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MEI Structured Mathematics

Mathematics is not only a beautiful and exciting subject in its own right but also
one that underpins many other branches of learning. It is consequently
fundamental to the success of a modern economy.

MET Structured Mathematics is designed to increase substantially the number of
people taking the subject post-GCSE, by making it accessible, interesting and
relevant to a wide range of students.

It is a credit accumulation scheme based on 45 hour modules which may be taken
individually or aggregated to give Advanced Subsidiary (AS) and Advanced GCE
(A Level) qualifications in Mathematics, Further Mathematics and related
subjects (like Statistics). The modules may also be used to obtain credit towards
other types of qualification.

The course is examined by OCR (previously the Oxford and Cambridge Schools
Examination Board) with examinations held in January and June each year.

MEI Structured Mathematics
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This is one of the series of books written to support the course. Its position
within the whole scheme can be seen in the diagram above.



Mathematics in Education and Industry is a curriculum development body which
aims to promote the links between Education and Industry in Mathematics at
secondary level, and to produce relevant examination and teaching syllabuses and
support material. Since its foundation in the 1960s, MEI has provided syllabuses for
GCSE (or O Level), Additional Mathematics and A Level.

For more information about MEI Structured Mathematics or other syllabuses and
materials, write to MEI Office, Albion House, Market Place, Westbury, Wiltshire,
BA13 3DE or visit www.mei.org.uk.


www.mei.org.uk

Introduction

The twelve chapters of this book cover the pure mathematics required for the A2
subject criteria. The material is divided into the two units (or modules) for MEI
Structured Mathematics: C3, Methods for Advanced Mathematics and C4,
Applications of Advanced Mathematics. It is the second in a series of pure
mathematics books for AS and A Levels in Mathematics and Further Mathematics.

Since their total content is the same, this book also covers the requirements of all
the other specifications for A2 Mathematics, and it is also suitable for other
courses at this level.

Throughout the series the emphasis is on understanding rather than mere
routine calculations, but the varied exercises do nonetheless provide plenty of
scope for practising basic techniques. Extensive on-line support is available via
the MEI site, www.mei.org.uk.

This book is part of the third edition of this series and is written on the
assumption that you have already studied AS Mathematics. Much of its content
was previously in Pure Mathematics 2 and 3 but it has now been reorganised to
meet the requirements of the new specification being first taught in September
2004. Thanks are due to Val Hanrahan for her work in preparing the new edition
and for her original contributions. Thanks are also due to the various
examination boards who have given permission for their past questions to be
included in the exercises.

Roger Porkess
Series Editor
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Key to symbols in this book

(2]

R

This symbol means that you may want to discuss a point with your
teacher. If you are working on your own there are answers in the back of
the book. It is important, however, that you have a go at answering the
questions before looking up the answers if you are to understand the
mathematics fully.

This is a warning sign. It is used where a common mistake,
misunderstanding or tricky point is being described.

This is the ICT icon. It indicates where you should use a graphic calculator
or a computer.

This symbol invites you to join in a discussion about proof. The answers to
these questions are given in the back of the book.

This symbol and a dotted line down the right-hand side of the page
indicates material which is beyond the criteria for the unit but which is
included for completeness.

Harder questions are indicated with stars. Many of these go beyond the
usual examination standard.
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Proof
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Mathematics teaches us to solve puzzles. You can claim to be a
mathematician if, and only if, you feel that you will be able to solve a
puzzle that neither you, nor anyone else, has studied before. That is
the test of reasoning.

W W Sawyer

Figure 1.1

@ Figure 1.1 shows a square of side c inside a square of side a + b.

How can you deduce Pythagoras’ theorem (¢ = a* + b?) by finding two ways of
expressing the area of the central square?

You have now reached the stage where it is no longer always satisfactory to assume
that a fact is true without proving it, since one fact is often used to deduce another.
A proof deals with a general case and there are a number of different techniques
that you can use. You are invited to participate in discussions about proof at points
throughout the rest of the book. They are indicated by the icon Q

Proof by direct argument
EXAMPLE 1.1 Prove that the product of an even number and an odd number is always even.

SOLUTION

Here are two examples of ‘an even number X an odd number’

2 2X3=6 8x5=40



In both cases it is true that the right-hand side is even but, however many
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examples you take, this is still not a proof.

To construct a proof, you need to go back to the definition of an even number; a

number that is divisible by 2.
Let m and n represent any two numbers, so 2 will be even and 2n + 1 will be odd.
2mx (2n+1)=2[mQ2n+1)]

This is a multiple of 2 and so must be even.

uonsneyxa Aq jooid

Direct proof is often used to prove geometrical theorems, as in Example 1.2.

EXAMPLE 1.2 Prove that the opposite angles of a cyclic quadrilateral are supplementary (add
up to 180°).
You may assume the result that the angle subtended by an arc at the centre of a
circle is twice the angle subtended by the same arc at the circumference.

SOLUTION

Figure 1.2 shows a circle centre O and a cyclic quadrilateral ABCD.
ZABC = xand ZADC = y.

Figure 1.2

Reflex ZAOC = 2x and obtuse ZAOC = 2y.
Adding the two angles at O gives 2x + 2y = 360°
= x+y=180°

The sum of the four angles of any quadrilateral is 360°, so the sum of each pair of
opposite angles of a cyclic quadrilateral is 180°.

Proof by exhaustion

For some conjectures it is possible to test all possible cases, as in Example 1.3. 3



EXAMPLE 1.3

C3

Proof

Prove that when a two-digit number is divisible by 3, reversing its digits will also
give a number that is divisible by 3.

SOLUTION

There are only 30 two-digit numbers divisible by 3.
12, 15, 18, 21, ..., 93, 96, 99

Reversing each of these give the following.
21,51, 81, 12, ..., 39, 69, 99

These numbers are also divisible by 3, so the conjecture has been proved.

Note
There is a well-known result on divisibility that includes the conjecture above.

A number is divisible by 3 if and only if the sum of its digits is divisible by 3.
Similarly:

A number is divisible by 9 if and only if the sum of its digits is divisible by 9.

Proof by contradiction

EXAMPLE 1.4

In some cases it is possible to deduce a result by showing that the converse is
impossible, as in the following examples.

Prove that the sum of the interior angles x and y for a pair of parallel lines, as
shown in figure 1.3, is 180°.

y

Q D
C
Figure 1.3
SOLUTION
Assume that x + y < 180° as in figure 1.4.
P A
y B
Q—A~A= D
C

Figure 1.4



EXAMPLE 1.5

In this case the lines AB and CD, when extended, will meet at a point E, where
ZBED =180° - x—y.

This means that AB and CD are not parallel.

Similarly, assuming that x + y > 180°, as in figure 1.5, will give angles (180° — x)
and (180° — y) with a sum of (360° — (x + y)).

Figure 1.5

360° — (x + y) < 180°, so now AP and CQ when extended will meet at a point R,
showing that AP and CQ are not parallel.

Consequently, x + y = 180°.

Prove that \/E is irrational.

SOLUTION

) ) m
Assume that \E is rational, so \E = where m and n have no common factor.

2
2 =%

3

Squaring =

3 =

=  2n? =

2

Since 212 is a multiple of 2, it is even, so m? is even.

2 is even, SO is m.

Since m
Let m = 2p.
In equation @ this gives
2n? = (2p)? = 4p?,
$O
n*=2p2.

Continuing with the same argument as before, 2p? is a multiple of 2, and
therefore even, so n2 and therefore # are even.

You have now shown that both m and n are even numbers, which contradicts the
assumption that m and n had no common factor.

Consequently, \/E is not rational, so must be irrational.
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Disproof by the use of a counter-example

EXAMPLE 1.6

Historical note

Sometimes you may come across a conjecture that looks as if it might be true, but
is in fact false. Always start by checking the result for a few particular values, to
try and get a ‘feel’” for what is happening. Next, if you think that it is true, you
could try to prove it using any of the methods discussed earlier. If you seem to be
getting nowhere, then finding just one case, a counter-example, when it fails is
sufficient to disprove it.

Is it true that any number whose square is the sum of two squares is itself the sum
of two squares?
Either prove it or find a counter-example.

SOLUTION

Pythagorean triples, such as (3, 4, 5), (5, 12, 13) and (8, 15, 17) form the basis of
this conjecture.

Checking a few of these:

5=12+22
13=2%2+32
17=12+4

So it seems possible that this could be true.

However, looking at multiples of some of the basic triples gives you a
counter-example. One of these is (9, 12, 15).

152 =97 + 122

15 can be writtenas 1 + 14or2+130or3+120r4+1lor5+100or6+9or7 +8
showing that 15 cannot be written as the sum of two squares.

This is one of a number of results proposed by Charles Dodgson who, under the nom-de-plume of Lewis

Carroll, wrote Alice in Wonderland.

In each question a conjecture is given. Decide whether it is true or false.
If it is true, prove it using a suitable method and name the method.
If it is false, give a counter-example.

1 (a+b)?-(a-b)*=4ab
2 The triangle with sides of length A/2n + 1, nand (n + 1) is right-angled.
3 No square number ends in a 8.

4 The sum of the squares of any two consecutive integers is an odd number.



KEY POINTS

5 \E is irrational.

6 If Tis a triangular number (given by T = %n(n + 1) where n is an integer), then
(i) 9T+ 1is a triangular number
(ii) 8T+ 1isasquare number.

7 (i) A four-digit number formed by writing down two digits and then
repeating them is divisible by 101.
(i) A four-digit number formed by writing down two digits and then
reversing them is divisible by 11.

8 The value of (n% + n+ 11) is a prime number for all positive integer values of 7.

9 (i) The sum of the squares of any five consecutive integers is divisible by 5.
(i) The sum of the squares of any four consecutive integers is divisible by 4.

10 For any pair of numbers x and y, 2(x? + y?) is the sum of two squares.

The methods of proof are

1 proof by direct argument

2 proof by exhaustion

3 proof by contradiction.

The methods of disproof are

4 disproof by direct argument

5 disproof by the use of a counter-example.

O
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Natural logarithms and exponentials

Natural logarithms and
exponentials

Normally speaking it may be said that the forces of a capitalist
society, if left unchecked, tend to make the rich richer and the poor
poorer and thus increase the gap between them.

Jawaharlal Nehru

Figure 2.1

The shaded region in figure 2.1 is bounded by the x axis, the lines x =1 and x = 3,

3
and the curve y = alc The area of this region may be represented by L)lc dx.

Explain why you cannot apply the rule

n+1

jkx” dx= +c

n+1

to this integral.

However, the area in the diagram clearly has a definite value, and so we need to
find ways to express and calculate it.

INVESTIGATION

Estimate, using numerical integration (for example the trapezium rule), the areas
represented by these integrals.

31 2] 61
(i) J —dx (ii) J —dx (iii)J. —dx
11X 1X 1X

What relationship can you see between your answers?




A new function

1 . a1
The area under the curve y = = between x = 1 and x = g, that is ch dx, depends
on the value a. For every value of a (greater than 1) there is a definite value of the
area. Consequently, the area is a function of a.

To investigate this function you need to give it a name, say L, so that L(a) is the area
from 1 to a and L(x) is the area from 1 to x. Then look at the properties of L(x) to
see if its behaviour is like that of any other function with which you are familiar.

The investigation you have just done should have suggested to you that
3 2 6
_[ Lax+ j Lax= j Lax
1X 1x 1x
This can now be written as
L(3) + L(2) = L(6).
This suggests a possible law, that
L(a) + L(b) = L(ab).
At this stage this is just a conjecture, based on one particular example. To prove it,
you need to take the general case and this is done in the activity below. (At first
reading you may prefer to leave the activity, accepting that the result can be proved.)

Prove that L(a) + L(b) = L(ab), by following the steps below.

(i Explain, with the aid of a diagram, why

L(a) + '[:b)lcdxz L(ab).

(i) Now call x = az, so that dx can be replaced by adz. Show that
ab b
J 1 dx= J 1 dz.
a X 1z
. b1
Explain why | Ldz=1(b).
(i) Use the results from 1 and 2 to show that
L(a) + L(b) = L(ab).
What function has this property? Look back to AS Pure Mathematics, Chapter 11,
and you will see that for all logarithms
log(a) + log(b) = log(ab).

Could it be that this is a logarithmic function?

O
W
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Satisfy yourself that the function has the following properties of logarithms.
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i L(1)=0 (i) L(a)=L(b) = L(%) (i) L(a") = nL(a)

The base of the logarithm function L(x)

Having accepted that L(x) is indeed a logarithmic function, the remaining
problem is to find the base of the logarithm. By convention this is denoted by the
letter e. A further property of logarithms is that for any base p

log p=1 (p>1).

So to find the base e, you need to find the point such that the area, L(e) under the
graph, is 1. See figure 2.2.

Natural logarithms and exponentials

Figure 2.2

You have already estimated the value of L(2) to be about 0.7 and that of L(3) to
be about 1.1 so clearly the value of e is between 2 and 3.

You will need a calculator with an area-finding facility, or other suitable
technology, to do this. If you do not have this, read on.

e
Use the fact that L}lc dx =1 to find the value of e, knowing that it lies between 2

and 3, to 2 decimal places.

The value of e is given to 9 decimal places in the key points on page 18. Like 7, e
is a number which occurs naturally within mathematics. It is irrational: when
written as a decimal, it never terminates and has no recurring pattern.

The function L(x) is thus the logarithm of x to the base e, log, x. This is often
called the natural logarithm of x, and written as In x.

Values of x between 0 and 1

So far it has been assumed that the value of x within In x is greater than 1. As an
example of a value of x between 0 and 1, look at ln%.



Since In (%): Ina-Inb

= In (%)zlnl—an
=-In2 (sinceln1=0).

In the same way, you can show that for any value of x between 0 and 1, the value
of In x is negative.

When the value of x is very close to zero, the value of Inx is a large negative

number.
1 = = -
In (m) =-In1000 =-6.9

l = = —_—
In (m) =-In1000000 =-13.8

So as x — 0, In x — —eo (for positive values of x).

The natural logarithm function
The graph of the natural logarithm function (shown in figure 2.3) has the
characteristic shape of all logarithmic functions, and like other such functions it

is only defined for x > 0. The value of In x increases without limit, but ever more
slowly: it has been described as ‘the slowest way to get to infinity’.

y=Inx

Figure 2.3

Historical note

Logarithms were discovered independently by John Napier (1550-1617), who lived at Merchiston
Castle in Edinburgh, and Jolst Biirgi (1552-1632) from Switzerland. It is generally believed that Napier
had the idea first, and so he is credited with their discovery. Natural logarithms are also called
Naperian logarithms but there is no basis for this since Napier’s logarithms were definitely not the
same as natural logarithms. Napier was deeply involved in the political and religious events of his day
and mathematics and science were little more than hobbies for him. He was a man of remarkable
ingenuity and imagination and also drew plans for war chariots that look very like modern tanks, and

for submarines.

O
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Natural logarithms and exponentials

The exponential function

Making x the subject of y = In x, using the theory of logarithms developed in
AS Pure Mathematics, Chapter 11, you obtain x = e.

Interchanging x and y, which has the effect of reflecting the graph in the line
¥ = x, gives the exponential function y = e*.

The graphs of the logarithm function and its inverse are shown in figure 2.4.

y y=¢
Y
s
s
// y=Inx
/
/ /
s
/O x
/s
s

Figure 2.4

You will see in Chapter 3 that reflecting in the line y = x gives an inverse function,
so it follows that e* and In x are each the inverse of the other.

Notice that e"¥ = x, using the definition of logarithms, and
In(e*) = xIne = x.

Although the function e* is called the exponential function, in fact any function
of the form a* is exponential. Figure 2.5 shows several exponential curves.

e y=e
yy ¥=3 y=2
y=15
y=1 =1
y=0.5
o X

Figure 2.5

The exponential function y = e* increases at an ever-increasing rate. This is
described as exponential growth.



EXAMPLE 2.1

By contrast, the graph of y = ™, shown in figure 2.6, approaches the x axis ever
more slowly as x increases: this is called exponential decay.

Figure 2.6

You will meet e* and In x again later in this book. In Chapter 4 you learn how to
differentiate these functions and in Chapter 5 you learn how to integrate them. In
this secion you focus on practical applications which require you to use the @
button on your calculator.

0.1t

The number, N, of insects in a colony is given by N = 2000e"!* where ¢is the

number of days after observations have begun.

(i) Sketch the graph of N against .
(ii) What is the population of the colony after 20 days?
(iii) How long does it take the colony to reach a population of 10000?

SOLUTION
i N
0 N = 2000¢* "
When =0, N =2000¢® = 2000
2000
o t
Figure 2.7

(i) When r=20, N =2000e%!*20=14778.
The population is 14 778 insects.

(iii) When N'= 10000, 10000 = 2000¢e%!!

5= eO.lt.
Taking natural logarithms of both sides,
Remember
In5 =In(e®!) = 0.1¢ In(e”) = X.
and so t =101n5=16.09... .

It takes just over 16 days for the population to reach 10000.

O
W

uonouny jerpuauodxa ay



O
W

Natural logarithms and exponentials

—0.0012¢

EXAMPLE 2.2 The radioactive mass, Mg in a lump of material is given by M = 25¢ where ¢

is the time in seconds since the first observation.

(i) Sketch the graph of M against t.

(ii) What is the initial size of the mass?

(iii) What is the mass after 1 hour?

(iv) The half-life of a radioactive substance is the time it takes to decay to half of
its mass. What is the half-life of this material?

SOLUTION
(i) M
25
o '
Figure 2.8

(i) Whent=0, M =25¢°
=25,

The initial mass is 25g.

(i) After 1 hour, t = 3600
M = 250-0-0012 % 3600

The mass after 1 hour is 0.33 g (to 2 decimal places).
(iv) The initial mass is 25 g, so after one half-life,
M=3x25=125g
At this point the value of ¢is given by
12.5 = 25¢70:00127,
Dividing both sides by 25 gives
0.5 = 00012

Taking logarithms of both sides:

In 0.5 = Ine0:0012¢
= -0.0012¢
. In0.5
—-0.0012
= 577.6 (to 1 decimal place).

The half-life is 577.6 seconds. (This is just under 10 minutes, so the substance
is highly radioactive.)



EXAMPLE 2.3 Make p the subject of In(p) —In(1-p) = ¢

SOLUTION Using log a — log b = log (2)

O
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b

ln(L) =t

1-p %1
8
Writing both sides as powers of e gives @
N
>
it
T Sy
p=¢(1-p)
p=e'-pe
ptpe'=e
p(l+e') =e'
P=Tve

w

IS

a

Make x the subject of ~ Inx—Inx, = kt.
Make f the subject of 5= 5.7

Make p the subject of  Inp=-0.02¢
Make x the subject of ~ y—5=(y,—5)e"

A colony of humans settles on a previously uninhabited planet.
After tyears, their population, P, is given by

P =100e%%",

(i) Sketch the graph of P against ¢.

(ii) How many settlers land on the planet initially?

(iii) What is the population after 50 years?

(ivi How long does it take the population to reach 1 million?

Ela sits on a swing. Her father pulls it back and then releases it.

The swing returns to its maximum backwards displacement once every

5 seconds, but the maximum displacement, 6°, becomes progressively smaller
because of friction. At time ¢ seconds, 0 is given by

0 =259 (=0, 5, 10, 15, ...).

(i) Plot the values of 6 for 0 < ¢ =< 30 on graph paper.
(ii) To what angle did Ela’s father pull the swing?

(iii) What is the value of 0 after 1 minute?

(iv) After how many swings is the angle 6 less than 1°?



7 Alexander lives 800 metres from school. One morning he sets out at 8.00 am

O
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and t minutes later the distance sm, which he has walked is given by

s=800 (1—e01r),

(i) Sketch the graph of sagainst ¢.

(ii) How far has Alexander walked by 8.15 am?

(iii) What time is it when Alexander is half-way to school?
(iv) When does Alexander get to school?

8 A parachutist jumps out of an aircraft and some time later opens the parachute.
His speed at time ¢ seconds from when the parachute opens is v ms™.
It is given by

v=28+ 22007

(i) Sketch the graph of v against t.

Natural logarithms and exponentials

(ii) State the speed of the parachutist when the parachute opens, and the final
speed that he would attain if he jumped from a very great height.

(iii) Find the value of v as the parachutist lands, 60 seconds later.

(iv) Find the value of r when the parachutist is travelling at 20 ms™'.

9 The height /i metres of a species of pine tree t years after planting is modelled by
the equation

h=20-19x%0.9"

(i) What is the height of the trees when they are planted?
(ii) Calculate the height of the trees after 2 years, and the time taken for the
height to reach 10 metres.

The relationship between the market value £y of the timber from the tree and
the height /i metres of the tree is modelled by the equation

y=ah,

where a and b are

constants. The diagram

shows the graph of Iny

plotted against In A. 3

(i) Use the graph to

calculate the values of
aand b.
(iv) Calculate how long it

takes to grow trees
worth £100. ) . 2 2.5 In/
[MEI]




10 A new car is tested for the amount of petrol it uses.
Suppose the rate of consumption at v miles per hour (mph) is p miles per
gallon.

At a steady 49 mph, its rate of consumption is 45 miles per gallon.
At a steady 81 mph, its rate of consumption is 35 miles per gallon.

One model for the petrol consumption is
p=ab,

where a and b are positive constants.

(i) Show that plotting In p against v gives a straight line graph if this model is

appropriate.

(ii) The diagram shows a straight line drawn through the points (49, In45)

and (81, In35).

Use the graph to find the petrol consumption of the car at 25 mph and at

64 mph according to this model.

An alternative model for the petrol consumption is

p=cvd,

where cand d are positive constants.

(iii) Show that, using this model,

d_ln45—1n35
" In81-1n49"

Use the laws of logarithms to simplify this expression, and hence show

that d = 1.
Show also that ¢ = 315.

Find the petrol consumption of the car at 25 mph and at 64 mph
according to this model.

(iv) Further testing of the car yields the results v =25, p= 55 and v = 64,
p=40.
Comment on the suitability of the two models.

[MEI]
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1
1 j;c dx=log lx| +c

2 log xis called the natural logarithm of x and denoted by In x.

3 e=2.7182818284 ... is the base of natural logarithms.

4 e*and In x are inverse functions: e"* = x; In(e¥) = x.

Natural logarithms and exponentials



Functions

Still glides the stream and shall forever glide;
The form remains, the function never dies.
William Wordsworth

Why fly to Geneva in January?

Several people arriving at Geneva airport from London were asked the main
purpose of their visit. Their answers were recorded.

David
Joanne Skiing
Jonathan Returning home
Louise To study abroad
Paul

Business
ShamSV{
Karen

This is an example of a mapping.

The language of functions

A mapping is any rule which associates two sets of items. In this example, each of
the names on the left is an object, or input, and each of the reasons on the right is

an image, or output.

For a mapping to make sense or to have any practical application, the inputs and
outputs must each form a natural collection or set. The set of possible inputs (in
this case, all of the people who flew to Geneva from London in January) is called
the domain of the mapping. The set of possible outputs (in this case, the set of all
possible reasons for flying to Geneva) is called the co-domain of the mapping.

The seven people questioned in this example gave a set of four reasons, or
outputs. These form the range of the mapping for this particular set of inputs.
The range of any mapping forms part or all of its co-domain.

O
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Notice that Jonathan, Louise and Karen are all visiting Geneva on business: each
person gave only one reason for the trip, but the same reason was given by several
people. This mapping is said to be many-to-one. A mapping can also be one-to-one,
one-to-many or many-to-many. The relationship between the people and their UK
passport numbers will be one-to-one. The relationship between the people and
their items of luggage is likely to be one-to-many, and that between the people and
the countries they have visited in the last 10 years will be many-to-many.

Mappings

In mathematics, many (but not all) mappings can be expressed using algebra.
Here are some examples of mathematical mappings.

(a) Domain: integers Co-domain: real numbers
Objects Images
-1 3

5

7

9

11

2x+5

YYYy

Y

2 W N = O
Y

General rule:

Y

(b) Domain: integers Co-domain: real numbers
Objects Images

1.9

2.1

2.33

2.52

2.99

7

General rule: Rounded whole numbers —» Unrounded numbers

)

(c) Domain: real numbers Co-domain: real numbers,
y:-1sy=<1

Objects Images
0
5 T
90 0.707
135 1
180

General rule: x° > sin x°




EXAMPLE 3.1

(d) Domain: quadratic Co-domain: real numbers
equations with real roots

Objects Images
xX?—4x+3=0 0
x?-x=0 1
x?-3x+2=0 2

3

—bh— 2_
Generalrule: ax?+bx+c=0———» x= @

2a

@ For each of the examples above:

(i) decide whether the mapping is one-to-one, many-to-many, one-to-many or
many-to-one

(i) take a different set of inputs and identify the corresponding range.

Functions

Mappings which are one-to-one or many-to-one are of particular importance,
since in these cases there is only one possible image for any object. Mappings of
these types are called functions. For example, x — x* and x — cos x° are both
functions, because in each case for any value of x there is only one possible
answer. The mapping of rounded whole numbers on to unrounded numbers is
not a function, since, for example, the rounded number 5 could be the image of
any unrounded number between 4.5 and 5.5.

There are several different but equivalent ways of writing a function. For
example, the function which maps x on to x? can be written in any of the
following ways.

Read this as

o y=x° o f(x) =x? o fix— x?
‘f maps x on to x2’.

It is often helpful to represent a function graphically, as in the following example,
which also illustrates the importance of knowing the domain.

Sketch the graph of y = 3x + 2 when the domain of x is
i xeR
(i) xe R* (i.e. positive real numbers)

(i) x e N.
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SOLUTION
(i) When the domain is R, all values of y are possible. The range is therefore R, also.

(i) When x is restricted to positive values, all the values of y are greater than 2, so
the range is y > 2.

(iii) In this case the range is the set of points {2, 5, 8, ...}. These are clearly all of
the form 3x + 2 where xis a natural number (0, 1, 2, ...). This set can be
written neatly as {3x+2: xe N}.

The open circle
shows that (0, 2) is
not part of the line.

y=3x+2,xeR

y=3x+2,xeR"

® ,=3x+2,xeN

=
o
=
o
=

Jo

Figure 3.1

When you draw the graph of a mapping, the x co-ordinate of each point is an
input value, the y co-ordinate is the corresponding output value. The table below
shows this for the mapping x — x2, or y = x%, and figure 3.2 shows the resulting
points on a graph.

y
Input (x) Output (y) Point plotted o 4 .
) 4 (=2, 4) 3r
1 1 (-1, 1) 2
0 0 (0,0) e 1~ e
1 1 (1, 1) | | | |
2 4 (2,4) -2 -1 o 1 2
Figure 3.2

If the mapping is a function, there is one and only one value of y for every value
of x in the domain. Consequently the graph of a function is a simple curve or line
going from left to right, with no doubling back.

Figure 3.3 illustrates some different types of mapping. The graphs in (a) and (b)
illustrate functions, those in (¢) and (d) do not.



(a) One-to-one (b) Many-to-one

y=2x+1

|
o]
<
I
® "
|
=
Y€ os1949x3

(¢) One-to-many (d) Many-to-many

domain: -5 <x<35
co-domain: -5 <x <35

Figure 3.3

1 Describe each of the following mappings as either one-to-one, many-to-one,
one-to-many or many-to-many, and say whether it represents a function.
In each case state whether the co-domain and range are equal.

(i)

(ii)

(iii)

(v)

(vii)

RERE

EX
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2 For each of the following mappings:

(a) write down a few examples of inputs and corresponding outputs

(b) state the type of mapping (one-to-one, many-to-one, etc.)

(c) suggest suitable domains and co-domains.

(i)  Words—— number of letters they contain

(i) Side of a square in cm —— its perimeter in cm

(iii) Natural numbers —— the number of factors (including 1 and the
number itself)

(iv) x——>2x-5

v x— \/;

(vi) The volume of a sphere in cm® — its radius in cm

(vii) The volume of a cylinder in cm® — its height in cm

(viii) The length of a side of a regular hexagon in cm —— its area in cm?

(ix) x— x?

(i) A function is defined by f(x) = 2x— 5. Write down the values of
(a) £(0) (b) £(7) (e) f(=3).

(ii) A function is defined by g:(polygons) —— (number of sides). What are
(a) g(triangle) (b) g(pentagon) (c) g(decagon)?

(iii) The function t maps Celsius temperatures on to Fahrenheit temperatures.
It is defined by t: C—— ¢ + 32. Find

5
(a) t(0) (b) t(28) (c) t(~10) (d) the value of Cwhen t(C) = C.

Find the range of each of the following functions.
(You may find it helpful to draw the graph first.)

i) f(x)=2-3x x=0

(i) f(6)=sin0 0°<0<180°

i) y=x*+2 xe{0,1,2,3,4}

(ivv y=tan6 0° <6 <90°

vy f:x—>3x-5 xeR

(vi) f:x ——2% xe {-1,0,1, 2}
L M T

(vii) y=cosx 5 x 5

(iii) f:x —> x°—4 xe R

(ix) f(x)= i xe R

x) fx)=4Vx-3+3 x=3

The mapping fis defined by f(x) =x> 0<x<3
f(x) =3x 3<x=<10.

The mapping g is defined by g(x) =x* 0<x<2
g(x) =3x 2=x=<10.

Explain why fis a function and g is not.



Using transformations to sketch the curves of functions

In AS Pure Mathematics you used translations and one-way stretches to relate the

equation of a function to that of a standard function of the same form. This then

allowed you to obtain a sketch of the curve of your function.

It is possible to combine translations and stretches, but care must be taken over

the order in which these are applied, as shown in Activity 3.1.

Copy the triangle in figure 3.4 and, for each of v A
parts (i) to (v), perform the transformations in the
. § 1,3
order given. 3 (1,3)
In each case comment if the end results are the 5
same or different.
1 -
0 I [ I ;
1 23
Figure 3.4

i) (a)

(b)

(ii) (a)

(b)

(iii) (a)

(b)

(iv) (a)

(b)

(v) (a)

(b)

Translate the triangle through ((3)) and then stretch the image with a scale

factor of 2 parallel to the x axis.
Stretch the triangle with a scale factor of 2 parallel to the x axis and then

translate the image through ((3))

Translate the triangle through (Z) and then stretch the image with a scale

factor of 2 parallel to the y axis.
Stretch the triangle with a scale factor of 2 parallel to the y axis and then

translate the image through ((3))

Translate the triangle through ((3)) and then stretch the image with a scale
factor of 2 parallel to the x axis.

Stretch the triangle with a scale factor of 2 parallel to the x axis and then

translate the image through (g)

Translate the triangle through g and then stretch the image with a scale
factor of 2 parallel to the y axis.
Stretch the triangle with a scale factor of 2 parallel to the y axis and then

translate the image through ((3))

Stretch the triangle with a scale factor of 2 parallel to the x axis and then
stretch the image with a scale factor of 3 parallel to the y axis.
Stretch the triangle with a scale factor of 3 parallel to the y axis and then
stretch the image with a scale factor of 2 parallel to the x axis.
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EXAMPLE 3.2

y=(x+12-14

Activity 3.1 should have emphasised to you the importance of performing the
transformations in the correct order. It is a good idea to check your results using
a graphic calculator whenever possible.

(i) Find the values of a, p and g when y = 2x% + 4x— 1 is written in the form
y=al(x+ p)*+ql.

(ii) Show how the graph can be obtained from the graph of y = x? by successive
transformations, and list the transformations in the order in which they are
applied.

SOLUTION

Expanding the equivalent expression

al(x+ p)?+ q] = a[x? + 2px+ p* + q]
= ax? + 2apx + a(p* + q).
Comparing the coefficients in y = 2x? + 4x — 1 with those above gives
— coefficient of x:  a=2
— coefficient of x:  2ap =4, which gives p=1
— constant term: a(p?+ q) = -1, which gives g = —1%.
1

The equation of the curve can be written as y = 2[(x+ 1)? — 15].

To sketch the graph, start with the curve y = x2.

-1
The curve y = x? becomes y = (x + 1) — 1% by applying the translation ( 1L )
T2

The curve y = (x+ 1)? - l% becomes y = 2[(x+ 1) - 1%] by applying a stretch of
scale factor 2 parallel to the y axis.

y=(x+17°-1

\r=2Ax+1y’-1]

Figure 3.5

-7 : \/

(-1,-1) \ /

(_1’ '—3)

The stretch of scale factor 2
parallel to the y axis

-1
The translation ( ll )
-1z



o

Note

Notice in figure 3.5 how the stretch doubles the y co-ordinate of every point on the

curve, including the turning point.

Points on the x axis have a zero y co-ordinate, so are unchanged.

How would you prove that the equation (x + a)? + b = 0 has no real roots if b > 0?

EXAMPLE 3.3 Starting with the curve y = cos x, show how transformations can be used to sketch
the curves
(i) y=2cos3x (i) y=3+cos %C (iii) y=cos(2x—60°).
SOLUTION
(i) The curve with equation y = cos3x is obtained from the curve with equation
¥ = cosx by a stretch of scale factor % parallel to the x axis. There will
therefore be one complete oscillation of the curve in 120° (instead of 360°).
The curve of y =2 cos3x is obtained from that of y = cos3x by a stretch of
scale factor 2 parallel to the y axis. The curve therefore oscillates between
y=2and y=-2 (instead of y = 1 and y = —1). This is shown in figure 3.6.
Y y=2cos3x
2
y y
y=cosx y =cos3x
1 1
| | 1 !
) % 180° 270° 60°, O 1200 ., O 20,
-2~
Figure 3.6

(ii) The curve of y = cos 2 is obtained from that of y = cos x by a stretch of scale
factor 2 in the x direction. There will therefore be one complete oscillation of
the curve in 720° (instead of 360°).

The curve of y =3+ cos %C is obtained from that of y = cos %C by a translation (g) .

The curve therefore oscillates between y =4 and y = 2 (see figure 3.7).
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y=cosx

= X

y y 3+cos2
4
37
2_
1_

| [ L
(o) 360° 540° 200

Figure 3.7

(i) The curve of y = cos (x— 60°) is obtained from that of y = cos x by a

translation of( 0 )

The curve of y = cos(2x — 60°) is obtained from that of y = cos(x— 60°) by a

stretch of scale factor % parallel to the x axis (see figure 3.8).

y y=cosx Y Y
1 — .
\ 1/‘\ y = cos(x — 60°) 1/\y=008(2x—60")
| L / /
o] 9w\ 18C° /270° 3600 0 150°\/330° . o 75°\/165° .
-1 -1t -1t
Figure 3.8

1 Starting with the graph of y = x2, state the transformations which can be used
to sketch each of the following curves.

Specify the transformations in the order in which they are used and, where

there is more than one stage in the sketching of the curve, state each stage.

State the equation of the line of symmetry.

M y=x*-2

(i) y=(x—2)?

v) y=(3x-2)?
(vii) y=2x?+4x-1

(i) y=3x?

(iv) y=3(x-2)>2
(vi) y=x>—4x
(viii) y=3x>—6x-2



2 The diagram shows a sketch of the graph of y = f(x), where f(x) = x? + 4x.

by

y=1x)

S

=Y

2,4

For each of the following

i y=fo)+7
(i) y=1£(x-2)
(i) y=2f(x) + 3
(iv) y=1(2x) +3
(v) y=3f(x-2)

(a) explain how the graph of y = f(x) could be used to sketch the graph
(b) draw a separate sketch of the graph.

3 The diagram shows a sketch of the graph of y = f(x), where f(x) = 6x— x2.

Use this graph to sketch A

M y=1f(x-2)
Gi) y=2f(x) (3.9
(iii) y=2f(x—1) » = f{x)

indicating clearly where these graphs

cross the x axis and the co-ordinates of o 6 \ x
the highest point.

4 The diagram shows the graph of y = f(x).

by
(I, D
=
y=fx)
0 T \ >
1 2 *

Sketch the graph of each of these functions.
i y=12x) (i) y=f(x+2)
(iii) y=2f(x—1) ivi y=3f(x)
v y= f(%c— 1) i) y=1(3x+1)

C3

g¢ as1a49x3
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5 Starting with the curve y = cos x, show how transformations can be used to
sketch these curves.

(i) y=3cos2x
(ii) y= cos%c— 1
(iii) ¥ = cos(2x + 30°)

6 (i) Each diagram shows the graph of y = sin x (where x is measured in
degrees) together with the graph of another sine function. These are
labelled y = f(x), y = g(x) and y = h(x) respectively.

yA yA A
3] y=1() 5 3 .
y =sinx y=h(x)

2 » =sinx 2 y = sinx 2

14/..--4 14 /-l

0 \ ‘\‘ S 0 \ L B B
1 90 1807-270.-360 ¥ 14 90 1807-270.-360 ¥
-2 24 v =g 24
-3 4 -3 4 -3 4

(a) Write down expressions for f(x), g(x) and h(x).

(b) Write down equations for the graphs which result from the following
transformations of the graph of y = sin x.
(A) A translation of 2 units in the positive y direction
(B) A translation of 90 units in the positive x direction

(e) Write down a value for a such that sin(x + a) = —sin x.

(ii) The function F(x) is defined by
F(x)=b-csinx, 0°=< x=< 360°,
where b and c are constants, with ¢ > 0.

(a) Find the range of F(x) in terms of b and c.
(b) Show that the graph of y = F(x) crosses the xaxisif —c < b <«
Given that b= %c, find the co-ordinates of the points where the graph
crosses the x axis, and sketch the graph.
[MEI]

Reflections
Sketch the curves of y = f(x) and y = —{(x) for each of the following functions.
(e (i) sinx (i) x> — 6x> + 11x—6

Describe the relationship between the graphs of y = f(x) and y = —f(x) in these
cases. Would you be confident to generalise this result?



Figure 3.9 shows the graphs of y = cosx and y = —cos x for 0° < x < 180°. For any
particular value of x, the y co-ordinates of the two graphs have the same magnitude
but opposite signs. The graphs are reflections of each other in the x axis.

Figure 3.9

In general, starting with the graph of y = f(x) and replacing f(x) by —f(x) gives a
reflection in the x axis. This is the equivalent of replacing y by —y in the equation.

In the next activity you investigate the effect of replacing x by —x.

Sketch the curves of y = f(x) and y = f(—x) for each of the following functions.

i x? (i) sinx (i) x> —6x2 + 11x—6

Describe the relationship between the graphs of y = f(x) and y = f(—x) in these
cases. Would you be confident to generalise this result?

Figure 3.10 shows the graph of y = 2x + 1, a straight line with gradient 2 passing
through (0, 1). The graph of y = 2(—x) + 1 (which can be written as y = -2x + 1)
is a straight line with gradient -2, and as you can see it is a reflection of the line
y=2x+ 1 in the y axis.

In general, starting with the graph of y = f(x) and replacing x by (—x) gives a
reflection in the y axis.

y=2(—x)+1\\ y=2x+1
\
\
\
1
\
\
\
\
\
\
-t o T

Figure 3.10
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EXAMPLE 3.4 Figure 3.11 shows the graph of y = 2*. The curve passes through the point (0, 1).

C3

_3 T
y=2
g ! /
2
£ /
c
3
L o "
Figure 3.11
Sketch, on separate diagrams, the graphs of
(i) y=27 (i) y=-(2%.
SOLUTION
(i) Replacing x by —x reflects the (ii) The equation y = —2* can be written
curve in the y axis (see figure 3.12). as —y = 2*. Replacing y by —y
reflects the curve in the x axis
(see figure 3.13).
y=2r 7 Y

\1\ \O\ x

0 x y=-2)

Figure 3.12 Figure 3.13

The general quadratic curve

You are now able to relate any quadratic curve to that of y = x2.

EXAMPLE 3.5 (i) Write the equation y = 1 + 4x— x? in the form y = a[(x + p)* + q].
(ii) Show how the graph of y = 1 + 4x— x? can be obtained from the graph of
y = x% by a succession of transformations, and list the transformations in the
order in which they are applied.
(i) Sketch the graph.

SOLUTION
W If 1+4x—x> =al(x+p)?+q]

then —x?2+4x+1 =ax?+ 2apx+ a(p?+ q)



Comparing coefficients of x*:  a=-1.

O
W

Comparing coefficients of x:  2ap =4, giving p = 2.

Comparing constant terms: a(p>’+q) =1,  giving g=-5. m

. c

The equation is y = —[(x—2)? - 5]. 2

«Q

(ii) The curve y = x? becomes the curve y = (x—2)? — 5 by applying the g

=

translation ( 2) as shown in figure 3.14. S

3

2

g

y=x &

]

(2]

~

1)

8

=

=

y=G-27-5 3

/ g

/ P4

1/ 3

7 -]

/ x >

\ a

\\ /// g

(7]

N @5 7
~ rd

~~

2
Translation ( 5)

Figure 3.14

The curve y = (x—2)? — 5 becomes the curve y = —[(x—2)*> - 5] by
applying a reflection in the x axis (see figure 3.15).

\ X
/ \
/ \
/ \
y=-[x-2)*-5]
=1+4x—x°

Reflection in x axis

Figure 3.15 33
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Starting with the graph of y = x?, state the transformations which can be used
to sketch the following curves.

Specify the transformations in the order in which they are used and, where
there is more than one stage in the sketching of the curve, state each stage.
State the equation of the line of symmetry.

i y=-2x* (i) y=4-x° (i) y=2x—1-x?

For each of the following curves
(a) sketch the curve
(b) identify the curve as being the same as one of the following.

y = tsinx, y==%cosx, or y=dttanx
(i) y=cos(—x) (i) y=tan(—x)
(iii) y =sin(180° — x) {iv) y = tan(180° — x)

(v) y=sin(—x)

(i) Write the expression x? — 6x + 14 in the form (x— a)? + b where aand b
are numbers which you are to find.

(ii) Sketch the curves y = x? and y = x* — 6x + 14 and state the transformation
which maps y = x? on to y = x> — 6x+ 14.

(i) The curve y = x> — 6x + 14 is reflected in the x axis.
Write down the equation of the image.

(i) Sketch the curve with equation y = x2.

(ii) Given that f(x) = (x—2)? + 1 sketch the curves with the following
equations on separate diagrams. Label each curve and give the co-ordinates
of its vertex and the equation of its axis of symmetry.

(@ y=f(x) (b) y=—f(x) € y="flx+1)+2
[MEI]

Write the expression 2x? + 4x + 5 in the form a(x + b)? + c where a, band care
numbers to be found.

Use your answer to write down the co-ordinates of the minimum point on the
graph of y = 2x? + 4x + 5.

[0&C]
The circle with equation x? + y% = 1 is stretched with scale factor 3 parallel to
the x axis and with scale factor 2 parallel to the y axis. Sketch both curves on the
same graph, and write down the equation of the new curve. (It is an ellipse.)

In each of the diagrams opposite, the curve drawn with a dashed line is
obtained as a mapping of the curve y = f(x) using a single transformation. It
could be a translation, a one-way stretch or a reflection.

In each case, write down the equation of the image (dashed) in terms of f(x).



(i) (LD) B 2,3) c3
yy -
47 y=1(x)
, y=1(x)
’
/ m
/ -1 0 1 . o[\ -5 . 8
/ \ -~ 9,
\ / ]
// \\ // &
\ / (7]
\/
¥ (2,-3)
(iif) (iv)
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8 The sketch shows the curve y
with equation y = 2 — 6x — 3x?
and its axis of symmetry

Not to scale

|
|
|
|
x=-1. :
|
|
|
|
|

fooTy

(i) Give the co-ordinates of the vertex and the value of y when x = 0.

(i) Find the values of the constants a, b such that 2 — 6x—3x%> = a(x+ 1)? + b.

(iii) Copy the sketch and draw in the reflection of the curve with equation
y=2—6x—3x?in the line y = 2.

(iv) Write down the equation of the new curve and give the co-ordinates

of its vertex. [MEI]
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9 The diagram shows the graph of y = f(x). The curve passes through the origin
and has a maximum point at (1, 1).

y (1,1)

Sketch, on separate diagrams, the graphs of
i y=1(x)+2 (i) y="1f(x+2) (i) y =f(2x)

giving the co-ordinates of the maximum point in each case.
[UCLES]

Composite functions

EXAMPLE 3.6

It is possible to combine functions in several different ways, and you have already
met some of these. For example, if f(x) = x? and g(x) = 2x, then you could write

f(x) + g(x) = x* + 2x.
In this example, two functions are added.
Similarly if f(x) = x and g(x) = sinx, then
f(x).g(x) = xsinx.
In this example, two functions are multiplied.

Sometimes you need to apply one function and then apply another to the answer.
You are then creating a composite function or a function of a function.

A new mother is bathing her baby for the first time. She takes the temperature of
the bath water with a thermometer which reads in Celsius, but then has to
convert the temperature to degrees Fahrenheit to apply the rule that her own
mother taught her:

At one o five
He’ll cook alive
But ninety four
is rather raw.

Write down the two functions that are involved, and apply them to readings of

(i) 30°C (i) 38°C (iii) 45°C.



SOLUTION

The first function converts the Celsius temperature C into a Fahrenheit
temperature, F.

_9C
=73 + 32

The second function maps Fahrenheit temperatures on to the state of the bath.

F<94 Too cold
94 < F< 105 All right
F=105 Too hot

This gives

(i) 30°C — 86°F ——toocold
(i) 38°C —— 100.4°F —— all right
(iii) 45°C —— 113°C —— too hot.

In this case the composite function would be (to the nearest degree)

C < 34°C too cold
35°C < C=<40°C all right
C=41°C too hot.

In algebraic terms, a composite function is constructed as

Read this as
‘gof fofx’.

Input f(x) LN Output g[f(x)] (or gf(x)).

Input x SLEN Output f(x)

Thus the composite function gf(x) should be performed from right to left: start
with x then apply f and then g.
Notation

To indicate that f is being applied twice in succession, you could write ff(x) but
you would usually use f?(x) instead. Similarly g*(x) means three applications of g.

In order to apply a function repeatedly its domain and co-domain must be the same.

Order of functions

If f is the rule ‘square the input value’ and g is the rule ‘add 1’, then

f
x — x? LN
square add 1

O
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Notice that gf(x) is not the same as fg(x), since for fg(x) you must apply g first. In

O
W

the example above, this would give:

E x L xr) S (x+1p
add 1 square

and so fg(x) = (x+ 1)%

(]
c
2
-
]
c
3
L

Clearly this is not the same result.

Figure 3.16 illustrates the relationship between the domains and co-domains of
the functions f and g, and the co-domain of the composite function gf.

co-domain of f co-domain
= domain of g of g and gf

Figure 3.16
EXAMPLE 3.7 Given that f(x) = 2x, g(x) = x%, and h(x) = plc’ find the following.
i fg(x) (i) gf(x) (iii) gh(x)
(iv) f2(x) (v) fgh(x) (vi) hfg(x)
SOLUTION
i fgx) =flg(x)] i) gf(x) = g[f(x)]
=1f(x?) = g(2x)
=2x?2 = (2x)?
= 4x?
(iii) gh(x) =g[h(x)] iv) f2(x) = f[f(x)]
1
it
1 = 2(2x)
T x? = 4x
(v) fgh(x) =f[gh(x)] (vi) hfg(x) = h[fg(x)]
2
=f (;) using (iii) = h(2x?) using (i)
_2 _ 1
X2 T2



Inverse functions
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Look at the mapping x — x + 2 with domain and co-domain the set of integers.

Domain Co-domain _
F

(1]

el g

-1 -1 g

=

"]

2

2

The mapping is clearly a function, since for every input there is one and only one
output, the number that is two greater than that input.

This mapping can also be seen in reverse. In that case, each number maps on to
the number two less than itself: x — x— 2. The reverse mapping is also a function
because for any input there is one and only one output. The reverse mapping is
called the inverse function, f~1.

Function: f :x—>x+2 xe Z.
Inverse function: f1: x = x—2 xe Z.

For a mapping to be a function which also has an inverse function, every object
in the domain must have one and only one image in the co-domain, and vice
versa. This can only be the case if the mapping is one-to-one.

So the condition for a function f to have an inverse function is that, over the given
domain and co-domain, f represents a one-to-one mapping. This is a common
situation, and many inverse functions are self-evident as in the following
examples, for all of which the domain and co-domain are the real numbers.

fixo>x—1; fl:xox+1

g:x—2x g‘lzxﬁ%x
3

h: x— x3; hlx— Ax

@ Someof the following mappings are functions which have inverse functions, and
others are not.

(a) Decide which mappings fall into each category, and for those which
do not have inverse functions, explain why.

(b) For those which have inverse functions, how can the functions and
their inverses be written down algebraically? 39
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(i) Temperature measured in Celsius — temperature measured in
Fahrenheit.

(i) Marks in an examination — grade awarded.

(i) Distance measured in light years — distance measured in metres.

(iv) Number of stops travelled on the London Underground — fare.

You can decide whether an algebraic mapping is a function, and whether it has an
inverse function, by looking at its graph. The curve or line representing a one-to-
one mapping does not double back on itself, has no turning points and covers the
full domain and co-domain. Figure 3.17 illustrates the functions f, g and h given
on the previous page.

y y y
y=1(x) y=g(x) y=h(x)
0 o o
_/1 / 1 x x x

Figure 3.17

Now look at f(x) = x? for xe R (figure 3.18). You can see that there are two
distinct input values giving the same output: for example f(2) = f(-2) = 4. When
you want to reverse the effect of the function, you have a mapping which for a
single input of 4 gives two outputs, —2 and +2. Such a mapping is not a function.

f(x) r
f(x) = x2

Figure 3.18

If the domain of f(x) = x? is restricted to R* (the set of positive real numbers),
you have the situation shown in figure 3.19. This shows that the function which is
now defined is one-to-one. The inverse function is given by f~!(x) = A/, since the
sign A" means ‘the positive square root of’.



Single output value

) =22 xe R

E]
<
[
1
[
o
-
c
3
0
2,
]
-]
)

Figure 3.19

It is often helpful to restrict the domain of a function so that its inverse is also a

Uor arcsin) key on your calculator the

function. When you use the inv sin (i.e. sin™
answer is restricted to the range —90° to 90°, and is described as the principal
value. Although there are infinitely many roots of the equation sinx = 0.5
(...,=330°,-210° 30°, 1509, ...), only one of these, 30°, lies in the restricted range

and this is the value your calculator will give you.

The graph of a function and its inverse

For each of the following functions, work out the inverse function, and draw the
graphs of both the original and the inverse on the same axes, using the same scale
on both axes.

M flx)=x* xe R (i) f(x) =2x
(i) f(x) =x+2 (iv) f(x) =x>+2

Look at your graphs and see if there is any pattern emerging.
Try out a few more functions of your own to check your ideas.

Make a conjecture about the relationship between the graph of a function and
its inverse.

You have probably realised by now that the graph of the inverse function is the
same shape as that of the function, but reflected in the line y = x. To see why this
is so, think of a function f(x) mapping a on to b; (a, b) is clearly a point on the
graph of f(x). The inverse function f~!(x), maps b on to a and so (b, a) is a point
on the graph of f7!(x).

The point (b, a) is the reflection of the point (g, b) in the line y = x. This is shown
for a number of points in figure 3.20.

This result can be used to obtain a sketch of the inverse function without having
to find its equation, provided that the sketch of the original function uses the

same scale on both axes. IZ
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EXAMPLE 3.8

X
/ {1,—1)

C'(2,-4)

Figure 3.20

Finding the algebraic form of the inverse function

To find the algebraic form of the inverse of a function f(x), you should start by
changing notation and writing it in the form y = ... .

Since the graph of the inverse function is the reflection of the graph of the
original function in the line y = x, it follows that you may find its equation by
interchanging y and x in the equation of the original function. You will then need
to make y the subject of your new equation. This procedure is illustrated in
Example 3.8.

Find f~'(x) when f(x) = 2x + 1.

SOLUTION

The function f(x) is given by y=2x+1
Interchanging x and y gives x=2y+1
Rearranging to make y the subject: y= x%l
So f1(x) = x%l

Sometimes the domain of the function f will not include the whole of R. When
any real numbers are excluded from the domain of f, it follows that they will be
excluded from the co-domain of f!, and vice versa.

domain of f and co-domain of f
co-domain of f! and domain of f~!

Figure 3.21



EXAMPLE 3.9 Find f~'(x) when f(x) = 2x— 3 and the domain of fis x = 4.

SOLUTION

Domain Co-domain
Function: y =2x-3 x=4 y=5
Inverse function: x=2y—3 x=5 y=4

Rearranging the inverse function to make y the subject,

_x+3
==

The full definition of the inverse function is therefore

f1(x) = 9%3 for x = 5.
¢ y=ity/ 0T
/
/
4,5) //'/}z:t“l(x)
/(5,4
y 5,4
/
/
O /
) x
Figure 3.22

You can see in figure 3.22 that the inverse function is the reflection of a restricted
part of the line y = 2x— 3.

EXAMPLE 3.10 (i) Find f~!(x) when f(x) = x>+ 2, x= 0.

(ii) Find f (7) and f~! f (7). What do you notice?

SOLUTION

0] Domain Co-domain
Function: y=x?+2 x=0 y=2
Inverse function: x=y?+2  x=2 y=0

Rearranging the inverse function to make y its subject:
y?=x-2.

This gives y = £/ x— 2, but since you know the co-domain of the inverse
function to be y = 0 you can write:

O
W
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EXAMPLE 3.11

y=+Nx-2 orjust y=A\x-2.

The full definition of the inverse function is therefore:

f1(x)=Nx-2 forx=2.

The function and its inverse function are shown in figure 3.23.

y y =f(x) y=x
/
/
/
/
/
/
s y=11()
/
ol
/ X

Figure 3.23

i) f(7)=72+2=51
f1f(7)=f1(51)=A/51-2=7

Applying the function followed by its inverse brings you back to the original
input value.

Note

Part (ii) of Example 3.10 illustrates an important general result. For any function f(x)
with an inverse f-1(x), f-'f(x) = x. Similarly ff-'(x) = x. The effects of a function and its

inverse can be thought of as cancelling each other out.

Find the inverse of the function f(x) = 10*, and sketch f(x) and f'(x) on the
same diagram.
SOLUTION
The function f(x) is given by y = 10*.
Interchanging x and y, the inverse function is given by
x=10.
This can be written as log,  x = y, so the inverse function is
f1(x) = log,, x.

The function and its inverse function are shown in figure 3.24.



Figure 3.24
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(?) Many calculators have a function and its inverse on the same key, for example log
and 10%, A and x2, sin and arcsin, In and e*.

(i) With some calculators you can enter a number, apply x? and then A/, and
come out with a slightly different number. How is this possible?

(i) Explain what happens if you find sin 199° and then the arcsin of the answer.

Inverse trigonometrical functions

The functions sine, cosine and tangent are all many-to-one mappings, so their
inverse mappings are one-to-many. Thus the problem ‘find sin30° has only one
solution, 0.5, whilst ‘find 6 such that sin6 = 0.5 has infinitely many solutions.
You can see this from the graph of y = sin 6 (figure 3.25).

y
1 -
N s S N o
0
—36(/ ~180° 30° 180° 360° x
/
/ .
- 1 y =sinx
Figure 3.25

In order to define inverse functions for sine, cosine and tangent, a restriction has
to be placed on the domain of each so that it becomes a one-to-one mapping.

The restriction of the domain determines the principal values for that
trigonometrical function. The restricted domains are not all the same. They are
listed below.
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Function Domain (degrees) Domain (radians)
y=sin@ ~90° < 6 < 90° —%segg
y=cos0 0°<6=<180° 0<o<rx
y=tan0 —90° < 6 <90° —%<6<§
y = arccosx
y l\ T
7 y=arcsilnx - \ y=x
\
2 /// \ //
11— / y =sinx .
/7 I /
4 \\2 Y
— [ AN 4
-1 -1 o) 1 = 1 N 7
2 2 X
/ \\
7 /
/7 - { o } T
- I g
/ l/ -z 7/ 2 x
2| //
_1 L
Y ¥ = COSX
y=x
/
Tl /
2 e y = arctanx
/////
~
///
l |
-z 0o T
2 2 x
//
////
//
- 4 -z
7 2
/
y =tanx
Figure 3.26

Figure 3.26 shows the graph of each trigonometrical function over its restricted

domain, and that of its corresponding inverse function. The inverse functions have
been drawn using the reflection property and, since this requires that the same

scale is used on both axes, the angle must be plotted in radians rather than degrees.

In Chapter 8 you will meet the reciprocal trigonometrical functions,

y = cosecl = ﬁ,yzsec@z ﬁ and y = cotf =

tan@’

each have the same restricted domain as their parent function.

How can you prove that the equation secd = 0.5 has no solution

(i) f0r0$0$§

(i) for any value of 07




The functions f, g and h are defined by f(x) = x°, g(x) = 2xand h(x) = x + 2.
Find each of the following, in terms of x.

i fg i) gf Giii) fth
(iv) hf (v) fgh (vi) ghf
(vii) g’ (viii) (fh)? (ix) h?

Find the inverses of the following functions.

(i) f(x)=2x+7 (i) f(x)=4-x

(iii) f(x) = (ivi f(x)=x2-3 x=0

2-x
The function fis defined by f(x) = (x—2)? + 3 for x = 2.

(i) Sketch the graph of f(x).
(ii) On the same axes, sketch the graph of f~!(x) without finding its equation.

Express the following in terms of the functions f: x — \/x and
gx—>xt4.

M x—>A\Nx+4 (i) x—>x+8

i) x> \x+8 (iv) x— \x+4

The functions f, g and h are defined by
flx) = 2 g(x) = 2 h(x) =2 x.
(i) For each function, state any real values of x for which it is not defined.
(ii) Find the inverse functions f~! and h™'.
(i) Explain why g~! does not exist when the domain of g is R.
(iv) Suggest a suitable domain for g so that g~! does exist.
(v) Isthe domain for the composite function fg the same as for the composite

function gf? Give reasons for your answer.

A function fis defined by:

f:x%l xe R, x#0.
X
Find i) f3(x) (i) 3(x) (i) £1(x) (iv) £2°(x).

(i) Show that x> + 4x+ 7 = (x + 2)* + a, where a is to be determined.

(ii) Sketch the graph of y = x> + 4x + 7, giving the equation of its axis of
symmetry and the co-ordinates of its vertex.

The function fis defined by f: x — x? + 4x + 7 and has as its domain the set
of all real numbers.

(i) Find the range of .
(iv) Explain, with reference to your sketch, why f has no inverse with its given
domain. Suggest a domain for f for which it has an inverse.
[MEI]
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8 The function fis defined by f: x > 4x*+3 xe R.

Give the corresponding definition of f~!.

State the relationship between the graphs of f and .

[UCLES]

9 Two functions are defined as f(x) = x? and g(x) = x* + 4x— 1.

(i) Find aand b so that g(x) =f(x+ a) + b.

(ii) Show how the graph of y = g(x) is related to the graph of y = f(x) and

sketch the graph of y = g(x).

(iii) State the range of the function g(x).

(iv) State the least value of ¢ so that g(x) is one-to-one for x = ¢.

(v) With this restriction, sketch g(x) and g~'(x) on the same axes.

10 You are given that the function f(x) is defined by

f(x) = a;c_—cb (x # ¢,

where a, b and c are positive. The sketch shows the graph of y = f(x).

y\ |

|

|

|

s l
,,,,,,,,,,, o= — — — —

|

|

R |

|
2 ¢ >
O I'pP X

|

|

|

|

|

|

(i) Write down (in terms of a, b, ¢) the co-ordinates of the points P, Q, R and S.

(i) Ify= a;c_—cb) express x in terms of y, a, b, and ¢. Hence show that the
inverse function is given by
1 _cx—b
1 (x) = —

(i) Find the values of g, b and ¢ for which the function has all the following
properties:
— it is self-inverse;
— its range is the set of all real numbers except 3;
— its graph passes through (2, -2).

(iv) Find the values of g, b and ¢ for which the graph of y = f(x) can be
obtained from that of y = 3lc by a translation of 1 unit parallel to the x axis

followed by a translation of 3 units parallel to the y axis.
[MEI]



11 (i) A curve has equation y = 12 X 4% Find the value of x for which y = 20000.

(i) The graph of y = 12 X 4*is translated by 1 unit parallel to the positive
x axis. Given that the new graph has equation y = cd*, write down the
values of cand d.

(iii) The graph of y = 12 X 4* is transformed by a stretch of scale factor 2
parallel to the x axis followed by a stretch of scale factor % parallel to the
y axis. Given that the new graph has equation y = gh¥ find the values of

gand h.
[MEI]

Even, odd and periodic functions

Several of the curves with which you are familiar have symmetry of one form or
another. For example

e the curve of any quadratic in x has a line of symmetry parallel to the y axis
o the curve of y = cosx has the y axis as a line of symmetry

o the curves of y = sinx and y = tan x have rotational symmetry of order 2 about
the origin

o all the trigonometrical graphs have a repeating pattern (translational symmetry).

In this section you will be looking at particular types of symmetry.

Even functions

A function is even if its graph has the y axis as a line of symmetry. This is true for
all three of the functions in figure 3.27.

f(x) . f(x) f(x)
f(x) = cosx f(x) = 2
L 1 f(x) =k
—180° 0 180° k
o 1k 7
0 x 0 N
Figure 3.27
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Reflecting a curve y = f(x) in the y axis gives the curve y = f(—x), so a curve which

O
W

has the y axis as a line of symmetry satisfies the condition

f(—x) = f(x).

This relationship can be used to check whether a function is even, without

"]
[
2 drawing its graph.
2
=
'S
EXAMPLE 3.12 Show that the function f(x) = x* — 2x% + 3 is an even function.
SOLUTION

fl—x) = (—x)*=2(-x)% + 3
=x*—2x2+3

=1(x),

so the function is even.

Note

In general, if f(x) is any polynomial function containing only even powers of x, and

possibly a constant term, then f(x) is an even function.

Odd functions

A function whose curve has rotational symmetry of order 2 about the origin, like
the curves shown in figure 3.28, is called an odd function.

f(x) I f(x) |
f(x) = sinx ‘ ‘
| ‘ f(x) =tanx
\
\ | 1 S
\ - | ! /
-180° o 180°\ S, %! o o x
\ / ] \
| |
| |
| |
f(x) fx)=x f(x) f(x) =2
o o
P4 X

50 Figure 3.28



EXAMPLE 3.13

EXAMPLE 3.14

In all of these, the left-hand side of the graph is obtained from the right-hand
side by rotating it through 180° around the origin.

In such cases,

f(—x) = —f(x).
Show that the function f(x) = 3x> — 2x® + x is an odd function.

SOLUTION

f(—x) = 3(=x)> = 2(=x)? +(=x)
=3x>+2x°—x
=—(3x°-2x3+x)
=—f(x),

so the function is an odd function.

Note

Any polynomial function f(x) containing only odd powers of x is an odd function.

Not all functions can be classified as even or odd - in fact the majority are neither.

For each of the graphs in figure 3.29, say whether the function is odd, even
or neither.

(i) f(x) (i) f(x) (iii) (x)

o x / O

Figure 3.29

SOLUTION

(i) The graph is symmetrical about the y axis, therefore the function is even.

(ii) A rotation of 180° about the origin leaves the graph unchanged, therefore the

function is odd.

(i) The graph is changed by a rotation of 180° about the origin, and the y axis is

not a line of symmetry, therefore the function is neither odd nor even.

@ Prove that the function f(x) = x? — 2x is neither even nor odd.

O
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Periodic functions

A periodic function is one whose graph has a repeating pattern, just as a periodic
sequence is a sequence which repeats itself at regular intervals. You have already
met the most common periodic functions — the trigonometrical functions such
as f(x) = sinx (shown in figure 3.30).

f(x) period |
i f(x) =sinx
\ | /
\ ‘ /
\ /
\ / -
—180° o 180° 360° 540° e,
Figure 3.30

EXAMPLE 3.15

A periodic function f(x) is such that there is some value of k for which
f(x+ k) =f(x) for all values of x.
The smallest value of k for which this is true is called the period of the function.

The functions f(x) = sinx and f(x) = cosx both have a period of 360° (or 27), and
f(x) = tanx has a period of 180° (or 7).

(i) Sketch the curve of the function f(x) = 3sin(2x— 30°).

(ii) State the period of this function.

SOLUTION
(i) (x) period
3
| \
! \
I |
i L |
/ 159 60°105°\ 1500 [195° 240°  \285° x
-3+
Figure 3.31

(ii) Period = 180°



EXAMPLE 3.16

You can draw the graph of a periodic function if you know its behaviour over
one period.

The function f(x) is periodic with period 2. Given that

f(x) = x? 0==x<1
f(x) =2-x 1=x<2,

sketch the graph of f(x) for -2 < x < 4.

SOLUTION
) f(x) = x*
2 (1)
8] 2 x
fx)=2—-x
f(x)
-2 0] 2 4 X
Figure 3.32

The first part of figure 3.32 shows the parts of the line and the curve which define
f(x). These parts span an interval of length 2 (the period of the function) and
thus form the basic repeating pattern. The second diagram shows this pattern
repeated three times in the interval -2 < x < 4.

1 For each of the following curves, say whether the function is odd, even
or neither.

(i) y (i) y (i) y

7 o 1 x
0 N \

C3

3g os1949x3
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(iv) > (v) y (vi) y
o ' RN

M TN

For each of the following functions, say whether it is odd, even, periodic, or

any combination of these. For any function that is periodic, find its period.

i) f(x)=2-x2 (i) f(x) =sin3x
i) f(x) =x2+2x-3 (iv) f(x) = 2x3—3x
(v) f(x) =sinx+ cosx (vi) f(x) =sinxcosx

(i) Sketch the function f(x) = sin 2x for 0° < x < 360° and hence state its period.
(ii) Say how the period of this function is related to the period of sin x.
(iii) What are the periods of the following functions?

(a) f(x) = sin4x (b) f(x)=sin3x (e) f(x)= sing

The function f is even, periodic with period 2 and, for 0 < x < 1, f(x) = x.
Sketch the graph of f(x) for -4 < x < 4.

A function f has as its domain the set of real numbers.
For 0 =< x < 1, it is given by the equation

f(x)=1-x

Given also that f is an even function with period 2, draw its graph over the
interval -3 < x < 3.

Write down equations of the function for

M -1=x<0 (i) 2<x=<3.

[SMP]

A function g(x) of period 2 is defined by

N[ —

g(x) = x? for0 < x<

for% s=x<1.

A

g(x) =
Given also that g(x) = g(—x) for all x, sketch the graph of g(x) for -2 <= x < 2.



7 The sketch shows part of the graph of y = f(x). The points A, B, C and D have
co-ordinates (0, 1), (1, 0), (2, 1) and (3, 0) respectively.

’)
A C

>

(6] B D ¥

(i) Given that f(x) is a periodic function with the shape of section BCD
repeated
(a) state its period
(b) give its equation for -1 = x < 1.

(ii) Sketch separately the graphs of
(@ y=1{(2x
b y=1(x+3),
stating in each case the co-ordinates of the points corresponding to A, B, C
and D.

A light elastic string is stretched between two points A and B which are 3m
apart on a smooth horizontal surface. A heavy object attached to the
mid-point of the string is pulled 50 cm towards A and then released.

During the subsequent motion the string remains taut, and the object oscillates
along part of the line AB in such a way that its displacement xcm from the
centre of AB at a time ¢ seconds after the motion commences is given by

x=0.5c0s2.5t where the angle is in radians.

o— - ° o
A

Sketch the graph of x against tfor 0 < t < 2.
Hence show that the motion is periodic, and state its period.
The functions f(x) and g(x) are defined by
f(x) = x* + 18, g(x) = 2x -1,
for all real values of x.

(i) State the ranges of f(x) and g(x). Explain why g(x) has an inverse function
and f(x) does not.
Find an expression for the inverse function g~'(x) in terms of x.

O
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(i) Find expressions for gf(x) and fg(x).
(i) Solve the equation gf(x) = fg(x).

A function y = h(x) is defined for all real values of x.

The diagram shows a sketch of part of the graph of this function for 0 < x < 1.

The function h(x) is an odd function and is periodic with period 2.

y

Sketch the graphs of the following functions for -4 < x < 4.

(i) y=h(») w y=h(lx)

The modulus function

Look at the graph of y = f(x), where f(x) = x.

YA

wi) y= 1h(x)

[MEI]

y="fx)=x

Figure 3.33

=Y

The function f(x) is positive when x is positive and negative when x is negative.

Now look at the graph of y = g(x), where g(x) = | x|.



EXAMPLE 3.17

YA
y=gx) =|x|

=Y

Figure 3.34

The function g(x) is called the modulus of x. g(x) always takes the positive
numerical value of x. For example, when x = -2, g(x) = 2, so g(x) is always
positive. The modulus is also called the magnitude of the quantity.

Another way of writing the modulus function g(x) is

g(x)=x forx=0
g(x) =—x for x < 0.

What is the value of g(3) and g(-3)?

What is the value of | 3+ 31|,1 3=31|,13]| +|3]and |3 ]| +]|-3?

The graph of y = g(x) can be obtained from the graph of y = f(x) by replacing
values where f(x) is negative by the equivalent positive values. This is the
equivalent of reflecting that part of the line in the x axis.

Sketch the graphs of the following on separate axes.

i) y=1-x
i) y=|1-x|
Gi) y=2+| 1-x]|

SOLUTION

(i) y=1-xis the straight line through (0, 1) and (1, 0).

YA

y=1-x

=Y

Figure 3.35
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EXAMPLE 3.18

(i) y=|1-x]|is obtained by reflecting the part of the line for x > 1 in the x axis.

YA

1 y=11-x]|

=Y

Figure 3.36

(i) y=2 +| 1 — x| is obtained from the previous graph by applying the

translation ( (2) )

YA

y=2+[1-x|

1,2)

Figure 3.37

Inequalities involving the modulus sign

You will often meet inequalities involving the modulus sign.

Look back at the graph of y = | x| in figure 3.34.

How does this show that | x| < 2 is equivalent to —2 < x < 2?

Solve the following.
M | x+3] <4
(i) | 2x—1] >9
i) 5-| x-2| >1
SOLUTION

(M |x+3]| <4 & A4A<x+3<4



EXAMPLE 3.19

i) [2x-1] >9 & 2x-1<-9 or 2x-1>9
p=4 2x < -8 or 2x> 10
= x<-4 or x>5

i) 5-| x=2| >1 & 4> x-2]

& [ x=2] <4
& 4<x-2<4
& 2<x<6

Note

The solution to part (ii) represents two separate intervals on the number line, so
cannot be written as a single inequality.

Express the inequality —2 < x < 6 in the form | x— a| < b, where a and b are to
be found.

SOLUTION

| x—al| <b & —b<x-a<b
& a-b<x<a+b

Comparing this with -2 < x < 6 gives

a-b==2
a+b=6.

Solving these simultaneously gives a=2, b=4,s0 | x-2| < 4.

1 Solve the following inequalities.

M |x+3]<5
i) | x=2]|<2
(i) | x=5|>6
iv) [x+1]|=2
v |2x-3]|<7
i) | 3x-2| <4

2 Express each of the following inequalities in the form | x— a| < b, where
aand b are to be found.

i -1<x<3
i) 2<x<8
(iii) 2 <x<4
(iv) -1 <x<6
(v) 9.9 <x<10.1
(vi) 0.5 <x<75
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3 Sketch each of the following graphs on a separate set of axes.

W y=|x+2]
i) y=|2x-3]|
Gi) y=|x+2|-2
ivi y=|x|+1
wv) y=|2x+5]|-4
i) y=3+|x-2|

Curve sketching

You have already had some experience of curve sketching, and have probably
realised that it is of fundamental importance in mathematics. Throughout this
course, the curve sketching techniques available to you will be progressively
extended. This section reviews the techniques you have met so far.

When sketching a curve you need to mark points in approximately the right
positions and join them up in the right general shape. You should also indicate
the co-ordinates of any important points, such as points of intersection with the
axes and turning points. Your sketch should show up any symmetry which the
curve possesses, any asymptotes, and should indicate the behaviour of the curve
for large values of x or y.

A graphic calculator or suitable computer graph-drawing package is often useful,
but you must be careful that important features of a graph are not missed. This
happens most often when either a turning point is off the screen with the range
which is being used, or two or more turning points are so close together that they
cannot be distinguished. The following activity shows how this can happen, and
suggests some questions which you should ask yourself before you accept the
graph that is displayed.

Use a graphic calculator or computer graph-drawing package with the range set
at x min: —2, x max: 2, y min: —10, y max: 20.

1 Sketch the graph of f(x) = x> — 15x> + 27x + 1.

() How many turning points are there in the display?

(i) The function is a cubic function. How many turning points might you
expect?

(iii) The function has a positive x> term. What would you expect for the
general shape of the curve?

(iv) Use your answers to parts (i) and (iii) to alter the range so that you obtain
a true picture of the function.



2 Sketch the graph of f(x) = 10x* - x> + 1.

(i) How many turning points seem to be in the display?

(i) The function is a quartic (fourth degree) function. How many turning
points might you expect?

(i) The function has a positive x* term. What would you expect for the
general shape of the curve?

(iv) Use your answers to parts (ii) and (iii) to alter the range (or zoom in) so
that you obtain a more detailed picture of the function.

x—=5

(i) The display obviously shows only part of the curve. The function has the

Sketch the graph of f(x)

term x— 5 in the denominator: which value of x must therefore be excluded
from the domain?

(ii) Alter the range setting so that this value is visible. You will find that
altering it just to include this value tells you very little more about the
curve — you need to make quite considerable alterations to get a good idea
of the correct graph. Possible settings are x min: —10, x max: 20, y min:

—20, y max: 40.

O
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INVESTIGATION

Investigate the relationship between the graphs of y = f(x) and y = ﬁ for

different functions f(x).
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KEY POINTS

Mappings and functions

1 A mapping is any rule connecting input values (objects) and output values
(images). It can be many-to-one, one-to-many, one-to-one or many-to-many.

2 A many-to-one or one-to-one mapping is called a function. It is a mapping
for which each input value gives exactly one output value.

3 The domain of a mapping or function is the set of possible input values
(values of x).

4 The co-domain of a mapping or function is the set of possible output
values (values of y).

5 The range of a mapping or function is the set of output values which are
actually achieved.

Transformations of the graphs of the function y = f(x)

Function Transformation

f(x—1t) +s Translation (z)

af(x) One-way stretch, parallel to y axis, scale factor a
f(ax) One-way stretch, parallel to x axis, scale factor %
—f(x) Reflection in x axis

f(—x) Reflection in y axis

Composite functions

6 A composite function is obtained when one function (say g) is applied after
another (say f). The notation used is g[f(x)] or gf(x).

Inverse functions
7 For any one-to-one function f(x), there is an inverse function f~!(x).

8 The curves of a function and its inverse are reflections of each other in the
line y = x.

Special functions

9 For an even function f(x) = f(—x): the y axis is a line of symmetry.
10 For an odd function f(—x) = —f(x): it has rotation symmetry about the origin.
11 For a periodic function f(x + k) = f(x): it has a repeating pattern of length k.
12 The modulus of x, written | x |, means the positive value of x.
13 The modulus function is

|x| =x, forx=0
|x| =—x, forx<o0.



Techniques for
differentiation

Almost everything that distinguishes the modern world from earlier
centuries is attributable to science, which achieved its most

spectacular triumphs in the seventeenth century.
A W Bertrand Russell (1872-1970)
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Volume V'

@ What information is given by T Vand @?

What information is given by % X @

The chain rule

How would you differentiate an expression like

y=Ax*+1?
Your first thought may be to write it as y = (x? + 1)? and then get rid of the
brackets, but that is not possible in this case because the power % is not a positive
integer. Instead you need to think of the expression as a composite function, a

‘function of a function’.

You have already met composite functions in Chapter 3, using the notation
glf(x)] or gf(x).
In this chapter we call the first function to be applied u(x), or just u, rather than f(x).

In this case, u=x*+1
and y=Au= 1.

This is now in a form which you can differentiate using the chain rule.



Differentiating a composite function

O
W

To find dy for a function of a function, you consider the effect of a small change

dx

in x on the two variables, y and u, as follows. A small change dx in x leads to a

small change 6u in u and a corresponding small change 8y in y, and by simple
algebra,

dy _ 8)/)(514
ox  ou’ ox

In the limit, as dx — 0,

dy dy oy dy Su du
5x  dx’ du  du and 5 ox 7 dx

and so the relationship above becomes

dy _ dyxdu
dx  du” dx

Techniques for differentiation

This is known as the chain rule.

EXAMPLE 4.1 Differentiate y = (x + 1).

SOLUTION
As you saw earlier, you can break down this expression as follows.
y=u, u=x>+1

Differentiating these gives

dr_1 a1

du 27 " 24/x2+1
and

du

a =2x.
By the chain rule

dy _dy , du du

dx ~ du” dx

=L o

24 x%+ 1
x
x> +1

A Notice that the answer must be given in terms of the same variables as the
question, in this case x and y. The variable u was your invention and so should
not appear in the answer.




EXAMPLE 4.2

You can see that effectively you have made a substitution, in this case
u= x>+ 1. This transformed the problem into one that could easily be solved.

Note

Notice that the substitution gave you two functions that you could differentiate.
Some substitutions would not have worked. For example, the substitution u = x2,

would give you
y=(u+ 1)2and u = x2.

You would still not be able to differentiate y, so you would have gained nothing.

Use the chain rule to find % when y= (x?-2)%

SOLUTION

Let u = x*-2, then y = u*.

du
a =2x
and

dy

a =4y
=4(x*-2)?

& _dy du

dx  du” dx
=4(x2-2)3x2x
=8x (x*-2)3.

A student does this question by first multiplying out (x> — 2)* to get a polynomial

of order 8. Prove that this heavy-handed method gives the same result.

With practice you may find that you can do some stages of questions like this in
your head, and just write down the answer. If you have any doubt, however, you

should write down the full method.

Differentiation with respect to different variables

The chain rule makes it possible to differentiate with respect to a variable which
does not feature in the original expression. For example, the volume V of a sphere

of radius ris given by V= %nr3. Differentiating this with respect to r gives the

rate of change of volume with radius, v _ 47r?. However you might be more

dr
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interested in finding Cll_‘t/ , the rate of change of volume with time, ¢.

O
W

To find this, you would use the chain rule: T

d_V _ d_V % ﬂ Notice that the expression for
dt dr dt %/ includes %, the rate of
d_V — 42 g increase of radius with time.
dt dt -

You have now differentiated V with respect to t.

The use of the chain rule in this way widens the scope of differentiation and this
means that you have to be careful how you describe the process.

Techniques for differentiation

A ‘Differentiate y = x* could mean differentiation with respect to x, or , or any
other variable. In this book, and others in this series, we have adopted the
convention that, unless otherwise stated, differentiation is with respect to the
variable on the right-hand side of the expression. So when we write ‘differentiate
y = x* or simply ‘differentiate x?, it is to be understood that the differentiation is
with respect to x.

A The expression ‘increasing at a rate of” is generally understood to imply
differentation with respect to time, .

EXAMPLE 4.3 The radius r cm of a circular ripple made by dropping a stone into a pond is
increasing at a rate of 8 cm s~!. At what rate is the area Acm? enclosed by the
ripple increasing when the radius is 25 cm?

SOLUTION
A =nr?
dA
—_— 2
a2
The question is asking for %, the rate of change of area with respect to time.
dA _dA _ dr
N — =X =
R T P
dr
2nr—.
e
When r=25andd—r =8
dt
da _ 2 X 25X 8
dr
~ 1260cm? s,

~wl



In some of these questions you are asked to find the stationary points of a curve and
then to use them as a guide for sketching it. You will find it helpful to use a graphic
calculator to check your answers in these cases.

1 Use the chain rule to differentiate the following functions.
M y=(x+2)> i) y=(2x+3)* (i) y=(x*-5)°
(iv) y= (x> +4)° v) y=0CBx+2)"! vi) y= ﬁ
(viii) y = ()lc+x)3 ix) y="x-1)*

Olw

(vii)y = (x* - 1)

2 Given that y= (3x-5)3

(i) find dy

(i) find the equation of the tangent to the curve at (2, 1)
(iii) show that the equation of the normal to the curve at (1, —8) can be written
in the form

36y + x+287=0.

3 Given that y= (2x—1)*

(i) find j}’

(ii) find the co-ordinates of any stationary points and determine their nature
(iii) sketch the curve.

4 Given that y = (x> —4)?

(i) find j}’

(ii) find the co-ordinates of any stationary points and determine their nature
(iii) sketch the curve.

5 Given that y= (x?—x-2)*

) dy
(i) find Ix

(i) find the co-ordinates of any stationary points and determine their nature
(iii) sketch the curve.

6 The length of a side of a square is increasing at a rate of 0.2cm s~'.

At what rate is the area increasing when the length of the side is 10cm?

7 The force F newtons between two magnetic poles is given by the formula

F= 50 O ———, where r m is their distance apart.
Find the rate of change of the force when the poles are 0.2 m apart and the

distance between them is increasing at a rate of 0.03ms™".

8 The radius of a circular fungus is increasing at a uniform rate of 5cm per day.
At what rate is the area increasing when the radius is 1 m?
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Techniques for differentiation

9 The graph of y = (x* — x? + 2)3, is shown in the diagram.

~

(i) Find the gradient function Q

dx

(ii) Verify, showing your working clearly, that when x = —1 the curve has a
point of inflection and when x = 0 the curve has a maximum.

(i) The curve has a minimum when x = a.
Find a and verify that this corresponds to a minimum.

(iv) Find the gradient at (1, 8) and the equation of the tangent to the curve at
this point.

10 Some students on an expedition reach the corner of a very muddy field. They
need to reach the opposite corner as quickly as possible as they are behind
schedule. They estimate that they could walk along the edge of the field at

¥ 5km h™! and across the field at 3km h™!. They know from their map that the

§ field is a square of side 0.5 km.

»X How far should they walk along the edge of the field before cutting across?

The product rule

Figure 4.1 shows a sketch of the curve of y = 20x(x— 1)°.

Figure 4.1



If you wanted to find the gradient function, %, for the curve, you could expand

the right-hand side then differentiate it term by term — a long and cumbersome

process!

There are other functions like this, made up of the product of two or more
simpler functions, which are not just time-consuming to expand — they are
impossible to expand. One such function is

y=(x—1)(x+1)°.

Clearly you need a technique for differentiating functions that are products of
simpler ones, and a suitable notation with which to express it.

The most commonly used notation involves writing

y=uv,
where the variables « and v are both functions of x. Using this notation, g—i is
given by

dy_  dv du

A Yax T Vax

This is called the product rule and it is derived from first principles in the next

section.

The product rule from first principles

A small increase dx in x leads to corresponding small increases du, dv and dy in u,
vand y. And so

y+ 0y =(u+du)(v+9dv)
=uv+ vdu + udv+ dudv.
Since y = uv, the increase in y is given by
Oy = vOu+ udv+ dudv.
dy  du dv ov

Dividing both sides by dx, 5= " Sx +u Sx +du Sy
In the limit, as dx — 0, so do du, dvand 6y, and
du du ov dv and 8_)/ N d_y

ox ~ dx’

. dy  du dv
The expression becomes il

5x ~dx’  ox  dx

Notice that since du — 0 the last term on the right-hand side has disappeared.

O
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EXAMPLE 4.4 Given that y = (2x + 3)(x? - 5), find dy using the product rule.

c3 dx

m SOLUTION
. y=(2x+3)(x*-5)
[}
5 Let u=2x+3and v=x?-5.
E du dv
?_l:) Then — P =2and — Ix 2x.
-]
= . dy _ d dv
o hrd hadd
2 Using the product rule, P T
o
z =(x2=5) X2+ (2x + 3) X 2x
£ =2(x2=5+ 2x% + 3x)
@

=2(3x*+ 3x-15).

Note
In this case you could have multiplied out the expression for y.

y = 2x3+3x2-10x-15
3—)); = 6x%2+6x-10

= 2(3x2 + 3x-5)

EXAMPLE 4.5 Differentiate y = 20x (x—1)°.

SOLUTION

Let u=20xand v=

(x—
du dv
Then a = 20 nd d_

1)°.

= 6(x— 1)’ (using the chain rule).

du o dv
Vax T Ydx

=(x-1)°%x20+20xx 6(x—1)°
=20(x—1)>% (x—1) +20(x—1)°> X 6x

=20(x—1)’[(x—1) + 6x]
20(x—1)%isa
common factor.

=20(x—1)’(7x-1)
The factorised result is the most useful form for the solution, as it allows you to

. dy
Using the product rule, F

find stationary points easily. You should always try to factorise your answer as
much as possible. Once you have used the product rule, look for factors straight
away and do not be tempted to multiply out.



The quotient rule

In the last section, you met a technique for differentiating the product of two
functions. In this section you will see how to differentiate a function which is the

quotient of two simpler functions.

As before, you start by identifying the simpler functions. For example, the function

_3x+1
Cox=27
can be written as y = % where #=3x+ 1 and v = x— 2. Using this notation, % is
given by
du_ dv
dy _ Vdx " dx
dx 2

v

This is called the quotient rule, and it is derived from first principles below.

The quotient rule from first principles
A small increase, dx in x results in corresponding small increases du, v and dy in
u, vand y. The new value of y is given by

u+ou
v+ 6v’

y+0oy=

. u . . . .
and since y = J You can rearrange this to obtain an expression for 8y in terms of

uand v.

u+ou u

v+3v v

dy=

~_ v(u+du) — u(v+ dv)
B v(v+ dov)

_uv+ vou— uv— udv
v(v+ 6v)

_ vOu— udy
T v+ Ov)
Dividing both sides by 6x gives
S b
dy _ dox  Ox
8x  y(v+ov)

To divide the right-hand
side by dx you only divide
the numerator by dx.

In the limit as x — 0, this is written in the form you met on the previous page.
du_, dv
dy Vdx " dx
dx 2
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Techniques for differentiation

EXAMPLE 4.6

EXAMPLE 4.7

dy

Verify that the quotient rule gives == correctly when u = x!% and v = x’.

dx

Given that y = 3;_+21 , find % using the quotient rule.

SOLUTION

Letting u = 3x+ 1 and v = x— 2 gives

du _ dv _
dr 3 and o 1
ydu_ dv
i : dy “dx " dx
Using the quotient rule, &S
(x—2)x3—-(B3x+1)x1
B (x—2)?
_3x-6-3x-1
T (x=2)?
=7
T (x=2)%
. xX*+1 dy . .
Given that y = 53—, find d_i/c using the quotient rule.
SOLUTION

Letting u = x> + 1 and v =3x— 1 gives

du _ dv _
T 2x and o 3.
Ldu_ dv
i : dy " dx dx
Using the quotient rule, &S
_ (Bx=1)x2x—(x*+1)x3
B (3x—1)?

_ 6x?—2x-3x*-3
(3x—-1)2
_ 3x?-2x-3
(3x—1)2




1 Differentiate the following functions using the product rule or the quotient rule.

M y=(2-1)(x*+3) i) y=x>(3x*+4x-7)
2x
) 4 - _
(ii) y—x(23x+l) (iv) y_Sx—l
- X . — 2(3,2 _
(v) y—x2+1 i) y=(2x+ 1)*(3x*—4)
wii) = 2x—3 (i) = x—2
Vo1 V= x+3)?
(ix) y=(x+1Vx-1
The graph of y = xfl is shown below.
y !
l
I
|
|
. \
_______ %A+_._i*‘_
l
|
(6] {1 x
\
|
(i) Find%.

(ii) Find the gradient of the curve at (0, 0), and the equation of the tangent
at (0, 0).

(i) Find the gradient of the curve at (2, 2), and the equation of the tangent
at (2,2).

(iv) What can you deduce about the two tangents?

Given that y = (x + 1)(x— 2)?

) dy
(i) find Ix

(ii) find any stationary points and determine their nature
(iii) sketch the curve.

Given that y = x=3

d x—4
M find £

dx
(i) find the equation of the tangent to the curve at the point (6, 1.5)
(i) find the equation of the normal to the curve at the point (5, 2)

(iv) use your answer from (i) to deduce that the curve has no turning points,
and sketch the graph.
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5 Given that y= (2x—1)3(x+ 1)?

(i) find % and factorise the expression you obtain
(ii) find the values of x for which % =

corresponding stationary points.

0, and determine the nature of the

The graph of y = (2x—1)3(x + 1)? is shown below.

(iii) Write down the co-ordinates of P, Q and R.

P /;l x

6 The graphof y= %, which is undefined for x < 0 and x = 1, is shown
x -—

below. P is a minimum point.

y

(i) Find Q
dx
(ii) Find the gradient of the curve at (9, 9), and show that the equation of the
normal at (9, 9) is y = —4x + 45.
(i) Find the co-ordinates of P and verify that it is a minimum point.
(iv) Write down the equation of the tangent and the normal to the curve at P.
(v) Write down the point of intersection of
(a) the normal found in (ii) and the tangent found in (iv), call it Q
(b) the normal found in (ii) and the normal found in (iv), call it R.

(vi) Show that the area of the triangle PQR is %.



2 _Jx—
7 The graph of y = % is shown below.

YA

1~

L
W
o
=

I
(i) Find PPs
(ii) Use your answer from part (i) to find any stationary points of the curve.
(i) Classify each of the stationary points and use calculus to justify your answer.

2

: X
8 A curve hzs the equation y = i1
Lo dy
(i) Find L
Hence find the co-ordinates of the stationary points on the curve.
N . dy 2
(i) You are given that oAyl
Use this information to determine the nature of the stationary points in (i).
[MEI]
9 You are given that x = y* + 4.

(i) Find j—; in terms of y.

(i) Rearrange x=y? + 4 in the form y = g(x).

(iii) Differentiate y = g(x) to find d—i in terms of x.

(iv) Show that dy X dx _ L.

dx ™ dy

(v) For what values of x are your answers valid? ME

MEI
10 You are given that f(x) = 4x .
x*+1

(i) Find £(0), f(1), f(2).

- N (CrD)

(ii) Show that f"(x) = T

Hence show that there is only one stationary point for x = 0 and state its
co-ordinates.

(i) State what happens to f(x) as x — oo,

(iv) Using the information gained so far, sketch the graph of y = f(x) for x = 0.

(v) Show that f(x) is an odd function and hence complete the sketch graph
for all values of x.

(vi) Given that g(x) l(x;t 0), prove that: fg(x) = f(x).

Tx [MEI ]

O
W
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Techniques for differentiation

11 The diagram shows a sketch of the graph of y = f(x), where
1 - x?
1+x%°

f(x) =
The graph cuts the x axis at points P and Q, and the y axis at R.

YA

=Y

(i) Find the co-ordinates of the points, P, Q and R.

Find also the limiting value of the function f(x) as x — co.
(ii) Verify algebraically that f(—x) = f(x).

Explain what this result tells you about the graph.
(i) Show that the derivative f"(x) is given by

—4x
(1+x%)%
Hence show that f"(x) is an odd function.

Interpret this result by relating it to the graph in the diagram.

(iv) Find the co-ordinates of the two points on the graph of y = f(x) where
the second derivative f”’(x) is zero.
What can you say about the shape of the graph at these points?
[MEI]

12 The diagram shows part of the graph with the equation y = x\/9 — 2x2.
It crosses the x axis at (g, 0).

YA

>
>
X

0 (a, 0)

() Find the value of a, giving your answer as a multiple of 4/2.

—2x
(i) Show that the result of differentiating \/ 9 — 2x? is ﬁ



Hence show that if y = x1/9 — 2x? then
dy = 9-—4x?

dx — afg—2x2”

(iii) Find the x co-ordinate of the maximum point on the graph of y = x1/9 — 2x2.

Write down the gradient of the curve at the origin.
What can you say about the gradient at the point (a, 0)?

Differentiating an inverse function

What is the relationship between dy and dx ?
dx dy

Follow the steps below to help you to answer this question.
1 Differentiate y = x>.
2 Rearrange y = x> in the form x = {(y), and hence find j—; as a function of y.

. dx .
3 Write — as a function of x.

d
. Y . . dy dx
4 Write down a relationship between PP and .
X dy
5 Repeat steps 1-4 for other functions such as y = 2x, y= x* and y = x*.
6 Use your results to propose a general rule relating % and j—;
For part 6 of the activity you may have proposed the general result % = dL .
X
dy
If so, well done! The result looks algebraically obvious, but remember that %

and dx are not fractions. The function dy is the rate of change of y with x, and

q dy dx
d—; is the rate of change of x with y.

The geometrical interpretation of this result can be seen in figure 4.2 where, as an
example, the line y = 3x is drawn first with the axes the normal way round, and
then with them interchanged.

1
y=sxex=12y

=y

<y

Figure 4.2

O
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@ How does this demonstrate that dy_ 1.
dx  dx

_ 4/ ’
Does it prove it?
[
2
5
E
3 EXAMPLE 4.8 Given that x = %, find %
5 . . dx
5 (i) Dby first finding I
g (ii) by first making y the subject.
E
S SOLUTION
=
(-) x= %:}%—lx %’1
I y d}/ - 5 y
1 _a
= g)/ s
1
5( )’%)4
-1
5x*
Since dy_1 it follows that &y =1
dx dx de 1
dy 5x*
= 5x*

i) x= y%:>y:x5:>ﬂz5x4.

dx
Note
d L . . .
The result d_)); = & has applications in two areas which you have met earlier:
dy
inverse functions and their gradients, and differentation with respect to different
variables.
EXAMPLE 4.9 (i) Sketch the graphs of y = x*> + 1 for x € R and its inverse function y =y x— 1.

(i) Find the gradient of y = 'V x— 1 at the point (5, 2) by

(a) direct differentiation
(b) relating it to the gradient of y = x* + 1 at the point (2, 5).

~ )



SOLUTION

(i)

y=/x—-1

Figure 4.3
(ii) (@ y="x-1
= (x—1)
dy

=

At (5, 2) the gradient is 1

2451

(b) Since any function and its inverse are reflections of each other in the line
¥ = x, the two tangents shown in the sketch will meet on the line y = x.

So the gradient of y = A/ x— 1 at (5,2) = gradient ofylz 11t
1
" 2xwhen x=2
1
4

Note

This is an illustration of the general result

1

gradient of f~(x) at (a, b) = -
gradient of f(x) at (b, a)

and this is particularly useful when the equation of the inverse function cannot be

found easily.

o
==
=-
o
=
o
=
=4
o
-3
=
«Q
o
3
5
<
o
=
[’
]
-y
c
=
1)
-3
-]
=

.



c EXAMPLE 4.10 The area of a circular patch of mould is increasing at a rate of 0.4 cm? h™1.
3 Calculate the rate at which the radius is increasing when the radius is 5 cm.

SOLUTION

You are required to find dr

c
2
k: dt
£ _dr _ dA
5 TdA N dr
5 _ 2 dA _
‘§ ButA—nr,soE—an
/]
2 dA da 2mr
5 dr
dt 2nr” dt’
WhenrzSandd—AZOA
dt
dr 1
E_ZHXSXOA
_ 1
~ 25m
=0.0127cm h™..

1 The area of a circle is increasing at the uniform rate of 8 cm? min~!. Calculate
the rate at which the radius is increasing when the circumference is 50 cm.

2 (i) Sketchf(x)=x(x+1)(x+2)forxe R.

(i) The function g(x) = x(x+ 1)(x + 2) for x € R*.
Sketch g(x) and g~!(x) on the same axes.

(i) Find the gradient of g(x) at the point (2, 24) and hence find the gradient
of g7!(x) at (24, 2).

3 Sand is poured on to a horizontal floor at a rate of 4cm? s7! and forms a pile
in the shape of a right circular cone, of which the height is three-quarters of
the radius.

Calculate the rate of change of the radius when the radius is 4 cm, leaving your
answer in terms of 7.

(The formula for the volume of a cone is V= %nrzh.)

4 A filter funnel is in the shape of a cone (vertex downwards) of vertical angle
90° with a small tube leaving at the vertex as shown in the diagram on the
next page.

(i) When the depth of liquid in the funnel is 4 cm, the level is falling at
0.2cm s7!. At what rate is the volume decreasing?
(i) If the rate found in part (i) is steady, how fast is the level falling when the

80 depth is 2cm?



< h—>

m
X
2]
=
9,
[
(]
»
(7]

5 You are given a curve with the equation y = x(4 — x).

(i) Find the values of x for which % =0.
(ii) Denoting the values of x which you have just calculated by a and b, where
dy . -

a < b, show that ax 8 positive when a < x < b.

(i) Sketch the graph of y in the interval a < x < b, using the same scale on each
axis.

(iv) A function f(x) = x%(4 — x) is defined over the domain a < x < band has
inverse function f~!(x). Find the gradient of f"}(x) at the point (%, %)

[MEI]

6 The sketch below shows the graph of y = f(x).

(i) Sketch the graphs of
(@y=2f(x) my=f(-x) (y=£f(x+2)
in each case superimposing them on a copy of the graph of y = f(x).

YA

4 +—

(i) Explain why the function f(x) does not have an inverse function.

(i) The function f(x) restricted to the domain x > 2 is called g(x).
The inverse function of g(x) is g7 (x).
Sketch the graphs of y = g7!(x) and y = g(x) on the same axes.

(iv) Given that g(x) = x*(x— 2), for x > 2, calculate the gradient of the graph
of y = g(x) at the point (3, 9).

Deduce the gradient of the graph y = g~!(x) at the point (9, 3).
8 graph y =g~ (x) point (9, 3) MEI] 81



Follow the steps below to prove that the rule

y=x"= d_ nx"1,

dx

is true for all positive rational numbers 7. You use the fact that it is true for all

O
W

positive integers.

Since nis a positive rational number it can be written as # = - where p and g are

q
positive integers.

P
Therefore y = x" = x4.

Raising to the power g gives y1= xf = z (say).

. . ,dz dz
(i) Find I and a/

(ii) Use these results together with the chain rule and the relationship

Techniques for differentiation

a1 a_p b

- Eto show that rrialv LA
dy

Since n = %, this proves the result.

Q How would you describe this proof: direct argument, exhaustion or contradiction?

Differentiating natural logarithms and exponentials

In chapter 2 you learnt that the integral of ch is In x. It follows, therefore, that the
differential of Inx is >
dy_ L,

So y=lhx = o

The differential of the inverse function, y = e*, may be found by interchanging
yand x.

x=lny =

&le &g

e e e

=

Il

=

1

(¢}
%

Therefore ie" =e*,

dx

The differential of e* is itself e*. This may at first seem rather surprising.



EXAMPLE 4.11

The function f(x) is a polynomial in x of order n.
So

— n n—1
f(x)=ax"+a, x""+..+ax+a

wherea , a,_ ..., a,are all constants and at least a, is not zero.

n-1°

How can you prove that if(x) cannot equal f(x)?

dx

Since the differential of e*is €%, it follows that the integral of e* is also e*.
Je"dx =e*+c.

This may be summarised as in the following table.

Differentiation Integration
dy
y—> Ic y—> j ydx
1 1
Inx—— — — ——lnx+c
X X
eX*——>e* eX——>e*+ ¢

These results allow you to extend very considerably the range of functions which
you are able to differentiate and integrate.

Differentiate y = e>*.

SOLUTION

Make the substitution u = 5x to give y = e™.

Now % =e'=¢> and % =5.
By the chain rule,
&y _dy du
dx du” dx
= x5
= 5%,

This result can be generalised as follows.

d .
y=e* = d—i =age™ where ais any constant.
This is an important standard result, and you would normally use it
automatically, without recourse to the chain rule.

O
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Techniques for differentiation

—

EXAMPLE 4.12

EXAMPLE 4.13

EXAMPLE 4.14

. . 4
Differentiate y = por;
SOLUTION

4
=4 e—2x
er

Y=
d}/ — —2x
= dx X (—2e7%%)

=_8e2¥

Differentiate y = 3¢+,

SOLUTION

Let u=x?+ 1, then y = 3e".

d}/ _ u— (x2+1) —
= @—36 = 3e and E—Zx

By the chain rule,

& _dy d
dx  du” dx
= 3e* D) % 2x
= 6xe¥HD),

Differentiate the following functions.

i y=2Inx (i) y=In(3x)

SOLUTION
ody 1
(I) dx = 2 X ;C

_2

X

(ii) Letu=3xtheny=Ilnu

dy 1 1 du
= a—a—g and a—?)

By the chain rule,

dy _ dyxdu

dx  du” dx
1
—§X3
1
=



Note
An alternative solution to part (ii) is

B =n3+inx = Y _o4
dx

® The gradient function found in part (ii) above for y = In(3x) is the same as that
for y = In(x). What does this tell you about the shapes of the two curves?

EXAMPLE 4.15 Differentiate the following functions.

M y=In(x% (i) y=In(x*+1)

SOLUTION

(i) By the properties of logarithms

=In(x*)
—4ln(x)
dy _
= dx ~ x’

(ii) Let u=x?+1,then y=Inu

dy 1 1 du _
iaivinibeanet and dx—Zx.

=

By the chain rule,

dy _ dy du
dx — du dx
= % ><2x
xc+1
_ 2x
X2+ 1

If you need to differentiate functions similar to those in the examples above,
follow exactly the same steps. The results can be generalised as follows.

_ dy _a s
y—alnx:>a—;C y=aet= 4o =ae

p— dy_l — pdX dy_ ax
y—ln(ax):—dx—} y=et= g = ae

_ dy _ f(x) Y N f(x)
y=In(f(x)) = dx " T y=e= 4= f'(x)e

9
=
=
o
=
o
=
o
o
=
=
«Q
=
o
=3
e
=
&
o
Q
[
=
-
=
3
(7]
o
3
[-§
o
X
T
-]
=
]
=
=3
ﬂ_)
7]
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Techniques for differentiation

)

EXAMPLE 4.16

Differentiate y = lnTx

SOLUTION

Here y is of the form % where u=Inxand v=x

= du_1 and
dx  x

By the quotient rule,

du_ dv
d_y_vdx_udx

dx 2

x X l—1><lnx
_x

x2

:l—lnx
xr

1 Differentiate the following functions.

(i y=3lnx
Giii) y=1In(x?)
W y=tn()

(vii) y=x?In(4x)

i) y=InVx*-1

(i)  y=In(4x)
iv) y=In(x?+1)

(vi) y=xlnx

2 Differentiate the following functions.

(i) y=3e*
(i) y=e*
v)  y=xe¥
wii) y=

(viii) y=1n(x+ 1)
_ Inx

(x) y= 2

i) y=e*

iv) y= e+’

(vi) y=2x%>*

(viii) y= (e +1)*

3 Knowing how much rain has fallen in a river basin, hydrologists are often able

to give forecasts of what will happen to a river level over the next few hours.

In one case it is predicted that the height A, in metres, of a river above its

normal level during the next 3 hours will be 0.12¢

09t where t1is the time

elapsed, in hours, after the prediction.

(i Find %, the rate at which the river is rising.

(i) At what rate will the river be rising after 0, 1, 2 and 3 hours?



4 The graph of y = xe* is shown below.

oo dy o dly
(i) Find P and PR

(i) Find the co-ordinates of the minimum point P.

5 The graph of f(x) = xIn(x?) is shown below.

f(x)

(i) Describe, giving a reason, any symmetries of the graph.
(ii) Find f’(x) and f""(x).
(i) Find the co-ordinates of any stationary points.

Given that y = e_;
: dy
(i find Ix

(i) find the co-ordinates of any stationary points on the curve of the function
(iii) sketch the curve.

7 (i) Differentiate Inx and xIn x with respect to x.

The sketch shows the graph of y = xInx for 0 <x < 3.

y
3

(ii)  Show that the curve has a stationary point (%, —%). MEI

O
W
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)

10 A sample of a radioactive substance has a mass m at time t, where m = ae”

8 The diagram shows the graph of y = xe™.

74

(i) Differentiate xe™.
(i) Find the co-ordinates of the point A, the maximum point on the curve.
[MEI]

In a biological experiment, bacteria are being grown in a culture. The mass of

the bacteria at time t hours is P milligrams. At time t=0, P=3 and d—P =6.

dr
(i) A standard model for this situation is given by P = AeX’, where A and k
are constants.

. P .
(a) Write down % in terms of A, k and t. Find the values of A and k.

(b) Find the value of ¢ for which P = 12.
(e} According to this model, what happens to the mass of the bacteria
after a long time?

(ii) As the experiment progresses it is found that the value of Pincreases to a
maximum at time ¢ = 10 and then begins to decrease. A new model is

proposed in which P = 3e%-%, where a and b are constants.
P, .
(a) Express — in terms of a, b and . Find the values of a and b.

dr
(b) According to this new model, what happens to the mass of the

bacteria after a long time?
[MEI|

bt

(where a and b are positive constants), in appropriate units.

Inm \

4

3

I~
I~
2
I~
I~
1
0 1 2 3 4 5 6 ¢



() Explain why a graph of In m against ¢ will be a straight line.

(i) The graph of Inm against ¢ (shown) passes through (0, 3) and (5, 1).
Find the values of a and b.

(iii) At what time will m have reduced to 0.01?

(iv) A second radioactive sample is known to consist of a mixture of two
substances. The total mass m = m, + m,, where m, = pe~**'and

-0t (

m, = qe where p and g are positive constants).

Express dm in terms of p, gand .

dt

The diagram shows a sketch of the graph of m against ¢. The tangent to this
curve at the point (0, 17) passes through the point (4.25, 0).

mp

0,17)

n1:m1+m2

>

0 (4.25,0) . t

(v) Form two simultaneous equations for p and g and solve them.
[MEI]

11 For x> 0 the function f(x) is given by
f(x) = 2x— xlnx.

The diagram shows part of the graph of this function.

f(x) \

(i) Show that f(e®) = —¢°.

(i) Find f'(x) and £""(x).

(iii) Show that the curve y = f(x) has just one stationary point and find its
co-ordinates. Verify that f”’(x) < 0 at this point.

The function g(x) is defined for the domain x = e. In this domain g(x) = f(x).

(iv) Write down the range of g(x).
(v) Explain why g(x) has an inverse, g!(x).
Sketch, on the same axes, graphs of y = g(x) and y = g7!(x).

Calculate the gradient of the graph of y = g7!(x) at the point where x = — €.
[MEI]

O
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12 The diagram shows the graph of y = i—z. g

O
W

2x
(i) Show that % - M.
X x

Hence find the co-ordinates of the
minimum point P.

. L e
(ii) A function is defined by f(x) = = b
Three different transformations are 5 >

applied to the graph of y = f(x) in the
diagram producing the graphs with

Techniques for differentiation

equations

(@ y=f(x—1)
(b) y=1f(-x)
() y=1(2x).

In each case, describe the transformation and state the co-ordinates of
the point corresponding to P.

(i) Show that, for a certain value of k,
2
flx—1)= k(xfxl) ().

State the value of k.
[MEI]

13 The diagram shows a sketch of the graph of y = f(x), where

() = me (x> 0).

YA Q

=Y

The graph crosses the x axis at the point P and has a turning point at Q.

(i) Write down the x co-ordinate of P.

(ii) Find the first and second derivaties, f’(x) and f”(x), simplifying your
answers as far as possible.

(i) Hence show that the x co-ordinate of Q is e.
Find the y co-ordinate of Q in terms of e.
Find f”(e), and use this result to verify that Q is a maximum point.

MEL, parf
920 [ part]



14 The diagram shows a sketch of the graph of y = (x> — 3)e™.

O
W

The graph crosses the x axis at points A and D and the y axis at C.
Points B and E are stationary points on the curve.

YA
Not to scale

p ———

=Y

X s09 pue x uis Bunenuaiaga

B

(i) Find the co-ordinates of the points A, C and D.

N dy_ -
(ii) Show that dx——(x —-2x—3)e™

(i) Deduce that the x co-ordinates of the points B and E are —1 and 3
respectively, and find the corresponding y co-ordinates.

(iv) Copy the diagram and mark clearly the positions of two points of

inflection.
: dzy 2 —X
You are given that prei (x*—4x-1)e™
Deduce from this result that there are exactly two points of inflection.

[MEI]

Differentiating sinx and cos x

Figure 4.4 shows the graph of y = sin x, with x measured in radians together with
the graph of y = x. You are going to sketch the graph of the gradient function for
the graph of y = sinx.

y y=x
I-—/== y = sinx
| |
! us : kL /
| - 2"
| 2 L %
27 3n - ‘I (o] L4 T | 2w x
2 | 2 i
| |
.
Figure 4.4

Draw a horizontal axis for the angles, marked from —27 to 27, and a vertical axis

for the gradient, marked from -1 to 1. IE



O
W

Techniques for differentiation

_ B

-2n - (o) T 2

Figure 4.5

First, look for the angles for which the gradient of y = sinx is zero. Mark zeros at
these angles on your gradient graph.

Decide which parts of y = sin x have a positive gradient and which have a negative
gradient. This will tell you whether your gradient graph should be above or below
the y axis at any point.

Look at the part of the graph of y = sinx near x = 0 and compare it with the graph
of y = x. What do you think the gradient of y = sinx s at this point? Mark this
point on your gradient graph. Also mark on any other points with plus or minus
the same gradient.

Now, by considering whether the gradient of y = sin x is increasing or decreasing
at any particular point, sketch in the rest of the gradient graph.

The gradient graph that you have drawn should look like a familiar graph. What
graph do you think it is?

Sketch the graph of y = cosx, with x measured in radians, and use it as above to
obtain a sketch of the graph of the gradient function of y = cosx.

Is y = x still a tangent of y = sinx if x is measured in degrees?

Activity 4.4 showed you that the graph of the gradient function of y = sinx
resembled the graph of y = cosx. You will also have found that the graph of the
gradient function of y = cos x looks like the graph of y = sin x reflected in the x
axis to become y = —sin x.

Both of these results are in fact true but the work above does not amount to a
proof. Explain why.

(They are proved on page 214, once the necessary trigonometry has been
covered.)




EXAMPLE 4.17

Summary of results

d . . d L
a(sm X) = COSX a(cos x) =-sinx

Remember that these results are only valid when the angle is measured in radians,
so when you are using any of the derivatives of trigonometrical functions you
need to work in radians.

. sinx .
By writing tan x = cos x> Use the quotient rule to show that

where x is measured in radians.

d _
dx(tan x) = cos?x

( is the reciprocal function sec x.)
cos x

You can use the three results met so far to differentiate a variety of functions
involving trigonometrical functions, by using the chain rule, product rule or
quotient rule, as in the following examples.

Differentiate y = cos2x.

SOLUTION

As cos2xis a function of a function, you may use the chain rule.
du

=7 = 2

dx

dy .
y=cosu = g =-sinu

dy dy_ du

dx  du dx
=—sinuX?2

=-2sin2x.

With practice it should be possible to do this in your head, without needing to
write down the substitution.

This result may be generalised.

_ dy _ 1
y=coskx = a——ksmkx.

Similarly

g dy _
y=sinkx = a—kcoskx.

O
W

X s09 pue x uis Bunenuaiaga

Ca



C3

Techniques for differentiation

o

EXAMPLE 4.18

EXAMPLE 4.19

EXAMPLE 4.20

Differentiate y = x?sin x.

SOLUTION

x?sinx is of the form uv, so the product rule can be used with u = x? and v = sin x.

du_, v _
- X o - Cosx
Using the product rule
dy_ du  dv
dx  Vdx " Mdx
= j_}/ = 2xsinx + x*Cosx.
X

Differentiate y = et~

SOLUTION

e'®¥ is a function of a function, so the chain rule may be used.

du
Let wu=tanx = —— = 12
dx  cos?x
dy
=e" = =e"
y = du e
Using the chain rule
& _dy du
dx  du” dx
eu
" cos’x
etanx
"~ cos?x’
Differentiate y = 1dsmx
COS X
SOLUTION
1+sinx.

u : :
is of the form 5 50 the quotient rule can be used, with

u =1+sinx and v =cosx
du v .

= — =cosx and — =—sinx.
dx dx

The quotient rule is



Substituting for u and v and their derivatives gives

dy _ (cosx)(cosx) — (1 + sin x)(=sin x)
dx (cosx)?

_ cos’x + sinx + sin’ x
cos*x

_1l+sinx

= (using sin® x + cos?x = 1).
cos? x

1 Differentiate each of the following functions.

(i) 2cosx+sinx (i) tanx+5 (i) sinx— cosx
2 Use the product rule to differentiate each of the following functions.
(i) xtanx (ii) sinxcosx (iii) e*sinx
3 Use the quotient rule to differentiate each of the following functions.
1 X
m X (i) — (i) 2T COSX
x cosx sinx

4 Use the chain rule to differentiate each of the following functions.

(i) tan(x?+1) (i) cos’x (iii) In(sin x)
5 Use an appropriate method to differentiate each of the following functions.
M " cosx (ii) etanx (iii) sin4x?
: cos 2x sinx :
(iv) e V) T osx (vi) In(tanx)

6 (i) Differentiate y = xcosx.
(i) Find the gradient of the curve y = x cosx at the point where x = 7.
(i) Find the equation of the tangent to the curve y = x cos x at the point
where x = 7.
(iv) Find the equation of the normal to the curve y = x cos x at the point
where x = 7.

7 The function y = sin®x has five stationary points in -7 < x < 7.

(i) Find Q for this function.
dx

(ii) Find the co-ordinates of the five stationary points.

(iii) Determine whether each of the five points is a maximum, minimum or
point of inflection.

(iv) Use this information to sketch the graph of y = sin® x for values of x in

MSEXST.

2
8 If y=e*cos3x, find ﬂ and d—)zl and hence show that
dx dx

dzy dy
——-2—=—+10y=0.
dx? dx 4
[MEI]
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9 Consider the function y = e*sinx, where -7 < x < 7.

O
W

oo dy
(i) Flnd a

(i) Show that, at stationary points, tanx = 1.

(i) Determine the co-ordinates of the stationary points, correct to 2
significant figures.
(iv) Explain how you could determine whether your stationary points are
maxima or minima. You are not required to do any calculations.
[MEI]

Differentiating functions defined implicitly

Techniques for differentiation

All the functions you have differentiated so far have been of the form y = f(x).
However, many functions cannot be arranged in this way at all, for example
x* + y® = xy, and others can look clumsy when you try to make y the subject.

An example of this is the semi-circle x> + y? = 4, y = 0, illustrated in figure 4.6.

V)

2

<Y

-2 0 2

Figure 4.6

The curve is much more easily recognised in this form than in the equivalent

y=\4-x%

When a function is specified by an equation connecting x and y which does not
have y as the subject it is called an implicit function.

A Although restrictions on x or y are often necessary to make the function
unambiguous, these are frequently assumed and not mentioned.

. dy dy du d _dv du
The chain rule o dn X I and the product rule a(uv) = uge Ty e

used extensively to help in the differentiation of implicit functions.

)



EXAMPLE 4.21

EXAMPLE 4.22

Differentiate each of the following with respect to x.

M y? (i) xy Giii) 3x%y3 (iv) siny
SOLUTION
0 Loy - Lo Y
(i) a(y) = dy(y ) X dx(cham rule)
_ 5,9
=Wy
d d
(ii) a(xy) zxd—i +y  (product rule)

(iii) %(39@)/3) = 3(x2%(y3) + y3%(x2)) (product rule)

= 3(x2 X 3)/2% + 3 % Zx) (chain rule)

= 3xy2(3x% + 2)/)

(iv) %(siny) = diy(siny) X % (chain rule)

_ dy
= (cosy)

The equation of a curve is given by y° + xy = 2.

(i) Find an expression for % in terms of x and y.
(ii) Hence find the gradient of the curve at (1, 1) and the equation of the tangent

to the curve at that point.

SOLUTION
iy +xy=2

= 3y2%+(9€3—£ +y) =0

= (3y* + x)% =—y

= % — 3_};%
i) At (1, 1), g—i :_%

= using y—y, = m(x— x,) the equation of the tangent is (y— 1) = —i (x—=1)

= x+4y-5=0.

O
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= V/

Figure 4.7

Techniques for differentiation

Figure 4.7 shows the graph of the curve with the equation y* + xy = 2.

(i) How can you use your graphic calculator to sketch this?

(Hint: What effect does interchanging x and y have on a graph?)

(ii) Why is this not a function?

Stationary points
As before these occur where % =0.

& _
dx
relationship between x and y. This needs to be solved simultaneously with the

Putting 0 will not usually give values of x directly, but will give a

equation of the curve to find the co-ordinates.

EXAMPLE 4.23 (i) Differentiate x> + y* = 3xy with respect to x.
(i) Hence find the co-ordinates of any stationary points.

SOLUTION
ood o5 o d o5 d
(i a(x ) + a(}’ )= a(3XJ’)

dy dy
2 2 _
= 3x~+3y dx—S[xdx+y].

. . d . g
(ii) At stationary points, _g Notice how it is not
dx necessary to find an
. dy
2 =
= 3x 3 y expression for o unless

you are told to.

To find the co-ordinates of the stationary points, solve

xt=y

simultaneousl
98 X+ P =3xy Y



Substituting for y gives

x5+ (x2)? = 3x(x?)

= X+ x0=3x
= x0=2x3
= x}(x*-2)=0

3
= x=0 or x=12
3 3
y = x? so the stationary points are (0, 0) and (W2, V/4).

The stationary points are A and B in figure 4.8.

YA

27 B

"

Figure 4.8

Types of stationary points

As with explicit functions, the nature of a stationary point can usually be
. I . _d?
determined by considering the sign of the second derivative £ at the

dx?

stationary point.

EXAMPLE 4.24 The curve with equation sinx + siny=1for 0 < x < 7,0 < y < n is shown in
figure 4.9.

YA

N

=Y

Figure 4.9
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(i) Differentiate the equation of the curve with respect to x and hence find the

O
W

co-ordinates of any stationary points.
(ii) Differentiate the equation again with respect to x to determine the nature of

the stationary points.

SOLUTION
(i) sinx+siny=1

= cosx+ (cosy)% =0

dy cosx
= = =— .
dx cosy
dy

Techniques for differentiation

At any stationary point I 0 = cosx=0
= x= %(only solution in range)
Substitute in sinx + siny = 1.
When x = %, sinx=1 = siny=0
= y=0ory=nm

= turning points at (%’ 0) and (%, n).

(i) Differentiating equation @ again with respect to x.

cosx + (cosy)% =0

2
= —sinx+ (COS}’)% * % (—sin)/)%)] =0
o), &
At (23 0)7 dx - O

.7 &y _
= —sm2+(c050)dx2 =0

2
N % =1 = minimum turning point at (%, 0).

At(%n), =0

dx
= —sinZ+( )d—zy—O
sinz + (cos ) 75 =
4y _
= —l—w—o
d?y

. . . T
= —% =-1 = maximum turning point at (—, n).
a2 &P 2

100 These points are confirmed by considering the sketch in figure 4.9.



Differentiate each of the following with respect to x.

O
W

My i) x*+y*-5 Giii) xy+x+y

(iv) cosy v) elr*2 i) xy? m
(vii) 2x%y° (viii) x+Iny-3 (ix) xe’—cosy

) x*lny (xi) xesny (xii) xtany— ytanx

Find the gradient of the curve xy® = 5In y at the point (0, 1).

4 9s1949x3

Find the gradient of the curve es"* + e“¥ = ¢ + 1 at the point (%, %)
(i) Find the gradient of the curve x> + 3xy + y*> = x + 3y at the point (2, -1).
(i) Hence find the equation of the tangent to the curve at this point.

Find the co-ordinates of all the stationary points on the curve x? + y? + xy = 3.

A curve has the equation (x—6)(y +4) = 2.

. . dy .
(i) Find an expression for £ in terms of xand 7.

dx

(ii) Find the equation of the normal to the curve at the point (7, -2).
(i) Find the co-ordinates of the point where the normal meets the curve again.

b

X—C

(iv) By rewriting the equation in the form y—a=
asymptotes and sketch the curve.

identify any

A curve has the equation y = x* for x > 0.

(i) Take logarithms to base e of both sides of the equation.

(ii) Differentiate the resulting equation with respect to x.

(i) Find the co-ordinates of the stationary point, giving your answer to
3 decimal places.

(iv) Sketch the curve for x > 0.

(i) Show that the graph of xy + 48 = x? + y? has stationary points at (4, 8)
and (-4, -8).

(ii) By differentiating with respect to x a second time determine the nature of
these stationary points.

101



c3

d
1 y=ka"= d—ic/ = knx""'where k and n are real constants.

e & dy du
. 2 Chain rule: i dux I
:g d du dv
£ =) -, 9
§ 3 Product rule (for y = uv): P vdx+udx'
(]
: J_dr
g - _up dy T M
2 4 Quotient rule (fory— v)' dx_v—z'
z
£ g _1
8 dx_dx.
i &
d 1
6 a(lnx) —
d X) — X
7 a(e) e

d, . :
8 a(sm kx) = kcos kx

d .
I (cos kx) = —ksin kx

d __k
a(tan kx) = o5l
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Techniques for integration

The mathematical process has a reality and virtue in itself, and once
discovered it constitutes a new and independent factor.
Winston Churchill (1876-1965)

Figure 5.1 shows the graph of y = 1/x.

=Y

Figure 5.1

©® How does it allow you to find the area shaded in the graph in figure 5.2?

2 — y=ANx+1

<Y

Figure 5.2

Integration by substitution

The graph of y = 4/ x— 1 is shown in figure 5.3.

The shaded area is given by

PAx=Tdx=["e-1) dx

O
W
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Figure 5.3

You have not needed to find such an integral before, but you do know how to

b1 . N, . .
evaluateLué du, so making the substitution u = x— 1 will transform the integral
into one that you can do.

When you make this substitution it means that you are now integrating with
respect to a new variable, namely u. The limits of the integral, and the ‘dx’, must
be written in terms of u.

The new limits are given by x=1 = =1-1=0
and x=5 = =5-1=4.
Sinceuzx—l,gzl.
dx

du . . .. . . . .
Even though —— is not a fraction, it is usual to treat it as one in this situation (see

dx

the warning below), and to write the next step as ‘du = dx’.

The integral now becomes:

This method by integration is known as integration by substitution. It is a very
powerful method which allows you to integrate many more functions. Since you
are changing the variable from x to #, the method is also referred to as integration
by change of variable.

The last example included the statement ‘du = dx. Some mathematicians are
reluctant to write such statements on the grounds that du and dx may only

) du . ) .. ) .
be used in the form I e-asa gradient. This is not in fact true; there is a well

defined branch of mathematics which justifies such statements but it is well
beyond the scope of this book. In the meantime it may help you to think of it as
du

, — 1, and so du = 8x’.
Ox

shorthand for ‘in the limit as dx — 0




EXAMPLE 5.1

EXAMPLE 5.2

Evaluate ﬁ(x + 1)? dx by making a suitable substitution.

SOLUTION
Letu=x+1.
Converting the limits: x=1 = wu=1+4+1=2

x=3 = u=3+1=4.

y

Converting dx to du:

du_ 1 = du=dx

dx

u
4],
VR
Y
=60

1

y=G+1)’

fo

Figure 5.4

Can integration by substitution be described as the reverse of the chain rule?

Evaluate J.ij(x2 — 4)? dx by making a suitable substitution.

SOLUTION

Notice that 2x is the derivative of the function in the brackets, x2 — 4, and so

u=x>—4 is a natural substitution to try.

This gives du_ 2x = du=2xdx

dx

Converting the limits: x=3 =
x=4 =

So the integral becomes:
4, 5 1 _ (12 1
L(x —4)22xdx —js u? du

3112

3

5

u=9-4 =5
u=16-4=12.

= 20.3 (to 3 significant figures).

O
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Note
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In the last example there were two functions of x multiplied together, the second

function being an expression in brackets raised to a power. The two functions are in

this case related, since the first function, 2x, is the derivative of the expression in

brackets, x2 — 4. It was this relationship that made the integration possible.

EXAMPLE 5.3 Find Jx(xz + 2)3 dx by making an appropriate substitution.

SOLUTION

Since this is an indefinite integral there are no limits to change, and the final

Techniques for integration

answer will be a function of x.

Let u = x? + 2, then:

du 1,
a—Zx = >du=xdx.

You only have xdx in
the integral, not 2xdx.

So Jx(x2 +2)3dx = J(x2 +2)3xdx

3¢ 1
J.u x 5du

4
=gt
_ (P +2)

3 +c

A Always remember, when finding an indefinite integral by substitution, to
substitute back at the end. The original integral was in terms of x, so your final
answer must be too.

EXAMPLE 5.4 By making a suitable substitution, find Jx«/ x—2dx.

SOLUTION

This question is not of the same type as the previous ones since x is not the
derivative of (x— 2). However, by making the substitution « = x— 2 you can still
make the integral into one you can do.

Let u = x— 2, then:

du
— =1 = du=dx

dx

There is also an x in the integral so you need to write down an expression for x

in terms of u. Since u = x— 2 it follows that x = u + 2.
106



In the original integral you can now replace A/ x— 2 by u?, dx by du, and x by u + 2.

J.xm dx=

(u+ 2)u% du

J
J.(u% + ZI/L%) du

2 s 3
s+ 3ut+c

Replacing u by x— 2 and tidying up gives %(Sx +4)(x=2) +c
Complete the algebraic steps involved in tidying up the previous answer.

1 Find the following indefinite integrals by making the suggested substitution.
Remember to give your final answer in terms of x.

(i) J.(x+1)3 dx, u=x+1 (i) JZ‘\/Zx—ldx,usz—l

(iii) J3xz(x3 +1)7dx, u=x3+1 {iv) J2x(x2 + 1P dx, u=x*+1

(v) J3x2(x3 —2)4dx, u=x>-2 (vi) Jx‘\/ 2x2—5dx, u=2x*-5
- — mmm x —_

(vii) J.xMZer ldx,u=2x+1 (VIII)JFmd}C, u=x+9

2 Evaluate each of the following definite integrals by using a suitable
substitution. Give your answer to 3 significant figures where appropriate.

(i J:(x—s)‘* dx (ii) JZ(3x+ 2)6 dx
(iii) J:«/x—s dx (iv) JZIS«E}/ 2x—3dx
W X2 + 1) dx wir [ 2x(x-3) dx

(vii) J?x’\/x— 1dx

3 The graph of y = (x—2)? is shown here.

y=(-2

=

0/2' 4 -

(i) Evaluate J;l(x —2)3dx.
(ii) Without doing any calculations, state what you think the value of

Jé(x —2)3 dx would be. Give reasons.

(iii) Confirm your answer by carrying out the integration.

C3
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4 The graph of y = (x—1)* -1 is shown below.

C3

y
H y=(x_1)4_1

c

)

2

s

o

[

2

£

S A

-

8 >
.g_ -1 (0] B 2 x
c

=

8

=

(i) Find the area of the shaded region A by evaluating J.(il((x— 1* —1) dx.

(ii) Find the area of the shaded region B by evaluating an appropriate integral.
(i) Write down the area of the total shaded region.

(iv) Why could you not just evaluate J:((x— 1)* — 1) dx to find the total area?

5 Find the area of the shaded region for each of the following graphs.

(1N = (=3 i)y
y=(x—4y
0 3 5,
5] 2 4 .
y=6x(x*+1)}
y . b
(i) (iv) i
a
|
|
|
-1 () |
1 o\ |1
|
|
|
[
r

6 The sketch shows part of the graph of y = x4/1 + x.

y A

y=xy1l+x

Ry

108



(i) Find the co-ordinates of point A and the range of values of x for which
the function is defined.

(ii) Show that the area of the shaded region is %.
You may find the substitution u =1 + x useful.

[MEI]
7 (i) By substituting u =1 + x or otherwise, find
(@) J(l +x)7 dx
1 3
(b) J_lx(l + x)° dx.
(ii) By substituting =1 + x? or otherwise, evaluate Ll)x’\/ 1+ x?dx.
[MEI]
X .
8 Sketch the graph of y = W showing any asymptotes.
Find the area contained between the curve and the x axis for 0 < x < 2.
[MEI]
9 (i) Differentiate (2x— 1)7 with respect to x.
The diagram shows a sketch of the curve with equation y = 4x(2x—1)”.
yl
(6] Tx
. dy 6
(ii) Show that I 4(2x—-1)%(16x—1).
Hence find the x co-ordinate of the minimum point on the curve.
(i) Using the substitution 2x— 1 = u, find the area of the shaded region
enclosed between the curve and the x axis.
(iv) The function f with domain x = % is defined by f(x) = 4x(2x—1)".
Given that (1) = 4, find the value of % {f~1(x)} when x = 4.
[MEI]
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Integrals

EXAMPLE 5.5

EXAMPLE 5.6

10 (i) Integrate with respect to x the following functions.

4 3 2)%
@ =+ 3 b) 6x(1+ x2)

4 1+ 3
(ii) Show that the substitution x = #? transforms . % dxinto an
integral of the form Jik(l + u)*du.
State the values of k, a and b.

Evaluate this integral.
[MEI]

involving the exponential function

Since you know that
a (eax) = ge™,
you can see that
j ax —_ ]' ax
e™dx=—-e™+c.
a
This increases the number of functions which you are able to integrate, as in the

following example.

Find the following integrals.

0] jezx dx (i) ﬁ6e3x dx
SOLUTION

. _1

(0] Jezx dx=3e*+c

663X]5
3 L
_ 3x]3
- [26 x]1
=2(el5—¢?)

=6.54x 10° (to 3 significant figures)

(i) Jf6e3xdx :[

By making a suitable substitution, find J?)erxz dx.

SOLUTION
4 4
jOer"z dx= joe"z 2xdx.

Since 2x is the derivative of x2, let u = x2.

d_u =2x = du=2xdx
dx
The new limits are given by x=0 = =
and x=4 = u=16.



The integral can now be written as

16 16
j etdu = [e“]
0 0

—el6_ g0

=8.89 X 10° to 3 significant figures.

Integrals involving the natural logarithm function

EXAMPLE 5.7

EXAMPLE 5.8

You have already seen that
Ly —
J— dx=Inx+c
X

There are many other integrals that can be reduced to this form either by
rearrangement or by substitution.

5
Evaluate '[ de.
22X

SOLUTION

1051, 1 5
zL;dx = 5[Inx],
N P
= 2(lnS In2)

=0.458 (to 3 significant figures)

In this example the % was taken outside the integral, allowing the standard result
for ch to be used. It is not always possible to do this, and in the following example

a substitution is necessary.

5
Evaluatej zz—xdx.
1x°+3

Figure 5.5

O
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SOLUTION

O
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In this case, substitute u = x% + 3, so that

du =2x = du=2xdx
dx
The new limits are given by x=1 = u=4

and x=5 = u=28.

5 2x 281
sz n 3dx = L adu
28
= [ln u]
4
=1n28 -In4
=1.95 (to 3 significant figures)

Techniques for integration

The last example is of the form j % dx, where f(x) = x% + 3. In such cases the

substitution u = f(x) transforms the integral into JZ du. The answer is then
In u + cor In(f(x)) + ¢ (assuming that u = f(x) is positive). This result may be

stated as the working rule below.

If you obtain the top line when you differentiate the bottom line, the integral is
the natural logarithm of the bottom line. So,

J %dx =In(f(x)) + ¢

2 4
EXAMPLE 5.9 EvaluateJ Sx——|—22x

1x°+x2+4
SOLUTION

You can work this out by substituting u = x> + x* + 4 but, since differentiating the
bottom line gives the top line, you could apply the rule above and just write:

2 4
J 5xP+2x 4.

5., 2 2
= = |In(x° + x*+ 4)
1x°+x%+4 1

=In40-1In6=1.90 (to 2 significant figures).

In the next example some adjustment is needed to get the top line into the
required form.

1
EXAMPLE 5.10 Evaluate J dx.
0x°+7
SOLUTION
1 5
The differential of x® + 7 is 6x°, so the integral is rewritten as %J %
0x° +

1
112 Integrating this gives %[ln(x6 + 7)]0 or 0.022 (to 2 significant figures).



Extending the domain for logarithmic integrals

The use of Jalc dx =1n x + chas so far been restricted to cases where x > 0, since

logarithms are undefined for negative numbers.

f'(x)
(%)

Look, however, at the area between —b and —a on the left-hand branch of the curve

Similarly, forJ dx = In(f(x)) + cit has been required that f(x) > 0.

y= 3lc in figure 5.6. You can see that it is a real area, and that it must be possible to

evaluate it.

Vv

LY

Figure 5.6

1 What can you say about the areas of the two shaded regions?

2 Try to prove your answer to part 1 before reading on.

Proof
)
Let A= J —dx.
_bX
Substituting u = —x gives new limits: x=-b = u=5b

XxX=—a = u=d.

Q =-1= dx=-du.
dx

So the integral becomes

A:JZ}u(_du)

:Jaldu
p U
=[Ina-1nb]

=—[Inb -Ina]= —area B.

O
W
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EXAMPLE 5.11

So the area has the same size as that obtained if no notice is taken of the fact that
the limits a and b have minus signs. However it has the opposite sign, as you
would expect because the area is below the axis.

Consequently the restriction that x > 0 may be dropped, and the integral is written
Jldxz In|x|+ c
X

Similarly, j % dx=Inlf(x) ] + ¢

7
Find the value of L 1 1 dx.

SOLUTION

To make the top line into the differential of the bottom line, you write the
integral as

7 _1 . ;
_J54_xdx——[ln| 4—x|]5
= —[(1n| —3|) - (ln | —1|)]
=—[In3-1In1]
=-1.10 (to 3 significant figures).

Since the curve y = ch is not defined at the

the discontinuity at x = 0 (see figure
5.7), it is not possible to integrate across
this point.

q X
Consequently in the integralj 3lc dxboth

p
the limits p and g must have the same

sign, either + or —. The integral is invalid

otherwise. Figure 5.7

For non-trigometrical functions, how can you tell from the equation of a curve
whether it has a discontinuity?

How can you prove y = x> — 2x + 3 has no discontinuities?

1 Find the following indefinite integrals.

(i) de (ii) Jidx (i) Jde
X 4x xX-5
. 1 2x ) 2x+ 3
) ij— gdx W sz T i) ,[3x2 ox 1



Find the following indefinite integrals.

(i JeSxdx (i) Je“*’“ dx (iii) Je"?‘ dx

3
(iv) lexz e dx (v) J %dx (vi) je ZZ 4 dx

Find the following definite integrals.
Where appropriate give your answers to 3 significant figures.

- 4 2 - 3 4 . e 2
0] j04e *dx (i) Jl P 1dx (iii) J *dx
. 1 - I 3.9 x+2
(iv) J_l(ex+ e™) dx (v) J_ze 2 dx (vi) ,[ZX A 3
The sketch shows the graph of y = xe*". ’)
(i) Find the area of region A.
(i) Find the area of region B.
(i) Hence write down the total area -1 B _
of the shaded region. A O 20X
The graph of y = xe™ is shown here. y
p 2 &

d
(i Find d_i using the product rule.

(ii) Find the x co-ordinate, p, of the maximum point.
(You do not need to prove that it corresponds to a maximum.)
(i) Use your answer from part (ii) to find the area of the shaded region.

The graph of y = is shown below.

_x+2
x>+ 4x+3

=

Find the area of each shaded region.

O
W
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7 Thegraphof y=x+ % is shown below.

(i) Find the co-ordinates of the minimum point, P, and the maximum point, Q.
(ii) Find the area of each shaded region.

8 (i) Find jé(xe‘xz dxin terms of X.
(i) Evaluate J;(xe‘xz dx for X=1, 2, 3 and 4.
(Give your answers to 4 significant figures.)
(i) As X gets bigger (i.e. as X — ), towards what value does J.;(xe"“2 dx tend?

[MEI]
9 A curve has the equation y = (x + 3)e™.
() Find % .
(ii) Find the x aznd y co-ordinates of the stationary point S on the curve.
d .
(i) Calculate d_x)z/ at the point S.
What does its value indicate about the stationary point?
(iv) Show that the substitution u = e* converts JZ hs 12n “ duinto JZ ;;x dx.
u
€
(v) Hence evaluate J w du.
Lu [MEI]
10 (i) Use a substitution, such as u? = 2x— 3, to find ij \2x—3 dx.
(i) Differentiate x* In x with respect to x. Hence find J% dx.
(i) The function f(x) has the property f"(x) = e,
(a) Find f”(x).
(b) Differentiate f(x*) with respect to x.
[MEI]

11 (i) Find the following integrals.

6 1 d
(a) J12—x+3 X

x
(b) J dx (Use the substitution v= /9 + x?, or otherwise.)
N9 + x?

N d o e
(ii) (a) Show that a(e *) = 2xe™,



The sketch below shows the curve with equation y = xe™.

y
A

(b) Differentiate xe™ and find the co-ordinates of the two stationary
points on the curve.
(c) Find the area of the region between the curve and the x axis for

0=x=<04.
[MEI]

X

e*+1

12 (i) Sketch the curve with equation y = for values of x between 0 and 2.

(ii) Find the area of the region enclosed by this curve, the axes and the line x = 2.

e 2t
1f2+1dt'

(iv) Compare your answers to parts (ii) and (iii). Explain this result.

(iii) Find the value ofJ

10
13 (i) Show thatJ idu =In 2.
5
The function f(x) is defined by f(x) =

K+ 1
The graph of y = f(x) for positive values of x is shown below.

YA

0 x

(ii) Calculate ij(x) dx. (You may wish to use the substitution u = x? + 1.)
(i) Show that f(x) is an odd function.

Write down the value of | f(x) dx.

(iv) State a transformation which will transform the graph of y = f(x) into the
graph of y = f(x + 1).
(v) Using parts (iii) and (iv), or otherwise, calculate the value of

J’3 x+1

_4x2+2x+2dx'

[MEI]
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14 (i) Differentiate with respect to x

(a) e2¥ (b) xe <,

You are given that f(x) = xe2*".

(i) Find Jgf(x) dxin terms of k.
(i) Show that f”(x) = 4xe2**(4x2 -3).
Show that there is just one stationary point on the curve y = f(x) for positive x.

State its co-ordinates and determine its nature.
[MEI]

15 The diagram illustrates the graph of y = e*. The point A has co-ordinates

(In 5, 0), B has co-ordinates (In 5, 5) and C has co-ordinates (0, 5).

YA

B (In 5, 5)

(0} A x

(i) Find the area of the region OABE enclosed by the curve y = ¥, the x axis,
the y axis and the line AB. Hence find the area of the shaded region EBC.

(ii) (a) The graph of y = e*is transformed into the graph of y = Inx.
Describe this transformation geometrically.
(b) What stretch will transform the graph of y = In x to the graph of
y=In(x%)?

(i) Using your answers to parts (i) and (ii) (a), or otherwise, show that
ﬁln xdx=5In5-4.
(iv) Deduce the values of
(a) Jfln () dx

(b) ‘[fln (3x) dx.
[MEI]



16 P and Q are two points on a hillside. P is 500 m above sea level and Q is
2000 m due east of P. c3

The graph below shows the height, y, of the hillside above sea level against the E

horizontal distance, x, from P. The units are 100 m on each axis.

dag os1949x3

The equation of this graph is y = 5e70-08x,

(i) Calculate the height of Q above sea level to the nearest metre.

(i) Find % . What is the gradient of the hillside at P?

(iii) Find by integration the area under the graph from x =0 to x = 20, in
units?, correct to 2 decimal places.

A stream has its source at P and flows due east. It has cut a gorge down into
the rock of the hillside, so that its present position is given by

25
YT 5 x

as illustrated below. The gorge is 5m wide.

hillside

stream

O 20 X

20
(iv) Use integration to calculate J dx, giving your answer correct to

. 0 D+x
2 decimal places.

Hence estimate the volume of rock (in m?) removed by the stream
between P and Q, giving your answer to 2 significant figures.

[MEI]
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17

18

X

The diagram shows a sketch of the curve y =

x2+1"
Not to scale
P
(i) Differentiate X
1 == .
YT
(ii) Hence find the co-ordinates of the two turning points of the curve.
. . x
(i) By substituting = x? + 1, or otherwise, find sz 1 dx.

(iv) Hence find the x co-ordinate of the point P, given that the area of the

region between the curve and the x axis, from the origin to P, is 10 units?.
[MEI]

The diagram shows a sketch of the graph y = f(x), where

flo) = —€
1+e*

The graph crosses the y axis at the point P. It approaches the horizontal line
las x — oo,

The shaded region is bounded by the graph of y = f(x), the x axis, the y axis
and the line x = 1.

Not to scale

=Y

(6] 1

(i) Write down the co-ordinates of the point P, and the equation of the line
(i) Find f’(x), simplifying your answer as far as possible.
Hence calculate the gradient of the curve at the point P.
(i) Find the exact area of the shaded region, using the substitution u =1 + €%,
or otherwise.
Express your answer as a single logarithm.

(iv) Show that f(x) + f(—x) = 1, and interpret this result graphically.
[MEI]



20 The diagram shows a sketch of the graph of y =

19 The diagram shows the graph of y = f(x), where

X

f0 = 1+

]

(i) Show algebraically that f(x) is an odd function.

=<\

O

State what feature of the graph corresponds to the fact that f(x) is an odd
function.

(ii) Find, using calculus, the co-ordinates of the stationary points on the
graph of y = f(x).

Verify that the maximum and minimum points are as shown in the diagram.
Justify the shape of the graph as x — oo and as x — —eo.

(i) Find the area of the finite region between the graph of y = f(x), the x axis

and the line x = 1, giving your answer in terms of a logarithm.
[MEI]

_x
(2x—1)*"

YA

=Y

xX=a

P is a stationary point on the curve. The line x = a is an asymptote to the curve.

(i) Write down the value of a.

; dy__ 2x+1
(ii) Show that I 1)

Hence find the co-ordinates of P.

The area of the region enclosed by the graph of y = (Zx—fl)z’ the x axis, and
the lines x =1 and x = 2 is denoted by A.
. . o Su+1
(iii) Using a suitable substitution, show that A = 1.2 du.
1
Deduce that A = 3lr113—2+2

[MEI]
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INVESTIGATION

@® A series for e*
The exponential function can be written as the infinite series
e*=ay+ax+a,x*+ax’+axt+ ...
where a, a, a,, ... are numbers.
You can find the value of a, by substituting the value zero for x.
Since e =1, it follows that 1 = a,+0+0+0+...,andso a,= 1.
You can now write: e =1+ a,x + a,x? +a,x*+ a,x* + ...
Now differentiate both sides: e* = a, + 2a,x + 3a3x2 +4a,°+ ...,
and substitute x=0again: 1=a, +0+ 0+ 0+ ...,and so a, = 1 also.

Now differentiate a second time, and again substitute x = 0. This time you find
a,. Continue this procedure until you can see the pattern in the values of a, a,,
Ay Ay e

When you have the series for e, substitute x = 1. The left-hand side is e! or e, and
so by adding the terms on the right-hand side you obtain the value of e. You will
find that the terms become small quite quickly, so you will not need to use very
many to obtain the value of e correct to several decimal places.

If you are also studying statistics you will meet this series expansion of e* in
connection with the Poisson distribution.

INVESTIGATION

G Compound interest

You win £100000 in a prize draw and are offered two investment options.
A You are paid 100% interest at the end of 10 years, or

B You are paid 10% compound interest year by year for 10 years.

Under which scheme are you better off?

Final money is £200000
Original money = £100 000

Clearly in scheme A, the ratio R =

What is the value of the ratio R in scheme B?

Suppose that you asked for the interest to be paid in 20 half-yearly instalments of
5% each (scheme C). What would be the value of R in this case?

Continue this process, investigating what happens to the ratio R when the interest
is paid at increasingly frequent intervals.

Is there a limit to R as the time interval between interest payments tends to zero?

000 0000000000000 00000000000000000000000000000000000000000C0C0C0CCCCOCIOCIOCIOIOCIOCIOEIOIOCIOIOIEOIOIOIOIEOIEOIOIOTEOTEEOS
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Integrating sinx and cosx

EXAMPLE 5.12

Since

it follows that
Similarly, since

it also follows that

and therefore

d .
Ix (sinx)
Jcosx dx
d
a(cosx)

d
Ix (—cosx)

Jsinx dx

CoS X

sinx+ ¢

—sinx

sinx

—COSxX+ ¢

With this knowledge, you can now integrate not only the functions sinx and cos x,

but also many other functions by using substitution.

Find jsin 7x dx.

SOLUTION

Make the substitution u = 7x. Then differentiate.

du
- 7
= dx = %du.

. 1.
Jsm7xdxzj7s1nudu
_ 1 4
=—7cosu+c

z—%cos7x +c

Note

You would not usually use a substitution for an integral like this but would quote the

general result that

Jsinkxdx:—% cos kx + c.

Similarly Jcos kxdx = 1 sinkx + c.

O
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EXAMPLE 5.13

EXAMPLE 5.14

Find j 2xcos(x* + 1) dx.

SOLUTION

Make the substitution u = x2 + 1. Then differentiate.

% =2x
= 2xdx = du
ijcos(xz +1)dx = jcosu du
=sinu+ ¢

sin(x?+1)+¢

Notice that the last example involves two functions of x multiplied together,
namely 2x and cos(x? + 1). These two functions are related by the fact that 2xis
the derivative of x? + 1. Because of this relationship, the substitution u = x> + 1
may be used to perform the integration. You can apply this method to other
integrals involving trigonometrical functions, as in the next example.

z
Find j; cosx sin®x dx.
(Remember that sin? x means the same as (sinx)2.)

SOLUTION
This integral is the product of two functions, cosx and (sinx)2.

Now (sinx)? is a function of sin x, and cos x is the derivative of sin x, so you
should use the substitution u = sin x.

Differentiating:

du
— =cosx = du=cosxdx.

dx

The limits of integration need to be changed as well:

x=0 = u=20
xzz = u=1
2

s
Z ) 1
Therefore JO cosxsin?xdx = Jo u*du

3]0

Note

You may find that as you gain practice in this type of integration you become able to
work out the integral without writing down the substitution. However, if you are
unsure, it is best to write down the whole process.



1 Integrate the following functions with respect to x. c 3

(i) sinx—2cosx (i) 3cosx+ 2sinx (iii) 5sinx + 4 cosx

2 Integrate the following functions by using the substitution given, or otherwise. E

(i) cos3x u=3x
. m
(i) sin(1—x) u=1-x 9’:
(iii) sinx cos®x U= Ccosx 2
. (1]
(iv) X U=2-cosx a
2 —cosx
(v) tanx u=cosx |writetanxas 31X
cosx

(vi) sin2x(l + cos2x)?> u =1+ cos2x

3 Use a suitable substitution to integrate the following functions.

(i) 2xsin(x?) (ii) cosxesin*
(i) tanzx (i) S5
cos? x sin?x

4 FEvaluate the following definite integrals by using suitable substitutions.

(i) chos(Zx— E) dx (ii) J4cosx sin®x dx
0 2 0
\Vr z etanx

(iiii) J xsin(x?) dx (iv) J — dx
0 0 COS%x

(v) J% ! d
—_— x
Y Jocos? x(1 + tanx)

5 (i) Use a graphic calculator or computer to sketch the graph of the function
y=sinx(cosx—1)%for 0 < x < 4x.
(ii) Use definite integration to find the area between the positive part of one
cycle of the curve and the x axis.

Integration by parts

EXAMPLE 5.15

There are still many integrations which you cannot yet do. In fact, many
functions cannot be integrated at all, although virtually all functions can be
differentiated. However, some functions can be integrated by techniques which
you have not yet met. Integration by parts is one of those techniques.

Find jx cosx dx.

SOLUTION

The function to be integrated is clearly a product of two simpler functions, x and

cos x, so your first thought may be to look for a substitution to enable you to

perform the integration. However, there are some functions which are products

but which cannot be integrated by substitution. This is one of them. You need a

new technique to integrate such functions. 125
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Take the function xsin x and differentiate it, using the product rule.
d (ceinx) = .
— (xsinx) = xcosx + sin x.
dx

Now integrate both sides. This has the effect of ‘undoing’ the differentiation, so
xsinx = chosxdx + J.sinx dx.
Rearranging this gives
J.xcosx dx = xsinx— jsinxdx
= xsinx— (—cosx) + ¢
=xsinx+ cosx+ c.

This has enabled you to find the integral of x cos x.

The work in this example can be generalised into the method of integration by
parts. Before coming on to that, do the following activity.

For each of the following

(a) differentiate the given function f(x) using the product rule

(b) rearrange your expression to find an expression for the given integral I
(c) use this expression to find the given integral.

(i) f(x)=xcosx I=|xsinxdx

(i) flx)=xe** I= JerzX dx

The work in Activity 5.3 has enabled you to work out some integrals which you
could not previously have done, but you needed to be given the functions to be
differentiated first. Effectively you were given the answers.

Look at the expressions you found in part (b) of Activity 5.3.
Can you see any way of working out these expressions without starting by
differentiating a given product?

The general result for integration by parts
The method just investigated can be generalised.

Look back at Example 5.15. Use u to stand for the function x, and v to stand for
the function sin x.

Using the product rule to differentiate the function uv

i(uv) =

4 ()= iy

dx dx



Integrating gives
[ gy [ud
uv Jvdx dx+ udxdx.
Rearranging gives

Ju% dx= uv—Jvi—de.

x
This is the formula you use when you need to integrate by parts.
In order to use it, you have to split the function you want to integrate into two
simpler functions. In Example 5.15 you would split x cos x into the two functions
x and cos x. One of these functions will be called u, and the other g—;, to fit the

left-hand side of the expression. You will need to decide which will be which. Two
considerations will help you.

® Asyou want to use du on the right-hand side of the expression, # should be a

dx

function which becomes a simpler function after differentiation. So in this
case, u will be the function x.
e Asyouneed vto work out the right-hand side of the expression, it must be
. . . dv . . dv .
possible to integrate the function o o obtain v. In this case, I will be the

function cos x.

So now you can find Jx cosx dx.

Put u=x = @:1
dx

dv .
and —— =cosx = v=sinx

dx
Substituting in
dv J’ du
u— dx=uv— |v— dx
J dx dx
gives
jxcosx dx = xsinx— jl X sinx dx
= xsinx— (—cosx) + ¢
=xsinx+ cosx+ c.
EXAMPLE 5.16 Find jzxex dx.
SOLUTION

First split 2xe* into the two simpler functions, 2x and e*. Both can be integrated
easily, but as 2x becomes a simpler function after differentiation and e* does not,
take 1 to be 2x.

O
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EXAMPLE 5.17

u=2x = I =2
dv =& = wv=e¢F
dx
Substituting in
dv , _ du
Judx dx= W_,[vdx dx

gives
Jer" dx = 2xe*— JZe" dx

=2xe*—2e*+ ¢

In some cases, the choices of u and v may be less obvious.

Find jx Inxdx.

SOLUTION

It might seem at first that u should be taken as x, because it becomes a simpler
function after differentiation.

U=x @:1
dx

dv =lnx

dx

Now you need to integrate In x to obtain v. Although it is possible to integrate
In x, it has to be done by parts, as you will see in the next example. The wrong
choice has been made for u and v, resulting in a more complicated integral.

So instead, let u =Inx.

u=Inx = du _1
dx x
dv _ _12
it = v=3x
Substituting in
dv , _ du
Judx dx= W_,[de dx

gives

Jxlnxdx = Elenx—J_ dx
1
4



EXAMPLE 5.18

EXAMPLE 5.19

Find jln x dx.

SOLUTION

You need to start by writing In x as 11nx and then use integration by parts.

As in the last example, let u = Inx.

du 1
u=lhx = —==
dx «x
Q =1 = v=x
dx
Substituting in
dv ., _ du
J.ua dx=uv _Jvdx dx

gives

JAllnxdxlenx—J}(Xiiix

=xlnx—x+c

Using integration by parts twice

Sometimes it is necessary to use integration by parts twice or more to complete

the integration successfully.

Find sz sin x dx.

SOLUTION

First split x?sinx into two: x> and sin x. As x> becomes a simpler function after

differentiation, take u to be x2.

du
= 2 - =
u=x = P 2x
dv . B
— =sinx = Y= —COSX.
dx
Substituting in
dv 4= du
Jua dx= uv—jvdx dx

gives

sz sinx dx = —x%cosx— j—2x cosx dx

2

=—x’cosx+ J2x cosx dx.

0000 0000000000000000000000000000000000000000000000000000000000000000CCOCOCIGCIEOIEOIEOIEOS
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Now the integral of 2x cos x cannot be found without using integration by parts
again. It has to be split into the functions 2x and cos x, and as 2x becomes a
simpler function after differentiation, take u to be 2x.

du

u=2x = o 2
v .
qx - o8 x = y=sin x
Substituting in
dv du
Judx dx= W_,[de dx
gives

JZxcosx dx=2xsinx— JZ sin x dx

=2xsinx— (-2 cos x) + ¢
=2xsinx+ 2 cos x+ c.

Soin @ szsinx dx = —x%cosx + 2xsinx + 2cosx + c.

The technique of integration by parts is usually used when the two functions
are of different types: polynomials, trigonometrical functions, exponentials,
logarithms. There are, however, some exceptions, as in questions 3 and 4 of
Exercise 5D.

Integration by parts is a very important technique which is needed in many other
branches of mathematics. For example, integrals of the form | x f(x) dx are used
in statistics to find the mean of a probability density function, and in mechanics
to find the centre of mass of a shape. Integrals of the form j x? f(x) dx are used in
statistics to find variance and in mechanics to find moments of inertia.

1 For each of these integrals
(a) write down the function to be taken as u and the function to be taken

as 75—
dx

(b) use the formula for integration by parts to complete the integration.

(i) jxe" dx (i) chos3x dx
(iii) J.(Zx + 1)cosx dx (iv) J.xe‘zx dx
(v) jxe‘x dx (vi) jxsin 2xdx

2 Use integraton by parts to integrate each of these functions.
M x’lnx (i) 3xe>

i) 2xcos2x (iv) x2ln2x

00000 00000000000000000000000000000000000000000000000000000000000



EXAMPLE 5.20

3 Find jx‘\/ 1+xdx

(i) by using integration by parts

(ii) by using the substitution u=1 + x.
4 Find [2x(x-2)*dx

(i) by using integration by parts

(ii) by using the substitution u = x—2.

5 (i) By writing Inx as the product of Inx and 1, use integration by parts to find
jln x dx.
(ii) Use the same method to find Jln 3xdx.
(i) Write down Jlnpx dx where p > 0.

@  The remaining questions relate to enrichment material.
6 Find '[xzex dx.

7 Find j(z —x)?cosx dx.

Definite integration by parts

When you use the method of integration by parts on a definite integral, it is
important to remember that the term uv on the right-hand side of the expression
has already been integrated and so should be written in square brackets with the
limits indicated.

b dv
J Uy dx=

a

uv

b (v du
a—jgva dx.

2
Evaluate JO xe*dx.

SOLUTION

Substituting in
b dv b (v du
Ludx dx=|uv a_javdx dx

O
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gives

2 2 (2
xe*dx = |xe¥| —| e*dx
0 o Jo
2 2
=|xe*| —|e*
5 o T
5 =(2e2-0) - (e?-¢%
g
E =2e’—e’ + 1
8 =e’+1.
(7]
[
3
g
c
S EXAMPLE 5.21 Find the area of the region between the curve y = xcos x and the x axis, between
(]
F x=0and x=Z.
2
SOLUTION ¥

Figure 5.8 shows the region whose
area is to be found.

To find the required area, you

[T

need to integrate the function

x cos x between the limits 0 and Z.

You therefore need to work out -

z Figure 5.8
J xcosx dx.
0

Put U=x = @zl
dx

dv .
and - =cosx = y=sinx
dx

Substituting in

b dv
Juadx =|uv

a

by du
a—'[ava dx.

gives

9 n
2 .o1% (7.

J xcosxdx = [xsmx](z)—.[ sinxdx
0 0

3
= [X smx] - [—COSX]
0 0

= [x sinx + cosx]

(RN

%+0}{0+Q

T
=--1
2

132 So the required area is 3 1 square units.



Evaluate these definite integrals.

(i j; xe3* dx (ii) JZ (x—1)cosxdx
(iii) jz (x+ 1)e*dx (iv) ﬁln 2xdx

z . L[4,
(v) '[0 x sin2x dx (vi) L x? Inx dx

(i) Find the co-ordinates of the points where the graph of y = (2 — x)e™ cuts
the x and y axes.

(i) Hence sketch the graph of y = (2 — x)e™.

(i) Use integration by parts to find the area of the region between the x axis,
the y axis and the graph y = (2 — x)e™

(i) Sketch the graph of y = xsinx from x = 0 to x = 7 and shade the region
between the curve and the x axis.
(i) Find the area of this region using integration by parts.

Find the area of the region between the x axis, the line x = 5 and the graph

y=Inx.
Find the area of the region between the x axis and the graph y = xsin x from
x=0tox= %

Find the area of the region between the negative x axis and the graph
y=xlxt 1

(i) using integration by parts

(i) using the substitution u = x+ 1.

The sketch shows the curve with equation y = x*In 2x.

y=x%In2x

Find the x co-ordinate of the point where the curve cuts the x axis.

Hence calculate the area of the shaded region using the method of integration by
parts applied to the product of In2xand x?.

Give your answer correct to 3 decimal places.

[MEI]
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KEY POINTS

@ The remaining questions relate to enrichment material.

8

-

N

»

N

Showthat'[ x*e*dx=e-2.

Show that the use of the trapezium rule with five strips (six ordinates) gives an

estimate that is about 3.8% too high.

Explain why approximate evaluation of this integral using the trapezium rule

will always result in an overestimate, however many strips are used.

1 o
IfI = Jo t"e" dt, where n is an integer, show that [, = 1 — ¢!

By integrating by parts, show that I =nI _ —e'forn=1.

-1
Hence evaluate I, leaving your answer in terms of !

" _ kxn+1
J.kx dx= p——)

Substitution is often used to change a non-standard integral into a
standard one.

je"dxzex-kc

dx=In|x|+ ¢

R I=

=In|f(x)|+ ¢

J.smkxdx——]l{coskx+c
J

coskxdx= + smkx+ c

Some products may be integrated by parts using the formula

Jui—l dx= uv—Jv% dx.

[MEI]

[MEI]
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Numerical solution of
equations

It is the true nature of mankind to learn from his mistakes.
Fred Hoyle

Which of the following equations can be solved algebraically, and which cannot?
For each equation find a solution, accurate or approximate.

(i) x*—4x+3=0 (i) x>+ 10x+8=0 (i) x*°-5x+3=0

(iv) *—x=0 (v) e* =4x

You probably realised that the equations x°> — 5x + 3 = 0 and e = 4x cannot be
solved algebraically. You may have decided to draw their graphs, either manually
or using a graphic calculator or computer package, as in figure 6.1.

y y f(x) = 4x
(2.15,8.6)
(_1’ 7)

f(x)=x5—5x+3

f(x) = e

! 6] . (0.357, 1.43)

Figure 6.1

The graphs show you that
® x°—5x+ 3 =0 has three roots, lying in the intervals [-2, 1], [0, 1] and [1, 2].
® e* = 4x has two roots, lying in the intervals [0, 1] and [2, 3].

The problem now is how to find the roots to any required degree of accuracy, and
as efficiently as possible.

In many real problems, equations are obtained for which solutions using
algebraic or analytical methods are not possible, but for which you nonetheless
want to know the answers. In this chapter you will be introduced to numerical
methods for solving such equations. In applying these methods, keep the
following points in mind.
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o Only use numerical methods when algebraic ones are not available. If you can
solve an equation algebraically (e.g. a quadratic equation), that is the right
method to use.

o Before starting to use a calculator or computer program, always start by
drawing a sketch graph of the function whose equation you are trying to solve.
This will show you how many roots the equation has and their approximate
positions. It will also warn you of possible difficulties with particular methods.
When using a graphic calculator or computer package ensure that the range of
values of x is sufficiently large to, hopefully, find all the roots.

o Always give a statement about the accuracy of an answer (e.g. to 5 decimal
places, or = 0.000 005). An answer obtained by a numerical method is
worthless without this; the fact that at some point your calculator display
reads, say, 1.676 470 588 2 does not mean that all these figures are valid.

® Your statement about the accuracy must be obtained from within the
numerical method itself. Usually you find a sequence of estimates of ever-
increasing accuracy.

o Remember that the most suitable method for one equation may not be that for
another.

Note

An interval written as [a, bl means the interval between a and b, including a and b.
This notation is used in this chapter. If a and b are not included, the interval is written
(a, b). You may also elsewhere meet the notation ]a, b, indicating that a and b are
notincluded.

Interval estimation - change of sign methods

Assume that you are looking for the roots of the equation f(x) = 0. This means
that you want the values of x for which the graph of y = f(x) crosses the x axis.
As the curve crosses the x axis, f(x) changes sign, so provided that f(x) is a
continuous function (its graph has no asymptotes or other breaks in it), once
you have located an interval in which f(x) changes sign, you know that that
interval must contain a root. In both of the graphs in figure 6.2, there is a root
lying between a and b.

Figure 6.2



You have seen that x°> — 5x + 3 = 0 has roots in the intervals [-2, -1], [0, 1] and [1, 2].
There are several ways of homing in on such roots systematically. Three of these are
now described, using the search for the root in the interval [0, 1] as an example.

Decimal search

In this method you first take increments in x of size 0.1 within the interval [0, 1],
working out the value of the function f(x) = x> — 5x + 3 for each one. You do this
until you find a change of sign.

x 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

f(x) 3.00 2.50 2.00 1.50 1.01 0.53 0.08 —-0.33

There is a sign change, and therefore a root, in the interval [0.6, 0.7] since the
function is continuous. Having narrowed down the interval, you can now
continue with increments of 0.01 within the interval [0.6, 0.7].

x 0.60 0.61 0.62 This shows that the root lies in the interval
f(x) 0.08 0.03 -0.01 [0.61, 0.62].

Alternative ways of expressing this information are that the root can be taken as
0.615 with a maximum error of + 0.005, or the root is 0.6 (to 1 decimal place).

This process can be continued by considering x = 0.611, x = 0.612, ... to obtain
the root to any required number of decimal places.

How many steps of decimal search would be necessary to find each of the values
0.012, 0.385, and 0.989, using x = 0 as a starting point?

When you use this procedure on a computer or calculator you should be aware
that the machine is working in base 2, and that the conversion of many simple
numbers from base 10 to base 2 introduces small rounding errors. This can lead
to simple roots such as 2.7 being missed and only being found as 2.699 999.

Interval bisection

This method is similar to the decimal search, but instead of dividing each interval
into ten parts and looking for a sign change, in this case the interval is divided
into two parts — it is bisected.

Looking as before for the root in the interval [0, 1], you start by taking the
mid-point of the interval, 0.5.
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£(0.5) = 0.53, so f(0.5) > 0. Since f(1) < 0, the root is in [0.5, 1].

Now take the mid-point of this second interval, 0.75.

(0.75) = -0.51, so £(0.75) < 0. Since £(0.5) > 0, the root is in [0.5, 0.75].
The mid-point of this further reduced interval is 0.625.

£(0.625) = —0.03, so the root is in the interval [0.5, 0.625].

The method continues in this manner until any required degree of accuracy is
obtained. However, the interval bisection method is quite slow to converge to the
root, and is cumbersome when performed manually.

Investigate how many steps of this method you need to achieve an accuracy of
1, 2, 3 and n decimal places, having started with an interval of length 1.

@ Linear interpolation

A refinement of this type of method arises when you use not only the signs of the
function at the end points of the interval, but its values there as well, to help you
to define a reduced interval. As before, an interval (usually of unit length)
containing the root is first located. The part of the curve in this interval is then
approximated by the chord joining its end points, and the x co-ordinate of the
point where the chord crosses the x axis is calculated.

Looking again at the function f(x) = x° — 5x + 3, you can see that f(0) = 3 and
f(1) = —1. Figure 6.3 shows the chord of the curve between (0, 3) and (1, -1).
It crosses the x axis at 0.75.

0,3

first approximation: 0.75

x X axis

&/yﬂ()t) 1\
(1,-1 (1,-1

(0.75, —0.5127)

Figure 6.3

The value of x> — 5x + 3 at x = 0.75 is then calculated: £f(0.75) = —0.5127.
Since f(0) > 0 and £(0.75) < 0, the root must lie in the interval [0, 0.75].

The procedure is then repeated successively until the required level of accuracy is
achieved. The second approximation is shown in figure 6.4.
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For this example, the method of linear
interpolation approaches the root more
rapidly than the previous methods, the
successive intervals being

[0, 1], [0, 0.75], [0, 0.6405],
[0, 0.6209], [0, 0.6184],
[0,0.6181], [0, 0.6180].

The sequence of numbers representing
the right-hand end of the interval
appears to be converging, so that you
would suspect it to be getting close to
the root. (It is not always the right-hand
end of the interval that does this: in

TA
second approximation: 0.6405
x
y=1x)
(0.75,-0.5127)
Figure 6.4

other examples, it may be the left-hand end.) The left-hand end of the interval is

still far from the root, however, so you cannot be sure of your level of accuracy. You

now need to see if you can move the left-hand end much closer to the suspected

root without a change of sign. You might look at x = 0.6179, for example. It turns

out that £(0.6179) is positive, so the interval for the root is now closed down to

[0.6179, 0.6180].

This last step — finding a bound for the other end of the interval — is absolutely

essential in order to justify the accuracy of any stated solution.

It is difficult to predict the number of steps of linear interpolation which would

be needed to reach any required level of accuracy. The rate at which the root is

found (the rate of convergence) is very variable for this method, as shown in

figure 6.5.

y
y=1x) \

root

>

>

X (¢}
first approximation
second approximation

Rapid rate of convergence

Figure 6.5

x
first approximation

second approximation
third approximation
fourth approximation

Slow rate of convergence
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Given that the equation f(x) = 0 has a root between x = a and x = b, show that
linear interpolation would next lead you to investigate

_ bf(a) — af(b)
~ f(a)-1f(b) -

Error (or solution) bounds

Change of sign methods have the great advantage that they automatically provide
bounds (the two ends of the interval) within which a root lies, so the maximum
possible error in a result is known. Knowing that a root lies in the interval

[0.61, 0.62] means that you can take the root as 0.615 with a maximum error

of + 0.005.

Problems with change of sign methods

There are a number of situations which can cause problems for change of sign
methods if they are applied blindly, for example by entering the equation into a
computer program without prior thought. In all cases you can avoid problems by
first drawing a sketch graph, provided that you know what dangers to look out for.

The curve touches the x axis

In this case there is no change of sign, so change of sign methods are doomed to
failure (see figure 6.6).

f(x)‘

0 \ Tx

Figure 6.6

There are several roots close together

Where there are several roots close together, it is easy to miss a pair of them.
The equation

flx) =x*-1.9x* +1.11x—0.189=0

has roots at 0.3, 0.7 and 0.9. A sketch of the curve of f(x) is shown in figure 6.7.
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f(x)

A

o 03 07\J09

Figure 6.7

In this case f(0) < 0 and f(1) > 0, so you know there is a root between 0 and 1.

A decimal search would show that f(0.3) = 0, so that 0.3 is a root. You would be
unlikely to search further in this interval.

Interval bisection gives £(0.5) > 0, so you would search the interval [0, 0.5] and
eventually arrive at the root 0.3, unaware of the existence of those at 0.7 and 0.9.
Linear interpolation would give you 0.9 only.

There is a discontinuity in f(x)

The curve y = _12 7 has a discontinuity at x = 2.7, as shown by the asymptote in
figure 6.8. '
Y \

|

|

i

|

|

|

—_— i2.7 s

|

|

!
Figure 6.8

Y27 _12 == 0 has no root, but all change of sign methods will

converge on a false root at x = 2.7.

The equation

None of these problems will arise if you start by drawing a sketch graph.

Note: Use of technology

It is important that you understand how each method works and are able, if
necessary, to perform the calculations using only a scientific calculator. However,
these repeated operations lend themselves to the use of a spreadsheet or a
programmable calculator and you need to use a variety of approaches when working
through the following exercises. Many packages, such as Autograph, will both

perform the methods and illustrate them graphically.
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1 Find the roots of x> — 5x + 3 = 0 in the intervals [-2, —1] and [1, 2], correct to

2 decimal places, using

(i) decimal search
(ii) interval bisection.

Comment on the ease and efficiency with which the roots are approached by
each method.

(i) Use a systematic search for a change of sign, starting with x = -2, to locate
intervals of unit length containing each of the three roots of

x3—4x?—3x+8=0.

(ii) Sketch the graph of f(x) = x* — 4x* - 3x + 8.

(i) Use the method of interval bisection to obtain each of the roots correct to
2 decimal places.

(iv) Use your last intervals in part (iii) to give each of the roots in the form
a * (0.5)" where a and n are to be determined.

The diagram shows a sketch of the graph of f(x) = e*— x> without scales.

f(x) ¢ f(x) =e* — x°

T\

(o]

(i) Use a systematic search for a change of sign to locate intervals of unit
length containing each of the roots.

(i) Use a change of sign method to find each of the roots correct to 3 decimal
places.

(i) Show that the equation x* + 3x— 5 = 0 has no turning points.

(i) Show with the aid of a sketch that the equation can have only one root,
and that this root must be positive.

(i) Find the root, correct to 3 decimal places.

(i) How many roots has the equation e*— 3x = 0?
(i) Find an interval of unit length containing each of the roots.
(i) Find each root correct to 2 decimal places.

(i) Sketch y=2%and y = x + 2 on the same axes.
(i) Use your sketch to deduce the number of roots of the equation 2* = x + 2.
(i) Find each root, correct to 3 decimal places if appropriate.



7 Find all the roots of x> — 3x + 1 = 0, giving your answers correct to 2 decimal

places. c3

8 For each of the equations below

(a) sketch the curve

m
(b) write down any roots 8
(c) investigate what happens when you use a change of sign method with a b
(]
starting interval of [-0.3, 0.7]. 2
i) y= 1 (ii) y = : (i) y = x
i) y=7% W y="7.7 i) y=-"27

Fixed point iteration

In fixed point iteration you find a single value or point as your estimate for the
value of x, rather than establishing an interval within which it must lie. This
involves an iterative process, a method of generating a sequence of numbers by
continued repetition of the same procedure. If the numbers obtained in this
manner approach some limiting value, then they are said to converge to this value.

INVESTIGATION

Notice what happens in each of the following cases, and try to find some
explanation for it.

(i) Set your calculator to the radian mode, enter zero if not automatically
displayed and apply the cosine function repeatedly.

(ii) Enter any positive number into your calculator and apply the square root
function repeatedly. Try this for both large and small numbers.

(i) Enter any positive number into your calculator and press the sequence @
‘@y \El {@] repeatedly. Write down the number which appears each time

you press ‘@\ The sequence generated appears to converge. You may recognise
the number to which it appears to converge: it is called the Golden Ratio.

Two methods of fixed point iteration are introduced in this chapter: the first one

involves rearranging the equation to be solved into the form x = g(x). The second
is called the Newton—Raphson method; it is actually a special case of rearranging

the equation, but it is treated as a separate method here.

Rearranging the equation f(x) = 0 into the form x = g(x)

The first step, with an equation f(x) = 0, is to rearrange it into the form x = g(x).
Any value of x for which x = g(x) is clearly a root of the original equation, as
shown in figure 6.9. 143



When f(x) = x> — x— 2, f(x) = 0 is the same as x = x? — 2.
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y=g(x)=x-2
|

Figure 6.9

The equation x> — 5x + 3 = 0 which you met earlier can be rewritten in a number of
ways. One of these is 5x = x> + 3, giving

>+ 3
x:g(x)zx 5

Figure 6.10 shows the graphs of y = x and y = g(x) in this case.

_¥©+3
Y="3

144 Figure 6.10



This provides the basis for the iterative formula

5
_x7+3

X411 = 5

Taking x = 1 as a starting point to find the root in the interval [0, 1], successive
approximations are:

x,=1, x,=08, x,=0.6655 x,=0.6261, x,=0.6192,

x,=0.6182, x,=0.6181, x,=0.6180, x,=0.6180.

In this case the iteration has converged quite rapidly to the root for which you
were looking.

Another way of arranging x> —5x + 3 =01is x = U 5x — 3. What other possible
rearrangements can you find? How many are there altogether?

The iteration process is easiest to understand if you consider the graph. Rewriting the
equation f(x) = 0 in the form x = g(x) means that instead of looking for points where
the graph of y = f(x) crosses the x axis, you are now finding the points of intersection
of the curve y = g(x) and the line y = x.

What you do What it looks like on the graph
® Choose a value, X) of x Take a starting point on the x axis
® Find the corresponding value of g(x;) ~ Move vertically to the curve y = g(x)
o Take this value g(x,) as the new Move horizontally to the line y = x
value of x, i.e. x, = g(x,)
e Find the value of g(x,) and so on. Move vertically to the curve
y pu—
1+ yex
y=g(x) |
[ |
|| [
[ |
I |
[ ] |
[ l
[ |
b l
| ] i
|| |
[ \
1] | 1
O X4 X3 X2 X1 x

Figure 6.11
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The effect of several repeats of this procedure is shown in figure 6.11. The
successive steps look like a staircase approaching the root: this type of diagram is
called a staircase diagram. In other examples, a cobweb diagram may be produced,
as shown in figure 6.12.

y=g(x)

o —— —— ————
o —— — — — —
B — 1+

Figure 6.12

Successive approximations to the root are found by using the formula

xr+l = g(xr)'

This is an example of an iterative formula. If the resulting values of x_approach
some limit, g, then a = g(a), and so ais a fixed point of the iteration. It is also a
root of the original equation f(x) = 0.

Note

In the staircase diagram, the values of x, approach the root from one side, but in a
cobweb diagram they oscillate about the root. From figures 6.11 and 6.12 it is clear
that the error (the difference between a and x,) is decreasing in both diagrams.

Using different arrangements of the equation

So far only one possible arrangement of the equation x° — 5x + 3 = 0 has been
useds. What happens when you use a different arrangement, for example
x =4/ 5x— 3, which leads to the iterative formula

5
X, =N\ 5x —3?
The resulting sequence of approximations is:

x =1, x, = 1.1486..., x, = 1.2236..., x, = 1.2554...,
X,=1.2679..,  x,=12727..., x,=1.2745..., X =12752...,
Xg=12755..,  x,,=12756..,  x,,=12756..,  x,=12756....



A In the calculations the full calculator values of x, were used, but only the first 4 c3
decimal places have been written down.

The process has clearly converged, but in this case not to the root for which you
were looking: you have identified the root in the interval [1, 2]. If instead you
had taken x, = 0 as your starting point and applied the second formula, you
would have obtained a sequence converging to the value —1.6180, the root in
the interval [-2, —1].

The choice of g(x)

(x)} uonzenba ayj Huibueuieay

A particular rearrangement of the equation f(x) = 0 into the form x = g(x) will

allow convergence to a root a of the equation, provided that -1 < g’(a) < 1 for ;
values of x close to the root. )
o

Look again at the two rearrangements of x° — 5x + 3 = 0 which were suggested. g}.
When you look at the graph of 3
x

5
y=g(x) =4 5x-3, (;_
x

as shown in figure 6.13, you can see that its gradient near A, the root you were
seeking, is greater than 1. This makes

S——=
xr+1 = er_ 3’

an unsuitable iterative formula for finding the root in the interval [0, 1], as you
saw earlier.

Figure 6.13

147



O
W

Numerical solution of equations

148

When an equation has two or more roots, a single rearrangement will not usually
find all of them. This is demonstrated in figure 6.14.

y=g(x) y=x

The gradient of y = g(x) is greater
than 1 (i.e. the gradient of the line y = x)
and so the iteration x,,, = g(x,) does not
converge to the root x = b.

The gradient of y = g(x) is less than
1 (i.e. the gradient of the line y = x)
and so the iteration x_,, = g(x,)

converges to the root x = a.

o a b

Figure 6.14

5
T

5
[-2,-1] and [1, 2]. In both cases use each end point of the interval as a starting

point. What happens?

Try using the iterative formula x_ , = to find the roots in the intervals

x> +3

Explain what you find by referring to a sketch of the curve y = 5

Accuracy of method of rearranging equation

Iterative procedures give you a sequence of point estimates. A staircase diagram,
for example, might give the following.

1, 0.8, 0.6655, 0.6261, 0.6192
What can you say at this stage?

Looking at the pattern of convergence it seems as though the root lies between
0.61 and 0.62, but you cannot be absolutely certain from the available evidence.
To be certain you must look for a change of sign.

£(0.61) = +0.034... £(0.62) = —0.0083...

Explain why you can now be quite certain that your judgement is correct.

Note

Estimates from a cobweb diagram oscillate above and below the root and so
naturally provide you with bounds.

When does this method fail?

It is always possible to rearrange an equation f(x) = 0 into the form x = g(x), but
this only leads to a successful iteration if successive iterations converge and they
converge to the root for which you are looking.



A When deciding on the suitablity or otherwise of a particular rearrangment you c3
must check its gradient near the root you are seeking. In most cases, it is adequate

to do this by comparing the gradient with that of y = x or y = —x.

A graphic calculator or computer package is particularly helpful here.

g9 as1249x3

3

1 (i) Show that the equation x° — x— 2 = 0 has a root between 1 and 2.

(ii) The equation is rearranged into the form x = g(x), where
g(x) =x+ 2.

Sketch y = g(x) and show that -1 < g"(x) < 1 for values of x in the interval
[1,2].

(i) Use the iterative formula suggested by this rearrangement to find the value
of the root to 3 decimal places.

2 (i) Show that the equation €™ — x + 2 = 0 has a root in the interval [2, 3].
(i) The equation is rearranged into the form x = g(x) where g(x) = e+ 2.
Show that — 1 < g”(x) < 1 for values of x in the interval [2, 3].
(i) Use the iterative formula suggested by this rearrangement to find the value
of the root to 3 decimal places.

3 (i) By considering f’(x), where f(x) = x> + x— 3, show that there is exactly one
real root of the equation x> + x—3 = 0.
(ii) Show that the root lies in the interval [1, 2].
(iii) Rearrange the equation into the form x = g(x) where -1 < g’(x) < 1 for
values of x close to the root and illustrate this.
(iv) Hence find the root correct to 4 decimal places.

4 (i) Show that the equation e* + x— 6 = 0 has a root in the interval [1, 2].
(i) Show that this equation may be written in the form x = In(6 — x).
(iii) Hence find the root correct to 3 decimal places.

5 (i) Sketch the curves y=e*and y = x> + 2 on the same graph.
(ii) Use your sketch to explain why the equation e*— x> — 2 = 0 has only one
root.
(i) Rearrange this equation in the form x = g(x).
(iv) Find the root correct to 3 decimal places

6 (i) Show that x2 = In(x+ 1) for x = 0 and for one other value of x.
(ii) Use the method of fixed point iteration to find the second value to
3 decimal places.

7 (i) Sketch the graphs of y = x and y = cos x on the same axes, for 0 < x < %
(i) Find the solution of the equation x = cos x to 5 decimal places.

149



O
W

Numerical solution of equations

150

(i) Show that the equation In x — sin x = 0 has only one root.
(i) Rearrange the equation in the form x = g(x).
(i) Explain your results when you try to find the root using the iteration

xr+1 = g(xr)‘

The Newton-Raphson method

This is another fixed point iteration method and, as for the previous method, it is
necessary to use an estimate of the root as a starting point.

You start with an estimate, x,, for a root of f(x) = 0. You then draw the tangent to
the curve y = f(x) at the point (x;, f(x,)). The point at which the tangent cuts the
x axis then gives the next approximation for the root, and the process is repeated,
as shown in figure 6.15.

f(x)
(x 1, f0n) )

|
I This method is
| sometimes referred to as
I ‘tangent-sliding’.

| |

! l
L

(o] / X3 X, Xy x

Figure 6.15

The gradient of the tangent at (x;, f(x,)) is f"(x,). Since the equation of a straight
line can be written

Y=y = mx—x,),

the equation of the tangent is
y—1(x) =1"(x)) [x—x,].

This tangent cuts the x axis at (x,, 0), so
0—f(x) =f"(x)[x, — x,].

Rearranging this gives

x = x — 2&)

27N T Pl
This gives rise to the Newton—Raphson iterative formula
_, . fx)

X =X =
r+1 r f,(xr)



Returning to the equation x° — 5x + 3 = 0, which has a root in the interval [0, 1],
you can write

f(x) = x>—5x+3 andso f'(x) =5x*-5.

The iterative formula is therefore

f(x,)
1 TN T )

3 x2—5x +3
T
_4x -3

- 5xi-5

Starting with x, = 0 gives
x,= 0.6, x,=0.6178676..., x,=0.6180339..., ...

which is a faster rate of convergence than any of the earlier methods gave.

INVESTIGATION

What happens when you try x, = 1 as a starting point in the iteration

x>—5x +3
T T ?

X =X - —
r+1 r 4 _
SX;—5

Mlustrate this on a graph.

In this example the Newton—Raphson method gives an extremely rapid rate of
convergence. This is the case for most examples, even when the first
approximation is not particularly good. A discussion of the rate of convergence
of this method is beyond the scope of this text, but for manual calculations it is
almost always the most efficient method.

Problems with the Newton-Raphson method

Most problems that arise with the Newton—Raphson method fall into one or
other of the following three categories.

Poor choice of starting value

If your initial value is close enough to a root, the method will nearly always give
convergence to it. However if the initial value is not close to the root, or is near a
turning point of y = f(x), the iteration may diverge, or converge to another root.

When the first approximation is close to a turning point, f*(x,) will be very small.
In most cases this will mean that x, is not very close to the root, as shown in
figure 6.16.

O
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Y y=1(x)

. * |

N S

Figure 6.16

In this case you may find that after two or three steps the values you compute are
converging rapidly, but they may be converging to a root other than the one
which you are trying to locate.

When the first approximation is at a stationary point, f*(x;) = 0 so the method
cannot proceed.

The function is discontinuous

As with all numerical methods for solving equations, this method can break
down when the equation is that of a discontinuous function.

The function is not defined over the whole of R

In this case the tangent at (x;, f(x;)) may meet the axis at a point outside the
domain of the function.

3
1 (i) Sketch the curve f(x) = % —x+2.

(i) Using the Newton—Raphson method find the root of the equation f(x) =0,
starting with x, = -5, correct to 3 decimal places.
(i) What happens if the starting value is taken to be x, = 0.5?

2 (i) Show that the equation x* — 7x°> + 1 = 0 has a root in the interval [0, 1].
(i) Use the Newton—Raphson method to find this root correct to 2 decimal
places, starting with x, = 1.
(iii) Explain why x, = 0 is not a suitable starting point.

3 (i) Show that the equation e*— 3x? = 0 has three roots in the interval [-1, 4].
(i) Use the Newton—Raphson method to find each of the roots correct to
2 decimal places. In each case state the starting value which gave
convergence to the particular root.
(iii) A starting value x, = 0, gives x, = —1. Explain this result.

4 (i) Show that the equation x* — 3xIn x = 0 has two roots in the interval [1, 5].
(ii) Use the Newton—Raphson method to find each root correct to 2 decimal
places.
5 Using the Newton—Raphson method or otherwise find, correct to 3 decimal

places, the value of x for which x = e™
[MEI]



6 (i) Show that the equation x> — x?> — 2x + 1 = 0 has three roots in the
interval [-2, 2]. C3
(i) Use the Newton—Raphson method to find each of the three roots correct
to 4 decimal places.
(i) Investigate whether the root found is always that nearest the starting point.

7 (i) Show that the equation x* — 3x? + 1 = 0 has exactly three roots.
(i) Use the Newton—Raphson method to find each of the two smaller roots
correct to 3 decimal places.
(i) Find the largest root to the limit of the accuracy of your calculator, using
x, = 20 as a starting point.
(iv) Investigate how many digits the method has fixed after each iteration, and

99 8s1o48x3

comment on your findings.

8 (i) Sketch the curves y=e*and y = % At how many points do they intersect?

(ii) Sketch the graph of the function ;ic — e*for all values of x.
(iii) Use the Newton—Raphson method to find the value of x where the curve
y= % — e* crosses the x axis, correct to 3 decimal places, taking x, = 2.

(iv) Explain what happens if you use a starting value of x, = 3.
The following investigations illustrate cases where problems arise when using the

Newton—Raphson method. In each case finish the investigation by suggesting
how the roots can be found as easily as possible.

INVESTIGATIONS

1 The function f(x) = In(x + 2) — xis not defined for x < —2. The line x=-2 is
an asymptote, as shown in figure 6.17.

f(x)

|

|

| .
x)=In(x+2)—x

Jf\\

Figure 6.17

A systematic search for a sign change reveals that there are roots in the
intervals [-2, —1] and [1, 2]. Using the Newton—Raphson method with
x, = —1, try to find the smaller root. Describe what happens.

Now try x, =—1.5. What happens now? 153
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2 When using the sign-change principle to locate the roots of f(x) = 0, where

_q__ 1
0 =9- a7 7ar

the following results are obtained.

x 0 1 2 3 4
f(x) 8.76 8.09 -1 8.09 8.76

This shows that there are roots in each of the intervals [1, 2] and [2, 3].

Investigate what happens when the Newton—Raphson method is used to find
the smaller root using 1, 1.2, 1.4, 1.6, 1.8 and 2 as starting points.

KEY POINTS

Interval estimation

1 When f(x) is a continuous function, if f(a) and f(b) have opposite signs, there
will be at least one root of f(x) = 0 in the interval [a, b].

2 When an interval [g, b] containing a root has been found, this interval may be
reduced systematically by one of the following methods.
® Decimal search within the interval
o Interval bisection
@ Linear interpolation

3 Solution bounds are provided automatically by these methods.
Fixed point iteration

4 Fixed point iteration may be used to solve an equation f(x) = 0 by either of
the following methods.

® Rearranging the equation f(x) = 0 into the form x = g(x) where
—1 < g’(x) <1 near the root, and using the iteration

xr+1 = g(xr)'
o The Newton—Raphson method using the iteration

f(x,)
Xrp1 =% Flx)

r

5 Solution bounds are usually confirmed by demonstrating a change of sign of
f(x) between them.
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Algebra

At the age of twenty-one he wrote a treatise upon the Binomial
Theorem. ... On the strength of it, he won the Mathematical Chair at
one of our smaller Universities.
Sherlock Holmes on Professor Moriarty
‘The Final Problem’ by Sir Arthur Conan Doyle

How would you find 4/ 101 correct to
3 decimal places, without using a calculator?

Many people are able to develop a very high
degree of skill in mental arithmetic, particularly
those, such as bookmakers, whose work calls
for quick reckoning. There are also those who
have quite exceptional innate skills. M. Hari
Prasad, pictured right, is famous for his
mathematical speed; on one occasion he found
the square root of a six-digit number in just

1 minute 3.8 seconds.

While most mathematicians do not have
M. Hari Prasad’s high level of talent with
numbers, they do acquire a sense of when
something looks right or wrong. This often involves finding approximate values
of numbers, such as m, using methods that are based on series expansions,
and these are the subject of the first part of this chapter.

INVESTIGATION

Using your calculator, write down the values of 2[1.02,4/1.04, \/ 1.06, ..., giving
your answers correct to 2 decimal places. What do you notice?

Use your results to complete the following, giving the value of the constant k.
V1.02 =(1+0.02)*=1+0.02k
A/ 1.04 = (1+0.04)* = 1 + 0.04k

What is the largest value of x such that \/1 + x = 1 + kx is true for the same
value of k?




The general binomial expansion

You have already met the binomial expansion in the form

(1+x)"=1+ (T)x+ (;)x2+ (’;)x3+ et (’:)xf+

which holds when # is any positive integer (or zero), that is n € N.
This may also be written as

1’1(1’1—1) x2+n(n_1)(n_2) X3+

(I+x)"=1+nx+ 51 3

N n(n—l)(n—Z)r;.. (n—r+ l)xr+

which, being the same expansion as above, also holds when n € N.

The general binomial theorem states that this second form, that is

x3+

n(n—1) 2 +n(n— 1)(n-2)

(I+x)"=1+nx+ 5 3

N n(n—l)(n—Zil... (n—r+ 1)x’+

is true when n is any real number, but there are two important differences to
note when n & N.

@ The series is infinite (or non-terminating).
o The expansion of (1 + x)" is valid only if | x| < 1.

Proving this result is beyond the scope of an A-level course but you can assume
that it is true.

Consider now the coefficients in the binomial expansion:

nn-1) nn-1)(n-2) nn-1)(n-2)(n-3)

! 2! 3! 4!
When n=0,weget 1 0 0 O O ... (infinitely many zeros)
n=1 1 10 0 0 .. ditto
n=>2 1 210 0 .. ditto
n=3 1 3310 .. ditto

n=4 1 4 6 4 1 .. ditto

uoisuedxa [ejwioulq jeld3uab ayj| I n



so that, for example
(1+x2=14+2x+x*+0x>+0x*+0x° + ...
(1+x)3=1+3x+3x2+x3+0x*+0x° + ...

(1+x)*=14+4x+6x2+4x>+x* +0x° + ...

Of course, it is usual to discard all the zeros and write these binomial coefficients
in the familiar form of Pascal’s triangle:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

and the expansions as
(1+x)?%=1+2x+ x?
(1+x3=1+3x+3x2+x3
(1+x)*=1+4x+ 6x>+4x> + x*

However, for other values of n (where n & N) there are no zeros in the row of
binomial coefficients and so we obtain an infinite sequence of non-zero terms.
For example:

(3)(=4) (B (B4 (5)(6)

n=-3 gives 1 -3 o 30 a1

thatis 1 -3 6 -10 15...

-1 1
n=-= gives

DO |—
N

3! 4!
: 11 1 _ 5
thatis 1 5 3 i€ 35
so that (1+x)3=1-3x+6x>-10x>+ 15x* + ...
and (1+x)%:1+%x—%x2+%x3—%x4+...

But remember: these two expansions are valid only if | x| <L

Q Show that the expansion of (1 + x)% is not valid when x = 8.

These examples confirm that there will be an infinite sequence of non-zero
coefficients when n € N. You can also see that, after a certain stage, the remaining
158 terms of the sequence will alternate in sign.



In the investigation at the beginning of this chapter you showed that

’\/1+xz1+%x

is a good approximation for small values of x. Notice that these are the first two
terms of the binomial expansion for n=13. If you include the third term, the

approximation is
N1+x =1+ %x—éxz.
Take y =1 +%x,y: 1+ %x—%xz and y=1/1+ x.

They are shown in the graph in figure 7.1 for values of x between —1 and 1.

Figure 7.1

INVESTIGATION

Forn = % the first three terms of the binomial expansion are 1 + %x - %xz.

Use your calculator to verify the approximate result
VT+x=1+2x—1x2
- 2 8

for ‘small’ values of x.
What values of x can be considered as ‘small’ if you want the result to be correct
to 2 decimal places?

Now take n = -3. Using the coefficients found earlier suggests the approximate result
(1+x)3=1-3x+6x%

Comment on values of x for which this approximation is correct to
2 decimal places.

When | x| < 1, the magnitudes of x2, x%, x, x°, ... form a decreasing geometric
sequence. In this case, the binomial expansion converges (just as a geometric series
converges for —1 < r < 1, where ris the common ratio) and has a sum to infinity.

uoisuedxa [ejwioulq jeld3uab ayj| I n
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EXAMPLE 7.1

Compare the geometric series 1 — x + x> — x> + ... with the series obtained by
putting # = —1 in the binomial expansion. What do you notice?

To summarise: when 7 is not a positive integer or zero, the binomial expansion of
(1 4+ x)" becomes an infinite series, and is only valid when some restriction is
placed on the values of x.

The binomial theorem states that for any value of n:

n(n—l)x2+n(n—l)(n—2)x3+

(I+x)"=14+nx+ 5 30

where
o if n € N, x may take any value;

o ifn&N,|x|<1.

Note

The full statement is the binomial theorem, and the right-hand side is referred to as

the binomial expansion.

Expand (1 — x)~2 as a series of ascending powers of x up to and including the term
in x3, stating the set of values of x for which the expansion is valid.

SOLUTION

(1+x)"=1+nx+ ”(”271)x2+ ”(”_1)§7_2)x3+

It is important to put
7~ brackets round the term —x,
since, for example, (—x)? is

not the same as —x2.

Replacing n by —2, and x by (—x) gives

(1+(0)2=1 +(-2)(=x) + % (=02

+(7_2)(_j)(_4) (—x)°+... when|-x|<1

which leads to

(1-x)2=1+2x+3x*+4x> when|x|<1.

Note

In this example the coefficients of the powers of x form a recognisable sequence,
and it would be possible to write down a general term in the expansion. The
coefficient is always one more than the power, so the rth term would be rx"1.

Using sigma notation, the infinite series could be written as

=)

> rxr1.

r=1



EXAMPLE 7.2

Find a quadratic approximation for ﬁ and state for which values of ¢ the

expansion is valid.
SOLUTION

1 _ 1
NT+2 (1+20°

=(1+207"

The binomial theorem states that

(n- 1)x2 nn—1)(n-2) ,

(1+x)”=1+nx+n 31 + 3 X+ ...

Remember to put

brackets round the
term 2¢, since (2£)? is
not the same as 272,

Replacing n by —% and x by 2t gives

2 (20%+ ...

(A+207 =1+ (-3)20) + when |2¢] < 1

= (1+2t)*%z1_t+%t2 when|t|<%.

Example 7.1 showed how using the binomial expansion for (1 — x)™ gave a
sequence of coefficients of powers of x which was easily recognisable, so that the
particular binomial expansion could be written using sigma notation.

Investigate whether a recognisable pattern is formed by the coefficients in the
expansions of (1 — x)" for any other negative integers .

The equivalent binomial expansion of (a + x)” when # is not a positive integer is
rather unwieldy. It is easier to start by taking a outside the brackets:

n— an x\"
(a+x)"=a 1+a)

The first entry inside the bracket is now 1 and so the first few terms of the

expansion are

(a+x)"=a" [1 + n(’é) +”(”T:D(§)Z+W(§)3+ ]

for‘g‘ < 1.

Note

Since the bracket is raised to the power n, any quantity you take out must be raised
to the power ntoo, as in the following example.

uoisuedxa [ejwioulq jeld3uab ayj| I n
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EXAMPLE 7.3 Expand (2 + x)7 as a series of ascending powers of x up to and including the
term in x?, stating the values of x for which the expansion is valid.

SOLUTION
- 1
2+ %)=
( ) (2 + x)?
_ 1
- 3
23(1 + ’—C)
2 Notice that this is the
-3 same as 2*3(1 +2 )73
— l (1 + X 2/
8 2

Take the binomial expansion

1+x)"=1+nx+

n(n—1)x2+n(n—l)(n—2)x3+
2! 3!

and replace n by -3 and xby% to give
1221 4 (2 %(z)z ] x
8(1+2) —8[1+(3)(2)+ 3 3 + ... when‘2‘<1

2
~ L1 _ 3% 3x° when | x| < 2.

@ The chapter began by asking how you would find 4/ 101 to 3 decimal places
without using a calculator. How would you find it?

2+ x)

EXAMPLE 7.4 Find a quadratic approximation for =%’
- X

stating the values of x for which the

expansion is valid.

SOLUTION

—((fjx’?) =240 -x)"

Take the binomial expansion

n(n—1) 24 n(n-— 1)(n—2)x3+

(1+x)"=14+nx+ 31 3

162



EXAMPLE 7.5

and replace 7 by -1 and x by (—x?) to give

2\2
(1+(—x2))‘1:1+(—1)(—x2)+(_1)(_#+... when |-x?| < 1
(I1-x)"'=1+x>+... when|x?|<1,ie when|x| <1.

Multiply both sides by (2 + x) to obtain (2 + x)(1 — x?)~%
C+x)1-x)"'=2+x(1+x%

=2+ x+2x> , when|x| <.

The term in x3 has been omitted
because the question asked for a
quadratic approximation.

Sometimes two or more binomial expansions may be used together. If these
impose different restrictions on the values of x, you need to decide which is the

strictest.

Find a and b such that

1

20130 “F 0

and state the values of x for which the expansions you use are valid.

SOLUTION

1 _ - -
00139 (1-2x)71(1 + 3x)7!

Using the binomial expansion:
(1-2x)7"1=1+(-1)(-2x) for|2x|<1
and (1+3x)'=1+(-1)(3x) for |3x| < 1
= (1-2x)"Y1+3x)"=(1+2x)(1-3x%)
=1-—x (ignoring higher powers of x)

givinga=1and b=-1.

For the result to be valid, both |2x| < 1 and | 3x| < 1 need to be satisfied.

_1 1
[2x] <1 = —5<x<3

and 3x] <1 = —%<x<%.

Both of these restrictions are satisfied if —% <x< % This is the stricter
restriction.

uoisuedxa [ejwioulq jeld3uab ayj| I n
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Note

The binomial expansion may also be used when the first term is the variable. For

example:

-1
(x+2)"" may be written as (2 + x)' =21 (1 + g)

and (2x=1)28 =[(-1)(1 - 2x)13
=(-1)3(1-2x)73

=—(1-2x)73.

©® What happens when you try to rearrange 4/ x — 1 so that the binomial expansion
can be used?

1 For each of the functions below
(a) write down the first three non-zero terms in their expansions as a series of
ascending powers of x
(b) state the values of x for which the expansion is valid
(c) substitute x = 0.1 in both the function and its expansion and calculate the
relative error, where

absolute error x 100 %

relative error =
true value

(d) If you have access to a graphic calculator or suitable computer package,

draw the graphs of each function and the first three terms of its binomial

expansion on the same axes. In each case, notice how the graphs illustrate

the need for some restriction on the values of x.

i (1+x)2 (i) i) /1 — x?
1+ 2x
(iv) % wv) (3+x)! i) (1-x)A\4+x
— 22X
X+ 2 1 . 1+ 2x

(viii) —— (ix) ———

3 Tixid (2x- 1)
2 3
w L1EX xi) A1 + 2x2 (xii) !
X

(1+2x)(1+x)

2 (i) Write down the expansion of (1 + x)°.
(ii) Find the first four terms in the expansion of (1 — x)™ in ascending powers
of x. For what values of x is this expansion valid?
(iii) When the expansion is valid

3
(1+x) =14+7x+ax?+bx>+....

(1-x*

164 Find the values of a and b. [MEI]



3 (i) Write down the expansion of (2 — x)*.
(ii) Find the first four terms in the expansion of (1 + 2x)~ in ascending
powers of x. For what range of values of x is this expansion valid?
(iii) When the expansion is valid
2-x*
(1+2x)°
Find the values of a and b.

=16 + ax + bx® +

[MEI]

Write down the expansions of the following expressions in ascending powers
of x, as far as the term containing x°. In each case state the values of x for

which the expansion is valid.
1

WM (1-x""! (i) (1+2x)2 (i) ——
(1-x)(1+2x)2
[MEI]
: 1L _1f_x\?
Show that :—(1——) .
(i) ow tha \/47—96 > 1
(i) Write down the first three terms in the binomial expansion of (1 - 2—6)7
in ascending powers of x, stating the range of values of x for which this
expansion is valid.
- . . 21+ x). .
(i) Find the first three terms in the expansion of ﬁ in ascending
powers of x, for small values of x. x
[MEI]

(i Expand (1 + y)7!, where —1 < y < 1, as a series in powers of y, giving the
first four terms.

-1
(i) Hence find the first four terms of the expansion of (1 + %)

where —1 <% < 1.

i g)71 - 5= iC( E)71
(iii) Showthat(l +x =<33°5 1+ 5) -
X

-1
(iv) Find the first four terms of the expansion of %C (1 + E) where -1 < 12C <1.

-1
(v) State the condmons on x under which your expansions for (1 + %) and
5 (1 + 2) are valid and explain briefly why your expansions are different.
[MEI]

(i) Use integration by parts to show that
[finrde= 3k Ink—{k2 + §
where k is positive.
(i) Expand (1 - 2x) in ascending powers of x, up to and including the term
in x?, giving your answer in simplified form.
State the range of values of x for which the expansion is valid.
(iii) Hence show that, provided x is small, (1 — 2x)_% In(1 + x) is approximately
equal to tInt, where =1+ x.
%Mn(1 + x)
dx

0o N 1-2x . [MEI]

Hence find an approximate value forJ

Y. 9s1249x3 \I n
=
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Review of algebraic fractions
. . f(x) . . .
If f(x) and g(x) are polynomials, the expression o) 1S an algebraic fraction
or rational function. It may also be called a rational expression. There are many
occasions in mathematics when a problem reduces to the manipulation of
algebraic fractions, and the rules for this are exactly the same as those for

numerical fractions.

Simplifying fractions

To simplify a fraction, you look for a factor common to both the numerator
(top line) and the denominator (bottom line) and cancel by it.

For example, in arithmetic

w

5X%

'
INJESY

5%

DO [ =
3|5

and in algebra

ba _ _2X3xa _2
942 3x3XaxXa 3a

Notice how you must factorise both the numerator and denominator before
cancelling, since it is only possible to cancel by a common factor. In some cases
this involves putting brackets in.

2a+4__ 2(a+2) _ 2

-4 (a+2)(a-2) (a-2)

Multiplying and dividing fractions

Multiplying fractions involves cancelling any factors common to the numerator
and denominator. For example:

10a , 9ab _2x5xa, 3x3xaxb 64>

302725  3xbxb 5%5 5h°

As with simplifying, it is often necessary to factorise any algebraic
expressions first.

a2+3a+2x 12 _ (a+1)(a+2)>< 3%x4
9 a+1 3x3 (a+1)
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Remember that when one fraction is divided by another, you change + to X and
invert the fraction which follows the + symbol. For example:

12 . 4 _ 12 (x+1)
x*-1 x+1 (x+1D(x-1) 4

_ 3
(x-1)

Addition and subtraction of fractions

To add or subtract two fractions they must be replaced by equivalent fractions,
both of which have the same denominator.

For example:

2,1_8 .3 _1
34712 127 12
Similarly, in algebra:
2x  x_8x, 3x_llx
ER R VRE VISV
) 1 3 3 1 Notice how you only need
= _— = — == — 12x here, not 12x2.
and St T T T 12 ez

You must take particular care when the subtraction of fractions introduces a sign
change. For example:

4x-3 2x+1_ 2(4x—-3)-32x+1)

6 4 12
_8x—6—-6x—3
B 12
_2x-9
12

Notice how in addition and subtraction, the new denominator is the lowest
common multiple of the original denominators. When two denominators have no
common factor, their product gives the new denominator. For example:

2 3 20y-2)+3(y+3)
y+3 y=2 (y+3)(y-2)

2y-4+3y+9
(y+3)(y-2)

_ 5p+5
(y+3)(y-2)

5(y+1)
(y+3)(y-2)

suooeuy sleaqable Jo mainay I n
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It may be necessary to factorise denominators in order to identify common
factors, as shown here.

26 3 _ 2 3
a’-b* a+b (a+b)(a-b) (a+b)
_ 2b-3(a-b)
(a+b)(a-Db)
(atb)isa
__5b-3a common factor.
(a+b)(a=b)
Simplify the expressions in questions 1-10.
6a_ a Sxy
1 —X— 2 =2 + 15xy?
b " 9b? 3 4
_x*=9 g 521 X+ 6x+9
x?—9x+ 18 x+3 " 5x*+4x-1
4x? - 25 6 a’+a-12 3
4x% 4+ 20x + 25 5 4a—12
4x*-9 | 2x-3 2p+4 )
- 8 L — + —4
X+2x+1 x*+x 5 (p*~4)
a’- b’ 10 X H8x+16 X2+ 2x-3
20>+ ab-b* x>+ 6x+9 x% + 4x

In questions 11-24 write each of the expressions as a single fraction in its

simplest form.
1 L+L 12 x_(x+1)
4x  5x 3 4
134 L 14 243
a+1 a-1 x-3 x-2
2 2
15 Zx _L 16 zp _ zp
x"—4 x+2 p-—1 p°+1
2 a 2y 4
17 - 18 —_—
at+1l a’+1 (y+2)? y+4
19 x+; 20 2 — 3
x+1 b2+2b+1 b+1
21 2 + 3 22 6 — 2x
3(x—1) 2(x+1) 5(x+2) (x+2)?
2 a—2 1 1 1
23 - 24 + -+ —
a+2 2a-+a-6 Xx-2 x x+2



EXAMPLE 7.6

EXAMPLE 7.7

Equations involving algebraic fractions

The easiest way to solve an equation involving fractions is usually to multiply
both sides by an expression which will cancel out the fractions.

Solve ¥ + Zx

3 ?:4.

SOLUTION

Multiplying by 15 (the lowest common multiple of 3 and 5) gives

15><%C+15><%x:15><4

= 5x+6x =60

Notice that all three terms
must be multiplied by 15.

= 11x =60
_ 60
= x—ll.

A similar method applies when the denominator is algebraic.

Solv S__4 _ 1.
x x+1
SOLUTION

Multiplying by x(x + 1) (the lowest common multiple of x and x + 1) gives

Sx(x+1) 4x(x+1) _

P ~+ 1 =x(x+1)
= 5(x+1)—4x =x(x+1)
= 5x+5—4x =x*+x
= x2 =5

= x=i\/g.

In Example 7.7, the lowest common multiple of the denominators is their
product, but this is not always the case.

suooeuy sleaqable Jo mainay I n
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1 1

1
x-3)(x—1) T xx=1) = x(x-3)°

c 4 EXAMPLE 7.8 Solve

SOLUTION

Here you only need to multiply by x(x — 3)(x— 1) to eliminate all the fractions.
This gives

x(x=3)(x-1) N x(x=3)(x=1) —x(x-3)(x-1)

(x=3)(x-1) x(x—1) x(x—3)
=  x+(x-3) =—(x-1)
= 2x-3 = —x+1
= 3x =4
- =4

Fractional algebraic equations arise in a number of situations, including, as in
the following example, problems connecting distance, speed and time. The
relationship

distance

time =
speed

is useful here.

EXAMPLE 7.9 Each day I travel 10 km from home to work. One day, because of road works, my
average speed was 5 km h! slower than usual, and my journey took an extra
10 minutes.

Take x km h™! as my usual speed.

(i) Write down an expression in x which represents my usual time in hours.

(ii) write down an expression in x which represents my time when I travelled
5 km h~! slower than usual.

(i) Use these expressions to form an equation in x and solve it.

(ivi How long does my journey usually take?

SOLUTION
(i) Time = distance = usual time = 10,
speed X
(ii) I now travel at (x—5) km h7!, so the longer time = %

(iii) The difference in these times is 10 minutes, or é hour, so
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Multiplying by 6x(x — 5) gives

60x(x—5) 60x(x—5) 6x(x—15)
(x=5) x T 6

=  60x-60(x-5) =x(x-05)
=  60x—60x+ 300 = x>—5x
= x?—5x-300 =0
= (x=20)(x+15)=0
= x=20 or x=-15.

(iv) Reject x =—15, since x km h™! is a speed.
Usual speed = 20 km h~'.

. 1 .
Usual time = 70 hours = 30 minutes.

1 Solve the following equations.

o 2X X _ T T
(i) i 3 (i) ix + ox
e 2 5 _ . _2_
(i) i v =0 (iv) x-3 p”
(v) l+x+1=E (vi) 2x

X 3 x+1 x
(vii) —x’i 1——’“;1 = (viii) p—i T -
. 18 1 2
{ix) 4a—l_a+1_1 S P

9L 8s19i8x3 \l n
=

11
16
2
2
=1
=0
=11

2 The numerator of a fraction is five less than the denominator.

If the numerator and denominator are each increased by nine, the value of the

new fraction formed is %.
Find the original fraction.

Lucy has constructed a new website and so far this has received 156 hits.

If it gets 54 hits next week, the average number of hits per week will increase

by four.

(i) Write down an equation for #n, the number of weeks since this site was

launched.
(i) Solve this equation to find n.
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4 T have £6 to spend on crisps for a party.
When I get to the shop I find that the price has been reduced by 1 penny per
packet, and I can buy one packet more than I expected.
Take x pence as the original cost of a packet of crisps.
(i) Write down an expression in x which represents the number of packets
that I expected to buy.

(i) Write down an expression in x which represents the number of packets
bought at the reduced price.
(i) Form an equation in x and solve it to find the original cost.

5 The distance from Manchester to Oxford is 270 km.
One day, road works on the M6 meant that my average speed was 10 km h~!
less than I had anticipated, and so I arrived 18 minutes later than planned.
Take x km h! as the anticipated average speed.
(i) Write down an expression in x for the anticipated and actual times of

the journey.

(ii) Form an equation in x and solve it.
(i) Find the time of my arrival in Oxford if I left home at 10 am.

6 Of the three statements given below, one is true for all values of x, one is true
for just one value of x and one is true for just two values of x.
Identify the one that is true for all values of x and solve the other two.

x+1 x-1_  4x
x—1 x+1" x*-1

(i)

(i) x+1 x-1__2
M oxT1T T x+1 X2

1

(iii) o=

x_
x+1 x-1_5
x-1 x+1 6

7 Each time someone leaves the firm of Honeys, he or she is taken out for a meal
by the rest of the staff.
On one such occasion the bill came to £272, and each member of staff
remaining with the firm paid £1 extra to cover the cost of the meal for the one
who was leaving.

Taking £x as the cost of the meal, write down an equation in x and solve it.
How many staff were left working for Honeys?

8 A Swiss roll cake is 21 cm long. When I cut it into slices, I can get two extra
slices if I reduce the thickness of each slice by % cm.

Taking x as the number of thicker slices, write down an equation in x and
solve it.
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9 Two electrical resistances may be connected in series or in parallel.
In series, the equivalent single resistance is the sum of the two resistances, but
in parallel, the two resistances R, and R, are equivalent to a single resistance
R where

boieh
)
(i) Find the single resistance which is equivalent to resistances of 3 and
4 ohms connected in parallel.
(i) What resistance must be added in parallel to a resistance of 6 ohms to give
a resistance of 2.4 ohms?

(iii) What is the effect of connecting two equal resistances in parallel?

Prove that the equation

X +x—1_2
x—1 X

has no solution.

Partial fractions

Until this point, any instruction to simplify an algebraic fractional expression was
asking you to give the expansion as a single fraction. Sometimes, however, it is
easier to deal with two or three simple separate fractions than it is to handle one
more complicated one. This is the case when you are using the binomial theorem
to obtain a series expansion.

For example:
1
(14+2x)(1+x)

may be written as

2 1
1+2x) (1+x)

The two-part expression is much easier to expand

1
(1+2x)(1+x)°

1+2x) (1+x)
than

When integrating, it is even more important to work with a number of simple
fractions than to combine them into one. For example, the only analytical method

. .. . 1
involves first writing it as - .
S0 T+ w

fO r integrating m

You will meet this application in Chapter 10.

Ca
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EXAMPLE 7.10

1

T+ +n and writing it in the

This process of taking an expression such as

2

form 55" T+ n

is called expressing the algebraic fraction in partial fractions.

How can this be done in general?

It is sufficient to consider only proper algebraic fractions, that is fractions where
the order of the numerator (top line) is strictly less than that of the denominator
(bottom line). The following, for example, are proper fractions:

2 5x-1 7x
1+x x2=3" (x+ 1)(x=2)"

Examples of improper fractions are

2x (which can be written as 2 — 2 )
x+1 x+1
and
x2 . . 4
which can be written as x + 2 + ——|.
x—2 x—2

It can be shown that, when a proper algebraic fraction is decomposed into its
partial fractions, each of the partial fractions will be a proper fraction.

When finding partial fractions you must always assume the most general
numerator possible, and the method for doing this is illustrated in the following
examples.

Type 1: denominators of the form (ax + b)(cx + d)

Express —4+X a5asumof partial fractions.
(1+x)(2-x)
SOLUTION Remember: a linear denominator
=> a constant numerator if the
Assume fraction is to be a proper fraction.

4+ x A " B
(1+x)2-x)"1+x 2-x

Multiplying both sides by (1 + x)(2 — x) gives
4+x=A2—-x) + B(1 + x). @
This is an identity; it is true for all values of x.

There are two possible ways in which you can find the constants A and B.
You can either



e substitute any two values of x in @ (two values are needed to give two
equations to solve for the two unknowns A and B); or

e cquate the constant terms to give one equation (this is the same as putting
x = 0) and the coefficients of x to give another.

Sometimes one method is easier than the other, and in practice you will often
want to use a combination of the two.
Method 1: Substitution

Although you can substitute any two values of x, the easiest to use are x = 2 and
x = -1, since each makes the value of one bracket zero in the identity

4+x=AQ2-x) + B(1 + x).
x=2 = 4+2=A2-2)+B(1+2)
6=3B = B=2
x=-1 = 4-1=AQ2+1)+B(1-1)
3=3A = A=1
Substituting these values for A and B gives

4+x 1 2

(1+x2-%) =1+x2-x

Method 2: Equating coefficients
In this method, you write the right-hand side of
4+x=A2—-x)+ B(1 +x)
as a polynomial in x, and then compare the coefficients of the various terms.
4+x=2A-Ax+ B+ Bx
4+1x=R2A+B)+(-A+ B)x

These are simultaneous ~
equations in 4 and B.

Equating the constant terms: 4 =2A+ B.

Equating the coefficients of x: 1=-A+ B.

Solving these simultaneous equations gives A = 1 and B = 2 as before.

In each of these methods the identity (=) was later replaced by equality (=).
Why was this done?

In some cases it is necessary to factorise the denominator before finding the
partial fractions.

suoljoeu} jeiyied q n
=
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as a sum of partial fractions.

EXAMPLE 7.11 Express 2 5
4

SOLUTION
2 _ 2
4-x2 7 2+x)2-x)
__A B
T 24+x 2-—x

Multiplying both sides by (2 + x)(2 — x) gives
2=AQ2-x) +B(2+x) @
2=(2A+2B) + x(B-A).

Equating constant terms: 2 =2A + 2B. @)

Equating coefficients of x: 0 = B— A, so B=A.

Substituting in @ gives A=B= %

Using these values

2 1 1
2 + 2
2+x2-x) ~ 2+ -

22+ x) 2(2-x)

1 Express each of the following fractions as a sum of partial fractions.

WM —2 (i) 1 L
(x=2)(x+ 3) x(x+1) (x=1)(x—4)

. x+5 3x . 4

™ T DG+2) M DG+ Wi T ox

. 2 x—1 . X+ 2

tvii) (x-1)(3x-1) (viii) x2—3x—-4 (ix) 2x2 — x

N p—— i) —2X= 1 (xii) 22+
2x“+x—-6 2x-+ 3x-20 18x- -8

Type 2: denominators of the form (ax + b)(cx? + d)

2x+3

EXAMPLE 7.12 Express —=——+——
PSS T ) (2 + 4)

as a sum of partial fractions.

SOLUTION

You need to assume a numerator of order 1 for the partial fraction with a
denominator of x> + 4, which is of order 2. PRS-

Bx + C is the most general
numerator of order 1.

2x+ 3 A Bx+ C

176 (x-1D(x*+4)  x-1 x*+4




Multiplying both sides by (x— 1)(x? + 4) gives
2x+3=A(x?+4)+ (Bx+ O)(x-1) ©
x=1 = 5=5A = A=1

The other two unknowns, B and C, are most easily found by equating coefficients.
Identity O may be rewritten as

2x+3=(A+B)x*+ (-B+ O)x+ (4A- C).
Equating coefficients of x> 0=A+B = B=-1.
Equating constant terms: 3=4A-C = C=1.
This gives

2x+3 1 1-x
(x-1)(x*+4) " x-1 x*+4

Note

Notice how Example 7.12 uses a combination of the two methods.

Type 3: denominators of the form (ax + b)(cx + d)?

The factor (cx + d)? is of order 2, so it would have an order 1 numerator in the
partial fractions. However, in the case of a repeated factor there is a simpler form.

4x+5

Consider Oxr

This can be written as 22x+1)+3
(2x+1)?
_202x+1), 3
T (2x+ 12 (2x+1)?
__2 .3
T(2x+1) (2x+ 1%

Note

In this form, both the numerators are constant.

+
In a similar way, any fraction of the form (p):idq)z can be written as
cx
A B

(x+d)  (x+d?

When expressing an algebraic fraction in partial fractions, you are aiming to find
the simplest partial fractions possible, so you would want the form where the
numerators are constant.

suoljoeu} jeiyied q n
=
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EXAMPLE 7.13

EXAMPLE 7.14

x+1

Express G2 as a sum of partial fractions.
x—=1)(x-
SOLUTION
Notice that you only
Let x+1 = A + B + c need (x — 2)? here

(x-1)(x=22 " (x=1) (x=2) (x=2)2 and not (x — 2)°.

Multiplying both sides by (x—1)(x - 2)? gives
x+1=A(x-2)%+B(x=1)(x=2) + C(x=1).
x=1(sothatx—1=0) = 2=A(-1? =A=2

x=2(sothatx-2=0) = 3=C

Equating coefficients of x? = 0=A+B = B=-2.
This gives
x+1  _.2 2 . 3

(x—1)(x=2)? "x—1 x-2 (x—=2)?

Express S5x2-3 as a sum of partial fractions.
x(x+1)
SOLUTION
2

Let —2x=3 A, B, C

x*(x+1)  x x> x+1

Multiplying both sides by x*(x + 1) gives
5x2-3=Ax(x+1) + B(x+ 1) + Cx?.
x=0 = -3=8B
x=-1 = +2=C
Equating coefficients of x> +5=A+C = A=3.
This gives

5x2-3 _3 3 2

X(x+1) " x x> x+1

1 Express each of the following fractions as a sum of partial fractions.

W — 2 i —2+t2x (i) —2 2%
(1-3x)(1-x)2 2x—1)(x2+1) (x—1)3(x+2)

i) 2x+ 1 ) 2xr+x+ 4 (i) xz—1
(x—-2)(x*+4) 2x2-3)(x+2) x*(2x+ 1)

(i) x2+3 (viii) 2x2+ x+2 (ix) 4x2 -3
x(3x%-1) 2x*2+1)(x+1) x(2x—1)2



EXAMPLE 7.15

2 Given that

x> +2x+7 A Bx+C
Cx+3)(x*+4) ~ 2x+3) (x*+4)

find the values of the constants A, Band C.

[MEL, part]
3 Calculate the values of the constants A, B and C for which
X*-4x+23 _ A Bx+C
(x=5)(x2+3) " (x=5) (x2+3)
[MEL, part]

Using partial fractions with the binomial expansion

One of the most common reasons for writing an expression in partial fractions is
to enable binomial expansions to be applied, as in the following example.

2x+7
(x—1D(x+2)
its binomial expansion, stating the values of x for which this is valid.

Express in partial fractions and hence find the first three terms of
SOLUTION

2x+7 __A + B
(x=1D(x+2)  (x=1) (x+2)

Multiplying both sides by (x— 1)(x + 2) gives
2x+7=A(x+2)+ B(x-1).
x=1 = 9=3A = A=3
x=-2 = 3=-3B = B=-1
This gives

2x+7 3 1

(x—D(x+2)  (x=1 (x+2)

In order to obtain the binomial expansion, each bracket must be of the form
(1£...), giving

2x+7 -3 1
(x=1D)(x+2) " (1-x) 2(1_1_%)

2 2

The two binomial expansions are

(l—x)*lz1+(—1)(—x)+%(—x)2+... for |x] < 1

~1+x+x?

—3(1—x)—1—l(1 +§)_1. ®

3/ 9s1949x3 \I n
=
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)+7(_1)(_2)(’—C)2+... for‘%c‘ <1

Substituting these in @ gives

_2x+7 »n_ 1(; x x_z)
VTN 3(1 4+ x+ x?%) 2(1 +
__7_1lx _25x
2 4 8

The expansion is valid when | x| < 1 and ’ ’zi‘ < 1. The stricter of these is | x| < 1

INVESTIGATION

Find a binomial expansion for the function

B 1
) "+ 20—

and state the values of x for which it is valid

(i by writing it as (1 + 2x)7'(1 - x)™!
(ii) by writing itas [1 + (x—2x?)]"! and treating (x— 2x?) as one term
(iii) by first expressing f(x) as a sum of partial fractions.

Decide which method you find simplest for the following cases.
(a) When a linear approximation for f(x) is required.

(b) When a quadratic approximation for f(x) is required.

(c) When the coefficient of x" is required.

1 Find the first three terms in the binomial expansion of the following fractions.

(1-3x)(1 - x)? 2x—1)(x2+1)
(i) 5-2x (iv) 2x+1
(x=1)3(x+2) (x=2)(x2+4)

B

_4x A
-1 x+2)

2x=1)(x+2)
A and B are to be found.

where

2 (i) Express in partial fractions as

(i) Find the expansion of in the form a + bx+ cx? + ... where a, b

1
(1-2x)
and care to be found.

Give the range of values of x for which this expansion is valid.
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1
2+x
Give the range of values of x for which this expansion is valid.

7—4x
2x—-1)(x+2)

(i) Find the expansion of

as far as the term containing x.

(iv) Hence find a quadratic approximation for when | x| is

small.

Find the relative error in this approximation when x = 0.1.
[MEI]

4L @s1949x3 \] n
=

(i) Expand (2-x)(1 + x).

Hence express 5 in partial fractions.

X
2+x—-x
(ii) Use the binomial expansion of the partial fractions in part (i) to show that

_3x 3.3
Pyl Rl +

State the range of values of x for which this result is valid.
[MEL, part]

(i) Given that f(x) = %, express f(x) in partial fractions.

Hence show that

f’(x):(l—x)‘z—(l— %C)Z

(ii) Using the results in part (i), or otherwise, find the x co-ordinates of the
turning points on the graph of y = f(x).

(iii) Use the binomial expansion, together with the result in part (i), to expand
f’(x) in powers of x up to and including the term in x2.

(iv) Show that, when f"(x) is expanded in powers of x, the coefficients of all the

powers of x are positive.
[MEI]
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KEY POINTS

The general binomial expansion for #n € R is

(1+2"=1+nx+ ”(”271)x2+ ”(”‘?‘(”‘z)x%

In the special case when n € N, the series expansion is finite and valid
for all x.

When 7 & N, the series expansion is non-terminating (infinite) and valid
only if | x| < 1.
When n & N, (a + x)" should be written as a"(l + g)n before obtaining the

binomial expansion.

When multiplying algebraic fractions, you can only cancel when the same
factor occurs in both the numerator and the denominator.

When adding or subtracting algebraic fractions, you first need to find a
common denominator.

The easiest way to solve any equation involving fractions is usually to
multiply both sides by a quantity which will eliminate the fractions.

A proper algebraic fraction with a denominator which factorises can be
decomposed into a sum of proper partial fractions.

The following forms of partial fraction should be used.

px+gq __ A B
(ax+ b)(cx+d) ~ ax+b cx+d

px*tqgr+r  _ A L Bx+ C
(ax+b)(cx*+d) ax+b cox*+d

px>+qgx+r A B C

(ax+b)(cx+d)? " ax+b cx+d (cx+d)?




Trigonometry

O
B

Music, when soft voices die,
Vibrates in the memory -

PB. Shelley

Anysawouobiay

This figure is not available
online for copyright reasons

9 Both of these photographs show forms of waves. In each case, estimate the
wavelength and the amplitude in metres (see figure 8.1).

Use your measurements to suggest, for each curve, values of a and b which would
make y = asin bx a suitable model for the curve.

a— —Ti y=asinbx

amplitude

|

b
>
S8

_al
«——————wavelength —»

Figure 8.1 183



Reciprocal trigonometrical functions
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are commonly used. These are their reciprocals — cosecant (cosec), secant (sec)
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since sin 0 is zero for these values of 6.

180°, 360°, ...

= 00,

undefined for 6

Figure 8.2 shows the graphs of these functions. Notice how all three of the

functions have asymptotes at intervals of 180°. Each of the graphs shows one of
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EXAMPLE 8.1

EXAMPLE 8.2

Using the definitions of the reciprocal functions two alternative trigonometrical
forms of Pythagoras’ theorem can be obtained.

(i) sin20 + cos20=1
sin?f | cos’0 _ 1
cos’0  cos?0 ~ cos?l

Dividing both sides by cos?6:
= tan’0+ 1 =sec?d.

This identity is sometimes used in mechanics.

(i) sin20 + cos20=1
sin?f | cos*0 _ 1
sin?f ' sin?0 ~ sin%0

Dividing both sides by sin?0:

= 1 + cot?0 = cosec?0.

Questions concerning reciprocal functions are usually most easily solved by
considering the related function, as in the following examples.

Find cosec 120° leaving your answer in surd form.

SOLUTION
o 1
cosec120° = sn 120°
=1= ﬁ
2
-2
/3

Find values of @ in the interval 0° < 0 < 360° for which sec?0 = 4 + 2 tan0.

SOLUTION

First you need to obtain an equation containing only one trigonometrical function.
sec’ =4 + 2 tan0

tan’0+1=4+2tan6

tan20—2tan0—-3 =0

L

(tanf —3)(tan0+ 1) =0
= tanf =3 or tanf= -1

tan0=3 = 0=71.6° (calculator)
or 0=71.6°+180°=251.6° (see figure 8.3)

Ca

suonauny jear3awouobual jesosdioay
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0 Lo1R0° 1 3600 g

- 1

Figure 8.3

tanf=-1 = 0=-45° (notin the required range)

or 0 =-45°+180°=135° (see figure 8.3)

or 0=135°+180°=315°

The values of 6 are 71.6°, 135°, 251.6°, 315°.

Solve the following equations for 0° < x < 360°.
(i) cosecx=1 (ii) secx=2 (iii) cotx=4
(iv) secx=-3 (v) cotx=-1 (vi) cosecx=-2

Find the following giving your answers as fractions or in surd form.
You should not need your calculator.

(i) cot135° (i) sec150° (i) cosec240°
(iv) sec210° (v) cot270° (vi) cosec225°

In triangle ABC, angle A = 90° and sec B=2.
(i) Find the angles Band C.

(i) Find tanB.

(i) Show that 1 + tan® B = sec? B.

In triangle LMN, angle M = 90° and cot N = 1.
(i) Find the angles L and N.

(i) Find secL, cosecL, and tan L.

(iii) Show that 1 + tan? L = sec? L.

Malini is 1.5 m tall.

At 8 pm one evening her shadow is 6 m long.

Given that the angle of elevation of the sun at that moment is a
(i) show that cota =4

(i) find a.



6 (i) For what values of a, where 0° < a < 360°, are seca, coseca and cota all

positive? C4

(ii) Are there any values of a for which seca, coseca and cota are all negative?

Explain your answer.

m

X

(i) Are there any values of a for which seca, coseca and cota are all equal? :':;.

Explain your answer. i

7 Solve the following equations for 0° < x < 360°. >

(i) cosx=secx (ii) cosecx=secx

(iii) 2 sinx =3 cot x (iv) cosec’x + cot?x =2
(v) 3sec’x —10tanx=0 (vi) 1+ cot?x=2 tan’x

The photographs at the start of this chapter show just two of the countless
examples of waves and oscillations that are part of the world around us.

Because such phenomena are modelled by trigonometrical (and especially sine
and cosine) functions, trigonometry has an importance in mathematics far
beyond its origins in right-angled triangles.

Compound-angle formulae

Find an acute angle 6 so that sin(0 + 60°) = cos(d — 60°).
Hint: Try drawing graphs and searching for a numerical solution.

You should be able to find the solution using either of these methods, but
replacing 60° by, for example, 35° would make both of these methods rather
tedious. In this chapter you will meet some formulae which help you to solve
such equations more efficiently.

A It is tempting to think that sin(@ + 60°) should equal sin @ + sin 60°, but this is
not so, as you can see by substituting a numerical value of 6. For example, putting
0 = 30° gives sin(0 + 60°) = 1, but sin 0 + sin60° = 1.366.

To find an expression for sin(d + 60°), you would use the compound-angle formula
sin(f + @) = sinf cos ¢ + cosb sin .

This is proved below in the case when 8 and ¢ are acute angles. It is, however,
true for all values of the angles. It is an identity.

0 As you work through this proof make a list of all the results you are assuming.
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Figure 8.4

Using the trigonometrical formula for the area of a triangle in figure 8.4:
area ABC = area ADC + area DBC

%absin(@ +¢)= L bhsing + %ahsin(f)

absin(0 + ¢) = absinfcos ¢ + abcosOsin @
which gives
sin(f + @) = sinOcos P + cosOsin @ ©)

This is the first of the compound-angle formulae (or expansions), and it can be
used to prove several more. These are true for all values of @ and ¢.

Replacing ¢ by —¢ in @ gives
sin(f — @) = sinfcos(—¢@) + cosOsin(—¢@)

cos(— @) = cos P

= sin(f — @) = sinfcos ¢ — cosOsin ¢. @

sin(— @) = -sin @

Derive the rest of these formulae.

(i) To find an expansion for cos(6 — ¢) replace 8 by (90° — 6) in the expansion of
sin(0 + @).
Hint: sin(90° — 0) = cos and cos(90° — 0) = sin

(ii) To find an expansion for cos(6 + @) replace ¢ by (—¢) in the expansion of
cos(f - ¢).

; : _sin(0+¢)
(iii) To find an expansion for tan(f + @), write tan(6 + ¢) cos(0+ )

Hint: After using the expansions of sin(6 + ¢») and cos(6 + ¢), divide the
numerator and the denominator of the resulting fraction by cos6 cos ¢ to
give an expansion in terms of tan 6 and tan ¢.

(iv) To find an expansion for tan(f — @) in terms of tan § and tan ¢, replace ¢ by
(—¢) in the expansion of tan(0 + ).



0 Are your results valid for all values of 6 and ¢?

Test your results with 6 = 60°, ¢ = 30°.

The four results obtained in Activity 8.2, together with the two previous results,
form the set of compound-angle formulae.

sin(f + @) =sinOcos P + cosGsin P
sin(f — ¢) = sinfcos ¢ — cosOsin ¢
cos(f + @) = cosfcos P —sinfsin ¢
cos(f — @) = cosOcos P + sinOsin P

_tanf+tang_ d (0 + &) #90°, 270°
tan(0 + @) I tanftand 0, ¢ and (0 + ¢) > -

tan 0 — tan ¢ o 4700
tan(0— @) = ——""—_¥ g, ¢and (- ) #90°, 270°, ...
an(0-¢) 1+ tanftan¢ ¢ (0-¢)
You are now in a position to solve the earlier problem more easily. To find an
acute angle 0 such that sin(0 + 60°) = cos(0 — 60°), you expand each side using
the compound-angle formulae.

sin(f + 60°) = sin 6 cos60° + cos 0sin 60°

1. V3
Esm9+ > cost

cos(6 — 60°) = cosfcos60° + sin fsin 60°

1 V3
EcosH+ 5 sinf

From @ and @

1. V3 V3
Esm@ﬁ— > cosH—§c059+ > sin 6

sinf + /\/ECOSH = cosH+\/§sin9.

Collect like terms:

= (N/g—l)c050=(\/§—1)sin9

cos =sinf.

Divide by cos 0:

This gives an equation in one
trigonometrical ratio.
& 1 =tan®
0 =45°.

Since an acute angle was required, this is the only root.
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EXAMPLE 8.3

When do you use the compound-angle formulae?

You have already seen compound-angle formulae used in solving a

trigonometrical equation and this is quite a common application of them.

However, their significance goes well beyond that since they form the basis for a

number of important techniques. Those covered in this book are as follows.

The derivation of double-angle formulae
The derivation and uses of these are covered on pages 192 to 196.

The addition of different sine and cosine functions

This is covered on pages 197 to 200 and 201 to 204 of this chapter. The work on
pages 197 to 200 is enrichment material. It is included here because the basic
wave form is a sine curve. It has many applications, for example in applied
mathematics, physics and chemistry.

Calculus of trigonometrical functions

This was introduced in Chapter 4 but is covered more rigorously later in this
chapter. Proofs of the results depend on using either the compound-angle
formulae or the factor formulae which are derived from them.

You will see from this that the compound-angle formulae are important in the

development of the subject. Some people learn them by heart, others think it is

safer to look them up when they are needed. Whichever policy you adopt, you

should understand these formulae and recognise their form. Without that you

will be unable to do the next example, which uses one of them in reverse.

Simplify cos 6 cos 360 — sin Osin 36.

SOLUTION

The formula which has the same pattern of coscos — sinsin is

cos(0 + @) = coscos @ —sinOsin ¢

Using this, and replacing ¢ by 30, gives

cos 0cos30 —sinfsin360 = cos(0 + 30)

= cos 40.

Use the compound-angle formulae to write the following as surds.

(i) sin75° = sin(45° + 30°) (ii) cos135° = cos(90° + 45°)
(i) tan15° = tan(45° - 30°) (iv) tan75° = tan(45° + 30°)
Expand each of the following expressions.

(i) sin(6 + 45°) (i) cos(0—30°)

(i) sin(60° - 6) (iv) cos(26 + 45°)

(v) tan(0 + 45°) (vi) tan(0 — 45°)



Simplify each of the following expressions.
(i) sin260cosf — cos20sinf

(ii) cos¢Pcos3¢ —sinPsin3¢

(i) sin 120°cos60° + cos 120°sin 60°

(iv) cosfcosf —sinfsin

Solve the following equations for values of § in the range 0° < 6 < 180°.
(i) cos(60°+ 0) =sinf

(i) sin(45°—0) = cosf

(iii) tan(45° + 0) = tan(45° - 0)

(iv) 2sinf = 3 cos(f — 60°)

(v) sinf = cos(0 + 120°)

Solve the following equations for values of ¢ in the range 0 < 0 < 7.

(When the range is given in radians, the solutions should be in radians, using

multiples of 7 where appropriate.)
L T _
M sm(0 + 4) cost

(i) 2C05(9— %) = cos(@ + %)

Calculators are not to be used in this question.

The diagram shows three points L(-2, 1), M(0, 2) and N(3, -2) joined to form

a triangle. The angles a and f and the point P are shown in the diagram.

YA

=

T NG, -2)

(i) Show thatsina = % and write down the value of cosa.

(ii) Find the values of sin f and cos §.

(iii) Show that sin ZLMN = L.
575

(iv) Show that tan ZILNM = —;
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7 (i) Find jxcos kx dx, where k is a non-zero constant.
(ii) Show that

cos(A — B) — cos(A + B) = 2sin Asin B.

Hence express 2sin 5x sin 3x as the difference of two cosines.
(i) Use the results in parts (i) and (ii) to show that

rxsiHstin.?)x dx="—=2.

0

8 (i) Use the formulae for cos(f + ¢) and cos(d — ¢) to prove that
cos(0 — @) — cos(0 + @) = 2sinOsin .

Prove also that sin (7 — @) = sin 6.

[MEI]

In triangle PQR, angle P = én radians, angle Q = a radians, and QR = 1 unit.
The point S is at the foot of the perpendicular from R to PQ, as shown in the

diagram.

(ii) Show that PQ = 25in(a + én).

By finding RS in terms of a, deduce that the area A of the triangle is given by

A= sin(a + %n) sina.

Find the value of a for which the area A is a maximum. [You may find the

result ® helpful.]

(iii) Expand sin(a + %n), and hence show that, for small values of a,

A= pa + ga?, where p and g are contants to be determined.

[For small 8, sin@ = 0 and cos 0 = 1.]

Find the value of this expression when a = 0.1, and find also the

corresponding value of A given by the expression in part (ii).

Double-angle formulae

[MEI]

@© Asyou work through these proofs, think how you can check the results.

Is a check the same as a proof?




Substituting ¢ = 6 in the relevant compound formulae leads immediately to
expressions for sin 20, cos 20 and tan 20, as follows.

(M sin(f + @) =sinfOcos¢@ + cosOsin @
When ¢ = 6, this becomes
sin(0 + 0) =sinfcosl + cosOsin O
giving sin20 = 2sin0cos0.
(i)  cos(0+ ¢) =costcosp —sinfsing
When ¢ = 0, this becomes
cos(6 + ) = cosfcosf —sinfsinb
giving cos20 = cos? 6 —sin%0.

Using the Pythagorean identity cos? @ + sin? 0 = 1, two other forms for cos26 can
be obtained.

cos20 = (1 —sin?0) —sin? 0 = cos20=1-2sin%0
cos20 =cos?0 — (1 —cos?l) = cos20 =2cos%0 -1

These alternative forms are often more useful since they contain only one
trigonometrical function.

_ tan@ + tan¢

i) tan(0+ @) = 1—tanftan¢g

(0 + ) #90°, 270°, ...

When ¢ = 6 this becomes

tanf + tan@
tan(0 + 0) = ——M8M—
an( ) 1—tanftan0
giving tan20 = _2tan0 0 #45° 135°, ...
1 —tan?0

Uses of the double-angle formulae

In modelling situations

You will meet situations, such as that below, where using a double-angle formula
not only allows you to write an expression more neatly but also thereby allows
you to interpret its meaning more clearly.
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height 4

a R
v iiiidiisiaiiiiiidds -
ground horizontal distance
e
Figure 8.5

When an object is projected, such as a golf ball being hit as in figure 8.5, with
speed u at an angle a to the horizontal over level ground, the horizontal distance
it travels before striking the ground, called its range, R, is given by the product of

the horizontal component of the velocity ucos a and its time of flight M.
R= 2u25i§acosa

Using the double-angle formula, sin2a = 2sin a cos a allows this to be written as

R u? sin2a.
g

Since the mgximum value of sin2a is 1, it follows that the greatest value of the
range R is %= and that this occurs when 2a = 90° and so a = 45°. Thus an angle of
projection of 45° will give the maximum range of the projectile over level ground.

(This assumes that air resistance may be ignored.)

In this example, the double-angle formula enabled the expression for R to be
written tidily. However, it did more than that because it made it possible to find
the maximum value of R by inspection and without using calculus.

In calculus

The double-angle formulae allow a number of functions to be integrated and you
will meet some of these later in this chapter.

The formulae for cos26 are particularly useful in this respect since
cos20=1-2sin’0) = sinzﬁz%(l—coﬂ@)

and
cos20=2cos?0 -1 = cos?0 = %(1 + cos20)

and these identities allow you to integrate sin’@ and cos? 0.



In solving equations

You will sometimes need to solve equations involving both single and double
angles as shown by the next two examples.

O
. . . ]
EXAMPLE 8.4 Solve the equation sin 260 = sin 0 for 0° < 6 < 360°. s
)
g
SOLUTION Q
o
. . Iy
sin26 = sin6 :
Be careful here: don’t H
= 2sinfcos O = sin0 cancel by sin 6§ or some 2
roots will be lost.
= 2sinfcos0 —sinf =0
= sin 9(2 cos O — 1) =0 The principal value is
the one which comes
. _ _1 from your calculator.
= sinf=0 or cosl =3

sind=0 = @ =0°(principal value) or 180° or 360° (see figure 8.6).

y=sinf

/

0 180° 360°

Figure 8.6

cosf = % = 0= 60° (principal value) or 300° (see figure 8.7).

3000 360° g

Figure 8.7

The full set of roots for 0° < 0 < 360° is 8 = 0°, 60°, 180°, 300°, 360°.

When an equation contains cos 26, you will save time if you take care to choose
the most suitable expansion.

195



c EXAMPLE 8.5 Solve 2 + cos 20 = sin 6 for 0 < 6 < 27. (Notice that the request for 0 < 0 < 21,
4 L.e. in radians, is an invitation to give the answer in radians.)

SOLUTION

This is the most
suitable expansion since

the right-hand side
contains sin 0.

Using cos20 = 1 -2 sin? 0 gives

2+ (1-2sin?6) =sin0

Trigonometry

= 2sin?f +sinf-3 =0
= (2sin@ + 3)(sin0-1) =0
= sin0=—% (not valid since -1 < sinf < 1)

or sinf = 1.

Figure 8.8 shows that the principal value 6 = % is the only root for 0 < 0 < 2x.

y=sinf

o
R - ———
|

¥

3

5

Figure 8.8

1 Solve the following equations for 0° < 6 < 360°.
(i) 2sin260 = cos® (ii) tan20 =4tanf (i) cos20 +sinf =0
(iv) tanftan26 =1 (v) 2cos260=1+ cosf

2 Solve the following equations for -z < 0 < 7.
(i) sin20 =2sin0 (i) tan20=2tan0 (i) cos20 —cos0 =0
(iv) 1+ cos20=2sin’6 (v) sin40 = cos20

(Hint: Write the expression in part (v) as an equation in 20.)

3 By first writing sin 30 as sin(20 + 0), express sin 30 in terms of sin 0.
Hence solve the equation sin 36 = sinf for 0 < 0 < 27.

4 Solve cos30=1-3cosf for 0° < 0 < 360°.

: o1+ 2
5 Simplify ﬁzg.

6 Express tan30 in terms of tan 6.

2
7 Show that 1-tan®0

= cos26.
1+ tan?0
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8 (i) Show that tan(% + 9>tan(% - 6’) =1.

(i) Given that tan 26.6° = 0.5, solve tan § = 2 without using your calculator.
Give 0 to 1 decimal place, where 0° << 0 < 90°.

9 (i) Sketch on the same axes the graphs of
y=cos2x and y=3sinx—1 for 0=<x=<2m.

(ii) Show that these curves meet at points whose x co-ordinates are solutions
of the equation 2sin’x + 3sinx—2 = 0.

(iii) Solve this equation to find the values of x in terms of 7 for 0 < x < 2.
[MEI]

® The factor formulae

In algebra, the term ‘factorising’ means writing expressions as products.

For example, ‘factorise x?> — 3x + 2’ means ‘write x> —3x+ 2 as (x—1)(x—2)’
The same idea of factorising applies in trigonometry: you write sums or
differences of trigonometrical functions as products.

@ A student writes ‘sina + sinf = sin(a + f3)’

There are two ways to prove this is wrong. What are they?

The factor formulae are derived from the compound-angle formulae.
Start with the compound-angle formulae for sin(6 + ¢) and sin(6 — ¢).

sin(f + @) = sinfcos P + cosOsin ¢

sin(f — ¢) = sinfcos P — cosfsin ¢ @)
Adding @ and @ gives

sin(6 + @) + sin(0 — ¢) = 2sinfcos P. ®

S
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At this point, it is helpful to change variables by writing
0+¢p=a and 0O-¢=p
sothat =3(a+p) and ¢=2(a—p).

Substituting for # and ¢ in @ gives

sing + sinff = ZSin(#) cos(a;zﬂ).

The left-hand side is a sum and the right-hand side is a product, so the expression
has been factorised.
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Similarly, subtracting @ from @ gives

sing —sinff = 2cos(a er ﬁ) sin(#).

Write down the expressions for cos (6 + ¢) and cos(f — ¢) and use these to obtain
factor formulae for cosa + cosf and for cosa — cos 5.

@® When do you use the factor formulae?

G Addition of waveforms

The factor formulae allow you to add together sine and cosine functions. This
operation is equivalent to the physical situation of combining waves of the same
size (amplitude).

G Two musicians playing in tune

This figure is not available
online for copyright reasons

The sound of two musicians playing in tune with the same loudness may be
modelled as two waves given by x, = asinwtand x, = asin(wt + ¢).

The constant o is related to the frequency of these waves and so to the pitch of the
musical notes. (The frequency is given by %) The two waves are not in phase

and this is represented by the constant ¢ in the expression for x, (see figure 8.9).
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Figure 8.9

Show that x; + x, is a single wave. That is, the musicians sound as one but louder.

G Two musicians playing slightly out of tune

In this case, the waves are given by x, = asinwtand x, = asin(w + 0)t, where J is
very small compared to m.
Find the expression for x, + x,.

Explain how this makes the combined note of the musicians vary in loudness, a
phenomenon known as beats. How do beats help a piano tuner?

X|+X2 T

Figure 8.10

® Manipulation

The factor formulae are often useful in tidying up expressions and in solving
equations, as in the next example.
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EXAMPLE 8.6

Solve sin36 + sin@ = 0 for 0° < 0 < 360°.

SOLUTION

Using

sina + sinf§ = Zsin(a ;L ﬁ)cos (a%)

and putting a = 30 and f§ = 0 gives
sin36 + sinf = 2 sin 26 cos 6
so the equation becomes
2sin26cosf =0
= cos#=0 or sin20=0.

From the graphs for y = cosf and y = sin0

cos0=0 gives 0=90°or270° You should only list

each root once in the
final answer.

sin20 =0 gives 20 = 0°, 180°, 360°, 540° or 720°
) 6 = 0°, 90°, 180°, 270° or 360°.

The complete set of roots in the range given is 6 = 0°, 90°, 180°, 270°, 360°.

@ e questions in this exercise relate to enrichment material.

1 Factorise the following expressions.
(i) sin40 —sin20
(ii) cos560 + cos O
(i) cos 70 — cos30
(iv) cos(0 + 60°) + cos(6 — 60°)
(v) sin(36 + 45°)+ sin(360 — 45°)

2 Factorise cos46 + cos26. Hence, for 0° < 0 < 180°, solve
cos40 + cos20 = cos 0.

3 Simoli sin50+sin30'
implify sin56 — sin 36

4 Solve the equation sin36 —sinf = 0 for 0 < 0 < 27.

5 Factorise sin(f + 73°) — sin(6 + 13°) and use your result to sketch the graph of
y=sin(0 + 73°) —sin(0 + 13°).

6 Prove that sin?A — sin? B = sin(A — B) sin(A + B).
7 (i) Use a suitable factor formula to show that
sin30 + sin0 = 4sin 0 cos? 0.

(ii) Hence show that sin360 = 3sin — 4sin3 0.
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The forms r cos(0 = a), r sin(f = a)

Another modification of the compound-angle formulae allows you to simplify
expressions such as 4sin 0 + 3 cos and hence solve equations of the form

asinf + bcosl = c.
To find a single expression for 4sin§ + 3 cos 6, you match it to the expression
rsin(0 + a) = r(sin@cosa + cosf sina).

This is because the expansion of rsin(6 + a) has sin @ in the first term, cos in the
second term and a plus sign in between them. It is then possible to choose
appropriate values of rand a.

4sinf + 3 cosf = r(sinfcosa + cosfsina)
Coefficients of sinf: 4 =rcosa
Coefficients of cosf: 3 =rsina.

Looking at the right-angled triangle in figure 8.11 gives the values for rand a.

The sides, 4 and 3, come
from the expression
4sin 0 + 3 cos 0.

Figure 8.11

In this triangle, the hypotenuse is /4% + 32 = 5, which corresponds to rin the
expression above.

The angle a is given by
sina = % and cosa = % = a=36.9°

So the expression becomes
4sin@ + 3 cosf = 5sin(0 + 36.9°).

The steps involved in this procedure can be generalised to write
asin@+ bcosO = rsin(0 + a)

where

r=4a%+ b? sina b cosq =—%4 .
Ala? + b2 Ala? + b?
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The same expression may also be written as a cosine function. In this case,
rewrite 4sin@ + 3 cos @ as 3 cos @ + 4sin § and notice that:

(i) The expansion of cos(0 — f§) starts with cos @ ... just like the expression

3cos 0 + 4sin0.
(i) The expansion of cos(@ — f) has + in the middle, just like the expression

3cos 0 + 4sin0.
The expansion of rcos(0 — ) is given by
rcos(6 — f) = r(cos® cosf + sin @ sin f).
To compare this with 3 cos 0 + 4sin @, look at the triangle in figure 8.12 in which

r=43*+42=5 cosﬂz% sinﬁz% = B =53.1°

Figure 8.12

This means that you can write 3 cos @ + 4sin 0 in the form
rcos(6 — B) = 5cos(f —53.1°).
The procedure used here can be generalised to give the result

acos B + bsinf = rcos(0 — a)

where r="\a?+ b? cosa = % sina = %

Note

The value of rwill always be positive, but cos o and sina may be positive or
negative, depending on the values of a and b. In all cases, it is possible to find an
angle o for which -180° < o < 180°.

You can derive alternative expressions of this type based on other compound-
angle formulae if you wish a to be an acute angle, as is done in the next example.



EXAMPLE 8.7 (i) Express % sin@ — cos 0 in the form rsin(0 — a), where r > 0and 0 < a < %
(i) State the maximum and minimum values of \/35in0 - cos. C4
(iii) Sketch the graph of y = \35in0 - cos 0 for 0 < 0 < 2.
(iv) Solve the equation \[3sin0 - cos =1 for 0 < 0 < 2.

SOLUTION
(i) rsin(0—a) = r(sinfcosa — cosfsina)
= (rcosa)sin @ — (rsina)cos 6.
Comparing this with \/3sin0 - cos 6, the two expressions are identical if

rcosa = \/73 and rsina = 1.

(0 ¥ g)uIS 4 ‘(v ¥ )SOD 4 SwWI0} BYL

From the triangle in figure 8.13 r 1
r=N1+3=2 and tanaczL = q==L ‘
V3 6 V3
SO \Bsinﬁ—cos@zZsin(@—%). Figure 8.13

(ii) The sine function oscillates between 1 and —1, so 2 sin(@ - %) oscillates
between 2 and 2.

Maximum value = 2
Minimum value = 2.

(i) The graph of y = ZSin(H - %) in figure 8.14 is obtained from the graph of

4
y = sin0 by a translation ( 6 ) and a stretch of factor 2 parallel to the y axis.
0

y
| /\
| | | | ]
0 n T n 3z 2n S5n 0
6 2 3 3
2
Figure 8.14

(iv) The equation \35in0 - cosf =11s equivalent to
2 sin(@ - E) =1
6
= sin(@— E) =1
c .

203
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Solving sin x = % gives x = % (principal value)

or X=mn- % = % (from the graph in figure 8.15)
iVin HIE-f-E:E or 025_7Z+E:n
giving 66 3 s Te= "
y .
y=sinx
- A -
J AN
o & _z x
6 "6
Figure 8.15

The roots in 0 < § < 27 are 0=§and .

A Always check (for example by reference to a sketch graph) that the number of

roots you have found is consistent with the number you are expecting. When
solving equations of the form sin(@ — a) = c by considering sinx = ¢, it is
sometimes necessary to go outside the range specified for 0 since, for example,
0<0<2nisthesameas—a < x< 271 —aq.

Using these forms

There are many situations, as on page 201, which produce expressions which can
be tidied up using these forms. They are also particularly useful for solving
equations involving both the sine and cosine of the same angle.

The fact that acos0 + bsin0 can be written as rcos(0 — a) is an illustration of the
fact that any two waves of the same frequency, whatever their amplitudes, can be
added together to give a single combined wave, also of the same frequency.

1 Express each of the following in the form rcos(0 — a), where r > 0 and
0° < a<<90°.
(i) cosf+ sinf (i) 3cosO+ 4sinf
(i) cos® + \[3sin0 (iv) \/5cos@ + 2sinf

2 Express each of the following in the form rcos(f + a), where r > 0 and

7
n<a<=.
2

(i) cosf—sinf (ii) \/73 cosf —sinf



Express each of the following in the form rsin(f + a), where r > 0 and
0° <a<90°.
(i) sin0+2cosl (i) 3sin0 + 4cosl

O
B

Express each of the following in the form rsin(6 — a), where r > 0 and
T

(i) sinf—cos@ (ii) \Bsin@—cos@

3g os1949x3

Express each of the following in the form rcos(0 — a), where r > 0 and
-180° < a << 180°.

(i) cosH—\/gsinﬁ (ii) 2\/3c030—2\/§sin0

(iii) sin@ + \/gcosﬁ (iv) 5sinf + 12cos@

(v) sinf— \/gcosﬁ (vi) \/Esin@— \/Ecost?

(i) Express 5cos@ — 12sin@ in the form rcos(0 + a), where r > 0 and
0° < a<<90°.

(ii) State the maximum and minimum values of 5cos — 12 sin 6.

(iii) Sketch the graph of y = 5cos — 12sin 0 for 0° < 6 < 360°.

(iv) Solve the equation 5cos0 — 12sin0 = 4 for 0° < 0 < 360°.

(i) Express 3sinf — /3 cos0 in the form rsin(0 — a), where r > 0 and
7
N<a< 5
(ii) State the maximum and minimum values of 3sin § — \/5 cos O and the
smallest positive values of 0 for which they occur.
(i) Sketch the graph of y = 3sinf — \/3 cos @ for 0 < 0 < 2.
(iv) Solve the equation 3sin6 — \Ecos@ = \/g for0 <0 <2nx.

(i) Express 2sin20 + 3 cos20 in the form rsin(20 + a), where r > 0 and
0° < a<90°.

(ii) State the maximum and minimum values of 2sin26 + 3 cos26 and the
smallest positive values of @ for which they occur.

(iii) Sketch the graph of y = 2sin20 + 3 cos20 for 0° < 0 < 360°.

(iv) Solve the equation 2sin26 + 3cos20 = 1 for 0° < 0 < 360°.

(i) Express cosf + N/Esin@ in the form rcos(6 — a), where r > 0 and
0° < a<90°.

(i) State the maximum and minimum values of cos@ + 1/ 2sin 0 and the
smallest positive values of @ for which they occur.

(i) Sketch the graph of y = cos @ + 4/2sin 6 for 0° < 0 < 360°.

(iv) State the maximum and minimum values of

1
3+ cosH+\/§sin¢9

and the smallest positive values of 8 for which they occur.
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10 The diagram shows a table jammed in a corridor. The table is 120 cm long

11

12

13

and 80 cm wide, and the width of the corridor is 130 cm.
(i) Show that 12sin 6 + 8cosf = 13.
(i) Hence find the angle 0. (There are two answers.)

[

80cm

130cm

120cm

o)

(i) Use a trigonometrical formula to expand cos(x + a).
(ii) Express y = 2cosx— 5sinx in the form rcos(x + a), giving the positive

value of r and the smallest positive value of a.
(i) State the maximum and minimum values of y and the corresponding
values of x for 0° < x < 360°.

(iv) Solve the equation

2cosx—5sinx =3, for0° < x < 360°.

[MEI]
(i) Find the value of the acute angle a for which
5cosx—3sinx= 4/ 34cos(x+ a)
for all x.
Giving your answers correct to 1 decimal place,
(ii) solve the equation 5cosx — 3sinx = 4 for 0° < x < 360°
(iii) solve the equation 5cos2x— 3sin2x = 4 for 0° < x < 360°.
[MEI]

(i) Find the positive value of R and the acute angle a for which
6cosx + 8sinx= Rcos(x— a).

(ii) Sketch the curve with equation
y=6cosx+ 8sinx, for 0° = x = 360°.

Mark your axes carefully and indicate the angle a on the x axis.

(i) Solve the equation
6cosx+ 8sinx=4, for 0° =< x = 360°.

(iv) Solve the equation

8cosf + 6sinfl =4, for 0° < 0 < 360°.
[MEI]



14 In the diagram below, angle QPT = angle SQR = 6, angle QPR = a, PQ = g,

15

QR = b, PR = ¢, angle QSR = angle QTP = 90°, SR = TU.

(i) Show that angle PQR = 90°, and write down the length of cin terms of
aand b.

(ii) Show that PU may be written as acos 0 + bsin0 and as ccos(0 — a).
Write down the value of tana in terms of a and b.

(i) In the case when a = 4, b = 3, find the acute angle a.

(iv) Solve the equation

4cosf +3sinf =2 for 0°< =< 360°
[MEI]

The diagram shows the graph, for —1 < x < 4, of y = f(x), where
f(x) = 2(2cosx— sin x)sin x
and x is in radians.

YA

. i /\ .

X (radians')

The x co-ordinate of the point P (where the graph crosses the x axis) is A.

(i) Show that tanl=2.
Find the exact value of sin A.
(i) Show that f(x) can be expressed in the form a sin 2x + b cos 2x — 1, where
aand b are constants to be determined.
(iii) Show that f(x) = R cos(2x— A) — 1, where R is a constant to be
determined.
Deduce the exact range of the function f(x).
(iv) Show that the area of the shaded region is 2 — 4.
[MEI]

m
x
o
2
Q,
[
o
©
m
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16

17

(i) Express 3 cosx + sinx in the form Rcos(x — a), giving the value of R and
the smallest positive value of a.
(ii) Use your answer to part (i) to solve the equation

3cosx+sinx =1, for0° < x =< 360°.

(iii) Solve the equation (3 cosx)? = (1 — sin x)? by substituting for cos®x in

terms of sinx and solving the resulting quadratic equation in sinx.
(iv) Explain why the answers to parts (ii) and (iii) are not the same.

[MEI]

In the diagram, OAB is a bent rod, wth OA = 1 metre, AB = 2 metres and
angle OAB = 120°.
The bent rod is in a vertical plane. It is free to rotate in this plane about the
point O.

OA makes an angle 0 with the horizontal, where —90° < 0 < 90°.
The vertical height BD of B above the level of O is h metres.
The horizontal through A meets BD at C.

(i) Show that angle BAC = 0 + 60°, and show that i = sin@ + 2sin(0 + 60°).
(ii) Hence show that h=2sinf + \/3 cos 0, and find the angle 6 for which h = 0.

(i) Express 2sin @ + A[3cos0 in the form Rsin(0 + a).
Hence or otherwise find the maximum value of , and find an angle 0 for

which h=2.5.
[MEI]



The simplest alternating current is
one which varies with time ¢

according to

I= Asin2nft,

m
x
o
2
Q,
@
o
©
T
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where fis the frequency and A is the
maximum value. The frequency of
the public AC supply is 50 hertz
(cycles per second).

Investigate what happens when
two alternating currents

A, sin2znftand A,sin(2nft + a) with
the same frequency f but a phase

difference of a are added together.

The previous exercises have each concentrated on just one of the many
trigonometrical techniques which you will need to apply confidently. The
following exercise requires you to identify which technique is the correct one.

EEEEE 1 Simplify the following.

(i) 2sin30cos30
(ii) cos?30—sin%30
(ili) cos230 + sin%30

: .20
(iv) 1-2sin 0

(v) sin(f - a)cosa + cos(d — a)sina
(vi) 3sinflcosl

sin20
2sinf

(viii) cos20—2cos?0

(vii)

2 Express
(i) (cosx—sinx)?in terms of sin2x
(i) cos*x—sin*xin terms of cos2x
(iii) 2cos?x— 3sin’xin terms of cos2x.

3 Prove that

1 —cos20 = tan2

1 + cos20

(ii) cosec20 + cot20 = cotl

2
(iii) tan40= %where t=tand.

(i)




4 Solve the following equations.

C4 (i) sin(0+40°) =0.7 0° <0 < 360°
m (i) 3cos?0+5sin0—1=0 0° < 0 < 360°
(iii) 2cos(9—%)= 1 n<0<n
>
= (iv) cos(45°—0) = 2sin(30° + ) —180° < 0 < 180°
§ (v) cos20+ 3sin0=2 0<0<2n
c
S (vi) cosO + 3sin0 =2 0° < 0 =< 360°
(S (vii)tan?x—3tanx—4 =0 0°< 0 < 180°

Small-angle approximations

A In this section 0 is in radians, not degrees.

Figure 8.16 shows the graphs of y = 0, y = sin0 and y = tan 0 on the same axes, for

0<0< % The same scale is used for both axes.

From this, it appears that in this interval, sinf < 0 < tan@.

y
L y=86
2 y=tanf .
1= y =sin@
| —
0 st
2 6

Figure 8.16

To prove this result, look at figure 8.17. PT is a tangent to the circle, radius r units

and centre O.

210 Figure 8.17



@ Why does 0 need to be in radians?

Considering areas:

6 must be in radians
for this formula for

AOPQ < sector OPQ < AOPT

the area of a sector.

= %rzsinQ < %rzﬁ < % X rX rtanf

lab sinC : 1 base x height
2 = sin@ < 0 < tan. 2

Use a graphic calculator to draw y = 0, y = sinf) and y = tan 0 on the same axes,

]
3
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e
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S
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for 0 < 0 < 0.2 radians. Notice how close the graphs are. This suggests that for
small values of 6, sinf = 6 and tan @ = 6.

The result sin @ = 0 for small angles 0 is a fundamental result which you will meet
again later in this chapter when you differentiate trigonometrical functions. To
prove this, take the relationship sin § < 0 < tan @ proved earlier for 0 < 6 < %
and divide through by sin to give
0 tan0

1<—< ==

sind  sind
0 1

= 1< .
sinf@  cos0

As 0 — 0, cos0 — 1, so .9 is sandwiched between 1 and something
s

in0
approaching 1, showing that as € — 0, sin = . This can be written formally as
0
=1
90 sin@

Dividing each term in the relationship sinf < 0 < tan by tan 8 gives

sinf 0
tan6 < tan0< 1

0
< —<1.
= cost and 1

As 0 — 0, cos  — 1, showing that lim 0__1.
0—otan@

You know that cos0 = 1, and for small values of 6, cos = 1 but it is easy to obtain
a closer approximation.

Using the double-angle formula cos26 = 1 — 2sin? 0 and replacing 26 by
0 (and 0 by g) gives

: @

cos@ =1—2sin?

N|D
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EXAMPLE 8.8

EXAMPLE 8.9

When 60 is small, so is g, S0 sin g = g In @ this gives

cosf =1 —Z(g)z
= cos@zl—‘g—;.

All of these approximations are very good for —0.1 < § < 0.1 radians.

What do you think is meant by the expression ‘very good’ above?
Can you quantify it by calculating the maximum percentage error?

_1-0
1+0°

Given that 0 is small, show that tan(% - 9)

SOLUTION
7
tan=" —tan@
tan(% — 9) = 4—
1+ tan% tan6

_1-tand since tan = = 1
1 + tanf 4

-0
146

These approximations can also be used to find the limit of a fractional expression
as @ — 0 in cases when substituting 0 = 0 gives %, which is undefined.
() Show that substituting 0 = 0 into the expression

cos 0 — cos26
0P

gives %, which is undefined.
(ii) Investigate the behaviour of this expression as § — 0 by evaluating

cos f — cos20
72

for values of 6 (in radians) starting with = 0.2 and decreasing in steps of 0.02.
(i) Find an approximation for cos @ — cos 20 when 0 and 26 are both small.
(ii) Hence find

lim cosf — cosZH_
6-0 02



SOLUTION

(i) When 6 and 20 are both small

cosf = —%2
2

and cosZHzl—(zze)
=1-202

Using these approximations, when 6 is small

cosO — cos20 = (1 —%2) —(1-20%

a2
o
(i) cos — cos20 _ 362
0? 20?
"2

This is consistent with the result in Activity 8.4 and may be written as

lim Cost/—cos20_3
60 02 2

EXAMPLE 8.10 (i Simplify tan(% + 9) when 0 is small.

(i) Hence use the binomial theorem to find a quadratic approximation for

tan(% + 9) when 6 is small.

SOLUTION
tanZ + tan 0
. T 4
o anfZe oot
1—tan~ tan®
4
_1+tan0
1—tanf
_1+46 .
=10 when 6 is small.

o 140 -
@) ——Z= —-0)1
i =0 1+0)(1-0)

= 1+ 01+ (1)) + EREIED

=(1+0)(1+0+06?

=1+20+20?

O
B

suonewixoidde ajbue-jjlewg
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Differentiating y = sinx from first principles

In Chapter 4 you deduced the result % (sinx) = cosx by looking at the graph of

bl oo (sinx). You are now able to prove this result.

As you work through the proof, list what you now know (but did not know
earlier) that allows you to prove the result.

Figure 8.18 shows part of the graph

of y = sinx. The point P is a general ’ y=sinx
point (x, sinx) on the graph. The sin(x + &%) |- Q Tx + 8x, sin(x + 8x))
point Q is a very small distance (x, sinx)

further on, so it has x co-ordinate sinx |- PA 5

x + Ox, where dx is very small, and

i

|

\

|

. . \

y co-ordinate sin(x + 0x). |
\

I

You can find the gradient at the

point P by finding the limit of the
gradient of the chord PQ as 8x Figure 8.18
approaches zero.

dy _ lim sin(x + 6x) —sinx
dx sx—o0 ox

sin(x + 8x) may be simplified by using the compound-angle formula.
sin(x + 0x) = sinxcos dx + cosxsindx
As dx is small, you can replace cos dx and sin dx by their small-angle approximations
cosdx=1-— %(E‘)x)2 sindx = &x
which leads to
sin(x + 6x) = (sinx)[1 — %(SX)Z] + (cosx)dx
=sinx— %(sinx)(&c)2 + (cosx)dx.

sin(x + 0x) —sinx

dox

Substituting this in the expression

gives

sinx — %(sinx)(ﬁx)2 + (cos x)0x — sinx

dox

B —%(sinx)(&c)2 + (cosx)dx
B dx

= —%(sin x)0x + cosx.



In the limit as 8x — 0, this becomes simply cosx. So

g—i = COS X.
You have now proved the result which you found in Activity 4.4 by sketching the
gradient graph.
1 When 0 is small enough for ¢® to be ignored, find approximate expressions for
the following.
& _Osin0 " i1
smb_ 2cos(Z +
- cos 0 W COS(S 9)
(iii) cosOcos20 (iv) %

(v)

2 (i)

(ii)

(ii)

(i)
(iii)

5 (i)

(ii)

(iii)

cos40 — cos20

Sind0 —sin20 (vi) sin(a + 0)sin0@ (Note: a is not small.)

Find an approximate expression for sin26 + tan 30 when @ is small enough
for 30 to be considered as small.

Hence find
lim sin20 + tan36’_
0—0 0

Find an approximate expression for 1 — cos @ when 0 is small.
Hence find

1-— cos@_
00 40sin6

Find an approximate expression for sin 6 [sin(% + 0) - sin%] when 6 is small.

Find an approximate expression for 1 — cos20 when 0 is small.
Hence find

. sin@[sin(% + 0) —sin%]

00 1 —cos26

Find an approximate expression for 1 — cos46 when 0 is small enough for
40 to be considered as small.

Find an approximate expression for tan?26 when 6 is small enough for 26
to be considered as small.

Hence find

1 — cos46 )
00 tan®20

O
B

g 9s1a48x3
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6 (i) Find an approximate expression for

when 0 is small.

1+ tanfd
(ii) Hence use the binomial theorem to find a quadratic approximation
1
or ————.
1 +tanf

(iii) When 0 = 0.1 radians, find the percentage errors which arise when you use

each of the expressions you have derived in parts (i) and (ii) in place
1
1+tan0’

() Find an approximate expression for 4/ 1 + sin @ when @ is small.

(i) Hence use the binomial theorem to find a quadratic approximation
for A/1 +sin0.

(i) Say which of these approximations you would expect to be the more
accurate, and give a reason for your answer.

(iv) Check your answer to part (iii) by substituting 6 = 0.1 radians.

1
o0s0

(i) By writing sec as find an approximate expression for sec§ when 6

is small.

(ii) Hence use the binomial theorem to find a quadratic approximation for sec9.

(i) Use a trial and improvement method to find the largest value of 0 for
which the error incurred in using your answer to part (ii) in place of sec is
less than 1%.

(iv) Comment on your answer to part (iii).

There are regulations in fencing to
ensure that the blades used are not %/’—'\

too bent. For épées, the rule states <lem

that the blade must not depart by Figure A
more than 1cm from the straight line

joining the base to the point (see .
=4cm

figure A). For sabres, the

corresponding rule states that the

point must not be more than 4cm ]
out of line, i.e. away from the tangent Figure B

at the base of the blade (see figure B).
E

Suppose that a blade AB is bent to

form an arc of a circle of radius r, A
and that AB subtends an angle 20 at

the centre O of the circle. Then with A B
the notation of figure C, the épée c
bend is measured by CD, and the \
sabre bend by BE. ’
6|6
(0]

Figure C




10

11

12

(i) Show that CD = r(1 - cos9).

(ii) Explain why angle BAE = 0.

(iii) Show that BE = 2rsin?0.

(iv) Deduce that if 6 is small, BE = 4CD and hence that the rules for épée and
sabre amount to the same thing.

(i) Solve the equation sin2x + cos2x=0for—-= < x < %, giving your

T
answers in radians. 2
(ii) Show that cos2x= 1 — 2x? for small values of x.
Write down a small-angle approximation for sin 2x.
(i) Using the results in part (ii), find a quadratic function Q(x) which is an
approximation to sin2x + cos2x for small values of x.
(iv) Solve the equation Q(x) = 0.
(v) Comment on your answers to parts (i) and (iv).
[MEI]
2
2-x)(1-x)
Show that, for small values of x,
2
2-x)(1-x)
where k is to be found.
(ii) By using a suitable small-angle approximation for cos 0, together with the
result of part (i), show that, for small values of 6

2
(1 + cos@)cost

(i) Express in partial fractions.

~ 1+ kx+ 22

3
z1+102.

(i) Given that 0 is small, find an approximate solution of the equation

2

— £ _=0.99 +sin?0.
(1 + cosB)cosb -

[MEI]

(i Use a compound-angle formula to write down an expression for
sin(x + 0x).
(ii) Rewrite your answer to part (i) using small-angle approximations for
sin dx and cos dx.
(i) Use your answer to part (ii) to write down an expression for
sin(x + 8x) — sinx_

Ox

(iv) State

lim sin(x + 0x) —sinx
3x—0 Sx

(v) Explain the significance of your answer to part (iv).

O
B

g 9s1a48x3
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13 (i)
(i)

Find J.Hcos 20 d0.

Find the expansion of (1 + 2x)~ up to and including the term in x°,
giving the coefficients in their simplest form.

State the range of values of x for which the expansion is valid.

(i) Show that, provided 0 is small, cos20 = 1 — 202,

14 (i)

(i)

Hence find a and b such that (cos20)73 is approximately a + b6?,
provided 6 is small.

Use this approximation to find an estimate for

0.1
J —Hdg

203
o (cos20) MEI

1z

(a) Find the exact value of ’ xcos2xdx.

0
(b) By writing cos?x in terms of cos 2x, show that
” 2 L2

xcos* xdx = ¢ (n° —4).
0

The variables x and y satisfy % = x"V cos x, and y = 0 when x = 0.

(a) Using the approximation cos x= 1 — %xz and a suitable substitution,
show by integration that, for small values of x,

2 2 3
y=5-30-3x)%

(b) Using a binomial expansion on this result, show that for small values
of x

y=ax> + bxt,

where a and b are constants to be determined.
[MEI]

INVESTIGATION

Explain why tan 89° is approximately but not exactly equal to the number of

degrees in a radian.

@ The general solutions of trigonometrical equations

The equation tan @ = 1 has infinitely many roots:

...»—315° —135°, 45°, 225° 405° ... (in degrees)

ey ——, == = = = (in radians).

eeccccccscccccsccccccee



Only one of these roots, namely 45° or%, is denoted by the function arctan 1. This

is the value which your calculator will give you. It is called the principal value.

The principal value for any inverse trigonometrical function is unique and lies

within a specified range:

—g <arctanx < z

(V9]

T .
_E s arcsinx <

SRR

0 < arccosx = 7.

It is possible to deduce all other roots from the principal value and this is shown

below.

To solve the equation tan § = ¢, notice how all possible values of 6 occur at

intervals of 180° or 7 radians (see figure 8.19). So the general solution is

0 =arctanc+ nt n€”Z

Figure 8.19

(in radians).

The cosine graph (see figure 8.20) has the y axis as a line of symmetry. Notice

how the values tarccos c generate all the other roots at intervals of 360° or 27. So

the general solution is

6 = tarccosc + 2nn

nez

(in radians).

|
-450%/ -270° l 450°
oz s 3n Sn In g
2 2 2 2 2 2 2
m arccos ¢
Figure 8.20 principal value
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To solve the equation sin § = ¢, notice that there are two roots located

O
B

symmetrically each side of = %, which generate all the other possible roots (see

figure 8.21). This gives rise to the slightly more complicated expressions

0= %i (%—arcsinc) +2nm

or 0= (2n+ %)ni(%—arcsinc) nelz.

Trigonometry

You may, however, find it easier to remember these as two separate formulae:

0 =2nm + arcsinc or O0=(2n+1)m—arcsinc.

y_
L \-340° 3600/ | L \-180 , L \I80 360°/ | L \540 /

-3 -2 -7 O 7 2n 3n 9

Figure 8.21 -
arcsinc
principal value

Show that the general solution of the equation sin @ = ¢ may also be written

(180° — arcsinc)
or (7 — arcsinc)

0 =nr + (-1)"arcsinc.

@ Using trigonometrical identities in integration

Sometimes, when it is not immediately obvious how to integrate a function
involving trigonometrical functions, it may help to rewrite the function using
one of the trigonometrical identities.

EXAMPLE 8.11 Find jsinz xdx.

SOLUTION

A substitution cannot be used in this case. However, you know the identity
cos2x=1-2sin’x.

(Remember that this is just one of the three expressions for cos2x.)

This identity may be rewritten as

sin®x = %(1 —c0s2x).

220
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By putting sin’x in this form, you will be able to perform the integration:

Jsinzxdx— %J(l —cos2x) dx

= %(x— %sian) +c

_1 1.
=5Xx—gsin2x+c

You can integrate cos® x in the same way, by using cos? x = %(cos 2x+ 1). Other
even powers of sinx or cosx can also be integrated in a similar way, but you have
to use the identity twice or more.

EXAMPLE 8.12 Find j costx dx.

SOLUTION
First express cos*x as (cos®x)*:
2
costx = [%(c052x+ 1)]

i(c0522x+ 2cos2x + 1).

Next, apply the same identity to cos?2x:

cos?2x= %(cos4x+ 1).

—

4

Hence cos*x = (zcos4x+ % + 2cos2x + 1)

—

(Ecos4x+ 2cos2x+ %)

[
[

cosdx + %cos2x+ %.

This can now be integrated:

jcos“xdx J(%cos4x+ %c032x+ %) dx

1. 1. 3
32sm4x+ 4sm2x+ gx+c

For odd powers of sinx or cosx, a different technique is used, as in the next
example.

EXAMPLE 8.13 Find j cos’xdx.

SOLUTION
First write cos® x = cos x cos® x.
Now remember that
cos?x+sin’x=1 = cos’x=1-sin’x.
This gives

cos’x = cos x(1 — sin’x)
= COSX — COSX SN x.
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The first part of this expression, cosx, is easily integrated to give sin x.

O
B

The second part is more complicated, but you can see that it is of a type that you
have met already, as it is a product of two functions, one of which is a function of

sinx and the other of which is the derivative of sinx. This can be integrated either
by making the substitution u = sinx or simply in your head (by inspection). So

Jcos3x dx= J (cosx— cosxsin?x) dx

Trigonometry

=sinx— %sin3x+ c.
Any odd power of sin x or cosx can be integrated in this way, but again it may be
necessary to use the identity more than once. For example:
sin® x = sin x(sin?x) (sin?x) = sinx(1 — cos? x)?2
=sinx(1 — 2 cos?x + cos*x)
= sinx— 2sinx cos? x + sin x cos* x.

This can now be integrated.

KEY POINTS

1 secl= ?130; cosecl) = ﬁ; cotf = ﬁ
2 tan?0 + 1 =sec?0; 1+ cot?0 = cosec?l
3 Compound-angle formulae
e sin(f + ¢) =sinfcos@P + cosfsin¢
e sin(0— ¢) =sinfcos@P — cosOsin @
® cos(f+ @) =cosOcos¢p —sinfsin ¢
® cos(f—¢) = cosfOcos P + sinfsin @
o tan(0+ ) = % (0 + §) # 90°, 2705, ...
_ tanf—tan¢

e tan(f-¢) (60— @) #90°, 270°, ...

=l g
4 Double-angle and related formulae

® sin26 =2sinfcosf

® 0520 = cos?0 —sin?6 =1 —2sin? 6 = 2cos? 0 — 1

2tan0

= 0 #45°, 135°, ...
1—tan?0

e tan20=

® sin’0 = %(1 —co0s20)

291
222 ® cos’ = 5(1 + cos20)
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5 The r, a formulae

asinf + bcosO = rsin(0 + a)
asin@— bcosO = rsin(0 — a)
acosf + bsin@ = rcos(0— a)

acos@ — bsinf = rcos(0 + a)

where r= Va? + b2

cosa =

sina =

6 The small-angle approximations (for 0 in radians)

® sinf=0
e tanf =0
° costl—H—2
2
im0 i sind_
° (lalino sin 6 _91133 0 L

e Factor formulae

sina+sinﬂ=25in(a +ﬁ)cos(a_ﬂ)
2 2
sina—sinﬂz2cos(a+ﬂ)sin(a_ﬂ)
2 2
cosa+cosﬁ=2cos(a+ﬁcos(a_ﬂ
2 2
cosa—cos[)’:—Zsin(a ;ﬁ)sin( ;ﬁ

Note the minus
sign here.
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Parametric equations

A mathematician, like a painter or poet, is a maker of patterns. If his
patterns are more permanent than theirs it is because they are made
with ideas.

G.H. Hardy
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When you go on a ride like the one in the picture, your body follows a very

unnatural path and this gives rise to sensations which you may find exhilarating
or frightening.

You are accustomed to expressing curves as mathematical equations. How would
you do so in a case like this?

Figure 9.1 shows a simplified version of such a ride.

(a) (b)

AP has in total
turned through
angle 36.

0O 4m A 2m P (0]

At the start Some time later

Figure 9.1



The passenger’s chair is on the end of a rod AP of length 2m which is rotating
about A. The rod OA is 4m long and is itself rotating about O. The gearing of the
mechanism ensures that the rod AP rotates twice as fast relative to OA as the rod
OA does. This is illustrated by the angles marked on figure 9.1(b), at a time when OA
has rotated through an angle 0.

y
At this time, the co-ordinates p
of the point P, taking O as the
origin, are given by 2 1| 2sin36
A\
x=4cosO+2cos30 4 N 2c0s38
9 ‘l4sm9

y=4sinf + 2sin30 o 4cosf X

(see figure 9.2). Figure 9.2

These two equations are called parametric equations of the curve. They do not
give the relationship between x and y directly in the form y = f(x) but use a third
variable, 6, to do so. This third variable is called the parameter.

To plot the curve, you need to substitute values of § and find the corresponding
values of xand y.

Thus 0=0° = x=4+2=6
y=0+0=0 Point (6, 0)
0=30° = x=4x0.866+0=3.464
y=4%x05+2x1=4 Point (3.46, 4)
and so on.

Joining points found in this way reveals the curve to have the shape shown in
figure 9.3.

6 =240°, 300°
6=1330°

Figure 9.3

© Atwhat points of the curve would you feel the greatest sensations?

O
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Graphs from parametric equations

Ca

Parametric equations are very useful in situations such as this, where an

otherwise complicated equation may be expressed reasonably simply in

2 terms of a parameter. Indeed, there are some curves which can be given by
o . . . . . .
= parametric equations but cannot be written as cartesian equations (in terms of
3
g x and y only).
]
E The next example is based on a simpler curve. Make sure that you can follow the
g solution completely before going on to the rest of the chapter.
c
EXAMPLE 9.1 A curve has the parametric equations x = 2¢, y = 3t76

(i) Find the co-ordinates of the points corresponding to t= 1, 2, 3, -1, -2
and -3.

(ii) Plot the points you have found and join them to give the curve.

(i) Explain what happens as t — 0.

SOLUTION

Wy I3 2] 2 1| 2 3

x -6 —4 -2 2 4 6
y 4 9 36 36 9 4

The points required are (-6, 4), (-4, 9), (-2, 36), (2, 36), (4, 9) and (6, 4).
(i) The curve is shown in figure 9.4.

Figure 9.4

(i) As t — 0, x = 0 and y — oo. The y axis is an asymptote for the curve.
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EXAMPLE 9.2 A curve has the parametric equations x = 2, y= > — 1.
(i) Find the co-ordinates of the points corresponding to values of ¢ from -2 to
+2 at half-unit intervals.
(ii) Sketch the curve for -2 < r=< 2.
(i) Are there any values of x for which the curve is undefined?

SOLUTION
) t | =2 [-15 | -1 [-05 0 | 05 1 |15 2
x 4 225 11025 0 | 025, 1 |225 | 4
y | -6 -1.8750 0 | 0375 0 |-0375 o0 |1.875| 6
(i) y
6_
4._
2._
| | ]
0 1 2 3 4 x
_2%
4
_6__
Figure 9.5

(i) The curve in figure 9.5 is undefined for x < 0.

Graphic calculators

Graphic calculators can be used to sketch parametric curves but, as with cartesian
curves, you need to be careful when choosing the range.

Finding the equation by eliminating the parameter

For some pairs of parametric equations, it is possible to eliminate the parameter
and obtain the cartesian equation for the curve. This is usually done by making
the parameter the subject of one of the equations, and substituting this
expression into the other.

O
B

J193awesed ayl Guneuiwid Aq uonenba ayy Huipui4

227



c 4 EXAMPLE 9.3 Eliminate f from the equations x = 1> — 212, y = 5—
m SOLUTION

g t

S y=35 = =2y

-

(]

&

® Substituting this in the equation x = 1> — 2¢? gives

£

g x=(2y)>-2(2y)? or x=8y’-8y%

[

EZ Sometimes you need to consider the parametric equations simultaneously. There
is often more than one way in which you can do this, and the next example gives
two different options.

EXAMPLE 9.4 The parametric equations of a curve are
1 1
=t+= =t-=.
X t J t

(i) Find the co-ordinates of the points corresponding to t=-2, -1, -0.5, 0,
0.5,1,2.

(i) Sketch the curve for -2 < t< 2.

(iii) For what values of x is the curve undefined?

(iv) Eliminate the parameter by
(a) first finding x + y
(b) first squaring x and y.

228

SOLUTION
(i)
t -2 -1 | -0.5 0 0.5 1 2
x | =2.5| -2 | =2.5| undefined 25| 2 2.5
y | -15| 0 1.5 | undefined | -1.5| 0 1.5
(i) Y
2_
1_
[ I 1 ]
_3 -2 -1 0 1 2 3
1
2
Figure 9.6




(i) The curve is undefined for -2 < x < 2.
(iv) (a) Adding the two equations gives

x+y=2t or tzj%.

Substituting for tin the first equation (it could be either one) gives

Xty ., 2

x= .
2 xty

At this point the parameter t has been eliminated, but the equation is not

in its neatest form.
Multiplying by 2(x + y) to eliminate the fractions:
2x(x+y) = (x+y)?*+4
=  2x*42xy =x*+2xy+y*+4
= xt-y? =4

(b) Squaring gives

x2:t2+2+—£

t
2_ 2 1
y =t —2+t—2.

Subtracting gives

X2 —y*=4.

Note

Figure 9.7 shows that the curve is the rectangular hyperbola xy = 2 rotated clockwise

through 45°.

Figure 9.7

N v
\ v
N s xt-y2=4
_ N v
xy=2 |
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EXAMPLE 9.5

Trigonometrical parametric equations

When trigonometrical functions are used in parametric equations, a particular
trigonometrical identity may help you to eliminate the parameter. The next
example illustrates this.

Eliminate 6 from x = 4cos0, y = 3sin6.

SOLUTION
The identity which connects cos 6 and sin 6 is

cos?0 + sin?0 =1

x=4cos) = cosl=

LR

y=3sinl =  sinf=

W

Substituting these in @ gives

oty

This is usually written as

xZ yZ
E-f-?—l

and is the equation of the ellipse shown in figure 9.8.

y
3
-4 o] 4

-3
Figure 9.8
Note

. . .ox2 2 . .

The standard equation of the ellipse is Pl + B2 1 and this crosses the x axis at

(-a, 0) and (a, 0) and the y axis at (0, b) and (0, —b).



The expansions of cos 26 in terms of either sinf or cos @ are also useful in this

context. C4

EXAMPLE 9.6 Eliminate 0 from x = cos20, y = sin0 + 2.

SOLUTION

The relationship between cos26 and sin 8 is
cos20 =1-2sin%0.

Now y—2=sin0

SO x=1-2(y-2)%

912419 e jo uonenba sujaweaed ayy

The parametric equation of a circle

The circle with centre (0, 0)

The circle with centre (0, 0) and radius 4 units has the equation x? + y* = 16.
Alternatively, using the triangle OAB and the angle 0 in figure 9.9, you can write
the equations

x=4cos0
y =4sin0.
"
4
A
4
4sin@
6\ | .
4 O|4cosf B 4
-4
Figure 9.9

Generalising, a circle with centre (0, 0) and radius r has the parametric equations
x=rcost

y=rsin0.
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The circle with centre (a, b)

Translating the centre of the circle to the point (a, b) gives the circle in figure 9.10

with the parametric equations

x=a+ rcosf

y="b+ rsinf
.
The general point P
has co-ordinates
(a+rcosf, b+ rsinb).
O X
Figure 9.10

The parametric equations of other standard curves

Ellipse

In Example 9.5, you saw that the parametric equations

x=4cosf

y=3sinf

were equivalent to the cartesian equation

x2

=+ =1

16 9

In general the equations

x=acosf y=bsinl

correspond to the ellipse

x? N
p

(see figure 9.11).

1
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y

2 2
XY=l

b
/ a? 2
—a K
b

Figure 9.11

How do you prove this result?

Here the parameter 6 is not an angle in the ellipse, as it was in the circle. It does,
however, have a physical interpretation as an angle in the circumscribing circle.

Parabola

The parabola in figure 9.12 with the x axis as its line of symmetry and the point
(a, 0) as its focus, has the cartesian equation y? = 4ax. The corresponding
parametric equations are

x=at? y=2at

y2 = dax

0 (a,0) X

Figure 9.12

Rectangular hyperbola

The rectangular hyperbola xy = ¢ shown in figure 9.13(a) has the
parametric equations

x=ct yzi—.
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(a) v (b) y

O
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2

2 0 X x
-

]

=

g

[}

L

-

]

£

% Figure 9.13
o

A When you convert the equation of a curve from parametric to cartesian form,
you must take care that there are no restrictions on the values of x and y. For
example, in figure 9.13(b), the curve x = ct?, y :t% (¢ > 0) is restricted to positive
values of xand y (since > > 0). However, its cartesian form, xy = ¢2, would
appear to allow negative values of xand y.

Note

When the parametric equations can be recognised as those of a standard curve, the
curve can be sketched immediately without the need for further investigation.

In this exercise you should sketch the curves by hand. If you have access to a graphic
calculator, you can use it to check your results.

1 In each of the following
(a) find the co-ordinates of the points corresponding to values of t from -2 to
+2 at half-unit intervals, or values of 8 from 0° to 360° in 30° intervals
(b) sketch the curve
{c) find the cartesian equation of the curve.

i) x=2t (i) x=cos20 (iii) x = 12
y=1t y=sin*0 y=1
(iv) x=sin?0 (v) x=2cosecl (vi) x=2sin?0
y=1+2sin0 y=2cotl y=3cosl
(vii) x = tan 6 (viii) x = 2 (ix) x= _t
1+t
y=tan26 y=1t—t __t
A

234
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Sketch the standard curves given by the following equations.

(i) x=5cos0 (ii) x=3cosf
y=>5sin0 y=3sin0
(iii) x=4 + 3cos0 (iv) x=2cosf -1

y=1+3sin0 y=3+2sin0

(i) Sketch both of these curves on the same axes.
(a) x=1 yz% (b) x=4t yz%

(i) Comment on the relationship between them.

A curve has the parametric equations x = 2, y = 4.

(i) Find the co-ordinates of the points corresponding to t = -2 to t= 2 at half-
unit intervals.

(ii) Sketch the curve for -2 < r=< 2.

(i) Why is it not quite accurate to say this curve has equation y = x??

When a tennis ball is served in still air, its trajectory (path) may be modelled
by the parametric equations x = 20¢, y = 10t — 5¢2, where t is the time in
seconds after the service.

(i) Find the cartesian equation of its trajectory.

(ii) Sketch its trajectory.

A student is investigating the trajectory of a golf ball being hit over level

ground. At first she ignores air resistance and this leads her to an initial model

given by x = 40t, y = 30¢— 5¢%, where x and y are the horizontal and vertical

distances in metres from where the ball is hit, and ¢ is the time in seconds.

(i) Plot the trajectory on graph paper for t=0, 1, 2, ..., until the ball hits the
ground again.

(i) How far does the ball travel horizontally before bouncing, according to
this model?

The student then decides to make an allowance for air resistance to the

horizontal motion and proposes the model x = 40t — 2, y = 30¢— 5¢2.

(i) Plot the trajectory according to this model using the same axes as you did
in part (i).

(iv) By how much does this model reduce the horizontal distance the ball
travels before bouncing?

A curve has parametric equations x = (t+ 1)%, y=t— 1.

(i) Find the co-ordinates of the points corresponding to t=—4 to t =4 at
intervals of one unit.

(i) Sketch the curve for 4 < r< 4.

(iii) State the equation of the line of symmetry of the curve.

(iv) By eliminating the parameter, find the cartesian equation of the curve.

O
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8 A curve has parametric equations x = e, y = sin t, where ¢ is in radians.

O
B

(i) Find, to 2 decimal places, the co-ordinates of the points corresponding to
values of ¢ from -2 to +2 at half-unit intervals.

(i) What can you say about the values of x for which the curve is defined?
(i) Sketch the curve for -2 < r=< 2.

7]
c
-% (iv) Predict how this graph would continue if all values of t were considered
£ (thatis, t < -2 and t >2).
(]
',g_, 9 The path traced out by a marked point on the rim of a wheel of radius a
% § when the wheel is rolled along a flat surface is called a cycloid.
o
& 23 v
23
23
23
2
b
e
23
23
:
; p
3
¥z The diagram shows the wheel in its initial position when the lowest point on
%X the rim is P, and when it has rotated through an angle  (radians). In this
0 & g
§ position, the point P, has moved to P, with parametric equations given by
#e  x=OA-PB=af-asinf
. =AC-BC=a-acos0.
7 y
%% (i) Find the co-ordinates of the points corresponding to values of @ from 0
i to 67 at intervals of Z.
bie 3
s (i) Sketch the curve for 0 < 0 < 6.
¥z (i) What do you notice about the curve?
10 The curve with parametric equations
23
s« x=acos’l  y=asin’0
§ is called an astroid.
2% (i) Sketch the curve.
4 (i) On the same diagram sketch the curve
2()1 g
b¥d x=acos"0  y=asin"0
3
b forn=1,2,3,4,5,6. What happens if n = 0?
§ (iii) What can you say regarding the shape and position of the curve when
3 n=7and
236 ¢ (a) nis even (b) nis odd?



INVESTIGATIONS

Cutting out patterns

A soft ball is to be made from felt, as in
figure 9.14. The surface of the finished ball
is composed of 16 equal sections, and is
approximately spherical with a radius of

F]
<
o
7]
=,
«Q
]
=
©
=
7]

8 cm.

Investigate the shape needed for each of the
sections and draw out a pattern that you can

use to cut them out from flat pieces of felt.

Figure 9.14
The apparent motion of planets

Most of the planets go round the Sun in elliptical (but nearly circular) orbits, and
lie in very nearly the same plane. In this investigation you should assume the
orbits are circular and you will find it helpful to work, at least to start with, with
the suggested approximate data given in the table.

Planet Mean radius of orbit (km) Length of year: time for one
rotation of the Sun (Earth days)
Accurate Approximate Accurate Approximate
Mercury 5.79 x 107 6% 107 87.97 90
Earth 14.96 x 107 15 x 107 365.26 360
Mars 22.79 X 107 23 %107 686.98 720

As seen from the Earth, it appears that the Sun is moving in a circle with the
other planets circling around it.

(i) Find parametric equations for the paths of Mercury and Mars as seen from
Earth, and so sketch their paths.

(i) What is the effect of taking approximate values for the radius of the orbit and
the length of the year?

(i) If you observe a planet at night over a period of weeks or months you will see
that it appears to move across the pattern of background stars. However, at
times it will stop and move backwards (retrograde) before resuming its
forward motion. How do your sketches of the planets’ paths allow you to
explain this phenomenon?

(iv) Some astronomy books will tell you that only the superior planets (those
further from the Sun than Earth) are retrograde. Is this true, and if not how
could such a mistake be made?
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Parametric differentiation

EXAMPLE 9.7

To differentiate a function which is defined in terms of a parameter ¢, you need to
use the chain rule:

dy_dy, dr
dx dt dx
Since
dr_ 1
dx dx
dr
it follows that
dy
dy _de
dx dx
dr
provided that dx #0.
dt

A curve has the parametric equations x = 2, y = 2t.
. . ady.
(i) Find g [ terms of the parameter t.
(ii) Find the equation of the tangent to the curve at the general point (¢, 2t).
(i) Find the equation of the tangent at the point where = 3.
(iv) Eliminate the parameter, and hence sketch the curve and the tangent at the
point where t = 3.

SOLUTION
i) x=12 = % =2t
dy
=2t = =~ =2
Y dt
@ .
dy dt 2 1 The gradient of
. 4. s - the curve at
dx dx 2t t (t, 20).
dt

(ii) Using y—y, = m(x— x,) and taking the point (x, y,) as (t%, 2t), the equation
of the tangent at the point (¢2, 2¢) is

y—2t :%(x— )

This equation still contains the
parameter, and is called the equation
of the tangent at the general point.

= ty—212 =x—t?

= x-ty+t2=0.



(i) Substituting ¢ = 3 into this equation gives the equation of the tangent at the

point where t= 3. c4

The tangent is x— 3y + 9 =0.

(iv) Eliminating ¢ from x = 2, y = 2t gives
2
xz(z) or y*=4x.

This a parabola with the x axis as its line of symmetry.

The point where ¢ = 3 has co-ordinates (9, 6).

uoIeIIUBIBIP JL}BWRIR

The tangent x— 3y + 9 = 0 crosses the axes at (0, 3) and (-9, 0).

The curve is shown in figure 9.15.

-10
| Lo i L L1
-9 8 -7 6 -5 43 2-10\1 2 3 4 5 6 7 8 910 x
Figure 9.15
EXAMPLE 9.8 An ellipse has parametric equations x = 4 cos 0, y = 3sin 0.

(i Find (% at the point with parameter 0.

(i) Find the equation of the normal at the general point (4 cos0, 3sin0).
(i) Find the equation of the normal at the point where 0 = %

(iv) Find the co-ordinates of the point where 0 = %

(v) Show the ellipse and the normal on a sketch.

SOLUTION
(i) x=4cosl = % =—4sin0
—3sin0 = P —3c050
y=3sin = 5CO0S 239



dy
dy _do _ 3cosl

Ca

dx  dx —4sin0

0 __3cos0

s 4sin6

g

% (i) The tangent and normal are perpendicular, so the gradient of the normal is
]

£

9 _1 which is 481n98 A mym,=-1 for

E d_y 3cos perpendicular lines.

4 dx

o

Using y — y; = m(x— x,) and taking the point (x,, y,) as (4cos 0, 3sin0), the
equation of the normal at the point (4 cosf, 3sin0) is

4smt9

y— 3sm0— (x 4cosb)

= 3y cost —9sin@ cos = 4xsinl — 16sin6 cosl

=  4xsinf-3ycost —7sinf cosf = 0.
1 . 1 . .
(iii) When 6 = %, cosf = \/_7 and sinf = \/_? so the equation of the normal is
1 1 1
AxX = 7X =X—7==0
W 2 TN

= a2x-322y-7=0

= 4x—3y—4.95 =0 (to 2 decimal places).
(iv) The co-ordinates of the point where 0 = % are

(4cos4 3sin ) ( v— 3xv—)
~ (2.83, 2.12).

(v) y

ap
G

240 Figure 9.16



EXAMPLE 9.9

Turning points

When the equation of a curve is given parametrically, the easiest way to

distinguish between turning points is usually to consider the sign of d_y If you

dx

use this method, you must be careful to ensure that you take points which are to
the left and right of the turning point, i.e. have x co-ordinates smaller and larger
than those at the turning point. These will not necessarily be points whose
parameters are smaller and larger than those at the turning point.

Find the turning points of the curve with parametric equations x=2t+ 1, y = 3t *,
and distinguish between them.

SOLUTION
= g:
x=2t+1 = I 2
y=3t-£ = ﬂ=3_3t2
dr

dy
dy _dr _3-32_3(1-1%)
dx  dx 2 2

dt

Turning points occur when j— =0:

= =1 = t=1 or t=-1
Att=1: x=3,y=2.
Att=0.9: x=2.8 (to theleft); % = 0.285 (positive).
Att=1.1: x=3.2(to the right); % =-0.315 (negative).
There is a maximum at (3, 2).
Att=-1: x=-1,y=2.

Att=-1.1: x=-1.2 (to the left); Q =-0.315 (negative).

dx \_/

At t=-0.9: x=-0.8 (to the right); % = 0.285 (positive).

There is a minimum at (-1, =2).

@® An alternative method

. d? dy . . .
Alternatively, to find (g)z/ when <2 is expressed in terms of a parameter requires a

dx

further use of the chain rule:

_d
T dt

dt
dx’

&y _d
dx? dx

dy
dx

dy
dx

®ecccccsccccccccccccee
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For each of the following curves, find % in terms of the parameter.

(i) x=3¢ (i) x=0-cosb
y=28 y=10+sin0
(i) x = t+% (iv) x=3cosf
_, 1 y=2sin0
y=t r
(v) x=(t+1)?2 (vi) x=0sin0 + cosf
y=(t-1)>* y=10cos —sinf
i) x=eX + 1 (viii) x= ——
e +1
- _t
Y1

A curve has the parametric equations x = tan 0, y = tan 20. Find

(i) the value ofﬂwhen 0= %

dx

(i) the equation of the tangent to the curve at the point where 0 = z

(i) the equation of the normal to the curve at the point where 0 =

Qo

A curve has the parametric equations x= 2, y=1 - ZLt for £ > 0. Find
(i) the co-ordinates of the point P where the curve cuts the x axis

(i) the gradient of the curve at this point

(i) the equation of the tangent to the curve at P

(iv) the co-ordinates of the point where the tangent cuts the y axis.

A curve has parametric equations x = at?, y = 2at, where a is constant.
Find

(i) the equation of the tangent to the curve at the point with parameter ¢
(ii) the equation of the normal to the curve at the point with parameter ¢
(iii) the co-ordinates of the points where the normal cuts the x and y axes.

A curve has parametric equations x =cos 0, y = cos 20.

(i) Show that Q =4cosb.
dx

2

& 4o

(ii) By writing j—y in terms of x, show that Fpele
x x

6 The parametric equations of a curve are x= at, y = %, where a and b are

constant. Find in terms of g, band ¢
. dy
(i) dx
(ii) the equation of the tangent to the curve at the general point (at, ?)

(iii) the co-ordinates of the points X and Y where the tangent cuts the x and y axes.
(iv) Show that the area of triangle OXY is constant, where O is the origin.



7 The diagram shows a sketch of the curve given parametrically in terms of ¢ by
the equations x=4rand y = 21> where ¢ takes positive and negative values.

YA

=Y

(0)

P is the point on the curve with parameter .
(i) Show that the gradient at P is .
(i) Find and simplify the equation of the tangent at P.

The tangents at two points Q (with parameter ¢,) and R (with parameter t,)
meet at S.
(iii) Find the co-ordinates of S.
(iv) In the case when ¢, + ¢, = 2 show that § lies on a straight line.
Give the equation of the line.
[MEL, adapted]

The diagram shows a sketch of the curve given parametrically in terms of ¢ by
the equations x=1— 12, y =21+ 1.

YA
\Q

.

/QR

Not to scale

(i) Show that the point Q(0, 3) lies on the curve, stating the value of ¢
corresponding to this point.
(ii) Show that, at the point with parameter ¢,

dy__1

dx t

(i) Find the equation of the tangent at Q.
(iv) Verify that the tangent at Q passes through the point R(4, —1).
(v) The other tangent from R to the curve touches the curve at the point S and
has equation 3y — x4+ 7 = 0. Find the co-ordinates of S.
[MEI]
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9

10

11

12

The diagram shows a sketch of the curve with parametic equations x = 1 — 2t,
y = t2. The tangent and normal at P are also shown.

YA

P(5, 4)

=Y

°l/

(i) Show that the point P(5, 4) lies on the curve by stating the value of ¢
corresponding to this point.

(i) Show that, at the point with parameter ¢, g_x =—t.

(i) Find the equation of the tangent at P.
(iv) The normal at P cuts the curve again at Q. Find the co-ordinates of Q.
[MEI]

A particle P moves in a plane so that at time ¢ its co-ordinates are given by
x=4cost, y=3sint. Find

(i) dy in terms of ¢

dx
(ii) the equation of the tangent to its path at time ¢
(iii) the values of f for which the particle is travelling parallel to the line x+ y = 0.

A circle has parametric equations x=3 + 2cos 6, y =3 + 2sin6.

(i) Find the equation of the tangent at the point with parameter 6.

(ii) Show that this tangent will pass through the origin provided that
sin@ + cos0 = —%.

(i) By writing sin0 + cos 0 in the form Rsin(0 + a), solve the equation
sin@ + cos0 = —% for0 <0 <2m.

(iv) Illustrate the circle and tangents on a sketch, showing clearly the values of
0 which you found in part (iii).

The parametric equations of the circle with centre (2, 5) and radius 3 units

are x=2+ 3cost, y=5+ 3sin0.

() Find the gradient of the circle at the point with parameter 0.

(i) Find the equation of the normal to the circle at this point.

(iii) Show that the normal at any point on the circle passes through the centre.
(This is an alternative proof of the result ‘the tangent and radius are
perpendicular’.)



13 The parametric equations of a curve are

14

x=3cosf, y=2sinf for0=<0<2m.

(i) By eliminating 0 between these two equations, find the cartesian
equation of the curve.

(i) The diagram shows a sketch of the curve. On a copy of the diagram show
the pair of tangents which pass through the point (6, 2).

gy

TN
3\2/3 x

. . dy.
(i) Use the parametric equations to calculate < in terms of 6.

dx

You are given that the equation of the tangent to the curve at (3 cos0, 2sin0) is
2xcosf + 3ysinf = 6.
(iv) Show that, for tangents to the curve which pass through the point (6, 2),
2cosf +sinf = 1.

(v) Solve the equation in part (iv) to find the two values of 0 (in radians
correct to 2 decimal places) corresponding to the two tangents.
[MEL adapted]

An ellipse has equation given in parametric form by x = 4cos 0, y = 3sin 6,
0=<0<2m.
The sketch illustrates this ellipse and point P(4 cos#, 3sinf), 0 < 0 < %

Rectangle PQRS has PQ parallel to the x axis and PS parallel to the y axis,
with Q, R and S also on the ellipse.

YA

Q/_\’Mcos@, 3sinf)

A 1N
NI

=Y
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(i) (a) Express the equation of the ellipse in cartesian form.
(b) The length, L, of the perimeter of PQRS is given by L= 12sin6 + 16 cos 6.
Express L in the form rsin(6 + a), where r and a are constants to
be determined.
(¢) Find the maximum value of L and the value of 6, 0 < 0 < E, for
which it occurs. 2
(i) The line PS produced meets the line y = -8 at the point U with
co-ordinates (4cos0, —8), where 0 < 0 < %
(a) Write down the gradient of OU.
(b) Calculate the gradient of the tangent at P.
(c) Find the value of 0 for which OU is parallel to the tangent at P.
Give your answer correct to 2 decimal places.
[MEI]

15 The curve shown in the diagram has parametric equations

A J aQ+n(1-9 (t=£1).

(i) Express tin terms of x.
2

Hence show that the cartesian equation of the curve is y = 5 .
x—1

(ii) Find dy and dx and hence show that

dt dt
d_y:_ 2t
dx (1-0p?%

(i) You are given that the equation of the tangent at the point T having
parameter tis 2fx + (1 — )%y = 1.

Find the y co-ordinate of the point P where this tangent cuts the line x = %



(iv) The point Q is the intersection of the line x = % and the straight line
joining the origin to the point T. Point R has co-ordinates (%, 0).

Show that RQ = QP.
[MEI]

16 The diagram shows the curve with parametric equations
X = cost, y:%sinZt
for 0 =< r << 27. The curve is symmetrical about both axes.

YA

Y

(i) Copy the diagram. Locate and label on your sketch the points
having parameters

T 3
t=0, t==, t= d t==.
B 7T an 2

(ii) Find an expression for j_)’ in terms of the parameter .
X
Hence show that, at the origin, the curve crosses itself at right angles.
(i) Show that the cartesian equation of the curve is y* = x*(1 — x?).

(iv) Show that the parameters of the points where the gradient of the curve is
—% satisfy the equation 4sin?f+ 7sint—2 = 0.

Find the parameters of these points.
[MEI]

17 The curve in the diagram is given by the parametric equations

x=2cosf+sinf, y=cost+2sinf for0=<0<2m.

YA

<Y
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(i) Express xin the form Rcos(# — a), where R > 0.
Between what values must x lie?

(ii) Find the gradient of the curve at the point where 0 = %

(iii) Show that, for any point on the curve,

x*+ y* =5+ 4sin20.
(iv) Find the greatest and least distances of a point on the curve from the origin.

[MEI]

18 The diagram shows a sketch of the curve given by the parametric equations
x=sint,y=tsintfor 0 < r< 7.

YA
2 b

| |
0 1 2

>
>
X

(i) On a copy of the diagram mark the points having parameters ¢ =0, %n and 7.

(ii) Show that dy_ f+tant.
dx
Find the gradients of the curve at the origin.
(iii) Find Jtsintht.
Y

Hence show that J tsin2tdt= —%n.
0

(iv) You are given that the area of the region enclosed by this curve is

T dx |
Joyadt.

Evaluate this area.
[MEI]

19 (i) Given thattana=2and 0 <a < %n, find the exact values of sina, cosa
and sin2a.

The diagram shows a sketch of the curve given by the parametric equations
x=cost+2sint, y=sin2t (0 < t < 7).

The curve cuts the x axis at the points A, B and D. The point on the curve
where the x co-ordinate attains its maximum value is C.



YA

=Y

(i) Find the x co-ordinates of the points A, B and D.

(iii) Show that cost + 2sin f can be expressed in the form R cos (f— a), where a is
the angle given in part (i) and R is to determined.
Hence or otherwise find the exact co-ordinates of C.

(iv) Find j—i in terms of t.
Deduce the value of the gradient of the curve at the point A.

[MEI]
20 The curve with parametric equations

x=0-sinf, y=1-cos), 0<0=<2m,
is a cycloid. Its graph is shown in the diagram.

YA

=Y

(0]

. dy.
( Find < in terms of 0.
dx
Deduce the co-ordinates of the stationary point P.
(i) At the point on the curve with parameter a, the gradient is % Show that
2sina + cosa = 1
By expressing the left-hand side of the equation in the form Rcos(a — f3),

solve this equation for a, giving your answer in radians correct to
3 decimal places.

(i) The area of the region enclosed by the curve and the x axis is A, where

27 dx
A= JO y@dg

2n
Show that A = Jo (1 —cos0)? do.

Hence find A, giving your answer as a multiple of 7.

(Hint: cos?0 = 1+ cos26 )
2 [MEI]
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21 The diagram shows a sketch of the curve with equation y? = (1 — 2x)>.
The curve meets the x axis at A and crosses the y axis at the points B and C.

by

> Not to scale
(6] A X
C

(i) Find the co-ordinates of the points A, B and C.
(ii) Show that the gradient of the curve at the point B is -3.
(i) Verify that

1
x=501-1), y==1
are parametric equations for the curve.

. dy. .
Find d—i in terms of t, and show that the equation of the tangent to the

curve at the point with parameter tis

6tx+2y+ 12— 3t=0.
[MEI]
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2 The ellipse shown in the diagram has parametric equations

x=2cosl), y=sinf (0=<0=<2n).

\

/[

m
X
o
. -
P(2cos0, sin0) 3
o
o
w0

251

The ellipse crosses the positive co-ordinate axes at A and B.

(i) Write down the parameters and co-ordinates of each of the points A and B.

(ii) Find the cartesian equation of the ellipse.

(i) Find an expression in terms of ¢ for the gradient of the tangent to the
ellipse at the point P with parameter 0.

The points Q and R have parameters a and a+ %n respectively, where 0 <a < %n.

(iv) Find the co-ordinates of R in terms of a.
Hence write down an expression in terms of a for the gradient of the
chord QR.

(v) Show that

1
COS(“ + Z”) _ cosa—sina

sin(a+in) " cosa+ sina’

Hence or otherwise deduce that the tangent at P is parallel to the chord
QRwhen0=a+ inor0:a+ %7{.

RRENENEN BN SN ENEN AR ERE I RN UEUEREHE DN ENENENENLRENENENEN RS RN RN HE NN BN

[MEI]



KEY POINTS

C4 1 In parametric equations the relationship between two variables is expressed

by writing both of them in terms of a third variable or parameter.

2 To draw a graph from parametric equations, plot the points on the curve
given by different values of the parameter.

3 Eliminating the parameter gives the cartesian equation of the curve.
4 The parametric equations of circles:

e Circle centre (0, 0) and radius r

Parametric equations

x=rcos0 y=rsin0
e Circle centre (a, b) and radius r

x=a+ rcosf y=>b+ rsinf

dy
dy _dr e thard
5 dx & provided that dt;ﬁO.
dt
dx? dx\dx/ dt\dx/ dx

@

The parametric equations of some other standard curves:

e Fllipse centre (0, 0) with major axis 2a and minor axis 2b
x=acos0 y = bsinf

e Parabola with line of symmetry the x axis
x= at? y=2at

e Rectangular hyperbola xy = ¢?

252



Further techniques
for integration

A mind once stretched by a new idea never regains its original
dimensions.
Oliver Wendell Holmes

These photographs show spiral galaxies. One is taken from near its axis of
rotation, the other from a point in its plane. Our own galaxy is a spiral of radius
100000 light years. At its thickest it is 1000 light years across.

©® How would you estimate the volume of our galaxy?
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Finding volumes by integration

Ca
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Il
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(6] 1 2 X

Figure 10.1 Figure 10.2

Further techniques for integration

When the shaded region in figure 10.1 is rotated through 360° about the x axis,

the solid obtained, illustrated in figure 10.2 is called a solid of revolution. In this
particular case, the volume of the solid could be calculated as the difference between
the volumes of two cones (using V= %n rzh), but if the line y = xin figure 10.1 was
replaced by a curve, such a simple calculation would no longer be possible.

@ 1 Describe the solid of revolution obtained by a rotation through 360° of

(i) arectangle about one side
(ii) a semi-circle about its diameter
(iii) a circle about a line outside the circle.

2 Calculate the volume of the solid obtained in figure 10.2, leaving your answer
as a multiple of 7.

Solids formed by rotation about the x axis

Now look at the solid formed by rotating the shaded region in figure 10.3
through 360° about the x axis.

| y=1x)

254 Figure 10.3 Figure 10.4



EXAMPLE 10.1

The volume of the solid of revolution (which is usually called the volume of
revolution) can be found by imagining that the solid can be sliced into thin discs.

The disc shown in figure 10.4 is approximately cylindrical with radius y and
thickness 6x, so its volume is given by

dV =my*éx.

The volume of the solid is the limit of the sum of all these elementary discs as
dx— 0,

i.e. the limit as dx — 0 of Z oV
over all
discs

x=b
or the limit as 8x — 0 of ) my?8x.

X=a

The limiting values of sums such as these are integrals so

You can write this as

V= J:nyzdx b

The limits are a and b because x takes values

emphasising that the limits

from ato b. a and b are values of x, not y.

Since the integration is ‘with respect to x’, indicated by the dx and the fact that
the limits a and b are values of x; it cannot be evaluated unless the function y is
also written in terms of x.

The region between the curve y = x?, the x axis and the lines x=1 and x= 3 is
rotated through 360° about the x axis.
Find the volume of revolution which is formed.

SOLUTION
The region is shaded in figure 10.5.

V
A y=x

" /

Figure 10.5
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y=x
nx*dx 220 4
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The volume is 2 cubic units or 152 cubic units (3 s.f.).

A Unless a decimal answer is required, it is usual to leave 7 in the answer, which is
then exact.

EXAMPLE 10.2 (i) Find the volume of a spherical ball of radius 2 cm using integration.
(ii) Verify your result using the formula for the volume of a sphere.
SOLUTION

(i) The volume is obtained by rotating the top half of the circle x> + y* =4
through 360° about the x axis.

y‘

2 x2+yz:4
2. (6] \j 2 X

Y

Figure 10.6

256



(i) Using V= J:nyzdx and y? = 4 — x? from the circle equation

2
volume = J 27z(4—x2)dx

B K312
—n4x—3 .
— _8) (g4 8
—n(8 : (s+3)]
_32m 3

3

(ii) Volume of a sphere = %nﬁ

:%nxﬁ

_ 32n 3
=——Ccm-.
3

Rotation about the y axis

When a region is rotated about the y axis a very different solid is obtained.

Figure 10.7 Figure 10.8

Notice the difference between the solid obtained in figure 10.8 and that in figure 10.4.

For rotation about the x axis you obtained the formula

= JZnyzdx.

xaxis
In a similar way, the formula for rotation about the y axis

vV .= Jinxzdy can be obtained.

yaxis

In this case you will need to substitute for x? in terms of y.

Q How would you prove this result?
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EXAMPLE 10.3

The region between the curve y = x?, the y axis and the lines y=2 and y =5 is
rotated through 360° about the y axis.
Find the volume of revolution which is formed.

SOLUTION

The region is shaded in figure 10.9.

yl
> yer
5 /
2
0 3
Figure 10.9
Using V= Jznxzdy

volume = Enydy since x* =y

my’|?
2

2
T
=Z25-4
~(25-4)

= 2177[ cubic units.

1 Name six common objects which are solids of revolution.

2 In each part of this question a region is defined in terms of the lines which
form its boundaries. Draw a sketch of the region and find the volume of the
solid obtained by rotating it through 360° about the x axis.

(i) y=2x the xaxis and the lines x=1and x=3

(ii) y=x+ 2, the x axis, the y axis and the line x =2
(i) y=x? + 1, the x axis and the lines x=—-1 and x= 1
(iv) y= \/;c, the x axis and the line x =4
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3 (i) Find the co-ordinates of y

A and B, the points of 1
intersection of the circle
x* + y? =25 and the line 4
y=4. :I':I
(ii) A napkin ring is formed by ‘ ‘ 2
rotating the shaded area ‘ : > -
through 360° about the 0 5
x axis. By considering the
shaded area as the
difference between two X+ yP=25
areas, and hence the
volume of the napkin ring
as the difference between
two volumes, find the volume of the napkin ring.
4 (i) Sketch the line 4y = 3x for x = 0.
(i) Identify the area between this line and the x axis which, when rotated through
360° about the x axis, would give a cone of base radius 3 and height 4.
(i) Calculate the volume of the cone using
(a) integration
(b) aformula.
5 (i) Sketch the graph of y = (x—2)? for values of x between x =1 and x = 5.
Shade in the region under the curve, between x =0 and x = 2.
(ii) Calculate the area you have shaded.
(i) Show that (x—2)* = x* — 8x> + 24x> — 32x + 16.
(iv) The shaded region is rotated about the x axis to form a volume of revolution.
Calculate this volume, using your answer to (iii) or otherwise. MBI
6 (i) Sketch the graph of y = (x + 1)? for values of x between x = -1 and x = 4.
(i) Shade in the region under the curve between x = 1, x = 3 and the x axis.
Calculate this area.
(i) Expand (x+ 1)%
(iv) The shaded region in (ii) is rotated about the x axis to form a solid of
revolution.
Calculate the volume of this solid.
[MEI]
e The remaining questions relate to enrichment material.
7 In each part of this question a region is defined in terms of the lines which
form its boundaries. Draw a sketch of the region and find the volume of the
solid obtained by rotating through 360° about the y axis.
(i) y=3x the y axis and the lines y = 3 and y =6
(ii) y=x-—3, the yaxis, the x axis and the line y =6
(i) y = x> — 2, the y axis and the line y = 4 259



8 A hemispherical bowl is formed y
by rotating the bottom half of
the circle x? + y? = 100 about the

O
B

y axis as shown in the diagram.
(Units are in centimetres.) N
(i) Find the volume of the bowl. ;

(i) The bowl is filled with [ — o] i
>

water to a depth of 8cm.

Find the volume of water

. -
in the bowl.

x2 4% =100

-10

Further techniques for integration

9 A mathematical model for a large garden pot is obtained by rotating through
360° about the y axis the part of the curve y = 0.1x? which is between x = 10
and x = 25 and then adding a flat base. Units are in centimetres.

(i) Draw a sketch of the curve and shade in the cross-section of the pot,
indicating which line will form its base.

(ii) Garden compost is sold in litres. How many litres will be required to fill
the pot to a depth of 45cm? (Ignore the thickness of the pot.)

10 The graph shows the curve y = x? - 4.
The region R is formed by the line y = 12, the x axis, the y axis and the curve
y = x> — 4 for positive values of x.
(i) Copy the sketch graph and shade the region R.

y

12

260 —4
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The inside of a vase is formed by rotating the region R through 360° about
the y axis. Each unit of x and y represents 2 cm.

(ii) Write down an expression for the volume of revolution of the region R
about the y axis.
(i) Find the capacity of the vase in litres.
(iv) Show that when the vase is filled to % of its internal height it is three-
quarters full.
[MEI]

The use of partial fractions in integration

(2] Why is it not possible to use any of the integration techniques you have learnt so

far to find j 2

dx?
x2-1

Partial fractions

Since x* — 1 can be factorised to give (x+ 1)(x— 1), you can put the function to
be integrated into partial fractions.

2 __A , B
x2-1 x-1 x+1

This is true for all values
of x. It is an identity and to
emphasise this point we use
the identity symbol =.

2=A(x+1)+B(x-1)
Letx=1 2=2A = A=l
Letx=-1 2=-2B = B=-1
Substituting these values for A and B gives

2 1 1

x>-1 x—1 x+1

The integral then becomes

J 2 dx:J.1 dx— 1 dx.

x2-1 x—1 x+1

Now the two integrals on the right can be recognised as logarithms. So

J 22 dx =In|x-1|-In|x+1]|+¢
x-—1

_alx—=1

O
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EXAMPLE 10.4

Here you worked with the simplest type of partial fraction, in which there are two
different linear factors in the denominator. This type will always result in two
functions both of which can be integrated to give logarithmic functions. You will
now look at the other types of partial fraction.

A repeated factor in the denominator

. x+4
Flndj(Zx—l)(x+ Ttk

SOLUTION
First put the expression into partial fractions:

x+ 4 _ A B C

- D+ 12 (2D x+D G+

where x+4=A(x+1)2+B2x-1)(x+1)+ C2x-1).

Letx=-1 3=-3C = C=-1.
1 9 3)\2 9 9
Letxzi §=A(§) = EZZA = A=2.

Letx=0 4=A-B-C = B=A-C-4=2+1-4=-1.
Substituting these values for A, Band C gives

x+4 _ 2 11
Qx—D(x+12 (2x-1) (x+1) (x+1)?

Now that the function is in partial fractions, each part can be integrated
separately.

x+4 _ 2 1 1
j(Zx—l)(x+1)2 x‘J(zx_ndx_J(er1)d"_j(x+1)2dx‘

The first two integrals give logarithmic functions as you saw above. The third,
however, is of the form 172 and therefore can be integrated by using the
substitution u = x + 1, or by inspection (i.e. in your head). So

x+4 1
_x+4 e—In2x—1|-In|x+ 1]+ -1+
J(Zx—l)(x+1)2 R i

2x—1 +—1 +c

—1
M1 X+ 1




A quadratic factor in the denominator
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xX—2

2+ 2)(x+ 1)dx'

EXAMPLE 10.5 Find J

SOLUTION
First put the expression into partial fractions:

x—2 _Ax+B+ C

(x2+2)(x+1) (x2+2) (x+1)

where x-2=(Ax+ B)(x+1) + C(x*+2).
Rearranging gives
x=2=(A+CO)x*+ (A+ B)x+ (B+20).

Equating coefficients:

uoijeabajul ui suoijoedy jeiaed Jo asn ayy

x> = A+C=0
x = A+B=1
constant terms = B+2C=-2.
Solving these gives A =1, B=0, C=-1. Hence

x—2 __x 1
(Z+2)(x+1) (2+2) (x+1)

x—2 _ X 1
.[(x2+2)(x+ 1 dx‘J(x2+z)dx_J(x+ 7y 9%

zlj 2x dx—j L_dx
2)x*+2 x+1

$In|x2+2|=In\x2+2
Notice that (x2 + 2) is positive
for all values of x.

= %ln|x2+2|—ln|x+ 1|+¢

Va2 +2

x+1

=In +c

Note

Ax+Bto

If B had not been zero, you would have had an expression of the form — 2
x? +

integrate. This can be split into

Ax B
x2+2 x?2+2

The first part of this can be integrated as in Example 10.5, but the second part cannot
be integrated by any method you have met so far. If you go on to study the FP2 unit,
you will meet integrals of this form then. If in the meantime you come across a case
(for example in modelling a situation) where you need to find such an integral, you
may choose to use the standard result that

X

1 1
J(xz " az)dX— 3 arctan 3

+ C. 263
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1 Express the functions in each of the following integrals in partial fractions, and
hence perform the integration.

1
.[(l—x)(3x—2)dx

x+1
(i) J.i(xz DD dx

1
(v) J.m dx

.. 2x—4
(vii) jm dx

(i)

7x—2

() jx 1)2(2x + 3)d

(iv) J 3x+3
(x-1)(2x+1)

i) J.x+1)(x+3 dx

[ 321
(x+2)2x+1)?

2 Express in partial fractions the function

_ 3x+ 4
fo = 2+ 4)(x=3)

and hence find J.(z) f(x) dx.

[MEI]
3 Express m in partial fractions. Hence show that
2 dx 1 5
—————=5+2Inz.
.[ 1 x2(2x+1) 2 6
[MEI|

4 (i) (a) Express in partial fractions.

-3
(1+x)(1-2x)
(b) Hence find

0.1 3
Jo o029

giving your answer to 5 decimal places.
(i) (a) Find the first three terms in the binomial expansion of
3(1+x)1(1-2x)"L

(b) Use the first three terms of this expansion to find an approximation for

0.1 3
Jo Tro0-29 ™

(c) What is the percentage error in your answer to part (b)?
5 (i) Given that

x2—x—-24 _ B C
e - torn T e

find the values of the constants A, Band C.

x:—x—24
(i) Flndj 7(x a4 dx.
[MEI]



6 (i) Find jxezx dx.

7'[
(ii) Find the exact value of Jlﬂsinz.’)x dx.

4

(i) The expression is to be written in partial fractions of the form

X2
(x—4)%(x-2)

A B C
+ + .
(x—4)? x—-4 x-2

Show that B=0 and find A and C.

8 2
H h thtJ. — X dx=6+1In2.
ence show tha DN 2) X n
[MEI]
7 (i) Express the function f(x) = m in the form ﬁ Iix:xzc.

(i) Use the binomial series to show that, for suitably small values of x,
f(x) =1 —5x+ 9x2.

State the range of values of x for which the binomial series expansion is valid.
(i) By using a small-angle approximation for sin 6, together with the result in
part (ii) above, find an approximation for

j‘“ 1-3sinf
o (1+2sin6)(1 + 6?)

[MEI]

2
8 () Given that f(x) = 102X+ 15x" _A+Bx | C o4 ihe values of
(1+x)2-x 1+x* 2-x

Band Cand show that A = 0.

(ii) Find Jé f(x) dxin an exact form.
(iii) Express f(x) as a sum of powers of x up to and including the term in x*.
Determine the range of values of x for which this expansion of f(x) is valid.
[MEI]

2u?

2u® . . .
— =2+ . Hence express ——— in partial fractions.
u

i) Show th
9 (i) Show that 1 71 21

(i) Using the substitution u = \/;, show that

9 x _r 2u?
Lx—ld a zuz—ldu'
9
Deduce that L% dx=In3-1n2+2.

(i) Use integration by parts, and the result of part (ii), to show that

9 —_
J4%dx: 20In2 - 61n3 - 4,

[MEI]
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General integration

You now know several techniques for integration which can be used to integrate a
wide variety of functions. One of the difficulties which you may now experience
when faced with an integration is deciding which technique is appropriate! This
section gives you some guidelines on this, as well as revising all the work on
integration that you have done so far.

©® 1Lookatthe integrals below and try to decide which technique you would use and,
in the case of a substitution, what function you would write as «. Do not attempt
actually to carry out the integrations. Make a note of your decisions — you will
return to these integrals later.

. xX—5 . x+1
—2—°2 dx J.— dx

@ J.x2+2x—3 (i) xr+2x-3

(i) jxex dx (iv) Jxe"2 dx

(v) J.M dx (vi) Jcosxsinzxdx
X“ 4+ sinx

Choosing an appropriate method of integration

You have now met the following standard integrals.

£(x) J£(x) dx
x" +1
n — _
X (n#-1) ]
1
% In|x|
e* e
sinx —COS X
Cos X sinx

If you are asked to integrate any of these standard functions, you may simply
write down the answer.



For other integrations, the following table may help.

Type of function to be integrated Examples Method of integration
Simple variations of any of the cos(2x+ 1) Substitution may be used, but it should
standard functions e be possible to do these by inspection.
Product of two functions of the 2xex’ Substitution u = f(x)
form f(x)g[f(x)] 206+ 1)
Note that f’(x) means % [f(x)]
Other products, particularly xe* Integration by parts
when one function is a small x2sin x
positive integral power of x
or a polynomial in x
Quotients of the form f'(x) X Sul?stltutu.)n u = f(x) or, better,
f(x) xX2+1 by inspection:
or functions which can easily sinx kinlf(x)|+ ¢
be converted to this form COS X where k is known
Polynomial quotients x+1 Split into partial fractions
which may be split into x(x—1) and integrate term by term
partial fractions x—4
xP—x-2
Odd powers of sin x or cosx cos> x Use cos?x + sin?x = 1 and write
in form f"(x)g[f(x)]
e Even powers of sin x or cos x sinx Use the double-angle formulae to
costx transform the function before
integrating.

It is impossible to give an exhaustive list of possible types of integration, but the
table above and that on the previous page cover the most common situations that
you will meet.

Now look back at the integrals in the discussion point on the previous page and
the decisions you made about which method of integration should be used for

each one.

. x—5 . x+1

M [=—==2—dx (ii) J—
' Jx2+2x—3 Y x—3
(iii) jxex dx (iv) jxex2 dx

) ij—cosx dx

— (vi) jcosxsinzx dx
x% + sinx
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Choose an appropriate method and integrate the following functions.
You may find it helpful first to discuss in class which method to use.

] .. 2x+ 1
@ [eos3x-1) dx W [Pt

(i) [e! ™ dx (iv) |cos2xdx

In2x dx (vi)

(x—1)*(x+2)

dx
2x% — 7x+ 3

Je ]
J [y
win | V2= 3 dx win [ ax
J “ |5
J

(x+ 1)er2x dx (i) j sinx—cosx 4,

(xi) :
sinx + cosx

e The remaining parts of this question relate to enrichment material.
(xiii) sz sin2x dx (xiv) J.sin3 2xdx

Evaluate the following definite integrals.

(i) JM dx (i) JM dx (i) JM 9% _ dx
8 A[3x—8 8 3x—38 8 3x—8
(iv) J'E sin’x dx (v) fozlnx dx

2 2
Evaluate J X dx, using the substitution u =1 + x3, or otherwise.

041+ x3
[MEI]
Find J.4 31n40 df in terms of V/ 2.
0 cos* 0
[MEI]
2
Using the substitution u = Inx, or otherwise, find J lnTx dx, giving your
1
answer to 2 decimal places.
[MEL, part]
Find ‘[ xcos2x dx, expressing your answer in terms of 7.
[MEI]

(i) Find jxe‘z" dx.

(i) Evaluate J dx, giving your answer correct to 3 significant figures.

(4 +x%)
[MEI]

(i) Find Jsin(Zx— 3) dx.

2
(ii) Use the method of integration by parts to evaluate jo xeX* dx.

(i) Using the substitution ¢ = x* — 9, or otherwise, ﬁndJ 2x 5 dx.

[MEI]



9 Evaluate

(i) J; (22 + 1)(2x% + 3x+ 4)F dx

(i) j 1n_3x dx.

1 X

[MEI]
%

) ) 1
10 Find j sin x cos® x dx and .[o te~2t dt.

0
[MEI]

Integrals you cannot do

Sometimes you will need to evaluate a definite integral that you cannot do. It may
be that it can be done but you do not know how, or it may be that it just cannot
be done algebraically.

@ Think of a function that cannot be integrated algebraically.

Can you find a function that cannot be differentiated?

When you need to find the value of such a definite integral you can use a
numerical method, like the trapezium rule which you met in AS Pure
Mathematics, Chapter 9.

Az%xhx[y0+yn+2(y1+y2+...+yn_1)]

to work out an approximate value for the area between a curve and the x axis.
The formula uses # strips, each of width A, as shown in figure 10.10.

y 3
y=1(x)
RN
/ Yo Y1
Y2
a
“h TR T

Figure 10.10
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@ Lookat the three graphs in figure 10.11 and, in each case, state

(a) whether the trapezium rule would underestimate or overestimate the area, or

whether you cannot tell
(b) whether taking a greater number of strips would improve the estimate, or
whether you cannot tell.

A A

(i) (iii)

Further techniques for integration

Figure 10.11

A numerical method does not give you an exact answer but, by using it repeatedly,
you can find the correct answer to whatever level of accuracy you require.

To see how to do this, do Activity 10.2.

6

1 The trapezium rule is to be used to approximate [ = J ﬁ dx, using  strips.
2

5 over the interval [0, 6].

Figure 10.12 shows the graph of y =

1+x

by

=Y

0 1 2 3 4 5 6

Figure 10.12

Using a computer package, or h Approximation to I

otherwise, complete the following

table, where 7 is the number of
strips used and h is the width of

each strip. Give your answers to

the number of figures on your

computer or calculator. 16

2 Use your table of results to predict the accurate answer to as many decimal
270 places as you feel are justified.



Notice how the answers converge. Applying a numerical method repeatedly does
two important things.

e [t gives you a more accurate answer.

o It allows you to judge the likely error in your answer.

You apply the trapezium rule just once to estimate the area under a curve. What
can you say about the possible error in your answer?

Now do Activity 10.3. This looks at how quickly the error decreases and the
answer converges.

1 You can actually evaluate the integral in Activity 10.2 exactly since

j 1 5 dx = arctanx + c.
1+x

(Note that x is measured in radians.)
Find the value of the area to calculator accuracy.

2 Add two further columns to your table from Activity 10.2 to show the values of
€

h2

the absolute error, ¢, to the accuracy of your other figures and the value of
to 3 decimal places.

Comment on your results.

This activity should have convinced you that the error in a trapezium rule
approximation is approximately proportional to the square of the step length, h.
Another way of saying the same thing is that, if you double the number of strips,
the error goes down to about one quarter of what it was before.

In the early stages of a set of trapezium rule calculations the error may not be
quite as predictable as this, particularly if the curve is partly concave and partly
convex, i.e. if the function has a point of inflection in the region in question.

YA YA

=Y
=Y

O A convex curve 0 A concave curve

Figure 10.13
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P

EXAMPLE 10.6

G Two applications of the trapezium rule

You can use two applications of the trapezium rule to give you an estimate of the
true value of the integral. This is how it is done.

Let T, be the approximate value obtained using a strip width of h, for n=1, 2.

= T, —I= kh? and T, — I = kh3 where Iis the true value of the integral

= T, - Tzzk(h%_hg)

k will be positive if the

= k~ Tl - TZ curve is concave and negative
-~ 2_ 2 o s
hl h2 if it is convex.
~ T _ k2
I=T,-kh?
T -T
=  I=T,—-L2xp2
2 2 2 2
hl - hz

Explain each step of the derivation of this result.

(i) Use the trapezium rule with = 0.4, 0.2 and 0.1 to give successive

0.8
approximations for J dx to 6 decimal places.

o NV1-x2

(i) Use the last two of these approximations to improve your estimate for the

1
0o V1—x?

(i) You are given that J‘

true value of j dx to 6 decimal places.

dx = arcsin x where x is measured in radians.

1
AT = x?

Find the true value of J

1
o V1-x?

error obtained using the estimate in part (ii).

dx to 6 decimal places and the percentage

SOLUTION
(i) Using A= % XhX[y,+y,+2(y,+y,+..+y,,)] gives the following results.

h, = 0.4 = approximation T, = 0.969769
h, = 0.2 = approximation T, = 0.939009
h, = 0.1 = approximation T; = 0.930335

T,-T
(i) UsingI=T,- hg — hg X h? = [=0.927 444 (6 d.p.)
2 3

08 ] 0.8
(iii) ———dx = |arcsinx|  =0.927 295 (6 d.p.
[ s = [aresins]; (6dp)
0.927444 — 0.927 295

= — 0,
Percentage error 0927295 0.016%.
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You may find it helpful to use a spreadsheet with this exercise.

1.6
1 The trapezium rule is used to estimate the value of I = J AT+ x? dx.
0

(i) Draw the graph of y=4/1 + x? for0 < x< 1.6.

(ii) Use strip widths of 0.8, 0.4, 0.2 and 0.1 to find approximations to the value
of the integral.

(iii) State the value of the integral to as many decimal places as you can justify.

1
2 The trapezium rule is used to estimate the value of '[ Afsin x dx.
0
(i) Draw the graph of y=4/sinx for0 <= x < 1.

(ii) Use 1,2, 4, 8 and 16 strips to find approximations to the value of the
integral.
(iii) State the value of the integral to as many decimal places as you can justify.

1
3 The trapezium rule is used to estimate the value of .[ 7 f 5 dx
ol +x

for0==x<1.

(i) Draw the graph of y = o

(i) Use strip widths of 1, 0.5, 0.25 and 0.125 to find approximations to the
value of the integral.
(iii) State the value of the integral to as many decimal places as you can justify.

2
4 A student uses the trapezium rule to estimate the value of J (2 = cos2mx) dx.
0

(i) Find approximations to the value of the integral by applying the trapezium
rule using strip widths of
(a) 2 (b) 1 (e) 0.5 (d) 0.25.
(if) Sketch the graph of y =2 — cos2nx for 0 < x < 2.
On copies of your graph shade the areas you have found in part (i)(a) to (d).
(i) Use integration to find the exact value of this integral.

2
5 In statistics the curve of the normal distribution is given by f(z) = —e 2.
1
Use the trapezium rule to estimate the value of J f(z) dz.
0

(This is denoted by ®(1) in statistics.)
Repeated with progressively more strips until you are certain that the answer is
correct to 2 decimal places.

INVESTIGATION

@ This investigation relates to enrichment material.

(i) Sketch the graphs of y=¢™, y=sinxand y = e*sinx for 0 < x < 27.
(ii) Find the trapezium rule estimates for the area between the curve

y=e*sinxand the x axis, using 4 strips and 8 strips, for 0 < x < 7.
(ii) Use your answers to part (ii) to give a better estimate for the area.

®ecccccccccccccccccccccco e
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1 Volumes of revolution

b
About the x axis V = j ny? dx
a

q
About the yaxis V= J nx? dy
P

Further techniques for integration

2 Some fractional expressions may be integrated by first splitting them into
partial fractions.

3 You can use the trapezium rule, with # strips of width A, to find an
approximate value for a definite integral as

h
A= 5 [)’o +2(, ey, )+ yn]

Increasing the number of strips used usually gives a more accurate result.
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Vectors

We drove into the future looking into a rear view mirror.
Herbert Marshall McLuhan

What information do you need

to decide how close the two

aircraft which left these vapour This figure is not available
trails passed to each other? online for copyright reasons

A quantity which has both size and direction is called a vector. The velocity of an
aircraft through the sky is an example of a vector, having size (e.g. 600 mph) and
direction (on a course of 254°). By contrast the mass of the aircraft (100 tonnes)
is completely described by its size and no direction is associated with it; such a
quantity is called a scalar.

Vectors are used extensively in mechanics to represent quantities such as force,
velocity and momentum, and in geometry to represent displacements. They are
an essential tool in three-dimensional co-ordinate geometry and it is this
application of vectors which is the subject of this chapter. However, before
coming on to this, you need to be familiar with the associated vocabulary and
notation, in two and three dimensions.

Terminology

In two dimensions, it is common to represent a vector by a drawing of a straight
line with an arrowhead. The length represents the size, or magnitude, of the
vector and the direction is indicated by the line and the arrowhead. Direction is
usually given as the angle the vector makes with the positive x axis, with the
anticlockwise direction taken to be positive.

Figure 11.1
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The vector in figure 11.1 has magnitude 5, direction +30°. This is written (5, 30°)
and said to be in magnitude—direction form or in polar form. The general form of a
vector written in this way is (, /) where r is its magnitude and 0 its direction.

Note

In the special case when the vector is representing real travel, as in the case of the
velocity of an aircraft, the direction may be described by a compass bearing with
the angle measured from north, clockwise. However, this is not done in this
chapter, where directions are all taken to be measured anticlockwise from the

positive x direction.

An alternative way of describing a vector is in terms of components in given
directions. The vector in figure 11.2 is 4 units in the x direction, and 2 in the y

direction, and this is denoted by (g)

4
[ ) ordi+2j
2

Figure 11.2

This may also be written as 4i + 2j, where i is a vector of magnitude 1, a unit
vector, in the x direction and j is a unit vector in the y direction (figure 11.3).

Figure 11.3

In a book, a vector may be printed in bold, for example p or OP, or as a line
between two points with an arrow above it to indicate its direction, such as O?
When you write a vector by hand, g is usual to underline it, for example, p or O7,
or to put an arrow above it, as in O7.

To convert a vector from component form to magnitude—direction form, or vice
versa, is just a matter of applying trigonometry to a right-angled triangle.



EXAMPLE 11.1

EXAMPLE 11.2

Write the vector a = 4i + 2j in magnitude—direction form.

SOLUTION

Figure 11.4

The magnitude of a is given by the length a in figure 11.4.

a="\4%2+22 (using Pythagoras’ theorem)
=4.47 (to 3 significant figures)

The direction is given by the angle 6.

=05

o

tand =

0=126.6° (to 3 significant figures)

The vector a is (4.47, 26.6°).

The magnitude of a vector is also called its modulus and denoted by the symbols
| |.In the example a = 4i + 2j, the modulus of a, written | a |, is 4.47. Another
convention for writing the magnitude of a vector is to use the same letter, but in
italics and not bold type; thus the magnitude of a may be written a.

Write the vector (5, 60°) in component form.

P
SOLUTION \
\
In the right-angled triangle OPX [
\
OX =5c0s60°=2.5 |
, i/ |
XP =5sin60° = 4.33 " }
(to 2 decimal places) 1
0 ; X
. (2.5 . .
O?IS (4.33> or 2.51+ 4.33j. Figure 11.5

This technique can be written as a general rule, for all values of 0.

(r,0) > (TCOSH) = (rcosb)i+ (rsinb)j

rsinf

&
[1]
-
<}
~
(]
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EXAMPLE 11.3

EXAMPLE 11.4

Write the vector (10, 290°) in component form.

SOLUTION /ﬁ\

In this case r= 10 and 6 = 290°. 290°k

o 10c0s290° _ [ 3.42 .
(10, 290°) —> (103in290°) = (_9‘40) to 2 decimal places.

This may also be written 3.42i — 9.40j.

In Example 11.3 the signs looked after themselves. The
component in the i direction came out positive, that in Figure 11.6

the j direction negative, as must be the case for a

direction in the fourth quadrant (270° < 6 < 360°). This will always be the case
when the conversion is from magnitude—direction form into component form.

The situation is not quite so straightforward when the conversion is carried out
the other way, from component form to magnitude—direction form. In that case,
it is best to draw a diagram and use it to see the approximate size of the angle
required. This is shown in the next example.

Write —5i + 4j in magnitude—direction form.

SOLUTION

4j r
length 4

-5i 0O
length 5

Figure 11.7

In this case, the magnitude r = \/5% + 42 = \ 41
=6.40 (to 2 decimal places).
The direction is given by the angle 0 in figure 11.7, but first find the angle a.

tana = % = a=2387° (to nearest 0.1°)

SO 0=180—-0a=141.3°

The vector is (6.40, 141.3°) in magnitude—direction form.



Using your calculator

Most graphic calculators include the facility to convert from polar co-ordinates
(, 0) to rectangular co-ordinates (x, y), and vice versa. This is the same as
converting one form of a vector into the other. Once you are clear what is
involved, you will probably prefer to do such conversions on your calculator.

Equal vectors

The statement that two vectors a and b are equal means two things.
o The direction of a is the same as the direction of b.

e The magnitude of a is the same as the magnitude of b.

If the vectors are given in component form, each component of a equals the
corresponding component of b.

Position vectors

Saying the vector a is given by 4i + 2j tells you the components of the vector, or
equivalently its magnitude and direction. It does not tell you where the vector is
situated; indeed it could be anywhere.

All of the lines in figure 11.8 represent the vector a.

=

Figure 11.8

There is, however, one special case which is an exception to the rule, that of a
vector which starts at the origin. This is called a position vector. Thus the line

joining the origin to the point (3, 5) is the position vector ( 5

way of expressing this is to say that the point (3, 5) has the position vector (g)

3) or 3i + 5j. Another

O
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c EXAMPLE 11.5 Points L, M and N have co-ordinates (4, 3), (-2, -1) and (2, 2). N
4 (i) Write down, in component form, the position vector of L and the vector MN.

(ii) What do your answers to part (i) tell you about the lines OL and MN?

SOLUTION

Vectors

%
(i) The position vector of L is OL = (g)

—
The vector MN is also (g) (see figure 11.9).

- —
(i) Since OL= MN, lines OL and MN are parallel and equal in length.

1
4
L
3k
L N
1 —
-1
! | / ! r | |
-2 0 1 2 3 4
M -1
Figure 11.9
Note

A line joining two points, like MN in figure 11.9, is often called a line segment,
meaning that it is just that particular part of the infinite straight line that passes
through those two points.
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1 Express the following vectors in component form.

(i)

3_
2 a
17
1 1 L i
2 -1 0 1 2
—1
i, )
(i)
3
3_;

2

(iii)

R
i
(iv)
3‘
2 /
l‘
I I | |
(6] 1 2 3 4

(v)

O
B
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2 Draw diagrams to show these vectors and then write them in magnitude—

O
B

direction form. You may find it helpful to use your calculator to check
your answers.
o s L A (3 Lo (—4
(i) 21+ 3j (ii) (_2) (iii) (_4)
(iv) —i+2j (v) 3i-4j

Vectors

3 Draw diagrams to show these vectors and then write them in component
form. You may find it helpful to use your calculator to check your answers.

W (5,45°) i) (10, 210°) ﬁﬁ)(4,§)
(iv) (8, 27) (v) (4 %Z)

4 Write, in component form, the vectors represented by the line segments joining
the following points.

i (2,3)to(4,1) (i (4,0)to (6,0)
(i (0, 0) to (0,—4) (iv) (0,—4) to (0,0)
v (=3,-4) to (-4, -3) (vi) (-4, -3) to (-3,—4)
(vii) (0, 0) to (8,0) (viii) (8,0) to (0, 0)
(ix) (3,1)to(5,-3) x) (3,-1)to(7,3)

5 The points A, B and C have co-ordinates (2, 3), (0, 4) and (-2, 1).
(i) Write down the position vectors of A and C.
(i) Write down the vectors of the line segments joining AB and CB.
(iii) What do your answers to parts (i) and {ii) tell you about
(a) AB and OC
(b) CB and OA?
(iv) Describe the quadrilateral OABC.

Multiplying a vector by a scalar

When a vector is multiplied by a number (a scalar) its length is altered but its
direction remains the same.

The vector 2a in figure 11.10 is twice as long as the vector a but in the same direction.

Figure 11.10

When the vector is in component form, each component is multiplied by the
number. For example:

2 X (3i-5j) = 6i— 10j

2x( )=o)



The negative of a vector

In figure 11.11 the vector —a has the same length as the vector a but the opposite
direction.

Figure 11.11

When a is given in component form, the components of —a are the same as those
for a but with their signs reversed. So

=)

Adding vectors

When vectors are given in component form, they can be added component by
component. This process can be seen geometrically by drawing them on graph
paper, as in the example below.

EXAMPLE 11.6 Add the vectors 2i — 3j and 3i + 5j.

SOLUTION

2i—-3j+3i+5j=>5i+2j

5i+;j//

2i
3i[+5) A Sj

=3j ¥
2i - 3j\\

Figure 11.12

O
B
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EXAMPLE 11.7

The sum of two (or more) vectors is called the resultant and is usually indicated
by being marked with two arrowheads.

Adding vectors is like adding the legs of a journey to find its overall outcome (see
figure 11.13).

resultant
leg 1
leg 3

leg 2
Figure 11.13
When vectors are given in magnitude—direction form, you can find their resultant
by making a scale drawing, as in figure 11.13. If, however, you need to calculate
their resultant, it is usually easiest to convert the vectors into component form,
add component by component, and then convert the answer back to
magnitude—direction form.

Subtracting vectors

Subtracting one vector from another is the same as adding the negative of the vector.

Two vectors a and b are given by
a=2i+3j b=-+2j.

() Finda-b.

(i) Draw diagrams showing a, b, a —b.

SOLUTION

M a-b=(2i+3j)—(-i+2j)

=3i+j

(i)

J /[ ZZ‘(—b)=a~b

Figure 11.14



When you find the vector represented by the line segment joining two points, you
are in effect subtracting their position vectors. If, for example,

%
P is the point (2, 1) and Q is the point (3, 5), PQ s (411)’ as figure 11.15 shows.

5 Q@3.5)
4_
i "
4

2.—
1= P2, 1)

] l | |
0 1 2 3 4

Figure 11.15

You find this by saying
e S
PQ=PO+0Q=-p+q.
In this case, this gives
SA— (2) . (3) = (1
PQ= (1) * (5) - (4)
as expected.
This is an important result, that
%
PQ=q-p

where p and q are the position vectors of P and Q.

Geometrical figures

It is often useful to be able to express lines in a geometrical figure in terms of

given vectors, as in the next example.

Ca

$10390/
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EXAMPLE 11.8

Figure 11.16 shows a hexagon ABCDEF.

Figure 11.16

=
The hexagon _1>s regular and consequently AD = 2BC.

AB = p and BC = q. Express the following in terms of p and q.

— —
(i) AC (i) AD

- —
(iv) DE (v) EF
SOLUTION

> 2 >
(i) AC =AB+BC
=pt+q
— -
(i) AD =2BC
= 2q
. e e U
(iii) Since AC+ CD = AD

%
p+q+CD=2q

%
andso CD=q-p
— —
(ivi DE =-AB
=P
— —
(v EF =-BC
=—q
> o5 o o
(vi) BE =BC+ CD+ DE
=q+(q-p)t+-p
=2q-2p

_ - =
Notice that BE = 2CD.

%
(i) CD
%
(vi) BE

=

p+q

Figure 11.17



Unit vectors

A unit vector is a vector with a magnitude of 1, like i and j. To find the unit vector
in the same direction as a given vector, divide that vector by its magnitude.

Thus the vector 3i + 5j (in figure 11.18) has magnitude "/ 32 + 52 = "/34, and so the
vector —— i + ij is a unit vector. It has magnitude 1.

V34 W34

The unit vector in the direction of vector a is written as 4 and read as ‘a hat’.

S5ir
4j
3
3i+5j
This is the unit vector
25 3..5 i
N34 N34
j -
| | | |
O i 2i 3i 4i

Figure 11.18

1 Simplify the following.

W (3)+(5) @ (3)+(5)
i) (2)+(23) v 3(7) +2(_))
W) 6(3i-2j)-9(2i-j)
2 The vectors p, q and r are given by
p=3i+2j q=2i+2j r=-3i-j.

Find, in component form, the following vectors.

(i) p+tq+r (ii) p—q

(iidp+r (ivi3(p—-q)+2(p+r)
(v) 4p—-3q+2r

O
B
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— —
3 In the diagram, PQRS is a parallelogram and PQ=a, PS =b.

O
B

o
~

Vectors
0

(i) Write, in terms of a and b, the following vectors.
— — —
(a) QR (b) PR () QS
(i) The mid-point of PR is M. Find
— —
(a) PM (b) QM.

(i) Explain why this shows you that the diagonals of a parallelogram bisect
each other.

4 In the diagram, ABCD is a kite. AC and BD meet at M.

% . . % . .
AB=i+j and AD=i-2j

D

(i) Use the facts that the diagonals of a kite meet at right angles and that M is
the mid-point of AC to find, in terms of i and j,

— = = -
(a) AM (b) AC (e) BC (d) CD.

— — — —
(i) Verify that |AB| = |BC|and [AD| = |CD]|.

288



5 In the diagram, ABC is a triangle. L, M and N are the mid-points of the sides
BC, CA and AB.

— —
AB=p and AC=q

L

oo - — — —

(i) Find, in terms of p and q, BC, MN, LM and LN.

(ii) Explain how your results from part (i) show you that the sides of triangle
LMN are parallel to those of triangle ABC, and half their lengths.

6 Find unit vectors in the same directions as the following vectors.

(i) (g) (ii) 3i+ 4j (i) (:%) (iv) 5i— 12j
(v) 6i (vi) (_i) (vii) (_é) (viii) ( 2)
w0 (75) 9 (anp)

Co-ordinate geometry using vectors: two dimensions

Two-dimensional co-ordinate geometry involves the study of points, given as
co-ordinates, and lines, given as cartesian equations. The same work may also be
treated using vectors.

The co-ordinates of a point, say (3, 4), are replaced by its position vector (431) or

3i + 4j. The cartesian equation of a line is replaced by its vector form, and this is
introduced on page 291.

Since most two-dimensional problems are readily solved using the methods of
cartesian co-ordinate geometry, as introduced in AS Pure Mathematics, Chapter
2, why go to the trouble of relearning it all in vectors? The answer is that vector
methods are very much easier to use in many three-dimensional situations than
cartesian methods are. In preparation for that, we review some familiar two-
dimensional work in this section, comparing cartesian and vector methods.

O
B
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The vector joining two points

Ca

In figure 11.19, start by looking at two points A(2, —1) and B(4, 3); that is the

— -
m points with position vectors OA = (_% ) and OB= (g ), alternatively 2i — j and 4i + 3j.
4
2
]
>
3 B(4,3)
2 N
1+ M
| \ J 1 [ I
-1 (6] 1 2 3 4 5
- A2, -1)
) =

Figure 11.19

%
The vector joining A to B is AB and this is given by

= o o
AB =AO + OB

%
Since AB = (i), then it follows that the length of AB is given by
%
|AB|= V2% + 42
= 1/20.

You can find the position vectors of points along AB as follows.

—
The mid-point, M, has position vector OM, given by

290



In the same way, the position vector of the point N, three-quarters of the distance
from A to B, is given by c4

-(2)6)

)

and it is possible to find the position vector of any other point of subdivision of

the line AB in the same way.

A point P has position vector OP = OA + JABwhere / is a fraction.
Show that this can be expressed as

OP=(1-2) OA+ OB,

The vector equation of a line

It is now a small step to go from finding the position vector of any point on the
line AB to finding the vector form of the equation of the line AB. To take this

SuoIsSuUawWiIp oM} :S10399A Buisn Arjawoab ajeuipio-0)

step, you will find it helpful to carry out the following activity.

The position vectors of a set of points are given by

(2 2
r=(3)+ ()
where / is a parameter which may take any value.

(i) Show that A =2 corresponds to the point with position vector ( g)

(i) Find the position vectors of points corresponding to values of A of -2, -1,
0,2,2,1,3.

(i) Mark all your points on a sheet of graph paper and show that when they are
joined up they give the line AB in figure 11.19.

(iv) State what values of 4 correspond to the points A, B, M and N.

(v} What can you say about the position of the point if
(a) 0 <A< 1?
(b) 4> 12
(e) 2 <0?

Conclusions from the activity

This activity should have convinced you that

r= () +4(3)

is the equation of the line passing through (2, 1) and (4, 3), written in vector form.



You may find it helpful to think of this in these terms.

(L

[d
1Y
o
-
]
>
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2 Move to the point 13

with position vector

2\ .
3 Move 4 steps of (4) (i.e.
%
in the direction AB). A need
not be a whole number and

may be negative.

1 Start at the
origin.

B4, 3)

Figure 11.20

You should also have noticed that when:
A =0 the point corresponds to the point A
A =1 the point corresponds to the point B
0<A<1 the pointlies between A and B
A>1 the point lies beyond B
A <0 the point lies beyond A.

The vector form of the equation is not unique; there are many (in fact infinitely
many) different ways in which the equation of any particular line may be
expressed. There are two reasons for this: direction and location.



Direction

2
4
along (in the i direction), the line goes up 4 units (in the j direction). This is

The direction of the line in the example is ( ) That means that for every 2 units

equivalent to stating that for every 1 unit along, the line goes up 2 units,
corresponding to the equation

(2 1
r=(3)+4(3)
The only difference is that the two equations have different values of 4 for

particular points. In the first equation, point B, with position vector (g),

corresponds to a value of 4 of 1. In the second equation, the value of A for B is 2.

The direction ( i ) is the same as (;), or as any multiple of (;) such as (Z), (—E?))

or (100.5

201 ) Any of these could be used in the vector equation of the line.

Location

In the equation
r= ()43

(j ) is the position vector of the point A on the line, and represents the point at

which the line was joined. However, this could have been any other point on the
line, such as M(3, 1), B(4, 3) etc. Consequently

r=()+3)

and

=()+2(3)
I E:
r=(3)+ 43
are also equations of the same line, and there are infinitely many other
possibilities, one corresponding to each point on the line.

Notes

1 Itis usual to refer to any valid vector form of the equation as the vector equation
of the line even though it is not unique.

2 |t is often a good idea to give the direction vector in its simplest integer form:

for example, replacing (z) with (;)

O
B
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The general vector form of the equation of a line
If A and B are points with position a and b, then the equation
-

r=0A+ AAB
may be written as r=a+Alb—a)
which implies r=(1-Aa+b.
This is the general vector form of the equation of the line joining two points.
Plot the following lines on the same sheet of graph paper. When you have done

s0, explain why certain among them are the same as each other, others are parallel
to each other, and others are in different directions.

M r:(_%)ml(;) (ii) r=(_%)+/1(_;) (iii)r:(g)+l(é)

wr=( ) ig)  wor=(3) i)

Cartesian and vector forms of the equation of a line

To find the cartesian form of the equation of a line which is given in vector form
_( 2 2
r=(3)+4{3)

write r as (;), so the equation of the line becomes

()=(3)+A3)

The last two equations can be rewritten as

x—2 }/+1_«

3 =4 and 5 =4
x-2 _y+1, _,

= T G4

The equation is now in cartesian form and may be tidied up to give y = 2x— 5.

When converting from cartesian form to vector form, you need to find any point
on the line, and to convert the gradient into a vector with the same direction, as
shown in the following example.



EXAMPLE 11.9

EXAMPLE 11.10

Write y = %x + 2 in vector form.

SOLUTION

First find any point on the line. For example, when x = 0, y = 2 and so the point
0

(0, 2) with position vector ( 5

) is on the line.

Then convert the gradient into a vector with the same direction. The equation of

the line is of the form y = mx + cand so its gradient m is %

The vector (?) has gradient %

Figure 11.21

So the vector equation of the line is

r=(3)+201)

Remember that there are other ways of writing this vector equation.

The intersection of two lines
Find the position vector of the point where the following lines intersect.

SEICE I R

Note here that different letters are used for the parameters in the two equations to
avoid confusion.

SOLUTION

When the lines intersect, the position vector is the same for each of them.

=(51=G) A=)l

O
B
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This gives two simultaneous equations for 4 and p.

O
B

x: 2+A=6+up = A-pu=4

y: 3424=1-3u =  24+3u=-2

Solving these gives A = 2 and y = —2. Substituting in either equation gives

[

which is the position vector of the point of intersection.

Vectors

EXAMPLE 11.11 Find the co-ordinates of the point of intersection of the lines joining A(1, 6) to
B(4, 0), and C(1, 1) to D(5, 3).

Figure 11.22

SOLUTION

A= (3)-(6)=(5)

and so the vector equation of line AB is

- >
r=0A+ AAB

r=(e)+ (o)

b=()-())-(2



and so the vector equation of line CD is

— -
OC+ uCD

r=(1)+3)

The intersection of these lines is at

r={e) ) =1)+3)

x: 1+3i=1+4y = 34-4u=0

Il
O

T

y: 6-6A=1+2u = 6A+2u=5

Solve ® and @ simultaneously:

@: 3. —4p =0
@x2: 12+4u =10
Add: 154 =10

= A= %

Substitute A = 3 in the equation for AB:

- =()+33)
- ()

The point of intersection has co-ordinates (3, 2).

Note

Alternatively, you could have found p = 12 and substituted in the equation for CD.

1 For each of these pairs of points, A and B, write down:
(a) the vector AB
%
(b) |AB]|
(c) the position vector of the mid-point of AB.

(i) Ais(2,3),Bis(4,11).

(i) Ais(4,3),Bis(0,0).

(i) Ais (=2,-1), Bis (4, 7).
(iv) Ais (=3,4),Bis (3,—4).
(v} Ais(-10,-8), Bis (=5, 4).

©
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2 Find the equation of each of these lines in vector form.

(i) Joining (2, 1) to (4, 5).

(ii) Joining (3, 5) to (0, 8).

(iii) Joining (-6, —6) to (4, 4).

(iv) Through (5, 3) in the same direction as i + j.
(v) Through (2, 1) parallel to 6i + 3j.

(vi) Through (0, 0) parallel to (‘i)
(vii) Joining (0, 0) to (-2, 8).
(viii) Joining (3,-12) to (-1, 4).

Write these lines in cartesian form.

o r=(1)+4) o e=(F) ()
i r=(1)+ a4 i r=(3)+4(})

w = (2)+4(4)

Write these lines in vector form.

(i) y=2x+3 (i) y=x-4
(i) y=3x—1 (iv) y=—uax
(v) x+2y=38

Find the position vector of the point of intersection of each of these pairs of lines.

R IR
we=(2)el) < el

(iii)r=(g)+}v(:§) : r=(_g)+ﬂ(£)
we=(3) i) =) u 3

wor=(5)e) o r=(3)ey)

In this question the origin is taken to be at a harbour and the unit vectors
iand j to have lengths of 1 km in the directions E and N.

A cargo vessel leaves the harbour and its position vector ¢ hours later is given by
r, = 121i + 164j.

A fishing boat is trawling nearby and its position at time ¢ is given by
r,=(10-310)i+ (8 + 41)j.

(i) How far apart are the two boats when the cargo vessel leaves harbour?
(ii) How fast is each boat travelling?
(iii) What happens?



7 The points A(1, 0), B(7, 2) and C(13, 7) are the vertices of a triangle.
The mid-points of the sides BC, CA and AB are L, M and N.
(i) Write down the position vectors of L, M and N.
(i) Find the vector equations of the lines AL, BM and CN.
(i) Find the intersections of these pairs of lines.
(al ALand BM  (b) BM and CN
(iv) What do you notice?

The angle between two vectors

As you work through the proof in this section, make a list of all the results that
you are assuming.

To find the angle 0 between the two vectors
- -
OA=a=aji+aj and OB=b=bji+b,j

start by applying the cosine rule to triangle OAB in figure 11.23.

by, by

Figure 11.23

g~ OA” + OB — AR

cos 20A x OB

In this, OA, OB and AB are the lengths of the vectors O_A, O_E>5and lﬁ)%, and so
OA=l|a|=4al+a and OB=|b|=/b2+ b2
The vector IG)% =b-a
= (bji+ b,j) - (aji+ a,j)
=(b,—a)i+ (b,—a,)j

and so its length is given by

AB=|b-a|= /(b —a)’+ (b,—a, )2

O
B
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Substituting for OA, OB and AB in the cosine rule gives

O
B

(ai + a3) + (b + b3) = [(b, — a))* + (b, — a,)?]

cosl =
2V a2 + a2 x \[b? + b2

a?+ a3+ bl + b2 (bi-2a,b, + al + bi-2a,b, + a%).
2 |a||b]

Vectors

This simplifies to

2a,b, +2a,b,
2|a]|b]

cosf =
_ab +ayb,
la] |b]

The expression on the top line, a,b, + a,b,, is called the scalar product (or dot
product) of the vectors a and b and is written a.b. Thus

This result is usually written in the form
a.b=]a||b]|cosf.

The next example shows you how to use it to find the angle between two vectors
given numerically.

EXAMPLE 11.12  Find the angle between the vectors (Z ) and ( > )

-12
SOLUTION
Let az(Z) = la]=4V3%+42=5
and b:(_lg) - bl =52+ (-12)? = 13.
The scalar product
3 5\ _
(4)-(_12) =3x5+4x(-12)
=15-48
=-33.

Substituting in a.b = |a| |b]| cos 0 gives
-33 =5x%x13xcosf

-33

cosﬁzﬁ

300 = 6 =120.5°.



Perpendicular vectors
Since cos90° = 0, it follows that if vectors a and b are perpendicular then a.b = 0.

Conversely, if the scalar product of two non-zero vectors is zero, they are
perpendicular.

EXAMPLE 11.13  Show that the vectorsa = (Z ) and b = ( 63 ) are perpendicular.

SOLUTION

The scalar product of the vectors is

“b=(3H5)

=2X6+4x(-3)
=12-12=0

Therefore the vectors are perpendicular.

Further points concerning the scalar product

e You will notice that the scalar product of two vectors is an ordinary number. It
has size but no direction and so is a scalar, rather than a vector. It is for this
reason that it is called the scalar product. There is another way of multiplying
vectors that gives a vector as the answers; it is called the vector product. This is
covered in FP3.

e The scalar product is calculated in the same way for three-dimensional vectors.
For example:

Hit

=2X5+3X6+4X7=56.

In general
a\ [ b
a, |.| b, |=ab,+ab,+ab,
a b

® The scalar product of two vectors is commutative. It has the same value
whichever of them is on the left-hand side or right-hand side. Thusa.b =b.a,
as in the following example.

(2)(8)=2x6+3x7=33 ($)(3)=6x2+7x3=33.

O
B
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1 Find the angles between these vectors.

O
B

(i 2i+3jand4i+j (i) 2i—jandi+?2j
m (i) (j) and(j) (iv) 4i +jandi+j
(v) (%) and (_Z) (vi) ( _?) and (_g)
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2 Points A, B, Cand D are (1, 0), (9, 4), (6, 1) and (9, 7), respectively.
(i) Write down the vector equation of line AB.
(i) Write down the vector equation of line CD.
(i) Find the position vector of the point of intersection.
(iv) Find the angle between the lines AB and CD.

3 The equations of the four sides AB, BC, CD, DA of a quadrilateral are:

e (oa(l)  ne e (i)

o e=(§)er(l)  oa e=(8)e (1)

(i) Look carefully at the equations of the four lines and state, with reasons,
what sort of quadrilateral ABCD is.

(ii) Find the co-ordinates of the four vertices of the quadrilateral.

(i) Find the internal angles of the quadrilateral.

4 The points A, B and C have c_)o—ordin{t)es (3,2), (6, 3) and (5, 6), respectively.
(i) Write down the vectors AB and BC.
(ii) Show that the angle ABC is 90°.
—C
(iii) Show that | AB| = |BC]|.

The figure ABCD is a square.
(iv) Find the co-ordinates of the point D.

5 Three points P, Q and R have position vectors, p, q and r respectively, where
p=7i+10j, q=3i+12j, r=-i+4j.

(i) Write down the vectors P% and R?Q, and show that they are perpendicular.
(ii) Using a scalar product, or otherwise, find the angle PRQ.
(i) Find the posit)ion vector of S, the mid-point of PR.
(iv) Show that | QS| =|RS|.
Using your previous results, or otherwise, find the angle PSQ.
[MEI]



Co-ordinate geometry using vectors: three dimensions

O
B

This figure is not available
online for copyright reasons

Points

In three dimensions, a point has three co-ordinates, usually called x, y and z.
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-3 2 -1 S~ .2 3,7
1 \\ N 7

. ~ p 4
2 B AN | This point is
; AN (3,4, 1).
____________ A

Figure 11.24

The axes are conventionally arranged as shown in figure 11.24, where the point P
is (3, 4, 1). Even on correctly drawn three-dimensional grids, it is often hard to
see the relationship between the points, lines and planes, so it is seldom worth
your while trying to plot points accurately.
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There are many important results that can be extended from two dimensions into
three dimensions. Here you are asked to prove two of these.

The length of a vector

In two dimensions, the use of Pythagoras’ theorem leads to the result that a
vector a,i + a,j has length |a| given by

la| =" af +a3.

Show that the length of the three-dimensional vector a;i + a,j + a;k is given by

la| =4 a?+ al + al.

The angle between two vectors

The angle 0 between the vectors a = a,i + a,j and b|i + b,j in two dimensions is
given by

ab, + a,b, a.b

cosf = =
A a2+ a2x A[b2+ b2 |a]|b]

where a.b is the scalar product of a and b. This result was proved by using the
cosine rule on pages 299-300.

Show that the angle between the three-dimensional vectors
a=ajitaj+tak and b=bi+b,j+bk
is also given by

a.b
la] |b]

cosf =

but that the scalar product a.b is now

ab=ab +a,b,+a,b,

Vectors

The position vector of the point P in figure 11.24 is given by

3
4
1

3i+4j+k or

and other vectors are given in the same style, with k the unit vector in the z direction.



The vector equation of a line is just like that in two dimensions. For example:

3 2
r=(4|+7|3
1 6
3 2
represents a line through the point with position vector | 4 |, in the direction | 3 |.
1 6

By contrast the cartesian form of a line in three dimensions is rather more
complicated. The equation

b 3 2
r=|y|=4|+43
z 1 6

contains three relationships, which are parametric equations for the line.
x=3+24 y=4+34 z=1+64

Making A the subject of each of these gives

z:% a=Y=% and A=
which leads to

x=3_y-4_z-1
2 3 6

This is the cartesian form of the equation of the line.

Note
2

The line’s direction vector | 3 | can be read from the denominators of the three
6

expressions in this equation, and a point through which it passes (3,4,1) from the
three numerators.

The procedure may be generalised to write the equation of a straight line passing
in direction u through a given point A with position vector a, as in figure 11.25.

a
a=|a,

a

3
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directionu =] u,

U

line A
(ay, ap az)

The position vector
a4
of this point is (a2 ) .
a

Vectors

3

Figure 11.25

In vector form thisis givenby r=O0A+ Ju
which may be written as r=a+ Au

or in component form as

X a, U,
r=|y|=(a,|+t Ayl
z a, Uy

This may then be written as the cartesian form of the equation.

A\ The cartesian form involves two = symbols rather than one.

Special cases of the cartesian form

In the general cartesian form of the equation of the straight line

! ) Uy
U
the vector ( u, | gives the direction of the line.
u
3

In this vector, at least one of u,, u, and u, must be non-zero (otherwise the line
would not be going anywhere and so would not be a line). However, there is no
reason why more than one should be non-zero.

1 4
(0) and ( 1) are both valid directions.

306 0 0



EXAMPLE 11.14

EXAMPLE 11.15

In such cases, the equation of the line needs to be written differently, as in the
following examples.

Find the cartesian form of the equation of the line through (7, 2, 3) in the
0
5 )
2

Substituting in the general form

direction

SOLUTION

gives

x=7 y=2 z-3
0~ 5 — 2 °

There is clearly a problem here since the first fraction involves division by zero.
This difficulty is explained by the fact that for every point on the line x— 7 = 0, or

x = 7. What was x67

the other two expressions in the equation. Instead, the equation of the line

is now %; this is still undefined and so it is not equated to

is written

x=7 and J’;5222;23

Find the cartesian form of the equation of the line through (4, 2, 3) in the
1
0.
0

Substituting in the general form

direction

SOLUTION

gives

x-4_y-2_2z-3
1 0 0

The last two expressions tell you that y =2 and z= 3.

x—4
1
value, and this is understood when the equation of the line is written as

The first part

does not really give any further information: x may take any

y=2 and z=3.

The line is shown in figure 11.26.
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EXAMPLE 11.16

At every point on this line
y=2 and z=3.
The value of x is different
for each point.

Figure 11.26

The vector forms of the equations of the lines given in the last two examples are

x 7 0 x 4 1
r=(y|=|2]+45]and r=|y|=|2]+4{0].
z 3 2 z 3 0

These are considerably simpler than the equivalent cartesian forms. You will
usually find it much easier to work with the equation of the line in vector form.

To convert from cartesian to vector form, you can reverse the procedure as in the
following example. Usually, however, you would just write down the answer by
looking at the numbers in the three numerators and denominators.

Write the equation of this line in vector form.

x—5_y+1_z+3

2 1 6
SOLUTION

x=5_y+1_z+3 1

2 1 6

xgszz =  x=5+2)

%1:,1 = y=-1+J

ZES:A = z=-3+6



EXAMPLE 11.17

So

x 5424
r=|y|=|-1+4
z -3+ 61
which is written
5 2
r=(-1]+4l1].
-3 6
2
This line passes through (5, —1, —3) in the direction | 1 .
6

The angle between two directions

When working in two dimensions you found the angle between two lines by using
the scalar product. On page 304 you proved that this method can be extended into
three dimensions, and its use is shown in the following example.

The points P, Q and R are (1, 0, -1), (2, 4, 1) and (3, 5, 6). Find ZQPR.

SOLUTION
— —
The angle between PQ and PR is given by 0 in
- =
PQ.PR

- o

|PQI|PR]

cosf =

=}

In this

(2 1\ (1 N

PQ=(4|-| o|=|4 |[PQ| =212+ 42+ 22 =4/21
1/ \-1

Similarly

6 1 7
Therefore
- = (1) (2
PQ.PR =(4].|5
21 \7

=1X2+4X5+2X7
=36
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Substituting gives

36
COS 9 =
A 21 X A 78
= 0=27.2°

Figure 11.27

You must be careful to find the coﬁrrect angle. To find gQPR (see figure 11.28),
you need the scalar product PQ PR. If you take QP.PR, you will obtain ZQ'PR,
which is 180° — ZQPR.

Figure 11.28

Even if two lines do not meet, it is still possible to specify the angle between them.
The lines I and m shown in figure 11.29 do not meet; they are described as skew.
The angle between them is that between their directions; it is shown in figure
11.29 as the angle 0 between the lines / and m’, where m’ is a translation of the
line m to a position where it does intersect the line /.

Figure 11.29



EXAMPLE 11.18

Find the angle between the lines

1 2 2 3
r=|0|+/ -1] and r=(-1|+py0].
4 -1 3 1
SOLUTION

2 3
The angle between the lines is the angle between their directions (—1) and (0)

-1 1
Using COSH:|aT|]|)J|
2%xX3+(-1)x0+ (-1)x1
cosf =
V22 (12 (-1)2 X A 32407+ 12
5
cosl)l=———
A6 x4/10
= 0 = 49.8°.

1 Find the equations of the following lines in vector form.

3
(i) Through (2, 4, —1) in the direction (6)
4

1
(i) Through (1, 0,-1) in the direction (0)
0

(i) Through (1, 0, 4) and (6, 3, -2)
(iv) Through (0,0, 1) and (2, 1, 4)
(v) Through (1, 2, 3) and (-2, -4, -6)

2 Write the equations of the following lines in cartesian form.

2 3 1 1
i) r=| 4|+ 416 i) r= 0|+ 4|3
-1 4 -1 4
3 1 0 2
i) r=|0|+ 4|0 (ivir=|4]|+ {0
4 2 1 4
-2 0
w) r=(-7|+4l1
3 0

3 Write the equations of the following lines in vector form.

x=3_y+t2_z-1 x+6_y_z+4

(i) (i)

5 3 4 6 2 3
(iii)x:%:Z;1 iv) x=y=2z

v/ x=2andy=z2

O
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4 Find the angles between these pairs of vectors.

o f) (]

1 3
(i) |[-1] and 1
0 5
(i) 3i +2j—2k and —4i-j+3k

Find the angles between these pairs of lines.

2 1 6 2
(i) +Al4] and r= +/1
3 0
4 1
(ii) r=4| 1 and r= +Al 2
4 -1
ox—4 y-2 z+1 —o_y-1_z
(ifi) 3 - 7 g and 2 r-a——-

The room illustrated in the diagram has rectangular walls, floor and ceiling.
A string has been stretched in a straight line between the corners A and G.

G F
N
2 \String
AN
0,3) D E
©.9, N
N
Y AN
AN
y 0,4,0) AN B
o spider ?Fﬁ\
AN
N
0 (0,0,0) A X
(5,0,0)

The corner O is taken as the origin. A is (5, 0, 0), Cis (0,4, 0) and D is
(0, 0, 3), where the lengths are in metres.

(i) Write down the cg—ordinates of G. N
(i) Find the vector AG and the length of the string | AG]|.
(i) Write down the equation of the line AG in vector form.

A spider walks up the string, starting from A.

(iv) Find the position vector of the spider when it is at Q, one quarter of the
way from A to G, and find the angle OQG.

(v) Show that when the spider is 1.5m above the floor it is at its closest point
to O, and find how far it is then from O.

[MEI]



7 The diagram shows an extension to a house. Its base and walls are rectangular
and the end of its roof, EPF, is sloping, as illustrated.

Q2,54
H G4,5,3)
2 L4
P
E
0,0,3) F
C B4,5,0)
(0,0,0)
O A

(i) Write down the co-ordinates of A and E
(i) Find, using vector methods, the angles FPQ and EPE.

The owner decorates the room with two streamers which are pulled taut. One
goes from O to G, the other from A to H. She says that they touch each other
and that they are perpendicular to each other.

(iii) Is she right?

8 The drawing shows an ordinary music stand, which consists of a rectangle
DEFG with a vertical support OA.

o @

Relative to axes through the origin O, which is on the floor, the co-ordinates of
various points are given (with dimensions in metres) as:

Ais(0,0,1) Dis(=0.25,0,1) Fis(0.25,0.15, 1.3).

O
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DE and GF are horizontal, A is the mid-point of DE and B is the mid-point of GE.

Cis on AB so that AC =1AB.

) — —. (0
(i) Write down the vector AD and show that EFis | 0.15].
0.3
(ii) Calculate the co-ordinates of C.

(i) Find the equations of the lines DE and EF in vector form.
[MEL, part]

The diagram illustrates the flight path of a helicopter H taking off from an
airport.

Co-ordinate axes Oxyz are set up with the origin O at the base of the airport
control tower. The x axis is due east, the y axis due north, and the z axis vertical.
The units of distance are kilometres throughout.

The helicopter takes off from the point G.
The position vector r of the helicopter t minutes after take-off is given by

r=(1+1i+(0.5+2t)j+ 2tk

Control
tower

x (E)

(i) Write down the co-ordinates of G.
(i) Find the angle the flight path makes with the horizontal.
(This angle is shown as @ in the diagram.)
(i) Find the bearing of the flight path.
(This is the bearing of the line GF shown in the diagram.)
(iv) The helicopter enters a cloud at a height of 2 km.
Find the co-ordinates of the point where the helicopter enters the cloud.
(v) A mountain top is situated at M(5, 4.5, 3).
Find the value of t when HM is perpendicular to the flight path GH.

Find the distance from the helicopter to the mountain top at this time.
[MEI]



Planes

Which balances better, a three-
legged stool or a four-legged stool?
Why? What information do you
need to specify a particular plane?

There are various ways of finding
the equation of a plane. Two of these
are given in this book. Your choice
of which one to use will depend on

the information you are given.

G The equation of a plane, given three points on it

There are several methods used to find the equation of a plane through three

0
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given points. The shortest method involves the use of vector product which is
beyond the scope of this book but is covered in FP3. The method given here
develops the same ideas as were used for the equation of a line. It will help you to
understand the extra concepts involved, but it is not a requirement of the MEI
Core 4 subject criteria.

To find the vector form of_t)he equation of the plane through the points A, B and
C (with position vectors OA = a, OB = b, OC = ¢), think of starting at the origin,
travelling along OA to join the plane at A, and then any distance in each of the
directions AB and AC to reach a general point R with position vector r, where

s
r = OA + JAB + pAC.

e~ —
OR= OA+AAB + uAC

X

Figure 11.30
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EXAMPLE 11.19

- —
"lll)is is a vector form of the equation of the plane. Since OA=a, AB=b —a and

AC= ¢ —a, it may also be written as

r=a+ A(b—a) + p(c-a).

Find the equation of the plane through A(4, 2, 0), B(3, 1, 1) and C(4, -1, 1).

SOLUTION

(4

sie(l

0
- S o (3} [4) (-]
AB=0OB-0OA=|1]|-(2]=|-1
1 0 1
- - S AN 0
AC=0C-0OA=|-1]-|2|=(-3
1 0 1

. - 2 o
So the equation r = OA+ AAB + pAC becomes

4 -1 0
r=|2|+A-1|+ul-3)
0 1 1

This is the vector form of the equation, written using components.

Cartesian form

You can convert this equation into cartesian form by writing it as

x 4 -1 0
yl=|2]+Ai-1]|+pul-3
z 0 1 1

and eliminating 1 and p. The three equations contained in this vector equation

may be simplified to give

A =-—x+4
A+3u =-y+2
A+p =z

Substituting @ into @ gives

—X+4+3u=-y+2

p=%(x—y-2).

® ©

00000000 0000000000000000000000000000CCCCO0OCCOIOCICIO0O0O000C00C0CCC0C0C000C00CC0C0CCICCCCI0CCOIO0IC000C000CC0C0C0CC0CI0IC00IC0C00C0C0C0C0ICC0C0IC00CI0C000C00C0C0C0C0ICC0C0IC00CICIC0ICIOCICIOIOIOGOT TS



Substituting this and @ into ® gives
Xx+4+3(x-y-2)=z
3x+12+x-y-2=3z

2x+y+3z=10

and this is the cartesian equation of the plane through A, B and C.

Note

In contrast to the equation of a line, the equation of a plane is more neatly
expressed in cartesian form. The general cartesian equation of a plane is often

written as either

ax+by+cz+d=0 or n,x+n,y+n;z+d=0.

The direction perpendicular to a plane

Lay a sheet of paper on a flat horizontal table and mark several straight lines on
it. Now take a pencil and stand it upright on the sheet of paper (see figure 11.31).

MEI Structured Maths (>

o

Figure 11.31

(i) What angle does the pencil make with any individual line?

(i) Would it make any difference if the table were tilted at an angle (apart from

the fact that you could no longer balance the pencil)?

®e0ccccccccssccccssccccsscccsscccsscccsscscsscscoe o
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The discussion on the previous page shows you that there is a direction (that of
the pencil) which is at right angles to every straight line in the plane. A line in
that direction is said to be perpendicular to the plane or normal to the plane.

This allows you to find a different vector form of the equation of a plane which
you use when you know the position vector a of one point A in the plane and the
direction n = n;i + n,j + n,k perpendicular to the plane.

The point R has
position vector r.

The point A has
position vector a.

%
The vector AR
isr—a.

Figure 11.32

What you want to find is an expression for the position vector r of a general point
R in the plane (see figure 11.32). Since AR is a line in the plane, it follows that AR
is at right angles to the direction n.

%
ARn=0
2,
The vector AR is given by
%
AR=r-a
and so (r—a)n=0.
This can also be written as
rn—an=0

x\ [n
y|-|n,|-an=0
zl \n,

or

= mx+ny+nz+d=0
where d = —a.n.

Notice that d is a constant scalar.



EXAMPLE 11.20

Write down the equation of the plane through the point (2, 1, 3) given that
4

the vector ( 5) is perpendicular to the plane.
6

SOLUTION
2
In this case, the position vector a of the point (2, 1, 3) is given bya={1|.
3

The vector perpendicular to the plane is

n, 4
n=|"n|=|5]
1y 6
The equation of the plane is
nx+mny+nz—an=0
4x+5y+6z— (2x4+1X54+3%x6)=0
4x+5y+6z-31=0.

Look carefully at the equation of the plane in Example 11.20. You can see at once

that the vector | 5 |, formed from the coefficients of x, y and z, is perpendicular to

6
the plane.
m
The vector ”2) is perpendicular to all planes of the form
13

nx+mny+nz+d=0

whatever the value of d (see figure 11.33). Consequently, all planes of that form
are parallel; the coefficients of x, y and z determine the direction of the plane, the
value of d its location.

RX+my+nz+d =0
nx +n,y +n3z+d2=0

n]x+n2y+n3z+d3=0

Figure 11.33
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The intersection of a line and a plane

O
B

The point of intersection of a line and a plane is found by following the
procedure in the next example.

[J
£ EXAMPLE 11.21 Find the point of intersection of the line
-
2 1
r=|(3|+4| 2
4 -1

with the plane 5x+y — z=1.

SOLUTION
The line is
X 2 1
r=(y|=[3]|+4] 2
z 4 -1

and so for any point on the line
x=2+4 y=3+24 and z=4-4
Substituting these into the equation of the plane 5x + y— z = 1 gives

52+ )+ (B+20)-4-4) =1

Substituting 4 = -1 in the equation of the line gives

S HRERH

so the point of intersection is (1, 1, 5).
As a check, substitute (1, 1, 5) into the equation of the plane:
5x+y—-z=5+1-5

=1 asrequired.

320



EXAMPLE 11.22

The distance of a point from a plane

The shortest distance of a point, A, from a plane is the distance AP, where P is the
point where the line through A perpendicular to the plane intersects the plane
(see figure 11.34). This is usually just called the distance of the point from the
plane. The process of finding this distance is shown in the next example.

Figure 11.34

A is the point (7, 5, 3) and the plane 7 has the equation 3x + 2y + z= 6. Find
(i) the equation of the line through A perpendicular to the plane

(ii) the point of intersection, P, of this line with the plane

(i) the distance AP.

SOLUTION

3
(i) The direction perpendicular to the plane 3x+ 2y +z=6is (2) so the line
1

through (7, 5, 3) perpendicular to the plane is given by

3
2.
1

(ii) For any point on the line

7
5
3

+ A

r=

x=7+34  y=5+24 and z=3+ A

Substituting these expressions into the equation of the plane 3x+ 2y +z=6
gives

3(7+34)+2(5+20)+(3+1)=6
144 =-28
A=-2.
So the point P has co-ordinates (1, 1, 1).

%
(i) The vector AP is given by

HEHR

and so the length AP is 1/(=6)? + (—4)? + (=2)? = 1/ 56.
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Note

In practice, you would usually not follow the procedure in Example 11.22 because
there is a well-known formula for the distance of a point from a plane. You are
invited to derive this in the following activity.

Generalise the work in Example 11.22 to show that the distance of the point
(a, B, y) from the plane n,x + n,y + n,z+ d = 0 is given by

[n0+n,f+ny+d|

Al 442 2 2
111+H2+1’13

1 The points A, B and C_;lave cc;—ordinates (0,1, 1), (-2,-1,-5) and (1, -1, 0).
(i) Find the vectors ABand AC.
(i) Find the equation of the plane ABC in the form

- o o
r=0A+ AAB+ pAC.

(i) Verify that A, B and C lie in the plane 5x + 4y—3z=1.
(iv) Show that

5[5 (5
AB.| 4|=BC.| 4]=0
-3 -3
and explain the significance of these results.

2 The points L, M and N have g—ordinges (0,-1,2),(2,1,0) and (5, 1, 1).
(i) Write down the vectors LM and LN.
(ii) Show that

S 1
LM. |—4|=LN.|-4|=0.
-3 -3

(i) Find the equation of the plane LMN.

3 The points A, B and C have co-ordinates (3, 0, 0), (3, 1, 2) and (3, 4, -2).

(i) Show that the equation of the plane ABC may be written as

3 0 0
r=|(0|+A{ 1]+py 2]
0 2 -1

(i) Show that the equation of the plane may also be written in the form x = 3.
(iii) Describe this plane.



4 (i) Show that the points A(1, 1, 1), B(3, 0, 0) and C(2, 0, 2) all lie in the

plane 2x+ 3y + z=6.
(i) Show that

2y (2
AB.(3]=AC.|3]|=0.
1 1
(i) The point D has co-ordinates (7, 6, 2). D lies on a line perpendicular to

the plane through one of the points A, B or C.
Through which of these points does the line pass?

2 1 4 1
Thelines ,r=(1]|+ /|1 |,and m,r= 0|+ y| 0|, lie in the same plane 7.
0 1 2 1

(i) Find the co-ordinates of any two points on each of the lines.

(i) Show that all the four points you found in part (i) lie on the plane x— z= 2.

(i) Explain why you now have more than sufficient evidence to show that the
plane 7 has equation x— z = 2.

(iv) Find the co-ordinates of the point where the lines / and m intersect.

Find the points of intersection of the following planes and lines.

1 1
M x+2y+3z=11 and r=(2|+41 1)
4 1
- _ x+2 y+3 z+4
(i) 2x+3y—4z=1 and 3 =1 =3
8 1
(i) 3x—2y—z=14 and r=|4|+1|2
2 1
1
(ivi x+y+2z=0 and r=/J|1
2
(v) 5x—4y—7z=49 and x;3:y;1:z_—32

In each of the following examples you are given a point A and a plane 7. Find
(a) the equation of the line through A perpendicular to 7

(b) the point of intersection, P, of this line with 7

(c) the distance AP.

i Ais(2,2,3);misx—y+2z=0
(ii) Ais(2,3,0);mis2x+5y+3z=0
(iii) Ais (3, 1,3); wisx=0

(ivi Ais (2,1,0); mis3x—4y+2z=2
(v) Ais(0,0,0);misx+y+z=6
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8

10

11

12

13

The points U and V have co-ordinates (4, 0, 7) and (6, 4, 13).
The line UV is perpendicular to a plane and the point U lies in the plane.
(i) Find the equation of the plane in cartesian form.
(ii) The point W has co-ordinates (-1, 10, 2).
Show that WV?2=WU? + UV2
(iii) What information does this give you about the position of W?
Confirm this information by a different method.

(i) Find the equation of the line through (13, 5, 0) parallel to the line
2 3
r=(-1|+4 1]
4 -2

(ii) Where does this line meet the plane 3x + y—2z=2?
(iii) How far is the point of intersection from (13, 5, 0)?

A is the point (1, 2, 0), Bis (0,4, 1) and Cis (9, -2, 1).

(i) Show that A, B and C lie in the plane 2x + 3y — 4z=38.

(ii) Write down the Vgctors ABand AC and verify that they are at
right angles to ( 3 )

—4
(i) Find the angle BAC.

(iv) Find the area of triangle ABC (using area = 3bcsin A).

P is the point (2, -1, 3), Q is (5, -5, 3) and R is (7, 2, -3). Find
(i) the lengths of (a) PQ (b) QR

(ii) the angle PQR

(iii) the area of triangle PQR

(iv) the point S such that PQRS is a parallelogram.

P is the point (2, 2, 4), Q is (0, 6, 8), X is (-2,-2,-3) and Y is (2, 6, 9).
(i) Write in vector form the equations of the lines PQ and XY.

(ii) Verify that the equation of the plane PQX is 2x + 5y — 4z =-2.

(i) Does the point Y lie in the plane PQX?

(iv) Does any point on PQ lie on XY? (That is, do the lines intersect?)

(i) Find, in vector or cartesian form, the equation of a line passing through
the two points A(4, 1, 3) and B(6, 4, 8).

(i) Find the co-ordinates of the point P where the line which you have found
in part (i) meets the plane x + 2y — z+ 3 = 0.

A line is drawn through A perpendicular to the plane.
(i) Find the co-ordinates of the point Q where this line cuts the plane and also
the co-ordinates of the point A,, the mirror image of the point A in the plane.
(iv) Use scalar products to calculate the angles PAQ and PA Q.
[MEI]



14 You are given the four points O(0, 0, 0), A(5,-12, 16), B(8, 3, 19) and
C(=23,-80, 12).
(i) Show that the three points A, B and C all lie in the plane with equation
2x—y+3z=70.
(ii) Write down a vector which is normal to this plane.
(i) The line from the origin O perpendicular to this plane meets the plane at
D. Find the co-ordinates of D.
(iv) Write down the equations of the two lines OA and AB in vector form.
(v) Hence find the angle OAB, correct to the nearest degree.
[MEI]
15 (i) Write down in vector or cartesian form the equation of the line joining
A(8, 0,-4) to B(12, 2, —6).
(ii) This line meets the plane 2x + y— z= 2 at C. Find the co-ordinates of C.
(i) Find the length of the line joining C to B.
(iv) Find the ratio in which the point A divides CB.
(v) Find the angle AOB where O is the origin.
[MEI]

16 In bad weather, the roof of a barn begins to sag. It is decided to support it as
shown in the diagram.

When the roof is supported, ADB is a straight line. Two points on the roof are
A(2,0,15) and B(14, 9, 9) relative to an arbitrary origin.
(i) Find the equation of the line AB in vector form.

The support CD, resting on concrete blocks at C, is perpendicular to the

line AB. C is the point (3, -1, 1).

(i) Write down the vector CP, where P is a general point on the line AB.
Hence, using a scalar product, find the co-ordinates of D on AB such that
CD is perpendicular to AB.

(i) Calculate the length of the support CD.

(iv) Calculate the ratio AD : DB.

[MEI]

O
B
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17 A pyramid in the shape of a tetrahedron has base ABC and vertex P as shown
in the diagram. The vertices A, B, C, P have position vectors

a=-4j+2k, P
b =2i + 4k,
¢ = -5i - 2j + 6k,
p=3i-8j+ 12k
respectively.
The equation of the plane of the base is L

2
r. (3| =20.
4

(i) Write down a vector which is normal to the base ABC.

The line through P, perpendicular to the base, cuts the base at L.
(i) Find the equation of the line PL in vector form and use it to find the
co-ordinates of L. NN
(i) Find the co-ordinates of the point N on LP, such that LN = ;LP.
(iv) Find the angle between PA and PL.
[MEI]

18 The diagram shows an arrow embedded in a target. The line of the arrow
passes through the point A(2, 3, 5) and has direction vector 3i + j — 2k. The
arrow intersects the target at the point B. The plane of the target has equation
X+ 2y—3z=4. The units are metres.

A

(i) Write down the vector equation of the line of the arrow in the form
r=p+4.q.

(ii) Find the value of A which corresponds to B.
Hence write down the co-ordinates of B.



(iii) The point C is where the line of the arrow meets the ground, which is the
plane z = 0. Find the co-ordinates of C.

(iv) The tip, T, of the arrow is one-third of the way from B to C.
Find the co-ordinates of T and the length of BT.

(v) Write down a normal vector to the plane of the target.

O
B

Find the acute angle between the arrow and this normal.
[MEI]

19 The position vectors of three points A, B, C on a plane ski-slope are

a=4i+2j-k, b=-2i+26j+ 11k, c=16i+17j+ 2k,

4L 9s1249x3

where the units are metres. N

(i) Show that the Vecto_>r 2i — 3j + 7k is perpendicular to AB and also
perpendicular to AC.
Hence find the equation of the plane of the ski-slope.

The track for an overhead railway lies along DEF, where D and E have
position vectors d = 130i — 40j + 20k and e = 90i — 20j + 15k, and F is a point
on the ski-slope.
(ii) Find the equation of the straight line DE.
(iii) Find the position vector of the point F.
(iv) Find the length of the track DF.
[MEI]
20 A plane 7 has equation ax+ by + z=d.
(i) Write down, in terms of a and b, a vector which is perpendicular to 7.

Points A(2, -1, 2), B(4, —4, 2), C(5, —g 3) lie on 7.

(i) Write down the vectors ABand AC.

(i) Use scalar products to obtain two equations for a and b.

(iv) Find the equation of the plane 7.

(v) Find the angle which the plane 7 makes with the plane x = 0.

(vi) Point D is the mid-point of AC. Point E is on the line between D and B

such that DE : EB = 1 : 2. Find the co-ordinates of E.
[MEI]

21 ABCD is a parallelogram. The co-ordinates of A, B and D are (4, 2, 3),
(18, 4, 8) and (-1, 12, 13) respectively. The origin of co-ordinates is O.
(i) Find the vectors AB and AD. Find the co-ordinates of C.
(i) Show that AECD is a square of side 15 units. N N
(i) Show that OA can be expressed in the form AAB + yAD, stating the values
of /4 and p. What does this tell you about the plane ABCD?

(iv) Find the cartesian equation of the plane ABCD.
[MEI]
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22 The diagram, which is not to scale, illustrates part of the roof of a building. Lines

OA and OD are horizontal and at right angles. Lines BC and BE are also
horizontal and at right angles. Line BC is parallel to OA and BE is parallel to OD.

Axes are taken with O as origin, the x axis along OA, the y axis along OD and
the z axis vertically upwards. The units are metres.

Point A has the co-ordinates (50, 0, 0) and point D has the co-ordinates (0, 20, 0).

X

4

(i) Find the co-ordinates of B.

(ii) Verify that the equation of plane AOBC is 2y — 3z = 0.

(i) Find the equation of plane DOBE.

(iv) Write down normal vectors for planes AOBC and DOBE. Find the angle
between these normal vectors. Hence write down the internal angle
between the two roof surfaces AOBC and DOBE.

The equation of line OB is = = % = % . The equation of plane CBEF is z = 3.

[MEI]

23 A tunnel is to be excavated through a hill. In order to define position,

co-ordinates (x, y, z) are taken relative to an origin O such that x is the
distance east from O, y is the distance north and z is the vertical distance
upwards, with one unit equal to 100 m.

1
The tunnel starts at point A(2, 3, 5) and runs in the direction ( 1 )
-0.5
It meets the hillside again at B. At B the side of the hill forms a plane with

equation x + 5y + 2z=77.

(i) Write down the equation of the line AB in the form r = u + At.
(ii) Find the co-ordinates of B.
(i) Find the angle which AB makes with the upward vertical.

4 7
1 15].
2 0
Show that the point P on AB where x = 74 is directly above a point Q in the
old tunnel. Find the vertical separation PQ of the tunnels at this point.

(iv) An old tunnel through the hill has equation r = +p

[MEI]



24 Point A has co-ordinates (2, —1, 3) and point B has co-ordinates (1, 0, 5).

(i) Write down the equation of the line AB in the formr=a + tu.
Find the point of intersection of AB with the plane x—2y+ 3z—-7 = 0.
(ii) Find the cartesian equation of the plane which passes through the points
(3,0,0),(2,0,5) and (4, -3, 1).
(iii) Show that, for any value of 4, a point (x, y, z) on the line

X 1 -4
yl=(3]+4| 7
z 4 6

lies in the plane x— 2y + 3z— 7 = 0 and also in the plane in part (i).
(iv) Find the angle between the line AB and the line in part (i), giving your
answer to the nearest degree.

[MEI]

25 ABCD is a parallelogram. The co-ordinates of A, B and D are (-1, 1, 2),
(1,2,0) and (1, 0, 2) respectively.

(i) Find the co-ordinates of C.

(ii) Use a scalar product to find the size of angle BAD.

(i) Show that the vector i + 2j + 2k is perpendicular to the plane ABCD.
(iv) The diagonals AC and BD intersect at the point E.

Find a vector equation of the straight line / through E perpendicular to the
plane ABCD.
(v) A point F lies on /and is 3 units from A.
Find the co-ordinates of the two possible positions of F.
[MEI]
26 The position vectors of four points are as follows.
Ar i+2j +3k
B: 3i+2j+ k
C: 3j
V:ooi+ j -2k

() Find the length of the line VA.

(ii) Show that the vector i + 4j + k is perpendicular to each of the lines AB
and AC.

(i) Deduce the cartesian equation of the plane ABC.

The line through V perpendicular to the plane ABC meets the plane at D.
(iv) Find a vector equation of the line VD.

Deduce the co-ordinates of D.
(v) Find the angle AVD.

[MEI]

O
B
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27 With respect to co-ordinate axes Oxyz, A is the point (2, 0, 0), Bis (0, 0, 1)

and Cis (3, 1, 3).

(i) Find the vectors (j)k and C_l)?w
Hence find angle ACB.

(ii) Write down the cartesian equation of the plane p through A with normal
vector i —j + 2k.
Verify that B also lies in this plane.

(i) Write down the vector equation of the line through C perpendicular to the
plane p.
Find the point of intersection of this line with the plane, and the distance
from C to the plane.

[MEI]

28 With respect to co-ordinate axes Oxyz, A is the point (3, 0, 1), Bis (1, 0, 3),

29

Cis(3,2,3)and Dis (2,-1, 1).

(i) Show that triangle ABC is equilateral. N

(ii) Show that the vector AD can be expressed as AAB + yAC, where A and p
are constants to be determined.
What can you deduce about the points A, B, C and D?

(iii) Verify that the vector n = i—j + k is perpendicular to the plane ABC.
Hence or otherwise find the cartesian equation of the plane ABC.

(iv) Find the angle between the lines AB and DC.

[MEI]

In the diagram, ABCDPQ represents a tent, held up by vertical poles OP
and RQ.

The axes Ox and Oy are horizontal at ground level, and Oz is vertically
upwards.

Q(0, 6, 2)

z (-1,6,0)

P(0,0, 1)

B(1, 6, 0)

D(-0.5, 0, 0)

A(0.5, 0, 0)



The co-ordinates of A, B, C, D, P and Q are as shown in the diagram. Lengths
are in metres.

(i) Find the length of PQ.
(ii) Show that the vector n| = 12i —j + 6k is perpendicular to each of the
lines AP and PQ.
Hence find that cartesian equation of the plane APQ.
Verify that the point B lies in this plane.
(i) The vector n, = —12i —j + 6k is a normal to the plane DCQP.
Find the angle between the vectors n, and n,.
Deduce the acute angle in degrees between the planes ABQP and DCQP.
(iv) A rope ME of length 2 metres is stretched from the mid-point M of PQ to
the ground.
Given that the rope is perpendicular to PQ, find the co-ordinates of E.
[MEI]

30 An explorer comes across a hollow pyramid with a square base of side 100m

T 3 38 3 3 38 3 T 3 36 3 S e S o T 3 b 3T I T S8 S T T S8 S T 3 ST TS 3% 3

and with height 100m.

Take the origin to be the middle point of the base and 1 unit to be 1 m.

(i) Write down the co-ordinates of the vertices of the pyramid.
(i) Show that the face BCE has equation 2x + z= 100 and write down the

equations of the other three sloping faces.

The explorer finds that inside the pyramid a rope is hanging from vertex E,
and begins to climb it.

(iii) When he has climbed 20m, he shines his torch directly on to the face

BCE. Find the equation of the line of the torch beam, in vector form, and
hence find how far the explorer is from the face.

(iv) When the explorer has climbed to a height / metres, he is the same

distance from the ground as he is from each of the sloping faces. Show that

h 100

1+4/5

O
B
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Ca

Magic eye

You may well have seen other pictures like that in figure 11.35. Although it is nothing
more than a collection of marks on a flat sheet of paper, your eyes can be tricked into
seeing it as a three-dimensional object at some distance beyond the page.

Vectors

s (e

- o 8L,
"'?’I

U 7 r

AT

Figure 11.35

As shown in figure 11.36, the principle is very simple.
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Your right eye

Your left eye

There are two
identical marks
on the paper.

Your eyes see the
two marks as one
mark at a greater
distance.

4, 0, -30)

(2,6, 45)

. - (4,0, -30)

Figure 11.36

Take the paper as the xy plane, that is the plane z = 0, with the origin at the centre
of the paper and 1 cm to represent 1 unit.

Taking the positions of your eyes to be (4, 0, —30) and (—4, 0, —30), find the
positions on the paper of the two points needed to produce a single image at the
point (2, 6, 45).

Design a simple ‘magic eye’ of your own.

KEY POINTS

1 A vector quantity has magnitude and direction.
2 A scalar quantity has magnitude only.

%
3 Vectors are typeset in bold, a or OA, or in the form C_))A. They are
handwritten either in the underlined form &, or as OA.

4 The length (or modulus or magnitude) of the vector a is written

as aor as|al.

5 Unit vectors in the x, y and z directions are denoted by i, j and k, respectively.

A
]
<
T

e
5

-
(]
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6 A vector may be specified in

O
B

e magnitude—direction form: (r, #) (in two dimensions)

e component form: xi + yj or (;) (in two dimensions)

4

o

s x

S xi+yj+zk or [y| (inthree dimensions).
z

7 The position vector O_I>) of a point P is the vector joining the origin to P.
8 The vector A_B? is b—a, where a and b are the position vectors of A and B.
9 The vector r often denotes the position vector of a general point.
10 The vector equation of the line through A with direction vector u is given by
r=a+ Ju.
11 The vector equation of the line through points A and B is given by

- o
r = OA+ AAB

=a+ A(b—a)
=(1-A)a+ /ib.
g
12 The equation of the line through (a,, a,, a,) in the direction (”2) is given by
u
4 ! ’
r=|a,|+ 4 u, vector form
ds Uy

X—a y—a, z-4a,
u, T u u

cartesian form.

1 2 3

13 The angle between two vectors, a and b, is given by 0 in

a.b
[b]

cosf =

where a.b=a b, + a,b, (in two dimensions)

2

=a,b, + a,b, + a,b, (in three dimensions).

n
14 The cartesian equation of a plane perpendicular to the vector n = ( n ) is
nx+n,y+nz+d=0.

15 The equation of the plane through the point with position vector a, and
perpendicular to n, is given by (r—a).n = 0.

e The vector equation of the plane through the points A, B and C is

- 2 >
r=OA+ JAB + yAC.
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Differential equations

The greater our knowledge increases, the more our ignorance unfolds.
John F. Kennedy

Suppose you are in a hurry to go out and want to
drink a cup of hot tea before you go.

How long will you have to wait until it is cool
enough to drink?

To solve this problem, you would need to know
something about the rate at which liquids cool
at different temperatures. Figure 12.1 shows an
example of the temperature of a liquid plotted

against time.

temperature 6 (°C)

time 7 (sec)

Figure 12.1

Notice that the graph is steepest at high temperatures and becomes less steep as
the liquid cools. In other words, the rate of change of temperature is numerically
greatest at high temperatures and gets numerically less as the temperature drops.
The rate of change is always negative since the temperature is decreasing.

If you study physics, you may have come across Newton’s law of cooling: The rate
of cooling of a body is proportional to the temperature of the body above that of
the surrounding air.

The gradient of the temperature graph may be written as g—f, where 6 is the
temperature of the liquid, and ¢ is the time. The quantity % tells us the rate at

which the temperature of the liquid is increasing. As the liquid is cooling, g—? will

be negative, so the rate of cooling may be written as _d9

dt

9
=
=
2]
=~
2]
=3
o
2
1]
K-]
e
o
=4
[
=
(]
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The temperature of the liquid above that of the surrounding air may be written as
0 — 0,, where 0 is the temperature of the surrounding air. So Newton’s law of
cooling may be expressed mathematically as:

do
-5 (0-0,)

do _
or T —k(0—-0,)
where k is a positive constant.
. . . D . do dy d¥y
Any equation, like this one, which involves a derivative, such as —, == or &y 55 1S

dr’ dx— dx?

known as a differential equation. A differential equation which only involves a

first derivative such as 3 is called a ﬁrst—order differential equation. One which

dx
d?
involves a second derivative such as dx); is called a second-order differential

equation. A third-order differential equation involves a third derivative and so on.
In this chapter, you will be looking only at first-order differential equations such
as the one above for Newton’s law of cooling.

By the end of this chapter, you will be able to solve problems such as the tea
cooling problem given at the beginning of this chapter, by using first-order
differential equations.

Forming differential equations from rates of change

If you are given sufficient information about the rate of change of a quantity,
such as temperature or velocity, you can work out a differential equation to
model the situation, like the one above for Newton’s law of cooling. It is
important to look carefully at the wording of the problem which you are studying
in order to write an equivalent mathematical statement. For example, if the
altitude of an aircraft is being considered, the phrase ‘the rate of change of height’
might be used. This actually means ‘the rate of change of height with respect to
time’ and could be written as % However, you might be more interested in how
the height of the aircraft changes according to the horizontal distance it has
travelled. In this case, you would talk about ‘the rate of change of height with
respect to horizontal distance’ and could write this as %, where x is the horizontal

distance travelled.

Some of the situations you meet in this chapter involve motion along a straight
line, and so you will need to know the meanings of the associated terms.

wn -

Figure 12.2



EXAMPLE 12.1

The position of an object (+5 in figure 12.2) is its distance from the origin O in
the direction you have chosen to define as being positive.

The rate of change of position of the object with respect to time is its velocity,
and this can take positive or negative values according to whether the object is
moving away from the origin or towards it.

_ds
V=i

The rate of change of an object’s velocity with respect to time is called its
acceleration, a.

_dv
a__

dt

Velocity and acceleration are vector quantities but in one-dimensional motion
there is no choice in direction, only in sense (i.e. whether positive or negative).
Consequently, as you may already have noticed, the conventional bold type for
vectors is not used in this chapter.

An object is moving through a liquid so that the rate at which its velocity
decreases is proportional to its velocity at any given instant. When it enters the
liquid, it has a velocity of 5ms™ and the velocity is decreasing at a rate of 1 ms™.
Find the differential equation to model this situation.

SOLUTION

The rate of change of velocity means the rate of change of velocity with respect to

dv

time and so can be written as /. As it is decreasing, the rate of change must be

dt
negative, so
dv
ar
dv_
or a - kv

where k is a positive constant.

When the object enters the liquid its velocity is 5ms™, so v =5, and the velocity is

decreasing at the rate of 1 ms, so

dv

av_ .
dt

Putting this information into the equation gives
-1=—kx5 = k=1.

So the situation is modelled by the differential equation

dv _

v,
dt 5

Ca

abueys jo sajes woaj suoijenba jeryuaiajyip Huiwiog
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EXAMPLE 12.2 A model is proposed for the temperature gradient within a star, in which the

C4 temperature decreases with respect to the distance from the centre of the star at a

rate which is inversely proportional to the square of the distance from the centre.

Express this model as a differential equation.

SOLUTION

In this example the rate of change of temperature is not with respect to time but
with respect to distance. If 0 represents the temperature at a point in the star and
r the distance from the centre of the star, the rate of change of temperature with

Differential equations

respect to distance may be written as — g) , SO

-= or
dr 2 dr r?

do 1 _do__k

where k is a positive constant.

Note

This model must break down near the centre of the star, otherwise it would be
infinitely hot there.

EXAMPLE 12.3 The area A of a square is increasing at a rate proportional to the length of its
ds

dt

side s. The constant of proportionality is k. Find an expression for

N

Figure 12.3

SOLUTION

The rate of increase of A with respect to time may be written as M

dt

As this is proportional to s, it may be written as

dt

where k is a positive constant.

. . . ds . dA
You can use the chain rule to write down an expression for — in terms of —-

dt dt
ds _ds _dA

dr dAlar
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ds

You now need an expression for . Because A is a square
d dA a Ca
3
dA _ m
= 1 2s 9,:
0,
ds _ 1 ?
= dA 25 0
>
Substituting the expressions for i‘% and ili—’? into the expression for %
ds _ 1
_— = X
= dt  2s ks
ds _1
= I sk

1 The differential equation

dv

_:52
dt v

models the motion of a particle, where v is the velocity of the particle in ms™

and tis the time in seconds. Explain the meaning of dv and what the

dt

differential equation tells you about the motion of the particle.

2 A spark from a Roman candle is moving in a straight line at a speed which is
inversely proportional to the square of the distance which the spark has
travelled from the candle. Find an expression for the speed (i.e. the rate of
change of distance travelled) of the spark.

3 The rate at which a sunflower increases in height is proportional to the natural
logarithm of the difference between its final height H and its height hat a
particular time. Find a differential equation to model this situation.

4 In a chemical reaction in which substance A is converted into substance B, the
rate of increase of the mass of substance B is inversely proportional to the mass
of substance B present. Find a differential equation to model this situation.

5 After a major advertising campaign, an engineering company finds that its
profits are increasing at a rate proportional to the square root of the profits at
any given time. Find an expression to model this situation.

6 The coefficient of restitution e of a squash ball increases with respect to the
ball’s temperature 0 at a rate proportional to the temperature, for typical
playing temperatures. (The coefficient of restitution is a measure of how
elastic, or bouncy, the ball is. Its value lies between zero and one, zero meaning
that the ball is not at all elastic and one meaning that it is perfectly elastic.)

Find a differential equation to model this situation. 339
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10

11

12

13

14

A cup of tea cools at a rate proportional to the temperature of the tea above
that of the surrounding air. Initially, the tea is at a temperature of 95°C and is
cooling at a rate of 0.5°Cs™!. The surrounding air is at 15°C.

Find a differential equation to model this situation.

The rate of increase of bacteria is modelled as being proportional to the
number of bacteria at any time during their initial growth phase.

When the bacteria number 2 X 10° they are increasing at a rate of 10° per day.
Find a differential equation to model this situation.

The acceleration (i.e. the rate of change of velocity) of a moving object under
a particular force is inversely proportional to the square root of its velocity.
When the speed is 4ms™ the acceleration is 2ms™. Find a differential
equation to model this situation.

The radius of a circular ink blot is increasing at a rate inversely proportional

to its area A. Find an expression for =—.

dt

A poker, 80 cm long, has one end in a fire. The temperature of the poker
decreases with respect to the distance from that end at a rate proportional to
that distance. Halfway along the poker, the temperature is decreasing at a rate
of 10°C cm™. Find a differential equation to model this situation.

A conical egg timer, shown in the diagram, 2cm

|

is letting sand through from top to bottom
at a rate of 0.02cm?s7.

. . 5
Find an expression for the rate of change of o

i
height (%) of the sand in the top _l

of the timer.

A spherical balloon is allowed to deflate. The rate at which air is leaving the
balloon is proportional to the volume V of air left in the balloon. When the
radius of the balloon is 15cm, air is leaving at a rate of 8 cm®s~!.

. . dv
Find an expression for T
A tank is shaped as a cuboid with a square base of side 10 cm. Water runs out
through a hole in the base at a rate proportional to the square root of the
height, hcm, of water in the tank. At the same time, water is pumped into the

tank at a constant rate of 2cm?s~!. Find an expression for dh,

dt



INVESTIGATION

Figure 12.4 shows the isobars (lines of equal pressure) on a weather map
featuring a storm. The wind direction is almost parallel to the isobars and its
speed is proportional to the pressure gradient.
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Figure 12.4

Draw a line from the point H to the point L. This runs approximately
perpendicular to the isobars. It is suggested that along this line the pressure
gradient (and so the wind speed) may be modelled by the differential equation

dp = —asin bx

dx

Suggest values for a and b, and comment on the suitability of this model.

Solving differential equations

Finding an expression for f(x) from a differential equation involving derivatives
of f(x) is called solving the equation.

Some differential equations may be solved simply by integration.

EXAMPLE 12.4 Solve the differential equation
dy _ .,
I 3x°—2.
SOLUTION

Integrating gives

y=j (3x2-2) dx

y=x>-2x+c
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-
[1]
=
=3
&
1]
K-}
[
o
=3
)
=
]
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EXAMPLE 12.5

The general solution of the differential equation

Notice that when you solve a differential equation, you get not just one solution,
but a whole family of solutions, as ¢ can take any value. This is called the general
solution of the differential equation. The family of solutions for the differential
equation in the example above would be translations in the y direction of the
curve y = x> — 2x. Graphs of members of the family of curves can be found in
figure 12.5 on page 345.

The method of separation of variables

It is not difficult to solve a differential equation like the one in Example 12.4,
because the right-hand side is a function of x only. So long as the function can be
integrated, the equation can be solved.

Now look at the differential equation

This cannot be solved directly by integration, because the right-hand side is a
function of both x and y. However, as you will see in the next example, you can
solve this and similar differential equations where the right-hand side consists of
a function of x and a function of y multiplied together.

Find, for y > 0, the general solution of the differential equation

SOLUTION
The equation may be rewritten as

1
y

=X

&l
"=

so that the right-hand side is now a function of x only.

Integrating both sides with respect to x gives

Jld_}/ dx=dex.

ydx
dy .
As == dx can be written as dy
dx
J L dy= Jx dx
y ’



EXAMPLE 12.6

Both sides may now be integrated separately.
Since you have been told

y > 0, you may drop the modulus

Infy| = %xz tc symbol. In this case, |y| = 3.

(?) Explain why there is no need to put a constant of integration on both sides
of the equation.

You now need to rearrange the solution above to give y in terms of x. Making

both sides powers of e gives
Notice that the
right-hand side is

1.2
elny = e2x’tc
e%x“c

= y= e%x“rc

and not

e + e,

This expression can be simplified by replacing e with a new constant A.

So y= Ae*.

Note

Usually the first part of this process is carried out in just one step

dy _
dX_Xy

can immediately be rewritten as

1
—dy=[xdx.
J.y y Jx X.

This method is called separation of variables. It can be helpful to do this by
dy
dx

rearrange the equation to obtain all the x terms on one side and all the y terms

thinking of the differential equation as though == were a fraction, and trying to

on the other. Then just insert an integration sign on each side. Remember that
dy and dx must both end up on the top line (numerator).

Find the general solution of the differential equation

d_)/: e,

dx

SOLUTION

Separating the variables gives

1
Jefy dy= jdx

O
B
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= J e’dy= J.dx.

O
B

The right-hand side can be thought of as integrating 1 with respect to x.

e=x+c
Taking logarithms of both sides gives

y=In(x+ ¢).

A In(x+ ¢) is not the same as Inx + ¢.

Differential equations

1 Solve the following differential equations by integration.

oody_ oody
(i) I X (i) Ix COS X
(iii) %Z ex (iv) %: A x

2 Find the general solutions of the following differential equations by separating
the variables.

(M % = xy? (ii) % = xy_z

(iii) % =y (iv) % _ ey

W) %=§ (vi) %wa
tvii) % = ycosx (viii) % = ;&2—13
(ix) % = xe/ (x) % - xigx

Particular solutions

You have already seen that a differential equation has an infinite number of
different solutions corresponding to different values of the constant of
integration. In Example 12.4, you found that

dy_ .5
a—?)x -2

had a general solution of y = x> — 2x + c.

Figure 12.5 shows the curves of the solutions corresponding to some different
values of c.

344



EXAMPLE 12.7

Figure 12.5

y=x3-2x+2(c=2)
y=x3-2x(c=0)

——— y=P--l(=-D

If you are given some more information, you can find out which of the possible

solutions is the one that matches the situation in question. For example, you

might be told that when x = 1, y = 0. This tells you that the correct solution is the

one with the curve that passes through the point (1, 0). You can use this

information to find out the value of ¢ for this particular solution by substituting

the values x = 1 and y = 0 into the general solution.
y=x>-2x+c¢
0=1-2+c¢
= c=1
So the solution in this case is y = x> — 2x + 1.

This is called the particular solution.

(i) Find the general solution of the differential equation

(ii) Find the particular solution for which y =1 when x= 0.

SOLUTION

1
(i) Separating the variables gives J 7 dy = de

Loyie
y
The general solution is y=- 1
x+c¢

dy_
dx

2

O
B
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Figure 12.6 shows the set of solution curves.

(]
c
8
-
(]
3
-3
(]
3
-
c
[
-
(]
-
-
a]
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Figure 12.6

(i) When x=0, y = 1, which gives
1=-= = c=-1.
So the particular solution is
— _ 1
ey S A v

This is one of the curves illustrated in figure 12.6.

EXAMPLE 12.8 The acceleration of an object is inversely proportional to its velocity at any given
time and the direction of motion is taken to be positive.
When the velocity is 1 ms™, the acceleration is 3 ms™.

(i) Find a differential equation to model this situation.
(i) Find the particular solution to this differential equation for which the initial
velocity is 2ms™.

(iii) In this case, how long does the object take to reach a velocity of 8 ms™'?

SOLUTION

dv_k
Wm ==
I dt v

= Q: = 1 1 Q:é
Whenv—l,dt 3s0k 3,wh1chg1vesdt o



(ii) Separating the variables:
Jv dv = J3 dt
%v2= 3t+c.
When t=0, v=2 so ¢ = 2, which gives
FV3=31+42
v2 = 6t+ 4.

Since the direction of motion is positive

v =16t+4.
(iii) Whenv=8 64 =61+4
60 =6t = t=10.
The object takes 10 seconds.

The graph of the particular solution is shown in figure 12.7.

vy

The remainder of the curve
forz < 0and v <2 is not
shown as it is not relevant
to the situation.

/

Figure 12.7

Sometimes you will be asked to verify the solution of a differential equation. In
that case you are expected to do two things:

@ substitute the solution in the differential equation and show that it works

e show that the solution fits the conditions you have been given.
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EXAMPLE 12.9 Show that sin y = x is a solution of the differential equation

Ca

&y_ 1
dx 1- 2

e given that y = 0 when x=0.
o
g
g SOLUTION
s .
= sin y=x
2
(]
= = cosy—-+—=1
a Vax
dx cosy

Substituting into the differential equation:

1 RH 1 1 1

L.H.S. .S = =
cosy A1-x2 A1-sin?y cosy

So the solution fits the differential equation.
Substituting x = 0 into the solution sin y = x gives sin y = 0
and this is satisfied by y = 0.

So the solution also fits the particular conditions.

1 Find the particular solution of each of the following differential equations.

oody_ - —

(i) p 1 y=2whenx=3

(i) d—yzxzy y=1whenx=0
dx

(iii) %: xe” y=0when x=0

(iv)%zy2 y=1whenx=1

dy _ _ _
(v) a—x(wa 1) y=0whenx=1

cdy o - -
tvi) 52 =y sinx y=1whenx=0
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2 A cold liquid at temperature §°C, where 0 < 20, is standing in a warm room.
The temperature of the liquid obeys the differential equation

do _ B

- 2(20-0)
where the time #is measured in hours.
(i) Find the general solution of this differential equation.
(ii) Find the particular solution for which 6 = 5 when = 0.

(i) In this case, how long does the liquid take to reach a temperature of 18°C?

A population of rabbits increases so that the number of rabbits N (in
hundreds), after ¢ years is modelled by the differential equation

dN_
a N
(i Find the general solution for Nin terms of .
(ii) Find the particular solution for which N =10 when ¢=0.
(iii) What will happen to the number of rabbits when t becomes very large?

Why is this not a realistic model for an actual population of rabbits?

An object is moving so that its velocity v (= E) is inversely proportional to its

dt
displacement s from a fixed point.

If its velocity is 1 ms™

when its displacement is 2m, find a differential equation
to model the situation.
Find the general solution of your differential equation.

. 1 . . .
(i) Write ——— in partial fractions.
G-y P

(ii) Find J. dy.

y(3-y)

(i) Solve the differential equation

dy _
1 =y(3-y)

where x =2 when y = 2, giving y as a function of x.
[MEI]

Given that ks a constant, find the solution of the differential equation

dy . _
at ky =2k

for which y = 3 when ¢=0.

Sketch the graph of y against | k|, making clear how it behaves for large values
of | kt|.
[MEI]
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7 A colony of bacteria which is initially of size 1500 increases at a rate

proportional to its size so that, after t hours, its population N satisfies the
equation

dN _
F_kN'

(i) If the size of the colony increases to 3000 in 20 hours, solve the differential
equation to find N in terms of .
(i) What size is the colony when ¢ = 80?
(iii) How long did it take, to the nearest minute, for the population to increase
from 2000 to 3000?
[MEI]

8 (i) Show that

X +1_1+ 2
xr—1 x*—1

(i) Find the partial fractions for

2
(x=1)(x+1)

(iii) Solve the differential equation

(xz—l)Q/:—(xz-i-l)y (where x > 1)
dx
given that y = 1 when x = 3. Express y as a function of x.
[MEI]

9 A hemispherical bowl of radius a has its axis vertical and is full of water. At
time ¢ = 0 water starts running out of a small hole in the bottom of the bowl
so that the depth of water in the bowl at time ¢ is x. The rate at which the
volume of water is decreasing is proportional to x. Given that the volume of
water in the bowl when the depth is x is 7(ax? — %x3), show that there is a
positive constant k such that

dx
2ax— x?*)—— = —kx.
n(2ax— x*) I
Given that the bowl is empty after a time T, show that
3ma?
k= )
2T

[MEI]



10 The square horizontal cross-section of a container has side 2 m. Water is

11

poured in at the constant rate of 0.08 m’s~! and, at the same time, leaks out of a
hole in the base at the rate of 0.12x m’s~!, where x m is the depth of the water
in the container at time ts. So the volume, Vm?3, of the water in the container at
time ¢ is given by V= 4x and the rate of change of volume is given by

4V _ .08 - 0.12x.
dt

Use these results to find an equation for dx in terms of x and solve this to

dt

find x in terms of ¢ if the container is empty initially.

Determine to the nearest 0.1s the time taken for the depth to rise from 0.1
to 0.5m.

[MEI]

To control the pests inside a large greenhouse, 600 ladybirds were introduced.
After t days there are P ladybirds in the greenhouse.

In a simple model, Pis assumed to be a continuous variable satisfying the
differential equation

g—f = kP, where kis a constant.
(i) Solve the differential equation, with initial condition P = 600 when ¢= 0,

to express P in terms of k and t.

Observations of the number of ladybirds (estimated to the nearest hundred)
were made as follows.

t 0 150 250

P 600 1200 3100

(i) Show that P=1200 when ¢ = 150 implies that k= 0.004 62.
Show that this is not consistent with the observed value when = 250.

In a refined model, allowing for seasonal variations, it is assumed that P
satisfies the differential equation

‘611—1; = P[0.005 — 0.008 cos(0.021)]

with initial condition P = 600 when = 0.

(i) Solve this differential equation to express P in terms of , and comment
on how well this fits with the data given above.

(iv) Show that, according to the refined model, the number of ladybirds will
decrease initially, and find the smallest number of ladybirds in the
greenhouse.

[MEI]
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12

13

14

A patch of oil pollution in the sea is approximately circular in shape. When
first seen its radius was 100m and its radius was increasing at a rate of 0.5m
per minute. At a time ¢ minutes later, its radius is 7 metres. An expert believes
that, if the patch is untreated, its radius will increase at a rate which is
proportional to riz

(i) Write down a differential equation for this situation, using a constant of
proportionality, k.

(i) Using the initial conditions, find the value of k. Hence calculate the
expert’s prediction of the radius of the oil patch after 2 hours.

The expert thinks that if the oil patch is treated with chemicals then its radius
will increase at a rate which is proportional to 2—1
r}(2+1)
(iii) Write down a differential equation for this new situation and, using the
same initial conditions as before, find the value of the new constant of

proportionality.
(iv) Calculate the expert’s prediction of the radius of the treated oil patch after
2 hours.
[MEI]
(i) Express m in partial fractions.

An industrial process creates a chemical C. At time ¢ hours after the start of
the process the amount of C produced is x kg. The rate at which C is
produced is given by the differential equation

%= k(2 —x)(1 + x)e™,
where kis a constant.
(ii) When ¢=0, x= 0 and the rate of production of C is % kg per hour.
Calculate the value of k.
Lt x
2—-x
(iv) Find, in hours, the time taken to produce 0.5kg of C, giving your answer

(iii) Show that ln( ) =—e '+ 1-1In2, provided that x < 2.

correct to 2 decimal places.
(v) Show that there is a finite limit to the amount of C which this process can
produce, however long it runs, and determine the value of this limit.
[MEI]

(i) Use integration by parts to evaluate
J4x cos2x dx.

(i) Use part (i), together with a suitable expression for cos’x, to show that

J8x cos?x dx=2x%+ 2xsin2x + cos2x + c.



(iii) Find the solution of the differential equation

dy _8x cos?x
dx ¥

which satisfies y = A/ 3 when x = 0.
(iv) Show that any point (x, y) on the graph of this solution which satisfies
sin2x = 1 also lies on one of the lines y=2x+ 1 or y=-2x- 1.

[MEI]
15 A curve C is given by the parametic equations x = t2, y = 2t.
() Find the cartesian equation of the curve.
(ii) Find % in terms of .
. d .
Hence, or otherwise, show that d—z = 2—}; at any point on the curve.
. . dy 2x
(iii) Another curve D has gradient given by priaie 5 Show that, at any
point where C and D intersect, the two curves are perpendicular.
. . . d 2 .
(iv) Solve the differential equation d_i =— 7x , and hence find the equation
of D given that y = 2 when x=0.
(v) Draw on the same axes a sketch showing the curves C and D.
[MEI]

16 (i) Express in partial fractions.

1
(3x-1)x

A model for the way in which a population of animals in a closed

. . e e 1
environment varies with time is given, for P> 3, by

dP _1,,,, .
T (3P% - P)sint

where P is the size of the population in thousands at time ¢.
(ii) Given that P= % when = 0, use the method of separation of variables to
show that

ln(%) = %(1 —cost).
(i) Calculate the smallest positive value of ¢ for which P=1.
(iv) Rearrange the equation at the end of part (ii) to show that

1

P=—— .
3 eé(l—cost)

Hence find the two values between which the number of animals in the
population oscillates.

[MEI]
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17 (i)

(ii)

Use integration by parts to show that
J.lnx dx=xlnx-x+c

Differentiate In(sin x) with respect to x, for 0 < x < %

Hence write down Jcotx dx,for0 < x< %

(i) Forx > 0and 0 < y < %’ the variables y and x are connected by the

18 (i)

(i)

differential equation

dy _ Inx
dx coty’

andyzgwhenxze.

Find the value of y when x = 1, giving your answer correct to 3 significant
figures.
Use the differential equation to show that this value of y is a stationary
value, and determine its nature.

[MEI]

Newton’s law of cooling states that the rate at which an object cools is
proportional to the difference in temperature between the object and its
surroundings.

The temperature, §°C, of a hot drink, ¢ minutes after it has been poured,
satisfies the differential equation

do
a = _a(e - b),

where g and b are constants. The temperature of the surroundings of the
drink is 25°C.

Write down the value of b.
The rate of cooling when 0 = 65 is 8°C per minute. Find the value of a.

The temperature, ¢°C, of another hot drink, ¢t minutes after being
poured, satisfies the differential equation

d
d—‘{f = —k(¢ - 20),

where kis a constant.



(a) Solve this differential equation to show that ¢ = A + Be ¥, where A
and B are constants and the value of A is to be found.

(b) Given that ¢ = 80 when ¢= 0 and that ¢ = 50 when ¢= 2, find the
values of Band k.

(i) An object in an industrial oven has temperature T°C at time #, where
T'=1000 + 200e""*
and tis measured in days.

Find a function f(#) and a constant c such that

dT
yrin t(6)(T-c).

[MEI]

19 The curve C has parametric equations

x=2cosf—sinf+2, y=cosf+2sinf-1 (0=<0<2m).

(i) Show that the point with parameter 6 = 0 has co-ordinates (4, 0).

(ii) Find Q in terms of 0.
dx

Deduce that x and y satisfy the differential equation
dy __x=2
dx y+1
i) Solve this differential equation, using the condition that y = 0 when x = 4.
Hence show that the equation of C may be written in the form
(x=2)2+ (y+1)*=5.
Describe the curve C.

(iv) Express 2 cosf — sin 0 in the form Rcos(0 + a), where R and a are
constants to be determined.

Show also that, for the same values of R and a,
cos0+ 2sinf = Rsin(0 + a).

(v) The equation of C given in part (iii) can also be obtained by eliminating 0
between the parametric equations for x and y. Use the results of part (iv)
to carry out this elimination.

[MEI]
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20 The population of a city is P millions at time ¢ years. When t=0, P=1.

(i) A simple model is given by the differential equation

dp
i kP,
where k is a constant.

(a) Verify that P= AeX satisfies this differential equation, and show that
A=1.

Given that P=1.24 when t=1, find k.

(b) Why is this model unsatisfactory in the long term?

(ii) An alternative model is given by the differential equation

21

dp
3 - Pe-p.

(a) E _* tial fracti
a) Express P _D) in partial fractions.
(b) Hence, by integration, show that

(c) Express Pin terms of . Verify that, when =1, Pis approximately 1.24.
(d) According to this model, what happens to the population of the city in
the long term?

[MEI]
. 1-x . A Bx+ C
(i) Express Trolzm the form Toax 1o
(i) Hence show that the solution of the differential equation
dyr_ y-x)

dx (14 x)(1+x2)°
given that y=1 when x=0, is

1+x
S

1
(iii) Find the first three terms of the binomial expansion of Vit

1+x

Hence find a polynomial approximation for y = Vit2"P to the term
1+

in x°.

[MEI]



22 A wind is blowing offshore and so the waves become larger the further from
the shore you travel. At the water’s edge the waves have zero height.
Three models are considered for the rate of increase in wave height 4 with
¥ respect to distance s from the shore.

1t

(i) Rate of increase of h with respect to s is proportional to s.

(ii) Rate of increase of h with respect to s is inversely proportional to (s + 5).
e (i) Rate of increase of h with respect to s is proportional to €™, where cis a
positive constant.

(a) For each of these models, form and solve a differential equation.
(b) For each model, sketch the graph of /i against s.
(c) Discuss which of the models is the most realistic. In particular,

TETEIE T

consider the behaviour for large values of s.

INVESTIGATION

Investigate the tea cooling problem introduced on page 335. You will need to
make some assumptions about the initial temperature of the tea and the
temperature of the room.

What difference would it make if you were to add some cold milk to the tea and
then leave it to cool?

Would it be better to allow the tea to cool first before adding the milk?

KEY POINTS

1 A differential equation is an equation involving derivatives such as

dy d?y
a and @

2 A first-order differential equation involves a first derivative only.

3 Some first-order differential equations may be solved by separating the
variables.

4 A general solution is one in which the constant of integration is left in the
solution, and a particular solution is one in which additional information is
used to calculate the constant of integration.

5 A general solution may be represented by a family of curves, a particular
solution by a particular member of that family.
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Answers

Chapter 1

© (Page 2)
2= (a+b)*-4x3ab
= ct=a’+2ab+ b*-2ab

= 2=a’+b?

Exercise 1A (Page 6)

1 True - direct proof — remove the brackets

2 True - direct proof using the converse of Pythagoras’
theorem

3 True-— proof by exhaustion considering the squares
of one-digit numbers

4  True - direct proof —let the numbers be nand n + 1

5 True — proof by contradiction

6 (i) True- direct proof
(ii) True — direct proof

7 (i) True- direct proof
(ii) True— direct proof

8 False,e.g.n=10

9 (i) True - direct proof

(ii) False,eg.1,2,3,4

10 True — direct proof

Chapter 2

9 (Page 8)

%z x71. This means that n=-1 and so n+ 1 = 0. You

cannot divide by zero.

Investigation (Page 8)

M 1.099

(i) 0.693

(iii) 1.792
3 2 6

J ldx+J ldx:j ldx
1x 1x 1x

Activity 2.1 (Page 9)
0]

b
(i) Ju ldx x=az=> dx=adz
a
converting the limits:
:J Lxudz x=a=>z=1
1az
x=ab=z=b
b
=J ldz
12

J‘f%dzz'[fidsz(b)

(i) L(a) + J.:b ch dx=L(ab) = L(a) + L(b) = L(ab)

Activity 2.2 (Page 10)

M L(1) =Ji%dx= 0

b
(i) L(a)-L(b) = J;’% dx_Jl L gx

- [yx¢
Letx= bz
Jyxds=[13e
-

(i) L(a") = J.T)lc dx

Let x = z"thendx = nz "' dz.

Jul dx= Juln x nz"1dz
1x 12

= nJ.aldz
12

=nL(a)



Activity 2.3 (Page 10)
e=2.72(2d.p.)

Exercise 2A (Page 15)

1

2

X= xoe

kt

=1 ln(i)
s

k

p= 25e—0.02t

=n(3=5)
x=In{} =3

(i)

(ii)
(iii)
(iv)

(i)

(ii)
(iii)
(iv)

(i)

(ii)
(iii)
(iv)

(i)

P

100
0 +
100

1218

184 years
8()
25
20
15 :
10

ol 5 10 15 20 2530

1(s)

621.5m

8.07 am (to the nearest minute)

Never

v(ms™)
30

t (minutes)

ol

(i) 30ms!, 8ms™!
(iii) 8.33ms™!
(iv) 8.7 seconds
9 (i Im

(ii) 4.61m, 6.09 years
(i) a=e2=0.135,b=25
(iv) 11 years

10 (ii) 54.6mpg, 40.0mpg
(iii) 63mpg, 39.4mpg

(iv) The first model gives the better results overall.

Chapter 3

@ (Page 21)

(i) (a) One-to-one
(b) One-to-many
(c) Many-to-one

(d) Many-to-many

Exercise 3A (Page 23)

1 (i) One-to-one, yes, equal
(ii) Many-to-one, yes, not equal
(iii) Many-to-many, no, equal
(iv) One-to-many, no, equal
(v) Many-to-many, no, not equal
(vi) One-to-one, yes, not equal
(vii) Many—to—many, no, equal
(viii) Many-to-one, yes, not equal
2 (i) (a Examples: one — 3,
word — 4
(b) Many-to-one
(¢) Domain: words,
co-domain: Z*
(ii) (a) Examples:1—4,2.1— 8.4
(b) One-to-one
(¢) Domain: R*,

co-domain: R*

€ 193deyn
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(iii) (a)
(b)

(c)

(iv) (a)

Answers

(b)

(c)

(v) (a)

(b)

(c)

(vi) (a)

(b)
(c)

(vii) (a)

(b)
(c)

(viii)(a)

(b)
(c)

(ix) (a)

(b)
(c)

3 (i) (a)

(i) (a)
(iii) (a)

360

Examples:1 > 1,6 > 4
Many-to-one

Domain: Z ",
co-domain: Z*
Examples: 1 — -3,

-4 —>-13

One-to-one

Domain: R, co-domain: R
Examples:4 —2,9 — 3
One-to-one

Domain: x = 0,
co-domain: x =0

Examples: 36z — 3,

9
2

n—>15
One-to-one
Domain: RY,
co-domain: R*
Examples: 127 — 3,
127 — 12
Many-to-many
Domain: RY,
co-domain: R*
Examples: 1 — % V3,
4243
One-to-one
Domain: RY,
co-domain: R*
Examples: 4 — 16,
-0.7 — 0.49
Many-to-one
Domain: R,

co-domain: x =0

-5 (b) 9 (e) 11
3 (b) 5 (c) 10
32 (b) 82.4 (c) 14

(d)

4

M flx) <2

i) 0<f0O)=<1

(iii) ye {2,3,6,11, 18}
ivi ye R

v R

wi) {3,1,2,4}

Wi 0<y<1

(viii) R

(ix) 0<f(x)<1

x) f(x)=3

For f, every value of x (including x = 3) gives a

unique output, whereas g(2) can equal either 4 or 6.

Activity 3.1 (Page 25)

(i)

(i)

(iii) (a)

(iv) (a)

(v)

(a) Vertices at (6, 0), (8, 3) and (10, 0).
(b) Vertices at (3, 0), (5, 3) and (7, 0).
Different

(a) Vertices at (3, 0), (4, 6) and (5, 0).
(b) Vertices at (3, 0), (4, 6) and (5, 0).
Same

Vertices at (0, 3), (2, 6) and (4, 3).
(b) Vertices at (0, 3), (2, 6) and (4, 3).
Same

Vertices at (0, 6), (1, 12) and (2, 6).
(b) Vertices at (0, 3), (1, 9) and (2, 3).
Different

(a) Vertices at (0, 0), (2,9) and (4, 0).
(b) Vertices at (0, 0), (2,9) and (4, 0).

Same

© (Page 27)

You can prove it by reference to the graph which has a

minimum at (—a, b) and so never crosses the x axis.

Alternatively you can prove it algebraically.

=

(x+a)?=-b

(x+ a)ZiV?b

but there is no real value of 'V —b.



Exercise 3B (Page 28)

1 (i) Translation(g

(ii) Stretch parallel to the y axis of s.f. 3; x=0

);x=0

L)
(iii) Translation ( 0 ), x=2
(iv) Stretch parallel to the y axis of s.f. 3 and

translation ( g ) in either order; x =2

(v) Translation ( g ) then stretch s.f. % parallel to the
2

x axis; x = 5
i) y= 2 . : 2\, —
vi) y=(x-2) —4,translat10n(_4),x—2
wii) y=2[(x+ 1)> - 13]:

translation

-1
11 ); then stretch parallel to y axis

(]

of s.f. 2; x=-1
i)y = 3[(x- 12~ 3]:

translation

1
_ 5 |; then stretch parallel to y axis
3
ofs.f.3;x=1
. . 0
2 (i) (a) Translation ( 7)

(b) VA

(2,3)

(ii) (a) Translation ( g )

(b) YA

\ |/
N

4

\\N
=Y

(i) (a) Stretch parallel to the y axis, s.f. 2; then

translation ( (3))

(b) YA

Vi

(=2,-5)

“y

(iv) (a) Stretch parallel to the x axis, s.f. %; then

translation ( 0)

3
(b) YA
3
N o x
L-1)

(v) (a) Translation (é), then stretch parallel to the

yaxis, s.f. 3
(b) \ vA /
-2 (6] 2 x
-12
@
(5.9

(ii) y A

€ 193deyn
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(iii)

(i)

(4,18)

X
1
(ii) y
—/\ 1:|
T ™% >
2 -1
(i) A
21 K
1
T T »>
0 X
1 2
ivi 5 A

=Y

(v) y

(vi) y

=Y

(i) Stretch s.f. % in the x direction and stretch s.f. 3
in the y direction
(ii) Stretch s.f. 3 in the x direction and translation
(1)
(iii) Translation ( -3 8 ) followed by stretch s.f. % in
the x direction
(i) (a) f(x)=3sinx
g(x) =sin2x
h(x) = 2sin g
(b) (A) y=sinx+2
(B) y=sin(x—90°)
(c) 180°
(i) (@ b—c=<Fx)<b+c
(b) (30°,0), (150°,0)
A

0 I I
\\_/ 180° 360°




Activity 3.2 (Page 30) Activity 3.3 (Page 31)

i y i y
(i) J (i) \
5 y=x>= (x> e
y=x o
T
[~
®
-
w
> 0 “x
0| x
. s y = (—x)? seems unchanged but could be a reflection
/ Yoy = x2
A [y =X . .
; Y 7 in the y axis.
: | (i)

y=—x? gives a reflection in the x axis.

(i) y

y =-sinx

.=
Lo
.

T N360°

y = sin(—x) could be a reflection in the y axis or a
\\/ x reflection in the x axis.
J = sinx (i) ) J
y=-sinx could be a reflection in the x axis or a \
translation ( 180° ) ‘\‘
‘J‘ l\l’ o ‘J‘ /\l >
(iii) \» . 3o 1N 0 1 N4 x
y=x"—-6x"+1lx-6 '
= (=62 + 11(=x) - 6,
' ‘-‘ y=x>—6x*+1Ilx—6
N > y=(-x)% - 6(=x)% + 11(~x) — 6 is a reflection in the
of [ x ,
K y axis.
s The only option in common is a reflection in the y axis.

y=—(3—6x2+ 11x—6) Exercise 3C (Page 34)

y=—(x>—6x2 + 11x— 6) could be a reflection in the 1 (i) Stretch parallel to y axis of s.f. 2, and reflection in

x axis or a reflection in the line x = 2. x axis, either order; x=0

The only option in common is a reflection in the x axis. (i) Reflection in x axis then translation { '); x=0

(iii) y = —(x — 1) translation ( (1)), and reflection in

x axis, either order; x =1

363



2 () (@ v a G y

| /\ Y=
OL ‘)0\/270' X

[d

g -1

H

]

& (b) y=cosx > >

(ii) (a) ; Y | ; ine of symmetry:x=0
[ [ [
\/[ \ “ @ (a) \y ; y=b(x)
o\ |P° 1270° :
[ [ i [
| | | |
[ \ [ ;
\
(b) y=—tanx H (2,))
o |
(iii) (@) y X=2
!
Y :
/ (b) )

D
° Iw\/aw. * | ’
- l
|
(b) y=sinx !
I
)y Y | y=-40)

i i |
| i l X=2
I ] |
! l | ©
) ta0° Z70° ¢ YA yab(x+1)42
I I I [
i I I |
I ! | }
1 1 }
(b) y=—tanx 1 0, )
|
) (a) y o f
{ /\ g
5 a=2,b=1,c=3;(-1,3)

° \80° \ X 2 2
M 6 T +L=1
9 4

(b) y=-sinx Y
3 (i) a=3,b=5 2\
]
(i) Translation(‘;’ ) 3 Q >| 5
- x
_I—/
Y y=x2-bx+i4 >
= 2
v 7 ) y=f(x+2)
(i) y=-f(x)
(3,5) y
i y="£(5)
0 X iv) y=f(x)-3
(i) y = 6x— x%— 14 ) y=f(-x) (or y=2-f(x))

364 wi) y=3f(x)



8 () (-1,5);y=2 Activity 3.4 (Page 41)

(i) a=-3,b=5 )
(i) yore

(0] X

f(x) = x5 F1(x) = \V x

(i) y
9 (i) / y=1fx)
=)
/9] x
- O “"— -
G Y " x
=$(x+2
Y
/ o X f(x) = 2x; f1(x) = 3x
(i) y
‘ y=1e)
(iii) Yy 4,1
y=£(2x)
° g ) y=1)
/ v"' >
/ 0 "/2 X
© (Page 39) ’

f(x)=x+2;f1(x)=x-2
(i) (a) Function with an inverse function.

(iv) y
b) f:C—>32C+32 \ .
f1: F—> 3(F-32)
(ii) (a) Function but no inverse function since one
grade corresponds to several marks. 2 e 1-
(iii) (a) Function with an inverse function. / f"' y=f (x)‘
(b) 1light year =~ 6 x 10'? miles or almost 10'® metres. / O_ i 2 v
f: x — 10'°x (approx.) 1
f-1: x — 10~1%x (approx.) fx) =x3+2;f1(x) = m
(iv) (a) Function but no inverse function since fares y=f(x) and y = f7!(x) appear to be reflections of each

are banded. otherin y = x.

€ 193deyn
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a (Page 45)

(i) Sometimes it depends on the number of significant
figures in the original number and in the calculator
memory. For example:

123 - 15129 — 123 but

123.456789 12 — 15241.57877 — 123.4567891
on some calculators.

Also -2 — 4 — 2 since a calculator will give the
positive root.

(ii) sin199°=-0.325....
arcsin(=0.325...) = —19° since this is the solution in

the range of the inverse function.

© (Page 46)
sec0=0.5<cos=2

M vy

y=cosl

>

0

T

2
so there is no solution for 0 < § < %

(ii) cos @ continues to oscillate between +1 and —1 so

there is no solution for any value of 0.

Exercise 3D (Page 47)
1 (i) 8x°

i) 2x3

(i) (x+2)3

(iv) x3+2

(v) 8(x+2)3

i) 2(x>+2)

(vii) 4x

(viii) [(x + 2)3 + 2]3

(ix) x+4

2 ) flx=%7

2
(i) flx)=4-x
i) F(x) = 2X=4

X

iv) flx)=Nx+3,x=-3

3

(i), (i) y

W fg
(i) g
(i) fg?
(iv) gf
(i) f(x) not defined for x = 4;

h(x) not defined for x > 2

4x+3,
x b
hlx)=2-x% x=0

i) fl1(x)=

(iii) g(x) is not one-to-one.
(iv) Suitable domain: x =0

(v) No: fg(x) = ﬁ, not defined

j— . — 3
for x =+ 2; gf(x) = (x—4) ,
not defined for x = 4.

(i) x
(i) 1
X
(iii) 1
X
(iv) 1
X
(i) a=3
(i) ; \/
L7
|
|
(23)
|
X==2 0 X

(iii) f(x) =3

(iv) Function f is not one-to-one when domain is R.
Inverse exists for function with domain x = -2.

flix— 3/ %,xe R.

The graphs are reflections of each other in the

line y = x.



9 (i) a=2,b=-5
- . -2
(ii) Translation ( 5 )

\
(0] :x
(=2,-5)
(i) y=-5
(iv) c=-2
(v) =
v R g(x)
y=x
Ve
L0 =gl
e
.7 - 0 Tx
(5,-2) -
7/
, 7/
(-2,-5)
10 (i) P(g0); Q(—b, 0); R(O, k); S(0, a)
a c

i x= L=l

y—a

(iii) a=3;b=4,c=3

(ivi a=3;b=2;¢c=1
11 (i) x=5.35

(i) c=3,d=4

(iii) g=4,h=2

Q (Page 51)

f(x) = x2 - 2x & f(—x) = (—x)2 — 2(—x)
=x2+2x

f(x) # f(—x) so f(x) is not even.

() = —(x = 20) = -2+ 2

f(—x) # —f(x) so f(x) is not odd.

Exercise 3E (Page 53)
1 (i) Even

(i) Odd

(i) Neither

(iv) Neither
(v) Odd

(vi) Even
(i) Even

(ii) Odd, periodic; %n

€ 193deyn

(iii) None
(iv) Odd
(v) Periodic; 27

(vi) Odd, periodic;

0} o
! £ period 180

: f(x)=sin 2x
|

N\
1 VISO \/

(ii) Half the period of sinx

(i) (@) 90°
(b) 120°
(c) 720°
$(x

-4—3—2-10‘ 2 3 4 4

£(x)

—3—2—|O| 2 3
M flx)=x+1
(i) f(x)=3-x

Y
\ Y =9 (X)

\ % /
\\A/ ] \. \‘\1 /
-2 -l 0] i 2 X

M (@ 2

b) f(x)=x+1for-1<x<0;
fx)=1-xfor0=x<1
i) (a A(0,1);B(3,0);C(1,1); D,(13,0)
) A,(-3,1); B,(-2,0); C,(~1, 1); D,(0, 0).

367



8 ) perlod=%r Exercise 3F (Page 59)
e
3N | | 1 WM 8<x<2
1 |
" 1 /\ /\ i) 0<x<4
5 |
E o \/ \/ CAL (i) x<<-lorx>11
c
< —é— (ivi x<-3orx=1
vy 2<x<5
9 (i) f(x)=18;Rangeofg(x)=R; (vi) _% <x<2
. x+1
g(x) is one-to-one; g"(x)zT 2 W |x-1]<2
i) gf(x) = 2x2 + 35; i) |x-5]<3
fg(x) = 4x? — 4x+ 19 Gi) |x-1]<3
{iii) x=4o0r-2 livi |x-25]<35
(iv) A v) |x—10|<0.1
2r i) |x-4|<35
Y =h(x)
j f lif f , 3 (i) A
4 3 2 -10] 1 2 3 4x
\% Vit Vv \%
2F 2
(v) >
y“ 2 [e) X
y=h(;%)
AN Ir ) iy
4 3 2 10| 1 2 3 4x
Vb %4
72— 3
(vi) y >
r o 15 x
I =30
(iii) yA
4 N2 Nl V2 Nx
—1[
2F \
© (Page 57) 41\/ 0 )
g(3)=3,g(-3) =3 (-2,2)
|3+3]|=6,13-3[=0,[3]+|3]=6,[3]+[-3]=6 (iv) )
© (Page 58)
[x|<2andx=0=0<x<2
x| <2andx<0=>-2<x<0 1
0 x

368



(v) y
1
1 1 >
4L -1 0 x
1
(2L-4)
(vi) yA
5
(2,3)
) =

Activity 3.5 (Page 60)

1 y
A

(i) one

(ii)

two
(i) N

(iv) Increase x max. to 15
Decrease y min. to —300

2 y

>

(iv) xmin.:—0.4 x max.: 0.4
ymin.: 0.9 ymax.: 1.1
3 ¥
10
! -
) N x
(i) x=5

Investigation (page 61)

f(x) =0 f(%) has an asymptote and f(x) has an
asymptote < ﬁ -0

f(x) :1@$: 1 andf(x):-1<:>$=-1
|f(x)|<1<:>@>l

Chapter 4

© (Page 63)

4V'is the rate of change of the volume with respect to the

dh
height of the sand.

% is the rate of change of the height of the sand with

respect to time.

dv X dh is the rate of change of the volume with respect

dh ™ dt
to time.

@ (Page 65)

y =(*-2)*
= () + 4(x%)°(=2) + 6(x?)*(-2)* + 4(x*)(-2)* + (-2)*
=8 —8x0 + 24x* —32x% + 16

%JZC = 8x7 — 48x° + 961> — 64x
= 8x(x®— 6x*+ 12x2-8)
=8x(x2-2)(x*—4x2 + 4)
=8x(x2—2)(x?-2)?
=8x(x2-2)3

P 193dey)
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Exercise 4A (Page 67)

1 ) 3(x+2)?
(i) 8(2x+3)3
(i) 6x(x%-5)?
(iv) 15x2(x>+4)*
(v) -3(3x+2)72

—6x
(x2-3)*

(vii) 3x(x?— 1)%

(vi)

a1 2 1
(VIII)3(} + x) (1 - ?)

(ix) V%(W ~1)°

2 (i 9(3x-5)?
(i) y=9x—17
3 (i) 8(2x-1)°
(ii) (%, 0), minimum

i) Y

N
o

1
3 X

4 (i) 6x(x?-4)

(ii) (0,—64), minimum;
(=2, 0) point of inflection;

(2, 0), point of inflection.

/

(i) \L y
-2 [o)
~64

5 (i) 42x-1)(x*-x-2)°

(ii) (-1, 0), minimum;

(1 6561

3 ﬁ), maximum;

(2, 0), minimum

2

(i) Y

6 4cm?s’!

7 -0.015Ns"!
8 {ym?day”! (=0.314 m>day ' to 3s.f.)

9 (i) 3x(3x-2)(x3—x2+2)?

(ii) g—y =0 when x=-1 and when x=0.
x

dy
When x<<-1 (e.g. -1.1) x >0
dy
when -1 < x <0 (e.g. —0.5) Ix >0
= point of inflection at x = —1.

When x is just greater than 0 (e.g. 0.1)

d . .
d—;/< 0 = maximum point at x = 0.

)
(iii) a= 3

(iv) Gradientat (1,8)is 12; y=12x—4.

1
10 gkm

Activity 4.1 (Page 72)

10 7

and v=x

. du dv _ &
gives - =10x and T = /X"

u
y=—=  whereu=x
v

Using the quotient rule,

du dv
dy Vax—"dx
dx )

x7 X 10x% — x10 x 7x5
4

x
10x16 —7x10
= Y, =3x?
u_ 0, dy ,
y—;— 7 =x =>$C 3x



Exercise 4B (Page 73)

1 G x(5x*-3x+6)
(i) x*(21x?%+ 24x-35)
(i) 2x(6x + 1)(2x +1)3
2

(iv) ———3

(3x—-1)2
x2(x% + 3)
(x%+1)?
(i) 2(2x+1)(12x% + 3x—8)

2(1 + 6x—222)
(2x% + 1)?

(v)

(vii)
. /=X
(viii) —(x n 3)3
(iX) ﬂ

24 x -1

2 i -Ly=-x

1
(x-1)?
(i) -l; y=-x+4
(iv) The two tangents are parallel.
3 (i) 3x(x-2)

(ii) (0, 4), maximum; (2, 0), minimum

(i) y
4
(ST 2 X
4 (i) —; (i) 4y+x=12
(x—4)? Yy
i) y=x—3

(iv) g—z # 0 for any value of x
b

-
-

5 (i) 3(4x+1)(x+1)2%Q2x—1)?
(ii) x=-1, point of inflection;
x= —i, minimum;
x= %, point of inflection

21,0500 -B3) R(Y o)

10

o x-2
(i (\/E— 1)2
W

(i) (4, 8)

(iv) Tangent: y = 8; normal: x=4
w) (@ Q(3,8)

(b) R(4,29)

2(x+1)(x+2)
(2x+ 3)?

i) (-1,-2); (-2,-3)

P 193dey)

(i)

(i) (-1, -2), minimum; (-2, —3), maximum
2x(x+1)
2x+1)%’
(ii) (0, 0) minimum; (-1, —1) maximum

(i) dx =2y

(i) (0,0) and (-1,-1)

i) y==+(x—4)

(fii) dx =
v) x>4
(i) 0;2;1.6
(i (1,2)
(iii) f(x) >0

iv) )
(1,2)

Y

(v) YA 1,2)

11

-1,-2)

i P(-1,0); Q(1, 0); R(0, 1); f(x) —> -1
(ii) The yaxis is the line of symmetry of the graph.
(iii) For any value a, f'(a) and {’(—a) have the same

magnitude and opposite signs.
1

1 11 . . .
(iv) (—%, 2);(%, 2);pomts of inflection
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(i) 3; 3; gradient = o

Activity 4.2 (Page 77)

1 %233@
3 dx _2 1
2 xz@ify:%y3:3y§
, d_ 11
dy ~ 3(x%); = 3x?
dy dx dx _ 1
4 a)(a/—lord—y—&
dx
d dx
5 y=2x:d—£=2,@—%;
dy dx 1
2, 8x_ 1
y_x'dx_zx’dy_Zx
Yy sdx 1
y_x'dx_4x’dy_4x3
6 Asfor4.
@ (Page 78)
dy _ dx

1 — 9.
dx_ianddy_z’NO

Exercise 4C (Page 80)

1 (i) 0.16 cm min~!

2 (i)

ii) Vv \

gl

(i) 26; 5=

1 mst
3n

) 3.2m (=10.5)cm’s™!

(i) 0.8cms™!

; - 2
i x=0,2 3
(i) y
\
9.5 |- y=x(4-x)
! >
(0] 22 X
. 4
(ivi 13
(i) (a y
4
! O
-1 £\ 1
(g
b y
(b) \
y="1(=x) y=1(x)
l\ | 0] | >
,j‘ S “‘ 1 X
(c) y
A
y="f(x+2)
L O >
Sava Ny L2
y=1(x)



(ii) Not one-to-one

i)

y=g'®)

(6} 1 2

liv) 15; i

Activity 4.3 (Page 82)

dz
i =xP = == = pxP!
i) z=xP= T =px

dz

z= y‘I2 dy = qy‘ﬁl

oody_dy dz
) 3% = 3z % dx

@ (Page 82)

Direct argument

© (Page 83)
% (f(x)) is a polynomial of order (n— 1) so it has no term

in x",

© (Page 85)
0
3

y =1In(3x) is a translation of y = In(x) through ( )
The curves have the same shape.
Exercise 4D (Page 86)
1 (i)

(iii)

RIN RIW

(vi)j 1+Inx

(vii) x(1 + 2In(4x))

(viii) — L
x(x+1)
) 1 —islnx
2 (i) 3e*
(i) 2e*
(iii) 2xe™

(iv) 2(x+ 1)ex+1)?
(v)  e*(1+4x)

i) 2x%2e¥(3-—x)

I
(vii) o
(viii) 6e* (e**+ 1)?
3 (i) 0.108e"%
(i) 0.108mh';0.266mh™';0.653mh™'; 1.61 mh!
4 (i) % =(1+x)e%
2
% =(2+ x)e*
. 1
(i) (—1, _E)

Rotation symmetry, centre (0, 0) of order 2. f(x)
is an odd function since f (—x) = —f(x).

) £(x)=2+In(x); 7 (x) = %

(iii) (—l, g), maximum; (l, —g), minimum.
e’ e e’ e
(x—1
x

(ii) (I, e), minimum

(i) y v
e+
j ! X

dy 1

y=Inx= -

7 M

y=xlhx= % =1+Inx

P 193dey)
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©

10

1

12

13

14

(i) (1-x)e™
(i) (1%)

dp
W (@ = AkeM; A=3, k=2

(b) t=In2
(¢) Increases without bound.

P
(i) (a) % =3(a-2bt)el@-b%); g=2: h=0.1

(b) Reduces to zero.
(i) Inm=-bt+Ina
(ii) a=20;b=0.4
(i) t=19.0
(iv) —0.3pe™03 — 0.2ge 0-2¢
v) p=6,q=11
i) £'(x)=1-Inx f"(x) = —i
(iii) (e, )
(iv) g(x) <e

(v) g(x) is a one-to-one function.

A

N l®

o

gradient = —0.5
M (1,¢€?)
(ii) (a) Translation ((1)), (2, €?)
(b) Reflection in the y axis; (-1, e?)

(c) Stretch, scale factor % parallel to the x axis;

(3¢)
(iii) k=e2
M 1
i) £(x) = 1 —xlznx; £(x) = 21nxJ§— 3
I D |
(iii) PR

i) A(=43,0); C(0,-3); D(\3, 0)
(i) B(—1, —2e); E(3, 6e7%)

(iv) yA
A (0] /D
C

Activity 4.4 (Page 91)
dy

NN
Zn\y?l Wz,zx

When y = sin x the graph of % against x looks like the

o
x\!/

graph of cos x.

y
N N/
—2:7': —371 0 7?': 2:7': x
| = -1 ] |
I RV
b /\
,ZnUn OMn 2;-: “x
-1
© (Page 92)
No. You can see this if you sketch both on a graphic
calculator.
© (Page 92)

This is a demonstration but ‘looking like’ is not the same

as proof.

Activity 4.5 (Page 93)

sinx
CoOsx

y=tanx=

dy _ cosx(cosx) —sin x(-sin x)
dx cos’x

_cos’x +sin’x 1

cos?x "~ costx




Exercise 4E (Page 95)

1 @M

(ii)

(iii)

(i)

(iii)

(i)

(iii)

(i)

(iii)

(i)

(iii)
(iv)

(v)

(vi)

(i)
(iii)

(iv)

(i)

—2sinx + cos x

1

cos? x

cosx + sinx

X
V) + tanx
Cos™ X

2 2

cos” x— sin” x

e*(sin x + cos x)

X cos x—sin x

x2

e*(cosx + sin x)

cos?x

sin x(1 — sin x) — cos x(x + cos x)
sin?x

2x
cos? (x2+1)
—2sinxcosx

1
tan x

sin x
24/ cosx

1
e"(tanx+ > )
Cos“ X

8x cos 4x?

—2sin 2xe0s2%

_ 1
1+ cosx

1
sin xcos x

cosx— xsinx

-1

y=-x

y=x-2m

3cosx sin®x

(-m, 0) point of inflection, (—%n’, —1) min,
(0, 0) point of inflection, (%n, 1) max,

(7, 0) point of inflection

(iv) YA

3

14 y=sin’x

P 193dey)

=Y

~14

8 g_y =e*cos3x—3e*sin3x
x

d’y .
= —6€e* sin 3x — 8e*cos 3x

9 (i) e*(cosx—sinx)
Gi)  (0.79,0.32), (<2.4,-7.5)
(iv) Differentiate with respect to x again and
evaluate the second derivative at the stationary

points.

@ (Page 98)

(i) Interchange x and y to reflect in the line y = x.

(ii) The mapping is one-to-many.

Exercise 4F (Page 101)
10 4730
(i) 2x+ 3y23—
i) xgo+y+l+ g
(iv) —sinyd—

(v) eUt2=L
dy

o3 2
(vi) y°+ 3xy dx

(vii) 4xy> + 10x2y4%

R Y 5
(viii) 1 + ydx
dy dy

i y—= Y i =
(ix) xe dx+e +smydx

22 dy
(x) y dx +2xIny

. . dy
s siny siny
(xi) e*™ + xcosye dx

x
cos’y

Yy
cos?x 375

(xii) tany + g—i - (tanx)% -



Integrating both sides with respect to x

dy du dy

w N
S =

y:J E PR dx:J. au du.
° 4 () o0
o o
2 i) y=- Activity 5.1 (Page 107)
c
< 5 (1,-2)and (-1,2) 2 5y 3
o 5(x-2)+3(x-2)+¢
6 0 — 5
- = Z(x-2)" [3(x-2) +10] + ¢
(i) x-2y-11=0
_2 >
(i) (2’_4%) =5Bx+4)(x-2) +¢
(iv) YA | -
! Exercise 5A (Page 107)
3 1 6 x+Di+c
0 6 !’C i) 2(2x- ¥ +c
o S A Gii) (P + 1%+ ¢
i v) $(x2+1)°+c
‘ (v) %(x3—2)5 +c
Asymptotes x=6, y =4 wi) Lx2- 53 +¢
7 (i) Iny=xl 3
M y=xlnx wi) (2x+ 1)33x-1) +c
o1dy .
LY P 1+Inx i) 2(x+9)%(x—18) + ¢
(iii) (0.368, 0.692) 2 (i) 205
(iv) VA (ii) 928000
(i) 5%
(iv) 30
1 (v) 222000
(vi) 586
] > (vii) 18.1
3 () 4

8 (i) Max (4,8), min (-4, -8) (ii) —4; the graph has rotational symmetry about (2, 0).

a @ 52
Chapter 5 Gi) 1.6
i) 6.8

@ (Page 103)
(iv) Because region B is below the x axis, so the

It is the same as . . X .
integral for this part is negative.

4
J Vxdx. 5 () 4
P2) Gi) 23
(Page 105)
g Gii) 221
Yes: Using the chain rule .
(iv) 1§
dy dy du
dx ~ du” dx 6 ) A(-1,0:x=-1

376



7 () (a) +c

(14 x)*
4
b 23

Gi) 2(21/2 - 1) = 0.609

8 Area=2(\2-1) ~ 0.828

9 (i) 14(2x-1)¢
i) x= 1
(i) 7'12 square units
(iv) g
10 () (a) 8\/}—% +c

(b) 2(1+ xl)% +c
i) k=2,a=1,b=2;325

Activity 5.2 (Page 113)

1 The areas of the two shaded regions are equal since

y= 1 is an odd function.
x

©® (Page 114)

The denominator will contain a function of x that can
take the value zero.

x2—2x+ 3 = (x—1)2 + 2 so is defined for all values of x

and is always greater than or equal to 2.

Exercise 5B (Page 114)
1 () 31n|x|+c

@ linlx|+c

Gii) In|x-5|+c

i) Linf2x-9]+c

(v) ln|x2+1|+c

wi) n[3x2+9x-1]+¢
2 @) je+c Gi) —je 4
(i) —3¢7 + ¢ (iv) 4e* +¢

(v) —% +c (vi) e¥—2e >+ ¢

10

1

12

M 2(ef-1)=5960 Gi) In% =169

(i) 0.018 (iv) 4.70
(v) 0.906 (vi) 3In% =0.585
M 3e-1)
) 1e*-1)

(i) 1(e+e!)—1=27.7 (to3s.f)
M (1-2x2)e
i) =
2
(i) 0.294
0.490; 0.314
M P(2,4); Q(-2,-4)
(ii) 8.77;14.2 (to 3 s.f.)
M i1-eX)
(i) 0.3161;0.4908; 0.4999; 0.5000
(i)

N—

(i) —(x+2)e™*
i) (=2,¢€?)
(iii) —e?; max. at x = -2

4
(v) 3—;

M Lx-3)7+(@x-3)+c
Inx+2
24[x

(iii) (a) —2xe™>"

;24/xInx+ ¢

(i)

(b) 3x%e*°

M (@ %In3

b)) VI+x2+c¢
o o (L ana( L L)
(ii) (b) /\/72)\/% an ( /\/72) Je

(c) 0.074

2

(i) ln(e ;1)-«1.434
2

(i) ln(e ;’1) ~ 1.434

G 193deyn

377



Answers

378

13

14

15

16

17

18

19

20

(iv)

(ii)

(iii)

(iv)

(v)

(i)

(ii)

(iii)

0]
(ii)

(iv)

(i)

(i)

(iii)

(iv)

(i)

(ii)

(iii)

(iv)

(i)

(ii)

(iii)

(iv)

(i)

(i)

(i)

The same. The substitution e* = ¢ transforms

the integral in part (ii) into that in part (iii).

% In2

—% In2

translation (_(1))

—% In2

(a) —4xe 2

(b) 2% _ 4x2e2x2

i(l —e2k)

Max. at (0.5, 0.303)

4;5In5-4

(a) Reflectionin y=x

(b) Stretch scale factor 3
parallel to y axis

{a) 3(5ln5-4)

(b) 4In3+5In5-4

101 m

d
T =-04e 095 0.4
X

49.88 units?
40.24 units?; 480000 m3(2 s.f.)

1-x?
(x2+1)?

(+1,~3) and (1, 3)
%ln|x2+ 1|+ c
22026
(0,3)y=1
_ € 1
(1+e)21
ln( 1 +e)

2

Rotation symmetry, order 2, centre (0, %)

Rotation symmetry, order 2, centre (0, 0)

(L3)(-1.-3)

Investigation (Page 122)

a0=1
u1=1
-1
T
-1
%= 3
a =L
47 4]

e=12.71828183 (8d.p.)

Investigation (Page 122)

Scheme B: R = 2.594
Scheme C: R =2.653

1000 instalments: R = 2.717
10* instalments: R = 2.718

10° instalments: R agrees with the value of e to 5 d.p.

Exercise 5C (Page 125)
1 (i) —cosx—2sinx+ ¢
(ii) 3sinx—2cosx+ ¢
(iii) -5cosx + 4sinx + ¢

%sin3x+ c

2 (i)
(i) cos(1-x)+c¢
(i) —§ cosx + ¢
(iv)In|2—-cosx|+ ¢
(v) —In|cosx|+ ¢
(vi) —%(c052x+ 1)3+¢
3 (i) —cos(x?)+c
(i) ein*+ ¢
(i) 3 tan?x + ¢
(iv) %{ +c
4 (i) 1
i) 1%
(i) 1
(iv) e—1

(v) In2



. d
5 M v (a u:x,é:e"‘

2 (b) —xe*—e*+c
»=sinx (cosx — 1)?

. o
(vi) (a) u=x dx—sm X

(b) —%xcos 2x+ %sin 2x+ ¢

G 193deyn

1.4 _ 1,4
i gx'lnx—gext+c

0 ‘ n ‘ 2;1 ‘ 3n ‘ 4‘7z x A
i (i)  xe¥*— %e” +c
2 (iii)

xsin2x + %6052x+ c

N

W 8 v) 3x°In2x-3x*+c

3 Z(1+x)Bx-2)+c
Activity 5.3 (Page 126) )
d 4 =(x-2°Gx+2)+c
i (a) I (xcosx) =—xsinx + cosx
X 5 (i) xlnx—x+c¢
(b) = xcosx= J—x sinx dx + Jcosx dx .
i) xIn3x-x+c¢
= stinxdx:—xcosx+jcosx dx (i) xlnpx-x+¢
. . 6 xZe*—2xe*+2e*+ ¢
() = J.xsmx dx =—xcosx +sinx + ¢
d 7 (2-x)%sinx-2(2-x)cosx—2sinx+c¢
) () o (xe?) = x X 2 + e*
(b) = xe¥*= Ierzx dx+ ‘[ez" dx Exercise S5E (Page 133)

1.6 3+1

= '[erz" dx=xe**— J.ez" dx . i
i) -2
(e = j2xe2" dx=xe>—L1e> + ¢ (i) 2e?
(iv) 3In2-1
© (Page 126) w I
Eacg ff the integrals in Activity 5.3 is of the form (vi) %4 Ind—7
J.x ix dx and is found by starting with the product xv. 2 G (2,0)(02)

. (ii) y“
Exercise 5D (Page 130)

. dv 2
1 (i) (a) u=x,d—=e’C
x

(b) xe*—e*+ ¢

. v
i) (a u=x, dx—cos X

(b) %xsin 3x+ %cos 3x+ ¢ 0

=

d
(iii) (a) u:2x+1,d—V:cosx (i) e2+1
X
(b) (2x+ 1)sinx+2cosx+ ¢
2x

V) (@) u=x, —=e
iv) (@) u=x, g =€

(b) —%xefz"— ie’z" +c

379



w
<

® y =xsinx
o
H
]
<
<
0
i =
5In5-4

1

4 _4 :
— {5 SO area = 7z square units

o a »

7 x=0.5; area = 0.134 square units

The curve is below the trapezia.

- -1
9 13—6—16e

Chapter 6

9 (Page 135)
(i), (i) and (iv) can be solved algebraically;

(iii) and (v) cannot.

© (Page 137)
0.012 takes 5 steps

0.385 takes 18 steps
0.989 takes 28 steps.

In general 0.abc takes (a + b + ¢ + 2) steps.

Activity 6.1 (Page 138)

For 1 d.p., an interval length of < 0.05 is usually

necessary, requiring n = 5. However, it depends on the

position of the end points of the interval.

For example, the interval [0.25, 0.3125] obtained in

4 steps gives 0.3 (1 d.p.) but the interval [0.3125, 0.375]
obtained in 4 steps is inconclusive. As are the interval
[0.34375, 0.375] obtained in 5 steps, the interval
[0.34375, 0.359375] obtained in 6 steps, the interval
[0.34375,0.351562 5] obtained in 7 steps, etc.

In cases like this, 2 and 3 d.p. accuracy is obtained very

quickly after 1 d.p.

The expected number of steps for 2 d.p., requiring an

380 interval of length < 0.005, is 8 steps.

Activity 6.2 (Page 140)
Consider the case when a < b, f(a) < 0, f(b) > 0.
AB has gradient %

and equation

y—fa) = (=10 )i )

B
(b, (b))

X

A
(a, f(a))

This crosses the x axis at (x;, 0)

S UE T

= —bf(a) + af(a) = [£(b) - f(a)]x, — af(b) + af(a)

bf(a) — af(b)

= af(b) - bf(a) = [f(b) —f(a)]x, or x, = “Ha)—fb)

Exercise 6A (Page 142)

1 1.62,1.28
2 ) [-2,-1];[1,2];[4, 5]

v

(i) —1.51, 1.24, 4.26

NS

(iv) a=-1.51171875,n=38
a=1.244384766, n=12
a=4.262695313,n=10

3 ) [1,2];[4,5]

(i) 1.857,4.536

a (i) y

(i) 1.154



M 2
i) [0, 1]5[1,2]
i) 0.62,1.51

(i

(ii) 2roots
(i) 2,-1.690
-1.88, 0.35, 1.53

(i) (a) y

(b) No root
(¢) Convergence to a non-existent root

(i) (a) y

(b) x=0
(c) Success

(i) (a) y

(b) x=0

(¢) Failure to find root

Investigation (Page 143)

(i) Converges to 0.7391 (to 4 d.p.)
since c0s0.7391 = 0.7391 (to 4 d.p.).

(ii) Converges to 1.
\/}<xforx>1,\/}>xf0rx< land\/TZI

(iii) Converges to 1.6180 (to 4 d.p.) since this is the
solution of x = «/ﬁ (i.e. the positive solution of
¥—x-1=0).

@ (Page 145)
Writing X-5x+3=0
as X—-4x+3=x
gives g(x)=x"—4x+3
Generalising this to
X+ (n=5)x+3=nx

_X+(n-5x+3

gives g(x) .

and indicates that infinitely many rearrangements are

possible.

Activity 6.3 (Page 148)

x, = —2 gives divergence to —
x, =—1 gives convergence to 0.618
x, = 1 gives convergence to 0.618

X, = 2 gives divergence to +oo.

Gradient 1s
just greater
than zero here.

Betweenx=-1andx =1,
—1 < gradient < 1.

x=-1, B
gradient = 1.

At this root

so the root is
not found.

At this root
—1 < gradient < 1
so the root is found.

At this root
gradient > 1
so the root is
not found.

© (Page 148)

Bounds for the root have now been established.

9 19ydeyn
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Exercise 6B (Page 149)

1 (ii) y

i) 1.521
2 (i) 2.120
3 i) x=13-x
(iv) 1.2134
4 (i) 1.503
5 (i) y
y=x2+2
2
y=e* ‘
ol ;

(ii) Only one point of intersection

(i) g(x) =1In(x2 + 2) is possible.

(iv) 1.319
6 (i y=x?
1 Y
|
[
: y=lIn(x+1)
|
! |
+ & ore
} c?ootr X
(ii) 0.747
7 M vy y=x
1
y=Cos X
ol g .

(ii) 0.73909

Activity 6.4 (Page 150)

(i) y

\ y=Inx
A
ol /1 n 2 X
y=sinx
y=Inxand y=sinx

only intersect at A.

Inx—sinx=0
x=2:In2-sin2 <0
x=3:In3-sin3>0

= rootin [2, 3]

Examples of rearrangements:

(a)

(b)

(c)

(d)

(i) Rearranging as x = e’"*

(iii) Gradient of y = e*"*is < —1 near the root so the
iteration diverges.

(ii) Rearranging as x = arcsin (Inx)

(iii) Graph of y = arcsin (Inx) does not intersect y = x

(ii) Rearranging as x=Inx—sinx+ x

(iii) Gradient of y=Inx—sinx + xis > 1 near
the root so the iteration diverges.

(i) Rearrangingas x = \/m

(i) Converges to x=2.219107 149.

Investigation (Page 151)

The first tangent is parallel to the x axis, so you cannot

proceed.

Exercise 6C (Page 152)

1

(i 3
y:%fx+2

] I -

/72710 1 x

(ii) —2.355

(iii) Eventually converges to —2.355
(i f(0)=1;f(1)=-5

(ii) 0.54

(iii) The process involves division by zero.



(i) Sign changes in the intervals
[-1,0], [0, 1], [3, 4]

(ii) —0.46; faster convergence with x; = —1
0.91; needs x,=1 rather than x,=0
3.73; faster convergence with Xg= 4

(i) f(0)=1;f(0)=1

(i) Sign changesin [1, 2] and [4, 5]

(ii) 1.86,4.54

0.567

(i) Sign changes in [-2,-1], [0, 1] and [1, 2]

(i) 1.8019, 0.4450, -1.2470

(i) No, e.g. 0.5 — 1.8019

(i) Sign changes in [-1, 0], [0, 1] and [2, 3]

(ii) —0.532, 0.653

(iii) 2.87938524157

(iv) After a slow start (7 steps to give 1 d.p.

accuracy) convergence is suddenly very rapid.

i 1
(ii) Y

y=%-e*

(i) 1.202
(iv) 1.202 achieved in 3 steps.

Investigation (Page 153)

1

x, ==1;f'(x,) = 0 so the iterations cannot proceed.

x, =—1.5; x, < -2 which is outside the domain
of f(x) so the iterations cannot proceed.

x, =—1.8 is a suitable starting point.

x =1 divergent

x, = 1.2; divergent

x, =14 divergent

x, = 1.6; converges to 2.105 (the larger root)

x, = 1.8; converges to 1.895 (the root required)

x, = 2;f'(x,) = 0 so the iterations cannot proceed.

So x, = 1.8 is a suitable starting point.

Chapter 7

Investigation (Page 156)

o
1.01, 1.02, 1.03 _§
-,
4/1+xs1+%x or «fz%(1+x) )
N
_1
k=3
0.20

© (Page 158)

a+ x)% = 3 but substituting x = 8 into the expansion
gives successive approximations of 1, 5, -3, 29, -131, ...
and these are getting further from 3 rather than closer

to it.

Investigation (Page 159)

-0.19 < x < 0.60
—0.08 < x < 0.07

Activity 7.1 (Page 160)
which

For | x| < 1 the sum of the geometric series is 7 i o

is the same as (1 + x)71.

Investigation (Page 161)

1-%)73=1+3x+6x2+10:3 ...

The coefficients of x are the triangular numbers.

@ (Page 162)

/101 = 4/100 x 1.01
10V1.01

10(1 + 0.01)?

1
=10[1+1(001)+(5)( )(001)2 N

10.050 (3 d.p.)

@ (Page 164)
\/x—1is only defined for x > 1.

A possible rearrangement is x(l -

1)_ 1y
3 =vx(-3)
Sincex>1 = 0< % <1 the binomial expansion

could be used but the resulting expansion would not be a

series of positive powers of x. 383
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Exercise 7A (Page 164)

1 @ (a
(b)

(c)

(i) (a)
(b)

(c)
(iii) (a)
(b)

(c)
(iv) (a)
(b)

(c)

(v) (a)
(b)

(c)
(vi) (a)
(b)

(c)
(vii) (a)
(b)

(c)
(viii) (a)
(b)

(c)
(ix) (a)
(b)

(c)

(x) (a)
(b)

(c)

(xi) (a)

(b)
(c)
(xii) (a)
(b)

(c)

1-2x+ 3x2
[x] <1
0.43%

1-2x+ 4x2

0.0000063%

1+ 4x + 8x2
1

< =
lxl < 5

1.3%

1 x, »2
—_— = + =
3 9 27
|x] <3
0.0037%

7x _17x

4 64
x| <4

0.00095%
2 _5x_5x%

3 9 27
x| <3

0.0088%

1_3x,27¢
2 16 256

4
< =
| x| 3
0.013%
1+ 6x+ 20x?
1
< =
| x| 2
4%
1+2x%+ 2x*
[x] <1
0.00020%

264!
3 9

1
|x|</\/5

0.000048%

1+

1-3x+7x?

1
< =
ERE

1.64%

2 (i) 1+3x+3x2+x3

(i) 1+ 4x+ 10x%+20x3for |x| <1

(iii) a=25,b=63

3 (i) 16-32x+24x%*—8x3 + x*

(ii) 1—6x+24x>—80x for |x| < %

(i) a=-128, b=600

4 () 1+x+x*+x3for|x|<1

i) 1-4x+12x?-32x* for x| < 3

(i) 1—3x+ 9x%— 23x3 for |x| < %

. 352
1+ X4 2% £ <4
5 (i) st 128 or | x|
2
iy 1+ 2% 4 19
8 128
6 (i) l-y+y>—y>...
. 2.4 8
(i 1-=+—=-=
" x x* x
2 3 4
fy XX, x

v) x<2orx>2-2<x<2;
no overlap in range of validity.

3x2
2
(i) 0.00516

3
7 Gi) 1+x+ +5%f0r|x|<%

Exercise 7B (Page 168)

2
3b3

1
9y

w

+

(2]
R‘%

w N

+
+1

IS
X‘X

2x-5
2x+5

3(a+4)
20

x(2x+ 3)
(x+1)

2
5(p-2)
a-b
2a-b

(x+4)(x-1)
x(x+3)



1 —

12

13

5x-13
(x=3)(x-2)
2z
(x+2)(x=2)

I
P D>+ 1)

al-a+2
(a+1)(a®+1)

14
15
16

17

2(y2+4y+8)
(y+2)%y+4)
x*+x+1
x+1
_(3b+1)
(b+1)?
13x-5
6(x—1)(x+1)
4(3-x)

5(x + 2)?
3a-4
(a+2)(2a-3)
3x2-4
x(x=2)(x+2)

18
19
20
21
22
23

24

Exercise 7C (Page 171)

1 (i) 84
(ii) 4
(i) -2
(iv) 5.24 or 0.76
(v) 3or %
(vi) Oor3
(vii) 1.71 or 0.29
(i) —5
(ix) —1.250r4
(x) -1.52 or 0.57

6
2 g
210 156 _
e
i) n=6

m %0

W S0
(iii) x2—x—600=0, x=25

270 270
x 'x—10

(i) x2—10x-9000 =0, x= 100

(i)

(iii) Arrive 1 pm

(i) True for all values of x
W x=1

(i) x=-Lorx=5

Cost = £16, 16 staff left

12 thick slices

(i) 1.714 ohms

(ii) 4 ohms

(iii) Equivalent to half

©® (Page 173)

This is an example of proof by contradiction.

Assuming that the equation can be solved leads to

the contradiction 1 = 0.

@ (Page 175)

The identity is true for all values of x. Once a particular

value of x is substituted you have an equation. Equating

constant terms is equivalent to substituting x = 0.

Exercise 7D (Page 176)

1

M — -1
(x=2) (x+3)

(i) —— .
x (x+1)

2 2

P e

(iv) 2 - 1
(x-1) (x+2)

1 1

W DT oD

(vi) 2 - 2
(x-2) x

(vii) 1 - 3
(x=1) (3x-1)

(viii) 3 2
5(x—4) 5(x+1)

. 5 2

™ oD

L 193deyn
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o 2 1
2x-3) (x+2)
. 8 9
) Box—5 t Bt
19 1

Ol S iGx—2) ~ 24(3x+2)

Exercise 7E (Page 178)

9 3 2

(1-3x) (1-x) (1-x)?
4 2x

2x-1) (x*+1)

1 1 1

PP § A P D PPy

. 6—5x

W sx-2) T82+a)
5-2x 2

(2x2-3)  x+2

1 ()

(ii)

(v)

Can be taken further using surds.
2 1 3
x2 (2x+1)
10x 3

Wil T T x

Can be taken further using surds.
S R
2x*+1)  (x+1)

(viii)

iX) - —— =

2x-1) (2x-1)? «x
2 A=1, B=0, C=1
3 A=1, B=0, C=-4

Investigation (Page 180)

The binomial expansion is
1-x+3x2
The expansion is valid when | x| < %
Which method is preferred is a matter of personal

preference for (a) and (b) but for (¢) must be (iii).

Exercise 7F (Page 180)

1 (i) 4+20x+72x2
(ii) —4-10x— 16x>
5 1lx . 33x2

(iii) E + 1 + 3
(iv) Sloox <
8 16 8
2 ) 2 3

2x-1)  (x+2)

i) 1+2x+4x*...a=1,b=2,c=4,for|x| <3

2
(i) %—i‘+%for|x|<z
a7 13x 67x, 0
() =5 — =% = 253 0.505%
3 (i 2+x-x2
2 1
2-x) (Q1+x
(i) |xl<1
1 9
4 i -
W 0% G-»
G 0,13
2
(i) %+8%
Chapter 8

© (Page 183)

Possible answers are:

Bridge: wavelength 50-100 m; amplitute 15-30 m
Ripple: wavelength 0.02—0.05 m; amplitude 0.005-0.01 m
Bridge: a = 15-30; b = 2=—2% (about 0.06-0.13)

50 25
Ripple: a = 0.005-0.01; b = 125-300

Exercise 8A (Page 186)

1 (i 90°
(ii) 60°, 300°
(i)  14.0° 194.0°
(iv)  109.5°, 250.5°
(v) 135°,315°
(vi)  210° 330°

2 W -l
(i) %
(i) %
(iv) _T;
(v) 0
(vi) —\/E
3 ) B=60°C=30°
a3
4 () L=45° N=45°
a2, V2,1
5 (i) 14.0°



0<=a<90°

(i) No, for each of the second, third and fourth
quadrants a different function is positive.

(iii)  No, the graphs of all three of the functions

do not intersect at a single point.

7 (i 0°, 180°, 360°
(ii)  45°225°
(iii)  60° 300°

(iv)  54.7,125.3° 234.7°, 305.3°
(v) 18.4°,71.6°, 198.4°, 251.6°
(vi)  45° 135° 225° 315°

Activity 8.1 (Page 187)

y = sin(6 + 60°) is obtained from y =sinf by a
-60° )

translation ( 0

y = cos(# — 60°) is obtained from y = sinf by a
60°)

lati (
translation 0

7A y=sin(0+ 60°)

1,
A ycos(()%

0 180°

>

360° 0

It appears that the 6 co-ordinate of A is midway between
the two maxima (30°, 1) and (60°, 1).

Checking: 8 = 45° — sin(6 + 60°) = 0.966
cos(0 - 60°) = 0.966.

If 60° is replaced by 35°, using the trace function on a
graphic calculator would enable the solutions to be found.

@ (Page 187)

Area of a triangle = % base X height. The definitons of sine
and cosine in a right-angled triangle.

Activity 8.2 (Page 188)

(i) sin(@+ @) =sinfcos P + cosfsin P
= sin[(90°—0) + ¢] = sin(90° — B)cos ¢ + cos(90° — B)sin ¢
= s5in[90° — (0 — ¢)] = cos O cos ¢ + sin Osin ¢
= cos(0 — @) = cosOcos ¢ + sinfsin ¢
(i) = cos[0— (—¢)] = cosOcos(—¢) + sin Osin(—¢)
cos(0 + @) = cosOcos ¢ — sinfsin ¢

2 (i)

sin(0 + @)
cos(0+ ¢)

_ sinfcos @ + cosfsin ¢
cosfcos ¢ — sin Osin ¢

(iii) tan(0 + @) =

sin @ cos ¢
_ cosfcos ¢

cos fsin ¢
cosfcos ¢

g 19rdeyn

cosflcos¢ sinfsin¢
cosfcos ¢

cosfcos ¢

_ tan6 +tan¢

" 1-tanOtan¢

tan @ + tan(—¢)
1 —tanftan(—¢)

tan @ — tan ¢
1+ tan@tan ¢

(iv) tan[6 + (-¢)] =
tan(6 — @) =
© (Page 189)

1
%+ﬁ

No. In part (iii) you get tan 90° = .
1-13x v%

Neither tan 90° nor 1 1 is defined. For the result to be

valid you must exclude the case when 6 + ¢ = 90°
(or 270°, 450°, ...).

Similarly in part (iv) you must exclude 8 — ¢ = 90°, 270°,
etc.

Exercise 8B (Page 190)
E

1 6 —=+——

Y22 22

i) ——L
V2
V3 -1
V341

V3 41
V3 —1

(iii)

(iv)

L (sin@+ cos 0)
2

(i) %(\/73 cos 0 + sin 0)
(i) 3(\/3cosf-sind)

(iv) L (cos 20 —sin26)

V2
) tanf + 1
1-tané
(vi) tanf -1
1+ tané

387
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(ii)
(iii)

(iv)

(ii)
(i)
(iv)

(v)

(i)

(ii)

7 )

(ii)

8 (ii)

(iii) p= % q=

sin @
cos4¢

0

cos20

15°
157.5°

0° or 180°
111.7°
165°

T

8
2.79 radians
1

\5
infi=2 _4
sinff = 5,cosﬁ— 5

lxsinkx+ lcoskx+ c

k K

Ccos2x— cos8x

_5m
=712

V3

2
A=0.058 66 (5 d.p.)
A =0.05830(5d.p.)

@ (Page 192)

For sin 20 and cos 20, substituting § = 45° is helpful.

1
You know that sin 45° = cos45° = —— and that sin90° = 1

and cos 90° = 0.

For tan 260 you cannot use § = 45°. Take 6 = 30° instead

tan 30° =

No, checking like this is not the same as proof.

Exercise 8C (Page 196)

1 (@
(ii)

1
—— and tan 60° = \/73
A3

14.5°, 90°, 165.5°, 270°

0°, 35.3° 144.7°, 180°, 215.3°, 324.7°, 360°

(i) 90°,210°, 330°
(iv) 30°,150°, 210°, 330°

(v)

0°,138.6°, 221.4°, 360°

2 (i) —mO0,m
(i) -m, 0,7
(i) 3 )0) 3
(iv) =SE - m 3n
4’ 4°4 4
M T2 s
n 3n S5z 7n

. . 3 _o3m _5Sm7m
3  3sinf-4sin 0,0—0,4, 1> g g 2m
4 51° 309°
5 cotf
6 tan 0(3 — tan?0)
1-3tan?0
8 (ii) 63.4°
9 (M YA
2,
y=cos2x
0 2n X
i,
4 y=3sinx—1
o T _on
(i) x—6 or x= 6

© (Page 197)
Either give a counter-example, for example a = f# = 45° so

2 2
sina + sinff = V—Z but sin(a + f) =sin90° = 1 and V_Z #1.

Or deduce the correct result, as given in the working that
follows in the text. Notice that you would have to prove

that the correct result is not the same as sin(a + ).

Activity 8.3 (Page 198)

cos(0 + ¢) = cos O cos ¢ — sin Osin ¢ @®
cos(0 — ¢) = cosOcos P + sinfsin . @
Adding @® and @

cos(0 + @) + cos(0 — ¢) = 2cosOcos ¢

LetO0+¢=0;0-¢p=p;

=>cosa+cosﬂ=2cos(a;ﬂ)cos(“—ﬁ)



Similarly, subtracting ®@from @
= cos(0 + ¢) — cos(0 — ¢) =-2sinOsin ¢

= cosa—cosfi= —25in(a ; ﬁ)sin(a;—ﬁ)

Investigation (Page 198)

In tune:

_ . g g
X +x,= 2asm(wt+ E) cos 3
- g
= a’sin(ot + —)
(o043
which is a single wave.

Out of tune:

X tx= 2asin(a) + g)tcos %

Most piano tuners use a tuning fork to give them a
perfect note. They compare the note from the piano with
it. If the piano note is nearly right but not exactly, you
can hear beats. When the piano note is exactly right there

are no beats.

Exercise 8D (Page 200)

1 (i) 2cos30sind
(i) 2cos36cos20
(iii) —2sin5@sin20
(iv) cos@
w) "\ 2sin30

2  2cos30cos0
20°, 90°, 100°, 140°

tan 46
tanf

mn 3t 5Snm
4 0’ 4’ 4 b n, 4 b 4 b 2
5 cos(f + 43°)

Y

|
47°, /\

\
|
It
/ —43°[0 \ 90° 270° 8

Exercise 8E (Page 204)

1 V2cos(0-45°)
(ii) 5cos(f-53.1°)
(i) 2 cos(0-60°)
(iv) 3cos(0—41.8°)

2 \/72cos(0+ %)
(ii) 2cos(0 + %)

3 G V5sin(0+63.4°
(ii) 5sin(@ + 53.1°)

a (i \/Esin(ﬂ— %)
(ii) Zsin(ﬂ— %)

5 (i) 2cos(f-(-60°))
(ii) 4cos(f-(-45°))
(i) 2cos(#-30°)
(iv) 13 cos(0—22.6°)
(v) 2cos(@—-150°)
(vi) 2cos(f—-135°)

6 (i) 13cos(0+67.4°)
(ii) Max 13, min-13

(iii) vy
15
S 12:6° /\
o T 260° g
|
-13
(iv) 4.7° 220.5°

7 zﬁsin(a— %)

(i) Max2\/3, 0= ZT"; min—2\/§, 0= ST”
(iii) Y
273

(iv) YK

g 19rdeyn
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10

1

12

13

14

@ A13sin(20 + 56.3°)
(i) Max \/13, 0 = 16.8% min —\/13, 0 = 106.8°
(i)

M
135

A
TN\

(iv) 53.8° 159.9°, 233.8°, 339.9°
W\ 3cos(0-54.7°
(i) Max /3,0 = 54.7% min -/ 3, 0 = 234.7°

Gii) Y
3

_/

0 W 360° g
-

1
3-43

(ii) 30.6° or 82.0°

(iv) Max , 0 =234.7° min

(i) cosxcosa—sinxsina

W r=1/29,0=682°

(iii) Max \/5 when x = 291.8°,
min -/ 29 when x=111.8°

(iv) x=235.7° or 347.9°

M \34c0s(x+30.96°)

(ii) x=15.7°or 282.4°

(iii) x=7.9° or 141.2° or 187.9° or 321.2°

(i) R=10, a=53.13°

(i) y
10
6

ol « \/360° x
10

(iii) x=119.55° or 346.71°

(iv) 0=103.29° or 330.45°
W c=\a+b?

(ii) tana= %

(i) @ =36.87°

iv) 0=103.29° or 330.45°

15 ) \/%
W a=2,b=1
(iii) RZ/\/E
As-1<fx)<15-1
16 ) R=110, a=18.43°

(ii) x=90° or 306.9°
(i) x=90°, 233.1° or 306.9°
(iv) Part (iii) also contains solutions to
—3cosx=1-sinx
17 (i) 0=-40.9°
i) \/7sin(0 + 40.9°), h= \[7, §=30°

Investigation (Page 209)

The total current is
I=Asinot+ A, sin(wt+a) (where w = 2xf).
I=A sinwt+ A,sinwtcosa + A,coswtsina

= (A, + A, cosa)sinwt + (A, sina)cos wt
Let A, + A,cosa = Pand A,sina = Q

so I = Psinwt+ Qcosmt

= VP2 + Q%*sin(wt+¢)
Q

where € = arctan (—P)
This is a sine wave with the same frequency but a greater

amplitude. The phase angle ¢ is between 0 and a.

Exercise 8F (Page 209)

1 (i) sin60
(ii) cos60
(i) 1
(iv) cos@
(v) sinf
(vi) %sin20
(vii) cosf
(viii)—1

2 (i) 1-sin2x
(ii) cos2x
(i) %(5c052x— 1)

4 (i) 4.4°95.6°

(i) 199.5° 340.5°

i) 2,5



(iv) -15.9° 164.1°

T { 5w

(v) gy 51 6
(vi) 20.8° 122.3°
(vii) 76.0°, 135°

© (Page 211)

Because the formula Area of a sector = %rz 6 assumes 6 is

in radians.

© (Page 212)

By the shape and symmetry of the graphs, in each case the
maximum percentage error will occur for 6 = 0.1 radians.
0=0.1rad

true value = 0.099 833

y=sin6:

approximate value = 0.1
% error = 0.167%
0=0.1rad

true value = 0.100 335

y=tan@:

approximate value = 0.1
% error = 0.334%
6=0.1rad

true value = 0.995 004

y=cosb:

approximate value = 0.995

% error = 0.000 419%

Activity 8.4 (Page 212)

cosf—cos20 1-1

(i When0=0, = 1=21_0 yndefined)
0 0 0
(i) 0 cos 0 — cos20
02

0.20 1.475

0.18 1.480

0.16 1.484

0.14 1.488

0.12 1.491

0.10 1.494

0.08 1.496

0.06 1.498

0.04 1.499

0.02 1.500

© (Page 214)
The formula sin(f + ¢) = sin @ cos ¢ + cos @sin ¢. This is
used with @ = xand ¢ = éx.

The small angle approximations for sin and cos.

Exercise 8G (Page 215)

1 (i) 2
2
i) 1- \/30—%
50>
1-22
(iii) 2
(iv) 3
(v) -30
(vi) Osina + 0*cosa
2 @ 560
(i) 5
.02
3 —_—
(i 2
i g
2
a @ B0
2
(i) 26°
o D
[11] 4
5 (i) 86
(i) 40*
(i) 2
B 1
6 O 1+6
i) 1-0+6*
(i) 0.03% and 0.13%
7 ) N1+0
. 1 1
(i) 1+§0—§02

i) V1 + O since this has only used one
approximation.

iv) V1+0=1.04881,1+ 10— 16> =1.04875, true
value 1.04873.
Errors due to the double approximation appear
to have cancelled out to some extent, rather

than compounding.
1
Ly

1-30

) 1+ 36

(i) 0.47 radians

(iv) Itisa good appoximation since 0.47 rad = 27°.

g 19rdeyn
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9 (ii) £BAE=90°- Z20AB
- __m _3n
10 () x=-goryg
(i) 2x
(iii) 2x+1-2x2
(iv) x=-0.366 or 1.366

(v) The angles in (i) are not ‘small’

. 2 2 3
1 = L k=3
o 1-x 2-x 2
(i) 6= +0.2
12 (i) sinxcos(dx) + cos xsin(6x)
. (6x)% .
(ii) sinx+ (6x)cosx— sin x

0x)

(i) cosx— (Tsinx
(iv) cosx
(v) Derivative of sin x
13 (i) %05in20 + ic0520+ c
(i) 1-6x+24x?—80x for [x] < ]
(iii) a=1,b=6;0.00515

14 G (@ -}

s

@ (b) a=3b=-

Investigation (Page 218)

tan 89° = 10= 1,1 ziﬂ

tan 1 tal’lm 180
:tan89°z@
T

Activity 8.5 (Page 220)

General solution is @ = 2n 7 + arcsin ¢
or 0= (2n+ 1)m — arcsinc
i.e. even multiples of 7 are followed by + arcsin ¢
odd multiples of 7 are followed by — arcsin c.
Now (-1)" = +1 when nis even and
(-1)" = -1 when nis odd

so 0 = nm + (—1)" arcsin c.

Chapter 9

© (Page 225)

© (Page 233)

ic:cosﬂ,zzsinﬁ?
a b

=

HE
2

a

P

SR

>+

y

b

)22c0520+sin20:1

=1

Exercise 9A (Page 234)

At points where the rate of change of gradient is greatest.

1 6 (@
t -2 |-1.5 -1 |[-0.5 0 0.5 1 1.5 2
X —4 |-3 -2 -1 0 1 2 3 4
y 4 2.25 1 0.25 0 0.25 1 2.25 4
(b) y
4
2
JE
-4 Ol X
@ y=X
V=%
(i) (a)
0° 30° | 60° | 90° | 120°| 150° | 180°| 210°| 240°| 270° | 300° | 330° | 360°
1 0.5 |-0.5| -1 |-0.5 | 0.5 1 0.5 |-0.5 -1 |-0.5|0.5 1
0 0.25| 0.75| 1 0.75| 0.25 0 0.25| 0.75 1 0.75/0.25| 0
(b)

(c) A segment of y=

l

-1

-05

ol

o5

1—x
2

>

where-1<x<land0<y<1

(iii) (a)
t | 215 | -1 |-05 | 0o |05 1 |15 2
x 41225 1|025| 0 |025 | 1 [225 | 4
y | -8 |-3375| -1 |-0.125 0 |0a25| 1 |3375| 8




(b) (c) Partofy’= %(2 -X),

3
where0 <x<2and-3<y<3
4 (vii) (a)
(2]
>
0 0° | 30°| 60° | 90° | 120°|150°| 180°| 210°| 240°| 270° | 300° | 330° | 360° %
4
o X x 0 06| 1.7 o |-1.7|-0.6| 0 0.6 1.7 o |-1.7|-06| 0 §
-4 y 0 1.7 |-1.7| 0 1.7|-1.7| 0 1.7 | -1.7] 0 1.7|-1.7| 0 ©
-% (b)
|
I
2_ .3 |
— |
() y"=x |
L | ‘I | |
(iv) (a) = 2 oz X
!
0 0° 30° | 60° | 90° | 120°| 150° | 180° | 210° | 240°| 270° | 300° | 330° | 360° :
x 0 | 025075 1 0.75| 0.25| 0 | 0.25| 0.75 1] 0.75025| 0 !
y 1 2 2.73| 3 2.73| 2 1|0 -0.73| -1 (-0.73| 0 1 2x
() y= 5
1-x
b) (viii) (a)
t -2 |-15 -1 | -0.5 0 0.5 1 1.5 2
X 4 2.25 1 0.25 0 0.25 1 2.25 4
y 6 3.75 2 0.75 0 -0.25 0 0.75 2
(b) v
I3
2 —
() Partof (y—1)*=4x, 4
where0 <x<land-1s<y<3 2
W) (a) /
of | 2 3 4 x
o | 300 | 60° | 90° | 120° | 150° | 180° | 210°] 240°] 270° | 300°| 330° | 360°
0 | 0o | 30°| 60° | 90° | 120° | 150° | 180°| 210°| 240°| 270° | 300°| 330° | 360 © y=x+x
x oo 4 2.3 2 23| 4 o | —4 23| =2 [-23| 4 oo
(ix) (a)
y oo 35|12 0 [-12]-35] 35| 1.2 0 |-1.2|-3.5| e
t -2 -1.5 | -1 -0.5 0 0.5 1 1.5 2
(b)
x| 2|3 | e [ 0 | 033] 05| 06| 07
A
y | —07|-06105 |[-033] 0 |1 |w |3 |2
! | (b) YA
-4 -2 fo} 2 4 % |
1|
-l -1 |
0 | ! | |
1 2 3 X
e) x2-y?=4 el T
. |
(vi) (a) |
0 0° 30° | 60° | 90° | 120°| 150° | 180° | 210° | 240°| 270° | 300° | 330° | 360° ) |
x 0 05| 1.5 2 15| 05| 0 05| 1.5 2 1.5 05| 0 |
y 3 26| 1.5 0 [-15|-26| -3 |-2.6|-15 0 1.5 26| 3
3
b) y
a (€) y=—%_
\ Y 1-2x
|
o/z x
-3
393
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i) x*+y*=9

=Y

(i) (x-4)2+ (y-1)*=9

y
4

O X
724 __

(iv) (x+1)2+(y-3)2=4

y

0 X

(i) (a) xy=1

(ii) The curve in (b) is an enlargement of the one

in (a), centre the origin, s.f. 4.

2 |15 -1 |-05 0 |05 1 |15 2
4 | 225 1 | 025 0 |025 1 | 225 4
16 | 50625 1 |00625| 0 |00625| 1 |5.0625| 16
i) v
16
12
s
r's
ol v 2 > 4 %
(iii) Because it should also state ‘for x = 0’
W y=i-X
2 80
(ii) y
5
]
ol 20 40
M t | o 1] 2] 3| 4] 5| 6
x | o | 40 | 80 | 120 | 160 | 200 | 240
y | o] 25| 40| 45| 40| 25| o
X
(i) 240m
i) T 1 2| 3| 4| 5| 6
x | o | 39| 76| 111 | 144 | 175 | 204
y | o | 25| 40| 45| 40| 25| o
X
(iv) 36m
U t | 4| 3| 2] o 1| 2| 3| a
x 9| 4| 1] of 1| 4| 9|16 2
y | s | 4|3 2|0 1| 2] 3
(i) v
Z}
| | | |
3] 5 10 1S 20 235 x
-2
-4
-6
i) y=-2 liv) x=(y+2)?




10

(i)

(ii)

(iii)

(iv)

(i)

t |2 [-15 -1 |-05 | 0 |05 |1 15 |2
x | 014] 0.22| 037| 061| 1 | 1.65| 272 | 448 | 7.39
y |-0.91|-1.00|-0.84 |-0.48| 0 | 0.48 | 0.84 | 1.00 | 0.91
x>0
Y
1
| | L | | 1
0 1 z 3> 4 5 6 7 %

The graph oscillates infinitely many times from
—1to +1 for t < -2, i.e. where 0 < x < 0.14.
For ¢ > 2 the graph oscillates infinitely many
times from —1 to +1, but successive distances
between a maximum and a minimum become

increasingly large.

n | 2n 4n | 5m 7n | 8n
0 0 3 3 /4 3 3 | 2| 3 3 | 3
x 0 | 02a|l.2a|3.1a|5.1a|6.1a|6.3a| 6.5a| 7.5a| 9.4a
y 0 |05afl5a| 2a |1.5a|0.5a| 0 |0.5a|l5a| 2a
o |X0n] Lal Ti3n]1dn 16n |17z
3 3 4an 3 3 5m 3 3 61
x (11.3a|12.44/12.6a|12.7a|13.8a|15.7a|17.6a|18.7a|18.8a
y |1.5a| 0.5a| 0 |0.5a|15a| 2a |1.5a|0.5a| 0
(i)
24
ol (=2m) (6=4m) (@=6m
(iii) Periodic
(i 0 x|z |2z dm | 3m | 5m
13|12 |3 | |32 |3 |
x a |0.13a| 0 |-0.13a) -a |-0.13a) 0 |0.13a| a
y 0 |065a| a [0.65a| 0 |-0.654f —-a |-0.65a 0

(i)

n =1 (full circle)

6 193deyn

(4 arcs)

n=3 (4 arcs)

When n = 0 the curve becomes the single
point (a, a).
(iii) (a) The larger the value of n, the closer the
curve is to the axes. If the power is even, the
curve is only in the first quadrant.

(b) If the power is odd, the curve is in all four

quadrants.

Investigations (Page 237)
Cutting out patterns
The shape of each piece when laid on its side is as shown

in the diagram.

A

The question is ‘What is the equation of the curve PAB?
The arc BEC is % of the equator of the ball and so has
length % (ris the radius of the ball).

PE is the arc from the (North) pole to the equator and so
has length %

The co-ordinates of a general point A on the arc PB are

given by

x=rfcos (%X Si%a),y: rfsin 0(§>< 51%0)

with @0 taking values between 0 (P) and % (B). 395
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The apparent motion of planets

Here are some pointers to get you started on this
investgation.

For convenience, take the starting point as a time when

the planets are in line.

Sun Mercury Earth Mars

At a time d days later, Mercury has turned through
4d° relative to the Sun, Earth through d° and Mars
through %do.

Mercury
?

Taking the Sun as the origin, their positions are

Mars

Mercury  (6cos4d, 6sin4d)
Earth (15cosd, 15sind)
Mars (23 cos%d, 23 sin%d).

So, relative to the Earth, the positions of the other two

planets are
Mercury  (6cos4d— 15cosd, 6sin4d— 15sind)
Mars

Plot these on your graphic calculator, using parametric

mode.

Exercise 9B (Page 242)

1 i
(i) 1+ cos 0
1+ sinf
1
(iii) — 1
(iv) —Zcotf
t—1
R
(vi) —tané
(vii) 2d
o (L+t)?
(viii) ((1 — t))z
2 (i) 6
i) y=6x-13

i) 3x+18y—194/3=0

(23 cos%d— 15 cosd, 23 sin%d— 15sind).

10

1

12

13

- (50)

(i) 2
(i) y=2x-1
v (0,-1)

i x—ty+at>?=0

(ii) tx+y=at’+2at

(iii) (at®+ 2a,0), (0, at® + 2at)
b

i —-——
at?

(ii) at’y+ bx=2abt
i X(2a1,0), Y(0, 22
(iv) Area=2ab

(i) y=1tx-2¢

i) [2(f; + 1)), 2t,1,]
(iv)] x=4

(i t=1

(i) x+y=3

(v) (-8,-5)

(i t=-2

(i) y=2x-6

(iv) (-5,9)
_ 3cost
4sint
(i) 3xcost+4ysint=12

(i)

(iii) ¢=0.6435 + nn

(i) xcosf+ ysinf=3sinf + 3cosl + 2

(i) 2.85, 5.01 radians

(iv) v
(235
501
o] X
0] —%

(ii) ycosf—xsinf=5cosf—2sinf

2
x_+y_=1

0} 9 1



(ii)

(iii)

(v)

14 (i)

(ii)

15 (i)

(ii)

(iii)
16 (i)

(ii)
(iv)
17 (i)
(ii)
(iv)

18 (i)

YA

2
R
2

v

_2cosf
3sinf
0=1.57 or 5.64 (2d.p.)
2y
(a) 16 + 9 =1

(b) 20sin(d + 0.9273)

(¢) max. L =20 when 0 = 0.6435

2
fa) cosf
3cosl
b " 4sin@
() 0=0.34
1-x
t=—
x
dy 2t dx 1
dt ~ 1+ 02(1-02 dt — (1 + 1)?
1
T1-t
ey
=%
2
t=n > t=0/ x
2
dy _ _cos2t
X sint

t=0.253 or 2.889 (3 d.p.)

x= /5c0s(0—0.4636); —\/5<x<1/5

1
2
3;1

YA
2k

NIE]

-~ ~
(Il
3o <

=«

(ii) Oandm
t

(iii) -3 cos2t+ isin2t+ c

(iv)

1

19 (i)

Ut [

2 1
NEMRIES
i) -1,2,1

(iii) R:\G,C:(Nﬁ,g

2cos2t

i) 2cost—sint’

sinf
1—cosf

i) 4/5cos (@ —1.107); ¢ = 2.214

20 (i) , (7, 2)

(iii) 37
21 (i) (%7 0)) (07 1)7 (07 _1)
(iii) —3¢
22 ) A(2,0),0=0;B(0,1),0=7
(ii) x_2 +y2=
i) oty =
cosf
2sinf

(iv) (-2sina, cosa),

(iii) —
sina — cosa
2(sina + cosa)

Chapter 10

@ (Page 253)

You can either estimate it as a disc or as two cones.
© (Page 254)

1 (i) Acylinder
(i) A sphere
(iii) A torus

7n

2 3

® (Page 257)

Follow the same procedure as that on page 255 but with

the solid sliced into horizontal rather than vertical discs.

Exercise 10A (Page 258)

1 For example: ball, top (as in top & whip), roll of
sellotape, pepper mill, bottle of wine/milk etc.,

tin of soup

oL 193deyn
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A y=x J y=G-2p
\4
| |
-1 O 2 5 X
0 1 3 P (i) Z%units2 (iv) 6.47 units?
6 (i TA
104x y=(x+1)?
3
(i)
| 1 |
-1 O 1 2 3 4 x
(i) 182 units? (iii) x*+4x3+ 6x2 +4x+ 1
(iv) 99527t
7 (i) y
(i) A
y=3x
6
3
X
[¢] X
561
1
n
(iv)
(ii) ¥y A y=x-3
6
8n 0 /3 X
i) A(-3,4); B(3,4) /3
(i) 367 units?
@M Gi) »
\ 2347
4y =3x (i) 3
4 y=x2-2
3 “.3)
(0] 4 x -2
i) 12 its?
(iii) 7T units 187



. -1)°
8 2020” A Gt Vil -
V2x+1
14087 *
(ii) 3 1
(v) ln‘ X | —Z+c 0
l-x| x =
9 (i 3
[~
¥ wi) 1ln x+1‘+c <
+3 =
°
Vx2+4
(vii) In +c
x+2
(viii) ln‘ﬂ‘ 1 +c
x+2 22x+1)
=10 (b
» = 10 (base) x 1 \2
2 ot elg
x*+4 x-3 6
1 2 4
(i) 45.9 litres SR s |
10 (i) . 2 1
a <+
@@ T s
) In(Y)=031845
(ii) (@) 3+43x+9x2+...
(b) 0.31800
(c) 0.14%
5 (i) A=1,B=3,C=-2
. 125) _
i 2+In(12)=573
6 (i) %xez" - iez" +c
Lo (12 L Im=2
(ii) Jo n(y+4)dy G =7
(i) 3 litres Gii) A=8,C=1
. 10 _ _3
(iv) jo n(y+4)dy=90m = of 1207 _ 2 (x+1)
7 (i) - >
9 1+2x 1+x
Page 261
(Pag ) Gi) x| <3
Substitution using # = x2 — 1 needs 2x in the numerator. (i) 0.078
Not a product, not suitable for integration by parts. 8 (i) B=1,C=16
i) 3In2

Exercise 10B (Page 264) .
(i) 8 +5x + 2x2+x7 for |x| < 1

1@ In|2X22 4.
1-x 1 1
9 (i) 2+———
1 x—1 u-1 u+1
(ii) ——+1In ‘
1-x 2x+
x-1
(iii) In +c
VaZ+1

399



. d . . .
6 (Page 266) Since i (x? + sin x) = 2x + cos x the integral is

. . . . In|x? + sinx| + c.
You will return to these integals in Activity 10.1.

(vi) This is a product: sin® x is a function of sin x, and

Activity 10.1 (Page 267)

cos x is the derivative of sin x, so you can use the

Answers

(i) This is a quotient. The derivative of the function on substitution u = sin x.

the bottom is not related to the function on the top, . 5 .
cosxsin“xdx =|u*du  where u =sinx

so you cannot use substitution. However, as the

1.3
=suw+c

function on the bottom can be factorised, you can put ’
— 1.3

L X . =3smix+c

it into partial fractions.

|22 dx = [ dx- [ L Exercise 10C (Page 268)

x> +2x-3 (x+3) (x—1) xercise age
=2In|x+3|-In|x—1|+c¢ 1 G 1sinBx-D+c
(i) The derivative of the function on the bottom line is -1

(ii) m +c
2x + 2, which is twice the function on the top line. So
. . (i) —e™*+¢

the integral is of the form

£ (x) (iv) %sin2x+ c
kjmdeklnIf(x)|+c. (v xIn2x—x+¢
This integral can also be found using partial wi) -1 te

7_1)2

fractions, but using logarithms is quicker. 4x"-1)

x+1 2x+2
dx=1| d
Jx2+2x—3 i) a3

wii) 2(2x-3)! + ¢

1
-———+c
x-1

iii)In | X = 1
x+2

=lln|x2+2x-3|+¢c
2 14 1
(ix) zx*lnx— jext+c
(i) This is a product of xand e*. There is no relationship

2x—1

so you cannot use substitution. As one of the (xi) Lex™2x 4 ¢

between one function and the derivative of the other, x) In

‘+c

functions is x, you can use integration by parts. X
Y & P (xii) —In (sinx + cosx) + ¢

‘[xe" dx= xe"—je" dx ) ) )
(xiii)—5X% cos 2x + 3xsin2x + 7 €COS 2X + ¢

=xe¥—e*+ ¢
(iv) This is also a product, this time of x and el extisa (xiv) —% Cos2x + %5053 2x+c¢
function of x?, and 2x is the derivative of x2, so you 2 ) %
can use the substitution u = x2. (i) %ln 4
jxe"2 dx = J'%e“ du  where u= x? (iii) 48 +8In4 2
—lau sy 2 5 ~
¢ te v) 5 - = =00774
_ 1 .x2
=5e¥+¢ 8 7
2 (v) 3 11’1 2 - 9
(v) In this case the numerator is the differential of the 3 %
denominator and so the integral is the natural 4 % e\2-1)
logarithm of the modulus of the denominator. 5 024
2x+ cos x 1 1
———dx 6 m—y
.[ % + sin x 87 4

400



7 ) —fxe - ter i
(i) 0.112

8 (i) —%cos(Zx— 3)+c¢
i) jet+g

Gii) 3In|x2-9|+c

9 (i) 38

-]

9
1 3
W %" e
11 3
10 1 1

@ (Page 269)

There are any number of functions that cannot be

integrated algebraically, for example fractions involving
x>+ cosx

xt +e*
By contrast, all functions of x can be differentiated with

different sorts of elements, like

respect to x, usually using the standard rules. However
for the differentiation to be valid, their curves must be

. . 1
smooth. Some functions, like x=2)( ) and | x — 4|

x-=5
can be differentiated apart from at certain points, in these

cases x = 2 and 5 and x = 4 respectively.

© (Page 270)

(i) (a) Underestimate
(b) Yes, would improve
(ii) (a) Cannot tell
(b) Cannot tell because of the point of inflection in
the graph
(i) (a) Overestimate

(b) Yes, would improve

Activity 10.2 (Page 270)

1 Approximation

tol

1[4 |0.454054054

0.344674085

4|1 10.310798581

0.301 630068

16 |0.25| 0.299285378

2 Itis clearly going to be 0.2... and the next digit will
probably be 9. After that nothing can be said.

© (Page 271) Q
]
T

You may be able to judge the sign of the error, that is "23
whether the answer is an overestimate or an °
underestimate. You can say nothing about the size of
the error.
Activity 10.3 (Page 271)
1 0.298498931
2

n | h | Approximation € £

to K

1|4 |0.454054054 |0.155555123 | 0.0097

2 |2 |0.344674085 |0.046175154 | 0.0115

4|1 |0.310798581 |0.012299650 | 0.0123

8 /0.5 |0.301630068 |0.003131137 | 0.0125
16 |0.25/ 0.299285378 | 0.000786447 | 0.0126
The greater the number of strips, the more accurate the
answer. The error is approximately proportional to h2.
Since the value of h halves each time, the error is one
quarter of its previous value.
© (Page 272)
Line 1 uses the fact that the error is proportional to 2.
Line 2 follows from subtraction.
Line 3 follows from dividing by (h} - 12).
Line 4 is a rearrangement of the second statement in line 1.
In line 5, k is substituted in line 4.
Exercise 10D (Page 273)
1 M yA

>
(ii) 2.179218, 2.145242, 2.136 756, 2.134635 201

(i) 2.13
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(ii)

(iii)
(i)

(ii)

(iii)
(i)
(ii)

| o
0 > T T T
I 0 05 1 15 2 %
0.458 658, 0.575532,0.618518, 0.634173,
0.639825 A
0.64 3
YA 2 |
4 -
]_
2
1 1 1 1 1 1 1 |
0 05 1 15 2 7%
L > (i) 4
0 =
5 0.34
(@) 3
(b) 3.1

Investigation (Page 273)
(e) 3.131176

(d) 3.138988

M yA

1
3.14 (This actually converges to 7.)

2,2,4,4
YA
3
24 0
1 YA
ol T T T T T > 1 » = sinx
1 2 !
0 >
YA T
3 nUZn )
14
2
1
y
ol T ! [ — :
1 2 7 0.3 y=e¥sinx
_T— 1 >
o] T 2 X

(ii) 0.469115, 0.508270
(i) 0.521321



Chapter 11

@ (Page 275)

To find the distance between the two vapour trails you
need two pieces of information for each of them: either
two points that it goes through, or else one point and its
direction. All of these need to be in three dimensions.
However, if you want to find the closest approach of the
two aircraft you also need to know, for each of them, the
time at which it was at a given point on its trail and the
speed at which it was travelling. (This answer assumes

constant speeds and directions.)

Exercise 11A (Page 281)

1 ) 3i+2j
i) 5i—4j
i) 3i
(iv) -3i-j
w2
2 (i)
i,
i e
2

(13, 56.3°)

(ii) 3

NN

(V13,-33.7°)

(iii) 4

<

(4 2,-135°)

(iv)
N
A
[

(\/5,116.6°)

(v) 3
4
) ]

(5,-53.1°)
3 (i)
5
3.54i + 3.54j
(ii) 210°
f
~8.66i — 5j
(iii)
4
4
(iv) 3 -
~
8i
W 225°
4
~2.83i - 2.83j
4 (i) 2i-2j
(i) 2i
Gii) 4
(iv)  4j
v) —i+j
vi) i-j
(vii) 8i
(viii) —8i
(ix)  2i-4j
) 4i+4

L1 193deys
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(i)

(i)

(iii)

A:2i+3j§,C-2i+]j

_> . . % . .
AB=-2i+j,CB=2i+ 3j

(a)

(b)

- -
AB=0C

- o
CB=O0OA

(iv) A parallelogram

Exercise 11B (Page 287)

)
o ()
|

(i) (0
0

) ( 1)

v -3j
2 (i 2i+3j
Gi) i
(i) j
(iv)  3i+2j
v) 0
3 (i) (a b
(b) a+b
() -a+b

i) (@ 3@+b)
b) i(-a+b)
(iii) PQRS is any parallelogram and
R I TR
PM= 1PR, QM= 1QS

4 (i) (a i

(b) 2i
(€) i—j
@ —i-2j

— — —> —
Gi)  |AB|=|BC|=/2,|AD|=|CD|=

5 ()  -p+q3p—30-3P»—3q

. = 12 1= = 1=
(i) NM=3BC, NL— 7AC, ML= ;AB

|

o

.

=
_—
-2k
w w
Bl

(ii)

vl
-
+

Sl

<~

(ii)

(iv) 13)

Sl
N
|

o

(v)

(vi)

(vii)

ik

R

(viii)

/—\
O
«»

a
e
g (iﬁfﬁ)
© (Page 291)
OP = OA + 4 (OB OA)
= (1-2) OA+ 10B

Activity 11.1 (Page 291)

_ 1
o (S5 (s (0 G G2R G ()
v 0,1,1,3
(v) (a) Itlies between A and B.

(b) TItlies beyond B.
(c) Itlies beyond A.



Activity 11.2 (Page 294)

V)

8

6

(i)

(), (iv)

(i) and (iv) are the same since (a) putting A = -1 in (i) gives

1 1): 3
(_3) (b) (2) is parallel to (6)
(i) is parallel to (i) since the direction vector is the same.

. I A
(iv) is parallel to (ii) smce( 2)— (_2).

Exercise 11C (Page 297)
1 () (a) 2i+8j
b) 1/68
© 3i+7j
(i) (a) —4i-3j
(b) 5
(© 2i+15j
(i) (@) 6i+ 8
(b) 10
() i+3j
(iv) (a) 6i-8j
(b) 10
(e 0
(v) (a) 5i+12j
(b) 13
(e) -7.5i-2j

2 Note: These answers are not unique.

o r=(2)+i(2)

(i) r= (g) + A('i)

2
w =12 £
— 2
(vii) r = A(_i)
(viii)r = (_1;’) + /1( _i)
M y=3x-1

W y=3x+1

i) y=x-1

(ivi y=x-1

(v) y=>5 (xmay take any value)

Note: These answers are not unique.

(i r= (g) + A(;)
i) r= (_2) + ,1( })
(i) r= (_?) + A(%)

(iv) r= A(_‘ll)

(v) r= (2) + l(_%)
(i)

(i)

(iv)

(
(
i
(
(

(v)
(i) 12.8km

(i) 20kmh!, 5kmh!

(i) After 40 minutes there is a collision.

o of=("gskon=(35) % =(3)

(i) AL:r=(é)+/1(f); BM;r:(;)Jrﬂ((l’);

a4

405
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liii) (a) (7,3)
() (7,3)

(iv) Thelines AL, BM and CN are concurrent. (They
are the medians of the triangle, and this result

holds for the medians of any triangle.)

© (Page 299)

The cosine rule

Pythagoras’ theorem

©® (Page 301)
a b

(u;) . (b;) =ab +a,b,
b\.(a

(5)-(2) =i+

These are the same because ordinary multiplication is

commutative.

Exercise 11D (Page 302)

1 ) 42.3°
(i) 90°
(i) 18.4°
(iv) 31.0°
(v) 90°

(vi) 180°

2 (i)
i r= (%) +u(2)

an ()

(iv) 36.9°

Parallelogram: AB||CD, BC|IDA
(i) A(5,2); B(1,1); C(2,4); D(6, 5)
(i) 57.5° 122.5°

(1))

i) BA.BC=0

i |AB[=|BCI = V/10

(iv) (2,5)

M PO=—-4i+2j; RO=4i+8j
i) 26.6°

(i) 3i+7j

(iv) 53.1°

® (Page 304)
The length of a vector

The vector ai + a,j + a;k is shown in the diagram.

ZA

Length = \a? + a2

Now look at the triangle OQP.

(0)

A2 2
ajta;

P

as

OP2 = 0Q* + QP>

=(a+a3)+al

A2 2.2
OP =VNaj+a;+a;



© (Page 304)
The angle between two vectors
Consider the triangle OAB with angle AOB = 6, as shown

in the diagram.

b-a=(b —a)it
(by—ay)j + (b3 —az)k

B
OA? + OB? - AB?
2x 0Ax OB
OA%= @ + a3 + a3, OB? = b2 + b2 + b3,

AB2 = (b, — a,)? + (b,— a,))? + (b, — a,)?

cos 0 =

2(a,b, + a,b, + a,b,)
2]allb]|

a.b
lallb|

= cos 0=

Exercise 11E (Page 311)

Note: Many of these answers are not unique.

2 3
1 M r=| 4|+A|6
-1 4
1 1
(i) r=( 0]+A 0)
-1 0
1 5
(i) r={0|+ A 3)
4 -6
0 2
(ivi r=(0|+A[1
1 3
1
v) r=A2A{2
3
2 W x—2: —4:z+1
3 6 4
W x-1=Y=%+1
3 4
(iii) x—3=z_24andy=0
(iv) Ezzzlandyzél

(vy x=-2andz=3

3 5
-2 +43)
4

1

3 (i) r=

(i)

(iii)

(iv)

(v)

(i)
(ii)
(iii)
(i)
(ii)
(iii)
(i)

(i)

(iii)

(iv)

(v)

(i)

(i)
(iii)

(i)

(i)

(iii)

(i)
(i)
(iii)
(iv)

(v)

WD
- -

L1 193deys

3
4
1], 63.4°
3
4

- —
Spider is then at P(2.5, 2, 1.5) and OP.AG =0,

%
|OP| = 3.54
A(4) 0) 0)’ F(4) 0) 3)
114.1°,109.5°

They touch but are not perpendicular.

—0.25
0
0
(0,0.05, 1.1)
0 1
DE:r=|0|+ 4|0
1 0
0.25 0
EF: r=|0 + 4|1
1 2
(1, 0.5, 0)
41.8°
027°
(2,2.5,2)
t=2, \/g km

407
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© (Page 315)

A three-legged stool is the more stable. Three points, such

as the ends of the legs, define a plane but a fourth will

not, in general, be in the same plane. So the ends of the

legs of a three-legged stool lie in a plane but those of a

four-legged stool need not. The four-legged stool will rest

on three legs but could rock on to a different three.

© (Page 317)

(i) 90° with all lines.

(i) No, so long as the pencil remains perpendicular to

the table.

Activity 11.3 (Page 322)

Repeat the work in Example 11.22 replacing (7, 5, 3) by
(a, B, y), so 7 by a, 5 by fand 3 by y; and (3, 2, 1) by

(nl, 1y n3) and 6 by —d.

Exercise 11F (Page 322)

1 ()

(ii)

(iv)

(i)
3 (iii)

4 (i)
5 (iii)

(iv)

(ii)
(iii)
(iv)

(v)

o 2 > (1
AB- (—2);A _ (-2)
-6 -1

0 -2 1
r=(1|+4 —2)+p(—2)
1 -6 -1
5
The vector ( 4) is perpendicular to the plane ABC.
-3

S (2 — (5
IM=| 2);LN=| 2
-2 -1

x—4y-3z=-2

The plane is parallel to the yz plane and passes
through (3, 0, 0).

B

Three points define a plane.
(1,0,-1)

(0,1,3)

(1,1, 1)

(8,4,2)

(0,0,0)

(11, 19, -10)

10

1

(i)

(i)

(iii)

(iv)

(v)

(i)
(ii)
(iii)

(i)

(i)
(iii)

(i)

(iii)
(iv)

(i)

(i)
(iii)

(iv)

2 1
(@) r=(2]+4|-1
3 2
) (1,3,1)
(c) \/TS
2 2
(@ r=(3|+4 5)
0 3
) (1,0.5,-1.5)
(c) 3.08
3 1
(@ r=[1/+4{0
3 0
) (0,1,3)
() 3
2 3
(@) r=[(1]+4|-4
0 1

(b) (2,1,0): Aisin the plane

(e 0

(a r= /1(%)
1

b) (2,2,2)

(c) /\/172

x+2y+3z=25

206 = 150 + 56

- =
W is in the plane; UW.UV=0

13 3
'
-2

0
(4,2,6)
11.2

r=

-1 8
A% = ( 2); A% = (—4 ); in both cases the scalar
1 1

product =0
132.9°

8.08

(@ 5
/89
62.2°

20.9
(4,6,-3)



12

13

14

15

16

17

18

(i)

(i)

(iv)

(i)

(i)

(iii)

(iv)

(i)

(iii)

(iv)

(v)

(i)

(ii)

(i)

(iv)

(v)

(i)

(i)

(i)

(iv)

(i)

(i)

(iii)
(iv)
(i)
(ii)
(iii)
(iv)

(v)

2 -1
2)+l( 2); XY:r=
4 2

PQ:r=

Yes

Yes, (1, 4, 6)
4 2
1 3
3 5
(0) _5) _7)
Q:(3,-1,4) Alz (2,-3,5)

Both 78.5° (3 s.f.)

)

(10,-5,15)

+ A

r=

5 5
OA: r= /1(—12); AB: r= (—12
16 16

2
1
-1

69°

r=

8
0) + 1
4
(2) _3) _1)
\V 150
3:2
8.48° (2d.p.)
2

0
15

+ A

r=

4
J
-2

b (6) 3) 13)

-1+44
1+34
14-22

r=
12

3
—8)+,1

2
_3); (_1;_2) 4)
4

(0,-3.5, 6)

15.6° (1 d.p.)

r=(2i+3j+5k) + A(3i +j-2k)
2=1;(5,4,3)

(9.5, 5.5,0)
(6.5,4.5,2); 1.87 (3 s.f.)
i+2j=3k;38.2°(1d.p.)

-2
-2

TH

A

1
5
1

1
2
3

|

19

20

22

23

24

25

26

(i)
(i)
(iii)
(iv)

(i)

(i)

(iii)

(iv)

(v)

(vi)

(i)

(iii)
(iv)
(i)

(iii)

(iv)

(i)

(i)

(iii)

(iv)

(i)

(i)

(iv)

(i)

(i)

(iv)

(v)
0}
(iii)
(iv)

(v)

2x-3y+7z=-5

r = (130i — 40j + 20k) + A(8i—4j + k)
10i + 20j + 5k

135m

a

[

1
2 3

e -5
0 1

2a-3b=0; 3a-5b+1=0

3x+2y+z=6

36.7° (1d.p.)

(32,-3%,2))

— —

AB=14i+2j +5k; AD =-5i+ 10j + 10k;

(13, 14, 18)

A= %, p= 1—25 It contains the origin.

2x+ 11y-10z=0

(6,4.5,3)

x-2z=0

AOBC:

0 1
2); DOBE:( 0); 41.9° (1 d.p.); 138.1°
-3 -2
2 1
3)+l 1 )
-0.5

5
(12,13, 0)

109.5° (1 d.p.)
25m

2
r= (—1
3
5x+2y+2z-15=0
21°
(3) 1) 0)
63.4°

r=

-1
+ t( 1); (4,-3,-1)
2

xt+4y+z=12
r=(>i+j-2k) +Ai+4j+k); (1.5, 3,-1.5)
65.4°

L1 193deys
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410

-3
-1/;36.3°

-1
27 (i) -1];

(ii) x—-y+2z=2

3 1
+,1(_1); 2,2,1),\6

(iii) r= (1
3 2

28 (ii) A= %, Hn= —%; They are coplanar.

(i) x—-y+z=4

(iv) 79.1°
29 (i) V37m

(ii) 12x—y+6z=6
(i) 126.2°, 53.8°
(iv) (1.30, 3.25,0)
30 (i) A(-50,-50,0); B(50,-50, 0); C(50, 50, 0);
D(-50, 50, 0); E(0, 0, 100)
(ii) ECD:2y+ z=100; EDA: -2x + z=100;
EAB: -2y + z=100
0 2
0) + A

0
20 1

(iii) r= ,35.8m

Investigation (Page 332)

You should see two interlocking hoops.

The two points should be at (—1.6, 2.4) and (3.2, 2.4).

Chapter 12

Exercise 12A (Page 339)

dv. S

1T s the rate of change of velocity with respect to
time, i.e. the acceleration.
The differential equation tells you that the

acceleration is proportional to the square of

the velocity.
ds k
2@ty
dh
3 E—kl (H-h)
dm _k
fwTm
5 d—P—k\FP
dt
de
6 @—ka

do_ (0-15)
7 —=-
dt 160
dN N
M TR T
o WW_ 4
dt v
o 94_2KVm_ Kk
dt A A
1q $0__s
ds 4
an 1
12 dt 8ah?
13 d—VZ— 2V
dt 11257
dh _2-kA\n
1 —==—""
dt 100

Investigation (Page 341)

H is about (70° N, 35° W) and L is about (62° N, 5° W)
so they are separated by 30° in longitude at a mean
latitude of 66°. Reference to the scale shows this to be

about 900 nautical miles.

1035

996

isobars

957

| >

900
nautical miles

The mean level is 996 and the amplitude 39 so a model is

X
p =996+ 39 cos(m) and
dp -39m . /mx

dx = 500 *"(550)

dp

or g =-4a sin bx with a=0.136 and b = 0.0035.

@ (Page 343)

In|y | + ¢, = 3x? + ¢, can be rewritten as

ln|y|:%x2+ (c,—¢)).



Exercise 12B (Page 344)

1

(i)
(ii)
(iii)
(iv)
(i)
(ii)
(iii)
(iv)
(v)

(vi)

(vii) y=

y=%x3+ c
y=sinx+c
y=e“+tc

3
y=%x2+c

2
yP=3x+c
y=Ae*
y=In|e*+ |
y=Ax

y=0Gx2+ 07

- (sinx + ¢)

ii)y? = A(x2+ 1) -1

(ix)

(x)

y=-In(c-3x?)

3_3,2 _3,2
Yy =s3x’Inx-3x*+ ¢

Exercise 12C (Page 348)

1

(i)
(ii)
(iii)
(iv)

(v)
(vi)
(i
(ii)
(iii)
(i)
(ii)
(iii)

ds

det

(i)

(i)

(iii)

y=3x>-x-4
y:ex3/3
y:ln(%x2+l)

_ 1
R

y=ebD2_

y=secx

0=20-Ae?

0=20-15¢2

t=1.01 hours

N = Ae!

N=10e*

N tends to oo, which would never be realised
because of the combined effects of food

shortage, predators and human controls.

2
=;;s= V4t + ¢
1 + 1
3y 3(3-y)
A
%lnL +cor%1n 3)/ ’
- -y
_ 3x3
Y@ o)

10

1

12

13

14

o Ikt]

0 k1l

M N=1500e"947! = 1500 x 2//20
(ii) N=24000
(iii) 11 hours 42 minutes

1 1
(i) ————
" x-1 x+1

_(x+1) 5,
T2(x-1)

dx (2-3x)

dt 100
time taken = 40.8 seconds
i) P=600e

(iii) P= 600e(0.005t—0.4sin(0.02t)) ; very gOOd fit

(i) y

L x= %(2 _ 26_3t/100),

(iv) 549
.odr Kk
(i i 2
(ii) k=5000; 141 m (3 s.f.)
dr k,
iii) —=—+—7—3 =1
(iii) I Pe+D kl 0000
(iv) 104m (3s.f.)
1 1
S SN S
W 32930+
(i) 3
(iv) 1.18 hours (2 d.p.)
(v) 0.728kg

(i) 2xsin2x+ cos2x+ ¢

(i) y? =4x?+ 4xsin2x+ 2cos2x + 1

ZL 191deysn
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Answers
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16

17

18

19

20

21

(i)

(i)

(iv)
(v)

(i)

(iii)

(iv)

(ii)

(iii)

(i)

(ii)

(iii)

(i)

(i)

(iv)

(i)

(ii)

(i)

(iii)

y? =4x
dy_1
dx t

y2==2x2+c;y*+2x?=4

YA
2
vzl o \2 x
D
ellipse
(ellipse) > C (parabola)
3 1
(B3x-1) x
t=1.967 (3 d.p.)
500 and 3550

cotx;In(sinx) + ¢
y=10.185 (3 s.f.); minimum
b=25,a=0.2

(a) 20

(b) 60,31In2

f(t) = cost, c=1000

sinf — 2 cos
2sin@ + cos 0
2

Y-
2

radius \/75
\'s cos( + arctan %)
(a) 0.215

(b) It predicts that P — oo.
2 2

Praop
2e

1
2

(a)

te) 1+et

(d) Population — 2 million.

1 x
1+x 1+x?
l_x_2+3i 1+x_'x_2_x_3+3_x4+3_x5
2 8’ 2 2 8 8

+y= —g + 2x; a circle with centre (2, 1),

22 (i) (@) —— =ks, h=7ks?

(b) n

/.

(¢) Unrealistic as wave height increases

without limit, ever faster

.. dh Kk s + 5
(ii) (a) L5753 h= kln

(b) V

(¢) More realistic but still no limit to wave

height

(i) (a) illh =ke™, h=A(1-¢%)

(b) h
AT ______________

ol 5

(¢) The most realistic

Investigation (Page 357)

Using the assumptions in Exercise 12A, question 7: the
rate of cooling is proportional to the temperature of the
tea above the surrounding air. The initial temperature is
95°C and the cooling rate is 0.5°Cs™. So

0 =15 + 80160,
Adding 10% milk at 5°C gives

0=15+ 71160,
The final temperature is lower if the milk is added at

the end.



Index

absolute error 164
acceleration 337
addition of
algebraic fractions 167
sine and cosine functions 197
vectors 283
algebraic form of inverse
functions 42
algebraic fractions
addition of 167
division of 166
equivalent 167
in equations 169
multiplication of 166
partial 173
proper 174
simplification of 166
subtraction of 167
amplitude 183
angle
between directions 309
between lines 310
between vectors 299, 304
approximations
linear 180
quadratic 161, 162, 180
using small angles 210

base of logarithms 10
binomial
coefficients 157
expansion 157, 160, 161
theorem 157, 160
validity of expansion 157, 163

cartesian equation

of aline 294, 305

of a plane 316, 319
chain rule for differentiation 63
change of sign methods 136
circle, parametric equation of

231

cobweb diagram 146
co-domain

of a function 38

of a mapping 19

common factor 166
comparing coefficients 26, 33
completing the square 26
components of a vector 276
composite functions
definition 36
differentiation of 64
compound-angle formulae 187
conjecture 3, 6,9
co-ordinate geometry using
vectors
three-dimensional 303
two-dimensional 289
counter-example 6
curve sketching 60

decimal search 137
denominator 166
differential equations
definition of 336
first-order 336
formation of 336
general solution 342
particular solution 344
second-order 336
solving 341
differentiation
from first principles 214
of a function of a function 63
of composite functions 63
of exponentials 82
of functions defined implicitly
96
of functions defined
parametrically 238
of inverse functions 77
of natural logarithms 82
of trigonometrical functions
91
using the chain rule 63
using the product rule 68
using the quotient rule 71
with respect to different
variables 65
direction
of aline 293

of a vector 275
of the perpendicular to a
plane 318
disproving a conjecture 6
distance of a point from a plane
321
divisibility 4
division of algebraic fractions
166
domain
of a function 38
of a mapping 19
restricted 41, 45
dot product 300
double-angle formulae 192

eliminating parameters 227
ellipse, parametric equation of
232
equal vectors 279
equating coefficients 175
equation(s)
differential 336
involving algebraic fractions
169
of a line (cartesian) 294, 305
of a line (vector) 291
of a plane (cartesian) 316,
319
of a plane (vector) 315,318
parametric 224
equivalent fractions 167
error
absolute 164
relative 164
error bounds 140
even function 49
exponential
decay 13
differentiation 82
functions 12
graphs 12
growth 12,
integration 110
series 122
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factor formulae 197
factorising
in algebra 166
in trigonometry 197
first-order differential equations
336
fixed point iteration 143
forming differential equations
336
formulae
compound-angle 187
double-angle 192
factor 197
r,a 201
fractions
addition of 167
algebraic 166
division of 166
equivalent 167
multiplication of 166
partial 173
simplifying 166
subtraction of 167
functions
co-domain 38
composite 36
definition of 21
domain 38
even 49
exponential 12
implicit 96
inverse 39
inverse trigonometrical 45
language of 19
modulus 56
odd 50
of a function 36
order of 37
periodic 52
rational 166
reciprocal trigonometrical 46,
184

general binomial expansion 157
general quadratic curve 32
general integration 266
general solutions

differential equations 342

trigonometrical equations

218

graphs

of exponential functions 12

of inverse functions 41

of logarithmic functions 11
of parametric functions 226
of quadratic functions 32

half-life 14

identity 185, 187, 220
image of a mapping 19
implicit functions,
differentiation of 96
improper algebraic fractions
174
inequalities using modulus 58
input of a mapping 19
integration
by change of variable 104
by parts 125, 131
by substitution 104
changing the limits of 104
choosing an appropriate
method for 266
general 266
involving natural logarithms
111
numerical 8,270
of exponential functions 110
of trigonometrical functions
123
to find volumes 254
using partial fractions 261
using substitution 103
using trigonometrical
identities 220
intersection
of a line and a plane 320
of two lines 295
interval
bisection 137
estimation 136
notation 136
inverse functions
algebraic form of 42
definition of 39
differentiation of 77
graphs of 41
reflection property of 41
trigonometrical 45

length of a vector 275, 304
line segment 280
line symmetry 49

linear approximation 180
linear interpolation 138
location 293
logarithmic
function 10, 11
integrals 111
logarithms
base of natural 10
differentiation of 82
graphs of 11
integration involving 111
lowest common multiple 167

magnitude 57
magnitude—direction form 276
magnitude of a vector 275
mapping(s)

co-domain 19

domain 19

image 19

input 19

many-to-many 20

many-to-one 20

mathematical 20

object 19

one-to-many 20

one-to-one 20

output 19

range 19
modulus function 56
modulus of a vector 277
multiplication

of a vector by a scalar 282

of fractions 166

of two vectors 300

natural logarithms 8

negative of a vector 283

Newton—Raphson method 150

numerator 166

numerical integration 8, 270

numerical solution of equations
135

object of a mapping 19
odd function 50
one-way stretches 25
order of functions 37
output of a mapping 19

parabola, parametric equation
of 233



parameter
definition of 225
elimination of 227
trigonometrical 230
parametric
co-ordinates 225
differentiation 238
equations 224
graphs 226
partial fractions
definition 173
in integration 261
types of 174, 176, 177
with the binomial expansion
179
particular solution of
differential equations 344
period of a function 52
periodic functions 52
perpendicular to a plane 318
perpendicular vectors 301
polar form 276
position vector 279
principal value 41
product rule for differentiation
68
proof
by contradiction 4
by direct argument 2
by exhaustion 3
proper algebraic fractions 174
Pythagorean identity 185

quadratic
approximation 161, 162, 180
curve 32
quotient rule for differentiation
71

1, o formulae 201
range of a mapping 19
rate

of change 335, 336

of convergence 139
rational

expression 166

function 166
rearrangement x = g(x) 143
reciprocal trigonometrical

functions 46, 184

rectangular hyperbola,
parametric equation of 233
reflection
in the x axis 31
in the y axis 31
property of inverse functions
41
relative error 164
resultant vector 284
roots of equations 135
rotation
about the x axis 254
about the y axis 257
rotational symmetry 49
rules for differentiation
chain rule 63
product rule 68
quotient rule 71

scalar 275
scalar product 300
scale factor of a stretch 25
second-order differential
equation 336
self-inverse 48
separation of variables 342
simplifying fractions 166
skew lines 310
small-angle approximations
210
solution bounds 140
solving differential equations
341
staircase diagram 146
stationary points
for implicit functions 98
for parametric functions 241
subtraction
of algebraic fractions 167
of vectors 284
symmetry
line 49
rotational 49

three dimensions 303
transformations
for curve sketching 25
order of 26
translations 25
trapezium rule 8, 269

trigonometrical
equations, general solutions
218
identities 185, 187, 220
parametric equations 230
reciprocal functions 46, 184
types of partial fractions 174,
176, 177

unit vectors 276, 287

validity of the binomial
expansion 157, 163

vector(s)
addition of 283
angle between 299, 304
component form of 276
components of 276
definition of 275
direction 275
dot product of 300
equal 279
equation of a line 291
equation of a plane 315, 318
geometry 275
joining two points 290
length of a 275, 304
magnitude of a 275
magnitude—direction form of

276

modulus of a 277
multiplication by a scalar 282
negative ofa 283
perpendicular 301
polar form ofa 276
position 279
resultant 284
scalar product of 300
subtraction of 284
three dimensional 303
two dimensional 289
unit 276, 287

velocity 337

volumes
by integration 254
of revolution 255

wavelength 183
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