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Preface 

The fifth edition includes additional material in all chapters, with the 
greatest number of additions in Chapters 5 and 10. For instance, new 
examples relating to analyzing greedy algorithms, minimizing highway 
encounters, collecting coupons, and tracking the AIDS virus, as well as 
additional material on compound Poisson processes appear in Chapter 5. 
Chapter 10 includes new material on the theory of options pricing. The 
arbitrage theorem is presented and its relationship to the duality theorem of 
linear program is indicated. We show how the arbitrage theorem leads to 
the Black-Scholes option pricing formula. 

This edition also contains over 120 new exercises. There are two solutions 
manuals for the text. One manual, which contains the solutions of all the 
exercises of the text, is available only to instructors. In addition, over 100 
exercises in the text are starred, and their solutions are available to students 
in a separate solutions manual. 

xi 



Chapter 1 
Introduction to 

Probability Theory 

1.1. Introduction 

Any realistic model of a real-world phenomenon must take into account 
the possibility of randomness. That is, more often than not, the quantities 
we are interested in will not be predictable in advance but, rather, will 
exhibit an inherent variation that should be taken into account by the 
model. This is usually accomplished by allowing the model to be prob-
abilistic in nature. Such a model is, naturally enough, referred to as a 
probability model. 

The majority of the chapters of this book will be concerned with different 
probability models of natural phenomena. Clearly, in order to master both 
the 4'model building" and the subsequent analysis of these models, we must 
have a certain knowledge of basic probability theory. The remainder of this 
chapter, as well as the next two chapters, will be concerned with a study of 
this subject. 

1.2. Sample Space and Events 

Suppose that we are about to perform an experiment whose outcome is not 
predictable in advance. However, while the outcome of the experiment will 
not be known in advance, let us suppose that the set of all possible outcomes 
is known. This set of all possible outcomes of an experiment is known as the 
sample space of the experiment and is denoted by S. 

1 
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Some examples are the following. 
1. If the experiment consists of the flipping of a coin, then 

S = {//, Τ] 

where Η means that the outcome of the toss is a head and Τ that it is a tail. 
2. If the experiment consists of tossing a die, then the sample space is 

5 = [1 ,2 ,3 ,4 ,5 ,6} 

where the outcome / means that / appeared on the die, / = 1, 2, 3, 4, 5, 6. 
3. If the experiment consists of flipping two coins then the sample space 

consists of the following four points 

S=[(H9H)AH,T)9(T9H),(T9T)) 

The outcome will be (//, H) if both coins come up heads; it will be (//, T) 
if the first coin comes up heads and the second comes up tails; it will be 
(Γ, H) if the first comes up tails and the second heads; and it will be (Γ, T) 
if both coins come up tails. 

4. If the experiment consists of tossing two dice, then the sample space 
consists of the 36 points 

f ( l , l ) , (1,2), (1,3), (1,4), (1,5), (1,6) 
(2, 1), (2,2), (2, 3), (2, 4), (2, 5), (2, 6) 
(3,1), (3,2), (3,3), (3,4), (3,5), (3,6) 
(4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6) 
(5,1), (5,2), (5,3), (5,4), (5,5), (5,6) 

V(6, 1), (6, 2), (6, 3), (6,4), (6, 5), (6, 6) J 

where the outcome (/,y) is said to occur if / appears on the first die and j 
on the second die. 

5. If the experiment consists of measuring the lifetime of a car, then the 
sample space consists of all nonnegative real numbers. That is, 

S = [0, o o ) * • 

Any subset Ε of the sample space S is known as an event. Some examples 
of events are the following. 

Γ. In Example (1), if Ε = {//}, then Ε is the event that a head appears 
on the flip of the coin. Similarly, if Ε = [Τ], then Ε would be the 
event that a tail appears. 

* The set {a, b) is defined to consist of all points χ such that a < χ < b. The set [ay b] is 
defined to consist of all points χ such that a < χ < b. The sets (a> b] and [a> b) are defined, 
respectively, to consist of all points χ such that a < χ < b and all points χ such that a < χ < b. 

S = 
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2'. In Example (2), if Ε = {1}, then Ε is the event that one appears on the 
toss of the die. If Ε = {2, 4, 6), then Ε would be the event that an 
even number appears on the toss. 

3'. In Example (3), if Ε = {(//, Η), (//, Γ)}, then Ε is the event that a 
head appears on the first coin. 

4'. In Example (4), if Ε = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}, then 
Ε is the event that the sum of the dice equals seven. 

5'. In Example (5), if Ε = (2, 6), then Ε is the event that the car lasts 
between two and six years. • 

For any two events Ε and F of a sample space S we define the new event 
Ε U Ε to consist of all points which are either in Ε or in Ε or in both Ε and 
F. That is, the event EU F will occur if either Ε ox F occurs. For example, 
in (1) if Ε = {Η} and F = {Τ}, then 

EU F = [H, Τ] 

That is, Ε U F would be the whole sample space S. In (2) if Ε = {1,3,5} and 
F= {1,2,3}, then 

EUF= {1,2,3,5} 

and thus EU F would occur if the outcome of the die is either a 1 or 2 or 
3 or 5. The event Ε U F is often referred to as the union of the event Ε and 
the event F. 

For any two events Ε and F, we may also define the new event EF, 
referred to as the intersection of Ε and F, as follows. EF consists of all 
points which are both in Ε and in F. That is, the event EF will occur only 
if Ε and F occur. For example, in (2) if Ε = {1, 3, 5} and F= [1, 2, 3), then 

EF = {1,3} 

and thus EF would occur if the outcome of the die is either 1 or 3. In 
example (1) if Ε = [Η] and F = [Τ], then the event isF would not consist 
of any points and hence could not occur. To give such an event a name 
we shall refer to it as the null event and denote it by 0 . (That is, 0 refers 
to the event consisting of no points.) If EF = 0 , then Ε and F are said to 
be mutually exclusive. 

We also define unions and intersections of more than two events in a 
similar manner. If El,E2, . . . are events, then the union of these events, 
denoted by \J™=1En, is defined to be that event which consists of all 
points that are in En for at least one value of η = 1,2, Similarly, 
the intersection of the events En9 denoted by ]\™=1En, is defined to be 
the event consisting of those points that are in all of the events En, 
η = 1 ,2 , . . . . 
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Finally, for any event Ε we define the new event Ec, referred to as the 
complement of E, to consist of all points in the sample space S which are 
not in E. That is Ec will occur if and only if Ε does not occur. In Example 
(4) ifE= {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}, then Ec will occur if the 
sum of the dice does not equal seven. Also note that since the experiment 
must result in some outcome, it follows that Sc = 0 . 

example 1 . 1 In the coin tossing example, it we assume that a head is 
equally likely to appear as a tail, then we would have 

P(IH}) = P([T}) = \ 

On the other hand, if we had a biased coin and felt that a head was twice 
as likely to appear as a tail, then we would have 

P(\H}) = h P({T}) = \ • 

Example 1 . 2 In the die tossing example, if we supposed that all six 
numbers were equally likely to appear, then we would have 

P([l)) = P([2}) = P([3}) = P([4}) = P((5J) = P([6}) = 

From (iii) it would follow that the probability of getting an even number 
would equal 

P((2, 4, 6}) = P({2}) + P({4}) + P({6}) 

We refer to P(E) as the probability of the event E. 

(i) 0 < P(E) < 1. 
(ii) P(S) = 1. 

(iii) For any sequence of events Ex, E2,... which are mutually exclusive, 
that is, events for which EnEm = 0 when η ^ m, then 

Consider an experiment whose sample space is S. For each event Ε of the 
sample space S, we assume that a number P(E) is defined and satisfies the 
following three conditions: 

1.3. Probabilities Defined on Events 
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Remark We have chosen to give a rather formal definition of prob-
abilities as being functions defined on the events of a sample space. 
However, it turns out that these probabilities have a nice intuitive property. 
Namely, if our experiment is repeated over and over again then (with 
probability 1) the proportion of time that event Ε occurs will just be P(E). 

Since the events Ε and Ec are always mutually exclusive and since 
Ε U Ec = S we have by (ii) and (iii) that 

1 = P(S) = P(E U Ec) = P(E) + P(EC) 

or 

P(E) + P(EC) = 1 (1.1) 

In words, Equation (1.1) states that the probability that an event does not 
occur is one minus the probability that it does occur. 

We shall now derive a formula for P(E U F) , the probability of all points 
either in Ε or in F. To do so, consider P(E) + P(F), which is the probability 
of all points in Ε plus the probability of all points in F. Since any point that 
is in both Ε and F will be counted twice in P(E) + P(F) and only once in 
P(E U F) , we must have 

P(E) + P(F) = P(E U F ) + P(EF) 

or equivalently 

P(E UF) = P{E) + P(F) - P(EF) (1.2) 

Note that in the case that Ε and F are mutually exclusive (that is, when 
EF = 0 ) , then Equation (1.2) states that 

P(E U F ) = P(E) + P(F) - P(0) 

= P(E) + P(F) 

a result which also follows from condition (iii). (Why is P(0) = 0?) 

Example 1.3 Suppose that we toss two coins, and suppose that we 
assume that each of the four points in the sample space 

S = {(//, //), (Η, Τ), (Τ, Η), (Γ, Τ)} 

are equally likely and hence have probability } . Let 

Ε = {(//, Η), {Η, Τ)} and F = [(//, / / ) , (Γ, H)} 

That is, Ε is the event that the first coin falls heads, and F is the event that 
the second coin falls heads. 
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We may also calculate the probability that any one of the three events Ε 
or F or G occurs. This is done as follows 

P(E U F U G ) = P((E U E) U G) 

which by Equation (1 .2) equals 

P(E U E) + P(G) - P((E U F)G) 

Now we leave it for the reader to show that the events (E U E)G and 
EG U EG are equivalent, and hence the above equals 

P(EUEUG) 

= P(E) + P(E) - P(EE) + P(G) - P(EG U EG) 

= P(E) + P(E) - P(EE) + P(G) - P(EG) - P(EG) + P(EGEG) 

= P(E) + P(E) + P(G) - P(EE) - P(EG) - P(EG) + P(EEG) (1 .3) 

In fact, it can be shown by induction that, for any η events Ελ, E2, 
Ε3,..., En, 

P(£\ U £ 2 U ·· · U£„) 

= Σ ^ i ) - Σ J W j ) + Σ P(E,EjEk) 
i i<j i<j<k 

- Σ P(EiEjEkE,)+ ••• + (-ir+1P(E1E2---E„) (1 .4) 
/ < j < k < I 

In words, Equation (1 .4) states that the probability of the union of η 
events equals the sum of the probabilities of these events taken one at a 
time minus the sum of the probabilities of these events taken two at a 
time plus the sum of the probabilities of these events taken three at a time, 
and so on. 

P(E U E) = P([H, H)9 (//, Γ), (Γ, //)}) = I • 

This probability could, of course, have been computed directly since 

By Equation (1 .2) we have that P(E U E), the probability that either the 
first or the second coin falls heads is given by 

P(E U F) =P(E) + P(E) - P(EF) 

- ι _ ι - ι 
— 1 4 — 4 
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1.4. Conditional Probabilities 

Suppose that we toss two dice and suppose that each of the 36 possible out-
comes are equally likely to occur and hence have probability Suppose 
that we observe that the first die is a four. Then, given this information, 
what is the probability that the sum of the two dice equals six? To calculate 
this probability we reason as follows: Given that the initial die is a four, it 
follows that there can be at most six possible outcomes of our experiment, 
namely, (4, 1), (4,2), (4,3), (4,4), (4,5), and (4,6). Since each of these 
outcomes originally had the same probability of occurring, they should still 
have equal probabilities. That is, given that the first die is a four, then the 
(conditional) probability of each of the outcomes (4, 1), (4, 2), (4, 3), (4, 4), 
(4, 5), (4, 6) is j while the (conditional) probability of the other 30 points in 
the sample space is 0. Hence, the desired probability will be 

If we let Ε and F denote respectively the event that the sum of the dice 
is six and the event that the first die is a four, then the probability just 
obtained is called the conditional probability that Ε occurs given that F has 
occurred and is denoted by 

P(E\F) 

A general formula for P(E\F) which is valid for all events Ε and F is 
derived in the same manner as above. Namely, if the event F occurs, then 
in order for Ε to occur it is necessary that the actual occurrence be a point 
in both Ε and in F, that is, it must be in EF. Now, as we know that F has 
occurred, it follows that F becomes our new sample space and hence the 
probability that the event EF occurs will equal the probability of .EF relative 
to the probability of F. That is 

P(E\F) = 1 ^ (1.5) 
P(F) 

Note that Equation (1.5) is only well defined when P(F) > 0 and hence 
P(E\F) is only defined when P(F) > 0. 

Example 1.4 Suppose cards numbered one through ten are placed in a 
hat, mixed up, and then one of the cards is drawn. If we are told that the 
number on the drawn card is at least five, then what is the conditional 
probability that it is ten? 

Solution: Let Ε denote the event that the number of the drawn card is 
ten, and let F be the event that it is at least five. The desired probability 
is P(E\F). NOW, from Equation (1.5) 
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However, EF = Ε since the number of the card will be both ten and at 
least five if and only if it is number ten. Hence, 

Example 1.5 A family has two children. What is the conditional 
probability that both are boys given that at least one of them is a boy? 
Assume that the sample space S is given by S = {(6, b), (b, g), (g, b), (g, g)}, 
and all outcomes are equally likely. ((£, g) means for instance that the older 
child is a boy and the younger child a girl.) 

Solution: Letting Ε denote the event that both children are boys, and F 
the event that at least one of them is a boy, then the desired probability 
is given by 

Example 1.6 Bev can either take a course in computers or in chemistry. 
If Bev takes the computer course, then she will receive an A grade with 
probability \ , while if she takes the chemistry course then she will receive an 
A grade with probability j . Bev decides to base her decision on the flip of 
a fair coin. What is the probability that Bev will get an A in chemistry? 

Solution: If we let F be the event that Bev takes chemistry and Ε 
denote the event that she receives an A in whatever course she takes, then 
the desired probability is P{EF). This is calculated by using Equation (1.5) 
as follows: 

Example 1.7 Suppose an urn contains seven black balls and five white 
balls. We draw two balls from the urn without replacement. Assuming that 
each ball in the urn is equally likely to be drawn, what is the probability that 
both drawn balls are black? 

P(E\F) 

P(E\F) = 
P(EF) 

P(F) 
P(l(b, b)}) 

P(EF) = P(F)P(E\F) 

— 2 3 — 6 • 

Solution: Let F and Ε denote respectively the events that the first and 
second ball drawn is black. Now, given that the first ball selected is black, 
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there are six remaining black balls and five white balls, and so 
P(E\F) = j y . As P(F) is clearly jf, our desired probability is 

P(EF) = P(F)P(E\F) 

_ _7 6 _ _ 4 2 ^ —
 1 2 11

 —
 1 3 2

 W 

Example 1.8 Suppose that each of three men at a party throws his hat 
into the center of the room. The hats are first mixed up and then each man 
randomly selects a hat. What is the probability that none of the three men 
winds up with his own hat? 

Solution: We shall solve the above by first calculating the comple-
mentary probability that at least one man winds up with his own hat. 
Let us denote by Ei9 i = 1, 2, 3, the event that the ith man winds up with 
his own hat. In order to calculate the probability P(E1 U E2 U E3), we 
first note that 

P(Ei) = \ , i= 1,2,3 

P(EiEj) = i9 i*j (1.6) 

Ρ(Ε,Ε2Ε3) = i 

To see why Equation (1.6) is correct, consider first 

P&iEj) = P&UPiEjlEd. 

Now P(Ei)9 the probability that the ith man selects his own hat, is clearly 
j since he is equally likely to select any of the three hats. On the other 
hand, given that the ith man has selected his own hat, then there remain 
two hats that the yth man may select from, and as one of these two is 
his own hat, it follows that with probability j he will select it. That is, 
P(Ej I Ei) = j and so 

PiEiEj) = PiEJPiEjlEi) = H = i 

To calculate P(ElE2E3) we write 

P{EXE2E,) = PiE^JPiEilE^) 

= iP(E3\ElE2) 

However, given that the first two men get their own hats it follows that 
the third man must also get his own hat (since there are no other hats 
left). That is, P{E^\EXE2) = 1 and so 

P(EXE2E,) = i 
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Now, from Equation (1.4) we have that 

P(El U E2 U E3) = PiEJ + P(E2) + P(E3) - P(EXE2) 

- P(E,E3) - P(E2E3) + Ρ(ΕγΕ2Ε3) 

= 1 ~ \ + i 
_ 2 
- 3 

Hence, the probability that none of the men winds up with his own hat 
i s l - * = f • 

1.5. Independent Events 

Two events Ε and F are said to be independent if 

P(EF) = P(E)P(F) 

By Equation (1.5) this implies that Ε and F are independent if 

P(E\F) = P(E) 

(which also implies that P(F\E) = P(F)). That, is, Ε and F are inde-
pendent if knowledge that F has occurred does not affect the probability 
that Ε occurs. That is, the occurrence of Ε is independent of whether or not 
F occurs. 

Two events Ε and F which are not independent are said to be dependent. 

Example 1.9 Suppose we toss two fair dice. Let Ex denote the event that 
the sum of the dice is six and F denote the event that the first die equals 
four. Then 

P(ElF) = P({4, 2}) = ^ 

while 

P(Ei)P(F) = t B = 2^Γ 

and hence Ex and F are not independent. Intuitively, the reason for this is 
clear for if we are interested in the possibility of throwing a six (with two 
dice), then we will be quite happy if the first die lands four (or any of the 
numbers 1, 2, 3, 4, 5) for then we still have a possibility of getting a total 
of six. On the other hand, if the first die landed six, then we would be 
unhappy as we would no longer have a chance of getting a total of six. In 
other words, our chance of getting a total of six depends upon the outcome 
of the first die and hence Ex and F cannot be independent. 



1.5. Independent Events 11 

Let E2 be the event that the sum of the dice equals seven. Is E2 

independent of Fl The answer is yes since 

P(E2F) = P([(4, 3)}) = £ 

while 

P(E2)P(F) = U = J6 

We leave it for the reader to present the intuitive argument why the event 
that the sum of the dice equals seven is independent of the outcome on the 
first die. • 

The definition of independence can be extended to more than two events. 
The events El9E2, ...,En are said to be independent if for every subset 
El,Er9...iEr>9r< n, of these events 

P(EVE2, - -. Er.) = P(EV)P(E2.) · - - P(Er.) 

Intuitively, the events Ei9E2i ...,En are independent if knowledge of the 
occurrence of any of these events has no effect on the probability of any 
other event. 

Example 1.10 (Pairwise Independent Events That Are Not Indepen-
dent): Let a ball be drawn from an urn containing four balls, numbered 
1, 2, 3, 4. Let Ε = (1, 2}, F = {1, 3}, G = {1, 4). If all four outcomes are 
assumed equally likely, then 

P(EF) = P(E)P(F) = i , 

P(EG) = P(E)P(G) = ±, 

P(FG) = P(F)P(G) = i 

However, 

i = P(EFG) * P(E)P(F)P(G) 

Hence, even though the events E, F, G are pairwise independent, they are 
not jointly independent. • 

Suppose that a sequence of experiments, each of which results in either a 
"success" or a "failure," are to be performed. Let Ei9 i> 1, denote the 
event that the /th experiment results in a success. If, for all il9 i 2 , / „ , 

PiP,^-Etm) = Π P(Eh) 
J= ι 

we say that the sequence of experiments consists of independent trials. 
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Example 1.11 The successive flips of a coin consist of independent 
trials if we assume (as is usually done) that the outcome on any flip is not 
influenced by the outcomes on earlier flips. A "success" might consist of 
the outcome heads and a "failure" tails, or possibly the reverse. • 

1.6. Bayes' Formula 

Let F and F be events. We may express Ε as 

Ε = Ε F U EFC 

for in order for a point to be in F , it must either be in both Ε and F, or it 
must be in Ε and not in F. Since EF and EFC are obviously mutually 
exclusive, we have that 

Equation (1.7) states that the probability of the event F is a weighted 
average of the conditional probability of F given that F has occurred 
and the conditional probability of F given that F has not occurred, each 
conditional probability being given as much weight as the event it is 
conditioned on has of occurring. 

Example 1.12 Consider two urns. The first containing two white and 
seven black balls, and the second containing five white and six black balls. 
We flip a fair coin and then draw a ball from the first urn or the second 
urn depending upon whether the outcome was heads or tails. What is the 
conditional probability that the outcome of the toss was heads given that a 
white ball was selected? 

Solution: Let W be the event that a white ball is drawn, and let H be 
the event that the coin comes up heads. The desired probability P(H | W) 
may be calculated as follows: 

P(F) = P(EF) + P(EFC) 

= P(E\F)P(F) + P(E\FC)P(FC) 

= P(E\F)P(F) + F(F |F C) (1 - P(F)) (1.7) 

P(H\W) = 
P(HW) _ P(W\H)P(H) 

P(W) ~ P(W) 

P(W\H)P(H) 

P(W I H)P(H) + P(W I HC)P(HC) 
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Example 1.13 In answering a question on a multiple choice test a 
student either knows the answer or he guesses. Let ρ be the probability that 
he knows the answer and 1 - ρ the probability that he guesses. Assume 
that a student who guesses at the answer will be correct with probability 
1/m, where m is the number of multiple-choice alternatives. What is the 
conditional probability that a student knew the answer to a question given 
that he answered it correctly? 

Solution: Let C and Κ denote respectively the event that the student 
answers the question correctly and the event that he actually knows the 
answer. Now 

1 + (m - X)p 

Thus, for example, if m = 5, ρ = y, then the probability that a student 
knew the answer to a question he correctly answered is f. • 

Example 1.14 A laboratory blood test is 95 percent effective in 
detecting a certain disease when it is, in fact, present. However, the test also 
yields a "false positive" result for 1 percent of the healthy persons tested. 
(That is, if a healthy person is tested, then, with probability 0.01, the test 
result will imply he has the disease.) If 0.5 percent of the population actually 
has the disease, what is the probability a person has the disease given that 
his test result is positive? 

Solution: Let D be the event that the tested person has the disease, and 
Ε the event that his test result is positive. The desired probability P(D \ E) 
is obtained by 

P(K\C) = 
P(KC) _P(C\K)P(K) 

P(C) " P(C\K)P(K) + P(C\KC)P(KC) 

Ρ 
p + (l/m)(\ -p) 

mp 

P(D\E) = 
P(DE) _P(E\D)P(D) 

P(E) ~ P(E\D)P(D) + P(E\DC)P(DC) 

(0.95)(0.005) 
(0.95)(0.005) + (0.01)(0.995) 

Thus, only 32 percent of those persons whose test results are positive 
actually have the disease. • 
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Equation (1.7) may be generalized in the following manner. Suppose that 
Fj , F2, ..., Fn are mutually exclusive events such that U"= ι Ft = S. In other 
words, exactly one of the events Fl9F2, ...,Fn will occur. By writing 

E=(jEFi 

i= 1 

and using the fact that the events EFi9 i = 1 , n , are mutually exclusive, 
we obtain that 

P(E) = Σ PiPFi) 
/ = 1 

= Σ P(E\Ft)P{Ft) (1.8) 
i = 1 

Thus, Equation (1.8) shows how, for given events F1, F2, ..., Fn of which 
one and only one must occur, we can compute P(E) by first "conditioning" 
upon which one of the Ft occurs. That is, it states that P(E) is equal to a 
weighted average of P(F | /^) , each term being weighted by the probability 
of the event on which it is conditioned. 

Suppose now that Ε has occurred and we are interested in determining 
which one of the Fj also occurred. By Equation (1.8) we have that 

P(EFj) 
mm P(E) 

P(E\FJ)P(FJ) ( 1 9) 

IhiPiElFJPiFi) 

Equation (1.9) is known as Bayes' formula. 

Example 1.15 You know that a certain letter is equally likely to be in 
any one of three different folders. Let α,· be the probability that you will 
find your letter upon making a quick examination of folder i if the letter is, 
in fact, in folder /, / = 1, 2, 3. (We may have a, < 1.) Suppose you look in 
folder 1 and do not find the letter. What is the probability that the letter is 
in folder 1? 

Solution: Let Fi9 i = 1, 2, 3, be the event that the letter is in folder /; 
and let Ε be the event that a search of folder 1 does not come up with the 
letter. We desire P(FX \ E). From Bayes' formula we obtain 

PiElFJPiFJ 
P(Fl\E) = 

lUiPiElFJPiFi) 

(1 - gx)± ^ l - a , 

(1 - + i + 1 3 - a, 
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Exercises 

1, A box contains three marbles: one red, one green, and one blue. 
Consider an experiment that consists of taking one marble from the box 
then replacing it in the box and drawing a second marble from the box. What 
is the sample space? If, at all times, each marble in the box is equally likely 
to be selected, what is the probability of each point in the sample space? 

*2 . Repeat 1 when the second marble is drawn without replacing the first 
marble. 

3. A coin is to be tossed until a head appears twice in a row. What is the 
sample space for this experiment? If the coin is fair, then what is the 
probability that it will be tossed exactly four times? 

4. Let E, F, G be three events. Find expressions for the events that of 
E,F, G 

(a) only F occurs, 
(b) both Ε and F but not G occurs, 
(c) at least one event occurs, 
(d) at least two events occur, 
(e) all three events occur, 
(f ) none occurs, 
(g) at most one occurs, 
(h) at most two occur. 

*5 . An individual uses the following gambling system at Las Vegas. He 
bets $1 that the roulette wheel will come up red. If he wins, he quits. If he 
loses then he makes the same bet a second time only that this time he bets 
$2; and then regardless of the outcome, quits. Assuming that he has a 
probability of \ of winning each bet, what is the probability that he goes 
home a winner? Why is this system not used by everyone? 

6. Show that E(F U G) = EF U EG. 

7. Show that (E U Ff = ECFC. 

8. If P(E) = 0.9 and P(F) = 0.8, show that P(EF) > 0.7. In general, 
show that 

P(EF) > P(E) + P(F) - 1 

This is known as Bonferroni's inequality. 

*9 . We say that E C F is every point in Ε is also in F. Show that if Ε C F, 
then 

P(F) = P(E) + P(FEC) > P(E) 
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10. Show that 

i = 1 
This is known as Boole's inequality. 

Hint: Either use Equation (1.2) and mathematical induction, or else 
show that U?= ι Et = U?= ι Fi9 where Fl = El9 Fj = Et Ej9 and use 
property (iii) of a probability. 

11. If two fair dice are tossed, what is the probability that the sum is /, 
ι = 2 ,3 , 12? 

12. Let Ε and F be mutually exclusive events in the sample space of an 
experiment. Suppose that the experiment is repeated until either event Ε or 
event F occurs. What does the sample space of this new super experiment 
look like? Show that the probability that event Ε occurs before event F is 
P(E)/[P(E) + P(F)]. 

Hint: Argue that the probability that the original experiment is 
performed η times and Ε appears on the nth time is P(E) x (1 - p)n~l

9 

« = 1,2,. . . , where ρ = P(E) + P(F). Add these probabilities to get the 
desired answer. 

13. The dice game craps is played as follows. The player throws two dice, 
and if the sum is seven or eleven, then he wins. If the sum is two, three, or 
twelve, then he loses. If the sum is anything else, then he continues throwing 
until he either throws that number again (in which case he wins) or he 
throws a seven (in which case he loses). Calculate the probability that the 
player wins. 

14. The probability of winning on a single toss of the dice is p. A starts, 
and if he fails, he passes the dice to B, who then attempts to win on his toss. 
They continue tossing the dice back and forth until one of them wins. What 
are their respective probabilities of winning? 

15. Argue that F = EF U EFC, Ε U F = Ε U FEC. 

16. Use Exercise 15 to show that P(E U f ) = P(E) + P(F) - P{EF). 

*17. Suppose each of three persons tosses a coin. If the outcome of one 
of the tosses differs from the other outcomes, then the game ends. If not, 
then the persons start over and retoss their coins. Assuming fair coins, what 
is the probability that the game will end with the first round of tosses? If all 
three coins are biased and have a probability j of landing heads, then what 
is the probability that the game will end at the first round? 
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18. Assume that each child that is born is equally likely to be a boy or a 
girl. If a family has two children, what is the probability that they both be 
girls given that (a) the eldest is a girl, (b) at least one is a girl? 

* 19. Two dice are rolled. What is the probability that at least one is a six? 
If the two faces are different, what is the probability that at least one is a six? 

20. Three dice are thrown. What is the probability the same number 
appears on exactly two of the three dice? 

2 1 . Suppose that 5 percent of men and 0.25 percent of women are color-
blind. A color-blind person is chosen at random. What is the probability of 
this person being male? Assume that there are an equal number of males 
and females. 

22. A and Β play until one has 2 more points than the other. Assuming 
that each point is independently won by A with probability p, what is the 
probability they will play a total of In points? What is the probability that 
A wins? 

23. For events El9E2, ...,En show that 

P{EXE2 -En) = P(EX)P{E21EX)P(E,\ElE2) ··· P(En {Ε,-· En_x) 
24. In an election, candidate A receives η votes and candidate Β receives 
in votes, where η > m. Assume that in the count of the votes all possible 
orderings of the η + m votes are equally likely. Let Pnm denote the 
probability that from the first vote on A is always in the lead. Find 

(a) Ρ2Λ (b) P 3, i (c) PnA ( d) P
3,i (e) ^4,2 

(f) Pnt2 (g) P 4 ) 3 (h) P 5 ) 3 (i) Λ,4 
(j) Make a conjecture as to the value of Pnm. 

*25. Two cards are randomly selected from a deck of 52 playing cards. 

(a) What is the probability they constitute a pair (that is, that they are of 
the same denomination)? 
(b) What is the conditional probability they constitute a pair given that 
they are of different suits? 

26. A deck of 52 playing cards, containing all 4 aces, is randomly divided 
into 4 piles of 13 cards each. Define events El9 E2, E3, and E4 as follows: 

Use Exercise 23 to find Ρ(ΕλΕ2Ε$Ε^, the probability that each pile has 
an ace. 

£1 

E4 

{the first pile has exactly 1 ace), 

{the second pile has exactly 1 ace}, 

{the third pile has exactly 1 ace), 

{the fourth pile has exactly 1 ace} 
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*27. Suppose in Exercise 26 we had defined the events Ei9 i = 1, 2 , 3 , 4 , 
by 

Ex = (one of the piles contains the ace of spades), 

E2 = (the ace of spaces and the ace of hearts are in 
different piles), 

E3 = (the ace of spades, the ace of hearts, and the 
ace of diamonds are in different piles), 

E4 = {all 4 aces are in different piles) 

Now use Exercise 23 to find P(EXE2E3E4), the probability that each pile has 
an ace. Compare your answer with the one you obtained in Exercise 26 . 

28. If the occurrence of Β makes A more likely, does the occurrence of A 
make Β more likely? 

29. Suppose that P(E) = 0 .6 . What can you say about P(E\F) when 

(a) Ε and F are mutually exclusive? 
(b) Ε C Fl 
(c) F CEI 

*30. Bill and George go target shooting together. Both shoot at a target 
at the same time. Suppose Bill hits the target with probability 0 .7 , whereas 
George, independently, hits the target with probability 0 . 4 . 

(a) Given that exactly one shot hit the target, what is the probability it 
was George's shot? 
(b) Given that the target is hit, what is the probability that George 
hit it? 

3 1 . What is the conditional probability that the first die is six given that 
the sum of the dice is seven? 

*32. Suppose all η men at a party throw their hats in the center of the 
room. Each man then randomly selects a hat. Show that the probability that 
none of the η men winds up with his own hat is 

1 1 1 ( - 1 ) " 
+ + . . . - — — . 

2! 3 ! 4! n\ 

Note that as η -• oo this converges to e" 1. Is this surprising? (Would you 
have incorrectly thought that this probability would go to 1 as η -> oo?) 

33. In a class there are four freshman boys, six freshman girls, and six 
sophomore boys. How many sophomore girls must be present if sex and 
class are to be independent when a student is selected at random? 
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34. Mr. Jones has devised a gambling system for winning at roulette. 
When he bets, he bets on red, and places a bet only when the ten previous 
spins of the roulette have landed on a black number. He reasons that his 
chance of winning is quite large since the probability of eleven consecutive 
spins resulting in black is quite small. What do you think of this system? 

35. Consider two boxes, one containing one black and one white marble, 
the other, two black and one white marble. A box is selected at random and 
a marble is drawn at random from the selected box. What is the probability 
that the marble is black? 

36. In Exercise 35, what is the probability that the first box was the one 
selected given that the marble is white? 

37. Urn 1 contains two white balls and one black ball, while urn 2 
contains one white ball and five black balls. One ball is drawn at random 
from urn 1 and placed in urn 2. A ball is then drawn from urn 2. It happens 
to be white. What is the probability that the transferred ball was white? 

38. Stores A, B, and C have 50, 75, 100 employees, and respectively 50, 
60, and 70 percent of these are women. Resignations are equally likely 
among all employees, regardless of sex. One employee resigns and this is a 
woman. What is the probability that she works in store C? 

*39. (a) A gambler has in his pocket a fair coin and a two-headed coin. 
He selects one of the coins at random, and when he flips it, it shows heads. 
What is the probability that it is the fair coin? (b) Suppose that he flips the 
same coin a second time and again it shows heads. What is now the prob-
ability that it is the fair coin? (c) Suppose that he flips the same coin a third 
time and it shows tails. What is now the probability that it is the fair coin? 

40. There are three coins in a box. One is a two-headed coin, another is 
a fair coin, and the third is a biased coin which comes up heads 75 percent 
of the time. When one of the three coins is selected at random and flipped, 
it shows heads. What is the probability that it was the two-headed coin? 

4 1 . Suppose we have ten coins which are such that if the /th one is flipped 
then heads will appear with probability /V10, / = 1, 2, . . . , 10. When one of 
the coins is randomly selected and flipped, it shows heads. What is the 
conditional probability that it was the fifth coin? 

42. Urn 1 has five white and seven black balls. Urn 2 has three white and 
twelve black balls. We flip a fair coin. If the outcome is heads, then a ball 
from urn 1 is selected, while if the outcome is tails, then a ball from urn 2 
is selected. Suppose that a white ball is selected. What is the probability that 
the coin landed tails? 
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*43. An urn contains b black balls and r red balls. One of the balls is 
drawn at random, but when it is put back in the urn c additional balls of the 
same color are put in with it. Now suppose that we draw another ball. Show 
that the probability that the first ball drawn was black given that the second 
ball drawn was red is b/(b + r + c). 

44. Three prisoners are informed by their jailer that one of them has been 
chosen at random to be executed, and the other two are to be freed. 
Prisoner Λ asks the jailer to tell him privately which of his fellow prisoners 
will be set free, claiming that there would be no harm in divulging this 
information, since he already knows that at least one will go free. The jailer 
refuses to answer this question, pointing out that if Λ knew which of his 
fellows were to be set free, then his own probability of being executed would 
rise from j to y, since he would then be one of two prisoners. What do you 
think of the jailer's reasoning? 
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Chapter 2 
Random Variables 

2 .1 . Random Variables 

It frequently occurs that in performing an experiment we are mainly 
interested in some function of the outcome as opposed to the actual 
outcome itself. For instance, in tossing dice we are often interested in the 
sum of the two dice and are not really concerned about the actual outcome. 
That is, we may be interested in knowing that the sum is seven and not be 
concerned over whether the actual outcome was (1, 6) or (2, 5) or (3, 4) or 
(4, 3) or (5, 2) or (6, 1). These quantities of interest, or more formally, these 
real-valued functions defined on the sample space, are known as random 
variables. 

Since the value of a random variable is determined by the outcome of 
the experiment, we may assign probabilities to the possible values of the 
random variable. 

Example 2.1 Letting X denote the random variable that is defined as 
the sum of two fair dice; then 

P\X = 2) = PKl . l )} 

P\X = 3) = />{(l,2),(2, 1)} = &, 

P\X = 4) = P{(1,3),(2,2),(3, l)j = 

P\X = 5) = P{(1,4),(2,3),(3,2),(4, 1)) = 4 
3 6 ' 

P\X = 6) = P{(1,5),(2,4),(3,3),(4, 2), (5, i)) = 

P{X = 7) = />{(!, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1» 

21 
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PIX = 8) = P{(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)) = 

P[X = 9) = P{(3, 6), (4, 5), (5,4), (6, 3)) = 

P[X = 10) = P[(4, 6), (5, 5), (6,4)j = 

/>{*= 11) = Pf(5,6),(6,5)J = 

P{X = 12) = P((6, 6)) = & 

_ _ 5 _ —
 3 6 ' 

(2.1) 

In other words, the random variable X can take on any integral value 
between two and twelve, and the probability that it takes on each value is 
given by Equation (2.1). Since X must take on one of the values two 
through twelve, we must have that 

which may be checked from Equation (2.1). • 

Example 2.2 For a second example, suppose that our experiment 
consists of tossing two fair coins. Letting Y denote the number of heads 
appearing, then Y is a random variable taking on one of the values 0, 1, 2 
with respective probabilities 

Of course, P{Y = 0) + P{Y = 1} + P{Y = 2} = 1. • 

Example 2.3 Suppose that we toss a coin having a probability ρ of 
coming up heads, until the first head appears. Letting Ν denote the number 
of flips required, then, assuming that the outcome of successive flips are 
independent, Ν is a random variable taking on one of the values 1, 2, 3 , . . . , 
with respective probabilities 

P{Y = 0) Ρ{(Γ, Τ)} = i , 

P{(T9H)AH,T)} = i , 

P{(H,H)} = i, 

P{Y= 1} 

P{Y= 2} 

P{N = lj 

P{N = 2} Pl(T,H)} = (1 -p)p, 

ΡΚΤ,Τ,Η)} = (1 -p)2p, P{N = 3} 

P[N =n}= P[(T, Τ, ..., Τ, H)} = (1 - z?)""1/?, η > 1 

η- 1 
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As a check, note that 
Γ oo ~\ oo 

P) J [N= n)[= Σ P[N=n] 
L/I = 1 J , I = l 

= Ρ Σ (i - Ρ ) " "
 1 

Λ = 1 

= Ρ 

ι - (1 - Ρ ) 

= 1 • 

Example 2.4 Suppose that our experiment consists in seeing how long 
a battery can operate before wearing down. Suppose also that we are not 
primarily interested in the actual lifetime of the battery but are only 
concerned about whether or not the battery lasts at least two years. In this 
case, we may define the random variable / by 

1, if the lifetime of the battery is two or more years 
0, otherwise. 

If Ε denotes the event that the battery lasts two or more years, then the 
random variable / is known as the indicator random variable for the event 
E. (Note that / equals 1 or 0 depending upon whether or not Ε occurs.) • 

Example 2.5 Suppose that independent trials, each of which results 
in any of m possible outcomes with respective probabilities pl9 ...,pm, 
Σ?=ιΡι = 1» are continually performed. Let X denote the number of trials 
needed until each outcome has occurred at least once. 

Rather than directly considering P[X = n] we will first determine 
P{X > n], the probability that at least one of the outcomes has not yet 
occurred after η trials. Letting A t denote the event that outcome / has not 
yet occurred after the first η trials, / = 1 , m , then 

P{X> n] = P ( Q a ) 
m 

= Σ PiAt) - Σ Σ PUiAj) 
Ι = 1 i<j 

+ Σ Σ Σ P(4tAjAk) - ••• + ( - 1 Γ + Ι ^ 4 ι -Α„) 
i<j<k 

Now, P(Ai) is the probability that each of the first η trials all result in a 
non-/ outcome, and so by independence 

P(A) = (1 - Pi)" 
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Similarly, P(AiAj) is the probability that the first η trials all result in a 
non-/ and non-y outcome, and so 

PiAiAj) = (1 - Pi - PjT 

As all of the other probabilities are similar, we see that 
m 

PIX >n}= Σ (1 - Pi)" -Σ - Pi- Pj)" 
i= 1 Ι<j 

+ Σ Σ Σ ( i - P i - P j - P * ) " - -
i<j<k 

Since P[X = η] = P[X > η - 1} - P[X > n], we see upon using the 
algebraic identity (1 - a)n~l - (1 - af = a(l - a)n~\ that 

m 

P{X = η) = Σ A D - A ) " "
1
 - Σ Σ (Pi + A ) U - Pi - Pj)"'

1 

1 = 1 Kj 

+ Σ Σ Σ (Pt• + Pj + Λ ) ( Ι - A - Pj - Pk)"~' — • 
i<j<k 

In all of the above examples, the random variables of interest took on 
either a finite or a countable number of possible values. Such random 
variables are called discrete. However, there also exist random variables 
that take on a continuum of possible values. These are known as continuous 
random variables. One example is the random variable denoting the lifetime 
of a car, when the car's lifetime is assumed to take on any value in some 
interval (a, b). 

The cumulative distribution function (cdf ) (or more simply the distribu-
tion function) F(-) of the random variable X is defined for any real number 
b, - o o < b < oo, by 

F(b) = P{X < b] 

In words, F(b) denotes the probability that the random variable X takes on 
a value which will be less than or equal to b. Some properties of the cdf F are 

(i) F(b) is a nondecreasing function of b, 
(ii) lirn,^F(b) =F(co) = 1, 

(iii) lim^_o oF(Z7) = F ( - o o ) = 0. 

Property (i) follows since for a < b the event {X < a] is contained in the 
event {X < b], and so it must have a smaller probability. Properties (ii) and 
(iii) follow since X must take on some finite value. 

All probability questions about X can be answered in terms of the cdf 
F(-). For example, 

P[a < X < b] = F(b) - F(a) for all a < b 
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This follows since we may calculate Ρ {a < X < b] by first computing the 
probability that X < b (that is, F(b)) and then subtracting from this the 
probability that X < a (that is, F(a)). 

If we desire the probability that X is strictly smaller than b, we may 
calculate this probability by 

P{X <b}= lim P{X < b - h] 
A ^ 0

+ 

= lim F(b - h) 
A - 0

+ 

where 1πηΛ_>0+ means that we are taking the limit as h decreases to 0. Note 
that P[X < b] does not necessarily equal F(b) since F(b) also includes the 
probability that X includes b. 

2.2. Discrete Random Variables 

As was previously mentioned, a random variable that can take on at 
most a countable number of possible values is said to be discrete. For 
a discrete random variable X, we define the probability mass function p(a) 
of X by 

p(a) = P[X = a] 

The probability mass function p(a) is positive for at most a countable 
number of values of a. That is, if X must assume one of the values 
χλ, x2,..., then 

p(xt) > 0, i = 1,2, . . . 

p(x) = 0, all other values of χ 

Since X must take on one of the values , we have 

OO 
Σ Pix/) = ι 

/ = 1 

The cumulative distribution function F can be expressed in terms of 
p(a) by 

F{a)= Σ P(*i) 
ALL Xj ^ a 

For instance, suppose X has a probability mass function given by 

/7(1) = i , p(2) = i , p(3) = i 
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5 
6 

X 
2 3 

Figure 2 . 1 . Graph of F(x). 

then, the cumulative distribution function F of X is given by 

Î
y, 1 < a < 2 

5 

1, 3 < * U , 3 < * 

This is graphically presented in Figure 2.1. 
Discrete random variables are often classified according to their prob-

ability mass function. We now consider some of these random variables. 

2.2 .1 . The Bernoulli Random Variable 

Suppose that a trial, or an experiment, whose outcome can be classified as 
either a "success" or as a "failure" is performed. If we let X equal 1 if the 
outcome is a success and 0 if it is a failure, then the probability mass 
function of X is given by 

where ρ, 0 < ρ < 1, is the probability that the trial is a "success." 
A random variable X is said to be a Bernoulli random variable if its 

probability mass function is given by Equation (2.2) for some ρ e (0, 1). 

2.2.2. The Binomial Random Variable 

Suppose that η independent trials, each of which results in a "success" with 
probability ρ and in a "failure" with probability 1 - / 7 , are to be per-
formed. If X represents the number of successes that occur in the η trials, 
then X is said to be a binomial random variable with parameters (n,p). 

p(0) = P{X=0} = l-p9 

p(l) = P{X= \}=p 
(2.2) 
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The probability mass function of a binomial random variable having 
parameters (n,p) is given by 

P(i) = ( " )Al - Pf~\ i = 0, 1 , . . . , η (2.3) 

where 

(n - /)!/! 

equals the number of different groups of / objects that can be chosen from 
a set of η objects. The validity of Equation (2.3) may be verified by first 
noting that the probability of any particular sequence of the η outcomes 
containing / successes and η - i failures is, by the assumed independence 

of trials, p\\ - p)n~l. Equation (2.3) then follows since there are ^ 

different sequences of the η outcomes leading to / successes and η - i 

failures. For instance, if η = 3, / = 2, then there are = 3 ways in 

which the three trials can result in two successes. Namely, any one of the 
three outcomes (s, s,f), (s*,/, s), (/, s, s), where the outcome (s, s,f) means 
that the first two trials are successes and the third a failure. Since each of the 
three outcomes (5,5, / ) , ( s , / , s), (f,s,s) has a probability p2(l - p) of 

occurring the desired probability is thus ^ 2 ) ^ ^ ~ 

Note that, by the binomial theorem, the probabilities sum to one, that is, 

Σ /KO = Σ ( " Vo - ̂ Λ_ί
 = (P

 + v - pyf = 1 

ι = 0 i=0 \l/ 
Example 2.6 Four fair coins are flipped. If the outcomes are assumed 
independent, what is the probability that two heads and two tails are 
obtained? 

Solution: Letting X equal the number of heads ("successes") that 
appear, then A" is a binomial random variable with parameters (n = 4, 
ρ = j ) . Hence, by Equation (2.3), 

2 / V 2 / W 8 

Example 2-7 It is known that all items produced by a certain machine will 
be defective with probability 0.1, independently of each other. What is the 
probability that in a sample of three items, at most one will be defective? 
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Solution: If X is the number of defective items in the sample, then X 
is a binomial random variable with parameters (3,0.1). Hence, the 
desired probability is given by 

P{X= 0} + P{X= 1} = Q^(0.1)°(0.9)3 + ^ ( O . l ) 1 ^ ) 2 = 0.972 • 

Example 2.8 Suppose that an airplane engine will fail, when in flight, 
with probability 1 - ρ independently from engine to engine; suppose that 
the airplane will make a successful flight if at least 50 percent of its engines 
remain operative. For what values of ρ is a four-engine plane preferable to 
a two-engine plane? 

Solution: As each engine is assumed to fail or function independently 
of what happens with the other engines, it follows that the number of 
engines remaining operative is a binomial random variable. Hence, the 
probability that a four-engine plane makes a successful flight is 

( 2 ) ^ 0 - p f + ( 3 ) ^ 1 -p)+(JY<i -pf 

= 6p\\ - p)2 + V ( l - p) + p4 

whereas the corresponding probability for a two-engine plane is 

( J - P) + Q)/?2 = 2/?(l - p) + p2 

Hence the four-engine plane is safer if 

6p2(\ - p)2 + Ap\\ -p)+p4> 2/7(1 - p) + p2 

or equivalently if 

6/7(1 - p)
2
 + 4/7

2
(l - p) + / 7

3
 > 2 - ρ 

which simplifies to 

3/7
3
 - 8/7

2
 + 7/7 - 2 > 0 or (/? - l)

2
(3/7 - 2) > 0 

which is equivalent to 

3/7 - 2 > 0 or / 7 > f 

Hence, the four-engine plane is safer when the engine success prob-
ability is at least as large as f, whereas the two-engine plane is safer when 
this probability falls below f. • 
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Example 2 .9 Suppose that a particular trait of a person (such as eye 
color or left handedness) is classified on the basis of one pair of genes and 
suppose that d represents a dominant gene and r a recessive gene. Thus a 
person with dd genes is pure dominance, one with rr is pure recessive, and 
one with rd is hybrid. The pure dominance and the hybrid are alike in 
appearance. Children receive one gene from each parent. If, with respect to 
a particular trait, two hybrid parents have a total of four children, what is 
the probability that exactly three of the four children have the outward 
appearance of the dominant gene? 

Solution: If we assume that each child is equally likely to inherit either 
of two genes from each parent, the probabilities that the child of two 
hybrid parents will have dd, rr, or rd pairs of genes are, respectively, \ , 
\ , j . Hence, as an offspring will have the outward appearance of the 
dominant gene if its gene pair is either dd or rd, it follows that the 
number of such children is binomially distributed with parameters (4, f). 
Thus the desired probability is 

Remark on Terminology If X is a binomial random variable with 
parameters (n,p), then we say that X has a binomial distribution with 
parameters (n,p). 

2.2.3. The Geometric Random Variable 

Suppose that independent trials, each having a probability ρ of being a 
success, are performed until a success occurs. If we let X be the number of 
trials required until the first success, then X is said to be a geometric random 
variable with parameter p. Its probability mass function is given by 

Equation (2.4) follows since in order for X to equal η it is necessary and 
sufficient that the first η - 1 trials are failures and the nth trial is a success. 
Equation (2.4) follows since the outcome of the successive trials are assumed 
to be independent. 

To check thatp(n) is a probability mass function, we note that 

• 

ρ(η) = Ρ[Χ=η} = (\ -pf-xp, η = 1,2, .. . (2.4) 

oo oo 

Σ P(") = ΡΣ (i - ρ)""1 = ι 
η = 1 1 
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2.2.4. The Poisson Random Variable 

A random variable X, taking on one of the values 0, 1, 2 , . . . , is said to be 
a Poisson random variable with parameter A, if for some A > 0, 

/?(/) = P{X = ι) = e~x ^ , / = 0, 1, ... (2.5) 

Equation (2.5) defines a probability mass function since 
OO OO Λ Ι 

Σ PU) = e'x Σ = = 1 
1 = 0 /' = 0 1 · 

The Poisson random variable has a wide range of applications in a diverse 
number of areas, as will be seen in Chapter 5. 

An important property of the Poisson random variable is that it may 
be used to approximate a binomial random variable when the binomial 
parameter η is large and ρ is small. To see this, suppose that X is a 
binomial random variable with parameters (n,p), and let Α = np. Then 

p{x=N = . n \ r . A i - / > r ' 
(n - /)!/! 

( , i - / ) ! / ! W \ ηj 

n(n - 1) ••• (n - i + 1) A' (1 - λ/ή)η 

n' 7l (1 - λ/η)1 

Now, for η large and ρ small 

i K i , - i ) . - ( i , - / + i ) / _ A ' e l 

AZ y AT \ A 2 / 

Hence, for /z large and /? small, 

A
1 

= /) « e" x -
/! 

Example 2 .10 Suppose that the number of typographical errors on a 
single page of this book has a Poisson distribution with parameter A = 1. 
Calculate the probability that there is at least one error on this page. 

Solution: 

P{X > 1) = 1 - P{X = 0} = 1 - e~l « 0.633 • 



2.3. Continuous Random Variables 31 

Example 2.11 If the number of accidents occurring on a highway 
each day is a Poisson random variable with parameter λ = 3, what is the 
probability that no accidents occur today? 

Solution: 

P{X = 0} = e~3 « 0.05 • 

Example 2.12 Consider an experiment that consists of counting the 
number of α-particles given off in a one-second interval by one gram of 
radioactive material. If we know from past experience that, on the average, 
3.2 such α-particles are given off, what is a good approximation to the 
probability that no more than 2 α-particles will appear? 

Solution: If we think of the gram of radioactive material as consisting 
of a large number η of atoms each of which has probability 3.2/ΛΙ of 
disintegrating and sending off an α-particle during the second considered, 
then we see that, to a very close approximation, the number of α-particles 
given off will be a Poisson random variable with parameter λ = 3.2. 
Hence the desired probability is 

P{X < 2} = e~3'2 + 3.2<Γ3·2 + ^ - Ε Γ 3 · 2 « 0.382 • 

2.3. Continuous Random Variables 

In this section, we shall concern ourselves with random variables whose set 
of possible values is uncountable. Let X be such a random variable. We 
say that A' is a continuous random variable if there exists a nonnegative 
function/(*), defined for all real χ e ( - o o , oo), having the property that for 
any set Β of real numbers 

P[XeB} = j f(x)dx (2.6) 

The function f(x) is called the probability density function of the random 
variable X. 

In words, Equation (2.6) states that the probability that X will be in Β 
may be obtained by integrating the probability density function over the set 
B. Since X must assume some value, f(x) must satisfy 

1 = P { ^ 6 ( - o o , o o ) } = f{x)dx 
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All probability statements about X can be answered in terms of / (*) . 
For instance, letting Β = [a, b], we obtain from Equation (2.6) that 

Pia < X < b] = J /(*) dx (2.7) 

If we let a = b in the preceding, then 

P{X= a] = J f(x)dx = 0 

In words, this equation states that the probability that a continuous random 
variable will assume any particular value is zero. 

The relationship between the cumulative distribution F(-) and the 
probability density / ( · ) is expressed by 

F(a) = PiXe(-«>,a)} = J f(x)dx 

Differentiating both sides of the preceding yields 

^-F(a)=f(a) 

That is, the density is the derivative of the cumulative distribution function. 
A somewhat more intuitive interpretation of the density function may be 
obtained from Equation (2.7) as follows: 

Ρ j * - | < * < * + | j = \a+"lAx)dxÄ £f(a) 

when ε is small. In other words, the probability that X will be contained in 
an interval of length ε around the point a is approximately ε/(α). From this, 
we see that f(a) is a measure of how likely it is that the random variable will 
be near a. 

There are several important continuous random variables that appear 
frequently in probability theory. The remainder of this section is devoted to 
a study of certain of these random variables. 

2.3 .1 . The Uniform Random Variable 

A random variable is said to be uniformly distributed over the interval (0, 1) 
if its probability density function is given by 

f(x)={l> 0<x<\ 
(0 , otherwise 
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Note that the preceding is a density function since f(x) > 0 and 

f(x)dx= \ dx= 1. 
> JO 

Since f(x) > 0 only when χ e (0, 1), it follows that X must assume a value 
in (0, 1). Also, since f(x) is constant for χ e (0, 1), X is just as likely to be 
"near" any value in (0, 1) as any other value. To check this, note that, for 
any 0 < a < b < 1, 

Pia < X < b] = J f(x) dx = b - a 

In other words, the probability that X is in any particular subinterval of 
(0, 1) equals the length of that subinterval. 

In general, we say that X is a uniform random variable on the interval 
(α, β) if its probability density function is given by 

if a < x < β 
fix) = _ , 11 U ̂  Λ X W 

β - a
 H (2.8) 

1̂ 0, otherwise 
Example 2.13 Calculate the cumulative distribution function of a 
random variable uniformly distributed over (α, β). 

Solution: SinceF(a) = f*«, f(x) dx, we obtain from Equation (2.8) that 

0, a < a 

F(a)= {^—, a<a<ß 
ρ — a 

1, α^β • 

Example 2.14 If X is uniformly distributed over (0,10), calculate the 
probability that (i) X < 3, (ii) X > 7, (iii) 1 < X < 6. 

Solution: 

\)°dx _ 3 
10 10' 

P{X > 7) 
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2.3.2. Exponential Random Variables 

A continuous random variable whose probability density function is given, 
for some A > 0, by 

(ke^, i f x > 0 

(^0, if χ < 0 

is said to be an exponential random variable with parameter A. These 
random variables will be extensively studied in Chapter 5, and so we will 
content ourselves here with just calculating the cumulative distribution 
function F: 

F(a) = j Xe'^ = 1 - * _ X e, a > 0 

Note that F(oo) = Xe_Xx dx = 1, as, of course, it must. 

2.3.3. Gamma Random Variables 

A continuous random variable whose density is given by 

f(x) = Γ(α) 
if χ > 0 

if χ < 0 

for some A > 0, a > 0 is said to be a gamma random variable with 
parameters a, A. The quantity Γ(α) is called the gamma function and is 
defined by 

Γ(α) e'xxa'ldx 

It is easy to show by induction that for integral a, say a = n, 

Γ(η) = (n- 1)! 

2.3.4. Normal Random Variables 

We say that A" is a normal random variable (or simply that X is normally 
distributed) with parameters μ and σ2 if the density of X is given by 

f(x) = - J r - e - f r - ^
2 0 2

, - o o < χ < « 

This density function is a bell-shaped curve that is symmetric around μ 
(see Figure 2.2). 
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-CO μ +CO 

Figure 2.2. Normal density function. 

An important fact about normal random variables is that if X is normally 
distributed with parameters μ and a1 then Υ = aX + β is normally 
distributed with parameters αμ + β and a V 2 . To prove this, suppose first 
that a > 0 and note that FY(-)* the cumulative distribution function of the 
random variable Y is given by 

FY(a) = P{Y<a} 

= P{OLX + β < a] 

= P\X 

(α -β)/oc 

- 4 - 1 

\Ι2πσ 

where the last equality is obtained by the change in variables ν = ax + β. 
However, since FY(a) = [Ίοο/γ^αυ, it follows from Equation (2.9) that 
the probability density function fY(-) is given by 

fY(v) = -=— exp ; μ

2

 μ" , - o o < ν < oo 

* When there is more than one random variable under consideration, we shall denote the 

cumulative distribution function of a random variable Ζ by Fz{ · ). Similarly, we shall denote the 

density of Z b y / Z( - ) -
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Hence, Y is normally distributed with parameters αμ + β and (ασ)2. 
A similar result is also true when a < 0. 

One implication of the above result is that if X is normally distributed 
with parameters μ and σ 2 then Y = (X - μ)/σ is normally distributed with 
parameters 0 and 1. Such a random variable Y is said to have the standard 
or unit normal distribution. 

2.4. Expectation of a Random Variable 

2.4 .1 . The Discrete Case 

If X is a discrete random variable having a probability mass function p(x), 
then the expected value of X is defined by 

E[X]= Σ WM 
x: p{x) > 0 

In other words, the expected value of X is a weighted average of the 
possible values that X can take on, each value being weighted by the 
probability that X assumes that value. For example, if the probability mass 
function of X is given by 

p(l) = \ = p(2) 

then 

E[X] = l( i) + 2(i) = i 
is just an ordinary average of the two possible values 1 and 2 that X can 
assume. On the other hand, if 

p(\) = J, p(2) = \ 

then 

E[X] = 1(|) + 2(f) = I 

is a weighted average of the two possible values 1 and 2 where the value 2 
is given twice as much weight as the value 1 since p(2) = 2p(\). 

Example 2 .15 Find E[X] where X is the outcome when we roll a 
fair die. 

Solution: Since p(\) = p(2) = p(3) = p(4) = p(5) = p(6) = we obtain 
that 

E[X] = l ( i) + 2(i) + 3(i) + 4(i) + 5(i) + 6(i) = i • 
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Example 2.16 (Expectation of a Bernoulli Random Variable): Calculate 
E[X] when A" is a Bernoulli random variable with parameter p. 

Solution: Since p(0) = 1 - p, p(l) = p, we have 

E[X]=0(l - / > ) + l(p)=p 

Thus, the expected number of successes in a single trial is just the 
probability that the trial will be a success. • 

Example 2.17 (Expectation of a Binomial Random Variable): Calculate 
E[X] when X is binomially distributed with parameters η and p. 

Solution: 

E[X] = Σ ipd) 
i = 0 

/ = 0 
= Σ M . p 'd -P)"-' 

= Σ , , , . ,Ρ 'Ο - Ρ ) " 

i = 1 (η - / ) ! / ! 

η = Σ :
 Ρ (1 - Ρ)""' 

,ΐΊ (« - /)!(/ - 1)! Ρ Κ Ρ) 

" (η - IV 

/ = 1 (Λ - /)!(/ - 1)! 

= /ip[p + (l - p ) ] " - 1 

where the second from the last equality follows by letting k = i - 1. 
Thus, the expected number of successes in η independent trials is η 
multiplied by the probability that a trial results in a success. • 

Example 2.18 (Expectation of a Geometric Random Variable): Calcu-
late the expectation of a geometric random variable having parameter p. 
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Solution: By Equation (2.4), we have 

E[X] = Σ np(l - ρ)1 

η = 1 

= P Σ ng"-1 

η — I 

where g = 1 - ρ, 

E[X] =P Σ ^(Qn) 

Ρ 
(1 - Q)2 

Ρ 

In words, the expected number of independent trials we need perform 
until we attain our first success equals the reciprocal of the probability 
that any one trial results in a success. • 

Example 2.19 (Expectation of a Poisson Random Variable): Calculate 
E[X] if X is a Poisson random variable with parameter A. 

Solution: From Equation (2.5), we have 

E[X] = Σ 
Ι = 0 

= Σ 
if, (/ - D! 

= A 

where we have used the identity £" = 0A*/A:! = ex. • 
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2.4.2. The Continuous Case 

We may also define the expected value of a continuous random variable. 
This is done as follows. If A" is a continuous random variable having a 
probability density function f(x), then the expected value of X is defined by 

Example 2 .20 (Expectation of a Uniform Random Variable): Calculate 
the expectation of a random variable uniformly distributed over (α, β). 

Solution: From Equation (2.8) we have 

In other words, the expected value of a random variable uniformly 
distributed over the interval (α, β) is just the midpoint of the interval. • 

Example 2 .21 (Expectation of an Exponential Random Variable): Let 
X be exponentially distributed with parameter A. Calculate E[X], 

Solution: 

E[X] = 

β2-a2 

2(β - a) 

β + a 

2 

E[X] = 

Integrating by parts yields 

Example 2 .22 (Expectation of a Normal Random Variable): Calculate 
E[X] when X is normally distributed with parameters μ and σ2. 
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Solution: 

E[X] = -=L- χβ-(χ-^2/2σ2 dx 

Writing χ as (χ - μ) + μ yields 

E[X] = -=L- Γ (χ - μ)β-(χ-*)2/2σ2 dx + μ^=- Γ e ^ - * ) 2 ' 2 " 2 dx 

Letting y = χ - μ leads to 

E[X] = -«L- \ ye~yl/2al dy + μ \ f(x) dx 

where f(x) is the normal density. By symmetry, the first integral must be 
0, and so 

Ε[Χ]=μ\ f(y)dy = ß • 

2.4.3. Expectation of a Function of a Random Variable 

Suppose now that we are given a random variable X and its probability 
distribution (that is, its probability mass function in the discrete case or its 
probability density function in the continuous case). Suppose also that we 
are interested in calculating, not the expected value of X, but the expected 
value of some function of X, say g(X). How do we go about doing this? 
One way is as follows. Since g(X) is itself a random variable, it must have 
a probability distribution, which should be computable from a knowledge 
of the distribution of X. Once we have obtained the distribution of g(X), we 
can then compute E[g(X)] by the definition of the expectation. 

Example 2.23 Suppose X has the following probability mass function 

p(0) = 0.2, p(\) = 0.5, p(2) = 0.3 

Calculate E[X2]. 

Solution: Letting Y = X2, we have that y is a random variable that 
can take on one of the values Ο2, l 2 , 2 2 with respective probabilities 

* When there is more than one random variable involved in a discussion, we shall use 
the notation, pY(-) to stand for the probability mass function of Y> Fx(-) to stand for the 
distribution function of X> etc. 
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pY(0) = P{Y = 02} = 0.2, 

p r (D = p [ r = ι2} = 0.5, 

pY(A) = P{Y = 22j = 0.3 

Hence, 

E[X2] = E[Y] = 0(0.2) + 1(0.5) + 4(0.3) = 1.7 

Note that 
1.7 = E[X2] ^ (E[X]f = 1.21 • 

Example 2.24 Let X be uniformly distributed over (0,1). Calculate 
E[X3]. 

Solution: Letting Y = X*, we calculate the distribution of Y as follows. 
For 0 < a < 1, 

FY(a) = P{Y < a) 

= P[X3 < a) 

= P[X < axn\ 

= a
l / i 

where the last equality follows since X is uniformly distributed over 
(0,1). By differentiating FY(a), we obtain the density of Y, namely 

Ma) = i < T 2 / \ 0 < a < 1 

Hence, 

E[X*] =E[Y]= I afr(s)da 
— oo 

= j J aK 2 / 3 r fa 

— 3 4 " l0 

While the foregoing procedure will, in theory, always enable us to compute 
the expectation of any function of X from a knowledge of the distribution 
of X, there is, fortunately, an easier way of doing this. The following 
proposition shows how we can calculate the expectation of g(X) without 
first determining its distribution. 
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Proposit ion 2.1 (a) If X is a discrete random variable with probability 
mass function /?(*), then for any real-valued function g, 

E[g(X)] = Σ g(x)PM 
x: p(x) > 0 

(b) If X is a continuous random variable with probability density function 
/(x), then for any real-valued function g, 

E[g(X)] = j g(x)f(x)dx • 

Example 2 .25 Applying the proposition to Example 2.23 yields 

E[X2] = 02(0.2) + (12)(0.5) + (22)(0.3) = 1.7 

which, of course, checks with the result derived in Example 2.23. • 

Example 2 .26 Applying the proposition to Example 2.24 yields 

-3i _ 3 
E[X5] = j χ5 dx (since f(x) = 1, 0 < χ < 1) 

= i • 

A simple corollary of Proposition 2.1 is the following. 

Corollary 2.2 If a and b are constants, then 

E[aX + b] = aE[X] + b 

Proof In the discrete case, 

E[aX+b]= Σ (ax+b)p(x) 
x:p(x)>0 

= α Σ WW + b Σ P(x) 
χ: p(x) > 0 χ: p(x) > 0 

= aE[X] + b 
In the continuous case, 

E[aX + b] = f (ax + Z>)/(x) rfx 

= <7j xf(x)dx+ b j /(*)</* 

The expected value of a random variable A", E[X], is also referred to as the 
mean or the first moment of X The quantity Ε[Χη], η > 1, is called the Aith 
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moment of X. By the Proposition 2.1, we note that 

X xnp(x), if X is discrete 
χ: p(x) > 0 

E[Xn] = ,ΟΒ 

^ j ΛΤΛ/(Λ:) rfx, if X is continuous 

Another quantity of interest is the variance of a random variable X, 
denoted by Var(X), which is defined by 

Thus, the variance of X measures the expected square of the deviation of X 
from its expected value. 

Example 2.27 (Variance of the Normal Random Variable): Let X be 
normally distributed with parameters μ and a2. Find Var(A"). 

Solution: Recalling (see Example 2.22) that E[X] = μ, we have that 

We now employ an identity that can be found in many integration tables, 
namely J00^ y2e~yl/1 dy = y/ΐπ. Hence, 

VarCY) = σ2 

Another derivation of \ar(X) will be given in Example 2.41. • 

Suppose that X is continuous with density / , and let E[X] = μ. Then, 

Var(*) = E[(X - μ)2] 

War(X) = E[(X - E[X])2] 

Var(*) = E[(X - μ)2] 

Substituting y = (χ - μ)/σ yields 

= E[X2 - 2μΧ + μ2] 

(χ2 - 2μχ + μ2)ί(χ)άχ 

χ2Λχ)αχ-2μ\ χ/{χ)άχ + μ2\ f(x)dx 

= Ε[Χ2] - 2μμ + μ2 

= Ε[Χ2] - μ2 
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A similar proof holds in the discrete case, and so we obtain the useful 
identity 

VarCY) = E[X2] - (E[X])2 

Example 2.28 Calculate V a r ^ ) when X represents the outcome when 
a fair die is rolled. 

Solution: As previously noted in Example 2.15, E[X] = j . Also, 

E[X2] = l(i) + 22(i) + 32(i) + 42(i) + 52(i) + 62(i) = (i)(91) 

Hence, 

Var(JT) = ψ- (i)2 = $ • 

2.5. Jointly Distributed Random Variables 

2.5 .1 . Joint Distribution Functions 

Thus far, we have concerned ourselves with the probability distribution of 
a single random variable. However, we are often interested in probability 
statements concerning two or more random variables. In order to deal with 
such probabilities we define, for any two random variables X and Y, the 
joint cumulative probability distribution function of X and Y by 

F(a, b) = P[X < of, Y < b], - o o < a, b < oo 

The distribution of X can be obtained from the joint distribution of X and 
Y as follows: 

Fx{a) = P{X<a] 

= P{X< a, Y < oo) 

= E(a, oo) 

Similarly, the cumulative distribution function of Y is given by 

Fy(fc) = P{r<Z>)=F(«>,Z>) 

In the case where X and Y are both discrete random variables, it is 
convenient to define the joint probability mass function of X and Y by 

p(x,y) = P{X = X9Y = y} 
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The probability mass function of X may be obtained from p(x, y) by 

Similarly, 

Px(x) = Σ P(x,y) 
y:p(x,y)>0 

pY(y) = Σ p(x>y) 
x:p(x,y)>0 

We say that X and Y are jointly continuous if there exists a function 
f(x, y), defined for all real χ and y, having the property that for all sets A 
and Β of real numbers 

P{XeA,YeB} = fix,y)dxdy 

The function fix, y) is called the joint probability density function of X and 
Y. The probability density of X can be obtained from a knowledge of 

f(x,y) by the following reasoning: 

P[X eA} = P\X ΕΑ,ΥΕ ( - o c , oo)} 

f(x, y)dxdy 

where 

is thus the probability density function of X. Similarly, the probability 
density function of Y is given by 

friy) = j f(x,y)dx 

A variation of Proposition 2.1 states that if X and Y are random 
variables and g is a function of two variables, then 

E[giX, Υ)] = Σ Σ g(x>y)p(x>y) in the discrete case 

S(xJ y)f(Xj y) dx dy in the continuous case 

OO J - O O 
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For example, if g(X, Y) = X + Y, then, in the continuous case, 

f oo f o o 

(x + y)f(x,y)dxdy 
oo .1 —oo 

oo f o o f o o f o o 

— OO J — OO J—00,J —00 

xf(x, y) dx dy + yf(x, y) dx dy 

<x> \ J - o o 

x\ \ f(x,y)dy ) dx + J y(\ f(x,y)dxJ dy 

xfx(x)dx + I yfY(y)dy 
ο 

= E[X] + E[Y] 

The same result holds in the discrete case and, combined with the corollary 
in Section 2.4.3, yields that for any constants a, b 

E[aX + bY] = aE[X] + bE[Y] (2.10) 

Joint probability distributions may also be defined for η random 
variables. The details are exactly the same as when η = 2 and are left 
as an exercise. The corresponding result to Equation (2.10) states that 
if Xl9X29 ...9X„ are η random variables, then for any η constants 
ax, a2, ..., an, 

E[axXx + 0 2 * 2 + . · · + anXn] 

= axE[Xx] + a2E[X2] + ... + anE[Xn] (2.11) 

Example 2.29 Calculate the expected sum obtained when three fair dice 
are rolled. 

Solution: Let X denote the sum obtained. Then X = Xx + X2 + X3 

where Xt represents the value of the /th die. Thus, 

E[X] = E[XX] + E[X2] + E[X3] = 3(|) = ψ • 

Example 2.30 As another example of the usefulness of Equation 
(2.11), let us use it to obtain the expectation of a binomial random variable 
having parameters η and p. Recalling that such a random variable X 
represents the number of successes in η trials when each trial has probability 
ρ of being a success, we have that 
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where 
1, if the /th trial is a success 

X = 
1 ' 0, if the / th trial is a failure 

Hence, Xt is a Bernoulli random variable having expectation E\X\ = 
\(p) + 0(1 - p)= p. Thus, 

E[X] = E[XX] + E[X2] + + E[Xn] = np 

This derivation should be compared with the one presented in Example 
2.17. • 

Example 2.31 At a party Ν men throw their hats into the center of a 
room. The hats are mixed up and each man randomly selects one. Find the 
expected number of men that select their own hats. 

Solution: Letting X denote the number of men that select their own 
hats, we can best compute E[X] by noting that 

X = Xl + X2 + ... + XN 

where 

1, if the /th man selects his own hat 
X = 

1 ' 0 , otherwise 
Now, as the /th man is equally likely to select any of the Ν hats, it follows 
that 

1 

and so 

P{Xi = 1) = P{/th man selects his own hat} = 

E[X{\ = \P[Xi = 1) + 0P[X, = 0} = ^ 

Hence, from Equation (2.11) we obtain that 

E[X] = E[XX] + ..· + E[XN] = (J^N = 1 

Hence, no matter how many people are at the party, on the average 
exactly one of the men will select his own hat. • 

Example 2.32 Suppose there are 25 different types of coupons and 
suppose that each time one obtains a coupon, it is equally likely to be any 
one of the 25 types. Compute the expected number of different types that 
are contained in a set of 10 coupons. 
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Solution: Let X denote the number of different types in the set of 10 
coupons. We compute E[X] by using the representation 

+ X25 

where 

^ _ ( 1, if at least one type / coupon is in the set of 10 
1 ^0, otherwise 

Now, 

E[XS] = P[Xt = 1} 

= P{at least one type / coupon is in the set of 10} 

= 1 - Ρ {no type / coupons are in the set of 10) 

= ι - ( § ί ) ' ° 

when the last equality follows since each of the 10 coupons will 
(independently) not be a type / with probability ff. Hence, 

E[X] = E[XX] + + E[X25) = 25[1 - (|f)10] • 

2.5.2. Independent Random Variables 

The random variable X and Y are said to be independent if, for all a, b, 

P[X < a, Y < b) = P[X < a]P{Y < b] (2.12) 

In other words, X and Y are independent if, for all a and b, the events 
Ea = [X < a] and Fb = [Y < 6) are independent. 

In terms of the joint distribution function F of X and Y, we have that X 
and F are independent if 

F(a, b) = Fx(a)FY(b) for all a, b 

When X and y are discrete, the condition of independence reduces to 

ρ(χ, y) = Px(x)pY(y) (2 .13) 

while if X and Y are jointly continuous, independence reduces to 

f(x,y)=fx(x)fY(y) (2.14) 

To prove this statement, consider first the discrete version, and suppose 
that the joint probability mass function p(x,y) satisfies Equation (2.13). 
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Then 

P[X*a9Y<*b} = Σ Σ Pix,y) 

= Σ Σ Pxix)Pviy) 

= Σ Priy) Σ Pxix) 

= Ρ[Υ < b}P{X < a) 

and so X and Y are independent. That Equation (2.14) implies indepen-
dence in the continuous case is proven in the same manner, and is left as 
an exercise. 

An important result concerning independence is the following. 

Proposition 2.3 If X and Y are independent, then for any functions h 
and g 

The proof in the discrete case is similar. • 

The covariance of any two random variables X and Y, denoted by 
Cov(^, Y), is defined by 

Cov(X, Y) = E[(X - E[X])(Y - E[Y])] 

= E[XY - YE[X] - XE[Y] + E[X]E[Y]] 

= E[XY] - E[Y]E[X] - E[X]E[Y] + E[X]E[Y] 

= E[XY] - E[X]E[Y] 

Note that if X and Y are independent, then by Proposition 2.3 it follows 
that C o v ^ , Y) = 0. 

E[g(X)h(Y)] = E[g(X)]E[h(Y)] 

Proof Suppose that X and Y are jointly continuous. Then 

ί οο ρ» 
g{x)h{y)f{x,y)dxdy 

= E[h(Y)]E[g(X)] 
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Let us consider now the special case where X and Y are indicator 
variables for whether or not the events A and Β occur. That is, for events 
A and B, define 

Cov(X, Y) = E[XY] - E[X]E[Y] 

and, as XY will equal 1 or 0 depending upon whether or not both X and Y 
equal 1, we see that 

CovCY, Y) = P{X = 1, Y = 1) - P{X = \}P{Y = 1} 

From this we see that 

Cov(X, η > 0 ο P{X = 1, Y = 1} > P{X = \}P[Y = 1) 

That is, the covariance of X and Y is positive if the outcome X = 1 makes 
it more likely that Y = 1 (which, as is easily seen by symmetry, also implies 
the reverse). 

In general it can be shown that a positive value of CovCA", Y) is an 
indication that Y tends to increase as X does, whereas a negative value 
indicates that Y tends to decrease as X increases. 

A useful expression for the variance of the random variable X + Y may 
be obtained in terms of the covariance as follows: 

VarOY + Y) = E[(X +Y- E[X + Y])2] 

= E[(X+ Y - EX - EY)2] 

= E[((X - EX) + (Y - EY))2] 

= E[(X - EX)2 + (Y - EY)2 + 2(X - EX)(Y - EY)] 

= E[(X - EX)2] + E[(Y - EY)2] + 2E[(X - EX)(Y - EY)] 

= Var(X) + Var(K) + 2 Cov(X, Y) (2.15) 

If X and Y are independent, then Equation (2.15) reduces to 

Then, 

P{X = ι, γ= l) 

P[X= 1} 
> P{Y = 1) 

4» P{Y = \ \X = 1} > P{Y= 1} 

Var(X + Y) = Var(X) + Var(7) (2.16) 
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_ Γΐ, if the /tl 
1 [β y otherwis 

Example 2.33 (Variance of a Binomial Random Variable): Compute 
the variance of a binomial random variable X with parameters η and /?. 

Solution: Since such a random variable represents the number of 
successes in η independent trials when each trial has a common prob-
ability ρ of being a success, we may write 

X= Xx + ··' + Xn 

where the Xt are independent Bernoulli random variables such that 

ith trial is a success 

otherwise 

Hence, from the obvious generalization of (2.16) we obtain 

Var(JT) = VarCTj) + · · . + V a r ^ ) 

But 

Var(*,) = E[Xf] - (Ε[ΧΛ)2 

= Ε [X^ - (Ε [Χι])2 since Xf = Χ{ 

= ρ - ρ 2 

and thus 
Var(JT) = np(l - ρ) • 

The generalization of (2.15) to the case of more than two random 
variables is 

Var^Ç X^j = Σ Var(*,) + 2 £ £ Cov(Xi9Xj) 

(See Exercise 68 for a proof.) This is often a useful formula for computing 
variances. 

Example 2.34 (Sampling from a Finite Population: The Hypergeo-
metric): Consider a population of Ν individuals, some of whom are in favor 
of a certain proposition. In particular suppose that Np of them are in favor 
and Ν - Np are opposed, where ρ is assumed to be unknown, We are 
interested in estimating p, the fraction of the population that is for the 
proposition, by randomly choosing and then determining the positions of η 
members of the population. 

In such situations as described in the preceding, it is common to use the 
fraction of the sampled population that are in favor of the proposition as an 
estimator of /?. Hence, if we let 

if the ith person chosen is in favor 
X 

otherwise 
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then the usual estimator of ρ is Σ?=ι XJn> Let us now compute its mean 
and variance. Now 

Σ Χι 
i = 1 

= Σ Ε [Χ,] 

= np 

where the final equality follows since the /th person chosen is equally likely 
to be any of the Ν individuals in the population and so has probability 
Np/N of being in favor. 

V a r ( £ X^j = Σ Var(*,) + 2 Σ Σ CovÇX„Xj) 

Now, since X, is a Bernoulli random variable with mean p, it follows that 

Var(* ;) = p(\ - p) 

Also, for / 5* j , 

Co\(Xi, Xj) = ElX,Xj] - E[X,]E[Xj] 

= P[X, = l,Xj= l}-p2 

= P[X(= l\P[Xj= 1\X,= W-p2 

= Np (Np - 1) 2 

Ν Ν- I P 

where the last equality follows since if the /th person to be chosen is in 
favor, then the y'th person chosen is equally likely to be any of the other 
Ν - 1 of which Np - 1 are in favor. Thus, we see that 

Var Σ ^ , =np(\ - p) + 2 
p(Np - 1) 2 

Ν - I P 

= np(\ - p) -
n(n - l)p(l - p) 

Ν - 1 

and so the mean and variance of our estimator are given by 

Var 

" Y 
Σ — 

n y 
y *Ί 

ι η 

Ρ, 

ρ(1 - ρ) (η - \)ρ(\ - ρ) 
η(Ν - 1) 

Some remarks are in order: As the mean of the estimator is the unknown 
value p, we would like its variance to be as small as possible (why is this?), 
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and we see by the above that, as a function of the population size TV, the 
variance increases as Ν increases. The limiting value, as Ν -> oo, of the 
variance is p(l - p)/n, which is not surprising since for Ν large each of the 
Xt will be (approximately) independent random variables, and thus ΣιΧί 
will have an (approximately) binomial distribution with parameters η 
and p. 

The random variable ΣΊ Xi can be thought of as representing the number 
of white balls obtained when η balls are randomly selected from a 
population consisting of Np white and Ν - Np black balls. (Identify a 
person who favors the proposition with a white ball and one against with a 
black ball.) Such a random variable is called hypergeometric and has a 
probability mass function given by 

It is often important to be able to calculate the distribution of X + Y from 
the distributions of X and Y whenX and Y are independent. Suppose first that 
X and Y are continuous, X having probability density / and Y having 
probability density g. Then, letting Fx+Y(a) be the cumulative distribution 
function of X + Y, we have 

• 

FxMa) = P{X+Y<a] 

x+y ^ a 

(2.17) 

The cumulative distribution function Fx+Y is called the convolution of the 
distributions Fx and FY (the cumulative distribution functions of X and Y, 
respectively). 
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By differentiating Equation (2.17), we obtain that the probability density 
function fx+Y(a) of X + Y is given by 

d Γ
00 

fx M") = -̂ v̂r(tf - y)g(y) dy 

d 
— (Fx(a - y))g(y)dy 

ο da 

f(a-y)g(y)dy (2.18) 

Example 2.35 (Sum of Two Independent Uniform Random Variables): 
If X and Y are independent random variables both uniformly distributed 
on (0, 1), then calculate the probability density of X + Y. 

Solution: From Equation (2.18), since 

f ( a ) = g ( a ) = Γ
1· 0 < a < 1 

^0, otherwise 

we obtain 

fx+v(ß) = - y)dy 

For 0 < a < 1, this yields 

fxMa) = J rfy = ^ 

For 1 < a < 2, we get 

/;r+y(tf) = | dy = 2 - a 

Hence, 

"a, 0 < α < 1 

2 - a, I < a <2 

^0, otherwise • 

Rather than deriving a general expression for the distribution of X + Y 
in the discrete case, we shall consider an example. 

Example 2.36 (Sums of Independent Poisson Random Variables): Let 
X and Y be independent Poisson random variables with respective means 
λλ and A 2 . Calculate the distribution of X + Y. 
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Solution: Since the event [X + Υ = η] may be written as the union of 
the disjoint events [X = k, Y = η - k], 0 < k < n, we have 

η 
P[X + Υ = η] = Σ P[X = k,Y = η - k} 

k = 0 

η 
= Σ P{X = k\P[Y = n - k} 

k = 0 

n }k -\ri-k 

kl (η - k)\ 
η ι k ι Λ-Α: 

* ! ( « - A:)! 

β" ( λ ΐ + λ2) 

= ^ - ( A 1 + A 2 r 

In words, Xx + X2 has a Poisson distribution with mean λχ + λ 2 . • 

The concept of independence may, of course, be defined for more than 
two random variables. In general, the η random variables Xx, X 2 , X n 

are said to be independent if, for all values ax, a2,..., an, 

P\XX < aXiX2 < ö 2, < <*J 

= < ax}P{X2 <* 2) < an) 

2.5.3. Joint Probability Distribution of Functions of 
Random Variables 

Let Xx and X2 be jointly continuous random variables with joint probability 
density function f(xx,x2). It is sometimes necessary to obtain the joint 
distribution of the random variables Yx and Y2 which arise as functions of 
Xx and X2. Specifically, suppose that Yx = gx(Xx, X2) and Y2 = g2(Xx, X2) 
for some functions gx and g2. 

Assume that the functions gx and g2 satisfy the following conditions. 

1. The equations yx = gx(xx,x2) and y2 = g2(xx,x2) can be uniquely 
solved for xx and x2 in terms of yx and y2 with solutions given by, say, 
X\ = hx(yXiy2), x2 = h2(yx,y2). 

file://-/ri-k
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2. The functions gx and g2 have continuous partial derivatives at all 
points (*!, x2) and are such that the following 2 x 2 determinant 

at all points (xl, x2). 

dgx dgx 

dxx dx2 

agi agi 
dxx dx2 

dgi àg2 dgx dg2 

dxx dx2 dx2 dxx 

*0 

Under these two conditions it can be shown that the random variables Yx 

and Y2 are jointly continuous with joint density function given by 

/ y l fy 2 O W 2 ) =fxl.x2(X\ .*2)ΐΛ*ι >*2)l
 1 (2.19) 

where xx = hl(yl,y2)9 x2 = h2(yl9y2). 
A proof of Equation (2.19) would proceed along the following lines: 

P[Y1*yl9Y2<y2] = fxuxXx\, Xi) dxi dx2 (2.20) 

gl(xl,x2)^yi 
g2(xi,x2)-<y2 

The joint density function can now be obtained by differentiating Equation 
(2.20) with respect to y x and y 2 . That the result of this differentiation will 
be equal to the right-hand side of Equation (2.19) is an exercise in advanced 
calculus whose proof will not be presented in the present text. 

Example 2.37 If X and Y are independent gamma random variables 
with parameters (a, A) and (β, A), respectively, compute the joint density of 
U = X + Y and V = X/(X + Y). 

Solution: The joint density of X and Y is given by 

fxA
x
>y) = Γ(α) 

λ α + β 
e-\(x+y)xa-\yt 

Γ(α)Γ(# 

Now, if gi(x,y) = χ + y, g2(x,y) = x/(x + y), then 
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and so 

Ax,y) = 

ι ι 
y -χ 

(x + y)2 (x + y)2 χ + y 

Finally, as the equations u = χ + y, ν = χ/(χ + y) have as their solutions 
χ = uv, y = u(\ - v), we see that 

fuAu> v
) =fx,YÎ

uv
>

u
(

l
 -

Γ(α + β) 

v)]u 

va-\l - vf-lr(a + β) 
Γ(α)Γ(/?) 

Hence X+Y and X/(X + Y) are independent, with X+Y having a 
gamma distribution with parameters (a + β, A) and X/(X + Y) having 
density function 

fv(v) = 
T(a + β) 
ηα)τ(β)1 \ ι - vy 0 < ν < 1 

This is called the beta density with parameters (α, β). 
The above result is quite interesting. For suppose there are η + m jobs 

to be performed, with each (independently) taking an exponential 
amount of time with rate λ for performance, and suppose that we have 
two workers to perform these jobs. Worker I will do jobs 1 ,2 , . . . ,« , and 
worker II will do the remaining m jobs. If we let X and Y denote the total 
working times of workers I and II, respectively, then upon using the 
above result it follows that X and Y will be independent gamma random 
variables having parameters (AZ, λ) and (m, A), respectively. Then the 
above result yields that independently of the working time needed to com-
plete all η + m jobs (that is, of X + Y), the proportion of this work that 
will be performed by worker I has a beta distribution with parameters 
(n, m). • 

When the joint density function of the η random variables Xl9 X2, 
...9Xn is given and we want to compute the joint density function of 
Yl,Y2,...9Yni where 

Y,= gl(Xl9...,Xn), Y2 = g2{Xl9...9Xn)9 

Yn = gn(Xl9...9Xn) 

the approach is the same. Namely, we assume that the functions gt 

have continuous partial derivatives and that the Jacobian determinant 
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J(xx,..., xn) ^ 0 at all points (xx,..., xn), where 

» · · · » xn) — 

Furthermore, we suppose that the equations yx = gx(xx, ...,*„), y2 = 
g2(xx, ...,*„), ...,yn = gn(xx, . . . ,*„) have a unique solution, say, xx = 
hx(yx, = ΛΛΟί, • • • f ^ / ι ) · Under these assumptions the joint 
density function of the random variables Yt is given by 

fYlt...,Yn(yU"^yn) =fxh....xMl>"->Xn)\AXl,...,Xn)\~
l 

where x, = Λ,Οί, ...9yn), i = 1,2, 

dxx dx2 dxn 

àg2 dg2 agi 
dxx dx2 dxn 

àgn dgn 

dxx dx2 dxn 

2.6. Moment Generating Functions 

The moment generating function φ(ί) of the random variable X is defined 
for all values t by 

φ(ί) = E[etx] 

f Σ etxp(x)y if X is discrete 

etxf(x) dx, if X is continuous 

We call φ(ί) the moment generating function because all of the moments of 
X can be obtained by successively differentiating φ(ί). For example, 

φ'(ί) = jE\éx\ 

Hence, 

= Ε 

= E[Xe'x] 

φ'(0) = E[X] 
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Similarly, 

Φ"(ί) = -φ'(ί) 

= -rtE[Xe"] 
at 

(Xea) 

and so 

dt 

= E[X2e'x] 

φ"(0) = E[X2] 
In general, the «th derivative of φ(ί) evaluated at t = 0 equals E[Xn], 
that is, 

φ"(0) = E[Xn], η > 1 

We now compute φ(ί) for some common distributions. 

Example 2.38 (The Binomial Distribution with Parameters η and p): 

φ(ί) = E[e'x] 

= ^ > ' * ( ^ * ( ΐ -P)"-k 

Hence, 

and so 

=.?„w< i* , , ' ( i-" ) 

= (pe< +\-p)n 

φ'(ί) = n{pé + 1 - p)n~xpé 

E[X] = φ'φ) = np 

n-k 

which checks with the result obtained in Example 2.17. Differentiating a 
second time yields 

</>"(/) = n(n - l)(pe' + 1 - p)n~\péf + n{pé + 1 - pf'W 

and so 

E[X2] = 0"(O) = n(n - l)p2 + np 
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Thus, the variance of X is given 

V a r W = E[X2] - (E[X])2 

= n(n - \)p2 + np - n2p2 

= np(l - p) • 

Example 2.39 (The Poisson Distribution with Mean A): 

φ(ί) = E[etx] 

~ etne~xXn 

n = 0 

= e 
n = 0 

= exp[A(e' - 1)) 

Differentiation yields 

φ'(ί) = Xe'expMe' - 1)), 

φ"(ί) = (Xe'f exp(A(e' - 1)) + Ae'exp(A(e' - 1)) 
and so 

£ M = φ'(0) = A, 

ϋ'ΙΛ'2] = φ"(0) = A2 + A, 

Var(X) = £ [ * 2 ] - (E[X]f 

= X 

Thus, both the mean and the variance of the Poisson equal A. • 

Example 2.40 (The Exponential Distribution with Parameter A): 

4>(t) = E[ea] 

e'xXe-^dx 
ο 

= A J e-o-^dx 

= — — for / < A 
A - t 
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We note by the preceding derivation that, for the exponential distribution, 
φ(ί) is only defined for values of t less than A. Differentiation of φ(ί) yields 

Α _ 2A 

Hence, 

= </>'(0) = j , £[*2] = φ"(0) = j t 

The variance of X is thus given by 

Var(X) = £LY 2] - (E[X]f = i • 

Example 2.41 (The Normal Distribution with Parameters μ and σ 2): 

ψ(0 = E[e'x] 

1 f°° ^ - ( r - r t ^ ^ . 

\1ΐπσ 
1 Γ00 (-{Χ2 - 2//x + μ 2 - 2σ 2/*)) 

= !ΉαΙ^{ 2 ? ] Λ 

Now writing 

χ 2 - 2μχ + μ2 - 2σ2ίχ = χ2 - 2(μ + σ2ί)χ + μ 2 

= (χ - Οι + σ
2
0 )

2
 - (μ + σ

2
0

2
 + μ

2 

= (χ - (μ + σ2ί))2 - σ4ί2 - 2μσ2ί 

we have 
1 fcxV + 2μσ

2
ή Γ°° f - f r - (μ + σ

2
/))

2
~) ^ 

Φ { 0 = ̂ Χ Ρ [ 2α2 ] ] _ / Χ Ρ [ 2 ? Γ * 

fcr
2
^ 1 Γ" f - f r - (μ + (7

2
Q)

2
) , 

= e X P [ — + H ^ J . o o

e X P l 2 ? Γ 
However, 

where ^ is a normally distributed random variable having parameters 
μ = μ + σ2ί and σ 2 = σ 2 . Thus, we have shown that 

(MO = exp — + μί 
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By differentiating we obtain 

φ'(ί) = (μ + to2)expj^- + /tfj 

(σ2(2 ") (σ2ί2 ~) 
φ'if) = {μ + ίσ 2) 2βχρ — + μί\ + σ 2 εχρ — + μίΐ 

and so 

= φ'(0) = ai, 

£[*2] = φ"(0) = μ2 + σ2 

implying that 

Var(X) = Ε [Χ2] - Ε([Χ])2 

= σ 2 • 

Tables 2.1 and 2.2 give the moment generating function for some 
common distributions. 

An important property of moment generating functions is that the 
moment generating function of the sum of independent random variables is 
just the product of the individual moment generating functions. To see this, 
suppose that X and Y are independent and have moment generating 
functions φχ(ί) and φγ(ί), respectively. Then φχ+γ(ί), the moment 
generating function of X + Y, is given by 

ΦχΜΟ = Ε[β'^γΛ 

= E[eae'Y] 

= Ε[6α]Ε[β'γ] 

= φχ(ΟΦγ(0 

Table 2.1 

Discrete probability Probability mass Moment generating 
distribution function, p(x) function, φ(ί) Mean Variance 

Binomial with Μ χ (pe* + (1 - p)f parameters n>p ( )p
x
(\ -p)"-\ (pe* + (1 - p)f np np{\ - p) 

0 <p < 1 X = 0, 1, . . . , A2 

Poisson with 
expire' - l)j 

parameter β"
λ
 — , 
χ ! 

expire' - l)j λ λ 

λ > 0 χ = 0, 1 ,2 , . . . 

Geometric with /Kl - Ρ Γ 1 . /*' 1 ι -ρ 
parameter 0 < ρ < 1 j c = 1 , 2 , . . . 1 - (1 - p)e< Ρ Ρ2 
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Table 2.2 

Continuous 
probability 
distribution 

Probability density 
function, fix) 

Moment 
generating 

function, φ(ΐ) Mean Variance 

Uniform over 

(a, b) 

Exponential with 
parameter A > 0 

Gamma with 
parameters (n, A) 
A > 0 

Normal with 

parameters 

(μ, σ
2
) 

1 

fix) 

fix) 

fix) 

fix) = 

-, a < χ <b 
b- a 

. 0, otherwise 

ΓΑΕΓ ,̂ ΛΓ>0 

[ θ , ΛΓ<0 

in - 1)! 

. 0 , 

1 

-, χ > 0 

Λ: < 0 

\ίϊπσ 

00 < Λ
-
 < oo 

<Γ<*-">
2
/2σ

2
, 

W - er) 

A - t 

a + b ib- af 
12 

1 

T
2 

n 
T

2 

G
2 

where the next to the last equality follows from Proposition 2.3 since X and 
Y are independent. 

Another important result is that the moment generating function 
uniquely determines the distribution. That is, there exists a one-to-one 
correspondence between the moment generating function and the distribu-
tion function of a random variable. 

Example 2.42 Suppose the moment generating function of a random 
variable X is given by 0 ( 0 = β 3 ( β' _ 1 ). What is P[X = 0}? 

Solution: We see from Table 2.1 that φ(ί) = e 3 ( e' _ 1 ) is the moment 
generating function of a Poisson random variable with mean 3. Hence, 
by the one-to-one correspondence between moment generating functions 
and distribution functions, it follows that X must be a Poisson random 
variable with mean 3. Thus, P[X = 0} = e~3. • 

Example 2.43 (Sums of Independent Binomial Random Variables): 
If X and Y are independent binomial random variables with parameters 
(n9p) and (m,p), respectively, then what is the distribution of X + ΥΊ 
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Solution: The moment generating function of X + Y is given by 

But (pe* + (1 - p))m+n is just the moment generating function of a 
binomial random variable having parameters m + η and p. Thus, this 
must be the distribution of X + Y. • 

Example 2.44 (Sums of Independent Poisson Random Variables): 
Calculate the distribution of X + Y when A" and Y are independent Poisson 
random variables with means λγ and A 2 , respectively. 

Solution: 

Hence, X + Y is Poisson distributed with mean λχ + λ 2 , verifying the 
result given in Example 2.36. • 

Example 2.45 (Sums of Independent Normal Random Variables): 
Show that if X and Y are independent normal random variables with 
parameters ( μ ΐ 5 σ\) and (μ 2 , σ 2), respectively, then X + Y is normal with 
mean μχ + μ 2 and variance σ\ + σ\. 

Solution: 

which is the moment generating function of a normal random variable with 
mean μί + μ2 and variance σ\ + σ\. Hence, the result follows since the 
moment generating function uniquely determines the distribution. • 

ΦχΜΟ = Φχ(ΟΦΥ(ί) = (pe< + 1 - p)\pé + 1 - / 7 ) ' 

= (/?£?' + 1 - p)m+n 

ΦχΜΟ = Φχ(ΟΦγ(ί) 

= e

x
i ( * ' - i ) g M * ' - i ) 

= £ ( λ , + λ 2 ) ( β ' - 1 ) 

ΦΧ+YW = Φχ(*)Φγ(0 

It is also possible to define the joint moment generating function of two 
or more random variables. This is done as follows. For any η random 
variables Xx, ..., Xn, the joint moment generating function, φ(ίγ,..., tn), 
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is defined for all real values of tx,..., tn by 

φ(ίϊ9...,ίη) = £ [ * < ' * * ι
+
· "

+
' Α > ] 

It can be shown that φ(ίχ,..., tn) uniquely determines the joint distribution 
ofXl9...9Xn. 

Example 2.46 (The Multivariate Normal Distribution): Let Zx, ..., Zn 

be a set of η independent unit normal random variables. If, for some 
constants aij9 1 < / < m, 1 < j < n9 and μί9 1 < / < m, 

Xl = axxZx + ··· + alnZn + μί9 

X2 = a2lZl + ··· + a2nZn + μ29 

Xi = aixZx + ··· + ainZn + μί9 

Xm —
 a
ml^l + · " + ClmnZn + ßm 

then the random variables Xx, ..., Xm are said to have a multivariate 
normal distribution. 

It follows from the fact that the sum of independent normal random 
variables is itself a normal random variable that each Xt is a normal random 
variable with mean and variance given by 

ElXi]=ßi, 

Var(^) = Σ a l 

j = ι Let us now determine 

<l>(tl9...9tm) = E[cxp[txXx + .. . + tmXm\\ 
the joint moment generating function of Xx, ..., Xm. The first thing to note 
is that since Σ Γ = Ι ' Ϊ ^ / is itself a linear combination of the independent 
normal random variables Z x , . . . , Z r t , it is also normally distributed. Its 
mean and variance are respectively 

Σ M = Σ Ußi 

and 

( m \ /m m \ 

Σ ι,χή = cov(^ Σ t,Xi, Σ ( tjXj) 
= Σ Σ t,tjCov(x„Xj) 

i=lj=I 
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Now, if 7 is a normal random variable with mean μ and variance σ 2, then 

E[eY] = φγ(ί)\ί = ί = e ^ n 

Thus, we see that 
Γ m m m Λ 

<Ktl9...,tm) = exp Σ *ißi + Ί Σ Σ UtjCoviX^Xjri 
l/'= 1 1 = 1 7 = 1 ) 

which shows that the joint distribution of Xl,...iXm is completely 
determined from a knowledge of the values of E[Xt] and Co\(Xi9Xj), 
i,j = 1, • 

2.7. Limit Theorems 

We start this section by proving a result known as Markov's inequality. 

Proposition 2.4 (Markov's Inequality). If A" is a random variable that 
takes only nonnegative values, then for any value a > 0 

a 

Proof We give a proof for the case where X is continuous with density/: 

E[X] = j xf(x)dx 

= j xf(x) dx + j xf(x) dx 

> j xf(x)dx 

> [ af(x)dx 

= aP{X > 0 } 

and the result is proven. • 

As a corollary, we obtain the following. 
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Proposition 2.5 (Chebyshev's Inequality). If X is a random variable 
with mean μ and variance σ 2, then, for any value k > 0, 

Ρ[\Χ-μ\ ^ * } < p 

Proof Since (X - μ) 2 is a nonnegative random variable, we can apply 
Markov's inequality (with a = k2) to obtain 

But since (Λ" - μ)2 > k2 if and only if \X - μ\ > £, the preceding is 
equivalent to 

ml ν , ^ ^ ^ £ [ ( * - μ ) 2 ] σ 2 

and the proof is complete. • 

The importance of Markov's and Chebyshev's inequalities is that they 
enable us to derive bounds on probabilities when only the mean, or both the 
mean and the variance, of the probability distribution are known. Of 
course, if the actual distribution were known, then the desired probabilities 
could be exactly computed, and we would not need to resort to bounds. 

Example 2.47 Suppose that it is known that the number of items 
produced in a factory during a week is a random variable with mean 500. 

(a) What can be said about the probability that this week's production 
will be at least 1000? 
(b) If the variance of a week's production is known to equal 100, then 
what can be said about the probability that this week's production will be 
between 400 and 600? 

Solution: Let X be the number of items that will be produced in 
a week. 

(a) By Markov's inequality, 

E[X] 500 1 
P{X > 1000} < 

1000 1000 2 

(b) By Chebyshev's inequality, 

.... _ σ2 1 
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Hence, 

1 99 
P[\X - 500| < 100) > 1 - — = — 1 1 100 100 

and so the probability that this week's production will be between 400 
and 600, is at least 0.99. • 

The following theorem, known as the strong law of large numbers is 
probably the most well-known result in probability theory. It states that 
the average of a sequence of independent random variables having the 
same distribution will, with probability 1, converge to the mean of that 
distribution. 

Theorem 2.1 (Strong Law of Large Numbers). Let Xl9X29 . . . be a 
sequence of independent random variables having a common distribution, 
and let E[Xt] = μ. Then, with probability 1, 

Χλ+Χ2+ '·· + Χ η 
μ as η oo 

η 
As an example of the preceding, suppose that a sequence of independent 

trials are performed. Let Ε be a fixed event and denote by P{E] the 
probability that Ε occurs on any particular trial. Letting 

_ Γ1, if Ε occurs on the /th trial 

^0, if Ε does not occur on the /th trial 

we have by the strong law of large numbers that, with probability 1, 

Xl + · - - + Xn _^ = 

η 

Since Xx + · · · + Xn represents the number of times that the event Ε occurs 
in the first η trials, we may interpret Equation (2.21) as stating that, with 
probability 1, the limiting proportion of time that the event Ε occurs is 
just P{E}. 

Running neck and neck with the strong law of large numbers for the 
honor of being probability theory's number one result is the central limit 
theorem. Besides its theoretical interest and importance, this theorem 
provides a simple method for computing approximate probabilities for 
sums of independent random variables. It also explains the remarkable facts 
that the empirical frequencies of so many natural 4'populations" exhibits a 
bell-shaped (that is, normal) curve. 
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Theorem 2.2 (Central Limit Theorem). Let Xl9X2,... be a sequence 
of independent, identically distributed random variables each with mean μ 
and variance σ 2. Then the distribution of 

as η -+ oo . 

Note that like the other results of this section, this theorem holds for any 
distribution of the A/s ; herein lies its power. 

If X is binomially distributed with parameters η and ρ then, as shown in 
Example 2.43, X has the same distribution as the sum of η independent 
Bernoulli random variables each with parameter p. (Recall that the 
Bernoulli random variable is just a binomial random variable whose 
parameter η equals 1.) Hence, the distribution of 

approaches the standard normal distribution as η approaches oo . The 
normal approximation will, in general, be quite good for values of η 
satisfying np(\ - p) > 10. 

Example 2.48 (Normal Approximation to the Binomial): Let X be the 
number of times that a fair coin, flipped 40 times, lands heads. Find the 
probability that X = 20. Use the normal approximation and then compare 
it to the exact solution. 

Solution: Since the binomial is a discrete random variable, and the 
normal a continuous random variable, it leads to a better approximation 
to write the desired probability as 

Xx + X2 + · · · + Xn - ημ 

G\fn 

tends to the standard normal as η -• oo . That is, 

X - E[X] X-np 

WiF (Z) V/IP(1 - p) 

P{X = 20} = P{\9.5 < X < 20.5} 

« Φ(0.16) - Φ(-0.16) 



70 2 Random Variables 

where Φ(χ), the probability that the standard normal is less than χ is 
given by 

Φ(χ) = ^= [ e-yl/1dy 

By the symmetry of the standard normal distribution 

Φ(-0.16) = P{N(09 1) > 0.16) = 1 - Φ(0.16) 

where N(0, 1) is a standard normal random variable. Hence, the desired 
probability is approximated by 

P{X = 20} « 2Φ(0.16) - 1 

Using Table 2.3, we obtain that 

P{X = 20} * 0.1272 

The exact result is 

P{X = 20} = 

which, after some calculation, can be shown to equal 0.1268. • 

Example 2.49 Let Xiy i = 1, 2 , . . . , 10 be independent random variables, 
each being uniformly distributed over (0, 1). Calculate Ρ[Σι°Xi > 7). 

Solution: Since E[Xt] = \, V a r ^ ) = -fe we have by the central limit 
theorem that 

« 1 - Φ(2.2) 

= 0.0139 • 

2.8. Stochastic Processes 

A stochastic process {X(t), te Γ} is a collection of random variables. That 
is, for each t e T, X(t) is a random variable. The index t is often interpreted 
as time and, as a result, we refer to X(t) as the state of the process at time 
t. For example, X(t) might equal the total number of customers that have 
entered a supermarket by time t\ or the number of customers in the 
supermarket at time or the total amount of sales that have been recorded 
in the market by time t9 etc. 
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Table 2.3 Area Φ(χ) under the Standard Normal Curve to the Left of χ 

X 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

0.0 0 5000 0 5040 0 5080 0 5120 0 5160 0 5199 0 5239 0 5279 0 5319 0 5359 
0.1 0 5398 0 5438 0 5478 0 5517 0 5557 0 5597 0 5636 0 5675 0 5714 0 5753 
0.2 0 5793 0 5832 0 5871 0 5910 0 5948 0 5987 0 6026 0 6064 0 6103 0 6141 
0.3 0 6179 0 6217 0 6255 0 6293 0 6331 0 6368 0 6406 0 6443 0 6480 0 6517 
0.4 0 6554 0 6591 0 6628 0 6664 0 6700 0 6736 0 6772 0 6808 0 6844 0 6879 

0.5 0 6915 0 6950 0 6985 0 7019 0 7054 0 7088 0 7123 0 7157 0 7190 0 7224 
0.6 0 7257 0 7291 0 7324 0 7357 0 7389 0 7422 0 7454 0 7486 0 7517 0 7549 
0.7 0 7580 0 7611 0 7642 0 7673 0 7704 0 7734 0 7764 0 7794 0 7823 0 7852 
0.8 0 7881 0 7910 0 7939 0 7967 0 7995 0 8023 0 8051 0 8078 0 8106 0 8133 
0.9 0 8159 0 8186 0 8212 0 8238 0 8264 0 8289 0 8315 0 8340 0 8365 0 8389 

1.0 0 8413 0 8438 0 8461 0 8485 0 8508 0 8531 0 8554 0 8557 0 8599 0 8621 
1.1 0 8643 0 8665 0 8686 0 8708 0 8729 0 8749 0 8770 0 8790 0 8810 0 8830 
1.2 0 8849 0 8869 0 8888 0 8907 0 8925 0 8944 0 8962 0 8980 0 8997 0 9015 
1.3 0 9032 0 9049 0 9066 0 9082 0 9099 0 9115 0 9131 0 9147 0 9162 0 9177 
1.4 0 9192 0 9207 0 9222 0 9236 0 9251 0 9265 0 9279 0 9292 0 9306 0 9319 

1.5 0 9332 0 9345 0 9357 0 9370 0 9382 0 9394 0 9406 0 9418 0 9429 0 9441 
1.6 0 9452 0 9463 0 9474 0 9484 0 9495 0 9505 0 9515 0 9525 0 9535 0 9545 
1.7 0 9554 0 9564 0 9573 0 9582 0 9591 0 9599 0 9608 0 9616 0 9625 0 9633 
1.8 0 9641 0 9649 0 9656 0 9664 0 9671 0 9678 0 9686 0 9693 0 9699 0 9706 
1.9 0 9713 0 9719 0 9726 0 9732 0 9738 0 9744 0 9750 0 9756 0 9761 0 9767 

2.0 0 9772 0 9778 0 9783 0 9788 0 9793 0 9798 0 9803 0 9808 0 9812 0 9817 
2.1 0 9821 0 9826 0 9830 0 9834 0 9838 0 9842 0 9846 0 9850 0 9854 0 9857 
2.2 0 9861 0 9864 0 9868 0 9871 0 9875 0 9878 0 9881 0 9884 0 9887 0 9890 
2.3 0 9893 0 9896 0 9898 0 9901 0 9904 0 9906 0 9909 0 9911 0 9913 0 9916 
2.4 0 9918 0 9920 0 9922 0 9925 0 9927 0 9929 0 9931 0 9932 0 9934 0 9936 

2.5 0 9938 0 9940 0 9941 0 9943 0 9945 0 9946 0 9948 0 9949 0 9951 0 9952 
2.6 0 9953 0 9955 0 9956 0 9957 0 9959 0 9960 0 9961 0 9962 0 9963 0 9964 
2.7 0 9965 0 9966 0 9967 0 9968 0 9969 0 9970 0 9971 0 9972 0 9973 0 9974 
2.8 0 9974 0 9975 0 9976 0 9977 0 9977 0 9978 0 9979 0 9979 0 9980 0 9981 
2.9 0 9981 0 9982 0 9982 0 9983 0 9984 0 9984 0 9985 0 9985 0 9986 0 9986 

3.0 0 9987 0 9987 0 9987 0 9988 0 9988 0 9989 0 9989 0 9989 0 9990 0 9990 
3.1 0 9990 0 9991 0 9991 0 9991 0 9992 0 9992 0 9992 0 9992 0 9993 0 9993 
3.2 0 9993 0 9993 0 9994 0 9994 0 9994 0 9994 0 9994 0 9995 0 9995 0 9995 
3.3 0 9995 0 9995 0 9995 0 9996 0 9996 0 9996 0 9996 0 9996 0 9996 0 9997 
3.4 0 9997 0 9997 0 9997 0 9997 0 9997 0 9997 0 9997 0 9997 0 9997 0 9998 

The set Τ is called the index set of the process. When Γ is a countable set 
the stochastic process is said to be discrete-time process. If Τ is an interval 
of the real line, the stochastic process is said to be a continuous-time 
process. For instance, [Xn, η = 0,1, . . . ) is a discrete-time stochastic process 
indexed by the nonnegative integers; while [X(t)91 > 0} is a continuous-time 
stochastic process indexed by the nonnegative real numbers. 

The state space of a stochastic process is defined as the set of all possible 
values that the random variables X(t) can assume. 
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Thus, a stochastic process is a family of random variables that describes 
the evolution through time of some (physical) process. We shall see much of 
stochastic processes in the following chapters of this text. 

Exercises 

1. An urn contains five red, three orange, and two blue balls. Two balls 
are randomly selected. What is the sample space of this experiment? Let X 
represent the number of orange balls selected. What are the possible values 
of ΧΊ Calculate P{X = 0). 

2. Let X represent the difference between the number of heads and the 
number of tails obtained when a coin is tossed η times. What are the 
possible values of XI 

3. In Exercise 2, if the coin is assumed fair, then, for η = 2, what are 
the probabilities associated with the values that X can take on? 

*4. Suppose a die is rolled twice. What are the possible values that the 
following random variables can take on? 

(i) The maximum value to appear in the two rolls. 
(ii) The minimum value to appear in the two rolls. 

(iii) The sum of the two rolls. 
(iv) The value of the first roll minus the value of the second roll. 

5. If the die in Exercise 4 is assumed fair, calculate the probabilities 
associated with the random variables in (i)-(iv). 

6. Suppose five fair coins are tossed. Let Ε be the event that all coins land 
heads. Define the random variable IE 

For what outcomes in the original sample space does IE equal 1? What is 

7. Suppose a coin having probability 0.7 of coming up heads is tossed 
three times. Let X denote the number of heads that appear in the three 
tosses. Determine the probability mass function of X. 

8. Suppose the distribution function of X is given by 

1, 
0, 

if Ε occurs 
if Ec occurs 

PUE= W 
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9. If the distribution function of F is given by 

(o, b<0 

0 < b < 1 

F(b) = 
1 5 » 1 < b < 2 
4 

5 » 
2 < b < 3 

_ 9 _ 10 » 3 < b < 3.5 

ô > 3.5 

calculate the probability mass function of X. 

10. Suppose three fair dice are rolled. What is the probability that at most 
one six appears? 

* 11 . A ball is drawn from an urn containing three white and three black 
balls. After the ball is drawn, it is then replaced and another ball is drawn. 
This goes on indefinitely. What is the probability that of the first four balls 
drawn, exactly two are white? 

12. On a multiple choice exam with three possible answers for each of the 
five questions, what is the probability that a student would get four or more 
correct answers just by guessing? 

13. An individual claims to have extrasensory perception (ESP). As a test, 
a fair coin is flipped ten times, and he is asked to predict in advance the 
outcome. Our individual gets seven out of ten correct. What is the prob-
ability he would have done at least this well if he had no ESP? (Explain why 
the relevant probability is P[X > 7} and not P{X = 7}.) 

14. Suppose X has a binomial distribution with parameters 6 and y. 
Show that X = 3 is the most likely outcome. 

15. Let X be binomially distributed with parameters η and p. Show that 
as k goes from 0 to n, P(X = k) increases monotonically, then decreases 
monotonically reaching its largest value. 

(a) in the case that (n + \)p is an integer, when k equals either 
(n + l)p - 1 or (n + 1)/?, 
(b) in the case that (n + \)p is not an integer, when k satisfies 
(n + l)p - 1 < k < (n + l)p. 

Hint: Consider P{X = k}/P[X = k - 1} and see for what values of k it 
is greater or less than 1. 
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* 16. An airline knows that five percent of the people making reservations 
on a certain flight will not show up. Consequently, their policy is to sell 52 
tickets for a flight that can only hold 50 passengers. What is the probability 
that there will be a seat available for every passenger that shows up? 

17. Suppose that an experiment can result in one of r possible outcomes, 
the ith outcome having probability pi9 i = 1 , r , £ · = x pt = 1. If η of 
these experiments are performed, and if the outcome of any one of the η 
does not affect the outcome of the other η - 1 experiments, then show that 
the probability that the first outcome appears xx times, the second x2 times, 
and the rth xr times is 

This is known as the multinomial distribution. 

18. Show that when r = 2 the multinomial reduces to the binomial. 

19. In Exercise 17, let Xt denote the number of times the ith outcome 
appears, / = l , . . . , r . What is the probability mass function of 
Xx + X2 + ··· + Xk1 

20. A television store owner figures that 50 percent of the customers 
entering his store will purchase an ordinary television set, 20 percent will 
purchase a color television set, and 30 percent will just be browsing. If five 
customers enter his store on a certain day, what is the probability that two 
customers purchase color sets, one customer purchases an ordinary set, and 
two customers purchase nothing? 

2 1 . In Exercise 20, what is the probability that our store owner sells three 
or more televisions on that day? 

22. If a fair coin is successively flipped, find the probability that a head 
first appears on the fifth trial. 

*23. A coin having a probability ρ of coming up heads is successively 
flipped until the rth head appears. Argue that X, the number of flips 
required, will be η, η > r, with probability 

xx\x2\ ···xr\ 
ΡΪΡ

Χ
2

2
·-Ρ

Χ
/ when xx + x2 + · · · + xr = η 

η > r 

This is known as the negative binomial distribution. 

Hint: How many successes must there be in the first η - 1 trials? 
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24. The probability mass function of X is given by 

P M = \ r

k - l )PV-P)k, k = 0 , 1 , . . . . 

Give a possible intepretation of the random variable X. 

Hint: See Exercise 23. 

In Exercises 25 and 26, suppose that two teams are playing a series of 
games, each of which is independently won by team A with probability ρ 
and by team Β with probability 1 - p. The winner of the series is the first 
team to win / games. 

25. If / = 4, find the probability that a total of 7 games are played. Also 
show that this probability is maximized when ρ = 1/2. 

26. Find the expected number of games that are played when 

(a) ι = 2 
(b) ι = 3 

In both cases, show that this number is maximized when ρ = 1/2. 

*27. A fair coin is independently flipped η times, k times by A and η - k 
times by B. Show that the probability that A and Β flip the same number 
of heads is equal to the probability that there are a total of k heads. 

28. Consider η independent flips of a coin having probability ρ of landing 
heads. Say a changeover occurs whenever an outcome differs from the one 
preceding it. For instance, if the result of the flips are Η Η Τ Η Τ Η Η Τ, 
then there are a total of 5 changeovers. If ρ = 1/2, what is the probability 
there are k changeovers? 

29. Let J be a Poisson random variable with parameter λ. Show that 
P[X = i) increases monotonically and then decreases monotonically as 
/ increases, reaching its maximum when / is the largest integer not 
exceeding λ. 

Hint: Consider P{X = i]/P{X = i - 1}. 

30. Compare the Poisson approximation with the correct binomial 
probability for the following cases: 

(0 P{X 
(ii) P{X 

(iii) P[X 
(iv) P{X 

2) when η 
9} when η 
0} when η 
4} when η 

$,p = 0.1. 
10,/? = 0.95. 
10, ρ = 0.1. 
9, ρ = 0.2. 
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3 1 . If you buy a lottery ticket in 50 lotteries, in each of which your chance 
of winning a prize is TOO", what is the (approximate) probability that you will 
win a prize (a) at least once, (b) exactly once, (c) at least twice? 

32. Let A" be a random variable with probability density 

c(l - x 2 ) , - 1 <x< 1 
1 0, otherwise 

(a) What is the value of c? 

(b) What is the cumulative distribution function of ΧΊ 

33. Let the probability density of X be given by 

c(4x-2x2), 0<x<2 
0, otherwise 

(a) What is the value of c? 
(b) Ρ{\<Χ<\} = Ί 

_ ΓΐΟ/χ 2, for x> 10 

34. The density of X is given by 

f { X ) t0, for χ < 10 

What is the distribution of ΧΊ Find P{X > 20). 

35. Let Xx, X2,..., Xn be independent random variables, each having a 
uniform distribution over (0,1). Let M = maximum (Xl,X2,Xn). 
Show that the distribution function of M, F M ( - ) , is given by 

FM(x) = x\ 0 < χ < 1 

What is the probability density function of Ml 

*36. If the density function of X equals 

find c. What is P{X > 2j? 

37. The random variable X has the following probability mass function 

p ( l ) = i , p ( 2 ) = j , p ( 2 4 ) = i 
Calculate E[X]. 

38. Suppose that two teams are playing a series of games, each of which 
is independently won by team A with probability ρ and by team Β with 
probability 1 - p. The winner of the series is the first team to win 4 games. 
Find the expected number of games that are played, and evaluate this 
quantity when ρ = 1/2. 
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39. Consider the case of arbitrary ρ in Exercise 28. Compute the expected 
number of changeover s. 

40. Suppose that each coupon obtained is, independent of what has been 
previously obtained, equally likely to be any of m different types. Find the 
expected number of coupons one needs to obtain in order to have at least 
one of each type. 

Hint: Let X be the number needed. It is useful to represent X by 

m 

x= Σ x< 
ι = 1 

where each Xt is a geometric random variable. 

4 1 . An urn contains η + m balls, of which η are red and m are black. They 
are withdrawn from the urn, one at a time and without replacement. Let X be 
the number of red balls removed before the first black ball is chosen. We are 
interested in determining Ε [X]. To obtain this quantity, number the red balls 
from 1 to n. Now define the random variables Xi-, i = 1, . . . , n9 by 

Γΐ, if red ball / is taken before any black ball is chosen 
1 ^0, otherwise 

(a) Express X in terms of the X,. 
(b) Find Ε [X], 

42. In Exercise 41, let Y denote the number of red balls chosen after the 
first but before the second black ball has been chosen. 

(a) Express Y as the sum of η random variables, each of which is equal 
to either 0 or 1. 
(b) F i n d £ [ r ] . 
(c) Compare E[Y] to E[X] obtained in Exercise 41. 
(d) Can you explain the result obtained in part (c)? 

*43. Consider 3 trials, each of which is either a success or not. Let X 
denote the number of successes. Suppose that E[X] = 1.8. 

(a) What is the largest possible value of P{X = 3}? 
(b) What is the smallest possible value of P[X = 3j? 

In both cases, construct a probability scenario that results in P{X = 3} 
having the desired value. 

44. If X is uniformly distributed over (0, 1), calculate E[X2]. 

*45. Prove that E[X2] > (E[X])2. When do we have equality? 
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46. Let c be a constant. Show that 

(i) Varied) = c2 Var(^T). 
(ii) Var(c + X) = Vai(X). 

47. A coin, having probability ρ of landing heads, is flipped until the head 
appears for the rth time. Let Ν denote the number of flips required. 
Calculate E[N], 

Hint: There is an easy way of doing this. It involves writing Ν as the 
sum of r geometric random variables. 

48. Calculate the variance of the Bernoulli random variable. 

49. (a) Calculate E[X] for the maximum random variable of Exercise 35. 
(b) Calculate E(X) for X as in Exercise 32. 
(c) Calculate E[X] for X as in Exercise 33. 

50. If X is uniform over (0, 1), calculate E[XN] and Var(A"*). 

5 1 . Let X and Y each take on either the value 1 or - 1 . Let 

ρ(\91) = Ρ[Χ= 1,7 = 1}, 

P(\,-\) = P{X= i , y = - i ) f 

p(-\y\) = P[X=-UY= 1}, 

ρ(-\,-1) = Ρ[Χ=-\9Υ=-\} 

Suppose that E[X] = E[Y] = 0. Show that 

(a) / ? ( l , l ) = / ? ( - l , - l ) 

(b) p(U-l)=p(-U\) 

Let ρ = 2/7(1, 1). Find 

(c) Var(*) 
(d) Var(r) 
(e) Cov(X,Y) 

52. Let X be a positive random variable having density function f(x). If 
f(x) < c for all x, show that, for a > 0, 

P[X > a}>\ - ac 

*53. Calculate, without using moment generating functions, the variance 
of a binomial random variable with parameters η and p. 

54. Suppose that X and Y are independent binomial random variables 
with parameters (n,p) and (m,p). Argue probabilistically (no computations 
necessary) that X + Y is binomial with parameters (n + myp). 
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55. Suppose that X and Y are independent continuous random variables. 
Show that 

56. Calculate the moment generating function of the uniform distribution 
on (0, 1). Obtain E[X] and Var[X] by differentiating. 

57. Suppose that X takes on each of the values 1, 2, 3 with probability j . 
What is the moment generating function? Derive E[X], E[X\ and E[X3] 
by differentiating the moment generating function and then compare the 
obtained result with a direct derivation of these moments. 

58. Suppose the density of X is given by 

Calculate the moment generating function, E[X], and VarCA"). 

59. Calculate the moment generating function of a geometric random 
variable. 

*60. Show that the sum of independent identically distributed exponential 
random variables has a gamma distribution. 

6 1 . Consider Example 2.46. Find Co\(Xi9Xj) in terms of the ars. 

62. Use Chebyshev's inequality to prove the weak law of large numbers. 
Namely, if Xx, X2,... are independent and identically distributed with 
mean μ and variance a2 then, for any ε > 0, 

63. Suppose that X is a random variable with mean 10 and variance 15. 
What can we say about P{5 < X < 15)? 

64. Let Xx, X2, ..., Xxo be independent Poisson random variable with 
mean 1. 

(i) Use the Markov inequality to get a bound o n P j ^ + ··· + Xxo > 15}. 
(ii) Use the central limit theorem to approximate P[XX + · · · + Xxo > 15}. 

65. If X is normally distributed with mean 1 and variance 4, use the tables 
tof indP(2 < X < 3). 

P[X< Y] = 

x>0 

otherwise 
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*66. Show that 
η k j 

" m e - Σ y x = \ 

Hint: Let Xn be Poisson with mean n. Use the central limit theorem to 
show that P[Xn < n] -+ \ . 

67. Let X denote the number of white balls selected when k balls are 
chosen at random from an urn containing η white and m black balls. 

(i) Compute P{X = /). 
(ii) Let, for / = 1,2, ...,k;j = 1,2, 

χ _ ( 1, if the /th ball selected is white 
1 ( 0 , otherwise 

Γΐ, if theyth white ball is selected 
j \ 0, otherwise 

Compute E[X] in two ways be expressing X first as a function of the Ays 
and then of the Y/s. 

*68. Show that 

Var 

and then use this to show that 

Σ Χι 
1 

= Σ Var(*,) + 2 Σ Σ Co\(XitXj) 
i= 1 i<j 

Var(^) = 1 

when X is the number of men that select their own hats in Example 2.31. 

69. For the multinomial distribution (Exercise 17), let Nt denote the 
number of times outcome / occurs. Find 

(0 E[NS] 
(ii) Var(N,) 

(iii) Cov(Ni9Nj) 
(iv) Compute the expected number of outcomes which do not occur. 

70. Let A r

1 ,X 2 , . . . be a sequence of independent identically distributed 
continuous random variables. We say that a record occurs at time η if 
Xn > maxiA^,. . . , Χη-λ). That is, Xn is a record if it is larger than each of 
Xl9 Xn_x. Show 
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(i) P[a record occurs at time η} = l/n 
(ii) ^[number of records by time η] = ΣΊ=ι 1/ ' 

(iii) Var(number of records by time ri) = Σ?=ι(' ~~ I ) / ' 2 

(iv) Let TV = min[/?: η > 1 and a record occurs at time n}. Show Ε [Ν] = oo . 

Hint: For (ii) and (iii) represent the number of records as the sum of 
indicator (that is, Bernoulli) random variables. 

7 1 . Let ax < a2 < · · · < an denote a set of η numbers, and consider any 
permutation of these numbers. We say that there is an inversion of tff 

and üj in the permutation if / < j and aj precedes a{. For instance the 
permutation 4, 2, 1, 5, 3 has 5 inversions—(4, 2), (4, 1), (4, 3), (2, 1), (5, 3). 
Consider now a random permutation of al9a2i >··,αη—in the sense that 
each of the η ! permutations is equally likely to be chosen—and let TV denote 
the number of inversions in this permutation. Also, let 

Ni = number of k: k < /, #f precedes ak in the permutation 

and note that Ν = Σ"=ι 

(i) Show that Nx, ..., Nn are independent random variables. 
(ii) What is the distribution of TV,? 

(iii) Compute E[N] and Var(7V). 

72. Let X and Y be independent random variables with means μχ and μγ 

and variances σ\ and σ 2. Show that 

Var(^ry) = σ2

χσΙ + μ2σ2 + μ2σ2 

73. Let X and Y be independent normal random variables each having 
parameters μ and σ 2. Show that X + Y is independent of X - Y. 

74. Let φ(ίί,...,ίη) denote the joint moment generating function of 
X\ > · · · > Xn · 

(a) Explain how the moment generating function of Xi9 ΦΧί(ίί)> can be 
obtained from φ(ίχ, ..., tn). 
(b) Show that Χλ, ...,Xn are independent if and only if 

75. If Ζΐ9...,Ζη are independent unit normal random variables, then 
X = Σ?=\Ζΐ is s ai d to be a chi-square random variable with η degrees of 
freedom. Compute its moment generating function. 
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Chapter 3 
Conditional Probability and 

Conditional Expectation 

3 .1 . Introduction 

One of the most useful concepts in probability theory is that of conditional 
probability and conditional expectation. The reason is twofold. First, in 
practice, we are often interested in calculating probabilities and expectations 
when some partial information is available; hence, the desired probabilities 
and expectations are conditional ones. Secondly, in calculating a desired 
probability or expectation it is often extremely useful to first "condition" 
on some appropriate random variable. 

3.2. The Discrete Case 

Recall that for any two events Ε and F, the conditional probability of Ε 
given F is defined, as long as P(F) > 0, by 

Hence, if X and Y are discrete random variables, then it is natural to define 
the conditional probability mass function of X given that Y = y, by 

Px\y(x\y) = P{X = x\Y = y} 

P{X = x,Y = y] 

P[Y = y] 

= ρ(χ, y) 

pY(y) 

83 
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for all values of y such that P[Y = y] > 0. Similarly, the conditional 
probability distribution function of X given that Y = y is defined, for all y 
such that P[Y = y] > 0, by 

Fx\Y(x\y) = P{X<x\Y = y] 

= Σ Px\v(a\y) 
a<x 

Finally, the conditional expectation of X given that Y = y is defined by 

E[X\Y = y] = ΣχΡΙΧ = χ\Υ = γ) 
X 

= Σ xPx\r(x\y) 
X 

In other words, the definitions are exactly as before with the exception 
that everything is now conditional on the event that Y = y. If X is 
independent of Y, then the conditional mass function, distribution, and 
expectation are the same as the unconditional ones. This follows, since if X 
is independent of Y9 then 

Px\Y(x\y) = P{X = x\Y = y) 

P{X = X,Y = y] 

P[Y = y] 

_ P{X = x}P[Y = y] 

P{Y = y} 

= P{X = x] 

Example 3.1 Suppose that p(x,y), the joint probability mass function 
of X and y, is given by 

1) = 0.5, p( l , 2) = 0.1, p(2, 1) = 0.1, p(2, 2) = 0.3 

Calculate the probability mass function of X given that Y = 1. 

Solution: We first note that 

/MD = Σ Pix, 1) = PiU 1) + P(2, 1) = 0.6 
X 

Hence, 
pxlY(l\l)= P{X= l\Y=l] 

_ P{x = i , r = ij 
P{Y= 1} 

MM) 
_ 5. 
— 6 
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Similarly, 

Example 3.2 If X and Y are independent Poisson random variables 
with respective means λχ and A 2, then calculate the conditional expected 
value of X given that X + Υ = η. 

Solution: Let us first calculate the conditional probability mass 
function of X given that X + Y = n. We obtain 

_ P{X = k,Y=n - k) 
P\X + Υ = η] 

_ P{X = k}P{Y =n - k\ 

~ P[X + Y=n] 

where the last equality follows from the assumed independence of X and 
Y. Recalling (see Example 2.36) that X + Y has a Poisson distribution 
with mean Aj + A 2, the preceding equation equals 

P{X= k\X+ Y=n) 
k\ (n - k)\ 

(« - k)\k\ (A, + A2)" 

n \ / A, 5 

Är/V^i + V \Ai + A 

In other words, the conditional distribution of X given that X + Υ = η, 
is the binomial distribution with parameters η and A/(A, + A2). 
Hence, 

£ ! J f | j f + 7 = n\ = η λ ϊ • 
Αι + A2 

Example 3.3 If X and 7 are independent binomial random variables 
with identical parameters η and p, calculate the conditional probability 
mass function of X given that X + Y = m. 
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Solution: For k < min(A2, ra), 

P[X= k,X +Y = m] 

_ P\X = k,Y = m - k] 

P[X +Y = m] 

_ PjX = k}P[Y = m - k] 

~ P{X +Y =m) 

")p"(i -p)"-k( " , Vm_*(i -py-m+k 

k) \m - kj 

)pm(\ - pf"-m 

m) 

where we have used the fact (see Example 2.43) that X + Y is binomially 
distributed with parameters (2n,p). Hence, the conditional probability 
mass function of X given that X + Y = m is given by 

n\f η 

\kl\m - kj 
P{X = k\X + Y = m}= ; . - , k = 0, 1 , m i n ( w , n) 

m) (3-D 
The distribution given in Equation (3.1) is known as the hypergeometric 

distribution. It arises as the distribution of the number of black balls that 
are chosen when a sample of m balls is randomly selected from an urn 
containing η white and η black balls. • 

Example 3.4 Consider an experiment which results in one of three 
possible outcomes. Outcome / occurring with probability pi9 i = 1,2,3, 
Σΐ=ιΡί = 1· Suppose that η independent replications of this experiment 
are performed and let Xi9 i = 1, 2, 3, denote the number of times outcome 
/ appears. Determine the conditional distribution of Xl given that X2 = m. 

Solution: For k < η - m, 

Now if X{ = k and X2 = m, then it follows that X3 = η - k - m. However, 

P{XX = k,X2 = m,X3 = η - k - m] 

file:///kl/m
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This follows since any particular sequence of the η experiments having 
outcome 1 appearing k times, outcome 2 m times, and outcome 3 
(n - k - m) times has probability pxp2pf~k~m) of occurring. Since there 
are n\/[k\m\(n - k - m)l] such sequences, Equation (3.2) follows. 

Therefore, we have 

n\ 

„ f v 1 k\m\(n - k - m)\ 

n l P?d -Pif 
m\(n - m)\ 

where we have used the fact that X2 has a binomial distribution with 
parameters η and p2. Hence, 

k\(n - m - k)\\\ - pj \\ - p2 

or equivalently, writing p} = 1 - px - p2, 

— ( " Γ ) ( γ ^ Κ - ^ Γ " ' 
In other words, the conditional distribution of Xx, given that X2 = m, is 
binomial with parameters n-m and px/(l - p2). • 

Remarks (i) The desired conditional probability in Example 3.4 could 
also have been computed in the following manner. Consider the η - m 
experiments which did not result in outcome 2. For each of these 
experiments, the probability that outcome 1 was obtained is given by 

, , Λ1 Pfoutcome 1, not outcome 2} 
P{outcome 11 not outcome 2} = — — 

Ρ {not outcome 2} 

1 - Pi 

It therefore follows that, given X2 = m, the number of times outcome 1 
occurs is binomially distributed with parameters n-m andp x/(\ - p2). 

(ii) Conditional expectations possess all of the properties of ordinary 
expectations. For instance, such identities as 

Xt\Y = y 
L / = i 

remain valid, 

η 

_ i= 1 

= Σ E[Xi\Y = y] 
i = 1 
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Example 3.5 Consider η + m independent trials, each of which results 
in a success with probability p. Compute the expected number of successes 
in the first η trials given that there are k successes in all. 

Solution: Letting Y denote the total number of successes, and 

1, if the /th trial is a success 

0, otherwise 

the desired expectation is ι Xx\ Y = k] which is obtained as 

Σ X<\Y = k ΣΕ[Χΐ\Υ=π 

= η 
η + m 

where the last equality follows since if there are a total of k successes, 
then any individual trial will be a success with probability k/(n + m). 
That is, 

E[Xt\Y = k] = P[Xi = 11 Y = k] 

η + m 

3.3. The Continuous Case 

If X and Y have a joint probability density function f(x,y), then the 
conditional probability density function of X, given that Y = y, is defined 
for all values of y such that fY(y) > 0, by 

M x l y ) = 7ÄyJ 
To motivate this definition, multiply the left side by dx and the right side by 
(dx dy)/dy to get 

s i ι w f(x,y)dxdy 

Ρ {χ < Χ < χ + dx, y < Y < y + dy] 
P{y <Y <y + dy] 

= P{x < X < χ + dx\y <Y<y + dy) 
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In other words, for small values dx and dy, fx\Y(x\y)dx represents the 
conditional probability that X is between χ and χ + dx given that Y is 
between y and y + dy. 

The conditional expectation of X, given that Y = y, is defined for all 
values of y such that fY(y) > 0, by 

E[X\Y = y]=\^ xfxly(x\y)dx 

Example 3.6 Suppose the joint density of X and Y is given by 

η \ - {6χ?(2 - x - y)> 0<x<l,0<y<\ 
Ά Χ ' γ ) [θ, otherwise 

Compute the conditional expectation of X given that Y = y, where 
0 <y < 1. 

Solution: We first compute the conditional density 

_ 6xy(2 - χ - y) 

\l 6xy{2 - χ - y)dx 

= 6xy(2 -x-y) 
y(4 - 3y) 

_ 6x(2 -x-y) 

4-3y 

Jo 4 - 3y 
6 

Hence, 

_(2-y)2-$ 
4 - 3y 

^5-4y 

8 - 6y 

Example 3.7 Suppose the joint density of X and Y is given by 

'4y(x - y)e~
ix+y

\ 0 < x < o o , 0 <y < χ 
f(x,y) = y Λ +u 

0, otherwise 
Compute E[X\Y = y]. 
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x > y 

Solution: The conditional density of X, given that Y = y, is given by 

M x l y ) = 7ÄyJ 

_ 4y(x - y)e~ix+y) 

~ ft4y(x - y)e-«+y) dx' 

_ (x - y)e~«+y) 

~ \;(x- y)e~^dx 

= (χ - y)e~x 

\;(x-y)e-xdx 

Integrating by parts shows that the above gives 

fx\Y(x\y) = -r= 

Therefore, 

= (x - y)e~(x-y\ x>y 

E[X\Y = y) = \ xfxlY(x\y)dx 
oo 

x(x - y)e-(x-y) dx 

Integration by parts yields 

E[X\ Y = y] = -x(x - y)e-(x-y) + (2x - y)e~(x-y) dx 

(2x - y)e-(x-y) dx 

+ 2 \ e 
y Jy 

-(x-y) = -(2x - y)e~(x-y) 

= y + 2 • 

Example 3.8 The joint density of X and Y is given by 

dx 

f(x,y) = 
\ye~

xy
, 0 < J C < O O , 0 <y <2 

0, otherwise 

W h a t i s £ : [ ^ / 2 | y = 1]? 
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Solution: The conditional density of X, given that Y = 1, is given by 

/ (* , 1) 
A|y(*U) = 

/yd) 

l p - x 

\o\e-xdx 

Hence, by Proposition 2.1, 

E[ex/2\Y= 1] = j o e*/2fxlY(x\l)dx 

ex/2e~* dx 
ο 

= 2 • 

3.4. Computing Expectations by Conditioning 

Let us denote by fTLYly] that function of the random variable Y whose 
value at Y = y is E[X\Y = y]. Note that ^ [ A ^ y ] is itself a random 
variable. An extremely important property of conditional expectation is 
that for all random variables X and Y 

E[X] = E[E[X\Y]] (3.3) 

If y is a discrete random variable, then Equation (3.3) states that 

E[X] = Σ E[X\ Y = y]P{Y = y) (3.3a) 
y 

while if Y is continuous with density fY(y), then Equation (3.3) says that 

E[X] = j E[X\Y = y]fY(y) dy (3.3b) 

We now give a proof of Equation (3.3) in the case where X and Y are both 
discrete random variables. 

Proof of Equation (3.3) When X and Y Are Discrete We must 
show that 

E[X] = Σ E[X\Y = y]P[Y = y] (3.4) 
y 
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Now, the right side of the preceding can be written 

Σ E[X\Y = y]P[Y = y] = Σ Σ * ρ Ι χ = χ\Υ = y}P{Y = y] 
y 

Σ Σ xP\X = x,Y = y) 
y χ 

Σ Χ Σ Ρ[Χ = x,Y = y\ 
χ y 

Σ χΡ\Χ = χ] 
χ 

Ε [Χ] 

and the result is obtained. • 

One way to understand Equation (3.4) is to interpret it as follows. 
It states that to calculate E[X] we may take a weighted average of the 
conditional expected value of X given that Y = y, each of the terms 
E[X\Y = y] being weighted by the probability of the event on which it 
is conditioned. 

The following examples will indicate the usefulness of Equation (3.3). 

Example 3.9 (The Mean of a Geometric Distribution): A coin, having 
probability ρ of coming up heads, is to be successively flipped until the first 
head appears. What is the expected number of flips required? 

Solution: Let TV be the number of flips required, and let 

1, if the first flip results in a head 
γ = 

' 0, if the first flip results in a tail 

Now 

E[N] = E[N\Y= l]P{Y= 1) + E[N\Y= 0]P{Y = 0} 
= pE[N\ Y = 1] + (1 - p)E[N\Y = 0] (3.5) 

However, 

E[N\Y = 1] = 1, E[N\Y = 0] = 1 + E[N] (3.6) 

To see why Equation (3.6) is true consider E[N\ Y = 1]. Since Y = 1, we 
know that the first flip resulted in heads and so, clearly, the expected 
number of flips required is 1. On the other hand if Y = 0, then the first 
flip resulted in tails. However, since the successive flips are assumed 
independent, it follows that, after the first tail, the expected additional 
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number of flips until the first head is just E[N], Hence E[N\ Y = 0] = 
1 -h Ε [Ν], Substituting Equation (3.6) into Equation (3.5) yields 

E[N]=p + (l-p)(l+E[N]) 
or 

E[N] = l/p • 

As the random variable Ν is a geometric random variable with prob-
ability mass function ρ(ή) = p(\ - p)n~l, its expectation could easily have 
been computed from E[N] = £7 np(n) without recourse to conditional 
expectation. However, if the reader attempts to obtain the solution to our 
second example without using conditional expectation, he will quickly learn 
what a useful technique ''conditioning'' can be. 

Example 3.10 A miner is trapped in a mine containing three doors, the 
first door leads to a tunnel which takes him to safety after two-hour's 
travel. The second door leads to a tunnel which returns him to the mine 
after three-hour's travel. The third door leads to a tunnel which returns him 
to his mine after five hours. Assuming that the miner is at all times equally 
likely to choose any one of the doors, what is the expected length of time 
until the miner reaches safety? 

Solution: Let X denote the time until the miner reaches safety, and let 
Y denote the door he initially chooses. Now 

E[X] = E[X\Y = \]P{Y= 1) + E[X\Y= 2]P{Y = 2} 

+ E[X\Y = 3]P[Y= 3} 

= \(E[X\Y = 1] + E[X\Y = 2] + E[X\Y = 3]) 
However, 

E[X\Y = 1] = 2 

E[X\Y= 2] = 3 + E[X] 

E[X\Y= 3] = 5 + E[X] (3.7) 

To understand why the above is correct consider, for instance, 
E[X\Y = 2], and reason as follows. If the miner chooses the second 
door, then he spends three hours in the tunnel and then returns to 
his cell. But once he returns to his cell the problem is as before, and 
hence his expected additional time until safety is just E[X]. Hence 
E[X\Y = 2] = 3 + E[Y]. The argument behind the other equalities in 
Equation (3.7) is similar. Hence 

E[X] = | ( 2 + 3 + E[X] + 5 + E[X]) or E[X] = 10 • 
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Example 3.11 Sam will read either one chapter of his probability book 
or one chapter of his history book. If the number of misprints in a chapter 
of his probability book is Poisson distributed with mean 2 and if the 
number of misprints in his history chapter is Poisson distributed with mean 
5, then assuming Sam is equally likely to choose either book, what is the 
expected number of misprints that Sam will come across? 

Solution: Letting X denote the number of misprints and letting 

_ Γ1, if Sam chooses his history book 
( 2 , if Sam chooses his probability book 

then 

E[X] = E[X\Y = \]P{Y = 1 j + E[X\Y = 2]P{Y = 2} 

= 5(i) + 2(1) 

= ï • 

Example 3.12 (The Expectation of a Random Number of Random 
Variables): Suppose that the expected number of accidents per week at an 
industrial plant is four. Suppose also that the numbers of workers injured 
in each accident are independent random variables with a common mean of 
2. Assume also that the number of workers injured in each accident is 
independent of the number of accidents that occur. What is the expected 
number of injuries during a week? 

Solution: Letting Ν denote the number of accidents and Xt the number 
injured in the /th accident, / = 1,2,. . . , then the total number of injuries 
can be expressed as £fL λ Xi. Now 

TV 

Σ X = Ε 
ι 

But 
Ν 

Σ X,\N=n = Ε Σ Xt\N=n 

= Ε 

= ηΕ[Χ] 

Σ Χι 
1 

by the independence of Xt and Ν 

which yields that 

Σ *λΝ = NE [Χ] 
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and thus 
Ν 

Σ Χι Ε [NE [Χ]] = Ε[Ν]Ε[Χ] 

Therefore, in our example, the expected number of injuries during a 
week equals 4 x 2 = 8. • 

Example 3.13 Independent trials, each of which is a success with 
probability p, are performed until there are k consecutive successes. What 
is the mean number of necessary trials? 

Solution: Let Nk denote the number of necessary trials to obtain k 
consecutive successes, and let Mk denote its mean. We will obtain a 
recursive equation for Mk by conditioning on Nk_l, the number of trials 
needed for k - 1 consecutive successes. This yields 

Mk = E[Nk] = E[E[Nk\Nk^]] 

Now, 

E[Nk\Nk_x] = Nk_x + 1 + (1 -p)E[Nk] 

where the above follows since if it takes Nk_x trials to obtain k - 1 
consecutive successes, then either the next trial is a success and we 
have our A: in a row or it is a failure and we must begin anew. Taking 
expectations of both sides of the above yields 

Mk = Mk_l + 1 + ( 1 -p)Mk 

or 

A4
 1

 ^
 M

* - l 

Ρ Ρ 

Since Nx, the time of the first success, is geometric with parameter p, 
we see that 

and, recursively 

M 2 = I +

 1 

Ρ Ρ 
2 > 

and, in general, 

1 1 1 

Ρ Ρ Ρ 



96 3 Conditional Probability and Conditional Expectation 

Example 3.14 (Analyzing the Quick-Sort Algorithm): Suppose we are 
given a set of η distinct values—x x, . . . , xn—and we desire to put these 
values in increasing order, or as it is commonly called, to sort them. 
An efficient procedure for accomplishing this is the quick-sort algorithm 
which is defined recursively as follows: When η = 2 the algorithm compares 
the 2 values and puts them in the appropriate order. When η > 2 it starts 
by choosing at random one of the η values—say xt—and then compares 
each of the other η - 1 values with xt, noting which are smaller and which 
are larger than xt-. Letting S, denote the set of elements smaller than xt, 
and Si the set of elements greater than xi9 the algorithm now sorts the 
set Si and the set S,-. The final ordering, therefore, consists of the ordered 
set of the elements in 5,, then xt, and then the ordered set of the elements 
in S i . For instance, suppose that the set of elements is 10, 5, 8, 2, 1, 4, 7. 
We start by choosing one of these values at random (that is, each of the 
7 values has probability of y of being chosen). Suppose, for instance, that 
the value 4 is chosen. We then compare 4 with each of the other 6 values 
to obtain 

[2,1), 4, [10, 5, 8, 7) 

We now sort the set [2, 1) to obtain 

1,2,4,(10,5,8,7) 

Next we choose a value at random from {10, 5, 8, 7}—say 7 is chosen—and 
compare each of the other 3 values with 7 to obtain 

1,2,4,5,7,(10,8) 

Finally, we sort (10, 8) to end up with 

1 ,2 ,4 ,5 ,7 ,8 ,10 

One measure of the effectiveness of this algorithm is the expected number 
of comparisons that it makes. Let us denote by Mn the expected number of 
comparisons needed by the quick-sort algorithm to sort a set of η distinct 
values. To obtain a recursion for Mn we condition on the rank of the initial 
value selected to obtain: 

n 1 
Mn = £ £ [number of comparisons | value selected is yth smallest] -

J= ι n 

Now if the initial value selected is the y'th smallest, then the set of values 
smaller than it is of size j - 1, and the set of values greater than it is of size 
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η - j . Hence, as η - 1 comparisons with the initial value chosen must be 
made, we see that 

Mn= £ (n-l + Mj_x + Mn_j)1-
7 = 1 

2 "~ 1 

= η - 1 + - Σ Mk (since M 0 = 0) 
n
 k = 1 or, equivalently, 

η — 1 

nMn = n(n - \) + 2 Σ M
k 

k = 1 

To solve the preceding, note that upon replacing η by η + 1 we obtain 

/ I 

(Λ + 1)Μ Λ +1 = (η + 1)Λ + 2 Σ Mk 
k= 1 

Hence, upon subtraction, 

(η + 1)Μ Λ +1 - nMn = 2n + 2M n 

or 

(Λ -h 1)Μ Λ +1 = {η + 2)Μ„ + 2AÎ 

Therefore, 

η + 2 (η + 1)(η + 2) η + 1 

Iterating this gives 

Μη+ι = 2η | 2{η - 1) | Μη_χ 

η + 2 (η + 1)(η + 2) η(η + 1 ) Λ 

η — 1 " ' η — k 
= 2 Σ ; ; ΓΤ7 ~ 77 since Mj = 0 

(Λ + 1 - k)(n + 2- k) 
Hence, 
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Using the identity //(/ + 1)(/ + 2) = 2/(i + 2) - l /(i + 1), we can approxi-
mate M „ + 1 for large η as follows: 

M „ + 1 = Tin + 2) 

~ 2(n + 2) 

- Σ 
1 

/ = 1 / + 2 , r , / + ι 

n + 2 2 j 
-dx - -dx 

3 * J2 * 
= 2(/i + 2)[2 log(A2 + 2) - log(/i + 1) + log 2 - 2 log 3] 

= 2(n + 2) 
n + 2 

log(n + 2) + log + log 2 - 2 log 3 η + 1 

~ 2(n + 2) log(A2 + 2) • 

The conditional expectation is often useful in computing the variance of 
a random variable. In particular, we have that 

VarOY) = E[X2] - (E[X])2 

= E[E[X2\Y]]-(E[E[X\Y]])2 

Example 3.15 (The Variance of a Random Number of Random 
Variables): In Example 3.12 we showed that if Xx, X2,... are independent 
and identically distributed, and if Ν is a nonnegative integer valued random 
variable independent of the ^ ' s , then 

Ν 

Σ Χι = E[N]E[X] 

What can we say about Var(£fL ι A',)? 

Solution: 

Var Σ X)=E 
Ν \2' 

Σ Χ, - Ε 
Ν 

Σ Χ 
1 = 1 

To compute each of the individual terms, we condition on N: 

Ν \2" 
Σ Χι = Ε 

Ν \2 

Σ Xi Ν 

(3.8) 

Now, given that Ν = η, (£fl χ Xt)
2 is distributed as the square of the 

sum of η independent and identically distributed random variables. 
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Hence, using the identity E[Z2] = Var(Z) + (E[Z])2, we have that 

Ν \2 

Σ Χι Ν = η = Var( h Xi) + [Ε 

= n Var(X) + (nE[X]f 

n 

Σ xt 

ι = 1 

Therefore, 
N \ 2 

Σ Xt 
ι = 1 

N = NVar(X) + N2(E[X])2 

Taking expectations of both sides of the above equation yields that 

Ν \ 2 " 

Σ Χι 
i= 1 

= Ε [N] Var(X) + E[N2](E[X]f 

Hence, from Equation (3.8) we obtain 

Var 
Ν 

=E[N] Var(X) + E[N2](E[X])2 - \E[ Σ Χι 

= Ε [N] Var(X) + Ε[Ν2](Ε[Χ])2 - (Ε[Ν]Ε[Χ])2 

= Ε [Ν] Var(X) + (Ε[Χ])2(Ε[Ν2] - (Ε [Ν])2) 

= Ε [Ν] Var(X) + (Ε [Χ])2 Var(N) • 

Example 3.16 (Variance of the Geometric Distribution): Independent 
trials, each resulting in a success with probability p, are successively 
performed. Let Ν be the time of the first success. Find War(N). 

Solution: Let Y = 1 if the first trial results in a success, and Y = 0 
otherwise. 

Var(AT) = E(N2) - (E[N])2 

To calculate £[JV2] and E[N] we condition on Y. For instance, 

E[N2] = £ [ £ [ 7 V 2 | r ] ] 
However, 

E[N2\Y = 1] = 1 

E[N2\Y= 0] = E[(\ + N)2] 

These two equations are true since if the first trial results in a success, 
then clearly TV = 1 and so N2 = 1. On the other hand, if the first trial 
results in a failure, then the total number of trials necessary for the first 
success will equal one (the first trial that results in failure) plus the 
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necessary number of additional trials. Since this latter quantity has the 
same distribution as TV, we get that E[N21Y = 0] = £[(1 + TV)2]. Hence, 
we see that 

E[N2] = £[TV 2 |y = l]P[Y = 1) + E[N2\Y= 0]P{Y = 0) 

= p + E[(l + TV)2](1 - p) 

= 1 + (1 - p)E[2N + TV2] 

Since, as was shown in Example 3.9, E[N] = 1/p, this yields 

or 

Therefore, 

E[NZ] = 1 + — — + (1 - p)E[Nz] 

ί 2 — ρ 
E[N2} = —/ 

Var(N) = Ε [Ν2] - (Ε [Ν])2 

2-ρ (\ 2 

ρ1 \ρ 

3.5. Computing Probabilities by Conditioning 

Not only can we obtain expectations by first conditioning upon an 
appropriate random variable, but we may also use this approach to 
compute probabilities. To see this, let Ε denote an arbitrary event and 
define the indicator random variable X by 

^ _ ( 1, if Ε occurs 

^0, if Ε does not occur 

It follows from the definition of X that 

E[X] = P(E), 

E[X IY = y] = P(E IY = y), for any random variable Y 

Therefore, from Equations (3.3a) and (3.3b) we obtain that 

P(E) = Σ P(E\Y = y)P(X = y), if Y is discrete 

P(E IY = y)fY(y) dy, if Y is continuous 
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Example 3.17 Suppose that X and Y are independent continuous 
random variables having densities fx and fYi respectively. Compute 
P[X< Y). 

Solution: Conditioning on the value of Y yields 

P[X<Y} = f PiX<Y\Y = y}fY(y)dy 

P{X<y\Y = y]fY(y)dy 

P{X<y]fr(y)dy 

Fx(y)fY(y)dy 

where 

Fx(y) = \ fx(x)dx • 

Example 3.18 Suppose that X and Y are independent continuous 
random variables. Find the distribution of X + Y. 

Solution: By conditioning on the value of Y we obtain 

P[X+Y<a}= [ P[X+Y<a\Y = y}fY(y)dy 

P[X + y<a\Y = y)fY(j)dy 

P{X<a-y\My)dy 

Fx(a - y)fY(y)dy • 

Example 3.19 Each customer who enters Rebecca's clothing store will 
purchase a suit with probability p . If the number of customers entering the 
store is Poisson distributed with mean A, what is the probability that 
Rebecca does not sell any suits? 
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Solution: Let X be the number of suits that Rebecca sells, and let Ν 
denote the number of customers who enter the store. By conditioning on 
Ν we see that 

oo 

P{X=0}= Σ P\X = 0\N= n}P{N= n] 
n = 0 

oo 

= Σ P{X = 0\N = n}e~xXn/n\ 
n = 0 

Now, given that η customers enter the store, the probability that Rebecca 
does not sell any suits is just (1 - p)n. That is, P[X = 0|7V= n] = 
(1 - pf. Therefore, 

p p . * . IH^L^ 
« = o « ! 

= < » - V
( 1

-
p ) 

Example 3.19 (continued) What is the probability that Rebecca sells 
k suits? 

Solution: 

P\X = k}= Σ P\X = k\N= η)β-χλη/η\ 

Now, given that Ν = n,X has a binomial distribution with parameters η 
and p. Hence, 

P\X= k\N= n] 

so that 

P{X=k\= Σ . . 
η = k \

 K 

oo 

= Σ 

pk(l - p)"-k, n>k 

L0, η < k 

n\pk(l -p)"-Vxr 

n\ (λρ)*(λ(ί -p))"-"e 

„ ? * ( # ! - * ) ! * ! Λ! 

βΛλρΫ y (λ(1 - p))"-
k 

kl Λ (η - k)l 
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-x(A/>)* y (A(l - p)Y 

kl io H 

k\ 

k\ 

In other words, X has a Poisson distribution with mean λρ. • 

Example 3.20 At a party η men take off their hats. The hats are then 
mixed up and each man randomly selects one. We say that a match occurs 
if a man selects his own hat. What is the probability of no matches? What 
is the probability of exactly k matches? 

Solution: Let Ε denote the event that no matches occur, and to make 
explicit the dependence on n, write Pn = P(E). We start by conditioning 
on whether or not the first man selects his own hat—call these events M 
and Mc. Then 

pn = P(E) = P(E\M)P(M) + P(E\MC)P(MC). 

Clearly, P(E\M) = 0, and so 

Pn = P{E\Mc)^- (3.9) 

Now, P(E\MC) is the probability of no matches when η - 1 men select 
from a set of η - 1 hats that does not contain the hat of one of these 
men. This can happen in either of two mutually exclusive ways. Either 
there are no matches and the extra man does not select the extra hat 
(this being the hat of the man that chose first), or there are no matches 
and the extra man does select the extra hat. The probability of the first of 
these events is just Ρ„^ί9 which is seen by regarding the extra hat as 
"belonging" to the extra man. As the second event has probability 
[1/(AZ - 1)]ΡΛ_2, we have 

P(E\Mc) = Pn_x + — 

and thus, from Equation (3.9) 
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or, equivalently, 

Pn-Pn-l = -X-(Pn-X - Pn-l) (3-10) 

However, as Pn is the probability of no matches when η men select among 
their own hats, we have 

Pi = 0, P2 = i 

and so, from Equation (3.10), 

_ _ (P 2 - Λ) ι ι ι 
3 2 = ~ Γ ~ ^ = ~ 3 ! or p

> = v . - v r 

n (P3- P2) 1 1 1 1 

* - * = - ^ 4 - * - = 4! 0Γ P4 = 2 ! - 3 ! + 4 ! 

and, in general, we see that 

Ρ - 1 _ 1 1 _ (-1)" 

To obtain the probability of exactly k matches, we consider any fixed 
group of k men. The probability that they, and only they, select their own 
hats is 

1 1 _ _ L _ p _ (* - k)\ 
n n - \ " ' n-(k- \) n~k n\ n~k 

where Pn_k is the conditional probability that the other η - k men, 

selecting among their own hats, have no matches. As there are ( ^ 

choices of a set of k men, the desired probability of exactly k matches is 

1 _ 1 (-1)""* 
Pn-k _2l 3\ + "'* (n-k)\ 

kl k\ 

which, for η large, is approximately equal to e~1/kl. • 

Example 3.21 (The Ballot Problem): In an election, candidate A 
receives η votes, and candidate Β receives m votes where η > m. Assuming 
that all orderings are equally likely, show that the probability that A is 
always ahead in the count of votes is (n - m)/(n + m). 
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Solution: Let P„ > m denote the desired probability. By conditioning on 
which candidate receives the last vote counted we have 

Pnm = P[A always ahead \A receives last vote} ^ 

+ Ρ {A always ahead | Β receives last vote) - m 
η Λ- m 

Now given that A receives the last vote, one can see that the probability 
that A is always ahead is the same as if A had received a total of η - 1 
and Β a total of m votes. As a similar result is true when we are given that 
Β receives the last vote, we see from the above that 

P"'m = ~n~Tïn~P"-l>m + ^T~nPn-m-x ( 3 J 1 ) 

We can now prove that Pn m = (n - m)/(n + m) by induction on η + m. 
As it is true when η + m = 1, i.e., Pl0 = 1, assume it whenever 
η + m = k. Then when η + m = k + 1, we have by Equation (3.11) and 
the induction hypothesis that 

η η - 1 - m m η - m + 1 
Ρ — u 
1
 n,m ' 

n+mn-l+m m+nn+m-1 

n-m 

n + m 

and the result is proven. • 

The ballot problem has some interesting applications. For example, 
consider successive flips of a coin which always land on "heads" with prob-
ability p, and let us determine the probability distribution of the first time, 
after beginning, that the total number of heads is equal to the total number 
of tails. The probability that the first time this occurs is at time In can be 
obtained by first conditioning on the total number of heads in the first 2n 
trials. This yields 

Ρ {first time equal = 2n] 

= P{first time equal = 2n\n heads in first 2n}(^n^pn(\ - p)n 

Now given a total of η heads in the first 2n flips, one can see that all possible 
orderings of the η heads and η tails are equally likely, and thus the 
preceding conditional probability is equivalent to the probability that in an 
election, in which each candidate receives η votes, one of the candidates 
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Suppose now that we wanted to determine the probability that the first 
time there are / more heads than tails occurs after the {In + /)th flip. Now, 
in order for this to be the case, the following two events must occur: 

(a) The first In + / tosses result in η + / heads and η tails; and 
(b) the order in which the η + i heads and η tails occur is such that the 
number of heads is never / more than the number of tails until after the 
final flip. 

Now, it is easy to see that the event (b) will occur if and only if the order of 
appearance of the η + / heads and η tails is such that starting from the final 
flip and working backwards heads is always in the lead. For instance, if 
there are 4 heads and 2 tails (n = 2, / = 2), then the outcome Τ Η 
would not suffice because there would have been 2 more heads than tails 
sometime before the sixth flip (since the first 4 flips resulted in 2 more heads 
than tails). 

Now, the probability of the event specified in (a) is just the binomial 
probability of getting η + i heads and η tails in In + / flips of the coin. 

We must now determine the conditional probability of the event specified 
in (b) given that there are n + / heads and η tails in the first In + / flips. To 
do so, note first that given that there are a total of η + i heads and η tails 
in the first In + i flips, all possible orderings of these flips are equally 
likely. As a result, the conditional probability of (b) given (a) is just the 
probability that a random ordering of η + / heads and η tails will, when 
counted in reverse order, always have more heads than tails. Since all 
reverse orderings are also equally likely, it follows from the ballot problem 
that this conditional probability is i/(2n + /). 

That is, we have shown that 

Ρ {first time equal = In] = Pn n,n-l ) />"0 - Pf 

In - 1 

is always ahead in the counting until the last vote (which ties them). But by 
conditioning on whomever receives the last vote, we see that this is just the 
probability in the ballot problem when m = η - 1. Hence 
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and so 

Ρ (first time heads leads by / is after flip In + /} 

fin + A xff / 
)pn+i(l - Ρ) ~——τ \ η J 2n + ι 

3.6. Some Applications 

3.6.1. A List Model 

Consider η e lements—e x ,e 2 , . . . , en—which are initially arranged in some 
ordered list. At each unit of time a request is made for one of these 
elements—et being requested, independently of the past, with probability 
Pi. After being requested the element is then moved to the front of the list. 
That is, for instance, if the present ordering is ei9 e2, e3, e4 and if e3 is 
requested, then the next ordering is e3, el9 e2, e4. 

We are interested in determining the expected position of the element 
requested after this process has been in operation for a long time. However, 
before computing this expectation, let us note two possible applications of 
this model. In the first we have a stack of reference books. At each unit of 
time a book is randomly selected and is then returned to the top of the 
stack. In the second application we have a computer receiving requests for 
elements stored in its memory. The request probabilities for the elements 
may not be known and so to reduce the average time it takes the computer 
to locate the element requested (which is proportional to the position of the 
requested element if the computer locates the element by starting at the 
beginning and then going down the list), the computer is programmed to 
replace the requested element at the beginning of the list. 

To compute the expected position of the element requested, we start by 
conditioning on which element is selected. This yields 

^[Position of element requested] 

η 
= £ ii [Position |e, is selected]/* 

i = l 

η 

= Σ £ [Position of ef-1 e#- is selected]/* (3.12) 

i ' = l 

η 

= Σ £ [Position of ej/* 
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Position of et = \ + Σ Ij 

^ i l , if ej precedes et 

j ^0, otherwise 

£ [Position of *?,] = 1 + Σ E[Ij] 

= 1 + Σ P[ej precedes et} (3.13) 

To compute P{ej precedes e,}, note that ej will precede et if the most recent 
request for either of them was for ej. But given that a request is for either 
ez or ej9 the probability that it is for ej is 

p. 
P{ej\eiorej} = -^-ß^ 

and, thus, 
ρ 

P{ejprecedes = 7 

Hence from Equations (3.12) and (3.13) we see that 
n Ρ 

Ε [Position of element requested] = 1 + Σ -β" Σ p

 7

 p 

i = l j*tn + ^ 7 

This list model will be further analyzed in Section 4.7, where we will assume 
a different reordering rule—namely, that the element requested is moved 
one closer to the front of the list as opposed to being moved to the front 
of the list as assumed here. We will show there that the average position of 
the requested element is less under the one-closer rule than it is under the 
front-of-the-line rule. 

Now 

where 

and so, 

3.6.2. A Random Graph 

A graph consists of a set V of elements called nodes and a set A of pairs of 
elements of V called arcs. A graph can be represented graphically by 
drawing circles for nodes and drawing lines between nodes / and j whenever 
(/,y) is an arc. For instance if V = {1, 2, 3, 4} and A = {(1, 2), (1,4), (2, 3), 
(1,2), (3,3)}, then we can represent this graph as shown in Figure 3.1. 
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Figure 3 . 1 . A graph. 

Note that the arcs have no direction (a graph in which the arcs are ordered 
pairs of nodes is called a directed graph); and that in the above there are 
multiple arcs connecting nodes 1 and 2, and a self arc (called a self loop) 
from node 3 to itself. 

We say that there exists a path from node / to node j , i ^ j , if there exists 
a sequence of nodes /, i l 9 i k , j such that (/, /Ί), ( / l 5 1 2 ) , ( i k J ) are 

all arcs. If there is a path between each of the distinct pair of nodes 

we say that the graph is connected. The graph in Figure 3.1 is connected 
but the graph in Figure 3.2 is not. Consider now the following graph 
where V = [ 1, 2 , . . . , n] and A = {(/, X(i)), i = 1 , . . . , n] where the X(i) are 
independent random variables such that 

In other words from each node / we select at random one of the η nodes 
(including possibly the node / itself) and then join node i and the selected 
node with an arc. Such a graph is commonly referred to as a random graph. 

We are interested in determining the probability that the random graph 
so obtained is connected. As a prelude, starting at some node—say node 1— 
let us follow the sequence of nodes, 1, X(l), X2(l),where Xn(l) = 
X(Xn~\l)); and define Ν to equal the first k such that Xk(l) is not a 

P{X(i)=j) = - 9 

η 
j= 1,2,. . . η 

Figure 3.2. A disconnected graph. 
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( j ^ ) (xjuj) ( ^ ) Qr̂ Mj) 

Figure 3.3. 

new node. In other words, 

TV = 1st k such that Xk(\) e [l,X(l)9 ...,Xk-\l)] 

We can represent this as shown in Figure 3.3 where the arc from XN~1(l) 
goes back to a node previously visited. 

To obtain the probability that the graph is connected we first condition 
on Ν to obtain 

η 
P{Graph is connected) = £ P{Connected\N = k}P{N = k] (3.14) 

k= 1 
Now given that Ν = k, the k nodes 1, X(l),Xk~1(i) are connected to 
each other, and there are no other arcs emanating out of these nodes. 
In other words, if we regard these k nodes as being one supernode, the 
situation is the same as if we had one supernode and η - k ordinary nodes 
with arcs emanating from the ordinary nodes—each arc going into the 
supernode with probability k/n. The solution in this situation is obtained 
from Lemma 3.1 by taking r = η - k. 

Lemma 3.1 Given a random graph consisting of nodes 0, 1, r and r 
arcs—namely (/, YJ), / = 1, r, where 

( ι 
/* with probability , j = 1, . . . , r 

r + k 

k 
. 0 with probability -
\ r+k 

then 

PfGraph is connected) = 
k 

r + k 

(In other words, for the preceding graph there are r + 1 nodes—r 
ordinary nodes and one supernode. Out of each ordinary node an arc is 
chosen. The arc goes to the supernode with probability k/(r + k) and to 
each of the ordinary ones with probability l /(r + A:). There is no arc 
emanating out of the supernode.) 

Proof The proof is by induction on r. As it is true when r = 1 for any k9 

assume it true for all values less than r. Now in the case under considera-
tion, let us first condition on the number of arcs (y, Υβ for which Yj = 0. 
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This yields 

P{Connected} 

= Σ ^Connected |/ of the Yj = o j Q ^ ) ' ^ ) " (3.15) 

Now given that exactly / of the arcs are into the supernode, the situation 
for the remaining r - i arcs which do not go into the supernode is the 
same as if we had r - i ordinary nodes and one supernode with an arc going 
out of each of the ordinary nodes—into the supernode with probability 
i/r and into each ordinary node with probability l/r. But by the induction 
hypothesis the probability that this would lead to a connected graph 
is i/r. 

Hence, 

PfConnected | / of the Y; = 0} = -j r 

and from Equation (3.15) 

_ k 

~ r + k 

which completes the proof of the lemma. • 

ο 
O r-i 

Ο . 

Binomial fr, —— , 
\ r + Κ 

Figure 3.4. The situation given / of the r arcs are into the supernode. 
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Hence as the situation given TV = k is exactly as described by Lemma 3.1 
when r = η - k, we see that, for the original graph, 

k 
P(Graph is connected | TV = k] = -

η 
and, from Equation (3.14), 

E(N) 
PfGraph is connected) = (3.16) 

η 

To compute E(N) we use the identity 
oo 

E(N) = Σ P\N * i) 
i= 1 

which can be proved by defining indicator variables /;, / > 1, by 

1, i f / < j V 

Hence, 

and so 

7 / ' 0, if ι > Ν 

N= Σ // 
/ = ι 

E(N) = E\ Σ Ii 
ΐ = 1 

oo 

Σ E[I,] 

= Σ P\N>i) (3.17) 
/' = 1 

Now the event [N > /) occurs if the nodes 1, ^(1), . . . , ^ / - 1( 1 ) are all 
distinct. Hence, 

(η - 1) (n - 2) (n - i + 1) 
P{N > /) = 

η η 

(η - 1)! 
(η - iy.n'-1 

and so, from Equations (3.16) and (3.17), 

1 
P{Graph is connected) = (η - 1)! X 

,·= ι (n - i)\nl 

^ Σ ' £ (by, = » - / ) (3.18) 
n
 j = 0 J

 1 



3.6. Some Applications 113 

We can also use Equation (3.18) to obtain a simple approximate expres-
sion for the probability that the graph is connected when η is large. To do 
so, we first note that if A" is a Poisson random variable with mean n, then 

n-l nJ 

P{X <n} = e~n Σ -rj 
j = o J-

Since a Poisson random variable with mean η can be regarded as being the 
sum of η independent Poisson random variables each with mean 1, it 
follows by the Central Limit Theorem that for η large such a random 
variable has approximately a normal distribution and as such has 
probability j of being less than its mean. That is, for η large 

P{X < η) « \ 

and so for η large, 

V — ~ -
jToJl ~ 2 

Hence from Equation (3.18), for η large, 

en(n - 1)! 
Ρ {Graph is connected) « ——— 

In 

By employing an approximation due to Stirling which states that for η large 

n\ ~ nn+l/2e~n^i 

we see that, for η large, 

' ~ fn - 1 
P[Graph is connected) « /— -e 

-\2(n - 1) 
and as 

lim ( - - ) = lim ( 1 - - ) = e~ 
n-*oo\ η Ι n-*oo\ η / 

We see that, for η large, 

PfGraph is connected) « 
2(n - 1) 

Now a graph is said to consist of r connected components if its nodes can 
be partitioned into r subsets so that each of the subsets are connected and 
there are no arcs between nodes in different subsets. For instance, the graph 
in Figure 3.5 consists of three connected components—namely (1,2,3), 
{4, 5), and {6). Let C denote the number of connected components of our 
random graph and let 

Pn(i) = P[C = i] 



114 3 Conditional Probability and Conditional Expectation 

© 

Figure 3.5. A graph having three connected components. 

where we use the notation Pn(i) to make explicit the dependence on n, the 
number of nodes. Since a connected graph is by definition a graph 
consisting of exactly one component, from Equation (3.18) we have 

Pn(l) = P{C= 1} 

- Π! " ~
l 

(n - 1) 

ίου (3.19) 

To obtain Pn(2), the probability of exactly two components, let us first fix 
attention on some particular node—say node 1. In order that a given set of 
k - 1 other nodes—say nodes 2, . . . , k—will along with node 1 constitute 
one connected component and the remaining η - k a second connected 
component, we must have 

(i) *( / ) e i l , 2 , . . . , * } , for all / = 1 , . . . , * ; 
(ii) X(i) e [k + 1, . . . , « ) , for all i = k + 1, n\ 

(iii) The nodes 1,2, k form a connected subgraph; 
(iv) The nodes k + 1, . . . , η form a connected subgraph. 

The probability of the preceding occurring is clearly 

n-k 

and as there are 

the nodes 2 through n, we have that 

ways of choosing a set of k - 1 nodes from 

PnO) 
η η - 1 

*? . U - ι 

k\km n-k 
PkiX\Pn-kiX) 

and so Pn(2) can be computed from Equation (3.19). In general, the 
recursive formula for Pn(i) is given by 

- ) Pk(l)Pn-k(i- 1) 
k = ] 

n-i+l 

P„U)= Σ 

k\kin 
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Figure 3.6. A cyc le . 

To compute E[C], the expected number of connected components, first 
note that every connected component of our random graph must contain 
exactly one cycle (a cycle is a set of arcs of the form (/, /j), ( / l 5 / 2) , 
Uk-i>i/c)> Uk>0 f ° r distinct nodes /, il9 . . . , /*)· For example, Figure 3.6 
depicts a cycle. 

The fact that every connected component of our random graph must 
contain exactly one cycle is most easily proved by noting that if the 
connected component consists of r nodes, then it must also have r arcs and, 
hence, must contain exactly one cycle (why?). Thus, we see that 

E[C] = Ε [Number of cycles] 

= E\ Σ 7 (5 ) 

s 

= Σ Eins)] 
s 

where the sum is over all subsets S C {1, 2 , n] and 

1, 

0 , 

if the nodes in S are all the nodes of a cycle 
otherwise 

Now, if S consists of k nodes, say then 

E[I(S)] = Ρ { 1 , * ( 1 ) , ...,Xk-\l) are all distinct and 
contained in 1, . . . , k and A^O) = 1 ) 

k - 1 k - 2 1 1 (k - 1)! 

η η η n nk 

Hence, as there are subsets of size k we see that 
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3.6.3. Uniform Priors, Polya's Urn Model, and 
Bose-Einstein Statistics 

Suppose that η independent trials, each of which is a success with 
probability ρ are performed. If we let X denote the total number of 
successes, then A' is a binomial random variable such that 

P{X=k\p} = Q P * ( 1 -P)n~k> A: = 0 ,1 , . . . , / ι 

However, let us now suppose that whereas the trials all have the same 
success probability p, its value is not predetermined but is chosen according 
to a uniform distribution on (0, 1). (For instance, a coin may be chosen at 
random from a huge bin of coins representing a uniform spread over all 
possible values of /?, the coin's probability of coming up heads. The chosen 
coin is then flipped η times.) In this case, by conditioning on the actual 
value of p, we have that 

P[X=k} = ^P[X= k\p}f(p)dp 

' j ^ p ' O ~P)n-kdp 

Now, it can be shown that 

PkV-Prkdp = k ^ - * f (3.20) 

and thus 

P{x = k ] = > ' n ^ n - k ) l 

kj (n + 1) 

1 

η + 1 
k = 0, 1, . . . ,AZ (3.21) 

In other words, each of the η + 1 possible values of X is equally likely. 
As an alternate way of describing the above experiment, let us compute 

the conditional probability that the (r + l)st trial will result in a success 
given a total of k successes (and r — k failures) in the first r trials. 

P{(r + l)st trial is a success | k successes in first r] 

P{(r + l)st is a success, k successes in first r trials) 

P[k successes in first r trials) 
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jo P[(r + l)st is a success, k in first r\p}dp 

l /(r + 1) 

= ( r + l ) fY[V + 1 ( l -pr'dp 

k + 1 

r + 2 
(3.22) 

That is, if the first r trials result in k successes, then the next trial will be a 
success with probability (k + \)/(r + 2). 

It follows from Equation (3.22) that an alternative description of the 
stochastic process of the successive outcomes of the trials can be described 
as follows: There is an urn which initially contains 1 white and 1 black ball. 
At each stage a ball is randomly drawn and is then replaced along with 
another ball of the same color. Thus, for instance, if of the first r balls 
drawn k were white, then the urn at the time of the (r + l)th draw would 
consist of k + 1 white and r - k + 1 black, and thus the next ball would 
be white with probability (k + l)/(r + 2). If we identify the drawing of a 
white ball with a successful trial, then we see that this yields an alternate 
description of the original model. This latter urn model is called Poly a's 
Urn Model. 

Remarks (i) In the special case when k = r formula Equation (3.22) 
is sometimes called Laplace's rule of succession, after the French mathe-
matician Pierre de Laplace. In Laplace's era, this "rule" provoked much 
controversy, for people attempted to employ it in diverse situations where 
its validity was questionable. For instance, it was used to justify such 
propositions as "If you have dined twice at a restaurant and both meals 
were good, then the next meal also will be good with probability j , " and 
"Since the sun has risen the past 1,826,213 days, so will it rise tomorrow 
with probability 1,826,214/1,826,215." The trouble with such claims 
resides in the fact that it is not at all clear the situation they are describing 
can be modeled as consisting of independent trials having a common 
probability of success which is itself uniformly chosen. 

(ii) In the original description of the experiment, we referred to the 
successive trials as being independent, and in fact they are independent 
when the success probability is known. However, when ρ is regarded as a 
random variable, the successive outcomes are no longer independent since 
knowing whether an outcome is a success or not gives us some information 
about p9 which in turn yields information about the other outcomes. 
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The preceding can be generalized to situations in which each trial has 
more than two possible outcomes. Suppose that η independent trials, each 
resulting in one of m possible outcomes 1, . . . , m with respective 
probabilities pl9 ...,pm are performed. If we let X t denote the number of 
type / outcomes that result in the η trials, i = 1 , m , then the vector 
Xx,..., Xm will have the multinomial distribution given by 

p{xl = xlyx2 = x2y ...,xm = xm\p} = ——
:
—jP*

l
P2

2
-~P%r 

X1 · * ' • Xm· 

where xx,..., xm is any vector of nonnegative integers which sum to n. Now 
let us suppose that the vector ρ = (px, ...,pm) is not specified, but instead 
is chosen by a "uniform" distribution. Such a distribution would be of 
the form 

r , ν \c, 0 <Pi< 1, ι = 1, m, Σ A = 1 

(^0, otherwise 

The preceding multivariate distribution is a special case of what is known as 
the Dirichlet distribution, and it is not difficult to show, using the fact that 
the distribution must integrate to 1, that c = (m - 1)!. 

The unconditional distribution of the vector X is given by 

P[X\ = X \ , . . . , Xm = xm] 

Ρ{Χχ = X\, ...,Xm = xm\p\, --,Pm] 

x / ( P i , ...,pm)dpl --dpm 

(m - l)lnl . . . r r , 
1 1 1

 PÏ--Pm
m
dpx...dp„ 

Χ\^' ' ' ' Xm · 

0̂ p,< 1 
Now it can be shown that 

0 ̂  Pi; < 1 

and thus, using the fact that ΣΤ xi = n> w e s e e that 

n\(m - 1)! 
P{X\ —

 x
l i - · · > Xm —

 x
mi — 

(n + m - 1)! 

η + m - 1 x 1 

m - 1 
(3.24) 
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Hence, all of the 
η + m - 1 

m- 1 ) possible outcomes (there are 
η + m - 1 

m- 1 ) 
possible nonnegative integer valued solutions of xx + · · · + xm = ri) of the 
vector (Xl,..., A"m) are equally likely. The probability distribution given 
by Equation (3.24) is sometimes called the Bose-Einstein distribution. 

To obtain an alternative description of the foregoing, let us compute the 
conditional probability that the (n + l)st outcome is of type j if the first η 
trials have resulted in χ ι type / outcomes, / = 1, m, ΣΤ xi·. = n- This is 
given by 

P{(n + l)st is j \ X j type / in first n, i = 1 , m ] 

where the numerator is obtained by conditioning on the ρ vector and the 
denominator is obtained by using Equation (3.24). By Equation (3.23), we 
have that 

P[(n + l)st is j I Χι type / in first n, i = 1 , m ] 

(Xj + \)n\{m - 1)! 

(n + m)\ 

~ (m - \)\n\ 

(n + m - 1)! 

Using Equation (3.25), we can now present an urn model description of 
the stochastic process of successive outcomes. Namely, consider an urn 
which initially contains one of each of m types of balls. Balls are then 
randomly drawn and are replaced along with another of the same type. 
Hence, if in the first η drawings there have been a total of Xj type j balls 
drawn, then the urn immediately before the (n + l)st draw will contain 
Xj + 1 type j balls out of a total of m + η, and so the probability of a type 
j on the (n + l)st draw will be given by Equation (3.25). 

P{(n + l)st isy, type / in first AZ, / = 1 , m ] 

P[Xi type / in first n, i = 1, m] 

m 

Xj + 1 
η + m 

(3.25) 
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Remarks Consider a situation where η particles are to be distributed at 
random among m possible regions; and suppose that each of the regions 
appear, at least before the experiment, to have the same physical character-
istics. It would thus seem that the most likely distribution for the numbers 
of particles that fall into each of the regions is the multinomial distribution 
with Pi = 1/m. (This, of course, would correspond to each particle, 
independent of the others, being equally likely to fall in any of the m 
regions.) Physicists studying how particles distribute themselves observed 
the behavior of such particles as photons and atoms containing an even 
number of elementary particles. However, when they studied the resulting 
data, they were amazed to discover that the observed frequencies did not 
follow the multinomial distribution but rather seemed to follow the 
Bose-Einstein distribution. They were amazed because they could not 
imagine a physical model for the distribution of particles which would result 
in all possible outcomes being equally likely. (For instance, if 10 particles 
are to distribute themselves between 2 regions, it hardly seems reasonable 
that it is just as likely that both regions will contain 5 particles as it is that 
all 10 will fall in region 1 or that all 10 will fall in region 2.) 

However, from the results of this section we now have a better under-
standing of the cause of the physicists' dilemma. In fact, two possible 
hypotheses present themselves. First, it may be that the data gathered by the 
physicists were actually obtained under a variety of different situations, 
each having its own characteristic ρ vector which gave rise to a uniform 
spread over all possible ρ vectors. A second possibility (suggested by the urn 
model interpretation) is that the particles select their regions sequentially 
and a given particle's probability of falling in a region is roughly propor-
tional to the fraction of the landed particles that are in that region. (In other 
words, the particles presently in a region provide an "attractive" force on 
elements which have not yet landed.) 

3.6.4. In Normal Sampling X and S
 2
 are Independent 

Let Xx , ..., Xn be independent normal random variables each having mean 
μ and variance σ2. Their joint density is 

/*,......»*«) = n 1/2 * e x P ) - Σ (*i - μ) 2/2σ 2j (3.26) 
(2π) σ t i=i ) 

Let 
η 

X = Σ Χι/η, 
(3.27) 

s 2 = Σ (Xi - x? 
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One of the most important results in normal sampling theory is that X, the 
sample mean, and S2/(n - 1), the sample variance, are independent 
random variables with S2/a2 having a chi-square distribution with η - 1 
degrees of freedom. 

Before proving the above, note the following algebraic identity: If for 
number xx, ..., xn we define 

η η 

χ = Σ * Ι · / Λ , S
2
 = Σ (*/ - χ)

2 

i = l i= 1 

then 
η η 

Σ (χι - μ)2 = Σ (χι- χ + χ - μ)2 

i = 1 i = 1 

= Σ (*, - χ)2 + "(* - μ) 2 

ί= 1 

or, since = ηχ - χ2 - • • • - χ„, 

(ηχ - χ 2 - ••• - χη - μ)2 + Σ (Xi - M)2 = s2 + «(* - ßf (3-28) 
ι = 2 

Proposition 3.2 If Xl9...9Xn are independent normal random 
variables each having mean μ and variance cr2, then X and S 2 , as given by 
(3.27), are independent random variables with X being normal with mean 
μ and variance a2In and S2/a2 having a chi-square distribution with η - 1 
degrees of freedom. 

Proof The joint density function of Xl, ..., Xn is given by (3.26). Make 
the change of variables 

-_XX + -"+Xn^ 
η 

X2 = X2> 

Xn — Xn 

As the preceding transformation has Jacobian \/n and as 

Xx = nX - X2 ----Xn 
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it follows that 

fx,x2,...,χ„(Χ'
Xl
' '··>

χ
η) 

= nfxu...txjjü -Χι - ··· - Xn>Xi> .·..*«) 

=ôïï^^i'&b'* ~ χ ι — X n ~ μ ? + k { X i " μ)2)} 

= {2π)η/1ση C XP [~ 2 ? [ ^ + " ( * ~ μ ) 2 ]] f r° m ( 3 ' 2 8 ) 

where 
η 

s2 = Σ (Xi - x)2y Χι = nx - x2 - ··· - xn (3.29) 
/ = 1 

As X is normally distributed with mean μ and variance σ2/η, we thus obtain 
that the conditional joint density function of X 2 , X „ given X is as 
follows: 

fx2,...,X„\x(
X
2> - ->Xn\x) = fx,X2,...,Xn(X>

X
2> -~9

X
nVfx(x) 

«Sriexp[-s2/2°2] (3·30) 

As the preceding is a joint density function, it must integrate to 1. That is, 
for all σ2 and χ 

r r . . . r , — d X l . . . d x , , ^ r i (3.31) 

J - o o J - o o J - c o VAZ 

where s2 is given by (3.29). From (3.30) we obtain that the conditional 
moment generating function of S2/a2 given that X = χ is 

E[ets2/a2\X = x] 

, ^ Μ Η ' ' * * * ' · · · · * 

W l v r l j from (3.31) 

= (1 - 2 / ) - ( " - 1 ) / 2, / < \ (3.32) 
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As the conditional moment generating function of 5 2 given that X = χ does 
not depend on JC, we can thus conclude that X and S 2 are independent. To 
show that S2/a2 has a chi-square distribution, let Ζ denote a unit normal 
random variable. Then 

E[etz2] =4= \ etxVx2/2
 dx 

1 

(1 - 20 _ 

x2/2d2dx where σ2 = (1 - 2f)~ 

1 / 2 

Hence, as a chi-square random variable with k degrees of freedom is 
defined as the sum of the squares of k independent unit normals, it follows 
that such a random variable would have a moment generating function 
equal to (1 - 2t)~k/2. Hence, from Equation (3.32), and the uniqueness of 
moment generating functions, we can conclude that S2 has a chi-square 
distribution with η - 1 degrees of freedom.* • 

If Ζ is a unit normal random variable and χ2, independent of Z, is a 
chi-square random variable with η degrees of freedom, then the random 
variable 

τ ; - — 
^X2/n 

is said to have a / distribution with η degrees of freedom. The distribution 
function of Tn has been tabulated and for each a e (0, 1) the number tnoL 

such that 

P[Tn > tnJ = a 

has been determined. 
As an immediate corollary of Proposition 3.2 we have 

Corollary 3.3 Suppose Xl9...,Xn are independent normal random 
variables each having mean μ and variance σ2 and let X and S2 denote, 
respectively, the sample mean and sample variance—that is, 

γ _ Σ?= ι Xj c2 _ Σ/*= ι (Xj ~ X)1 

Λ — > àv — -
η η - I 

* This proof is taken from Shuster, " A Simple Method of Teaching the Independence of X 

and S
2
, " The American Statistician, Feb. 1973. 
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Then 

Χ - μ / 8
2

Υ
ι / 2

 W-μ) 
Tn~l - σ/yfn \σ2) Sv 

has a t distribution with η - 1 degrees of freedom. 

The preceding corollary is very important in statistical applications. For 
instance, suppose Xx, ..., Xn are independent normal variables having 
unknown mean μ and known variance σ 2, and suppose we want to use the 
observed values of the Xt to estimate μ. Since yfn[(X - μ)/σ] will have a 
unit normal distribution, it follows that 

Ρ|^-1.96 < ^ ^ ~ ^ < i - 9 6 ] = 0 · 9 5 

or, equivalently, 

PIX - 1.96̂ L <μ <X + 1.96̂ L = 0.95 

That is, 95 percent of the time μ will lie within \.9βσ/\ίη units of the sample 
average. If we now observe the sample and it turns out that X = x, then we 
say that "with 95 percent confidence" 

χ - 1.96-̂ L < μ < χ + 1.96-̂ L 
yfn yfn 

That is, "with 95 percent confidence" we assert that the true mean lies 
within \.96a/y/n of the observed sample mean. The interval 

(x - l.96a/y[n,x + \.96a/yfn) 

is called a 95 percent confidence interval for μ. 
Let us now suppose that the population variance σ2 is not known. By 

letting S2 = ΣΊ= ι (Xi - X)2/(n - 1) denote the sample variance, then from 
Corollary 3.3 y/n(X - //)/S„ has a t distribution with η - 1 degrees of 
freedom. 

Hence, for any a e (0, y) 

z>f, ^ r^AzA^ , 1 ι 
PUn-Ul-ct/2 * £ ^ 'n-l.a/zj = 1 " CX 

or, using that t n _ u l . a / 2 = -tn_Ua/2 
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Thus, if it is observed that X = χ and Sv = sv, then we can say that "with 
100(1 - a) percent confidence" 

/ sv _ sv\ 
ß

 E I x
 — tn-l,oc/2~^9

 X
 + * / ϊ - 1 , α / 2 ^ ) 

Remark The interpretation of "a 100(1 - a) percent confidence interval" 
can be confusing. It should be noted that we are not asserting (in the case 
of σ2 known) that the probability that μ e [x - \36a/yfn, χ + 1.96a/VÄ] 
is 0.95, for there are no random variables involved in this assertion and thus 
nothing is random. What we are asserting is that the technique utilized to 
obtain this interval is such that 95 percent of the time it is employed it will 
result in an interval in which μ lies. In other words, before the data are 
observed, we can assert with probability 0.95 that the interval which will be 
obtained will contain μ; whereas after the data are obtained, we can only 
assert that the resultant interval indeed contains μ "with confidence 0.95." 

Exercises 

1. If X and Y are both discrete, show that ΣχΡχ\γ(χ\ϊ) = 1 f ° r a ^ y 
such that pY(y) > 0. 

*2 . Let Xx and X2 be independent geometric random variables having the 
same parameter p. Guess the value of 

P{XX = i\Xx + X2 = n] 

Hint: Suppose a coin having probability ρ of coming up heads is 
continually flipped. If the second head occurs on flip number n, what is 
the conditional probability that the first head was on flip number /, 
/ = 1 , . . . , A Z - 1? 

Verify your guess analytically. 

3. The joint probability mass function of X and Y, p(x,y), is given by 

p ( l , l ) = ±, P(2 , l ) = | , p (3 , l ) = ± 

p( l ,2 ) = i, /7(2,2) = 0, 77(3,2) = ^ 

p( l ,3 ) = 0, p(2, 3) = i, p(3,3) = ± 

Compute E[X\Y = i] for i = 1, 2, 3. 

4. In Exercise 3, are the random variables X and Y independent? 
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5. An urn contains three white, six red, and five black balls. Six of these 
balls are randomly selected from the urn. Let X and Y denote respectively 
the number of white and black balls selected. Compute the conditional 
probability mass function of X given that Y = 3. Also compute 
E[X\Y= 1]. 

*6 . Repeat Exercise 5 but under the assumption that when a ball is 
selected its color is noted, and it is then replaced in the urn before the next 
selection is made. 

7. Suppose p(x, y, z) the joint probability mass function of the random 
variables X, Y> and Z, is given by 

p ( l , l , l ) = i, /7(2,1,1) = i, 

/7( l , l ,2) = i, /7(2,1,2) = ^ , 

77(1,2,1) = ̂ , /7(2,2,1) = 0, 

p ( l , 2 ,2 ) = 0, p(2,2,2) = i 

What is E[X\Y = 2]? What is E[X\Y = 2, Ζ = 1]? 

8. An unbiased die is successively rolled. Let X and Y denote respectively 
the number of rolls necessary to obtain a six and a five. Find (a) E[X], 
(b)E[X\Y= l]9(c)E[X\Y=S]. 

9. Show in the discrete case that if X and Y are independent, then 

E[X\Y = y] = E[X] for all y 

10. Suppose X and Y are independent continuous random variables. 
Show that 

E[X\Y = y] = E[X] for all y 

1 1 . The joint density of X and Y is 

f(x,y) = ( y
 g *

) g
~ ^ 0 < j > < o o , -y<x<y 

Show t h a t £ [ * | 7 = y] = 0. 

12. The joint density of X and Y is given by 

f(x,y) =
 6
 * , 0 < x < o o , 0 < j > < o o 

S h o w i l y = y] =y. 
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*13. Let Λ" be exponential with mean 1/Λ; that is, 

fx(x) = λβ-^, 0<X<co 

¥indE[X\X> 1]. 

14. Let X be uniform over (0, 1). Find E[X\X < \\. 

15. The joint density of X and Y is given by 

e~y 

f(x,y) = — , 0<x<y, 0<y<co 
y 

Compute E[X2\ Y = y]. 
16. The random variables X and Y are said to have a bivariate normal 
distribution if their joint density function is given by 

η * 1 Γ 1 Ä*,y) = - / exp 
2 π σ , σ ^ ν Γ ν C 2(1 - p2) 

x - μχ\
2 _ 2p(x - px)(y - μγ) (y - μγ

χτ 

for - o o < χ < oo, - o o < y < oo, where σχ, oy, μχ, μγ, and ρ are constants 
such that - 1 < ρ < 1, σχ > Ο, ay > Ο, - o o < μχ < oo, - o o < μγ < <χ>. 

(a) Show that Λ" is normally distributed with mean μχ and variance σ2., 
and Y is normally distributed with mean μγ and variance σ^. 
(b) Show that the conditional density of X given that Y = y is normal 
with mean μχ + (pcx/ay)(y - μγ) and variance σ2(1 - ρ2). 

The quantity /? is called the correlation between X and Y. It can be 
shown that 

E[(X - μχ)(Υ - My)] 
Ρ = — 

axGy 

_ C o v ^ , Y) 

axoy 

*17. Prove that if X and y are jointly continuous, then 

E[X] = f E[X\Y = y]fY(y)dy 

18. Consider Example 3.10 which refers to a miner trapped in a mine. Let 
TV denote the total number of doors selected before the miner reaches 
safety. Also, let Tt denote the travel time corresponding to the /th choice, 
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/ > 1. Again let X denote the time when the miner reaches safety. 

(a) Give an identity that relates X to TV and the Tt. 
(b) What is E[N]1 
(c) What is E[TN]1 
(d) What is£[E?Li7;|Ar= n]l 
(e) Using the preceding, what is E[X]1 

19. Suppose that independent trials, each of which is equally likely to 
have any of m possible outcomes, are performed until the same outcome 
occurs k consecutive times. If Ν denotes the number of trials, show that 

Some people believe that the successive digits in the expansion of 
π = 3.14159... are "uniformly" distributed. That is, they believe that 
these digits have all the appearance of being independent choices from a 
distribution that is equally likely to be any of the digits from 0 through 9. 
Possible evidence against this hypothesis is the fact that starting with the 
24,658,601st digit there is a run of nine successive 7's. Is this information 
consistent with the hypothesis of a uniform distribution? 

To answer this, we note from the preceding that if the uniform hypothesis 
were correct, then the expected number of digits until a run of nine of the 
same value occurs is 

(109 - l)/9 = 111,111,111 

Thus, the actual value of approximately 25 million is roughly 22 percent of 
the theoretical mean. However, it can be shown that under the uniformity 
assumption the standard deviation of Ν will be approximately equal to the 
mean. As a result, the observed value is approximately 0.78 standard 
deviations less than its theoretical mean and is thus quite consistent with the 
uniformity assumption. 

*20. A coin having probability ρ of coming up heads is successively 
flipped until 2 of the most recent 3 flips are heads. Let TV denote the number 
of flips. (Note that if the first 2 flips are heads, then Ν = 2.) Find E[N], 

2 1 . A prisoner is trapped in a cell containing three doors. The first door 
leads to a tunnel which returns him to his cell after two-day's travel. The 
second leads to a tunnel which returns him to his cell after three day's 
travel. The third door leads immediately to freedom. 

(a) Assuming that the prisoner will always select doors, 1,2, and 3 with 
probabilities 0.5, 0.3, 0.2, what is the expected number of days until he 
reaches freedom? 
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(b) Assuming that the prisoner is always equally likely to choose among 
those doors that he has not used, what is the expected number of days 
until he reaches freedom? (In this version, for instance, if the prisoner 
initially tries door 1, then when he returns to the cell, he will now select 
only from doors 2 and 3.) 
(c) For parts (a) and (b) find the variance of the number of days until our 
prisoner reaches freedom. 

22. A rat is trapped in a maze. Initially he has to choose one of two 
directions. If he goes to the right, then he will wander around in the maze 
for three minutes and will then return to his initial position. If he goes to the 
left, then with probability j he will depart the maze after two minutes of 
traveling, and with probability f he will return to his initial position after 
five minutes of traveling. Assuming that the rat is at all times equally likely 
to go to the left or the right, what is the expected number of minutes that 
he will be trapped in the maze? 

23. Find the variance of the amount of time the rat spends in the maze in 
Exercise 22. 

24. The number of claims received at an insurance company during a 
week is a random variable with mean fxx and variance o\. The amount paid 
in each claim is a random variable with mean μ 2

 a n d variance σ\. Find the 
mean and variance of the amount of money paid by the insurance company 
each week. What independence assumptions are you making? Are these 
assumptions reasonable? 

25. The number of customers entering a store on a given day is Poisson 
distributed with mean A = 10. The amount of money spent by a customer 
is uniformly distributed over (0, 100). Find the mean and variance of the 
amount of money that the store takes in on a given day. 

26. The conditional variance of X, given the random variable Y, is 
defined by 

Var(X\Y) = E[[X - E(X\Y)]2\Y] 
Show that 

Var(*) = E[Var(X\ Y)] + Var (£ [* | Y]) 

*27. Use Exercise 26 to give another proof of the fact that 

Var^ Σ X^j = E[N] Var(X) + (E[X])2 Var(JV) 

28. An individual traveling on the real line is trying to reach the origin. 
However, the larger the desired step, the greater is the variance in the result of 
that step. Specifically, whenever the person is at location x, he next moves to 
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a location having mean 0 and variance ßx2. Let Xn denote the position of 
the individual after having taken η steps. Supposing that X0 = x0i find 

(a) E[Xn] 
(b) Var(*„) 

29. (a) Show that 

Co\(X9 Y) = Cov(X9 E[Y\X]) 

(b) Suppose, that, for constants a and b, 

E[Y\X] = a + bX 
Show that 

b = Cov(X> Y)/Vax(X) 

*30. If E[Y\X] = 1, show that 

Vzr(XY) > VarOY) 

3 1 . Give another proof of Exercise 27 by computing the moment 
generating function of Y^=\Xi a nd then differentiating to obtain its 
moments. 

Hint: Let 

φ(ί) = Ε e x p ^ X * ; ) 

e x p ^ 

Now, 

exp / Σ Xi Ν = η = Ε 

Ν 

exp / Σ Xi = (Φχ(0)η 

since Ν is independent of the A^s where <t>x(t) = E[etx] is the moment 
generating function for the A^s. Therefore, 

φ(ί) = Ε[(φχ(0)Ν] 
Differentiation yields 

φ\ί) = Ε[Ν(φχ(0)Ν-ιΦχ(01 

</>"(/) = E[N(N - \)(Φχ(ί))
Ν-\Φ'χ(ί))2 + Ν(φχ(0)Ν-ιΦχ(0] 

Evaluate at t = 0 to get the desired result. 

32. The number of fish that Elise catches in a day is a Poisson random 
variable with mean 30. However, on the average, Elise tosses back two 
out of every three fish she catches. What is the probability that, on a given 
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day, Elise takes home η fish. What is the mean and variance of (a) the 
number of fish she catches, (b) the number of fish she takes home? 
(What independence assumptions have you made?) 

33. There are three coins in a barrel. These coins, when flipped, will come 
up heads with respective probabilities 0.3, 0.5, 0.7. A coin is randomly 
selected from among these three and is then flipped ten times. Let Ν be the 
number of heads obtained on the ten flips. Find 

(a) P[N = Oj. 
(b) P{N = Λ } , η = 0, 1, 10. 
(c) Does Ν have a binomial distribution? 
(d) If you win $1 each time a head appears and you lose $1 each time a 
tail appears, is this a fair game? Explain. 

34. Do Exercise 33 under the assumption that each time a coin is flipped, 
it is then put back in the barrel and another coin is randomly selected. Does 
Ν have a binomial distribution now? 

35. Explain the relationship between the general formula 

P(E) = Σ P(E\Y = y)P{Y = y) 
y 

and Bayes' formula. 

*36. Suppose A" is a Poisson random variable with mean A. The param-
eter λ is itself a random variable whose distribution is exponential with 
mean 1. Show that P{X = η] = 

37. A coin is randomly selected from a group of ten coins, the nth coin 
having a probability Λ /10 of coming up heads. The coin is then repeatedly 
flipped until a head appears. Let Ν denote the number of flips necessary. 
What is the probability distribution of NT Is Ν a geometric random 
variable? When would TV be a geometric random variable; that is, what 
would have to be done differently? 

38. A collection of η coins are flipped. The outcomes are independent, 
and the ith coin comes up heads with probability cti9 i = 1 , n . Suppose 
that for some value of j , 1 < j < η, α, = y. Find the probability that the 
total number of heads to appear on the η coins is an even number. 

39. Let A and Β be mutually exclusive events of an experiment. If 
independent replications of the experiment are continually performed, what 
is the probability that A occurs before ΒΊ 
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*40. Two players alternate flipping a coin that comes up heads with 
probability p. The first one to obtain a head is declared the winner. We are 
interested in the probability that the first player to flip is the winner. Before 
determining this probability, which we will call /(/?), answer the following 
questions. 

(a) Do you think that /(/?) is a monotone function of pi If so, is it 
increasing or decreasing? 
(b) What do you think is the value of l i m ^ j /(/?)? 
(c) What do you think is the value of \imp^0f(p)l 
(d) Find/O?). 

* 4 1 . Suppose that we continually roll a die until the sum of all throws 
exceeds 100. What is the most likely value of this total when you stop? 

42. There are 5 components. The components act independently, with 
component / working with probability pi9 / = 1 , 2 , 3 , 4 , 5 . These 
components form a system as shown in Figure 3.7. 

Figure 3.7. 

The system is said to work if a signal originating at the left end of the 
diagram can reach the right end, where it can only pass through a com-
ponent if that component is working. (For instance, if components 1 and 4 
both work, then the system also works.) What is the probability that the 
system works? 

43. This problem will present another proof of the Ballot Problem of 
Example 3.21. 

(a) Argue that 

Pn,m = 1 - Ρ [A and Β are tied at some point) 

(b) Explain why 

P[A receives first vote and they are eventually tied) 

= P[B receives first vote and they are eventually tied) 
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Hint: Any outcome in which they are eventually tied with A receiving 
the first vote corresponds to an outcome in which they are eventually tied 
with Β receiving the first vote. Explain this correspondence. 

(c) Argue that Pfeventually tied) = 2m/(n + ra), and conclude that 
Pn,m = (n - rri)/(n + m). 

44. Consider a gambler who on each bet either wins 1 with probability 
18/38 or loses 1 with probability 20/38. (These are the probabilities if the 
bet is that a roulette wheel will land on a specified color.) The gambler will 
quit either when he is winning a total of 5 or after 100 plays. What is the 
probability he or she plays exactly 15 times? 

45. Show that 

(a) E[XY\Y = y] = yE[X\Y = y] 
(b) E[g(X, Y)\Y = y] = E[g(X,y)\Y = y] 
(c) E[XY] = E[YE[X\Y]] 

46. In the ballot problem (Example 3.21), compute Ρ {A is never behind). 

47. An urn contains η white and m black balls which are removed one at 
a time. If η > m, show that the probability that there are always more white 
than black balls in the urn (until, of course, the urn is empty) equals 
(n - m)/(n + m). Explain why this probability is equal to the probability 
that the set of withdrawn balls always contains more white than black balls. 
(This latter probability is (n - m)/(n + m) by the ballot problem.) 

*48. Let £ / , , / > 1, denote independent uniform (0, 1) random variables. 
For 0 < a < 1, define TV by 

Ν = mm{n :Ul + · · · + Un> a] 

(a) Show by induction that 

an 

P[N> n] = — 
n\ 

(b) Prove that E[N] = ea, and conclude that the expected number of 
random numbers needed until their sum exceeds 1 is equal to e. 

49. Let Xi9 i > 1, be independent uniform (0, 1) random variables, and 
define Ν by 

Ν = min{rt < Xn.x} 

where X0 = x. Let f(x) = E[N]. 
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(a) Derive an integral equation for f(x) by conditioning on Xx. 
(b) Differentiate both sides of the equation derived in (a). 
(c) Solve the resulting equation obtained in (b). 
(d) For a second approach to determining f(x) argue that 

(e) Use (d) to obtain f(x). 

50. In the list example of Section 3.6.1 suppose that the initial ordering 
at time t = 0 is determined completely at random; that is, initially all η I 
permutations are equally likely. Following the front of the line rule, 
compute the expected position of the element requested at time 

Hint: To compute P[ej precedes at time t) condition on whether or 
not either or ej have ever been requested prior to t. 

5 1 . In the list problem, when the Pi are known, show that the best 
ordering (best in the sense of minimizing the expected position of the 
element requested) is to place the elements in decreasing order of their 
probabilities. That is, if Px > P2 > ··· > Pn, show that 1, 2 , . . . , η is the 
best ordering. 

52. Consider the random graph of Section 3.6.2 when η = 5. Compute 
the probability distribution of the number of components and verify your 
solution by using it to compute E[C] and then comparing your solution 
with 

53. (a) From the results of Section 3.6.3 we can conclude that there are 

xx + ··· + xm = n. Prove this directly. 
(b) How many positive integer valued solutions of xx + · · · + xm = η 
are there? 

Hint: Let yt = xx? - 1. 

nonnegative integer valued solutions of the equation 

(c) For the Bose-Einstein distribution, compute the probability that 
exactly k of the Xt are equal to 0. 
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54. In Section 3.6.3, we saw that if U is a random variable that is uniform 
on (0, 1) and if, conditional on U = ρ, X is binomial with parameters η and 
p, then 

For another way of showing this result, let U, Χί9Χ2, ...,Xn be 
independent uniform (0, 1) random variables. Define X by 

That is, if the η + 1 variables are ordered from smallest to largest, then U 
would be in position X + 1. 

(a) What is P[X = /}? 
(b) Explain how this proves the result stated in the preceding. 

55. Let Il9...9In be independent random variables, each of which is 
equally likely to be either 0 or 1. A well-known nonparametric statistical test 
(called the signed rank test) is concerned with determining Pn(k) defined by 

P{X=i] = 
η + Γ 

/ = 0, 1, . . . , Λ 

Χ = m: Xi < υ 

Justify the following formula: 

(k-n) 



Chapter 4 
Markov Chains 

4 .1 . Introduction 

In this chapter, we consider a stochastic process [Xn9 η = 0, 1, 2,. . .} that 
takes on a finite or countable number of possible values. Unless otherwise 
mentioned, this set of possible values of the process will be denoted by the 
set of nonnegative integers {0, 1, 2 , . . . } . If Xn = /, then the process is said to 
be in state / at time n. We suppose that whenever the process is in state /, 
there is a fixed probability Pu that it will next be in state j . That is, we 
suppose that 

P[Xn+l =j\Xn = /, Xn_x = in.l9...,Xl = h.Xo = iç>] = Pu (4.1) 

for all states / 0 , i l 9 i n _ l 9 i9j and all η > 0. Such a stochastic process 
is known as a Markov chain. Equation (4.1) may be interpreted as 
stating that, for a Markov chain, the conditional distribution of any 
future state Xn+1 given the past states Χθ9Χί9 ...9Xn_l and the present 
state Xn9 is independent of the past states and depends only on the 
present state. 

The value Pu represents the probability that the process will, when in 
state /, next make a transition into state j . Since probabilities are non-
negative and since the process must make a transition into some state, we 
have that 

oo 

Pu>09 / , y > 0 ; Σ ^ , = 1> / = 0, 1 , . . . . 
7 = 0 

137 
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Let Ρ denote the matrix of one-step transition probabilities PlJf so that 

Poo Λ)ΐ Λ>2 *· 

^10 Pu Pu " 

P = 

PiO Pil Pi 2 

Example 4.1 (Forecasting the Weather): Suppose that the chance of 
rain tomorrow depends on previous weather conditions only through 
whether or not it is raining today and not on past weather conditions. 
Suppose also that if it rains today, then it will rain tomorrow with prob-
ability a; and if it does not rain today, then it will rain tomorrow with 
probability β. 

If we say that the process is in state 0 when it rains and state 1 when it 
does not rain, then the above is a two-state Markov chain whose transition 
probabilities are given by 

Ρ = 
a 1 — a 

ß ι - ß 

Example 4.2 (A Communications System): Consider a communications 
system which transmits the digits 0 and 1. Each digit transmitted must pass 
through several stages, at each of which there is a probability ρ that the 
digit entered will be unchanged when it leaves. Letting Xn denote the digit 
entering the nth stage, then [Xni η = 0 ,1 , . . . ) is a two-state Markov chain 
having a transition probability matrix 

Example 4.3 On any given day Gary is either cheerful (C), so-so (S), or 
glum (G). If he is cheerful today, then he will be C, S, or G tomorrow with 
respective probabilities 0.5, 0.4, 0.1. If he is feeling so-so today, then he will 
be C, 5, or G tomorrow with probabilities 0.3, 0.4, 0.3. If he is glum today, 
then he will be C, 5, or G tomorrow with probabilities 0.2, 0.3, 0.5. 

Letting Xn denote Gary's mood on the nth day, then [Xn, η > 0} is a 
three-state Markov chain (state 0 = C, state 1 = 5 , state 2 = G) with 
transition probability matrix 
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Ρ = 

0.5 0.4 0.1 

0.3 0.4 0.3 

0.2 0.3 0.5 

Example 4.4 (Transforming a Process into a Markov Chain): Suppose 
that whether or not it rains today depends on previous weather conditions 
through the last two days. Specifically, suppose that if it has rained for the 
past two days, then it will rain tomorrow with probability 0.7; if it rained 
today but not yesterday, then it will rain tomorrow with probability 0.5; 
if it rained yesterday but not today, then it will rain tomorrow with 
probability 0.4; if it has not rained in the past two days, then it will rain 
tomorrow with probability 0.2. 

If we let the state at time η depend only on whether or not it is raining at 
time n, then the above model is not a Markov chain (why not?). However, 
we can transform the above model into a Markov chain by saying that the 
state at any time is determined by the weather conditions during both that 
day and the previous day. In other words, we can say that the process is in 

state 0 if it rained both today and yesterday, 
state 1 if it rained today but not yesterday, 
state 2 if it rained yesterday but not today, 
state 3 if it did not rain either yesterday or today. 

The preceding would then represent a four-state Markov chain having a 

Ρ = 

The reader should carefully check the matrix P , and make sure he or she 
understands how it was obtained. • 

0.7 0 0.3 0 

0.5 0 0.5 0 

0 0.4 0 0.6 

0 0.2 0 0.8 

Example 4.5 (A Random Walk Model): A Markov chain whose state 
space is given by the integers / = 0, ± 1, ± 2 , . . . is said to be a random walk 
if, for some number 0 < ρ < 1, 

Pi.i+i = P= 1
 -Pi,i-i* / = o , + 1 , . . . . 

The preceding Markov chain is called a random walk for we may think of 
it as being a model for an individual walking on a straight line who at each 
point of time either takes one step to the right with probability ρ or one step 
to the left with probability 1 - p. • 
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Example 4.6 (A Gambling Model): Consider a gambler who, at each 
play of the game, either wins $1 with probability ρ or loses $1 with prob-
ability 1 - p. If we suppose that our gambler quits playing either when he 
goes broke or he attains a fortune of $7V, then the gambler's fortune is a 
Markov chain having transition probabilities 

Λ,/+ι =P= 1 -Λ,ί-ι. '= 1,2, . . . , 7 V - 1 

Λ)0 = Ρ Ν Ν — 1 

States 0 and TV are called absorbing states since once entered they are 
never left. Note that the above is a finite state random walk with absorbing 
barriers (states 0 and N). • 

4.2. Chapman-Kolmogorov Equations 

We have already defined the one-step transition probabilities . We now 
define the rt-step transition probabilities P"j to be the probability that a 
process in state / will be in state j after η additional transitions. That is, 

Pu = P\Xn+m = j\Xm = H η > 0, ij > 0 

Of course Pjj = Pu. The Chapman-Kolmogorov equations provide a method 
for computing these «-Step transition probabilities. These equations are 

oo 

P"/m = Σ P?kPkj for all /ι, m > 0, all ij (4.2) 

A: = 0 
and are most easily understood by noting that Ρ^Ρβ represents the prob-
ability that starting in / the process will go to state j in η + m transitions 
through a path which takes it into state k at the nth transition. Hence, 
summing over all intermediate states k yields the probability that the 
process will be in state j after η + m transitions. Formally, we have 

P ^
m
 = P{Xn+m =j\X0 = i] 

oo 

= Σ P\Xn+m
 =

 Ji Xn

 =
 k\X0 = Î) 

k = 0 

oo 

= Σ PiXn+m =j\xn = k,x0 = i]P{Xn = k\X0 = i] 

k = 0 

k = 0 
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If we let P ( W ) denote the matrix of Λ-step transition probabilities Pj}, then 
Equation (4.2) asserts that 

p(H+m) _ p(n) . p(m) 

where the dot represents matrix multiplication.* Hence, in particular, 

p(2) _ p ( l + l ) _ ρ . ρ _ p 2 

and by induction 
ρ ( Ό _ p ( / i - 1 + 1) _ p n - 1 . ρ _ p « 

That is, the rt-step transition matrix may be obtained by multiplying the 
matrix Ρ by itself η times. 

Example 4.7 Consider Example 4.1 in which the weather is considered 
as a two-state Markov chain. If a = 0.7 and β = 0.4, then calculate the 
probability that it will rain four days from today given that it is raining 
today. 

Solution: The one-step transition probability matrix is given by 

" 0.7 0.3 

0.4 0.6 
Ρ = 

Hence, 

p(2) _ p 2 _ 

> ( 4 ) _ 
( P

2
)

2
 = 

0.7 0.3 0.7 0.3 

0.4 0.6 I I 0.4 0.6 I 

0.61 0.39 II 
0.52 0.48 J ' 

0.61 0.39 II 0.61 0.39 11 
0.52 0.48 I 0.52 0.48 || 

0.5749 0.4251 II 

0.5668 0.4332 | 

and the desired probability P£0 equals 0.5749. • 

Example 4.8 Consider Example 4.4. Given that it rained on Monday 
and Tuesday, what is the probability that it will rain on Thursday? 

* If A is an Ν χ M matrix whose element in the /'th row and jth column is ai} and Β is a 
Μ χ Κ matrix whose element in the ith row andy'th column is bijy then A · Β is defined to be 
the Ν χ Κ matrix whose element in the /th row a n d / t h column is Σ ^ =, atkbkJ. 
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Solution: The two-step transition matrix is given by 

0.7 0 0.3 0 0.7 0 0.3 0 

0.5 0 0.5 0 0.5 0 0.5 0 
Ρ(2) _ P2 _ 

0 0.4 0 0.6 0 0.4 0 0.6 

0 0.2 0 0.8 0 0.2 0 0.8 

0.49 0.12 0.21 0.18 

0.35 0.20 0.15 0.30 

0.20 0.12 0.20 0.48 

0.10 0.16 0.10 0.64 

Since rain on Thursday is equivalent to the process being in either state 0 
or state 1 on Thursday, the desired probability is given by PQ0 + PQI = 
0.49 + 0.12 = 0.61. • 

So far, all of the probabilities we have considered are conditional 
probabilities. For instance, P-J is the probability that the state at time η is j 
given that the initial state at time 0 is /'. If the unconditional distribution of 
the state at time η is desired, it is necessary to specify the probability 
distribution of the initial state. Let us denote this by 

ai = P[X0 = i}9 / > ο ( ς < * / = l ) 

All unconditional probabilities may be computed by conditioning on the 
initial state. That is, 

oo 

P[Xn = J\ = Σ P\Xn =J\X« = i}P{*0 = i] 
i = 0 

= Σ P>i 

i = 0 
For instance, if a 0 = 0.4, ax = 0.6, in Example 4.7, then the (uncon-

ditional) probability that it will rain four days after we begin keeping 
weather records is 

P[X4 = 0} = 0.4P0

4

0 + 0.6Pf0 

= (0.4X0.5749) + (0.6X0.5668) 

= 0.5700 
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4.3. Classification of States 

State j is said to be accessible from state / if Pfj > 0 for some η > 0. Note 
that this implies that state j is accessible from state / if and only if, starting 
in /, it is possible that the process will ever enter state j . This is true since if 
j is not accessible from /, then 

P{ever enter j | start in /) = P^ \J [Xn = j} \X0 = / j 

oo 

^ Σ P{X„=j\Xo = i\ 
n = 0 

oo 

= Σ P5 
, i = 0 

= 0 

Two states / and j that are accessible to each other are said to communicate, 
and we write / j . 

Note that any state communicates with itself since, by definition, 

P$ = P[X0 = i\X0 = i} = 1 

The relation of communication satisfies the following three properties: 

(i) State / communicates with state /, all / > 0. 
(ii) If state / communicates with state j , then state j communicates with 

state /. 
(iii) If state i communicates with state j , and state j communicates with 

state k, then state / communicates with state k. 

Properties (i) and (ii) follow immediately from the definition of com-
munication. To prove (iii) suppose that / communicates with y, and j 
communicates with k. Thus, there exists integers η and m such that P-j > 0, 
PjZ > 0. Now by the Chapman-Kolmogorov equations, we have that 

p£m = Σ PX * P?jPTk > ο 
r=0 

Hence, state k is accessible from state /. Similarly, we can show that state / 
is accessible from state k. Hence, states / and k communicate. 

Two states that communicate are said to be in the same class. It is an easy 
consequence of (i), (ii), and (iii) that any two classes of states are either 
identical or disjoint. In other words, the concept of communication divides 
the state space up into a number of separate classes. The Markov 
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chain is said to be irreducible if there is only one class, that is, if all states 
communicate with each other. 

Example 4.9 Consider the Markov chain consisting of the three states 
0, 1, 2 and having transition probability matrix 

1 
2 

1 
2 0 

1 1 1 
2 4 4 

0 1 
3 

2 
3 

It is easy to verify that this Markov chain is irreducible. For example, it is 
possible to go from state 0 to state 2 since 

0 - 1 - 2 

That is, one way of getting from state 0 to state 2 is to go from state 0 to 
state 1 (with probability y) and then go from state 1 to state 2 (with 
probability}). • 

Example 4.10 Consider a Markov chain consisting of the four states 0, 
1, 2, 3 and have a transition probability matrix 

Ρ = 

1 
2 2 0 0 
1 
2 2 0 0 
1 1 1 1 
4 4 4 4 

0 0 0 1 

The classes of this Markov chain are {0, 1), {2}, and [3). Note that while state 
0 (or 1) is accessible from state 2, the reverse is not true. Since state 3 is an 
absorbing state, that is, P 3 3 = 1, no other state is accessible from it. • 

For any state / we let f denote the probability that, starting in state /, the 
process will ever reenter state /. State / is said to be recurrent if f = 1 and 
transient if f< 1. 

Suppose that the process starts in state / and / is recurrent. Hence, with 
probability 1, the process will eventually reenter state /. However, by the 
definition of a Markov chain, it follows that the process will be starting over 
again when it reenters state / and, therefore, state / will eventually be visited 
again. Continual repetition of this argument leads to the conclusion that if 
state i is recurrent then, starting in state i, the process will reenter state i 
again and again and again—in fact, infinitely often. 

On the other hand, suppose that state / is transient. Hence, each time 
the process enters state / there will be a positive probability, namely 1 - f, 
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that it will never again enter that state. Therefore, starting in state /, the 
probability that the process will be in state / for exactly η time periods 
equals f?~x(\ - ./}), η > 1. In other words, if state i is transient then, 
starting in state i, the number of time periods that the process will be in state 
i has a geometric distribution with finite mean 1/(1 - f). 

From the preceding two paragraphs, it follows that state i is recurrent if 
and only if, starting in state i, the expected number of time periods that the 
process is in state i is infinite. But, letting 

An = 1, if Xn = i 
0, if Xn * i 

we have that Σ^=ο^η represents the number of periods that the process is 
in state /. Also, 

Σ An \X0 — i 

,1 = 0 
= Σ E[A„\X0 = i] 

,i = 0 

= Σ P{*n = 1*0 = '} 

= IPS 

,1 = 0 
We have thus proven the following. 

Proposition 4.1 State / is 
oo 

recurrent if Σ P/J = oo , 

,1=1 
OO 

transient if Σ < 0 0 

,1=1 
The argument leading to the preceding proposition is doubly important 

for it also shows that a transient state will only be visited a finite number of 
times (hence the name transient). This leads to the conclusion that in a 
finite-state Markov chain not all states can be transient. To see this, suppose 
the states are 0, 1, . . . , M and suppose that they are all transient. Then 
after a finite amount of time (say after time T0) state 0 will never be visited, 
and after a time (say Tx) state 1 will never be visited, and after a time 
(say T2) state 2 will never be visited, etc. Thus, after a finite time Τ = 
max{7o, Tlf TM] no states will be visited. But as the process must be in 
some state after time Τ we arrive at a contradiction, which shows that at 
least one of the states must be recurrent. 
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Another use of Proposition 4.1 is that it enables us to show that 
recurrence is a class property. 

Corollary 4.2 If state / is recurrent, and state / communicates with state 
j , then state j is recurrent. 

Proof To prove this we first note that, since state / communicates with 
state j , there exists integers k and m such that Pjj > 0, P™ > 0. Now, for 
any integer η 

This follows since the left side of the above is the probability of going from 
j to j in m + η + k steps, while the right side is the probability of going 
from j to j in m + η + k steps via a path that goes from j to / in m steps, 
then from / to / in an additional η steps, then from i to j in an additional 
k steps. 

From the preceding we obtain, by summing over n, that 
oo oo 

η = 1 η = 1 
since ΡβΡ$ > 0, and Σ" = ι Pu i s infinite since state / is recurrent. Thus, by 
Proposition 4.1 it follows that state j is also recurrent. • 

Remarks (i) Corollary 4.2 also implies that transience is a class property. 
For if state / is transient and communicates with state y, then state j must 
also be transient. For if j were recurrent then, by Corollary 4.2, / would 
also be recurrent and hence could not be transient. 

(ii) Corollary 4.2 along with our previous result that not all states in a 
finite Markov chain can be transient leads to the conclusion that all states 
of a finite irreducible Markov chain are recurrent. 

Example 4.11 Let the Markov chain consisting of the states 0, 1, 2, 3 
have the transition probability matrix 

Ρ = 

0 0 2 2 

1 0 0 0 

0 1 0 0 

0 1 0 0 

Determine which states are transient and which are recurrent. 

Solution: It is a simple matter to check that all states communicate and 
hence, since this is a finite chain, all states must be recurrent. • 
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Example 4.12 Consider the Markov chain having states 0, 1, 2, 3, 4 and 

1 
2 

1 
2 0 0 0 

1 
2 

1 
2 0 0 0 

0 0 1 
2 2 0 

0 0 1 
2 

1 
2 0 

4 4 0 0 J 

Determine the recurrent state. 

Solution: This chain consists of the three classes (0, 1}, {2, 3}, and {4}. 
The first two classes are recurrent and the third transient. • 

Example 4.13 (A Random Walk): Consider a Markov chain whose 
state space consists of the integers / = 0, ± 1, ± 2 , a n d have transition 
probabilities given by 

Λ,/+ι = P = 1 / = 0 , ± 1 , ± 2 , . . . 

where 0 < ρ < 1. In other words, on each transition the process either 
moves one step to the right (with probability p) or one step to the left (with 
probability 1 - p). One colorful interpretation of this process is that it 
represents the wanderings of a drunken man as he walks along a straight 
line. Another is that it represents the winnings of a gambler who on each 
play of the game either wins or loses one dollar. 

Since all states clearly communicate, it follows from Corollary 4.2 that 
they are either all transient or all recurrent. So let us consider state 0 and 
attempt to determine if Σ*= ι Poo *s finite or infinte. 

Since it is impossible to be even (using the gambling model interpretation) 
after an odd number of plays we must, of course, have that 

P 0

2o _ 1 = 0, n= 1,2,. . . 

On the other hand, we would be even after In trials if and only if we won 
η of these and lost η of these. As each play of the game results in a win with 
probability ρ and a loss with probability 1 - p, the desired probability is 
thus the binomial probability 

Pœ = (2n)pV -P)" = ^TJ (Pd - P)T, « = 1 , 2 , 3 , . . . 
\n / n\n\ 

By using an approximation, due to Stirling, which asserts that 

n\ ~ ηη+1/2β-η^2π, (4.3) 
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where we say that an ~ bn when ΗπιΛ_> 0 0ΰΤΛ/οΛ = 1, we obtain 

Now it is easy to verify that if an ~ bn, then Σηαη < oo if and only if 
< oo. Hence, ! PQ0 will converge if and only if 

- (4/7(1 - p)f 

nn 

does. However, 4p(l - p) < 1 with equality holding if and only if ρ = \. 
Hence, Ση = \Poo = 0 0 if a nd o nl y if Ρ = h Thus, the chain is recurrent 
when ρ = j and transient if ρ ^ j . 

When /? = y, the above process is called a symmetric random walk. We 
could also look at symmetric random walks in more than one dimension. 
For instance, in the two-dimensional symmetric random walk the process 
would, at each transition, either take one step to the left, right, up, or 
down, each having probability j . That is, the state is the pair of integers 
(ij) and the transition probabilities are given by 

By using the same method as in the one-dimensional case, we now show that 
this Markov chain is also recurrent. 

Since the preceding chain is irreducible, it follows that all states will be 
recurrent if state 0 = (0, 0) is recurrent. So consider Pqo · Now after In 
steps, the chain will be back in its original location if for some /, 0 < / < Λ , 
the In steps consist of / steps to the left, / to the right, η - i up, and η - i 
down. Since each step will be either of these four types with probability j , 
it follows that the desired probability is a multinominal probability. That is, 

(2/Ql Λ χ 2 " 
0 0 Ί Ο - / ) ! ( / ! - i ) ! V 4 

" (2»)! n\ n\ / l V " 

~ ,ΓΟ n\n\ (« - /)!/! (n - / ) ! / ! \4J 

' 1 \ 2 " / 2 / I V 2 / ^ 

where the last equality uses the combinatorial identity 

2n\ = £ /„y η 

nj i = o\iJ\n-i 

(4.4) 
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which follows upon noting that both sides represent the number of subgroups 
of size η one can select from a set of η white and η black objects. Now, 

Hence, from Equation (4.4) we see that 

which shows that ΣΛΡοο = 0 0> a n d thus all states are recurrent. 
Interestingly enough, whereas the symmetric random walks in one and 

two dimensions are both recurrent, all high dimensional symmetric random 
walks turn out to be transient. (For instance, the three-dimensional sym-
metric random walk is at each transition equally likely to move in any of 
6 ways—either to the left, right, up, down, in, or out.) • 

Example 4.14 (On the Ultimate Instability of the Aloha Protocol): 
Consider a communications facility in which the numbers of messages 
arriving during each of the time periods η = 1, 2, . . . are independent and 
identically distributed random variables. Let at = P[i arrivals}, and 
suppose that a0 + ax < 1. Each arriving message will transmit at the end of 
the period in which it arrives. If exactly one message is transmitted, then the 
transmission is successful and the message leaves the system. However, if at 
any time two or more messages simultaneously transmit, then a collision is 
deemed to occur and these messages remain in the system. Once a message 
is involved in a collision it will, independently of all else, transmit at the end 
of each additional period with probability ρ—the so-called Aloha protocol 
(because it was first instituted at the University of Hawaii). We will show 
below that such a system is asymptotically unstable in the sense that the 
number of successful transmissions will, with probability 1, be finite. 

To begin let Xn denote the number of messages in the facility at the 
beginning of the nth period, and note that [Xn, η > 0) is a Markov chain. 
Now for k > 0 define the indicator variables Ik by 

(2/1)' n)2n+ï/2e-2n^t 

n2n+le~2n(2n) 
by Stirling's approximation 

4« 

0, 

if the first time that the chain departs state k it 
directly goes to state k - 1 

otherwise 
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and let it be 0 if the system is never in state k, k > 0. (For instance, if the 
successive states are 0, 1, 3, 3, 4, then I3 = 0 since when the chain first 
departs state 3 it goes to state 4; whereas, if they are 0, 3, 3, 2, then 
73 = 1 since this time it goes to state 2.) Now, 

Σ h 
k = 0 

= Σ E[Ik] 
k = 0 

= Σ P\h = H 
k = 0 

— Σ P\h = 11 Ar is ever visited) (4.5) 

λ: = 0 
Now, P[Ik = 11 k is ever visited) is the probability that when state k is 
departed the next state is k - 1. That is, it is the conditional probability that 
a transition from k is to k - 1 given that it is not back into k, and so 

P[Ik = 11 k is ever visited) = 
k,k-l 

kk 
As 

Pk,k-i = a0kp(\ - p)k 1 

Pk,k = a0[l - kp(l - p)k~l] + ax{\ - p)k 

which is seen by noting that if there are k messages present on the beginning 
of a day, then (a) there will be k - 1 at the beginning of the next day if there 
are no new messages that day and exactly one of the k messages transmits; 
and (b) there will be k at the beginning of the next day if either 

(i) there are no new messages and it is not the case that exactly one of the 
existing k messages transmits, or 
(ii) there is exactly one new message (which automatically transmits) and 
none of the other k messages transmits. 

Substitution of the preceding into (4.5) yields that 

a0kp(\ - p)k~x 

Σ h 
k = 0 

^ Σ , t 0 1 - a0[l - kp(\ - p)k~l] - ax(l - p)k 

< oo 

where the convergence follows by noting that when k is large the 
denominator of the expression in the above sum converges to 1 - a0 and so 
the convergence or divergence of the sum is determined by whether or not 
the sum of the terms in the numerator converge and £*= 0 k(\ - p) < 00. 
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Hence, E[Y,"=0Ik] < oo, which implies that Σ* = 0 4 < 0 0 with probability 
1 (for if there was a positive probability that ΣΊ=ο^ could be oo, then its 
mean would be oo). Hence, with probability 1, there will be only a finite 
number of states that are initially departed via a successful transmission; or 
equivalently, there will be some finite integer Ν such that whenever there 
are Ν or more messages in the system, there will never again be a successful 
transmission. From this (and the fact that such higher states will eventually 
be reached—why?) it follows that, with probability 1, there will only be a 
finite number of successful transmissions. • 

Remark For a (slightly less than rigorous) probabilistic proof of 
Stirling's approximation, let Xl,X2,... be independent Poisson random 
variables each having mean 1. Let Sn = Yfl=\Xi^ a nd note that both the 
mean and variance of Sn are equal to n. Now, 

P{Sn = n} = P{n-\<Sn<n] 

= P1-1 /V« < (Sn - n)/<n < 0) 

° (2π)-ι/2β-χ2/2 dx W h en n i s l a r g e' b y t h e 

_ ι / φ ι Central Limit Theorem 

« (2tt)-1/2(1/VÄÖ 

= (2πη)~ι/2 

But Sn is Poisson with mean n, and so 

P[Sn = n} = 
m 

Hence, for η large 

or, equivalently 

« (2πη) -1/2 

n\ « ηη+ι/2β-Λ>/2π 

which is Stirling's approximation. 

4.4. Limiting Probabilities 

In Example 4.7, we calculated P ( 4 ) for a two-state Markov chain; it turned 
out to be 

p(4) _ I 0 ' 5 7 4 9 ° - 4 2 5 1 I 
" I 0.5668 0.4332 || 
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p(4) . p(4) j s g j v e n ( t o three significant 

0.572 0.428 II 
0.570 0.430 I 

Note that the matrix P ( 8 ) is almost identical to the matrix P ( 4 ), and secondly, 
that each of the rows of P ( 8 ) have almost identical entries. In fact it seems 
that Pjj is converging to some value (as η oo) which is the same for all /. 
In other words, there seems to exist a limiting probability that the process 
will be in state j after a large number of transitions, and this value is 
independent of the initial state. 

To make the above heuristics more precise there are two additional 
properties of the states of a Markov chain that we need consider. State / is 
said to have period d if P-l = 0 whenever η is not divisible by rf, and d is the 
largest integer with this property. For instance, starting in /, it may be 
possible for the process to enter state / only at the times 2, 4, 6, 8, in 
which case state / has period 2. A state with period 1 is said to be aperiodic. 
It can be shown that periodicity is a class property. That is, if state / has 
period öf, and states / and j communicate, then state j also has period d. 

If state / is recurrent, then it is said to be positive recurrent if, starting in 
/, the expected time until the process returns to state / is finite. It can be 
shown that positive recurrence is a class property. While there exist recur-
rent states that are not positive recurrent,* it can be shown that in a finite-
state Markov chain all recurrent states are positive recurrent. Positive 
recurrent, aperiodic states are called ergodic. 

We are now ready for the following important theorem which we state 
without proof. 

Theorem 4.1 For an irreducible ergodic Markov chain lim,,^«, P-j exists 
and is independent of /. Furthermore, letting 

nj= l imP£, y > 0 

then nj is the unique nonnegative solution of 
oo 

π, = Σ it,Pu, j > 0 

(4.6) 
oo 

Σ nj= 1 
J = 0 

From this it follows that P ( 8 ) 

places) by 

p(8) _ 

* Such states are called null recurrent. 
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Remarks (i) Given that Uj = l i m ^ o o P - J exists and is independent of the 
initial state /', it is not difficult to (heuristically) see that the rc's must satisfy 
Equation (4.6). For let us derive an expression for P{Xn+l = j] by con-
ditioning on the state at time n. That is, 

oo 

P\Xn+x =J)= Σ P[Xn+i =j\x« = i\P{Xn = ι) 
i = 0 

oo 

= Σ PijP\Xn = i\ 
i = 0 

Letting η -> <x>, and assuming that we can bring the limit inside the 
summation, leads to 

oo 

*j = Σ Puni 
i = 0 

(ii) It can be shown that π 7 , the limiting probability that the process will 
be in state j at time n, also equals the long-run proportion of time that the 
process will be in state j . 

(iii) In the irreducible, positive recurrent, periodic case we still have that 
the Ujj j > 0, are the unique nonnegative solution of 

ι 

j 

But now Uj must be interpreted as the long-run proportion of time that 
the Markov chain is in state j . 

Example 4.15 Consider Example 4.1, in which we assume that if it 
rains today, then it will rain tomorrow with probability a; and if it does not 
rain today, then it will rain tomorrow with probability β. If we say that the 
state is 0 when it rains and 1 when it does not rain, then by Equation (4.6) 
the limiting probabilities π 0 and nx are given by 

π0 = απ0 + βπί9 

π, = (1 - α)π0 + (1 - β)πΐ9 

π0 + πλ = 1 

which yields that 

_ β _ 1 - a 
~ 1 + β - a' U l~ 1 + β - a 
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For example if a 
n0 = ± = 0.571. 

0.7 and β = 0.4, then the limiting probability of rain is 

Example 4 .16 Consider Example 4.3 in which the mood of an 
individual is considered as a three-state Markov chain having a transition 
probability matrix 

Ρ = 

0.5 

0.3 

0.2 

0.4 

0.4 

0.3 

0.1 

0.3 

0.5 

In the long run, what proportion of time is the process in each of the three 
states? 

Solution: The limiting probabilities π,, / = 0, 1,2, are obtained by 
solving the set of equations in Equation (4.1). In this case these equations 
are 

π0 = 0.5π 0 + 0.37Γ! -f 0.2π 2, 

πχ = 0.4π 0 + 0.47?! + 0.3π 2, 

π2 = 0Λπο + 0.37Γχ + 0.5π 2, 

π0 + πχ + π 2 = 1 

Solving yields that 

*0 = ^ = ff, 7Γ2 = £ • 

Example 4 .17 (A Model of Class Mobility): A problem of interest to 
sociologists is to determine the proportion of society that has an upper- or 
lower-class occupation. One possible mathematical model would be to 
assume that transitions between social classes of the successive generations 
in a family can be regarded as transitions of a Markov chain. That is, we 
assume that the occupation of a child depends only on his or her parent's 
occupation. Let us suppose that such a model is appropriate and that the 
transition probability matrix is given by 

Ρ = 

0.45 0.48 0.07 

0.05 0.70 0.25 

0.01 0.50 0.49 

(4.7) 
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That is, for instance, we suppose that the child of a middle-class worker 
will attain an upper-, middle-, or lower-class occupation with respective 
probabilities 0.05, 0.70, 0.25. 

The limiting probabilities π,, thus satisfy 

n0 = 0Λ5π0 + 0.05πι + 0 .01π 2 , 

ηχ = 0 .48π 0 + 0.707^ + 0 .50π 2, 

7Γ2 = 0.07 π0 + 0.257TJ + 0 .49π 2, 

π0 + πχ + π2 = 1 

Hence, 

π0 = 0.07, πχ = 0.62, π2 = 0.31 

In other words, a society in which social mobility between classes can be 
described by a Markov chain with transition probability matrix given by 
Equation (4.7) has, in the long run, 7 percent of its people in upper-class 
jobs, 62 percent of its people in middle-class jobs, and 31 percent in lower-
class jobs. • 

Example 4.18 (The Hardy-Weinberg Law and a Markov Chain in 
Genetics): Consider a large population of individuals each of whom 
possesses a particular pair of genes, of which each individual gene is 
classified as being of type A or type a. Assume that the percentages of 
individuals whose gene pairs are AA, aa, or Aa are respectively p0, q0, and 

(Po + Qo + ro = 1)· When two individuals mate, each contributes one of 
his or her genes, chosen at random, to the resultant offspring. Assuming 
that the mating occurs at random, in that each individual is equally likely to 
mate with any other individual, we are interested in determining the 
percentages of individuals in the next generation whose genes are ^4^4, aa, 
or Aa. Calling these percentages p, q, and r, they are easily obtained by 
focusing attention on an individual of the next generation and then deter-
mining the probabilities for the gene pair of that individual. 

To begin, note that randomly choosing a parent and then randomly 
choosing one of its genes is equivalent to just randomly choosing a gene 
from the total gene population. By conditioning on the gene pair of the 
parent, we see that a randomly chosen gene will be type A with probability 

PIA) = P{A \AA}pQ + P[A\aa]qQ + P[A \Aa}r0 

= p0 + r0/2 
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Similarly, it will be type a with probability 

P{a] = q0 + r0/2 

Thus, under random mating a randomly chosen member of the next 
generation will be type AA with probability p, where 

ρ = P{A}P{A] = (p0 + r0/2)2 

Similarly, the randomly chosen member will be type aa with probability 

q = P[a}P{a] = (q0 + r0/2)2 

and will be type A a with probability 

r = 2P{A}P{a] = 2(p0 + r0/2)(q0 + r0/2) 

Since each member of the next generation will independently be of each of 
the three gene types with probabilities p, q, r, it follows that the percentages 
of the members of the next generation that are of type AA, aa, or Aa are 
respectively p, q, and r. 

If we now consider the total gene pool of this next generation, then 
ρ + r/2, the fraction of its genes that are A, will be unchanged from the 
previous generation. This follows either by arguing that the total gene pool 
has not changed from generation to generation or by the following simple 
algebra: 

ρ + r/2 = (p0 + r0/2)2 + (p0 + r0/2)(q0 + r0/2) 

= (Po + r0/2)[p0 + r0/2 + q0 + r0/2] 

= p0 + r0/2 since p0 + r0 + q0 = 1 

= PiA) (4.8) 

Thus, the fractions of the gene pool that are A and a are the same as in the 
initial generation. From this it follows that, under random mating, in all 
successive generations after the initial one the percentages of the population 
having gene pairs ^4^4, aa, and Aa will remain fixed at the values p, q, 
and r. This is known as the Hardy- Weinberg law. • 

Suppose now that the gene pair population has stabilized in the percen-
tages p, q, r, and let us follow the genetic history of a single individual and 
her descendants. (For simplicity, assume that each individual has exactly 
one offspring.) So, for a given individual, let Xn denote the genetic state of 
her descendant in the nth generation. The transition probability matrix of 
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this Markov chain, namely 

AA aa Aa 

AA r 0 r 

0 r r r 
aa 2 P + 2 

Aa 
r p q r 
- — + - + -
4 2 2 2 

is easily verfied by conditioning on the state of the randomly chosen mate. 
It is quite intuitive (why?) that the limiting probabilities for this Markov 
chain (which also equal the fractions of the individual's descendants that 
are in each of the three genetic states) should just be p, q, and r. To verify 
this we must show that they satisfy Equation (4.6). As one of the equations 
in Equation (4.6) is redundant, it suffices to show that 

But this follows from Equation (4.8), and thus the result is established. 

Example 4.19 Suppose that a production process changes states in 
accordance with a Markov chain having transition probabilities Pij9 i9j = 
1 , n , and suppose that certain of the states are considered acceptable 
and the remaining unacceptable. Let A denote the acceptable states and Ac 

the unacceptable ones. If the production process is said to be " u p " when in 
an acceptable state and "down" when in an unacceptable state, determine 

1. the rate at which the production process goes from up to down (that 
is, the rate of breakdowns); 

2. the average length of time the process remains down when it goes 
down; and 

3. the average length of time the process remains up when it goes up. 

Solution: Let nk, k = 1, n, denote the limiting probabilities. Now 
for ι e A and j e Ac the rate at which the process enters state j from 

Ρ 

Q 

ρ + q + r 
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state / is 
Rate enter j from / = π,-Ρ ·̂ 

and so the rate at which the production process enters state j from an 
acceptable state is 

Rate enter j from A = Σ 
ieA 

Hence, the rate at which it enters an unacceptable state from an acceptable 
one (which is the rate at which breakdowns occur) is 

Rate breakdowns occur = Σ Σ 71 υ (4-9) 
j eA

c
 ieA 

Now let Ο and D denote the average time the process remains up when 
it goes up and down when it goes down. As there is a single breakdown 
every Ü + D time units on the average, if follows heuristically that 

Rate at which breakdowns occur = 
U + D 

and, so from Equation (4.9), 

Τ Γ Π ϊ = Σ Σ n,Pu (4.10) 
U + D j€A

c
 ieA 

To obtain a second equation relating Ü and D, consider the percentage of 
time the process is up, which, of course, is equal to Σϊεα

 n
i - However, 

since the process is up on the average Ü out of every Ü + D time units, 
it follows (again somewhat heuristically) that the 

Ü 
Proportion of up time = — -

U+D 
and so 

U+D it A 

Hence, from Equations (4.10) and (4.11) we obtain 



4.4. Limiting Probablities 159 

For example, suppose the transition probability matrix is 

Ρ = 

1 
4 

1 
4 

1 
2 0 

0 1 
4 

1 
2 

1 
4 

1 1 1 1 
4 4 4 4 
1 
4 

1 
4 0 2 

where the acceptable (up) states are 1, 2 and the unacceptable (down) 
ones are 3, 4. The limiting probabilities satisfy 

N
\

 = Π
14 +

 Π
34 + ^44"» 

π
2

 = π
1 4 +

 Π
24 +

 π
3 4 +

 π
4 4 » 

7Γ3 = + 7T2y + π34» 

7 ^ + π 2 + π 3 + π 4 = 1 

These solve to yield 
π 1 = lfe~» π 2 = 4» π 3 — 48"» Π4 = 48" 

and thus 

Rate of breakdowns = π ^ Ρ ^ + Pl4) + π 2 (Ρ 2 3 + P 2 4) 
_ _9_ 
- 32» 

D = ψ and 5 = 2 

Hence, on the average, breakdowns occur about (or 28 percent) of the 
time. They last, on the average, 2 time units, and then there follows a 
stretch of (on the average) ψ time units when the system is up. • 

Remarks (i) The long run proportions nJf j > 0, are often called 
stationary probabilities. The reason being that if the initial state is chosen 
according to the probabilities nj9 j > 0, then the probability of being in 
state j at any time η is also equal to π,. That is, if 

P{X0=j) = nj9 y > 0 
then 

P[X» =j] = nj for all nj > 0 

The preceding is easily proven by induction, for if we suppose it true for 
η - 1, then writing 

P{Xn=J] = Σ P[Xn = J\Xn-\ = i}P[Xn-x = i] 
i 

= Σ PijTii by the induction hypothesis 
I 

= Uj by Equation (4.6) 
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(ii) For state y, define to be the expected number of transitions until 
a Markov chain, starting in state j , returns to that state. Since, on the 
average, the chain will spend 1 unit of time in state j for every units of 
time, it follows that 

1 71
 j

 =
 — mjj 

In words, the proportion of time in state j equals the inverse of the mean 
time between visits to j . (The above is a special case of a general result, 
sometimes called the strong law for renewal processes, which will be 
presented in Chapter 7.) 

Example 4,20 Consider independent tosses of a coin that, on each toss, 
lands on heads (H) with probability ρ and on tails (T) with probability 
q = 1 - p. What is the expected number of tosses needed for the pattern 
HTHT to appear? 

Solution: To answer the question, let us imagine that the coin tossing 
does not stop when the pattern appears, but rather it goes on indefinitely. 
If we define the state at time η to be the most recent 4 outcomes when 
η > 4, and the most recent η outcomes when η < 4, then it is easy to see 
that the successive states constitute a Markov chain. For instance, if the 
first 5 outcomes are TTTHH, then the successive states of the Markov 
chain are Xx = T, X2 = TT, X3 = TTT, X4 = TTTH, a n d * 5 = TTHH. 
It therefore follows from remark (ii) that π Η Τ Η Τ, the limiting probability 
of state HTHT, is equal to the inverse of the mean time to go from state 
HTHT to HTHT. However, for any η > 4, the probability that the state 
at time η is HTHT is just the probability that the toss at η is T, the one 
at η - 1 is Η, the one at η - 2 is T, and the one at η - 3 is H. Since the 
successive tosses are independent, it follows that 

P{Xn = HTHT) = p2q2, η > 4 

and so 

TTHTHT = Hm P[Xn = HTHT) = p2q2 

η -»oo 

Hence, l/(p2q2) is the mean time to go from HTHT to HTHT. But this 
means that starting with HT the expected number of additional trials to 
obtain HTHT is \/(p2q2). Therefore, since in order to obtain HTHT one 
must first obtain HT, it follows that 

Ε [time to pattern HTHT] = Zi[time to the pattern HT] H — 
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To determine the expected time to the pattern HT, we can reason in the 
same way and let the state be the most recent 2 tosses. By the same 
argument as used before, it follows that the expected time between 
appearances of HT is equal to 1/π Η Χ = \/(pq). As this is the same as the 
expected time until HT first appears, we finally obtain that 

£[time until HTHT appears] = — + - i - * 
PQ Ρ Q 

The same approach can be used to obtain the mean time until any given 
pattern appears. For instance, reasoning as before, we obtain that 

£[time until HTHHTHTHH] = Ε [time until HTHH] + 
Ρ V 

= £[time until H] + - 4 - + — π 
P Q Ρ Q 

1 1 1 
= - + - 1 -

P P'Q P
6
Q

3 

Also, it is not necessary that the basic experiment has only 2 possible 
outcomes (which we designated as Η and T). For instance, if the succes-
sive values are independently and identically distributed with pj denoting 
the probability that any given value is equal to y, j > 0, then 

£[time until 012301] = Ε [time until 01] + - 5 - i 
P0P1P2P3 

1 1 
= + 

P0P1 PIP\PIPI 

4.5. Some Applications 

4.5 .1 . The Gambler's Ruin Problem 

Consider a gambler who at each play of the game has probability ρ of 
winning one unit and probability q = 1 - ρ of losing one unit. Assuming 
that successive plays of the game are independent, what is the probability 
that, starting with / units, the gambler's fortune will reach TV before 
reaching 0? 
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If we let Xn denote the players fortune at time n9 then the process 
[Xny η = 0, 1, 2, . . . j is a Markov chain with transition probabilities 

This Markov chain has three classes, namely {0}, (1, 2 , T V - 1}, and (TV); 
the first and third class being recurrent and the second transient. Since each 
transient state is visited only finitely often, it follows that, after some finite 
amount of time, the gambler will either attain his goal of TV or go broke. 

Let Pi9 i = 0, 1, ...,7V, denote the probability that, starting with /, the 
gambler's fortune will eventually reach TV. By conditioning on the outcome 
of the initial play of the game we obtain 

= p = 1 - />/,/_!, / = 1,2, . . . , 7 V - 1 

i= 1 ,2 , . . . ,7V- 1 

or equivalently, since ρ + q = I 

pPi + qPt=pPi+l + qPi-X 

or 

/ = 1 ,2 , . . . ,7V- 1 

Hence, since P0 = 0, we obtain from the preceding line that 

P 2 - P \ = -
P (Pi Po) =

 g
-Pi 

Ρ 

Adding the first / -

Pi -
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or 

Pi = 

1 - (q/p) Λ, i f ^ l 

if ^ = 1 

Now, using the fact that P N = 1 , we obtain that 

and hence 

Λ = 

i - (Q/P) 

i - (Q/P) 

ι 

1 - (Q/P)' 

1 - (<7//>) 

i 
.TV ' 

/ν > 

if ^ 2 

i f , = 2 

if ^ 2 

i fp = 

(4.12) 

Note that, as Ν -» oo, 

1 - 1 * 

o, i f , ^ 2 

Thus, if /7 > y, there is a positive probability that the gambler's fortune will 
increase indefinitely; while if ρ < y, the gambler will, with probability 1, go 
broke against an infinitely rich adversary. 

Example 4.21 Suppose Max and Patty decide to flip pennies, the one 
coming closest to the wall wins. Patty, being the better player, has a 
probability 0.6 of winning on each flip. If Patty starts with five pennies and 
Max with ten, then what is the probability that Patty will wipe Max out? 
What if Patty starts with ten and Max with 20? 

Solution: (a) The desired probability is obtained from Equation (4.12) 
by letting / = 5, Ν = 15, and ρ = 0.6. Hence, the desired probability is 



164 4 Markov Chains 

(b) The desired probability is 

For an application of the gambler's ruin problem to drug testing, suppose 
that two new drugs have been developed for treating a certain disease. Drug 
/ has a cure rate Pi9 i = 1, 2, in the sense that each patient treated with drug 
/ will be cured with probability Pt. These cure rates are, however, not 
known, and suppose we are interested in a method for deciding whether 
Λ > Pi o r Ρι> Λ · To decide upon one of these alternatives, consider the 
following test: Pairs of patients are treated sequentially with one member of 
the pair receiving drug 1 and the other drug 2. The results for each pair are 
determined, and the testing stops when the cumulative number of cures 
using one of the drugs exceeds the cumulative number of cures when using 
the other by some fixed predetermined number. More formally let 

1, if the patient in the yth pair to receive drug number 1 is cured 
0, otherwise 

1, if the patient in the yth pair to receive drug number 2 is cured 

0, otherwise 

For a predetermined positive integer M the test stops after pair TV where 
Ν is the first value of η such that either 

Xx + ··· + Xn - (Yx + ... + Yn) = M 
or 

Xx + ·.· + Xn - (Yx + ··· + Yn) = -M 

In the former case we then assert that Px > P2, and in the latter that 
ρ 2 > Λ · 

In order to help ascertain whether the preceding is a good test, one thing 
we would like to know is the probability of it leading to an incorrect 
decision. That is, for given Px and P2 where Px > P2, what is the probability 
that the test will incorrectly assert that P2 > ΡΧΊ To determine this prob-
ability, note that after each pair is checked the cumulative difference of 
cures using drug 1 versus drug 2 will either go up by 1 with probability 
Px(\ - P2)—since this is the probability that drug 1 leads to a cure and 
drug 2 does not—or go down by 1 with probability (1 - PX)P2, or remain the 
same with probability PXP2 + (1 - Λ)(1 ~ ^2)· Hence, if we only consider 
those pairs in which the cumulative difference changes, then the difference 
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will go up 1 with probability 

ρ = P[up 11 up 1 or down lj 

Λ(1 - Pi) 

Λ(ΐ - Pi) + (i - Pi)P2 

and down 1 with probability 

P2d - Pi) 
Q = 1 - Ρ = 

Λ(1 - Pi) + (1 - PX)P2 

Hence, the probability that the test will assert that P2 > Λ is equal to the 
probability that a gambler who wins each (one unit) bet with probability ρ 
will go down M before going up M. But Equation (4.12) with / = M, 
Ν = 2M, shows that this probability is given by 

1 - (q/P)M 

Pftest asserts that P2>Pl} = \ - j _ (Q/P)2M 

1 

1 + (P/q)M 

Thus, for instance, if Px = 0.6 and P2 = 0.4 then the probability of an 
incorrect decision is 0.017 when M = 5 and reduces to 0.0003 when 
M = 10. 

4.5.2. A Model for Algorithmic Efficiency 

The following optimization problem is called a linear program: 

minimize CX, 

subject to AX = b, 

Χ > 0 

where A is an m χ η matrix of fixed constants; C = (c x, . . . ,c„) and 
b = (&!, . . . , bm) are vectors of fixed constants, and Χ = (xx, ..., xn) is the 
Ai-vector of nonnegative values that is to be chosen to minimize CX = 
Σ?= ι ctXi. Supposing that η > m, it can be shown that the optimal Χ can 
always be chosen to have at least η - m components equal to 0—that is, it 
can always be taken to be one of the so-called extreme points of the 
feasibility region. 

The simplex algorithm solves this linear program by moving from an 
extreme point of the feasibility region to a better (in terms of the objective 
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function cx) extreme point (via the pivot operation) until the optimal is 

reached. As there can be as many as TV = ( Ά J such extreme points, it 
\mj 

would seem that this method might take many iterations, but, surprisingly 
to some, this does not appear to be the case in practice. 

In order to obtain a feel for whether or not the above is surprising, let 
us consider a simple probabilistic (Markov chain) model as to how the 
algorithm moves along the extreme points. Specifically, we will suppose 
that if at any time the algorithm is at the y th best extreme point then after 
the next pivot the resulting extreme point is equally likely to be any of the 
j - 1 best. Under this assumption, we show that the time to get from the 
TVth best to the best extreme point has approximately, for large TV, a normal 
distribution with mean and variance equal to the logarithm (base e) of TV. 

Consider a Markov chain for which Pn = 1 and 

Pij = T^—r, j = 1 , . . . , / - l , / > 1 / - 1 

and let 7̂  denote the number of transitions needed to go from state / to state 
1. A recursive formula for E[Tt] can be obtained by conditioning on the 
initial transition: 

E[T}] = 1 +-Ϊ--Σ E[Tj] 

Starting with E[TX] = 0, we successively see that 

E[T2] = 1, 

E[T3] = 1 + i , 

E[T4] = 1 + 1(1 + 1 + i ) = 1 + i + 1 
and it is not difficult to guess and then prove inductively that 

i-l 

E[T,] = Σ VJ 

j= ι 
However, to obtain a more complete description of 7^, we will use the 

representation 
N-l 

τΝ = Σ ij 
j= ι 

where 1, if the process ever enters j 
0, otherwise 
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The importance of the preceding representation stems from the following: 

Proposition 4.3 Ix,..., IN_X are independent and 

P{Ij= 1} = 1/y, 1 <y < TV - 1 

Proof Given , . . . , IN, let η = min{/ : / > y, It = 1) denote the lowest 
numbered state, greater than y, that is entered. Thus we know that the 
process enters state η and the next state entered is one of the states 
1, 2, ...,y. Hence, as the next state from state η is equally likely to be any 
of the lower number states 1, 2 , . . . , η - 1 we see that 

Hence, P{Ij = 1} = 1/y, and independence follows since the preceding 
conditional probability does not depend on IJ+l,..., IN. • 

Corollary 4.4 

(ii) Var(r„) = (l/y)(l -
(iii) For Ν large, 7^ has approximately a normal distribution with mean 

log Ν and variance log N. 

Proof Parts (i) and (ii) follow from Proposition 4.3 and the representa-
tion TN = Σ?=ι Ij- P a r t Ou) follows from the central limit theorem since 

— < Σ l/y < l + — 
i ^ i J i x 

or 

and so 

N-l 

\ogN< Σ i/y < 1 + \og(N- 1) 

N - l 

i o g N « Σ i/y • 
7 = 1 

Returning to the simplex algorithm, if we assume that n, m, and η - m 
are all large, we have by Stirling's approximation that 
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and so, letting c = n/m, 

log TV ~ (mc + j) log(rac) - (m(c - 1) + j ) log(ra(c - 1)) 

- (m + \) log m - \ log(2π) 

or 

log TV - m clog-
1 

+ log(c - 1) 

Now, as H i n d o o χ log[x/(x - 1)] = 1, it follows that, when c is large, 

log Ν ~ m[\ + log(c - 1)] 

Thus for instance, if η = 8000, m = 1000, then the number of necessary 
transitions is approximately normally distributed with mean and variance 
equal to 1000(1 + log 7) « 3000. Hence, the number of necessary transitions 
would be roughly between 

3000 ± 2V3000 or, roughly 3000 ± 110, 

95 percent of the time.* 

4.6. Branching Processes 

In this section we consider a class of Markov chains, known as branching 
processes, which have a wide variety of applications in the biological, 
sociological, and engineering sciences. 

Consider a population consisting of individuals able to produce offspring 
of the same kind. Suppose that each individual will, by the end of its 
lifetime, have produced j new offspring with probability Pj9 j > 0, inde-
pendently of the number produced by any other individual. We suppose 
that Pj < 1 for all j > 0. The number of individuals initially present, 
denoted by X0, is called the size of the zeroth generation. All offspring of 
the zeroth generation constitute the first generation and their number is 
denoted by Xx. In general, let Xn denote the size of the nth generation. It 
follows that [Xn9 η = 0, 1, ...) is a Markov chain having as its state space 
the set of nonnegative integers. 

Note that state 0 is a recurrent state, since clearly P00 = 1. Also, if 
P 0 > 0, all other states are transient. This follows since Pi0 = Pl

Q9 which 
implies that starting with / individuals there is a positive probability of at 
least Pq that no later generation will ever consist of / individuals. Moreover, 

* The material of this section is taken from S. M. Ross, "A Heuristic Approach to Simpler 

Efficiency," European Jour. Of Operational Research 9, 344-348 (1982). 
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since any finite set of transient states {1,2,...,/?} will be visited only finitely 
often, this leads to the important conclusion that, / / P0 > 0, then the 
population will either die out or its size will converge to infinity. 

Let 

ß = Σ JPj 
7 = 0 

denote the mean number of offspring of a single individual, and let 
oo 

ο
1
 = Σ υ - tfPj 

J = o 

be the variance of the number of offspring produced by a single individual. 
Let us suppose that X0 = 1, that is, initially there is a single individual 

present. We calculate E[Xn] and Var(Xn) by first noting that we may write 
X

n - \ 

Xn= Σ Z< 

i = 1 
where Z, represents the number of offspring of the /th individual of the 
(n - l)st generation. By conditioning on Xn-X, we obtain 

E[Xn] = E[E[Xn\Xn_u] 

= Ε Σ Ζι\χη_χ 

i = 1 
= Ε[Χη_φ] 

= μΕ[Χ„_ι] (4.13) 

where we have used the fact that E[Zj] = μ. Since E[X0] = 1, Equation 
(4.13) yields that 

EIXJ = μ, 

E[X2] = μΕ[Χχ] = μ1, 

E[Xn] = μ £ [*„_,] = μ" 

Similarly, V a r ^ ) may be obtained by using the conditional variance 
formula 

V a r f t ) = £[Var(;r„|*„-i)] + Var(2?[*„ !*„_,]) 

Now, given Χ„_χ, X„ is just the sum of X„_t independent random variables 
each having the distribution \Pj, j > 0). Hence, 

Var(^„ |^„_ 1) = ^ „ _ l C T

2 
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Thus, the conditional variance formula yields 

Var(*„) = Ε[Χη_λσ
2] + V a r ^ / i ) 

= σ2μ"-1 +μ2νπ(Χη_ι) 

Using the fact that V a r ^ ) = 0 we can show by mathematical induction 
that the preceding implies that 

f
 2 . . » - . / " " - 1 

Var(X„) = ß - 1 / (4.14) 

^/ ισ 2 , if μ = 1 

Let π 0 denote the probability that the population will eventually die out 
(under the assumption that X0 = 1). More formally, 

π 0 = lim P\Xn = 0\X0 = 1) 
η ->oo 

The problem of determining the value of π0 was first raised in connection 
with the extinction of family surnames by Galton in 1889. 

We first note that n0 = 1 if μ < 1. This follows since 

oo 

μ"=Ε[ΧΠ] = Σ JP\Xn=J\ 
j= ι 

oo 

> Σ \·Ρ[Χη =J) 

= 1} 

Since μ" -> 0 when μ < 1, it follows that P[Xn > 1) 0, and hence 
P[Xn = 0} - 1. 

In fact, it can be shown that π 0 = 1 even when μ = 1. When μ > 1, it 
turns out that n0 < 1, and an equation determining π 0 may be derived by 
conditioning on the number of offspring of the initial individual, as follows: 

TTO = Pfpopulation dies out) 

oo 

= Σ Ρ {population dies outlA^ = j]Pj 
7 = 0 

Now, given that Xx = j , the population will eventually die out if and only 
if each of the j families started by the members of the first generation 
eventually die out. Since each family is assumed to act independently, and 
since the probability that any particular family dies out is just π 0 , this 
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yields that 

Pfpopulation dies outlA^ = j] = nJ

0 

and thus π 0 satisfies 
oo 

π0= Σ HPj (4.15) 
j = o 

In fact when μ > 1, it can be shown that n0 is the smallest positive number 
satisfying Equation (4.15). 

Example 4.22 If P0 = h pi = h pi = h then determine π0. 

Solution: Since μ = f < 1, it follows that π 0 = 1. • 

Example 4.23 If P0 = i, Px = i, P2 = y, then determine π 0 . 

Solution: π 0 satisfies 

nQ = i + \n0 + \n\ 
or 

2π\ - 3π 0 + 1 = 0 

The smallest positive solution of this quadratic equation is π 0 = y. • 

Example 4.24 In Examples 4.22 and 4.23, what is the probability that 
the population will die out if it initially consists of η individuals? 

Solution: Since the population will die out if and only if the families 
of each of the members of the initial generation die out, the desired 
probability is UQ. For Example 4.22 this yields π% = 1, and for Example 
4.23, πη

0 = φ " . • 

4.7. Time Reversible Markov Chains 

Consider a stationary ergodic Markov chain (that is, an ergodic Markov 
chain that has been in operation for a long time) having transition prob-
abilities Pjj and stationary probabilities π,, and suppose that starting at 
some time we trace the sequence of states going backwards in time. That is, 
starting at time n, consider the sequence of states XniXn-X,Xn-i> It 
turns out that this sequence of states is itself a Markov chain with transition 
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probabilities Qu defined by 

Qij = P [ X m = j \ X m +l = i} 

_ Pförn ~ jy Xm+l ~ *") 

^P{Xm=j}P{Xm+l = i\Xm=j] 

piXm+i = η 

=

 nJpji 
π* 

To prove that the reversed process is indeed a Markov chain, we must 
verify that 

P\Xm
 =

 j I Xm+ 1 — U Xm+2 » Xm + 3 > ···}
 =

 P[Xm
 =

 J I Xm+l
 =

 Π 

To see that this is so, suppose that the present time is m + 1. Now, 
since X 0 , X x , X 2 , . . . is a Markov chain, it follows that the conditional 
distribution of the future Xm+2,Xm+i, . . . given the present state X m +Ï is 
independent of the past state X m . However, independence is a symmetric 
relationship (that is, if A is independent of B , then Β is independent of A), 
and so this means that given X m + Ï, Xm is independent of X m + 2, Xm+i » — 

But this is exactly what we had to verify. 
Thus, the reversed process is also a Markov chain with transition 

probabilities given by 

If Qij = Pij for all i,j9 then the Markov chain is said to be time reversible. The 
condition for time reversibility, namely Qtj = Pij9 can also be expressed as 

ntPu = UjPji for all /, j (4.16) 

The condition in Equation (4.16) can be stated that, for all states / andy, the 
rate at which the process goes from / to j (namely π,Ρ/y) is equal to the rate 
at which it goes from j to / (namely njPß). It is worth noting that this is an 
obvious necessary condition for time reversibility since a transition from / 
to j going backward in time is equivalent to a transition from j to / going 
forward in time; i.e., if Xm = i and Xm-X = j , then a transition from / to 
j is observed if we are looking backward, and one from j to / if we are 
looking forward in time. Thus, the rate at which the forward process makes 
a transition from j to / is always equal to the rate at which the reverse 
process makes a transition from / to j ; if time reversible, this must equal the 
rate at which the forward process makes a transition from / to j . 

If we can find nonnegative numbers, summing to one, which satisfy 
Equation (4.16), then it follows that the Markov chain is time reversible 
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and the numbers represent the limiting probabilities. This is so since if 

XiPy = XjPji for all ij, = 1 (4.17) 

Then summing over / yields 

Σ Xi^ij ~ Xj Σ Pji ~ Xj9 Σ Xi ~ 1 
i ι ι 

and, as the limiting probabilities π, are the unique solution of the above, it 
follows that Xi = π, for all /'. 

Example 4.25 Consider a random walk with states 0 , 1 , and 
transition probabilities 

Λ,/+ι = α, = 1 - Pij-i, i = 1, . . . ,Af - 1, 

^0,1 — #0 = 1 — 0̂,0» 

Without the need of any computations, it is possible to argue that this 
Markov chain, which can only make transitions from a state to one of its 
two nearest neighbors, is time reversible. This follows by noting that the 
number of transitions from / to / + 1 must at all times be within 1 of the 
number from / + 1 to /. This is so since between any two transitions from 
/ to / + 1 there must be one from / + 1 to / (and conversely) since the only 
way to reenter / from a higher state is via state / + 1. Hence, it follows that 
the rate of transitions from / to / + 1 equals the rate from / + 1 to /, and so 
the process is time reversible. 

We can easily obtain the limiting probabilities by equating for each state 
/ = 0, 1 , . . . , M - 1 the rate at which the process goes from / to i' + 1 with 
the rate at which it goes from / + 1 to /. This yields 

π0α0 = πχ(1 - ax), 

πχαχ = π2(1 - a2), 

KiOLi = ni+l(l - α ι + 1) , ι = 0, 1, - 1 

Solving in terms of π 0 yields 
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and, in general, 

(1 - α , ) · · · (1 - a,) 
7T 0, / = 1,2, . . . , M 

Since Σο π,· = 1» w e obtain 

π 0 

M 

ι + Σ 
otj-ι · · · α 0 

, ΐ \ Ο - α , ) - d - «i)J 
= 1 

or 

and 

π 0 = 
M 

i + Σ 
OÎj-ι ··· Οί0 

, ΐ \ (1 - α , ) · · · (1 - α,). 

π,· = 
α,·-1 · · · οίο 

(1 - α , ) · · · (1 - α,) 

For instance, if α, = α, then 

π 0 , / = 1, ...,Μ 

π0 = ι + Σ ι 

I -β 

and, in general, 

where 

T T ; = 

1 - £ M + 1 

A i - ß) 

ι - β Μ+ Τ, 1 = 0 , 1 , . . . . Μ 

1 - α 

(4.18) 

(4.19) 

Another special case of Example 4.25 is the following urn model, proposed 
by the physicists P. and T. Ehrenfest to describe the movements of molecules. 
Suppose that M molecules are distributed among two urns; and at each time 
point one of the molecules is chosen at random and is then removed from 
its urn and placed in the other one. The number of molecules in urn I is a 
special case of the Markov chain of Example 4.25 having 

M - i 
i = 0, 1, . . . , M 

Hence, using Equations (4.18) and (4.19) the limiting probabilities in this 
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case are 

π 0 = 
(M-j+ 1 ) · · · ( Μ - 1)M 

yO - l) - · ι 

-1 

-1 

M 

where we have used the identity 
M 

1 

7=o \y 

M 

Hence, from Equation (4.19) 

/AA M 

ι = 0, 1, . . . , M 

As the preceding are just the binomial probabilities, it follows that in the 
long run, the positions of each of the M balls are independent and each one 
is equally likely to be in either urn. This, however, is quite intuitive, for if 
we focus on any one ball, it becomes quite clear that its position will be 
independent of the positions of the other balls (since no matter where the 
other M - 1 balls are, the ball under consideration at each stage will be 
moved with probability l/M) and by symmetry, it is equally likely to be in 
either urn. 

Example 4.26 Consider an arbitrary connected graph (see Section 3.6 
for definitions) having a number w# associated with arc for each arc. 

Figure 4 . 1 . A connected graph with arc weights. 
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One instance of such a graph is given by Figure 4.1. Now consider a particle 
moving from node to node in this manner: If at any time the particle resides 
at node /, then it will next move to node j with probability Ptj where 

XV.. 

Pn = 

and where w t j is 0 if ( i j ) is not an arc. For instance, for the graph of Figure 
4 . 1 , ^ 2 = 3/(3 + l + 2 ) = ±. 

The time reversibility equations 

UiPij = njPji 

reduce to 

or, equivalently, since νν,-y = w ß 

71; 7Γ; 

which is equivalent to 

= c 

or 

or, since 1 = Σ ζ π,· 

Σι Σj v>u 

As the π / s given by this equation satisfy the time reversibility equations, it 
follows that the process is time reversible with these limiting probabilities. 

For the graph of Figure 4.1 we have that 

_ _ 6 _ _ 3 _ _ 6 _ _ 5 -TT — J_2_ • n
\ - 32"'

 U
2 - 32"»

 Π
3 - 32»

 π
4 ~ 32 »

 Π
5 ~ 32 • 

If we try to solve Equation (4.17) for an arbitrary Markov chain with 
states 0 , 1 , . . . , M , it will usually turn out that no solution exists. For 
example, from Equation (4.17), 

χ.P.. = χ P 

x
k^kj -

 x
jPjk 
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implying (if PuPjk > 0) that 

?± _
 P

Ji
P
kj 

X
k PijPjk 

which in general need not equal Pki/Pik. Thus, we see that a necessary 
condition for time reversibility is that 

PikPkjPji = PijPjkPki for all ij, k (4.20) 

which is equivalent to the statement that, starting in state /, the path 
/ k j -• / has the same probability as the reversed path / j -+ k /. 
To understand the necessity of this note that time reversibility implies that 
the rate at which a sequence of transitions from / to k to j to / occurs must 
equal the rate of ones from / to j to k to / (why?), and so we must have 

n
iPikPkjPji

 = n
iPijPjkPki 

implying Equation (4.20) when π, > 0. 
In fact, we can show the following: 

Theorem 4-2 An ergodic Markov chain for which Ptj = 0 whenever 
Pji = 0 is time reversible if and only if starting in state /, any path back to 
/ has the same probability as the reversed path. That is, if 

ΡυΛ.ΐ2-
ρ
ι>.ι = P'.Ai^ -P^i (4.21) 

for all states /, ix,..., ik. 

Proof We have already proven necessity. To prove sufficiency, fix states 
/ and j and rewrite (4.21) as 

p. . ρ P . P . . = P . Ρ P . . 

Summing the above over all states ix,..., ik yields 

pk+lp ρ pk+1 

Letting k -> oo yields that 

UjPji = PijUi 

which proves the theorem. • 

Example 4.27 Suppose we are given a set of η elements, numbered 1 
through n, which are to be arranged in some ordered list. At each unit of 
time a request is made to retrieve one of these elements, element / being 
requested (independently of the past) with probability Pt. After being 
requested, the element then is put back but not necessarily in the same 



178 4 Markov Chains 

position. In fact, let us suppose that the element requested is moved one 
closer to the front of the list; for instance, if the present list ordering is 
1,3,4,2,5 and element 2 is requested, then the new ordering becomes 
1 ,3 ,2 ,4 ,5 . We are interested in the long-run average position of the 
element requested. 

For any given probability vector Ρ = (ΡΊ9 the preceding can be 
modeled as a Markov chain with nl states, with the state at any time being 
the list order at that time. We shall show that this Markov chain is time 
reversible and then use this to show that the average position of the element 
requested when this one-closer rule is in effect is less than when the rule of 
always moving the requested element to the front of the line is used. The 
time reversibility of the resulting Markov chain when the one-closer 
reordering rule is in effect easily follows from Theorem 4.2. For instance, 
suppose η = 3 and consider the following path from state (1, 2, 3) to itself 

(1,2, 3) - (2, 1, 3) - (2, 3, 1) -> (3, 2, 1) - (3, 1, 2) - (1, 3, 2) - (1, 2, 3) 

The product of the transition probabilities in the forward direction is 

P2P3P3P1P1P2 = P\P\P\ 

whereas in the reverse direction, it is 

P3P3P2P2P1P1 = Ρ
2
 Pi Pi 

As the general result follows in much the same manner, the Markov chain 
is indeed time reversible. (For a formal argument note that if ft denotes the 
number of times element / moves forward in the path, then as the path goes 
from a fixed state back to itself, it follows that element / will also move 
backwards ft times. Therefore, since the backwards moves of element / are 
precisely the times that it moves forward in the reverse path, it follows that 
the product of the transition probabilities for both the path and its reversal 
will equal 

Π pf,+" 
i 

where rt is equal to the number of times that element i is in the first position 
and the path (or the reverse path) does not change states.) 

For any permutation i l , i2,..., in of 1, 2 , . . . , AZ, let n(il, i2,..., in) denote 
the limiting probability under the one-closer rule. By time reversibility we 
have 

Pij+lnVi,...,(/, ij+i, - - -, in) =
 pij*(h ,...,//+!,/,·,..., in) (4.22) 

for all permutations. 
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Now the average position of the element requested can be expressed (as in 
Section 3.6.1) as 

Average position = £ / ^ [ P o s i t i o n of element /] 

= £ p j 1 + Σ Ρ {element j precedes element /} | 

i L j*i 

= 1 + Σ Σ PiPiej precedes ef-j 

= 1 + Σ \PiP\ej precedes + Ρ]Ρ{βι precedes eß] 

= 1 + Σ [PiP\ej precedes e{\ + P,(l - P\e} precedes e,})] 

= 1 + Σ Σ (Pi - Pj)Piej precedes e,) + Σ Σ Pj 

Hence, to minimize the average position of the element requested, we would 
want to make P[ej precedes e{\ as large as possible when Pj > Pt and as 
small as possible when P, > Pj. Now under the front-of-the-line rule we 
showed in Section 3.6.1 that 

p. 

Ρ {β; precedes βλ = — 
J 1

 Pj + Pi 
(since under the front-of-the-line rule element j will precede element / if and 
only if the last request for either / or j was for j). 

Therefore, to show that the one-closer rule is better than the front-of-the-
line rule, it suffices to show that under the one-closer rule 

p. 

P{ej precedes et] > ——J—— when Ρ, > P, 
Pj "i 

Now consider any state where element / precedes element j 9 say 
(. . . , / , / j , . . . , ik,j, ...). By successive transpositions using Equation (4.22), 
we have 

/Pt\
k+l 

π(..., /, /Ί, ...9ik9j9 ...) = n(...J, i l 9 ik9 /, ...) (4.23) 

For instance, 

π(1, 2, 3) = § π(1, 3, 2) = § §• π(3, 1, 2) 
^ 3 ^ 3 * 3 

= ρ)ρ)ρ~π(3'2'
 1) = ( 0 π ( 3 , 2 ' 0 
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Now when Pj > Pi9 Equation (4.23) implies that 

p. 

π(...,/,/Ί, ...,ik,j,...) < -^n(...9j9il9 ...,/*,/,...) 

Letting a(i9j) = Pfe,- precedes eß, we see by summing over all states for 
which / precedes j and by using the preceding that 

ρ 

which, since a(i9j) = 1 - a(j9 /) , yields 

P, 

Ρ, + Pt 

Hence, the average position of the element requested is indeed smaller 
under the one-closer rule than under the front-of-the-line rule. • 

The concept of the reversed chain is useful even when the process is not 
time reversible. To illustrate this, we start with the following proposition 
whose proof is left as an exercise. 

Proposition 4.5 Consider an irreducible Markov chain with transition 
probabilities Pu. If one can find positive numbers ni9 / > 0, summing to 
one, and a transition probability matrix Q = such that 

UiPij = njQji (4.24) 

then the Qtj are the transition probabilities of the reversed chain and the π, 
are the stationary probabilities both for the original and reversed chain. 

The importance of the preceding proposition is that, by thinking back-
wards, we can sometimes guess at the nature of the reversed chain and then 
use the set of equations (4.24) to obtain both the stationary probabilities 
and the Qi3. 

Example 4.28 A single bulb is necessary to light a given room. When 
the bulb in use fails, it is replaced by a new one at the beginning of the next 
day. Let Xn equal / if the bulb in use at the beginning of day η is in its /th 
day of use (that is, if its present age is /) . For instance, if a bulb fails on day 
η - 1, then a new bulb will be put in use at the beginning of day η and so 
Xn = 1. If we suppose that each bulb, independently, fails on its /th day of 
use with probability pi9 i > 1, then it is easy to see that [Xn9 η > 1} is a 
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Markov chain whose transition probabilities are as follows: 

Piti = Pfbulb, on its ith day of use, fails} 

= Pflife of bulb = /1 life of bulb > i] 

= P{L = i] 
P[L > /} 

where L, a random variable representing the lifetime of a bulb, is such that 
P{L = i) = pt. Also, 

Pi.i+i = 1 ~Pi,i 

Suppose now that this chain has been in operation for a long (in theory, 
an infinite) time and consider the sequence of states going backwards in 
time. Since, in the forward direction, the state is always increasing by 1 until 
it reaches the age at which the item fails, it is easy to see that the reverse 
chain will always decrease by 1 until it reaches 1 and then it will jump to a 
random value representing the lifetime of the (in real time) previous bulb. 
Thus, it seems that the reverse chain should have transition probabilities 
given by 

Q M - I = < >
 1 

öl , / = Pi y 1 

To check this, and at the same time determine the stationary probabilities, 
we must see if we can find, with the QitJ as given above, positive numbers 
{π,} such that 

n i p u = njQjj 

To begin, let j = 1 and consider the resulting equations: 

M̂ .i = πιΟι,ι 

This is equivalent to 

or 

π,· = nxP{L > ι) 
Summing over all / yields 

oo oo 

1 = Σ ^ = π, Σ P\L ^ i) = n,E[L] and so, for the Qy above to represent the reverse transition probabilities, 
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it is necessary that the stationary probabilities are 

PJL > ι) . , 

To finish the proof that the reverse transition probabilities and stationary 
probabilities are as given all that remains is to show that they satisfy 

71 iPf, /+1 — 71 i+1 Ö/+1, / 

which is equivalent to 

P[L*i\(x _P{L = i}\ P\L*i+ 1} 

E[L] \ P[L>i]J E[L] 

and which is true since P[L > /) - P{L = i] = P{L > / + 1}. • 

4.8. Markov Decision Processes 

Consider a process that is observed at discrete time points to be in any one 
of M possible states, which we number by 1,2, . . . , M. After observing the 
state of the process, an action must be chosen, and we let A, assumed finite, 
denote the set of all possible actions. 

If the process is in state / at time η and action a is chosen, then the next state 
of the system is determined according to the transition probabilities Pij(a). 
If we let X„ denote the state of the process at time η and an the action chosen 
at time ny then the above is equivalent to stating that 

P{Xn+i =j\X0,a0,Xl,al, Xn = i,an = a] = Pu(a) 

Thus, the transition probabilities are functions only of the present state and 
the subsequent action. 

By a policy, we mean a rule for choosing actions. We shall restrict 
ourselves to policies which are of the form that the action they prescribe at 
any time depends only on the state of the process at that time (and not on 
any information concerning prior states and actions). However, we shall 
allow the policy to be ''randomized" in that its instructions may be to 
choose actions according to a probability distribution. In other words, a 
policy β is a set of numbers β = (/?,(#), a e A, i = 1, . . . , M] with the inter-
pretation that if the process is in state /, then action a is to be chosen with 
probability /?,(#). Of course, we need have that 

0 < ßi(a) < 1, for all i,a 

Σβι(α) = 1, for a l l / 
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Under any given policy β, the sequence of states [Xn, η = 0, 1,...} 
constitutes a Markov chain with transition probabilities /^(β) given by 

pum = ppixn+1 =j\xn = n* 

a 

where the last equality follows by conditioning on the action chosen when 
in state /. Let us suppose that for every choice of a policy p, the resultant 
Markov chain [Xn, η = 0, 1, . . . j is ergodic. 

For any policy p, let nia denote the limiting (or steady-state) probability 
that the process will be in state / and action a will be chosen if policy β is 
employed. That is, 

nia = lim Ρ^Χη = /, an = a] 

The vector π = (nia) must satisfy 

(i) nia > 0 for all /, a 
(ϋ) Σ/ Σα nia = 1 

(iü) Σα Kja = Σι Σα ηίαΡ0{α) for ally (4.25) 

Equations (i) and (ii) are obvious, and Equation (iii) which is an analogue 
of Equation (4.6) follows as the left-hand side equals the steady-state 
probability of being in state j and the right-hand side is the same probability 
computed by conditioning on the state and action chosen one stage earlier. 

Thus for any policy β, there is a vector π = (nia) which satisfies (i)-(iii) 
and with the interpretation that nia is equal to the steady-state probability 
of being in state / and choosing action a when policy β is employed. 
Moreover, it turns out that the reverse is also true. Namely, for any vector 
π = (nia) which satisfies (i)-(iii), there exists a policy β such that if β is used, 
then the steady-state probability of being in / and choosing action a equals 
π ι α . To verify this last statement, suppose that π = (nia) is a vector which 
satisfies (i)-(iii). Then, let the policy β = (ßi(a)) be 

ßi(ä) = P{ß chooses a \ state is /} 

Σα ^ i a 

Now let Pia denote the limiting probability of being in / and choosing a 
when policy β is employed. We need to show that Pia = nia. To do so, first 

* We use the notation P p to signify that the probability is conditional on the fact that policy 
β is used. 
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note that \Pia, / = 1 , . . . , M, a e A] are the limiting probabilities of the two-
dimensional Markov chain \{Xn, αη), η > 0}. Hence, by the fundamental 
Theorem 4.1, they are the unique solution of 

0') Pia * 0 
( Π ' ) l i l a Pia = 1 

(üi') Pja = lila'Pia'Pij(a')ßAa) 

where (iii') follows since 
P{Xn+i = h (*n+i = <>\Xn = an = a'} = Pij(a

f
)ßj(a) 

Since 

ßj(a) = - î * -
Σι a Ttja 

we see that ( P i a ) is the unique solution of 

Pia a: 0, 

ΣΣ^,α = ι, 
ι a 

pja = iipia'Pu("')^-
i a' ua "ja 

Hence, to show that P i a = nia, we need show that 

nia > 0, 

Σ Σ n
ia = !» 

/' a 

/ a' ua "ja 

The top two equations follow from (i) and (ii) of Equation (4.25), and the 
third which is equivalent to 

Σ *ja = ΣΣ^Ϊα'Ρυ^Ί 
a i a' 

follows from Condition (iii) of Equation (4.25). 
Thus we have shown that a vector π = (nia) will satisfy (i), (ii), and (iii) 

of Equation (4.25) if and only if there exists a policy β such that nia is equal 
to the steady-state probability of being in state / and choosing action a when 
β is used. In fact, the policy β is defined by β/(α) = πία/Σα

 πΐα· 
The preceding is quite important in the determination of "optimal" 

policies. For instance, suppose that a reward /?(/, a) is earned whenever 
action a is chosen in state /. Since R(Xi9 at) would then represent the reward 
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ßUa) = 
nia 

Σα ni 

Remarks (i) It can be shown that the π* maximizing Equation (4.26) 
has the property that for each / π*α is zero for all but one value of a, which 
implies that the optimal policy is nonrandomized. That is, the action it 
prescribes when in state / is a deterministic function of /. 

(ii) The linear programming formulation also often works when there are 
restrictions placed on the class of allowable policies. For instance, suppose 
there is a restriction on the fraction of time the process spends in some 

* It is called a linear program since the objective function £ , Σα

 a)nia and the constraints 

However, the above maximization problem is a special case of what is 
known as a linear program* and can thus be solved by a standard linear 
programming algorithm known as the simplex algorithm. If π* = (nfa) 
maximizes the preceding, then the optimal policy will be given by β* where 

Hence, the problem of determining the policy that maximizes the expected 
average reward is 

Expected average reward under β = 

which implies (see Exercise 55) that 

Now, if nia denotes the steady-state probability of being in state / and 
choosing action a, it follows that the limiting expected reward at time η 
equals 

earned at time /, the expected average reward per unit time under policy β 
can be expressed as 

Expected average reward under β 

(4.26) 

subject to 

Maximize 

for all /, a, 

for all j 
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since Σα n \ a represents the proportion of time that the process is in 
state 1. 

Exercises 

* 1 . Three white and three black balls are distributed in two urns in such 
a way that each contains three balls. We say that the system is in state /, 
/ = 0, 1, 2, 3, if the first urn contains / white balls. At each step, we draw 
one ball from each urn and place the ball drawn from the first urn into the 
second, and conversely with the ball from the second urn. Let Xn denote the 
state of the system after the /?th step. Explain why {Xni η = 0, 1, 2, ...} is 
a Markov chain and calculate its transition probability matrix. 

2. Suppose that whether or not it rains today depends on previous weather 
conditions through the last three days. Show how this system may be 
analyzed by using a Markov chain. How many states are needed? 

3. In Exercise 2, suppose that if it has rained for the past three days, then 
it will rain today with probability 0.8; if it did not rain for any of the past 
three days, then it will rain today with probability 0.2; and in any other case 
the weather today will, with probability 0.6, be the same as the weather 
yesterday. Determine Ρ for this Markov chain. 

*4. Consider a process [Xn, η = 0, 1, .. .j which takes on the values 0, 1, 
or 2. Suppose 

a 

ln-l » ..., X0 — /0} — 
when η is even 
when η is odd 

where Σ,· = ο ^ / = Σ 7

2 = ο ^ " = 1, / = 0, 1, 2. Is {*„,/!> 0) a Markov chain? 
If not, then show how, by enlarging the state space, we may transform it 
into a Markov chain. 

state, say state 1. Specifically, suppose that we are only allowed to consider 
policies having the property that their use results in the process being in 
state 1 less that 100a percent of time. To determine the optimal policy 
subject to this requirement, we add to the linear programming problem the 
additional constraint 
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5. Let the transition probability matrix of a two-state Markov chain be 
given, as in Example 4.2, by 

Ρ = 
ρ ι -ρ 

1-/7 ρ 

Show by mathematical induction that 

p(") = 
\ + \(ip - ir \ - \(ip - ir 
\ - \{2p -if \ + \{2p - I f 

6. In Example 4.4 suppose that it has rained neither yesterday nor the day 
before yesterday. What is the probability that it will rain tomorrow? 

7. Suppose that coin 1 has probability 0.7 of coming up heads, and coin 
2 has probability 0.6 of coming up heads. If the coin flipped today comes 
up heads, then we select coin 1 to flip tomorrow, and if it comes up tails, 
then we select coin 2 to flip tomorrow. If the coin initially flipped is equally 
likely to be coin 1 or coin 2, then what is the probability that the coin 
flipped on the third day after the initial flip is coin 1? 

8. Specify the classes of the following Markov chains, and determine 
whether they are transient or recurrent. 

P i = 

p3 = 

0 2 2 
1 
2 0 1 

2 
1 
2 

1 
2 0 

J 0 \ 
4 2 

1 
4 

1 
2 0 1 

2 

0 0 0 

0 0 0 

0 0 

0 0 

0 0 p 4 = 

0 0 0 1 

0 0 0 1 

J 
1 
2 0 0 

0 0 1 0 

1 
4 

3 
4 0 0 0 

1 
2 

1 
2 0 0 0 

0 0 1 0 0 

0 0 1 
3 

2 
3 0 

1 0 0 0 0 

9. Prove that if the number of states in a Markov chain is M, and if state 
j can be reached from state /, then it can be reached in M steps or less. 

*10. Show that if state / is recurrent and state i does not communicate 
with statey, then Pu = 0. This implies that once a process enters a recurrent 
class of states it can never leave that class. For this reason, a recurrent class 
is often referred to as a closed class. 
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11 . For the random walk of Example 4.13 use the strong law of large 
numbers to give another proof that the Markov chain is transient when 

Hint: Note that the state at time η can be written as £?= x Yt where the 
17s are independent and P{Yt = lj = ρ = 1 - P{Yt = -1} . Argue that if 

ρ > y, then, by the strong law of large numbers, ΣΊ Y{\-> oo as η -> oo 
and hence the initial state 0 can be visited only finitely often, and hence 
must be transient. A similar argument holds when ρ < j . 

12. For Example 4.4, calculate the proportion of days that it rains. 

13. A transition probability matrix Ρ is said to be doubly stochastic if the 
sum over each column equals one; that is, 

ΣΡυ= for ally 

If such a chain is irreducible and aperiodic and consists of M + 1 states 
0, 1 , . . . , M, show that the limiting probabilities are given by 

* 14. A particle moves on a circle through points which have been marked 
0, 1, 2, 3, 4 (in a clockwise order). At each step it has a probability ρ of 
moving to the right (clockwise) and 1 - ρ to the left (counterclockwise). Let 
Xn denote its location on the circle after the /ith step. The process 
{Xn, η > 0} is a Markov chain. 

(a) Find the transition probability matrix. 

(b) Calculate the limiting probabilities. 

15. Let Yn be the sum of η independent rolls of a fair die. Find 

lim P{Xn is a multiple of 13) 
η -*oo 

Hint: Define an appropriate Markov chain and apply the results of 
Exercise 13. 

16. Each morning an individual leaves his house and goes for a run. He 
is equally likely to leave either from his front or back door. Upon leaving 
the house, he chooses a pair of running shoes (or goes running barefoot if 
there are no shoes at the door from which he departed). On his return he is 
equally likely to enter, and leave his running shoes, either by the front or 
back door. If he owns a total of k pairs of running shoes, what proportion 
of the time does he run barefooted? 
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17. Consider the following approach to shuffling a deck of η cards. 
Starting with any initial ordering of the cards, one of the numbers 
1, 2 , . . . , η is randomly chosen in such a manner that each one is equally 
likely to be selected. If it is number / that is chosen, then we take the card 
that is in position / and put it on top of the deck—that is, we put that card 
in position 1. We then repeatedly perform the same operation. Show that, 
in the limit, the deck is perfectly shuffled in the sense that the resultant 
ordering is equally likely to be any of the n\ possible orderings. 

*18. Determine the limiting probabilities π, for the model presented in 
Exercise 1. Give an intuitive explanation of your answer. 

19. For a series of dependent trials the probability of success on any trial 
is (k + l)/(k + 2) where k is equal to the number of successes on the 
previous two trials. Compute lim,^«, Ρ [success on the nth trial}. 

20. An organization has Ν employees where Ν is a large number. Each 
employee has one of three possible job classifications and changes 
classifications (independently) according to a Markov chain with transition 
probabilities 

" 0.7 0.2 0.1 " 

0.2 0.6 0.2 

_0.1 0.4 0.5_ 

What percentage of employees are in each classification? 

2 1 . Three out of every four trucks on the road are followed by a car, while 
only one out of every five cars is followed by a truck. What fraction of 
vehicles on the road are trucks? 

22. A certain town never has two sunny days in a row. Each day is 
classified as being either sunny, cloudy (but dry), or rainy. If it is sunny one 
day, then it is equally likely to be either cloudy or rainy the next day. If it 
is rainy or cloudy one day, then there is one chance in two that it will be the 
same the next day, and if it changes then it is equally likely to be either of 
the other two possibilities. In the long run, what proportion of days are 
sunny? What proportion are cloudy? 

*23. Each of two switches is either on or off during a day. On day n, each 
switch will independently be on with probability 

[1 + number of on switches during day η - l] /4 

For instance, if both switches are on during day η - 1, then each will 
independently be on during day η with probability 3/4. What fraction of 
days are both switches on? What fraction are both off? 
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24. A professor continually gives exams to her students. She can give 
three possible types of exams, and her class is graded as either having done 
well or badly. Let pt denote the probability that the class does well on a type 
/ exam, and suppose that px = 0.3, p2 = 0.6, and p3 = 0.9. If the class does 
well on an exam, then the next exam is equally likely to be any of the three 
types. If the class does badly, then the next exam is always type 1. What 
proportion of exams are type /, / = 1, 2, 3? 

25. Consider a Markov chain with states 0, 1,2, 3, 4. Suppose P04 = 1; 
and suppose that when the chain is in state /, / > 0, the next state is equally 
likely to be any of the states 0 , 1 , . . . , / - 1. Find the limiting probabilities 
of this Markov chain. 

*26. Let π ι denote the long run proportion of time a given Markov chain 
is in state /. 

(a) Explain why π,· is also the proportion of transitions that are into state 
/ as well as being the proportion of transitions that are from state /. 
(b) UiPij represents the proportion of transitions that satisfy what 
property? 
(c) Σΐπϊρυ represent the proportion of transitions that satisfy what 
property? 
(d) Using the preceding explain why 

*j = Σ KiPij 
i 

27. Let A be a set of states, and let Ac be the remaining states. 

(a) What is the interpretation of 

Σ Σ η,Ρυ1 
ieA j eA

c 

(b) What is the interpretation of 

Σ Σ M V 
/* 6 A

c
 j e A 

(c) Explain the identity 

Σ Σ *iPu= Σ Σ π,ρυ 

i e A j eA
c
 i eA

c
 j eA 

28. Each day, one of η possible elements is requested, the ith one with 
probability Pi9 i > 1, ΣΊΉ = 1· These elements are at all times arranged in 
an ordered list which is revised as follows: The element selected is moved to 
the front of the list with the relative positions of all the other elements 
remaining unchanged. Define the state at any time to be the list ordering 
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at that time and note that there are n\ possible states. 

(a) Argue that the preceding is a Markov chain. 
(b) For any state i l 9 . . . , / , , (which is a permutation of 1,2, . . . , /?), let 
n ( i l 9 i n ) denote the limiting probability. In order for the state to be 
/j , . . . , / „ , it is necessary that the last request was for ix, the last ηοη-ζΊ 
request was for / 2 , the last ηοη-ζΊ or i2 request was for / 3 , and so on. 
Hence, it appears intuitive that 

Verify when η = 3 that the above are indeed the limiting probabilities. 

29. Suppose that a population consists of a fixed number, say m9 of genes 
in any generation. Each gene is one of two possible genetic types. If any 
generation has exactly / (of its m) genes being type 1, then the next 
generation will have j type 1 (and m - j type 2) genes with probability 

Let Xn denote the number of type 1 genes in the A?th generation, and 
assume that X0 = /. 

(a) Find 
(b) What is the probability that eventually all the genes will be type 1? 

30. Consider an irreducible finite Markov chain with states 0, 1 , T V . 

(a) Starting in state /, what is the probability the process will ever visit 
state jl Explain! 
(b) Let Χι = Pfvisit state TV before state 0 | start in / ) . Compute a set of 
linear equations which the xt satisfy, / = 0, 1, TV. 
(c) If YsjJPij = / for / = 1, TV - 1, show that x{ = //TV is a solution 
to the equations in part (b). 

3 1 . An individual possesses r umbrellas which he employs in going from 
his home to office, and vice versa. If he is at home (the office) at the 
beginning (end) of a day and it is raining, then he will take an umbrella with 
him to the office (home), provided there is one to be taken. If it is not 
raining, then he never takes an umbrella. Assume that, independent of the 
past, it rains at the beginning (end) of a day with probability p. 

(i) Define a Markov chain with r + 1 states which will help us to 
determine the proportion of time that our man gets wet. (Note: he 
gets wet if it is raining, and all umbrellas are at his other location.) 

n(il9 ...,/„) = R 
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(ii) Show that the limiting probabilities are given by 

if / = 0 
r + q 

1 
where q = 1 - ρ 

if / = 1, . . . , r 

(iii) What fraction of time does our man get wet? 
(iv) When r = 3, what value of ρ maximizes the fraction of time he 

gets wet? 

*32. Let [Xn, η > 0) denote an ergodic Markov chain with limiting 
probabilities π. Define the process [Yni η > 1) by Yn = (Xn-i, Xn). That is, 
Yn keeps track of the last two states of the original chain. Is {Yn9 η > 1) a 
Markov chain? If so, determine its transition probabilities and find 

lim P{Yn = (ij)} 
n-><x> 

33. Verify the transition probability matrix given in Example 4.18. 

34. Let P ( 1 ) and P ( 2 ) denote transition probability matrices for ergodic 
Markov chains having the same state space. Let π 1 and π2 denote the 
stationary (limiting) probability vectors for the two chains. Consider a 
process defined as follows: 

(i) X0 = 1. A coin is then flipped and if it comes up heads, then the 
remaining states Xl9 ... are obtained from the transition probability 
matrix P ( 1 ) and if tails from the matrix P ( 2 ). Is {Xn, η > 0} a Markov 
chain? If ρ = Pfcoin comes up heads), what is limw_.0 0P(A r

w = /)? 
(ii) X0 = 1. At each stage the coin is flipped and if it comes up heads, 
then the next state is chosen according to Ργ and if tails comes up, then 
it is chosen according to P 2 . In this case do the successive states constitute 
a Markov chain? If so, determine the transition probabilities. Show by a 
counterexample that the limiting probabilities are not the same as in 
part (i). 

35. A fair coin is continually flipped. Computer the expected number of 
flips until the following patterns appear. 

(a) HHTTHT 
*(b) HHTTHH 
(c) HHTHHT 

36. Consider the Ehrenfest urn model in which M molecules are 
distributed among 2 urns, and at each time point one of the molecules is 
chosen at random and is then removed from its urn and placed in the other 
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one. Let Xn denote the number of molecules in urn 1 after the nth switch 
and let μη = E[Xn]. Show that 

(i) μη+ι = 1 + (1 - 2/Μ)μη 

(ii) Use (i) to prove that 

M /M — 2\n ( Ί M 

37. Consider a population of individuals each of whom possesses two 
genes which can be either type A or type a. Suppose that in outward 
appearance type A is dominant and type a is recessive. (That is, an 
individual will only have the outward characteristics of the recessive gene 
if its pair is aa.) Suppose that the population has stabilized, and the 
percentages of individuals having respective gene pairs AA, aa, and Aa are 
p, q, and r. Call an individual dominant or recessive depending on the 
outward characteristics it exhibits. Let Sn denote the probability that an 
offspring of two dominant parents will be recessive; and let 5 1 0 denote the 
probability that the offspring of one dominant and one recessive parent will 
be recessive. Compute Sn and S 1 0 to show that Sn = Sf0. (The quantities 
5 1 0 and Sn are known in the genetics literature as Snyder's ratios.) 

38. In the gambler's ruin problem of Section 5, suppose the gambler's 
fortune is presently /, and suppose that we know that the gambler's fortune 
will eventually reach Ν (before it goes to 0). Given this information, show 
that the probability he wins the next gamble is 

PV - (Q/P)
l+1

] 

1 - (Q/PY ' 

i + 1 

2/ ' 

Hint: The probability we want is 

P{Xn+l = i + 1 \Xn = i, lim Xm = N] 

_ P[Xn+l = 1 + 1 , hmmXm = N\Xn = i] 
P{\immXm = N\Xn = i] 

39. For the gambler's ruin model of Section 5, let M f denote the mean 
number of games that must be played until the gambler either goes broke or 
reaches a fortune of N, given that he starts with /', / = 0, 1, . . . , N. Show 
that Mi satisfies 

M 0 = MN = 0; M, = 1 + pMi+l + qMt_x, i = 1, ...,N - 1 
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40. Solve the equations given in Exercise 39 to obtain 

Mi = i(N - /), if ρ 

i Ν I - (Q/p)1 

if Ρ * \ 
q - ρ q - p \ - (q/p) 

* 4 1 . In Exercise 14, 

(a) what is the expected number of steps the particle takes to return to the 
starting position? 
(b) what is the probability that all other positions are visited before the 
particle returns to its starting state? 

42. Consider a branching process having μ < 1. Show that if X0 = 1, 
then the expected number of individuals that ever exist in this population is 
given by 1/(1 - μ). What if X0 = ηΊ 

43. In a branching process having X0 = 1 and μ > 1, prove that π 0 is the 
smallest positive number satisfying Equation (4.15). 

Hint: Let π be any solution of π = Σ7=ο nJpj- Show by mathematical 
induction that π > P[X„ = 0} for all n, and let η -> oo . In using the 
induction argue that 

45. At all times, an urn contains TV balls—some white balls and some 
black balls. At each stage, a coin having probability ρ, 0 < ρ < 1, of 
landing heads is flipped. If heads appears, then a ball is chosen at random 
from the urn and is replaced by a white ball; if tails appears, then a ball is 
chosen from the urn and is replaced by a black ball. Let Xn denote the 
number of white balls in the urn after the mh stage. 

(a) Is {Xn, η > 0} a Markov chain? If so, explain why. 
(b) What are its classes? What are their periods? Are they transient or 
recurrent? 
(c) Compute the transition probabilities Ρι}. 
(d) Let Ν = 2. Find the proportion of time in each state. 
(e) Based on your answer in part (d) and your intuition, guess the answer 
for the limiting probability in the general case. 

oo 

P\Xn = 0] = Σ (P{Xn-l = 0})JPj 
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(f ) Prove your guess in part (e) either by showing that Equation (4.6) is 
satisfied or by using the results of Example 4.25. 
(g) If ρ = 1, what is the expected time until there are only white balls in 
the urn if initially there are / white and TV - / black? 

*46. (a) Show that the limiting probabilities of the reversed Markov 
chain are the same as for the forward chain by showing that they satisfy the 
equations 

n
j = Σ

 n
iQij 

i 
(b) Give an intuitive explanation for the result of part (a). 

47. M balls are initially distributed among m urns. At each stage one of 
the balls is selected at random, taken from whichever urn it is in, and then 
placed, at random, in one of the other M - 1 urns. Consider the Markov 
chain whose state at any time is the vector (ni9 ...9nm) where nt denotes the 
number of balls in urn /. Guess at the limiting probabilities for this Markov 
chain and then verify your guess and show at the same time that the Markov 
chain is time reversible. 

48. It follows from Theorem 4.2 that for a time reversible Markov chain 

PijPjkPki = PikPkjPji, for all ij, k 

It turns out that if the state space is finite and Pu > 0 for all i9j9 then the 
preceding is also a sufficient condition for time reversibility. (That is, in this 
case, we need only check Equation (4.21) for paths from / to / that have 
only two intermediate states.) Prove this. 

Hint: Fix / and show that the equations 

n
jPjk

 = n
kPkj 

are satisfied by π, = cP^/Pß, where c is chosen so that £ 7 π, = 1. 

49. For a time reversible Markov chain, argue that the rate at which 
transitions from / to j to k occur must equal the rate at which transitions 
from k to j to / occur. 

50. Show that the Markov chain of Exercise 22 is time reversible. 

5 1 . A group of η processors are arranged in an ordered list. When a job 
arrives, the first processor in line attempts it; if it is unsuccessful, then the 
next in line tries it; if it too is unsuccessul, then the next in line tries it, and 
so on. When the job is successfully processed or after all processors have 
been unsuccessful, the job leaves the system. At this point we are allowed to 
reorder the processors, and a new job appears. Suppose that we use the 
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one-closer reordering rule, which moves the processor that was successful 
one closer to the front of the line by interchanging its position with the one 
in front of it. If all processors were unsuccessful (or if the processor in the 
first position was successful), then the ordering remains the same. Suppose 
that each time processor / attempts a job then, independently of anything 
else, it is successful with probability /?,·. 

(a) Define an appropriate Markov chain to analyze this model. 
(b) Show that this Markov chain is time reversible. 
(c) Find the long run probabilities. 

52. A Markov chain is said to be a tree process if 

(i) Pij > 0 whenever Ρβ > 0. 
(ii) for every pair of states i and y, / 5* y, there is a unique sequence of 
distinct states / = / 0 , / Ί , , i„ = j such that 

Pik.i*+i>0> * = 0 , 1 , . . . , Λ - 1 

In other words, a Markov chain is a tree process if for every pair of 
distinct states / and j there is a unique way for the process to go from / to 
j without reentering a state (and this path is the reverse of the unique path 
from j to /) . Argue that an ergodic tree process is time reversible. 

53. On a chessboard compute the expected number of plays it takes a 
knight, starting in one of the four corners of the chessboard, to return to its 
initial position if we assume that at each play it is equally likely to choose 
any of its legal moves. (No other pieces are on the board.) 

Hint: Make use of Example 4.26. 

54. In a Markov decision problem, another criterion often used, different 
than the expected average return per unit time, is that of the expected 
discounted return. In this criterion we choose a number a, 0 < a < 1, and 
try to choose a policy so as to maximize Ε[Σ7=ο oilR(Xi9 0 , ) ] . (That is, 
rewards at time η are discounted at rate an.) Suppose that the initial state is 
chosen according to the probabilities bt. That is, 

P[X0 = i] = b i 9 i= 1 , . . . , A 2 

For a given policy β let yja denote the expected discounted time that the 
process is in state j and action a is chosen. That is, 

yja =
 E

t Σ otni{Xn=Jtan=a} 
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where for any event A the indicator variable IA is defined by 

1, if A occurs 

(a) Show that 

^A ' 0, otherwise 

Σ yja = ε Σ « % 
η = 0 

or, in other words, Σα y ja is the expected discounted time in state j 
under p. 
(b) Show that 

Σ Σ y ja = Ι _ » 

j a Ι IX 

Σyja = bj + αΣ ΣyiaPijia) 
a i a 

Hint: For the second equation, use the identity 

V«+i=i) = Σ Σ Vn=i.fl«=jk+i=i} 
ι a 

Take expectations of the preceding to obtain 

EV{x„+i=j}] = Σ ΣΕ[Ι{χ^,α_}]Ρυ(α). 
i a 

(c) Let {yJa) be a set of numbers satisfying 

Ç Ç = 

Σ yja = bj + αΣ Σ yiaPijia) (4.27) 
α / a 

Argue that can be interpreted as the expected discounted time that the 
process is in state j and action a is chosen when the initial state is chosen 
according to the probabilities bj and the policy β, given by 

A«0= y " 
Σα yia 

is employed. 

Hint: Derive a set of equations for the expected discounted times 
when policy β is used and show that they are equivalent to Equation 
(4.27). 
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(d) Argue that an optimal policy with respect to the expected discounted 
return criterion can be obtained by first solving the linear program 

maximize Σ lyjaRU,<*), 
j a 

such that Σ Σ yja = —^—, 
j a 1 - Oi 

Σ y ja = bj + OL Σ Σ Λα^ί/ί*)» 
a / a 

yja > 0, ally, a; 

and then defining the policy β* by 

/?f (α) = - β -
Ua J ia 

where the yja are the solutions of the linear program. 

55. Consider an N-state Markov chain that is ergodic and let π,, 
/ = 1, ...,Ν, denote the limiting probabilities. Suppose that a reward R(i) 
is earned whenever the process is in state /. Then Σ] = ο *s the reward 
earned during the first η + 1 time periods. (Of course, Xj is the state of the 
Markov chain at time j.) Show that 

E[lj = oR(Xj)] V D / Λ 



Chapter 5 
The Exponential Distribution 

and the Poisson Process 

5.1 . Introduction 

In making a mathematical model for a real-world phenomenon it is always 
necessary to make certain simplifying assumptions so as to render the 
mathematics tractable. On the other hand, however, we cannot make 
too many simplifying assumptions, for then our conclusions, obtained from 
the mathematical model, would not be applicable to the real-world 
phenomenon. Thus, in short, we must make enough simplifying assump-
tions to enable us to handle the mathematics but not so many that the 
mathematical model no longer resembles the real-world phenomenon. One 
simplifying assumption that is often made is to assume that certain random 
variables are exponentially distributed. The reason for this is that the 
exponential distribution is both relatively easy to work with and is often a 
good approximation to the actual distribution. 

The property of the exponential distribution which makes it easy to 
analyze is that it does not deteriorate with time. By this we mean that if the 
lifetime of an item is exponentially distributed, then an item which has been 
in use for ten (or any number of) hours is as good as a new item in regards 
to the amount of time remaining until the item fails. This will be formally 
defined in Section 5.2 where it will be shown that the exponential is the only 
distribution which possesses this property. 

In Section 5.3 we shall study counting processes with an emphasis on a 
kind of counting process known as the Poisson process. Among other 
things we shall discover about this process is its intimate connection with the 
exponential distribution. 

199 
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5.2. The Exponential Distribution 

5.2.1 . Definition 

A continuous random variable X is said to have an exponential distribution 
with parameter Α, λ > 0, if its probability density function is given by 

AX) = Π Λ 

l 0, χ < 0 
or, equivalently, if its cdf is given by 

F(x)= f(y)dy = 
-\x x>0 

χ < 0 

The mean of the exponential distribution, E[X], is given by 

E[X] = \ xf(x)dx 
oo 

Xxe-^dx 

Integrating by parts (u = x, dv = Xe_Xx dx) yields 

E[X] = -xe-^+ j o e 
Xxdx = -

A 

The moment generating function φ(ί) of the exponential distribution is 
given by 

φ«) = E[etx] 

e,xke-^dx 

λ - t 
for / < λ (5.1) 

All the moments of X can now be obtained by differentiating Equation 
(5.1). For example, 

Ε[Χ2]=—2φ«) 

ai t = π 

2λ 

(λ - tf \t = o 
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Also, from the preceding, we obtain 

Var(JT) = E[X2] - (E[X])2 

_ 2_ J_ 

~Y2~Y2 

ι 

~T2 

5.2.2. Properties of the Exponential Distribution 

A random variable X is said to be without memory, or memoryless, if 

P[X > s + t\X > t] = P{X > s] for all s, t > 0 (5.2) 

If we think of X as being the lifetime of some instrument, then Equation 
(5.2) states that the probability that the instrument lives for at least s + t 
hours given that it has survived t hours is the same as the initial probability 
that it lives for at least s hours. In other words, if the instrument is alive at 
time then the distribution of the remaining amount of time that it survives 
is the same as the original lifetime distribution, that is, the instrument does 
not remember that it has already been in use for a time t. 

The condition in Equation (5.2) is equivalent to 

P\X>s + t,X>t} 

p{x>t\ -ρ\χ>ν 
or 

PIX >s + t} = P{X > s]P{X > t) (5.3) 

Since Equation (5.3) is satisfied when X is exponentially distributed 
(for e~X(s+t) = e~Xse~Xt)9 it follows that exponentially distributed random 
variables are memoryless. 

Example 5.1 Suppose that the amount of time one spends in a bank is 
exponentially distributed with mean ten minutes, that is, λ = j q . What is 
the probability that a customer will spend more than fifteen minutes in the 
bank? What is the probability that a customer will spend more than fifteen 
minutes in the bank given that he is still in the bank after ten minutes? 

Solution: If X represents the amount of time that the customer spends 
in the bank, then the first probability is just 

P[X > 15} = e~l5X = e~3/2 « 0.220 

The second question asks for the probability that a customer who has 
spent ten minutes in the bank will have to spend at least five more minutes. 
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However, since the exponential distribution does not "remember" that 
the customer has already spent ten minutes in the bank, this must equal 
the probability that an entering customer spends at least five minutes in 
the bank. That is, the desired probability is just 

P{X > 5) = e~5X = e~i/2 « 0.604 • 

Example 5.2 Consider a post office which is manned by two clerks. 
Suppose that when Mr. Smith enters the system he discovers that Mr. Jones 
is being served by one of the clerks and Mr. Brown by the other. Suppose 
also that Mr. Smith is told that his service will begin as soon as either Jones 
or Brown leaves. If the amount of time that a clerk spends with a customer 
is exponentially distributed with mean 1/A, what is the probability that, of 
the three customers, Mr. Smith is the last to leave the post office? 

Solution: The answer is obtained by this reasoning: Consider the time 
at which Mr. Smith first finds a free clerk. At this point either Mr. Jones 
or Mr. Brown would have just left and the other one would still be in 
service. However, by the lack of memory of the exponential, it follows 
that the amount of time that this other man (either Jones or Brown) 
would still have to spend in the post office is exponentially distributed 
with mean That is, it is the same as if he was just starting his service 
at this point. Hence, by symmetry, the probability that he finishes before 
Smith must equal j . • 

It turns out that not only is the exponential distribution 4 Memory less," 
but it is the unique distribution possessing this property. To see this, 
suppose that X is memoryless and let F(x) = P[X > x}. Then by Equation 
(5.3) it follows that 

F(s + t) = F(s)F(t) 

That is, F(x) satisfies the functional equation 

g(s + t) = g(s)g(t) 

However, it turns out that the only right continuous solution of this 
functional equation is 

g(x) = e~Xx* 

and since a distribution function is always right continuous we must have 

F(x) = e'^ 
or 

F(x) = P{X < x] = 1 - έΓ** 

which shows that X is exponentially distributed. 
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Example 5.3 Suppose that the amount of time that a lightbulb works 
before burning itself out is exponentially distributed with mean ten hours. 
Suppose that a person enters a room in which a lightbulb is burning. 
If this person desires to work for five hours, then what is the probability 
that he will be able to complete his work without the bulb burning out? 
What can be said about this probability when the distribution is not 
exponential? 

Solution: Since the bulb is burning when the person enters the room 
it follows, by the memoryless property of the exponential, that its 
remaining lifetime is exponential with mean ten. Hence the desired 
probability is 

Ρ {remaining lifetime > 5) = 1 - F(5) = e~5X = e~l/2 

However, if the lifetime distribution F is not exponential, then the 
relevant probability is 

Pflifetime > t + 51lifetime > t] = 1 ~ 

where t is the amount of time that the bulb had been in use prior to the 
person entering the room. That is, if the distribution is not exponential 
then additional information is needed (namely 0 before the desired 
probability can be calculated. In fact, it is for this reason, namely that the 
distribution of the remaining lifetime is independent of the amount of 
time that the object has already survived, that the assumption of an 
exponential distribution is so often made. • 

The memoryless property is further illustrated by the failure rate function 
(also called the hazard rate function) of the exponential distribution. 

* This is proven as follows: If g(s + t) = g(s)g(t), then 

and repeating this yields g(m/n) = g
m
{\/ri). Also 

g(\) = ̂ 1 + I + ... + 1̂  = or = 

Hence g(m/ri) = (g(l))
m/n

, which implies, since g is right continuous, that g(x) = (g(l))
x
. 

Since g ( l ) = (g(y))
2
 > 0 we obtain g(x) = e~^, where λ = - l o g ( g ( l ) ) . 
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Consider a continuous positive random variable X having distribution 
function F and density / . The failure (or hazard) rate function r(t) is 
defined by 

To interpret r(t), suppose that X has survived for t hours, and we desire the 
probability that X will not survive for an additional time dt. That is, 
consider P{X e (t, t + dt) \X > t j . Now 

P\Xe(t, t + dt),X>t) 
P[Xe(t,t + dt)\X> t\ = 

P{X > t] 

P{X e(t,t + dt)} 

P{X> t] 

f(t)dt = r(t)dt 
1 - F(0 

That is, r(t) represents the conditional probability density that a f-year-old 
item will fail. 

Suppose now that the lifetime distribution is exponential. Then, by the 
memoryless property, it follows that the distribution of remaining life for a 
/-year-old item is the same as for a new item. Hence r(t) should be constant. 
This checks out since 

AO 
r(t) = 

1 - F{t) 

= λ 

Thus, the failure rate function for the exponential distribution is constant. 
The parameter λ is often referred to as the rate of the distribution. (Note 
that the rate is the reciprocal of the mean, and vice versa.) 

It turns out that the failure rate function r(t) uniquely determines the 
distribution F. To prove this, we note by Equation (5.4) that 

d/dtFjt) 
r i t ) - T^W) 

Integrating both sides yields 

log(l - F ( i ) ) = - j r(t)dt + k 

or 

1 - F(t) = e * e x p j - j r(t)dt 
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Letting t = 0 shows that k = 0 and thus 

5.2.3. Further Properties of the Exponential Distribution 

Let Xl,..., Xn be independent and identically distributed exponential 
random variables having mean 1/A. It follows from the results of Example 
2.37 that Xx + · · · + Xn has a gamma distribution with parameters η and A. 
Let us now give a second verification of this result by using mathematical 
induction. As there is nothing to prove when η = 1, let us start by assuming 
that Xx + ··· + Xn-i has density given by 

which proves the result. 
Another useful calculation is to determine the probability that one 

exponential random variable is smaller than another. That is, suppose that 
Xx and X2 are independent exponential random variables with respective 
means 1/λχ and 1/A2; then what is P[XX < Χ2]Ί This probability is 
calculated by conditioning on X2 : 

fXl+...+xH_x(t) = λβ 
( A ; y 2 

in - 2)! 
Hence, 

(AO*-1 

(Λ - 1)! 

P[XX <X2}= P[XX <X2\X2 = χ}λ2β-^χάχ 

= 1 -
A2 Aj 

(5.5) 
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Example 5.4 Suppose one has a stereo system consisting of two main 
parts, a radio and a speaker. If the lifetime of the radio is exponential 
with mean 1000 hours and the lifetime of the speaker is exponential with 
mean 500 hours independent of the radio's lifetime, then what is the 
probability that the system's failure (when it occurs) will be caused by the 
radio failing? 

Solution: From Equation (5.5) (with λχ = 1/1000, λ2 = 1/500) we see 
that the answer is 

1/1000 _ 1 
1/1000 + 1/500 " 3 

Suppose that Xx, X2, ..., Xn are independent exponential random 
variables, with Xt having rate /! , · , /= 1, . . . , n. It turns out that the smallest 
of the Χι is exponential with a rate equal to the sum of the μ,. This is shown 
as follows: 

Ρ ( M i n i m u m ^ , . . . , Xn) > x] = P[Xt > χ for each / = 1, . . . , n] 

η 

= Π P [Xi > χ\ (by independence) 
ι = 1 

= π «""'* 
/ = ι 

= e x p ^ - ( Σ A-)*J (5.6) 

Example 5.5 (Analyzing Greedy Algorithms for the Assignment 
Problem): A group of η people are to be assigned to a set of η jobs, with one 
person assigned to each job. For a given set of n2 values Cij9 ij= 1, . . . , n, 
a cost Cij is incurred when person / is assigned to job j . The classical 
assignment problem is to determine the set of assignments that minimizes 
the sum of the η costs incurred. 

Rather than trying to determine the optimal assignment, let us consider 
two heuristic algorithms for solving this problem. The first heuristic is as 
follows. Assign person 1 to the job that results in the least cost. That is, 
person 1 is assigned to job j x where C(\JX) = Minimum^ C(l,y). Now 
eliminate that job from consideration and assign person 2 to the job that 
results in the least cost. That is, person 2 is assigned to job j 2 where 
C(2J2) = Minimum,^ C(2J). This procedure is then continued until all 
η persons are assigned. Since this procedure always selects the best job for 
the person under consideration, we will call it Greedy Algorithm A. 
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The second algorithm, which we call Greedy Algorithm B, is a more 
"global" version of the first greedy algorithm. It considers all n2 cost values 
and chooses the pair ix, j x for which C(/,y) is minimal. It then assigns 
person ix to job j x . It then eliminates all cost values involving either person 
ix or job j x (so that (η - l ) 2 values remain) and continues in the same 
fashion. That is, at each stage it chooses the person and job that have the 
smallest cost among all the unassigned people and jobs. 

Under the assumption that the Cy constitute a set of n2 independent 
exponential random variables each having mean 1, which of the two 
algorithms results in a smaller expected total cost? 

Solution: Suppose first that Greedy Algorithm A is employed. Let Cf 

denote the cost associated with person /, / = 1, . . . , Λ . N O W Cx is the 
minimum of η independent exponentials each having rate 1; so by 
Equation (5.6) it will be exponential with rate n. Similarly, C 2 is the 
minimum of η - 1 independent exponentials with rate 1, and so is 
exponential with rate η - 1. Indeed, by the same reasoning C f will be 
exponential with rate η - i + 1, / = 1 , n . Thus, the expected total 
cost under Greedy Algorithm A is 

Let us now analyze Greedy Algorithm B. Let Q be the cost of the /th 
person-job pair assigned by this algorithm. Since Cx is the minimum of 
all the n2 values Cij9 it follows from Equation (5.6) that Cx is exponential 
with rate n2. Now, it follows from the lack of memory property of the 
exponential that the amounts by which the other Q, exceed Cx will be 
independent exponentials with rates 1. As a result, C 2 is equal to Cx plus 
the minimum of (η - l ) 2 independent exponentials with rate 1. Similarly, 
C 3 is equal to C 2 plus the minimum of (n - 2) 2 independent exponentials 
with rate 1, and so on. Therefore, we see that 

^ [ T o t a l cost] = E[CX + · · · + C J 

η 

E[C2] 

E[C3] 

\/n2, 

E[Ct] + 

E[C2] + l/(n 

I) 2, 

2) 2, 

E[Cj] = EICJ.J + l/(n -j + l ) 2 

E[C„] = + 1 
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5.3. The Poisson Process 

5.3.1. Counting Processes 

A stochastic process \N(t), t > 0} is said to be a counting process if N(t) 
represents the total number of "events" that have occurred up to time t. 
Some examples of counting processes are the following: 

(a) If we let N(t) equal the number of persons who have entered a 
particular store at or prior to time then [N(t)9 t > 0} is a counting 
process in which an event corresponds to a person entering the store. 
Note that if we had let N(t) equal the number of persons in the store at 
time /, then {N(t), t > 0} would not be a counting process (why not?). 
(b) If we say that an event occurs whenever a child is born, then {N(t), 
t > 0) is a counting process when N(t) equals the total number of people 
who were born by time t. (Does N(t) include persons who have died by 
time tl Explain why it must.) 
(c) If N(t) equals the number of goals that a given soccer player has 
scored by time t, then \N(t), t > 0) is a counting process. An event of this 
process will occur whenever the soccer player scores a goal. 

From its definition we see that for a counting process N(t) must satisfy: 

(0 N(t) > 0. 
(ii) N(t) is integer valued. 

(iii) If s < U then N(s) < N(t). 
(iv) For s < t, N(t) - N(s) equals the number of events that have 

occurred in the interval (5, t). 

The expected cost is thus the same for both greedy algorithms. • 

Adding up all the E[C,] yields thai 

Therefore, 

ΕB [Total cost] 
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A counting process is said to possess independent increments if the 
numbers of events which occur in disjoint time intervals are independent. 
For example, this means that the number of events which have occurred 
by time 10 (that is, TV(10)) must be independent of the number of events 
occurring between times 10 and 15 (that is, N(15) - N(10)). 

The assumption of independent increments might be reasonable for 
example (a), but it probably would be unreasonable for example (b). The 
reason for this is that if in example (b) N(t) is very large, then it is probable 
that there are many people alive at time / ; this would lead us to believe that 
the number of new births between time / and time t + s would also tend 
to be large (that is, it does not seem reasonable that N(t) is independent 
of N(t + s) - N(t), and so [N(t), t > 0} would not have independent 
increments in example (b)). The assumption of independent increments in 
example (c) would be justified if we believed that the soccer player's chances 
of scoring a goal today does not depend on "how he's been going." 
It would not be justified if we believed in "hot streaks" or "slumps." 

A counting process is said to possess stationary increments if the distribu-
tion of the number of events which occur in any interval of time depends 
only on the length of the time interval. In other words, the process has 
stationary increments if the number of events in the interval (tx + s,t2 + s) 
(that is, N(t2 + s) - N(tx + s)) has the same distribution as the number of 
events in the interval {tx, t2) (that is, N(t2) - f ° r aU h < h > a n d s> 0. 

The assumption of stationary increments would only be reasonable in 
example (a) if there were no times of day at which people were more likely 
to enter the store. Thus, for instance, if there was a rush hour (say between 
12 P . M . and 1 P . M . ) each day, then the stationarity assumption would not be 
justified. If we believed that the earth's population is basically constant 
(a belief not held at present by most scientists), then the assumption of 
stationary increments might be reasonable in example (b). Stationary 
increments do not seem to be a reasonable assumption in example (c) since, 
for one thing, most people would agree that the soccer player would 
probably score more goals while in the age bracket 25-30 than he would 
while in the age bracket 35-40. 

5.3.2. Definition of the Poisson Process 

One of the most important counting processes is the Poisson process which 
is defined as follows: 

Definition 5.1 The counting process \N(t), t > 0} is said to be a Poisson 
process having rate Α, A > 0, if 
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(i) MO) = 0; 
(ii) The process has independent increments; and 

(iii) The number of events in any interval of length t is Poisson 
distributed with mean Xt. That is, for all s, t > 0 

(XtY 
P{N(t + s) - N(s) = n} = e-^^-i-, η = 0, 1, . . . 

ni 

Note that it follows from condition (iii) that a Poisson process has 
stationary increments and also that 

E[N(t)] = λί 

which explains why λ is called the rate of the process. 
In order to determine if an arbitrary counting process is actually a 

Poisson process we must show that conditions (i), (ii), and (iii) are satisfied. 
Condition (i), which simply states that the counting of events begins at time 
t = 0, and condition (ii) can usually be directly verified from our knowledge 
of the process. However, it is not at all clear how we would determine that 
condition (iii) is satisfied, and for this reason an equivalent definition of a 
Poisson process would be useful. 

As a prelude to giving a second definition of a Poisson process we shall 
define the concept of a function / ( · ) being o(h). 

Definition 5.2 The function / ( · ) is said to be o(h) if 

l i r rAo 
Λ - Ο η 

Example 5.6 

(i) The function f(x) = x2 is o(h) since 

l i m ^ - l i m Ç - l i m A - O 
Λ - 0 η Λ - 0 η Λ - 0 

(ii) The function f(x) = χ is not o(h) since 

lim 4^ = Hm ? = lim 1 = 1 ?f 0 
Λ - ο η Λ - ο η Λ->Ο 

(iii) If /(-) is o(h) and g(-) is o(h), then so is / ( -) + g(-). This follows since 

r Ah) + g(h) Ah) ^ v g(h) Λ ι Λ η 
hm = hm —— + hm —— = 0 + 0 = 0 
Λ - Ο η Λ - Ο η Λ - Ο η 
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(iv) If / ( · ) is o(A), then so is g(-) = cf(-). This follows since 

r cf(h) f(h) 
hm —— = c hm —— = c · 0 = 0 
h^o h h 

(ν) From (iii) and (iv) it follows that any finite linear combination of func-
tions, each of which is o(A), is o(h). • 

In order for the function / ( · ) to be o(h) it is necessary that f(h)/h go to 
zero as h goes to zero. But if h goes to zero, the only way for f(h)/h to go 
to zero is for /(A) to go to zero faster than A does. That is, for h small,/(A) 
must be small compared with h. 

We are now in a position to give an alternative definition of a Poisson 
process. 

Definition 5.3 The counting process [N(t), t > 0} is said to be a Poisson 
process having rate A, A > 0, if 

(i) MO) = 0; 
(ii) The process has stationary and independent increments; 

(iii) P{N(h) = 1} = AA + o(A); and 
(iv) P{N(h) > 2} = o(h). 

Theorem 5.1 Definitions 5.1 and 5.3 are equivalent. 

Proof We first show that Definition 5.3 implies Definition 5.1. To do 
this, let 

Pn(t) = PW) = n] 

We derive a differential equation for P0(t) in the following manner: 

P0(t + A) = P[N(t + A) = 0) 

= P[N(t) = 0, N(t + A) - N(t) = 0} 

= P[N(t) = 0}P{N(t + A) - N(t) = 0} 

= P 0(/)[l - AA + o(A)] 

where the final two equations follow from assumption (ii) plus the fact that 
assumptions (iii) and (iv) imply that P{N(h) = 0) = 1 - A A + o(h). Hence, 

P0(t + A) - P0(t) 
A 

Now, letting A 0 we obtain 

W) = λΡ0(0 
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or, equivalently, 
P&0 

= -A 
PoiO 

which implies, by integration, that 

logP0(0 = - λ ί + c 
or 

P0(t) = Ke~x' 

Since Po(0) = P{N(0) = 0) = 1, we arrive at 

PoiO = e~xt (5.7) 

Similarly, for η > 0, 

P„(t + h) = P{N(t + h) = n) 

= P[N(t) = n, N(t + h) - N{t) = Oj 

+ P[N(f) = η - l,N(t + h) - N(t) = 1) 
η 

+ Σ P{N(t) = η - k,N(t + h) - N(t) = k] 
k = 2 

However, by assumption (iv), the last term in the preceding is o(h)\ hence, 
by using assumption (ii), we obtain 

Pn(t + h) = Pn(t)P0(h) + Pn-X(t)Px(h) + o(h) 

= (1 - Xh)Pn(t) + XhPn_x(t) + o(h) 

Thus, 

PJ> • »> - w _ _iPAI) + AP,_ i (() + φ 
A 

and letting h -* 0 yields 

P'„(t) = -XP„(t) + XPn_,(t) 
or equivalently, 

ex'[P„'(0 + AP„(i)] = Xe^P^t) 
Hence, 

Λ ( β λ ' Ρ „ ( 0 ) = Αβλ'Ρ„_1(/) (5.8) 

Now, by Equation (5.7), we have 

d 

Λ(β
ΛΡ,(0) = λ 
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dt π κ" (η - 1)! 
or 

ex'Pn(t) = ^ f - + c 

which implies the result (since P„(0) = 0). This proves that Definition 5.3 
implies Definition 5.1. 

We shall leave it to the reader to prove the reverse. • 

Remarks (i) The result that N(t) has a Poisson distribution is a conse-
quence of the Poisson approximation to the binomial distribution (see 
Section 2.2.4). To see this subdivide the interval [0, /] into k equal parts 
where k is very large (Figure 5.1). Now it can be shown using axiom (iv) 
of Definition 5.3 that as k increases to oo the probability of having two 
or more events in any of the k subintervals goes to 0. Hence, N(t) will 
(with a probability going to 1) just equal the number of subintervals in 
which an event occurs. However, by stationary and independent increments 
this number will have a binomial distribution with parameters k and 
ρ = λί/k + o(t/k). Hence, by the Poisson approximation to the binomial 
we see by letting k approach oo that N(t) will have a Poisson distribution 
with mean equal to 

lim k 
to(t/k) 

= λί + hm A : - » t/k 

= λί 

by using the definition of o(h) and the fact that ί/k -> 0 as / -• oo. 

Η 1 1 1 1 1 1 1 1 1 1 +-
0 t It _kt 

k J t = T 

Figure 5 . 1 . 

To show that Pn(t) = e χ'(λί)η/η\, we use mathematical induction and 
hence first assume it for η - 1. Then by Equation (5.8), 

which, since Px(0) = 0, yields 

or 
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(ii) The explicit assumption that the process has stationary increments can 
be eliminated from Definition 5.3 provided that we change assumptions (iii) 
and (iv) to require that for any t the probability of one event in the interval 
(i, t + A) is AA + o(h) and the probability of two or more events in that 
interval is o(h). That is, assumptions (ii), (iii), and (iv) of Definition 5.3 can 
be replaced by 

(ii) The process has independent increments. 
(iii) P{N(t + A) - N(t) = 1} = AA + o(h). 
(iv) P{N(t + A) - N(t) > 2) = o(h). 

5.3.3. Interarrivai and Waiting Time Distributions 

Consider a Poisson process, and let us denote the time of the first event by 
Tx. Further, for η > 1, let Tn denote the elapsed time between the (n - l)st 
and the nth event. The sequence {Tn, η = 1, 2, ...) is called the sequence of 
interarrivai times. For instance, if Tx = 5 and T2 = 10, then the first event 
of the Poisson process would have occurred at time 5 and the second at time 
15. 

We shall now determine the distribution of the Tn. To do so, we first note 
that the event [Tx > t] takes place if and only if no events of the Poisson 
process occur in the interval [0, t] and thus, 

P[TX > t} = P[N(t) = 0} = e~xt 

Hence, Tx has an exponential distribution with mean 1/A. Now, 

P\T2>t} = E[P[T2>t\Tx}] (5.9) 

However, 

P{T2 > 11 Tx = s] = P{0 events in ( 5 , s + t] | Tx = s} 

= P[0 events in (s, s + /]} 

= e~x< 

where the last two equations followed from independent and stationary 
increments. Therefore, from Equation (5.9) we conclude that T2 is also an 
exponential random variable with mean 1/A, and furthermore, that T2 is 
independent of Tx. Repeating the same argument yields the following. 

Proposition 5.1 Tn, η = 1, 2 , . . . , are independent identically distributed 
exponential random variables having mean 1/A. 
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Remarks The proposition should not surprise us. The assumption of 
stationary and independent increments is basically equivalent to asserting 
that, at any point in time, the process probabilistically restarts itself. That 
is, the process from any point on is independent of all that has previously 
occurred (by independent increments), and also has the same distribution as 
the original process (by stationary increments). In other words, the process 
has no memory, and hence exponential interarrivai times are to be expected. 

Another quantity of interest is Sn, the arrival time of the ARTH event, also 
called the waiting time until the ARTH event. It is easily seen that 

Sn = Σ Tu n*l 
i = 1 

and hence from Proposition 5.1 and the results of Section 2.2 it follows that 
Sn has a gamma distribution with parameters η and A. That is, the 
probability density of Sn is given by 

/ s » W = A e _ X ' ( ^ l ) ! ' ' " ° ( 5 < 1 0) 

Equation (5.10) may also have been derived by noting that the ARTH event will 
occur prior to or at time t if and only if the number of events occurring by 
time t is at least n. That is, 

N{t) >n~Sn<t 

and hence, 

FSn(t) = P[Sn < *} = P[N(t) > η] = Σ e-XtK-^ 
j = η J ' 

which, upon differentiation, yields 

Λ„(0 = - Σ λ β ~ ^ + Σ 
j - n J ' j = η 

(η - 1)! , = π + 1 0 - 1 ) ! , f„ j \ 

-le-»™. 

j = n+\ 

n-l 

(n - 1)! 

Example 5.7 Suppose that people immigrate into a territory at a Poisson 
rate λ = 1 per day. 

(a) What is the expected time until the tenth immigrant arrives? 
(b) What is the probability that the elapsed time between the tenth and the 
eleventh arrival exceeds two days? 
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Solution: 

(a) E[Sl0] = 10/A = 10 days. 
(b) P{Tn >2} = e~2X = e~2 « 0.133. • 

Proposition 5.1 also gives us another way of defining a Poisson process. 
For suppose that we start out with a sequence {Tn, η > 1} of independent 
identically distributed exponential random variables each having mean 1/A. 
Now let us define a counting process by saying that the Arth event of this 
process occurs at time 

S„= 7i + T2 + . · . + Tn 

The resultant counting process [N(t), t > 0)* will be Poisson with rate A. 

5.3.4. Further Properties of Poisson Processes 

Consider a Poisson process [N(t), t > 0} having rate A, and suppose that 
each time an event occurs it is classified as either a type I or a type II event. 
Suppose further that each event is classified as a type I event with 
probability ρ and a type II event with probability 1 - ρ independently of 
all other events. For example, suppose that customers arrive at a store 
in accordance with a Poisson process having rate A; and suppose that each 
arrival is male with probability \ and female with probability j . Then a 
type I event would correspond to a male arrival and a type II event to a 
female arrival. 

Let Ni(t) and N2(t) denote respectively the number of type I and type II 
events occurring in [0, t]. Note that N(t) = N^t) + N2(t). 

Proposition 5.2 [N^t), t > 0) and {N2(t), t > 0) are both Poisson 
processes having respective rates λρ and A(l - p). Furthermore, the two 
processes are independent. 

Proof Let us calculate the joint probability P{Nx(t) = n> N2(t) = m}. 
To do this, we first condition on N(t) to obtain 

P{Nx(t) = n,N2(t) = m] 
oo 

= Σ P[Nx{f) = n,N2(t) = m 17V(0 = k}P[N(t) = k] 
k = 0 

* A formal definition of N(t) is given by 

N(t) = maxJA?: Sn < t\ 
(where S0 = 0). 
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Now, in order for there to have been η type I events and m type II events 
there must have been a total of η + m events occurring in [0, t]. That is, 

P[Nx(t) = n9 N2(t) = m I M O = k] = 0 when k * η + m 

Hence, 

P(M(0 = n9N2(t) = m] 

= Ρ{Νχ(ί) = n9N2(t) = m I M O = η + m}P{N(t) = η + m] 

-x, (A0"+w 

= P{M(0 = /i,w2(0 = /wIMO = « + (n + m)\ 

However, given that η + m events occurred, since each event has prob-
ability ρ of being a type I event and probability 1 - ρ of being a type II 
event, it follows that the probability that η of them will be type I and m of 
them type II events is just the binomial probability 

n + m\p"v-Pr. 
η 

Thus, 

P[Nx(t) = n9N2(t) = m} = (" + m V ( l - p W * W 

= e 

Hence, 

• ^ ( A / p r ^ - ^ c A / d - r t r ( 5 1 1 ) 

« ! AW! 

P{Nl(t) = n}= Σ PWiiO = n,N2(t) = m] 
m = 0 

nl m = 0 ml 

nl 

That is, (TV/C). t > 0) is a Poisson process having rate λ/?. (How do we 
know that the other conditions of Definition 5.1 are satisfied? Argue it 
out!) 

Similarly, 

P{N2(Q = m ] = e - ^ W - P ) r 

ml 
and so [N2(t)9 t > 0} is a Poisson process having rate A(l - p). Finally, 
it follows from Equation (5.11) that the two processes are independent 
(since the joint distribution factors). • 
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Remark It is not surprising that {Nx(t)9 t > Oj and [N2(t)9 t > Oj are 
Poisson processes. What is somewhat surprising is the fact that they are 
independent. For assume that customers arrive at a bank at a Poisson rate 
of λ = 1 per hour and suppose that each customer is a man with probability 
j and a woman with probability y. Now suppose that 100 men arrived in the 
first 10 hours. Then how many women would we expect to have arrived in 
that time? One might argue that as the number of male arrivals is 100 and 
as each arrival is male with probability y, then the expected number of total 
arrivals should be 200 and hence the expected number of female arrivals 
should also be 100. But, as shown by the previous proposition, such 
reasoning is spurious and the expected number of female arrivals in the first 
10 hours is five, independent of the number of male arrivals in that period. 

To obtain an intuition as to why Proposition 5.2 is true reason as follows: 
If we divide the interval (0, t) into η subintervals of equal length t/n, where 
η is very large, then (neglecting events having probability "little o") each 
subinterval will have a small probability kt/n of containing a single event. 
As each event has probability ρ of being of type I, it follows that each of the 
η subintervals will have either no events, a type I event, a type II event with 
respective probabilities 

Hence from the result which gives the Poisson as the limit of binomials, we 
can immediately conclude that Nx(i) and N2(t) are Poisson distributed with 
respective means λίρ and λί(\ - ρ). To see that they are independent, 
suppose, for instance, that Nx(t) = k. Then of the η subintervals, k will 
contain a type I event, and thus the other n-k will each contain a type II 
event with probability 

Hence, as η - k will still be a very large number, we see again from the 
Poisson limit theorem that, given Nx(t) = k, N2(t) will be Poisson with mean 
l i m ^ o o [(n - k)Xt(\ - p)/n] = Xt(\ - p), and so independence is established. 

Example 5.8 If immigrants to area A arrive at a Poisson rate of ten per 
week, and if each immigrant is of English descent with probability -jy, then 
what is the probability that no people of English descent will emigrate to 
area A during the month of February? 

Pftype II I no type Ij = 
(kt/n)(\ - ρ) 
1 - (λί/η)ρ 
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Solution: By the previous proposition it follows that the number of 
Englishmen emigrating to area A during the month of February is Poisson 
distributed with mean 4 · 10 · -γγ = ψ . Hence the desired probability 

It follows from Proposition 5.2 that if each of a Poisson number of 
individuals is independently classified into one of two possible groups with 
respective probabilities ρ and 1 - /?, then the number of individuals in each 
of the two groups will be independent Poisson random variables. As this 
result easily generalizes to the case where the classification is into any one 
of r possible groups, we have the following application to a model of 
employees moving about in an organization. 

Example 5.9 Consider a system in which individuals at any time are 
classified as being in one of r possible states, and assume that an individual 
changes states in accordance with a Markov chain having transition 
probabilities Pij9 ij = 1, r. That is, if an individual is in state / during 
a time period then, independently of its previous states, it will be in state j 
during the next time period with probability Py. The individuals are 
assumed to move through the system independently of each other. Suppose 
that the numbers of people initially in states 1,2, ...,/* are independent 
Poisson random variables with respective means Aj, A 2, A r. We are 
interested in determining the joint distribution of the numbers of 
individuals in states 1,2, . . . , r at some time n. 

Solution: For fixed /, let Nj(i), j = 1 , . . . , r, denote the number of those 
individuals, initially in state /, that are in state j at time n. Now each of 
the (Poisson distributed) number of people initially in state / will, 
independently of each other, be in state j at time η with probability PJ, 
where PJ is the «-stage transition probability for the Markov chain 
having transition probabilities Ρϋ. Hence, the Nj(i),j = 1 , / * , will be 
independent Poisson random variables with respective means A/PJ, 
j = 1 ,.. . ,/*. As the sum of independent Poisson random variables is itself 
a Poisson random variable, it follows that the number of individuals in 
state j at time η—namely £ /= ι Nj(i)—will be independent Poisson 
random variables with respective means £,· A,PJ, for j = 1, r. • 

Example 5.10 (The Coupon Collecting Problem): There are m different 
types of coupons. Each time a person collects a coupon it is, independently of 
ones previously obtained, a type j coupon with probability pj9 Σ7= ι Pj = 1· 
Let Ν denote the number of coupons one needs to collect in order to have 
a complete collection of at least one of each type. Find E[N]. 
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Solution: If we let Nj denote the number one must collect to obtain a 
type j coupon, then we can express Ν as 

Ν = Max Nj 

However, even though each Nj is geometric with parameter pj9 the 
foregoing representation of Ν is not that useful, because the random 
variables Nj are not independent. 

We can, however, transform the problem into one of determining the 
expected value of the maximum of independent random variables. To do 
so, suppose that coupons are collected at times chosen according to a 
Poisson process with rate A = 1. Say that an event of this Poisson process 
is of type y, 1 < j < m, if the coupon obtained at that time is a type j 
coupon. If we now let Nj(t) denote the number of type j coupons 
collected by time /, then it follows from Proposition 5.2 that {Nj(t), 
t > 0), j = 1 , m , are independent Poisson processes with respective 
rates kpj(=Pj). Let Xj denote the time of the first event of the y'th 
process, and let 

X= Max Xj 

denote the time at which a complete collection is amassed. Since the Xj 
are independent exponential random variables with respective rates Pj, it 
follows that 

P{X< t] = P{MaxXj< t) 

= P{Xj<t, for y = l , . . . , m ) 

m 

= Π Ο - e-V) 
7 = 1 

Therefore, 

E[X] = j P[X> t}dt 

= - Π 0 (5.12) 

It remains to relate E[X], the expected time until one has a complete set, 
to E[N], the expected number of coupons it takes. This can be done by 
letting Tj denote the /th interarrivai time of the Poisson process that 
counts the number of coupons obtained. Then it is easy to see that 

Ν 

x= Σ Ά 
i= 1 
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Since the 7] are independent exponentials with rate 1, and TV is inde-
pendent of the 7], we see that 

E[X\N] = NE[Ti\ = Ν 

Therefore, 

E[X] = E[N] 

and so E[N] is as given in Equation (5.12). • 

The next probability calculation related to Poisson processes that we shall 
determine is the probability that η events occur in one Poisson process 
before m events have occurred in a second and independent Poisson 
process. More formally let [N^t), t > 0} and [N2(t), t > 0} be two indepen-
dent Poisson processes having respective rates λχ and λ2. Also, let denote 
the time of the nth event of the first process, and the time of the mth 
event of the second process. We seek 

m! <stl] 
Before attempting to calculate this for general η and m, let us consider 

the special case η = m = 1. Since S/, the time of the first event of the 
Nx(t) process, and Sf, the time of the first event of the N2(t) process, are 
both exponentially distributed random variables (by Proposition 5.1) with 
respective means \/λχ and 1/A2, it follows from Section 2.3 that 

PISÎ < S2} = — ^ — (5.13) 

Let us now consider the probability that two events occur in the N^t) 
process before a single event has occurred in the N2(t) process. That is, 
P{S2 < S2}. To calculate this we reason as follows: In order for the Νχ(ί) 
process to have two events before a single event occurs in the N2(t) process 
it is first necessary that the initial event that occurs must be an event of the 
Νχ(ί) process (and this occurs, by Equation (5.13), with probability 
λχ/(λχ + A2)). Now given that the initial event is from the Nx(t) process, the 
next thing that must occur for S2

l to be less than Sf is for the second event 
also to be an event of the Νχ(ί) process. However, when the first event 
occurs both processes start all over again (by the memoryless property 
of Poisson processes) and hence this conditional probability is also 
λι/(λ! 4- A2), and hence the desired probability is given by 
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In fact this reasoning shows that each event that occurs is going to be an 
event of the Nx(t) process with probability λι/(λί + λ2) and an event of the 
N2(t) process with probability λ2/(λ1 + A 2 ) , independent of all that has 
previously occurred. In other words, the probability that the Nx(t) process 
reaches η before the N2(t) process reaches m is just the probability that η 
heads will appear before m tails if one flips a coin having probability 
ρ = λι/(λι + λ2) of a head appearing. But by noting that this event will 
occur if and only if the first η + m - 1 tosses result in η or more heads we 
see that our desired probability is given by 

<̂̂ lX"+rO(̂ )W"~'~' 
5.3.5. Conditional Distribution of the Arrival Times 

Suppose we are told that exactly one event of a Poisson process has taken 
place by time t, and we are asked to determine the distribution of the time 
at which the event occurred. Now, since a Poisson process possesses 
stationary and independent increments it seems reasonable that each 
interval in [0, t] of equal length should have the same probability of 
containing the event. In other words, the time of the event should be 
uniformly distributed over [0, t]. This is easily checked since, for s < t, 

PlTx<s\N(t) = 1} = 
P{TX < s,N(t) = 1} 

P{N(t) = 1) 

P[\ event in [0, s), 0 events in [s, t)} 
= PiN(t) = lj 

_ P[\ event in [0, s)}P{0 events in [s, t)} 

~ P\N(t) = 1) 

_ Xse-Xse-X(t-S) 

kte~xt 

s 

~ t 

This result may be generalized, but before doing so we need to introduce the 
concept of order statistics. 

Let Yx, Y2, ..., Yn be η random variables. We say that Y{1), y ( 2 ), . . . , Y(n) 

are the order statistics corresponding to Yx, Y2, ..., Yn if Y(k) is the kth 
smallest value among Y l 9 Y n , k = 1, 2, n. For instance if η = 3 
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a n d ^ = 4, Y2 = 5, Υ3 = 1 then Y(l) = 1, 7 ( 2 ) = 4, Υ0) = 5. If the Yi9 

i= Ι , . , . , Λ , are independent identically distributed continuous random 
variables with probability density / , then the joint density of the order 
statistics Y{1), F ( 2 ), . . . , Yin) is given by 

f(yi,y2> . - . . Λ ) = ni Π / ( Λ ) , <yi < · · · < Λ 
ι'=1 

The preceding follows since 

(0 î(2). ··> * W
 w i l1 equal ΟΊ,>>2> . . . , . ^ ) if ΟΊ, > 2 , . . . . ^ ) is 

equal to any of the n\ permutations of (yX9y29 --^Λι); 

and 

(ii) the probability density that {Yl9Y29...9 Yn) is equal to yi9 ...,yiH 

is Uj = ι Ay,) = Π" = ι / (^/) when / Ί , . . . , i n is a permutation of 
1 , 2 , Λ 2 . 

If the î / , / = 1,. . . ,AZ, are uniformly distributed over (0 ,0 , then we 
obtain from the preceding that the joint density function of the order 
statistics Y(l), Y(2), ..., Yin) is 

/ Ο Ί . Λ » · » . Λ ) = yTT» 0 <y\ <yi < "' <yn < t 

We are now ready for the following useful theorem. 

Theorem 5.2 Given that N(t) = n, the η arrival times Sx, Sn have 
the same distribution as the order statistics corresponding to η independent 
random variables uniformly distributed on the interval (0, t). 

Proof To obtain the conditional density of Sx,..., Sn given that N(t) = η 
note that for 0 < sx < · · · < t the event that Sx = sl9 S2 = s2, . . . , Sn = sn, 
N(t) = η is equivalent to the event that the first η + 1 interarrivai times 
satisfy Tx = sl9 T2 = s2 - s l 9 T n = sn - sn_lf Tn+l > t - sn. Hence, 
using Proposition 5.1, we have that the conditional joint density of 
Sx, Sn given that N(t) = η is as follows: 

1 > ...,sn\n) = 
Asi, ...,sn9n) 

P[N(t) = n] 

which proves the result. • 
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Before proving this proposition, let us first illustrate its use. 

Example 5.11 (An Infinite Server Queue): Suppose that customers 
arrive at a service station in accordance with a Poisson process with rate A. 
Upon arrival the customer is immediately served by one of an infinite 
number of possible servers, and the service times are assumed to be 
independent with a common distribution G. What is the distribution of 
X(t), the number of customers that have completed service by time tl 
What is the distribution of Y(t)9 the number of customers that are being 
served at time tl 

To answer the preceding questions let us agree to call an entering 
customer a type I customer if he completes his service by time t and a 
type II customer if he does not complete his service by time t. Now, if the 
customer enters at time s, s < then he will be a type I customer if his 
service time is less than t - s. Since the service time distribution is G, the 
probability of this will be G(t - s). Similarly, a customer entering at time s, 
s < t, will be a type II customer with probability G(t - s) = 1 - G(t - s). 

Remark The preceding result is usually paraphrased as stating that, under 
the condition that η events have occurred in (0 ,0 , the times Sl9...,Sn 

at which events occur, considered as unordered random variables, are 
distributed independently and uniformly in the interval (0, t). 

Application of Theorem 5.2 (Sampling a Poisson Process). 
In Proposition 5.2 we showed that if each event of a Poisson process is 
independently classified as a type I event with probability ρ and as a type II 
event with probability 1 - ρ then the counting processes of type I and type 
II events are independent Poisson processes with respective rates kp and 
A(l - p). Suppose now, however, that there are k possible types of events 
and that the probability that an event is classified as a type / event, 
/ = 1, depends on the time the event occurs. Specifically, suppose 
that if an event occurs at time y then it will be classified as a type / event, 
independently of anything that has previously occurred, with probability 
Pi(y), i = 1 , . . . , k where x Pi(y) = 1. Upon using Theorem 5.2 we can 
prove the following useful proposition. 

Proposition 5.3 If 1' = 1> ···> k> represents the number of type / 
events occurring by time t then Ν{(ί), i = 1, . . . , k, are independent Poisson 
random variables having means 
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Hence, from Proposition 5.3 we obtain that the distribution of X(t), the 
number of customers that have completed service by time /, is Poisson 
distributed with mean 

E[X(t)] = λ I G(t - s)ds = λ\ G(y)dy (5.14) 
J O J O 

Similarly, the distribution of Y(t), the number of customers being served at 
time t is Poisson with mean 

E[Y(t)] = λ I G(t - s)ds = λ \ G(y)dy (5.15) 
Jo Jo 

Furthermore, X(t) and Y(t) are independent. 
Suppose now that we are interested in computing the joint distribution of 

Y(t) and Y(t + s)—that is the joint distribution of the number in the system 
at time t and at time t + s. To accomplish this, say that an arrival is 

type 1 : if he arrives before time t and completes service between t and 
t + S, 

type 2: if he arrives before / and completes service after t + s, 
type 3: if he arrives between t and t + s and completes service after t + s, 
type 4: otherwise. 

Hence an arrival at time y will be type / with probability Pi(y) given by 

G(t + s - y) - G(t - y), if y < t 

0, otherwise 

G(t + s - y), i f . y < / 

0, otherwise 

G(t + s - y), if t < y < t + s 

0, otherwise 

P4(y) = 1 - Px(y) - P2(y) - P3(y) 

Pi(y) = 

P2(y) = 

P*(y) = 

Hence, if Λ̂ ζ = Nt(s + t), ι' = 1, 2, 3, denotes the number of type / events 
that occur, then from Proposition 5.3, Ni9 i = 1,2,3, are independent 
Poisson random variables with respective means 

Î
t + S 

Pi(y)dy, i = l , 2 , 3 

As 

Y(t) = Nl+N2, 

Y(t + s) = N2 + N} 
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it is now an easy matter to compute the joint distribution of Y(t) and 
Y(t + s). For instance, 

COV[Y(0, Y(t + s)\ 

= Cov(M + N2,N2 + 7V3) 

= Cov(N2,N2) by independence of Ni9N2,N3 

= Var(7V2) 

= λ I G(t + s - y)dy = λ\ G(u + s)du 
J O J O 

where the last equality follows since the variance of a Poisson random 
variable equals its mean, and from the substitution u = t - y. Also, the 
joint distribution of Y(t) and Y(t + s) is as follows: 

P{Y(t) = ι, Y(t + s)=j} = PIN, +N2 = /, N2 + N3=j] 

min(ij) 

= Σ P{N2 = l,Nl = i-l9N3=j-l] 
1 = 0 

min(/',7) 

= Σ = l)P{Ni = i - I]P{N3 =j-l] • 
/ = 0 

Example 5.12 (Minimizing the Number of Encounters): Suppose that 
cars enter a one-way highway in accordance with a Poisson process with 
rate A. The cars enter at point a and depart at point b (see Figure 5.2). Each 
car travels at a constant speed that is randomly determined, independently 
from car to car, from the distribution G. When a faster car encounters a 
slower one, it passes it with no time being lost. If your car enters the 
highway at time s and you are able to choose your speed, what speed 
minimizes the expected number of encounters you will have with other cars, 
where we say that an encounter occurs each time your car either passes or 
is passed by another car? 

a 

Figure 5.2. Cars enter at point a and depart at b. 
b 
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Solution: We will show that for large s the speed that minimizes the 
expected number of encounters is the median of the speed distribution G. 
To see this, suppose that the speed χ is chosen. Let d = b - a denote the 
length of the road. Upon choosing the speed x, it follows that your car 
will enter the road at time s and will depart at time s + t0, where t0 = d/x 
is the travel time. 

Now, the other cars enter the road according to a Poisson process with 
rate A. Each of them chooses a speed X according to the distribution G, 
and this results in a travel time Τ = d/X. Let F denote the distribution of 
travel time T. That is, 

F(t) = P{T <t} = P{d/X <t} = P{X > d/t] = G(d/t) 

Let us say that an event occurs at time / if a car enters the highway at 
time t. Also, we say that the event is a type 1 event if it results in an 
encounter with your car. Now, your car will enter the road at time s and 
will exit at time s + t0. Hence, a car will encounter your car if it enters 
before s and exits after s + t0 (in which case your car will pass it on the 
road) or if it enters after s but exits before s + t0 (in which case it will pass 
your car). As a result, a car that enters the road at time / will encounter 
your car if its travel time Τ is such that 

t + T> s + t0, if / < s 

t + Τ < s + î0i if s < t < s + t0 

From the preceding, we see that an event at time t will, independently 
of other events, be a type 1 event with probability p(t) given by 

''P{t + Τ > s + t0] = F(s + t0 - t), if t < s 

p(t) = \ P{t + Τ < s + t0] = F(s + t0 - t), if s < t < s + t0 

^0, if / > s + t0 

Since events (that is, cars entering the road) are occurring according to a 
Poisson process it follows, upon applying Proposition 5.3, that the total 
number of type 1 events that ever occurs is Poisson with mean 

rs _ rs+t0 

p(t) dt = A F(s + t0 - t) dt + A F(s + t0 - t) dt 
0 J O J s 

= λ\ F{y)dy + k\ F(y)dy 
Jt0 Jo 
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To choose the value of t0 that minimizes the preceding quantity, we 
differentiate. This gives 

= X[F{s + t0) - F(t0) + F(t0)} 

Setting this equal to 0, and using that F(s + t0) « 0 when s is large, we see 
that the optimal travel time t0 is such that 

F(t0) - F(t0) = 0 

or 

F(t0) - [1 - F(t0)] = 0 

or 

F(t0) = \ 

That is, the optimal travel time is the median of the travel time distribu-
tion. Since the speed X is equal to the distance d divided by the travel 
time T, it follows that the optimal speed x0 = d/t0 is such that 

F(d/x0) = \ 

Since 

F(d/x0) = G(xQ) 

we see that G(x0) = y, and so the optimal speed is the median of the 
distribution of speeds. 

Summing up, we have shown that for any speed χ the number of 
encounters with other cars will be a Poisson random variable, and the 
mean of this Poisson will be smallest when the speed χ is taken to be the 
median of the distribution G. • 

Example 5.13 (Tracking the Number of HIV Infections): There is a 
relatively long incubation period from the time when an individual becomes 
infected with the HIV virus, which causes AIDS, until the symptoms of the 
disease appear. As a result, it is difficult for public health officials to be 
certain of the number of members of the population that are infected at any 
given time. We will now present a first approximation model for this 
phenomenon, which can be used to obtain a rough estimate of the number 
of infected individuals. 

Let us suppose that individuals contract the HIV virus in accordance with 
a Poisson process whose rate λ is unknown. Suppose that the time from 
when an individual becomes infected until symptoms of the disease appear 
is a random variable having a known distribution G. Suppose also that the 
incubation times of different infected individuals are independent. 



5.3. The Poisson Process 229 

Let N^t) denote the number of individuals that have shown symptoms of 
the disease by time t. Also, let N2(t) denote the number that are HIV 
positive but have not yet shown any symptoms by time Now, since an 
individual that contracts the virus at time s will have symptoms by time t 
with probability G(t - s) and will not with probability G(t - s), it follows 
from Proposition 5.3 that Nx(t) and N2(t) are independent Poisson random 
variables with respective means 

E[Nx(t)] = A f G(t - s)ds = A f G(y)dy 

and 

E[N2(t)] = A \ G(t - s)ds = A f G(y)dy 

Now, if we knew A, then we could use it to estimate N2(t), the number of 
individuals infected but without any outward symptoms at time /, by its 
mean value E[N2(t)]. However, since λ is unknown, we must first estimate 
it. Now, we will presumably know the value of N^t), and so we can use its 
known value as an estimate of its mean ElN^t)]. That is, if the number of 
individuals that have exhibited symptoms by time / is nx, then we can 
estimate that 

nl~E[Nm = l\G(y)dy 

Therefore, we can estimate λ by the quantity λ given by 

λ = nj[ G(y)dy 
I Jo 

Using this estimate of A, we can estimate the number of infected but 
symptomless individuals at time t by 

estimate of N2(t) = λ j G(y) dy 

= niioG(y)dy 
\oG(y)dy 

For example, suppose that G is exponential with mean μ. Then 
G(y) = e~y/li, and a simple integration gives that 

estimate of N2(t) = 
ηχμ(\ - e~t/fi) 

t - μ(1 - β~ί/μ) 

If we suppose that t = 16 years, μ = 10 years, and nx = 220 thousand, then 
the estimate of the number of infected but symptomless individuals at 
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time 16 is 
2200(1 - e " 1 0) 

C S t i m a te = 16 - 10(1 - e~^) = 2 1 8· 9 6 

That is, if we suppose that the foregoing model is approximately correct 
(and we should be aware that the assumption of a constant infection rate A 
that is unchanging over time is almost certainly a weak point of the model), 
then if the incubation period is exponential with mean 10 years and if 
the total number of individuals that have exhibited AIDS symptoms during 
the first 16 years of the epidemic is 220 thousand, then we can expect 
that approximately 219 thousand individuals are HIV positive though 
symptomless at time 16. • 

Proof Of Proposition 5.3 Let us compute the joint probability 
P{Ni(t) = ni9 i = 1, k}. To do so note first that in order for there to 
have been n, type / events for / = 1 , k there must have been a total of 

! AI, events. Hence, conditioning on N(t) yields 

P{N,(t) = nl9...9Nk(t) = nk\ 

= P^NM) = nl9 ...9Nk(t) = nk\N(t) = Σ "i 

XP[w)= J > i 

Now consider an arbitrary event that occurred in the interval [0, t]. If it had 
occurred at time s9 then the probability that it would be a type / event would 
be Pi(s). Hence, since by Theorem 5.2 this event will have occurred at some 
time uniformly distributed on (0, t), it follows that the probability that this 
event will be a type / event is 

/>· = y 

independently of the other events. Hence, 

P^Ni(t) = ni9i= \9...9k\N(t) = Σ ^ 

will just equal the multinomial probability of AZ, type / outcomes for 
/ = 1, k when each of x AZ, independent trials results in outcome / 
with probability Pi9 i = 1, k. That is, 

p\Nl(t) = nl9...9Nk(t) = nk\N(t)= Σ η] = Œ f " 1 ΗΎ\\Ρ^ - Ρί' L /= ι ) ηι· "' nk-
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Consequently, 

PiNtf) = nu...,Nk(t) = nk] 

k 
= Π β-*ρ'(λίΡυη'/ηι\ 

i= 1 
and the proof is complete. • 

We now present some additional examples of the usefulness of 
Theorem 5.2. 

Example 5.14 (An Electronic Counter): Suppose that electrical pulses 
having random amplitude arrive at a counter in accordance with a Poisson 
process with rate A. The amplitude of a pulse is assumed to decrease with 
time at an exponential rate. That is, we suppose that if a pulse has an 
amplitude of A units upon arrival, then its amplitude at a time t units later 
will be Ae~at. We further suppose that the initial amplitudes of the pulses 
are independent and have a common distribution F. 

Let Sx, S2,... be the arrival times of the pulses and let A l , A2, . . . be their 
respective amplitudes. Then 

A(t) = Σ Aie-ait-Si> 

ι = 1 

represents the total amplitude at time t. We can determine the expected 
value of A(t) by conditioning on N(t), the number of pulses to arrive by 
time t. This yields 

00 (λί)η 

E[A(t)] = Σ ElA(t)\N(t) = n]e-XtK-+ 
,1 = 0 n\ 

Now, conditioned on N(t) = n, the unordered arrival times (Sl,..., Sn) are 
distributed as independent uniform (0, t) random variables. Hence, given 
N(t) = n, A(t) has the same distribution as Σ"= ι Aje~

ait
~

Y
J\ where Yj9 

j = 1, n, are independent and uniformly distributed on (0, /). Thus, 

E[A(t)\N(t) = n]= Ε 

= nE[A]E[e-ai'-Y)] 

Σ Aje-^-V 
LJ=i 
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where Ε [A] is the mean initial amplitude of a pulse, and F is a uniform 
(0, t) random variable. Hence, 

t 

y = t 

E[e-a«-r)] = e ο 
e - « t 

e«y 

at 

1 - e~at 

y = 0 

and thus, 

E[A(t)\N(t) = n] = nE[A] 

or 

at 

(1 - e~at) 

E[A(t)\N(t)] =N(t)E[A] 

at 

(1 - e~at) 

at 

Taking expectations and using the fact that E[N(t)] = λί, we have 

E[A(t)]=^(l-e-') • 
a 

Example 5.15 (An Optimization Example): Suppose that items arrive 
at a processing plant in accordance with a Poisson process with rate A. At 
a fixed time T, all items are dispatched from the system. The problem is to 
choose an intermediate time, t e (0, T), at which all items in the system are 
dispatched, so as to minimize the total expected wait of all items. 

If we dispatch at time t, 0 < t < Γ, then the expected total wait of all 
items will be 

λΐ_ λ(Τ - tf 
2 + 2 

To see why the above is true, we reason as follows: The expected number of 
arrivals in (0, t) is λί, and each arrival is uniformly distributed on (0, t), and 
hence has expected wait t/2. Thus, the expected total wait of items arriving 
in (0, t) is Xt2/2. Similar reasoning holds for arrivals in (t, Γ), and the above 
follows. To minimize this quantity, we differentiate with respect to t 
to obtain 

*2 (τ * \2Ί d_ 
dt 2 2 

= λί - λ(Τ - t) 

and equating to 0 shows that the dispatch time that minimizes the expected 
total wait is / = T/2. • 
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We end this section with a result, quite similar in spirit to Theorem 5.2, 
which states that given Sn, the time of the nth event, then the first η - 1 
event times are distributed as the ordered values of a set of η - 1 random 
variables uniformly distributed on (0, Sn). 

Proposition 5.4 Given that Sn = t, the set S l 9 h a s the distri-
bution of a set of η - 1 independent uniform (0, t) random variables. 

Proof We can prove the above in the same manner as we did Theorem 
5.2, or we can argue more loosely as follows: 

S i , . . . , S „ - i l S „ = t~ S l f . \ S n = t,N(D = η - 1 

~ S H - J M O = η - 1 

where ~ means "has the same distribution as" and Γ is infinitesimally 
smaller than t. The result now follows from Theorem 5.2. • 

5.3.6. Estimating Software Reliability 

When a new computer software package is developed, a testing procedure 
is often put into effect to eliminate the faults, or bugs, in the package. One 
common procedure is to try the package on a set of well-known problems 
to see if any errors result. This goes on for some fixed time, with all 
resulting errors being noted. Then the testing stops and the package is 
carefully checked to determine the specific bugs that were responsible for 
the observed errors. The package is then altered to remove these bugs. 
As we cannot be certain that all the bugs in the package have been 
eliminated, however, a problem of great importance is the estimation of the 
error rate of the revised software package. 

To model the preceding, let us suppose that initially the package 
contains an unknown number, m, of bugs, which we will refer to as bug 1, 
bug 2, . . . ,bug m. Suppose also that bug / will cause errors to occur in 
accordance with a Poisson process having an unknown rate A,, / = 1 , . . . , m. 
Then, for instance, the number of errors due to bug / that occur in any s 
units of operating time is Poisson distributed with mean Α,5·. Also suppose 
that these Poisson processes caused by bugs i, / = 1 , . . . , m are independent. 
In addition, suppose that the package is to be run for / time units with all 
resulting errors being noted. At the end of this time a careful check of the 
package is made to determine the specific bugs that caused the errors (that 
is, a debugging, takes place). These bugs are removed, and the problem is 
then to determine the error rate for the revised package. 
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If we let 

1, if bug / has not caused an error by t 

0, otherwise 

then the quantity we wish to estimate is 

Λ (ο= Σ λ . ν . ω 
i 

the error rate of the final package. To start, note that 

E[A(t)] = Σ λ,ΕΙψΜ)] 

i 
= Σ λ,β-*" (5.16) 

Now each of the bugs that are discovered would have been responsible for 
a certain number of errors. Let us denote by Mj(t) the number of bugs that 
were responsible for j errors, j > 1. That is, Mx(t) is the number of bugs 
that caused exactly 1 error, M2(t) is the number that caused 2 errors, and so 
on, with £jJMj(t) equalling the total number of errors that resulted. To 
compute E[Mx(t)\, let us define the indicator variables, / ,(/), / > 1, by 

Then, 

and so 

1, bug / causes exactly 1 error 
0, otherwise 

Mx(t) = Σ m 

EWm = Σ Elm] = Σ Kte 
-\;t 

Thus, from (5.16) and (5.17) we obtain the intriguing result that 

Mx(t)\ 
Λ(0 = 0 

(5.17) 

(5.18) 

This suggests the possible use of Mx(t)/t as an estimate of Λ(/). To 
determine whether or not Mx(t)/t constitutes a "good" estimate of Λ(/) 
we shall look at how far apart these two quantities tend to be. That is, we 
will compute 

AW - ^ Y l = VaA(0 - "Μ) from (5.18) 

= Var(A(0) - yCov(A(/),A/i(0) + pVar(Af,(0) 
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Now 
Var(A(0) Σ A?Var(^(0) = Σ λ]β-χι'(\ - e~x"), 

Var(M,(0) Σ Var(/,(0) = Σ λ,ίβ-^'ν - kite-*'), 

Cov(A(/),3/ ,(0) ΟΟΥ (ς λ,ψ,«), Σ ij(t) 
\ I J 

Σ Σ Cov(A, ν,,(ί), 7,(0) 
/ j 

Σ A f.Cov(^(0 , / i(0) 

where the last two equalities follow since ψι(ί) and Ij(t) are independent 
when / ^ j as they refer to different Poisson processes and ψι{ί)Ιι(ί) = 0. 
Hence we obtain that 

where the last equality follows from (5.17) and the identity (which we leave 
as an exercise) 

E[M2(t)] = ± £ < V ) V X ' ' (5.19) 

Thus, we can estimate the average square of the difference between A(t) 
and Mx(t)/t by the observed value of Mx(t) + 2M2(t) divided by t2. 

Example 5.16 Suppose that in 100 units of operating time 20 bugs are 
discovered of which two resulted in exactly one, and three resulted in 
exactly two, errors. Then we would estimate that Λ(100) is something akin 
to the value of a random variable whose mean is equal to 1/50 and whose 
variance is equal to 8/10,000. • 

5.4. Generalizations of the Poisson Process 

5.4.1 . Nonhomogeneous Poisson Process 

In this section we consider two generalizations of the Poisson process. The 
first of these is the nonhomogeneous, also called the nonstationary, Poisson 
process, which is obtained by allowing the arrival rate at time t to be a 
function of /. 

E[Mx(t) + 2M2(t)] 

t2 
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Definition 5.4 The counting process {MO, t > 0) is said to be a 
nonhomogeneous Poisson process with intensity function A(0, t > 0, if 

(i) MO) = 0, 
(ii) (MO, t > 0) has independent increments, 

(iii) P{N(t + A) - MO > 2} = o(A), 

(iv) PfM' + A) - MO = 1) = A(0A + o(A). 

If we let m(t) = {0 H$) ds, then it can be shown that 

P{N(t + s) - MO = n] 

Or, in other words, M ' + Ό ~ MO is Poisson distributed with mean 
m(t + s) - m(t). Thus, for instance, MO is Poisson distributed with mean 
m(0, and for this reason m(t) is called the mean value function of the 
process. Note that if A(0 = A (that is, if we have a Poisson process), then 
m(t) = Xt and so Equation (5.20) reduces to the fact that for a Poisson 
process M* + s) ~ M 0 is Poisson distributed with mean ks. 

The proof of Equation (5.20) follows along the lines of the proof of 
Theorem 5.1 with a slight modification. That is, we fix / and define 

Pn(s) = P[N(t + s) - M 0 = n] 
Now, 

P0(s + A) = P[N(t + s + A) - M 0 = 0) 

where the last two equations follow from independent increments plus 
the fact that (iii) and (iv) imply that P[N(t + s + A) - N(t + s) = 0} = 
1 - λ(ί + s)h + o(A). Hence, 

™ + h \ - ™ = -X« + s)P0(s) + °f-

letting A 0 yields 

[m(t + 5 ) - m(Q] 
A*! 

, - [ M ( I + 5 ) - M ( / ) ] 
A2 > 0 (5.20) 

= P{0 events in (t, t + 5 ) , 0 events in [/ + 5 , t + s + A]) 

= P{0 events in (/, t + s)}P{0 events in [t + s, / + s + h]} 

= P0(s)[l - λ(ί + j)A + ο(Λ)] 

Α(/ + s)P0(s) 

or 

l o g W 

ο 
k{y)dy 

or 
, - [ M ( R + J ) - M « ) ] 
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The remainder of the verification of equation (5.20) follows similarly and is 
left as an exercise. 

The importance of the nonhomogeneous Poisson process resides in the 
fact that we no longer require the condition of stationary increments. Thus 
we now allow for the possibility that events may be more likely to occur 
during certain times during the day than during other times. 

Example 5-17 Norbert runs a hot dog stand which opens at 8 A . M . 
From 8 until 11 A . M . customers seem to arrive, on the average, at a steadily 
increasing rate that starts with an initial rate of 5 customers per hour at 
8 A . M . and reaches a maximum of 20 customers per hour at 11 A . M . From 
1 1 A . M . until 1 P . M . the (average) rate seems to remain constant at 20 
customers per hour. However, the (average) arrival rate then drops steadily 
from 1 P . M . until closing time at 5 P . M . at which time it has the value of 
12 customers per hour. If we assume that the number of customers arriving 
at Norbert's stand during disjoint time periods is independent, then what is 
a good probability model for the above? What is the probability that no 
customers arrive between 8:30 A . M . and 9:30 A . M . on Monday morning? 
What is the expected number of arrivals in this period? 

Solution: A good model for the above would be to assume that arrivals 
constitute a nonhomogeneous Poisson process with intensity function 
λ(ί) given by 

r5 + 5t9 0 < / < 3 

λ(ί) = 20, 3 < / < 5 

,20 - 2{t - 5), 5 < t < 9 

and 
λ(ί) = λ(ί - 9) for / > 9 

Note that N(t) represents the number of arrivals during the first t hours 
that the store is open. That is, we do not count the hours between 5 P . M . 
and 8 A . M . If for some reason we wanted N(t) to represent the number of 
arrivals during the first t hours regardless of whether the store was open 
or not, then, assuming that the process begins at midnight we would let 

0, 

5 + 5(t - 8), 

A(0 = j 20, 

20 - 2(t - 13), 

,0, 

0 < t < 8 

8 < t < 11 

11 < t < 13 

13 < t < 17 

17 < t < 24 
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and 

λ(ί) = λ(ί - 24) for t > 24 

As the number of arrivals between 8:30 A . M . and 9:30 A . M . will be 
Poisson with mean m(j) - m(j) in the first representation (and 
ιη(ψ) - ηι(ψ) in the second representation), we have that the probability 
that this number is zero is 

expj^- j (5 + 50 A j = e~10 

and the mean number of arrivals is 

Î 3/2 
(5 + 5t)dt = 10 • 

1/2 

When the intensity function λ(ί) is bounded, we can think of the 
nonhomogeneous process as being a random sample from a homogeneous 
Poisson process. Specifically, let λ be such that 

λ(ί) < λ for all t > 0 

and consider a Poisson process with rate A. Now if we suppose that an 
event of the Poisson process that occurs at time t is counted with probability 
λ(ί)/λ, then the process of counted events is a nonhomogeneous Poisson 
process with intensity function k(t). This last statement easily follows from 
definition 5.4. For instance (i), (ii), and (iii) follow since thay are also true 
for the homogeneous Poisson process. Axiom (iv) follows since 

P{one counted event in (/, t + h)} = P{one event in (/, t + h)} ̂ p- + o(h) 
A 

A 

= X(t)h + o(h) 

Example 5.18 (The Output Process of an Infinite Server Poisson 
Queue (M/G/oo)): It turns out that the output process of the M/G/oo 
queue—that is, of the infinite server queue having Poisson arrivals and 
general service distribution G—is a nonhomogeneous Poisson process 
having intensity function λ(ί) = XG(t). To prove this claim, note first that 
the (joint) probability (density) that a customer arrives at time s and departs 
at time t is equal to A, the probability (intensity) of an arrival at time s, 
multiplied by g(t - s), the probability (density) that its service time is t - 5 . 
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Hence, 

λ(ί) = j xg(t - s)ds = XG(t) 

is the probability intensity of a departure at time t. Now suppose we 
are told that a departure occurs at time t—how does this affect the 
probabilities of other departure times? Well, even if we knew the arrival 
time of the customer who departed at time t9 this would not affect the 
arrival times of other customers (because of the independent increment 
assumption of the Poisson arrival process). Hence, as there are always 
servers available for arrivals this information cannot affect the probabilities 
of other departure times. Thus, the departure process has independent 
increments, and departures occur at / with intensity λ(ί)9 which verifies 
the claim. • 

5.4.2. Compound Poisson Process 

A stochastic process [X(t)9 t > 0} is said to be a compound Poisson process 
is it can be represented as 

X(t) = Σ Yi, t^O (5.21) 
/= ι 

where [N(t)9 t > 0} is a Poisson process, and [Yn9 n> 0} is a family of 
independent and identically distributed random variables which are also 
independent of [N(t)9 t > 0). 

Examples of Compound Poisson Processes 

(i) If Yj = 1, then X(t) = N(t)9 and so we have the usual Poisson process. 
(ii) Suppose that buses arrive at a sporting event in accordance with a 
Poisson process, and suppose that the numbers of customers in each bus are 
assumed to be independent and identically distributed. Then [X(t)91 > 0} is 
a compound Poisson process where X(t) denotes the number of customers 
who have arrived by t. In Equation (5.21) Yt represents the number of 
customers in the /th bus. 
(iii) Suppose customers leave a supermarket in accordance with a Poisson 
process. If Yi9 the amount spent by the /th customer, / = 1 , 2 , a r e 
independent and identically distributed, then [X(t)9 t > 0} is a compound 
Poisson process when X(t) denotes the total amount of money spent by 
time /. • 
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Let us calculate the mean and variance of X(t). To calculate E[X(t)]9 we 
first condition on N(t) to obtain 

Now 

E[X(t)] = E(E[X(t)\N(t)]) 

E[X(t)\N(t) = η] = Ε 
N(t) 

Σ Yi\W) = n 

i = 1 

= E\ 

Σ Y,\W) = « 

Σ Y, 

i = 1 
= nE[Yx] 

where we have used the assumed independence of the Y^s a n d N(t). Hence, 

E[X(t)\N(t)] = N(t)E[Yx] (5.22) 

and therefore 

E[X(t)] = λίΕ[Υχ] (5.23) 

To calculate Var [X(t)] we use the conditional variance formula (see 
Exercise 26 of Chapter 3) 

Vax[X(t)] = E[Wav(X(t)\N(t))] + Vai(E[X(t)\N(t)]) (5.24) 

Now, 

Vai[X(t)\N(t) = n] = Var 
N(t) 

Σ Yi\W) = n 

i = 1 
= Var 

= η V a r ^ ) 

Σ Y, 

and thus 

Var[X(t)\N(t)] = N(t) Var(r,) (5.25) 

Therefore, using Equations (5.22) and (5.25), we obtain by Equation (5.24) 
that 

Var[X(0] = E[N(t) V a r ^ ) ] + V a r l M ' ) ^ ] 

= XtWsiT(Yi) + (EYifXt 

= Ai[Var(yx) + (EYJ2] 

= λίΕ[Υ2] (5.26) 
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where we have used the fact that Var[7V(/)] = λί since N(i) is Poisson 
distributed with mean λί. 

Example 5.19 Suppose that families migrate to an area at a Poisson 
rate λ = 2 per week. If the number of people in each family is independent 
and takes on the values 1, 2, 3, 4 with respective probabilities j , j , then 
what is the expected value and variance of the number of individuals 
migrating to this area during a fixed five-week period? 

Solution: Letting YT denote the number of people in the /th family, 
we have that 

Ε[ΥΛ] = l - ± + 2 - j + 3 - i + 4 - i = ff 

^ K 2 ] = l 2 . i + 2 2 . | + 3 2 - i + 4 2 . i = ̂  
Hence, letting X(5) denote the number of immigrants during a five-week 
period, we obtain from Equations (5.23) and (5.26) that 

E[X(5)] = 2 · 5 · | = 25 

and 

Var[*(5)] = 2 · 5 · ^ = ψ • 

There is a very nice representation of the compound Poisson process 
when the set of possible values of the Y{ is finite or countably infinite. So let 
us suppose that there are numbers aj9j> 1, such that 

P{YL = aj}=pj9 1 P J = \ 
j 

Now, a compound Poisson process arises when events occur according to a 
Poisson process and each event results in a random amount Y being added 
to the cumulative sum. Let us say that the event is a type j event whenever 
it results in adding the amount aj9 j > 1. That is, the ith event of the 
Poisson process is a type j event if Yt = aj. If we let Nj(t) denote the 
number of type j events by time /, then it follows from Proposition 5.2 that 
the random variables Nj(t), j > 1, are independent Poisson random 
variables with respective means 

E[Nj(t)] = Xpjt 

Since, for each j , the amount OLJ is added to the cumulative sum a total of 
Νj{t) times by time t9 it follows that the cumulative sum at time t can be 
expressed as 

X(t) = Σ otjNjit) (5.27) 
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As a check of Equation (5.27), let us use it to compute the mean and 
variance of X(t). This yields 

E[X(t)] = Ε Σ ctjNjd) 

= Σ <*jE[Nj(t)] 
j 

Also, 

Variai)] = Var Σ ajNjU) 

= Σ«/Variai /)] 
j 

= Σ οήλΡ]ί 

by the independence of the 

= λίΕ[Υΐ] 

where the next to last equality follows since the variance of the Poisson 
random variable Nj(t) is equal to its mean. 

Thus, we see that the representation (5.27) results in the same expressions 
for the mean and variance of X{t) as were previously derived. 

One of the uses of the representation (5.27) is that it enables us to 
conclude that as t grows large, the distribution of X(t) converges to the 
normal distribution. To see why, note first that it follows by the Central 
Limit Theorem that the distribution of a Poisson random variable 
converges to a normal distribution as its mean increases. (Why is this?) 
Therefore, each of the random variables Nj(t) converges to a normal 
random variable as / increases. As they are independent, and as the sum of 
independent normal random variables is also normal, it follows that X(t) 
also approaches a normal distribution as t increases. 

Example 5.20 In Example 5.19, find the approximate probability that 
at least 240 people migrate to the area within the next 50 weeks. 

Solution: Since λ = 2, E[Y/\ = 5/2, E[Y?] = 43/6, we see that 

E[X(50)] = 250, Var [^(50)] = 4300/6 
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Now, the desired probability is 

P{X(50) > 240} = P[X(50) > 239.5} 

_ p{X(50) - 250 > 239.5 - 250 

I V4300/6 " V4300/6 

= 1 - </>(-0.037) 

= 0(0.037) 

= 0.515 

where Table 2.3 was used to determine </>(0.037), the probability that a 
standard normal is less than 0.037. • 

Exercises 

1 . The time Τ required to repair a machine is an exponentially distributed 
random variable with mean \ (hours). 

(a) What is the probability that a repair time exceeds \ hour? 
(b) What is the probability that a repair takes at least 12y hours given 
that its duration exceeds 12 hours? 

2. Consider a post office with two clerks. Three people, A, B, and C, 
enter simultaneously. A and Β go directly to the clerks, and C waits until 
either A or Β leaves before he begins service. What is the probability that 
A is still in the post office after the other two have left when 

(a) the service time for each clerk is exactly (nonrandom) ten minutes? 
(b) the service times are / with probability j , / = 1,2, 3? 
(c) the service times are exponential with mean 1/μ? 

3. The lifetime of a radio is exponentially distributed with a mean of ten 
years. If Jones buys a ten-year-old radio, what is the probability that it will 
be working after an additional ten years? 

4. In Example 5.2 if server / serves at an exponential rate A,, / = 1,2, 
show that 

*5. If Xx and X2 are independent nonnegative continuous random 
variables, show that 

PfSmith is not last} = 

P{Xl<X2\mm(Xl,X2) = t] = 
ri(t) 

ri(t) + r2(t) 

where rt(t) is the failure rate function of Xi9 
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6. Show that the failure rate function of a gamma distribution with 
parameters η and A is increasing when η > 1. 

7. Norb and Nat enter a barbershop simultaneously—Norb to get a shave 
and Nat a haircut. If the amount of time it takes to receive a haircut (shave) 
is exponentially distributed with mean 20 (15) minutes, and if Norb and Nat 
are immediately served, what is the probability that Nat finishes before 
Norb? 

*8 . If X and Y are independent exponential random variables with 
respective mean 1/Aj and 1/A2, then 

(a) use the lack of memory property of the exponential to intuitively 
explain why Ζ = m\n(X, Y) is exponential. 
(b) what is the conditional distribution of Ζ given that Ζ = ΧΊ 
(c) give a heuristic argument that the conditional distribution of Υ - Ζ, 
given that Ζ = X, is exponential with mean 1/A2. 

9. Let X be an exponential random variable with rate A. 

(a) Use the definition of conditional expectation to determine 
E[X\X< c]. 
(b) Now determine E[X\X < c] by using the following identity: 

E[X] = E[X\X< c]P{X< c] + E[X\X> c]P{X > c] 

10. In Example 5.2, what is the expected time until all three customers 
have left the post office? 

11. Suppose in Example 5.2 that the time it takes server / to serve 
customers is exponentially distributed with mean 1/A,, / = 1,2. What is the 
expected time until all three customers have left the post office? 

12. A set of η cities are to be connected via communication links. The cost 
to construct a link between cities / and j is Cij9 i ^ j . Enough links should 
be constructed so that for each pair of cities there is a path of links that 
connects them. As a result, only η - 1 links need be constructed. A minimal 
cost algorithm for solving this problem (known as the minimal spanning 

tree prob.em, firs, construe, ehe cheapes, of al, the ( * ) h „ k s . Then, a. 

each additional stage it chooses the cheapest link that connects a city 
without any links to one with links. That is, if the first link is between cities 
1 and 2, then the second link will either be between 1 and one of the links 
3 , . . . , η or between 2 and one of the links 3 , . . . , n. Suppose that all of the 

costs Cij are independent exponential random variables with mean 1. 
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Find the expected cost of the preceding algorithm if 

(a) η = 3 
(b) η = 4 

*13. Let Xl and X2 be independent exponential random variables, each 
having rate μ. Let 

X(l) = M i n i m u m ^ ,X2) and Χ(2) = M a x i m u m ^ , X2) 

14. Repeat Exercise 13, but this time suppose that the Xt are independent 
exponentials with respective rates μ,, / = 1, 2. 

15. In a certain system, a customer must first be served by server 1 and 
then by server 2. The service times at server / are exponential with rate μ,, 
/ = 1,2. An arrival finding server 1 busy waits in line for that server. Upon 
completion of service at server 1, a customer either enters service with server 
2 if that server is free or else remains with server 1 (blocking any other 
customer from entering service) until server 2 is free. Customers depart the 
system after being served by server 2. Suppose that when you arrive there is 
one customer in the system and that customer is being served by server 1. 
What is the expected total time you spend in the system? 

16. Suppose in Exercise 15 you arrive to find two others in the system, one 
being served by server 1 and one by server 2. What is the expected time you 
spend in the system? Recall that if server 1 finishes before server 2, then 
server Γ s customer will remain with him (thus blocking your entrance) until 
server 2 becomes free. 

*17. A flashlight needs two batteries to be operational. Consider such a 
flashlight along with a set of η functional batteries—battery 1, battery 2, 
battery n. Initially, battery 1 and 2 are installed. Whenever a battery fails, 
it is immediately replaced by the lowest numbered functional battery that 
has not yet been put in use. Suppose that the lifetimes of the different 
batteries are independent exponential random variables each having rate μ. 
At a random time, call it T, a battery will fail and our stockpile will 
be empty. At that moment exactly one of the batteries—which we call 

Find 

(a) 
(b) 
(c) 
(d) 

Var[* ( 1 )] 

£ [ * ( 2 ) ] 
Var[* ( 2 )] 
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battery X— will not yet have failed. 

(a) What is P{X = η}Ί 
(b) What i s P ( * = 1)? 
(c) What isP{X= /}? 
(d) F i n d £ [ r ] . 
(e) What is the distribution of ΤΊ 

18. Let X and Y be independent exponential random variables having 
respective rates λ and μ. Let / , independent of X, Y, be such that 

with probability ^ 

and define Ζ by 

Ζ = 

with probability 

X, \i I = \ 

- y, if / = ο 

λ + μ 

λ 

λ Λ- μ 

(a) Show, by computing their moment generating functions, that X - Y 
and Ζ have the same distribution. 
(b) Using the lack of memory property of exponential random variables, 
give a simple explanation of the result of part (a). 

19. Two individuals, A and B, both require kidney transplants. If she 
does not receive a new kidney, then A will die after an exponential time with 
rate μΑ, and Β after an exponential time with rate μΒ. New kidneys arrive 
in accordance with a Poisson process having rate A. It has been decided that 
the first kidney will go to A (or to Β if Β is alive and A is not at that time) 
and the next one to Β (if still living). 

(a) What is the probability A obtains a new kidney? 
(b) What is the probability Β obtains a new kidney? 

20. Show that Definition 5.1 of a Poisson process implies Definition 5.3. 

* 2 1 . Show that assumption (iv) of Definition 5.3 follows from assump-
tions (ii) and (iii). 

Hint: Derive a functional equation for g(t) = P[N(t) = 0). 

22. Cars cross a certain point in the highway in accordance with a Poisson 
process with rate λ = 3 per minute. If Reb blindly runs across the highway, 
then what is the probability that she will be uninjured if the amount of 
time that it takes her to cross the road is s seconds? (Assume that if she 
is on the highway when a car passes by, then she will be injured.) Do it for 
s = 2, 5, 10, 20. 
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23. Suppose in Exercise 22 that Reb is agile enough to escape from a 
single car, but if she encounters two or more cars while attempting to cross 
the road, then she will be injured. What is the probability that she will be 
unhurt if it takes her s seconds to cross. Do it for s = 5, 10, 20, 30. 

*24. Show that if [Nj(t), t > 0) are independent Poisson processes with 
rate λ,·, / = 1, 2, then {Nft)9 t > 0) is a Poisson process with rate λχ + A 2 

where N(t) = Nx(t) + N2(t). 

25. In Exercise 24 what is the probability that the first event of the 
combined process is from the Nx process? 

26. Let [N(t), t > 0} be a Poisson process with rate A. Let Sn denote the 
time of the nth event. Find 

(a) E[S4] 
(b) E[S4\N(\) = 2] 
(c) E[N(4) -N(2)\N(l) = 3] 

27. Suppose that you want to cross a road at a spot at which cars go by 
in accordance with a Poisson process with rate A. You will begin to cross the 
first time you see that there will not be any cars passing for the next c time 
units. Let Ν denote the number of cars that pass before you cross, and let 
Τ denote the time at which you start to cross the road. 

(a) What is E[N]1 
(b) Write an equation that relates Γ, N, and the interarrivai times Ti9 

i > 1. 
(c) Find E[T] by conditioning on N. 
(d) What is Ε[ΤΝ+ι]Ί 

28. The number of hours between successive train arrivals at the station is 
uniformly distributed on (0, 1). Passengers arrive according to a Poisson 
processs with rate 7 per hour. Suppose a train has just left the station. 
Let X denote the number of people that get on the next train. Find 

(a) E[X] 
(b) Var(*) 

29. For a Poisson process show, for s < t, that 

30. Men and women enter a supermarket according to independent 
Poisson processes having respective rates two and four per minute. Starting 
at an arbitrary time, compute the probability that at least two men arrive 
before three women arrive. 
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* 3 1 . Events occur according to a Poisson process with rate A = 2 
per hour. 

(a) What is the probability that no event occurs between 8 P . M . and 
9 P . M . ? 

(b) Starting at noon, what is the expected time at which the fourth event 
occurs? 
(c) What is the probability that two or more events occur between 6 P . M . 
and 8 P . M . ? 

32. Pulses arrive at a Geiger counter in accordance with a Poisson process 
at a rate of three arrivals per minute. Each particle arriving at the counter 
has a probability f of being recorded. Let X(t) denote the number of pulses 
recorded by time t minutes. 

(a) P[X(t) = 0} = ? 
(b) E[X(t)] = ? 

33. Cars pass a point on the highway at a Poisson rate of one per minute. 
If five percent of the cars on the road are vans, then 

(a) what is the probability that at least one van passes by during an hour? 
(b) given that ten vans have passed by in an hour, what is the expected 
number of cars to have passed by in that time? 
(c) if 50 cars have passed by in an hour, what is the probability that five 
of them were vans? 

*34. Customers arrive at a bank at a Poisson rate A. Suppose two 
customers arrived during the first hour. What is the probability that 

(a) both arrived during the first 20 minutes? 
(b) at least one arrived during the first 20 minutes? 

35. A system has a random number of flaws that we will suppose is 
Poisson distributed with mean c. Each of these flaws will, independently, 
cause the system to fail at a random time having distribution G. When 
a system failure occurs, suppose that the flaw causing the failure is 
immediately located and fixed. 

(a) What is the distribution of the number of failures by time tl 
(b) What is the distribution of the number of flaws that remain in the 
system at time tl 
(c) Are the random variables in (a) and (b) dependent or independent? 
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36. Suppose that the number of typographical errors in a new text is 
Poisson distributed with mean A. Two proofreaders independently read the 
text. Suppose that each error is independently found by proofreader / with 
probability pi9 i = 1, 2. Let Xx denote the number of errors that are found 
by proofreader 1 but not by proofreader 2. Let X2 denote the number of 
errors that are found by proofreader 2 but not by proofreader 1. Let X3 

denote the number of errors that are found by both proofreaders. Finally, 
let X4 denote the number of errors found by neither proofreader. 

(a) Describe the joint probability distribution of Xl9 X2, X3, X4. 
(b) Show that 

E[XX] = l - p 2 d E[X2] 1 - A 
E[X3] p2

 an E[X3] Pl 

Suppose now that A, px, and p2 are all unknown. 

(c) By using X{ as an estimator of E[Xt]9 i = 1, 2, 3, present estimators 
of Piy Pa

 a nd A. 
(d) Give an estimator of X4, the number of errors not found by either 
proofreader. 

37. Consider an infinite server queueing system in which customers arrive 
in accordance with a Poisson process and where the service distribution is 
exponential with rate μ. Let X(t) denote the number of customers in the 
system at time t. Find 

(a) E[X(t + s)\X(s) = n] 
(b) Vai[X(t + s) \X(s) = n] 

Hint: Divide the customers in the system at time t + s into two groups, 
one consisting of "old" customers and the other of "new" customers. 

*38. Suppose that people arrive at a bus stop in accordance with a 
Poisson process with rate A. The bus departs at time t. Let X denote the 
total amount of waiting time of all those that get on the bus at time /. 
We want to determine Var {X). Let N(t) denote the number of arrivals by 
time t. 

(a) What is E[X\N(t)]l 
(b) Argue that Υιιτ[Χ\Ν(ί)] = N(t)t2/\2. 
(c) What is VarCY)? 

39. An average of 500 people pass the California bar exam each year. A 
California lawyer practices law, on average, for 30 years. Assuming these 
numbers remain steady, how many lawyers would you expect California to 
have in 2050? 
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40. A cable car starts off with η riders. The times between successive stops 
of the car are independent exponential random variables with rate λ. At 
each stop one rider gets off. This takes no time, and no additional riders get 
on. After a rider gets off the car, he or she walks home. Independently of 
all else, the walk takes an exponential time with rate μ. 

(a) What is the distribution of the time at which the last rider departs 
the car? 
(b) Suppose the last rider departs the car at time t. What is the 
probability that all the other riders are home at that time? 

4 1 . Suppose that the time between successive arrivals of customers at a 
single-server station are independent random variables having a common 
distribution F. Suppose that when a customer arrives, it either immediately 
enters service if the server is free or else it joins the end of the waiting line 
if the server is busy with another customer. When the server completes work 
on a customer that customer leaves the system and the next waiting 
customer, if there are any, enters service. Let Xn denote the number of 
customers in the system immediately before the rtth arrival, and let Yn 

denote the number of customers that remain in the system when the nth 
customer departs. The successive service times of customers are inde-
pendent random variables (which are also independent of the interarrivai 
times) having a common distribution G. 

(a) If F is the exponential distribution with rate λ, which, if any, of the 
processes [Xn], [Yn] is a Markov chain? 
(b) If G is the exponential distribution with rate μ, which, if any, of the 
processes [Xn}9 [Yn] is a Markov chain? 
(c) Give the transition probabilities of any Markov chains in (a) and (b). 

42. Verify equation (5.20). 

43. Events occur according to a nonhomogeneous Poisson process whose 
mean value function is given by 

m(t) = t2 + 2t, t > 0 

What is the probability that η events occur between times t = 4 and 
t = 5? 

44. A store opens at 8 A . M . From 8 until 10 customers arrive at a Poisson 
rate of four an hour. Between 10 and 12 they arrive at a Poisson rate of 
eight an hour. From 12 to 2 the arrival rate increases steadily from eight per 
hour at 12 to ten per hour at 2; and from 2 to 5 the arrival rate drops 
steadily from ten per hour at 2 to four per hour at 5. Determine the 
probability distribution of the number of customers that enter the store on 
a given day. 
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*45. Consider a nonhomogeneous Poisson process whose intensity 
function λ(ί) is bounded and continuous. Show that such a process is 
equivalent to a process of counted events from a (homogeneous) Poisson 
process having rate A, where an event at time t is counted (independent of 
the past) with probability λ(ί)/λ; and where A is chosen so that A(s) < A for 
all s. 

46. Let Tl9T2,... denote the interarrivai times of events of a non-
homogeneous Poisson process having intensity function λ(ί). 

(a) Are the Tt independent? 
(b) Are the 7J identically distributed? 
(c) Find the distribution of Tx. 

47. (a) Let \N(i), t > 0} be a nonhomogeneous Poisson process with 
mean value function m(t). Given N(t) = n, show that the unordered set of 
arrival times has the same distribution as η independent and identically 
distributed random variables having distribution function 

(b) Suppose that workmen incur accidents in accordance with a 
nonhomogeneous Poisson process with mean value function m(t). Suppose 
further that each injured man is out of work for a random amount of time 
having distribution F. Let X(t) be the number of workers who are out of 
work at time t. By using part (i), find E[X(t)]. 

48. Suppose that events occur according to a nonhomogeneous Poisson 
process with intensity function A(f), t > 0. Suppose that, independently of 
anything that has previously occurred, an event at time s will be counted 
with probability p(s), s > 0. Let Nc(t) denote the number of counted events 
by time t. 

(a) What type of process if [Nc(t), t > 0J? 
(b) Prove your answer to part (a). 

49. Suppose that {ΛΤ0(ί), / > 0} is a Poisson process with rate A = 1 . 
Let λ(ί) denote a nonnegative function of and let 

m(x) 
χ < t 

F(x) = m(t) ' 

χ > t 

Define N(t) by 

N0(m(t)) 
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when {X(t), t > 0} is a compound Poisson process. 

Argue that [N(t)9 t > 0} is a nonhomogeneous Poisson process with 
intensity function λ(ί), t > 0. 

Hint: Make use of the identity 

m{t + h) - m(t) = m'(t)h + o(h) 

*50. Let Xl9X2,... be independent and identically distributed non-
negative continuous random variables having density functionf(x). We say 
that a record occurs at time η if Xn is larger than each of the previous values 
Xx,..., Xn_i. (A record automatically occurs at time 1.) If a record occurs 
at time n> then Xn is called a record value. In other words, a record occurs 
whenever a new high is reached, and that new high is called the record 
value. Let N(t) denote the number of record values that are less than or 
equal to t. Characterize the process \N(t), t > 0} when 

(a) / is an arbitrary continuous density function 
(b) fix) = λβ~^ 

Hint: Finish the following sentence: There will be a record whose value 
is between / and t + dt if the first X{ that is greater than t lies between — 

5 1 . An insurance company pays out claims on its life insurance policies in 
accordance with a Poisson process having rate λ = 5 per week. If the 
amount of money paid on each policy is exponentially distributed with 
mean $2000, what is the mean and variance of the amount of money paid 
by the insurance company in a four-week span? 

52. In good years, storms occur according to a Poisson process with rate 
3 per unit time, while in other years they occur according to a Poisson 
process with rate 5 per unit time. Suppose next year will be a good year with 
probability 0.3. Let N(t) denote the number of storms during the first / time 
units of next year. 

(a) Find P[N(t) = n}. 
(b) Is {N(t)\ a Poisson process? 
(c) Does [N(t)} have stationary increments? Why or why not? 
(d) Does it have independent increments? Why or why not? 
(e) If next year starts off with 3 storms by time t = 1, what is the 
conditional probability it is a good year? 

53. Determine 

Co\[X(t)y X(t + s)] 
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54. Customers arrive at the automatic teller machine in accordance with 
a Poisson process with rate 12 per hour. The amount of money withdrawn 
on each transaction is a random variable with mean $30 and standard 
deviation $50. (A negative withdrawal means that money was deposited.) 
The machine is in use for 15 hours daily. Approximate the probability that 
the total daily withdrawal is less than $6000. 

55. Some components of a two-component system fail after receiving a 
shock. Shocks of three types arrive independently and in accordance with 
Poisson processes. Shocks of the first type arrive at a Poisson rate λχ and 
cause the first component to fail. Those of the second type arrive at a 
Poisson rate λ2 and cause the second component to fail. The third type of 
shock arrives at a Poisson rate A3 and causes both components to fail. Let 
X1 and X2 denote the survival times for the two components. Show that the 
joint distribution of Xx and X2 is given by 

P{XX > s9 X2 > t] = exp{-Aj s - λ2ί - λ3 max(s, t)} 

This distribution is known as the bivariate exponential distribution. 

56. In Exercise 55 show that Xx and X2 both have exponential 
distributions. 

*57. Let XXfX2,...,Xn be independent and identically distributed 
exponential random variables. Show that the probability that the largest 
of them is greater than the sum of the others is n/2n~l. That is if 

M = max Xj 
j 

then show 

Hint: What is P{XX > Σ ? = 2 ^ / } ? 

58. Prove Equation (5.19). 

59. Prove that 

(a) maxCÄ̂ , X2) = Xx + X2 - min^, X2) and, in general, 
η 

(b) maxi*! , . . . , * „ ) = Σ Λ, - Σ Σ m i n( * « . Xj) 
1 i<j 

+ Σ Σ Σ mm(Xi,Xj,Xk) + ... 
i<j<k 

+ (-l)"-1min(X1,X2,...,Xn) 
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Show by defining appropriate random variables Xi9 i = 1 , n , and by 
taking expectations in (b) how to obtain the well-known formula 

p((jA) = Σ PiAi) - Σ Σ P(4iAj) 
\ 1 / i i<j 

+ + (- ir i P(^ 1 . . -An) 
(c) Consider η independent Poisson processes—the /th having rate λ,. 
Derive an expression for the expected time until an event has occurred in 
all η processes. 

60. A two-dimensional Poisson process is a process of randomly occurring 
events in the plane such that 

(i) for any region of area A the number of events in that region has a 
Poisson distribution with mean λΑ and 

(ii) the number of events in nonoverlapping regions are independent. 

For such a process consider an arbitrary point in the plane and let X denote 
its distance from its nearest event (where distance is measured in the usual 
Euclidean manner). Show that 

(a) P{X> t] = e~X7rt2 

(b> Em . ± . 

6 1 . Show, in Example 5.5, that the distributions of the total cost are the 
same for the two algorithms. 
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Chapter 6 
Continuous-Time 
Markov Chains 

6.1 . Introduction 

In this chapter we consider a class of probability models that have a wide 
variety of applications in the real world. They are the continuous-time 
analogue of the Markov chains of Chapter 4 and as such are character-
ized by the Markovian property that given the present state, the future is 
independent of the past. 

One example of a continuous-time Markov chain has already been met. 
This is, of course, the Poisson process of Chapter 5. For if we let the total 
number of arrivals by time t [that is, N(t)] be the state of the process at time 
t, then the Poisson process is a continuous-time Markov chain having states 
0, 1, 2 , . . . and which always proceeds from state η to state η + 1, where 
η > 0. Such a process is known as a pure birth process since the state of the 
system is always increased by one. More generally, an exponential model 
which can go (in one transition) only from state η to either state η - 1 or 
state η + 1 is called a birth and death model. For such a model, transitions 
from state η to state η + 1 are designated as births, and those from η to 
η - 1 as deaths. Birth and death models have wide applicability in the study 
of biological systems and in the study of waiting line systems in which the 
state represents the number of cusomers in the system. These models will be 
studied extensively in this chapter. 

In Section 6.2 we define continuous-time Markov chains and then relate 
them to the discrete-time Markov chains of Chapter 4. In Section 6.3 we 
consider birth and death processes and in Section 6.4 we derive two sets of 

255 
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differential equations—the forward and backward equations—which 
describe the probability laws for the system. The material in Section 6.5 
is concerned with determining the limiting (or long-run) probabilities 
connected with a continuous-time Markov chain. In Section 6.6 we consider 
the topic of time reversibility. We show that all birth and death processes 
are time reversible, and then illustrate the importance of this observation to 
queueing systems. In the final section we show how to "uniformize" 
Markov chains, a technique useful for numerical computations. 

6.2. Continuous-Time Markov Chains 

Suppose we have a continuous-time stochastic process ( ^ (0 , t > 0} taking 
on values in the set of nonnegative integers. In analogy with the definition 
of a discrete-time Markov chain, given in Chapter 4, we say that the process 
[X(t), t > 0} is a continuous-time Markov chain if for all s, / > 0 and 
nonnegative integers /, y, x(u), 0 < u < s 

P{X(t + s) = j\X(s) = ι, X(u) = x(u), 0<u<s} 

= P[X(t + s)=j\X(s) = i} 

In other words, a continuous-time Markov chain is a stochastic process 
having the Markovian property that the conditional distribution of the 
future X(t + s) given the present X(s) and the past X(u), 0 < u < s, 
depends only on the present and is independent of the past. If, in addition, 

P{X(t + s)=j\X(s) = i} 

is independent of s, then the continuous-time Markov chain is said to have 
stationary or homogeneous transition probabilities. 

All Markov chains considered in this text will be assumed to have 
stationary transition probabilities. 

Suppose that a continuous-time Markov chain enters state / at some 
time, say time 0, and suppose that the process does not leave state / (that 
is, a transition does not occur) during the next ten minutes. What is the 
probability that the process will not leave state / during the following five 
minutes? Now since the process is in state / at time 10 it follows, by the 
Markovian property, that the probability that it remains in that state during 
the interval [10, 15] is just the (unconditional) probability that it stays in 
state / for at least five minutes. That is, if we let Tt denote the amount of 
time that the process stays in state / before making a transition into a 
different state, then 

P[Tt > 15|7J > 10} = P{Ti > 5} 
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or, in general, by the same reasoning, 

P{Ti > s + t\Ti > s] = P[Ti > t] 

for all 5 , t > 0. Hence, the random variable 7] is memoryless and must thus 
(see Section 5.2.2) be exponentially distributed. 

In fact, the above gives us another way of defining a continuous-time 
Markov chain. Namely, it is a stochastic process having the properties that 
each time it enters state / 

(i) the amount of time it spends in that state before making a transition 
into a different state is exponentially distributed with mean, say l/vi9 

and 
(ii) when the process leaves state /, it next enters state j with some 

probability, say Ptj. Of course, the Pu must satisfy 

Pu = 0, all / 

ΣΡϋ=ί> a l l/ 

j 

In other words, a continuous-time Markov chain is a stochastic process 
that moves from state to state in accordance with a (discrete-time) Markov 
chain, but is such that the amount of time it spends in each state, before 
proceeding to the next state, is exponentially distributed. In addition, the 
amount of time the process spends in state /, and the next state visited, must 
be independent random variables. For if the next state visited were depen-
dent on 7], then information as to how long the process has already been in 
state / would be relevant to the prediction of the next state—and this 
contradicts the Markovian assumption. 

Example 6.1 (A Shoeshine Shop): Consider a shoeshine establishment 
consisting of two chairs—chair 1 and chair 2. A customer upon arrival goes 
initially to chair 1 where his shoes are cleaned and polish is applied. After 
this is done the customer moves on to chair 2 where the polish is buffed. The 
service times at the two chairs are assumed to be independent random 
variables which are exponentially distributed with respective rates μχ and 
μ 2 . Suppose that potential customers arrive in accordance with a Poisson 
process having rate A, and that a potential customer will only enter the 
system if both chairs are empty. 

The preceding model can be analyzed as a continuous-time Markov 
chain, but first we must decide upon an appropriate state space. Since a 
potential customer will enter the system only if there are no other customers 
present, it follows that there will always either be 0 or 1 customers in the 
system. However, if there is 1 customer in the system, then we would also 
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need to know which chair he was presently in. Hence, an appropriate state 
space might consist of the three states 0, 1, and 2 where the states have the 
following interpretation: 

State Interpretation 

0 system is empty 
1 a customer is in chair 1 

2 a customer is in chair 2 

We leave it as an exercise for the reader to verify that 

v0 = Α, νλ = μϊ9 v2 = μ 2 , 

Λ)1
 = A 2 = ^20

 = 1 • 

6.3. Birth and Death Processes 

Consider a system whose state at any time is represented by the number of 
people in the system at that time. Suppose that whenever there are η people 
in the system, then (i) new arrivals enter the system at an exponential rate 
λη, and (ii) people leave the system at an exponential rate μη. That is, when-
ever there are η persons in the system, then the time until the next arrival is 
exponentially distributed with mean \/λη and is independent of the time 
until the next departure which is itself exponentially distributed with mean 
1/μ„. Such a system is called a birth and death process. The parameters 
[λη}™=0 and [μη}™= ι are called respectively the arrival (or birth) and 
departure (or death) rates. 

Thus, a birth and death process is a continuous-time Markov chain with 
states (0, 1,...) for which transitions from state η may go only to either 
state η - 1 or state η + 1. The relation between the birth and death rates 
and the state transition rates and probabilities are 

=
 A 0 , 

vt = λ,· + μ,, i > 0 

Pol = 1, 

The preceding follows, since when there are i in the system, then the next 
state will be / + 1 if a birth occurs before a death; and the probability that 
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an exponential random variable with rate Α,· will occur earlier than an 
(independent) exponential with rate μ, is ^/(λ,· + μ,) (and so, Piti+i = 
λι/{λι + μ/), and the time until either occurs is exponentially distributed 
with rate Λ, + μζ (and so, vt = A, + μ,·). 

Example 6.2 (The Poisson Process): Consider a birth and death process 
for which 

μη = 0, for all η > 0 

λη = A, for all η > 0 

This is a process in which departures never occur, and the time between 
successive arrivals is exponental with mean 1/A. Hence, this is just the 
Poisson process. • 

A birth and death process for which μη = 0 for all η is called a pure birth 
process. Another pure birth process is given by the next example. 

Example 6.3 (A Birth Process with Linear Birthrate): Consider a 
population whose members can give birth to new members but cannot die. 
If each member acts independently of the others and takes an exponentially 
distributed amount of time, with mean 1/A, to give birth, then if X(t) is the 
population size at time t, then {X(t), t > 0} is a pure birth process with 
λη = ηλ, η > 0. This follows since if the population consists of η persons 
and each gives birth at an exponential rate A, then the total rate at which 
births occur is ηλ. This pure birth process is known as a Yule process after 
G. Yule who used it in his mathematical theory of evolution. • 

Example 6.4 (A Linear Growth Model with Immigration): A model in 
which 

μη = ημ, η > 1 

λη = ηλ + 0, η > 0 

is called a linear growth process with immigration. Such processes occur 
naturally in the study of biological reproduction and population growth. 
Each individual in the population is assumed to give birth at an exponential 
rate A; in addition, there is an exponential rate of increase θ of the popula-
tion due to an external source such as immigration. Hence, the total birth 
rate where there are η persons in the system is ηλ + θ. Deaths are assumed 
to occur at an exponential rate μ for each member of the population, and 
hence μη = ημ. 
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Let X{t) denote the population size at time t. Suppose that X(0) = i and 
let 

M(t) = E[X(t)] 

We will determine M(t) by deriving and then solving a differential equation 
that it satisfies. 

We start by deriving an equation for M(t + h) by conditioning on X(t). 
This yields 

M(t + h) = E[X(t + A)] 

= E[E[X(t + h)\X(t)]] 

Now, given the size of the population at time t then, ignoring events whose 
probability is o(A), the population at time t + h will either increase in size 
by 1 if a birth or an immigration occurs in (t91 + Λ), or decrease by 1 if a 
death occurs in this interval, or remain the same if neither of these two 
possibilities occurs. That is, given X(t), 

X(t + A) 

(X(t) + 1, with probability [Θ + X(t)X\h + o(h) 

X(t) - 1, with probability X(t)ph + o(h) 

\^X(t), with probability 1 - [θ + X(t)k + Χ(ί)μ]Η + o(h) 

Therefore, 

E[X(t + h)\X(t)] = X(t) + [θ + Χ(ί)λ - Χ(ΐ)μ\Η + ο(Λ) 

Taking expectations yields 

M(t + h) = M(t) + [λ - μ]Μ(ί)ίί + Oh + o(h) 

or, equivalently, 

M(t + H)-M(t) g + gg) 

Taking the limit as h 0 yields the differential equation 

M
,
( 0 = [λ - μ ] Μ ( 0 + 0 (6.1) 

If we now define the function h(t) by 

h(t) = [λ - μ]Μ(ί) + θ 

then 

h'(î) = [λ- μ]Μ'(ί) 
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Therefore, the differential equation (6.1) can be rewritten as 

or 

λ -μ 

Λ'(0 

= A(0 

Integration yields 

log[A(0] = (λ - μ)ί + c 

or 
A(0 = Ke*-*' 

Putting this back in terms of M(t) gives 

θ + [λ - μ]Μ(ί) = Ke*'** 

To determine the value of the constant K, we use the fact that M(0) = / and 
evaluate the preceding at t = 0. This gives 

0 + (λ - μ)ΐ = Κ 

Substituting this back in the preceding equation for M(t) yields the following 
solution for M(t): 

M(t) = —— [β°"-μ)ί - 1] + ie*-1* 
λ - μ 

It should be noted that we have implicitly assumed that λ ^ μ. If λ = μ, 
then the differential equation (6.1) reduces to 

M'(t) = θ (6.2) 

Integrating (6.2) and using that M(0) = / gives the solution 

M(t) = θί + i • 

Example 6.5 (The Queueing System M/M/l): Suppose that customers 
arrive at a single-server service station in accordance with a Poisson process 
having rate A. That is, the times between successive arrivals are independent 
exponential random variables having mean 1/A. Upon arrival, each customer 
goes directly into service if the server is free, and if not, then the customer 
joins the queue (that is, he waits in line). When the server finishes serving 
a customer, the customer leaves the system and the next customer in line, if 
there are any waiting, enters the service. The successive service times are 
assumed to be independent exponential random variables having mean 1 /μ. 
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The preceding is known as the M/M/l queueing system. The first M 
refers to the fact that the interarrivai process is Markovian (since it is a 
Poisson process) and the second to the fact that the service distribution is 
exponential (and, hence, Markovian). The 1 refers to the fact that there is 
a single server. 

If we let X(t) denote the number in the system at time / then {X(t)9 t > 0} 
is a birth and death process with 

ßn = μ> n>\ 

λη = Α, η > 0 • 

Example 6.6 (A Multiserver Exponential Queueing System): Consider 
an exponential queueing system in which there are s servers available. An 
entering customer first waits in line and then goes to the first free server. 
This is a birth and death process with parameters 

1 < η < s 

η > s 

λη = A, η > 0 

To see why this is true, reason as follows: If there are η customers in the 
system, where η < s, then η servers will be busy. Since each of these servers 
works at a rate μ, the total departure rate will be ημ. On the other hand, if 
there are η customers in the system, where η > s, then all s of the servers 
will be busy, and thus the total departure rate will be $μ. This is known as 
an M/M/s queueing model (why?). • 

Consider now a general birth and death process with birth rates [λη] and 
death rates [μη], where μ 0 = 0, and let 7] denote the time, starting from 
state /, it takes for the process to enter state / + 1, / > 0. We will recursively 
compute Ε[7]], i > 0, by starting with i = 0. Since T0 is exponential with 
rate A 0 , we have that 

E[T0] = 1 

For / > 0, we condition whether the first transition takes the process into 
state / - 1 or / + 1. That is, let 

1, if the first transition from / is to / + 1 
0, if the first transition from / is to / - 1 
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and note that 

ElTiUi 1] = 
1 

Κ + ßi
9 

(6.3) 

0] = 
Α, + μ, 

+ ΕΙΤ,,Α + E[Ti] 

This follows since, independent of whether the first transition is from a 
birth or death, the time until it occurs is exponential with rate Λ, + μ,; now 
if this first transition is a birth, then the population size is at / + 1 and so 
no additional time is needed, whereas if it is a death, then the population 
size becomes / - 1 and the additional time needed to reach / + 1 is equal to 
the time it takes to return to state / (and this has mean E[Ti_x]) plus the 
additional time it then takes to reach / + 1 (and this has mean E[Ti\). 
Hence, since the probability that the first transition is a birth is Α,·/(ΑΖ· + μ,), 
we see that 

E M ] = + (^Ή-ιΙ + Elm 
Α,· + μ, Af + μι 

or, equivalently, 

Starting with E[T0] = 1/A0, the preceding yields an efficient method to 
successively compute E[TX], E[T2], and so on. 

Suppose now that we wanted to determine the expected time to go from 
state / to state j where / < j . This can be accomplished using the preceding 
by noting that this quantity will equal E[Ti] + E[Ti+1] + ··· + E[Tj_x]. 

Example 6.7 For the birth and death process having parameters Α, Ξ A, 
ßi = ß, 

i > 1 

E[Ti]=j + ^E[Ti_,] 

= j ( l +μΕ[Τί_1]) 

Starting with E[T0] = 1/A, we see that 
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and, in general, 

Em - j 

λ - μ 

The expected time to reach state y, starting at state k> k < j , is 

£[time to go from k to j] = £ Ε[Τ^ 
ι = k 

_j-k (μ/λ)"+ι [1 - (μ/λγ-'] 
λ - μ λ - μ 1 - μ/λ 

The foregoing assumes that λ ψ* μ. If λ = μ, then 

ι + 1 
£[7]] = 

intime to go from k to j] = 

λ ' 

j(j + 1) - *(* + 1) 
2λ 

We can also compute the variance of the time to go from 0 to / + 1 by 
utilizing the conditional variance formula (see Exercise 26 of Chapter 3). 
First note that Equation (6.3) can be written as 

EIT,\I,] = T-^— + (1 - W [ 7 J _ , ] + £[7]]) 
Λ, + ßi 

and so 

Var(£[7J|/,]) = ( £ [ 7 ^ ] + £[7]]) 2 Var(7,) 

= (£[7Î_,] + £[7]]) 2 . (6.4) 

where Var(/,) is as shown since 7, is a Bernoulli random variable with 
parameter ρ = λι/{λι + ßi). Also, note that if we let Xt denote the time 
until the transition from / occurs, then 

Var(7J |7, = 1) = V a r ( ^ \I, = 1) 

= Var (^ ) 

= CT ( 6· 5 ) 

where the preceding uses the fact that the time until transition is independent 
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of the next state visited. Also, 

VarOî l / i = 0) 

= V a r ^ + time to get back to / + time to then reach / + 1) 

= Var (^ ) + V a r ^ ) + Var(7]) (6.6) 

where the foregoing uses the fact that the three random variables preceding 
are independent. We can rewrite (6.5) and (6.6) as 

Var(7î 14) = V a r i ^ ) + (1 - / / H V a r ^ ) + Var(7])] 
and so, 

Ε[Var(7; | /,)] = 1 - + - ^ y [ V a r ^ O + Var(TÎ)] (6.7) 

Hence, using the conditional variance formula, which states that Var(7]) is 
the sum of (6.7) and (6.4), we obtain 

Var(7;) = 1

 2 + — ^ — [Vari^.O + Var(7;)] 

'
 μ ι λι

 (ΕΙΤΛ + Ε[Τ,])
2 

(ßi + Κ) 

or, equivalently, 

V a r
^ >

 =
 w i x \ + T

V a r
^ - i ) + -ÇT ( ^ [ 7 Î - I ] + Em)

2 

Starting with Var(7J)) = 1/AQ and using the former recursion to obtain the 
expectations, we can recursively compute Var(7^). In addition, if we want 
the variance of the time to reach state y, starting from state k, k < y, then 
this can be expressed as the time to go from k to k + 1 plus the additional 
time to go from k + 1 to k + 2, and so on. Since, by the Markovian 
property, these successive random variables are independent, it follows that 

j-i 
Var(time to go from k to j) = £ Var(7J) 

i = k 

6.4. The Kolmogorov Differential Equations 

For any pair of states / and j let 

Qu = ViPij 

Since vt is the rate at which the process makes a transition when in state / 
and Pjj is the probability that this transition is into state y, it follows that q^ 
is the rate, when in /, that the process makes a transition into j . 
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The quantities qi} are called the instantaneous transition rates. Since 

Vi = Σ ViPy = Σ Qu 

j j 
and 

ρ = Qu = Qu 
lJ v< IjQij 

it follows that specifying the instantaneous rates determines the parameters 
of the process. 

Let 
Puit) = P{X(t + s)=j\X(s) = i] 

represent the probability that a process presently in state / will be in state j 
a time t later. We shall attempt to derive a set of differential equations 
for these transition probabilities Pij{t). However, first we will need the 
following two lemmas. 

Lemma 6.1 

(a) hm = Vi 
h^o A 

(b) lim ^4^- = Qu w h en ' * j 
h^o h

 J 

Proof We first note that since the amount of time until a transition 
occurs is exponentially distributed it follows that the probability of two or 
more transitions in a time Λ is o(h). Thus, 1 - Ρ/,·(Α), the probability that a 
process in state / at time 0 will not be in state / at time Λ, equals the 
probability that a transition occurs within time h plus something small 
compared to h. Therefore, 

1 - pu(h) = Vih + o(h) 

and part (a) is proven. To prove part (b), we note that P^-(A), the probability 
that the process goes from state / to state j in a time A, equals the prob-
ability that a transition occurs in this time multiplied by the probability that 
the transition is into state j , plus something small compared to A. That is, 

Pij(h) = hViPij + o(A) 

and part (b) is proven. • 

Lemma 6.2 For all s > 0, / > 0, 
oo 

Pijit + s)= Σ PikiOPkAs) (6.8) 
* = 0 
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Proof In order for the process to go from state / to state j in time t + s9 

it must be somewhere at time t and thus 

Pu(t ~\~ s) = P[X(t + s) = j\X(0) = i] 
oo 

= Σ P{X{t + s) = y, JT(0 = k\X(0) = i) 
k = 0 

oo 

= Σ P ( I ( / + 5 ) = y \X(t) = A:, *(0) = /} 
fc = 0 

• P | * ( O = * l*(0) = i) 
oo 

= Σ P[Jf(i + 5 ) = j\X(t) = k] · P{Jf(0 = k\X(0) = i) 
k = 0 

oo 

= Σ pkj(s)pilc(t) 
k = Q 

and the proof is completed. • 

The set of equations (6.8) is known as the Chapman-Kolmogorov 
equations. From Lemma 6.2, we obtain 

oo 

P t f(A + t) - Pu{t) = Σ Pik(h)PkJ(t) - PijiO 
* = o 

= Σ Pik(h)Pkj{t) - [1 - Pn{h)]PiAt) 
k*i 

and thus 

^ΜΐΆζΜΙ. Iimf Σ 5 f P w ( „ _ 
Λ - Ο h A - o ^ ^ j Λ

 J
 [ Λ J J 

Now assuming that we can interchange the limit and the summation in the 
preceding and applying Lemma 6.1, we obtain that 

W = Σ QikPkAt) - vtPu{f) 

k*i 

It turns out that this interchange can indeed be justified and, hence, we have 
the following theorem. 

Theorem 6.1 (Kolmogorov's Backward Equations). For all states /, y, 
and times t > 0, 

Pljit) = Σ QikPkAt) - ViPijit) 
k*i 
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Example 6.8 The backward equations for the pure birth process 
become 

Example 6.9 The backward equations for the birth and death process 
become 

(λ, + ßi)Pu(t) Plj(t) = (Α, + μ,) - l + . . ^ 
[ Ay + /Ι,· A; + μ, 

or equivalently 

Pijit) = λ0[Ρυ(ί) - poj(t)i 
(6.9) 

Pij(t) = A FP i +i j ( 0 + ßiPi-ij(t) - (AF. + Ä W O , / > 0 • 

Example 6.10 (A Continuous-Time Markov Chain Consisting of Two 
States): Consider a machine that works for an exponential amount of time 
having mean 1/A before breaking down; and suppose that it takes an 
exponential amount of time having mean l /μ to repair the machine. If the 
machine is in working condition at time 0, then what is the probability that 
it will be working at time / = 10? 

To answer this question, we note that the process is a birth and death 
process (with state 0 meaning that the machine is working and state 1 that 
it is being repaired) having parameters 

A 0 = A ßi = ß 

A, = 0, ι * 0, ßi = 0, ι * 1 

We shall derive the desired probability, namely ΡΟοΟ0) by solving the set of 
differential equations given in Example 6.9. From Equation (6.9), we 
obtain 

PUO = Α[Λο(0 - PooiOl (6.10) 

Λ'ο(0 = ßPooiO - ßPl0(t) (6.11) 

Multiplying Equation (6.10) by μ and Equation (6.11) by A and then adding 
the two equations yields 

μΡΜΟ + ΑΡίο(0 = 0 

By integrating, we obtain that 

μ Ρ 0 0( 0 + AP 1 0(0 = c 
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However, since P0o(0) = 1 a n d Λο(0) = 0, we obtain that c = μ and hence 

μΡοο(0 + ΛΡ,οΟ = V 
or equivalently 

λΡ10(() = μ[1 - Poo(01 

By substituting this result in Equation (6.10), we obtain 

PU*) = ti\ - PooiO] - λΡοο(ί) 

= μ - (μ + Α)Ρ 0 0(0 
Letting 

we have 

or 

A(0 = PooiO 

h'(t) = μ - (μ + λ) 

= -(μ + X)h(t) 

h'{t) 

μ 
μ + λ 

Kt) + 
μ + λ 

Α(0 
= ~(μ + λ) 

By integrating both sides, we obtain 

log h(t) = -(μ + k)t + c 

or 

and thus 
h(t) = Ke-^+X)t 

(6.12) 

Poo(0 = Ke-^»' + 

which finally yields, by setting t = 0 and using the fact that POo(0) = 1, that 

λ 
Λ>ο(0 μ + λ μ + λ 

From Equation (6.12), this also implies that 

μ + λ μ Λ- λ 
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Hence, our desired probability P00(10) equals 

Poo(10) = -?—e-10^ + 

μ + λ μ + λ 

Another set of differential equations, different from the backward equa-
tions, may also be derived. This set of equations, known as Kolmogorov's 
forward equations is derived as follows. From the Chapman-Kolmogorov 
equations (Lemma 6.2), we have 

oo 

Pu(t + h) - Pu(t) = Σ Pik(t)Pkj(h) - Pu(t) 
k = 0 

= Σ Pik(t)Pkj(h) - [1 - Pjj(h)]Pij(t) 

and thus 

l i m ^ + /o-^(o = l i mr ^ ) 
A ^ O h A - o ^ f c ^ η h 

and, assuming that we can interchange limit with summation, we obtain by 
Lemma 6.1 that 

Pljit) = Σ QkjPik{t) - vjPu(t) 
k*j 

Unfortunately, we cannot always justify the interchange of limit and 
summation and thus the above is not always valid. However, they do hold 
in most models, including all birth and death processes and all finite state 
models. We thus have the following. 

Theorem 6.2 (Kolmogorov's Forward Equations). Under suitable 
regularity conditions, 

P'ulf) = Σ QkjPikiO - VjPu(t) (6.13) 
k*j 

We shall now attempt to solve the forward equations for the pure birth 
process. For this process, Equation (6.13) reduces to 

Plj(f) + kj_xPu_x(t) - kjPu(f) 

However, by noting that P^(t) = 0 whenever j < i (since no deaths can 
occur), we can rewrite the preceding equation to obtain 

(6.14) 
Pli = ij-iPu-iU) - ijPiAO, j ^ i + i 
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Proposition 6.3 

Puif) i > 0 

PijiO e^J'Pij-fâds, j > / + 1 

Proof The fact that Pu(t) = e ~ v follows from Equation (6.14) by 
integrating and using the fact that P„(0) = 1. To prove the corresponding 
result for Ρϋ(ί), we note by Equation (6.14) that 

Hence, since Ρ^(0) = 0, we obtain the desired results. • 

Example 6.11 (The Yule Process): The pure birth process having 

which was first encountered in Section 3 is known as a Yule process. We 
shall use Proposition 6.3 to obtain P^if) for the Yule process. 

Corollary 6.4 For a Yule process, 

Proof Fix ι. We show, by mathematical induction, that Equation (6.15) 
holds for all j > /. It holds for j = i by Proposition 6.3. So suppose that 
Equation (6.15) is true when j = η where η > /. Now, by Proposition 6.3, 

or 

^[eXj%(t)] = Xj_le
xJtPiJ_1(t) 

(6.15) 

η - 1 

η - ι 
e~iXs(l - e-^f-'ds 

For a pure birth process, 



272 6 Continuous-Time Markov Chains 

Now, it can be shown that 

0 n + 1 - i 

and hence the preceding can be written 

:(n " ! V , XO - e-»)"*1'* 
η + \ - i\n - ij 

which shows that Equation (6.15) holds for j = η + 1 and thus completes 
the induction.* • 

Example 6.12 (Forward Equations for Birth and Death Process): The 
forward equation (Equation 6.13) for the general birth and death process 
becomes 

PloiO = Σ (h + Uk)PkoPik(t) - λ0Ρί0(ΐ) 
k*0 

= (A, + μογ^—Ρ^Ο - λ0Ρ,ο(0 

= μιΡη(ί) - λ0Ρί0(ί), (6.16) 

Pîjit) = Σ (h + Mk)PkjPik(t) - (Xj + ßj)Puif) 

k*j 

= (Xj_l+ßj_l)
 k j- \ j v , ( 0 

+ (Xj+l + μ]+ι)—!ψ PiJ+1(t) - (Xj + ßj)Pu(t) 
Äj+i + Mj+i 

= kj^Pu^it) + ßj+lPu+l(t) - ikj + ßj)Pu(t) • (6.17) 

6.5. Limiting Probabilities 

In analogy with a basic result in discrete-time Markov chains, the prob-
ability that a continuous-time Markov chain will be in state j at time t often 
converges to a limiting value which is independent of the initial state. That 

* For a probabilistic proof of this result see Exercise 11. 
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is, if we call this value Pj9 then 

Pj = lim Pu(t) 
t-*oo 

where we are assuming that the limit exists and is independent of the initial 
state /. 

To derive a set of equations for the Pj9 consider first the set of forward 
equations 

W) = Σ QkjPikit) - VjPif(t) 

Now, if we let t approach oo , then assuming that we can interchange limit 
and summation, we obtain 

Σ QkjPikit) - VjPyit) 
k*j J 

= Σ QkjPk - VJPJ 
k*j 

However, as Ρϋ(ί) is a bounded function (being a probability it is always 
between 0 and 1), it follows that if P{j(t) converges, then it must converge 
to 0 (why is this?). Hence, we must have that 

0 = Σ QkjPk - VJPJ 
k*j 

or 
VjPj= Σ QkjPk > all states y (6.18) 

The preceding set of equations, along with this equation 

Σ ^ = 1 (6.19) 
j 

can be used to solve for the limiting probabilities. 

Remarks (i) We have assumed that the limiting probabilities Pj exist. A 
sufficient condition for this is that 

(a) all states of the Markov chain communicate in the sense that starting 
in state / there is a positive probability of ever being in state y, for all /,y 
and 
(b) the Markov chain is positive recurrent in the sense that, starting in 
any state, the mean time to return to that state is finite. 

If conditions (a) and (b) hold, then the limiting probabilities will exist 
and satisfy Equations (6.18) and (6.19). In addition, Pj also will have the 

lim Plj(t) = lim 
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interpretation of being the long-run proportion of time that the process is in 
state y. 

(ii) Equations (6.18) and (6.19) have a nice interpretation: In any interval 
(0, t) the number of transitions into state j must equal to within 1 the number 
of transitions out of state j (why?). Hence, in the long-run, the rate at which 
transitions into state j occur must equal the rate at which transitions out of 
state j occur. Now when the process is in state y, it leaves at rate vj9 and, as 
Pj is the proportion of time it is in state y, it thus follows that 

VjPj = rate at which the process leaves state j 

Similarly, when the process is in state k, it enters j at a rate qkj. Hence, as 
Pk is the proportion of time in state k, we see that the rate at which 
transitions from k to j occur in just qkjPk \ and thus 

Σ QkjPk = r a te a t which the process enters state j 
k*j 

So, Equation (6.18) is just a statement of the equality of the rates at which the 
process enters and leaves statey. Because it balances (that is, equates) these 
rates, the equations (6.18) are sometimes referred to as ''balance equations." 

(iii) When the limiting probabilities Pj exist, we say that the chain is 
ergodic. The Pj are sometimes called stationary probabilities since it can be 
shown that (as in the discrete-time case) if the initial state is chosen accord-
ing to the distribution [Pj], then the probability of being in state j at time 
t is Pj, for all t. 

Let us now determine the limiting probabilities for a birth and death 
process. From Equation (6.18) or equivalently, by equating the rate at which 
the process leaves a state with the rate at which it enters that state, we obtain 

State Rate at which leave = rate at which enter 

0 λ0Ρ0 = μ1Ρ1 

1 (λχ + μχ)Ρχ = μ2Ρ2 + λ0Ρ0 

2 (λ2 + μ2)Ρ2 = μ3Ρ3 + λχΡχ 

η,η>\ (λη + μη)Ρη = μη+χΡη+χ + λη_χΡη_χ 

By adding to each equation the equation preceding it, we obtain 

λ0Ρ0 =μχΡχ, 

λχΡχ =μ2Ρ2, 

λ2Ρ2=μ3Ρ3, 
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Solving in terms of P 0 yields 

Pr = 

P3 

hp 
Hi" 

Hi 

λ2λχλ0 D 

λη-1 ρ λη-ΐλΗ-2 
ρ _ "η-ι ρ _ »η-ΐ"η-ι ρ 

And by using the fact that Ση = οΛι = 1, we obtain 

1 = p 0 + Po Σ A " - ' " ' A l A o 

or 

1 

j + y A 0A t · · · 

and so 

Λ = λ,°λΐ":λ":\ π . n±l (6 .20) 

1 + Σ 

n = 1 μ1μ2···μη J 
The foregoing equations also show us what condition is necessary for these 
limiting probabilities to exist. Namely, it is necessary that 

Σ
 A

°
V

"
A

" -
1
 < co (6 .21) 

n = l μίμ2···μη 

This condition also may be shown to be sufficient. 
In the multiserver exponential queueing system (Example 6 .6 ) , Condition 

(6 .21) reduces to 

£ A" 
> < C O 

which is equivalent to λ/εμ < 1. 
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For the linear growth model with immigration (Example 6.4), Condition 
(6.21) reduces to 

- θ(θ + A ) - ( f l + (/f- 1)A) ^ 

„ - i ηϊμ" 

Using the ratio test, the preceding will converge when 

,. θ(θ + λ)···(θ + ηλ) ηϊμ" ,. θ + ηλ 
hm - . . . „., - — — : 7 7 7 7 = hm 

(η + 1)\μη+ι θ(θ + λ) ·•· (θ + (η - 1)λ) (η + \)μ 

- i < i 

That is, the condition is satisfied when A < μ. When Α > μ it is easy to show 
that Condition (6.21) is not satisfied. 

Example 6.13 (A Machine Repair Model): Consider a job shop which 
consists of M machines and one serviceman. Suppose that the amount of 
time each machine runs before breaking down is exponentially distributed 
with mean 1/A, and suppose that the amount of time that it takes for the 
serviceman to fix a machine is exponentially distributed with mean l/μ. We 
shall attempt to answer these questions: (a) What is the average number of 
machines not in use? (b) What proportion of time is each machine in use? 

Solution: If we say that the system is in state η whenever η machines 
are not in use, then the above is a birth and death process having 
parameters 

μη= μ η > 1 

_ Γ (Μ - η)λ, η<Μ 
η ~ [θ , η > Μ 

This is so in the sense that a failing machine is regarded as an arrival and 
a fixed machine as a departure. If any machines are broken down, then 
since the serviceman's rate in μ, μη = μ. On the other hand, if η machines 
are not in use, then since the M - η machines in use each fail at a rate A, 
it follows that λη = (Μ - η)λ. From Equation (6.20) we have that Pn, the 
probability that η machines will not be in use, is given by 

ι 

1 + Σ2*« ι [Λ*Α(Μ - 1 ) Α · · · ( Μ - η + 1)λ/μη] 

1 
1 + Σ π = ι ( Α / μ ) ΛΜ ! / ( Μ - AI)! 
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(λ/μ)ηΜ\/(Μ - n)\ 

" l + Σ", ι (A///)"M!/(M - ri)\ ' 

Hence, the average number of machines not in use is given by 

γ „ p _ ΣΪ?=οη(Μ\/(Μ-η)\)(λ/μΤ 

Λ " " 1 + Ef= ι (λ/μ)"ΜΙ/(Μ - n)\ ^ 

To obtain the long run proportion of time that a given machine is 
working we will compute the equivalent limiting probability of its 
working. To do so, we condition the number of machines that are not 
working to obtain 

M 
P{Machine is working) = £ ^{Machine is working | η not working}/^ 

n = 0 

y Μ - η ρ (since if η are not working, 

n = o M n then M - η are working!) 

M 

Μ ρ 
= ι - Σ 

0 

where Σο* η^η is given by Equation (6.22). 

Example 6.14 (The M/M/l Queue): In the M/M/l queue λη = λ, 
μη = μ and thus, from Equation (6.20), 

(λ/μ)
η 

n
 ι + Σ:=Λλ/μ)

η 

= ^ J ( l - λ/μ), η > 0 

provided that λ/μ < 1. It is intuitive that λ must be less than μ for limiting 
probabilities to exist. For customers arrive at rate λ and are served at rate 
μ, and thus if λ > μ, then they arrive at a faster rate than they can be served 
and the queue size will go to infinity. The case λ = μ behaves much like the 
symmetric random walk of Section 4.3, which is null recurrent and thus has 
no limiting probabilities. • 

Example 6.15 Let us reconsider the shoeshine shop of Example 6.1, 
and determine the proportion of time the process is in each of the states 
0, 1, 2. As this is not a birth and death process (since the process can go 
directly from state 2 to state 0), we start with the balance equations for the 
limiting probabilities. 
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State Rate that the process leaves = rate that the process enters 

0 λΡ0 = μ2Ρ2 

1 μχΡχ = λΡ0 

2 μ2Ρ2 = μχΡχ 

Solving in terms of P0 yields 

Ρ 2 = έ ρ ° ' Pi=i\p° 

which implies, since P0 + Px + P2 = 1, that 

= 1 Po 
1
 Λ Λ 

1 + — + — 
Ml Vi 

or 

and 

ρ _ 
μχμ2 + λ(μχ + μ2) 

λμ2 

μχμ2 + λ(μχ + μ2) ' 

ρ — 
2 μχμ2 + λ(μχ + μ2) 

Example 6.16 Consider a set of η components along with a single 
repairman. Suppose that component / functions for an exponentially 
distributed time with rate A, and then fails: The time it then takes to repair 
component / is exponential with rate μ,, / = 1, . . . , η. Suppose that when 
there is more than one failed component the repairman always works on 
the most recent failure. For instance, if there are at present two failed 
components—say components one and two of which one has failed most 
recently—then the repairman will be working on component one. However, 
if component three should fail before one's repair is completed, then the 
repairman would stop working on component one and switch to component 
three (that is, a newly failed component preempts service). 

To analyze the preceding as a continuous-time Markov chain, the state 
must represent the set of failed components in the order of failure. That is, 
the state will be ix, i2, ..., ik if ix, i2, . . . , /* are the k failed components (all 
the other η - k being functional) with ix having been the most recent failure 
(and is thus presently being repaired), i2 the second most recent, and so on. 
As there are k\ possible orderings for a fixed set of k failed components and 
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y^j choices of that set, it follows that there are 

J.©*,%Ç„ôr^i"n,l.ïï 
possible states. 

The balance equations for the limiting probabilities are as follows: 

Κ + Σ t-i^Pih ,---,ik) = Σ P(*> h,---, ik)ßi + P(Ji4)^, 
7 = 1, . 7 = 1 , . . . , * 

Σ λιΡίΦ) = Σ P(i)ßi (6.23) 

where φ is the state when all components are working. The preceding 
equations follow because state ix,..., ik can be left either by a failure of any 
of the additional components or by a repair completion of component il. Also 
that state can be entered either by a repair completion of component / when 
the state is /, /Ί,..., ik or by a failure of component ix when the state is 

h, - - -, h -
However, if we take 

A; A; · · * A;, 
/»(/„.. . , y = - I I _ A ΆΡ(φ) (6.24) 

then it is easily seen that the equations (6.23) are satisfied. Hence, by 
uniqueness these must be the limiting probabilities with Ρ(φ) determined to 
make their sum equal 1. That is, 

1 + Σ ^ ^ y
- 1 

As an illustration, suppose η = 2 and so there are 5 states φ, 1,2, 12, 21. 
Then from the preceding we would have 

Ρ(Φ) = 

Ρ(Φ) = 
A ι A? 2A ι A? 

1 + — + — + — — 

Ρ(1) = ^ Ρ ( φ ) , 
Vi 

P(2) = 

P(1,2) = P(2, 1) = ^ Ρ ( φ ) 
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It is interesting to note, using (6.24), that given the set of failed components, 
each of the possible orderings of these components is equally likely. • 

6.6. Time Reversibility 

Consider a continuous-time Markov chain that is ergodic and let us consider 
the limiting probabilities P, from a different point of view than previously. 
If we consider the sequence of states visited, ignoring the amount of time 
spent in each state during a visit, then this sequence constitutes a discrete-
time Markov chain with transition probabilities Pu. Let us assume that this 
discrete-time Markov chain, called the embedded chain is ergodic and denote 
by π,· its limiting probabilities. That is, the π, are the unique solution of 

π, = Σ UjPji, all / 
j 

i 

Now since π, represents the proportion of transitions that take the process 
into state /, and as l/f, is the mean time spent in state / during a visit, it 
seems intuitive that Pi9 the proportion of time in state /, should be a 
weighted average of the π,· where π, is weighted proportionately to 1/ι>,. 
That is, it is intuitive that 

Pi = (6.25) 

To check the preceding, recall that the limiting probabilities Pt must satisfy 

Vi Pi = Σ PjQji* all / 

or equivalently, since Pu = 0 

ViPi= iPjVjPp, a l l / 
j 

Hence, for the Pt 's to be given by Equation (6.25), it would be necessary that 

π,· = Σ itjPji* all / 
j 

But this, of course, follows since it is in fact the defining equation for 
the T T / ' s . 

Suppose now that the continuous-time Markov chain has been in 
operation for a long time, and suppose that starting at some (large) time Τ 
we trace the process going backward in time. To determine the probability 
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structure of this reversed process, we first note that given we are in state / 
at some time—say /—the probability that we have been in this state for an 
amount of time greater than s is just e~Vi\ This is so, since 

Ρ {Process is in state / throughout [t - s9t] \X(t) = i] 

Ρ {Process is in state / throughout [/ - s, t]} 
= P[X(t) = 1} 

_ P{X(t - s) = i}e~ViS 

P\X(t) = i) 

= e~v's 

since for / large P{X(t - s) = i] = P{X(t) = i] = />. 
In other words, going backward in time, the amount of time the process 

spends in state / is also exponentially distributed with rate vt. In addition, 
as was shown in Section 4.7, the sequence of states visited by the reversed 
process constitutes a discrete-time Markov chain with transition probabilities 
Qu given by 

Hence, we see from the preceding that the reversed process is a continuous-
time Markov chain with the same transition rates as the forward-time 
process and with one-stage transition probabilities Qu. Therefore, the 
continuous-time Markov chain will be time reversible, in the sense that the 
process reversed in time has the same probabilistic structure as the original 
process, if the embedded chain is time reversible. That is, if 

TtiPu = njPji, for all ij 

Now using the fact that Ρ,· = (Ui/v^/Ç^jUj/Vj), we see that the preceding 
condition is equivalent to 

PiQij = PjQji> for al l / , j (6.26) 

Since Pt is the proportion of time in state / and is the rate when in state 
/ that the process goes to j , the condition of time reversibility is that the rate 
at which the process goes directly from state i to state j is equal to the rate 
at which it goes directly from j to i. It should be noted that this is exactly 
the same condition needed for an ergodic discrete-time Markov chain to be 
time reversible (see Section 4.7). 

An application of the preceding condition for time reversibility yields the 
following proposition concerning birth and death processes. 
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Proposition 6.5 An ergodic birth and death process is time reversible. 

Proof We must show that the rate at which a birth and death process 
goes from state / to state / + 1 is equal to the rate at which it goes from 
/ + 1 to /. Now in any length of time t the number of transitions from / to 
/ + 1 must equal to within 1 the number from / -h 1 to / (since between each 
transition from / to / + 1 the process must return to /, and this can only 
occur through / + 1, and vice versa). Hence, as the number of such tran-
sitions goes to infinity as t -> oo , it follows that the rate of transitions from 
/ to / + 1 equals the rate from / -h 1 to /'. • 

Proposition 6.5 can be used to prove the important result that the 
output process of an MI M/s queue is a Poisson process. We state this as a 
corollary. 

Corollary 6.6 Consider an M/M/s queue in which customers arrive in 
accordance with a Poisson process having rate A and are served by any 
one of s servers—each having an exponentially distributed service time 
with rate μ. If A < $μ, then the output process of customers departing is, 
after the process has been in operation for a long time, a Poisson process 
with rate A. 

Proof Let X(t) denote the number of customers in the system at time t. 
Since the M/M/s process is a birth and death process, it follows from 
Proposition 6.5 that [X(t)9 t > 0} is time reversible. Now going forward in 
time, the time points at which X(t) increases by 1 constitute a Poisson 
process since these are just the arrival times of customers. Hence, by time 
reversibility the time points at which the X(t) increases by 1 when we go 
backward in time also consistitute a Poisson process. But these latter points 
are exactly the points of time when customers depart. (See Figure 6.1.) 
Hence, the departure times constitute a Poisson process with rate A. • 

Xit) 

χ = times at which going backward in time, X{t) increases 

= times at which going forward in time, X(t) decreases 

Figure 6 . 1 . 
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We have shown that a process is time reversible if and only if 

PiQij = PjQji for all i * j 

Analogous to the result for discrete-time Markov chains, if one can find 
a probability vector Ρ that satisfies the preceding then the Markov chain is 
time reversible and the P f 's are the long run probabilities. That is, we have 
the following proposition. 

Proposition 6.7 If for some set {P,j 

Σ λ = Ι, P , > O 

and 

PiQij = PjQji for all i* j (6.27) 

then the continuous-time Markov chain is time reversible and PF represents 
the limiting probability of being in state /. 

Proof For fixed / we obtain upon summing (6.27) over all j :j ^ / 

Σ PiQij = Σ PjQji 
j*i j*i 

or, since Σ]*ί4υ
 = v

^ 

ViPi = Σ PjQji 
j*i 

Hence, the P,'s satisfy the balance equations and thus represent the limiting 
probabilities. As (6.27) holds, the chain is time reversible. • 

Example 6.17 Consider a set of η machines and a single repair facility 
to service them. Suppose that when machine /, / = 1 , n , goes down it 
requires an exponentially distributed amount of work with rate μ, to get it 
back up. The repair facility divides its efforts equally among all down 
components in the sense that whenever there are k down machines 
1 < k < η each receives work at a rate of l/k per unit time. Finally, 
suppose that each time machine / goes back up it remains up for an 
exponentially distributed time with rate A,. 

The preceding can be analyzed as a continuous-time Markov chain having 
2n states where the state at any time corresponds to the set of machines that 
are down at that time. Thus, for instance, the state will be (/\, / 2 , . . . , ik) when 
machines i l 9 / k are down and all the others are up. The instantaneous 
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transition rates are as follows: 

^(ίι,···.'*-ι).('ι.···.**)
 =

 ^ik* 

ik-0
 = ^k/k 

where il9...,ik are all distinct. This follows since the failure rate of 
machine ik is always kik and the repair rate of machine ik when there are k 
failed machines is ßik/k. 

Hence the time reversible equations (6.27) are 

or 

Ρ( /Ί , . . . , ik)ßik/k = P(ix,..., ik-i)Xi. 

kk: 
P(il9...9ik) = -±P(iu...9ik_x) 

ßik 

kk: (k - l)k: , 
— — P(ii,..., ik_2) upon iterating 

= k\U (λ,/μ,,)Ρ(φ) 
j= ι 

where φ is the state in which all components are working. As 

Ρ(φ) + ΣΡ((, i t) = 1 
we see that 

Ρ(φ) = 1 + Σ k\ Π (λ,/μ,,) (6.28) 

where the above sum is over all the 2n - 1 nonempty subsets {/\,..., ik] of 
{1, 2 , n } . Hence as the time reversible equations are satisfied for this 
choice of probability vector it follows from Proposition 6.7 that the chain 
is time reversible and 

p(il9...,ik) = ki Π ί ν ^ ί Φ ) 
j= ι with Ρ (φ) being given by (6.28). 

For instance, suppose there are two machines. Then, from the preceding 
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we would have 

Ρ(Φ) = 1 + λ1/μί + λ2/μ2 + 2λιλ2/μίμ2 ' 

P(l) = 
λί/μ1 

Ρ(2) = 

1 + λχ/μχ + λ2/μ2 + 2λ1λ2/μίμ2 ' 

λ2/μ2 

1 + λι/μί + λ 2 / μ 2 + 2λ1λ2/μιμ2 ' 

^(1,2) = 
2Α j Α2 

• μχμ2[\ + + λ2/μ2 + 2ΑΧ Α2///!//2] 

Consider a continuous-time Markov chain whose state space is S. We say 
that the Markov chain is truncated to the set A C S if qi} is changed to 0 for 
all i e AJ $ A. That is, transitions out of the class A are no longer allowed, 
whereas ones in A continue at the same rates as before. A useful result is 
that if the chain is time reversible, then so is the truncated one. 

Proposition 6.8 A time reversible chain with limiting probabilities Pj9 

j e S, that is truncated to the set A C S and remains irreducible is also time 
reversible and has limiting probabilities Pf given by 

Proof By Proposition 6.7 we need to show that, with Pf as given before, 

P?Qij = PfQji for ieAJeA 

or, equivalently, 

Ptqu = Pjqß for i e A, j e A 

But this follows since the original chain is, by assumption, time reversible. • 

Example 6.18 Consider an M/M/l queue in which arrivals finding Ν 
in the system do not enter. This finite capacity system can be regarded as a 
truncation of the M/M/l queue to the set of states A = { 0 , 1 , . . . , N\. Since 
the number in the system in the M/M/l queue is time reversible and has 
limiting probabilities Pj = (λ/μΥ(1 - λ/μ) it follows from Proposition 6.8 
that the finite capacity model is also time reversible and has limiting 
probabilities given by 

JeA 
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6.7. Uniformization 

Consider a continuous-time Markov chain in which the mean time spent in 
a state is the same for all states. That is, suppose that v-t = v9 for all states /. 
In this case since the amount of time spent in each state during a visit is 
exponentially distributed with rate v, it follows that if we let N(t) denote the 
number of state transitions by time t, then [N(t), t > 0} will be a Poisson 
process with rate υ. 

To compute the transition probabilities P#(0> we can condition on N(t): 

Pu(t) = P{X(t)=j\X(0) = i} 
OO 

= Σ P[X(t) = j\X(0) = ι, N(t) = n]P{N(t) = n\X(0) = i] 
n = 0 

(vt)n 

= Σ P[X(t)=j\X(0) = /, N(t) = n}e-vtK-j-
n = o nl 

Now the fact that there have been η transitions by time t tells us something 
about the amounts of time spent in each of the first η states visited, but 
since the distribution of time spent in each state is the same for all states, it 
follows that knowing that N(t) = η gives us no information about which 
states were visited. Hence, 

P[X(t) = j\X(0) = ι, N(t) = n}= P?j 

where P/J is just the rt-stage transition probability associated with the 
discrete-time Markov chain with transition probabilities and so when 
vt = ν 

PiAO= Σ P ^ ' ^ - f (6.29) 

Equation (6.29) is quite useful from a computational point of view since 
it enables us to approximate P/,(0 by taking a partial sum and then com-
puting (by matrix multiplication of the transition probability matrix) the 
relevant η stage probabilities P,". 

Whereas the applicability of Equation (6.29) would appear to be quite 
limited since it supposes that ι;,· = t>, it turns out that most Markov chains 
can be put in that form by the trick of allowing fictitious transitions from 
a state to itself. To see how this works, consider any Markov chain for 
which the vt are bounded, and let ν be any number such that 

Vi < υ, for all / (6.30) 

Now when in state /, the process actually leaves at rate vt; but this is 
equivalent to supposing that transitions occur at rate v, but only the 
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fraction υ^υ of transitions are real ones (and thus real transitions occur at 
rate v{) and the remaining fraction 1 - vt/v are fictitious transitions which 
leave the process in state i. In other words, any Markov chain satisfying 
Condition (6.30) can be thought of as being a process that spends an 
exponential amount of time with rate ν in state / and then makes a transi-
tion to j with probability P*j9 where 

j = i 

(6.31) 

Hence, from Equation (6.29) we have that the transition probabilities can 
be computed by 

PiAt) = Σ P T e - v , { ^ r 
n = 0

 m 

where P-j are the w-stage transition probabilities corresponding to Equation 
(6.31). This technique of uniformizing the rate in which a transition occurs 
from each state by introducing transitions from a state to itself is known as 
uniformization. 

Example 6.19 Let us reconsider Example 6.10, which models the 
workings of a machine—either on or off—as a two-state continuous-time 
Markov chain with 

Poi = Ρ ίο = 1> 

v0 = Α, υλ = μ 

Letting υ = λ + μ, the uniformized version of the preceding is to consider 
it a continuous-time Markov chain with 

ρ ι - Ρ 
Ρ ι ο ~ λ + μ - 1 Ρ η' 

Vi; = λ + μ, / = 1, 2 

As Ρ 0 0 = Ρί0, it follows that the probability of a transition into state 0 is 
equal to μ/(λ + μ) no matter what the present state. As a similar result is 
true for state 1, it follows that the «-stage transition probabilities are 
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given by 

λ+μ' 
Pîo = T^—> /ι ^ 1,1 = 0,1 

Pix = τ^—, /ι ^ 1 , / = 0,1 
A + μ 

Hence, 

= (λ+,)( y f μ \ ^,Κλ + μ)ί]" 
+ ^ ι \ λ + μ ) 6 η\ 

= β- ( λ + Μ) ί + [j _ e-ft+#o«]_iL_ 
λ + μ 

JL_ +

 Α

 C-(X+(.)< 

Similarly, 

A + μ Α + μ 

Λ.(0= Σ Λ ν - ^ " [ ( Α + ^ ] " 

« = ο λ ! 

= g-CX+M)/ + [! _ £-<λ + Μ>']_ 
Α + μ 

Α + μ Α + μ 

The remaining probabilities are 

P01(0 = 1 - PooiO = T T - H - β - ( λ + / 0' ] 

Λο(0 = ι - Λι(0 = r i - 1 1 - β _ ( λ + , , )' ] • 
Λ + μ 

Example 6.20 Consider the two-state chain of Example 6.19 and 
suppose that the initial state is state 0. Let O(0 denote the total amount of 
time that the process is in state 0 during the interval (0,0· The random 
variable O(0 is often called the occupation time. We will now compute 
its mean. 
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If we let 

1, iîX(s) = 0 
I ( S ) - [0, if X(s) = 1 

then we can represent the occupation time by 

0(t) = j I(s) ds 

Taking expectations and using the fact that we can take the expectation 
inside the integral sign (since integral is basically a sum), we obtain 

E[0(t)] = ^E[I(s)]ds 

= j P{X(s) = 0) ds 

= ^P00(s)ds 

μ
 t + - (1 - e - ^ + ^ ' i 

where the final equality follows by integrating 

λ Η- μ λ + μ 

(For another derivation of E[0(t)], see Exercise 38.) • 

6.8. Computing the Transition Probabilities 

For any pair of states / and j , let 

i f /*. / 
if i=j 

Using this notation, we can rewrite the Kolmogorov backward equations 

P'iAt) = Σ QikPkJ(t) - ν,Ρυ(θ 

and the forward equations 

Pljit) = Σ QkjPik«) - OjPu(t) 
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as follows: 

Plj(t) = Σ rikPkj(t) (backward) 
k 

Piß) = Σ rkjPik(t) (forward) 
k 

This representation is especially revealing when we introduce matrix 
notation. Define the matrices R, P( i) , and P'(t) by letting the element in 
row /, column j of these matrices be, respectively, rij9 Pij(t), and Plj(t). 
Since the backward equations say that the element in row /, column j of the 
matrix P ' ( / ) can be obtained by multiplying the /th row of the matrix R by 
the jth column of the matrix P(0, it is equivalent to the matrix equation 

P'(0 = RP(0 (6.32) 

Similarly, the forward equations can be written as 

P'(0 = P(0R (6.33) 

Now, just as the solution of the scalar differential equation 

fV) = cf(t) 

(or, equivalent,/ '(O = f(t)c) is 

f(t)=f(0)ect 

it can be shown that the solution of the matrix differential Equations (6.32) 
and (6.33) is given by 

P(0 = P(0)eRt 

Since P(0) = I (the identity matrix), this yields that 

P(0 = eRt (6.34) 

where the matrix eRt is defined by 

e*< = Σ R " ^ (6.35) 

with Rn being the (matrix) multiplication of R by itself η times. 
The direct use of Equation (6.35) to compute P(0 turns out to be very 

inefficient for two reasons. First, since the matrix R contains both positive 
and negative elements (remember the off-diagonal elements are the while 
the /th diagonal element is - f f ) , there is the problem of computer round-off 
error when we compute the powers of R. Second, we often have to compute 
many of the terms in the infinite sum (6.35) to arrive at a good approxi-
mation. However, there are certain indirect ways that we can utilize the 
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relation (6.34) to efficiently approximate the matrix P ( / ) . We now present 
two of these methods. 

Approximation Method 1 Rather than using (6.34) to compute eRt, 
we can use the matrix equivalent of the identity 

ex = lim 1 + 

which states that 

eKt = lim ( I + R
 X 

Thus, if we let η be a power of 2, say η = 2k, then we can approximate 
P ( / ) by raising the matrix Μ = I + Rt/n to the nth power, which can be 
accomplished by k matrix multiplications (by first multiplying M by itself 
to obtain M 2 and then multiplying that by itself to obtain M 4 and so on). 
In addition, since only the diagonal elements of R are negative (and the 
diagonal elements of the identity matrix I are equal to 1) by choosing η large 
enough, we can guarantee that the matrix I + Rt/n has all nonnegative 
elements. 

Approximation Method 2 
uses the identity 

A second approach to approximating e Rt 

-Rt = lim I - R 

- I - R - for η large 

and thus 

P(i) = e

R t
 « ( I - R 

Hence, if we again choose η to be a large power of 2, say η = 2k, we can 
approximate P ( / ) by first computing the inverse of the matrix I - Rt/n and 
then raising that matrix to the nth power (by utilizing k matrix multiplica-
tions). It can be shown that the matrix I - Rt/n will have only nonnegative 
elements. 

Remark Both of the above computational approaches for approximating 
P ( 0 have probabilistic interpretations (see Exercises 41 and 42). 
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Exercises 

1 . A population of organisms consists of both male and female members. 
In a small colony any particular male is likely to mate with any particular 
female in any time interval of length A, with probability A A + o(A). Each 
mating immediately produces one offspring, equally likely to be male or 
female. Let Nx(t) and N2(t) denote the number of males and females in the 
population at t. Derive the parameters of the continuous-time Markov 
chain [Nx(t)9 N2(t)}9 i.e., the vi9 Ρ„ of Section 6.2. 

*2 . Suppose that a one-celled organism can be in one of two states—either 
A or B. An individual in state A will change to state Β at an exponential 
rate a; an individual in state Β divides into two new individuals of type A 
at an exponential rate /?. Define an appropriate continuous-time Markov 
chain for a population of such organisms and determine the appropriate 
parameters for this model. 

3. Consider two machines that are maintained by a single repairman. 
Machine / functions for an exponential time with rate μ, before breaking 
down, / = 1,2. The repair times (for either machine) are exponential with 
rate μ. Can we analyze this as a birth and death process? If so, what are the 
parameters? If not, how can we analyze it? 

*4. Potential customers arrive at a single-server station in accordance 
with a Poisson process with rate A. However, if the arrival finds η customers 
already in the station, then he will enter the system with probability an. 
Assuming an exponential service rate μ, set this up as a birth and death 
process and determine the birth and death rates. 

5. There are Ν individuals in a population, some of whom have a certain 
infection that spreads as follows. Contacts between two members of this 
population occur in accordance with a Poisson process having rate A. When 

a contact occurs, it is equally likely to involve any of the i l pairs of 

individuals in the population. If a contact involves an infected and a 
noninfected individual, then with probability ρ the noninfected individual 
becomes infected. Once infected, an individual remains infected throughout. 
Let X(t) denote the number of infected members of the population at time /. 

(a) Is W O , t > 0) a continuous-time Markov chain? 
(b) Specify the type of stochastic process it is. 
(c) Starting with a single infected individual, what is the expected time 
until all members are infected? 
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6. Consider a birth and death process with birth rates λ,· = (/ + 1)A, 
/ > 0, and death rates μ, = /μ, / > 0. 

(a) Determine the expected time to go from state 0 to state 4. 
(b) Determine the expected time to go from state 2 to state 5. 
(c) Determine the variances in parts (a) and (b). 

*7 . Individuals join a club in accordance with a Poisson process with 
rate A. Each new member must pass through k consecutive stages to become 
a full member of the club. The time it takes to pass through each stage 
is exponentially distributed with rate μ. Let Ν((ί) denote the number of 
club members at time / that have passed through exactly / stages, / = 
1 AT — 1. Also, let N ( 0 = (Nx(t),N2(t), ...,Nk_x(t)). 

(a) Is {N(0, / > 0} a continuous-time Markov chain? 
(b) If so, give the infinitesimal transition rates. That is, for any state 
η = («!,..., nk_x) give the possible next states along with their infinitesi-
mal rates. 

8. Consider two machines, both of which have an exponential lifetime 
with mean 1/A. There is a single repairman that can service machines at an 
exponential rate μ. Set up the Kolmogorov backward equations; you need 
not solve them. 

9. The birth and death process with parameters λη = 0 and μη = μ, η > 0 
is called a pure death process. Find Ρ^·(Ο-
ΙΟ. Consider two machines. Machine / operates for an exponential time 
with rate A, and then fails; its repair time is exponential with rate μ,, / = 1, 2. 
The machines act independently of each other. Define a four-state 
continuous-time Markov chain which jointly describes the condition of the 
two machines. Use the assumed independence to compute the transition 
probabilities for this chain and then verify that these transition probabilities 
satisfy the forward and backward equations. 

Consider a Yule process starting with a single individual—that is, 
suppose X(0) = 1. Let Tt denote the time it takes the process to go from a 
population of size / to one of size / + 1. 

(a) Argue that Ti9 / = l , . . . , y , are independent exponentials with 
respective rates /A. 
(b) Let Xx,..., Xj denote independent exponential random variables 
each having rate A, and interpret Xt as the lifetime of component /. Argue 
that max (Xx,..., Xj) can be expressed as 

m a x t A ^ , X j ) = εχ + ε2 + · · · + β,· 
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where εχ, ε2, . . . , ε,· are independent exponentials with respective rates y'A, 
U- 1)A,...,A. 

Hint: Interpret ε, as the time between the / - 1 and the /th failure. 

(c) Using (a) and (b) argue that 

P{TX + ··· + Tj < *} = (1 - e~xt)J 

(d) Use (c) to obtain that 

Pv(t) = (1 - e-
xt
)

j
-

1
 - (1 - <Γ

Λ
' )

7
' = e~

x
\\ - e-

xt
)

j
-

x 

and hence, given A^O) = 1, X(t) has a geometric distribution with 
parameter ρ = e~Xt. 
(e) Use (d) to obtain that 

Hint: What is the distribution of the sum of / independent geometries 
each having parameter pi 

12. Each individual in a biological population is assumed to give birth at 
an exponential rate A, and to die at an exponential rate μ. In addition, there 
is an exponential rate of increase θ due to immigration. However, immi-
gration is not allowed when the population size is Ν or larger. 

(a) Set this up as a birth and death model. 
(b) If Ν = 3, 1 = θ = Α, μ = 2, determine the proportion of time that 
immigration is restricted. 

13. A small barbershop, operated by a single barber, has room for at 
most two customers. Potential customers arrive at a Poisson rate of three 
per hour, and the successive service times are independent exponential 
random variables with mean j hour. What is 

(a) the average number of customers in the shop? 
(b) the proportion of potential customers that enter the shop? 
(c) If the barber could work work twice as fast, how much more business 
would he do? 

14. Potential customers arrive at a full-service, one-pump gas station at a 
Poisson rate of 20 cars per hour. However, customers will only enter the 
station for gas if there are no more than two cars (including the one 
currently being attended to) at the pump. Suppose the amount of time 
required to service a car is exponentially distributed with a mean of five 
minutes. 
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(a) What fraction of the attendant's time will be spent servicing cars? 
(b) What fraction of potential customers are lost? 

15. A service center consists of two servers, each working at an exponential 
rate of two services per hour. If customers arrive at a Poisson rate of three 
per hour, then, assuming a system capacity of at most three customers, 

(a) what fraction of potential customers enter the system? 
(b) what would the value of (a) be if there was only a single server, and 
his rate was twice as fast (that is, μ = 4)? 

*16. The following problem arises in molecular biology. The surface 
of a bacterium is supposed to consist of several sites at which foreign 
molecules—some acceptable and some not—become attached. We consider 
a particular site and assume that molecules arrive at the site according to a 
Poisson process with parameter A. Among these molecules a proportion a 
is acceptable. Unacceptable molecules stay at the site for a length of time 
which is exponentially distributed with parameter μι, whereas an acceptable 
molecule remains at the site for an exponential time with rate μ2. An 
arriving molecule will become attached only if the site is free of other 
molecules. What percentage of time is the site occupied with an acceptable 
(unacceptable) molecule? 

17. Each time a machine is repaired it remains up for an exponentially 
distributed time with rate A. It then fails, and its failure is either of two 
types. If it is a type 1 failure, then the time to repair the machine is 
exponential with rate μι ; if it is a type 2 failure, then the repair time is 
exponential with rate μ2. Each failure is, independently of the time it took 
the machine to fail, a type 1 failure with probability ρ and a type 2 failure 
with probability 1 - p. What proportion of time is the machine down due 
to a type 1 failure? What proportion of time is it down due to a type 2 
failure? What proportion of time is it up? 

18. After being repaired, a machine functions for an exponential time 
with rate A and then fails. Upon failure, a repair process begins. The repair 
process proceeds sequentially through k distinct phases. First a phase 1 
repair must be performed, then a phase 2, and so on. The times to complete 
these phases are independent, with phase / taking an exponential time with 
rate μ,, / = 1, . . . , A:. 

(a) What proportion of time is the machine undergoing a phase / repair? 
(b) What proportion of time is the machine working? 

19. A single repairperson looks after both machines 1 and 2. Each time 
it is repaired, machine / stays up for an exponential time with rate A z , 
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/ = 1,2. When machine / fails, it requires an exponentially distributed 
amount of work with rate μ, to complete its repair. The repairperson will 
always service machine 1 when it is down. For instance, if machine 1 fails 
while 2 is being repaired, then the repairperson will immediately stop work 
on machine 2 and start on 1. What proportion of time is machine 2 down? 

20. There are two machines, one of which is used as a spare. A working 
machine will function for an exponential time with rate A and will then fail. 
Upon failure, it is immediately replaced by the other machine if that one 
is in working order, and it goes to the repair facility. The repair facility 
consists of a single person who takes an exponential time with rate μ to 
repair a failed machine. At the repair facility, the newly failed machine 
enters service if the repairperson is free. If the repairperson is busy, it waits 
until the other machine is fixed. At that time, the newly repaired machine 
is put in service and repair begins on the other one. Starting with both 
machines in working condition, find 

(a) the expected value and 

(b) the variance 

of the time until both are in the repair facility. 

(c) In the long run, what proportion of time is there a working machine? 

2 1 . Suppose that when both machines are down in Exercise 20 a second 
repairperson is called in to work on the newly failed one. Suppose all repair 
times remain exponential with rate μ. Now find the proportion of time at 
least one machine is working, and compare your answer with the one 
obtained in Exercise 20. 

22. Customers arrive at a single server queue in accordance with a Poisson 
process having rate A. However, an arrival that finds η customers already in 
the system will only join the system with probability \/(n + 1). That is, with 
probability n/(n + 1) such an arrival will not join the system. Show that the 
limiting distribution of the number of customers in the system is Poisson 
with mean Α/μ. 

23. A job shop consists of three machines and two repairmen. The 
amount of time a machine works before breaking down is exponentially 
distributed with mean 10. If the amount of time it takes a single repairman 
to fix a machine is exponentially distributed with mean 8, then 

(a) what is the average number of machines not in use? 
(b) what proportion of time are both repairmen busy? 
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*24. Consider a taxi station where taxis and customers arrive in 
accordance with Poisson processes with respective rates of one and two per 
minute. A taxi will wait no matter how many other taxis are present. 
However, if an arriving customer does not find a taxi waiting, he leaves. 
Find 

(a) the average number of taxis waiting, and 
(b) the proportion of arriving customers that get taxis. 

25. Customers arrive at a service station, manned by a single server who 
serves at an exponential rate μχ, at a Poisson rate A. After completion of 
service the customer then joins a second system where the server serves at an 
exponential rate μ2. Such a system is called a tandem or sequential queueing 
system. Assuming that A < μ,, / = 1,2, determine the limiting probabilities. 

Hint: Try a solution of the form Pnm = Canßm, and determine C, α, β. 

26. Consider an ergodic M/M/s queue in steady state (that is, after a long 
time) and argue that the number presently in the system is independent of 
the sequence of past departure times. That is, for instance, knowing that 
there have been departures 2, 3, 5, and 10 time units ago does not affect the 
distribution of the number presently in the system. 

27. In the M/M/s queue if you allow the service rate to depend on the 
number in the system (but in such a way so that it is ergodic), what can you 
say about the output process? What can you say when the service rate μ 
remains unchanged but A > 5μ? 

*28. If [X(t)} and {Y(t)} are independent continuous-time Markov chains, 
both of which are time reversible, show that the process {A^O, Y(t)] is also 
a time reversible Markov chain. 

29. Consider a set of η machines and a single repair facility to service 
these machines. Suppose that when machine /, / = 1, n, fails it requires 
an exponentially distributed amount of work with rate μ, to repair it. The 
repair facility divides its efforts equally among all failed machines in the 
sense that whenever there are k failed machines each one receives work at a 
rate of \/k per unit time. If there are a total of r working machines, 
including machine /, then / fails at an instantaneous rate A f / r . 

(a) Define an appropriate state space so as to be able to analyze the 
above system as a continuous-time Markov chain. 
(b) Give the instantaneous transition rates (that is, give the q^). 
(c) Write the time reversibility equations. 
(d) Find the limiting probabilities and show that the process is time 
reversible. 
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30. Consider a graph with nodes 1,2, — , Λ and the y^J arcs ('»./)> 
i ^ J>iJ> = 1» . . . , Λ . (See Section 3.6.2 for appropriate definitions.) 
Suppose that a particle moves along this graph as follows: Events occur 
along the arcs (ij) according to independent Poisson processes with rates 
kij. An event along arc (ij) causes that arc to become excited. If the 
particle is at node / at the moment that (ij) becomes excited, it instan-
taneously moves to node j ; i,j = 1 , n . Let Pj denote the proportion of 
time that the particle is at node j . Show that 

Hint: Use time reversibility. 

3 1 . A total of Ν customers move about among r servers in the following 
manner. When a customer is served by server /, he then goes over to server 
j9j ?± /, with probability \/(r - 1). If the server he goes to is free, then the 
customer enters service; otherwise he joins the queue. The service times are 
all independent, with the service times at server / being exponential with rate 
/ / , · , /= 1 , . . . , r. Let the state at any time be the vector (nx,..., nr), where nt 

is the number of customers presently at server /, / = 1, ...,/*, Σίni = N. 

(a) Argue that if X(t) is the state at time then {^(0, t > 0} is a 
continuous-time Markov chain. 
(b) Give the infinitesimal rates of this chain. 
(c) Show that this chain is time reversible, and find the limiting 
probabilities. 

32. Customers arrive at a two-server station in accordance with a Poisson 
process having rate k. Upon arriving, they join a single queue. Whenever a 
server completes a service, the person first in line enters service. The service 
times of server / are exponential with rate μ , · , /= 1, 2, where μλ + μ2 > k. 
An arrival finding both servers free is equally likely to go to either one. 
Define an appropriate continuous-time Markov chain for this model, show 
it is time reversible, and find the limiting probabilities. 

*33. Consider two M/M/l queues with respective parameters ki9 μ,, 
/ = 1,2. Suppose they share a common waiting room that can hold at 
most 3 customers. That is, whenever an arrival finds his server busy and 3 
customers in the waiting room, then he goes away. Find the limiting 
probability that there will be η queue 1 customers and m queue 2 customers 
in the system. 

Hint: Use the results of Exercise 28 together with the concept of 
truncation. 
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34. Four workers share an office that contains four telephones. At any 
time, each worker is either "working" or "on the phone." Each "working" 
period of worker / lasts for an exponentially distributed time with rate λί9 

and each "on the phone" period lasts for an exponentially distributed time 
with rate μ,, / = 1, 2 , 3 , 4 . 

(a) What proportion of time are all workers "working"? 
Let X i ( t ) equal 1 if worker / is working at time t, and let it be 0 otherwise. 
Let X ( 0 = (Xl(t),X2(t),X3(t),X4(t)). 
(b) Argue that [X(t)9 t > 0 } is a continuous-time Markov chain and give 
its infinitesimal rates. 
(c) Is [X(t)} time reversible? Why or why not? 

Suppose now that one of the phones has broken down. Suppose that a 
worker who is about to use a phone but finds them all being used begins a 
new "working" period. 

(d) What proportion of time are all workers "working"? 

35. Consider a time reversible continuous-time Markov chain having 
infinitesimal transition rates qu and limiting probabilities {/>•}. Let A denote 
a set of states for this chain, and consider a new continuous-time Markov 
chain with transition rates qfj given by 

where c is an arbitrary positive number. Show that this chain remains time 
reversible, and find its limiting probabilities. 

36. Consider a system of η components such that the working times of 
component /, / = 1 , n , are exponentially distributed with rate A ;. When 
failed, however, the repair rate of component / depends on how many other 
components are down. Specifically, suppose that the instantaneous repair 
rate of component /, / = Ι , . , . , Λ , when there are a total of k failed 
components, is α*μ,·. 

(a) Explain how we can analyze the preceding as a continuous-time 
Markov chain. Define the states and give the parameters of the chain. 
(b) Show that, in steady state, the chain is time reversible and compute 
the limiting probabilities. 

37. For the continuous-time Markov chain of Exercise 3 present a 
uniformized version. 

if ieA9j $A 
otherwise 
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38. In Example 6.20, we computed m(t) = E[0(t)], the expected occupa-
tion time in state 0 by time t for the two-state continuous-time Markov 
chain starting in state 0. Another way of obtaining this quantity is by 
deriving a differential equation for it. 

(a) Show that 

m(t + h) = m(t) + P00(t)h + o(h) 

(b) Show that 

(c) Solve for m(t). 

m\t) = - ^ - + -^—e-^)t 

λ + μ λ + μ 

39. Let 0(t) be the occupation time for state 0 in the two-state continuous-
time Markov chain. Find E[O(t)\X(0) = 1]. 

4 0 . Consider the two-state continuous-time Markov chain. Starting in 
state 0, find Cov[X(s), X(t)]. 

4 1 . Let Y denote an exponential random variable with rate λ that is 
independent of the continuous-time Markov chain [X(t)} and let 

Pu = PiX(Y)=j\X(0) = i} 

(a) Show that 

where is 1 when / = j and 0 when / * j . 
(b) Show that the solution of the preceding set of equations is given by 

Ρ = (I - R / A ) "
1 

where Ρ is the matrix of elements PU91 is the identity matrix, and R the 
matrix specified in Section 6.8. 
(c) Suppose now that Yt,..., Yn are independent exponentials with rate λ 
that are independent of {^(0). Show that 

P{jf(yi + - + y n)=y|jf(0) = /j 

is equal to the element in row /, column j of the matrix P \ 
(d) Explain the relationship of the preceding to Approximation 2 of 
Section 6.8. 
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*42. (a) Show that Approximation 1 of Section 6.8 is equivalent to 
uniformizing the continuous-time Markov chain with a value υ such that 
vt = η and then approximating Py{t) by P-j

n
. 

(b) Explain why the preceding should make a good approximation. 

Hint: What is the standard deviation of a Poisson random variable with 
mean nl 
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Chapter 7 
Renewal Theory and 

Its Applications 

7.1 . Introduction 

We have seen that a Poisson process is a counting process for which the 
times between successive events are independent and identically distributed 
exponential random variables. One possible generalization is to consider a 
counting process for which the times between successive events are inde-
pendent and identically distributed with an arbitrary distribution. Such a 
counting process is called a renewal process. 

Let [N(t)> t > 0} be a counting process and let Xn denote the time 
between the (n - l)st and the nth event of this process, η > 1. 

Definition 7.1 If the sequence of nonnegative random variables 
[Xx X2,...} is independent and identically distributed, then the counting 
process [N(t)9 t > 0} is said to be a renewal process. 

Thus, a renewal process is a counting process such that the time until the 
first event occurs has some distribution F, the time between the first and 
second event has, independently of the time of the first event, the same 
distribution F, and so on. When an event occurs, we say that a renewal has 
taken place. 

For an example of a renewal process, suppose that we have an infinite 
supply of lightbulbs whose lifetimes are independent and identically dis-
tributed. Suppose also that we use a single lightbulb at a time, and when it 
fails we immediately replace it with a new one. Under these conditions, 

303 
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5 3 Time 

Figure 7 .1 . 

{N(t), t > 0} is a renewal process when N(t) represents the number of 
lightbulbs that have failed by time t. 

For a renewal process having interarrivai times Xl, X2,..., let 

η 

s0 = o, s„ = Σ » * ι 
/'= 1 

That is, Si = Xx is the time of the first renewal; S2 = X\ + X2 is the time 
until the first renewal plus the time between the first and second renewal, 
that is, S2 is the time of the second renewal. In general, Sn denotes the time 
of the nth renewal (see Figure 7.1). 

We shall let F denote the inter arrival distribution and to avoid trivialities, 
we assume that F(0) = P[Xn = 0} < 1. Furthermore, we let 

μ = E[Xn], η > 1 

be the mean time between successive renewals. It follows from the non-
negativity of Xn and the fact that Xn is not identically 0 that μ > 0. 

The first question we shall attempt to answer is whether an infinite 
number of renewals can occur in a finite amount of time. That is, can N(t) 
be infinite for some (finite) value of tl To show that this cannot occur, we 
first note that, as Sn is the time of the nth renewal, N(t) may be written as 

N(t) = max{A2:Sw < t] (7.1) 

To understand why Equation (7.1) is valid, suppose, for instance, that 
S4 < t but S5 > t. Hence, the fourth renewal had occurred by time / but the 
fifth renewal occurred after time t; or in other words, N(t), the number of 
renewals that occurred by time t, must equal 4. Now by the strong law of 
large numbers it follows that, with probability 1, 

Sn 

— -• μ as η oo 
η 

But since μ > 0 this means that Sn must be going to infinity as η goes to 
infinity. Thus, Sn can be less than or equal to t for at most a finite number 
of values of n, and hence by Equation (7.1), N(t) must be finite. 

However, though N(t) < oo for each t, it is true that, with probability 1, 

7V(oo) = lim N(t) = oo 
ί - > ο ο 
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This follows since the only way in which N(oo), the total number of 
renewals that occur, can be finite is for one of the interarrivai times to be 
infinite. Therefore, 

P{7V(oo) < 00} = P{Xn = 00 for some n] 

U= 1 

00 

< Σ P\x„ = » I 
η = 1 

= 0 

7.2. Distribution of N(t) 

The distribution of N(t) can be obtained, at least in theory, by first noting 
the important relationship that the number of renewals by time t is greater 
than or equal to η if and only if the nth renewal occurs before or at time t. 
That is, 

N(t) >n<*Sn<t (7.2) 

From Equation (7.2) we obtain 

P{N(t) = n} = P[N(t) > n] - P[N(t) > η + 1} 

= P{Sn < t] - P{Sn+l < t) (7.3) 

Now since the random variables Xi9 i > 1, are independent and have a 
common distribution F, it follows that Sn = ΣΊ=\Χΐ is distributed as Fn9 

the A2-fold convolution of F with itself (Section 2.5). Therefore, from 
Equation (7.3) we obtain 

P{N(t) = n}= Fn(t) - Fn+l(t) 

Example 7.1 Suppose that P[Xn = i] = p(\ - pY~\ i > 1. That is, 
suppose that the interarrivai distribution is geometric. Now Sj = Xl may be 
interpreted as the number of trials necessary to get a single success when 
each trial is independent and has a probability ρ of being a success. 
Similarly, Sn may be interpreted as the number of trials necessary to attain 
η successes, and hence has the negative binomial distribution 

^jpn(l - p)k~\ k>n 

k < η 

P{Sn = k] = η 

v0, 
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Thus, from Equation (7.3) we have that 
1,1 ik - \\ 

P[N(t) = /!}=£( )p"(l - pf-» 

- Σ (k ~ l)p"+1(i - ρ)"—1 

k = n+l \
 n

 / 

Equivalently, since an event independently occurs with probability ρ at each 
of the times 1, 2 , . . . 

P{N(t) = η = (^^ρη(\ -p)lt]~n 

By using Equation (7.2) we can calculate m(t), the mean value of N(t), as 

m(t) = E[N(t)] 
00 

= Σ PiNU) * n] 
η = 1 

oo 

= Σ P{Sn ^ t) 
η = 1 

oo 

= Σ Pn(0 
η — I 

where we have used the fact that if X is nonnegative and integer valued, then 
oo oo k 

E[X] = Σ kP[X = k) = Σ Σ P{X = k) 
k=l k=1n=1 

= Σ Σ PIX = k] = Σ P\X^ η) 
η = 1 k = η η = I 

The function m(t) is known as the mean-value or the renewal function. 
It can be shown that the mean-value function m(t) uniquely determines 

the renewal process. Specifically, there is a one-to-one correspondence 
between the interarrivai distributions F and the mean-value functions m(t). 

Example 7.2 Suppose we have a renewal process whose mean-value 
function is given by 

m(t) = It, t > 0 

What is the distribution of the number of renewals occurring by time 10? 

Solution: Since m(t) = 2t is the mean-value function of a Poisson 
process with rate 2, it follows, by the one-to-one correspondence of 
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interarrivai distributions F and mean-value functions m(t), that F must 
be exponential with mean \ . Thus, the renewal process is a Poisson 
process with rate 2 and hence 

Another interesting result that we state without proof is that 

Remarks (i) Since m(t) uniquely determines the interarrivai distribu-
tion, it follows that the Poisson process is the only renewal process having 
a linear mean-value function. 

(ii) Some readers might think that the finiteness of m(t) should follow 
directly from the fact that, with probability 1, N(t) is finite. However, such 
reasoning is not valid, for consider the following: Let F be a random 
variable having the following probability distribution 

Now, 

But 

Hence, even when Y is finite, it can still be true that E[Y] = <x>. 

An integral equation satisfied by the renewal function can be obtained by 
conditioning on the time of the first renewal. Assuming that the interarrivai 
distribution F is continuous with density function / this yields 

(7.4) 

Now suppose that the first renewal occurs at a time χ that is less than /. 
Then, using the fact that a renewal process probabilistically starts over 
when a renewal occurs, it follows that the number of renewals by time t 
would have the same distribution as 1 plus the number of renewals in the 
first t - χ time units. Therefore, 

with probability 

for all 
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Since, clearly 

E[N(t)\XX = x] = 0 when χ > t 

we obtain from (7.4) that 

m(t) = \ [1 + m(t - x)]f(x) dx ο 

= F(t) + j m(t - x)f(x)dx (7.5) 

Equation (7.5) is called the renewal equation and can sometimes be solved 
to obtain the renewal function. 

Example 7.3 One instance in which the renewal equation can be solved 
is when the interarrivai distribution is uniform—say uniform on (0, 1). We 
will now present a solution in this case when t < 1. For such values of t, the 
renewal function becomes 

m(t) = t + j m(t - x)dx 

= t + j m(y) dy by the substitution y = t - χ 

Differentiating the preceding equation yields 

m'(t) = 1 + m(t) 

Letting h(t) = 1 + m(t), we obtain 

h'{t) = h(t) 

or 
log h(t) = t + C 

or 
hit) = Ké 

or 

m(t) = Ké - 1 

Since m(0) = 0, we see that Κ - 1, and so we obtain 

m(t) = é - 1, 0 < t < 1 • 
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7.3. Limit Theorems and Their Applications 

We have shown previously that, with probability 1, N(t) goes to infinity as 
t goes to infinity. However, it would be nice to know the rate at which N{t) 
goes to infinity. That is, we would like to be able to say something about 
Kmt^N(t)/t. 

As a prelude to determining the rate at which N(t) grows, let us first 
consider the random variable SN{Jt). In words, just what does this random 
variable represent? Proceeding inductively suppose, for instance, that 
N(t) = 3. Then S N ( f) = S 3 represents the time of the third event. Since there 
are only three events that have occurred by time t, S3 also represents the 
time of the last event prior to (or at) time t. This is, in fact, what S m ) 

represents—namely the time of the last renewal prior to or at time t. Similar 
reasoning leads to the conclusion that SN(t)+1 represents the time of the 
first renewal after time t (see Figure 7.2). We now are ready to prove the 
following. 

Proposition 7.1 With probability 1, 

N(t) 1 

- as t oo 
t μ 

Proof Since S N ( 0 is the time of the last renewal prior to or at time t, and 
S N ( 0 +1 is the time of the first renewal after time we have that 

or 
SNV < S N ( T ) +L 

N(t) ~ N(t) N(t) K ' 

However, since SNi0/N(t) = Σ?=ιΧΐ/Ν(ί) is the average of N(t) inde-
pendent and identically distributed random variables, it follows by the 
strong law of large numbers that SN{t)/N(t) μ as N(t) oo. But since 
N(t) -• oo when t -• oo, we obtain 

S
/vu)

 / «iv(/) +1 "Time 

Figure 7.2. 
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Furthermore, writing 

SAT(Q+I = / SNi0+l \(N(t) + 1 
N(t) \N(t)+ lj\ N(t) 

we have that SNit)+l/(N(t) + 1) μ by the same reasoning as before and 

7V(Q + 1 

Hence, 

S 

1 as / - * oo 

The result now follows by Equation (7.6) since t/N(t) is between two 
numbers, each of which converges to μ as / oo . • 

Remarks (i) The preceding propositions are true even when μ, the mean 
time between renewals, is infinite. In this case, we interpret 1 /μ to be 0. 

(ii) The number l/μ is called the rate of the renewal process. 

Proposition 7.1 says that the average renewal rate up to time t will, with 
probability 1, converge to l/μ as t oo . What about the expected average 
renewal rate? Is it true that m(t)/t also converges to l/μ? This result, 
known as the elementary renewal theorem, will be stated without proof. 

Elementary Renewal Theorem 

m(t) 1 
—— -• - as / - oo 

t μ 

As before, l/μ is interpreted as 0 when μ = oo . 

Remark At first glance it might seem that the elementary renewal 
theorem should be a simple consequence of Proposition 7.1. That is, since 
the average renewal rate will, with probability 1, converge to l/μ, should 
this not imply that the expected average renewal rate also converges to l/μ? 
We must, however, be careful; consider the next example. 

Example 7.4 Let U be a random variable which is uniformly distributed 
on (0, 1); and define the random variables Yn, η > 1, by 

fO, if U> \/n 
n~ in, if U< l/n 
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Now, since, with probability 1, U will be greater than 0 , it follows that Yn 

will equal 0 for all sufficiently large n. That is, Yn will equal 0 for all η large 
enough so that \/n < U. Hence, with probability 1, 

Yn -> 0 as η -> oo 

However, 

E[Yn] = nP^U< = nX- = 1 

Therefore, even though the sequence of random variables Yn converges to 0 , 
the expected values of the Yn are all identically 1. • 

Example 7.5 Beverly has a radio which works on a single battery. As 
soon as the battery in use fails, Beverly immediately replaces it with a new 
battery. If the lifetime of a battery (in hours) is distributed uniformly over 
the interval ( 3 0 , 6 0 ) , then at what rate does Beverly have to change batteries? 

Solution: If we let N(t) denote the number of batteries that have failed 
by time t, we have by Proposition 7.1 that the rate at which Beverly 
replaces batteries is given by 

r - » t μ 45 

That is, in the long run, Beverly will have to replace one battery in a 
45-hour period. • 

Example 7.6 Suppose in Example 7.5 that Beverly does not keep any 
surplus batteries on hand, and so each time a failure occurs she must go and 
buy a new battery. If the amount of time it takes for her to get a new battery 
is uniformly distributed over (0 ,1) , then what is the average rate that 
Beverly changes batteries? 

Solution: In this case the mean time between renewals is given by 

μ = EUX+ EU2 

where Ux is uniform over (30 , 60) and U2 is uniform over (0 , 1). Hence, 

μ = 45 + \ = 45± 

and so in the long run, Beverly will be putting in a new battery at the rate 
of -$y. That is, she will put in two new batteries every 91 hours. • 



312 7 Renewal Theory and Its Applications 

Example 7.7 Suppose that potential customers arrive at a single-server 
bank in accordance with a Poisson process having rate A. However, suppose 
that the potential customer will only enter the bank if the server is free when 
he arrives. That is, if there is already a customer in the bank, then our 
arrivée, rather than entering the bank, will go home. If we assume that the 
amount of time spent in the bank by an entering customer is a random 
variable having a distribution G, then 

(a) what is the rate at which customers enter the bank? and 
(b) what proportion of potential customers actually enter the bank? 

Solution: In answering these questions, let us suppose that at time 0 a 
customer has just entered the bank. (That is, we define the process to 
start when the first customer enters the bank.) If we let μα denote the 
mean service time, then, by the memoryless property of the Poisson 
process, it follows that the mean time between entering customers is 

Hence, the rate at which customers enter the bank will be given by 

I _ λ 

μ 1 + λμα 

On the other hand, since potential customers will be arriving at a rate A, 
it follows that the proportion of them entering the bank will be given by 

A / ( l + λμ0) = 1 

A 1 + λμα 

In particular if A = 2 (in hours) and μα = 2, then only one customer out 
of five will actually enter the system. • 

A somewhat unusual application of Proposition 7.1 is provided by our 
next example. 

Example 7.8 A sequence of independent trials, each of which results in 
outcome number / with probability Pi9 i = 1 , . . . , η, ΣΊ Pi• = 1, is observed 
until the same outcome occurs k times in a row; this outcome then is 
declared to be the winner of the game. For instance, if k = 2 and the 
sequence of outcomes is 1, 2, 4, 3, 5, 2, 1, 3, 3, then we stop after 9 trials 
and declare outcome number 3 the winner. What is the probability that / 
wins, i = 1 , . . . , n, and what is the expected number of trials? 
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Solution: We begin by computing the expected number of coin tosses, 
call it E[T], until a run of k successive heads occur when the tosses are 
independent and each lands on heads with probability /?. By conditioning 
on the time of the first nonhead, we obtain 

E[T] = Σ (1 - p)pj-\j + E[T]) + kpk 

j= ι 

Solving this for E[T] yields 

Ein = k + V—ß Σ JPj-x 

Ρ 7 = 1 

Upon simplifying, we obtain 

„ r m 1 + ρ + ··· + pk 1 

E[T] = ^—-k 

= 0 - pk) 
pk(\ - p) 

(7.7) 

Now, let us return to our example, and let us suppose that as soon as 
the winner of a game has been determined we immediately begin playing 
another game. For each / let us determine the rate at which outcome / 
wins. Now, every time / wins, everything starts over again and thus wins 
by / constitute renewals. Hence, from Proposition 7.1, the 

Rate at which / wins = 
E[Nt] 

where Nt denotes the number of trials played between successive wins of 
outcome /. Hence, from Equation (7.7) we see that 

Pk(l - P) 

Rate at which / wins = —-j^y (7.8) 

Hence, the long-run proportion of games which are won by number / is 
given by 

_ . . . rate at which / wins 
Proportion of games / wins = 

Σ]= ι rate at which j wins 

Pk(l - />)/(! - Pk) 

Σ ; = 1( Ρ / Ο -Pj)/(\-pk)) 

However, it follows from the strong law of large numbers that the 
long-run proportion of games that / wins will, with probability 1, be 
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equal to the probability that / wins any given game. Hence, 

P [ l w m s] = l^(P>(i-W(i-P?)) 

To compute the expected time of a game, we first note that the 

oo 

Rate at which games end = £ Rate at which / wins 
/ = ι 

N
 PH\- P) 

= Σ ; T D k[ (from Equation (7.8)) 
i = i U - ) 

Now, as everything starts over when a game ends, it follows by Proposition 
7.1 that the rate at which games end is equal to the reciprocal of the mean 
time of a game. Hence, 

is[Time of a game] = 
Rate at which games end 

1 

Σ? = ! ( / ? ( ! - / > ) / ( ! - Ph) 

A key element in the proof of the elementary renewal theorem, which is 
also of independent interest, is the establishment of a relationship between 
m(t), the mean number of renewals by time t, and E[SN(T)+L], the expected 
time of the first renewal after t. Letting 

g(t) = E[SM)+L] 

we will derive an integral equation, similar to the renewal equation, for g(t) 
by conditioning on the time of the first renewal. This yields 

g(t) = j o E[SN(T)+L\XL = x]f(x)dx 

where we have supposed that the interarrivai times are continuous with 
density / . Now if the first renewal occurs at time χ and χ > t, then clearly 
the time of the first renewal after t is x. On the other hand, if the first 
renewal occurs at a time χ < t, then by regarding χ as the new origin, 
it follows that the expected time, from this origin, of the first renewal 
occurring after a time t - χ from this origin is g(t - x). That is, we see that 

E[SN(O+I \XI -
 Χ

] -
g(t - x) + x, if χ < t 

x, if χ > t 
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Substituting this into the preceding equation gives 

g(t) = ^(g(t -x) + x)f(x) dx + xf(x) dx 

= \ g(t - x)f(x)dx + xf(x)dx 
Jo Jo 

or 

g(t)=U + ^g(t-x)f(x)dx 

which is quite similar to the renewal equation 

m(t) = F(t) + j m(t - x)f(x) dx 

Indeed, if we let 

„w-äjp-. 
we see that 

gl(t) + 1 = 1 + ^[gl(t - x) + \]f(x)dx 

or 

g l ( 0 = F ( 0 + ^gl(t-x)f(x)dx 

That is, = E[SN(t)+l]/μ - 1 satisfies the renewal equation and thus, 
by uniqueness, must be equal to m(t). We have thus proven the following. 

Proposition 7.2 

E[SNi0+l] = μ[ηι(ί) + 1 ] 

A second derivation of Proposition 7 . 2 is given in Exercises 11 and 1 2 . 
To see how Proposition 7 . 2 can be used to establish the elementary renewal 
theorem, let Y(t) denote the time from t until the next renewal. Y(t) is 
called the excess, or residual life, at t. As the first renewal after t will occur 
at time / + Y it), we see that 

S N ( 0+ I = t + Y(t) 

Taking expectations and utilizing Proposition 7 . 2 yields 

μ[ηι(ί) + 1 ] = t + E[Y(t)] ( 7 . 9 ) 
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which implies that 

m(t) 1 1 + E[Y(t)] 

t μ t ίμ 

The elementary renewal theorem can now be proven by showing that 

l i m ^ > U o 
ί - » ο ο t 

(see Exercise 12). 
The relation (7.9) shows that if one can determine E[Y(t)]9 the mean 

excess at t, then one can compute m(t) and vice versa. 

Example 7.9 Consider the renewal process whose interarrivai distribu-
tion is the convolution of two exponentials; that is, 

F = F1*F2i where F^t) = 1 - e~"\ i = 1, 2 

We will determine the renewal function by first determining E[Y(t)]. To 
obtain the mean excess at t, imagine that each renewal corresponds to a 
new machine being put in use, and suppose that each machine has two 
components—initially component 1 is employed and this lasts an expo-
nential time with rate μχ, and then component 2, which functions for an 
exponential time with rate μ2, is employed. When component 2 fails, a new 
machine is put in use (that is, a renewal occurs). Now consider the process 
[X(t)> t > 0} where X(t) is / if a type / component is in use at time t. It is 
easy to see that [X(t), t > 0} is a two-state continuous-time Markov chain, 
and so, using the results of Example 6.10, its transition probabilities are 

Pn(t) = —£!—e-Oi+*2>< + 
ßi + ßi ßi + ßi 

To compute the remaining life of the machine in use at time t, we condition 
on whether it is using its first or second component: for if it is still using its 
first component, then its remaining life is \/μχ + 1/μ2, whereas if it is 
already using its second component, then its remaining life is 1/μ2· Hence, 
letting p(t) denote the probability that the machine in use at time / is using 
its first component, we have that 

μι ßij ßi 

ι , Pit) 
ßl ßl 
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But, since at time 0 the first machine is utilizing its first component, it 
follows that p(t) = Pn(t), and so, upon using the preceding expression of 
Pn(t), we obtain that 

E[Y(t)] = — + ί Γ ^ ι + ^ ' + _J!l (7 . 1 0) 
Mi ß\ + ßi Miißi + ßi) 

Now it follows from (7.9) that 

* . , = i t H C7-11» 
β β 

where μ, the mean interarrivai time, is given in this case by 

ß = L + L = fh±lh ( 7. 1 2 ) 

ßi ßi ßißi 

Substituting (7.10) and (7.12) into (7.11) yields, after simplifying, that 

m ( t ) = JhtL-1 _ ^ [1 _ e-Oi+ri'] φ 
ßi + Vi (ßi + Vi) 

Remark Using the relationship (7.11) and results from the two-state 
continuous-time Markov chain, the renewal function can also be obtained 
in the same manner as in Example 7.9 for the interarrivai distributions 

F(t) = pFi(t) + (1 - p)F2(t) 
and 

F{t) = pFx{t) + (\ -p)(F1*F2)(t) 

when Fi(t) = 1 - e~"\ t > 0, / = 1, 2. 

An important limit theorem is the central limit theorem for renewal 
processes. This states that, for large t, N(t) is approximately normally 
distributed with mean t/μ and variance ίσ2/μ3

9 where μ and σ are, respec-
tively, the mean and variance of the interarrivai distribution. That is, we 
have the following theorem which we state without proof. 

Central Limit Theorem for Renewal Processes 
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7.4. Renewal Reward Processes 

A large number of probability models are special cases of the following 
model. Consider a renewal process [N(t)9 t > 0} having interarrivai times 
Xn, η > 1, and suppose that each time a renewal occurs we receive a 
reward. We denote by Rn, the reward earned at the time of the nth renewal. 
We shall assume that the Rn, η > 1, are independent and identically 
distributed. However, we do allow for the possibility that Rn may (and 
usually will) depend on Xn, the length of the nth renewal interval. If we let 

R(t) = Σ Κ 
n= 1 

then R(t) represents the total reward earned by time t. Let 

E[R] = E[Rn], E[X] = E[Xn] 

Proposition 7.3 If E[R] < oo and E[X] < oo , then with probability 1 

R(t) E[R] 
-• as / - * oo 

t E[X] 

Proof Write 

t t \ N{f) Λ t 
By the strong law of large numbers we obtain that 

Ln = 1 * n 

N(t) 

and by Proposition 7.1 that 

N(t) ^ 1 

E[R] as t -> oo 

t E[X) 

The result thus follows. • 

as t -+ oo 

If we say that a cycle is completed every time a renewal occurs then 
Proposition 7.3 states that in the long-run average reward is just the expected 
reward earned during a cycle divided by the expected length of a cycle. 

Example 7.10 In Example 7.7 if we suppose that the amounts that 
the successive customers deposit in the bank are independent random 
variables having a common distribution H, then the rate at which deposits 
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accumulate—that is, lim^«, (Total deposits by time t)/t—is given by 

ii [Deposits during a cycle] _ μΗ 

£[Time of cycle] ~~ μ0 + 1/A 

where μ0 + 1/A is the mean time of a cycle, and μΗ is the mean of the 
distribution H. • 

Example 7.11 (A Car Buying Model): The lifetime of a car is a con-
tinuous random variable having a distribution Η and probability density A. 
Mr. Brown has a policy that he buys a new car as soon as his old one either 
breaks down or reaches the age of Τ years. Suppose that a new car costs Cx 

dollars and also that an additional cost of C 2 dollars is incurred whenever 
Mr. Brown's car breaks down. Under the assumption that a used car has no 
resale value, what is Mr. Brown's long-run average cost? 

If we say that a cycle is complete every time Mr. Brown gets a new car, 
then it follows from Proposition 7.3 (with costs replacing rewards) that his 
long-run average cost equals 

is [cost incurred during a cycle] 

Ε [length of a cycle] 

Now letting X be the lifetime of Mr. Brown's car during an arbitrary cycle, 
then the cost incurred during that cycle will be given by 

Cl9 if X > Τ 

Cx + Cl9 \fX<T 

so the expected cost incurred over a cycle is 

CXP[X > T] + (Cj + C2)P{X < T] = d + C2H(T) 

Also, the length of the cycle is 

X, if X < Τ 

Τ, if X > Τ 

and so the expected length of a cycle is 

Î
T Poo f* τ 

xh(x)dx + Th(x)dx = xh(x)dx + T[\ - H(T)] 
ο J r Jo 

Therefore, Mr. Brown's long-run average cost will be C\ + C2H(T) 
\lxh(x)dx + T[l - H(T)] 

(7.13) 
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Now, suppose that the lifetime of a car (in years) is uniformly distributed 
over (0, 10), and suppose that Cx is 3 (thousand) dollars and C 2 is \ 
(thousand) dollars. What value of Τ minimizes Mr. Brown's long-run 
average cost? 

If Mr. Brown uses the value Γ, Γ < 10, then from (7.13) his long-run 
average cost equals 

3 + ^(7710) 3 + 7720 

\l{x/\0)dx + T(l - 7710) Γ 2 /20 + (10Γ - T2)/10 

60 + Τ 
~20T- T2 

We can now minimize this by using the calculus. Toward this end, let 

60 + Τ 
~ 20Γ - T2 

then 
_ (20Γ - T2) - (60 + Γ)(20 - IT) 

g Κ ) - (20Γ - Τ2)2 

Equating to 0 yields 

20Γ - T2 = (60 + Γ)(20 - IT) 

or, equivalently, 

Τ2 + 120Γ - 1200 = 0 

which yields the solutions 

Τ « 9.25 and Τ « -129.25 

Since Τ < 10, it follows that the optimal policy for Mr. Brown would be to 
purchase a new car whenever his old car reaches the age of 9.25 years. • 

Example 7.12 (Dispatching a Train): Suppose that customers arrive at 
a train depot in accordance with a renewal process having a mean inter-
arrival time μ. Whenever there are Ν customers waiting in the depot, a train 
leaves. If the depot incurs a cost at the rate of nc dollars per unit time 
whenever there are η customers waiting, what is the average cost incurred by 
the depot? 

If we say that a cycle is completed whenever a train leaves, then the 
preceding is a renewal reward process. The expected length of a cycle is the 
expected time required for TV customers to arrive and, since the mean 
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interarrivai time is μ, this equals 

ii [length of cycle] = Νμ 

If we let Tn denote the time between the nth and (n + l)st arrival in a cycle, 
then the expected cost of a cycle may be expressed as 

£[cost of a cycle] = E[cTx + 2cT2 + · · · + (TV - l)c7^_!] 

which, since E[Tn] = μ, equals 

TV 
€μ~(Ν- 1) 

Hence, the average cost incurred by the depot is 

cßN(N - 1) _ c(N - 1) 

2Νμ " 2 

Suppose now that each time a train leaves the depot incurs a cost of six 
units. What value of TV minimizes the depot's long-run average cost when 
c = 2,ß = n 

In this case, we have that the average cost per unit time when the depot 
uses TV is 

6 + cß±N(N - 1) _ N i + _6 

Νμ TV 

By treating this as a continuous function of TV and using the calculus, we 
obtain that the minimal value of TV is 

TV = V6 « 2.45 

Hence, the optimal integral value of TV is either 2 which yields a value 4, or 
3 which also yields the value 4. Hence, either TV = 2 or TV = 3 minimizes the 
depot's average cost. • 

Example 7.13 Consider a manufacturing process that sequentially 
produces items, each of which is either defective or acceptable. The follow-
ing type of sampling scheme is often employed in an attempt to detect and 
eliminate most of the defective items. Initially, each item is inspected and 
this continues until there are k consecutive items that are acceptable. At this 
point 100% inspection ends and each successive item is independently 
inspected with probability a. This partial inspection continues until a defec-
tive item is encountered, at which time 100% inspection is reinstituted, and 
the process begins anew. If each item is, independently, defective with 
probability q, 
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(a) what proportion of items are inspected? 
(b) if defective items are removed when detected, what proportion of the 
remaining items are defective? 

Remark Before starting our analysis, it should be noted that the above 
inspection scheme was devised for situations in which the probability of 
producing a defective item changed over time. It was hoped that 100% 
inspection would correlate with times at which the defect probability was 
large and partial inspection when it was small. However, it is still important 
to see how such a scheme would work in the extreme case where the defect 
probability remains constant throughout. 

Solution: We begin our analysis by noting that we can treat the above 
as a renewal reward process with a new cycle starting each time 100% 
inspection is instituted. We then have 

is [number inspected in a cycle] 
proportion of items inspected = — — —-

is [number produced in a cycle] 

Let Nk denote the number of items inspected until there are k consecutive 
acceptable items. Once partial inspection begins—that is after Nk items 
have been produced—since each inspected item will be defective with 
probability q, it follows that the expected number that will have to be 
inspected to find a defective item is 1/q. Hence, 

is [number inspected in a cycle] = E[Nk] + -
Q 

In addition, since at partial inspection each item produced will, 
independently, be inspected and found to be defective with probability 
aq, it follows that the number of items produced until one is inspected 
and found to be defective is \/aq, and so 

is [number produced in a cycle] = E[Nk] + — 
aq 

Also, as E[Nk] is the expected number of trials needed to obtain k 
acceptable items in a row when each item is acceptable with probability 
ρ = 1 - q, it follows from Example 3.13 that 

VIST 1
 1

 - ,
 1

 -L . -L .
 1 ( l / P )k

 -
 1 

E[Nk] = - + - 2 + · · · + ^ = 
Ρ Ρ P Q 

Hence we obtain 
(Vp)k Pl = proportion of items that are inspected = 

(l/pf - 1 + l/a 
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To answer (b), note first that since each item produced is defective with 
probability q it follows that the proportion of items that are both 
inspected and found to be defective is qPY. Hence, for Ν large, out of the 
first Ν items produced there will be (approximately) NqPY that are 
discovered to be defective and thus removed. As the first TV items will 
contain (approximately) Nq defective items, it follows that there will be 
Nq - NqPl defective items not discovered. Hence, 

proportion of the non-removed items that are defective « ^77- ^ 7 
W - qPY) 

As the approximation becomes exact as Ν -+ oo , we see that 

<7(1 - Pi) ^ proportion of the non-removed items that are defective 
(1 - qPi) 

Example 7.14 (The Average Age of a Renewal Process): Consider a 
renewal process having interarrivai distribution F and define A(t) to be the 
time at t since the last renewal. If renewals represent old items failing and 
being replaced by new ones, then A(t) represents the age of the item in use 
at time /. Since S N ( f) represents the time of the last event prior to or at time 
t, we have that 

A(t) = t - S m ) 

We are interested in the average value of the age—that is, in 

s - 0 0 s 

To determine the above quantity, we use renewal reward theory in the 
following way: Let us assume that any time we are being paid money at a 
rate equal to the age of the renewal process at that time. That is, at time t, 
we are being paid at rate A(t), and so \oA(t) dt represents our total earnings 
by time s. As everything starts over again when a renewal occurs, it follows 
that 

ioA(t) dt 2s [Reward during a renewal cycle] 
s Ε [Time of a renewal cycle] 

Now since the age of the renewal process a time / into a renewal cycle is just 
t, we have 

Reward during a renewal cycle = t dt 
JO 

v2 
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where X is the time of the renewal cycle. Hence, we have that 

β .4(0 Λ 
Average value of age Ξ lim 

s 

(7.14) 
E[X2] 

2E[X] 

where X is an interarrivai time having distribution function F. • 

Example 7.15 (The Average Excess of a Renewal Process): Another 
quantity associated with a renewal process is Y(t), the excess or residual 
time at time Y(t) is defined to equal the time from t until the next renewal 
and, as such, represents the remaining (or residual) life of the item in use at 
time t. The average value of the excess, namely 

Hm « M * 
S - o o S 

also can be easily obtained by renewal reward theory. To do so, suppose 
that we are paid at time t at a rate equal to Y(t). Then our average reward 
per unit time will, by renewal reward theory, be given by 

Average value of excess = lim °̂ ^ 
S - o o s 

_ Zs [Reward during a cycle] 

£ [Length of a cycle] 

Now, letting X denote the length of a renewal cycle, we have that 

[X 

Reward during a cycle = I (X - t)dt 

2 

and thus the average value of the excess is 

Average value of excess = îfL! 
2E[X ] 

which was the same result obtained for the average value of the age of 
renewal process. • 
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7.5. Regenerative Processes 

Consider a stochastic process [X(t)9 t > 0} with state space 0, 1,2, 
having the property that there exist time points at which the process 
(probabilistically) restarts itself. That is, suppose that with probability one, 
there exists a time Tx, such that the continuation of the process beyond Tx 

is a probabilistic replica of the whole process starting at 0. Note that this 
property implies the existence of further times T2, Γ 3 , . . . , having the same 
property as Tx. Such a stochastic process is known as a regenerative process. 

From the above, it follows that Tx, T2,..., constitute the arrival times of 
a renewal process, and we shall say that a cycle is completed every time a 
renewal occurs. 

Examples (1) A renewal process is regenerative, and Tx represents the 
time of the first renewal. 

(2) A recurrent Markov chain is regenerative, and Tx represents the time 
of the first transition into the initial state. 

We are interested in determining the long-run proportion of time that a 
regenerative process spends in state j . To obtain this quantity, let us imagine 
that we earn a reward at a rate 1 per unit time when the process is in state 
j and at rate 0 otherwise. That is, if I(s) represents the rate at which we earn 
at time s, then 

As the preceding is clearly a renewal reward process which starts over again 
at the cycle time Tx, we see from Proposition 7.3 that 

However, the average reward per unit is just equal to the proportion of time 
that the process is in state j . That is, we have the following. 

Proposition 7.4 For a regenerative process, the long-run 

and 

Total reward earned by t = I I(s) ds 

Average reward per unit time = 
£ [Reward by time Tx] 

Proportion of time in state j = 
is [Amount of time in j during a cycle] 

is [Time of a cycle] 
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Remark If the cycle time 7j is a continuous random variable, then it can 
be shown by using an advanced theorem called the 4 4key renewal theorem'' 
that the above is equal also to the limiting probability that the system is in 
state j at time /. That is, if Tx is continuous, then 

x is [Amount of time in /' during a cycle] 
hm P[X(f) =j} = — — -± —^ y—l-
ί - ο ο is [Time of a cycle] 

Example 7.16 (Markov Chains): Consider a positive recurrent Markov 
chain which is initially in state /. By the Markovian property each time the 
process reenters state /, it starts over again. Thus returns to state / are 
renewals and constitute the beginnings of a new cycle. By Proposition 7.4, 
it follows that the long-run 

^ „ . is [Amount of time in /' during an / - / cycle] 
Proportion of time in state j = 

ßn 

where μη represents the mean time to return to state /. If we take j to equal 
/, then we obtain 

Proportion of time in state / = — • 
ßu 

Example 7.17 (A Queueing System with Renewal Arrivals): Consider a 
waiting time system in which customers arrive in accordance with an 
arbitrary renewal process and are served one at a time by a single server 
having an arbitrary service distribution. If we suppose that at time 0 the 
initial customer has just arrived, then [X(t), t > 0} is a regenerative process, 
where X(t) denotes the number of customers in the system at time t. 
The process regenerates each time a customer arrives and finds the server 
free. • 

7.5.1. Alternating Renewal Processes 

Another example of a regenerative process is provided by what is known as 
an alternating renewal process, which considers that a system can be in one 
of two states: on or off. Initially it is on, and it remains on for a time Zx ; 
it then goes off and remains off for a time Yj. It then goes on for a time Z 2 ; 
then off for a time Y2 \ then on, and so on. 

We suppose that the random vectors (Zn, Yn), η > 1 are independent and 
identically distributed. That is, both the sequence of random variables [Zn] 
and the sequence {Yn\ are independent and identically distributed; but we 
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allow Zn and Yn to be dependent. In other words, each time the process goes 
on, everything starts over again, but when it then goes off, we allow the 
length of the off time to depend on the previous on time. 

Let E[Z] = E[Zn] and E[Y] = E[Yn] denote respectively the mean 
lengths of an on and off period. 

We are concerned with P o n , the long-run proportion of time that the 
system is on. If we let 

Xn = Yn + Zn, * > 1 

then at time Xl the process starts over again. That is, the process starts over 
again after a complete cycle consisting of an on and an off interval. In other 
words, a renewal occurs whenever a cycle is completed. Therefore, we 
obtain from Proposition 7.4 that 

P = E l Z] 

Ε [Υ] + Ε [Ζ] 

Ε [on] 
(7.15) 

Ε [on] + Ε [off] 

Also, if we let P o f f denote the long-run proportion of time that the system 
is off, then 

^off
 = 1 ~ ^ o n 

Ε [off] 

Ε [on] + £[off] 
(7.16) 

Example 7-18 (A Production Process): One example of an alternating 
renewal process is a production process (or a machine) which works for a 
time Z j , then breaks down and has to be repaired (which takes a time Yx)9 

then works for a time Z 2 , then is down for a time Yl9 and so on. If we 
suppose that the process is as good as new after each repair, then this 
constitutes an alternating renewal process. It is worthwhile to note that 
in this example it makes sense to suppose that the repair time will depend 
on the amount of time the process had been working before breaking 
down. • 

Example 7.19 (The Age of a Renewal Process): Suppose we are 
interested in determining the proportion of time that the age of a renewal 
process is less than some constant c. To do so, let a cycle correspond to a 
renewal, and say that the system is " o n " at time / if the age at t is less than 
or equal to c, and say it is "off" if the age at t is greater than c. In other 
words, the system is " o n " the first c time units of a renewal interval, 
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and "off " the remaining time. Hence, letting X denote a renewal inerval, 
we have, from Equation (7.15), 

E[mm(X,c)] 
Proportion of time age is less than c = 

E[X] 

§Pjmm(X9c) > x}dx 

E[X] 

\c

QP{X>x}dx 
E[X] 

Jo (1 ~F(x))dx 
E[X] 

(7.17) 

where F is the distribution function of X and where we have used the 
identity that for a nonnegative random variable Y 

Ε [Y] = j P{Y> x}dx • 

Example 7 .20 (The Excess of a Renewal Process): We leave it as an 
exercise for the reader to show by an argument similar to the one used in the 
previous example that 

Example 7.21 (The Single-Server Poisson Arrival Queue): Consider a 
single-server service station in which customers arrive according to a 
Poisson process having rate A. An arriving customer is immediately served 
if the server is free, and if not, then he waits in line (that is, he joins the 
queue). The successive service times will be assumed to be independent and 
identically distributed random variables having mean l/μ, where μ > λ. 
What proportion of time is the server busy? 

The above process will alternate between busy periods when the server 
is working and idle periods when he is free. Hence, a cycle will consist 
of a busy period followed by an idle period. Thus, letting P B denote the 
proportion of time that the server is busy, we obtain that 

p = £ [Length of a busy period] 
B is [Length of a busy period] + is [Length of an idle period] 

Proportion of time the excess is less than c 

which is the same result obtained for the age. 
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Now an idle period begins when a customer completes his service and there 
are no additional customers waiting for service, and it ends when the next 
customer arrives. Hence, by the lack of memory of the Poisson process it 
follows that an idle period will be exponentially distributed with mean 1/A; 
that is, 

^[Length of an idle period] = 1/A (7.20) 

Now a busy period begins when a customer enters and finds the server 
free. To determine E[LB], the mean length of a busy period, we shall 
condition on both the number of customers entering the system during the 
service time of the customer initiating the busy period and the length of this 
service time. Letting Ν denote the number of customers entering the system 
during the initial customer's service time, and S the length of this service, 
we have 

E[LB] =E[E[LB\N,S]] 

Now if Ν = 0, then the busy period would end when the initial customer 
completes his service. Therefore, 

E[LB\N= 0 ,S] = S 

On the other hand, suppose that Ν = 1. Then at time S there will be a single 
customer in the system. Furthermore, since the arrival stream of customers 
is a Poisson process it will be starting over again at time 5. Hence, at time 
S the expected additional time until the server becomes free will just be the 
expected length of a busy period. That is, 

E[LB\N= 1,S] = S + E[LB] 

Finally, suppose that η customers arrive during the service time of the 
initial customer. To determine the conditional expected length of a busy 
period in this situation, we first note that the length of the busy period will 
not depend on the order in which we serve waiting customers. That is, it 
will not make a difference if we serve waiting customers on a first-come, 
first-served order or on any other order. Hence, let us suppose that our η 
arrivals, C\, C 2 , . . . , Cn, during the initial service time are served as follows. 
Customer 1 (that is, Cx) is served first, but C2 is not served until the only 
customers in the system are C 2 , C 3 , C n . That is, C 2 is not served until 
the system is free of all customers but C 2 , . . . , Cn. For instance, customers 
arriving during C / s service time will be served before C 2 , C 3 , Cn. 
Similarly, C 3 will not be served until the system is free of all customers but 
C 3 , C n , and so on. A little thought will reveal that the expected length 
of time between Q and C l + 1' s service, / = 1, . . . , η - 1, will just be E[LB]. 
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Therefore, 

E[LB\N = n,S] = S + nE[LB] 

or, equivalently, 

E[LB\N,S) = S + NE[LB] 

Hence, taking expectations of the preceding yields 

E[LB) = E[S] + E[NE[LB]] 

= E[S) + E[N]E[LB] 
or 

E[S] 
E[LB] = 

1 - E[N] 

Ι/μ 
1 - E[N) 

(7.21) 

To determine E[N], the expected number of arrivals during the initial 
service time of a busy period, we condition on S, the length of the service 
time, to obtain 

E[N] = E[E[N\S]] 

However, since the arrival stream is a Poisson process with rate A it follows 
that the expected number of arrivals during an interval of length S is just 
AS. That is, £ [ N | S ] = AS, and hence 

E[N] = £[AS] = A£[S] = λ/μ 

Substituting in equation (7.21) yields 

Ι/μ 
E[LB] = 

ι — Λ / μ 

' (7.22) 
μ - λ 

Therefore, from Equation (7.19), (7.20), and (7.22), we have that PB, the 
proportion of time that the server is busy, is given by 

1/(μ -λ) A 
B 1/A + ί/(μ - Α) μ 

From this is follows that Pi, the proportion of time that the server is idle, is 
given by 

Pl = \ - P B 

= 1 - λ/μ 



7.6. Semi-Markov Processes 331 

For instance, if A = 1 and μ = 3, then the server is busy one-third of the 
time and is idle two-thirds of the time. On the other hand, if we double A 
to obtain A = 2, then the proportion of time the server is busy doubles to 
two-thirds of the time. 

The above has been calculated under the assumption that λ < μ. When 
A > μ it can be shown that PB = 1 and Pi = 0. • 

7.6. Semi-Markov Processes 

Consider a process that can be in either state 1 or state 2 or state 3. It is 
initially in state 1 where it remains for a random amount of time having 
mean μχ, then it goes to state 2 where it remains for a random amount of 
time having mean μ 2 , then it goes to state 3 where it remains for a mean 
time μ 3 , then back to state 1, and so on. What proportion of time is the 
process in state /, / = 1, 2, 3? 

If we say that a cycle is completed each time the process returns to 
state /, and if we let the reward be the amount of time we spend in state / 
during that cycle, then the above is a renewal reward process. Hence, from 
Proposition 7.3 we obtain that Pi9 the proportion of time that the process 
is in state /, is given by 

Pi = , / = 1 , 2 , 3 
μχ + μ2 + μ 3 

Similarly, if we had a process which could be in any of TV states 
1, 2, ...,N and which moved from state l - + 2 - » 3 - > - - - - » 7 V - l - + 
Ν -• 1, then the long-run proportion of time that the process spends in 
state / is 

Pi = — - ^ , / = 1,2,...,TV 
μχ + μ2 + ··· + μΝ 

where μ, is the expected amount of time the process spends in state / during 
each visit. 

Let us now generalize the above to the following situation. Suppose that 
a process can be in any one of Ν states 1, 2, ...,7V, and that each time 
it enters state / it remains there for a random amount of time having mean 
μ, and then makes a transition into state j with probability Pu. Such a 
process is called a semi-Markov process. Note that if the amount of time 
that the process spends in each state before making a transition is identically 
1, then the semi-Markov process is just a Markov chain. 

Let us calculate Pt for a semi-Markov process. To do so, we first consider 
π,· the proportion of transitions that take the process into state /. Now if 
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we let Xn denote the state of the process after the Arth transition, then {Xn, 
η > 0} is a Markov chain with transition probabilities Pij9ij = 1,2, . . . , N. 
Hence, π, will just be the limiting (or stationary) probabilities for this 
Markov chain (Section 4.4). That is, nt will be the unique nonnegative 
solution of 

Ν 

Σ TT/ = ι> 
i = 1 

Ν 

π<= Σ KjPji, i= 1,2,...,TV* (7.23) 
7 = 1 

Now since the process spends an expected time μ, in state / whenever it visits 
that state, it seems intuitive that Pt should be a weighted average of the π,· 
where nt is weighted proportionately to μ,·. That is, 

Pi= r N
i Mi > / = 1,2,...,7V (7.24) 

where the π,· are given as the solution to Equation (7.23). 

Example 7.22 Consider a machine that can be in one of three states: 
good condition, fair condition, or broken down. Suppose that a machine 
in good condition will remain this way for a mean time μι and then will 
go to either the fair condition or the broken condition with respective 
probabilities f and \ . A machine in fair condition will remain that way 
for a mean time μ 2 and then will break down. A broken machine will 
be repaired, which takes a mean time μ 3 , and when repaired will be in 
good condition with probability f and fair condition with probability y. 
What proportion of time is the machine in each state? 

Solution: Letting the states be 1, 2, 3, we have by Equation (7.23) that 
the π,· satisfy 

πχ + π2 + π 3 = 1, 

πχ = j 7 T 3, 

^ 2 = 4 ^ 1 + 3^3» 

7Γ3 = j7li + 7t2 

The solution is 
πί = lV> U

2 = h ^ 3 = 5 

* We shall assume that there exists a solution of Equation (7.23). That is, we assume that all 

of the states in the Markov chain communicate. 
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Hence, from Equation (7.24) we obtain that Pi9 the proportion of time the 
machine is in state /, is given by 

4u, 

+ 5/i2 + 6//3 

5μ2 

+ 6μ 3 

6μ3 

+ 5μ2 + 6μ3 

For instance, if μλ = 5, μ 2 = 2, μ 3 = 1, then the machine will be in good 
condition five-ninths of the time, in fair condition five-eighteenths of the 
time, in broken condition one-sixth of the time. • 

Remark When the distributions of the amount of time spent in each 
state during a visit are continuous, then Pt also represents the limiting 
(as t -> oo) probability that the process will be in state / at time t. 

Example 7.23 Consider a renewal process in which the interarrivai 
distribution is discrete and is such that 

P[X= i) = P i , / > 1 

where X represents an interarrivai random variable. Let L(t) denote the 
length of the renewal interval that contains the point t (that is, if N(t) is the 
number of renewals by time t and Xn the mh interarrivai time, then 
L(t) = A r

N ( r ) + 1) . If we think of each renewal as corresponding to the failure 
of a lightbulb (which is then replaced at the beginning of the next period by 
a new bulb), then L(t) will equal / is the bulb in use at time t fails in its /th 
period of use. 

It is easy to see that L(t) is a semi-Markov process. To determine the 
proportion of time that L(t) = y, note that each time a transition occurs— 
that is, each time a renewal occurs—the next state will be j with probability 
Pj. That is, the transition probabilities of the embedded Markov chain 
are Ptj = Pj. Hence, the limiting probabilities of this embedded chain are 
given by 

^ = Pj 

and, since the mean time the semi-Markov process spends in state j before 
a transition occurs is y, it follows that the long-run proportion of time the 
state is j is 

JPi ^ 
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7.7. The Inspection Paradox 

Suppose that a piece of equipment, say a battery, is installed and serves 
until it breaks down. Upon failure it is instantly replaced by a like battery, 
and this process continues without interruption. Letting N(t) denote the 
number of batteries that have failed by time /, we have that [N(t), t > 0) is 
a renewal process. 

Suppose further that the distribution F of the lifetime of a battery is not 
known and is to be estimated by the following sampling inspection scheme. 
We fix some time t and observe the total lifetime of the battery that is in use 
at time t. Since F is the distribution of the lifetime for all batteries, it seems 
reasonable that it should be the distribution for this battery. However, this 
is the inspection paradox for it turns out that the battery in use at time t 
tends to have a larger lifetime than an ordinary battery. 

To understand the preceding so-called paradox, we reason as follows. In 
renewal theoretic terms what we are interested in is the length of the renewal 
interval containing the point t. That is, we are interested in XN(()+\ — 

SN(O+I - SN(» ( s e e Figure 7.2). To calculate the distribution of XN{t)+i we 
condition on the time of the last renewal prior to (or at) time t. That is, 

Ρ{ΧΝ{Ο+\ > Χ] = Ε[Ρ[ΧΝ(Ο+Ι > Χ\$Ν(Ο
 =

 * ~
 s

ïï 

where we recall (Figure 7.2) that Sm) is the time of the last renewal prior to 
(or at) Since there are no renewals between t - s and t, it follows that 
XNit)+x must be larger than χ if s > χ. That is, 

P[XNÎO+I > x\SNi0 = t-s} = 1 if s > χ (7.25) 

On the other hand, suppose that s < χ. As before, we know that a renewal 
occurred at time t - s and no additional renewals occurred between t - s 
and /, and we ask for the probability that no renewals occur for an 
additional time χ - s. That is, we are asking for the probability that an 
interarrivai time will be greater than χ given that it is greater than s. There-
fore, for s < χ, 

P[XN{Î)+\ > *|3W(o = t — s] 

= P {interarrivai time > x \ interarrivai time > s] 

= P {interarrivai time > χ)/Ρ {interarrivai time > s] 

_ ι - m 
1 - F(s) 

> 1 - F(x) (7.26) 



7.7. The Inspection Paradox 335 

Hence, from Equations (7.25) and (7.26) we see that, for all s, 

PIXNW+I > x\SNi0 = t-s}>l-F(x) 

Taking expectations on both sides yields that 

P{Xm)+i > x] ^ 1 - Fix) (7.27) 

However, 1 - F(x) is the probability that an ordinary renewal interval is 
larger than x, that is, 1 - F(x) = P[XN > x], and thus Equation (7.27) is a 
statement of the inspection paradox that the length of the renewal interval 
containing the point t tends to be larger than an ordinary renewal interval. 

Remark To obtain an intuitive feel for the so-called inspection paradox, 
reason as follows. We think of the whole line being covered by renewal 
intervals, one of which covers the point t. Is it not more likely that a larger 
interval, as opposed to a shorter interval, covers the point Π 

We can actually calculate the distribution of A r

N ( 0 +1 when the renewal 
process is a Poisson process. (Note that, in the general case, we did not need 
to calculate explicitly P{XNit)+i > x] to show that it was at least as large as 
1 - F(x).) To do so we write 

XNV+I = A(t) + Y(t) 

where A(t) denotes the time from t since the last renewal, and Y(t) denotes 
the time from t until the next renewal (see Figure Ί.3). A(t) is known as the 
age of the process at time t (in our example it would be the age at time t of 
the battery in use at time 0» and Y(t) is known as the excess life of the 
process at time / (it is the additional time from t until the battery fails). Of 
course, it is true that A(t) = t - S N ( 0, and Y(t) = S m ) + l - t. 

To calculate the distribution of X^ço+i w e first note the important fact 
that, for a Poisson process, A(t) and Y(t) are independent. This follows 
since by the memoryless property of the Poisson process, the time from t 
until the next renewal will be exponentially distributed and will be indepen-
dent of all that has previously occurred (including, in particular, A(t)). In 
fact, this shows that if [N(t), t > 0} is a Poisson process with rate A, then 

P[Y(f) <*} = 1 - e'7" (7.28) 

y ( / ) -

Time 

Figure 7.3. 
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The distribution of A(t) may be obtained as follows 

if χ < t 

if χ > t 

[ θ , if JC > / 

or, equivalently, 

χ < t 

χ > t 
(7.29) 

Hence, by the independence of Y(t) and A(t) the distribution of XN(t)+i is 
just the convolution of the exponential distribution Equation (7.28) and the 
distribution Equation (7.29). It is interesting to note that for t large, A(t) 
approximately has an exponential distribution. Thus, for t large, A r

j V ( 0 +1 

has the distribution of the convolution of two identically distributed 
exponential random variables, which by Section 5.2.3, is the gamma 
distribution with parameters (2, λ). In particular, for t large, the expected 
length of the renewal interval containing the point t is approximately twice 
the expected length of an ordinary renewal interval. 

7.8. Computing the Renewal Function 

The difficulty with attempting to use the identity 

to compute the renewal function is that the determination of Fn(t) = 
P{XX + ··· + Xn < t] requires the computation of an ^-dimensional 
integral. We present below an effective algorithm which requires as inputs 
only one-dimensional integrals. 

Let Y be an exponential random variable having rate A, and suppose that 
Y is independent of the renewal process [N(t)9 t > 0}. We start by deter-
mining E[N(Y)], the expected number of renewals by the random time Y. 
To do so, we first condition on Χί, the time of the first renewal. This yields 

oo 

m(t) = Σ ^,(0 
η = 1 

oo 

E[N(Y)] = E[N(Y)\Xl =x]f(x)dx (7.30) 
ο 

where / is the interarrivai density. To determine E[N(Y)\Xl = x], we now 
condition on whether or not Y exceeds x. Now, if Υ < χ, then as the first 
renewal occurs at time x, it follows that the number of renewals by time Y 

{0 renewals in [t 
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is equal to 0. On the other hand, if we are given that χ < Y, then the number 
of renewals by time Y will equal 1 (the one at x) plus the number of 
additional renewals between χ and Y. But, by the memoryless property of 
exponential random variables, it follows that, given that Υ > χ, the amount 
by which it exceeds χ is also exponential with rate A, and so given that Υ > χ 
the number of renewals between χ and Y will have the same distribution as 
N(Y). Hence, 

E[N(Y)\X1 =χ,Υ<χ]=0, 

Ε[Ν(Υ)\Χί = χ, Υ > χ] = 1 + E[N(Y)] 

and so, 

E[N(Y)\Xl =x] =E[N(Y)\Xl =x, Y < x]P{Y < x\Xx = x] 

+ E[N(Y)\Xl =x, Y> x]P{Y> x\Xx = x] 

= E[N(Y)\Xl =x,Y> x]P{Y > x] 

since Y and Xx are independent 

= (l + f l M W ^ 

Substituting this into (7.30) gives 

E[N(Y)] = (1 + E[N(Y)]) j e~Xxf(x)dx 

or 

E l N ( Y )] = ( 7 , 3 1) 

where X has the renewal interarrivai distribution. 
If we let λ = 1/t, then (7.31) presents an expression for the expected 

number of renewals (not by time /, but) by a random exponentially 
distributed time with mean t. However, as such a random variable need not 
be close to its mean (its variance is t2) Equation (7.31) need not be 
particularly close to m(t). To obtain an accurate approximation suppose 
that Yl9 Y2, ...,Yn are independent exponentials with rate λ and suppose 
they are also independent of the renewal process. Let, for r = 1 , n , 

mr = E[N{Yx + + Yr)] 

To compute an expression for mr, we again start by conditioning on Xx, the 
time of the first renewal. 

mr = j E[N(Yl + ·«. + Yr)\Xi = x]f(x)dx (7.32) 
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To determine the foregoing conditional expectation, we now condition on 
the number of partial sums Σί=ι J/, y = 1 , r , that are less than x. 
Now, if all r partial sums are less than χ—that is, if Σ/= ι Yi < x—then 
clearly the number of renewals by time Σ/= ι Yi is 0. On the other hand, 
given that k, k < r, of these partial sums are less than x, it follows from the 
lack of memory property of the exponential that the number of renewals by 
time Σ /=ι Yi will have the same distribution as 1 plus N(Yk+1 + ··· + Yr). 
Hence, 

j 

N(YX + · · · + Yr) Xx = x, k of the sums Σ Yt are less than χ 
i = 1 

0, if k = r 
(7.33) 

1 + mr-k> if k < r 

To determine the distribution of the number of the partial sums that are less 
than x, note that the successive values of these partial sums Σί=ι 
j = 1 , . . . , r, have the same distribution as the first r event times of a 
Poisson process with rate A (since each successive partial sum is the previous 
sum plus an independent exponential with rate A). Hence, it follows that, 
for k < r, 

P^k of the partial sums Σ Yt are less than χ Xx = χ 

= « " ' (7.34, 

Upon substitution of (7.33) and (7.34) into Equation (7.32), we obtain that 

™R = \ Σ 0 + mr-k) r; f(x)dx 
J 0 k=0

 Kl 

or, equivalently, 
_ + mr_k)E[Xke-™](Xk/k\) + E[e~^\ 

If we set A = n/t, then starting with mx given by Equation (7.31), we 
can use Equation (7.35) to recursively compute m 2 , m n . The approxi-
mation of m(t) = E[N(t)] is given by mn = E[N(YX + · · · + ! ; ) ] . Since 
Yx + · · · -I- Yn is the sum of η independent exponential random variables 
each with mean t/n, it follows that it is (gamma) distributed with mean / 
and variance nt2/n2 = t2/n. Hence, by choosing η large, Σ?= ι Yi wiH he a 
random variable having most of its probability concentrated about t, and 
so ^[ /νίΣ^ι Yi)] should be quite close to E[N(t)]. (Indeed, if m(t) is 
continuous at /, it can be shown that these approximations converge to m(t) 
as η goes to infinity.) 
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Table 7.1 

Fi t 

Exact Approximation 

Fi t m{t) n = 1 n = 3 n = 10 n = 25 n = 50 

1 1 0.2838 0.3333 0.3040 0.2903 0.2865 0.2852 
1 2 0.7546 0.8000 0.7697 0.7586 0.7561 0.7553 
1 5 2.250 2.273 2.253 2.250 2.250 2.250 
1 10 4.75 4.762 4.751 4.750 4.750 4.750 

2 0.1 0.1733 0.1681 0.1687 0.1689 0.1690 — 

2 0.3 0.5111 0.4964 0.4997 0.5010 0.5014 — 
2 0.5 0.8404 0.8182 0.8245 0.8273 0.8281 0.8283 
2 1 1.6400 1.6087 1.6205 1.6261 1.6277 1.6283 
2 3 4.7389 4.7143 4.7294 4.7350 4.7363 4.7367 
2 10 15.5089 15.5000 15.5081 15.5089 15.5089 15.5089 

3 0.1 0.2819 0.2692 0.2772 0.2804 0.2813 — 

3 0.3 0.7638 0.7105 0.7421 0.7567 0.7609 — 

3 1 2.0890 2.0000 2.0556 2.0789 2.0850 2.0870 

3 3 5.4444 5.4000 5.4375 5.4437 5.4442 5.4443 

Example 7.24 Table 7.1 compares the approximation with the exact 
value for the distributions Ft with densities f, i = 1, 2, 3, which are given by 

f(x) = xe~x, 

1 _ F2(x) = 0.3e~x + 0Je~2x, 

1 - F3(x) = 0.5e~x + 0.5e~5x • 

Remark The material of this section is taken from S. M. Ross, 
"Approximations in Renewal Theory," Probability in the Engineering and 
Informational Sciences, 1(2), 163-175 (1987). 

Exercises 

1 . Is it true that 

(a) N(t) < η if and only if Sn > /? 
(b) N(t) < η if and only if Sn > tl 
(c) N(t) > η if and only if Sn < tl 

2. Suppose that the interarrivai distribution for a renewal process is 
Poisson distributed with mean μ. That is, suppose 

P[Xn = k] = e - ^ , £ = 0 , 1 , . . . 

(a) Find the distribution of Sn. 
(b) Calculate P{N(t) = n}. 
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*3 . If the mean-value function of the renewal process {N(t)f t > 0) is 
given by m(t) = t/2, t > 0, then what is P{N(5) = 0)? 

4. Let [N^t), t > 0} and {N2(t)> t > 0} be independent renewal processes. 
Let N{t) = Nx(t) + N2(t). 

(a) Are the interarrivai times of [N(t)9 t > 0J independent? 
(b) Are they identically distributed? 
(c) Is [N(t)9 t > 0} a renewal process? 

5. Let Ul9 U2i... be independent uniform (0, 1) random variables, and 
define TV by 

7V= Μίιψι: Ux + U2 + ··· + Un > 1} 
What is^[TV]? 

*6 . Consider a renewal process (TV(/), t > 0) having a gamma (/*, A) 

inter arrival distribution. That is, the interarrivai density is 

(a) Show that 

(b) Show that 

Λ χ ) = (r-i)! ' x > 0 

Ρ ί Μ Ο ^ /ι} = Σ 

^ ( 0 = Σ [i/r]e-x\kty/i\ 

where [//r] is the largest integer less than or equal to i/r. 

Hint: Use the relationship between the gamma (r, A) distribution and 
the sum of r independent exponentials with rate A, to define TV(/) in terms 
of a Poisson process with rate A. 

7. Mr. Smith works on a temporary basis. The mean length of each job he 
gets is three months. If the amount of time he spends between jobs is 
exponentially distributed with mean 2, then at what rate does Mr. Smith 
get new jobs? 

*8 . A machine in use is replaced by a new machine either when it fails or 
when it reaches the age of Τ years. If the lifetimes of successive machines 
are independent with a common distribution F having density / , show that 

(a) the long-run rate at which machines are replaced equals 
τ η -ι 

xf{x)dx+ T(l -F(T)) 

ο 



Exercises 341 

(b) the long-run rate at which machines in use fail equals 

F(T) 

\T

0xf(x)dx+ Til -F(T)] 

9. A worker sequentially works on jobs. Each time a job is completed, a 
new one is begun. Each job, independently, takes a random amount of time 
having distribution F to complete. However, independently of this, shocks 
occur according to a Poisson process with rate A. Whenever a shock occurs, 
the worker discontinues working on the present job and starts a new one. In 
the long run, at what rate are jobs completed? 

10. A renewal process for which the time until the initial renewal has a 
different distribution than the remaining interarrivai times is called a 
delayed (or a general) renewal process. Prove that Proposition 7.1 remains 
valid for a delayed renewal process. (In general, it can be shown that all of 
the limit theorems for a renewal process remain valid for a delayed renewal 
process provided that the time until the first renewal has a finite mean.) 

1 1 . Let Xx, X2,... be a sequence of independent random variables. The 
nonnegative integer valued random variable Ν is said to be a stopping time 
for the sequence if the event [N = n] is independent of Xn+i,Xn+2, 
the idea being that the Xt are observed one at a time—first Xx, then X2, and 
so on—and Ν represents the number observed when we stop. Hence, the 
event [N = n] corresponds to stopping after having observed Xx, ...,Xn 

and thus must be independent of the values of random variables yet to 
come, namely, Xn+X, Xn+2 

(a) Let Xx, X2,... be independent with 

P{X> = l}=P=l -P[Xi = 0}y i > 1 

Define 

Nx = min{A2: Xx + ··· + Xn = 

Which of the TV, are stopping times for the sequence Xx,... ? 
An important result, known as Wald's equation states that if Xx, X2,... 
are independent and identically distributed and have a finite mean E(X), 
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and if TV is a stopping time for this sequence having a finite mean, then 

Ν 

Σ x, = Ε [N\E [Χ] 

To prove Wald's equation, let us define the indicator variables / , · , / > 1 
by 

1, i f / < 7 V 

0, if ι > Ν 

(b) Show that 

Σ Xi= Σ x,h 
ι=1 i = 1 

From part (b) we see that 

E\ 
Ν 

Σ x> Σ Xih 

= Σ E[XtI,\ 
ι = 1 

where the last equality assumes that the expectation can be brought inside 
the summation (as indeed can be rigorously proven in this case), 
(c) Argue that X-% and /,· are independent. 

Hint: 7f equals 0 or 1 depending upon whether or not we have yet 
stopped after observing which random variables? 

(d) From part (c) we have 

Σ χ ι = Σ E[X\E[IÙ 

Complete the proof of Wald's equation. 
(e) What does Wald's equation tell us about the stopping times in 
part (a)? 

12 . Wald's equation can be used as the basis of a proof of the elementary 
renewal theorem. Let Xx, X2,... denote the interarrivai times of a renewal 
process and let N(t) be the number of renewals by time t. 

(a) Show that whereas N(t) is not a stopping time, N(t) + 1 is. 

Hint: Note that 

N(t) = η ο Xx + ··· + Xn < t and Xx + ··· + Xn+X > t 
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(b) Argue that 
N(t)+l 

Σ Xi 
ι = ] 

= ßlm(t) + 1] 

(c) Suppose that the Xt are bounded random variables. That is, suppose 
there is a constant M such that P{Xi < M) = 1. Argue that 

t< Σ Xi<t + M 
i= 1 

(d) Use the previous parts to prove the elementary renewal theorem when 
the interarrivai times are bounded. 

13. Consider a miner trapped in a room which contains three doors. Door 
1 leads him to freedom after two-days' travel; door 2 returns him to his 
room after four-days' journey; and door 3 returns him to his room after six-
days' journey. Suppose at all times he is equally likely to choose any of the 
three doors, and let Τ denote the time it takes the miner to become free. 

(a) Define a sequence of independent and identically distributed random 
variables Xx, X2,... and a stopping time Ν such that 

Ν 

τ= Σ χ, 
i'= 1 

Note: You may have to imagine that the miner continues to 
randomly choose doors even after he reaches safety. 

(b) Use Wald's equation to find E[T]. 
(c) Compute Ε[Σ?=ιXt\N = n] and note that it is not equal to 

ΕίΣΐ-ιΧ,ι 
(d) Use part (c) for a second derivation of E[T]. 

14. In Example 7.7, suppose that potential customers arrive in accordance 
with a renewal process having interarrivai distribution F. Would the 
number of events by time t constitute a (possible delayed) renewal process 
if an event corresponds to a customer 

(a) entering the bank? 
(b) leaving the bank? 

What if F were exponential? 

*15. Compute the renewal function when the interarrivai distribution F 
is such that 

1 - F(t) = pe~*lt + (1 - ρ)β~μιί 
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16. For the renewal process whose interarrivai times are uniformly 
distributed over (0, 1), determine the expected time from t = 1 until the 
next renewal. 

17. For a renewal reward process consider 

_ * 1 + * 2 + • • • + * , 
n xx + x2 + · · - + xn 

Wn represents the average reward earned during the first η cycles. Show 
that Wn - E[R]/E[X] as η - oo . 

18. Consider a single-server bank for which customers arrive in accord-
ance with a Poisson process with rate A. If a customer will only enter the 
bank if the server is free when he arrives, and if the service time of a 
customer has the distribution G, then what proportion of time is the 
server busy? 

*19. The lifetime of a car has a distribution H and probability density h. 
Ms. Jones buys a new car as soon as her old car either breaks down or 
reaches the age of Τ years. A new car costs Cx dollars and an additional cost 
of C 2 dollars is incurred whenever a car breaks down. Assuming that a 
Γ-year-old car in working order has an expected resale value R(T)9 what is 
Ms. Jones' long-run average cost? 

20. If Η is the uniform distribution over (2, 8) and if Cl = 4, C 2 = 1, and 
R(T) = 4 - (772), then what value of Τ minimizes Ms. Jones' long-run 
average cost in Exercise 19? 

2 1 . In Exercise 19 suppose that Η is exponentially distributed with mean 
5, Cx = 3, C 2 = \ 9 R(T) = 0. What value of Τ minimizes Ms. Jones' 
long-run average cost? 

22. Consider a train station to which customers arrive in accordance with 
a Poisson process having rate A. A train is summoned whenever there are Ν 
customers waiting in the station, but it takes Κ units of time for the train to 
arrive at the station. When it arrives, it picks up all waiting customers. 
Assuming that the train station incurs a cost at a rate of nc per unit time 
whenever there are η customers present, find the long-run average cost. 

23. In Example 7.13, what proportion of the defective items that are 
produced are discovered? 

24. Consider a single-server queueing system in which customers arrive in 
accordance with a renewal process. Each customer brings in a random 
amount of work, chosen independently according to the distribution G. The 
server serves one customer at a time. However, the server processes 
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work at rate i per unit time whenever there are / customers in the system. 
For instance, if a customer with workload 8 enters service when there are 3 
other customers waiting in line, then if no one else arrives that customer will 
spend 2 units of time in service. If another customer arrives after 1 unit of 
time, then our customer will spend a total of 1.8 units of time in service 
provided no one else arrives. 

Let Wi denote the amount of time customer / spends in the system. Also, 
define E[W] by 

E[W] = lim (W1 + . . . + Wn)/n 

and so E[W] is the average amount of time a customer spends in the system. 
Let TV denote the number of customers that arrive in a busy period. 

(a) Argue that 

E[W] = E\WX + . · . + WN]/E[N] 

Let Li denote the amount of work customer / brings into the system; and 
so the L,, / > 1, are independent random variables having distribution G. 

(b) Argue that at any time t, the sum of the times spent in the system by 
all arrivals prior to t is equal to the total amount of work processed by 
time t. 

Hint: Consider the rate at which the server processes work. 

(c) Argue that 
TV Ν 

Σ w, = Σ L, 

i ' = l i = 1 
(d) Use Wald's equation (see Exercise 11) to conclude that 

E[W] = μ 

where μ is the mean of the distribution G. That is, the average time that 
customers spend in the system is equal to the average work they bring to 
the system. 

*25. For a renewal process, let A(t) be the age at time /. Prove that if 
μ < oo , then with probability 1 

0 as t -> oo 

t 

26. If A(t) and Y(t) are respectively the age and the excess at time t of a 
renewal process having an interarrivai distribution F, calculate 

P[Y(t)> x\A(t) = s] 
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27. Verify Equation (7.18). 

*28. Satellites are launched according to a Poisson process with rate A. 
Each satellite will, independently, orbit the earth for a random time having 
distribution F. Let X{t) denote the number of satellites orbiting at time t. 

(i) Determine P{X(t) = k}. 

Hint: Relate this to the M/G/oo queue. 

(ii) If at least one satellite is orbiting, then messages can be transmitted 
and we say that the system is functional. If the first satellite is orbited 
at time t = 0, determine the expected time that the system remains 
functional. 

Hint: Make use of part (i) when k = 0. 

29. A group of η skiers continually, and independently, climb up and then 
ski down a particular slope. The time it takes skier / to climb up has 
distribution Fi9 and it is independent of her time to ski down, which has 
distribution Hi9 i = 1, ...,n. Let N(t) denote the total number of times 
members of this group have skied down the slope by time Also, let U(t) 
denote the number of skiers climbing up the hill at time t. 

(a) Whatislim f_, eA/iO/f? 
(b) Find ]img^P[U(t) = k}. 
(c) If all Ft are exponential with rate λ and all Gf are exponential with 
rate μ, what is P[U(t) = k]l 

30. Three marksmen take turns shooting at a target. Marksman 1 shoots 
until he misses, then Marksman 2 begins shooting until he misses, then 
Marksman 3 until he misses, and then back to Marksman 1, and so on. 
Each time Marksman 1 fires he hits the target, independently of the past, 
with probability Pi9 i = 1, 2, 3. Determine the proportion of time, in the 
long run, that each Marksman shoots. 

3 1 . Each time a certain machine breaks down it is replaced by a new one 
of the same type. In the long run, what percentage of time is the machine 
in use less than one year old if the life distribution of a machine is 

(a) uniformly distributed over (0, 2)? 
(b) exponentially distributed with mean 1? 

*32. For an interarrivai distribution F having mean μ, we define the 
equilibrium distribution of F, denoted Fe, by 
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(a) Show that if F is an exponential distribution, then F = Fe. 
(b) If for some constant c, 

x < c 

x > c 

show that Fc is the uniform distribution on (0, c). That is, if interarrivai 
times are identically equal to c, then the equilibrium distribution is the 
uniform distribution on the interval (0, c). 
(c) The city of Berkeley, California allows for two hours parking at all 
non-metered locations within one mile of the University of California. 
Parking officials regularly tour around, passing the same point every two 
hours. When an official encounters a car he or she marks it with chalk. 
If the same car is there on the official's return two hours later, then a 
parking ticket is written. If you park your car in Berkeley and return after 
3 hours, what is the probability you will have received a ticket? 

33. Consider a system which can be in either state 1 or 2 or 3. Each time 
the system enters state / it remains there for a random amount of time 
having mean μ, and then makes a transition into state j with probability . 
Suppose 

P\2 — U Ρ21
 =

 Ρ23 — 2~> ^ 3 1 — 1 

(a) What proportion of transitions take the system into state 1? 
(b) If ßi = 1, μ 2 = 2, μ 3 = 3, then what proportion of time does the 
system spend in each state? 

34. Consider a semi-Markov process in which the amount of time that the 
process spends in each state before making a transition into a different state 
is exponentially distributed. What kind of a process is this? 

35. In a semi-Markov process, let ty denote the conditional expected time 
that the process spends in state / given that the next state is j , 

(a) Present an equation relating μ, to the . 
(b) Show that the proportion of time the process is in / and will next 
enter j is equal to Ρ ί Ρ υ ί υ / μ ί . 

Hint: Say that a cycle begins each time state / is entered. Imagine that 
you receive a reward at a rate of 1 per unit time whenever the process 
is in / and heading for j . What is the average reward per unit time? 

36. A taxi alternates between three different locations. Whenever it 
reaches location /, it stops and spends a random time having mean tt before 
obtaining another passenger, / = 1, 2, 3. A passenger entering the cab at 
location / will want to go to location j with probability P y . The time to 
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travel from / to j is a random variable with mean m^. Suppose that tx = 1, 
t2 = 2, t3 = 4, Pl2 = 1, P 2 3 = 1, P 3 1 = f = 1 - P 3 2 , m 1 2 = 10, m 2 3 = 20, 
m3l = 15, m 3 2 = 25. Define an appropriate semi-Markov process and 
determine 

(a) the proportion of time the taxi is waiting at location /, and 
(b) the proportion of time the taxi is on the road from / to y, /, 
j= 1,2,3. 

*37. Consider a renewal process having the gamma («, A) interarrivai 
distribution, and let Y(t) denote the time from t until the next renewal. Use 
the theory of semi-Markov processes to show that 

l imP{7( / )<x} = - Σ GitX(x) 
t^oo η ι = ι 

where GiX(x) is the gamma (/, λ) distribution function. 

38. To prove Equation (7.24), define the following notation: 

X{ Ξ time spent in state / on the y'th visit to this state; 

Ni(m) = number of visits to state / in the first m transitions 

In terms of this notation, write expressions for 

(a) the amount of time during the first m transitions that the process is in 
state /; 
(b) the proportion of time during the first m transitions that the process 
is in state /. 

Argue that, with probability 1, 

(c) Σ Τ Γ 7 - Τ -+ßi as m oo 
j = l Ni(m) 

(d) Ni(m)/m -» π, as m -* oo. 

Combine parts (a), (b), (c), and (d) to prove Equation (7.24). 

39. Let Xi9 i = 1, 2 , b e the interarrivai times of the renewal process 
[N(t)}9 and let Y, independent of the Xi9 be exponential with rate A. 

(a) Use the lack of memory property of the exponential to argue that 

P[XX + .·· + Xn < Y] = (P{X < Y})n 

(b) Use (a) to show that 

where X has the interarrivai distribution. 
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40. Write a program to approximate m(t) for the interarrivai distribution 
F*G, where F is exponential with mean 1 and G is exponential with 
mean 3. 
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Chapter 8 
Queueing Theory 

8.1 . Introduction 

In this chapter we will study a class of models in which customers arrive in 
some random manner at a service facility. Upon arrival they are made to 
wait in queue until it is their turn to be served. Once served they are 
generally assumed to leave the system. For such models we will be interested 
in determining, among other things, such quantities as the average number 
of customers in the system (or in the queue) and the average time a customer 
spends in the system (or spends waiting in the queue). 

In Section 8.2 we derive a series of basic queueing identities which are of 
great use in analyzing queueing models. We also introduce three different 
sets of limiting probabilities which correspond to what an arrival sees, what 
a departure sees, and what an outside observer would see. 

In Section 8.3 we deal with queueing systems in which all of the defining 
probability distributions are assumed to be exponential. For instance, 
the simplest such model is to assume that customers arrive in accordance 
with a Poisson process (and thus the interarrivai times are exponentially 
distributed) and are served one at a time by a single server who takes an 
exponentially distributed length of time for each service. These exponential 
queueing models are special examples of continuous-time Markov chains 
and so can be analyzed as in Chapter 6. However, at the cost of a (very) 
slight amount of repetition we shall not assume the reader to be familiar 
with the material of Chapter 6, but rather we shall redevelop any needed 
material. Specifically we shall derive anew (by a heuristic argument) the 
formula for the limiting probabilities. 

351 
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In Section 8.4 we consider models in which customers move randomly 
among a network of servers. The model of Section 8.4.1 is an open system 
in which customers are allowed to enter and depart the system, whereas the 
one studied in Section 8.4.2 is closed in the sense that the set of customers 
in the system is constant over time. 

In Section 8.5 we study the model M / G / l , which while assuming Poisson 
arrivals, allows the service distribution to be arbitrary. To analyze this 
model we first introduce in Section 8.5.1 the concept of work, and then use 
this concept in Section 8.5.2 to help analyze this system. In Section 8.5.3 we 
derive the average amount of time that a server remains busy between idle 
periods. 

In Section 8.6 we consider some variations of the model M/G/l. In 
particular in Section 8.6.1 we suppose that bus loads of customers arrive 
according to a Poisson process and that each bus contains a random 
number of customers. In Section 8.6.2 we suppose that there are two 
different classes of customers—with type 1 customers receiving service 
priority over type 2. 

In Section 8.7 we consider a model with exponential service times but 
where the interarrivai times between customers is allowed to have an 
arbitrary distribution. We analyze this model by use of an appropriately 
defined Markov chain. We also derive the mean length of a busy period and 
of an idle period for this model. 

In the final section of the chapter we talk about multiserver systems. We 
start with loss systems, in which arrivals, finding all servers busy, are 
assumed to depart and as such are lost to the system. This leads to the 
famous result known as Erlang's loss formula, which presents a simple 
formula for the number of busy servers in such a model when the arrival 
process is Poisson and the service distribution is general. We then discuss 
multiserver systems in which queues are allowed. However, except in the 
case where exponential service times are assumed, there are very few explicit 
formulas for these models. We end by presenting an approximation for the 
average time a customer waits in queue in a A:-server model which assumes 
Poisson arrivals but allows for a general service distribution. 

8.2. Preliminaries 

In this section we will derive certain identities which are valid in the great 
majority of queueing models. 

8.2.1 . Cost Equations 

Some fundamental quantities of interest for queueing models are 
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L, the average number of customers in the system; 

LQ, the average number of customers waiting in queue; 
W, the average amount of time that a customer spends in the system; 

WQ, the average amount of time that a customer spends waiting in queue. 

A large number of interesting and useful relationships between the 
preceding and other quantities of interest can be obtained by making use of 
the following idea: Imagine that entering customers are forced to pay 
money (according to some rule) to the system. We would then have the 
following basic cost identity 

Average rate at which the system earns 

= Aa χ average amount an entering customer pays, (8.1) 

where Aa is defined to be average arrival rate of entering customers. That is, 
if N(t) denotes the number of customer arrivals by time t, then 

Aa = hm 
t-*oo t 

We now present an heuristic proof of Equation (8.1). 

Heuristic Proof Of Equation (8.1) Let Γ be a fixed large number. In 
two different ways, we will compute the average amount of money the 
system has earned by time T. On one hand, this quantity approximately 
can be obtained by multiplying the average rate at which the system earns 
by the length of time T. On the other hand, we can approximately compute 
it by multiplying the average amount paid by an entering customer by the 
average number of customers entering by time Τ (and this latter factor is 
approximately A aT). Hence, both sides of Equation (8.1) when multiplied 
by Τ are approximately equal to the average amount earned by Γ. The 
result then follows by letting Τ -> o o . * 

By choosing appropriate cost rules, many useful formulas can be 
obtained as special cases of Equation (8.1). For instance, by supposing that 
each customer pays $1 per unit time while in the system, Equation (8.1) 
yields the so-called Little's formula, 

L = k2iW (8.2) 

* This can be made into a rigorous proof provided we assume that the queueing process is 
regenerative in the sense of Section 7.5. Most models, including all the ones in this chapter, 
satisfy this condition. 
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This follows since, under this cost rule, the rate at which the system earns 
is just the number in the system, and the amount a customer pays is just 
equal to its time in the system. 

Similarly if we suppose that each customer pays $1 per unit time while in 
queue, then Equation (8.1) yields 

LQ = XaWQ (8.3) 

By supposing the cost rule that each customer pays $1 per unit time while in 
service we obtain from Equation (8.1) that the 

Average number of customers in service = Aais[S] (8.4) 

where E[S] is defined as the average amount of time a customer spends in 
service. 

It should be emphasized that Equations (8. l)-(8.4) are valid for almost all 
queueing models regardless of the arrival process, the number of servers, or 
queue discipline. 

8.2.2. Steady-State Probabilities 

Let X(t) denote the number of customers in the system at time t and define 
Pn, η > 0, by 

Pn = lim P[X(t) = n] 

where we assume the above limit exists. In other words, Pn is the limiting 
or long-run probability that there will be exactly η customers in the system. 
It is sometimes referred to as the steady-state probability of exactly η 
customers in the system. It also usually turns out that Pn equals the (long-
run) proportion of time that the system contains exactly η customers. For 
example, if P0 = 0.3, then in the long-run, the system will be empty of 
customers for 30 percent of the time. Similarly, Px = 0.2 would imply that 
for 20 percent of the time the system would contain exactly one customer.* 

Two other sets of limiting probabilities are [an9 η > 0} and [dn9 η > 0}, 
where 

an = proportion of customers that find η 

in the system when they arrive, and 

dn = proportion of customers leaving behind η 
in the system when they depart 

* A sufficient condition for the validity of the dual interpretation of Pn is that the queueing 

process be regenerative. 
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That is, Pn is the proportion of time during which there are η in the system; 
an is the proportion of arrivals that find n; and dn is the proportion of 
departures that leave behind n. That these quantities need not always be 
equal is illustrated by the following example. 

Example 8.1 Consider a queueing model in which all customers have 
service times equal to 1, and where the times between successive customers 
are always greater than 1 (for instance, the interarrivai times could be 
uniformly distributed over (1, 2)). Hence, as every arrival finds the system 
empty and every departure leaves it empty, we have 

a0 = d0= 1 

However, 

as the system is not always empty of customers. • 

It was, however, no accident that an equaled dn in the previous example. 
That arrivals and departures always see the same number of customers is 
always true as is shown in the next proposition. 

Proposition 8.1 In any system in which customers arrive one at a time 
and are served one at a time 

an = dn, η > 0 

Proof An arrival will see η in the system whenever the number in the 
system goes from η to η + 1; similarly, a departure will leave behind η 
whenever the number in the system goes from η + 1 to n. Now in any 
interval of time Τ the number of transitions from η to η + 1 must equal to 
within 1 the number from η + 1 to n. (For instance, if transitions from 2 to 
3 occur 10 times, then 10 times there must have been a transition back to 2 
from a higher state (namely 3).) Hence, the rate of transitions from η to 
η + 1 equals the rate from η + 1 to n\ or, equivalently, the rate at which 
arrivals find η equals the rate at which departures leave n. The result now 
follows since the overall arrival rate must equal the overall departure rate 
(what goes in eventually goes out.) • 

Hence, on the average, arrivals and departures always see the same 
number of customers. However, as Example 8.1 illustrates, they do not, in 
general, see the time averages. One important exception where they do is in 
the case of Poisson arrivals. 
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Proposition 8.2 Poisson arrivals always see time averages. In 
particular, for Poisson arrivals, 

To understand why Poisson arrivals always see time averages, consider an 
arbitrary Poisson arrival. If we knew that it arrived at time t, then the 
conditional distribution of what it sees upon arrival is the same as the 
unconditional distribution of the system state at time t. For knowing that an 
arrival occurs at time t gives us no information about what occurred prior 
to t. (Since the Poisson process has independent increments, knowing that 
an event occurred at time t does not affect the distribution of what occurred 
prior to t.) Hence, an arrival would just see the system according to the 
limiting probabilities. 

Contrast the foregoing with the situation of Example 8.1 where knowing 
that an arrival occurred at time t tells us a great deal about the past; in 
particular it tells us that there have been no arrivals in (t - 1, t). Thus, in 
this case, we cannot conclude that the distribution of what an arrival at time 
/ observes is the same as the distribution of the system state at time t. 

For a second argument as to why Poisson arrivals see time averages, note 
that the total time the system is in state η by time Τ is (roughly) Pn T. Hence, 
as Poisson arrivals always arrive at rate A no matter what the system state, 
it follows that the number of arrivals in [0, T] that find the system in state 
η is (roughly) λΡη T. In the long run, therefore, the rate at which arrivals 
find the system in state η is λΡη and, as A is the overall arrival rate, it follows 
that λΡη/λ = Pn is the proportion of arrivals that find the system in state n. 

8.3. Exponential Models 

8.3.1. A Single-Server Exponential Queueing System 

Suppose that customers arrive at a single-server service station in accor-
dance with a Poisson process having rate A. That is, the times between 
successive arrivals are independent exponential random variables having 
mean 1/A. Each customer, upon arrival, goes directly into service if the 
server is free and, if not, the customer joins the queue. When the server 
finishes serving a customer, the customer leaves the system, and the next 
customer in line, if there is any, enters service. The successive service 
times are assumed to be independent exponential random variables having 
mean 1/μ. 

The above is called the M/M/l queue. The two M's refer to the fact that 
both the interarrivai and service distributions are exponential (and thus 
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memoryless, or Markovian), and the 1 to the fact that there is a single 
server. To analyze it, we shall begin by determining the limiting prob-
abilities Pn, for η = 0 , 1 , In order to do so, think along the following 
lines. Suppose that we have an infinite number of rooms numbered 
0, 1 , 2 , a n d suppose that we instruct an individual to enter room η 
whenever there are η customers in the system. That is, he would be in room 
2 whenever there are two customers in the system; and if another were to 
arrive, then he would leave room 2 and enter room 3. Similarly, if a service 
would take place he would leave room 2 and enter room 1 (as there would 
now be only one customer in the system). 

Now suppose that in the long-run our individual is seen to have entered 
room 1 at the rate of ten times an hour. Then at what rate must he have left 
room 1? Clearly, at this same rate of ten times an hour. For the total 
number of times that he enters room 1 must be equal to (or one greater 
than) the total number of times he leaves room 1. This sort of argument 
thus yields the general principle which will enable us to determine the state 
probabilities. Namely, for each η > 0, the rate at which the process enters 
state η equals the rate at which it leaves state n. Let us now determine these 
rates. Consider first state 0. When in state 0 the process can leave only by 
an arrival as clearly there cannot be a departure when the system is empty. 
Since the arrival rate is A and the proportion of time that the process is in 
state 0 is P0, it follows that the rate at which the process leaves state 0 is 
AP 0. On the other hand, state 0 can only be reached from state 1 via a 
departure. That is, if there is a single customer in the system and he 
completes service, then the system becomes empty. Since the service rate is 
μ and the proportion of time that the system has exactly one customer is Px, 
it follows that the rate at which the process enters state 0 is μΡ1. 

Hence, from our rate-equality principle we get our first equation, 

λΡ0 = μΡι 

Now consider state 1. The process can leave this state either by an arrival 
(which occurs at rate A) or a departure (which occurs at rate μ). Hence, 
when in state 1, the process will leave this state at a rate of A + μ.* Since the 
proportion of time the process is in state 1 is Px, the rate at which the 
process leaves state 1 is (A + μ)Ρλ. On the other hand, state 1 can be entered 
either from state 0 via an arrival from state 2 via a departure. Hence, the 
rate at which the process enters state 1 is λΡ0 + μΡ2. As the reasoning for 

* If one event occurs at rate A and another occurs at rate μ, then the total rate at which either 
event occurs is λ + μ. For suppose one man earns $2.00 per hour and another earns $3.00 per 
hour, then together they clearly earn $5.00 per hour. 
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the other states is similar, we obtain the following set of equations: 

State Rate at which the process leaves = rate at which it enters 

0 λΡ0 = μΡχ 

", η > 1 (λ + μ)Ρη = λΡη_χ + μΡη+ι (8.5) 

The set of Equations (8.5) which balances the rate at which the process 
enters each state with the rate at which it leaves that state is known as 
balance equations. 

In order to solve Equations (8.5), we rewrite them to obtain 

ρ -λ-ρ 
~ μ 

Pn+1=-P„+ (Pn--Pn-X 
ß \ A* / 

Solving in terms of P 0 yields 

Λ) = Λ) > 

In order to determine P 0 we use the fact that the P n must sum to 1, and thus 

Λ ""Λ \μ)Ρ°-1-λ/μ 

or 

* - ' - Ϊ · 

" • - ( ί Κ ' - ; ) · "Äl 
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Notice that for the preceding equations to make sense, it is necessary for 
Α/μ to be less than 1. For otherwise Σ~=0 (Α/μ)Λ would be infinite and all 
the Pn would be 0. Hence, we shall assume that λ/μ < 1. Note that it is quite 
intuitive that there would be no limiting probabilities if A > μ. For suppose 
that A > μ. Since customers arrive at a Poisson rate A, it follows that the 
expected total number of arrivals by time t is λί. On the other hand, what 
is the expected number of customers served by time tl If there were always 
customers present, then the number of customers served would be a Poisson 
process having rate μ since the time between successive services would be 
independent exponentials having mean l/μ. Hence, the expected number of 
customers served by time t is no greater than μί; and, therefore, the 
expected number in the system at time t is at least 

Now if A > μ, then the above number goes to infinity as / becomes large. 
That is, Α/μ > 1, the queue size increases without limit and there will be no 
limiting probabilities. It also should be noted that the condition Α/μ < 1 is 
equivalent to the condition that the mean service time be less than the 
mean time between successive arrivals. This is the general condition that 
must be satisfied for limited probabilities to exist in most single-server 
queueing systems. 

Now let us attempt to express the quantities L, L Q , W, and WQ in terms 
of the limiting probabilities Pn. Since Pn is the long-run probability that the 
system contains exactly η customers, the average number of customers in 
the system clearly is given by 

where the last equation followed upon application of the algebraic identity 

λί - μί = (A - μ)ί 

L = Σ nPn 

μ - λ 
(8.7) 

oo 
Χ 

Σ ηχη = 
(i - χ)2 

η = 0 

The quantities W9 WQ, and LQ now can be obtained with the help of 
Equations (8.2) and (8.3). That is, since Aa = A, we have from Equation (8.7) 
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that 

W = 
L 

I 
_ ι 

WQ= W - E[S] 

= w -
x

-

μ(μ-λ)9 

LQ = XWQ 

μ(μ - A) 
(8.8) 

Example 8.2 Suppose that customers arrive at a Poisson rate of one per 
every 12 minutes, and that the service time is exponential at a rate of one 
service per 8 minutes. What are L and W1 

Solution: Since Α = ^-, μ = | , we have 

L = 2, W = 24 

Hence, the average number of customers in the system is two, and the 
average time a customer spends in the system is 24 minutes. 

Now suppose that the arrival rate increases 20 percent to A = JQ. What 
is the corresponding change in L and Wl Again using Equations (8.7), 
we get 

L = 4, W = 40 

Hence, an increase of 20 percent in the arrival rate doubled the average 
number of customers in the system. 

To understand this better, write Equations (8.7) as 

L= ^ 

W = 

1 - λ/μ ' 

y μ 
1 - λ/μ 

From these equations we can see that when λ/μ is near 1, a slight increase 
in λ/μ will lead to a large increase in L and W. • 
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A Technical Remark We have used the fact that if one event occurs at 
an exponential rate A, and another independent event at an exponential rate 
μ, then together they occur at an exponential rate Α + μ. To check this 
formally, let Tx be the time at which the first event occurs, and T2 the time 
at which the second event occurs. Then 

PIT, < /} = 1 - e~xt, 

P{T2 < t) = 1 - e~* 

Now if we are interested in the time until either Tx or T2 occurs, then we are 
interested in Τ = m i n ^ , T2). Now 

P{T< t) = 1 - P{T> t] 

= 1 - P ( m i n ( 7 1 , r 2 ) > f } 

However, min(7i, T2) > t if and only if both Tx and T2 are greater than t\ 
hence, 

P{T< t} = I - P{TX > t,T2> t) 

= 1 - P{TX > t}P{T2 > t) 

= 1 - e-*e-" 

Thus, Τ has an exponential distribution with rate A + μ, and we are 
justified in adding the rates. • 

Let W* denote the amount of time an arbitrary customer spends in the 
system. To obtain the distribution of W*9 we condition on the number in 
the system when the customer arrives. This yields 

oo 

P{W* < a] = Σ P[W* < a\n in the system when he arrives} 
i = 0 

x P{n in the system when he arrives) (8.9) 

Now consider the amount of time that our customer must spend in the 
system if there are already η customers present when he arrives. If η = 0, 
then his time in the system will just be his service time. When η > 1, there 
will be one customer in service and η - 1 waiting in line ahead of our 
arrival. The customer in service might have been in service for some time, 
but due to the lack of memory of the exponential distribution (see Section 
5.2), it follows that our arrival would have to wait an exponential amount 
of time with rate μ for this customer to complete service. As he also would 
have to wait an exponential amount of time for each of the other η - 1 



362 8 Queueing Theory 

customers in line, it follows, upon adding his own service time, that the 
amount of time that a customer must spend in the system if there are 
already η customers present when he arrives is the sum of η + 1 independent 
and identically distributed exponential random variables with rate μ. But it 
is known (see Section 5.2.3) that such a random variable has a gamma 
distribution with parameters (η + Ι ,μ). That is, 

P{W* < a\n in the system when he arrives) 

J O 

As 

P[n in the system when he arrives} = Pn (since Poisson arrivals) 

M/ \ P. 

we have from Equation (8.9) and the preceding that 

(μ - λ)β~μί Χ —— dt (by interchanging) 

= \ (μ - k)e~llteKtdt 
) 

(μ - λ)β~(μ~λ)ί dt 

Jo 
= 1 _ 

In other words, W*, the amount of time a customer spends in the system, 
is an exponential random variable with rate μ - λ. (As a check, we note 
that = 1 /(μ - λ) which checks with Equation (8.8) since 
W = E[W*].) 

Remark Another argument as to why W* is exponential with rate μ - λ 
is as follows. If we let Ν denote the number of customers in the system as 
seen by an arrival, then this arrival will spend Ν + 1 service times in the 
system before departing. Now, 

P{N + 1 = j) = P[N = j - \ } = (λ/μγ-\ΐ - λ/μ), j > 1 
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In words, the number of services that have to be completed before our 
arrival departs is a geometric random variable with parameter 1 - λ/μ. 
Therefore, after each service completion our customer will be the one 
departing with probability 1 - λ/μ. Thus, no matter how long the customer 
has already spent in the system, the probability he will depart in the next 
h time units is μ/t + o(A), the probability that a service ends in that time, 
multiplied by I - λ/μ. That is, the customer will depart in the next Λ time 
units with probability (μ - λ)A + ο(Λ); which says that the hazard rate 
function of W* is the constant μ - λ. But only the exponential has a 
constant hazard rate, and so we can conclude that W* is exponential with 
rate μ - λ. 

8.3.2. A Single-Server Exponential Queueing System 

Having Finite Capacity 

In the previous model, we assumed that there was no limit on the number 
of customers that could be in the system at the same time. However, in 
reality there is always a finite system capacity N, in the sense that there can 
be no more than Ν customers in the system at any time. By this, we mean 
that if an arriving customer finds that there are already Ν customers 
present, then it does not enter the system. 

As before, we let Pn, 0 < η < Ν, denote the limiting probability that 
there are η customers in the system. The rate equality principle yields the 
following set of balance equations: 

State Rate at which the process leaves = rate at which it enters 

The argument for state 0 is exactly as before. Namely, when in state 0, 
the process will leave only via an arrival (which occurs at rate A) and hence 
the rate at which the process leaves state 0 is λΡ0. On the other hand, the 
process can enter state 0 only from state 1 via a departure; hence, the rate 
at which the process enters state 0 is μΡχ. The equation for states n, where 
1 < η < Ν, is the same as before. The equation for state Ν is different 
because now state Ν can only be left via a departure since an arriving 
customer will not enter the system when it is in state N; also, state Ν can 
now only be entered from state Ν - 1 (as there is no longer a state Ν + 1) 
via an arrival. 

1 <n<N 

Ν 

0 λΡ0 

(λ+μ)Ρη 

μΡι 

λΡη_,+μΡη 

λΡΝ_χ 
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To solve, we again rewrite the preceding system of equations: 

which, solving in terms of P 0 , yields 

P> = -Po, 
μ 

Py = 

Λ = 
λ^

3 

0> 

Ρο, 

— ~ΡΝ-2 + ( Pf 
β 

Ν-2 Ν-3 

— )Ρ> Ν-1 

By using the fact that Ση = ο Ρ η = 1, we obtain 

» = 0 \f, 

(λ/μ)
Ν+1 

or 

λ/μ 

1 - λ/μ 

1 - (λ/μ)
Ν+1 

and hence from Equation (8.10) we obtain 

(λ/μ)"(\ - λ/μ) 

N-l 
Po, 

Pn = 
1 - (λ/μ) N+l ' η = 0, 1, ...9N 

(8.10) 

(8.11) 

Note that in this case, there is no need to impose the condition that λ/μ < 1. 
The queue size is, by definition, bounded so there is no possibility of its 
increasing indefinitely. 
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As before, L may be expressed in terms of Pn to yield 

TV 

L= Σ nPn 

= 0 

(1 - λ/μ) 

n = 0 

4A$ 1 - (λ/μ)Ν+ 

which after some algebra yields 

λ[1 + Ν(λ/μ)Ν+1 - (Ν + 1)(λ/μ)Ν] 

(μ - λ)(1 - (λ/μ)Ν+ι) ^ ~~ / . . η / ι / ι / . . v /V+K \θΛΔ) 

In deriving FT, the expected amount of time a customer spends in the 
system, we must be a little careful about what we mean by a customer. 
Specifically, are we including those "customers" who arrive to find the 
system full and thus do not spend any time in the system? Or, do we just 
want the expected time spent in the system by a customer that actually 
entered the system? The two questions lead, of course, to different answers. 
In the first case, we have Aa = A; whereas in the second case, since the 
fraction of arrivals that actually enter the system is 1 - PN, it follows that 
Aa = A(l - PN). Once it is clear what we mean by a customer, W can be 
obtained from 

Example 8.3 Suppose that it costs ομ dollars per hour to provide service 
at a rate μ. Suppose also that we incur a gross profit of A dollars for each 
customer served. If the system has a capacity N, what service rate μ 
maximizes our total profit? 

Solution: To solve this, suppose that we use rate μ. Let us determine 
the amount of money coming in per hour and subtract from this the 
amount going out each hour. This will give us our profit per hour, and we 
can choose μ so as to maximize this. 

Now, potential customers arrive at a rate A. However, a certain 
proportion of them do not join the system; namely, those who arrive 
when there are Ν customers already in the system. Hence, since PN is the 
proportion of time that the system is full, it follows that entering 
customers arrive at a rate of A(l - PN). Since each customer pays $ v 4 , it 
follows that money comes in at an hourly rate of A(l - PN)A and since 
it goes out at an hourly rate of cμ, it follows that our total profit per 
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hour is given by 

Profit per hour = A(l - PN)A - ομ 

(λ/μψ{\ - λ/μ) 
= λΑ 1 -

1 - (λ/μ)Ν+ι 

λΑ[1 - (λ/μ)Ν] 

~ 1 - (λ/μ)Ν+1 €μ 

For instance if Ν = 2 , λ = 1, Α = 10, c = 1, then 

10[1 - (Ι/μ)2] 

- εμ 

Profit per hour = 
1 - (Ι/μ)3 

10(μ3 - μ) 
- μ 

~ μ3 -I 

in order to maximize profit we differentiate to obtain 

4- [Profit per hour] = 1 0 ( 2 μ] ~ t 1} 

Φ (μ - 1) 

The value of μ that maximizes our profit now can be obtained by 
equating to zero and solving numerically. • 

In the previous two models, it has been quite easy to define the state of 
the system. Namely, it was defined as the number of people in the system. 
Now we shall consider some examples where a more detailed state space is 
necessary. 

8.3.3. A Shoeshine Shop 

Consider a shoeshine shop consisting of two chairs. Suppose that an 
entering customer first will go to chair 1 . When his work is completed in 
chair 1, he will go either to chair 2 if that chair is empty or else wait in 
chair 1 until chair 2 becomes empty. Suppose that a potential customer will 
enter this shop as long as chair 1 is empty. (Thus, for instance, a potential 
customer might enter even if there is a customer in chair 2 ) . 

If we suppose that potential customers arrive in accordance with a 
Poisson process at rate A, and that the service times for the two chairs are 
independent and have respective exponential rates of μλ and μ2, then 

(a) what proportion of potential customers enter the system? 
(b) what is the mean number of customers in the system? 
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(c) what is the average amount of time that an entering customer spends 
in the system? 

To begin we must first decide upon an appropriate state space. It is clear 
that the state of the system must include more information than merely the 
number of customers in the system. For instance, it would not be enough to 
specify that there is one customer in the system as we would also have to 
know which chair he was in. Further, if we only know that there are two 
customers in the system, then we would not know if the man in chair 1 is 
still being served or if he is just waiting for the person in chair 2 to finish. 
To account for these points, the following state space, consisting of the five 
states, (0, 0), (1, 0), (0, 1), (1, 1), and (6, 1), will be used. The states have the 
following interpretation: 

State Interpretation 

(0, 0) There are no customers in the system. 
(1.0) There is one customer in the system, and he is in chair 1. 
(0,1) There is one customer in the system, and he is in chair 2. 
(1.1) There are two customers in the system, and both are 

presently being served. 
(b, 1) There are two customers in the system, but the customer in 

the first chair has completed his work in that chair and 
is waiting for the second chair to become free. 

It should be noted that when the system is in state (b, 1), the person in 
chair 1, though not being served, is nevertheless "blocking" potential 
arrivals from entering the system. 

As a prelude to writing down the balance equations, it is usually worth-
while to make a transition diagram. This is done by first drawing a circle for 
each state and then drawing an arrow labeled by the rate at which the 
process goes from one state to another. The transition diagram for this 
model is shown in Figure 8.1. The explanation for the diagram is as follows: 

The arrow from state (0, 0) to state (1, 0) which is labeled λ means that 
when the process is in state (0, 0), that is when the system is empty, then it 
goes to state (1, 0) at a rate A, that is via an arrival. The arrow from (0, 1) 
to (1, 1) is similarly explained. 

When the process is in state (1,0), it will go to state (0, 1) when the 
customer in chair 1 is finished and this occurs at a rate μλ ; hence the arrow 
from (1, 0) to (0, 1) labeled μχ. The arrow from (1, 1) to (b, 1) is similarly 
explained. 

When in state (è, 1) the process will go to state (0, 1) when the customer 
in chair 2 completes his service (which occurs at rate μ2)\ hence the arrow 
from (b, 1) to (0, 1) labeled μ 2 · Also when in state (1, 1) the process will 



368 8 Queueing Theory 

Figure 8 .1 . A transition diagram. 

go to state (1,0) when the man in chair 2 finishes and hence the arrow from 
(1,1) to (1, 0) labeled μ 2 . Finally, if the process is in state (0, 1), then it will 
go to state (0, 0) when the man in chair 2 completes his service, hence the 
arrow from (0, 1) to (0, 0) labeled μ 2 . 

As there are no other possible transitions, this completes the transition 
diagram. 

To write the balance equations we equate the sum of the arrows 
(multiplied by the probability of the states where they originate) coming 
into a state with the sum of the arrows (multiplied by the probability of the 
state) going out of that state. This gives 

State Rate that the process leaves = rate that it enters 

(0, 0) λΡoo = ßiPox 

(1,0) μ ι Λ ο = λΡ00 + μ 2Ρι ι 

(0,1) (λ + μ 2)Ρ 0ι = ßipio + ßiPbi 

(1,1) (μ! + μ 2 ) Ρ η = λΡ0ί 

(ô, 1) = ßiPn 

These along with the equation 

Poo + Ρίο + Poi + Pn + Pbi = 1 

may be solved to determine the limiting probabilities. Though it is easy to 
solve the preceding equations, the resulting solutions are quite involved and 
hence will not be explicitly presented. However, it is easy to answer our 
questions in terms of these limiting probabilities. First, since a potential 
customer will enter the system when the state is either (0, 0) or (0, 1), it 
follows that the proportion of customers entering the system is P 0 0 + P0i. 
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Secondly, since there is one customer in the system whenever the state is 
(0, 1) or (1, 0) and two customers in the system whenever the state is (1,1) 
or (/?, 1), it follows that L, the average number in the system, is given by 

L = P0i+ Pio + 2 ( P n + Pbl) 

To derive the average amount of time that an entering customer spends in 
the system, we use the relationship W = L/A a . Since a potential customer 
will enter the system when in state (0,0) or (0, 1), it follows that 
Aa = λ(Ρ00 + P01) and hence 

λ(Ρ0ο + Ροι) 

Example 8.4 (a) If A = 1, μχ = 1, μ2 = 2, then calculate the preceding 
quantities of interest. 

(b) If A = 1, μχ = 2, μ2 = 1, then calculate the preceding. 

Solution: (a) Solving the balance equations, yields that 

r> _ 12. ρ JJL Ρ _ _2_ Ρ _ _6_ ρ 1 

MX) ~- 37» M 0 — 37» M l
 _

 37» M)l
 —

 37 > M l
 —

 37 

Hence, 
L l

 — 37»
 w

 — 18 

(b) Solving the balance equations yields 

p _ _ 3 _ p _ _ 2 _ ρ _ J _ Έ> — 2_ p _ _ 3 _ 
M)0 ~~ 11 > MO

 —
 11 > M l

 —
 11 > "b\ ~ 11 > M)l

 —
 11 

Hence, 

L = 1, \ν=ψ • 

8.3.4. A Queueing System with Bulk Service 

In this model, we consider a single-server exponential queueing system in 
which the server is able to serve two customers at the same time. Whenever 
the server completes a service, he then serves the next two customers at 
the same time. However, if there is only one customer in line, then he 
serves that customer by himself. We shall assume that his service time is 
exponential at rate μ whether he is serving one or two customers. As usual, 
we suppose that customers arrive at an exponential rate A. One example of 
such a system might be an elevator or a cable car which can take at most two 
passengers at any time. 

It would seem that the state of the system would have to tell us not only 
how many customers there are in the system, but also whether one or two 
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are presently being served. However, it turns out that we can solve the 
problem easier not by concentrating on the number of customers in the 
system, but rather on the number in queue. So let us define the state as 
the number of customers waiting in queue, with two states when there is no 
one in queue. That is, let us have as a state space 0', 0, 1, 2 , w i t h the 
interpretation 

State Interpretation 

0' No one in service 
0 Server busy; no one waiting 

Λ, η > 0 η customers waiting 

The transition diagram is shown in Figure 8.2 and the balance equations are 

State Rate at which the process leaves = rate at which it enters 

0' λΡ0, = μΡ0 

0 (A + μ)Ρ0 = λΡ0, + μΡχ + μΡ2 

η, η > 1 (Α + μ)Ρη = λΡη_1 + μΡη+2 

Now the set of equations 

(A + μ)Ρη = λΡη_χ + μΡη+2 η = 1,2, . . . (8.13) 

have a solution of the form 

Pn = «"Po 

To see this, substitute the preceding in equation (8.13) to obtain 

(A + μ)αηΡ0 = λαη~ιΡ0 + μαη+2Ρ0 

or 

(A 4- μ)α = λ + μα3 

Solving this for a yields the three roots: 

Figure 8.2. 

and 
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As the first two are clearly not possible, it follows that 

VI + 4λ/μ - 1 

Hence, 

Pn = <xnP0, 

where the bottom equation follows from the first balance equation. (We can 
ignore the second balance equation as one of these equations is always 
redundant.) To obtain P0, we use 

or 

or 

or 

oo 

P0 + Ρθ· + Σ Pn = 1 
η = 1 

p°[i+M"" 

Po = λ + μ(ί - a) 

and thus 

P „ = 

P0, = 

where 

αηλ(\ - a) 

λ + μ(\ - a)9 

Ml - <*) 
λ + μ(\ - a) 

VI + 4λ/μ - 1 
a = 

η > 0 

(8.14) 

It should be noted that for the preceding to be valid we need a < 1, or 
equivalently λ/μ < 2, which is intuitive since the maximum service rate is 
2μ, which must be larger than the arrival rate λ to avoid overloading the 
system. 

All the relevant quantities of interest now can be determined. For 
instance, to determine the proportion of customers that are served alone, 
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we first note that the rate at which customers are served alone is 
λΡ0> + μΡχ, since when the system is empty a customer will be served alone 
upon the next arrival and when there is one customer in queue he will be 
served alone upon a departure. As the rate at which customers are served is 
A, it follows that 

λΡ0, + μΡχ 

Proportion of customers that are served alone = 

Also, 
OO 

Lq= Σ nP„ 
η = 1 

A(l - a) 

Α + μ ( 1 - α ) Λ Ξ ι 

λα 

Σ nan from Equation (8.14) 

by algebraic identity £ η ο ί" 
(1 - α)[λ + μ(1 - a)] ~J ~ ° ' Y ™ (1 - a)2 

and 

W -
Q
 ~ A 

L = λΨ 

W= WQ + 

8.4. Network of Queues 

8.4.1. Open Systems 

Consider a two-server system in which customers arrive at a Poisson rate A 
at server 1. After being served by server 1 they then join the queue in front 
of server 2. We suppose there is infinite waiting space at both servers. Each 
server serves one customer at a time with server / taking an exponential 
time with rate μ, for a service, / = 1,2. Such a system is called a tandem or 
sequential system (see Figure 8.3). 

To analyze this system we need keep track of the number of customers at 
server 1 and the number at server 2. So let us define the state by the pair 
(Λ, m)—meaning that there are η customers at server 1 and m at server 2. 
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Server 
1 

Server 
2 

Server 
1 

Server 
2 

leoves 
system 

Figure 8.3. A tandem queue. 

The balance equations are 

State 

0,0 

n,0;n > 0 

0, m\ m > 0 

n, m; nm > 0 

Rate that the process leaves = rate that it enters 

(Α + / / 1 )Ρ Λ , 0 = μ2Ρη,ι + λΡη-1.0 

(A + ß2)P0,m = ßlPo.m+l + ßlPl l , m - l 

(A + + / / 2) ^ i , m = / * 2 ^ i , „ 

+ A R η —l,m 

+ 1+1,m-1 

(8.15) 
Rather than directly attempting to solve these (along with the equation 
Ση,ηιΡη,ηι = 0 w e shall guess at a solution and then verify that it indeed 
satisfies the preceding. We first note that the situation at server 1 is just as 
in an M/M/l model. Similarly, as it was shown in Section 6.6 that the 
departure process of an M/M/l queue is a Poisson process with rate A, it 
follows that what server 2 faces is also an M/M/l queue. Hence, the 
probability that there are η customers at server 1 is 

P{n at server 1} = I — 

and, similarly, 

P{m at server 2} = 

. - A 
μι 

i - A 

Now if the numbers of customers at servers 1 and 2 were independent 
random variables, then it would follow that 

! ) • ( , . I V I . ) V , . I . ' (8.16) 

To verify that Pnm is indeed equal to the preceding (and thus that the 
number of customers at server 1 is independent of the number at server 2), 
all we need do is verify that the preceding satisfies the set of Equations 
(8.15)—this suffices since we know that the Pnm are the unique solution of 
Equations (8.15). Now, for instance, if we consider the first equation of 
(8.15), we need to show that 
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which is easily verified. We leave it as an exercise to show that the Pnttn, as 
given by Equation (8.16), satisfy all of the Equations (8.15), and are thus 
the limiting probabilities. 

From the preceding we see that L, the average number of customers in the 
system, is given by 

L = Σ (η + m)Pn>m 

n,m 

= y n(—)n(l - -] + Y m(—X(l - -
n \ ß j \ ß j m \ßl) \ ßl. 

λ λ 
+ 

and from this we see that the average time a customer spends in the system is 

λ β\ - λ μ2 - λ 

Remarks (i) The result (Equation 8.15) could have been obtained as a 
direct consequence of the time reversibility of an M / M / l (see Section 6.6). 
For not only does time reversibility imply that the output from server 1 is a 
Poisson process, but it also implies (Exercise 24 of Chapter 6) that the 
number of customers at server 1 is independent of the past departure times 
from server 1. As these past departure times constitute the arrival process to 
server 2, the independence of the numbers of customers in the two systems 
follows. 

(ii) Since a Poisson arrival sees time averages, it follows that in a tandem 
queue the numbers of customers an arrival (to server 1) sees at the two servers 
are independent random variables. However, it should be noted that this does 
not imply that the waiting times of a given customer at the two servers are 
independent. For a counter example suppose that λ is very small with respect 
to μχ = μ2\ and thus almost all customers have zero wait in queue at both 
servers. However, given that the wait in queue of a customer at server 1 is 
positive, his wait in queue at server 2 also will be positive with probability 
at least as large as \ (why?). Hence, the waiting times in queue are not 
independent. Remarkably enough, however, it turns out that the total times 
(that is, service time plus wait in queue) that an arrival spends at the two 
servers are indeed independent random variables. 

The preceding result can be substantially generalized. To do so, consider a 
system of k servers. Customers arrive from outside the system to server /, 
/ = 1 , . . . , k, in accordance with independent Poisson processes at rate r, ; they 
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join the queue at / until their turn at service comes. Once a customer is 
served by server /, he then joins the queue in front of server j , j = 1 , . . . , k, 
with probability Py. Hence, Σ*/=ιΡϋ- 1, and 1 - Σ;=ι^/ / represents 
the probability that a customer departs the system after being served by 
server /. 

If we let Xj denote the total arrival rate of customers to server y, then the 
kj can be obtained as the solution of 

k 

Xj = rj+ Σ *iPu> i= U - . * (8.17) 
/ = 1 

Equation (8.17) follows since η is the arrival rate of customers to j coming 
from outside the system and, as λ, is the rate at which customers depart 
server i (rate in must equal rate out), A / P # is the arrival rate to j of those 
coming from server /. 

It turns out that the number of customers at each of the servers is 
independent and of the form 

P[n customers at server j} = n > 1 

where μ, is the exponential service rate at server j and the A, are the solution 
of Equation (8.17). Of course, it is necessary that Α,/μ,· < 1 for all j . 
In order to prove this, we first note that it is equivalent to asserting that the 
limiting probabilities P(nif n 2 , n k ) = P[rij at server j , j= 1,...,£} 
are given by 

P(nl9n29...,nk)= Π f̂ YYl - - ) (8.18) 

which can be verified by showing that it satisfies the balance equations for 
this model. 

The average number of customers in the system is 

k 

L = Σ average number at server j 
j= ι 

The average time a customer spends in the system can be obtained from 
L = kW with A = ZU ι 0 · < w h y n o t λ = Σ*= ι A,?) This yields 
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Remarks The result embodied in Equation (8.18) is rather remarkable 
in that it says that the distribution of the number of customers at server / 
is the same as in an M/M/l system with rates Af- and μ,. What is 
remarkable is that in the network model the arrival process at node i need 
not be a Poisson process. For if there is a possibility that a customer 
may visit a server more than once (a situation called feedback), then the 
arrival process will not be Poisson. An easy example illustrating this is to 
suppose that there is a single server whose service rate is very large with 
respect to the arrival rate from outside. Suppose also that with probability 
ρ = 0.9 a customer upon completion of service is fed back into the system. 
Hence, at an arrival time epoch there is a large probability of another 
arrival in a short time (namely, the feedback arrival); whereas at an 
arbitrary time point there will be only a very slight chance of an arrival 
occurring shortly (since A is so very small). Hence, the arrival process does 
not possess independent increments and so cannot be Poisson. In fact even 
though it is straightforward to verify Equation (8.18) there does 
not appear to be, at present, any simple explanation as to why it is, in 
fact, true. 

Thus, we see that when feedback is allowed the steady-state probabilities 
of the number of customers at any given station has the same distribution 
as in an M/M/l model even though the model is not M/M/l. (Presumably 
such quantities as the joint distribution of the number at the station at two 
different time points will not be the same as for an M/M/l.) 

Example 8.5 Consider a system of two servers where customers from 
outside the system arrive at server 1 at a Poisson rate 4 and at server 2 
at a Poisson rate 5. The service rates of 1 and 2 are respectively 8 and 10. 
A customer upon completion of service at server 1 is equally likely to go to 
server 2 or to leave the system (i.e., Pxx = 0, PX2 = y); whereas a departure 
from server 2 will go 25 percent of the time to server 1 and will depart 
the system otherwise (i.e., P2\ = h P22 = 0)· Determine the limiting 
probabilities, L, and W. 

Solution: The total arrival rates to servers 1 and 2—call them λχ and 
A2—can be obtained from Equation (8.17). That is, we have 

λχ = 4 + | Α 2 , 

A 2 = 5 + \λχ 

implying that 

Aj = 6, A 2 = 8 
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Hence, 

P{n at server 1, m at server 2} = ( i ) " i ( j ) m j 

and 
6 8 

L ~ 8 - 6 + 10 - 8 " 7 ' 

8.4.2. Closed Systems 

The queueing systems described in Section 8.4.1. are called open systems 
since customers are able to enter and depart the system. A system in which 
new customers never enter and existing ones never depart is called a closed 
system. 

Let us suppose that we have m customers moving among a system of k 
servers. When a customer completes service at server /, she then joins the 
queue in front of server j,j= 1, . . . , k, with probability />·,·, where we now 
suppose that £* = x Pu·,= 1 for all i = 1 , . . . , k. That is, Ρ = [/*,·] is Markov 
transition probability matrix, which we shall assume is irreducible. Let 
π = (πχ,..., nk) denote the stationary probabilities for this Markov chain; 
that is, π is the unique positive solution of 

k 

k

 i =1 (8.19) 
Σ nj = 1 

7 = 1 

If we denote the average arrival rate (or equivalently the average service 
completion rate) at server j by Am(y), j = 1, ...,k then, analogous to 
Equation (8.17), the Aw(y) satisfy 

k 

A m ( y ) = Σ λ*(0Ρυ 
/ = 1 

Hence, from (8.19) we can conclude that 

Am(y) = kmnj9 j= 1,2, (8.20) 
where 

k 

Κ = Σ Am(y) (8.21) 
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From Equation (8.21), we see that km is the average service completion rate 
of the entire system, that is, it is the system throughput rate.* 

If we let Pm{nx, n2, ..., nk) denote the limiting probabilities 

Pm(
ni » n i , · · · » nk) = P\nj customers at server y, j = 1 , . . . , k] 

then, by verifying that they satisfy the balance equation, it can be shown 
that 

7 = 1 
if Σ rij = m 

j= ι 
otherwise 

But from (8.20) we thus obtain that 

where 

Cm = 

r Cm Π (nj/ßj)\ 
j= ι 

Σ Π (nj/ßjP 
"ι nk: j=l 

if Σ rij = m 
y ' = i 

otherwise 

(8.22) 

(8.23) 

The above formula (8.22) is not as useful as one might suppose, for in order 
to utilize it we must determine the normalizing constant Cm given by (8.23) 
which requires summing the products I l j = i (itj/ßj)nj over all the feasible 

vectors (nx, ...,nk): E y = i ^ =
 m- Hence, since there are 

m + k - 1 

m 
vectors this is only computationally feasible for relatively small values 
of m and k. 

We will now present an approach that will enable us to recursively 
determine many of the quantities of interest in this model without first 
computing the normalizing constants. To begin, consider a customer who 
has just left server / and is headed to server j , and let us determine the 
probability of the system as seen by this customer. In particular, let us 
determine the probability that this customer observes, at that moment, 
/2/ customers at server /, / = ! , . . . , £ , ΣΚιηι = fn - I. This is done 

* We are using the notation of A m(y ) and km to indicate the dependence on the number 

of customers in the closed system. This will be used in recursive relations we will develop. 
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as follows: 

P {customer observes nt at server /, 

/ = 1 , . . . , k I customer goes from / to j} 

_ P{stateis ( n x , n t + 1 , n j 9 nk), customer goes from / toy} 

Ρ {customer goes from / to j) 

= Pm(nu...,ni + 1, . . . , /! / , ...,nk)ßiPij 

ΣΒ : Σ Λ> = / » Ι - 1 ^ Π ( Λ Ι , . . . , / ! / + 1, . . . , / Ι * ) ^ * / 

= W ^ Ï Ï - ^ W f r o m (8.22) 

Κ 
k 

= c Π ( n / W 

where C does not depend on But as the above is a probability 
density on the set of vectors (nx, ..., nk), Σ*Ι= ι AZ7 = w - 1, it follows from 
(8.22) that it must equal Pm-\(nl9 nk). Hence, 

Ρ {customer observes nl at server /, 

/ = 1 , . . . , k I customer goes from / to j ] 

k 

= Pm-A*i> .·.,**)> Σ * i = m - 1 (8.24) 

ι = 1 
As (8.24) is true for all /, we thus have proven the following proposition, 
known as the Arrival Theorem. 

Proposit ion 8.3 (The Arrival Theorem). In the closed network system 
with m customers, the system as seen by arrivals to server y, is distributed as 
the stationary distribution in the same network system when there are only 
m - 1 customers. 

Denote by Lm(j) and Wm(j) the average number of customers and the 
average time a customer spends at server j when there are m customers in 
the network. Upon conditioning on the number of customers found at 
server j by an arrival to that server, it follows that 

J i r 1 + £ m [number at server j as seen by an arrival] 
W
mKJ) = 

= 1 + L - * U ) (8.25) 
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where the last equality follows from the Arrival Theorem. Now when there 
are m - 1 customers in the system, then, from (8.20), Am_!(y), the average 
arrival rate to server y, satisfies 

^m-l(J) =
 71

 j 

Now, applying the basic cost identity Equation (8.1) with the cost rule being 
that each customer in the network system of m - 1 customers pays one unit 
time while at server y, we obtain 

Lm-iU) = Im-iKjW^U) (8.26) 

Using (8.25), this yields 

W { j ) = l + A „ - , » , y - i ( 7 ) (8 2 7 ) 

Also using the fact that Σ>= ι Z-m-iO') = m - 1 (why?) we obtain, from 
(8.26), that 

j= ι 
or 

K - " Σ?.Γ^-,(θ < 8 2 8) 

Hence, from (8.27), we obtain the recursion 

1 | (m - DnjW^U) 
WmU) = f + , ^ 'TZ.,: (8-29) 

Starting with the stationary probabilities UjJ= 1 , . . . , k, and Wx(j) = 1/μ, 
we can now use (8.29) to recursively determine H^(y), W3(j), Wm(j). 
We can then determine the throughput rate km by using (8.28), and this will 
determine Lm(j) by (8.26). This recursive approach is called mean value 
analysis. 

Example 8.6 Consider a k server network in which the customers move 
in a cyclic permutation. That is, 

= 1. / = 1 , 2 , . . . , * - 1, Pk,i = l 

Let us determine the average number of customers at server j when there 
are two customers in the system. Now, for this network 

π£ = 1/k, i = 1 , k 



8.5. The System M/G/1 381 

and as 

we obtain from (8.29) that 

Wx(j) = -
ßj 

1 jl/kMßj) 
i y J)

 ßj Mjl'-iQ/WMi) 

Hence, from (8.28), 

λ
2 - k ι - k 

j _ 1 

ßj ßjlKiVßi 

2k 

1 * ( \ 1 

and finally, using (8.26), 

L2U) = λ2

λ-\ν2υ) 

ο ι
1 1 

2 — + 

8.5. The System Af/G/1 

8.5 .1 . Preliminaries: Work and Another Cost Identity 

For an arbitrary queueing system, let us define the work in the system at any 
time / to be the sum of the remaining service times of all customers in the 
system at time t. For instance, suppose there are three customers in the 
system—the one in service having been there for three of his required five 
units of service time, and both people in queue having service times of six 
units. Then the work at that time is 2 + 6 + 6 = 14. Let V denote the 
(time) average work in the system. 

Now recall the fundamental cost Equation (8.1), which states that the 

Average rate at which the system earns 

= Aa χ average amount a customer pays 
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and consider the following cost rule: Each customer pays at a rate of 
y/unit time when his remaining service time is y, whether he is in queue or 
in service. Thus, the rate at which the system earns is just the work in the 
system; so the basic identity yields that 

V = λΆΕ[amount paid by a customer] 

Now, let S and W$ denote respectively the service time and the time a given 
customer spends waiting in queue. Then, since the customer pays at a con-
stant rate of S per unit time while he waits in queue and at a rate of S - χ 
after spending an amount of time χ in service, we have 

£ [amount paid by a customer] = Ε 

and thus 

s 

SW$ + 1 ( 5 - x)dx 
ο 

V = A a £ [ S ^ Q * ] +
 K E

^
2 ]

 (8.30) 

It should be noted that the preceding is a basic queueing identity (like 
Equations (8.2)-(8.4)) and as such valid in almost all models. In addition, 
if a customer's service time is independent of his wait in queue (as is usually, 
but not always the case), f then we have from Equation (8.30) that 

V= k,E[SWQ + ^ ^ (8.31) 

8.5.2. Application of Work to M/G/λ 

The M/G/l model assumes (i) Poisson arrivals at rate A; (ii) a general 
service distribution; and (iii) a single server. In addition, we will suppose 
that customers are served in the order of their arrival. 

Now, for an arbitrary customer in an M/G/l system, 

customer's wait in queue = work in the system when he arrives (8.32) 

This follows since there is only a single server (think about it!). Taking 
expectations of both sides of Equation (8.32) yields 

WQ = average work as seen by an arrival 

But, due to Poisson arrivals, the average work as seen by an arrival will 
equal K, the time average work in the system. Hence, for the model M/G/l, 

WQ = V 

f
 For an example where it is not true, see Section 8.6.2. 
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The preceding in conjunction with the identity 

V= XE[S]WQ + ^ p -

yields the so-called Pollaczek-Khintchine formula, 

W ° - 2 ( 1

A -Ss|) <S'33> 
where E[S] and E[S2] are the first two moments of the service distribution. 

The quantities L, L Q , and W can be obtained from Equation (8.33) as 

L -xw *2ElS2] 
L

Q - ^ Q - 2 ( l_ X E [ S ]y 

w = w « + E [ S] = 2«-mS])

 + ElS]> (8·34) 

L
-

i K ,
- 2 l i - l E m

 + l Bm 

Remarks (i) For the preceding quantities to be finite, we need 
XE[S] < 1. This condition is intutitive since we know from renewal theory 
that if the server was always busy, then the departure rate would be l/E[S] 
(see Section 7.3), which must be larger than the arrival rate λ to keep things 
finite. 

(ii) Since E[S2] = Var(S) + (E[S])2, we see from Equations (8.33) and 
(8.34) that, for fixed mean service time, L, L Q , W, and WQ all increase as 
the variance of the service distribution increases. 

(iii) Another approach to obtain WQ is presented in Exercise 29. 

8.5.3. Busy Periods 

The system alternates between idle periods (when there are no customers in 
the system, and so the server is idle) and busy periods (when there is at least 
one customer in the system, and so the server is busy). 

Let us denote by In and Bn, respectively, the lengths of the Azth idle and 
the flth busy period, η > 1. Hence, in the first Σ]= ι CO + Bj) time units the 
server will be idle for a time Σ]= ι //> a n d so the proportion of time that the 
server will be idle, which of course is just P 0 , can be expressed as 

P 0 = proportion of idle time 

η - » Ix + + In + Bx + ··· + Bn 
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Now it is easy to see that the Ix, I2,... are independent and identically 
distributed as the Bx, B2, . . . are. Hence, by dividing the numerator and the 
denominator of the right side of the above by n, and then applying the 
strong law of large numbers, we obtain 

P 0 = l i m ( Λ + - + / • > / " 

Λ-οο (/j + ... + ln)/n + (Bx + ··. + Bn)/n 

Ε [I] 
Ell] + E[B] 

(8.35) 

where / and Β represent idle and busy time random variables. 
Now / represents the time from when a customer departs and leaves the 

system empty until the next arrival. Hence, from Poisson arrivals, it follows 
that / is exponential with rate A, and so 

Ell] = \ (8.36) 

To compute P0, we note from Equation (8.4) (obtained from the funda-
mental cost equation by supposing that a customer pays at a rate of one per 
unit time while in service) that 

Average number of busy servers = A£[S] 

However, as the left-hand side of the above equals 1 - P0 (why?), we have 

P0 = 1 - XEIS] (8.37) 

and, from Equations (8.35)-(8.37), 

1/A 

l/λ + Ε [Β] 
or 

EIS] 

I - A£[S] = 

Ε[Β] = 
I - ÀEIS] 

Another quantity of interest is C, the number of customers served in a 
busy period. The mean of C can be computed by noting that, on the 
average, for every EIC] arrivals exactly one will find the system empty 
(namely, the first customer in the busy period). Hence, 

1 
a°-ËÏC] 

and, as a0 = P0 = 1 - XE[S] because of Poisson arrivals, we see that 

E [ C ] = H l i s î 
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8.6. Variations on the M/G/λ 

8.6.1 . The M/G/Λ with Random-Sized Batch Arrivals 

Suppose that, as in the M / G / l , arrivals occur in accordance with a Poisson 
process having rate A. But now suppose that each arrival consists not of a 
single customer but of a random number of customers. As before there is a 
single server whose service times have distribution G. 

Let us denote by aj9j > 1, the probability that an arbitrary batch consists 
of j customers; and let Ν denote a random variable representing the size of 
a batch and so P[N = j] = OLJ. Since A a = λΕ(Ν), the basic formula for 
work (Equation 8.31) becomes 

V = λΕ[Ν] 
E(S

2
) 

E(S)WQ + A r
2 

(8.38) 

To obtain a second equation relating Κ to WQ , consider an average 
customer. We have that 

his wait in queue = work in system when he arrives 
+ his waiting time due to those in his batch 

Taking expectations and using the fact that Poisson arrivals see time 
averages yields 

WQ = V + £ [waiting time due to those in his batch] 

= V+E[WB] (8.39) 

Now, E(WB) can be computed by conditioning on the number in the batch, 
but we must be careful. For the probability that our average customer 
comes from a batch of size j is not OLJ . For ccj is the proportion of batches 
which are of size y, and if we pick a customer at random, it is more likely 
that he comes from a larger rather than a smaller batch. (For instance, 
suppose ax = al00 = y, then half the batches are of size 1 but 100/101 of 
the customers will come from a batch of size 100!) 

To determine the probability that our average customer came from a 
batch of size j we reason as follows: Let M be a large number. Then of the 
first M batches approximately MOLJ will be of size y, j > 1, and thus there 
would have been approximately JMOLJ customers that arrived in a batch of 
size y. Hence, the proportion of arrivals in the first M batches that were 
from batches of size j is approximately y M a y ^ y M o , . This proportion 
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becomes exact a s M - » oo, and so we see that 

JOCj 
Proportion of customers from batches of size j = 

Ijjotj 

E[N] 

We are now ready to compute E(WB), the expected wait in queue due to 
others in the batch: 

E[WB] = Σ E[WB\ batch of size j] (8.40) 
j z\pi\ 

Now if there are j customers in his batch, then our customer would have to 
wait for / - 1 of them to be served if he was /th in line among his batch 
members. As he is equally likely to be either 1st, 2nd, or yth in line 
we see that 

E[WB I batch is of size j] = £ ( / - l)E(S)\ 
/ = ι J 

Substituting this in Equation (8.40) yields 

E[S](E[N2] - E[N]) 
2E[N] 

and from Equations (8.38) and (8.39) we obtain 

E[S](E[N2] - E[N])/2E[N] + XE[N]E[S2]/2 
Q ~ 1 - XE[N]E[S] 

Remarks (i) Note that the condition for WQ to be finite is that 

1 
λΕ(Ν) < 

E[S] 

which again says that the arrival rate must be less than the service rate 
(when the server is busy). 
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(ii) For fixed value of E[N], is increasing in Var[YV], again indicating 
that "single-server queues do not like variation." 

(iii) The other quantities L , LQ, and W can be obtained by using 

8.6.2. Priority Queues 

Priority queuing systems are ones in which customers are classified into 
types and then given service priority according to their type. Consider the 
situation where there are two types of customers, which arrive according to 
independent Poisson processes with respective rates λλ and A 2, and have 
service distributions Gx and G2. We suppose that type 1 customers are given 
service priority, in that service will never begin on a type 2 customer if a type 
1 is waiting. However, if a type 2 is being served and a type 1 arrives, we 
assume that the service of the type 2 is continued until completion. That is, 
there is no preemption once service has begun. 

Let WQ denote the average wait in queue of a type / customer, / = 1,2. 
Our objective is to compute the WQ. 

First, note that the total work in the system at any time would be exactly 
the same no matter what priority rule was employed (as long as the server 
is always busy whenever there are customers in the system). This is so since 
the work will always decrease at a rate of one per unit time when the 
server is busy (no matter who is in service) and will always jump by the 
service time of an arrival. Hence, the work in the system is exactly as 
it would be if there was no priority rule but rather a first-come, first-served 
(called FIFO) ordering. However, under FIFO the above model is just 
M/G/l with 

which follows since the combination of two independent Poisson processes 
is itself a Poisson process whose rate is the sum of the rates of the 
component processes. The service distribution G can be obtained by 
conditioning on which priority class the arrival is from—as is done in 
Equation (8.41). 

W=WQ + E[S], 

L = XJV= XE[N]W, 

LQ = XE[N]WQ 

λ = λχ + λ2 

(8.41) 
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Hence, from the results of Section 8 . 5 , it follows that K, the average work 
in the priority queueing system, is given by 

V = 
XE[S2] 

2 ( 1 - XE[S]) 

k({kx/X)E[S2] + {k2/k)E[S2\) 

2 [ 1 - X((k1/X)E[Sl] + (k2/X)E[S2\)] 

X,E[S2] + X2E[S2] 

2 ( 1 - XXE[SX] - X2E[S2\) 
( 8 . 4 2 ) 

where S, has distribution G f, / = 1, 2 . 
Continuing in our quest for WQ, let us note that S and W$, the service 

and wait in queue of an arbitrary customer, are not independent in the 
priority model since knowledge about S gives us information as to the type 
of customer which in turn gives us information about W$. To get around 
this we will compute separately the average amount of type 1 and type 2 
work in the system. Denoting V1 as the average amount of type / work we 
have, exactly as in Section 8 . 5 . 1 , 

Vi = kiElSiWli + / = 1 , 2 ( 8 . 4 3 ) 

If we define 

V^XiElSiW^ 

„ f . _ XjE[S2] 
V s ~ 2 

then we may interpret VQ as the average amount of type / work in queue, 
and VI as the average amount of type / work in service (why?). 

Now we are ready to compute WQ. TO do so, consider an arbitrary type 
1 arrival. Then 

his delay = amount of type 1 work in the system when he arrives 

+ amount of type 2 work in service when he arrives 

Taking expectations and using the fact that Poisson arrivals see time 
averages yields 

WQ = V
1
 + V

2 

= λίΕ[8^ +

 λ-ΐψΐ +

 λ-^ ( 8 . 4 4 ) 
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or 
, _ X.ElSf] + X2E[SJ] 

W q - 2(\-XlE[Sl]) ( 8· 4 5 ) 

To obtain WQ we first note that since V = V1 + V2, we have from 
Equations (8.42) and (8.43) that 

XlE[Sf] + X2E[Si] = λ ι Ε [ 8 ι ]Κ + λ ι Ε [ 8 ι ]Κ 

2(1 - A,£[S,] - X2E[S2]) 

X^Sf] X2E[SJ] 

2 2 

= + X2E[S2]WQ (from Equation (8.44)) 

Now, using Equation (8.45), we obtain 

1 1 
X2E[S2]W£ = 

2 A,£[S?] + X2E[Si] 

I - XiElSJ - X2E[S2] 

or 

W2 = X l E [ S' ] + À 2 E [ S 2] Î8 46^ 
Q 2(1 - λ,Ε^] - A 2£[S 2])(1 - A ^ I S J ) 1 ' ; 

Remarks (i) Note that from Equation (8.45), the condition for WQ to 
be finite is that XlE[Sl] < 1, which is independent of the type 2 parameters. 
(Is this intuitive?) For WQ to be finite, we need, from Equation (8.46), that 

A ^ I S J + A 2£[S 2] < 1 

Since the arrival rate of all customers is A = λλ + A 2, and the average 
service time of a customer is (Xl/k)E[Sl\ + (A2/A)£'[S2], the preceding 
condition is just that the average arrival rate be less than the average 
service rate. 

(ii) If there are η types of customers, we can solve for V\ j = 1 , n ; 
in a similar fashion. First, note that the total amount of work in the system 
of customers of types 1, is independent of the internal priority rule 
concerning types 1 , . . . J and only depends on the fact that each of them is 
given priority over any customers of types j + l , . . . , / z . (Why is this? 
Reason it out!) Hence, V1 + · · · + VJ is the same as it would be if types 
l , . . . , y were considered as a single type I priority class and types 
j + 1 , . . . , η as a single type II priority class. Now, from Equations (8.43) 
and (8.45), 

XjElS}] + λ,ληΕ^Ε^2,] 
2(1 - A^fSJ ) 
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where 

Χι = Χι + ··· + Xj, 

EISJ = Σ γ EIS,], 

i = 1
 Λ

Ι 

£[S,2] = Σ ^E[Sf], 
E[SÜ= Σ ^ £ [ s , 2 ] 

1 = 7 + 1
 Λ

Ι Ι 

Hence, as V1 = V1 + · · · + Κ·7, we have an expression for V1 + ··· + K7, 
for each j= Ι,.,.,η, which then can be solved for the individual 
Vx, V2, . . . , We now can obtain from Equation (8.43). The result of 
all this (which we leave for an exercise) is that 

XlE[Sf] + - + XnE[Sl] 

- 2 nj-,-ι Ο - A ^ [ S J Α ^ [ 5 , ] ) '
 7

 -
 l

> " · > "
 ( 8

'
4 7) 

8.7. The Model G/Μ/Λ 

The model G/M/l assumes that the times between successive arrivals have 
an arbitrary distribution G. The service times are exponentially distributed 
with rate μ and there is a single server. 

The immediate difficulty in analyzing this model stems from the fact that 
the number of customers in the system is not informative enough to serve as 
a state space. For in summarizing what has occurred up to the present we 
would need to know not only the number in the system, but also the amount 
of time that has elapsed since the last arrival (since G is not memoryless). 
(Why need we not be concerned with the amount of time the person being 
served has already spent in service?) To get around this problem we shall 
only look at the system when a customer arrives; and so let us define Xn, 
n> 1, by 

Xn = the number in the system as seen by the nth arrival 

It is easy to see that the process [Xn, η > 1} is a Markov chain. To 
compute the transition probabilities Pu for this Markov chain let us first 
note that, as long as there are customers to be served, the number of services 
in any length of time t is a Poisson random variable with mean μί. This is 
true since the time between successive services is exponential and, as we 
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know, this implies that the number of services thus constitutes a Poisson 
process. Hence, 

Pi,i+i-j=\ e-«^-dG{t), y = o , i , . . . , / 
Jo J

1 

which follows since if an arrival finds / in the system, then the next arrival 
will find / + 1 minus the number served, and the probability that j will be 
served is easily seen to equal the right side of the above (by conditioning on 
the time between the successive arrivals). 

The formula for P0 is a little different (it is the probability that at least 

i + 1 Poisson events occur in a random length of time having distribution 
G) and can be obtained from 

I 

PiO
 =

 1
 —

 Σ Pi,i+l-j 
7 = 0 

The limiting probabilities nk9 k = 0, 1, can be obtained as the unique 
solution of 

Ttk = Σ *iPik> 
i 

Σ *k =
 1 

k 

which, in this case, reduce to 

\i+l-k 

(8.48) 

Σ>* = ι 
0 

(We have not included the equation π 0 = Σ π,·/^, since one of the equations 
is always redundant.) 

To solve the above, let us try a solution of the form nk = cßk. Substi-
tution into Equation (8.48) leads to 

cß
k
 = c Σ ß'\ e- 'Vl ™

dG
<f) 

t-k-i Jo (/ + 1 - k)\ 

= c [ e - » ß
k

- ' Σ (

(β?Γ (8.49) 
Jo i = k- 1 V +

 1
 ~

 κ
>· 

However, 
- {βμφ

1
-* _ y (βμΐΥ 

• = k-1 ( ' +
 1

 - k)l jto jl 

= e
0 l it 
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and thus Equation (8.49) reduces to 

or 

β = j e-*1-** dG(t) (8.50) 

The constant c can be obtained from Y,knk = 1> which implies that 

c Σ ßk = ι 
0 

or 
c = 1 - β 

As the nk is the unique solution to Equation (8.48), and nk = (1 - /?)/?* 
satisfies, it follows that 

nk = (l -ß)ßk, k = 0 , 1 , . . . 

where /? is the solution of Equation (8.50). (It can be shown that if the mean 
of G is greater than the mean service time l/μ, then there is a unique value 
of β satisfying Equation (8.50) which is between 0 and 1.) The exact value 
of β usually can only be obtained by numerical methods. 

As nk is the limiting probability that an arrival sees k customers, it is just 
the ak as defined in Section 8.2. Hence, 

ak = (l- ß)ßk, k > 0 (8.51) 

We can obtain W by conditioning on the number in the system when a 
customer arrives. This yields 

W = X ii[time in system | arrival sees A:](l - ß)ßk 

k 
- y _ R\Rk (Since if an arrival sees k, then he spends 
~ 7 μ k + 1 service periods in the system.) 

= M r b ) ( B Y U S I N4 ^ = Ö ^ 

and 

Wn = W — - =
 ß 

L = k w = M^Iy (8·52) 
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where λ is the reciprocal of the mean interarrivai time. That is, 

λ 
xdG(x) 

In fact, in exactly the same manner as shown for the M/M/l in Section 
8.3.1 and Exercise 4 we can show that 

W* is exponential with rate μ(1 - β), 

where W* and W§ are the amounts of time that a customer spends in 
system and queue, respectively (their means are W and WQ). 

Whereas ak = (1 - ß)ßk is the probability that an arrival sees k in the 
system, it is not equal to the proportion of time during which there are k in 
the system (since the arrival process is not Poisson). To obtain the Pk we 
first note that the rate at which the number in the system changes from 
k - 1 to k must equal the rate at which it changes from k to k - 1 (why?). 
Now the rate at which it changes from k - 1 to A: is equal to the arrival rate 
λ multiplied by the proportion of arrivals finding k - 1 in the system. 
That is, 

Similarly, the rate at which the number in the system changes from k to 
k - 1 is equal to the proportion of time during which there are k in the 
system multiplied by the (constant) service rate. That is, 

0 with probability 1 - β 

exponential with rate μ(1 - β) with probability β 

Rate number in system goes from k - 1 to k = λα^ f
*-i 

Rate number in system goes from k to k - 1 = Pkß 

Equating these rates yields 

k > 1 

and so, from Equation (8.5.1), 

Pk = -(l-ß)ßk-\ k > 1 

and, as P0 = 1 - x Pk, we obtain 
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Remark In the foregoing analysis we guessed at a solution of the 
stationary probabilities of the Markov chain of the form nk = cßk, then 
verified such a solution by substituting in the stationary Equation (8.48). 
However, it could have been argued directly that the stationary probabilities 
of the Markov chain are of this form. To do so, define /?, to be the expected 
number of times that state / -h 1 is visited in the Markov chain between two 
successive visits to state z, / > 0. Now it is not difficult to see (and we will 
let the reader argue it out for him or herself) that 

ßo = ßi=ßi = '·· = ß 

Now it can be shown by using renewal reward processes that 

_ £ [number of visits to state / + 1 in an / - / cycle] 
1 + 1 £ [number of transitions in an / - / cycle] 

\/7li 

and so, 

= ßi τι i = ßni9 i > 0 

implying, since Σοπΐ = 1> that 

π, = β\\ - ß\ i > 0 

8.7.1. The G/M/Λ Busy and Idle Periods 

Suppose that an arrival has just found the system empty—and so initiates a 
busy period—and let Ν denote the number of customers served in that busy 
period. Since the Nth arrival (after the initiator of the busy period) will also 
find the system empty, it follows that Ν is the number of transitions for the 
Markov chain (of Section 8.7) to go from state 0 to state 0. Hence, l/E[N] 
is the proportion of transitions that take the Markov chain into state 0; or 
equivalently, it is the proportion of arrivals that find the system empty. 
Therefore, 

E[N] =-= 1 

<*o ß 

Also, as the next busy period begins after the Nth interarrivai, it follows 
that the cycle time (that is, the sum of a busy and idle period) is equal to the 
time until the Nth interarrivai. In other words, the sum of a busy and idle 
period can be expressed as the sum of N interarrivai times. Thus, if is the 
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ith interarrivai time after the busy period begins, then 

£[Busy] + £[Idle] = Ε 
Ν 
Σ Τ, 

i = 1 

E[N]E[T] (by Wald's Equation) 

1 

A(l - β) 
(8.53) 

For a second relation between 2i[Busy] and [Idle], we can use the same 
argument as in Section 8.5.3 to conclude that 

= £[Busy] 
0 £[Idle] + £[Busy] 

and since P0 = 1 - λ/μ, we obtain, upon combining this with (8.53), that 

1 
£[Busy] = 

£[Idle] = 

Ml -ßV 

μ - λ 

λμ{1 - β) 

8.8. Multiserver Queues 

By and large, systems that have more than one server are much more 
difficult to analyze than those with a single server. In Section 8.8.1 we start 
first with a Poisson arrival system in which no queue is allowed, and then 
consider in Section 8.8.2 the infinite capacity M/M/k system. For both of 
these models we are able to present the limiting probabilities. In Section 
8.8.3 we consider the model G/M/k. The analysis here is similar to that of 
the G/M/l (Section 8.7) except that in the place of a single quantity β given 
as the solution of an integral equation, we have k such quantities. We end 
in Section 8.8.4 with the model M/G/k for which unfortunately our 
previous technique (used in M/G/l) no longer enables us to derive WQ, and 
we content ourselves with an approximation. 

8.8 .1 . Erlang's Loss System 

A loss system is a queueing system in which arrivals that find all servers 
busy do not enter but rather are lost to the system. The simplest such system 
is the M/M/k loss system in which customers arrive according to a Poisson 
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process having rate A, enter the system if at least one of the k servers is free, 
and then spend an exponential amount of time with rate μ being served. 
The balance equations for this system are 

State Rate leave = rate enter 

0 λΡ0 = μΡι 

1 (A + μ)Ρ, = 2μΡ2 + λΡ0 

2 (A + 2μ)Ρ2 = 3μΡ3 + ΑΡ, 

/, 0 < / < k (Α + ίμ)Ρί = (ι + 1)μΡί+ι + λΡ^ 

k kμPk = XPk_, 

Rewriting gives 

λΡ0 = μΡ1, 

AP, = 2μΡ2, 

λΡ2 = 3μΡ3, 

ΑΡ*_, = kμPk 

or 

Α (λ/μ)2 

Ρι-ΥμΡι-^ΓΡ°' 

(λ/μ)3 

3 ^ = Ρ* - —.Pi - S' Ρθ y 

ρ - λ ρ - W r t p 

and using Σο Pi = 1> w e obtain 

Since E [S] = Ι/μ, where E [S] is the mean service time, the preceding can 
be written as 
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Consider now the same system except that the service distribution is 
general—that is, consider the M/G/k with no queue allowed. This model is 
sometimes called the Erlang loss system. It can be shown (though the proof 
is advanced) that Equation (8.54) (which is called Erlang's loss formula) 
remains valid for this more general system. 

8.8.2. The M/M/k Queue 

The M/M/k infinite capacity queue can be analyzed by the balance equation 
technique. We leave it for the reader to verify that 

Pi = 

(λ/μ)
1 

il 

"y (WY_ (λ/μ)* kμ 

il 

(λ/kμ)
i
k

k 

kl kμ - λ 

kl 
Po, 

i<k 

i> k 

We see from the preceding that we need to impose the condition λ < kμ. 

8.8.3. The G/M/k Queue 

In this model we again suppose that there are k servers, each of whom 
serves at an exponential rate μ. However, we now allow the time between 
successive arrivals to have an arbitrary distribution G. In order to ensure 
that a steady-state (or limiting) distribution exists, we assume the condition 
\/μα < kμ where μ0 is the mean of G* 

The analysis for this model is similar to that presented in Section 8.6 for 
the case k = 1. Namely, to avoid having to keep track of the time since the 
last arrival, we look at the system only at arrival epochs. Once again, if we 
define Xn as the number in the system at the moment of the nth arrival, then 
[Xn9 η > 0} is a Markov chain. 

To derive the transition probabilities of the Markov chain, it helps to first 
note the relationship 

Xn+1=Xn + I -Yn9 * > 0 

* It follows from renewal theory (Proposition 7.1) that customers arrive at rate 1 / μ σ, and 
as the maximum service rate is Α:μ, we clearly need that \/μα < £μ for limiting probabilities 
to exist. 
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where Yn denotes the number of departures during the interarrivai time 
between the nth and (n + l)st arrival. The transition probabilities can now 
be calculated as 

Case (i) j > i + l. 
In this case it easily follows that Ptj = 0. 

Case (ii) j' < i + l < k. 
In this case if an arrival finds / in the system, then as / < k the new arrival 

will also immediately enter service. Hence, the next arrival will find j if of 
the / + 1 services exactly / + 1 - j are completed during the interarrivai 
time. Conditioning on the length of this interarrivai time yields 

Pjj = P{i + 1 - j of / + 1 services are completed in an interarrivai time) 

P[i + 1 - j of / + 1 are completed | interarrivai time is t] dG(t) 

^ . J(l - e-^T
l
-\e-^y dG{t) 

where the last equality follows since the number of service completions in a 
time t will have a binomial distribution. 

Case (iii) / + l > j' > k 
To evaluate Py in this case we first note that when all servers are busy, the 

departure process is a Poisson process with rate kß (why?). Hence, again 
conditioning on the interarrivai time we have 

Py = P[i + 1 - j departures} 
Poo 

= P[i + 1 - j departures in time /} dG(t) 

Jo O + i - y ) ! 

Case (iv) / + l > k > j 
In this case since when all servers are busy the departure process is a 

Poisson process, it follows that the length of time until there will only be k 
in the system will have a gamma distribution with parameters i + \ - k, kß 
(the time until i + 1 — k events of a Poisson process with rate kß occur is 
gamma distributed with parameters / + 1 - k, kß). Conditioning first on 
the interarrivai time and then on the time until there are only k in the system 
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(call this latter random variable Tk) yields 

p . . = j p[i + ι - j departures in time t] dG(t) 

Γ00 f (kusY~k 

= \ \ P{i + 1 - j departures in t \ Tk = s}kße~k,LS)* ' dsdG(t) 
Jo Jo \l ~ k)\ 

[ (k\\ - e-*-*)k-\e-*-*)j^^ 
ο Jo \JJ 0 - k)\ 

where the last equality follows since of the k people in service at time s the 
number whose service will end by time t is binomial with parameters k and 
1 - β~ μ ( ί" 5 ). 

We now can verify either by a direct substitution into the equations 
n
j = Σ/ itiPy, or by the same argument as presented in the remark at the 
end of Section 8.6, that the limiting probabilities of this Markov chain are 
of the form 

nk_1+j = cß\ j = 0, 1 , . . . . 

Substitution into any of the equations π, = £i π,/*, when j > k yields that 
β is given as the solution of 

ß= p e - ^ - ^ r f G W 

The values π0,πί9 ..., nk_2, can be obtained by recursively solving the first 
k - 1 of the steady-state equations, and c can then be computed by using 

Σ?*,= 1. 
If we let W§ denote the amount of time that a customer spends in queue, 

then in exactly the same manner as in G/M/l we can show that 
( k~l cß 1 0, with probability Σ π,· = 1 

Εχρ(£μ(1 - β)) 9 with probability Σ 71 \ = , η 
k ι - ß 

ι - ß 

cß 

where Εχρ(£μ(1 - β)) is an exponential random variable with rate &μ(1 - β). 

8.8.4. The M/G/k Queue 

In this section we consider the M/G/k system in which customers arrive at 
a Poisson rate λ and are served by any of k servers, each of whom has the 
service distribution G. If we attempt to mimic the analysis presented in 
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Section 8.5 for the M / G / l system, then we would start with the basic 
identity 

V = XE[S] WQ + XE[S2]/2 (8.55) 

and then attempt to derive a second equation relating V and WQ. 
Now if we consider an arbitrary arrival, then we have the following 

identity: 
Work in system when customer arrives 

= k χ time customer spends in queue + R (8.56) 

where R is the sum of the remaining service times of all other customers in 
service at the moment when our arrival enters service. 

The foregoing follows since while the arrival is waiting in queue, work is 
being processed at a rate k per unit time (since all servers are busy). Thus, 
an amount of work k χ time in queue is processed while he waits in queue. 
Now, all of this work was present when he arrived and in addition the 
remaining work on those still being served when he enters service was also 
present when he arrived—so we obtain Equation (8.56). For an illustration, 
suppose that there are three servers all of whom are busy when the customer 
arrives. Suppose, in addition, that there are no other customers in the 
system and also that the remaining service times of the three people in 
service are 3, 6, and 7. Hence, the work seen by the arrival is 
3 + 6 + 7 = 16. Now the arrival will spend 3 time units in queue, and at the 
moment he enters service, the remaining times of the other two customers 
are 6 - 3 = 3 and 7 - 3 = 4. Hence, R = 3 + 4 = 7 and as a check of 
Equation (8.56) we see that 16 = 3 χ 3 + 7. 

Taking expectations of Equation (8.55) and using the fact that Poisson 
arrivals see time averages, we obtain that 

V= kWQ + E[R] 

which, along with Equation (8.55), would enable us to solve for WQ if we 
could compute E[R]. However there is no known method for computing 
E[R] and in fact, there is no known exact formula for WQ. The following 
approximation for WQ was obtained in Reference 6 by using the foregoing 
approach and then approximating E[R]: 

2(k - l)\(k - ÀE[S])
: 

k-l (XE[S])n . (XE[S]f 
n = o n\ (k- l)\(k - mS])] 

(8.57) 

The preceding approximation has been shown to be quite close to the WQ 

when the service distribution is gamma. It is also exact when G is 
exponential. 
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Exercises 

1 . For the M/M/l queue, compute 

(a) the expected number of arrivals during a service period; and 
(b) the probability that no customers arrive during a service period. 

Hint: "Condition." 

*2 . Machines in a factory break down at an exponential rate of six per 
hour. There is a single repairman who fixes machines at an exponential rate 
of eight per hour. The cost incurred in lost production when machines are 
out of service is $10 per hour per machine. What is the average cost rate 
incurred due to failed machines? 

3. The manager of a market can hire either Mary or Alice. Mary, who 
gives service at an exponential rate of 20 customers per hour, can be hired 
at a rate of $3 per hour. Alice, who gives service at an exponential rate of 
30 customers per hour, can be hired at a rate of $C per hour. The manager 
estimates that, on the average, each customer's time is worth $1 per hour 
and should be accounted for in the model. If customers arrive at a Poisson 
rate of 10 per hour, then 

(a) what is the average cost per hour if Mary is hired? if Alice is hired? 
(b) find C if the average cost per hour is the same for Mary and Alice. 

4. For the M/M/l queue, show that the probability that a customer 
spends an amount of time χ or less in queue is given by 

1 - - , i fx = 0 

1 - - + - ( 1 - e^-v*), if x> 0 

5. Two customers move about among three servers. Upon completion 
of service at server /, the customer leaves that server and enters service at 
whichever of the other two servers is free. (Therefore, there are always two 
busy servers.) If the service times at server / are exponential with rate μ,, 
/ = 1, 2, 3, what proportion of time is server / idle? 

*6 . Show that W is smaller in an M/M/l model having arrivals at 
rate A and service at rate 2μ than it is in a two-server M/M/2 model with 
arrivals at rate A and with each server at rate μ. Can you give an intuitive 
explanation for this result? Would it also be true for WQ1 
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7. Consider a single-server queue with Poisson arrivals and exponential 
service times having the following variation: Whenever a service is 
completed a departure occurs only with probability a. With probability 
1 - a the customer, instead of leaving, joins the end of the queue. Note 
that a customer may be serviced more than once. 

(a) Set up the balance equations and solve for the steady-state 
probabilities, stating conditions for it to exist. 
(b) Find the expected waiting time of a customer from the time he arrives 
until he enters service for the first time. 
(c) What is the probability that a customer enters service exactly η times, 
for η = 1,2, . . .? 
(d) What is the expected amount of time that a customer spends in 
service (which does not include the time he spends waiting in line)? 

Hint: Use (c). 

(e) What is the distribution of the total length of time a customer spends 
being served? 

Hint: Is it memoryless? 

*8 . A supermarket has two exponential checkout counters, each 
operating at rate μ. Arrivals are Poisson at rate A. The counters operate in 
the following way: 

(i) One queue feeds both counters. 
(ii) One counter is operated by a permanent checker and the other by a 
stock clerk who instantaneously begins checking whenever there are two 
or more customers in the system. The clerk returns to stocking whenever 
he completes a service, and there are less than two customers in the 
system. 

(a) Let Pn = proportion of time there are η in the system. Set up 
equations for Pn and solve. 
(b) At what rate does the number in the system go from 0 to 1? from 2 
to 1? 
(c) What proportion of time is the stock; clerk checking? 

Hint: Be a little careful when there is one in the system. 

9. Customers arrive at a single-service facility at a Poisson rate of 40 per 
hour. When two or fewer customers are present, a single attendant operates 
the facility, and the service time for each customer is exponentially 
distributed with a mean value of two minutes. However, when there are 
three or more customers at the facility, the attendant is joined by an 
assistant and, working together, they reduce the mean service time to one 
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minute. Assuming a system capacity of four customers, 

(a) what proportion of time are both servers free? 
(b) each man is to receive a salary proportional to the amount of time he 
is actually at work servicing customers, the rate being the same for both. 
If together they earn $100 per day, how should this money be split? 

10. Consider a sequential-service system consisting of two servers, A and 
B. Arriving customers will enter this system only if server A is free. If a 
customer does enter, then he is immediately served by server A. When his 
service by A is completed, he then goes to Β if Β is free, or if Β is busy, he 
leaves the system. Upon completion of service at server B, the customer 
departs. Assuming that the (Poisson) arrival rate is two customers an hour, 
and that A and Β serve at respective (exponential) rates of four and two 
customers an hour, 

(a) what proportion of customers enter the system? 
(b) what proportion of entering customers receive service from ΒΊ 
(c) what is the average number of customers in the system? 
(d) what is the average amount of time that an entering customer spends 
in the system? 

11 . Customers arrive at a two-server system according to a Poisson 
process having rate λ = 5. An arrival finding server 1 free will begin service 
with that server. An arrival finding server 1 busy and server 2 free will enter 
service with server 2. An arrival finding both servers busy goes away. Once 
a customer is served by either server, he departs the system. The service 
times at server / are exponential with rates μ,, where μχ = 4, μ2 = 2. 

(a) What is the average time an entering customer spends in the system? 
(b) What proportion of time is server 2 busy? 

12. Customers arrive at a two-server system at a Poisson rate λ. An 
arrival finding the system empty is equally likely to enter service with either 
server. An arrival finding one customer in the system will enter service with 
the idle server. An arrival finding two others in the system will wait in line 
for the first free server. An arrival finding three in the system will not enter. 
All service times are exponential with rate μ, and once a customer is served 
(by either server), he departs the system. 

(a) Define the states. 
(b) Find the long-run probabilities. 
(c) Suppose a customer arrives and finds two others in the system. What 
is the expected time he spends in the system? 
(d) What proportion of customers enter the system? 
(e) What is the average time an entering customer spends in the system? 
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13. There are two types of customers. Type i customers arrive in accor­
dance with independent Poisson processes with respective rate Al and A2.
There are two servers. A type 1 arrival will enter service with server 1 if that
server is free; if server 1 is busy and server 2 is free, then the type 1 arrival
will enter service with server 2. If both servers are busy, then the type 1
arrival will go away. A type 2 customer can only be served by server 2; if
server 2 is free when a type 2 customer arrives, then the customer enters
service with that server. If server 2 is busy when a type 2 arrives, then that
customer goes away. Once a customer is served by either server, he departs
the system. Service times at server i are exponential with rate f..li' i = 1, 2.

Suppose we want to find the average number of customers in the system.

(a) Define states.
(b) Give the balance equations. Do not attempt to solve them.

In terms of the long-run probabilities, what is

(c) the average number of customers in the system?
(d) the average time a customer spends in the system?

* 14. Suppose in Exercise 13 we want to find out the proportion of time
there is a type 1 customer with server 2. In terms of the long-run
probabilities given in Exercise 13, what is

(a) the rate at which a type 1 customer enters service with server 2?
(b) the rate at which a type 2 customer enters service with server 2?
(c) the fraction of server 2's customers that are type I?
(d) the proportion of time that a type 1 customer is with server 2?

15. Consider the MIMI 1 system in which customers arrive at rate A and
the server serves at rate f..l. However, suppose that in any interval of length
h in which the server is busy there is a probability ah + o(h) that the server
will experience a breakdown, which causes the system to shut down. All
customers that are in the system depart, and no additional arrivals are
allowed to enter until the breakdown is fixed. The time to fix a breakdown
is exponentially distributed with rate p.

(a) Define appropriate states.
(b) Give the balance equations.

In terms of the long-run probabilities,

(c) what is the average amount of time that an entering customer spends
in the system?
(d) what proportion of entering customers complete their service?
(e) what proportion of customers arrive during a breakdown?
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* 16. Reconsider Exercise 15, but this time suppose that a customer that is 
in the system when a breakdown occurs remains there while the server is 
being fixed. In addition, suppose that new arrivals during a breakdown 
period are allowed to enter the system. What is the average time a customer 
spends in the system? 

17. Poisson (λ) arrivals join a queue in front of two parallel servers A and 
B, having exponential service rates μΑ and μΒ. When the system is empty, 
arrivals go into server A with probability a and into Β with probability 
1 - a. Otherwise, the head of the queue takes the first free server. 

Figure 8.4. 

(a) Define states and set up the balance equations. Do not solve. 
(b) In terms of the probabilities in part (a), what is the average number 
in the system? Average number of servers idle? 
(c) In terms of the probabilities in part (a), what is the probability that 
an arbitrary arrival will get serviced in ^4? 

18. In a queue with unlimited waiting space, arrivals are Poisson 
(parameter λ) and service times are exponentially distributed (parameter μ). 
However, the server waits until Κ people are present before beginning 
service on the first customer; thereafter, he services one at a time until all Κ 
units, and all subsequent arrivals, are serviced. The server is then "idle" 
until Κ new arrivals have occurred. 

(a) Define an appropriate state space, draw the transition diagram, and 
set up the balance equations. 
(b) In terms of the limiting probabilities, what is the average time a 
customer spends in queue? 
(c) What conditions on λ and μ are necessary? 

19. Consider a single-server exponential system in which ordinary 
customers arrive at a rate λ and have service rate μ. In addition, there is a 
special customer who has a service rate μ1. Whenever this special customer 
arrives, it goes directly into service (if anyone else is in service, then this 
person is bumped back into queue). When the special customer is not being 
serviced, the customer spends an exponential amount of time (with mean 
1/Θ) out of the system. 

(a) What is the average arrival rate of the special customer? 
(b) Define an appropriate state space and set up balance equations. 
(c) Find the probability that an ordinary customer is bumped η times. 
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where Exponential (A) * Exponential (μ) represents the sum of two 
independent exponential random variables having rates μ and A. Now 
use moment-generating functions to show that D has the required 
distribution. 

Note that the above does not prove that the departure process is 
Poisson. To prove this we need show not only that the interdeparture 
times are all exponential with rate A, but also that they are independent. 

2 1 . For the tandem queue model verify that 

satisfies the balance equation (8.15). 

22. Verify Equation (8.18) for a system of two servers by showing that it 
satisfies the balance equations for this model. 

23. Consider a network of three stations. Customers arrive at stations 1, 
2, 3 in accordance with Poisson processes having respective rates 5, 10, 15. 
The service times at the three stations are exponential with respective rates 
10, 50, 100. A customer completing service at station 1 is equally likely to 
(a) go to station 2, (b) go to station 3, or (c) leave the system. A customer 
departing service at station 2 always goes to station 3. A departure from 
service at station 3 is equally likely to either go to station 2 or leave the 
system. 

(i) What is the average number of customers in the system (consisting of 
all three stations)? 
(ii) What is the average time a customer spends in the system? 

24. Consider a closed queueing network consisting of two customers 
moving among two servers, and suppose that after each service completion 
the customer is equally likely to go to either server—that is, Ρί2 = Ρι,ι = ι · 
Let μι denote the exponential service rate at server /, / = 1,2. 

(a) Determine the average number of customers at each server. 
(b) Determine the service completion rate for each server. 

Exponential (A) * Exponential (μ), 

with probability λ/μ 

with probability 1 - λ/μ 

Pn,m = (λ/μ,ΠΙ - λ/μι)(λ/μ2Γ (1 - λ/μ2) 

*20. Let D denote the time between successive departures in a stationary 
M/M/l queue with A < μ. Show, by conditioning on whether or not a 
departure has left the system empty, that D is exponential with rate A. 

Hint: By conditioning on whether or not the departure has left the 
system empty we see that 
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25. State and prove the equivalent of the Arrival Theorem for open 
queueing networks. 

26. Customers arrive at a single-server station in accordance with a 
Poisson process having rate A. Each customer has a value. The successive 
values of customers are independent and come from a uniform distribution 
on (0 , 1). The service time of a customer having value A: is a random variable 
with mean 3 + 4x and variance 5 . 

(a) What is the average time a customer spends in the system? 
(b) What is the average time a customer having value χ spends in the 
system? 

*27. Compare the M/G/l system for first-come, first-served queue 
discipline with one of last-come, first-served (for instance, in which units 
for service are taken from the top of a stack). Would you think that the 
queue size, waiting time, and busy-period distribution differ? What about 
their means? What if the queue discipline was always to choose at random 
among those waiting? Intuitively which discipline would result in the 
smallest variance in the waiting time distribution? 

28. In an M/G/l queue, 

(a) what proportion of departures leave behind 0 work? 
(b) what is the average work in the system as seen by a departure? 

29. For the M/G/l queue, let Xn denote the number in the system left 
behind by the nth departure. 

(a) If 
1 + Yn 

i f * „ > 1 

if Xn = 0 

what does Yn represent? 
(b) Rewrite the preceding as 

X, n+l — Χ„-1 + Υη + δ, 
η (8 .58) 

where 

0, 

1, 

i f * „ > 1 
iiXn = 0 

Take expectations and let η -* oo in Equation (8 .58) to obtain 

E[ÔJ = 1 - A £ [ S ] 
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(c) Square both sides of Equation (8.58), take expectations, and then let 
η -• oo to obtain 

E V U
 - 2(1 - L[5|>

 + i E l Si 

(d) Argue that E[X^y the average number as seen by a departure, is 
equal to L. 

* 3 0 . Consider an M/G/l system in which the first customer in a busy 
period has service distribution Gx and all others have distribution G2. Let 
C denote the number of customers in a busy period, and let 5 denote the 
service time of a customer chosen at random. 

Argue that 

(a) a0 = P0 = 1 - XE[S]. 
(b) E[S] = ctoElSi] + (1 - a0)E[S2] where Sf has distribution G,. 
(c) Use (a) and (b) to show that E[B], the expected length of a busy 
period, is given by 

(d) Find Ε[C]. 

3 1 . Consider a M/G/l system with ÀE[S] < 1. 

(a) Suppose that service is about to begin at a moment when there are η 
customers in the system. 

(i) Argue that the additional time until there are only η - 1 customers 
in the system has the same distribution as a busy period. 
(ii) What is the expected additional time until the system is empty? 

(b) Suppose that the work in the system at some moment is A. We are 
interested in the expected additional time until the system is empty— 
call it E[T]. Let Ν denote the number of arrivals during the first A units 
of time. 

(i) Compute E[T\N]. 
(ii) Compute E[T], 

3 2 . Carloads of customers arrive at a single-server station in accor-
dance to a Poisson process with rate 4 per hour. The service times are 
exponentially distributed with rate 20 per hour. If each carload contains 
either 1, 2, or 3 customers with respective probabilities i, y, i, compute the 
average customer delay in queue. 

3 3 . In the two-class priority queueing model of Section 8.6.2, what is 
WQ1 Show that WQ is less than it would be under FIFO if E[St] < E[S2] 
and greater than under FIFO if £ [ S J > E[S2]. 
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34. In a two-class priority queueing model suppose that a cost of Q 
per unit time is incurred for each type / customer that waits in queue, 
/ = 1,2. Show that type 1 customers should be given priority over type 2 
(as opposed to the reverse) if 

E[Sj] E[S2] 

CX C2 

35. Consider the priority queuing model of Section 6.2 but now suppose 
that if a type 2 customer is being served when a type 1 arrives then the type 
2 customer is bumped out of service. This is called the preemptive case. 
Suppose that when a bumped type 2 customer goes back in service his 
service begins at the point where it left off when he was bumped. 

(a) Argue that the work in the system at any time is the same as in the 
nonpreemptive case. 

(b) Derive W^. 

Hint: How do type 2 customers affect type Ts? 

(c) Why is it not true that 
V^ = X2E[S2]WQ 

(d) Argue that the work seen by a type 2 arrival is the same as in the 
nonpreemptive case, and so 

WQ = WQ (nonpreemptive) + Ε [extra time] 

where the extra time is due to the fact that he may be bumped. 
(e) Let Ν denote the number of times a type 2 customer is bumped. 
Why is 

NE[SX] 
Ε [extra time \N] = 

1 - A ^ I S J 

Hint: When a type 2 is bumped, relate the time until he gets back in 
service to a "busy period." 

(f) Let S2 denote the service time of a type 2. What is E[N\S2]1 

(g) Combine the preceding to obtain 

,2 „ , 2 , . ^ [ S . l t f i S J 
WQ = WQ (nonpreemptive) + 

1 - λ,ΕΙΞ,] 

*36. Calculate explicitly (not in terms of limiting probabilities) the 
average time a customer spends in the system in Exercise 16. 

37. In the G/M/l model if G is exponential with rate λ show that 
β = λ/μ. 
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44. Consider a model in which the inter arrival times have an arbitrary 
distribution F, and there are k servers each having service distribution G. 
What condition on F and G do you think would be necessary for there to 
exist limiting probabilities? 
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η > 
if Dn + S„- Γ „ > 0 
if£>„ + S „ - Tn<0 

38. Verify Erlang's loss formula, Equation (8.54), when k = 1. 

39. Verify the formula given for the Pt of the M/M/k. 

40. In the Erlang loss system suppose the Poisson arrival rate is A = 2, 
and suppose there are three servers each of whom has a service distribution 
that is uniformly distributed over (0, 2). What proportion of potential 
customers is lost? 

4 1 . In the M/M/k system, 

(a) what is the probability that a customer will have to wait in queue? 
(b) determine L and W. 

42. Verify the formula for the distribution of Wj§ given for the G/M/k 
model. 

*43. Consider a system where the interarrivai times have an arbitrary 
distribution F, and there is a single server whose service distribution is G. 
Let Dn denote the amount of time the Arth customer spends waiting in queue. 
Interpret Sn, Tn so that 



Chapter 9 
Reliability Theory 

9 .1 . Introduction 

Reliability theory is concerned with determining the probability that a 
system, possibly consisting of many components, will function. We shall 
suppose that whether or not the system functions is determined solely from 
a knowledge of which components are functioning. For instance, a series 
system will function if and only if all of its components are functioning, 
while a parallel system will function if and only if at least one of its 
components is functioning. In Section 9.2, we explore the possible ways in 
which the functioning of the system may depend upon the functioning of its 
components. In Section 9.3, we suppose that each component will function 
with some known probability (independently of each other) and show how 
to obtain the probability that the system will function. As this probability 
often is difficult to explicitly compute, we also present useful upper and 
lower bounds in Section 9.4. In Section 9.5 we look at a system dynamically 
over time by supposing that each component initially functions and does so 
for a random length of time at which it fails. We then discuss the relation-
ship between the distribution of the amount of time that a system functions 
and the distributions of the component lifetimes. In particular, it turns out 
that if the amount of time that a component functions has an increasing 
failure rate on the average (IFRA) distribution, then so does the distribution 
of system lifetime. In Section 9.6 we consider the problem of obtaining the 
mean lifetime of a system. In the final section we analyze the system when 
failed components are subjected to repair. 

411 
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9.2. Structure Functions 

Consider a system consisting of η components, and suppose that each 
component is either functioning or has failed. To indicate whether or not 
the /th component is functioning, we define the indicator variable xt by 

1, if the /th component is functioning 
0, if the /th component has failed 

The vector χ = (xl9 ...,xn) is called the state vector. It indicates which of 
the components are functioning and which have failed. 

We further suppose that whether or not the system as a whole is 
functioning is completely determined by the state vector x. Specifically, it is 
supposed that there exists a function φ(χ) such that 

1, if the system is functioning when the state vector is χ 
0, if the system has failed when the state vector is χ 

The function φ(χ) is called the structure function of the system. 

Example 9.1 (The Series Structure): A series system functions if and 
only if all of its components are functioning. Hence, its structure function 
is given by 

η 
φ(χ) = min(xu . . . , * „ ) = Π */ 

/ = ι 
We shall find it useful to represent the structure of a system in terms of a 
diagram. The relevant diagram for the series structure is shown in Figure 
9.1. The idea is that if a signal is initiated at the left end of the diagram then 
in order for it to successfully reach the right end, it must pass through all of 
the components; hence, they must all be functioning. • 

1 2 η 
Figure 9 . 1 . 

Example 9.2 (The Parallel Structure): A parallel system functions if 
and only if at least one of its components is functioning. Hence its structure 
function is given by 

φ(χ) = maxi*!, . . . ,*„) 

A parallel structure may be pictorially illustrated by Figure 9.2. This follows 
since a signal at the left end can successfully reach the right end as long as 
at least one component is functioning. • 
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2 

n-\ n-\ 

η 

Figure 9.2. 

Example 9.3 (The k-oul-oî-n Structure): The series and parallel systems 
are both special cases of a Ar-out-of-Λ system. Such a system functions if and 
only if at least k of the η components are functioning. 
As Σ1=ιχΐ equals the number of functioning components, the structure 
function of a £-out-of-rt system is given by 

η 

if Σ Xi > k 
i = 1 

η 
if Σ x t < k 

i = 1 

series and parallel systems are respectively n-out-of-n and l-out-of-Λ 
system. 

The two-out-of-three system may be diagramed as shown in Figure 9.3. • 

ι 2 

2 3 

L i U 

Figure 9.3. 

Example 9.4 (A Four-Component Structure): Consider a system con-
sisting of four components, and suppose that the system functions if and 
only if components 1 and 2 both function and at least one of components 
3 and 4 function. Its structure function is given by 

φ(χ) = xxx2 max(x 3, x4) 

Pictorially, the system is as shown in Figure 9.4. A useful identity, easily 

φ(χ) = 

1, 

0, 
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Figure 9.4. 

checked, is that for binary variables,* xi9 i = 1, n, 
η 

maxC*!, . . . ,*„) = 1 - Π (1 - *ι) 
/= ι 

When η = 2, this yields 

max(x!, x 2) = 1 - (1 - *i)0 ~ Xi) = X \ + x2 ~ * i * 2 

Hence, the structure function in the above example may be written as 

0(X) = XiX2(X3 + X4 - * 3 * 4 ) • 

It is natural to assume that replacing a failed component by a functioning 
one will never lead to a deterioration of the system. In other words, it is 
natural to assume that the structure function </>(x) is an increasing function 
of x, that is, if x> < yi9 i = 1, n, then φ(χ) < φ(γ). Such an assumption 
shall be made in this chapter and the system will be called monotone. 

9.2 .1 . Minimal Path and Minimal Cut Sets 

In this section, we show how any system can be represented both as a series 
arrangement of parallel structures and as a parallel arrangement of series 
structures. As a preliminary, we need the following concepts. 

A state vector χ is called a path vector if φ(χ) = 1. If, in addition, 
</>(y) = 0 for all y < x, then χ is said to be a minimal path vector.* If χ is a 
minimal path vector, then the set >4 = (/:*,·= 1} is called a minimal path 
set. In other words, a minimal path set is a minimal set of components 
whose functioning ensures the functioning of the system. 

Example 9.5 Consider a five-component system whose structure is 
illustrated by Figure 9.5. Its structure function equals 

φ(χ) = maxi*!, x2) max(x3x4, x5) 

= (.Xl + Xl - * 1 * 2) ( * 3 * 4 + * 5 - * 3 * 4 * 5 > 

There are four minimal path sets, namely, {1,3,4}, {2,3,4}, {1,5}, {2,5}. • 

* A binary variable is one which assumes either the value 0 or 1. 
f
 We say that y < χ if yt- < xif i = 1 , n , with >>, < A:, for some /'. 
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Figure 9.5. 

Example 9.6 In a k-out-of-n system, there are minimal path sets, 

namely, all of the sets consisting of exactly k components. • 

Let A As denote the minimal path sets of a given system. We define 
dj(x)9 the indicator function of the yth minimal path set, by 

1, if all the components of Aj are functioning 

0, otherwise 
otj(x) = 

= Π Xi 
i € Aj 

By definition, it follows that the system will function if all the components 
of at least one minimal path set are functioning. That is, if ctj(x) = 1 for 
some j . On the other hand, if the system functions, then the set of function-
ing components must include a minimal path set. Therefore, a system will 
function if and only if all the components of at least one minimal path set 
are functioning. Hence, 

*« - (J; if OLJ(X) = 1 for some j 

if oij(x) = 0 for all j 

or equivalently 

φ(χ) = max α, (χ) 
j 

= max Π Χι 
J ieA: 

(9.1) 

Since α,(χ) is a series structure function of the components of the yth 
minimal path set, Equation (9.1) expresses an arbitrary system as a parallel 
arrangement of series systems. 

Example 9.7 Consider the system of Example 9.5. As its minimal path 
sets a r e ^ ! = {1, 3, 4), A2 = {2, 3, 4}, A3 = {1, 5}, and v44 = {2, 5}, we have 
by Equation (9.1) that 

φ(χ) = max{xlx3x4,x2x3x4,xlxSix2x5} 

= 1 - (1 - χχχ3χ4)(1 - *2*3*4 ) (1 - * i* 5)0 - *2*5> 
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1 3 4 

2 3 4 

1 5 

2 5 

Figure 9.6. 

The reader should verify that this equals the value of φ(χ) given in Example 
9.5. (Make use of the fact that, since xt equals 0 or 1, xf = xit) This 
representation may be pictured as shown in Figure 9.6. • 

Figure 9.7. 

Example 9.8 The system whose structure is as pictured in Figure 9.7 is 
called the bridge system. Its minimal path sets are {1,4}, [1, 3, 5), (2, 5}, 
and {2,3,4}. Hence, by Equation (9.1), its structure function may be 
expressed as 

φ(χ) = maxixlx4,xlx3x5,x2x5,x2x3x4} 

= 1 - (1 - XXXA){\ - * i * 3 * 5 ) 0 - * 2 * 5 ) 0 - * 2 * 3 * 4 ) 

This representation φ(χ) is diagramed as shown in Figure 9.8. • 

1 4 

1 3 5 

_ 2 5 _ _ _ 

2 3 4 

Figure 9.8. 

A state vector χ is called a cut vector if φ(χ) = 0. If, in addition, </>(y) = 1 
for all y > x, then χ is said to be a minimal cut vector. If χ is a minimal cut 
vector, then the set C = {/': xt = 0} is called a minimal cut set. In other 
words, a minimal cut set is a minimal set of components whose failure 
ensures the failure of the system. 
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Let C1,..., Ck denote the minimal cut sets of a given system. We defined 
ßj(x), the indicator function of the yth minimal cut set, by 

1, if at least one component of the yth minimal 
cut set is functioning 

ÄÖ0 = \ 
0, if all of the components of the yth minimal 

cut set are not functioning 
= max x, 

ι e Cj 

Since a system is not functioning if and only if all the components of at least 
one minimal cut set are not functioning, it follows that 

k k 

Φ0Ο = Π ßj(*) = Π max χ, (9.2) 
j= ι j= ι

 i e C
J 

Since ßj(x) is a parallel structure function of the components of the yth 
minimal cut set, Equation (9.2) represents an arbitrary system as a series 
arrangement of parallel systems. 

Figure 9.9. 

Example 9.9 The minimal cut sets of the bridge structure shown in 
Figure 9.9 are {1, 2), {1, 3, 5}, {2, 3, 4), and {4, 5). Hence, from Equation 
(9.2), we may express </>(x) by 

φ(χ) = max (X j , x2) max (X j , x 3, x5) max(x2 > x$. * 4 ) max(x4, x5) 

= [1 - (1 - Xl)(l - x2)][\ - (1 - Xl)(l - x3)(l - x5)] 

χ [1 - (1 - x2)(\ - x3)(l - x4)][l - (1 - x4)(l - x5)] 

This representation of φ (χ) is pictorially expressed as Figure 9.10. • 

Figure 9.10. 
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9.3. Reliability of Systems of Independent Components 

In this section, we suppose that X,, the state of the ith component, is a 
random variable such that 

P[Xi= 1 J = A = 1 -P{Xi = 0) 

The value /?,·, which equals the probability that the ith component is 
functioning, is called the reliability of the ith component. If we define r by 

r = P{0(X) = 1), where X = (Xl9...,Xn) 

then r is called the reliability of the system. When the components, that is, 
the random variables Xi;, / = 1 , . . . , n, are independent, we may express r as 
a function of the component reliabilities. That is, 

r = r(p), where ρ = (px, ..., pn) 

The function r(p) is called the reliability function. We shall assume through-
out the remainder of this chapter that the components are independent. 

Example 9 .10 (The Series System): The reliability function of the series 
system of η independent components is given by 

r(p) = Ρ[φ(Χ) = 1) 

= P{Xi= 1 for all / = Ι , . . . , / i ) 

= Π Pi • 

/ = ι 

Example 9.11 (The Parallel System): The reliability function of the 
parallel system of η independent components is given by 

r(p) = P{0(X) = 1} 

= P[Xi = 1 for some / = 1, ...,n] 

= 1 - P{Xt = 0 for all i = 1 , . . . , « } 

= 1 - Π (1 - Pi) • 

Example 9 .12 (The Ar-out-of-rt System with Equal Probabilities): Con-
sider a A:-out-of-A2 system. If pt = ρ for all / = 1 , n , then the reliability 
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function is given by 

r(p, . . . , />) = Ρ{φ(Χ) = 1} 

-'{,?,***] 

Example 9 .13 (The Two-out-of-Three System): The reliability function 
of a two-out-of-three system is given by 

r(p) = Ρ{φ(Χ) = 1} 

= P{X = (1, 1, 1)} + P[X = (1, 1, 0)J + P{X = (1, 0, 1)} 

+ P (X = (0,1,1)} 

= P1P2P3 + P1P2U - P3) + PiO - Ρι)Ρι + Ο - PÙPiPi 

= P1P2 + P1P3 + P2P3 - ÏPxPiPi • 

Example 9 .14 (The Three-out-of-Four System): The reliability function 
of a three-out-of-four system is given by 

r(p) = P{X = (1, 1, 1, 1)} + P{X = (1, 1, 1, 0)} + P{X = (1, 1,0, 1)} 

+ P{X = (1,0, 1,1)} + P{X = (0, 1,1,1)} 

= P1P2P3P4 + P1P2P3O - PA) + P1P2U - PJPA 

+ PiU - P2)PiP4 + (1 - Pi)P2PsP4 

= P1P2P3 + P1P2P4 + P1P3P4 + P2P3P4 - ^P\P2PlP4 • 

Example 9 .15 (A Five-Component System): Consider a five-component 
system that functions if and only if component 1, component 2, and at least 
one of the remaining components function. Its reliability function is given by 

r(p) = P{XX = \,X2= 1, max(X39X49X5) = 1} 

= P{XX = \}P[X2 = \}P{max(X39X49X5) = 1} 

= Ρ1Ρ2Π - (1 - Λ)(1 - P 4)(l - Ps)] • 

Since φ(Χ) is a 0 - 1 (that is, a Bernoulli) random variable, we may also 
compute r(p) by taking its expectation. That is, 

r(p) = Ρ{φ(Χ) = 1} 

= Ε[φ(Χ)] 
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Example 9 .16 (A Four-Component System): A four-component system 
that functions when both components 1, 4, and at least one of the other 
components function has its structure function given by 

Hence, 

φ(\) = xx x4 max(x 2, ^ 3 ) 

r(p) = Ε[φ(Χ)] 

= E[XxX4(l - (1 - X2)(l - X3))] 

= Plp4[l - (1 -p2)(\ -p3)] • 

An important and intuitive property of the reliability function r(p) is 
given by the following proposition. 

Proposit ion 9.1 If r(p) is the reliability function of a system of inde-
pendent components, then r(p) is an increasing function of p. 

Proof By conditioning on Xt and using the independence of the com-
ponents, we obtain 

r(p) = Ε[φ(Χ)] 

= ριΕΙΦΜΐΧ, = 1] + (1 - Α)£[Φ(Χ)Ι*/ = 0] 

= ΡίΕ[φ(1ί9 Χ)] + (1 - Pi)E[<K0i9 Χ)] 

where 

Thus, 

(11 > Χ) — C^l > · · · > Χ i-1 > 1 > Xi+1 > · · · > Xn)* 

(0/, Χ) = (Χι, . . . , Χι_ χ, 0, Xi+1, . . . , Χη) 

r(p) = PiE[<Kli9 Χ) - φ(0ί9 Χ)] + £[0(0,·, Χ)] 

However, since φ is an increasing function, it follows that 

Ε[φ(Ιί9Χ)-φ(0ί9Χ)]*0 

and so the preceding is increasing in p{ for all /. Hence the result is 
proven. • 

Let us now consider the following situation: A system consisting of η 
different components is to be built from a stockpile containing exactly two 
of each type of component. How should we use the stockpile so as to 
maximize our probability of attaining a functioning system? In particular, 
should we build two separate systems, in which case the probability of 
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attaining a functioning one would be 

P{at least one of the two systems function} 

= 1 - Ρ {neither of the systems function} 

= 1 - [<1 - r(p))(l - rip'))] 

where A ( A ' ) is the probability that the first (second) number / component 
functions; or should we build a single system whose /th component func-
tions if at least one of the number / components function? In this latter 
case, the probability that the system will function equals 

r[l - (1 - p)(l - p')] 

since 1 - (1 - /?,·)( 1 - p\) equals the probability that the /th component 
in the single system will function.* We now show that replication at the 
component level is more effective than replication at the system level. 

T h e o r e m 9.1 For any reliability function r and vectors ρ, p\ 

r[l - (1 - p)(l - p')] > 1 - [1 - r(p)][l - r(p')] 

Proof Let Xl9...9Xn9 X{,..., X'n be mutually independent 0 - 1 
random variables with 

P i = P[xi= l}, P; = p{x; = 1} 

Since P[max(Xi9Xi) = 1} = 1 - (1 - A ) 0 - p\)9 it follows that 

r[l - (1 - p)(l - p')] = £(0[max(X, X')]) 

However, by the monotonicity of </>, we have that </>[max(X, X')] is greater 
than or equal to both </>(X) and φ(Χ') and hence is at least as large as 
max[</>(X), Φ(Χ')]. Hence, from the preceding we have that 

r[l - (1 - p)(l - p')] > £ [max(</>(X), φ(Χ'))] 

= P[max[0(X), φ(Χ')] = 1} 

= 1 - Ρ[φ(Χ) = 0, φ(Χ') = 0} 

= 1 - [1 - r(p)][l - r(p')] 

where the first equality follows from the fact that max[</>(X), φ(Χ')] is a 
0 - 1 random variable and hence its expectation equals the probability of 
its equaling 1. • 

* Notation: If χ = , . . . , *„), y = (yl, ..., yn)y then xy = (xïyl,..., xnyn). Also, 

max(x, y) = (max(x, , yj,..., max(xn, yn)) and min(x, y) = (minC^, yx\ ..., mm{xn, yn)). 
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As an illustration of the preceding theorem, suppose that we want to 
build a series system of two different types of components from a stockpile 
consisting of two of each of the kinds of components. Suppose that the 
reliability of each component is y. If we use the stockpile to build two 
separate systems, then the probability of attaining a working system is 

while if we build a single system, replicating components, then the prob-
ability of attaining a working system is 

Hence, replicating components leads to a higher reliability than replicating 
systems (as, of course, it must by Theorem 9.1). 

9.4. Bounds on the Reliability Function 

Consider the bridge system of Example 9.8, which is represented by Figure 
9.11. Using the minimal path representation, we have that 

Φ(Χ) = 1 - (1 - XxX4)(l - ΧχΧιΧ5)(\ - ΧΐΧ5)(\ - * 2 * 3 * 4 ) 

Hence, 

r(p) = 1 - E[(l - ΧΧΧ4)(1 - ΧΧΧ3Χ5){\ - X2X5)(l - X2X3X4)] 

However, since the minimal path sets overlap (that is, they have components 
in common), the random variables (1 - XXX4), (1 - XXX3X5), (1 - X2X5), 
and (1 - X2X3X4) are not independent, and thus the expected value of 
their product is not equal to the product of their expected values. Therefore, 
in order to compute r(p), we must first multiply the four random variables 
and take the expected value. Doing so, we obtain 

r(p) = E[XXX4 + X2X5 + XXX3X5 + X2X3X4 - XXX2X3X4 

— X\ X-1X3 X5 X\ X-1X4 X5 X\ X3 X4 X5 X-2 X3 X4 X5 
+ 2XXX2X3X4X5\ 

= PlP4 + PlPs + PlPsPs + P2P3P4 - P\P2P3P4 - P\P2P3PS 

- PlP2P4P5 - PlP3P4P5 ~ P 2 P 3 P 4 P 5 + ^P\P2P3P4P5 

1 - (
λ
)

2
 -

 J
-

1 U>> - 16 

Figure 9 .11 . 
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As can be seen by the above example, it is often quite tedious to evaluate 
r(p), and thus it would be useful if we had a simple way of obtaining 
bounds. We now consider two methods for this. 

9.4 .1 . Method of Inclusion and Exclusion 

The following is a well-known formula for the probability of the union of 
the events El9E2, ...9En: 

p ( \ j E i ) = Σ Pm - ΣΣΡ&&) + ΣΣΣΡ(Ε&Ε>) 
\ i = 1 / /' = 1 i<j i<j<k 

_ ... + (-\)«+ip(ElE1...El) (9 .3) 

A result, not as well known, is the following set of inequalities: 
η 

\ 1 / i i<j 

P((JE) < ΣPißi) - ΣΣΡ(Ρ&) + ΣΣΣP&iEjEk), 

\ 1 / / i<j i<j<k 

> · · · 
< · . . (9 .4) 

where the inequality always changes direction as we add an additional term 
of expansion of P(ö"= ι Et). 

The equality (9 .3) is usually proven by induction on the number of events. 
However, let us now present another approach that will not only prove (9 .3) 
but also establish the inequalities (9 .4 ) . 

To begin, define the indicator variables j = 1 , n , by 

j _ ( 1, if Ej occurs 
j (0 , otherwise 

Letting 

"= Σ h 
7 = 1 

then Ν denotes the number of the Ej9 1 < j < n, that occur. Also, let 

1, ifN>0 
1 ' 0, if TV = 0 
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Then, as 

1 - I = (1 - 1)" 

we obtain, upon application of the binomial theorem, that 

'N 
ι - / = Σ r: K-iy 

i = 0 \
 1 

or 

(9.5) 

We now make use of the following combinatorial identity (which is easily 
established by induction on /): 

v / + 1 

The preceding thus implies that 

0-Gr. 
From (9.5) and (9.6) we obtain that 

I< N, 

fN 
I > N -

n - 1 
/ - 1 

> 0, / < η 

> 0 

by letting /' = 2 in (9.6) 

by letting / = 3 in (9.6) 

(9.6) 

(9.7) 

m and so on. Now, since Ν < η and ί . ) = 0 whenever / > m, we can rewrite 

(9.5) as ' 

/ = Σ K-D' (9.8) 

The equality (9.3) and inequalities (9.4) now follow upon taking expecta-
tions of (9.7) and (9.8). This is the case since 

E[I] = P[N > 0) = P{at least one of the E} occurs) = P\ \JEJ ) , 

E[N] = Ε = Σ P(Ej) 
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Also, 

= Ε [number of pairs of the E; that occur] 

= Ε 
L i<j 

and, in general 

E\ 

= llP&Ej) 

= Ε [number of sets of size / that occur] 

Σ Σ ·· · Σ Wh — h 
LJi<J2<-<Ji 

= Σ Σ ·· · Σ Pißjßji — Ej) 
J l < J 2 < " < J i 

The bounds expressed in Equation (9.4) are commonly called the 
inclusion-exclusion bounds. To apply them in order to obtain bounds on 
the reliability function, let A x , A2, ..., As denote the minimal path sets of 
a given structure </>, and define the events Ελ, E2,..., Es by 

Ei = {all components in At function} 

Now, since the system functions if and only if at least one of the events Et 

occurs, we have 

r(p) = P[\jEi 

Applying (9.4) yields the desired bounds on r(p). The terms in the summa-
tion are computed thusly: 

P(Ei) = Π A , 
leAi 

P(EiEj)= Π Ply 

PiEiEjEJ = Π Pi 
leAjUAj\JAk 

and so forth for intersections of more than three of the events. (The 
preceding follows since, for instance, in order for the event EjEj to occur, 
all of the components in At and all of them in Aj must function; or, in other 
words, all components in A^ U Aj must function.) 
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When the p / s are small the probabilities of the intersection of many of 
the events Et should be quite small and the convergence should be relatively 
rapid. 

Example 9.17 Consider the bridge structure with identical component 
probabilities. That is, take /?, to equal ρ for all /. Letting Ax - {1,4}, 
A2 = {1,3,5}, A3 = {2,5}, and A4 = {2,3,4} denote the minimal path 
sets, we have that 

Ρ(Ε,) = P(E3) = p\ 

P(E2) = P(E4) = p3 

Also, as exactly five of the six = unions of At and Aj contain four 

components (the exception being A2 U A4 which contains all five 
components) we have 

P(EXE2) = P{EXE3) = P(EXE4) = P(E2E3) = P(E3E4) = p\ 

P(E2E4) = p5 

Hence, the first two inclusion-exclusion bounds yield 

2(p2 + p3) - 5p4 - p5
 < r(p) < 2(p2 + p3) 

where r(p) = r(p,p,p,p,p). For instance, when ρ = 0.4, we have 

0.3098 < r(0.4) < 0.448 

and, when ρ = 0.3, 

0.191 < r(0.3) < 0.234 • 

Just as we can define events in terms of the minimal path sets whose 
union is the event that the system functions, so can we define events in terms 
of the minimal cut sets whose union is the event that the system fails. 
Let Cj , C2,..., Cr denote the minimal cut sets and define the events 
Fl9...,Frby 

Ft = {all components in Q are failed) 

Now, as the system is failed if and only if all of the components of at least 
one minimal cut set are failed, we have that 

1 - r ( p ) = p ( u ^ ) > 

1 - r(p) < Σ P(Fd, 
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1 - r(p) > Σ P(Fd - Σ Σ WW, 

1 - rip) ^ Σ P\Fi) - Σ Σ PXFiFj) + Σ Σ Σ mFjFk), 
i i<y i<j<k 

and so on. As 

Λ ^ ) = Π (1 - Pi), 
le Ci 

PiF,Fj) = Π (1 - Pi), 
/ e C, U Cj 

PXF,FjFk) = Π (1 - Pi) 
/ e C, U Cj U 

the convergence should be relatively rapid when the p/s are large. 

Example 9 .18 (A Random Graph): Let us recall from Section 3.6.2 
that a graph consists of a set TV of nodes and a set A of pairs of nodes, 
called arcs. For any two nodes / and j we say that the sequence of arcs 
(/, ii), (/\, i 2), iikJ) constitutes an / - j path. If there is an / - j path 

between all the (^j pairs of nodes / and y, / ^ y, then the graph is said 

to be connected. If we think of the nodes of a graph as representing 
geographical locations and the arcs as representing direct communication 
links between the nodes, then the graph will be connected if any two nodes 
can communicate with each other—if not directly, then at least through the 
use of intermediary nodes. 

A graph can always be subdivided into nonoverlapping connected 
subgraphs called components. For instance, the graph in Figure 9.12 with 
nodes Ν = {1, 2, 3, 4, 5, 6} and arcs {(1, 2), (1, 3), (2, 3), (4, 5)} consists of 
three components (a graph consisting of a single node is considered to be 
connected). 

Consider now the random graph having nodes 1, 2 , . . . , η which is such 
that there is an arc from node i to node j with probability Py. Assume in 
addition that the occurrence of these arcs constitute independent events. 

<D © 

Figure 9.12. 



428 9 Reliability Theory 

1, if (ij) is an arc 

0, otherwise 

We are interested in the probability that this graph will be connected. 

We can think of the preceding as being a reliability system of 

components—each component corresponding to a potential arc. The 
component is said to work if the corresponding arc is indeed an arc of the 
network, and the system is said to work if the corresponding graph is 
connected. As the addition of an arc to a connected graph cannot discon-
nect the graph, it follows that the structure so defined is monotone. 

Let us start by determining the minimal path and minimal cut sets. It is 
easy to see that a graph will not be connected if and only if the sets of arcs 
can be partitioned into two nonempty subsets X and Xe in such a way that 
there is no arc connecting a node from X with one from Xe. For instance, 
if there are six nodes and if there are no arcs connecting any of the nodes 
1, 2, 3, 4 with either 5 or 6, then clearly the graph will not be connected. 
Thus, we see that any partition of the nodes into two nonempty subsets X 
and Xe corresponds to the minimal cut set defined by 

{{iJ):ieXJeXc} 

As there are 2n~l - 1 such partitions (there are 2n - 2 ways of choosing a 
nonempty proper subset X and, as the partition X, Xe is the same as Xe, X, 
we must divide by 2) there are therefore this number of minimal cut sets. 

To determine the minimal path sets, we must characterize a minimal set 
of arcs which result in a connected graph. Now the graph in Figure 9.13 is 
connected but it would remain connected if any one of the arcs from the 
cycle shown in Figure 9.14 were removed. In fact it is not difficult to see 
that the minimal path sets are exactly those sets of arcs which result in a 
graph being connected but not having any cycles (a cycle being a path from 
a node to itself). Such sets of arcs are called spanning trees (Figure 9.15). 

Figure 9.13. Figure 9.14. 

That is, assume that the random variables Xij9 i ^ y, are independent 

where 
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Figure 9.15. Two spanning trees (minimal path sets) when η = 4. 

It is easily verified that any spanning tree contains exactly η - 1 arcs, and 
it is a famous result in graph theory (due to Cayley) that there are exactly 
nn~2 of these minimal path sets. 

Because of the large number of minimal path and minimal cut sets (nn~2 

and 2 , l~ 1 - 1, respectively), it is difficult to obtain any useful bounds 
without making further restrictions. So, let us assume that all the Py equal 
the common value p. That is, we suppose that each of the possible arcs 
exists, independently, with the same probability p. We shall start by 
deriving a recursive formula for the probability that the graph is connected, 
which is computationally useful when η is not too large, and then we shall 
present an asymptotic formula for this probability when η is large. 

Let us denote by Pn the probability that the random graph having η nodes 
is connected. To derive a recursive formula for Pn we first concentrate 
attention on a single node—say node 1—and try to determine the prob-
ability that node 1 will be part of a component of size k in the resultant 
graph. Now for a given set of k - 1 other nodes these nodes along with 
node 1 will form a component if 

(i) there are no arcs connecting any of these k nodes with any of the 
remaining η - k nodes: 

(ii) the random graph, restricted to these k nodes (and I j potential 

arcs—each independently appearing with probability p) is connected. 

The probability that (i) and (ii) both occur is 

where q = 1 - p. As there are ^ ways of choosing k - 1 other 

nodes (to form along with node 1 a component of size k) we see that 

Ρ {node 1 is part of a component of size k] 

' n

k - _ l \ ^ P k , k=\,2,...,n 

Now since the sum of the foregoing probabilities as k ranges from 1 thru η 
clearly must equal 1, and as the graph is connected if and only if node 1 
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is part of a component of size n, we see that 

Pn = 1 - ΐ I j)^"-^, #i = 2, 3, ... (9.9) 
Starting with Px = 1, P2 = p, Equation (9.9) can be used to recursively 

determine Pn when η is not too large. It is particularly suited for numerical 
computation. 

To determine an asymptotic formula for Pn when η is large, first note 
from Equation (9.9) that since Pk < 1, we have 

•- ' •*£(; :!>*"-" 
As it can be shown that for q < 1 and η sufficiently large 

Λ C - D**""" ~(n + X)qnl 

we have that for η large 

1 - Pn < (n + l t e"" 1 (9.10) 

To obtain a bound in the other direction, we concentrate our attention on 

a particular type of minimal cut set—namely, those that separate one node 

from all others in the graph. Specifically, define the minimal cut set C, as 

and define to be the event that all arcs in Q are not working (and thus, 
node / is isolated from the other nodes). Now, 

1 - Pn = P(graph is not connected) > p([jF^j 

since, if any of the events Ft occur, then the graph will be disconnected. 
By the inclusion-exclusion bounds, we have that 

P(\JFS > Σ m) - Σ Σ mV) 
\ i / i i<j 

As P(Fi) and P(FiFj) are just the respective probabilities that a given set of 
η - 1 arcs and that a given set of In - 3 arcs are not in the graph (why?), 
it follows that 

P(Fi) = Qn-\ 

PiFiFj) = qln~\ i*j 
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and so 

1 - Pn > nq-' - r ) ^ " -
3 

Combining this with Equation (9.10) yields that for η sufficiently large 

nq"-1 - Q*2""3 * 1 - P . s (« + Der"-1 

and as 

W nq"'1 ϋ' 

as η -* oo, we see that, for large n, 

1 - Pn ~ A l ^ "
1 

Thus, for instance, when η = 20 and ρ = y, the probability that the 
random graph will be connected is approximately given by 

P20 « 1 - 20(£) 19 = 0.99998 • 

9.4.2. Second Method for Obtaining Bounds on r(p) 

Our second approach to obtaining bounds on r(p) is based on expressing the 
desired probability as the probability of the intersection of events. To do so, 
let Al9A2, denote the minimal path sets as before, and define the 
events, Di9 i = 1 , . . . by 

Dt = {at least one component in At has failed) 

Now since the system will have failed if and only if at least one component 
in each of the minimal path sets has failed we have that 

1 - r(p) = P{DXD2...DS) 

= P(Dl)P(D2 | A ) P(DS\DXD2... Ds_x) (9.11) 

Now it is quite intuitive that the information that at least one component of 
A1 is down can only increase the probability that at least one component of 
A2 is down (or else leave the probability unchanged if Ax and A2 do not 
overlap). Hence, intuitively 

P{D2\DX)>P(D2) 

To prove this inequality, we write 

P(D2) = P(D21ATO) + P(D21 £>i)(l - PiDJ) (9.12) 
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and note that 

P(D2 \D\) = P{at least one failed in A21 all functioning in Ax] 

= ι - ÏÏPj 
JeA2 

s i - UPj 
JeA2 

= P(D2) 

Hence, from Equation (9.12) we see that 

P(D2) < i ( D j | D , m ) + P(D2)V - P(Di)) 
or 

PWtlDj a PWJ 

By the same reasoning, it also follows that 

P(Di\Dl...Di_l)>P(Di) 

and so from Equation (9.11) we have 

1 - r(p) > Π P(Di) 
i 

or, equivalently, 

rip) < 1 - Π (l - Π p) 

To obtain a bound in the other direction, let Cx,..., Cr denote the 
minimal cut sets and define the events Ul,..., Ur by 

Ui = {at least one component in Q is functioning) 

Then, since the system will function if and only if all of the events t/,- occur, 
we have 

r(p) = P(UiU2...Ur) 

= P{UX)P(U2lt/0...P(Ur\Ut... Ur_,) 

^ Π PiUi) 
i 

where the last inequality is established in exactly the same manner as for the 
Z>z. Hence, 

KP) ^ Π 1 - Π (1 - Pj) 
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and we thus have the following bounds for the reliability function 

π ι Π (i 
j e Ci 

Pj) < r(p) < 1 Π ( ι - IlPj 
j e Ai 

(9.13) 

It is to be expected that the upper bound should be close to the actual r(p) 
if there is not too much overlap in the minimal path sets, and the lower 
bound to be close if there is not too much overlap in the minimal cut sets. 

Example 9.19 For the three-out-of-four system the minimal path sets 
a r e ^ ! = {1,2,3},Λ 2 = {1,2,4},Λ 3 = [1, 3, 4), a n d ^ 4 = {2, 3, 4}; and the 
minimal cut sets are Cx = (1,2), C2 = {1,3}, C 3 = {1,4}, C 4 = {2,3}, 
C 5 = {2, 4}, and C 6 = {3, 4}. Hence, by Equation (9.13) we have 

< r(p) < 1 - (1 - pxp2p3)(\ - PiPiPdV - P\PIPA)(\ ~ P2P3P4) 
where qt = I - pt. For instance, if /?, = \ for all /, then the preceding 
yields that 

0.18 < r(^, ...,i) < 0.59 
The exact value for this structure is easily computed to be 

= £ = 0.31 • 

9.5. System Life as a Function of Component Lives 

For a random variable having distribution function G, we define 
G(a) = 1 - G(a) to be the probability that the random variable is greater 
than a. 

Consider a system in which the /th component functions for a random 
length of time having distribution Ft and then fails. Once failed it remains 
in that state forever. Assuming that the individual component lifetimes 
are independent, how can we express the distribution of system lifetime 
as a function of the system reliability function r(p) and the individual 
component lifetime distributions Fif, / = 1, . . . , η ? 

To answer the above we first note that the system will function for a 
length of time t or greater if and only if it is still functioning at time t. That 
is, letting F denote the distribution of system lifetime, we have 

F{t) = P{system life > t] 

= P{system is functioning at time /} 
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Hence we see that 
F(t) = r(Fl(t)9...iFn(t)) (9.14) 

Example 9 .20 In a series system, r(p) = Π ϊ Pi a n d s o fr°m Equation 
(9.14) 

which is, of course, quite obvious since for a series system the system life is 
equal to the minimum of the component lives and so will be greater than t 
if and only if all component lives are greater than t. • 

Example 9.21 In a parallel system r(p) = 1 - Π ϊ Ο - Pi) and so 

The preceding is also easily derived by noting that, in the case of a parallel 
system, the system life is equal to the maximum of the component lives. • 

For a continuous distribution G, we define λ(ί), the failure rate function 
of G, by 

where g(t) = d/dtG(t). In Section 5.2.2, it is shown that if G is the 
distribution of the lifetime of an item, then k(t) represents the probability 
intensity that a /-year-old item will fail. We say that G is an increasing 
failure rate (IFR) distribution if k(t) is an increasing function of t. 
Similarly, we say that G is a decreasing failure rate (DFR) distribution if 
λ(ί) is a decreasing function of t. 

Example 9 .22 (The Weibull Distribution): A random variable is said to 
have the Weibull distribution if its distribution is given, for some A > 0, 
a > 0, by 

m = π m) 

η 

m = ι - π m ) 

G(t) = 1 - é -(λο0 

t > 0 

But, by the definition of r(p) we have that 

P{system is functioning at time t) = r(Px(t),Pn(t)) 

where 

Pi(t) = Ρ {component / is functioning at t] 

= Ρ {lifetime of / > t] 
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The failure rate function for a Weibull distribution equals 

λ(ί) = -zçJr = <*Wt) 

Thus, the Weibull distribution is IFR when a > 1, and DFR when 
0 < a < 1; when a = 1, G(t) = 1 - e~x\ the exponential distribution, 
which is both IFR and DFR. • 

Example 9 .23 (The Gamma Distribution): A random variable is said to 
have a gamma distribution if its density is given, for some λ > 0, a > 0, by 

where 

_ ke-M(kt)a 

= τΓ\— for ί > 0 

ο 

For the gamma distribution, 

With the change of variables u = χ - t, we obtain that 

Hence, G is IFR when a > 1 and is DFR when 0 < a < 1. • 

Suppose that the lifetime distribution of each component in a monotone 
system is IFR. Does this imply that the system lifetime is also IFR? To 
answer this, let us at first suppose that each component has the same 
lifetime distribution, which we denote by G. That is, F^t) = G(t), 
i = 1, . . . , Λ . To determine whether the system lifetime is IFR, we must 
compute λΡ(ί), the failure rate function of F. Now, by definition, 
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where 

r(G(/)) = r(G(/),...,G(0) 
Hence, 

G(t)r'(G(t)) GV) 
r(G(t)) G(t) 

r(P) \p = G(o 
(9.15) 

Since G(t) is a decreasing function of t, it follows from Equation (9.15) 
that / / each component of a coherent system has the same IFR lifetime 
distribution, then the distribution of system lifetime will be IFR if 
pr'(p)/r(p) is a decreasing function of p. 

Example 9 .24 (The k-out-of-n System with Identical Components): 
Consider the k-out-of-n system which will function if and only if k or more 
components function. When each component has the same probability ρ of 
functioning, the number of functioning components will have a binomial 
distribution with parameters η and p. Hence, 

which, by continual integration by parts, can be shown to be equal to 

r(p) = 
(k - l)l(n - k)\ 

n\ 
x)n-kdx 

Upon differentiation, we obtain 

r'(p) 
nl ,n-k 

(k - !)!(/* - k)\ 

Therefore, 

pr\p) 

r(p) 
r(p) 

pr'(p\ 

- 1 
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Letting y = x/p, yields 

pr'jp) 

rip) 

Since (1 - yp)/(l - p) is increasing in p, it follows that pr'(p)/r(p) is 
decreasing in p. Thus, if a A>out-of-A* system is composed of independent, 
like components having an increasing failure rate, the system itself has an 
increasing failure rate. • 

It turns out, however, that for a k-out-of-n system, in which the inde-
pendent components have different IFR lifetime distributions, the system 
lifetime need not be IFR. Consider the following example of a two-out-of-
two (that is, a parallel) system. 

Example 9 .25 (A Parallel System That Is Not IFR): The life distri-
bution of a parallel system of two independent components, the ith 
component having an exponential distribution with mean 1//, / = 1,2, is 
given by 

Fit) = 1 - (1 - e-')il - e~2t) 

= e~2t + e-< - e~3t 

Therefore, 

kit) - ^ H t ) - Fit) 

2e~2t + e~< - 3e'3t 

" e~2t + e'1 - e~3t 

It easily follows upon differentiation, that the sign of k\t) is determined by 
e~5t - e~3t + 3e~4t, which is positive for small values and negative for large 
values of t. Therefore, kit) is initially strictly increasing, and then strictly 
decreasing. Hence, F is not IFR. • 

Remark The result of the preceding example is quite surprising at first 
glance. To obtain a better feel for it we need the concept of a mixture of 
distribution function. The distribution function G is said to be a mixture of 
the distributions Gx and G2 if for some ρ, 0 < ρ < 1, 

Gix) = pG.ix) + (1 - p)G2ix) (9.16) 

Mixtures occur when we sample from a population made up of two distinct 
groups. For example, suppose we have a stockpile of items of which the 
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fraction ρ are type 1 and the fraction 1 - ρ are type 2. Suppose that the 
lifetime distribution of type 1 items is Gx and of type 2 items is G2. If we 
choose an item at random from the stockpile, then its life distribution is as 
given by Equation (9.16). 

Consider now a mixture of two exponential distributions having rates λχ 

and λ2 where λλ < λ2. We are interested in determining whether or not this 
mixture distribution is IFR. To do so, we note that if the item selected has 
survived up to time /, then its distribution of remaining life is still a mixture 
of the two exponential distributions. This is so since its remaining life will 
still be exponential with rate Ai if it is type 1 or with rate λ2 if it is a type 2 
item. However, the probability that it is a type 1 item is no longer the (prior) 
probability ρ but is now a conditional probability given that it has survived 
to time t. In fact, its probability of being a type 1 is 

/>Ctypcl |hfe>/ l ^ i S ^ _ r _ 

pe-^ 

pe~Xlt + (1 - p)e~X2t 

As the preceding is increasing in t, it follows that the larger / is, the more 
likely it is that the item in use is a type 1 (the better one, since λχ < A2). 
Hence, the older the item is, the less likely it is to fail, and thus the mixture 
of exponentials far from being IFR is, in fact, DFR. 

Now, let us return to the parallel system of two exponential components 
having respective rates λχ and A 2. The lifetime of such a system can be 
expressed as the sum of two independent random variables—namely 

System life = E x p ^ + λ2) + 

λ2 

Exp(Aj) with probability 

Exp(A2) with probability 

Aj + A2 

Ai 
λχ + A2 

The first random variable whose distribution is exponential with rate 
λ ι + A2 represents the time until one of the components fails, and the 
second, which is a mixture of exponentials, is the additional time until the 
other component fails. (Why are these two random variables independent?) 

Now, given that the system has survived a time t, it is very unlikely when 
t is large that both components are still functioning, but instead it is far 
more likely that one of the components has failed. Hence, for large t, the 
distribution of remaining life is basically a mixture of two exponentials— 
and so as t becomes even larger its failure rate should decrease (as indeed 
occurs). 
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Recall that the failure rate function of a distribution Fit) having density 
fit) = F\t) is defined by 

m " 1 - F{t) 

By integrating both sides, we obtain 

ο Jo 1 - Fis) 

= - log Fit) 

Hence, 
F(t) = e'M0 (9.17) 

where 

Ait) = J Xis)ds 

The function A(/) is called the hazard function of the distribution F. 

Definition 9.1 A distribution F is said to have increasing failure on the 
average (IFRA) if 

Mt) = RAfrXfa (9 1 8 ) 

t t 
increases in t for t > 0. 

In other words, Equation (9.18) states that the average failure rate up to 
time t increases as t increases. It is not difficult to show that if F is IFR, then 
F is IFRA; but the reverse need not be true. 

Note that F is IFRA if A(s)/s < Ait)/t whenever 0 < s < which is 
equivalent to 

Aiat) Ait) 
— — < — ^ for 0 < a < 1, all / > 0 

at t 

But by Equation (9.17) we see that Ait) = - logF( / ) , and so the preceding 
is equivalent to 

-log Fiat) < - a log Fit) 
or equivalently 

log/W) > log Fait) 

which, since log χ is a monotone function of x9 shows that F is IFRA if and 
only if 

Fiat) > Fait) for 0 < a < 1, all t > 0 (9.19) 
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For a vector ρ = (px, ...,/?„) we define ρ α = (p", .. . ,/?£). We shall 
need the following proposition. 

Proposit ion 9.2 Any reliability function r(p) satisfies 

r(p«) > [r(p)f, 0 < a < 1 

Proof We prove this by induction on n, the number of components in the 
system. If η = 1, then either r(p) = 0, r(p) Ξ 1, or r(p) Ξ p. Hence, the 
proposition follows in this case. 

So assume that Proposition 9.2 is valid for all monotone systems of η - 1 
components and consider a system of η components having structure 
function φ. By conditioning upon whether or not the nth component is 
functioning, we obtain that 

r(pa) = ΡΪΚΚ,ν") + (1 - KM0„, p«) (9.20) 

Now consider a system of components 1 through η - 1 having a structure 
function φ^χ) = φ(1 Λ, χ). The reliability function for this system is given by 
'"îÎP) = Kl*. P); hence, from the induction assumption (valid for all 
monotone systems of η - 1 components), we have that 

r(l„,p")> [Γ(1 Λ,ρ)Γ 

Similarly, by considering the system of components 1 through η - 1 and 
structure function φ0(χ) = φ(0„, χ), we obtain 

r(0„,p«)> [Γ(0 η,ρ)Γ 

Thus, from Equation (9.20), we obtain 

r(p«) > /tf[r(l„, ρ)Γ + (1 - ΡΪΜ0η, ρ)Γ 

which, by using the lemma to follow [with λ = pni x = r(ln,p), 
y = r(ßn, p)], implies that 

r(p«) > [pnr(lni p) + (1 - p„)r(0w, p)]« 

= Μρ)Γ 

which proves the result. • 

L e m m a 9.3 If 0 < a < 1, 0 < λ < 1, then 

h(y) = λαχα + (1 - λ α) .ν α - (λχ + (1 - λ)^) α > 0 

for all 0 < y < χ. 

Proof The proof is left as an exercise. • 
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We are now ready to prove the following important theorem. 

T h e o r e m 9.2 For a monotone system of independent components, if 
each component has an IFRA lifetime distribution, then the distribution of 
system lifetime is itself IFRA. 

Proof The distribution of system lifetime F is given by 

F(aO = ^ i ( « 0 , . . . , ^ ( « 0 ) 

Hence, since r is a monotone function, and since each of the component 
distributions Ft are IFRA, we obtain from Equation (9.19) that 

> [r( / \ (0 , . . . ,PUO)] a 

= Fa(t) 

which by Equation (9.19) proves the theorem. The last inequality followed, 
of course, from Proposition 9.2. • 

9.6. Expected System Lifetime 

In this section, we show how the mean lifetime of a system can be deter-
mined, at least in theory, from a knowledge of the reliability function r(p) 
and the component lifetime distributions Fi9 i = 1 , n . 

Since the system's lifetime will be t or larger if and only if the system is 
still functioning at time t, we have that 

P[system life > t] = r(f(t)) 

where f(t) = (F^t),..., Fn(t)). Hence, by a well-known formula that states 
that for any nonnegative random variable X, 

we see that* 

(9.21) 

* That E[X] = \q P[X > x) dx can be shown as follows when X has density / : 

ii [system life] = 
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Example 9 .26 (A Series System of Uniformly Distributed Components): 
Consider a series system of three independent components each of which 
functions for an amount of time (in hours) uniformly distributed over 
(0,10). Hence, r(p) = PiP2Pi and 

Γ//10, 0 < i < 10 . 
F | ( ' ) = U >>"> ' = 1 ' 2 ' 3 

Therefore, 
f Ί ο - Λ 3 

,(F(/)) = * V 10 

/ > 10 

and so from Equation (9.21) we obtain 

0 < / < 10 

10 - A 3 

Î 10 

^"1Q 'J dt 

= 10 j /dy 

= f • 

Example 9 .27 (A Two-out-of-Three System): Consider a two-out-of-
three system of independent components, in which each component's 
lifetime is (in months) uniformly distributed over (0,1). As was shown in 
Example 9.13, the reliability of such a system is given by 

KP) = P\Pi + Pi Λ + P2P3 - 2PiP2P3 
Since 

(t, 0 < ί < 1 
Fi(t)=lU t>l 

we see from Equation (9.21) that 

^[system life] = j [3(1 - tf - 2(1 - 0 3 ] dt 

= I W -ly*)dy 
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Example 9-28 (A Four-Component System): Consider the four-
component system that functions when components 1 and 2 and at least one 
of components 3 and 4 function. Its structure function is given by 

Φ(Χ) = ΧΧΧ2(Χ3 + X4 - * 3 * 4 > 

and thus its reliability function equals 

KP) = PiP2(J>3 + ΡΛ - PsPd 

Let us compute the mean system lifetime when the ith component is 
uniformly distributed over (0, ι), ι = 1, 2, 3, 4. 

Now, 

Fi(t) = 

F2(t) = 

F*it) = 

F4(0 = 

1 - t, 0 < / < 1 

o, / > 1 

1 - t/2, 0 < t < 2 

o, t > 2 

1 - t/3, 0<t<3 

o, t > 3 

1 - i / 4 , 0 < / < 4 

o, / > 4 

2 - 0 3jJ_ + _ (_3 - i)(4 )(4 - t) 
12 J ' 

( 1 - 0 

^[system life] = ^ | (1 - 0(2 - 0(12 - tz)dt 

593 

0 < / < 1 

/ > 1 

(24)(60) 

* 0.41 • 

We end this section by obtaining the mean lifetime of a A:-out-of-« system 
of independent identically distributed exponential components. If θ is the 
mean lifetime of each component, then 

F,(t) = <Γ" · 

Therefore, 

Hence, 

r(F(0) = 
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Hence, since for a A>out-of-A2 system, 

i — k \
 1
 > 

we obtain from Equation (9.21) that 

Ε [system life] = f £ ("V"'^1 " e'"9)"-1 dt 
Jo / = * V / 

Making the substitution 

yields 

[̂system life] = β Σ j \ JM i _ 1(l - ^""'rfy 

Now, it is not difficult to show that* 

' > - ' > " * - < ^ Γ Τ Ϊ ) Τ <»·22> 

Thus, the foregoing equals 

^[system life] = 0 Σ 7 ^ 7 ~ . ~ 
i = k(n-i)\il n\ 

= θ Σ τ (9.23) 

Remark Equation (9.23) could have been proven directly by making use 
of special properties of the exponential distribution. First note that the 
lifetime of a Ar-out-of-w system can be written as T\ + · · · + 7^_£+i , where 
Τι represents the time between the (/ - l)st and /th failure. This is true since 
7i + · · · + Tn_k+l equals the time at which the (n - k + l)st component 
fails, which is also the first time that the number of functioning components 
is less than k. Now, when all η components are functioning, the rate at 
which failures occur is η/θ. That is, Tx is exponentially distributed with 
mean θ/η. Similarly, since Tt represents the time until the next failure 

Let 

C(H, m) = I y
n
(l - y)

m
 dy m ) = j y

n
(l - . 

Integration by parts yields that C(n,m) = [m/{n + l)]C(n + 1,/w - 1). Starting with 
C(/2, 0) = \/{n + 1), Equation (9.22) follows by mathematical induction. 
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when there are η - (/ - 1) functioning components, it follows that T% is 
exponentially distributed with mean θ/(η - i + 1). Hence, the mean system 
lifetime equals 

E[TX + ... + Tn_k+1] = θ 
1 

- + 
1 

Note also that it follows, from the lack of memory of the exponential, 
that the 7], / = 1 , . . . , η - k + 1, are independent random variables. 

9.7. Systems with Repair 

Consider an η component system having reliability function r(p). Suppose 
that component / functions for an exponentially distributed time with rate 
Xi and then fails; once failed it takes an exponential time with rate μ, to be 
repaired, / = 1 , n . All components act independently. 

Let us suppose that all components are initially working, and let 

A(t) = Ρ {system is working at t] 

A(t) is called the availability at time t. Since the components act 
independently, A(t) can be expressed in terms of the reliability function as 
follows: 

A(t) = r(A1(t),...,An(t)) (9.24) 

where 

At(t) = Ρ {component / is functioning at t] 

Now the state of component /—either on or off—changes in accordance 
with a two-state continuous time Markov chain. Hence, from the results of 
Example 6.12 we have 

At(t) = PooW = —^j—r + -t±-e-*+'» 
ßi + Xs ßi -h Xi 

Thus, we obtain that 

A(t) + / - 5 - + -±-e-*+A 
\μ + λ μ + λ / 

If we let / approach oo, then we obtain that the limiting availability—call it 
A—is given by 

A = \imA(t) = r(-^ 
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Remarks (i) If the on and off distributions for component / are 
arbitrary continuous distributions with respective means 1/Λ, and 
/ = Ι , , . , , Α Ζ , then it follows from the theory of alternating renewal 
processes (see Section 7.5.1) that 

A W 
I/A,-

1/AZ + l/ßi μζ + Λ, 

and thus using the continuity of the reliability function, it follows from 
(9.24) that the limiting availability is 

A = lim ,4(0 = r[ 
r - o o \μ + λ 

Hence, A depends only on the on and off distributions through their 
means. 

(ii) It can be shown (using the theory of regenerative processes as 
presented in Section 7.5 that A will also equal the long-run proportion of 
time that the system will be functioning. 

Example 9 .29 For a series system, r(p) = 11?= ι A and so 

A(t) = ft 

and 
ßi + λί ßi + λί 

i=l ßi + λί 

Example 9 .30 For a parallel system, r(p) = 1 — ΠΓ=ι(1 ~Ρϊ) and thus 

A(t)=l - Π Γ—ττ<1 -e-*+"*) 

i = 1 L ßi + λ ΐ 
and 

A = 1 - Π - ^ T • 
i = l ßi + Κ 

The preceding system will alternate between periods when it is up and 
periods when it is down. Let us denote by ί/,· and A , ' > 1> the lengths of 
the /th up and down period respectively. For instance in a two-of-three 
system, Ul will be the time until two components are down; Dl9 the 
additional time until two are up; U2 the additional time until two are down, 
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and so on. Let 

Ux + .·· + Un 
U = lim 

D = lim 

η 

Dx + +Dn 

denote the average length of an up and down period respectively.* 
To determine Ü and D, note first that in the first η up-down cycles—that 

is in time Σ?= ι (l^i + A)—the system will be up for a time ΣΊ= x υ{. Hence, 
the proportion of time the system will be up in the first η up-down cycles is 

Ux + - + Un + Dx + . . . + Dn IhiUi/n + Σ7-ι Α / Λ 

As Λ oo, this must converge to A, the long-run proportion of time the 
system is up. Hence, 

U * = A = r(A-) ( W 
U + D \ λ + μ 

However, to solve for Ü and D we need a second equation. To obtain one 
consider the rate at which the system fails. As there will be η failures in time 
Σ"= x (Ui + Dj), it follows that the rate at which the system fails is 

rate at which system fails = lim 

= ÎZriUi/nlllDi/n
=uT3 ( 9 2 6 ) 

That is, the foregoing yields the intuitive result that, on average, there is one 
failure every Ü + D time units. To utilize this, let us determine the rate at 
which a failure of component / causes the system to go from up to down. 
Now, the system will go from up to down when component / fails if the 
states of the other components xl9 ...,*,·_!, xi+1,...,xn are such that 
0(1,·, x) = 1, 0(0/, x) = 0. That is the states of the other components must 
be such that 

0(1,, x) - 0(0,, x) = 1 (9.27) 

Since component / will, on average, have one failure every 1/Α,· + l/μ, time 
units, it follows that the rate at which component / fails is equal to 
(1/A, + 1/μ/)"1 = λ/μ//(λ/ + μ,). In addition, the states of the other 

* It can be shown using the theory of regenerative processes that, with probability 1, the 
preceding limits will exist and will be constants. 
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components will be such that (9.27) holds with probability 

Ρ[φ(1ί9Χ(<χ>))-φ(0ί9Χ(^)) = 1} 

= Ε[φ[Ιί9 X(co)] - φ(Οί9Χ(οο))] since 0(1,,X(co)) - φ(0ί9Χ(οο)) 
is a Bernoulli random variable 

= r(li9 -rl 0i9 

λ + μ/ ' V"" λ + μ/ 

Hence, putting the preceding together we see that 

rate at which component _ Α,μ, 
/ causes the system to fail ~ A, + μ, r[h, 

λ + μ 
-rl 0i9 

λ + μ 
Summing this over all components / thus gives 

rate at which system fails = £ rlh. 
λ + μ 

-rl 0i9 

λ + μ 
Finally, equating the preceding with (9.26) yields 

1 
= Σ 

U + D i λ( + ßi 
rlh, 

λ + μ 
rl 0/, 

λ + μ 
(9.28) 

Solving (9.25) and (9.28), we obtain 

U = λ + μ 

L ~λ 
ι = ι Α,· + ßt 

rlh, 
λ + μ 

D = 

1 - r\ 
λ + μ 

rl 0„ 

U 

λ -h μ 

(9.29) 

(9.30) 

Also, (9.28) yields the rate at which the system fails. 

Remark In establishing the formulas for Ü and D9 we did not make 
use of the assumption of exponential on and off times, and, in fact our 
derivation is valid and (9.29) and (9.30) hold whenever Ü and D are 
well-defined (a sufficient condition is that all on and off distributions are 
continuous). The quantities A,, ßi9 i = 1,...,/?, will represent, respectively, 
the reciprocals of the mean lifetimes and mean repair times. 
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Example 9.31 For a series system, 

π 
Mi 

U = 
'/ Mi + Α,· 

Σ τ ^ - Π * 
Σιλι' 

D = 

i Ai + MijïiMj + λ7· 

ι Λ + A, 1 

Π 
Mi Σι A,-

Y K; + A, 

whereas for a parallel system, 

ι - Π ^ τ 
i Κι + Α,· 

Σ τ ^ - Π 

i - Π 
Α,· 

i A + Α,· 1 

? Α,· + μ,·,·*,· lj + μ, 

Π A i 

7 Α/ + ßj 

Σ/Α, 

ι - Π 
Σ/μ, 

/ Α- + Α/ 

The preceding formulas hold for arbitrary continuous up and down 
distributions with 1/Af and l/μ, denoting respectively the mean up and 
down times of component /, / = 1 , n . • 

Remark The model of this section would arise when the components are 
separately maintained with each having its own repair facility. For models 
having a common repair facility, the interested reader should see Examples 
6.16 and 6.17. 

Exercises 

1 . Prove that, for any structure function φ, 

φ(χ) = χ,0(1, , χ) + (1 - Xi)<KOi9 x) 

where 

(1|»
 x
)

 =
 » · · · >

 x
i-l > 1»

 x
i+l » · · · >

 x
n ) > 

(0,, Χ) = (X1 , . . . , Xj_i , 0, X i +i , . . . , Xfi) 
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(a) Show that the dual ot a parallel (series) system is a series (parallel) 
system. 
(b) Show that the dual of a dual structure is the original structure. 
(c) What is the dual of a k-out-oî-n structure? 
(d) Show that a minimal path (cut) set of the dual system is a minimal cut 
(path) set of the original structure. 

*4. Write the structure function corresponding to the following: 

(a) 

Figure 9.16. 

(b) 

(c) 

Figure 9.18. 

0D(x) = 1 - 0(1 - x) 

3. For any structure function 0, we define the dual structure 0 D by 

(b) 0(max(x, y)) > max(0(x), 0(y)) 
(c) 0(min(x, y)) < min(0(x), 0(y)) 

minx, < 0(x) < maxx i 

(a) if 0(0,0, . . . ,0) = 0 and 0(1, 1 , 1 ) = 1, then 

2. Show that 
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5. Find the minimal path and minimal cut sets for: 

(a) 

Figure 9.19. 

(b) 

2 

Figure 9.20. 

*6 . The minimal path sets are [1,2,4}, (1,3,5), and (5,6). Give the 
minimal cut sets. 

7. The minimal cut sets are {1, 2, 3}, [2, 3, 4}, and {3, 5). What are the 
minimal path sets? 

8. Give the minimal path sets and the minimal cut sets for the structure 
given by Figure 9.21. 

5 

6 
Figure 9 .21 . 
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9. Component / is said to be relevant to the system if for some state 
vector x, 

0(1;, x) = 1, 0(0,, x) = 0 

Otherwise, it is said to be irrelevant. 

(a) Explain in words what it means for a component to be irrelevant. 
(b) Let Α χ , . . . , As be the minimal path sets of a system, and let S denote 
the set of components. Show that S = Ui=i>l / if and only if all 
components are relevant. 
(c) Let Cx,..., Ck denote the minimal cut sets. Show that S = Uf= ι Q if 
and only if all components are relevant. 

10. Let tj denote the time of failure of the /th component; let τφ(ί) 
denote the time to failure of the system 0 as a function of the vector 
t = ( t l 9 t n ) . Show that 

max min t( = τφ(ί) = min max tt 

l^j^s ieAj \<,j^k ie Cj 

where Ci9...9Ck are the minimal cut sets, and Aif ...,AS the minimal 
path sets. 

11 . Give the reliability function of the structure of Exercise 8. 

*12. Give the minimal path sets and the reliability function for the 
structure in Figure 9.22. 

13. Let r(p) be the reliability function. Show that 

r(p) = A/*(l/, Ρ) + (1 - Pi)riPi9 p) 

14. Compute the reliability function of the bridge system (see Figure 9.11) 
by conditioning upon whether or not component 3 is working. 
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15. Compute upper and lower bounds of the reliability function (using 
Method 2) for the systems given in Exercise 4, and compare them with the 
exact values when pt = j . 

16. Compute the upper and lower bounds of r(p) using both methods 
for the 

(a) two-out-of-three system and 
(b) two-out-of-four system. 
(c) Compare these bounds with the exact reliability when 

(i) Pi - 0.5 
(ii) Pi = 0.8 

(iii) Pi == 0.2 

*17. Let Ν be a nonnegative, integer-valued random variable. Show that 

and explain how this inequality can be used to derive additional bounds on 
a reliability function. 

Hint: 
E[N2] =E[N2\N> 0]P{N > 0} (Why?) 

> (E[N\N > 0])2P{N > 0} (Why?) 

Now multiply both sides by P[N > 0). 

18. Consider a structure in which the minimal path sets are {1, 2, 3} and 
{3,4,5}. 

(a) What are the minimal cut sets? 
(b) If the component lifetimes are independent uniform (0,1) random 
variables, determine the probability that the system life will be less than \ . 

19. Let X l 9 X 2 , X n denote independent and identically distributed 
random variables and define the so-called order statistics X(1),..., X^ by 

X{i) = /th smallest of Xx, ..., Xn 

Show that if the distribution of Xj is IFR, then so is the distribution of Xi0. 

Hint: Relate this to one of the examples of this chapter. 

20. Let F be a continuous distribution function. For some positive a, 
define the distribution function G by 

G(t) = (F(t)r 
Find the relationship between λα(ί) and λΡ(ί), the respective failure rate 
functions of G and F. 
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2 1 . Consider the following four structures: 

(i) (ii) 

2 3 

Figure 9.23. Figure 9.24. 

(iii) 

Figure 9.25. 

(iv) 
1 2 

2 3 

Figure 9.26. 

Let Fl9F2, a n d F 3 be the corresponding component failure distributions; 
each of which is assumed to be IFR (increasing failure rate). Let F be the 
system failure distribution. All components are independent. 

(a) For which structures is F necessarily IFR if Fx = F2 = F 3? Give 
reasons. 
(b) For which structures is F necessarily IFR if F2 = F31 Give reasons. 
(c) For which structures is F necessarily IFR if F1 ^ F2 ^ F 3? Give 
reasons. 

*22. Let X denote the lifetime of an item. Suppose the item has reached 
the age of t. Let Xt denote its remaining life and define 

Ft(a) = P{Xt > a] 

In words, Ft(a) is the probability that a /-year-old item survives an 
additional time a. Show that 

(a) Ft(a) = Fit + a)/F(t) where F is the distribution function of X. 
(b) Another definition of IFR is to say that F is IFR if Ft(a) decreases in 
ty for all a. Show that this definition is equivalent to the one given in the 
text when F has a density. 
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23. Show that if each (independent) component of a series system has an 
IFR distribution, then the system lifetime is itself IFR by 

(a) showing that 

M O = Σ λ,(0 
i 

where λΓ(ί) is the failure rate function of the system; and A,(0 the failure 
rate function of the lifetime of component /. 
(b) using the definition of IFR given in Exercise 22. 

24. Show that if F is IFR, then it is also IFRA, and show by counter-
example that the reverse is not true. 

*25. We say that ζ is a /^-percentile of the distribution F if F(0 = /?. Show 
that if ζ is a /^-percentile of the IFRA distribution F9 then 

F(x) < e'9x

9 χ>ζ 

F(x) > e'9x

9 χ<ζ 

where 
- log( l -p) 

26. Prove Lemma 9.3. 

Hint: Let χ = y + δ. Note that / ( / ) = ta is a concave function when 
0 < a < 1, and use the fact that for a concave function f(t + h) - f(t) is 
decreasing in /. 

27. Let r(p) = r(p,p9...,/?). Show that if r(p0) = p09 then 

r(p) >p for ρ > p0 

r(p) <p for ρ < /?0 

Hint: Use Proposition 9.2. 

28. Find the mean lifetime of a series system of two components when the 
component lifetimes are respectively uniform on (0, 1) and uniform on 
(0, 2). Repeat for a parallel system. 

29. Show that the mean lifetime of a parallel system of two components is 

when the first component is exponentially distributed with mean \/μχ and 
the second is exponential with mean 1/μ 2· 
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*30. Compute the expected system lifetime of a three-out-of-four system 
when the first two component lifetimes are uniform on (0, 1) and the second 
two are uniform on (0, 2). 

3 1 . Show that the variance of the lifetime of a k-out-of-n system of 
components, each of whose lifetimes is exponential with mean 0, is given by 

Θ2 Σ τ 
-k 

32. For the model of Section 9.7, compute (i) the average up time, (ii) the 
average down time, and (iii) the system failure rate for a k-out-of-n 
structure. 

33. Prove the combinatorial identity 

;:0-0)-G:.)—(:)· ·» 
(a) by induction on / 
(b) by a backwards induction argument on /—that is, prove it first for 
/ = Λ , then assume it for / = k and show that this implies that it is true for 
/ = k - 1. 
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Chapter 10 
Brownian Motion and 
Stationary Processes 

10.1. Brownian Motion 

Let us start by considering the symmetric random walk which in each time 
unit is equally likely to take a unit step either to the left or to the right. That 
is, it is a Markov chain with Piti+Ï = j = Pij-i, / = 0, ± 1 , Now 
suppose that we speed up this process by taking smaller and smaller steps in 
smaller and smaller time intervals. If we now go to the limit in the right 
manner what we obtain is Brownian motion. 

More precisely, suppose that each At time unit we take a step of size Ax 
either to the left or the right with equal probabilities. If we let X(t) denote 
the position at time t then 

and [t/At] is the largest integer less than or equal to t/At, and where the X>x 

are assumed independent with 

* ( 0 = Δ * ( * 1 + · . · + * Ι ί / Δ ί ]) (10.1) 
where 

+ 1, 
- 1 , 

if the /th step of length Ax is to the right 
if it is to the left 

P{X>= \} = P{Xi = -\} = \ 

As E[Xi\ = 0, Var(JTf) = E[Xf] = 1, we see from (10.1) that 

E[X(t)] = 0 

Var(*(0) = (Δ*)2Γ-ί-1 (10.2) 

457 
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We shall now let Δ* and At go to 0. However, we must do it in a way to 
keep the resulting limiting process nontrivial (for instance, if we let 
Αχ = At and let At -• 0, then from the preceding we see that E[X(t)] and 
Var(X(t)) would both converge to 0 and thus X(t) would equal 0 with 
probability 1). If we let Δχ: = σ\ΓΑϊ for some positive constant σ then from 
(10.2) we see that as Δ* -> 0 

E[X(t)] = 0, 

Var(Jf(0) - σ2ί 

We now list some intuitive properties of this limiting process obtained by 
taking ΔΛ: = σ\ίΚί and then letting At -+ 0. From (10.1) and the Central 
Limit Theorem it seems reasonable that 

(i) X(t) is normal with mean 0 and variance σ 2 / / . In addition, as the 
changes of value of the random walk in nonoverlapping time intervals are 
independent, we have 
(ii) [X(t), t > 0} has independent increments, in that for all tx < t2 < ··· 
< tn 

are independent. Finally, as the distribution of the change in position of 
the random walk over any time interval depends only on the length of 
that interval, it would appear that 
(iii) [X(t), t > 0} has stationary increments, in that the distribution 
of X(t + s) - X(t) does not depend on t. We are now ready for the 
following formal definition. 

Definit ion 10.1 A stochastic process {X(t), t>0] is said to be a 
Brownian motion process if 

(i) X(0) = 0; 
(ii) {X(t)9 t > 0) has stationary and independent increments; 

(iii) for every t > 0, X(t) is normally distributed with mean 0 and 
variance o2t. 

The Brownian motion process, sometimes called the Wiener process is 
one of the most useful stochastic processes in applied probability theory. 
It originated in physics as a description of Brownian motion. This 
phenomenon, named after the English botanist Robert Brown who 
discovered it, is the motion exhibited by a small particle which is totally 
immersed in a liquid or gas. Since then, the process has been used 
beneficially in such areas as statistical testing of goodness of fit, analyzing 
the price levels on the stock market, and quantum mechanics. 
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The first explanation of the phenomenon of Brownian motion was 
given by Einstein in 1905. He showed that Brownian motion could be 
explained by assuming that the immersed particle was continually being 
subjected to bombardment by the molecules of the surrounding medium. 
However, the preceding concise definition of this stochastic process 
underlying Brownian motion was given by Wiener in a series of papers 
originating in 1918. 

When a = 1, the process is called standard Brownian motion. As any 
Brownian motion can be converted to the standard process by letting 
B(t) = Χ(ί)/σ we shall, unless otherwise stated, suppose throughout this 
chapter that σ = 1. 

The interpretation of Brownian motion as the limit of the random walks 
(10.1) suggests that X(t) should be a continuous function of t. This turns 
out to be the case, and it may be proven that, with probability 1, X{t) is 
indeed a continuous function of This fact is quite deep, and no proof 
shall be attempted. 

As X{t) is normal with mean 0 and variance t, its density function is 
given by 

To obtain the joint density function of X(tx),X(t2),X(tn) for 
ti < < tn, note first that the set of equalities 

X(ti) = xi, 

X(t2) = x2, 

X(tn) = Xn 

is equivalent to 

X(ti) = * i , 

X(t2)-X(tx) = x2-xXy 

X(tn) - X(tn_x) = x n - xn_x 

However, by the independent increment assumption it follows that 
X(tx), X(t2) - X(ti),X(tn) - X(tn-i), are independent and, by the 
stationary increment assumption, that X(tk) - X{tk^x) is normal with mean 
0 and variance tk - tk_x. Hence, the joint density of Χ(ίλ), ...,X(tn) is 
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given by 

f(XltX2, · · ·>*«) = ftMÙfti-tfa - Xl)~'ftm-tm.S*n - Xn-l) 

1 [xf + (x2 - xQ2

 + _ + (xn - x^f 
e x p j - 2 

h h - t , t n - tn 

Q.ny
n
\tx(t2-U)~-(tn-tn-d\

xn 

(10.3) 

By using (10.3), we may compute in principle any desired probabilities. For 
instance, suppose we require the conditional distribution of X(s) given that 
X(t) = Β where s < t. The conditional density is 

— m — 
= Kl exp{-x 2/2s - (Β - x)2/2(t - s)} 

= K2exp]-x2(^-+ 1 

= /f 2exp _Ax2 - 2" - t X 

- K3exp I -

2s 2{t - s\ 

2s(t -s)\X t 

t(x - Bs/t)2l 

2s(t-s) \ 

Bx ~) 

t - s \ 

where Kx, K2, and K3 do not depend on x. Hence, we see from the above 
that the conditional distribution of X(s) given that X(t) = Β is, for s < t, 
normal with mean and variance given by 

E[X(s)\X(t) = B] = S-B, 

(10.4) 

Var[X(s)\X(t) = B] = S-(t-s) 

10.2. Hitting Times, Maximum Variable, and the 
Gambler's Ruin Problem 

Let us denote by Ta the first time the Brownian motion process hits a. 
When a > 0 we will compute P[Ta < t] by considering P[X(t) > a] and 
conditioning on whether or not Ta < t. This gives 

P[X(t) > a] = P{X{t) ±a\Tu*t\P[Ta*t\ 

+ P{X(t) >a\Ta>t}P{Ta>t] (10.5) 
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Now if Ta < t, then the process hits a at some point in [0, t] and, by 
symmetry, it is just as likely to be above a or below a at time t. That is 

P[X(f)*a\Ta*t] = \ 

As the second right-hand term of (10.5) is clearly equal to 0 (since, by 
continuity, the process value cannot be greater than a without having yet 
hit a), we see that 

P{Ta < t] = 2P{X(t) > a] 

2 1 e-^dx 
ant a 

V2TT 

1
 oo 

e~y2/2dy, a>0 (10.6) 
Ja/yft 

For a < 0, the distribution of Ta is, by symmetry, the same as that of T_a. 
Hence, from (10.6) we obtain 

P[Ta<t] = - T M e~y2/2dy (10.7) 

Another random variable of interest is the maximum value the process 
attains in [0, / ] . Its distribution is obtained as follows: For a > 0 

p\ max X(s) > ai = P[Ta < t] by continuity 
Co ^ s £ t J 

= 2P[X(t) > a] from (10.6) 

2 l - v
2
/ 2 J 

e y / l dy yf2n JE/VF 

Let us now consider the probability that Brownian motion hits A before 
-B where A > 0, Β > 0. To compute this we shall make use of the inter-
pretation of Brownian motion as being a limit of the symmetric random 
walk. To start let us recall from the results of the gambler's ruin problem 
(see Section 4.5) that the probability that the symmetric random walk goes 
up A before going down Β when each step is equally likely to be either up 
or down a distance Δ* is (by Equation (4.12) with Ν = (A + Β)/Δχ9 

i = Β/Δχ) equal to Β Δχ/(Α + Β) Δχ = Β/(Α + Β). 
Hence, upon letting Δχ 0, we see that 

Β 
Ρ [up A before down B] = A + Β 
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10.3. Variations on Brownian Motion 

10.3.1. Brownian Motion with Drift 

We say that [X(t), t > 0} is a Brownian motion process with drift coefficient 
μ and variance parameter σ2 if 

(i) X(0) = 0; 
(ii) [X(t)9 t > 0} has stationary and independent increments; 

(iii) X(t) is normally distributed with mean μί and variance ta2. 

An equivalent definition is to let [B(t), t > 0} be standard Brownian 
motion and then define 

X(t) = oB(t) + μί 

10.3.2. Geometric Brownian Motion 

If {Y(t), t > 0} is a Brownian motion process with drift coefficient μ and 
variance parameter σ 2, then the process [X(t), t > 0} defined by 

X(t) = 

is called geometric Brownian motion. 
For a geometric Brownian motion process [X(t)}, let us compute the 

expected value of the process at time t given the history of the process up to 
time s. That is, for s < t, consider E[X(t) \X(u), 0 < u < s]. Now, 

E[X(t) \X(u), 0 < u < s] = E[eY(t) | Y(u), 0 < u < s] 

= E[eY(s)+nt)-Y(s) I Y(u), 0 < w < 5] 

= eY^E[eY^~Y^\Y{u\ 0 < u < s] 

= X(s)E[e™-™] 

where the next to last equality follows from the fact that Y(s) is given, and 
the last equality from the independent increment property of Brownian 
motion. Now, the moment generating function of a normal random 
variable W is given by 

E\eaW\ = e

aE^+°2waT(<wy2 

Hence, since Y(t) - Y(s) is normal with mean μ(ί - s) and variance 
(t - s)a2, it follows by setting a = 1 that 

£\eY(0-Y(sh = /̂i(i-s) + (i-5)o
2
/2 
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Thus, we obtain that 

E[X(t) \X(u), 0 < u < s] = X(s)e(t-s)(»+a2/2) (10.8) 

Geometric Brownian motion is useful in the modeling of stock prices over 
time when one feels that the percentage changes are independent and 
identically distributed. For instance, suppose that Xn is the price of some 
stock at time n. Then, it might be reasonable to suppose that X„/Xn_l9 

n> 1, are independent and identically distributed. Let 

and so 

Iterating this equality gives 

— Yn Yn-\ Yn-l^n-l 

Thus, 

log(*„) = Σ l o g « ) + log(*o) 
i = 1 

Since l o g « ) , / > 1, are independent and identically distributed, [log(Xn)} 
will when suitably normalized approximately be Brownian motion with a 
drift, and so [Xn] will be approximately geometric Brownian motion. 

10.4. Pricing Stock Options 

10.4.1. An Example in Options Pricing 

In situations in which money is to be received or paid out in differing time 
periods, one must take into account the time value of money. That is, to be 
given the amount υ a time t in the future is not worth as much as being given 
ν immediately. The reason for this is that if one was immediatley given v, 
then it could be loaned out with interest and so be worth more than υ at time 
t. To take this into account, we will suppose that the time 0 value, also 
called the present value, of the amount ν to be earned at time t is ve~at. The 
quantity a is often called the discount factor. In economic terms, the 
assumption of the discount function e~at is equivalent to the assumption 
that one can earn interest at a continuously compounded rate of 100a 
percent per unit time. 
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200 

100 

50 

time 0 price time 1 price 

Figure 10 .1 . 

We will now consider a simple model for pricing an option to purchase a 
stock at a future time at a fixed price. 

Suppose the present price of a stock is $100 per unit share, and suppose 
we know that after one time period it will be, in present value dollars, either 
$200 or $50 (see Figure 10.1). 

It should be noted that the prices at time 1 are the present value (or time 
0) prices. That is, if the discount factor is a, then the actual possible prices 
at time 1 are either 200βα or 50e". To keep the notation simple, we will 
suppose that all prices given are time 0 prices. 

Suppose that for any y, at a cost of çy, you can purchase at time 0 the 
option to buy y shares of the stock at time 1 at a (time 0) cost of $150 per 
share. Thus, for instance, if you do purchase this option and the stock rises 
to $200, then you would exercise the option at time 1 and realize a gain of 
$200 - 150 = $50 for each of the y option units purchased. On the other 
hand, if the price at time 1 was $50, then the option would be worthless at 
time 1. In addition, at a cost of 100A: you can purchase χ units of the stock 
at time 0, and this will be worth either 200* or 50* at time 1. 

We will suppose that both χ or y can be either positive or negative (or 
zero). That is, you can either buy or sell both the stock and the option. For 
instance, if χ were negative then you would be selling -x shares of the 
stock, yielding you a return of -100A:, and you would then be responsible 
for buying - χ shares of the stock at time 1 at a cost of either $200 or $50 
per share. 

We are interested in determining the appropriate value of c, the unit cost 
of an option. Specifically, we will show that unless c = 50/3 there will be a 
combination of purchases that will always result in a positive gain. 

To show this, suppose that at time 0 we 

buy χ units of stock, and 

buy y units of options 

where χ and y (which can be either positive or negative) are to be determined. 
The value of our holding at time 1 depends on the price of the stock at that 
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time; and it is given by the following 

f 200A: + 50y, if price is 200 
value = \ 

( 50A:, if price is 50 

The preceding formula follows by noting that if the price is 200 then the χ 
units of the stock are worth 200x, and the y units of the option to buy the 
stock at a unit price of 150 are worth (200 - 150)j>. On the other hand, if 
the stock price is 50, then the χ units are worth 50A: and the y units of the 
option are worthless. Now, suppose we choose y to be such that the 
preceding value is the same no matter what the price at time 1. That is, we 
choose y so that 

200A: + 50j> = 50* 
or 

y = -3x 

(Note that y has the opposite sign of x, and so if χ is positive and as a result 
χ units of the stock are purchased at time 0, then 3x units of stock options 
are also sold at that time. Similarly, if χ is negative, then -x units of stock 
are sold and -3x units of stock options are purchased at time 0.) 

Thus, with y = - 3x, the value of our holding at time 1 is 

value = 50A: 

Since the original cost of purchasing χ units of the stock and - 3A: units of 
options is 

original cost = 100A: - 3xc, 

we see that our gain on the transaction is 

gain = 50A: - (100A: - 3A:C) = A:(3C - 50) 

Thus, if 3c = 50, then the gain is 0; on the other hand if 3c ^ 50, we can 
guarantee a positive gain (no matter what the price of the stock at time l) 
by letting χ be positive when 3c > 50 and letting it be negative when 
3c < 50. 

For instance, if the unit cost per option is c = 20, then purchasing 1 unit 
of the stock (x = 1) and simultaneously selling 3 units of the option 
(y = - 3 ) initially costs us 100 - 60 = 40. However, the value of this 
holding at time 1 is 50 whether the stock goes up to 200 or down to 50. 
Thus, a guaranteed profit of 10 is attained. Similarly, if the unit cost per 
option is c = 15, then selling 1 unit of the stock (x = - 1 ) and buying 3 units 
of the option (y = 3) leads to an initial gain of 100 - 45 = 55. On the other 
hand, the value of this holding at time 1 is - 5 0 . Thus, a guaranteed profit 
of 5 is attained. 

A sure win betting scheme is called an arbitrage. Thus, as we have just 
seen, the only option cost c that does not result in an arbitrage is c = 50/3. 
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10.4.2. The Arbitrage Theorem 

Consider an experiment whose set of possible outcomes i s S = { l , 2 , . . . , / w ) . 
Suppose that η wagers are available. If the amount χ is bet on wager /, then 
the return xr^j) is earned if the outcome of the experiment is j . In other 
words, Γ,·(·) is the return function for a unit bet on wager /. The amount bet 
on a wager is allowed to be either positive or negative or zero. 

A betting scheme is a vector χ = (χί,..., χη) with the interpretation that 
xx is bet on wager 1, x2 on wager 2 , . . . , and xn on wager n. If the outcome 
of the experiment is y, then the return from the betting scheme χ is 

η 
Return from χ = Σ xiriU) 

i= 1 

The following theorem states that either there exists a probability vector 
ρ = ( A , . . . , /? m) o n the set of possible outcomes of the experiment under 
which each of the wagers has expected return 0, or else there is a betting 
scheme that guarantees a positive win. 

T h e o r e m 10.1 (The Arbitrage Theorem). Exactly one of the following 
is true: Either 

(i) there exists a probability vector ρ = (ρί9 . . . , /? m) for which 
m 
Σ PjnÜ) = 0, for all / = 1 , . . . , η 

7 = 1 
or 

(ii) there exists a betting scheme χ = (xl9 ...,x„) for which 
η 
Σ XinU) > 0, for ally = 1 , m 

i = 1 

In other words, if X is the outcome of the experiment, then the Arbitrage 
Theorem states that either there is a probability vector ρ for X such that 

Ep[n(X)] = 0, for all / = Ι , . , . , Λ 

or else there is a betting scheme that leads to a sure win. 

Remark This theorem is a consequence of the (linear algebra) theorem 
of the separating hyperplane, which is often used as a mechanism to prove 
the duality theorem of linear programming. 

The theory of linear programming can be used to determine a betting 
strategy that guarantees the greatest return. Suppose that the absolute 
value of the amount bet on each wager must be less than or equal to 1. 
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To determine the vector χ that yields the greatest guaranteed win—call this 
win v—we need to choose χ and ν so as to 

Maximize v, 
subject to the constraints 

η 

Σ χ,ηϋ) ^ ν, for y = 1, 
i = 1 

- 1 < x f < 1, / = 1 , . . . , η 

This optimization problem is a linear program and can be solved by 
standard techniques (such as by using the simplex algorithm). The Arbitrage 
Theorem yields that the optimal υ will be positive unless there is a 
probability vector ρ for which Σ7= ι PjriU) = 0 for all / = 1 , n . 

Example 10.1 In some situations, the only type of wagers allowed are 
to choose one of the outcomes /, / = 1 , . . . , m, and bet that / is the outcome 
of the experiment. The return from such a bet is often quoted in terms of 
"odds ." If the odds for outcome / is o f (often written as "o , to 1") then a 
1 unit bet will return ot if the outcome of the experiment is / and will return 
- 1 otherwise. That is, 

oi9 if y = / 
r ( i) = 

l K J ) ' 1, otherwise 
Suppose the odds ox,..., om are posted. In order for there not to be a sure 
win there must be a probability vector ρ = (pl9 . . . , /? m) such that 

0 = Ερ[η(Χ)] = OiPi - (1 - Pi) 

That is, we must have that 

Since the pt must sum to 1, this means that the condition for there not to be 
an arbitrage is that 

m 

Σ d + 0iy
l = ι 

/ = 1 

Thus, if the posted odds are such that £/ (1 + ο,·)"1 5* 1, then a sure win is 
possible. For instance, suppose there are three possible outcomes and the 
odds are as follows: 

outcome odds 
1 1 
2 2 
3 3 
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That is, the odds for outcome 1 are 1-1, the odds for outcome 2 are 2-1, 
and that for outcome 3 are 3-1. Since 

a sure win is possible. One possibility is to bet - 1 on outcome 1 (and so you 
either win 1 if the outcome is not 1 and lose 1 if the outcome is 1) and bet 
-0 .7 on outcome 2, and -0 .5 on outcome 3. If the experiment results in 
outcome 1, then we win - 1 + 0.7 + 0.5 = 0.2; if it results in outcome 2, 
then we win 1 - 1.4 + 0.5 = 0.1; if it results in outcome 3, then we win 
1 -I- 0.7 - 1.5 = 0.2. Hence, in all cases we win a positive amount. Ο 

Remark If £,(1 + ο,·)"1 ^ 1, then the betting scheme 

will always yield a gain of exactly 1. 

Example 10.2 Let us reconsider the option pricing example of the 
previous section, where the initial price of a stock is 100 and the present 
value of the price at time 1 is either 200 or 50. At a cost of c per share we 
can purchase at time 0 the option to buy the stock at time 1 at a present 
value price of 150 per share. The problem is to set the value of c so that no 
sure win is possible. 

In the context of this section, the outcome of the experiment is the value 
of the stock at time 1. Thus, there are two possible outcomes. There are also 
two different wagers: to buy (or sell) the stock, and to buy (or sell) the 
option. By the Arbitrage Theorem, there will be no sure win if there is a 
probability vector (/?, 1 - p) that makes the expected return under both 
wagers equal to 0. 

Now, the return from purchasing 1 unit of the stock is 

Hence, if ρ is the probability that the price is 200 at time 1, then 

Ε [return] = 100/? - 50(1 - p) 

Setting this equal to 0 yields that 

That is, the only probability vector (/?, 1 - p) for which wager 1 yields an 
expected return 0 is the vector ( j , y). 

i + i + i > i 

200 - 100 = 100, if the price is 200 at time 1 
50 - 100 = - 5 0 , if the price is 50 at time 1 

/> = t 
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Now, the return from purchasing one share of the option is 

50 - c, if price is 200 

10.4.3. The Black-Scholes Option Pricing Formula 

Suppose the present price of a stock is Λ^Ο) = x0, and let X(t) denote its 
price at time /. Suppose we are interested in the stock over the time interval 
0 to T. Assume that the discount factor is a (equivalently, the interest rate 
is 100a percent compounded continuously), and so the present value of the 
stock price at time t is e~atX(t). 

We can regard the evolution of the price of the stock over time as our 
experiment, and thus the outcome of the experiment is the value of the 
function X(t), 0 < / < T. The types of wagers available are that for any 
s < t we can observe the process for a time s and then buy (or sell) shares 
of the stock at price X(s) and then sell (or buy) these shares at time t for the 
price X(t). In addition, we will suppose that we may purchase any of Ν 
different options at time 0. Option /, costing ct per share, gives us the option 
of purchasing shares of the stock at time tt for the fixed price of Kt per 
share, / = 1, ...,7V. 

Suppose we want to determine values of the c, for which there is no 
betting strategy that leads to a sure win. Assuming that the Arbitrage 
Theorem can be generalized (to handle the preceding situation, where the 
outcome of the experiment is a function), it follows that there will be no 
sure win if and only if there exists a probability measure over the set of 
outcomes under which all of the wagers have expected return 0. Let Ρ be a 
probability measure on the set of outcomes. Consider first the wager of 
observing the stock for a time s and then purchasing (or selling) one share 
with the intention of selling (or purchasing) it at time t, 0 < s < t < T. 
The present value of the amount paid for the stock is e~asX(s), whereas 
the present value of the amount received is e~atX(t). Hence, in order for the 
expected return of this wager to be 0 when Ρ is the probability measure 

return 

Hence, the expected return when ρ = j is 

ii [return] 

Thus, it follows from the Arbitrage Theorem that the only value of c for 
which there will not be a sure win is c = ψ; which verifies the result of 
Section 10.4.1. Ο 
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on X(t), 0 < t < Γ, we must have that 

EF[e-atX(t)\X(u)9 0<u<s] = e~asX{s) (10.9) 

Consider now the wager of purchasing an option. Suppose the option gives 
one the right to buy one share of the stock at time t for a price K. At time 
t, the worth of this option will be as follows: 

worth of option at t = < Λ . „ , . 
H ( 0 , \fX{t)<K 

That is, the time t worth of the option is (X(t) - K)+. Hence, the present 
value of the worth of the option is e~at(X(t) - K)+. If c is the (time 0) cost 
of the option, we see that, in order for purchasing the option to have 
expected (present value) return 0, we must have that 

EP[e~at(X(t) - K)+] = c (10.10) 

By the Arbitrage Theorem, if we can find a probability measure Ρ on the set 
of outcomes that satisfies Equation (10.9), then if c, the cost of an option 
to purchase one share at time t at the fixed price K, is as given in Equation 
(10.10), then no arbitrage is possible. On the other hand, if for given prices 
ci9 i = 1 , . . . , N9 there is no probability measure Ρ that satisfies both (10.9) 
and the equality 

Ci = EP[e-a\X(ti) - Ki)+l i = 1, ...9N 

then a sure win is possible. 
We will now present a probability measure Ρ on the outcome X(t)y 

0 < t < Γ, that satisfies Equation (10.9). 
Suppose that 

X(» = x0e™ 

where [Y(t), t > 0} is a Brownian motion process with drift coefficient μ and 
variance parameter σ 2. That is, [X(t)> t > 0} is a geometric Brownian motion 
process (see Section 10.3.2). From Equation (10.9) we have that, for s < t, 

E[X(t)\X(u)9 0 < u < s) = AX?)É? ('- 5 ) 0 i + o r 2 / 2) 

Hence, if we choose μ and σ2 so that 

μ + er2/2 = a 

then Equation (10.9) will be satisfied. That is, by letting Ρ be the probability 
measure governing the stochastic process [x0e

Y(t\ 0 < t < T], where [Y(t)} 
is Brownian motion with drift parameter μ and variance parameter σ 2, and 
where μ + σ 2 /2 = α, Equation (10.9) is satisfied. 

It follows from the preceding that if we price an option to purchase a 
share of the stock at time / for a fixed price Κ by 

c = EP[e-at(X(t) - K)+] 
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then no arbitrage is possible. Since X(t) = x0e
no, where Y(t) is normal 

with mean μί and variance to2, we see that 

ceat = [°° (xoey - Κγ-^==β-^ί)1/1ίσ1 dy 
J - » sinter 

= \°° (x0e» - K) -=L= e~» " " Ο
2 7 2

"
2 dy 

J\o$(K/x0) \2πί(Γ 

Making the change of variable w = (y - μί)/σ^ίί yields that 

ce°" = xoe*'-^ \ e^e-^dw - AT^L e'^1 dw (10.11) 
ν2π Ja ν2π Je 

where 

Now, 

= \o%(K/x0) - μί 

σ\ίί 

ν2π Je ν2π J„ 
= βΙσ2/2Ρ{Ν(σ^ϊ, 1) > aj 

= eta2/2PlN(0,1) > a - CTVF} 

= e
, f f 2 / 2

P ( M 0 , 1 ) < - ( a - CTVF)) 

= β,σ1ηφ(σ^ί- a) 

where N(m, υ) is a normal random variable with mean m and variance v, 
and φ is the standard normal distribution function. 

Thus, we see from Equation (10.11) that 

ce°" = χ0β
μΙ+α1'/2φ(σ^7 - a) - Κφ(-α) 

Using that 

μ + σ 2 / 2 = a 

and letting b = - a, we can write this as follows: 

c = χ0φ(σ^/ί- b) - Κβ-°"φφ) (10.12) 
where 

at - (p-t/l - log(Ayx0) 
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The option price formula given by Equation (10.12) depends on the initial 
price of the stock x0, the option exercise time /, the option exercise price K, 
the discount (or interest rate) factor a, and the value σ2. It should be noted 
that for any value of σ 2, if the options are priced according to the formula 
(10.12) then no arbitrage is possible. However, as many people believe that 
the price of a stock actually follows a geometric Brownian motion—that is, 
X(t) = xQe

Y{t) where Y(t) is Brownian motion with parameters μ and a1— 
it has been suggested that it is natural to price the option according to 
the formula (10.12) with the parameter σ2 taken equal to the estimated 
value (see the remark that follows) of the variance parameter under the 
assumption of a geometric Brownian motion model. When this is done, the 
formula (10.12) is known as the Black-Scholes option cost valuation. It is 
interesting that this valuation does not depend on the value of the drift 
parameter μ but only on the variance parameter cr2. 

If the option itself can be traded, then the formula (10.12) can be used to 
set its price in such a way so that no arbitrage is possible. If at time s the 
price of the stock is X(s) = xs, then the price of a (/, K) option— that is, an 
option to purchase one unit of the stock at time t for a price Κ—should be 
set by replacing t by t - s and x0 by xs in Equation (10.12). 

Remark If we observe a Brownian motion process with variance 
parameter σ2 over any time interval, then we could theoretically obtain an 
arbitrarily precise estimate of σ2. For suppose we observe such a process 
[Y(s)} for a time t. Then, for fixed A, let Ν = [t/h] and set 

Wx = Y(h) - Y(0), 

W2 = Y{2h) - Y(h), 

WN = Y(Nh) - Y(Nh - h) 

Then random variables Wx, ..., WN are independent and identically 
distributed normal random variables having variance ho2. We now use the 
fact (see Section 3.6.4) that (N - \)S2/(o2h) has a chi-square distribution 
with TV - 1 degrees of freedom, where S2 is the sample variance defined by 

Ν 
S2 = Σ (»ί - W)2/{N - 1) 

i= ι 

Since the expected value and variance of a chi-square with k degrees of 
freedom are equal to k and 2k, respectively, we see that 

E[(N- \)S2/(a2h)] = Ν - 1 
and 

Var[(7V - l)S2/(o2h)] = 2(N - 1) 
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From this, we see that 

and 

E[S2/h] = σ2 

Var[S2//*] = 2σ4/(Ν - 1) 

Hence, as we let Λ become smaller (and so TV = [t/h] becomes larger) the 
variance of the unbiased estimator of σ2 becomes arbitrarily small. 

Equation (10.12) is not the only way in which options can be priced so 
that no arbitrage is possible. For let [X(t), 0 < t < T] be any stochastic 
process satisfying, for s < t, 

E[e-atX(t)\X(u), 0 < u < s] = e~asX(s) (10.13) 

(that is, Equation (10.9) is satisfied). By setting c, the cost of an option to 
purchase one share of the stock at time t for price K, equal to 

c = E[e-at(X(t) - K)+] (10.14) 

it follows that no arbitrage is possible. 
Another type of stochastic process, aside from geometric Brownian 

motion, that satisfies Equation (10.13) is obtained as follows. Let 
Yj, Y2,... be a sequence of independent random variables having a 
common mean μ, and suppose that this process is independent of [N(t), 
t > 0}, which is a Poisson process with rate λ. Let 

Using the identity 

X(0 = * o Π Yi 
i = 1 

N(s) 

Xif) = x0X\Yi Π Yj 
i = l j = N(s)+l 

and the independent increment assumption of the Poisson process, we see 
that, for s < t, 

N(t) 

Π : E[X(t)\X(u), 0 < u < s] = X(s)E 
l j = N(s)+l 

Conditioning on the number of events between s and / yields 

N(t) 

Π : 

7 = ΛΓ(ι) + 1 J 

= Σ M"e-
η — 0 

Hence, 

» Λ- λ ( ί - 5 ) [ Αμ _ 5 ) ] V a 2! 

= e-X(t-s)(l-n) 

E[X(t)\X(u)90< u<s]= Xide-*'-'*1'10 
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Thus, if we choose A and 11 to satisfy

A(1 - 11) = -ex

then Equation (10.13) is satisfied. Therefore, if for any value of Awe let the
}j have any distributions with a common mean equal to 11 = 1 + exlA and
then price the options according to Equation (10.14), then no arbitrage is
possible.

Remark If (X(/), I ~ O} satisfies Equation (10.13), then the process
(e-atX(/), I ~ O} is called a Martingale. Thus, any pricing of options for
which the expected gain on the option is equal to 0 when (e-atX(/)} follows
the probability law of some Martingale will result in no arbitrage
possibilities.

That is, if we choose any Martingale process (Z(/)} and let the cost of a
(I, K) option be

c = E[e-at(eatZ(/) - K)+)

= E[(Z(/) - Ke- at)+)

then there is no sure win.
In addition, while we did not consider the type of wager where a stock

that is purchased at time s is sold not at a fixed time I but rather at some
random time that depends on the movement of the stock, it can be shown
using results about Martingales that the expected return of such wagers is
also equal to o.
Remark A variation of the Arbitrage Theorem was first noted by
de Finetti in 1937. A more general version of de Finetti's result, of which the
Arbitrage Theorem is a special case, was given in Reference 3.

10.5. White Noise

Let (X(/), I ~ O} denote a standard Brownian motion process and let / be a
function having a continuous derivative in the region [a, b]. The stochastic
integral J~ /(1) dX(/) is defined as follows:rfit) dX(t) == !~ it. !(ti-.)[X(ti) - X(ti_.)] (l0.15)

max(t;-t;-I) ~ 0

where a = 10 < II < ... < In = b is a partition of the region [a, b]. Using
the identity (the integration by parts formula applied to sums)

n n
~ /(/;-I)[X(/;) - X(/;_I)] = /(b)X(b) - /(a)X(a) - L X(/;)[/(/;) - /(/;-1)]

; = I ; = I
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we see that 

b ?b 
f{t) dX(t) = f(b)X(b) - f(a)X(a) - X(t) df(t) (10.16) 

a Ja 

Equation (10.16) is usually taken as the definition of \b

a f(t) dX(t). 
By using the right side of (10.16) we obtain, upon assuming the inter-

changeability of expectation and limit, that 

^b 
At)dX(t) 

L J o 

Also, 

= 0 

Var( Σ f(ti-i)[X(ti) - = Σ /
2
( ' / - i ) Var[*(fÄ) - X«,^)] 

\i=l / i=l 

Σ f\ti-xWi - ti-i) 

where the top equality follows from the independent increments of 
Brownian motion. Hence, we obtain from (10.15) upon taking limits of the 
preceding that 

Var MdXif) = f\t)dt 

Remark The above gives operational meaning to the family of quantities 
[dX(t)9 0 < / < oo) by viewing it as an operator that carries functions/ into 
the values f(t) dX(t). This is called a white noise transformation, or more 
loosely {dX(t), 0 < t < oo} is called white noise since it can be imagined that 
a time varying function / travels through a white noise medium to yield the 
output (at time b) \b

a f(t) dX{t). 

Example 10.3 Consider a particle of unit mass that is suspended in a 
liquid and suppose that, due to the liquid, there is a viscous force that 
retards the velocity of the particle at a rate proportional to its present 
velocity. In addition, let us suppose that the velocity instantaneously 
changes according to a constant multiple of white noise. That is, if V(t) 
denotes the particle's velocity at t suppose that 

V'(t) = -ßV(t) + aX'(t) 

where {X(t), t > 0} is standard Brownian motion. This can be written as 
follows: 

eßt[V'(t) + ßV(t)] = aeßtX'{t) 
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or 

jt[eßtV(t)] = aeßtX\t) 

Hence, upon integration, we obtain 

eßtV(t) = V(0) + a J eßsX'(s)ds 

or, 
V(t) = V(0)e~pt + a j e~P{t-s) dX(s) 

ο 

Hence, from (10.16) 

V(t) = V(0)e~ßt + α * (0 - X(s)ße-ßit~s) ds 
lo 

10.6. Gaussian Processes 

We start with the following definition. 

Definit ion 10.2 A stochastic process X(t), t > 0 is called a Gaussian, or 
a normal, process if X(tx),..., A ^ ) has a multivariate normal distribution 
for all ti,..., tn. 

If (A^), / > 0} is a Brownian motion process, then as each of X(tx), 
X(t2), ...,X(tn) can be expressed as a linear combination of the inde-
pendent normal random variables X(tx), X(t2) - X(tx), X(t3) - X(t2), 
X(tn) - X(tn-i) it follows that Brownian motion is a Gaussian process. 

As a multivariate normal distribution is completely determined by the 
marginal mean values and the covariance values (see Section 2.6) it follows 
that standard Brownian motion could also be defined as a Gaussian process 
having E[X(t)] = 0 and, for s < t, 

Cov(X(s), X(t)) = Cov(X(s), X(s) + X(t) - X(s)) 

= Cov(AXs), X(s)) + Cov(AXs), X(t) - X(s)) 

= Co\(X(s), X(s)) by independent increments 

= s since Var(*(s)) = s (10.17) 

Let \X{t), t > 0} be a standard Brownian motion process and consider the 
process values between 0 and 1 conditional on X(l) = 0. That is, consider 
the conditional stochastic process {X(t), 0 < / < 11 X(l) = 0). Since the 
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conditional distribution of X(ti),..., X(tn) is multivariate normal it follows 
that this conditional process, known as the Brownian bridge (as it is tied 
down both at 0 and at 1), is a Gaussian process. Let us compute its 
covariance function. As, from (10.4) 

E[X(s)\X(\) = 0] = 0, for s < 1 

we have that, for s < t < 1, 

Cov[(X(s), X(t))\X(l) = 0] 

= E[X(s)X(t)\X(l) = 0] 

= E[E[X(s)X(t)\X(t), X(l) = 0] |*(1) = 0] 

= E[X(t)E[X(s)\X(t)]\X(l) = 0] 

Thus, the Brownian bridge can be defined as a Gaussian process with mean 
value 0 and covariance function s(\ - t),s < t. This leads to an alternative 
approach to obtaining such a process. 

Proposit ion 10.1 If [X(t)9 t > 0} is standard Brownian motion, then 
{Z(0, 0 < / < 1} is a Brownian bridge process when Z(t) = X{t) - tX(l). 

Proof As it is immediate that {Z(0, t > 0} is a Gaussian process, all we 
need verify is that E[Z(t)] = 0 and Cov(Z(s), Z(/)) = s(\ - t), when s < t. 
The former is immediate and the latter follows from 

by (10.4) 

= s(l - t) 

Cov(Z(s), Z(t)) = Cov(X(s) - sX(l), X(t) - tX(l)) 

= Cov(X(s), X(t)) - tCov(X(s), X(l)) 

- sCov(X(l), X(t)) + st Cov(X(l)9 X(l)) 

= s - st - St + St 

= s(l - t) 

and the proof is complete. • 



478 10 Brownian Motion and Stationary Processes 

If [X(t), t > 0} is Brownian motion, then the process \Z(t), t > 0} defined 
by 

is called integrated Brownian motion. As an illustration of how such a 
process may arise in practice, suppose we are interested in modelling the 
price of a commodity throughout time. Letting Z(t) denote the price at / 
then, rather than assuming that [Z(t)} is Brownian motion (or that log Z(t) 
is Brownian motion), we might want to assume that the rate of change of 
Z(t) follows a Brownian motion. For instance we might suppose that the 
rate of change of the commodity's price is the current inflation rate which 
is imagined to vary as Brownian motion. Hence, 

It follows from the fact that Brownian motion is a Gaussian process 
that {Z(0, y ^ 0} is also Gaussian. To prove this, first recall that 
Wx,..., Wn is said to have a multivariate normal distribution if they can be 
represented as 

where Ujf j = 1, m are independent normal random variables. From 
this it follows that any set of partial sums of W l 9 W n are also jointly 
normal. The fact that Z(i x), Z(tn) is multivariate normal can now be 
shown by writing the integral in (10.18) as a limit of approximating sums. 

As [Z(t), t > 0} is Gaussian it follows that its distribution is characterized 
by its mean value and covariance function. We now compute these when 
[X(t), t > 0} is standard Brownian motion. 

(10.18) 

^Z(t) = X(t) 

m 

Wt = Σ auUj, i = I,..., η 

= 0 
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For s < t9 

Cov[Z(s)9Z(t)]=E[Z(s)Z(t)] 

= E f X(y)dy \ X(u)du 
ο Jo 

= Ε \ \ X(y)X(u)dydu 
ο Jo 

» 5 ?t 

E[X(y)X(u)]dydu 
Jo Jo 

min(^, u) dy du by (10.17) 

= ( y dy + w rfy j 
Jo \ Jo J« / 

10.7. Stationary and Weakly Stationary Processes 

A stochastic process [X(t)9 t > 0} is said to be a stationary process if for all 
n9s9t9 ...9tn the random vectors AX^),. . . , X(tn) and A ^ + s)9..., X(tn + 5) 
have the same joint distribution. In other words, a process is stationary if, 
in choosing any fixed point s as the origin, the ensuing process has the same 
probability law. Two examples of stationary processes are: 

(i) An ergodic continuous-time Markov chain [X(t)9 t > 0} when 

where [Pj,j ^ 0} are the limiting probabilities, 
(ii) [X(t)9 t > 0} when X(t) = N(t + L) - N(t)9 t > 0, where L > 0 is a 

fixed constant and [N(t)9 t > 0} is a Poisson process having rate A. 

The first one of the above processes is stationary for it is a Markov chain 
whose initial state is chosen according to the limiting probabilities, and it 
can thus be regarded as an ergodic Markov chain that one starts observing 
at time 00. Hence the continuation of this process a time s after observation 
begins is just the continuation of the chain starting at time 0 0 + 5 , which 
clearly has the same probability for all s. That the second example—where 
X(t) represents the number of events of a Poisson process that occur between 
t and t + L—is stationary follows from the stationary and independent 
increment assumption of the Poisson process which implies that the 
continuation of a Poisson process at any time s remains a Poisson process. 

P{X(0)=j} = Pj 
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Example 10.4 (The Random Telegraph Signal Process): Let {N(t), 
t > 0} denote a Poisson process, and let X0 be independent of this process 
and be such that P[X0 =l} = P{X0 = -1} = f Defining X(t) = X0(- l)m) 

then [X(t), t > 0} is called random telegraph signal process. To see that it is 
stationary, note first that starting at any time t, no matter what the value of 
N(t), as X0 is equally likely to be either plus or minus 1, it follows that X(t) 
is equally likely to be either plus or minus 1. Hence, as the continuation of 
a Poisson process beyond any time remains a Poisson process it follows that 
{X(t), t > 0} is a stationary process. 

Let us compute the mean and covariance function of the random 
telegraph signal 

E[X(t)] = E[X0(-\)™] 

= E[X0]E[(-l)N^] by independence 

= 0 since E[X0] = 0, 

Cov[X{t\ X(t + s)] = E[X(t)X(t + s)] 

= E[X*(-1)
N
W

+N
«

+S
>] 

= E[(-l)2N(t\-\)N«+s)-N(0] 

= E[(-l)N(t+s)~N^] 

= E[(-1)N^] 

= % ( - ΐ ) ^ ί Μ 
i = o /! 

= e 
-2\s (10.19) 

For an application of the random telegraph signal consider a particle 
moving at a constant unit velocity along a straight line and suppose that 
collisions involving this particle occur at a Poisson rate A. Also suppose that 
each time the particle suffers a collision it reverses direction. Therefore, if 
X0 represents the initial velocity of the particle, then its velocity at time /— 
call it X(t)—is given by X(t) = X0(-\)

N(t\ where N(t) denotes the number 
of collisions involving the particle by time /. Hence, if X0 is equally likely 
to be plus or minus 1, and is independent of {N(t), t > 0} then [X(t), t > 0} 
is a random telegraph signal process. If we now let 

D(t) X(s) ds 

then D(t) represents the displacement of the particle at time / from its 
position at time 0. The mean and variance of D(t) are obtained as follows: 
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E[D(t)] = E[X(s)]ds = 0, 
ο 

Var [£>(/)] = E[I?(t)] 

= E\ I X(y)dy\ X(u)du 
ο Jo 

E[X(y)X(u)]dydu 
ο Jo 

= 2 j j E[X(y)X(u)]dydu 
0<y<u<t 

= 2 e-
2M"-y) dy du by (10.19) 

Jo Jo 

1 / 1 1 -2\t 
t 1 e 

λ \ 2λ 2λ 
The condition for a process to be stationary is rather stringent and so we 
define the process [X(t), t > 0} to be a second order stationary or a weakly 
stationary process if E[X(t)] = c and Cov[X(t), X(t + s)] does not depend 
on t. That is, a process is second order stationary if the first two moments 
of X(t) are the same for all / and the covariance between X(s) and X(t) 
depends only on \t - s\. For a second order stationary process, let 

R(s) = Cov[X(t), X(t + s)] 

As the finite dimensional distributions of a Gaussian process (being 
multivariate normal) are determined by their means and covariance, it 
follows that a second order stationary Gaussian process is stationary. 

Example 10.5 (The Ornstein-Uhlenbeck Process): Let [X(t), t > 0} be 
a standard Brownian motion process, and define, for a > 0, 

V(t) = e'^Xie"') 

The process [V(t)9 t > 0} is called the Ornstein-Uhlenbeck process. It has 
been proposed as a model for describing the velocity of a particle immersed 
in a liquid or gas, and as such is useful in statistical mechanics. Let us 
compute its mean and covariance function. 

E[V(t)] = 0, 

Cov[K(f), V(t + s)] = e - a t / 2e - a { t + s ) /1 Cov[X(eat), X(ea«+S))] 

= e'ate-as/2eat by Equation (10.17) 
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Hence, [V(t), t > 0} is weakly stationary and as it is clearly a Gaussian 
process (since Brownian motion is Gaussian) we can conclude that it is 
stationary. It is interesting to note that (with a = 4A) it has the same mean 
and covariance function as the Random Telegraph Signal process, thus 
illustrating that two quite different processes can have the same second 
order properties. (Of course if two Gaussian processes have the same mean 
and covariance functions then they are identically distributed.) • 

As the following examples show, there are many types of second order 
stationary processes that are not stationary. 

Example 10.6 (An Auto Regressive Process): Let Z 0 , Z x , Z 2 , b e 
uncorrelated random variables with E[Zn] = 0, η > 0 and 

Ν ti χ F ^'V -
 A

*)>
 n

 =
 0 

V a r ( Z « ) = U „ * 1 
where A 2 < 1. Define 

AN =
 Ζ λ , 

0 0 (10.20) 
Xn = λΧη-Ι + Zn> 1 * 1 

The process [Xn, η > 0} is called a first order auto regressive process. It says 
that the state at time η (that is, X n ) is a constant multiple of the state at time 
η - 1 plus a random error term Z n . 

Iterating (10.20) yields 

Xn — λ(λΧη_2 + Zn-l) + Zn 

= λ
2
Χη_2 + λΖη_χ + Zn 

ι = 0 

and so 

( η n+m \ 

i = 0 ι = 0 / = Σ A " - | " A , , + w- , C o v ( Z i f Ζ,) 
/ = ο 

= *2A2n+m(rTÄ5+
 Σ / " 2 ' ' 

_ a2km 

- 1 - A
2 
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where the preceding uses the fact that Z, and Z, are uncorrelated when / ^ j . 
As E[Xn] = 0, we see that {Xn, η > 0} is weakly stationary (the definition 
for a discrete time process is the obvious analog of that given for continuous 
time processes). • 

Example 10 .7 If, in the random telegraph signal process, we drop the 
requirement that P[X0 = 1} = P{X0 =-1} = j and only require that 
E[X0] = 0, then the process [X(t), t > 0} need no longer be stationary. 
(It will remain stationary if X0 has a symmetric distribution in the sense that 
-X0 has the same distribution as X0.) However, the process will be weakly 
stationary since 

E[X(t)] = E[X0]E[(-\)N^] = 0 , 

Cov[X(t), X(t + s)} = E[X(t)X(t + s)] 

= E[X2]E[(-l)m)+m+5)] 

= E[Xt]e~2Xs from (10.19) • 

Example 10 .8 Let W0, Wl9 Wl9... be uncorrelated with E[Wn] = μ 
and War(Wn) = cr2, η > 0, and for some positive integer k define 

Xn- — , n>k 

The process [Xn, η > k], which at each time keeps track of the arithmetic 
average of the most recent k + 1 values of the Ws, is called a moving average 
process. Using the fact that the Wn, η > 0 are uncorrelated, we see that 

( (k + 1 - m)a2 

Cov(Xn, Xn+m) = 
1̂ 0, iîm>k 

Hence, [Xn, η > k] is a second order stationary process. • 

Let [Xn, η > 1} be a second order stationary process with E[Xn] = μ. An 
important question is when, if ever, does Xn = Yt"=lXi/n converge to μ? 
The following proposition, which we state without proof, shows that 
E[(Xn - μ)2] 0 if and only if Σΐ=ιΚ(ί)/η -> 0. That is, the expected 
square of the difference between Xn and μ will converge to 0 if and only if 
the limiting average value of R(i) converges to 0. 

Proposit ion 10 .2 Let [Xn, η > 1} be a second order stationary 
process having mean μ and covariance function R(i) = Cov(Xn9 Xn+i), 
and let Xn = Σΐ=ι XJn* Then lim„^«,£[(.?,, - μ)2] = 0 if and only if 
l i m ^ I ^ = 0. 
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10.8. Harmonie Analysis of Weakly 
Stationary Processes 

Suppose that the stochastic processes [X(t)9 - o o < / < oo} and [Y(t)9 

- o o < t < oo} are related as follows: 

We can imagine that a signal, whose value at time / is X{t)9 is passed 
through a physical system that distorts its value so that Y(t)9 the received 
value at t9 is given by (10.21). The processes [X(t)) and [Y(t)} are called 
respectively the input and output processes. The function A is called the 
impulse response function. If h(s) = 0 whenever s < 0, then A is also called 
a weighting function since (10.21) expresses the output at t as a weighted 
integral of all the inputs prior to t with h(s) representing the weight given the 
input s time units ago. 

The relationship expressed by (10.21) is a special case of a time invariant 
linear filter. It is called a filter because we can imagine that the input 
process [X(t)} is passed through a medium and then filtered to yield the 
output process [Y(t)}. It is a linear filter because if the input processes 
{Xi(t)}9 i = 1,2, result in the output processes {Yi(t)}—that is, if Yj(t) = 
Jo°Xi(t - s)h(s)ds—then the output process corresponding to the input 
process [aXx(t) + bX2(t)} is just [aYx{t) + bY2{t)). It is called time invariant 
since lagging the input process by a time τ—that is, considering the new 
input process X(t) = X(t + τ)—results in a lag of τ in the output process 
since 

Let us now suppose that the input process [X(t)9 - o o < t < oo} is weakly 
stationary with E[X(t)] = 0 and covariance function 

Let us compute the mean value and covariance function of the output 
process [Y(t)}. 

Assuming that we can interchange the expectation and integration opera-
tions (a sufficient condition being that J \h(s)\ ds < oo* and, for some 
M < oo, E\X(t)\ < M for all /) we obtain that 

(10.21) 

Rx(s) = Cov[X(t)9X(t + s)]. 

Ε [Y(t)] = E[X(t - s)]h(s) ds = 0 

* The range of all integrals in this section is from - o o to +oo. 



10.8. Harmonic Analysis of Weakly Stationary Processes 485

Similarly,

COV[Y(tl), Y(12)] = cov[ IX(tl - sl)h(Sl) ds1 , IX(12 - s2)h(S2) dS2]

= IICOV[X(tl - Sl), X(12 - s2)]h(Sl)h(S2) dS1 dS2

= IIRX (t2 - S2 - II + sl)h(Sl)h(S2) dS1 dS2 (10.22)

Hence, Cov[Y(t l ), Y(t2)] depends on t 1 , t2 only through t2 - t 1 ; thus,
showing that {Y(t)} is also weakly stationary.

The preceding expression for R y (t2 - t 1) = Cov[Y(t1), Y(t2)] is, however,
more compactly and usefully expressed in terms of Fourier transforms of
Rx and R y . Let, for i = ~,

Rx(w) = Ie-iWSRx(s) ds

and

denote the Fourier transforms respectively of Rx and R y • The function
Rx(w) is also called the power spectral density of the process {X(t)}.
Also, let

h(w) = Ie-iWSh(s) ds

denote the Fourier transform of the function h. Then,' from (10.22),

Ry(w) = IIIe-iWSRx(s - S2 + sl)h(Sl)h(S2) dS1 dS2ds

= IIIe-iW(S-S2+sI)Rx (s - S2 + Sl) dse- iWS2h(S2) dS2eiWSlh(Sl) dS1

= Rx(w)h(w)h( - w)

Now, using the representation

eix = cos x + i sin x,

e- ix = cos( -x) + i sin( -x) = cos x - i sin x

(10.23)
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we obtain that 

h{w)h{-w) = h(s) cos(ws) ds - i I h(s) sin(ws) ds 

h(s) cos(ws) ds + i l h(s) sin(w5) ds 

h(s) cos(ws) ds h(s) sin(ws) ds 

h(s)e~msds = I£(w)|2 

Hence, from (10.23) we obtain 

RY(w) = Rx(w)\kw)\
2 

In words, the Fourier transform of the covariance function of the output 
process is equal to the square of the amplitude of the Fourier transform of 
the impulse function multiplied by the Fourier transform of the covariance 
function of the input process. 

Exercises 

In the following exercises \B(t), t > 0} is a standard Brownian motion 
process and Ta denotes the time it takes this process to hit a. 

* 1 . What is the distribution of B(s) + B(t), s < tl 

2. Compute the conditional distribution of B(s) given that B(tx) = A, 
B(t2) = B, where 0 < tx < s < t2. 

*3 . Compute E[B(tx)B(t2)B{t3)] for tx < t2 < t3. 

4. Show that 

P{Ta< <*} = 1, 

E[Ta] = oo , a*0 

*5. What is P{TX < T_x < T2}1 

6. Suppose you own one share of a stock whose price changes according 
to a standard Brownian motion process. Suppose that you purchased the 
stock at a price b + c, c > 0, and the present price is Z?. You have decided 
to sell the stock either when it reaches the price b + c or when an additional 
time t goes by (whichever occurs first). What is the probability that you do 
not recover your purchase price? 
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7. Compute an expression for 

Ρ] max B(s) > xl 

8. Consider the random walk which in each Δ* time unit either goes up 
or down the amount VÄ7 with respective probabilities ρ and 1 - ρ where 
77 = 1(1 +//VÄ7). 

(a) Argue that as Δ/ 0 the resulting limiting process is a Brownian 
motion process with drift rate μ. 
(b) Using (a) and the results of the gambler's ruin problem, compute the 
probability that a Brownian motion process with drift rate μ goes up A 
before going down Β, A > 0, Β > 0. 

9. Let [X(t), t > 0} be a Brownian motion with drift coefficient μ and 
variance parameter <r2. What is the joint density function of X(s) and X(t), 
s < ti 

*10. Let [X(t)9 t > 0} be a Brownian motion with drift coefficient μ and 
variance parameter σ 2 . What is the conditional distribution of X(t) given 
that X(s) = c when 

(a) s < tl 
(b) t < si 

11 . A stock is presently selling at a price of $50 per share. After one time 
period, its selling price will (in present value dollars) be either $150 or $25. 
An option to purchase y units of the stock at time 1 can be purchased at 
cost cy. 

(a) What should c be in order for there to be no sure win? 
(b) If c = 4, explain how you could guarantee a sure win. 
(c) If c = 10, explain how you could guarantee a sure win. 

12. Verify the statement made in the remark following Example 10.1. 

13. Use the Arbitrage Theorem to verify your answer to part (a) of 
Exercise 11. 

14. The present price of a stock is 100. The price at time 1 will be either 
50, 100, or 200. An option to purchase y shares of the stock at time 1 for 
the (present value) price ky costs cy. 

(a) If k = 120, show that an arbitrage opportunity occurs if and only if 
c > 80/3. 
(b) If k = 80, show that there is not an arbitrage opportunity if and only 
if 20 < c < 40. 
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15. The current price of a stock is 100. Suppose that the logarithm of the 
price of the stock changes according to a Brownian motion with drift 
coefficient μ = 2 and variance parameter σ2 = 1. Give the Black-Scholes 
cost of an option to buy the stock at time 10 for a cost of 

(a) 100 per unit. 
(b) 120 per unit. 
(c) 80 per unit. 

Assume that the continuously compounded interest rate is 5 percent. 
A stochastic process [Y(t)> t > 0} is said to be a Martingale process if, 

for s < t9 

E[Y(t)\Y(u)9 0 < u < s] = Y(s) 

16. If \Y(t\ t > 01 is a Martingale, show that 

E[Y(t)] = E[Y(0)] 

17. Show that standard Brownian motion is a Martingale. 

18. Show that {Y(t), t > 0} is a Martingale when 

Y(t) = B\t) - t 
What is Ε[Y(t)]l 

Hint: First compute E[Y(t) \B(u), 0 < u < s]. 

*19. Show that \Y(t), t > 0} is a Martingale when 

Y(t) = cxp{cB(t) - c2t/2] 

where c is an arbitrary constant. What is E[Y(t)]l 
An important property of a Martingale is that if you continually observe 

the process and then stop at some time Γ, then, subject to some technical 
conditions (which will hold in the problems to be considered), 

E[Y(T)] = E[Y(0)] 

The time Τ usually depends on the values of the process and is known as a 
stopping time for the Martingale. This result, that the expected value of the 
stopped Martingale is equal to its fixed time expectation, is known as the 
Martingale stopping theorem. 

*20. Let 
T= Min{t: B(t) = 2 - 4 / } 

That is, Γ is the first time that standard Brownian motion hits the line 
2 - At. Use the Martingale stopping theorem to find E[T]. 
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2 1 . Let [X(t), t > 0} be Brownian motion with drift coefficient μ and 
variance parameter σ 2 . That is, 

X(t) = oB(t) + μί 

Let μ > 0, and for a positive constant χ let 

That is, Γ is the first time the process [X(t), t > 0} hits x. Use the 
Martingale stopping theorem to show that 

22. Let X(t) = σΒ(ί) + μί, and for given positive constants A and B, let 
ρ denote the probability that {X(t), ί > 0} hits A before it hits -B. 

(a) Define the stopping time Τ to be the first time the process hits 
either A or -B. Use this stopping time and the Martingale defined in 
Exercise 19 to show that 

E[exp[c(X(T) - μΤ)/σ - c2T/2}] = 1 

(b) Let c = - 2μ/σ, and show that 

Ε[εχρ{-2μΧ(Τ)/σ2}] = 1 

(c) Use part (b) and the definition of Τ to find p. 

Hint: What are the possible values of εχρ{-2μΧ(Τ)/σ2}Ί 

23. Let X(t) = σΒ(ί) + μί, and define Τ to be the first time the process 
[Χ(ί), ί > 0} hits either A or -B, where A and Β are given positive numbers. 
Use the Martingale stopping theorem and part (c) of Exercise 22 to find 
E[T]. 

*24. Let [X(i), t > 0} be Brownian motion with drift coefficient μ and 
variance parameter σ 2 . Suppose that μ > 0. Let χ > 0 and define the stop-
ping time Τ (as in Exercise 21) by 

Use the Martingale defined in Exercise 18, along with the result of 
Exercise 21, to show that 

T= Min{/: X(t) = x} 

E[T] = χ/μ 

T= Min{t: X(t) = x] 

Var(r) = χσ2/μ3 
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25. Compute the mean and variance of 

(a) \\tdB(t). 

(b) \l

0t
2dB{t). 

26. Let Y(t) = tB(\/t)9 t > 0 and Y(0) = 0. 

(a) What is the distribution of Y(t)l 
(b) Compare Cov(r(s), Y(t)). 
(c) Argue that [Y(t), t > 0} is a standard Brownian motion process. 

*27. Let Y(t) = B(a2t)/a for a > 0. Argue that {Y(t)} is a standard 
Brownian motion process. 

28. Let [Z(t), t > 0} denote a Brownian bridge process. Show that if 

Y(t) = {f + X)Z(t/(t + 1)) 

then {Y(0» t > 0} is a standard Brownian motion process. 

29. Let X(t) = N(t + 1) - where {7V(0, t > 0} is a Poisson process 
with rate A. Compute 

Cov[A(0, A(i + 5)] 

*30. Let [N(t), t > 0} denote a Poisson process with rate A and define Y{t) 
to be the time from t until the next Poisson event. 

(a) Argue that { Y(t), t > 0} is a stationary process. 
(b) Compute Cov[r(/), Y(t + s)]. 

3 1 . Let {X(t)> - o o < / < oo} be a weakly stationary process having 
covariance function Rx(s) - Co\[X(t)9X(t + s)]. 

(a) Show that 

Var(A(^ + s) - A(/)) = 2 ^ ( 0 ) - 2 ^ ( 0 

(b) If Y(t) = X(t + 1) - A(0 show that {7(0, - » < / < «>} is also weakly 
stationary having a covariance function RY{s) = Cov[y(/), Y(t + s)] that 
satisfies 

RY(s) = 2Rx(s) - Rx(s - 1) - Rx(s + 1) 

32. Let Yl and y 2 be independent unit normal random variables and for 
some constant w set 

X(t) = Yx cos wt + Y2 sin wt, - o o < ^ < oo 

(a) Show that {X(t)} is a weakly stationary process. 
(b) Argue that {X{t)\ is a stationary process. 
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33. Let \X(t), - o o < / < 0 0 } be weakly stationary with covariance function 
R(s) = Cov(X(t)9 X(t + 5 ) ) and let R(w) denote the power spectral density 
of the process. 

(i) Show that R(w) = R(-w). It can be shown that 
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(ii) Use the preceding to show that 



Chapter 11 
Simulation 

11.1. Introduction 

Let X = (Xx,..., Xn) denote a random vector having a given density 
function f(xx,..., xn) and suppose we are interested in computing 

for some η dimensional function g. For instance g could represent the total 
delay in queue of the first [n/2] customers when the X values represent the 
first [n/2] interarrivai and service times.* In many situations, it is not 
analytically possible either to compute the above multiple integral exactly 
or even to numerically approximate it within a given accuracy. One 
possibility that remains is to approximate E[g(X)] by means of simulation. 

To approximate E[g(X)], start by generating a random vector X ( 1 ) = 
(Xx

l),A^1}) having the joint density f(xx, . . . ,*„) and then compute 
y ( 1 ) = g(X ( 1 )) . Now generate a second random vector (independent of the 
first) X ( 2 ) and compute Yi2) = g(X ( 2 )) . Keep on doing this under r, a 
fixed number, of independent and identically distributed random variables 

= g (X ( 0) , ι = 1 , r have been generated. Now by the strong law of 
large numbers, we know that 

η 

lim = E[Y"] = E[g(X)] 
r 

* We are using the notation [a] to represent the largest integer less than or equal to a. 

493 



494 11 Simulation 

and so we can use the average of the generated y s as an estimate of 
This approach to estimating E[g(X)] is called the Monte-Carlo 

Simulation approach. 
Clearly there remains the problem of how to generate, or simulate, 

random vectors having a specified joint distribution. The first step in doing 
this is to be able to generate random variables from a uniform distribution 
on (0, 1). One way to do this would be to take 10 identical slips of paper, 
numbered 0, 1, . . . , 9 , place them in a hat and then successively select η 
slips, with replacement, from the hat. The sequence of digits obtained (with 
a decimal point in front) can be regarded as the value of a uniform (0, 1) 
random variable rounded off to the nearest (JO)"- For instance, if the 
sequence of digits selected is 3, 8, 7, 2, 1, then the value of the uniform (0, 1) 
random variable is 0.38721 (to the nearest 0.00001). Tables of the values of 
uniform (0, 1) random variables, known as random number tables, have 
been extensively published [for instance, see The RAND Corporation, 
A Million Random Digits with 100,000 Normal Deviates (New York: The 
Free Press, 1955)]. 

However, the above is not the way in which digital computers simulate 
uniform (0, 1) random variables. In practice, they use pseudo random 
numbers instead of truly random ones. Most random number generators 
start with an initial value X0, called the seed, and then recursively compute 
values by specifying positive integers a, c, and m, and then letting 

Xn+\ = (ßXn + c) modulo m, η > 0 

where the above means that aXn + c is divided by m and the remainder is 
taken as the value of Xn+1. Thus each Xn is either 0, 1 , . . . , m - 1 and the 
quantity Xn/m is taken as an approximation to a uniform (0, 1) random 
variable. It can be shown that subject to suitable choices for a, c, m, the 
above gives rise to a sequence of numbers that looks as if it was generated 
from independent uniform (0, 1) random variables. 

As our starting point in the simulation of random variables from an 
arbitrary distribution, we shall suppose that we can simulate from the 
uniform (0, 1) distribution, and we shall use the term "random numbers" 
to mean independent random variables from this distribution. In Sections 
11.2 and 11.3 we present both general and special techniques for simulating 
continuous random variables; and in Section 11.4 we do the same for 
discrete random variables. In Section 11.5 we discuss the simulation 
both of jointly distributed random variables and stochastic processes. 
Particular attention is given to the simulation of nonhomogeneous Poisson 
processes, and in fact three different approaches for this are discussed. 
Simulation of two-dimensional Poisson processes is discussed in Section 
11.5.2. In Section 11.6 we discuss various methods for increasing the 
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Table 11.1 A Random Number Table 

04839 96423 24878 82651 66566 14778 76797 14780 13300 87074 
68086 26432 46901 20849 89768 81536 86645 12659 92259 57102 
39064 66432 84673 40027 32832 61362 98947 96067 64760 64584 
25669 26422 44407 44048 37937 63904 45766 66134 75470 66520 
64117 94305 26766 25940 39972 22209 71500 64568 91402 42416 
87917 77341 42206 35126 74087 99547 81817 42607 43808 76655 
62797 56170 86324 88072 76222 36086 84637 93161 76038 65855 
95876 55293 18988 27354 26575 08625 40801 59920 29841 80150 
29888 88604 67917 48708 18912 82271 65424 69774 33611 54262 
73577 12908 30883 18317 28290 35797 05998 41688 34952 37888 
27958 30134 04024 86385 29880 99730 55536 84855 29080 09250 
90999 49127 20044 59931 06115 20542 18059 02008 73708 83517 
18845 49618 02304 51038 20655 58727 28168 15475 56942 53389 
94824 78171 84610 82834 09922 25417 44137 48413 25555 21246 
35605 81263 39667 47358 56873 56307 61607 49518 89356 20103 
33362 64270 01638 92477 66969 98420 04880 45585 46565 04102 
88720 82765 34476 17032 87589 40836 32427 70002 70663 88863 
39475 46473 23219 53416 94970 25832 69975 94884 19661 72828 
06990 67245 68350 82948 11398 42878 80287 88267 47363 46634 
40980 07391 58745 25774 22987 80059 39911 96189 41151 14222 
83974 29992 65381 38857 50490 83765 55657 14361 31720 57375 
33339 31926 14883 24413 59744 92351 97473 89286 35931 04110 
31662 25388 61642 34072 81249 35648 56891 69352 48373 45578 
93526 70765 10592 04542 76463 54328 02349 17247 28865 14777 
20492 38391 91132 21999 59516 81652 27195 48223 46751 22923 
04153 53381 79401 21438 83035 92350 36693 31238 59649 91754 
05520 91962 04739 13092 97662 24822 94730 06496 35090 04822 
47498 87637 99016 71060 88824 71013 18735 20286 23153 72924 
23167 49323 45021 33132 12544 41035 80780 45393 44812 12515 
23792 14422 15059 45799 22716 19792 09983 74353 68668 30429 
85900 98275 32388 52390 16815 69298 82732 38480 73817 32523 
42559 78985 05300 22164 24369 54224 35083 19687 11062 91491 
14349 82674 66523 44133 00697 35552 35970 19124 63318 29686 
17403 53363 44167 64486 64758 75366 76554 31601 12614 33072 
23632 27889 47914 02584 37680 20801 72152 39339 34806 08930 

precision of the simulation estimates by reducing their variance; and in 
Section 11.7 we consider the problem of choosing the number of simulation 
runs needed to attain a desired level of precision. Before beginning this 
program, however, let us consider two applications of simulation to 
combinatorial problems. 

Example 11.1 (Generating a Random Permutation): Suppose we are 
interested in generating a permutation of the numbers 1,2, . . . , η that is 
such that all n\ possible orderings are equally likely. The following 
algorithm will accomplish this by first choosing one of the numbers 1 , . . . , η 
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at random and then putting that number in position n\ it then chooses at 
random one of the remaining η - I numbers and puts that number in 
position η - 1; it then chooses at random one of the remaining η - 2 
numbers and puts it in position η - 2, and so on (where choosing a number 
at random means that each of the remaining numbers is equally likely to be 
chosen). However, so that we do not have to consider exactly which of the 
numbers remain to be positioned, it is convenient and efficient to keep the 
numbers in an ordered list and then randomly choose the position of the 
number rather than the number itself. That is, starting with any initial 
ordering px 9p2,..., pn, we pick one of the positions 1 , . . . , η at random and 
then interchange the number in that position with the one in position n. 
Now we randomly choose one of the positions 1, . . . , η - 1 and interchange 
the number in this position with the one in position η - 1, and so on. 

In order to implement the preceding, we need to be able to generate a 
random variable that is equally likely to take on any of the values 
1, 2 , . . . , k. To accomplish this, let U denote a random number—that is, U 
is uniformly distributed over (0, 1)—and note that kU is uniform on (0, k) 
and so 

P[i - \ <kU <i} = \ 9 i= 1, 
κ 

Hence, if we let \nt(kU) denote the largest integer less than or equal to kU9 

then the random variable / = lnt(kU) + 1 will be such that 

P{I = i] = P{lnt(kU) = i - 1} = P[i - \ <kU <i} = \ 
κ 

The preceding algorithm for generating a random permutation can now be 
written as follows: 

Step 1: Let ^ , ^ , . - . , Λ be any permutation of 1,2, (for 
instance, we can choose Pj = j,j = 1 , . . . , n). 

Step 2: Set k = n. 
Step 3: Generate a random number U and let / = lnt(kU) + 1. 
Step 4: Interchanges the values of pI and pk. 
Step 5: Let k = k - 1 and if k > 1 go to Step 3. 
Step 6: px , . . . , /?„ is the desired random permutation. 

For instance, suppose η = 4 and the initial permutation is 1, 2, 3, 4. If the 
first value of / (which is equally likely to be either 1, 2, 3, 4) is / = 3, then 
the new permutation is 1, 2, 4, 3. If the next value of / is / = 2 then the new 
permutation is 1, 4, 2, 3. If the final value of / is / = 2, then the final 
permutation is 1,4, 2, 3, and this is the value of the random permutation. 
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One very important property of the above algorithm is that it can also be 
used to generate a random subset, say of size r, of the integers 1, . . . , Λ . 

Namely, just follow the algorithm until the positions η, /ι - 1,. . . , 
η - r + 1 are filled. The elements in these positions constitute the random 
subset. • 

Example 11.2 (Estimating the Number of Distinct Entries in a Large 
List): Consider a list of η entries where η is very large, and suppose we are 
interested in estimating d, the number of distinct elements in the list. If we 
let in ι denote the number of times that the element in position / appears on 
the list, then we can express d by 

n 1 
d= Σ -

i= i rrii 

To estimate d, suppose that we generate a random value X equally likely to 
be either 1,2,...,« (that is, we take X = [nil] + 1) and then let m{X) 
denote the number of times the element in position X appears on the list. 
Then 

1 
m(X) i = 1 mt η η 

Hence, if we generate k such random variables Xx,..., Xk we can estimate 
d by 

d ~ k 

Suppose now that each item in the list has a value attached to it—v(i) 
being the value of the /th element. The sum of the values of the distinct 
items—call it ν—can be expressed as 

ν = L —7TZ 

i=i m(i) 
Now if X = [nil] + 1, where U is a random number, then 

v(X) 

m(X) 
= y 1

 =

 v 

i=lm(i)n η 

Hence, we can estimate υ by generating Xx,..., Xk and then estimating υ by 

_ η * ν(Χ± 
V k m(Xd 

For an important application of the above, let A{ = [aitl,..., αίη.)> 
i = 1, denote events, and suppose we are interested in estimating 
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PiU'i.iA,). Since 

= Σ P(a)= Σ Σ 
a 6 ÖAj ι*=1 j = 

where m(aitj) is the number of events to which the point aitj belongs, the 
above method can be used to estimate P ( U M , ) . 

It should be noted that the above procedure for estimating ν can be 
effected without a prior knowledge of the set of values [vx,..., vn}. That is, 
it suffices that we can determine the value of an element in a specific place 
and the number of times that element appears on the list. When the set of 
values is a priori known, there is a more efficient approach available as will 
be shown in Example 11.11. • 

11.2. General Techniques for Simulating Continuous 
Random Variables 

In this section we present three methods for simulating continuous random 
variables. 

11.2.1. The Inverse Transformation Method 

A general method for simulating a random variable having a continuous 
distribution—called the Inverse Transformation Method—is based on the 
following proposition. 

Proposit ion 11.1 Let U be a uniform (0,1) random variable. For any 
continuous distribution function F if we define the random variable X by 

then the random variable X has distribution function F. [F 1(u) is defined 
to equal that value χ for which F(x) = w.] 

Now, since F(x) is a monotone function, it follows that F 1(U) < a if and 
only if U < F(a). Hence, from Equation (11.1), we see that 

Fx(a) = P{U < F(a)} 

= F(a) • 

X = F~\U) 

Proof 
Fx(a) = P{X<a] 

= P{F~\U) < a] (ii . i) 
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Hence we can simulate a random variable X from the continuous 
distribution F, when F~l is computable, by simulating a random number U 
and then setting X = F~l(U). 

Example 11.3 (Simulating an Exponential Random Variable): If 
F(x) = 1 - e~x, then F~x(u) is that value of χ such that 

1 - e'x = u 

or 

χ = - log( l - u) 

Hence, if U is a uniform (0,1) variable, then 

F~\U) = - log(l - U) 

is exponentially distributed with mean 1. Since 1 - U is also uniformly 
distributed on (0, 1) it follows that - log U is exponential with mean 1. 
Since cX is exponential with mean c when X is exponential with mean 1, it 
follows that - c l o g U is exponential with mean c. • 

11.2.2. The Rejection Method 

Suppose that we have a method for simulating a random variable having 
density function g(x). We can use this as the basis for simulating from 
the continuous distribution having density f(x) by simulating Y from g 
and then accepting this simulated value with a probability proportional 
to f(Y)/g(Y). 

Specifically let c be a constant such that 

Ay) ^ , „ —— < c for all y 
g(y) 

We then liave the following technique for simulating a random variable 
having density / . 

Rejection Method 

Step 1: Simulate Y having density g and simulate a random number U. 
Step 2: If U < f(Y)/cg(Y) set X = Y. Otherwise return to Step 1. 

Proposit ion 11.2 The random variable X generated by the Rejection 
Method has density function / . 
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Proof Let X be the value obtained, and let TV denote the number of 
necessary iterations. Then 

P[X*x\ = P[YN*x] 

= PlY<x\U<f(Y)/cg(Y)} 

_PlY<x,U<f(Y)/cg(Y)} 

Κ 

f P [ F < £ / < f(Y)/cg(Y) IY = y}g(y) dy 
Κ 

J-oo(f(y)/cg(y))g(y)dy 
κ 

Kc 

where Κ = P{U < f(Y)/cg(Y)). Letting χ -+ oo shows that Κ = 1/c and 
the proof is complete. • 

Remarks (i) The preceding method was originally presented by 
Von Neumann in the special case where g was positive only in some finite 
interval (a, b), and Y was chosen to be uniform over (a, b). [That is, 
γ = a + (b - a)U.] 

(ii) Note that the way in which we "accept the value Y with probability 
f(Y)/cg(Y)" is by generating a uniform (0,1) random variable U and then 
accepting Y if U < f(Y)/cg(Y). 

(iii) Since each iteration of the method will, independently, result in an 
accepted value with probability P[U < f(Y)/cg(Y)} = 1/c it follows that 
the number of iterations is geometric with mean c. 

(iv) Actually, it is not necessary to generate a new uniform random 
number when deciding whether or not to accept, since at a cost of some 
additional computation, a single random number, suitably modified at each 
iteration, can be used throughout. To see how, note that the actual value of 
U is not used—only whether or not U < f(X)/cg(X). Hence, if X is 
rejected—that is, if U > f(X)/cg(X)—we can use the fact that, given X, 

U - f(X)/cg(X) = cUgjX) - f(X) 
1 -f(X)/cg(X) cg(X)-f(X) 

is uniform on (0, 1). Hence, this may be used as a uniform random number 
in the next iteration. As this saves the generation of a random number at the 
cost of the computation above, whether it is a net savings depends greatly 
upon the method being used to generate random numbers. 
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Example 11.4 Let us use the rejection method to generate a random 
variable having density function 

fix) = 20x(l -x)\ 0<x<\ 

Since this random variable (which is beta with parameters 2,4) is concen-
trated in the interval (0,1), let us consider the rejection method with 

g(x) = 1 , 0 < χ < 1 

To determine the constant c such that f(x)/g(x) ^ c, we use calculus to 
determine the maximum value of 

Differentiation of this quantity yields 

U M ] - ™ - * - 3 * 1 - * 
Setting this equal to 0 shows that the maximal value is attained when χ = j , 
and thus 

/(*) ™ Λ \ / 3 \ 3 135 
< 20 - - = = c 

g(x) \4J\V 64 

cg(x) 27 

and thus the rejection procedure is as follows: 

Step 1: Generate random numbers Ux and U2. 
Step 2: If U2 < ψ-U^l - ϋλγ, stop and set X = Ux. Otherwise return 

to Step 1. 

The average number of times that Step 1 will be performed is c = • 

Example 11.5 (Simulating a Normal Random Variable): To simulate a 
unit normal random variable Ζ (that is, one with mean 0 and variance 1) 
note first that the absolute value of Ζ has density function 

f(x) = - J = e~x2/2, 0<x<oo (11.2) 
\/2π 

We will start by simulating from the above density by using the rejection 
method with 

gix) = e~\ 0 < χ < oo 

Hence, 

file:///4J/V
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Now, note that 

= V2ë/7rexp{-(x - l) 2/2) < 

Hence, using the rejection method we can simulate from (11.2) as follows: 

(a) Generate independent random variables Y and U, Y being exponen-
tial with rate 1 and U being uniform on (0, 1). 
(b) If U < exp{-(r - l) 2/2}, or equivalently, if 

-\ogU> (Y- l ) 2/2 

set X = Y. Otherwise return to (a). 

Once we have simulated a random variable X having density function (11.2) 
we can then generate a unit normal random variable Ζ by letting Ζ be 
equally likely to be either X or -X. 

To improve upon the foregoing, note first that from Example 11.3 it 
follows that - log U will also be exponential with rate 1. Hence, steps (a) 
and (b) are equivalent to the following: 

(a') Generate independent exponentials with rate 1, Yj, and Y2. 
(b') Set X = Yl if Y2 > (Yx - l ) 2/2 . Otherwise return to (a'). 

Now suppose that we accept Step (b'). It then follows by the lack of memory 
property of the exponential that the amount by which Y2 exceeds 
(Yi - l ) 2/2 will also be exponential with rate 1. 

Hence, summing up, we have the following algorithm which generates an 
exponential with rate 1 and an independent unit normal random variable. 

Step 1: Generate Yi, an exponential random variable with rate 1. 
Step 2: Generate Y2, an exponential with rate 1. 
Step 3: If Y2 - (Yj - l ) 2/2 > 0, set Y = Y2 - (Y1 - l ) 2/2 and go to 

Step 4. Otherwise go to Step 1. 
Step 4: Generate a random number U and set 

r Y19 if£/<i 
l-Yl9 i f t / > ± 

The random variables Ζ and Y generated by the above are 
independent with Ζ being normal with mean 0 and variance 1 
and Y being exponential with rate 1. (If we want the normal 
random variable to have mean μ and variance σ 2, just take 
μ -h σΖ.) • 
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Remarks (i) Since c = \l2e/n « 1.32, the above requires a geometric 
distributed number of iterations of Step 2 with mean 1.32. 

(ii) The final random number of Step 4 need not be separately simulated 
but rather can be obtained from the first digit of any random number used 
earlier. That is, suppose we generate a random number to simulate an 
exponential; then we can strip off the initial digit of this random number 
and just use the remaining digits (with the decimal point moved one step to 
the right) as the random number. If this initial digit is 0, 1, 2, 3, or 4 (or 0 
if the computer is generating binary digits), then we take the sign of Ζ to be 
positive and take it negative otherwise. 

(iii) If we are generating a sequence of unit normal random variables, 
then we can use the exponential obtained in Step 4 as the initial exponential 
needed in Step 1 for the next normal to be generated. Hence, on the 
average, we can simulate a unit normal by generating 1.64 exponentials and 
computing 1.32 squares. 

11.2.3. Hazard Rate Method 

Let F be a continuous distribution function with F(0) = 1. Recall that λ(ί), 
the hazard rate function of F, is defined by 

(where/(/) = F'(t) is the density function). Recall also that λ(ί) represents 
the instantaneous probability intensity that an item having life distribution 
F will fail at time / given it has survived to that time. 

Suppose now that we are given a bounded function λ(ί), such that 
Jo k(t)dt = oo , and we desire to simulate a random variable S having k(t) 
as its hazard rate function. 

To do so let λ be such that 

λ(0 < λ for alW > 0 

To simulate from A(0, >> > 0, we will 

(a) simulate a Poisson process having rate A. We will then only ' 'accept'' 
or "count" certain of these Poisson events. Specifically we will 
(b) count an event that occurs at time t, independently of all else, with 
probability λ(ί)/λ. 

We now have the following proposition. 
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Proposit ion 11.3 The time of the first counted event—call it S—is a 
random variable whose distribution has hazard rate function λ(ί), t >: 0. 

Proof 

P{t < S < t + dt\S > t] 

= Ρ {fir st counted event in t + dt) | no counted events prior to t] 

= P{Poisson events in t + dt), it is counted | 

no counted events prior to t] 

= P{Poisson event in (t, t + dt), it is counted} 

= [A dt + o(dt)] ^p- = λ(ί) dt + o(dt) 
A 

which completes the proof. It should be noted that the next to last equality 
follows from the independent increment property of Poisson processes. • 

As the interarrivai times of a Poisson process having rate A are exponen-
tial with rate A, it thus follows from Example 11.3 and the previous 
proposition that the following algorithm will generate a random variable 
having hazard rate function λ(ί), t > 0. 

Hazard Rate Method for Generating S: As(t) = À(t) 

Let A be such that λ(ί) < A for all t > 0. Generate pairs of random variables 
£/,·, Χι, i > 1, with Xt being exponential with rate A and £/, being uniform 
(0, 1), stopping at 

To compute E[N] we need the result, known as Wald's equation, which 
states that if Xx, X2,... are independent and identically distributed random 
variables that are observed in sequence up to some random time TV then 

Set 
Ν 

s = Σ Xi • 

r Ν 
Ε Σ Xi = Ε[Ν]Ε[Χ] 

i = 1 

More precisely let X1, X2,... denote a sequence of independent random 
variables and consider the following definition. 
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Definit ion 11.1 An integer-valued random variable TV is said to be 
a stopping time for the sequence Xx, X2,... if the event [N = n] is 
independent of Xn+i,Xn+2> · · · for all Λ = 1,2, — 

Intuitively, we observe the Xn's in sequential order and Ν denotes 
the number observed before stopping. If Ν = η, then we have stopped 
after observing X l y X n and before observing Xn+i,Xn+2* · · · for all 
η = 1 ,2 , . . . . 

Example 11.6 Let Xn, η = 1, 2 , . . . , be independent and such that 

P[Xn = 0} = P{Xn = \} = h n = 1,2, . . . 

If we let 

N= minimXx + ··· + Xn = 10} 

then Ν is a stopping time. We may regard Ν as being the stopping time of 
an experiment that successively flips a fair coin and then stops when the 
number of heads reaches 10. • 

Proposit ion 11.4 (Wald's Equation): If Xl9X2,... are independent 
and identically distributed random variables having finite expectations, and 
if Ν is a stopping time for Xx, X2,... such that E[N] < oo, then 

Ν 

1 

= E[N]E[X] 

Proof Letting 

we have that 

1, iiN>n 
n ' 0 , if Ν < η 

N oo 

Σ Xft
 = Σ Χη^η 

Hence, 
Ν 

η = 1 

= Ε Σ Χηΐη 
η=1 

= Σ Ε[ΧηΙη] 
η = 1 

(11.3) 

However, Ιη = 1 if and only if we have not stopped after successively 
observingX x, . . . , Xn_x. Therefore, is determined byXl9...9Xn_x and is 
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thus independent of Xn. From (11.3) we thus obtain 
oo 

Σ E[Xn]E[In] 
- Ν 

'· Σ Χ η 
_ η= 1 

= Ε[Χ] Σ Ε[Ιη\ 

η= 1 

= Ε[Χ]Ε Σ 
ι = 1 

= Ε[Χ]Ε[Ν] • 

Returning to the hazard rate method, we have that 

TV 

s= Σ Χι 
/ = 1 

As Ν = min{n: Un < λ(ΣΊΧί)/λ} it follows that the event that Ν = η is 
independent of Xn+1, Xn+2> Hence, by Wald's Equation, 

E[S] = E[N]E[Xt] 

_ E[N] 
λ 

or 

E[N] = XE[S] 

where E[S] is the mean of the desired random variable. 

11.3. Special Techniques for Simulating Continuous 
Random Variables 

Special techniques have been devised to simulate from most of the common 
continuous distribution. We now present certain of these. 

11.3.1. The Normal Distribution 

Let X and Y denote independent unit normal random variables and thus 
have the joint density function 

/(x,y) = A-e-tf+y2^2, _ o o < χ < oo, - o o < y < oo 
In 



11.3. Special Techniques for Simulating Continuous Random Variables 507 

R
2
 = X

2
 + Y

2 

θ = tan-'y/X 
(X.Y) 

Figure 11 .1 . 

Consider now the polar coordinates of the Point (X, Y). As shown in 
Figure 11.1, 

R2 = x2 + r 2 , 

Θ = tan" 1 Y/X 

To obtain the joint density of R2 and Θ, consider the transformation 

d = x
2
 + y

2
, θ = t a n

_ 1
^ / A : 

The Jacobian of this transformation is 

dd 3d 

J = 
dx dy 

dx dv 

Ix 

1 
1 +y2/xz \χλ J 1+ yL/xL \xy 

2y 

-y ι = 2 

x2+y2 x2+y2 

= 2 

Hence, from Section 2.5.3 the joint density of R2 and Θ is given by 

1 

-d/2 1 

d/2 

2π' 
0 < d < οο,Ο < θ <2π 

Thus, we can conclude that R2 and Θ are independent with R2 having an 
exponential distribution with rate \ and Θ being uniform on (0, 2π). 
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Let us now go in reverse from the polar to the rectangular coordinates. 
From the preceding if we start with W, an exponential random variable 
with rate j (W plays the role of R2) and with K, independent of W 
and uniformly distributed over (0,2π) (V plays the role of Θ) then 
X = \iWcos V, Y = \fWsin V will be independent unit normals. Hence 
using the results of Example 11.3 we see that if Ul and U2 are independent 
uniform (0, 1) random numbers, then 

X = ( - 2 log Ux)
l/1 cos(2nU2), -

Y = ( - 2 log ( Λ )
1 72

 8ΐη(2πί/ 2)
 ( U

'
4 ) 

are independent unit normal random variables. 

Remark The fact that X2 + Y2 has an exponential distribution with rate 
y is quite interesting for, by the definition of the chi-square distribution, 
X2 + Y2 has a chi-square distribution with 2 degrees of freedom. Hence, 
these two distributions are identical. 

The preceding approach to generating unit normal random variables is 
called the Box-Muller approach. Its efficiency suffers somewhat from its 
need to compute the above sine and cosine values. There is, however, a way 
to get around this potentially time-consuming difficulty. To begin, note that 
if U is uniform on (0, 1), then 2U is uniform on (0, 2), and so 2U - 1 is 
uniform on (-1 ,1) . Thus, if we generate random numbers Ux and U2 and set 

V\ = 2UX - 1, 

V2 = 2U2 - 1 

then (Vx, V2) is uniformly distributed in the square of area 4 centered at (0, 0) 
(see Figure 11.2). 

Suppose now that we continually generate such pairs {Vx, V2) until we 
obtain one that is contained in the circle of radius 1 centered at (0, 0)—that 
is, until (Vl9 V2) is such that V2 + K2

2 < 1. It now follows that such a 
pair (Vi, V2) is uniformly distributed in the circle. If we let R, Θ denote 
the polar coordinates of this pair, then it is easy to verify that R and Θ 
are independent, with £ 2 being uniformly distributed on (0,1), and Θ 
uniformly distributed on (0, 2π). 

Since 



(-1,-1)1 1 

• = (Ο, 0) 
χ = (V,, V2) 

Figure 11.2. 

it follows from Equation (11.4) that we can generate independent unit 
normals X and Y by generating another random number U and setting 

X = ( - 2 log U)X/2VX/R, 

Y= ( - 2 log U)l/2V2/R 

In fact, since (conditional on V2 + V2

2 < 1) R2 is uniform on (0, 1) and is 
independent of Θ, we can use it instead of generating a new random number 
U ; thus showing that 

X= (-2logR2y/2Vl/R = 

Y = ( - 2 log RLYLV2/R = 

are independent unit normals, where 

S = R2 = V\ + 

- 2 log S 
Vu 

-2 log S 

V2 

Summing up, we thus have the following approach to generating a pair of 
independent unit normals: 

Step 1: Generate random numbers Ux and U2. 
Step 2: Set Vx = 2UX - 1, V2 = 2U2 - \yS = V? + V2

2. 
Step 3: If S > 1, return to Step 1. 
Step 4: Return the independent unit normals 

X = 
- 2 log S 

Vu Y = 
1-2 log S 

11.3. Special Techniques for Simulating Continuous Random Variables 509 
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11.3.2. The Gamma Distribution 

To simulate from a gamma distribution with parameters (n, A), when η is an 
integer, we use the fact that the sum of η independent exponential random 
variables each having rate A has this distribution. Hence, if Ul9 Un are 
independent uniform (0, 1) random variables, 

has the desired distribution. 
When η is large, there are other techniques available that do not require 

so many random numbers. One possibility is to use the rejection procedure 
with g(x) being taken as the density of an exponential random variable with 
mean η/λ (as this is the mean of the gamma). It can be shown that for large 
η the average number of iterations needed by the rejection algorithm is 
e[(n - 1 ) /2π] 1 / 2. In addition, if we wanted to generate a series of gammas, 
then, just as in Example 11.4, we can arrange things so that upon 
acceptance we obtain not only a gamma random variable but also, for free, 
an exponential random variable that can then be used in obtaining the next 
gamma (see Exercise 8). 

11.3.3. The Chi-Squared Distribution 

The chi-squared distribution with η degrees of freedom is the distribution of 
χ2, = Z\ + ··· + Z\ where Z f , / = 1 , . . . , η are independent unit normals. 
Using the fact noted in the remark at the end of Section 3.1 we see that 
Z\ + Zf has an exponential distribution with rate y. Hence, when η is 
even—say η = 2k—x\k has a gamma distribution with parameters (k, y). 
Hence, - 2 log (Π*= ι £/,·) has a chi-squared distribution with 2k degrees of 
freedom. We can simulate a chi-squared random variable with 2k + 1 
degrees of freedom by first simulating a unit normal random variable Ζ 

The preceding is called the polar method. Since the probability that 
a random point in the square will fall within the circle is equal to π/4 
(the area of the circle divided by the area of the square), it follows that, on 
average, the polar method will require 4/π = 1.273 iterations of Step 1. 
Hence, it will, on average, require 2.546 random numbers, 1 logarithm, 
1 square root, 1 division, and 4.546 multiplications to generate 2 indepen-
dent unit normals. 
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and then adding Z 2 to the above. That is, 

Xlk+i = Z2 - 2 log 

where Z, Ul9..., Un are independent with Ζ being a unit normal and the 
others being uniform (0, 1) random variables. 

11.3.4. The Beta (n,m) Distribution 

The random variable X is said to have a beta distribution with parameters 
n, w. if its density is given by 

(n + m - 1)! . _ j 

/ W (/ι - l)!(m - 1)! U ' ' 

One approach to simulating from the above distribution is to let 
U x U n + m _ i be independent uniform (0,1) random variables and 
consider the Arth smallest value of this set—call it Uin). Now Uin) will equal 
χ if, of the η + m - 1 variables, 

(i) η - 1 are smaller than x 
(ii) one equals χ 

(iii) m - 1 are greater than χ 

Hence, if the η + m - 1 uniform random variables are partitioned into 
three subsets of sizes η - 1, 1, and m - 1 the probability (density) that each 
of the variables in the first set is less than x, the variable in the second set 
equals x, and all the variables in the third set are greater than χ is 
given by 

(P[U < x})n-lfu(x){P{U > x))m-x = xn~l(l - x)m~l 

Hence, as there are (n + m - 1)1/(η - l)!(m - 1)! possible partitions, 
it follows that ί/ ( Λ) is beta with parameters (n,m). 

Thus, one way to simulate from the beta distribution is to find the nth 
smallest of a set of η + m - 1 random numbers. However, when η and m 
are large, this procedure is not particularly efficient. 

For another approach consider a Poisson process with rate 1, and recall 
that given Sn+m, the time of the (n + m)th event, the set of the first 
η + m - 1 event times is distributed independently and uniformly on 
(0, Sn+m). Hence, given Sn+m, the Arth smallest of the first η + m - 1 event 
times—that is Sn—is distributed as the Arth smallest of a set of η + m - 1 
uniform (0, Sn+m) random variables. But from the above we can thus 
conclude that Sn/Sn+m has a beta distribution with parameters (n9m). 
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Therefore, if Ul, ..., Uf are random numbers, 

-losrißt/, . 
-iognr=+."t// 

is beta with parameters (n, m) 

By writing the preceding as 

-1ο 8 Π?=,^ 
-logllït/,.- log Π n+m ,1 + 1 

we see that it has the same distribution as X/(X + Y) where X and Y are 
independent gamma random variables with respective parameters (n,l) and 
(m, 1). Hence, when η and m are large, we can efficiently simulate a beta 
by first simulating two gamma random variables. 

11.3.5. The Exponential Distribution—The Von Neumann 
Algorithm 

As we have seen, an exponential random variable with rate 1 can be 
simulated by computing the negative of the logarithm of a random number. 
Most computer programs for computing a logarithm, however, involve a 
power series expansion, and so it might be useful to have at hand a second 
method that is computationally easier. We now present such a method due 
to Von Neumann. 

To begin let Ul9 Ul9... be independent uniform (0, 1) random variables 
and define Ν, Ν > 2, by 

That is, Ν is the first random number that is greater than its predecessor. 
Let us now compute the joint distribution of Ν and Ux : 

Now, given that Ux = χ, Ν will be greater than η if χ > U2 ^ · · · ^ Un 

or, equivalently, if 

N= min(Az: UX>U2> ·.· > Un.x < Un] 

P[N > n9U1<y}= \ P[N > n, Ux < y\Ux = x}dx 
ο 

(a) i = 2,..., η 

and 

(b) U2 > ··· > U, η 
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Now, (a) has probability χ"" 1 of occurring and given (a), all of the (η - 1)! 
possible rankings of U2,..., Un are equally likely, (b) has probability 
\/(n - 1)! of occurring. Hence, 

χη-1 

and so 

^ > " i ^ = ^ = („ _ 1 )! 

P{N> n,Ul<y} = I / *" ' , <fr = 4 
ο (η - 1)! n\ 

which yields that 

P[N = «, Ul<y} = P[N > η - 1, Ut < y] - P{N > n, Ul < y} 

y n - \ 

(η - 1)! «! 

Upon summing over all the even integers, we see that 
2 3 4 

P[N is even, ul<y}=y-^ + j j - ^ 

= \-e~y (11.5) 

We are now ready for the following algorithm for generating an 
exponential random variable with rate 1. 

Step 1: Generate uniform random numbers Ux, U2,... stopping at 
Ν = min{A2: Ux > ··· > Un_x < Un}. 

Step 2: If Ν is even accept that run, and go to Step 3. If TV is odd reject 
the run, and return to Step 1. 

Steo 3: Set X equal to the number of failed runs plus the first random 
number in the successful run. 

To show that X is exponential with rate 1, first note that the probability 
of a successful run is, from (11.5) with y = 1, 

P[N is even) = 1 - e~l 

Now, in order for X to exceed x, the first [Λ:] runs must all be unsuccessful 
and the next run must either be unsuccessful or be successful but have 
Ux > χ - [x] (where [x] is the largest integer not exceeding AT). A S 

P{N even, Ux > y] = P{N even) - P[N even, Ux < y] 

= 1 - e-1 - (1 - e~y) = e~y - e~l 

we see that 

P[X >x} = e-^ie-1 + - e-1] = e~x 

which yields the result. 
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Let T denote the number of trials needed to generate a successful run. As 
each trial is a success with probability 1 - e~l it follows that Τ is geometric 
with mean 1/(1 - e~l). If we let TV, denote the number of uniform random 
variables used on the ith run, / > 1, then Τ (being the first run / for which 
TV, is even) is a stopping time for this sequence. Hence, by Wald's equation, 
the mean number of uniform random variables needed by this algorithm is 
given by 

τ 
Σ Ν, = E[N]E[T] 

Now, 

E[N] = Σ P[N > n] 
n = 0 

= 1 + Σ 1/"! = e 
η = 1 

and so 

Σ Ν, 
i = 1 

1 - e' 
« 4.3 

Hence, this algorithm, which computationally speaking is quite easy to 
perform, requires on the average about 4.3 random numbers to execute. 

Remark Since in any run the actual value of UN is not utilized but 
only the fact that UN > UN_X we can, for any failed run, use (UN - UN_X)/ 
(1 - UN_X) as a uniform random number in the next run. This will result in 
a saving of one random number on each run, after the initial one, and thus 
will reduce the expected number of random numbers that need be generated 
by the amount 

1 _ 
1 - e" 

- 1 = 
1 - e" 

« 0.58 

11.4. Simulating from Discrete Distributions 

All of the general methods for simulating from continuous distributions 
have analogs in the discrete case. For instance, if we want to simulate a 
random variable X having probability mass function 

PIX = XJ) = PJ , j = 0, 1 , . . . , iPj= 1 
j 
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We can use the following discrete time analog of the inverse transform 
technique. 

To simulate X for which P{X = Xj] = Pj 

let U be uniformly distributed over (0, 1), and set 

Λ 

χ = 

As, 

xl9 if U < Px 

x2, if Λ < U<PX + P2 

7 - 1 j 

xj, if Σ Pi< v< Σ Pi 

1 ι 

= Ρ^ΣΡι<ν<ΣΡ^ =Pj P{X = xj) 

we see that X has the desired distribution. 

Example 11.7 (The Geometric Distribution): Suppose we want to 
simulate X such that 

P\X = i) = p(l - p) i-l i > 1 

As 
7 - 1 

Σ P{X=i} = 1 -P[X>j- 1} = 1 - (1 -p)j~l 

we can simulate such a random variable by generating a random number U 
and then setting X equal to that value j for which 

1 - (1 -pY'1 < U< 1 - (1 - p)j 

or, equivalently, for which 

(1 - p)J < 1 - U< (1 - pY'1 

As 1 - U has the same distribution as U, we can thus define X by 

logt / 

log(l - p) 
X = min{y : (1 - pY < U] = min y : j > 

= 1 + 
logt / 

.log(l - Ρ) 

As in the continuous case, special simulation techniques have been developed 
for the more common discrete distributions. We now present certain of these. 
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Example 11.8 (Simulating a Binomial Random Variable): A binomial 
(n,p) random variable can be most easily simulated by recalling that it can 
be expressed as the sum of η independent Bernoulli random variables. That 
is, if U l 9 U n are independent uniform (0, 1) variables, then letting 

1, if Ui< ρ 

0, otherwise 

it follows that X = £?= γ X>is a binomial random variable with parameters 
η and p. 

One difficulty with the above procedure is that it requires the generation 
of η random numbers. To show how to reduce the number of random 
numbers needed, note first that the above procedure does not use the actual 
value of a random number U but only whether or not it exceeds p. Using 
this and the result that the conditional distribution of U given that U < ρ 
is uniform on (0, p) and the conditional distribution of U given that U > ρ 
is uniform on (/?, 1), we now show how we can simulate a binomial (n,p) 
random variable using only a single random number: 

Step 1: Let a = l/p, β = 1/(1 - ρ). 
Step 2: Set k = 0. 

Step 3: Generate a uniform random number U. 
Step 4: If k = η stop. Otherwise reset k to equal k + 1. 
Step 5: If U < ρ set Xk = 1 and reset U to equal aU. If U > ρ set 

Xk = 0 and reset U to equal ß(U - ρ). Return to Step 4. 

This procedure generates Xl9...,Xn and X = ΣΪ=\Χΐ is the desired 
random variable. It works by noting whether Uk < ρ or Uk > p\ in the 
former case it takes Uk+Ï to equal Uk/p, and in the latter case it takes Uk+l 

to equal (Uk - p)/(\ - /?).* • 

Example 11 .9 (Simulating a Poisson Random Variable): To simulate a 
Poisson random variable with mean A, generate independent uniform (0, 1) 
random variables U1, U2,... stopping at 

N + 1 = minjrt: Π Ui < e"Xj 

* Because of computer roundoff errors, a single random number should not be continuously 

used when η is large. 
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The random variable Ν has the desired distribution, which can be seen by 
noting that 

JV=maxjr t : £ - l o g t / , < A J 

But - log Ui is exponential with rate 1, and so if we interpret - log £/,·, 
/ > 1, as the interarrivai times of a Poisson process having rate 1, we 
see that Ν = Ν(λ) would equal the number of events by time A. Hence Ν is 
Poisson with mean A. 

When A is large we can reduce the amount of computation in the above 
simulation of MA), the number of events by time A of a Poisson process 
having rate 1, by first choosing an integer m and simulating Sm, the time of 
the mth event of the Poisson process and then simulating Ν(λ) according to 
the conditional distribution of Ν(λ) given Sm. Now the conditional 
distribution of Ν(λ) given Sm is as follows: 

MA) I Sm = s ~ m + Poisson(A - s), if s < λ 

MA) I Sm = s ~ Binomial^m - 1, , if s > A 

where ~ means "has the distribution of." This follows since if the mth 
event occurs at time s, where s < A, then the number of events by time A is 
m plus the number of events in (s, A). On the other hand given that Sm = s 
the set of times at which the first m - 1 events occur has the same distri-
bution as a set of m - 1 uniform (0, s) random variables (see Section 5.3.5). 
Hence, when A < s9 the number of these which occur by time A is binomial 
with parameters m - 1 and λ/s. Hence, we can simulate MA) by first 
simulating Sm and then simulate either Ρ(λ - Sm), a Poisson random 
variable with mean A - Sm when Sm < A, or simulate Bin(m - 1, A/S m) , a 
binomial random variable with parameters m - 1, and A/S m, when Sm > A; 
and then setting 

M A ) = [ m + Ρ ( λ ~ S m )' if Sm < A 
[Bm(m - 1, A/Sm), if Sm > A 

In the preceding it has been found computationally effective to let m be 
approximately JA. Of course, Sm is simulated by simulating from a gamma 
(m, A) distribution via an approach that is computationally fast when m is 
large (see Section 11.3.3). • 

There are also rejection and hazard rate methods for discrete distri-
butions but we leave their development as exercises. However, there is a 
technique available for simulating finite discrete random variables—called 
the alias method—which, though requiring some set up time, is very fast 
to implement. 
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11.4.1. The Alias Method 

In what follows, the quantities P , P(K\ Q(K\ k < η - 1 will represent 
probability mass functions on the integers 1,2, . . . , η—that is they will be 
^-vectors of nonnegative numbers summing to 1. In addition, the vector 
P(K) will have at most k nonzero components, and each of the QIK) will 
have at most two nonzero components. We show that any probability 
mass function Ρ can be represented as an equally weighted mixture of 
η - 1 probability mass functions Q (each having at most two nonzero 
components). That is, we show that for suitably defined Q

( 1 )
, . . . , Q

( , I _ 1 )
, 

Ρ can be expressed as 

Ρ = — [ - r "Σ QIK) (11.6) 
n
 -

 1
 k= 1 

As a prelude to presenting the method for obtaining this representation, we 

will need the following simple lemma whose proof is left as an exercise. 

L e m m a 11.5 Let Ρ = [Pi9 / = 1,...,«} denote a probability mass 
function, then 

(a) there exists an /, 1 < / < n, such that < l/(« - 1), and 
(b) for this /, there exists a j , j ^ /, such that Pt? + P3? > \/(n - 1). 

Before presenting the general technique for obtaining the representation 
(11.6), let us illustrate it by an example. 

Example 11 .10 Consider the three point distribution Ρ with Px = -^-, 
P2 = j , P3 = je- We start by choosing / and j satisfying the conditions of 
Lemma 4.1. As P3 < j and P3 + P2 > y, we can work with / = 3 and j = 2. 
We will now define a 2-point mass function putting all of its weight on 
3 and 2 and such that Ρ will be expressible as an equally weighted mixture 
between and a second 2-point mass function Q ( 2 ). Secondly, all of the 
mass of point 3 will be contained in As we will have 

Pj= T(Qi 1} + Öf)> y = 1.2,3 (11.7) 

and, by the preceding, ζ)ψ is supposed to equal 0, we must therefore take 

Q?> = 2P} = i , <#> = 1 - α » = Ϊ , tf> = 0 

To satisfy (11.7), we must then set 

O f = 0, o f = 2P2 - i = i , Qf) = 2Λ = i 
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Hence, we have the desired representation in this case. Suppose now that 
the original distribution was the following 4-point mass function: 

ρ — JL ρ — 1 ρ — λ p _ _ 3 _ 
* 1 — 16 » ^ 2 — 4 > * 3 — 8 » ^ 4 — 16 

Now, P3 < j and P 3 + Px > j . Hence our initial 2-point mass function— 
—will concentrate on points 3 and 1 (giving no weights to 2 and 4). As 

the final representation will give weight j to and in addition the other 
Qu\ j = 2, 3, will not give any mass to the value 3, we must have that 

l n ( D - ρ - λ 
3 ^ 3 - * 3 - 8 

Hence, 

Gi° = i . Gi° = 1 - 1 = 1 
Also, we can write 

p = i ß
( 1)

 + f p
( 3) 

where P ( 3 ), to satisfy the above, must be the vector 

p(3) = h?i - i ß i
0

) = 

p(3) 1 
8 > 

p(3) = o , 

P j
3 ) = 1Λ = 9 

32 

Note that P ( } gives no mass to the value 3. We can now express the mass 
function P ( 3 ) as an equally weighted mixture of two point mass functions 
Q ( 2 ) and g ( 3 ), and we will end up with 

Ρ = | Q
( 1 )

 + f ( i Q
( 2)

 + i Q
( 3 )

) 

= i ( Q
( 1)

 + Q
( 2)

 + Q
( 3 )

) 

(We leave it as an exercise for the reader to fill in the details.) • 

The preceding example outlines the following general procedure for 
writing the «-point mass function Ρ in the form (11.6) where each of the Q ( , ) 

are mass functions giving all their mass to at most 2 points. To start, we 
choose / and j satisfying the conditions of Lemma 11.5. We now define the 
mass function concentrating on the points / and j and which will 
contain all of the mass for point i by noting that, in the representation 
(11.6), Q\k) = 0 for k = 2 , . . . , η - 1, implying that 

Qfp = {n- l)/>, and so = 1 - (n - l)/> 
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Writing 

Ρ = — ! — Q ( 1 ) + ^ — ? P « - 0 (11.8) 
η — Ι η - 1 

where Ρ (" Χ) represents the remaining mass, we see that 

pf - υ = o, 

That the foregoing is indeed a probability mass function is easily checked— 
for instance, the nonnegativity of pjn~l) follows from the fact that j was 
chosen so that />· + />·> 1/(Λ - 1). 

We may now repeat the foregoing procedure in the (n - l)-point 
probability mass function Ρ ( Λ - 1) to obtain 

p ( " - l ) =

 1
 Q(2) +

 n
 ~

 3
 p ( / i -2) 

η - 2 η - 2 

and thus from (11.8) we have 

Ρ = 1 qO> + 1
 Q(2) +

 71
 ~

 3
 pd -2) 

η - 1 A2 - 1 A2 - 1 

We now repeat the procedure on p ( n _ 2 ) and so on until we finally obtain 

Ρ = —
l
— ( Q

( 1)
 + . . . + Q

( , I
-

1 }
) 

η - 1 

In this way we are able to represent Ρ as an equally weighted mixture of 
η - I 2-point mass functions. We can now easily simulate from Ρ by first 
generating a random integer Ν equally likely to be either 1, 2 , . . . , η - 1. If 
the resulting value TV is such that Q ( 7 V) puts positive weight only on the points 
iN and j N , then we can set X equal to iN if a second random number is less 
than Q\^P and equal to j N otherwise. The random variable X will have 
probability mass function P. That is, we have the following procedure for 
simulating from P. 

Step 1: Generate Ux and set Ν = 1 + [(η - l ) ^ ] . 
Step 2: Generate U2 and set 

x = l i N , ift/2<QT 
j N , otherwise 
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Remarks (i) The above is called the alias method because by a 
renumbering of the Q ' s we can always arrange things so that for each k, 

> 0. (That is, we can arrange things so that the kth 2-point mass 
function gives positive weight to the value k.) Hence, the procedure calls for 
simulating TV, equally likely to be 1, 2 , . . . , η - 1, and then if TV = k it either 
accepts k as the value of X, or it accepts for the value of X the "alias" of 
k (namely, the other value that Q(k) gives positive weight). 

(ii) Actually, it is not necessary to generate a new random number in 
Step 2. As Ν - 1 is the integer part of (n - l)Ul9 it follows that the 
remainder (n - \)UX - (Ν - 1) is independent of Ux and is uniformly 
distributed in (0,1). Hence, rather than generating a new random number 
U2 in Step 2, we can use (n - l)Ux - (Ν - 1) = (n - \)UX - [(n - l)Ux]. 

Example 11.11 Let us return to the problem of Example 11.1 which 
considers a list of n9 not necessarily distinct, items. Each item has a value— 
v(i) being the value of the item in position /—and we are interested in 
estimating 

η 

ν = Σ v(i)/m(i) 
i = 1 

where m(i) is the number of times the item in position / appears on the list. 
In words, ν is the sum of the values of the (distinct) items on the list. 

To estimate v, note that if A" is a random variable such that 

P[X=i) = v(i)jivU), ι = Ι , . . . , / i 

then 

E[l/m(X)] = —^ , = υ Σ Ky) 

Hence, we can estimate ν by using the alias (or any other) method to 
generate independent random variables Xx,..., Xk having the same 
distribution as X and then estimating υ by 

j= ι K 

11.5. Stochastic Processes 

One can usually simulate a stochastic process by simulating a sequence of 
random variables. For instance, to simulate the first t time units of a renewal 
process having interarrivai distribution F we can simulate independent 
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random variables Xx, X2,... having distribution F stopping at 

Ν = mm{n: Χί + ··· + Xn > t] 

The Χ{, / > 1, represent the interarrivai times of the renewal process and so 
the preceding simulation yields Ν - 1 events by time t—the events occurring 
at times Xx, Xx + X2,..., Xx + ·· · + XN.X. 

Actually there is another approach for simulating a Poisson process that 
is quite efficient. Suppose we want to simulate the first t time units of a 
Poisson process having rate A. To do so we can first simulate N(t), the 
number of events by t, and then use the result that given the value of N(t), 
the set of N(t) event times are distributed as a set of η independent uniform 
(0, 0 random variables. Hence, we start by simulating N(t), a Poisson 
random variable with mean λί (by one of the methods given in Example 
11.9). Then, if N(t) = n, generate a new set of η random numbers—call 
them Ux, . . . ,£ /„ , and [tUx,tUn] will represent the set of N(t) event 
times. If we could stop here this would be much more efficient than 
simulating the exponentially distributed interarrivai times. However, we 
usually desire the event times in increasing order—for instance, for s < t, 

N(s) = number of (/,·: tili < s 

and so to compute the function N(s), s < t, it is best to first order the values 
i//, / = 1 , . . . , η before multiplying by t. However, in doing so one should 
not use an all-purpose sorting algorithm, such as quicksort (see Example 
3.13), but rather one that takes into account that the elements to be sorted 
come from a uniform (0, 1) population. Such a sorting algorithm, of η 
uniform (0, 1) variables is as follows: Rather than a single list to be sorted 
of length η we will consider η ordered, or linked, lists of random size. The 
value U will be put in list / if its value is between (/ - \)/n and i/n—that is, 
U is put in list [nU] + 1. The individual lists are then ordered and the total 
linkage of all the lists is the desired ordering. As almost all of the η lists will 
be of relatively small size [for instance, if η = 1000 the mean number of lists 
of size greater than 4 is (using the Poisson approximation to the binomial) 
approximately equal to 1000(1 - f^e - 1) — 4] the sorting of individual lists 
will be quite quick, and so the running time of such an algorithm will be 
proportional to η (rather than to η log η as in the best all-purpose sorting 
algorithms). 

An extremely important counting process for modeling purposes is the 
nonhomogeneous Poisson process, which relaxes the Poisson process 
assumption of stationary increments. Thus it allows for the possibility that 
the arrival rate need not be constant but can vary with time. However, 
there are few analytical studies that assume a nonhomogeneous Poisson 
arrival process for the simple reason that such models are not usually 
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mathematically tractable. (For example, there is no known expression for 
the average customer delay in the single server exponential service distribu-
tion queueing model which assumes a nonhomogeneous arrival process.)* 
Clearly such models are strong candidates for simulation studies. • 

11.5.1. Simulating a Nonhomogeneous Poisson Process 

We now present three methods for simulating a nonhomogeneous Poisson 
process having intensity function λ(ί), 0 < t < oo . 

Method 1. Sampling a Poisson Process 

To simulate the first Τ time units of a nonhomogeneous Poisson process 
with intensity function λ(ί), let λ be such that 

λ(ί) < λ for all t < Τ 

Now as shown in Chapter 5, such a nonhomogeneous Poisson process can 
be generated by a random selection of the event times of a Poisson process 
having rate A. That is, if an event of a Poisson process with rate λ that 
occurs at time t is counted (independently of what has transpired 
previously) with probability λ(ί)/λ then the process of counted events is a 
nonhomogeneous Poisson process with intensity function λ(ί), 0 < / < T. 
Hence, by simulating a Poisson process and then randomly counting its 
events, we can generate the desired nonhomogeneous Poisson process. We 
thus have the following procedure: 

Generate independent random variables Xx, Ul, X2, U2,... where the Xt 

are exponential with rate λ and the t/,- are random numbers, stopping at 

N= m i n j ^ : £ Xt > r j 

Now let, for j = 1, . . . , Ν - 1, 

(^0, otherwise 
and set 

J=U:Ij= 1} 

Thus, the counting process having events at the set of times [ΣΪ= ι Xi 'J ε J] 
constitutes the desired process. 

* One queueing model that assumes a nonhomogeneous Poisson arrival process and is 
mathematically tractable is the infinite server model. 
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The foregoing procedure, referred to as the thinning algorithm (because 
it "thins" the homogeneous Poisson points) will clearly be most efficient, 
in the sense of having the fewest number of rejected event times, when λ(ί) 
is near λ throughout the interval. Thus, an obvious improvement is to break 
up the interval into subintervals and then use the procedure over each sub-
interval. That is, determine appropriate values k, 0 < tx < t2 < · · · < tk < T, 
λΐ9..., λκ+χ, such that 

λ(β) < λί when tt_x < s < ti9 i = 1, k + 1 

(where t0 = 0, t k +l = T) (11.9) 

Now simulate the nonhomogeneous Poisson process over the interval 
(ti-i>ti) by generating exponential random variables with rate Α,· and 
accepting the generated event occcurring at time s, s e (ί^χ, ti), with 
probability A(s)/A/. Because of the memoryless property of the exponential 
and the fact that the rate of an exponential can be changed upon multi-
plication by a constant, it follows that there is no loss of efficiency in going 
from one subinterval to the next. In other words, if we are at t e [*,·_!,*,·) 
and generate X, an exponential with rate λ,·, which is such that t + X > tt 

then we can use Α,· [X - - ί)]/λί+ι as the next exponential with rate . 
Thus, we have the following algorithm for generating the first t time units 
of a nonhomogeneous Poisson process with intensity function A(s) when the 
relations (11.9) are satisfied. In the algorithm, / will represent the present 
time and / the present interval (that is, / = / when ti_x < t < tt). 

Step 1: t = 0,1 = 1. 
Step 2: Generate an exponential random variable X having rate λΙ. 
Step 3: If t + X < tl9 reset t = t + X, generate a random number U, 

and accept the event time t if U < λ(ί)/λΙ. Return to Step 2. 
Step 4: Step reached if t + X > tr. Stop if / = k + 1. Otherwise, reset 

X = (X - tl + iM//Aj+i - Also reset t = tf and / = / + 1, and 
go to Step 3. 

Suppose now that over some subinterval (/,_i, *,·) it follows that Af > 0 
where 

ii = infimum(A(s): tt_x < s < *,·). 

In such a situation, we should not use the thinning algorithm directly but 
rather should first simulate a Poisson process with rate λ, over the desired 
interval and then simulate a nonhomogeneous Poisson process with the 
intensity function A(s) = λ(β) - λ, when s e (ί,_ι, /,·). (The final exponen-
tial generated for the Poisson process, which carries one beyond the desired 
boundary, need not be wasted but can be suitably transformed so as to be 
reusable.) The superposition (or, merging) of the two processes yields the 
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desired process over the interval. The reason for doing it this way is that 
it saves the need to generate uniform random variables for a Poisson 
distributed number, with mean 4,(7, - ti_l) of the event times. For instance, 
consider the case where 

= 10 + s, 0 < s < 1 

Using the thinning method with λ = 11 would generate an expected number 
of 11 events each of which would require a random number to determine 
whether or not to accept it. On the other hand, to generate a Poisson 
process with rate 10 and then merge it with a generated nonhomogeneous 
Poisson process with rate X(s) = s, 0 < s < 1, would yield an equally 
distributed number of event times but with the expected number needing to 
be checked to determine acceptance being equal to 1. 

Another way to make the simulation of nonhomogeneous Poisson 
processes more efficient is to make use of superpositions. For instance, 
consider the process where 

A(0 = 

'exp{i 2}, 0 < t< 1.5 

exp{2.25), 1.5 < ί < 2.5 

,exp{(4 - t)\ 2.5 < t < 4 

A plot of this intensity function is given in Figure 11.3. One way of 
simulating this process up to time 4 is to first generate a Poisson process 

Figure 11.3. 
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with rate 1 over this interval; then generate a Poisson process with rate e - 1 
over this interval and accept all events in (1, 3) and only accept an event at 
time t which is not contained in (1, 3) with probability [λ(ί) - \]/(e - 1); 
then generate a Poisson process with rate e2"25 - e over the interval (1, 3), 
accepting all event times between 1.5 and 2.5 and any event time t outside 
this interval with probability [λ(ί) - e]/(e2 25 - e). The superposition of 
these processes is the desired nonhomogeneous Poisson process. In other 
words, what we have done is to break up kit) into the following nonnegative 
parts 

kit) = λ,(ί) + λ2(ί) + A 3(0, 0 < / < 4 

where 

AiW - 1, 

A2(0 = 

'λ(ί) - 1, 0 < t < 1 

e - 1, 1 < t < 3 

,A(0 - 1, 3 < t < 4 

1 < t < 3 
otherwise 

and where the thinning algorithm (with a single interval in each case) was 
used to simulate the constituent nonhomogeneous processes. 

Method 2. Conditional Distribution of the Arrival Times 

Recall the result for a Poisson process having rate A that given the number 
of events by time Τ the set of event times are independent and identically 
distributed uniform (0, T) random variables. Now suppose that each of 
these events is independently counted with a probability that is equal to 
λ(ί)/λ when the event occurred at time t. Hence, given the number of 
counted events, it follows that the set of times of these counted events are 
independent with a common distribution given by F(s), where 

F(s) = P{Time < s \ counted) 

P{Time < 5, counted) 
P(counted) 

_ JJP{Time < s, counted | Time = x]dx/T 
P(counted) 

= ϋλ(χ)άχ 
\lk(x)dx 
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The preceding (somewhat heuristic) argument thus shows that given η 
events of a nonhomogeneous Poisson process by time Τ the η event times 
are independent with a common density function 

As) = 0 < s < T, m(T) = \TX(s)ds (11.10) 
m \ 1 ) Jo 

Since N(T), the number of events by time Γ, is Poisson distributed with 
mean m(T)y we can simulate the nonhomogeneous Poisson process by first 
simulating N(T) and then simulating N(T) random variables from the 
density (5.2). 

Example 11 .12 If A(s) = cs, then we can simulate the first Τ time units 
of the nonhomogeneous Poisson process by first simulating N(T), a 
Poisson random variable having mean m(T) = fâcsds = CT2/2, and then 
simulating N( T) random variables having distribution 

s2 

m = jz> O < s < T 

Random variables having the preceding distribution either can be simulated 
by use of the inverse transform method (since F~l(U) = T\fÜ) or by 
noting that F is the distribution function of max(TUl9 TU2) when Ux and 
U2 are independent random numbers. • 

If the distribution function specified by (11.10) is not easily invertible, we 
can always simulate from (11.10) by using the rejection method where we 
either accept or reject simulated values of uniform (0, T) random variables. 
That is, let h(s) = 1/Γ, 0 < s < Γ. Then 

f(s)= TX(s) ^ λΤ 
h(s) m(T) ~ m(T) 

where λ is a bound on À(s), 0 < s < T. Hence, the rejection method is to 
generate random numbers Ux and U2 and then accept TUX if 

u9 * A T U Ù 

or, equivalently, if 

Method 3. Simulating the Event Times 

The third method we shall present for simulating a nonhomogeneous 
Poisson process having intensity function λ(ί), t > 0 is probably the most 
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basic approach—namely to simulate the successive event times. So let 
XX,X2,... denote the event times of such a process. As these random 
variables are dependent we will use the conditional distribution approach to 
simulation. Hence, we need the conditional distribution of Xt given 
X\ > · · · » Xi- ι · 

To start, note that if an event occurs at time χ then, independent of what 
has occurred prior to *, the time until the next event has the distribution Fx 

given by 

Fx(t) = P[0 events in (χ, χ + t) | event at x] 

= P[0 events in (χ, χ + t)j by independent increments 

= exp ^ - j λ(χ + y) dy 

Differentiation yields that the density corresponding to Fx is 

fx(t) = λ(χ + 0 exp j - | o λ(χ + y) dy 

implying that the hazard rate function of Fx is 

We can now simulate the event times Xx, X2,... by simulating X1 from 
F0 ; then if the simulated value of Xx is xx, simulate X2 by adding xx to a 
value generated from FXl, and if this sum is x2 simulate X3 by adding x2 to 
a value generated from FX2, and so on. The method used to simulate from 
these distributions should depend, of course, on the form of these distribu-
tions. However, it is interesting to note that if we let λ be such that λ(ί) < A 
and use the hazard rate method to simulate, then we end up with the 
approach of Method 1 (we leave the verification of this fact as an exercise). 
Sometimes, however, the distributions Fx can be easily inverted and so the 
inverse transform method can be applied. 

Example 11 .13 Suppose that λ(χ) = l/(x + a), χ > 0. Then 

Ί / w Λ (x + a + i 
λ(χ + y)dy = log •— 

j o V x + a 
Hence, 

^ , χ , x + a t 
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and so 
u 

F-\u) = (x + a) 
1 - u 

We can, therefore, simulate the successive event times X1, X2,... by 
generating Ux, U2,... and then setting 

and, in general 

, . T - / y - 1 - n \ _ 

11.5.2. Simulating a Two-Dimensional Poisson Process 

A point process consisting of randomly occurring points in the plane is said 
to be a two-dimensional Poisson process having rate A if 

(a) the number of points in any given region of area A is Poisson 
distributed with mean λΑ; and 
(b) the numbers of points in disjoint regions are independent. 

For a given fixed point Ο in the plane, we now show how to simulate 
events occurring according to a two-dimensional Poisson process with rate 
A in a circular region of radius r centered about O . Let /? , · , /> 1, denote the 
distance between Ο and its / th nearest Poisson point, and let C(a) denote the 
circle of radius a centered at O . Then 

P{nRf >b) = P^R1> = P{no points in C{\fb7n)} = e~Xb 

Also, with C(a2) - C(ax) denoting the region between C(a2) and C(ax): 

P{nRl - nR2 >b\Rx = r] 

= P{R2 > V(6 + nr2)/n \RX = r] 

= P{no points in C(V(fc + nr2)/n) - C(r)\Rx = r] 

= P{no points in C(V(* + nr2)/n) - C(r)} by (b) 

= e~Xb 

In fact, the same argument can be repeated to obtain the following. 
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Proposit ion 11.6 With R0 = 0, 

nR2 - nRf_l9 i > 1, 

are independent exponentials with rate Α. 

In other words, the amount of area that need be traversed to encompass 
a Poisson point is exponential with rate A. Since, by symmetry, the respec-
tive angles of the Poisson points are independent and uniformly distributed 
over (0, 2n)9 we thus have the following algorithm for simulating the 
Poisson process over a circular region of radius r about O: 

Step 1: Generate independent exponentials with rate 1, Xl9 Xl9 

Step 2: If TV = 1, stop. There are no points in C(r). Otherwise, for 
/ = 1 , . . . , TV - 1, set 

Step 3: Generate independent uniform (0, 1) random variables 

Step 4: Return the TV - 1 Poisson points in C(r) whose polar coordinates 

The preceding algorithm requires, on average, 1 4- Xnr2 exponentials and 
an equal number of uniform random numbers. Another approach to 
simulating points in C(r) is to first simulate TV, the number of such points, 
and then use the fact that, given TV, the points are uniformly distributed in 
C(r). This latter procedure requires the simulation of TV, a Poisson random 
variable with mean Xnr2 and must then simulate TV uniform points on C(r)9 

by simulating R from the distribution FR (a) = a2/r2 (see Exercise 25) and 
θ from uniform (0, In) and must then sort these TV uniform values in 
increasing order of R. The main advantage of the first procedure is that it 
eliminates the need to sort. 

The preceding algorithm can be thought of as the fanning out of a circle 
centered at Ο with a radius that expands continuously from 0 to r. The 
successive radii at which Poisson points are encountered is simulated by 
noting that the additional area necessary to encompass a Poisson point is 
always, independent of the past, exponential with rate A. This technique can 
be used to simulate the process over noncircular regions. For instance, 

stopping at 

Ri = \Ι(ΧΧ + + Xi)/Xn 

υΐ9...,υ2 

are 
(Ri, 2nUi)9 i= 1, . . . ,TV- 1 
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consider a nonnegative function g(x), and suppose we are interested in 
simulating the Poisson process in the region between the x-axis and g with 
χ going from 0 to Γ (see Figure 11.4). To do so we can start at the left-hand 
end and fan vertically to the right by considering the successive areas 
ίο 8(χ) dx. Now if Xx < X2 < · · · denote the successive projections of the 
Poisson points on the x-axis, then analogous to Proposition 11.6, it will 
follow that (with ^ = 0) λ$._^(χ)αχ9 / > 1 , will be independent 
exponentials with rate 1. Hence, we should simulate 6 1 , e 2 , . . . , indepen-
dent exponentials with rate 1, stopping at 

TV = m i n : ex + ··· + en > λ j g(x) tfxj 

and determine Xx,..., XN_ j by 

Γ* 

λ g(x) dx = e u 

λ g(x)dx = 6 2 , 

Î
X

N - \ 

g(x)dx = eN_i 
Xn-2 

If we now simulate Ul9UN_X—independent uniform (0,1) random 
numbers—then as the projection on the .y-axis of the Poisson point whose 
jc-coordinate is Xi9 is uniform on (0, g(Xi)), it follows that the simulated 
Poisson points in the interval are (Xi9 Uig(Xi)), i = 1, ...,N - 1. 

Of course, the preceding technique is most useful when g is regular 
enough so that the foregoing equations can be solved for the Xt. For 

Figure 11.4. 
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instance, if g(x) = y (and so the region of interest is a rectangle), then 

jr, = 6 l + ;" + 6 <, / = i A T - i 
ky 

and the Poisson points are 

(Xi9yUs)9 / = U....N- 1 

11.6. Variance Reduction Techniques 

Let Xl9...9Xn have a given joint distribution, and suppose we are 
interested in computing 

e = E[g(Xl9...9Xn)] 

where g is some specified function. It is often the case that it is not possible 
to analytically compute the above, and when such is the case we can 
attempt to use simulation to estimate Θ. This is done as follows: Generate 
X[l)..., Xjjl) having the same joint distribution as Xx,..., Xn and set 

Now, simulate a second set of random variables (independent of the first 
set) Xx

i2\..., X^2) having the distribution of Xx, ..., Xn and set 

Y2 = g{X[2\...9X?) 

Continue this until you have generated k (some predetermined number) 
sets, and so have also computed Yl9 Y l 9 Y k . Now, Yl9...9Yk are 
independent and identically distributed random variables each having the 
same distribution of g(Xx,..., Xn). Thus, if we let F denote the average of 
these k random variables—that is 

k 

F = Σ Ii/Ar 

/= ι 
then 

Ε[Ϋ] = θ9 

Ε[(Ϋ- θ)2] = Var(F) 

Hence, we can use Ϋ as an estimate of Θ. As the expected square of the 
difference between Ϋ and θ is equal to the variance of F, we would like this 
quantity to be as small as possible. (In the preceding situation, 
Var(F) = Var(^)/A:, which is usually not known in advance but must be 
estimated from the generated values Yx,..., Yn.) We now present three 
general techniques for reducing the variance of our estimator. 
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11.6.1. Use of Antithetic Variables 

In the preceding situation, suppose that we have generated Yx and Yl9 

identically distributed random variables having mean Θ. Now, 

V A R ( ^ T ^ ) =
4

[ V a r ( y i) + V a r ( > 2) + 2 C o v
( ^ i > *2>] 

= Varffj) Cow(Yl9Y2) 

2 2 

Hence, it would be advantageous (in the sense that the variance would be 
reduced) if Yx and Y2 rather than being independent were negatively 
correlated. To see how we could arrange this, let us suppose that the 
random variables Xx,..., Xn are independent and, in addition, that each is 
simulated via the inverse transform technique. That is Xt is simulated from 
Fi~l(Ui) where is a random number and Ft is the distribution of Xt. 
Hence, Yx can be expressed as 

Yx =g(F1-\U1),...9Fn-\Un)) 

Now, since 1 — C/ is also uniform over (0,1) whenever U is a random 
number (and is negatively correlated with U) it follows that Y2 defined by 

Yi = g{Fl-\l - Ux)9...9F-\l - £/„)) 

will have the same distribution as Yx. Hence, if Yi and Y2 were negatively 
correlated, then generating Y2 by this means would lead to a smaller 
variance than if it were generated by a new set of random numbers. 
(In addition, there is a computational savings since rather than having to 
generate η additional random numbers, we need only subtract each of the 
previous η from 1.) The following theorem will be the key to showing that 
this technique—known as the use of antithetic variables—will lead to a 
reduction in variance whenever g is a monotone function. 

T h e o r e m 11.1 If Xx,..., Xn are independent, then, for any increasing 
functions / and g of η variables, 

E[f(X)g(X)] > E[f(X)]E[g(X)] (11.11) 

where X = (Xl9...9Xn). 

Proof The proof is by induction on n. To prove it when η = 1, let / and 
g be increasing functions of a single variable. Then, for any χ and y9 

(fix) - f(y))(g(x) - g(y)) * o 
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since if χ > y (χ < y) then both factors are nonnegative (nonpositive). 
Hence, for any random variables X and Y, 

(f(X)-f(Y))(g(X)-g(Y))>0 

implying that 

E[(f(X) -f(Y))(g(X) - g(Y))] > 0 

or, equivalently, 

E[f(X)g(X)] + E[f(Y)g(Y)] > E[f(X)g(Y)] + E[f(Y)g(X)] 

If we now suppose that X and Y are independent and identically distributed 
then, as in this case, 

E[f(X)g(X)] = E[f(Y)g(Y)l 

E[f(X)g(Y)] = E[f(Y)g(X)] = E[f(X)]E[g(X)] 

we obtain the result when η = 1. 
So assume that (11.11) holds for η - 1 variables, and now suppose that 

X i 9 X „ are independent a n d / and g are increasing functions. Then 

E[f(X)g(X)\Xn = xn] 

= E[f{Xxxn)g(Xx,...,Χη.λ,xn)\Xn = x] 

= E[f(Xl9 ...9Xn_l9xn)g(Xl9 ...,*„_!,*„)] 

by independence 

> E[f(Xl9 ...9Xn_X9xn)\E[g{Xl9 ...9Xn_l9xn)] 

by the induction hypothesis 

= E[f(X)\Xn = xn]E[g(X)\Xn = xn] 

Hence, 

E[f(X)g(X)\Xn] > E[f(X)\Xn]E[g(X)\Xn] 

and, upon taking expectations of both sides, 

E[f(X)g(X)] > E[E[f(X)\Xn]E[g(X)\Xn]] 

> E[f(X)]E[g(X)] 

The last inequality follows because E[f(X)\Xn] and ^ ( X ) ! ^ ] are both 
increasing functions of Xn, and so, by the result for η = 1, 

E[E[fÇX)\Xn]E[g(X)\Xn]] > E[E[f(X)\Xn]E[g(X)\Xn]] 

= E[f(X)]E[g(X)] • 
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Corollary 11 .7 If U i 9 U n are independent, and k is either an 
increasing or decreasing function, then 

C o v ( * ( C / l f U n ) 9 k(l - Ul9...9 1 - £/„)) < 0 

Proof Suppose k is increasing. As -k(\ - U x , 1 - Un) is increasing 
in Ui,..., Un, then, from Theorem 11.1, 

Cov(k(Uu £/„), - t / l f 1 - Un)) > 0 

When k is decreasing just replace k by its negative. • 

Since Fi~l(Ui) is increasing in (as being a distribution function, 
is increasing) it follows that g{Fî\U^9...,F~l(Un)) is a monotone 
function of U x , U n whenever g is monotone. Hence, if g is monotone 
the antithetic variable approach of twice using each set of random 
numbers U l 9 U n by first computing g(Fïl(Ui)9 ...,Fn~

l(JJn)) and then 
g(Fx

x(\ - Ux),..., F~l{\ - Un)) will reduce the variance of the estimate of 
E\g(X\y ...9Xn)]. That is, rather than generating k sets of η random 
numbers, we should generate k/2 sets and use each set twice. 

Example 11 .14 (Simulating the Reliability Function): Consider a 
system of η components in which component /, independently of other 
components, works with probability pi9 i = 1 , n . Letting 

Now, we can simulate the Xt by generating uniform random numbers 
Ux,..., Un and then setting 

/ I 

We are interested in using simulation to estimate 

riPl,..., p„) m ΕΙΦ(Χ, ,...,ΧΠ)]= Ρ[φ(Χι ,...,Χη) 

1, 

0, 
if Ut < P i 

otherwise 
Hence, we see that 

φ(Χ1,...,Χ„) = * ( £ / „ . . . , ί / β ) 

where Ar is a decreasing function oî Ux, ...,Un. Hence, 

Cov(Ar(U), k{\ - U)) < 0 

suppose there is a monotone structure function φ such that 

if the system works under Xx, 

otherwise 

if component / works 

otherwise 
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and so the antithetic variable approach of using Ux,..., Un to generate 
both k(Ux,..., Un) and k(l - Ux,..., 1 - Un) results in a smaller variance 
than if an independent set of random numbers was used to generate the 
second k. • 

Example 11.15 (Simulating a Queueing System): Consider a given queue-
ing system, and let Dt denote the delay in queue of the /th arriving customer, 
and suppose we are interested in simulating the system so as to estimate 

θ = E[DX + .·· + Dn] 

Let Xx,..., Xn denote the first n interarrivai times and Sx, ..., Sn the 
first η service times of this system, and suppose these random variables are 
all independent. Now in most systems Dx + + Dn will be a function of 
X\ > · · · > Xn » ^i > · · · > Sn—say 

Dx + + Dn = g(Xl9...9Xn9 Sl9...9Sn) 

Also g will usually be increasing in Sf and decreasing in Xi9 i = 1, n. 
If we use the inverse transform method to simulate Xt, Sh i = 1, . . . , η—say 
Xt = Fr\l - UX S^GrW/) where t / l f £/„, Ül9...,Ün are 
independent uniform random numbers—then we may write 

£>! + ···+£)„ = k(Ux,...,£/„, Ül9...9Ün) 

where k is increasing in its variâtes. Hence, the antithetic variable approach 
will reduce the variance of the estimator of 0. (Thus, we would generate 
Ui9 Üi9 i = 1, . . . , η and set Xt = Frl(l - Ut) and Yt = Gfl(Üi) for the 
first run, and^Y, = Frl(Ui) and Y{ = Gr\l - υ>) for the second.) As all 
the Ui and Ü, are independent, however, this is equivalent to setting 
χ. = Fr\Ui)9 Yt = G;\Oi) in the first run and using 1 - Ut for £/,· and 
1 - Ui for Ui in the second. • 

11.6.2. Variance Reduction by Conditioning 

Let us start by recalling (see Exercise 26 of Chapter 3) the conditional 
variance formula 

Var(y) = £[Var(y|Z)] + Var(£[r |Z]) (11.12) 

Now suppose we are interested in estimating ^ [ g ^ , . . . , Xn)] by simulating 
X = (Xl9Xn) and then computing Y = g(Xx,Xn). Now, if for 
some random variable Ζ we can compute £ [Υ |Ζ] then, as Var(Y|Z) > 0, 
it follows from the conditional variance formula that 

VarOEirlZ]) < Var(Y) 
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implying, since £ [ £ [ Γ | Ζ ] ] = E[Y], that E[Y\Z] is a better estimator of 
E[Y] than is Y. 

In many situations, there are a variety of Z, that can be conditioned on to 
obtain an improved estimator. Each of these estimators i s IFlZJ will have 
mean E[Y] and smaller variance than does the raw estimator Y. We now 
show that for any choice of weights Α,·, Α,· > 0, Xf AF = 1, y£iikiE\Y\Zi] is 
also an improvement over Y. 

Proposit ion 11.8 For any A, > 0, ΣΤ= ι ^ = 1, 

(a) Ε = E[Y] Σ^Ε[Υ\ΖΛ 
i 

(b) Var^X λ,ΕΙΥίΖ,]) < Var(r) 

Proof The proof of (a) is immediate. To prove (b), let Ν denote an 
integer valued random variable independent of all the other random 
variables under consideration and such that 

P{N= i] = A,, / > 1 

From the conditional variance formula, 

Var (y )> Vai(E[Y\N9ZN]) 

*Vai(E[E[Y\N9ZN]\Zl9...]) 

which, again by the conditional variance formula, 

= Var X XiE[Y\Zi] • 

Example 11 .16 Consider a queueing system having Poisson arrivals 
and suppose that any customer arriving when there are already Ν others 
in the system is lost. Suppose that we are interested in using simulation 
to estimate the expected number of lost customers by time t. The raw 
simulation approach would be to simulate the system up to time t and 
determine L, the number of lost customers for that run. A better estimate, 
however, can be obtained by conditioning on the total time in [0, t] that the 
system is at capacity. Indeed, if we let Τ denote the time in [0, t] that there 
are Ν in the system, then 

E[L\T] = XT 

where A is the Poisson arrival rate. Hence, a better estimate for E[L] 
than the average value of L over all simulation runs can be obtained by 
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multiplying the average value of Τ per simulation run by A. If the arrival 
process were a nonhomogeneous Poisson process, then we could improve 
over the raw estimator L by keeping track of those time periods for which 
the system is at capacity. If we let Ix,..., Ic denote the time intervals in 
[0, /] in which there are Ν in the system, then 

where k(s) is the intensity function of the nonhomogeneous Poisson arrival 
process. The use of the right side of the preceding would thus lead to a 
better estimate of E[L] than the raw estimator L. • 

Example 11 .17 Suppose that we wanted to estimate the expected sum 
of the times in the system of the first η customers in a queueing system. That 
is, if Wi is the time that the /th customer spends in the system, then we are 
interested in estimating 

Let Yi denote the "state of the system" at the moment at which the ith 
customer arrives. It has recently been shown* that for a wide class of 
models the estimator Σ?=ι^[**/Ι^·] has (the same mean and) a smaller 
variance than the estimator Σ?=ι**/· (It should be noted that whereas 
it is immediate that is^-ly,-] has smaller variance than Wi9 because of 
the covariance terms involved, it is not immediately apparent that 
E " = 1 2 J [ ^ | lj] has smaller variance than Σ?=ι F ° r instance, in the 
model G/M/l 

where TV, is the number in the system encountered by the ith arrival and 1/μ 
is the mean service time; and the result implies that Σ?=ι W + LS A 

better estimate of the expected total time in the system of the first η 
customers than is the raw estimator Σ?= ι • 

Example 11 .18 (Estimating the Renewal Function by Simulation): 
Consider a queueing model in which customers arrive daily in accordance 
with a renewal process having interarrivai distribution F. However, suppose 
that at some fixed time Γ, for instance 5 P . M . , no additional arrivals are 
permitted and those customers that are still in the system are serviced. At 
the start of the next, and each succeeding day, customers again begin to 
arrive in accordance with the renewal process. Suppose we are interested in 

η 

Θ = Ε Σ Wi 
1 = 1 

E[Wt\YÙ = (N,+ \)/μ 

* S. M. Ross, "Simulating Average Delay—Variance Reduction by Condit ioning/ ' 

Probability in the Engineering and Informational Sciences 2(3), (1988), pp. 309-312. 
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determining the average time that a customer spends in the system. Upon 
using the theory of renewal reward processes (with a cycle starting every Τ 
time units), it can be shown that 

average time that a customer spends in the system 

where m(T) is the expected number of renewals in (0, T). 
If we were to use simulation to estimate the preceding quantity, a run 

would consist of simulating a single day, and as part of a simulation run, we 
would observe the quantity N(T), the number of arrivals by time Γ. Since 
E[N(T)] = m(T), the natural simulation estimator of m(T) would be the 
average (over all simulated days) value of N(T) obtained. However, 
War(N(T)) is, for large Γ, proportional to Τ (its asymptotic form being 
7σ 2 /μ 3 , where σ2 is the variance and μ the mean of the interarrivai distribu-
tion F), and so for large T, the variance of our estimator would be large. A 
considerable improvement can be obtained by using the analytic formula 
(see Section 7 . 3 ) 

where Y(T) denotes the time from Τ until the next renewal—that is, it is the 
excess life at T. Since the variance of Y(T) does not grow with Τ (indeed, 
it converges to a finite value provided the moments of F are finite), it 
follows that for Τ large, we would do much better by using the simulation 
to estimate E[Y(T)] and then use ( 1 1 . 1 3 ) to estimate m(T). 

However, by employing conditioning, we can improve further on our 
estimator of m(T). To do so, let A{T) denote the age of the renewal process 
at time T— that is, it is the time at Τ since the last renewal. Then, rather 
than using the value of Y(T), we can reduce the variance by considering 
E[Y(T) \A(T)]. NOW knowing that the age at Τ is equal to χ is equivalent 
to knowing that there was a renewal at time Τ - χ and the next interarrivai 
time X is greater than x. Since the excess at Τ will equal X - χ (see 
Figure 1 1 . 5 ) , it follows that 

ii[sum of the times in the system of arrivals in (0, T)] 

m(T) 

m(T) = - - 1 + 
E[Y(T)] 

( 1 1 . 1 3 ) 

E[Y(T)\A(T) = x] = E[X - x\X> x] 

_ {°°P{X-x> t] 

" J o P{X>x] 
dt 

which can be numerically evaluated if necessary. 
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Χ 

Τ Τ + Υ(Τ) 

Figure 11.5. Λ(Τ) = χ. 

As an illustration of the preceding note that if the renewal process is a 
Poisson process with rate A, then the raw simulation estimator N(T) will 
have variance ΑΓ, whereas Y(T) will be exponential with rate A, the esti-
mator based on (11.13) will have variance A2 Var(7(r)) = 1. On the other 
hand, since Y(T) will be independent of A(T) (and E[Y(T)\A(T)] = 1/A), 
it follows that the variance of the improved estimator E[Y(T) \A(T)] is 0. 
That is, conditioning on the age at time Τ yields, in this case, the exact 
answer. • 

Example 11 .19 (Reliability): Suppose as in Example 11.14 that Xj9 

j = 1 , . . . , η are independent with P{Xj = 1} = Pj = 1 - P{Xj = 0), and 
suppose we are interested in estimating Ε[φ(Χ1,Xn)]9 where φ is a 
monotone binary function. If we simulate Xl9 ...,Xn9 an improvement 
over the raw estimator, φ(Χί,..., Xn) is to take its conditional expectation 
given all the Xj except one. That is, for fixed /, Ε[φ(Χ)\βΐ(Χ)] is an 
improved estimator where X = (Xl9Xn) and €,·(Χ) = (XY9Xi-\9 

Xi+l,..., Xn). Ε[φ(Χ) I e;(X)] will have three possible values—either it will 
equal 1 (if e/(X) is such that the system will function even if Xt = 0), or 0 
(if €i(X) is such that the system will be failed even if Xt = 1), or Pt (if e/(X) 
is such that the system will function if Xt = 1 and will be failed otherwise). 
Also, by Proposition 11.8 any estimator of the form 

Σλ,£[φ(Χ)|€,(Χ)], £ A l = 1, A f > 0 
/ i 

is an improvement over φ(Χ). • 

11.6.3. Control Variâtes 

Again suppose we want to use simulation to estimate E[g(X)] where 
X = (Xl9 ...,Xn). But now suppose that for some function/ the expected 
value of /(X) is known—say E[f(X)] = μ. Then for any constant a we can 
also use 

W=g(X) + a(f(X)-ß) 

as an estimator of E[g(X)]. Now, 

Var(^) = Var(g(X)) + * 2Var( /(X)) + 2a Cov(g(X), /(X)) 
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Simple calculus shows that the preceding is minimized when 

-Cov(/(X),g(X)) 
a = Var(/(X)) 

and, for this value of a, 

[Cov(/(X),g(X))] 2 

Var(JF) = Var(g(X)) -
Var(/(X)) 

Unfortunately, neither Var(/(X)) nor Cov(/(X), g(X)) is usually known, so 
we cannot usually obtain the above reduction in variance. One approach in 
practice is to guess at these values and hope the resulting W does indeed 
have smaller variance than does g(X); whereas a second possibility is to use 
the simulated data to estimate these quantities. 

Example 11 .20 (A Queueing System): Let Dn+1 denote the delay in 
queue of the η + 1 customer in a queueing system in which the interarrivai 
times are independent and identically distributed (i.i.d.) with distribution F 
having mean μΓ and are independent of the service times which are i.i.d. 
with distribution G having mean μα. If Xt is the interarrivai time between 
arrival i and / + 1 , and if S,- is the service time of customer /, / > 1 , we 
may write 

Dn+1 = g(X\ > ... > Xn > Sx, ..., Sn) 

To take into account the possibility that the simulated variables Xt, S, may 
by chance be quite different from what might be expected we can let 

η 

f(X\,..., Xn, Si,..., Sn) = Σ (Si — Xj) 

As E[f(X, S)] = η(μα - μΡ) we could use 

g(X,S) + a[f(X,S) - η(μα - μΡ)] 

as an estimator of E[Dn+i] and / are both increasing functions of Si9 -Xi, 
i= Ι , . . . , / Î it follows from Theorem 1 1 . 1 that / (X, S) and Dn+X are 
positively correlated, and so the simulated estimate of a should turn out to 
be negative. 

If in the above, we wanted to estimate the expected sum of the delays in 
queue of the first N(T) arrivals (see Example 1 1 . 1 8 for the motivation), 
then we could use Σ?=Τι Si as our control variable. Indeed as the arrival 
process is usually assumed independent of the service times, it follows that 

= E[S]E[N(T)] 
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where E[N(T)] can either be computed by the method suggested in Section 
7.8 or it can be estimated from the simulation as in Example 11.18. 
This control variable could also be used if the arrival process were a 
nonhomogeneous Poisson with rate λ(ί) for, in this case, 

E[N(T)] = 1^(0* • 

11.7. Determining the Number of Runs 

Suppose that we are going to use simulation to generate r independent and 
identically distributed random variables Y(l\ Y(r) having mean μ and 
variance σ2. We are then going to use 

y(i) + . „ + y(r) 

r 

as an estimate of μ. The precision of this estimate can be measured by its 
variance 

Var(f r) = Ε[(ΫΓ-μ)2] 

= o2/r 

Hence we would want to choose r, the number of necessary runs, large 
enough so that o2/r is acceptably small. However, the difficulty is that σ2 

is not known in advance. To get around this, one should initially simulate 
k runs (where k > 30) and then use the simulated values Y(1\ Yik) to 
estimate σ2 by the sample variance 

Σ (Υω - Yk)
2/(k - i) 

i = 1 

Based on this estimate of σ2 the value of r which attains the desired level of 
precision can now be determined and an additional r — k runs can be 
generated. 

Exercises 

* 1 . Suppose it is relatively easy to simulate from the distributions FI9 

i = 1 , n . If η is small, how can we simulate from 

F(x) = Σ WM, Pi*0, ΣΡ>= 1? 
i = l i 
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Give a method for simulating from 

ί 1 - e~2x + 2x 
0 < χ < 1 

1 < χ < oo 

2. Give a method for simulating a negative binomial random variable. 

*3 . Give a method for simulating a hypergeometric random variable. 

4. Suppose we want to simulate a point located at random in a circle of 
radius r centered at the origin. That is, we want to simulate X, Y having 
joint density 

(a) Let R = \lx2 + Υ2, θ = tan" 1 Y/X denote the polar coordinates. 
Compute the joint density of R, θ and use this to give a simulation method. 
Another method for simulating X, Y is as follows: 

Stepl: Generate independent random numbers Ul9 U2 and set 
Zx - 2rUx - r, Z 2 = 2rU2 - r. Then Zx, Z 2 is uniform in 
the square φ whose sides are of length 2r and which encloses 
the circle of radius r (see Figure 11.6). 

Step 2: If (Zj, Z 2) lies in the circle of radius r—that is, if Z\ + Z\ < r2 

—set (X, Y) = (Zj, Z 2) . Otherwise return to Step 1. 

(b) Prove that this method works, and compute the distribution of the 
number of random numbers it requires. 

f(x, y) = — nr .2 > x2 + y2
 < r2 

r.O 

Figure 11.6. 
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5. Suppose it is relatively easy to simulate from Ft for each / = 1, n. 
How can we simulate from 

(a) F(x) = Π?- ι 
(b) F(x) = 1 - Π ? - ι Ο - KM). 
(c) Give two methods for simulating from the distribution F(x) = xn, 
0 < χ < 1. 

*6 . In Example 11.4 we simulated the absolute value of a unit normal by 
using the Von Neumann rejection procedure on exponential random 
variables with rate 1. This raises the question of whether we could obtain a 
more efficient algorithm by using a different exponential density—that is, 
we could use the density g(x) = A e _ x\ Show that the mean number of 
iterations needed in the rejection scheme is minimized when λ = 1. 

7. Give an algorithm for simulating a random variable having density 
function 

f(x) = 30(x2 - 2x3 + χ 4 ) , 0 < χ < 1 

8. Consider the technique of simulating a gamma (η, λ) random variable 
by using the rejection method with g being an exponential density with rate 
λ/η. 

(a) Show that the average number of iterations of the algorithm needed 
to generate a gamma is nnex~n/(n -1)1. 
(b) Use Stirling's approximation to show that for large η the answer 
to (a) is approximately equal to e[(n - 1)/(2π)] 1 / 2. 
(c) Show that the procedure is equivalent to the following: 

Step 1: Generate Yx and Y2, independent exponentials with rate 1. 
Step 2: If Yx < (n - \)[Y2 - log(Y2) - 1], return to Step 1. 
Step 3: Set X = ηΥ2/λ. 

(d) Explain how to obtain an independent exponential along with a 
gamma from the preceding algorithm. 

9. Set up the alias method for simulating from a binomial random 
variable with parameters η = 6, ρ = 0.4. 

10. Explain how we can number the Q ( A :) in the alias method so that k is 
one of the two points that Q(K) gives weight. 

Hint: Rather than name the initial Q , Q ( 1 ) what else could we call it? 

11 . Complete the details of Example 11.10. 
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12. Let Χ, ..., Xk be independent with 

P[X,=j\ = - , η 
j = 1, . . . , / ! , / , / = 1, 

If Ζ) is the number of distinct values among Xx,..., Xk show that 

13. The Discrete Rejection Method: Suppose we want to simulate X 
having probability mass function P[X = i] = P^9 i = 1 , . . . , η and suppose 
we can easily simulate from the probability mass function QI9 ΣϊΩϊ = 1> 
Qi > 0. Let C be such that Pt < CQt, / = 1 , . . . , n. Show that the following 
algorithm generates the desired random variable. 

Step 1: Generate Y having mass function Q and U an independent, 
random number. 

Step 2: If U < PY/CQY, set X = Y. Otherwise return to Step 1. 

14. The Discrete Hazard Rate Method: Let X denote a nonnegative 
integer valued random variable. The function λ(η) = P[X = n\X> n], 
η > 0, is called the discrete hazard rate function. 

(a) Show that P{X = η] = λ(η) UK ο (1 ~ HO). 
(b) Show that we can simulate X by generating random numbers 
Ui9U2, ... stopping at 

(c) Apply this method to simulating a geometric random variable. 
Explain, intuitively, why it works. 
(d) Suppose that λ(η) < ρ < 1 for all n. Consider the following 
algorithm for simulating X and explain why it works: Simulate Xi9 Ui9 

i > 1 where Xt is geometric with mean \/p and is a random number. 
Set Sk = Xx + · · · + Xk and let 

15. Suppose you have just simulated a normal random variable X with 
mean μ and variance σ1. Give an easy way to generate a second normal 
variable with the same mean and variance that is negatively correlated 

« k -
In 

when — is small 
η 

X= minfrt: Un < λ(η)} 

X = min{S*: Uk < X(Sk)/p] 

with X. 
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* 16. Suppose n balls having weights wx, w2,..., wn are in an urn. These 
balls are sequentially removed from an urn in the following manner: 
At each selection, a given ball in the urn is chosen with a probability equal 
to its weight divided by the sum of the weights of the other balls that are still 
in the urn. Let IX9I29 ...9In denote the order in which the balls are 
removed—thus Ix,..., In is a random permutation with weights. 

(a) Give a method for simulating Ix . 
(b) Let Xt be independent exponentials with rates wi9 /= 
Explain how Xt can be utilized to simulate 7\ . 

17. Order Statistics: Let Xi9 ...,Xn be i.i.d. from a continuous distri-
bution F9 and let X{i) denote the /th smallest of Xx,..., Xn, / = 1 , . . . , n. 
Suppose we want to simulate XiX) < X{2) < · · · < X(n). One approach is to 
simulate η values from F, and then order these values. However, this 
ordering, or sorting, can be time-consuming when η is large (the best 
computer algorithms for sorting η values take on the order of η log η 
comparisons). 

(a) Suppose that λ(ί)9 the hazard rate function of F9 is bounded. Show 
how the hazard rate method can be applied to generate the η variables in 
such a manner that no sorting is necessary. 

Suppose now that F - 1 is easily computed. 

(b) Argue that X{X),..., X{n) can be generated by simulating (7 ( 1) < 
^ (2 ) < · · · < U(n)—the ordered values of η independent random 
numbers—and then setting X(i) = F~l(U(i)). Explain why this means that 
X(i) can be generated from F~*(/?,) where ßt is beta with parameters /, 
η + i + 1. 
(c) Argue that U{X)9 Uin) can be generated, without any need for 
sorting, by simulating i.i.d. exponentials Y l 9 Y n + X and then setting 

'»· » : . , : ; ; > : : , - » 
Hint: Given the time of the (n + l)st event of a Poisson process, 
what can be said about the set of times of the first η events? 

(d) Show that if U{n)=y then ( 7 ( 1 ) , U i n _ x ) has the same joint 
distribution as the order statistics of a set of η - 1 uniform (0, y) random 
variables. 
(e) Use (d) to show that U(n) can be generated as follows: 
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Step 1: Generate random numbers Ux,..., Un. 
Step 2: Set 

u(n) = u\'\ uin_X) = uin){u2Y
/in-l\ 

^o- i ) = υω{υΛ^+ά
ι/υ-ι\ j = 2 , . . . , η - 1 

18. Let X x , X n be independent exponential random variables each 
having rate 1. Set 

Wx = Xx/n, 

Wi = Wi_x+ ί * — - , / = 2 /ι 
η — ι + l 

Explain why Wx,...,Wn has the same joint distribution as the order 
statistics of a sample of η exponentials each having rate 1. 

19. Suppose we want to simulate a large number η of independent 
exponentials with rate 1—call them Xx, X2,..., Xn. If we were to employ 
the inverse transform technique we would require one logarithmic 
computation for each exponential generated. One way to avoid this is to 
first simulate Sn9 a gamma random variable with parameters (η, 1) (say by 
the method of Section 11.3.3). Now interpret Sn as the time of the Azth event 
of a Poisson process with rate 1 and use the result that given Sn the set of 
the first η - 1 event times is distributed as the set of η - 1 independent 
uniform (0, Sn) random variables. Based on this, explain why the following 
algorithm simulates η independent exponentials. 

Step 1: Generate Sn, a gamma random variable with parameters (η, 1). 
Step 2: Generate η - 1 random numbers Ux, U2,..., Un_x. 
Step 3: Order the Ui9 i = 1, . . . , Α Ι - 1 to obtain £/ ( 1) < £/ ( 2) < · · · < 

^(,1-1)· 
Step 4: Let £/ ( 0) = 0, U{n) = 1, and set Xt = Sn(U(0 - £/(ι·_ 1}), i = 1 , . . . , n. 

When the ordering (Step 3) is performed according to the algorithm 
described in Section 5, the above is an efficient method for simulating η 
exponentials when all η are simultaneously required. If memory space 
is limited, however, and the exponentials can be employed sequentially 
discarding each exponential from memory once it has been used, then the 
above may not be appropriate. 

20. Consider the following procedure for randomly choosing a subset of 
size k from the numbers 1, 2 , . . . , η : Fix ρ and generate the first η time units 
of a renewal process whose interarrivai distribution is geometric with mean 
\/p—that is P {interarrivai time = k) = p(l - p)k~l, k = 1,2, Suppose 
events occur at times ix < i2 < ··· < im < n. If m = k stop; i l 9 i m is 
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the desired set. If m > k, then randomly choose (by some method) a subset 
of size k from i l 9 i m and then stop. If m < k, take i l 9 i m as part 
of the subset of size k and then select (by some method) a random subset 
of size k - m from the set {1,2, ...,n] - Explain why this 
algorithm works. As E[N(n)] = np a reasonable choice of ρ is to take 
ρ « k/n. (This approach is due to Dieter.) 

2 1 . Consider the following algorithm for generating a random permuta-
tion of the elements 1, 2, In this algorithm, P(i) can be interpreted 
as the element in position / 

Step 1: Set k = 1. 
Step 2: Set P(l) = 1. 
Step 3: If k = n, stop. Otherwise, let k = k + 1. 
Step 4: Generate a random number U, and let 

P(k) = P([kU] + 1), 

P([kU] + 1) = k. 

Go to Step 3 

(a) Explain in words what the algorithm is doing. 
(b) Show that at iteration k—that is, when the value of P(k) is initially 
set—that P(l) , P(2), ...,P(k) is a random permutation of 1, 2 , k . 

Hint: Use induction and argue that 

Pk\h » h > · · · » (/-1 > ^> ( / > · · · > 'Ar-2 >'} 

= A : - ll'l » '2 >···>(/-1 > '> Ô » ' ' ' ' ^-2) ^ 

= ~ Γ 7 by the induction hypothesis 
A:! 

The preceding algorithm can be used even if η is not initially known. 

22. Verify that if we use the hazard rate approach to simulate the event 
times of a nonhomogeneous Poisson process whose intensity function k(t) 
is such that λ(ί) < A, then we end up with the approach given in Method 1 
of Section 11.5. 

*23. For a nonhomogeneous Poisson process with intensity function λ(ί), 
t > 0, where Jo λ(ί) dt = 00, let X1, X2,... denote the sequence of times at 
which events occur. 

(a) Show that Jo1 A(0 dt is exponential with rate 1. 
(b) Show that \x\_^(t) dt, / > 1, are independent exponentials with 
rate 1, where X0 = 0. 
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In words, independent of the past, the additional amount of hazard that 
must be experienced until an event occurs is exponential with rate 1. 

24. Give an efficient method for simulating a nonhomogeneous Poisson 
process with intensity function 

m = b + -l—, i > 0 
t + a 

25. Let (X , Y) be uniformly distributed in a circle of radius r about the 
origin. That is, their joint density is given by 

f(x,y) = A, 0 < x2 + y2 < r2 

nr 

Let R = yJx2 + Y2 and 0 = arc tan Y/X denote their polar coordinates. 
Show that R and 0 are independent with 0 being uniform on (0, 2n) and 
P[R < a] = a2/r2, 0 < a < r. 

26. Let R denote a region in the two-dimensional plane. Show that for a 
two-dimensional Poisson process, given that there are η points located in R, 
the points are independently and uniformly distributed in R—that is, their 
density is f(x,y) = c, (x,y) e R where c is the inverse of the area of R. 

27. Let X l 9 X n be independent random variables with E\X^\ = 0, 
Vai(XÏ) = σ 2, / = Ι , . , . , Λ , and consider estimates of 0 of the form 
Σ?= ι kiXi where £* = λ λ,· = 1. Show that Var(£? = x λ^) is minimized when 
λ, = (1/οΐ)/(Σ"=ιΰ<ή),ΐ= 1 . . . . . Λ . 

Possible Hint: If you cannot do this for general n, try it first when 
η = 2. 

The following three problems are concerned with the estimation of 
ioS(x)dx = E[g(U)] where U is uniform (0, 1). 

28. The Hit-Miss Method: Suppose g is bounded in [0, 1]—for instance, 
suppose 0 < g(x) < b for χ ε [0, 1]. Let Ui9 U2 be independent random 
numbers and set X = Ux, Y = bU2—so the point (X, Y) is uniformly 
distributed in a rectangle of length 1 and height b. Now set 

/ = Γ1, ifY<g(X) 
^0, otherwise 

That is accept (X, Y) if it falls in the shaded area of Figure 11.7. 

(a) Show that E[bl] = &g(x)dx. 
(b) Show that Var(W) > Var(g((/)), and so hit-miss has larger variance 
than simply computing g of a random number. 
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Figure 11.7. 

29. Stratified Sampling: Let Ui,..., U„ be independent random numbers 
and set = (i/f- + / - l)/n, i = 1, n. Hence, £/,·, / > 1, is uniform on 
((/ - l)/n, i/n). J]?= ι ζΦ^/η is called the stratified sampling estimator of 

(a) Show that E[IU ι = io*W 
(b) Show that Var[E?= ! *(£/,)//!] < Var[E? e ! g(Ui)/n]. 

Hint: Let (7 be uniform (0, 1) and define Ν by Ν = i if 
(/ - \)/n < U < i/n, i = 1 , n . Now use the conditional variance 
formula to obtain 

Varfe(£/)) = E[Yav(g(U)\N)] + Var(£[g(£/)|N]) 

>^[Var(g(C/) |^] 

= £ Var(g(£/) |7V=/)_ £ V a r ^ f i ) ] 

/ = ι η i =l η 

*30. Let ^ be a random variable on [0, 1] whose density is f(x). Show that 
we can estimate g(x) dx by simulating X and then taking as our estimate 
g(X)/f(X). This method, called importance sampling, tries to choose / 
similar in shape to g so that g(X)/f(X) has a small variance. 

31 . Consider a queueing system in which each service time independent 
of the past has mean μ. Let Wn and Dn denote respectively the amount of 
time customer η spends in the system and in queue respectively. Hence, 
Dn = Wn - Sn where Sn is the service time of customer n. Therefore, 

E[Dn] = E[Wn] - μ 

If we use simulation to estimate Ε[Dn], should we 

(a) use the simulated data to determine Dn which is then used as an 
estimate of E[Dn]; or 
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(b) use the simulated data to determine Wn and then use this quantity 
minus μ as an estimate of E[Dn]. 

Repeat if we want to estimate E[Wn]. 

*32. Show that if X and Y have the same distribution then 

Var((X + Y)/2) < Var(*) 

Hence, conclude that the use of antithetic variables can never increase 
variance (though it need not be as efficient as generating an independent set 
of random numbers). 

33. Explain how the use of cyclic permutations, or a variant of such, can 
be used to reduce variance in a queueing simulation. 
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single-server exponential queue, 261, 277, 

356 
with finite capacity, 363, 285 

tandem queues, 372 
Quick-sort algorithm, 96-98 

R 

Random graph, 108, 427 
Random permutation, 495, 548 
Random subset, 497, 547 
Random telegraph signal process, 480 
Random variable, 21 

continuous, 24, 31 
discrate, 24, 25 

Random walk, 139, 147 
Rate of exponential random variable, 204 
Rate of a renewal process, 310 
Records, 80-81 , 252 
Recurrent state, 144 
Regenerative process, 325 
Reliability function, 418 

bounds for, 422 
Rejection method in simulation, 499, 545 
Renewal equation, 308 
Renewal function, 306 

computation of, 336 
estimation by simulation, 538-540 

Renewal process, 303 
central limit theorem, 317 

Reverse chain, 172, 280 

S 

Sample space, 2 
Second order stationary, 481 
Semi-Markov process, 331 

limiting probabilities, 332 
Series system, 412 
Software reliability, 233 
Spanning trees, 428 
Standard normal distribution, 36 
Stationary increments, 209 
Stationary probabilities, 159, 274 
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Stationary process, 479 
Stirling's approximation, 147, 151 
Stochastic process, 70 
Stopping time, 341, 505 
Stratified sampling, 500 
Strong law of large numbers, 68 
Structure function, 412 
Symmetric random walk, 148, 457 

in higher dimensions, 148 

Τ 

/-distribution, 124 
Throughput, 378 
Time reversible Markov chain 

continuous case, 280, 297-298 
discrete case, 172, 196 

Transient state, 144 
Transient probabilities, 137 
Transition probability function, 266 

computation of, 289, 300 
Tree process, 196 
Truncated chain, 285 
Two dimensional Poisson process, 254 

simulation of, 529 

U 

Uniform distribution, 32 
Uniformization, 286 

Union of events, 3, 4, 6 
Unit normal distribution, see Standard 

normal distribution 

V 

Variance, 43 
of random variables 

binomial, 51 
exponential, 201 
geometric, 99 
normal, 43 
random number of, 98 
sums of, 52 
table, 62-63 

Variance reduction techniques, 532 

W 

Wald's equation, 341-345, 505 
Weak law of large numbers, 79 
Weibull distribution, 434 
Work in queue, 381 
Wiener process, see Brownian motion 
White noise, 474 
Weakly stationary, see Second order 

stationary 

Y 

Yule process, 259, 271, 293 


