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Preface

To improve performance is one of the key issues for managers in organizations.
Demands to make operations more profitable and compatible as well as to cut
public expenditure have been repeatedly present in headlines. The “goodness” of
operations or performance is often simply measured in money; the firm making
most money or the public sector unit having the least expenditure is considered to
be the best one. However, the monetary measures do not always capture all aspects
of the performance. Especially in the public sector it may be practically—or
politically—impossible to attach prices to some goods or services produced: what
is the price of a university degree, or of a medical operation saving a human life?
We may be able to figure out the short-term costs of some operations, but what is—
for instance—the price of the lost opportunity? How expensive it is not to educate,
or to lose a life? Thus performance is clearly multidimensional in its nature, and
several indicators (outputs) are required to characterize all essential aspects of
performance. The factors (inputs) affecting performance are multidimensional as
well. In practice, the relationships between outputs and inputs are often complex or
unknown making direct performance evaluation a complicated task.

An alternative way to approach the performance evaluation problem is data
envelopment analysis (DEA) developed by Charnes, Cooper, and Rhodes (1978 and
1979). Performance evaluation is carried out relatively by comparing decision-
making units (DMUs) essentially performing the same task. The purpose is to study
whether it is possible to find another comparable unit that produces more outputs
with similar usage of inputs or achieves the same level of output production with
less inputs. If such unit exists, it is quite clear that—other things being equal—the
evaluated unit is not operating as well as it could be. In DEA, there is no need to
explicitly know relationships between inputs and outputs. The values of inputs and
outputs of the units are the only requisite information for the analysis.

vii



viii Preface

DEA reveals the units which are supposed to be able to improve their perfor-
mance and the units which cannot be recognized as poor performers. Because we
use multidimensional factors to measure performance, “goodness” is not fully
defined. For instance, we cannot name the best performer without preference
information of somebody. DEA identifies technically efficient units, but it is
value-free in the sense that it does not take into account importance of various
factors. Whereas there are numerous books about DEA, none of them concentrates
on incorporating preference or value information into the analysis. In many prac-
tical applications, the use of such information is a necessity.

The aim of this book is to provide an introduction to the methods currently
available in the field of DEA to incorporate preference information. The book
serves as a reference volume for the readers interested in those methods. In addition
to theoretical considerations, numerous illustrative examples are included. Hence,
the book can be used as a teaching text as well. Only a modest mathematical
background is needed to understand the main principles. The only prerequisites
are (a) familiarity with linear algebra, especially matrix calculus, (b) knowledge of
the simplex method, and (c) familiarity with the use of computer software.

This book is organized as follows. Chapter 1 provides motivation and introduces
the basic concepts. Chapter 2 provides the basic ideas and models of the DEA. The
efficient frontier and production possibility set concepts play an important role in
all considerations. That’s why these concepts are considered closer in Chap. 3.
Since the approaches introduced in this study are inspired by multiple objective
linear programming, the basic concepts of this field are reviewed in Chap. 4.
Chapter 5 also compares and contrasts DEA and multiple objective linear program-
ming providing some cornerstones for approaches presented later in this book.
Chapter 6 discusses the traditional approaches to take into account preference
information in DEA. In Chap. 7 value efficiency is introduced, and Chap. 8
discusses practical aspects. Some extensions are presented in Chap. 9 and in
Chap. 10 value efficiency is extended to cover the case, when a production
possibility set is not convex. Three implemented applications are reviewed in
Chap. 11.

The readers familiar with DEA may skip Chaps. 1 through 3, and the readers
familiar with MOLP may skip Chap. 4. The readers interested in practical aspects
may start to read Chap. 10 first and then “dig” necessary theory from the previous
chapters into the extent needed.

Edmonton, Alberta, Canada Tarja Joro
Helsinki, Finland Pekka J. Korhonen
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Chapter 1
Introduction

Basic Concepts

1.1 Motivation

Scarcity is one of the key concepts in economics. The fact that there are not enough
resources to produce everything needed and wanted emphasizes the importance to
utilize and allocate the existing ones in the best possible way. The demand for
efficiency of operations both in private and public sectors has also been currently
emphasized due to severe economic conditions and increased competition.

Most people inevitably associate efficiency with layoffs in the private sector and
budget cuts in the public sector. The concept of efficiency itself is rather innocent: it
just points out whether there is possibility to develop the firm or public organiza-
tion—decision-making unit (DMU)—such that it performs better with the current
resources or to keep the current performance with less resources. The methods
which are used to evaluate efficiency aim at looking deeper than mere monetary
figures: they examine the production process itself, how resources—inputs—are
turned into products and services—outputs. This is a key factor contributing to their
success: especially in the public sector it is often practically or politically difficult
to put a price tag on some outputs, for example, when evaluating the performance
of, say, the health care system.

With the absence of price information, we turn our attention to the production
process itself and analyze fechnical efficiency. The DMUs are basically converting
inputs into outputs. Schools use instructors, educational material, computer, and
other facilities to provide education. Production uses plants, machinery, and man
hours to produce physical products. In this framework it is possible to evaluate the
technical efficiency of operations. In evaluating technical efficiency, we are pri-
marily interested that the resources are efficiently used to produce outputs. Are we
producing right things is a secondary question.

Because it is very hard to evaluate the absolute performance of the DMUs
without any benchmarking unit, a more popular way is to evaluate relative

© Springer Science+Business Media New York 2015 1
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2 1 Introduction

performance. As a performance measure, a relative technical efficiency concept is
used. The problem is: Is it possible to find another comparable unit that can produce
more outputs with similar usage of inputs, or achieves the same level of output
production with less inputs? If such a unit exists, it is quite clear that the unit under
evaluation is not operating as well as it could be. Hence forward, we use the term
technical efficiency to refer to relative technical efficiency.

To measure technical efficiency of homogeneous units operating in similar
conditions, Charnes et al. (1978, 1979) developed a method called data envelop-
ment analysis (DEA). Currently, DEA has become one of the most widely used
methods in operations research/management science (OR/MS) (see Bragge
et al. 2012). It has gained popularity in performance evaluation both in public
and private sectors (see Seiford 1996 for a bibliography on DEA). See also a
Fortune magazine article by Norton (1994) and an OR Newsletter article by Simons
(1996). Being a linear programming-based performance evaluation tool, DEA has
strong connections to both OR/MS and production economics fields.

Based on information about the performance of those units, the purpose of DEA is
to empirically characterize the efficient frontier. If a DMU lies on that frontier, it is
referred to as an efficient unit, otherwise inefficient. When a unit is inefficient, a
target (reference) unit is sought for each inefficient unit by projecting it radially onto
the efficient frontier. In radial projection the values of controllable (input or output)
variables are proportionally improved until the boundary of the efficient frontier is
achieved. The input/output values of the target unit are considered target values for
the inefficient unit. DEA calculates for the inefficient units a measure—called
efficiency score—that illustrates its degree of efficiency. Occasionally, we measure
inefficiency, then we call the score inefficiency score. The appealing feature in DEA
is inevitably its capability to compress information on the usage of several inputs and
the production of several outputs into a single figure: the (in)efficiency score.

The underlying assumption in the radial projection technique is that the “most
suitable” target values for each inefficient unit are found without any additional
information merely by proportionally improving controllable variables. Radial
projection is a value-free technique in the sense that it does not require the
intervention of a decision maker (DM). It also enables a straightforward technique
to specify an efficiency score. Radial projection does not allow any flexibility for a
DM to choose a target unit for an inefficient unit. This can undermine the signif-
icance of a target unit in practice. Consequently, the standard use of radial projec-
tion has encountered occasional critique and suggestions of other methods. For
example, see Thanassoulis and Dyson (1992) and Fare and Grosskopf (2000).
Nevertheless, the actual behavior of DM searching for a target unit in practice
has rarely been studied. An exception is the paper by Korhonen et al. (2003).

Figuratively speaking DEA makes it possible to add apples and oranges together
without pricing them. However, as promising as it sounds, also this is a double-
edged sword: the caveat lies very much in the recognition of the relevant inputs and
outputs. This may sound rather straightforward, but this is not usually the case in
practice. In most of the cases the importance of different outputs, and also inputs, is
very different. A university can list Ph.D. and master’s degrees and journal articles
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as outputs, but also, e.g., working papers, conference presentations, and so forth.
Consulting done by faculty members may be considered as one of the outputs of a
university department. The way technical efficiency is defined makes it possible for
a particular department to become efficient solely by concentrating on consulting at
the expense of academic research and teaching. If indeed it would be acceptable to
specialize in any input or output, the analysis of technical efficiency would work
well and the results would be relevant.

Rarely all the outputs produced are of equal value to the DM. Resulting from the
way efficiency is defined, units have different possible strategies to become effi-
cient: they can specialize in producing different outputs. In efficiency analysis this
may lead sometimes to results that are not plausible: for example, it is likely that
we—as customers—strongly prefer a hospital specialized on excellence in medical
treatments to one that is specialized in excellence in administrations. The latter is an
important factor as well. In the literature there exist some approaches to overcome
these difficulties, but they require some partial price information to be included into
the analysis—which, as we concluded, may be difficult.

Several DEA extensions have been introduced to deal with the situations where
value-free specialization is not acceptable. The models are often inspired by real-
life applications where there has emerged a need to avoid unrealistic specialization.
They aim at introducing some preference information into the analysis of technical
efficiency. The term “preference information” refers to the additional information
based on market prices, expert opinion, preferences, values, or judgment of a DM
having the control over the units whose performance is under evaluation.

Technically preference information is in most of the existing approaches incor-
porated into the analysis via restrictions placed on weighting parameters in a
mathematical optimization problem. These weights have the economic interpreta-
tion of prices for inputs and outputs. Although in these approaches no exact price
information is needed, they still require the DM to think in terms of prices for
example, how many master’s degrees are equivalent to one Ph.D. degree? What is
the price of a medical treatment x with respect to treatment y? Thus these
approaches share some of the problems related to the definition of the prices
themselves. Although there is not necessarily a need to figure out the price level,
we need to have some idea of relative prices or marginal rates of substitution. They
may be practically or politically very difficult to determine.

In the book, we will also introduce another approach which is based on the idea
to combine multiple objective linear programming (MOLP) and DEA. In MOLP,
the purpose is to help a DM find the most preferred solution (MPS) on the efficient
frontier. The MPS is the solution on the efficient frontier which pleases the DM
most. It can be a real unit or a hypothetical unit (=a point on the efficient frontier).
Sometimes, we use the term most preferred unit (MPU) as a synonym to MPS, when
we would like to emphasize that the solution is a real DMU, especially in the
context of non-convex models. No price or weight information is needed in advance
to determine the MPS. The system may help the DM to search the efficient frontier
until the MPS is found. By making general assumptions about the value function of
the DM, we may introduce a new concept: a value efficiency score or value
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inefficiency score depending on which one is more convenient to use. The value
efficiency score behaves like efficiency score, but it may be very low to the
technically efficient unit very “far” from the MPS. The analysis in which preference
information is incorporated into the DEA in the way described above is called value
efficiency analysis (VEA).

In this chapter we first briefly discuss the key concepts of efficiency and
production analysis relating DEA to this framework. Then we reproduce the basic
DEA models as well as introduce some generalizations. Coelli et al. (2005) is a
good source for a more comprehensive introduction to efficiency and productivity
analysis. Charnes et al. (1994) and Cooper et al. (2007) provide a thorough
presentation on DEA.

1.2 Preliminary Considerations

In efficiency and productivity analysis the aim is to evaluate the performance of
firms, public organizations, or more generally DMUs that convert inputs into
outputs.

1.2.1 Decision-Making Units, Inputs, and Outputs

The term DMU refers to the units whose performance is evaluated. They may be
firms or parts of firms such as branches or public sector entities. Possible examples
range from production facilities, supermarkets, and banks to schools, hospitals, and
government agencies. What is essential is that the DMUs have control over their
operations and that they are comparable: they perform essentially the same task
using similar inputs to produce similar outputs and operate in similar environmental
conditions.

Inputs are the resources consumed by the DMUs. The inputs can be, e.g.,
working hours, number of physicians or teachers, or sales space. Respectively,
outputs are the goods and services produced by the DMUs. Number of products
produced, number of customers served, sales volume, and number of students
graduating are typical examples.

1.2.2 Productivity and Efficiency

The productivity of a DMU is defined as the ratio of the output(s) that it produces to
the input(s) that it uses:
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Output(s)
Input(s)

When there is only a single input and a single output, the ratio is trivial. With the
presence of multiple inputs and/or outputs, both the inputs and the outputs must be
aggregated into a single index. Typically, the definition of the productivity is
expanded to a ratio of the weighted sum of outputs over the weighted sum of inputs:

Z::l u, * Output,.

m ’
Zi:l v; * Input;

where s is the number of outputs and m the number of inputs.

Definition 1.1 Productivity =

Definition 1.2 Productivity =

Sometimes the weighted sums are referred to as a virtual input and a virtual
output. How to select the weights? Traditionally evaluating DMUs with multiple
inputs and/or outputs has required information on the prices and the price interpre-
tation of the weights. DEA offers one possibility to come up with a single aggre-
gated index without the need of having a priori price information. We discuss this
later in this section when relating DEA into the framework of production econom-
ics. In our terminology, productivity refers to total factor productivity, which is a
productivity measure involving all factors of production. The measures like labor
productivity in a factory are known as partial measures of productivity. These
partial productivity measures can provide a misleading indication of overall pro-
ductivity when considered in isolation (Coelli et al. 2005).

It is important to make a clear distinction between productivity and efficiency.
Productivity is an absolute measure of performance. Based on productivity mea-
sure, it is possible to construct the production frontier enveloping the production
possibility set (PPS). The production frontier represents the maximal output attain-
able from each input level. Efficiency’ on the other hand tells whether DMUs are
operating on the production frontier or beneath it. The units operating on the
frontier are technically efficient and those operating beneath it are technically
inefficient. To illustrate the difference between the terms, consider a single input
and a single output. The concept of efficiency goes back to Pareto (1906) who first
defined the concept of efficiency. Since a point on the efficient frontier is also called
a Pareto optimal point. Actually, Koopmans (1951) defined the technical efficiency
in the context of the production analysis.

Figure 1.1 illustrates the situation, where one input and one output are assumed.
DMUs 1 and 2 are technically efficient whereas DMUj, is inefficient. The curve
going through DMUs 1 and 2 represents the production frontier and the shaded is
the PPS. The productivity of DMU; is less than DMU, but there is no other DMU
at the same input level with higher productivity. DMUj is inefficient because it uses
the same amount of input as DMU,, but its output level is lower.

''We formally define efficiency later on.
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Fig. 1.1 Efficiency and
productivity @

DMU,

Output

) @®DMU,
DMU,

Input

1.2.3 Technical, Overall, Allocative Efficiency

Assume we are evaluating DMUs consuming two inputs to produce the same
amount of one output (or consuming the same amount of one input to produce
two outputs). Figure 1.2 illustrates the classical concepts of efficiency with the
above assumptions in two pictures. In each picture, the curve going through DMU;
illustrates the production frontier. DMUj, is technically inefficient in each picture: it
does not operate on the production frontier. The tangent line for the production
frontier at DMU; is the isocost (isorevenue) line containing the information on
input (output) prices. In the left side picture the approach is called input oriented
and in the right side picture the approach is called output oriented. As we can see
DMU; is the unit on the production frontier having minimum costs (maximum
profits). Thus among all technically efficient units, DMU; is the only one that is
overall efficient (currently often called economic efficiency).

For DMU, the ratio> TE = O-DMU, reflects technical efficiency, and ratio OE

0-DMUs
- o . .. .
= %_%% overall efficiency. (The letter “O” refers to the origin.) Allocative

0-DMU,°
0-DMU,™
decomposed into technical and allocative efficiency: OE =TE x AE, where tech-
nical efficiency addresses DMU distance from the production frontier, and
allocative efficiency its distance from the optimal input (output) allocation. The
decomposition was first proposed by Farrell (1957).

efficiency is defined as the ratio AE = Thus the overall efficiency can be

2 Notation of type O - DMU," refers to the length of the line between the origin and point DMUj".
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Fig. 1.2 Technical and overall efficiency: input and output orientations

1.2.4 Radial Projection

In illustrations of efficiency in Fig. 1.2, we used a so-called radial projection to
project an inefficient unit DMUj onto the efficient frontier. The radial projection is
determined either by increasing outputs proportionally subject to given input levels
or by decreasing inputs proportionally subject to given output levels. We also use
the term radial projection, when inputs are proportionally decreased and outputs
increased simultaneously. Variables are proportionally improved until the boundary
of the PPS is achieved. Farrell (1957) used the radial projection in his seminal paper
as well. However, Farrell was not the first person who proposed its use. Debreu
(1951) used the radial projection and showed that it also implicitly defines prices for
the inputs and outputs. The prices that correspond to a radially projected point are
thus such that using those, the unit is allocatively efficient. If the true prices are
unknown, the technical efficiency is a conservative approximation of the overall
efficiency and the radial projection sets an efficient target based on the implicit
prices. This aspect is discussed more later on.

Unfortunately, the radial projection does not guarantee that the boundary point is
efficient. The point can be weakly efficient. The weakly efficient point is inefficient,
but there is no possibility to improve all inputs and outputs simultaneously.

1.2.5 Returns to Scale and Scale Efficiency

In Fig. 1.3, we have three DMUs that all operate on the production possibility
frontier. In Fig. 1.3, we have drawn three rays starting from the origin and passing
through the units DMU;, DMU,, and DMUj;. The slopes of these rays are standing
for the ratio output/input. Thus the slopes are measures for productivity. Because
the ray passing through DMU, is a tangent to the production frontier at this point, it
has the greatest slope indicating DMU, has the best possible productivity—its
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Fig. 1.3 Scale efficiency

MU,
DMU,

Output
c

Input

output/input—ratio is maximal. It is operating at the optimal scale size. If all DMUs
had the same slope on the production frontier, then we should say that the produc-
tion frontier specifies constant returns to scale (CRS); otherwise it specifies variable
returns to scale (VRS). The returns to scale of DMU; is clearly lower than that of
DMU,. If VRS is assumed, then DMU, is efficient, but for becoming optimal it has
to improve its productivity. It cannot happen unless it decreases its input and/or
output as well. It is said to operate on the area of increasing returns to scale. The
returns to scale of DMUj is also lower than that of DMU,, but DMUj; operates on
the area of decreasing returns to scale. If its input increases, it cannot preserve its
current productivity level; it decreases. Thus even if the units are technically
efficient, they may increase their productivity by exploiting scale efficiency.

1.3 Illustration of Basic Principles of Data Envelopment
Analysis

1.3.1 Brief Overview

DEA was developed by Charnes, Cooper, and Rhodes in their seminal paper
Charnes et al. (1978) as a technique to measure relative (technical) efficiency of
the DMU which uses multiple inputs and produces multiple outputs. The term
decision-making unit was used for the first time in their article. In DEA each unit is
freely allowed to select the weights so that the ratio of the weighted sum of outputs
to the weighted sum of inputs (Definition 1.2) is maximized. The only limitation is
that with the selected weights the ratio cannot exceed 1 (unity, 100 %) for any unit
evaluated. The selection of the weights is done via a linear programming algorithm
as suggested by Charnes et al. (1978). Thus DEA offers a method to measure
technical efficiency: not only do we know which units are technically efficient and
which are inefficient, but the ratio also indicates the measure for the inefficiency.
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Fig. 1.4 Theoretical and
empirical production
frontiers

Output

Input

In DEA spirit we can relate the technical and overall efficiency so that if there
exists any isocost (isorevenue) line, i.e., if there exists any set of prices leading the
unit to have minimum costs (maximum revenues), it is technically efficient. Thus
DEA does not require any a priori pricing information and is often advertised as a
value-free approach (see, e.g., Charnes et al. 1994, p. 8).

Actually, DEA only provides an approximation to technical efficiency because
we do not know the actual efficient frontier. DEA will empirically estimate the
efficient frontier based on the set of available DMUs. Thus DEA does not aim to
estimate the true theoretical production frontier, but uses instead an empirical
production frontier based on the observed efficient DMUs. Figure 1.4 illustrates
the difference. The theoretical frontier is the north-west surface of the shaded area.
Instead, the estimated frontier (best practice) is a piecewise linear curve from
DMU;, to DMUs.

More precisely, the empirical production frontier in DEA is usually based on the
postulates of (strong) free disposability and convexity. (Strong) free disposability
means that each DMU can “destroy” extra inputs without costs or produce less
outputs than an efficient unit at a certain input level. Convexity assumption implies
that convex combinations of observed DMUs are all feasible and thus belongs to
the PPS.

Figure 1.5 illustrates the postulates. The lines connecting the DMUs represent
their convex combinations often referred as virtual DMUs. In DEA it is assumed
that these virtual units can be attained. When the convexity assumption is not made,
the PPS is referred to as the term free disposable hulls (FDHs) (see, e.g., Deprins
et al. 1984). The point belongs to that set if it is dominated at least by one given
DMU.

A DMU is efficient (nondominated) if there is no other comparable unit—
existing or virtual—that can produce at least the same amount of all outputs and
use at most the same amount of all inputs. In addition, at least one output has
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Fig. 1.5 DEA postulates Convex Combinations

of DMUs 3 and 4 V‘

DMU

Free Disposable Hull
of DMUj;

Output

Input

to be higher or one input has to be lower than the unit under evaluation.
(The exact definition is given later on.) The former approach is referred to as the
output-oriented and the latter as the input-oriented DEA. If a DMU is not efficient
(nondominated), it is inefficient (dominated). Note that on the “ends” (in this
two-dimensional illustration) the frontier is defined by the FDHs. These vertical
and horizontal areas of the frontier are only weakly efficient. See Definitions 2.3
and 2.4 for precise mathematical definitions.

DEA provides each unit with efficiency score that gives the DMU information
on its distance from the efficient frontier and with target unit (shortly target) a
virtual unit that is the projection of the unit evaluated to the efficient frontier. Target
is a combination (convex or linear—see Fig. 1.7) of some existing units, and these
units are referred to as the reference units or the reference set of the unit evaluated.
From the efficiency score, it is possible to see the percentage by which the unit
should decrease its inputs (input-oriented case) or increase its outputs (output-
oriented case). The target on the other hand gives the input and output levels that
the unit should attain to become efficient. The results of the DEA analysis,
especially the efficiency scores, are used in practical applications as performance
indicators of DMUs.

The most widely used DEA formulations are the CCR model with CRS by
Charnes et al. (1978) and BCC model with VRS by Banker et al. (1984). As the
names indicate, these two models differ with respect to their assumptions on returns
to scale. Figure 1.6 illustrates the situation. With CRS, it is assumed that each
additional unit of input produces the same amount of output. With this assumption
only DMU, is efficient. The assumption on VRS in the BCC model allows the
additional output produced by a unit of additional input to vary (i.e., first increase
and then decrease) according to scale size. With this assumption all DMUs in
Fig. 1.6 are efficient.
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Fig. 1.6 Constant and . VRS frontier
variable returns to scale CRS frontier

DMU;
DMU,

Output

Input

1.3.2 Projections, Efficiency Scores, and Targets

Figure 1.7 presents a situation with five DMUs (DMU, . . ., DMUy) each using one
input to produce one output. DEA is used to estimate empirical efficient frontiers
with the CCR and BCC models. The upward sloping line through DMU; represents
the efficient frontier obtained by the CCR model, and the piecewise linear curve
describes the efficient frontier by the BCC model.

If CRS assumption is used, only DMU] is efficient. All the points on the frontier
and the points east from a point on the frontier belong to the PPS. In the input-
oriented approach, the output level of DMUj is given, and the input level is tried to
be reduced as much as possible. This principle leads to the target point
DMU*"““R_ In the output-oriented approach, we fix the input level and try to
increase the output. The target is denoted by DMUy*°-““R. With input orientation

. .3 [ I-CCR . . .
the efficiency score for DMUj, is ratio % and with output orientation
- 0

DMU,°—DMUj,
DMU(° —DMU{#0~CCR*

When VRS assumption is made, all DMUs except DMU, are efficient. The
piecewise linear curve from DMU,® through the efficient units represents the
efficient frontier, and all the points on the frontier and the points east from a
point on the frontier are contained in the PPS. Now the target unit for DMUj in
the input-oriented case is DMUO*I'BCC, and in the output-oriented case
DMU,*°B“C. With input orientation the efficiency score for DMU, is ratio

DMU,! —DMU %! "BCC . . . DMU,°—DMUj,
= DMUy,'—DMU; and with output orientation DMUqO —DMUgr0-5eC" Note that the

efficiency score is never better in the CRS approach than in the VRS approach.

3 Notation of type DMU,° — DMUj, refers to the length of the line between these two points.
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Fig. 1.7 Basic concepts of DEA

1.3.3 Slacks

The concept which plays an important role in DEA is a slack. As we described
before in the input-oriented model, the purpose is to reduce inputs of an inefficient
unit in the same proportion until we reach the boundary of the PPS. In the similar
way in the output-oriented model, we increase the outputs of an inefficient unit in
the same proportion until the boundary is reached. The radial projection is supposed
to project the unit onto the efficient frontier. However, it does not always happen.

Figure 1.8 illustrates the empirical efficient frontier based on the VRS assump-
tion. Consider first the inefficient unit DMU;. In the input-oriented approach, we
reduce the input by moving from its current position left until we reach the efficient
frontier. Instead of using the output-oriented approach, we move up until the
boundary is reached. Now we reach the weakly efficient part of the frontier. To
get onto the efficient frontier, we have to move left to unit DMU,. The difference
between the weakly efficient point and DMU, is called the input slack.

Unit DMU, is weakly efficient. If we use the input-oriented approach, the unit
seems to be efficient, because there is no possibility to move left from its current
position. However, to become efficient it has to improve its output with no need to
reduce its input. Thus DMU,’s target is DMUj. The difference in the output
between DMU, and DMUj; is the output slack.

In later chapters slacks are considered in more detail.
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Fig. 1.8 Slacks in DEA DMU,
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1.4 Incorporating Preference Information into
Efficiency Analysis

Original DEA is value-free in the sense that all units on an efficient frontier are
equally good. However, there are many problems in practice in which this assump-
tion is not realistic. It is not sufficient that something is made efficiently; it is also
important that right things are made.

In many practical applications (see, e.g., Allen et al. 1997 for discussion), there
has been a need to incorporate price information, expert opinion, or preferences,
values, or judgment of those into the analysis to achieve acceptable results.

Allocative efficiency proposed by Farrell (1957) is a classical example on the
efficiency analysis in which all inputs are not equally important. The inputs are
aggregated by using a linear function with prices as weights. The linear function is
minimized in the PPS subject to the output level(s) of each unit and the efficiency is
determined in relation to this hyperline at the optimum. Allocative efficiency
measures how much the unit on the (technically) efficient frontier has to reduce
its inputs to becoming optimal.

To operate with weights has been a dominating technique in DEA to incorporate
preference information into the analysis. In some cases, the weights can be
interpreted as prices, but it is not a necessity. The weights can, for example, be
used to make some extreme values of inputs/outputs at the efficient frontier
non-acceptable.

An important area, where preference information is needed, is benchmarking. In
fact, DEA itself is a benchmarking technique in the sense that inefficient units are
benchmarked against the efficient frontier. However, it is not the only way how
benchmarking can be applied in the context of DEA. We may choose one or several
units which are used as benchmarking units to other units. For this purpose,
preference information is needed. On the other hand, we may have a need to find
a good benchmarking unit for each unit separately. In the overall benchmarking an
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evaluator is often an “outsider” or a manager having a control over all units.
Instead, in case of individual benchmarking, a unit itself is interested in seeing
how to improve its performance. The use of the terms is adopted from Bogetoft and
Nielsen (2005).

In later chapters, we will consider in more details the traditional and more recent
technique to incorporate preference information. In addition, we will discuss the
use of those methods in practice.
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Chapter 2
Data Envelopment Analysis

Basic Models with Input, Output, and Combined
Orientation

2.1 Basic Data Envelopment Analysis Models

In this chapter we review the input- and output-oriented DEA models, and intro-
duce the use of combined orientation.

Assume we have n DMUs each consuming m inputs and producing s outputs. Let
XeRT (x;>0,i=1,2,....,m,j=1,2,..,n)and Y ER*" (y,;,>0,r=1,2,..,
s, j=1, 2,..., n) be the matrices, consisting of positive elements, containing the
observed input and output measures for the DMUs. We denote by x; (the jth column
of X) the vector of inputs consumed by DMU;j, and by x;; the quantity of input
i consumed by DMU;. A corresponding notation is used for outputs. Slack variable
vector associated to inputs is denoted by s~ and that associated to outputs with s*.
See Thrall (1996) for a discussion. Furthermore, we denote 1 =11, .. ., 1]T and refer
by e; to the ith unit vector in R".

2.1.1 Constant Returns to Scale Models

In DEA, each DMU’s efficiency is considered via maximizing the ratio of a
weighted sum of outputs and a weighted sum of inputs (or minimizing the inverse)
subject to the condition that corresponding ratios for each DMU are less than or
equal to 1 (or greater than or equal to 1 for the inverse). The model chooses
nonnegative weights for the DMU whose performance is being evaluated in a
way that is most favorable for it.

This leads to linear programming problems. In the models below, the weights v;
and y, are assigned to ith input and rth output. Subscript “y” refers to the unit under
consideration in the functional, but preserves its original subscript in the
constraints.

© Springer Science+Business Media New York 2015 15
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Table 2.1 Original DEA models

Input-oriented model Output-oriented model
S m
Zﬂ,,y,-o Zl’ixio
max fg =" min fo ==
Zl/ixio Z#,-Yro
i=1 r=1
s.t (2.1a) |s.t (2.1b)

S m
E HrYrj E ViXij
r=1 i=1
m §
E ViXij E /’lryrj
i—1 r=1

u, vi 20, r=12,....5,i=12,....m wovi >0, r=12,....5,i=1,2,....m

<1, j=12,...,n

>1, j=12,...,n

The original model proposed by Charnes et al. (1978, 1979) for measuring the
efficiency of unit DMU, was the so-called input-oriented model shown in the left
column of Table 2.1. We may also consider the reciprocal model, where the
numerator and denominator in the objective function and constraints have changed
places. The objective is then to minimize the ratio of a weighted sum of inputs to a
weighted sum of outputs subject to the condition that corresponding ratios for each
DMU be greater than or equal to 1. Both models are described in Table 2.1.

Charnes et al. (1979) quickly recognized the problem of using nonnegativity
conditions for the weights y,, v; and proposed that constraints u,, v; > 0 should be
replaced by strict positivity conditions by writing u,, v; > € where € >0 is a Non-
Archimedean infinitesimal; see Arnold et al. (1997) for discussion. If we do not
force the weights to be strictly positive, the solutions might be only weakly efficient
not efficient. The solution is only weakly efficient if it is possible to improve any of
inputs or outputs, but not simultaneously all. In the sequel, we use the formulation
that guarantees efficiency (see for more details in Chap. 3).

Models in Table 2.1 are based on the constant returns to scale assumption (CRS)
and called the CCR models according to the developers Charnes et al. (1978).
The vectors p and v are the optimal weights to inputs and outputs that maximize the
efficiency score for the DMU in question. In the input orientation the optimal value
of the objective function A is the efficiency score, and in the output orientation,
the efficiency scores are obtained as a reciprocal of the optimal value of the
objective function 1/f.

The formulations above are fractional linear programs that can be easily formu-
lated and solved as linear programs. Let us consider the input-oriented model. By
setting the nominator to unity, we obtain
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N
maxy o

r=1

S.t.

s
Zﬂr‘y rj

=1 <1, j=12,....n

m

E I/,‘X,'j
=1

m

E vixo =1
1

Hovize, r=12,...,s, i=12, ...

e > 0 (“Non-Archimedean”)

,m

Next we multiply both sides of the first constraint by its nominator. This is possible,

since the nominator is positive by definition. Thus we obtain

N
max i,y

r=1

S.t.

N m
Zu,.y,j — Zv,'xl;,' <0, j=12,...,n
i=1

r=1

m
E vixjp =1
i1

wovize, r=12,...,s, i=12,...

e > 0 (“Non-Archimedean”)

(2.3)

,m

The linearization of the output-oriented formulation is similar. The input- and
output-oriented CCR models and their dual models are summarized in Table 2.2
using matrix notation. In DEA literature the primal formulation is referred to as
multiplier model (M) and the dual formulations as envelopment model (E). To avoid
confusion, we will use these names instead of the terms primal and dual.

Note that in input orientation, the optimal value of € in the envelopment model is
an efficiency score. Instead, in the output orientation, the efficiency score is
obtained as a reciprocal of ¢ at the optimum (=1/¢). We may give the following
definition for efficiency. Note that usually different efficiency scores are obtained in
using an input-oriented model and an output-oriented model. However, the effi-

ciency of the unit can be solved with any model.
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Table 2.2 Multiplier and envelopment CCR models

Input-oriented CCR (CCRy — 1) Input-oriented CCR (CCRg —I)
max W; = uTy, min Z; =0 —e(17s" +1"s7)
St Q2.4a) | St (2.4b)
uY —1TX <0 YA—st =y,
Vixg =1 XA—0xg+s5s =0
By > el As st >0
€ >0 (“Non-Archimedean”) &> 0 (“Non-Archimedean”)
Output-oriented CCR (CCRy; — O) Output-oriented CCR (CCRg — O)
min Wo =v"xg max Zo = o + e(lTs+ + lTs’)
st @.5a) | * (2.5b)
—dY+TX >0 YA—o6y,—sT =0
wy, =1 XA+~ =xp
n > el As,st>0
e >0 (“Non-Archimedean™) &> 0 (“Non-Archimedean”)

Alternatively, we refer to models by using returns to scale assumption, e.g., CRS

Definition 2.1 DMU, is CCR efficient if 3 £>0 such that the optimal values
Zo =7 =Wo =W;" =1; otherwise, DMUj, is inefficient.

Correspondingly, we may define weak efficiency as follows:

Definition 2.2 DMUQ is CCR inefﬁcient, but weakly efficient, if 3 £ > 0 such that
the optimal values Zo* = Wo* >land Z = WI* < 1,but @ =0=1 at the optimum,;
otherwise, DMUj, is not weakly efficient.

If DMUj is only weakly efficient, then the efficiency score is 1, but at least one
element of slack vectors s~ or s* is positive. Note that the efficient DMU is weakly
efficient, but not the other way round.

2.1.2 Variable Returns to Scale Models

Later on, Banker et al. (1984) considered the variable returns to scale (VRS) assump-
tion and developed the so-called BCC model. In the BCC model, an extra variable u is
added into the numerator. The variable u allows the change of scale. Assume that we
have two units with inputs (2, 5) and outputs (1, 2). The productivity of the first unit is
greater than that of the second unit: 1/2 > 2/5. In terms of the CCR model, the latter
unit is not efficient, but if we allow to add u# = 0.5 into the numerator, then 1/2=(2
+0.5)/5 making the latter one efficient under VRS assumption.

The input- and output-oriented BCC models are given in Table 2.3. The BCC
models can also be presented as linear programming models like the CCR models.
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Table 2.3 Original BCC models
Input-oriented model Output-oriented model
s m
Z,u,.y,.o +u Zl/ixio +u
max hy="=L_ min f, ==L
Zyixi() Zlﬂryr()
s.t. (2.6a) | s.t. (2.6b)
AE‘"y’i +u Zm:v;x,j +u
s <1, j=1,2,.,n =L >1, j=1,2,..,n
Z;Vix'y Zlﬂ,y,-j
i= =
wovize, r=1,2,...,5i=1,2,....0m novize, r=1,2,....5i=1,2,.....m
&> 0 (“Non-Archimedean™) &> 0 (“Non-Archimedean”)
Table 2.4 Multiplier and envelopment BCC models
Input-oriented BCC (BCCy; —1I) Input-oriented BCC (BCCg —1I)
max Wy =pu"y, +u min Z; =6 —e(1"st +17s7)
s.t. 2.7a) | st (2.7b)
1Y —TX4+ul" <0 YA —st =y,
vTxg =1 XA—0xp+s =0
uv > el 1"A=1
€ >0 (“Non-Archimedean”) A,sT,sT >0
&> 0 (“Non-Archimedean”)
Output-oriented BCC (BCCy; — O) Output-oriented BCC (BCCg — O)
min Wo =v"xo +u max Zo =0 + 8(1TS+ —+ lTs’)
s.t. (2.8a) s.t. (2.8b)
— 1Y+ X +ul" >0 Yi—oy,—sT =0
wy, =1 XA+~ =xp
uv>el 1M =1
€ >0 (“Non-Archimedean”) As,st >0

e >0 (“Non-Archimedean”)

The input- and output-oriented multiplier BCC models and their duals (envelop-
ment models) are given in Table 2.4. In the multiplier BCC models, the variable
u appears in objective functions and in the first constraint. In the envelopment
model, the convex combination constraint (lT). =1) is a new constraint caused by
the existence of variable u in the multiplier model. By setting various restrictions to
variable u, other models can be introduced. They will be discussed in Chap. 5 when

a general DEA model is introduced.
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Like in case of the CCR models, we defined the BCC efficiency as follows:

Definition 2.3 DMUj, is BCC efficient if 3 £>0 such that the optimal values
ZO>k :Zfk = Wo* = WI* = 1; otherwise, DMUj is inefficient.

Actually, Definitions 2.1 and 2.3 coincide. They define that the unit under
consideration is efficient if the solution of the corresponding model is in unity.
However, they do not specify the same set of efficient units. If unit is CCR efficient,
it is also BCC efficient, but not in the contrary. We will consider these questions
more thoroughly later on.

The definition of the weak efficiency for the BCC model is also the same as for
the CCR model.

2.1.3 Non-increasing and Non-decreasing Returns
to Scale Models

In the BCC model presented in the previous subsection, an extra variable u was
added into the numerator (Table 2.3). When the sign of u was not defined, we
obtained a (general) VRS model. When restrictions # > 0 and u <0 are added into
the models in Table 2.3, we get the special types of VRS models: non-increasing
and non-decreasing models. We use the abbreviations NIRS for a non-increasing
returns to scale model and NDRS for a non-decreasing returns to scale model,
respectively.

The models are introduced by assuming output orientation (Model 2.6b), but the
considerations are similar for input-oriented models, and those ones are
omitted here.

First, we assume that u > 0.

Zﬂ/‘yr()
r=1
s.t. (2.9)

m
g ViXjj+u
i=1
s
Z/’tl‘yl‘j
r=1

uovize, r=12...,s, i=12,...,m

u>0
e >0 (“Non-Archimedean”)

>1, j=12,....n

Now we get the following models (Table 2.5):
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Table 2.5 Multiplier and envelopment nonincreasing models
Output-oriented BCC (BCCy; — O) Output-oriented BCC (BCCg — O)
min Wo =vTxg +u max Zo =oc+¢e(1'st +17s7)
s (2.100) .. (2.10b)
'Y+ X +ul" >0 YA—ocy,—sT =0
wy, =1 XA+~ =xp
u>0 1A <1
n > el A,s st >0
e>0 e>0

Correspondingly, when we use the restriction u <0 instead of u >0, then
nondecreasing models (Table 2.6) are obtained.

Table 2.6 Multiplier and envelopment nondecreasing models

Output-oriented BCC (BCCy; — O)

Output-oriented BCC (BCCg — O)

min Wo =vTxg +u
s.t. (2.11a)
— Y+ X +ulT >0
IlT.V() =1
u<o0
v > el
e>0

max Zo =06 + e(lTs+ + ITS_)
st (2.11b)
YA—oy,—sT=0
XA+s5s" =x
1A >1
As st >0
e>0

Finally, we can provide a unified representation to the models based on CRS,

VRS, NIRS, and NDRS assumptions. The models are given in Table 2.7.

The effect of the returns to scale assumption on a production possibility set is
illustrated in Fig. 2.1." The size of the production possibility set is the largest one
consisting of areas [+II+1III, when returns to scale is constant. Only unit B is
efficient. If the returns to scale is variable, then all units—except A—are efficient.
The production possibility set is the smallest one. In case of NIRS, PPS consists of
areas I and II, and finally in case of NDRS, PPS consists of areas I and III.

2.2 How to Deal with € in the DEA Models?

Because we cannot solve the optimization problems in Tables 2.2 and 2.4 in the
open set by using the constraint € > 0, we have to find other methods.

If we use the constraint e =0, it means that at least one of the weights p,, r =1,
2,..,s8,and vy, i=1,2, ... mis allowed to be 0. However, this may lead to the
solution that is weakly efficient, but not efficient. For example, DMUy, in Fig. 1.8 is
weakly efficient. When the input-oriented approach is used, the unit diagnosed is

"Briefly defined production possibility set is a set of possible solutions (see Chap. 4).
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Table 2.7 The unified multiplier and envelopment models based on CRS, VRS, NIRS, and NDRS

assumptions

Input-oriented multiplier model

Input-oriented envelopment model

max Wy =puTy, +u

s.t. (2.12a)
Y - "X +ul" <0
ixy =1
v > el

e>0
=0 if RTS is CRS

= free if RTS is VRS

>0 if RTS is NDRS

<0 if RTS is NIRS
Note! see NDRS vs. NIRS

min Z; =6 — e(lTsJr + lTs‘)
st (2.12b)
Yi-st =y,
XA—60xg+s =0
1M+7=1
A,s st >0
e>0
=0 if RTS is VRS
= free if RTS is CRS
>0 if RTS is NIRS
<0 if RTS is NDRS

T

Output-oriented multiplier model

Output-oriented envelopment model

min Wo =vTxy +u
s.L. (2.13a)
— 1Y+ X +ul" >0
'y =1
pv > el
e>0
=0 if RTS is CRS

= free if RTS is VRS
>0 if RTS is NIRS
<0 if RTS is NDRS

max Zo =0+ ,s'(lTs+ + lTs‘)
s.t.
YA —oy,—st =0
XA+s5 =xp
1M+z=1
A,s st >0
e>0
=0 if RTS is VRS
= free if RTS is CRS
>0 if RTS is NIRS
<0 if RTS is NDRS

(2.13b)

CRS=Areas | +11 + 1l
VRS = Area |

NIRS= Areas | + I
NDRS = Areas | + 11l

Output

Input

Fig. 2.1 Tllustration of the effect of returns to scale assumptions
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efficient. In fact, its output is supposed to be improved without decreasing the input.
If we use the output-oriented model, then its inefficiency is revealed.”

Another approach is to use a small positive value for e. In most cases, the
approach works, but some problems may emerge in certain circumstances. If &
(in practice) is too small in comparison to the input and output values of units, it has
no meaning because of the rounding errors of computers. The solution may be
diagnosed efficient, even if it is only weakly efficient. If ¢ is too big, some efficient
solutions will be diagnosed inefficient, and sometimes there is no solution at all. See
for more discussion, e.g., Ali and Seiford (1993).

The same problem has been recognized in the discipline of multiple criteria
decision making. To avoid weakly efficient solutions, Sawaragi et al. (1985) and
Steuer (1986) have proposed the use of a lexicographic approach. Later on, Charnes
et al. (1992) independently proposed the same idea in the context of DEA. Cur-
rently, the use of the lexicographical approach is recommended (see also Ali 1989,
1994; Joro et al. 1998).

A solution to overcome the problem is to use the lexicographical formulation for
the objective function. For instance, we may use the formulation

lex max{o,1's" +1"s"} (2.14)

for the objective function, e.g., in the output-oriented CCR model (see Table 2.2).
Notation lex max means that the objective function o is first maximized and if the
solution turns out not to be unique, the second objective function is maximized
lexicographically subject to the constraint ¢ > ¢* (6* is the maximum value of o).
When the optimal solution of the first objective function (o) is unique, the second
objective function is not needed.

The efficiency definition can also be in the following form (Charnes et al. 1994):

Definition 2.3 DMU, is CCR (BCC) efficient if 6 = 1 and all slack variables s, s*
equal to zero; otherwise, it is inefficient.

In the next chapter, we will consider efficiency concept in more detail.

2.3 Combined Model

In the input-oriented model, we assume that the DM is willing to control the inputs,
but outputs are given. Correspondingly, in the output-oriented model, the role of
inputs and outputs changes. However, there are situations where a DM may be
willing to control all inputs and outputs simultaneously, or only a subset of inputs

2If unit is efficient or inefficient, but not weakly efficient, then to diagnose its status is independent
of the value of € (see for more details Korhonen and Luptacik 2004).
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Table 2.8 Multiplier and envelopment combined models

Combined unified multiplier model Combined unified envelopment model
min We =vTxg —uTy, +u max Zc =n+e(17s" +1"s7)
s.t. (2.152) | st (2.15b)
— Y+ X+1Tu >0 YA —ny, —st =y,
Wy, +vTxy =1 XA+nxo+5 =xp
uv > el 1" +7=1
e>0 A,s7,st>0
=0 if RTS is CRS e>0
= free if RTS is VRS =0 if RTS is VRS
>0 if RTS is NIRS = free if RTS is CRS
<0 if RTS is NDRS ’ >0 if RTS is NIRS
<0 if RTS is NDRS

and outputs. In this subsection, we only deal with the first case. A more general
model is given in Chap. 3.

A model considering simultaneously both input minimization and output max-
imization was introduced by Charnes et al. (1985). Their model was the so-called
additive model. Other models considering simultaneous input minimization and
output maximization exist; see, for example, Warwick DEA-User Manual
(Thanassoulis 1992; Thanassoulis and Dyson 1992; Zhu 1996; Briec 1997; Joro
et al. 1998). In distance function literature, a similar approach is presented using a
directional distance function (see, e.g., Chambers et al. 1996, 1998; Fire and
Grosskopf 1997; Chung et al. 1997).

In the following, we present the combined unified model. The modification of
the basic models for the unified models is straightforward. In the model (Table 2.8),
n is not an efficiency score, but an inefficiency score, i.e., | +n=0=n=0 —1 for
the o in the output-oriented model (2.13b) and —1 + = —60 =n =1 — @ for 6 in the
input-oriented model (2.12b). Thus # describes how much an inefficient unit has to
improve (increase outputs and decrease inputs) proportionally its inputs and out-
puts, simultaneously, for becoming efficient. The combined model can be given to
CRS, VRS, NIRS, and NDRS assumptions.

Analogously to the basic considerations, we may introduce the efficiency score
as the following ratio, for instance, for the CCR model (2.15a):

m N
Zi:l ViXio — Zr:l Ur¥ro (2 16)
s m .
qu Uryro + Zi:l o

Subject to the constraints of the reciprocal model of (2.1b).
By dividing the numerator and denominator by > ¥ _ ,u,y,o, we obtain

min g, =


http://dx.doi.org/10.1007/978-1-4899-7528-7_4
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(2.17)

m
E i1 ViXio
i=

where pg is the value of the ratio 27 at the optimum of the models in
1 WY
r=1

Table 2.8.

From the models in Table 2.8 we see that p, is always nonnegative; for an
efficient unit it is 0. It reflects the percentage by which a DMU should both decrease
its inputs and increase its outputs to become efficient.

2.4 Concluding Remarks

In this chapter we represented basic DEA models. In the later chapters, we consider
ideas to extend those models to deal with the preference information of the DM.
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Chapter 3
Production Possibility Set and Efficiency

Efficiency in Production Possibility Set
and General Model

3.1 Production Possibility Set

Many concepts used in DEA are adopted from production economics. One of those
concepts is production function f: R — R(y =f(x)), where vector x represents
inputs and y is one-dimensional output. In this case, it is assumed that a DM can
control inputs x. There are possibly other inputs, which are non-controllable. They
are taken into account in the structure of function f. Moreover, the term cost
function is used to refer to the case, in which there are many outputs and one
input, and the DM is assumed to control the outputs, i.e., c: R° — R (x = c(y)).

In DEA, both the input and output can be vectors. In addition, the relationship
between inputs and outputs is not assumed known. It is used to refer to a multi-
input/multi-output case by the term production possibility set and we denote it by T:

T = {(», x)|x can be produced from x} C R} (3.1)

where x € R and y € RY_ denote the vector of inputs and outputs, respectively.
The set consists of all feasible inputs and outputs. As usual, we assume more is
better in outputs and less is better in inputs. It is also common to set up some
additional properties to T in addition to the non-negativity of inputs and outputs:

1) If(y,x)eTandy#0=x+#0.
@ii) T is closed.
(iii) T is bounded.
@iv) (y,x) €T, if 3 (y*, x*) €T, such that y* >y and x* <x.

For more information about a production possibility set, see, e.g., Coelli
et al. (2005).

Set T is a theoretical production possibility set, which is not assumed to be
known in practical problems. In practice we operate with an empirical production

© Springer Science+Business Media New York 2015 27
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' Empirical

Production Possibity Set Py (Prpy)

Production Possibity Set T

Output

Input

Fig. 3.1 Empirical PPS with minimal assumptions (FDH)

possibility set, which is characterized with the help of the sample consisting of

n pairs (y;,x;) € %fjm, i=1, 2, ..., n Because the pairs are empirical data, it is

justified to assume that (y;, x;) €T, i=1, 2, ..., n. We denote So={(y;, x;) | i=1,

2, ..., n}, and further we refer to the matrix of outputs in the sample by Y = [y, y»,
.., ¥»] and to the matrix of inputs by X =[xy, x5, .. ., X,,].

If we have no more information about T, we define the empirical production
possibility set Py and call it the minimal production possibility set based on the
sample set Sy:

Po = {(, x)’EI(y*,x*) € So such that y* >y and x* < x} (3.2)
Set (3.2) is also used to call the free disposal hull (FDH). Occasionally, we
alternatively use notation Pgpy to refer to this set, which is illustrated in Fig. 3.1.

In addition to the sample set So C Py, Py includes the points which are based on
the assumption: without costs it is possible to produce less and/or to use resources
more than any point in the sample (y, x) € Sy. If additional information is available,
we include it into set So. When it is not necessary to emphasize the type of
additional information, we use generic notation S for expanded Sy and call it the
generator of a production possibility set—briefly a generator set. The corresponding
notations Py and P are applied to the production possibility set as well.

Hence forward we refer to the empirical production possibility set by using the
abbreviation PPS and dropping “empirical” off from the long name.
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By defining new properties for set Sy, we can obtain an expanded generator
set So*.

(a) Se" is the minimal convex hull containing points (y, x) € So.

(b) If (y, x) €So= (y, 6x) €Sy", M> 6> 0, where M is a big number,
() If(y,x)€Sy=(dy, ox) €Sy*,0<6< 1, and

(d) If (y,x) €So= (dy, 6x) €Sp*, M> 6 > 1, where M is a big number.

It is possible to use any single property a)—d) or to pair each of the properties
b)—d) with property a).

As “subscripts,” we use the abbreviations which are used to refer to the
corresponding models in DEA based on those generator sets. The sets in Table 3.1
have a hierarchy: Scrs 2 {no rank order between Syrs and Sxprs} 2 Svrs 2 SkpH-

The same notation is used to refer to the production possibility set, i.e., Pygrs
corresponds to Syrs. Sets Syrs and Pyrg are illustrated in Fig. 3.2.

Table 3.1 Expanded sample set S

Definitions of expanded sets Generator set S¢ +
Sron=1{(, %) | YA=y, XA=x,1"A=1,4,¢€{0,1},i=1,2, ..., n} -

Svrs =1, %) | YA=y, XA=x,1"A=1,4>0} Property (a)

Scrs ={(, x) | YA=y, XA=x, M>1>0} Properties (a) and (b)
Snirs = {7, ¥) | YA=y, XA=x,1TA<1,1>0} Properties (a) and (c)
Snors = {0, %) | YA=y, XA=x,1TA>1,M>1>0} Properties (a) and (d)

)

~ Set Pygs = Syrs '\_] E:mratcr Set Syps 1
\\ N
\/\ ‘

Output

Input

Fig. 3.2 Production possibility set Pyrs
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Fig. 3.3 Illustrating production possibility set PNG

Using properties without convex requirement, interesting sets can be defined.
Those sets have also a reasonable interpretation. Consider for instance property (c).
The corresponding set can be interpreted such as each unit in Sy can be scaled
downward by using constant returns to scale assumption. The corresponding set is
as follows:

SNs = {(7,%) [ Y(64) =p,X(64) =x,1"A=1, 4€{0,1}, i=1,2,...,n, 6<1}

where the superscript (NC) means “not convex”. Set PN is illustrated in Fig. 3.3.

3.2 Efficiency

Most considerations of a production possibility set P are made in relation to its
subset called an efficient frontier or production frontier. The terms refer to the
subset E of P (E CP), which consists of efficient points, which are also called
non-dominated points. Efficient points of set P are defined as follows:

Definition 3.1 Point (y*, x*) €S is efficient (non-dominated) iff there does not
exist another (y, x) € S such that y > y*, x <x*, and (y, x) # (y*, x*).

Because set PN-S by definition consists of only the points which are dominated
by a point in set S, the efficiency definition can be given for points in set S. Note that
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the terms efficient and non-dominated have no difference in the DEA literature.
Instead, in the multiple criteria decision making it is used to make a distinction
between those concepts (see, e.g., Steuer 1986). The efficiency concept is used for
points in decision (variable) space (see Chap. 4) and the term nondominance for
points in a criterion space (cf. Definitions 4.1 and 4.2). In evolutionary multiple
objective programming literature, the term Pareto optimal is used to refer to the
points of the theoretical non-dominated frontier (see, e.g., Thiele et al. 2009). The
term non-dominated is reserved to efficient points in a population, in which concept
corresponds to the sample set in DEA. It means that in DEA literature we might also
use different terms for the efficient points of the theoretical production possibility
set T and that of the empirical production possibility set P.

If point (y*, x*) € S is not efficient, then it is inefficient or dominated by (y, x) €
S. However, if an inefficient point is not an interior point in T, it may still be weakly
efficient. Weak efficiency is defined as follows:

Definition 3.2 Point (y*, x*) € S is weakly efficient iff there does not exist another
(¥, x) € S such that y > y*, x <x*.

In some cases, we are also interested in the points (y, x) ¢ P. For those points, we
define the concept superefficiency first proposed by Andersen and Petersen (1993),
but did not use the term superefficiency. Here we give a general definition for the
point (y*, x*) not belonging to the production possibility set, but are efficient in the
set PU{(y*, x*)}:

Definition 3.3 (y*, x*) ¢ P is superefficient iff there does not point (y, x) €S such
that y > y*, x <x*.

Note that (y*, x*) # (y, x), because (y*, x*)¢ P and (y, x) €S CP.

If point (y*, x*) € S (under consideration) is not weakly efficient, then it is said to
be strongly inefficient or strongly dominated by (y, x) € S. An efficient point is also
weakly efficient.

The efficiency concept is here defined in an empirical efficient set. In the same
way, the corresponding concepts can be defined for the theoretical efficient set T as
well. Actually, the frontier based on the generator set S is only an approximation.
An empirical production frontier is also called (revealed) best-practice production
frontier (see, e.g. Charnes et al. 1994). In DEA, the main goals of the analysis are:

1. To recognize efficient and inefficient points.

2. To project the inefficient points onto the efficient frontier.

3. To recognize the points which characterize the projection point on the efficient
frontier.

4. To measure the degree of inefficiency of the inefficient points.

A key role in searching for ways to reach those goals plays a principle to project
a given point onto the efficient frontier. The traditional DEA models use the
Debreu—Farrell efficiency measure. It means that the projection onto the efficient
frontier was carried out in proportion to the current values of input and/or output
values. Variables are proportionally (radially) improved until the boundary of the
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production possibility set is achieved. In the combined model, the direction is given
in which the unit has to improve its current input and output values. The total need
for improvement is in proportion to this given direction.

It is worth noticing that the radial Debreu—Farrell measure of efficiency does not
necessarily lead to an efficient target in DEA, but it may result a weakly efficient
solution. For example, Fiare and Lovell (1978) criticize the radial projection
because of this and suggest the use of the so-called Russell measure to assess
technical efficiency. Also, this is why the so-called two-stage procedure is com-
monly used (see 2.12). Two-stage procedure guarantees that the target (reference)
point belongs to the efficient subset of the isoquant. This corresponds to Koopman’s
(1951) definition of efficiency. In addition to Russell measure, a number of other
non-radial efficiency measures have been suggested. For discussion see, for exam-
ple, Borger et al. (1998), Fiare and Grosskopf (2000), and Thanassoulis and
Dyson (1992).

Actually, the Debreu—Farrell measure is a good measure and also provides an
efficiency score, which is a good way to measure efficiency. However, it is not able
to recognize points which are only weakly efficient but not efficient. Using a
lexicographic approach, it is easy to do, whether the point is only weakly efficient
or efficient. In the first stage, the Debreu—Farrell measure is used and if the solution
is not unique, in the second stage, the sum of slack variables or that of input and
output variables is maximized in the set, where the Debreu—Farrell measure reached
the optimum. This second stage optimization has no effect on the value of the
measure, but it guarantees that the solution is efficient.

When the point on the efficient frontier is found, immediately we also know the
points characterizing the projection point. That point is a kind of reference (target/
benchmarking) point to the inefficient point. It is good to note that the procedure is
general in the sense that it is working for a different generator sets. In the next
subsection, we describe a general model, in which the projection direction can be
chosen by the DM and (y, x) ¢ P is not necessary.

3.3 General Model

We use the term “general model” to refer to the model, which have two additional
features in comparison to a standard DEA model:

y
1. The model makes it possible to project any point g= [g} € B onto the

g

efficient frontier.
2. The projection direction can be chosen by the DM.

The first feature is needed, for instance, when the DM would like to project a
target point g € R°*" onto the efficient frontier. It is not required that g € P. The
second feature is useful, when the DM is not willing to use the radial direction as a
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Table 3.2 General multiplier and envelopment model

General multiplier DEA model General envelopment DEA model
min We =vTg" —puTg’ +u max Zc =n+e(1"st +17s7)
s.t. (3.3a) | s.t. (3.3b)
— 1Y +v"X+1Tu >0 YA—nw —st =g
W T =1 XA+nw'+s =g
v > el 1"A+7=1
e>0 A,s st >0
=0 if RTS is CRS e>0
W d= free if RTS is VRS =0 if RTS is VRS
>0 if RTS is NIRS = free if RTS is CRS
<0 it RTS is NDRS >0 if RTS is NIRS
<0 if RTS is NDRS

S L WY
projection direction. Then a DM can choose any vector w= [ ] >0, we R,

w*

and w#0. The solution is always a weakly efficient, but if we use a standard
requirement & >0 in the model, we obtain an efficient solution. The models are
described in Table 3.2. Note that the formulation in always guarantees that the
solution point is efficient.

In Theorem 3.1, we prove some results concerning the properties of projection
direction and efficiency. To make the proof more readable, we simplify some
notation.

S+

Y
We denote U = [—X}’ s-[s

g
, Uy = g | and assume 7=0.

Using the notation above, we may present the BCC (VRS) model in the envel-
opment form:

max Z¢c =5+ ells
s.t. (3.4)
Ulb—npw—s = u
1A= 1
A,5>0
e> 0

Let’s consider a given point u, in model (3.4). In Theorem 3.1, we demonstrate
which kind of benefits we may obtain by varying the projection direction:
Theorem 3.1 The following results hold:

1. ug is efficient < for all w > 0, w # 0, n** = 0 at the optimum.
2. uy is strongly inefficient < for all w >0, w £ 0, n* > 0 at the optimum.
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3. u, is inefficient, but weakly efficient < 3 wy > 0, wy # 0 such that * =0 at the
optimum A 3 w; >0, w; £ 0 such that #* > 0 at the optimum.

4. uy is superefficient < for all w > 0, w #£ 0, n* < 0 at the optimum, or there is no
feasible solution for some w >0, w £ 0.

Proof 1.au is efficient = for all w >0, w £ 0, n* =0 at the optimum.

Assume #7*>0 for some w>0, w#0. Hence it follows that UA*-
n*w > ug= UA* > uo ANUA* £ ug = u, is not efficient, which contradicts with the
assumption.

1.b uy is efficient <= for all w > 0, w £ 0, n* =0 at the optimum.

Assume u is inefficient = Ju € P such that u > ug Au #uy. Assume u; > ug;,
Jjell,2, ..., s+m}. Choose wij=1Aw;=0,i=1,2,..,s+m,i#j=u=Ul—y
W > uy Au#uy, when n=u;—ug; >0, which contradicts with the assumption that
for all w >0, w#£0, n* =0 at the optimum.

2.a ug is strongly inefficient = for all w > 0, w # 0, * > 0 at the optimum.

Assume u is strongly inefficient =- 3 u such that u > uy, = forallw > 0,w #0 3
n >0 such that u =UA—-nw >uy=n* > 0.

2.b u is strongly inefficient <= for all w > 0, w #£ 0, #* > 0 at the optimum.

Because for all w > 0, w #£ 0, »* > 0 at the optimum, we choosew =[1, 1, ..., 1].
Hence it follows that Jp*>0 at the optimum such that w*=UA*-
n*w > ug = u* > uy.

3.a uy is inefficient, but weakly efficient = 3 wy > 0, wy # 0 such that n* =0 at
the optimum A 3 w; >0, w; # 0 such that #* > 0 at the optimum.

Assume u is weakly efficient = for all u; for which u; >uy, 3j€{1,2,...,s
+m} such that u;;—ug;=0; otherwise u, is strongly inefficient. Because u is
inefficient, then 3 i€ {1, 2, ..., s+m} such that u;;—up; > 0. Choose wg; =1, if
uj—ug;i=0, je{l1, 2, ..., s+m} and wy; =0 otherwise =>n*=0. On the other
hand, choose wy;=1, if wuy—uy>0, ic{l, 2, ..., s+m} and w;;=0
otherwise = * > 0.

3.bu, is inefficient, but weakly efficient <= 3 wqy > 0, wy # 0 such that p* =0 A 3
wy >0, wy # 0 such that * > 0.

Assume 3 wq > 0, wy # 0 such that * = 0 = u, is not strongly inefficient (see 2.
b). Moreover, assume 3 w; > 0, w; # 0 such that #* > 0 = u, is inefficient. Hence it
follows that u is inefficient, but weakly efficient.

4.a uy is superefficient = for all w > 0, w #£ 0, n* < 0 at the optimum or there is
no feasible solution for some w >0, w # 0.

Assume that ug is superefficient=-3 w >0, w#0, such that #*>0 at the
optimum. Because u is superefficient, there exists no u € P such that u > u, and
u #uo = for each u € P, u; < ug; for at least one j€{1,2, ..., s+m}. Thusu —p
w=UA —nw >u, is true for component j: u;—nw; > up, w; >0, only if w; >0 and
n* <0 at the optimum, which contradicts with the assumption that 3 w >0, w #£0,
such that n* > 0 at the optimum.

4.b uy is superefficient < for all w > 0, w # 0, n* < 0 at the optimum or there is
no feasible solution for some w >0, w # 0.
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Assume for all w >0, w+#0, n* <0 at the optimum. We choose an arbitrary
w>0,w#0,wec R and find an efficient point u* € P as a feasible solution to a
problem. Thus we have UA* — i*w — s* =u* — p*w — s* =u,, s* > 0, and at least
one 5;* =0, corresponding to w; >0, j€ {1, 2, ..., s+m}, because otherwise the
solution is not optimal. Hence it follows that u/* —n*w; = uy = u;* <uj, because
n*w; < 0= wu* does not dominate u,. The result is valid for all w>0, w#0,
n* < 0 at the optimum which means that u is superefficient.

Assume 3 w >0, w #0, such that the problem (3.4) has no feasible solution. If
for w;=0, j€ {1, 2, ..., s+m}, u;<ugj, for all u €P, then problem (3.4) has no
solution = uy is superefficient. O

Remarks

1. To check whether a point u is inefficient, we may use any projection direction
vector wy > 0, wo £ 0. If n* > 0, then u is not efficient (1.a). On the other hand,
if #* =0, then uy is not strongly inefficient (2.a). In both cases, it is necessary to
study, if u, were inefficient, but weakly efficient.

2. Although (y, x)¢ P, it does not mean that (y, x) is superefficient. Point (y, x)
might be less than zero. In this case, #* >0 for all w >0, w # 0. It means that
point (y, x) ¢ P is strongly inefficient, even if it is not feasible, i.e., (y, x) ¢ P.

Let’s consider the following example demonstrating the projection of point

{‘f”;} ¢ P onto the efficient frontier:
max 7+ e(st +s57)
s.t. (3.5)
5201 + 3.14 + 2323 + 6.044 + 4345 + win+s =g*
4241 + 3.54p + 1.543 + 5504 + 2645 —wnp—st = g
1"2=1
sT,sT >0
e> 0

y
in which we assume that the DM would like to project point Ex} = B} onto the

N
} = { i } as a projection vector. Figure 3.4

efficient frontier by using the vector { :;
illustrates the problem. As we can see, |:g:|¢PFDH. In case we would have defined

£ >0, then the solution would be B’, which is only weakly efficient. Because we
have the term e(s* +s7), € > 0, in the objective function, the solution is point B. The
value of the term #* =—1.5, which indicates that point g is superefficient.
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Output

Input

Fig. 3.4 Tllustration on the use of a general model

3.4 Efficiency and Dimensionality

In DEA, there is often necessary to reduce the number of variables in the analysis.
That’s why it is important to know how efficiency may change in variable reduc-
tion. We illustrate with a simple example that all changes are possible for units,
which are originally efficient and inefficient, but weakly efficient. The same result
is not true for a strongly inefficient unit. Its status remains the same in reduction.
The data set for the example is given in Table 3.1. For simplicity and without losing
generality, we ignore inputs and make considerations in the output space, where all
criteria are maximized.
The result is proven in Lemma 3.1.

Lemma 3.1 If vector u = (uy, ua, . .., u,) € R” dominates strongly vector v = (vy,
V2, ..., V) €RP, then vector u™ = (”jn”.izv .. .,ujk) e M* dominates strongly
vector v~ = (vjl,yiz,...,vjk) S ‘ﬁ",jl-e {1,2,..,p},i=1,2,.. k.

Proof Because vector u = (uy, U, . . ., u,) € R” dominates strongly vector v = (v,
V2, ..., Vp) € RP=u>v,ie.,u>v,forallie{l,2,...,p}. Thusitis true for any
subset of the components of vectors u and v: u;, > v;,j;€{1,2,...,p},i=1,2,...,
k (Table 3.3). O

In Table 3.4, we have shown that dropping one or two dimensions from the
original problem (Table 3.3), the status of inefficient, but weakly efficient unit (A)



3.5 Returns to Scale 37

Table 3.3 Data set for Outputs A B C D
illustrating efficiency change
in dimension reduction Output 1 1 2 3 L5
Output 2 3 3 2 1.5
Output 3 2 2 2 1
Table 3.4 Effect of change in dimensionality on efficiency
Unit Before Dominance Change After Dominance
A WEff B>A Drop 3 WEff B>A
A WEff B>A Drop 1 Eff B=A
A WEff B>A Drop 2 and 3 SInEff B>A
B Eff - Drop 3 Eff -
B Eff - Drop 2 WEff C>B
B Eff - Drop 2 and 3 SInEff C>B
D SInEff C>D Drop any SInEff C>D

Notations: Eff efficient, WEff only weakly efficient, SInEff strongly inefficient, > dominates only
weakly, > dominates strongly, Drop <n> variable <n>> is dropped

and efficient unit (B) may be efficient, only weakly efficient, or strongly inefficient
after variable reduction. For curiosity, we have also demonstrated that strongly
inefficient unit (D) remains its status under reduction.

3.5 Returns to Scale

In classical economics, returns to scale have typically been defined only for a
production function and single output situations. Let a@ > 0 represent the propor-
tional increase in all the inputs and f > 0 the resulting proportional increase in the
single output. Increasing returns to scale prevail > a; decreasing returns to scale
prevail < a. If = a, then returns to scale called constant.

In DEA, the relationship between inputs and outputs is not assumed to be known.
Instead of operating with a production function, the considerations are made in the
production possibility set. The returns to scale is also defined for inefficient points,
not only points on the efficient frontier. In the following, we consider the PPSs:
Pcrs, Pvrs, Pnirs, and Pyprs- As we mentioned in Sect. 3.1, the following rank
order is true to generator sets S and it is the same to the PPSs as well: Pcrs 2 {no
rank order between Pyrs and Pyprs} 2 Pyrs.

Fire et al. (1985, 1994) proposed a simple method based on the efficiency score
of the CRS model and VRS model to characterize the returns to scale of a point.
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The characterization is given below. We use inefficiency score instead of
efficiency score:

e If Ocrs = Ovrs, then returns to scale of the point is constant.
* If Ocgrs # Ovrs, then

— if Ocrs = Onirs, then the constant returns to scale of the point is increasing.
— if Ocrs > Onirs, then the constant returns to scale of the point is decreasing.

Banker et al. (2004) have studied the problem of alternate optima, which may
happen, when the returns to scale of the inefficient unit is in question. Actually,
returns to scale has an ambiguous meaning for inefficient points. That’s why we
only consider efficient points. It means that the returns to scale of an inefficient
point depend on the projection direction. In projection, we may use input, output,
combined, or even general orientation. The only requirement is that at least one
element of the projection direction vector is strictly positive and none of the
components are not negative. Thus for our purposes the approach by Fare
et al. (1985) is sufficient.

For instance, in Fig. 3.2 we see that point B is the only efficient point of the CCR
(CRS) model. Depending on whether we use input-oriented or output-oriented
model, point E is projected onto line (B, C) or (B, D). For all points on the line
(B, C), except B, returns to scale is increasing and for points (B, D), except B, it is
decreasing.
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Chapter 4
Multiple Objective Linear Programming

Brief Introduction to MOLP

4.1 Motivation

Since the DEA approaches presented later in this study have a lot in common with
multiple objective linear programming (MOLP), this chapter briefly reviews the
basic concepts of the field.

The methods for solving single objective mathematical programming problems
have been studied now for over 50 years since Dantzig introduced the simplex
algorithm in 1947 (see, e.g., Foreword in Dantzig and Thapa (1997) for brief history
of mathematical programming). However, often complex real-life decision-making
problems involve several, conflicting objectives. Multiple objective mathematical
programming, originating from goal programming (see Charnes and Cooper 1961),
seeks to deal with these decision problems. This chapter concentrates on MOLP
problems, i.e., multiple objective mathematical programming problems having both
linear objective functions and linear constraints. This chapter first introduces key
concepts of MOLP and after that reviews the different approaches to solve MOLP
problems, focusing the reference point approach by Wierzbicki (1980) and refer-
ence direction approach by Korhonen and Laakso (1986).

Steuer (1986) is a good reference for a thorough presentation on MOLP and
Miettinen (1994, 1999) for multiple objective nonlinear programming. MOLP and
other multiple objective mathematical programming methods are part of the family
of multiple criteria decision-making (MCDM) approaches. In addition to the term
MCDM also abbreviations MCDA (multiple criteria decision analysis) and MCDS
(multiple criteria decision support) are used in the literature. For an overview on
MCDM, see, e.g., Korhonen et al. (1992), and for a further discussion on multiple
objective programming and MCDM see Korhonen (2001).
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MOLP problem can be written in the general form as follows:

“max” Cx
s.t. (4.1)
xeX= {x|Ax <b,x > 0}

where x € R", b € R, the constraint matrix A € R*" is of full rank k, and the
objective function matrix C € R”*". Notation “max” indicates that we want to
maximize all objectives simultaneously. Set X is a feasible set.

In MOLP there normally does not exist a single point of X that would simulta-
neously maximize all objectives. Instead, there exists a set of efficient solutions.
The efficiency concept is defined using objective function vectors:

Definition 4.1 In (4.1), xfk € X is an efficient solution if there does not exist another
x € X such that Cx > Cx" and Cx # Cx*.

If x* € X is not efficient, it is inefficient. However, an inefficient point may be
weakly efficient:

Definition 4.2 In (4.1), x* € X is weakly efficient if there does not exist another
x € X such that Cx > Cx*.

Let Q={g=Cx | x€X]} be the set of feasible objective (criterion) function
vectors. Vectors g € Q corresponding to efficient solutions are called nondominated
criterion vectors, and vectors g € Q corresponding to weakly efficient solutions are
called weakly nondominated criterion vectors. The set of all efficient solutions is
called the efficient set (denoted E), and the set of all nondominated criterion vectors
is called the nondominated set (denoted N). For weakly efficient solutions, we use
EY and NV, respectively. Note that EV DE and N¥ D N. As we can see, the same
concepts are used in DEA and MOLP (see Chap. 3).

At the conceptual level, we may write a general multiple objective programming
problem as follows:

max v(q)
s.t. (4.2)

qg€Q

where Q is feasible region in the criterion space. It may be discrete, nonconvex,
finite, infinite, etc. Function v is a value function, which has certain properties, but
not assumed to be known (see Definition 4.2).

The following figures illustrate the principles of a MOLP. Assume we have two
decision variables x; and x,, five constraints that define the feasible set
X(8x; —x2 >0, Zx; —x2 <0, 21 +x2 <85, 31 +xp < 11.5,6x; + x5 < 64),
and two objective functions (x| +x;, 10x; +x,). Figure 4.1 shows the set of efficient
solutions E in the decision space.
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Fig. 4.1 Illustration of 14 A
MOLP: decision space
12 4

12

Fig. 4.2 Tllustration of 257

MOLP: criterion space

q2

q1

However, often MOLP problems are graphed in criterion space. This illustration
can be more revealing with respect to conflicting criteria. Figure 4.2 illustrates the
set of the nondominated criterion vectors N in the criterion space.

4.2 Different MOLP Approaches

Since in MOLP problems it is not usual to have a unique solution, we need to
introduce two new concepts: a decision maker and his/her (underlying) value
function.
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Definition 4.3 A decision maker (DM) is a person or a group of persons who has
ownership of the problem as well as the ability and authority to make the decision.

Definition 4.4 Function v: Q — R, Q CR”, R’ — R is called a value function if it
has the following properties:

1. v(x*) > v(x), if xfdominates X.
2. v(x") > v(x), if x*. is preferred to x.
3. v(x*) > v(x), if x" is at least as preferred as x.

Thus v represents a rational DM’s preferences over the criterion vectors pro-
vided that x does not dominate x” in 2 and 3.

In MOLP models, the DM aims at selecting among the efficient solutions the one
that maximizes his/her value function, i.e., what he or she finds out to be the best. It
is important to note that the approaches to solve MOLP problems do not usually aim
on defining the value function itself; in many approaches only some rather general
assumptions about the form of the function are made.

There are numerous methods to solve MOLP problems; see, e.g., Steuer (1986).
In the early age of MOLP, the methods were typically based on the nonnegative
criterion weights of a linear value function. The problem of this approach is that it
limits the possible solutions to extreme point solutions. In terms of the problem
illustrated in Figs. 4.1 and 4.2, this means that depending on weighting the approach
would present one of the three extreme points from the set of efficient solutions as
the best one.

Currently most of the approaches are based on aspiration levels and their pro-
jections to efficient surface with Tchebycheff-type achievement scalarizing func-
tions developed by Wierzbicki (1980) (see Sect. 4.3). Steuer and Choo (1983)
proposed a similar idea, which is not so general as Wierzbicki’s approach.
Wierzbicki’s approach projects any feasible or infeasible point onto the efficient
frontier. Korhonen and Laakso (1986) extended the approach by presenting the
parameterization of the achievement scalarizing functions thus allowing the pro-
jection of a direction instead of a single point to the surface. Parameterization
makes it possible to freely search the efficient frontier.

The approaches based on achievement scalarizing functions do not aim at
determining the value function of the DM. Instead, they seek to search the best
solution in interaction with him/her. Some assumptions on the form of the value
function are made concerning the terminations of the search. There are several
variations of this basic approach, as well as several computer implementations.
Korhonen et al. (1992) classify them into three main categories:

1. The system generates a finite set of solutions for DM’s evaluation. At each
iteration, the size of the search area is reduced (Fig. 4.3).

This approach is presented under the name of weighted Tchebycheff proce-
dure in Steuer and Choo (1983).
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Fig. 4.3 (a, b) Generating
efficient solutions

2. A DM freely specifies aspiration levels for the criteria, and the system projects
them onto the set of efficient solutions (Fig. 4.4).

This approach is implemented in DIDAS models; see Lewandowski
et al. (1989).

3. A DM moves freely on the efficient frontier (Fig. 4.5).

This approach is implemented in the VIG system (Korhonen 1987) under the
name of Pareto Race (Korhonen and Wallenius 1988).



46 4 Multiple Objective Linear Programming

Fig. 4.4 (a, b) Projecting a |
an aspiration level point
onto efficient surface

In this work we concentrate on the reference point approach by Wierzbicki (1980)
and its extension, the reference direction approach by Korhonen and Laakso (1986).
The reference point approach to solve MOLPs and DEA is structurally very similar,
as we are going to show in Chap. 5. This finding is an important theoretical
cornerstone when we later in this work introduce some MOLP-based DEA extension
to incorporate preference information. The extension of the reference point
approach, the reference direction approach, can provide flexibility and augmenta-
tions to DEA models, as discussed in Chap. 7.
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Fig. 4.5 (a, b) Moving on a |
the efficient frontier

4.3 Reference Point Approach to Solving MOLP Problems

For characterizing the nondominated set, Wierzbicki (1980) suggested the use of an
achievement (scalarizing) function (ASF). Consider the following problem:
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0 2 4 6 8 10

Fig. 4.6 Illustrating the projection of a feasible and infeasible aspiration level point onto the
nondominated surface

i=1

s.t. (4.3)
g=Q={g=Cx|xeX}

P
min s(g, ¢, . p) —min{maX[(gi—qi)/wf, i=12....p] +pZ(g,»—q,-)}

where s is the ASF, w >0, w € R?, is a vector of weights, p > 0 is a scalar, and P =
{1,2,...,p}. Vector g € R” is a given point in the objective function space, the
components of which are called aspiration levels, and g € Q. Using (4.3), we may
project any given (feasible or infeasible) point g € PR” onto the set of nondominated
solutions. The following two theorems provide the necessary theoretical basis.

The term pY?_,(g;—vi), p>0, is required to guarantee that the solution of
model (4.3) is efficient—not only weakly efficient. If p =0, then the indifference
curves of the scalarizing function should coincide with the coordinate axes,
which define the positive orthant (see Fig. 4.6) where the positive orthant is defined
with solid lines. If p > 0, it means that those axes are bent outward (see dotted lines
in Fig. 4.6).

Theorem 4.1 Let w > 0 be an arbitrary vector. Point x* € X is efficient if 3 g € R’
and p >0 such that g* = Cx* is a solution of (4.3). If x* € X is efficient, then 3
p > 0 such that g* = Cx* is a solution of (4.3), when g = ¢*. Then the optimal value
of s(g, q, w, p) is zero.
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Proof See, e.g., Wierzbicki (1986). O

Theorem 4.2 Let w > 0 be an arbitrary vector. Point x* € X is weakly efficient if 3
g €R” and p >0 such that g* =Cx* is a solution of (4.2). If x* € X is weakly
efficient, then ¢* = Cx* is a solution of (4.2), when g =¢* and p =0. Then the
optimal value of s(g, v, w, 0) is zero.

Proof See, e.g., Wierzbicki (1986, Theorem 10). O

To illustrate the use of the ASF, consider a two-criterion problem from Arbel
and Korhonen (1996) with a feasible region having three extreme points {(0, 0),
(8,0), and (0, 4)}, as shown in Fig. 4.6. Let us assume that the DM first specifies a
feasible aspiration level point g' = (2, 1). Using a weight vector w=1[2, 1], the
minimum value of the ASF (—1) is reached at a point q1 = (4, 2) (min{(2 — 4)/2,
(1 —=2)/1}=—1) (cf. Fig. 4.6). Correspondingly, if an aspiration level point is
infeasible, say g2 = (8, 2), then the minimum of the ASF (+1) is reached at point
g’ =(6, 1) (min{(8 —6)/2, 2 — 1)/1} =1).

When a feasible point dominates the aspiration level point, then the value of the
ASF is always negative; otherwise, it is nonnegative. It is zero if an aspiration level
point is only weakly nondominated. Figure 4.6 illustrates the behavior of the
achievement scalarizing function. If p =0, then ASF consists of the first term:

min s(g,q,w,p) = min{max|[(g; — ¢;,)/wi, i=12,...,p|} (4.4)

The solid lines up and right at points g’ and ¢', i = 1, 2, represent the values where
function (4.4) has the same value as at the corresponding point. When p > 0, then
those lines bend outward guaranteeing that the solution is not only weakly efficient.
How much the lines bend depends on the magnitude of p > 0.

Given g € R” and w > 0 € R”, the minimum of s(g, ¢, w, p) is found by solving
the following LP problem (see, e.g., Wierzbicki 1980):

P
min &+ pY (g — 4;)
i=1

s.t. (4.5)
xeX
x>0
e> (g, —Cix)/wi, i=1,2,...,p

where C; (i=1,2, ..., p) refers to the ith row of the objective function matrix C.
Problem (4.5) can be further written as
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P
min £+p» (3 — q;)
i=1
s.t. (4.6)
xeX
Cx+ew—z=g
x,z2>0

Because wie=z;+(g;— Cx)=z;+(g; — q:), i=1,2, ..., p, we may write the objec-
tive function of (4.6) in the form

P »
e———Y z|,
1+(0ﬂi:1z l

P P
e+py_ (wie—z)=e(l+wp) —pd z=(1+ap)
P i=1

i=1

where 0 =%"_ w;.

By writing 6 = 2

Tiap WE may replace the objective function in (4.5) by

e—61"z
where 6 >0 may assume to be a “non-Archimedean” such as in DEA as well

(Chap. 2).
Thus we obtain

Table 4.1 The primal and dual formulation of the reference point approach

Original reference point primal (ORPP) Original reference point dual (ORPD)
min ¢ — 517z max vig —u'h
s.t. (4.7a) | st (4.7b)

Cx+ew—z=¢g VIC—uTA <0

Ax <bh Viw=1

x,z2>0 v >4l

&> 0 (“Non-Archimedean™) u>0

6> 0 (“Non-Archimedean”)

In the reference point approach, it is possible to scan the efficient frontier either
by varying the weighting vector w or the aspiration level vector g (Table 4.1). In the
first case, we have to use g with all components higher than or at least equal to the
ideal values of the objectives (see, e.g., Fig. 4.3).
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4.4 Reference Direction Approach to Solving
MOLP Problems

In the reference direction approach by Korhonen and Laakso (1986), a direction d
instead of a point is projected onto the efficient frontier. This is done through the
parameterization of the achievement scalarizing function.

The reference direction models (4.8a) and (4.8b) are obtained from models
(4.7a) and (4.7b) replacing g by g+1td. Thus in the reference direction models
(4.8a) and (4.8b) any direction d can be projected onto the efficient frontier. The
reference direction formulation can be solved with the parametric linear program-
ming technique: thus it is possible to provide the user with information in real time
even when the problem is of realistic size. This guarantees true interactivity
(Table 4.2).

As a solution model (4.8) generates an efficient path from the current solution to
some corner point of the efficient frontier as shown in Fig. 4.7:

Table 4.2 The primal and dual models of the reference direction approach

Original reference direction primal (ORDP) Original reference direction dual (ORDD)
min £ — 617z min V(g +dr) —u"h
s.t. (4.8a) | s.t. (4.8b)

Cx+ew—z=g+td VIC—uTA <0

Ax<b Viw=1

x,z2>0 v >4l

t:0— o0 u>0

6>0,1:0—-

Projection of the
Reference Direction

Nondominated Set

Feasible Region

Fig. 4.7 Tllustration of the reference direction approach
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Projection of the
Reference Direction

A Reference Direction r

Nondominated Set

Feasible Region

Fig. 4.8 Tllustration of the dynamic version of the reference direction approach

Korhonen and Wallenius (1988) developed a dynamic version of the reference
point approach that allows the DM to make a free search at any part of the efficient
frontier as illustrated in Fig. 4.8:

The dynamic version, Pareto Race, is implemented in the VIG software
(Korhonen 1987). With the software the DM can freely search the efficient frontier.
The interface to control the speed and the direction of the movements is analogous
to driving a car: he/she can accelerate, brake, and make turns. By using the interface
to indicate which objectives he/she would like to improve and how strongly the DM
implicitly specifies the reference direction. All the time he/she sees from the
computer screen as figures and bar graphs how the values of the criteria, or the
inputs and the outputs, change while he/she moves around the efficient frontier.

In terms of equation 4.8a, the right-hand side term #d is used to control the
movements along the efficient frontier: reference vector d controls the direction of
movements, and scalar ¢ the speed.

Figure 4.9 shows a Pareto Race screen where the values of criteria, or inputs and
outputs with DEA terminology, are shown in numeric form and as bar graphs.
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Pareto Race

Goal 1 (max): Sales ==>
69.5465
Goal 2 (max): Net Profit ==>
1.39094
Goal 3 (min): Man Hour ==>
I, .0137
Goal 4 (min): Floor Space ==>
2.21314

Bar:Accelerator F1:Gears (B) F3:Fix num:Turn
F5:Brakes F2:Gears (F) F4:Relax F10:Exit

Fig. 4.9 Pareto Race screen
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Chapter 5
Comparison of Data Envelopment Analysis
and Multiple Objective Linear Programming

Structural Similarities Between DEA and MOLP

5.1 Background

Charnes and Cooper have played a significant role in the development of both areas:
they have been the initiators of DEA in the late 1970s, but they have also had a
significant impact on the development of multiple objective linear programming
(MOLP) through the development of goal programming (Charnes and Cooper
1961). Although the methods have shared origins, researchers in these two camps
have generally not paid much attention to research performed in the other camps.
Neither has Charnes nor Cooper attempted to tie the two fields together. This is
unfortunate, since—despite differences in terminology—DEA and MOLP address
similar problems and the corresponding models are structurally very close to each
other.

In both models, technically speaking, the purpose is to identify efficient points in
a certain space and suggest projections of inefficient (or any given) points on the
basis of such information. In DEA the projection is performed by letting some
mathematical program determine weights that (in the envelopment side) associate
the analyzed point with the best possible efficiency score. In MOLP, the direction of
the projection is based on the use of weights (more generally, parameters), which
the DM can directly or indirectly influence reflecting his/her preference structure.

The main difference in MOLP and DEA has traditionally been the use of the
models: MOLPs, as other MCDM methods, are considered to be ex ante planning
tools, whereas DEA 1is considered to be an ex post evaluation tool (Cooper 1996).
Lately however there have emerged DEA approaches that are to be used more in
planning phase, e.g., helping the inefficient DMUs to set appropriate targets.

The first attempts to combine the DEA and MOLP approaches were presented by
Golany (1988). He proposed the use of an interactive procedure to generate efficient
solutions for characterizing the efficient frontier in DEA in a way somewhat similar
to the weighted Tchebycheff procedure by Steuer and Choo (1983). Kornbluth
(1991) pointed out that DEA problems could be expressed as multiple objective
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linear fractional programming problems. Cook and Kress (1991) presented a
DEA-based structure to aggregate ordinal preference rankings across multiple
criteria.

Doyle and Green (1993) criticized the review article on MCDM by Stewart
(1992) for ignoring the DEA literature; see also Stewart (1993). They considered
DEA—correctly, in our opinion—as an MCDM method. For the same reason,
Belton (1992) called DEA and MCDM researchers to communicate with each
other. It is easy to agree with her that “the two approaches can be integrated to
provide a more effective and easier way to understand approach to performance
measurement....”” Belton has discussed the role of weights in DEA and contrasted
the weighting to the preference weighting in MCDM approaches. See also Belton
and Vickers (1993).

Yu et al. (19964, b) discussed the equivalence between DEA efficiency and the
nondominated solutions of a corresponding multi-objective program. Tofallis
(1996) criticized DEA for failing to provide discrimination between a small number
of alternatives and proposed the use of a multicriteria approach. Stewart (1996)
discussed the relationships between DEA and MCDM addressing especially the
concepts of efficiency and Pareto optimality as well as the role of weights. Joro
et al. (1998) pointed out the structural similarity between DEA formulations and
reference point approach to solve MOLP models. Belton and Stewart (1999)
discussed whether DEA and MCDM should be viewed as competing or comple-
mentary approaches and commented the use of weight restriction from MCDM
viewpoint.

Li and Reeves (1999) introduced multiple objective data envelopment analysis
model that aims improving discriminating power of DEA without a priori informa-
tion on the weights. In their approach several different efficiency measures, includ-
ing classical DEA, are defined under the same constraints. Each of these measures
serves as a criterion to be optimized, and efficiencies are then evaluated under the
framework of multiple objective linear programming. Post and Spronk (1999)
suggested the use of interactive multiple goal programming approach (see Spronk
(1981)) to set targets in DEA framework. Bouyssou (1999) criticized the use of
DEA as an MCDM tool. Ballestero (1999) proposed a single-priced MCDA model
to evaluate efficiency. Wei et al. (2000) proposed an inverse DEA model to solve
how much more outputs a unit should produce when its inputs are increased in order
to maintain the efficiency at the same level. The problem is solved as a multiple
objective programming model.

5.2 Comparison of the Models and Their Use

One of the characteristics of the DEA discipline is that it sees itself as an
application-driven theory. And indeed many DEA extensions are based on a
need that emerged in a real-life application. DEA applications are found on
various areas on both public and private sector: education, health care, industry,
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banking, etc. DEA being a method for evaluating the relative efficiency, a typical
DEA application seeks to compare and contrast a set of units to identify the good
and bad performers.

MCDM approaches such as an MOLP seek to solve problems that are charac-
terized by a presence of several conflicting objectives. Inside the MCDM discipline
akey role is given to a DM whose preferences are to be incorporated into the model.
Steuer (1986) illustrates possible MOLP application areas by mentioning schedul-
ing, production planning, portfolio selection, capital budgeting, forest management,
reservoir release policies, allocation, transportation, and blending.

One traditional fundamental difference has been that MCDM approaches such as
MOLP are based on revealing and modeling the values and preferences of a DM
and seeking for interaction with him/her whereas DEA on the other hand has
traditionally sought a value-free or value neutral approach. However, lately
among DEA scholars there has been interest towards extensions that incorporate
price and preference information (see Chap. 4 for a review on MOLP), and this
tendency makes the dialogue between these two areas important.

The key difference in the terminology is that instead of DEA’s input and output
concepts, the MOLP deals with objectives that are to be maximized or minimized.
With MOLP terminology the DEA model is either minimizing inputs with given
output levels (input oriented), maximizing outputs with given input levels (output
oriented) or simultaneously minimizing inputs and maximizing outputs
(combined).

5.3 Structural Similarities Between DEA and MOLP

Let us first consider the output-oriented envelopment model (2.5b) and the refer-
ence point approach to solve MOLP problems ((4.7) and reproduced in (5.1)
below):

min ¢ — 817z

s.t. (5.1)
Cx+ew—z=¢g
Ax<b
x,2>0,6>0

wherex c¢ R, w € Sﬁﬁ, b € R¥, the constraint matrix A € R* " is of full rank k, and
the objective function matrix C € R” ™", After inequality § > 0, we may write “non-
Archimedean” as in DEA models. In practice, we have to give a small numerical
value to § > 0.

! Another way is to define an objective function lexicographically: lex min { €, — 817z }. The latter
function is only needed if the solution of ¢ is not unique.
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Table 5.1 Comparison of reference point and output-oriented CCR models

Reference point model Output-oriented CCR model (envelopment)
max o+ elTst max o+ e(1'st +17s7)
s.t. (5.2a) s.t. (5.2b)
Yi—oyy—s"=p YA—oypy—s =y
XA+ s~ =xg XA+ 5™ =xp
A, 57,57 >0 A, 57,57 >0
& > 0 (Non-Archimedean) & > 0 (Non-Archimedean)

To compare the structures of the two models, we interpret the reference point
model (4.7) as a model in which n DMUs use & inputs to produce p outputs.
Accordingly, we change notation to correspond to the DEA model, i.e.,
C—Y,x—AA—=X,b—xp,z2—5",w=y0,8 — Yo, — € — 0,0 — €. Furthermore,
we assume that C€R*" and A € RL*". The reference point model and the
output-oriented CCR model are compared in Table 5.1.

As we can see, there is only one difference between the models: in the DEA
model, there is a slack vector associated with the inputs in the objective functions. It
means that in the MOLP-model, “inefficiency” in the use of the constraints (here
inputs) is not interesting, and the efficiency of point (yo,x() does not depend on x,.
If point (yo, x¢) is efficient, then point (yo, x;) is as well even if x| > x,. Instead, in
DEA model “inefficiency” in the use of the inputs makes the point (yq, x;) ineffi-
cient if x; > xo.

On the other hand, we may use the analogy between reference point and DEA
model and introduce the so-called general combined DEA model (cf. Table 3.3).
We change the notation of the reference point model as follows:

Y st g w’
C— , x—A z—| |>0, g— S, ow— >0,
-X s —g" w*

—e—o0, 0—¢

where XeRT*", YER", sTeR, s~ eRY, g2 R, g eRT, weR,
w* € R, and m+s=p. Thus we interpret the reference point model (5.1) as a
model in which » DMUs use m inputs to produce s outputs (m+s=p) and try to
simultaneously minimize the use of inputs and maximize the amount of outputs
produced. In addition, we have some constraints in the model. In Table 5.2, we have
the reference point model using DEA notation and its dual.

In the sequel, we will call the reference point primal model in Table 5.2 the
general combined envelopment model, and the dual model is called the general

combined multiplier model. The generalization means that we can:
1. Project any point belonging or not belonging to the production possibility set.
. . w” o
2. Use in the projection any vector w= {w‘} > 0, w # 0 as the projection vector.

3. Add some extra constraints AA <b into the model.
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Table 5.2 The primal and dual reference point model with DEA notation

Reference point primal model (RPp) Reference point dual model (RPp)
max o+e(17st +17s7) min vTg* —uTg’ +u'h
s.t. (5.32) S.L. (5.3b)
YA —ow —st =g —p'Y +vTX+u"A >0
XA+ ow +5s =g i +yTws =1
AL < b M, v>el
A, 5,57 >0 u>0
& > 0 (Non-Archimedean) € > 0 (Non-Archimedean)
a b
B
o3 = ~
s c ANE B
=
g £
c D C
E E*
F
Output 1 Output 1

Fig. 5.1 (a, b) Illustrations of standard DEA and MOLP

The general combined model consists of, e.g., standard DEA models (CRS,
VRS, NIRS, and NDRS) as special cases by choosing the constraints AA <b in a
suitable way. Furthermore, it provides a DM with a possibility to project a target
point onto the efficient frontier. By carrying weighting vectors different efficient
points can be generated. By setting suitable values to weights and aspiration levels,
we can obtain different radial and models, as discussed in Chap. 3. Thus DEA
formulations in Chap. 2 can be derived from the reference point formulation.

The ideas underlying the DEA and reference point models are illustrated in
Fig. 5.1a, b. We assume that m=1,p=2, and X = 17, In addition, in Fig. 5.1, we
assume that g =y, and b =b=1. In DEA (Fig. 5.1a), the projected point for C is
C* and for E it is E*, or D, if it is required to be efficient (and not only weakly
efficient). In MOLP (Fig. 5.1b), the projection of points C and E depends on the
weighting vector used in the ASF. In any case, the projection is one of the (weakly)
efficient points dominating points C and E, respectively. The vectors spanning the
dominating cones are shown in Fig. 5.1.

In summary, DEA projects DMUs radially to the efficient frontier providing
each unit with a target. In MOLP it is possible to project a DMU to any efficient
point by changing either a projection vector w or aspiration levels (target) g.

Thus with reference point model, we may in addition to radial projections
perform also nonradial projections. In Fig. 5.1 the points C and E belong to the
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Table 5.3 The primal and dual reference direction approach models

Reference direction model primal (RDp) Reference direction model dual (RDp)
max o+ elT(s* +57) min vT(g* +td*) — p" (& +td”) +u'b
s.t. (5.4a) s.t. (5.4b)
YA —ow —st =g" +1d’ —p'Y +vTX+u"TA > 0
XA+ ow' +s =g" +1d* w'w +vTwi=1
AL <D p,v>el
A, s,sT>0 u>0
& > 0 (Non-Archimedean) & > 0 (Non-Archimedean)
t:0— o0 t:0— 00

production possibility set. The reference point approach does not require this
property. The points to be projected onto the efficient frontier can be any points.
The points can also be changed dynamically by using a parametric linear program-
ming by using the model in Table 5.3. This property provides us with a practical
tool to make a search on the efficient frontier (see Fig. 5.1).

By varying the scalar ¢ and vector (d*, d”), this model can be used to investigate
the efficient frontier in any scale assumption specified by AA <b.

5.4 An Example Demonstrating the Use of MOLP and DEA

In this section, we will demonstrate how MOLP and DEA together can be used to
help a DM to analyze the efficiency of DMUs and find the ways to improve it. As
we mentioned in Sect. 5.1, MOLPs, as other MCDM methods, are considered to be
ex ante planning tool, whereas DEA is considered to be an ex post evaluation tool
(Cooper 1996).

To illustrate the use of MOLP and DEA, let us consider the following example,
which is originally extracted from a real application. The purpose was to analyze
the performance of 25 firms (hypermarkets) and to reveal inefficient firms and find
them guidelines to improve their performance. The original application consisted of
more variables, but in our illustrative example only two outputs and two inputs are
used. The outputs are “sales” (in money units) and “net profit” (in money units).
The inputs are “man hours” (10° h) and floor space (10°> m?). “Man hours” refer to
labor force available within a certain period and “floor space” is the total area of the
market. The data set is given in Table 5.4. The example is adopted from Korhonen
et al. (2002).

To make the considerations illustrative, throughout this section we will apply
output-oriented BCC models, i.e., A={A | A€ R’ and 1TA=1}. The technical
efficiency scores obtained by the standard output-oriented BCC model are in the
last column of Table 5.4. Nine firms are efficient and the lowest efficiency score is
0.673 (DMU13).
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Table 5.4 The values of output and input variables of 25 DMUs and their efficiency scores with
the BCC model

Outputs Inputs
DMUS Sales Net profit Man hour Floor space Eff. scores
DMU1 115.266 1.708 79.056 4.986 0.821
DMU2 75.191 1.811 60.096 33 0.772
DMU3 225.454 10.393 126.699 8.117 1
DMU4 185.581 10.417 153.857 6.695 1
DMUS 84.52 2.357 65.684 4.735 0.769
DMU6 103.328 4.347 76.83 4.083 0.806
DMU7 78.755 0.162 50.157 2.531 1
DMUS 59.327 1.299 44.771 247 1
DMU9 65.718 1.485 48.058 2.324 1
DMU10 163.178 6.261 89.702 4911 1
DMU11 70.679 2.802 56.923 2.24 1
DMUI12 142.648 2.745 112.637 5.42 0.824
DMUI13 127.767 2.701 106.869 6.281 0.673
DMU14 62.383 1.418 54.932 3.135 0.736
DMUI15 55.225 1.375 48.809 4.43 0.803
DMU16 95.925 0.742 59.188 3.979 0.978
DMU17 121.604 3.059 74.514 5.318 0.93
DMUI18 107.019 2.983 94.596 3.691 0.817
DMU19 65.402 0.618 47.042 3.001 0.969
DMU20 70.982 0.005 54.645 3.865 0.804
DMU21 81.175 5.121 90.116 3.31 0.858
DMU22 128.303 3.887 95.241 4.245 0.876
DMU23 134.989 4.728 80.079 3.786 1
DMU24 98.931 1.861 68.703 2.985 0.973
DMU25 66.743 7.409 62.282 3.1 1

Suppose that the manager of DMU13 would like to analyze possibilities to
improve its performance. In addition to the technical efficiency score, DEA pro-
vides him/her with the reference values of the virtual unit, which will be found by
projecting the output values of DMU13 onto the efficient frontier. The projection is
carried out radially; the output values of DMU13 are improved proportionally until
the boundary of the production possibility set is reached. In this case, the virtual unit
found in this way is not efficient; it is only weakly efficient. The final efficient
reference values are found by increasing “net profit” and decreasing ‘“man hours”
until the efficient frontier is reached. That point can be presented as a convex
combination of DMU3 and DMUI10 (the first row (A) Table 5.5).

However, the (virtual) unit (on row A) is only one possible benchmark for
DMU13. Any convex combination between the values of A and B and that of B
and C provides a possible benchmark for DMU13 to become efficient. The output
values of those possible benchmarks are also displayed in Fig. 5.2.
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Table 5.5 Alternative reference values for DMU13

Extreme Net Man Floor
points DMU3 |DMU4 |DMU10 |DMU2S5 | Sales profit hour space
A 0.427 0.573 189.79 |8.027 105.51 |6.281
B 0.41 0.031 |0.559 189.41 |8.085 106.87 |6.281
C 0.575 |0.082 0.343 167.79 [9.373 106.87 |6.281

9.6

(167.79,9.373)

9.4

9.2

9

8.8

8.6

8.4
(189.41,8.085)

8.2

8

(189.79,8.027)

7.8

165 170 175 180 185 190 195

Fig. 5.2 Possible output benchmark values for the inefficient DMU13

If the manager of DMU13 would also like to control input values, then in the
corresponding MOLP-model, the output values are maximized as before, but in
addition to that, the input values are maximized. It means that the manager is
looking for the benchmark for the DMUI13 by varying output and input values
simultaneously. To perform the search on the efficient frontier in case of four
objective functions, a good software is required. Reflecting on our own bias, we
use the VIG software (Korhonen 1987). VIG implements Pareto Race (see Fig. 5.2),
a dynamic and visual free search type of interactive procedure for multiple objec-
tive linear programming (see, e.g., Korhonen and Wallenius 1988).

Pareto Race enables a DM to freely search any part of the efficient frontier by
controlling the speed and direction of motion. The objective function values are
represented in numeric form and as bar graphs on the computer screen (Fig. 5.3 see,
for more details, Korhonen and Wallenius 1988).

In Table 5.6, we have summarized the main differences between reference point
and DEA models.
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Pareto Race

Goal 1 (max): Sales ==>
180.989
Goal 2 (max): Net Profit ==>
7.4427
Goal 3 (min): Man Hour ==>

I 100.283

Goal 4 (min): Floor Space ==>

F3:Fix num:Turn
F4:Relax F10:Exit

Bar:Accelerator F1:Gears (B)
F5:Brakes F2:Gears (F)

Fig. 5.3 Searching for the most preferred values for inputs and outputs

Table 5.6 Differences between a reference point and DEA model

DEA model

Reference point model

The “reference point” is a given and feasible
point

Any point

Projection direction is based on the values of
the “reference point” (=the point under
consideration)

Projection direction is any nonnegative vector
with at least one strictly positive element

Slack variables in the objective function are
related to all inputs and outputs

Slack variables in the objective function are
related to the rows corresponding to the orig-
inal objectives

The amount of radial improvement of the cur-

The amount of radial change is not interesting

rent values of inputs and/or outputs is interest-
ing (=an efficient score)
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Chapter 6
Incorporating Preference Information
to Data Envelopment Analysis

Review and Classification of Preference-Based
Approaches

6.1 Classification of Approaches

As discussed, DEA provides the DMUs under evaluation with an efficiency score
and a projection point on the efficient frontier. The prior one describes the unit’s
performance with respect to the empirical efficient or best practice frontier,
reflecting the distance from it. The latter one identifies the unit’s projection on
the efficient frontier and thus acts as a target point or a benchmark that the DMU
should achieve in order to become efficient through radial output expansion and/or
input reductions. Preference information can be incorporated to adjust both the
efficiency scores and the targets.

However, before entering the details on incorporating preference information
and especially before discussing the weight restriction methods, it is important to
examine their role in DEA literature. One commonly faced problem in some
practical DEA applications is that relatively many DMUs are diagnosed as efficient,
when the number of inputs and/or outputs is relatively large with respect to the
number of DMUs. In these cases DEA fails to discriminate between DMUs.

The problem is addressed often in weight restriction models but from two rather
different viewpoints (see also Roll and Golany 1993; Cook et al. 1992):

1. Based on the weights resulted by the unbounded DEA model, some extreme
weighting schemes are eliminated by restricting the acceptable variation of
weights. This aims on maintaining the “value-free” concept of DEA.

2. The variation of weights is restricted based on preference information.

In this chapter we concentrate on incorporating preference information and thus
share the way of thinking of the latter approach. It is important to note that when
incorporating preference information into the model, the goal is not merely to
increase discrimination between efficient DMUs. Instead, the purpose is to produce
efficiency scores that also reflect the preferences that the DM has over different
inputs and outputs. Especially important is to note that, in fact, some inefficient
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Table 6.1 Performance of Students EG GG
students in exams A p |
B 6 2
C 5 4
D 3 5
E 1 7
Fig. 6.1 Illustration of
weight restrictions H, Students
8
7
6
5
4
3
5
1
0
0 s | 2 3 4 5 7

units may be “better” to the DM than some technically efficient units that are
specialized against DM’s preferences, or price their inputs and/or outputs against
DM’s perception of prices.

Let us consider a short example demonstrating the weight restrictions:

Example 6.1 Assume that a DM would like to evaluate the performance of students
by using the outputs “the number of excellent grades” (EG) and “the number of
good grades” (GG). The students have taken a different number of exams. The data
of the example is shown in Table 6.1. We may assume a single constant input (=1)
and the output-oriented constant returns to scale DEA model. The production
possibility set is assumed convex.

As we can see from Fig. 6.1, students B, C, and E are efficient, A is only weakly
efficient, and D is inefficient, but obviously efficient B, C, and E are not equal
performers. Student C has most exams, five excellent grades and four good grades.
Student E has more good grades, but less excellent grades. C is thus clearly better
than E. To include this preference information into the model, we require that the
weight of good grades is not higher than that of excellent grades (see Example 6.2).
In Fig. 6.1, we have displayed two extreme ‘“hyperplanes” H, and H,. All other
weights can be presented as the positive linear combination of these extreme
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weights: a [1,0]1+ £ [0.5, 0.5] and f > 0. Note that @ > 0 because the only weakly
efficient A is not allowed to be as good as B. Thus the potential best candidates are
B and C.

There exist also other approaches that aim at increasing discrimination and
producing rankings of efficient units but do not incorporate preference information.
See, e.g., the above mentioned paper by Cook et al. (1992). See also Andersen and
Petersen (1993) and Wilson (1995) for superefficiency models; Sexton et al. (1986)
and also, e.g., Doyle and Green (1994) for cross-evaluation matrix approaches; and
Torgersen et al. (1996) for slack-adjusted efficiency measures. See also Anderson
et al. (2002) for a discussion on cross-evaluation model and fixed weighting in
DEA. Various multivariate statistic tools have also been used to increase discrim-
ination in DEA, first by Sinuany-Stern et al. (1994). See Adler et al. (2002) and
Angulo-Meza and Lins (2002) for reviews on ranking methods.

6.1.1 Efficiency Scores with Preference Information

DEA, measuring the technical efficiency of DMUs, considers all the DMUs oper-
ating on the production frontier—i.e., being technically efficient—to be equally
good. Thus the underlying assumption of the original DEA is that it is equally
acceptable to specialize in producing any output or consuming any input. With
respect to multiplier models, this means that the units may freely choose the
weights for inputs and outputs. If the weights are interpreted as stable prices, this
means that the units can use any prices for inputs or outputs.

However, in many cases free specialization or pricing is not acceptable or
desirable. If we want to apply DEA in these situations, we need to be able to restrict
the undesired specialization—i.e., we need to have a mechanism to incorporate
preferences over different inputs and outputs into the model. With preference
information we refer to the additional information based on price information,
expert opinion, or preferences, values, or judgments of those having the control
over the units whose performance is under evaluation.

With the price interpretation of the weights, this is a step from the analysis of
technical efficiency into the direction of the analysis of overall efficiency: instead of
complete price information, we incorporate some partial price information into the
model. Another possible way to see these models is that based on the expert
opinion, they move the empirical efficient frontier closer to the theoretical effi-
ciency frontier. This interpretation is appealing especially in the approaches where
unobserved DMUs are added into the model. We discuss the various weight
restriction models in Sect. 6.2 and models based on adding artificial observations
in Sect. 6.3. Furthermore, we will discuss the connections between weight restric-
tion models and the approaches based on artificial observations in that section.
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6.1.2 Setting Targets with Preference Information

DEA provides each inefficient DMUs with a target, a virtual unit from the efficient
surface. In traditional DEA the targets are obtained by projecting the inefficient
DMU radially to the efficient surface. The production theoretical argument for this
principle is that the DMU preserves its current input and/or output mixes.

However, from a managerial point of view, it is possible that some other
solutions on the efficient surface might be a more preferable target, i.e., there exists
an input—output mix that is more suitable for the inefficient unit than the one
obtained through radial projection.

One line of research in DEA concentrates on defining the targets for the
inefficient DMUs. The DMU can use the targets as goals or benchmarks when
working its way toward efficiency. In the target setting framework, the (manage-
ment of the) inefficient DMU is often considered to be the decision makers that seek
the best target; however, the DM can also be some other persons or entity having
control over the DMUs.

In Sect. 6.4 our main focus is on approaches that firstly aim on setting a target for
an existing or new DMU reflecting the preferences of the DM and secondly work
within the DEA framework setting targets to inputs and outputs simultaneously
with formulation resembling basic DEA models.

As we discussed in Chap. 4, MCDM approaches can be used for target setting.
Consequently, in MCDM and goal programming literature, there are papers that
relate to target setting in DEA, starting with the early paper by Golany (1988a).
However generally these papers only share the terminology with DEA, and thus
their detailed review does not serve the purpose of this chapter. Likewise, we do not
review nonradial DEA-like models that do not seek to incorporate preference
information.

However, it is worth of noticing a link between target setting models and the
nonradial Fare—Lovell measure (Fiare and Lovell 1978—also known as the Russell
measure). Unlike DEA, the Fire—Lovell measure yields to efficient (instead of
weakly efficient) targets. Although the standard Fdre—Lovell measure does not
use a priori preference information, certain target setting models can be interpreted
as Fare-Lovell measure with preference weighting.

6.2 Weight Restrictions

In their review of different approaches to incorporate preference information in
DEA, Allen et al. (1997) concluded that the approaches found from the literature
are very application driven: in real-world applications there have emerged situa-
tions where some preference information is needed, and this has dictated the way it
has been incorporated. This explains the wide variety of different approaches.
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In this section the existing weight restriction approaches to incorporate prefer-
ence information into DEA models are divided into three categories:

1. Direct and relative weight restriction approaches where restrictions are based to
absolute values or ratios of weights in the multiplier DEA model

2. Cone ratio DEA, which can be seen as a generalization of the relative weight
restrictions

3. Contribution restriction approaches where absolute or relative restrictions are
based on products of the dual weights and the input and/or output quantities

We conclude the section by discussing the general notion of using weights to
capture preferences in both DEA and MCDM approaches.

For reviews on different weight restriction models, see the above mentioned
article by Allen et al. (1997); Pedraja-Chaparro et al. (1997); and Roll and Golany
(1993). In Joro and Viitala (2004) some weight restriction models are compared
with an application to Finnish forestry data.

6.2.1 Absolute and Relative Weight Restrictions

The weight restriction approaches can be further divided into the following
categories:

e Upper and lower bounds to the weights
¢ Ordinal relationships among weights
» Assurance ratio models

With price interpretation the idea of weight restrictions is to include some partial
price information into the model. Thus the weight restriction approaches can be
seen as an intermediate between the analysis of technical and overall efficiency
defining a group of possible cost/revenue lines.

6.2.2 Upper and Lower Bounds on Weights

The most straightforward weight restrictions are the absolute upper of lower bounds
set to the input or output weights. The absolute bounds are given as additional
constraints of type (6.1). Here 8, ¢, 7, and @ are bounds specified by a DM:

6i<vi<¢g; and vy, <y, <@, i=12,....m, r=12,...,s (6.1)

Direct weight restrictions for one input and several output cases were introduced in
Dyson and Thanassoulis (1988).
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The problem with direct weight restrictions is that magnitude of the weights
depends on the scale of the inputs and the outputs. Due to the scaling of the
efficiency scores, the weights are typically rather small, and it may be quite difficult
and unintuitive for a DM to find the restrictions that capture his/her preferences by
introducing boundaries to scaled weights. To overcome this, Roll et al. (1991)
proposed the following primal and dual formulations to incorporate absolute
bounds to weights. Here Ty = ﬁ is the transformation factor for DMUj, so that

mo =Ty, and ng = Tovy. With this formulation the upper and lower bound vectors
8, ¢, v, and @ specified for weights—or prices—can be expressed with respect to
the original scale of inputs and outputs.

T
max my y,
S.t.
T T
myY —nyX <0
nixo=1

Toy < mg < Top
Tob <ny < Ty

Podinovski and Athanassopoulos (1998) and Podinovski (1999) suggested the use
of maximin formulations (whose results coincide with CCR DEA in unrestricted
case and also with assurance region restrictions reviewed later in this chapter) to
accommodate absolute weight restrictions. See also Podinovski (2001a, b, 2004) for
discussion on absolute weight restrictions. There are numerous applications of
absolute weight restrictions in literature.

6.2.3 Ordinal Relationships Among Weights

Golany (1988b) introduced an approach using a weak ordering for some weights:

Vi > v, > 2>v, >eg,  for2<a<m
My Z My = 2y, > €, Tor 2<b<s

The idea of the approach is to eliminate extreme weightings. Golany (1988b)
illustrated the approach with an application to advertising budgets.
Ali et al. (1991) suggested the use of strict rather than weak ordering:

Vip >V, > >0 > E, for 2<a<m
My > My > >, >€, for 2<b<s

The advantage of this approach is that with data transformation the calculations can
be carried out using the original DEA models.
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6.2.4 Assurance Region Models

Another approach is to restrict the relations of weights of the inputs and/or outputs.
These approaches are known as assurance regions (AR). The idea is to exclude from
the model virtual multiplier vectors that are not reasonable. Assurance regions were
first introduced in Thompson et al. (1986). In their paper Thompson et al. (1990)
introduced AR I-AR II classifications.

In the AR I model, the ratios of the output weights are restricted. Especially for
the outputs these restrictions reflect the marginal rates of substitution. Different AR
I restrictions found from the literature are of type (6.2):

Oivi + 8it1Vie1 = Vis2s  Vily T Vis1brs1 = i (6.2)
-
Vit1 Vit1 Hri Hrp1

We can present a full AR I weighting scheme in the following vector form (see
Thompson et al. 1990, 1992) where weights of other outputs/inputs are related to
the weight of the first output/input. Thus the following s +m — 2 equations

5,-g§§¢,., i=2,3,....m (6.3)
1

y,.g%ggar, r=2,3,...,8
1

can be written as

v16; <vi= —v6;+v; >0 and v;<vip=>vi¢p —vi >0, i=2,3,....m
MYy <= =y, +p, >0 and  p <pg, = e, —p, 20, 1=2,3, ...,

and further

Fw>0, w>0,w#£0 (6.4)

where

_—72 0 0]

—73 1 0
— D 0 _|M — _ 2(s—1)xs
F{O C]’ {J,D @3 0 1 0(,Der R

-y 0 0 1

L s 0 0 —1]
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Table 6.2 Input-oriented multiplier and envelopment CCR formula for the assurance region
method (AR 1)

Input-oriented CCR (CCRy; — ) Input-oriented CCR (CCRg — 1)
max Wy =puTy, min Z; =6 — a;"(lTsJr —+ lTs’)
s.t. (6.5a) | s.t. (6.5b)
uY —vIX<0 YA-DTz—st =y,
vTxyg =1 XA —6Oxg+Clm+s =0
u'DT >0 AT,m,s ,sT >0
vICT >0 e>0
By > el
e>0
[ -5, 0 0]
¢, -1 0 0
—03 0 1 0
C=| ¢ 0 -1 0 [;and Ce R~ Dxm,
—Om 0 o ... 1
D 0 o ... —1

We may now formulate the DEA models by restricting the ratios of weights as
presented above. In Table 6.2, we have shown how input-oriented model can be
presented as a multiplier and envelopment model.

Example 6.2 Consider Example 6.1 and add the constraint g > pp = py — pp >0
into the model, i.e., the weight of the first output (the number of “excellent grades”)
is required to be higher than that of the second output (the number of “good
grades”). It means that D=[1, —1] and C=0. The constant inputs are 1. We
solve the problem by using the input-oriented envelopment model in Table 6.2 to
study the efficiency of student E. Without using any constraints for weights, student
E is efficient.

min 0+ e(st +57)
s.t. (6.6)
641 + 64y + 543+ 30 +As —t—sf =1
A+ 20+ 44 +5+Ths+1—55 =7
MY+ 3+4+5—-04+5 =0
4>0, i=12,...,5
sT,85,87,7>0
e>0

By taking the weight restriction y; — p» > 0 into account and solving model (6.6),
we obtain that = 0.889, which means that student E is not efficient. Its efficiency
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Fig. 6.2 Illustrating the

assurance region method H Students
(Example 6.2)

is 0.889. The values of the variables not zeroes are A3 =0.889 and 7= 3.444. The
value 43 =0.889 tells that if we radially reduce the input value (1) of student C by
11.1 % (C — C’ in Fig. 6.2), point C’ is “equally good” as student E.

The restrictions can also be set up on the ratios between inputs and outputs. This
kind of models are called assurance ratio II models. Especially in the case of a
single input and multiple outputs, the AR II restrictions reflect the relative prices,
the price in terms of input:

ovi> ., i=12,....m r=12,...,s
ovi<my, i=12,....m r=12,...,s

The matrix forms for complete AR II restrictions can be presented in matrix form by
adjoining

[Fi,Fy)w=Fp+Fw >0, F; € R and F, € RE"(k > 0)

where F; and F, are non-null matrices; see Thompson et al. (1990). Thus in the
presence of both AR I and II, we have three groups of constraints:

e Du >0, pu>0 defines the output cone U.
e Cv >0, v >0 defines the input cone V.
e Fu+F,v >0 defines the linkage constraints; see Thompson et al. (1990).

AR T and AR II models are sometimes referred to as separate cone AR, or just
AR, and linked cone (LC) AR.

Another use for AR II is to divide some observed variables into input and output
variables in DEA. See Thanassoulis et al. (1995) and Halme et al. (2002).
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6.2.5 General Weight Restriction Formulation

Golany and Thore (1997) pointed out that AR constraints could also be used with
the envelopment side formulation. They concluded that AR constraints define a set
of linear constraints to A variables and that in general such constraints can be
represented as AA<b. This formulation is similar to the one that Halme
et al. (1999) suggested for a generalization of different scale assumptions (see for
discussion in Chap. 5).

Halme and Korhonen (2000) have generalized the absolute and relative weight
restrictions into the following form:

'R —v'R* <e¢ (6.7)

where R” € R° % R* € ™ **(k > 0), and ¢ € R* (row vector). With the help of
vector ¢, it is possible to present both the absolute (¢ # 0) and relative (¢ = 0) weight
restrictions. The absolute (¢ # 0) weight restrictions are typically imposing a range
for an individual weight. This approach was developed by Dyson and Thanassoulis
(1988) and generalized by Roll et al. (1991). Also virtual weight restrictions
introduced by Wong and Beasley (1990) belong to this category.

The class of relative (¢ =0) weight restrictions includes, among others, the
assurance region models by Thompson et al. (1990) as well as cone ratio DEA
models (e.g., Charnes et al. 1989). Golany and Roll (1994) introduced standards in
DEA which resulted in a model where the upper and lower bounds of the weights
are treated as variables.

Roll et al. (1991) showed that the linear weight restrictions work as artificial
units. This can be easily seen by adding the weight restrictions into the multiplier
model and writing the weight-restricted envelopment DEA models (see, e.g.,
Halme and Korhonen 2000). In Table 6.3, the generalization is presented in
input-oriented CCR framework—naturally it can be done to all DEA models.

Table 6.3 Input-oriented multiplier and envelopment CCR formula for general weight
restrictions

Input-oriented CCR (CCRy; — 1) Input-oriented CCR (CCRg —1I)
max Wy =p'y, min Z; =0 —e¢(1"s" +17s7) + co
s.t. (6.8a) | s.t. (6.8b)
HY-—v'X<0 YA+ Ro —s =y,
vTxg=1 XA —0xg+Rwo+s =0
PR —yIR < ¢ Aw,s,st>0
By > el e>0
e>0
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Table 6.4 The CR formulation of input-oriented multiplier and envelopment CCRM

Input-oriented CCR (CCRy; — 1) Input-oriented CCR (CCRg — 1)
max Wj :”Tyo min Z; =6
s.t. (6.9a) | s-t. (6.9b)
2TY —vTX e K ~Yi+y,eU
VTJC(): 1 XA —6Oxp € V"
pelU AeK?
vevV
VCRT,UCR, and KCNR" are V# U* and K are the polar cones of
closed convex cones V,U and K

6.2.6 Cone Ratio DEA

The elegant cone ratio (CR) DEA formulation (Charnes et al. 1989) generalized the
basic DEA model by requiring that the weights v and g of the dual formulation
belong to closed cones. In this section, we simply consider the model, where there
are no cross restrictions between v and u. The CR formulation (6.9a) and (6.9b) for
input orientation is presented in Table 6.4 (see Yu 1974).

It V="R%T, U=2R’, and K=", then the above model is equivalent to a CCR
model (see Charnes et al. 1990).

From hence on, we assume that K =%R" and U and V are polyhedral cones:

V= {v|v =ATa, a> 0},(1 € D‘ifr,AT = (al,az,...,ap),ai € RY,

i=12,...,p
U= {ulu=B"g, p>0},c R, B = (b,bs,.... b)), b € R},
r=12,...,k

and V* = {xIAx <0} and U * = {yIBy < 0}. Actually, the assurance region method
is a special case of the cone ratio method (see Cooper et al. 2007).

The cone ratio types of restrictions into a DEA model can now simply be
included by replacing the weights g and v in model (6.9a) by u=B'f and v = A"a.
It is worth noting that the spanning directions & and f must be nonnegative, i.e.,
VCRT and UCRY.

As we can see from Table 6.5, the cone ratio model means that a singular or
non-singular linear transformation is applied to original input and output variables
by using the spanning directions of the cones for this purpose.

Figure 6.3 illustrates the input preference cone:

In most of the CR papers, the emphasis has been in input and output preference
cones V and U. The K-cone, the predilection cone that allows the decision maker to
represent preferences for a selected set of DMUs, is discussed in Wei and
Yu (1997).
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Table 6.5 The CR formulation of input-oriented multiplier and envelopment CCR model, when
the cone is presented as a polyhedral cone

Input-oriented CCR (CCRy; — ) Input-oriented CCR (CCRg —I)

max Wi = gT(By,) min Z; =6

s.t. (6.10a) | s.t. (6.10b)
AT (BY) —aT(AX) <0 (BY)A— (By) > 0
aT(AxO) =1 (AX);L — 6‘(Ax0) <0
Ba>0 A>0

Fig. 6.3 TIllustrating
the cones in input space

Input 2

V*

Input 1

6.2.7 Contribution Restrictions

Wong and Beasley (1990) have introduced a weight restriction scheme for multiple
inputs and outputs. In their model lower and upper bounds (6.11) are placed to the
contribution of each input and/or output, i.e., the product of the input and/or output
and its weight:

ViXij

ViXij < iur'yrj

Ky rj
— T . b >
1Ty,

6; < >
I‘T.Vj

— T 4’
VoX;

¢i Z r r (611>

T .’
Vv X;

In these inequalities x; is the jth columns of matrix X and y; is the jth columns of
matrix Y. The interpretation of the restrictions is how low/high can the importance
of input i (output r) be.

The restrictions are DMU specific. Thus, e.g., introducing minimum and max-
imum restrictions for the contribution of each output for each DMU would lead to
2mn additional restrictions. Due to computational expensiveness of this approach,
Wong and Beasley (1990) have presented modifications where only the
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contributions of the DMU in question are constrained, or constrains are placed to
DMU in question and to an average DMU:

UiX; b, > V;X; K Yy K Yy ’

0; < P2 I < P and ¢, > Ty

= Z)Tx’

where x =X1,y=Y1.

Pedraja-Chaparro et al. (1997) and Sarrico and Dyson (2004) have extended the
idea of contribution restrictions by introducing absolute as well as AR I- and AR
II-type restrictions for contributions.

6.2.8 Weights and Preferences

Lately, AR and CR approaches have become a rather standard part of any DEA
application.

Preference weighting has also been intensively studied in MCDM community,
and Belton and Stewart (1999) criticize strongly the existing DEA weighting
schemes. It is easy to agree with them that, e.g., expressing preference information
on some complex and rather intangible issues in a form of a priori absolute
restrictions to (scaled) weights may be difficult—if not impossible.

However it is important to remember that in many DEA applications, the
preference information may arise from, e.g., DM’s perception on market prices
and that in these cases, e.g., the relative weight restriction schemes perform well.

Also, it is important to remember that when eliciting preference weights,
MCDM weighting approaches face partly the same problems as DEA ones and
thus do not necessarily provide any miracle medicine. In fact, in the MCDM
literature, we can also find numerous arguments against using importance weights
as a means to elicit and represent DM’s preference information in MCDM
approaches (e.g., Steuer 1986, pp. 193-200; Korhonen and Wallenius 1989;
Wierzbicki 1986). Korhonen et al. (2013) studied the connection between the
importance of criteria and the weights of criteria in a linear value function, and
they found that there is no obvious link between those two concepts.

Later in this study, in Chap. 9, we introduce some novel approaches as an
alternative to the existing ones reviewed in this chapter. In these approaches one
of the major emphases has been on facilitating the DM to express his/her prefer-
ences over such abstract, complex, and often intangible outputs and inputs that are
not easy to put a price tag on.
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6.3 Models Based on Artificial DMUs

Adding artificial DMUs into the data set is another approach to incorporate prefer-
ence information to DEA. Whereas the weight restriction models set limits to
multipliers, these models aim to shape the efficient frontier by introducing DMUs
that are not parts of the original data set. The artificial DMUs can be existing units
from outside of the original data, typically benchmarking units, or new DMUSs that
are designed to alter the efficiency frontier either in order to reflect some perfor-
mance standards or in some cases to provide better envelopment.

As Golany and Roll (1994) point out, the approaches that are based on artificial
DMUs have two major benefits. Firstly, they do not change the constraint set of the
standard DEA formulation, but just enlarge the reference set. Secondly, with weight
restrictions, in some cases the bounds might have been set so tight that the problem
becomes infeasible. With artificial DMUs, this cannot happen.

6.3.1 Weight Restrictions and Artificial DMUs

Roll et al. (1991) first observed the connection between restricting weight flexibility
and adding unobserved DMUs into a data set. They pointed out that each weight
restricted to be positive is equivalent to adding an unobserved DMU into the data
set. Figure 6.4 provides a simple illustration on the connection of weight restrictions
and artificial units. Assume we have DMUs that consume the same amount of one
output to produce two outputs, and that there are two additional weight restrictions.
Now introducing two unobserved DMUs (circles on x- and y-axes) as illustrated
would attain the same results than placing the additional restrictions.

Output 2

Fig. 6.4 Weight
restrictions and
artificial DMUs Output 1
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Later Thanassoulis and Allen (1998) generalized the concept by showing the
equivalence between placing AR I and II weight restrictions and simulating
unobserved DMUs.

In Table 6.3, there is a generalization of the connection between the weight
restrictions and artificial units. In the multiplier model, the matrices R” and R*
define general constraints within and between weights g and v. In the envelopment

.| RY|. . . .
model, we see that matrix {Rx ] is standing for k new units provided that R” € 93°* k

and R* € M7 *£_ If some of the elements R” and R* are negative, then nonnegative
assumptions of new “inputs” and “outputs” are not valid anymore.

6.4 Target Setting with Preferences

The origins of target setting models are in multiple criteria decision making
(MCDM). The first approach that concentrates on producing preferred targets in
DEA framework is IMOLP, interactive MOLP procedure by Golany (1988a). In
this approach the DMU is presented with s+ 1 optimal targets for a given resource
vector. The DMU may use some of them as the most preferred target, or indicate
which of them is the best, and proceed with the search. As Golany (1988a) pointed
out, the idea of the procedure is somewhat similar to the approach by Steuer and
Choo (1983): at each iteration it presents the DMU with s+ 1 efficient targets that
are existing DMUs, and from one iteration to another, it reduces the area the targets
cover.

Given that the principle idea in target setting is to locate a point from the efficient
frontier according to preferences of a DM, the task resembles the core problem
addressed by most MCDM tools. The use of MCDM models and more specifically
MOLP to explore the efficient frontier was discussed in Chaps. 3 and 4 where
analyzing the efficient surface was discussed.

Section 6.4.1 of this chapter addresses goal programming-based target setting
models. Section 6.4.2 describes target setting in DEA framework—these models
that have connections to nonradial Fare—Lovell efficiency measure (Fire and Lovell
1978—also known as the Russell measure). In Sect. 6.4.3, we illustrate some target
setting approaches as well as the use of the MOLP model.

6.4.1 Target Setting and Goal Programming

Pioneering work in preference-based target setting was done by Thanassoulis and
Dyson (1992) where both goal programming-based models and models that resem-
ble more the traditional DEA formulation were presented. In the goal
programming-based model by Thanassoulis and Dyson (1992), the DMU in the
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first stage articulates an ideal target point (g*, g”) not necessarily feasible. Then the
DMU assigns user-specified preference weight vectors wy; > 0 and wg, > 0 (at least
one of the weights has to be strictly positive) for the deviation vectors s7j, s¢, (under-
and overachievements of inputs) and w{; > 0, wg, > 0 for the deviation vectors sy}, s,
(under- and overachievements of outputs). Then the model minimizes the weighted
sum of the deviations. The more undesirable the deviation from the ideal level is,
the larger weight is attached to it. With the under- and overachievement vectors, we
can locate a feasible point (g, g") as close as possible to the target point.
Mathematically the model is the following:

min. w53+ w5 + w5t + wh s

s.t. (6.12)
YA+s—sy=¢
XA+s—s5=g

Y Y o gt x
lvsUssOsg}’gA»séys[\J Z 0

This first stage of the model projects the given target point (g*, g”) to a feasible point
@7.8"), /=Yt =g" —s{ +s) and g¥=XA* =g — s\ +s3* , where 1%,s}],
sg*, s{;" and s§* are the optimal values of the solution of the model (6.12). The
feasible point g, g”.c ) is not usually efficient. Another model is required, which
projects point (g, g") onto the efficient frontier. The corresponding model is

max 1Tsy + 1Tso

s.t. (6.13)
YA —so =g
XA+ sy = g7
A, 80,50 >0

The optimal solution YA* =g*" =g +s%, XA* =g*" =g —s;; is efficient, where
A*, s{;, and s, are the optimal values of 4, sy, and so.

Assume that a DMU chooses g* = x( and g” =y, and wishes to reach the efficient
frontier by improving inputs and outputs, simultaneously. Since the given point is
an existing DMU, it belongs to the production possibility set and is thus feasible.
Model (6.12) is not now needed to check feasibility, but we may directly use model
(6.13) to find the final solution by setting g7 =y, and g7 =x,,.
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6.4.2 Setting Targets Based on Preferences

Thanassoulis and Dyson (1992) and Zhu (1996) introduced several approaches to
find targets for both inputs and outputs. In the preference weight-based model by
Thanassoulis and Dyson (1992), the inputs and outputs are divided into two
categories: those that the DMU wishes to improve and those that he/she wishes to
maintain at their current levels. The Y- and X-matrices containing the input and
output information of different DMUs are correspondingly divided into two matri-
ces: Y1 and X| contain the information on the inputs and outputs to be improved and
Y and X the information on those to be maintained at the current level. Vectors
Yol» Xo1, Yocs and xoc contain the corresponding information on the DMU under
consideration. w*>0 and w” >0 (at least one of the weights has to be strictly
positive) are user-specified weighting vectors attached to coefficient vectors z and
p. Here p is standing for the vector of proportions to which the inputs are decreased,
and z refers to the vector of factors by which the different outputs are increased.

By varying the weights w* and w”, the DMU may search the efficient surface in
the input—output space. As a result the DMU obtains coefficient vectors p and z that
define the target corresponding to the preference weights used. By multiplying the
current components of input and output vectors with the components of vectors p
and z, the DMU obtains the target solution. If we assume yo; > 0, xo; > 0 and not
(o =0 and x; =0), then the formulation can be given in the form

max w'z— w'p+ e(lTs+ + lTs‘)
s.t. (6.14)

YiA—Yoz—sf =0

Ycd —s¢ = yoc

Xid —Xop+5; =0

XcA + s¢ = xoc

Yor = diag(yor)'

Xo1 = diag(xor)

z>1

p<1

Ap, st sEspsc >0

e>0

+ —

s _ s
where s™ = || | ands™ = |} |.

Sc Sc

"Notation diag(a) refers to the diagonal matrix with the elements of vector a on the diagonal.
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The slack variables sI+ and s; are redundant, i.e., sIJr =0ands; =0, if w*>0,
w? >0, yor >0, and x¢; > 0. We will make this assumption in the following consid-
erations. Moreover, we modify the model (6.14) such that z is replaced by (¢” + 1)
and p by (1 — ¢"). The modified model looks as follows:

max w6 +w e +w'l— w1+ e(1Ts& +17sg)
s.t. (6.15)
Y[/l — Y()]Gy = JYor
Ycd = s¢ = yoc
XA + Xgi6© = xq
XcA + s¢ = xoc
Yor = diag(yor)
Xo1 = diag(xqp)
o' <1
A6, 6" st sE sy, sc >0
e>0
If we further omit the constant from the objective function and redefine the
notation, si =Yo6® =06’ =Yy 's{ and sy =Xoo' =06 =X sy, we get the
model in Table 6.6 and compare it to the basic additive DEA model (see Charnes
et al. 1985).
From Table 6.6, we see that modified goal programming model has only one

difference in comparison to the basic additive DEA model: the weights of the slack
variables s;” and s; are not equal to 1.

Table 6.6 Modified goal programming and basic additive DEA model

Modified goal programming model Basic additive DEA model

max lvyTYaIlsfr + wXTX(}I1 s;+ e(lTsé + lTsE) max 1Tst + 175~

s.t. 6.16) | st 6.17)
Yid—s{ =y Yi—s" =y,
YcA — s& = yoce XA — st =xg
XA+ 57 = xq1 AsT, s >0

Xcad + Sc = Xoc

Yor = diag(yor)

Xor = diag(xor)

sy < Xor

Ao 6", st st sp,sc >0
e>0
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A DM can search alternative target values by varying the weights w* >0, w” >0
(at least one of the weights being strictly positive) in the objective function, e.g., in
model (6.17). Like in the preference weight-based model by Thanassoulis and
Dyson (1992), also here DMU gets coefficient vectors that define the target
corresponding to the used preference weights, as a result of the model. For further
information about target setting, see, e.g., Zhu (1996).

As Zhu (1996) pointed out, the above considerations have also a link to Fére—
Lovell measure (Fire and Lovell 1978), where equal weights were used in the
objective functions.

Since the sum of weights is scaled to unity, the Fare—Lovell measure reflects the
average of the improvement needs of the inputs and outputs. Thus Fare-Lovell
measure requires the units to be Pareto—Koopmans efficient instead of Debreu—
Farrell efficient, measuring the distance from the true efficient surface (see, e.g.,
Lovell (1993) for discussion). Thus units or projections in the weakly efficient
surface are penalized by their true distance from the true efficient frontier instead of
an €. Zhu’s (1996) model is a generalization of the Fare—Lovell measure in two
aspects. Firstly, it presents the measure in a combined framework allowing the
improvements for inputs and outputs simultaneously, and secondly, since the
selection of the weights is free, the model can be interpreted to be a weighted
Fare-Lovell measure with preference weighting. Thus the value of the objective
function has also an interpretation as a weighted Fiare—Lovell efficiency score. (See
also Ruggiero and Bretschneider 1998.) This enables a more flexible use of the
target setting models: in addition to providing the DMU with a target, this way also
the objective function value can be used as an efficiency score reflecting
preferences.

To summarize our considerations, we present a generalization of the models
reviewed in this subsection:

max w' 6 — w' 6" + g(lTs+ + lTs’)

s.t. (6.18)
YA—Yoo' —sf =¢
Ycd = s¢ = yoc
XA — Xgio" +57 =g°
XcA + s¢ = xoc

Yor = diag(yo)

Xor = diag(xor)

<1

A6, 6%, 50,8887 ,5¢ >0

e>0
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+ —

s s . .

where sT = [ 91+ } ands™ = [sl‘ ] . In addition, some constraints for ¢°, 6”, sf ,and
Sc c

sy can be set up. With the selection of the parameters g” and g*, it is possible to

control the part of the efficient frontier from which the targets are searched. By

min

setting g” =y™" and g* = x"™, where [ ;‘: } refers to the vector of the maximum

max
observed values of inputs and minimum observed values of outputs to be improved,

}, and it

min

the model makes it possible to scan efficient solutions dominating [;’ max

can be argued that it is probable that the realistic targets are to be found from
this area.

The models suggested in Thanassoulis and Dyson (1992) and Zhu (1996) have
been further developed and applied by various authors.

6.4.3 Illustration and Comparison

Below we apply the preference weight-based models by Thanassoulis and Dyson
(1992) (with no additional restrictions) and by Zhu (1996) to the following simple
example with both CCR and BCC assumptions. In the example, only DMUj3 is CCR
efficient, and all DMUs except DMUg are BCC efficient. Table 6.7 and Fig. 6.5
show the targets that different models provide for DMUg. Table 6.8 outlines the
various targets. TD refers to the preference weight model by Thanassoulis and
Dyson (1992). Zhu refers to the model by Zhu (1996). Which target is to be
obtained depends on the weighting. The obtained targets are either existing units
or solutions that lie on the edge of the part of the efficient frontier dominating the
target (or being dominated by the target). This means that these models are
generally not capable of providing a target that is located in the relative interior
of a facet. Theoretically it is possible to obtain degenerated solutions, i.e., to have,
for example, the whole line segment between DMU,4 and DMUj3 as a target. Since
with CCR assumptions Zhu’s model in this oversimplified example does not have
any finite extreme points other than the origin, the target provided is either the
origin or infinity.

A typical feature for the target setting models reviewed in previous subsections
is that they—being linear programs with weighted sums as objective functions—are
able to present only extreme points as solutions. However, it might be possible to
have rather “long” efficient facets enveloping a large number of DMUs. In these
cases it is possible that there is an efficient target located in the relative interior of
such a facet that could in fact be the best target for an inefficient DMU. With the
approaches presented above, such targets can be achieved by changing the right-
hand side parameters, e.g., the vectors g” and g*, or by placing additional
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Table 6.7. Example data for (¢ Input Output
target setting
DMU, 3 1
DMU, 4 4
DMU; 6 7
DMU, 9 9
DMUs5 13 10
DMUs 10 3

Output

o 1 2 3 4 5 6 7
Input

Fig. 6.5 Possible projections in input—output space

Table 6.8 Targets with various models

10 11 12 13 14

Model Scale assumption Possible targets
TD CRS Acers Decr

VRS apec; DMUy4, DMU3, DMU,, by,
ZHU CRS Origin, infinity

VRS All efficient DMUs
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restrictions. However, it may require several iterations to be able to “zoom in” to
the desired target area. Instead, a more preferable way is to use the reference point
and reference direction techniques.

Let us continue with the same example. The MOLP problem to search the
efficient frontier of the BCC model is the following bi-criteria problem:

max Ay + 4y + 743 + 944 + 1045 + 36
min 34; + 44 + 643 + 944 + 1345 + 106
S.t.

1"A=1

A>0

The reference point formulation to solve this problem is the following (see Chap. 4
for details of reference point approach):

max o+ e(st +s57)

s.L. (6.19)
M +4% +70+92 + 1045 + 316 —wo—sT =g
30 + 42, + 643 + 944 + 1345 + 1046 + wo + s~ = g°
1"A=1
A>0
sT,st>0
e>0

In the reference point approach, the efficient frontier can be scanned either by
changing the weights w* and w” or the aspiration levels ¢* and g°. In the following
example, we illustrate both approaches; however, in computational applications it is
more effective to fix the weighting vector and change the right-hand side parame-
ters, i.e., the aspiration level vectors. We would like to emphasize that the formu-
lation (6.19) is based on the use of the so-called achievement scalarizing function
which has the desirable property projects any point (feasible or infeasible) onto the
(weakly) efficient frontier.

Let us investigate what kind of targets this model gives in the example when the
g

L wY
weighting vector .

w'
vector of the inputs and outputs of DMUg, i.e., vector (10, 3). Six (6) targets have
been calculated (from a to f) both in the CCR and the BCC context. See Fig. 6.6 for

} is varied. As an aspiration level vector { } , we have used

Wy

illustration and Table 6.9 for values of [ W

] . If we wish to scan the whole part of
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Output

Input

Fig. 6.6 Projections with various weighting vectors

min
the efficient frontier dominating the data set, we suggest the use of vector {y ] ,

xmax
o g
in this case (13, 1) as vector o |

. . . C wY
Same targets can be obtained by, i.e., fixing the weighting vector [W\.

] to be

g
g
for illustration. For BCC model we have used feasible aspiration levels, and for
CCR infeasible ones, this is mainly to keep the figure readable. Naturally, for both
models there is an infinite amount of aspiration levels leading to the same projection
with a given weighting vector.

One notable advantage in using the reference point approach is that we can also
find targets that are not extreme point solutions, but lie in the relative interior of
some facet. In real data sets it is possible to have only few but rather large efficient
facets. Thus limiting the targets to extreme point may result to targets having very
different input and output mixes than unit’s current one.

(0.5, 0.5) and changing the aspiration level vectors [ ]; see Fig. 6.7 and Table 6.10
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Table 6.9 Various weighting

vectors

Output

6 Incorporating Preference Information to Data Envelopment Analysis

Weighting vectors

Aspiration level vector

(0.0, 1.0)

(10, 3) for all cases

0.2, 0.8)

(0.4, 0.6)

(0.6, 0.4)

(0.8, 0.2)

(1.0, 0.0)

Input

Fig. 6.7 Projections with various aspiration levels

Table 6.10 Aspiration levels

Aspiration level
vectors

Weighting vectors

Aspiration level
vectors

Weighting vectors

CRS assumptions

VRS assumptions

(1.1, 4.5) (0.5, 0.5) for all (5.2, 1.5) (0.5, 0.5) for all
cases cases

(2.6, 6.2) (6.4,2.7)

(4.0, 8v0) (7.9, 4.2)

(5.5,9.7) (9.4, 5.6)

(7.0, 11.4) (107, 6.9)

(8.5, 13.2) (11.5,7.8)
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Pareto Race

Goal 1 (max): Output ==>

8.3333
Goal 2 (min): Input ==>

8.0000

Bar:Accelerator F1:Gears (B) F3:Fix num:Turn
F5:Brakes F2:Gears (F) F4:Relax F10:Exit

Fig. 6.8 A possible projection with reference direction approach

The reference direction model (Korhonen and Laakso 1986), an extension of the
reference point model, is implemented in the VIG software (Korhonen 1987). An
essential feature of VIG is its interface called Pareto Race developed by Korhonen
and Wallenius (1988). Using Pareto Race DM is able to freely search the efficient
frontier and investigate how input and output values change. Figure 6.8 illustrates
the interface. The maximum number of the criteria which can be used at the same
time is 10.

The example used here is rather naive—with only one input and one output, a
good graphical illustration would be sufficient for the search of the MP. However,
this illustrates the principle of the Pareto Race and how the search can be carried out
in applications of realistic size. See Korhonen (2001) for a thorough discussion and
a real-life data example on the use of Pareto Race and VIG in the search of the
efficient frontier in DEA.

6.5 Value Function

In the MCDM literature we can find numerous arguments against using importance
weights as a means to elicit and represent DM’s preference information (e.g., Steuer
1986, pp. 193-200, Korhonen and Wallenius 1989; Korhonen et al. 2013;
Wierzbicki 1986). It seems particularly difficult to understand that the intuitively
appealing notion “the greater the importance, the larger the weight” does not always
work. When the weights have a straightforward interpretation, such as prices, their
definition and use are also straightforward. However, this is not always the case.
When inputs and outputs are some raw materials and produced goods, it is relatively
easy to see the weights as prices. But when outputs are, for example, Ph.D. degrees
and refereed publications or lives saved, it may be practically or politically impos-
sible for the DM to give price estimates.
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In Chap. 7 we present an approach where DM’s preferences are incorporated
into efficiency analysis by explicitly locating his/her most preferred input—output
vector on the efficient frontier. We call this vector the DM’s most preferred solution
(MPS). It is a vector on the efficient frontier that he/she prefers to any other vector
at the moment of the final choice. The MPS can be located by using an interactive
MOLP search procedure as was described in Chap. 4. However, it is important to
notice that the search can be also carried out by some other approaches as long as
the approach used results in the MPS that is applicable for carrying out the proposed
analysis.

Conceptually, an MPS can be defined as the point at which the DM’s implicitly
known value function reaches its maximum when the search terminates. Using the
knowledge of the MPS, the DM’s (unknown) value function is approximated using
the so-called tangent cones at the MPS. The efficiency of each DMU is then
determined with respect to this tangent cone. As a result we obtain scores that we
call value (in)efficiency scores, since the efficiency of each DMU is determined by
means of an approximation of the indifference surface of an implicitly known value
function at the MPS. The tangent cones define implicitly a range for acceptable
weights, or prices, as the weight restriction approaches do. However, we argue that
it is easier for the DM to articulate his/her preferences as a preferred unit than
weight restrictions.

In Chap. 8 the value efficiency analysis is further developed. Whereas the
original value efficiency scores are optimistic estimates of the true scores, this
chapter presents an interactive procedure to determine true value efficiency scores.
A procedure to test the assumptions of the value efficiency analysis is also
presented.
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Chapter 7
Value Efficiency Analysis

Most Preferred Unit-Based Approach

7.1 Background

A basic assumption in multiple criteria decision-making research is that there is no
objectively best solution for the problem. The best solution depends on a rational
DM'’s preferences. The term “rational” means that the DM wants to choose the
solution for which there is no other solution that is equally good on all given criteria
and better at least on one criterion. As we have defined in Chap. 4, such solutions
are called nondominated.

An original DEA problem (Charnes et al. 1978, 1979) is value free. If a unit is on
the efficient frontier, it is regarded as good as other efficient units. If a unit is
inefficient, it is projected onto the efficient frontier radially or using some other
prespecified feature. Even the ranking of the units is based on the use of an
“efficiency” measure such as an efficiency score.

When the DM is willing to insert his/her preference information into the
analysis, the problem turns into a typical multiple criteria problem: there is a
need not to consider efficient units equally good. A typical approach in DEA (see
Chap. 6) is to use weights for inputs and/or outputs or to operate with target values.

The use of weights often is based on the intuitively appealing notion “the greater
the importance, the larger the weight.” Unfortunately, it does not always work. If
the weights have a straightforward interpretation, such as prices, their definition and
use is also straightforward. However, this is not always the case. When inputs are
some raw materials and outputs produced goods, it is relatively easy to see the
weights as prices. But when outputs are, for example, Ph.D. degrees and refereed
publications or lives saved, it may be practically or politically impossible for the
DM to give price estimates.

Identifying a target or ideal point is a natural way to give preference information,
but a DM needs guidance to set up targets which are realistic and please him/her.
Often the ultimate goal is to find the solution that the DM prefers most at the
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Fig. 7.1 Illustration on the use of weights and targets

moment of the final choice." Such solution is called most preferred unit (MPU)/
most preferred solution (MPS).

When identifying targets, it is also important that the method provides a DM
with a possibility to learn and to have a holistic view over possible solutions.
Interactive approaches are suitable to fulfill these requirements.

The following example describes challenges of using weights and targets.

Example 7.1 Let us assume that three candidates have applied for a research
assistant vacancy. We evaluate them with two criteria (outputs) on the scale from
1 to 10: competence in teaching and competence in research. We assume a constant
input (=1). As we can see from Fig. 7.1, candidates A and B are efficient when the
convex production possibility set is assumed.

Suppose we specify our preference expressing that research is slightly “more
important” than teaching. If we interpret this expression as weights, it means that
the weight of research is somewhat higher than that of teaching. The best candidate
is A. Is this really the solution the DM is looking for? Perhaps not because he used
the expression that research is only slightly “more important” and A is an excellent
researcher, but a rather lousy teacher. The weights are an indirect way to find a
candidate we are looking for, but sometimes the solution is quite poor.

'We use the expression “at the moment of the final choice,” because we allow that the DM is
learning and can change his/her mind during the search process.
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Another way to find the candidate we are looking for is target setting. Freely
given targets are very seldom on the efficient frontier—or not even feasible. That’s
why we need a method which has a good correspondence between a given target
point and the efficient point approximating target values.

Consider a target setting approach proposed by Thanassoulis and Dyson (1992);
see also Sect. 6.4.1. If a DM specifies point (10, 10) as a target and considers
research slightly more important than teaching, using model (6.12), his/her solution
is point A. Point A is efficient; thus model (6.13) does not change the solution.
If he/she uses point C (reasonably good) as a target, model (6.12) does not change
the situation, but model (6.13) gives either point (5.5, 6) or (6, 5.5) as a solution.
(Any convex combination between those extreme values gives the same optimal
solution.) In this case, the result is quite satisfactory.

In this chapter we present an approach where DM’s preferences are incorporated
into the efficiency analysis by first explicitly locating his/her MPS and then
developing an efficiency measure which takes into account the preference infor-
mation based on the choice of the MPS. The MPS is located using an interactive
MOLP search procedure as described in Chap. 4. The search of MPS can be carried
out by any MCDM procedure. The approach called value efficiency analysis is
introduced in the theoretical production possibility set (T) framework. In practice,
set T is replaced by the empirical production possibility set P.

Conceptually, an MPS can be defined as the point at which the DM’s value
function reaches its maximum when the search terminates. The value function is
assumed to be pseudoconcave for outputs and for the negation of inputs.” Using the
knowledge of the MPS, the indifference surface of a DM’s (known only implicitly)
value function at the MPS is approximated using the so-called tangent cones at the
MPS. The efficiency of each DMU is then determined with respect to this
tangent cone.

As a result we obtain scores that we call value efficiency scores, since the
efficiency of each DMU is determined by means of an approximation of the
indifference surface of an implicitly known value function at the MPS. The tangent
cones implicitly defined a range for acceptable weights, or prices, as the weight
restriction approaches do. However, we argue that it is easier for the DM to
articulate his/her preferences as a preferred unit than weight restrictions.

In Chap. 8 the value efficiency analysis is further developed. Whereas the
original value efficiency scores are optimistic estimates of the true scores,
Chap. 8 presents an interactive procedure to determine true value efficiency scores.
A procedure to test the assumptions of the value efficiency analysis is also
presented. Some other points are also discussed in Chap. 8.

2 The value function was defined strictly increasing to the criteria to be maximized.
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7.2 Basic Concepts

In value efficiency analysis the purpose is to assist the DM to evaluate how much
each vector u = [ _y x] € T has to be improved to make it as preferable as the MPS.

We are able to evaluate the value at u € R"™** if we know the value function or it
could be estimated. Unfortunately, generally in practice both assumptions are not
realistic. That is why we use a different approach to incorporating a DM’s prefer-
ences in the efficiency analysis. Our approach is based on the idea of using the
DM’s MPS as a way to have preference information.

The only assumption that we make about the DM’s value function v(u): R”** — R
is that it is pseudoconcave at the moment when the search for the MPS is terminated.
When we have found the MPS, we approximate the indifference surface passing
through the MPS. We first characterize the set of the tangent hyperplanes of the
contours of all possible pseudoconcave value functions reaching the maximum at
MPS. Then we evaluate the need to improve the current values of inputs and/or
outputs in the spirit of DEA to reach the approximated indifference curve.

We assume a rational DM who prefers more of any output and less of any input.
Thus the MPS is efficient. Our theoretical assumption is that the MPS is preferred
by the DM to all other solutions. Unfortunately defining the MPS in this way
provides no practical tool for efficiency analysis. It is not realistic to assume that
the DM is generally able to compare all possible solutions to the final solution at the
end of the search. In practice, the MPS is a solution at which the search process
ends. It is difficult to know how good it is, because the DM will learn during the
search process and even change his/her mind due to learning process. That’s why
we simply assume that the MPS is the solution at which the DM’s value function
v(u): R™** — R obtains its maximum over T. Note that we do not need to make any
assumptions whatsoever concerning the value function during the search process.
We only need the assumptions at the moment of termination in order to be able to
say “something” about the quality of the final solution. The weaker these assump-
tions are, the better. We assume that the choice of the MPS was based on the DM’s

value function v(u), u= { _y x] € ™S, which is strictly increasing’ (i.e., strictly

increasing in y and in the negation of x) and with a (local) maximal value v(u*)

«
over T, u*:{ Y x*} € ™S, Furthermore, we assume that v is pseudoconcave,

because then its local optimum over a convex set is also global (Bazaraa et al. 1993,
p. 570) and the optimality conditions can easily be verified. If the DM does not find
a better solution in the environment of the currently best solution, it means that the
current solution is locally optimal and further globally optimal, because v is
assumed pseudoconcave.

3 Function f RES R s strictly increasing if x; > x, Ax| #x2 = f(x)) > f(xy).
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Next we give some definitions.

Definition 7.1 Let S be a nonempty set in R, and let f: ¥ — %R be differen-
tiable on S. The function fis said to be pseudoconcave if for each x, x, € S with
V) (2 —x1) £ 0= fixa) < flxy).

Note that pseudoconcave functions are by definition differentiable and therefore
continuous.

Definition 7.2 Assuming that u* €T is the DM’s most preferred solution, point
u € R"™ is value efficient iff v(u) >v(u*). If the point u € R is not value
efficient, it is called value inefficient.

Definition 7.3 The weighted true value efficiency score y for point u° is defined as
E;"(uo) =T, where y" is the optimal value of the objective function of the following
problem:

supy
s.t. (7.1)

u—yw > u°
ueV= {u‘v(u) <v(w)}
w>0

The function v: SR* — 94 is a pseudoconcave value function.

Lemma 7.1 Let v: :R* — R be a pseudoconcave value function. The following
assertions are true:

1. y'=0iff v@®) = v*) @° is value efficient).
2. }/T >0 iff v(uO) <v(u*) (u() is value inefficient).
3. yT <0 iff v@®) > vu*) @® is value superefficient).

Proof The result is proven for a general continuous strictly increasing function v in
Soleimani-damaneh et al. (2014). O

In (7.1), if we set w =u", the model becomes radial in y and radial in x, and we
may interpret ' as the percentage of improvement needed in both inputs and
outputs to make u° value efficient.

Unfortunately, it is not realistic to assume that a DM’s value function is known.
Hence we only assume its form. Because all interactive algorithms stop in a finite
number of steps, then instead of worrying about a convergence, it is more interest-
ing to know how good the solution is, where the process terminates. If we assume
that the value function is pseudoconcave, from hence it follows that the final
solution is also globally best provided that one cannot find a feasible direction
of improvement from the solution (see for more information Korhonen and
Laakso 1986).

Performing the search for the MPS is discussed in Chap. 4. The MPS lies on the
indifference contour of the DM’s value function possessing the highest possible
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Fig. 7.2 (a, b) Overall efficiency and value efficiency

value among all feasible input/output vectors in T. Accordingly, the MPS has the
highest possible value efficiency for the DM. Value inefficient DMUs should
increase their performance to reach the contour on which the MPS lies in order to
achieve the same value efficiency.

It is interesting to compare value efficiency to the concepts of classical effi-
ciency: technical and overall efficiency (Farrell 1957). (See, e.g., Coelli
etal. (2005) for a discussion of classical efficiency analysis and DEA.) Figure 7.2a, b
illustrates different situations. Again, we assume that the DMUSs consume the same
amount of single input to produce two outputs.

Figure 7.2a illustrates the concept of classical efficiency. The downward
sloping line through DMU(? represents the revenue equation, thus containing

information about the prices. Only DMU; is overall efficient. For DMU, the
0-DMU 0-DMU|
O-DMUY O0-DMU

(“O” refers to the origin).

Next, we seek to clarify the connection between classical overall efficiency and
value efficiency. Classical overall efficiency is based on the idea of maximizing
(minimizing) a known revenue (cost) function. In value efficiency analysis, this
revenue function is replaced by a more general unknown pseudoconcave value
function. Furthermore, we assume that the maximum of this function is known, but
its precise form is unknown. Based on this information, in value efficiency analysis,
we estimate “overall efficiency.” More precisely, we postulate that the value
function v(u) is a pseudoconcave, which obtains its maximum over T at the MPS
u*. The contours of a pseudoconcave function lie above their tangent hyperplanes.
Hence we use the tangent hyperplane at the MPS as a linear approximation of v(u).

ratio reflects technical efficiency and ratio overall efficiency

. 0-DMUj : : . _0-DMU,

In Fig. 7.2b, the o-DMUS reflects technical efficiency. The ratio o-DMUYE reflects
. . _O-DMU . .

(true) value efficiency and the ratio WUO‘(’)E the approximated value efficiency

score. For a value efficient unit, value efficiency score is zero. Unfortunately, we do
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not know the value function precisely. That’s why we can neither specify its tangent
precisely, but it is necessary to consider all possible tangents. It means that we
cannot even use the approximation above. The requisite theory is developed in the
next section. Our approximation of the value efficiency score is optimistic: it
provides a lower bound for the true value efficiency score. |

7.3 Mathematical Considerations

In this subsection we present the requisite mathematical theory to formulate an
operational model for computing value efficiency scores.

Definition 7.4 A nonempty set G, defined in an n-dimensional Euclidean space R”
is called a cone with vertex x, if x +y € G, = x + Ay € G4 for all 1 > 0. The cone with
the origin as vertex is denoted by G.

Note that vertex x € G4 A singleton {x} is also a cone with vertex x.

Definition 7.5 Let X be a nonempty polytope in 8" and let x € X. The cone D(x) in
R" is called the cone of feasible directions of X at x, if D(x) = {d|x + Ad € X for all
4€(0, o) for some 6 >0}. Each d € D(x), d # 0, is called a feasible direction. The
cone G, = {yly=x+d, d € D(x)} is called the tangent cone of X at x and the cone
Wi={s|s=y+z,y €Gy, Zz€R" } the augmented tangent cone of X at x.

Note that both G, and Wy are closed and convex. For any s € W, there is y € G,
such that s <y and all points z <s are in Wy.

We illustrate the tangent cone and the augmented tangent cone in Fig. 7.3. The
area defines the polytope X. The tangent cone G, at x is spanned by vectors d; and
d,, and the augmented tangent cone W, by vectors d; and ds.

D d,

0 2 4 6 8 10 12

Fig. 7.3 Example illustrating the tangent and the augmented tangent cone
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Lemma 7.2 Let X = {x|Ax =b, x > 0} be a nonempty polytope, where A € Rl
be Df{k, and x° € X an arbitrary point. Then G0 = X0, where X° = {x|Ax =b, x>0
if xj(-) =0, and otherwise x; is free, j=1, 2, ..., n}.

Proof Clearly the tangent cone of an affine set X, = {x|Ax =b} at x¥ is X, itself.
Moreover, the tangent cone of the closed half-space H;= {x[x; >0} at x0 is R if
x>0 and H;, if x) =0, j=1, ..., n. Because X is the intersection of X, and the
half-spaces H;, j=1, ..., n, the tangent cone of X at x° is the intersection of their
tangent coneé, respectively, i.e., set x°. O

Lemma 7.3 Let U={ u e R"|u =Bx, x € X}, B€R™ where X = {x|Ax =0,
x > 0}, be a linear transformation of a nonempty polytope X and u° € U an arbitrary
point. Let x” € X be any point such that u° = Bx’. Then the tangent cone of U at u°
is G =BGy = {ulu =Bx,x € Go}.

Proof Any u € Gy, u #uo, defines a feasible direction u — u® for U at u°, which
must be generated by a feasible direction x — x° for X at x°. Thus G,0 C BG,. Any
x € Gy, x;éxo, defines a feasible direction x —x° for X at xo, which defines a
feasible direction u — u® for U at u°. Thus G0 O BGe. O

Let X CR" be a nonempty polytope and x* € X. Define E(x*) as the set of
strictly increasing pseudoconcave functions &:R” — R which obtain their maxi-
mum in X at x* € X.

Lemma 7.4 Letx* € X and E(x*) # J. Denote the augmented tangent cone of X
at x* by Wy-. Then x € Wy iff &(x) < &(x*) for all £€ B (x*).

Proof Letx € Wy-. Thenthereisy € G such thatx <y. £ is increasing = &(x) < &(y).
y —x* € D(x*) and £ obtains its maximum in X atx* = V&x*) (y — x*) < 0. Because
& is pseudoconcave, £(y) < £(x*) = £(x) < &(x*) for all £ € E(x*). To prove the second
part, let x € RR" for which £(x) < E(x*) for all € € E(x*). Assume x ¢ W,-. Then, x can
be strongly separated from Wy, i.e., Ip € 98" such that p"x > pTy for all y ¢ Wy, ie.,
for any y =x* +d +z, where d € D(x¥), z < 0. Hence pTd <0 and pTz <0(=p>0),
because otherwise p'd or p'z could be positive and arbitrarily large. Therefore a
pseudoconcave increasing function &(x) = p'x obtains its maximum in X at x*, i.e.,
£ € E(x*), and £(x) > &(x*) contrary to the assumption that £(x) < &(x*). O

7.4 Approximating the Value Efficiency Scores

Now we are in a position to formulate and prove the requisite theorems
for evaluating value efficiency. We make use of Lemmas 7.2-7.4 by substituting
R for R”, set A for set X, set T for set U, and set E(u*) for set Z(x*),
where E(u*) is the set of pseudoconcave strictly increasing functions v(u), which
obtain their maximum in T at u*.
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Lemma 7.4 is employed when approximating the set
V= {u{_yx] v(u) < v(u*)} where v may be any function in E(u*). This

means that when the projections of inefficient units are restricted to the indifference
contours of this set, the resulting efficiency scores are always surely better than the
true ones.

Theorem 7.1 W, is the largest cone with the property W« C V = {ulv(u) < v(u*),
for any v € E(u¥)}.

Proof Evident from Lemma 7.4. O

Thus V is approximated by the cone W, the tangent cone of T at u* with all
input/output points weakly dominated by T appended, which guarantees that the
resulting scores are optimistic (not greater than the real ones). Without supplemen-
tary information this is the best approximation available for set V in the sense that it
is the largest set contained in all the sets of input/output points which are not
preferred by any pseudoconcave value function v(u) € E(u*).

Theorem 7.2 Let u*:[;y;*} €T be the DM’s most preferred solution. Then
u € R"™*P, an arbitrary point in the input/output space, is value inefficient with
respect to any strictly increasing pseudoconcave value function v(u), u = [ —yx}
with a maximum at point u*, if the optimum value Z* of the following problem is
strictly positive:

maxZ = o + s(lTs+ + lTs’)

s.t. (7.2)
YA —ocw’ —sT =y,
XA+ 0w’ +5 =xg
AL+6=0b
5,5t >0
e>0
420, it =0, |
5 >0, if5 =0, j

|
P

where A* € A, 6* correspond to the most preferred solutions,

x*:m*
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Proof By Lemmas 7.2 and 7.3 the tangent cone of T at u* is the set
v * .

{ |v:Y/1, 7=XA,A € Gy}, where the tangent cone of A at 4 is Gy =

{AyAA tHu=b 4200 =0,/ =12 .nug>0ifuf=0,j = 1,

.,k}. The augmented tangent cone Wy of T at u* is the set

—

|v:Yl + d?,z=XA+ d*,d” <0,d" >0,Ac Gy}. Therefore (7.2) has

a solution with ¢ > 0 only if [ yx] € Wy.. Now let Z*, A%, 6°, p’ be a solution of
(7.2). With € >0, Z* > 0 only if either 6* >0 or 6’ =0 and (s, s") # (0, 0). In either
case, [ _v;s] €Wy, y=YA >y, x’=X2"<x, and (y, x) # (y°, x°). Thus v(y,
—x) <v(y*, —x*) <v(y*, —x*), and by Theorem 7.1, (y, x) is value inefficient. O

Definition 7.6 The (weighted) value efficiency score for point u° is defined as
EW(yO, 7x0) —

where ¢° is the value of ¢ at the optimal solution of problem (7.2).

Note that ¢* >0 means that the point u° is value inefficient. It is also value
inefficient if ¢*=0 and 1"(s*+s7) > 0; otherwise ¢* =0 means that the point is
diagnosed value efficient. However, the point is not necessarily truly value efficient.
Formulation (7.2) only guarantees that we use the largest possible set guaranteed
not to include value efficient points except u* to diagnose value inefficiency, but it
is not the set consisting of all value inefficient points. If ¢° <0, the point is
diagnosed value superefficient. In that case the point does not belong to the
production possibility set T.

%
Remark 1t is important to note that the most preferred solution u* = { Y *} was

assumed efficient in T. Then Dy« = {ulu =u* +w, w > 0} is separated from T and
also from W-. For any finite w > 0 and u, there is a finite o so that u + ow > u*

=u+ow € Dy = u +owg¢ Wy and a finite o so that
u + ow <u = u-+ow € Wy. Therefore for an efficient MPS, the solution of
(7.2) is guaranteed to be bounded. If u* is not efficient, e.g., an interior point of T, in
which case W, = 8”7 and (7.2) is guaranteed to be unbounded.

7.5 Value Efficiency Model

The models to evaluate value efficiency in envelopment and multiplier are given in
Table 7.1.
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Table 7.1 General value efficiency model in multiple and envelopment form

General value efficiency multiplier model General value efficiency envelopment model
minyTg" — uTg’ +n'h maxo + ¢(17s* +17s7)
s.t. S.t.
—dY + X+ gTA -y =0 YA—ow —st =g
w4 Twt =1 XA+ow' +s5s =g
> el AAL+6=0bH
e>0 sT,st>0
>0 ifa;=0 e>0
J/-’{0 itz >0 T ,{>0 ifh=0
j ok » J=bh4 . n
=free ifi; >0

>0 ifé; =0
n

=0 ifs >0

J=12 ...k >0 if5 =0
j j=12, ...k

= free ifﬁf >0’

where A* € A, 6* correspond to the most

preferred solution: where A* € A, 6* correspond to the most

y#=YA* preferred solu’:ion:
X = XA+ ye=YA*
x* = XA,*

The only difference compared with standard primal DEA models is that some
variables are allowed to have negative values. This simple modification of the DEA
model makes it possible to take into account value judgments in the form of
the MPS.

As we can see from Table 7.1, the tangent cone for the efficient frontier at the
MPS can also be characterized by using the dual model. Then the problem can be
seen as a special case of cone ratio DEA models by Charnes et al. (1989) (see also
Charnes et al. (1990)). The cone is defined by restricting the values of input and
output multipliers in such a way that they are located in the cone spanned by all
normal vectors of the efficient facets meeting at the MPS (for more detailed
discussion, see Sect. 9.2 and Halme and Korhonen (2000)). However, this approach
requires far more computations than the approach by Halme et al. (1999).

7.6 An Illustrative Example

We illustrate the value efficiency analysis with a simple BCC model used in
Chap. 6:*

*To improve readability, we have changed the order of input and output rows.
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Table 7.2 The results MPS a* DMU; + (1 —a) *DMUy, a € (0, 1)
of value efficiency analysis
of DMUs DMU; DMU, DMUs |o Input | Output
A: | 1.966 —0.966 0.690 |3.103 |5.069
B: |—-0.333 |1.333 2222 |10 9.667
MPS DMU,
DMU; DMU, |DMUs |o Input | Output
C: |1.966 —0.966 0.690 |3.103 |5.069
D: 0.75 0.25 2.083 |10 9.25

maxo + e(sT 4+ 57)

s.t. (7.3)
30 +44 + 643+ 924 + 135 + 10Ac + w'o +5~ =g
A+ 44 + 723 + 944 + 1045 + 324 —wWo —st = g

1"A=1
A>0
s,sT >0
e>0
Let’s assume that we would like to analyze the value efficiency of DMUg: 130
. . . . . w' 0
We use two different orientations: (a) output orientation, wl=13] and

. . . wt 10
(b) combined orientation, {wy} = [ 3
MPSs: (I) a* DMUj3+ (1 — a)*DMU,, a € (0, 1) and (I) DMU,. The results in
case I are independent of the value of a as long as the MPS lies on the open line
segment (DMU3, DMUy,). When MPS = DMUy,, the only change in comparison to
the standard DEA model is that A, is free. Moreover, when MPS =a*
DMU; + (1 — a)*DMUy, a € (0, 1), variables 13 and A4 are defined free. The results
of the analyses are given in Table 7.2 and illustrated in Figs. 7.4 and 7.5.
The tangent cone in Fig. 7.4 is a (dotted) line passing through the points DMUj,
and DMU,. The value efficiency of point is evaluated by projecting DMUjg onto this
line (=the tangent cone). The projection direction depends on the orientation we

} Furthermore, we use two different

3
much we have to improve the current values (decrease input value and increase
output value) proportionally, until we reach the surface of the tangent cone. The
result is point A in Fig. 7.4. The inefficiency score ¢ is 69.0 % (row A in Table 7.1).
The result tells how much the current values of DMUjg have to be simultaneously
improved, before the unit is value efficient. If we use the output orientation, the
projection point is B. It means that we have to improve the current output value of
DMUg with 222.2 % until the unit is value efficient.

use. When we use the combined model, the projection direction is { } ,1.e., how
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12
» 4 DMU,
o -~
5 10 ’::’/4
o
8 {
6 |
4
DMU,
2
0 !
0 2 4 6 8 10 12 14
Input

Fig. 7.4 Value efficiency of DMUg, when MPS is on the open line segment (DMU3, DMU,)

Input

Fig. 7.5 Value efficiency of DMUs, when MPS is DMU,

If MPS is DMU,, then the spanning directions of the tangent cone start from unit
DMU, and pass through the adjacent units DMU; and DMUj5 (Fig. 7.5). The
direction from DMU, through DMUj is the same as in the first case, and thus
point A is equal to point C. The result of the output-oriented model will change a
bit. Point D is on the line segment (DMU,, DMUj5), and the result is the same with
the standard output-oriented DEA model. The need of the improvement of the
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output value is now a bit less (208.3 %) than it was before. Usually, value efficiency
decreases, when the distance from the MPS increases.

Note that an efficient unit is not generally value efficient. For instance, units
DMU, and DMU, are efficient, but they are not value efficient. The value efficiency
of point DMUj is better than that of DMU;. In this case, this result is independent of
the orientation we use, but generally this is not a case.

7.7 Practical Viewpoints

In this chapter we have developed an operational procedure and the requisite theory
for incorporating DM’s preference information into DEA-type efficiency analysis.
Due to the well-known difficulties associated with the use of importance weights
for inputs and outputs, we have taken a different route and modeled the DM’s
preferences via his/her MPS. Although also this approach leads to an implicitly
defined set of acceptable weights, it is important to notice the fundamental differ-
ence in the preference elicitation: instead of thinking in terms of weights or in terms
of their economic interpretations, prices, the DM is looking for the best solution.

The main difference between the value efficiency analysis and the target setting
approaches found in DEA literature is that in value efficiency analysis, the best
solution is explicitly sought on the efficient frontier, and this information is used to
evaluate the need of improvement to reach the indifference surface of the unknown
value function passing through the MPS.

Briefly, the DM is first supported by an interactive procedure in the search for the
best input/output vector. Such a vector is a combination of the input/output vectors
of the DMUs under consideration. Note that sensitivity analysis with respect to the
choice of the MPS should be performed in each analysis. The DM is assumed to
have a pseudoconcave value function at the moment he/she terminates the search,
enabling us to use a linear approximation of the indifference contour of the value
function at his/her MPS. When the linear approximation is not uniquely defined, our
approximation will produce, in the spirit of DEA, the most optimistic efficiency
score for each DMU. The formulation to calculate efficiency scores for each DMU,
incorporating DM’s preference information, reduces to a straightforward applica-
tion of linear programming.

Our efficiency scores are most closely related to measuring classical overall
efficiency. The model is immediately applicable and easily implemented for solv-
ing practical problems. In the next chapter, we will discuss some extensions and
practical aspects (see, for more information, Korhonen et al. 2002, Halme and
Korhonen 2000, and Korhonen and Syrjanen 2005).
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Chapter 8
Value Efficiency Analysis in Practice

How to Use Value Efficiency Analysis in Practical
Problems

8.1 Introduction

The value efficiency analysis (VEA) is an approach, in which the most preferred
solution (MPS) plays a key role in the analysis as described in Chap. 7. For a
rational DM any point on the efficient frontier of the production possibility' set is a
possible and reasonable choice. If the production possibility set is convex, then the
efficient given units are only a finite subset of the whole (uncountable) efficient
frontier. In this case, the final choice of a DM is very seldom—if ever, a given
efficient unit—if he/she freely searches for the MPS on the efficient frontier.

In multiple criteria decision making (MCDM), the aim is often just to find the
MPS, because a DM is looking for the best (efficient) decision. In DEA, he/she is
interested to diagnose the efficient (given) units and to measure how close to the
efficient frontier the other (given) decision-making units (DMUs) are. In MCDM,
the focus is in preference information and in DEA in the measuring of efficiency.
VEA synthesizes these two different purposes.

At the conceptual level, the MPS can be defined as the solution maximizing a
DM’s value function. According to one of the basic properties (Definition 4.4), the
minimum requirement is that the value function is strictly increasing for outputs
and strictly decreasing for inputs assuming the outputs are maximized and the
inputs are minimized. If not more is assumed, the assumption is too weak for
helping a DM to find the MPS and to have any information about the “value” of
the other given units. On the other hand, it is possible to make a very strong
assumption that the value function is fully known. However, the problem is to
find such a function. A more realistic assumption lies between these extreme cases.
A typical approach and much used in MCDM is to assume that the form of the value
function is known.

'In this chapter, we use the term “production possibility set” without making a difference between
empirical and theoretical sets. Mostly, we operate with an empirical PPS.
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If the value function is known, it is easy to compute the value of all DMUs. No
further value analysis is needed. Unfortunately, the assumption that the value
function is known is not realistic. Usually, we have not even precise information
about the form of the value function. Although its form is known, it is not even easy
to estimate the parameters of the value function because often the information the
DM is able to provide is not very reliable or accurate.

In this chapter, we explore background assumptions and practical aspects of
VEA:

. Using pseudoconcavity assumption for value function

. Ilustrating the measurement of value analysis

. Locating the MPS

. Dealing with practical situations in the choice of the MPS:

AW N —

(a) Choice of several alternative MPSs

(b) Choice of an inefficient (nondominated) MPS

(c) Choice from among the set of given DMUs

(d) Choice in conflict with the value function assumption

8.2 Pseudoconcave Value Function

At the conceptual level, a DM is assumed to have an unknown value function, and
the purpose is to find the point maximizing it. However, in practice the situation is
the other way round. The DM helped to find a point at which the search process ends
in a finite number of steps and to “prove” that the point is really the most preferred
one. It is quite natural to assume that the value function has several properties:

1. The value function has a higher value at a dominating point A than at B
dominated by A (strictly increasing for outputs and strictly decreasing for inputs
in the area the value function is used).

2. The value function can reach unique maximum value at any efficient point.

. The local MPS is also global.

4. The value function is as general as possible and meets the requirement of the
behavioral realism.

5. The value function provides a theoretically solid (and practical) base to evaluate
units.

|98

The first property is the basic one. If we would like to afford the DM a possibility
to choose any point on the efficient frontier as the MPS, then it is natural to assume
that the value function can reach a unique maximum at this MPS.

If we do not impose the requirement three, it makes the search very difficult,
because the search of the environment of the currently best point does not guarantee
that the point found is really most preferred in the whole production possibility set.
This property is sometimes problematic in practice because the DM may find
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several good candidates which emphasize different feature, and he/she is not able to
decide which of those candidates is really most preferred.

Property four means that the value function does not set unnecessary restrictions
and describes a DM’s behavior in a realistic way. For instance, it is very natural to
assume that the value difference is not very big between two close neighbor
alternatives. Of course, there are exceptions. (For instance, to a student it is a big
difference if the grade is over or under the passing grade.)

Requirement five emphasizes the need to use the properties of the value function
to evaluate other units.

A widely used assumption for the form of a value function is linear. However,
the linear function has some drawbacks. If the production possibility set is a
polytope, then the value function has no unique values at non-extreme points.
Instead, for the extreme points of the polytope, it is easy to check if the current
solution is locally best, and if yes, then solution is also globally best. It is not true
for non-extreme points. If the production possibility set is not convex, then the
linear function cannot generally reach the optimal solution at all efficient points.
Let’s reconsider Example 7.1, in which we evaluated three candidates with two
criteria (research and teaching). Into the replica of Fig. 7.1, an area with a dotted
line is marked off.

Let us assume that the value function v(u)=wgu;+wyu, is linear with:
wr=0.5+¢ and wy=0.5 — ¢, where u; and u, refer to research and teaching,
€>0 is a small number, and wg and wr are the weights for research and teaching
in the linear function. When research has a bit higher weight as specified in the
original example, the solution is A. If € < 0, then the solution is B. If wg = wr, then
any efficient solution is an optimal solution. Perhaps, DM means that he/she prefers
the solution which is fairly good on both criteria. Unfortunately, the linear value
function cannot pick up such a unique optimal solution.

When a DM is looking for the MPS by freely searching the efficient frontier by
using a suitable decision support system (DSS), it is unlikely that he/she will choose
the efficient extreme solution (=a given DMU).

Assume that a DM articulates his/her desire to search for the MPS from among
the set of the given DMUs. It means that the convex production possibility is
unlikely convex, because the DM may choose the unit, which is efficient among
the set of given DMUs, but do not lie on the frontier of the convex production
possibility set. Figure 8.1 illustrates the non-convex set which is marked off with
the dotted line (=the free disposal hull), and in this set point C is efficient. If the DM
would like to find the candidate who is reasonably good in research and teaching
and even a bit better researcher than a teacher, he/she will likely choose alternative
C. The choice cannot be modeled by a linear function. Thus the linear value
function violates the important property two.

The linear form of the value function is popular and widely applied. People are
used to think that the importance of criteria and the magnitude of the weights go
hand in hand. Unfortunately, it is not true. A simple example (Table 8.1) provides a
counter example.
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Fig. 8.1 Illustration of using a linear value function

Table 8.1 Finding the best place for holiday

Price Outing Surfing Hiking Fishing Swimming
Weights -5 1 1 1 1 1 Sum
Cheap 4 4 3 6 5 6 4
Fair 8 7 6 9 7 7 —4
Expensive 12 12 13 14 14 12 5

Example 8.1 Assume a family is looking for the best place for spending holiday.
Family members have ended up with three options (cheap, fair, and expensive
place) which are evaluated on six criteria (price and five various activity opportu-
nities: outing, surfing, hiking, fishing, and swimming). The high numbers for
activities mean excellent possibilities, and for the price a high number means it is
expensive. The parents agree that the price as a criterion is five times more
important than any of the activities. The absolute value of the weight for price is
5 and the weights for activities are ones. In the proposal of the analysis in column
“sum,” choose the most “expensive” one, for which the value is highest! (Even if
the weights are varied, the “fair place” is never chosen.) Perhaps, the solution is not
quite the parents had in their minds!

The pseudoconcavity of the value function is the assumption used in the VEA. It
fulfills all requirements, except not fully the last one. In the spirit of DEA, we can
approximate how much inputs and/or outputs must be improved to make a DMU
under consideration as preferred by the MPS, but we cannot measure its value. For
that purpose, we need stronger assumptions.
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Fig. 8.2 Approximating the indifference contour of value function

Because the indifference surface is unknown, we use a tangent cone to the
approximation. This cone characterizes the region consisting of the points surely
less or equally preferred to the most preferred point. The efficiency of each DMU is
then determined with respect to this tangent cone. As a result we obtain scores that
we call value efficiency scores, because the efficiency of each DMU is determined
by means of an approximation of the indifference surface of an implicitly known
value function at the MPS. The approximation of the score is always more opti-
mistic than the true one.

The basic idea of VEA is illustrated in Fig. 8.2. We have five units (A, B, C, D,
E), which produce two outputs and use the same amount of one input. In Fig. 8.2,
the problem has been described in the output space. Clearly all units but unit B are
efficient. The technical efficiency measure for unit B in standard DEA is the ratio
%. In VEA, we would like to evaluate the ratio %, where point B* lies on the
indifference contour of the pseudoconcave value function at point D, which is
assumed to be MPS. Because the value function is unknown, we are not able to
compute the ratio because only the form of the value function is known, not the
function. If we could approximate the indifference contour by a tangent, then we
could use the ratio %. However, we cannot even make an assumption that the
tangent is known. That’s why we have to consider all possible tangents of the
contour. This idea leads to the use of the ratio % as an approximation to the (true)
value efficiency score. Because this approximation is the best we can get, we will
call this ratio simply as value efficiency score.

The resulting value efficiency scores are always optimistic approximations of
the true scores.
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Fig. 8.3 Illustrating the
tangent cones for
different MPSs

The spanning directions of three possible types of tangent cones are illustrated in
Fig. 8.3. The model to carry out the VEA is explained in Chap. 7 and illustrated in
Fig. 7.2. More illustrations are given in Sect. 8.3.

Figure 8.3 illustrates an important property of a pseudoconcave function which
makes it possible to check if the “best” point found so far is true MPS. Using the
spanning directions of a tangent cone, it is possible first to check if the “best” point
is a local MPS. If a DM does not like any of the changes the spanning directions
propose, then the “best” point is a local MPS, and then based on the property of a
pseudoconcave function, it is also the global MPS (see Korhonen and Laakso
1986). The method is the extension of the idea proposed by Zionts and Wallenius
(1976) to use adjacent efficient extreme points to check if the current efficient
extreme solution is the MPS.

In Fig. 8.3, we have four DMUs (A, B, C, and D), which characterize the
efficient frontier (all full facets, Fig. 8.3). If the DM chooses point D as the best
one, then to be sure that is the (global) MPS, it is enough to check those three
directions from D (D to A, D to B, and D to C). If none of those directions is the
direction of improvement, then D is the MPS. Correspondingly, in case E, we have
to check four directions, and finally in case F only three directions are needed. For
example, a quasiconcave function do not have this property, because it is not
differentiable.
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In this subsection, we illustrate the use of VEA with a simple example. We begin
the considerations by formulating a general DEA model and discuss how various
special models can be introduced from this presentation. Moreover, we illustrate
how the VEA models for various classical DEA models are formulated. In Table 8.2
a unifying formulation is presented for general envelopment and multiplier models
(for short, GEN). From this general formulation, the standard models (CRS, VRS,
NIRS, and NDRS) are introduction. In addition to those standard models, our

. L wY
general formulation allows the use of a general projection vector: w = e €

R where w#£0. If w) >0,i=1,2, ..., s, and wi=0,j=1,2,..., m, then the
model is output oriented; ifwly =0,i=1,2,...,s, and wjx >0,j=1,2,...,m, then
the model is input oriented; and ifw,Y >0,i=1,2,...,5,and w]" >0,j=1,2,....,m,
then the model is combined. One more feature in the formulation is that the point

y
g= {g } € R to be projected onto the efficient frontier does not necessarily

g
belong to the production possibility set. Note that depending on the values of
vectors g and w, the solution may be infeasible.

Example 8.2 Suppose that we have six DMUs which are evaluated with one input
and one output (Table 8.3).

Which units are efficient depends on the returns to scale assumption. We use two
assumptions: (a) RTS is VRS and (b) RTS is NIRS. In both cases, units A, B, and C

Table 8.2 The general DEA models
General envelopment DEA model (GEN-E) General multiplier DEA model (GEN-M)

max Z=o+e(1"s*+17s7) min W=v'g"—puTg" + £
s.t. s.t.
YA—ow’ —st =g’ — 1Y+ X+E1>0"
Xi+ow'+s~ =g* ww T =1
1"A+7=1 nv>el
s,57>0 e>0
&> 0 (Non - Archimedean) =0, if RTSis CRS
=0, ifRTSis VRS =free, ifRTSis VRS
- i is 14
. free, ifRTSis CRS >0, ifRTSis NIRS
S . .
20, ifRTSis NIRS <0,  ifRTSis NDRS

<0, if RTSis NDRS

Table 8.3 The data set of Units A B C D E F
Example 8.2
Input 1 3 1.5 3 5
Output 2 5 5.5 1.5 3 4
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Fig. 8.4 The combined orientation using VRS assumption, when A is MPS (Case 1)

2 3 4 5 6

are (technically) efficient and D, E, and F inefficient (see, e.g., Fig. 8.4). The
formulation of the model is as follows:

max o+ e(sT + 57)
s, 8.1)

M43%h+ 543+ 154 +35+ 5% +wo+s =g
30 + 50k +5543 4 1.544 + 325 + 426 —wo —st = ¢’
MA+4+ 45+ +u=1

A2 A3, A4y A5, A6, 87 >0

e>0

=0, ifRTS = VRS
>0, ifRTS = NIRS

Ay 1s free in all models below, because efficient unit A is assumed to be involved in
all specifications of MPS.

First, we assume that RTS = VRS and use the combined orientation. Let’s
suppose that DM states that unit A (without any additional information) is his/her
MPS. Thus A, is free, £ =0, and s* >0, and other variables are nonnegative as
specified in the model (Case 1). These definitions specify the tangent cone with two
spanning vectors: one down from A and another one from A passing through B.

The value efficient is now defined for each unit by computing how much
(proportionally) the outputs have to be increased (improved) and the inputs to be
decreased (improved) until the surface of the tangent cone is reached. We see from
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Table 8.4 The value efficiency scores, when RTS = VRS (Cases 1 and 2)

Ay Free Ay and s* are free
Unit Reference unit Inefficiency score Reference unit Inefficiency score
B B! 0.000 B? 0.667
C ! 0.143 C? 0.800
D D! 0.333 D? 0.333
E E' 0.333 E? 0.667
F F! 0.333 F? 0.800

-
o

o = N W R Y N 0O

= -

2 3 3 5 6

Fig. 8.5 The combined orientation using VRS assumption, when A is MPS and the solutions from
A down are “almost” equally preferred to A (Case 2)

Table 8.4 that all units except unit B are value inefficient. Units D, E, and F are
inefficient; that’s why they are also value inefficient. Unit B is efficient and also
value efficient. Instead, unit C is efficient, but it is not value efficient. Figure 8.4
illustrates the results of the analysis.

After seeing the result, assume that the DM does not like the result that according
to the analysis B was equally preferred to A, because its value (in)efficiency score is
0. He/she may think that all solutions on the line segment from A to B are less
preferred than on the line segment from A down. We may use this additional
information by specifying that s* is free instead of requiring that it is nonnegative
(Case 2). In theory, it means that any solutions (see Fig. 8.5) on the line segment
from A down are equally preferred to A. It is not a rational decision because all
other solutions except A are only weakly efficient, i.e., A is dominating those
solutions. However, it may define the better approximation to the true tangent of
the value function. That’s why the DM may be willing to use it.

The value efficiency scores are given in Table 8.4 and illustrated in Fig. 8.5.
Unit D is the only unit which has the same value efficiency score as before.
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Table 8.5 The value efficiency scores, when RTS = NIRS (Cases 3 and 4)

A free A and p are free
Reference unit Inefficiency score Reference unit Inefficiency score
B B} 0.000 B* 0.444
C c? 0.300 ct 0.633
D D’ 0.667 D* 0.667
E E’ 0.667 E* 0.667
F F 0.600 F* 0.733

oy
(=]

= O NW s U N 0 W

0y
0 1 2 3 4 5 6

Fig. 8.6 The input orientation using NIRS assumption, when A is MPS (Case 3)

Figure 8.5 tells why. Now unit B is not any more value efficient. Its score is even
worse than that of unit D.

Next, we assume that RTS = NIRS and use the input orientation. As before, we
assume that unit A is MPS. Thus 4, is still free, £ > 0, and s* > 0 (Case 3). The other
variables are nonnegative as specified in the model. These definitions specify the
tangent cone spanning vectors from A to the origin and from A passing through
B. The results are given in Table 8.5 and illustrated in Fig. 8.6.

The profile of the results is quite similar as before. The score of C is the best one
and the other scores are almost equal as they were before. If we assume as before
that the DM cannot accept B to be equally preferred to A, consider that the “true”
MPS is somewhere between the origin and A.

The best solution is the one at which ¢ > 0. We modify the model such that y is
defined now as free (Case 4). The new tangent cone is spanned by the vector starting
from the origin and passing through A as illustrated in Fig. 8.7. Unit B is now value
efficient, but not so much as the other value inefficient units. The score of unit D is
the same as before.
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Fig. 8.7 The input orientation using NIRS assumption, when the MPS is between the origin and A
(Case 4)

8.4 Applying Value Efficiency Analysis

In this subsection, we will discuss how the VEA can be used in practical applica-
tions. VEA enhances the usability of the efficiency analysis by helping analyze the
effects of a DM’s preference information. At minimum, VEA will require a very
little amount of extra effort. Computationally VEA is as easy to perform as a
technical efficiency analysis.

Throughout this subsection, we consider a data set consisting of 25 firms (hyper-
markets) situated in Finland belonging to the same group. The data set was already
represented in Sect. 5.4 (Table 5.4). The original application consisted of more
variables, but in our illustrative example only two outputs and two inputs are used.
The outputs are “sales” (in money units) and “net profit” (in money units). The
inputs are “man hours” (103 h) and floor space (103 mz). “Man hours” refer to labor
force available within a certain period and “floor space” is the total area of the firm.
The original application consisted of three output variables (sales, gross profit, and
net profit) and seven input variables (personnel costs, other expenses, rents,
machinery and equipment costs, current assets, TT, and floor space). We would
like to emphasize that these variables were chosen by the management—not by us.

To make considerations more illustrative, we will consider BCC models, i.e.,

A={A[A€eR} and 1"A=1}

and calculations are made assuming output orientation.
The first task in VEA is to locate MPS. It means that a DM has to solve the
following multiple objective linear programming problem (MOLP):


http://dx.doi.org/10.1007/978-1-4899-7528-7_5#Sec4
http://dx.doi.org/10.1007/978-1-4899-7528-7_5#Tab4
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Pareto Race

Goal 1 (max): Sales ==>
180.989
Goal 2 (max): Net Profit ==>
7.4427
Goal 3 (min): Man Hour ==>

I 100.283

Goal 4 (min): Floor Space ==>

5.8279
Bar:Accelerator F1:Gears (B) F3:Fix num:Turn
F5:Brakes F2:Gears (F) F4:Relax F10:Exit
Fig. 8.8 Searching for the most preferred values for inputs and outputs
Max YA
Min XA
s.t. (8.2)
1"A=1

After finding a solution on the efficient frontier for MOLP model (8.2), the rest of the
analysis is very straightforward provided we accept the assumption that the solution
is the unit maximizing a DM’s implicitly known pseudoconcave value function.

To solve model (8.2), any available interactive MOLP system can be used. We
use the VIG software (Korhonen 1987). VIG implements Pareto Race (Korhonen
and Wallenius 1988), which provides an interactive procedure for dynamic and
visual free search on the efficient frontier of the MOLP problem. (To have more
information about other multiple objective linear programming methods, see, e.g.,
Steuer 1986.)

Pareto Race enables a DM to freely search any part of the efficient frontier by
controlling the speed and direction of motion (see Fig. 8.8). The objective function
values are represented in numerical form and as bar graphs on the computer screen
(see, for more details, Korhonen and Wallenius 1988). It is important to remember
that the efficient frontier depends on the underlying scale assumption. For instance,
if we use the BCC model for technical efficiency, the same model has to be used for
VEA as well. The orientation has no effect on the efficient frontier.

Let us assume that the DM regards the values of input and output variables in
Fig. 8.8 as the most preferred ones. The values are obtained by using the A values:
Arirm3 = 0.286 and Ag;rmi0 = 0.714. It means that the MPS is a convex combination
of firms 3 and 10. Pareto Race guarantees that the convex combination is efficient.
The value efficiency scores (see, Table 8.6) are computed by using a standard
BCC model with one exception: nonnegativity constraints of the A variables of
firms 3 and 10 are relaxed. The results are given in column “firms #3 and 10.”
The technical efficient firms 3, 4, 10, and 25 are also value efficient. The rest of the
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Table 8.6 Efficiency and value efficiency scores

Value efficiency score
Firms # 3 and
Firms # 3 8 = #8 and
Efficiency Firm # 3 Firm # 8 Firm # 10 and 10 10 and 25
Firm1 0.821 0.794 0.768 0.821 0.794 0.720
Firm2 0.772 0.663 0.772 0.772 0.663 0.758
Firm3 1.000 1.000 0.931 1.000 1.000 0.931
Firm4 1.000 1.000 0.661 1.000 1.000 0.661
Firm5 0.769 0.689 0.769 0.769 0.689 0.757
Firm6 0.806 0.780 0.805 0.806 0.780 0.805
Firm7 1.000 0.815 1.000 1.000 0.815 0.953
Firm8 1.000 0.731 1.000 1.000 0.731 1.000
Firm9 1.000 0.743 1.000 1.000 0.743 1.000
Firm10 1.000 1.000 1.000 1.000 1.000 1.000
Firm11 1.000 0.749 0.913 0.966 0.749 0.913
Firm12 0.824 0.824 0.613 0.824 0.824 0.592
Firm13 0.673 0.673 0.588 0.673 0.673 0.558
Firm14 0.736 0.596 0.736 0.736 0.596 0.722
Firm15 0.803 0.625 0.803 0.803 0.625 0.802
Firm16 0.978 0.858 0.948 0.978 0.858 0.881
Firm17 0.930 0.884 0.914 0.930 0.884 0.887
Firm18 0.817 0.767 0.613 0.807 0.767 0.605
Firm19 0.969 0.716 0.969 0.959 0.716 0.915
Firm20 0.804 0.681 0.774 0.804 0.681 0.703
Firm21 0.858 0.793 0.600 0.846 0.793 0.600
Firm22 0.876 0.854 0.724 0.876 0.854 0.716
Firm23 1.000 0.960 0.973 1.000 0.960 0.973
Firm24 0.973 0.787 0.838 0.907 0.787 0.819
Firm25 1.000 1.000 1.000 1.000 1.000 1.000

technical efficient firms 7, 8, 9, 11, and 23 are value inefficient. It means that the
structure of those input and output values deviates too much from the values of a
convex combination of firms 3 and 10. Note that the value efficiency scores are
never higher than the technical efficiency scores!

In practice, a DM is not necessarily willing to use any MOLP method to locate
the MPS. He/she often feels him/herself comfortable to name one of the existing
units as the MPS. The last two columns in Table 8.6 are standing for the value
efficiency scores when the MPSs were firm 3 and firm 8. Both firms are technical
efficient. Firms 3, 4, 10, and 25 are value efficient, when the MPS is firm 3. Corre-
spondingly, firms 7, 8, 9, 10, and 25 are value efficient, when the MPS is firm
8. Firms 10 and 25 are value efficient in both cases. Let us consider more closely
firm 4. It is technical efficient, and it is also value efficient when the MPS is firm
3. If the MPS were firm 8, then the value efficiency score of firm 4 is only 0.661.
The structure of the input and output values of firm 4 is “closer” to firm 3 than
8. The fact is easy to see from Table 5.4.
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It is necessary that the unit the DM will point as the MPS is efficient. In case the
number of efficient units is large—Ilet us say few thousands or millions—the DM may
need a help in finding the most preferred (existing) unit as well. There exist decision
support systems which provide him with the tool which helps him/her to find
the “best” alternative from among a huge set of given alternatives. An example of
such a system is VIMDA (Korhonen 1988). VIMDA is developed to help a DM to
choose the most preferred alternative from a large set of alternatives. An improved
version of the algorithm is published in Korhonen and Karaivanova (1999).

Above, we compared the results obtained from using alternatively two units as
the most preferred units. Actually, in practical applications the DM often seems to
be willing to specify more than one MPS. If he/she will pick several units, there is a
problem: how to interpret his/her choice? By pointing several example units, the
DM may think that from some point of view, they all are “good.” On the other hand,
he/she may think that the best unit is a kind of combination of the named units.

If the units are on the same efficient facet, we just relax the nonnegativity
constraints of the corresponding A variables in the output-oriented BCC model
and obtain the value efficiency scores. In practice, it is very likely that the units
are not on the same efficient facets, if the DM will make his/her choice without any
support. In that case, relaxing the nonnegativity constraints of the 1 variables leads
to an unbounded solution of the value efficiency model.

In this case, the line connected to these two units is not efficient—except the end
points. It means that pseudoconcavity assumption is wrong, or the DM has made a
mistake. In these situations, it is best to figure out what the reason is.

Technically, we may overcome the problem, for instance, by taking the average
of the values of the input and output values of the units specified by the DM and
projecting the point onto the efficient frontier. However, this is not a satisfactory
trick unless we are sure that the DM is really looking for a kind of combination of
those units, but is unable to express it. He/she may also mean that some units are
“good examples” for certain types of units and some other units are “good exam-
ples” for another kind of units. In this case, we may use different units as the MPSs
at a time and ask the DM to associate each unit with one of the alternative MPSs.

If we assume that the first interpretation is true, we may “correct” the evaluation of
the DM by computing the average of the values of those two units (142.4, 5.85, 85.74,
5.30) and projecting the point onto the efficient frontier by using the output-oriented
BCC model. We obtain the following information: the efficiency score of the point
(142.4, 5.85, 85.74, 5.30) is 0.943, and the units belonging to the reference set for
the point are firms 8 (Agirmg = 0.033), 10 (Agirm10 = 0.876), and 25 (Agirmas = 0.090).
It means that those three units specify an efficient facet, and the VEA can be carried
out by relaxing the nonnegativity constraints of those three A variables. Value
efficiency scores are in Table 8.6, in the column “firms #3 and 8 = # 8 and 10 and
25.” The approach means that we “corrected” the DM’s evaluation: instead of the
accepted conflicting information that firms 3 and 8 are equally preferred, we
“corrected” it into the form: firms 8, 10, and 25 that are equally preferred.

Assume now that interpretation (2) is true. The DM might mean that firm 3 is a
“good example” for large units with big sales and firm 8 is good for small units.
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Then we will carry out two different analyses. First, we use firm 3 as the most
preferred unit and then firm 8. Table 8.6 shows the results. This kind of situation
may also appear, when we have many decision makers in choosing the MPS; then, it
is natural to assume that they do not generally choose the same MPS. It is not
necessary to try to find out the compromise solution. The situation can easily be
solved by computing value efficiency scores for all different MPSs separately.

The DM is free to choose how to use the results, but we give the following
recommendation: VEA is performed for all different MPSs named by the DM. Each
unit is associated with each MPS a priori or a posteriori. A priori association means
that we select in advance the MPS for each unit. The selection can be made
according to some specific values of input and output variables or some uncontrol-
lable characteristics of the units. A posteriori association means that the classifica-
tion of units is made afterward. Each unit is associated with the MPS having the
highest value efficiency score. For instance, firm 5 is associated with firm 8 because
the value efficiency scores were 0.689 and 0.769 for firms 3 and 8, correspondingly.
Thus firm 8§ is a better “example” to firm 5 than firm 3.

We may further develop the idea by finding for each unit its own MPS. For
instance, for a given level of input values, we may first search the most preferred
output values and then compute the value efficiency score of the unit under
consideration with respect to the specific MPS. In practice, the approach may be
too time-consuming. It is more realistic to assume that a DM is more willing first to
group the units and to search the MPS for each group.

8.5 Concluding Remarks

In this paper, we have considered the use of VEA in practice. A key issue for VEA
is to locate the MPS or the most preferred unit on the efficient frontier. In practice,
the decision maker often seems to be more willing just to pick out his/her MPS or
most preferred unit without trying to find it using an interactive multiple objective
linear programming technique. In this paper, we have proposed different ways to
deal with this kind of an approach.

We have illustrated the use of VEA with the data set that was extracted from a
real application. In the numerical considerations we have consistently employed the
output-oriented BCC model. It is of course possible to perform a general VEA and
use any of data envelopment analysis models.

VEA gives a response to many practical problems. Here we have considered a
few and showed how to use VEA in those problems. VEA provides a possibility to
understand more deeply the nature of performance at the units under considerations.
In addition, VEA is as easy to carry out as DEA. It does not need any special
models. The only difference to a DEA model is the relaxation of the nonnegativity
constraints of the strictly positive variables determining the MPS. People working
in practice have found efficiency analysis in general and value efficient analysis in
particular useful.
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Chapter 9
Extensions to Value Efficiency Analysis

Implementing New Features to Value Efficiency
Analysis

9.1 Topics

In this chapter, we provide an overview on possibilities to extend value efficiency
analysis. First, we describe how to incorporate additional preference information
into the analysis by using the “price” information of inputs and outputs. The
extension is made in the spirit of cone ratio approach.

As we have emphasized, the computation of value efficiency scores is based on
an approximation, because a DM’s value function and thus the indifference contour
passing through to the MPS are unknown. The approximation of the scores is
optimistic, in the sense that the true value efficiency is always worse than the
approximation provided. To find the true score, there is no need to estimate the
whole indifference curve. It is enough to find the point at which the line standing for
the proportional improvement of inputs and/or outputs meets the indifference
curve. This point can be found by means of an interactive approach.

The third extension deals with the assumptions of the value function needed for
enabling the value efficiency analysis to provide information on the value differ-
ence between the unit under considerations and the MPS. Generally, the value
efficiency score only provides ordinal information. We will discuss two sets of
additional assumptions that enable the value (in)efficiency score to provide a value
difference/ratio interpretation.

9.2 Weight Restrictions and Value Efficiency Analysis

Originally, it was considered an advantage of DEA that no preference information
is needed; i.e., weights apart from nonnegativity were not restricted. However,
many value judgment schemes have been proposed for several reasons. The first
weight restrictions in DEA were put forward by Thompson et al. (1986). Weight
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restrictions are the most straightforward and commonly used way in economic
analysis to incorporate preference information into the DEA analysis as discussed
in Chap. 6. It is often the case that some information on the relative importance or
relative prices of the inputs and outputs is available. It would not be reasonable to
exclude that from the analysis. The weights do not always have an interpretation as
prices. Outside of weight restrictions, preference information can be incorporated
into DEA by target setting (see Chap. 6 for review).

VEA is an approach to incorporate value judgments into DEA via the most
preferred solution (MPS), which is the input—output vector on the efficient frontier
preferred by the DM to all other possible input—output vectors. To insert this
information into efficiency analysis, a modification of the original model is
required. The modification may interpret as the change of the efficient frontier. In
that sense, VEA is analogous to weight restrictions models. In VEA, the DM does
not explicitly consider the weights. He/she only chooses the MPS from among all
the efficient (virtual) units.

In this subsection we combine two kinds of preference information: the most
preferred input—output vector and information on weights of inputs and/or outputs,
when it is reasonable. Weight restrictions may be applied before or after VEA. The
use of weight restrictions as the component of VEA can be interpreted as an aim to
improve the precision of the approximation of value efficiency scores.

To illustrate the approach, we describe as an example the analysis of municipal
dental units in Finland, where among others there are two kinds of labor inputs:
better paid dentists and less paid other staff (in man years). The outputs are divided
into two parts: patients under 18 years of age and other patients (that have been
taken care of). The treatment of the latter group is more expensive. We demonstrate
that we get very interesting results by combining the two different ways to incor-
porate preference information.

9.2.1 DEA Model with Weight Restrictions

The demands of real-life applications probably are the origin of the incorporation of
preference information in DEA (see, for further discussion, Allen et al. 1997). A
natural incentive is some a priori knowledge on prices or the relative importance of
outputs but also the need to have more realistic efficiency scores as well as the need
to rank the efficient units. Because in the DEA literature, so far, only linear weight
restrictions have been encountered, we may present the absolute and relative weight
restrictions in the following form (see, e.g., Halme and Korhonen 2000):

'R — V'R <¢ (9.1)

where R’ € R4, R* e R"™* (k>0), and ceR* (row vector). We denote

y
R = {ﬁ*] e ROk With the help of vector c, it is possible to present both
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Table 9.1 The general weight-restricted DEA models

General envelopment DEA model with weight ~ General multiplier DEA model with weight

restrictions (GEN-WR-E) restrictions (GEN-WR-M)
max Z = ¢ + e(ITs+ + lTs’) + cTo min W = vigh—puTg + ¢
s.t. S.t.
YA — ow —st+RG = ¢ 1Y +/TX +£é1 >0
XA + ow' + s~ + RO = g* w4+ T =1
12 +7=1 —u'R +VIR* > ¢
s’,s*, 0> 0 pyv > €l
& > 0(non-Archimedean) & > 0(non-Archimedean)
=0 if RTS is VRS = free if RTS isVRS
A= free if RTS isCRS ¢ =0 if RTS isCRS
>0 if RTS isNIRS >0 if RTS isNIRS
<0 if RTS isNDRS <0 if RTS isNDRS

the absolute (¢ #0) and relative (c =0) weight restrictions (see Chap. 6). In
Table 9.1, we present how these constraints are incorporated into traditional DEA
models. We present the models in the general framework in which there is a general
W
w*
2,...,5, and wj* =0,j=1, 2,...,m, then the model is output oriented; if w} = 0,

projection vector used: w = [ } € R where w>0, w#0. If w) >0, i=1,

i=1,2,...,s, and WJX >0,j=1, 2,...,m, then the model is input oriented; and if
w >0,i=1,2,...,s,and wi>0,j=1,2,...,m, then the model is combined. One

y
more feature in the formulation is that the point g = {; r} € R to be projected

onto the efficient frontier does not necessarily belong to the production possibility
set (PPS).

Note that we may interpret that the weight restrictions modify PPS. As we can

M
Rx
consisting of the input and output values of k artificial units. Actually, the interpre-
tation is not quite right because we do not require that R” >0, R”#0 and R* >0,
R*#£0.

We define set T= {u |u =UA, A € A}, which have one-to-one connection to the
PPS. In this chapter, we refer to this set as a PPS as well. Set A= {4 | 1M +7=1 1,
where 7 is defined as in Table 9.1. The original efficient frontier clearly changes
after the incorporation of weight restrictions. The resulting new feasible set is
T"={u|u=UA+VO, AcA, 6>0}, where U= [YX} and V= [RI:\]
Clearly T C T". Thus the units originally efficient in set T are not necessarily
efficient in TV,

When the absolute weight restriction method is used, it is possible that the
multiplier model has no feasible solution and the envelopment model has an
unbounded solution. It may, of course, happen in case of relative weights as well.
Then the weight restrictions are in conflict with one another.

see from the envelopment model, we may interpret R = { } as the matrix


http://dx.doi.org/10.1007/978-1-4899-7528-7_6

130 9 Extensions to Value Efficiency Analysis
9.2.2 Restricted Weights in Value Efficiency Analysis

In some cases, there may be a need to impose additional weight restrictions,
absolute or relative, to fine-tune preference information we would like to incorpo-
rate into VEA.

The reason for this might be the knowledge of relative prices or relative weights
of some of the input/output variables. Also there might arise a need to check if the
additional weight restrictions are in harmony with the MPS chosen. Thus informa-
tion on the absolute or relative weights may be used as a supplement to VEA and
thus to improve value efficiency score estimates. Also, it may happen that the DM is
unable to locate a unique MPS. Then the weight restrictions may be used to choose
among the MPS candidates; particularly some of them can be rejected owing to the
conflict with the new information.

To impose weight restrictions in value efficiency analysis, we supplement
the multiplier model with linear constraints, —u' R”+2"R*>¢, R” € ®** and
R € R"™* (k>0), in the same way as weight restrictions were added in the
standard DEA model in Chap. 6. In Table 9.2, we present the dual model with

Table 9.2 The general weight-restricted VEA models

General envelopment VEA model with weight  General multiplier VEA model with weight

restrictions (GEN-WR-VEA-E) restrictions (GEN-WR-VEA-M)
max Z = o + e(I'st +1"s7) + "0 min W =vTg" —uTg¥ + ¢
s.t. S.t.
Yi— ow —st+RO = g Y+ VX +E -y =0T
XA 4+ ow' + 57 + RO = g° piw +Tw =1
1" +7=1 —0'R +1V TR —p=c¢
sT,sT >0 uv > el
& > 0 (non-Archimedean) & > 0 (non-Archimedean)
>0 if ;=0 >0 if 47 =0
i o , J=12,...,n 7 e , J=12, ...,n
=free if 4 >0 =0 if >0
>0 if ;=0 . >0 if ;=0 - .
0; , =12 ..., j e ., J=12 ..
N\ =tree it 6:>0" 7 MN=0ite>0 '
where A*, 8* correspond to the MPS: where A*, 8* correspond to the MPS:
y*=YA* + R0* yE=YA* + R0*
x*=XA*+ R'G* x*=XA*+R'O*
The original DEA model: The original DEA model:
=0 if RTS is VRS = free if RTS isVRS
=free if RTS isCRS ¢ =0 if RTS isCRS
>0 if RTS isNIRS >0 if RTS isNIRS
<0 if RTS isNDRS <0 if RTS isNDRS
In the VEA model: In the VEA model:
VRS: 7=0 always VRS: & =free always
CRS: 7=free always CRS: £=0 always
>0 if =0 >0 if =0
NIRS : 7 . NIRS : & )
=free if 7*>0 =0 if ©*>0
<0 if =0 <0 if =0
NDRS : 7 . NDRS : ¢ .
=free if 7* <0 =0 if 7 <0
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weight restrictions and the corresponding primal model with additional columns
corresponding to the new restrictions.

When weight restriction approach and VEA are combined, there is a reason to be
careful. There is a high risk to make two kinds of errors:

1. Weight restrictions are defined in such a way that the envelopment model has
unbounded solution, i.e., the multiplier model has no feasible solution.
2. The MPS is found without restrictions and then the restrictions make it inefficient.

The second problem is easy to avoid, when the MPS is searched with the model
which includes the weight restrictions. The first problem requires a deeper analysis
for finding a reason why there exist no feasible weights. In that case we have to ask
the DM to reconsider the weight restrictions.

If the DM is willing to first find the MPS and carry out VEA and insert the weight
restrictions afterward—if needed—then problems may appear.

9.2.3 An Example: Municipal Dental Units

We have adopted the data set from Halme and Korhonen (2000).

The data from year 1995 consists of 21 Finnish municipal dental units located in
different cities. The units are evaluated with three input variables: material costs
(1,000 FIMI), dentists (working years), and other staff (working years). The two
output variables are the number of patients treated which are divided into two
categories: less than 18 years and more than or equal to 18 years old (Table 9.3).

Assume the DM considers VEA with and without weight restrictions to fit to
his/her problem. He/she decides to use the nonincreasing returns to scale (NIRS)
assumption and a combined model in the analysis. First, he/she computes the
inefficiency DEA scores for those 21 municipal dental units. They are given in
the first column of Table 9.4. Let’s suppose that after seeing the results, he/she
would like to name the unit in Espoo the most preferred unit without using any
support system.

Furthermore, we will impose the following additional weight restrictions into the
model:

v > 1503 = —1r + 1.5v3 < 0and
Hi S py = p—py <0

Setting those restrictions is based on the requirement that the weight (the annual
costs) of dentists should be at least 150 % of that of the other staff. Moreover the
weight (cost) of younger patients should be less or equal to that of the older patients.
If this restriction is not set, units might manipulate efficiency by favoring

'"FIM = Finnish Mark, which is nowadays replaced by Euro: 1€ = 5,95 FIM
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Table 9.3 The dental units’ input—output data

Inputs Outputs
Material Dentists O staff
Dental units 1,000 FIM Years Years Patients <18 Patients >18
Helsinki 5,648 132 212 73,158 54,154
Espoo 2,396 54.5 83 33,098 25,357
Tampere 2,789 40.5 52 28,486 17,157
Vantaa 2,231 59.5 85 29,580 10,624
Turku 2,061 53.5 52 24,139 17,291
Oulu 1,689 36.5 61.5 20,223 11,293
Lahti 1,001 27 43 20,565 14,251
Kuopio 898 29.5 37.5 14,049 9,348
Pori 1,393 26.5 33 13,785 7,415
Jyviskyla 973 23 34.5 12,106 11,945
Himeenlinna 1,511 27.5 40.5 13,247 9,958
Lappeenranta 799 15.5 21 10,737 4,164
Kotka 523 16 27 10,021 4,480
Vaasa 1,341 21.5 29 10,534 6,200
Mikkeli 758 21 25.5 10,526 5,298
Porvoo 1,046 19.5 30.5 9,687 5,349
Joensuu 1,296 22 29 8,958 6,575
Seindjoki 767 18 24 10,161 9,207
Rauma 960 23 29.5 9,452 8,245
Kokkola 972 17 22 9,520 2,753
Kouvola 550 17 20.5 8,238 5,647

the treatments of younger, easier patients. The restrictions in the matrix form are
as follows:

1 0
—1 0
[”17/"%”15”27”3] 0 0 SO
0 -1
0 1.5
0 O 0 0
where R” = {—i 8] andR*'=—-10 —-1| =10 1 | because we defined
0 15 0 —1.5
y
sl | <0

The weight restrictions are based on information about relative prices. Note that
each relative weight restriction corresponds to inputs/outputs measured in the
same units.
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Table 9.4 The inefficiency score for DEA and VEA models without and with weight restrictions

DEA inefficiency scores

VEA inefficiency scores

Weight restrictions

Weight restrictions

Dental units Without With Without With
Helsinki 0 0 0 0

Espoo 0 0 0 0

Tampere 0 0 0 0

Vantaa 0.077 0.226 0.167 0.227
Turku 0 0.099 0 0.099
Oulu 0.139 0.183 0.192 0.192
Lahti 0 0 0 0

Kuopio 0.123 0.143 0.177 0.227
Pori 0.111 0.177 0.251 0.270
Jyviskyld 0.002 0.003 0.002 0.015
Hémeenlinna 0.173 0.176 0.176 0.192
Lappeenranta 0.001 0.106 0.313 0.336
Kotka 0.035 0.113 0.373 0.382
Vaasa 0.187 0.208 0.307 0.340
Mikkeli 0.089 0.201 0.328 0.364
Porvoo 0.207 0.247 0.400 0.407
Joensuu 0.222 0.24 0.275 0.315
Seindjoki 0 0 0 0.037
Rauma 0.149 0.164 0.152 0.197
Kokkola 0.097 0.235 0.463 0.498
Kouvola 0.094 0.159 0.226 0.291

The combined model, which also includes the weight restrictions, is formulated
now for unit in Kouvola:

max o

S.t.

Helsinki
Material: 5,6484,
Dentists: 1324,
Other 2124
staff:
Patients 73,1581,
<18:
Patients 54,154,
>18:

+

Espoo Kouvola
2,3964, +... +5501y;
545/12 +... +17j.21

831, +... +20.54,;
33,0984, +... +82384y
25,3574, +... +5,64715

RO

+

+02 —

5500
1706
20.5¢
8,238¢

56470

INIAIA

[\

\Y

Kouvola
550

17

20.5

8,238

5647
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21
> A<l (NIRS)
4 >0,i=1,3,...,21, 0 >0, 1, is free (because Espoo is MPS)

As a solution, we get inefficiency scores for each unit. Inefficiency score tells
how much the unit has to improve proportionally the inputs and outputs in order to
become efficient. Improving for inputs means decreasing and for outputs increas-
ing. For instance, a score of 0.183 (for Oulu, Table 9.4) means that inputs have to be
decreased with 18.3 % and the outputs to be increased with 18.3 % so that the unit
reaches the (weakly) efficient frontier. It is possible that the projection of the point
is on the weakly efficient frontier, but it has no impact on (in)efficiency scores.

From Table 9.4, we see that the standard DEA model gives the smallest ineffi-
ciency scores, and the VEA model with weight restrictions provides the largest
ones. That is consistent with theory. Instead, the values in the middle columns
“DEA inefficiency scores with weight restrictions” and “VEA model without
weight restrictions” have no natural rank order. In our problem, all but four in the
column “DEA inefficiency scores with weight restrictions” are smaller than in the
column “VEA model without weight restrictions.” The only exceptions are the units
in Turku, Jyviskyld, and Rauma. The scores are equal to the unit in Himeenlinna.

We may now ask what kind of operational improvements the different DEA
scores would cause, e.g., for the city of Turku. In the basic DEA model, Turku is
efficient. However, when the weight restrictions are imposed into the model,
inefficiency is revealed—it turns out that all inputs could be reduced by roughly
10 % and all outputs increased by the same figure. However, when Espoo is used as
the MPS and no weight restrictions are imposed, Turku remains efficient. In this
case it seems that the use of additional weight restrictions was very much motivated.

Consider next the scores for the unit Kotka. In the basic DEA model, Kotka is
almost efficient; its score is only 0.035, but the weight restrictions change the score
to 0.113 indicating 11.3 % inefficiency. Including preference information into the
model, the VEA scores reveal higher inefficiency. The inefficiency scores are 0.373
and 0.379 without and with weight restrictions. The values mean that there is a need
for additional analyses for figuring out the reason for the impact of preference
information on inefficiency.

Finally, we would like to emphasize that even if the data is real, there is no DM
in making decisions based on the analysis.

9.3 Estimating the True VEA Scores with an Interactive
Procedure

9.3.1 Illustration of the Problem

In VEA, the preference information is incorporated into the analysis by assuming
that a DM evaluates DMUs using a value function. Because the value function is
unknown, the reasoning is based on the MPS and the indifference contour passing



9.3 Estimating the True VEA Scores with an Interactive Procedure 135

Tangent cone

Output 2

Output 1 &

Fig. 9.1 Tllustration of value efficiency analysis

through the MPS (see Fig. 9.1). Thus when evaluating DMU,, we would like to

. T_ . . .
calculate the ratio %(RI\’I()IJ() (=true inefficiency score for DMU,), but since the

value function is unknown, we have no information on VEAT.
For each value function strictly increasing in outputs and decreasing in inputs,

DEA-DMU, VEAN-DMU,
DMU,—O ° DMU,—O

each point VEAT at the intersection of the ray from the origin through point
DMU, and the value function contour through MPS holds that
DEA < VEAT < VEAN. To prove the above, assume VEAT < DEA. Because
MPS =~ VEA" = MPS should be less preferred than DEA”. On the other hand, if
we should assume that VEAT > VEAN, then MPS ~ VEAT = VEAN is less pre-
ferred than MPS, although VEAN > MPS. Unfortunately, the above bounds are too
loose in most cases.

However, if we assume that the value function is pseudoconcave and increasing
in outputs and in the additive inverse of inputs, it is possible to introduce a tighter
lower bound; see Chap. 7 and Halme et al. (1999) for required theory. The idea is
based on the use of the tangent cone at MPS defined by the binding constraints at the
MPS. This cone consists of solutions surely less preferred than MPS. The intersec-
tion of the ray from the origin through point DMU, and the cone defines the

point VEA”® which is at least as preferred as point DEA. Thus a tighter lower

VEAA—DMUj,
DMU;,—O °

we may calculate the range for unit DMUj,

} , because

bound for the value efficiency is and the revised bounds are

VEA-DMU, VEAN-DMU,
DMU,—O ’ DMU,—O |°

2Symbol “~” means equally preferred.
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9.3.2 Theoretical Considerations

To be able to calculate the true value inefficiency scores, one must know the value
function. That assumption was not made in Chap. 7, or in Halme et al. (1999).
Instead it was assumed that the DM is able to determine an MPS, i.e., a (virtual or
existing) DMU based on his/her wunderlying value function v(u),

u= { Y } € ™", which is strictly increasing (i.e., strictly increasing in y and

strictly decreasing in x) and with a (local) maximal value v(u*) over T,

"
ut = [ yx*] € RS, Furthermore, v is assumed to be pseudoconcave, because
its local optimum over a convex set is also global (Bazaraa et al. 1993, p. 570) and
the optimality conditions can easily be verified.

Unfortunately, knowing the MPS is not sufficient to specify the contour of an
unknown pseudoconcave value function and not even its tangent at the MPS.
However, it is possible to define the region consisting of all points surely
not more preferred than the MPS. This region is an (augmented) tangent

cone W at the MPS (see Theorem 7.1 and Halme et al. 1999). Thus W, CV =
{u = [—yx] [v(u) < v(u*)} which is true for any pseudoconcave value function

with a maximum at u* (see Fig. 7.3 for illustration). This means that in the
projections of inefficient units restricted to the cone W, the resulting efficiency
scores are always surely not worse than the true ones (cf. the points VEA” and
VEAT in Fig. 9.1).

Mathematically this reduces to a straightforward application of linear program-
ming resulting in the (approximated) value efficiency scores. Value efficiency is
studied using model (7.2). The value of ¢ at the optimum of model (7.2) is the
(approximated) value inefficiency score and it is denoted by 6.

As said, since W« C 'V, the approximated value (in)efficiency score o™ is a
lower bound for the true value (in)efficiency score ¢, i.e., 6" <o'. The upper
bound for 6" is easy to compute, even the pseudoconcavity is not needed. The result
follows from Lemma 9.1.

Lemma 9.1 If function v(u), u € 8", is continuous and strictly increasing, then
{u| viw) <v@w®)} N{u |u*<u}=0.

*Note that the only difference to measure inefficiency instead of efficiency is that in measuring
inefficiency the current values of the controllable variables are also on the right-hand side in the
VEA model (7.2).
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Proof Straightforward

Thus we can easily obtain an upper bound as a solution to the following model:

max o
S.t.
u—ouy > Uy

uek= {u|u*<u}c,

where superscript < refers to the complement of set {u |u* <wu}. The solution is
called the “naive” value efficiency score and denoted by ¢™. Thus for true scores we
have ¢* < o' < .

We may also easily show that the DEA scores o= determine a lower bound for
the approximated VEA scores. O

Lemma 9.2 5 < o
Proof The result follows from the fact that T C W, .

Thus we have the following inequalities: 0 < ot < ot < o' < GN, which we
proceed to consider in the following section.

If the approximated and the “naive” scores (¢ and o) are very close to each
other, there may be no need to locate the true value efficiency scores. However, if
the scores are far apart, the DM may want to more accurately estimate the score. In
the next subsection, we propose an approach for finding the true value efficiency
score.

Finally, we prove the following lemmas, which we will use in the approach
presented in the following section. O

Lemma 9.3 If function /:SR" — fR is pseudoconcave on a convex set S, then all x4,
x5 €S, flAx;+ (1 — A) x») > min{f(x,), f(x,)} for all A€ [0, 1].

Proof See, e.g., Bazaraa et al. (1993). |

Lemma 9.4 Assume that v is a (strictly) increasing pseudoconcave (value) func-
tion defined in ™", and let ¢ be the solution (7.2) corresponding to value
efficiency analysis of unit ug and with an assumption that #* is the MPS. If 3 ¢°,
0<o6* <™ and u® =ug+0°u,, such that the DM is indifferent between u® and u*
(u® ~u*), then 3 u™ € T such that v(u™) > v(u*).

Proof Assume that v has its maximum at u*, i.e., v(u*) > v(u), u € T. Let W(u*) be
the augmented tangent cone of T at u*. By Lemma 7.4 (see also Halme et al. 1999),
ucWwu*)=vu*)>v(u). By Theorem 7.2 (see also Halme et al. 1999), where
u® e Wu*), u™ =uy+ o™ u. By assumption u® ~u*=-v(u*) = v(u*). Because v is
increasing, v(u®) < v(u™), which is a conflict. Thus v has no maximum at z* in set
T=3u™ € T, v(u*) < v(u™), which is a contradiction with the assumption. ]
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9.3.3 An Approach to Find the True Value Efficiency Score

To determine the true value inefficiency score, we present an interactive approach
developed by Joro et al. (2003), which enables the DM to make a simple line search
on the ray u, starting from u, (denoted by DMUj in figures), i.e., on the ray
uy+ouyg, o € [0, aN]. In this section, we describe the approach and illustrate it
using a simple numerical example illustrated in Figs. 9.2 and 9.3. Our theoretical
considerations were presented in a general form. A prototype of our approach is

implemented using macros in Excel.

DMU,| VEAT MPS
Output 1 | 0.6888| 14121 1.6408
Output 2 | 0.0169| 0.0347| 0.0180

1.7000

1.6500 -
1.6000 -
1.5500 -
1.5000
1.4500 1
1.4000
1.3500 1
1.3000 -

1.2500

Fig. 9.2 The interface for the search of the indifferent point

0.05

0.045

0.04

0.035

0.03

0.025

Output 2

0.02

0.015

0.01

0.005

1.641

Output 1
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0.0400

0.0350
0.0300
0.0250
0.0200
0.0150 4
0.0100
0.0050

0.0000

0.035

Output 2

Fig. 9.3 A possible stop of the search

Tangent cone /
T~ VEAN
DEA—»
DML,
0 b=
0 02 04 06 08 1 16 N8 2
Output 1
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Approach

Step 0: Most preferred solution
Assist the DM in finding his/her MPS u* on the efficient frontier u* € T.

Step 1: Value efficiency of point uy

If the DM is willing to choose unit (existing or virtual) u € T for consideration,
denote it as u; otherwise, stop. Define a ray r = (1 + 0)ug, 6 > 0, and determine the
specific values: 6™ and 6™. The value 6** with model (7.2) is determined only if the
pseudocongavity assumption of the value function is tested and holds. Otherwise,
set o~ to ™.

Step 2: An indifferent point to u* on the ray r

By varying the values of 6, 6 € [0,6™], find the point & for which u ~u*. (The
DM is indifferent between u and u*, i.e., v(u) ~v(u*) for an unknown value
function.) Let the corresponding parameter value be 6.

For this purpose, we use the following interface (Fig. 9.2):

We present each input/output variable (here only output variables) in its own
graph. In each graph, the DM compares the values (right histograms) of the MPS to
the values in the left histograms, a trial value for VEAT which the DM chooses by
moving back and forth on the ray r with parameter & € [0, 6™]. When the values are
equally preferred, the DM will stop the search. He/she should get the same
information in numerical and graphical forms.

Step 3: Rationality checking

[6°,6%), then go to Step 4
If 6! € { [6F,6"), then go to Step 5

E
[6*,6"), then use 6" as a true VEA score " for ug; go to Step 1.

The last option is illustrated in Fig. 9.3.

For simplicity, we assume that uq + aEuO is efficient. If the DM chooses ¢' < 6%,
the choice is not rational. Then we have to provide the DM with those two options
in Step 4.

Step 4: No rational choice

The DM has chosen o' < 6. It means that the point uy+ c'ug is dominated by
U+ uy € T. Because the (unknown) value function was assumed to be strictly
increasing in u, V(g + 6 ug) > V(g + o'ug) = v(u®). It implies that the DM has
chosen the MPS that is less preferred than a feasible solution.

We may provide the DM with two options:

1. He/she can return to Step 2 to correct his/her evaluation.

2. He/she can choose a new MPS. It may be found through a new search (go to
Step 0), or the solution on the efficient frontier for point #y may be chosen as the
most preferred one. If it is acceptable, denote it by u* and return to Step 2.
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VEA

DMU, MPS

Output 2
Output 2

Output 1 Output 1

Fig. 9.4 Illustration of explanations for conflicting choice in Step 4

In Fig. 9.3, the choice is made on the ray (starting from the origin and passing
through DMUj) from the interval (DMU,, DEA).

Step 5: Conflicting choice
If the DM chooses ¢F < ¢! < UA, it means that:

1. He/she has made an irrational choice.
2. His/her choice is rational, but the pseudoconcavity assumption of the value
function is not valid.

These choices are illustrated in Fig. 9.4a, b. Consider the convex combination
u(u) :,qu+ (1 — wu*, p€[0,1], where u'= (1+ o-I)uO. (The end points u' and u*
in figures are denoted by VEAT and MPS, correspondingly.)

If the DM is able to point out at least one solution on the line u(2"), A €(0,1),
which is strictly less preferred than u*, then we have to reject the pseudoconcavity
assumption (Lemma 9.3). In this case, the current solution #' is acceptable. Further
considerations based on the pseudoconcavity assumption are not necessary, unless
it is not specifically desired by the DM. Go to Step 2.

In case we do not find any evidence to reject the pseudoconcavity assumption,
we assume it to be true. By Lemma 9.3, then there exists at least one point uPeT,
which is strictly preferred to u*. To search such a point, we may use the following
procedure (Figs. 9.5 and 9.6). We restrict the search on the line u(y) into the part u
€ [0, uol, for which u(u) € T, and project this line onto the efficient frontier as
explained, e.g., by Korhonen and Laakso (1986). (This part is existing because the
direction u' — u* is feasible by the definition of the augmented tangent cone Ws.)
When the DM will vary the value of y, he/she will see on the screen the values on
this efficient curve—not on the original line. Then the DM is asked to search the
MPS on this curve. If he/she is not able or willing to do it, assist him/her to make the
search on the whole efficient frontier. Go to Step 2.

The left- and rightmost histograms in both figures correspond to points u
and u*. The central histogram is a convex combination of those two points.

1
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s
VEAT MPS
Output 1 1.4121 1.5493 1.6408 -
Output 2 0.0347 0.0246 0.0180
1.7000 - 1647 0.0400 0035
1.6500 0.0350
1.6000 1549 0.0300
0.025
o
1.4500 1.412 0.0200
1.4000 0.0150
1.3500 0.0100
1.3000 0.0050
1.2500 0.0000
Output 1 Output 2

Fig. 9.5 The interface for the search on line MPS—VEAT

0.05

0.045 Tangent cone

0.04 VEAA
VEAT
0.035

0.03

0.025

Output 2

0.02

DMU MPS
0.015
0.01

0.005

o L
0 02 04 06 08 1 1.2 14 16 1 2

Output 1

Fig. 9.6 Illustrating the search

9.3.4 Practical Considerations

The analysis proposed in this chapter provides the DM with the possibility to have
more precise preference information than the (approximative) value efficiency
analysis proposed in the previous chapter and in Halme et al. (1999). However,
the analysis may be quite time consuming, especially in case of large data sets, and
it may be difficult to the DM to specify indifferent points to the MPS, if the number
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of input and output variables is not small (let’s say 7 & 2). Therefore in practical
applications, the approach presented in this subsection is a refinement and improve-
ment to the value efficiency analysis.

9.4 On the Interpretation of Value Efficiency

9.4.1 Background

The basic idea in value efficiency analysis is to measure efficiency as a distance to
an approximated indifference contour of a DM’s value function. The distance is
measured to the contour that passes through the MPS in the PPS. Although the value
function is not explicitly specified, the DM is assumed to be able to identify the
MPS, which maximizes the unknown value function over the PPS.

Generally, a value function and especially its approximation include only ordinal
information, and thus a value efficiency score does not provide information on the
value of a decision-making unit (DMU) to the DM (except that the maximal value is
achieved at the MPS). Hence, the score only describes the improvements in the
input/output values that are needed in order to reach the contour at which the DMU
is as preferred as the MPS. However, by making more restrictive assumptions about
the value function, value efficiency scores can be interpreted to give value infor-
mation as well. Our aim is to discuss those additional assumptions.

Let us assume that we have n DMUs each consuming m inputs and producing
s outputs. X € R} *"and Y € ;R " are matrices representing the observed input
and output measures for the DMUs. Vector y € R, refers to outputs and x € R’} to
inputs. In the DEA context, the PPS is defined as a set T={(y, x) |y that can be
produced from x} = {(y, x) |x > X4, y < YA, A € A}. In the case of the CCR model
(Charnes et al. 1978), A = R/, and in the case of the BCC model (Banker
etal. 1984), A={A11"A=1,1 € M }.

Because the value function and thus also the indifference contour are generally
unknown, Halme et al. (1999) developed the requisite theory and the procedure to
approximate the indifference curve of the unknown value function by the tangent
cone at the MPS. The value function v(y, x) is assumed to be strictly increasing iny
and strictly decreasing in x, and function u(y,—x) (=v(y, x)) is assumed to be
pseudoconcave. In this case, there is a unique MPS (y", x*) € T at which the value
function v(y, x) of the DM has a maximum value v(y ", x). The value efficiency
analysis provides the scores, which are lower bounds for true value inefficiency
scores. For more theoretical considerations, see Halme et al. (1999). The use of
value efficiency in practice is discussed in Korhonen et al. (2002).

In this subsection, we consider the interpretation of the value efficiency score at
a conceptual level without discussing the approximation of the value function.
Because v is continuous and strictly increasing, for each existing unit (yo, xXHeT
and for any (w”, w*) >0, (w’, w*) #£0, there exists such a parameter y > 0 that
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v+ X0 —ywt) = v(y, xY) (9.2)

Parameter y is called the weighted true value inefficiency score y for point (y(), x%).
Vector (w”, w*) determines the preassigned direction to the (weakly) efficient bound-
ary of T. When the weighting vector or direction (w”, w*) for the unit under
consideration is (y°, 0), the model is output oriented. Correspondingly, when the
vector is (0, x°), the model is input oriented. These projections are called radial in the
DEA literature. We may use the so-called combined orientation by letting the
weighting vector be (y°, x°). For general discussion on the use of directional distance
functions, see Chambers et al. (1998).

The true value inefficiency score tells how much a DMU has to improve its
current output and input values (yo, xo) in the direction (w”, w*) in order to be as
preferred as the MPS. It is evident that y > 0 iff the point (y°, x°) is value inefficient.

Without additional assumptions, the value inefficiency score represents just the
(minimum) change in inputs and/or outputs (in the direction of (w”, w*)) required
for achieving the value equal to the value at the MPS. Continuity, monotonicity,
and pseudoconcavity assumptions alone do not provide enough information for
evaluating the change in value. The assumptions are not even sufficient for ranking
the units on the basis of their value inefficiency scores.

Even if we assume that the value function has a cardinal interpretation, we have
to make more specific assumptions concerning the functional form of the value
function. However, some quite general assumptions enable us to have information
about value changes as well.

Next we consider assumptions concerning the functional form of the value
function and demonstrate that in those cases value inefficiency score provides a
possibility to evaluate value changes. The representation is based on the paper by
Korhonen and Syrjinen (2005).

Homogeneity assumptions that are widely used in economic analysis play an
important role in the following considerations. An additional reason to use a
homogeneity assumption is that the traditional Farrell efficiency measure is homo-
geneous of degree 1 (Fire and Lovell 1978).

Assumption I Assume that the value function v can be separated so that v(y, x) =f
(»)/g(x) for all (y, x) € T. Function fis assumed to be continuous, strictly increasing,
and homogeneous of degree r >0, and g is assumed to be continuous, strictly
increasing, and homogeneous of degree g > 0. Note that the assumption implies
that v is homogeneous of degree r—s.

Let us first consider a combined-oriented model, i.e., (w”, w*) = (y°, x°). Equation
(9.1) can now be written as v(y°+yy°, x°—7x%) =fy° + ry")e(x"—yx°) = (1 +7)
Y e((1=p)x%) = (1 + ) FyO)[(1—p)ex*)] =v(y", x"). Thus, we may calculate the
ratio of the value at the current point to the value at the MPS: v, X0/ vy, x)=
FOOE) T +p) A=) 8@ = A=) /(L +7)"

Consider next an output-oriented model, i.e., (>, w") = (vo, 0). Equation (9.1)
can now be written as v(y°+7y°, x) ="+ 7y°)/e(x)) =A(1 +7y")/ex") =
1+ y)’f(yo)/g(xo) = v(y*, x*). In this case, the ratio can be written as follows:
v, X0 v XD =00/ +y) ) g™ = 1/(1+y). Note that in
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the output-oriented case, we do not need to make assumptions about the
homogeneity of g.

Correspondingly, in the case of an input-oriented model, v(y°, x*)/v(y", x*) =
FO g FyHN(1—y)7e(x*)]] = (1—y)?. (Note that y < 1.) In this case, we do not
need the homogeneity assumptions about f.

Assumption 1 enables us to measure the proportional difference in value as a
function of the inefficiency score. The result is valid only if efficiency measurement
is based on radial projection as is usually the case in standard DEA models. The
ratios calculated above are always possible, but the interpretation only makes sense
if we may assume that v(0, 0) =0, i.e., value is zero in case no inputs are used and
no outputs are produced.

If the projection is made using any given direction (w”, w") or if we like to
measure the change in an absolute value, Assumption 1 is not generally sufficient.
Then we need a stronger assumption that separates the current value and the change.

Assumption 2 Assume that the value function v is linear.

This assumption means that v is homogeneous of degree 1 and v(y;+y,,
X1 +Xx)=v(y1, X1) +v(y,, X»). (Note that, e.g., the value function v(x, y) =a+ bx
+cy, a#0, does not have these properties.) It is easy to see that the assumption
implies that v(0, 0) =0

Suppose now that we would like to evaluate the change in value, when the
projection vector (w”, w*) >0, (w”, w*) # 0 is given. From Assumption 2, it follows
that we can write v(y° +yw”, x°—yw*) =v(°, x°) +v(w’,—yw) =v(°, x%) +yv
(w”,—w"). Furthermore we can measure the difference between the value at the
current point and the value at the MPS in the following way: [v(y", x ) —v(y’, x))1/ v
W, —w") =yv(w”,—w")/v(w’,—w") =y. In this case, the change in value is related to
the value of the weighting vector or direction (w”, w*), which serves as a common
benchmark.

As we see, Assumption 2 leads to a simple interpretation and is valid for any (w”,
w). If the linearity assumption of the value function is acceptable, then this is a
valid approach in practical application. In practical DEA applications, radial pro-
jection is often used. In this case, we can use a more general assumption for a value
function (Assumption 1).

9.4.2 Illustrations

A specific function commonly used in economic analysis is the Cobb—Douglas

function. Let us define v(y, x AH H y“’ i , where A >0, ;>0 and $; <0 are
i=1 j=I
constants. Clearly, the function v can be separated:

-1
S m

Hy"' - Hyg”' <ij’> =f(»)/g(x), where f(y) is a strictly
1j=1 =1 =1

»

i=
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S
increasing homogeneous function of degree Zai and g(x) is strictly increasing
i=1
m

homogeneous function of degree Z —p;. Function v thus fulfills Assumption 1. If
j=1
the inefficiency score for the output-oriented model is y, the proportional value will

be 1/(1+y)”, where @ = Za,- > 0. Correspondingly, the proportional value for

i=1

m
the input-oriented model is (1 — y)°, where 6§ = Z —p; > 0.
=1
For instance, if we may assume that the value function is a Cobb—Douglas
function of its functional form, we do not need to specify it explicitly. If we assume

m
that 6 = Z —p; = 1, then in the input-oriented case, we may say that inefficiency
=1
score also stands for value change.
Suppose next that the value function is of the form v(y, x) =a'y — b'x, where
a € R’ and b € K. Assumption 2 is fulfilled, and the inefficiency score y describes
the value change relative to the change in direction vector used in the projection. If
W, w*) >0, (w”, w*) #0, the proportional value change is y, when the current point
is projected onto the efficient frontier in the direction (w”, w").

9.5 Final Remarks

In this chapter, we considered three different ways to extend the use of VEA:

1. To add restrictions to weights if more flexibility is needed to specify preference
information into DEA. The restrictions can be given in an absolute and
relative form.

2. To use interactive methods to find true value efficiency scores and to test if the
DM behaves rationally and if the assumption that the value function is
pseudoconcave are reasonable.

3. To set additional assumptions to value function for enabling to value efficiency
score to provide cardinal information as well.
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Chapter 10
Non-convex Value Efficiency Analysis

Value Efficiency Analysis and FDH

10.1 Why Is a Convex Relaxation Needed?

As we have discussed and demonstrated in Chaps. 7-9, the value efficiency analysis
can be applied to input-, output-, and combined-oriented models. It is also appli-
cable to various returns to scale assumptions (CRS, VRS, NIRS, and NDRS).
However, the convex property of a production possibility set is required. Unfortu-
nately, the extension to non-convex PPS is not straightforward. Not only the
extension is theoretically interesting, it has an important practical meaning in
some situations.

During our experience of VEA applications, we have repeatedly encountered the
phenomenon that DMs are more reluctant to evaluate virtual units belonging to an
empirical PPS than real (observed) DMUs. As Bogetoft et al. (2000) pointed out:
Fictitious production possibilities, generated as convex combinations of those
actually observed units are usually less convincing as benchmarks or reference
DMUs than actually observed ones.

Because the empirical PPSs (Pyrs, Pnirs, Pnprs, and Pers) are based on the
sample So={(y;,x;) 1i=1,2,...,n} (see Chap. 3) and are convex, a subset of those
points are the efficient extreme points of a polytope. If a DM names any of such
points as the most preferred solution, it means that his/her value function has a
maximum at the extreme point of the polytope. If a DM constantly selects an
extreme DMU as his/her MPS, a plausible explanation is that the value function
is linear.

However, the linearity assumption is in conflict with the observation that the DM
will often pick up a virtual unit from the efficient frontier of a convex PPS, when
he/she has freedom to search the efficient frontier. This kind of choice behavior is
an indicator that the DM’s value function is not linear and/or PPS is not convex. In
the next subsection, we demonstrate the bias caused by a wrong choice of the most
preferred solution.
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There is one choice, which is definitely in conflict with the convex assumption of
PPS: the MPU chosen by the DM is not on the efficient frontier of the convex PPS.
Actually it happens in practice. For instance, in our Parish application (Chap. 11),
we assumed the convex PPS, but the DM wanted to use an inefficient unit to
characterize the virtual MPS.' The unit was not dominated by any other observed
unit. However, the choice is not rational if the PPS is convex.

There is an obvious need for the value efficient analysis, which does not require
the convex assumption of the PPS. Halme et al. (2014) quite recently developed a
value efficiency approach to a non-convex environment. The approach is based on
quasiconcave (quasiconvex) value function and convex cones (Korhonen
et al. 1984). The value function is quasiconcave for outputs and quasiconvex for
inputs. In the sequel, for a value efficiency analysis with convex PPS set, we use the
term convex VEA, and with a non-convex PPS, we call it non-convex VEA.

10.2 Consequences of Using a Wrong Convexity
Assumption

Consider the sample data set in Table 10.1, also used in Example (3.5). Assume that
the DM thinks that an NIRS model sounds quite reasonable and will name unit B as
his/her MPU.? Let’s assume further that making the free search on the efficient
frontier, he/she will end up at the point denoted by MPS in Fig. 10.1. If we assume
as before that DM’s value function is pseudoconcave for outputs and pseudoconvex
for inputs, so the indifference contour passing through point MPS might be such as
drawn in Fig. 10.1. On the other hand, the indifference contour of that value
function passing through B might be as drawn in Fig. 10.1. Thus we assume that
the value function reaches the maximum at B among the set of observed points.
However, there are many points in the convex PPS more preferred than B. Hence B
is not the most preferred in the whole convex PPS. We have drawn the contour in
such a way that the inefficient unit A is almost on the contour, i.e., almost equally
preferred to B (Fig. 10.1).

Consider the difference between the value efficiency of unit C, when B or MPS
is used as the most preferred unit. When B is used, then the spanning directions of
the tangent cone are from B down to origin and from B up to D. The value
inefficiency score of C is 0.27 (point C®), when a combined orientation is used. It
is the same as the technical inefficiency score. Instead if we use the “true” MPS, the
value inefficiency score is 0.47 (point CM*®). Because we do not know explicitly the
true value function—only its functional form is assumed—the use of point CM*®
gives an optimistic score for value (in)efficiency, but the use of point C® leads to an

"To overcome the problem, we used the trick described in Chap. 8.

2 When an observed unit is the most preferred one, we use abbreviation MPU to refer to it. For a
virtual most preferred point, we use MPS.
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Fig. 10.1 Effect of erroneous choice of the given DMU as an MPS
Table 10.1 The data sets DMUs Input Output
used in illustrations
A 5.2 4.2
B 3.1 35
C 2.3 1.5
D 6 5.5
E 4.3 2.6

overoptimistic score. If the value function is quasiconcave to outputs and
quasiconvex to inputs, and point MPS is the true most preferred point, then the
indifference contour at MPS cannot pass through point C®. The approximation of
the most preferred point by the efficient extreme point may lead to a very biased
value efficiency measurement.’

Actually, without any additional information it is difficult to claim an error in the
choice of unit B as the MPU is erroneous, because B lies on the efficient frontier.
Instead, choosing units A and C is rational only if the PPS is not assumed to be

3Note that the most preferred virtual unit can also be defined by articulating that B and D are
equally good, or to say that B and D belong to the facet where MPU lies.
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Output

Input

Fig. 10.2 Possible choice of units A and C as a potential MPS

convex, because they are not dominated by any observed unit. In this case, it is
justifiable to propose to the DM the use of a non-convex PPS. Instead, the choice E
is never rational, because unit B dominates it (Fig. 10.1).

Points such as A and C are called convex dominated, in which concept is
formally defined as follows (see Zionts and Wallenius 1980):

Definition 10.1 Let S be a set in a p-dimensional Euclidean space 2R”. Then point
z¥* €S eR” is convex dominated iff there does not exist z = le: . Aiziy 4; >0,
P A=1,z;€S,i=1,2,...,p, such that z >z* and z #z*.

Note that the convex-dominated point may be efficient. The efficient, but convex
dominated, points are also called nonsupported efficient points, because no linear
function can reach the maximum at such a point. It means that in the non-convex
value efficiency, we cannot assume the value function to be linear because such a
value function cannot reach a unique optimum at all efficient points (Fig. 10.2).

In the value efficiency analysis in a convex production possibility set, we assume
that the value function is pseudoconcave for outputs and pseudoconvex for inputs.
We could use the same assumption, but we do not need a so strong assumption
because we do not take advantage of differentiability of the value function. In a
non-convex value efficiency analysis, we assume that PPS is a free disposal hull
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(see Deprins et al. 1984). It means that the efficient set is a subset of observed units,
and preference comparisons are made between those points. The evaluation of
value efficiency is based on those preference comparisons as we show in
Sect. 10.4. For our purpose, it is sufficient to assume that the value function is
quasiconcave for outputs and quasiconvex for inputs (see next subsection).

The main purpose—as in the original value efficiency analysis—is to approxi-
mate the distance of each unit from the indifference contour of the value function
passing through the most preferred unit. The approximation is never worse than true
value efficiency. The idea is based on the so-called convex cones developed by
Korhonen et al. (1984) and briefly reviewed in the next subsection.

Measuring value efficiency in the case of a non-convex production possibility set
is based on convex cones, which are further based on the assumption that the value
function is quasiconcave for outputs and for the additive inverse of inputs. The
pseudoconcave function is quasiconcave, but not the other way around.

Because the value function is quasiconvex for inputs, in order to unify our
formulations, we replace the input values with their additive inverses to make

them behave as outputs. To simplify notation we write u= [ _i) } and call v(u) a
value function, because it carries the same information as v(y, x).

Definition 10.2 Function f: R” — R is said to be quasiconcave if for each z;,
2, € R? the following inequality is true:

f(zi + (1 — A)zz) > min{f(z1),f(z2)} foreach 4 € (0, 1)

Function fis said to be quasiconvex if — f is quasiconcave.

Consider r (distinct) points @y, u,, . . ., u, € R such that u, = wu,fori=1,...,
r, i #k, r <n. Based on this information, we construct convex cone C(uy, ..., u,;
u,), where point u, is the vertex:

.
Cluy,...,um) = u’u:uk + Zu,«(uk —u;),y; >0, i=1,...,r, i £k}
i=1
i=k

(10.1)

If the determination of cone C includes only one point in addition to the vertex, we
call it a two-point cone, and in the case r > 1, it is called an r-point cone.

Because v: R — R is a value function (Definition 4.4), then v(uy) <v(u,),
i=1,...,r. Moreover, for any uy € C(uy,...,u,; u;), the inequalities v(u;) >v
(uy) > v(ug) hold for i=1,...,r, i #k based on the quasiconcavity assumption of
a value function (Korhonen et al. 1984, Lemma 2). We employ Theorem 1 in
Korhonen et al. (1984) to diagnose whether u, € 93 **” is dominated by points in the
cone (10.1). Consider the following LP problem:
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max &
s.t. (10.2)

.
u; + Zﬂi(”k*”i)*gzuo

i=1
i=k
u; >0, i=12,...,r

If at the optimum ¢ > 0, there exists at least one vector u™ € C(uy, . . .,u,,; u;) with
u* >ugand v(u;)) >v(u) >vw*) >v(ug),i=1,...,r. If e >0 in the optimum, then
u* > ug=v(u;) >v(uy) >vu*) >v(ug).

Definition 10.3 Point uy, € R is dominated by cone C(uy, .. .,u,; uy) if there
exists a point u* € C(uy, . . .,u,; uy), u* >u, u* #u.

Definition 10.4 Point u, € R*™ is strongly dominated by cone C(u,, . . .,u,; u;) if
there exists a point u* € C(uy, ..., u,; u), u* > uy.

If problem (10.2) has an optimal solution with € >0, vector ug, is strongly

dominated by cone C(uy,...,u,; uy). Solution €=0 in the optimum has two
interpretations: (1) uo€C(uy,...,u,; u;) and uy is not dominated by cone
C(uy,...,u; up)=v(ug) >v(ug) or (2) ug is dominated by cone C(uy, .. .,u,; uy),

but not strongly =v(u;) > v(u,), because v is a value function (Definition 4.4).
Consider next a slightly modified problem®:

max e
s.t. (10.3)

,
uw + Z u(uy —u;) —ew > g

i=1
i=k

>0, i=1,2,....,r; w €RT w>0, wA0

Lemma 10.1 If at the optimum of problem (10.3) for some w € R**", w > 0, w # 0,
€*>0 or £*=0 and at least one slack is positive, then u is dominated by cone C
Wy, ... up).

Proof If & > 0 = uy + Z;:l (e — u;) > up = if €* >0 or e =0 and at least
i=k

one slack is positive, i.e., for one component, an inequality is strict. The result
follows about the definition of the cone dominance. o

Remark 1f model (10.2) has the optimal solution £* = 0, but u is dominated by the
cone C(uy,...,u,; uy), then v(uy) >v(ug), because the value function is strictly
increasing.

“#Note that if in the optimum of (10.2) £* > 0, all the elements of z can be increased, which is not
the case in (10.3).
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0,

0,
Fig. 10.3 Illustration of convex cone in three dimensions

Lemma 10.2 If 3 w € R*™", w > 0, w # 0 such that at the optimum of (10.3), £* is
unbounded, then the preference information u; > u; for i=1,...,r, i #k is not
consistent with the quasiconcavity assumption of the value function v: R — 9R.

Proof Assume that the optimal solution €* of model (10.3) is unbounded for some
weER™ w>0, w#0. Then Iu™* >0, pF #0, for some i=1, 2,...,r such that

r * r * r *
Zii} H; (llk — ll,‘) >0, Zij] H; (llk — ll,‘) 7é 0, and Zij} H; (llk — ll,‘) > 0 for the
elements of we®R™ with w;>0, j=1,...,s+m. This implies
r r
u + Zifkl wi (e — u;) > w,uy + Zial i (e — u;) # uy. Because the value func-

tion is strictly increasing in all its arguments, this, in turn, implies that
v(u + ZIL M (e — u;)) > v(u;). However, as Korhonen et al. (1984, Lemma 2)
i=k

state, owing to the quasiconcavity of v, v(uy) > v (u + Ziil u; (wx — u;)). Hence it
i=k

follows that the preference information u; > u; fori=1,...,r, i # k is not consistent

with the quasiconcavity assumption of the value function v: R — R.

Figure 10.3 demonstrates a convex cone in three dimensions. We may think that
we have one constant input and three outputs, from which we may control only
output O,. Let’s assume further that z; > z; and g, > z;. Thus we may generate a
three-point cone with two spanning direction vectors: z; —z; and z; — z, with vertex
i =2+ (2 —21) + 42(2x—22), 41 > 0 and 4, > 0. The cone dominates the points
z' and z°, but not point z°>. On the basis of Fig. 10.3, we may conclude that the
two-point cone alone with spanning vector z;—z, dominates point z>. It means that
there is at least one point on the line A(z;—2>), 4: 0 — co, dominating 2.

The dominance in this example is considered in relation to output O,, which was
assumed to be the only controllable output. U
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10.3 Development of the Approach

10.3.1 Basic Method

The purpose to measure value efficiency is to find a solution to the same problem as
in (7.1):

sup y
s.t. (10.4)
u—yw > u
ueV="{uv) <v)}
w>0

where u refer to the unit under the considerations, u the projection point on the
efficient frontier, u* the most preferred point, and w the projection direction vector.
Problem (10.4) is not possible to solve because the value function is unknown.
However, the purpose is to find the “best possible” u by improving the input and
output values in the direction w as much as possible, but to maintain that the
inequality v(u) <v(u*) is true even if the value function is known only of its
functional form. In the convex value efficiency analysis, we assumed that the
value function is pseudoconcave.

In the non-convex value efficiency analysis, the same principle is used. The value
function is assumed to be quasiconcave, which makes it possible to use convex cones
in the same way as tangent cone was used in convex value efficiency analysis. The
main difference is that in convex VEA one tangent cone is used to compute the
approximation of value inefficiency score. Instead, in the non-convex VEA, there are
many convex cones used for approximation. For each convex cone C;,i=1, 2,...,d,
where d is the number of cones and vector w € R*™, w >0, w £ 0 is a projection
direction, it is computed how much it is possible to improve the inputs and/or outputs
of point u until point #; = uy+y; w is not anymore dominated by cone C; provided u,
is dominated by C,. If we denote by u;, the vertex of cone C;, then

v(u*) > v(u) >viwg+yw), i=12,....d=vw) >v(ug+ ymn"),
Ymax = max{yi|i =1,2, ...,d}

The value y,,.x is the best approximation y.x < ¥uue for the true value (in)effi-
ciency score ¥y based on the information available.

Now we are ready to present a basic version of the approach for computing a
value inefficiency score (Halme et al. 2014). Some variations and comments are
given in the next subsection.
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Approach

Step 0: Find the most preferred existing unit #* from among set S, ={u; | i=1,
2,....,n}. If needed, use a multiple criteria approach developed for a multiple
criteria evaluation problem. An example of such an approach is VIMDA
(Korhonen 1988; Korhonen and Karaivanova 1999). Let subscript / refer to the
MPS, i.e., u* and u,, refer to the same unit.

Step 1: Set i < 0. Recognize two-point convex cones Ci(u*, uy; uy), k=1,2,...,n,
h# k (u™* =u;). Those cones are possible to generate on the basis of the information
that u* is most preferred.

While i < n, repeat Steps 2-3.

Step 2: Seti«—i+1andfindy,, k=1,2,...,n,k# h. ki, by solving the following
LP problems, which are simplified versions of model (10.3):

max y,

s.t. (10.5)
e+ p(ug —u') —yw > u;

u>0w e R w>0,w#£0

Depending on the choice of the values of w, we can deal with output-, input-, and
combined-oriented or general VEA models.

Step 3: Compute yn.=max {ylk=1, 2,...,n, k#*h, k#i} and mark
max {¥max, YT} — 0;» Where yr is the technical (in)efficiency score of unit u;. (o;
is the best approximation for the true value (in)efficiency score on the basis of the
preference information available.)

Step 4: Report 6;, i =1, 2, ..., n as value (in)efficiency scores.
In Table 10.2, we present the cone problem of (10.5) in the envelopment
and multiplier form by using symbols y and x for outputs and inputs. In Table 10.2,
y
we have given the models using a general projection vector w[::;] € R,

Table 10.2 A unified model for a two-point cone in the envelopment and multiplier form

Envelopment model for a two-point cone Multiplier model for a two-point cone
max y min —pTy, +vTx;
s.t. (10.6a) | s.t. (10.6b)
e+t ue—y) —rw 2y 1Ty T >0
X+ plxe — x°) +ywt < xo K = y) (e —x7) 20
u=>0 o vTw=1
w}' s+m w)’ m
W={wx]€%+, w>0, w#0 w:[w\}emﬁ’,wzo,w;éo
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Output

Fig. 10.4 Measuring value efficient when PPS is not convex

w >0, w #£ 0. Input, output, and combined models can be given by using w = {g }
0

Jo

(for input orientation), w = [0

] (for output orientation), and w = [i 0] (for
0

combined orientation).

10.3.2 Illustration

Let’s consider Fig. 10.4. Assume that the most preferred unit is D (In this problem
no support tool is needed.). Hence we may generate two-point cones C(D, A; A), C
(D, B; B), C(D, C; C), and C(D, E; E). We have marked three two-point cones with
solid lines. Cone C(D, E; E) is dominated by cone C(D, A; A), and that’s why it
does not provide any additional information.

Let’s assume that we are interested in value efficiency of unit E. If the DM has
been willing to use an input-oriented model, then the maximal decrease in input is
reached at point E' defined by means of cone C(D, B; B). Point E? based on cone C
(D, A; A) provides a very poor approximation because its use leads to the worse
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(too optimistic) approximation of value efficiency than point E, which is used for
measuring technical efficiency. The usefulness of cone C(D, A; A) is very marginal.
The only interesting part, which an impact on value efficiency has in some cases, is
the line from unit A down to point (4.8, 3.5). Below this point, the cone C(D, A; A)
is inside of the production possibility set and does not provide additional informa-
tion. Cone C(D, C; C) does not contribute to the evaluation of value efficiency of
point E.

Point E! gives value inefficiency score (op=0.58) (value efficiency score is
0.42). Correspondingly, technical inefficiency score og;y=0.28 at point E? and
value inefficiency score o4 =0.02 at E’. Because o4 < op, we know that 6,4 is too
optimistic provided quasiconcavity assumption is valid. We use inefficiency scores
because they are applicable in combined models as well, and they have a clear
interpretation: how much do you have to improve proportionally the inputs and/or
outputs (decrease inputs and increase outputs) for reaching the efficient frontier?

If we apply an output-oriented model, we cannot obtain a better approximation
for value efficiency than the technical (in)efficiency score og(,) = 0.35 at point E°.
Point E* demonstrates why we cannot use line from D to B to measure value
efficiency on the interval (D, B). The evaluation would be too pessimistic: point E*
on the indifference contour passing through the most preferred point D lies below
the line from D to B.

10.3.3 Modifications

To recognize the most preferred point is not the only way to gather preference
information. We can freely make pairwise comparisons, or even to gather this
information by ranking units, and use all this information to form convex
cones—not only two-point cones. We know on the basis of the properties of
quasiconcave functions that the value function at the vertex of any convex cone
has a higher value than at the point the cone dominates. Thus if we choose the
greatest inefficiency score, it is based on the vertex of a cone at which the value is
not higher or equal than at the most preferred unit.

On the other hand, when the number of comparisons increases, the computa-
tional burden is increasing as well. For each cone, we have to solve an LP problem.
A two-point cone problem is simple and that’s why it is easy to solve.

If desired it is possible to incorporate all the preference information of different

cones into one model. Assume that we have r cones C; = C (uj1 NN T ujk) ,j=1,
J

2,...,1j € {jl,jz, e ,jnj}. For each cone we introduce a binary variable ¢;, j = 1,

2,...,r, with the coefficient “big M,” and require that the sum of the binary
variables is  — 1. To calculate the value (in)efficiency score, we solve the problem
(Halme et al. 2014):



158 10 Non-convex Value Efficiency Analysis

max o

s.t. (10.7)

nj

uj + Z,ujl_(ujk — ”j,v) — ow+Mt; > ll(),j =1,2,...,r
i=1
i=k

itj =r—1
=1

i=0,1,j=12,....r
B >0,i=1,2, ... ,nwe R w>0,w#0,j=1,2,....r

Note that in formulation, we make only one cone relevant because we force for
t;=1, for all r cones except for one which maximizes ¢. The optimal value for ¢ is
hence the best approximation; we can find the value inefficiency score when we use
all preference information available.

Model (10.7) demonstrates that for the value (in)efficiency score, the best
approximation can be found by solving one LP problem. However, binary variable
(¢;) of model (10.7) makes it harder to solve than a regular LP in the original value
efficiency problem formulation.

10.4 Concluding Remarks

We presented model (10.7) to demonstrate that the approach is flexible to different
variations to gather preference information, and all this information can be taken
into account in one model. To use model (10.7), we may face challenges.

If we gather a lot of preference information from DM, there is a high risk to have
conflicting information, which may lead to an unbounded solution (Lemma 10.2).
That’s why we recommend to keep a preference information gathering process as
simple as possible. To find the most preferred unit using a multiple criteria decision
support system is a safe approach.

DMs seem to be often willing to characterize the MPS by applying “on the one
hand-on the other” principle (see our hypermarket example in Chap. 8 and Parish
application in Chap. 11). If a DM characterizes the MPS by naming many existing
units, this approach may also lead easily to conflicting information and cause an
unbounded solution. A rescue from this problem is to use all those candidates as
independent MPSs and associate each unit to the MPS with the best value (in)
efficiency score. This is also an approach to automatically cluster the units.

To find a true (in)efficiency score, it is possible to use the idea described in
Sect. 9.3 with an aim to find a true score in the convex VEA environment
(Joro et al. 2003).
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Chapter 11
Applications of Value Efficiency Analysis

How Value Efficiency Analysis Is Applied in Practice

11.1 Topics

In this chapter we report three real-life applications of value efficiency analysis.
The first one looks into the efficiency of academic research (Korhonen et al. 2001),
the second one discusses benchmarking and applies value efficiency analysis into
efficiency of parishes (Halme and Korhonen 2013), and the last one investigates the
efficiency of bank branches using non-convex value efficiency analysis (Halme
et al. 2014). Please note that the scores reported are efficiency scores—this is
possible given that the combined orientation has not been used.

11.2 Value Efficiency Analysis of Academic Research

11.2.1 Introduction

As Korhonen et al. (2001) report, in the early 1990s, the Ministry of Education in
Finland signaled that in future years government research funding would to a larger
extent than previously be allocated to universities and schools demonstrating a
track record of high-quality research. This led the Research Development Group
(TUTKE) at the Helsinki School of Economics,' chaired by the rector, to establish a
two-person team” with the goal of developing an approach to evaluating research
performance and to helping the administration allocate research resources in the
“best” possible way.

Korhonen et al. (2001) view here academic research as analogous to production
process in economics, having inputs and outputs. The analogy between research and

! Currently Aalto University School of Business.

2 Professor Korhonen was a member of the team.
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production processes is not novel, and some other authors have—in the same
spirit—also proposed the use of DEA to evaluating research performance. Indeed,
the presence of multiple outputs and their intangible nature that makes pricing them
difficult makes this problem very well suited to DEA. However, at the same it is
obvious that not all outputs have the same importance, and this calls for incorpo-
ration of preference information in some form.

The same intangible nature that makes pricing the outputs impractical makes
weight restrictions difficult to define as they have the interpretation of implicit
prices. On the other hand, the idea of an ideal, or most preferred, research unit is
intuitively appealing, and thus the problem lends itself as an excellent VEA
application.

11.2.2 Characterization of an Ideal Type of Research Unit

The first step in the study was to characterize an ideal type of research unit in a
concise manner, which can serve as an example to other units, using general terms
so that a broad unanimity can easily be reached. The purpose of the characterization
is to help identify relevant criteria.

A research unit whose members continuously produce high quality, innovative
and internationally recognized research, and who actively supervise doctoral
students and actively take part in various activities of the scientific community.

Korhonen et al. (2001) point out that it is not difficult to reach unanimity about
such a characterization of an ideal type of research unit, provided that the discus-
sion is kept at a rather high level of abstraction as above. It is also important to use a
large enough set of attributes in the characterization. In the authors’ experience, it
even seems possible to specify some jointly agreed upon aspiration levels for the
attributes, as long as a discussion concerning the importance of achieving such
aspiration levels is not engaged. The aspiration levels are needed for making the
discussion more concrete regarding abstract expressions such as: “high quality” or
“continuously produce.”

At the Helsinki School of Economics, the following characterization was found
acceptable. When aspiration levels were specified for different attributes at the
school, they are being mentioned in parenthesis.

The research problems investigated are relevant from the point of view of the
school’s mission. The quality of research is internationally recognized, i.e. research
results are accepted for publication in refereed journals (I-2 articles/year/
researcher), and they have impact on the development of the research field (1-2
citations/year/researcher). Research is active (I-2 working papers/year/
researcher) and interdisciplinary. Each professor has a number of active doctoral
students (2—6) on his/her responsibility with whom joint publications are written.
The research unit has established international research contacts, and well known
foreign researchers visit the research unit, providing supervision and advice to
doctoral students. The researchers are invited to foreign universities to give invited
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and key-note presentations in international seminars and conferences. The
researchers enjoy a certain position in the scientific community. They are board
members of professional associations, editors or members of editorial boards in
professional journals and members of program and organizing committees of
scientific conferences. Their expertise is solicited to review journal articles and
the qualifications of colleagues applying for various scientific positions. The
research results have a real impact on teaching, keeping it timely and of high
quality. Furthermore, private and public organizations have an interest in applying
the research results in practice.”

11.2.3 Evaluation Criteria and Indicators

Next Korhonen et al. (2001) defined a set of criteria, which are sufficient to
characterize the “model” research unit. The authors point out that the criteria should
be relevant to the DM and that they should emphasize different aspects of research
performance in the same spirit as the (abstract) characterization of the “model”
research unit did. After several discussion sessions, the Helsinki School of Eco-
nomics ended up with the following set of criteria:

e Quality of research

¢ Research activity

» Impact of research

« Activity in educating young scientists (especially doctoral students)
e Activity in the scientific community

It is interesting to note that the abovementioned criteria are rather close to the
criteria applied in the Quality Assessment of Academic Research in the Netherlands
(Economics 1995; Mathematics and Computer Science 1997): scientific quality,
scientific productivity, relevance, and long-term viability.

As Korhonen et al. (2001) point out, the above-listed criteria are suitable for a
general discussion, but too abstract for enabling the DM to make a concrete
evaluation based on them. That is why it is necessary to introduce concrete
indicators (attributes, signals), which can be employed to make the criteria suitable
for evaluation. Indicators are concrete in the sense that it is possible to somehow
more or less objectively “measure” alternatives with them.

It is important that the indicators contain enough (objective) information about
the values of the criteria, but even more important is that the indicators cannot be
manipulated without an influence on the performance of the unit in terms of the
corresponding criterion.

Korhonen et al. (2001) proposed the use of the following indicators. Note that
the same indicator can have relevance for several criteria. The above hierarchy

*This description was already written in 1988 in the memorandum by Korhonen and Tainio.
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provides a basis for a systematic evaluation of research but also for a structured
discussion:

(a) Criterion: quality of research

 Articles published in international refereed journals

 Scientific books and chapters in scientific books published by internation-
ally well-known publishers

« Citations

(b) Criterion: research activity

+ Publications exceeding a minimum quality standard (articles in refereed
journals and scientific books and chapters in books)

» Papers in conference proceedings, domestic reports, reports in nonrefereed
national journals, working papers, and other unpublished reports

+ Conference presentations

(¢c) Criterion: impact of research

 Citations by other researchers (in journal articles, books, published confer-
ence proceedings, and Ph.D. dissertations)

» Invited and plenary presentations in international conferences

» Number of foreign coauthors in journal articles

(d) Criterion: activity in educating young scientists

» Doctoral degrees produced
* Number of doctoral students supervised

(e) Criterion: activity in scientific community (not currently used)

* Memberships in editorial boards

» Edited books and special issues of journals

» Service as an expert

o Scientific  conferences organized, memberships in  program
committees, etc.

When it is desired to carry out a systematic and quantitative evaluation of
research units, it is necessary to introduce the scales for the criteria and locate
alternatives using these scales. In case all indicators are quantitative, the problem is
to define a function which aggregates the values of the indicators into a criterion
scale. If some indicators are qualitative, they first need to be quantified using
appropriate tools (see, e.g., Korhonen and Wallenius 1990). One of the simplest
ways to aggregate the indicator values is to use weighted sums. This is a commonly
used method, but as the MCDM scholars are aware there are many problems in its
use. At the Helsinki School of Economics, the decision was to use the weighted
sums while trying to take into account the problems associated with their use to the
extent possible.
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11.2.4 The Data

In total, 18 research units at the Helsinki School of Economics were included in the
study. Many of the units represented functional business school areas, such as
organization and management, accounting, finance, marketing, logistics, etc.
Some of the units were interdisciplinary by nature, such as management science
and quantitative methods. Basic research institute was an outlier in the sense that its
staff consisted solely of full-time researchers. For reasons of confidentiality, the
identity of the research units has been disguised. For the same reason, Korhonen
et al. (2001) did not publish the original but the scaled values of the indicators. In
the performance evaluation, the authors used four criteria: quality of research,
research activity, impact of research, and activity in educating doctoral students.
As the authors were not able to obtain reliable information about the indicators
comprising the fifth criterion, it was ignored in the analysis. To introduce the scales
for the criteria, the indicators mentioned in Sect. 11.2.3 were used.

First, the values of all indicators were scaled into the [0, 1] range, so that the best
value corresponded to one. Table 11.1 provides a summary of the data, which was
used as the basis of the analysis. The information was collected from different data
files. Korhonen et al. (2001) explain the calculation of the scores for the criteria in
Table 11.1 as follows:

The nine members of TUTKE (Research Development Group) at the Helsinki
School of Economics were asked to evaluate the relative importance of various
indicators with regard to each criterion. (They were informed that the best value of
each indicator was always the same.) The Analytic Hierarchy Process (AHP) was
used (Saaty 1980) for this purpose. The average of the weights of the nine members
was taken as the set of final weights. The weighted sum of the indicators was used as
a scale for each criterion. In the context, of the study, the weight simply stands for
the value to which the best value of each indicator is scaled.

The last column in Table 11.1 is an input measure. It is the estimated monthly
cost in Finnish Marks of producing the research output. It can be seen that the size
of the units varies considerably.

Korhonen et al. (2001) further point out that when the weighted sums of
indicators are used to find the scores for the criteria, it is implicitly assumed that
the units are homogeneous enough.

11.2.5 Analysis of Research Performance at the Helsinki
School of Economics

The authors performed an efficiency analysis of the 18 research units, using four
output measures and one input measure as described in Table 11.1 (cols. C1, C2,
C3, C4, and the last column). The data represent actual data from 1996. They first
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Table 11.2 Value efficiency analysis with an output-oriented model

BCC efficiency BCC value efficiency
Depts. | Efficiency | A P Q R Efficiency | A P Q |R
A 1.00 1.00 1.00 1.00
B 0.79 0.30 |0.39 0.55 043 ]0.73 -0.16
C 0.17 0.49 0.08 1.04 |0.38 -0.42
D 0.35 1.00 0.32 1.12 -0.12
E 0.88 0.02 |0.81 [0.03 0.75 0.05 |1.01 -0.07
F 0.68 0.89 [0.05 |0.06 0.65 1.02 |0.32 -0.34
G 0.98 0.66 0.54 1.19 |0.16 -0.35
H 0.64 0.35 0.06 376 |4.73 -7.49
| 0.77 032 [0.13 |0.17 0.41 0.85 [0.56 -0.40
J 0.77 0.13 037 |0.32 0.49 0.53 |0.77 -0.30
K 0.86 0.08 |0.04 0.11 0.63 [0.91 -0.54
L 0.64 0.79 |0.21 0.62 0.81 [0.50 -0.31
M 0.23 0.00 [0.07 |0.52 0.07 1.12 | 0.63 -0.75
N 0.67 0.01 048 0.30 0.50 |[3.61 -3.11
(0] 0.58 042 |0.27 0.38 0.64 |0.95 -0.59
P 1.00 1.00 1.00 1.00
Q 1.00 1.00 0.45 149 |1.06 -1.55
R 1.00 1.00 | 1.00 1.00

performed a standard output-oriented BCC* data envelopment analysis (Banker
et al. 1984) (Table 11.2). Four units (A, P, Q, and R) received the highest possible
BCC efficiency score = 1. Table 11.2 also describes the reference set for each unit
and the corresponding weights.

The authors have also performed a corresponding value efficiency analysis of the
units. For the analysis, they used Pareto Race (Korhonen and Wallenius 1988) to
freely search the efficient frontier corresponding to the BCC model above. For
using Pareto Race, they first formulated a multiple objective linear programming
model that characterizes the efficient frontier of the BCC model. The model is
simple: maximize all output variables and minimize the input variable. The model
is shown in Table 11.3.

Figure 11.1 shows the Pareto Race interface and the final solution at which the
search was terminated. This point, which is a convex combination of units A and R,
was taken as the MPS for the VEA. The corresponding values of the basic variables
are A (0.748) and R (0.252). Both values are positive, and thus the nonnegativity
constraints corresponding to these variables are relaxed in the value efficiency
analysis. The results of the value efficiency analysis are given in Table 11.2.

Only three of the four previously BCC-efficient units remained value efficient.
Commonly not all DEA efficient units remain value efficient. Korhonen et al. (2001)
also calculated the reference sets for the inefficient units as they did for the BCC

“To be precise, the model is a nonincreasing returns to scale one (NIRS).
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Pareto Race

Goal 1 (max): Quality ==>
69.2695
Goal 2 (max): Activity <==
88.653
Goal 3 (max): Impact ==>

Goal 5 (min): FIM ==>

Bar:Accelerator F1:Gears (B) F3:Fix num:Turn
F5:Brakes F2:Gears (F) F4:Relax F10:Exit

Fig. 11.1 Pareto Race screen

analysis. Note that in VEA weights corresponding to the most preferred solution,
unit R, are negative for all other units under evaluation. This is not always the case,
but here none of the projections landed on a faced adjacent to unit R. It is also worth
noting that all value efficiency scores are the same as or lower than the
corresponding scores of standard DEA. This is intuitively understandable because
the “value-efficient frontier” in a sense “covers” the standard efficient frontier.

11.2.6 Conclusion

The paper by Korhonen et al. (2001) tackled an important and difficult task of
setting a system to evaluate academic research performance, using VEA to incor-
porate the preference information.

The evaluation of research is today becoming more commonplace, but models
can be rather simplistic, often based on impact factors and publications in top
journals indicated on various lists. They generally neglect other aspects of research
output, as well as the whole input side.

At the Helsinki School of Economics, the decision makers—while expressing
their original reservations about the usability of OR models in this context—viewed
the results useful.

11.3 Using Value Efficiency Analysis to Benchmark
Nonhomogeneous Units

11.3.1 Introduction

The Evangelical Lutheran Church is Finland’s largest religious body. By the end of
2013, 75 % of Finns were members of the Church. The Helsinki area is divided into
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Finnish-speaking religious parishes on a geographical basis. The parishes offer
numerous services and activities to their members. During the period under
consideration (1999-2001), the number of Finnish-speaking parishes in Helsinki
was 24.°

In the late 1990s and early 2000s, big changes took place in the economic
administration of the parishes. One of the members of an economic board appointed
by the executive committee of the Church was active in the search for approaches
that could aid their efforts to control changes in the parishes. This person was very
influential and active in the introduction of new economic thinking in the church
organization. He was aware of data envelopment analysis and interested in coop-
eration in order to apply the approach in his context. In our case study he plays the
role of the DM. The actual analysis was carried out in 2002—2003

Whereas the previous example on academic research was a rather straightfor-
ward application of DEA, here the emphasis is not so much in efficiency scores or
degrees of inefficiency, but in the reference set—benchmarks—that the analysis
will produce. The DM indicated that there is a great deal of heterogeneity among
the parishes and that it is crucial that the benchmarks given to inefficient parishes
share the same environmental and demographic key characteristics. It became
obvious that the results from standard DEA were unsatisfactory in this sense.
Thus Halme and Korhonen (2013) turned to VEA and use the concept of MPU to
factor in the heterogeneity. The key idea is that by selecting for each unit an MPU
with similar key characteristics, the resulting reference set will yield to more
meaningful benchmark information.

11.3.2 Sources of Heterogeneity

As is probably the case in any major city, different areas seem to roughly “cluster”
households in such a way that each area attracts similar kinds of households. Thus,
it can be said that within an area households are relatively homogeneous, but there
can be significant differences across areas: demographics, economic measures, and
ways of life.

In the areas where young families live, there is much demand for services for
children and families, whereas different kinds of outputs are required in the areas
inhabited mostly by more middle-aged and retired people. The degree of migration
is also a dividing factor. In some areas the majority of apartments is small and thus
only suitable for single people or young couples. It is a challenge for the parish to
attract the individuals to church activities during the few years they inhabit the area.
The supply of various commercial services is not the same in all areas (shops,

3 For Swedish inhabitants there were six parishes in the Helsinki area, but they were excluded from
the analysis as they are dispersed in area and based on the language, not the area as the Finnish-
speaking ones.
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cinemas, private health services, etc.), and this affects how much time inhabitants
spend in the area.

Thus, it is not realistic to assume that all parishes are comparable without taking
into account the heterogeneity of the environment. The DM verbally described the
features that caused heterogeneity, and he was also quite capable of specifying a set
of typical benchmark parishes.

11.3.3 Benchmarks and the DEA

Benchmarking is at the core of even the basic DEA. For each inefficient unit a
virtual reference unit is determined by the analysis using efficient existing units.
The set of those units is called a reference set. Thus, the DEA also produces
benchmarks in the form of the units that belong to the reference unit. Even for an
efficient unit, it is possible to find benchmarks using the DEA procedure proposed
by Andersen and Petersen (1993).

However, often the benchmarks produced by the DEA turn out to be too different
from the unit under analysis to be convincing. Also, the units in the reference set
may be very heterogeneous. The difference may originate from environmental
circumstances as well as internal structure factors. (See Banker and Morey, 1986,
for use of DEA with exogenously fixed environmental factors.)

The approach used in Halme and Korhonen (2013) overcomes this problem.
Assume that a DM is able to describe the heterogeneity of the units by nominating
(efficient) example units (benchmarks). An example unit may be any efficient
existing (or virtual) unit. The benchmark units thus represent different facets/
types of goodness of performance. These benchmarks are then used as most
preferred solutions in VEA.

As this approach takes into account the DM’s preference information in the form
of benchmarks that represent the dissimilarities of the units, it does not require the
quantification or even identification of the sources of heterogeneity.

If carried out, the identification and quantification of environmental factors
causing heterogeneity of the units can be expected to be a task requiring major
effort. In the approach by Halme and Korhonen (2013), such factors are not needed
as inputs in any phase in the analysis process.

11.3.4 Benchmarking Approach

If a DM is able to name example units (benchmarks) among the DMUs, they are
interpreted as the units maximizing the DM’s value function in the set of a certain
type of units. Thus it is possible to assume that the DM has several value functions
depending on the environmental conditions and structure of the units. Because the
production possibility set is defined as a polytope and the maxima are reached at its
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extreme points, this leads to an assumption that the value functions of the DM are
linear.

In the original VEA, it was assumed that the functional form of a value function
is pseudoconcave. The pseudoconcavity assumption means that the maximum of
the value function can be any efficient point—not only an existing one. Yet, a linear
value function is a special case of a pseudoconcave function and the LP problem
solved is the same.

As discussed in Sect. 10.1, the linearity assumption can be strongly questioned:
DMs’ observed behavior is often inconsistent with it. Yet we have repeatedly
encountered cases where DMs have a preference toward the use of existing units
as MPSs or benchmarks. It can be speculated that this is because as existing units
they feel more concrete and are “easier to sell” to the organization. In this example
the DM expressed a preference for using existing units, and the selection of the
MPSs for the analysis was done accordingly.

Hereunder, the approach from Halme and Korhonen (2013) is described
step-by-step:

Step 1: Carry out an ordinary data envelopment analysis with proper scale
assumption.

Step 2: Ask the DM to evaluate the efficiency scores and the units in the reference
set of inefficient units. Does everything appear to be sensible? Are all the inputs and
outputs correctly included in the analysis? Is there something missing?

Step 3: If he/she thinks that the units in the reference set are reasonable, stop and
use the results from Step 1. Otherwise proceed to Step 4.

Step 4: If the DM thinks that the solution is not acceptable because some of the
units in the reference sets are not reasonable for the reason that the units operate in
different environments or that they are different in their structure, ask him/her to
name a set of typical (efficient) units that represent different types of good perfor-
mance. If he/she is not able to do so, or the reason that the solution is not acceptable
is something else, stop and try other approaches. Otherwise proceed to Step 5.

Step 5: Provide the DM with the possibility to subjectively assign each unit to one
of the benchmarks.®

Step 6: Calculate the VEA score for each unit across all benchmarks. If the DM
chooses k types of environments or structures, i.e., if there are k types of heteroge-
neity represented by k benchmark DMU s, then the problem is solved n*k times. The
result is £ VEA scores for each one of the DMUs.

Step 7: Assign each unit to the benchmark that produced the highest value effi-
ciency score. (You may also specify a value ¢ and assign the unit to all benchmarks
having the highest score within the tolerance of 4.)

6 This approach may be feasible only in the case when the number of units is small and the unique
assignment is easy.
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Step 8: Display the results to the DM. Ask him/her to evaluate the results and
especially focus on the following:

¢ How much lower is the highest VEA score of the benchmarking analysis from
the original DEA score? If the VEA scores for some unit are substantially
smaller, ask the DM to consider whether the type of that very unit is represented
in the set of the benchmark units.

« If he/she subjectively assigned each unit in advance to a specific benchmark in
Step 5, ask him/her to reconsider such cases where the highest VEA score across
the benchmarks recommends the assignment of the unit to a benchmark other
than he/she proposed. Is there an explanation for the phenomenon? Could it be
justifiable to assign the unit to the benchmark that produced the highest score in
the VEA? Was there possibly an error initially in the assignment?

e If a unit under consideration has several almost equally highest VEA scores
across the benchmarks, ask the DM if there is any obvious reason for this.

11.3.5 Inputs, Outputs, and Data

The statistics produced annually with regard to the parishes included, at the time of
consideration, information on the number of participants of different services and
activities. The following set of output variables was used in the analysis: attendants
(1) in services, (2) in music and other events, (3) in adults’ and senior people’s
groups, (4) children’s and young people’s groups, as well as (5) contacts with
individuals in social work (see Table 11.4). In the second, third, and fourth output
variables, the final figure is a weighted sum over participants or contacts in different
activities, and the sum is used to reduce the number of outputs. The weights used
were provided by the DM.

As an input Halme and Korhonen (2013) used the budget funds (€) received
from the Helsinki parish group, originating from taxes paid by members
(Table 11.4, averaged over the years 1999-2001).

11.3.6 Basic Analyses

The variable returns to scale assumption was a natural choice for the DEA model,
because the requirements for the constant returns to scale model were not met. The
productivity of small parishes was allowed to be lower than that of the bigger ones.
Halme and Korhonen (2013) carried out three kinds of basic analyses with the VRS
assumption:

(1) The basic analysis employing the BCC model.

They first calculated efficiency scores using an output-oriented BCC model. The
output orientation was used because in this case much of the heterogeneity leads to
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Table 11.4 Helsinki parishes

Adults Social Budget
Service Other event | Children and work 1,000

Parish attendants | attendants and young | seniors contacts Euros
Alppila 5,982 10,105 2,288 662 703 755.7
Hakavuori 9,332 3,149 1,770 366 868 832.7
Tuomiokirkko |97,935 170,746 7,372 423 2,960 3,510.7
Herttoniemi 18,295 13,975 1,237 1,008 5,594 1,273.2
Huopalahti 12,429 3,699 3,399 319 473 814.2
Kallio 22,713 29,095 2,057 2,730 2,301 1,396.9
Kannelmaki 21,885 6,111 18,287 374 1,686 1,431.7
Kulosaari 4,865 2,905 2,336 157 994 330.0
Kipyld 10,007 4,067 4,393 269 1,868 670.3
Lauttasaari 13,769 2,902 5,227 269 1,185 1,054.3
Malmi 57,871 26,565 14,655 3,254 10,629 4,547.3
Meilahti 14,973 7,784 2,491 710 2,626 1,188.4
Mellunkyla 23,909 7,953 13,302 316 3,050 1,879.7
Munkkiniemi 8,957 2,785 2,588 312 920 655.0
Munkkivuori | 10,214 8,936 1,680 323 437 604.6
Oulunkyla 19,211 6,869 3,083 364 1,839 1,262.9
Paavali 13,602 14,780 5,306 617 1,749 1,062.6
Pakila 15,399 5,999 7,498 302 901 1,128.0
Pitdjanmaki 11,240 2,149 8,753 225 1,290 896.9
Roihuvuori 19,873 12,720 6,165 490 2,407 1,614.4
Taivallahti 24,501 58,885 1,222 109 2,431 869.9
T6016 11,298 7,116 3,366 292 750 834.1
Vartiokyld 18,219 2,710 12,354 237 1,723 1,132.3
Vuosaari 19,079 12,095 3,504 476 2,297 1,484.5

different strategies to produce the outputs. The BCC scores can be seen in the first
column of Table 11.5. With such a small number (24) of units and large number
(6) of inputs/outputs, the BCC efficiency scores tend to become large.

(2) The possible superefficiency scores are computed for efficient units.

To obtain additional information on the units, the authors next applied the
procedure proposed by Andersen and Petersen (1993) and produced superefficiency
scores for some BCC-efficient units. As the superefficiency scores can be greater
than 1 for efficient units, the approach can be employed for ranking all units. Such a
ranking approach has been proposed also by Li and Zhu (2005). The superefficiency
analysis explains how much the units with scores exceeding 1 can increase costs
and still remain efficient.

(3) The efficient frontier is supposed to consist of the benchmark units exclusively
and the rest of the units are projected radially on that frontier.
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Table 11.5 Some output-oriented DEA scores with VRS

BCC model with BCC model comparison

Parish BCC model superefficiency to benchmarks®
Alppila 0.70 0.70 2.01
Hakavuori 0.55 0.55 0.93
Tuomiokirkko 1.00 3.20 1.00
Herttoniemi 1.00 1.70 1.74
Huopalahti 0.75 0.75 0.96
Kallio 1.00 2.49 3.32
Kannelmaki 1.00 1.43 2.85
Kulosaari 1.00 - -
Kipyld 0.97 0.97 1.00
Lauttasaari 0.66 0.66 0.97
Malmi 1.00 2.69 1.00
Meilahti 0.72 0.72 0.93
Mellunkylad 0.87 0.87 1.75
Munkkiniemi 0.72 0.72 -
Munkkivuori 0.80 0.80 -
Oulunkylad 0.67 0.67 0.78
Paavali 0.78 0.78 1.15
Pakila 0.74 0.74 1.34
Pitdjanmaki 0.87 0.87 1.75
Roihuvuori 0.68 0.68 0.91
Taivallahti 1.00 1.88 1.00
To6616 0.68 0.68 0.81
Vartiokyld 0.99 0.99 2.20
Vuosaari 0.64 0.64 0.74

“Efficient frontier is characterized by using exclusively the three benchmarks: Tuomiokirkko,
Képyld, and Malmi
— there is no solution for the problem

Before it is possible to proceed to Step 3, the DM needs to consider the BCC
results. It became immediately evident that the basic BCC analysis produced units
in the reference sets that seemed to have too different environments compared with
the inefficient units for which they should have acted as an example of good
performance. The authors asked the DM to identify a set of good performing
units to act as benchmarks in such a way that they would represent different facets
of good performance. He used the superefficiency scores as an aid together with his
subjective judgment to select the benchmarks. The DM was clearly thinking in
terms of the different environments when exploring the set of units, and he specified
three benchmarks (MPUs for the VEA): Tuomiokirkko, Malmi, and Képyli (note
that Tuomiokirkko and Malmi are undoubtedly efficient). He described the parish
types in the following way:
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» Tuomiokirkko type: Inhabitants are characterized by the fact that they live in the
core center or close to the center of Helsinki and they strongly feel they are part
of the area. They have a lot of activities outside their home.

e Malmi type: Inhabitants rather permanently living in the area. The areas were
built in the 1960s and 1970s; families with children moved in, and the previously
rather rural areas were transformed into a more town-like area.

» Kipyld type: Strong commitment to the area’s traditions.

An interesting detail—as discussed already in 10.1—was that the DM identified
the Képyld parish as a benchmark, though it was slightly inefficient in the BCC
analysis. In other words he saw that Képyld represented one type of desirable
parish, and despite its slight inefficiency, he found it as the best parish. This
indicates that here it would have been justified to use the FDH VEA model
described in Chap. 10. Because the approach was not then developed, Halme and
Korhonen (2013) projected Kapyld radially onto the efficient frontier and in the
sequel called the resulting virtual unit “Képyld” and continued with VEA with
convexity assumption with the virtual unit as MPS. In a case when a unit that is
considerably inefficient is chosen as a benchmark, the DM can be provided with the
possibility to choose the best virtual unit that dominated the inefficient one.

They next used the information of the benchmarks and calculated the DEA
scores for the non-benchmark units with respect to the efficient frontier that is made
up by the benchmarks exclusively. Table 11.5 shows that in this data set the
approach does not result in practical useful scores because a number of the
BCC-inefficient units become superefficient with scores exceeding 1. The reason
for this is that the three benchmarks do not very well represent the efficient frontier.

11.3.7 Value Efficiency Analysis with Benchmark Units

The VEA scores with different benchmark units are presented in Table 11.6
(Step 6). For ease of comparison the BCC scores from Table 11.5 are included.
Note that the VEA scores are never more optimistic than the BCC scores.

The gray shade in a row indicates that the DM subjectively assigned the parish to
the benchmark indicated by the corresponding column. Thus, e.g., for Alppila the
benchmark is Tuomiokirkko. For 17 units out of the total of 24, the most optimistic
VEA score (employing a tolerance of 0.02) lies in the highlighted column, i.e.,
where, in the VEA, the MPU was the benchmark assigned to the unit by the DM
(Step 7). It can be concluded that these units have directed their operations in the
same way as their benchmark and emphasize the same outputs.

However, there are some exceptions. Alppila, Munkkivuori Pakila, T6616, and
Vartiokyld parishes performed better in the VEA with a benchmark other than the
one assigned. Thus, the analysis “suggested” another benchmark for consideration
(Step 6).
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Table 11.6 Output-oriented models: the VEA scores with three different benchmark units:
Tuomiokirkko, Malmi, and Kapyld®

VEA scores
s [ o | Bk | S | pec
Alppila 0.57 0.5 0.63 0.7
Hakavuori 0.54 0.46 0.53 0.55
Tuomiokirkko 1 1 0.81 1
Herttoniemi 1 1 1 1
Huopalahti 0.73 0.54 0.63 0.75
Kallio 1 1 1 1
Kannelmiki 1 1 1 1
Kulosaari 0.86 0.56 1 1
Kipyld 0.83 0.76 0.97 0.97
Lauttasaari 0.66 0.6 0.65 0.66
Malmi 1 1 0.81 1
Meilahti 0.72 0.7 0.72 0.72
Mellunkyld 0.87 0.87 0.79 0.87
Munkkiniemi 0.7 0.55 0.7 0.72
Munkkivuori 0.77 0.5 0.66 0.8
Oulunkyld 0.67 0.64 0.65 0.67
Paavali 0.74 0.73 0.78 0.78
Pakila 0.74 0.65 0.7 0.74
Pitdjanmaki 0.8 0.74 0.86 0.87
Roihuvuori 0.68 0.68 0.64 0.68
Taivallahti 1 1 1 1
To6616 0.66 0.53 0.62 0.68
Vartiokyld 0.96 0.92 0.98 0.99
Vuosaari 0.64 0.63 0.6 0.64

A shaded cell indicates the DM’s subjective assignment. The BCC scores are presented for
comparison
“Kipyld is inefficient and an efficient projection is used instead
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Halme and Korhonen (2013) report the authors’ discussion on the results with
the DM as indicated in Step 7:

First, there did not seem to be any units, the VEA score of which would have
been substantially smaller than the BCC score, and thus all environment types
seemed to be represented. In the cases where the analysis “suggested’ a benchmark
that was different from the one assigned by the DM he reconsidered the assignment.
With regard to all the mentioned units, with one exception he said he could see good
reasons (e.g. member base) to reassign the unit to that “suggested”’ benchmark. In
the case of Toolo he even changed his mind and saw the original assignment to be a
mistake. However, no immediate straightforward explanation was found with
regard to why Huopalahti has the highest score with benchmark Tuomiokirkko.

The Pakila unit seemed to have a very similar score in comparison with any of
the benchmarks. In this regard, an interesting view was provided by the DM: the
parish is very heterogeneous containing several types of sub-areas with different
inhabitant bases and there was at least one sub-area that resembled each of the
three benchmarks. This was obviously reflected in its VEA scores.

Thus using the VEA with the benchmarks chosen by the DM we were able to
produce a score for the parishes that was more accurate than the DEA score. With the
benchmarks included it could be guaranteed that the reference unit truly makes
sense. Moreover, in some cases the approach could provide additional information.
When the VEA with the “obvious™ benchmark did not produce the highest score of the
benchmarks we had a closer look at the reasons for this. In many of our example cases
the DM could use his subjective information that could explain the “suggested”
benchmark, the one for which the VEA produced the highest score. The DM may
even make a re-assignment of a unit. The valuable feedback from the DM was that
with the interactive process he got new insights not only into the parish performance
comparisons but also into how the parishes are different from each other in general.

11.3.8 Conclusions

The approach in Halme and Korhonen (2013) does not require analyses with
additional variables outside inputs and outputs, not even to list the environmental
variables and their quantification. Rather, it requires the DM to identify benchmark
units which are then used to solve a new LP problem for each of the units in order to
achieve new never more optimistic scores for the units.

The DM used the information provided by the analysis in the discussions within
the church. The authors reviewed the results with this DM in 2010, and he reported
that the analysis and the results were dealt with in many conversations with his
colleagues. The discussions on how to make the parishes function more efficiently
and whether productivity measures should be used in resource allocations expanded
in the 2000s. In the words of the DM, “the numbers opened the eyes of many church
stakeholders to see among other things that some of the parishes were getting more
funds per outputs than others.”
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As mentioned, one of the benchmarks, Kédpyld, was convex dominated and thus
inefficient. The fact that regardless of this the DM chose it as a benchmark suggests
that the use of a non-convex approach would have been justified and there is a need
for the FDH VEA approach described in Chap. 10 in practical applications.

11.4 Analyzing the Efficiency of Bank Branches

11.4.1 Introduction

Helsinki OP is a retail bank operating in the Helsinki metropolitan area. It belongs
to OP-Pohjola Group, a leading financial service group in Finland. The bank pro-
vides financing, investment, daily banking, and insurance services to private cus-
tomers and small businesses, and the branch network is an important channel for the
sale of its financial services. The management was seeking opportunities to improve
the sales performance of the branches. Especially, the management wished to
identify the units giving a poor performance even under the most optimistic
assumptions and thus needed the most urgent attention.

An investigation by Halme et al. (2014) into the sales efficiency of the branches of
Helsinki OP Bank, which was carried out in collaboration with the bank, is among
the few studies that specifically analyze branch sales (see also Athanassopoulos
1998; Cook and Hababou 2001; Portela and Thanassoulis 2007). Like Cook
et al. (2004), they used existing units as benchmarks.

The cross-sectional analysis reported in Halme et al. (2014), based on aggre-
gated data from the years 2007-2010, covered all 25 branches of the network. The
sales performance of a branch was defined as the value of sales generated in it by its
sales force.

As the management had a preference over the output structure and was able to
articulate it by identifying the best performers among the branches, VEA was used
in the analysis. Furthermore, the bank wished to identify the units that without
doubt and with no excuses were showing poor performance. To achieve this, the
FDH version of VEA was chosen, as the FDH assumptions restrict the comparisons
to existing units. These units identified as inefficient by the FDH VEA would form
the set of units that most urgently needed to improve.

11.4.2 Inputs, Outputs, and Data

The outputs of the investigation represent the transactional sales volumes of the
branches. Sales were given in two categories covering: (1) financing services and
(2) investment services. The bank considers these two categories the primary ones
and they were used as outputs in the model. Daily banking services including
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cashier services were considered a consequence of the sales of these primary
services and were thus excluded from the analysis. Some of the insurance services
were included in investment services and others in financial services. However,
nonlife insurances intermediated by the bank were excluded. The management
defined the task as output maximization. The branches are assumed to increase
their sales by actively approaching their existing and potential customer bases. The
authors applied weights provided by the bank’s management in aggregating outputs
from the sales of individual products.

Only one input was employed in the analysis: the work of the sales force. The
management decided to omit other operational costs because they considered them
less significant and mostly nondiscretionary to the branch. The input quantity used
is the overall use of work time in sales activity as a full-time equivalent. This
defined the orientation as the amount of output (sales) could not be considered
given.

11.4.3 Analysis of the Branches

Halme et al. (2014) calculated the output-oriented FDH efficiency scores
(Table 11.7) to identify the set of units as objects for the most urgent measures.
The authors explained to the management that they are scores when the units are
compared with each other without any assumptions or preference information. They
found that 12 units of the 25 were FDH efficient. Next the sales network manage-
ment identified B12, B13, and B15 as the best performing branches (MPUs). The
resulting FDH value efficiency analysis was thus based on the information that
branches B12, B13, and B15 were the MPUs, preferred to all the others. The
introduction of value judgments lowered the scores of six units.

Note that with constant or variable returns to scale, the selected MPU B13 is not
efficient; it is convex dominated—thus a non-convex production possibility set
used in the investigation could be considered justified. Halme et al. (2014) used
four-point cones in which all the other (efficient) units except those three were the
vertices. Units B12, B13, and B15 were thus used to define the cones in which the
vertices varied. In theory they could also have constructed three additional cones
consisting of these three best units, each of them being a vertex of one cone.
However, in this case the managers meant that the three units belonged in the
“top” category and were undoubtedly performing better than the other units. As
discussed in Sect. 10.3, several MPSs in the model simultaneously may lead to
conflicting information and unbounded solution, and thus the additional cones were
not employed.

The authors solved model (10.5) for each cone and each unit. Two FDH-efficient
units turned out to be inefficient when preference information was included, i.e.,
dominated by at least one cone. The total score of the six units changed when the
preference information was added to the analysis and the FDH value efficiency
scores were calculated. Note that unit B3, for example, was almost FDH efficient
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Table 11.7 The FDH efficiency scores and the FDH value efficiency scores

Sales of Sales of FDH

financing investment Work of efficiency FDH value
Units services services sales force | scores efficiency scores
Bl 1,090 497 26.0 0.924 0.924
B2 2,633 1,111 47.7 1 0917
B3 3,320 1,477 60.7 0.987 0.887
B4 1,147 353 25.2 0.972 0.972
B5 1,180 540 21.6 1 1
B6 3,821 1,769 75.5 0.870 0.852
B7 1,574 716 36.4 1 1
B8 1,171 1,004 29.1 1 1
B9 1,174 449 22.5 0.995 0.995
B10 1,203 568 27.2 1 1
B11 928 384 22.0 0.786 0.786
B12 4,393 2,210 65.9 1 1
(MPU)
B13 2,642 931 38.8 1 1
(MPU)
B14 3,362 1,505 53.1 1 1
BI15 2,263 541 26.9 1 1
(MPU)
B16 3,619 1,541 70.3 0.824 0.824
B17 4,163 1,594 73.6 0.948 0.947
B18 3,075 805 46.7 1 1
B19 5,757 2,601 93.0 1 1
B20 1,763 496 29.0 0.917 0917
B21 3,825 1,961 83.1 0.887 0.786
B22 2,354 792 42.4 0.891 0.891
B23 5,289 3,160 104.0 1 0.892
B24 1,108 332 242 0.939 0.939
B25 743 354 22.4 0.656 0.656

even if it was identified as clearly inefficient in the FDH value efficiency analysis:
this kind of information is considered valuable.

11.4.4 Conclusion

The bank branch management group had some previous experience of DEA. Halme
et al. (2014) report that in the course of their conversations with the managers, the
managers indicated that they liked the idea of first identifying the units that were
inefficient from even the most optimistic perspective. They found the process of
providing preference information easy and its use justified. The bank ranks growth
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highly in its strategy and believes that the benchmarks could play an important role
in boosting efficiency in the branches. The management planned to review the
inefficient units in two phases. First they would consider units that were inefficient
in FDH, in which the improvement needs were most urgent. Second, they would
look at the units that were FDH efficient, but not equally efficient when manage-
ment preference was taken into consideration: they needed improvement in order to
approach the benchmark performance.

Having looked closely at the data and the results, the management made the
following remarks:

» Comparison of the other branches to B5 seems unfair given that its efficiency is
based on one super-salesperson who is responsible for most of the branch’s sales.
That outlier needs to be removed.

¢ Branch B25 should also be removed due to its young age and the fact that it had
started from scratch.

e It is hard to confirm the efficiency of unit B10: it has the same size as unit B15
and produces about the same amount of investment services but almost 50 % less
of financial services.

The management view was that in the hands of a knowledgeable DM who was
familiar with the branch network, the analysis tool would work well in terms of
efficiency assessment.
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Chapter 12
Conclusion

Incorporating Preferences in DEA: Value
Efficiency Analysis

This book presents the theory, extensions, and some applications of value efficiency
analysis. Value efficiency analysis is based on sound theory and aims at behavioral
realism: we seek to provide the decision maker with an approach and interface that
makes it as easy and straightforward as possible to express his/her preferences and
thus guarantee reliable results. The applications included in the book showcase the
suitability of the model in real-world decision making.

Most approaches used to incorporate preference information in data envelop-
ment analysis are based on restricting the weights in the multiplier model. The real
word interpretation of this is that whereas DEA allows free pricing, now some
limits are imposed. This approach works when the inputs and outputs involved in
the analysis are something we can put a price tag on. However, this is not always the
case. When we are faced with outputs or inputs that are of more complex, abstract,
and intangible in nature, thinking in terms of prices can be difficult for decision
makers. For example, it is extremely complicated, both practically and politically,
to compare and price different outputs of, say, hospitals or universities.

Unlike the existing approaches, the ones presented in this study do not require
the decision maker to think in terms of prices. Instead, he/she elicits his/her
preferences either in the form of a preferred existing or hypothetical unit.

Although mathematically also this approach leads to the identification of
implicit restrictions to weights, or prices, there is a fundamental difference in
these approaches, emerging from the way in which the preference information is
gathered.

Value efficiency analysis produces (in)efficiency scores that reflect not only
technical efficiency but also decision maker’s preferences and values. The models
presented are computationally easy and immediately applicable in practice.
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