’ transitions of the dynamical system from one state to another in the
considered process are discounted according to a given discount factor (discount
rate) v, where O < v < 1. This means that at the moment of time # the cost of the
system’s transition from a state x € X to a state y € X is ¢y (1) = 7'cy,y. For such
a process the expected total discounted cost during ¢ transitions if the system starts
transitions in a state x € X is defined and calculated on the basis of the following
recursive formula

o (T + 1) =D prylecy +70y(1), T=0,1,2,...1—1.
yeX

Using the vector notations from Sect. 1.7.1 this formula can be expressed in the
matrix form
o(r+1)=u+~vyPo(r), 7=0,1,2,...t -1,

where 0 (0) is the vector with zero components. This implies that the expected total
discounted cost during ¢ transitions can be calculated by applying the formula

o) = Pou+ P+ Prut 4 Py (1.61)

where /1 is the vector with the components 1; = 3\ cy Px;,yCxiys i = 1,2, ..., 1.
In the following we can see that for Markov processes with discounted costs the
limit lim,;_, o 0(t) = 0 < oo always exists (see [47, 135, 140]). Using this property
we can take the limit in the relation o(t + 1) = p + yPo(¢t) for t — oo and we
obtain the equation
oc=u+vPo.
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For 0 < v < 1 this equation has a unique solution with respect to o. So, the vector
of limiting expected total discounted costs o can be found by solving the system of
linear equations

(I =yP)o=p
where det(/ — yP) #0for0 <~ < 1.
To prove the properties mentioned above and to study the asymptotic behavior
of the expected total discounted costs in Markov processes we will use again the

z-transform.
If we apply the z-transform to the relation o (¢ + 1) = u + vPo(¢) then we have

2 (Fo(2) = Fo(0) = iu +PF,(2).
After rearrangement we obtain
Fy(2) = —(1 —7zP) i+ (I = 7zP) " Fy (0).
In this case the inverse matrix of (I — vz P) can be represented as follows

1
(I =7zP)" = -0 + T(). (1.62)

Thus,

1
Fp@) = —————0p + 1T+ ( s 0+ T(’VZ)) £y (0).

d=21 =7z2) 1

If we substitute here

z 1 ( 1 1 )
1= -9 1-y\l-z 1-92
then we can find the inverse z-transform of the component

Z

TSR

the pre-image of this component corresponds to
t

1 Y
T Op— 1= 5

op.
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It is easy to observe that the inverse transform of zT(z)/(1 — z) is T (7). Indeed, if
all roots of the characteristic polynomial det(I — zP) = O are different then

T(yz) = Z L

- 1 — oz’

where D; represent matrices that do not depend on z and «; are the corresponding
proper values. Therefore,

z 1 D; D;
T(z) = — .
1—z2 @ l—ZZl_:l—ai'yz Zl.“(l—oéw)(l—ai’yz)

Based on this formula for zT(z)/(1 — z) we can find the inverse z-transform which
has the form

Z D; _ Z D,-(ozi’y)t
1 —aiy 1—ajy”

i i

This allows us to conclude that

In an analogues way we can show that the inverse z-transform of zT'(z) /(1 — z) is
T (7y) if the equation det(I — z P) = 0 admits multiple roots. Finally, we can observe
also that all coefficients in the representation of F,(0) tend to zero for t — oo.
Therefore, for large ¢ the expected total discounted cost can be expressed by the
following asymptotic formula

1
o(t) = EQM + T(Vp+ @),

where €(t) — 0 for t — oo. If we take the relation (1.62) into account then we
obtain that for o (¢) there exists lim;_, o, 0(t) = o and

o=I—-~P) 'y, (1.63)
where

1
(I—~P)' = T2+ TO)
-7

So,if 0 < v < 1 then there exists (I —~P)~! and the vector of limiting discounted
costs o can be calculated by using formula (1.62).
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In general formula (1.62) can be obtained from the recursive formula (1.61) for
t — oo. Indeed for 0 < v < 1 we have

o0
] —_ T
im0 () = EO(WP) e
T=

The matrix P is stochastic and 0 < v < 1. Therefore, all proper values are less than
1 and we obtain

> (P = —yP)",
=0

This means that lim; . 0(t) =0 = (I — 'y)_l,u, i.e., formula (1.63) holds.
Example Let a Markov process with discounted costs be given, where A = 0.8,

0.5 05 5 3
P = ; C = ,
0.6 04 6 —4
g
and consider the problem of determining o = ! . This vector can be found
02

according to formula (1.63) or by solving the system of linear equations (I —yP)o =

2
6 x 0.6 —4 x 0.4 = 2 then we find o1 and o, by solving the system of linear
equations

1, where p = (Nl . So, if we calculate iy = 5 x 0543 x 0.5 = 4; up =

0.60;1 — 0.40p =4,

—0.4801 + 0.58072 = 2.

The solution of this system is o1 = 20, oo = 20.
1.9 Semi-Markov Processes with Transition Costs

So far we have studied Markov processes in which the time between transitions is
constant. Now we will consider a more general class of stochastic discrete processes
where the transition time 7 from one state x € X to another state y € Y is an integer
random variable that takes values from a given interval [1, ¢'],i.e., 7 € {1,2,...,t'}.
Such processes are related to Semi-Markov processes [97]. We consider a stochastic
discrete process thatis determined by a finite set of states X and a probability function
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p:XxXx{1,2,...,/'} —[0,1]

that satisfies the condition

t
ZZP’W’T =1, VxelX,

yeX =1

where p, y r expresses the probability of the system to pass from the state x to the
state y using 7 units of time. Let Py (x, 1) denote the probability of the system L to
reach the state x at the moment of time 7 if it starts transitions in the state x;, at the
moment of time ¢t = 0. It is easy to observe that this probability for the considered
process can be calculated by using the following recursive formula

t
P)Cjo(-xvt) = zzpy,x,TPx,'O(y’t_T)s 1= 07 ]127 "'7?7
yeX t=1
where le.0 (xiy, 0) =1 and Pxio (x,0) =0forx € X\ {x;,}. Here we set py y » =0
if 7 > ¢'. If in the considered process for arbitrary x, y € X the probabilities py y
satisfy the condition

px,y,T :07 T=2533"'t/s (1'64)

then we obtain a Markov process and the formula above for calculating le.0 (x,1)1s
transformed into formula (1.1).
For a Semi-Markov process with transition costs along the cost function

c:XxXx{1,2,...,t'} =R

is given that determines the values ¢, y - forevery x,y € X and 7 € {1,2,...,1}.
Here cy y 7 is the cost of the system IL to pass from the state x to the state y by
using 7 units of time. The total expected cost o (7) at the moment of time 7 if the
system starts transitions in a state x at the moment of time # = 0 is a random variable
induced by the cost and probability transition functions.

We define and calculate this value using the following formula

t
o) =D pryrleayr oyt —7), t=12...1—1, (1.65)

yeX t=1

where 0,(0) = 0, Vx € X. If the probabilities p, , , satisfy the condition (1.64)
then formula (1.65) becomes formula (1.53) for the calculation of the expected total
cost in Markov processes. Formula (1.65) can be written in the following form
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t
O-X(t)=M§C+Zsz,y,7'ay(t_7—)a t:1’27"'7?7

veX t=1

where

'
§ Px,y,7Cx,y,7
=1

o=

yeX T
represents the immediate cost in the state x € X. In an analogous way as for Markov
processes here we can introduce the discount factor v, 0 < v < 1. If we assume that
the cost at the next discrete moment of time is discounted with the rate  then we
can define the expected total discounted cost o7 (7) by using the following recursive
formula

t
ol (1) =D D pryrleeyr+77oyt=1), 1=0,1,2....1.
yeX =1

It is easy to observe that for an arbitrary Semi-Markov process with transition costs
an auxiliary Markov process with transition costs can be constructed. We obtain this
auxiliary Markov process if we represent a transition from the state x to the state y
by using 7 € {1, 2, ..., '} units of time in a Semi-Markov process as a sequence of
T unit time transitions via 7 — 1 fictive intermediate states x], x3, ..., x__;. So, we
regard a transition from x to y by using 7 units of time in the Semi-Markov process
as a sequence of transitions

T T T T T T
X = X[, X| =Xy, ..., Xi_o—=>X _y, X,_|—Y,

for an auxiliary Markov process where the corresponding transition probabilities are
defined as follows:

DPxx] = Px,y,75 Px]xj) = Pxjxs = "= PxI_,xI_| = PxI_,.y = L.

We define the transition costs for the auxiliary Markov process with new fictive states
as follows:

Cxx] = Cx,y, 75 CxTox] =Cxfx] = =Cxl_,xl_ | = CxI_ |y~ 0.

After the construction above the problem of calculating the probabilities Py (y, t) and
the expected total costs in Semi-Markov processes can be reduced to the problem
of calculating the corresponding characteristics for the auxiliary Markov process.
Moreover, the proposed approach allows us to determine the limiting state proba-
bilities, the average cost per transition and the expected total cost for Semi-Markov
processes with transition costs.
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1.10 Determining the Expected Total Cost for Markov Processes
with Stopping States

For Markov processes with transition costs the expected total cost may not exists
if the system makes transitions indefinitely. In this section we consider a class of
Markov processes with transition costs for which the expected total cost exists and
can be efficiently calculated.

Let a Markov process determined by the matrix of transition probability P =
(px,y) and the matrix of transition costs C = (cy,y) be given. In addition, we assume
that for the Markov process a stopping state z € X as it is defined in Sect. 1.5.5
is given. We consider the problem of determining the expected total cost for the
dynamical system if it starts transitions in a state x € X and stops transitions in
a given state z as soon as this state is reached. We show that if the stopping state
z € X corresponds to a positive recurrent state of the unichain Markov process then
the expected total cost exists for an arbitrary starting state and it can be efficiently
calculated. We show also how to define and calculate the expected total cost in a
process with a given stopping state for an arbitrary Markov chain with transition
costs.

Atfirst let us consider our problem in the case of unichain processes if the stopping
state coincides with an absorbing state z € X. In this case the expected total cost for
the problem with a stopping state z can be calculated for an arbitrary starting state
x € X considering c; ; = 0, o, = 0 and applying the recursive formula (1.54). So,
here we have only to fix c; ; = 0in the matrix C if ¢; ; # 0 and then to apply formula
(1.54). Based on the results from Sect. 1.7.2 we may conclude that in the considered
case this iterative procedure is convergent. Thus, the expected total cost o, in the
unichain Markov process exists for an arbitrary starting state x € X. Therefore, if in
the recursive formula (1.54) we take the limit when ¢ tends to co then we obtain the
system of linear equations

oc=pu+ Po, o,,=0

which has a unique solution. The existence of a unique solution of this system of
equations for the unichain Markov process with stopping state z € X wherec; ; = 0,
can be proved if we represent ¢ = i + Po in the following form

(I —P)o=p. (1.66)

The rank of the matrix (I — P) is equal to n — 1 because the column vectors of the
matrix P that correspond to the states x € X \ {z} are linear independent. Therefore,
if we add the condition o, = 0 to the system (1.66) then we obtain the system of
linear equations

(I—-Pyo=u, o,=0, (1.67)
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which has a unique solution because of p; = 0. So, we can determine o, for every
x € X. The solution of the system (1.67) can be found using the well known classical
numerical method as well as the iterative procedure from [119, 128]. After replacing
0;.; = 0ino = p+ Po we obtain the system for which the iterative procedure from
[119, 128] can be efficiently used for an approximation.

Below an example for calculating the expected total cost in a Markov unichain
with an absorbing stopping state is given.

Example 1 Let a Markov unichain with absorbing stopping state z = 4 be given,
where the probability and the transition matrices are defined as follows:

03 03 04 O 2 1 2 0

05 O 03 02 -3 0 -1 1
P - B C =

0 0.6 0 0.4 0 1 0 2

0 0 0 1.0 0 0 0 0

So, X ={1,2,3,4} and z = 4.
Consider the problem of determining the expected total costs when the system
starts transitions in the states x € X \ {4} and stops transitions in the state z = 4,

i.e., we have to calculate o, 032, 03, 04, where o4 = 0.
We find

1 =0,3-2403-1+04-2=17,
2 =05-(=3)+03-(=1)+02-1=—1.6,
3 =06-1+04-2=14

and solve the system of linear equations (1.67), i.e., we determine the solution of the
following system of linear equations

0.701 — 0.302 — 0.403 = 1.7,

—0.501 + oy — 0303 — 0.204 = —1.6,

—0.607 + 03 — 0404 = 14,

o4 = 0.

The solution of this system is
or=4, oo=1, o03=2, 04=0.

If the stopping state z € X corresponds to a positive recurrent state in the unichain
Markov process then the problem of determining the expected total cost can be

calculated by modifying the state z into an absorbing state. This means that the matrix
P is changed into a new matrix P’ which is obtained from P where the elements p
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that correspond to the row z are changed as follows: p; , =1, p, , = 0,Vy X \ {z}.
In such a way we obtain a new unichain Markov process with a new probability
transition matrix, where z is an absorbing state and we can calculate the expected
total cost for an arbitrary starting state x € X.

For defining and calculating the expected total cost of first hitting a given state
z € X of an arbitrary Markov process it is necessary to introduce an additional
hypothesis related to probability transitions because the first hitting probability 7/,
for some x € X may be less then one or equal to zero. It is evident that if 7, , = 0
then the expected total cost o, in the considered Markov process with stopping state
z makes no sense. Therefore, we can consider the problem of calculating o only for
xeX =X\ X’ where

X'={xeX|m =0}

This means that the expected total cost in the considered process with a given stopping
state z can be calculated by using only the matrices P = (p,. v)s C = (cy, y) generated
by the elements py , and ¢, , for x, y € X. Here P is a submatrix of P and the
condition > % px.y = 1 for some x € X may fail to hold. We obtain the condition

Zye? DPxy =1,Vx € X if we change the matrix P into a new matrix P’ = (p;’y),
where

1

Pry=-<=—Pxy Yx€X\{z}i poz=1 p.x=0, VxeX\{z}
Z Pxv

veX

Here the probabilities p/ y canbe treated as the conditional probability of the system’s
transition from the state x to the state y in the case if the state z is reached, i.e., when
ﬂ;’ y = 1. Suchatransformation of the probabilities allows us to estimate the expected
total cost if the dynamical system stops transitions in the state z. Therefore, in this
case for each state x € X the corresponding probability transitions p. y from x for
y € X and pl., from x for y € X should be proportional. It is easy to observe that
after the transformation mentioned above the immediate costs ;. and the probability
of first hitting the absorbing state in the auxiliary problem satisfy the following

properties:

: / / Y.
e minc, , < jiy < Maxc, Vx € X;

'R
yeX yeX Y

o the probability of first hitting the state z from arbitrary x € X is equal to 1.

Thus, to calculate the expected total cost in a Markov process with stopping state
z we have to construct the auxiliary Markov process with probability matrix P and
cost matrix C, then to determine the matrices P and 6/, where C is obtained from
C by fixing c;x = 0,Vx € X and after that to calculate the expected total cost
of first hitting the state z from an arbitrary state x € X. These values express the
corresponding expected total costs in the initial Markov process with stopping state z.
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Example 2 Consider the problem of determining the expected total costs o, for the
Markov process with the matrices P, C from Example 1 if z = 3.

For this example we have X0 = {4} and X = {1, 2, 3} because 7er3 = 0 and
7r;’3 # 0 for x = 1, 2, 3. Thus, we obtain

03 03 04 2 1 2
P=]05 0 03|, C=|-3 0 -1
0 06 0 01 2

Using the procedures mentioned above we determine

03 03 04 21 2
P=]0625 0 0375|. c=|-3 0 -1
0 0 1 00 0

For the auxiliary Markov process with the matrices P’ and C' we solve the system
of linear equations (I — P')o’ = 4/, o, = 0.
So, we calculate
py=03-2403-1404-2=17,
wh = 0,625 (=3) +0.375 - (—1) = 2.25,
1y =0,
and solve the following system of linear equations
0.70) — 030, — 040y = 17,
—0.6250] + o) — 0.3750% = —2.25,
oy = 0.
The solution of this system is 0] = 1.041, ¢, = 1.5994, ¢} = 0 and for the initial
problem we can take 0| = 0/, 02 = 0}, 03 = 03. These values express the expected
total cost from x € {1, 2, 3} to z = 3 in the case if the system stops transitions in
z=3.
The expected total cost for the discounted Markov processes with stopping state
z can be determined by using the following system of linear equations

(I —~P)yo=p, o,=0.

If z € X is an absorbing state for a Markov unichain with c¢; ; = 0 then this system
has a unique solution for an arbitrary v € (0, 1].



Chapter 2

Stochastic Optimal Control Problems
and Markov Decision Processes

with Infinite Time Horizon

The aim of this chapter is to develop methods and algorithms for determining the
optimal solutions of stochastic discrete control problems and Markov decision prob-
lems with an infinite time horizon. We denote such methods and algorithms on the
bases of the results from the previous chapter and classical optimization methods.
The set of states of the system in the considered problems is finite and the starting
state is fixed. We study the stochastic discrete processes that may be controlled in
some dynamical states. The average and the expected total discounted costs opti-
mization principles for such processes are applied and new classes of a stochastic
control model are formulated. Based on such a concept we study a class of stochastic
discrete control problems that emphasis Markov decision problems and determinis-
tic optimal control problems with an infinite time horizon. We obtain the stochastic
versions of classical discrete control problems assuming that the dynamical system
in the control process may admit dynamical states in which the vector of control
parameters is changing in a random way according to given distribution functions of
the probabilities on given feasible sets. So, in the considered control problems we
assume that the dynamics of the system may contain controllable states as well as
uncontrollable states. These problems are formulated on networks and polynomial
time algorithms for determining their optimal solutions are proposed. In the case
that the dynamical system contains only controllable states the proposed algorithms
become algorithms for determining the optimal stationary strategies of the classical
deterministic control problems with an infinite time horizon. The proposed methods
and algorithms are extended to Markov decision processes.

We develop a linear programming approach to Markov decision processes and
show how to use the duality theory for determining solutions of the decision problems
with average and expected total discounted optimization criteria. Based on such
an approach we describe algorithms for solving new classes of stochastic discrete
optimization problems. Polynomial time algorithms for Markov decision problems
with average and expected total discounted costs optimization criteria are proposed
and formulated.

Furthermore, some numerical examples are given and the computational com-
plexity aspects of the described methods and algorithms are analyzed.
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2.1 Problem Formulation and the Main Concept of Optimal
Control Models with Infinite Time Horizon

The infinite horizon decision problem can be regarded as approximation model for
decision problems with an finite time horizon in the case of a large sequence of deci-
sions. Often, it is easier to solve the infinite horizon problem and to use the solution
of this to obtain a solution of the finite horizon problem with a large number of deci-
sions. The Markov decision processes and the classical control problems with infinite
time horizon are related to such kind of models that are widely used for studying
and solving many practical finite horizon decision problems. Below we formulate a
class of stochastic discrete optimal control problems with average and expected total
discounted costs optimization criteria that combine the statements of deterministic
optimal control problems with infinite time horizon and Markov decision processes
[5, 114]. We start with a formulation of the stochastic optimal control problem that
represents a generalization of the following deterministic control model.
Letadiscrete dynamical system IL with a finite set of states X C RR” be given where
atevery time-stept = 0, 1, 2, .. ., the state of the system L is x () € X. Atthe starting
moment of time r = 0 the state of the dynamical system LL is x(0) = xo. Assume
that the dynamics of the system L is described by the system of difference equations

x(t+ 1) =g(x(@),u®), t=0,1,2,... (2.1)
where
x(0) = xo (22)
and
u(t) = (ui (1), ua(®), ..., un(t)) € R™

represents the vector of the control parameters (see [6, 11, 132]). For any time step ¢
and an arbitrary state x(#) € X the feasible set U;(x (¢)) of the vector u(¢) of control
parameters is given, i.e.,

u@) e Uy(x(1)), t=0,1,2,.... (2.3)
We assume that in (2.1) the vector functions
g(x(®), u(®)) = (g (x(@), u(®)), gF(x(®), u(®)), ..., gl (x (1), u(®)))

are determined uniquely by x(¢) and u(z) at every time step t = 0, 1,2, .... So,
x(t + 1) is determined uniquely by x(¢) and u(z).
Additionally, we assume that at each moment of time ¢ the cost

a(x@),x(t+ 1) =c(x(t), g (x(@), u(®)))

of the system’s transition from the state x(¢) to the state x (¢ 4 1) is known.
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Let
x0 =x(0), x(1), x12),...,x(t),...
be a trajectory generated by given vectors of the control parameters
w(0), u(l), ..., ut —1),....

Then after a fixed number of transitions 7 of the dynamical system we can calculate
the integral-time cost (total cost) which we denote by FXT0 (u(1)), i.e.,

7—1

Fl(u(®) = D ci(x (), gi(x (1), u(t)). (2.4)

t=0

In [6, 11] the following discrete optimal control problem with finite time horizon has
been considered: Find for given 7 the vectors of control parameters

u(0), u(l), u®@),...,u(t —1)

which satisfy the conditions (2.1)—(2.3) and minimize the functional (2.4). The solu-
tion of this optimal control problem can be found by using dynamic programming
techniques [6, 79].

Here we consider the infinite horizon control model. We assume that 7 is not
bounded, i.e., 7 — oo. It is evident that if 7 — oo then the integral-time cost

7—1
Tli)ngOZc,(x(t), gr(x(1), u(t)))
t=0

for a given control may not exist. Therefore, we study in this case the asymptotic
behavior of the integral-time cost Fy{ (u(#)) by a trajectory determined by a feasible
or an optimal control. To estimate this value we apply the concept from [5, 6], i.e.,
for a fixed control w if 7 is too large we estimate Fy (u(t)) asymptotically using the
function ¢, (7) = K (1) such that

T—1

lim ch (x(t), g (x(0), u(®)) = K 2.5)
00 SD(T) par t 9 gt 3 = 5 .

where K is a constant.

So, in control problems with an infinite time horizon we are seeking for a control
u* with a suitable limiting function ¢, (7).

Based on the asymptotic approach mentioned above we may conclude that for a
given control, if 7 is too large, the value Fy (u(r)) can be approximated by K (7).

Moreover, we can see that for the stationary case of the control model with the costs
that do not depend on time the function ¢, (7) is linear. This means that p(7) = 7
and F] (u(t)) for a large 7 can be approximated by ¢, (7) = K.

0
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In the following we study only stationary control problems. For such problems
the vector functions g; and the feasible sets U;(x(¢)) do not depend on time, i.e.,
gr(x,u) =gx,u)and U;(x) = U(x),Vx € X,t =0, 1,2, .... Moreover, the con-
trol at every discrete moment of time depends only on the state x € X and the cost
of the system’s transition from the state x € X to the state y € ¥ does not depend
on time, i.e., c;(x(¢), x(t + 1)) = c(x,y),Vx,y € X andeveryt =0, 1,2, ... if
x=x(),y=x(t+1).

Thus, for the considered stationary control problems the integral-time cost by
a trajectory during 7 transitions can be asymptotically expressed as Fy (u(t)) =
K (1), where ¢(7) = 7. In this case for the dynamical system L the constant K in
(2.5) expresses the average cost per transition along a trajectory determined by the
control u(¢). Therefore, for the infinite horizon optimal control problem the objective
function which has to be minimized is defined as follows:

T—1

. 1
Fru(@®) = lim — > c(x(t), gx(0), u(®))). (2.6)
t=0

In [5] it is shown that for the stationary case of the problem the optimal control u*
does not depend on time or on the starting state and it can be found in the set of
stationary controls.

Another class of control problems with an infinite time horizon which is widely
used for practical problems is characterized by a discounting objective cost
function [8]

R o
Fyy(u(t)) = Zv’Cz(X(t), 91 (x (1), u(1))). 2.7

t=0

Here v is a discount factor that satisfies the condition 0 < ~v < 1 and I?X0 (u(t))
is called the total discounted cost. In a control problem with such an optimization
criterion we are seeking for the control which minimizes the functional (2.7).

In [28, 114, 129, 140] it is shown that if 0 < ~ < 1 and the costs c;(x(?),
gr(x(t), u(t))) are bounded then for the stationary case of the control problem with
a discounted objective optimization criterion the optimal stationary control exists.

The problems formulated above correspond to deterministic models in which
the decision maker is able to fix the vector of control parameters u(¢) from a given
feasible set U; (x (¢)) in each dynamical state x (¢); the states x (#) € X in these models
are called controllable states.

The main results we describe in the following are related to stochastic versions
of the control problems formulated above. We consider the control models in which
the dynamical system in the control process may admit dynamical states x (¢) where
the corresponding vector of control parameters w(¢) is changed in a random way
according to given distribution functions

RE@)
P Ui(x(1)) — [0, 1], Zp(u;m)=1 (2.8)

i=1
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on the corresponding dynamical feasible set U, (x(¢)). Here k(x(¢)) = |U,(x(1))|,
i.e., we consider the control models with finite feasible sets.

We regard each dynamical state x(¢) of the system in the considered control
problem as a position (x, #) and we assume that the set of positions

Z={x.0=x()|x)eX, t=012,..}
is divided into two subsets
z=2zuz", z°nz" =y

such that Z€ corresponds to the set of controllable states and Z" corresponds to the
set of uncontrollable states. This means that for the stochastic control problems we
have the following behavior of the dynamics in the control process: If the starting state
x(0) belongs to the set of controllable states Z€ then the decision maker fixes the
vector of control parameters u(0) from the feasible set Uy(x(0)) and we obtain
the next state x(1); if the state x(0) belongs to the set Z" then the system passes to
the next state x(1) in a random way. If at the moment of time t = 1 the state x(1)
belongs to the set of controllable states Z€ then the decision maker fixes the vector
of control parameters u(1) from U (x(1)) and we obtain the next state x (2); if x(1)
belongs to the set of uncontrollable states Z" then the system passes to the next state
x(2) in a random way and so on indefinitely.

It is evident that for a fixed control the average cost per transition and the dis-
counted total cost in this process represent the random variables induced by the
distribution functions on feasible sets in the uncontrollable states and the control in
the controllable states.

To define the expected average cost per transition and expected discounted total
cost in the considered stochastic control problems for a fixed control we will apply
the concept of Markov decision processes in the following way:

Let v/ (¢) € U;(x(t)) be the given feasible vectors in the controllable states x(r) €
Z€ . Then we may assume that we have the following distribution functions

p:U(x(1) — {0,1} for x(r) € Z€

where p(u/(¢)) = 1 and p(u(t)) = 0, Vu(r) € U, (x(O))\{v'(1)}.

These distribution functions in the controllable states together with the distribution
functions (2.8) in the uncontrollable states determine a Markov process. For this
Markov process with transition probabilities p; , and transition costs c; , for (z, v) €
Z x Z we can determine the expected average and the expected discounted total costs
which we denote, respectively, by Fy, (u(f)) and Fxo (u(?)). In such a way we obtain
the corresponding optimization problems in which we are seeking for the controls
that minimize the expected average and discounted total costs, respectively.

Thus, we shall use the combined concept of deterministic and stochastic control
models from [36, 81-94, 96, 108, 109], and will develop algorithms for determining
optimal strategies of the considered problems. Mainly, we will study the stationary
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versions of the control problems with a finite set of states for the dynamic system
and will describe algorithms based on linear programming. In the general case, for
non-stationary control problems, the optimal control may not exist. Some special
classes of non-stationary problems may admit the solution and the optimal control
can be found by using a special calculation procedure.

2.2 An Optimal Stationary Control with an Average Cost
Criterion and Algorithms for Solving Stochastic Control
Problems on Networks

In this section we consider the stationary stochastic discrete optimal control problem
with average cost criterion. We formulate this problem on networks and describe
polynomial time algorithms for determining the optimal control by using a linear
programming approach.

2.2.1 Problem Formulation

Let a discrete dynamical system L with a finite set of states X be given, where
|X| = n. Atevery discrete moment of timet = 0, 1, 2, ... the state of L is x (¢) € X.
The dynamics of the system is described by a directed graph of states’ transitions
G = (X, E) where the set of vertices X corresponds to the set of states of the
dynamical system and an arbitrary directed edge e = (x,y) € E expresses the
possibility of the system L to pass from the state x = x(¢) to the state y = x(t + 1)
at every discrete moment of time ¢. So, a directed edge e = (x, y) in G corresponds
to a stationary control of the system in the state x € X which provides a transition
from x = x(t) to y = x(¢t + 1) for every discrete moment of time 7. We assume
that graph G does not contain deadlock vertices, i.e., for each x there exists at least
one leaving directed edge e = (x, y) € E. In addition, we assume that to each edge
e = (x,y) € E aquantity ¢, is associated which expresses the cost (or the reward
[47]) of the system L to pass from the state x = x(¢) to the state y = x(¢) for every
t=0,1,2,....

The cost ¢, for an arbitrary edge e = (x, y) is denoted by c,,,. A sequence
of directed edges E' = {ep,e1,e2,...,¢:,...} where ¢, = (x(1),x(t + 1)),
t = 0,1,2,... determines in G a control of the dynamical system with a fixed
starting state xo = x(0). An arbitrary control in G generates a trajectory xo =
x(0), x(1), x(2), ... for which the average cost per transition can be defined in the
following way

1 t—1
N o 1: -
f(E)—tgngotcheT-
T=
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In [5] it is shown that this value exists and | fy,(E’)| < max,cg’ |c.|. Moreover,
in [5] it is shown that if G is strongly connected then for an arbitrary fixed starting
state xo = x(0) there exists the optimal control E* = {ef, e], €5 . ..} for which

1 t—1
F(E*) =min lim — » c,.
E t—ot
7=0
and this optimal control does not depend either on the starting state or on time.
Therefore, the optimal control for this problem can be found in the set of stationary

strategies S. A stationary strategy in G is defined as a map:
s:x —>yeXkx) forx e X,

where X (x) = {y € X |e = (x,y) € E}.

Let s be a stationary strategy. Denote by G5 = (X, E;) the subgraph of G gener-
ated by edges of the form e = (x, s(x)) for x € X. Then it is easy to observe that
in G, there exists a unique directed cycle Cy which can be reached from xg through
the directed edges from E;. Moreover, we can see that the mean cost of this cycle
is equal to the average cost per transition of the dynamical system by the trajectory
generated by the stationary strategy s. Thus, if G is a strongly connected directed
graph then the problem of determining the optimal control on G is equivalent to the
problem of finding in G the cycle C; for which

ZeeE(cg> Ce - 2eeE(Cq) Ce

- = min
n(Cs) cc  n(Cg)

)

where E(Cg) is the set of directed edges of the directed cycle C¢ in G that can be
reached from a starting vertex and n(Cg) is the number of its edges. If the cycle Cg;
is known then the optimal control for an given arbitrary starting state xo = x(0) in G
can be found in the following way: We fix the transitions through the directed edges
of the graph in order to reach a vertex of the directed cycle C{; and then we preserve
transitions through the directed edges of this cycle.

Polynomial and strongly polynomial time algorithms for determining the optimal
average cost cycles in a weighted directed graph and the optimal stationary strategies
for control problems on networks have already been proposed in [53, 65, 79, 117].

In the following we will consider the stochastic version of the problem formulated
above. We assume that the set of states X of the dynamical system may admit states
in which the system IL makes transitions to the next state in a random way according
to a given distribution function of probabilities on the set of possible transitions
from these states. So, the set of states X is divided into two subsets X¢ and Xy
(X = XcU Xy, Xc N Xy = ), where X represents the set of states x € X
in which the transitions of the system to the next state y can be controlled by the
decision maker at every discrete moment of time # and X  represents the set of states
x € X in which the decision maker is not able to control the transition because the
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system passes to the next state y randomly. Thus, for each x € Xy a probability
distribution function py , on the set of possible transitions (x, y) fromx to y € X (x)
is given, i.e.,

> pry=1 VxeXyi pry =0, VyeX@). (2.9)
yeX(x)

Here p, , expresses the probability of the system’s transition from the state x to the
state y for every discrete moment of time ¢. Note, that the condition p, y = 0 for
a directed edge ¢ = (x,y) € E is equivalent with the condition that G does not
contain this edge.

In the same way as for the deterministic problem here we assume that to each
directed edge e = (x, y) € E a cost ¢, is associated.

We call the graph G with the properties mentioned above decision network and
denote it by (G, X¢, Xn, ¢, p, x0). So, this network is determined by the directed
graph G with a fixed starting state xo, the subsets X¢, Xy, the cost function ¢ :
E — R and the probability function p : Ey — [0, 1] on the subset of the edges
Ey={e=(x,y) € E }x € Xn, ¥y € X} where p satisfies the condition (2.9). If
the control problem is considered for an arbitrary starting state then we denote the
network by (G, Xc, Xn, ¢, p).

We define a stationary strategy for the control problem on networks as a map:

s:x —>yeX(x) for x € Xc.

Let s be an arbitrary stationary strategy. Then we can determine the graph Gy =
(X, EgUEN), where Eg = {e = (x,y) € E|x € Xc,y =sx)}, Ey = {e =
(x,¥)|x € Xy, y € X}. This graph corresponds to a Markov process with the
probability matrix P* = (py ), where

Px,y, if x€ Xy and y € X;
Pry=1L if x € Xc and y =s(x);
) 0, if x € Xc and y # s(x).

In the considered Markov process for an arbitrary state x € X ¢ the transition (x, s(x))
from the states x € X¢ to the states y = s(x) € X is made with the probability
Dx,s(x) = 1if the strategy s is applied. For this Markov process we can determine the
average cost per transition for an arbitrary fixed starting state x; € X in such a way
as we have defined it in Sect. 1.7.2. Thus, we can determine the vector of average
costs w® which corresponds to the strategy s. As we have shown in Sect. 1.7.2 the
vector w® can be calculated according to the formula w® = Q*pu®, where QF is the
limit matrix of the Markov process generated by the stationary strategy s and p°
is the corresponding vector of the immediate costs, i.e., fty = 2 cx(x) Pr,yCx,y-
A component w; of the vector w® represents the average cost per transition in our
problem with a given starting state x and a fixed strategy s, i.e.,

fr(s) = wi.
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In such a way we can define the value of the objective function f, (s) for the control
problem on a network with a given starting state xo when the stationary strategy s is
applied.

The control problem on the network (G, X¢, Xn, ¢, p, x9) consists of finding a
stationary strategy s* for which

Fro(s*) = min £, (s).

In the next section we can see that the optimal stationary strategy in the consid-
ered problem does not depend on the starting state. We show that a polynomial time
algorithm for determining the optimal solution of this problem can be elaborated.
Moreover, we show that the proposed algorithm can be extended to Markov decision
processes.

2.2.2 A Linear Programming Approach for Determining
Optimal Stationary Strategies on Perfect Networks

We consider the stochastic control problem on the network (G, X¢, Xy, ¢, p, X0)
with X¢ # 0, Xy # ¥ and assume that G is a strongly connected directed graph.
Additionally, we assume that in G for an arbitrary stationary strategy s € S the
subgraph Gy = (X, Eg U Ey) is strongly connected. This means that the Markov
chain induced by the probability transition matrix P* is irreducible for an arbitrary
strategy s. We call the decision network with such a condition a perfect network. At
first we describe an algorithm for determining the optimal stationary strategies for the
control problem on perfect networks. Then we show that the proposed algorithm can
be extended for the problem if an arbitrary strategy s generates a Markov unichain.
For a unichain control problem the graph G* induced by a stationary strategy may
not be strongly connected but it contains a unique strongly connected component
that is reachable from every x € X.

So, in this section we consider the control problem that the average cost per
transition is the same for an arbitrary starting state, i.e.,

fr(s) =w®, VxeX.

We will consider in the next section the case of a multichain control problem, i.e., the
case that for different starting states the average cost per transition may be different.

Lets € S be an arbitrary strategy. Taking into account that for every fixed x € X¢
we have a unique y = s(x) € X (x) then we can identify the map s with the set of
boolean values sy y for x € Xc and y € X (x), where

- 1, if y=s);
Y0, if y #£s(x).
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For the optimal stationary strategy s* we denote the corresponding boolean values
by 5% -

Assume that the network (G, X¢, X, ¢, p, xo) is perfect. Then the following
lemma holds.

Lemma 2.1 A stationary strategy s* is optimal if and only if it corresponds to an
optimal solution g*, s* of the following mixed integer bilinear programming problem:
Minimize

V)= D D cySeydr+ D [z (2.10)

xeXc yeX(x) ze€XN
subject to
z Sx,yqx + Z DPzydz = dqy, Yy € X;
xeXc zeXN
Z qx + Z q:=1;
xeXc ze€XN 2.11)
Z se,y =1, Vx e Xc;
yeX(x)
se,y €{0,1}, Vx e X¢c, ye X; ¢x >0, Vx € X,
where

Pz = Z Pz,yCz,y, Vz € XnN.
yeX(2)

Proof Denote uy = Z},EX(X) Cx,ySx,y for x € Xc. Then py for x € Xc¢ and p,
for z € Xy represent, respectively, the immediate cost of the system in the states
x € Xc and z € Xy if the strategy s € § is applied. Indeed, we can treat the values
sx,y forx € X¢ and y € X(x) as probability transitions from the state x € X¢ to
the state y € X (x).

Therefore, for fixed s the solution ¢° = (qfcl_1 , qfcl_z, e, q;in) of the system of
linear equations

Z Sx,ydx + Z Piyd: =qy, VyeX;

X, X
rede ceaN (2.12)
Dot D g:=1:
XEXC ZEXN

corresponds to the vector of limit probabilities in the ergodic Markov chain deter-
mined by the graph G, = (X, E; U E) with the probabilities py , for (x, y) € En
and py y = sy, for (x, y) € Ec (Ec = E\Ey). Therefore, for given s the value
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Vs, q") = D iele + D 12

xeXc zeXN

expresses the average cost per transition for the dynamical system if the strategy s
is applied, i.e.,

fe(s) =9(s,q%), VxeX.

So, if we solve the optimization problem (2.10), (2.11) on a perfect network then we
find the optimal strategy s*. O

Remark 2.2 In the case of a perfect network the objective function ¥ (s, g) on the
feasible set of solutions of the system (2.11) depends only on s, because g, forx € X
can be uniquely expressed via s,y (x € X¢, y € X) according to (2.12). Moreover,
for perfect networks the condition g, > 0 for x € X in (2.11) holds if s, > O,
Vx € Xc,y € X. Therefore, the condition g, > 0 for x € X in (2.11) is redundant

and can be omitted. This condition is essential only for multichain control problems.

In the following for an arbitrary vertex y € X we will denote by X~ (y) the set of
vertices from X¢ which contain directed leaving edges e = (x,y) € E that end
iny,ie, Xo(y) = {x € Xc|(x,y) € E}; in an analogues way we define the set
X" ={xeX|(x y €E}

Based on the lemma above we can prove the following result.

Theorem 2.3 Let aj’y (x € Xc, y € X), gf (x € X) be a basic optimal solution
of the following linear programming problem:

Minimize
Plag) =D D coyony+ D g (2.13)
xeXc yeX(x) zeXN
subject to
Z Qxy + Z Pzydz =4y, Vy€eX;
xeXc(y) z€XN
Dlact D =1
xeXc z€Xy (2.14)
Z Qx,y =qx, Vx € Xc;
yeX(x)
axy >0, VxeXc, yeX; g >0, Vx € X.

Then the optimal stationary strategy s* on a perfect network can be found as
follows:

. * .
% L if ay, >0;
%

Se v = .
X,y 0’ lfaxy:()’



114 2 Stochastic Optimal Control Problems . . .

where x € Xc, y € X(x). Moreover, for every starting state x € X the optimal
average cost per transition is equal to (a*, g¥), i.e.,

fx(s*) = Z Z nyya;ck,y + Z qu;

xeXc yeX(x) ze€XN

forevery x € X.

Proof To prove the theorem it is sufficient to apply Lemma 2.1 and to show that
the bilinear programming problem (2.10), (2.11) with boolean variables s, , for
x € Xc, ¥y € X can be reduced to the linear programming problem (2.13), (2.14).
Indeed, we observe that the restrictions sy , € {0, 1} in the problems (2.10), (2.11)
can be replaced by s, > 0 because the optimal solutions after such a transformation
of the problem are not changed. In addition, the restrictions

can be changed by the restrictions

Z Sx,ydx = {qx, Vx € Xc
yeX(x)

because for the perfect network it holds g, > 0, Vx € Xc.
Based on the properties mentioned above in the problem (2.10), (2.11) we may
replace the system (2.11) by the following system

Z Sx,yqx + Z Pzyq: =4y, Yy €X;
xeXc(y) z€XN
2 axt D a:=k:
xeXc 2€Xy (2.15)
D Seydr =qx, VX € X
yeX(x)
sx,y 20, Vx e Xc, ye X; ¢qx >0, Vx e X.

Thus, we may conclude that problem (2.10), (2.11) and problem (2.10), (2.15) have
the same optimal solutions. Taking into account that for the perfect network g, > 0,
Vx € X we can introduce in problem (2.10), (2.15) the notations o,y = Sx yqx
for x € X¢, y € X(x). This leads to the problem (2.13), (2.14). It is evident that
ay,y # 0if and only if s, , = 1. Therefore, the optimal stationary strategy s* can
be found according to the rule given in the theorem. O

Remark 2.4 In Theorem 2.3 the linear programming problem (2.13), (2.14) can be
changed by the following equivalent linear programming problem:
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Minimize
Ve =2 D eyt D (2.16)
xeXc yeX(x) zeXn
subject to
Z Qx,y = Z Qyx + Z Px.yqx =0, Vy e Xc;
xEXE(y) xeX(y) xeXy
Z Ox,y =gy + Z DPxydx =0, Vy € Xpy;
xeXc () xeXy 2.17)
Z Z Qx,y + Z gx =13
xeXc yeX(x) xeXy
Oéx,yz(), V)CEXC, YEX, qx20, VXEXN.

This problem is obtained from (2.13), (2.14) if we take into account Remark 2.2 and
eliminate g, for x € X¢ from (2.14). If we solve this problem then we should take
into account that o y = sy yqx, Yx € Xc, y € X(x), where g, = Z),EX(X) Qx,y,
Vx € Xc.

So, if the network (G, X¢, Xy, ¢, p, xo) is perfect then we can find the optimal
stationary strategy s* by using the following algorithm.

Algorithm 2.5 Determining the Optimal Stationary Strategy on Perfect
Networks

(1) Formulate the linear programming problem (2.13), (2.14) and find a basic optimal
solution ajyy (x e Xc, yeX),q; (x € X).

(2) Fix a stationary strategy s* where s;y =1forx € X¢, y € X(x)if aj)y > 0;
otherwise put sy |, = 0.

Below an example for determining the optimal control problem on networks by using
linear programming is given.

Example Consider a stochastic control problem for which the network is represented
in Fig. 2.1, i.e.,

G=(X,E), X={1,2,3,4}, Xc={1,2}, Xy ={3,4},
E={(1,3), (1,4), (2,3), 2,4), 3,1), 3,4), 4,2), (4,3)}.

The transition cost for directed edges from E and the transition probabilities for
directed edges originating in the vertices 3 and 4 are given by:

c13 =1, 3 =3, €31 =2, cap =1,
cila=2, ca=1 ca=4, ca3=3,
P31 = 0.5, P34 = 0.5, P42 = 0.5, p4a3 = 0.5.
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Fig. 2.1 The perfect network for the control problem

We are seeking for the optimal stationary strategy s* which gives the solution of the
problem for an arbitrary starting state x € X.

It is easy to see that the network is perfect and, therefore, we can determine the
optimal strategy by solving the linear programming problem (2.13), (2.14).

For this example we have

Yo, q) = c1 3003 + cra00,4 + 23003 + 2,400 4 + 113G3 + [14G4,

where

3 = p3,1¢3,1 + p3,4c34=05-24+05-4 =3,
4 = pa2ca2+ pazcs3 =05-14+05-3=2.

So, to determine the optimal stationary strategy s* we need to solve the linear pro-
gramming problem:

Minimize
P, q) = ars + 2014 + 3023 + aza + 33 + 2q4
subject to
0.5g3 = qu,
0.5g4 = qo,

a13+o3+05qs = g3,
o4+ 024 +05g93 = qa,
a3+ arg = 41,
a3+ a4 = q2,
Qt+q+g3t+qs= 1,
(¢ >0, i=1,2,3,4 0;;>0,i,j=1,2,34.

It is easy to check that the optimal solution of this problem is
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* —_—
si,3 =1

and p(a*, g*) =2.

So,5{,=0, 55,=0, s7;=1, 57, =1
In Fig. 2.2 a network is presented which corresponds to an optimal stationary
strategy sf 5 = 1,55 , = L.

2.2.3 Remark on the Application of the Unichain Linear
Programming Model for an Arbitrary Network

The linear programming problem (2.13), (2.14) can be solved on an arbitrary decision
network (G, X¢, Xy, ¢, p). A basic optimal solution o™, ¢* determines the strategy
o L, if af, > 0;

Y 0, if ay, =0,

and asubset X* = {x € X | ¢, > 0}, where s* provides the optimal average cost per
transition for the dynamical system IL when it starts transitions in the states xo € X*.

This means that for an arbitrary network Algorithm 2.5 determines the optimal
stationary strategy of the problem only in the case if the system starts transitions in
the states x € X™*. So, in the general case the algorithm finds a strategy s* and a
distinct positive recurrent class X* in X with the minimal average cost per transition
of the system L for an arbitrary starting state xo € X*.

For a unichain control problem Algorithm 2.5 determines the strategy s* and the
recurrent class X*. In this case the remaining states x € X\X* in X correspond to
transient states and the optimal stationary strategies in the states x € X\ X™ can be
chosen in order to reach X*. Therefore, the linear programming model (2.13), (2.14)
can be used for determining the optimal stationary strategy for an arbitrary unichain
control problem.
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2.2.4 Determining the Solutions for an Arbitrary Unichain
Control Problem and for the Deterministic Case

As we have noted the linear programming model (2.13), (2.14) can be used for
studying the control problem on a network of arbitrary structure. Here we show
how to use the linear programming model (2.13), (2.14) for determining the optimal
stationary strategies of the control problem in the following two cases:

(1) the network is not perfect but for an arbitrary stationary strategy s the matrix P*
corresponds to a recurrent Markov chain;
(2) the network contains only controllable states, i.e., Xy = .

First let us analyze the problem in the case (1). In this case an arbitrary strategy s in
G generates a graph G with unique strongly connected components G|, = (X}, E})
that can be reached from any vertex x € X. The optimal stationary strategy s* in G
can be found from a basic optimal solution by fixing sy ,, = 1 for the basic variables.
This means that in G we can find the optimal stationary strategy as follows:

We solve the linear programming problem (2.13), (2.14) and find a basic optimal
solution o, ¢*. Then we find the subset of vertices X* = {x € X | ¢} > 0} whichin
G corresponds to a strongly connected subgraph G* = (X*, E*). On this subgraph
we determine the optimal solution of the problem using the algorithm described in
the previous section. It is evident that if xy € X™ then we obtain the solution of the
problem with fixed starting state x¢. To determine the solution of the problem for an
arbitrary starting state we may select successively vertices x € X\ X* which contain
outgoing directed edges that end in X* and will add them at each time to X* using
the following rule:

e if x € X¢ N (X\X¥) then we fix an directed edge ¢ = (x, y), put s;"y =1 and
change X* by X* U {x};
e if x € Xy N (X\X¥) then change X* by X* U {x}.

Thus, in the case (1) we can determine the optimal stationary strategy of the control
problem on the network (G, Xc, Xy, ¢, p, x0).

In the case (2) (X = J) we have a deterministic model and the linear program-
ming problem (2.13), (2.14) becomes the linear programming problem from [65,
117]. Thus, the linear programming model generalizes the deterministic model from
[65, 117] and from Theorem 2.3 we obtain the following result.

Lemma 2.6 Let G = (X, E) be a strongly connected directed graph with Xy = ()
and let a;y, (x,y) € E be the basic optimal solution of the linear programming
problem:
Minimize

E(a): Z Z Cx,yQx.y (2.18)

xeXc yeX(x)



2.2 An Optimal Stationary Control with an Average Cost Criterion . . . 119

subject to

z Qx,y =~ Z ay ., =0, VyeX;

xeX(y) z€X(y)
3D I @19
xeX yeX(x)

Qyy = 0, Vix,y) € E.

Then the subgraph G' = (X', E) generated by the directed edges (x, y) € E with

ay. y > 0 has a structure of a directed cycle and an optimal stationary strategy s*

for the control problem on G with a given starting state xq can be found as follows:

e fix a simple directed path which connects xy with the directed cycle G' and find
the set of edges E" of this directed path;

o fix the stationary strategy s* where sy = 1if (x,y) € E'U E"; otherwise put
s;“’ y= 0.

Proof If Xy = () then problem (2.13), (2.14) is transformed into the following
problem:
Minimize (2.18) subject to

Z Qxy =¢qy, VyeX;
xeX(y)
D+ D a=1
xeX zeXN (220)
Z Qx,y =qx, Yx €X;
yeX (x)
| axy =0, Vx,y€eX; ¢x =0, Vx e X.

After the elimination of g, and g, from the system (2.20) we obtain the system (2.19).
In such a way we obtain that (2.18), (2.19) becomes the mean cost cycle problem on
G and the algorithm from the lemma above determines the optimal solution of the
problem. O

Based on the lemma above we can propose the following algorithm for finding the
solution of the problem in the case Xy = 0.

Algorithm 2.7 Determining the Optimal Solution for the Deterministic Control
Problem

1. Formulate the linear programming problem (2.18), (2.19) and find a basic optimal
solution 7 | and the corresponding directed graph G’ = (X', E”) which has the
structure of a directed cycle;

2. Fix a simple directed path which connects x( with the directed cycle G’ and find
the set of edges E” of this directed path;
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3. Fix a stationary strategy s* where sY , = 1if (x, y) € E'U E”; otherwise put
s;",y =0.

So, the deterministic control problem can be efficiently solved on an arbitrary network
if Xy = 0.

2.2.5 Dual Linear Programming for the Unichain Control
Problem and an Algorithm for Determining
the Optimal Strategies

For the linear programming model (2.16), (2.17) we consider the following dual
problem:
Maximize

V(e w) =w (2.21)
subject to

Ex — €y +w=<cyy, YxeXc, ye€X(x);

2.22
Ex— 2 Prifr+w < fix, YxeXy. (2.22)
zeX

Remark 2.8 The conditions gy, > 0, Vx € Xy in the unichain primal linear pro-
gramming problem are redundant. Therefore, the constraints 2.22 in the problem
(2.21), (2.22) can be replaced by the following constraints

Ex —Eytw=cyy, YxeXc, yeXx);

Ex — Z DxzEz+w=py, VxeXy.
zeX

(2.23)

The optimal stationary strategies of the unichain control problem correspond to basic
optimal solutions of this problem and can be found by using the following theorem.

Theorem 2.9 An arbitrary optimal solution €% (x € X), w* of the problem (2.21),
(2.22) for a unichain control model on the network (G, Xc, Xn, ¢, p) possesses the
following property:
(1) min {cxy +ef —ey —w*} =0, Vx € X¢;

yEX(X)
(2) px+ D prer—er—w" =0, Vx e Xy;

zeX (x)

(3) a stationary strategy s* : X¢ — X is optimal if and only if (x, s*(x)) € EF,

Vx € Xc, where
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Eé = {e: (x,y) (S} ECle’y—i-c?; —5; —w* :0}

The value w* is equal to the optimal average cost in the unichain control problem
on the network (G, Xc, Xn, ¢, p).

Proof The properties (1) and (2) of the theorem represent the optimality conditions
for the dual linear programming problem (2.21), (2.22). If of |, (x € Xc¢,y €
X(x)) q;“ (x € X) is a basic solution of the primal problem (2.16), (2.17), where
Yy =S4 4% = 2 yex(x) Qx,y» then we can take s¥ | = 1 for (x, y) € Ec that
satisfies the conditions (1) (2) and s,,, = 0 in the other case. This means that an
optimal stationary strategy in G is determined by the map s* : X¢ — X for which

(x,s*(x)) € Ef, Vx € Xc. O

Corollary 2.10 Each subset Eg« = {e = (x,s*(x)) € E{. | x € Xc}in G generates
a subgraph Gy« = (X, Eg« U E¢) that corresponds to a Markov unichain, i.e., G g
contains a unique strongly connected component that is reachable from every x € X.
The values of the boolean variable s;y, x € X, y € X(x) that correspond to an
optimal solution of the problem can be found by fixing

s* _ 15 l,f (xa }’) S ES*;
Y0, 0 (x,y) € Ege.

Corollary 2.11 Let s be an arbitrary strategy for the control problem on the network
(G,Xc,Xpn,c, p)and P* = (pff)y) be the transition probability matrix induced by
this strategy,

Dx,y,» If x € Xy and y € X;
p;’y =11, if x € X¢c and y = s(x);
0, if x € Xc and y # s(x).

Then in the Markov process induced by this transition probability matrix it holds

q;(ufc +e) — ij’zsj —ws) =0 VxeX,

zeX

where q; is a limiting probability in the state x € X and [, = Zyex(x) Py yCx,y-

From Theorem 2.9 we can make the following conclusions. For an arbitrary unichain
control problem there exist a function £* : X — R and a value w* that satisfy the
conditions

(1) Cx,y =cCx,y + 8; —ef—w* >0, VxeXc, VyeX(x);
(2) minc,, =0, Vx e Xc;
yeX

() Tix = pix + D Pxyes —€f —wi=0, Vx € Xy.
yeX
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If in the decision network (G, Xc, Xn, ¢, p) we change the cost function ¢ by
¢ then we obtain a new control problem on the network (G, X¢, Xy, ¢, p). Such
a transformation of the cost function in the control problem does not change the
optimal stationary strategies. In the new control problem the cost function ¢ satisfies
the conditions minyex () Cx,y = 0, Vx € Xc and 1z, = 0, Vx € Xy. For this
problem the optimal average cost w} for every x € X is equal to zero and an
optimal stationary strategy can be found by fixing an arbitrary map s* such that
(x,5%(x)) € E, where Ef. = {(x,y) € Ec|cy,y =0}.

We call the cost function ¢y, = cx,y + 5; —¢ef —w*, (x,y) € E apotential
transformation induced by the potential function €* : X — R and the values w}
for x € X. Furthermore, we call the new problem with the cost function ¢ a control
problem in canonical form.

2.2.6 The Potential Transformation and Optimality
Conditions for Multichain Control Problems

The aim of this section is to formulate and prove the optimality conditions for an aver-
age multichain stochastic control problem. For this reason we extend the notions of
the potential function and potential transformation for a multichain control problem
and study their main properties. Based on these properties we prove the optimality
conditions and show how to reduce the average multichain control problem to an
auxiliary one in canonical form for which the optimal solutions can easily be found.
We show that such a transformation of the control problem into an auxiliary problem
in canonical form always exists. Finally, we show that the problem of determining
optimal stationary strategies in a multichain control problem can be formulated as a
linear programming problem.

We define the decision network in canonical form (G, X¢, Xy, ¢, p) for a mul-
tichain control problem on the network (G, Xc, Xn, ¢, p) by using the potential
transformation

Cx,y =Cxy+ey—ex—hy, VxeX, VyeX(x), (2.24)

where the function € : X — R and the values &, for x € X satisfy the conditions:

(1) Cxy=cxy+tey—ex—hy>0, VxeXc, yeXx);
(2) mincy y =0, Vx € Xc;
yveX

() Tix = pox + 2. PryeEy —ex —hy =0, Vx e Xy;
yeX

4) hy= min hy, Vx € Xc, Vy € X(x);
yeX(x)



2.2 An Optimal Stationary Control with an Average Cost Criterion . . . 123

(5) hy =Y peyhy, ¥xeXy
yeX

(6) En(x)N Ez(x) # @, where

Ep(x) =1 (x,y) € Ec| y € argmin{h;}, x € Xc
zeX(x)

and

Ez(x) =1(x,y) € Ec| y € argmin{cx;} 1, x € Xc.
zeX (x)

In general, the potential transformation (2.24) can also be considered for an arbitrary
network. However, the optimal stationary strategies in the control problem after such
a potential transformation may differ from the optimal stationary strategies in the
initial network. The potential transformation with the properties mentioned above
preserves the optimal strategy of the multichain control problem.

If the decision network in canonical form is known then the optimal stationary
strategy for the stochastic multichain control problem can be found in a similar way
as for the unichain case of the problem, i.e., we fix a strategy s* : X¢ — X such that
(x,5s%(x)) € ch Moreover, the potential transformation ¢ that satisfies the conditions
(1)—(6) gives the values of the optimal average costs w} = h, in the states x € X for
a multichain control problem on the network (G, X¢, Xn, ¢, p).

In the following we show that for an arbitrary network (G, X¢, Xn, ¢, p) that
there exists a network in canonical form (G, X¢c, Xy, ¢, p) that obtains the optimal
stationary strategy s* and the optimal average costs w} for x € X. We ground all
these results on the basis of the following optimality principle for a multichain control
problem.

Theorem 2.12 For an arbitrary decision network (G, X¢c, Xy, ¢, p) there exists a
potential transformation

Cry=Crytey—ey—hy, YxeX, yeXx)

of the cost function c that satisfies the following conditions:
(1) Cyxy=cxy +6§ —ef—hi>0, VxeXc, yeX(x);
(2) mincy, =0, Vxe Xc;

yeX

(3) iy =px+ 2 pxyey —ex —hy =0, Vx e Xy;
yeX

(4) hi= )g{lg{)hj Vx € Xc, Vy € X(x);
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(5) hy= 2 puyhy, VxeXn;
yeX

(6) Ej.(x)NEX(x)#0, Vx € Xc, where

Ep.(x) ={(x,y) € Ec| y € argmin{h;}{, x € X¢
zeX(x)

and

E;(x) = (-x’ )’) € EC| y € argmin{Ex,Z} , X € XC'
ze€X(x)

The values €% for x € X correspond to a basic solution of the system of linear
equations

Cx,y +5y —&x — h; = 07 Vx € XC, (x’ Y) € E;:*()C),

Hx+ D pryey —ex —hE =0, VxeXy (2.25)
yeX

and determines the decision network in canonical form (G, Xc, Xn, ¢, p) for the
control problem on the network (G, Xc, Xy, ¢, p), wherecy y = ¢y y +€; —et—h},
Vx e X, ye X(x).

The values h’i for x € X coincide with the corresponding optimal average costs w};
for x € X and an optimal stationary strategy for the control problem on the network
can be found by fixing an arbitrary map s* : X¢ — X such that (x, s*(x)) €
E;.(x) N EX(x), Vx € Xc.

This theorem is tightly connected with the existence of the solutions for the bias
equations in average Markov decision processes (see [115, 140]). In the terms of
bias equations this theorem can be formulated in the following way:

Theorem 2.13 The system of equations
ex +hy =min{cy y + ¢y}, Vx € X¢;
yeX
ex +hy = px + D pxyey, Vx e Xy

yeX

(2.26)

has solutions with respect to € for x € X under the set of solutions of the following
system of equations

hy = min hy, Vx € Xc;
yEX(x) ~

he= 2 peyhe, Vx € Xy.
yeX(x)

(2.27)
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If €%, 1k (x € X) is the solution of these equations then h’; for x € X coincides with
the optimal average costs Wy.

To prove Theorem 2.12 we need some auxiliary results.

Lets : X — X be a feasible strategy for the control problem on the decision
network (G, X¢, Xn, ¢, p) and P* = (p;. y) be the transition probability matrix of
the Markov chain induced by the strategy s, i.e.,

Dx,y, if x € Xy and y = X(x);
Pry=1L if x € X¢ and y = s(x); (2.28)
“ 0, if x € Xc and y # s(x).

Denote by O° = (g3, y) the limit matrix in the Markov chain with probability tran-
sition matrix P* and by X{, X3, ..., X; the corresponding irreducible sets in this
Markov chain.

Lemma 2.14 Let w; be the average cost per transition of the system for a fea-
sible strategy s : Xc — X of the control problem on the decision network
(G, Xc, XN, ¢, p). Then for an arbitrary potential functione : X — Rand arbitrary
real values hy for x € X the average cost per transition W, of the system on the
potential transformed network (G, Xc, Xn, p, ©) satisfies the condition

@ =w)— > g h., VxeX. (2.29)

zeX

Proof Let s be a feasible stationary strategy of the control problem. Consider a
potential transformation ¢y y = ¢x,y + €y — €x — hy,(x,y) € E determined by an
arbitrary function € : X — R and arbitrary real values A, for z € X. Then after the
potential transformation the average cost &5, for an arbitrary x € X can be calculated
as follows:

—s __ —s 5 s = K
Wy = z ,qux,z - Z Z pz,ycz’yquz

zeX zeX yeX(2)
=2 > Pyt —e—hogl =D > el
zeX yeX(z) z€X yeX(2)
DD S AN S N S SN SN B S o
zeX yeX(z) zeX yeX(z) zeX yeX(z)
SR I (D MPICERD YN B W
zeX veX(z) veX(z) zeX

i.e., we have

D=+ Zq;,z( >l s;) — > qih. VxeX.  (230)

zeX yeX(x) zeX
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Now we show that for an arbitrary strategy s it holds

Zq;)z( > e - s;) =0, VxeX. 2.31)

zeX yeX(z)

Let X{, X3,..., X;, be the corresponding irreducible sets in the Markov chain
induced by the strategy s. Then in the graph Gy = (X, E; U Ey) each subset Xf
of X generates a strongly connected graph that corresponds to a distinct irreducible
Markov chain and in each irreducible set the average costs for an arbitrary starting
state is the same.

If we denote by w*"! the average cost for the corresponding states in the irreducible
sets X7 then we have

AN (DIPIEEEY

zeX veX(z)
~>ai (e X e -e)e-m)
zeX YEX(2)
k
I () S e e ).
i=1zeX$ yeX(2)
k k
SOIDITH (FEED IVIETEETE B 3D IR}
i=1zeX] yeX(z) i=1zeX?
Here, according to Corollary 2.11 it holds
P DL Pl —el Wt =0, YzeX], i=12 ... k

veX(z)

Therefore, we obtain

k
I (Do R O WRELE

zeX yeX(z) iel zeXf
s,1 K K s _ s,1 s
:Zw quqz_zzqw“z_zw —Zw =0.
i=1 zeX;] i=1zeX] i=1 i=1

So, condition (2.31) holds.
If we introduce (2.31) in (2.30) then we obtain (2.29). m|
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Corollary 2.15 Let s be an arbitrary feasible strategy for the control problem on the
network (G, Xc, Xn, ¢, p)and Q° = (‘I;,V) be the matrix of limiting probabilities in
the Markov chain induced by the strategy s. Then for an arbitrary potential function
€ : X — R the following condition holds

Zq;,z( > e - sg) =0, VxeX. (2.32)

zeX yeX(x)

Ifin (2.24) we fix h, = h, Vx € X then we obtain the following potential transfor-
mation

Cxy=Cxy+ey—cx—h, VxeX, VyeX(x), (2.33)

In this case from Lemma 2.14 we obtain the following result.

Corollary 2.16 Let w; be the average cost per transition of the system for a
feasible strategy s : Xc — X of the control problem on the decision network
(G, Xc, XN, ¢, p). Then for an arbitrary potential functione : X — Randh € R
the average cost per transition w3, of the system on the potential transformed network
(G, Xc, XN, ¢, p) satisfies the condition

W, =wl—h, VxeX, Vs (2.34)

Corollary 2.16 shows that an arbitrary control problem with average cost criterion can
be transformed into a similar one where the transition cost function ¢ is nonnegative
or positive. Indeed, if we take an arbitrary functione : X — Rand h = —M, where
M > max(y y)eE |cx,yl, then the cost function ¢ in the control problem becomes
nonnegative or positive.

Lemma 2.17 Assume that for a fixed strategy s the values h3., x € X satisfy the
condition

B, — > pi hi =0, VxeX. (2.35)
yeX(x)

)

Then for an arbitrary potential function € : X — R the average cost w5 in the

control problem on the network (C, Xc, Xn, ¢, p) with a transformed potential cost
function

Cry=cCxy+tey—ex—hy, VxeX, VyeX(x)
can be calculated using the following formula

W, =w;—hy., VxeX. (2.36)

X
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If v}, for x € X satisfies the condition

W, — > py k) <0, VxeX, (2.37)
yeX(x)
then
@ =w) —hy, VxeX. (2.38)

If b5, for x € X satisfies the condition

Wy — > pihl =0, VxeX, (2.39)
yeX(x)
then
<o —hy, YreX, VseS. (2.40)

Proof According to Lemma 1.25 (see Egs. (1.55), (1.56)) the condition (2.35) implies

B = Z gy b, Vx e X. (2.41)
yeX (x)

If we introduce (2.41) in (2.29) then we obtain (2.35). In the case if 45 for x € X
satisfies (2.37) we obtain hy < >y () Px,yh)- This implies (2.38). If i} forx € X
satisfies (2.39) then we obtain /3 > Zyex(x) pj’yhi. This implies (2.40). O

Lemma 2.18 Let s be an arbitrary stationary strategy for the control problem on
the network (G, Xc, Xn, ¢, p) and P* = (P)Sc, y) be the probability transition matrix
induced by the strategy s, i.e., the elements p;. , of this matrix are defined according
to (2.28). Then the system of linear equations

Py + 2 Py yEy — ey —hy =0, Vx e X;

yeX
(2.42)
hi— > pfc,yh‘; =0, Vx € X;
yeX(x)
has solutions. Moreover, if
b — Z Py <0, VxeX (2.43)
YEX(x)
then
[+ D pryey —eh —hy =0, VxeX; (2.44)

yeX
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if
Z py ks =0, VxeX (2.45)
yeX(x)
then
1+ Z PxyEy —ey —h) <0, VxeX. (2.46)

yeX

Proof We shall use the vector representation of the system (2.42). Denote by pu, h
and ¢ the vectors with the corresponding components iy, i, and €, for x € X.
Additionally, assume that the matrix P* is represented in canonical form as it is
defined in Sect. 1.1.3, i.e.,

PFO...0 0
0 P...0 0

P’ =
0 0 ...P O
Wi W W Wini
where P’, r = 1,2,..., k represent the submatrices of P* that corresponds to

the ergodic classes X} of the Markov multichain and W; represent the submatrices

of P* that give the probability transitions from the states x € X \(Ul:=1 X7) to

the states X7'; the elements of the matrix W), represent the probability transitions

Dx,y between the states x, y € Ur 1 X:. For each class X ¥ we shall use the vectors
5", h*" and €57 with the correspondmg components yy", hy" and ey’ forx € X5.
Using these notations we can write the system (2.42) as follows

P — (1" = P =k =0, r=12, ..., k

v k+1 Z(Ik+1 W:)E‘Y’r + (Ik+1 _ Wg_ﬁ_l)gs,k-ﬁ-l . hs,k+1 — 0;

(2.47)
(Ir Ps)h”z , r=12, ..., k;
z(ﬂ WRST + (IMY — Wi s =0
=
In this system each equation
et =" = PHES —h* =0
that corresponds to the class X¥, r € {1,2,...,k} has a solution. This solution

can be found on the bases of Theorem 2.9. According to this theorem we obtain
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o= W, Vx e X7, where w*” is the average cost of the ergodic class X?.
In (2.47) each equation

(I" = PHR" =0, ref{l,2, ... k)

is redundant and therefore can be deleted. Thus, from the last equation of (2.47) we
can determine
k
hs,r — _(Ik+1 _ Wk+l)_l Z(Ir _ W’;Y)hs,r.

r=1

Note that for (7511 — Wi.+1) there always exists the inverse matrix (see [7, 21, 115]).
If we introduce this expression in the equation

k
us,k-{-l _ Z(lk+1 _ W:)Es,r + (Ik-H _ Wg_ﬁ_l)gs,k-ﬁ-l . hs,k+1 -0
r=1

of the system (2.47) then we can determine uniquely £*-**1. So, the system (2.42)
obtains solutions.

The second part of the lemma follows from the procedure given above to determine
the solution of the system (2.42).

The condition (2.43) implies

k
MS,k‘-Fl _ Z(Ik+l _ W’:S‘)Es,r + (Ik+1 _ W];‘Y+1)Es’k+l _ hs,k+l Z O
r=1
and the condition (2.45) implies
k
Ms,k-‘rl _ Z(lk-‘rl _ W’:V)Es,r + (Ik?+1 _ Wg+1)ES’k+1 _ hS,k-l—l S 0
r=1

In (2.42) the solution of the system of equations
=" = PHET =k =0, r=1,2,...,k

does not depend on the conditions (I" — P’)h*" < 0and (I" — P’)h*" > 0. So, the
lemma holds. O

Corollary 2.19 For an arbitrary stationary strategy s on the decision network
(G, Xc, XN, ¢, p) there exist €, and hi. for x € X that satisfy the conditions

(1) cx,y—i—e;—ef( —hl =0, VxeXc,y=skx);
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(2) Uy + Z Px,y€;—€‘§c—hx=0, V.XEXN;
YEX(x)

(3) hi =h§,, Vx € Xc,y =sx);

(4) hi= > px,yhy, Vx € Xy.
yEX(x)

If b5, for x € X satisfies the conditions

hy <hy for x € Xc,y =s(x) and hy < Z pxyhy for x € Xy
yeX(x)

then
Cx,y +5; —ey —hy >0, VxeXc, y=sx);
My + Z px,ya‘;. —ey —hy >0, VxeXy.

yeX(x)

If v}, for x € X satisfies the conditions

hy > hy for x € Xc,y = s(x) and hy > Z Pxyhi for x € Xy
yeX(x)

then

Cry ey —ey —hy <0, VxeXc, y=s);

iy + Z px,ya‘; —ey —hy <0, VxeXy.
yeX(x)

If in Lemma 2.18 we vary the strategy s then as a consequence from this lemma we
obtain the following result.

Lemma 2.20 Let (G, Xc, Xn, ¢, p) be an arbitrary decision network. Then there
exist a function €* : X — R and the values h’ for x € X such that for an arbitrary
stationary strategy s of the control problem on the network it holds

py + 2 pyyEy —ex —hi =0, VxeX;
yeX

2.48
ht— 3 py.yhy <0, Vx € X; (2.48)
vex(o
Moreover, there exists a stationary strategy s* such that
hi= X pryhy =0, vr e X, (2.49)

yeX(x)
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where €% for x € X represents a solution of the system of the equation

W+ pe —e— =0, VreX. 250)
yeX

Corollary 2.21 For an arbitrary decision network (G, Xc, Xn, ¢, p) there exist the
values €%, h forx € X that represent the solution of the system of linear inequalities

cx7y+5;—5§—hj20, Vx € Xc, Vy € X(x);
Hx + %()px,yfﬁ—si—h;ZO, Vx € Xp;
yeX (X
’ @.51)
hy —hy <0, Vx € Xc, Vy € X (x);
hy— 2 pxyhy <0, Vx € Xy,
yeX(x)
where h; for x € X satisfy the condition
min {h;—hj}:O, Vx € X¢;
pere 2.52)
We— Y payht=0,Vx e Xy 2.
yeX(x)
and €% for x € X represents a solution of the system of linear equations
Cx,y + ey —ex —hy =0, V(x,y) € Ej.;
e+ > Px,yEy —Ex —hi =0, Vx € Xy, (2.53)
yeX(x)

where E}. = {(x, y) € Ec|x € Xc, y € argmin h;‘}

Proof of Theorem 2.12. According to Lemma 2.20 and Corollary 2.21 for the deci-
sion network (G, X¢, Xy, ¢, p) there exist the function ¢* : X — R and the values
k¥ for x € X that satisfy the conditions (2.51)—(2.53). Thus, we can determine as a
basic solution of the system (2.51) and the potential transformation

Cxy = Cx,y —i—s’; —ey—hy, VxeXc, VyeX(kx)

that corresponds to the network (G, Xc, Xn, ¢, p) in canonical form. We obtain an
optimal stationary strategy s* for the problem on this network if for every x € X we
fix s*(x) = y*, where y* satisfies the condition Ef:y* = 0. Based on Lemma (2.17)
we have

0=0" =w' —h*, VrxelX,

X X X

and for an arbitrary other strategy s it holds w} — 2* > 0. So, w} = h¥, Vx € X.
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2.2.7 Linear Programming for Multichain Control Problems
and an Algorithm for Determining Optimal Stationary
Strategies

We develop the linear programming approach for a multichain control problem on
the bases of the optlmahty criterion established in Theorem 2.12 and Corollary 2.21.
If the vectors "~ and * with the corresponding components A} and €} satisfy the
condition (2.52), then we obtain the vector of optimal average costs w* Consequently
we have to determine the “maximal” /" that satisfies (2.51). This means that we have
to maximize the positive linear combination of components of 7" that satisfy (2.51).
Thus, we can determine £* and w™ if we solve the following linear programming

problem:
Maximize
U/ ew) =D Ouwn (2.54)
xeX
subject to
Ex — &y twy < cy,y, Vx € X, Vy € X(x);
Ex— 2 Dx,y€y + wWx = Ux, Vx € Xp;
X
yexX (2.55)
wy —wy <0, Vx € X¢c, Vy € X(x);
Wy — Z Px,ywy = 0, Vx € Xy;
YEX (x)

where 6, >0, Vx e Xand X" v 0, = 1.

Note that in this model in the case of the unichain control problem the restrictions
wy —wy <0forx € Xc, y € X(x) and wy, — Zyex(x) Prywy < 0forx € Xy
become redundant in (2.55), because here we can take wy = wy, Vx,y € X.
Thus, this model generalizes the linear programming model (2.21), (2.22). Using
this model we can propose the following algorithm for determining the solution of
the multichain control problem.

Remark 2.22 1In (2.55) the inequalities that correspond to the states x € Xy can be
changed by equalities, i.e., the constraints (2.55) in the problem (2.54), (2.55) can
be replaced by the constraints

Ex — &y twy < Cxy, Vx € Xc, Vy € X(x);
Ex — 2, PxyEy+wy = i, Vx € Xn;
yexw (2.56)
wy —wy <0, Vx € Xc, Vy € X(x);
Wy — 2, Pxywy =0, Vx € Xn.

YEX(x)
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Thus, the optimal solutions of the problems (2.54), (2.55) and (2.54), (2.56) are the
same.

Algorithm 2.23 Determining the Optimal Stationary Strategies for the
Multichain Control Problem

(1) Formulate the linear programming problem (2.54), (2.55) and determine an opti-
mal solution £*, w™ that satisfies the conditions (2.52), (2.53).
(2) Formulate the potential transformation
Cxy = Cx,y +€j —&f —w¥ V(x,y) €E.

X X

(3) Determine the set

Ef(x) = [(m) € Ec

y € argmincy ., Vx € Xc;
zeX(x)

Ef(x) = [(x,y) € Ec

y € argminw? t, Vx € X¢;
zeX(x)

(4) Fix a strategy s* : X¢ — X such that s*(x) = y for every x € X, where
(. y) € Ee(x) N EX, ().

Below we illustrate Algorithm 2.23 based on the following example.

Example Consider the stochastic control problem on network (G, X1, X2, ¢, p) with
the structure of the graph G = (X, E) given in Fig. 2.3.

In this graph the vertices are represented by circles and squares. The vertices
represented by circles correspond to the controllable states of the dynamical system
and the vertices represented by squares correspond to uncontrollable states.

(4,0.5) 2

Fig. 2.3 The structure of the graph G = (X, E)
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So,
X=1{1,2,3,4,56}; Xc={1,5 Xy={2, 3,4, 6};

E={(1,2), (1,4, 2, D, (2,3), (2,5, 3,3), (4, 4), (4.5),
(5,5, (5,4), (6,3), (6,5)};
Ec ={(1,2), (1,4), 5,5, 5. D}
En ={2, 1), 2,3), 2,5, 3.,3), (4,4), 4,5), (6,3), (6,5)}.

The values of the cost function ¢ : E — R and of the transition probability function
p : E — R are written close to the edges in the picture. For the edges e = (x, y) €
En these values are written in parentheses, where the first quantity expresses the
cost and the second one represents the probability transition from the state x to the
state y. For the edges e = (x, y) € Ec only the costs are given which are written
also close to the edges. Thus, for this example we obtain:

clpo=4, ca=1 c1=1 c3=3, cs5=2, ci3=1,
caa=4, cs=4, c¢s5=2, ¢54=3, c63=38, c65=23;
P21 =04, pp3=04, pr5=02, p33=1, p4s=0.5,
p4s5 =05, pe3 =06, pes=0.4.

We apply Algorithm 2.23. Afterwards, we solve the linear programming problem:
Maximize

W' (e, w) = O1w) + Orw) + O3w3 + Oawy + Osws + Ogws

subject to
€1 — &2+ wi =125
€1 — &4+ w1 = €145
€5 — €4 + w5 < C5.4;
€5 — &5t ws < ¢s55;
€2 — (p2,1€1 + p2,383 + p2,565) + w2 < u2;
€3 — P3,3€3 + w3 < U3;
€4 — (Pa,4€4 + p4,565) + wa < pi4;
€6 — (6,383 + pe,5€5) + we < pe;
wi—w2 <0, w;—ws=<0;
ws —ws <0, ws—ws =<0
wy — (p2,1wW1 + p23ws + p2s5ws) < 0;
w3 — p33w3 < 0;
wq — (p4,4wa + pasws) < 0;
w6 — (p6,3w3 + pe,sws) < 0.
Here

0 =0 =03 =04 =05 =0 =

AN =
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and
p2 =2, p3 =1, pa =4, pe = 6.

If we introduce these data in the linear programming model above then we obtain
the problem:
Maximize

— 1 1 1 1 1 1
¥ (e,w) = Ewl + ng + 6w3 + 6w4 + 8w5 + ng

subject to

g1 —ex+w <4
€1 —e4+wr < 1;
€5 —e4 +ws < 3;
ws < 2;
ep —0.4e; —0.4e3 — 0285 +wp < 2;
w3 < 1;
g4 —0.5e4 — 0.5e5 + wyq < 4
g6 — 0.663 — 0.4e5 + wg < 6;
wi—wy <0, wi—ws=<0, ws—wq=<0;
wy — 0.4w1 — 0.4w3 — 0.2ws5 < 0;
wq — 0.5w4 — 0.5ws < 0;
we — 0.6w3 — 0.4ws < 0.

The optimal solution of this problem that satisfies the conditions (2.52), (2.53) is:

8 25 2
* k %k * k *
€ =0’ &)y =—7, &3=——7, €& =47 £ =0’ Eq = — =,
1 2 3" ©3 3 4 5 6 5
4 4 7
k * k * * *
Wi=—=, wrh==, wr=1, wy =2, we=2, wy =—.
1=3 273 3 4 5 6= 3
If we determine the potential transformation
Cx.y =cx,y+e’y‘—ei—w:, VY(x,y) € E
then we obtain
_ 0.z 11 _ 7 _ 4z 10
c12=0, Cla=—, C21==, C3=-4, Cr5=—,
1,2 1,4 3 21= 3, €23 2,5 3
_ _ _ _ _ _ 4 _
33=0, C45=-2, C44=2, C54=05, C55=0, Co3 = —3 G5 = 2;
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TN o o P

(-10/3,0.2) (-4/3,0.6)

0

(7/3,0.4)

11/3

(2,0.5) 0

Fig. 2.4 The network (G, X¢, X, ¢, p) in canonical form

The network (G, X¢c, Xn, ¢, p) in canonical form is represented by Fig. 2.4.
This network satisfies the conditions:

(1) min{cy,1, 1,4} =0, min{cs 5, c54} = 0;

(2) =0, 13=0, oy =0, g =0.
For a given optimal solution €%, wy for x € X we have E}.(1) = Ez(1) = {(1, 2)}
and E}.(5) = Ez(5) = {(5,5)}.

Therefore, if we fix s*(1) = 2; s*(5) = 5 then we obtain the optimal stationary
strategy s* : 1 — 2; 5 — 5. The corresponding network induced by the optimal
stationary strategy s* is represented by Fig. 2.5.

RV Py o P

(4,0.5) 2

Fig. 2.5 The network induced by the optimal strategy
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Another optimal solution of the linear programming problem for this example is:

8 13 1 11 7
i i T i At T e N
4 4 7
*:—’ *z—, *:]’ *22, *:2’ *:—.
wl 3 (Uz 3 (U3 CL)4 w5 LU6 5

If we calculate ¢y, and fz, that correspond to this optimal solution then we obtain

€12=0,¢14=0,¢54=3,055=0, 1y =0, 13 =0, 11y, =0, g = 0.

It is easy to observe that in this case E;‘ (x) # Ej.(x) for x = 1. However, we can
determine the optimal solution s*(1) = 2, s*(5) = 5 if we fix the strategy s™ such
that (x, s*(x)) € EX(x) N Ej.(x) forx = 1 and x = 2, i.e., we obtain the same
optimal stationary strategy as in the previous case.

Remark 2.24 1f for a multichain control problem it is necessary to determine the
optimal stationary strategy s* only for a fixed starting state xq then it is sufficient to
solve the linear programming problem:

Maximize

¥ (e, w) = wy (2.57)
subject to (2.54). The optimal strategy for the considered problem can be found

using Algorithm 2.23 if in the item 1 we exchange the problem (2.54), (2.55) by the
problem (2.55), (2.57).

If in the example above we fix xo = 1 and solve the linear programming problem
(2.55), (2.57) then we obtain the optimal solution £*, w*, where

e} =0, sﬁz—g, S=——, =4, e5=0;
,wi=1, wy=2, wi=2
and ¢, wg are arbitrary values that satisfy the conditions
e3 —0.663 —0.4e% +wg <6, wg —0.6w; —0.4wi <0.
Here ¢ may differ from —2/5 and w¢ may differ from 7/5. In this case we obtain

the same optimal strategy s* : 1 — 2; 5 — 5 but we do not obtain £§ and wg. If we
solve the problem (2.55), (2.57) for xo = 6 then we obtain

The remaining variables may be arbitrary.
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2.2.8 Primal and Dual Linear Programming Models
Jor the Multichain Problem

The problem (2.54), (2.55) generalizes the unichain dual linear programming model
(2.21), (2.22). Therefore, we can regard (2.54), (2.55) as the dual problem of a
primal multichain linear programming model. If we dualize (2.54), (2.55) then we
obtain a problem which generalizes the problem (2.16), (2.17). This problem can be
formulated as follows:

Minimize
DN g)= D D coyory+ D g (2.58)
xeXc yeX(x) ze€XN
subject to
V Z Qy,y — Z Qy x + Z Pxyqx =0, Vy e Xc;
XX (y) xeX(y) xeXy
Z Qx,y —qy + Z Px,yqx = 0, VyeXnw;
xeXE(y) xeXn
Z ax,y'"zﬂx‘y_ Z ﬂy,x_ Z py,x)\yzex,‘v'x EXC,
yex () yeX yeXc(x) yeXy(x)
gx + A — Z Py,x)\x =0, Vx € Xy;
yeXy(x)
O‘x,y»ﬁx,y >0, Vx € Xc, y e X(x); QX»)\X >0, Vx e Xy.

(2.59)
It is easy to see that this linear programming model generalizes the unichain linear
programming model (2.16), (2.17). The last two restrictions (equalities) in (2.59)
generalize the constraint

DD eyt D ar=1

xeXc yeX (x) xeXy

In the following we shall regard the linear programming problem (2.54), (2.55).

2.2.9 An Algorithm for Solving the Multichain Control Problem
Using a Dual Unichain Model

For multichain control problems the optimal average costs in different states may
be different. Therefore, the set of states X can be divided into several subsets
X1, X2, ..., Xj. such that each subset X;, i € {l,2,...,k} contains the states
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with the same optimal average costs and there are no states from different subsets
with the same optimal average costs.

Let w' be the corresponding optimal average cost of the states x € X;,
i =1,2,..., kand assume that w! < w? < --- < w¥. In this section we show that
the average costs w' and the corresponding subsets X; can be found successively by
solving k unichain linear programming problems (2.21), (2.22).

At the first step of the algorithm we solve the linear programming problem:

Maximize

P/ (e,h) =h (2.60)
subject to
Ex —Ey +h < cyy, Vx € Xc, y € X(x);
Ex — O PxzEz+h <y, YxeXy. (2.6D)

zeX

Let E)]C (x € X), h! be an optimal solution of this problem on the network
(G, Xc, Xn, ¢, p). Then this solution satisfies the conditions:
(1) e}y =coy+ey,—eg, —h! =0, Vx € Xc, y € X(x);
Q) =+ X pryey—er—h' =0, Vx € X;
yeX(x)

(3) There exists a nonempty subset X from X where

min c}c = min c}c =0, Vx e X1 NXc;

veX( Y yexit Y

[L/lr =0, Vx e XiNXy,

and X is a maximal subset in X with such a property.

If in the network (G, X¢, Xn, ¢, p) we make the potential transformation

c;’yzcx,y+5;—a}c—hl, Vx e X, ye X(x)
then we obtain the network (G, X¢, Xn, cl, p) with a new cost function c'onE.
According to Lemma 2.14 and Corollary 2.16 the optimal stationary strategies of the
control problem on this network are the same as the optimal stationary strategies on
the network (G, X¢, Xy, ¢, p). Moreover, we have here
G}C = Wy —h], Vx € X,

where w, for x € X represents the corresponding optimal average costs of the states
x € X in the primal problem and c_u)lc are the optimal average costs of the states in
the control problem on the network with transformation potential function c'.

Thus, after the first step of the algorithm we obtain the subset X, the value of
the optimal average cost w! = h! for the states x € X1, the function ' : X — R
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and the network (G, X¢, Xy, !, p) with a new cost function c!, where the optimal
average costs c_u)lc in the problem with the new network satisfy the condition:

w}c =0, Vx e Xy; G)lc = Wy —h! >0, Vx € X\X;.
At the second step of the algorithm we solve the linear programming problem:
Minimize the objective function (2.60) subject to

Ex —Ey+h =< C)lc,y, Vx € Xc\ X1, ¥y € X(x);

er = X prcsc TSy Ve € Xw\Xa
zeX
ex—ey<ci,, YxeXiNXc, yeXx); (2.62)

&x — pr,zngll;, Vxe X1NXpy.
z€X)

This system is obtained from (2.61) by changing ¢, , and p, by cx y and p,, and
setting & = 0 in the inequalities that correspond to the states x € X.

Let si (x € X), h* be an optimal solution of this problem on the network
(G, Xc, Xy, ct, p). Then this solution satisfies the conditions:

(1) c)zc’y =cCyy+ E§ — 5)26 —h?>0, Vx € Xc, y € X(x);
Q) i =pa+ X pryes—er—h*=0, Vx € Xy;
yeX(x)

(3) There exists a nonempty subset X, from X where

min c)%yz min c)%y
yex(x) yeXa(x) 7

p2 =0, Vx € X>N Xy,

=0, Vx e XoNXc¢;

and X» is a maximal subset in X with such a property.

After that we make the potential transformation

ciy:c}cﬁv+€%—€%—h2, Vx e X, ye X(x)

in the network (G, X¢, Xp, cl, p) and we obtain the network (G, X¢, Xy, 2, p)
with a new cost function ¢? on E. According to Lemma 2.14 and Corollary 2.16 the
optimal stationary strategies of the control problem on this network are the same as
the optimal stationary strategies on the network (G, X¢, Xy, el p). Moreover, here
we have

T2 =Wl — k% VxeX\Xi,

where U}C for x € X\ X represent the corresponding optimal average costs of the
states in the problem before the potential transformation is made and w§ are the
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optimal average costs of the states x € X\X; in the control problem after the
potential transformation is made.

Thus, after the second step of the algorithm we obtain the subset X5, the value
of the optimal average cost 12 for the states x € X7, the function 2 : X — R and
the network (G, X¢, Xn, 2, p) with a new cost function c2, where for the optimal
average costs w§ in the problem we may set:

T2 =0, Vxe X1UXy; @ =Tl —h%>0, ¥x e X\(X; U X»).
At the next step of the algorithm we solve the linear programming problem:
Minimize the objective function (2.60) subject to

ex—ey+h<ci,, VxeXc\(X1UX2), yeXx);

Ex — X PxzEr+h < pd, Vx e Xe\(X1UXo);
zeX (2.63)
Ex — &y fc)zc,y, Vx e (X1 UXp)NXc;

Ex — D DPx.zE7 < u)%, Vx e (X1 UX2)NXnw.
zeX

This system is obtained from (2.62) by exchanging c}c’ y and ul by 0)2(’ , and ui,
and setting & = 0 in the inequalities that corresponds to the states x € X».
After a finite number of steps we obtain the subsets

X, X0,...,. X X=X1UXU---UXp),

the potential functions e :X >R, i=1,2,..., kandthevaluesh', h?, ... h*,
where

i
W=D"nl, j=1.2... kL
j=1

If wefinde} = Z,]?ZI el and fix w} = w' " forx € X; then we determine the potential
transformation

vl —wl, Vx e X,y e X(x),

Cx,y = Cx,y T €,

that satisfies the conditions (1) — (6) of Theorem 2.12. This means that we determine
the network (G, X¢, X, ¢, p) and the optimal stationary strategy s*.

Example Consider the stochastic control problem on the network with the data from
the example given in the previous section. The network is represented by Fig. 2.3,
where X = Xc U Xy, Xc = {1, 5}, Xy = {2, 3,4, 6}, and the costs and transition
probabilities are written again along the edges.
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We apply the algorithm described above. At the first step of the algorithm we
solve the linear programming problem:

Minimize
(e h) =h
subject to
(e] —er+h <4
e1—es+h <1
€5 —€&4+h <3
es—&5+h <2
ey —0.4e1 —0.4e3 — 0285+ h < 2;
e3—e3+h <l
e4 —0.5e4 —0.5es +h < 4,
g6 —0.663 —0.4es +h <6.
An optimal solution of this problem is hl =1, 5} = 0, 55 = 0, 5% =0, 5}1 =

0, 5% =0, e, =0 = 1. We calculate C)]c,y and p! using the formula

CLy=cryte,—er—h', Vxe X, yeX);

y
)lc = px + Z Px,yCx,y _E,lc —h], x € Xy
yeX(x)

1
and determine c}\yz = 3, c}’4 =0, c;4 =2, Cés =1; ué =1, ,u; =0, u}‘ =
3, ué = 5. After the first step of the algorithm we obtain:
el . A1 1 _ 1 _ 1 _ 1 _ 1 _
X1=038sh =1,¢6=0,6=0,63=0,64=0,65=0, ¢ =0.

At the second step of the algorithm we solve the linear programming problem:
Minimize

¢'(e,h) =h
subject to

g1 —ex2+h <3
€1 —¢e4+h <0;
€s—e4+h <2;
es—ées+h <1,
€3 —¢e3<0;
g0 —04e1 —0.4e3 —02e5+h < 1;
g4 —0.5e4 — 0.5e5 +h < 3;

| €6 — 0.6e3 — 0.4e5 + w < 5.
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An optimal solution of this problem is

1 8 25 2
W=-,e2=0,e3=—-,el=-",e2=4,e2=0,e2=—=.
3 ©l 2 3 %3 3 4 5 6 5
We calculate c)zm, and ui using formula
C)2c,y = C)lc,y +5§ - 6)2c — h?; N’)Zc = ,u;lc + pr,yfz —h?
zeX
and find
2 17 2 2 1
2 2 2 2 2 2 2 2
Cip = 0, 14 = 5, €54 = ?, €55 = g, s =0, i3 =0, g = 57 te = E

After the second step of the algorithm we obtain: X, = {1, 2};

=l

3 9
At the third step of the algorithm we solve the linear programming problem:
Minimize

¢ h)=h
subject to
€1 —ep =0
- 11
€l —¢ —
1 4= 3

17
55—54—|—h§?;

€3 —e3 <0;

2
55_55+h552

2
g —0.4eyp —0.4e3 — 0.2e5 < —;
) 3
€4 —0.5¢4 —0.5¢5 +h < g;
1
g6 —0.6e3 —0.4es +h < —.
15
An optimal solution of this problem is
1
B=— =0 6=0e=0 =0 =0, =0.
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Using this solution we find

3 4 3 3 3 3 3 3
C1’2 = 0, C1’4 = _3 . CS,S = —5, CS, —_— /,Lz = O, /143 = 0, [L4 = —5, M6 =0.

After this step we obtain:

1
X3 ={6}; B’ = —

5 e?:O, e%:O, 53:0, ai:O, eg=0, g6 = 0.

At the fourth step of the algorithm we solve the linear programming problem:
Minimize

U/'(e;h)=h
subject to
g1 —e2 <05
_ 11
g1 —¢€ -
T
es—e4+h < ?§
e3—e3 <0;
3
es—es+h < —;
3 2
g2 —0.4e1 — 0.4e3 — 0.2e5 < g;
3
g4 —0.5e4 — 055 +h < §§
g6 —0.6e3 — 0.4e5 < 0.

An optimal solution of this system is ht = 3/5, E% =0, 6% =0, Eg =0, 62 =0,
Eg = 0, ¢¢ = 0. Using this solution we find C‘I‘,z =0, 63’4 = 11/3, cg"4 =5,
cds=0,p3 =0, u3 =0, pg =0, pi¢ = 0. After this step we obtain X4 = {4, 5}
and h* = 3/5.
Thus, finally we have X = X1 U X, U X3 U X4, where
X1 =13}, Xo={1,2}, X3={6}, X4 =1{4,5},
and

w=n', W=n"+n? W3=h'+h2+R, W=+ R+ R+ R,

ie.,
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In addition we can find

8

ef=cl+e2+el +ef=0; €§=€é+&?%+63+63=—§;
25

5§:€;+€%+€§+€§:—?; er=citei el tef =4

2

=

et=elteltel+el=0 gf=cl+el+ed+el=-

If we make the potential transformation of the cost function ¢ for w* and * found
above then we obtain the network in canonical form (G, X¢, Xn, ¢, p) represented
by Fig. 2.4 that gives the optimal stationary strategies.

2.2.10 An Approach for Solving the Multichain Control Problem
Using a Reduction Procedure to a Unichain Problem

We consider the stochastic control problem on the network (G, Xc, Xy, ¢, p, x0)
with fixed starting state xo and describe an approximation algorithm for determining
the optimal solutions which is based on a reduction procedure of the multichain
problem to the unichain case.

We describe the reduction procedure in the case if the graph G satisfies the con-
dition that for an arbitrary vertex x € X¢ each outgoing directed edge ¢ = (x, y)
ends in Xy, i.e., we assume that

Ec={e=(x,y)€e E|lx € Xc, y € Xy}

If the graph G does not satisfy this condition then the considered control problem
can be reduced to a similar control problem on an auxiliary network (G’, X, Xy,
c, p’, x9), where the graph G’ satisfies the condition mentioned above. Graph G’ =
(X', E') is obtained from G = (X, E), where each directed edge ¢ = (x, y) € E¢
is changed by the following two directed edges el = (x, x,) and €% = (x,, y).

We include each vertex x, in X ;V and to each edge ¢/ = (x., y) we associate the
cost ¢, , = ¢x,y and the transition probability p;, , = 1. To the edges ¢’ = (x, x,)
we associate the cost ¢} , = c(x.y), Where e = (x, y). For the edges e € Ey
in the new network we preserve the same costs and transition probabilities as in
the initial network, i.e., the cost function ¢’ on E and on the set of edges (x, x,)
for x € Xc, e € Ec is induced by the cost function c¢. Thus, in the auxiliary
network the graph G is determined by the set of vertices X' = X U X/, and the
set of edges E' = E, U E), where X, = Xc: Xy = Xy U {x., e € Ec};
E.={e=(x,x)| xeXc,e=(x,y) € Ec}; Ey =EyU{e =(x,,y)| e=
(x,y) € Ec,y € X}. Itis evident that there exists a bijective mapping between the
set of strategies in the states x € X¢ of the network (G, Xc, Xn, ¢, p, xo) and the
set of strategies in the states x € X¢ of the network (G’, X, X}, ¢, p’, xo) that
preserves the average costs of the problems on the corresponding networks.
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Thus, without loss of generality we may consider that G possesses the property
that for an arbitrary vertex x € X¢ each outgoing directed edge e = (x, y) ends
in Xn. Additionally, let us assume that the vertex xqo in G is reachable from every
vertex x € Xy. Then an arbitrary strategy s in the considered problem induces a
transition probability matrix P* = (py ,) that corresponds to a Markov unichain
with a positive recurrent class X that contains the vertex x.

Therefore, if we solve the control problem on the network then we obtain the
solution of the problem with fixed starting state xp. So, we obtain such a solution
if the network satisfies the condition that for an arbitrary strategy s the vertex xg
in Gy is attainable for every x € Xy. Now let us assume that this property does
not take place. In this case we can reduce our problem to a similar problem on a
new auxiliary network (G”, X{., Xy, p”., ¢”, xo) for which the property mentioned
above holds. This network is obtained from the initial one by the following way: We
construct the graph G” = (X, E”") which is obtained from G = (X, E) by adding
new directed edges e;/O = (x,x0) from x € Xn\{xo} to xg, if for some vertices
x € Xn\{x0} in G there are no directed edges e = (x, xo) from x to xo. We define
the costs of directed edges (x, y) € E” in G” as follows: If ¢” = (x, y) € E then
the cost ¢, of this edge in G” is the same as in G, i.e., ¢/, = c.» for e’ € E; if
e = (x,x0) € E"\E then we put ¢;, = 0. The probabilities py , for (x, y) € E”
where x € Xy we define by using the following rule: We fix a small positive value
eand put pi' = pyy —€pyy if (x,y) € E"\E, y # xo and in G there is no
directed edge e = (x, xo) from x to x¢; if in G for a vertex x € X\{xo} there exists
a leaving directed edge ¢ = (x, xg) then for an arbitrary outgoing directed edge
e = (x,y), y € X(x) we put py , = pyy; for the directed edges (x, x9) € E'\E
we put pY - =e.

Let us assume that the probabilities p, , for (x, y) € E are given in the form of
irreducible decimal fractions py y = ax y/bx y.

Additionally, assume that e < 27272 where

L= > loglary+1)+ D loghey+1)

(x,y)EE (x,y)€E

+ Zlog(|ce| +1) 4+ 2log(n) + 1.

ecE

Here L is the length of the binary-coded data of the matrix P and of the cost vector
¢ with integer components; each probability py , is given by the integer couple
ay,y, by y. Then, based on the results from [57, 58] for our auxiliary optimization
problem (with approximated data) we can conclude that the solution of this problem
will correspond to the solution of our initial problem.

If we consider the control problem on the auxiliary network (G', X, X/, ¢/,
P, x0) then we can observe that an arbitrary optimal basic solution of the linear
programming problem (2.13), (2.14) satisfies the condition ¢} > 0 and therefore
we can determine the optimal stationary strategy s™ for the auxiliary problem using
Algorithm 2.5. In addition we can observe that if for our stochastic control problem
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on the network there exists the optimal stationary strategy s* then it coincides with
an optimal stationary strategy s’* of the stochastic control problem on the auxiliary
network, i.e., s* = s. Moreover, the optimal values of the objective functions
Jfxo(s) can be obtained from the optimal value of the objective function f; (s")inthe
auxiliary problem using the approximation procedure. So, to find the optimal solution
of the problem on the network (G, X¢, Xy, ¢, p, xo) it is necessary to construct
the auxiliary network (G, X(., Xy, ¢/, p’, xo) where for each vertex x € X}, an
arbitrary directed edge ¢/ = (x, y) ends in X. Then we construct the network
(G", X, X}, c", p”, x0) and the auxiliary stochastic optimal control problem on
this network. If the optimal stationary strategy s’* in the auxiliary problem is found
then we fix s* = s"* on Xc.

Example Consider the multichain control problem on the network (G, X¢, Xy, ¢,
p, xo) represented by Fig. 2.6. In this network the vertices represented by circles
correspond to the controllable states of the dynamical system and the vertices repre-
sented by squares correspond to uncontrollable states. To each edge that originates
in the vertices which correspond to the controllable states the associated cost is writ-
ten along the edge. To each edge that originates in the vertices that correspond to
uncontrollable states the associated cost and the transition probability are written in
parentheses. The starting state xg is fixed and it corresponds to vertex 2, i.e., xo = 2.

For this network we have X¢ = {1, 4, 6}, Xy = {2, 3, 5} and there exist two
edges (1, 1), (1, 4) which start in X¢ and end in X¢. The corresponding network
(G', X, Xy, ¢, p', xo) is represented on Fig. 2.7. This network is obtained from
the network on Fig. 2.7 by adding two new vertices 1’ and 1” on the edges (1, 1) and
(1,4).

The network (G”, X/, X, ¢, p”, xo) is represented in Fig. 2.8. This network
is obtained from the network in Fig. 2.7 by adding the directed edges (x, xo) that
start in the vertices x € X, = {1’, 1”7, 5, 3} and end in xo = 2, where ¢, , = 0

2 (2,04) | 4 :}(1,1)

)

(2,0.5)

Fig. 2.6 The network (G, Xc, Xn, ¢, p, X0)
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2,0.4
il (2.04) )5 (1, 1)

(3,1)

(2,0.5) Q

(2,0.5)

Fig. 2.7 The network (G', X[, X}y, ¢/, p’, x0)

(0, 9
(0, €
1/ » 3 3(17 1'6)
(2, 0.4)
A
(0, ¢ 3
(3,1-¢)
Y
3 5 |« 3 ( 6 )
(2, 0.5-0.5)
(2, 0.5-0.5)

Fig. 2.8 The network (G”, X/, X}, ¢”, p”, x0)

and py y, = e. The corresponding probabilities py , for the directed edges (x, y)
for x € X/, are defined as follows: pg’y = Px,y — Px,y€. The control problem on
the auxiliary network possesses the property that an arbitrary strategy s” generates
a Markov unichain. Therefore, for this problem we can use the linear programming
model (2.13), (2.14) or the linear programming model (2.21), (2.22) with e = 1074
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In both cases we determine the same optimal stationary strategy
s 1>2. 45 6— 3.
This means that the optimal solution for the initial problem is
s¥:11—>2; 45, 6— 3.

In the following we show that the linear programming models for the stochastic
control problem can be extended for Markov decision processes which lead to the
linear programming models from [25, 45, 46, 51, 115].

2.3 A Linear Programming Approach for Markov Decision
Problems with an Average Cost Optimization Criterion

We extend now the linear programming approach and algorithms from the previous
section for the Markov decision problem with an average cost optimization criterion.
We show that an arbitrary Markov decision problem can be transformed into a sto-
chastic control problem on a network and vice versa, an arbitrary stochastic control
problem on a network can be formulated as a Markov decision problem. Thus, the
considered problems are equivalent and therefore the linear programming approach
can be developed and specified for Markov decision problems.

2.3.1 Problem Formulation

A Markov decision process [4, 115] is determined by a tuple (X, A, p, ¢), where
X is a finite state space, A is a finite sef of actions, p is a nonnegative real function
p 1 Ax X x X — RT that satisfies the condition ZyEX pxy =1 Va € Aand
c:AXx X x X — Ris areal function. The function p for a fixed actiona € A
and arbitrary x, y € X determines the probability p)‘i’y of the system’s transition
from the state x € X at the moment of time ¢ to state y at the moment of time
t+ 1foreveryt =0,1,2,.... For a fixed action a € A and arbitrary x, y € X the
function ¢ determines the cost c§ y of the system’s transition from the state x = x(¢)
to the state y = x(r + 1) for + = 0, 1,2, .... In the considered Markov process
the functions p and ¢ do not depend on time, i.e., we have a stationary Markov
decision process. If in each state x € X we fix an action from a € A then we
obtain a Markov process induced by these actions. The problem with an average
cost optimization criterion for the Markov decision process (X, A, p, ¢) with given
starting state xo consists in determining the actions in the states of the system that
provide the minimal (or maximal) average cost per transition for the Markov process
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induced by the chosen actions. In the following we will study this problem in terms
of stationary strategies.
We define a stationary strategy s for Markov decision process as a map

s:x —>aeAlx) for x € X,

where A(x) represents the set of actions in the state x € X. An arbitrary stationary
strategy s induces a simple Markov process with the transition probability matrix
P* = (py, y) and the transition cost matrix C* = (cy, y)- For this Markov process
with probability and cost matrices P*, C* we can determine the expected average
cost per transition wy if the dynamical system starts transitions in the state xo at the
moment of time ¢ = 0. We denote this quantity by fy,(s), i.e.,

fxo(s) = W;O-

We consider the Markov decision problem with an average cost criterion, i.e., we are
seeking for a strategy s* for which

Fo(s") = min £, s).

For an arbitrary Markov decision problem we may assume that the action sets in
different states are different, i.e., A(x) # A(y). However, it is easy to observe that
an arbitrary problem can be reduced to the case |A(x)| = |[A(y)| = |A|, Vx,y e X
introducing some copies of the actions in the states y € X if for two different states
x,y € X itholds |[A(y)| < |A(x)].

In the case |A(x)| = |A(y)| = |A[, Vx,y € X a Markov decision process can
be given by 2|A| matrices P9 = (py"y), C% = (ci*), k=1,2,...,|A|, where
ZyeX pfcl’fy =1, Va, € A,Vx € X.

A fixed strategy s : x — aj € A(x) for x € X generates a Markov process with
the probability transition matrix P* and the transition cost matrix C* induced by the
rows of the corresponding matrices P% and C*, k=1,2,...,|A|, respectively.

Using the matrix representation of the Markov decision processes we can show
that the stochastic control problem with average cost criterion can be represented as
a Markov decision problem. Indeed, the matrix representation of the control problem
corresponds to the case if X = X¢c U Xy, Xc N Xy = 0, where for an arbitrary
state x; € X the probabilities py" y are equal to 0 or 1 and for an arbitrary state
x;j € Xp the corresponding i — th rows in the matrices P%!, P2, ..., P%4l and
CU, C%,...,C% are the same. This means that an arbitrary stochastic control
problem can be transformed into a Markov decision problem.

In the next section we show that an arbitrary Markov decision problem with
average cost criterion can be reduced to a stochastic control problem on an auxiliary
network. We can observe that the mentioned reduction procedure can be realized in
polynomial time. Thus, the considered problems are equivalent from a computational
point of view. Using the reduction procedure of the Markov decision problem to a
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stochastic control problem we can extend the algorithms from the previous section
for determining the optimal solution for Markov decision problems.

2.3.2 Reduction of Markov Decision Problems to Stochastic
Control Problems

Let us show that the problem of determining the optimal stationary strategies s* in a
Markov decision process (X, A, p, ¢) with average cost criterion can be reduced to
the problem of determining the optimal stationary strategy in the control problem on
a network (G, X, X}y, p’. ¢, x), where G' = (X', E"), X, X}y, p', ¢’ and xg
are defined in the following way: The set of vertices X' = X U X, contains (|A| +
1)|X| vertices, where |X-| = |X| and |X),| = |A[|X]. So, the set of controllable
states in the control problem consists of a copy of the set of states X and the set of
uncontrollable states X ;\, consists of | A| copies of the set of states X. Therefore, we
define X and X as follows:

Xe={"=x|x€eX}) X&:UX“,

acA

where
X4 ={x"=(x,a) | x € X} for a € A.

We also represent the set of directed edges E’ as a couple of two disjoint subsets
E' = E U E);, where E_. is the set of outgoing edges from x" € X . and E} is the
set of outgoing edges from x* € X'. The states E. and E), are defined as follows:

Ec ={(x,(x,a) | x € Xp; (x,a) € Xy, a € A};
Ey ={((x,a),y) | (x,a) € Xy, y € X, Pyy >0, a€A}

On the set of directed edges E’ we define the cost function ¢’ : E’ — R, where
c, =0, Ve' = (x, (x,a)) € E¢;

cy=2ci, for € =((x,a),y) € Ey (x,y€X, acA).
On E; we define the transition probability function p’ : E}y, — [0, 1], where p/, =
py,y for ¢ =((x,a),y) € Ej.

It is easy to observe that between the set of stationary strategies S in the Markov
decision process and the set of strategies S’ in the control problem on the network
(G', X, XYy. ¢, p', xo) there exists a bijective mapping that preserves the average
cost per transition. Therefore, if we find the optimal stationary strategy for the control
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problem on the network then we can determine the optimal stationary strategy in the
Markov decision process.

The network constructed above gives a graphical interpretation of the Markov
decision process via the structure of the graph G, where the actions and all pos-
sible transitions for an arbitrary fixed action are represented by arcs and nodes. A
more simple graphical interpretation of the Markov decision process may be given
using the graph of probability transitions G, = (X, E), which is induced by the
probability function p : X x X x A — [0, 1]. This graph may contain parallel
directed edges where each directed edge corresponds to an action. The set of vertices
X corresponds to the set of states and the set of edges E, consists of |A| subsets

A A ~
E},,E%,...,E},l (p_Ull ),WhereEé,z{ = (x,y)% |px) >
0}, i=1,2,...,][AW)|.
An example how to construct the graph G, = (X, E,) and how to determine

the solution of the Markov decision problem using the reduction procedure to an
auxiliary control problem on the network is given below.

Example Consider a Markov decision process (X, A, p, ¢) where X = {1,2}, A =
1,2 and the possible values of the corresponding probability and cost functions
p:XxXxA—][0,1], c: X x X x A — R are defined as follows:

pi'1 =07, pi’, =03, p3'| = 0.6, p3’, =04,
P =04, pi%, = 0.6, p3’, =0.5, p3% =0.5;

ar ar ar ar
€1 = 1, €1y = 0, 1 = 2, Crp = 5,

a a a a
= 0, €1 = 4, & = 2, €y = —3.

We consider the problem of finding the optimal stationary strategy for the corre-
sponding Markov decision problem with minimal average costs and an arbitrary
fixed starting state.

The data concerned with the actions in the considered Markov decision problem
can be represented in a suitable form using the probability matrices

0.7 0.3 0.4 0.6
ay __ a __
Pe= (0.6 0.4)’ Pe= (0.5 0.5)

and the matrices of transition cost

10 0o 4
ar ay __
“=(25) -2 3)

In Fig. 2.9 this Markov process is represented by the multigraph G, = (X, E,) with
the set of vertices X = {1, 2}.

The set of directed edges E, contains parallel directed edges that correspond to
probability transitions from one state to another for different actions. We call this
graph multigraph of the Markov decision process.
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p12=0.3

SO W ow Lol

Fig. 2.9 The graph of the Markov decision process

(1,1)

(2,2)

Fig. 2.10 The graph G’ for the control problem
InFig.2.10the graph G’ = (X', E') isrepresented. In G’ the sets X -, X, E(-, Ey
are defined as follows:
Xe={12}, Xy =X'UX>={(1. D, (1,2), 2, 1), (2.2}
where
X'={1. 1, 1,2}, X*={@2. 1,22}

and

Ec ={(1,(1, 1), (1,(1,2), (2,2, 1), (2,(2,2)},
Ey ={((1,D, 1), ((1,D,2), (2, D, D, ((2,2), 1),
((1,2), ), ((1,2),2), (2, 1),2), ((2,2),2)}.
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The probabilities p, = pEX’a)J, = py,, for directed edges ((x,a), y) € E}; are
written along the edges in Fig. 2.10 and the costs of the directed edges from E’ are
defined in the following way:

c = ¢ =0 ¢ = c} =0
L(LD) — %1,(1,2) — 2,2,1) — *2,2,2) — %

(11)1—2 C(11)2—O 0(21)12 —4, 6(22)1— 4,
(1 2)1—0 C(l 2)2—8 C(z D2 = 10, C(z,z),z—_6-

The set of possible stationary strategies for this Markov decision process consists
of four strategies, i.e., S = {sl, 52,53, s4} where

st 1 —>a;, 2—a;
s2:l—>a1, 2 — ay;
301> an, 2> a;
s4:1—>a2, 2 — ap.

A fixed strategy s in the Markov decision process generates a simple Markov process
with transition costs, where the corresponding matrices P*, C* are formed from the
rows of the matrices P% and C%, i = 1,2. As an example, if we fix the strategy
s> then we obtain a simple Markov process with transition costs generated by the
following matrices P*? and C*2:

0.7 0.3 1 0
sy 52
P== (0.5 0.5)’ = (2 —3)'
It is easy to check that this Markov process is ergodic and the limit matrix of this
process is

0" =

0| L o | h
oo W 00| W

We can determine the components of the vector of immediate costs 1’2 = (Z}z )
2

using formula p;? = pl 1 2+ pl ) 522, i =1,2,ie, p? = 0.7 and i = 0.5.
In such a way we determine fi (sz) = fa(s2) = 1/4. Analogously, it can be cal-
culated by f1(s1) = fa(s1) = 22/30, fi(s3) = fa(s3) = 16/10 and fi(s4) =
f2(4) = 9/11. We can see that the optimal stationary strategy for the Markov
decision problem with minimal average cost criterion is s2. This strategy can be
found by solving the following linear programming problem on the auxiliary net-
work (G', X, Xy, p'. ¢):



156 2 Stochastic Optimal Control Problems . . .
Minimize

Yo, q) = 14q,  +4.8¢, 5+ 1.60, | — 455
subject to

0.7, 1 +0.4q, , + 0.6¢, | +0.59, , = g1,
0.3q, , + 0.6q1’2 +0.4q, | +0.5¢, , = q2,
a1,1,1) =4y 1

Q1,(1,2) =41

a2,2,1) =4 1>

02,(2,2) =43 ;s

o1,(1,1) + 1,(1,2) =44,

a2,.2,1) +2,2,2) =45,

Giatdq, T Yt a1+q =1,
a1, Q1(1,2)s 02,21, 2,22 >0,

| 41,10 91,20 92,10 92,20 915 92 = 0.

The optimal solution of this problem is

5 3 5 3
=1 B=1g U1=71 B2=1 9270 ¢, =0

5
aT,(l,l) =16 0‘3(2,2) =16 O‘T,(m) =0, 0‘3,(2,1) =0

and the optimal value of the objective function is ¥ (a*, g*) = 1/4.
The optimal strategy s* on G’ we can find using Theorem 2.3, i.e., we fix

* * * *
stan =L st =0, 5201y =0 s500 =1
This means that the optimal stationary strategy for the Markov decision problem is
s 11— a;, 2— a

and the average cost per transaction is f1(s*) = fa(s*) = 1/4.

The auxiliary graph with distinguished optimal strategies in the controllable states
x1 = 1 and xp = 2 is represented in Fig. 2.11. The unique outgoing directed edge
(1, (1, 1)) from vertex 1 that ends in vertex (1, 1) corresponds to the optimal strategy
1 — aj in the state x = 1 and the unique outgoing directed edge (2, (2, 2)) from
vertex 2 that ends in vertex (2, 2) corresponds to the optimal strategy 2 — a3 in the
state x = 2.
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(1,1)

(2,2)

Fig. 2.11 The graph induced by the optimal strategy in the control problem

2.3.3 A Linear Programming Approach for the Average Markov
Decision Problem and an Algorithm for Determining the
Optimal Strategies

In the previous sections we have shown that the optimal stationary strategies for
Markov decision processes can be found by constructing an auxiliary stochastic con-
trol problem and applying the linear programming algorithm for the control problem
on an auxiliary network. Below we show how to apply a linear programming algo-
rithm directly to the Markov decision problem with an average cost optimization
criterion without constructing the auxiliary stochastic control problem.

Atfirst we describe the linear programming algorithm for a special class of Markov
decision processes.

We consider Markov decision processes with the property that an arbitrary sta-
tionary strategy s : X — A generates an ergodic Markov chain, i.e., we assume
that the graph G}, = (X, E})) of the matrix of probability transitions P* = (py ) is
strongly connected. In general, we can see that the linear programming approach can
be used for an arbitrary Markov decision problem where an arbitrary stationary strat-
egy generates a unichain. We call such Markov decision processes perfect Markov
decision processes. It is easy to observe that if for an arbitrary strategy s : A — X
in the Markov decision process each row of the matrix P* = (p; ,) contains at least

[(IX]+ 1) /2] + 1 nonzero elements then the corresponding graph G, = (X JE 1‘,)

contains a unique strongly connected component that can be reached from every
x € X [19], i.e., in this case the matrix P* corresponds to a Markov unichain.
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Lets : X — A be an arbitrary strategy (s € S) for a Markov decision process.
Then for every fixed x € X we have a unique action a = s(x) € A(x) and therefore
we can identify the map s with the set of boolean values sy , forx € X anda € A(x),
where

| L, if a=s(x);
S2a =10, i a # s(x).

In a similar way for the optimal stationary strategy s* we shall proceed with the
boolean values s7 .

Assume that the Markov decision process is perfect. Then the following lemma
holds.

Lemma 2.25 A stationary strategy s* is optimal if and only if it corresponds to an
optimal solution of the following mixed integer bilinear programming problem:
Minimize

(s, q) = Z Z fox,aSx.a Gx (2.64)
xeX acA(x)
subject to
V Z Z p)ac,ySX,IJQX =dy, Vy € X;
xeX acA(x)
Z%c =1
S (2.65)
Z sxa=1, VYx€X;
acA(x)
sya €{0,1}, Vx € X, a € A(x); gx >0, Vx € X,
where

_ a a
ra =D €y Py
yeX

is the immediate cost in the state x € X for a fixed action a € A(x).

Proof For a fixed strategy s the system (2.65) has a unique solution with respect
to gx, x € X which represents the limiting probabilities of the recurrent Markov
chains with the matrix of probability transition P*. The value of the objective function
(2.64) for this solution expresses the average cost per transition for an arbitrary fixed
starting state. Therefore, for a fixed strategy s we have fy(s) = (s, ¢*), Vx € X.
This means that if we solve the optimization problem (2.64), (2.65) for the perfect
Markov decision process then we obtain the optimal stationary strategy s*. O
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Remark 2.26 For a perfect Markov decision processes the objective function ¥ (s, q)
on the set of feasible solutions depends only on sy , forx € X, a € A(x). Moreover,
the conditions g, > 0 for x € X in (2.65) hold if s, , > 0,Vx € X,a € A(x) and
therefore in the case of perfect Markov processes can be omitted. The conditions
gx > 0, Vx € X in (2.65) are essential for non perfect Markov processes.

Based on Lemma 2.25 we can prove the following result.

Theorem 2.27 Let o , (x € X, a € A(x)), q; (x € X) be a basic optimal
solution of the following linear programming problem:

Minimize
Plang) =D D fralia (2.66)
xeX acA(x)

subject to

D 2 Mlyma=dy. YyEX;

xeX acA(x)

qu =1;

xex (2.67)

Z Qx.a = {4x, Vx € X;

acA(x)

oxa>0, Vxe X, aeAlx); g >0, Vx € X,

where

a a
x.a = Zcx,y P,y for x € X.
yeX

Then the optimal stationary strategy s* for a perfect Markov decision process can
be found as follows:

" 1, if a;a > 0;
0, if ay, =0,

where x € X, a € A(x).
Moreover, for every starting state x € X the optimal average cost per transition
is equal to Y (a*, g*), i.e.,

fe(s™) = Z Z Ihx.a®y 4

xeX a€A(x)

forevery x € X.
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Proof The proof of this theorem is similar to the proof of Theorem 2.3. Applying
Lemma 2.25 we obtain that the bilinear programming problem (2.64), (2.65) with
boolean variables sy , forx € X, a € A(x) canbe reduced to the linear programming
problem (2.66), (2.67). We observe that the restriction sy , € {0, 1} in the problem
(2.64), (2.65) can be replaced by sy , > 0 because the optimal basic solutions after
such a transformation of the problem are not changed. In addition the restrictions

Z Sya=1, Yx e X
acA(x)

can be changed by the restrictions

Z Sx.adx =qx, Yx € X
acA(x)

because the condition g, > 0, Vx € X for the perfect Markov process holds. This
means that the system (2.65) in the problem (2.64), (2.65) can be replaced by the
following system

Z Z pf:,ysx,a qx =4y, Vy € X;
xeX acA(x)
2 ax =1
reX (2.68)
Z Sx.aqx =qx, VX €X;
acA(x)
S0 20, Vr€X. a€AW): ¢20, VxeX.

In such a way we may conclude that problem (2.64), (2.65) and problem (2.64), (2.68)
have the same optimal solutions. Taking into account that for the perfect network we
have g, > 0, Vx € X then in problem (2.64), (2.68) we can introduce the notations
Ox.a = Sx.aqx forx € X, a € A(x), i.e., we obtain the problem (2.66), (2.67). It
is evident that oy , # 0 if and only if s, , = 1. Therefore, the optimal stationary
strategy s* can be found according to the rule formulated in the theorem. O

It is easy to observe that g, in the system (2.67) can be eliminated if we take into
account that

Z Qxq =¢qx, Yx€X.
acA(x)

Then theorem 2.27 can be formulated in the following way.

Theorem 2.28 Let a;’ « x € X, a € A(x)), be a basic optimal solution of the
following linear programming problem:
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Minimize

P =" D" jraCra (2.69)

xeX aceA(x)

subject to

Z ay’a_z Z p;,yax,a:O, VyelX;

acA(y) xeX aeA(x)
D> ora=1 (2.70)
xeX acA(x)

oxa >0, Yx € X, aeA).

Then the optimal stationary strategy s™* for the perfect Markov decision process can
be found as follows:

o _[1, if af, > 0;

= v *
x,a 07 lf ax’a = 0,

where x € X, a € A(x). Moreover, for every starting state x € X the optimal
average cost per transition is equal to (o™, g*), i.e.,

£6H=D0 D pracky,

xeX acA(x)

forevery x € X.

Thus, based on theorems proven above the optimal stationary strategy for the
Markov decision problem can be found using the following algorithm.

Algorithm 2.29 Determining the Optimal Stationary Strategies for the Perfect
Markov Decision Problem

(1) Formulate the linear programming problem (2.66), (2.67) and find a basic optimal
solution a;,y, gy, q; of this problem;

(2) Fix sy, = 1 for (x, a) that corresponds to the basic components of the optimal
solution and set s , = 0 for the remaining components.

Example Consider the Markov decision problem with an average cost criterion from
Sect. 2.3.2. The corresponding multigraph of the Markov decision process is repre-
sented in Fig. 2.9.

The optimal stationary strategy s* of this problem can be found by solving the
linear programming problem (2.66), (2.67), i.e.:
Minimize

E(a, q) =0.7a11 + 240124+ 08021 —0.5022
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p12=0.3
P1;=0- 22 .

Fig. 2.12 The graph induced by the optimal strategy in Markov decision problem

subject to

0.7a1,1 +0.6a2,1 +0.41 2 + 0.5 2 = q1,
0.3a1,1 +0.4a2,1 + 0.6 2 + 0.502.2 = g2,
g t+q =1,

a1 a2 =41,

a1+ a2 =q2,

11, @12, a1, 22 >0, g1, g2 > 0.

The optimal solution of this problem is

5 3 5 3
qai = g 4 = g aj; = g’ a3, = g’ aj; =0, ;=0
and the corresponding average cost is equal to 1/4 , i.e., ¥ (a*, ¢*) = 1/4.
The optimal solution of the problem corresponds to the optimal stationary strategy
sfl =1, siz =0, s;l =0, S;,z =1ie s*:1—ay, 2— ap.
So, the optimal stationary strategy s* determines the Markov process with the
following probability and cost matrices

5* 0.7 03 5 1 0
P _(0.5 0.5)’ ¢ _(2 —3)'
The graph of transition probabilities of this Markov process is represented in
Fig. 2.12.

The result described above shows that the Markov decision problem with an aver-
age cost criterion can be transformed into a stochastic optimal control problem on
the auxiliary network (G’, X¢, Xy, p’, ¢/, x0). This means that the linear program-
ming algorithm proposed in the previous sections can be developed and specified

for Markov decision problems with an average and discounted costs optimization
criteria.
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2.3.4 A Dual Linear Programming Model for an Average Markov
Decision Problem

Consider the linear programming problem (2.69), (2.70) for an arbitrary unichain
Markov decision process. As we have shown the solution of this problem always
exists. If we dualize (2.69), (2.70) then we obtain the following problem:
Maximize

P'(e, w) =w (2.71)
subject to

Er— D P4 ey +w S e VX EX, Va€A. (2.72)

yeX

Based on duality theory of linear programming we obtain the following result.

Theorem 2.30 The linear programming problem (2.71), (2.72) has solutions and an
arbitrary optimal solution £*, w* of the problem possesses the following property:
For each x € X there exists an action a™ € A(x) that satisfies the condition

. a* _x * | _
Jmin [ﬂx.a* + é‘;px,yey —ef —w ] =0, Vx € X. (2.73)
y

The action a* in each state x € X determines the optimal stationary strategy s*(x) =
a* and w* is equal to the optimal value of the average cost in the Markov decision
process.

This theorem represents the optimization criterion for unichain Markov decision
problems with average expected cost. Based on this criterion we can determine the
optimal stationary strategies of the problem in the unichain case using the following
algorithm.

Algorithm 2.31 Determining the Optimal Solution of a Unichain Markov
Decision Problem Using a Dual Linear Programming Model

(1) Formulate the linear programming problem (2.71), (2.72) and find an optimal
solution €*, w™* of this problem;
(2) Foreachx € X fix s*(x) = a*, where a* € A(x) satisfies condition (2.73).
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2.3.5 Optimality Conditions for Multichain Decision Problems
and a Linear Programming Approach

The optimality conditions for a multichain Markov decision problem with an average
optimization cost criterion can be derived from the optimality conditions for an aver-
age multichain control problem if we take into account the mentioned relationship
between Markov decision processes and stochastic control models. Based on Theo-
rem 2.13 and the results from Sect. 2.3.2 we can formulate the following optimality
principle for an average multichain decision problem.

Theorem 2.32 Leta Markov decision process (X, A, p, c¢) be given. Then the system
of equations
e +w, = ag&) I“x’“ +> p;yya)v], Vx € X; (2.74)

yeX

has a solution under the set of solutions of the system of equations
wy = min ’ Zp;"ywx], Vx € X, (2.75)
¥

i.e., the system of equations (2.75) has such a solution w?, x € X for which there

exists a solution €%, x € X of the system of equations

gy +wi = min [,ux,a + Z pﬁ?,ya‘y], Vx € X. (2.76)
acA(x) vex

The values w} for x € X coincide with the optimal average costs wy, x € X for the
Markov decision problem and an optimal stationary strategy

sYix > aceAx)forx e X

for an average Markov decision problem can be found by fixing a map s*(x) = a €
A(x) such that

a € argmin [ Z pfj’yw;“]

acA(x) yex

and

a € argmin [ux,a + Z pfj’yE;].
acA(x) yex
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Note that the Lemmas 2.14, 2.20 are valid also for average Markov decision problems
if the strategies s and s* we treat as strategies s : X — A; s* : X — A for the
Markov decision problem.

Then from these lemmas we obtain the proof of Theorem 2.32. The proof of this
theorem also follows from the Theorems 2.12, 2.13 and the reduction procedure from
Markov decision problem to stochastic control problem described in Sect. 2.3.2.

From Theorem 2.32 we can make the following conclusion. To determine a solu-
tion of the Markov decision problem it is necessary to determine wy for x € X
that satisfies (2.75) and for which there exists ¢, for x € X that satisfies (2.74).
This is equivalent with the problem of determining the “maximal” vector w with the
components wy for x € X that satisfies the conditions

ertwe < pirat+ P pley, YxeX, VaeA®);
yeX

we < D PSwe, VxeX, YaeA®).

yeX

Thus, we have to maximize a positive linear combination of components of w
under the restrictions given above, i.e., we obtain the following linear programming

problem:
Maximize
P(e,w) =D Oy @.77)
xeX
subject to

Ex +wy < pfixa+ 2 pjﬁ,yey, Vx € X, Va € A(x);

vex (2.78)

wy < > Py yWrs Vx € X, Va e A(x)
yeX

where § > 0, Vx € Xand > .y 0 = 1.
From Theorem 2.32 we obtain the following result.

Corollary 2.33 For an arbitrary strategy s : X — A the following system of linear
equations

Ex + Wy = Uy so) + D pfcf);)sy, Vx € X;
yeX
(2.79)

wy = > pfcf);)wx, Vx e X
yeX

has a solution.



166 2 Stochastic Optimal Control Problems . . .

2.3.6 Primal and Dual Linear Programming Models for a
Multichain Markov Decision Problem

We can regard the linear programming model (2.77), (2.78) as a dual model for a
primal multichain linear programming problem. So, if we consider the dual model
or (2.77), (2.78) then we obtain the following linear programming problem:
Minimize

E(a) = Z Z Hx,aCx.a (2.80)

xeX acA(x)
subject to
2. wa= 2, D Piyna=0, YYEX;
acA(y) xeX aeA(x)
Z ya + Z By.a Z Z PyyBra =0y, Vy € X; (2.81)
acA(y) acA(y) xeX aeA(x)

axq >0, ﬁy,a >0, Vxe X, a e A(x),

where § > 0, Vy € X and 3.y 0,
This problem generalizes the unlchaln linear programming problem (2.69), (2.70)
from Sect. 2.3.3. In (2.81) the restrictions

S oayat D Bra— D D Pl Bra=0y YyeX (282

acA(y) acA(y) xeX acA(x)

with the condition )", _y 6, = 1 generalize the constrain

DD apa=1 (2.83)

xeX acA(y)

yeX

in the unichain model. It is easy to check that by summing (2.82) over y, we obtain
the equality (2.83).

2.4 Iterative Algorithms for Markov Decision Processes
and Control Problems with an Average Cost Criterion

As we have shown the Markov decision problem and optimal control problems with
average cost criterion can be solved using the linear programming approach. Here we
show that these problems can be solved using iterative algorithms. These algorithms
are based on the optimization criteria proved in previous sections. We can observe
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that the optimization criterion for a stochastic control problem in the case X¢ = ¢
leads to the equation which can be derived directly from formula (1.59).
Indeed, using formula (1.59) we can write the following two equivalent equations

o(t) =tw+e+€(t),
oct—1)=0t—-—Dwt+e+ei—1),

where €(¢) and e(f — 1) tend to zero if 7 tends to infinity. If we introduce the expression
of o(t) and o (¢t — 1) in the recursive formula

o) =p+ Po(t—1)
then we obtain
tw+e+et)=p+ P>t —Dw+e+e—1).
Through rearrangement we get
e+tw—(t—1)Pw=pu+ Pc+ Pe(t — 1) — e(t).

Here w = Pw. In addition for a Markov unichain all components of the vector w
are the same, i.e., w| = wy = -+ = w, = w (here w; = wy,;). So, if t — oo then
e(t), e(t — 1) — 0 and we obtain

git+w=puy +[Pel;, i=12,...,n. (2.84)

This is the system of equations for a unichain Markov process. It is well known that
in the case of unichain processes the rank of the matrix (I — P) is equal ton — 1
(see [98]). Based on this fact in [98] it has been shown that the system of equations
(2.84) has a unique solution once it is setting ¢; = 0 for some i. This means that two
different vectors ¢’ and €” which represent the solutions of this equation differ only
by some constant for each component. Therefore, the system of equations (2.84)
allows us to determine the average cost per transition in unichain Markov processes
with transition costs. The existence of the solution of this system of equations (2.84)
also follows from Theorem 2.30.

The system of equations for the decision problem in the case of unichain processes
is the following

gitw= min)(uxi,a—i-[Pag],-), i=1,2,...,n. (2.85)

acA(x;

According to Theorem 2.30 the system of equations (2.85) has solutions. The solution
of this system of equations and the optimal stationary strategy for unichain Markov
decision problems can be found using the following iterative algorithm.


http://dx.doi.org/10.1007/978-3-319-11833-8_1
http://dx.doi.org/10.1007/978-3-319-11833-8_1
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Algorithm 2.34 Determining the Solution of a Unichain Markov Decision
Problem

Preliminary step (Step 0): Fix an arbitrary stationary strategy
50 tx; > a € A(x;) for x; € X.

General step (Step k, k > 0): Calculate

k 1 k—1
[, ab1 Z Px (x;) )sc (xi)
yeX(xi)

for every x; € X. Then solve the system of linear equations

k—1 k—1 k=1 k-1 :
&; +w Z[Lxl,’xk—l(xi)—'—[Ps 9 ]ia 1= 1,2,...,n
al,f*l =0,
and find 6]f_1, 615_1, e ’; and w¥~!. After that determine a new strategy

sk:x,- —a € A(x;) for x; € X,

where

sF(x;) = argmin (uxl.,a + [P“ek_l]i), i=1,2,...,n
acA(x;)

Check if the following condition holds
Erey = oh=1¢y. .
sU(x;) =" (xi), VYx; € X. (2.86)

If the condition (2.86) holds then fix

as the optimal solution of the problem; otherwise go to the next step k£ + 1.

The correctness and the convergence of this algorithm follow from the results
described above and the results from [115, 118-120, 140].

The algorithm described above can be specified for determining the optimal sta-
tionary strategies in the stochastic control problem with an average cost optimization
criterion.

Algorithm 2.35 Determining the Solution for a Stochastic Control Problem

Let the average control problem on a perfect network determined by the graph of
state’s transition G = (X, E) with the set of controllable states X¢, the set of
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uncontrollable states Xy, the probability function p : Ey — [0, 1] which satisfies
the condition from Sect. 2.3 and the cost function ¢ : E — R be given.

Preliminary step (Step 0): Fix an arbitrary stationary strategy

s0 xi —> x; € X(x;) for x; € Xc.
General step (Step k, k > 0): Determine the probability matrix P*" ' = (pslH ),
where

o Pxixj» if xi € Xy and (x, xj) € Ep;
Pix, =1L if x; € Xc and x; = 557 1(x;);
0, if x; € Xc and x; # "1 (x).

Then calculate

k—1
_ s (x)
Fox; sk=1(x;) = Z pxi’xj Cxix;

xjeX(x;)

for every x; € X. After that solve the system of linear equations

k—1 k—1 _ sk=1_g—1 .
g  tw _#x,-,skfl(x,-)"_[P e, i=1,2,...,n,
k—1 __
g, =0,
and find 511“_1, {—:]2“_1, R s’;:{ and w* 1. Then determine a new strategy

sFx —> xj € X(x;) for x; € Xc,

where

sk(xi) = argmin (cx[,x,. +€];_1), Vx; € Xc.
XjEX(X,‘) ’

Check if the following condition holds
k _ k-1
sV(x) =5 (x5), Vx; € Xc. (2.87)

If the condition (2.87) holds then fix

as the optimal solution of the problem; otherwise go to the next step k£ + 1.
In the case Xy = ¢ this algorithm is transformed into the algorithm for solving a
deterministic control problem. In this case the algorithm correctly finds the solution of
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the problem if each stationary strategy in G generates a subgraph G which contains
a unique directed cycle.

The algorithms described above determine the optimal stationary strategies for a
Markov decision problem and a stochastic optimal control problem if an arbitrary
strategy in these problems generates a unichain process.

For the multichain case of the problem the algorithm uses the multichain bias
equations (2.74)—(2.76).

Algorithm 2.36 Determining the Solution of a Multichain Markov Decision
Problem

Preliminary step (Step 0): Fix an arbitrary stationary strategy

so:xi —a € A(x;) for x; € X.

. . k—1 k—1
General step (Step k, k > 1): Determine the matrix P°°  and p*  that corresponds
. k-1 k=1 . . -
to the strategy s*~!. Find w®  and & which satisfy the conditions

k=1 k=1

P -t =0
et et T o,

Then find a strategy s* such that

) k-1
s¥ € argmin {Psws }

A

and set sF = sF=1if

_ . k-1
s"=1 ¢ argmin {Péws } .
S

After that check if s¥ = s"~12If s* = 5%~ then go to next step k + 1; otherwise
choose the strategy s* such that

s¥ € argmin {,us + PSESF]}
S

and set s¥ = sF=1if
k—1

s"~! € argmin {us + PSESH} .
)

After that check if s* = s¥121f s¥ = 5%~ then STOP and set s* = s*~1; otherwise
go to the next step k + 1.

The convergence of the algorithms based on iterative procedures are proved in
[115,121-123]. In a similar way as for the unichain case of the problem the algorithm
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described above can be specified for a multichain stochastic control problem on
networks. The computational complexity of the Markov decision problems in the
general case is studied in [106].

2.5 A Discounted Stochastic Control Problem and Algorithms
for Determining the Optimal Strategies on Networks

Now we consider the infinite horizon discounted stochastic control problem. Follow-
ing the concept from the previous sections we formulate the discounted stochastic
control problem on networks and describe algorithms for determining the optimal
stationary strategies using a linear programming approach. Then we extend this
approach for Markov decision problems with an expected total discounted cost opti-
mization criterion.

2.5.1 Problem Formulation

Let a time-discrete system L with finite set of states X be given and assume that
the dynamics of the system is described by a directed graph of states’ transitions
G = (X, E) with the vertex set X and edge set E. Thus, an arbitrary directed edge
e = (x, y) € E expresses the possibility of the system to pass from the state x = x(¢)
to the state y = x(¢) at every discrete moment of time r = 0, 1,2, .... On an edge
set E a cost function ¢ : E — R is defined that indicates a cost ¢, to each directed
edge e = (x, y) € E if the system makes a transition from the state x = x(¢) to the
state y = x(r + 1) forevery t =0, 1, 2, . ... We define the stationary control for the
system Il in G as a map

s:x—>yeX(x) for x € X,

where X (x) ={y € X|(x,y) € E}.

Let s be an arbitrary stationary control. Then the set of edges of the form (x, s(x))
in G generates a subgraph G; = (X, E5) where each vertex x € X contains one
leaving directed edge. So, if the starting state xo = x(0) is fixed then the sys-
tem makes transitions from one state to another through the corresponding directed
edges ey, e}, €5, ..., €}, ..., where e; = (x(¢),x(t + 1)), t=0,1,2,.... This
sequence of directed edges generates a trajectory xo = x(0), x(1), x(2), ... which
leads to a unique directed cycle. For an arbitrary stationary strategy s and a fixed
starting state xq the discounted expected total cost a}o (s) is defined as follows

o0
t
ol () =D e
t=0

where v, 0 < v < 1, is a given discount factor.
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Based on the results from [47, 114] it is easy to show that for an arbitrary sta-
tionary strategy s there exists a}o (s). If we denote by o7 (s) the column vector with
components oy (s) for x € X then 030 (s) can be found by solving the system of
linear equations

(I —~P%)a7(s) =c’, (2.88)

where ¢* is the vector with corresponding components ¢y s(x) for x € X, I is the
identity matrix and P* the matrix with elements p; | forx, y € X defined as follows:

s |1 if y=s(x);
Pxy =00, if y#s(x).

It is well known that for 0 < v < 1 the rank of the matrix I — P is equal to |X|
and the system (2.88) has solutions for arbitrary ¢* (see [114, 140]). Thus, we can
determine 0}0 (s*) for an arbitrary starting state xg.

In the considered deterministic discounted control problem on G we are seeking
for a stationary control s* such that

ol (s*) = n&in ol (s).

We formulate and study this problem in a more general case considering its stochastic
version. We assume that the dynamical system may admit states in which the vector
of control parameters is changed in a random way. So, the set of states X is divided
into two subsets X = X¢c U Xy, Xc N Xy = 0, where X represents the set of
states in which the decision maker is able to control the dynamical system and where
Xy represents the set of states in which the dynamical system makes transitions
to the next state in a random way. This means that for every x € X on the set of
feasible transitions E (x) the distribution function p : E(x) — R is defined such that
ZEGE(X) pe =1, p. >0, Ve € E(x) and the transitions from the states x € Xy to
the next states are made randomly according to these distribution functions. Here,
in a similar way as for the deterministic problem we assume that to each directed
edge e = (x,y) € E acost ¢, of system’s transition from the state x = x(¢) to
the state y = x(t + 1) forr = 0, 1, 2, ... is associated. In addition we assume that
the discount factor 7, 0 < v < 1, and the starting state x( are given. We define a
stationary control on G as a map

s:x —>yeX(x) for x e Xc.

Let s be an arbitrary stationary strategy. We define the graph Gy, = (X, E; U Ey),
where E; = {e = (x,y) € E|x € Xc,y = s\)}, Exy ={e = (x,y)|x €
Xy, y € X}. This graph corresponds to a Markov process with the probability
matrix P*¥ = (pi’y), where
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Dx,y, if x € Xy and y € X;
p;’y =11, if x € Xc and y = s(x);
0, if x € X¢c and y # s(x).

For this Markov process with associated costs c., e € E we can define the expected
total discounted cost O’;/O (s) as we have introduced in Chap. 1. We consider the
problem of determining the strategy s* for which

ol (s*) = rrkin a3, (s).

Without loss of generality we may consider that G has the property that an arbitrary
vertex in G is reachable from xq; otherwise we can delete all vertices that could not
be reached from xg.

2.5.2 A Linear Programming Approach for a Discounted Control
Problem on Networks

We develop a linear programming approach for the discounted stochastic control
problem on the network (G, X, E, ¢, p, xo) with a given discount factor ~ using the
same logical scheme as in Sect. 2.2. We identify an arbitrary stationary strategy s in
G with the set of boolean variables s, , for x € X¢ and y € X (x), where

1, ity =s(x);
Sty =00, if y £ s(x). (2.89)

In the following we will simplify the notations and instead o, we shall use 0.

Lemma 2.37 For a fixed strategy s the values o), x € X determine the unique
optimal basic solution of the following linear programming problem:
Maximize

Py (0) = 0x, (2.90)
subject to
Ox — 7Y Z Sx,y Oy = Z Cx,ySx,y, VYx € Xc;
yeX(x) yeX(x)

(2.91)
Ox —7 Z Px,yOy = [x, Vx € Xpn;
yeX (x)


http://dx.doi.org/10.1007/978-3-319-11833-8_1
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where

Hx = z Cx,y Px,y» Vx € Xy
YEX (x)

and

> scy=1 VxeXc: sy €{0.1}), VxeXc, yeX.
yeX(x)

Proof If for a fixed strategy s we treat the values sy, as the transition probabilities
from the states x € X to the states y € X then the condition (2.88) in the extended
form can be written as follows:

ox — 7 Z Sx,y Oy = Z Cx,ySx,y, Yx € Xc:
X X
yeX(x) yeX(x) (2.92)

Ox — 7 Z Dx,y Oy = [y, Vx € Xn.
yEX (x)

This system determines uniquely the values o, for x € X. Therefore, for fixed s the
linear programming problem (2.90), (2.92) has a solution and the optimal value of
the objective function is equal to o y,.

It is evident that if in this system we change the costs ¢, by new costs ¢/ y such
that ¢} y = Cx,y then we obtain a new linear programming problem for which the
corresponding optimal value O’;O of the objective function is less or equal to oy,.
Thus, if we change the system of linear equations (2.92) by the following system of
linear inequalities

Oy —7 Z Sx,y Oy = Z Cx,ySx,y, Yx € Xc;

eX eX
YEX(x) YEX(x) (2.93)
Oy — 7 Z Dx,y Oy < lyx, Vx € Xy,
YeX(x)

then for a fixed strategy s we obtain a new linear programming problem (2.90), (2.93)
with the optimal solution o,,. So, the lemma holds. O

Now we consider the optimization problem (2.90), (2.93) in the case if sy y are
arbitrary boolean variables and correspond to the possible stationary strategies. So,
if we add the condition sy , € {0, 1}, Vx € X¢, y € X to(2.93) then we obtain the
mixed integer bilinear programming problem in which we have to maximize with
respect to o, and minimize with respect to s.

Based on Lemma 2.37 we can prove the following result.
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Theorem 2.38 Let oz;y (x € Xc, y € X), 5% (x € X) be an optimal solution of
the following linear programming problem:

Minimize
(bxo(av B) = Z Z Cx,y Qx,y t+ Z ,uxﬁx (2.94)
xeXc yeX(x) xeXy
subject to
ﬁy - z Qx,y =7 Z px,yﬁx =1, y=xo;
xeX(y) xeX ()
ﬂy -7 Z Qy,y —7 Z Px,y Br =0, Yy e X\{xo};
xeXz () xeXy(») (2.95)
z Oy y = Ox, Yx € Xc¢;
yeX(x)
Br =0, Vx € X; Qx,y >0, Vx € Xc, y € X(x),

where

Ly = Z Cx,y Px,y» VX € Xn.
YEX(x)

Then
sk
By 0,10, Yy € X(x). Vy € X*
G € {0,1}, Vy € X(x),Vy € X¢,
X

where XEL = {x € Xc | Bx > 0} and an optimal stationary strategy for the
discounted stochastic control problem on the network can be found as follows:

° ifxeX'C"thenﬁx

*
* ax,y

Sx»y = 6*
X

,Vx € X (x);

e if x € X\Xér then fix an arbitrary sy y € {0, 1} for every y € X(x) such that

Z sey = L.

yeX(x)

Proof According to Lemma 2.37 for a fixed strategy s the values o,, x € X can be
found by solving the linear programming problem (2.90), (2.91).
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Considering the dual problem for (2.90), (2.91) with respect to o, for a fixed
strategy s we obtain the following optimization problem:

Minimize
DB =D D coysiy Bt D b (2.96)
xeXc yeX(x) xeXy
subject to
ﬁy -7 Z Sx,yﬁx - Z px,yﬁx =1, y=xo;
XX () xeXy (v
ﬁy -7 Z Sx,y B — 7y Z Px,y By =0, Yy e X\{xo}; (2.97)
xeX(y) xeXy(y)

Gy >0, Vx € X.

In this system sy y for x € X¢, y € X (x) the following condition is satisfied:

Z s,y =1, Vx € Xc;
yeX(x) (2.98)

sx,y 20, Vx € X, y € X(x).

Then, an optimal strategy s* of the control problem on G corresponds to an extreme
point of the set of solutions of system (2.98). It is easy to observe that system (2.97)
is consistent for an arbitrary feasible solution of system (2.97), and therefore, an
optimal stationary strategy s* can be determined by minimizing (2.96) with respect
to sy, and 3, subject to (2.97), (2.98). Thus, if we add condition (2.98) to condition
(2.97) (and after that we minimize (2.96) with respect to s, and 3;), then we obtain
the following nonlinear programming problem:

Minimize
¢xo(s» ﬁ) = Z Z Cx,ysx,y/Bx + Z Mxﬁx (2.99)
xeXc yeX(x) xeXy
subject to
By —v Z Sx,y Br = Z PryBx =1, y=xo;
xXeX- () XeX ()
ﬂy -7 Z sx,yﬂx - z px,yﬂx =0, Vy e X\{x};
xeXo(y) x€Xy () (2.100)
Z sxy=1, Vx € Xc;
yeX(x)
By >0, VxeX; s5,,>0, Vxe X, yeXx).
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This is a bilinear programming problem however it can be easily reduced to a linear
programming problem (2.96), (2.97) using the following elementary transformations:

We change in (2.100) the restrictions >°  y () Sx,y = 1, Vx € Xc by 2 cy(y
Sx,y By = By, Yx € X¢ and then we introduce the notations

axy =58yy By, Yxe X, yeX(x). (2.101)

It is easy to observe that if aj,y (x € X, y e X), ﬂ;f (y € X) is a basic optimal
solution of problem (2.94), (2.95) then for each x € Xaf among o v, ¥ € X(x)
only one it is different from zero and it is equal to 7. Moreover, if ay , (x €
Xc, y e X), ﬁ’y“ (y € X) is a basic optimal solution of the problem (2.94), (2.95)
then o , =0, Vx € X\X 7, Vy € X) and therefore for x € X\X, y € X(x) in
the optimal solution of problem (2.99), (2.100) we can fix arbitrary s; y € {0, 1} for
y € X (x) such that Zye X(x) Sx,y = 1. So, we can determine the optimal stationary
strategy for the control problem on network according to the rule formulated in the
theorem. O

Note that in the considered control problem with fixed stating state xo the vertices
x € X of the graph G correspond to the states in which the decision person makes
the optimal control. The vertices x € X\ X Z of graph G correspond to the states of
the dynamical system that couldn’t be reached in the process of the optimal control
made by the decision person. Therefore for the optimal solution of the control problem
on G with fixed starting state xop we can set s;y =0,Vx € X\X/[,Vy € X(x).
This does not affect the sense of the control problem on networks.

From Theorem 2.38 in the case X = X¢ (i.e. Xy = @) we obtain conditions for
determining the optimal stationary strategies of the deterministic discounted control
problem.

Corollary 2.39 Let X = X¢ and a;y (x e X, yeX), B (x e X) be an optimal
solution of the following linear programming problem:

Minimize
brp(, ) =D D cryny (2.102)
xeX yeX(x)
subject to
By—v D ary=1y=uxp:
xeX~(y)
By—v D ary=0, Vye X\x}
xeX=(y) (2.103)
Z axy =By, Yx €X;
yeX(x)
Br=0,VxeX; o,,>0, VxeX, yeX(Xx).
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Then the optimal stationary strategy s* of the discounted stochastic control problem
on network can be found by fixing

*
® O‘x,y
X,y E

By

s VxeXZ,yGX(X)

and arbitrary s;‘)y e {0, 1} for x € X\Xér such that Zyex(x) sy =13

Based on Theorem 2.38 we can propose the following algorithm for determining
the optimal solution of the discounted control problem on the network.

Algorithm 2.40 Determining the Optimal Stationary Strategy for the
Discounted Stochastic Control Problem

(1) Formulate the linear programming problem (2.96), (2.97);
(2) Determine an optimal solution ay , (x € Xc, y € X), 3§ (y € X) of the
problem (2.96), (2.97) and fix

*

o=y x € X(x)
X,y - 6;; ’ C, y

and an arbitrary s;",y € {0, 1} forevery x € X\XZ: such that Zyex(x) Se,y = 1.

The results described above allow us to determine the stationary strategy for the
problem with a fixed starting state xo. In the general case, if it is necessary to find
the optimal stationary strategy for an arbitrary starting state x € X then we can use
the following results.

Lemma 2.41 For a fixed strategy s the values o), x € X determine the unique
optimal basic solution of the following linear programming problem:
Maximize

©'(0) =D oy (2.104)

xeX

subject to (2.91).

The proof of this lemma is identical to the proof of Lemma 2.37. Based on this
lemma we can prove the following theorem.

Theorem 2.42 Let o} |, (x € Xc, y € X), B (x € X) be a basic optimal solution

X,y
of the following linear programming problem:
Minimize
o(a, B) = Z Z Cx,y Ox,y + Z Mxﬁx (2.105)

xeXc yeX(x) xeXy
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subject to

By =7 Z Qyx,y =7 Z PxyBr =1, VyeX;

xeXo(y) x€Xy ()
> ey =B Vx € X (2.106)
yEX(x)

By >0, Vx € X; ayy >0, VxeX, yeXXx).

Ifin the graph G = (X, E) each vertex x € X contains at least one leaving directed
edge then B3 > 0, Vx € Xc and

*
X,y

Bx

€ {0,1}, Vxe Xc, ye XXx).

The optimal stationary strategy s* of the discounted stochastic control problem on
the network can be found by fixing

*
* Oéx’y

Sy = g
X

Vx € Xc, y € X(x).

The proof of this theorem is similar to the proof of Theorem 2.38 and the solution of
the problem can be found by using the linear programming problem (2.105), (2.106).
Based on this theorem we determine the optimal stationary strategies for an arbitrary
starting state x € X.

In the problem (2.105), (2.105) we can eliminate (3, from those restrictions
that correspond to vertices y € Xc if we take into account the relation 3, =
2 xeX(y) Qy,x for y € Xc. After that from Theorem 2.42 we obtain the follow-
ing corollary:

Corollary 2.43 Let o) y (x € Xc, y €X), B% (x € X) be a basic optimal solution
of the following linear programming problem:

Minimize
dla. )= D D exyanyt D b (2.107)
xeXc yeX(x) xeXy
subject to
Z ay,x - Z Oéx,y - Z px’), ﬁx = ]’ yE XC;
*eX W) XeXc(y) xeXy ()
By = Z Qxy =7 Z Pry B =1,y € Xn; (2.108)
xeXc(y) xeXy ()

By >0, Vx € Xn; ayy >0, VxeXc, yeX(x),
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Ifin the graph G = (X, E) each vertex x € X contains at least one leaving directed
edge then 3° v, @y , > 0, Vx € Xc and

*
X

(0%
=—>=>—€{0.1}, VxeXc.yeX@).
ZyeX Qy.y

The optimal stationary strategy s* of the discounted stochastic control problem on

the network can be found by fixing

* X,y
Sy y = =", VxeXc,yeXkx).
. zyexoc) Qx,y

2.5.3 Dual Linear Programming Models for a Discounted Control
Problem

If we dualize the linear programming problem (2.94), (2.95) then on the basis of
duality theory we obtain the following result.

Theorem 2.44 Let w} (x € X¢), 0} (x € X) be the optimal solution of the linear

programming problem:
Maximize
Pxo (O’, U)) = Ox (2109)
subject to
Wy — Y0y < Cyy, Vx € Xc, y € X(x);
- <0, Vx € Xc¢;
S resc (2.110)
Ox =7 Z Px,y0Oy < lx, VX € XNn.
yeX(x)

Then wy = oy, Vx € X¢ and oy is the optimal discounted expected total cost for
the problem on the network with the starting state xo. An optimal stationary strategy
can be found by fixing s* : X¢ — X such that (x, s*(x)) € E*(x), Vx € X¢, where
E*(x) ={(x,y) |y € X(x), 0 —y0) —cx,y =0}

As a consequence from this theorem we obtain the following result.

Corollary 2.45 Foran arbitrary discounted control problem on the network (G, X ¢,
Xn, ¢, p) with a given discount factor y there exist the values o} for x € X that
satisfy the following conditions:

(1) Cx,y =cxy+ ’ya;‘ —0f>0, Vx e Xc,y € X(x);

(2) min {c.,} =0, Vx € X¢;
vex(x)
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(3) Ty = px +v Z Px,yo';< _0': =0, Vx € Xn.
YEX(2)

An arbitrary stationary strategy s* : X¢ — X such that (x,s*(x)) € E*(x),
Vx € Xc, where E*(x) = {(x,y)|y € X(x),Cyx,y = 0}, represents an optimal
stationary strategy for the discounted control problem.

In the case Xy = ¢, from this corollary we obtain the optimality condition for
the deterministic discounted control problem. The conditions for determining the
optimal strategy and the value of the optimal cost for the problem with v = 1 in the
case if this value exists can also be derived from Theorem 2.44 and Corollary 2.45.

The results formulated above can be extended to the problem of determining the
optimal stationary strategy with an arbitrary starting state x € X. For the problem
(2.105), (2.106) we can construct the dual problem in a similar way and we then
obtain the following result.

Theorem 2.46 Let o, w} (x € X) be the optimal solution of the linear program-
ming problem:
Maximize

plo.w)= > oy (2.111)

xeX

subject to (2.110). Then o} for x € X represents the optimal discounted expected
total costs for the problem on the network with starting states x € X. An optimal
stationary strategy can be found by fixing s* : X¢ — X such that (x,s*(x)) €
E*(x), Vx € Xc, where E*(x) = {(x,y) |y € X(x), 0} —v0} — ¢x,y = 0}.

2.6 A Linear Programming Approach for a Discounted Markov
Decision Problem

Consider a Markov decision process (X, A, p, ¢) with a finite set of states X, a finite
set of actions A, the probability function p : A x X x X — [0, 1] that satisfies the
condition Z),EX py,y =1, Va € A and the cost functionc : A x X x X — R.In
addition we assume that the discount factor 7, 0 < v < 1, and the starting state xq
are given.

Let us fix a stationary strategy

s:x —>aecAlx) for xeX,

that induces a simple Markov process with a transition probability matrix P* =
(pfc,y) and a transition cost matrix C° = (c,,,). Then we can determine the dis-
counted expected total costs J;’O (s) (in order to simplify the notation in the following
we shall use o, (s) instead of 0}0 (s)).
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We consider the problem of determining the strategy s* such that
Oy (57) = rnsin Oy (5).

In a similar way as for the control problem, here we identify an arbitrary strategy
s : X — A with the set of the boolean variables s, , forx € X anda € A, i.e.,

| L, if a=s(x);
Sva =00 i g £ 5(x). (2.112)

Lemma 2.47 For a fixed strategy s the values o), x € X determine the unique
optimal basic solution of the following linear programming problem:
Maximize

¥ () = 0x, (2.113)

subject to

Ox — 'YZ Z Sx,a Pz,y Oy = Z Sx,a Mx,a» Vx € X; (2.114)

yEX acA(x) agA(x)
where
= Z c;’!y p;y, Vx e X
acA(x)
and
D sta=1 VxeX: s;a€{0.1), VxeX, aeAQ).
acA(x)

Proof For a fixed strategy s the solution of the system of linear equations

Ox _’72 Z Sx,a P;‘,y Oy = Z Sx,a Mx,a» Vx e X (2.115)

yeX acA(x) acA(x)

uniquely determines oy, Yx € X.Thus, the problem of maximization of the objective
function (2.113) subject to (2.115) for a fixed strategy s has a unique feasible solution
which is an optimal one. This implies that if for fixed s we consider the problem:
Maximize (2.113) subject to

Jx_'yz z Sx,apfz,yo'yf Z Sx,a My, VX €X (2.116)

yveX aeA(x) acA(x)
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then it has the same optimal solution as the problem (2.113), (2.115). Moreover,
if in the problem (2.113), (2.116) we vary the boolean variables sy , and take the
maximum with respect to ¢ and the minimum with respect to s then we obtain the
optimal strategy for the control problem. O

Using the lemma above we can prove the following theorem.

Theorem 2.48 Let o ,, By (x € X, a € A) be a basic optimal solution of the
following linear programming problem:

Minimize
G, ) =D D HxaCra 2.117)
xeX acA(x)
subject to
By _72 Z P;y@x,a =1, y=xo;
xeX acA(x)
By=7 > D piyara=0, Vye X\{x};
x€X acA(x) (2.118)
Z Qx.q :ﬁx’ Vx € X;
acA(x)
| By 20, VyeX; a,qa>0, Vx € X, aeAx).

Then the optimal stationary strategy s* for the discounted Markov decision problem
is determined as follows:

a7 (2.119)

Proof According to Lemma 2.47 the optimal stationary strategy s™ corresponds to
the optimal solution of the problem (2.113), (2.114).

In a similar way as in the proof of Lemma 2.37 here we have that a stationary strat-
egy s corresponds to an extreme point of the set of solutions of the following system

Z Sya =1, Vx € X;
acA(x) (2.120)

Sxa >0, Vx e X, aeA.

Therefore, if we dualize (2.113), (2.120) with respect to o, for a fixed strategy s then
we obtain the following optimization problem:
Minimize

Gro(s.8) =D D fixaSea By 2.121)

xeX acA(x)



184 2 Stochastic Optimal Control Problems . . .

subject to

ﬂy_’yz Z pf\z,ysx,aﬂlev Y = X0;

xeX aceA(x)

6)] -7 Z Z p;,y Sx,a Bx =0, Vy € X\{xo}; (2.122)

xeX acA(x)

By =0, Vy e X.

Now if we minimize (2.113) with respect to s , and 3, and in (2.120) we take into
account the following restriction

Z Sya=1, Vxe€X; sy4>0, Vxe X, aeA)
acA(x)

then we obtain the problem:
Minimize

d)xo(ss ﬁ) = Z Z Hx.,aSx,a ﬁx (2.123)

xeX acA(x)

subject to

rﬁy_'yz Z p;,ysx,aﬁlev y = Xo;

xeX acA(x)
ﬁy - 72 Z Pi,y sxaBe =0, Yy € X\{xo};
xeX acA(x) (2.124)
Z Sxa=1, Vx eX;

acA(x)

By =0, VyeX; s5,4,>0, Vxe X, aec A(x).

This bilinear programming problem can be easily reduced to a linear program-
ming problem (2.117), (2.118) using the following elementary transformations: We
change in (2.124) the restrictions 3, c 4 () Sx.a = 1, VX € X by > cay) Sx.a Bx =
By, ¥Yx € X and then we introduce the notations

Oy g =SxaPx, VX € X, ae Ax). (2.125)

If a;y*, ;‘ (x,y € X,a € A) is a basic optimal solution of the linear pro-

gramming problem (2.117), (2.118) then by using (2.125) we obtain s} , according
to (2.119). O
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Based on Theorem 2.48 we can propose the following algorithm for determining
the solution of the Markov decision problem.

Algorithm 2.49 Determining the Optimal Stationary Strategy for the
Discounted Markov Decision Problem

(1) Formulate the linear programming problem (2.117), (2.118);
(2) Determine a basic optimal solution o , (x € X, a € A), ﬁ; (y € X) of the
problem (2.117), (2.118) and determine s;‘, . according to (2.119).

The results described above allow us to determine the stationary strategy for the
discounted Markov decision problem in the case if the starting state x is fixed. In the
general case, if it is necessary to find the optimal stationary strategy for an arbitrary
starting state x € X then we can use the following results.

Lemma 2.50 For a fixed strategy s the values o), x € X determine the unique
optimal basic solution of the following linear programming problem:
Maximize

(pS(O') = z Ox

xeX

subject to

Ux—’YZ Z Sx,ap;yay =< Z Sx,a Ux,as Vx € X,

yeX aeA(x) acA(x)
where
= Z CyyPyy VXxeX
acA(x)

and

> swa=1 VYreX: s;a€{0.1), VxeX, aeA®x).

acA(x)

The proof of this lemma is similar to the proof of Lemma 2.47.
Using this lemma we can prove the following theorem:

Theorem 2.51 Let o} ,, ﬂ;‘ (x € X, y € X, a € A) be a basic optimal solution of
the following linear programming problem:
Minimize

G, B) =D D ralra (2.126)

xeX acA(x)
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subject to

6}/ _'YZ Z p;yax,u =1, VyelX;
xeX acA(x)
Z Ux.a = Bx, ¥x € X; (2.127)
acA(x)
By =0, VyeX; aye>0, Vxe X, aecA(x).
Then the optimal stationary strategy s* for the discounted Markov decision problem
is determined according to (2.119).

The proof of this theorem is identical to the prove of Theorem 2.48; here we have
to apply Lemma 2.50 instead of Lemma 2.47.

Itis easy to observe that the constraints 3, > 0, Yy € X, in(2.127) are redundant.
Therefore, we can eliminate 3,, Vx € X, from (2.127) introducing the expressions
D e Ax) Ox,a = By for x € X in the first group of the constraints. After that from
Theorem 2.51 we obtain the following corollary.

Corollary 2.52 Letay , (x € X, y € X, a € A) be a basic optimal solution of the
following linear programming problem:
Minimize

o) = z Z Hx,aCx.a (2.128)

xeX aceA(x)

subject to

Z ax,u—’yz Z pz,yax,azl, Vy € X;

acA(x) xeX acA(x) (2-129)
oxa >0, Vx € X, aeA).

Then the optimal stationary strategy s* for the discounted Markov decision problem
is determined as follows:

L ifa=skx);
Sva =000 if a £ s(x).

2.6.1 A Dual Linear Programming Model for the Discounted
Markov Decision Problem

We formulate the dual linear programming model for the discounted Markov decision
problem using the problem (2.128), (2.129). Applying the duality linear programming
theorems to this problem we obtain the following result:
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Theorem 2.53 Let o (x € X) be the optimal solution of the linear programming

problem:
Maximize
p(0) =D oy (2.130)
xeX
subject to
a
Or =7 D PY L0y S pxas VX EX, a € A). (2.131)

yeX

Then o} for x € X represents the optimal discounted expected total costs for the
problem on the network with starting states x € X. An optimal stationary strategy
can be found by fixing s* : X — A such that s*(x) = a € A*(x), Vx € X, where
A*@) = {a € AW |05 =7 Xy PE 40y = O},

Thus, the solution of the discounted Markov decision problem can be found by
solving the dual linear programming problem (2.130), (2.131).

2.7 An Iterative Algorithm for Discounted Markov Decision
Processes and Stochastic Control Problems

To determine the optimal discounted costs and the corresponding optimal strategy
in the Markov processes with discounted costs we shall use the following system of
equations with respect to oy, 0x,, ..., Ox,:

n

Oy, = min |:,uxi# + Z Pzi,xj axj], i=12,...,n.

acA(x) =
J

According to Theorem 2.53 this system of equations has a solution. Below we
describe an iterative algorithm for determining the solution of this system of equa-
tions and finding the optimal stationary strategies of the discounted Markov decision
problem.

Algorithm 2.54 Determining the Optimal Stationary Strategies for the
Discounted Markov Decision Problem

Preliminary step (Step 0): Fix an arbitrary stationary strategy

so:xi — a € A(x;) for x; € X.
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General step (Step k, k > 0): Calculate

k—10x;) k=1

_ s P stTx)

Ho sh=1(xp) = Z Dy Cxy l
yeX(x;)

for every x; € X. Then solve the system of linear equations

k—1
— S5 () P —
Ox; = My, sh=1(x;) T E Prx;  Oxjy 1= 1,2,...,n
xjeX

and find the solution o~ ", o

k=1 _k—1
X1 IEREE

, a)’jn_l. After that determine a new strategy
sk 1x; — a € A(x;) for x; € X,

where

s¥(x;) = argmin |:uxi,a + Z pz,-,x,- Ufi_li|, i=1,2,...,n.

acA(x;) xj€X
Check if the following condition holds
Eevy — F=1¢y. .
sU(xi) =5V (xi), VYx; € X. (2.132)
If the condition (2.132) holds then fix

s* = sk O';i = Ufl_, Vx; € X
as the optimal solution of the problem; otherwise go to the next step k£ + 1.
This algorithm can be specified for a stochastic control problem with a discounted
cost criterion. The correctness and the convergence of this iterative algorithm can be
derived from the results described above and the results from [32, 112, 128, 136].

Algorithm 2.55 Determining the Optimal Stationary Strategies for the
Discounted Stochastic Control Problem

We consider the discounted control problem on the network (G, X1, X3, ¢, p) witha
given discount factor . The dynamics of the system is described by a directed graph
G = (X, E) with the set of controllable states X ¢ and the set of uncontrollable states
Xn. In addition we assume that the probability function p : E» — [0, 1] and the
cost function ¢ : E — R are given.

Preliminary step (Step 0): Fix an arbitrary stationary strategy

SO:x,- —> Xj € X (x;) for x; € Xc.
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General step (Step k, k > 0): Determine the probability matrix P = ( pif;lj),
where

. Pxixj» if xi € Xy and (xi, xi) € En;
Pfc,-,x,- =11, if x; € Xc and x; = sF1(x;);
0, if x; € Xc and x; # "7 1(x).

Then calculate

F=1 () sh=1(x
Ho sh=1(xy) = Z p;i,y(x’)cjci,y(X)
yeX(x;)

for every x; € X and solve the system of linear equations

=1, )
Oxi = My, sh=1(x;) + Z p)sc,»,xj(XI) Oxj, 1= L,2,...,n

xjeX

k=1 _k-1
X1 » O

and find the solution o A

. afn_l. After that determine a new strategy
sF:xi = ae Alx) for x; € X,

where

s¥(x;) = argmin [,Uxi,a +7 Z P a’,flfl], Vx; € Xc.

acA(x;) xjeX
Check if the following condition holds
RN T .

sY(x) =" (x5), Vx; € Xc. (2.133)
If the condition (2.133) holds then fix

s* =gk o* =0k’_, Vx; € X
as the optimal solution of the problem; otherwise go to the next step k£ + 1.

This algorithm finds the optimal stationary strategy for an arbitrary stochastic

control problem. In the case when X = X¢ (Xny = ) we obtain an iterative
algorithm for deterministic discounted control problems.
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2.8 Determining the Optimal Expected Total Cost for Markov
Decision Problems with a Stopping State

The algorithms proposed in the previous sections determine the optimal stationary
strategies for discounted Markov decision problems in the case if the discount factor
v satisfies the condition 0 < v < 1. If v = 1 then the expected total cost in these
problems may not exist. Here we study a class of unichain decision problems for
which «y may be equal to 1 and the expected total cost exists. Moreover, we can see that
for some problems y may be an arbitrary positive value. For the considered problems
we show how to determine the optimal expected total cost using a linear programming
approach and iterative procedures. To ensure the existence of the expected total cost
in these problems we assume that for the dynamical system there exists a state in
which transitions stop as soon as this state is reached [89]. Furthermore, we describe
algorithms for determining optimal strategies in such problems.

2.8.1 Problem Formulation and a Linear Programming Approach

Let (X, A, p, ¢) be a Markov decision process with a finite set of states X, a finite set
of actions A, the probability function p : Ax X x X — R that satisfies the condition
ZyeX pg’y =1, Va € A and the transition cost functionc : A x X x X — R.
In addition a discount factor ~ for the Markov decision process is given, where 0 <
v < 1. We consider the problem of determining the stationary strategy with minimal
expected total cost for unichain Markov processes in the case if the dynamical system
stops transitions in a given state z € X. At first we assume that the Markov process
is perfect. Moreover, we assume that for an arbitrary fixed action in this decision
process the state z € X is an absorbing state. Obviously, in this case for 0 < v < 1
the optimal expected total costs o, and the optimal stationary strategy for an arbitrary
starting state x € X \{z} can be found using the linear programming models (2.128),
(2.129) and (2.130), (2.131) considering ¢7 , = 0, Va € A(z). If the optimal strategy
s* is found then we have only to fix s*(x) for x € X\{z} because z is the stopping
state. In this case the expected total cost for a given starting state o, can be found
by solving the linear programming problem (2.117), (2.118). Now we can see that
the considered linear programming models can be used for determining the solution
of the decision problem with an absorbing stopping state z € X in the case v = 1 if
c;, =0, VYa € A(x).Indeed, for a fixed strategy s the rank of the matrix (/ — P*) for
the unichain process is equal to | X| — 1 and the system of equations (I — P*)o = u*
has a unique solution if we put o, = 0. Thus, for unichain processes with absorbing
state z € X the system of equations

(I — P%)o = p’;
o, =0

has a unique solution if ¢{ , = 0, Ya € A(z).
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The properties mentioned above allow us to conclude that for a unichain decision
problem with 0 < v < 1 the following lemma holds.

Lemma 2.56 A stationary strategy s* is optimal if and only if it corresponds to
an optimal solution o*, s* of the following mixed integer bilinear programming

problem:
Maximize
Oxg (0, 8) = Oy, (2.134)
subject to
=D D swaPiyoy S D Svaliar Yx € X\{zh
YEX acA(x) acA(x)
o, =0;
(2.135)
> sea=1. VxeX\[zh
acA(x)
sy.qa €1{0,1}, Vx € X\{z}, a € A(x),
where

_ a a
Nx,a - Z px,y Cx,y'

yeX

Note that in (2.134), (2.135) the boolean variables s, , for x € X\{z}, a € A(x)
correspond to a strategy s : X\{z} — X, where sy, =1ifs(x) =aand sy, =0
if s(x) # a. Based on this lemma, we can prove the following theorem.

Theorem 2.57 Let o o*, By (x € X\{z}, y € X\{z}, a € A) be a basic optimal
solution of the following linear programming problem:
Minimize

¢X0(a1 B) = Z Z Hx,a Ox.a (2.136)

xeX\{z} acA(x)

subject to

=y D> D Pana =1y =0

xeX\{z} aeA(x)

-y > D> piyaxa =0, VyeX\lx,zh
xeX\{z}) acA(x) (2.137)

D e =P ¥xeX\fzh;
acA(x)
By =0, ¥y e X\(z} ara >0, Vx € X\(z}, a € A(x).
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Then the optimal stationary strategy s* for the discounted unichain decision problem
with absorbing state 7 € X is determined as follows:

1, if a* #0;
* _ ) X,a )
Sx,a - 0’ lf a;,a —0. (2138)

The proof of Theorem 2.57 is obtained in the same way as Theorem 2.48. Lemma 2.56
and Theorem 2.57 differ from Lemma 2.47 and Theorem 2.48, respectively, only in
a single restriction in the systems (2.135) and (2.137). These systems are obtained
from (2.114) and (2.114), respectively, by deleting the constraints that correspond to
the absorbing state z. In the proof of Theorem 2.57 we have only to assume that the
expected total cost for the problem with an absorbing stopping state exists.

Remark 2.58 The values o, Vx € X for a unichain Markov decision problem with
stopping state z with ¢, = 0, Va € A(z) and v = 1 coincide with the values
€x, Vx € X for an zero average cost Markov decision problem.

Based on Theorem 2.57 the optimal stationary strategy of the problem with stopping
state can be found by using the following algorithm.

Algorithm 2.59 Determining the Optimal Stationary Strategy for a Markov
Decision Problem with Stopping State

(1) Formulate the linear programming problem (2.136), (2.137);
(2) Determine a basic optimal solution oy , (x € X\{z}, a € A), ﬁ;f (y € X\{z})
of the problem (2.136), (2.137) and determine sY , according to (2.138).

Remark 2.60 Theorem 2.57 and Algorithm 2.59 are also valid for an arbitrary
Markov decision problem with a stopping state z in the case v > 1 if the cost
function ¢ : X x X x A — R is strict positive and there exists a strategy s that
induces a unichain process with a stopping absorbing state z. Thus, Theorem 2.57 in
the case v > 1 gives necessary and sufficient conditions for determining the optimal
stationary strategies in the discounted decision problem with positive costs and given
stopping state z.

If in the considered decision problem it is necessary to determine the optimal station-
ary strategies for an arbitrary starting state x € X\{z} then we can use the following
result.

Theorem 2.61 Let o , (x € X\{z}, a € A) be a basic optimal solution of the
following linear programming problem:
Minimize

pa)= D D fratia (2.139)

xeX\{z} acA(x)
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subject to

Z Qya —7 Z Z Pz,y Qxa = 1, Vy e X\{z};

acA(y) xeX\(z) aeA(x) (2.140)
axa >0, Vx € X\{z}, a € A(x).

Then the optimal stationary strategy s* for the discounted Markov decision problem
with an arbitrary starting state x € X\{z} and given stopping state z is determined
as follows:

. L, if i, #0;
Sx,a = . *
0, if ay,=0.
The proof of this theorem can be obtained by using the following lemma.

Lemma 2.62 A stationary strategy s* is optimal if and only if it corresponds to
an optimal solution o*, s* of the following mixed integer bilinear programming
problem:
Maximize

po,5) =D o

xeX

subject to (2.135).

If for the linear programming problem (2.139), (2.140) we construct the dual model
in the same way as for the previous problems then we obtain the following result.

Theorem 2.63 Let o} (x € X) be the optimal solution of the linear programming

problem:
Maximize
p(0) =D oy (2.141)
xeX
subject to
a
Or =7 D %0y < fear Vx € X\[2), a € A(x), (2.142)

yeX

where 0 < v < 1. Then o} for x € X represents the optimal discounted expected
total cost for the problem with starting states x € X. An optimal stationary strategy
can be found by fixing s* : X\{z} — A such that s*(x) = a € A*(x), Vx € X\{z},
where A*(x) ={a € A(x)|ox —7 2 yex PY yOy = hx.a}-
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We can obtain an iterative algorithm for the problems with a stopping state from
the algorithm for a discounted Markov decision problem from Sect. 2.7 if at each
iteration of the algorithm we solve the system of linear equations

o, =0;

k=15
UX,' = ,ux[,sk—l(x[) + Y Z Pfci,x]'(XI) O-Xj’ in € X\{Z}
xjeX\{z}

instead of the system of linear equations

k=1
Ox; = fhy, sh-1(x;) TV Z pfmxj(x’) ox;, VX € X.

x;jeX

Thus, if in the general step of the iterative algorithm from the previous section we
replace this system of the equations by the system of equations written above we
obtain the iterative algorithm for the problem with an absorbing state. Now let us
show how to solve the unichain Markov decision problem with a given stopping state
z € x if z is not an absorbing state but is a positive recurrent state of the Markov
process induced by an arbitrary stationary strategy. In this case the problem can
be reduced to the case with an absorbing stopping state if we make the following
minor transformations in the unichain Markov decision process: For an arbitrary
action a € A(z) we set p7 , = 0, Vy € X\{z}; p7 . = 1. Obviously, after such
a transformation of the unichain decision process we obtain the optimal stationary
strategies of the problem if the state z is reached.

2.8.2 Optimality Conditions for the Control Problem on Network
with a Stopping State

Consider a discounted control problem for the decision network (G, X¢, Xn, ¢, p)
with a given stopping state z € X and a given discount factor v, 0 < v < 1. Then
on the basis of Theorem 2.42 the following result can be proved.

Theorem 2.64 Assume that in G an arbitrary stationary strategy s : x — X(x)
for x € Xc generates a subgraph Gy = (X, E; U Ey) where the vertex z can be
reached from arbitrary x € X\{z}. Then the linear programming problem:
Minimize

P, B =D D coyayt D pbh (2.143)

xeXc yeX(x) xeXy
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subject to
S oaye—7 D axy—v D peybe=1 yeXc\lzh
xeX(y) xeX(y) YeXy(y)
By = Z Qx,y —7 Z Pry B =1, y € Xy\{z}; (2.144)
xeXc(y) XXy ()
By =0, Vx € Xn; axy >0, Vx € Xc, y € X),

has a solution. If o, 3* is an arbitrary basic solution of the problem (2.143), (2.144)
then the optimal stationary strategy s* for the discounted control problem with a
stopping state z can be found by fixing s;y =lforx € Xc, y € X(x) ifa;y > 0,
and sy, = 0% in the other case.

It is easy to observe that the problem (2.143), (2.144) is obtained from the problem
(2.107), (2.108) by deleting the restriction that corresponds to a stopping state z.
Thus, if the conditions of the theorem hold then the problem has a solution for
arbitrary v € (0, 1].

The optimality conditions for control problems on networks with a stopping state
can be derived if we consider the dual model for the problem (2.143), (2.144) or
from Theorem 2.63. If we specify this theorem for the problem on networks then we
obtain the following result.

Theorem 2.65 Let (G, Xc, Xn, ¢, p) be a perfect decision network with a given
stopping state z and a given discount factor v (0 < ~ < 1), where the function
¢ : E — R is strictly positive. Then the optimal expected discounted total cost o
of the control problem on the decision network exists for an arbitrary fixed starting
state x € X. The values o7, for x € X\{z} can be found by solving the following
linear programming problem:

Maximize

o) = Z oy (2.145)

xeX
subject to
Ox — Y0y < Cxy, VX € Xc\{x}, y € X(x);

Ox — ’YZ Px,yOy = [y, Vx € Xy\{z} (2.146)
yeX

and the optimal stationary strategy can be determined by fixing s* : X\{z} — A such
that s*(x) =y € X*(x), Yx € Xc\{z}, where X*(x) = {y € X(x) |ox — yo, =
Cxy)
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Corollary 2.66 Let (G, Xc, Xn, ¢, p) be a perfect decision network that satisfies
the conditions of Theorem 2.65. Then for an arbitrary v € (0, 1] there exist the
values o} for x € X that satisfy the conditions:

(1) cxy+ 70; —o0f >0, Vx € Xc\{x}, y € X(x);
2) yg)l(igc)(cx’y + 0y —0y) =0, Vx € Xc;
() px+7 D pryoy —o5 =0, V¥x e Xy\(z);

yeX

An optimal stationary strategy of the optimal control problem on the network
(G, Xc, Xn, ¢, p) with stopping state 7 can be found by fixing s* : X\{z} — A
such that s*(x) = y € X*(x), Vx € Xc\{z}, where X*(x) = {y € X(x)|cxy +
yoy — oy =0}

Remark 2.67 The control problem on the network with a given stopping state z in
the case Xy = 0, v = 1 becomes the problem of determining in G the minimum
cost paths from x € X to z. If G is an acyclic graph with sink vertex then the problem
has a solution for an arbitrary v > 0.

2.8.3 A Dynamic Programming Algorithm for Solving
Deterministic Non-stationary Control Problems on Networks

As we have noted the deterministic stationary control problem on networks with
fixed stopping state z corresponds to the case Xy = ¥ and the solution can be found
by using linear programming models (2.143), (2.144) and (2.145), (2.146). In this
section we show that this problem can be solved for the non-stationary case using a
dynamic programming method. We describe an algorithm for finding the solution of
the deterministic control problem on the network when the costs on the edges may
depend on time. So, we assume that Xy = ¢ and in the network to each directed edge
e = (x,y) € E the cost function c,(¢) that depends on ¢ is associated. This means
that if the system makes a transition from the state x = x(¢) to the state y = x(t + 1)
then the cost is ¢y y(¢). Thus, the problem in this case is formulated in the following
way:

For a given time-moment 7 and fixed starting and stopping states xo, xs € X it
is necessary to determine in G a sequence of the system’s transitions (x(0), x(1)),
(x(1), x(2)), ..., (x( — 1), x(£)), which transfers the system L from a starting state
xo = x(0) to a stopping state x y = x (%) such that the total cost

—1

Frgx, (1) = Z Clx(r),x(t+1)) (@)
=0

of the system’s transitions by a trajectory
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xo =x(0), x(1),x(2),...,x({1) = xy

is minimal, where (x(¢),x(t + 1)) € E, t=0,1,2,...,7— 1.
We describe the dynamic programming algorithm for solving this problem.
Denote by

-1

Ff (1) = min c G
o = min x% (x(0).x(+1)

the minimal total cost of the system’s transition from xg to x with 7 stages, where
Fy x,(0) = 0'in the case xo = xy and F. XOXf (f) = oo if x s cannot be reached from

xo by using 7 transitions.
If we introduce the values F;“OX @ (t) fort =0,1,2,...,7 — 1 then it is easy to
observe that for F;Ux o the following recursive formula can be gained:

Fovin(® = min. {Ffo,xa_r)(f — D)+ cia—1).xn(t — 1)}7
x(t—l)EXG(X(t))

where

Fox(© =0

and

Xe={xeX|e=(x,y) €E}.
Based on this recursive formula we can tabulate the values F ;‘ () ®,t=1,2,...,1
for every x(¢) € X. These values and the solution of the problem can be found using
0 (X %) elementary operations (here we do not take into account the number of
operations for calculating the values of the functions c,(¢) for a given 7).
The tabulation process should be organized in such a way that for every vertex
x = x(¢) at a given moment in time ¢ it is determined not only the cost F' X () (t) but
also the state x*(¢ — 1) at the previous time-moments for which

Foovin® = Fy ooy +C(x*<r—1) xep (= 1)

= mrrr { X0, x(t i) + Cx(t—1), x(t))(t - 1)}
x(t—DeX;(x(1)

So, if to each x at the time-moments t+ = 0, 1,2, ..., we associate the labels
(t,x(), F xox(,), x*(t — 1)), then the corresponding table allows us to find the opti-
mal trajectory successively starting from the final position, xy = x*(f), x*(f —
1),...,x*(1), x*(0) = xg. In the example given below all possible labels for every
x and every ¢ are represented in Table 2.1.
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Table 2.1 The values F;‘n.x(t) and x*(r — 1)
t x, F* 0 1 2 3 4 5

0 F;O,X(O) 0 00 00 00 ) )

x*0—-1) — — — — — —

1 F;o,x(l)
x*(0) -
2 L)
x*(1) -
3 E;ko,x(S)
x*(2) - -

F:o X (4)

x*(3) — 3* - 2
5 Fi ) o0 19 16 00 21 16
X*(4) - 3 1 - 3 1

Fig. 2.13 The structure of the dynamic network

This problem can be extended to the case if the final state x s should be reached at
the moment of time 7 (x r) from a given interval [7, 2]. If 71 # 7, then the problem
canbereducedtor, —7;+ 1 problemswitht =7y, f =f1+1, i =11+2, ..., = I2,
respectively; by comparing the minimal total costs of these problems we find the best
one and 7 (x ).

An important case of the considered problem is if 7 = 0 and 7, = oo. The
solution of the problem with such a condition if the network may contain directed
cycles has sense only for positive and non-decreasing cost functions c.(¢) on the
edges e € E. Obviously, for this case we obtain 0 < #(x7) < |X| and the problem
can be solved in time O(]X|?) (the case with a free number of stages).

Example Let the dynamic network determined by the graph G = (X, E) represented
in Fig. 2.13 be given. The cost functions are the following:
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co,1)(t) =cp3 @) =ces5) =1;
c2,3)(t) =ca ) =2t; caa) =2t +2;
ca,2)(t) =coa(t) =cas5)=t; cus5@) =2t+1.

We consider the problem of finding a trajectory in G from x(0) = xo = 0 to
xy=25,where T =5.

Using the recursive formula described above we get Table 2.1 with values
F;“OX([)([) and x*(r — 1).

Starting from the final state x ; = 5 we find the optimal trajectory

5% 1%« 3% « 2% « 1* <« 0OF

with total cost Fy x(5)(5) = 16.

The considered non-stationary control problem has been extended and general-
ized in [71, 79] as non linear minimum cost flow problems on dynamic networks.
Algorithms based on time-expanded network methods for such a class of problems
are described in [70, 71, 79, 93, 94].

2.9 Discrete Decision Problems with Varying Time of State’s
Transitions and Special Solution Algorithms

So far, in the control problems with average and discounted optimization cost criteria
we have considered that the time between transitions in the control process is constant
and it is equal to 1. We extend these problems and generalize these problems by
assuming that the time of system’s transition from one state to another in the decision
process vary and it may be different from 1. Such a problem statement may be useful
for studying and solving the decision models for the case of Semi-Markov processes.
In this section we show that the deterministic problem with varying time of states’
transitions can be reduced to the problem with a fixed unit time of system transitions
from one state to another.

2.9.1 Problem Formulation

At first we formulate the control problem with an average cost optimization criterion
when the transition time between the states is not constant.

Let the dynamical system L with a finite set of states X € R” be given, where at
every discrete moment of time r = 0, 1, 2, ... the state of L is x(¢) € X. Assume,
that the control of the system L at each time-moment = 0, 1, 2, ... for an arbitrary
state x (¢) is realized by using the vector of control parameters u(t) € R™ for which
a feasible set U; (x(¢)) is given, i.e., u(t) € U; (x(t)). For arbitrary ¢ and x(¢) on
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U; (x(t)) it is defined an integer function
Tx(t) . Ut (x(t)) — N

which represents to each control u(¢) € U; (x(¢)) an integer value 7y (u(¢)). This
value expresses the time of system’s transition from the state x(¢) to the state x (t +
Tx(r) (u(t))) if the control u(t) € U; (x(t)) has been applied at the moment ¢ for a
given state x (¢).

The dynamics of the system L is described by the following system of difference
equations

il =1+ Teap (u))

x(tjp1) = gr; (x (1)), u(t))) ;
u(ty) € Uy, (x(t))) ;
j=0,1,2,...,

where
x(to) =0, tp=0

is a given starting state of the dynamical system LL. Here we suppose that the functions
gr and 7y () are known and #;41 and x(¢;41) are determined uniquely by x(¢;) and
u(t;) at each step j.

Let u(t;), j = 0,1,2,..., be a control, which generates the trajectory x(0),
x(t1), x(t2), ..., x(t), . . .. For this control we define the mean integral-time cost by
a trajectory

k—1

Z,»zl e (x() gi; (X)), ulzy)))
k—
Zj::) T(y) (u(?}))

Fr (u(1)) = lim

where ¢t (x(t.,'), 9t; (x(tj), u(tj)) ) =cy (x(tj), x(t.,~+1)) represents the cost of the
system L to pass from the state x (¢;) to the state x(¢;41) at the stage [j, j + 1].

We consider the problem of finding the time-moments ¢t = 0, #, t2, ..., ft—1,
... and the vectors of control parameters «(0), u(t1), u(t2), ..., u(tx—1), . .. which
satisfy the conditions mentioned above and minimize the functional Fy, (u(t)).

In the case of 7y (u(t)) = 1 for every ¢ and x(¢) this problem becomes the
control problem with unit time of states’ transitions. The problem of determining the
stationary control with unit time of states’ transitions has been studied in [5, 53, 65,
73, 117]. In the mentioned papers it is assumed that U; (x(¢)), g; and c¢; do not depend
ont,ie., g =g,¢; =cand Us(x) = U(x) fort =0, 1,2, .... Richard Bellman
showed in [5] that for the stationary case of the problem with unit time of states’
transitions there exists an optimal stationary control u*(0), u*(1), ..., u*(), ...
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such that

Zf__; c(x(), g (x(@),u*@®)))

lim =
k—o00 k

k—1
> elx@). gx @), u@))
= inf lim ==0 =X < o0.
u(t) k— o0 k

Furthermore in [65, 117] it is shown that the stationary case of the problem can
be reduced to the problem of finding the optimal mean cost cycle in a graph of
states’ transitions of a dynamical system. Based on these results in [18, 53, 73, 117]
polynomial-time algorithms for finding the optimal stationary control are proposed.
This variant of the problem can be solved by using the linear programming problem
(2.18), (2.19) from Sect. 2.2.4.

Below we extend the results mentioned above to the general stationary case of
the problem with arbitrary transit-time functions 7,,. We show that this problem can
be formulated as the problem of determining the optimal mean cost cycles in the
graph of states’ transitions of the dynamical system for an arbitrary transition-time
function on the edges.

For the discounted control problem with varying time of states’ transitions the
dynamics is determined in the same way as for the problem above; but the objective
function which has to be minimized is defined as follows:

Fou() = D 4"c(x(t)), g (x@t)), ut)).

j=0

where v, 0 < v < 1, is a given discounted factor.

2.9.2 A Linear Programming Approach for the Problem with
Arbitrary Transition Costs

We consider the stationary case of the deterministic transition control problem, i.e.,
when g;, ¢;, U;(x(t)), u(t) do not depend on ¢ and the transition function 7y
depends only on the state x and on the control w, in the state x. So, g; = ¢, ¢; = ¢,
Ui(x) =Ux), Tor) = T7(x, uy) foru() =uy e U(x), Vx e X, t=0,1,2,....

In this case it is convenient to study the problem on a network where the dynamics
of the system is described by the graph of states’ transitions G = (X, E). An arbitrary
vertex x of G corresponds to astate x € X and an arbitrary directededgee = (x, y) €
E expresses the possibility of the system L to pass from the state x(¢) to the state
x(t 4+ 7.), where 7, is the time of the system’s transition from the state x to the
state y through the edge e = (x, y). So, on the edge set E it is defined the function
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7 : E — R™ which associates to each edge a positive number 7, which means that if
the system LL at the moment of time # is in the state x = x(#) then the system can reach
the state y at the moment of time ¢ + 7, if it passes through the edge e = (x, y),
ie., y = x(t + 7). In addition, on the edge set E it is defined the cost function
c: E — R, which associates to each edge the cost c, of the system’s transition from
the state x = x(¢) to the state y = x (¢ + 7,) for an arbitrary discrete moment of time
t. So, finally we have that to each edge ¢ = (x, y) € E the cost ¢, and the transition
time 7, from x to y are associated.

In G an arbitrary edge e = (x, y) corresponds to a control in the initial problem
and the set of edges E(x) = {e = (x,y)| (x,y) € E} originating in the vertex x
corresponds to the feasible set U (x) of the vectors of control parameters in the state
x. The transition time function 7 in G is induced by the transition time function 7
for the stationary control problem.

It is easy to observe that the infinite horizon control problem with a varying time
of states’ transitions of the system on G can be regarded as the problem of finding
in G the minimal mean cost cycle C; that can be reached from the vertex xo where
the vertex x(o corresponds to the starting state xo = x(0) of the dynamical system
L. Indeed, a stationary control in G corresponds to a fixed transition from a vertex
x € X to another vertex y € X through a directed edge ¢ = (x, y) in G. Such a
strategy of states’ transitions of the dynamical system in G generates a trajectory
which leads to a directed cycle Cg with the set of edges E(Cg). Therefore, the
considered stationary control problem on G is reduced to the problem of finding the
minimal mean cost cycle that can be reached from x(, where in G to each directed
edge e = (x, y) € E the cost ¢, and the transition time 7, of the system’s transition
from the state x = x(¢) to the state y = x (¢ + 7,) are associated.

If the minimal mean cost cycle Cf; in G is known then the stationary optimal
control for our problem can be found by the following way: In G we fix an arbitrary
simple directed path P (xo, x;) with the set of edges E (P (xo, xx)) which connects
the vertex xo with the cycle Cf;. After that for an arbitrary state x € X we choose
a stationary control which corresponds to a unique directed edge e = (x,y) €
E(P(xg, x;)) U E(C*). For such a stationary control the following equality holds:

k—1
inf lim ijoc(x(t‘))’ 9 (x. ut))) _ ZeEE“C*) -
lir k1 '
u(r) k=00 ijo Ty (u(t))) zeeE(C*) Te

Note that the condition U (x) # @, Vx € X, for the stationary case of the control
problem means that in G each vertex x contains at least one leaving directed edge e =
(x, ). We will assume that in G every vertex x € X is attainable from xg; otherwise
we can delete vertices from X for which there are no directed paths P (xg, x) from
Xo to x. Moreover, without loss of generality, we may consider that G is a strongly
connected graph. Then the problem of finding the optimal stationary control for the
problem from Sect. 2.2.4 can be formulated as combinatorial optimization problem
on G in which it is necessary to find a directed cycle C{; such that
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Zce Zce

e€E(CY) . ecE(Cg)
= min

2 T

ecE(CE) ecE(Cq)

The problem of determining the minimal mean cost cycle in a double weighted
directed graph has been studied in [19, 53, 63, 117]. In the cited works algorithms
based on linear programming and parametrical methods are proposed. For the prob-
lem with a unit time of states’ transitions in [53] a strongly polynomial time algorithm
is proposed.

In the following we describe an approach which is based on linear programming.
We can see that such an approach may be used for solving a more general class of
problems, as example, for the multi-criterion version of minimal mean cost cycle
problems [82].

We consider the following linear programming problem:

Minimize

7= Zceae (2.147)

ecE

subject to

Z Qp — Z a, =0, Vx € X;

ecEt(x) ecE~(x)
D et =1; (2.148)
ecE

a, >0, Veec E.

where EY(x) ={e=(x,y) e E|lye X},E-(x)={e=(y,x) € E|y € X}.
The following lemma holds.

Lemma 2.68 Let o = (ael s Oleys vy ozem) be a feasible solution of the system
(2.148) and G, = (X,, E,) be the subgraph of G, generated by the set of edges
E, = {e; € E|a,, > 0}. Then an arbitrary extreme point al = (0‘81’ 0482, e, O‘(e)m)
of the polyhedron set determined by (2.148) corresponds to a subgraph G0 =
(X0, E o) which has the structure of a simple directed cycle and vice versa,
ie., if Gpo = (X0, Ey) is a simple directed cycle in G then the solution
al = (agl , ozgz, ceey ocgm) with

if e € Eyo;

0, if ¢ ¢ Ep
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corresponds to an extreme point of the set of solutions (2.148).

Proof Let a = (e, Qe .- ., Q,,) be an arbitrary feasible solution of the system
(2.148). Then it is easy to observe that G, = (X, E) contains at least one directed
cycle. Indeed, for an arbitrary x € X, there exist at least one leaving edge ¢/ =
(x,y) € E, and at least one entering edge ¢’ = (z, x) € E,; otherwise « does not
satisfy condition (2.148).

Let us show that if G, is not a simple directed cycle then o does not represent
an extreme point of the set of solutions of the system (2.148). If G, has not the
structure of a simple directed cycle then it contains a simple directed cycle C with
the set of edges E(Cg) C Eq,ie.,m' = |E(Cg)| < m. Without loss of generality
we may consider that E(C) = {ey, e2, ..., e,}. Fix an arbitrary value 6 such that
0 < 0 < min,, cg(C) @, and consider the following two solutions:

1
al = —m(ae1 -0, a,, =0, ..., Qe — 0, Qle,s i ys +os aem);
1_92,~:1Tei
1
oz2=T(@,H,...,H,O,O,...,O).
———
92,‘:1Tei m’

It is easy to check that a! and o satisfy the condition (2.148), i.e., a! and a?
are feasible solutions of the problem (2.147), (2.148). If we chose 6 such that 0 <

’
6> | T < 1 then we obtain that « can be represented as a convex combination
of feasible solutions a! and a2, i.e.,

a= (1 - GZTe)al + (HZTe)az. (2.149)
i=1 i=1

So, avis not an extreme point of the set of solutions (2.148). If G, represents a simple
directed cycle then the representation (2.149) is not possible, i.e., the second part of

Lemma 2.68 holds. O
Using Lemma 2.68 we can prove the following result.
Theorem 2.69 The optimal basic solution o = (a:l, Qgyseens ajm) of problem

(2.147), (2.148) corresponds to a minimal mean cycle C; = Gox in G, i.e.,
1

a’(er) = ZeeE((C*) Te
0, if e¢ E(CY),

» if e € E(CY);

where E(C(;) is the set of edges of a directed cycle C.

Proof According to Lemma 2.68 an arbitrary extreme point o of the set of solutions
of system (2.148) corresponds in G to the subgraph G 0 = (Xg, Eg) which has the
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structure of a directed cycle. Taking into account that the optimal solution of problem
(2.147), (2.148) is attained in an extreme point we obtain the proof of the theorem.O

The linear programming problem (2.147), (2.148) allows us to find the minimal
mean cycle in the graph G with positive values 7. = 7y, fore = (x,y) € E.
More efficient algorithms for solving the problem can be obtained using the dual
problem (2.147), (2.148).

Theorem 2.70 If G is a strongly connected directed graph then there exists a func-
tion e : X — R and the value ) such that:

@ ey —ex+cxy =Tey- A V(x,y) € E;

(b) min {gy, —ex +cxy —TxyA} =0, Vx € X;
ye0™(x)

(¢) an arbitrary cycle C* of the subgraph G° = (X, E°) of G, generated by edges
(x,y) € E forwhichey — ey + cx,y — Tx,y - A = 0 determines a minimal mean
cycle in G.

Proof We consider the dual problem for (2.147), (2.148):
Maximize

W=
subject to
Ex _Ey +Tx’y)\ S Cx,ya V(-xv )’) € E

If p is the optimal value of the problem then by using duality properties of the solution
of the problem we obtain (a), (b) and (c). m|

Based on results described above we can make the following conclusions.

1. If A = 0 then the values €,, x € X can be treated as the cost of minimal paths
from vertices x € X to a vertex x, which belongs to the minimal mean cycle
C¢ (with A = 0) in the graph G with given costs ¢, of edges e € E. So, if x; is
known then the cycle C{; can be found in the following way. We construct the
tree of minimum cost directed paths from x € X to x, and determine the values
€x, Vx € X.Thenin G we make a transformation of the costs c;’ y = Ey—ExTCay
for (x,y) € E and find the subgraph G° = (X, E”) generated by edges (x, y)
with c;’ y = 0. After that we fix in G a cycle C* with zero cost of the edges.
If the vertex x, is not known then we have to construct the tree of minimal cost
paths which respect to each x; € X. So, in this case with respect to each tree we
find the subgraph G° = (X, E°). Then at least for one of such a subgraph we
find a cycle CE*; with zero cost (c;m, = 0) of the edges.

2. If A # 0 and X is known then the minimal mean cost cycle C* can be found by the
following way. In G we change the costs ¢y y of edges (x, y) € Ebycy y — Ty yA
and after that solve the problem with the new costs according to point 1.
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3. If A # 0 and it is not known then we find it using the bisection method on the
segment [h(l), h%] where h! = mineer co, h* = maxecg c.. At each step k of
the method we find the midpoint \;, = (h }C + h%) /2 of the segment [h 17, hi] and
check if in G with the cost cf’ v Tx,y Ak there exists the cycle with negative cost.
If at a given step there exists the cycle with negative cost then we fix h,lf = hl,
hiH = \y; otherwise we put h11c+1 = Ak, h}f“ = h}h In such a way we find A
with a given precision. After that the exact value of A can be found from Ay, using
a special roundoff procedure from [58].

The algorithm described above allows us to determine the solution of the problem in
the caseif 7, > 0, Ve € E. In general this problem can be considered for arbitrary 7,
and c,. In this case we may use the following fractional linear programming problem:
Minimize

CoeX
ZeEE ee

= SZecE ~ (2.150)

TeX
ZeeE ee

subject to

Z Qp — Z a, =0, Vx € X;

ecET(x) ecE~(x)
Z a, = 1; (2.151)
ecE

a, >0, ec E,

where E-(x) ={e=(y,x) e E|ye X}; ET(x)={e=(x,y) € E|y € X}.

Of course, this model is valid if on the set of solutions of system (2.151) it holds
> eck Te®e # 0. In a similar way as for the linear programming problem here we
can show that an arbitrary optimal basic solution of the problem (2.150), (2.151)
corresponds to an optimal mean directed cycle in G.

Let @ = (0, Gy, - - . , (e ) be an arbitrary feasible solution of system (2.151)
and denote by G, = (X,, E,) the subgraph of G generated by the set of edges
E, = {e € E|la, > 0}. In [73] it is shown that an arbitrary extreme point
o = (0‘21’ 0‘82’ cees QS‘E‘) of the set of solutions of system (2.151) corresponds
to a subgraph G 0 = (X0, E,0) which has the structure of an elementary directed
cycle. Taking into account that for the problem (2.150), (2.151) there exists an opti-

* * * 3 .
e Xy o0 O E‘) which corresponds to an extreme point of

the set of solutions (2.151) we obtain that

mal solution a* = (a « ,Q

*
CeX
EEEQ* ¢

*
TeX
ZeEEQ* €e

max 7 =
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and the set of edges E,+ generates a directed cycle G+ for which o) = 1/|Eq+/,
Ve € E,x. Therefore,

C
ZEEEQ* ¢

T
ZEEEQ* €

So, an optimal solution of problem (2.150), (2.151) corresponds to the minimal mean
cost cycle in the directed graph of states’ transitions of the dynamical system.

This means that the fractional linear programming problem (2.150), (2.151) can
be used for determining the optimal solution of the problem in the general case.

maxz =

2.9.3 Reduction of the Problem to the Case with Unit Time
of States’ Transitions

As we have shown the deterministic control problem with an average cost crite-
rion on the network can be solved for an arbitrary transition-time function using
a linear programming problem (2.147), (2.148) or a linear fractional programming
problem (2.150), (2.151). For the discounted control problem with varying time of
state transitions a similar linear programming model could not be derived. However,
both problems can be reduced to the corresponding cases of the problems with unit
time of states’ transitions of the system.

Below we describe a general scheme how to reduce the control problems with
varying time of states’ transitions to the case with unit time of states’ transition of
the system. We show that our problems can be reduced to the case with unit time
of states’ transitions on an auxiliary graph G’ = (X’, E) which is obtained from
G = (X, E) using a special construction. This means that after such a reduction we
can apply the linear programming approach described in Sect. 2.2.

Graph G’ = (X', E') with unit transitions on directed edges ¢/ € E’ is obtained
from G where each directed edge ¢ = (x, y) € E with corresponding transition time
T, 1s changed by a sequence of directed edges

ro_ (e
Te (xn,fl’ y)'

ey = (x,x7), e = (x{,x5), ..., e
This means that we represent a transition from a state x = x(¢) at the moment of
time ¢ to the state y = x(¢ + 7.) at the moment of time 7 + 7, in G in G’ as the
transition of a dynamical system from the state x = x(¢) at the time-moment ¢ to
y = x(t + 1) if the system makes transitions through a new fictive intermediate set
of states x{, x5, ..., x__, at the corresponding discrete moments of time

t+1,t+2, ..., t+71,— 1.
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z=x(t) y=z(t+7e)

Te
T >y

Fig. 2.14 The edge ¢ = (x, y) with the associated transition time 7,

x(t) x(t+1) z(t+2) T(t+7e-1) x(t+Te)
|< Te edges >

Fig. 2.15 The intermediate states for the edge e = (x, y) in G’

The graphical interpretation of this construction is represented in Figs. 2.14 and
2.15. In Fig. 2.14 it is represented an arbitrary directed edge ¢ = (x, y) with the
corresponding transition time 7, in G. In Fig. 2.15 it is represented the sequence of
directed edges el’. and the intermediate states x1, x2, ..., X,—1in G’ that correspond
to a directed edge ¢ = (x, y) in G. So, the set of of vertices X’ of the graph G’
consists of the set of states X and the set of intermediate states XE = {x]|e €
E,i=1,2,...,7}, ie, X’ = X UXE. Then the set of edges E’ is defined as
follows:

E = Ué’e, ¢ ={(x, x]), (x1,x9), ..., (&7 _4,y) | e=(x,y) € E}.

ecE

We define the cost function ¢’ : E’ — R in the following way:

C;,xezcx,y, if e=(x,y)€E;

Che s = Cagxg =+ = Crrp gy =0,
It is evident that between the set of stationary strategies
s:x—>yeX+x) for xeX
and the set of stationary strategies
s'ix' =y eX T for x' eX
there exists a bijective mapping such that the corresponding average and discounted

costs on G and on C’ are the same. So, if s™* is the optimal stationary strategy of
the problem with unit transitions on G’ then the optimal stationary strategy s* on
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G is determined by fixing s*(x) = y if s(x) = x{, where e = (x, y). For the
stochastic versions of the control problem on G = (X, E) the construction of the
auxiliary graph is similar. Here we should take into account that the set of vertices
(states) X are divided into two disjoint subsets X ¢ and X y where X ¢ correspond to
the set of controllable states and Xy corresponds to the set of uncontrollable states.
Moreover, the probability function p : Exy — [0, 1] onthe set Exy = {e = (x, y) €
E | x € Xy} is defined such that Zyeer(x) Px,y = 1. The graph G’ = (X', E') in
the case of stochastic control problems is constructed in the same way as above. Here
we have only to precise how to define the sets X., X, and the probability function
p  onthe set Ey, = {¢’ = (x’,y") € E'|x" € Xy} in G'. To obtain a bijective
mapping between the stationary strategies of the problems in the initial graph G and
the stationary strategies of the problem in the auxiliary graph it is necessary to take
X = X¢, Xy = X'\ X and to define the probability function p" : E’ — [0, 1] as
follows:

| pey, if X =x, x e Xy CX)y and y =x;
Py =10, if x' e X\\Xy.

The cost function on G’ for the corresponding auxiliary stochastic control problems
is defined in the same way as for deterministic problems.

In the following we extend the approach described above to Semi-Markov decision
problems, which is valid for the stochastic control problem in its general form.

2.10 Determining the Optimal Strategies for Semi-Markov
Decision Problems

The average and discounted Markov decision problems can be extended to Semi-
Markov Decision Processes [113-115, 134, 140, 141]. A Semi-Markov decision
process is determined by a finite state space X, a finite set of actions A, a nonnegative
real function

p:AxXxXx{1,2,...,1} = [0,1]
that satisfies the condition
I
> p =1 vaca
yeX t=1
and the cost function

c:AxXxXx{1,2,...,f} = R.
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Here the function p for a fixed action a € A, arbitrary x, y € X and a fixed 7 €
{1,2,...,1} determines the probability p{ , . of the system to pass from the state
x € X to state y by using 7 units of time. The function c¢ for a fixed action a in the
state x € X, a given y € X and a fixed 7 determines the cost ¢y | . of the system
to pass from the state x to the state y using 7 units of time. We define a stationary
strategy s in the Semi-Markov decision process as a map

s:x —>ae€Alx) for x € X,

where A(x) represents the set of actions in the state x € X. An arbitrary stationary
strategy s induces a Semi-Markov process with the transition probabilitis p;,yr
and the transition costs ¢y , . For this Semi-Markov process with given transition
costs we can define the average cost per transition wy,(s) and the expected total
discounted cost J;ZO (s) if the system starts transitions in the state xo at the moment
of time ¢+ = 0. The problems of determining stationary strategies with minimal
average and expected total discounted cost for Semi-Markov decision processes can
be formulated and studied in a similar way as for Markov decision processes.

Using the results from Sect. 1.9 we can reduce the considered decision problems to
the corresponding problems for an auxiliary Markov decision process. Indeed, for an
arbitrary actiona € Ainastatex € X,agiveny € X and fixed 7 € {1,2,...,1} the
transition from x to y in Semi-Markov decision process we represent as a sequence
of 7 transitions with unit time via 7 fictive intermediate states

a,r
x — x7,

a,r a,r a,r
xa]T—>x2 R T Sl

X1

where the corresponding probabilities and transition costs are defined as follows:

v .
px xi“T - pxy'r’

a,T a7 = a, T a7 == -+ = a,T a,T = a,T —1
P x5 Py x5 L S ’
a —
Cx x0T CX y
_ _ .a __a _
C!ZT aT_CllT ar = "*=Car ar —=C ar —0
X% P RRK] Xr—2:%r-1 Xr—1Y

After that we consider a new Markov decision problem with a new set of states
X' = X U X’ obtained from X by adding the set of fictive intermediate states X’
and new probability and cost functions defined above; the set of actions in the state
x € X in the new problem are the same as for Semi-Markov decision problems and
in each added fictive state there is a unique action determined by a unique transition
to the next state with a probability equal to 1.
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It is evident that if 5* is a optimal stationary strategy for the auxiliary decision
problem then an optimal stationary strategy s* of the Semi-Markov decision problem
(with average or discounted optimization criterion) can be found in the following
way:

s*(x) =5%(x) for x € X.

In such a way we can reduce the Semi-Markov decision problem to the corresponding
auxiliary Markov decision problem.



Chapter 3

A Game-Theoretical Approach to Markov
Decision Processes, Stochastic Positional
Games and Multicriteria Control Models

In this chapter we formulate and study a class of stochastic positional games applying
the game-theoretical concept to Markov decision problems with average and expected
total discounted costs optimization criteria. We consider Markov decision processes
that may be controlled by several actors (players). The set of states of the system in
such processes is divided into several disjoint subsets which represent the correspond-
ing position sets of the players. Each player has to determine which action should
be taken in each state of his position set in order to minimize his own average cost
per transition or the expected total discounted cost. The cost of system’s transition
from one state to another in the Markov process is given for each player separately.
In addition the set of actions, the transition probability functions and the starting
state are known. We assume that players use only stationary strategies, i.e., each
player in his arbitrary position uses the same action for an arbitrary discrete moment
of time. In the considered stochastic positional games we are seeking for a Nash
equilibrium. The proposed approach is developed for stochastic control problems on
networks. Furthermore, we show that the considered class of stochastic positional
games can be used for studying cyclic games and Shapley stochastic games with
average payoff functions of the players. The main results we describe in this chapter
are concerned with the existence of Nash equilibria in the considered games and with
the elaboration of algorithms for determining the optimal stationary strategies of the
players. We show that Nash equilibria for the game model with average cost payoff
functions of the players exists if an arbitrary situation generated by the stationary
strategies of the players corresponds to a Markov unichain. For the model with a dis-
counted payoff function we show that Nash equilibria always exist. Furthermore, the
antagonistic game models for Markov decision problems with average and expected
total discounted costs are considered and new results concerning with the existence
of saddle points are derived. Algorithms based on classical numerical methods for
determining optimal strategies of the players are analyzed and new combinatorial
algorithms for solving positional games on networks are proposed.

Additionally, we formulate and study multi-objective dynamic decision problems
with Stackelberg and Pareto optimization principles and describe some general
schemes for determining the solutions of these problems. Some extensions and
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generalizations of multicriteria dynamic control problem are suggested and new
algorithms based on dynamic programming are proposed.

3.1 Stochastic Positional Games with Average
Payoff Functions of the Players

We introduce a class of stochastic positional games applying the concept of non-
cooperative games to Markov decision problems with an average cost optimization
criterion. We call this new class of games stochastic positional games with average
payoff functions or average stochastic positional games [69, 91]. The considered
class of games extends and generalizes cyclic games [43, 75, 79], Markov decision
problems with average cost optimization criteria [115, 135, 140] and the stochastic
control problem from Sect. 2.2. Nash equilibria conditions for such a class of games
are derived and some approaches for determining optimal strategies of the players
are described.

3.1.1 Problem Formulation

We formulate the stochastic positional game with average payoff functions using the
framework of a Markov decision process (X, A, p, ¢) with a finite set of states X, a
finite set of actions A, a transition probability function p : X x X x A — [0, 1] that
satisfies the condition

Zpﬁ’yzl, Vx e X, Yae A
yeX

and a transition cost function ¢ : X x X — R which represents the costs ¢y y of
states’ transitions for the dynamical system if it makes a transition from the state
x € X to another state y € X.

We consider the noncooperative model with m players in which m transition cost
functions are given

ci:XxX—>R, i=1,2,...,m,
where ci’y expresses the cost of the system’s transition from the state x € X to the
state y € X for the playeri € {1, 2, ..., m}. In addition we assume that the set of

states X is divided into m disjoint subsets X1, X, ..., X,

X=X1UXoU---UX,, (X;NX; =0, Vi#)),
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where X; represents the positions set of the playeri € {1, 2, ..., m}. So, the Markov
process is controlled by m players, where each playeri € {1, 2, ..., m} fixes actions
in his positions x € X;.

We consider the stationary game model, i.e., we assume that each player fixes
actions in the states from his positions set using stationary strategies. We define the
stationary strategies of the players as m maps:

sl:x >aeAl(x) for x € Xi;

s2:x > ae A¥(x) for x € Xo;

s x —>ae A"(x) for x € X,

where A’ (x) is the set of actions of the player i in the state x € X;. Without loss
of generality we may consider |A’(x)| = |A/| = |A|, Vx € X;,i =1,2,...,m.
In order to simplify the notation we denote the set of possible actions in a state x € X
for an arbitrary player by A(x).

A stationary strategy siie {1,2,...,m} in the state x € X; means that at
every discrete moment of time ¢ = 0, 1, 2, ... the player i uses the actiona = st(x).
Players fix their strategy independently and do not inform each other which strategies
they use in the decision process.

Iftheplayers 1, 2, .. ., m fix their stationary strategiessl, s2..., s, respectively,
then we obtain a situation s = (sl, s, s"). This situation corresponds to a sim-
ple Markov process determined by the probability distributions pfcl) (yx) in the states
x € Xj fori =1,2,...,m. We denote by P* = (p; ) the matrix of probability
transitions of this Markov process. If the starting state x is given, then for the Markov
process with the matrix of probability transitions P* we can determine the average
cost per transition wfco (s',s2, ..., s™) with respect to each player i € {1,2,...,m)
taking into account the corresponding matrix of transition costs C! = (cﬁc‘ y)- So, on
the set of situations we can define the payoff functions of the players as follows:

F)’;O(sl,sz, o s™) :wio(sl,sz,...,sm), i=1,2,...,m.

In such a way we obtain a discrete noncooperative game in normal form which is
determined by a finite set of strategies st st ..., 8" of m players and the payoff
functions defined above. In this game we are seeking for a Nash equilibrium [102],
i.e., we consider the problem of determining the stationary strategies

1F 2% P—1% i gl ok
sUos? st st st s
such that

i x ok 1% gk Gk

F;O(s1 B SRR Ll M L Lo L

§F;0(s1 cs2 s s S ey sl e ST i =1,2, ..., m.
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The game defined above is determined uniquely by the set of states X, the position
sets X1, Xo, ..., Xm, the set of actions A, the cost functions ¢! : X x X — R,
i =1,2,...,m, the probability function p : X x X x A — [0, 1] and the starting
position xg. Therefore, we denote it by

(X’ A’ {Xl}l:m’ {ci}i:m’ p» xO)-

We call this game stochastic positional game with average payoff functions.
In the case p; y= 0 v 1, Vx,y € X, Va € A the stochastic positional game is
transformed into the cyclic game studied in [43, 75, 79].

3.1.2 Determining Nash Equilibria for Stochastic Positional
Games with Average Payoff Functions

To provide the existence of Nash equilibria for the considered stochastic positional
game we shall use the following condition. We assume that an arbitrary situation
s = (sl, s2.., s™) of the game generates a Markov unichain with the correspond-

ing matrix of probability transitions P* = (p; ,). We call the Markov process with

such a property with respect to the situations s = (s!, s%, ..., s™) € S of the game

perfect Markov decision process. We show that in this case the problem of determin-
ing Nash equilibria for a stochastic positional game can be formulated as continu-
ous model that represents the game-theoretic variant of the following optimization

problem:
Minimize
w(sa q) = Z Z Mx.,aSx,a 9x 3.1
xeX acA(x)
subject to
> 2 Pz,ysx,a‘bc =gqy, Vye€X;
xeX aceA(x)
> ax=1
xeX
3.2
> sxa=1, VxeX; (3-2)
acA(x)
Sya >0, Vx e X, aeA(x),
where

a
Hx,a = E Cx,y Px.y
yeXt(x)

is the immediate cost in the state x € X for a fixed action a € A(x).
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It is easy to observe that the problem (3.1), (3.2) represents the continuous model
for a Markov decision problem with an average cost criterion. Indeed, an arbitrary
stationary strategy s : X — A can be identified with the set of boolean variables
sx.a €10, 1}, x € X, a € A(x) that satisfies the conditions

Z Sxa=1, VxeX; s54,>0,VxeX,acA.
acA(x)

These conditions determine all feasible solutions of the system (3.2). The remain-
ing restrictions in (3.2) correspond to the system of linear equations with respect to
gy for x € X. This system of linear equations reflects the ergodicity condition for the
limiting probability ¢, x € X in the Markov unichain, where ¢,, x € X, are deter-
mined uniquely for given s, 4, YVx € X, a € A(x). Thus, the value of the objective
function (3.1) expresses the average cost per transition in this Markov unichain and
an arbitrary optimal solution s ,, gy (x € X, a € A) of the problem (3.1), (3.2)
with s , € {0, 1} represents an optimal stationary strategy for a Markov decision
problem with an average cost criterion. If such an optimal solution is known, then an
optimal action for the Markov decision problem can be found by fixing a* = s*(x)
for x € X if sy, = 1. The problem (3.1), (3.2) can be transformed into a linear
programming problem using the notations oy , = Sy 4qx, VX € X,a € A(x) (see
[68]). Based on such a transformation of the problem we will describe some addi-

tionally properties of the optimal stationary strategies in Markov decision processes.

Lemma 3.1 Let a Markov decision process (X, A, p, c¢) be given and consider the
function

) =D D praseadss

xeX acA(x)

where q for x € X satisfies the condition

> X p)ac,ysx,a‘bc =gqy, VyeX,
xeX acA(x)

qu=1.

xeX

(3.3)

Assume that an arbitrary stationary strategy s in the Markov decision process
generates a Markov unichain, i.e., we have a perfect Markov decision process. Then
the function (s) depends only on sy 4 for x € X, a € A(x), and on the set S of
solutions of the system

> osya=1, Vx €X;

acA(x) (34)
Sx.a =0, Vx e X, ae Alx),

the function 1) (s) is monotone.
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Proof According to Lemma 2.25 for perfect Markov decision processes an arbitrary
basic solution of the system (3.4) corresponds to a stationary strategy. Moreover, for
each such strategy the rank of the matrix of the system (3.3) is equal to | X| and the
system (3.3) has a unique solution with respect to g, (x € X) (see [115, 140]). In
the case of an arbitrary feasible solution of the system (3.4) the rank of the matrix
of system (3.3) is also equal to | X | and for each such solution the system (3.3) has a
unique solution with respect to g, (x € X) because the matrix of system (3.3) can be
represented via the matrices that correspond to basic solutions of the system (3.4).

This means that the system (3.3) has a unique solution with respect to gx (x €
X) for an arbitrary solution of the system (3.4) and, therefore, for perfect Markov
decision processes the function 1/(s) depends only on s.

Now let us prove the second part of the lemma. We show that on the set of solutions
of the system (3.4) the function 1 (s) is monotone. For this reason it is sufficient to
show that for arbitrary s’, s” € S with 1 (s”) # 1 (s”) the following relation holds

min{y(s"), Y(s")} < Y (5) < max{y(s)), Y(s")} 3.5)

if
s=05+({1—-0)s", 0<6<1.

We can see that the relation (3.5) holds for an arbitrary 5 € S(s’, s”), where

/

S(s',s") = {s| min{s; ,, 5/ ,} < sra <max{s; ,,s; .}, Vx € X, aeAx))

x,a’

and the equations

P(s) = (s, P(s) ="

on the set

S(s',s") = {s| min{s} ;. s .} < sx.a <max{s, .5, ,}, Vx € X, aeAx)
have the unique solutions s = s’ and s = s”, respectively.

We prove the correctness of this property using the relationship of the problem
(3.1), (3.2) with the following linear programming problem:

Minimize

Pla)=>" D placa (3.6)

xeX aeA(x)
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subject to

2 2 PiyOxa=4qy YYEX;

xeX acA(x)

> g =1

xex 3.7
Z Ox.a = qx, Vx € X;

acA(x)

Ox.a >0, Vx € X, a € A(x).

The problem (3.6), (3.7) is obtained from (3.1), (3.2) introducing the substitutions
Ox.a = Sx.aqx for x € X, a € A(x). These substitutions allow us to establish a
bijective mapping between the set of feasible solutions of the problem (3.1), (3.2)
and the set of feasible solutions of the linear programming problem (3.6), (3.7). So,
if ay , forx € X, a € A(x) and 1 () are known then we can uniquely determine

Sxa = O‘q"*“, Vi e X, aeA®) (3.8)
X

for which ¥ (s) = ¥(a).

In particular, if an optimal basic solution a*, g* of the linear programming prob-
lem (3.6), (3.7) is found, then the optimal stationary strategy for a Markov decision
problem can be found fixing

Lets’, s” be arbitrary solutions of the system (3.4) where 1(s”) < 1(s”). Then there
exist the corresponding feasible solutions o, o’ of the linear programming problem
(3.6), (3.7) for which

(') = (@), PG") =P,

/ — o ! 7z /4 "
Oy a =Sxadys Xyy =8¢ aqy VX €X, a e Ax),

where ¢, ¢/ are determined uniquely by the system of linear equations (3.3) for
s = s and s = s”, respectively. The function v(c) is linear and therefore for an
arbitrary @ = 6o’ + (1 — 6)a”, 0 < 6 < 1 the following equality holds

D@ = 0P()) + (1 — ),

where @ is a feasible solution of the problem (3.6), (3.7), that in the initial problem
(3.1), (3.2) corresponds to a feasible solution s for which

O(E) =Pp@); g, =0q. + (1 —0)q", VxeX.
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Using (3.8) we have

_ Qy g
Sx,a = ——

X

, Yx e X, ae Ax),

i.e.

0 o + (L =0, Osy ,q; + (1= 0)s) 4q¢

Sx,a =

g, + (1 —0)qy —  0g,+(1—06)q]
eq)/c / (1—9)6]! Vi

T 0gi (1= 0)g] T g+ (1= Ol

So, we obtain

- / ) "
Sx,a = exsx,a + (1 - ax)sx’a,

where

- Oq;,

X

Tagra-og P20t

I_t is easy to observe that 0 < §x < 1, where gx =0, Vx € X ifand only if # = 0 and
0y =1, Vx € X if and only if § = 1. This means that for an arbitrary 5 € S(s’, s”)
the condition (3.5) holds and the equations

U(s) = (s, Ps) =P

on the set S(s’, s”) have the unique solutions s = s” and s = s”, respectively. Thus,
the function 1/ (s) is monotone on the set of solutions of the system (3.4). (]

Remark 3.2 The monotonicity property of the function ¢ (s) is induced by the
monotonicity property of the linear function () that implicitly depends only on s.

Now we extend the results described above for the continuous model of the stochastic
positional game with average payoff functions. We consider the model for perfect
Markov decision processes.

Let us denote by St ice {1, 2, ..., m} the set of solutions of the system

> Si’a =1, Vx € X;;
acA(x) 3.9)
sfw >0, Vx € X;, a € A(x).
So, S’ is a convex compact set and its arbitrary extreme point corresponds to a basic
solution s’ of the system (3.9), where s , € {0, 1}, Vx € X, a € A(x). Thus, if s

is an arbitrary basic solution of the system (3.9), then s’ € S'.
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Ontheset S = S' x §2 x --- x §™ we define m payoff functions

m
;p'(sl,s?,...,sM):ZZ Z e ostaqr, i=12,....m,  (3.10)

j=1xeX;acA(x)

where

i _ i a
Hra =2 CyPly
yeX

is the immediate cost of playeri € {1, 2, ..., m} in the state x € X for a fixed action
a € A(x); gx for x € X are determined uniquely by the following system of linear
equations

2 X Piystadx =y, Yy EX;
1 xeX; acA(x) 3.11)

ZQle

xeX

m

1

when s, s2, ..., s™ are given.
Below we show that for our game models the following properties hold:

e The set of Nash equilibria solutions of the continuous model is non empty if and
only if the set of Nash equilibria solutions of the game in positional form is not
empty;

o If (sl, s, s™) is an extreme point of S then

F;(sl,sz,...,sm)=1/1(s1,s2,...,sm), VxeX, i=1,2,....,m

and all Nash equilibria solutions for the continuous game model that correspond to
extreme points in S represent Nash equilibria solutions for the game in positional
form.

As a corollary from Lemma 3.1 we obtain the following result:

Lemma 3.3 For perfect Markov processes each payoff function
wi(sl,s2,...,sm), ie{l,2,...,m}
possesses the property that
L R R L L LR )

is monotone with respect to s' € S' for arbitrary fixed 5* € S, k = 1,2, ...
i—lLi+1,...,m.

Using this lemma we can prove the following theorem.
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Theorem 3.4 Let (X, A, {Xi}; 1, {ci}i:m, P, x) be a stochastic positional game
with a given starting position x € X and average payoff functions

Fl(sl, s2,...,s’"), sz(sl, sz,...,sm), F;”(sl, sz,...,sm)

X

of the players 1,2, ..., m, respectively. If for an arbitrary situation s = (s',
s2,...,8™) of the game the transition probability matrix P® = (px,y) corre-
sponds to a Markov unichain, then for the stochastic positional game with payoff
Sunctions F} i (s 52 ,s™), = 1,2,...,m there exists a Nash equilibrium
s* = (sl*, 2*, AU m*). Moreovet; for this game there exists a situation s* =

(s'7,s%7, ..., ™) which is a Nash equilibrium for an arbitrary starting position

Proof According to Lemma 3.3 each payoff function 1// (sl,sz, 8™, 0 e
{1, 2, ..., m} satisfies the condition that

i —1 =2 —i—1 i =i+l -
L R L L L S

is monotone with respect to st e S for arbitrary fixed * e Sk k=1, 2,00, 0 —
1, i+1,...,m. Inthe considered game each subset Siie {1,2,...,m}1is convex
and compact.

Therefore, these conditions (see [23, 24, 116, 125]) provide the existence of
a Nash equilibrium for the functions ¢’ (s!,s%,...,s™), i € {i,2,...,m} on
STx 82 x ... x 8™, Taking into account that S is a polyhedron set and the functions
1/1i (El, RGN Lo S 5™) are monotone we obtain that the Nash equi-

librium sl*, sz*, R m* corresponds to a basic solution of the system (3.9). This

means that (s'*, s2%, ..., s™*) is a Nash equilibrium for the functions

Flis', s2, ..., s™), sz(sl,sz,...,sm), e F;"(sl,sz,...,sm)

X
on the set of situations S = S! x §! x ... x §™. O

Remark 3.5 The values
wi:F;(sl*,sz*,...,sm*), i=1,2,....,m

of the game for perfect Markov decision processes do not depend on the starting
position x, i.e., wi = w&, i=1,2,...,mfor arbitrary x, y € X.

Using the results described above we may conclude that in the case of perfect Markov
decision processes a Nash equilibrium for stochastic positional games can be deter-
mined by using classical iterative methods for the continuous game models with
payoff functions wi(s],sz, .., 8™),ieli,2,...,m}onthe set S x $Zx ... x 8™,
If we refer these iterative methods to a discrete game model with payoff functions
onS' x S! x ... x §™, then we obtain the iterative procedures where players fix
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successively their strategies in order to minimize their payoff functions, respectively,
and finally in order to reach a Nash equilibrium.

In general, for stochastic positional games with average payoff functions of the
players, a Nash equilibrium may not exists if the stationary strategies do not generate a
Markov unichain. Moreover, a Nash equilibrium may not exists even for deterministic
positional games (see [43,79]). So, Theorem 3.4 in the case p;‘yy e {0, 1}, gives
conditions for the existence of Nash equilibria in cyclic games with average payoff
functions.

3.1.3 Determining Nash Equilibria for Average Stochastic
Positional Games Using the Potential Transformation

We extend the potential transformation for stochastic positional games using
Theorem 2.71 and Eq. (2.85) in the case of unichain Markov decision processes.
For such games Theorem 3.4 can be formulated in the terms of a potential transfor-
mation that gives new conditions for determining Nash equilibria solutions.

Theorem 3.6 Let (X, A, {Xi};_1,, {Ci},-=ms P, X) be a stochastic positional game
with a given starting position X € X and average payoff functions

1,1 2 m 2,1 2 m me. 12 m

Fo(s', 87, oo, 8™), FE(s', s, oo, 8™, oo, FEGs, 87, .00, 8™)
of the players 1,2, ...,m, respectively. Assume that for an arbitrary situation
s = (s',s2,...,5™) of the game the transition probability matrix P* = (py.y)

corresponds to a Markov unichain. Then there exist the functions

X >R, i= 1,2,...,m
and the values W', W?, ..., W™ that satisfy the following conditions:
() ph,+ > plyel —eh —w' >0, VxeX;, VacA®), i=12,...,m;
yeX
2) arerbi&){u;,a —i—y%(p;‘,ya’y —el—w'}=0, VxeX;,i=12,....m

(3) on each position set X;, i € {1,2,...,m} there exists a map s X; > A
such that

5" (x) = a* € argmin {/‘;,a + E Py yEy —Ex — wl}
acA(x) vex

and

o> pP el —el —wi =0, VxeX;, j=1,2
P q Piyey —ex—w/ =0, VxeX;, j=1,2,....m.
yeX
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The set of maps sl*, sz*, ..., 8™ determines a Nash equilibrium situation
st = (sl*, sz*, ..., 8™ for the stochastic positional game (X, A, {(Xi}i—1m>
{c’}izm, D, )_c) and

in(s1 s " =W, VreX, i=1,2,...,m.
Moreover, the situation s* = (sl*, sz*, ..., 8™ is a Nash equilibrium for an arbi-

trary starting position x € X.

Proof According to Theorem 3.4 for average stochastic positional games there exists

a Nash equilibrium s* = (s, 2%, ..., ™), and

W= Fi s 5™, Ve X, i=1,2,...,m.
Let us fix the strategies s'*, 52, ..., s/~ 1% sH1* . §"* of the players 1,2,
...,i—1,i+1, ..., mand consider the problem of determining the minimal average

cost per transition with respect to the player i. Obviously, if we solve this decision
problem then we obtain the strategy s’ *. We can determine the solution of this deci-
sion problem using the dual linear programming model (2.71), (2.72). According to
Theorem 2.30 for this problem there exist the functions ¢/ : X — R and the values

W', i =1,2,..., m that satisfy the conditions:
(1) ,u;’a + > pff’ys; —el —w' >0, VxeX;, VaeA®);
yeX
(2) min {uﬁca + > pa el —el —wi} =0, VxeX;.
acA(x) ’ yex Yy
Moreover, for fixed strategies sl*, sz*, el si_l*, si+1*, ..., 8™ of the
corresponding players 1,2, ...,i — 1,7+ 1, ..., m we can select the strategy s of

the player i where

s'"(x) € argmin {,u;’a + Z Py Ey —Ex — w’}

aecA(x) yex
and w' = F;(sl*, sz*, 8™, Vx € X, i = 1,2,...,m. This means that the
conditions (1)—(3) of the theorem hold. O
Corollary 3.7 Let (X, A, {X;};_1,, {Ci}i:m, p,X) be a stochastic positional
game for which there exist the functions e X >R, i=12,....,mand the
values w', w?, ..., w" that satisfy the conditions (1)~(3) of Theorem 3.8. Then for

this game there exists a Nash equilibrium and the optimal stationary strategies of
the players can be found according to the rule from the theorem.

Theorem 3.6 generalizes condition (2.85) for the unichain average Markov decision
problem. Based on this theorem we can determine the optimal stationary strate-
gies of the players if €' and w' are known. The functions €' and the values w' for
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i €{l,2,...,m}can be found using a similar iterative algorithm as for the decision
problem from the previous chapter. However, the problem of determining ¢’ and
w' seems to be too difficult from a computational point of view. The question con-
cerned with the existence of polynomial time algorithms for determining the optimal
strategies of the players in the considered games is an open problem. Moreover, the
existence of the polynomial time algorithm for average stochastic positional games is
an open problem even for a special deterministic antagonistic game. We will discuss
the computational complexity of the problem of determining the optimal stationary
strategies of the players in such games in the following sections.

3.1.4 Necessary and Sufficient Conditions for the Existence
of Nash Equilibria in Average Stochastic
Positional Games

Let (X, A, {Xi}izm’ {ci}i:m, p, x) be an average stochastic positional game in
which a Nash equilibrium exists for an arbitrary starting position x € X. Denote
wh = F;(sl*,sz*, o s™Y Vx e X, i=1,2,...,m, where s* = (s'*, 2%, ...,
s™*) is a Nash equilibrium solution of the game. For this game in a similar way as
for the average stochastic control problem we can define the potential transformation
E;’y = ci’y + 5’} - 5; - wfc, Vx,yeX
of the costs with respect to each playeri € {1,2,...,m}, where ¢ : X — R is an
arbitrary real function. Itis easy to show that the considered potential transformations
of the costs in the game do not change the optimal stationary strategies of the players.
Therefore, based on this property and on results from the previous section we obtain
the following result.

Theorem 3.8 Let (X, A, {X;};_15 {c }i—Tom» P> X) be an average stochastic posi-
tional game. Then in this game there exists a Nash equilibrium for an arbitrary
starting position x € X if and only if there exist the functions

6i:X—>R,i:1,2,...,m

|

and the values w,, wy, ..., w for x € X that satisfy the following conditions:

X
() pley+ > plye, —et —wi >0, VxeX;, VacA®X), i=1,2,....,m;
yeX
(2) ag&){ui’“ + > p)“(,yzs; —el —wl}=0, VxeX;,i=1,2,....,m
yeX

(3) on each position set X;, i € {1,2,...,m} there exists a map s X;i > A
such that
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5" (x) = a* € argmin {/’Lﬁr,a + Z Py yEy —Ex — wl}
acA(x) :

yeX
and
. . . . )
u)/(’a* +Zp§§’ys§ —el—w/ =0, VxeX;, j=1,2,...,m.
yeX
If such conditions hold then the set of maps sl*, sz*, ..., 8™ determines a Nash
equilibrium of the game for an arbitrary starting position x € X and F (s, s2%,
s =W i =120, m.

3.1.5 Nash Equilibria Conditions for Cyclic Games

In[43,75,79] the following positional game has been studied. Let adynamical system
L with a finite set of states X be given. The dynamics of the system is described by
a directed graph of the state’s transitions G = (X, E), where the set of vertices
X corresponds to the set of states of the system L and an arbitrary directed edge
e = (x,y) € X expresses the possibility of the system’s transition from the state
x = x(t) to the state y = x (¢ 4+ 1) at every discrete moment of time t =0, 1,2, ....
We assume that the graph G possesses the property that each vertex x € X contains
at least one outgoing directed edge. The starting state of the system is given, i.e.,
xo0 = x(0), and the dynamics of the system is controlled by m players. For each player
i €{l,2,...,m} acost function ¢! 1 E — Ris defined, where for (x, y)=e€E
the value cfc)y expresses the cost of the system’s transition from the state x = x(¢) to
thestatey = x(t+ 1), t =0, 1,2, .... The set of states X is divided into m disjoint
subsets X1, Xo, ..., X

X=X1UXoU---UX,, (XiNX; =0, Vi#j),

where X; represents the positions set of the player i € {1, 2, ..., m}. Each player
may control the dynamical system only in his positions. So, the control process on
G is made by the players as follows:

If the starting state xo = x(0) belongs to the set of positions X; then player i on the
set of possible transitions E(xo) = {(xo, y) € E | y € X} selects a transition (xq, x1)
from the state xq to the state x; = x(1); in general, if at the moment of time ¢ the
dynamical system is in the state x; = x(¢) and x(¢) € X; then the system is controlled
by player i, i.e., player i selects the transition from the state x; to astate x;+1 € X (x;),
where X (t) = {y € X | (x;, y) € E}. In this dynamical process each player intends
to minimize his average cost per transition by a trajectory xo, x1, X2, .. ., i.e.,
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t—1

. 1 .
i ; . .
F' = lim — E Cyyxpyy — N, i=1,2,...,m.
7=0

t—oo

In a more strict way this dynamical game can be formulated in terms of stationary
strategies. We define the stationary strategies of the player as m maps
shix > yeXkx) for xeX;; i=1,2,...,m.

Let s, 52, ..., 5™ be an arbitrary set of strategies of the players. We denote by
G; = (X, E,) the subgraph generated by edges e = (x, s'(x)) for x € X; and
i = 1,2,...,m. Obviously, for fixed st s2, ..., s™ the graph G, possesses the
property that a unique directed cycle C; with the set of edges E(Cy) can be reached
from x¢. For fixed strategies st sz, ...,s™ and a fixed starting state we define the
quantities

F;O(sl,sz,...,sm)z c,i=12,....m,
n(Cy) ecE(Cy)

where n(Cy) is the number of directed edges of the cycle Cs. The graph G is finite

and therefore the set of strategies S' of each player i € {1,2,...,m} is a finite
set. In such a way on the set of situations S = S' x §? x ... x §” the func-
tions Fxlo(sl,sz, o s™), szo(sl,sz, os™, L, F;’f)(sl, s2 ..., s™) determine

a game in normal form which in [43, 75, 79] is called cyclic game and it is denoted
by (G A{Xi}; 1 ('Y= X0)-

Itis easy to see that this game represents a particular case of a stochastic positional
game from Sect. 3.1.1. Indeed, we can regard the cyclic game as a stochastic posi-
tional game induced by the set of states X with the partition X = X{UX,U---UX,,,
the cost functions ¢!, i = 1,2, ...m and the set of action A with the correspond-
ing probabilities p§. y.» Where for a given state x € X we have r(x) = |E(x)|
actions that correspond to possible transitions through the edges e¢; = (x, y1), e2 =

(x,y), ..., €r(x) = (x, yr(x)):

1 1 1 1 — 0
Dxy = L, Dxy, = 0, Dxy; = 0, ..., px,yrm =0;
2 2 2 2 .
px,yl = 01 px,yz = 17 px7y3 = 01 ML) px,yr(x) = Os
r(x) _ r(x) _ r(x) _ r(x)  _q.
px,yl =0, pXJ‘2 =0, px,YS =0, ..., va)’r(x) =1

So, cyclic games can be regarded as stochastic positional games with average payoff
functions where P?,y =0V 1, Vx,yeX, VaceA.
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As we have noted for cyclic games a Nash equilibrium may not exist. An example
of a cyclic game for which no Nash equilibrium does exist is given in [43, 79]. We
can obtain a Nash equilibrium existence criterion from Theorem 3.4.

Theorem 3.9 If for an arbitrary situation of the game s = (s',s2,...,s™) the
corresponding graph Gy = (X, E) contains a unique directed cycle such that it
can be reached from an arbitrary x € X then in the cyclic game there exists a Nash
equilibriumsl*, sz*, R LU Moreoversl*, sz*, ..., 8™ is a Nash equilibrium for
an arbitrary starting position x € X of the game.

We obtain this theorem as a corollary from Theorem 3.4 if we regard cyclic games
as a special case of unichain stochastic positional games.

In the following we formulate a necessary and sufficient condition for the existence
of Nash equilibria in so-called ergodic cyclic games with m players. To formulate
this result we need the following definition.

Definition 3.10 Lets! *, sz*, ..., s™* be a solution in the sense of Nash for a cyclic
game determined by a network (G, {Xi}i:m, {ci}i:m, Xx0), where G = (X, E) is
a strongly connected directed graph. We call this game an ergodic cyclic game if
sl*, s2*, ..., s™* represents the solution in the sense of Nash for a cyclic game on
the network (G, {Xi}; 1, {ci}izm, x) with an arbitrary starting position x € X
and
F;(sl*, sz*, s = F;(sl*, s2 LS, Vx,ye X, i=1,2,...,m.

Theorem 3.11 The dynamic c-game determined by the network (G,[41{X:}; 1,
{ci}izm, x0), where G = (X, E) is a strongly connected directed graph, is an
ergodic one if and only if there exist on X m real functions

el X>RL 2 x> R, &M X > R

1

and m values w', W2, ..., w™ such that the following conditions are satisfied:

(@) e, —el +ck,—w' =0, V(x,y) €E;
where E; ={e=(x,y) € E|lxeX;},i=1,2,...,m;

(b) r;(nr% ){Ei,—sj'c+cfcﬂy—w"}=0, VxeX;,i=12....m;
yeXgx 7

(c) the subgraph G' = (X, E') generated by edge set E' = EYUEYU.--UEY,
E? ={e=(x,y) € E; |Ely —E}—}-cﬁc’y —w'=0},i=1,2,...,m, has the
property that it contains a connected subgraph 60 = (X, EO), for which every
vertex x € X has only one leaving edge e = (x,y) € FO and besides that

Ei,—£i+ci7),—w"=0, V(x,y)efo, i=1,2,...,m.
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The optimal solution of the problem can be determined by fixing the maps:
s x> y € Xﬁ)(x) for x € Xy;

2 x > y eXﬁ)(x) for x € Xo;

s"ix > ye Xﬁ)(x) for x € Xy,

where Xﬁ)(x) ={y|(x,y) € FO}, and

*

Fi' 82 ") =, vTeX, i=1,2,...,m.
Proof = Let (G {Xi};_1 {ci}l,m,xo) be a network which determines an
ergodzc cyclic game with m players, i.e., in this game there exists a Nash equilibrium
s s2% ... s™* Define

j i J1*F 2% mx* .
w’:Fxo(s L8, 8™, i=1,2,...,m. (3.12)
It is easy to verify that if we change the cost function ¢! by @ = ¢! — W',
i =1,2,..., m,thenthe obtained network (G, {X '}z—ﬁ’ {El}l_m, x0) determines
a new ergodlc cychc game which is equivalent to the initial one. For the new game
s s * is a Nash equilibrium and
Fls', 8%, ") =0, i=12....m.

This game can be regarded as the dynamic c-game from [9, 76] on the network
(G AXi}i—im {E’}izm, xo) with a given starting position xo and a final position
xo € Cyx, where Cy+ is a directed cycle generated by strategies sl*, sz*, R Ll
such that

e€E(Cyx)

Taking into account that our game is ergodic we may state, without loss of
generality, that xo belongs to adirected cycle Cy+ generated by strategies s | s,
s™*_ Therefore, the ergodic game with a network (G, {X;} =T {¢'} i=T.m> X0) can
be regarded as the dynamic c-game from [9, 76] on the network (G, {Xi};_1,,
{Ei}izm, Xo) with a starting position x¢ and a final position xg. So, according to
Theorem 2 from [9] there exist m real functions

xS R 2. x> R, &m: X > R
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such that the following conditions are satisfied:
(1) & —el +¢ , =0, Vx,y) €k, i=12....m

2) xg(li;r}x){siy — si +Ei’y} =0, VxeX;,i=1,2,...,m;

(3) the subgraph G’ = (X, E/)', generated by the edge set E'=E)UEJU.--UE),
EV={e=(x,y) €E; ley —ey+¢, =0}i=1,2,...,m, has the property
that it contains a connected subgraph 50 = (X, EO), for which every vertex

x € X has only one leaving edge e = (x, y) € E” and besides that

el —el 4, =0, V. eE,i=12....m
_If in the conditions (1), (2) and (3) mentioned above we take into account that
c ., = E;’y —w', Y(x,y) e E, i =1,2,...,m, then we obtain the conditions (a),

(bjy and (c) from Theorem 3.11.
<= Assume that the conditions (a), (b) and (c) of Theorem 3.11 hold. Then for
the network (G, {X; L’:lTw {c }ilen» xo) the conditions (1), (2) and (3) are satisfied.

It is easy to check that an arbitrary set of strategies s' ¥ s2% ., s™* where
s x > y eXﬁ)(x), i=1,2,...,m,
is a Nash equilibrium for an ergodic cyclic game on the network (G, {X;};_17,-
{E’}izm, xo) and
Figs' s .5 =0, i=1,2,....m.

This implies that sl*, sz*, ..., s™* determines a Nash equilibrium for the ergodic
cyclic game on the network (G, {X;}; 1, {¢'};_1 X0)- ([l
Remark 3.12 The value ', i = 1,2,...,m, coincides with the value of
F;(sl*, sz*, s, = 1,2,...,m. If W' = 0, then the ergodic cyclic game

coincides with the dynamic c-game on the network (G, {X;}; _17, {c! YT X0)-

Note that for ergodic zero-sum games Theorem 3.11 gives necessary and sufficient
conditions for the existence of saddle points, i.e., Theorem 3.11 extends results from
[43] to cyclic games with m players.

3.1.6 Average Stochastic Positional Games on Networks

In a similar way as for average Markov decision problems we can apply the
game-theoretical concept to average stochastic control problems on networks. This
leads to a new game-theoretic control model on networks which we call average
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stochastic positional games on networks. We formulate this model as a stochastic ver-
sion of the cyclic game. We assume that the graph of states’ transitions G = (X, E)
along the subsets X1, X», ..., X, contains a subset X 0 for which the transitions
from the states x € X to another state y € X are made in a random way.

Thus, for the set of states X is given by a partition X1, X2, ..., Xy, X°, where
X; represents the position set of the playeri € {1,2,...,m} and X 0 is the subset
of states of X for which the probability distributions py , of the system’s transition
from every x € X° to another state y € X are given. This means that to the directed
edges e = (x, y) that originate in a state x € X the probabilities p, . y are associated,
where

Z pxy =1, Vx € x0.
yeX(x)
In addition to each directed edge e = (x, y) € E m costs cé, cg, .. ¢ are associated,
where ¢!, represents the cost of the system’s transition from the state x to the state y
for the playeri € {1, 2, ..., m}. In a similar way as for cyclic games we define here
the stationary strategies of the players as m maps:

i

stitx—>yeXkx) forxeX;, i=12,...,m.
Let s',s%,...,s™ be a set of stationary strategies of the players. Then we can
determine the graph G, =(X, ESUEO),inducedbythe situations = (s!, s2, ..., s™),
where
Es={e=(x,y)€E|xeX;, y=s'(x),i=12,....,m}
and

E0={e=(x,y)|x€XO,y€X}.

This graph corresponds to a Markov process with the probability matrix P* = (py ),
where

Pry, ifx e X%andy = X;
p;’y =11, ifx € X;and y = s*(x);
0, otherwise.

In the considered game the transitions (x, s’ (x)) from the states x € X; to the states
y = s'(x) € X are described by the probability Py si(xy = liftheplayers1,2,...,m
fix their stationary strategies s', s, ..., s, respectively. For this Markov process
we can determine the average costs per transition wfc (s1 s, s™) with respect to
each player i € {1, 2, ..., m} for an arbitrary fixed starting state x € X. We regard
these functions as payoff functions for the model of the control problem on the



232 3 A Game-Theoretical Approach to Markov Decision Processes . . .
network, i.e.,
F;O(sl,s2, s = wio(sl, s2, s™, i=1,2,...,m.

We denote this game by (G, {Xi};_17. X%, {c'};_15;» P. X0), where G = (X, E)
is the graph of states’ transitions of the dynamical system and p : E® — [0, 1] is
the probability transition function defined on the set E® = {e = (x,y) € E|x €
X0, y e X} that satisfies the condition Zyex(x) Pry =1, Vx € X0,

For this discrete game we can use the continuous game model with the continuous
payoff functions (3.10), (3.11) and the compact sets S 1,82 ..., 8™ determined by
the set of the solutions of the systems (3.9). If in this continuous model we specify
the expressions of the payoff function and the set of strategies in accordance with the

structure of the network then we obtain the continuous model, where S!, §2, ..., $™
and F;O(sl, s2, ..., 8™ =i(s!, 52, ..., s™) are defined as follows:
Each subset 7, i € {1,2, ..., m} represents the set of solutions of the system

> s)’;’yzl, Vx € X;;
yeX (x) (3.13)
s)"c,y >0, Vx € X;, y € X(x),

and

) m . .
R N D D D SRR A

j=lxeX; yeX(x) (3‘14)

+ z Z M;,nyy i=1725""m’
xeXx0 yeX(x)

where g, for x € X are determined from the following system of linear equations

> > pPryax=qy. Vye XY
xeX yeX(x)

Zs)ic,y‘lx:q% VyeX;,i=1,2,...,m; (3.15)

xeX

ZQXZI-

xeX

According to Theorem 3.4 in the case of perfect Markov processes for the game with
payoff functions (3. 14) (3. 15) on the compact sets determmed by (3.13) there exists
a Nash equilibrium s* (s , *, ...,s"™), where each s* corresponds to a basic

solution of the system (3.13). So, we can use the continuous model (3.13-3.15) for
determining a Nash equilibrium for a discrete game on the network.

As a corollary from Theorem 3.8 we obtain the following result.
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Theorem 3.13 Let (G, {Xi}izm, X0, {ci}i:m, p,X) be a stochastic positional
game with a given starting position x € X and average payoff functions

Ffl(sl, s2,., s™), F%(sl, s2, sy, F)Tm(sl, s2,... 8™
of the players 1,2, ..., m, respectively. Assume that for an arbitrary situation s =
(s',s2,...,s™) of the game the transition probability matrix P* = (py,y) induces

a Markov unichain. Then there exist the functions

g X—>R, i=1,2....m

and the values W', W?%, ..., W™ that satisfy the following conditions:

() e —ei4c,, - >0, VxeX;, i=12,....m

(2) min {5;—5§C+c§6)y—wi}=0, VxeX;, i=1,2,...,m;

yeX(x)
B) &= X pryeh+pl—w =0, VxeX’ i=12...,m
yeX
(4) On each position set X;, i € {1,2,...,m} there exists a map s Xi — A
such that
s'"(x) = y* € argmin {E’y —ey+ oy — w’} , VxeX;
YEA(x)
and
Ej —5j+cj —wl =0, VxeX;, j=1,2 m
y* X X, y* =0, i»J =124 ...,m.
The set of maps sl*, sz*, ..., 8™ determines a Nash equilibrium situation
s ¥ = (s *, sz*, ..., S™*) for the stochastic positional game (G, {Xi}i=lTn’ X0,
{c’}i:m, p,X) and
in(sl s " =W, Ve X, i=1,2,...,m.
Moreover, the situation s* = (sl*, sz*, ..., 8™ is a Nash equilibrium for an

arbitrary starting position X € X.

Obviously, the average game control model on the network can be represented as
an average stochastic positional game. On the other hand an arbitrary stochastic
positional game can be reduced to a game-theoretic control model on networks using
the construction from Sect. 2.3.2. Thus, the stochastic positional game is equivalent
to the game-theoretic control problem on a certain network.
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3.1.7 Saddle Point Conditions for Average Stochastic
Antagonistic Positional Games and Determining
the Optimal Strategies of the Players

We obtain the stochastic antagonistic positional game with an average payoff
function from the game-theoretic model from Sect. 3.1 in the case m = 2 and
¢ = ¢ = —c!. So, this game is determined by the finite sets of strategies of the
players S!', S? and the payoff function Fy, : S' x §> — R, where Fy,(s!, s?) for
a fixed strategies s' € S', s? € S? is equal to an average cost per transition in the
Markov process induced by the strategies s' and s2, if the system starts transitions

in xg, i.e.,

Fy, (sl, sz) = wa(sl, s2).
We denote this game by (X, A, X1, X2, ¢, p, x0), where c = 2 = —cland X is the
starting position of the game.

Based on Theorem 3.4 we may conclude that in the case of unichain Markov
processes for stochastic antagonistic positional games a saddle point exists and the
corresponding conditions for determining the optimal stationary strategies of the
players can be derived from Theorem 3.8.

Below we show that in the stochastic antagonistic positional game the saddle
point exists for an arbitrary Markov decision process [90]. So, we prove that for an
arbitrary stochastic antagonistic positional game (X, A, X1, X2, ¢, p, xo) with an
average payoff function F (s!, s2) there exist the stationary strategies sl*, 52" for
which

Feo(s', 5% = max Izniélz Fo(s', s?) = Izniélz max Feo(s', s%). (3.16)
ste sce sce st e

We prove the existence of a saddle point for the payoff function Fy, (s, 52 by
using the results from Sect. 2.3.5.

Theorem 3.14 Let (X, A, X1, X2, ¢, p,X) be an arbitrary stochastic positional
game with an average payoff function Fx(s', s*). Then the system of equations

£y +wy = max 4 eot, Vxe Xy
x aeA(x)[Mx’a_i_y;(px’) y] 1

(3.17)

15 wy = min ¢ evt, VxeX
x T Wy aeA(x)l/ix,a +yze);l7x,) Y] 2

has a solution under the set of solutions of the system of equations
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wy = max E ¢ wet,  VxeXp;
* aeA(x){ Px.y X]
yeX

(3.18)

wy = min E pewet,  Vx e X,
acA(x) Y
yeX

i.e., the system of equations (3.18) has such a solution w}, x € X for which there
exists a solution €%, x € X of the system of equations

£x + wi = max [ux,a + ZP)‘j’ysy], Vx € X1;
acA(x) vex

(3.19)

ex +wi = min {ux,a + Zp;ysy], Vx € X».
acA(x) yex

The optimal stationary strategies of the players

s x> dl € A(x) for x € Xy;

2 x> azeA(x) for x € X»

in the stochastic positional game can be found by fixing the arbitrary maps s f(x) €
A(x) for x € X1 and sl*(x) € A(x) for x € X, such that

s (x) € (argmax ’ Z p;yw;‘]) ﬂ (argmax [ux,a + Z p)“my&:;f}),
(3.20)

acA(x) acA(x)

yeX yeX
Vx € X4
and
s (x) € (argmin [ Z pﬁ’yw;“]) m (argmin [ux,a + z p)“c’yet]).
acA() Loy acA(x) vex ’ (3.21)
Vx € Xp

For the fixed optimal strategies s1 s2 the corresponding values of the payoff

function Fy(sl*, sz*) coincide with the values w% for x € X and (3.16) holds.

1

Proof Let x € X be an arbitrary state and consider the stationary strategies 5= €

S!, 5% € S? for which

Fr(5',5%) = min max Fe(s', s?).
52€§? sleS!
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We show that

Fr(5',5%) = max min Fe(s!, s?),
sleS! s2eS?
i.e., we show that (3.16) holds and 5! = s!*, 52 = 52",

According to Theorem 2.32 and Corollary 2.33 for the situation s = (5", 52) the
system of linear equations

Ex + wx Zﬂx,a+zpz,y5y, VxeXl,azil(x);
yeX
Ex + wx :/Jx,a'i_zpz,ygyv Vx € X2ya=§2(x)§
X
' (3.22)
we= > pl wy. Vx € X1, a=75"(x);
yeX
Wy = Zp?,ywx, Vx € X2, a=5%(x)
yeX

has the solution €%, w* (x € X) which for a fixed strategy 5> € S? satisfies the
condition:

et wk >y + ZPJ“W&;, Vx € X1, a € A(x);
yeX
=2 .
6; +w; = Mx,u + Z pfclyy&\;v Vx € X27 a=s (x)7
yeX
wi > sz’yw:, Vx € X1, a € A(x);
yeX
<2
wi= Zp;‘!yw;k, Vx € X2, a =5"(x)
yeX

and F, (5',5%) = w¥, Vx € X.
Taking into account that F (E1 , Ez) =ming g Fy (El , %) then for a fixed strategy

5! € S! the solution £*, w* (x € X) satisfies the condition

e+ Wi =pxa+ Zp;ysj‘v, Vx € X1, a=5"(x);
yeX
* .
e+ wh < pya+ Zp;yay, Vx € Xo, a € A(x);
yeX
_1 .
w;:Zp;wa, Vx € X1, a=75 (x);
yeX
wi< > pl Wl Vx € Xa, a € A(x)
yeX
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So, the following system

Ex +wy > piyg + Zp)‘:,yey, Vx € X1, a € A(x);
yeX
a .
Ex +wy < flra+ D, Ph ey, VX E X, a € A(x);
yeX
we = D Pl we, Vx € X1, a € A(x)(x);
yeX
wy < prj’ywx, Vx € X2, a € A(x)
yeX

has a solution, which satisfies condition (3.22).

. — * —
This means that s!™ = sl, s2* =52 and

max min Fx(s',s*) = min max Fe(s', s?), Vx € X,
s1eSl s2e§? 52eS? sleS!

i.e., the theorem holds. O

Thus, the optimal stationary strategies s1*, 52" of the players for an average
antagonistic positional game can be found by using the solutions of the system
of Egs. (3.17), (3.19) and the conditions (3.20), (3.21). The solution of the system
(3.17), (3.19) that satisfies the conditions (3.20), (3.21) can be found by using iterative
algorithms like algorithms for decision problems from Sect. 2.4.

Algorithm 3.15 Determining the Optimal Stationary Strategies of the Players
in Antagonistic Games with an Average Payoff Function

Preliminary step (Step 0): Fix the arbitrary stationary strategies

sé:x—)yeX(x) for x € X1,

s(%:x—>yeX(x) for x € X».

that determine the situation sy = (sé, sg).

General step (Step k, k > 1): Determine the matrix P*-! that corresponds to the
situation s; = (s,L1 , 51%71) and find w*-! and £%-! which satisfy the conditions

(PS=1 — W1 = 0;
Pk 4 (P — [)eS=1 — %=1 = (),

Then find a situation s = (s,:, s,%) such that
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1
si(x) € argmax [ Z p)‘i’ywi"’l ], Vx € Xyq;
acA(x) yex

2
s2(x) € argmax[ > p)?’},wik’l ], Vx € X»
acA(x) yeX

and set s = sp_ if
1 Sio
s, (x) € argmax { >’ piywx [, Yx e Xy

acA(x) yeX

2
st (x) € argmax[ > p;yw;k’l }, Vx € X».
acA(x) veX

After that check if s = sp_1? If sp = sx—1 then go to the next step k + 1; otherwise
choose a situation s; = (s,l, s,%) such that

1
s,l (x) € argmax [,ux,a + > p;‘,yg‘;k—l(x)} Vx € X1
acA(x) yeX
2 a s,ffl(x)
sp(x) € argmax § fixq + PeyEy Vx € X»
acA(x) yeX
and set s = s;_ if
1 Sp_q ()
Sp_1(x) € argmax { fixq + . Py yEy Vx € X1;
acA(x) yeX
2 a s,ffl(x)
Si_y(x) € argmax { fixq + 2. PeyEy Vx € X».
aceA(x) yeX

After that check if sy = sg—1? If sy = s then STOP and set s'* =5} |, s*" =
513—1; otherwise go to the next step k + 1.

Remark 3.16 If p,, € {0.1}, Vx,y € X then the algorithm is transformed for
determining the optimal stationary strategies of the players in deterministic parity
games.

The convergence of the algorithm described above can be determined in a sim-
ilar way as the convergence of the iterative algorithm for determining the optimal

solution of the Markov decision problem with an average cost optimization criteria
(see [115, 140]).
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3.1.8 Saddle Point Conditions for Average Stochastic
Antagonistic Positional Games on Networks

We obtain the average stochastic positional games on networks from the
game-theoretic control model on the network from Sect. 3.1.6 in the case m = 2
and ¢ = ¢ = —c!. This stochastic antagonistic game is determined by a tuple
(G, X1, Xy, X0, ¢, p,x), where G = (X1 U X, U X0, E) is the graph of the states’
transitions of the dynamical system with the cost function ¢ : E — R, the set of
positions of the first player X, the set of positions of the second player X» and the
probability function p : E¢ — [0,11on E® = {e = (x,y) € E|x € X°, y € X}
that satisfy the condition Zye X Pxy =1, VxeX 0. The stationary strategies of
the players are determined by the maps
shix > y e X(x) forx € Xyq;

s2:x > yeXkx) forx e X,

and for the average payoff function we have

Fx(sl,sz) = sz(sl,sz) = —Fxl(sl,sz).

Using the results from Sect. 3.1.6 we may conclude that the saddle point for this
antagonistic game exists. Moreover, from Theorem 3.14 we obtain the following
result.

Theorem 3.17 Let an average stochastic antagonistic positional game (G, X1, X»,
XY, ¢!, p, ) be given. Then there exist a function ¢ : X — R and the values wy for
x € X that satisfy the following conditions:

(1) ey —ex+cyy—wy <0, Vx € Xy;

(2) max {ey —ex +cyy —wr} =0, Vxe Xy,
eX(x)

B) ey —ex+tocexy —wy 20, Vx € Xo;

(4) min {ey —ex +cyy —wx} =0, Vx e X/

yeX(x)
(5) wy = max wy, Vx € Xy;
yeX(x)
(6) wy = min wy, Vx € X».
yeX(x)

The optimal stationary strategies s and s** of the players can be found by fixing
the arbitrary maps
sl*:x—>yeX(x) for x € Xy;

sz*:x—>yeX(x) for x € X»
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such that

(x.s"" () € EL)nENx), Vx e X
and

(x, 52" (x)) € E2(x) N E2(x), Vx € Xa,
where

E,L(x) = {(x, y)€E ] y € argmax(ey — &y + Cx,y —wy) g, for x € Xy;
yeX(x)

Eg(x) = {(x,y) € E|y € argmaxwy}, for x € Xy;
yeX(x)

E,f,(x) = {(x, y)€eE ] y € argmin(ey — €y + Cx,y —wx)}, for x € Xo;
yeX(x)
Ecz(x) = [(x,y) €eE | y € argminwy}, for x € X».

yeX(x)

In addition wy = F;(sl*, sz*), Vx € X.

We obtain the proof of this theorem if we specify the conditions of Theorem 3.17
for the game-theoretic control model on networks.

The considered stochastic antagonistic positional game on networks generalizes
antagonistic deterministic cyclic games from [29, 43, 142]. The saddle point con-
ditions for cyclic games proved in [43] can be obtained from Theorem 3.17 for the
case X¥ = ¢.

3.1.9 Applications of Average Stochastic Positional Games for
Studying Shapley Stochastic Games

In 1953 Lloyd Shapley introduced a class of stochastic games that generalizes Markov
decision processes and repeated games (see [124]). Below we show that the stochastic
positional games are tightly connected with Shapley stochastic games and can be used
for studying some problems concerned with the existence of Nash equilibria in such
games.

A stochastic game in the sense of Shapley is a dynamic game with probabilistic
transitions played by several players in a sequence of stages, where the beginning of
each stage corresponds to a state of the dynamical system. The game starts at a given
state from the set of states of the system. At each stage the players select actions from
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their feasible sets of actions and each player receives a stage payoff that depends on
the current state and the chosen actions. The game then moves to a new random state
of which the distribution depends on the previous state and the actions chosen by the
players. The procedure is repeated at the new state and the game continues for a finite
or infinite number of stages. The total payoff of a player is either the limit inferior
of the average of the stage payoffs or the discounted sum of the stage payoffs.

So, an average Shapley stochastic game with m players consists of the following
elements:

1. A state space X (which we assume to be finite);

2. A finite set A’(x) of actions with respect to each player i € {1, 2, ..., m} for an
arbitrary state x € X;

3. A stage payoff f’(x,a) with respect to each player i € {1,2,...,m} for each
state x € X and for an arbitrary action vector a €[ [, Al (x);

4. Atransition probability function p : X x [[,cx [1; A’ (x) x X — [0, 1] that gives
the probability transitions p{ | from an arbitrary x € X to an arbitrary y € Y for a
fixed action vector @ € [; A’ (x), where YiexPiy =1, VxeX, a€l]; Al (x);

5. A starting state xo € X.

The stochastic game starts in state xg. At stage ¢t players observe state x; and

simultaneously choose actions af S Ai(x[), i = 1,2,...,m. Then nature selects
state x,+1 according to probability transitions py’. y for a fixed action vector a; =
(a,1 , a,z, ..., a"). Aplay of the stochastic game xo, ap, x1, a1, ..., X;, d;, ... defines
a stream of payoffs fé, fli , fzi ,..., Where

fi=fl,a), t=0,1,2,....

The z-stage average stochastic game is the game where the payoff of player i €
{1,2,...,m}is

oo
F Z;Zf';
=1

The infinite average stochastic game is the game where the payoff of player i €
{1,2,...,m}is

F' = lim Fti.

t—00
In a similar way the Shapley stochastic game with expected discounted payoffs of
the players can be defined. In such a game along to elements described above also a
discount factor A (0 <\ < 1) is given and the total payoff of a player represents the

expected discounted sum of the stage payoffs.
By comparison Shapley stochastic games with stochastic positional games we
can observe the following: The probability transitions from a state to another state as
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well as the stage payoffs of the players in a Shapley stochastic game depend on the
actions chosen by all players, while the probability transitions from a state to another
state as well the stage payoffs (the immediate costs of the players) in a stochastic
positional game depend only on the action of the player that controls the state in
his position set. This means that a stochastic positional game can be regarded as a
special case of the Shapley stochastic game. Nevertheless we can see that stochastic
positional games can be used for studying some classes of Shapley stochastic games.

The main results concerned with determining Nash equilibria in Shapley stochas-
tic games can be found in [35, 41, 65, 95, 104, 130]. The existence of Nash equilibria
for such games are proven in the case of stochastic games with a finite set of stages
and in the case of the games with infinite stages when the total payoff of each player is
the discounted sum of stage payoffs. If the total payoff of a player represents the limit
inferior of the average of the stage payoffs then the existence of Nash equilibrium in
Shapley stochastic games is an open question.

Based on the results from previous sections we can show that in the case
of the average non-antagonistic stochastic games a Nash equilibrium may not
exist. In order to prove this we can use the average stochastic positional game
X, A, {Xi}i—to {ci}i:m, p, xo) from Sect. 3.1. It is easy to observe that this
game can be regarded as a Shapley stochastic game with average payoff functions
of the players, where for a fixed situation s = (sl, s, s™) the probability tran-
sition py. y from a state x = x(¢) € X; toastate y = x(f + 1) € X depends only on

strategy s’ of player i and the corresponding stage payoff of playeri € {1,2,...,m}
is equal to p} = Zye X pfc’yc;’y. Taking into account that the cyclic game repre-

sents a particular case of the average stochastic positional game and for the cyclic
game Nash equilibrium may not exist (see [43, 79]) we obtain that for the average
non-antagonistic Shapley stochastic game Nash equilibrium may not exist.

Note that Theorem 3.4 can be extended for average Shapley stochastic games, i.e.
we can ensure the existence of Nash equilibrium for such games in the case when an
arbitrary situation induces a Markov unichain. Moreover, Theorems 3.6 and 3.8 and
3.14 also can be extended for Shapley stochastic games.

3.2 Stochastic Positional Games with Discounted
Payoff Functions

In this section we apply the concept of noncooperative games to discounted Markov
decision problems and formulate a new class of stochastic games which we call
stochastic positional games with discounted payoff functions or discounted stochastic
positional games [69, 91]. We show that for the considered class of games a Nash
equilibrium always exists.
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3.2.1 Problem Formulation

We formulate the stochastic positional game-theoretic model for the discounted
Markov decision problem in a similar way as the game-theoretic model from the
previous section. We apply the game-theoretical concept to a discounted Markov
decision process (X, A, p, ¢) with finite set of states, finite set of actions A, the prob-
ability transition function p : X x X x A — R, the cost functionc : X x X — R
and a given discount factor v, 0 < v < 1. So, for our game-theoretic model we
assume that m transition cost functions ¢ : X x X — R,i = 1,2, ..., m, are given
and the set of states X is divided into m disjoint subsets X1, X», ..., X, where X;
represents the positions set of the playeri € {1, 2, ..., m}. Thus, the Markov process
is controlled by m players, where each player i € {1,2, ..., m} fixes actions in his
positions x € X; using stationary strategies. We define the stationary strategies of
the players in this game as m maps:

i

s'ix >aeAx) for xeX;; i=1,2,....m
Let s',s%,...,5™ be a set of stationary strategies of the players that determine
the situation s = (sl,sz, ...,8™). Consider the matrix of probability transitions

P = (p} y) which is induced by the situation s, i.e., each row of this matrix corre-

sponds to a probability distribution px 00 4 in the state x where x € X;. If the starting

state xq is given, then for the Markov’ process with the matrix of probability tran-
sitions P* we can determine the discounted expected total cost afm (sl s, s™)
with respect to each playeri € {1, 2, ..., m} taking into account the corresponding
matrix of transition costs C! = (cx v) So, on the set of situations we can define the
payoff functions of the players as follows:

Siol 2 i 12 .
F;O(s,s,...,sm)za;o(s,s,...,s'"), i=1,2,...,m.

In such a way we obtain a new discrete noncooperative game in normal form which

is determined by the sets of strategies S!, S?, ..., S” of m players and the payoff
functions defined above. In this game we are seekmg for a Nash equlhbrlum ie.,
we are seeking for such strategies s1* ,sz*, el s‘_l*,s’* I §mF of the

players for which it holds:
=i * * i1k gk o
F;(sl,sz,...,s’ Vg™, st 5™

~ ik ok e . o
SF;O(SI cs2 s s s e, st eS, i=1,2,...,m.

This game is determined uniquely by the set of states X, the positions sets X1,
X, ..., X, thesetofactions A, the cost functions¢’ : XxX - R,i =1,2,...,m
the probability function p : X x X x A — [0, 1] the discount factor  and the starting
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position xg. Therefore, we denote it by (X, A, {X,-}i:m, {ci }i:W’ P, X0). Aswe
have mentioned above we call this game stochastic positional game with discounted
payoff functions.

3.2.2 Determining Nash Equilibria for Stochastic Positional
Games with Discounted Payoff Functions

We show that for stochastic positional games with discounted payoff functions a Nash
equilibrium always exists, if the discount factor + satisfies the condition 0 < v < 1.
To prove this result we shall use a continuous discounted game which represents the
game-theoretic model for the following continuous optimization problem:
Maximize

Pxo (0, 8) = 0xg (3.23)
subject to
Tx _,‘YZ z Sx,a p)‘:,y Oy = Z Sx,a Mx,a» Vx € X;
yeX acA(x) acA(x)
> sa=1 VxeX: (3.24)
acA(x)
Sx,a = 0, Vx € X, a € A(x),
where

a
Mx,a = E Px,yCx,y-
yeX

This problem represents the continuous model for the discounted decision problem
in the Markov decision process (X, A, p, ¢) with given discount factor v and fixed
starting state xo. As we have shown the system of linear equations (3.24) has a unique
solution with respect to o, and, therefore, the objective function (3.23) on the set of
feasible solutions depends only on s. It is easy to observe that the optimal solution
of the problem (3.23), (3.24) is not changed if the equations in (3.24) are replaced
by inequalities (<). If we dualize after that (3.23), (3.24) with respect to oy for fixed
s then we obtain the following problem:

Minimize

Bro(: ) =D D wasrabh (3.25)

xeX acA(x)
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subject to

By=7 > D plyscal =0, ¥y € X\ {xo}:
xeX aceA(x)

By — 'YZ Z pﬁ,y Sx.afx =1 for x = xo;
xeX acA(x) (3.26)

Z Sya=1, Yx € X;
acA(x)
By=0VyeX; 5:0>0, VxeX, aeAXx).

Using elementary transformations in this problem and introducing the notations
Qx.a = Sx.afx, VX € X, a € A(x) we obtain the following linear programming

problem:
Minimize
G (s, B =D D frara (3.27)
xeX acA(x)
subject to
By=v>. > plyan=0, ¥ye X\ {xoh
xeX aeA(x)
By=r2. 20 Piyax=1 x=xo
xeX acA(x) (3.28)
Z Qx.a = By, Vx e X;
acA(x)
By >0, VyeX; aya>0, VxeX, aecA).

If (a*, 3*) is an optimal basic solution of the problem (3.27), (3.28) then the optimal
stationary strategy s* for the discounted Markov decision problem is determined as
follows:

. 1, ifa

s = . a %0
X.a 0, ifa

=0.

a

*
¥ (3.29)
X,

and oy , = sy 0y, Vx € X, a € A(x).

It is easy to observe that 8, > 0, Vx € X if for the considered Markov decision
process there exists anactiona € A(xp) suchthat py, y > 0, Yy € X. Withoutloss of
generality we may assume that such a condition for our problem holds; otherwise we
can add a fictive action a’ in the state xo for which p{ | > 0, Yy € X (3. cx Py, =

1) and cfj(/),y = K, Vy € X, where K is a suitable big value.

For the continuous model of the discounted Markov decision problem we can
prove a similar property as for the average Markov decision problem.
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Lemma 3.18 Let a Markov decision process (X, A, p, ¢) with a discount factor vy,
0 < v < 1 be given. Consider the function

(Pxo(s) = Oxp»

where oy for x € X satisfies the condition

Ox _’YZ Z Sx,a P?,y Oy = Z Sx,a Mx,a» Vx € X. (3.30)

yeX acA(x) acA(x)

Then the function @y, (s) depends only on sy, for x € X, a € A(x) and it is
monotone on the set S of solutions of the following system:

Z sxa=1, Yx eX;
acA(x)

Sx.a > 0, Vx € X, a € A(x).

The proof of this lemma is similar to the proof of Lemma 3.1.

Based on the results above we can formulate the continuous game model with m
players for the discounted Markov decision problem as follows:

Ontheset § = S x §% x --- x §™ we consider m payoff functions
i=1,2,...,m,

i 1 2 m i
pro(s L85, .., S ):axo,

where o', for x € X satisfy the conditions
i k i k i .
oy — 'yz Z Sx.q Dx.yOy = Z Syalya Yx€Xp i k=1,2,...,m,
yeX acA(x) acA(x)

where

,u;’az E p;ycﬁc’y, ik=1,2,...,m.
yex

This game model possesses the same property as the previous continuous model:

e The set of Nash equilibria solutions of the continuous model is non empty if and
only if the set of Nash equilibria solutions of the game in positional form is not
empty;

o If (s!,s2,...,s™) is an extreme point of S then l/f“:’;(sl, s s = <p;(sl, 52,
o,8™), Vx € X, i = 1,2,...,m and all Nash equilibria solutions for the
continuous game model that correspond to extreme points in S represent Nash
equilibria solutions for the game in positional form.
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As a corollary from Lemma 3.18 we obtain the following result.

Lemma 3.19 For an arbitrary discounted Markov decision process each function
gojco(sl, s2. ,s™), 1 € {1,2,...,m} possesses the property that @&0(51, 52, e,
Ei_l, st Ei+1, ..., 8™) is monotone with respect to st e st for an arbitrary fixed

shesSk k=1,2,...,i—1,i+1,....m.
Using this lemma we can prove the following theorem.

Theorem 3.20 Let (X, A, {X;},_17m> {ci}i:m, P, 7, X) be a stochastic positional
game with a given starting position x € X and discounted payoff functions

ol 12 m 2.1 2 m Tmo 12 m
Fo(s',so,...,87), Fo(s',s7,...,87), ..., Fi(s .87, ...,8™)
of the players 1,2, ..., m, respectively. Then in this game there exists a Nash
equilibrium s* = (sl*, s2*, ..., $™). Moreover, for this game there exists a solu-
tion s* = (s'™, s2%, ..., s"™*) which is a Nash equilibrium for an arbitrary starting

position x € X.

The proof of this theorem is similar to the proof of Theorem 3.4.

Using Theorem 3.20 we can prove the existence of a saddle point for an arbitrary
antagonistic stochastic positional game with a discounted payoff function. We obtain
the antagonistic case of the game with a discounted payoff function from the general
model of the discounted stochastic positional game if m = 2 and ¢ = ¢? = —c!.
So, this game is determined by the finite sets of strategies of the players S', S?
and the payoff function Fy, : S! x §2 — R, where Fy,(s', s2) for fixed strategies
s e S!, 52 € S? is equal to the expected total discounted cost in the Markov process
induced by the strategies s! and s2, if the system starts transitions in xo, i.e.,

Fi(s',5%) = 0y (5", 57).
We denote this game by (X, A, X1, X2, ¢, p, 7, X0), where ¢ = 2 =—cl, X 1is the
starting position and v, (0 < v < 1), is a given discount factor. From Theorem 3.20
we obtain the following result.

Corollary 3.21 Let (X, A, X1, X2,¢, p,v,x) be an antagonistic stochastic

positional game with a given starting position x € X and a discounted payoff

function F) (sl, s2), where s' € S!, 2 € S%. Then for this game there exist the
S 2% 2 :

strategies s € S', s=° € S° for which

~ % ox PN PN
Fx(s1 ,52 ) = max min Fx(sl,s2) = max min Fx(sl,sz), Vx e X. (331
sleS! 52e82 5s2eS? sleS!

Theorem 3.20 can be extended for discounted stochastic positional games on
networks (G, {X;};_y7n X°. {¢'};_17m - 7. X), where G, X;, p,c are defined in
the same way as for the average game model on networks; ~y is a discount factor that
satisfies the condition 0 < v < 1.
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The values of the payoff functions I’*:;(sl, s2, .. .,s™), i =1,2,...,m in this
game are determined by the expected total discounted costs in the Markov process
induced by the situation s = (s', s%,...,s™) where each strategy s’ represents a
map s’ : x — y € X(x) for x € X;.

Respectively, Corollary 3.21 can be extended to antagonistic positional games on
networks (G, X1, X», X0 ¢, P, ", x) with a discount factor v and ¢ = = —ch.

The optimal stationary strategies of the players for the discounted game can be
found using the continuous game-theoretic model in the same way as for the average

stochastic positional game.

3.2.3 Discounted Stochastic Positional Games with Different
Discount Factors for the Players

In the stochastic positional game model for discounted Markov decision problems
formulated in Sect. 3.2.1 it is assumed that the discount factor  is the same for all
players. In general this game model can be formulated and studied for the case if for
different players the discount factors may be different. So, if we assume that for each
playeri € {1, 2, ..., m} his own discount factor ; is given then the corresponding
payoff functions I?;O (sl, s, s™), i = 1,2,...,m of the players for a fixed
starting state xo are defined as follows:

Let s',s2,...,5™ be a set of strategies of the players. Then we calculate
the expected total discounted costs ofco (sl, s, s™), i = 1,2,...,m for the
Markov process with the matrix of probability transitions P* induced by the solution

s = (sl, s2, ...,s™) where the transition costs of the players are discounted with
respect to the corresponding discount factors ;, i = 1, 2, ..., m. After that we set
I/*"Zo(sl,sz,...,sm) =Ui0(s1,s2,...,sm) i=1,2,...,m.

We denote this game by (X, A, {X;};_7» "Y1 P i Y=o X0)-

For this game Lemma 3.18 also holds if in the corresponding continuous game
model with different discount factors the payoff functions of the players on the
compact set S = S! x §2 x --- x §™ are defined as follows:
i=1,2,...,m,

i 1 2 my _ i
apxo(s,s,...,s )—O’xO,

where o', for x € X satisfy the conditions

. k : k i . .
ajc—’yiz Z sx,ap)“(’yor;z Z Syala VX € Xy i, k=1,2,...,m.
yEX acA(x) acA(x)

This implies that Theorem 3.20 holds for the game with different discount factors of
the players. So, for the considered game there exists a Nash equilibrium.



3.2 Stochastic Positional Games with Discounted Payoff Functions 249

3.2.4 Determining Nash Equilibria for Discounted Stochastic
Positional Games Using a Potential Transformation

Nash equilibria conditions for the discounted stochastic positional games can be
formulated in the term of a potential transformation using a dual linear programming
model (2.109), (2.110) and Theorem 2.44.

Theorem 3.22 Let a discounted stochastic positional game (X, A, {Xi};_1,,
{ci}izm, P, 7, Xx) with a discount factor 0 < ~ < 1 be given. Then there exist

the values i, i = 1,2, ..., m, for x € X that satisfy the following conditions:

x?

() fhy+v > plyol—ol =0, YxeX;, YaeAw), i=12_...m
yeX

() agg&)iu;,aﬂy%p;ya;—a;]=o, VxeX;, i=1,2,....,m;

(3) on each position set X;, i € {1,2,...,m} there exists a map si* Xi —> A
such that

st (x) =a* e argmin IM;’“ +7 Z p,‘j,yo; — Ji], Vx € X;
acA(x) yeXx

and

ui’a*+72pﬁfy0§—0§=0, VxeX;, j=12,...,m.
yeX

The set of maps sUF g2 am

determines a Nash equilibrium situation
s* = (sl*, sz*, ..., 8™ for the discounted stochastic positional game (X, A,
{Xi}itom ¢} ion P> X) and

*

in(s1 .52 ,...,sm*)zo’f, VxeX, i=1,2,...,m.

Moreover, the solution s* = (sl*, sz*, ..., $"™*) is a Nash equilibrium for an arbi-
trary starting position x € X.

Proof According to Theorem 3.20 for a discounted stochastic positional game there

exists a Nash equilibrium s* = (s'*, s2%, ..., s*), and

0; = I?)é(sl*,sz*,...,sm*), VxeX, i=12,...,m.
Let us fix the strategies s' ", s2%, ... si=1% /1% §™* of the players 1,2,
...,i—1,i41, ..., mandconsider the problem of determining the expected total dis-

counted cost with respect to the player i. Obviously, the optimal stationary strategy for
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this problem is s *. The solution of this decision problem can be determined by using
the dual linear programming model (2.109), (2.110). According to Theorem 2.44 for

this problem there exist the values 0’;, i =1,2,...,mfor x € X that satisfy the
conditions:
() phg+7 D plyoh =0k =0, VxeX;, YaeA), i=12,....m
yeX
2) aIEI}qi&) ’u}’a —l—va;"yU; — a;] =0, VxeX;i=12,...,m.
yeX
Moreover, for fixed strategies sl*, sz*, R si_l*, si*, si+1*, ..., 8™* of the corre-

sponding players 1,2,...,i —1,i + 1, ..., m we can select the strategy st of the
player i where

s'*(x) € argmin [,ui’a +7 Z p)‘j’ya; - 0;]

acA(x) yex
and
=i, 1% 2% i .
Fis' ,s7,...,s") =0k, VxeX, i=12,...,m.
This means that the conditions (1)-3) of the theorem hold. (Il
Remark 3.23 For the game with different discount factors ~i,7v2,...,Ym

Theorem 3.22 holds if in conditions (1)—(3) of the theorem we replace v by 7;.

Using the result proven above we can formulate saddle point conditions for
discounted stochastic antagonistic positional games. We obtain such games from
discounted stochastic positional games in the case m = 2 forc = ¢> = —c'. As a
corollary from Theorem 3.22 we obtain the following saddle point condition for a
discounted stochastic antagonistic game.

Corollary 3.24 Let (X, A, X1, X2, ¢, p, ¥, X) be an arbitrary stochastic antagonis-
tic positional game with a discounted payoff function Fx(s', s%). Then there exist the
values oy for x € X that satisfy the conditions:

(D afenj()}(c) {ux,a + 7y %piyay - ax] =0, VxeX, where
y

a .
Hx,a = Z Px yCx,ys
yeX(x)

2) aIeriligc) Iﬂx,a +7 ZX Pf,yffy - Ux] =0, VxelXs.
ye
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1*

The optimal stationary strategies s, 52" of the players in the game can be found

by fixing the maps

sl*(x) = a* € argmax i/ix,a +9 > pf:,yay - ax], Vx € Xy;
acA(x) yeX

sz*(x) = a* € argmin [,ux,a +9 > p;yay — ax], Vx € X»,
acA(x) yeX

where

Based on the results above we can propose the following iterative algorithm for deter-
mining the optimal stationary strategies of the players for discounted antagonistic
positional games.

Algorithm 3.25 Determining the Optimal Stationary Strategies of the Players
in an Antagonistic Game with a Discounted Payoff Function

Preliminary step (Step 0): Fix the arbitrary stationary strategies

sg i xi —>a€Alx) for x; € Xy;
sé 1x; > a € A(x;) for x; € X;.

and determine the situation so = (sé, sg).
General step (Step k, k > 0): Calculate

_ Sk=10x;) _sp—1(x;)
Hxj s = E Pxiy ' Cxiyy
yeX(xi)

for every x; € X. Then solve the system of linear equations
Sk—1(xi) .
O-)C,' Zin,sk,l(xi)‘i"Y Z px],(,xlj O-Xj9 = 1729""’1
xjeX

k=1 _k—1

and find the solution Oy 5 Oxy s e

., o—,’g;l. After that determine the new strategies

s,i 1x; > a € A(x;) for x; € Xy,
st ixi —>ae€Alx) for x; € Xo,

and the corresponding solution s; = (s,l, s,%), where

s,i (xj) = argmax I:MXi’a + v Z pz,—,x,— g§i1i| for x; € Xy;

acA(x;) xjeX
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s2(x;) = argmin |:Mx,-,a +7 Z pg,-,x,- o'];[__l:| for x; € X».

acA(x;) xjeX
Check if the following condition holds

1 1
sp(xi) =58, ,(xi), Vx; € Xyq;
R (3.32)
s (i) =5, (%), Vx; € X7

If the condition (3.32) holds then fix
_ 4k Vo .
N = Oxs x;i € X1;
§2% = s,:; U;“’_ = U/;l_, Vx; € Xo;
otherwise go to the next step k + 1. The strategies s' * and 52" represent the optimal
stationary strategies of the players in the game.
The convergence of this algorithm can be derived in a similar way as the conver-

gence of the iterative algorithm for determining the optimal solution of the Markov
decision problem with a discounted optimization criterion (see [115, 140]).

3.2.5 Nash Equilibria Conditions for Discounted
Games on Networks

From Theorem 3.22 we can derive Nash equilibria conditions in the term of potential
transformation for a discounted game-theoretic model on networks.

Theorem 3.26 Let a discounted stochastic positional game on the network
(G, {Xi}izm, X0, {ci}izm, P, 7, X) with a discount factor v, 0 < v < 1, where
G = (X, E) is the graph of the state’s transition of the dynamical system and
X = Uf”:] X; U X0 be given. Then there exist the values Ufc, i=1,2,...m, for
x € X that satisfy the following conditions:

() ci,y+’y0"v—(7i20, VxeX;, VyveXx), i=12,....,m;

(2) yg(igc){c;’y +’ya§, —0l}=0, VxeX;, i=12....m

3) ,ui—}—v Z px,yoi,—aizo, VxeXO, i=1,2,...,m;
yeX(x)

(4) on each position set X;, i € {1,2,...,m} there exists a map st X - X
such that

s () =yt e argmin{y’ + 70; —ol}, Vx e X;
yeX(x)



3.2 Stochastic Positional Games with Discounted Payoff Functions 253

and
¢ Aol —al =0, VxeX;, j=1,2
X, y* '70),* oy =0, VX i» J=1,4,...,m.
The set of maps sl*, sz*, ..., S™* determines a Nash equilibrium situation s* =
(sl*, sz*, ..., 8™*) for the discounted stochastic positional game on the network

(G7 X& {Xl}l:ms {Cl}l:mv 77 pvf) and

o~ * * i .
in(s1 52 ,...,sm*)zaﬁ?, VxeX, i=1,2,...,m.

Moreover, the situation s* = (s1 , s25 s™*Y is a Nash equilibrium for an arbi-

trary starting position x € X.

Inthe case m = 2, ¢ = ¢ = —c! from Theorem 3.26 we obtain the following result.

Corollary 3.27 Let a discounted antagonistic stochastic positional game on the
network (G, X1, X3, X0 ¢, P, 7, X) with a discount factor 0 < ~ < 1, where
G = (X, E) is the graph of the states’ transition of the dynamical system and
X = X1 U X, U XY be given. Then there exist the values o, for x € X that satisfy
the following conditions:

(1) max {cy,y +v0y —0x} =0, VxeXy;
YEX (x)

(2) min {cyy +v0y —0x} =0, Vxe€ Xy;
yeX(x) 7

(B) e+ D pryoy—o0y =0, VxeXO

yeX(x)
The optimal stationary strategies s1, 2% in the antagonistic game that satisfy the
condition

~ * * — . ~
Ff(sl ,s2 ) = max min Ff(sl,sz) = min max Fy(sl,sz), Vx e X
sleS! s2e82 s2eS? sleS!

can be found by fixing

s ) = y* € argmax{cy,y +y0y — oy}, Vx € Xi
YEX (x)

and

sz*(x) = y* € argminf{c, y +v0, — 0y}, Vx € Xo.
yeX(x)
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3.3 Nash Equilibria Conditions for Stochastic Positional
Games with Stopping States and Determining Optimal
Strategies of the Players in Dynamic c-Games

In this section we apply the game-theoretical concept to a Markov decision problem
with a stopping state and formulate the game-theoretic model for this problem.
We specify Nash equilibria conditions for the considered game using the discounted
positional game and develop algorithms for determining the optimal stationary
strategies of the players in a dynamic c-game on networks.

3.3.1 Problem Formulation and the Main Results

We consider the stochastic positional game with a stopping state for a perfect Markov
processes with stopping state. We obtain this game from a discounted stochastic
positional with 0 <~y <1 assuming that the perfect Markov decision process contains
an absorbing stopping state z € X. We denote the stochastic positional game with
a stopping state by (X, A, {X;},_1,, {Ci}ilen’ P, 7 X0, 7). Here xg is the starting
state of the decision process and z is the state in which the process stops as soon as
this state is reached. In the considered game for the absorbing stopping state z we
will assume that ¢l . =0, i =1,2,...,m.

If 0 < v < 1 then Nash equilibria conditions for the positional game with an
absorbing stopping state can be derived from Theorem 3.22 considering cé,z =
0,i=1,2,...,m.

Below we assume that v = 1 and formulate Nash equilibria conditions for the
game with an absorbing stopping state if the cost functions doi=1,2,....m,
satisfy the condition

¢hy>0,VxeX\{zg}, yeX, i=12....mc_ =0 i=12._..m,

Z,2
and for the players there exists at least one solution s = (s!,s2,...,s™) which
generates a unichain Markov process with an absorbing state z and ¢, , = 0,

i=1,2,..., m. We define the payoff functions

12 2 .12 = 1 2

Fo(s'ys s s™), Fy(s'ys s s™), F;g(s 87, 008™
of the players for the game with the conditions mentioned above in the following way:
Lets', s2, ..., s™ be a fixed set of strategies of the players 1, 2, ..., m and assume
that v € (0, 1]. Then for a fixed starting state x the situation s = (st s, s™)
induces a Markov process for which we can determine the expected discounted total
cost

ol 5% ™), Yye© ), i=1,2,...,m.

X0
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Foreachi € {1, 2, ..., m} we define
I?)’;O(sl, s2,., s™) = lim 07; (s, s2... 8™,
y—1 0

where fj;o (s',s%,...,5™) represents the value of the payoff function for player
i if the corresponding strategies shs2 ..., s™ of the players 1,2,...,m are
fixed. Obviously, Fi(s',s%,...,5™) > 0, Vx € X\ {z},i = 1,2,...,m, and
F;(sl,sz,...,s’") < oo, for x € X\ {z},i = 1,2,...,m if the situation
s = (sl, s2..., s™) with fixed starting state x generates a Markov chain with absorb-

ing state z; otherwise Eﬁ(sl,sz,...,sm) =ooforx € X\ {z},i =1,2,...,m.

We obtain a characterization of Nash equilibria situations in the considered game on
the bases of the following theorem.

Theorem 3.28 Let a stochastic positional game X, A AXi} 1> {c! }":T”!’
p,7,X,z) with a stopping state 7 where v = 1 and the cost functions c',
i=1,2,...,m, satisfy the condition

¢hy>0,VxeX\{zg}, yeX, i=12,....mic =0 i=12..m

X, 2,2

be given. Additionally, assume that for the considered game there exists at least one
solution s = (s] R s™) that generates a unichain Markov process with an
absorbing state z. Then for the payoff functions

1,1 2 m 2.1 2 m Tmo 12 m
Fo(s',s™.00,8™), Fe(s',s™,.00,8™), oo, FE(Gs 87, 00,8™)
on the set of strategies S', S?, ..., S™ of the players in this game there exists a Nash
equilibrium s'*, s¥*, ..., s™*.
Moreover; there exist the values o', i = 1,2,...,m, for x € X that satisfy the

following conditions:
) ol=0,i=12,....,m;
Q) phg+ D pliol—ok 20, Vxe X\ {2} Yae Ax), i =1,2,....m;

yeX
(3) min I/”Li‘*“ + > pl ol — a;] =0, VxeX\{z}i=12....m;
yeX
(4) on each position set X;, i € {1,2,...,m} there exists a map st Xi —> A
such that

s (x) =a* e argmin [,ui’a + z pfj’yoi, - Ui], Vx € X;
acA(x) yex
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and
:“;]c,a* +sz,vU§ -0l =0, VxeX;, j=1,2,...,m.
yeX
The set of maps sl*,sz*,...,sm* determines a Nash equilibrium solution
s* o= (sV s s for the stochastic positional game (X, A, {Xi};, _17n>

{ci}i:m, D, X, 7) with a final state z, where

in(sl 82 s =0y, VxeX, i=12,...,m.
The situation s* = (s'*, 52", ..., s™*) is a Nash equilibrium of the game for an
arbitrary starting position X € X.

Proof According to Theorem 3.20 for the discounted stochastic positional game
(X, A, {Xi}izﬁ’ {c’}izw, p,7, X, z) there exists a Nash equilibrium situation
s*(y) = (sl*(fy), sz*(v), ..., 8™*(¥)) for an arbitrary v € (0, 1). If an arbitrary
situation s = (s!, s2, ..., s™) does not generate a unichain Markov process with the
absorbing state z then taking into account that

¢, >0VxeX\{zg)yeX. i=12....mc =0 i=12....m

X,
we have

Fisl s, ™) = limlff”/yi(sl,sz,---,sm)ZOO» i=12, ..., m.
"}/—)

However, for an arbitrary situation which generates a unichain Markov process with
the absorbing state z it holds

Ffi(sl,sz,...,sm):UV;(SI,SZ,...,S’")<oo, i=1,2, ..., m

for an arbitrary v € (0, 1] because c; ; = 0.
This means that there exists 7y € (0, 1) such that for an arbitrary v > vy (v < 1)

the corresponding Nash equilibrium solution s ! * ), 52" ™), ..., s™* () of the game
with discount factor - induces a unichain Markov process with the absorbing state z.
So, we obtain a Nash equilibrium solution s* = (s 1 *, sz*, ..., s"™*) for the stochastic

positional game with stopping state z in the case v = 1 as follows

o~

FiGls™ s = lim B ) sT ) s o) i = L2,
y—>

The conditions (1)—(4) of the theorem can be obtained from the conditions of
Theorem 3.22 for v = 1 in the case if an arbitrary Nash equilibrium solution s*
of the game generates a Markov unichain with the absorbing state z.
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For the absorbing final state we obtain Ué =0,i=1,2,...,m because cé, .=
0,i=1,2,..., m. Moreover, the values o,, x € X for optimal stationary strategies
s, s2% 0 5™ of the players in the game with the absorbing stopping state z

coincide with the values €}, x € X for the game with average payoff function,
where Fi(s'™, 2", ... ") =0,i=1,2,....m O

It is easy to see that the result described above can be extended for some classes of
stochastic positional games with a stopping state if 7 is an arbitrary real value. Nash
equilibria conditions for such games can be derived also on the basis of Theorem 3.22.

3.3.2 Stochastic Positional Games with a Stopping State
on Networks and Determining Nash Equilibria

We formulate the stochastic positional game with a stopping state on networks using
the network model of discounted stochastic positional games from Sect. 3.2.5 in
the case that the graph G = (X, E) contains a vertex z which can be reached from
every x € X. In terms of stationary strategies of the players this means that for
the discounted stochastic positional game (G, {Xi}i:m, X0, {ci}izm, DY X, 2)
with a stopping state z there exists at least one solution s = (s1 Js2 ., s"™) which
generates a Markov unichain with an absorbing state z. We formulate Nash equilibria
conditions for this game in the case that v = 1 and the cost functions ¢/ : E —
R, i =1,2,...,m, satisfy the conditions: cé >0,VeeE,i=1,2,...,m, and

¢ =0fore, = (z,2),i=12....m.

Theorem 3.29 Let (G, {Xi}i:m, X0, {Cl}i=W’ P,v,X,2) be a stochastic
positional game on networks with a stopping state z where v = 1 and the cost
function c¢', i = 1,2, ..., m, satisfy the condition

cjc’y >0, VxeX\{z}, yeX(x), i=1,2,...,m; c; ., =0,i=12,....m.
Additionally, assume that for the considered game there exists at least one solution
s = (s1 s, s™) that generates a unichain Markov process with an absorbing

state z.
Then for the payoff functions

o, 1 2 2.1 2 il 1 .2
Fo(s',s™,.o,8™), Fe(s', s, o,8™), o, FY (st s, ..., 8™)
on the set of strategies S', S?, ..., S™ of the players in this game there exists a Nash
equilibrium sl*, sz*, ..., 8™*. Moreover, there exist the values eni=12,...,m,

for x € X that satisfy the following conditions:
() eb=0, i=12,....m;
Q) ¢, +e,—el =0, VxeX;\ {2}, VyeX(), i=12,....m;
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(3) y?xifi){ci’y el —el}=0, VxeX;\f{z}, i=12,....m
(4) for each x € X° it holds

o+ S Pt — el =0, i = 12

yeX
5) on each position set X;, i € {1,2,...,m} there exists a ma si* Xi — X
p p
such that
i* % s i i .
st (x)=y" € argmm{cx’y +e, - e, Yx € X;
yeX(x)
and
¢ ol —el =0 VxeX, i, j=1,2,....m
X, yp* y x =Y, is Ly ] =1,4,...,Mm.
The set of maps sl*, sz*, .., 8™ determines a Nash equilibrium solution s* =
p q
(sl*, sz*, ..., 8™ for the stochastic positional game (X, A, {(Xi}—1m>
{ci}i:m, D, X, ) with a stopping state z, where
in(sl .52 ,,”7sm*):g%, VxeX, i=12,...,m.
The solutions* = (s'*, s2*, ..., s"*) isa Nash equilibrium for an arbitrary starting

positionx € X.

We obtain the proof of this theorem from Theorem 3.28 if we regard the game as
a particular case of the discounted stochastic positional game from the previous
section, where the strategies of the players are defined as maps s* : x — y € X (x)

forxeX;,i=12,....m.Heree!. =o0},i=12,...,m.

3.3.3 Determining Optimal Stationary Strategies
of the Players in Dynamic c-Games

In[9, 12,77, 83] the following dynamic game on networks has been studied. Let G =
(X, E) be adirected graph of the states’ transitions of the dynamical system L with a
given partition X1, X», ..., X, of the vertex set X, where the corresponding subsets
X;,i=1,2,...,m are regarded as position sets of m players 1,2, ..., m.

Graph G possesses the property that each vertex contains at least one leaving
directed edge and on the edge set E there are defined m cost functions

ci:E—>R, i=1,2,...,m.
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These functions represent for each directed edge e = (x, y) € E the corresponding
costs c X,y )25 MRS cy y» for the players if the dynamical system makes a transition
from the state x to the state y through the directed edge ¢ = (x, y). Additionally, in
G two vertices xp and x y are distinguished, where x( represents the starting position
of the game and x s is a position in which the game stops.

Thus, the game starts in the position xo at the moment of time r = 0. If xq
belongs to the set of positions Xy, of the player kg € {1, 2, ..., m} then the move
is done by player ky. Move means that the player k¢ fixes an outgoing directed edge
e; = (xp, x1) and the dynamical system makes a transition from the state xq to the
state x1 € X (xp). After the first move the dynamical system is in the state x| at the
moment of time ¢ = 1. If x| belongs to the set of positions Xy, of the player k; then
the move is made by player k1 € {1, 2, ..., m}, i.e., player k1 selects a new position
x7 for the state’s transition of the system and so on. The game stops at the moment of
time ¢ if the state x s is reached, i.e., if x, = x 7. This game may be finite or infinite.
If the final state x s is reached at a finite moment of time ¢ then the game is finite;
otherwise the game is infinite. Each player in the game has the aim to minimize his
own integral cost Zt;:lo céz. In this game we are seeking for a Nash equilibrium.

In [77, 83] the considered game is called dynamic c-game and it is denoted by
(G, {Xi}; 1 fc 2 }i—Tm» X0, Xr). Below we formulate conditions for determining
Nash equlhbrla in a dynamic c-game. We show that if in G the vertex x  is attainable
from the vertex xo and the cost functions are positive then a Nash equilibrium exists.
Moreover, we show that the optimal strategies of the players in the game can be found

in the set of stationary strategies Sy, S», ..., S;;,. We define the stationary strategies
of the players 1,2, ..., m as m maps:
st x >yeXx) for xeX;, i=1,2,....m

In the terms of stationary strategies the dynamic c-game in normal form with payoff
functions

Hy (57, oos™) e (15?0 s™), oy Hi (5157, 000s™)
of the players 1, 2, ..., m can be defined in the following way.
Lets!, s2, ..., s™ be a fixed set of strategies of the players 1, 2, ..., m. Then in

G the subset of directed edges E’Y = {(x,s'(x)) € E|x € X;} corresponds to the
set of transitions of the dynamical system in the states x € X; controlled by player
ie{l,2,...,m}

The subset E; = U;"=1 E§ in G generates a subgraph Gy = (X, E;) in which
either a unique directed path Py (xo, x s) from x¢ to x s exists or such directed path
in G does not exist.

Ifst, s2, ..., s™ generate in G a subgraph G, which contains a unique directed
path Ps(xo, x ) from x¢ to x z, then we put
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Hi 6% sM = D0 c i=12.m (333
e€E(Py(x0,xf))

where E(Ps(xo,xy)) represents the set of directed edges of the directed path
P (x0, x7).

If in G, there is no directed path from xo to x s then a unique directed cycle Cj
with a set of edges E(Cy) can be obtained wif we pass through directed edges from
xo. Therefore, there exists a unique directed cycle Cy, which we can get from xg
and a unique directed path P](x¢, x"), which connects x¢ and C; (the vertex x’ is

a unique common vertex of P;(xo, x’) and Cy). In this case H)lcoxf (st 52, ..., s™),
i =1,2,...,m are defined as follows:
+00, if Z cé > 0;
e€E(Cy)
. i : i _ 0.
Hi(s' 2. s = D e Y =0 (3.34)
0xs e€E(P!(x0,x")) e€E(Cy)
—00, it > <.
e€E(Cy)

It is easy to observe that the dynamic c-game represents a particular case of the net-
work model of a stochastic positional game with a stopping state z = x r. We obtain
the dynamic c-game from a stochastic positional game in the case X° = 1. Therefore,
from Theorem 3.28 we obtain the following result.

Theorem 3.30 Let (G, {Xi};_1,. {ci}l,m,xo,xf) be a dynamic network for
whzch the vertex xy in G is attainable from every x € X. Assume that the vectors

(Ce1 , 82, .. e‘E‘) i €{l1,2,...,m} have positive and constant components.
Then in a dynamlc c-game on the network (G, {Xi}izm’ {ci}i:m, x0, x ) for the
players 1,2, ..., m there exists an optimal solution sU5 825 .. ™" in the sense of
Nash, which satisfies the following properties:

e the graph Gy« = (X, Es+) generated by s1,s2%, ... s™* has the structure ofa
directed tree with a sink vertex x ¢;
o s 2T L g represents the solution of a dynamic c-game on the network

(G AXi}—1oms {ci}izm, x, xy) with an arbitrary starting position x € X and a

given final position x r.

This theorem has been formulated and proved in [9]. Theorem 3.29 represents a
generalization of this theorem for stochastic positional games. In [9] the following
result has also been proved.

Theorem 3.31 Let (G, {X;};_1,;. {

vertex xf in G is attainable from every x € X. Assume that the vectors ¢! =
(ci i’ c’ez, oo os Cop)r 1 € {1, 2, ... m} have positive and constant components. Then
on the vertex set X of the network game there exist m real functions

ci}l_m, X0, Xf) be a network for which the
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el X >R 2 xR, &M X > R

which satisfy the conditions:

(1) &, —el +c, =0, Y(x,y)€E, i=12,...,m, where
Ei ={e = (x, y)eEIxeXi, y € X}

(2) min {5 —e +c }=0, VxeX;, i=12, ..., m;
yeX(x)

3) the subgmph G = (X, EO) generated by the edge set E0 = EOUE0 ~UE,(,)1,

={e=(x,y) € E; |€ —el 4+t —0} i=1,2,. mhastheproperty
that the vertex xy is attainable from any vertex x € X and G° contains a
subgraph 50 = (X ,FO), £ C E, which possesses the same property and
besides that
Eiy —5i+ci’y =0, Y(x,y) EEO, i=1,2,...,m.
Ifel, €2, ..., " are arbitrary real functions, which satisfy the conditions (1)—(3),

then the optimal solution characterized by Nash strategies in the dynamic c-game
on the network (G, {Xi}i=17w {c"}i—1m» X0, x ) can be found as follows: Choose in

EO an arbitrary directed tree GT = (X, E*) with sink vertex x y and fix in GT the
following maps:
s x> vy e Xgrx) for x € Xy;

s2 x> y € Xgr(x) for x € X»;

s" x> ye Xgr(x) for x e X,

where Xgr(x) ={y € X | (x,y) € E*}.

Proof According to Theorem 3.30 for the considered dynamic c-game
(G AXi}—1om- {c'}i—1m» X0, xf) there exists an optimal solution characterized by
Nash strategies s 1 *, sz*, ..., s™* of the players 1, 2, ..., m and these strategies gen-
erate in G a directed tree GTy+ = (X, Ey+) with sink vertex x . In this tree we find

the functions

L'x >R 2:X—>R', ..., &": X >R
Wheree = H;xf( *,sz*,...,sm*), Vx e X,i=1,2,...,m. Itis easy to verify
thatel, g2, ..., " satisfy the conditions (1) and (2).

Additionally, we can see that in G there exists the graph EO = (X, EO), which

satisfies condition (3), because GT C 60 Moreover, if in G a directed tree
GTy = (X, Ey), which is different from G T+, with sink vertex is chosen, then
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G Ty generates another optimal solution characterized by a Nash solution s’l, s’ 2,

m
8

Now let us show that if
L' SR 2 X>R,...,": X >R,

are arbitrary functions, which verify the conditions (1)—(3), then an arbitrary directed

tree GT = (X, Eg+) of 50 generates the maps:
s x> y € Xgr(x) for x € Xy;

2 x> y e Xgr(x) for x € Xy;

s ix > yeXgr(x) for x € X,

which correspond to an optimal solution characterized by a Nash solution.

We use the induction on the number m of the players in the dynamic c-game.
In the case that m = 1 the statement is true, because X| = X and the conditions
(1)—(3) for positive cé provide the existence of a tree GT = (X, Es+) of optimal
paths, which corresponds to the solution s'™ for the problem of finding the shortest
paths from x € X to x7 in G.

Assume that the statement holds form < k,k > 1,andletus proveitform = k+1.
We consider that the first player fixes his strategy s! = s! * and consider the problem
of finding an optimum by Nash strategies in the network game with respect to other
players. The obtained game in the positional form can be interpreted as a c-game
with m — 1 players, since the positions of the first player can be considered as the
positions of any other player. Furthermore, we consider them as the positions of the
second player.

Thus, if we fix s! = s, then we obtain a new game with m — 1 players, where
we may consider the position of the first player as the position of an arbitrary other
player; we will consider these positions as the positions of the second player. This
means that we obtain a new c-game (G1, X% X3, ..., X, c%, C‘?, S et xo, x ),
where X!, G! and the functions c‘i, i =2,...,m, are defined as follows:

X;=XUXy, G=(X.(E\E)UE\.)

and the cost function c] on(E\ Ep)U E! RE is induced by the cost function 2.

In the normal form this game is determined by the payoff functions

2 1% 2, 1* 2 m m 1* 2 m
H)C()Xf( s S ) xO_xf( 38T, e, S )7 HX()Xf( 38T, e, S )7
where s2 € Sy, 52 € S3, ..., 5™ € Sy S5, S3, ..., S are the respective sets of

feasible stationary strategies of the players 2, 3, ..., m.
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In this new dynamic c-game (G1, X%, X3, ..., X, c%, c?, oo xo, xp) we
consider m — 1 functions

2:X>R, xR, ..., "X >R,

which satisfy the conditions:

(1) e, — ¢ +c’i(x’y) >0, V(x,y)€E!, i=2,...,m, where
E;:{e:(x,y)eE1 lx e X! yeX),
Ei1 ={e=(x,y)€eE' |xeX;,, yeX}, i=3,....m

2 min {e2 — 2 4+ 2 =0, VxeX!

@ yexcl(x){ ot !

: 2 2 i _ L .

yer)?;?(x){sy —ei+ Cl(x,y)} =0, VxeX;, i=3,...,m;

(3) the subgraph G = (X, ElO) generated by the edge set EV = E%O U Eg U

0

U---UEY, E;‘ = {? = (;c,y) € E)|el —5§+c%(x’y) =0, E) = {e =
(x,y) € E; | e‘y —el + c’l(x’y) = 0}, i = 2,...,m, has the property that
the vertex x ¢ is attainable from any vertex x € X and G contains a subgraph

—10 10
G' = (X, E : ), which possesses the same property and besides that

. . . _10 .
5’},—5§C+cll(x’y):0, Yx,y) € E , i=2,...,m.

According to the induction assumption, in the dynamic c-game (Gl, X% X3, ..

.

X, c%, c%, ol c’f’, X0, X ) the stationary strategies 52*, s3*, ..., 8™ induced by
the directed tree GT = (X, Egx),

2% X fe Xl.

57 tx = yeXgrx) for x € Xy;

PEMEE N vy € Xgr(x) for x € Xs;

s" i x > ye Xgr(x) for x e X,

where 52*()() = sl*(x) for x € X and Ez*(x) = sz*(x) for x € X5, determine a
Nash equilibrium.

Thus,

i 1* 2% 3% i—1% i i41* m*

Hxxf(s L8787 ..., S ,8 8 R A |

< HL (V7,623 s s S ey st e Sy, 2 <i <m.

XX f
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Also, it is easy to verify that

* * *
Hxle(s1 82 s < Hxle(sl,s2 5™, vstes,
k * . .
because for fixed s2°, s3*, ..., s™* in G the problem of finding
. *

min H! (s', 5?7, ..., s"") forx e X
1 f
N eSl

becomes the problem of finding the shortest paths from x to xy in the graph
G' = (X, E’), generated by a set Ey and the edges (x,s*(x)), x € X;, i =
2,3, ..., m, with costs ce} on the edges ¢ € E’. On this graph the following condition
is satisfied:

ey -ty =00 V(x.y) e E,

which implies

1 1* 2% 1 1 2% 1
H”f(s L85, s < Hxxf(s LSS, 8™, Vst e Sy,
because H;xf(sl*, s25 0 s = 5)](, Vx € X.
Hence s'*, 52", ..., s™* is a Nash equilibrium for the dynamic c-game. (I
Remark 3.32 Let
el X >R 2. xR, &M X > R
be arbitrary real functions on X in G and El, 52, ..., ™ are m new cost functions
on the edges e € E obtained from cl 2, ..., ™ as follows:
—i i i i P
Coy =6y — &+ Cyy, Yx,y) € E, i=1,m. (3.35)
Then the dynamic c-games determined on the networks (G, X1, X2, ..., Xy, cl, 2,
oo™ x0, xp) and (G, X1, Xo, ..., Xy, 2%, ..., 7™, xo, xf), respectively, are
equivalent because the payoff functions H)’;Xf (s',s2,...,s™) and ﬁ;xf st s2, ...,
s™), i =1,2,...,min such games differ only by a constant, i.e.,
i 12 =t 12 i i
H;xf(s 87, 8 = Hxxf(s 8T, s e (xp) — €N ().

In [79, 83] the transformation (3.35) is named the potential transformation of the
edges’ costs of the players in the game.

Remark 3.33 The conditions of Theorem 3.31 ensure the existence of the

optimal stationary strategies s s2% ., ™" of the players 1,2, ..., m for every
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starting position x € X in a dynamic c-game on the network (G, X1, Xo, ...,
Xl c2, o e™x, x ) with positive and constant cost functions ch e oM.
If ¢!, c2, ... ,c™ are arbitrary constant functions then the conditions of
Theorem 3.31 represent necessary and sufficient conditions for the existence of
optimal stationary strategies s' *s2 ..., ™ in the dynamic c-game on the net-

work (G, X1, X2, ..., X, et M x, x r) for every starting position x € X.

On the basis of the obtained results we can propose the following algorithm for
determining Nash equilibria in the considered dynamic game with constant costs on
the edges of the network.

Algorithm 3.34 Determining Nash Equilibria for the Dynamic c-Game on an
Acyclic Network

Let us consider a dynamic c-game for which the graph G = (X, E) has the structure
of an acyclic directed graph with sink vertex x s. Then a Nash equilibrium for the
dynamic c-game on the network can be found as follows:

Preliminary step (Step 0): Fix X0 = {x} and put Ei()Cf) =0,i=1,2,...,m;

General step (Step k, k > 1): If X \ X*~! = ¢ then STOP; otherwise find a vertex
xk e X\Xk—1 for which Xc;(xk) c Xk where X(;(xk) ={yeX| (xk, y) € E}.
If x¥ € X;,, i € {1,2,...,m}, then find an edge (x*, y¥) for which

giykk + C;kk’yk - yeglcir(lxk){g;k " Cikk’y}.
After that put
Eik =€;k +Cik,yk’ i=1,2,....,m
and
Xk = x*1u k.
Then go to the next step.
If the functions €', i = 1, 2, ..., m, are known, then the optimal strategies of the

* *
players sV s2% ..., s™* can be found as follows:

Find a tree GTy+ = (X, E+) in the graph@o = (X, EO) and fix the strategies
si(x):x—> yeXi, (x,y)eEx, i=1,2,....,m.

Example Let a dynamic c-game be given on an acyclic network with two players
represented in Fig. 3.1, i.e., the network consists of a directed graph G = (X, E) with
partition X = X U X», X1 = {0, 1,4, 5}, X» = {2, 3}, a starting position xg = 0,
a final position xy = 5 and costs of the players 1 and 2 as given in parenthesis in
Fig. 3.1. In Fig. 3.1 the positions of the first player are represented by circles and the



266 3 A Game-Theoretical Approach to Markov Decision Processes . . .

2.2)

(6.8)

Fig. 3.1 The network for the acyclic c-game

positions of the second player are represented by squares. We consider the problem
of determining optimal stationary strategies of the players in this dynamic c-game
with an arbitrary starting position x € X and a fixed stopping position x y = 5.

If we apply Algorithm 3.34 we obtain

Step 0
X0 =15} el =0, e2=0.

Step 1
X \ X0 # 0, therefore, find a vertex x' € X \ X© such that Xg(x!") € X9, ie.,
x! = 4. Vertex 4 belongs to the set of positions of the first player and we calculate

W =el+3=3 ef=cl+5=35
x'=x%0 {4 =(5,4).

Step 2
X\ X! # ¢ and find vertex x> € X \ X! such that Xg(x?) € X!, ie, x> = 2.
Vertex 2 belongs to the set of positions of the second player and we calculate

min{e3 + ¢3 5. € + ¢3 4} = min{6, 6} = 6.

So, we obtain this minimum for the edges (2,4) and (2, 5). Here we can fix an
arbitrary edge from {(2, 4), (2, 5)}. For example, we fix edge (2, 5). Then at step 2
we obtain

2 o 1 1 1 _ A
g5 = 6; 82—854—6‘2’5—2,

x> =x'u{2=12,4,5}.
Step 3

X\ X2 # @; x> = 3. Vertex 3 belongs to the set of positions of the second player,
therefore, we find
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min{e3 + cg,z, e + c§,4, e2(5) + c(23’5)} =17.
So, we obtain this minimum for ¢ = (3, 2). We calculate

5% =5%+c§’2 =17; 5% =5;+c§’2 =4;
X3 = Xx*u {3 =1{2,3,4,5).

Step 4
X\ X3 # @; x* = 1. Vertex 1 belongs to the set of positions of the first player,
therefore, we find

min{e} + c%’z, el + c%’3} =3.

So, we obtain this minimum for e = (1, 2). We calculate

1 1 1 2 2 2
€1=€2+C1,2=5; 61262+C1’2=8;

Xt =x3u{1}=(1,2,3,4,5}.

Step 5
X\ X* # #; x> = 0. Vertex 1 belongs to the set of positions of the first player,
therefore, we find

min{a% + c(l))z, 5} + c(l)’l, 5% + c(1)!3} =5.

We determine

5(1) = 6% +cé,2 =3; 5(2) = sg +cg’2 = 10;

X =x*U{0}=1{0,1,2,3,4,5).

Step 6
X\ X3 =¢ STOP.

Thus, according to Theorem 3.31 we can determine a tree of the optimal paths
GTs+ = (X, Eg+) that corresponds to the optimal stationary strategies of the players:

sl*:0—>2; 1—-2;, 4—5;
1255 32

The graph GTg+ = (X, E;+), generated by the corresponding edges that determine
!, is represented in Fig. 3.2.
Note that at step 2 the minimal value 52 is not determined uniquely because
e + c2 s = e+ c2 4 = 6. Therefore, if at this step we select the directed
edge (2,4), then in the followmg the calculation procedure leads to another set of
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Fig. 3.3 The directed tree GTy+ = (X, Es+) for the second solution

optimal stationary strategies of the players. Below the result of the algorithm with
the mentioned alternative at Step 2 is presented.

Step 0
5% =0, sg =0.

Step 1
Ei =3, Ei =5.

Step 2
el=4, &=6

Step 3
5% =0, 8% =17.

Step 4
5% =17, 5% = 8.

Step 5§
5(1) =17, 5% = 10.

In this case the corresponding directed tree GTg+ = (X, Eg+) is represented in
Fig. 3.3. This directed tree corresponds to the optimal stationary strategies:
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sl*:0—>2; 1—2;, 4-—5;
sz*:2—>4; 3= 2.

Algorithm 3.35 Determining Nash Equilibria in a Dynamic c-Game on an
Arbitrary Network Based on the Reduction in Comparison to the Case with
an Acyclic Network
Let us consider a dynamic c-game with m players and let the directed graph G have
an arbitrary structure, i.e., G may contain directed cycles. Moreover, we consider
that for x ;s there are no leaving edges (xr, x) € E. We show that in this case the
problem can be reduced to the problem of finding optimal strategies in an auxiliary
game with a network without directed cycles.

We construct an auxiliary directed graph G = (Z, E) without directed cycles,
where Z and E are defined as follows:

z=7vuz'vuz?yU...uzX-1,

where
7= (g2 2. aly ) =002 X - 1,
AN ANE , zIXI-1 represent the copies of the set X;
E=E'VUE'UE?U...UEXIT2UET,
where

E ={G, ™) | tax) € B}, j=0,1,2,...|X| =2
Ef = (G ™) [ exp) e B, j=0.1,2,....1X| -3},
It is easy to observe that the vertex z‘;ﬂ_l is attainable in this graph from any z{ € Z°.

If we delete in G all vertices z};, for which there is no directed path from z;'( to z’}, then

we obtain an acyclic directed graph G = (z, E/) with sink vertex z?‘_l. In the
following we divide the vertex set Z’ into m subsets Z/, Z5, ..., Z,, corresponding
to the position sets of the players 1, 2, ..., m, respectively:

Zi=td eZ |xxeX, j=0,1,2,...,1X| - 1};

Zh={d €eZ |xx € Xa, j=0,1,2,...,X| — 1};

7l ={zl € Z |xi € Xp, j=0,1,2,...,1X|—1}.
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— .
We define on the edge set £ the cost functions as follows:

& =l Ve T e B =012, X =2, i=1,2,...m

7.z
_ X|—1 .
C; |X|—1=xkxf V(Zk,ll yeES, j=0,1,2,...,1X| - 3.
UYly
After that we consider adynamic c-game on the network (6,’ Z, Zé, e 2y, ¢, Ez,

., zo, z‘;ﬂ 1) where 6/ is an acyclic directed graph with sink vertex Zl;ﬂ—l_

If we use Algorithm 3.35, then we determine the values gl Vz',i e Z',i =
Zk

1,2,...,m. It is easy to observe that if we put 5xf =0,i =1,2,...,m, and

e =¢ - 1»Vxr € X\{xs},i = 1,2,..., m,then we obtain functionse’ : X — R,

which satlsfy the conditions (1)—(3) from Theorem 3.31. Thus, we find the tree
GT = (X, Ey), which corresponds to the optimal strategies s}, s5, ..., s, of the
players in our dynamic c-game.

Algorithm 3.35 is inconvenient because of the great number of vertices in the auxiliary
network.

Furthermore, we present a simpler algorithm for finding optimal strategies of the
players.

Algorithm 3.36 Determining Nash Equilibria for the Dynamic c-Game with an
Arbitrary Network

Preliminary step: Assign to every vertex x € X a set of labels a}c, sﬁ, co, ER

follows:

as

e, =0, Vi=12..m
el = o0, VxeX\{xs}, i=12,....,m.

X

General step (step k (k > 1)): For every vertex x € X \ {x s} change the labels el (x),

i=1,2,...,m,in the following way: If x € Xy then find vertex X for which

k k
e+ ¢ —= min {¢e +c
x X,X yEX(X){ y }

Ifa > ek —}—cx f,thenreplaces (x)bya +cxx, =1,2,...,p. Ifs <k —i—cxx,
then do not change the labels. '
Repeat the general step n — 1 times. Then the labels e'.,i = 1,2,...,mforx € X

become constant.

Remark 3.37 1In the algorithm the labels gl (x),i =1,2,...,m, may become con-
stant after less than n — 1 steps. So, the algorithm stops if the labels become constant.

Let us state that these labels satisfy the conditions of Theorem 3.31. Hence, using the
labelse!,i =1,...,m,x € X, and Theorem 3.31, we construct an optimal solution
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2.4)

Fig. 3.4 The network for c-game that contains a directed cycle

characterized by Nash strategies of the players 1,2, ..., m. Algorithm 3.36 has the
computational complexity O (m|X|?|E|).

Example Letadynamic c-game of two players on the network represented by Fig. 3.4
be given. This network consists of a directed graph G = (X, E) with sink vertex
xy =5, given partition X = X1 U X5, X1 = {0,1,4,5}, X2 = {2, 3}, and the
costs for the players 1 and 2 written respectively in parenthesis in Fig. 3.4. We are
seeking for optimal stationary strategies of the players in the dynamic c-game with
an arbitrary starting position x € X and fixed stopping state x5 = 5.

Step 0 (Preliminary step)
el 22 _ 0
Fixe5 = 0, €5 = 0;
=52=5§=542‘=oo.
We repeat the general step 5 times. At each step we examine each vertex x € X

and update its labels 5}“ s% by using the condition of the algorithm; we will examine
the vertices according to their numerical order.

Step 1

Vertex 0 € X, therefore, calculate 5(1) = oo; this implies 5(2) = 00;
vertex 1 € X1, therefore, calculate 6(1) = 00; this implies s% = o0;
vertex 2 € X3, therefore, calculate

2 2 ) 2 2 2 : .
€5+c¢55= min{es + 565+ c2,4} = min{5, oo} = 5;
S0, s% = 5; this implies 5% = eé + Cé,s =3;
vertex 3 € X», therefore, calculate
5% + C%,S = min{sg + C%,s’ 5% + C%,z} =min{0+4,5+ 1} =4,
s0, €3 = 4; this implies e} = el + C;,s =042=2;

vertex 4 € X, therefore, calculate
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ey +cyz =minfef + ¢y 5,88+ ¢y} =minf0+4,24 1} =3;
S0, s}‘ = 3; this implies 53 = 5% + C42L3 =4+4+2=06;

vertex 5 € X; 5% =0, 5% =0.

Step 2

Vertex 0 € X, therefore, calculate 5(1) = oo; this implies 5(2) = 00;
el + c(l)’2 = min{e} + c(l)’z, el + c(l)’l,eé + c(l)ﬁ} =min{3+2,00+5,2+8} =35;
S0, 5(1) = 5; this implies 5% = 5% + c(z)’2 =445=09;

vertex 1 € X1, therefore, calculate

ey +cl, =min{e) +cj 5 el + o 3} =min{34+1,243} =4;
S0, 5} = 4; this implies 5% = a% + c%yz =5+4=09;

vertex 2 € X», therefore, calculate

€343 5 =min{el + ¢35, 65 + ¢3 4} = min{5, 8} = 5;

S0, s% = 5; this implies Eé = 5; + 03’5 =3;

vertex 3 € X», therefore, calculate

€34 ¢35 =min{el + ¢35, &5 + ¢3,} = min{4, 6} = 4;

S0, 5% = 4; this implies E% = aé + Cé,s =2;

vertex 4 € X1, therefore, calculate

5% + c%j = min{sé + C}t,s’ 5% + C411,3} = min{4, 3} = 3;

so, e} =3 and &2 = 6;

vertex 5 € Xl;eé =0, sg =0.

Step 3

Vertex 0 € X, therefore, calculate

5% + c(l)’1 = min{s% + c(l)’z, 5{ + c(l)’1 , sé + c(l)’3} = min{5, 9, 10} = 5;
S0, 5(1) = 5and 5% = 5% —i—c(%’z =09;

vertex 1 € X1, therefore, calculate

e+, =min{e) +cf el +cf 3} =min{3+ 1,243} =4;
so,s} =4and5% =5%+c%’2 =5+4=09;

vertex 2 € X», therefore, calculate

€343 5 =min{el + ¢35, €5 + ¢3 4} = min{5, 8} = 5;

S0, E% = 5and eé =3;

vertex 3 € X», therefore, calculate

5% + C%,S = min{sg + 63’5, 5% + C%,z} = min{4, 6} = 4;

S0, 6% =4 and 51(3) =2;
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Fig. 3.5 The tree of the optimal paths

vertex 4 € X1, therefore, calculate
ey + ¢y 3 =min{el + ¢} 5, €} + ¢} 3} = min{4, 3} = 3;
S0, 5}1 =4 and 53 =2.
After step 3 we observe that the labels coincide with the labels after step 2. So,
the labels become constant and we finish the algorithm. Finally we have obtained

1 _ 1 _ 1 _ 1 _ 1 _ 1 _p-
gg=235, g1 =4, &5=3, & , €4=3, e5=0;
2 2 2 2 2
=9, e1=9, &5=5, e5=4, g1 =6, €5 =

Thus, if we make the potential transformation of the edges’ costs then we can select
the tree GTy+ = (X, Es+) with zero cost of edges that satisfy the conditions of
Theorem 3.31. This tree is represented in Fig. 3.5.

So, the optimal stationary strategies of the players are the following:

sT0- 20 152 4 3:
sz*:2—>5; 3 — 5.

In [76, 77, 79] the non-stationary version of a dynamic c-game has been considered.
A similar result for the non-stationary game is obtained and algorithms for determin-
ing optimal strategies of the players are derived. Moreover, in [79] this game model
has been formulated and studied with the condition that the stopping position x s
should be reached at the moment of time #(x ), such that t; < #(xy) < 2, where
t1 and t, are given. However, efficient polynomial time algorithms for determining
Nash equilibria in such games can be derived only for the non-stationary case.

3.3.4 On Determining Nash Equilibria for Stationary Dynamic
c-Games and Multicriteria Problems with Restrictions
on the Number of Moves

The stationary dynamic c-game with restrictions on the number of moves of the
players has been formulated in [79]. In this game each player has the aim to min-
imize his integral-time cost and to reach the final state x s at the moment of time
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t(); f), such that 1 < 7(xy) < 12, where #; and 1, are given. The payoff functions

H)’Coxf(sl, s2, .. .,s™),i=1,2,...,minthis game are defined as follows.

Let s',s2,...,s™ be the set of stationary strategies of the players and
G, = (X, E;) be the graph generated by these strategies. Then we set

) L o S
H}roxf(s,s,...,sm): Z ¢, i=1,2,....m
e€E(Ps(x0,xf))

if 11 < |E(Ps(x0.xs))| < 12; otherwise we put H  (s'.s% ....s") = +oc.
In this case the problem of determining a Nash equilibrium in a dynamic c-game
is N P-hard [38, 79]. This problem is complicate even in the case m = 1 because
for t; = tp = |X| — 1 and unit costs on the edges it is transformed into the Hamil-
tonian path problem in a directed graph [38]. We have the same situation for the
stationary multicriteria problems of determining Pareto optima with a fixed number
of transitions. For the non-stationary versions of the considered problems there exist
polynomial time algorithms for determining Nash equilibria and Pareto optima. Such
algorithms are elaborated and formulated in [79].

3.4 Determining Pareto Solutions for Multicriteria
Markov Decision Problems

We formulate multicriteria models for Markov decision problems with average and
discounted optimization criteria applying the concept of cooperative games to the
framework of a Markov decision process (X, A, p, ¢) with a finite set of states X, a
finite set of actions A, a transition probability function p : X x X x A — [0, 1] that
satisfies the condition

> pl,=1 VxeX, VacA
yeX

and a transition cost function ¢ : X x X — R which gives the costs ¢y y if the
dynamical system makes a transition fromx € X to y € X.

We assume that in the decision process m actors (players) participate and for each
player i € {1,2,...,m} a transition cost function ¢/ : X x X — R, is given that
determines the costs cjlc’ y for the player i if the system makes transitions from x to
y. Additionally, we assume that the starting state xq is known and that the players
use a common stationary strategy

s:x —>ae€Ax) for xeX

of fixing the actions in the states.
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A fixed strategy s generates a Markov process for which we can determine the
average cost wfm (s) and the expected discounted cost aio (s) for a given discount
factor v with respect to each playeri € {1, 2, ..., m}.

If we denote F)fo(s) = cho (s), f;o (s) = wf(o(s), i =1,2,...,m,then on the set
of a stationary strategies S we obtain the vector functions

Fry(s) = (F} (5), F2 (5), ..., FI'(s)),
Fuo(s) = (FL (), FL (). ... FI'(s)).

In such a way we obtain multicriteria decision problems for which Pareto solutions
must be found. Each of the considered multicriteria decision problems can be reduced
to a single-objective problem using on S the corresponding convolution criteria

m
min — Fy (s) = ZHI-F;O(S),
i=1
m )
min — Fj (s) = »_0;F} ().
i=1

where 0; > 0,i = 1,2,...,m; Z;”zl #; = 1. Note that such a reduction of the
multicriteria decision problems to single-objective problems allows us to find Pareto
solutions, however, the approach mentioned above may not find all Pareto solutions
of the corresponding multi-objective problems (see [30]). Some classes of the multi-
criteria Markov decision problems and approaches for determining Pareto solutions
are described in [27, 40, 133, 137-139].

3.5 Deterministic Antagonistic Positional Games
on Networks and Algorithms for Finding
Optimal Strategies of the Players

The mathematical tool we develop in this section is related to deterministic antag-
onistic positional games on networks. We propose polynomial-time algorithms for
finding max-min paths in networks and for determining optimal strategies of the
players in antagonistic positional games. These algorithms are applied for studying
and solving cyclic games. The computational complexity of the proposed algorithms
is analyzed.



276 3 A Game-Theoretical Approach to Markov Decision Processes . . .

3.5.1 Zero-Sum Games on Networks and Polynomial Time
Algorithms for Max-Min Path Problems

In the previous section we have studied dynamic c-games with positive cost functions
on the edges. Therefore, we cannot use those results for zero-sum games. In the
following we study zero-sum games of two players with arbitrary cost functions on
the edges and propose polynomial-time algorithms for their solving. The main results
related to this problem have been obtained in [29,43,65-67, 83, 142]. Atfirst we study
a max-min path problem on networks, which generalizes classical combinatorial
problems of the shortest and the longest paths in weighted directed graphs.

This max-min paths problem arose as an auxiliary one if optimal stationary
strategies of the players in cyclic games are searched. In addition, we shall use
the considered dynamic c-game for studying and solving zero-sum control problems
with alternate player’s control [83]. The main results are concerned with the exis-
tence of polynomial-time algorithms for determining max-min paths in networks as
well as with an elaboration of such algorithms.

Let G = (X, E) be a directed graph with a vertex set X and an edge set E.
Assume that G contains a vertex x s € X such that it is attainable from each vertex
x € X,i.e., xy isasink vertex in G. On the edge set E a function ¢ : E — R, which
assigns a cost ¢, to each edge e € E is given. In addition the vertex set is divided
into two disjoint subsets X1 and X» (X = X1 U X», X1 N X, = @), which we regard
as position sets of two players.

On G we consider a game of two players. The game starts at the position xp € X.
If xo € X;, then the move is done by the first player, otherwise it is done by the
second one. The move indicates the passage from the position xg to the neighbour
position x; through the edge e; = (xg, x1) € E. After that if x; € Xy, then the
move is done by the first player, otherwise it is done by the second one and so on.
As soon as the final position is reached the game is over. The game can be finite or
infinite. If the final position x s is reached in finite time, then the game is finite. In
the case if the final position x 7 is not reached, the game is infinite. The first player
in this game has the aim to maximize >, c., while the second one has the aim to
minimize > co,.

The considered game in normal form in the terms of stationary strategies can be
defined as follows: We identify the stationary strategies s' and s of the players with
the maps

sl:x > yeXx) for x e Xy;

sz:x—>yeX(x) for x € X»,

where X (x) represents the set of extremities of edges e = (x,y) € E, i.e.
X(x) ={y € X|e = (x,y) € E}. Since G is a finite graph then the sets of
strategies of the players
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S'={s':x > yeXx) for xeX};
S?={s?:x > yeX(x) for x e Xy}

are finite sets. The payoff function Hy,(s', s2) on S' x $? is defined by the
following way:

Letin G beasubgraph Gy = (X, E,) generated by edges of the form (x, s'(x))
for x € X and (x, s%(x)) forx € X,.Then either a unique directed path Py (xo, x )
from x¢ to xy existsin Gy or such a path does not existin Gy. In the second case
in Gy there exists a unique directed cycle Cy, which can be reached from xg.

For given s! and s we set

HyGs' s = D e

e€E(Ps(x0,xf))

ifin Gy there exists adirected path Py (xo, x r) from xo to x s, where E(Ps(x0,xf))
is a set of edges of the directed path Ps(xp, xr). If in G there is no directed path
from xoto xy, then we define Hy, (s!, %) asfollows: Let P/(x0, ") beadirected
path, which connects the vertex xo with the cycle Cy and PY/ (x0, ¥") has no other
common vertices with Cy except y’. Then we put

400, if z ce > 0;
ecE(Cy)

on(sl’ S2) — Z Ce, lf Z Ce = 01
ecE(P(x0,y")) ecE(Cy)

—00, if z ce < 0.
ecE(Cy)

This game is related to zero-sum positional games of two players and it is deter-
mined by the graph G with the sink vertex x ¢, the partition X = XU X>, the cost
function ¢ : E — R and the starting position xp. We denote the network, which
determines this game, by (G, X1, X2, ¢, x0, xr). In the case when the dynamic
c-game is considered for an arbitrary starting position x € X we shall use the
notation (G, X1, X2, ¢, xy).

In [83, 85] it is shown that if G does not contain directed cycles, then for every
x € X the following equality holds

v(x) = max min Hx(sl,sz) = min max Hx(s],sz), (3.36)
sleS! 52e82 5s2eS? sleS!

which means the existence of optimal strategies of the players in the considered game.
Moreover, in [83, 85] it is shown thatin G there exists atree GT* = (X, E*) with
the sink vertex xy, which gives the optimal strategies of the players in the game for
an arbitrary starting position xo € X. The strategies of the players are obtained by
fixing
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s () =y, if (x,y)€ E*and x € X; \ {x/};
s> () =y, if (x,y) € E*and x € X5\ {xs}.

In the general case for an arbitrary graph G equality (3.36) may fail to hold.
Therefore we formulate necessary and sufficient conditions for the existence of opti-
mal strategies of the players in this game and propose a polynomial-time algorithm
for determining the tree of max-min paths from every x € X to xy. Furthermore
we show that our max-min paths problem on the network can be regarded as a zero
value ergodic cyclic game. So, the proposed algorithm can be used for solving such
games.

In [43, 65, 83] the formulated game on network (G, X1, X2, ¢, X9, xy) is named
the dynamic c-game. Some preliminary results related to this problem have been
obtained in [83, 85]. More general models of positional games on networks with p
players have been studied in [9, 74-76, 8§1-83].

The considered max-min paths problem can be used for the zero-sum control
problem with an alternate players’ control (see Sect. 3.9).

3.5.2 An Algorithm for Solving the Problem on Acyclic
Networks

The formulated problem for acyclic networks has been studied in [76, 83, 85].

Let G = (X, E) be a finite directed graph without directed cycles and a given
sink vertex xy. The partition X = X; U Xo (X| N X, = ¥) of the vertex set of G
is given and the cost function ¢ : E — R on the edges is defined. We consider the
dynamic c-game on G with a given starting position x € X.

It is easy to observe that for fixed strategies of players s' € S' and s> € S the
subgraph G = (X, Ej) has a structure of a directed tree with sink vertex xy € X.
This means that the value H,(s!, s?) is determined uniquely by the sum of edge
costs of the unique directed path Ps(x,xy) from x to xy.In[83, 85]itis proved
that for an acyclic c-game on network (G, X1, X5, ¢, x, xr) there exist the strategies

of players s, 52 such that

* * .
v(x) = He(s'", s*") = max min H.(s', s?)
sleS! s2e82

= min max H,(s', s%) (3.37)
52eS§? sleS!

and s'*, 52" do not depend on a starting position x € X, i.e. (3.37) holds for every
x € X.
The equality (3.37) is evident in the case if ext(c, x) = 0, Vx € X \ {xf}, where
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max C,y), X € X],
yeX(x)

min c¢ ,xeX
yeX(x) (x,y) 2.

ext(c,x) =

In this case v(x) = 0, Vx € X and the optimal strategies of the players can be
obtained by fixing the maps s!™ : X\ {xf} - X and s X \{xp} > X
such that s'* € VEXT(c,x) for x € X; \ {xs} and s>* € VEXT(c,x) for
x € Xp\ {xr}, where

VEXT(c,x) ={y € X(x) | ¢(x,y) = ext(c, x)}.

If the network (G, X1, X2, ¢, x0, xr) has the property that ext(c,x) = 0,
Vx € X \ {xy}, then itis named the network in canonic form. So, for the acyclic
c-game on the network in canonic form equality (3.37) holds and v(x) = 0,Vx € X.

In the general case equality (3.37) can be proved by using properties of the poten-
tial transformation CE vy = Ctey) + €y — &x on the edges e = (x, y) of the network,
where € : X — R is an arbitrary real function on X (the potential transformation
for antagonistic positional games has been introduced in [43, 76]). The fact is that
such a transformation of the costs on the edges of the acyclic network in a c-game
does not change the optimal strategies of the players, although values v(x) of posi-
tions x € X are changed by v(x) + €x, — &x. It means that for an arbitrary function
€ : X — R the optimal strategies of the players in acyclic c-games on the networks
(G, X1, X2, ¢, x0, xy) and (G, X1, X2, ¢/, x9, x ) are the same.

We assume that the vertices x € X of the acyclic graph G are numbered with
1,2,...,]X]|, such thatif x > y then in G there is no directed path from y to x. For
acyclic graphs such a numbering of the vertices is possible and can be made starting
from a sink vertex. Therefore, we can use the following recursive formula

yrena(); {cr,y) T &y} for x € X1\ {xr};
ex) = inm {c(x,y) + ey} for x € X\ {xr} -39
y

to tabulate the values e, Vx € X starting with e(xy) = 0. It is evident that the
transformation c = C(x,y) + €y — &x satisfies the condition ext(c’,x) = 0,
Vx € X. This means that the following theorem holds.

Theorem 3.38 For an arbitrary acyclic network (G, X1, X2, ¢, xo, X ) with a sink
vertex xy there exists a function € : X — R which determines the potential
transformation c(x y = €y + &y — &y onthe edges e = (x,y) such that the
network (G, X1, Xz, ¢, X0, Xf) has the canonic form. The values €., x € X, which
determine function € : X — R, can be found by using recursive formula (3.38).

On the basis of this theorem the following algorithm for determining optimal
strategies of the players in the c-game is proposed in [76].
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Fig. 3.6 The network for an antagonistic game that has no saddle points

Algorithm 3.39 Determining Optimal Strategies for the Players on an Acyclic
Network

1. Determine the values e(x), x € X, according to the recursive formula (3.38)
and the corresponding potential transformation cE v,y) = Clry) Ty —€x On the
edges (x,y) € E.

2. Fix arbitrary maps s'"(x) € VEXT(c/,x) for x € X; \ {x;} and s*"(x) €
VEXT(c’, x) for x € X5\ {xy}.

Remark 3.40 The values ey, x € X, represent the values of the acyclic c-game
on (G, X1, X2,c,x0, xy) with starting position x, ie. e(x) = v(x), Vx € X.
Algorithm 3.39 needs O(|X 1) elementary operations because the tabulation of the
values £(x),x € X, using formula (3.38) for acyclic networks requires this number
of operations.

3.5.3 The Main Results for the Problem on an Arbitrary Network

First of all we give an example which shows that equality (3.36) may fail to hold. In
Fig. 3.6 the network with the starting position xo = 0 and the final position x ; = 3
is given, where positions of the first player are represented by circles and positions
of the second player are represented by squares; values of cost functions on the edges
are given alongside them.

It is easy to observe that

max min Hy(s', s2) =2, min max Ho(sl, sz) = 3.
sleSl 5282 52e§? s1eS!

The following theorem gives conditions for the existence of a saddle point with
finite v(x) foreach x € X in the c-game.

Theorem 3.41 Let (G, X1, X3, ¢, X0, xf) be an arbitrary network with the sink
vertex xy € X. In addition assume that )", E(C,) Ce 7 0forevery directed cycle Cy
from G. Then for the c-game on (G, X1, X3, ¢, X9, x 7) condition (3.36) with finite
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v(x) holds for every x € X if and only if there exists a function ¢ : X — R,
which determines the potential transformation sz,y) = C(x,y) + €y — &x on edges
(x,y) € E such that ext(c’,x) = 0, Vx € X. Moreover, if in G there exists the
potential transformation czxyy) = C(x,y) + €y — &x onedges (x,y) € E such that
ext(c’,x) = 0,Vx € X\ {xy}, then v(x) =&, — ey, Vx € X.

Proof = Let us consider that >, E(c,) Ce 7 0 for every directed cycle Cs in
G and condition (3.36) holds for every x € X. Moreover, we consider that v(x) is
a finite value for every x € X.

Taking into account that the potential transformation does not change the cost of
the cycles, we obtain that this transformation does not change the optimal strategies
of the players although values v(x) of the positions x € X are changed by
v(x) —ex + Exg- It is easy to observe that if we put ¢, = v(x) for x € X, then the
function € : X — Rdetermines the potential transformation sz, ) = €, y) ey —&x
on the edges (x, y) € E such that ext(c/, x) = 0, Vx € X.

<= Letus consider that there exists the potential transformation c;x’ y = CanT
€y — &y onthe edges (x,y) € E such that ext(c’,x) = 0, Vx € X. The value
v(x) of the game after the potential transformation is zero for every x € X and
the optimal strategies of the players can be found by fixing s'* and s2° such
that s'"(x) € VEXT(¢/,x) for x € X;\ {xs} and s*"(x) € VEXT(c, x) for
x € X \ {xr}. Since the potential transformation does not change the optimal
strategies of the players we put v(x) =&y — &y, and obtain (3.36). ]

Corollary 3.42 Iffor every directed cycle Cy in G the condition ), EGy) Ce 70
and equality (3.36) hold then there exists the potential transformation € : X — R
such that ext(c’,x) =0, e(xr) =0 and v(x) =&, Vx € X.

Corollary 3.43 If for every directed cycle Cy in G the condition . E(G,) Ce 0
holds then the existence of the potential transformation cé vy) = Cay) T &y —&x
on edges (x,y) € E such that

ext(c’,x) =0,Vx € X (3.39)

represents necessary and sufficient conditions for the validity of the equality (3.36)
forevery x € X. Inthe case ifin G there exists a cycle Cs with ZeeE(CS) ce=0
condition (3.39) becomes only a necessary one for the validity of the equality (3.36)
forevery x € X.

Corollary 3.44 If in the c-game there exist the strategies s' and s*7, for which
(3.36) holds for every x € X, and these strategies generate in G atree T+ = (X, Egx)

with the sink vertex x 7, then there exists the potential transformation C; vy) = Caep T

€y —&yx onthe edges (x,y) € E such that the graph G° = (X, EY), generated by the
set of the edges E° = {(x, y) € EIcEx,y) = 0}, contains the tree Ty« as a subgraph.

Taking into account the results mentioned above we propose an algorithm for
determining the optimal strategies of the players in a c-game based on the construction
of the tree of max-min paths. This algorithm works if such a tree in G exists.
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3.5.4 A Polynomial Time Algorithm for Determining
the Optimal Strategies of the Players
in an Antagonistic Dynamic c-Game

We consider the dynamic c-game determined by the network (G, X1, X2, ¢, xy)
where the graph G has a sink vertex x . At first we assume that for an arbitrary
vertex there exists the value v(x) which satisfies condition (3.39) and v(x) # Fo0.
So, we assume that in G there exists a tree of max-min paths from x € X to xy.
We show that for determining the optimal strategies of the players in the considered
game there exists a polynomial time algorithm. In this section we propose such an
algorithm based on the reduction to an auxiliary dynamic c-game with an acyclic
network (G, Wi, Wa, T, w?c), where graph G = (W,E)with W = W, UW, is
obtained from G = (X, E) in the following way:

The set of vertices W consists of n — 1 copies of the vertex set X and the sink
vertex w?, i.e.

W=whuw uwru...uw!,

where Wi = {wh, wi,...,w) |}, i=1,2,...,n—1.Here W NW/ =0 for
i # j and vertices w,i{ eW,i=12....,n—1, correspond to vertex x; from
X = {xo0, x1, x2, ... ,_xn_1}.

The set of edges E is defined by the following way:

E=E'UE'UE*U...UE";
E' = {(w™ whl (e, x) € EY, i =1,2,...,n—2;

E” = {(w, w)| (. xp) €E, i =1,2,....n—1}.

In G the edge subset E I C E connects vertices of the set WiT! with vertices of

the set W' by the edges (w,i("'l, wf) ifin G there exists a directed edge (xx, x7).
In addition in G each vertex w,i, i=1,2,...,n—1, is connected with a sink
vertex w?c by the edge (w,i, w?p) ifin G there exists a directed edge (x, x 7).

The subsets W, Wo and the cost function ¢: E — R are defined as follows:
Wi = {w; € Wlxx € X1}, Wa = {w}, € W|x; € Xa);

E(w;{+l,w;') = Cy.x)» (X, X)) € E and (w,’jl, wf) €E, i=1,2...,n—-2;

Clufu) = Cowp) (xx.x7) € E and (wj,w}) € E% i=1,2,....,n— 1L

From G we delete all vertices w,’( for which there are no directed paths from
w,i to w(}. For the obtained directed graph we will preserve the same notation and

we will keep in mind that G does not contain such vertices.
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Let us consider the dynamic c-game determined by the acyclic network (G, Wi,
Was, ¢, w(}) with sink vertex w(}. So, we consider the problem of determining the

values v/(w};) of the game for every wf< ew.

We show that if v/(wll), v’(w,%), e, v/(w,':_l) are the corresponding values of

the vertices w,l, w,%, e, w,'(’_l in the auxiliary game, then there exists i € {1, n—1}

such that v(x;) = v/(w,i). We seek the vertex w,i among wZ_l, w,’(’_2, e w,%, w,l
that starts with the highest level set W"~!.

We consider in G the max-min path

n—1 n—2 n—3 n—r—1 0

~1 0 _
. )Z{wk 5wk1 ’wkz 7‘-'5wkr ,lUf}

Pg(wk s Wy

from wZ_l to w?. generated by directed edges e = (u);;_i_l, wZ;’i) for which

’ ’ = _
L A I C A A i
where
! I | J n—1 n—2 n—3 n—r—1 0
s(w,{) =v(wy), Yw, € {wy S Wy T Wy T W ,wf}.

The directed path Pg(u),’:*] , w(})p) corresponds in G to a directed path
PG Xk, x 7)) = {Xks Xkys Xkgs oo v s Xieys X )

from x; to x¢. In G we consider the subgraph szl = (Xzfl, E,’:fl) induced by
the set of vertices X,'(’f1 = {Xk, Xk » Xkp» - - - » Xg,» X }. For vertices x;; and x; we put
v(xg) = v’(w,’::’fl), v(xg) = v’(w,’c’fl) and determine ey, = v(xk,), €x, = V(Xk).

Then we verify if in Gz_l the following condition holds:
ext(c’,z) =0, Vz e X', (3.40)

where CEz,x) =¢ey—e;+ ey fore=(z,x) € E,'C’_l.

If condition (3.40) holds and szl does not contain directed cycles then we
may conclude that for the dynamic c-game on G with starting position xj it holds
v(xg) = (w,/c). Note that for every vertex xi, of the directed path Py(x,, x ) we
obtain v(xy,) = v (w} !

i

). If the condition mentioned above does not take place,
then v(xg) # v’(wz_l) and we delete wZ_l from G. After that we consider the
vertex wz_z, construct the graph Gz_z = (X} -2, E} ~2) and in the same way verify
if vixg) = v (w,'c' _1). Finally we obtain that at least for an vertex w,i the directed
path Pz(wy, wy) does not contain a directed cycle and condition (3.40) holds, i.e.
v(xg) = v(w,’(). In such a way we obtain v(xy) for every x; € X.
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If v(x) is known for every x € X then we fix £, = v(x) and define the potential
transformation Céz,x) = C(z,x) +&x —€; 0nedges (z, x) € E. After that find the graph
GY = (v, EY, generated by the set of edges E%={(z,x) € E| Ciz,x) = 0}.

In G° we fix an arbitrary tree T* = (V, E*), which determines the optimal
strategies of the players as follows:

s () =x, if (z,x) € E* and z € X, \{xrk
sz*(z) =x, if (z,x) € E* and z € Vp \ {xs}. O

The correctness of the algorithm is based on the following theorem.

Theorem 3.45 Let v(xy) be the value of the vertex xi in the dynamic c-game on G
and

P (X, X f) = {Xky Xiys Xkys -+ Xk X f}
be the max-min path from xy. to x y in G. Then v/(w,C"H) = v(xg).
Proof The construction described above allows us to conclude that between the set
of max-min directed paths from x; to x s with no more than r + 1 edges in G and

the set of max-min directed paths from w,t“ to w? with no more than r + 1 edges

in G there exists a bijective mapping which preserves the sum of costs of the edges.

Therefore v’(w,ﬁ“) = v(xg). |
Remark 3.46 If Pg(xk, X f) = {Xk, Xk, Xkp, - - - » Xk,, X ¢} 1s the max-min path from

xk toxy in G then in G several vertices w,t“ € W for which v/(w£+i) = v(xy),

where i > 1 may exist. If v/ (w,ﬁ“) = v(xz), then in G the max-min path
Pg(wﬁl, w?) = {w;", w,CI'H_l, w,tj’_z, . w;'{r, w(}} corresponds to the max-

min path Pg(xg, xf) in G.

It is easy to observe that the running time of the algorithmis O (| X [*). Indeed, the
values of the positions of the game on the auxiliary acyclic network can be calculated
in time O (N?), where N is the number of vertices of the auxiliary network. Taking
into account that N & X? for our auxiliary network we obtain that the running time
of the algorithm is O (| X|*).

Note that the proposed algorithm can also be applied for the c-game if the tree
of max-min paths in G may not exist but there exists a max-min path from a given
vertex xo € X to x . Then the algorithm finds in G the max-min path with a given
starting position xo and a final position x y.

An important problem for the dynamic c-game is how to determine vertices x € X
for which v(x) = 400 and vertices x € X for which v(x) = —oo. Taking into
account that the final position x  in such games cannot be reached we may delete
vertices x of the graph G for which there exist max-min paths from x to x . In order
to specify the algorithm for this case we need to study the infinite dynamic c-game
where the graph G has no sink vertex x y. This means that the outcome of the game
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Fig. 3.7 The network for the dynamic c-game

is a cycle which may have positive, negative or zero sum costs of the edges. For
determining the outcome of the game in this case we can use the same approach
based on the reduction to the acyclic c-game.

The algorithm for finding the optimal strategies of the players in an infinite
dynamic c-games is similar to the algorithm for finding the optimal strategies of
the players in cyclic games. We describe such an algorithm in Sect. 3.7.5 and we can
state that for an arbitrary position x € X the value of the cyclic game is positive if
and only if the value v(x) of the infinite dynamic c-game is positive. In addition we
can state that efficient polynomial time algorithms for solving cyclic games can be
elaborated if a polynomial time algorithm for solving the infinite dynamic c-game
exists.

In the following we give an example which illustrates the details of the algorithm
proposed above.

Example Consider the dynamic c-game determined by the network (G, X1, X»,
¢, xy) giveninFig. 3.7. The position set X of the first player is represented by circles
and the position set X5 of the second player is represented by squares; x5 = 0. The
costs of the edges are given alongside them.

The auxiliary acyclic network for our dynamic c-game is represented in Fig. 3.8.

Each vertex in Fig. 3.8 is represented by double numbers where the first one
represents the number of the copy in G and the second one corresponds to the number
of the vertex in G. Alongside the edges there are given their costs and alongside the
vertices there are given values of the dynamic c-game on an auxiliary network.

Let us fix vertex wl,'(’_1 = 33 as the starting position of the dynamic c-game on
the auxiliary network. Then we obtain v/(33) = —5. In order to verify if v(3) = —5
we find the max-min path Pz(33,00) = {33, 22, 11, 00} from 33 to 00 and the
values v'(33) = —5,/(22) = 1, v'(11) = 0, v/(00) = 0. The path Pz(33, 00) in
G corresponds to the path Pg (3, 0) = {3, 2, 1, 0}. For vertices 3, 2, 1, 0 in G we fix
e3=0'(33) = -5,e0 =v'(22) = 1,51 = v'(11) =0, g9 = v'(00) = 0. After that
find the graph G = (Xg, E;) generated by the set of vertices X3 = {3,2,1,0}. In
this case graph G% coincides with graph G. Then we make a potential transformation
céx’y) =y —ex +c,y) =0 withgiven e3=-5, e =1, 61 =0, g9 =0,
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Fig. 3.8 The auxiliary network for the dynamic c-game

l 0
'@ o
621,0)=50—€1+C(1,o)=0—0+0=0,
CEZ,O) =gy —e2+con=0-1+0=-1,
o) = —€3+c30=0—(=5+0=5,
iz =e3—c1+cazn=-5-0+4=—1,
Con=¢€l—e+tcan=0-1+1=0,
gy =e—e+cay=1-(=5-6=0.

So, after the potential transformation CEx,y) =¢ey —&x +Ci,y), Y, ¥) € E, we

obtain the network given in Fig. 3.9 with new costs on the edges.

Fig. 3.9 The network after the potential transformation
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1 _©

Fig. 3.10 The tree of max-min paths

If we select the tree with zero cost edges we obtain the tree of max-min paths,
represented in Fig. 3.10.

If we start with vertex wzfl = 32 then we obtain the subgraph G3 = (X3, Eg)
which coincides with the graph G = (X, E) for which we determine 5 = v'(32) =
5,e1 =V (21) =4,e3 =1'(13) =0, g9 = v/(00) = 0. It is easy to see that in this
case the condition

extr(c/,x) =0, Vx € X,

is not satisfied.

3.5.5 Pseudo-polynomial Time Algorithms for Solving
Antagonistic Dynamic c-Games

In this section we describe an algorithm for solving dynamic c-games which is based
on a special recursive procedure for the calculation of the values v(x). From the prac-
tical point of view the proposed algorithm may be more useful than the algorithm from
the previous section although its computational complexity is O (| X 1? > ek lcel)
(c : E — R is an integer function).

We assume that in G there exists the tree of max-min paths.

Preliminary step (Step 0):  Set X* = {xs}, ex, = 0.
General step (Step k): Find the set of vertices

X ={zeX\X*|(z,x) e E,x € X*}.
For each z € X’ we calculate

max {ey +C(Z,X)}v ze X1 N X/;

) x€0xx(2)
2= min {ex + ¢}, 2 € XaNX', (3:41)
x€0xx(z)
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where Oy+(z) = {x € X* | (z, x) € E}, and then do the following points (a) and (b):

(a) Fix 8(z) = &, for z € X’ U X* and then for every x € X' U X* calculate

eOmax ( ){5x +ecgnk z€ XiNX UX*;
_ ) FEUxxux (2
pl) = min  {e; 4 o) 2 € Xa N (X U X*) (3-42)

XEOX*UX/(Z)

(b) Check if 3(z) = ¢, for every z € X’ U X*. If this condition is not satisfied then
fix e, = B(z) for every z € X' U X* and go to point (a).

If 3(z) = ¢, forevery z € X’ U X* then in X’ U X* we find the subset
V¥ ={z e X* UX'|extrycoym v (fEx — €2 + o)} = 0}
where

eXtXEOX*UX/(Z){gx — &+ czn}
max f{ex —&;+cen) z2€ (X UXH)NXy;
XEOX*UX/(Z)

min  {ex —e; + ¢l z€ (X'UXHN X,
X€0 sy (2)

After that we change X* by Y* and check if X* = X? If X* # X, then go to the
next step. If X* = X, then define the potential transformation cEZ) x) = Cex)TeEx—¢&;
on edges (z, x) € E and find the graph G* = (X, EV), generated by the set of edges
E® = {(z,x) € E | c/(z,x) = 0}. In G fix an arbitrary tree T* = (X, E*), which
determines the optimal strategies of the players as follows:

s (2) = x, if (z,x) € E¥and z € X1 \ {x/};
s2"(z) = x, if (z,x) € E*and z € X2 \ {x7}.

Let us show that this algorithm finds the tree of max-min paths 7* = (X, E*) if such
a tree exists in G.

Theorem 3.47 [fthere exists in G the tree of max-min paths T* = (X, E*) with sink
vertex x y then the algorithm finds it using O (|X 13 D eek e |) elementary operations.

Proof Consider the set Y*~! obtained after k — 1 steps of the algorithm and assume
that at step k after points (a) and (b) the condition

B(z) = ¢, forevery z € X' U X*

holds. This condition is equivalent to the condition
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etheOX*UX/(z){Ex — & +cent =0, Vze X'ux*

which involves Y*~1 ¢ vk,

Therefore, in the following we obtain that if for every step k of the algorithm the
corresponding calculation procedure (3.42) is convergent then Y° c ¥! ¢ ¥? ¢
-+« CY" = X, where r < n. This means that after » < n steps the algorithm finds
the values £(x) for x € X and the potential transformation céy’ x) = Ex &y +C(y,x)
for edges e = (y,x) € E such that ext(c’, y) = 0, Vx € X, i.e. the algorithm
constructs the tree 7* = (X, E*). So, for a complete proof of the theorem we have
to show the convergence of the calculation procedure based on formula (3.42) for an
arbitrary step k of the algorithm.

Assume that at step k of the algorithm the following condition

eXtreOyu () {Ex — € + ey} #0 forevery z € X'

holds. Consider the set of edges E' = {e = (z,x") € E | (z2) = ey + c(zx),
z€ X', x' € x € Ox~ux'(z)} where x’ corresponds to vertex z such that

max {ex + ¢} z2€ X1 NX UX");
x€O0yxy (2)
min  {ex +cexn} 2 € XoN(X'UX*).

x€0xx,x (2)

e(x)+ ez, x) =

The calculation on the basis of (a) and (b) can be treated as follows. Players
improve the values ¢, of vertices z € X’ using passages from z to corresponding
vertices x’ € Oxxyuyx(z). Ateach iteration of this calculation procedure the players
can improve their income by [3(z) — (z) units for every position z € X.

Denote by X the subset of vertices 7/ € X' for whichin G’ = (X, E’) there
exist directed paths from z’ € X to vertices from X*~!. Then the improvements of
the players mentioned above are possible for an arbitrary vertex z € X. This means
that if procedure (a), (b) at step k is applied then after using one iteration of this
procedure we obtain ((z) = £, Vz € X. In the following we can see that in order
to achieve ¢, = (3(z) for the rest of the vertices z € X'\ X itis necessary to apply
more than one iteration. _ _

Let us consider in G’ the subset X’ = X"\ X. Thenin G’ there are no directed
edges e = (z,x') suchthat z € X’ and x’ € X*=1. Without loss of generality
we may consider that in G the subset X’ generates a directed cycle C’. Denote by
n(C’) the number of the vertices of this cycle and assume that the sum of its edges
is equal to 6 (@ may be positive or negative). We can see that if we apply formula
(3.42) then after each n(G) iterations of the calculation procedure the values ¢, of
the vertices z € C’ will decrease at least by |#| units if 6 < 0; if § > 0 then
these values will increase by 6. Therefore the first player will preserve passages from
vertices z € C’ to vertices x’ of the cycle C” if 5(z) —e(z) > 0; otherwise the first
player will change the passage from one vertex z° € C’ toavertex x” € Ox+uy’ (2)
which may belong to X%~
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Fig. 3.11 The network with sink vertex xy =5

In an analogous way the second player will preserve passages from vertices z € C’
to vertices x’ of cycle C’ if B(z) — (z) < 0; otherwise the second player will
change the passage from one vertex z” € X to a vertex x” which may belong to
Xk, So,ifin G there exists the tree of max-min paths then after a finite number
of iterations of the procedure (a), (b) we obtain 3(z) = e(z) for z € X’. Taking into
account that the values (3(z) will decrease (or increase) after each n(G) iterations
by integer units || we may conclude that the number of iterations of the procedure
is comparable with |X|* - max,cx’ |3(z) — €;]. In the worst case these quantities
are limited by |X|? >’ ecE |Cel. This involves that the computational complexity of

the algorithm is O (|X|3 Sk |c(e)|). O

Remark 3.48 The algorithm for an acyclic network can be applied without points (a)
and (b) because the condition 3(z) = €;,Vz € X’ holds at every step k. In general,
the version of the algorithm without the points (a) and (b) can be used if yk-1 # Yk
at every step k. In this case the running time of the algorithmis O (|X|?).

The algorithm described above can be modified for the dynamic c-game in general
form if the network contains vertices x for which v(x) = 4o00. In order to detect
such vertices in point (a) it is necessary to introduce a new condition which allows
us to select vertices z € X’ with great values (3(z) (positive and negative). But in
this case the algorithm becomes more difficult than the algorithm for finite games.

Below we present two examples which illustrate the details of the algorithm. The
first example illustrates the work of the algorithm if it is not necessary to use points
(a) and (b). The second example illustrates the details of the recursive calculation
procedure in the points (a) and (b).

Example 1 Consider the problem of determining the optimal stationary strategies
on the network which may contain cycles. The corresponding network with sink
vertex xy = 5 is given in Fig. 3.11. In this network the positions of the first player
are represented by circles and the positions of the second one are represented by
squares, i.e. X1 = {1, 2,4, 5}, X» = {0, 3}.
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The values of the cost functions of the edges are given in parenthesis alongside
them. We can see that for the given network there exists a tree of max-min paths
which can be found by using the algorithm.

Step 0
X*={5}; es=0.

Step 1
Find the set of vertices X" = {3, 4} for which there exist directed edges (3, 5) and
(4, 5) from vertices 3 and 4 to vertex 5. Then we calculate according to (3.41) values
€3 = 3, ¢4 = 2. It is easy to check that for vertices 3 and 4 the following condition
holds:

eXtyeX vy () {6y — Ex + ) = 0.

So, Y! = {3, 4, 5}. Therefore if we change X* by Y 1 after step 1 we obtain X* =
{3,4,5}.

Step 2
Find the set of vertices X’ = {0, 1,2} for which there exist directed edges from
vertices x € X’ to vertices y € X*. Then according to (3.41) we calculate

€)= max {e3+ C(2,3)s €4 + C(274)} = max{5, 3} = 5;
YEX*(2)

g1 =¢e+cu3 =9;
ep=¢€4+6=28.

So,e0=38, 61 =9,e0 =5, e3=3, e4 =2, 5 =0.
It is easy to check that Y2 = {0, 2, 3,4, 5}. Indeed,

eXtye Xy p 3){Ey — €3+ ci.y)
=min{es — 3+ ¢35, e2—e3+can}=min{f0—3+3,5-3+1}=0;
extyexy. v @){ey — €3 +ca )
=max{e3 —e2+ce3), & —2+coapl =max(3-5+2,2-5+1} =0;
eXtyeX yup (D{Ey — €1+ €1}
= max{e3 — €1 +¢(1,3), €2 — €1 +¢(1,2), €0 — €1 +C(0,1)}
=max{3—-9+4+6,3-9+5, 8-9+4+4}=3;

eXtyeX yuyy () {Ey — €0+ €0, )}
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= minf{es — g0 + c(0.4), €2 — €0 + €(0.2), €1 — €0 + €(0.1)}
=minf2—-8+6,5—-8+4,9-8+4+1}=0;
eXtyeX yuy (W {Ey — €4 + Ca )}
=max{es —e4 + @5, €2 —€4+cu} =max{0 —2+2, 5-2—-4} =0.

So, the set of vertices for which extyex . . (x{€y —&x +¢@,y)} = 0 consists of
vertices 0, 2, 3, 4, 5.

Step 3
Find the set of vertices X’ = {1} and calculate

e(1) = max {ey +cq,y} =max{e3 +cq1,3), €2 +¢1,2), €0+ c,0)}
YEX yx (1)

=max{3+6, 5+3, 8§+4}=12.

Now we can see that the obtained values €9 = 8, 1 = 12, ep =5, g3 = 3,
eq4 = 2, e5 = 0 satisfy the conditions

€y — Ex +C(x,y) <0 forevery (x,y) € E, x € Xy;
€y —&x +c(x,y) = 0 forevery (x,y) € E, x € Xo.

The directed tree GT = (X, E*) generated by edges (x,y) € E for which
€y — €x + C(x,y) = 0 is represented in Fig. 3.12.
The optimal strategies of the players are:

s1:1—>0;2—>3;4—>5;

s2:0—>4;3—>5.

@ 3

Fig. 3.12 The tree induced by the optimal strategies of the players
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Table 3.1 The results of the iteration procedure for 3(0), 5(1), 5(2), 5(3)
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Example 2 Consider the problem of determining the tree of max-min paths
T* = (X, E*) for the network given in Fig. 3.8 with the same costs of the edges as
in the previous section.

If we apply the algorithm described above then we use only one step (k = 1).
But this step consists of two items (a) and (b) that make calculations on the basis of
formula (3.42). In Table 3.1 the values 3(0), 3(1), 3(2), 5(3) at each iteration of the
calculation procedure on the bases of formula (3.42) are given.

We can see that the convergence of the calculation procedure is obtained at itera-
tion 14. Therefore we conclude that g = 0,7 = 0, e = 1, e3 = —5. If we make a
potential transformation we obtain the network in Fig. 3.9. In Fig. 3.10 it is presented
the tree of max-min paths 7* = (X, E™*).

3.6 A Polynomial Time Algorithm for Solving Acyclic
I-Games on Networks

An acyclic /-game on networks has been introduced in [66, 76] as an auxiliary
problem for studying and solving special cyclic games, which we will consider in
the next section.
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3.6.1 Problem Formulation

Let (G, X1, X2, ¢, x0, xr) be anetwork, where G = (X, E) represents a directed
acyclic graph with the sink vertex xy € X. On E itis defined a function ¢: £ — R
and on X itis given a partition X = X; U X» (X; N X, = @) where X; and X
correspond to positions sets of two players 1 and 2, respectively.
We consider the following acyclic game from [76]. Again we define the strategies
of the players as maps
shix > yeXx) for x e Xy \{xs};

s2:x —> ye X(x) for x € Xp\ {xr}.

We define the payoff function ﬁxO: S! x §2 — R in this game as follows:

Let s' € S' and s> € S? be fixed strategies of the players. Then the graph
G; = (X, E;), generated by the edges (x, sT(x), x € X\ {xr}, and (x, s2(x)),
x € X\ {xy}, has astructure of a directed tree with the sink vertex xy. Therefore,
it contains a unique directed path Py(xo, x ) with n(Py(xo, xr)) edges. We put

_ 1
Hys' sH=——— > <.

n(Ps(X0: X7)) e ptron )

The payoff function ﬁxo (s',5%) on S! x §? defines a game in normal form,
which is determined by the network (G, X1, X2, ¢, x0, X ).
We consider the problem of finding the strategies s'* and s2*, for which

- - k * . —_
v(xg) = on(sl ,527) = max min HXO(sl,sz).

sleSt s2eS?

3.6.2 The Main Properties of Optimal Strategies in Acyclic
I-Games

First of all let us show that for the considered max-min problem there exists a saddle
point.
Denote

= —_— 0 0 . —
v(x0) = on(s1 .52 ) = min max on(sl,sz)
5s2eS? sleS!

and let us show that T(xg) = v(xp).
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Theorem 3.49 For an arbitrary acyclic I-game the following equality holds:

v(x0) =ﬁxo(s1 , ) = max min HXO(s s?) = min max HXO(s 52).
sleS! 5282 52€$? sleS!

Proof First of all let us note the following property of an acyclic /-game, determined
by (G, X1, X2, ¢, xo, xf): If the cost function ¢ is changed by ¢ =c+h(hisan
arbitrary real number), then we obtain an equivalent acyclic /-game determined by
(G, X1, X2, ¢/, x0, xy) for which v'(xo) = v(xg) + h and 5//(x0) =v(x0) + h. If we
denote by ﬁ;o (s', s%) the payoff function of the /-game after the transformation
mentioned above then we have

Hy(s', s =H, (s' s +h,vs' e St vs? e §

It is easy to observe that if 7 = —v(xp) then for the acyclic /-game with network
(G, X1, X2, ¢, x0, xr) we obtain v'(xg) = 0. This means that an acyclic /-game

becomes an acyclic c-game with max-min value of the game ﬁ;o (s 10, szo). Therefore
if after the transformation of the game we regard it as an acyclic c-game then the
following property holds:

O—v(xo)—max min H (s s?) = min maxH (s 2):0.
sleSl 5282 52eS§? s1eS!

Taking into account that

!

H, (s'.5%) = Hy(s", s%) = (xo)
we obtain that

min max (ﬁxo(sl,sz) —E(xo)) = max min (on(sl,sz) —i(xo))
5s2eS? sleS! sleS! s2e82?

= v(x0) — U(xp),

i.e. v(xg) — T(xp) = 0. So, (xg) = V(xp). O

Theorem 3.50 Let an acyclic I-game determined by the network (G, X1, X2, c,
X0, X y) with the starting position xo be given. Then there exists the value i(xo) and
the function €: X — R, which determines the potential transformation c(

C(x,y) + Ex — €y of costs on the edges e = (x,y) € E such that the followmg
conditions hold

(a) v(xp) = ext(c’,x), Vx € X \ {xs};
(b) exy = €x-

The optimal strategies of the players in an acyclic l-game can be found as follows:
Fix the arbitrary maps s X \{xr} — X and 520 X, \ {xr} — X such that
s (x) € VEXT(¢,x) for x € Xi\ {xr} and s2*(x) € VEXT(c,x) for
x € Xo\ {xr}
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Proof The proof of the theorem follows from Theorem 3.38 if we regard the acyclic
[-game as an acyclic c-game on the network (G, X1, X3, ¢/, xo, xr) with the cost
function ¢’ = ¢ — v(xp). ]

Corollary 3.51 The difference e — €y, x € X, represents the costs of max-min
path from x to xjy in the acyclic c-game on the network (G, X1, X2, ¢, xo, Xr)

with céx’y) = C(x,y) — V(x0), V(x,y) € E.

3.6.3 A Polynomial Time Algorithm for Finding
the Value and the Optimal Strategies
in the Acyclic I-Game

The algorithm, which we describe below, is based on the results from Sect. 3.6.2.
In this algorithm we shall use the following properties:

1. The value v(xp) of an acyclic /-game on the network (G, X1, X2, ¢, X0, xf) is
nonnegative if and only if the value v(xp) of an acyclic /-game on the network
(G, X1, X2, ¢, x0, X ) is nonnegative; moreover v(xp) = 0 if and only if v(xp)
=0.

2. I M! = milll_l co and M? = mabg( Ce, then M1 < v(xg) < M?2.
ec ee
3. If in the network (G, X1, X2, ¢, X9, x 5) the cost function ¢ : E — R is changed

by the function ¢ : E — R, where

ch=c,—hVeecE (3.43)
(h is an arbitrary constant), then the acyclic /-games on (G, X1, X2, ¢, X0, X )
and (G, X1, X», c, X0, X ), respectively, have the same optimal strategies sl*,
52" In addition, the values V(x0) and vy (xo) of these games differ by a constant
h: vy (x0) = v(xg) — h. So, the acyclic [-games on (G, X1, X, ¢, xo, x ) and
(G, X1, X2, c", xo, x ) are equivalent.

According to the properties mentioned above, if v(x() is known, then the acyclic
[-game can be reduced to the acyclic c-game by using transformation (3.38) with
h = v(xgp). After that we can find the optimal strategies in the game with net-
work (G, X1, X», ch, X0, x ) by using Algorithm 3.39. The most important phase
in the proposed algorithm represents the problem of finding the value %, for which
vp(xp) = 0. Taking into account properties 1 and 2, we will seek for this value by
using the dichotomy method on segment [M!, M?], such that at each step of this
method we will solve a dynamic c-game with network (G, X1, X», c*, X0, X 7), where
ck = ¢ — hy. The main idea of the general step of the algorithm is the following.
We make transformation (3.43) with & = hy, where Ay is a midpoint of the segment
(M}, M,?] at step k. After that we apply Algorithm 3.39 for the dynamic c-game

on network (G, X1, X», M xo, xy) and find vy, (xp). If vj, (x0) > O then we fix
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segment [Mli+1’ Ml?+1]’ where Mlg+1 = Mkl and Ml?+1 = (Mkl + M,g) /2; otherwise
we put M| = (M} + M?) /2 and M}, | = M}. If vp, (xo) = O then STOP. The
detailed description of the algorithm is the following.

Algorithm 3.52 Determining the Value and Optimal Strategies of the Players
for the Acyclic I-Game
Let us assume that the cost function ¢ : E — R is integer and mabgg |cel # 0.

ec

Preliminary step (step 0): Find the value v(xo) and optimal strategies s' *and 52" of
the dynamic c¢-game on (G, X1, X2, ¢, xg, xr) by using Algorithm 3.39.If v(xo) = 0
then fix s!™ and 52" as the solution of the / -game, put v(xp) = 0 and STOP; otherwise
fix Ml1 = MiNcE Ce, M]2 = MaXeeE Ce, L = Maxecg |co| + 1.

General step (stepk, k > 1): Find hy = (M ,g + M ,?) /2 and make the transformation
of the edges’ costs
k

¢y, =Ce—hy for ecE.

Solve the dynamic c-game on the network (G, X1, X2, ck , X0, X ¢) and find the value
Vi (x0) and the optimal strategies s! *, 527,

If vi(xp) = O then fix the optimal strategies s and 52" and put v(xg) = hg.
If |uk(x0)] < 1/(41X[?L) then fix s'* and s2%; find (xg) = Hy(s'", %)/
n(Py+(xo, x 7)) and STOP. If vy (xo) > 1/ (4|X|*L) then fix M}, | =M}, M}, =h;
and go to step k + 1. If v (xo) <—1/ (4| X|*L) then fix M} | =hi, ML, | =M} and
go to step k+1.

Theorem 3.53 Let (G, X1, X2, ¢, X0, X ) be a network with an integer cost function

c: E — R and L = maxecg |ce|. Then Algorithm 3.52 finds correctly the value

V(xo) and optimal strategies s'*, s2% in the acyclic [-game. The running time of the

algorithm is O(|1X|?log L + 2|X|*log | X|).

Proof Let (G, X],Xz,ck,xo,Xf) be a network after the final step k of
Algorithm 3.52. If we solve the corresponding acyclic c-game, then

1
<
lvk (x0) | = AIXPL

and the values 5’;, x € X, determined according to Algorithm 3.39 represents the

approximation solution of the system

6y—ex+cl(‘x’y) <0 for x € X1, (x,y) € E;
ay—sx—i—c’(‘x’y)zo for x € X3, (x,y) € E;

Exo = Ex;-

This means that sfc, x € X, and hyj represents the approximative solution of the
system
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€y —Ex +Cx,y) < hp for x € Xy, (x,y) € E;
€y —Ex T C(x,y) = hy for x € Xo, (x,y) € E;
Exp = Exy-

According to [57, 58], the exact solution 7 = v(x), €, x € X, of this system can
be obtained from #y, sﬁ, x € X, by using the special round-off procedure in time
O (log(L + 1)). Therefore the strategies s 1 *, 52" after the final step k of the algorithm
correspond to the optimal solution of the acyclic /-game.

Taking into account that the tabulation of the values £(x), x € X, in G needs
0(X? operations and the number of iterations of the algorithm is O(log L +
2log|X|), we obtain that the running time of the algorithm is O(|X|*log L +
2|X|?log | X]). O

3.7 Algorithms for Finding the Optimal Strategies
of the Players in a Cyclic Game

Cyclic games have been studied in [29, 43, 66, 67, 99, 142]. Later in [68, 79, 83]
this game has been used for studying the game variant of the infinite horizon discrete
control problem with average cost criterion by a trajectory. Here we show that the
problem of finding optimal strategies of the players in a cyclic game is tightly con-
nected with the problem of finding optimal strategies of the players in the dynamic
c-game and the acyclic /-game. On the basis of these results we propose algorithms
for determining the value and the optimal strategies in a cyclic game.

3.7.1 Problem Formulation and the Main Properties

Let G = (X, E) be a finite directed graph in which every vertex x € X has at least
one leaving edge ¢ = (x, y) € E.Onthe edge set E itis given a functionc : E — R
which assigns a cost ¢, to each edge e € E. In addition the vertex set X is divided
into two disjoint subsets X1 and X»(X = X1 U X», X1 N X, = ) which we will
regard as position sets of the two players. On G we consider the following two-person
game from [29, 43, 79, 131, 142]: The game starts at position xg € X. If xg € X
then the move is done by the first player, otherwise it is done by the second one.
The move means that the passage from the position xg to the neighbor position x
through the edge e; = (xo, x1) € E. After that if x; € X then the move is done by
the first player, otherwise it is done by the second one and so on indefinitely. The first
player has the aim to maximize lim,_, o, inf % Zle ce; while the second player has
the aim to minimize lim;_, o SUp % Zﬁ:l Ce;. In [29] it is proved that for this game
there exists a value v(xq) such that the first player has a strategy of moves that insures
lim;_, o, inf % Zf: 1 Ce; = V(xp) and the second player has a strategy of moves that

insures lim;_, o, sup % Zf:l Ce; < V(x0).
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Furthermore in [29] it is shown that the players can achieve the value v(xq)
applying the strategies of moves which do not depend on ¢. This means that the
considered game can be formulated in terms of stationary strategies. Such a statement
of the game in [43] is named a cyclic game. In [131, 142] this game is called parity
game .

The strategies of the players in the cyclic game are defined as maps

shix - ye X(x) for x € Xy,
2

s7ix > ye X(x) for x € Xo,
where X (x) = {y € X|e = (x,y) € E}. Since G is a finite graph then the sets of
strategies of the players

St={sl:x > ye X(x) for x € X1};
S?={s%x > ye X(x) for x € Xy}

are finite sets. .
The payoff function H,,: S' x S> — R in the cyclic game is defined as follows:

Lets' € S'ands? e S? be fixed strategies of the players. Denote by Gy = (X, Ej)
the subgraph of G generated by edges of the form (x, s! (x)) forx € X7 and (x, s2(x))
for x € X,. Then G contains a unique directed cycle C; which can be reached from
xo through the edges e € E;. We consider that the value ﬁxo (st 32) is equal to mean
edges cost of cycle Cy, i.e.,

— 1
Hy(s' s = > e

where E (Cy) represents the set of edges of cycle Cy and n(Cy) is anumber of the edges
of Cy. So, the cyclic game is determined uniquely by the network (G, X1, X», ¢, xp),
where x is the given starting position of the game. If we consider the problem of
finding the optimal strategies of the players for an arbitrary starting position x € X,
then we will use the notation (G, X1, X2, ¢). In [29, 43] it is proved that there exist
the strategies s'™ € 81 and s2* € 2 such that

— — * 0% e
U(x) = He(s', s%") = max min Hy(s', s?)
sleS! s2e82

= min max ﬁx(sl,sz), Vx € X.
52eS2? sleS!t

So, the optimal strategies s1*, s2" of the players in cyclic games do not depend on
a starting position x¢ although for different positions x, y € X the values v(x) and
v(y) may be different. It means that the positions set X can be divided into several
classes X = X' U X2 U --- U X¥ according to values of positions 7', 72, ..., 7%,

ie,x,y € X' if and only if v/ = v(x) = v(y). In the case k = 1 the network
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(G, X1, X3, ¢) is named the ergodic network [43]. In [79, 83] it is shown that every
cyclic game with an arbitrary network (G, X1, X2, ¢, xo) with given starting position
xo can be reduced to a cyclic game on an auxiliary ergodic network (G', X',, X', ¢/).

It is well-known [54, 131, 142] that the decision problem associated to the cyclic
game is in N P N co-N P. Some exponential and pseudo-polynomial algorithms for
finding the value and the optimal strategies of the players in cyclic game are proposed
in [142]. The computational complexity of the problem of determining the optimal
stationary strategies for stochastic games is studied in [22]. Our aim is to propose
polynomial time algorithms for determining optimal strategies of the players in cyclic
games. We argue such algorithms on the basis of results which have been announced
in [83, 85].

3.7.2 Some Preliminary Results

First of all we need to remind some preliminary results from [43, 68, 76, 79, 83, 85].
Let (G, X1, X2, ¢) be a network with the properties described in Sect. 3.7.1. In an
analogous way as for dynamic c-games here we denote

max c(cy for x € Xy,
yeX(x)

min ¢y for x € X,
yeX(x)

VEXT(c, x) = {y € X(x) | c(r,y) = ext(c, x)}.

ext(c,x) =

We shall use the potential transformation cz vy) = €@y + e(y) — e(x) for costs on
the edges e = (x, y) € E, where e: X — R is an arbitrary function on the vertex
set X. In [43] it is shown that the potential transformation does not change the value
and the optimal strategies of the players in cyclic games.

Theorem 3.54 Let (G, X1, X2,c¢) be an arbitrary network with the properties
described in Sect. 3.7.1. Then there exists the value v(x), x € X and the func-
tion : X — R which determines the potential transformation c(, y = Cay +
e(y) —e(x) for costs on the edges e = (x, y) € E, such that the following properties
hold

(a) v(x) =ext(c’,x) for x € X,

(b) v(x) =v(y) for x € X;UX, and y € VEXT(c, x),
(©) v(x) =u(y) for x € X1 and y € Xg(x),

(d) v(x) <0(y) for x € Xo and y € Xg(x),

(e) max lc,| < 21X max|c|.

The values v(x),x € X on the network (G, X1, X3, ¢) are determined uniquely
and the optimal strategies of the players can be found by the following way: Fix the
arbitrarystrategiessl*: X| — X ands?*: X, — Xsuch thatsl*(x) € VEXT(c, x)
forx € X1 and s2*(x) € VEXT(C/, x) for x € Xo.
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This theorem follows from Theorem 3.17. In [43] a constructive proof of Theorem
3.54 is given. In [79] it is shown that the conditions of this theorem can be obtained
from the continuous optimal mean cost cycle problem in a weighted directed graph.

Further we shall use Theorem 3.54 in the case of the ergodic network (G, X1,
X7, ¢), i.e., we shall use the following corollary:

Corollary 3.55 Let (G, X1, X2, c) be an ergodic network. Then there exists the
value v and the function e: X — R which determines the potential transformation
sz,y) = C(x,y)TEy—&x forcosts of theedges e = (x, y) € E suchthatv = ext(c’, x)
forx € X. The optimal strategies of the players can be found as follows: Fix arbitrary
strategies s X1 > X and s**: X» — X such that sl*(x) € VEXT(c, x) for
x € X1 and s**(x) € VEXT(c/, x) for x € X».

3.7.3 The Reduction of Cyclic Games to Ergodic Ones

Let us consider an arbitrary network (G, X1, X2, ¢, xo) with a given starting position
X0 € X which determines a cyclic game. In [79, 83, 85] it is shown that this game
can be reduced to a cyclic game on an auxiliary ergodic network (G, Wi, Wy, ©),
G' = (W, E’) with the same value v(xp) of the game as the initial one, where
xpeW=XUUUZ.

The graph G’ = (W, E’) is obtained from G if each edge ¢ = (x, y) is changed
by a triple of edges el = (x,u), e = (u, z), e = (z, y) with the costs
g =Cp2 =¢Cp3 =c.Hereu e U,z €e Zandx,y e X; W = XUUUZ
In addition, in G’ each vertex u is connected with x¢ by edge (u, xo) with the cost
Cu,xg) = M (M is a great value) and each vertex z is connected with xo by edge
(z, xp) withthe costc(; ) = —M.In (G', Wi, Wa, ©) the sets W and W, are defined
as follows: Wi =X UZ, W, =X, UU.

It is easy to observe that this reduction can be done in linear time.

3.7.4 A Polynomial Time Algorithm for Solving Ergodic
Zero-Value Cyclic Games

Let us consider an ergodic zero value cyclic game determined by the network
(G, X1, X3, ¢, x9), where G = (X, E). Then according to Theorem 3.54 there
exists the function € : X — R which determines the potential transformation
sz,y) = C(x,y) T €y — €x on the edges (x, y) € E such that

ext(c,x) =0, VxeX. (3.44)

This means that if x ¢ is a vertex of the cycle C,+ determined by optimal strategies s 1*
and s2* then the problem of finding the function € : X — R which determines the
canonic potential transformation is equivalent to the problem of finding the values
€x, X € X in a max-min path problem on G with the sink vertex x s where ¢, = 0.
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So, in order to solve the zero value cyclic game we fix at each time-step a vertex
x € X as a sink vertex (xy = x) and solve a max-min path problem on G with the
sink vertex x . If for the given x y = x the function € : X — R obtained on the basis
of the algorithm from Sects. 3.5.4 and 3.5.5 determines the potential transformation
which satisfies (3.44) then we fix s1 and 52 such that s' *(x) € VEXT(c/, x) for
x € X1 and sz*(x) € VEXT(c, x) for x € X;. If for the given x the function
€ 1 X — R does not satisfy (3.44) then we select another vertex x € X as a sink
vertex and so on. This means that the optimal strategies of the players in zero value
ergodic cyclic games can be found in time O (| X ).

Example Consider the ergodic zero-sum cyclic game determined by the network
given in Fig. 3.13 with starting position xo = 0. Positions of the first player are
represented by circles and positions of the second one are represented by squares,
ie., X1 ={1,2,4,5}, X = {0, 3}.

The network in Fig. 3.13 is obtained from the network in Fig. 3.13 by adding the
edge (5, 2) with the cost ¢(52) = —5. It is easy to check that the value of a cyclic
game on this network for an arbitrary fixed starting position is equal to zero.

The max-min mean cycle which determines a way with zero costis 2 — 3 —
5 — 2. Therefore, if we fix a vertex of this cycle as a sink vertex (as example
x = 5) then we can find the potential function € : X — R which determines the
potential transformation céx’y) = €y — &x + C(x,y) such that ext(c’,x) =0,Vx € X.
This function € : X — R can be found by using the algorithm from example from
Sects. 3.5.4 and 3.5.5, i.e. we find costs of min-max paths from every x € X to
vertex 5. S0, 9 = 8,¢1 = 12,65 = 5,63 = 3, €4 = 2, 5 = 0. After the potential
transformation we obtain the network with the following costs of edges:

023,5) =e5—¢e3+¢3,5=0-34+3=0,
C£4’5) :ES—€4+C(4,5) =0-24+2=0,
025,2) =& —&5+c¢52=5-0-5=0,

022,3) =e3—e2+ce3=3-5+2=0,

Fig. 3.13 The network for the ergodic zero-sum cyclic game
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Fig. 3.14 The network after the potential transformation

Fig. 3.15 The network induced by the optimal strategies of the players

€3 =€2—e3+c32=5-3+1=3,
CE4,2) =g —e4+cuyn=5-2—-4=-1,
Cogy=€a—ertcoay=2-5+1=-2,
CEO,4) =¢e4—¢cp+cos=2—-84+6=0,
Coy =€2—e0+coy=5-8+4=1,
C£1,3) =e3—¢e1+cu3 =3-124+6= -3,
621,2) =g —¢e1+cuy=5-12+3=—4,
021,0) =¢ep—¢€1+cu0=8-124+4=0,
020,1) =¢e—¢eco+con=12-8+1=5.
The network after the potential transformation is given in Fig. 3.14. We can see that

ext(c’, x) = 0, Vx € X. Therefore, the edges with zero cost determine the optimal
strategies of the players:

sl*:1—>0; 2—3 4—>c¢ 5—2;

sz*:0—>4; 3 — 5.

The graph G4+ = (X, E+) generated by these strategies is represented in Fig. 3.15.
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3.7.5 A Polynomial Time Algorithm for Solving Cyclic Games
Based on a Reduction to Acyclic I-Games

On the basis of the obtained results we can propose a polynomial time algorithm for
solving cyclic games.

We consider an acyclic game on the ergodic network (G, X1, X3, ¢, x9) with
the given starting position xo. The graph G = (X, E) is considered to be strongly
connected and X = {xg, x1, x2, ..., X,—1}. Assume that xo belongs to the cycle Cgx*
determined by the optimal strategies of the players s'™ and s2*. If in G there are
several of such cycles we consider one of them with the minimum number of edges.

We construct an auxiliary acyclic graph GT, = (W,., E,), where

W, = uUwWluw?u...uw", Winw/ =g, i#;j
Wiz{wé,w’i,...,wﬁl_l}, i=1,2,...,r;
E,=E°UE'UE?U...UE"!;

E' = {wt w) | (e, x) € EY, i=1,2,....r—1;

E® = {(wl, w) | (e, x0) € E, i=1,2,...,7}

The vertex set W, of GT, is obtained from X if it is doubled r times and then a sink
vertex wg is added. The edge subset E i C FE in GT, connects the vertices of the set
Wi+l and the vertices of the set W' in the following way:

If in G there exists an edge (x, x7) € E then in GT, we add the edge (w,i“, wf).
The edge subset E® C E in GT, connects the vertices w}'{ ewluw?u...uwr
with the sink vertex w8 , 1.e., if there exists an edge (xx, xo) € E then in G7, we add
the edges (w,’;, wg) S EO, i=1,2,...,r.

After that we define the acyclic network (GT,, Wy, Wa, ¢/, w8), GT/ = (W, E;)
where GT is obtained from G7, by deleting the vertices w,i € W, from which the
vertex w8 can not be attainable. The sets W1, W, and the cost function ¢’: E, — R

are defined as follows:

Wi ={w, € Wy |xi € X1}, Wo={w; € W, |x € Xa};

/ : i+1 i i .
C(wf(“,wf) = C(q.p if (g, x) € Eand (w,™,wy) € E'; i=1,2,....r—1;
¢ oy = Clxg) if (Xk, x0) € E and (w};, wg) eE% i=1,2,...,r
(wk»wo) !

Now we consider the acyclic c-game on the acyclic network (GT/, Wi, Wa,
c, w(’), w8) with the sink vertex wg and the starting position w6.

Lemma 3.56 Let v = v(xq) is a value of the ergodic cyclic game on G and the
number of edges of the max-min cycle Cy+ in G is equal to r. In addition, let v, (w()
be the value of the I-game on (GT/, Wy, Wy, c) with the starting position wy. Then
v(xg) = vy (wp).
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Proof 1Itis evident that there exists a bijective mapping between the set of cycles with
no more than r edges (which contains the vertex xp) in G and the set of directed paths
with no more than r edges from wy to w8 in GT/. Therefore v(xg) = vr(wg). O

On the basis of this lemma we can propose the following algorithm for finding the
optimal strategies of the players in cyclic games.

Algorithm 3.57 Determining the Optimal Stationary Strategies of the Players
in Cyclic Games with a Known Vertex of a Max-Min Cycle of the Network

We construct the acyclic networks (GT,, Wy, Wa, ¢'), r =2,3, ..., n, and for each
of them solve a/-game. In such a way we find the values iz(wg), V3 (wg), o U (W)
for these [-games.

Then we consecutively fix v = iz(w(z)), Ug(wg), ..., Uy (w6’) and at each time

solve the c-game on the network (G, X1, X,, ¢”'), where ¢’ = ¢ — v. Fixing at each
time the values ' (x) = v(xg) for x; € X we check if the following condition

ext(c",x) =0, VxpeX

is satisfied, where ¢ Cz/)ck ) +e(x;) —e(x). We find r for which this condition

r J—
(X, x1)
holds and fix the respective maps 51" and 52" such that sl*(xk) € VEXT(c”, xi) for
xx € X1 and s2"(xx) € VEXT(c”, xx) for x; € X». So, s'™ and s2* represent the
optimal strategies of the players in cyclic games on G.

Remark 3.58 Algorithm 3.57 finds the value v(xg) and optimal strategies of the
players in time O(|X|’logL + 4|X|’log|X|), because Algorithm 3.52 needs
o(x* logL +4|X |2 log | X|) elementary operations for solving an acyclic /-game
on the network (GT/, W, Wy, ¢’), where L = max,cg |c.| + 1.

In the general case, if the belonging of x¢ to the max-min cycle is unknown then we
use the following algorithm.

Algorithm 3.59 Determining the Optimal Strategies of the Players in Ergodic
Cyclic Games (General case)

Preliminary step (step 0): Fix Y1 = X.

General step (step k): Select a vertex y € Y1, fix xo = y and apply Algorithm 3.57.
If there exists r € {2, 3, ..., n} such that ext(c", x) = 0, Vx € X, then fix s1* e
VEXT(c*, x) for x € X; and s2* € VEXT(c*, x) for x € X, and STOP; otherwise
put Yx4+1 = Y \ {y} and go to next step k + 1.

Remark 3.60 Algorithm 3.59 finds the value v and optimal strategies of the players
in time O (|X|%log L + 4|X|*1og |X|), because in the worst case Algorithm 3.57 is
repeated | X | times.

The algorithm for solving cyclic games allows us to determine the sign of value v (xq)
in an infinite dynamic c-game on G with starting position x¢. In order to determine
sign(v(xp)) we solve on G a cyclic game with starting position xy and determine
V(xp). Then sign(v(xg)) = sign(v(xp)).
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3.7.6 An Approach for Solving Cyclic Games Based
on the Dichotomy Method and Solving
a Dynamic c-Game

In this section we describe an approach for solving cyclic games considering that
there exist efficient algorithms for solving a dynamic c-game (including infinite
dynamic c-games).

Consider the ergodic cyclic game determined by the ergodic network (G, X1, X,
¢, xo) where the value of the game may be different from zero. The graph G is assumed
to be strongly connected.

At first we show how to determine the value of the game and optimal strategies
of the players in the case if the vertex x(o belongs to a max-min cycle in G induced
by optimal strategies of the players.

To our ergodic cyclic game we associate a dynamic c-game determined by an
auxiliary network (G, X1, X,U {x(}. €. x0, x()), where the graph G = (XU Ufxo), E)
is obtained from G by adding a copy x;, of vertex xo together with copies ¢’ = (x, x)
of the edges e = (x, x9) € E with costs ¢, = c,. So, for x{, there are no leaving
edges (x(, X).

It is evident that if the value v = v(x() of the ergodic cyclic game on (G, X1, X>,
¢, xg) is known then the problem of finding the optimal strategies of the players is
equivalent to the problem of finding optimal strategies of the players in a dynamic
c-game on the network (G, X1, X, U {x}. ', x0, x(;) with the cost functions

¢, =c,—7(xg) for ecE.

Moreover, if s " and 52" are optimal strategies of the players in the dynamic c-game
on (G, X1, XU {xé}, ¢, xo, x(/)), then the optimal strategies EZ and Ej_f; of the players
in the ergodic cyclic game can be found as follows:

ST =s'(x) for x e X if s'(x) #x)
55(x) =s%(x) for x € Xy if s2(x) # x}

and

St =x if s'(x) =x{;

S0 =x) if s?(x) = x{.

It is easy to observe that for the considered problems the following properties hold.

1. The value v(xg) of the ergodic cyclic game on the network (G, X1, X2, c, xg) is
ngnnegative if and only if the value v(x() of the dynamic c-game on the network
(G, X1, X2 U {x(}, ¢, x0, x;)) is nonnegative; moreover v(xo) = 0 if and only if
v(xg) = 0.
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2. If M! = min,cg ¢, and M2 = max,cg e, then M' < (xp) < M2.

3. If in the network (G, X1, X2, ¢, xg) the cost function ¢ : E — R is changed
by ¢’ = ¢ + h, then the optimal strategies of the players in the ergodic cyclic
game on the network (G, X1, X2, ¢/, xo) do not change although the value v(xg)
is changed by v’ (x) = v(xq) + h.

On the basis of these properties we seek for the unknown value v(xg) = v(x),
which we denote by &, using the dichotomy method on the segment [M ', M?] such
that at each step of this method we will solve a dynamic c-game with network
(G, X1, XU {xo}, . xo, x;,), where " = ¢ — h. So, the main idea of the general
step of the algorithm is the following: We make the transformation

F=c—hy for ecE,

where hy, is a midpoint of the segment [M!, M,f] at step k.

After that we apply the algorithm from Sect. 3.5.5 for the dynamic c-game on
the network (G, X1, X» U {x0}, , xo, x,) and find vy, (xo). If vp, (xo) > O then we
fix the segment [Mle, M,fﬂ], where Mle = Mkl and MI?H = (M,i + M,?) /2;
otherwise we put M} | = (M} + M}) /2 and M7 | = M. If vy, (xo) = O then
STOP.

So, using the dichotomy method in an analogous way as for the acyclic /-game
we determine the value of the acyclic game. If this value of the dynamic c-game
is known then we determine the strategies of the players by using algorithms from
Sect. 3.5.4 or Sect. 3.5.5.

In the case if xp may not belong to a max-min cycle determined by optimal
strategies of the players in the cyclic game we solve | X| problems by fixing at each
time the starting position xo = x for x € X. Then at least for a position xo = x € X
we obtain the value of the cyclic game and the optimal strategies of the players.

3.8 On Determining Pareto Optima for Cyclic Games
with m Players

To determine a Pareto solution for the cyclic game with m players we can use the
continuous model from Sect. 2.2.4 and extend it for the multi-objective case of the
problem in the following way:

Minimize the vector function

H) = (H (), H (), ..., H™ (@)
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subject to
Z Qe — z a, =0, Vx € X;
eeE~(x) e€E(x)
eckE
a, >0, e€ E,
where

I i ; .
H (o) = E Colle, 1=1,2,...,m;
eeE

E-(x) ={e= 0. 0)|(,x) € E}; E(x)={e=(x,y) |, y)€E}

Pareto optima for this multicriterion problem can be found by using the approach
from [14-16, 30, 111]. Solutions of this continuous problem will correspond to
solutions of the discrete multicriterion problem on a given strongly connected graph
G = (X, E) with cost functions ¢’ : E - R, i =1,2,...,m.

Note that a Pareto solution for the cyclic game with m players on G does not
depend on the partition X = X1 U X, U - U Xp.

3.9 Multi-objective Control Based on the Concept
of Noncooperative Games: Nash Equilibria

Consider a dynamic system L with a finite set of states X, where at every time-step
t the state of IL is x(t) € X. For the system L two states xo, xy € X are given
where xo represents the starting state of L. , i.e., xo = x(0), and x s represents the
state in which the dynamical system must be brought, i.e. x s is the final state of L.
We assume that the dynamic system should reach the final state x s at the moment of
time 7 (x s) such that #; < #(x) < r, where ¢ and t, are given. The dynamics of the
system L is controlled by m players and it is described as follows:

x(t+1) =g (x@), u' @), W>@), ..., W), t=0,1,2,... (3.45)
where
x(0) = xo
is a starting point of the system L and v (t) € R" represents the vector of the control
parameters of the playeri,i € {1, 2, ..., m}. The state x (¢ + 1) of the system LL at the

time-step # 4 1 is obtained uniquely if the state x (¢) at the time-step ¢ is known and the
players 1, 2, ..., m fix their vectors of the control parameters u ! (f), W2(@t), ..., u™ (1)
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independently, respectively. For each player i, i € {1, 2, ..., m} the admissible sets
U/ (x(t)) for the vectors of the control parameters ' () are given, i.e.,

ui(t) e Ul(x(1), t=0,1,2,...;i=1,2,...,m. (3.46)
‘We assume that U,i x@), t=0,1,2,...; i =1,2,..., m are non-empty finite
sets and
Ulx)NU/ (x(t) =0, i#j, 1=012 ...
Let us consider that the players 1, 2, ..., m fix their vectors of the control para-
meters

w @), w0, .. u" @) t=0,1,2,...,

respectively, and the starting state x (0) = xo as well as the final state x ; are known.
Then for the fixed vectors of the control parameters ul (), W), ..., W"(t) either a
unique trajectory

x0=x00),x(1), x(2), ..., x(t(xf)) = xy

from xg to x s exists and 7 (x 7) represents the time-moment if the state x s is reached,
or such a trajectory from xo to x s does not exist.

We denote by
=1
Fio @), a2 @), " (0) = > @), gix(0),u @), @), ... u" (1))
t=0

the integral-time cost of the system’s transition from xo to xy for player i,
i €{l,2,...,m} if the vectors u' (r), u2(¢), ..., u" (1) satisfy condition (3.46) and
generate a trajectory

x0=x00),x(1),x(@2), ..., x(t(xp)) =xy

from xg to x s such that
n<txy) <i;

otherwise we put

Fyy, w0, w? (@), ..., 0" (1) = 00
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Note that c¢f(x(t), g:(x(1), u' (@), u(@), ..., W"(®)) = cjx@), xt + 1))
represents the cost of the system’s passage from state x(¢) to state x (¢ + 1) at the
stage [z, t + 1] for player i.

Problem 3.61 Find vectors of control parameters
N N e () A VN (O R T (O N VN O NN T}
which satisfy the condition

Floo, @@, v @), . w0, " ), @), w™ @) <
@ (@0, W @), W@, A0, W@, ™ (@)

Vul() e R™, i=0,1,2,...,m.

i
= Fxoxf

So, we consider the problem of finding the solution in the sense of Nash [2,79, 100,
102].

The problems formulated above, can be regarded as mathematical models for
dynamical systems controlled by several players who do not inform each other which
vectors of control parameters they use in the control process.

An important particular case of Problem 3.61 is represented by the zero-sum
control problem of two players with the given costs

cr(x(), x(t + 1) = 7 (x(t), x(t + 1)) = —c/ (x(©), x(t + 1))

of the system’s passage from state x () to state x (# + 1), which determine the payoff
function

Fupe, (u! (1), w? (1) = Fg, (! (1), w*(0) = = Fy, (u' (@), w(@)).

In this case we seek for a saddle point (u!*(r), u**(¢)) of the function Fox; (ul (@),
u2(1)) [103], i.e. we consider the following max-min control problem:

Problem 3.62 Find vectors of control parameters ' (), u¥* (¢) such that

Frox, (' (1), u¥ (1)) = max min Fyyy, (u! (1), w2 (1))
ul(r) u2(1)

= min max Fyy., (u' (1), u*(1)).
w2 (t) ul(r) ’

So, for this max-min control problem we are seeking for a saddle point [103].

The results obtained in previous sections allows us to formulate conditions for
the existence of Nash equilibria in such dynamic games. Moreover, we describe a
class of game control problems for which the dynamic programming technique can
be used for determining Nash equilibria.
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3.9.1 Stationary and Non-stationary Multi-objective
Control Models

The multi-objective control model formulated above is related to the non-stationary
case. In this model the functions gf, t=0,1,2,..., may be different for different
moments of time and the players in the control process can change their vectors of
control parameters for an arbitrary state x = x(¢) at different moments in time ¢.
Additionally, for a given state x = x (¢) the admissible sets U,i x@),i=1,2,...,m,
can be different for different moments in time 7. Moreover, the costs of the system’s
transition ¢; (x(¢), x (¢ + 1)) from state x = x(¢) to state y = x (¢ 4 1) are varying in
time for given x and y.

Stationary versions of the considered control problems correspond to the case if
the functions gf,t =0,1,2,...,donotchange in time, i.e., gf = gi, t=0,1,2,...,
and the players preserve the same vectors of control parameters in time for given states
x € X. Additionally, we consider that the admissible sets U,i (x(),t=0,1,2,...,
for vectors of control parameters do not change in time, i.e., Ut" x@®) = Uix),
t=0,1,2,..., i=1,2,...,m.

In general, for non-stationary control problems the players can use non-stationary
strategies although the functions gf, t=20,1,2,...,and the admissible sets of the
control parameters U,i (x(t)),t =0,1,2,..., may not change in time, i.e., gi = gi,
t=0,1,2,...and U (x(1)) = U' (x), 1 =0,1,2,...,i =1,2,...,m.

3.9.2 Multi-objective Control Problems with Infinite
Time Horizon

For the control problems with infinite time horizon the final state is not given and
the control process is made indefinitely on discrete moments intime r =0, 1,2, ....
Mainly two classes of multi-objective problems in this topic are considered.

In the first class of problems each playeri € {1, 2, ..., m} has the aim to minimize
his own objective function

Fi '), v @), ..., u" ()

<
= lim = > clx(®), gi(x), u' (@), W), ..., u" (1)
T—>00 T
t=0
that expresses the average cost per transitions by a trajectory determined by all
players together. For the second class each player i € {1, 2, ..., m} has to minimize
the discounted objective function
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Fl @' (), w?(0). ... u™ (1))
T

=D A, g:(x@), u' @), v @), ..., @),
t=0

with a given discount factor v, where 0 < v < 1.

As we have noted for the single-objective control problems with infinite time
horizon and constant transition costs there exists the optimal stationary control. Based
on the results obtained for positional games we may derive conditions and algorithms
for determining Nash equilibria for the stationary game control problem with average
and discounted objective functions.

Ifm=2and

c2(x(t), g(x (1), ul (1), W (1)) = —c} (x(1), g: (x(2), u' (1), u*())),

then we obtain a zero-sum control problem with infinite time horizon. For such a
game we are seeking for a saddle point.

3.10 Hierarchical Control and Stackelberg’s
Optimization Principle

Now we shall use the concept of hierarchical control and assume that in (3.45)
for an arbitrary state x(f) at every moment in time, the players fix their vectors
of control parameters successively one after another according to their numerical
order. Moreover, we assume that each player fixing his vectors of control parameters
informs posterior players which vector of control parameters has been chosen at the
given moment in time for a given state. So, we consider the following hierarchical
control process:

Let IL be a dynamical system with a finite set of states X and a fixed starting point
x(0) = xo0 € X. The dynamics of system L is defined by the system of difference
equations (3.45) and it is controlled by p players using the corresponding vectors of
the control parameters u! (t), u(z), ..., u™(1).

For each vector of control parameters ' (¢) the feasible set (3.46) is defined for an
arbitrary state x (¢) at every discrete moment in time ¢. Additionally, we assume that
for an arbitrary state x () € X at every moment in time ¢ the players fix their vectors
of control parameters successively one after another according to a given order. For
simplicity, we will consider that the players fix their vectors of control parameters
in the order corresponding to their numbers. Each player, after fixing his vectors of
control parameters, informs posterior players which vector of control parameters has
been chosen at the given moment in time for a given state. Finally, if the vectors
of control parameters ul @), u (), ..., u" () and the starting state x(0) = xo are

known then the cost F)ﬁoxf, (Wl @), u* @), ..., u™ (1)) of the system’s passage from
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the starting state xg to the final state x s for playeri € {1, 2, ..., m} is defined in the
same way as in Sect. 3.9.

In this hierarchical control process we are looking for Stackelberg strategies
[78, 79, 126], i.e. we consider the following hierarchical control problem:

Problem 3.63 Find vectors of control parameters ul*(t), u? ),..., u’"*(t), for
which

u (1) = argmin Fxloxf(ul(t), wr (@), ..., U @D));
O '
(v DR o' ™h),
ur (1) = argmin szoxf(ul*(t), w20, ..., U™ @D));

w(t)eRy (™)
(ui(t)eR,-(ul*,uz,...,u"’l))
3<i<m
* . * *
w(r) = argmin F)?oxf W @), v (@), ..., u"@));
71,3(t)€R3(71,1*,71,2*)
(11,i(t)eR,-(ul*,71,2*,71,3,..4,11,"’1))

4<i<m

u" () = argmin Fr., @ @), uF @), w0, W @));

W (1) € Ry (ul™ u2" . um=1")

where Ry (u', u?, ..., u*~1) represents the best responses of player k if the players

1,2, ...,k — 1 have already fixed their vectors ul(t), uz(t), el uk’l(t), i.e.,

Ry(u') = argmin szox/(ul(t), W @), ..., u"@1));
u?(t)eU? '
(W @eR; ! ..uih), .
1.2y _ . 3 1 2 mea.
Ri(u',u”) = argmin Fx()xf(u @), u“(t),...,u"());
w3 ()eU? ‘

(ui (t)eR; (ul,‘..,u’;l))

4<i<m

Rp(u',u?, ..., u""") = argmin F;';xf(ul(t), w2 (t), ..., U™ (D);
um([)EU’"

[TV @), t=o0.1.2,...; i=01.2,....m.

x(t) t

It is easy to observe that if the solution ul” (1), u? ), ..., um (1) of Problem 3.61
does not depend on the order of fixing the vectors of control parameters of the players
1,2,...,mthenu! (r), u¥ (¢), ..., u"(¢) is a solution in the sense of Nash.

If c2(x(t), x(t+1)) = —c} (x(t), x(t+1)) = ¢;(x(t), x(¢ + 1)), then we obtain
the max-min control problem of two players with the payoff functions
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Frow, (' (1), u? (1)) = Wj W' (@), v* (1) = —Fypp, (w (1), u(1)).

In this case we are seeking for the vector of the control parameters ul*(t), u? (1)
such that

Froxp (" (0), w? (1)) = maxmin Fye, (u! (1), w?(1).
wl (1) w2 (1)

For the considered class of problems we will also develop an algorithm based on
dynamic programming.

3.10.1 Multi-objective Control Based on the Concept
of Cooperative Games: Pareto Optima

We consider a dynamical system IL, which is controlled by m players 1,2,...,m
and formulate the control model which is based on the concept of cooperative games.
Assume that the players coordinate their actions in the control processes by using
common vectors of control parameters u(t) = (ul@), u? (1), ..., u"™(t)) (see [11,
17,60, 100, 101, 107]). So, the dynamics of the system is described by the following
system of difference equations

x(t+ 1) =g/(x@), u@®), t=0,1,2,...
where
x(0) =x9 and u(®) € Us(x(t)), t=0,1,2,....

Additionally, we assume that system IL should reach the final state at the time moment
t(xy) suchthatf; < t(xy) < T>.

Let

u(0), u(l), u(2), ..., ut = 1), ...

be a players’ control, which generates a trajectory

x(0), x(1), x(2), ..., x(@), ....

Then either this trajectory passes through state x ; at the finite moment 7'(x ) or it
does not pass through x s. We denote by

txp)—1
Flor, w®) = D" cfx@), gi(x(0), u@®), i=1,2,....m

t=0
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the integral-time cost of the system’s passage from xg to x s if
f < t(xf) <ty

otherwise we put
Fl. () =

Here ci x(@®), g(x(@), u®))) = cﬁ (x(#), x(t + 1)) represents the cost of the
system’s passage from state x () to state x (¢ 4 1) at the stage [¢, ¢ + 1] for player i,
iefl,2,...,m}.

Problem 3.64 Find vectors of control parameters «*(¢) such that there is no other
control vector u(t) # u*(t), for which

(F., @w®), F2. (u(t)) Fit, (u(1))
< (Fl, @ (), F2 (), ..., FI' (1))
and for any ip € {1,2,...,m}

Figxf (u(®)) < F)’ngf(u*(t)).
So, we consider the problem of finding a Pareto solution [100, 101, 107].
Unlike Nash equilibria, Pareto optima for multi-objective discrete control always
exist if there is an admissible solution u(t),t =0, 1, 2, ..., t(xy), which generates
a trajectory xo = x(0), x(1), x(2), ..., x(t(xf)) = x from xp to x 7.

3.11 Alternate Players’ Control Condition and Nash
Equilibria for Dynamic Games in Positional Form

In order to formulate the theorem of the existence of Nash equilibria for the considered
multi-objective control problem from Sect. 3.9 we will apply the following condition:

We assume that an arbitrary state x(¢) € X of the dynamic system L at the time-
moment ¢ represents a position (x,7) € X x {0,1,2,...} of one of the players
i €{1,2,...,m}. This means that in the control process the next state x(t + 1) € X
is determined (chosen) by player i if the dynamic system L at the time-moment ¢
has the state x (¢), which corresponds to the position (x, ¢) of player i. This situation
corresponds to the case if the expression

g (x(@®), u' @), @), ..., W), @), W), L (@)

in (3.45) for a given position (x, t) of player i only depends on the control vector
u' (1), 1i.e.,



316 3 A Game-Theoretical Approach to Markov Decision Processes . . .

g (x(@), u(2), wP(0), ..., W T@), W @), W), L W (1) = gl (x (), ul(2)).

So, the notations (x, f) and x(¢) have the same meaning.

Definition 3.65 We say that the alternate players’ control condition is satisfied for
the multi-objective control problems if for any fixed (x,7) € X x {0,1,2,...}
the Eq. (3.45) only depend on one of the vectors of control parameters. The multi-
objective control problems with such an additional condition are called game control
models in positional form.

The following lemma presents a necessary and sufficient condition that holds for the
alternate players’ control.

Lemma 3.66 The alternate players’ control condition for the multi-objective control
problem holds if and only if at every time-stept = 0, 1, 2, ... for the set of states X
there exists a partition

X=XiOUXo0)U---UXp(0); (XiNX;@)=0, i F#])) (3.47)

such that the equations (3.45) can be represented as follows:

Xt +1) = gj(x(@), u' () if x(1) € X;(0);
F=0. 12 i=1.2....m. (3.48)
ie.,
g (x(@), u' (@), W), ..., W), W), ..., WD)
— G, W ) i X0 € Xi(); 1=0,1,2,..5 i=12....m.

Here, X;(t) corresponds to the set of the positions of player i at the time-step t (note
that some of X;(t) in (3.47) can be empty sets).

Proof = Let us assume that the alternate players’ control condition holds for a
multi-objective control problem. Then for a fixed time-step ¢ the equations (3.45)
depend on only one of the vectors of control parameters v/ (), i € {1,2,...,m}.
Therefore, if we denote by X; () the set of the states of the dynamical system which
corresponds to the positions of player i at time-step ¢, equation (3.45) can be regarded
as a solution which satisfies (3.48).

< Let us assume that the partition (3.47) is given for any ¢+ = 0,1,2,...,
and the expression in (3.45) is represented in the form (3.48). This means that at
every time-step ¢ this equation depends on only one of the vectors of the control
parameters. (]

On the basis of these results we can prove the important fact that the set of the
positions can be characterized in the following way:
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Corollary 3.67 If the alternate players’ control condition for the multi-objective
control problem holds then the set of the positions Z; € X x {0, 1,2, ...} of player
i can be represented as follows:

z,:U (X;(0),1), i=12...,m.
t

Let us assume that the alternate players’ control for the problem from Sect. 3.9
holds. Then the set of possible system’s transitions of the dynamical system L can
be described by a directed graph G = (Z, E) with the set of vertices Z = (J/~, Z;,

where Z;, i = 1,2, ..., m, represents the set of the positions of player i. An
arbitrary vertex z € Z in G corresponds to a position (x, 7) of one of the players
i € {l,2,...,m} and a directed edge ¢ = (7/, 7”) reflects the possibility of the

system’s transition from state 7’ = (x, 1) to state z” = (y, ¢ + 1) determined by x ()
and the control vector u' (t) € U, (x(t)) such that

y=x({t+1) =g x@),u @) if x@)eZ.

We associate to the edges ((x, 1), (y,t + 1)) of the graph G the costs c((x, 1),
.14 1) =clx@), gitx@), W' @), i =1,2,....m.

Graph G is represented in Fig. 3.16. This graph contains #, 4 1 copies of the set of
states X (1) = (X, 1), where X (1) = X1 (1)UX()U---UX,,(t),t =0,1,2,..., 1.
In G there are also the edges ((x,1), (xy, 1)) ift1 —1 <t <t — 1 and for a given
position (x, #) = x(t) € X;(t) of the player i there exists a control u (t) € U} (x(t))
such that

(X,0) X1 X n-) Xt X 5n-1) Xt

O .

(x0,0)

(x7,82)

Fig. 3.16 The network for the multi-objective control problem
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xp=x+ 1) =glx@), u ().

To these edges ((x, 1), (xr, t2)) we associate the costs c((x, 1), (xr, 1)) = clf (x(1),
g (x@), W (@)),i=12,...,m.

It is easy to observe that G is an acyclic directed graph in which an arbitrary
directed path from (xg, 0) to (x , ;) contains # (x ) edges such thatty < 7(xr) < 1.
So, a directed path from (xo, 0) to (x, t2) corresponds to a feasible trajectory of the
dynamical system from xo to x f.

This means that our multi-objective problem with alternate players’ control con-
dition can be regarded as a dynamic noncooperative game on a network.

Based on such a representation of the dynamics of system L in [74, 76, 77, 79]
the following result is grounded.

Theorem 3.68 Let us assume that for the multi-objective control problem there
exists a trajectory

x0 =x(0), x(1), x(2), ..., x(t(xf)) = xy
from a starting state xg to a final state x y generated by vectors of control parameters
ul (), u (@), ..., "), t=0,1,2,...,t(xs) =1,

where ul (1) € Uti(x(t)), i=12,...,m1t=012...,txp)—1landty <
t(xf) < to. Moreover, we assume that the alternate players’ control condition is satis-
fied. Then for this problem there exists an optimal solution ul” (1), u? @, ..., u™ (1)
in the sense of Nash.

The correctness of this theorem follows from Theorem 3.30 because the problem of
determining Nash equilibria for the game-theoretic control problem with alternate
player’ control condition is equivalent to the problem of determining Nash equilibria
in the dynamic c-game on an auxiliary constructed time-expanded network.

As an important result from Theorem 3.68 we obtain the following corollary:

Corollary 3.69 Assume that for any u'(t) € U,1 (x(@), t = 0,1,2,... in the
max-min control problem there exists a control u*(t) € Ut2 x(@)),t=0,1,2,...,
t(xy) — 1 such that u! (1) and u*(t) generate a trajectory

x0 =x(0), x(D), x(2), ..., x(t(xf)) = xy

from a starting state xq to a final state x r, where t| < t(xy) < to. Moreover, we
assume that the alternate players’ control condition is satisfied. Then for the payoff
Sunction Fyy f (ul (@), w*(r)) in the max-min control problem there exists a saddle

point (ul* (1), u? (1)), i.e.,
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Frox, (u' (1), 4 (1) = max min Fyoe (u' (1), u?(1))
’ wl(r) u2(1)

= min max Fyy., (u' (1), u*(1)).
w2 (1) ul(r) ’

All results related to the existence theorems and algorithms for solving the problems
on networks can be referred to the problems from Sects. 3.3-3.5.

3.12 Determining a Stackelberg Solution for Hierarchical
Control Problems

We consider the hierarchical control problem from Sect. 3.10. In order to develop
a dynamic programming technique for determining a Stackelberg solution we study
the static case of the hierarchical problem and analyze the computational complexity
of this problem. Additionally, we formulate the hierarchical control problem on the
network and propose a dynamic programming algorithm for its solving. Based on
these results we extend the dynamic programming technique for the hierarchical
control problem from Sect. 3.10.

3.12.1 A Stackelberg Solution for Static Games

Let a static game of m players I" = ({Si},_y,, {Fi};_1;;) be given, where S;,
i =1,2,...,m, represent nonempty finite sets of the strategies of the players and

Fi:Sleszm—ﬂR], i=1,2,...,m,

are the corresponding payoff functions in I". We consider the problem of deter-
mining a Stackelberg solution in this game, i.e., we are seeking for strategies
s 2% ..., s™* such that it holds:

s = argmin Fi(s', s%, ..., s™):

} S'GSI_,
(SIGRZ(S]’“"sl_l))Zﬁiﬁm

s° = argmin Fr(s s, ..., s™);

s2eRy(s'™),

. *
53 = argmin F3(s1 52 R
s3€R3(x1*,52*),
(siER;(sl*,sz*,s3,<.-,x,'_|))

4<i<m
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. * * 1%
s = argmin Fu(s', 82", ™1 g™y,
SMER, (s17,52% ... sm=1%)
where Ri(s', s, ..., s¥71) is the set of the best responses of player k if the players
1,2, ...,k — 1 have already fixed their strategies shs? . sk e,
1\ . 1 2 my.
Ry(s') = argmin Fy(s',se,...,s");
) szeSg,
(SleRi(Sl*'“’Sl_l))3§i§m
Ri(s!, s%) = argmin Fi(s',s%, ..., s™):
) 53683{
(s’eR,-(sl,sz,...s‘_l))4<i<m
Ry(st,s2, ..., s" = argmin Fu(s', s, ..., s™).

sMeSy

In this game the players fix their strategies successively according to their numerical
order. Therefore, if the order of fixing the strategies of the players is changed then the
best responses of the players will correspond to a Stackelberg solution with respect
to a new order of the players.

Lemma 3.70 Lets'™, s2*, ... s"* bea Stackelberg solution of the game I'. If this
solution remains the same for an arbitrary order of fixing strategies of the players,
then sl*, 52*’ ..., 8™ is a Nash equilibrium.

Proof Assumethatsl*, sz*, el si_l*, si*, si+1*, ..., s™*isaStackelberg solution
for an arbitrary order of fixing strategies of the players. Then we may consider that
an arbitrary player i fixes his strategy in the last order and therefore

1* 2% i—1% i* 1% m*
Fi(s ,s°,...,s ,sh s Lo, 8T <
o e s . )
< Fi(s", 82, s s T s, Vst eSSy, i=1,2, ..., m.
* * I Pk P * . e .
So, s1™ 2%, .. giTF i git] ,...,s™* is a Nash equilibrium. O

The computational complexity of determining pure Nash equilibria in discrete games
has been studied in [31, 42, 105]. Based on the results from [31] we can conclude
that finding a Stackelberg solution in the considered games is NP-hard if the number
of players m acts as input data parameter of the problem. In the case that m is fixed
(i.e. m does not act as input data parameter of the problem), then a Stackelberg
solution can be found in polynomial time. In the case of a small number of players,
especially in the case of two or three players, exhaustive search allows us to determine
Stackelberg strategies for large dimensioned finite games. Indeed, if we calculate

sl*, sz*, ..., s™* according to the condition from the definition of a Stackelberg
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solution we use |S{| X |Sp| x -+ - X |S;;| steps. So, in the case of two players we can
determine a Stackelberg solution using O (|S1]|S2|) elementary operations (here we
do not take into account the number of operations for calculating the values F; (s, s2)
for given (s', s%). We can use this fact for solving hierarchical control problems with
two or three players.

3.12.2 Hierarchical Control on Networks and Determining
Stackelberg Stationary Strategies

Let G = (X, E) be the graph of states’ transitions for a time-discrete system L. So, X
corresponds to the set of states of L and an arbitrary directed edge e = (x,y) € E
means the possibility of system L to pass from state x = x(¢) to state y = x(¢ + 1)
at every moment in time r = 0, 1, 2, ... Assume that the system L is controlled by
m players and on the edge set the following m functions are defined:

ci:E—>R1, i=1,2,...,m,

., Cos ..., Ch toeachedge e € E. For player i the quantity cﬁ;
expresses the cost of system L to pass through edge ¢ = (x, y) from state x = x(f) to
state y = x(f+ 1) atevery momentintimes = 0, 1, 2, ... On G the players use only
stationary strategies and intend to minimize their integral-time costs by a trajectory
x0 = x(0), x(1), x(2), ..., x((xy)) = xy from a starting state xo to a final state
xr, where 11 < t(xy) < t,. We define the stationary strategies of the players as m
multi-value functions

which assign m costs ¢!, ¢2

shix = XM e Al for x e X\ {xy);
s2:x = XP(x) € A2(x) for x e X\ {xs}

s™ix —> X;’,'{”(x) € A"(x) for x e X\ {xs}
which satisfy the condition
sy Ns2)N---Ns"x)| =1, VxeX, (3.49)

where A(x),i = 1,2, ..., m, are given sets of subsets from X (x) ={y € X | e =
(x,y) € E}, ie, Al(x) = (X! (x), X2(x), ..., XD @), x/(x) < X0,
j=12,..., Ki(x).

The strategies st(x), s2(x), ..., s™(x) for a given x € X \ {xy} correspond to
vectors of control parameters u' (1), w2(t), ..., u™(r) at a given state x = x(¢) in
the control Problem 3.62 and reflect the fact that the set of control parameters at
the given state x = x(¢) uniquely determines the next state y = x(r + 1) € X at
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every moment in time ¢ = 0,1, 2,.... Therefore, here we use condition (3.49) and
consider that y = (/L s’ (x).
If | N s/ (x)| # 1 then the set of strategies s', s2,...,s™ is not feasible. In the

following we consider that the players use only feasible strategies.

An arbitrary set X i'/ (x) € A’(x) in our control problem represents a possible set
of next states y = x(t + 1) € X in which player i prefers to transfer system L if
at the moment in time 7 the state of the dynamical system is x = x(¢). This set for
control Problem 3.62 can be treated as a set of possible next states y = x(t+1) € X
if player i fixes a feasible vector of control parameters u (f) € Uti (x(2)). Therefore,

if we treat X l] (x) as preferences of the next possible sets of the states from A’ (x) for
player i € {1,2,..., m} then the unique next state y represents the intersection of
preferences s! (x), s>(x), ..., s™(x) of the players 1,2, ..., m,ie. y = Ny s (x),
where s’ : x — X/ € A/(x) forx € X \{xy}, i=1,2,...,m.

Lets!, s2,...,s™ be a fixed set of feasible strategies of the players 1,2, ..., m.
Denote by Gy = (X, Ey) the subgraph generated by edges ¢ = (x, y) € E such
that y = (/L s'(x) for x € X \ {xy}. Then in Gy either a unique directed path
Ps(x0, x¢) in G exists or such a path does not exist. Therefore, for shos2 .. s™
and fixed starting and final states xo, xy € X we can define the quantities

1 12 52 12 & 12
H. _ (s',s°,...,8™), H>_(s',s°, ...,8™), ..., H* (s',s°,...,s™

X0X XX f Xoxf

in the following way. We put

g - o
H)’Coxf(s,s,...,sm)z E c, i=1,2,....m
e€E(Py(x0,xf))

if
11 < [E(Ps(x0, x£))| < 1;

otherwise we put '
H)’Coxf(sl, 52, ... s™) = 4o0.

Note that in this control process the players fix their strategies successively one after
another according to their numerical order at each moment in time t = 0, 1,2, ...
for every state x € X \ {xr}.

Additionally, we assume that each player fixing his strategies informs posterior
players which strategy has been chosen.

In the considered hierarchical control problem we are seeking for Stackelberg

. . . . . k * .
stationary strategies, i.e. we are seeking for strategies s', 527, ..., s™*, for which
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* . ~
s = argmin Hxloxf(sl,sz,...,sm);
) sleSl, ’
(SleRi (Sl """ Sli]))Zgigm
* . ~ *
s = argmin H)?O)Cf(s1 52 s™);
s2eRy(s'),
i 1* 2 i—1
(s ER3(s' ,57,...,8 ))351'5771
* . ~ * *
3= argmin H;Mf(s1 527 o s™):
s3eR3(s1*,s2*),
i IF 2% 3 i—1
(s eR; (s ,5%,87,...,8 ))4§i<m
. g k k _1*
s = argmin H)’c’(’)x/,(s1 82T s ey,
S’"ERm(Sl*,SZ* ’’’’’’ s mfl*)
where Ri(s!,s2,..., s 1) is the set of best responses of player k if the players
1,2, ...,k — 1 have already fixed their strategies s1, 52, ..., Sk—1, i.€.,
1 . 72 1 2 .
Ro(s’) = argmin onxf(s L8700 8™);
) SZESZ,
(s’eR,-(sl,...,s”l))SEiEm
Ri(s', s%) = argmin H)g’oxf(sl,sz,...,sm);
) 53683,
(SlERi(Sl"“"th))gigm
RnGs',s?, ..., s" = argmin H;’éxf(sl, s2 8.
smeS,,
where Sy, Sy, ..., S, represent the corresponding admissible sets of stationary
strategies of the players 1,2, ..., m.
Remark 3.71 In general the stationary strategies s', s2, ..., s” of the players in the

hierarchical control problem on G can be defined as arbitrary multi-value functions
shix > X{i(x) € A'(x) for x € X\ {xs}, i=12,...,m.

If the conditions (3.49) for x € X \ {xf} do not take place, i.e. if at least for a state
x € X\ {xy} the following condition holds:

sty Ns2@) N Ns™ )| # 1,

then we put H! _ (s',s2,...,s™) = +o0.

0xf
So, the hierarchical control problem is determined by the dynamic network
(G, A', A%, ... A™ e e xo, xy, Th, To), where AT = o A (x)
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and ¢/ = (ci],cg,...,cilm), i =1,2,....m.Inthecase T, = oo, T} = 0
we denote the corresponding network by (G, Al A2 A A 2L o,
x0, xr). The following theorem allows us to describe a class of multi-objective hier-
archical control problems for which an arbitrary Stackelberg solution is also a Nash

equilibrium.

Theorem 3.72 Let the hierarchical control problem on the network (G, Al,
A2, A e 2L e, X0, xf) be given, where G has the property that for
an arbitrary vertex x € X there exist a directed path from x to xy. Addition-
ally, assume that the sets A'(x), A%(x), ..., A" (x) satisfy the following condition:
For an arbitrary vertex x € X \ {xy} there exists iy € {1,2,...,m} such that
Ax() = (b} |y € Xg()} and A™(x) = {Xg()} ifi € {1,2,....m} \[ix}.
Then for the hierarchical control problem on G there exists a Nash equilibrium.

Proof First of all it is easy to observe that if the conditions of the theorem hold
then in the multi-objective control problem on G there exist stationary strategies
s s2, ..., s™ which generate a trajectory xo, X1, X2, . . ., X ; from a starting state xg
to a final state x ¢ for an arbitrary given starting vertex xo = x € X. This means that
a Stackelberg solution for the hierarchical control problem on G exists. Additionally,
we can see that the dynamic c-game from Sect. 3.3.3 (the multi-objective control
problem in positional form) represents a particular case of the problem formulated
above if the sets Al (x), A2(x), ..., A™(x) satisfy the condition that for an arbitrary
x € X \ {xy} there exists iy € {1,2,...,m} such that Al (x) = {{y} |y € Xc;(x)}
and A’ (x) = {Xg(x)}ifi € {1,2,...,m}\ {i\}. In this case a Stackelberg solution
of the hierarchical control problem does not depend on the order of fixing strategies
by the players, and therefore, on the bases of Lemma 3.70 an arbitrary Stackelberg
solution of the multi-objective control problem on G is a Nash equilibrium. O

3.12.3 An Algorithm for Determining Stackelberg Stationary
Strategies on Acyclic Networks

We consider the hierarchical control problem on an acyclic network (G, A,
A2, o ATl 2 .. , ¢, x0,x5),1e.,G = (X, E) isanacyclic directed graph
and 11 = 0, 1 = oo. We also assume that in G vertex x s is attainable from every
vertex x € X.

Algorithm 3.73 Determining Stackelberg Strategies on Acyclic Networks

Preliminary step (Step 0): Fix X0 = {xr}, E® = ¢ and put 5i(xf) = 0,
i=1,2,...,m.

General step (Step k, k> 1): f X\ X k=1 — ¢ then STOP; otherwise find a vertex
xk e X\ X*! for which Xg (x¥) € X*~1, where X (x*) ={y € X | (x¥, y) € E}.
With respect to vertex x* we consider the static problem of finding Stackelberg
strategies sl*(xk), sz*(xk), e, sm*(xk) in the game
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refy = 6", 565, . Su(), Fi, Fay oo B,
where the sets of strategies of the players S} x5y, SH(x%), ..., Su(x¥) and the payoft
functions Fy, F>, ..., F,, are defined as follows:

S;(xFy = (st (xFy | st x> xl.jf(x") e AN, i=1,2,...m;

m .
SO ey, i y= 05
Fi(s',s%,...,s™) = w (3.50)
oo, it [N s’(xk)‘ £1.

i=1

After that find a Stackelberg solution st (xk) 2 (xk) , s™*(x¥) for the static
game I’ (x*) and determine the vertex y* ﬂ 15 (xk)

Then calculate
i kN 0% i .
€(x)—5(y)+c(xkyy*), i=1,2,...,m

and fix thxf(sl*,sz*,...,sm*) =c(xh),i=1,2,....m
Put X* = X1 U (xK}, EX = EF-1 U {(x%, y)}, GT* = (X¥, E¥) and go to the
next step.

This algorithm determines Stackelberg stationary strategies s ' ¥ s2, ..., s™* foran

arbitrary starting position xo = x and the fixed final position x . The correspondmg
optimal values of integral costs of the system s passage from a starting state xo = x
to a final state x s are onx ; (s , 2*, ..., s™*). The algorithm determines the tree
GTXI=1 = (x, EXI=1) of optimal strategies with a sink vertex xy which gives
Stackelberg strategies for an arbitrary starting position xo = x € X. It is easy to
observe that if for a given starting position xo of the considered dynamic game a
Nash equilibrium exists then the algorithm determines this equilibrium. Note that
the proposed algorithm can also be adapted for the problem if for different moments
in time and for different states the order of fixing stationary strategies of the players
can be different. We should take into account this order of fixing strategies of the
players calculating values hj.‘(xk, y) for a given state x*(r).

Example Consider a hierarchical control problem on a network with two players
where the corresponding graph G = (X, E) is presented in Fig. 3.17.

This network has the structure of a directed acyclic graph with a given starting
vertex xo = x(0) and final vertex x ; = 4. To each vertex it is given a set of subsets

Al(x) = {X]}, where
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Fig. 3.17 The network for the hierarchial control problem

AY0) = ({12}, {1,4});  A%(0) = {{2.4}, {1, 4}};
AN = {{2,3), 3,4} A%(D) = {{2,4), {2, 3));
A' Q) = (4 ARQ) = {14

A'(3) = ({2}, (2.4} U%(Q) = {{4}, {2, 4}).

On the edges e € E there are defined cost functions ¢l E—>Rlandc?: E — R,
where

1 o1 4. 1 e

co1y = 2; €02 = 1; Cl0.4) = 5;

2 L2 2
oy = 3; 0.2 = 2; Clo.4) = 6;

1 . 1 . 1 _ 7.
C(I,Z) = 3, 0(1’3) = 4, C(1’4) = 3,
2 . 2 _ 1. 2 _g.
Clo = 3; i3 = 1; Clha = 5;
1 . 1 —_ 9.
€32 = L cga=2

2 . 2 —
C(3’2) = 1, 0(3’4) = 4,

1 . 2 _
Ci.a) = 1; Coa = 2.

If we use Algorithm 3.73 then we obtain:

Step 0
Fix X0 = {4}, e'(@) =0, 2(4) =0, E* = 0.

Step 1
X\ X0 £ ¢and X (2) € X9, therefore, fix x! = 2 and solve the static game
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I'2) = (812, $22), F1, F2)
where
SIQ) =1{s' 2> {4}, H2)={s":2— {4})

and F (sl, sz) =1; Fz(sl, s2) = 2. For this game we have a trivial solutionsl*(2) =
{4}; s2°(2) = {4}. We calculate ! (2) = 04clhy =1 €7(2) = 0+c(y 4 =2 and
put A} (s, s = 1, H},(s"", 5" = 2.

Fix X! = XU {2} = {2,4}; E! = EOU{@2,4)) = {(2,4)}; GT! =
(12,4}, {2, HD.

Step 2
X\ X' #@and Xg(3) € X!, therefore, fix x? = 3 and solve the static game

I'3) =(513), $203), F1, F»)
where

S13) = (sl :3 > (2); s):3 > (2,4}},
$H(3) = {s7:3 — (2,4} s3:3— {4})

and F; (sjl., sjz.) are defined according to (3.50), i.e.,

Fisl,sh =2 FslsH =3 13 Ns}3) =2);
Fi(s{.53) = Fa(sj.s5) =00 (s{(3) Ns3(3) = 0);
Fi(s?,53) = Fa(s?,s3) =00 (s3(3) Nsi(3) = (2, 4},
ie {2, 4} # 1)
Fi(s2,53) =2 Fy(sts9) =4 (s33)Ns(3) =4).

If we solve this game we find a Stackelberg solution sl*(3) = {2} 52*(3) ={2,4}.
VZe calculate €' (3) =A51(2) + 023’2) =2; £2(3) = £2(2) + c(23’2) = 3 and put
H) (7.2 =1, HF ("% =2.

Fix X?=x'U{3}={2,3,4 E*=E'U{3,2}={2.4,3.2)}
GT? = ({2,3,4}, {(3,2), 2,9).
Step 3
X\ X2 # ¢and Xg(1) C X2, therefore, fix x> = 1 and solve the static game

(1) = S1(), $2(1), Fr. F2)
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where

Sy ={s{ : 1 = (2,3); si:1— (3,4}},
$H3) ={s7:1 > (2,4); s7:1— {3,4})

and F; (sjl., sjz.) are defined according to (3.50), i.e.

Fi(s{, s =4 Fas),sH =5 s{(HNsi) =2);
Fi(s],s3) = Fa(s},s9) =00 (si(1) Ns3(1) = 0);
Fi(sy,s) =3 Fa(sy.sD) =5 (s3(1) Nsi(1) =4);
Fi(s1,53) =5, Fa(sh,53) =3 (sa(1) Ns3(1) = 3).
If we solve this game we find a Stackelberg solution sl*(l) = 511 (D; s2*(1) =
s2(1), ie. s (1) = {2,3); s2°(1) = {2, 4). Wecalculate ! (1) = 61(2)+c(13’2) =4;
(1) =2(1) + ch 5, =5 and put 7y (", s2") =4, H} (", s%") =5.

Fix X3 = X2U {1} ={1,2,3,4}; E>=E2U{(1,2)} ={(1,2),(2,4), (3,2)};
GT3 = ({1,2,3,4}, {(1,2), (3,2), 2,4}

Step 4
X\ X3 # ¢ and X5(0) C X3, therefore, fix x* = 0 and solve the static game

I'0) = (51(0), $2(0), F1, F2)
where

S1(0) = {s{ : 0 — {1,2}; s1:0— {1,4}},
$(0) = {s7: 0 — (2,4} s3:0— {1,4))

and F; (sjl., sjz.) are defined according to (3.50), i.e.
Fi(sl,sh =2, FBsi,shH =4 (s1(0)Ns30) = 2);
Fi(s{,53) = Fa(sj.s5) =00 (5](0) N53(0) = );
Fi(s3,57) =5; Fa(sy.50) =6 (5;(0) Ns7(0) =4);
Fi(s3.53) = Fa(s3,53) =00 (52(0) Ns3(0) = (1,4},

{1, 4} # D).
If we solve this game we find a Stackelberg solution s = sll; s2 = s%, i.e.

sU = {1,2); s = {2,4). We calculate £1(0) = £!(2) + ¢l = 2 620) =
e2(0) + C(zo ,) = 4and put Ifl\2ly4(s1*, 52"y =2, ﬁi4(sl*, 5%y = 4.
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r_®

©

Fig. 3.18 The tree of the solution for the hierarchial control problem
Fix X* = X3U{0} = {0, 1,2, 3,4}; E* = E3U{(0,2)} = {(0,2), (1,2), (2,4),
(3,2)}; GT* = ({0,1,2,3,4}, {(0,2), (1,2), (3,2), 2, D).

Step 5
We obtain X \ X* = 4, therefore STOP.
So, the optimal stationary strategies of the players are the following:

sT0> (1,2 1> {2,3); 2> {4} 3 {2);
270> (2,4 1> (2,4 2> {4); 3 (2,4

The set of stationary strategies in G generates the tree given in Fig. 3.18.
In this tree the strategies

sl*(O), sz*(O) generate the transition (0, 1);
sl*(l), sz*(l) generate the transition (1, 2);
sl*(2), sz*(2) generate the transition (2, 4);
sl*(3), sz*(3) generate the transition (3, 4).
So, this tree gives the optimal stationary strategies of the players for an arbitrary
starting position xg = x.

In this example, for xy) = O we obtain a Stackelberg solution which is also a Nash
equilibrium. If we fix xo = 1 this Stackelberg solution is not a Nash equilibrium.
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3.12.4 Algorithms for Solving Hierarchical Control Problems

Based on the results from Sect. 3.12.3 we can propose an algorithm for solving the
multi-objective hierarchical control problem from Sect. 3.10. First of all we show
that the hierarchical control problem from Sect. 3.10 can be reduced to a stationary
hierarchical control problem on an auxiliary network (5, cle? ... cm, Y0, ¥T)
for which Stackelberg stationary strategies should be found.

We construct the graph G = (Y, E) of the network in the following way:
y=Y'ur'uy*u...uvyhuy"tu...ur? *ny' =9, k £1);

where Y’ = (X, t) corresponds to the set of states x(t) € X of system L at time
moment t (t =0,1,2,...,n):

E=E°UE'UE*U...UE"UE" y...UER U ES,

where E', t =0,1,2,...,1 — 1, represents the set of directed edges in G which
connects vertices from Y’ with vertices from Y/*!.

We include an arbitrary directed edge ((x,t), (y,t+1))in E',t =0,1,2,...,
tp — 1, if in the control process at time moment ¢ for a given state x = x(¢) there exist
vectors of control parameters ul (@), w2(@1),. .. u™(r) from corresponding feasible
sets U (x (1)), UX(x(t)), ..., UM(x(t)) such that

y(t 4+ 1) = g (x(0), u' (1), W @), ..., V" @)).

In an analogous way, we define the set E/. We include an arbitrary edge ((x, 1),
(x7,1)) in Ef t = t1—1, t1, 1+1, ..., p—1, ifattime momentst € [t;—1, tr—
1] for a state x(z) there exist vectors of control parameters ul (@), u? (1), ..., u" (1)
from corresponding feasible sets Ut1 (x(1)), Utz(x (#)),...,U"(x(t)) such that

xp(t+1) = g (x(@), ul(0), W), ..., u"(1)).

Additionally, to each vertex (x, t) we associate a set of subsets Al(x, 1) = {X l] (x,t+

1), j=1,2,..., K;(x)}, where an arbitrary set Xl] (x,t+1) represents the set of
possible next states x (¢ + 1) if player i fixes a feasible vector of control parameters
u(r) € Uj (x(1)), ie. |A'(x, )| = [Up(x(1))].

We definein G the cost functions ¢!, c2,...,c™ as follows:

To each edge e, = ((x, 1), (y,t+ 1)) € E" we associate the costs

m

co=ci(x@®), yt+1), i=12 ...,m t=012....6n-1

and to edge e, = ((x,1), (xr,T2)) € E/ we associate the costs

co=ci(x@®), xpt+1), i=12...om t=t-1, 1, 0+1 ... 0—L

e,
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After that we use the algorithm from Sect. 3.12.3 and determine Stackelberg
stationary strategies on G with a fixed starting state yo = (xo,?) and a final state
v = (xy, 7). Taking into account that there exists a bijection between the set of
Stackelberg stationary strategies of the players on G and the Stackelberg solution of
the hierarchical control problem from Sect. 3.10 we can find a Stackelberg solution
of the problem.

3.13 Extensions and Generalizations of the Dynamic Decision
Problem Based on Concept of Multi-objective Games

The considered control problems and the corresponding game models from the
previous sections can be generalized applying the concept of multi-objective games
[79]. In this section we consider multi-objective games, which extend noncooperative
ones [59, 102, 103] and Pareto multi-criteria problems [79, 107, 111]. The payoff
functions of the players in such games are presented as vector functions, where the
players intend to optimize them in the sense of Pareto on their sets of strategies. At the
same time in our game-theoretic model it is assumed that the players are interested
to preserve a Nash optimality principle if they interact between them on the set of
situations. Such an aspect of the game leads to a new equilibria notion which we call
Pareto-Nash equilibria [13, 92, 105]. Such a concept can be used for multi-objective
control problems and algorithms for their solving can be derived.

3.13.1 Problem Formulation

The multi-objective game with p players is denoted by I' = (X1, X2,..., X,
Fi,Fa,..., Fy), where X; is the set of strategies of the playeri,i = 1,2,...,m,
and F; = ( Fil, Fiz, ceey Fl.ri) is the vector payoff function of player i, defined on the
set of situations X = X X Xo X -+ X Xt

Fi X1 xXox-xXyu—=TRi, i=1,2,...,m.

Each component F’ ik of F; corresponds to a partial criterion of player i and represents
a real function defined on the set of situations X = X| x X» X --- X X,;:

Fk . X1XX2X-~-me—>IE{1, k=1,r;,i=1,2,...,m.

1

We call a solution of the multi-objective game T =X1.X2,....Xn, F1, Fa,
.., F ) a Pareto-Nash equilibrium and define it in the following way:
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Definition 3.74 The situation x* = (x{, x3,...,x,;) € X is called a Pareto-Nash
equilibrium for a multi-objective game T = (X1, X2, ..., Xp, Fi,Fa, ... ,fm) if
foreveryi € {1,2,..., p} strategy x;" represents a Pareto solution for the following
multi-criteria problem:

max — Foote) = (FlGa), £2Ga). o0 £ ),

where

ik k
f)é*(xl)zFl (-xika-xiks"'7-x;<_]9-xi7-x7<+11-"7x:;l)s
k=1,2,....m, i=1,2,...,m.

This definition generalizes the well-known Nash equilibria notation for classical
noncooperative games (single-objective games) and Pareto optima for multi-criteria
problems. If r; = 1,i = 1,2, ..., m, then T becomes a classical noncooperative
game, where x* represents a Nash equilibria solution; in case p = 1 the game I
becomes a Pareto multi-criteria problem, where x™* is a Pareto solution.

An important special class of multi-objective games represents zero-sum games
of two players. This class is obtained from the general case of a multi-objective game
T = (X1, Xo, ...,Xm,fl,fz, ...,fm) ifm=2,ri=rn=r andfz(xl,xz) =
—F1(x1, x2). o o

The zero-sum multi-objective game is denoted by I = (X1, X», F), where
F(x1,x2) = Fa(x1,x2) = —F|(x1, x2). A Pareto-Nash equilibrium for this game
corresponds to a saddle point x* = (x}, x3) € X| x X» for the following max-min
multi-objective problem:

max min — F(x,x2) = (F'(x1,x2), F2(x1,x2), ..., F'(x1,%2)). (3.51)
x1€X1 xeX?

Strictly, we define a saddle point x* = (x}, x3) € X x X; for the zero-sum multi-
objective problem (3.51) in the following way:

Definition 3.75 The situation (xi", x3) € X1 x X3 is called a saddle point for the
Eax—min multii)bjective problem (3.51) (i.e. for the zero-sum multi-objective game
I' = (X1, X, F)) if x{ is a Pareto solution for the multi-criteria problem:

max — F(x1,x3) = (F'(x1,%3), F2(x1, x3), ..., F'(x1,x3)),
1 1

and x3 is a Pareto solution for the multi-criteria problem:

min — F(xf, x2) = (F'(x}, x2), F2(x}, x2), ..., F'(x}, x2)).
xneXy
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If » = 1 this notion corresponds to a classical saddle point notation for min-max
problems, i.e. we obtain the saddle point notation for classical zero-sum games of
two players.

In this section we show that the theorems of Nash [102] and Neumann [100, 103]
related to classical noncooperative games can be extended for our multi-objective
case of games. Moreover, we show that all results related to discrete multi-objective
games, especially matrix games can be developed in an analogous way as for classical
ones. Algorithms for determining optimal strategies of the players in the considered
games will be developed.

3.13.2 Main Results

At first we formulate the main theorem which represents an extension of the Nash
theorem for our multi-objective version of the game.

Theorem 3.76 Let I’ = (X1, Xo, ..., Xm, Fi, Fo,... ,fm) be a mﬁlti—objeiti—

ve game, where X1, X2, ..., X;y are convex compact sets and f], Fp, ..., Fy
represent continuous vector payoff functions. Moreover, let us assume that for
everyi € {1,2,...,m} each component I’ik(xl,xg, s Xim ]y iy XigLs o s Xm),s
k € {1,2,...,ri}, of the vector function Fi(x1, x2, .. ey X1y Xiy Xicg s s Xm)
represents a concave function with respectto x; on X; for fixed x1, xa, . . ., Xi—_1, Xi+1,
ey X Thenforthemulti-objectivegamef = (X1, X2, ..., Xm, Fi,Fa,... ,Fm)
there exists a Pareto-Nash equilibria situation x* = (x{, x5, ..., xy) € X1 x X3 x
oo X Xm~

Proof Let a1, @12, ..., Qlpys Q21,002, .o, Q2py, « o, Qi1 Q2 + .« Qiyyr,, DE AN

arbitrary set of real numbers which satisfy the following condition

ri

Zaikzl,izl,Z,...,m;

p (3.52)
ik >0, k=1,2,....r, i=12,...,m.

We consider an auxiliary noncooperative game (single-objective game) I" = (X1,
X2, ..oy X, f15 f2, - -y fn), where

ri
k .
ﬁ(xlvx27'-'axm)zzaikFi(xlvx27'-'axm)7 l=1527-"7m-

k=1
It is evident that f;(x1, x2, ..., Xi—1, Xi, Xi41, ..., Xm) forevery i € {1,2,..., m}
represents a continuous and concave function with respect to x; on X; for fixed
X1, X2, o ooy Xie 1y Xigls -« -, Xy DECAUSE QU 1, 12, . oy Qllpys O21, Q22 ooy Q2pys e -

Qs Q2 -« ., Oy, satisfy condition (3.52) and Fl.k(xl,xz,...,x,-_l,x,-,xiH,
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, X,) 1s a continuous and concave function with respect to x; on X; for fixed

X1y X2y ee ey Xiels Xigly oo s Xm k=12, ... 1, i =1,2,....m

According to the Nash theorem [102] for the noncooperative game I = (X1, X»,

» Xp, f1, f2. ..., fin) there exists a Nash equilibrium x* = (x], x3,...,x),
ie.,

k * * k k
SO, X5, o X Xy X s X))
k * k * .
< Gl Xy, L x L x L x ), Y eX i=1,2,....m

Let us show that x* = (x{, x5, ..., x;;) is a Pareto-Nash equilibria solution for the

multi-objective gamef = (X1, X2, ..., X, Fi,Fa, ..., Fm).
Indeed, for every x; € X; we have

i
koo x _x * * %
E Qg By (X, X0 oo X X X g e s X))
* k k * k
= fi(x], X3, oo X Xiy X s e Xpy)
* * * *
Sf,-(xl,xz,...,xi_l,x xl_H,...,xm)
* *
= E a,kF (xl,xz,... 17], xi+],...,xm),
k=1

Vx;eX;,i=1,2,....,m

So,
ri
ko k% % * * *
ZaikFi (K75 X35 e ey X7 Xy X s e e s Xpy)
k * * *
< ZalkF 7, X% e XX X X, (3.53)
k=1
VxieX;; i=1,2,.
for given i, 12, ..., Qlry, Q21, Q225 ooy Q2pys oo oy Qi Q2 -« oy Qiyr,,  Which
satisfy (3.52).
.. . ik _ koo % * Lok *
Takmg1naccountthatthefunctlor.ls Iy _.Fl. (x5, xS X, Xigs s X)),
k =1,2,...,r;, are concave functions with respect to x; on a convex set X; and
i1, @2, ..., ajf satisfy the condition >}/ aix = 1, i > 0,k = 1,2,...,r;,

then according to the theorem from [30] (see also [14—16]) condition (3.53) implies
that x;* is a Pareto solution for the following multi-criteria problem:

max — F(0) = (L. FEGL o A7), T e (120 m).

Xi €Xj
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This means that x* = (x{,x3, ..., x;‘,) is a Pareto-Nash equilibria solution for the
multi-objective game T" = (X1, X2, ..., Xm, F1, Fa, ..., Fp). O

So, if the conditions of Theorem 3.76 are satisfied then a Pareto-Nash equilibria
solution for the multi-objective game can be found by using the following algorithm:

Algorithm 3.77 Determining Pareto-Nash Equilibria of a Multi-objective Game

1. Fix an arbitrary set of real numbers a1, @12, ..., Q1r, Q21, 22, ...y A2pys - - -
Qmls 02, - - -, Ompr,,» Which satisfy condition (3.52);
2. Form the single-objective game I" = (X1, X2, ..., X, f1, f2, - -+, fm), Where

i

k : :

filerxa,oxm) = D e FFGax, ), i =12 m
k=1

3. Find Nash equilibria x* = (x{, x3, ..., x;;,) for the noncooperative game I" =
X1, X2, ...y Xm» 1, f2, - .,_fm) and fix x* as aPareE)-N_ash equi@ria solution
for the multi-objective game I" = (X1, X2, ..., X\, F1, Fa, ..., Fp).

Remark 3.78 Algorithm 3.77 finds only one of the solutions for the multi-objective
game T = (X1, X0, ..., X,,,Fhfz, .. .,Fm). In order to find all solutions
in the sense of Pareto-Nash, it is necessary to apply Algorithm 3.77 for every
QLT Q125 vy Qs Q215 Q225 vy O2pyy v v vy Ol Q2 v v oy Oy, which satisfy

(3.52) and to form the union of all obtained solutions.

Note that the proof of Theorem 3.76 is based on a reduction of the multi-objective
gamef:(Xl, Xo, ..., Xm,F], P, ... ,F_m) to an auxiliary one I = (X1, Xo, ...,
Xms f1, f2, ..., fm) for which the Nash theorem [102] can be applied. In order to
reduce the multi-objective game I to an auxiliary one I” a linear convolution criteria
for vector payoff functions in the proof of Theorem 3.76 has been used. Perhaps
a similar reduction of the multi-objective game to a classical one can be used also
applying other convolution procedures for vector payoff functions of the players, for
example, the standard procedure for the multi-criteria problem from [30, 111].

For the zero-sum multi-objective game of two players the following theorem
holds:

Theorem 3.79 Let I’ = (X1, X2, F) be a zero-sum multi-objective game of two
players, where X1, X, are convex compact sets and F(x1, x2) is a continuous vector
function on X1 x X. Moreover, let us assume that each component F k (x1, x2),
kel{l,2,....r} off(xl , X2) for fixed x1 € X represents a convex function with
respect to xo on Xo and for every fixed x» € X, it is a concave function with respect
to x1 on X1. Then for the zero-sum multi-objective game T = (X1, X2, F) there
exists a saddle point x* = (x{, x3) € X1 x X3, i.e. x is a Pareto solution for the
multi-criteria problem:
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max — F(x1, 25) = (F! (x1,23), F2(1,23), ., F7(x1,33))
X1 1

and x3 is a Pareto solution for the multi-criteria problem:

min — F(x},x2) = (F'(x], x2), F2(x}, x2), ... F"(x}, x2)).
xneXr

Proof The proof of Theorem 3.79 can be obtained as a corollary from Theorem 3.76
if we regard our zero-sum game as a game of two players of the form I' =
(X1, X2, F1(x1, x2), Fa(x1, x2), where Fa(x1, x2) = —F1(x1, x2) = F(x1, x2).

The proof of Theorem 3.79 can be obtained also by reducing our zero-sum
multi-objective game I" = (X1, X», F) to the classical single-objective case
I' = (X1, X2, f) and applying Neumann’s theorem from [103], where

[, x2) =D axFM(x, x2)

k=1

and a1, ag, ..., a, are arbitrary real numbers, such that
r
Dar=1 >0 k=12....r
k=1

It is easy to show that if x* = (x{, x7) is a saddle point for the zero-sum game
I' = (X1, X3, f) then x* = (xi‘, xik) represents a saddle point for the zero-sum
multi-objective game T" = (X1, X2, F). O

So, if the conditigns of Theorem_3.79 are satisfied then a solution of a zero-sum multi-
objective game I = (X1, X», F) can be found by using the following algorithm:

Algorithm 3.80 Determining the Saddle Point of Payoff Functions in a
Zero-Sum Multi-objective Game

1. Fix an arbitrary set of real numbers «q, oy, ..., a,, such that
r
chk =1, >0 k=1,2,...,r;
k=1
2. Form the zero-sum game I" = (X1, X2, f), where

fOn,x) =D anFrx, x).

k=1

3. Find a saddle point x* = (xj, x3) for the single-objective zero-sum game I" =
(X1, X2, f). Then fix x* = (x{, x3) as a saddle point for the zero-sum multi-
objective game T = (X1, Xo, f).
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Remark 3.81 Algorithm 3.80 finds only one solution for the given zero-sum multi-
objective game I = (X1, X», F). In order to find all saddle points it is necessary to
apply Algorithm 3.80 for every a1, a2, .. ., o satisfying the conditions > _; o =
1; ap >0, k=1,2,...,r,and then to form the union of the obtained solutions.

Note, that for reducing the zero-sum multi-objective games to classical ones another
convolution criteria for vector payoff functions can be used, i.e. the standard proce-
dure from [30, 111].

3.13.3 Discrete and Matrix Multi-objective Games

Discrete multi-objective games are determined by the discrete structure of the sets of
strategies X1, Xo, ..., X,,. If X1, X0, ..., X, are finite sets then we may consider
Xi=Ji, Ji={1,2,...,1;}, i =1,2,..., m. Inthis case the multi-objective game
is determined by vectors

fiZ(E19Fi2"~-7I7iri)y i=1,2,...,m,

where each component Fl.k, k=1,2,...,r;, represents a m-dimensional matrix of
sizely X Ip X -+ X Iy,.

If m = 2 then we have a bi-matrix multi-objective game and if /> = —F} then
we obtain a matrix multi-objective one. In an analogous way as for single-objective
matrix games here we can interpret the strategies j; € J;, i = 1,2, ..., m, of the
players as pure strategies.

It is evident that for such matrix multi-objective games Pareto-Nash equilibria
may not exist, because Nash equilibria may not exist for bi-matrix and matrix games
in pure strategies. But with each finite discrete multi-objective game we can asso-

ciate a continuous multi-objective game ? =W, Y ..., Yy, ?1, 72, R ?m) by
introducing mixed strategies y; = (i1, yi2, ..., Yir;,) € Y; of player i and vector
payoff functions f, f», ..., f,,» which we define in the following way:

Y;

li
Yi = i, Yiz, -+ vit;) € RY ‘ Dovij=loyy=0, j=12. . 0hi;
j=1

fi= D,

where

.fik(yllvyl2v'~-7y1r19y21»y227‘~'9y2}’27‘~'3ymlsym23'-~’ymrm)
L b I
k. . .
=ZZ-'-ZFi(J1,Jz,---,Jm)yijlyijz--~yij,,,;
a=lp=1 " jn=I1
k=1,2,....r,i=1,2,...,m.
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Itis easy to observe that for an auxiliary multi-objective game T=U,Y..., .,
f1s fa2--.s fm) the conditions of Theorem 3.76 are satisfied and, therefore,
Pareto-Nash equilibria y* = (3], y}5,---» yi*rl, V31 Vags e e s yi‘m, e Vs Vo,
N lm) exist.
In the case of matrix games the auxiliary zero-sum multi-objective game of two
players is defined as follows:

~l|
|

= (Y1, Y2, f);

I
Y, = yl=(y11,y12,---,y111)GRI"Z)’U=1§ yi; 20, j=1,2,.... 1 t;
=1

153
Zy2j=1; =20, j=12,....byt;
j=1

Yo = {y2= (21, Y2, ..., Y2,) € R?

F= 2,
where

I 1%

LA Y12, Y yan YY) = D D FRGin )y v
Ji1=1 =1

k=1,2,...,r.

The game T = (Yy, Y, ?) satisfies the conditions of Theorem 3.79 and, therefore,
a saddle point y* = (y}, y3) € Y1 x Y, exists.

So, the results related to discrete and matrix games can be extended for the
multi-objective case of the game and can be interpreted in an analogous way as
for single-objective games. In order to solve these associated multi-objective games,
Algorithms 3.77 and 3.80 can be applied.

3.13.4 Some Comments on Multi-objective Games

The considered multi-objective games extend the classical ones and represent a com-
bination of cooperative and noncooperative games. Indeed, the player i in a multi-

objective gamef = X1, X2, ..., X0, F,Fa,..., fm) can be regarded as a union
of r; sub-players with payoff functions Fl.1 , Fl.z, ceey Firi , respectively. So, the game
T represents a game with m coalitions 1, 2, ..., m which interact between them on

the set of situations X; x Xy X -+ X X,.

The introduced Pareto-Nash equilibria notation uses the concept of cooperative
games because according to this notation sub-players of the same coalitions should
optimize in the sense of Pareto their vector functions F; on the set of strategies X;.



3.13 Extensions and Generalizations of the Dynamic Decision . . . 339

On the other hand the Pareto-Nash equilibria notation takes also into account the
concept of noncooperative games, because the coalitions interact between them on
the set of situations X| X X» X - - - X X;;, and are interested to maintain Nash equilibria
between coalitions.

The obtained results allow us to describe a class of multi-objective games for
which a Pareto-Nash equilibria exists. Moreover, a suitable algorithm for finding
Pareto-Nash equilibria is proposed.

3.13.5 Determining a Pareto-Stackelberg Solution
Jor Multi-objective Games

For the multi-objective gamef = (X1, X2, ..., X)p, Fi,Fa,... ,fp) ahierarchical
optimization principle can be applied in an analogous way as for the classical static
game from Sect. 3.12. This allows us to define a Pareto-Stackelberg solution xf,
X3, ..., x; for the multi-objective game T if we assume that the players fix their
strategies successively one after another according to their numerical order. Each
player optimizes his vector payoff function in the sense of Pareto and, fixing his
optimal strategy x;, informs posterior players which strategy has been applied.

So, a Pareto-Stackelberg solution for the considered multi-objective game I =
(X1, X2, ..., Xp, Fi,Fa,..., Fy) can be defined in the same way as the Stack-
elberg solution for the classical static game if at the corresponding level player i
optimizes his vector payoff function in the sense of Pareto taking into account that
the previous players have already fixed their strategies and the posterior players will
act optimally.

It is easy to show that if a set of strategies xi", xi‘, ..., x; is a Pareto-Stackelberg
solution of the multi-objective game for an arbitrary order of fixing strategies of the
players, then x{, x3, ..., x5 is a Pareto-Nash solution.



Chapter 4

Dynamic Programming Algorithms
for Finite Horizon Control Problems
and Markov Decision Processes

In this chapter we study stochastic discrete control problems and Markov decision
processes with finite time horizon. We assume that the set of states of dynamical
system is finite and the starting and the final states are fixed. For finite horizon control
problems we use the same concept as for infinite horizon decision models, i.e we
assume that in the control process the dynamical system may admit dynamical states
where the vector of control parameters is changing in a random way according to
given distribution functions of the probabilities on given feasible dynamical sets. So,
we consider the control problems for which the dynamics may contain controllable
states as well the uncontrollable ones. We show that in general form the stochastic
control problems can be formulated on networks and the dynamic programming
algorithms for determining the optimal solution of the problems can be developed.
We extend the corresponding dynamic programming technique for finite horizon
Markov decision problems.

4.1 Problem Formulation

We consider a time-discrete system L with a finite set of states X C R". At every
time-step t = 0, 1, 2, ..., the state of the system L is x(#) € X. Two states x¢ and
Xy are given in X, where xo = x(0) represents the starting state of system L. and x ¢
is the state in which the system L. must be brought, i.e., x 7 is the final state of L. We
assume that the system IL should reach the final state x s at the time-moment 7 (x 7)
such that 11 < t(xy) < t, where #; and 1, are given. The dynamics of the system L
is described as follows

x@t+1) =gx@),u®), t=0,1,2,..., 4.1)

where
x(0) = xg 4.2)
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and u(t) = (ui(t), u2(t),...,un(t)) € R™ represents the vector of control
parameters.
For any time-step ¢ and an arbitrary state x (¢) € X a feasible finite set U, (x(t)) =
{u;(l), uim, el ufg)([))}, for the vector of control parameters u(¢) is given, i.e.,
u(t) € Up(x(t)), t=0,1,2,.... 4.3)

We assume that in (4.1) the vector functions g;(x(¢), u(¢)) are uniquely determined
by x(¢) and u(t), i.e., the state x (¢ + 1) is determined uniquely by x (#) and u(t) at
every time-step r = 0, 1, 2, .. .. In addition we assume that at each moment of time ¢
the cost ¢; (x(2), x(t + 1)) = ¢ (x(2), g:(x(2), u(t))) of system’s transition from the
state x(¢) to the state x (¢ + 1) is known.

Let

x0 =x(0), x(1),x12),...,x(t),...
be a trajectory generated by given vectors of control parameters
w(0), u(l), ..., ut —1),....

Then either this trajectory passes through the state x s at the time-moment 7 (x ) or
it does not pass through x 7.
We denote

t(xp)—1

Froe ) = > cr((t). g (x(0), u(t))) @.4)

t=0

the integral-time cost of system’s transitions from xo to x7 if 1 < t(xy) < t;
otherwise we put Fy,y n (u(t)) = oo.

In [6, 11, 59, 79] the following problem have been formulated and studied:
Determine the vectors of control parameters u(0), u(1), ..., u(t), ... which satisfy
conditions (4.1)—(4.3) and minimize functional (4.4).

This problem represents a finite horizon control model with controllable states of
a dynamical system where for an arbitrary state x(7) at every moment of time the
choosing of the vector of control parameter u(¢) € U;(x(¢)) is assumed to be at our
disposition.

In the following we consider the stochastic versions of the control model
formulated above. We assume that the dynamical system L may admit uncontrol-
lable states, i.e., for the system L there exist dynamical states in which we are not
able to control the dynamics of the system and the vector of control parameters
u(t) € U;(x(t)) for such states is changing in a random way according to a given
distribution function
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k(x (1)) .
piUG@) > (0,11, D plul,) =1 (4.5)

i=1

on the corresponding dynamical feasible sets U; (x(¢)), where k(x (1)) = |U;(x(1))].
If we regard an arbitrary dynamic state x(¢) of the system IL at a given moment
of time ¢ as position (x, ¢) then the set of positions

Z={(x,t)lxeX, t=0,1,2,..., 1}
of the dynamical system can be divided into two disjoint subsets
z=27z0z" zZ°nz"N =),

where Z€ represents the set of controllable positions of L. and Z" represents the
set of positions (x, ) = x(¢) for which the distribution function (4.5) of the vectors
of control parameters u(t) € U;(x(t)) are given. This means that we obtain the
following behavior of the dynamical system L in the control process. If the starting
points belong to controllable positions then the decision maker fixes a vector of
control parameters and we obtain the state x (1). If the starting state belongs to the set
of uncontrollable positions then the system passes to the next state in the random way.
After that if at the time-moment t = 1 the state x (1) belongs to the set of controllable
positions then the decision makers fix the vector of control parameter u(¢) € U;(x (1))
and we obtain the state x(2). If x(1) belongs to the set of uncontrollable positions
then the system passes to the next state in the random way and so on. In this dynamic
process the final state may be reached at a given moment of time with a probability
which depends on the control of the system in the controllable states as well as the
expectation of integral time cost by a trajectory depends on the control of the system
in these states. Therefore, our main concentration will be addressed on studying and
solving the following classes of problems:

Problem 4.1 Determine for given vectors of control parameters u(t) € U, (x(t)),
x(t) € Z€, the probability that the dynamical system L with a given starting state
xo = x(0) will reach the final state x at the moment of time f(xy) such that
f1 < t(xy) < . We denote this probability by Py, (u(t), xr, t1 < t(xy) < 1p);if
11 = tp = 1 then we use the notation Py, (u(1), xr, ).

Problem 4.2 Find the vectors of control parameters u*(t) € U, (x(t)), x(t) € Z€
for which the probability in Problem 4.1 is maximal. We denote this probability by
Py (u*(1), xf, 11 < t(xy) < tp); in the case 1; = 1, = ¢ we shall use the notation
Py (u*(t), xf, 1).

Problem 4.3 Determine for given vectors of control parameters u(t) € U, (x(t)),
x(1) € Z€ and given 7 the expected total cost during 7 state’s transitions of the system
IL if it starts transitions in the state xo = x(0) at the moment of time t = 0. We denote
this value by oy, (u(t), 7).
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Problem 4.4 Determine the vectors of control parameters u*(t) € U;(x(t)), x(t) €
Z€ for which the expected total cost in Problem 4.3 is minimal. We denote this value

by oy, (u*(t), ).

Problem 4.5 For given vectors of control parameters u(t) € U;(x(t)), x(t) € Z ¢,
determine the expected total cost of state’s transitions from a starting state xo to a
final state x ; if x s is reached at the time-moment ¢ (x 7) such that 1; < t(xy) < 1.
We denote this expected cost by oy, (u(t), xr, t1 < t(xy) < 2); we denote in the
case 1] = tp = 1 this value by oy, (u(t), xr, 7).

Problem 4.6 Determine the vectors of control parameters u*(t) € U, (x(¢)), x(t) €
Z€ for which the expected total cost in Problem 4.5 is minimal. We denote this
minimal expected cost by oy, (u*(f), Xty <t(xy) <tp);inthecase t; =1 = t
we denote this value by o, (u*(1), xy, 7).

We define the probability Py, (u(t), x, ) for the dynamical system L in the consid-
ered problem in the following way:

Let u/(t) be a fixed feasible control. Then on each feasible set U, (x(¢) in the
controllable states x(r) € Z¢ we can define the following probability functions:
pu(t)) = 1if u(r) = u/(¢); otherwise put p(u(z)) = 0.

So, the vector v/ (¢) in a given controllable state x = x (z) means that the dynamical
system makes a transition from x = x(¢) to the state y = g;(x(¢), v/ (¢)) with the
probability equal to 1 and the rest of probability transitions from x to another state are
equal to zero. Thus, a fixed control u/(¢) generates a finite Markov process for which
the probability of system’s transition from a starting state xo to a final state x by
using 7 units of time can be defined. We denote this probability by Py, (v (1), x, 7).

We define the probability Py, (u'(¢), x, t1 < t(x) < rp) for given #; and #, and
fixed feasible control u/(¢) as the probability of the dynamical system L to reach the
state x at least at one of the moment of times #, f; + 1, ..., t» if the system starts
transitions in the state xg (at the moment of time ¢ = 0).

In an analogues way we define the expected total cost in the problems 4.3—4.6 using
the corresponding notion for Markov processes with transition costs from Chap. 1.
We define for a fixed control ' (¢) the expected total cost oy, (u/(¢), ) of system L
in Problem 4.3 as the expected total cost during 7 state’s transitions of the dynamical
system in the Markov process generated by the control u'(r) and the corresponding
transition costs. We will precise the expected total cost oy, (u(?), x, t; < t(x) < 1)
in the Problems 4.5 and 4.6 in a more detailed form in Sect. 4.3.

For an additional characterization of the finite stochastic processes with transition
costs we shall use also the notion of the variance of the total cost for the dynamical
system and the corresponding problem of determining the variance in such processes
will be considered.

The problems formulated above comprises a class of deterministic and stochastic
dynamic problems from [6, 11, 47]. The problems from [47] related to finite Markov
processes became Problems 4.1-4.3 in the case if Z¢ =0, 11 =t =7 and if
the probabilities p(u;([)) do not depend on time but depend only on the states.
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The discrete optimal control problems from [6,11] became Problems 4.4—4.6 in the
case ZV = 0.

The considered problem can de studied and solved separately, however the
combined joint solution for some of them also may be discussed and justified.
For example, if we solve Problem 4.2 and find the control with the maximal prob-
ability of system’s transitions from the starting state to the final one then after that
may be expected the optimal control estimate the expected total cost, i.e. we have to
solve additionally Problem 4.5. If we solve Problem 4.6 and find the control which
provides the minimal expected total cost of states’ transitions of the system from xg
to x s then after that the optimal control estimates the probability of states’ transition
of the system from x to x 7, i.e., we have to solve additionally Problem 4.1.

We show that all considered characteristics and the optimal control in Problems
4.1-4.6 can be found using algorithms based on the direct and backward dynamic
programming procedures.

4.2 Algorithms for Solving Stochastic Control Problems
Using Time-Expanded Networks

In order to simplify the description of the main approach and to ground the algorithms
for solving the problems formulated in Sect. 4.1 we shall use the network repre-
sentation of the dynamics of the system and we will formulate these problems on
networks. Note that in our control problems the probabilities and the costs of states’
transitions of the system in general case depend on time. Therefore, here we develop
a time-expanded network method from [76,79] for the stochastic versions of control
problems and reduce them to the stationary case of the problems. This will allow
us to describe dynamic programming algorithms for solving the problems on static
networks [80]. At first we show how to construct the time-expanded network and
how to solve the problems with a fixed number of stages, i.e. we consider the case
Hh=t="1.

4.2.1 Construction of the Time-Expanded Network
with a Fixed Number of Transitions

If the dynamics of the discrete system L and the information related to the feasible
sets U;(x(¢)) and the cost functions ¢;(x(t), g:(x(¢), u(¢))) in the problems with
t; = tp = f are known then our time-expanded network can be obtained in the
following way: We identify each position (x, t) which corresponds to a dynamic
state x () with a vertex z = (x, ) of the network.

So, the set of vertices Z of the network can be represented as follows

Z=7Z,UZU...UZ;
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where
Z;={(x,t)|xe X}, t=0,1,2,...,1.

To each vector of control parameters u(t) € U,(x(t)),t = 1,2,...,f — 1 which
provides a systems’ transition from the state x(#) = (x, ¢) to the state x(r + 1) =
(v, 1+ 1) we associate in our network a directed edge e(z, w) = ((x, 1), (v, 1+ 1))
from the vertex z = (x,t) € Z; to the vertex w = (y,t + 1) € Z;41, i.e. the
set of edges E of the network is determined by the feasible sets U;(x(t)), t =
0,1,2,...,t—1.Toeachdirected edge e = (z, w) = ((x, 1), (v, t+ 1)) originating
in the uncontrollable positions (x, #) we put in correspondence the probability p, =
p(u’ (1)), where v (t) is a vector of control parameter which provides the transition
of the system from the state x = x(¢) to the state x(¢+ + 1) = (y,t + 1). Thus,
if we distinguish in E the subset of edges Ey = {¢ = (z,w) € E |z € zNy
originating in uncontrollable positions Z¥ then on Ey we obtain the probability
function p : E — R which satisfies the condition

D pe=1. zezM\z
ecE(z)

where E(z) is the set of edges originating in z,i.e., E(z) = {e = (z,w) |e € E,w €
Z}.In addition in the network we add to the edges e = (z, w) = ((x, 1), (v, t+ 1)) the
COStS C(z,w) = c((x, 1), (v, 1+1)) = ¢;(x(r), x(1+ 1)) which correspond to the costs
of system’s transition from the states x () to the states x (¢ 4+ 1). We denote the subset
of edges of the graph G originating in vertices z € Z€ by Ec, i.e., Ec = E\Ey.

So, our network is determined by the tuple (G, VAV AN P, 1, 20, zr), where
G = (Z, E) is the graph which describes the dynamics of the system; the vertices
z0 = (x0,0) and zy = (xy, ) correspond to the starting and the final states of the
dynamical system, respectively; ¢ represents the cost function defined on the set of
edges E and p is the probability function defined on the set of edges Ey which satisfy
condition (4.5). Thus, Z = 7€ U ZN, where Z€ is a subset of vertices of G which
corresponds to the set of controllable positions of the dynamical system and Z% is
a subset of vertices of G which corresponds to the set of uncontrollable positions of
system L. The subsets Z€ and Z" can be represented as follows Z¢ = |J/_, ZE,
ZN = UI_o ZVN, where ZE = {(x,1) € Z;|(x,t) € Z€} and ZN = {(x,1) €
Z:|(x,t) € ZV}. The graphical representation of the structure of this network is
given on Fig. 4.1. For Problems 4.1 and 4.2 the information about the cost function
c is not required, therefore this function in the notation above of the network can
be omitted; for Problems 4.3 and 4.4 the final state is not given and therefore in the
notation of the network we can also omit.

It is easy to observe that the Problem 4.1 in the case t; = #, = 7 can be formulated
and solved on network (G, VA AAS p. 1,20, Zf). A control u(t) of system L in the
controllable state x () on this network means a transitions from the vertex z = (x, 1)
tow = (y, t+1) through aleaving edges e" = (z, w) = ((x, 1), (y, t+1)) generated
by u(?).
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(X)O) (Xyl) (X;t) (X)t + 1) (X)t + 2) (X;t_ 1) (th-)

(x0,0)

Fig. 4.1 The graphical representation of the structure of the time-expanded network

This is equivalent with an association to these leaving edges of the probability p,« = 1
of the states’ transition from (x, t) to (y, ¢ + 1) considering p, = 0 for the rest of
the leaving directed edges. In other words a control on a time-expanded network
means an extension of the probability function p from Ey to E according to the rule
mentioned above. We denote this probability function on E by p" and we will keep
in mind that p} = p, for e € Ey and this function satisfies on E¢ the following
property

p": Ec — {0, 1}, Z pl=1 for zeZzC.

ecEc(z)

So, each feasible control u(#) in the problems from Sect. 4.1 uniquely defines the
function p? on E and vice versa. Therefore if u(¢) is given for the control problems
then we denote the time-expanded network by (G, Z c zZN ¢, P, t,20,2 7»)-Inthe
case if the control u(¢) in the Problems 4.1-4.6 is not fixed then for the time-expanded
network we shall use the notation (G, Z € zN ¢, p.f, 20,2 ). For the probability
transition from a starting position zg to a final position z ¢ of the system L on this
network we shall use a similar notation P, (u(t), zf, 1).

4.2.2 An Example of Constructing the Time-Expanded Network

We describe an example how to construct the time-expanded network for the
stochastic control problem which we will use for the illustration of the calculation
procedures of the state-time probabilities and the expected total cost. We consider
the dynamical system with the set of states X = {1, 2, 3,4} and 7 = 5. The starting
state of the system is x(0) = 2 and the final state is x y = x(5).
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(X,0) (X,1) (X,2) (X,3) X4 (X,5)
1 1 1 > 1 > 1 1
2 2 2 2 2 2
3 3 3 3 3 3
4 4 4 4 > 4 4

Fig. 4.2 The structure of the time-expanded network

All necessary information related to the dynamics and the control parameters of
the problem are given in Table 4.1. The structure of the time-expanded network is
represented on Fig. 4.2. In this figure the controllable positions of the dynamical
system are represented by circles and the uncontrollable ones are represented by
squares.

If the feasible sets U;(x(¢)) are known for all dynamical state x (z) then the time-
expanded network can be constructed by using O( X j_g X yex |Us(x(1)]) ele-
mentary operations. In general the complexity of the construction procedure of the
time-expanded network depends on input data of the dynamics of the system and
on the corresponding parameters of the problem. In our example we assume that the
input data of the problem is presented by the list of the dynamical states x () = (x, ?),
the feasible sets U, (x(¢)) in the controllable states x(¢), the values of the cost func-
tions ¢; (x(¢), x(t 4+ 1)) and the corresponding transition probabilities py(s), x(s+1) in
the uncontrollable states x (¢) for every discrete moment of time ¢. Therefore we will
estimate the complexity of the proposed algorithms for our problems with respect to
this information.

If for the dynamical system we fix the control

u: (1,0) — (2, 1) for x(0) = (1,0),
u:(2,0) — (3,1) for x(0) = (2,0),
u:(3,0) — (3, 1) for x(0) = (3,0),
u:(4,0) — (3,1) for x(0) = 4, 0),
u:(1,1) — (2,2) for x(1) = (1, 1),
u:(2,1) — (3,2) for x(1) = (2, 1),
u:(3,1) — (3,2) for x(1) = (3, 1),
u:(4,1) — (3,2) for x(1) = (4, 1),
u: (1,2) — (2,3) for x(2) = (1, 2),
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Table 4.1 Information related to the dynamics and the control parameters of the problem

t be X(t) U, (x(1)) = {u} Distribution functions Cost functions

(x,1) uls (x, 1) > (y,t+1) for uncontrollable states cr (x(1), u(t))
0 |1 |10 ul: (1,00 — (1,1) 2
u?:(1,0) = (2,1) 4
2 |20 ul: (2,00 - (1,1) 4
u?:(2,0) —> (2,1) 6
w3 (2,0) > (3,1) 3
3130 ul: (3,00 = (3,1) 6
u?:(3,0) = (4,1) 2
4 |40 ul: (4,00 > (3,1) 2
u?: (4,0) > (4,1) 5
1 |1 @D u(1,1) = (1,2) 6
w2 (1,1) = (2,2) 2
2 @D 2,1 > (1,2) 7
u?: (2,1) — (3,2) 2
313D ul:(3,1) = (2,2) 2
u?:(3,1) = (3,2) 5
w3 (3,1) — (4,2) 3
4 |41 ul: (4,1) > (3,2) 7
w2 (4,1) > (4,2) 4
2 (1 |12 uw':(1,2) = (1,3) 8
u?:(1,2) > (2,3) 1
2122 ul:(2,2) > (1,3) pu)=0.6 3
u?:(2,2) — (3,3) pu?) =04 7
3132 u':(3,2) - (2,3) pu) =023 3
u?:(3,2) > (4,3) pu?) =0.7 8
4 |42 ul: (4,2) - (3,3) puh) =05 2
u?: (4,2) > (4,3) pw?) =05 4
3001 |13) u'i(1,3) > (1,4) puh) =04 1
u?:(1,3) — (2,4) pu?) =0.6 5
2 |23 u':(2,3) - (2,4) pu) =05 1
u?:(2,3) — (3,4) pu?) =05 4
3 1(33) ul:(3,3) > (3,4) pu)=0.6 3
u?:(3,3) = (4,4) pw?) =04 4
4 |43 ul:(4,3) > (3.4) pu) =07 5
u?: (4.3) > (4.4) p(u?) =03 4

(continued)
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Table 4.1 (continued)

t X X(t) U, (x(1)) = {u'} Distribution functions Cost functions
(x,1) s (x, 1) > (y,t+1) for uncontrollable states cr (x(t), u(t))
4 11 |1 uli(1,4) — (1,5) pu')y =02 7
u?: (1,4) — (2,5) pu?) =08 2
2 2.4) ul:(2,4) > (1,5) pw') =023 6
u?: (2,4) — (3,5) pu?) =0.7 3
3 134 u':(3,4) - (2,5) pu)y =05 2
u?: (3,4) = (3,5) pw?) =05 4
4 |44 ul: (4,4) > (3,5) pu)=0.6 5
u?: (4,4) — (4,5) pw?) =04 3
(X,0) (X,1) (X,2) (X,3) X,4) (X,5)
(1) 1 » 1 1
e 2 2 2
e 3 3 3
o 4 » 4 4

Fig. 4.3 The corresponding time-expanded network induced by the control u(t)

then we obtain the network (G, 7€, 7% ¢, pY. 1, 20, zr) represented on Fig. 4.3.
For this network the edges originating in controllable positions (vertices) get the
following probabilities:

P02 =1 po.cy =1L p@o.cn =1 pw@o .cn =L
raan.eoy =1 pen.cy=1 p@n.cy =1 p@ncy=1
P2, 3) = 1.

The rest of transition probabilities on the edges originating in controllable positions

are equal to zero. The transition probabilities on the edges originating in uncontrol-
lable positions (vertices) are determined by distribution function given in Table 4.1.
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4.2.3 Algorithms for Determining the State-Time Probabilities
and the Optimal Control for the Problem
with a Fixed Number of Transitions

In this section we describe algorithms for determining the solutions of Problems 4.1
and 4.2 using the direct and backward dynamic programming algorithms. At first we
use the direct procedure for the calculation of the probabilities P, (u(t), z, 7), of
system transitions from zg to z € Z;, T = 1,2, ...,1 for the Problem 4.1 on the
network (G, Z€, ZN, p¥. %, zo, Zf).

Algorithm 4.7 Determining the State-Time Probabilities Using a the Direct
Dynamic Programming Procedure

Preliminary step (Step 0): Put Py (u(t), zo, 0) = 1 for zo = (xp,0) and
P, (u(?), z, t) = 0forevery z € Z\{zo}.

General step (Step T, T > 1): For every z € Z; calculate

Py(u(t), z, )= > Pyul), w, t—1pl,
(w,2)€EE~(2)

where E~(z) = {(w,z) € E|w € Z;_}. If t = then STOP; otherwise go to the
next step.

The correctness of the algorithm is evident. Algorithm 4.7 is based on the recursive
formula 1.1 from Sect. 1.1 for the calculation of the state-time probabilities of the
system on the time-expanded network.

Lemma 4.8 [f for every x(t) € X andt = 0,1,2,...,7 — 1 the feasible sets
U;(x(t)) are nonempty then the state-time probabilities P (u(t), z, t) calculated
according to Algorithm 4.7 satisfy the condition

Z Py(u(), z, 1)=1, t=0,1,2,...,1.

72€Z;

Proof We prove this lemma using an induction principle on the number of stages t.
In the case 7 = 0 the lemma is evident. Assume that lemma holds for an arbitrary
7 > 0 and let us show that it is true for T + 1. Indeed,

Z Py (u®), 2, 7+ 1) = Z Z Py (u(t), w, T)pg, )

2€Z741 2€Z¢41 (w,2)€EE~(2)

If for every (w,z) which does not belong to the edges’ set E we consider

pzlw )= 0 then we can introduce in the last sum all terms Py, (u(t), w, t)pz‘w 2
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Thus,
> Py, ot D= D D> Pyut), w. 0)p,
z€Zr41 z€Zr41 WEZy
= > D> Py, w, pf,
weZ; 26241
= D> Py®), w, ) D plyy= D Pyu), w, 1) =1,
weZ; 2€Z741 weZr
i.e., lemma holds. |

In the following for the control problems from Sect. 4.1 we will assume that the
condition U; (x (1)) # ¥ forevery x(¢) € X,t =0,1,2,...,# — 1 holds.

Algorithm 4.7 allows us for a given control u(¢) to find the probabilities
Py, (u(t), x, T) of state’s transition from xo to an arbitrary x for every 7 =
0,1,2,...,7. Using the network interpretation of Problem 4.1 we can develop an
algorithm for the calculation of probabilities Pyg_r)(u(t), xz, ) of states’ tran-
sition from an arbitrary dynamical state x(f — 7) to the final state x; for every
T =0,1,2,...,7 starting from a final state x s if the control u(z) is given. This
algorithm is based on a backward dynamic programming procedure.

Algorithm 4.9 Determining the State-Time Probabilities of the System Using
the Backward Dynamic Programming Procedure

Preliminary step (Step 0): Put P (u(t), zf, 1) = 1for zy = (xy,7) and
P (u(1), z, 1) = 0 for every z € Z;\{z}.

General step (Step T, T > 1): For every z € Z;__ calculate

P.(u(t), zp. D= D Puut). 25, DpL. )
(z,w)EE(z)

where E(z) = {(z,w) € E|w € Z;41}. If T =7 then STOP; otherwise go to next
step.

Algorithm 4.9 finds the values P, _(u(t), xz, 1) = Py ;g (u(t), (xs,1), 1)
which represent the probability of system’s transition from the state x at the moment
of time 7 — 7 to the state x s using 7 units of time. Finally if we fix ¢ = 7 then we
obtain the probabilities Py (u(), xr, 1) of system’s transition from every x to x r by
using 7 units of time.

Theorem 4.10 For a given control u(t) Algorithm 4.9 correctly finds the state-time
probabilities P 7_(u(t), x, 1) for every x € X andt = 0,1,2, ...,t. The
running time of the algorithm is O(|X|2f).
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Proof The preliminary step of the algorithm is evident. The correctness of the general
step of the algorithm follows from a recursive formula for the calculation of the state-
time probabilities of the dynamical system in the Markov processes on the network.
In order to estimate the running time of the algorithm it is sufficient to estimate
the number of elementary operations of the general step of the algorithm. It is easy
to see that the number of elementary operations for the tabulation of the state-time
probabilities at the general step is O (|X|%). Taking into account that the number of
steps of the algorithms is equal to 7 we obtain that the running time of the algorithm
is O(|1X|%7). o

Remark 4.11 The direct and the backward dynamic algorithm are valid for
determining the probabilities Py (u(t), xr, 7) also in the case if the condition (4.5)
may not take place, i.e. Zf.ixl(t)) p(ui(t)) <1

Below we illustrate the calculation procedures of the direct and backward dynamic
programming algorithms for the stochastic control problem from Sect. 4.2.2.

Example Let the discrete system L with the dynamics described in Sect. 4.2.2
be given and consider the problem of determining the state-time probabilities
Py (u(t), y, 7) and Py(r—7)(u(r), xz, 1) for the following control w(t):

u:(1,0) — (2,1) for x(0) = (1,0),
u:(2,0) — (3,1) for x(0) = (2,0),
u:(3,0) — (3,1) for x(0) = (3,0),
u: (4,0) — (3,1) for x(0) = (4, 0),
u:(1,1) — (2,2) for x(1) =(1,1),
u:(2,1) — (3,2) for x(1)=(2,1),
u:(3,1) — (3,2) for x(1) = (3, 1),
u:(4,1) — (3,2) for x(1) =4, 1),
u:(1,2) — (2,3) for x(2) = (1,2).

Assume that 7 = 5, x(0) = 2 and xy = x(5) = 3. The corresponding time-
expanded network induced by the control u(¢) is represented on Fig. 4.3.

If we apply algorithm Algorithms 4.7 and 4.9, respectively, then we obtain the
state-time probabilities Py, (u(t), y, 7)and Px(;_r)(u(t), Xf, 1), t=0,1,2,3,4,5
given in Table 4.2.

We can see that the direct dynamic programming algorithm finds the probabilities
of the system transitions from a fixed starting state x(0) = 2 to an arbitrary state
x(), t=0,1,2,3,4,5; the backward dynamic programming algorithm finds the
probabilities of the system’s transitions from an arbitrary dynamical state x(f — t) €
X,7=0,1,2,3,4,5toafixed final state x(5) = 3. All these probabilities are given
in Table 4.2.

Now let us show that the backward dynamic procedure of the calculation of
the state probabilities described above can be extended for determining the optimal
control «*(¢) in Problem 4.1 with ] =, = 1.
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Table 4.2 State-time probabilities Py, (u(t), y, ) and PX(;,t)(u(t), Xf, 1), 1=0,1,2,3,4,5

Direct Dynamic Programming Backward Dynamic Programming
Algorithm Algorithm
T x x(t) = (x,1) Py (u(1), y, 7) -t x(t—1)= PG (u(z), xf, ?)
(x,t—1)
0 1 (1,0) 0 5 (1,5) 0
2 (2,0) 1 2,5) 0
3 (3,0 0 3,5) 1
4 140 0 4.5) 0
1 1 (1,1) 0 4 (1,4) 0
2 2,1) 0 2,4) 0,7
3 3,1) 1 3,4) 0,5
4 4,1) 0 4,4) 0,6
2 1 (1,2) 0 3 (1,3) 0,42
2 2,2) 0 2,3) 0,6
3 (3,2) 1 3,3) 0,54
4 4,2) 0 4,3) 0,53
3 1 (1,3) 0 2 (1,2) 0,6
2 (2,3) 0,3 (2,2) 0,468
3 (3,3) 0 3,2) 0,551
4 4,3) 0,7 4,2) 0,535
4 1 (1,4) 0 1 (1,1) 0,468
2 2,4) 0,15 2,1) 0,551
3 (3.4) 0,64 3,1) 0,551
4 (4,4) 0,21 4,1) 0,551
5 1 (1,5) 0,045 0 (1,0) 0,551
2 (2,5) 0,32 (2,0) 0,551
3 (3.5) 0,551 (3,0) 0,551
4 4,5) 0,084 (4,0) 0,551

Algorithm 4.12 Determining the Optimal Control for Problem 4.2 with
t1=t=t

We describe the algorithm for finding the optimal control ©*(¢) and the probabilities
PiG—1) (u*(1), xy, 1) of the systems’ transitions from the states x € X at the moment
of times 7 — 7 to the state Xy by using 7 units of time fort = 0,1,2, ..., 7. The
algorithm consists of the preliminary, the general and the final steps.

The preliminary and the general steps of the algorithm determines the transition
probabilities Pyi_.)(u*(t), xr, ) from the states x(f — t) € X at the moment of
time 7 — 7 to the state x y = x(f) € X at the moment of time 7 if the optimal control
u*(t) is applied. At the end of the last iteration of the general step the algorithm
determines the subset of edges E of Ec¢ which determines the optimal controls.
The final step of the algorithm constructs an optimal control »*(¢) of the problem.
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Preliminary step (Step 0): Put P, (u*(t), xy, t) = 1 for zy = (xf,7) and
P (u*(t), xy, t) = 0 forevery z € Z\{z}. In addition set E} = ¢.

General step (Step t > 1, © > 1): For given t do the following items @) and b):

(a) For each uncontrollable position z = (x,7 — 1) € Z?Air, ie,z =x(f — 1),
calculate

P.(w(t), xp, D)= D Py(t), x5, Dp
(z,w)€E(z)

WhereE(z)z{(z,w)eE|w=x(f—r+l)=(x,f—r+1)eZ?AiH_I};

(b) For each controllable position z = (x,7 — ) € ZTC calculate

P (u* (1), xp, 1) = (ax Py (u*(t), xy, 1)

and include in the set E the edges e* = (z, w)* € E(x, f — 1) that satisfy the
condition

(z.w)* = argmax {Py,(u* (1), xy, 7)}.
(z,w)€E(z)

If T = 7 then go to Final step; otherwise go to step T + 1.

Final step: Form the graph G* = (Z, E{ U (E\E()) and fix on E. an arbitrary
map

w (1) = (.t 4+ 1) € Xge(x, 1) for (x,1) € Z€

where X+ (x,1) = {(y,t +1) € Z|((x,1), (y,t + 1)) € E{}. The map u* corre-
sponds to an optimal control for Problem 4.2 and P, () (u* (), x¢, 1) forx(0) € X
represent the probability transitions of the system from the starting states x(0) € X
to x ; by using 7 units of time if the optimal control is applied.

Theorem 4.13 Algorithm 4.12 correctly finds the optimal control u*(t) and the
state-time probability Py o) (u*(t), x s, 1) foranarbitrary starting position x(0) € X
in Problem 4.1 inthe case t\ = t» = 1. The running time of the algorithm is O (| X |*7).

Proof The general step of the algorithm reflects the optimality principle of the
dynamic programming for the problem of determining the control with maximal
probabilities Px(;_,)(u*(t), Xf, 7) of system’s transition from the states x € X at
the moment of time 7 — 7 to the state x y at the moment of time 7.

For each controllable position (x, 7 —t) € Z the values P, (i—1) (u*(), xy, 1) are
calculated on the time-expanded network in consideration that for a given moment
of time 7 — 7 and a given state x € X the optimal control u*(f — t) € U;(x( — 1))
is applied. Therefore, the values P(x,;_,)(u*(t), (xr, 1), 1) are calculated correctly
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forevery x € X andt =0, 1,2, ...,7. In the case T = 7 we obtain the state-time
probabilities Py (u*(t), xr, ) = P(,0)(u*(t), xr, 1) for x € X. Ateach step of the
algorithm an directed edge e* corresponds to an optimal control and therefore at the
final step we obtain the set of edges E* which determines the optimal controls for an
arbitrary state x and at every moment of time 7 — 7. The computational complexity of
the algorithm can be estimated in the same way as in Algorithm 4.9. The algorithm
needs 7 steps and at each step it uses O (] X|?) elementary operations. So, the running
time of the algorithm is O (|X|%7). O

The following example illustrates the calculation procedure of Algorithm 4.12.

Example Consider the problem of determining the optimal control w*(¢) for the
example from Sect. 4.2.2 where 7 = 5, x; = 3; the corresponding time-expanded
network is represented in Fig. 4.2.

If we apply Algorithm 4.12 then we obtain:

Step 0

Pa,5)(u*(1),3,5) = 0;  Pos(u*(1),3,5 =0; Pisu*(),3,5 =1
Pus5)(u*(1),3,5) =0; EL =4.

Step 1

Pa4y@*(),3,5 =0;  Poayu'(),3,5) =07

PG4y (1),3,5) =0.5; Pug(u(t),3,.5 =06, Ef=0.
Step 2

Pg, %)(U (1), 3, ) 0.42; P, 3)(u (1), 3, ) 0.6;

Step3

Py ((@(1),3,5 =0.6;  Ppo(u'(1),3,5) = 0.468;

P62y (w(1),3,5) = 0.551; Pua)(u*(1),3,5) = 0.5035;

N—
Il

={((1,2), (2,3)}.

Step 4
Pany(u*(1),3,5 = Po,1y(3,5) = 0.6;
P(3,1)(u*(t),3 ) 551 P(4 1)(u (l) 3 5) —0551

E¢ ={((1,2),(2,3)}
U{((1, 1D, d,2)), (2,1, 1,2)), (3, 1),3,2)), (4. 1,3, 2)}.

Step 5

Paoy(u*(1),3,5) = Pooy(u*(1), 3,5) =
P(3,0)(u*(t),3 ) 551 P(4,0)(u*(t),3 ) 551

Ec ={((1,2),(2,3), ((1,1),(1,2)), (2, 1), (1,2)), (3, 1), (3,2)),
(4, D, 3, 2)}U{((1,0), (1, ), ((1,0), (2, D)), ((2,0), (1, D), ((2,0),
(2,1)), (3,0), 3, 1)), ((3,0), (4, 1)), ((4,0), 3, 1)), (4,0), (4, 1)}
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(X,0) (X,1) (X,2) (X,3) (X,4) (X,5)

(3) (3) 3 3§3§
g

o o 4 4

Fig. 4.4 The network which corresponds to the optimal control u*

After steps 1-5 we fix the map

u*:(1,0) = (I, 1); 2,00 — (1,1); 3,00— 3, 1); 4,0 — (3,1
(1,1) = (1,2); 2,1)—(,2); G, )= 3,2); & 1) — (3,2);
(1,2) = (2,3).

which determines the optimal control. The network which corresponds to this optimal
control is represented in Fig. 4.4.

4.2.4 Algorithms for Determining the State-Time Probabilities
and the Optimal Control for the Problem with the Number
of Transitions from a Given Interval

Now we consider the problems of determining the state-time probabilities of the
dynamical system in the case #; # f». We show how to solve this problem applying
the time-expanded network method. In this case we shall use the time-expanded
network (G, Z€, ZN ¢, p. 1, 20, zf) with 7 = 1 and we will make some minor
modification in its construction. We delete all directed edges originating in the ver-
tices (xy,t) fort = t1,t1 +1,..., % — 1 preserving all remaining edges of the
network. The structure of the time-expanded network after this additional transfor-
mation is represented in Fig. 4.5. We denote the time-expanded network in this case
by (G°, 2€, ZN, ¢, p, t1, 12,20, Y), where Y = {(xf, t1), (xp, 1+ 1), ..., (xf, 1)}
and G° = (Z, EO) is the graph obtained from G by deleting all edges which originate
in vertices from Y, i.e., E® = E\{(z, w) € E |z € Y}.
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(X, 0) X, 1) Xty Xt+D) X t+2) X, t-1) X, t3)
e o o e o o
C(xp, ty)
e o o e o o
o...d O

Fig. 4.5 The time-expanded network for the problem with #; # >

Based on the construction above we obtain the following property of the probability
Py (u(®), xp, t1 <t(xf) < ).

Lemma 4.14 For an arbitrary feasible control u(t) and a given starting state xo of
the dynamical system 1L the following formula holds

n—n

Py (u(®), xp, 1 <t(xy) =) = Z Py (u(®), (xp, 01+ k), n+k), (4.6
k=0

where Py (u(t), (xp,t1 + k), t1 + k), k = 0,1,2,...,p — t1 represents the
time-state probabilities calculated on the time-expanded network (GY, z€, zZN |
¢, p.t1, 12,20, Y).

Based on Lemma 4.14 we can calculate Py (u(t), xg, t1 < t(xy) < ) as
follows. We apply Algorithm 4.7 on the time-expanded network (G°, Z€, ZV,
¢, p¥, 11,12, 20, Y) and determine the state-time probabilities Py, (u(?), (x, 1), T)
for every (x,7) € Z and vt = 0,1,2,...,%. Then we find the probability
Py (u(t), xy, i < t(xy) < t2) using formula (4.6).

Example Let us calculate the probability P> (u(t),3 < ¢(3) <5) with the control
u(t) given in the example from Sect. 4.2.2. The corresponding network induced by
the control u(¢) is represented in Fig 4.6. If we apply formula (4.6) then we obtain

Py(u(t), 3,3 <1(3) <95)
= Py (u(n), (3,3), 3)) + P2(u(n), 3,4), 4 + P2(u(r), 3,5), 5),
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(X,0) X, (X,2) X,3) X4 (X,5)

) Ry
@ o Gl e
oS- ON-F QP I E
& @

Fig. 4.6 The network induced by the control u()

N

where P(2,0) (u(1), (3,3),3)), P o) (u(t), (3,4), 4) and P(z’o) (u(t), (3,5), 5) are
calculated on the time-expanded network given in Fig. 4.6. So,

Ppooy(u(t), 3, 3<t(3) <5)=0+0.6440.231 =0.871.

The state-time probabilities P o) (u(t), (3,3), 3), Po,0(u(t), (3,4), 4), and
P.0)(u(t), (3,5),5) on the auxiliary network can be calculated applying Algo-
rithm 4.7 or Algorithm 4.9. We obtain a more suitable algorithm for the tabulation
of the values Py (u(t), xr, i < t(xy) < tp) for a fixed control in Problem 4.1 if
we use the backward induction principle on the time-expanded network. Below we
describe such an algorithm.

Algorithm 4.15 Determining the State-Time Probabilities for the Problem 4.1
with t; # t; based on a Backward Induction Principle

Preliminary step (Step 0): Put P(xf,,z_,)(u(t), xp,h <t(xp) <th)=1,
fort =0,1,2,...,00 —ty and set P(y ,—o)(u(t), xr, 1) <t(xy) <) =0,
for (x,6p — 1) € Z\Y,t =0,1,2,..., 1.

General step (Step T, v > 1): Forevery (x,tp — 1) =z € Z;;’_T\Y calculate

P n—oy(u(®), xp, t1 < t(xy) < 1)
= > Py, xsp. 1 St(xp) S 0)pL,).

(z,w)eEY(z)

where w = (.o — T+ 1) € Zp,_r41, E%2) = {(z.w) € E¥ |w € Zr 41}
If © = 1, then go to the final step; otherwise go to step 7 + 1.
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Final step: Set Py,—o)(u(t), x5, 1y < t(xp) < ) = Py p—o)(u®), xy,
f1 < tlxy) < p) forevery (x,0 — 1) =2 € Z, ¢, =0,1,2,...,1 and
fix Pyoy(u®), xr, t1 < t(xy) < ) = Proy(u@®), xr, 1 < t(xy) < o) for
x(0) € X.

It easy to check that in the worst case the algorithm uses O (| X |2t2) elementary
operations.

The backward dynamic programming algorithm described above can be extended
for the control Problem 4.2.

Algorithm 4.16 Determining the Optimal Control for Problem 4.2

The algorithm determines the optimal control u * (¢) and the probabilities Py, —z)
(u*(t), xg, 1 < t(xy) < ) fort =0,1,2,..., 1. These probabilities are tab-
ulated using the time-expanded network (G°, Z€, ZV ¢, p, t1, 12, zo, Y) in the
following way:

Preliminary step (Step 0): Put P(xf,,z_,)(u*(t), Xpot <t(xp)<nh)=1,
for 7 =0,1,2,...,0 —ty and set Py j,—o)(u*(1), xp, t1 <t(xf) <) =0,
for (x,, —7) € Z\Y,t =0,1,2, ..., 1; in addition set E}. = {.

General step (Step T, T > 1): For given 1 do items (a) and (b):

(a) Forevery (x,rh —t)=12z¢€ Z{;’fr\Y calculate

Pl p—oy(u™ (1), xp, 11 <t(xp) <)

= D Pu@r®), xp, 11 S 10xp) £ 2Py
(z,w)eE(2)

where w = (y, o — 71+ 1) € Zy,_141;
(b) Forevery (x,rr —1)=7z¢€ Zrc \Y calculate

P o)W (1), x5, 11 <t(xyp) < 1)
= max P,w*@®),xs 1t <t(xp) <t
(z,w)eE(2) w(u (1), xp, 11 < t(xy) < 12)

and include in E¢, the edges e* = (z, w)* for which

(z, w)* = argmax {Py,(u*(t), x5, 11 < t(xy) < n)}.
(z,w)eE(2)

If © = 1, then go to the final step; otherwise go to step 7 + 1.

Final step: Form the graph G* = (Z, E{. U (E*\Ec)) and fix on E(, an arbitrary
map

u () > (y, 14+ 1) € Xg(x, 1) for (x,t) € Z€

where X+ = {(v, t + 1) € Z| ((x, 1), (v, 1+ 1)) € E*}.
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4.2.5 Determining the State-Time Probabilities and the Optimal
Control Using a Modified Time-Expanded Network

The algorithm from the previous section can be modified using a simple modification
of the time-expanded network that allows us to reduce Problem 4.1 with #; # £, to
Problem 4.1 with fixed number of stages 7 were f = . We ground this reduction
procedure using a new time-expanded network which we denote by (G*, Z€, zZV,
¢, p"*, 1, zo, z5). This network is obtained from (GO, z€, ZN ¢, p¥, 1, 1o,
20, Y) in the following way:

Graph GT = (Z, E™) is obtained from G° = (Z, E?) by adding the directed
edges

(e, 1), (g, tr + D), (g, 1 + 1), (xp, 11 +2), .00, ((p, 12 — 1), (xp, 12)),
ie.,
ET=EU{((xp,ti +i), (xp,i+i+1), i=0,1,2,....00— 1 —1}.

To eachdirected edge e; = ((xy, 11 +1i), (xf, 1+i+1)),i =0,1,2,. tz—tl—l
we associate the transition probability p(,) = 1 and the transition cost cf, , =
0; for the rest of the edges in G* we preserve the same probabilities and the
same costs as in G°. We denote the network obtained after this construction by
(G, zC€, ZN, ot Pt b, 7 7). The graphical representation of this network is
given in Fig. 4.7.

It is easy to observe that if for a fixed control u(t) we consider the prob-
lem of determining the probabilities Py f,,z_,)(u(t), (xf,1), ) on the network
(G*, Z€, ZN, ¢F, p"*, 1, z5) then

Py -0 (), (xg,02), 1) = Py p-o)(u(@), Y, n <1(Y) < ).

These probabilities can be found by using Algorithm 4.9 on the network (G,
z€, zZN, ¢*, p"*, Ty, z4). Thus, Algorithm 4.15 on the network (G°, €, zV,
¢, pt. 11,1, Y) can be replaced by Algorithm 4.9 on the network (G, VA
ZN, C+, pu-i-7 b, Zf)~

Example 1 Consider the problem of calculation the probability P>(u(t),3, 3 <
t(3) < 5) for the example from Sect. 4.2.4. We can calculate this probability using
the modified network represented on Fig. 4.8, because

Py(u(r), 3,3 <T@3) =5) = Po,o(u), 3,5, 5),

where P oy (u(t), (3,5), 5) is calculated on this network.
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(X, 0) X, 1) Xty Xt+D X t+2) X, -1 X, ty)

T (xp t)

Fig. 4.7 The graphical representation of modified time-expanded network

(X,0) X,1) (X,2) (X,3) X4 (X,5)

(1) 1 > 1
@ @

e e 3 3 3
o o 4 4 > 4

Fig. 4.8 The network which corresponds to the control u(t)

N

The modified network is obtained from the network on Fig. 4.6 by adding
directed edges ((3, 3), (3,4)), ((3,4), (3,5)) with the probabilities p(s,3),3,4)) =
D((3.4),3,5) = 1. If we apply Algorithm 4.7 or Algorithm 4.9 then we obtain

Pooy(u(t), (3,5), 5) =0.871.
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(X,0) X1 (X,2) (X,3) X4 (X,5)

1 > 1

&~
y
=~

Fig. 4.9 The time-expanded network for the control problem

Algorithm 4.17 Determining the Optimal Control for Problem 4.2 with t; # t;
The optimal control w*(¢) and the transition probabilities Py, —7)(u* (1), xr, 11 <
t(xy) =< tp) for Problem 4.2 can be found using Algorithm 4.12 on the time-
expanded network (GT, Z€, ZN, ¢*, pUt, 1, zo, z5), i.e. we determine u*(¢)
and Py, —7)(u*(t), xp, t1 < t(xy) < 1) as follows:

(1) Construct the time-expanded network (GT, Z€, ZV, ¢, p"* 1, 20, z);

(2) Find the optimal control u*(#) and the transition probabilities Py s, —r) (u* (1),
xp,p)forx(tr—1)e X, 1=0,1,2,...,1 using Algorithm 4.12.

(3) Fix the optimal control u*(t) and the transition probabilities Py, —r)(u*(?),
xptp < t(xy) < ) = Px(tz_f)(u*(t),Xf,tz) for x(p — 1) € X, 1 =
0,1,2,...,1n.

Example 2 Consider the problem of determining the optimal control «*(¢) and the
state-time probabilities Py5—r)(u*(1), 3,3 < t(3) < 5), v = 0,1,2,3,4,5in
Problem 4.2 for the example from Sect. 4.2.2.

The time-expanded network for this example is represented in Fig. 4.9. In this
network p(.3),(3.4)) = P(3.4),3,5) = l; the rest of the probability transitions are
the same as in the example from Sect. 4.2.2.

We determine the optimal control «*(¢) and the probabilities Py ;,—r) (u*(¢), 3, 5)
on the network (GT, Z€, zZN, ¢+, p**t, 1, zo, zf) using Algorithm 4.12:

Step 0
P(1,5)(u*(l), 3,5
Py s (u*(1),3,5

5 Posy(w*(1),3,5) =0; Pgsu@),3,5 =1

N N
Il
o O
&)
a*
I
IS
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Step 1

P.ay(u*(1),3,5) =0;  Poay(u*(t),3,5 =0.7; Paa(u*),3,5 =1,
P4y (u*(1),3,5) =0.6; E}=0.

Step 2

P3)(u*(1), 3,
P33y (u*(1), 3,
Step 3

P(1,2) (u*(1),3,5)=0,85 P(z,z) (u*(1),3,5)
P(3,2) (u*(t), 3, 5) = 0.871; P(4,2)(u*(t), 3, 5)
Step 4

Pa,1y(u*(1), 3,
Pa,1)(u*(1), 3,

=0.42; Pp 3 (u*(1), 3,
1

0.85;
; P(4,3)(u*(t), 3, 0.88

5)
5)

E:=0.

0.652;
0.94; Ef ={((1,2), (2,3))}.

Po.1y(u*(1),3,5) = 0.871;

5) =0.85
5) 0.94; P(4,1)(3, 5) = 0.85;

Ec ={((1,2),(2,3)}U{((1, D, (1,2)), (2, D, (3,2)), (3, D, (4,2)}.

Step 5
P 0 (u*(1),3,5) =0.871; P(z’o)(u*(t), 3,5) =0.94;
P(3)0) (u*(1),3,5) = 0.94; P(4’0) (u*(1),3,5) = 0.94;

Ec ={((1,2),(2,3)), (1, D, (1,2)), (2, 1, (3,2)), (3, 1), 4,2))}

U{((1,0), (1, D), ((1,0), (2, D), ((2,0), 3, D), ((3,0), (3, D),
((3,0), (4, 1)), ((4,0), (3, 1)), ((4,0), (4.1))}.

After steps 0-5 we fix the map

v (1,0) = (2,1); (2,00 —> (3,1); 3,00~ (3,1); 4,0 — 4 1);
1,1 - (1,2); 2,1)—=>@3,2); 3, 1)—=%2); &1 — 4,2);
(1,2) - (2,3)

which determines the optimal control. In addition we fix

Pq,0)(w*(1), 3,3 <t(3) <5) = Py,0(u*(t), 3, 5) = 0.871;
Pooy(u™(1), 3, 3 <t(3) <5) = Pp,0(u*{), 3,5 =0.94;
Pi.0)(u*(1), 3, 3 <t(3) <5) = Pi,0)(u*(t), 3, 5) = 0.94;
Puaoy (1), 3. 3 < 1(3) < 5) = Pu.o)(u*(r), 3, 5) = 0.94.

The network which corresponds to the optimal control w*(¢) is represented in
Fig. 4.10.
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(X,0) X1 (X,2) (X,3) X9 (X,5)

1 > 1 —>

Fig. 4.10 The network which corresponds to the optimal control u*(z)

N
y
~

4.3 Algorithms for Determining the Expected Total Cost
and the Optimal Control Using a Time-Expanded
Network

In this section we describe dynamic programming algorithms for the calculation of the
expected total cost of the dynamical system in Problems 4.3—4.6. For the calculation
of these values we shall use the time-expanded networks from the previous section.

4.3.1 Determining the Expected Total Cost and the Optimal
Control in the Problems with a Fixed Number
of Transitions

To develop a backward dynamic programming algorithm for the calculation of
the expected total cost oy (0)(u(?), 7) in problems 4.3-4.6 we introduce the values
Oyry(u), ) fort =0,1,2...,1.

The value o, ;_r(u(t), 1) for a fixed r expresses the cost to be expected during 7
transitions if the system starts transitions in a state x at the moment of time 7 — ¢ and
finish transitions at the moment of time 7. It is evident that the following recursive
formula holds:

O’X(;—‘L')(u(t)a ;)

= Z PrG—t)x(—t+1) (Cx(—r)xGor+1) F Oniimrtny (), 1)) .
x(f—t+1)eX
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If we set o, (u(t), 1) = 0 and apply this formula for = 1,2,...,7 then we
determine oy (g) (u(t), ). For the time-expanded network (G, Z C.ZN ¢, p*. 1, z0)
this recursive formula can be written as follows

o), D= D plyCew +ou®), D),
(z,w)€E(z)
Z € Z;_T, T = 1,2,...,;,

where o (u(t),f) = 0 forz € Z7; E(z) = {(z,w) € E|w € Z;_,,}. Here
z=x,1—1)€Z;i_, w=(x,1 —T+1) € Z;_,,; and the value

[eF4 (U(l), ;) = O‘(x,?—r) (U(t), ;)

for a given control u(t) expresses the expected total cost during t transitions on G if
the system starts transitions in z = (x, f — 7) at the moment of time 7 — t and finish
transitions at the moment of time 7 in a position (y, 7) € Z;.

Thus, the values o (u(?),) = oyG_q(u(t), 1) for T = 0,1,2,...,7 can be
tabulated using the backward dynamic programming algorithm. A similar procedure
can be used for the tabulation of the values for the variance D, i_)(u(?), 7).

In the following we show how to determine the optimal control and the opti-
mal value of the expected total cost for Problem 4.4 on the time-expanded network
(G, Z€,ZN ¢, p.1, 20).

Algorithm 4.18 Determining the Optimal Control for Problem 4.4

The algorithm consists of the preliminary, the general and the final steps. At the
preliminary and general steps the algorithm determines the optimal values of the
expected total costs a(xyg,T)(u* (t),7) of the system during t transitions from the
states x(f — 7) = (x,f — 7) at the moment of time 7 — 7 to the final state x s if
the optimal control u*(¢) is applied. The final step of the algorithm determines an
optimal control for Problem 4.4.

Preliminary step (Step 0): Put o, 7_.)(u*(t), 1) = 0 for every (x,7) € Z; and set
E¥ = 0;
C )

General step (Step t, T > 1): For given t do items a) and b):
(a) For each uncontrollable position z = (x,7 — 1) € Z;Ai . calculate

Uz('UJ*(t)v;) = Z p(z,w)(c(z,w) +0w(u*(t)7;))§
(z,w)€E(z)

(b) For each controllable position z € Z?C_ . calculate

o,() = min (¢ w) + ow@ (1), 1)
(z,w)eE(z)
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and include in the set E; the edges e* = (z, w)* for which

(z,w)" = argmin {cizw) + ow(u* (1), 1)}.
(z,w)EE(z)

If t = T then go to the final step; otherwise go to step © + 1.
Final step: Form the graph G* = (Z, Ej; U (E\E(¢)) and fix in G* an arbitrary
map

u o (x, 1) = (y,t4+1) € Xge(x, 1) for (x,1) e ZC.

Algorithm 4.18 uses the backward induction principle and therefore it finds correctly
the optimal control w*(¢) and the expected total costs o () () arbitrary starting posi-
tion x = x(0) € X in Problem 4.4. The running time of the algorithm is 0(|X|2?).

4.3.2 Determining the Expected Total Cost and the Optimal
Control with a Given Number of Transitions and a Fixed
Final State

In this section we describe an algorithm for the calculation of the expected total cost
ox (u(t), x¢, 11 < t(xy) < 1) in Problem 4.5. This value expresses the cost to
be expected if the system starts a transition in the state xo and the final state x y is
reached at the moment of time ¢ (x) such that 1; < 7(x) < 1.

At first we show how to calculate oy, (u(t), x7,11 < t(xy) < 12) for a given
control u(t) inthe case t; = t, = 1.

We construct the time-expanded network (G, VAV AR 20, 2f, ¢, pY, 7) and
assume that Py (u(t), xr, 1) # 0 (f Py (u(t), xf, 1) = 0 then we set
ox(u(t), xp, 1) = (_)). B

If Py (u(t), xr, t) = 1then Py (u(t), zr, t) = 1 and therefore the expected total
cost oy, (u(t), zy, f) can be calculated as the expected total cost oy (u(t), xy, f) of
the system L during next 7 transitions if it starts transitions in xo, i.e., oz, (u(?),
2f, 1) = 0 (u(?), 1). )

If 0 < Pyy(u(r), xg, 1) < 1 then we will calculate the expected total cost
o4, (u(t), z, 1) with the condition that after 7 transitions the final state x s is reached.
This means that the probabilities p; on the edges e € E of the time-expanded net-
work should be redefined or transformed in such way that the probability of the
system’s transition from the starting position z¢ to final position z s during 7 tran-
sitions is equal to 1. We denote these redefined values by p,, and call them the
conditional probabilities. The conditional probabilities p/,, e € E provide a transfer
of the dynamical system L from the starting state xo to the final state x s at the time
moment 7 with the probability P{ (u(t), xf, t) = 1. It is evident that if the system
couldn’t pass through a directed edge e € E during transitions from (x, 0) to z s then
the conditional probability p,, of this edge is equal zero. So, the subnetwork of the
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time-expanded network, generated by edges with nonzero probabilities p/, has the
structure of a directed graph with a sink vertex z y. Thus, if from the graph G = (Z, E)
we delete all directed edges which do not belong to a directed path from zg to z
then we obtain a new graph G’ = (Z, E’). It is evident that in the obtained new net-
work for some positions z € Z the condition >° . ,\cp/(;) P(z.w) = 1 is not satisfied
(here E’(z) represents the subset of edges from E’ which originate in the vertex z,
ie. E'(z) = {(z,w) | (z, w) € E'}). Therefore for the new network we define the
conditional probabilities p), in such way that the condition 2 ek () Pawy =1
holds for an arbitrary vertex that contains at least one leaving directed edge. More
precisely, we define the probabilities p/, for e € E’ in the following way:

For each position z € Z we determine the value 6(2) = 2. )ep/(z) Plo.w)
and after that for an arbitrary position z € Z with 6(z) # 0 we make for every
(z, w) € E'(z) the transformation

1
/ _ [
Piw) = ) Pzw)y:

After these transformations we can apply Algorithm 4.18 on a stochastic network
(G, Z€, ZV, zo, ¢, p', T) with conditional probabilities p,onedgese € E,where
p. = Ofore € E\E'.If for this network we determine o, (u(?), 7) then we determine
o (u(t), x5, 1) = UZ/O (u(t), 1), i.e., this value represents the expected total cost for
the dynamical system in Problem 4.5 if it starts transition in xg inthe case t = 1, = ¢.
Itis easy to observe that the expected total cost o (u(t), z, 1) defined and calculated
in such a way satisfies the condition

C™M (20, 2f) < 0y (ult), 7y, 1) < C™* (20, 2/),

where C™(z, z £) and C™**(zq, z ) represent, respectively, the minimal and the
maximal total costs of the directed paths from z to z 7 in the time-expanded network.

In the case t; # 1, the expected total cost oy, (u(t), xr, 1 < t(x) < 1)
can be defined and calculated in an analogues way if we consider Problem 4.5
on a stochastic network (G*, Z€, ZVN, ¢, p*, 1, z0, zf) with a fixed num-
ber of stages 7 = 1, and if we make the similar transformations of the prob-
ability on the edges of this network. After these transformations we obtain the
time-expanded network with new probabilities p,, e € X for which the expected
total cost o, (u(t), zr, T2) = az’o (u(t), t2) can be defined. Using the network
(GT, z€, ZN, ¢+, pT, b, 20, 7 r) we show that Algorithm 4.18 can be modified in
such a way that it finds simultaneously the probabilities p/, and the expected total costs
Ox(—)(u(®), xp, 11 < t(xy) < ) =0x(—r)(u(?), xy, n)fort =0,1,2,..., 0.

Algorithm 4.19 Determining the Expected Total Cost and the Conditional
probabilities for Problem 4.5

Preliminary step (Step 0): Put 0(z5) = 0'(zy) = 1 and 6(z) = 0'(z) = 0 for
7 € Zp\{zr}; in addition fix o/ (u(t), zf) = 0 forevery z € Z.

General step (Step T, T > 1): For each position (x, t, — 1) € Z;,— find
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0= D pln,dw,

(z,w)eE*(z)

where ET(z) = {e = (z,w) | (z,w) € ET}, ie., ET(z) represents the subset of
directed edges from E™ which originate in z. Then calculate

1
Plew) = %P@,wﬁ/(u’)
for every (z, w) € E*(z) and put

9/(Z)= Z péz,w)

weE*(z)

forz e Z;,_-.
After that for every (x, 1, — 1) € Z;,_; calculate

Oy W), ) = D () + 00y (D), 2P -
(z,w)€E'(2)

wherew = (y, b — 1+ 1) € Zy,_741.
Check if T < r? If T < 1, then go to the next step; otherwise fix

ox)(u(®), xf, 11 S t(xf) < 1) = o(x,0)(u(?), 12)

for every x € X and STOP.

Remark 4.20 In Algorithm 4.19 the values 0(z) and 9(z)’ for z € Z satisfy the
conditions 0 < 8(z) < 1, 6(z) € {0, 1}. The value 6(z)’ in the algorithm is equal
to 1 if and only if the vertex z in G’ contains at least one leaving directed edge.

Remark 4.21 1In the case r; = t; = 7 the algorithm determines the expected total
cost oy (o) (u* (1), x, 1) for the problem with a fixed number of stages.

Example Consider the problem of determining the expectation oy, (u(?), xr, t <
t(xf) =< t) for the example from Sect. 4.2.2 with a given control u(t), where
xp=3,1=3,1n=>

We reduce the considered problem to the problem with a fixed number of stages
on the auxiliary network represented in Fig. 4.2. So, on this approach we have to
find the expected total cost E,(u(t), zf, T2), where zy = (3, 5); 12 = 5. Note that
in this network

P((3.3).6.4) = PG4.65) = L. ¢((3.3).6.4) = ¢3.4.6.5) =0;

the probabilities and the costs for the rest of edges are the same as in the network
from Fig. 4.2.
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If we apply Algorithm 4.19 then we obtain:

Step 0
0(1,5) =0: 0(2.5=0: 0(3.5=1: 6(&5) =0
0'(1,5)=0; 6'2,5)=0; /3.5 =1; 64,5 =0;
(1.5 W®),5) =0;  ofy5u(),5) = 0;
03,5 (0,5 =0; o5 u®),5) =0.
Step 1

/ i . / — . !/ _— . / _ .
Paanasy =% Pasnesy =% Peaas) =% Pa.cs) =D

/ . . / . / _ .
Py =B Paa.csy =1 Pad.as) =0
0(1,4) =0; 0(2,4) =0.7; 03,4 =1: 6(4,4) =0.6;

0'(1,4) = 0; 0'2,4)=1;, 6'(3,4) =1; 0'(4,4) =1,
0'(/1’4) (u®),5) =0; 0'(/2,4) (u(®),5) =3;
03,4 (1),5) =0; 0y 4 (u(®),5) =5.
Step 2

/ _ O / _ ], / _ O 5.
P;<1,3>,<1,4>) =Y P5(1,3>,(2,4)> =5 Pg<2,3),<2,4>) =YD
P3).cay =95 Paacay =L Pus.ea =07

/ - .
Pa3). @44y = 03
0(1,3)=0.6; 02,3)=1; 03,3)=1;, 0473 =1,

0'(1,3)=1; 0'2,3)=1; 63,3)=1; 6473 =1;

013 W), 5) =540, 4 u).5 =8;

o(:m (1), 5) = (1 + 0y 4 (u(t), 5)0.5 + (4 + 03 4 (u(t), 5)0.5 = 4;
0'(3’3) (u(t),5) = 0;

043 W(1), 5) = (5 + 03 4y (1), 5))0.7 + (4 + 0/, 4 (u(1), 5))0.3 = 6.2.
Step 3

Plao.eay =5 Pleaas =06 Plaa)aa) =04

P(aoy.ean =03 Paaasy =0T Plaa.es =05

/ — .
P @3 = 0-5
0012 =1. 02.2)=1: 63.2)=1: 0642 =1:

0'(1,2) =1; 0'2,2)=1; 0'3,2)=1;, 64,2 =1;

0(/1’2) (u(®),5) =1+ 6{2’3)(’&([), 5) =5;

02y (1), 5) = (3 4 0y 5, (w(t), $)0.6 + (7 + 0/ 5 (u(t), 5)0.4 = 9.4;
052y (1), 5) = (3 + 05 3, (1), 5))0.3 + (8 + 0, 5 (u(1)., 5)0.7 = 12.04;
012y (W(0), 5) = (24 03 3 (u(t), 5)0.5 + (4 + 0y 3 (u(1), 5)0.5 = 6.1.
Step 4

/ — . / — . / — . / . .
Py =5 Paney =1L Peney=L Paney =1
oD =1. 62.D=1 03.1)=1." 0@ 1) =1

0'(1,1) =1; 0'22,1) =1; 0'3,1) =1; 0'4,1) =1;
o{1 1 (1), 5) = 24 0y 5 (u(t), 5) = 11.4;

0o 1 (u(1), 5) = 2+ 0y  (u(t), 5) = 14.04;

a(’3’1)(u(t), 5 =5+ 053’2) (u(t),5) = 17.04;

0(4)1)(u(t), 5 =7+ 0{3’2)(u(t), 5) =19.04.
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(X,0) X1 (X,2) (X,3) X9 (X,5)

o
IO,

2 @

Fig. 4.11 The network induced by the control u(z)

Step 5

/ — . / — . / — . / _ .
Popen =L Peocy =5 Peocy =L Pag.gn = b
0(1,0) =1; 0(2,0) =1; 03,0)=1; 0(4,0)=1;

0'(L,0)=1, 06R0=1 6@3B,0=1; 0,0 =1;
0(’1’0) (u(t),5) =4+ a(/z’l)(u(t), 5) = 18.04;

a(’z’o)(u(t), 5)=3+ 0{371)(u(t), 5) = 20.04;

0{3’0) (u(t),5) =6+ o(’m)(u(t), 5) = 23.04;

a(’4)0) (u(t),5) =2+ U(’ll)(u(t), 5) =19.04.

So, after the final step of the algorithm we obtain

o1(u(t), 3,3<t(3) <5 = a(/l’o)(u(t), 5) = 18.04;
o2 (u(?), 3, 3 <1(3) =5) =0, (u(?), 5) = 20.04;
o3(u(?), 3, 3 <1(3) =5) =05 (u(r),5) = 23.04;
o4(u(t), 3, 3 < 1(3) < 5) = 0 ¢ (u(r), 5) = 19.04.

The corresponding network generated by edges e € E with nonzero probabilities
p,, is represented in Fig. 4.11.

4.3.3 Determining the Optimal Control and the Expected
Total Cost for the Control Problem with a Restriction
on the Number of Transitions

We extend now the previous algorithm for determining the optimal control in
Problem 4.6. The algorithm determines the optimal expected total cost oy () (uw*(2),



372 4 Dynamic Programming Algorithms ...

xf, 1 < t(xy) < tp) for an arbitrary starting state x(0) € X, the optimal control
u*(t) and the conditional probabilities p,, that correspond to the optimal control
u*(t). In the same way as in the previous algorithm we shall use the time-expanded
network (G1, Z€, ZN, ¢, p*, 11, 12, 20, zs) and the backward induction principle.

Algorithm 4.22 Determining the Optimal Control and the Conditional Proba-
bilities for Problem 4.6

Preliminary step (Step 0)
Set:

O0@zp)=0"(zp)=1; 0(zx) =0"(2) =0, Yz e Z,\{zs};
ol (W' (),n) =0; ol(u*t).n=M, Vz€Z (M >3 cp+lce/pel);
E* = 0.

General step (Step t, T > 1)
For each position z € Z;,_. find

0@ =D pewd W),

(zow)eEt(z)
where ET(z) = {e = (z, w)|(z, w) € E*}, i.e., ET(z) represents the subset of
directed edges from E * which originate in z. Then for each z € Z7,_; do items (a),

(b) and (c):
(a) If z € ZV and E*(z) # ¢ then calculate

1
Pl = @l’(z,w)@/(u})

for (z, w) € E*(z) and put

0@ = 2, Plew

weE*(z)

forz € Z,—r. Thenforz = (x,tp — 7) € Zy find

Oty @ (. T) = D (i) + 0hy (W (1), )P -
(z,w)€E'(2)

wherew = (y,tp — 17+ 1) € Zy,—741.
If E*(z) = ¥ then put
Oy W (1), ) =M

and fix (z) =0'(z) = 0.
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(b) If z € Z€ and ET(z) # ¢ then calculate

/ * .
O u (t),t = min C +o(w)).
(x,tz—r)( (), 1) (z,w)eE*(z)( (z,w) (w))

After that include in E* the directed edges (z, w)* for which

(z,w)" = argmin {c( w) + 0w (W (1), 12)}
(z,w)EE*(2)

and put 0(z) = 0'(w) = 1. If E*(z) = ¢ then put
/ *
O’(x,,z_f)(u ®).n)=M

and fix (z) = 6'(z) = 0.
(c) If r < T then go to the next step; otherwise fix an arbitrary map

u :(x,t) = (y,t+1), t=0,1,2,....0
on the set of controllable positions such that ((x, ), (v, 4+ 1)) € E,+. Then set

o)W (t), x5, 11 S 1(xf) < 1) = 0(x,0)(U", 1)
for x(0) € X and STOP.

Example Consider the Problem 4.6 of determining the optimal control u*(¢) and the
expected total cost oy, (u*(¢), x ¢, ty < t(xf) < to) for the example from Sect. 4.2.2,
where xy = 3,1 = 3, 1, = 5 (Problem 4.6).

We reduce this problem to the control problem with a fixed number of transi-
tions on the time-expanded network represented in Fig. 4.9. Thus, we obtain the
problem of finding the optimal control »*(¢) with the minimal expected total cost
0, (u*(t), 25, 1), where 2y = (3, 5); 1o = 5. In this network

P((3.3).64) = P(.4.6.5 = 1. ¢3.3).64) =¢3.4.6.5) =0;

the probabilities and the costs for the remaining edges are the same as in the network
from Fig. 4.2.

If we apply Algorithm 4.18 then we obtain:
Step 0

6(1,5=0; 62,5 =0, 63.5=1 645)=0;
0'(1,5)=0; 6'2,5=0; 3.5 =1 045 =0;
U(/l,s)(u*(t), 5) = M, U(/Z,S)(u*([), 5) = M’ G(/S,S)(U*(t), 5) — 0,
045 W (1),5) =M; ET=0.
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Step 1
The set Z4 contains only uncontrollable positions, therefore, we obtain:

/ —0N- / — 0 / —_— N- / 1.
Piaaynasy =0 Praa.esy =% Pea.asy =0 Pa.es) = b
/ _ . / _ . / — .
P(.4.35) = B P(aa.6.5) = I Plaa.as) =0
e(1,4) =0; 2,4 =07, e@3,4 =1, e4,4) =0.6;
o'(1,4H=M; o'(2,4) =3; 0'(3,4) =0; o'(4,4) =5;
ET =4.

Step 2
The set Z3 contains only uncontrollable positions, therefore we have:

P((l 3.4y =0 P((l 3.4 =075 P((z .24 = 05 Pla3),aa) =05
P(3.3.64) = b Pa3).6.4) = 0T Plas).@aay =03

0(1,3)=0.6; 6(2,3)=1; 63,3)=1; 64,3 =1;

0'(1,3)=0.6; 6'(2,3)=1; 63,3)=1; 64 3)=1;

O'(/1y3)(u*(t), 5)=5+ 052,4)('“*(0, 5) =28

(.3 (W (1), 5) = (1 4+ 0/, 4 (u*(1),5)0.5 + (4 + 03 4 (u* (1), 5))0.5 = 4;
0{3,3)(71*(1‘): 5) =0;

0ly3) (U (1), 5) = (54 03 4 W (1), 5))0.7 + (4 + 0/, 4 (u(t), 5))0.3 = 6.2.
Et =9.

Step 3

The set Z; contains the controllable position (1, 2), therefore, we calculate

U(/l,z)(U*(f), 5)

= min{c(1,2),@.3) + 0.3 @ (1), 5), c1.2).01.3) + (1.3 @ (1), 5)}
=c1,2,23)+02,3)=14+0(2,3) =5

and include in E™ the edge ((1, 2), (2, 3)), i.e., E?" = {((1,2), (2,3))}.
After that we find

P((l .03 =0 P((l ».23 = b P«z 2.3 = 0:6; P<<2 2.33) = 04

P23 = 03 P33y =07 Plaa.cs) = 95 Pluz.as) =05
0(1.2) = 1: 0(2.2) = 1; 0(3.2) = 1; 0(4,2) = 1;
0'(1,2) = 1; 0'(2,2) = 1; 0'(3.2) = I: 0'(4,2) = 1:

0l 2 (U (1), 5) = (3 + 0y 4 (W (1), 5)0.6 + (7 + 05 3 (u* (1), 5))0.4 = 9.4;
0(3.2) W (1), 5) = B+ 05 3 (U (1), 5))0.3 + (8 + 0, 5 (u* (1), 5))0.7 = 12.04;
032 (W (1), 5) = 2 + 05 3 (W (1), 5)0.5+ (4 + 0/, 5 (u* (1), 5))0.5 = 6.1.
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Step 4
The set Z; contains only controllable positions, therefore we calculate

(1.1 @ (1), 5) = min{6 + o} ) (U™ (1), 5), 2 + (5 5, (W (1), 5)}
= min{6 45,2+ 9.4} =11,
05,1y (@*(1), 5) = min{7 + o} 5 (U (1), 5), 2+ (3.5, (W* (1), 5)} =T+ 5
= min{7 +5, 2+ 12.04} = 12;
03.1)(W@* (1), 5) = Min{2 + 65 5, (W (1), 5), 5 + (3.9, (W (1), 5), 3 4 04 5, (u* (1), 5)}
=min{2 4+ 9.4, 5+ 12.04,3+6.1} =9.1;
041y (W (1), 5) = min{7 + 03 5, (u* (1), 5), 4 + 0y 5, (W (1), 5)}
= min{7 + 12.04, 4 + 6.1} = 10.1

and find

E* ={((1,2),(2,3)}
U{((1, 1), (1,2)), (2, 1), (1,2)), (3., 1), (4,2), (4, 1), (4,2)};

/ — . / _ . / — . / _ .
P = L Peneay =B Paneay =B Pan.ey =1
oL, =1, 62, H=1; 63, H=1; 64, 1)=1,;

1. D=1 0'Q2. D=1 G DH=1: 6@ DH=1.

Step 5
The set Z| contains only controllable positions, therefore we calculate

0(’1’0) (u*(¢),5) = min{2 + 0(’1,1)(u* ®),5), 4+ a(/z’l)(u* ®),5)}
min{2 + 11, 4 4+ 12} = 13;
min{4 + oy ) (W (1), 5), 6+l 1, W (1), 5), 3+ 0l 1, W (1), 5))
min{d+ 11, 6412, 3+9.1} = 12.1;
min{6 + (s ) (" (1), 5), 2+ 0fy 1, (W (1), 5))
= min{6 + 9.1, 2+ 10.1} = 12.1;
0(4’0) (u*(¢),5) = min{2 + 0{3’1)(11* ®),5), 5+ 0{4’1)(u* ®),5)}
= min{249.1, 5+ 10.1} = 11.1

U(/z,o) (U* ®),5)

0(3’0)(u*(t), 5)

and find

E*=((1,2),(2,3)), ((1, 1), (1,2)), (2, 1), (1,2)), (3. 1), (4,2)),
(4. 1), (4,2)), ((1,0), (1, 1)), ((2,0), 3, 1)), (3,0), (4, 1)),
((4,0), 3, D);
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(X,0) (X,1) (X,2) (X,3) X9 (X,5)

10 ©
@ aenWe
OSROSTTa Ay NG

Fig. 4.12 The network which corresponds to the optimal control u*(z)

! . . / — . / — . / — .
Paoey = B P@o.cny =1 PGo.eny = B Pao.eay = b
e(1,0) =1, e(2,0)=1; £(3,0)=1; e4,0)=1.

At the final step of the algorithm we fix the map

u*:(1,2) - (2,3); (1,1 — (1,2); 2,1)— (1,2); (3,1)— 4,2);
4,1)—> 4,2); (1,0—-((1,1); 2,0— @G, 1; 3,00—> 4,1,
4,00 — 3,1

that determine the optimal control «*(¢). Additionally, we obtain the expected total

Ccosts
o1(u(1), 3,3 <t(3) <3) =0 o, (u*(1),5) = 13;

o2 (u*(1), 3, 3 <1(3) <3) = 0y () (W (1), 5) = 14;
o3(u* (1), 3, 3 <1(3) < 3) =05 ) (W (1), 5) = 14.1;
oa(u* (1), 3,3 <1(3) < 3) = 03, (u* (1), 5) = 14.

The time-expanded network generated by the edges e € E with nonzero probabilities
p, is represented in Fig. 4.12; the directed edges originating in the controllable
positions correspond to the optimal control of the considered problem.

4.4 Discrete Control Problems with Varying Time of States’
Transitions of the Dynamical System

In the previous sections we have studied the control models with a fixed unit time
of states’ transitions of the dynamical system by a trajectory. Now we extend these
models and consider the discrete control problems if the time of systems’ transitions
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from one state to another may be different from 1 and may vary in the control process.
We assume that the time of states’ transitions depends on the vectors of control
parameters belonging to a feasible set defined for an arbitrary state at every discrete
moment of time. In this section we show that the time-expanded network method and
the dynamic programming algorithms can be extended for the problems with varying
time of states’ transitions of the dynamical system. We describe these results for the
deterministic control problem and show that the time-expanded network method for
the stochastic cases of the problem can be applied in a similar way.

4.4.1 Deterministic Control Problem with Varying Time
of States’ Transitions

Consider the dynamical system L with the finite set of states X, where at every
discrete moment of time t = 0, 1, 2, ... the state of L is x(¢#) € X. The starting state
xo = x(0) and the final state x ; are fixed. Assume, that the dynamical system should
reach the final state x; at the time moment 7 (x;) such that

h=<tlxy) =<t

where t] and t, are given.

The control of the time-discrete system L at each time-moment ¢t = 0, 1,2, ...
for an arbitrary state x(¢) is made by using the vector of control parameters u(¢) for
which a feasible set U; (x(¢)) is given, i.e., u(t) € U; (x(¢)). In addition we assume
that for an arbitrary # and x(¢) on U, (x(¢)) it is defined an integer function

e U (x(@) — N

which gives to each control u(t) € U; (x(¢)) an integer value () (u(t)). This
value represents the time of the system’s passage from the state x(¢) to the state
X (t + Te(r) (u(t))) if the control u(t) € U; (x(¢)) has been applied at the moment ¢
for a given state x(¢).

Assume that the dynamics of the system is described by the following system of
difference equations

vl =t + Ty (u))) s
x(tjv1) = gy (x(t)), ulty)) ;

4.7)
(tj) € Uy (x(1)));
j=0,1,2,...,
where
to =0, x(t9) = xy 4.8)

is a starting representation of the dynamical system L.
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We suppose that the functions Gt and Tx(t)) in (4.7) are known and ;41 and
x(tj41) are determined uniquely by x(z;) and u(z;) at every step j =0, 1,2, ....
Let u(t;), j =0, 1,2, ..., be acontrol, which generates the trajectory

x(0), x(t1), x(t2), ..., x(tg), ... .

Then either this trajectory passes through the final state x, and # (x ;) = f;, represents
the time-moment if the final state x, is reached or this trajectory does not pass
trough x ;.

For an arbitrary control we define the quantity

k—1
Frgep (u(®) = D" ey (x(t). gy (x(t)). ut)))) (4.9)
j=0
if the trajectory x(0), x (1), x(t2), ..., x(), . . . passes through the final state x, at

the time-moment #;, = f(x,) such that #{ < t(x,) < tp; otherwise we put
FX(),Xf (u(t)) = Q.

Here ¢;; (x(t)). g1; (x(1), u())) = ¢i; (x(2j), x(2j41)) represents the cost of
the system IL to pass from the state x(z;) to the state x(¢;41) at the stage [/, j + 1].
We consider the following control problem:

Problem 4.23 To find time-moments ¢t = 0, 1, 2, .. ., t—; and vectors of control
parameters u(ty), u(ty), u(t2), ..., u(ty—1) which satisfy the conditions (4.7), (4.8)
and minimize the functional (4.9).

It is evident that for this problem there exists the optimal control u*(¢) if there
exists a feasible control which provides a trajectory from a starting state xp to a
final state x ;. The optimal solution of the problem can be found by using direct or
backward dynamic programming algorithms. Both algorithms can be grounded on
the basis of the time expanded method. A specification of this method for the control
problem with varying time of states’ transition of the dynamical system is given in
the next section.

4.4.2 The Time-Expanded Network Method for a Deterministic
Control Problem with Varying Time of States’ Transitions

At first we describe how to construct the auxiliary time-expanded network if
t = t; =t and then we show that the general case of the problem with #;, > 7 can
be reduced to the case with fixed 7.

Assume that 7, = t; = 7 and construct a time-expanded network with the structure
of an acyclic directed graph G = (Z, E), where Z consists of 7 + 1 copies of the set
of states X corresponding to the time moments z =0, 1,2, ..., 7. So,



4.4 Discrete Control Problems with Varying Time of States’ ... 379

Yo=(x0,0)

Fig. 4.13 The time-expanded network for the problem in general case

z=70z'vZ?u...uZ Z'nZ =9, 1t £,

where Z! = (X, 1) corresponds to the set of states of the dynamical system at
the time moment t = 0, 1,2, ...,7. This means that Z' = {(x,#)|x € X}, t =
0,1,2,...,t. The graph G is represented in Fig. 4.13, where at each moment of
timetr =0, 1,2, ..., we can see all copies of the vertex set X.

We define the set of edges E of the graph G in the following way:

If ata given moment of time ¢; € [0, ] foragiven state x = x (¢ ;) of the dynamical
system there exists a vector of control parameters u(t;) € Ui (x (t j)) such that

2 =x(tj41) = gi; (x(2)), u(t)))
where

tiel =1+ Ty (u@)),

then ((x, tj), (z, tj+1)) € E,i.e.,in G we connect the vertex y; = (x, ;) € Y’ with
the vertex y;+1 = (2, tj+1) (see Fig. 4.13). To this edge e = ((x, tj), (z, tj+1)) we
associate in G the cost ¢, = ¢;; (x(2)), x(tj41)).

The following lemma holds

Lemma 4.24 Let u(tg), u(ty), u(f2), ..., u(ty—1) be a control of the dynamical
system in Problem 4.23, which generates a trajectory

xO:x(tO), x(tl)s x(12)7 s x(tk) =Xy
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Sfrom xq to xy, where

th=0, tj;1=t;+ Tx(t)) (u(t,)) ,Jj=0,1,2,...,k—1;

u(tj) € Uy (x(tj)), j=0,1,2,....k—1;

t,=T.

Then in G there exists a directed path

PG(Z07 Zf) = {ZO = (X(), 0)7 (xﬂ ) t])v (xl‘z’ t2)7 ey (xl‘k’ ;) = Zf}

from yo to z,, where x;; = x(tj), j = 0,1,2,...,k, and x(ty) = x;,
ie, t(x;) = t, = 1. So, between the set of states of the trajectory x;, =
x(to), x(t1), x(t2), ..., x(t) = x; and the set of vertices of the directed path

PG (20, z ;) there exists a bijective mapping
(xtj,tj) = x(tj), j=0,1,2,...,k
such that Xt = x(tj), j=0,1,2,...,k and
k—1 k-1

ZC’J' (x(t)), x(tj41) = Z

J=0 j=

)

(Gt 1))

where ty = 0, x;y = x(t9) and x; = x (1), t, = 1.

Proof In Problem 4.23 an arbitrary control u(¢;) at a given moment of time ¢; for
a given state x(;) € Uy; (x(z;)) uniquely determines the next state x(;41). So,
u(t;) can be identified with a unique transition (x(t i), x(t j+1)) from the state x(z;)
to the state x(¢;4+1). In G = (Z, E) this transition corresponds to a unique directed
edge ((x,_/, 1), (xt_/-H’ tj_H)) which connects vertices (xtj, tj) and (x,M, tj+1); the
cost of this edge is ¢ ((x,j, 1)y (Xejyys tj_H)) = (x(tj), x(tj_H)). This one-to-
one correspondence between the control u(z;) at a given moment of time and the
directed edge e = ((x,j, 1)y (Xtjpys tj+1)) € E implies the existence of a bijective
mapping between the set of trajectories from the starting state x to the final state x
in Problem 4.23 and the set of directed paths from z to z, in G, which preserve the
integral-time costs. O

Corollary 4.25 Ifu*(t;), j =0, 1,2, ..., k—1isthe optimal control of the dynam-
ical system in Problem 4.23, which generates a trajectory

xip=x*(0), x*(11), x*(12), ..., x*(1) = xr
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from xq to xr, then in G the corresponding directed path
P20, 2,) = {z0 = (x1, 0), (x7;, 1), (s 1)y -y (s 1) = 24}

is the minimal integral cost directed path from zg 1o z; and vice-versa.

So, the control problem with varying time of states’ transitions can be reduced to the
problem of finding the minimum cost directed path with fixed starting and final ver-
tices in the time-expanded network. For this problem direct and backward dynamic
programming algorithms an be applied. Note that if we apply direct dynamic pro-
gramming algorithms then we determine the optimal trajectories from a starting state
Xo to every state x(¢) withz = 0, 1,2, ..., T. If we apply backward dynamic pro-
gramming algorithms then we obtain the optimal trajectories with starting states x ()
fort =0,2,...,T toafinal state x y = x(7T).

Based on the results mentioned above we can determine the solution of Prob-
lem 4.23 by using the time-expanded network method in the following way:

(a) Determining the optimal solution of Problem 4.23 with a fixed number of tran-
Sitions.

1. We construct the auxiliary time-expanded network consisting of a directed acyclic
graph G = (Z, E), a cost function ¢ : E — R! and given starting and final
vertices zg and z e

2. We find in G the directed path P (zo, y ;) from a starting vertex yo to a final
vertex yy with a minimal sum of the edge’s costs.

3. We determine the control u* (¢ i), J=01,2,..., k — 1, which corresponds to a
directed path Pé(zg, zf) from zg to zZ;. Then u*(¢;), j =0,1,2,...,k—1,is
a solution of Problem 4.23.

(b) Determining the optimal solution of Problem 4.23 with a fixed number of tran-
sitions from a given interval.

In the case 11 < t(x;) < 1> (2 > t1) Problem 4.23 can be reduced to 1 — 11 + 1
problems fixing each time 7 = 71,¢ + 1, ..., r. If we solve these problems and
find the best solution then we determine the solution of the problem in the case
11 # tp. In this case a more suitable procedure to solve the problem is to reduce
it to the minimum cost path problem on an auxiliary graph G = (Z, E) which is
obtained from G = (Z, E) by adding a new vertex 7 y and directed edges ((x, 1), Z ),
t=1t,t1+1,..., 1, where c((x, 1),Zy) = 0. An arbitrary directed path from a
starting vertex (xo, 0) to a final vertex Z s in G corresponds to the optimal trajectory
of the control problem with the starting state xo and the final state x 7.

Remark 4.26 The time-expanded network can be simplified if we delete from G all
vertices z € Z which are not attainable from z( as well as vertices y € Y for which
there is no directed path from z to z f.

(c) Determining the solution of the control problem with a varying time of states’
transitions.
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In the considered control problem it is assumed that the cost function c¢; (x (1), g
(x(t),u(t)) = ¢ (x(t), x(t + 1)) of the system’s transition from the state x = x(¢)
to the state y = x (¢t 4+ 1) depends on time #, on the state x = x(¢) and on the vector
of control parameters u(t). In general we may consider that the cost function of the
system’s transition from the state x () to the state x (¢ + 1) depends also on the tran-
sition time 7, (1) (u(?)), i.e., the cost function ¢; (x (), g (x(t), u(?)), Te(r)(u(?))) =
e (x(0), x(t + 1), 7o) (u(t))) depends on £, x(1), u(t) and Ty() (u(f)).

It is easy to observe that the problem in such a general form can be solved in an
analogous way as the previous problem by using the time-expanded network method
with a simple specification of the costs on the edges of the network. In the auxiliary
time-expanded network we define the cost functions ¢z on the edges e as follows:

Co = ¢y (x(t)), x(tj41)s Teqry) (u(t)))).

So, the problem with the cost functions that depend on the transition time of the states’
transitions of the system can be solved by using the proposed algorithms from above.
The dynamic programming algorithms based on the time-expanded network method
for solving the control problem with a varying time of states’ transitions have been
developed in [87].

4.4.3 The Stochastic Discrete Control Problem with a Varying
Time of States’ Transitions

We formulate the stochastic version of the control problem with a varying time of
states’ transitions in a similar way as the problem with unit state’s transitions of the
system. We assume that in the control process the dynamical system may admit the
states x(7) in which the vector of control parameters u(r) € Uy, (x(7) is changed in
arandom way according to a given distribution functions of the probabilities

k(x(2))

p:Ui(x () — [0, 1], Z p(u;(,j)) =1 (4.10)
i=1

on the corresponding dynamical feasible sets U, (x(¢)). If we regard each dynamical
state x () of the system IL for t € {0, 1,2, ..., 2} as a position (x, f) then the set of
positions

Z={(x,t)|lxeX, t=0,1,2,...,1}

can be divided into two disjoint subsets

Z=2zuz" Z°nz"N =),
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such that Z€ represents the set of controllable positions and Z¥ represents the set
of positions (x, t) = x(¢) for which the distribution function (4.10) of the vectors of
control parameters u(t) € U, (x(t)) are given. So, in this case we have the following
behavior of the dynamical system: If the starting state xo = x(fo) belongs to the
controllable positions then the decision maker fixes a vector of the control parameters
and the system passes to a new state x(#;) which is reached at the moment of time
t1. In the case if the state x(#p) belongs to the set of uncontrollable positions the
system passes to a state x(#;) € X in a random way. If the state x(¢;) belongs to
the set of controllable positions then the decision maker fixes a vector of the control
parameter u(t;) € U, (x(#1)) and the system passes to the state x(r2) and reaches
it at the moment of time 7. In the case if x(¢1) belongs to the set of uncontrollable
positions then the system passes to a state x(#2) € X in a random way and so on. In
this dynamic process the final state may be reached at a given moment of time with
a probability which depends on the control of the decision maker as well as on the
probability distribution functions in the uncontrollable states. The total cost in this
process also is a random variable that depends on the probabilities in controllable
positions. Therefore, for this control model we can consider the Problems 4.1-4.6.
The probability transitions and the expected total cost in these problems can be
defined and calculated in a similar way as for the unit states’ transitions with some
minor modifications.

4.5 Dynamic Programming Algorithms for Finite Horizon
Markov Decision Problems

The stochastic control problems from Sect. 4.1 can be extended for Markov
decision processes with a finite time horizon, and similar dynamic programming
algorithms for determining their solutions can be derived. Below we formulate the
corresponding decision problems for finite horizon Markov processes and show how
to apply the time-expanded method for solving them.

4.5.1 Problem Formulations

A non-stationary discrete Markov decision process is determined by a tuple
(X, A, p, c) where:

e X is a finite set of states;

e A is a finite set of actions;

e p: Ax X xXx{0,1,2,...,7} — [0, 1] is a probability function which for
an arbitrary state x € X, a fixed action a € A(x) and every discrete moment of
time r € {0, 1,2, ...,7} gives the transition probabilities p;’, y(t) from the state x
toy € Xsuchthat 3,y p{ (1) = 1;
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ec: AXx X xXx/{0,1,2,...,7} — R is a cost function which for an arbitrary
state x € X, an arbitrary action a € A(x) and an arbitrary discrete moment of
time r € {0,1,2,...,7} gives the transition costs cﬁ’y(t) from the state x to the
states y € X.

We consider Markov decision processes with a finite time horizon, ie., t =
0,1,2,...,7, where 7 is given. Assume that the starting state xog = x(0) is known
and the decision maker fixes the actions ¢ € A in the states x(t) € X, for
t=0,1,2,...,7— 1. Then we obtain a Markov process in which we can determine
the probability of the states’ transitions from a starting state xo to an arbitrary other
state and the corresponding expected total cost with a fixed number of transitions.

In the considered Markov process the decision maker may use the stationary as
well as the non-stationary strategies of fixing the actions in the dynamical states. We
define the non-stationary strategy as a map

s:(x,1) > a€cAkx) for (x,1) € X x{0,1,2,...,71— 1},

where A(x) is the set of actions in the state x. Here (x, ) has the same meaning as
the notation x(7), i.e., (x, t) = x(t).

Let S be the set of strategies in the finite Markov decision process (X, A, p, ¢). An
arbitrary strategy s € S determines the control in the states x = x(¢) and, therefore,
we can formulate the following decision problems that are similar to the stochastic
control problems 4.1-4.6:

Problem 4.27 For a given strategy s € S, determine the probability that the dynam-
ical system L with a given starting state xo = x(0) will reach the final state x s at
the moment of time 7 (x s) such that 1; < f(xy) < ;. We denote this probability by
Py (s, xp, 11 <t(xy) < t);if ) =t =1 then we use the notation Py, (s, xr, 7).

Problem 4.28 Find the strategy s* € S, for which the probability in Problem 4.27
is maximal. We denote this probability by Py, (s*, x 11 <t(xy) < 1);in the case
11 = tp = t we shall use the notation Py (s*, x, 7).

Problem 4.29 For a given strategy s € S, and given T determine the expected total
cost during 7 states’ transitions of the system L if it starts transitions in the state
xo = x(0) at the moment of time ¢ = 0. We denote this value by oy, (s, 7).

Problem 4.30 Determine the strategy s* € S for which the expected total cost in
Problem 4.29 is minimal. We denote this value by o, (s*, x, 7).

Problem 4.31 For a given stationary strategy s € S, determine the expected total
cost of the states’ transitions from a starting state xo to a final state x s if x s is reached
at the time-moment 7 (x 7) such that 1; < 7(xy) < ;. We denote this expected total
costby oy (s, xy, 11 <t(xy) <tp);inthecaset)y =1, = 7 we denote this value by
Oxo (s, xp, 1).

Problem 4.32 Determine the strategy s* € S for which the expected total cost in

Problem 4.5 is minimal. We denote this minimal expected total cost by oy, (s*, x ¢,
11 <t(xy) < 1p); in the case 11 = 1, = we denote this value by oy, (s*, x, 7).
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Obviously, the probabilities Py (s, xr, 11 < t(xy) < 12), Py (s, xy, 7) and the
expected total cost oy, (s, ) in the Problems 4.27 and 4.29 for a fixed strategy s € S
can be found by using the algorithms from previous sections. The optimal strategy
s* in Problem 4.30 can be obtained by using the backward dynamic programming
algorithm from [115]. For the Problems 4.28, 4.31 and 4.32 the backward dynamic
algorithms can be derived if we apply the time-expanded method in a similar way as
for the stochastic control problems. In general we can see that all considered problems
can be reduced to the stochastic control Problems 4.27-4.32 on an auxiliary time-
expanded network.

4.5.2 Construction of the Time-Expanded Network for a Finite

Horizon Markov Decision Process

The structure of the time-expanded network is determined by the directed graph
G = (Z, E), where the set of vertices Z and the set of edges E are defined as follows:

Z consists of 27 + 1 disjoint subsets z€, ZIC, ch, e, Z;C and Zév, Z{V, el Z?Ail,
where Z,C fort € {0,1,2,...,7} corresponds to the set of states of the system at
the moment of time ¢ and Z,N fort € {0,1,2,..., 1 — 1} corresponds to the set of

possible fixed actions in different states for the dynamical system at the moment of
time ¢.
Thus,

C N C N C N C N N
z=(z§uzd)u(zfuzY)u(zuzd)u ..u(z8 vzl Juzr,

where Z€ = {(x,1)|x € X},t =0,1,2,...,7and ZV = {((x,a),1)|x € X,a €
A}, t=0,1,2,...,f — 1. In the time-expanded network

c C c c c

represents the set of controllable states and
N N N N N
Z0=Zy UZy UZy U ... UZ |,

represents the set of uncontrollable states.
The set of edges E consists of 27 disjoint subsets EOC, EIC, EZC, ...,E€ and

i—1
N pN N
E), E; ,...,Efil,where

Ef =fe=((x.0),((x,a),0) [x€X, ac A}, 1=0,12,....71—1

is the set of directed edges e € E that originate in the vertices (x, t) € ZIC and end
in ((x,a),t) € ZN, and
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EtN ={e=(((x,a),t),(y,t+1) |ac A, yeX}, t=0,1,2,...,1—1

is the set of directed edges e € E that originate in vertices ((x, a), t) € Z,N and end
in(y,14+1) €z,
So,
C C C C C
EX=E;jUEf UE; U ... UE |

represents the set of directed edges that originate in the controllable states and
N N N N N

represents the set of directed edges that originate in the uncontrollable states.

To each directed edge e = (((x,a),t), (y,t +1)) € EN we associate the transi-
tion probability p. = p§. y() and the transition cost ¢, = c{ (). To each directed
edge e = ((x,1), ((x,a),1)) € EC we put in correspondence the transition cost
ce =0.

In such a way we obtain the time-expanded network on which we can formulate
the problem of determining the probabilities Py, (u(t), xr, ?/), Py (u(?), xr, t{ <
txy) < té) for a given control wu(t), the control u*(¢#) which provides the corre-
sponding maximal transition probabilities Py,(u*(r), x, '), Py (u*(1), xp, ) <
t(xy) < t5), and the optimal control «*(z) that provides the corresponding maximal
expected total costs o, (u*(1), x7, ), oo (U (1), xp, 1] < t(xp) < 1)),

It is easy to observe that if we solve these problems (Problems 4.1-4.6) on the
time-expanded network with 7' = 27, t{ = 2t and 1) = 2t then we obtain the
solutions of the Markov decision Problems 4.27-4.32.

4.5.3 Backward Dynamic Programming Algorithms for Finite
Horizon Markov Decision Problems

The backward dynamic programming algorithms for the Markov decision
problems 4.28 and 4.30 can be grounded without their reduction to stochastic control
problems and the construction of the auxiliary time-expanded network. Below we
describe such dynamic programming algorithms for the Problems 4.28 and 4.30.

Algorithm 4.33 Determining the Optimal Strategies for the Decision
Problem 4.28

Let s be a strategy that determines the actions a = s(x(¢)) € A(x(#)) in the dynam-
ical states x(t) € X,t = 0,1,2,...,1. For a given strategy s we denote by
Py(,—1)(8), x5, 1 < t(xy) < 1) the probability transition from the state x(#; — 1)
at the moment of time 7, — 7 to the state x ¢ if the state x 7 is reached at the moment
of time #(x ) such that t; < t(xy) < t5.
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Then the optimal strategy s*(x (7)) and the corresponding values
Prty—oy(s*, x5, 11 <t(xp) <) for t=0,1,2,....1

can be found by using the following algorithm:

Preliminary step (Step 0)

Fix S*(Xf(l‘)) =, Pxf(t)(S*a xp,otp St(xp) <p)=1fort=t,+1,...,0,
and set s*(x(12)) = 0, Py, (s™(x(12), xf, t1 < t(xy) < 1) = 0 for x(n) €
X\{xr}.

General step (Step t, T > 1)
If 1 <t <1, — 1 then for every x(&2 — 1) € X\{x} find
Piy—r)(s(x(t2—1)), xp, 1 <t(xy) <t2)

—aeAgcl(at;i_T)){Px(,zft),y(,ﬁﬂ)(lz ) Prp—r+1)(s ,Xf,tlit(xf)itz)}

and fix s*(x(tp — 7)) = a* € A(x(t; — 1)), where a* is the action for which this
maximum is reached.

Iftp — 1) <t <t then forevery x(1, — 7) € X find

Prt—r)(s(x(t2—7)), xp, 11 <t (xf) <t2)

— a _ . * .
_aeAI(?g?_f)){px(fz")’ym‘””(tz T) - Prty—r+1)(s vxf,tlft(xf)ftz)}

and fix s*(x(tp — 7)) = a* € A(x(t; — 1)), where a* is the action for which this
maximum is reached.

Checkif t < 1?

If © < 1, then go to the next step; otherwise STOP.

After 1, steps Algorithm 4.33 determines the optimal strategy s* and the corre-
sponding probabilities Py)(s*™, xf, ] < t(xy) < tp) for an arbitrary starting state
x(0) € X.
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Algorithm 4.34 Determining the Optimal Strategies for the Decision
Problem 4.30

For a given strategy s we denote by o, 7_)(s, ) the expected total cost for the
dynamical system if it starts a transition in the state x(f — t) at the moment of time
t — 7 and finishes transitions at the moment of time 7. The optimal strategy s* and
the corresponding values

Ux(;,t)(s*,;), t=0,1,2,... ,;

can be found by using the following algorithm:

Preliminary step (Step 0)
Fix s*(x (1)) = 0, 0, (s*, 1) = 0 for every x(7) € X.
General step (Step t, T > 1)

Find
0vin(s*,7) = min @ (h—1
x(t r)( ) acAGF—1)) ['ux(lt)( )
a a
+ Z Py yG-ctny@2 = T) 'Gy(t—r+1)]’
yE-t+DeX
where
a _ a a
My = 1) = > PrG—ryy—t+1) 2 = ) gy yGrgy (2 — )

yI—t+DeX
and fix s*(x(f — 1)) = a* € A(x(f — 1)) where a* is the action for which this
maximum is reached.
Check if T < 1?
If T < 7 then go to the next step; otherwise STOP.
After 7 steps Algorithm 4.34 determines the optimal strategy s* and the corre-
sponding expected total costs o,;_)(s*, 7) for an arbitrary starting state x(f — 1),

7 =0,1,2,...,7. In the case T = 7 we obtain the optimal total cost oy (g)(s*, 7)
during 7 transitions if the system starts transitions in x(0) € X.
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Conclusion

The stochastic dynamic programming problems considered in this book generalize
classical ones and have large applications for studying and solving many practical
dynamic decision problems from various areas. New results concerned with deter-
mining the optimal stationary strategies for the stochastic discrete control problems
and Markov decision processes with an average and expected total discounted costs’
optimization criteria are derived. Based on these results and classical numerical
methods new algorithms for solving the dynamic decision problems with finite and
infinite time horizon are elaborated and grounded.

The most important results of the book are related to complex decision processes,
where the dynamics of the system is controlled by several actors. The corresponding
decision models for such processes are formulated and studied applying the game-
theoretical concept to Markov decision processes. Following this concept a new
class of stochastic positional games and multi-objective decision problems that ex-
tend deterministic positional games and multi-criteria control problems to networks
have been studied. Nash equilibria conditions for average and discounted stochastic
positional games are gained and algorithms for determining the optimal stationary
strategies of the players are grounded. Furthermore, the concept of multi-objective
control is applied to classical discrete optimal control problems and new classes of
multi-criteria decision problems are studied. Necessary and sufficient conditions for
determining Pareto optima and Stackelberg strategies in the considered multi-criteria
control models are obtained. The dynamic programming techniques for such a class
of problems are developed and new polynomial time algorithms for determining
Nash equilibria and Pareto optima are elaborated. Polynomial time algorithms for
determining the optimal strategies of the players for the dynamic c-games and for
the game control problems in positional form are suggested.
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