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Preface

A course in angular momentum techniques is essential for quantitative
study of problems in atomic physics, molecular physics, nuclear physics
and solid state physics. This book has grown out of such a course given
to the students of the M.Sc. and M.Phil. degree courses at the University
of Madras. An elementary knowledge of quantum mechanics is an essential
pre-requisite to undertake this course but no knowledge of group theory
is assumed on the part of the readers. Although the subject matter has
group-theoretic origin, special efforts have been made to avoid the group-
theoretical language but place emphasis on the algebraic formalism devel-
oped by Racah (1942a, 1942b,1943,1951). How far I am successful in this
project is left to the discerning reader to judge.

After the publication of the two classic books, one by Rose and the other
by Edmonds on this subject in the year 1957, the application of angular
momentum techniques to solve physical problems has become so common
that it is found desirable to organize a separate course on this subject to
the students of physics. It is to cater to the needs of such students and
research workers that this book is written. A large number of questions
and problems given at the end of each chapter will enable the reader to
have a clearer understanding of the subject. Solutions to selected problems
are added so that the students can refer to them in case they are unable
to solve those problems by themselves and also seek guidelines for solving
other problems.

The angular momentum coefficients,. the rotation matrices, tensor op-
erators, evaluation of matrix elements, the gradient formula, identical par-
ticles, the statistical tensors, traces of angular momentum matrices, the
helicity formalism and the spin states of the Dirac particles are some of the
topics dealt with in this book. These topics cover the entire range of angu-
lar momentum techniques that are being widely used in the study of both
non-relativistic and relativistic problems in Physics. Application to physical
problems that are given in this book are mostly drawn from the author’s
own experience and hence may appear lop-sided in favour of nuclear and
particle physics.

There is a bewildering variety of notations and phase conventions used
in the literature and those adopted in this book correspond mostly to those
used by Rose with some exceptions. A square bracket has been used for the
Clebsch-Gordan coefficient and the author has found this notation more
convenient for working out complicated problems involving Clebsch-Gordan
coefficients. This notation has been used earlier by a few authors. For the
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convenience of readers, a list of symbols and notations used in this book is
given separately in Appendix G.

The author has originally thought of including computer programs in
FORTRAN for the calculation of angular momentum coefficients and for
the evaluation of certain important matrix elements but since the usage
of computers has become so common and each has his own choice of lan-
guage, it is felt more appropriate to give general expressions that can be
used for computer programming rather than giving the program in any one
particular language.

The author has worked extensively on problems involving angular mo-
mentum algebra in the early stages of his research career and is indebted to
Prof. Alladi Ramakrishnan and Prof. M.E. Rose for having inspired him to
take to research in this area. The author has benefited greatly with discus-
sions with his earlier collaborators Prof. M.E. Rose, Prof. H. Uberall, Prof.
G. Ramachandran, Prof. K. Srinivasa Rao, Prof. R. Parthasarathy, Prof.
G. Shanmugam and Prof. N. Arunachalam. The author is grateful to Prof.
P.R. Subramanian, Dr. V. Girija, Dr. M. Rajasekaran, Dr. S. Karthiyayini,
Dr. G. Janhavi, Dr. K. Ganesamurthy, Dr. S. Ganesa Murthy, Mr. P. Ratna
Prasad, Mr. S. Arunagiri for many interesting discussions and careful read-
ing of the manuscript at different stages of writing and to a host of students
who have been a source of inspiration. The book had gone through many
drafts and the initial drafts were prepared by Mr. L. Thulasidoss with great
patience and the final version was prepared with meticulous care with the
help of Mr. S. Ganesa Murthy and Ms. D. Sudha and the software support
received from Mr. K. Shivaji, Mr. T. Samuel and Dr. G. Subramonium.
The author is grateful to the University Grants Commission and to the
Tamil Nadu State Council for Science and Technology for sponsoring this
book under the book writing scheme and to Professors P.Ramasamy, P.R.
Subramanian, R. Ramachandran and K. Subramanian for extending all
the facilities for completing the manuscript. The author acknowledges with
thanks the facilities offered by the Department of Nuclear Physics of the
University of Madras, the Crystal Growth Centre of the Anna University,
the Institute of Mathematical Sciences and the Tamil Nadu Academy of
Sciences for the preparation of the manuscript. It is a pleasure to thank
Professor Krishnaswami Alladi for suggesting the Kluwer Academic Pub-
lishers for publication of this book and Mr. D.J. Larner, the Publishing
Director and Ms. Margaret Deignan of the Kluwer Academic Publishers
for rapidly processing the manuscript and undertaking the publication.

V. Devanathan



CHAPTER 1

ANGULAR MOMENTUM OPERATORS AND THEIR
MATRIX ELEMENTS

1.1. Quantum Mechanical Definition

In classical mechanics, the angular momentum vector is defined as the cross
product of the position vector r and the momentum vector p. i.e.

L=rxp (1.1)

Both r and p change sign under inversion of co-ordinate system and so they
are called Polar Vectors. It is easy to see that L behaves differently and
will not change sign under inversion of coordinate system and it is known
as a Pseudo-Vector or an Axial Vector.

The transition to quantum mechanics can be made by incorporating the
uncertainty principle into the classical definition and L becomes a Hermi-
tian operator. Introducing the uncertainty principle expressed in the form
of commutators,

[z,pz] = ik, [y,py] = ih, [z,p:] =ik, (1.2)
we obtain the commutation relations (Schiff, 1968) for the components of
angular momentum operator.

Ly, Ly = ihLl,, [Ly,L:;]=thl,, [L.,L;]=1RL,. (1.3)

These commutators define the angular momentum in quantum mechanics
(Schiff, 1968; Rose, 1957; Ramakrishnan, 1962) and this definition is more
general and admits half integral quantum numbers. For this purpose, let
us denote the quantum mechanical angular momentum operator by J and
also use the convention that the angular momentum is expressed in units
of A.

oo Jy) =iz, [Ty, Je] = idey [Joy o] = 0y (1.4)
In a compact notation, the three Eqs. (1.4) become

Jx J=1il. (1.5)
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z-axis

Figure 1.1. The angular momentum vector, for which its projection on the z-axis alonc
is well defined but not its projection on the x-axis or y-axis.

Equation (1.5) is the starting point of our investigation and our aim is to
draw as much information as possible from this definition.

1.2. Physical Interpretation of Angular Momentum Vector

Although the components of the angular momentum operator do not com-
mute among themselves, it is easy to show that the square of the angular
momentum operator

JP=J2+ I+ J? (1.6)

(72,01 =0, [J%,4]=0, [J%J])=0. (1.7)

Equations (1.4) and (1.7) are amenable to simple physical interpretation.
It is possible to find the simultaneous eigenvalues of J? and of one of the
components, say J. alone but it is impossible to find precisely the eigenval-
ues of J, and J, at the same time. Representing the operators by matrices,
one can say that J? and J. can be diagonalized in the same representation
but not the other components J. and J,. Physically this means that one
can know at the most, the magnitude of the angular momentum vector and
its projection on one of the axes. The projections on the other two axes
cannot be determined. This is illustrated in Fig. 1.1, in which the angular
momentum vector is depicted to be anywhere on the cone. If ¥jm is the
eigenfunction of the operators J? and J, then

T im = 0 Pim (1.8)



ANGULAR MOMENTUM OPERATORS 3

and
il = T (1.9)

In the above equations, j and m are the quantum numbers used to define
the eigenfunctions and the corresponding eigenvalues of the operators are
n, and m. We are interested in finding the spectrum of values that ;j and
m can take and also the eigenvalue m,

1.3. Raising and Lowering Operators

Let us define two more operators J. and J which we shall call raising and
lowering operators.

Je = Jp +id,. (1.10)

This nomenclature will become obvious, once their roles are understood.
The following commutation relations can be easily obtained.

(I3, 7] =0, [J.,Je] = £ (L.11)

Let us now generate a new function ® by allowing J. to operate on g,
and examine whether this new function is an eigenfunction of J? and J.
operators. If so, what are their eigenvalues ?

Let
Jirim = Py (1.12)
Then
JrIzq-):l: = JBJ:I:?\"B‘}?J?.

= JieJ*,.  usingEq.(1.11)

= 7;P4, (1.13)
and

=}z¢'j-m = JzJ:I:Qf"r"jm

= (JixJ; £ J4)¥jm, usingEq.(1.11)
= '}i(_']z + 1)@;’?1‘..
= (m=*1)dy. (1.14)

Thus we find that @, is an eigenfunction of J? and J. operators. The
eigenvalue of the operator J? remains unchanged but the eigenvalue of
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the operator J. is stepped up or stepped down by unity. It is precisely
for this reason, the operator J. is called the raising or lowering operator.
Sometimes they are also known as ladder operators.

1.4. Spectrum of Eigenvalues

From the above discussion, it is obvious that m can take a spectrum of
values differing by unity for a given value of j. It is easy to show that the
values that m can take are bounded for a given j. For this, consider the
following relation:

(T2 + I Wbjm = (J* = J2)Wim = (0 = m*)jm. (1.15)

Since the diagonal elements of the squares of Hermitian operators J, and
J, are either positive or zero,

n; —m? > 0. (1.16)

This means that the values of m are bounded for a given value of j. Let
us denote the lowest value of m by m; and the highest value of m by m,
the spectrum of values that m can take being

my, g + 1, ..., M. (1.17)

Then it follows that
Jitim, = 0, (1.18)
J_Yim, = 0. (1.19)

Operating J. on the left of Eq. (1.18) and J. on the left of Eq. (1.19), we
obtain

Jd s Pjm, = 0, (1.20)
Jod-sm; = 0. (1.21)
Since
J_Jy = JP-J,(J.+1), (1.22)
JyJo = IP-J(J, - 1), (1.23)

we get the following relations:

ny —ma(me+1) = 0, (1.24)
n; —my(my—1) = 0. (1.25)



ANGULAR MOMENTUM OPERATORS 5

From Egs. (1.24) and (1.25), we obtain

I

ma(mg + 1)
ie., (my + mg)(mg — my + 1)

my(my — 1),

0. (1.26)

Since m, - m; is positive by our choice, it follows that m, = -m, If we
label the highest value of m by j, then the spectrum of values that m can
take can be written down as follows,

—5h=J+1....0-17 (1.27)

There are 2 j +1 values of m and hence 2 j + 1 should be an integer. That
means 2 j is an integer and hence j can be either an integer or half integer.
Using Eq. (1.24) or Eq. (1.25), we obtain the eigenvalue of J? operator

=30+ 1) (1.23)

Let us now summarize the results so far obtained. Starting from the
quantum mechanical definition of angular momentum given by Eq. (1.5),
we have shown that the eigenvalue of J? operator is j(j + 1) where j can
take integral or half integral values and for a given j, the eigenvalues of J,
operator, viz., m can take a spectrum of values from —jto +;j in steps of
unity. It is to be emphasized that all these results follow directly from the
definition of angular momentum operator (Eq. (1.5)) and no assumption or
approximation has been made in deducing these results.

1.5. Matrix Elements

Having deduced the eigenvalues of J* and J. operators, let us now proceed
to determine the matrix elements of J, and J, operators or equivalently
J. in the same representation in which J? and J. are diagonal. Then

| 1

To = (s + o). (1.29)
1

Jyo= 5= J0). (1.30)

Equations (1.13) and (1.14) clearly show that ®. is an eigenfunction of J?
and J. operators with eigenvalues M, and m = 1. That means that ®. and
the normalized function ;,+1 may differ at the most by a constant factor.

®s = |Tx| ¥jmsr- (1.31)
Taking the scalar product, we get

(@4,84) = |[x*. (1.32)
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Expanding the left hand side and using Egs. (1.22) and (1.23), we obtain

((I):E' (I):t> = (J:I:’(f"jm ] J:l:'la'f"jm-)
= (Yjim | S5 x| Yjm) (1.33)
= 1 —m(m=%1).

From Egs. (1.32),(1.33) and (1.28), it _follows that
ITsl? =G+ 1) —m(m£ 1) = (G Fm)(j £m+ 1), (1.34)
Taking the square root, we get
Ty = [ Fm)(§ £ m+ D)2 (1.35)

There is an uncertainty with respect to the phase factor which is fixed
usually by convention. Now we have at our disposal all the required matrix
elements.

(Gm' | T2 gm) = (54 1) &0 b (1.36)
(Fm'| I im) = m 8y b (1.37)
Gl [Ty lim) = (G- m)G+m+ D26 bpimin. (138)

o' [ J_tim) = [(F+ m)(G—m+ 1)/? 8550 bt 1. (1.39)

The above matrix elements are sufficient to construct all the angular mo-
mentum matrices.

1.6. Angular Momentum Matrices

Since all the matrix elements (1.36)-(1.39) connect states with the same
j but different m values, it is usual to construct angular momentum ma-
trices for a given j value. It is customary to label the rows by m' val-
ues (m' = j,j-1,...,—j+ 1, —) and the columns by m values (m =
5j-1,..., =/ 1, —). So, for a given j, the angular momentum matrices
are of dimension (2j+ 1) x (2j + 1).

For j = 1/2, m can take only two values 1/2 and -1/2. Using Egs.
(1.36)-(1.39) and labeling the rows and columns by the eigenvalues m of
the J. operator, we obtain the following matrices for j = 1/2.

m'fm 1/2 —1/2

2 1/2 [ 3/4 0
= —-1/2 [ 0 3/4}’ (1.40)
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T2 o0 Jo 1 o o
"T“’_[O _1/2], 'L“_[(J (J}’ J__[I 0]. (1.41)
From J. and J matrices, we can obtain J, and J, using Egs.(1.29) and
(1.30).
[ o 172 [ o —i2
Jf“[l/z 0 ] Jy‘[?:/z 0 } (1.42)

We find that the matrices J, J, and J. for j =
well-known Pauli spin matrices (G).

o1 o =i
=11 0| wWT|i 0

1/2 are related to the

(1.43)

(1.44)

In a similar way, we can construct the angular momentum matrices for
j= 1L

10 0 10 0
JP=2]l0 10/, J,=10 0 0 (1.45)
00 1 00 -1
0 1 0 00 0
Jp=v2|00 1], J_=+v2110 0], (1.46)
000 10
{010 [0 -1 0
Je=4/=11 01|, J,=—4[1 0 -1 (1.47)
210 1 0 V2o 1 0

Construction of angular momentum matrices for higher values of j can be
done following the same procedure.
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Review Questions

1.1

1.2

1.3

14

Define angular momentum in classical mechanics and incorporating
the uncertainty principle, obtain the quantum mechanical definition of
angular momentum as a set of commutation relations.

Starting from the commutation relations of angular momentum op-
erators, determine the allowed spectrum of eigenvalues of J? and J.
operators.

Define the raising and lowering angular momentum operators and ob-
tain their matrix elements between any two angular momentum states.
Are these operators Hermitian?

Assuming the following commutation rules obeyed by the angular mo-
mentum operators [J., J,] = i/, [J,, L] =i, [J.,J.] = iJ, show
that J. = J, + iJ, is a raising operator for the eigenvalue of J.

1.5 Obtain the matrix representation of the angular momentum operators
for j = % Establish their connection with the Pauli matrices.

Problems

1.1 Given the commutation relations (1.2), obtain the commutation rela-
tions (1.3).

1.2 Evaluate the commutators [/Z2, J.] and [J;2 J.] and show that

1.3

14
1.5

1.6
1.7

1.8

1.9

1.10 Construct the angular momentum matrices for j =

i el = Lo I
Given that J x J = iJ, obtain the following commutation relations:
(a) [(J2,1,] =0, (b) [, Je] = +Js, (c) [y, J-] = 20,

where J. = J, £ iJ.

Evaluate (a) #jm and (b)),

For j =, show that? 2 # £

For j = 1, show thatJ? = J, J’=J, and J] = J.
Show that the Pauli matrices obey the following relations:

ngc_;fzo';s:l; g-o =23
If 6 denotes the Pauli vector and 4 a vector, write down explicitly
G. A in the form of a 2 x 2 matrix.
If 6 denotes the Pauli vector and 4 and B are polar vectors, show
that

(0 -A)(o-B)=A-B+ic-(Ax B

).
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Solutions to Selected Problems
1.1 The components of angular momentum operator L are
Ly =yp. — zpy; Ly = zps —ap:; L, =2zpy — yps.
The commutator [L,,L,] is given by
(Lenlyl = LeLl,— L,L,
= (ypz — 2py)(2pz — Tp2) — (2pz — TP )(yPz — 2Py)
= Ype(P2z — 2p2) + &py(2ps — p27)
= —thyp, + thap,
= ihi,.
Similarly, the other cyclic commutation relations are obtained.

1.2
(72, 7.]

o[y I2) 4 [0 I2) 5
= =il = el
Similarly,
[J2, 1] = Jy[Jy, ) + [Ty, L1y = idyJe + idieds.
Hence
2,0.] = ~[72, 4.
1.8
g-A=0A; +0,4,+0.4;.

Using the matrix representation (1.43) for the Pauli operators, we ob-

tain '
og-A= AZA Az = 14,
A + 14, —A,
1.9 The Pauli matrices obey the following relations:
of.:r:r_gzo'f:l.
Op0y = —0yOz; Oyl, = —0,04; 0,0z = —00,.

G0y = 10,; 0,0, = 10, 0,0, = iGy.
Expanding (¢ * 4 )(c * B) in terms of the Cartesian components,
(oA}l B)=(0,A; + 0yAy +0.A.)(0.B, + 0,8, +0.B.),
and using the above relations for the Pauli matrices, the final result
(0 -A)(c-B)=A-B+ioc-(AX B)

is obtained after rearrangement.



CHAPTER 2

COUPLING OF TWO ANGULAR MOMENTA

2.1. The Clebsch-Gordan Coefficients

Problems involving the addition of two angular momenta abound in physics.
They may be the angular momenta of the two particles in a system or the
orbital and spin angular momenta of a single particle.

If J, and J, are the operators corresponding to the two angular mo-
menta, then the resultant angular momentum operator J is obtained by
the vector addition

J=Jd + J,. (2.1)
It follows that

Jo = Jig+ Jog,

Jy = Jiy+ Jay, (2.2)
J: = Jl; aln -.)722.
Squaring (2.1) we obtain,
JE=T0 4 IS5+ 20, T, (2:3)

Since by our construction J is an angular momentum operator, it should
obey the same commutation relations as J;, and J..

2, 5] =05 [Je, Lyl = 4. (2.4)

The other cyclic relations follow. The commutation relations (2.4) can be
deduced from the commutation relations obeyed by J;, and J,. It is to be
noted that J;, and J, are two independent operators and hence they should
mutually commute. However, it is found that

[J2, 1] = =[J?, Jo] # 0. 2.5)
Thus we have two sets of mutually commuting operators.

set I: J1, T2, J1s, J2s
set II: I}, 73, 3%, J.. (2.6)

10
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So, it is possible to find the simultancous eigenvalues of either the first set
of operators or the second set but not both. The eigenfunctions, denoted by
their quantum numbers |j1j2721 M2} corresponding to the first set of opera-
tors are said to be in the uncoupled representation and the eigenfunctions
[71j27m) corresponding to the second set belong to the coupled represen-
tation. These representations are connected by a unitary transformation.
The functions |j1j2jm) can be expanded in terms of functions |7172mima}
and vice versa.

lj1J2gm) = Z [ e ]U]jz’v"*'v’-l?'ﬂ-z)‘ (2.7)

Ty g M
T

i J2
my Mg m
dence on the quantum numbers is explicitly denoted. This coefficient is
known as the Clebsch-Gordan (C.G.) coefficient (Condon and Shortley,
1935) or the vector addition coefficient and it is the unitary transformation
coefficient that occurs when one goes from the uncoupled to the coupled
representation. Although there is a variety of notations for the Clebsch-
Gordan coefficient (Condon and Shortley, 1935; Rose, 1957; Pal, 1982), the
author has found the above notation very convenient to work out compli-
cated problems involving C.G. coefficients. From Eq. (2.7), we get

The quantity { J is the expansion coefficient whose depen-

J1 )2 J]_ 2.8)

{j1jamima|fijajm) = [ mq g m

This C.G. coefficient can be determined without the phase factor and the
standard phase convention is such as to make the C.G. coefficient real. Then
taking the complex conjugate of Eq. (2.8), we get

e o o2
(Arjajmlirgamama) = ]: my My m } ' (2.9)
from which the inverse relation of Eq. (2.7) is obtained.
Nirgamama) = Z |: '.-.‘i;.l1 r;,:z TJ;?, } |71525m). (2.10)

Jm

2.2. Some Simple Properties of C.G. Coefficients

It is easy to show that m; + m, = m. Otherwise the C.G. coefficient will
vanish. Operating J. on Eq. (2.7) from the left and using (2.2), we obtain

mlj1jaim) = Z (my 4 ma) [ ;:;1 ;::i ?-j'”. } |J1j2mima). (2.11)
1M1 -
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Expanding |j3j2jm)once again in terms of |j;jz2mym2) using Eq. (2.7), we
get
hooJr J |y
Z (m — my —ma) [ my my m ] |j172mamz) = 0. (2.12)
Ly
Since the functions |f,jomimy} are linearly independent, it follows that
each of the coefficients in the summation should be identically zero.

[ a2 7| _
(2 = e mz)[ml Mo _m_]—O. (2.13)

Thus it is evident that unless m = m,; + m, the C.G. coefficient should
vanish. There are in total (2, + 1)(2j, + 1) linearly independent functions
[1j2m1ms}. Since the total number of linearly independent functions is pre-
served in any unitary transformation, the number of independent functions
[71727m) in the coupled representation should be the same. Hence,

Z(Qj +1) = (21 + 1)(272 + 1). (2.14)

The maximum value of j i.e., j... should be obviously (j, + j,) since the
maximum value of m is j, + j, j, and j, being the maximum values of
m; and m, By simple enumeration, one can find jpi, = |71 — jz|. Thus j
can assume a spectrum of values from |j; — j2 to |j; + 72 in steps of unity.
Thereby j, j. and j obey the triangular condition A (j,j,j). Otherwise the
C.G. coefficient will vanish.

The distinction between the uncoupled and the coupled representations
vanishes if one of the two angular momenta were to vanish and hence the
C.G. coefficient which is the element of the unitary transformation becomes

unity.
50 gt _ 10 3 37 t_
{ m 0 m il o [ 0 m m ] = 1. (2.15)

The functions |j;1jsmyrng} and |f,j2jm) are orthonormal.
(jlj?ﬂlflm'fz |j1j2'?n1??12> = 'Smlmi 6m2m%‘ (216)
(jlj?jhr“”jljﬂj??l) = é:jj“ 6mm“- (217)
Using the expansion (2.7), we obtain

TN jz nhooge 7
{j1j23'm/|j1725m) Z Z [???1 me _m} [mrl m!, m;]

Ty g m m

X (rgamimy|j1jamams), (2.18)
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Application of Egs. (2.16) and (2.17) yields

o f

v J2 7 JvoJ2 3 o o
Z [m] Mo ?'n] [ ™My Mg m’:[ = 0jj' Omm- (2.19)

i) Mg

In a similar way, starting from Eq. (2.16) and applying the expansion (2.10)
twice,we get one more relation.

ooJ2 J h J2 3| _
Z [ My Mo M ] [ m, mhy m } = Syt Oy (2.20)
K .

The relations (2.19) and (2.20) are known as orthonormality relations of
the C.G. coefficients.

It may be observed that in Egs. (2.7) and (2.19), although there are
two summations m; and m, one is redundant because of the constraint
m; + m, = m.

2.3. General Expressions for C.G. Coefficients

General expressions for C.G. coefficients have been derived by Racah using
the algebraic methods. Since these derivations are complicated, the reader
is referred to the original literature. Here we give only Racah’s closed ex-
pression (Rose, 1957) for C.G. coefficients, since it is more convenient for
writing a computer program for numerical evaluation of C.G. coefficients.

o J2 7| o 1 L (=1) 4
[ mi mg m } = é-‘rnn11+m2 [("—"J" + l)AB]Z Z Tcu 9 (2.21)

e

with
A (1t+g2=D'G+7h =g e+ 5 — )
h (h+7+7+ 1) '
B = (ji+m) g —m)HJa+m)! (g2 — ma) (G 4+ m) (5 —m)l,
C, = (i+i—7-v){H-—m —v){js+mg—v)l

X(j = ja+ my + V)G = 1 = my + ).

The summation index v assumes all integer values for which the factorial
arguments are not negative. A computer program for the C.G. coefficients
based on the above formula can be written and the reader will find it useful
for any numerical study of any physical problem involving C.G. coefficients.

Algebraic formulae for particular values of j.(j, = 3,1) are given in
Tables B1 and B2 in Appendix B since their occurrence is very common in
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physical problems. For higher values of J, the reader is referred to Condon
and Shortley (1935) and Varshalovich et al. (1988). Several numerical tables
of C.G. coefficients are also available. But these have become obsolete after
the proliferation of fast electronic computers.

2.4. Symmetry Properties of C.G. Coefficients

A study of the general expressions for the C.G. coefficients will reveal the
following symmetry properties.

Jl J’E J - l-l—?z—-j JI J (2 22)
TR, e M -y —My —m ’

= n+!2 g [ «?2 -}1 / ] (2.23)

g Ty M

— j1—m _3_] 7 J2

= (- 1] U= { - e, (2.24)

- Jz+m2L J J

= (- [ [ m m;; g } + (2.25)

where the symbol [/] is defined by
(7] = (25 + 1)/ (2.26)

Relations (2.22)—(2.25)bring out the symmetry properties of the C.G.
coefficients under the permutations of any two columns or the reversal of
the sign of the projection quantum numbers. Note that when the third
column is permuted with the first or the second, there is a reversal of the
sign of the projection quantum numbers of the permuted columns. This is
essential to preserve the relation m,+ m, = m. By using symmetry relation
(2.22), one finds

Aode F) vt [ J1 d2 d
{0 0 o= [0 0 0}' (2.27)

Thereby one obtains the condition

Jv oJz 7 J =0, (2.28)

if j, +j, - j is odd. Moreover) the quantum numbers j,,j, and j should
all be integers; otherwise the projection quantum numbers cannot be zero.
This special C.G. coefficient is known as parity C.G. coefficient since in
physical problems such a coefficient contains the parity selection rule.
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The reader is referred to Biedenharn (1970) and Srinivasa Rao and Ra-
jeswari (1993) for further study of symmetry properties of C.G. coefficients.

2.5. Iso-Spin

It is observed that the nuclear forces are charge independent and, as a con-
sequence, it is found advantageous to treat proton and neutron (neglecting
the small mass difference between them) as the two charge states of one and
the same particle, nucleon. To distinguish the two charge states of the nu-
cleon, a new quantum number', iso-spin, has been introduced in analogy
with the spin quantum number. The iso-spin is a vector in an hypothetical
space known as iso-spin space and its projection on the quantization axis
distinguishes the different charge states of a particle. For the nucleon, T is
equal to 7 with two possible projections, m. = +3 corresponding to the

2
proton and m. = -3 corresponding to the neutron’. The iso-spin wave
function of a nucleon can be written in the two-component form, the first
component giving the amplitude of probability of finding the nucleon to be

a proton and the second component giving the amplitude for finding it to

be a neutron.
1 ]
e8] w=[2] 22

Further, in analogy with the three Pauli spin matrices, we introduce three
iso-spin operators in iso-spin space.

0 1 0 -1 _ _[1 o0
T”T—[l 0}* T”_[i 0]’ ‘f*—[o —1]‘ (2.30)

These operators operate on the two-component iso-spin wave function (2.29).

The iso-spin wave function of the two-nucleon system can be constructed
in the same way as the spin wave function of a system of two spin—% parti-
cles.

Since the pion has three charge states, m+, m°% m-, it can be described
by giving an iso-spin T = 1 with projections m, = 1,0, -1. Given the iso-
spin projection, the charge ¢ of the pion or the nucleon is given by a simple
relation

b

1Tt is sometimes called isotopic spin or isobaric spin or simply I-spin

’This convention is used in particle physics. In nuclear physics, it is customary to take
m. = +zfor neutron and m. = —1 for proton since most nuclei contain more neutrons
than protons so that the iso-spin projection quantum number for most nuclei will be
positive.
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where B is the baryon number. For the nucleon, B = 1 and for the pion,
B = 0. If the strange particles are also included in the scheme by introduc-
ing another quantum number, called strangeness quantum number S, then
Eq. (2.31) can be modified to read
B+ S
g=mr+ % (2.32)

This is known as the Gell-mann-Nishijima relation.

The iso-spin of the pion-nucleon system can be constructed by coupling
the iso-spins of the pion and the nucleon in the same way as we do the
coupling of two angular momenta by means of C.G. coefficients.

2.6. Notation

Different notations have come into vogue for the C. G. coefficient. Some
of thenotations commonly used in literature (Condon and Shortley, 1935;
Brink and Satchler, 1962; Schiff, 1968; Rose, 1957; Varshalovich et al., 1988)

are (jimyjoms|jm), C(jjj,mmm) and CI7 . The Wigner 3j sym-

Crimy game

bol (Edmonds, 1957), ( JuoJzJ ), 1s related to the C.G. coefficient

Ty MMy M
by the relation

my Mg M [;] M My —m

The 3j symbol has higher symmetry.

vogz = (—1)ittieti J2 N J (2.34)
My Mg m e My M ‘
_ oyt [ 27
= (-1 (Jml o __m_)‘ (2.35)

The value of 3j is unchanged under an even permutation of the columns.

Review Questions

2.1 (a) In case of coupling of two angular momenta J = J, + J, , evaluate
the following: commutator brackets [J?, J.] and [J2, J.].
(b) For a two-particle system, explain why there are two different an-
gular momentum representations. How are the eigenfunctions in the
two representations connected?

2.2 (a) Define the Clebsch-Gordan coefficient and discuss their symmetry
properties.
(b) Deduce the orthonormality relations of C. G. coefficients.
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2.3 (a) Show that the C.G. coefficient [ Jl

m;, + m;, = m.
(b) What are the characteristics of the parity C.G. coefficients and
why are they so called?
(c) How is the C.G. coefficient related to the Wigner 3j symbol?

J2

Ty My
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J } vanishes unless
m

2.1 Using the general properties, determine the values of the following C.G.

290

0

(11 2
112 ©
2 1 2
11

1/2 1
—1/2 0
1 1 3

e
I

1/2
1/2

|

1 2 3
12 3

Problems
coefﬁ?ients:
(2) ? 1

(11
(d) 00
(2) ; [lJ
0|

1 -1 0

)

2.2 Two spin-3 particles are in the triplet state (S=1). Construct their
coupled spin function in terms of the spin states of the individual
particles. Identify the non-vanishing C.G. coefficients and find their
values.

2.3 Write down the spin-orbit coupled wave function for a p-electron in an
atom. Use the table of C.G. coefficients.

2.4 Construct the spin-orbit coupled wave function for a d-electron in an
atom using the table of C.G. coefficients.

2.5 Obtain the following relations:

_ v J2J JA
(a) Z [ My M m} [ —y o~y —n } = 05 O+
T
Cqviikmy | g2 a3 g
(b) Z( 1) [ my Mo m] [ —-m; m  mg }
My
= (=T % 8t Omms-

() Z(_l)j_'m [ '.'f'.-. —J;n 1(; ] = (27 + 1)'? 6,0.

T



18 CHAPTER 2
m| J J7 J|_
(d) Z(_I) [ m ~m 0 J =1
Jam
2.6 Starting from the spin-orbit coupled wave function of spin-3 particle
vi=3m=%)=Ya
and using the lowering operator
J — = L_ ‘I’ 19_
repeatedly, determine the coupled wave functions,

v(3.3), v(5-3), v(3.-3).
Y}! denotes the spherical harmonic and a the spin-up state. Identify
the relevant C.G. coefficients.
2.7 Starting from the spin-orbit coupled wave function of spin-1 particle

P(j=3m=-3)=v""'5

(=3[

and using the raising operator
Jy =Ly + 54
repeatedly, determine the coupled wave functions,
(3, -3), ¥(3,3), ¥(5.3)

}’1_1 denotes the spherical harmonic and [ the spin-down state. Identify
the relevant C.G. coefficients.

2.8 Show that a two-particle system with total angular momentum J = 2j
is symmetric under exchange. It is given that each particle carries with
it an angular momentum j.

2.9 Show that a system of two phonons, each carrying an angular mo-
mentum 2 can exist only in the angular momentum states 0, 2 and 4.
Explain why the odd angular momenta are excluded.

2.10 Construct the possible spin wave functions of a system consisting of
two spin-1 particles and examine their symmetry under exchange of
particles. Find the eigenvalues of the operator 61 - 62 for that system
and hence construct the spin exchange operator.

2.11 Construct the iso-spin wave function for a system consisting of a pro-
ton and ® meson.
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2.12 Show from iso-spin considerations that the cross-section for the reac-
tion p + p— d + m* is twice that of the reaction n + p — d + w°.

Solutions to Selected Problems

2.1 (a) Using the symmetry property (2.24), we obtain

HER R B

(b) It is a stretched case. So, it follows that
11 2
e
(c) This C.G. coefficient and another with reversed magnetic quantum
numbers alone occur in the expansion of the eigenfunction [ % 1 0)

and hence the sum of their squares should be unity. Hence it follows
that

/2 12 1] _ 1/2 12 1] _ 1
1/2 =1/2 0| — | -1/2 1/2 0|~ /3

(d) This is a parity C.G. coefficient and it is zero since j, + j, - j is
odd. It follows from Eq. (2.28) that

111
[000]‘0'

(e) The C.G. coefficients are the expansion coefficients and the sum of
their squares should be unity since the eigenfunctions are normalized.

Z Jv Jz ] -1
my Mg M '

ki
In the present case,
3 2 1 2]°_,
mp me 0 -
WLy
In the expansion, there are three C.G. coefficients, of which one is the

parity C.G. coefficient [ 3 [lj é } which is zero. The other two C.G.
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coefficients are determined using the above property and the symmetry
relation. ] 1

2 121 21 2 1
1 -1 0§ -1 1 0] 9
The sign is not uniquely determined.

(f) Since the triangular condition A(j1j27) is not obeyed, the C.G.
. 1 1 3
coeficient =0.

1
112 _ o
(&) [ 2 0 2 ] = 0, since my > J1 is not allowed.
1 2
1 2

(b) [ __:ll } = 0, since m # mq + mqg .
123 -
(i) [ 1 2 3 } = 1, since it is a stretched case as (b).

(i) Using the symmetry property (2.24), we obtlain
1 Lo _1fro1r)_ 1
1 -1 0| [I[10 1] 3
2.2 If o and B denote the spin-up and spin-down states respectively, then

1/2 1/2 1 o
2 1o 1 e = a(t)a(2),

1) = {
10) = [”2 172 1%(1),@(2)
T

4

B

1
|2 1/2 —-1/2 0

12 1/2 1 "
[-—1/2 1/2 0]'3(-1)0(2)

1 _ .
Z51e() B(2) + B(1) a(2)]

1-1) = [_}ﬁ i _}]ﬁu)ﬁ(zJ:ﬁ(l)_ﬁ(z)

The non-vanishing C.G. coefficients are

[1/2 1/21} _ [ /2 1/2 1}_1
1/2 1/2 1| — | -1/2 —-1/2 -1 ]~

/2 12 1] /2 1/2 1 _\/I
1/2 =12 0 ~— |-12 172 0| " V7o
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2.3 For a p-electron, the allowed values of j are 2 and 1. The spin-orbit
coupled wave function is denoted by |/ s j m ).

[1422) = Y{(#) e
131 172 70¢ -
1333) = {0 ijj .fjg]h”(r)a
1 1/2 3/2 )
+ [ 1 -1?2 1;2 J Yi(#) 6

2
= \/; Y2(#) o+ \/2 Vi) 6.

112-0) = [y i U [wers
1 1/2  3/27 o-1,-
+[#l 1/2 —1/2}}'1 {#) a
= \/g}’,”(fn) B+ \/Ig Y H(#) o
133 -3) = ')
R 1 1/2 1/2 )
11i1y = {0 ljz HHYP(‘”)“
1 12 1721, ...
+[1 —1/2 1;’2%1-1("“)-‘}
= _\/é,‘“ Y2(7) e+ \/g Yia(r) 5.
1ii-4) = [_} s _}jﬂ}rl(m
112 127 Lopn.
! [0 ~1/2 —1/2}}’0{?}'*}
N 1 .
= H\,/; YiH(#) a+ \/; Y2 (#) 3.
25 (a) J2 J A R R SR P
) —my —my —m' | T | oy oy om |

Hence the result follows from Eq. (2.19).
noJ Rt o jl-{-mlM Ji J2 7’
(b) {—-;r'n,l m’ mJ = (=1) 31| —m1 —ma —m’

= (—1)_;:1 +'rrz|(_”3'1+,;"2—j-a@ & B j-*
[f7 L™ e m |

Substituting this and summing over m, we obtain the result.
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J
m

(c) Multiply the L.H.S. by [

v
0
m
_ i3 v J ,
- {m —-m {}} m —m U}M
k13
= 2_}' +1 ély()-
. i 0 3 L .
(d) Multiply the L.H.S. by [ w0 m } which is unity.

gy | T 7 0 J
Z( D [m —m U}{m 0 m}
J.tr
_ _1ymo_Ni—mo s J J J 7 j 0
=2 (0" (=) m[m —m on -m o]
Jym
= Z(——l)ﬂ/?j +16;0 (summing over m yields é;0)
J

= dle

2.10 A system consisting of two spin-i particles can exist in triplet spin
(S = 1) or singlet spin (S = 0) state. Denoting the spin-up and spin-
down states of the spin-1 particle by o and B, the spin wave function
in the coupled representation can be written as

|5=1,JMS:1) = (0 2,

1
1S =1,Ms=10) = \/;(oq B2+ 51 a2),
IS =1,Ms = ~1) = p fa,

1
1S =0,Ms=0) = J;(oq B2 — B1 az).

From an inspection of the above wave functions, it can be seen that
the spin triplet state is symmetric and the spin singlet state is anti-
symmetric under exchange. For the construction of the spin exchange
operator, first we need to determine the eigenvalues of the operator
o6 - 6 corresponding to the spin triplet and spin singlet states.
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1 . .
o0y = 5[(0’1+02)2—0f—0’§]
1
= Z[4S(5+1)-3-3]
e S = 1
=\ -3, 5 = 0.

The spin exchange operator is F, = %(1 + o1 - o3) since it yields the
eigenvalue +1 for the spin triplet state and -1 for the spin singlet
state.

P, S=1,Ms) = |5=1,Ms),

PS8 =0,Ms) = -]5=0,Ms).

2.11 The iso-spin wave functions of proton, m+, m° and 7~ are

p = |IT=35Mp=3),
ot = [T=1,M = 1),

® = |T=1,Mr=0),
7 = |T=1,Mr= -1}

The iso-spin wave functions of pm*, pn® and pm- are

lpn®) = 153 111)

pr%) = |

[CICI Ty
= i

-+

11y
1/2 0 1/2 |'2 2

\fiim\fi%%

lp7 ™) 1 -1)
B 1/2 1 3/2 5 1y
Tl 12 -1 12|72

/2 1 1/2
2 -1 172 |!

[1/2 1 1/2}



CHAPTER 3

VECTORS AND TENSORS IN SPHERICAL BASIS

3.1. The Spherical Basis

It is more convenient to describe the vectors and tensors in the spherical
basis since they can be easily expressed in their irreducible forms and their

law of transformation under rotation also becomes much simpler.

Denoting the unit vectors in the Cartesian basis as e, , e, and e, and
in the spherical basis as €}, € and el_l_. we can express any vector 4 as

follows.
A = Aye,+Aye, + Ace;
= —Alel' — AT'ef! + Afef
— Z (—]_)'“ ‘4':;" El_lu"
p=1,0,—1
where
(Az +14,) ) . (Ay — i4y)
M=t sy, ap = BT
and
(e, +ie,) B (e, — tey)
= 32 LV e, =",
€ \/E 1 1 \/5

It follows from Egs. (3.2) that the complex conjugate of A} is
‘4|;L* — (_]—]}J’.‘A‘I‘_LI’-‘

We will have occasions to use later the spherical cornponents
position vector » in terms of the spherical harmonics of order 1.
(3.1), we obtain

S S SNV (U SR 11
rT= —71€, ry €+ i€y,

where

rl=—(e+iy)/V2, r7'=(e-iy)/V2, rf=z,

24

3.1)

(3.2)

(3.3)

of the
Using

(3.4)

(3.5)
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Figure 3.1. The posttion vector

with
z=rsinfcos¢, y=rsinfsin¢d, z=rcosh. (3.6)

Equation (3.6) can be obtained from an inspection of Fig. 3.1. Substituting
(3.6) into (3.5), it follows that

rIo= _%Sin g e = 1/%3 r Y{H(#), (3.7)
=1 . T —i¢ _ fli'-_ —1l(a
rTt = ﬁsmt?e =\3 r Y7 (7)), (3.9)
i A oa
;r'? = rcosf = 'E_T'Ylu(r): (39)
where Y,, are spherical harmonics of order 1.
3
}/1 o Y i trb
L (P) 871‘6”] €
YolE) = 3 Ging e 3.10
L - 87 ' (3-10)
. 3]
}’lo(r) = :1.'?—?'(308 .

Using the above relations, we finally obtain the position vector » in terms
of the spherical harmonics of order 1.

:\/—-rz D" Y €T, (.11)
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3.2. Scalar and Vector Products in Spherical Basis

Given any two vectors A and B, we can construct a scalar or a vector
(tensor of rank 1) or a tensor of rank 2. Let us express the scalar product
of A and B separately in terms of Cartesian and spherical components.

A-B = A,B, +'A3;B'fj + A:B:
= > (-1raiBr*

pu=-1,0,1
= 3 arBe. (3.12)

w=—1,0,1

This follows from the orthogonality of the unit vectors defined in a self
consistent way in these two bases.

Cartesian  Dbasis: e; - e; = b;;,
Spherical ~ basis: el €] =8,
where
e = (~1) e, (3.13)

Let C denote the vector product of 4 and B.

C=4xB (3.14)
Expanding in terms of spherical components

C =) (-1)"™AIBy (1" x €7”). (3.15)

ey
The vector product of any two unit vectors in Cartesian basis is given by
e, x ¢ = e, (ij,kin cyclic order) (3.16)

and using this, the vector product of any two unit spherical vectors can be
obtained.

e xe =iS(u—v)et, (3.17)

where S(u - v) denotes the sign of the quantity (u - v), if p # v and
zero if p = v. From an inspection, it can be seen that the C.G. coefficient
[ 11 1

by ot } can be used to play the same role as the function S(p-v).
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Incorporating this, we obtain,

. 1 1 1 \
GTX‘ETZ“/ELJ. v ,-‘z+u]€?’ A=pte 19

Introducing this definition to the vector product in Eq. (3.15), we get

= ‘l'\/EZ{_J.)/\ [ 1 1 1 ] ‘454 Bf]x E]—.\

<~ — —v —A
= —iV/23 (1)1 e, (3.19)
A
where
1 1 1
Tf:Z[“ , A}Aﬁ*B;ﬁ (3.20)

it
Thus the sherical components of C are given by
CY = —iV217, (A=1,0,-1) (3.21)

where 17} is defined by Eq. (3.20). In the discussion to follow, Tl)“ is called
a component of the spherical tensor of rank 1 formed by taking the tensor
product of two vectors 4 and B and it is to be noted that this differs by
a factor of —iy/2 from the spherical component of the vector Cf‘ obtained
by taking the vector product of 4 and B. From Eq. (3.20), it follows that
the complex conjugate of 7' is given by

=y B3 _ l l I e 2
S S R P

i

AEPIOR B T T N R
- sere ] aer
i

B . 11 1] cpmes
= —(=1) Z[—,u, —v —/\}‘4‘ B,

n

= (AT (3.22)

3.3. The Spherical Tensors

Now consider the direct product of the two vectors 4 and B. The products
of their Cartesian components represented below in a matrix form denote
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the nine components of a Cartesian tensor of rank 2

A B, AB, A,B,
A,B, A,B, A,B, |. (3.23)
A,B, A.B, A.B,

This is said to be in a reducible form since it is possible to group the
linear combinations of these components with different sets which transform
among themselves under rotation. The trace

S =Y A:B, (3.24)

is the scalar product 4. B and hence invariant under rotation. The anti-
symmetric tensor having three components

1 . .
Vi = 5(1‘1:‘3;} — A;B;), (1,4, k cyclic) (3.25)
transforms as a vector since
1

V = E(A X B). (3.26)

The symmetric tensor with zero trace (traceless symmetric tensor)

1 _ 1.

Tnb'j = 5(‘44;5_?' + AJ,;B.;) - E SO,;_?', (3.27)

having six components, of which only five are linearly independent because
of the constraint of zero trace, transform among themselves under rotation.
Although the quantities S, V and 7T are in irreducible forms and trans-
form in the same way as spherical harmonics of order 0, 1 and 2, it is
more convenient to express them in the spherical basis rather than in the
Cartesian basis. The tensors expressed in the spherical basis are known as
spherical tensors. The spherical tensor of rank k has (2k+1) components
and they transform under rotation in the same way as ;, with j = k.

Z D% (afy) T (x). (3.28)

The position vector r changes into »’' in the rotated coordinate system. The
quantities Dﬁ“((}’ﬁ"f) are the elements of the rotation matrix defined in the
next chapter.
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3.4. The Tensor Product

Given any two tensors 7' and 7;? , we can define a tensor product of
these two tensors.

ki ke k .
il 1 2 e aliSWe gl 1]
Kb ; [ p1 Mo } BTy’ (3.29)

The allowed values of k lie between |ky ~ ks| and |k; + k3| . We also give
below the inverse relation which we will have occasion to use later.

7 1 . in:] k’g JI;: Ja—
T}:I]] TA{; - ; [ ’1_1'[ ’”'2 ;ul } i)’:ﬁ . (3'30)

Now let us, for illustration, construct spherical tensors of rank 0,1 and 2,
given the two vectors A and B.

o 11 0] yupes
r"O - Zu: T {}}A;Bli
1 bk g H 1
_ gz(—l) A{BT* = —\[zA-B. (3.31)
i
1 1 1
e H1 pH2
oo ;Z { i1 2 ﬂ}Ai o (332
i1
1 1 2
gl H1 DMz
f = Z { Hio H2 P’-]A' By 339

1]

In Table 3.1, we explicitly give the components of 7} and T4 in terms
of the spherical components of the vectors 4 and B. Note that

T = ()T, (3.34)

when the spherical tensor 77} is constructed from any two vectors 4 and
B. In general, when the spherical tensor 1% is constructed by taking a
tensor product of two tensors %' and 7}? as illustrated in Eq. (3.29), the

complex conjugate of 1} is given by

Y = (—1)hthek ()R, (3.35)
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TADBLE 3.1. Components ol spherical tensors of rank 1 and 2 con-
structed [rom any two given vectors A and D.

. T T
2 — Ai B}
1 /I(AIBY - AB}) VE(ALBY 4+ ABY)

0 HAIB' - AT'BY)  /EH(AIBT + AT'Bl +241BY)
-1 J/I(AIBI - AT'BY) VE(AT'BY + AYB)
—2 ATt

Review Questions

3.1 (a) Define unit vectors in spherical basis and show that they are or-

thogonal.
(b) Given any two vectors, construct a scalar, a spherical tensor of
rank 1 and a spherical tensor of rank 2.

3.2 Write down the scalar product of two vectors in terms of their cartesian

and spherical components.

3.3 Ifr is the position vector, express it in terms of its spherical components

and hence show that

MY EL e
Ve

where Y/“(7) is a spherical harmonic of order 1 and r is the modulus
of the vector r.

3.4 Given any two vectors 4 and B, construct a vector product and a

tensor product of rank 1. How are their spherical components related?

35 If C = A x B , show that the spherical component €'} of the vector

C is given by
Cp = V217,

where
A 1 I 1 iy
T; _Z“ , A}AIBI.

rs

is a component of the spherical tensor of rank 1 formed by taking the
tensor product of the two vectors A and B.
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Problems

31

3.2

3.3

34

3.5

3.6

Given any two vectors A and B, find their scalar product and compare
it with the tensor of rank 0 constructed by taking their tensor product.
Given the three vectors 4, B and C, construct a spherical tensor of
rank 3.

Given the three vectors A, B and C, construct a spherical tensor of
rank O using all the three vectors.

Given the three vectors 4, B and C, construct a spherical tensor of
rank 2 using all the three vectors.

Given any two spherical tensors 7}, and 7,, of rank k&, and k, respec-
tively, construct a spherical tensor 7, of rank k and hence show that
the complex conjugate of 1}'is given by

T = (-1)thf T,

If J is the angular momentum vector operator, express the spherical
components of this vector operator in terms of the J. operator and
the raising and lowering operators J. and J. Hence determine the
effect of Ji' with p = 1,0, —1 operating on the angular momentum
state |7, m).

Solutions to Selected Problems

31

3.2

The scalar product:

A-B=) (-1)*AYBr*.

s

The tensor product of rank O0:

1 1 0 L y— 141= | HpTH
o= [, L o)At =S
; 25 — 0 " \/3

1
— -—A-B.
V3

To construct a tensor of rank 3, given the three vectors 4, B and C,
first construct a tensor T.* of rank 2 with vectors 4 and B and then
take the tensor product of 17" with C.

" 11 2 v 5
o= Z{# v m}ﬂ‘“i Orm ptiry

f3
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2 1 37 .
M Mt A
" = %: { m A M } I3°CY oM met

]. 1 2 Q ] 3 L b ,\
- [ LoV om } [ m A M ] AYBICY 8t 601 mt -
IRy

Imposing the constraints on the magnetic quantum numbers and find-
ing the values of the C.G. Coefficients from the tables, the tensor com-
ponents of T of rank 3 are obtained. The allowed values of M are
3,2,1,0, -1,-2,and -3.

72 = Al Bl Cl
; T 651 | O 1 I Rl
i
Ty = V& (-4181‘16'1‘ + A7 B Cl + A] B| (:;'I—f)
+ \/-% (A?B?Cf+fl{8‘f(_?f+.4‘f}3% cf)‘
1 - = i - + —
79 = /55 (4B Gl + A7 BY C + AL BT O + A7 BI CF)
1
+/ 15 (AT BYCY + Al BY Tt + A9 Bl )
[T/ 1. o _ o
Tt = g (AT BT G AL BT O+ AT BLCTY)
4 : i .
+y 3 (A9 BT CY+ AT BICD + AP BY CTM+)
. 1 _
7% = \E(A;lB;I CY+ AT By C7 + A BT CT).
Tg—:i — Al—l B1—-1 C‘T{-l
It can easily be verified that for each component of the tensor, the sum

of the squares of the coefficients of all the terms is unity. This property
can be used to check the correctness of ones calculation.

3.5 The spherical components of the vector operator J are:
JO =0, Ji=-J. /N2 IV

From Egs. (1.37) - (1.39), the effect of operation of J, J., J on the
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angular momentum state |7, m)are known. Hence it follows that

J? |.'J?‘:'N‘}’> = irn,|jjm>‘

1 .
Jilim) = —\/;h |7, )

1 . ) .

- ‘\[5 VU= m)G+m+ 1) i, m+ 1),

) 1 .
It smy = \/;J— 7, m)
" 1 . : .
= \/; \/(3 +m)(j~m+1}|5,m—1).




CHAPTER 4

ROTATION MATRICES - 1

4.1. Definition of Rotation Matrix

The rotation matrices define the transformation properties of angular mo-
mentum eigenfunctions ;,,, under rotation of coordinate system.

Wjm { Z D m (@BY) Y (7), 4.1)

m!

where D, («, f3.+) denotes an element of the rotation matrix, the rota-
tion being described by a set of three Euler angles o,f,y. The angular
momentum eigenfunctions ;,, (»') are in the rotated coordinate system S',
whereas the functions +4,,,/(r) denote the eigenfunctions in the original co-
ordinate system S. Hence these functions should be related by a unitary
transformation. For integer values of j, it is easy to show that the func-
tions 4);,, transform as the spherical components of an irreducible tensor
of rank j. In this chapter, we shall obtain the rotation matrices from a con-
sideration of the transformation properties of a vector (spherical tensor of

rank 1) and spherical tensors of higher rank.

4.2. Rotation in terms of Euler Angles

Consider a right handed coordinate system. Any general rotation R in the
three dimensional space can be conveniently described in terms of the three
Euler angles @3 and y (0 <o <2m, 0 <B <m, 0 <7y<2m).

R = Rz,(v) Ry, (8) Rz(«). 4.2)

R;(a) denotes a rotation through an angle o about the Z axis'. This results
in the change of the reference frame XYZ —X,Y,Z, Z, axis coinciding
with the Z axis. This is followed by a rotation through an angle B about
the Y, axis and then through an angle y about the Z, axis. The complete

'Normally, lower case letters are used for the suffixes but. in chapters 4 and 5, upper
case letters are used for suffixes in certain cases for the purpose of clarity.

34
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Y, ¥

TAx

' X
O Ax

Figure 4.1. Rotation about the Z-axis through an angle o

rotation R can be denoted explicitly in the following sequence.

o 3 v
XYZ — X4 — XY, 2, — XYz
Z - axis Y - axis 7y - axis

4.3. Transformation of a Spherical Vector under Rotation of
Coordinate System

Let us now consider the transformation of the spherical components of
a vector A under a general rotation R of the coordinate system and obtain
the transformation matrix. This is done in three steps. First let us make
a rotation through an angle a about the Z axis as illustrated in Fig. 4.1.
The Cartesian components of A transform as follows:

Ax, = Axcosa+ Aysina,
Ay, = Aycosw — Ay sing, 4.3)
Az, = Az
In matrix notation,
Ay cosa  sina 0 Ax
Ay | =] —sina cosa 0 Ay | . (4.4)
Az, 0 0 1 Ay

To know how the spherical components transform, we need to express the
spherical components in terms of the Cartesian components. The transfor-
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mation of the Cartesian components is already given in Eq. (4.4).

. 1 .
[‘4;)1 = _\/;('AXl + ?’AYL)
1
= u\/; (Ax cosa+ Ay sin o + i Ay cos & — tA x sin @)

L —ic : —t
= —\/g(AXe Tt idy e

- 1
- | - S I i
= Aje '™, since A| = —\/;{.1_;( +iAy), (4.5)
Similarly,
(AY); = Ai, (4.6)
(A7) = A7le 4.7)

The transformation of the spherical components can now be conveniently
written in a matrix form.

(A]), e 00 Aj
{ (49), }={ 0 1 0 J [ A J (4.8)
(ATY), 0 0 &= ][ A7t

In a concise notation,
Ay = Mgz(a) A, 4.9)

where M, (o) is the transformation matrix for rotation about the Z axis
through an angle o.

Next let us consider a rotation through an angle 3 about the Y, axis.
The Cartesian components Ax, Ay, Az transform into Ay, Aw, Az
and the equations of transformation are given below:

Ax, = Ax,cosf— Az, sing.
,4.}’? = ,4}/1. (410)
Azs = Agjeosd+ Axisinf.

This transformation can be expressed more elegantly in the matrix form as

follows.
Ax cosfi 0 —sing Axq

Azy sind 0 «cosf Azq
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The equations for transformation of the spherical components can be
obtained following the same procedure as before.

(A%}Z = _‘\/;{/f]x\"z'l—?._.!i)fz}

T . , _
= = /T {Axicosf ~ Ay sin J+ Ay}

{( 1} }10‘”3—1—\/ 1<1md

4+ ol

1 .
5(4“1) (1 - cosd}. (4.12)

Similarly,
(AD), = —\gsin 3 (A7), +cos B (A ﬂ[smﬁ ). (4.13)
(A7), = 301~ cosf) (A1) - \/E 5(49),
+ %[l + cos 3) (A7), (4.14)
Denoting the transformation matrix by M, (),

| 5(1+ cos j3) \/gsin B (1 —cosf)
My, (8) = W\/gsin Jé] cos 3 \/gsin Ié, , (4.15)

2(1 — cos ) —\/J;sin B {1+ cos 8)
we obtain
A, = My, (0) A (4.16)
= My, (8) Mz(a) A. 4.17)

Lastly, we have to perform a rotation through an angle y about the Z, axis.
The resulting transformation matrix is the product of the three transfor-
mation matrices obtained for rotations through the three Euler angles.

Mo, 8,v) = Mz,(v) My, (8) Mz(a), (4.18)
and the transformed vector A' is given by

A =M, 8,7) A. (4.19)
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4.4. The Rotation Matrix D'(o.f,y )

It is to be pointed out that the transformation matrix M is not the rotation
matrix defined in this book. According to the law of matrix multiplication,
any component of the transformed vector 4’ +-is given by

A =3 Mu(a,8,7) Ay, (4.20)

i

whereas the rotation matrix D'(a,B,y ) is defined such that
Ay =3 "D, (o, 8,7) A, (4.21)

Hence the rotation matrix D is the transpose of the transformation matrix
M defined in Eq. (4.18). We give below explicitly D/(gfy ) in a matrix
form

iy Itcos G g sinf  —je imlecosd i
Sy LTC0E L —a I Y .
‘ : ¢ vz © 2 ¢
1y . R —iy sin 3 - _piysingd
el = ‘oz cos 3 evIE L (422
—iy 1—cos @ i sinf io iy Lbcos e
£ s — € 75—3 € 5 €

Above we have shown explicitly how to construct the rotation matrix
D' (oB,y ) which defines the transformation properties of a vector (spher-
ical tensor of rank 1). In the same way, we can construct the rotation
matrices for spherical tensors of higher rank.

There are in vogue different conventions? for the definition of D func-
tions. The convention that is used here is identical with the convention of
Rose (1957) and is widely used in elementary particle physics. For instance,
Jacob and Wick (1959) use this convention in the formulation of helicity
formalism> for the description of scattering theory.

4.5. Construction of other Rotation Matrices

In Table 3.1, the spherical components of a spherical tensor of rank 2 are
explicitly given in terms of the spherical components of two vectors A4 and
B. Since we know how the spherical components of a vector transform, it is
a straight-forward procedure to construct the rotation matrices D?( B,y )
for the transformation of a spherical tensor of rank 2. Although this pro-
cedure is straight forward, it is rather tedious and rarely one will opt for

2For the different conventions used by several authors, please refer to Varshalovich et
al. (1988), p118.
’The helicity formalism is discussed in Chapter 13.
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this exercise. Also this method is restricted to the construction of IV for
only integer values of j. However there is an alternative, simple and elegant
way of constructing the elements of rotation matrices of higher dimensions
from the elements of rotation matrices of lower dimensions using the in-
verse of the C.G. series (Eq. (5.55)). This latter procedure is applicable for
constructing the rotation matrices of both integer and half-integer ranks.
For this purpose, we require the rotation matrix D%{a,ﬁ,‘y] and starting
from this all the Dj matrices can be obtained by successive application of
the inverse C.G. series (Eq. (5.55)).

Review Questions

4.1 Define the Rotation Matrix and explain how the rotation about an ar-
bitrary axis n can be expressed in terms of the Euler angles of rotation.

4.2 Show how the spherical components of a vector transform under rota-
tion and hence obtain the rotation matrix corresponding to a rotation
through an angle  about the Y axis.

4.3 Check whether the transformation matrix M(f) given by Eq. (4.15) is
unitary.

Problems

4.1 Show that a rotation of the coordinate system about an arbitrary axis
n is equivalent to Euler angles of rotation. Hence obtain a relation
between the two sets of rotation parameters.

4.2 Given any two vectors 4 and B, construct a spherical tensor Ij‘ of rank
2 and obtain the rotation matrix D’(o) for a rotation about the Z axis
from the known transformation properties of spherical components of
vectors 4 and B under rotation.

4.3 Given any two vectors A4 and B, construct a spherical tensor 7} of rank
2 and obtain the rotation matrix D?(P) for a rotation about the Y axis
from the known transformation properties of spherical components of
vectors A and B under rotation.

4.4 Given any two vectors 4 and B, construct a spherical tensor of rank
2 and study its transformation properties under rotation of coordinate
system. Hence obtain the rotation matrix for j = 2.

Solutions to Selected Problems

4.1 This problem is dealt with in the Appendix A, to which the reader is
referred.

4.2 Components 173 of spherical tensor of rank 2 are constructed from
vectors A and B.

11 2
U _ - A k2
T =0 { B H2 p } AT B

H1
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These components are explicitly given in Table 3.1. If the coordinate
system is rotated through an angle o about the Z axis, the components
of the second rank tensor are transformed as given below.

(T3), = (AD)(Bl), = A} e™ B} e7'* = T} e7%ie,
(), = \_/:{ Da(BTh +(—4{1])1{511)1}
% {al B) + A B} emio = Tf e,
Similarly,
(T{;})l =T, (1!‘;])1 = T,;l el {'fg_z}l = 'T'Z_'Z B

Thus, the transformation matrix M (o) for 7% for rotation through an
angle o about the Z axis is obtained from the relation

[T; I e 0 0 0 0 12
(T )] 0 e*™ 0 0 0 T4
(Tg} = 0 0o 1 0 0 ik
(T.;‘}l 0 0 0 e* 0 Ty
(T;*), 0 0 0 0 exe T

The rotation matrix is the transpose of the transformation matrix.
Since the transformation matrix is a diagonal matrix, the rotation
matrix coincides with transformation matrix for rotation about the Z
axis.

4.3 The transformation matrix for T for rotation through an angle B
about the Y axis is a little more complicated since it is non-diagonal.
But the method is essentially the same.

101 ¢ cos 8j® 101 4 cos B win & \/Ei‘siu‘*,s

i

2
—l[1+cna,ﬁ‘} #in & l{r_ueﬁn{v cos2/3) \/Esin Heos g l(cos-‘?—coﬁzﬂ] -1-[1 —cos d] sin 8
2 2 = ¢ F 2 ! - ) - 6

\/gsinu‘,@ —\/gsin Bcos B %(3:03213— 1} ﬁsm_ﬁcas.@ \/gs'm?,e

- %[1 — coz 8) sin 3 .Jj[r:mi 8 — cos28) —\/%sin Beos 3 i(raa A+ coz2B) %[l + cos &) sin 3

(1 —cosz3) sin 3 %(1 ~cos 3%

Lit —os 32 —Li1 — cos @8) #in 8 ﬁsingﬁ ~L{1 4 cos B sin g L1 + cos 5y

The rotation matrix is the transpose of the transformation matrix

M(B).
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4.4 The rotation matrix D?(o,P,y ) is the transpose of the transformation
matrix M(a,B,y ).

Mo, 3, v} = Mz, (y) My, (8) Mz(a).

The transformation matrix M(a) for rotation about the Z axis is

worked out in Problem (4.2) and the transformation matrix M(p) for
rotation about the Y axis is given in Problem (4.3).
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ROTATION MATRICES - 1I

5.1. The Rotation Operator

Let us consider an infinitesimal rotation do. about the Z-axis of a right-
handed coordinate system and investigate how the wave function trans-
forms.

V(r) = Rz(6a) ¥(r) = ¥(r'), .D

where R,(dot) is the rotation operator which causes a rotation of the coor-
dinate system S — S' through an infinitesimal angle do about the Z-axis.
Under rotation,

!

¥ =v ¥y (5.2)

U(r) — U(r')="'(r). (5.3)

Under the rotation of coordinate system S — S', the coordinates of a phys-
ical point changes from r to r' and the function ¥(7) transforms to ¥(7'),

which, in turn, becomes a new function ¥ '(r) when expressed in terms of
the old coordinate 7.

¥ir) = W¥(r)
= U(z + yba, y — zéa, 2)
d

\ d .
IR S A PR

The last step is obtained by applying the Taylor series expansion and ne-
glecting terms involving higher powers of da.. Since the Z-component of the
orbital angular momentum operator L, is given by

I i_ %,
4= dj Yoz ) (-3)

we have

Vir)= (1 —ida Ly y¥(r). (5.6)

42
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Let us now generalize the relation (5.6) and replace the operator L by J.
V(r) = (1—16aJz)¥(r). (5.7)

Equation (5.7) gives the transformation of the function due to an infinitesi-
mal rotation through an angle oo about the Z-axis. Making a large number
(n) of such infinitesimal rotations, one can obtain a finite rotation o about
the Z-axis.

Rz(a)¥(r) = (1 —idaJz) " ¥(r) = e " */20(p), (5.8)

where oo = n da.. In a similar way, we can find the rotation operator corre-
sponding to a rotation about the Y-axis.

Ry(3)¥(r) = e7 ¥ 0(r). (5.9)

It is to be noted that J? commutes with the rotation operators and hence
j is a good quantum number under rotation.

Any general rotation can be described in terms of three parameters
(Goldstein, 1980; Bohr and Mottelson, 1969). They may be the three Euler
angles o,y or they may correspond to a rotation # about an axis n which
is fixed by the two parameters O and ¢.

Ry () = R(e, 8,7), (5.10)
where

Ry () = e~ ™, (5.11)
and

Rla, 3,7} = Rz,(v) Ry (8) Rz(a)
e Ty iy (5.12)

We have the following relation between the parameters specifying the single
rotation and the Euler angles (vide Appendix A).

P 3 o+
cOog — = CO5— COSs .
2 2 2
8
sin %f— sinf = sin E (5.13)
, - W
¢ = S s
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In the expansion for R(o.P,y) given by Eq. (5.12), only the rotation
through an angle o is carried out about the Z-axis of the original coordi-
nate system but the rotations B and 7y are carried out about the axes Y,
and Z, of the new coordinate systems obtained in successive rotations.

XYZ i X1Y121 — _XQYQZ»Z — _X"Y’Z".
Rz(a) Ry, () Rz,(7)

Since the rotations are unitary transformations, we can subject the op-
erators to unitary transformations successively in order to denote all the

rotations with respect to the original coordinate system. For instance,
— 1y Zy

= Ry, (f) e~ Ry (8)] 71
— Iy, iz iy (5.14)

[

Substituting Eq. (5.14) in Eq. (5.12), we get
R(a,B,7) = e”Fm =Wz gmiadz, (5.15)
Once again, we can subject the operators in the coordinate system X, Y, Z,

to a unitary transformation and obtain the corresponding operators in the
coordinate system XYZ.

e—a;‘.?Jy] E_WJZT — e—xcw'z 6_—3,U'Jy- e—-sz eean’ (516)

Substituting (5.16) into (5.15), we get finally,
Rla,B,y) = e 7 70Ty =007z (5.17)

In the expression (5.17) for R(ofyyy ) all the rotations are carried out in
the original coordinate system and its usefulness will be seen in the next
section. The rotation operator R is unitary, that is

R'R=RR'=1; R'=R (5.18)

5.2. The &

m'm

(3) Matrix

The rotation matrix £?, («f7ythas been defined in Eq. (4.1) of the pre-

mm'm

vious chapter and now we can express its elements as the matrix elements
of the rotation operator R(ca,By ).

R(OC, ﬁ} F}/) qjj-m(?’)
SO DI L (a,B,7) Vi), (5.19)

!

LI’_'.E'H?- (’P’)
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or

Dl (@, 8,7) = (Wie(r) | R(cr, B,7) | Cjm(r))
= (m'| R(a,B8,7))jm). (5.20)

Using the explicit form (5.17) for R(ofy ) and remembering that the
angular momentum functions are eigenfunctions of J, operator, we obtain

D, (e, 3yy) = (jm'|e7ioT 7By =1z jpn)

FErRR
gm/ | e 70N | m) gm0, (5.21)

— ﬁ—for'm.’ (
The last step was obtained by allowing the operator e **/Z to operate on
the left state and the operator e~ "/z on the right state. This was possible
only because both the operators and the states correspond to the same
coordinate system.

In our representation, J; is purely imaginary and hence the matrix ele-
ment {jm/|e " | jm) is real. Denoting this matrix element by d! . (8),
we have

D!

mhm

(@By)=e ™ ¢, (3)e V™. (5.22)

Tt

Since dfn; m[,:")’ J is unitary and real, the following symmetry relations are
satisfied.

d:fn ' (rj ) = dfn.m’ L - d ) (5 23)
= (1T () (5.24)
= dim‘—m’(ﬁj' (525)

Once we obtain the matrix d! , (). the construction of the full rotation

matrix D7, («,3,v)is simple because of Eq. (5.22). Also, the construction
of @/ , () for higher j-values' can be done starting from the lower j-values
using the coupling rule for rotation matrices (inverse C.G. series) to be

discussed in Sec. 5.5

5.3. The Rotation Matrix for Spinors
We shall now obtain the rotation matrix for j = ; For a rotation about
the Y-axis, the rotation operator is given by

Ry (f) = ™Y, (5.26)

'Rotation matrices for j = L, 1 are given in Egs. (5.33) and (5.98). For the explicit,

J

forms of the rotation matrices for higher ; values, the reader is referred to Varshalovich
et al. (1988).
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where Sy is the Y-component of the spin operator. .Expressing it in terms
of the Pauli spin operator ¢,, we have

Ry (§) = i3, (5.27)

Recalling the following series expansions

) 22 23
e = 1+:z:—|—§+§—|—---, (5.28)
@@t af
cosx = 1-—2-!—+H-—a—|—---, (5.29)
_ o 23 2 aT L

sinez = .1.—5!—4—51-?.-“; (5.30)

and the property of the Pauli matrices,
= Ug =02 =1, (5.31)

we obtain a simple form for the rotation matrix.

Ry(3) = ¢35y

B (5ot (5o (5o
S N T B TR BT
B, & (B
T A L AT
B2 B4 g3
: ( NOMG )(§g+)
2! 4! 2 3
; 3
= cos’—‘;—iaysin%. (5.32)

Substituting the matrix elements of G,, we obtain the matrix representation
for the operator R,(B) and it is denoted by d"(P).

. ; 3 —
a8 = Ry(ﬁ)::cosg [ é [l] } —-isin'_E { ? [; }

cOs g — sin %
- g |- (5.33)

T L
51n 3 Cos 3

Il

In a similar way, we can obtain the rotation matrices for rotations about
the X or Z-axis.

7 o cos? —isin§
Rx(8) = cos— —iogsin— = 2 2. 5.34
x(6) o8 2 17 S 2 [ —1 sin% cos% ] (5:34)
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. g . . e=is 0
Rz(0) = cos 5 ~ioxsing = e |- (5.35)

Let us now investigate the effect of rotation of the coordinate system
on the eigenfunction ¥,. A rotation through an angle B about the Y-axis
yields

Xm = de’m(ﬁ) Wy (5.36)

!

In Eq. (5.36)) an explicit mention of the quantum number j is omitted but
it is understood that j = % in the following discussion. If we wish to express
the eigenfunctions ¥ and % as column vectors and d as a matrix, and use
the usual rule of matrix multiplication, then we find the matrix d” which
is the transpose of the d matrix to be more convenient.

Xm = Z(dT(ﬁ))mm’ l-U'm" (537)
m!
Writing explicitly, we have
: os 2 snt
["% ]=! %7 ﬁ} [i } (538)
Xl —sinf cosg —L
If we start with a pure state ¥1 which is a spinor with spin up (1] } , then
a rotation through an angle 2r about the Y-axis yields
XL . cosT sinT 1
X_L N —sinT cos® 0
1
= - { 0 ] : (5.39)

This is in contradiction to the case of a vector for which the rotation through
an angle 2w leaves the vector undisturbed. In the case of spinor, a rotation
through an angle 47 is necessary to get the same spinor. That is why the
spinors are sometimes referred to as ‘half-vectors’.

Also there is an interesting feature that a spinor exhibits. For a spinor
located at the origin of the coordinate system, a rotation through an angle
7 about the X-axis is not equivalent to a rotation through an angle ® about
the Y-axis.

=@ (5.40)
= -U_; =¢" (5.41)
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For a vector located at the origin, these two rotation will invert the vector.
But it is not so in the case of spinors. However, it can be shown that the
two spinors ¢ and @' differ by a rotation through an angle m about the
Z-axis.

Rz(m)p = =¥, =¢ (5.42)

2
Rz(-m)¢ = —ai’i_ — (5.43)
That is why a spinor can be considered as a vector with a thickness.

5.4. The Clebsch-Gordan Series

In this section, we shall obtain a coupling rule for rotation matrices and it
is deduced from the coupling scheme of two angular momenta.

N I B R I
lj1ma} [jama) = Z, [ my mo m } |jom). (5:44)

i

Rotating the coordinate system through the Euler angles (c,B,y), we ob-
tain

ZD&LM' ) D2 (@) jin)ljara) =

Z[ o }Dg;m(w)m (5.45)

. ey My M
i

where the argument ® of the D matrix stands for the set of Euler angles
o.PB,y. The state |ju) on the right hand side can be expanded as

) =Z[jj o j_}!m’)'j o). (5.46)

ity

Inserting this into Eq. (5.45) and taking the scalar product with |J11}|72402),
we obtain

Z D” ( ) Dmmz w) 6;”-1‘/] é.lt-zf/-/ =

L]

JoJ2 ] o J2 N
Z[fm Ttz m}[;rﬁ", ith ;L}Df”’(w’((“ it Orea (5:47)

Sy
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The sum over p on the right-hand side of Eq. (5.47) can be replaced by
= u -uj. Now, performing the summation over the projection quantum
numbers, we obtain

n J2 _ E { h J2 7 o J
‘Dm Tl ( ) -D _;m_g( ) - . [ My ma m ] 1: 1 Ha p“m w) (5 48)
3

This is known as the Clebsch-Gordan series (C.G. series).

5.5. The Inverse Clebsch-Gordan Series

Starting from the C.G. series (Eq. (5.48)), an inverse series can be obtained
using the orthogonality of the C.G. coefficients. Multiplying both sides of

g sff
Eq. (5.48) by [ 5: ;22 ?J; ] and summing over m,, we obtain

jl JZ jf 7
Z [ my mg m ] Dy (@)D, ()
M
o a e T pi
Xf:éﬂ [ K1 p2 p } Dum )

hoJ2 g i
- [m " M]Dv;m(_g). (5.49)

Equation (5.49) was obtained by applying the orthonormality condition
(Eq. 2.19) of C.G. coefficients.
n gy

Once again, multiplying both sides by [ M Ho p

} and summing

over W,, we obtain

A d A g F i DY (W), (BE
Z- [m1 Mo mHM 2 M]D”'m’ )D“mz(w) D“m( )- (5.50)

Ty

This is known as the inverse C.G. series. There is an alternative way of
obtaining this series.

The alternative method is to start from the following coupling rule of
two angular momenta.

lgm) = Z { ;;11 ?i’fz ;; ] |7 }|fme). (5.51)
1
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Rotate the coordinate system through the Euler angles o,B,y. Applying
the transformation, we now have

Z ‘Dm m, |J e )

m’

_ JuoJ2 J
- Z [?m Mg m} )ff”,rl( )warz w)l g )lszpe)

™ 2
-y Z 2 J hoga g
m] iy WL 1 po M
myp gz j
X Dl’: ?Th(w)D,uz?rLg (“”")Ur* ff)’ (552)

Taking the scalar product on both sides with |Ju}, we obtain

Z D-‘:n"-m (w)é.J.?'éWm’
Z Z 2 ] i og2
M ng m w1 pe M

ey gy fta gt
X F):zllnzl(w)!)pzmz(u} é}j g_tU’ (553)
Replacing the summation index p, by M' and summing over M' and j' on
the right and over m' on the left, we obtain

D3, (w) by,
— Z [_5111 ?;22 :‘” Ui ;;22 i ] DIt (w)D2  (w). (5.54)
m e
Finally, we obtain
Dﬂm ()= Z [jl J2 j] [jl J2 ’ }fowm( )fogmg(w).(S.SS)

My e M 1 k2
I Ly

which is the same as Eq. (5.50). The inverse C.G. series can be used to
generate the elements of all the matrices D(w), (j (j > %_}1 if the rotation

matrix Dz (w)is given.
5.6. Unitarity and Symmetry Properties of the Rotation
Matrices

Rotation of a coordinate system is equivalent to performing a unitary trans-
formation on the functions.

Vim(r) = Y DI, (@) Uj(r), (5.56)

m!
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Vi(r) = D DI, (w) Wiu(r). (5.57)

!

Taking their scalar product and summing over m' we obtain

I]—J;,r';.x.('r!HlI'jm(r ) Z sz ”(w D:u m( : ) (\p_-j,u.’ (.T')|lyjm’(r:)>=
m’pf
Z D3, (@) Dl (). (5.58)

The inverse relation of (5.56) is

lvjm('r) = Z Dmm (w) wjm’('rr)
m!
= Z Dmm D:n”rr (u)} ID;I-?’”-”(T)' (5'59)
mim’

Taking the scalar product with W¥;,(r),on both sides of Eq. (5.59), we
obtain

6um = 3 Dis (0) D (). (5.60)

m!

Equations (5.58) and (5.60) are the mathematical expressions denoting the
unitarity of the D -matrices.

It is easy to see that two successive rotations through Euler angles w,
and @, is equivalent to a single Euler rotation ®. This yields a relationship
between the D -matrices.

]Djm('rn) = Z-D w?) lp}m (T )

m!

Z })m. il w; fn fm! ( ) 'I’jm-‘f(f“)

TL ﬂ]
= Z DY (@) Y jmn (7). (5.61)
Hence
‘D:ln”m ‘} - Z ‘D'm.”m (wl m'm '~ (562)

The D-matrices exhibit the following symmetry properties:
Dig(e,B,9) = (“D)F"DL (e, 8.7). (5.63)

Fiiar

Dﬁm.(*’]{?_ﬁ}_a) - 'Dgn;e(asﬁ!f:‘:)' (564)
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If ® denotes the Euler angles of rotation (o,f,y), the inverse rotation
o' is denoted by the Euler angles (—y,—f, —0. The symmetry property
(5.64) follows from the unitary nature of the transformation and Eq. (5.63)
directly follows from Egs. (5.22) and (5.24).

Using the group theory, a general expression for }m(a,3.7) has been
obtained by Wigner and it is also given by Rose (1957).

Din(e,B.y) = e ™ [(j+ m)!(j — m)'(j + wi(G - u)!]2

(=1
. Zz: elj—e—p)(G+m—z)pg+z—m)!

ay 2itm—p—2x fr—mm2x
3 .3
X |\ cos g —sin o

The sum over x is over all integer values for which the factorial arguments
are greater than or equal to zero.

o
[oo]
ot
s

5.7. The Spherical Harmonic Addition Theorem

Consider any two points P, and P, on a unit sphere. In a certain coordinate
system S, their coordinates are (fy,¢1) and {#3,¢2). In a rotated coordinate
system S, let their coordinates be (6%,¢]) and (8}, ¢%). (See Table 5.1.)
Then we can show that

T = ) Y™ (6,¢1) ¥ (62,¢)

Y (6],60) Y 65, 65). (566)

m

Il

In other words, the quantity 7 is invariant under rotation of coordinate
system.

To prove this, consider the quantity Z defined in the rotated coordinate
system S'

=" Y™"(8],6) V" (6], ). (5.67)

ki

The spherical harmonics given in frame S' can be obtained from the spher-
ical harmonics defined in frame S using the rotation matrices (Eq. (5.19)).

= Y Do) Do (@) ¥ (61,¢1) ¥, (62, 02). (5.68)

TL¥y T
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TABLE 5.1. Polar coordinates of points P and P; in different coordi-
nate systems S, 5" and Sg

Points | S s’ Sy
P | f1, ¢ 81, @1 0,0
I ' 83, da 8, 5 f,0

Summing over m and applying the orthonormality of rotation matrices,

Z Dlnlm( ) Dmgm(':'"’ m 1Ty (569)

we obtain

T= > ¥Y™(01,61) Y,"*(62, $2) brmyomy (5.70)

Ty

thereby proving that 7 is invariant under rotation.

Now let us choose a convenient coordinate system S,, in which P, lies
on the Z-axis and P, in the X-Z plane. Their coordinates in the frame S, are
(0,0) and (8,0). The invariant quantity in this frame has a simple structure

f — Z YYI&*(O U }}???.{\81 (])

Z | ‘”—+i B0 Y77(6,0)

20+ 1
/2;“ Y"(8,0). (5.71)

Equating Zin the two frames S, and S, we arrive at the well-known theorem
known as the spherical harmonic addition theorem.

J—
i 90+ 1 . —— . o .
V2 Y2(6,0)= > V)" (81, 61) V" (02, 62,

m

or

r‘ =

}[Jlb‘ U\ _ \/ ZY{ (91,(}1) }/.'f LOz (Pz}. (572)
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The angle 0 is the angle subtended by the two points P, and P, Expressing
Y(6.0)in terms of Legendre function,

20+ 1
Y,2(6,0) = ,/m;— Py(cos 6), (5.73)

we obtain an alternative form for the spherical harmonic addition theorem.

g

Filcos ) = 11

D Y (01,61) Y02, 6a). (5.74)
e

5.8. The Coupling Rule for the Spherical Harmonics

Now let us consider a rotation of the frame from S to S,. In the frame S,
the coordinates of the points P, and P, are (6, #;)and (@, ¢;). In the new
frame S,, P, lies on the Z-axis and P, in the X-Z plane with coordinates
(6,0). This rotation corresponds to the Euler angles

(@, 5,7) = (¢1,61,0). (5.75)

Let us investigate how the spherical harmonic Y, (63, ¢9) associated with
the point P, transforms under this rotation

Y2(6,0) = Y Dlo(¢1,601,0) V™ (82, o). (5.76)

m

Comparing this equation with Eq. (5.72) obtained for the spherical har-
monic addition theorem, we get the relation

4
20+ 1

D! o(¢1,61,0) = Y™ (81, 61). (5.77)

This is a very useful relation giving the connection between the rotation
matrices for integral j and the spherical harmonics and this relation can
be directly used to obtain a coupling rule for the spherical harmonics with
the same arguments.

Consider the Clebsch-Gordan series
D:] 10(¢1 9? O) ng ({ba 91 U)

T gl
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Replacing the rotation matrices by spherical harmonics using Eq. (5.77),
we obtain

4w T * 1o *
\/231 + 1 \/23 + LY 6,9) YI'J (6,9)
B Z 1 Iy
- { My Mg M 0 0 0

Taking the complex conjugate of the above equation and remembering that
the C.G. coefficients are real, we have

21+1 (8,¢). (5.79)

v Y, = Y {EEICR U Ak

I 4 (20 + 1) my Mg M
31 IlEZ l s =

This is the coupling rule for the spherical harmonics with the same

I 1o 1. . .
0 0 0 } is the parity C.G. coefficient

which is nonvanishing only if /, + [, - [ is even. This implies that the 1 values
in the summation take either all even values or all odd values depending
upon [/, and /.

The above rule permits an easy evaluation of the integral involving three
spherical harmonics,

argument. The C.G. coefficient [

I= [Y7200.0)Y7(0,0) Y, (0,9) d0 (5.81)

First let us couple the two spherical harmonics Y, (6,¢) Y;**(8,¢)
and then integrate, applying the orthonormality condition of the spherical
harmonics.

Z[h [{2] Iy 1 h g 1
V[l ?111 my M 0 o 90

" f Y3 (6,6) Y™ (8, 6) 40 (5.82)
Since the last integral simply yields 8,5 9,.;, we obtain
141][42] [ l los | } [ I ]
1e1li2 1 2 43 1 2 i3
= , 5.83
Varlls] | 7 Mg M3 0 0 0 ( )
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where the notation

[ = (204 1)2 (5.84)
is used.

5.9. Orthogonality and Normalization of the Rotation Matrices

In this section, we shall show that the functions D! , (w) are orthogonal
on the surface of the unit sphere and evaluate the integral

/ DI (w) D2 (w) duw, (5.85)
where
T T 24
/dw :'/ da/ sin d,;"i’/ dr. (5.86)
0 0 0
Since
DR (w) = (=1~ DR (), (5.87)
and
”J_lm HH(L"’) D,t}fzmz .‘ ; |i — #2 LJ
Ji J2 PR
x [—fm e ] Df”’“ ), (5.88)
we have

o yem N S J2 7 g2 )

We can now evaluate the integral occurring in Eq. (5.89) by expanding
Dl (w) in terms of i, {3).

Din(w) = e di (8) e, (eI

[l

2r . T 2ar .
/ i (w)do = / e doy / @,(8) sin 3 dp / ™Iy
J O s ¥

= (27)? 6,0 bmo / & () sin g dp . (5.91)

)
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Since the projection quantum numbers p and m are zero, j can assume
only integer values and hence d},(3)can be expressed in terms of ¥,(3,0)
using Eq. (5.77).

do(B) = % Y°(5,0) 651 (5.92)

Now the integration over the angle B can easily be performed.

i VAT
/ Y2(5,0) sin 8 df = L= 8. (5.93)
0 2T
Thus, we obtain
/ D!, (w)dw = 877 60 6,0 mo. (5.94)

Substituting this value of the integral in Eq. (5.89), we obtain

= i J2 7 i Jz J
J = (=11~ ™
(=1) ZJ: [ —H1 H2 [ ] [ =tign Wty }
x 872 8;0 6,0 bumo- (5.95)

The summation over j is equivalent to replacing j by 0. Since p = m = 0,
it follows that p, = p, and m, = m..

_ s 72 0 i jz 0
J = —1)jH—m
(=1) [ —p1 pz 0 ] { -my my 0O J

x 8r? 6551552 6,{&1 Jp e (5.96)
Using the symmetry properties of C.G. coefficient, we finally obtain

8i?
= m 6,?'1,?'2 5;»1 12 5?’711‘1’?‘12' (5.97)

Review Questions

5.1 Construct the rotation operator in terms of Euler angles of rotation
and deduce the rotation matrix for j = %

5.2 What is a spinor? A spinor is sometimes referred to as ‘half vector’ or
‘vector with thickness’. Explain why?

5.3 Define the rotation matrix and deduce the Clebsch-Gordan series and
its inverse. Indicate the significance of the inverse Clebsch-Gordan se-

ries.
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5.5

5.6

5.7

CHAPTER 5

Define the rotation matrix and deduce its unitary and symmetry prop-
erties.

Given the rotation matrix for j = % explain how the rotation matrices
of higher order can be constructed using the inverse Clebsch-Gordan
series.

State and prove the spherical harmonic addition theorem and therefrom
deduce .the coupling rule for spherical harmonics. Apply the results
so obtained to evaluate the matrix element of a spherical harmonic,
(ngm.Jr|YEm|f?;Tr.’,i).

Evaluate the integral

/ DA (w) D2, (w) de,

where ® denotes the Euler angles of rotation o,f,y. Show that the
rotation matrices are orthogonal.

Problems

5.1

5.2

5.3

54

For j = 1, show thatJ} = J. Using this relation and the definition
of the rotation operator, obtain the rotation matrix @’ (3) for rotation
through an angle B about the Y axis.

Using the inverse Clebsch-Gordan series, construct the rotation matrix
D!(afy ) given that

dlﬁ({j’) _ Cosg —:-ﬂn%3
] sin 8 cos? |’
2 05 5

The following C.G. coefficients are given:

] 1 1
=1, = 4f=.
[i [i% T 0} 2

Using the inverse C.G. series, construct the rotation matrix for j = %
given the rotation matrices for j = 1 and j = %
Given the rotation matrix for j = 1, construct the rotation matrix for
j = 2, using the inverse Clebsch Gordan series.

1

[TES

Tafr bt

B [
—

kol b —

Solutions to Selected Problems

5.1

For j = 1, write down explicitly the matrices for J,, J& and J3.

;o -1 0 [0
Jy=—={1 0 1|, Jf=-c| 0 =2 0|, Jy=Jy.
V2 g 1 o 2 1 0 -1
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sty e (—iBJy)”
e = l+_;_—?{1—_

n=
0 (—iBJy )2t —if3Jy ) t?
1+Z(%,3}) Z(f y)

(2n + 1)! (2n 1+ 2)!
= 1—dJysinf+ J%(cos{)’ — l)
[0 -1 0 1 0 1
oy 08 — 1
:f+ﬁmf 10 -1 —fié—— 0 -2 0
V2 1o 1 0 2 |

where [ denotes the unit matrix. A simple addition of the matrices
yields the rotation matrix d’(3).

_ %( + cos 3) —\/gsinb’ (1 — cos )
d'(8) = \/E sin 3 cos 1 —\ﬁsinﬁ . (5.98)
%(1 — cos f3) \/gsinﬁ %( + cos 3)

hu|i-1

5.2 Using the inverse C.G. series, the elements of the rotation matrix d’(f)

can be obtained.

ERCIEED ol I |
T - . my Mg M Hy M2 i

X i,y (B) s ()

For the elements d},, d]_,. d',, and ¢, ,, there is only one non-
vanishing term in the expansion. Substituting the values of the C.G.
coefficients and the elements of the rotation matrix o3 (3}, we obtain

d(8) = Coszg _ l}-%c)ai
(31_11(13‘) _ Sin‘zg _ #;
ff{l_1—1(ﬂ) = 60522 _ y

For the elements d{,.d};,d}_, and d',,, there are two terms in the
expansion and substituting the values of C.G. coefficients and the ele-
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ments of the rotation matrix o %(,ﬁ)? we obtain

—-—iz—cos'ﬁsin 2 = _F___sin P,
V2 2 2 R
2 g . B sin [#

dfln(ﬁ) = \/ECOS§SIR5:___;

fftl)_1(.-’3) = —-——c.os'ﬂsin;-:___'__;
dlio(B) = -—Z—cos—sin—= et i

The element of the rotation matrix dfq(/3)has four terms in the expan-
sion. Substituting the values of the C.G. coefficients and the elements

of the d7 rotation matrix, we find
. o 12) N
dgo(3) = cos® 3~ sin’ % = cos 3.

The calculated elements are exactly the elements of the rotation matrix
given in Eq. (5.98).



CHAPTER 6

TENSOR OPERATORS AND REDUCED MATRIX
ELEMENTS

6.1. Irreducible Tensor Operators

We have seen that the angular momentum functions, ¥, transform as irre-
ducible tensors of rank j. In a similar way, the irreducible tensor operators!
are defined by their transformation properties under rotation. If Uy is the
Unitary transformation operator corresponding to a rotation R of the co-
ordinate system, then the angular momentum functions ¥, (7) and the
irreducible tensor operators 7}(#)transform as follows.

{/'TR qjjm(r) = Z Diﬂm (“u) lpjm’(r)' (61)

URTER UR! = 3 Di(w) TY (7). 6.2)
!

The operators T'(#)obeying Eq. (6.2) is said to be an irreducible tensor
operator of rank & and it has 2k + 1 components (u = —£,...,0,. .. k). The
above definitions are such that the equations involving tensor operators
and also the matrix elements of the tensor operators retain the same form
under rotation of coordinate system.

The spherical harmonics Y, (#)play a dual role, sometimes as angular
momentum eigenfunctions of a particle moving under the influence of a
spherically symmetric potential and in many cases they also occur as irre-
ducible tensor operators inducing transitions. Depending upon their role,
the spherical harmonics transform according to Eq. (6.1) or Eq. (6.2).

6.2. Racah’s Definition

Racah (1942b) defines the irreducible tensor operators in terms of their
'For supplementary study of irreducible tensor operators and angular momentum

coefficients, the reader is referred to Biedenharn and Van Dam, 1965 and Biedenharn
and Louck, 1981.

61
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commutation relations with the angular momentum operators J. and J.
[z, 7¢] = wpI¥. (6.3)

e i i+
[T, T4 = {(kFp)(k+p+ 1)} T (6.4)

The equivalence of the two definitions (6.2) and (6.3, 6.4) can be shown
by considering an infinitesimal rotation of the coordinate system. For an
infinitesimal rotation 8¢ about the Z-axis, the rotation operator Uy is given

by

I

Up=e iz (6.5)
and consequently Eq. (6.2) becomes
e OIE T (R) 2 = N (ki | €702 k) T (), (6.6)

!

m

where the element of the rotation matrix Di, . 1s expressed as the matrix
element of the rotation operator U Expanding the exponentials and
neglecting the second and higher order terms of 6¢», we obtain (suppressing
the argument # for the operator ;' hereafter)

(1-ib¢J7) T (L+i80Tz) =Y (ki (A= i6 I k)T (6.7)
.L&J

Simplifying, we get

Tz, TE = (ki |zl k)T (6.8)
Ty
Since |ku) is an eigenstate of the operator J. with eigenvalue p, we get at
once the relation (6.3) from Eq. (6.8).
Equation (6.8) was obtained by considering an infinitesimal rotation
about the Z-axis. We will get similar relations if we consider infinitesimal
rotations about the X and Y axes.

W 1 = S (kpt! | Jx| k) T (6.9)
“!
[y T = S (k! |y k) T (6.10)

Iy

Combining Egs. (6.9) and (6.10), we obtain

[Jx £idy T = Y (kp! Jx + 10y | ku) T} (6.11)

!
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which in turn, yields Eq. (6.4). Thus we have shown that the two definitions
of the irreducible tensor operators are equivalent.
In deriving Eq. (6.9), it was assumed that the element of the rotation
matrix corresponding to a rotation 06 about the X-axis is given by
Dk

Jrg

= (k' €7 50X | k). (6.12)

This is of course true, but the usual practice is to express the rotation
in terms of the Euler angles a3,y. The Euler angles corresponding to an
infinitesimal rotation about the X-axis are given by

T 7
3 =(—=,00, —). .
(@5,7) = (-2,86.7) (6.13)

This will yield the rotation matrix

T m ifu — Vi /e —i 66
Dy~ 88,5) = & 2ol |50 [, (6.14)

which when substituted in Eq. (6.2) gives the following relation

x, T = S W02 (k! | gy | k) 1 (6.15)

I

which' is equivalent to Eq. (6.9).

6.3. The Wigner-Eckart Theorem

The Wigner-Eckart theorem states that the matrix element of an irreducible
tensor operator between any two well-defined angular momentum states
can be factored out into two parts, one part depending on the magnetic
quantum numbers and the other part completely independent of them.
The first part contains the entire geometry or the symmetry properties
of the system and the second part is concerned with the dynamics of the
physical process. The theorem states that the entire dependence of the
matrix element on the magnetic quantum numbers can be factored out as a
C.G. coefficient and the other factor which is independent of the projection
quantum numbers is known as the reduced matrix element or the double-
bar matrix element.

. o e kg . .
(Fpmyg | TE| 5ime) = [ i kg ] s 11 Tl 0. (6.16)

m; [ g

Equation (6.16) is the mathematical statement of the Wigner-Eckart the-
orem. Unfortunately there is no uniformity in the precise statement of
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the Wigner-Eckart theorem and consequently the reduced matrix element
differs from one to another. The reduced matrix element as defined in
Eq. (6.16) is identical with that of Rose but differs from that of Edmonds
(1957) by a factor.

(?f ||1‘k || ji)Edmonds =/ Z.}f +1 (jf H Tk ||j$>

It can be easily seen that the first factor viz., the C.G. coefficient de-
pends on the coordinate system that is used to evaluate the matrix element
and it also implies the law of conservation of angular momentum. If this fac-
torization is possible in one coordinate system, then it is easy to show that
it is possible in every other coordinate system obtained by rotation. The
matrix element in the rotated coordinate system (writing the coordinates
explicitly) is given by

' LR . Ny — i f W
(U (PTG Wi () = D DY (@) D (@) Dy ()
m},u’mf
x (wjfm}(r) | T}iL (%) | \I,j,m‘;(?ﬂ))' (617)
The coordinate » pertains to the original coordinate system and the coordi-

nate 7, to the rotated coordinate system. If we assume such a factorization
as given in Eq. (6.16) in the original coordinate system, then we have

(lp,?'f'-"f'i_f(?lij | ([}ibl:%:) fl lIJJ-;_mE_('p'f)) = Z Dm mf(w’) DP‘ H(f )Dr?'.': mg(w)

.r’ra'}u'm.'

i k .
X { jr 7 ,Jfr :I (
w4 f'ﬁ.f
Coupling the two rotation matrices by applying the C.G. series

B () D (w)= 3 ok J ik J
Dm m,( -}D;f-’ﬁi(w)_z‘}: I:?n“; i M][?’?l; ,U," M’ ‘LI;M(w) (619)

| 32)- (6.18)

and substituting it into Eq. (6.18), we obtain after summing over m! and
p'(Note that m'y= m;+ p' = M'),

O Jé k ‘} N J“
(lI’J'f"'”’f ()] T, (7)) ¥jim, (#")) = ZJ: [ m; u M J Z Dn{}mf(w)

T?‘.f
X D;fa}."yf(w)(jf I T |1 i) 65,0- (6.20)
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Summing over J is equivalent to replacing J by jf and the summation over
m;; yields 6, a7 as a result of unitarity of D-matrices. Finally we obtain

(i (P I TE ) | Wi, (1)) = [ e } Gl Tl gy (6.21)

Thus we have shown that if the matrix element can be written as a
product of C.G. coefficients and the reduced matrix element in one coor-
dinate system, then it can be factorized in the same way in every other
coordinate system.

The foregoing discussion cannot be considered strictly as the proof of the
Wigner-Eckart theorem, although it serves as a consistency check. There
are three different proofs of the Wigner-Eckart theorem, one due to Wigner
(Brink and Satchler, 1962), another due to Schwinger (Edmonds, 1957) and
the third due to Racah (Rose, 1957a). The first of the proofs make use of
the definition Eq. (6.2) and the third rests on the commutation relation
(6.3) and (6.4).

6.4. Proofs of the Wigner-Eckart Theorem
6.4.1. METHOD I

We shall first write down explicitly the matrix element O of an irreducible
tensor operator of rank £

Q = (Wm,(F) [ TE(F) [ ¥jimi (7)),
/ mef(r) T#(T‘J lI,;r,m,(T) df2. (6.22)

The angular integration in Eq. (6.22) can be carried out either by rotating
the functions in a fixed coordinate system or by rotating the coordinate
system, keeping the functions fixed. We shall opt for the latter method. Let
us consider a rotation of the coordinate system through the Euler angles
such that the angular coordinate  goes from (0,0) to (€, @) .

3 0 () D () VAP ()

mf,u m!

X U5, m,(0,0) T{(0,0) ¥, (0,0) 4. (6.23)

We shall first couple the two D-matrices using the C.G. series.

J .k
w () DE(Q) = Z[J‘ . anj;_ y ﬁ‘,’;;}Der(Q)- (6.24)

Substituting this into Eq. (6.23), we obtain
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— i j ko J
Q = Z Z[mt 1 }[m; I M”}

m' o m

X W3 0(0,0) T (0,0) W5, (0,0)

jf]’TL
X / oty () Dip() d, (6.25)
where
g 27
a2 = / sinﬁdé‘/ dé¢. (6.26)
0 (4]
The integration over d€2 can be carried out easily.
?f‘ J _ 47r ) -
/ Dm}mf(ﬂ) DJ"WUW('Q) dQ = 723'{ —|— 1 15”_; 5mfer‘ étmfﬂ»f- (627)

Inserting (6.27) into (6.25) and summing over J and m}, we obtain

7. k7 .
Q = [: 4 ﬁ Jémf.’l'f

m; W

4 ik jf * g . . ¢
27, 11 ;[ n m}] ¥ (0,0) T{(0,0) ;,11(0,0) . (6.28)
The quantity within the curly bracket in Eq. (6.28) is independent of the
projection quantum numbers because of the summation over m! and p'.
Thus the matrix element O depends on the projection quantum numbers
only through the C.G. coefficients. The reduced matrix element is the quan-
tity within the curly bracket and, as we have shown, it is independent of
the projection quantum numbers.

< . . _ 47 .ja' k Jf
GBI = 75T Y B
X lU:fm (0 0) Tk (U 0) ‘I’?'m :(0,0). (6.29)

It will be instructive to calculate the reduced matrix element in the
special case of the spherical harmonics. From Eq. (6.29), we have

- 4 s [ er
(Ef”}/IHIJ = 2! _|_1 Z [m: ﬂli ‘?’]”l} ]

m; fm!

<Y (0,0 ¥77(0,0)Y,4(0,0). (6.30)
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Since
V,"(0,0) = A/ ——— b0, (6.31)

Eq. (6.30) simplifies to

2l; 21 Iry
(s lIYVili) = {(24?;2‘21!1%;31)} [3

Thus, according to the Wigner-Eckart theorem, the matrix element of ¥;™
is

11
; 6‘ ] . (6.32)

i

m {
mg Yty = | 50 g, 6:33)

where the reduced matrix element is given by Eq. (6.32). This result is
identical with the result obtained earlier using the coupling rule of the
spherical harmonics.

6.4.2. METHODII

This proof is originally due to Schwinger and it is also given by Edmonds
(1957). First let us consider the effects of operation of an irreducible ten-
sor operator 1/'(#) on the angular momentum eigenfunction ¥; ., (#) and
study the transformation property of the resulting function under rotation
in order to obtain its structure. Let

() = T () Ujom (7). (6.34)
Under rotation of the coordinate system, ®(#) changes to ®(+') .

o(r') = URTH#)UR' Up jm,(7),
ZDW T;i‘('f*JDi‘m (@) W (7). (6.35)

i m

The result (6.35) is obtained using Egs. (6.1) and (6.2). Using the C.G.
series for coupling the two rotation matrices, we obtain

R I
mz g M m. u M

whml J

X Digpg(w) TE (7) U jomt (7).
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Rearranging and replacing the summation over u' by M’ we get

) ik ‘
®(r) = Z{mz p M]ZDJ{MJ(M)

J M

i ko J » .
X ZHE, W M.,] TE(#) Wy (#) g (6.36)

We see that the quantity within the curly bracket transforms under rotation
as a tensor of rank J and the function @ can be expressed as a linear sum
of such tensors of rank J, J taking the spectrum of values from |j; — k| to
Jji + k. Let

. ) o ko J ‘. .
'Q%JM”("") = Z [ ,;,:?'{ ,.‘_.'.' M! ] Tf (T) q’jgm;(r)ﬁ (637)
m; !

where 1M denotes the additional quantum numbers j; and & Now Eq. (6.36)
becomes

- 9. kK J . "
LGEDY [ D L A VI N CE

A M

and it gives the transformation property of the function under rotation.
From this study, we obtain the structure of the function ®(#).

@(%)zTg‘(%)%m(f‘):Z[ . ﬂ’” b, (6.39)
J

My

This result can be used to evaluate the matrix element of a tensor
operator.

o e e | o . e ok d
(5ms (DD () = S| 505 3|
&

XAV, (7) | ogarF)). (6.40)

To find the scalar product, (¥, . ()] % ar(7)), let us expand ¥;(7)
in terms of the complete set of functions %, jm (7).

Uim(#) = Gnjm Ynjm (7)- (6.41)

bl

This is because the two functions ¥;,,(#) and ¥y, {7 ) may be in different
representation and so they must be connected by a unitary transformation.
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The quantities a,; are the coefficients of such unitary transformation and
the summation n is over the additional quantum numbers such as j, and &
which define the function ;. (7). First we shall show that the coefficient
a..» 1s independent of the magnetic quantum number m. For this, consider
the expansion of the two functions ¥, (7)and W;41(7) .

@jm(‘;‘) = Z Uy jm "f.i'f"njm (f’) (642)

7

lI)jm-{—l(f'} = Zanjm-{—l ?,L‘nj.m—l—[(i’} (643)

7

Allowing the operator J./{(j - m)(j + m + 1)} : to operate on both sides
of Eq. (6.41), we obtain

Cimer(F) = ) Gnjm Pnjme1 (7). (6.44)

b
Comparing (6.43) and (6.44), we see that
Upim+1l = Gyjm- (645)

Therefore the expansion coefficient a,,, is independent of m and hence can
be simply written as a,. Now the scalar product becomes

(lpj_fm! (f'} | '?.":I"nJJW(f’D =N Unje 53'f.] 6me's (6.46)
where N is the normalization constant of the function 2, jar .
N = (Ygom | Yram)- (6.47)

Using the relation (6.46) in Eq. (6.40), we finally obtain

(lIf_f,fmf(%)!I:‘(%:‘:w_?-,-mi(%)>=[J’” oA ]’\ @y (6.48)

m; p My

where the quantity N a,; is independent of the projection quantum num-
bers and is known as the reduced matrix element.

6.4.3. METHOD III

This method is originally due to Racah and rests on the commutation rela-
tions (6.3) and (6.4). For details, reference may be made to Rose (1957a).
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First let us find the matrix elements of the commutators (6.3) and
(6.4) between the two angular momentum states |j; m;) and |jsms). From
Eq. (6.3), we have

ima) = pljymy | TE | jimi). (6.49)

(rmygl| 2Ty = Ty

The operator J. may be allowed to operate on the left or the right state,
as the case may be, yielding their eigenvalues. The resulting equation is

(-m.f —m; — u)(jrmy| T: | 7im;) = 0. (6.50)

Equation (6.49) simply states that the matrix element of the tensor operator
will be non-vanishing only if

my = m; + {. (6.51)

In a similar way, the commutation relation (6.4) will yield another equation
for the matrix element.

(Frmyp | JLTE | Jimg) — (Gp g | T T | jim)
£ (b, )iy mg | TEEY | ima), (6.52)

with the notation
Ta(kyp) = {(kF p)(k+p+1)}3. (6.53)

Remembering that the Hermitian conjugate of J. operator is J. and vice
versa and allowing the operator J. to act on the left or the right state, we

get
Ue(igompd (G myp F LT Gi ma) — T (G, mi) (g myp | T | §io ma = 1)
= T (k) myg | T i mi), (6.54)
where
I'n(jom)={(GFm)jEm+ l)}é (6.55)
. . : L
Pe(fym)={(G£m)JFm+ 1)}z (6.56)

It can be shown that the C.G.coefficient obeys the same Eqgs. (6.49) and
(6.54) obtained by replacing the matrix elements by the corresponding C.G.
coefficients and hence we infer that the dependence of the matrix elements
on the projection quantum numbers is the same as that of the C.G. coeffi-
clents.
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To obtain equations similar to Eqgs. (6.49) and (6.54) for C.G. coeffi-
cients, consider the coupling of two angular momenta |7;m;) and |ku) to
yield the resultant angular momentum |jsm;).

, T IRTEN
Uﬂ”ﬂ:ZE:{ ’ ?f]aﬁnuﬂku» (6.57)

g [ My

iy Lb
The summation indices m; and u are dummy indices and hence it does not

matter if these indices are replaced by m} and p' or m! and p" depending
on the convenience. Remembering that

Jz = 1z + J2z, (6.58)
and allowing them to operate on Eq. (6.57), we get
. : Ji ko7 :
fwuﬂw>:§jm4+w)[mzﬂ,n;]Uankw» (6.59)

st ot
mip

Substituting the expansion (6.57) on the left hand side of Eq. (6.59) and
taking the scalar product of both sides with |ku}|jim;}. we get

me—mi—m | FOF I |2
(my —m; —p) [ mi g my } =0
In a similar way, the operators
Jg=Jiz + Jog
operating on Eq. (6.57) yield
Pe(igme)ligms F 1) =) [ m‘: Y N ; ]

ml !
X [T oot i) F 1)k ') + Tog (s ) i)

Expanding |77 F 1) in terms of uncoupled states,

. ok i .
ULIESEDY [?ﬁh " Tnf;]_}bfmﬁﬂk#ﬂa (6.62)

k' s1)]. (6.61)

m !t
and substituting it in Eq. (6.61), we obtain

W ik J :
IZF(_J)';'”"”I) Z [ m! !u!! ‘I?'&f{F 1 :| |J"i 'm'?”‘{‘: J”'H)

??1;",14’.”

't' .IIC f . .
= S 5] et m it = 0 )

m; W my

+Pg(k ) jom) ki F 1], (6.63)
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Taking the scalar product with |j;m;)[ku)on both sides of Eq. (6.63),
we get

o sk Jf Ji LI Y N
) — "I
Upigg.my) { m; p myFl } [ mi£1 u my T (gi, mi)

+[ i ks ]ri(fc}m, (6.64)

m; pxl my
since
I‘:F (J'x TI}H"';) 5';'{1,- m{Fl = Iy (JI m;), (6.65)
ek pt) b, om = Ta(k,p). (6.66)

Transposing the first term on the right to the left, we get an equation which
is similar to Eq. (6.54). This study shows that the matrix elements of tensor
operators have the same dependence on projection quantum numbers as
the C.G. coefficients. Therefrom it follows that the dependence of a matrix
element on projection quantum numbers can be factored out as a C.G.
coefficient, and so the remaining factor called the reduced matrix element
should be independent of those projection quantum numbers.

6.5. Tensors and Tensor Operators

In this section, we shall discuss some relations involving tensors and tensor
operators (Racah, 1942b).
The effect of a tensor operator 1}’ operating on U7 which is a tensor

of rank j is to yield a linear sum of tensors V|"* of rank A,A varying from
-kl toj + k

T . 7 ‘I‘: )\ T
THUr =y [ J ] Vi, (6.67)

“lm u m

Just as one can write the tensor product of two tensors U,, and U,

my Mg M

. . am A f\'_ A T ST
(Ux, x Up, )}y = Z { ' ; } U O (6.68)

]

and its inverse relation

T Ty )\1 /\'2 A v . 1
VN Ox = Z { miy Mg m ] (Uny x Uy s (6.69)
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we can also write similar relations for tensor operators 77" and T;”:

- ¢ By ks k1o s
(T, x Tiy)p = D [ u g ] TE T2, (6.70)
M1
and
Erafty it k k‘ :IC p a
T T =) [ “: ij p ] (Tp, % Tpy ) (6.71)
k

The complex conjugate of a tensor /{" is given by (for integer values
of A and U real)

({/,-")F\Tl)ak = (_l)'m {'..J."\—‘rr'a:‘ (672)
and if U is complex, the corresponding relation is
(U) = (=)™ (U)y™. (6.73)

This choice of phase coincides with that for spherical harmonics. However,
sometimes in quantum mechanical applications, it is convenient to redefine
irreducible tensors as

U; = i U;, (6.74)

for which the complex conjugate is given by

(qu?m)* = (_ 1 )j—m {wfj"m‘ (675)

J

The choice of this phase can be used for tensors of integer as well as half-
integer rank ;.
For a tensor operator of integer rank k, the complex conjugate is given

by
(T)" = (1T (6.76)
The scalar product of two tensor operators 7, and S, of equal rank is given
by
Ty Sk = > (-DMTLSH, (6.77)

7

and it can also be expressed as a zero rank tensor obtained by taking the
tensor product; of 7, and S.
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Eok 0] omn
1)* -
Z( g

_ ok
( ]T Sh. (6.78)

Il

(T;b X Sk)g

In the derivation of the above result, the symmetry property of the C.G.
coefficient has been used. The inverse relation is

Ty.S5 = (=1)F (K] (T x Si)5. (6.79)

The concrete examples of spherical tensors are the angular momentum
eigenfunctions. The spherical harmonic operator Y;,, the spherical compo-
nents of the position vector operator r, the momentum operator p = -iV
and the Pauli spin operator ¢ may be cited as examples of spherical tensor
operators. For instance, the position vector operator » can be written as

-
4 e
> = \/g r %;(hl)“}f‘{r)e] 3 (6.80)

Review Questions

6.1 Define irreducible tensor operators (a) using the transformation prop-
erties under rotation and (b) using their commutation relations with
angular momentum operators. Establish the equivalence of these two
definitions.

6.2 State and prove the Wigner-Eckart theorem. Explain its importance.

6.3 Construct a function ®(#) by operating an irreducible tensor opera-
tor 7;'(#} on the angular momentum eigenfunction ¥, (#). Study
the transformation property of the function ®(#) under rotation of
coordinate system and hence deduce the Wigner-Eckart theorem.

6.4 Give Racah’s definition of irreducible tensor operators and show that
the matrix elements of such tensor operators have the same dependence
on projection quantum numbers as that of C.G. Coefficients. Hence
deduce the Wigner-Eckart theorem.

6.5 Given any two tensor operators 73 and T}, construct their tensor
product. What are the allowed values for the rank of the tensor oper-
ator so constructed? If k&, = k, construct their tensor product of rank
zero and show how it differs from their scalar product.
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Problems

6.1 Evaluate the matrix element (jymy |J{'| j; m;),where J}'is the spher-
ical component of the angular momentum operator J.

6.2 Write down the spherical components of the position vector » regard-
ing them as spherical tensor operators. Evaluate their matrix elements
between orbital angular momentum eigenfunctions and deduce the se-
lection rules.

6.3 Evaluate

" D Grme | T Gima)
™y MLy ku
6.4 Show that the tensor potential
3

S1p = ?'_—.2(01 1) (oy 7)) -0, 0,

of the nucleon-nucleon interaction is a scalar product of two tensor
operators, each of rank 2, as given below.

[ 24w

Sz = V5 (7)) - (01 X 72)2.

Solutions to Selected Problems
6.1 Using the Wigner-Eckart theorem,

I

I T Jt 1 JF .
(gl dq | 7oma) [ / ] Gr TS Wi 655 By

mi g my
i1 —
= [ g i ]-»—”J(JH)

bii b, a
m; @ my 23f “mitpmy

6.2

——

III."t':,'l-

r = \/T T Z(—l_)"‘ vi'(r)e "
it
L /F]—ﬂ JH FHL o -
(fymylrllimy = 4 o Z('" L (L my | Y{(2) [ imajel .
i it

Using the Wigner-Eckart theorem, we obtain

L 1

. (LT R __\. =
g myp | Y () i) [ mi o my

} WY1
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The reduced matrix element involves the parity C.G. coefficient

Vo ] [
%I =g o ¢ | A

Parity C.G. coefficient gives the selection rule
le=1; £1,

since the parity C.G. coefficient vanishes if [, = /.

6.3 Using the Wigner-Eckart theorem,

(pmpl T {gima) = [ ’ "l ] Gy 1Tkl 5

m; [y

The square of the matrix element will involve cross terms with indices
k and k' The resulting C.G coefficients can be simplified by performing
the summation over the magnetic quantum numbers m, m;

| ks O TR R VT o
Z |: m,' 'u. T'??.f :f [: my ;Ir! mf - [k][k,l] 6k,k.f élus,u .

g

The summation over p and p' are redundant since
o .
o= =y g,
The final result is

>

mgmf

2

. | G2 o
S teme | T Livea)| = STl
ko




CHAPTER 7

COUPLING OF THREE ANGULAR MOMENTA

7.1. Definition of the U-Coefficient

When there are three angular momenta, we have six mutually commut-
ing operators

-.}%-, ‘}7'22’ J“_I%) JTZ-: JEZ! J3Z: (71)

for which one can find simultaneous eigenvalues. We can find a coupled
representation by successive addition of two angular momenta. This can be
done in more ways that one as shown in Fig. 7.1. For instance

Jip=Jd1+Jy, J=Jdip+ Js, (7.2)
or alternatively
Jp=Jdy+J3, J=J1+ Jas, (7.3)

It is possible to go from the uncoupled representation to any one of the cou-
pled representations by a unitary transformation and in the same way it is
possible to go from one coupled representation to another coupled repre-
sentation by means of a unitary transformation. The commuting operators
in the two coupled representations are respectively

VLN L SN [P L ) (7.4)

Figure 7.1.  Coupling of Three Angular Momenta

-1

-1
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and
J12> Jg J?%? }‘§3 J2= JZ'- (75)

for which simultaneous eigenvalues can be determined. Denoting the cor-
responding eigenstates by [(ji, j2)j127a; Jm) and |j1(F2, J3)523; jm). we can
relate them by a unitary transformation.

l(j1i2)izdss dm) =D U1 j2] jai iz das) i (G273)faai i m)s  (7.6)

J2a
and

|71(J2d3)g23; jm) = Z U(j172773; J12d23) | (J1d2)d1293: Fm), (7.7

J12

where U (jj.jjs 5 jijs) 1s a unitary transformation coefficient.

The U-coefficient is the unitary transformation coefficient which enables
one to go from one scheme of coupling to another scheme of coupling, and
so it is to be anticipated that the U-coefficient should reduce to unity when
the two schemes of coupling become identical due to the vanishing of one
of the three angular momenta j, j, and j,

U(jl J270; j12j23) = (5;}'12 b 5,f2 f23° (78)

It is our purpose here to express the U-coefficient as products of C.G.
coefficients with a summation over projection quantum numbers. It can
be seen that the U-coefficient is independent of the projection quantum
numbers. This offers a great advantage. In many problems involving prod-
ucts of a large number of C.G. coefficients, reduction can be made to the
U-coefficient which does not involve the projection quantum numbers and
hence independent of the choice of the frame of reference.

7.2. The U-Coefficient in terms of C.G. Coefficients

We shall now explicitly write the eigenstates in the two representations in
terms of the eigenstates in the original uncoupled representation.
P o o o T - . P
L JiJ2 J12 Jiz  ds 1
J1j2hedsiimy =
(172 brzda; ym) Z my My Mo my; ms m
Wiy - -k
X [j1ma) [72ma) |Jams).
Z J2 J3  J23 g J
my my Moy | | my mby m |

|71(F273)723; Jm)

! ! —
SO

x |jimy) [Famb) |jams). (7.10)
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Substituting Eqs. (7.9) and (7.10) into Eq. (7.6) and taking the scalar
product on both sides with |jjpe1)|j2p2)lss3) , we obtain

[h J2 jm}[jm Ja j]
M1 M2 Hiz 1z M3 T

J2 J3 J23  Jaz
= u s J12J2: - (7.
> Uliids .m,m)[ - “_23] [ o m] (7.11)
Jea
Equivalent relations can be obtained by using the orthonormality of C.G.
j2 J3  Jm

] and summing over
H2 M3 23

coefficients. Multiplying both sides by {
W, we obtain

Z[Jﬁ. J2 Jiz ] [jm ja J }[jz J3 j53]
#2 M1 fH2 Hi2 M1z M3 T a2 H3 f23

= U(j172773; J129%3) hoJa (7.12)
' Sk 27 g pen om | :

Replace. Jha by J»» and once again multiply both sides by the C.G. coefficient
[ then’ 2 surh Jover ;. Using again the orthogonality of C.G.

M1 fza M
coefficients, we obtain,

E-"'(j1j2jj3;j12j23) - Z[Jl Jz J12 ] [ hz I3 7 ]

M1 pz phag Hi2 M3 T

B 2

> [ J2 J3  Jua } [ oo oJas J } . (7.13)
M2 3 23 M1 faz TR

Equation (7.13) can be obtained directly from Eq. (7.6) or Eq. (7.7) by
expressing the coefficient as a scalar product of the two eigenstates obtained

in the two schemes of coupling.
U (1727 733 Jrages) = ((J1d2)drzds, jm | 1(d2d3) fass ). (7.14)

Now expanding the two coupled states in terms of uncoupled states using
Eq. (7.9) and Eq. (7.10) and applying the orthonormality condition for the
uncoupled states, we obtain the relation (7.13).

7.3. Independence of U-Coefficient from Magnetic Quantum
Numbers

Out of the six projection quantum numbers W, [, U3, i, By and m that
occur on the right hand side of Eq. (7.13), m is fixed by the definition of
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U-coefficient (Egs. (7.6), (7.7) and (7.14)) and consequently only two are
free variables due to the following three constraints.

paz = f g2t Moz = flo +pay mo= iy + pg o+ ps. (7.15)

Since there is a summation over the only two free variables p, and p,
in Eq. (7.13), the U-coefficient is independent of the projection quantum
numbers.

The independence of the U-coefficients from the projection quantum
numbers can also be seen in an alternative way (Ramachandran, 1962).
In Eq. (7.14), the U-coefficient is expressed as a scalar product of the two
eigenstates obtained in the two coupled representations. The scalar product
can also he treated as a matrix element of the unit operator between these
states. Applying the Wigner-Eckart theorem, we obtain the reduced matrix
element which is independent of projection quantum numbers.

Ulg172dds Jizdes) = (fildeds)iesigm | 1| (j172)d1243; Jm)
= {J 0 .:.:1](Jlf??JSJJES;JHl||k3132)}1ﬂ3;5‘)
= (J1lJedslaess 1 L (Grda)diedai 1) (7.16)
Thus we find that the U-coefficient is in fact the reduced matrix element

of the unit operator taken between the eigenstates in the two coupled rep-
resentations and hence independent of the projection quantum numbers.

7.4. Orthonormality of the U-Coefficients
Each of the coupled states |{j172)71273:7m) and |71(j27a)723; jm) obey the

orthonormality property and hence by using Eq. (7.6), we arrive at the
orthonormality property of the U-coefficients.

Y Ulg1d2d s jrzias) Uljrgadis; fradas) = & i1, - (7.17)

J23

In a similar way, the inverse relation (7.7) yields

> U (1j2idsi Jradas) UlGidad s fizdhs) = & s - (7.18)

iz
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7.5. The Racah Coefficient and its Symmetry Properties

The U-coefficient is related to the Racah coefficient W which has some
simple symmetry properties!.

Ulabed;ef) = [e][f] W{abed; ef) (7.19)

The U-coefficient and the Racah coefficient will vanish if the four trian-
gular conditions A(abe), A(cde), A(acf) and A(bdf) are not satisfied. The
parameters a, b, ¢, d, e and f in the Racah coefficient can be interchanged
as one likes provided these four triangular relations are preserved and the
new Racah coefficient thus obtained differs from the old one utmost by a
phase factor.

Wi{abed;ef) = Wi(edabjef)= W(bade;ef), (7.20)
= W(acbd; fe) = W(bdac: fe), (7.21)
= (1% Webef; ad), (7.22)
= (=)= W(aefd; be). (7.23)

Also a new coefficient T(abcd,ef) can be defined such that it is invariant
under permutation of any of its arguments provided all the four triangular
relations are preserved.

T(abed, ef) = (—1)*++H W (abed, ef). | (7.24)

The wigner 6-j symbol is related to the Racah coefficient as follows.
{ g i t; } = (=1)*t et W abed, e f). (7.25)

Algebraic as well as numerical tables of Racah coefficients are available.
Also a closed expression for the Racah coefficient has been deduced by
Racah and it is widely used for computer programming.

W (abed,ef) = O(abe) Alede) A(acf) A(bdf )
(_1)2:+r}.+b-|—c-|—d (1? + 1)|
X;@—a—b—e)!(:ﬁ—c— d—el(z—a—-c— fl(z—b—d - f)!
1
atbtetd—z)lNat+d+e+ f—z)(btct+et f—2)

'For a detailed study of the symmetry properties, the reader may refer to Biedenharn
et al. (1952, 1965, 1981) and Srinivasa Rao and Rajeswari (1993).

(7.26)

1
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where A(abc) is the triangle coefficient, symmetric in its arguments.

(a+b—c)a—b+c)(—atb+ c)rJ 2

A(abe) =
(abe) (a+b+ec+ 1)

(7.27)

This coefficient vanishes unless the triangle condition in @, and ¢ is sat-
isfied. The summation index x assumes all integer values for which the
factorial arguments are not negative.

7.6. Evaluation of Matrix Elements

The following matrix elements can be evaluated using the concept of U-
coefficients.

1 = (j;j‘fa,ff?'ff-f | Tf(l) |j'|j2j?"'¢>' (7.28)
Qr = (ydod' m' | TE(2) | jrjagm). (7.29)
Qs = (jad'm | Te(1) - Ti(2) | jijagm). (7.30)

In a two-particle system, a transition occurs from its initial coupled state
|71729m ) to its final coupled state |7]757'm’) due to a tensor operator 7}°(1)
operating on particle 1 or 7}'(2) operating on particle 2 or a scalar product
of two tensor operators, one acting on particle 1 and the other acting on
particle 2.

A straight-forward method is to write down the coupled angular mo-
mentum wave functions in the uncoupled representation using the C.G.
coefficients and then apply the Wigner-Eckart theorem to obtain the re-
duced matrix elements. For instance,

Z nooJe v g
My Mg I my omy m

mymy

1

X {gymigamy | TE(1) | imajama),

_ Z Jiojz J o Jr 7 h ko
B L ome om my oy m my b my
g
X <J{ ” 1w 1) ”?1) 6;3J§ 5m2m§‘ (?‘;1)
The summation over i} is redundant since ##} = m, + p and the matrix
element Q, exists only if j, = 75 and m, = m). The three C.G. coefficients
in Eq. (7.31) can be suitably rearranged using the symmetry properties to
yield
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Z JiooJ2 J o 7 kg
My Mg M my mp; m my g mi

1]

SNEIEDY ki gy VA T M B I TR PR
pomy mj my mg m my me m |’

)
e [k . _
= (-1 [,u. RO ] U(kjij'sas j17)s using Eq. (7.12),
PRI T T T RN o
= (=Lt (—h [m o ] U(kjrg'j2, 514)- (7.32)

Substituting Eq. (7.32) into Eq. (7.31) and simplifying the phase factor, we
obtain

ol G O . "y '
@ = (1y=si=sr T Ik LG dh i) G 1) (7:39)

Using a similar procedure, we can evaluate the matrix element Q..

) kv' g’ e e ef v o f y .
Qs = [ Sk i in GITl. 3

moopuom

To evaluate (;, we observe that the transition operator is a scalar in
the two-particle space and hence j' = j and m' = m.

Qs = (1iad'm| (1) Te(2) | j1jzim)
> (DA a55m | TE(L) T *(2) | d1jegm). (7.35)
m

Expanding the initial and final two-particle states into uncoupled single
particle states and applying the Wigner-Eckart theorem, we obtain a prod-
uct of four C.G. coefficients which when summed over magnetic quantum
numbers yield a U-coefficient as shown in Eq. (7.13). After some rearrange-
ment, we finally obtain

2
Q= (-1 L0 Gz o) G B )G N3 7.36)
It is instructive to obtain the matrix element O, by applying the Wigner-
Eckart theorem to the combined two-particle space and then use a simple
argument with respect to the coupling scheme.

Q2= [ 7 p 0 ] (71323 1 Te(2) || j1i27) 315, - (7.37)
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The kronecker delta in Eq. (7.37) arises since the particle 1 does not un-
dergo any transition because the operator acts only on the particle 2. By a
simple argument, it can be shown that the matrix element in the coupled
representation can be expressed in terms of the matrix element in uncou-
pled representation using the U-coefficient.

Coupling scheme adopted in  Coupling scheme adopted in
the coupled representation the uncoupled representation
Ji+J=J J2+K:JE
J'I"K:J’ Jl-'-.]{:.}!

We at once observe that the above two coupling schemes are exactly the
two coupling schemes, we studied earlier in the coupling of three angular
momenta

J’=J1+J2+K? (738)

and one can go from one scheme to the other scheme by means of unitary
transformation denoted by the U-coefficient. So, it follows that

(G1Jad W Tx(2) || 1727) = U(g1d23'k, 332) (2 |l Te(2) |] J2). (7.39)

In a similar way, we can evaluate Q..

P kg o0 C e
=] b 2 |G T i, (7.40

If we switch the order of coupling of particles 1 and 2, we get

(jad' || Te() || f1dad) = (=1)7F5=3 (m1)itia=s
x (Godid 1| Te(1) || j2jnd)s  (741)

using the symmetry properties of C. G. coefficients. The reduced matrix
element occurring on the left hand side of Eq. (7.39) is identical with the
reduced matrix element occurring on the right hand side of Eq. (7.41) except
for the interchange of the particle labels 1 and 2. So from Eq. (7.39), it
follows

(o1 1 Te(1) |1 2013} = U(Gadad'k, 331) (1 1 Te(L) ) (7.42)

Combining Egs. (7.40),(7.41) and (7.42), we obtain the result given in
Eq. (7.33).
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Review Questions

7.1 (a) In the coupling of three angular momenta, show that there is more
than one coupling scheme. Define the unitary transformation coeffi-
cient U that connects one coupling scheme with another and express
it in terms of C.G. coefficient.

(b) Show that the U-coefficient is independent of the magnetic quan-
tum numbers and deduce the orthonormality of the U coefficients.

7.2 Define the Racah coefficient and state its symmetry properties. How is
it related to the 6-j symbol?

7.3 Evaluate the following two-particle matrix elements and express them
in terms of single particle matrix elements.

(a) {j1750m" | T (2) | jrgagme).
(b) {jgsd'm' | T (1) | jrgzgm}.

(¢) (ji7h7 m | T(1) - Th(2) | frjagm)-

Problems

7.1 Determine the following Racah coefficients using their general proper-
ties:

() W(1021,11), (i) W(1232,11), (iii) W(1111,10).

7.2 Evaluate the following reduced matrix elements:

(a) (I f7sllYalllid ),
(b) (s gisllo-#illizh:)

7.3 Evaluate the matrix element:
({gsjympla - L|1i55:mg).

7.4 Find the expectation value of the operator Y., ’(#)in the single nucleon
state i/ & jm = j). Consider both the possible values of j(= [ + 3).

Solutions to Selected Problems

7.1 (i) U(1021, 11) = 1 since the two coupling schemes are identical
because one of the angular momenta to be added is zero.
From Eq. (7.19), it follows

U(1021,11) = (1) W(1021,11).
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Hence the result W (1021 , 11) = 1 follows.

(i1) W(1232,11) = 0 since the triangular condition is not satisfied
in one case.

(i) W (1111,10) = -w(1101,11)= - W (1011,11)= -1,

7.2 (a) Using Eqgs. (7.28) and (7.33), we obtain

(U 3ds WYl 6 g 5i) = (1)Y= U (Rl gidg) (g 1 Y2118,

where

G v = {“"’ 3 "f].

Var(i;) L0 0 0
The above result can be deduced from Eq. (5.82).

(b) Since o - # is a scalar (strictly a pseudoscalar) in the combined
space of configuration and spin, j; should be equal to j. So, let us
impose the condition j; = j, = j.

o7 = ﬁ/%a’-)ﬁ(f*).

Applying the result (7.36), we obtain

s killo - #11:3) = U134 12 (¥ 1D Bl 1),
with
iy o L0 1
A AL
Glielis = [

Substituting the algebraic expressions for the U-coefficient and the
C.G. coefficient and simplifying, we finally obtain

(pzille-7|llizj)= -1

The above result can be obtained from a simple consideration. Since

o -7 is a pseudo-scalar in the j-space, its parity is —1. Therefore
ly=1; £1.

In other words, if , = + 1, then [, = j - %or vice versa.



COUPLING OF THREE ANGULAR MOMENTA

Since the square of the operator
(o-?)-(e-P)=r-P+ioc-(Fx7)=1,

it follows that
o-r=—1.

remembering that ¢« 7 is a pseudo-scalar.

87



CHAPTER 8§

COUPLING OF FOUR ANGULAR MOMENTA

8.1. Definition of LS-jj Coupling Coefficient

If there are two particles with spin, then the determination of their resultant
angular momentum involves the addition of four angular momenta. Two of
them are their orbital angular momenta /, and /, and the other two, their
spin angular momenta s, and s, Their resultant angular momentum can
be found in more than one way. One way is known as the L-S coupling
scheme and there is another way called the j-j coupling scheme.

L-5 coupling scheme J-j coupling scherre
I+, =L IL—}—S-l:jl
si+s;=95 Iy + 53 =3,
L+S=17 e

Just as one can go from the uncoupled representation to anyone of
the coupled representation by means of unitary transformation, it is also
possible to go from one coupled representation to another coupled repre-
sentation, by unitary transformation. In each representation, there are a set
of eight mutually commuting operators for which simultaneous eigenvalues
can be determined and they are given below.

a) Uncoupled representation

13,13, s1, 52, U1z, loz, 814, 825
b) L-S coupled representation

12,12, 5%, 82, 12, 5%, J%, J..
¢) jij coupled representation

2 92 22 2 2 32
Iy, 15, 81, 83, Jy. J3. J°. J..

Let us denote the state in each representation by their quantum num
bers, and expand the state in the j-j coupled representation in terms of a

88
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complete set of L-S coupled states.

li 81 5
llzsis2, j1jaJ M)y =Y | Iz s2 Ja | [higsisa, LSTM). (8.1)
Ls| L S J
I & N
The coefficients | {; s; 72 | are the elements of the unitary transforma-
L s J

tion matrix. They are known as the LS-jj coupling coefficient and can be
expressed as the scalar product of the states in the two coupling schemes.

i 81 5
ly sy Jo | = (lhizs1sg, LSIM | lil2s182, J172d M). (8.2)
L s J

These coefficients can be expressed in terms of products of six C.G. co-
efficients and, like U-coefficients, these LS-jj coupling coefficients are also
independent of projection quantum numbers. Since the C.G. coefficients
are chosen to be real, it follows that the LS-jj coupling coefficients are also
real. Consequently by taking the complex conjugate of Eq. (8.2) we obtain,

lh s1 71
J‘g 89 jg = (31328182?31"]‘}2.}.-1!{ | 31325182,L5‘JM). (83)
L s J

8.2. LS-jj Coupling Coefficient in terms of C.G. Coefficients

The LS-jj coupling coefficients can be expanded in terms of products of
six C.G. coefficients using either Eq. (8.2) or Eq. (8.3). For this purpose,
each of the coupled states /138182, LSJAM ) and |l125182, 1727 M) (which
hereafter will be referred to simply as {LSJM) and {j,j2JM)) has to be
expressed in terms of uncoupled states.

CrAny b L L|[s s 8 L s J
if'_: 5 .)rﬂ’f) - Z [ iy g Ty, ] ]i 23 o e ] [ my,  mg )’l/}f

T ] TR

X |limy)|lama)isipa)|s2pe). (8.4)
e b s1 Ji ly 82 Jo 1oJ2 J
71727 M) - \ZM [Al v My N v My | My, My M

A1 402, i

X [l A e Ag) [s1v1)]sav). (8.5)
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Substituting Egs. (8.4) and (8.5) in Eq. (8.2), we obtain

Lesi g B i iy L 51 sz 8
foos ga| = 2 my mg my || w1 pa ms
L 5 J My, ML ,A A2, My ‘

< L S J it h s 5 la s2 J2
my msg M Aoy M,y Ay vy Mo
suoog2 J
* [ M, My M } (5'1???,1 l"il)‘l) (fg?ng | fgz\g)
X (sypi1 | s101) (Sopin | Sarm). (8.6)
In the above equation, the summation over m, = m, + m, is equivalent

to summation over m, and similarly, the summation over M, = A, + v, is
equivalent to summation over v, Therefore

L s J : _ I Iy ik 81 59 &
la 83 72 - Z My e IRL 1 o Mg
L5 7 MY 1,2, AL, AR, ’

e’ S J L s1 5 la 82 J2
Ty g M A ] _ﬂ/fl /\2 9 'ﬂ/}rg

Xl:.'fl Je S

ﬂ/fl 4"142 M :| éml }\_1 6?]12.\2 6,.'1-1 (551 6;.’.2 170 (S'T)

Summing over the magnetic quantum numbers A, A, and v, is equivalent
to replacing them by m, m, and p, because of the & functions. The last o
function in Eq. (8.7) is redundant since

M=mi+mg+p1+ p2 = A+ Ay + 1 + 1.

Hence it follows that

bosoo Lol I s, 85 8§
Iz 82 12 = Z { ! ..2 N ][1 2 }
L S J mamy b L M2 TRL L f2 RS
% L & J Zl St jl
mr, ms M my M My
la sy J2 n i J
S [ Mg fo Mg ;'lﬂr]_ .-nrlfg M ’ (88)

In Eq. (8.8), the LS-jj coupling coefficient is expressed as a product of six
C.G. coefficients with a summation over three projection quantum numbers

m;, m, and pl.
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8.3. Independence of the LS-jj Coupling Coefficients from the
Magnetic Quantum Numbers

It is easy to see that the LS-jj coupling coefficients will not depend on the
projection quantum numbers. In Eq. (8.8) there are altogether 9 projection
quantum numbers Viz., m, M W, Ly, my, ms, M, M, and M. Of these,
the four quantum numbers m, ms M, and M, are not independent since

mr = my 4+ my; Mg =y + pe; My =my + s My = mg + ps.

Also the projection quantum number M is fixed as per the definition of
LS - jj coupling coefficient given by Eq. (8.2). Out of the remaining four
quantum numbers m;, m,, u1 and p2, only three are free variables since

M = mq + mo + 1 + o,

On the right hand side of Eq. (8.8), there is a. summation over these three
variables, thereby making the LS-jj coupling coefficient independent of the
projection quantum numbers.

The independence of the LS-jj coupling coefficient from the projection
quantum numbers can also be shown in a more elegant way using the defi-
nition (8.2).

L s1 7
by sz J2 = (LSJM |j1j2J M)
[J LS’ ()T
= (LSJIM|1]|j1j2J M)
J 0 J . o
= [M 0 JM}(LS'}”HUIJEJ)
= (L8| 152)- (8.9)

Above, we have considered the scalar product {L.S.JM | j1j2J M} as the ma-
trix element of the unit operator taken between the two coupled states. Rec-
ognizing the unit operator as a zero rank tensor and applying the Wigner-
Eckart theorem, we obtain the desired result that the LS-jj coupling co-
efficient is, in fact, a reduced matrix element which is independent of the
magnetic quantum numbers.
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8.4. Simple Properties

Putting s, = 0 and s, = s in Eq. (8.2), we obtain

= (lia0s, LSTM | 111508, j1jad M)

a th O
|

Iy
Iy
L

= ({fllg).ﬂ&_ JM | 11(1’-‘2.‘3)‘}"2? Jﬂ*f)
U(llyTs, Lis). (8.10)

Thus we find that the LS-jj coupling coefficient will reduce to a U-
coefficient if one of the four angular momenta were to be zero. This is what
we should expect since there is effectively only three angular momenta to
be coupled.

Using the property of the orthonormality of the functions, one can ob-
tain the orthonormality of the LS-jj coupling coefficients.

L 1 7 Ii s1 ji
Sl s2 G| |l s2 | =855 b5 (8.11)
Ls| L S J || L S J
I L st 5 17 Ly sy 7
Z ly 82 J2 ly s9 Ja | =81 bssr- (8.12)
J1dz | L 8§ J 1L L 5 J

Instead of the LS-j; coupling coefficient, we can define the Wigner 9-j
symbol (sometimes referred to as the X-coefficient) which has a better
symmetry property under permutation of columns or rows.

L s1 N _ li s1 hn
lo sy Jo | = [AllLIS]S L2 s2 72 ¢ (8.13)
L 5 J L s J

The curly bracket in Eq. (8.13) is referred to as the Wigner 9-j symbol or
the X-coefficient. The 9-j symbol is invariant under even permutation of
rows or columns but odd permutation will introduce a phase factor (-1)T
where T =1, +s, +j,+L+s, +j,+L+S+J

L 81 5 ly s3 72
lo 83 jo p=(-DTL L s1 51 }. (8.14)
L 5 J L 5 J

Also an interchange of rows and columns will leave the Wigner 9-j symbol
as well as the LS-jj coupling coefficient invariant.
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8.5. Expansion of 9-j Symbol into Racah Coefficients

Consider the expression (8.8) for the LS-jj coupling coefficient. There are
six C.G. coefficients which can be grouped into three pairs. Applying the
relation Eq. (7.10) to each pair, we obtain

[ {y f; I S J
ey Yig o TL my, ms M
T . [2 S ! fl ; J
= %{ U(lhlyJS; Lt) [ ma TRy i } [ my my M } . (8.15)
(a) (b)

i s1 n hooJ J
My 1 M 1 M 1 M @ M
_ . C $1 J2 -u {h wJ
- ZLUISIJ}Q’J]M [ o Moy my } [ my Mg M ] (8.16)

(c) (d)

51 8 5 ly 52 J2
H1 fo g ma  pe Mo

= (m-l)én—,r_al {‘5 & &9 ED) J’z }2
' [$2] ,u] —img g e —mg —M;

191

— (=1t [ Z U(s1552l2; s20v)
S !?-2 w S1 v jg
X [ —g  —Wia My, ] [ o My, — My ] ‘ (8.17)
(e) (f)

Substituting Egs. (8.15), (8.16) and (8.17) into Eq. (8.8), we can now
perform the summation over the three projection quantum numbers in the
order m,ul and m, Of the six C.G. coefficients, we now have, (a) and
(e) alone depend on m, Similarly (c) and (f) alone depend on pl. The
summation over m, and pl are carried out using the symmetry and the
orthonormal properties of C.G. coefficients and they yield the & functions
as shown below:
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Z l 2 5] [ 51 { 92 v
my MWg My —mg —ig Ty
Z 5 i iy & v
- My Mg My ity Mg —My

T

= 6iv (S'f?'l-f — Ty (818)

Z(_l)sl—;i,l 31 j? (4 31 v j2
1 My my, p1 my —My
#1

Z s U $1 Jo v @
- i M 5 Ty m My —my | [o]

= %61”’, [S'-fn-u — il (819)

Thus we obtain

i si n — S
ly 83 J2 | = L E“]][[ % Uil S, Lt) U(lys1d 2, i)
L S J tu,u <2

t J tf]_ U J
x U(s157212, R)T’JZ { my me M ] {ml My, M ]

Tl

X 5&1} 6m¢ — il 6u'u é'ﬂ]-u — Ty (820)

Summing over u and v is equivalent to replacing # and v by ¢ Then
the summation over m; simply yields unity. It is to be stressed here that
the summation over m, is to be done last since M has a fixed value in the
definition (8.2). Hence

L s1 J gl 4
la 59 J2 = Z [[3]5‘{:]] Ul JS, L!.) U(hlejggjlé)
L S J t 2]l°
* [.-{(.31Sjgfg,.92f). (821)

Replacing the U-coefficient by W-coefficients and the LS-jj coupling
coefficient by the 9-j symbol, we finally obtain

Lh s1 5
ly 83 Ja — Z_(2'£+1)W(£1£2J5‘,M) W ({181.J 7, J11)
L S J :

X Wv(sigjbgggi.ﬁgﬁ). (822)
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In Egs. (8.21) and (8.22), there is a summation over ¢ the upper and
lower bounds of which are determined by the triangular condition to be
satisfied by all the three Racah coefficients.

Numerical tables for the 9-j symbol are available. Once we have a com-
puter program for the Racah coefficients, it can be extended to the 9-j
symbols using the formula (8.22). It will be useful to write a computer
program for the 9-j symbols based on the formula (8.22).

8.6. Evaluation of Matrix Elements

The following matrix element can be evaluated using the concept of LS-jj
coupling coefficient.

Q = {(j15ad'm [Tk (1) X Thy ()] | jrdzim)
j k g YR ; 1 v oa
= [5' . T{L,]mga T (1) X T 2k [ reg).  (8:23)

In the above reduction, the Wigner-Eckart theorem is used.

The reduced matrix element does not depend on the projection quantum
numbers and it can be expressed as a product of two single particle reduced
matrix elements using the concept of recoupling scheme that arises in the
addition of four angular momenta j' = j, + j, + k + k.

Scheme A Scheme B
J1ti.=17 .?:1+k1:.?::1
ki+ke=k g2 +ka=175
F+k=73 Ji+ia=4

Scheme A corresponds to the two-particle reduced matrix element given
in Eq. (8.23) and scheme B is what we require to express the two-particle
reduced matrix element in terms of two single particle reduced matrix ele-
ments. One can go from scheme A to scheme B by means of LS-jj coupling
coefficient.

(71723 | [Ty (1) X Ty (2)]k || 51724)

1 g2 J
= | k1 ke k|G T (D) 17052 1 Tk (2) 1 52). (8.24)
j1 J2 7

The matrix elements O, 0. and Q; denoted by Egs. (7.28), (7.29) and
(7.30) and evaluated in the last chapter using U-coefficients can be con-
sidered as special cases (i) k&, = 0, (ii)) k&, = 0 and (iii)) k&, = k, = Kk with
k=0.
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For the purpose of illustration, we shall indicate below how Q; can be
obtained.

[TW(1) x T.(2)]3

k& 0| — e
)2 N LG E et

= Y i)

SR
(=1)" . o\ s
= Te1) - Tu(2). 8.25
) T (825)
From Eq. (8.23), it follows that
(71757 NITe(1) X Tl 2)]o || J1727)
aoJ2 J _ _
= [k k0| GHITA 15 G T2 52) 6
I
AR L |
= sosemss | e g Ja | (T ) Gl Te(2) |] 529

73]

= —Z= Uk jugads 31 72) GLH T 0 (2 1| Te(2) 1 2). (8.26)
[K]L72]

From Egs. (8.24) and (8.25), we deduce the result given in Eq. (7.36).

Review Questions

8.1 Define the Unitary transformation coefficient that occurs in the cou-
pling of four angular momenta and express it in terms of C.G. coeffi-
cients.

8.2 Show that the LS-jj coupling coefficient that occurs in the addition of
four angular momenta is independent of the magnetic quantum num-
bers.

8.3 Define the 9-j symbol and derive an expression for it in terms of Racah
coefficients.

Problems
8.1 Evaluate the following matrix element:

Ty

(Jf %_jf e i (Yr(’f‘) X 0_)_\

li g Jimi).
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8.2 Denoting the angular momentum wave function of the deuteron by
{15 jm), show that
(CL) (2 11m S]z ] 011 "J"F'?,} = \/§ R

() (211m!|S;y|211m) = =2,

where S), is the tensor potential

3
51_2 = ;E(O'i °’P)(G';, ST)— 0, r Oy,

[24m N
= = YZ(_T) : (01 X 0’;)2-
’.)
8.3 Show that

Z[E(’;) 2 'E'{nh\n[\ {[}/}(k) X I\r-n’]rd}:!
_opyn-n PRI L 0N
- M[N][ooo]

< W(nl'n', \N) {Yn(k) (K. x KN

Solutions to Selected Problems

8.1 The matrix element can be evaluated directly by using Eq. (8.23).

(Ef %Jf my | (Yg[f‘) Y O’)KH l 14 %_}; ’I?’?-f)
Lo 4 L oL o4
IR R SO
OISR 1
ly 2 Js
x (3lielis)
with
o e be 8 & (4110
YL = * f]iz
v = |5y ¢ Zaas
Glieliy) = [l = V3.
8.2 Let us denote the matrix elements in (a) and (b) by O, and Q..
@1 = (211m|S2]011m).
Q: = (211m|S21211m).
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Substituting explicitly the operator S,

24w
Q1=+ = (211m|Ys.(01 X 03)2 1011 m).

This can be written as a product of two matrix elements using the
relation (7.36).

247 ;
Q = \/;Umzlml)(zllYzHO)
)
1

X(s1=3.82=5,8 = 1|[(01 X 02)2]|| 51 =%,82=3,5 = 1)

= R RIBI0 G x o34,

The matrix element (2[| Y]] 0) can be evaluated using the coupling
scheme for spherical harmonics.

) 0 2 21 [0])2] 1
(21|Y2||0)=[0 0 D]m= o

The evaluation of the other matrix element involves the LS-jj coupling
coefficient.

(35101 x a2)2]551)

1

2 | (3llonil 3) (5ol 3)-
1

I
[T el 3
RIfRed b b3

The LS-jj coupling coefficient can be written in terms of the 9-j symbol.

1oLy 11
2 2 2 2
11 2| = [E@pEd 112
11 9 11
2 2 2 2

I

Vv1bx 2 x% -(15,

substituting the value -é-for the 9-j symbol occurring in the above
equation. Each matrix element of the Pauli spin operator yields a value

(Lllonlls) = Gllozll ) = V3.

Thus
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Substituting the values of the matrix elements obtained, we finally get

2 [1 [0
%= % Vi (3=

The other matrix element Q, can be evaluated by a similar procedure.

547
0, = ;{211m|y2-(_alxag)g|211m)
247
= U(2121,12) (2 || Yz | 2)

The reduced matrix element {2}]|¥3|]2)is given by

33309

2112)

(2]

5
147

The numerical value of the Racah coefficient W(2121, 12) is obtained

from the tables.
1 /7
Wi{2121,12)= —4f—.
@121.19)= 41

Substituting the numerical values, we finally obtain

0, = -2.



CHAPTER 9

PARTIAL WAVES AND THE GRADIENT FORMULA

9.1. Partial Wave Expansion for a Plane Wave
The plane wave ek 7 can be expanded into partial waves and this expan-
sion is familiarly known as Rayleigh’s expansion.

et k-7 — eak-‘r cosf

[

it (21 + 1) jy(kr) Pi(cos 6)
=0

o0 {
amy Y dalkn) Y (k) Y (), ©.1)

[=0 m=-{

1!

where j,(kr) is the spherical Bessel function (vide Appendix E).
To obtain the relation (9.1), we shall seek the solution of the free particle
wave equation

(V2 + k) 9(r) = 0, 9.2)
in the Cartesian coordinate system as well as in the spherical coordinates.
In the Cartesian coordinate system, the solution can be written as

W(r) = ek 9.3)

In the spherical polar coordinates, the wave equation can be separated
by the usual technique and the solution with azimuthal symmetry can be
written as a product of the radial function j,(k») and the angular function
P/(cos0). The general solution is a linear combination of j,(kr) Pl(cos9).
Thus

w(r) =Y agji(kr) Pcosb). 9.4)
{

Combining Egs. (9.3) and (9.4), we obtain

R T = S0k P(cos6), 9.5)
!

100
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where a; is a coefficient which has to be determined. For this, multiply both
sides of Eq. (9.5) by P.(cos0) and integrate over the polar angle. Denoting
cos O by x and using the orthogonality relation

2
2041

|
/ Pz) Pp(z)de = OLI ; (9.6)
J =1
we obtain

I3

1
thrx . PR 2 - .
/_| € Pr(z)dz = Y] ar jp(kry. 9.7)

Integrating by parts, the left hand side of Eq. (9.7) becomes

+1
e Pr(z)dz. 9.8)

1 1 [ ikre o1
ik . — |tk -
/_1 e %’;‘.(r)da: =0 e PL(fE)J_l ikr ],

The first term on the right hand side of Eq. (9.8) can be evaluated remem-
bering that

PL‘.J-) = ]_, PL(_]-) = (—J_)L, _‘{-_Le—{_[,-:rff = 1. (99)
Thus,
1 ihr ) ! _ _1__ ikr ¢ \L —ikr
Fr [e PL(:L)}_I = {e (-1)"e }
off,
= [ i —EE) _ (5T
N -.ifw{"‘ € : }
7

fx
= ;7 2 sin(kr — =), (9.10)

The second term on the right hand side of Eq. (9.8) can be further inte-
grated by parts but they yield contributions of order T% T%,---and as a
consequence they are negligible as » — o . Asymptotically, Eq. (9.7) reads

: fom ; . e
oD sin(kr — 7) 2 sin(kr — —_2-}
A = L : 11
2() kr 1T e ©.11)
since
i Cer sin(kr — ITT) 0.1
ulkr) = === ©.12)

as r — oo. From Eq. (9.11), we obtain

ar, = (1) (2L + 1). (9.13)
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Substituting the value of this coefficient in Eq. (9.5), we get the desired
result (9.1).

9.2. Distorted Waves

Now let us consider how a plane wave gets distorted by a spherically sym-
metric potential.

The Schrodinger equation for the scattering of a particle of mass m by
a spherically symmetric potential V(r) is given by

v v(n)] ) = £ vt .14
or, equivalently
(V2 + k] p(r) = U(r) $(r), (9.15)
where
kgtgﬁE;fﬂﬂ:gﬁéux 9.16)

In the absence of potential (i.e. V() = 0 for all values of r), the
Schrédinger equation (9.15) reduces to

[V2+ k%] ¥(r)=0, (9.17)
the solution of which is a plane wave
w(r) =ik T (9.18)

Denoting the direction of the incident particle to be along the z-axis and
expanding the plane wave in terms of angular momentum eigenfunctions
(the Rayleigh expansion), we obtain

Pir)= gikreosd _ oikz _ Z(?J + 1) i{ngkT‘J Prcos 8), (9.19)
i

where ji(kr) is the spherical Bessel function and P,(cos0) is the Legendre
polynomial. Equation (9.19) is known as the partial wave expansion of the
plane wave.

A similar partial wave expansion is possible for the solution of the
Schrédinger equation (9.15) with the potential. Introducing the spherical
coordinates into Eq. (9.15) and separating the variables, it can be seen that
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the eigenfunction #(7)is a linear combination of the products of radial and
angular momentum eigenfunctions.

w(r) = Y e Ri(r) YR,
!

l

> " BiRi(r) Pfcosb), (9.20)
{

where o, and P, are the coefficients in the expansion. Comparing (9.20)
with Eq. (9.19), we find that the coefficient

B =2 +1)d, 9.21)

since the radial function R,(r) should tend to j,(kr) in the limit of zero
potential. In Eq. (9.20), the z-component of angular momentum is taken to
be zero because the incident wave is assumed to be along the z-direction and
the spherically symmetric potential will not disturb the angular momentum.
The radial function R,(r) is the solution of the radial equation,

1d (ngﬂf(‘fr}) . (k-z U - "Uf ”) Ri(r)=0. (9.22)

r? dr dr 72

If the potential V(r) is zero everywhere, then the radial equation reduces

to
1 d [ ,dRi(r) L li+1)
w2 dr (T dr ) + (‘[” 2

) Rir) =0, (9.23)

whose solution corresponds to the spherical Bessel function,
Ri(r) = jilkr), (Potential V(r) = 0 everywhere) (9.24)

which is regular at the origin.

Thus we see that the effect of the spherically symmetric potential is
only the modification of the radial function. If the potential is not spheri-
cally symmetric, it is not possible to separate the equation in the spherical
coordinates.

9.3. The Gradient Formula

There are many physical situations in which one needs the effect of the
gradient operator V operating on a system described by ¢(7)YM(#) where
#(r)is a radial function and YM(r), the spherical harmonic denoting the
angular momentum eigenfunction. The multipole fields and the transitions
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induced by the momentum operator are specific instances which require the
use of the gradient formula. So, in this section, we shall derive the following
well known gradient formula':

Volr Y7 = - 51 D) YM, ()
L : .
4 3p 7 DoY), 929
where
d I _ d L+1
D= =, Dy=—+——, (9.26)

and Y7/,(#) is the vector spherical harmonic (Blatt and Weisskopf, 1952;
Rose, 1957) defined by

Mo s l 1 L Ty s
YEu#) =) [ mop M } e 027

i

In some cases, one may require the result of operation of one of the spherical
components V4 of the gradient operator and we give below this particular
case also.

= : - o -l{/ + 1 L’ ] ){J + ] M = - .
Vi () = y5p i { M p M+p } Ypii"(7)D-g(r)

L [L 1 L-1

Y TN .
oL 1| M u Mﬂ,l Y H(#) Did(r). (9.28)

Equation (9.28) can be thrown into a more general and symmetric form
(Devanathan and Girija, 1985) by defining an unit operator VY and allowing
the quantum number n to take either the value 0 or 1.

ST L] L = [ L n | M, -
Vhe(r)Y (1) = Zg: m [ M g M+u 00 0 Y ()
X {01 p41(D-@(r)) + &1p-1(Dyo(r)) + b1 ¢(r)},

(9.29)

with the notation [L] = (2L + 1)5. For n = 1, 1 can take only two values

I =L+1and /=L -1 because of the parity C.G. Coefficient. Substituting

'For several applications of the gradient formula in Nuclear Physics, the reader may
refer to Eisenberg and Greiner (1976).
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the algebraic value (Eq. (9.49) of the parity C.G. Coefficient in Eq. (9.29),
we retrieve Eq. (9.28). On the other hand, for » = 0,1 = L and consequently
Eq. (9.29) reduces to

VS (@(r)YM(#)) = ¢(r) Y (7). (9.30)

9.4. Derivation of the Gradient Formula

To derive the gradient formula (9.25), we require a convenient form for V.
The direct representation of V in spherical basis,
d ey o e, 0

v :e?‘a: +??ﬁ§+ i\"sinﬁgb3

9.31)

is not very convenient but the expansion of the triple vector product,
ax (bxc)=>ba-c) - cla-b), (9.32)
suggests a more convenient form
V = 7#r.V)—rx(rxV)
= r-(% - %(% x L), (9.33)
where * = €, is the unit radius vector and L, the orbital angular mo-

mentum operator. On operation of V on the wave function, we obtain a
decomposition into two parts, one radial and the other tangential.

V()Y (7) = A+B, (9.34)
with
oMo d(.b
A =7 Y(F) =, (9.35)
and
B=—i % (# x L)Y M (7). (9.36)

The evaluation of the radial part (A) is simple whereas the evaluation of
the tangential part ( B) is a bit complicated.

To evaluate A, we need to express + in terms of the spherical harmonic
of order 1,

P = @Z(-I)M}"ﬁ*(%)é,‘& 9.37)
M
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and then use the coupling rule for spherical harmonics to obtain

do ;'4-’1' { L 1 1
A= dr Z [M’ 1 m}[OOO}

Yy () et (9.38)

1

Xﬁ

The notation [J] = /27 -+ I is used in the above equation. Using the defi-
nition of vector spherical harmonics (Eq. (9.27)), we obtain after simplifi-
cation

d¢ L 1 1] ptrs
A:——\Z[O ; G]Yg{ 7). (9.39)
I

To evaluate B, we need to express the vector product # x L in terms of
the spherical tensor T, of rank 1 obtained by taking the tensor product of
r and L.

It is to be emphasized here that the vector obtained by taking the cross
product of any two vectors differs by a factor from the spherical tensor of
rank 1 constructed by taking the tensor product of these two vectors as
shown in Eq. (3.21).

P x L=—iv2Ty, (9.40)

where

Ty =) (-D'T7 &, (941)

A

\/ITTY(':-)XL)
= \/‘TZ[“ y /\]Y“( VLY. (9.42)

The operation of L} on V;_{V‘r(f") yields

with

3
=
i}

vy M L1 L M
LYYM(#) = L(L+l)[M VM |V, (9.43)
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Next we couple the two spherical harmonics }’f"f (%) and Y/'(#) to obtain

NEE R’
—v2LL+1) \ZE_” [ v ,\HM v M+t
by

L 1 ! L 1 1 (L] <. m N
X[J’L’]—I—U 1 m}[(} 0 0:| [{]YE () |\- (9.44)

The summation over the projections u and A can now be performed in
succession.

1

A

Z( i))‘ 1 1 L 1 I 1 1
M + vopom M v M4y oV
(9.45)

31{,}

__ [J , . ,
_m{,[flLl,Ll) o N M

L1 L Ry et = I+1-L < M (2 e
Z\_ { 5 } Y, (—1) Y7 (7). (9.46)
Note that / + 1 - L should be even due to the parity C.G. Coefficient
occurring in Eq. (9.44). Expressing the U coefficient in terms of the Racah
coefficient, we obtain

B = —/2L(L + 1) [L]{1] -f? > W(1LL, L) [ ’[; é é ] YM(#).
{
(9.47)

In the summation over / that occurs in Egs. (9.39) and (9.47), [ can
take only two values |L — 1] and L + 1 due to the occurrence of the parity
C.G. coefficient. Algebraic expressions are available for both the Racah
coefficients and the parity C.G.coefficients and they are given below.

{6(L+1;2 )} » I=L+1

W(I1L1,L1)

b=

L+1
= { (2L+1)}? l=L—-1, (948
L 1!

1

_ ] I=L-1. (O
(2L+ 1) ’ ©49)
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Using these algebraic expressions in Eqgs. (9.39) and (9.47), we obtain
finally

1

_ 49 L N\ ym (LA YN o
- (E-r{(2L+1) Yir(7) (2}5—{—1) YL,L+1("”)}: (9.50)

and

: L \? . L+1
- {(2L+ ) @ OYHL@) ¢ (ﬂ_il) LL+1(r)} JCED

Adding A and B, we get the gradient formula given by Eq. (9.25).

Equation (9.29) can be obtained from Eq. (9.25) by taking the dot
product of both sides of Eq. (9.25) with the unit spherical vector &;. We
have

V.e&f =V7, (9.52)
and

cwl 11 L Mtsa
YL -& = (-1 [M—Hi. —p M}}‘*Mﬂ(r}

L 2 { Mtu
= "(—””l_L[ﬁ[ Vo u+;,;,]‘*’"’+ (7). (9.53)

Using equations (9.52) and (9.53), we get the relation (9.28).

9.5. Matrix Elements Involving the ¥V Operator

In this section, let us evaluate the following two single particle matrix ele-
ments which involve the gradient operator.

Q1 = {wnp (1) lpmyp] f(r)Yi(#) X V)T g, (1), lymng). (9.54)
Q2 = (v (), lpgir My} F(r){( Yi(?") X Va X on IR | unai(r), liggiMi).
(9.55)

The matrix element (9.54) denotes the transition of a particle from the
initial state |wy, (r),5;m;) to the final state lu..,-&f,rf(?“),f ymygy . The func-
tions n,,(r) and ., (r) are the radial functions and the angular func-
tions |/;m;) and [{ymy) are the spherical harmonics Y;(#) and Ys:” (7).
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To evaluate the matrix element (9.54), first we have to expand the tensor
product (Yj(7) x V){"* and then apply the gradient formula (9.28).

_ 1A
1 = Z {m 2 m(\}

TOr jiL

X (g1, () Lpmg | f(r) V(2 )N |t (), limg). (9.56)

L+1 [
Vit (Y () = 550 [Ez ; Hl] i

2.+ 3 |my pomy+pl Lt (7) D (L)t (1)
——
/ IT‘ i l 33'_] it fhr =5 7y 77 3 o -
_,v. __23?{ — { ﬂ; ot Yf;—l (P)D (L )un, (1) (9.57)
In Eq. (9.56), the summation can he made either over m or over p. Substi-
tuting (9.57) into (9.56), we have

. Pl A
G = Z [m p -rr?,/\]

moor

{F+1[i 1 Li+1

] (Lymg | Y7(#) |G+ 1y + 1) F-

v 20 43 tm; pomy 4 p
1 I{ !' }/Tﬁ. —‘— _I—
Zf 1 | my u m ”L (lgmy | I
(9.58)
where
. ]um ) £(2) D_ (I umys, (7 )r2de (9.59)
and
b, = /-rr..n_f;}.(-r) F(r)y Dy(8) g, (7)r2dr (9.60)
with the notation
f s
P (L) = (9.61)
dr
and
i L+1
D.(l)= 24252 (9.62)
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By the Wigner-Eckart theorem,
- FRLS . - . _ Ef + 1 E {f
emg | Y™(0) | L+ 1, mi+p) = [ T @ ]
X (| V(@) [+ 1), (9.63)

and

L—1 1 1
(pmyg |V (#) 6= 1, my + p) [ m;+ o m -mf-f ]

< IV - 1) 0.64)

Substituting (9.63) and (9.64) into Eq. (9.58)) we find that each term in
(9.58) consists of three C.G. coefficients and the summation over u can be
performed as indicated below. Considering only the factors that depend on
the projection quantum numbers, we obtain

Lo L+ L+ 1 Ly A S
Z m; pom+op mi+p moomy mop oy
o
fls Ay

ey Ty Ty

= (- UL L+ 1/\)[ J . (9.65)

Similarly,

T L1 -1 L-1 1 I I 1 A
(LTI VR P o ) My + 4§ Mmoo My Mmoo My
i

=(~ni+1—*mw,zg—t/\)[ Lo ‘f}- (9.66)

Ty T

Equations (9.65) and (9.66) are obtained by using the symmetry relation
(2.23) for C.G. coefficient and the relation (7.12). Using Egs. (9.65) and
(9.66)) we obtain

1

' L : .
Q1 = (—1)‘“"‘[ LAl ]{(2{:13) (L | Vi(#) || s+ 1)

m; My T

X UL L1 A) Fo

- (Qﬁ,gi 1)5 (V™) N G= 1)UL 1~ ,\)FJF}‘ (9.67)



PARTIAL WAVES AND THE GRADIENT FORMULA 111

In the matrix element (9.54), we recognize that the transition operator is
a tensor of rank A and projection m; and as a consequence, the Wigner-
Eckart theorem can be directly applied to obtain

T
Ql . {mi T8, Tﬂf]

#

X (g, (1), Ly [ F() Y07 % V)a [t (r). 1), (9.68)
Comparing Egs. (9.67) and (9.68), we get the relation

(Hnrf )y L || e WY (#) X V)| g, () L)

: f;+11\2 .
:(_1)”14{(%13) (1 I1%(7)

g : s s
_ ( S 1) U NG G = VUL - 1,\)F+} L (9.69)

“1' + 1)U(f.glfff, I+ l/\_]F_

23-}1
where
L+ T L {1
(111 Yi(7) 1) = %[ arl i ({J (9.70)
and
. L= -1 & 1

Substituting Egs. (9.70) and (9.71) into Eq. (9.69) and expressing the
U-coefficients in terms of the Racah coefficients, we finally obtain

(1, (), Ly} F (V) X VA s (), B) = (=) /\\/[’i]_?[r[f]f]

L+1 1 f-f 200 o ] .
—L:2l - 1) [ 12-51 é g[{ } W(Eélifl,l.g—lx\)F_I_}. (9.72)

The matrix element O, can be evaluated by recognizing the transition
operator to be a tensor of rank A and projection m; . The initial and final
single particle states are the spin-orbit coupled wave functions. The radial
part of the wave function is assumed to depend only on / and not on j as
in the case of the oscillator potential. Even if it depends on j as in the case
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of Wood-Saxon spin-orbit coupled potential, there is very little change in
the procedure. Further N can assume only the value 0 or 1. If N = 0, then
Oy is the unit operator which is a zero rank tensor. If N = 1, then o, is the
Pauli spin operator which is a tensor of rank 1.

Applying the Wigner-Eckaat theorem, we get

o ?3 A jf
Q‘B - [ M; Tiep ‘ﬂ'"j.f ]
$ g1, (7)) L p 337 || F0 ) {(YU(#IXV ) axon Y || g (7), L2 5)-
(9.73)

The reduced matrix element occurring in Eq. (9.73) can be separated out
into the orbital and spin parts by introducing the LS-jj coupling coefficient
discussed in chapter 8. Thus,

'('”-'r'a_,»f_f(r]: "rr %Jf || f“) {(Yg{'f"JXV)\X(‘IN}A H unf{f(r)a f?%h)

f{f % .}‘i

= | A N A (una (r), g || £Ir) [Y(# )XV ] gt (r), 1)
ly 5 s
x(3lonll §)- (9.74)

The reduced matrix element
(g1, (1), L 11 S0P ()XY, [t (), 8
is given by expression (9.72) whereas
(Hlonll L) = [N]. 9.75)

It will be useful to write a computer program to evaluate the reduced matrix
element

{u'l?.fif(r): If%,}f |I fl':?‘,] {f}”f(’;")XV)\YJ\}\ || u?lgig(r)z ft%ﬁ)
using Eq. (9.74).
Review Questions

9.1 Expand the plane wave ¢ k7 into partial waves and deduce Rayleigh’s
formula.

9.2 Evaluate (# x LjYM(#).

9.3 State and prove the gradient formula.
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9.4 Evaluate the following matrix elements using the gradient formula:
{"CL\J f\:unfe'f l T)s ‘{f?”'f | f(")(}/f(%} X v)j’*l I Upgl; (I), gimi}-

(b) Cwn i, (7)s g 575 My | () {Vi(R) X V)X on} i | wngt (), g i M3,

Problems

9.1 Expand ek T into partial waves and evaluate the integral
/ ¢k an,.

Verify your result by direct integration.
9.2 Evaluate the integral [e*9” df). where ¢ = k; - k; and hence show
that

Jolgqr) =Y (214 1) Pi(ky - kg) ju(ksr) il k). (9.76)
!

9.3 Using the Rayleigh expansion for the plane wave

eik T _ dr Z(L)f‘”(k‘?)}fﬁ;*{é)}/{m(%)’

fm

evaluate the integral / involving the momentum operator P, by ap-
plying the gradient formula.

= /pop eik “TAQ,.

The following relations will be useful.
Dyjilkr) = kjolkr). 9.77)

4 . L
;u/?;(-_ww(k)el“. (9.78)

k

Verify your result by direct evaluation.
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9.4 Evaluate the integral
[ darvitiaa,,

where ¢ = k; - k, and obtain the following expression for the spherical
Bessel functions j,(gr) in terms of j,(kr) and j.(kr).

-z []]l]

(e V2 (8) = dm ) (DhTRTHEDRTRTE A

l1,03
Lh I L. ‘
Lo & 6 ] antaniutian

AT
- (9.79)

x [ (k1) x Y, (k)]
9.5 Using the Rayleigh expansion for the plane wave eR 7 and the gra-

dient formula, show that

popeik'?’ — kefk"f"

The following useful relations are given:

L1 ] 2t dL+ - 0.50
000 = Y _ /1 ©-80)
2041 YiL-1
D_ji(kr) = —kjua(kr). (9.81)
Dyji(kr) = kji—i(kr). (9.82)

k

4 7oy om— i
kr\/%Z(—l)“Yl“(k)el‘. (9.83)

Solutions to Selected Problems
9.1

(ii k-r — A Z '-’:gj{(k?'r)'}/!m‘(.];)Yim(?ﬂ")-

I.m

Since
/}}TFL(,}'—,) dQT = \/’E 6{0 61?’1-,03

2The relations (9.81) and (9.82) can be deduced from Eq. (E.10).
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and

W= 7

we obtain
/c”" “T A, = arjo(kr).
The same result can be obtained by direct evaluation as follows:

/r_-f'ik TdQ, = 211'/ #7088 gin 9do
0

+1
= 27 / e* Ty
=il

sin kr
kr
4?Tj(](k?‘).

= 47

9.2 From the previous problem 9.1, we have
/eiq'r dQ2. = 47 jolgr).

To obtain the required relation, we need to use the partial wave ex-
pansions for exp(i k; « r) and exp(-i k, + r) separately and integrate.

/ Rk g0 = () Y () (ke ()

1 le.mq ,mp
x Y™ (k1)Y, % (ko) / Y, ()Y, (7) A2,

Using the orthonormality of the spherical harmonics

a,

and the spherical harmonic addition theorem

Pk - ky) = 23+1ZY”‘ (k)Y (k2),

we obtain the required result,

Jo(gr) Z(zmm(kl k2) ji(kar) Gilkar).
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CHAPTER 9

The momentum operator P, can be written as
Pop = —iV = —i ) _(—1)*VFre ™. (9.84)
m
Using the Rayleigh expansion for the plane wave and the above expan-
sion for the momentum operator, we obtain
I=4r Z(i)t‘l}f}m'(a‘}}(—l)“'é;“/V“j;(kr)Y{”"(f')dQT. (9.85)
[T

Thus the problem reduces to the evaluation of the following integral
by the application of the gradient formula.

/V“jg(k-r)}}m(ff'-) o,

[+1 I 1 [+1 m+,u
21+3[m Iz m+u][D Jf(kr]/y"“

| h LS [ [y,

The first term on the R.H.S. vanishes because / cannot take negative
values. The integral in the second term is given by

/ m+,u(7,) dQ = \!4?5]1 Rt

Hence,
[ vritny ) o,

= va| L | et

m u 0

= (-1 \/fkjo(k?“)ﬁu i oo (9.86)

The last step is obtained by substituting the value of the C.G. coeffi-
cient and using the relation D.; (kr) = k,(kr).

Substituting (9.86) into (9.85) and recalling that the momentum vector
k can be written as (following Eq. (9.78)),

47 S
k= k«/?%:(—l)‘ Y (k)er*,
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we finally obtain
I =4rk jo(kr). (9.87)

The result (9.87) can also be obtained by direct evaluation as shown

below:
ik.r kefk'?.

Pop € =

Now the integral / becomes

I = &k / R eosl gin @ d6 dep

+1
= 27rk/ v dy

1
sin kr

= 4k jo(kr).

= drnk

9.5 Using the Rayleigh expansion for the plane wave and the expansion
(9.84) for the momentum operator, we obtain

pop(fk T _ = Z{_ )ILV#““_""‘/’A— Z£ J!(}I)} smt ( )}sm( }

Im

— 4 Z JAETHY" (R)V (ke )Y (7). (9.88)

H,ﬂf-

Using the gradient formula, we get

e Y I"— 1 r{ I I‘*‘ l 'I??—l—j.,t
Vb)Y (r) = \/m { m o m—l—p} i1 (F)D-g(kr)]

g g ]_ \(_ 1 Tk Loy
B { ]} b (YD i ()]

A —1|m p m+p

i+ i+ 1 [[+1]
V43| mip —pom [

X (=1)H Y G '}( b Gigr(kr)

{1 -1
V-1 m+p —p o1
x (=1MEY () (R G (kr)

Iz | l L 11
:_k}Z[}n—}—J{L — M ?}’L}|:0 0 Ujl

o vy B 1y k) {op0s — Spice} . (9.89)

"t
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In the last step, we have made use of the relations (9.80) - (9.82).
Substituting (9.89) into (9.88) replacing m—+u by m, and rearranging,

we obtain
: R . . 4 - T f o my, TR YLt S 5
Pep T = amk ZL\/ ?W(ﬁ)‘r’YL (P)(-1)"H(=1)" € "jr(kr)
TLT,  fs
L 1 1 L 1 1
X{z[mm{,u—m][ﬂﬂﬂ]
Ll s :
[4]£[3,] Y, 7" (k) (OLig1 + 51;{4)} : (9.90)

Because of the parity C.G. coefficient, the only two possible values of /
are L - 1 and L+ 1 and hence the & functions within the curly brackets
are redundant. Summing over /, we obtain

N ERR IRt

i

= Y (k)Y (R). (9.91)

Substituting (9.91) into (9.90), we get

Pop 77 = {’“EZ(—I)”Y{‘(&)&I‘L}

x ¢ 4r Y it (kr) YT EE) YT (RY(- DT 8 (9.92)

L,mL

The first curly bracket in (9.92) denotes the vector k and the second
curly bracket is the Rayleigh expansion for the plane wave ek " Thus
we retrieve the familiar result

popeék-'r:ke«;k-'r.
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IDENTICAL PARTICLES

10.1. Fermions and Bosons

Particles can be broadly classified into two categories, fermions and bosons.
Fermions are particles with half-integral spin quantum numbers and the
wave function of a system of identical fermions is antisymmetric with re-
spect to exchange of any two particles. Bosons are particles with integral
spin quantum numbers and the wave function of a system of identical bosons
are symmetric with respect to exchange of any two of them. Below we
shall consider how to construct the wave function of a system of fermions
or bosons with appropriate symmetry in the angular momentum coupling
scheme (Rose, 1957a; Racah, 1943).

10.2. Two Identical Fermions in j-j Coupling

Consider two fermions in equivalent orbits denoted by the quantum num-
ber j. Since their j-values are the same, their magnetic quantum numbers
should be different according to the Pauli exclusion principle. The coupled
wave function of two identical fermions in equivalent orbits can be written
as

wm(u):zm i M}@jm(nw_m(zm (10.1)

Defining P,, as the permutation operator which exchanges the particle
indices 1 and 2, we have

Paar(2,1) = Pizdum(1,2)
J J J | ova
- Z [ m M-m M ]%m(z)@jM‘m(l)
90 J i J |,
= (-p¥’ {Z [M J— m ?zz ﬂ/f] QjM”m(])c'bjm(Q)}'
(10.2)

119
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Equation (10.2) is obtained using the symmetry property of C.G. coeffi-
cients. The quantity within the curly bracket is identically equal to #;ar(1.2)
given in Eq. (10.1) since m is only a dummy summation index. Thus

Yanm(2,1) = (=% ¢ yp(1,2). (10.3)

Since 2j is odd, J should be even to assure the antisymmetry of the wave
function with respect to exchange of particles. Hence in the angular mo-
mentum coupling scheme, the antisymmetry of the wave function of two
fermions in equivalent orbits is automatically taken into account if the to-
tal angular momentum J is restricted to even integers.

10.3. Construction of Three-Fermion Wave Function

Now let us try to extend the foregoing discussion to the construction of
three-particle wave function with proper symmetry. This can be done by
first coupling the angular momenta of particles 1 and 2 and then adding the
resultant angular momentum j,, so obtained to the angular momentum of
the third particle.

ahi 22 f ;. J12 J J J J o 2
QY (2) 53 JM) = mz [ m o ms M] [ml My m ]
14772
X @iy (1) @.mp(2) @.ma(3)- (10.4)

The wave function (52(412) 7:J M) will be antisymmetric with respect to
exchange of particles 1 and 2 if j,, is even. In general, more than one
value of j,, is possible and the permitted even integer values of j,, can be
obtained from the following two conditions.

0<7m2<2j-1
|J —jl < jrz < T+ (10.5)

So. a proper three-particle wave function will he a linear sum of wave func-
tions #(7%(j12) 7; JM ) with different j,, values. In addition, it is to be en-
sured that the wave function so constructed is antisymmetric with respect
to exchange of particles 2 and 3. If this is done, then the wave function will
be automatically antisymmetric with respect to exchange of particles 1 and
3 since the permutation operator P,; can be expressed in terms of P,, and

P23.

Pis = Py Pag Py (10.6)
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Let ¥ sps be the properly normalized three-particle wave function which
is antisymmetric with respect to exchange of any two particles. Then,

Yom = Y Fi, (52 (he) 7; T M), (10.7)

.?13

where the coefficients /), are known as the coefficients of fractional parent-
age (c.f.p) with normalization condition

DoFip) =1 (10.8)

J12

We adopt the convention that all the fractional parentage coefficients are
real. The customary notation for the three-particle c.f.p. denoted by Fj;
defined in equation (10.7) is

Fi, = (5%G12) 3 1} 5° ). (10.9)

We require that ¥ as should be antisymmetric with respect to exchange
of any two particles. Then

Pum(1,2,3) = —vgm(2,1,3) = Yam(2,3,1). (10.10)

We follow the construction scheme already outlined to obtain the above
wave functions.

Uor(1,2,3) = D Fiyy ¥(5%(12) 53T M)

712
_ L Jiz 7 J 77 Iz
- ZFJW Z [ m ms M ] [ml me M ]
Jiz LTI
X qb}ml(]') éjmg(Q) d)jms(?’ (1011)

Uin(2,3,1) = D Fipy $(5°(jaa) 7 : T M)

.3'21
_ Joz 7S I3 7
53 LAl
Jza J I}

X @ (1) 0512 (2) b5 u(3)- (10.12)

Using the symmetry properties of C.G. coefficients, we can change the order
of coupling j,; and j to obtain
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Usnm(2,3,1) = ZFm( 1)t JZ[M Jf; M}

J23 g2

Jj 7 Ju
S AR AR LI PR ENCY

> Eip (1) P Gaa); IM). (10.13)

J2a

Note that j,; is even since the wave function (32(j43)7;J M) is constructed
so as to be antisymmetric with respect to exchange of particles 2 and 3.
Hence

Yoa(2.3,1) = > Fipy (=177 9(5 7% (2s); T M), (10.14)

32.5

According to Egs. (10.10) (10.11a) and (10.14),

mew (J12) 53 TM) =D Fioy (=177 (5 5% (d28); TM). (10.15)

i12 J2a

Taking the scalar product with #(35%(ji5) 7; JM ) on both sides, we obtain

FJM = Z e l)J J @b(a" (J12) 73 J M)|a( JJz(st J M)}
323
= > Fyy (=1Y7U( 57§, j12 d2s) (10.16)

The above result is obtained simply because the two coupled wave functions
D(3%(j15) 71 J M) and (5 5%(523); JM) are obtained following the two differ-
ent coupling schemes outlined in Chapter 7 and hence the scalar product of
these two wave functions is just the recoupling coefficient U/ {j j J j, i j23)-
Replacing ji, by j. Eq. (10.16) can be written as

> F {10 G T Gy j12528) = Siiaias ) = 0- (10.17)
J2a
Using the notation
‘4,?'12.-;}'23 = (_l)j_JU(jj stj]Zj‘EB)} (10.18)
we can rewrite Eq. (10.17) as

Z Fips (Ajizizs = 8i12.320) = 0 (10.19)

Ja3
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Equation (10.19) can be solved to obtain the solution for F, only if
det (A;,;,505 — 6_’1"12,}'23} =0. (10.20)

The condition (10.20) gives the permissible values of J for which the three
particle wave function will have the required antisymmetric property under
exchange of particles. Once the permitted J values are determined, the
fractional parentage coefficients are calculated using Eq. (10.19).

The fractional parentage coefficients can also be calculated following an
alternative procedure outlined below.

Starting from Eq. (10.7), it is possible to rewrite the wave function
$(52(j12)7; T M) in terms of (57%(j23): J M) using the recoupling coefficient

UGjJj ).

$(i%(J12) 53 IM) = > UG 5J 55 51228) ¥(5 5*(G23); TM).  (10.21)

J22

The function (5 j%(jaa); J M) will be antisymmetric with respect to ex-
change of particles 2 and 3 only ifj,; is even. Using Eq. (10.21) in Eq. (10.7),
we get

Yamr = Fj, > U35 55 512423) 95 5°(523); TM), (10.22)

J1z J23

The antisymmetric three fermion wave function ;s exists only if both j,
and j,; are even integers. If j,; is odd, then the coefficient of ¢)(j7%(jus); J M)
should vanish.

> Fy, UG5 G5z es) = 0, (j odd integer). (10.23)

sz

Equation (10.23) along with Eq. (10.8) can also be used to determine F,..

10.4. Calculation of Fractional Parentage Coefficients

We shall calculate, for the sake of illustration, the fractional parentage
coefficients for a simple configuration (j)* of equivalent particles. In a given
state j, the maximum number of particles that can be accommodated is
2j + 1. The lowest value of j which allows the configuration (j)* is j =%.
Below we compute the fractional parentage coefficients for the three-particle
configuration with j = 3.

The allowed values of j,; and j,; are 0 and 2. Among the various possible

values of J, only J = % satisfies the condition (10.20). This can be easily



124 CHAPTER 10

checked with the following values of the Racah coefficients.

W(3333,00) = W(3333,02) = W(3311,20) = -,
3
W(3333,22) = = (10.20)
With the help of these coefficients, the quantities 4,,,,; are evaluated.
1 V5 3
Agp = ——, Apgg = Asyg= ——=, Agy = —.
o0 1 02 20 1 22 = 7 (10.25)
They satisfy the determinantal equation (10.20).
Agp —1 Aoz ‘
= 0. )
’ A Agg — 1 (10.26)
The c.f.p. can be calculated from the matrix equation
Ago —1 Aoz }[FU}_
[ Az Ap -1 || R | 7 (10.27)
and the normalization condition
FEyFi=1. (10.28)

The corresponding values of F, and F, are

1 5
Fy =4/ = = —4/ =,
0 \/; 2 6 (10.29)

The same result can be obtained in an alternative way by using Eq. (10.23).

For J = 5 and j,; = 1, we have

FoUE22201)+RU(3333,21)=0. (10.30)
For J =§ and j,; = 3, the corresponding equation is

FU(B232,03)+ RU(2232,23)=0. (10.31)

The values of the corresponding Racah coefficients are found from the ta-
bles.

=
o
3w
LI

£,23) = —. (10.32)

] = | —
—
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Using these values, Egs. (10.30) and (10.31) become

g LB

\/_ V35
— R+ ——F = 10.34
TR I 0, (10.34)

Both these equations yield the relation
—V5F. (10.35)

This relation along with the normalization condition (10.28) yields the same
value (10.29) obtained earlier.

For values of J other than 2, j,, = 0 will not be permitted and hence
there exists only one term in the summation of Eq. (10.23).

FUGBETE21) = 0.
FU(E2J8,23) = 0.

If the U-coefficient vanishes, then the equation becomes trivial. On the
other hand, if the U-coefficient is non-vanishing, then we get a trivial result
that the c.f.p. is zero.

10.5. The Iso-Spin

Instead of considering separately the protons and neutrons, we can con-
sider the nucleons as identical particles if we include the iso-spin quantum
numbers in the description of their states. The proton and the neutron are
considered as the two states of one and the same particle called nucleon with
iso-spin quantum number %, the proton having the projection +-21- and the
neutron having the projection —é (Some authors use the opposite conven-
tion +4 for neutrons and —% for protons). The iso-spins are compounded
in the same way as angular momenta but it is to be remembered that the
iso-spin space is an hypothetical space, different from the space in which
the angular momenta are coupled. Using the j - j coupling scheme, the

two-nucleon wave function in the coupled representation can be written as

wiM,ra(l,2) = Z [':1-:. M—-m Mr] [,u.] =
My
X B ks (1) 85 01— 3 ey (2); (10.36)

where 7T is the total iso-spin quantum number and p the iso-spin projection.
Operating P,, on the wave function, we get

Pratum(1,2) = dumra(2,1)
(=1)% (D) umu(1,2). (10.37)
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Since 2 is odd, we get the condition that the two-nucleon wave function is
antisymmetric if J + T is an odd integer.

10.6. The Bosons

Bosons are particles with integral spins and their total wave function is
symmetric with respect to exchange of particles. The analysis made in
section (10.2) can be repeated with small modifications. The two-boson
spin wave function can be written as

wJ:w(la‘“:ZHa Ml a | oD emon(@) (1038)

Here j is an integer. Allowing the exchange operator P,, to operate on
wrm(1,2), we get

P psm(1,2) = Yum(2,1)
= (-1 Tyup(1,2). (10.39)

For bosons, 2/ is an even integer. Since the bosons are symmetric under
exchange, J should be even if their spatial wave function is symmetric, and
odd, if their spatial wave function is antisymmetric. Since the spatial wave
function of the two particles depend upon their relative orbital angular
momentum L, it follows that L + J should be even for two bosons. Thus
in the case of deuterons with spin 1, we have two possibilities: (i) J = 0
or 2 and L is even (ortho-deuterium molecule) (ii) J = 1 and L is odd
(para-deuterium molecule).

10.7. The m-scheme

Here we follow a simple scheme by which the total angular momentum
of a system of particles can be determined by enumerating the possible
m-states. In section (10.3), we have seen that only certain values are per-
mitted for the total angular momentum if a certain symmetry is assumed
under exchange of particles. The permitted angular momentum of a sys-
tem of particles can be obtained by enumerating first the m-states in the
uncoupled representation and obtaining thereby the m-states in the cou-
pled representation. It is to be emphasized that the total number of states
should remain unaltered when we go from one representation to another.

Let us consider two fermions in equivalent states with j = % Since
their j — valuesare the same, they should differ at least in their m-values.
In Table 10.1, the possible m-states are enumerated.
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TABLLE 10.1. Allowed magnetic quantum numbers for a system of two
fermions in cquivalent slate y = 2—,

111 Ty m = mi + ma
+3/2 +1/2 +2
—1/2 +1
—3/2 0
+]/2 —-1/2 0
i —3/2 -1
-1/2 -3/2 -2

TABLE 10.2. Allowed magnetic quantum numbers for a system of three fermions
s _ 3
m 3 = 3 state.

121 12 13 m = my + mz + ms
-{—3/2 +1/‘2 —1/2 +3/2
—3/2 +]/2
-—]/2 —3/2 —]/2
+1,/2 —]/‘2 —3/2 —3/2

The total number of states is six, of which J = 2 will account for 5
states and the remaining one state will correspond to J = 0. Thus we find
that the permitted values of the total angular momentum of two fermions
inj= % state are 2 and 0. This result is the same as was obtained earlier
but here it is obtained by simple enumeration.

This method can be extended to find the total angular momentum of
three or more fermions. Now let us illustrate the method for the case of
three fermions in j = ‘% state and present the results in Table 10.2. Thus
we find that the total angular momentum J = 3will account for all the
four possible m—statesin the last column.

This method is equally applicable to bosons. Let us consider in Ta-
ble 10.3 three bosons, each with angular momentum j = 1. All the three
single particle states can have the same m value unlike the case of fermions.
There are in total 10 states, of which seven of them belong to J = 3 and
the remaining three belong to J = 1. Thus the permitted values of the
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TABLE 10.3. Allowed magnetic quantum numbers for a system of three bosons

in § = 1 state.
Ty iz 3 m o= 1y $ome + s
+1 +1 +1 +3
0 +2
-1 +1
0 0 +1
-1 0
~1 —~1 =l
0 0 0 0
-1 -1
-1 -1 -2
—1 ~1 -1 -3
total angular momentum of a system of three bosons each of j = 1, are
J=3and 1.

Thus the m-scheme is applicable to bosons as well as fermions and is
useful to obtain the permitted values of total angular momentum by simple
enumeration of the m-states.

Review Questions

10.1 Three fermions are in equivalent orbitals, defined by the quantum
number j. Construct their antisymmetric wave functions and find the
permitted J values.

10.2 What is meant by coefficient of fractional parentage (cfp). Find the
cfp values for three particles in equivalent orbitals j = % .

10.3 How do you explain the existence of two types of deuterium molecule
on the basis of the symmetry of the wave functions?

10.4 Using the m —scheme,find the permitted values of the total angular

momentum for three identical fermions in the equivalent orbital state
i =3

10.5 Find the permitted values of total angular momentum for three iden-
tical bosons with j = 1, using the m-scheme.

Problems

10.1 Two identical fermions are in j = 5 state. Using the m —scheme,
show that the permitted values of the total angular momentum of
two-fermion system are J = 0,2,4.
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10.2 Three identical fermions are in j = %state. Using the m — scheme,
find the permitted values for the total angular momentum of the three-
fermion system.

10.3 Using the m—scheme, find the permitted values of angular momenta
for (a) 2-phonon system and (b) 3-phonon system, if each phonon
carries an angular momentum of j = 2.

Solutions to Selected Problems

10.2 A table similar to Table 10.2 can be constructed for three identical
fermions in j = % orbitals. From the table, it can be inferred that
the permitted values of total angular momentum for the three fermion
system are 3, 2, 3.

10.3 Constructing tables similar to Table 10.3, we can obtain the permitted
values J of angular momenta. For two-phonon state, we obtain J =

4,2,0 and for three-phonon state, J = 6,4,3,2,0.



CHAPTER 11

DENSITY MATRIX AND STATISTICAL TENSORS

11.1. Concept of the Density Matrix

The concept of density matrix is introduced in the study of the behaviour
of a system consisting of an aggregate of particles. When we are consider-
ing the emission of light by atoms or the emission of y-rays by nuclei, we
are not experimentally investigating the emission by a single particle but
by a group of particles. Similarly, when we are investigating the scattering
process, we are considering the scattering of a beam of particles on a target
having many scattering centres. Thus we are lead inevitably to deal with
aggregates of particles and statistical distribution of those particles in dif-
ferent states. Although the concept of density matrix is broad-based, we are
more interested in its application to the study of the statistical distribution
of particles with spin j into the various magnetic substates denoted by the
quantum number m (m = —j, —j+ 1,. .., +j) .

The discussion that follows is equally applicable to the consideration of a
single particle with probability distribution of its occupation in a complete
set of orthonormal states or to an aggregate of particles with a statistical
distribution in various states.

An arbitrary wave function W can be expanded in terms of a complete
set of orthonormal eigenfunctions +; .

V=) ait (11.1)

Then

W)= aiale] = Y aalv]. (11.2)

i,7 i

From the expansion coefficients, we can form a matrix p known as the
density matrix.

Pi; = aia;. (113)

130
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The properties of the density matrix can be deduced. It is a Hermitian
matrix and, when diagonalized, the diagonal elements p, gives the proba-
bility of finding the system in the eigenstate ;. If the wave function ¥ is
normalized, then

/ﬂ?*‘lf(h“ = Zaz’a}-/ Wi; dr
¥
= D piibi; =) pa=1 (11.4)
o :

We have obtained the result that
Trp=1. (11.5)

Since the trace of a matrix is invariant under unitary transformation, the
density matrix is amenable to easy physical interpretation when thrown
into a diagonal form by unitary transformation. The diagonal elements
correspond to the statistical weights or probability of finding the system
Y in the various substates i and the total probability (the trace of the
density matrix) adds up to one.

If we make a measurement of some dynamical variable F of the system
described by the wave function ¥, then the expectation value is given by

Py = / W FUdr

> ara / ¥y F; dr
1,7

Z Fijpyi = Z(Fﬂ)a‘
i

f

i

Tr(Fp) = Tr(p F). (11.6)

The concept of density matrix will become clearer when we consider its

application to a beam of particles with spin % The wave function ¥ in this

case will consist only of two terms
¥ = a1 + agdhy, (11.7)

where 31 and ; describe the two states of polarization -I-% and —-%.

b = [ : ] Wy = [? ] (11.8)
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Thus the wave function of the beam is

¥ = [ :: J . (11.9)
The density matrix
_ypuyl - | @ a1
p=VUt = [ wat anas ] : (11.10)

completely characterizes the beam since the diagonal elements denote the
intensities of the polarization states whereas the off-diagonal elements fur-
nish the relative phase.

The expectation values of the unit matrix and the Pauli matrices are

r=w o= la sl V][8]

— el o e ' (11.11)
B = Lo a]] §][2]

= a1aj + azaj; - (11.12)
Py = (o) = [ a;][f Iy {fﬁ;]

= i(ara3 — aza}); ‘ (11.13)
Bo=o) = [aally *]]8]

= ayaf — agal. (11.14)

The quantities P, P, and P. can beconsidered as the components of the
polarization vector P and the density matrix can be written in terms of P.

p= _l(f—l-cr.P). (11.15)

Writing explicitly,

LI T4 (o:)  (og) —i{oy)

= — : . 11.16
P=5 (o) Hiloy) 1= (o) (110
Substituting the values of {04),{oy)and (o.)from Eqgs. (11.12 - 11.14) into
Eq. (11.16), we retrieve the result (11.10). The density matrix is diagonal,
only when the polarization vector P is along the z-axis.



DENSITY MATRIX AND STATISTICAL TENSORS 133

Having introduced the concept of density matrix and applied it to the
simple case of spin-1 particles, we are now in a position to construct the
density matrix for a general case and apply it to study the oriented systems
(Blin-Stoyle and Grace, 1957).

11.2. Construction of the Density Matrix

The density matrix is a Hermitian matrix and it is of dimension n x n where
n is the number of basic states. Hence the density matrix can be expressed
as a linear combination of n? independent matrices S, (of order n) which
may be chosen suitably.

p= ZCuSﬂ' (11.17)
pu=1

The linear independence of the base matrices is expressed by the orthogo-
nality relation

Tr(S,5,)=nd,,. (11.18)
The expectation value of S, is

_Tr(pS,) nC,

S, = - . 11.19
( f-) r.l1r'ﬂ Irf‘ﬂ ( )
Then,
T ‘!12
Lp
= SA5,. .
p=— E(i.) ; (11.20)

One of the S, can always be chosen to be the unit matrix / so that

nt—1
Trp -
p=—=11+ ; (5,5, ] - (11.21)

In the case of spin—] particles, the density matrix can be written as

1
p=5I+o.P), (11.22)

since Tr p = 1 and the polarization vector P = {&). This is identical with

Eq. (11.15) obtained earlier for the spin—% system.
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Choosing the base matrices S, to represent the components of the spher-

ical tensors T:’* (k=0,1,...,n-1) , the density matrix can be written
as
Tr P n—1 4k
p=—) " (T (11.23)
n k=0 mp=—k

It is easy to see that

-1

Y (2k+1)=nxn. (11.24)
k=0

The spherical tensors 7} can be constructed out of angular momentum
operators

T].u = -}H, J:‘; = CQ(J X J)g, T; = C3 {(J X ])2 X J)g 5 (1125)

where ¢, ¢, and c¢; are constants that are determined from the normaliza-
tion condition

Tr (T;:,nk? T;i?kr} =T é.k,k' 6;‘!‘4-};,”1-;: : (11.26)

The spherical tensor parameters (7,"*) (hereafter called ¢]'*) are the ex-
pectation values of the tensor operators I} *.

m g Tr (.pi'{‘mk)
te " = (T, ") = ‘—[j— (11.27)

The matrix element of the tensor operator 7). '* is given by

EARAEA T

moomy, m

- [J . j,}[k], (11.28)

meoTny M

1l

(5 m| T m)

using the notation [k] = 2k 41 .

11.3. Fano’s Statistical Tensors

In a representation in which the density matrix is diagonal, the nuclear
orientation is completely defined by a set of parameters (7}) defined in the
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last section or equivalently through Fano’s statistical tensors G;(j) (Fano
and Racah, 1959; Rose, 1957b).

Ge(3) = ;(_UJ_mP’"’[é —{” g}
= Zrgiln o n]

= m m j k ]
= ) (imlolj JHTkHJ)[][m 0 mJ

T

since (j||Tk]|7) = [k,

= Y (Gmlplim)(j m|T¢|j m)ﬁﬁ

1
= T (T0p)
(7]
i
= —(TP). (11.29)
[7]

Instead of the statistical weights p,, it is found more convenient to use
G.(j) in the study of the effect of the initial emitting state on the angular
distribution and polarization of the emitted radiation. It is not the weight
factors p, of the initial nuclear state but certain moments of p, that are
of importance in determining the effect of the anisotropy of the initial state
on the emitted radiation. Since p, is normalized to unity i.e.,

Z pm =1, (11.30)
m:—j
it follows that
1
P = m . (11.31)

for unoriented system. Substituting the value of p, given by Eq. (11.31),
we obtain the statistical tensor for the unoriented system.

Al j—m '. j k
Gl 23 i Z( 1) { A } : (11.32)

Multiplying the right hand side of Eq. (11.32) by the C.G. coefficient
76 7
m

m 0 which is unity and simplifying, we obtain
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m

LS gyem [ G0k
_ _qyd—m .
2541 (-1) { m —m { ]

a2l 2 0]

.. 1 §—1t j J k
(-fk(JJ ZJ' 4L il Z(\_IJJ [ m  —m 0
k

_ ! 5 jo3 k{{i J O
V29 4+ 1 & m —m m —m 0
1 .
VG F1 (11.33)
It is shown that for unoriented system, the statistical tensor with £ = 0

alone exists. The oriented system is characterized by the existence of higher

. . . . l .
rank statistical tensors. But G,(j) is always equal to 72T even for ori-

ented systems.

iy = NSy [ G G0
Go(y) = Z( 1) pm[m —m OJ

T

PEETCE o) i
— N I W
= > (1Y "pn T 0
1
= fzpm
b4
1

T V21 (11.34)

It can be shown that the higher rank statistical tensors depend upon the
higher moments of the statistical weights p,.

_hI=m J .} I
Z( ]) Pm [ m —m 0]

T

_ [ 3 o i1 g
1™, T (_1ymm
E( 1™ pm 2j+1( 1) [m 0 '”’?J’ (11.35)

iri

4

G1(4)

using the symmetry property of the C.G. coefficient. Substituting the value
of the C.G. coefficient

[j . ]=—~——~——‘ e (11.36)
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we obtain

. [1]
Gl(j)‘— ——— mpe, . (11.37)
il \/J(J'f‘f Z

When the orientation of the nucleus is such that the first moment of p, is

non-zero 1i.e.,
E m p'”'f. # 0 1
m

then
Gi(3) #0,
and the nucleus is said to be polarized with the polarization defined by
Pn(j) =) mpm/i, (11.38)
such that
1
e(J) = {—:‘j } Pn () (1139)
SR TR VP ESTS B |

In a similar way, G,(j) can be shown to depend upon the second moment
of the statistical weights p,.

178 _ _y—m j J 2
Gz(]) - Z( 1) Pm{m —mn 0}

THL

_ [ 5 i 23
- me 2 + 1 [ m 0 m ] i (11.40)
m

Substituting the value of the C.G. coefficient

[j 5 J}: md ) (11.41)
m 0 m 77+ (25— )25+ 3)]>

we obtain

Lo 5 :
60 = TR Dm T 5)
Xme 3m? - j(j +1)). (11.42)

When G.(j) #0, the nucleus is said to be aligned.
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It can be observed that Fano’s statistical tensor G,(;j) and the statistical
weights p, are transforms of each other.

j S

AN 7 k

Gy = Y, (=1 p[“; 2 U]. (11.43)
m=—7

Multiply both sides by the C.G. coefficient [ IJ g J g b } and do the

m’  —m 0
summation over k first and then over m.

;Gk(j)[éf _fnf "5] g;f—”"'hm%m _j}n H

J 3k
X[m’ —m! (l]

Z("l)}-“m Pm é'm‘-,m’

e

= (1) po. (11.44)
Replacing m' by m, we obtain
25 _ ik
Pm = Z(~1)5’_7”Gk(_j) [ ;:1 _Jm 0 } : (11.45)

E=0

Thus we find from Eqs. (11.43) and (11.45) that p, and Gi(j) are trans-
forms of each other.

It can be easily seen that the statistical tensors of odd and even rank
correspond to physical situations with different types of symmetry. Oriented
systems that can be described by statistical tensors of odd rank are said to
be polarized whereas those described by statistical tensors of even rank are
said to be aligned. In polarized systems, the positive and negative directions
about the axis of symmetry can be distinguished. But alignment is that type
of orientation which does not distinguish between the positive and negative
directions of the axis of symmetry. Sometimes in the literature, the terms
polarization and alignment are used to denote specifically the orientations
G,(j) and G,(j) respectively. Since for any system, the statistical tensors
with £ > 3 are usually quite small, there is no practical distinction between
the two terminologies although the former is preferable since it avoids the
need for introducing new names for describing orientations with higher rank
statistical tensors.
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11.4. Oriented and Non-Oriented Systems

Unoriented, oriented and non-oriented spin systems have been discussed
in some detail in preceding sections but it is desirable to stress on their
distinguishing features since the nomenclature is not followed uniformly
(Ramachandran, 1987; Ramachandran et al., 1984, 1986, 1987a, 1987b).

In an unoriented spin system, the particles are distributed uniformly
among the various sub-states with different projection quantum numbers.
In other words, the statistical weight p, is 1/(2j+ 1) for a particle with spin
j. The density matrix is a scalar matrix with each of the diagonal elements
equal to 1/(2j + 1). This is often referred to as unpolarized system. A spin
zero system is always an unoriented or unpolarized system.

For a oriented system, the density matrix is diagonal and the diagonal
elements denote the statistical weights p, for the occupation of the various
magnetic sub-states. It is this system that can be conveniently described
in terms of the tensor parameters {1} or Fano’s statistical tensors Gi(j)
discussed in Sec. 11.3. It has a unique axis of orientation and if it is chosen
as the quantization axis, the density matrix becomes diagonal. A spin-1
system has always a unique axis of orientation and the density matrix can
be diagonalized by a rotation of coordinate system.

Forj > 1, the density matrix p (of dimension #n x n, n = 2j + 1) cannot
always be diagonalized by a rotation of coordinate system and such spin
systems are known as non-oriented spin systems. The density matrix is,
in general, Hermitian and it can always be diagonalized through a unitary
transformation but it is only in the case of » = 2, this unitary transfor-
mation can be identified with a rotation of coordinate system. In all other
cases with n > 2, the unitary transformations generated by rotations in
three-dimensional space constitute only a subset of su(n). Hence, a non-
oriented spin system is defined as a system with spin j > 1 if its density
matrix cannot be diagonalized through a rotation of coordinate system or
equivalently if the system cannot be characterized by a set of statistical
weights p,. Such a system cannot be described in terms of Fano’s statis-
tical tensors G;(j) alone but requires a complete set of spherical tensor
parameters t.*(k = 1, .., n - 1; m = -k —k+ 1., +k).

One can gain some insight by considering a geometrical method of con-
structing a spherical tensor t; *.Given a unit vector, a spherical tensor of
rank 1 can be constructed. Given two unit vectors, a spherical tensor of
rank 2 can be constructed. In a similar way, to construct a spherical tensor
of rank k, a set of £ unit vectors are required.

- - ~ @ Wiy
= (Qux Qoxox Qi) (11.46)
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where 7, is a scalar and QI,QQ, o -,Qk are unit vectors, each of which can
be defined by two parameters (polar angles) 6, ¢. Thus, we find that a total
number of 2k + 1 parameters are required to construct a tensor f,* of rank
k.

For spin—% system, the density matrix consists only of spherical tensor
of first rank {{* and hence the system appears as a uniaxial system. For
j > 1 system, the density matrix includes spherical tensors of second and
higher ranks which are built out of two and more number of unit vectors and
hence the system appears as a multiaxial system. Unless the multiple axes
coincide and the system becomes uniaxial, the density matrix cannot be
diagonalized by rotation in three-dimensional space. The multiaxial system
with j > 1 is known as non-oriented system. To make it oriented, the system
should be made uniaxial.

11.5. Application to Nuclear Reactions

In any nuclear reaction, the final nucleus will, in general, be oriented even
though the initial nucleus may not be oriented. To be specific, let us consider
a nuclear reaction in which a nucleus makes a transition from an initial state
{J; M;}to a final state |J; M;). The density matrix p, for the final nuclear
state is defined such that its elements are given by (Devanathan et al.,
1972)

(.Pf)Mf,Mf* = Z (J5 My |H | J: Mi) (Pi)M.-,Mj (Jf‘MHHIUi M)
M, M
= (Jy My|Hppi Hi'|J; MY), (11.47)

where p; is the density matrix describing the initial nucleus and and H, is
the interaction Hamiltonian that causes the nuclear transition. The density
matrix p, completely describes the reaction cross section ¢ and the spin

orientation of the final nucleus (7}} .

¢ = CTr (H}pi HH) = C T py, (11.48)
Tr (T

(Tr) = —kPI (. i 1) , (11.49)
Tr py

where C is a constant. If the initial nucleus is unoriented, then

. 1 .
(Pidas, e = it 1 Opt; M- (11.50)
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The interaction Hamiltonian is a, scalar and its general structure should be

Hr= ) (A7) U, (11.51)

Mmy

where /}** is a, spherical tensor operator in nuclear coordinates inducing

nuclear transition and the spherical tensor component A%'* may refer to
the radiated field. Substituting Eqs. (11.50) and (11.51) into Eq. (11.47),
the elements of the density matrix p, for the final state of the nucleus are
obtained.

. 1 TEL * Tl 4 r
U}I}MI,M} = oJ; + 1 Z Z (A'\ X-) (‘4,\;'\ )

M:’ A,){"m)\ ROy

(g MU s Ma)(Jp MU [0y Ma)*. (11.52)

Given the density matrix p, we can evaluate the traces, Tr p, and Tr
(T s

o] 1 4T Sl Tyt
Tre; = 9743 D, D (AT (aw)

MMy ,\.)\'},TTLA,T}I&

i A Jy Ji N Ty
My omy M ¥ M; m\ M;

AT [N (T U )T (11.53)
Tr (T:i-f' Pf) = Z (Tt)m},.wf (ﬂf)f\.fv,__.-w}
_ My M

= T LD (A

M Mg ML AN my my,

§
X (Jf ﬂ.’erT;B!_.ff ﬂ-ff)(eff ,-lff|U:\TLA ILJTI ﬂ-’ﬂ;}
X (J; MYUTYJ; M)

| . T R Tyt
= 5771 > > (AT (A7)

MM _.M;’, ALK g iy
. Jf A? )"Jf L /\ er -Ig )\’ Jf
UMy ML Momy My | Mo omy MY
X TNl Y CTANOAT) T 11U ™ (11.54)

First let us sum over M. The product of three C.G. Coefficients that occurs
in Eq. (11.54) can be expressed as a product of U-Coefficient and a C.G.
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Coefficient, using the techniques developed in Chap, 7
Z\]ijf k '}f}]:-}i A Jf][J«; A Jf:f
7 My M; M; my My M; my My
2 .
- (_1))‘—“1»\%;%4[‘(_1;]. Z [ ﬂ;\',\ 15}3 I{}rf ]
[ Jy J g 'k }[ da i by ]
My - Uf -t M; —M} — Ty

A A

my =1y

= (—1)'"™ {EE‘E[N] UANTE Tz, T A [

The summations over M, and M}in Eq. (11.54) are redundant since M, =
M; + m; and M} = M, + m;. Substituting (11.55) into (11.54)) we obtain

k
2 ] . (11.55)

) 1 MLy ok Teyr
T(Tp) = g 3 (AT (AR)

A e m g

—1)Ama s CY AP INIPY

[k ][)\’]
A A k . ,
x [ Ty — 1T\ — 1k ji (JfH"I»!»HJf> \JfHLr/\HJz)
X (T |[UM| Jo)™ (11.56)

Let us now perform the summation over m; and m.

IR i) A (CON

mpy —iy — U

USRS
= (=1)MF Ay x A, (11.57)
Substituting the above result and after rearrangement, we obtain
T @ e) - s - x At
T 2 (KDY
x U Jik I1, ;M) (TAITN )
X (TENUANT Tl UM T)™ (11.58)

Equation(11.58) can be equally used to obtain Trp, by substituting £ = O.

1 [If] 7 2
Trp; = 2J%_+1Z\ 2 (A= A [TAIUAMJ1F . (11.59)
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As an another example, let us consider a reaction in which the nucleus
makes two successive transitions. It is a cascade process (Devanathan and
Subramanian, 1975; Racah, 1951; Devons and Goldfarb, 1957) in which
the nucleus first makes a transition from an initial spin state J; to an
intermediate spin state J, due to an interaction H, and subsequently to
a final spin state J;, due to another interaction H, Assuming the initial
nucleus to be unpolarized, the density matrix p, for the nuclear state is
given by

()t aayt = ST (g My Hyl Iy My {Jr M Ha|J: M;)
JrJdy MMM
X {Jy My | JE Mp ) (J; My, T ML), (11.60)

The interaction energy is a scalar and hence the interaction Hamiltonians
H, and H, must have the structure

H, = Z (A7) U7,

Aymoy
H, = > (B v™. (11.61)

In the above expansions, U/} *, ¥, refer to spherical tensor operators in
the nuclear coordinates and the spherical tensor components A7, B
refer to the radiated field.

The tensor moments (7I7}') of the spin orientation of the final nuclear
state is given once again by

Tr (T7 py)

TH) = :
(T = = (11.62)

where
@) = gy R (AR ey (8
X (J g MIT{| T ¢ M) (J¢ MgV |Jr M)
x{J1 MUV s M) (T M| VI M)
x{J} M;[{“’”*]; M;) . (11.63)
The summation index § stands for a set of 15 variables A, N, v, v/, Jy, Ji,

my, mh, ey, iy, My, My, My, My and M. To obtain Eq. (11.63), the ex-
pansions (11.61) of the interaction Hamiltonians H, and H, are used.
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There are five matrix elements in Eq. (11.63) and applying the Wigner-
Eckart theorem, we obtain five C.G. Coefficients and five reduced matrix
elements. After several regroupings of C.G. Coefficients, we obtain three
U-Coefficients and the tensor components of the radiated fields 4 and B
are suitably coupled to obtain a tensor of rank k& and projection quantum
number p by a judicious summation over magnetic quantum numbers. Here,
we only give the final result.

T (T{ps) = :z.,n-l+ I %;Wﬁ X Ax)y X (B x B,y

- - [Jf]z T !
(=)l (AR Tl (A vk, QT
(J:][%]?
xUJ AT N, T My U(Jpv Jp A, J; Q)
XU(Jy QJpv', Ty k) (ATl 5} (T NIVll T
XSO AV I D (TN 3) . (11.64)

where the summation index R stands for a set of nine variables .J;,J7, v,
v AL AQ arid T.

Equation (11.64) is very general and can be applied to obtain the nuclear
transition probability and the spin orientation in any cascade involving a
two-step process. By substituting £ = 0 and p = 0, one can obtain Tr pf
which is a measure of the cross section for this cascade process.

Putting v = v' = 0, we obtain the result of the single step process.

[Jf]2
'“ —_ fi 'l ’
x U(Jf /\ Jf X’, J; k’) (Jf”TkHJf)
X (TAIUAINEY (7 11U T (11.65)

This is identical with Eq. (11.58) since

U(Jg Ay BN % k)= (—1)‘})‘4”\{_“{‘ R[[Jf.l]l[&f]f (AJik Jy, }fA ). (11.66)

Review Questions

11.1 Define and explain the concept of the density matrix. For a spin-
1/2 system, write down explicitly the density matrix in terms of the
polarization parameters P, P, and P. Find the expectation value of
a dynamical variable F in terms of the density matrix.
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11.2 Construct the density matrix for a system of arbitrary angular mo-
mentum J and express it in terms of the statistical or multipole pa-
rameters (7).

11.3 What are Fano’s statistical tensors and how are they related to the
statistical parameters {T)')” Express Fano’s statistical tensors in terms
of the moments of statistical weights p, which denote the occupancy
probabilities of different m states.

11.4 Show that the statistical weights p, and Fano’s statistical tensors
(1)) are transforms of each other. Distinguish between polarization
and alignment of an oriented system.

11.5 What are unoriented, oriented and non-oriented systems? Explain
their distinguishing features.

11.6 A non-oriented system is a multiaxial system and hence its density
matrix cannot be diagonalized by a rotation of coordinate system.
Explain this statement and deduce the conditions under which it can
be diagonalized.

11.7 In a nuclear reaction, the nucleus makes a transition from an ini-
tial state of spin J; to a final state of spin J; due to an interaction
Hamiltonian H, Deduce an expression for the cross section and the
polarization of the final nucleus if the initial nucleus is unpolarized.

11.8 In a cascade process, the nucleus makes a transition from an initial
spin state J; to an intermediate spin state J;, and then to a final spin
state J; by successive interactions defined by interaction Hamiltoni-
ans H, and H, Deduce an expression for the cross section and the
polarization of the final nucleus, if the initial nucleus is unpolarized.

Problems

11.1 In a certain coordinate system, a spin— system is in a pure state

|¥4/,) with spin-up. Find the rotation matrix that transforms the state
|¥y/,) into |a) that has the polarization vector with polar angles (6,0).
Hence obtain the density matrix corresponding to the state |e).

11.2 Construct the density matrix and determine the polarization vector
for a system defined by the spinor

o €' cos é
X=1| eiBgins |-
Find the matrix U, which rotates this state into [ é ]

11.3 Construct the simultaneous eigenvectors of J2 and J-n for the states
with j = 1. Show that if a measurement of J. is made on a state in
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which J - 7 is certainly unity, the eigenvalues 1,0, —1 of J. are ob-
tained with relative probabilities cos? £, 2sin? £ G2 %, sin* £ respec-
tively where 6 is the angle between n and the z-axis.

11.4 The scattering amplitude for the scattering of a spin—4 particle is
given by ¢ - K + L, where K denotes the spin-dependent amplitude
and L, the spin-independent amplitude. If the incident particle is unpo-

larized, show that the scattered particle is polarized with polarization

(K XK"Y+ LK + LK™

P =
K.K*+ LL*

11.5 If the scattering amplitude for the scattering of a spin—% particle is
given by 6 «+ K + L, where K denotes the spin- dependent amplitude
and L, the spin-independent amplitude, deduce an expression for the
scattering cross section if the incident beam is polarized.

11.6 Deduce Eq. (11.64) from Eq. (11.63) by using angular momentum
recoupling coefficients.

Solutions to Selected Problems

11.1 Let the frame of reference be X, ¥, Z in which the system is in a pure

state | ¥y ;5.
i 1
wm=[1]

This ket has to be rotated through an angle 6 about the Y-axis. Then
the polar angles of the polarization vector of this ket will be (8,0). This

is equivalent to rotation of the coordinate system through an angle —6
about the Y-axis. The corresponding rotation matrix is obtained from
(5.33).

é 8

. COs 5 SN 5
nnzﬁﬂem=[ %3 z]

2

— 8In 3 COs 3

Then
@) = (Ur)T|W1y5) = [d2(=0)]T ¥ 2).

Explicitly,



DENSITY MATRIX AND STATISTICAL TENSORS 147

To obtain the density matrix, one can use either expression (11.10) or
(11.15). The third method is to find the density matrix in the rotated
coordinate system by using the rotation operator.

Method 1:

Using Eq. (11.10), we obtain the density matrix p.

cos? ¢ cos £ sin &
= |a){of = [ o 8 2g |

COS 3 S1I1 P S1I 7

Method 2:
From Eq. (11.15), we have

_1[ 14+P, PP,
P,+iP, 1-P |’

where P. = cos®, P. = sinO, P, = 0. Substituting these values, we
obtain the density matrix.

. i 1 +cosf sin @
po= 9 sm9 1 —cosé
_ cos? cos -% sin %
cos sin g sin? g '
Method 3:
In the X, Y, Z frame, let us denote the density matrix as p,.
|t o
PO=149 o

To bring [¥;/5} to]a}, a rotation of the coordinate system through an
angle —0 is to be made about the Y-axis. (U = [ d*2(-0)]7.)

p = UrpolUr'

aa & (i j a8 ain B
_ CO8 2 sin : 1 0 cos 5 sin 3
sin % cos 3 - 0 0 — sin % cos %

28 : g
_ cos® 5 cos 5 sin 5
€08 g— sin % sin? ¢ 9

11.2 The density matrix p is given by

Y cos? § ee=8) cos § gin §
P=XX = | (il8—o) cog sin sin? §
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If the direction of the polarization vector is given by n(#,¢), then the
density matrix can be written as

%(1 + o.P)

1 [ 14cosf sinfe*®
T 9| sinfe® 1—cosf |-

™
I

Comparing this with the density matrix obtained earlier, we find that
=26 ¢=0-a.

The required matrix U, that rotates the state ) such that

N
=[]
is
cos 6?2 gin §emi¢/2
U-R = c i[9 —ihf2 *
—sin 6?2 cogbemid/
with ¢ = B — o
11.3 Choose the quantization axis as 7. Then the eigenvectors of J? and
J 1 are
1 0 0
01, 17, 0
0 0 1

The density matrix p, in this basis is diagonal and it is given by

1 00
pn=100 0],
0 0 0

The rotation matrix U that transforms p, into p. to the basis in
which the unit vector n makes an angle 0 with the z-axis is

(1 4 cos8) —%sin § 1(1- cosf)

Up = (dl(_ﬁ_))"r = %Sinﬁ' cos f —% sin @
' {1 - cos 6) :%51119 3(1+ cosd)
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The density matrix p. in the new basis is given by

p. = Unpa Ur,
cos? % V2 c:os3 E sin cos % sin? 5
= V2 c053-g— blll% 2 sin” § r:o:,2 gz /2 sin % o 5%
cos? % sin? g V2 cos g sin® 2 sin* g

The diagonal elements of the above matrix give the relative probabili-
ties of obtaining the eigenvalues 1,0, —1 for J. in any measurement.



CHAPTER 12

PRODUCTS OF ANGULAR MOMENTUM MATRICES AND

THEIR TRACES

12.1. General Properties

Let us first recall the general properties of angular momentum matrices,
products of angular momentum matrices and their traces.

1.

Of the angular momentum matrices, J? is a scalar matrix
J =11, (12.1)

where n denotes the eigenvalue j(j + 1) of J? operator and /, the unit
matrix. The trace of the matrix J? is

TrJ? = n(2j + 1) = Q. (12.2)

. The remaining angular momentum matrices are the Cartesian compo-

nents J, J, J. of angular momentum, the ladder operators J,, J. and
the spherical components J{,J; 1. J? of angular momentum. These are
traceless matrices and they obey the following commutation relations:

[Jo,dyl=idee [Ty do) =ide, oy Jo] = =i J,. (12.3)
Ve, J_1=20,, [J.,Je] = £J1. (12.4)
o = =00, R Al=a1, I = =90 2s)

Although these matrices are traceless, their products can have a non-
vanishing trace.

. The matrices J, J, J. are Hermitian matrices. If the matrices J° and

any one of the components are diagonalized simultaneously, then, in
that representation, one of the two remaining matrices has only real
elements and the other has only imaginary elements. It is possible to
go from one representation in which J? and one of components, say J.
are diagonal to another representation in which J? and J, are diagonal
by unitary transformation but the trace is invariant under such unitary
transformation.

150
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4. The trace of a product of matrices is not changed under cyclic permu-
tation of matrices.

Tr(Ay Az As ... An_y An) = Tr(An Ay Az ... Ay_1). (12,6

5. Consider a product of Cartesian components J, J, J. of angular mo-
mentum.

A=Jd By J.Jg. ... (12.7)

If J. occurs o times, J, occurs B times and J. occurs Yy times in 4,
then

Tr A is real, if B,y are all even integers,
Tr A is purely imaginary, if o8,y are all odd integers,
Tr A is zero, if o3,y are of mixed type. (12.8)

The above simple result regarding the nature of the trace is obtained
using the property (3) that in a given representation, two of the three
matrices consist of real elements whereas the third consists of purely
imaginary elements.

If o,B,y are of mixed type, then, in one representation it is possible
to choose the matrix that occurs odd number of times as the one
that contains purely imaginary elements. In another representation,
one can choose the matrix that occurs even number of times as the
one that contains purely imaginary elements. In the first case, TrA4
is purely imaginary and in the second case, Tr 4 is real. Since this is
in contradiction with the property that the trace is invariant under
unitary transformation, Tr A should be identically zero, if o,fB,y are
of mixed type.

If a,B,y are all even (odd) integers, then the matrix that has purely
imaginary elements will occur even (odd) number of times in any rep-
resentation. Since ieer (j°®) is real (imaginary), Tr 4 is real (imagi-
nary).

6. (@Tr(J7 Jf,f J%;) is invariant under an interchange of powers of J,, Jy
and JN which are the Cartesian components of angular momentum.
() Te(Jg JGr I3) = (1) Te (T2 T3 Thg) -

7. Consider a product B of angular momentum matrices with J,, J and
J..

B=J,WwJ.Jy..., (12.9)

with J, J,, J, J, ... standing for any one of the angular momentum
matrices J,, J, J. Let J. occur p times, J occur g times and J.
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occur r times. The J, operator steps up the projection quantum num-
ber m by 1, the J operator steps down the m value by 1 and the J.
operator leaves the m value unaffected. Since Tr B is the sum of the
diagonal matrix elements of B,

TeB =) (jm|Bljm), (12.10)

T

the trace exists only when p = g¢.

. Consider a product C of angular momentum matrices in spherical ba-
Sis.

O = dla o (12.11)

where J, J,, J., Js, .. denote any one of the spherical components

of angular momentum, J}, 7!, JP. Since

1=_LJ+~ ,_;-1=-1_
V2IT T T
it follows from our earlier consideration that for non-vanishing trace of

C, the number of J} matrices should be equal to the number of J;*
in the product of matrices.

J_, JY=J..

. It has been shown by Subramanian and Devanathan (1974) that Tr 4,

Tr B and Tr C are polynomials in 1, the eigenvalue of the J? opera-
tor and recursion relations for these polynomials have been developed
by De Meyer and Vanden Berghe (1978) and Subramanian and De-
vanathan  (1980).

Ambler et al. (1962a, 1962b) have obtained the traces of a limited num-
of angular momentum matrices for systems of arbitrary spin and the

study has been extended by Subramanian and Devanathan (1974, 1979,
1980, 1985), De Meyer and Vanden Berghe (1978a, 1978b), Thakur (1975),
Rashid (1979), Kaplan and Zia (1979), Ullah (1980a, 1980b) and Witschel
(1971, 1975).

12.

2. Evaluation of Tr JZ

The evaluation of TrJ2F is of fundamental importance! since any trace of
products of Cartesian components of angular momentum can be expressed
in terms of this. Also, the trace is invariant under unitary transformation

1

and

Subramanian (1986a,1986b) has evaluated the Tr J:F using the Brillouin function
also obtained a generating function for the trace.
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and so the same result will be obtained for any other Cartesian component
of angular momentum. In other words,

Tr J?P = TIJ;‘E" = TrJ?, (12.12)

We need to evaluate the trace for only even powers, since the trace of odd
powers vanish as is evident from the property (5) discussed in Sec. 12.1.
Accordingly, Tr{(J?) = Tr(J¥J§J2) with o = B = 0 and y odd should
vanish, since o3,y are of even and odd mixture, zero being considered as
even integer. Hence,

TrJE=TrJ) =TrJ} =0 (p= odd integer). (12.13)

Choose a representation in which J. is diagonal. Then

Tr (J7)

> (Gm|IZe|jm)

m=—j

[l
T s
3
L
-}
[l
o]
_'_

S Bopn(G+D), (1214

where B,,.(j + 1) is the Bernoulli polynomial of the first kind of degree
2p+ 1) in (j + 1). A brief description of the Bernoulli polynomials is given
in Appendix F. The reader may refer to Miller (1960) for more details.

We shall illustrate the usefulness of the result obtained above by giving
a few examples. From Eq. (12.14), we obtain

2 .
Tr(J?) = 5}3’3(;;+1)

2 !
= 3(U+DGE+35)i=30 (12.15)
p _
Tr(J;) = zBs(j+1)
1.
= EEr-1) (12.16)

The required Bernoulli polynomials B;(x) and B;(x) are taken from Ap-
pendix F.

Bi(z) = z(z-3)(z-1), (12.17)
Bs(z) = z{(z- 1)z~ 1)(z? - -1 (12.18)

We shall give two more examples, the evaluation of Tr (J, J, J.) and Tr (J2J2).
Jedyd, = (JyJp + i), = JyJod, + iJ2. (12.19)
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Taking the trace on both sides and using the property (6b) and the result
(12.15), Tr(J, J, J.) is evaluated.

Tr (Jodydy) — T (Jyded,) = iTe(J2).

1
2Tr (Jodyls) = i3 Q. (12.20)

Let us now evaluate the other trace, 1r(.J?J2) which requires a knowledge
of TrJ? and TrJ2.

BRI = S-S,
JRRZ4+ R = JZP- U,
2Tr(J2J2) = nfrr(ﬂ)—Tr(J“)

= —Q——QS —1)
31 (39

= Bﬂ(zw 1). (12.21)

Thus, we see that to evaluate the trace of any product of Cartesian com-
ponents of angular momentum, we require only a knowledge of the trace of
even powers of J..

It has been shown by Subramanian (1974) that the Bernoulli polynomial
in s can be expressed as another polynomial in u = s2 - s.

Bopi1(s) = s(s — 1)(2s — 1) Fp_1(u). (12.22)

In Eq. (12.22), F,.(u) is a polynomial of degree (p - 1) in u. Hence,

2 .
Tr('}.‘?p) = 2p_1 BQP+1(J+1}

2 r
= 35 +3(J+1)J(2.?+1) Fyo_a(n)
20

TS Fy—1(n) = QGp-1(n), (12.23)

where n = j(j + 1) is the eigenvalue of the J? operator, Q = Mn(2j + 1) is
the trace of the J? matrix and F,. (M), G,.(M) = [2/2Qp~+ 1)]F,.(n) are
polynomials of degree (p - 1) in . It is an important observation made by
Subramanian and Devanathan (1974) that Tr.J:? is a polynomial? in M and

’This property has been used by Pearce (1976) for the study of spin correlations in
the Heisenberg model.
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they obtained a recursion relation for the polynomial G,(n) (Subramanian
and Devanathan, 1980).

Jd2

n(dn + ]) (rp 1) +2(Tn+ 1) (:rp (1) + 6 Gpet(n)

B 2p(2p— 1)Tr(J3P7%)
B 27+1
= 2p(2p — V) Gp_sln). (12.24)

The last step is obtained using the relation

Te(JP72) = QGpa(n). (12.25)
Starting from the lowest order

Tr(JY) = Tr(I) =25 + 1, (12.26)

traces of higher orders (2 p ) can be obtained successively using the aforesaid
differential recurrence relation.

12.3. Evaluation of Tr (J* J%)
For the trace of the product of J J. matrices to exist, the power of J.
should be the same as the power of J, since
J
Te (75 JE) = Y (jmlJE JE|jm). (12.27)

Mmej

The J. operator steps up the m value by unity and the J operator steps
down the m value by unity.

Jelim) = [(JF m)(j £ m+1)]7]jm £1). (12.28)
By repeated application of J. and J. operator, we obtain
Gt kEim) = {G=m)G-m=1)...G—m—k+1}
x{(G+m+ DG +m+2)...(G+m k)
1
femmsy

GmElim+k) = {GHm+RG+m+k—1)...(G+m+1)7
x{(j-—m-—k+1)(j-m—£k)...(j —m)}?

(F+m+k)(7—m) 3 o
{ (j +m)l(j— :n — k)! } : (12.30)
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Hence,

L (=) +m+ k)
Tr(J* Ji)= Z (j’_m_k)!(j—f—m)!‘

m=—j *

(12.31)

In the above summation, m > j - k£ will not contribute since (j - m - k)!
will become negative which is not allowed. Therefore,

-k . .
k ok (F—m)(j+m+ k)

Tr(J=J3) = ﬂr’z—j (j—m—kl(7+m) (12.32)
Since m is a dummy index, over which summation is performed, one can
replace m by -min Eq. (12.32).

g (F+mit(g—m+k)!

r kopky
Tr(J* Jk) = Z GOl =l (12.33)
m=—j+k :
Let us now define new variables ¢ and u,
t=j+m—k, u=2j-k, (12.34)
such that the summation extends from 7 = 0 to ¢+ = u. Replacing the
variables j and m by the new variables ¢ and u, we get
I N (I (R )
PRI = ) T
t=0
ax~ [ L+ E u—t+k
142
(k!) Z( : ) ( et ) (12.35)

=0

where ( {; ) = al/{b!(a - b)!} denotes the binomial coefficient. Using the

~ [ t+k u—t+k\ _ [ 2k+14u
t w—t - %

_ 2+ 14w
= ( ok 4 1 ), (12.36)

identity,

we finally obtain the result

_ (k2254 k+ 1)
T2k 4+ D25 - k)Y

Tr(J% J5) (12.37)
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This result was first obtained by Subramanian and Devanathan (1974) using
the concept of statistical tensors discussed in Chap. 11. Subsequently, it was
rederived by De Meyer and Vanden Berghe (1978) using the above algebraic
method. Ullah (1980a,1980b) also obtained Eq. (12.37) using the angular
momentum operator identities and rotation operators.

12.4. Recurrence Relations for Tr (J* ! J%)

It is possible to express the trace of any product of a definite number

of angular momentum operators J.,J and J. as a sum of traces of the

type Tr(J5J.J%). De Meyer and Vanden Berghe (1978) have obtained a

recurrence relation for the trace with respect to the number of Jz operators.
It is convenient to introduce the shorthand notation

Tr(JEJLTS) = Tr(k, 1), (12.38)

for developing a recurrence relation starting from Tr(k 0) for which an
analytical expression (12.37)

(kD)2 (25 + &+ 1))

(2k + 1)1(25 — &)

has been obtained. It turns out that a distinction has to be made between

even and odd / values, leading to a different type of recurrence relation for
either case. Here, we only give the final results.

For odd |

2n—1

Z ( 233 ) (“k)Z'n.—lrl‘r(k,.i) = Q. (1239)

Tr(k,0) =

1

i=0
2n—2 Im— 1 )
Z( ”‘?, )(—k)z*’-—'—*Tr(_fc,f.) = —2Tr(k,2n—1). (12.40)
=}

Both Egs. (12.39) and (12.40) are recurrence relations, either of which can
be used to express Tr (k, [) for odd / as a sum of quantities Tr (&, i) with i <
[. For the purpose of illustration, let us calculate Tr (&, /). From Eq. (12.40),
it follows that for n = 1

- ( . ) (=k) Tr (k,0) = 2Tr (k, 1), (12.41)

or
Tr (k,1) = Lk T (k,0). (12.42)

The same result is obtained using Eq. (12.39) also.
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For even |/
]

(2k+ 14+ 2)Ir(k,I+1) = k(k+1)Iv(k D+ 'J‘?Z ( f ) Tr (&, 1)
=1}

( i )Tr(k,u-l)

-2
_Z( i )'ﬁ(k:a‘m). (12.43)
i=0

The above equation can be used to evaluate Tr (& /) for even /, in terms of
quantities Tr (k, i) with i < 1.
Let us calculate Tr (£ 2) with the help of Eq. (12.43).

(2k + 3)Tr (k,2) = k(k + 1)Tr (k, 1) + nTr (k,0) — Tr (k,1).  (12.44)

-1
A=

=0

Since
Tr(k,1) = £ Tr (%,0),
it follows that

Tr(k,2) = (20 + k> + k? — k) Tr (k,0). (12.45)

1
2(2k + 3)

12.5. Some Simple Applications
12.5.1. STATISTICAL TENSORS

We have seen in Chap. 11 that the final nuclear spin orientation in any
nuclear reaction can be completely described by a set of parameters (1 *}
using the density matrix p, and the statistical tensors 7} *.
Tr (T, *
(T = LT ). (12.46)
Trpy
The statistical tensor 7} “is a spherical tensor of rank k in the spin space
of the final nucleus that satisfies the normalization condition

Te (TP T T ) = (25 + 1) Spp Sinm,, » (12.47)

subject to the condition 0 <k < 2j, where j is the spin of the final nucleus.
Using the Wigner—Eckart theorem, we have

Gz imy= | 30 KT G ) (12.48)

J Y m mp m kilJ/ :

LLET

Since J2 commutes with 17* ie., [J% T;*] = 0, j = j. Consequently,
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"_]‘T(TEIHT::’“’) = Z(—l]m“(jm|Tk_m}"|jm’)(jm'|T,:L"’|jm)
me | J k7 j K
= Z(_l) g ' !
4 m' —my m mo oM m
TR
x G Tkll5) GHTw 1)
12
J o 0 .
= LT bt b (12.49)

The last step was obtained by summing over the magnetic quantum num-
bers and using the symmetry and orthonormality properties of C.G. coef-
ficients.

S 2 ][a o &
m’ —mye m m omp m
_ & i

mm’

_ oy k= my g atk—g J k j’ j' k' _jl'
= Y (cymeppmeapi [ 20k SR

- mm! [k‘][kr] m —m' =TT m -1 — g
i

— B 12.5
[k][k,] é‘&k TILy, iy ( 30)

Comparing Eqgs. (12.47) and (12.49), we get the value of the reduced matrix
element (j||7%||7). assuming it to be real and positive.

GlTellg) = [k]- (12.51)

12.5.2. CONSTRUCTION OF T¥K

It is possible to construct the spin tensor 7 using the angular momentum
operator J.

Tf = Gr(JD)* = Ge(=1/V2) (I ), (12.52)

where Gk is a constant that depends upon k. To determine this constant,
let us first find the matrix elements of the spin tensor 7} and the ladder
operator (J.)* between the states |7,7 — kyand |j7,7).

Tilii—k) = [_jik k j]mlml;). (12.53)

(7.7
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Substituting Racah’s expression for the C.G. coefficient,

gk 3] ooy [ 2 DIRE)!
[j—k k jJ_'[_l) {WM—H)‘} (12.54)

b=

and the value of the reduced matrix element from Eq. (12.51), we obtain

(25 + 1)1(2k)! }E[H- (12.55)

(7, 4ITE5, 5 - k) = (-1)F {m

Starting from the matrix element of J. operator, we can obtain the matrix
element of (J.)* by successive operation of J,, k times.

Gom o+ 14l m) = {G = m)G +m+ ), (12.56)
Gom|(J ) lGm—k) = {G-m+E)G-m+k-1)---(j—m+1)
x(G+m=k+1)(i+m—k+2)(j+m)}:

= mtRIG+m) ? o
- {(.i —m)l(7+m - ;C)g} . (12.57)

Putting m = j in the above equation,

§ B2 Y 2
(G355, 5 — k) = {%} , (12.58)

and substituting Eqs. (12.55) and (12.58) in Eq. (12.52), we finally obtain
the value of G.

1
1 (2525 + D)2k 4+ )25 — kM ?
Gr = — — . . .
k!{ CENEE] (12.59)
12.5.3. ANALYTICAL EXPRESSION FOR Tr(JEJ¥
The spin tensor is normalized according to Eq. (12.47) such that
Te(THTE) = 25 + 1. (12.60)

Expressing the spin tensor Tf in terms of J. using Eq. (12.52), we obtain

(Gr)*(1/2)F Te (JETE) = 25 + L. (12.61)
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Substituting the value of Gk from Eq. (12.59), we get a compact analytical
expression for Tr (JrJx).

k

; 2 }
Tr(J_*J5) = W@J*‘U

EN (25 +k+ 1)
- B @ rEr L) (12.62)
(2k + 1)H{25 — k)!
This result was first obtained by Subramanian and Devanathan (1974) using
the method outlined above and is identical with Eq. (12.37) obtained using
the algebraic method of De Meyer and Vanden Berghe (1978) discussed in
Sec. 12.3.

12.5.4. ELASTIC SCATTERING OF PARTICLES OF ARBITRARY SPIN

Let us consider the scattering of particles of arbitrary spin j by a target
nucleus of zero spin. The transition operator for this scattering can be of
the general form

f=(J A +(J-BPFH 4 (J-C)H2 4 ..., (12.63)

since a tensor of maximum rank 2 j is necessary to connect one projection
of j to another projection of j.

The density matrix p, of the scattered beam completely describes the
spin orientation which can be represented conveniently by a set of param-
eters (I,"*) defined by Eq. (12.46). The spherical tensor operator T, * of
rank k is in the spin space of the scattered beam and it satisfies the normal-
ization condition (12.47). The differential cross section is given by Tr p;

Trps = t4h (12.64)
For the special case,
t=(J-C)+ D, (12.65)

we give below Trp, and Tr (T, p5).

Trp; = 23X 00. 0 v300), (12.66)
Te(Typy) = /3/nTr(Jps),

Vil12(2j + 1){i(C x C*)+ 2CD* +2DC*}.  (12.67)

In a similar way, it is possible to evaluate Tt {TEps), Tr(TE py), Tr(19p4)
but Tr (1, ps)= 0 for k > 3.
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Review Questions

12.1 What are the properties obeyed by the product of Cartesian compo-
nents of angular momentum matrices? Find the trace of J* where A
stands for any one of the Cartesian basis x, y or z and p an integer.
Show that the trace is a polynomial in 1 which is the eigenvalue of the
operator J2

12.2 Bvaluate (a) Tr(J2), (b) Tr(J3), (¢) Tr(J. J, J), (d) Tr(J2J2) in
terms of the angular momentum quantum number j.

12.3 Find the condition for the trace of a product of angular momentum
matrices in spherical basis to be non-vanishing. Evaluate Tr(.J* Ji),
where J. and J. are the ladder operators and k%, an integer.

12.4 Construct the spin tensor operator T,f using J. operator and hence
evaluate Tr(J* J fﬁ). The following C.G. coefficient is given:

N
kg g (27 4+ D)N2k)! |2
A N C e
J J EN2j+ k+ 1)1
12.5 Discuss briefly how the elastic scattering of particles with arbitrary
spin by a spin zero target nucleus can be investigated using the trace
techniques of angular momentum matrices. Assuming the transition

operator to be of the form J - C + D, obtain expressions for the scat-
tering cross section and the polarization of the scattered beam.

Problems

12.1 Using the general properties of traces of products of angular mo-
mentum operators, choose from the following, the products of angular
momentum operators whose trace is zero.

{a) Js Jy. (b)Jpdy Joy  (c)J2 J.;f, (d) J2 Jj g
(eyJ2 1. Jy, (f)J2 U, Ji, (g)J2 J2 Jy.
Give reasons for your answer.
12.2 Evaluate the following traces of products of angular momentum ma-

trices.
(a) Tr(J2 Jy J2), (b) Te(J.)%, (¢) Tr(J2 7).

12.3 Evaluate the following traces.

() Tr (J- Jy), (D) Tr(J_Jody), (&) Tr(JyJ,J_),
(d) Tr (J2 72), (e) Tr(J-J2J4), (£)Te(Jy J2J ).
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12.4 Evaluate the traces of the following:
(a)(J-A), (b) J(J-A), (¢)(J-A)J-B), (1) J(J-A)(J-B),

where J denotes the angular momentum operator and 4 and B are
ordinary polar vectors.

12.5 Using the trace techniques of angular momentum operators, construct
the spin tensor operators 745 ,u = 2, 1, 0, -1,-2.

Solutions to Selected Problems

12.1 (a) Tr(J. J,) = 0, (d) Te(J3 J2J.) =0,
since for the non-vanishing trace, the powers of J, J, and J. should
all be even or odd.

(e Tr(JEJ. Jy) =0, (g Te(J2J2J4) =0,
since the powers of J should be equal to the power of J,, for the
trace to be non-vanishing.

124 (@)Tr(J + A) = Te(J. 4. + J, A, + J, A.) = 0.

Expanding and retaining only the non-vanishing terms,

(b) TrJ(J « A) Tr(J2) Ayt + Tr(J2)AyJ + Tr(J2) ALk

- laa
3

(c) Te(J-A)JT-B) = Tr{(J.Az + J, Ay + J.A;)
X(JJEB&;‘ + JgjrBy + !IZBZ)}
Tr(J2)A: Bz + Te(J2)Ay B, + Tr(JZ)B?

1l

1
5 Q(A-B).

(d) TrJ(J-A)(J-B) Tr{Jo(JoAs + Jy Ay + J.A,)
X(JpBy + JyBy + J. B.)} o+ -
= Tr{(JpJyJ.) A B, + (JoJ.Jy) A, By}

1
= izQ(AXB).
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12.5 The spin tensor 7' can be constructed from the basic angular mo-

mentum operator J in

spherical basis.

T;‘“——“ ‘()"1XJ1 5
— (23 I 201
= kZbl s ]Jl i
Hy .42

be determined from the normalization condition

Tr (T TH) = 25 + 1.

The constant k£ can

Let us give below the explicit forms of the spin tensor operators.
k

12 = kJLJl = ﬂJi,

71 k k

T‘Z = \ﬁ(-}] JJ+}]_})—_§(JZJ++J+JZ)?
k

T) = — (LIt +J7 0 +20800)

V6
e

NG (=3JpJ- —3J_Jp +2J2).
In the above equations, the spherical tensor operators Ji,.J; 120 are
expressed in terms of the ladder operators J, J and J. operator.
In a similar way, the explicit forms of the other spin tensor operators
T5* 'can be given. The constant k that occurs in each of the
spin tensor operators is the same and can be determined using the
normalization condition of anyone of them. For instance,

2t 2 kz 2 72
Tl(T2 TE) = -_— -I_ e)r_"_)
L'E
= T lrQ(Qj—l)(Zj—{-d)
Using the normalization condition,

k2 9

115

Q = j(j+ 1)2j+ 1), it follows that
30

k= .

(J(J + 1)(27 - 1)(25 + 3))
It can be verified that the same result will be obtained if we choose
instead the Tr (T}TTQ) or ”.[‘1'(1”2”T ™.

Q25 -1)(27+3)=2j+1.

Since

t




CHAPTER 13

THE HELICITY FORMALISM

13.1. The Helicity States

The component of spin s along the direction of motion of a particle is known
as its helicity and the helicity quantum number is usually denoted by the
symbol A. It is also the component of total angular momentum J along
the direction of motion since the orbital angular momentum L = r x p is
perpendicular to the direction of motion p and consequently its projection
m; on the momentum axis is zero.

The helicity formalism has been developed by Jacob and Wick (1959) for
relativistic description of scattering of particles with spin and the decay of
particles and resonant states. It is equally applicable to massless particles.
The helicity formalism leads to simpler intensity and polarization formula
over the conventional method in the study of scattering and reaction of
particles. The advantages of using the helicity states are many.

1. There is no need to separate the total angular momentum J into orbital
and spin parts and hence avoid the difficulties and complications that
arise in the treatment of relativistic particles.

2. The helicity A is invariant under rotations and so states can be con-
structed with definite J and helicities.

3. The helicity A is well defined also for massless particles and so there is
no need for separate treatment for massless particles.

4. The helicity states are directly related to individual polarization prop-
erties of the particles and hence convenient for the polarization study
over the conventional formalism of choosing a reference frame with a
fixed quantization axis, say z-axis. In the conventional scheme, one has
to shuttle back and forth between two representations, one in which
the scattering or reaction is conveniently described and the other in
which the states are labeled with individual spin components.

In order to specify the helicity states of a particle of mass m and spin
s, it is not necessary to know the relativistic wave equation for such a
particle. It is enough to know that such a wave equation exists and their
plane wave solutions, representing states of definite linear momentum p

165
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and corresponding positive energy E = (m? + p?)"2, have the following
properties:
1. For each p, there are 2s + 1 linearly independent solutions which can
be characterized as states of definite helicity A.

A=s,8—1,...,—s. (13.1)

These states characterized by p and A form a complete set of orthog-
onal states for a free particle of mass m. If m = 0, the number of
independent solutions reduces to two: A = +s. For example, a photon
has only two independent helicity states A = =+ 1.

2. In the case of ordinary rotation in three dimensional space, the direc-
tion of p changes but the helicity A remains unchanged.

3. Under space reflection about the origin (i.e. parity operation), the he-
licity A of a moving particle changes sign.

4. When a Lorentz transformation is applied in the direction of p, the
magnitude of p changes and in some cases, the direction of p also, if
m # 0. If the direction of p is not reversed, the helicity A remains
unchanged under Lorentz transformation.

Let #, 1 denote the state of a particle with momentum p in the positive
z-direction. By Lorentz transformation, all states ¥, with fixed A and
variable p can be generated. If m # 0, it is possible to reach the rest state
with p = 0 by Lorentz transformation. In the rest state, since the total
angular momentum of the particle is equal to its spin, it is possible to
obtain the relative phases of the states ) by the requirement

(Jo £ i7,)00r = [(s F A)(s £ A+ DY *Pora. (132)

In the above equation, J, J, J. are the standard spin matrices. For a
massless particle, no finite Lorentz transformation can reduce p to zero.
For this, we have only two helicity states with A = +s and it is possible to
go from one state to another by means of a reflection,

Y =e'™vp, (13.3)
where 7 denotes the parity operator corresponding to reflection with re-
spect to the origin (x, y, z — -x, —y,—2, the operator e~*"™Js denotes a

rotation about the y axis through an angle m and Y, the reflection in the
xz plane. The operator Y transforms the state 1, , into %, _, apart from
a phase factor.

Y'fr"r)p,s = T.i"q{"p,—s- (134)



THE HELICITY FORMALISM 167

Since Y commutes with a Lorentz transformation in the z direction, M
should be independent of p. It is therefore a constant which we shall call
the “parity factor” of the particle. For example, the A = =1 solutions
for a photon are A+ = Fv/2(e, * ie,)exp(ipz) such that YA+ = —Ag.
Comparing this with Eq. (13.4), we obtain 1 = —1.

It is instructive to check the consistency of Eq. (13.4) with Eq. (13.2) for
m # 0. In this case, P transforms o, into itself apart from a phase-factor
which must be independent of A (P commutes with J). Hence

P ox = nPon- (13.5)
Furthermore

e ™Y 4oy = Z d3 () Yo, (13.6)
A"

where the matrix element d3, ,(r)is given by
d3 () = (=1) Ay . (13.7)

Comparing Eqgs. (13.5) and (13.6) and applying a Lorentz transformation
in the z direction on both sides, we get

Y ain = n(—1)"" e, 1, (13.8)

which for A = s reduces to (13.4).

If 3,5 denotes a state with momentum in the positive z direction, how
can we define a state ¥, with momentum in the negative z direction? We
will have occasion to use the state %, in the treatment of two-particle
scattering in centre of momentum frame wherein one particle moves in the
positive direction while the other particle moves in the negative direction.
A rotation through an angle ® about the y axis corresponds to a transfor-
mation x, y, z — -x, ¥, -z and hence

Xon = (1) e T g (13.9)
The phase factor (-1)*=* is introduced such that
Xox = #0,-A- (13.10)

The result (13.10) is obtained from Egs. (13.6) and (13.7).
It is possible to generate states |p6¢; A} with momentum p’(= p6¢)in
an arbitrary direction specified by polar angles 6§ by means of a suitable
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Figure 13.1. The fixed frame of reference x,y, z and the helicity frame x'y'.z' (z
coinciding with the direction B’ ).

rotation R(o.B,y) applied to states i,, having a momentum p in the
positive z-direction.

PS5 A) = R, B,7) Yy (13.11)

Inthe present notation, the state 4,» can be equivalently denoted as
|p00; A). Two different conventions are in vogue for the choice of angles
of rotation in R. Jacob and Wick (1959) used o= ¢,f= 6,y= -0, corre-
sponding to a rotation through an angle 6 about the normal to the plane
containing p and p'. It is found more convenient to adopt the convention of
Jacob (1964) and choose o= 0,3= 6,y = 0. In this case, the x’ and y' axes
to be associated with the helicity direction p'as z' axis are as indicated in
Fig. 13.1. The positive x' direction is along the direction {(p x '} x # and
the positive y' direction coincides with the unit vector ( x p').

The state [p00;A) (= 9,2} is a plane wave state with momentum p in
the direction of z -axis (chosen coordinate system) and it can be expanded
in terms of states |pjm; A} of definite angular momentum j and projection
m. In the chosen coordinate system, m = A for all j

1p00; A) ZC Ip 7 A; A, (13.12)
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where C, are the coefficients of expansion. Applying a rotation operator
R($,0,0) on both sides, we obtain

0, \) Zc DI\ (4,0,0)lpjm;A). (13.13)

The expansion coefficients C; are determined by specifying the normaliza-
tions of the plane wave states |[p# ¢, A) and the angular momentum eigen-
states |pjm;A) and by using the orthogonality relations of the rotation
matrices. The plane wave state |p#¢, A} is normalized such that

(06" &' N | DO A) = 6, 62(06,0'8") 63 (13.14)
where 8,(6¢, 8'¢") stands for
62(09,8'¢") = é6(cos @ — cos8') 6(d — &'). (13.15)
The eigenstates of total angular momentum obey the normalization
(p 7' m s XN pgmi X) = 8 851 Bpnr Gare (13.16)

The orthogonality relations of d-matrices are given by

/0 ', (B) dih(8) sin B dB = 2},—115‘”1, (13.17)

%Z(?j +1)d2, ,(8) di, (8') = &(cos § — cos 3). (13.18)

Using the normalizations (13.14) and (13.16) of the plane wave states and
the angular momentum states and the orthogonality of d -matrices (13.18),
we obtain the expansion coefficient C,

C; =1/ (13.19)

Thus, we obtain the important result of the expansion of the plane wave
state as a sum of angular momentum states for a particle of arbitrary spin s.

P09 N) = 3\ LI 02,0, 6, 0)lp i N, (13.20)
im

Since total angular momentum of the particle and its helicity are in-
variant under rotation, it is possible to obtain the inverse relation which
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enables us to project states of definite total angular momentum and helicity
from the plane wave state.

lpjm:\) = 1/25' 1 /D " ($,0,0)lp0 ¢ M) dQ, (13.21)

Q) = sin 6 d6 dé. (13.22)

where

Equivalently, the transformation matrix that corresponds to a transition
from the angular momentum state to the plane wave state is

, | 2+ 1
(pimiA|pBeiA) =4/ J4 D ($,6,0). (13.23)

It is easy to verify that the normalizations (13.14) and (13.16) are consistent
with the definitions (13.20) and (13.21), using the orthogonality relations
of d-matrices. From Eq. (13.20), we find

(P8 & Npog;A) = ZZ[ Dl (#,6,0)D7,,(4,6,0)

Jmo j'm’
x (p' 3'm'; N | pjm; A)
. 2j+1,
= b ) = DI"\(¢'6'0)D? \(¢,6,0)

jm
= 6, 82(00,0 ), (13.24)

using the normalization (13.16) and the orthogonality relation (13.18) of the
d-matrices. Similarly, starting with Eq. (13.21) and using the normalization
(13.14) and the orthogonality relation (13.17), we obtain

(P i Nlpimid) = /1] / o (6,6,0)D),(¢,6,0)
(p & &' Np 8 d; \)dQdQY’
= ‘5pp’ 53'3" ﬁmmr. (1325)

Equation (13.20) is the expansion of the angular function of a plane
wave. It may be noted that the angular dependence of the wave function
is given by a D-function instead of a spherical harmonic function which
occurs in the case of spin-zero particle. For spin-zero particle,

g [ 4m
— N I 7 — - rm=-=
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Hence, for spin-zero particle, Eqgs. (13.20), (13.21) and (13.23) reduce to

p8 ;A =0) ZY’“*(H Yim) =3 V(@) Y (#), (13.27)
im

lpimiA) — -Y1 (7). (13.28)

(pimiMpoa;A) — Y™(0,6) =Y, (D). (13.29)

13.2. Two-Particle Helicity States

In the two-body scattering such as a + b — ¢ + d, the initial and final
states are two-particle states. A non-interacting two-particle plane wave
state with helicities A, and A, can be written as a direct product of two
one-particle states (Martin and Spearman, 1970; Jacob, 1964).

[P1 P2i A1 A2) = [p15 A1) @ [pg5 Az (13.30)

It is advantageous to go to the centre of momentum (c.m) frame and
analyse the wave function in terms of centre of mass motion and relative
motion in c.m. system.

|y Po; M A2} = | P) @ [pi Ap Az), (13.31)

where |P) is the state vector denoting the c.m. motion and |p; A1 Az}, the
relative motion of the two-particle system.

In any physical problem, we are concerned only with the wave function
denoting the relative motion in c.m. system and our aim is to construct the
two-particle helicity states of definite total angular momentum.

To start with, let us consider the relative motion of the two particles
to be along the z-axis, one particle moving along the positive z-axis and
the other particle moving with the same momentum p along the negative
z-axis. Then

ips M Aa) = |p, 0 =0, ¢ = 0; A1 A2) = ¥pr, Xphas (13.32)

where ¢y, denotes the one-particle state with momentum p along the pos-
itive z-axis and helicity A, and ), as defined in Eq. (13.9), denotes the
state of the other particle with momentum p along the negative z -axis and
helicity A,. The resultant helicity A of the two-particle system is

A=A — Ao (13.33)

The two-particle state vectors |p#¢@; Ay A2, representing relative mo-
tion along any arbitrary direction can be generated by a suitable rotation
R(6,6,0).

|pBdi Ay Ag) = R(9,0,0)[p00; A1 Ag). (13.34)
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q
C
P -D
a b
-9
d

Figure 13.2. The two-body scattering in can. system

The plane wave state is a sum over all angular momentum eigenstates and
conversely an angular momentum eigenstate can be obtained by angular
momentum projection of plane wave state. Using the procedure followed
in Sec. 13.1, expressions for two-particle plane wave state and angular mo-
mentum eigenfunctions are obtained.

_ 27 +1 ;i :
IpOd; A ds) =D 4/ {hr D]\ (6,0.0)lpim; A Az),  (13.35)
-

‘ 27 + 1 - .
pimi ) = o L= [ D 6.0.0) 19801 Mdsjan. 1330

The normalizations of the state vectors in the two representations are given
by

(P8¢ A A2 P86; A1 da) = (00, 6'¢") 65,5 b3, (13.37)
{pi'm’s XA | pims Au Ag) = 6550 G 6301 G- (13.38)

13.3. Scattering of Particles with Spin
13.3.1. SCATTERING CROSS SECTION

Consider a two-body scattering of particles with spin
a+b—c+d (13.39)

in the c.m. system as described in Fig. 13.2. The differential cross section
is given by

do 27\ * .
o= (Z) Ha0oi AM TN P00 Aur)E, (1340
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where p denotes the relative momentum of the two particles along the z -axis
in the initial state and ¢ denotes the relative momentum of the scattered
particles in the final state making an angle ¢,0 with the incident direction
in the c.m. frame. The total energy in the c.m. system is denoted by W
and it is conserved in any reaction.
.1 1 . 5., L . 2,1

W= (p" +m2)? + (0" +m)7 = (¢ + md)7 + (¢ +mz.  (13.41)

For evaluating the 7T-matrix, it is transformed to jm representation.

(O A x| TWI[005 2, ) = DD (05 A Ag| 5 m'; A Ad)

sm j'm’

(5 s Ae Ag | T(W) 7 Aa M) (G ms Ag Ap (00325 As). (13.42)

The rotational invariance implies the conservation of angular momentum
and hence j is a good quantum number.

{:jf "rn!; /\c /\{1'- | r('ﬂ') |} L /\a )\b) = é_;_;’ 6mm’ (Ar )‘d | TJ(W) |)\a Ab) (1343)
Using Eqgs. (13.35), Eq. (13.42) becomes

. 2j+1
(065 A A | T(WI005 00 M) = > g mf(m 6,0)

Jm

% (A | THW) [ X M) D2, (0,0,0), (13.44)

mA;
with A, = Ay — Ay and Ay = A, — Ag . Since
D'.l'n,\,(“'s U}O) = 57?1-}\,': (1345)

we obtain
2 + ]
(032 A | T(W) (0050 0) = > J'*
7

(A | T9(W)Y | As Asd. (13.46)

DJ\\(@HO)

Denoting the scattering amplitude in the helicity basis by [, \;r.0.(8 @),
the differential cross section becomes

do
a0

From Egs. (13.40),(13.46) and (13.47), we find

Frorairars(8:6) = Z(mw (0,000 fL (W), (13.48)

= |Froranars(8:9)° (13.47)
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with
BonW) = 5o THW) Pads). (13.49)

For scattering of spinless particles,

j =v J; )\:’13 )\bs /\cv )\d — O )\ia )‘f — 0. (1350)
4T
2041

Prorarars(8:8) = Y (21 + 1) Pilcos ) i W). (13.52)
4

1
. * z 2
D3\, ($,6,0) — Dgo(¢,6,0) = ( ) Y28, ¢) = P(cos@).  (13.51)

The amplitude fi(W) (= T.(W)/2p) is known as the partial wave scattering
amplitude for spinless particles. When the particles considered have spin,
the total angular momentum j is a good quantum number and for each j,
there are several scattering amplitudes which depend on helicity states but
the number of independent amplitudes get reduced by invoking parity and
time reversal invariance.

Equations (13.47) and (13.48) are general expressions applicable for
scattering of particles with arbitrary spin. These formulae are relativisti-
cally correct and they are applicable equally well to massless particles and
to particles without spin. It is found that the D-functions that occur for
particles with spin reduce to Legendre functions for particles without spin.

Let us now explicitly square the scattering amplitude (13.48) and obtain
an expression for the differential cross section and total cross section.

do‘ . . g P "
70 Prars 2(22 + 1)(25" + 1)f§f.\,-ﬂ’" (W)
i
% Dj':/\f((ﬁ,ﬁl,(})f)i;\f(z,b, 8,0), (13.53)

where p,.., denotes the density matrix that describes the initial state.
Using the symmetry property of the D -functions and using the C.G. series
(5.48), we obtain

DY, (6.0,0)D1, (,6,0)
= (_1))‘5—)‘_{_1){)‘&:_)\.]}((13191 0) D‘;.;)‘f((;ﬁ’ 9, (])

3 A=) i il Y i .
= (_'1) 1 Z [ _)\i "\i 0 ] [ _’\f ’\f 0 DOO(¢*9~U) (1'554)
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If the incident and the target particles are not polarized and if the polar-
ization of the final particles are not observed, we need to sum over A. and
A, and average over A, and A,

Note that

98, ¢) = Py(cosb). (13.55)

do 1
aQ " (25, + 1)(2‘=;g,+1)(ZA}:Z(ZJHLI)(QJ + DRe(S} A fAf\}
XZ fevy [ N i {;} } [ Jif :\?; Hmwsﬁ), (13.56)

where the summation index (A) stands for helicities A, A, A, A, of all in-
cident and scattered particles and Re stands for real part of {f{ . £ ;A}

In the above formula, the statistical weight (2s + 1) has to be replaced by
2 for a massless particle.
Integrating (13.56) over the solid angle, we obtain the total cross section

" (25 +1 (235+ %Zj:(zf“ 1l (13.57)

using the following relations:
/B(Ltosﬂ)dﬂ = 4760, (13.58)
BRSNS 1359

13.3.2. INVARIANCE UNDER PARITY AND TIME REVERSAL

From Eq. (13.56), we find that, for each wvalue of j, there are in total
2s, + 1D(2s, + 1)(2s. + 1)(2s, + 1) helicity amplitudes. Invariance under
parity and time reversal reduces the number of independent amplitudes.

The helicity defined by J-p changes sign under space inversion. A state
with helicity A is transformed into a state with helicity —A. If P is the
parity operator,

P 1imi Aa As) = M= 1) 7527 jm; =Aa, = Ap), (13.60)
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where M, M, denote the intrinsic parities of the two particles with spin s,
and s, P is a unitary operator and invariance of the S-matrix under parity
implies that PSP = 8. Since S = 1 + (7, it follows that pirp =1.

Do Ml V(WA dey = (Ae, Al PHTTHI ) P AL, M)

??a?}'b'ﬁ‘c?]‘d(— 1)3c+3d—30_3b
X (=Ae, =M TI(W) | = Ay —Ae). (13.61)

Il

Under time reversal, both J and p change sign and hence the helicity
does not change. By applying the time reversal operator 7 to the state
|7m : Ay Ap), we obtain a new state with the same angular momentum and
helicities but with an opposite eigenvalue of J. With the phase conventions
of Jacob and Wick (1959),

T 15 m; Aa Ap) = (=17 7| — m; Ag Ap). (13.62)

The operator 7T is antiunitary and hence the invariance under time reversal
implies 71577 = §.
THWY Ao As) = (G Ae Ag] THW) [jms Mg Ap)
= (§m; A Al TTTIWYT |5 Ag As)
= (=1 7(Gm; A | TIN5 = m5 o)
= (=1)7™(5 — m; A M} THW) T [ m; Achg)
= —m A N THWY |5 — ma Adg)
= (Ao V(W) [ AcAG). (13.63)

{Ac Ag

This yields the familiar result that under time reversal invariance, the tran-
sition ¢ + b— ¢ + d is equal to the inverse transition ¢ + d —a + b.
For identical particles, we have a further relation.

(A Al TV(W) [Aa As) = (Aa Ac| T2(W) (A Aa). (13.64)

13.3.3. POLARIZATION STUDIES

Since the polarizations of the particles are considered separately, formulas
giving polarizations take a simple form in the Helicity Formalism. The
longitudinal polarization can obviously be introduced by giving different
weights to the positive and negative helicity amplitudes in Eq. (13.56).
However, it is the angular distribution of the transverse polarization that
is more informative.

Transverse polarization is usually defined by means of the expectation
value of a transverse component of the spin. The definition of transverse



THE HELICITY FORMALISM 177

components of spin is somewhat arbitrary in the relativistic case and for a
massless particle, the transverse component cannot be defined at all. So, in
what follows, we consider only the transverse polarization of a particle with
finite mass, for which one can go to the rest frame by Lorentz transforma-
tion. The helicity remains unchanged in Lorentz transformation and so also
the density matrix in helicity basis. Using the known non-relativistic form
for spin matrices, we obtain after simplification that (the reader is referred
to solved problem 13.1 for derivation)

(sy) = Tr(syp)
= Y {(s+ N = A+ D} Im(pr-1,0), (13.65)
A

where Im(...) denotes the imaginary part of the quantity within the bracket.
Using the algebraic form of C.G. coefficient,

1] - )

s 1 s
—[ A1 1 A}’ (13.66)
Equation (13.65) can be rewritten as

8

5 1
11 /\Jlm(m_l,x). (13.67)

(s) = —{2s(1+ )}y [ e

A

We shall consider two specific cases. 1. The incident particle a is trans-
versely polarized with the polarization (sqy). What is the “polarized cross
section” i.e., the part of the cross section do/d€2 which is proportional to
{84y)? 2. The incident and target particles are unpolarized. What is the
transverse polarization (s.,) of the outgoing particle ¢ in the reaction?
Case 1
If the incident particle a has transverse polarization (Sgy), then its spin
density matrix can be written as (the reader is referred to solved problem
13.2 for derivation)

! 3
- ]' L, ny, M .
Pe = 2sa+1 [ (e 1) ey } (13.68)

If we restrict our consideration to vector polarization and neglect higher
order tensor contributions, the density matrix for the initial system is

1 [l | 3
(28, + 1)(2s5 + 1) Sq(8q + 1)

Pi = Paf = (Say) Sayjl . (13.69)
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The cross section depends on the density matrix for the final state which is
evaluated if the scattering amplitude f and the density matrix of the initial
state p, are known.

Trpy = Tr(fpiff) = Tr(pif1))
= > (P STy (13.70)
A

where { fTf) can be considered as the density matrix p?, corresponding to the
final state when the incident particles are unpolarized. Using Eq. (13.69)
for the density matrix for the initial system, the polarized cross section

( %)p that is propotional to {s,,}is obtained from (13.70).

(%), - mermm
d), (280 + 1)(285 + 1)sa(sa + 1)“‘”’
= Z{Say)h—lw\i Im(_fT e =ns (13.71)
,\"

Expanding (fT f)a,.,1 as Z,\f(fT),\,-,)\f (f)x; -1 and substituting the ex-
pansion (13.48) for the scattering amplitude f, we obtain

do 3 . o of)
(E)p = B D + Dale 7 D)o 2, 2 i+ DG+ 1)

FEPYRE

x Im {Dj{‘.,)‘f(qb,ﬂ?O) D:?\,-—l,,\f(.qﬁ'-‘ g, U) f,{j,,\‘ fif,)\(—l}
X (S(J.y)A"—l‘/\,' . (13?2)

Equation (13.72) can be simplified by coupling the two D -matrices by using
C.G. series (5.48).

Di‘“’\f (¢’ 8,0) Dif—l.)\f (4,8, 0)
= (—1)A‘._1—»\1D3/\i’/\f(¢>,9,U) Di —A!(‘?Ba 8,0)
-y

= A
- Ai—1—A J j L J J L L
=(-1) f? { A oloX 1 } [ A <A 0 } Dyys (13.73)

with

DE(6.0,0) = e diy(8)
= o [{L(L+ D} Fsin0 Pl (cos0)] . (13.74)



THE HELICITY FORMALISM 179
Using Eq. (13.66), we obtain the matrix element of s,,.
(Sa?;)/\,-—'l‘,\,; = {lsa+Ai){sa = Ai 4+ 1)}1!2
S

8y 1
—{253(1+sa)}”2{/\:_1 1 A} (13.75)

I

Substituting Eqgs. (13.73) - (13.75) into Eq. (13.72), we obtain the polarized
cross section arising from the transverse polarization {s,,) of particle a.

do B 3 2 o)
Q) (28 + (28 + 1) 5al+5a)

x S5 25+ 1)(25 + DIm {f\f \ f\f‘\ _1 —“»6}

3L Mg
Nedg |7 3L J j* L
x (=1) ‘r[)\i 1=\ ][/\f —A; 0
x| 1 s NUp(L41)} st 6 Pl(cos). (13.76)
Ao -1 h-1 | - ' '

Case 2

Let us now consider the transverse polarization of one final particle, say c,
when the initial particles are not polarized and when the polarization of
the other final particle d is not observed. The polarization of particle ¢ of
spin s, normal to the production plane is

TI L‘-Oy:pf)
Seyt) = T 13.77
( cy > Tr Py : ( )

where Trp, is just the differential cross section dc/d€. So,

do
T‘r(m pr) (13.78)

< cy’ ) ,JQ
Using Egs. (13.65) and (13.67), we obtain

Tr (seyps) = 9 A(se+A)(se = A+ 1)}7 Im (pp)r,-1,

_{236(1+sc)}1f22[,\ji1 i ;C}

AL

xIm(ps)a,—1,5. (13.79)
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Since the particles in the initial state are not polarized, the elements of
the spin density matrix of the final state is given by

1
(25, + 1)(2s5 + 1)

where, for brevity, single helicity quantum number is used to denote a two-
particle helicity state as shown below.

Av=H{Aa, Ak Ap = {As Ad)s )\’f = {A. = 1, A4}. (13.81)
Substituting Eq. (13.48) for the helicity amplitudes fA} Ao f'{*f, 5> We obtain

(Pf)x ;= Py £y (13.80)

Z((23+1) 27’ -|—1)

28, + 1)(28 + 1) )‘ A (¢,6,0) f'\‘_’\f(ga‘);ﬂ,{})

(ps) MNoAg

X f}\},)\‘_ fjf,}“_. (13.82)

Coupling the two rotation matrices using C.G. series (5.48) and using Eq.
(13.79), we obtain

do

(.scy:)E = (23a+1)265+1 [ {2s.(1 + s }][/\

&
1 A
XZZ(QJ+1)(21’+1)(—1J’“‘"[J&i i %}]

(\) 4i'L

[4

L ; i
x [ a1 ] D§2(6,6,0) £, A, (13.83)
Using the analytical expression for the rotation matrix,
DE(6,6,0) = df(6) = {L(L+ 1)} "% sinf Pi(cos),  (13.84)

we finally obtain

do 1 _ 1 3 1
o) 3 = (254 + 1)(2s5 + 1) {_{236(1 + 5o} ] [ Ae—1 1

1
. o =N 7 i L
X >0 (274 D25 + D=1 [ oo

(A} 33'L

i 4 L} sin 0 Py (cos 6) { ; e } ..
X S| ——e—l Im < fY, Yoy p . (13.85
[_,\} Ao ]I+ ) BoaBipsi g - (13.85)
A similar formula may be obtained for {s../) and may be shown to van-

ish, as one expects, if the scattering matrix satisfies the symmetry condition
for parity conservation discussed in Sec. 13.3.2.
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]

X

Figure 13.3. The unprimed coordinate system is the rest frame of y and the primed
coordinate system is the helicity frame for the decay products o and .

13.4. Two-Body Decay

Let us now investigate the two-body decay of an unstable resonance or,
more generally, of a system of definite angular momentum and parity (Lee
and Yang, 1958; Byers and Fenster, 1963; Jackson, 1965). The observables
are the intensity and polarization of the angular distributions of the decay
products. There are two main objectives. 1. One is to obtain information
on the mechanism of production of a resonance. In this case, it is better
to work in terms of the density matrix elements themselves since they give
direct information on the population of the angular momentum substates. 2.
The other is to determine the spin and parity of the resonance by studying
various moments of angular distributions. For this, it is often convenient to
express the density matrix in terms of multipole parameters.

To be specific, we choose the rest frame of ¥ with a fixed z axis (quan-
tization axis) to describe its two-body decay into o and B (vide Fig. 13.3).
If p and —p are the momenta of oo and B in this frame, then the state
vector of the two particles containing the angular and helicity informa-
tion is denoted by |p € ¢; Az} which can be expanded in terms of angular
momentum eigenstates.

2+1
PG Aag) = 3 ki ,0,0) [jm; Aag), (13.86)
?r\

with

= e — S (13.87)
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The amplitude for the decay y —o+ [  from a definite state |jm) of y is
given by (suppressing the label p hereafter)

f}\m(’\cr)‘ﬁ) = (9 ¢ P A /\ﬁl H |j??1)

2 1
_ ?1+ D7 (6,8,0)(jmi Aadgl H [jm).  (13.88)

Since the interaction Hamiltonian H is a scalar under rotation, its matrix
element depends on A, and A; but not on m. So, let us denote the matrix
element by H (A, Ap).

If the resonant state y is denoted by the density matrix p, then the
density matrix p, corresponding to the final state is given by

(pf)'\f"\_f" = Z f}\fm p-mm’f;f;m'

mm’

27 +1 b ] ' ; ]
= >, j.1 D3, (9:6,0) D}y (6,6,0)(im; Aadg| H |jm)

x {Gm| pi |gm'y (Gm; /\L/\H H|jm')* (13.89)

with Az = AL — Ay and A, = Ao - A .
The angular distribution 7(0,0) of the decay particles is obtained by
taking the trace of p,

[(8,6) = Trpyg
) ,
= 2 S LD (6,6,00D9,,(6,6.0)

AaAg mm!
XH(Aa'e ’\ﬁ) H*(_’\a:’\ﬁj(pi)mm’: (1390)
with the notation
A=do—Ag H(hawAg) = (Gm; Aa Agl H |j m). (13.91)

Separating the terms that depend on m and m' we get

3" D3 (6,6,0) D2 (6,8,0)(p: o

!

= Z(_l)m_}‘ D.?. (('D 9 U) m’/\(Q 9 U (pz)mm'

st

— Z(_l)m—,\ Ci(mnm-‘}(}l‘ d? /\(9 m’\(g) (:O‘e)m,m* (1392)

it
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The rotation matrices d(0) are known and hence the angular distribution
can be obtained in terms of the density matrix of the initial system. The
normalized angular distribution is given by

I(0,)
fI(B,c;b)dQ' (13.93)
It is easy to show that
/f'{e..qs)dn: S HOw Al (13.94)
Aasha
since
D7 (6.6.0) D 1\ (6,8,0)dQ = —§
. a(9,0,0) D7\ (4,6,0) = g5 7 St (13.95)
and
Z(Pi)mm" (smm’ =Tr P = 1l (1396)

mimn’

Let us now illustrate the above discussion by considering the decay of
a spin-1 system into two spin-zero particles. For this, there is only one
helicity matrix element H(0,0) since A, = Ay = 0. Since j = 1 and A = 0,
the required & matrix elements are

1 1
dly = ——=sin#; di, =cos; d',,=—=siné. 13.97
10 00 1,0 \/5 ( )

V2

Substituting these values of d’ matrix elements, the normalized angular
distribution of the decay particle is obtained in terms of the spin density
matrix of the parent system.

iGN 3 ’ .
f_[ ( (b))dQ = 4—— |:('.Cl51l 8,00,!) + % Slllz g (.01,1 + ,(),,,1‘__1)

— sin® O Re(e?? £1,-1)

—\/gsin‘Zf)Re(ewpl,g—e “o_10)l. (13.98)

As discussed in Sec. 11.2,the density matrix can be expanded in terms of
spherical tensor parameters which are also known as multipole parameters.
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Using Eq. (11.23), the elements of the density matrix can be written as

23tk
1 y
(Pidmm = Z Z (T;lk)*<jm'lﬂznk [7m)
2j+1 k=0 m.k——fc
25 . )
- o Sapr [ E o
'}+ E=0rm,=—k kM
27 J
—_ Sy .
B ZJ"l' Z Z (T™)” [m Mg m} [£]. (13.99)
E=0my=—Fk

The product of two rotation matrices that occur in Eq. (13.90) can be
simplified using the formula (5.48), familiarly known as the C.G. series.

D7 \(4,8,0) D ,\(¢,6,0)
= (=)™ D2, (6,6,0) Dl (6,0,0)

. P T
=(-1) Az[_in -nj?," M”j/\ f'\ UJ Dro(¢.6,0). (13.100)
L

The resulting rotation matrix ﬁﬁ‘m(gﬁ, ¢,0)can have only integer values for
L and it can be expressed as a spherical harmonic using Eq. (5.76).

4w
2L + 1
Substituting Egs. (13.99 - 13.101) into Eq. (13.90), we obtain

18.6) = > Y D {ar(2L+ 1)} 23—y

D¥o(6,6,0) = Y170, 6). (13.101)

Aahgmm! L
o _L a - L .
. [ S M H_j,\ )\ U} Y28, 8) | H(Ma» Ag) I
X; { m’ e m J [RI(T™)" (13.102)
KL

Equation (13.102) is simplified by performing first the summation over m
and then replacing the summation over m' by M.

Z ( -1 )m —A .? J L j k ]
-m m' M m' my m

i’

ZZ(_I]M(W J— #+\{[i%5 e OM e (13.103)
M
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Also

DMV My = Y YT, (13.104)
L M

Substituting these results in Eq. (13.102) and replacing & and m; by L and
—M because of the delta functions, we finally obtain

8,6 = (-1) ;3 L
syl 4]
X [H(Aa Ag)[* Y (TENYE (0, 6). (13.105)
M

Integrating over the solid angle and using the following identities

/1»}?"'*(9,@@ = V47 610 bpr0, (13.106)

;o3 0] _ (=W
[A " 0] = O (13.107)
(Tg) = 1, (13.108)

we retrieve the result (13.94).

Jro.6100= 3 1HOG )

AaAg

By inspection of Eq. (13.105), it is seen that the statistical tensors (T}
are related to the spherical harmonic moments of /(0,0).

" B Cviea j i L
/.f(e,qs)YL (6,4)d2 = > (-1) \/LE[L][A —A 0]

Aok
X [H(Aa» Ag)|* (T, (13.109)
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Case 1: Decay into two spinless particles
In the case of decay into two spinless particles,

Ao = Ag= A =0,

Equation (13.109) now reduces to

Mg _ v ] 71 1L
/1(9 YL (6,0)d2 = /\;ﬁ( 1) 4¢.—[L]{U 0 0]

x |H(0,0)> (TM). (13.110)

Here j is an integer and L should be even because of the parity C.G.

coefficient. Since
/ I(0,0)d) =

it follows that the normalized spherical harmonic moments of angular dis-
tribution is

[0V B0 _ s~
J1(6,6)dQ =, \/E[L}

(13.111)

H 3 ‘H(iﬁvf). (13.112)

Case 2: Decay into a spin-% and a spin-zero particle

From parity considerations, the two amplitudes H(3,0) and H(—4%,0) are
related.

H(-1,0) = e H(L,0), (13.113)

where ¢ = +1. From (13.60), it follows that

€= 10 gy (=1)773. (13.114)

If parity is conserved in the decay, thene¢ = £1 corresponding to the orbital
angular momentum (! = j F 1) of the ab system. The conservation of
parity requires that the product of intrinsic parities M.MN, = (-1). Thus
determines the intrinsic parity of the Yy resonance. However

|H(~1,0)|* = |H(%,0)% (13.115)

2

Consequently,

]f(a,@dn:|H(%,o)|2+1H(—%,o)|‘f’:ziﬂ(%,u)|2, (13.116)
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and the normalized angular distribution is given by

JI6,9)YM(0,6)d0 (1y-4_U] [ L}
[1(8,4)dQ - Var|[L] 0
(

x(TM) {—5——)—} : (13.117)

The C.G. coefficient ensures that the spherical harmonic moments with
L > 2;j vanish, and so the observation of a statistically significant non-
vanishing average value of ¥;¥ means that the spin of the y resonance is
at least L.

The distribution of the longitudinal polarization of the spin-i particle
that comes from the decay is

Bl S,

J

na—

I
I

(93 QS) - ]—%(G*Q)

P8, ¢) = (13.118)

[ RPN [CT TS

The denominator I1(#,¢)+ I_1(8,@)is just equal to 7(6,0). Hence
B(6,6)1(6,9) = 1,(6,) ~ 1_1(6,9). (13.119)

Using Eq. (13.105), we obtain the helicity distributions.

7] MyuM*g o )i 1vie
Bif, o) 1(0,¢ E ——=—(T;")Yi" (0,¢)(=1)
! ¢) = — VL] I {

[STE
1

x{l—( DEY (1, 0))2 (13.120)

After normalization, the longitudinal polarization of the angular distribu-
tion is
[P0, 4) (8, 9) Y2 (8, ) D2

[1(8,6)dQ
[] -1l J 7L 1- (-1t
- m(—u [ I ] (Tﬂ’*’){ ; } (13.121)

It is observed that the longitudinal polarization yields information about
odd L multipole parameters while the particle distribution gives informa-
tion about even L multipole parameters. These studies do not throw any
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light on the parity of the resonant (parent) state. Only the study of the
transverse polarization of the decay products gives valuable information on
the parity of the parent state.

Since we are considering two-body decay, of which one particle has spin-
3 and the other spin zero, we need to consider only the transverse polariza-
tion of the spin-§ particle. The transverse polarization is the expectation
value of 6. or G, operator. Let us illustrate the method by calculating the

x component of polarization.

Tr (0n
Py = (0,) = %P’;’f). (13.122)

Equivalently,
P 1(6,¢) = Tr(ozp5). (13.123)

To evaluate Tr (0.p,;) we proceed in steps. First let us show that Tr (c.p,)
is just the real part of the spin density matrix element (py) 1ot

Tr(o.py) = LIr{(os+0-)ps)
= 3 {Z(M)A»(Pf)m +> (o (Pf)»,\}

¥V AN
= 3 {Z dva-1(pf)an + Z Ox—1,0 (Pf))w,\}

AN AN

= 3 {Z(PI).\—M 2Py }
A A
= 1 Z {{pr)r-1a+(prhaa-1}
X

= Re ) (pr)aa-1. (13.124)
A

The last step is obtained by invoking the Hermitian property of the density
matrix. For the spin-3 particle, the helicity can assume only two values +3
and —z and hence A in the above expression can take only one value 3

Hence we obtain a simple result that

TI‘(prf) :Re(pf)%!_%. (13.125)
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Using Eq. (13.69), we obtain (suppressing for the present the Euler angles
of rotation (¢,0,0) in the rotation matrix)

Re Y oDl D, HEL0) B (40 (o

mm’

2j+L m__ j G
e X Bk apein 0

Tr{ozpy)

0 — 1 C[II 0)' (pt)mm’

mm!

B 25 +1, imod g3 L
= Re Z{ P (—1)"z Z.': [ -m m M
1 ] L ¥
X [ R ] Dy c|H(3, 017 (pi)mme- (13.126)
2 2

The above result is obtained using the C.G. series for the coupling of the
rotation matrices and the relation between the helicity amplitudes, viz.,
H(-1,0) = ¢ H($,0) Expressing the density matrix of the initial resonant
state in terms of the multipole parameters as given in Eq. (13.99),

_ 1 mapx | J Rk
() —— m (T.™*) [mf — (%],

kmp

it will be convenient to separate the terms that depend upon m and m' and
perform the summation over m and replace the summation over m' by M.

'”'l-_-l j J L j k J
Z(_l) : [—m m' M’} [m’ Mk m]

mmnt

:(—1)25*"“(—1)3"%%Z(—l)M&L,kaM,,mk- (13.127)
M

Substituting the above result, we get after simplification

, 1(0,6) = T (0, pg) = Ro;“]( koM [ ] 1]
x DY _1(¢,0,0) (T My e|H(L,0)]%. (13.128)

In a similar way, one can calculate the transverse polarization P,.

P, 1(0,8) = Tr (0, p7) = 5 Tr{(04 — o) ps). (13.129)
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Following the same procedure as before, we can show that
P I(8,¢) = —Im(ps)s 1
— ] j=te M| 3 J7 L
= ~Imy_ S -ECM | ]
LM
X Dig_1(,0,0) (Tp My e |H(£,0)7. (13.130)

Thus the study of the transverse polarization, which depends on ¢, will
yield the parity of the resonant state.

Hitherto, we have considered only the parity conserving two-body decay.
For parity non-conserving weak decay such as the decay of hyperons, only
small modifications are necessary. The interaction Hamiltonian, in this case,
is a sum of two terms, one scalar H, and the other pseudoscalar H..

H=H.+ H,. (13.131)
Under parity operation,
PlHP=H; P'H,P=-H,. (13.132)
This means that the matrix element is a sum of two terms,
He( Ay Ag) + Ho( Ao, Ag), (13.133)

where H, and H, obeys the following relations:

il

!:-{e(_’\as _’\6)
HO(_’\CH _—)\,{3)

TangTy(—1) 5758 (13.134)
~ Ty (= 1) 2%, (13.135)

t

To be specific, let us consider a weak decay of a hyperon into a baryon
of spin-1 and a meson of spin zero. The various distributions involve the
following combinations of #.(%,0) and H,(%,0):

2 Re(He(3,0) 115(3,0))
[He(3,0)2 4 |Ho(5,0))%
2Im (He(},0) H;(3,0))
"o |He(3,0)12 4 |Ho(3,0)|2° (13.136)
|Ho(L,0))2 — |Ho (3, 0){2
[He(3, 0P + [Ho(3,0)1

It is easy to observe that a? + b? + ¢ = 1. The various changes that oc-
cur in our earlier study of parity conserving two-body decay can easily



THE HELICITY FORMALISM 191

be determined and we only quote the final results for normalized angu-
lar distribution and the longitudinal polarization. Equations (13.117) and
(13.121) get modified to yield

J1(6,0)YM(8,0)d02 [71 i L M
[1(6,¢)d%2 = (-1 \/E[L][ —3 U](T”

N\ 1\
x{1+(-2 D | o g ) )}, (13.137)

B b,

[P0, 10.9)YM6.8)00 _ iy A
Togdn = mm [ o]

X {1_( b* )L)}. (13.138)

The reader may note the interchange of the roles played by even and odd
L in the above equations.

For the relativistic treatment of angular momentum states for three-
body system and for the three-body decay, the reader is referred to Wick
(1962) and Berman and Jacob (1965).

13.5. Muon Capture

We shall now apply the helicity formalism to discuss the capture of muon
by spin-zero target nucleus,

o+ AJ: =0)—= B(jy > 1)+ v, (13.139)

and investigate the asymmetry in the angular distribution of the recoil
nucleus B and its polarization.

The usual source of muon is from m decay and it is polarized in the
direction of its flight. When it is incident on a target, it is slowed down and
caught in Bohr orbits. It cascades down to lower orbits emitting X-rays
known as muonic X-rays and ultimately reaches the 1s orbit before it is
captured by the nucleus through weak interaction. It is observed that de-
polarization takes place during the process of slowing down and cascading,
but yet there is a residual polarization of order 15 to 20% in the 1s orbit
at the time of capture by spin zero nucleus.

The muon polarization which coincides with the direction of incident
muon is assumed as the z-axis of the rest frame of the initial system as
shown in Fig. 13.4. This corresponds in the final state, to the centre of
momentum system, with the recoil momentum p = -v, making an angle
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Z
z

1—:'34 ]A)
g

o =y
¢

X
Figure 13.4.  The muon polarization is along the z-axis of the rest frame of the

muon-nucleon system and the momentum of the recoiling nucleus is along the z'-axis
of the rotating frame which is otherwise called the helicity frame.

0,0 with the z-axis. For describing this process, we have two frames of
reference, one is the fixed frame of reference with z-axis in the direction
of muon polarization and the other, the rotating frame of reference with
z'-axis coinciding with the direction of recoiling nucleus. The latter frame
of reference is obtained from the former by rotation through Euler angles
(9,8,0)

Since the target nucleus is of zero spin, the total angular momentum
of the initial system (u- + A4) is % and is described by the state vector
|3 m}). The final state is the recoiling nucleus B with spin j; and helicity
If, and the muon neutrino v, with spin-i and helicity —%. Expanding the

final state in terms of definite angular momentum following Eq. (13.35),
2 1
16,; Mg, —1) = Zﬁ/ ” 2D (9,0,0)5 M Ap, —1),  (13.140)
iM

the transition amplitude can be obtained in the helicity basis.

f)\m = 9(;5 )\fs ‘H| m)
= 21/2“11} (6,6,0) (GM;Ap,—1 [H|Lm). (13.141)
M

Since H is a scalar under rotation, j = % and M = m, there can be only
two partial wave helicity amplitudes ($M; Ay, —[H|3m) corresponding to
the total angular momentum %. These partial wave helicity amplitudes will

7
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hereafter be represented by H, where A = A, + 1 = +1. Thus,

/ 1
fram = m\(@,ﬂ 0) H). (13.142)

The elements of the density matrix for the final system is given by

(Pa = D Fam (Pi)mmt frimss (13.143)

where p; denotes the density matrix for the initial system which is taken
to be in the diagonal form in the rest frame.

pi=i1+o-Py=11+2s-P,), (13.144)

where ¢ denotes the Pauli spin operator, s the spin of the muon and P,
the polarization of the muon which is in the z direction. Substituting the
eigenvalue of 5. in the density matrix of the initial state,

(o = %Y Fam (L +2mPy) flin,. (13.145)

Using Eq. (13.142) and the explicit form of D7 rotation matrices, we obtain
the following results:

Zf/\m fl\*’m = —ZD /\(QS?H 0) Dm\‘(éﬂgfo) ‘H)‘ HK’

= Z d,\m m»(ﬁ' HyH}

— |H,\|26A A (13.146)
Y Pmm iy, = me/\(qs,a 0) mDm/\,(gi), 8,0) Hy H3,
43
= — {2 M H|? cos B8y 3 — Hy H 1 sin88,_y
AT 2 3
- H_yH} sinaé,\_,\;,_l} . (13.147)
2

Consolidating the above results, we obtain the angular distribution of the
recoil nucleus /7(0,0).

I(6,¢)=Trp; = —Z[ Hy* + —~ZA[HA|2P cosf. (13.148)
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Writing it in a more compact form,

I(8,¢) = (13.149)

with
I'=) |Hy? A(0)=1+aP, cosb, (13.150)
A

we find the asymmetry coefficient of the recoil angular distribution to be

AP
SR F—L e ks S 13.151
DA (13450
The quantity I' represents the capture rate.
The longitudinal polarization of the recoil nucleus is
Tr(J -
p, = U -Plpy
Trps
Yo (P (pr)y
. (13.152)
2 (Pr)an
Since
(J-phay = Apdan = (A= 3) 0w, (13.153)
the longitudinal polarization becomes
1A =3) (s, Y
Pr, = (13.154)
> (P
In the absence of muon polarization (P, = 0),
XA =DHLE a1
P? =—— -, 13.155
2R N I (13159

Thus we arrive at a well known relation for the observables in muon capture.
a-2P) =1, (13.156)

Since the muon capture process is completely described by two helicity am-
plitudes H 1 and H_ 1, , all the observables in muon capture can be expressed
in terms of these amphtudes and their relative phase. Hence it follows that
there cannot be more than three independent observables in muon capture.
For further details of helicity formalism as applied to muon capture, the
reader is referred to Bernabeu (1975) and Subramanian et al. (1976, 1979).
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Review Questions

13.1 (a) Write down the non-interacting two-particle wave function in
terms of the plane wave helicity basis and the angular momentum
basis and obtain the transformation from one basis to the other.

(b) Discuss the advantages of using the helicity formalism for the study
of two-particle scattering and obtain expressions for the angular dis-
tributions and polarization of the scattered particles.

13.2 (a) Consider the two-body decay of a resonant state and deduce an
expression for the angular distribution of the decay products in terms of
the decay products in terms of the statistical parameters (7}') defining
the initial system. Also find the spherical harmonic moments of the
angular distribution.

(b) Apply the above consideration to the decay of a resonant state into
(i) two spinless particles and (i) one spin-i and the other spin-zero
particle.

13.3 Discuss how is it possible to determine the spin and parity of a res-
onant state by observing the angular distributions and polarization of
the decay products. Restrict your considerations to the decay into two
particles.

13.4 Consider muon capture by a spin-zero target nucleus and show that
the asymmetry in the angular distribution of the final nucleus with re-
spect to the polarization vector of the initial muon is related to longitu-
dinal polarization of the final nucleus by a simple relation o — 2P = 1,
where o denotes the asymmetry coefficient and P denotes the longi-
tudinal polarization of the final nucleus for muon polarization zero.

Problems
13.1 If a particle with spin j has transverse polarization, show that

(Jo) = {G+NG =2+ 1)} Repyoin,
(Jy) = {G+NG-A+ 1) Impaia

13.2 A particle with spin s is transversally polarized. If the transverse
polarization is denoted by (s,), then show that its spin density matrix
is given by

i

g 1+ L(% ) s
- 2541 s(s+ 1)V

Show that the density matrix reduces to the familiar formula

for the spin-1 particle with vector polarization P.
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13.3 Discuss the pion-nucleon and nucleon-nucleon scattering using the he-
licity formalism and enumerate the number of independent scattering
amplitudes in each case.

13.4 Discuss the following decays

(a) Y*(1385MeV) — Ax
(b) Z*(1530 MeV) — Z

k]

and explain how you will determine the spin and parity of the parent
systems. (These are parity conserving decays through strong interac-
tion. The spin of the hyperons A and E is % and the spin of T is zero.)

Solutions to Selected Problems

13.1 The transverse polarization of a particle with spin j is the expectation
value of the operators J, and J.

ey = Tr(Jzp) Z—II‘{(J++J )}

o | =

AN IWY

{ J—X (G+AN+1) }?5/\)\r+1(p)x

'y

b =
/

(
{ (J4 Ia ﬂ]v}HrZ J ) (p)a v

+ 3 G+ N0 = A+ D)}E yar (P
P Y

= % Z{(j FA)G - A+ DY {()acip + (Phaaoa)
N

Since p is a Hermitian matrix, it follows that

=S {G+ N0 = A) + 1} Re (P
A

Since J, = 5:(J4 — J~), it can be shown in a similar manner that

=3 (G NG = A+ DY ()
A
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13.2 Retaining only the first order term and neglecting higher order tensor
orientations, the density matrix can be written as

]
T 2541

p A+ (T T,

where the tensor operator Ty is normalized such that
Te (T TF) = (25 + 1) 6, .

The normalized 77" operator is

3
v | @
= s(s+1) 1

Substituting it in the expression for p, we get
[ 3 w
p= 25+ 1 (1+ s(s+1) (S1>S1) '

For spin-% particle, the density matrix reduces to

po= 31445
= (14 a"(c"))
= %(] +o - P)

13.3 For each partial wave scattering amplitude, the number of helicity
amplitudes is (2s, + 1)(2s, + 1)(2s. + 1)(2s, +\ 1). But by the applica-
tion of invariance and symmetry principles, the number of independent
amplitudes is considerably reduced.

For pion-nucleon scattering, the number of helicity amplitudes is 4,
since the pion spin is zero and the nucleon spin is 1. Explicitly, the

amplitudes are

G) (0, }Tl0, by, i) (0, }TIo, -1),
(iii) (0, —3|710, 3), (iv) (0, =370, —3).

By application of parity conservation, the helicity amplitudes (i) and
(iv) are equal and (ii) and (iii) are equal. The application of time
reversal invariance implies that amplitudes (ii) and (iii) are equal and
so it does not give any new relation. Hence the number of independent
amplitudes required for describing the pion-nucleon scattering is only
two.
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For describing the nucleon-nucleon scattering, the total number of he-
licity amplitudes required is 16, since the nucleon has spin-%. The par-
ity invariance reduces the number of independent helicity amplitudes
from 16 to 8 and the time reversal invariance reduces further the num-
ber of independent helicity amplitudes from 8 to 6. By invoking the
relation for the identical particles, the number is further reduced to 5.
The five independent partial wave helicity amplitudes are given below
in a matrix form.

TF | =] =1 | ==
t+ | AR f
+- | VB AR

—+ |\ A AL A LA

— A [ATHTA
The rows and columns denote the helicity states of the final and initial
systems, using for brevity + for +% and - for —% helicity states. For

instance, in the table, f; denotes the helicity amplitude

| : 1 .
F = o (HhHIT 4 4 H) = o 4T = §,-0).
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THE SPIN STATES OF DIRAC PARTICLES

14.1. The Dirac Equation

Starting with the relativistic equation for the energy—momentum of a par-
ticle

E? = p?c? + m2c*, (14.1)
we obtain the Dirac Hamiltonian (Schiff, 1968; Ramakrishnan, 1962) for a
free particle by linearizing the energy-momentum relation.
H=ca-p+ pfmc (14.2)
where oo and P, known as Dirac matrices, obey the following conditions
cxﬁzai:aﬁ:ﬁzzf,
Gy + Q0 = 0 (? 3& j: ?'1.? =z, y:z)} (143)
o, +a8=0 (i=ua,y,2),

so that the relation (14.1) is satisfied. In Eq. (14.3), / denotes the unit
matrix and o, o, o. and B are 4 x 4 matrices which can be conveniently
written in the 2 x 2 form using the Pauli matrices!.

0 o /I 0
_ . 3 —
a—{a {)]‘ d—[o —I]' (14.4)
Using natural units (2 = ¢ = 1), the Dirac equation can be written as
(a-p+ Bm)y = Ey. (14.5)

Writing it in a more simplified form Ay = 0, a non-trivial solution for ¢
can be obtained by imposing the condition, det 4 = 0.

m - E o-p

sl Al = aleble vgpar D= B = | o T e

=0. (14.6)

'The transition from Pauli to Dirac matrices is investigated by Ramakrishnan (1967a,
1967b, 1972) in a series of papers known as the L-matrix theory by developing a grammar
of anti-commuting matrices and extending the formalism to a more general ® commuta-
tion relations involving the roots of unity.

199
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This leads to the relativistic relation E? = p? + m? i.e., the Eq. (14.1)
in natural units. This guarantees that the Dirac equation satisfies the rela-
tivistic relation (14.1) and it is the linearized form of the relativistic energy—
momentum relation in operator formalism. It follows that the Dirac Hamil-
tonian has two eigenvalues +F.

Since the Dirac Hamiltonian has two eigenvalues +FE and —FE with
E=(p*+ m?)%g we need to find the eigenfunctions corresponding to these
two eigenvalues. The Dirac Hamiltonian is a 4 x 4 matrix and consequently
the eigenfunction is a four-component column vector. It is found more con-

. . . . ; t
venient to write the solution in the two-component form ¥ = v and

write the Dirac Eq. (14.5) using the Pauli matrices.

{ m 0-1?}[“}:5[“}. (14.7)
g-p —m v v

This leads to two coupied equations, from which the ratio v/u can be de-
termined.

y,  E -

muto-pr=EBu o==""7 (14.8)
U agp
o 4y o — . E — v p

g pu—mv=Luv; s Erm (14.9)

Since the Dirac equation gives only the ratio, one is free to choose either u
1 . .
or v as Y+ = [ 0 ] or y— = [ (E ] . Choosing u = ¢ in Eq. (14.9) and

v = x£ in Eq. (14.8), we obtain two sets of solutions for positive energy
states.

Set [ Set 1T
a -
P = o 'X+ W = { ﬁgﬁﬁ ]
| T X+ X+ (14.10)
X— g-p X
'?_,-'TIJQ = . w" — li Eem A— ]
{ %X'— ? X—

The first set is the conventional one and the second set is identical with the
negative energy solutions if £ is taken as negative. For positive energy, the
second set becomes indeterminate in the limit £ — m when p — 0.

In a similar way, we can find the solution for the negative energy states
of the Dirac equation.

[ f:?-lp i ] [ , } = —|E] [ . ] : (14.11)
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which, in turn, leads to the following two coupled equations:

U g-p

_ cpv=~|Elu; —=- ] 14.12

mu+o-pv |E| u ” Etm’ ( )
u |[E|—m

cpu—mv=—|Ev; —=_1TT 14.13

g-pu—m1 | £] v; v o p ( )

These coupled equations, in a similar way, give two sets of solutions for the
negative energy states.

Set 1 Set 11

_Z-P. X+
v — El+m X+ YN -
Y3 = Y5 = .

{ X+ } ’ { B X+ (14.14)
[ _e-p Y-
= | VEFFmX- W = { o p }
X- ~TE=mX-

For negative energy states, the first set of solutions is to be taken, the
second set becoming indeterminate in the limit [E| —m as p — 0.

14.2. Orthogonal and Closure Properties

It can be easily verified that the solutions, 1, %, %3, ¥4, of Dirac equation
given in Eqs. (14.10) and (14.14) are orthogonal but they are not normal-
ized. Using the conventional normalization as in non-relativistic quantum
mechanics, we have

¥l = i, (14.15)

which yields a normalization factor

E .
N = 1/%—;[—” (14.16)

The solutions given in Egs. (14.10) and (14.14) should be multiplied by N
to obtain normalized solutions for the positive and negative energy states.
It may, however, be noted that £ = {F] for positive energy solutions and
E = —|FE| for negative energy solutions. The normalized solutions of the
Dirac equation are
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" _ E4+m X+
= {2E(E +m)}"% [ (if:}gii ] : (14.17)
_o-p
P34 = [E] 4+ m TETm X
2|E| X4+
_1 -TpPX
= {2|E|(|E| +m)} > {(IEH&)L ] (14.18)

Above, each element of a column vector is itself a two-component column
vector. For instance,

g-pPXy = (prx+0ypy+gzpz)x+

_ P= Pr — ipy 1 _ Pz
= . = . . 14.19
[ petipy P } [ 0 ] [ Pz +ipy } ( )

Similarly,

o-px- = [ e ] . (14.20)

Using the above results, we can write down the normalized solutions of the
Dirac equation in the four-component form.

E+m | 0
) . 0 £+ m
1 = No . ) P = Ng i j—-z'p
z & ¥
Po+tp —P-
X Y - o (14.21)
~P= —(pz — ipy)
Sh o AT —(p= + ?:'py) o — AT Pz
sy = L\O {E‘ +m a Uy = 1\0 0 q
i 0 | L |E|+m

with No = {2|E|(|E] + m)}~=.
The x functions obey the following orthonormal and closure properties:

(alxi) = xixs = & Li=4 - (1422)
Yol = D oxixd =1 i=4,—.  (1423)
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The normalized ¢ functions, in a similar way, obey the orthonormality
condition and satisfy the closure relation.

(i) = @% = &ij, i,j=1,2,3,4. (14.24)
4 4
S olwawl = D wiwl = 1. (14.25)
i=1 =1

Instead of summing over all the four states in Eq. (14.25), a partial sum
can be made either over positive energy states or negative energy states to

yield (refer solved problems (14.1) and (14.2) for derivation)
2
1 . dm
S il = 5 (I + O‘?’}J) . (14.26)
i=1 g

> vt :

4 4 - . Q.
Sl = Do piv = %(1— “71]’;] 2 m’)- (14.27)
i=3 i=3 -

Summing Eqgs. (14.26) and (14.27), we obtain once again Eq. (14.25). The
operators % (I + a—%‘“ﬂ) in Egs. (14.26) and (14.27) are sometimes re-

ferred to as projection operators for positive and negative energy states
(Rose, 1961) since

1 a-p+8m B Wi, i=1,
5(“‘ E )d" - {U, = 3,

1 a-p+ fm o 0. ;
(- 25w = {

14.3. Sum Over Spin States

{1
1l

(14.28)

aa

==

I
G =

(14.29)

We are now in a position to treat the scattering of Dirac particles when the
spins of both the incident and scattered particles are not observed. To be
specific, we shall consider the Coulomb scattering of electrons by a nucleus
of charge ze but the formalism given below is sufficiently general and is
applicable to any problem since each problem differs from the rest only in
the choice of transition operator (.

The transition matrix element 7; is given by

Ty = (95 Oaiy), (14.30)

where 1y = "@'Z‘T g0 and Y, = B. The square of the matrix element is obtained
S
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by summing over the final spin states and averaging over the initial spin
states.

| Tyl

1 7. s ]
3 > (hy Oi)(by O )
i, f
1 / 3
= 52 (¥}00%)(#[0M0py), (14.31)
irf
where the summation indices i, f are over the two spin states denoted by

14 and 2, corresponding to positive energy states only. Using the algebra
of matrix multiplication)

Trl” = %Z Y A@D (100)pr () H@  (O190) pa (1)}

“‘:er p‘/\’p-"}‘i

1
- 5 Z Z (w})p (700)@\ (’ﬁbidjj))pf ((Of’rg)pr)‘r(’f,frf))\,

Lf oA’ N

1
= § Z Z (WDO)P)\ (¢i¢J)Ap’ (O*’}'O)pr)‘;(yﬂ‘fﬁ}})}‘,p

nf phpl A

1
= 3 Z (700);’/\(Ai)/\p’((—/)T'YO)p’/\’(AfJ/\’p
IOV

= %Tr(vo OA; O g Ap). (14.32)

In the above equation, A, and A, are the projection operators obtained
after summing over the two spin states corresponding to the positive energy

state.
1 a-p; + Om
Ay o= o1+ 2RI .
A 2( i ) (14.33)
1 @ py+ pm
Ay = —(I+—ﬂ;—ﬁ—). (14.34)
2 Ly

For Coulomb scattering of electrons on nuclei of charge ze, the relevant
transition operator is

, 41 ze?
where ¢> = (p, - p;)?* is the three-momentum transfer. Substituting  in

Eq. (14.32) and remembering that 3= 1, we obtain

1 [drze?\?
2 _ —( T ) Tr (A Ag). (14.36)

f‘i' 2 qQ
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Substituting expressions (14.33) and (14.34) for the projection operators
A; and A, we get

_ 1 .
Tr(AsAy) = 1B, Tr {(Ei+ a-p; + Bm)(Es +a - ps + Bm)}

1 Y tL 1 e 2
= 4E,—EfTr(E%EITm' +a-pa-p;s)
— 4E]EfIr(EEf+:rn + pi - ps)

]

= (4EB; + 4m” + 4 - py). (14.37)

1 Jf

In deriving Eq. (14.37), the following relations were utilized.

Trd=0; Troa;=Troy=Tro, =0

14.38
Tr3le-p)=Tr(a-p)f=0; Tr(a-p)la-p;)=4p;-p;. ( )
For elastic scattering, £, = E; and (p;| = |pg| in c.m. frame. If O is the
scattering angle,
Tr(AjAf) = mf4E2+4rre + 4p? cos 8)
_ 2 AR 2 L A2
= M—z{éiﬁ + A( L% — p7) + Ap” cos B}
= 4E2 ——{8E? 4 4p*(cosf — 1)}
- f
= 2 (J_ - E—‘qmz 2)
; 2. 20
= 2|1 — v sin 5/ (14.39)

where v = p/E is the velocity of the electron. The matrix element square

now becomes
dz 2\ 2
- (”f ) (1 — vZsin’ E) (14.40)
q 2

with ¢> = (p, - p;)* = 4p>sin2(0/2).
The scattering cross section is given by

21 -
do = T]uﬁﬁpf, (14.41)
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where p, is the density of final states.

_dn d®ps B Pf:dpfdﬂ _ ppEgdQd
PI=4E; ~ (2r)dE; ~ (2n)2dE; | (2¢)F

(14.42)

Substituting the density of final states, we obtain the differential cross
section after simplification.

do 22t (

. .0
A S — R A 14.43
a0 apPo?sin®(0/2) oo ) (14.43)

2

14.4. In Feynman’s Notation
Multiply the Dirac equation (14.5) by B from the left
(B p+mp = FFEw. (14.44)
Introducing 7y matrices
Yo =, ¥ =pfa, (14.45)
we can rewrite the Dirac equation after rearrangement in the form
Py =m, ¥ =7F-v-p. (14.46)

Writing the characteristic equation for the matrix p,

E—X —oc-p | _
o-p —E—2\ =0, (14.47)

one finds the eigenvalues of the matrix # .
M=FE-p*=m? A=4+m. (14.48)

This leads to two equations, one for ‘positive eigenvalue’ state and the other
for ‘negative eigenvalue’ state.

P, = my, (14.49)
}é ’@{I’R = —m 1."{"7.'.: (1450)

where 3, and %, denote the positive and negative eigenvalue states. The
equation for i, is obtained by reversing the sign of energy and momentum
so that p is changed into —p. The state %», which represents the negative
energy electron with momentum —pis to be associated with the state of a
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positron with positive energy and momentum +p, according to the Dirac
hole theory.

Earlier, we have normalized %'t to 1 but this normalization is not
relativistically invariant. Since %% (which is the fourth component of a
four-vector current) transforms as the fourth component of a four-vector,
it is possible to make a relativistically invariant normalization by setting
it equal to the fourth component of a suitable four-vector, say, energy-
momentum four-vector. Feynman (1962) has chosen the normalization?

'-:i';'a-;'*p = 2F or equivalently -J.‘p-gbp = 2m, (14.51)

for positive eigenvalue solutions. The normalized solutions %, are

X+
P, =vVE+m [ g p } : (14.52)
E+m X+
It can be easily verified that
> oty =9 +m. (14.53)
spins

The normalized negative eigenvalue solutions are
Wy, = (F+m)? [ Edm ] ) (14.54)
X+
the normalization being
Dnthn = —2m. (14.55]
It can be easily verified by matrix multiplication that
> by = - m. (14.56)
spins

It can be verified that

> {wpthy = Yntha} = 2ml. (14.57)

spins

2Schweber et al. (1956) choose a slightly different normalization 1,5;, ¥p =1 and iy =
—1 such that

Z(";‘P'ﬁbp - "f;nﬁ'bn) =4 and Z (?_.-"qu':p - "&"n?ﬁ";n) =1

spins spins
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The operators p +m and g —m are the projection operators for the positive
and negative eigenvalue states.

(P +m), = 2miy,
(p +m)n, = 0,

(p —m), = 0,

(ﬁ - m)ij)n S —Qmi,-i‘n.

It may be observed that the positive energy spinors of Dirac coincide
with the positive eigenvalue spinors of Feynman, except for normalization
factor, whereas the negative energy spinors of Dirac differ from the negative
eigenvalue spinors of Feynman with respect to the sign of the momentum
vector p. The source of this discrepancy can easily be traced. The negative
energy solutions of the Dirac equation are obtained by changing the sign of
energy alone and not momentum, whereas in Feynman’s negative eigenvalue
equation, the signs of both energy and momentum are reversed. An electron
with energy —[F| and momentum —pis equivalent to a positron with energy
|E| and momentum p.

Let us now reconsider the problem of summing over spin states using
Feynman’s notation. The square of the matrix element (14.31) can be eval-
uated using Feynman’s projection operator for positive energy states.

(14.58)

|7'7:|?

1 - -
5 Z(’/’J‘O'ﬁf’a‘ )(-gbf(f).y_{‘i.)T
iof

il

] n - -
5 2 (@;0u)(w]O%))
if

L, - -
2 D (9509) (i1 OMy¢y)
if

I - -
5 2 (B0 ($:0%y), (14.59)
i7

where 3°, . denotes the summation over the positive energy spin states of
the incident and scattered particle and @ stands for

O = 7,0". (14.60)

Replacing 5, Vit by {#;+m) which is the projection operator for positive
energy states, we obtain

[ - .
TP = 5D (600 +m)Oty). (14.61)
f
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Using the algebra of matrix multiplication, we get

éZ Z (01)p(O)pr(B; + M) 3 (O) prre (g nr

fopApl A

5 3 (O)alh + Mg (O)pss(briy)u,

It A

1 A
§Tr ((’3 (#; +m) O (P, + m-)) : (14.62)

1)

i1

The transition probability per unit time is given by Fermi’s golden rule
Transition rate = 2x(1IN) ™| Tx|% oy, (14.63)

where IIN denotes the normalization factor 2E for each of the initial and
final particles and p, is the density of states for the final particle. The cross
section is the transition rate per unit incident flux.

14.5. A Consistency Check

We have deduced two different expressions (14.32) and (14.62), for the
square of the transition amplitude |7';|*,one using the Dirac matrices and
the other using Feynman’s notation. They must be equivalent. To show
this, let us start with the projection operator A for positive energy states.

. 1 a-p+ fim
« = 1 (remmin)

1
sp(E+a p+pm). (14.64)

Multiply by B> = I from the right to obtain

1 ‘ .
A = EZE-(JBJ‘L +a-pf+m)s
1
1
= E(}’i + m)f. (14.65)

Substituting the expression (14.65) for A, into Eq. (14.32) and remembering
that B =y, and Tr(4BC) = Tr(BCA), we get

R o |

= REE; Iy (’}DO(F% + m)yeO IO(Pf-i'm)‘m)
1 e

= BEE (00: +m)O; +m)). (14.66)

[T;
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This is identical with Eq. (14.62) except for the additional factor 1/(4 E.E;)
which we include, in Feynman’s formalism, as normalization factor (ITN)!,
as indicated in Eq. (14.63).

14.6. Algebra of Yy Matrices

The square of the transition matrix element given by Eq. (14.62) involves
the trace of a product of y matrices. So, it will be fruitful to study the
algebra of y matrices (Feynman, 1962; Ramakrishnan, 1962) for evaluating
|7¢;]?. The y matrices obey the following relations:

7{?:1‘ "'}%:’Yﬁz’)’f:—l)

!

Yo¥z.y,z + Tryz70 = 05 (1467)
YW+ W= =0 WY +7%7 =00 1%+ 7y =0

Using a unified notation, Eq. (14.67) can be written as
‘TJLTU + 7‘1/’:{1;. = 29’;;.;;, (1468)

where g,, is a metric defined by

U} H % v
guw =4 t1, p=v=20 (14.69)
-1, HV = 2,4, 2.

Besides, the matrix 7, is Hermitian whereas the matrices v, v, 7Y. are anti-
Hermitian.

W= A=-m k=242 (14.70)
It is convenient to define a matrix y; which occurs frequently.
Vs = YaVyY2Y0 = 1 [ (1] é } : (14.71)
It is easy to verify that
"= =L WYt =0. (14.72)
Following Feynman, we can define ¢ as follows:

¢ = apYo = Bz — GyYy — QY- (14.73)
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It can be shown that

gvs = —7Ysés (14.74)
¢f = —Pg+2a-b (a-b=a,b,); (14.75)
ﬁf:cﬁ'}'ﬂr = {ﬁ-}-?(&x’fx; (14.76)
Vulte = —24; (14.77)
Vutbve = 4a-b; (14.78)
Tulbdre = —24P4. (14.79)

It is important to recall the elementary properties of traces,

Tr (ABC) = Tr (BCA) = Tr (CAB),

. 14.80
Tr(A+B)=TrA+Tr B, ( )

for evaluating the traces involving a product of ¥ matrices. It is known that
the trace of a y matrix is zero.

Try, =0 (n=0,2,9,2). (14.81)

Also the trace of an odd number of ¥ matrices vanishes. To prove this, we
start with the relation (14.72) which is equivalent to

,)..5_}.#(75')—1 = —v,. (14.82)
It follows that
V5V Yug " "Tﬁm(?ﬁ)_l = (1)1 Y2 " Vitm- (14.83)

Taking the trace of both sides of Eq. (14.83) and using the elementary
property of the trace that Tr (ABC) = Tr (BCA), we obtain immediately
that

(=1)"Tr( Yoy == Yum) = T Yy * Vi )- (14.34)

Equation (14.84) implies that the the trace of an odd number of gamma
matrices vanishes.
If n is even, it is always possible to reduce it to n - 2 factors. For

example,

TI'(";"“'}’U) = Tr (7:/7;5)
= %Tr (Yo Yu + YuTe ) since Tr(AB)=Tr(BA)
= guIrl, using Eq. (14.68)
= g (14.85)
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In a similar way, it can be shown that

Tr (v Yo¥r) = 49urbvp — 4070900 + 4900 e (14.86)

The following traces which occur frequently are given.

I(@) = ST =Tr@ ) =4ab
Tr(gh¢) = O.

We shall illustrate the foregoing discussion by evaluating the trace in
Eq. (14.62). The relevant operator for Coulomb scattering of an electron
by a nucleus of charge ze is

4 2
0= i;—"i-yo. (14.88)

Substituting the operator @ in Eq. (14.62), we obtain

1 [4nze\* .
|Tyil* = 3 ( Tq;’ ) Tr ('muh +m)yo(B; + m-)) , (14.89)

where ¥ = ¥ - ¥ - p. Since the trace of a product of an odd number of y
matrices vanishes,

Tr ('m oy + mz)

= Tr (( ~Pv0 + 2E;) 0P + mz)

= Tr (_F}«iﬁf + 2Ev0p; + m?)

= —d4p;,-p;+8EE; + 4m?. (14.90)

Tr (vo(#; + m) 70 (B + m))

Equations (14.85) and (14.87) have been used in deducing the last step
in the above equation. Expanding the scalar product of the four-vectors
pi +pr = EE - p. - p; and rearranging, we get

Tr (vo(; +m) 70 (b + m)) = 4EiEs + 4pipy cosf + 4m?,  (1491)
where 6 denotes the angle of scattering. Equation (14.91) is the same as

Eq. (14.37), deduced earlier except for a factor that is accounted in Feyn-
man’s formulation as the normalization factor as indicated in Eq. (14.63).
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Review Questions

14.1 Write down the Dirac equation for a free particle and obtain its so-
lutions. How many solutions are there and how are they interpreted?
Discuss the orthogonal and closure properties of such solutions.

14.2 Obtain the projection operators for the positive and negative energy
states of the Dirac Hamiltonian. How are they constructed and why
are they called projection operators?

14.3 Obtain the Dirac equation in Feynman’s notation and obtain its so-
lution. Show that the negative eigenvalue solutions of Feynman differ
from the negative energy solutions of Dirac. How will you account for
this discrepancy?

144 In the case of scattering of Dirac particle, find the transition rate
if the initial and the final spin states are not observed. Assume the
transition operator to be (.

14.5 In the case of Coulomb scattering of electron by a nucleus, deduce an
expression for the cross section.

Problems

14.1 Given the positive energy solutions i, and 2 of free particle Dirac
equation, find }_._, gy'bg-ubf and show that it can be considered as the
projection operator for positive energy solutions.

14.2 Given the negative energy solutions bz and . of free particle Dirac
equation, find 3, ., % T,if*;r and show that it can be considered as the
projection operator for negative energy solutions.

14.3 Using the algebra of y matrices, deduce Eqs. (14.73) - (14.78) in Feyn-
man’s notation.

14.4 Given the transition operator = 7y . 4, where A4 is a vector but
not an operator, calculate the square of the matrix element for the
transition of an electron if the initial and final spin states are not
observed.

14.5 Given the transition operator () = v,J,, where J, is a four-vector
current, calculate the square of the matrix element for the transition
of a Dirac particle if the initial and final spin states are not observed.

Solutions to Selected Problems

14.1 Using normalized wave functions ; and ¥; for positive energy Dirac
particle as given in Eq. (14.17), the normalization being 'ﬁi‘?li‘g‘ = 6
T T t

we find
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.- - E4+m Xi T
D b, = ) 2F ! 0 ] [ Xi TR
i=1,2 i=t,— o Etm Xi
1 E+m o-p ]
= ——= p? .
2L o-p E+m

Since p? = E? -m?, it follows that p?/(E+m) = E —m. The resulting
matrix can be written in terms of the Dirac matrices.

\ , 1 .
Ay = Z fg“;v;fg);‘ = 3F (EI+ dm+a-p)
i=1,2 :
1 o p+ fm
= —(/+ ——1].
lerr =)

A, is called the projection operator for positive energy states since

Al = T'bi" 2 1'2
+¥ =7 o, i = 3.4,

14.2 The normalized wave functions 3 and )4, corresponding to the neg-
ative energy eigenstates are given in Eq. (14.18). Use them and follow
the same procedure as in Problem (14.1). Only the final result is given.

A_= E 1,-1*,-1&*3 = Zi—lEI('E|j - pfm—a-p)
1=3,4
1 a-p+aAm
= - (I-———}.
2 K

A_ is called the projection operator for negative energy states since

14.4 From Eq. (14.62), we have

|Tpf? = §TI‘ {(’7(?5‘ +m) O, + m)} ,
where

O = 1070
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The transition operator (7, in the present case is Y « A. Substituting
it, we shall write down the product of operators {...}.

o

e Ak (1u(Pi)i + M) Y071 Afv0 (10 (R))w + )
YAk (Yul(Pi)u + m) AT (10(pg ) + m).

We have used above the relations’y;r = =Yu YoYi = —YiYo and A=
Since the trace of a product of odd number of y matrices is zero,

Tri-} = Te{yrenre Ak AL (91)u(ps)s + vends A m?}.

The indices k£ and / denote the components of a three vector and the
indices p and v denote the components of a four-vector. We have earlier
evaluated the traces of even number of y matrices.

Tr(veyu 1Yy ) = 49ku9ty — 4981900 + 49509t
Tr(yev1) = 49k

Using the above results,

T = é {49k0910 (i) Ak (P )v AT — 49819, Ak AT (0P 1 )
+49k0 9 (P ) Ar(Pi )W AT + dgr Ak AT}
- % {4(pi - A)(ps - A*)+4A - A*(E;E¢ — p; - py)
+4(py - A)(p; - A*) — 4m*A - A%}
= 2{(EiEs—pi-ps—m*)A- A" +(p; - A)(ps - A7)
+(ps - A)(pi - A7)}
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EQUIVALENCE OF ROTATION ABOUT AN ARBITRARY
AXIS TO EULER ANGLES OF ROTATION

Rotation of the coordinate system through an angle % about an arbi-
trary axis denoted by the unit vector # (6,0) is equivalent to successive
rotations through the Euler angles o,f,y about the z-axis, the new y-axis
and the new z-axis respectively. In what follows, we shall try to obtain a re-
lation between the two sets of three parameters 6,0, #and o.f,y describing
the rotation.

The procedure is outlined below. First, we consider the rotation about
an arbitrary axis © and obtain the transformation matrix M (e, e) in terms
of certain parameters e, e, known as the Euler parameters which are related
to the rotation parameters 6,9, . Then we consider unitary transforma-
tions in a two-dimensional complex space, which is equivalent to a rotation
in the three-dimensional real space. The unitary transformation matrix Q
in complex space when expressed in terms of certain parameters yields the
same transformation matrix for three-dimensional rotation obtained earlier
in terms of Euler parameters for rotation about an arbitrary axis n. Thus,
we identify the parameters used in the description of unitary matrix Q in
complex space with the Euler parameters. Since the parameters describ-
ing the complex unitary matrix Q are related to Euler angles of rotation
oB,, we deduce the required relation between the two sets of rotation
parameters 6,0, ¥ and o,B,y.

It is also possible to obtain the transformation matrix M(o,B,y) due
to Euler angles of rotation directly, and comparing this with the trans-
formation matrix obtained by rotation through an angle  about an axis
denoted by the unit vector n(f.¢), we deduce the required relations for
their equivalence.

A.1. Rotation About an Arbitrary Axis

Rotation of the coordinate system through an angle ¢ about an axis in the
anticlockwise direction is equivalent to a clockwise rotation of the object
through the same angle about the same axis in the fixed coordinate system.

216
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(a) (b)
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Figure A.1. (a) Effect of rotation about an arbitrary axis 72 through an angle

i,

normal to the plane is shown separately.

1. The point P moves to point Q and the vector r — r. (b) The section

Consider a vector r denoted by OP rotated in the clockwise direction
through an angle  about the axis #.The new vector r' is denoted by OQ.

From Figure A.l, we obtain the following relations.

r = 0P = ON + NP;

r = 0Q = ON + NQ = ON + NR + RQ;

|OP| = [0Q[; [NP|=[NQJ;

INP| = |r x 22|: [NR| = NQcos; [RQ| = NQsin;
NP =0OP -~ ON =7r — (r.n)n;

NR = (r — (r.n)n) cos ;

RQ = (r x n)sin .

Hence

v = (rm)n+(r—(rA)n)cosy + (r X 7)singd
= 7rcostd + (ra)n(l — cosyd) + (r X ) siny.

(A.1)
(A.2)
(A.3)
(A.4)
(A.5)
(A.6)
(A.7)

(A.8)
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Let us now introduce the Euler parameters e, e, e, e; and express the
vector ' in terms of r and the Euler parameters.

¥ o ¥
€p = CO8 9 e = 7 sin 5 (A9)
such that
eg+e’ =1, (A.10)
or equivalently
b tedfelrel=1. (A.11)
It follows that
e 1 w2 2 ¥ _ 9.2
cosy = 1—2sgin -é-_?cos 5 = = 2e5 ~ 1, (A.12)
Lo LYY
nsiny = 2nsin 5 cos 5 = 2epe. (A.13)

Using the above relations, r’ can be written as a function of r and the Euler
parameters e, and e.

= r(26§ — 1)+ 2(r.e)e + 2(r X e)eg. (A.14)

Using Eq. (A.14), the components x’ y', z' can be explicitly written in terms
of x, y, z

= x(?cg — 1)+ 2eq(zer + yea + zes) + 2ep{yes — ze2), (A.15)
¥ = y(2ed — 1) + 2eq(zey + yea + ze3) + 2e0(2ey — wes), (A.16)
2 = 2(2el — 1) + 2e3(zey + yey + zes) + 2e0(xey — yeq). (A.17)

Writing more elegantly in the matrix form

!

"1 = M(ep,e)

]

(A.18)

-]
LI~ . ]

we obtain the transformation matrix M (e, e),
20 +e2) =1 2(ereq + eaeq) 2(eae; — eze)
M(_eg,e) = 2(&'162 — €3€p) 2(65 + e%) -1 2{6?62 + ereq) | . (A.19)
2(6’.36‘] + 6’26‘0) 2(62({3 — 61_6’.0) Z(PS -+ f‘%) -1

with the Euler parameters expressed in terms of the rotation parameters

ey = CO8 &, e1 = sinf cos dsin Z, A0
o . i 1‘{; _ . i ( . )
ez = sin sin ¢ sin &, e3 = cos#sin 3.
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A.2. The Euler Angles of Rotation

Rotation in a two dimensional complex space is equivalent to a rotation in
the three-dimensional real space.
Choose a matrix operator P

I z T =1y
P=0o-r= [ oty e , (A.21)
and perform unitary transformation Q on it.
P =QPQ". (A.22)

Since Q is a unitary unimodular operator, one can obtain certain con-
ditions between the elements of this unitary matrix in the two-dimensional
complex space.

o=t 4] =5 o] (A23)
QQ'=QIQ=1, detQ=1. (A.24)
The conditions (A.24) yields the relations
c=-b", d=d". (A.25)
and the matrix
Q= [ S ab, } (A.26)

has only four parameters, of which only three are independent because of
the unimodular condition (det Q = 1).
The transformed operator P’ is given by

P Z a' — iy
S e +iy =2

_ a b z T~ iy a* —b
- _bx (1* 1 + 3y — bx a . (A27)

From Eq. (A.27), one can obtain the following relations:
iy = —a*brz+ [.',"‘2(:1: +iy) - b"g(:z: —iy) —a"b"z,  (A.28)

1y = —abz+a*(z —dy) - b3z + iy) — abz, (A.29)
o= (ab" + a*b)x + iy(ba” — ab®) + (aa”™ — bb*)z,  (A.30)
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from which one can deduce the transformation matrix M(a,b) in the three
dimensional real space.

—

Ty £
v | =M(a,b) |y |, (A31)
! x
where,
ﬂ;(ﬁ',b) =
a2 =024 a —07) (a6 —a? — ) —(ab+a"b*)
La? = b —a” +07) Ya2 40240 +07) i(a*b* —ab) |- (A32)

ab™ + a*b i{a*b — ab*) aa* — bb~

The parameters a and b occurring in Eq. (A.32) are complex quantities and
let us define them in terms of the real parameters e, e, e, and e;.

a = €y -+ 1(—"3, b= £ - 2.61. (A33)

The transformation matrix M(a,b) can be rewritten in terms of e, e, e,
and e; using the definition (A.33) of ¢ and b. The transformation matrix
M(e0,el,e2,e3) so obtained is identical with the transformation matrix
given in Eq. (A.19) describing the rotation about an arbitrary axis % and
the quantities e, e, e, e; defined in Eq. (A.33) are identical with the Euler
parameters introduced earlier in Eq. (A.9) or Eq. (A.20).

For Euler angles of rotation, the unitary matrix O can be written as a
product of three unitary matrices

Q=0QQsQa (A.34)

The unitary matrices Q., Op, and @, can be deduced from the known prop-
erties of coordinate transformation under rotation. It is found on inspection
that the matrices Q,,Qp and @, can be written in a compact form using
the Pauli matrices. The matrices so obtained are

R . :
Q. = | € i] EE% ] = (:os%—i— ios sin%. (A.35)
i a4 .8 y
cos 5 sin & 3
Qs = . 26 ?3 = cos g + oy sin —. (A.36)
| —sing cosg 2 2
[ed 0 Y B
Qy = _ ‘U it } = cos j + 203 8in 3 (A.37)
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The product of these matrices is denoted by Q.

e—l—i(’r-{—o‘)f? cos 8 etilv—al/2 gip £
2 (A38)

T ko

Q@ =0yQpla=

_E-g_'?:['}'_c'][2 sin % e_"i('fr'JFC"}fz cas =

[

Comparing the unitary matrix (A.38) with (A.26) and expressing the com-
plex elements in terms of the real parameters e, e, e, e; defined in Eq.
(A.33), we obtain

g 3 . o . P

eo = cos 22 cos 2. ey = sin 5%sin 4
2 27 : 2’ A.39
5 Iéi oy A ( . )

N e QP o w el
¢y = COS—5— Sl 5, €3z = sin 55— Ccos 3.

From Egs. (A.39) and (A.20), the required relations between the two
sets of rotation parameters, 0,0, «and o,y are deduced.

[ ~+ o i3
COS g = cos- :: “ cos 5 (A.40)
/ - B
sin 6 cos ¢ sin }22 = sin2—Zsin JE (A.41)
. ., y-a . B
sin @ sin ¢ sin 7 = c¢os 2 sin 5" (A.42)
j v+ o}
cos @ sin g = sin T cos 5 (A43)

Squaring Eqgs. (A.41) and (A.42) and adding, we obtain

h Jé;
sin® @ sin? % = sin? 5 (A.44)
the square root of which yields the relation
/4

sin # sin % = gin 5 (A.45)

Substituting this in Eq. (A.42), we get

‘sianj—cos?ma—ﬁn E~|—T_Dﬁ A.46
sin ¢ = S— =sin {3 5 ) (A.46)
Thus
=412 ¢ A47
p= 2+ 1 (A47)

Equations (A.40), (A.45) and (A.47) relate the two sets of rotation param-
eters.
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A.3. Direct method of obtaining the transformation matrix

The vector r in the original coordinate system becomes vector r’ in the
rotated coordinate system obtained by successive Euler angles of rotation

oP,y.
e Jé) &
ry=z — 1z - T2 Y2 22 = 'y z
z—axis 41 —axis 79 —axis

The transformation matrix for these rotations are discussed in Chap.4.

where

M(a,i3,7) =

By direct matrix multiplication, the matrix elements

tained as given below:

M1
Mg
Mys
Mo
Moz
My
Mo
M

Using the trignometric

f

T
¥

z!

M,

X

=M (CE} 3, ﬁ.f')

ot

22 (ﬁ.'") ‘Mrm (ﬁ) Mz(a)
cosy siny 0] [ cosB 0 —sing
—siny cosy 0 0 1 0
0 0 L] |sinBg 0 cosf

cosa  sina 0]
—sina sina 0
0 - 0 1

cos y cos @ cos F — sin 7y sin &
cos ¥ sin ce cos 7 + sin ¥ cos o

— cosysin 3

~ 8in 4 cos & cos 3 — €08 7 sin o
— siny sin o cos 3 + cos y cos &
sin 7y sin 3

cos asin 3

sin a sin 7

cos 3

relations,

cos Acos B

== %{COS(A + B) + COS(A - B)}a

(A.48)

{;’\..1’1 9)

of M(a,B,y) are ob-

(A.50)
(A.51)
(A.52)
(A.53)
(A.54)
(A.55)
(A.56)
(A.57)
(A.58)

(A.59)
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]

sinAsin § = E{COS(A — B) — cos(A + B)}, (A.60)
1

sin Acos B = i{sin(A + B) +sin(A — B)}, (A.61)
1

cosAsinB = E{sin(ﬁi + B) —sin(A — B)}, (A.62)

5 A 5 A
cosA = 2cos’ 3~ 1 =1—2sin? 3 (A.63)
T e A.64
sind = 2sin —cos —, .
m s1n1 5 cos 5 ( )

and defining the parameters as given in Eq. (A.39), it can be shown that
the transformation matrix M (o,fB,y) is identical with the transformation
matrix M(e, e) defined in Eq. (A.19). For the purpose of illustration, let
the matrix element M, (o,B,y).

us choose

ﬂ{{l 1

cOs 7 COS @ 008 3 — sin ysin

1
E{COS{ v 4 @) + cos(y — @)} cos 3
—:'ZJ;{COS(\"}’ —a)—cos(y+a)}

lcos.[‘:( + ) {cos 3+ 1} 4+ %cos(’}' —a){cos 3 — 1}

2
;|
cos(y + a) cos? g — cos(y — @) sin? 5
{2(,0 27;& - 1}(‘,082!%—- {] —251712%}51&%
~ - 3 5 Y 5]
2 cos? J—12_6};ccn:’sz'§+—25inszm2*‘§—l
205+ e}) — L. (A.65)

In a similar way, all the other matrix elements can be expressed in terms
of the parameters e, e, e, e; and the resulting transformation matrix
M (0,B,y) is identical with the matrix (A.19).
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TABLES OF CLEBSCH-GORDAN COEFFICIENTS

TABLE BI1.

—

. 1 .
J1 5 7
my mMn M

1 1
Q 1 h4mt+i]z fi—m+Li]2
Ji1t+3 [ 2 2

251 +1 25 +1

1 . 1

0 1 f1i-m4L72 Atm+ilz
YN e T FES T+

My g TR

TABLE B2. [ o 1o }

J ‘ g =1 1 mg = { ‘ my = —1

jl +1 { J1+m) j1+m+1)}% [(jl—m-l—].)(jl—l—m—{—l)]% |t(j1-m)[j1-m+lj}%

(271 +1)(25:+2) . (2n+1) {5 +1) (251 +1)(251+2) ]
J1 i 2n(5-+1) 1(51+1) 271{51+41)

1 1

1 (j1—m)(j1—m+1) 2 | Gi=m)}{n +m1] z [{h-l—m!(jl +m+1;] 2
N 251 (251 41) T(271+1) 271 (251 +1)

224




TABLES
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OF RACAH COEFFICIENTS

TABLE C1. W(u‘,_bc: d; % )

c=d+

LM Ll

L=l
|
[

(bdt f42)(bHd=J+1) } 3
(26+1)(26+2)(2d+1)(2d+2)

(1t |

[f~b+d+1){f+b-d})] 3

(—1)b+d—f [
26(26+1)(2d+ 1) (24+2

b+

1 =

[T

a=h—

na—

LI

(—1)b+d—f[ (f+b=d+1)(f—b+d) ]
(2b4-1)(2b4+2)2d(2d+1)

W=

(—1)b+d-s-1 [(b+d+f+1)@+<£—g]
26(264-1)2d(2d-+1}
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TABLE C2. W(abed;1 f)

c=d+1

(- 1)b+d_f [(b+d+f+3}[b+d+f+2]{b+d-f+'2}(b+[£—f+1)] 3
A(264+1)(26+3) (B+1)(2d+ 1) {2d+3){d+1)

(—1)b+‘g_f {(b+d+f+2)(b+:£—f+1)(—h+[£+f+1}{b—<£+f! 7

a=b AB(2b4 1) (b 1) (2d-+1)(d+1)12d43)
1
— : btd—f | (b=dtf)(b—dtf=1)(=btdt f+2)(—btd+ f+1) | 2
a=b—1]| (1) [( 4(26F1) (26=1)b(d+1)(2d+1)(2d+3) }
c=d
1
_ brd—f | (bdtf42)(b—dt [H1){btd~F+1)(~btd+f) | 2
a=b+1| (=1)*tif { 4(2b+J§)(zh+3)(h+1}(zd+-:)¢)(£z+1) )}
1
_ bd— b(b+1)+d(d+1)—F(f+1) |2
a=b (—1) i [aﬁfgb+1)('b4£1)(22i+1(}d(d+)1)}
G= b1 | (1P [Nt e 4) :
= (26 1) (25— NB[AF 1 )24+ 1)
c=d-1
i
_ - —btdt f)(—btdtf~1)(b—d+ f+2)(b—d+ f+1) | 2
a=b+1 | (-1)*d [( 4d(2}-‘f+1}(2b+3}{b+1)[Zd—l)gz(uf—#'l} )]
a=h (_1'Jb+d-f—~'1[{b+ti+}'+1}{b-|:£+f+1)(—b+f£+f)(b+d—_ﬂ}%
o Abd(2b+1) (B 1) (24 +1)(2d—1)
a=b—1 (_1)b+d—f [(b+d+!+1)[f>+:£+f)(b+ri—f)(b+d—f—I)] :

4bd(2b+1)(26—1)(24+1){2d 1)
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THE SPHERICAL HARMONICS

The spherical harmonics are the solutions of the differential equation

1 9 a 1 82
— - ‘] L 0 — i
[5111939 ( mH(M) * 2002 i+ 1)] ¥7(6,9) =0, (D.1)

and they can be expressed in terms of the associated Legendre functions
P (z).

| witmt [(20 + 1)1 s
}}rr1(0§¢) _ ( 1) +| I [( ‘i’(!i| [I”"ID] P{l I(;’I_Y)eﬂn*;

('F =0,1,2,--ym= —‘f:'—f'i' 1;"‘1’{_ |,f) (D.2)

where x = cos® and the associated Legendre functions PF/*(z) are the
derivatives of the Legendre function P;(x)

pm _ 1_ m;’Z dm
() (1-2* . — I

m > 0. (D.3)

Note that /’’(z)= Pi(x) and the Legendre functions are defined by

df

|
Piz) = gy (2% = 1) (D.4)

Substituting the expression for the associated Legendre functions, a general
expression for the spherical harmonics is obtained.

i o [(20+ 1)1 - m[)‘ -
™ ; _ (m+|m|)/ I g
Yr6,¢e) = oD A (l+ [m|)! ¢
+|m|
|m|/2 _d____ R
* (l x ) di1+]r?1| 1) (DS)
The spherical harmonics satisfy the relation
Enl* - (_.1)'.”& }1_?“‘.’ (D'6)
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and they are normalized such that

2 T
-/ dqﬁ/ dgsin@ Y™ (6,6) Y™ (8,0) = 614 b (D.7)
0 0

The completeness relation for the spherical harmonics is given by

oo {
33 WO,V 8) = 86 - ) d(cosh — cosf). (D)
=0 m=—1

Let us list some of the relations involving sums over m but with fixed /
for spherical harmonics.

2041

!
Z |},}m(9’¢))|2 = dr (D.9)
m=—{
]
> Y. = o, (D.10)
m=—I
Z m?|Y,"(8,¢)* = w—%fi—}_—]')-sinzﬂ. (D.11)

M=l

The spherical harmonics have an inversion symmetry property of great
importance. The direction opposite to (0,0) is (& - 6,6 + m). From an
examination of Eq. (D.5), we obtain a relation

Y (m - 0,6+ 0) = (-1)'¥(8,9), (D.12)

which means that the spherical harmonics have positive parity for even [/
and negative parity for odd
It can be easily verified that

47

0 3
S V00.6). (D.13)

Picosf) =

The first four Legendre polynomials P(x) are given in Table D1 and the
explicit forms of the spherical harmonics for / = 0, 1, 2, 3, 4 are presented in
Table D2.
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TABLE D1. Legendre Polynomials Pi(x)

! Pi(z)
0 1
1 x
2 (322 - 1)
3 5(573 — 3x)
4 %(3 haet — 3022 4 3)

TABLE D2. Normalized spherical harmonics ¥;7(4, ¢)

; m o ¥(0.9)
0 0 (4_1;}%
L 0 (1—1)}5 cos f
+1 F (8—3,;)% sin 6 e**®
2 0 (12«)% (3cos?® — 1)
= ?(é%)% cos @ sin § e*='?
+2 (312_0T)% sin? g o£2i0
3 0 (fg{:)% cos B (5cos” 8 — 3)
+1 T (621ﬂ)% 5in 6 (5 cos? 0 — 1) e£i?
=2 (},E—’i : cos @ sin? § e*2+¢
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APPENDIX E

THE SPHERICAL BESSEL AND NEUMANN FUNCTIONS

The spherical Bessel function j,(x) and the spherical Neumann function
n(x) are defined in terms of the ordinary Bessel functions of odd-half-
integer order.

1

(55)" Juy@ (E1)
miz) = (=11 (%)E J_;Mig(i")s (E.2)

Jilz)

where / is an integer. The spherical Bessel and Neumann functions are the
solutions of the differential equation
d*R dR ,
:czd—2+2 — +[e=Il(l+1)]R=0. (E.3)
Explicit expressions for the fist few spherical Bessel and Neumann functions
are given below:

JO(L E!.;ﬁ".q ’B) (,Ubb
ji{w) = HBE  coa%, ni(z) = —'—5— — oz (B.4)
Jale) = (;3; — L) %111.r—%cos:1:, na(a) = — (;_3@ — ~11;) c.os:z:—m%sin;c‘

The spherical Bessel and Neumann functions take simple forms in the lim-
iting cases. As x — 0,

z! (20 — 11

afa) — () — = (E.5)

T2+ )
with
(2 4+ D= 1x3x5x - x (2 +1). (E.6)

In the asymptotic limit i.e., as & — o<,

o 1. e 1 B
Jilz) — . sin(z — 3lm);  nl(z) " cos(z — 3IT). (E.7)
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THE SPHERICAL BESSEL FUNCTIONS 231

We give below some useful recurrence relations for ji(x):

Jea(@) @) = ), (E8)
%js(x) = .Hi1[fja-|(:v)—(f+l)j.z+|(:v)1 (E.9)

= i) - L) (E.10)

Ll ()] = 2 (o). (E11)
7)) = T (). (E.12)

The same recurrence relations are obeyed by the spherical Neumann func-
tions m,(x) also. The reader may find the following integarl formulas involv-
ing spherical Bessel functions useful.

/jl(ac)d:zr = —jolz). (E.13)
/jg(x)x?dz = 22 jy(a). (E.14)
/J’f(:v) 2l = L2 [ji(2) - jimi(2) Gipa(2)). (E.15)
/Om-j?(a:)d-«r = ggﬁj (E.16)



APPENDIX F

THE BERNOULLI POLYNOMIALS

The Bernoulli polynomial B,(x) is defined by

te”t = t*
i Z{:}Bs[ﬂi);» (Jt] < 27). (F.1)

B,(0) are called Bernoulli numbers B..

o

L t®
7= B (F.2)

s=0

With the exception of B, all odd Bernoulli numbers vanish. From Egs.
(A.1) and (A.2), we get

0

R £
e fZBs;-! = ZBs(a:);f- (F.3)
s=0

5=0
Equating coefficients of equal powers oft, we get
5 . .
Bs(m) = Z ( ; ) ‘B"?_J' z’, (F4)
7=0

The first few Bernoulli numbers and Bernoulli polynomials (Miller, 1960;
Subramanian, 1974) are listed below:

Bernoulli numbers

1 l 1
Bp=1, By=--, By=-, By=-——,
0 1 9 2 6’ 4 30
1 1 5
Bg = — =—-——, Byp=-—
=1 BT T3 P07 g (F.5)
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Bernoulli polynomials

I ‘ ]
Bo(x) = 1, Bilz) = oo By(z) = .-r%;a..-+g,
By(z) = 3?3—§$2+£x = z(z - 3 )z - 1),

2 9 . .

1
Bi(z) = o' -2%+2" - o,
Beley = o048 Lo (a2 ]
s(2) = @ —gatfart~pr = ale = - D" -2 - 3),

[5 A '5 4 1 2 1 ‘

e = e e (¥.6)



APPENDIX G

LIST OF SYMBOLS AND NOTATION

Angular Momentum Coupling Coefficients

{ JvoJe } Clebsch-Gordan coefficient or C.G. coefficient
g Mg T
( g ) 3-j symbol
my Mg M
U (417927435 J12723) U-coefficient (Unitary transformation coefficient

for the coupling of three angular momenta)

W(j1j2djas J12423) Racah coefficient

j.l j? 212 6-j symbol

Js 3 J23

i st i

ls s9 o LS-jj coupling coefficient
s .IJ_ ISI '}

h 81 5

{r 32 J2 9-j symbol

L § J

Angular Momentum Eigenstates and Operators

|7m) Angular momentum eigenstate

|7172m1ma) Eigenstate of two angular momenta in uncoupled
representation

|F127m} Eigenstate of two angular momenta in coupled
representation
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|(172) 712733 G 1)
(23 ) jass Jm)
Hilys189, LSS M)
[11l2s182, j1j2d M)

X+
M=
[P, )

lpg(,?) /\.1/\\-2:3'
J2

Tor Jy J-
Jp, J

JE 7, g

Ty Ty, Tz

Ty Ty Tz

LIST OF SYMBOLS AND NOTATION 235

Eigenstate of three angular momenta in one cou-
pled representation

Eigenstate of three angular momenta in another
coupled representation

Eigenstate of four angular momenta in L-S cou-
pled representation

Eigenstate of four angular momenta in j-j coupled
represent at ion

Spin-up state for the Dirac particle
Spin-down state for the Dirac particle

Helicity state of a particle moving with momen-
tum p (= p, 0,0) and helicity A

Two-particle helicity state moving with relative
momentum p and helicities A, and A, as described
in centre of momentum frame

Square of the angular momentum operator

Components of angular momentum operator in
Cartesian basis

Raising and lowering angular momentum opera-
tors (Ladder operators)

Components of angular momentum operator in
spherical basis

Pauli spin operators

Iso-spin operators for nucleons

Rotation Operator and Rotation Matrices

w=a,pb,7
R(_a}ﬁafr)1 {'IR
D,

(ifn. . ( JD-' )

(w)

M(e, 8,7)

Euler angles of rotation
Rotation operators
Rotation matrix (jm/{R(w)|jm)

Rotation matrix for rotation about the y-axis
(| Ry(B)]jm)

Transformation matrix
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Special Functions

B, Bernoulli number

Bs(x) Bernoulli polynomial

Jo(x) Bessel function of order v

N,(x) Neumann function of order v

Ji(x) Spherical Bessel function
Jilz) = '\/%JH%.(J’)

n(x) Spherical Neumann function
ny(z) = \/_“ﬂ-+1 ()

Pi(x) Legendre function

Pz} Associated Legendre function

Vectors, Tensors and Tensor Operators

e, e, e Unit vectors in Cartesian basis
et e et Unit vectors in spherical basis
€,,84,€4 Polar basis vectors
n(f, o) Unit vector with polar angles 6,0
A, A, A. Cartesian components of a vector A4
Al AD AT Spherical components of a vector A.
TH#) Spherical tensor operator of rank k& and projec-
tion
Y (r) Spherical harmonic
Y H(#) Vector spherical harmonic
YH(#) =5, { M- ] Ve
Gi(j) Fano’s statistical tensor
ek (T Spherical tensor parameter

(g = (T]) = Te (pT]™)/Trp

p Density matrix
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Miscellaneous Symbols

Oy Kronecker 8-symbol
dQ Element of solid angle
dQ = sin 0 dO do
[ (2j +1)3
( T ) Binomial coefficient
' (%) - met
n Al (m—n)t
o, O, Ol Dirac matrices
Yo Yo Yo Yo Gamma matrices
d OLoYo = OLLYs - OLY, - OL.Y:
{rm | T dima Matrix element of a tensor operator T}’
ST Reduced matrix element of a tensor operator of
rank &

(3% 412)31 Y320 Coefficient of fractional parentage (c.fip.)
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SUBJECT INDEX

Addition of two angular momenta, 10

Algebra of y matrices, 210-212

Angular momentum eigenfunctions, 2,
34

Angular momentum matrices, 6, 7, 150-
152, 162

products, 150, 162

Angular momentum operator,
10, 157, 163, 164

Angular momentum vector, 1, 2

1, 2, 8-

Bernoulli numbers, 232

Bernoulli polynomials, 153-154,232,
233

Bosons, 119, 126

Cartesian basis, 24
unit vectors, 24
Clebsch-Gordan coefficients, 10-23
general expression, 13
symmetry properties, 14
tables, 224
Clebsch-Gordan series, 48, 49
inverse, 49, 50
Commutation relations, 1, 3, 10
Coulomb scattering of electrons, 203,
212
scattering cross section, 205
sum over spin states, 203-206
Coupling of four angular momenta, 88—

99

Coupling of three angular momenta, 77-
87

Coupling of two angular momenta, 10-

Coupled representation, 11, 12

Density matrix, 130-149
applliﬁtion to cascade process. 143,

application to nuclear reactions, 140-
144
construction, 133, 134

Density of final states, 206

Dirac equation, 199-203
negative energy solutions, 201
negative energy states, 201
orthogonal and closure properties of

solutions, 201-203

positive energy solutions, 200
positive energy states, 200

Dirac Hamiltonian, 199

Dirac hole theory, 207

Dirac matrices, 199, 209, 214

Distorted waves, 102, 103

Euler angles of rotation, 34, 216-221

Euler parameters, 218

Evaluation of matrix elements, 82-84,
95-96, 108-112

Fano’s statistical tensors, 134-138

Fermions, 119

Feynman’s notation, 206-209

Fractional parentage coefficient, 121,
123

Gell-Mann-Nishijima relation,
Gradient formula, 103-105
derivation, 105-108

Half-vectors, 47
Helicity amplitude, 175, 176, 180, 189,
192, 197, 198
invariance under parity and time re-
versal, 175-176
Helicity formalism, 165-198
two-body scattering, 172-176
two-body decay, 181-191
polarization studies, 176—180
muon capture, 191-194
Helicity quantum number, 165, 180
Helicity states, 165-172
two-particle, 171, 172

Identical particles, 119-129
three identical fermions, 120-123
two identical fermions, 119, 120
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Inverse Clebsch-Gordan series, 49

Irreducible tensor, 34

Irreducible tensor operators, 61
Racah’s definition, 61-63

Iso-spin, 15, 125

Isotopic spin, 15

Legendre function, 227

associated, 227
Legendre polynomial, 228, 229

LS-jj coupling coefficient, 88-92
simple properties, 92

m-scheme, 126-128
Muon capture, 191-194

Non-oriented system, 139
Oriented system, 139

Parity and time reversal, 174, 175
Parity C.G. coefficient, 14
Partial waves, 100-118
Raleigh’s expansion of plane wave,
100-102
Pauli spin matrices, 7, 15
Polarization studies, 176-180
longitudinal, 176, 187, 191
transverse, 176-180, 188-190
Polarization vector, 152
Position vector, 24, 74, 105
spherical components, 24, 25
Products of angular momentum matri-
ces, 150-164
in Cartesian basis, 151-155
in spherical basis, 152, 155-157
their traces, 150-164
evallu6aiti0n of traces, 152-157, 160-

recurrence relations for traces, 157,

158
Projection operators, 203-205, 208,209,
214
for Dirac’s negative eigenvalue states,
208
for Dirac’s positive eigenvalue states,
208
for negative energy states, 203, 214
for positive energy states, 203, 214

Racah coefficients, 81, 82

SUBJECT INDEX

closed expression, 81, 82
symmetry properties, 81
tables, 225, 226
Reduced matrix element, 95, 112, 158,
159
Rotation matrices, 34-60
orthogonality and normalization, 55-
57
unitarity and symmetry properties,
50, 51
Rotation operator, 42-44

Scattering amplitude, 173, 174, 178, 197
Scattering cross section, 172-175
Scattering of particles with spin, 172-
180
Spherical basis, 24
unit vectors, 24
Spherical Bessel function, 230, 231
Spherical harmonic addition theorem,
52-54
Spherical harmonics, 25, 52, 227-229
addition theorem, 52, 53
coupling rule, 54, 55
Spherical Neumann function, 230, 231
Spherical tensor parameter, 134
Spherical tensors, 27
Statistical tensors, 130-149, 158, 159
Sum over spin states, 203-206, 208

Tensors, 72-74
Tensor operators, 72-74
Tensor product, 72-74
Transformation matrix, 36-41
Two-body decay, 181-191

parity conserving, 186-190

parity non-conserving weak decay,

190, 191

U-coefficients, 77-81
orthonormality, 80

Uncoupled representation, 11, 12

Unoriented system, 139

Vector spherical harmonics, 104, 106

Wigner 3-j symbol, 16

Wigner 6-j symbol, 81

Wigner 9-j symbol, 92-95

Wigner-Eckart theorem, 63-65
proofs, 65-72
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