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Preface

This book could have been entitled “Analysis and Geometry.” The authors
are addressing the following issue: Is it possible to perform some harmonic
analysis on a set? Harmonic analysis on groups has a long tradition. Here
we are given a metric set X with a (positive) Borel measure p and we would
like to construct some algorithms which in the classical setting rely on the
Fourier transformation. Needless to say, the Fourier transformation does not
exist on an arbitrary metric set.

This endeavor is not a revolution. It is a continuation of a line of research
which was initiated, a century ago, with two fundamental papers that I would
like to discuss briefly.

The first paper is the doctoral dissertation of Alfred Haar, which was
submitted at to University of Géttingen in July 1907. At that time it was
known that the Fourier series expansion of a continuous function may diverge
at a given point. Haar wanted to know if this phenomenon happens for every
orthonormal basis of L2[0,1]. He answered this question by constructing an
orthonormal basis (today known as the Haar basis) with the property that
the expansion (in this basis) of any continuous function uniformly converges
to that function.

Today we know that Haar was the grandfather of wavelets and we also
know that wavelet bases offer a powerful and flexible alternative to Fourier
analysis. Indeed wavelet bases are unconditional bases of most of the func-
tional spaces we are using in analysis. In other words wavelet expansions
offer an improved numerical stability, as compared with Fourier series expan-
sions. One of the goals of this book is to construct wavelets on any metric set
equipped with a positive measure which is compatible with the given metric.
In this setting we do not have Fourier analysis at our disposal.

The second paper which preluded the authors’ endeavor was written in
French by Marcel Riesz in 1926. It is entitled “Sur les fonctions conjuguées.”
The author proves that the Hilbert transform is bounded on LP(R) when 1 <
p < co. The Hilbert transform H is the convolution with %p.v.%, which is a

distribution. In other words H(f)(z) = ip.v. [ i(fy;dy. The Fourier transform
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of H(f) is —isign(§)f(§) when f(§) is the Fourier transform of f. Therefore,
H is isometric on L?(R).

The proof given by Riesz relies on the properties of holomorphic functions
F in the unit disc D of the complex plane. The boundary I' of D is the unit
circle identified to [0, 27] and functions on I' can be written as Fourier series.
If a holomorphic function F' in D extends to the boundary I', then the Fourier
series of F' on I' coincides with its Taylor series. Moreover if u is the real part
of a holomorphic function F' and v is the imaginary part, then v is the Hilbert
transform of u on T'.

To prove his claim, Riesz used the Cauchy formula and the fact that FP
(F raised to the power p) is still holomorphic when p is an integer or when
F has no zero in D. This attack was named “complex methods” by Antoni
Zygmund.

In the 1950s Alberto Calderén and Zygmund discovered a new strategy
for proving LP estimates. They could not use complex methods anymore
since they were interested in operators acting on L?(R™). The operators con-
structed by Calderén and Zygmund are the famous pseudo-differential oper-
ators and soon became one of the most powerful tools in partial differential
equations.

Let us sketch the proof of LP estimates discovered by Calderén and Zyg-
mund. It begins with a lemma which is known as the “Calderén—Zygmund
decomposition.” Tt says the following. Let f be any function in L!(R™) and
let A > 0 be a given threshold. Then f can be split into a sum u + v where
|u| is bounded by A and belongs to L?(R"), while v is oscillating and sup-
ported by a set of measure not exceeding % As noticed by Joseph Doob, the
proof of this lemma is indeed a stopping time argument applied to a dyadic
martingale. On the other hand, the Haar basis yields a martingale expansion.
Calderén and Zygmund argued as follows. They assumed that the distribu-
tional kernel K (z,y) of an operator T satisfies the following conditions: There
exists a constant C such that for every x € R™ and every x’ # x one has

ly—z[>2]z"—z|

and there exists a constant C’ such that for every y € R™ and every y' # y
one has

|K(xay/) - K($,y)|d$ < C/' (T)

lz—y"|>2]y—y’|

Calderén and Zygmund proved a remarkable result. If T is bounded on
L?(R™) and if the distributional kernel K (z,y) of T satisfies (1), then for ev-
ery fin LY(R™), T(f) belongs to weak L!. There exists a constant C such that
for every positive A the measure of the set of points a for which |T(f)(z)| > A

does not exceed C' @ This is optimal, since f = J,, (Dirac mass at ) yields
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T(f)(x) = K(z,x0) which belongs to weak L' and not to L. This theorem
follows from the Calderén—Zygmund decomposition. Then the Marcinkiewicz
interpolation theorem implies the required LP estimates for 1 < p < 2. Apply-
ing the same argument to the adjoint operator T, we obtain the LP estimates
for 2 < p < o0.

The arguments which were used in these two steps do not rely on Fourier
methods; therefore, this scheme easily extends to geometrical settings where
the Fourier transformation does not exist. Such generalizations were achieved
by Ronald Coifman and Guido Weiss. They discovered that the “spaces of
homogeneous type” are the metric spaces to which the Calderén—Zygmund
theory extends naturally. A space of homogeneous type is a metric space X
endowed with a positive measure p which is compatible with the given metric
in a sense which will be detailed in this book. Roughly speaking, the measure
w(B(z,r)) of a ball centered at x with radius r scales as a power of r.

Coifman and Weiss observed that any bounded operator T : L?(X, du) —
L?(X,du) whose distributional kernel satisfies (1)—with |x — /| > 2|y — /|
replaced by d(x,y’) > 2d(y,y’')—maps L! into weak L'. That implies L?
estimates for 1 < p < 2. This can be found in the remarkable book Analyse
Harmonique Non- commutative sur Certains Espaces Homogenes which was
published in 1971.

But this does not tell us how to prove the fundamental L? estimate. We
will return to this issue after a detour.

In the 1960s Calderén launched an ambitious program. He wanted to free
the pseudo-differential calculus from the unnecessary smoothness assump-
tions which were usually required to obtain commutator estimates. The first
issue he addressed was the following problem. Let A be the pointwise mul-
tiplication by a function A(x) and let T' be any pseudo-differential operator
of order 1. Can we find a necessary and sufficient condition on A imply-
ing that all commutators [A,T] are bounded on L?(R™)? This is required
for every pseudo-differential operator of order 1 and the particular choices
T, = %7 1 < j < n, show that A must be a Lipschitz function. The other
way around is much more difficult and was proved by Calderén in 1965. The
proof relies on new estimates on the Hardy space H!(R). Calderén proved
that the H! norm of a holomorphic function F is controlled by the L' norm
of the Lusin area function of F. This connection between an L? estimate and
the Hardy space H! is the most surprising. An explanation will be given by
the T'(1) theorem of David and Journé.

This spectacular achievement gave a second life to the theory of Hardy
spaces and Charles Fefferman, in collaboration with Elias Stein, proved that
the dual of H'(R") is BMO(R™). Here H*(R") is the real variable version
of the Hardy space H'(R). In other words, H' is the subspace of L' which
is defined by n+1 conditions f € L' and R; f € L', where R;,1 < j < n, are
the Riesz transforms.

Calderon conjectured that the Cauchy kernel on a Lipschitz curve T is
bounded on L?(R). A Lipschitz curve T' is the graph of a (real-valued)
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Lipschitz function A. The curve I' admits a parameterization given by
z2(x) = x4+ iA(x), —00 < = < 00, and the Cauchy operator can be writ-

ten as
oo

CH ) = pv~ [ (2x) - 2(w) " Fw)dy.

™
— 00

If [|[A'|ls < 1, the Cauchy operator is given by a Taylor expansion
o0
> Cu(f), where C,, are the iterated commutators between A (the point-
0

wise multiplication with A(z)) and D™H. Here, as above, H is the Hilbert
transform and D = —i%.

In 1977 Calderén used a refinement of the method which was successful
for the first commutator and could prove the boundedness of the Cauchy
kernel under the frustrating condition ||A’||oc < 3, where (3 is a small positive
number. Guy David combined this result with new real variable methods and
got rid of the limitation in Calderén’s theorem.

But the main breakthrough came when David and Jean-Lin Journé at-
tacked a much more general problem. They moved to R™ and studied singular

integral operators which are defined by
T(f)(a) = po. | K0},

where K(2,y) = —K(y,2),|K(.y)| < Cla—y|~", and |V, K (z,y)| < C'|o—
yl=

They discovered that T is bounded on L?(R") if and only if T(1) €
BMO(R™). Here T(1)(z) = p.w. [ K(z,y)dy and in many situations this
calculation is trivial. For instance, when K, (z,y) = % is the n-th
commutator,

1
p-v/Kn(w,y)dy: —ﬁp-v/anl(:c,y)A’(y)dy,

which immediately yields Calderén’s theorem. Complex methods are beaten
by real variable methods and the surprising connection between Hardy spaces
and L? estimates is explained. Indeed BMO is the dual of H'.

A spectacular discovery by David, Journé, and S. Semmes is the general-
ization of the T'(1) theorem to spaces of homogeneous type.

This version of the T'(1) theorem will receive a careful exposition in this
book. It paves the road to a broader program which is the extension to spaces
of homogeneous type of the Littlewood—Paley theory. The Littlewood—Paley
theory began with the fundamental achievements of J. E. Littlewood and R.
E. A. C. Paley.

Let me say a few words on this discovery. We consider the Fourier series
oo

> cx exp(ikzx) of a 2mw-periodic function f(x) and we define the dyadic blocks

— 00

D;j(f)(x),j €N, by
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D;f(x) = Z ek exp(ikx).

23 <|k| <2 +1

Then the square function S(f) of Littlewood and Paley is defined by

oo

S()(x) = (3 1D;(N)(@)?)

0

[N

Littlewood and Paley proved that we have

ol Fllp < ol + 1S (N)llp < Coll £l

when 1 < p < 0.

The definition of the square function S(f) was generalized by Elias Stein.
Then LP[0,27] can be replaced by LP(R™). Jean-Michel Bony used Stein’s
version of the Littlewood—Paley theory to construct his famous paraproducts.
Such paraproducts play a pivotal role in the proof of the T'(1) theorem.

The authors of this book show us how to extend the Littlewood—Paley
theory to spaces of homogeneous type. This is a key achievement since
most of the usual functional spaces admit simple characterizations using the
Littlewood—Paley theory.

The last but not the least contribution of the authors is the construc-
tion of wavelet bases on spaces of homogeneous type. Once again, wavelets
offer an alternative to Fourier analysis. As we know, wavelet analysis can
be traced back to a fundamental identity discovered by Calderdn. If 1) is a
radial function in the Schwartz class with a vanishing integral and if, for
t >0, (x) = t7"p(%), then for f € L*(R™) we have

Tt
f=c | fxahxap—,
o/ t

where ¢ > 0 is a normalizing factor and () = 1(—z). In other words, one
computes the wavelet coefficients by

Wy, 1) = / F@)B,(x - y)de

and one recovers f through

OF 7 [ W tinte -y

0 Rn

Everything works as if the wavelets ¢, (z) = t~"/2¢(£7%) were an or-
thonormal basis of L?(R™). Indeed, orthonormal wavelet bases exist. There
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exist 2" — 1 functions ¢, € .7(R"),e € F,#F = 2™ — 1, such that the func-
tions () = 2% (272 — k),j € Z,k € Z" € € F, are an orthonormal basis
of L?(R™).

The authors succeeded in generalizing the construction of wavelet bases to
spaces of homogeneous type; however, wavelet bases are replaced by frames,
which in many applications offer the same service.

One is amazed by the dramatic changes that occurred in analysis during
the twentieth century. In the 1930s complex methods and Fourier series played
a seminal role. After many improvements, mostly achieved by the Calderén—
Zygmund school, the action takes place today on spaces of homogeneous type.
No group structure is available, the Fourier transform is missing, but a version
of harmonic analysis is still present. Indeed the geometry is conducting the
analysis.

Donggao Deng passed away after completing a preliminary version of this
book. In his last moments he knew his efforts were not in vain and that his
collaboration with Yongsheng Han would eventually lead to this remarkable
treatise.

China 2007 Yves Meyer



Contents

Introduction . ... ... .. . . . . .

1

Calderon-Zygmund Operator on Space of Homogeneous
Ty o
1.1 Introduction ......... ... .. .. i
1.2 Definition of Calderén-Zygmund Operators on Spaces of
Homogeneous Type ... ...
1.3 Littlewood-Paley Analysis on Spaces of Homogeneous Type . .
1.4 The T'1 Theorem on Spaces of Homogeneous Type..........

The Boundedness of Calderén-Zygmund Operators
on Wavelet Spaces ........... .. ... i

Wavelet Expansions on Spaces of Homogeneous Type.....
3.1 Introduction ......... .. .. i
3.2 The Theory of Frames .......... ... .. .. .. . . ...
3.3 Approximation to the Identity and Basic Estimates .........
3.4 Calderén’s Identity on Spaces of Homogeneous Type ........
3.5 Wavelet Expansions on Spaces of Homogeneous Type .......

Wavelets and Spaces of Functions and Distributions . ... ..
4.1 Introduction .......... ...
4.2 Comparison Properties of Wavelet Coefficients .............
4.3 HOlder Spaces ... .....uuiin
4.4 Lebesgue and Generalized Sobolev Spaces .................
4.5 Wavelets, the Hardy and BMO Spaces .. ..................
4.6 Besov Spaces on Spaces of Homogeneous Type .............
4.7 The T1 Type Theorems . ......... ... ...

Littlewood-Paley Analysis on Non Homogeneous Spaces ..
5.1 Introduction ........ ... ..
5.2 Littlewood-Paley Theory on Non Homogeneous Spaces . . .. ..

xi



xii Contents

5.3 The T'1 Theorem on Non Homogeneous Spaces ............. 143
5.4 The Besov Space on Non Homogeneous Spaces ............. 145
References ... ... ... .. 149



Introduction

As Y. Meyer wrote in [M2]: “At the beginning of the 1980’s, many scientists
were already using ‘wavelets’ as an alternative to traditional Fourier analy-
sis. This alternative gave grounds for hoping for simpler numerical analysis
and more robust synthesis of certain transitory phenomena.” He also wrote:
“To mention only the most striking, R. Coifman and G. Weiss invented the
‘atoms’ and ‘molecules’ which were to form the basic building blocks of var-
ious function spaces, the rules of assembly being clearly defined and easy to
use. Certain of these atomic decompositions could, moreover, be obtained by
making a discrete version of a well-known identity, due to A. Calderdn, in
which ‘wavelets’ were implicitly involved. That identity was later rediscovered
by Morlet and his collaborators.” Y. Meyer further wrote: “These separate
investigations had such a ‘family resemblance’ that it seemed necessary to
gather them together into a coherent theory, mathematically well-founded
and, at the same time, universally applicable.”

Today we know that this coherent theory is wavelet analysis. This theory
played and will, doubtless, play an important role in many different branches
of science and technology. Wavelet analysis provides a simpler and more effi-
cient way to analyze those functions and distributions that have been studied
by use of Fourier series and integrals. But, however, Fourier analysis still plays
a key role in constructing the orthonormal bases of wavelets.

Fourier analysis also plays an essential role in the study of the boundedness
of convolution operators. In the 1950’s when Calderén and Zygmund system-
atically studied convolution operators appearing in elliptic partial differential
equations, they developed the theory of Calderén-Zygmund convolution op-
erators. The continuity of these Calderén-Zygmund convolution operators on
L?(R™) follows immediately from the Fourier transform. The boundedness of
such operators on LP(R™),1 < p < oo, is then obtained by the so-called real
variable method of Calderén and Zygmund. This real variable method, in
general, still applies to non-convolution operators whenever kernels of those
non-convolution operators satisfy the regularity conditions of Calderén and
Zygmund and the continuity of those non-convolution operators on L?(R™)

D. Deng and Y. Han, Harmonic Analysis on Spaces of Homogeneous Type, Lecture
Notes in Mathematics 1966, 1
(© Springer-Verlag Berlin Heidelberg 2009



2 Introduction

has been known. These non-convolution operators are now called Calderén-
Zygmund operators. Therefore, the L? boundedness becomes the core of the
boundedness of Calderén-Zygmund operators on other functional spaces. Ob-
viously, the Fourier transform is no longer available to get the L? continuity
for non-convolution operators. The T'1 theorem, that is, the necessary and
sufficient conditions of the L? boundedness of non-convolution operators, as
a substitute of the Fourier transform, was finally proved by G. David and J.
L. Journé ([DJ]). In the original proof of the T'1 theorem on R", the Fourier
transform was not used explicitly, but implicitly.

Today we have reached a better understanding of the connections between
wavelets and Calderén-Zygmund operators. Indeed any Calderén-Zygmund
operator T satisfying T'(1) = T*(1) = 0 is almost diagonal in any orthonormal
wavelet bases. This applies, for example, to the Hilbert transform and solves
the problem raised by Antoni Zygmund. Conversely an operator which is
diagonal or almost diagonal in a wavelet basis is such a Calderén-Zygmund
operator. A question arises: How does one prove the T'1 theorem on spaces
of homogeneous type? Here spaces of homogeneous type were introduced in
the 1970’s by R. Coifman and G. Weiss in order to develop the theory of
Calderén-Zygmund operators in a more general setting. There are, however,
no translations or dilations, and no analogue of the Fourier transform or
convolution operation on general spaces of homogeneous type. In 1985, using
Coifman’s idea on decomposition of the identity operator, G. David, J. L.
Journé and S. Semmes developed the Littlewood-Paley analysis on spaces
of homogeneous type and used it to give a proof of the T'1 theorem on this
general setting. Before explaining Coifman’s idea and the Littlewood-Paley
analysis on spaces of homogeneous type, let us first describe the Littlewood-
Paley analysis on the standard case of R".

Two versions of the Littlewood-Paley analysis exist. The first one is the
most familiar and can be traced back to the early thirties. It amounts to
splitting a Fourier series expansion into dyadic blocks A;(f). We then have
f=7>"A;(f) and most functional spaces are characterized by size estimates

J
on A;(f). For instance f is Holder « if and only if ||A;(f)|[ec < C279.

If one moves from Fourier series expansion to problems concerning func-
tions on R™, the familiar Littlewood-Paley analysis can be defined by the
following way. One starts with a bump function ¢ in the Schwartz class
< (R™) and one assumes the following properties (a) [ ¢(z)dz = 1 and (b)
Jx*¢(x)dz = 0 for |a| > 1. It often suffices to have (b) when 1 < || < N
where N is related to the functional space one would like to describe.

Then we write ¢;(z) = 2" ¢(27x), j € Z, and the convolution operator S;
are defined by S;(f) = f = ¢;.

When we let S; act on L*(R"), we have

Sj =1 (j = +00), 5 =0 (j = —o0)

which implies
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o0
I=>"A; Aj=S1-5;
— 00

This is the first version of the Littlewood-Paley analysis.

One has A;(f) = f =, ¢¥;(z) = 2V (27z) and Y(x) = 2"¢(2x) — ¢(x).
One should observe that ¢ € /(R™) and [ 2*¢(z)dz = 0 for all a € N".
Therefore 1) is a wavelet.

The second version of the Littlewood-Paley analysis is referred to as

o0
Calderén’s identity. Instead of requiring that f = 5~ A,(f), one instead re-

j==o0

(oo}
quires that [|f|l3 = > ||A;(f)||3 which is equivalent to Calderén’s identity

([c1)

j=—00

I=> AA; (0.1)
If, as above, A;(f) = f *1;, then (0.1) is equivalent to
L= [0E79P,  &#0.

Unfortunately the construction of ¢ heavily relies on the full power of
Fourier analysis and cannot be achieved on a space of homogeneous type.

To circumvent this drawback and develop a form of Littlewood-Paley anal-
ysis on a space of homogeneous type, G. David, J. L. Journé and S. Semmes
used an idea of Coifman and constructed a remarkable decomposition of
the identity operator. Let {Dj} be a family of operators whose kernels sat-
isfy certain size, smoothness, cancellation conditions, and the nondegeneracy
condition, see Chapter 1 below for more details, such that

I=> D (0.2)

kEZ

on L2
Coifman’s idea consists in rewriting (0.2) as

I=> D> D= > DpuDi+» (> Dip)Dip = Ry + Ty,

keZ ez l|>N keZ kEZ |I|<N

where Ry = Y. Y Dy 1Dy, Ty = Y. DY Dy, with DY = > Djyy, and
|l|>N kEZ kEZ <N
N is a fixed large integer.
In [DJS] it was proved, using Cotlar-Stein-type lemma and Calderén-

Zygmund theory, that for N sufficiently large, Tﬁl exists on L? and is
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bounded on LP,1 < p < oo. This in turn permitted to establish the
Littlewood-Paley estimates on LP,;1 < p < oco. Indeed for 1 < p < oo there
exists a constant ), such that

1

Ml < [{ D2 1D}
keZ

< Cpll£llp-
p

The key step in [DJS] was to show that Ry is a Calderén-Zygmund oper-
ator with norm at most C2~N9 for some ¢ > 0. The essential ingredient used
in [DJS] is the following identity

I=Ty'"Tx =Y Ty'Dy Dy =TnTy' =Y DiDY Ty (0.3)
kEZ kEZ

In the standard case of R™, Calderdn’s identity (0.1) provides a continuous
version of wavelet expansions. However, the identities (0.3) cannot directly
provide such a wavelet expansion on a space of homogeneous type. The dif-
ference between the identities (0.3) on a space of homogeneous type and
Calderé6n’s identity (0.1) on R™ is the presence of the operator T ﬁl. The re-
sults given in [DJS] only say that 7' is bounded uniformly on L2(R"), or
more generally, on LP(R™),1 < p < oo. Therefore one did not know if the
identities (0.3) could provide a continuous version of wavelet expansions on
spaces of homogeneous type.

Then one wonders if Calderéon’s identity can be obtained in the general
context of a space of homogeneous type where we do not have a Fourier
transformation at our disposal. One of the main goals of this book is to
build a wavelet analysis on space of homogeneous type. To be precise, we will
prove some Calderén’s identities and use them to write wavelet expansions of
functions and distributions on a space of homogeneous type. Moreover these
wavelet expansions will reflect the local or global regularity of functions and
distributions as in the standard case.

To achieve this goal, we will first define test functions and what we call
wavelet spaces on a space of homogeneous type. Then we will prove a new
“T'1 theorem”, namely the boundedness on wavelet spaces of a certain class
of Calderon-Zygmund operators whose kernels satisfy some additional second
order smoothness condition.

One then checks that the operator Ry, as mentioned above, belongs to
this class of Calderén-Zygmund operators with an operator norm at most
C2-N? for some ¢ > 0. This implies that Tjgl is bounded on these wavelet
spaces when N is large.

Let Dy = Ty DY and Dy, = DYTx'. Then we will prove that the kernels

of lN)k and Bk are wavelets in the following sense. We say that a function
K (z,y) defined on the product space X x X is a wavelet if it is a wavelet in
y for each frozen x and vice versa. The precise definition of wavelets is to be
found in Definition 2.2 below. Therefore we can rewrite (0.3) as
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I= Zﬁka = ZDkf)k, (0.4)

keZ kEZ

which provides a new Calderén’s identity and hence a continuous version of
wavelet expansions on space of homogeneous type.

Finally, we will replace (0.4) by a discrete version of a wavelet expan-
sion, obtained by using the dyadic cubes of M. Christ on spaces of homoge-
neous type ([Ch2]) and the boundedness of operators on wavelet spaces. These
wavelets are not an orthonormal basis, but instead are a frame ¥y, A € A. It
means that the wavelet expansion of a function f € L?(X,du) into a wavelet
series will be given by

f@) =3 a(\ea()

AEA

where

I~ { Y |a<A>|2}%

AEA

and where the wavelet coefficients «()\) are given by
o) = [ Fla)ds@)dnte). 05)

We will prove the following result. The dual wavelets @ZA are sharing with
1 the same localization, smoothness and vanishing integral properties. This
will imply that most functional spaces can be characterized by simple size
properties of the wavelet coefficients in (0.5). These wavelet expansions and
characterizations of functional spaces will constitute the heart of this book.

Up to now, even though one does not know how to construct orthonor-
mal wavelet bases on general spaces of homogeneous type, these wavelet ex-
pansions will provide us with a new and universally applicable tool at our
command: “everything that comes to hand”, which can be used to carry out
many important results on R™ to spaces of homogeneous type.

In the case of a space of homogeneous type, the Holder regularity of the
modified distance function p(x,y), see Chapter 1 for details, is replacing the
differential structure in the standard situation of R™ or of a differentiable
manifold. The construction of wavelets will follow from the properties of
p(x,y). We do not have other tools at our disposal to prove the existence of
wavelet bases on spaces of homogeneous type.

The contents of this book may be roughly summarized as follows.

In the first chapter, we restate the major notation and basic results of
the theory of Calderén-Zygmund operators on spaces of homogeneous type.
We describe the Littlewood-Paley analysis and prove the T'1 theorem of G.
David, J. L. Journé and S. Semmes on spaces of homogeneous type.
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We then define test functions and wavelet spaces on spaces of homogeneous
type in the second chapter (see Definition 2.2). We prove one of main results
in this book, namely the boundedness of Calderén-Zygmund operators whose
kernels satisfy some additional smoothness condition, on wavelet spaces. This
result will be the main tool used in Chapter 3.

Chapter 3 is addressed to all kinds of wavelet expansions on spaces of
homogeneous type. For reader’s convenience some few facts about frames on
a Hilbert space are included.

Chapter 4 is devoted to the study of functional spaces on spaces of
homogeneous type in terms of wavelet coefficients. These spaces include
LP|1 < p < o0, the generalized Sobolev spaces LPs, the Hardy spaces HP,
BMO and the Besov spaces. The T'1 type theorems on these spaces are pre-
sented.

In recent years it has been known that central results of the classical theory
of Calderén-Zygmund operators hold true in very general situations where
the standard doubling condition on the underlying measure is not needed.
Metric spaces where this happens are now called non homogeneous spaces.
It came as a great surprise. Indeed the theory of spaces of homogeneous type
were so much adapted to the theory of Calderén-Zygmund operators that
everyone believed they were essentially the right context. In the last chapter,
Chapter 5, we will outline the Littlewood-Paley analysis on non homogeneous
space obtained by X. Tolsa. It is still based on Coifman’s decomposition of
the identity operator, Although we do not know if there exists a wavelet
expansion on a non homogeneous space, we will show that Tolsa’s Littlewood-
Paley analysis on LP, 1 < p < oo, still works for the study of new functional
spaces, namely the Besov spaces on non homogeneous spaces.

This book is based on some recent work by the authors and their collabo-
rators. This research project started twenty years ago: The first author was
invited by R. Coifman to visit Yale University and in the meantime, the sec-
ond author was invited by G. Weiss to visit Washington University. At that
time, the authors planned to build a Littlewood-Paley analysis and then use
it to develop a wavelet analysis on spaces of homogeneous type. R. Coifman
kindly suggested a kind of identity to the first author, as a key tool to achieve
the above aim. Meanwhile, the second author was discussing with G. Weiss
on the first manuscript on orthonormal wavelet bases written by Y. Meyer.

Partial material of this book is taken from the lecture notes of graduate
students classes given by the second author in the Fall semester 1999 at
Washington University in St. Louis and the lectures given at Zhongshan
University and Beijing Normal University in China. The first author thanks
R. Coifman for his invitation and suggestions. The second author thanks G.
Weiss for his invitation in 1999 and for his continuous encouragement and
support during many years. The second author would also like to thank E.
Sawyer and D. Yang for fruitful collaborations that they have had throughout
the years. A thanks goes to Ji Li, Chin-Cheng Lin and Kunchuan Wang.
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Without their help, this book would not be presented by this final version in
LaTex.

This book was supported by the NSF in China. The first author thanks the
NSF in China for its support. This book has been written during the second
author’s visit at Zhongshan University. He would like to thank Zhongshan
University for their warm hospitality and support.



Chapter 1

Calderon-Zygmund Operator
on Space of Homogeneous Type

1.1 Introduction

In the 1970’s, in order to extend the theory of Calderén-Zygmund singular
integrals to a more general setting, R. Coifman and G. Weiss introduced
certain topological measure spaces which are equipped with a metric which
is compatible with the given measure in a sense which will be detailed in
this chapter. These spaces are called spaces of homogeneous type. In this
chapter we present the major notational conventions and basic results of
the theory of Calderén-Zygmund operators on spaces of homogeneous type.
As we already noticed, it becomes indispensable to have a criterion for L?
continuity, without which the theory collapses like a house built on sandy
beach. One such criterion is the 71 theorem of G. David, J. L. Journé and
S. Semmes on spaces of homogeneous type. Before proving the T'1 theorem of
G. David, J. L. Journé and S. Semmes, we will explain the Littlewood-Paley
analysis on spaces of homogeneous type, which, based on Coifman’s idea on
decomposition of the identity operator, was developed by the above authors.
The Littlewood -Paley analysis on spaces of homogeneous type becomes a
starting point to provide wavelet expansions of functions and distributions.
This will be addressed in Chapter 3.

1.2 Definition of Calderén-Zygmund Operators
on Spaces of Homogeneous Type
A quasi-metric 6 on a set X is a function § : X x X :— [0, 0o] satisfying

d(z,y) = 0 if and only if z =y, (1.1)

d(z,y) =0(y,x) for all z,y € X, (1.2)

D. Deng and Y. Han, Harmonic Analysis on Spaces of Homogeneous Type, Lecture
Notes in Mathematics 1966, 9
(© Springer-Verlag Berlin Heidelberg 2009
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and there exists a constant A < oo such that for all x,y,z € X,
6(x,2) < A[o(z,y) + 6(y, 2)]. (1.3)

Any quasi-metric defines a topology, for which the balls B(x,r) = {y €
X :6(x,y) < r} form a base. But the balls need not be open when A > 1.

It is not difficult to see that the constant A in (1.3) must be > 1.

We now state the definition of a space of homogeneous type. This definition
was introduced by R. Coifman and G. Weiss.

Definition 1.1 ([CW1]). A space of homogeneous type (X,0,p) is a set X
together with a quasi-metric 0 and a nonnegative measure p on X such that
0 < p(B(z,7)) < oo for all z € X and all » > 0, and so that there exists
A’ < oo such that for all z € X and r > 0,

w(B(x,2r)) < A'p(B(z,r)). (1.4)

Here p is assumed to be defined on a o-algebra which contains all Borel sets
and all balls B(z,r) for x € X and r > 0. The property of the measure
in (1.4) is called the doubling condition. We suppose that p({z}) = 0 for all
x € X. Macias and Segovia have shown ([MS] Theorems 2 and 3) that in this
case, the functional

p'(z,y) = inf{u(B) : B are balls containing = and y} (1.5)

is a quasi-metric on X yielding the same topology as J. Moreover, there is
a quasi-metric p equivalent to p’ in the sense that C~1p'(x,y) < p(x,y) <
Cp'(x,y) for some constant C' > 0 and for all z,y € X. Moreover there are a
constant C' > 0, and 0 < 6 < 1 such that

C~'r < w(B(zx,r)) < Cr (1.6)

for all z € X,r > 0, and
|p(a,y) — p(a’, y)| < Clp(a,2")’ [p(z, y) + pla’,y)]~° (1.7)

for all x,2" and y € X.

It is easy to verify, by (1.7), that the balls associated to p are open sets.
Moreover, there is a positive constant M such that d(z,y) = (p(z,y)) is
equivalent to a metric on X x X.

We would like to emphasize that in (1.6), and for the remainder of this
book, all balls are p-balls defined by B(x,r) = {y € X : p(z,y) < r}, where
p satisfies the estimate (1.7).

From (1.6), we obtain, by decomposing into annuli for example, the often
used following estimates

[ ooy due) ~ s and [ (plea) ()~ (1)
B(z,r)

B(x,r)°

for all e > 0.
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The Holder spaces on a space of homogeneous type are defined as follows.

Definition 1.2. Let CJ(X),n > 0, be the space of all continuous functions
on X with compact support such that

[ fllen = sup W < o0. (1.9)

We would like to remark that for 0 < n < 0,C{(X) is not empty (i.e.
reduced to {0}). To see this, we let f(x) be a C' function defined on R with
a compact support. Define g(x) = f(p(z,z¢)) for any fixed 2o € X. It is easy
to check that ¢ is a function in CJ(X) with 0 <n <6 < 1.

It is well known that the homogeneous Banach space C”(R) of Holder
functions with exponent § has the following properties (a) if 0 < 8 < 1,
CP(R) is isomorphic to £, (b) if # = 1, the Zygmund class is isomorphic to
£ and the class of Lipschitz functions is isomorphic to L (R).

It implies that the dual space of C#(R) is not a functional space. Indeed the
dual space of £>°(Z) is not a space of sequences. The same objection applies
to Cg (R) or Cg (X). This, however, can be solved. It suffices to replace C*(R)
by the closure C?(R) for the C” norm of C7(R) where v > (3. This closure
does not depend on .

Following this argument we define the function space CS’ (X) as the closure
for the C(X) norm of functions in C (X) where 5 < 3, and let (C7(X))’ be
dual space of Cg (X). The following theorem implies that these new spaces
do not depend on (.

Theorem 1.3. The two following properties of f € C*(X) are equivalent
ones

(1) f e C‘S‘(X), the closure of functions in Cg(X),ﬂ > «, with respect to the
C% norm;

(2) lim (f(@) = F)lp(z,y)]~* =0
p(x,y)—0,0rp(z,y)—o0

and this limit is uniform in (z,y) € X x X.

The implication (1) = (2) is easy. The results given in [MS] can be used
to show the other implication.

Before describing the theory of Calderén-Zygmund operators on spaces of
homogeneous type, we give several examples of spaces of homogeneous type
([CW2] and [Chl)).

1
2

(1) X =R", p(z,y) = |z —y| = ( >o(xj — yj)Q) and p equals Lebesgue

Jj=1
measure. .
(2) X =R", p(z,y) = > (z; —y;)™, where aq,aq,...,a, are positive
j=1
numbers, not necessarily equal, and p equals Lebesgue measure (this distance
is called nonisotropic).
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(3) X =[0,1), p(x,y) is the length of the smallest dyadic interval contain-
ing z and y, and p is Lebesgue measure.

(4) X is the boundary of a Lipschitz domain in R™, p is the Euclidean
distance and p is the harmonic measure or the Lebesgue surface measure.

(5) X =R* ={r e R:r >0}, du(r) = r""Ldr, p is the usual distance.

(6) Any C*° compact Riemannian manifold with the Riemannian metric
and volume.

(7) Let n > 1 be an integer and d € (0,n] a real number. Let E C R”
be a closed subset whose d-dimensional Hausdorff measure A\;(E) is finite
and positive. Suppose it happens that there exists C' < oo so that for every
r€ FEandr >0, Clrd < \y(EN B(x,r)) < Cr?. Then equipped with the
Fuclidean metric and p = Ay, F is a space of homogeneous type.

(8) Let G be a nilpotent Lie group with a left-invariant Riemannian metric
and p is the induced measure.

(9) Let © be an open set in R™ and let Xy, -+, Xj be C* vector fields
in Q. Suppose that {X;} satisfy the condition of Hérmander. It means that
together with all their commutators of all orders, {X;} span the tangent
space to R™ at each x € Q. We say that a Lipschitz curve v : [0,r] — Q is

k
admissible if for almost every ¢, 21 = Zl ¢;j(t)X;(v(t)) where Y |c;(t)* < 1.
j:
Define p(x,y) to be the infimum of the set of all r for which there exists an
admissible curve v with v(0) = x and ~(r) = y. It was proved that such
an admissible curve exists for any x,y € ) (provided 2 is connected). Then
(Q, p) with the Lebesgue measure becomes a space of homogeneous type. See
[NSW] for a detailed discussion of various concrete examples.
(10) In an open subset Q of R™ let A(x) = (a; ;(x))};—; be a C*° family
of symmetric matrices with real-valued entries, nonnegative in the sense that
n
> a; (x)tit; > 0for all z and t € R™. A vector v € R™ is said to be subunit
ij=1
at x if for every t € R™,

2 n

< Y ai(@)tit;.

ij=1

Z tjv;
]

A Lipschitz curve v : [0,7] — R™ is said to be admissible if dv(s)/ds is
subunit for almost every s. Define p(z,y) to be infinite if there exists no
admissible path + joining x to y, and otherwise p(x,y) = inf{r : there exists
an admissible curve v satisfying v(0) = 2 and v(r) = y}. If there exist € > 0
and C' < oo such that R(z,y) < Cla — y|® for all z and y close to x, then
(2, p) becomes a space of homogeneous type when equipped with Lebesgue
measure.

(11) When X is the boundary of a smooth and bounded pseudo-convex
domain in C™ one can introduce a nonisotropic quasi-distance that is related
to the complex structure in such a way that we obtain a space of homogeneous
type by using Lebesgue surface measure. For example, if X is the surface of
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n
the unit sphere o9,_1 = {z €eC:z-2=3% zZ = 1}, the nonisotropic
=1

distance is given by d(z,w) = |1 — z - w|2.

(12) Let U be a bounded open subset of C? with C* boundary. At any
z € JU the vector space of linear combinations ala%l + agé% belonging to
the complexified tangent space to OU has dimension 1 over C. Fix a nonvan-
ishing C> complex vector field L; = alaizl + GQ% which is tangent to OU
at every point z in some open set V C 9U. Write L = X + iY where X,Y
are real vector fields. If U is strictly pseudo-convex then the pair X, Y satis-
fies the condition of Hérmander and V' becomes a space of homogeneous type .

We now introduce the maximal function of Hardy and Littlewood.

Definition 1.4. Suppose f € L}, (X). The Hardy-Littlewood maximal func-
tion of f is defined by

1
M (@) = sup s /B I wldny)

Theorem 1.5 ([CW1]). M is bounded on LP(X, ) for 1 < p < oo, and is
of weak type (1,1).

Indeed, the Vitali-type covering lemma still holds on spaces of homoge-
neous type.

Lemma 1.6. Let K C X be a compact set. Let {B(xq,ra)} be a collection
of open balls that cover K. Then there is a subcollection {B(xq,,7a;)} that
is pairwise disjoint and such that {B(za,,Cra;)} still cover K, where C' =
24% + A.

Proof. Since K is compact, we may suppose that the collection {B(xn,74)}
is a finite collection of balls {B(z, ) }. Now choose a ball {B(x,, 7, )} of
greatest radius. Then choose {B(xy,, 7k, )} from among those balls such that
it has greatest possible radius and is disjoint from {B(zx,, 7%, )}-

Repeating this procedure, the process must eventually stop since the col-
lection is finite. We claim that this new collection satisfies the requirement of
Lemma 1.6. By the construction, all balls in this collection are pairwise dis-
joint. We only need to check that { B(xy,, Crg,)} cover K for C' = 2A%+A. It
suffices to show that { B(wxy,,Cry;)} cover the original collection {B(z, %)}
Take one of the original balls B(xy, ri) and assume it is not one of the selected
balls. Then, by the construction, there is a first selected ball B(zy,,7%,) that
intersects it with ry, > r. We claim that B(zx,7%) € B(wk,,Cry,). To see
this, let 2z € B(xg,7r) N B(xy,,71,) and let © € B(xy, ) be arbitrary. Then

pl;ay,) < Alp(z, 2) + p(z, 21, )] < A[A(p(2, 2x) + p(g, 2)) + 71, ]

< A[A(Tk + Tk) + rk,,} < [2A2 + A]?"kp
which shows B(xy, ) C B(ak,,Cry,) with C = 242 + A. |
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We also have a Calderén-Zygmund decomposition on spaces of homoge-
neous type.

Theorem 1.7 ([CW1)). Let f € LY(X) and o > 0, and assume that u(X) >
a Y flli. Then f can be decomposed as f = g+ b where

lgll3 < Callflh,
b=> b,
J
where each b; is supported on some ball B(x;,r;),
[bi@nta) =0,
165l < Cap(B(z;,75)),

ZN (z5,75)) ) < Ca M-

We now introduce Calderén-Zygmund operator on spaces of homogeneous
type.

Definition 1.8 ([CW1]). A continuous function K : X x X\{z =y} —» C
(the complement of the diagonal in X x X) is said to be a Calderén-Zygmund
singular integral kernel if there exist 0 < ¢ < 6 and C' < oo such that

K (2, y)| <

PER) (1.10)

for all x # y,

K (z,y) — K(2',y)| < Cp(,2")p(a,y) (1.11)
for p(z,2") < 55 p(,y),

K (2,y) = K(z,9)| < Cply,y/) pla,y)~ 1 (1.12)
for p(y,y') < gxp(z,y)-
Definition 1.9 ((CW1]). A continuous linear operator 7' : C/(X) —

(Cg (X)), is said to be a Calderén-Zygmund singular integral operator if
T is associated to a Calderén-Zygmund kernel K such that

(Tf.9) / / K (2,9) f () g()du(y) dp(x) (1.13)

for all f and g € CJ(X) with supp(f) Nsupp(g) = 0.
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We let CZK (€) denote the collection of Calderén-Zygmund singular inte-
gral operators T satisfying (1.10), (1.11) and (1.12).
Using Theorem 1.7, one can show the following result:

Theorem 1.10 ([CW1]). Any Calderdn-Zygmund singular integral operator
which is bounded on L*(X) is also bounded on LP(X) for 1 < p < oo, and is
of weak type (1,1).

We say that T is a Calderén-Zygmund operator if T is a Calderén-
Zygmund singular integral and bounded on L2.
As in the case of R", we define BM O functions as follows.

Definition 1.11. Suppose f € L}, (X). Then f belongs to BMO(X) if

1

”f”BMO B r>%171waX m L(m,r) |f(y) - fB|dM(y) =

where fp = mB(I : f(y)du(y).

As in the case of R", the following result gives the endpoint estimate of
the Calderon -Zygmund operators at p = oo.

Theorem 1.12 ([P]). Any Calderdn-Zygmund operator maps L™ (X') bound-
edly to BMO(X).

From Theorem 1.10 a question arises: Under what conditions a Calderén-
Zygmund singular integral is bounded on L?? This question was answered
by the well-known 7'1 theorem of G. David and J. L. Journé, and G. David,
J. L. Journé and S. Semmes in the standard case of R™ and in spaces of
homogeneous type, respectively. The main tool they used is the Littlewood-
Paley analysis which has been explained in the case of R™. We will describe
the Littlewood-Paley analysis on spaces of homogeneous type in the next
section.

1.3 Littlewood-Paley Analysis on Spaces
of Homogeneous Type

We aim at estimating the LP norm of a function f by the LP norm of its
Littlewood-Paley function S(f). The proof relies on a decomposition of the
identity operator suggested by R.R. Coifman.

We take a nonnegative smooth function h(x) equal to 1 on [1,9] and to
0 for x < 0 and = > 10. Let Hj, be the operator with kernel 2¢h(2%p(x, y)).
The doubling condition on & and the construction of A imply that C~1 <
Hi(1)(z) < Cforall k € Z,z € X and some constant C' > 0. Let M}, and Wy,
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be the operators of pointwise multiplication by my(z) = (Hx(1)(z))~! and
wi(z) = (Hp(my)(z)) ™1, respectively, and finally, let S, = My, Hy, Wy Hy, My,.
We, particularly, emphasize that this special construction will be used in
Chapter 4. It is easy to check that Si(z,y), the kernel of Sy, satisfies the
following conditions: There exists a constant C' such that for all k € Z and
all z, 2’y € X:

(1) Sk(mvy) =0if p(x7 )

(ii) [Sk(z,y) — Sk(2’,y)|

(i) ] Selz p)du(y) = 1:

(IV) Sk(xvy) = Sk(yax)
From (i) and (iii), it is clear that lim S, = I, the identity operator on

k—o00

L?(X), and klim S = 0 in the strong operator topology on L?(X). The

> 027% and ||Sk |0 < C2F;
< CB00p(a, /)1

construction of wavelets on a space of homogeneous type (see Theorem 3.25)
will be based on this approximation to the identity.
We now come to Coifman’s decomposition of the identity operator. Set

o0
Dy = Sy — Sk—1 sothat I = > Dy with strong convergence. The idea of

k=—oc0
Coifman is to rewrite
I= > Dy Y Dj= Y DiDj+ Y DyDj=Ty+Ry.
k=—oc0  j=—o0 |k—j|<N |k—j|>N

We prove that (Ty)~! exists on L? as N is large. More precisely, we have

Theorem 1.13. Let Ty be the same as above. Then Ty is invertible on
L?(X) when N is large enough. Moreover, (Tn)~*, the inverse of Ty, is
uniformly bounded on L*(X) when N > Nj.

By the almost orthogonal argument (see the proof of Lemma 3.7 below in
a more general case), DyD,(x,y), the kernel of Dy D, satisfies the following
estimate

|DyDj(x,y)| < C27V=HO2EN) N (fp(z,y) < C27 (kMY (1.14)

where k A j = min(k, j) and x is the indicator function.
The estimate in (1.14) allows one to apply the famous Cotlar-Stein Lemma

(MCY)).

Lemma 1.14. Suppose that {T;} is a finite collection of bounded operators
on some Hilbert space H satisfying the following estimates

1T < [v( = )P,

and

1T T3 < Iy = )1,
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where A = Y 7(j) < oo Then T = ) T; is bounded on H (this being
j=—c0 J

obvious) with ||T| < A.

The estimate in (1.14) together with the Cotlar-Stein Lemma 1.14 implies
that the operator Ry is bounded on L? with an operator norm not larger
than C2~N? for some fixed constant C' > 0 and 6 > 0. This yields that Ty
converges to the identity, as an operator on L%, when N — oo, Ty is invertible
on L? as N is large, and (T) ™!, the inverse of Ty, is uniformly bounded on
L?(X) for large N. This ends the proof of Theorem 1.13.

One observes that the operator Ry is a Calderén-Zygmund operator with
an operator norm at most C2-N% This implies that Ty is bounded on
LP,1 < p < 0o, and (Tx)~! is also uniformly bounded on LP,1 < p < oo, for
large N.

We now enter the proof of the Littlewood-Paley estimate

cflls < cH (Sipus)
k

We first prove the right-hand side by a duality argument which runs as
follows

< Ol flf2-
2

sup { (Z ||Dkf||§> 2
k
SUP{‘Z<Dkf79k>
k
—Sup{HZDng :ng§<1}-
k 2 g

f eI f] < 1}

FELIfllz <1 llgnl3 < 1}
k

But

Z Digx
k

2
= (S Dian X010 ) = X S (DDige)
2 k i ki
<> > IDiDil2.2llgxl2llgill2
k 7
<CY lgxls
k

where the last inequality follows from the estimate in (1.14). This implies

> _IDefl5 < ClFI5.
k
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We now turn to the left-hand side. Again, by a duality argument, we have

T flls = sup {\<TNf,g>\ Ngll2 < 1}

< sup {<2N+ DS IDFIR)E (S 1DeglB) - gl < 1}
k k

<N +1) (Y IDefI3)?
k

where the last inequality follows from the above estimate.

The integer N will be viewed as a large constant in what follows. This
constant will be incorporated inside the generic constant C'. In other words the
reader should not raise the issue of considering limits as N tends to co. The
estimates above together with Theorem 1.13 yield the following Littlewood-

Paley estimate on L2.

CHI£1l2

= (@) Tl < [T () < cH ( ) |Dkf|2)%

By a routine argument, for example considering S(f) = (Z |Dkf\2)
i

a vector-valued Calderén-Zygmund operator, we obtain

(o)

<Cllfllp

p

where 1 < p < oc.
The above estimate together with the identity on L2

f=(Tn)""Y_ DY Dyf
k

provides the Littlewood-Paley estimates on LP,1 < p < o0,

£l < H (Z Dkf|2)2
k

< C[lfp-

p

[N

< Cllfll2-
2

as

This is the Littlewood-Paley analysis of G. David, J. L. Journé and S.
Semmes on spaces of homogeneous type. We are now ready to prove the T'1
theorem of G. David, J. L. Journé and S. Semmes, which will be given in the

next section.
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1.4 The T1 Theorem on Spaces of Homogeneous Type

In this section we prove the T'1 theorem of G. David, J. L. Journé and S.
Semmes on spaces of homogeneous type.

We suppose that u(X) = oo and p({z}) =0 for all x € X. We give neces-
sary and sufficient conditions for L?(X) boundedness of a Calderén-Zygmund
singular integral operator T. This statement is the so-called T'1 theorem.
To formulate the T'1 theorem, we need the definition of weak boundedness.
For § € (0,0],29 € X and r > 0, we define A(,xp,7) to be the set of all
¢ € C(X) supported in B(zg,r) satisfying ||¢[le < 1 and |¢|ls < r°.

Definition 1.15. An operator 7' is weakly bounded if there exist 0 < 6 < 6
and C < oo such that for all zp € X,r > 0, and ¢, € A(0, zg, 1),

(T, )| < Cu(B(wo,7)). (1.15)
If T is weakly bounded, we write T € W BP.

It is easy to see that weak boundedness is obviously implied by L? bound-
edness. Calderén-Zygmund singular integral operator whose kernel is anti-
symmetrical kernel, that is K(z,y) = —K(y, z), has the weak boundedness
property.

We now define T(1). The difficulty is that 1 is not a function in Cg(X).
This will lead to the fact that 7'(1) is not a distribution in (C{J), but is a dis-
tribution modulo constant functions. The definition is based on the following
lemma ([MC]).

Lemma 1.16. Let S be a distribution in (CJ)'. Suppose that there ewists
R > 0 such that the restriction of S to the open set {x € X : p(x,z0) > R},
where xq is a fized point in X, is a continuous function and such that S(z) =
O(p(z,70)7177) as p(x,z0) — 0. If v > 0, then the integral

| s@auta) = (5.1 (1.16)
X
CONVETgES.

We first write 1 = ¢y () + ¢o(x), where ¢; € C(X) for some 1 > 0 and
¢1(z) = 1 for p(z,z0) < R. Then (S,1) is defined by (S, 1) + (S, ¢2) =
(S, 1) + [ S(x)¢2(x)dp(x) since the integral converges absolutely. It is easy
to check that (S, 1) is independent of the decomposition.

Before defining 71, we use the following definition.

Definition 1.17. Let Co(X) € Co(X) be defined by [ f(x)du(z) = 0.
X

If fe C’g,O(X), we define (T'1, f) = (1, T* f). In fact, if the support of f is
contained in {z € X : p(x,z9) < R}, then
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T ()(x) = / K (y,2) — K (0, 2)] f(4)dpa(y) = O (p(z, 20) ")

for p(z,2z9) > R and € > 0. ’ .
Now T'1 is a continuous linear form on Cf((X) C Cf(X). We extend

T1 to a distribution S € (C) as follows: Let ¢ € CJ(X) be a function
with [ ¢(z)du(z) = 1, then for all f € C/(X), f can be written uniquely as
f =X+ g, where A = [ f(x)du(z) and g € C’S”O(X). Now choose (S, ¢)
arbitrarily and put (S, f) = A(S,¢) + (1,9). So T1 =S on Cg’O(X), and is a
distribution modulo the constant. 7*1 can be defined by a similar way.

We now state and prove the following 7'1 theorem ([DJS]).

Theorem 1.18. Let T be a Calderon-Zygmund singular integral operator.
Then a necessary and sufficient condition for the extension of T as a contin-
uous linear operator on L?(X) is that the following properties are all satisfied:
(a) T1 € BMO, (b) T*1 € BMO, (¢) T is weakly bounded.

Indeed, by Theorem 1.12, we only need to prove the sufficient condition.
Before proving Theorem 1.18, we first outline the general philosophy of the
proof of the T'1 theorem when X = R™. The T'1 theorem on R"™ was proved
in two steps. In the first step, one considered the case T'(1) = T*(1) = 0.
For this step a clever approximation of the identity operator is used. To be
precise, let ¢ € C§°(R™) be radial and satisfy

o~ d
[ 1weore =1
0

for all £ # 0. Let ¢y (x) = tinw(%) and ; be the operator of convolution with

1. The operator .
1 t

converges strongly to the identity, as an operator on L?(R"), when m — oo.
Since Uy, is continuous on C§°(R™) and on its dual, so U, TU,, is well defined
from C§°(R™) into its dual. For all m, n, T will be bounded on L? if and only
if U,,TU,, is bounded on L? with a norm that is independent of m and n. To
show that U,,TU, is bounded on L? uniformly for m and n, the regularity
conditions of the kernel, the weak boundedness property of T, the conditions
T(1) = T*(1) = 0, and the Littlewood-Paley theory are playing a key role.
This Littlewood-Paley theory replaces the Cotlar-Stein almost orthogonality
lemma which was used in the first proof. In the second step we know that
T(1) = and T*(1) = v lie in BMO. Then David and Journé used the so-
called para-product operators Iz and (IL,)* which are Calderén-Zygmund
operators whenever 3 and 7 belong to BMO. The L? continuity of these
para-products is equivalent to the characterization of BM O through Carleson
measures. Moreover, II(1) = 8 and (IIg)*(1) = 0. Thus, T — IIg — (ILy)* is
bounded on L? by the first step, and hence, T is bounded on L2.
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We now return to spaces of homogeneous type and to the proof of the first
step of Theorem 1.18. We assume that T'(1) = T*(1) = 0. The proof relies on
the Littlewood-Paley estimate on L? and estimates which will be proved later
in this book. Roughly speaking if T" satisfies all conditions of Theorem 1.18
and T'(1) = T*(1) = 0, then a similar estimate as in (1.14) still holds. Indeed
the matrix 2 whose entries are the operator norms w(j, k) = ||D;T Dy||2,2 is
bounded on [? (see Lemma 4.23 below). Observe, by the Littlewood -Paley
estimate on L?, that for all f,g € C,

T ()00l = | L 3D} DD (f).0)

<C ZZ 1D, T Dil|25|| DY flI2]l (DY) * g2

CoN +1) (Z||Dkf||2)2(2||mg||§)2
k
< CN + 12| lgl:

where the estimate given in Lemma 4.23 applies to the estimate on
1D; T Dk ||2,2-

To finish the proof of the first step of Theorem 1.18 we now use Theorem
1.13 together with the following lemma. The exponent 6 is defined in (1.7).

Lemma 1.19. If0 < s < n the series Ty = ZDjDév converges strongly on
J

C:'g. If0 < 2s < 0, Ty is bounded on C'g, and the operator norm of I —TxN on
C§ tends to 0 as N — oo.

The space C§ is defined in Theorem 1.3. Let us use this lemma to prove
that T extends to a bounded operator on L?. First, we can use the size
estimate of the kernel of T to extend T to a continuous linear operator from
Cg N L? into (Cf)'. To see this, let f € C5 N L? and g € €5, and choose
f(z) € C§ with 6(z) = 1 on a neighborhood of the support of g, then we
can define (g, Tf) = (g,T(0f)) 4+ (9,T(1 — 0)f). The first term makes sense
since 0f € C’g, while the second term can be defined by the size estimate of
the kernel of T' and the assumption f € L2. It is clear that this definition
doesn’t depend on 6. In view of the claim, Ty is defined and bounded on
Cs N L2, with norm || - ||s + || - [|2, and it is invertible on C§ N L? if N is
large enough. Notice that the series Z DjD;»V converges strongly on L? since

sup Z D; DNH < 0o and ZD DY f converges in L? if f € Cf. Thus

m,n !l j=—n

>.D; Dj converges strongly on C’O N L%, by the lemma.
J
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Let f1 € Cg have compact support and let fo = Tjglfl € Cg N L2, so that

Jim Z DD} fo = fi
j=—n

in C5N L2 If g € L? with compact support, then

|< 2. Dibjs, Tf1>‘ - ‘n}iinoo< > DiDYg. T ). DjD§Vf2>

j=-n Jj=—-n j=—m
< Cliglizllfallz < Cligl2ll f1ll2-

A similar argument allows one to show that if g; € Cg has compact sup-
port, then [(g91,7'f1)| < C|lg1l|2]|f1]|2- Thus T" extends to a bounded operator
on L~. )

We now return to the proof of Lemma 1.19. The norm in C§ will be simply
denoted by || - ||s and cannot be confused with a norm in a Lebesgue space.
To do this, we need the following preliminary facts:

=8 8
(a) if 0 < 8 <, then [|fllg < [|fllos” [I£1l7;
(b) [ Dlloc + 1Skllse < € and [[Difllg < C2||flloos
() if0 < s < B,gx € L®NCY, lgrlloo <275 and ||gills < 25F~%) then

H ngH < C(s, 3), where the series converges locally in the norm || - ||, for
k S

0 < m < s, but not necessarily in C*g.

It is easy to verify (a) and (b) follow from the definitions of Sy and Dj,. For
(c), let z,y € X be given and choose kg such that 270 < p(z,y) < 27 FoF1,
Then

]ng)—zgk(y) < 3 loe@) - @)+ 3 lok(@) — 0kv)
k k

k>ko k<ko

<Y 2gklloe + Y oz w)?llgklls

k>ko k<ko
< C27kos 02k (B=9) p(g, )P
< Cp(z,y)°.

Suppose that g € C’S Since Di (1) =0,
D)) = | [ Duteat)ints)

_ ‘ [ Duenlstw —g(x)}du(z»] < 02 ¥ gl
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applying (b) and (c) to gy = DypDy g yields HZD;CD,ingS < Cnlglls- It
g e Cg for some r > s, then ) DkD,iV g converges kuniformly and in Cg norm.
Thus, Y Dy DY is defined arfd bounded on C§ . To show the operator norm
of I — ;N on C tends to 0 as N — oo, we write (I — Ty)g = S, Di(I —
Sk+nN)g + zk:DkSk,N,lg. Since the kernel of Sy is 0 when p(ac,y)k > 2~k

and (I — Sn41)(1) = 0, 50 [[(I = Snia)gllee < C2-NVERg|| Tf g =
Dy (I — Sk1n)g, then (b) and (c) imply that H ngH <0279 gl
k S

Let g, = Dy Sp—n—-19, and let Ly n(z,y) denote the kernel of DySy_n_1.
Since Ly n(1) = 0, Ly n(2,y) = 0 if p(x,y) > C2=*=N) and |Ly n(z,y)| <
C2(k—N)(1460)—k0 Thus,

< 9= (h=N)sg(k=N)(1+0)—kf—(k=N) || 1|

< C2_N9_(k_N)s||g||s.

1951l oc

If p(x,2’) < C2=*=N) then
|9k (2) — gr(a')] < C2X~ =N p(, o)) g .
When p(z,z') > C2~ k=N
|9k (2) = g (@")] < 2]l grlloo < C2FFN5p(z,2")? gl

Thus,
lgklle < C2¥=E=Msg| .

Using (a), we get that
lgkllg < C2FP=NE=A=G=N)e| g 0 < 2= NE=20) =M= )|

Applying (c) to gp = 2N0=20) g, n, it follows that

‘ng
k
if s <3 <80.

If 25 < 0, we can choose [ so that 27V (0=20) tends to 0 as N — 0o, which
implies Lemma 1.19.

We turn to the second step of the proof of Theorem 1.18. It consists in
building, for each b € BMO, a Calderén-Zygmund operator II, the para-
product operator, such that II;(1) = b and (II;)*(1) = 0. For this purpose,
define for b € BMO,

< 02702 g,

S
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I (f)(@) = Y DADW(TN) T (B)()Sk(f) ()} (@)
k

To see that the operator II;, is well defined, we show that T is invertible
also on BM O for large N. Observe that [ —T = Z Dy(I-D}) = Z Dy (I—-

Sk+N) — ZDkSk ~N—1. It is not difficult to check that the kernels of the
operators ZDk(I Sk+n) and ZDkSk N—1 satisfy the estimate in (1.10)

with the constant C27¢N_ which follows from the facts that (I—Sk4+n)(1) =0
and Dy(1) = 0 together with the smoothness in x of the kernel of Si_n_1.
The kernel of I — T also satisfies the estimate in (1.11) with a constant
not depending on N. See more details of these estimates in Section 3 of
Chapter 3. The geometric mean of these two estimates on I — T implies
that the kernel of I — Ty satisfies the estimate in (1.11) with e replaced by
% and a constant C2~ V5. These estimates on I — Ty together with the facts
that (I — Tx)(1) = 0 in BMO and I — Ty has L%-operator norm at most
C2-N3 § > 0 imply that I — T has a small BMO -operator norm when N
is large. Therefore Ty is invertible on BMO if N is large.

To show that II; is bounded on L? for b € BMO, it suffices to prove that

> HDEADLTN) T O))Sk(f), 9)] < Cllfll2llgll2
k

for f,g € L?. Using two times Cauchy-Schwarz inequality we obtain

Z (DR {DK(TNn)H(6)()Sk(f), 9)]

k

< ZII D) (@2 Dx (T ) =1 (B) () Sk (f)l2

2

<{Siorre ||2} { S wosong)
3
By the Littlewood-Paley estimate on L?, the first factor is at most C||g||.
This estimate also implies that du(z,t) = > |Dy(Tn) "1 (b)[Pdu(x)ddi(t) is a
ko

Carleson measure on X x (0, 00), where dy,(¢) is the Dirac measure at 27%. We
define a function F(z,t) by F(z,t) = Si(f)(x) if t = 27% and 0 otherwise.
Then F(z,t) has a nontangential maximal function dominated by the Hardy-
Littlewood maximal function of f. From Carleson’s inequality, it follows that

D I1Du(TN) T OS5 = / |F(, t)Pdp(a, t)
k

< TN O)Bmoll f15 < Clbls ol f13-
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See [MC] for more details about the Carleson measure and Carleson’s
inequality.
Moreover, IT,(1) = 3" DN{Dy(Tn)~1(b)}(z) = b(z) and (II;)*(1) = 0.
k
Define U = T — Ilp(1) — (Ilp=(1y)*. Then U satisfies the hypotheses of the

theorem, moreover, U(1) = U*(1) = 0. So U is bounded on L?(X) by the
first step of the proof of Theorem 1.18, and hence 7T is bounded on L?(X).
This completes the proof of Theorem 1.18.

As it is well known in the standard case of R™, the construction of wavelet
cannot be obtained from classical Littlewood-Paley expansions. Multiresolu-
tion analysis is seminal in the construction of wavelet bases. This also hap-
pens for spaces of homogeneous type. Indeed the Littlewood-Paley analysis
developed by G. David, J. L. Journé and S. Semmes cannot provide wavelet
expansions on spaces of homogeneous type. In the next chapter, we will prove
a new “I'l theorem”, namely the boundedness of Calderén-Zygmund opera-
tors on a wawvelet space. This new “T'1 theorem” will be a main tool to provide
a wavelet analysis.



Chapter 2

The Boundedness of Calderén-Zygmund
Operators on Wavelet Spaces

We first define test functions and wavelet spaces on spaces of homogeneous
type. Then we prove the main result of this chapter, namely that Calderén-
Zygmund operators whose kernels satisfy an additional smoothness condition
are bounded on wawvelet spaces. This result will be a crucial tool to provide
wavelet expansions of functions and distributions on spaces of homogeneous
type in the next chapter.

We first introduce test functions on spaces of homogeneous type.

Definition 2.1. Fix 0 < v, 5 < 0. A function f defined on X is said to be a
test function of type (xo,7,5,7),zo € X, and r > 0, if f satisfies the following
conditions:

i) 1f (@)] < C ey

.. o(,y) B - )
(i) |f(z) — fy)] < C<T+p(z<7m0)> CrieRmaa for all z,y € X with
p(x,y) < 55 (r + p(x, 20)).

Such functions exist and the reader will find a recipe two lines after Defini-
tion 1.2. If f is a test function of type (xq,r, 3,7), we write f € M(xo,r,3,7),
and the norm of f in M(zo,r, 3,7) is defined by

Il fll M (zo,r,8,) = inf{C : (i) and (i7) hold}.

One should observe that if f € M(xzg,r, 3,7), then

[ f1l1 ~ ||f||M(:con"ﬁxy)'

We say that a function f is a scaling function if f € M(xq,r,3,7) and
J F@)duz) = 1.

Now fix zp € X and denote M(3,~) = M(xo, 1, 3,7). It is easy to see that
M(xy,r,B,7) = M(B,~) with equivalent norms for all z; € X and r > 0.
Furthermore, it is also easy to check that M(f,~) is a Banach space with
respect to the norm in M(3,7).

D. Deng and Y. Han, Harmonic Analysis on Spaces of Homogeneous Type, Lecture
Notes in Mathematics 1966, 27
(© Springer-Verlag Berlin Heidelberg 2009
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Definition 2.2. A function f defined on X is said to be a wavelet of type
(zo,7,B,7) if f € M(zo,r,5,7) and [ f(z)du(xz) = 0. We denote this by
f S MO(‘T(%T?B"Y)'

These wavelets are named molecules by Guido Weiss. A compactly supported
molecule is an atom. Atomic decompositions preluded wavelet analysis, as
indicated in the Introduction. Moreover Caderén-Zygmund operators 1" sat-
isfying T'(1) = T*(1) = 0 have the remarkable property map a molecule into
a molecule. We use the notation My(3,7), when the dependence in xy and
r can be forgotten, as a space of wavelets with regularity (5, ~).

To study the boundedness of Calderén-Zygmund singular integral opera-
tors on a wavelet space, we define the following “strong” weak boundedness

property.

Definition 2.3. An operator T" defined by a distributional kernel K, is said
to have the “strong weak boundedness property” if there exist n > 0 and
C < oo such that

(K il <Cr (2.1)

for all f € CJ(X x X) with supp(f) C B(z1,7) x B(y1,r),z1 and y; €
Xl lloo < LG9l <7775 and [ f (2, )l <777 for all z and y € X.

If T has the “strong weak boundedness property”, we write T' € SW BP.

Note that if ¢ and ¢ are functions satisfying the conditions in Defini-
tion 1.15, then f(z,y) = ¥(x) x ¢(y) satisfies the conditions in Definition
2.3, and hence (T, ¢)| = (K, f)| < Cr if T has the “strong weak bound-
edness property”. This means that the strong weak boundedness property
implies the weak boundedness property. However, in the standard situa-
tion of R™, the weak boundedness property implies the strong one. In-
deed any smooth function f(z,y),2 € B,y € B, supported by B x B can
be written, by a double Fourier series expansion, as »_ «;f;(z)g;(y) with
Yo lajl < ool fillcp < Lillgillcp < 1.

If T € CZK(e), we say that T*(1) = 0 if [T(f)(z)dz = 0 for all f €
Mo (B,7). Similarly, T(1) = 0 if [T*(f)(x)dz =0 for all f € Mq(3,7).

The main result in this chapter is the following theorem.

Theorem 2.4. Suppose that T € CZK () N SWBP, and T'(1) =T*(1) = 0.
Suppose further that K (x,y), the kernel of T satisfies the following condition:

|K($7y) 7K($/7y) *K(Z’,y/)ﬁ’K(fﬁ/,y/” (22)
< Cp(z,2") ply, ) plw,y)~ 2
for p(z,2),p(y,y') < 55p(x,y). Then there exists a constant C' such that

for each wavelet f € Mo(xg,r,8,7) with xg € X,r > 0 and 0 < G,7 < ¢,
Tf € Mo(xo,r,B,7). Moreover
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TN Mo < CITH I Mm@o.rs (2.3)

where ||T'|| denote the smallest constant in the “strong weak boundedness prop-
erty” and in the estimates of the kernel of T.

Before proving Theorem 2.4, we observe that this theorem will provide
wavelet expansions which, as in the standard case of R", will be the building
blocks of most functional spaces.

To prove Theorem 2.4, we first need the following lemma.

Lemma 2.5. Suppose that T is a continuous linear operator from C’g’ to (C’g)’
satisfying T € CZK (e)NSW BP withn < €, and T(1) = 0. Then there exists
a constant C' such that

[T¢llc <C (2.4)

whenever there exist xg € X and r > 0 such that suppd C B(xg,r) with
[¢lloc <1 and [|p]ly <777

Proof. We follow the idea of the proof in [M1]. Fix a function 6§ € C*°(R)
with the following properties: §(z) = 1 for |z| < 1 and 0(x) = 0 for |z| > 2.

Let xo(z) = 0(%) and x1 = 1—xo. Then ¢ = ¢x and for all p € CJ(X),

(To,v) = (K(x,y), p(y)¥(x)) = (K(z,y), xo(y)o(y)¥(x))
= (K(z,9), xo(®)[e(y) — d(x)]9(2)) + (K (2, ), xo(y)p(2)Y(x))
=p+gq

where K(z,y) is the distribution kernel of 7.
To estimate p, let A\s(z,y) = 0(@). Then

p = (K(z,9), (1 — As(@,9))x0(¥)[o(y) — ¢(2)]Y(x))
(K (z,9), As(z, y)x0(y)[¢(y) — d(z)](x))
= 1,5+ P26 (2.5)

Since K is locally integrable on Q = {(z,y) € X x X : x # y}, the first
term on the right hand side of (2.5) satisfies

iprs| = \ [ K= As(e ) 000 900) ~ o)} e)di()duy)
<c /X /X K (2, 9)x00)[6(y) — $(@)(@)|dpu(z) duy)
<c /X (@)l dpz) = Cllls.

Thus it remains to show that giH(l) p2,s =0, ie.,
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im <K<.’E, y)a )‘5(‘1'7 ZU)Xo(y)W)(ZU) - ¢($)W($)> =0, (26)

1
5§—0

and it is here that we use the “strong” weak boundedness property of 7T :
(K, f)l <Cr (2.7)

for all f € CJ(X x X) satisfying suppf C B(zo,7) X B(yo, ), || fllec <
LIIfCylly <r 7and || f(z,-)|, <r " forall z,y € X.
To show (2.6), let {y;}jez € X be a maximal collection of points satisfying

1
5 < ) <6 .
50 < ;Qgp(ijyk) <0 (2.8)

By the maximality of {y;};ez, we have that for each # € X there ex-
ists a point1 y; such that p(x,y;) < 0. Let n;(y) = 9(%) and 7;(y) =
[>ni(y)] "m;(y). To see that 7; is well defined, it suffices to show that

for any y € X, there are only finitely many 7; with n;(y) # 0. This
follows from the following fact: n;(y) # 0 if and only if p(y,y;) < 26
and hence this implies that B(y;,d) C B(y,4A0). Inequalities (2.8) show
B(y,, &) N B(yk, &) = ¢, and thus there are at most C'A points y; € X
such that B(y;, ) C B(y,4A68). Now let T' = {j : 7;(y)xo(y) # 0}. Note
that #I" < Crd since p(suppxo) ~ r and p(suppi;) ~ 6. We write

Ao (@, ) xo@)[6(y) — d@)](x) = > Xs(2, )75 (1) xoW)[6(y) — b(2)]e (),

jer
and we obtain

(K(z,y), As(@, y)x0(y)[¢(y) — ¢(x)]Y(2))
=Y (K (,9), Xs(@, )1 @)xo@)[6(y) — ¢(a)]ib(2)).

Jjer

It is then easy to check that supp{As(z,y)7;(y)xo(y)[¢(y) — ¢(x)]¥(z)} <
B(y;,3A0) x B(y;,20) and

A5 (2, )75 () x0(W)[D(y) — d(@)]Y(2)[|oe < CO"

where C'is a constant depending only on 6, ¢, v, xg, and r but not on § and j.
We claim that

s ()75 (W) xo (W) [6(y) — d()]Y ()l < C, (2.9)

and

[As (@, )75 (Oxo()[o() — (@)Y ()], < C. (2.10)
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We accept (2.9) and (2.10) for the moment. Then, since T satisfies the
“strong” weak boundedness property, we have

(K (2, y), /\5(96 y)xO(y)[cb(y) — o(@)]y(2))

<> KK z,9)7; (¥)xo0(Y)[¢(y) — ¢(2)]Y(2))]
jel’

<> Cu(Bly;,340))6" < C 6(]A65’7 = CAré"
jel’

which yields (2.6).

It remains to show (2.9) and (2.10). We prove only (2.9) since the proof
of (2.10) is similar. To show (2.9) it suffices to show that for z,z; € X and
plx, 1) <6,

175 (¥)x0 W) As (2, 9)[6(y) — d(@)]e(z) — As(z1,9)[(y) — bz (1)
S Cp(x7 xl)na

since if p(z,x1) > J, then the expansion on the left above is clearly bounded
by

175 () xo W) { Xs (2, 9) [9(y) — p(@)]b(@)] + [Ns (21, 9)[0(y) — dla)](x1)]}
< 05" < Cp(z,zq)".

By the construction of 7;, it follows that

75 ()xo0(y)| < C
for all y € X. Thus

175 (W)x0 (W) As (z, 9)[¢(y) — (@)Y () = As(21,9)[0(y) — ¢(@1)]v(21)]
< CPs(,y)[0(y) — ¢(@)]ih(x) — As(xr,9)[P(y) — b)) (1)
< Cls(z,y) = As(z1,9)][o(y)

+As (21, y)[o(2) — o) (2)|

+As(@1,9)[0(y) — P(z)l[p(x) — (1)l

=1+ I1T+1I1I

3
@
<

Recall that p(z,x1) < 0. If p(z,y) > C9, where C is a constant depending
on A but not on §, then As(z,y) = As(x1,y) = 0, so I = 0. Thus we may
assume that p(z,y) < C6 and with € in (1.7),

Z, Iy, _ _
1< o8 PELD 0 < 08 ol ot ) + plan, )]

< C(Sn_ep(mvxl)e < Op(xvxl)n
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since we may assume 7 < . Terms I and I1] are easy to estimate:
IT < Cpla, 21)",
11T < Cp(z,21)",

since we can assume that § < 1. This completes the proof of (2.9) and implies

Il < Clle]ls-

To finish the proof of Lemma 2.5, we now estimate ¢. It suffices to show
that for x € B(xo,7),

|Txo(z)| < C. (2.11)
To see this, it is easy to check that ¢ = (T'xo, $1), and hence (2.10) implies

lal < 1 Txollzo (B(zo,r) |0V L1 (B(z0.r)) < CllW]1-

To show (2.11), we use Meyer’s idea again ([M1]). Let ¢ € C"(X)
with suppy) C B(zo,r) and [¢(z)du(z) = 0. By the facts that T(1) =
0, [¢(z)dp(x) = 0, and the conditions on K, we obtain

|@m%ﬂCULW’/ﬁK@wKWmMM@W@WM@@@)
< Clr-

Thus, Txo(x) = w+ y(z) for € B(xp,r), where w is a constant
and ||7]lcc < C. To estimate w, choose ¢1 € CJ(X) with supp ¢; C
B(zo, 1), |¢1]lcc <1, ||¢1]ly < 77" and [ ¢1(x)dp(z) = Cr. We then have, by
the “strong” weak boundedness property of T,

‘aw+/mmwmwwwﬂ@mwM§Cr

which implies |w| < C' and hence Lemma 2.5. [ |

We remark that the calculation above, together with the dominated con-
vergence theorem and T'1 = 0, yields the following integral representation:

(T'¢, 1)
:/QK($ay){X0(y)[¢(y)_(b(x)]_Xl(y)¢($)}7/}(x)dﬂ(y)dﬂ($) (2.12)

and

(K(z,9),[0(y) — &(z)]x0(v))

= lim K(z,y)xo0(y)[o(y) — ¢(x)]du(y) (2.13)
VI p(x,y)>6

where Yo, ¢ and 1) are defined as above.
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We return to prove the Theorem 2.4. Fix a function § € C'(R) with
supp 0 C {x € R: |z]| < 2} and § = 1 on {z € R : || < 1}. Suppose
that f € Mo(zo,r,5,7) with zg € X,r > 0 and 0 < 8,7 < e. We first
prove that T'(f)(x) satisfies the size condition (i) of Definition 2.1. To do
this, we first consider the case where p(x,z) < 5r. Set 1 = £(y) +n(y) where

&(y) = 6( 1%;;’ ). Then we have

= /K(:E,y)é“(y)[f(y) /K (z,y)n(y) f(y)du(y)

x)/K(ay)f(y)du(y) =1+ I+ 1III.

Using (2.13),

nof KIS - S

o, y)?
< Clf s | plary) P dty)
pl,y)<25A2r "

< Ol Mot

By Lemma 2.5,

(11| < C|f ()| < C|lf | mzorpmr "

For term I/ we have

rY
II| < O\ f | m(ao.r / p(z,y) ——=duly
| ‘ H ||M( 0,78,7) o(z.y)>10Ar ( ) p(y,wo)”r” ( )

< Cllfllmao,rpmn T

since p(x,z9) < 5r.

This implies that T'(f)(z) satisfies (i) of Definition 2.1 with p(x, ) <5
Consider now p(z,z9) = R > 5r. Following the proof in [M1], set 1 = I(y)
J(y) + L(y), where I(y) = 0(*2422),J(y) = 0(H22320), and fi(y) =
FWIy), f2(y) = f(y)J(y), and f3(y) = f(y)L(y). Then it is easy to check
the following estimates:

AW < CUflaton o) s (214)
|fily) = L@ < W) y) = fF@O+ IO (y) — Iy (2.15)
py,y')° 7

< C”f”/vl(xo,r,ﬁ,fy)TR1+,Y

for all y and y';
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rYy
‘f3(y)| < C”fHM(onT}ﬁq’Y)WX{yEX:p(y,zo)>ﬁR}; (216)

"
[ 1520 lduty ><0||fHM<mmm (.17

‘/fz(y)du ‘ ‘ /f1 )dpu(y /fg )dpu(y ’ (2.18)

< Ol fl| Mwo,r8.y) 52 R’Y
We write
0) = [ K@puw)lht) - A@ldu) + 7@ [ K pu)du)
= 0'1 + 02( )

where u(y) = 0(%;’2’)). Applying the estimate (2.15) and Lemma 2.5, we
obtain

_ip(z,y)?
1@ < Cl e [ oo I du(y)

plzy) <%
"~
< C||f||/\/l(xomﬁry)ﬁ;
and
Y

lo2(2)| < Clf(@)] < Cllflmeorsm -

Notice that x is not in the support of fo. We can write

T(f2)(x) = /[K(x’y) — K(2,20)] f2(y)dp(y) +K(w,xo)/f2(y)du(y)
Using the estimates on the kernel of 7' and on f in (2.18), we then get

p(xo,y) 7
R1+E p(w()ay

Oy —y

plro,y)< %

i )

rYy
< Clflmeorsm piey

since v < €, and

- r
oaa)l < 17| [ 2060t < s s

Finally, since z is not in the support of f3, (2.16) implies
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:
()@ < Clflastannon | plas) s duty)

p(zy)> L p(zo,y)> L p(zo,y

rY
< Cllfllmeo.rsm pis

This yields that T'(f)(z) satisfies (i) of Definition 2.1 for p(z, z¢) > 5r and
hence, estimate (i) of Definition 2.1 for all z € X.

Now we prove that T'(f)(z) satisfies the smoothness condition (ii) of Def-
inition 2.1. To do this, set p(z,x9) = R and p(x,2’) = §. We consider
first the case where R > 10r and § < 5553 (r + R). As in the above, set
L= I(y) + J(y) + L(y), where I(y) = 0(*45520), J(y) = 0(*2=2)), and
Hiy) = FWIy) f2(y) = f(y)I(y), and f3(y) = f(y)L(y). We write

T(f1)(x) = / Ko p)u@)1(v) — f1(0)]du(y)
+/K(w7y)v(y)f1(y)du(y) +f1(m)/K(I,y)U(y)du(y)

where u(y) = 9(%}?) and v(y) = 1 —u(y). Denote the first term of the above

right-hand side by p(z) and the last two terms by ¢(x). The size condition of
K and the smoothness of f; in (2.15) yield

aplay)?
<C - ! d
p(@)| < Cllif Mo, /p(:z:,y)<4A§ L e e el €
LA

< C”fHM(Io,T,B,'y)ﬁW'
This estimate still holds with « replaced by a’ for p(x,2’) = 6. Thus

57
Ip(z) = p(@)| < Cllflmeor.6.m 75 R

For g(x), using the condition T'1 = 0, we obtain
q(x) —q(a’) = /[K(% y) — K@ y)v@)fi(y) — fi(@)]duly)
HAO) - @) [ Ko
=1+1I.
Using Lemma 2.5 and the estimate for f; in (2.15),

58 M
|11 < C|fi(x) — fl(xl)‘ < C”f”./\/i(mo,nﬂ,'y)ﬁﬁ~

Observing
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rY

B
If1(y) — fr(@)]|v(y)| < C”fHM(‘”O”’”@’W%RHW

for all y € X, we see that I is dominated by

c / K (z,y) — K@ )o@ (4) — f1(@)ldu(y)

p(z,y)>2A8
pz,2") px,y)’
< Clf oo [ e du(y)
H (wo,r5.7) p(x,y)>2A6 p(xay)1+ Rﬂ R1+’Y
5P
< CHf”M(wo,r,B,'y)ﬁW
since B < €. This implies
88

T(f1)(@) = T < Clf oo 15 s

Note that for p(z,2") =6 < 554z (r + R) and R > 107,z and 2’ are not in
the supports of fo and f3. Using the condition for K and the estimate for f
n (2.18), then

T(f2) (@) — T(f) ()| = \ [kt - K(w’,y)]fz(y)du(y)’
< / K (2,y) — K(2', ) — K(z,20) — K2, 20)|| fow)|dis(y)

/f2 )dp(y ‘

p(x, ") ply, o) r
1l m@o.rs) (o< L Rt p(y, xo) 7 W

o r
TR R

+|K (z,20) — K(2', 20)

o
< Cllflmeo.rm e iy

since v < e. Finally, we have

() (&) — T(fa)(a)| = \ JILCYE K(zﬁy)}fg(y)du(y)\

rY

plx, ') o°
d <C —_—
O e W) < Ol e e s

These estimates imply that T'(f)(z) satisfies the condition (11) of Definition
2.1 for the case where p(z,z¢) = R > 10r and p(z,2") = 0 < 5554z (r+ R). We
now consider the other cases. Note first that if p(z,2¢) = R and 55 (r+ R) >
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p(z,2') =6 > 554z (r+ R), then the estimate (ii) of Definition 2.1 for T'(f)(z)
follows from the estimate (i) of Definition 2.1 for T'(f)(z). So we only need
to consider the case where R < 10r and § < 555 (r + R). This case is similar
and easier. In fact, all we need to do is to replace R in the proof above by r.
We leave these details to the reader. The proof of Theorem 2.4 is completed.

We remark that the condition in (2.2) is also necessary for the boundedness
of Calderén-Zygmund operators on wavelet spaces. To be precise, in the next
chapter, we will prove all kinds of Calderén’s identities and use them to
provide all kinds of wavelet expansions of functions and distributions on
spaces of homogeneous type. Suppose that T is a Calderén-Zygmund operator
and maps the wavelet space Mg (xq, T, 3,7) to itself. By the wavelet expansion
given in Theorem 3.25 below, K(x,y), the kernel of T, can be written as

K(z,y) = )\ZAT({/;)\)(x)z/JA(y). Since 9y (z) is a wavelet, by the assumption
€

on T,T(1hy)(x) is also a wavelet. Then one can easily check that K(z,y)
satisfies the condition (2.2) but the exponent e must be replaced by €’ with
0 < € < B,7. We leave these details to the reader.



Chapter 3

Wavelet Expansions on Spaces
of Homogeneous Type

3.1 Introduction

Up to now, we succeeded in building a Littlewood-Paley analysis on a space
of homogeneous type developed by G. David, J. L. Journé and S. Semmes,
and in proving the boundedness of a class of Calderén-Zygmund operators on
wavelet spaces. Now we aim at bridging the gap between operator theory and
wavelets. We will use the theory of Calderén-Zygmund operators to derive
a wavelet expansion from a Littlewood-Paley analysis. For doing it we recall
the Littlewood-Paley analysis developed by G. David, J. L. Journé and S.
Semmes, which has been described in Chapter 1. Let S and Dy be operators
defined by Coifman’s construction. G. David, J. L. Journé and S. Semmes
provided the following identity: For f € L2,

f=Y (Tn)"'DYDi(f)
k

where the operator T is invertible on L? for large N and ()~ is bounded
on L? uniformly for large N.

As we explained before, this identity is different from Calderén’s identity.
But, however, it is a starting point leading to Calderdén’s identity on spaces
of homogeneous type. In Section 3.3, we introduce the definition of an ap-
proximation to the identity and give basic estimates on the kernels of an
approximation to the identity. One can easily check that D,]CV (z,y), the ker-
nels of DY, are wavelets in the sense given in the Introduction. In Section 3.4,
we will prove the fundamental fact that (T)~! is bounded on wavelet spaces.
Let Dy, = (Tn)~'DY. Then Calderén’s identity on spaces of homogeneous
type is given by:

f=>_ DeDi(f)
k
where the kernels of Dy, are wavelets in the sens given in the Introduction.

D. Deng and Y. Han, Harmonic Analysis on Spaces of Homogeneous Type, Lecture
Notes in Mathematics 1966, 39
(© Springer-Verlag Berlin Heidelberg 2009
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By a discrete version of the above identity, we obtain one of main results
in this book, that is, Theorem 3.25 below. To highlight the relation between
Theorem 3.25 and wavelet expansions on spaces of homogeneous type, let us
return to the classical setting. If 1, x(z) = 25 (272 — k),j € Z,k € Z",¢ €
F C Z(R"™) is an orthonormal wavelet basis, we have

f(z) = Z Z<f» Vi k)i k() (3.1)
ik

(the sum over the finite set F consisting of the 2" — 1 mother wavelets v is
omitted).

Let A;(f) be f x1p; where ¥;(xz) = 2™(2/z) and let D;(z,y) =
2m94)(27 (x — y)) be the kernel of A;. Then we can write

bix(@) =275 D;(x, k27) (3.2)

which is ridiculous but paves the way to Theorem 3.25. We also have

27 (f, ) = (A f)(k277) (3.3)

where A7 is the adjoint of A;.
Finally (3.1) can be rewritten as

Fl) =227 D (, k277 )(A; f)(k27) (3.4)
i ok

which is exactly Theorem 3.25.

But conversely (and this is far more important) Theorem 3.25 yields a
wavelet series expansion. This is the true meaning of Theorem 3.25. The
same remark applies to Theorem 3.27. Theorem 3.25 says that

= Z<f7 NI (3.5)

AEA

while Theorem 3.27 is a variant where one does not use “large wavelets” since
these wavelets sum up to the scaling function. The proofs of Theorem 3.25
and Theorem 3.27 will be given in Section 3.5.

Orthonormal wavelets bases are out of reach on a space of homogeneous
type. Instead the theory of frames will be used. Roughly speaking using a
frame means that you tolerate a limited amount of redundancy while redun-
dancy is compeletely avoided with a basis. For reader’s convenience, some
few facts about frames will be proved now in the next section.
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3.2 The Theory of Frames

Let H be a Hilbert space and let e;,j € J, be a collection of vectors in H.
This collection is a frame if and only if there exists a constant C' > 1 such
that, for every x in H, we have

1
5||96H2 <> e < Ol (3.6)
jeJ
This is equivalent to saying that the self-adjoint operator
S(x) = (x,¢j)e; (3.7)
JjeJ

has the following property

1
=I<S<CL 3.8
SR (33

where I is the identity operator. Therefore S is invertible and = can be re-
covered through

=Y (x,¢;)f (3.9)
jed
where f; = S71(e;).
Theorem 3.1. The following two properties are equivalent ones:
(a) ej, j€J, isa frame in H.
(b) The operator A : £?(J)— H defined by A(oj) = > aje; is continuous

J
and onto.

We first prove that (a) implies (b). The continuity of A is proved by the
following way:

| >

- [(Soves)

llzll<1

since > [(z,¢e;)|> < C by (3.6).
We already proved that A is onto. We now turn to the converse implication.
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If A is onto, Banach’s theorem says that there exists a constant C such
that for each x € H one can find o; € £2(J) with z = > ajej and Y || <
C?||x||?. Therefore

lall? = (@,2) = (Y azejz) = D a;le,e;)
< (Thf) (Tlhaenr)’
< Cllal (X lime?) .

It implies [|z]| < C(X |(x, e;)[2)2. This is the “difficult half” of (3.6). The
other implication is simpler. We have

(Z<x,ej>|2)%= s | Yayfre)

jeJ llevjll2<1

But > aj(z,e;) = (x,> @j,e;) and the continuity of A implies the re-
quired conclusion.

Definition 3.2. We say that (e;);cs is almost orthogonal in H if a constant
C exists such that

E @;j€j

jeJ

< C(Z|aj|2)é (3.10)

JjeJ

for every sequence (o) jes € £2(J).
This is equivalent to
Dl e < l=)? (3.11)
JjeJ
for all x € H.

Theorem 3.3. Let (e;)es and (f;)jcs be two families of vectors in H. Let
us assume that both (e;);cs and (fj);cs satisfy (3.10). Then the operator
S : H — H defined by

S(a) = (w.e;)f; (3.12)

JjeJ

is continuous from H to H. If S is one to one, then both (e;)jcs and (f;)cs
are frames.

The proof is fairly obvious. We have for a positive constant -,
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el < IS@I < (3 el (3.13)

by (3.10) applied to the family (f;);cs. Therefore (e;);cs is a frame. But the
same argument applies to S* and (f;);es is also a frame.

One should observe that the frame expansion given in (3.9) is not a wavelet
expansion because, in general, f; are not wavelets even e; could be wavelets.
For our purpose, however, we will provide a wavelet expansion. This leads to
add some extra conditions on frames. We describe these conditions now in
the next section.

3.3 Approximation to the Identity and Basic Estimates

We now define an approximation to the identity on spaces of homogeneous
type. This generalizes the properties of Sy in Section 1.3.

Definition 3.4. A sequence {Sj}rcz of operators is said to be an approzi-
mation to the identity if there exist 0 < g,e < 0 and C' < oo such that for all
xz, 2’y and ¢y € X, Sk(x,y), the kernel of S, are functions from X x X into
C satisfying

—ke
Su(e)] < O fp(x e (3.14)
z. o —ke
k(o) = ') < O (b)) e ()
for p(z,2’) < 55 (27F + p(x, y);
! o —ke
Skl w) — e, y')] < € Q,ff_!’p 3@ =) G (10

for p(y,y') < 55(27" + p(z, y);

[ it wdnty) =1 (3.17)
for all z € X;

/ Si(a,y)du(z) = 1 (3.18)

for all y € X.
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One should observe that if Sy, is an approximation to the identity, S (z,y),
the kernel of Sj, as a function of x when y is fixed, or a function of y when
x is fixed, is a scaling function (see Definition 2.1 and the remarks following
this definition). For our purpose, we also need the following double Lipschitz
condition for an approximation to the identity . This condition is crucial for
providing wavelet expansions on spaces of homogeneous type.

Definition 3.5. An approximation to the identity {Sk}rez is said to satisfy
the double Lipschitz condition if

|Sk(z,y) — Sk(@',y) — Sk(x,y') + Se(a’,y') (3.19)
plz,a') Nor  ply,y) \° 2 ke
= 0(2*’“ + p(x,y)> (2*’“ + p(x,y)) 277+ plz, y))tte

for p(a,2") < 55 (27% + p(z,y)) and p(y,y') < 55(27% + p(z, y)).

The following lemmas provide the basic estimates of approximations to
the identity, which will be often used later.

Lemma 3.6. Suppose that Si(x,y), k € Z, the kernels of operators Sy, k € Z,
satisfy the conditions (3.14), (3.15) and (3.17). Set Dy, = S, — Si—1 for all
k € Z. Then for any ¢’ < o and o' < ¢, there ewists a constant C which
depends only on o,0’ and € but not on k and I, such that

27(k:/\l)€

Dy.Di(z,y)| < C(2=* D" A1
| Dy Dy(2,y)] < C( )(2—<W>+p(:c7y))1+€

(3.20)

where Dy D;(x,y) is the kernel of operator Dy D; and a A b = min{a, b}.

To prove the estimate in (3.20), we write Dy D;(z,y) = [ Di(x, 2)Di(z,y)
du(z) and consider that [ > k. In this case, we use only the size condition
(3.14). Considering p(z,y) < 4427F and p(z,y) > 4A27F respectively, the
estimate in (3.20) follows easily.

We now consider that { < k. In this case, D;(x, z), the kernel of Dy, as the
function of z, is flat, and Di(z,y), the kernel of Dy, as the function of z, has
more oscillations, so we use the cancellation condition (3.17) on Dy, and the
smoothness condition (3.15) on D;(z,y). We have

DDy, y)]| = ] [ PPz = Dite i)
< / Dy (2, 2)||Du(z. ) — Dil, )l da(2)
Wy
+ /W \Di(z, 2)||Di(z ) — Dilep)ldu(z) = T+ IT

where Wi = {z € X : p(z,2) < 5527+ p(z,9))} and Wy = {z € X :
p(z ) = 5527+ p(x,y)}-
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Using the smoothness estimate (3.15) and the fact o’ <,

2% plz,z) \° 9-le
120 [ Gt ) @
2—[6
27"+ p(z,y))i+e

Applying the size estimate (3.14) to term II implies

< CQ-(k—l)a/

115 [ 1De(a,2)| Dyl )lduc)
Wa

+ / Dy (e, )| Dy, )| dp=)
Wy

2_k6 2—[6
: 0(271 + P(f”ay))HEW/ 271+ p(z,y))tte dpi(z)

2

+C 2715 / 271{,‘6 d ( )
@ T+ pla, ) ) plw, )i

Wa
27le
27"+ p(z, y))t+e

S 027(]{)7[)6

This yields (3.20).
As a consequence of Lemma 3.6, we obtain the following almost orthogonal
estimate.

Lemma 3.7. Suppose that {Sk}rez is an approzimation to the identity . Set
D), = S — Si_1 for all k € Z. Then for any o’ < o and o’ < ¢, there ewists
a constant C which depends only on 0,0’ and ¢ but not on k and 1, such that

2—(k/\l)e

DD < 02~ li=kle’ ‘
|DiDi(2,y)| < (2=0D 4 p(a, y))1+e

(3.21)

Remark 3.8. The estimate in (3.21) means that the kernels of an approxima-
tion to the identity satisfy the so-called almost orthogonal estimate. Suppose
that Sk(x,y), k € Z, the kernels of operators Sk, satisfy the conditions (3.14),
(3.16) and (3.17), and Py (x,y), k € Z, the kernels of operators Py, satisfy the
conditions (3.14), (3.15) and (3.18). Set Dy, = S — Si—1 for all k € Z and
E), = P, — P,_4 for all k € Z. Then for any ¢/ < o and ¢’ < ¢, there exists a
constant C' which depends only on o,¢’ and € but not on k, such that

2—(k/\l)e

Dy Ey(z,y)| < ¢27 =kl :
|DyEi(z,y)| < (2= (kAD 4 p(z, y)) L+
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In fact, to see this, note that in the proof of Lemma 3.7 only the moment
and smoothness conditions of Dy(x,y) on the variable y and of Ej(x,y) on
the variable x, are needed. This remark will be used later.

We now give the smoothness estimate on the kernel of Dy D;.

Lemma 3.9. Suppose that Dy(x,y),k € Z, the kernels of operators Dy, k €
Z, satisfy the same conditions as in Lemma 3.6. Then there exists a constant
C' which depends only on o, and € but not on k, such that if k > 1,

27le
270+ p(,y)) e

| D Di(,y) — DD, y)| < C(z—ff’pfs/c) y) )U (

(3.22)
for p(z,2’) < 5527 + pla,y)).

Proof. It suffices to consider only the case where p(z,2') < 755 (27 +p(z, y))
because otherwise the estimate in (3.22) follows directly from Lemma 3.6. By
the condition (3.17), Di(1) =0, and we get

|DieDy(x,y) — DiDy(2', y)]

{/mmw—mwwwww—mwMW@

S/WWWFDW%MMMM—&WMWM

:/ +/ _|_/ =T+ IT+T111
Wy Wa Ws

Wy = {zéX:p(m,x’) <

where

@+ play)) < <2k+Mw@ﬁ

4A2?

sin

L@ 4 p(a2) <

Wg—{ZGX:p(aj,z’)<2A

24 o)},
wg:{zexzm%f)>£J2k+p@z»}

Note that if z € Wa, then p(z, 2)) < 55 (27 + p(x, y)). Using the estimate
(3.15),

z, 2 o —ke T o
chwz( p( )))( 2 ( p( )))

27kt p(w,2)/ (27F + p(z,2)) e \27 + p(2,y

gl plx,a’) \° 27t
T O T e) T

The estimates (3.14) and (3.15) yield
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plz,x) N7 2~k
= C/wl (2*’“ + (e, 2)) 27F + p(z, 2)) e
2715 27le
) [(2‘l oy @ T el g

[ aucz)

p(l’, :L'/) o 9—ke 9—le
<eromy) T /Wl @+ o,y )
p(x, :L'/) o 27le 27ke
(o) BTy o T
plz,a’) o 27t
<stio0y) T
since k > [.

Finally, note that if 2 € W, then p(z, 2)) < 55 (27 +p(z,y)) and p(z, z) <
2Ap(z,z"). By the estimate (3.15) and (3.14),

kae 2*’“5
HI < O/% {(2—k T (@2t L@ (e, z))1+J
p(z,z) 7 27"
x (2—l + p(z, y)) (271 + p(z,y))tte aulz)

pla,a’) N\ 27"
= C(z—l + p(x,y)> (270 + plz,y))1+e

This implies (3.22) for the case where p(z,z') < 5= (27" + p(z,y)) and
hence Lemma 3.9. ]

Lemma 3.10. Suppose that Dy(x,y),k € Z, the kernels of operators Dy,
satisfy the same conditions as in Lemma 3.6. Then there exists a constant C'
which depends only on o’ < o and o’ < € but not on I, such that if | > k,

|DiDy(z,y) — DiDi(2,y)|

! o’ Q—k(e—a")
< C( 75(93736) ) ' : /
27k 4 pla,y)/ (278 + pla,y)) o)

(3.23)

Jor p(x,2') < 55 27% + p(z,y)).

The proof of this lemma is similar to the previous one. Instead we only
use the size condition on the kernel of D;. We leave the details to the reader.
As a consequence of Lemma 3.9 and Lemma 3.10, we have

Lemma 3.11. Suppose that {Sk}rez is an approzimation to the identity .
Set Dy, = Sy — Sp_1 for all k € Z. Then for any ¢’ < o and ¢’ < ¢, there
exists a constant C which depends only on o,0’ and € but not on k,l such
that
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| Dy Dy(,y) — Dle(x )|
2—le

7 24
( +p z,y) ) 270+ p(a,y)) T (324
for k> 1 and p(z,z') < 527" + p(z,y));
|DiDi(x,y) — Dle( )l
- 27’(}(670'/)
(2 F + p(z,y) ) (27F + p(,y)) 1+ (329)

for k <1 and p(z,2') < 55 27F + p(z,y));
|DiDi(2,y) — DpDi(z,y)]

p(y,y')  \° 9~ ke
92—k + p(x, y)) (2—k +p($7y))1+6 (3.26)

Q
/N

for k <1 and p(y,y') < 5527 + p(z,y));
|Dy.Di(x,y) — Dp.Dy(z,y")]

T,y
!
<C( p(y,y')

o 2—l(5—17/)
271 + p(a, y)) 271+ p(x,y)) 1+ (=)

(3.27)

for 1 <k and p(y,y') < 55(27" + p(z,y)).
We now give the double Lipschitz estimates.

Lemma 3.12. Suppose that {Si}rez is an approzimation to the identity and
Sk(z,y), the kernels of Sk, satisfy the condition (3.19). Set Dy, = S — Sk—1
for all k € Z. Then for any o’ < o and o' < ¢, there exists a constant C
which depends only on 0,0’ and € but not on k or 1, such that

|DiDi(,y) — DieDi(z',y) — DiDi(@,y') + DiDi(a',y)]| (3.28)
<c( ple, ') )“( Py, ) ) g~ (Do)
T2 g p(zy) ) N2 - p(a,y) /(27D 4 p(z, y)) )

for plz,a’) < 55 (27 %N + p(z,y)) and p(y,y') < 5527 F + p(z,y)).

Proof. We only prove the case where k < [. The proof of the case where
k > 1 is similar. We also only consider p(z,2’) < 755 (27* ") + p(2,y)) and
p(y,y) < 1= (27" 4 p(z,y)). We leave the details for other cases to the
reader. Using the moment condition, we write
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|DiDi(@,y) — DpDi(a',y) — DiDi(z,y') + DiDy(2',y')|

=| [1910:5) - D NP - Dite )

{/wmn—mww—mww—MMM}

X[Dy(z,y") — Di(z,y)]dp(z)

< /|Dk(az,z) — Dp(2',2) — Di(z,y) — D(2',y)|
X|Di(z,y') = Di(z,9)|dp(z)

— [ [ e / [ emremenrery
Wi Wa Ws Wa

where

;r>

Wi = {2 € X o) < g7 4 0l < 1+ pte)

1

Wa = { € X plu/) < @+ plen)) < 557 4 plen)

h

and p(z,z') < 5(2_16 + P(va))}7

wg:{zeX:m%yr<;P@*+muw»<2@4+p@w»

Wy = {z €X:plyy) > 21A(2 + p(z, y))}

Note that if 2 € Wy, then p(z,y)) < 55 (27" +p(x,y)) and p(z,2’) < 2277+
p(x,y)). Using the condition (3.19), we obtain

0 plaa) \7
C/ 2- ’“+pxy)) (2"“+p(x,y))
9—ke p(y y) " 9—le
) 2 e @ T per )

(z,2) o (v, ¥') 7 27 *
(2fkp+p(x,y)) (2*’55/)22%,1/)) (27F 4 pla,y)) e

IA

C

€ Wi, then 24p(y,y") > p(z,9),p(2,9) < 5%(27% + p(z,y)) and
N <

If 2 45
pla,a’) %4(2 ¥+ p(x,y)). Thus,
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v <C

( p(z,y) )"( pla,z’) )" 27k

Wy \27F £ p(z,y) ) \27F 4 p(a,y)) (27F + pla,y))te
27[6 27le

” [(2—1 + p(z,y))tte " (2= + p(z7y’))1+€}du(z)

plx, ) o p(y,y") 7 2 ke
= 0(2—’f + p(z, y)) (2—’“ - p(wvy)> (27F + p(a,y))t+e

For term I1, by the smoothness condition,

pz, ') 7 2k
11 < C/% [(H n p(x,z)) (2% + p(z, 2)) e
p(x,l‘/) 7 27
+<2f’€ + plz, y)) (275 + pla,y)) e
Py, y') \? 27
. (2—l +p(z, y)) (27" + p(z,y))

z, ')\ Y g le
<o(Hrrly ()

dp(z)

2—k6
| T )

Wa
plz, ) N7/ plyy) N\ 2 ke
+C(2*’“ + p(oc,y)> (2*’“ + p(fv,y)> 27+ p(x,y))t*e

’ o' / o 27](,‘(670'/)
SC( _f(:c,:c) ) ( _kp(y,y) ) _ —
275 + p(z,y) 27k 4 p(z,y)/ (27F 4 p(x,y)) '+l

Finally, if z € W3, then 2Ap(z,2")2¥ > 1. Using the size and smoothness
conditions,

9~ ke 2 ke plz,z") .,

IHSCW/ [@k+p<x,z>>1+f+<2k+p<xf,z>>1+6 o)
2k pw.y) 27"

JoRan p(x,y>>1+f] Gy @ T gy )

p(y,y") 2 ke

= 0(2* - p(z,y)) (27F + p(z,y)) e
plz,x’) N7/ plyy) N\ 2~k
+C(2*k + p(m,y)) <2*k + p(x,y)) (27F + p(x,y)) T

plz.a’) N plyy) N\ 2~ He—e")
<
- 0(2"“ + p(mvy)> <2"“ + p(z, y)) (27F + p(a,y))tH(e=o)

which implies (3.28) for the case where k& < [ and hence, Lemma 3.12. [ |
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It is easy to check that the approximation to the identity constructed by
Coifman’s idea satisfies the condition (3.19). The following result implies that
Sk Sk, where Sy is an approximation to the identity , satisfies the condition
(3.19).

Lemma 3.13. Suppose that {Sk}rez is an approzimation to the identity .
Then Sk Sk is an approzimation to the identity and SySk(xz,y), the kernels
of S Sy, satisfy the following conditions: For any o' < o and o’ < €, there
exists a constant C' such that

27’66
2% + p(a,y)) e

|SkSk(z,y)| < C

, ’ o’ 27k(efo")
|SkSk(z,y) — SkSk(z',y)| < C( plz. ') )) (

27k + p(x,y 27k + p(x,y))t+e=o")
for p(z,2’) < 55 (27% + p(x, y);

, / U/ 2*]6(670")
|SkSk(x,y) — SkSk(z,y')| < C( r(y,y') )) :

27k + p(x,y 27k + p(x,y))t+e=o")

for p(y,y') < 3527% + p(z, y);

/Sksk(l”y)d#(y) =1
for all x € X;
/SkSk(x,y)du(x) =1
for ally € X;
19k Sk(@,y) — SkSk(@',y) — SkSk(x,y) + SkSk(2’,y)]

’ o’ / o' 27](2(670'/)
SC( _If(r,z) ) ( _kp(y,y) ) ; : /
27k 4+ p(x,y)/ \27F+p(z,y)/  (27F + p(z,y)) H =)

for p(a,a’) < 55 27% + p(x,y)) and p(y.y') < 5527F + p(z,y)).

Note that when k& = [, the moment condition is not needed. So the proof
of Lemma 3.13 is similar to the proofs of the above lemmas. We leave the
details to the reader.

As in the case of R™, we define “father” and “mother” functions on X x X
where X is a space of homogeneous type.

Definition 3.14. A family of functions {Sk(x,y)}recz is said to be a family
of “father functions” if {Sk(x,y)}rez are kernels of an approximation to the
identity, which satisfies the double Lipschitz condition (3.19) with o = e. A
family of functions { Dy (x, y) }xez is said to be a family of “mother functions”
if Di(x,y) = Sk(z,y) — Sk—1(z,y) where {Sk(x,y)}rez are father functions.
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We are now ready to prove Calderén’s identity on spaces of homogeneous
type in the next section.

3.4 Calderdn’s Identity on Spaces of Homogeneous Type

The purpose of this section is to prove Calderdén’s identity on spaces of ho-
mogeneous type. We first prove the following fundamental result which is a
substitute for the missing Fourier transformation.

Theorem 3.15. ([HS] and [H1]) Suppose that {Dy(x,y)}kez is a family
oimother functions. Then there exist families of operators {Dy}rez and

{5k}kez such that for f € Mo(8,7),

f =S DuDi(f) = 3 DiD(f) (3.20)
k k

where the series converge in the norm of M(B',v") for 0 < B < 3 and
0 < <7, and in the LP(X) spaces for 1 < p < oo. Moreover, Ek(x,y),
the kernels of Ek, as functions of © are wavelets (in the sense given in the
Introduction) satisfying (3.14) and (3.15) with € replaced by €', for 0 < € <,

and [ Dy(x,y)du(y) = [ Dy(z,y)du(z) = 0 for all k € Z, and Dy (x,y), the
kernels of Bk, as functions of y are wavelets satisfying the conditions (3.14)
and (8.16) with € replaced by €, for 0 < € < €, and fl:)k(x,y)du(y) =
Ik Bk(:v,y)du(x) =0 for all k € Z.

Before proving the above theorem, we would like to point out that in
the standard R™ case, we begin with a function ¥ (z) € L'(R™) whose in-
tegral over R™ is zero and whose Fourier transform (£),£ € R", satisfies

o ~
i |w(t§)|2% =1 for every £ # 0. To construct a function satisfying this con-
0

dition, we begin with a function ¢ (x) which is sufficiently regular, localized,
the integral over R™ being zero and which is a radial function. Then there is
a constant ¢ > 0 such that ci(x) satisfies this condition. A. Grossmann and
J. Morlet ([GrMo]) defined the “wavelet coefficients” of f € L?(R™) by

a(u,t) = (f, Yu) (3.30)

where 9, ) = Y¢(z — u) and Yy = t7"P(F).
We then can construct f from the coefficients by

f@) = [ [aw g, (3.31)

0 Rn»
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An equivalent formulation of the above equality is Calderdn’s identity
given by

T
I= [ QQi— (3.32)
[ i

where Q;(f) = f * 1 and @ is the adjoint of Q.

It is clear that Theorem 3.15 provides a Calderén’s identity on spaces of ho-
mogeneous type. Therefore Theorem 3.15 also provides a continuous version
of wavelet expansions on spaces of homogeneous type. Moreover, Theorem
3.15 says that such a continuous version of wavelet expansions holds not only
on L?, but also on LP for all p:1 < p < oc.

We now prove Theorem 3.15. First of all, we show the following result.

Proposition 3.16 Suppose that { Sk }rez is an approzimation to the identity

and its kernels satisfy the condition (3.19) witho = € < 6. Set D, = Sp—Sk—_1

for all k € Z. Let Ty = Y. DY Dy, where DY = Y Diyj and N is a fized
k l7|<N

positive integer. Then Tgl exists if N is a sufficiently large integer. Moreover,

there exists a constant C' such that for f € Mo(x1,r,3,7) with zqy € X,r >0

and 0 < B, < €, thenTx"(f) € Mo(x1,7,3,7) and

||T];1(f)||M($1»T’ﬁa’Y) < CHf”M(zl,nB,v)' (333)

By Coifman’s decomposition of identity operator as described in Chap-
ter 1,

I=>"%"DyDy =Ty + Ry (3.34)
k l

where RN = Z Z Dk+le.
>N k
It suffices to show that Ry satisfies all conditions of Theorem 2.4 with
the constant C' in (2.3) less than 1 for a fixed large positive integer N. The

following lemma gives the required estimates on Ry.

Lemma 3.17. Suppose that {Sk }rez is an approzimation to the identity and

its kernels satisfy the condition (3.19) with 0 = € < 6. Set Dy, = Sy —

Sk—1 for all k € Z. Let Ry = > > DpyiDy. Then for 0 < € < ¢, Ry €
[lI>N k

CZK(e)NSWBP,Ryx(1) = (Ry)*(1) = 0. Moreover, Ry (x,y), the kernels

of Ry satisfy the following estimates: there exist constants 0 < C' < oo, which

is independent of N, and § > 0 such that

IRy (z,y)| < C27Np(z,y) ™" (3.35)
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Ry (z,y) — Ry (2/,y)| < C2Np(z,a') p(a,y) ) (3.36)

for p(z,2") < F4p(z,y);
R (2,y) = Ry (2,9)| < C27Np(y, ') pla,y) "+ (3.37)

for p(y, ') < sxp0(2,);
|Rn(z,y) — Rn(2',y) — Ry (2,y') + Ry (2, y)] (3.38)

< 027N p(x, ") p(y, y)¢ p(z,y)~(F2)
for p(a, ') < Sy p(z,y) and p(y,y') < sxp(2,y);

[(Rn, [)| < C27Nr (3.39)

for all f € CJ(X x X) with supp(f) C B(x1,r) x B(y1,r),x1 and y1 €
Xillflloo <L AFCy)lly <7775 and || f(2,)lly <777 for all z and y € X.

Assuming Lemma 3.17 for the moment, by Theorem 2.4, for all f €
Mo(z1,7,8,7) with 1 € X,r > 0 and 0 < 3,7 < ¢, there exists a con-
stant C' such that

IRN (F)l Mz sy < C27 Nl Mz i)

which, together with the fact that Ty' = > (Ry)* if N is large enough,
k=0
implies (3.33) and hence Proposition 3.16.
We now prove Lemma 3.17. We write

Z ZDk+le x,y ‘ Z Z|Dk+le T,y ‘

[l|>N k [l|I>N Kk

|BN(z,y)] =

Using the estimates in Lemma 3.7 with ¢ = €, we have

2—((k+l)/\k)e

|Ry(z,y)| < C 2~ Il < 027N p(a,y) 7
L2

which yields (3.35).
To see (3.36), by the geometric mean of estimates in Lemma 3.7 and
Lemma 3.11, for p(z,2") < 55p(z,y) we get

| Dit1Di(,y) — Dy D (', y)] (3.40)

< Czﬂua( plz,z") ) 2~ ((k+DAK)e
- 2_((k+l)/\k) + p($7y) (2_((k+l)/\k) + p(w7 y)>1+€'

where 0 < € < e and § > 0. Thus, for p(z,2’) < 3 p(z,y),
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|RN(xa y) - RN(‘Z'/7 y)l

> DDy, y) — Diyi Dl y)]’

l|>N k
< Z Z|Dk+1Dk(%y) — Dy Dy (2", y)|
[lI>N k
’ e 2—(1@'/\1)5
<C 915 p(z,z') /
%:Nzk: (2 D + p(x, )) (27D + p(z, y))1He

< C27 N p(x,2') pla,y) " ).

The proof of (3.37) is the same. By the geometric mean of estimates in
Lemma 3.7 and Lemma 3.11, we obtain that for p(y,y’) < 75p(z,y),

| Dy Di(,y) — Dy i Di(z,y/)] (3.41)
< szll\é( p(y,y') )6' 9~ ((k+)Ak)e
< 2~ ((RFDAR) 1 p(z,y)/) (2~ (RFDAR)  p(z, y))L+e

where 0 < ¢ < e and § > 0. Thus, for p(y,y) < 57p(z,y),
|RN(J:7 y) - RN(x7 y/)l

> > [DiyiDilw,y) — DkHDk(xvy/)‘

lI>N k
< Z Z |Dis1Di(x,y) — Dy Di(z, )]
[l|I>N kK
! ¢ 9— (kAL
<C 2|z\5< Py, y") )
%:N%: 20D 1 pa,y)) @D+ pla, )

< C27Np(y,y)" pla,y) "+,

To show (3.38), by the geometric mean of the estimates in Lemma 3.12,
(213.40) and (3.41), we get that for p(z,2’) < Sp(z,y) and p(y,y) <
34P(T,Y),

|Di1Dy(2,y) — D1 Di(a',y) — Dy Die(,y') — D Dy (2, y/')|

< Cz—ma( p(z,a’) )( Py, ') )
= 2~ ((R+DAR) 1 p(z, y) 2= ((k+DAK) 4 p(x,y)
9~ ((k+D)AK) (e=¢)

(2= ((R+DAR) 1 p(z, y)) I+ (e

X

Thus, for p(r,2') < Jp(a,y) and p(y,y') < Fp(z, ),
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|Ry(z,y) — Rn(2',y) — Ry (z,y') + Ry (', y/)|
< Z Z| kt1Di(x,y) — Dy Di(2',y) — Dy Dy(z,y")
[lI>N k

—DyDp(2',y)|

Z 9~ \z|5( p(z,z’) )5( Py, y") )E
- ((+DAR) 1 p(z, y) 2= ((k+DAK) 4 p(x,y)
9—((k+1)Ak)(e—¢")
X (2= (FDAR) 4 p(2, y)) 1+ (=€)
< 027N p(a,a') ply, y' ) pla, y) ">,

’

[l|>N

Finally, we prove (3.39). Suppose that f € CJ(X x X) with supp(f) C
B(‘Tlvr) X B(ylvr)7x1 and Y1 € X7 ”f”oo < 1v||f('7y)H7l < r_n7 and
| f(x,)|l, < r~ " for all z and y € X. We get

{(DisiDis )] — ] [ [ ez psepatint)| .42

< C27 1) flloor < €271y,

On the other hand, for n < e,
|(Dr41 D, f)
‘ / / [ Dl 2)Dule ) e, )du) il d(z)

= ‘///Dk+l($,Z)Dk(Z,y)[f(:E7y) — f(x, 2)|dp(z)dp(y)du(z)
< o2 My, (3.43)

We also have

(Dipi Do f)] < ‘ [ [ reste 00t s pdutanto)auo) 340
< 02kp2.
The geometric means of (3.42) and (3.43) yields
Dy Dy, f)| < C271Hog=kn" ="y (3.45)
and the geometric means of (3.42) and (3.44) implies
(Dyi Dy, f)| < €2 1Hogkn" ™y, (3.46)

where §,n" and 1" > 0. Therefore,
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esi=|{ £ S oo )

[l|I>N Kk
<D WDk De A+ > Y DDy, )|
[l|>N2=Fk>p l|>N2-k<p
< 027Ny

which implies (3.39), and hence Lemma 3.17.

We now return to the proof of Theorem 3.15. Let l~)k = T]§1D}€V, where
DY is defined in Proposition 3.16 and N is a fixed large integer so that
Tjgl maps Mo(z1,r,5,7), for all z; € X,r > 0, and 0 < 3,7 < ¢, into
Mo (z1,7, 3,7) by Proposition 3.16. It is easy to check that DY (x,y), the
kernel of DY, is in My(y,27%, ¢, ¢€). Thus, Dy(z,y) = TN DN (-, 9)](2), the
kernel of Dy, is in Mg(y,27%,¢’,€¢') with 0 < ¢ < e by Proposition 3.16.
This implies that Dy (x,v) satisfy the estimates of (3.14) and (3.15) with
¢ replaced by ¢/,0 < ¢ < e. [ Dy(z,y)du(y) = [ Dp(x,y)du(z) = 0 for
all k € Z, follow from the facts that DY (1) = (Ty")*(1) = 0. Similarly,
let Dy = DNTy'. Thus, Dy(z,y) = (DY (z,-)Tx"](y), the kernel of Dy,
is in Mo(x,27%,¢,¢') with 0 < ¢ < e by Proposition 3.16. This implies

that Dy(z,y) satisfy the estimates of (3.14) and (3.16) with e replaced by

€,0 < ¢ < e [ Dy(z,y)duy) ka:cy)d,u():OforallkGZ,follow
from the facts that (DY)*(1) = T'(1) = 0.
All we need to do now is to prove that the series in (3.29) converge in the
norm of M(’,7') for 0 < ' < fand 0 < v <, and LP(X), for 1 < p < oc.
Suppose first that f € Mo(8,7). Then the convergence of (3.29) in
M(B',~") is equivalent to

> DiDi(f fH =0

M(B ")

for0< ' <fBand 0 <+ <.

Since

> b =13 2 D{Jka) 13 (1w - X DEDu)

k<M K[<M K[> M
== Jim ) -1 30 pEDun),

|k|>M
to show the convergence of (3.29) in M(8',~'), it suffices to prove

Tim R (Dl =0, (3.47)
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and

lim HT]§1< > D,QVDk(f))H =0. (3.48)
M — o0 \k|>M M(ﬁ’,"/’)

By Lemma 3.17 and Theorem 2.4, since 0 < 3 < B and 0 <« < 7,

IRR ()l ary < (C27¥) [ fllaaer vy < (€278 [ fllamgsm

which implies (3.47). The proof of (3.48) is based on the following estimate

> DEDi(f)

| <ol (3.49)
|k|>M M(@B' )

for all 0 < ' < S and 0 < 7/ < 7 and some o > 0, and constant C is
independent of f and M.

Assuming (3.49) for the moment, by Proposition 3.16, for 0 < 8’ < § and
0<+ <7,

(I, o)
|k|>M M(B, v)

Z DY Dy (f)

|k|>M H M(B ")
< C27M| Fllmes

which yields (3.48).

To prove (3.49), it suffices to show that for 0 < 8/ < fand 0 < ' < v
there exist a constant C' which is independent of f and M, and some ¢’ > 0
such that

Z DY Dy (f

< 0277 M (1 + p(a, 20)) " | Fllpipye (3:50)

|k|>M
and
> DYDi(f)(=)— > DYDi(f)() (3.51)
|k|>M |k|>M
p(x,x') g —(1+7")
oL ) g
< (Hp(m)) (14 pla,20) "I

for p(z,2’) < (14 p(x,20)) and any 0 < #' < 8" < f3.
To see this, by taking the geometric mean between (3.51) and the following
estimate
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> DYDi(f)(x) = > DYDp(f)(a') (3.52)

|k|>M |k|>M
S DFDu(f)@)| +| S D¥Du(f)()
|k|>M |k|>M

< 277 M1 4 p(z,20)) " fllmes
for p(z,2’) < 3(1+ p(x,x0)), we obtain
Z DY Di(f) (@) = Y DY Di(f)(a) (3.53)
k|>M

|k|>M

! ﬁ’
< og-Mo(_PE.T) (1)
<02 (1 T p(m,xo)) (1 + p(;20)) 1 lames.)

for p(z,2') < 3(1+ p(z, 20)).
Now (3.50) and (3.53), together with the facts that

[ X pEpun@dnte) = [ 37 DiH@IO) Ow)duty) =0,
|k|>M |k|>M

imply that

> DY Di(f)(w)du(z) € Mo(5',7)

|k|>M

and

< C27 M| Fllmes

> DYDu(f)

k| >M HM(,@’N’)

which gives (3.49).

We now prove (3.50). Denote D& Dy, = Ej. By Lemma 3.7 and Lemma
3.11, it is easy to check that Ey(z,y), the kernel of Ej, satisfies the estimates
(3.29), (3.15) and (3.16) with e replaced by €/,0 < € < €,0 < 3,7 < €, and
Er(1) =0 for all k € Z. We get

> DYDi(f =| Y Euf

|k|>M |k|>M

SVZ&@MM%ﬂH“/ZEMy ()duy)

k>M k<—M
=1+11I
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For term I, we first decompose X into the regions p(z,y) < 55 (14 p(z, o))
and p(z,y) > 55(1 + p(x,0)). Using the smoothness condition and size
condition on these two regions, respectively, yields

1<

/ Bu(z )| () — F(@)|du(y)
k> P(Ty) < (1+p(z,20))

>/ Bu(e ) [£0)] + 17@)llda(w)

E>M )> 2 (14+p(z,20))

By, 9) (L) s

<C
1+ p(x,xo)

B k>M
(14 p(x,20)) T dp)l| Fllmes

|Ex(z,9)|[(1 + ply, 20)) 1+

/p(ﬂw/)< 7z (1+p(z,20))

voy |
E>M p(z,y)> 55 (14p(w,20))

+(1+ p(, 20)) "I du) | £l aesr )

S C Z {Qikﬁ(l —+ p(x’ "1:0))7(14"‘/) + 2*]{:5’(1 + p(g;’ xo))7(1+51)
k>M

+275 (1 + p(,20)) " fll s
< C27M(1+ p(2,20)) " £l ams.q)-

For term I1, by use of the fact that [ f(z)du(z) = 0, we obtain

DY Du(F)(@)] = |Bx(f)(x)] = \ 1) - Bt )l w)int)
< / \Ei(2,y) — En(z, 20)l|£(1)lduy)
Wi
+ / |Eu(@, ) — Ei(e,20)|1f (1) |du(y)
Wa
= Ill + IIQ
where

Wi = {5 e X5 plyan) < 57+ ploan)) .

and )
Wy = {z €X: 2A( 27F 4 plx, x0)) < p(y,xo)}.

By the smoothness condition on Ej,
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I SC/ ( Py, o) ) . |f()ldp(y)

27F - p(x,w0) ) (27F + p(z, 20)) 1 H¢
y,$0 ’y 2— ke’
/ (2 k+ p(z, z0) ) (27F + p(, 20)) 1+ |f(y)|dp(y)

of Gy

wy \27F 4 p(x,20) ) (27K + p(w,20)) T (1 + p(y, 0)) 1Y
xdp()| fllmes.q

< C27%(1 + pla, 20)) " Fll s

IN
Q

IN

where v/ < 4" and o1 =" — 4" > 0.
For term I, using the size condition on FEy,

27](76’ 27](76,
1L, < C/ [ - ,
’ ws L27F +p(x, )t (27F 4 p(x,20)) 1 Fe
1
x (1 + ply, zo)) 1+ Al msq
< C|: 1 n 2*/66/ 1
=L@ A plewo) T @R 4 pla,w0)) (27K + pla, 20))7
x| fllms.q)
1

S C(Q—k + p(x,$0))1+7 ||f||M(ﬁ,’Y)

< 272k (1 + p(u, xo))_(p”/) £ latcs.)

where k < —M and 09 =y —+' > 0.
Putting these estimates on I'l; and 15 into term I, we obtain

I<C Y 2751+ p(@,20)) " Lo
k<—-M

< C27M7 (14 p(a, 20)) " | f |l ais

where o > 0.

These estimates imply (3.50). It remains to show (3.51). To do this, let
T = > D{CV D;.. Then it suffices to show that the operator T satisfies

|k|>M

the con(‘iitions of Theorem 2.4. More precisely, using the same proof as in the
proof of Lemma 3.17, one can show that the kernel of T" satisfies the conditions
in Theorem 2.4 with ¢ replaced by €¢’,0 < € < ¢, and the constant C' in these
estimates is independent of M. Thus, applying Theorem 2.4 implies (3.51).
We leave all details to the reader.

Finally, to see that the series in (3.29) converges in LP for 1 < p < oo,
by the proof above, we only need to show that (3.47) and (3.48) still hold
with the norm of M(/’,4’) replaced by the norm of L? for 1 < p < co. The
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estimates in Lemma 3.17 and the T'1 theorem show that Ry is a Calderén-
Zygmund operator with the operator norm at most C2~ "% and, hence, Ry
is bounded on LP for 1 < p < oo with the operator norm at most C2~V9.
This yields that (3.47) holds with the norm of M(f3’,+') replaced by the
norm of LP for 1 < p < oo. To see that (3.48) still holds with the norm of

M(B',~") replaced by the norm of L forl < p < oo, it suffices to show that
lim || > DNDy(f)|l, =0 for f € LP,1 < p < co. More precisely,

|k|>M

|k|>M p
= sup < DY Dy (f), >‘
||9” r<1 |k|>M
sup ( Du(f ) ]]( ) Kl?ﬁd*(gNQ)
||gH <IN o p |k|>M P’
<c s (32 D) | ol
llgll,r <1 |k|>M P
§w<ZUMﬂﬂ
|k|>M p

where, by the Littlewood-Paley estimate on L? given in Section 1.3 and the
Lebesgue dominated convergence theorem, the last term tends to zero as M
tends to infinity. This ends the proof of Theorem 3.15.

We now consider the distribution spaces (Mg(/3,7))’, the dual of M (8,7),
where M(f3,7) is the closure of functions of Mg (e, €) in the norm of M (8, )
with 0 < 8,7 < €, where € is the regularity exponent in Definition 3.1. One
should observe that (Mg (8, 7))’ is NOT a space of distributions but rather a
space of distributions modulo constant functions. That will explain what is
happening to the wavelet expansion of the function 1. By a duality argument,
we obtain the following Calderdn’s identity.

Theorem 3.18. Suppose that { Dy }rez, {Di}rez and {Dy}rez are same as
in Theorem 8.15. Then for f € (Mo(8,7))’,

7= DuDi(f) = 3 DuDi(f)
k k

where the series converge in the sense that for all g € Mo(ﬁ’, ¥ for0 < 8 <
G and 0 <~y <+,
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Jim < > DiDi(f > (f.9),

|k|<M

and

Jim < > Dka ><f,g>.

|k|<M

Theorem 3.15 do not provide expansions which converge in L' when f is
integrable. If for instance the integral of f is 1, the convergence in L' would
imply 1=0 because [ Dy(x,y)du(x) = [ Dy(z y)du( ) =0.

Theorem 3.18 can be used to decompose arbitrary distributions f €
(Mo(B3,7)), without worrying about their growth at infinity. But the ex-
pansion is only defined modulo constant functions. Once more if f(x) is

identically equal to 1, for all k, each Dy(1) or Dy(1) is zero because

| Di(z,y)du(y) ka z,y)du(y) = 0. This would give 1=0.

The difficulties we just described, however, disappear if a variant of
Calderén’s identity is being used. Instead of starting with the identity
I =5 Dy, one instead has

k

I=Sk,+ Y Dy (3.54)
k>ko

where {Sk}rez is an approximation to the identity, Dy = Sy — Sk—1 and ko
is any fixed integer.
The following theorem gives this variant of Calderén’s identities ([H4]).

Theorem 3.19. Suppose that {S(x,y)}rez are father functions. Set Dy(x,y)
= Sk(@,y) = Sp—1(x,y) for all k = 1, Do(z,y) = So(x,y), and Dy(z,y) =0
for all k < 0. Then there exist a positive integer N, and families of scaling
functions {Sy(z,y)} and {Sk(z,y)} for 0 < k < N, and wavelets {Dy(x,y)},

{ﬁk(x,y)} for k > N such that, for every f € M(B,7),

F="3" SeDi(f)+ > DiDi(f) (3.55)

0<k<N k>N

S DSu() + 3 DiDu()

0<k<N k>N

where {5k}, {Sk} and {Bk}7~{l~)k} are operators with kernels {Sy(z,y)},
{§k(m,y)} and {15k(ac,y)}, {l~)k(x,y)}, respectively, the series converge in
the norm of M(B',v") for 0 < 3 < B and 0 < v < =, and in the
LP(X) spaces for 1 < p < oo. Moreover, Si(x,y) and Dg(x,y) salisfy
the conditions (5.14) and (3.15) with € replaced by €,0 < € < ¢ and
[ Sk, v)du(y) = [ Si(x,y)du(z) = 1 for 0 < k < N, [ Dy(x,y)du(y) =
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fﬁk(m,y)d,u(x) = 0 for all k > N, and Si(z,y) and Dy(z,y) satisfy
the conditions (8.14) and (3.16) with € replaced by €/,0 < € < €, and

S Se(@,y)duy) = [ Sk(w,y)dp(e) = 1 for 0 < k < N, [ Dp(x,y)du(y) =
[ Dy(z,y)dp(x) = 0 for all k > N.

By a duality argument, the series in (3.55) also converge in (M(8,~"))’, 8 <
B,y <+, where (M(f',~')) is the dual of (M(3',7'), the closure of func-
tions of M(e, €) in the norm of M(3',~") with 0 < 3',+ <.

We remark that the series in (3.55) cannot converge for the L' norm by the
same reason as given above. But, (3.55) still holds for f(z) being identically

equal to 1 since Dy(1) = Si(1) = Si(1) = 1 for 0 < k < N, and Dy (1) = 0

for all k> 1 and l~);€(1) =0 forall K > N.
To show Theorem 3.19, we need the following lemmas, which are similar
to Proposition 3.16 and Lemma 3.17.

Proposition 3.20 Suppose that { Sk }rez is an approzimation to the identity
and its kernels satisfy the condition (3.19) with o = e < 6. Set D, = Sp—Sk—1

for allk >1,Dy = Sy, and Dy, = 0 for all k < 0. Let Ty = >, DX Dy, where
£>0

D,]CV = > Dyyj and N is a fized positive integer. Then Til exists if N is
[FJI<N

a sufficiently large integer. Moreover, there exists a constant C' such that for

feMolxy,r,B,7) withxy € X, 7 >0 and 0 < 3,7 <,

ITR (Dl amterrp) < ClElaerrp,-
The proof of Proposition 3.20 is based on the following lemma.

Lemma 3.21. Suppose that {Si }rez is an approzimation to the identity and

its kernels satisfy the condition (3.19) with o = € < 0. Set Dy, = Sy —Sk_1 for

allk > 1,Dy = So, and D, =0 for all k < 0. Let Ry = Y. > Dy Dyg.
[II>N k>0

Then for 0 < € < e, Ry € CZK(¢')NSWBP, Ry(1) = (Ry)*(1) = 0.

Moreover, Ry(x,y), the kernels of Ry satisfy the following estimates: there

exist a constants 0 < C' < oo which is independent of N, and 6 > 0 such that

Ry (z,y)] < C27Np(a,y) ™"
|Ry(2,y) — Ry (2, y)| < C27Np(, ') p(a,y) =)
for p(a,2") < gxp(x,y);
Ry (2,y) — Ry (2,9)| < C27Vp(y,y)" pla, )"+
for p(y, ') < sxp(x,y);

|RN(xa y) - RN(xlvy) - RN(xvyl) + RN(x/a y/)|
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< 027N p(ar, ") p(y, i) pla,y) =2
for p(z,2') < 5 p(x,y) and p(y,y') < 55p(x,y);

(R, f)] < C27Nor

for all f € CJ(X x X) with supp(f) C B(x1,r) x B(yy,r),x1 and y1 €
X ([ flloo S LG 0)|ln <777, and || fx, )|l < r7" forallz and y € X.

It is clear that Proposition 3.20 follows immediately from Lemma 3.21.
To show Lemma 3.21, note that there are only three cases in the definition
of Ry : (1) Dy Dy with k+1>1and k > 1; (ii) Dy 1Dy, = SoDj, with
k+1=0and k > 1; (iil) DpsyDx = D;.Sp with I > 1 and k = 0. So we can
handle case (i) as in Lemma 3.17. To deal with cases (ii) and (iii), by the
remarks in Section 3.2, we can obtain the same estimates as in the case (i),
and, hence, this implies Lemma 3.21. We leave all details to the reader.

We now return to the proof of Theorem 3.19. Since the proofs of the two
identities in Theorem 3.19 are similar, so we only show the first identity in
(3.55). Fix a large integer N such that Proposition 3.20 holds. It is easy
to check that Dy(-,y), the kernel of Dy, is in Mo(y,27%, ¢, ¢€) for all & > 1
and Dk ( y), the kernel of DY, is in Mg(y,27% ¢,€) for all & > N. Set

Sp =Ty (DY) for 0 < k < N, and Dy = Ty, (DN) for k > N, where Ty'
is deﬁned as in Proposition 3.20. Note that DN > Dpyj= > D
ljI<N 0<j<k+N
for 0 <k < Nand DY = Y Dy = > D; for k > N. By
lil<N k—N<j<k+N

Proposition 3.20, Dy € Mo(y, 2~ ke ¢) with 0< € < e and this implies
that Dy (z, y) the kernels of Dy, satlsfy conditions (3.14) and (3.15) with e
replaced by €, and ka z,y)dpu(z) = 0. The fact that (T')*(1) = 1 yields
[ Dy (x,y)du(y) = [ DN (z,y)du(y) = 0 for k > N.

We know that

§k = T&l(D,]CV) = TNI( Z Dj> = Z T&l(Dj)
0<j<k+N 0<j<k+N
=Ty (So)+ Y. Ty'(D))

1<j<k+N

for 0 < k < N. In order to prove that §k (z,y), the kernels of gk, satisfy the
conditions (3.14) and (3.15) with e replaced by € and fgk(x,y)du(y) =
fgk(x,y)d,u(x) = 1, it suffices to prove that Th'Sy(z,y), the kernel of
Tx'So, satisfies the condltlons (3.14) and (3.15) with e replaced by ¢
and [Ty lSo (z,y)du(y) = fT LSo(z, y)du(z ) = 1 since, by Proposition
3.20, Ty (D) € Mo(y,277,¢,¢') for 0 < ¢ < e and j > 0. To esti-
mate TﬁlSo(:c,y), Theorem 2.4 cannot be applied because Sy(x,y) is not
in Mo(y,1,€,€). However, we claim that (Ry)"So(x,y), the kernels of



66 3 Wavelet Expansions

(RN )™Sy, satisfy the following estimates: For 0 < ¢ < e and n > 1, there
exist constants C' and ¢ > 0 such that
1

|(Rn)"So(x,y)| < (CQ_N(S)”W’

(3.56)
[(Rn)"So(z,y) — (Rn)"So(2, y)| (3.57)

sl pl@ ) N\ 1
<" (T e) T

for p(z,2) < 22 (1+ plz,y).
Inequalities (3.56) and (3.57), together with the following fact

oo

Ty'So(z,y) = Y (Rn)"So(,y),

n=0

imply that if NV is sufficiently large, then Tlngo(x,y) satisfies the condi-
tions (3.14) and (3.15) with e replaced by ¢. Then [Tx'So(z,y)du(z) =
JTx'So(z,y)du(y) = 1 follows from the facts that [ So(z,y)du(z) =
J So(z,y)du(y) =1 and Ry (1) = (Rn)*(1) = 0.

We now prove (3.56) and (3.57). To do this, we first write (Rx)"So(x,y),
the kernel of (Ry)"Sp, as follows:

(Rv)"So(w,y) = > > -

[jn|>N kn>0

X Z Z Z ZDkn+jnDkn"'Dk2+j2Dk2Dk1+j1Dk150(x»y)'

[72]>N k220 |j1|>N k120
So it suffices to show the following estimates:

|Dkn+jnDkn T Dk2+j2Dk2Dk1+j1 Dkl So(l‘, y)' (358)
, , , 1
S CWQ*knf 271{1”716 . 27’616 ,
(L4 plz,y))'+e
| Do+ Dy, * ** Dieatejz Do Diey 43 Diey So (@, y)| (3.59)
1

< g linle' g=lin—ale" . 2—|j1|6'—7

(L4 p(x,y))t+e

‘Dkn+jnDkn U Dk2+j2Dk2Dk1+j1Dk1 So(SC, y) (360)
_Dkn+jnDkn T Dk2+j2Dk2Dk1+j1Dk1SO(x/7y)‘

n( P@, ) \e 1
=¢ (1+p(x,y)) (14 pz, o)) e
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for p(z,2') < 73z (1 + pla, y).
Assuming these estimates for the moment, from (3.58) and (3.59), we
obtain

|Dkn+jnDkn T Dk2+j2D7€2Dk1+j1 Dkl So(l‘, y)‘ (361)
< "9~ zlinle 9=Flin-1le'  9=3lirle 9= 5kn€ o= fkn1€ o—gkie’
1

“+ pla, )

| Dk 440 Dy = Dyt iy Diey Dy 44y Dy So (2, y) (3.62)
=Dk, 15, Dr, = Diytjo Dity Diy 45y Diy So (2, 9)|
< M9~ 3linl€ g=3lin-1le’ | 9=3liile'g=knc'g=sknac" 9=k
1
x 1+e€
1+ p(z,9))

for p(z,2') < g (1+ p(z,).
Taking the geometric mean of (3.60) and (3.62) yields

| Dk, 4+, D, * Dyt iy Dy Dy 5y Dy So(2,9) (3.63)
_Dkn+jnDkn e Dk2+j2Dk2Dk1+j1Dk1S0(x/’ y)|
< n9—linl6g=lin-115 | 9—1i1l69—kndg—kn_15 _.2_1@15( p(x,z") )6
B 1+ p(z,y)
1
X 1+4+¢€’
(1+p(x,y))

for p(z,2') < Tz (14 p(x,y),0 < € <€, and 6 > 0.

Summing over ki, ko, - , ky, and then ji, ja, -+, jn, (3.61) implies (3.56)
and (3.63) implies (3.57), respectively. So it remains to show (3.58), (3.59)
and (3.60). Consider n = 1 first. Following the proof of Proposition 3.16 and
Lemma 3.9, D, So(z,y), the kernel of Dy, Sp, satisfies the following estimates:
For kl Z 0 1
(14 pla,y))+e’

px,a’) ) 1
L+p(z,y)/ (14 p(z,y))t+e

| D, So(a,y)| < C27F+¢

|Dk150(x7y) - DklsO(x/7y)‘ < C(

for p(z,2') < g (1 + pla, y).
The estimates above imply, again, that for k&1 > 0 and k1 + j; >0
1

Dy, 45, Di, S < oo atindghe
|Diey +j, Diy So(z, y)| < (1+ pla, y))t+e

1

<o he — —
(1+ p(z,y)) '+
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/ € 1
| k1+j1 k1SO(xay) k1471 leo(l‘ ay)| = 0(1 +p(x7y)> (1 —l—p(x,y))HE

for p(z,2') < = (1 + p(z,y).

Similarly, estimating first the kernel of Dy, 4, Dy, and then the kernel of
Dy, 4+, Di, So, we obtain
1

Dy, i, Dy, So(z, <02*[(k1+j1)/\k1]5,2*|j1\5/—
| Dk, 41 Diy So (2, y)| < (1+ p(x,y))t+e

v
(1+ plz,y))'+e

for k; > 0 and k1 + 71 > 0. These estimates imply (3.58), (3.59) and (3.60)
with n = 1. Repeating the above proof we can show that the estimates
(3.58), (3.59) and (3.60) hold for all n > 1. The proof used for verifying the

conditions for S 1 and ﬁk is similar. We leave these details to the reader.
We now prove that the series in (3.55) converges in the norm of M(8’,~")
for 0 < 8/ < B and 0 < v/ <. To do this, suppose f € M(3,7). Then

> SDi(f)+ Y. DiDi(f)

0<k<N N+1<k<M

— 7! (M;M DY Dk) ()
— 13 (TN - Y Do) )

k>M

= T3 T (f (ZD{Q’D;Q

k>M

=f- Jim (RN) ( > D} Dk)

k>M

< 02—|j1‘€/

Thus,

ngDk(f)‘i‘ > Eka(f)—fH

0<k<N N+1<k<M

< hlgo I(RN) (Pl ma ) + H ( Z Dy, Dk) H '
j k>M MBA")

M(B" ")

By a similar proof as given in (3.47) and the fact that (Rx)*(1) =0, it is
easy to see that Ry (f)(z) € M(B",7") with 5/ < " < 8,7 <" <.
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By Lemma 3.17 and Theorem 2.4, we obtain

RN (Dllmgsry < (C27 NV Fllaaor (3.64)
which implies lim [|(Rn)?(f)||m(s ) = O-
J]—00
To prove that HTIGl( > D,]iVDk)(f)H tends to zero as M tends to
E>M M(B' ")
infinity, it suffices to show the following estimate:
(Zoro)w| — <eriflue, G
k>M M(B' )

for all 0 < 3 < B and some ¢ > 0, and a constant C' which is independent
of f and M.

In fact, we will show that for 0 < 8’ < 8” < 8 and some o > 0, there
exists a constant C' which is independent of f and M such that

> DiDi(f)(@)| < C27M (L + pl,20)~ | fll wmesqys - (3:66)

k>M

Y DEDu(f)(@) = Y DY Du(f)()

k>M k>M

plx,z’) " —(14)
<o PEr) 5
< C(l n p(x,xo)) (14 p(x, z0)) Il ams,y)

(3.67)

for p(z,2) < £ (1 + p(a, 70).
To see this, note that if p(z,2") < ;5= (1 + p(z,20)) then, by (3.66),

> DEDu(f)@) = > DEDR(f)() (3.68)
k>M k>M
< C27 M1+ p(a,20)) " Fll s -
Taking the geometric mean of (3.67) and (3.68), we obtain
> DiD()(@) = > DEDi(£)(") (3.69)
k>M k> M
/ [3’
< co—oM(_P@,7) ~(149)
< 02N () (e T Lo

for p(x,z") < 15z (1+ p(x, o), which together with (3.66) implies (3.65).
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We first prove (3.66). Denote Ey, = DY Dy. It is easy to check that Ey(z,y),
the kernel of Ej, satisfies the condition (3.14), (3.15) and (3.16) with € re-
placed by €,0 < 3,7 < € < ¢, and Eg(1) =0 for k > 1. Then

ZDka

k>M

/ Bue, )] f(:c)]du(y)’

<

/ |Ex (2, 9)|1f(y) — f(2)|du(y)
ko1 Y P(@y) <5y (L+p(2,a0)

X[ BEI) - @)

k>M
p(x,y)> 545 (1+p(z,a0)

plr,y) P
<cy | B (o, )| (- 288
Z p(e.y) <5 (14+p(z,z0) (1 + p(m,x0)>

k>M
X (14 p(,20)) "M g dia(y)
+C Z / |Ex(z,9)|[(1 +p(x,y))*(1+v)
b Y P(@y)> 5 (L4p(@,20)

+(L+ pla, 20)) "IN Fllaaes ) diy)

S C Z {Q_Bk(l + p(l',xo)) (1+"/) + 2= ke’ (1 + p(x,xo))_(l'f‘G/)
k>M

+27 (L4 p(,20) Y aacs
< C27M (1 + p(,20) VN f s
from which (3.66) follows.

Now we prove (3.67). Consider the case where p(z,2') < 15z (1+ p(z, o).
We write

> DYDi(f)(x) = Y DY Di(f)(")

k>M k>M
=1 > /Ek ,y) = Ey (2, y)}f(y)du(y)‘
k>M
-| 5 fimrte) - B i) - )
k>M
<Y [ 1) - Bl 0) - Se)ldut)
k>M

+ 3 [ B - Bl ) - @)ldu)

k>M
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30 [ 1Bt = B IF0) = oty
k>M
=1+1I+111

Wi = {5 € X plea!) < 104 ploao)) < 327 4 o)}
1

Wy

{sexptow) < gr0t 4 pten) < g+ pteaa)

|

2A(

.

1
W, = { € X ple,a') > 52 (27 + pla,0))

By the smoothness conditions on Ej and f, we obtain

e 2 ke p(@,y) g
II<Ck§4/ 92— k+p$y)) (2*’“+p(x,y))1+f'<1+P($»$0))

x(1 +p(1’ xo))’ N £l amis.)dne(y)

<C) (1 +p T, )) (1+ 2, 20) " | fll s

k>M
—ke’
% / ’ (o, ) P dp(y)
(2% + p(z,y))'+e
Wa
, / ﬁ/

- gk (_LT) VP ~(14)
<0 O ) (o)

plz.2) N —(1+7)
< T 1 v )
N C<1 + p(:axo)) (1 + (2, 20)) Il mes.)

Using the smoothness condition on E}, and size condition on f,

e 2—k5
ey [ (FEES) Gy 0+ el

k>M
¢ 2—ke'
= d
702 (1—|—pxgjo)> (1 + p(z, z0)) 1+ /|f )dp(y)
92— ke
e / du(y
k§[(1+Px$0 z)l (27F + p(z, y))i+e (v)
pla.a’) 7 ~(14)
NS 1 ¥ .
a C<1 +P(x,xo)) (L+ p(,20) £l

The size condition on Ej and smoothness on f yield
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m<c Y [ e+ B (A s)

k>M L+ p(, 20

x(1+ p(x wo))*(lﬂ) 1fllrmes.7) d(y)

/6,
=¢ Z (1 o )) (1 + p(@,20)) " flaa

| AIB(y)l + Bz, )} pla, ) P~ dpu(y)

z, g’ .
< (25" (1 ot flaagoo
which implies (3.67).

Finally, to see that the series in (3.55) converges in LP for 1 < p < oo
we use the above proof and we only need to show that the last two terms
in (3.64) tend to zero as M tends to infinity when the norm of M(8',v")
is replaced by the norm of LP for 1 < p < oo. The estimates in Lemma
3.17, as we have proved above, imply that Ry is a Calderén-Zygmund op-
erator with the operator norm at most C2~V% and, hence, Ry is bounded
on LP for 1 < p < oo with the operator norm at most C2~N?. This also
implies that Tf is bounded on L? for 1 < p < oo. So it suffices to show

hm > DNDk( Hllp=0for f e LP,1 < p < oo. More precisely,
k>M

> DYDi(f

k>M

< > D Dil))

= sup
||9Hp'§1 k>M
—< s (o) (S iotywe)
llgll,y <TIEN 23 p k>M P’
—<c s (3 1) ) <o|( S iane)
llgll,» <1 k>M k>M p

where by the Littlewood-Paley estimates on LP,;1 < p < oo the last term
tends to zero as M tends to infinity. This ends the proof of Theorem 3.19.

In the next section a discrete version of Calderén’s identity will provide
wavelet expansions on spaces of homogeneous type.
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3.5 Wavelet Expansions on Spaces
of Homogeneous Type

In this section, we provide wavelet expansions on L?(X) and prove that these
wavelet expansions still hold on L?(X),1 < p < oo, and distribution spaces.

Let us first return to the standard case of R"”. As we mentioned in Section
3.4, let 9 € L*(R™) be a function whose integral is zero and whose Fourier

transform (&) satisfies
~ d
[1oeors =1
0

for each § # 0. We use ¢ to define wavelets 1, ),a > 0,b € R", by
Yan(®) = a”2p(ZL). Notice that this definition is inconsistent with the
one used in (3.30). We define the “wavelet transformation” of f € L?(R™) by
F(a,b) = (f,%(a,)), as a function of a and b. We obtain a continuous version
of wavelet expansion on L?(R"):

7 d
f@) = [ [ Plabibniv .

0 R™

Finally we can replace the above identity by a discrete version, obtained by
paving R" by “Whitney cubes”. We then summarily replace a by 277 and
b by k277 k € Z", and dadb by the volume of the Whitney cube, that is,
2~ ("+1DJ This volume exactly compensates for a'*™, and the above identity

becomes § _
fl@)= > > ali k)27 v(27z — k).
ik

One should observe that using the theory of frames, one can give an exact
formula on iteration which has been developed by Daubechies ([Da]) as we
described in Section 3.2. But, however, this iteration method, in general,
cannot provide an identity with a wavelet expansion. The method we will use
is the theory of Calderén-Zygmund operators as used in the previous section
for proving Calderén’s identity.

We now come to a general space of homogeneous type. One needs an
analogue of the Whitney cubes on spaces of homogeneous type. This is the
following result given by M. Christ [Ch2], which provides an analogue of the
grid of Euclidean dyadic cubes on spaces of homogeneous type.

Theorem 3.22. For every integer k € 7, there exist a collection of open
subsets {QF C X : k € Z,7 € I}, where I}, denotes some (possibly finite)
index set depending on k, and a constant 6 € (0,1), ag > 0,17 >0 and 0 < cq,
co < 00 such that

p{X\UQrH =0
for all k € Z.
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If | > k then either

! k
T/ g QT
or
! k
7! n QT = d)
For each (k,7) and 1 < k there is a unique 7' such that
x g Qi-’»

Diameter(Q’j) < 6%,
Each Q% contains some ball B(zF, aqo").

For simplifying the discussion we may assume § = % in Theorem 3.22. We
say that a cube Q C X is a dyadic cube if Q = QF for some k € Z and 7 € I.
The index 7 indicates the position of these cubes. Theorem 3.22 says that the
“length” of the “dyadic cube” Q¥ is roughly 6%,0 < § < 1. For every integer
4, we denote by Q%" v =1,2,..., N(k,7) the dyadic cubes Qkﬂ C QF and
by y&¥ any points in Q¥. In other words the cube QT/” are all the cubes
contained in Q¥ with the side length §%*J. Here Q¥ should be denoted by
in” because T and 7’ are different. The role of j is to refine the partition of
X by the dyadic cubes Q¥ together with the accuracy of the approximation
of integrals by a Riemann sum. Suppose that Dy (x,y) are mother functions.
By Coifman’s decomposition of the identity operator, for each f € L?(X),

T )
sV

f(@) =Tn(f)(@) + By (f ZDI]chk z) + Ry (f)(x)

where DY (z, ), the kernel of DY, are wavelets as defined in the Introduction.
We now replace

ZDk Di(f /Dk z,y) Dr(f) (y)du(y)

by a discrete version, obtained by paving X into the union of the dyadic
cubes Q% where for each fixed k € Z the union takes over 7 € I;, and
v,1 <v < N(k,7). This leads to the following approximation

N(k,T)

Ay Y @) DY (e, yE ) Di(f) (yE").

keZ rel, v=1
We define the operator S = Sy ; by

N(k,T)

ZZ Z QkuDk xyT )Dk(f)( ku)v

keZ el v=1
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and the operator EN = fNiN,j by
Ry (f)(z)

-y Z / D (2, ) Di(£) () — DY (&, 55) Di(£) (0 da(y).

keZtel, v=1 .
QF

-

Then we have a discrete version of decomposition on the identity operator:
I=5+ EN + Ry.

The L?-boundedness of S follows easily from the theory of frames described
in Section 3.2. Indeed, for any fixed N, we write 1y (z) = \/u(QF") Dy (%, x),
where A € A, the set A = {(k,7,v) : k € Z,7 € I;,;)1 <v < N(k,7)} and
PV (z) =/ u( ﬁ’”)D,iV (x,y%"). Then the L?-boundedness of S follows from

the fact that both ¢, and 1Y are almost orthogonal in L?(X) as in the Def-
inition 3.2. We prove this fact only for ¥, because the same proof applies to
1/&\7 . We write

Z axva(z

AEA

N(k,T)

/ZZ D (@) 7k Dk x)

keZ el v=1
Nk, 7")

XSS (@B ek D (W x)dp(a)

k'ezZr'el, v'=1

N(k‘/ /)

N(k,7)
ZZZZZ Z ak”k” I(k, 7, v,k 7' V)

keZrtely v=1 k'eZt'el,, v'=1

where
ro_ N kwy) & E v\ L k,v kv
I(k,7,v, k' T ’V)*/(N(QT’ )2 (@7 )2 Di(y;”, ) Dy (y7 " x)dp(z).

By the almost orthogonal argument for Dy, we have

] [ Pt 0D dn)

27(k/\k')e
(2= (kAR 4 p(yp” yl V)1

_ / 1+e€
- ColbAK ) g [k—K'|¢ { 9—(kAK") (1+e€)
(2= EARD 4 p(yi "y

< 027“{}7](7/‘6/
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where 0 < € < e. Thus,
9—(kAK') (1+e€)
/ 2w k!

(27 AR 4 (g i)

The above estimate together with Schur’s lemma gives the desired con-
clusion. Schur’s lemma says the following. If one is given a matrix M =
m(z,y), x € E,y € E, (FE is a set) and if there exists a positive and finite
weight function w(x) such that ) . |m(z,y)|lw(z) < w(y) for every y and
> yer Im(z,y)|w(y) < w(z) for every x, then the operator norm of M acting

\I(k, 7,0, K 70| < C27IF=FI(+3)

on [2(E) does not exceed 1.

We now prove that the operator S is invertible on L?(X). Indeed, we will
further prove that S—!, the inverse of S on L?(X), also maps Mg(z1,7, 3,7)
into itself for z; € X,r > 0 and 0 < (3,7 < €. As a consequence of theses
results, we provide wavelet expansions on spaces of homogeneous type. To
this end, note that I = S + Ry + Ry. We have proved in Section 3.4 that
the operator norm of Ry on LP,1 < p < oo, and Mg(z1,r,3,7) is at most
C27N° for a constant C' > 0 and some § > 0. The following result gives the
estimate on the operator Ry. In this lemma the integer j is any fixed integer.

Lemma 3.23. The operator RN is defined as above and depends on the inte-
ger j > 1 which is used _to improve the accuracy in the Riemann sum defining
Ry. Then the kernel RN(x y), of RN, satisfies the following estimates: for
0 < € < ¢ there exist a constants 0 < C < oo and § > 0 such that for integer
N >0,

|Ry(2,y)] < 027 p(a,y) (3.70)

|Buv(x,9) — B (x,9)| < C27p(y, ') pla,y) O+ (3.71)
for p(y,y') < 5zp(x,y);
B (2,y) — Rn (2, y)| < 0279 p(a, 2') pla, y) =) (3.72)
for p(a,2") < gxp(,y);

|§N(x7 y) - ﬁN(xlv y) - ﬁN(xv yl) + EN(xlv y/)| (373)
< 027 p(x,2") ply, y') pla, y) 12

Jor p(x,2') < F5p(x,y) and p(y.y') < s5p(x,y);
(R, f)| < 0277 (3.74)

for all f € CJ(X x X) with supp(f) C B(z1,r) X B(y1,7),21 and y; € X,
1flle <1, 1fC)lly <777, and || f(z,)|ly < 77" for allz and y € X.
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We point out that the almost orthogonal estimate was used in the proof of
Lemma 3.17. But, however, this almost orthogonal argument is not needed
for the proof of Lemma 3.23. The key facts used in the proof of Lemma 3.23
are the smoothness condition of Dy (z,y) on the variable y and the fact that
the side length of Q®" is equivalent to 27F7.

We now prove Lemma 3.23. First of all, we rewrite Ry as follows.

N(k,T)

=YY% / DY (@,y) - DY (e, 5 NDk(F)w)duly)  (3.75)

kezZrel, v=1
N(k,T)

33 Z/ DY (2, y5")[Di(f)(y) — Di(f) () duy)

keZ el v=1

= Ri(f)(x) + Ra(f) ().

We prove that the kernels of Ry and Ry satisfy the estimates of (3.70) —
(3.74). Tt is easy to see that if the kernel of Ry is denoted by R;(z,y), then

N(k,T)

@)=Y 3 [ 0¥ @) - DY @y D piu).

keZ rel, v=1

Note that DY (z,y), the kernel of DY, satisfies the same estimates (3.14) —
(3.19) with the constant C' depending on N, and observe that the side length
of Q% is equivalent to 27%~7. We obtain

. 1P @) = DY G 1D w2

sof (LY e Pt

2F+ p(@,2)) @ F+ plw, )

e 92— ke
<02 || s oy Dl ()

Thus,

N(k,T)

Rl Y Y [ Dl

keZ el v=1

92— ke
< C27e / Di(z,y)|du(z
;Z 2 k—‘y—p(E Z))1+E| k( )| ( )

. 2—k’5 . 1
<C27 Z(Q T g < 0% p(x, y) (3.76)
kEZ
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which implies that the kernel of R; satisfies the estimate (3.70) with the
constant C277¢.
To show (3.71) for Ry, we write

Rl(xay> - Rl(l‘vyl)
N(k,T)

=Y Y [ D) - DY b D) - Dale) ().

keZ el v=1 -
Qv

s

For z € X, consider two cases: (i) W1 = {z € X : p(y,y) < 55(27% +
p(z,y))} and (ii) Wo = {z € X : Zzp(z,y) > p(y,y) > 55(27F +p(z v))}-
For the first case,
DY (,2) = D (x,y7) || Di(2,y) = Di(2,9)|
2~k p.y) N 27ke
(27F + plw, 2)) 1+ (2"“ + p(%y)) 2%+ p(z, )

<C

where y*v € QFv.
For the second case, note that Zzp(z,y) > p(y,y') > 55(27F + p(z,y))
implies p(y,y’) > 527" and 55p(z,y) < p(z, z). This yields

1Dy (2, 2) = Dy (2, y7")||Di(2,9) — Di(z,y)]
27ke |: 27}(26 27’6‘6

= 0(2"“ ol )T (@ F (e )T @ ey

Thus, if tizp(z,y) > p(y,y'),

et (3.77)
2% p(y,y) ) 9—he
<C ;
k%/ (27F + p(x, z))1te (2—k Fo(zy) ) @F+plz, ) w(z)
2- ke 2 ke
C
+ ;Z/ (2=F 4 p(z, 2))1+e [(Q—k T p(z,y))te
2—ke
MPEETErDET has
<Cy 9—h(e—¢) < Cply, o) pla, )~ 0+
2- k +P z y) 2% 1 pla, y))iHe—e) = “PW YT PALY

keZ

where 0 < € <e.
The estimate (3.76) yields that if 3z p(z,y) > p(y,y'),

|R1(l’7y) - Rl(x>yl)| S 02—j6p(x7y)—1_ (378)
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Taking the geometrical mean of (3.77) and (3.78) implies that Ry (x,y), the
kernel of Ry, satisfies (3.71) with the constant C'277°.

Similarly, considering two cases: (i) Wy = {z € X : p(z,2) < 5 (27F +
p(,2))} and (i) W = {2 € X : 7hap(e,9) > pla,2') > 5k (2% + pl, )},
then we have

| Ry (2,y) = Ra(2',y)l (3.79)

SEY Y [ 0¥ - DY)

keZ rel, v=1

~[DR¥ (2, 2) = DY (2, 7 )]l Die(2, ) dpa(2)

2- ke p(aﬁ,x’) € 2_,%
<CZ/ @+ ol z>>1+€(2—k+p<x,z>> &+ oz g )

kEZ

2 ke 2 ke

27’(?6
X
27" +p(z,y

¢ 2 k(e—e')
<C
gz (2 ol y)) (27F + pla, y))1He=e)

))HEdM(Z)

< Cp(z, ') pla,y)~ 1+

where 0 < € <e.

As above, the estimate (3.79) together with the estimate (3.76) implies
that Ry (z,y) satisfies the estimate (3.72) with the constant 2779,

We now prove the estimate (3.73) for Ry (z,y). We first write
‘Rl(l‘v y) - Rl (xla y) - R1($7 yl) + Rl(x/a y/)l

N(k,T)

SN I

k€eZ rel, v=1

—[Di (@', 2) = Dy’ (2", y7"))| % [Di(2,9) = Di(z,y)ldp(2).

Dk (.’E, y'zk-:’l/)]

It ﬁp(x,y) > p(z,2’) and ﬁp(x,y) > p(y,y"), then for any z € X, we
have the following three cases: (i) W1 = {z € X : p(z,2') < 5 (27 k—i—p(x 2))
and p(y,y") < 55(27% +p(z,9))}; (i) Wo = {2 € X : p(z,2") < 55(27% +
p(z,2)) and p(y,y') > 3527+ p(z,y))}; and (iii) W = {z € X : p(x x') >
31277 4 pla, 2)) and p(y,¢') < 5527F + p(z,9)) ).
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If z € Wy NQF", then

HD{CV(:E?Z) - Dl]cv(x7y§,y)] - [Dl]cv(x/vz) - Dljcv(xvyfﬂj

plw,a') g-ke

3 Wavelet Expansions

Dk (2,y) — Di(z,9/)|

(

27k + p(a, Z)) 2%+ p(x, 2)) 1+

2—ke
X .
(27F 4+ p(z,y)) 1+

<c(

o—

p(y,y') )e
¥+ p(2,y)

If z € Wo N QFY, then p(y,y’) > $2717% and 2 p(z,y) < p(z, 2). Thus,

I[DF (2, 2) = Dy (2, y7")] = [DY (2, 2) — D (2, gy

2—ke

i) s
27]66

p(z,a’)
27F + p(z, 2

<o

27]66

MIDx (2, y) — Di(2,y")]

X{<

p(z,a’)
27F + p(z,y

27k + p(z,y))1+e

)

27F + p(z,y))'te
271(76

<c(

27’@6

_|_
(27F 4 p(z,y)

}

4

(2% 4 p(z, )t

+
(27% + p(z,y) e

}.

If z € W3 N QEY, then p(z,2) > £2717% and 55p(x,y) < p(z,y) yield

I[DR (2, 2) = Dy (,y7")] = (D} (2", 2) = DR (2, 52| D (2, y) — Di(2,3/)]

27’66 27ke

(Y, y')

)

I

T )

<C[<

27F + p(z,2)) '+
271{,‘6
X
(27% + p(z, )1+
27’66

271%

277+ p(2,y

p(y,y')

=] I

@ ol )T @ )

Q—ks
X .
(27F + p(a,y))'*e

We now get

‘R1($7y) - Rl ({L‘/, y) - Rl(‘r>yl) + R1($I7yl)‘

:

27k + p(x,y)

(3.80)

<C

1 (555) e
Wy

—k s
= 27k 4+ p(x,2) ) (27F + p(x, 2
p(y:y')

))1+e

27}66

X<2"“ +p(z7y))€(

27% +p(z,y

))1+ed“(z)
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plz,x')  \° ke
+C;Z/w2 (2’“ + p(z, y)) (27% + p(x, y))tte

Z—ke 2—]“
) { @ F4pzy) T @ F A+ play ) }d“("”

oS [, e @]
X( p(y,y) ))E( 2 ke du(2)

27k + p(x,y) ) (27F 4 p(a, y))ite
(1+2¢")

< Cp(z,2') ply. y) p(.y)~

where 0 < € <.
On the other hand, if iz p(z,y) > p(z,2’) and i p(x,y) > p(y,y'), then,
by the estimate (3.76), we have

|Ri(z,y) — Ri(2',y) — Ri(z,y") + Ri(2",y)] (3.81)
< |Ri(z,y)| + [Ra(@, y)| + [ Ra(z,y)| + [Ra(2,y')]
< C277p(x,y) 7"

Again, as above, the geometrical mean of (3.80) and (3.81) implies that
Ry (z,y) satisfies the estimate (3.73).

The proof of (3.74) for R; is same as in the proof of Lemma 3.17. The
proofs for Ry are similar to the proofs of R;. We leave these details to the

reader. By Lemma 3.17, as mentioned above, Ry satisfies all estimates of
(3.70) - (3.74).

Note that Ry (1) = R (1) = 0 and the fact that S~ = 3 (Ry + Rn)™.

m=0
As an immediate consequence of Theorem 1.17 and Theorem 2.4, we obtain
the following result.

Proposition 3.24 If j and N are large integers, then S~ the inverse of
the operator S, maps test function to test function, and it is bounded on LP
for 1 < p < oco. Moreover, there exist constant C which is independent of
f e Mo(z,r,B,7y) with zy € X, r > 0 and 0 < 3, v < ¢ and C, which
depends only on p for 1 < p < oo, such that

IST Mm@ < CliF s s (3.82)

and

IS=H(D)lp < Coll£llp- (3.83)

We now prove the main result, namely wavelet expansions on spaces of
homogeneous type ([H3]). Wavelets are defined in Definition 2.2.
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Theorem 3.25. There exist three families ¥ (x), ¥x(x), ¥y (2) of wavelets
such that, for every square integrable function f one has

= a(@)(f, ) (3.84)
AEA

= 3" (@) (f, ).
AEA

The first family is given by

Ua@) = Q) Dy ), A e A
={(k,7,v) ke ZTel,1 <v<N(k7)}

where Dy (x,y) are mother functions and the sampling grid y*" is given by
any point y&v € QFv.

The second and third family have a similar definition.

Let ¢x(z) = S™H(DY (-, y*)(x) where DN (x,y) are kernels of DY and
N is a fixed large integer. The Proposition 3.24 implies that D (x,y) sat-
isfy the estimates of (3.14) and (3.15) with € replaced by €', for 0 < €’ <,
and [ Dy(x,y)du(y) = [ Di(z,y)dp(z) = 0 for all k € Z, follow from the
facts that Dy (1) = (S‘l) (1) = 0. Similarly, let ¢, (z) = DNS=Y(- ykv)(z).
Then Proposition 3.24 implies that Dy (z,y) satisfy the estimates of (3.14)
and (3.16) with e replaced by ¢, for 0 < € < e.fﬁk(x,y)du(y) =
ka(x y)du(z) = 0 for all k& € Z, follow from the facts that (D}Y)*(1) =
(S~1)(1) = 0. These facts yield that 1 and v, are wavelets. It remains to
prove that the series in (3.84) converge in L?(X). Since

N (k,T)

S S S @) Dy ) D))

|k|I<M T€l, v=1
N (k,T)

=5 5 T Y M@0 D) b

[k|<M rel), v=1
N(k,T)

=5 {s0- X 5 X w@ID b D6 o)

|k|>M €I}, v=1
= J{@) = Tim (RY™(F)@)— 5~

N(k,7)

230 3B WICELAESENGIERNE

|k|>M r€l, v=1

where R = ﬁN + Ry
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So all we need to do is to show that (R)™(f)(z) and

N (k,T)

s Y S X MDY DN b

|k|>M Tl v=1

converge to zero in L%(X) as m, M tend to infinity.
By the fact [|[(R)™(f)|lz < C™(277% 4+ 27N)™| f|lo, it follows that
lim (R)™(f)(z) = 0 in the norm of L2, for fixed large integers j and N.

To show

N(k,T)

SR DI 3B WICEIEERBIENE

|k|>M T€l; v=1

converges to zero in the norm of L?(X) as M tends to infinity, it suffices to
prove that

N(k,T)

ST 3TN w@E)DY (@, yE ) Di(f) (5

|k|>M 7€l v=1

lim
M—o0

=0. (3.85)
2

This estimate will follow from the general situation which we describe now.
Indeed the wavelet expansions in Theorem 3.25 still hold on M(3’,~") and
LP,1 < p < oo. To see these results, all we need to do is to show that if

fe Mo(B,7), (R)™(f)(x) and

N(k,T)

{ S Y Y w@E)Dl ’:W)Dk(f)(yﬁ”)}(x)

|k|>M Tl v=1

converge to zero in the norm of M(3,+') for 0 < 3’ < f and 0 < v/ <~ and
LP(X), for 1 < p < oo, as m, M tend to infinity.
By Theorem 1.10, for 1 < p < oo,

IB)™(f)llp < C™(277° +27N0)™| ||,
which implies lim (R)™(f)(xz) = 0 in the norm of LP,1 < p < oo, as m
tends to infinity uniformly for large integers j and N. To show

N(k,T)

{Z S % w@DY (o )Dk(f)(’”)}(x)

|k|>M T€l) v=1

converges to zero in the norm of LP(X), for 1 < p < oo, as M tends to
infinity, it suffices to show that for 1 < p < oo,
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> > Z (Q5)DY (, 4" ) Dy () (")

|k|>M 7€l v=1

=0. (3.86)

p

lim
M—oo

Let ]% + % = 1. By the duality argument,

N (k,T)

SN ST w@E)DY (@t ) D) (yE)

|k|>M T€l, v=1

p

N(k,T)
= sup < DD > @D fvy’ﬁ”’)Dk(f)(y’:’”),g>‘
lglla<1 1\ K Sas req, v=1

N (k,T)

s S0 ST ST w@ DY) (9) ) IDR(F)(EY)

Hg”‘1<1 |[k|>M T€l), v=1
N(k,T)

B o o Sl A e

Hg”qf |[k|>M T€I), v=1

| Dr(F) ()| du(y)-

By a similar proof to Theorem 4.1, we obtain

N(k,T)

S XY [0 @D )

|k|>M T€l) v=1

1> Dk<f>|2}§

|k|>M

P

Thus

)

> Z (@)D (. 37" ) D () (")

|k|>M rel, v=1

> |Dk<f>|2}é

|k|>M

P

p

where the last term above, by the Littlewood-Paley estimates on LP,1 < p <
00, tends to zero as M tends to infinity.

We now prove that the series in (3.84) converge in the norm of M(3’,~")
for each f € Mq(8,v) with 0 < 5’ < 3, 0 < +' < ~. This follows from the
fact that for 0 < 5/ < 3,0 <~' <~ and f € My(B,7),

N(k,T)

Yo D> w@)DY (e ) D) (yr)

|k|>M T€I}, v=1

lim
M—oo

=0. (3.87)
M(B ")
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To show (3.87), we denote

N (k,T)
=0 Y @)Dy (a,yE ) Di(f) (")
Tel, v=1
N(k,T)

- / > > w@QE)DY (e yE ) DuyE ) () dn(y)

Tel, v=1

where
N(k,7)

=> Z (QF")DiY (z,y2" ) Di(ys )

Tel, v=1

Then, Ej(z,y), the kernel of Ej, satisfies the estimates of (3.14). To see this,
we have

N (k,7)
Ep(z,y) = > Z/ Dy (2, y2" ) Dy (y2"  y)dp(z)
7€l v=1
N(k,T)
<3y / DY (o, 1Dy ) lda(2)
7€l v=1
N(k,T) —ke 27}66
<C / > dpu(z)
T;k; P (27 ’“rpxy YY) 27k 4 p(yr”, y)) e
N(k,7) 92— ke 27’{?6
<C d
> Y e T )
92— ke 92— ke
=C d
[T gy
92— ke
<C .
T (2R + plx,y))tte
Note that

|DE (2, y7") = D (2, 57

€ Z—ke 2—ke
SC( p(x’x)ku) |: k,v + kv ]
278+ p(a,yr ")/ L2TF +pa,y "))t (278 4 p(ad yR)) e

9

we obtain if p(z,2') < 55 (277 + p(z,y)) and 0 < € <,
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|Ek(x’y) - Ek(‘rlvy)‘

N (k,T)
=X X [ D k) - DY DR i)
Telp v=1
N(k,T)
<N [ D) - DE @ IIDA G ) )
Tel, v=1 Q7
N(k,T) ) .
oy Y[ ()
T;k ; kv \2=k 4 p(z, ")
2—ke 2—ke
|: k,v + k,v
(27F + p(z,yr "))t (278 + p(af, ")) e
92— ke
p oy =)
(2 + oy y))ite
N(k,T) €
ey > [ ()
el v=1 p

2 ke 2 ke
) [(2”“ + p(z, 2)) 1t " 27F + p(a’, Z))”J
271%
e gy

€ 2 ke 2 ke
a C/ 2 ] + p(z Z)> {(2"“ T o) @Rt p(ﬂ?’,Z))“E]
9—ke
CEET LT
2—k6

plx,z) \e
- C<2*’“ + p(fcvy)) (2% + p(x, y))+o

where d =€ —¢€' > 0.
Similarly, if p(y,y') < 55(27% + p(z,y)) and 0 < € <,

271{,‘5
27k + p(z,y))t+o

|Ek(2,y) — Ex(2,y)] < 0(2—5%;8 y)>6 (

and, if p(z,2") < 5527 + p(z,9),p(y,y') < 35227% + p(z,y)) and
0<é <e,

‘Ek(‘r7y) - Ek(zlay) - Ek(l’,y/) + Ek($/7y/)|

( p(z,a') )( p(y,y) ) 27+

2% +p(x,y)/ \27F+p(a,y)/ (277 + p(a,y)H0

It is easy to see that Ey(1) = (E;)*(1) = 0. Let T(f) = > FEx(f). Then
|k|>M

T satisfies Theorem 2.4 with € replaced by €,0 < ¢ < e. As in the proof of
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Theorem 3.15, it suffices to show that for 0 < 3 < 3 and 0 < 7/ < ~ there
exist a constant C' which is independent of f and M, and some o > 0 such
that

> Bu(f)@)] < C27 M1+ p(x,20) " | fllams,  (3.88)

|k|>M

and

> E(H)@) - D Ex(f))

|k|>M |k|>M

p(z,z’) g —(14+")
< L S A Y
< (15 Gay) etz ™ gy

(3.89)

for p(z,2’) < 2(1+4 p(z,z0)) and B’ < B” < €.

Again, as in the proof of Theorem 3.15, (3.89) follows from Theorem 2.4
and (3.88) follows from the same proof for (3.75). We leave these details to
the reader. The proof of Theorem 3.25 is complete.

By a duality argument, we obtain wavelet expansions on distribution space,
which is given by the following theorem.

Theorem 3.26. The wavelet expansions in Theorem 3.25 hold on distribu-
tion spaces (Mo(B,7))". More precisely, if f € (Mo(8',7'))" then the wavelet
expansions in (3.84) hold in (Mo(83,7))" with 5> 3 and v > .

As we mentioned for a continuous version of wavelet expansions in Theo-
rem 3.15, the similar difficulties occur: one obstacle is that we cannot replace
L?(X) by L>=(X) in (3.84). However, these difficulties, as we have described
before, will disappear once we establish wavelet expansions by starting with a
scaling function. This variant of wavelet expansions is given by the following
theorem.

Theorem 3.27. There exist four families ¢y, %\, O, d:))\ of scaling functions

and six families 1y, 1%, 1;/\, P, 1;/\, 1Z>\ of wavelets such that for every square
integrable function f one has

f@)="> oa@)(f,on)+ > ox(@)(f,0n)  (3.90)

A=(0,7v) A=(k,7v),1<k<N

LY @

A=(k,7,v),k>N+1

= > aa@)(f.0\)+ > oA (@) (f, 1)

A=(0,7,v) A=(k,7,v),1<k<N

+ Y @)

A=(k,7,v),k>N+1
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where the series converge in the norm of M(5',~") for f € M(B,7v),0 < ' <
B and 0 <+ <=, and the norm of LP(X), for 1 <p < cc.

Let {Sk},cz be an approximation to the identity and its kernels satisfy
(3.19) with 0 = € < 6. Set Dy, = Sp—Sk_1 for k > 1, Dy = Sy, and Dy, = 0 for
k < 0. As in the proof of Theorem 3.19, we have the following decomposition
of the identity operator

I=>"Dyy D= ZDk Di+» Y DiuDy
k 1

k |l|>N
=TN + Rn,
where DN E Dk+l

<N
Note that in Theorem 3.19, we have proved that

IRN (Nl ms) < C27 N fllatesm)-

Next, we decompose Ty as follows:

Tn(f)(x) = ZD{X Di(f)()
> [oF e Waut+ Y [DF @)Dt

0<k<N k>N
N (k,T)
Do D0 > @ )mera (DY (x,)mgr. (Di(f))
0<k<N 1€l wv=1
J(k,T)
+ 00> @)D (2, yE ) Dk () (") + R () (=)

k>N 1€l v=1

+RY(f)(@)

where mqg(f) = ﬁ@ff(x)du(z),

N(k,T)

- ¥ 2 [ Iptwnniw)

0<k<N 7€l v=1
~mgre (DY (2, ) )mgr.e (Di(f)))dp(y)

and

J(k,7)

=Y Y > [ pYenndn)

k>N 7€l v=1
—DyY (z, y* ) Dy () ()l dpaly).
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By the same proof as in Lemma 3.23, R%/(z,y), the kernel of R%;, satisfies
(3.7(}1)—(3.74), and R% (1) = 0, (R%)*(1) = 0, because fD,IcV(J;Sy)d,u(a:) =
J D (z,y)du(y) = 0 for k > N. Hence | RX ()l rms) < CN277°(fllas)
where C'y is a constant depending on N.

Now we estimate R}. To this end, we write

Ry (1)@
N(k,T)
= S XX [ DK - mge (DX DD wduty)
0<k<N 7€l v=1 T
N(k,T)

5 [ e (DF @D DLI) ~ g (D))

0<k<N rel, v=1
1,1 1,2
=Ry (/)(z)+ Ry (f)(z).
Since the estimates for Ry and Ry> are similar, we only estimate Ry
It is easy to check that if the kernel of R}\}Q is denoted by R}\}Q (z,y), then

N(k,T)

Bien= ¥ 2 S e [ ] D)

0<k<N r€l, v=1 H(Qlﬁ’v)
X [De(w,y) — De(z y)ldu(w)dp(z).

By the same proof as in Lemma 3.23, Ry (z, ) satisfies (3.70)-(3.74). All
we need to check is that Ry*(1) = (Ry%)*(1) = 0. In fact, we have

N(k,7)
RYO@ = Y 3 Y [ mge D)
0<k<N 7€l v=1 T
<[Du(1) () — meyso (De(L)du(y).

Note that Dy(1)(y) = [ Dy(z,y)du(z) = 0 for 1 < k < N and that
J Do(z,y)du(z) = [So(z,y)du(z) = 1, this implies [Dy(1)(y) — mgro
(Dg(1))] =0 for 0 <k < N. Hence R}\}Q(l) =0.

As to (Ry%)*(1), note that [ DY (z, 2)du(z) =1 for 0 < k < N, so

(RN (D(y)
N(k,T)

= Z Z Z m@ﬁ'“LE*’U[Dk(w’y) — Di(z,y)]du(w)du(z) = 0.

0<k<N €I, v=1 M

By the same proof as R%;, we obtain |\R11\’,2(f)||M(577) < CN27j6||fHM(3,7),
where Cy is a constant depending on N. Similarly, as we mentioned,

IRN' (F)lms,) < CN27 Fll s,
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We now define the operator S by

N(k,T)
= Y Y @5 me (DY (@ Nmge (De()
0<k<N tel, wv=1
J(k,T)

+3° 5T ST @) DY (@ B ) D) (E).

k>N 1€l v=1

Let R(f)(z) = Rn(f) + RN (f)(z) + R%(f)(z). Then we get [ = S +
R. Now first choose N sufficiently large, and then choose j such that

| R|| pm(8,7)—M(8,) < 1. Hence S is invertible on M(3,~) and S~ = E R™.

Define ¢r(z) = m k,uS_( N, )(x) for 0 < k < Nq/))\( ) =

Mo (So( @), da(z) = mgy W(Dk( 2) for 1 < k < N, and 9,(z) =
STUDN (-, ykv) (), 9\ = Dk( ,x) for & > N + 1. We obtain the first
identity in Theorem 3.27.

To see that the series converge in the norm of M(8',7') for 0 < ' < 8
and 0 < +" <+, and in the spaces of LP(X), for 1 < p < 0o, we write

N(k,T)
SO S @ g (ke Nmee (Dr(f)
0<k<N el wv=1
J(k,T)
Y Y S W@ B D)
k=N+17€l, v=1
N(k,T)
=5 X3 uQ gy (DY g (D)
0<k<N 1€l v=1
J(k,T)
£ S S M@ D6
k=N+171€el;, v=1
J(k,T)

Sl( =D SID Ol SUTLGrN a:y’:’”>Dk<f><y’:’”>).

k=L+171€l;, v=1

Then the conclusion follows from the same proof of Theorem 3.25. The
proof for the second identity is the same. We leave the details to reader.



Chapter 4

Wavelets and Spaces of Functions
and Distributions

4.1 Introduction

In Chapter 3 we built wavelet expansions on a space of homogeneous type,

which was one of main goals in this book. These wavelets are not orthonor-

mal bases, but wavelet frames 1y, A € A. These wavelets are (i) localized,

(ii) smooth and (iii) oscillating. These oscillations are described by the fun-

damental cancellation property (iv) [ ¢ (x)du(z) = 0. This being said, the
X

expansion of a function f € L?(X,du) into a wavelet series is given by

flx) =" aNda(@) (4.1)

AEA

where

=

1712 { 3 lav} (12)

AEA

and where the coefficients a(\) are given by
o) = [ £y (@)duo). (4.3)

The key point is the following. The dual wavelets QZ)\ are sharing with
1 the same localization, smoothness and vanishing integral properties. This
implies that most functional spaces will be characterized by simple size prop-
erties of the wavelet coefficients in (4.3). These wavelet expansions and char-
acterization of functional spaces will constitute the heart of this book, which
will be given in this chapter.

In order to define or characterize some spaces of functions and distribu-
tions by size properties of wavelet coefficients, one should first prove that

D. Deng and Y. Han, Harmonic Analysis on Spaces of Homogeneous Type, Lecture
Notes in Mathematics 1966, 91
(© Springer-Verlag Berlin Heidelberg 2009
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these size properties do not depend on the choice of wavelets. We will first
prove a comparison theorem for these size properties of the wavelet coeffi-
cients. In the next four Sections, 4.3-4.6, we will use the size properties of
wavelet expansions to study the classical Holder spaces, Lebesgue space LP,
generalized Sobolev spaces, Hardy spaces HP, BMO and Besov spaces on
spaces of homogeneous type. As we mentioned, wavelet expansions provide a
bridge between operators and spaces of functions and distributions. In Sec-
tion 4.7, we will prove the T'1 type theorems, that is, the boundedness of
Calderén-Zygmund operators on these spaces. As we described in Chapter 3,
the condition (3.19), namely the double Lipschitz condition, is crucial for the
construction of wavelet expansions. This condition, however, is not needed
for establishing the Littlewood-Paley estimates obtained by G. David, J. L.
Journé and S. Semmes, on LP(X,du),1 < p < oo. A natural question arises:
Can these spaces be characterized without using the condition (3.19)7 As a
beautiful application of the T'1 type theorems, we will give a positive answer
for this question in the last Section 4.7.

4.2 Comparison Properties of Wavelet Coefficients

Suppose that both w1, and ¥,,\ € A, are wavelets as given in Theorem
3.25. (f,7,) and (f,¢,) are the wavelet coefficients of f with respect to
wavelets 1, and v, , respectively. We prove the following comparisons of the
size properties of the wavelet coefficients. See [H2] for more details.

Theorem 4.1 (the comparison property). Suppose [ € (Mo(ﬂ,’y))/ with

0<p,y<8. Thenfor—0<s<0,max(1+9,1+9+S)<p<oo

2}
H{ 3 [2’“(5+5’|<f, «mm} }
AEA

P

22

~ H{ S |21 Bl | (4.4)

AEA p

andz’f—9<s<9,max(l_%9,l+T}ﬁ) <p<ooand0 < q< oo,

Nt
(ST o))}
keZ AEA
N EE
%{Z( > [2’“<‘*+2‘v><f,wk>] ) } (4.5)
keZ “XNeAg

where A = {(k,7,v) : k € Z,7 € Ij;,1 <v < N(k,7)} and A, = {(k,T,v) :
Tel,1<v<N(kT)}.
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The key idea to prove Theorem 4.1 is to use the almost orthogonal ar-
gument for wavelets and wavelet expansions. We first prove the comparison
(4.4). Using the wavelet expansion given by wavelets 1y, we have

<f7 ¢>\> = Z<@)\/7 ,(/)A><f7@)\/>'
)\/
By the almost orthogonal argument in Lemma 3.7, there exists a constant C
such that
2—(k/\k’)e
(27(k/\k’) +,0(y)\;y)\’))1+6
where |s] < € < 0, max(i, ﬁ) < p < oo\ € A, N € A, yn, and

yn are any points which, as in Theorem 3.25, are chosen from @y and Qy,
respectively. Thus,

[(Wx )] < 09— 59-% 9—lk—K'le

(4.6)

|<f7¢>\>\
<0y Y ota oK (W,T(W - LBy (47)
k'€Z N €Dy (27 (AR 4 p(yx, yar) )1
We get

1

{ et ¢A>|XQAT}2

AEA

<o | 3 e

NeA brezNen,,

o~ (kA )e B 2y 3
T fﬂ/’ )X :| } .

D e Bl

By an estimate in [FJ],
, ]
T'el,r v'=1 (kAR +p( ))lJre
v (A X' N(k "') s %
<ot = (S S Baihan ) b @)
el v'=1

where p > r > 1+E
Putting this estimate into the last term above and applying Holder’s in-
equality yield
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{3 [, wmr}

2

AeA
< C{ Z [Z =) k=K' ey BARDEIE = (eni)]
keZ “k'eZ
pl 243
<Jur(( T e bigmixe, ) | @] )

AN€EN

<e{ T T #emone)] w)

k' €7 NEA

where we use the facts that |s| < e,max{l%re, ﬁ} <r <p, and

Ve |k 1y [ =(knkD)]
SUPZQ(k K )s—|k—k'|e+(kAK")+ k < o0,
k Y

L Ne 1! ’ [k — (kAK))]
SupE :2(k k") s—|k—K'|e+(kAK")+F—57=2 < oo,
!

Now, the Fefferman-Stein vector-valued maximal function inequality [FS]
implies

2

{ X [zt w>|xQ¢,ur}

AEA

p
1 — 22
<ol{ Z [#e v | |
AEA

which implies one implication in (4.4). The other implication in (4.4) follows
from the same proof.

We now prove (4.5). If p > 1+ , using the estimates in (4.6) and (4.7) and
applying Hoélder’s inequality for p > 1 and the triangle inequality (a + b)P <
aP? + bP for p < 1, we have

p

N(k/ /)

k/ , 2—(k/\k/)e (pA1)
Z Z [2 (kAK') 4 ( v yk:vy,))l—&-e]

el v'=1

9—(kAK)e (pA1)
<cf { | )

—(kAK") + P( ))1+e

< O~ (kAR 1=((pA1)],
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Therefore, by the estimates in (4.6) and (4.7), we obtain

1 1 p
> [2’“S+2‘p>|<f, w]

AEAL
<R [T v
NeA, LREZNEA
2—(kAk')e p

k (s+
X L,
(27(]6/\]6’) I p(y)\,yA/))1+E |<f /(p)\ >|
<C Z Z 9(k=k")s(pAL)—[k—K|e(pAL) = (kAK") 1= (pAD)] =K' (pA1)
k' €Z N e,
<2 CED LD
Finally, by Holder’s inequality again for ¢/p > 1 and the triangle inequality
(a+b)3/P < a9/P + b4/P for q/p < 1, we get

q

{ % < > |:2k/(s+§—;)|<f’ 1/’A>Ir) }

AEAL
< C{ Z ( Z o(k—k')s(pAL)=[k—K'|e(pAL) = (kAK")[1=(pAL)] =k’ (PAL)
k€eZ “k'eZ
a1
< D 2k(€+_)|f%/>]> }
N €A
>~ C{ Z Z (Q(k_k,)s(p/\l)_|k_k/\e(p/\l)—(k/\k')[1_(p/\1)]_k/(p/\1))(%/\1)
keZk'eZ
%
X( Z [2k S-‘r - )|<f ¢A/>H ) }
NeA,
a1
<ol X (X e hiniar)'}
K'€Z NN EN

where we use the facts that if [s| < e and p > 1+s+€,

SupZg(k*k')S(p/\l)*lk*k’IE(p/\l)*(k/\k’)[1*(17/\1)}*1@'(%1) < 00
k5
and

sup 3 (20K s AD — k= |e(eAL) ~(6AK L= (AL} =K (A1) (FAD) ¢ o

K’ &
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This implies the proof of one implication in (4.5). The proof of the other
implication in (4.5) is similar. The proof of Theorem 4.1 is complete.

The key fact used in the proof of Theorem 4.1 is the wavelet expansion
provided by Theorem 3.25. As we already noticed, this expansion does not
converge in some functional spaces, like L' or L>. This can be improved by
using the wavelet expansion described in Theorem 3.27. This means that we
will prove the following “inhomogeneous comparison” of the size properties
of wavelet coefficients.

Suppose that ¢x, dx, §x, &, are scaling functions and 1, x, ¥y, ¥y, ¥y, Uy
are wavelets such that Theorem 3.27 holds:

f@y= > @)oo+ Y. aa@(fidn)  (48)

A=(0,7,v) A=(k,7,v),1<k<N

S h@U

A=(0,7,v),k>N+1

= Y L@+ S B@ D)
A=(0,7,v) A=(k,7,v),1<k<N

+ Z [ONCIIFAINE

A=(0,7,v),k>N+1

The inhomogeneous comparison of the size properties of the above two
wavelet expansions is given by the following theorem.

Theorem 4.2 (the inhomogeneous comparison). Suppose that [ €
(M(ﬁ,fy))/ with 0 < B,v < 0, —0 < s < 0. Then z'fmax(# %) <

46 T+0+s
p<ooandmax( )<q<oo,

11
1+0° 1+0+s

~ 1/p 1/q

{ T |<f7<m|p} +H S [k <f,w|xQA<>]"}
A=(0,7,v) A=(k,7,v),1<k<N p
L 1/q

n H S Ry, wAXQA<->]q}
A=(k,7,v),k>N+1 P
~ 1/p 1/q

z{ ) |<f,¢>A|P} +\{ T e mQM}
A=(0,7,v) A=(k,7v),1<E<N P
L _ 1/q

. H [2k(”2)|<f,%|><czx(')]q}
A=(k,7,v),k>N+1 P

and if max ( 1

1
TH TreTs) < ¢ < oo, then

<p< oo andmax(1+0, 1+0+9)
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~ 1/p N NET) (o1 -~ a/py 1/p
{5 war} +{x BN
A=(0,7,v) k=17el, v=1
) N(k,T) F(s—1 » q/py 1/p
H Y Y e}
k=N+17€l, v=1
N(k,T)

The proof of Theorem 4.2 is similar to the proof of Theorem 4.1. One in-
stead uses the wavelet expansions in (4.8). The almost orthogonal argument
is not needed when we deal with terms with 0 < k£ < N. This almost orthog-
onal argument is only used to deal with the last terms where N +1 < k < oo.
We leave these details to the reader.

In the following sections, based on Theorem 4.1 and Theorem 4.2, we will
use fixed wavelet expansions. As in the standard case of R", the advantage of
wavelet expansions is the ease with which they adapt to various commonly
used functional analysis norms. That is, if f belongs to one of the classical
spaces, such as Holder spaces, Sobolev spaces, Hardy spaces, or Besov spaces,
the corresponding wavelet expansions will converge automatically to f in the
appropriate norm. These properties will be described in the next sections.

4.3 Holder Spaces

We will follow [M2] in this section. Let 0 < s < 6 where 6 is the regularity
of a quasi-metric p given in (1.7). There are two kinds of Holder spaces, that
is, the homogeneous Holder spaces C* (X) and the inhomogeneous Holder
spaces C*(X). We first recall the definition of the homogeneous Holder spaces
C%(X),0 < 5 < 0. For a continuous function f : X — C, we define the

modulus of continuity wy(h) by wr(h) = sup |f(z) — f(y)|- Then f €
p(z,y)<h

C*(X) if and only if there exists a constant C' such that, for every h > 0, we
have wy(h) < Ch*. The norm of f in C*(X) is defined by the lower bound of
the constants C. Note that the norm we just defined is not a norm, because the
constant functions have norm zero. This means that the homogeneous Holder
space C’S(X ) is not a functional space, instead it is a space of equivalent
classes modulo the constant functions. Finally, we define C*(X),0 < s < 6,
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to be the quotient space of the above function space modulo the constant
functions.

To prove that such a defined C*(X) is a Banach space, we have to de-
fine an operator, that is, for each equivalent class there is a corresponding
function fy such that it is a representative of the class f and satisfies the
inequalities sup | fo| < C(K)| f||z., where K is an arbitrary compact subset

K

in X and the constant C'(K) depends only on K. These inequalities pro-
. o0

vide the following proof of the complement of C*(X). Given a series ) fj,
j=1

with || ;s < C279. 1t suffices to show that the series converges to function

f € C?. To do this, for each class of f; we can choose a representative f; g

X o0
such that sup | f; 0| < C(K)277, which implies that the series > f; o converges
K 1

uniformly to a function fy on K. It is easy to see that fu € C*. Therefore fo
is a representative of an equivalence class of C#, and hence C* is a Banach
space.

The simplest way to choose a representative of a class f € C® is to fix
any point xyp € X and then choose a function fy in a class in C* so that
fo(zo) = 0, where z( is any fixed point in X. This can be done by setting
fo(x) = f(x) — f(xo) for f € C*. Thus, for all z € X, |fo(z)| < C(p(z, x0))*.
From this, the inequality sup |fo| < C(K)| f|| . follows easily.

K

Before giving a characterization of C* in terms of a wavelet expansion, we
come to the Littlewood-Paley analysis developed by G. David, J. L. Journé
and S. Semmes. The following lemma gives a characterization of C*.

Lemma 4.3. Let 0 < s < 6. Suppose that {Dy(x,y) }rez with the regularity

order 0, is a family of mother functions given in Theorem 3.18. Let [ €

(Mo(B,7)) s < B,y < 6 such that by Theorem 3.18, f = > DypDy(f),
i

in the sense of converges in (Mo(B, 7)), B < B < 0,7y <~ < 0. Then
f belongs to C*,0 < s < 0, if and only if |Drp(f)|lec < C27F%, for some
constant C' and for all k € Z.

Suppose first that f € C*,0 < s < #. We may assume that f(zo) = 0
for some fixed point 2y € X. The above proof of the complement of C*
tells us that f(z) grows slowly at infinity. Therefore f is a distribution in
(Mo(3,7)),s < B,7 < 0. We have

Di(f)(x) = / Dl ) f(v)d(y)
_ / Dy, 9)[f (v) — F(2)]du(y),

because Dy (x,y) is a wavelet and its integral is zero. Thus
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[ Dk (f)lloe < C/ |Di(x,y)|p° (z, y)du(y) < 9 ks

We now prove the converse implication of Lemma 4.3. Suppose that f =
> Dy Dg(f), in the sense of converges in (Mq(8',7)),8 <8 <0,y <~ <
k

f. Then we can rewrite, in the sense of distribution, f = f; + f2, where
filz) = DeDy(f)(x)
k=1

and

falw) = 3> [[Bulo.w) - Dileo,y)l Du(H)0)du)

k=—o0

where g is any fixed point in X.
The condition ||Dg(f)|lec < C27%% implies immediately that f; is con-

tinuous and bounded on X. The smoothness condition of wavelets l~)k($, y)
yields

| / Di(z,y) — Do, )}Di(F)(w)duy)] < C2 0 (2, o)

where € is the order of the regularity of wavelets Dy, (x,y) and 0 < s < € < 6.

This implies that fa(z) is continuous on any compact subset in X, and
thus f(x) is continuous on any compact subset in X. To see f belongs to C*,
we have

£@) = £a) = 3 [ 1Bulavy) = Dula's ) De(7) w)duty).
k

We define a positive integer m by 2=™ < p(z,2’) < 2=™*! and divide the

above series into > and ) .
k<m k>m

For the first sum, the smoothness of wavelets Dy, (z,y) and the size condi-
tion on Dy(f) give

| / [Di(,y) = D@, 9)|Di(F)(w)du(y)| < Cp(z,a')2L ",

The contribution of the corresponding terms is Cp®(x,2')2(c=)" < C
p*(z,2"). The size condition of wavelets Dy (z,y) and the size condition on

Dy.(f) imply

| / Dy () — Di(e', )] Di(F)(w)du(y)] < €2~

which yields that the second sum is dominated by C27™ < Cp*(z, x).
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The next theorem characterizes the homogeneous Holder space C"“,O <
s < 6, in terms of the order of magnitude of wavelet coefficients. To this end,
we choose a family of wavelets ¢, with the order of the regularity €,0 < s <
€ < 0, as given in Theorem 3.25.

Theorem 4.4. A wavelet series S (A defines a function in the homo-
A

geneous Holder space C*,0 < s < 0, if and only if there exists a constant C
such that, for all k € Z and oll X = (k,7,v),7 € I};,1 <v < N(k,T),

la(N)| < 272k sF, (4.9)

To see this theorem, we denote by fi,(z) the series 3. a(A)ix(z). This
AEAL

series is convergent because the wavelets v, are localized. But, however, the
series Y fr(x) cannot converge in the usual sense, and must be renormalized
%

as in Lemma 4.3. More precisely, by the regularity of wavelets ¥, (z) and the
size condition on «(\), for any fixed point z¢ € X, we have

[fi(@) = fu(zo)l < Y la(N)|[a(z) = dalwo)l|

AEAY
< Cpe (.T, x0)2k(e—s)

where €, s < € < 6, is the order of the regularity of wavelets {/;,\.

We divide the series Y fi(z) into the series Y fr and >  fi. Then the
k k>0 k<0
first series converges and while the second is convergent on any compact sub-

set in X. Finally, to show that the series Y fx(x) belongs to the homogeneous
%

Hélder space C%,0 < s < 6, for any fixed z,2’ € X, we define an integer m

by 27™ < p(z,2') < 2™ and divide the series Y fr(z) into Y. and Y .
k k<m k>m

By the same method we used in Lemma 4.3, these imply the desired result.

We now return to the second kind of Hdélder space, namely the inho-
mogeneous Holder space C*(X). The difference between these two spaces
is that the boundedness is needed for the inhomogeneous Holder space
C*(X),0 < s < 0. To be more precise, the norm of f € C*(X) is defined by
Iflloo + sup w(h)h®, where w(h) are modulus of continuity defined for the

0<h<1

homogeneous Holder space C%(X). It is easy to see that the inhomogeneous
Holder space C*(X) is a Banach space.

It is impossible to characterize the inhomogeneous Holder space C*(X)
by the wavelet expansion given in Theorem 3.25, as we did for homogeneous
Holder space C%(X) because L>°(X) is a component of C*(X) and L*®(X)
cannot be characterized by the wavelet coefficients given in Theorem 3.25.
Instead of using a wavelet expansion in Theorem 3.25, instead one uses a
wavelet expansion given in Theorem 3.27. This is the following theorem.
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Theorem 4.5. Suppose that families of ¢y, qZA are scaling functions and fam-

ilies of 1/})\,1’/;)\,’(’/;)\ are wavelets given in Theorem 3.27 with the regularity
epsilon,0 < s < € < 0. A function f € L}, .(X) belongs to C*(X),0 < s <

loc

€ < 0 if and only if the wavelet coefficients

BN = (f.0x)
for A= (0,7,v), and N

a(A) = (f,¥a)
for A= (k,7,v),1 <k <N,

a(A) = (f,¥a)

for A= (k,7,v),k > N, satisfy

[BN)] < Co,

and X
la(\)] < €127 2275,

The condition |G(N\)| < Cy follows immediately from the fact that f €
L=(X) and ¢ € L'(X). The conditions on the a()) follow from the same
proof for homogeneous case because | f|ls is not needed. We leave these
details to the reader.

4.4 Lebesgue and Generalized Sobolev Spaces

We first characterize LP,1 < p < oo, in terms of the wavelet coefficients.

Suppose that ¥, and 1) are wavelets as given in Theorem 3.25. If f €
LP|1 < p < o0, and «a(A) are the wavelet coefficients of f corresponding to
1, we have

f= Z 04()\)1%
A

where a(\) are the wavelet coefficients of f and the series converges in the
norm of LP.
The characterization of LP,1 < p < oo, is the following theorem.

1
2

Theorem 4.6. For 1 < p < oo, the norms | f|p,

{ ZlaPloa@)?}
} )
and H{ > |OJ(A)‘2(,U/(Q)\))_1XQ>\}EH are equivalent.

XEA P

Following the method given by Y. Meyer in [M2], we first prove that the
first and the second norm are equivalent. We let €2 denote the product set
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{—1,1}* and du(w) denote the Bernoulli probability measure, obtained by
taking the product of the measures on each factor which gives a mass of %
to each of the points -1 and 1. An element w of € is a sequence w(\), A € A,
consisting of -1 or 1.

For each w € Q we define the operator T, : L?(X) — L*(X) given by

T (¥x) = w(A)y. We then get
Lemma 4.7. The set {T,, : w € Q} is a bounded set of Calderdn-Zygmund

operators.

This lemma is obvious, because the operators T, are bounded on L?(X)

uniformly in w and the kernels K, (z,y) = 3. w(A)x(z), (y) satisfy
A€A

|K.(2,y)| < Cp~Hz,y)
and
|Ko(2,y) — Kuo(2',y)| + [ Ko (y, @) — Ku(y,2)| < Cp~ ' (z,y)

uniformly in w for p(z,2) < 55 p(z,y) and some € > 0.
We also need Khinchin’s well-known inequality ([Z]).

Lemma 4.8. For 1 < p < oo, all the LP(Q,du(w)) norms are equiva-
lent on the closed subspace of L*() consisting of the functions S(w) =

)\ZA(f, Ya)w(A). Moreover, for each p, there are constants Cp, > Cp, > 0 such
€
that

& Sl ) </|s P dp(e ) AN

A A

We now use Lemma 4.8 to show Theorem 4.6. By Calderén-Zygmund
theory, || T (f)llp < C| fllp- Raising this inequality to the power p and then
taking the mean over w € Q of the resulting inequality, we obtain a double
integral over X x Q, with respect to du(x)du(w). Applying Fubini’s theorem
and, for each x € X, Khinchin’s inequality yields

H{;mun%un?}é p

To get the converse inequality, we have

cp/uT e H{Da Pl |}

<1

p

P

where the second part of Khinchin’s inequality is used.
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Finally, observing that 72 = I, we have || f|, < C||T.(f)l|,, for each w,
and this gives the converse part of the equivalence between the first and the
second norm in Theorem 4.6.

We now prove that the first and the third norm are equivalent. Suppose
that {Dg }rez are given as in Section 1.3. We claim that

H{ZAl o Q*))lx%}é , S(’NH{;DW}é

where the last inequality follows from the Littlewood-Paley estimates on
LP 1 < p < oo, given by G. David, J. L. Journé and S. Semmes. This implies
that the third norm is dominated by the first norm.

The proof that the first norm is dominated by the third norm follows from
a standard method. Indeed, the claim and the duality argument yield

<Z<f, w>%,h>’

A

<Clflp

p

Il = 7up \

Al <

up | S Al (@) xe ()

Hh|\p/<1

SCH{Z| o Q,\))AXQA};

AEA

p

where the last inequality follows from the claim.

Finally, we prove the claim. By the construction of wavelets given in The-
orem 3.25, Yx(z) = /p(Qx)Di(yn,x), A € A ={(k,7,v) : k€ Z,7 € I};,;)1 <
v < N(k, 7')} Where Dy.(x,y) are mother functions and the sampling grid yy
is given by an arbitrary point in Q). Thus, be choosing ¥, we have

(F )X gr () < v/ 1(Q) Di() (@)X i ().

Taking power by 2, then Multiplying (1(Qx))~! for the both sides and
finally summing up over \ give

S UL ((QA)  xax (= <CZ|Dk

AEA

which implies immediately the claim.

We remark that Theorem 4.6, based on Theorem 4.1, holds for any choice
of wavelet expansions.

We now intend to study the generalized Sobolev spaces on a space of
homogeneous type. Let us recall these spaces on standard case of R™. There
are two kinds of Sobolev spaces on R", that is, the homogeneous Sobolev
space LP*(R™) and the inhomogeneous Sobolev space LP*(R™).
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If 1 < p < ooands > 0is a positive real number, then LP*(R™) is the
subspace of LP consisting of functions f € LP such that (I — A)2 f is also in
LP, where A is the Laplacian on R™.

The homogeneous Sobolev space corresponding to LP’S(R") is formally
defined by |[(=A)3 f||, < oc. See [M2] for more discussion.

Using the Littlewood-Paley analysis, the generalized Sobolev space on
spaces of homogencous type had been defined in [HS] and [H2]. We only
describe and study the homogeneous case. The inhomogeneous case is simi-
lar and we leave these details to the reader.

Definition 4.9. Suppose that { Dy }rez are mother functions as given in The-
orem 3.15. We say that f € (Mo(83,7))" belongs to the generalized homo-
geneous Sobolev space LP*(X),—0 < s < Q,max{?lo, } < p < oo,
if

1
14+60+s

< 0.
P

1l = H{ N f)|)2}§

Suppose again that ¢\ and {E \ are wavelets with the regularity order €, e <
0, and f € (My(8,7)),0 < 8,7 < e < 6. By Theorem 3.25, we have

F= (£,
A

where the series converges in the sense of distribution.
Then we have the following criterion for LP*(X) in terms of the wavelet
coefficients.

Theorem 4.10. Let —0 < s < G,max{ﬁ,ﬁ} < p < oo. Suppose

that a distribution f € (./\./10(6,7))’,0 < B,y < e < 0 and f has a

wavelet expansion f = Y (f, )y, where the regularity order of 1y is
X

€ |s| < e < 0, max(2—
if and only if

Tre 1+€Jrs) < p,0 < B, < e Then f belongs to LP*(X)

2

{ > {Qk(”é)lﬁ, wk>|XQA:|2} € LP(X).

AEA

The proof is similar to one given in Theorem 4.6 for the equivalence be-
tween the first and the third norm. Indeed, we first choose the point yy € Q)
so that

1,0 Ixan () = V(@) D(F) (1) [xax (2) < €27 [Dy(f) (@) xos (@).

Taking power by 2, multiplying 2k(s+2) and then summing over A yield
one implication:
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HZ [2’€<S+%>|<f,m>xm]2};

AEA

<c|{ St
P k
Instead one chooses the point y) € @ so that

(£, 0 X () = V(@) Dr () (1) xax () > €27 [Di(f) ()| xq, (2)

which implies

I ;<2‘9’“|Dk<f>|>2}

and from this the other implication follows.

<Ol fllzp.e-

p

2

E o|{ X [t zmmr}

AEA

p

4.5 Wavelets, the Hardy and BM O Spaces

In the previous section, the extreme cases p = 1 and p = oo are excluded.
This is because the spaces L' or L™ on R™ have no unconditional bases
and hence it is impossible to characterize these spaces by size properties on
wavelet coefficients. But there are good substitutes for these two spaces, that
is, the Hardy space H'(R™) and space of BMO. One should observe that the
wavelets developed in Chapter 3 are not orthonormal bases instead they are
wavelet frames. We, however, still can use such wavelet frames to study the
Hardy space H' and BMO.

Following Y. Meyer in [M2], we first give some general definitions for series

of vectors in a Banach space.
[ee]

Let B be a Banach space and ) xj a series of elements of B. We say
0

that this series converges unconditionally to an element x € B if, for each
€ > 0, there exists a finite set F'(¢) C N such that, for every finite set ' C N
containing F(e),

Z xr — x| < €.

o0

We say that a series > axj is unconditionally convergent if there exists an
0

2 such that the series converges unconditionally to x. Therefore, if a series

o0
> x is unconditionally convergent, there exists a constant C' such that, for
0
every integer n > 1 and every sequence ag, a1, - -, , of real or complex

numbers satisfying |ag| < 1,- -+, |a,| < 1, we have

[looxo + - - - 4+ || < C.
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[&.°]
The unconditional convergence of a series Z x) can be stated by another

way: the series is commutatively convergent that is, for every permutatlon
of the integers o : N — N, the series Z Tok converges in norm to x = Z Th.

In this section, we shall first consider the limiting case where p = 1. We
will only consider certain functions f € L!(X) having the special property
that their wavelet series converges unconditionally to f. We will give a char-
acterization of such functions in terms of the wavelet coefficients. This char-
acterization differs from the traditional approach given by E. Stein and G.
Weiss, and C. Fefferman and E. Stein in [SW] and [FS]. We will prove that
all these characterizations are equivalent and give the first characterization
of the space H!(X) now.

We say that f € H'(X)if f € L'(X) and the wavelet series S~ (f, ¥ )¥x(2)

AEA
converges unconditionally to f.

As we mentioned above, this imposes the existence of a constant C' > 1
such that, for each finite subset F' C A and every sequence €¢(\), A € F, taking
the values -1 or 1, we have

" e uale)| <C. (4.10)

AEF

Following [M2], the upper bound, over all F' and sequences €(\), A € F, of
the left-hand side of (4.10) will be the first norm we consider on the space
HY(X).

We need to specify which particular wavelets 1) are being used. We recall
the construction of Coifman. {S}rez is constructed as described in Section
1.3 of Chapter 1. Set Dy, = Sy — Sk_1 and 1/))\ =/ QA Dk Y, T Where
rxeA={(krv): keZTel,l<v< N(k 7)} and yy is chosen to be
the center of Q).

As in [M2], using Khinchin’s well-known inequality: there exists a constant
C > 1 such that, for every integer n > 1 and every sequence ai,- - -, a, of
complex numbers,

(Z|a]|2> <c2™ Z Z|€1a1+ o+ Enay] (4.11)

where, on the right-hand side, the sum is taken over all sequences € = (eq, - -
€n) of 1s and -1s.
The inequality implies the existence of a constant C' such that

/ <Z |<faJA>|2|wA($)|2)édu(x) <C

X AeF

for every finite subset F' C A.
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This leads to the second norm of H'(X), defined by

/ (Z (/5 $A>I2|¢A(w)l2) Edu(x) < 0o, (4.12)
X

AEA

As explained in [M2], it is not obvious that this second norm is equivalent
to the first, because, in passing from (4.10) to (4.12), we have lost informa-
tion since we have replaced an inequality which is uniform, with respect to
sequences of 1 and -1, by an inequality in the mean. But, however, we will
prove that these two norms are equivalent.

To show this, we will use other three norms of H'(X). First, by the con-
struction of 1y, it is easy to see that there are two constants C; > 0 and v > 0
such that, for every A € A,|¢a(z)| > C1 when z € Q) ~, where @, C Qx

with u(@4) = 71(@)-
Then the third norm of H'(X) will be

N

(4.13)

1

H <§ 0 %”2“(@&7)5«@%7)

where xgq, , is the characteristic function of Q) .
The only relevant property of @ - is the fact that p(Qx~) > y(Qr).
The fourth norm we use is defined by (4.13), but with @ replaced by

Qx.
The last norm of H(X) does not involve wavelet expansions. It is the
well-known atomic definition of H!(X).

Definition 4.11. An atom of H!(X) is a function a(z), belonging to L?(X),
such that there exists a ball B € X, whose volume is denoted by p(B), and
for which the three following properties hold:

a(x) =0 (4.14)
if x ¢ B;

lalls < u(B)=; (4.15)

/a(m)d,u(x) =0. (4.16)

B

Applying the Cauchy-Schwarz inequality, we see that a(x) is integrable
and that ||a||; <1, so that property (4.16) makes sense.

We say that a function f € L!'(X) belongs to atomic H!(X) if there exists
a sequence a;(x) of atoms and a sequence A; of scaler coeflicients such that
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f(z) = > Ajaj(z) with Y |Aj| < oo, where the series clearly converges in
0 0

LY(X).
The norm of atomic f € H'(X) is then defined as the infimum of the

o0
quantities ) |A;| corresponding to all possible atomic decompositions of f.
The main result of this section is the following theorem.
Theorem 4.12. The above five norms of H'(X) are equivalent.

To clarify the proof, we denote the following properties whose equivalence
will be proved, by A, B, C, D and E.

(A)sup sup eN)a /\)1/»\(30)“1 < 00

FCXe(\)=£1 H XEF

®)|( £ larwr)|
©( = oM@ e )|

A€EA
D)H(%|a<A>\2u<Qx>*1m)§H1 < o0; and
(E) f(x) = 3> a(A\)1hx(z) has an atomic decomposition. Here a(A) = (f, 1hx)
X

< o0;

< 00;

are the wavelet coefficients of f.

We have already explained that (A) = (B), and it is clear that (B) = (C).
1

Note that if ©(Qx,) > yu(Qx) then for all 7 > 0, xg, < 7*%(M(XQM)T)?,
where M is the Hardy-Littlewood maximal operator. Choosing » < 1 and ap-
plying the Fefferman -Stein vector-valued maximal function inequality yields

H(Da 2 u(Qr) m)z

AEA 1
< ov (St Hran?) ||
AeA 1
<o) (X P e )
AEA 1

which yields (C) = (D).
We now prove (D) = (F). Let us denote

(Za ) xen @)

Set O = {z € X : S(a)(z) > 2F} and By = {Q : u(Q N Q) >
10(Q), (@ N Qiy1) < S1(Q)}. Therefore, we can write

2
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daNa@) =" > aNa@) =>_ Y. > aWea(x)

A ko Qr€Bk k' QeBL QA\CQ.QrEB

Wherg@ are maximal dyadic cubes in By, that is, if both @ and @ are in By
and Q C Q, then Q = Q. B
Let us denote that ax(Q)(x) = (Cu(Q) > la(N)2) T >
_ _ QACQ,QxEBk Q7CQ,Q7EBk

a(N)a(z) and M\ (Q) = (Cp(Q) > la(A)[2)2, where C'is a constant

QACQ,QAEB;,
to be chosen later. Then

ZQ(AWA(@ = Z Z Me(Q)ar(Q) ().

A k QGBk

To see that this gives an atomic decomposition, we clearly have that (i)
each a;(Q)(x) has the support Q; (ii) by duality argument,

| T ane (X e

= sup
QACQ,QAEB;, 2 IRl2<2 QACQ,QEBy,
1
2
<C swp ( 3 |a<A>|2) 1Al
Ihll2<2 £
QACQ,QAEDBy,
1
2
<o X laop)
QACQ,QrEB,

which implies [|ax(Q)(x)|2 < p(Q)~2; (iii) finally,

NN @< Y w@F Y (et (4.17)
k QeBy kE QeBy QrCQ,QxEBy

SCZ{ZM@)};{Z > (eP)

k QEBy, QEB) QACQ,Q1EB;,

To estimate the last term above, let us denote Qp = {z € X : M(xq, )(z) >

%} It is clear that if Q) € By, then Q) C Qk Therefore the last term in
(4.17) is dominated by

cZu@k)%{ )3 a(A)F)}Z
k Q\EBy

<O () 725 () 2
k

<O (@) < C Y 2%u(Q) < ClIS(@)]h <00 (4.18)
k k
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where the first inequality follows from the facts that if @ € By, then Q C

Qp and Y JaN)2 < C [ S*Ha(N)(z)dp(z) < C2%Fu(Qy), and the
QAEDBy 0\,

third inequality follows from the fact that z(Qz) < Cpu(Q), by the maximal

operator theorem.

Finally, the verification of (E) = (D) is an easy exercise, because it is
sufficient to do it for each atom taken separately. The same proof yields
(E) = (A). The proof of Theorem 4.12 is complete.

Before we continue to study the Hardy spaces HP(X), p < 1, we first
describe the space BMO in terms of wavelet expansions. The space BMO
has been defined in Section 1.2 of Chapter 1. For this purpose, we choose
wavelet expansion f(z) = > a(AN)Ya(x),a(N) = (f, ). Then we have

X

Theorem 4.13. Let b(x) be a function belonging to BMO(X). Then its

wavelet coefficients a(\) = (b,bx) satisfy Carleson’s condition, as follows:
There exists a constant C' such that for each dyadic cube @Q,

S e < On(@). (4.19)

Q\CQ

Conversely, if the coefficients a(X), A € A, satisfy (4.19), then the wavelet ex-
pansion > a(\)y(x) converges, in the o(BMO, H)—topology, to a function
X

of BMO.

We first prove that if b € BMO, then (4.19) holds.

For given @, we decompose b(z) by b(x) = by(x) + ba(z) + ¢(Q), where
¢(Q) is the mean of b(z) over m@) and where by (x) = b(x) — ¢(Q) if x € mQ,
and by (z) = 0 otherwise. We obtain

Do P <D b )P < Clbils < CmblIBarom(@).

QrCQ AEA

By the cancellation of {/;)\(x), we may assume the average of by over @QQ

is zero because otherwise one can replace by by by — (b2)g, where (b2)g =
f ba(x . Then we have

(b, Pn)| < C2F0=Ra=3E1p|| 510

where A\ = (k,7,v) and pu(Q) ~ 27%. This implies
Z (b2, ) < Cllbl a0 Z 22(F0=Mep(Q) < ClblBaror(@)-
QrCQ k>ko

Suppose that (4.19) is satisfied. Following [M2], let B be a ball with center
x¢ and of radius r > 0. We define the integer ¢ € Z by 277 < r < 2791, We
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split the sum Y a(A)x(x) into two parts. We first consider “small” cubes
)

of side 27% < 279 and then “large” cubes for which k < ¢. The wavelets
corresponding to the small cubes are themselves of two kinds: their supports
either meet B or don’t meet B. If a small cube @, has the property that
m@y meets B, then @, is necessarily contained in M B, where M > 11is a
constant depending only on m. Let b = by + by, where by is corresponding to
the small cubes and b2 to the large cubes. Then b; splits into by,; 4 by 2, and
bi,2 = 0 on B. Then, by the fact that the small cubes @ are contained in
MB,
1brall5 < Z la(A)> < Cu(B).

QN\CMB

To deal with the large cubes and the corresponding subseries by of
S a(AN)Ya(z), by the regularity of wavelets, we have |¢y(z) — ¥x(xo)| <
By

C26+9)92=3 p(z, 20)¢. Since |a(N)] < C(u(Qx))z < C27% by (4.19), sum-
ming up gives > 2%p(z,10)¢ = 2%p(z,20)¢ < 2¢, since p(z,70) < 7 <
k<q
2-9*! where xq is the center of B and r > 0 is its radius.
Using the above theorem, we prove

Theorem 4.14. Let b(x) be a function belonging to the space BMO. Then
b(z) defines a continuous linear functional on H'(X) by

Uf) = aNB() (4.20)

A

where a(\) = (f, J)Q,ﬁ()\) = (b, 1%)
Conversely, every continuous linear functional on H'(X) is defined in this
way.

We use the first part of Theorem 4.13 to show the first part of Theorem
4.14. Let all notations be same as in Theorem 4.12. Then, by the same proof
of the implication (D) = (F) in Theorem 4.12, we have

S aiam)| = [ 3 s

A k Qx€EB

SN a(A)ﬁ(A)‘

k QeBi, QxCQ,QrEBk

>y{ = |a<A>|2}é{ > o)

k QeBi, " Q\CQ.Q\EBy Q7ACQ,QAEB,

<Clblao X X w@H X

k Qe QrCQ,QAEBx
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since, by the first part of Theorem 4.13,

Y 1B < ou@).

Q)\C@

This together with the same proof as in the implication (D) = (E) in
Theorem 4.12 gives

Za(A)B(A)‘ < Clblmaro 3 2 < Clblmarolfla:
k

A

which implies the first part of Theorem 4.14.
To show the second part of Theorem 4.14, we define a sequence space

by a()\) € s if {Z [a(A )|2u(QA)’1XQA(x)}% belongs to L'(X) and this L!

norm is defined as the norm of the sequence a(\) in s. We also define another
sequence space by 3(A) € cif, for each dyadic cube @, > [B(N)|> < Cu(Q).

QACQ
The norm of B(A) € ¢ is defined by the smallest constant C.

We then have
Theorem 4.15. s* = ¢, where s* is the dual of s.

Applying the similar proof of the first part of Theorem 4.14 implies that
¢ C s*. Conversely, every ¢ € s* is of the form ¢(a(\)) = > a(\)F(N) for some
hY

sequence (). Let @ be fixed cube and define s by the sequence space of all
a(A) so that @ C @ and let o be a measure on sy such that the c—measure

at Q) is ’;((g; Then

( S 180 ) (@) B e

QCQ
1

e a(A)u(szﬁ(A)\

a(X)

= sup
Ha(/\)“ﬂ(so da)<1

1(Qy)?
Q)

sup
et h2 5,00y <1

S

By Hoélder’s inequality,

——a [ [ X la0Pra,)

Nl

N(QA)%
Q)

s

S

1

(M(IQ) > |a<x>|2XQA)2 = [l 2 st

IN
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We now return to the proof of the second part of Theorem 4.14. Suppose
that £ is a continuous linear functional defined on H!(X). We define [(a()\)) =
0(f), where f € HY(X),a()\) are the wavelet coefficients of f. Then, by
Theorem 4.12 and Theorem 4.13, [ is a continuous linear functional defined on
a subspace of s. Thus, by Hahn-Banach theorem, [ can extend to a continuous
linear functional on s. By Theorem 4.15, there exists a sequence B()\) such

that I(a(X)) = > a(X)B(A), where 5(\) satisfies (4.19) with « replaced by £.
X
By Theorem 4.13, > G(A\)¢x(z) belongs to the space BMO. This ends the
X

proof of the second part of Theorem 4.14.

We now consider the Hardy spaces HP(X), p < 1. The difference between
H'(X) and HP(X) is that if f € HP(X),p < 1, then f is not necessarily
a function in LP(X). More precisely, HP,p < 1, is the collection of certain
distributions. Following [CW2], we define the Hardy spaces H?,p < 1, by the
atomic decomposition method.

H?,p < 1, is defined as the subspace of all f € (Mg(3,7))’ such that f

can be written as

fl@) =" Aan(z) (4.21)
0

where > [A\;x|P < 0o and ay, are (p,2) atoms.
0
The (p, 2) atoms are defined as follows: for each atom ay(z), there exists a

ball By, of volume pu(By), such that the support of a(z) is contained in By,
11
lakllz < pu(Br)>"7, (4.22)

and
/ak(x)du(:r) =0. (4.23)

Under these conditions, the series (4.21) converges in the sense of distribu-
. o0

tions. More precisely, if g(z) € Mo(0,7), the series > A\i(g, a) is absolutely
0

convergent, whose convergence is based on an obvious fact: there exists a
constant C' such that for each g € Mo(f,7) and each (p,2)—atom a(z) with
the support B of radius r, then |(g, ax)| < Cllgl| x4(5,-)-

To characterize the space HP,p < 1, by use of wavelet expansions, we
choose wavelets ¥y, A € A, with the regularity €, and use all notations as in
Theorem 4.12. We then have

Theorem 4.16. Suppose that a distribution f € (./\./10(5,7))',0 < B,y <0,

and f has a wavelet series f(x) = > a(N)Ya(x). Then, for 1_1H <p<l1,
AEA

the following ones are equivalent:
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f e HP(X); (4.24)
(2 laMPleA@))" € Lr(x); (4.25)
AEA
(S 10)Pa@r) Xau, (2) € LP(X); (4.26)

AEA
and

(Z [a(N*(@3) " xax (w)) T LP(X). (4.27)

AEA

The proof of the equivalence between (4.25) and (4.27) is a straightforward
rewriting of that of Theorem 4.6. It depends on the fact that, for every
sequence w(A), A € A, of 15, the operator T, : L?(X) — L?*(X), defined by

T,(y) = w(N)Yr,w = (W(A))rea, extends to a continuous linear operator
on HP, # < p < 1. This result follows from a general result on HP whose
proof will be given in Section 4.6, see Theorem 4.27.

Proposition 4.17 Let T : L?*(X) — L?(X) be a Calderén-Zygmund opera-
tor. Suppose that T*(1) = 0. Then T exlends to a continuous linear operator
on HP, ﬁ <p< 1l

The proof of the above Proposition will be given in Section 4.6.

The proofs of (4.26) <= (4.27) <= (4.24) are similar to the proofs of
Theorem 4.12. We leave these details to the reader.

From [CW2] it is well known that the dual of H?(X), 1—J1r9 <p<l,is

the homogeneous Holder spaces C7 with v = % — 1. Furthermore, it is also
well known that C7 is equivalent to the so-called Campanato-Morrey spaces.

These spaces are defined by a similar way to the space BMO.

Definition 4.18. We say that a locally integrable function g(z) defined on
X belongs to the Campanato-Morrey space L(3,2), 3 > 0, if

S dp(z H
l9llLs.2) = s%pu(B)ﬁ’(B/ l9(z) — V5] Mléjg)))

where B are balls in X and g is a constant depending only on B.

One should observe that L(0,2) = BMO and 2 can be replaced by ¢,1 <
qg < o0.

In the following result, we will give a new characterization of L(3,2) with
8= Zl] — 1, in terms of the wavelet coefficients.

Theorem 4.19. Let g(z) be a function belonging to L(% —1,2). Then its

wavelet coefficients a(X) = (g,¥\) satisfy generalized Carleson’s condition:
there exists a constant C' such that, for each dyadic cube Q,
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2_
> e < Cu@)r (4.28)
QrCQ
Conversely, if the coefficients a(X),\ € A, satisfy (4.28), then the series
ST a(N)Ya(z) converges, in the O'(L(% —1,2), HP)—topology, to a function of
b
1
L(k -1,2).

The proof of this theorem is a straightforward rewriting of Theorem 4.13.
Using Theorem 4.19, we can give a proof of the duality between H? and
L(% —1,2). Again, we choose the wavelets with the regularity e.

Theorem 4.20. Let g(x) € L(%
continuous linear functional £ on HP by

0f) = aMBR)

A

— 1,2),1%rE < p < 1. Then g(z) defines a

where a(X) and B(N\) are the wavelet coefficients of f and g, respectively.
Conversely, every continuous linear functional on HP <p <1, s
defined in this way.

1
? 1+e

The proof of this theorem is similar to the proof of Theorem 4.14. One
only needs to define the sequence spaces sP and ¢? by ||S(a)(z)||, < co and

(M(Q))l_% > 1B(N)]? < oo, respectively. A similar proof to Theorem 4.15
QrCQ
implies that (sP)* = ¢. We leave these details to the reader.

4.6 Besov Spaces on Spaces of Homogeneous Type

We begin with recalling the definition of the Besov spaces on the standard
case of R™. We shall define the homogeneous Besov spaces by use of the
Littlewood -Paley decomposition I = )  A;, where A; is the operator of
J

convolution with v; as we described in the Introduction.

The homogeneous Besov space B, ?(R") when s < % or s = % and g =1,
is a space of distributions. This means that B;q(R") is a vector-subspace
of &'(R™) and that the inclusion Bf;q(R") C S8'(R™) is continuous. A dis-

tribution f € S'(R™) belongs to B;’q (R™) if and only if the following two

conditions are satisfied: (i) the partial sums )" A,(f) converge to f for the
—m

1

7(8',8)~topology: (i) |/l5;0 = { =2 18,(Nl)7}" < .
Jj€E
For example, when s < 2, the function 1 does not belong to B;’Q(R")
because Aj(1) = 0 for every j € Z.
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If s=2and g > 1, orif s > %,B;’Q(R”) is no long even a space of
distributions, instead it is a quotient space. In these cases, the function 1
belongs to B;’q(]R”) but it is identified with the function which is identically
Zero.

Let o =s5— % > 0. The Besov space B;’Q(R”) can be defined as a subspace

of the homogeneous Hélder space C?. This inclusion is based on the fact that
|A;(f)]lp- Therefore the series Y A;(f) converges to f

nj

1A;(fll < C27%

in the quotient space. Moreover, the Besov spaces B;’q(R") are generaliza-
tions of the homogeneous Sobolev spaces L*2?(R") = By*(R") and of the
homogeneous Holder spaces C°(R") = BS>(R™).

In [HS] and [H2], the homogeneous Besov spaces on spaces of homogeneous
type are similarly defined with convolution operators A;(f) replaced by non
-convolution operators D;(f), where D;(x,y), the kernel of D;, are wavelets
given in Theorem 3.15 and f € (Mo(8,7)),0 < 3,7 < 0. The main result in
this section is to give the following characterization of B;’Q(X ) in terms of
the wavelet coefficients.

Theorem 4.21. Suppose that f € (Mo(8,7)),0 < 8,7 < 6 and f has the
wavelet expansion », a(N)x(x). Then for —0 < s < 9,max{ﬁ, ﬁ} <
)

p,q <00, f € B;’Q(X) if and only if

(ST et Damr) | <«
k AEAL
where A, = {(k,7,v) 7€ I;;,1 <v < N(k,7)}.

The proof of this theorem is based on the comparison property of the
wavelet coefficients in Theorem 4.1. By choosing appropriate point from each
Qx, A € Ai, we have

IDe(f)(@)] < (u(Qr) "2 |(f, )] < C2% |a(N)].

This implies one implication in Theorem 4.21. The other implication in The-
orem 4.21 follows similarly.

The inhomogeneous Besov spaces can be studied by a similar way. We
would like to leave these details to the reader.

4.7 The T'1 Type Theorems

We have proved the T'1 Theorem on L?(X) in Section 4 of Chapter 1. In this
section we establish the T'1 type theorems for spaces which are studied in the
previous sections. To deal with certain applications, it is convenient to have
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several different ways of expressing the necessary and sufficient conditions
which appear in the T'1 type theorems.

We suppose, throughout this section, that the conditions (1.10), (1.11),
(1.12) and Definition 1.14 of the weak boundedness property are all used for
operators T' and the corresponding kernels K (z,y).

We have characterized some functional spaces in the previous sections by
simple size conditions on the wavelet coefficients. Suppose that we are given a
wavelet series f(z) =Y a(M)a(x) and an operator T. Formally, the wavelet

Y

series of T'(f) is given by

=D > aNT(x), a)a(2).

AN

Let us denote a(\, ) = (T(w,\r),zz,Q and then we can consider Y a(\)
Y

(A, A') as the wavelets coefficients of T(f) with respect to the wavelets
Yy, A € A. To show that T is bounded on the certain space, by the char-
acterization in terms of the wavelet coefficients, we only need to know the
behavior of the wavelet coefficients of T'(f). This immediately follows from
the properties of o(\, \'). We will examine, in great depth, the relationship
between all conditions (1.10)-(1.12), the weak boundedness property, T'(1)
and T*(1). Roughly speaking, we will consider two kinds of conditions: the
first kind of conditions is satisfied by T'(1) = T*(1) = 0, and the second ones
are either T'(1) = 0, or T%(1) = 0. We will also describe the cases where
T(1) #0, or T*(1) #£ 0.

We start with the following fundamental estimate on o (A, \).

Lemma 4.22. Suppose that T is a Calderén-Zygmund singular integral oper-
ator with the kernel satisfying the conditions (1.10) and (1.11) (i.e. smooth-
ness in the x wariable only), and also T(1) = 0,7 € WBP and that
v, A € A = {(k,7,v) : k € Z,7 € I;,)1 < v < N(k,7)}, are wavelets
used in Theorem 3.25. Then there exists a constant C independent of f such
that

2—(k"/\k‘)e

(A N)| < 0272 HR) (9= (ke p g
o X1 < ( )(2*(’€'A’“>+p(yx,yx/)”6

(4.29)

where 0 < ¢ < € < 6,y and y, are any fixed points in Q) and Qj,
respectively.

By the construction of wavelets v, we may assume that ¥, (z),\ =
(k,T,v), are supported in the ball B(yy,27%). We first consider the case
where k' > k and p(yx,yx) < 44227F. By the weak boundedness of T,

o (A X)| < C27FERD [y | [hall, < C272FFI2K

which yields (4.29) for the case where k' > k and p(ya,yy) < 44227F.
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Consider the case where k' > k and p(yx,yx) > 4A%27F. Recall that
() = /u(Qx) Dy (yx, z). By the fact that Dy (1) = 0, we can write

=V u(Q@x /1 (Qx)
=V i(Q@x v/ 1(Qx)

/ Di(yn, w)K (1, 0) Do (e, 0)dpa(u)dpa(v)

/ Dy, W) (1, 0) — K (3, 0)] D (e v)dpa(u)dpa(o)

92— ke 27ke 2 K’
k+k
/y (27F + p(ya, u) ' p(ya, ya )1 (27F + p(v, ya)) e
xdp(u)dp(v
<02~ 2(k+k)2 ’“p(yx,y,\/) (14¢)

which implies (4.29) for the case where k' > k and p(yx, yx/) > 4A4227F,
Now Consider the case where k' < k and p(yx,yn) > 4A227% . In this
case, using the fact that Dy (1) = 0, we have

o (X, X)]

1 @x )V 1(@x)

/ Dy ) K (1, 0) — K (g2, 0)] D (g ) dpa(w) da(v)

’

92— ke 271{,‘6 27’6 €
<09 (k+k)// ,
> 92—k +p Yx, u))1+e p(y,\,y,v)HE (2—k +p(v7y)\/)1+f
xdp(u)dp
< ¢273(kHR)g- kep(yx,yx) (e

which implies (4.29) for the case whenever k' < k and p(yx,yx) > 44227
Finally, we consider the crucial case where k' < k and p(yx,yn) <
4A2%27k  Using the facts that Dy (1) = T(1) = 0, we get

/ Dy, w) K (1, 0)[Di (g, v) — Do (v y)ldp () (o)

= [ Petons KD (x0) = Dl (B2 (o)

+ [ [Drton )l (,0) = Ko, 0Das(o,0) = Da v (5227
xdpu( )du()
—A+B,

where 71 € CY(R),n1(z) = 1 for |z| < 4 and n(x) = 0 for |z| > 6, and

ne=1-—mn.
With 9y (u) = /i(Qx)Dr(yx,w) and ¢ (v) = /(Qx)[Drr (ya,v) —
Dy (ya, ya)m (p(v’y*)) then, by the fact that 7' € WBP,
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(Toa, vl = [V @)V 1(Qx ) A
< 027 2R HRROED g leiall,
< 02—%(k'+k)2—k(1+2n){2—’6(€+Yl)2k/(1+6)}{2/%’(1-&-77)}
< 027%(1@’%)24@521@’(1%) _ CQ—%(k’M)z(kLk)er’

which is dominated by the right-hand side of (4.29) whenever k' < k and
plyr,yn) < 442277
Using the smoothness of K (x,y) in x, together with

| Dy (yr, v) — Dir (yar, yn)| < C2F

and

’ p(y)\av) ‘
Dy (yn,v) — Dy (Y, ROyl QA ES R
[ Dis (yxsv) = D (g, ya)| < (2’“ +p(ymyx))

when p(yx,v) < cA27¥ | we then have

V(@) V(@) Bl

< 0275 (M HR)g—ket! / p(yx, v) " dp(v)
p(ya,v)>cA2-F

+02—%<’“/+’“>2(’“'—’“6/ p(yx,v)~dp(v)

cA27K >p(yy,v)2cA2-F
< O(1 + log 2k=+))23 (K +k) (K —k)egh’

which, again, is dominated by the right-hand side of (4.29) when &’ < k and
p(yx, yn) < 4A227%  This completes the proof of Lemma 4.22.

If adding the conditions (1.12) and T*(1) = 0 into Lemma 4.22 and re-
peating the similar proof, we have

Lemma 4.23. Suppose that T is a Calderon-Zygmund singular integral oper-
ator with kernel satisfying the conditions (1.10), (1.11) and (1.12), and also
T(1) =T*(1) =0, T € WBP and that Y\, € A = {(k,7,v) : k € Z,T €
I, 1 <v < N(k,7)}, are wavelets used in Theorem 3.25. Then there exists a
constant C' such that

27(k'/\k)e

NPT er R eb Rl — ~
lo(A X)) < (2 CAR) 4 p(yx, yar ) LFe

(4.30)

We are now on the position to prove the T'1 type theorems. We start with
the first kind of the T'1 theorem.

Theorem 4.24. Suppose that T is a Calderon-Zygmund singular integral op-
erator with kernel satisfying the conditions (1.10), (1.11), (1.12), T(1) =
T*(1) =0, and T € WBP. Then T is bounded on all spaces studied in the pre-
i ; S[sp 11
vious sections, namely LP,1 < p < oo; L*P, —e < s < e,max{1+e, 1+s+€} <
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p < 00;C%—e < s < ¢HP, |} < p < 1;BMO and By?,—¢ < s <
€, max{ 1-}-@ 1+i+6} < p,q < o0o. Moreover, the norms of T f on these spaces
are dominated by a constant times the norm of f on the corresponding spaces.
Note first that LP(X) = LP91 < p < oo,LPO = HP, 1_1~_6 < p <
1,(HY* = BMO, and B5> = Cs if —€ < s < ¢e. Thus, we only need to
prove Theorem 4.24 for spaces LP>* and B.
Suppose that f(z) =Y a(N)Ya(x). Then we can write T'(f)(z), formally,
By

by N
T(f)(x) =YY oA N)a(N)da(x).
AN

Therefore, to show that 7' is bounded on LP-*, we only need to prove that
there exists a constant C' such that, for

I > {2’“(8+5)5(A)X@F}5 <d{x [2’“8+%>a<x>mr}é

AEA »
where S(A) = Y a(A\, N)a()N). To see this, by Lemma 4.23, we have
)\/
BOY| < C Y 273K HRglE-Kle ™ |q ) o~ (K Ak)e
< T2 —k'le o / .
K’ NEA (2_(’€ Ak) + p(y)\,y)\/)1+6
(4.31)

To estimate the last term above, we use the following lemma.

Lemma 4.25. Suppose that 0 < ¢ < 6 and 1}r6 < r < p. Then there exists a
constant C' such that, for each © € Qy,

Z \a(X)| klAkQ_(k//\k)e 1

Nk (2= AR+ p(yx, yar) 1+
< oW n+ N T g A" :
< MY eV xey ) (@)}

NeEN,,

The proof of this lemma is easy. To see this, for fixed y) we let By = {Qx :
Py, yn) < 27 and By = {Qy 1 277127 AR < p(yy, yn) < 2027 (KAR)
for j > 1. Then

2*(’6’/\]@‘)6

a(N ,
A%\:k/ ol (27 AR+ p(yx, yar)) e

< Cz(k'/\k) szj(l%»e) < Z |a()\/)|r)

Jj=0 Q)Jij

1
r
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SCZQ(k/Ak)QWQ_j((1+€)_’1“)(/ Z |a(/\')|TXQx>

T

>0 Qxes;
< (K Ak) g W=EAED 22—1‘((1—5—6)—%) (M( Z |a()\’)‘XQy) (:L‘)>
j>0 Qxes;

Summing over j yields the result.
Applying this lemma and Holder inequality implies

1
Z(Qk(s—i_z)m()‘)DQXQA
AEA
ksg— Lk o—|k—k'|eo (k' Ak) o E=kAKD
SCZ 22 s9—2k 9 ‘ \62( )2 k
A k!
Y 2
x (M( > \a(,\/)leA,) ) ) XQn
NeN,,
<C). (Z (k=K' )s9 =K' o= k=K' |eq (k' Al) o E/=EAEE)
A k’
N 2
X <M< > 2k’(s+%)|a(/\’)‘XQA/) ) ) X0,
NEA,
< O3 ol sg K g kb eg(k Ak o
A K
2
X <M< Z 2k’(s+%)|&()\’)‘XQA/> > XQs
N e

SN

< (MO 2XEHDa(V)|xg, ) (@)
~

1

where the last inequality follows from the facts that if

0 < s <€, then

< r < p and

Z2(k7k')527k'27|k7k'\eQ(k'/\k)Qw <c
k/

and ’ ’
ZQ(kfk')srk'27|k7k’|62(k'm)2w <C.
k

Taking square root and the LP norm on the both side, and then apply-
ing the Fefferman-Stein vector valued maximal function inequality yield the
desired result.
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We now prove that 7" is bounded on B;’q,max{ 1i6, ﬁ} < p,q < 00.

By the characterization of B;’q in terms of the wavelet coefficients, we only
need to show

q

{Z< D (2keM D300 )p};

k AEAL

: C{ 2 ( 2 <2’“2’“(5‘i>|a<x>|>>p>g}é

E  NAEAs

where a(\) and B()\) are same as above.
Using the same notation and the estimates in (4.33), we have

a

Z( > (gksgk@—;)ﬂ(A)D)p) :

E NAeA
< CZ ( Z (ZkaQk 3=3)9— 3 (K +k)glk—k|e
k SAEA, N
2—(k,/\k')5 ,
X - a(A ) )
2~ (K'AK) +p(ymyx)1+f| Xl

2’(}’27(}{//\]{})6

= CZ ( Z (Z Z 9(k=k")sglk—k'|e (2= AR) & p(yx, yar )1 Te

ko SAEA, K NEA
P\ 7
< Djav ) )

Applying Holder inequality for p > 1 and the p—inequality (a + b)? < aP +
bP,a,b > 0 for %Jrs < p < 1, and then taking the sum over A € Ay, imply
that the last term above is dominated by

CZ(ZQ’f K)s(pAL) ol k—H|e(pA1) 9= (kAK') (1= (pA1)) gk’ (1= (pAL))
kl

Finally, applying Holder inequality for % > 1, and the %—inequality for £ <1,

q
P
and then interchanging the summations over k and k' yield

q q

Z( 3 (2R 2GR |p(N) )P ) < C(Z( 3 2k’<s+;—;>|a(x)|)p>?

k AEAL k' NeN

Taking the éth power gives the desired result.
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One should observe that Theorem 4.24 gives the another proof of the T'1
theorem. More precisely, the proof of Theorem 4.24 implies the first step of
the proof of the T'1 theorem when T'(1) = T*(1) = 0.

If the only half conditions are satisfied, then we have the following second
kind of the T'1 theorem ([L] and [DH]).

Theorem 4.26. Suppose that T is a Calderon-Zygmund singular integral op-
erator with kernel satisfying the conditions (1.10), (1.11), T(1) = 0, and
T € WBP. ThenT is bounded on L°P,0 < s < 61 < p < and

B;vq,O < 5 < €, 1+e < p,q < 0o. Moreover, the norm of T f on these spaces
are dominated by a constant times the norm of f on the corresponding spaces.

Replacing Lemma (4.23) by Lemma (4.22) in the proof of Theorem 4.24
gives the proof of Theorem 4.26. We leave details to the reader.

In Theorem 4.24 and Theorem 4.26, the conditions T'(1) = 0, or 7*(1) =0
are sufficient conditions. A natural problem is that when these conditions are
also necessary. The following result answers this problem.

Theorem 4.27. Suppose that T is a Calderon-Zygmund operator.Then T
extends to a continuous linear operator on HP, %_H < p < 1, if and only if
T*(1) =0.

The condition T*(1) = 0 is clearly necessary. Indeed, [T(¢)(x)du(xz) =0
for all wavelets ¢(x). The integral is well defined since T(¢)(x) =
O((p(z,z0))"17¢ as p(x,z9) — oo for any fixed r9 € X. By the definition,
this means 7%(1) = 0.

To show that the condition 7*(1) = 0 is also sufficient, as G. Weiss re-
marked in [CWZ2], it is enough to prove that 7" maps each atom of H? to
molecule of HP. However, we would like to give another proof which uses
Theorem 4.24 and a result about the para-product operator.

We now define the para-product operator IT,. Let ¢y be father functions
and ¥, be wavelets constructed by Coifman’s idea as given in Theorem 3.25.
Let b be a function in BMO. We define the para-product operator I, by

I, (f)(x) = > a(N)BA)da(w)

A

where a(A) = (b, 1)), B(A) = (f,¢») and ¢ are given by Theorem 3.25.

It is easy to see that IT,(1) = b, (IT)*(1) = 0 and the kernel of I, satisfies
all conditions (1.10), (1.11) and (1.12). Moreover, II;, is bounded on L?(X).
To see this, we apply II, to an arbitrary function f € L?(X). By Theorem
4.6, we have

1L (f H2<CZ|a )IB(A

To find an upper bound for this last sum, we use Carleson’s well-known
lemma.
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Lemma 4.28. Let p(A\), X € A, be a sequence of positive numbers such that

> p(A\) < p(Q), for every dyadic cube Q. Then, for every sequence w(\) >
QACQ
0,\ € A, we have

> wpN) < [ wladdu(o)

XEX X

where w(x) = sup w(A).
zEQA

See [MC] for the proof of this lemma. In our case, if we ignore the constants,
we have p(A) = la(A)[2,w(A) = [V 2 and w(@) = (M(f))*(x), where M(f)
is the Hardy-Littlewood maximal function of f. We finish by observing that
JM(f))*(z)du(xz) < C|fl|3. We return to the proof of the second part of
X
Theorem 4.27. It is now enough to show that Il is bounded on HP

<
’ 1+5
p < 1 because, by Theorem 4.24, T=T- 71 is bounded on H? since

T(1) = (T)*(1) = 0. We will use atomic decomposition to show that I, is
bounded on H?.

Moreover, as G. Weiss remarked in [CW2], it suffices to check that
I (a)|| e < C, where a is any HP-atom and the constant C' is indepen-
dent of a. To_this end, we may assume that a is an atom with the support
Q € Ag. Let Q € A_g and 4Q C Q. We denote B(N) = (a, ¢). By the charac-
terization of HP in terms of the wavelet coefficients, one only needs to show
that there exists a constant C' such that ||S(a)(z)||, < C, where

{Z [ PIB) P (1(Q2)) " x@y ()} 2.
Since II;, is bounded on L?(X), by the conditions on a, we have

/ §P(@)du(z) < (@) [lallt < C.

Note that if = ¢ @ and B(A) # 0, then there is only one Qx, A € Ay with
k < —4. Moreover,

BN = / a(y)éa(v)dpu(y) = / a(1)[6x () — 6 (u0)du(y)

Q Q

where vy is the center of Q.

By the size and smoothness Eonditions on ¢y, the support condition on «a
and the fact that |a(\)] < C27 2, we get
2—k5

(277 + p(z, yo)) 2

k

a8 [xex (v) < C272
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where A € Ap, k < —4. B
This implies that if & @, then S(a)(x) < C

;e and hence

/ 57 (a)(@)dpu(z) < C.
(Q)e

This gives the proof of Theorem 4.27.

Up to now, we have considered the continuity of Calderén-Zygmund singu-
lar integral operators T which satisfy the conditions 7'(1) = 0 or T*(1) = 0.
In what follows, we study the continuity of Calderén-Zygmund operators T'
which do not satisfy T'(1) = 0. More precisely, we will consider the continuity
of operators on B?’l. See [MM] for a similar question on the standard case of
R™. Let us denote o(\, ') = (T, 1), where ¥y, A € A are wavelets given
as in Theorem 3.25. The following result gives a simple characterization of
the matrices M = a(A, \'), (A, )\') € A x A/, corresponding to the continuous
linear operators T': BY"" — B!

Proposition 4.29 The operator T is continuous on B?’l if and only if there
exists a constant C such that, for all N € A,

ST o) (1(Qx)F < C(@Qx)?. (4.32)

AEA

The proof of the above proposition is easy, because, by the characteriza-
tion of B?’l in terms of the wavelet coefficients, Theorem 4.21 and (4.32)
mean that, for each A € A/, T((M(Q/A))_%ibx) belongs to B! with the norm
bounded by a constant which is independent of /. This implies that

IT(f ||Bm<§j\a Q)2 IT((1(Q) " 280) | o

SCZIQ |(1(Qx))? < C g0
A

The proof of the other implication is immediate because, again b%/ the
characterization of B!, if T is bounded on BY"', then T((1(Qx))Z ¥x)

belongs to BY"' and |\T((M(Q>\/))_711/)A/)HB?,1 < C. This is equivalent to (4.32).
To characterize the boundedness of T on B{"' in terms of the conditions

on T'(1) and T*(1), we define the following generalized Carleson measure.

Definition 4.30. Suppose that a(\) are wavelet coefficients of f correspond-
ing to the wavelets ¥y, A € A. We say that «(\) satisfies the generalized Car-
leson measure condition if there exists a constant C, for each dyadic cube @,
such that

ST aW[(1(@)? < Cu(@). (4.33)
QrCQ
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The following result provides an example that 7'(1) = 0 is not the necessary
condition for the continuity of operators.

Theorem 4.31. Suppose that T is a Calderon-Zygmund singular integral op-
erator. Then T extends to a continuous linear operator on Bf’l if and only if
T*(1) = 0 and the wavelet coefficients of T(1) satisfy the generalized Carleson
measure condition (4.83).

~ The condition T*(1) = 0 is clearly necessary for T being continuous on
B(f’l because B?’l C H'. We first prove the “if’ part. To do this, as in the
proof of Theorem 4.27, it suffices to show that there exists a constant C' such
that o
Ty (2 2 x )| gor < C

where I} is the para-product operator used in the proof of Theorem 4.27 and
b="T(1).

Because Hb(2%¢;)(x) = > a(N)B(N)a(x), where a(N) are wavelet coef-

)
ficients of T(1) and B(\) = (2T ¢y, ¢»), one only needs to show

Y laIBI((@Qx)* < C

A

where C' is a constant. For each 1/, by the construction, its support is
contained in @y. We split all dyadic cubes @, into two groups: G; = {Q, :
Qx C Qx} and G2 = {Qy : Qx C @} Based on the conditions on the
supports of ¢ and ¢y, if & > k and S(N\) # 0, then there exists one and
only one @, such that @y C Q. Suppose that Qy C Qx where k' > k and
B(N\) # 0. Then, by the estimate in Lemma 3.7,

1B(A)| < C27 1K —klegk

which together with the fact that |a(A)| < C(u(Qy))2, implies

Y laIBI(1(@QN)? < C.

QreG2

If @x € @, the size conditions on ) and ¢, imply that |G| <
C(u(Qx))~L. Therefore, by (4.33),

3 JaMIBIR@)F < C.

QACQ

We now return to prove the “only if” part. It suffices to show that if the
para-product operator IT, where b = T(1) is bounded on B, then b satis-
fies the generalized Carleson measure condition (4.33). This is because if T is

bounded on B?’l then 7 (1) = 0. By the result above, T' = T'—1II;, is bounded
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on B?’l, where II;, is the para-product operator with b = T'(1). Let us re-
call that {Sk(x,y)}rez are father functions constructed by Coifman’s idea in
Section 1.3 and {Dy(x,y)}rez are corresponding mother unctions. Let ¢y =
Sk(z,yn), for A € A, Ay = {(k,7,v) : 7 € I;;,;1 < v < N(k,7)}, ¥ (x) =
VO,\Dy(yE x), N € A = {(k,7,v) : k € Z,7 € I;,1 <v < N(k,7)} be the
wavelets given in Theorem 3.25. For each given dyadic cube P, let 100P be
the dyadic cube containing P with 100 times side length as P. We denote ¢,
by the wavelet corresponding to 100P. Then it is not difficult to check that
[T, (27 443, o1 < C and

T (2 ) ||Bm~2|a B (1(Q))

where B(A) = (%245, $2).
One observe that |B(A\)] = \(2%01/))\0,¢>\>| > C2% whenever @, C P, for
some constant C' independent of ky. Therefore we have

7 le)(1(Qr)? < C2” koZm NB(1(Qr))2

QACP

< 2RI 2% 4y, ) gor < C27F0 < Cu(P)

which implies that b = T'(1) satisfies the generalized Carleson measure con-
dition (4.33).

Before finishing this chapter, we give a nice application of the T'1 theorem.
By using the wavelet coeflicients, we have given characterizations of all spaces
which are studied in previous sections. However, by the Littlewood-Paley
theory developed by G. David, J. L. Journé and S. Semmes, the LP;1 <
p < o0, spaces can be characterized in terms of an approximation to the
identity without requiring the condition (3.19), namely the double Lipschitz
condition. One should observe that the condition (3.19) plays a crucial role in
developing the wavelet analysis in Chapter 3. Therefore, a natural question
arises: If one can characterize all spaces studied in previous sections by use
of an approximation to the identity with only conditions (3.14)-(3.18). As
an application of the T'1 theorem, we will give a positive answer about this
question. The results given below demonstrate that the Calderén-Zygmund
operator theory, namely the T'1 theorems, are a powerful tool not only for
the boundedness of operators but also for the study of spaces of functions
and distributions.

Since the Hardy spaces HP are special generalized Sobolev spaces LPO and
the Holder spaces C* are special Besov spaces ngx’, in what follows, we only
give new characterizations of LP* and Bf,’q.

Theorem 4.32. Suppose that {Py}rez is an approzimation to the identity
whose kernels satisfy only conditions (3.14)-(3.18). Let Qi = Py — Pr_1.
Then for f € L*(X) and —0 < s < 0,
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s~ { QDI (434

kEZ

Q=

/1

forma}((1 <p<ooand0<qg< oo,

1 #)
1+0° T+0+s

11500~ |{ S iun?} (1.35)
kez P
forrnax(lw7 1+9+S) <p < o0.
We first prove that if f € L?(X),
{Z@klek(f)Hp)q}q < Cllfllpg (4.36)
kez
for 70<5<0andmax(1+9,1+9+§)<p<ooand0<q<oo
H{ Z(2kS|Qk(f))q} U< Clflgen (4.37)
ke p

for —0 < s < 0 and max (5, 5555) <P, < .
The T'1 theorem does not play any role for these proofs in (4.36) and (4.37).
Suppose that f = > a(A)y(xz) and —0 < s < 6 and max (Tlre’ ﬁ) <
AEA
p < o0 and 0 < ¢ < oo. By Theorem 3.25, we have

Qi()(x) =D a(N)(Qj4n)(x).

AEA

By the almost orthogonal estimate in Lemma 3.7, (jS,\)(m) satisfies the
following estimate
27(k/\j)e

A ~Lko—|j—kle
(@@ < Cr o bt (39)

where A = (k,7,v) and € < 6.
By first observing

N(k,T) p %
<Y Y [ @)} sup |Qu(F)(: >|D
Tel, v=1 zeQk”

and then using the same proof of Theorem 4.1 and the estimate in (4.38), we
obtain
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{Z(zﬂ‘ﬂmzj(fﬂp)q}é
JEZL
{Z(ZN(JZ { @)+ sup Qj<f><z>|r)g}é

JjEZ “Tel; v=1 ZEQ#U

<oy (% [m(cz’:’”))—”%*%oz(Amp)g}é < Clfl g

kEZ NAEAL

where the last inequality follows from the wavelet coefficients characterization
for the Besov spaces in Theorem 4.24. This yields (4.36).
The proof of (4.37) is similar. We first write

> EIRAN@NT =D D 2" |Qw(f) (@) xq, (o).

kez kEZ NEAL

The proof of (4.37) then follows from the estimate in (4.38) and the proof
of Theorem 4.1.

The T'1 theorem will be used in the proofs of the other implications of
(4.36) and (4.37). More precisely, we decompose the identity operator on
L*(X) by I = R+ S, where

N(k,T)

=33 3T w@EQN (@ yE QR () ().

keZ el v=1

Let us denote that \/u(Q¥")QN (2, yF) = 0x(x) and \/ u(QY")Qr(yF ", ) =
9,\({E)
Then S(f) defined above can be rewritten as

S(f)(@) = a(\)ox(x)
A
where a(X) = (f,0)).

We shall show that S~! is bounded in the norm of Bg’p and L® for the
range of s,p,q indicated in Theorem 4.32. Assuming, for the moment, that
this has been done, by the wavelet coefficients characterization of the Besov
spaces in Theorem 4.24 and Theorem 4.1, we have

Byr = C{ Z ( Z [(M(Q,\f))”i*ém()\/)l]p)g};

KEZ N NEA,

1SCHI

1

<c{Temlanr}

keZ
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This, by the assumption that S~' is bounded on Bg’p , implies that

/1

sy = [1S7S()

Bypr < C{ Z<2’“||Qk<f>||p)4}é.

kEZ

Similarly, by the wavelet coefficients characterization of the generalized
Sobolev spaces, Theorem 4.1 and the assumption that S~! is bounded on
L%P, we have

1l = 1878l g < C’H{/\;X/[(M(Q/\’))Sé|0¢(>\/)|XQy(x)]q}; ,,
< CH{}%@’“I%(]‘)I)Q}; ,,

Now all we need to do is to show that S~! is bounded in the norm of Bgm

and L? for the range of o, p, ¢ indicated in Theorem 4.32. B

As in the proof of Lemma 3.23, R = I — S, where R = Ry + Ry and
Ry (z,y), the kernel of Ry satisfies the conditions (3.35)-(3.37), (3.39) and
Ry(1) = Ry (1) = 0, and the kernel of Ry satisfies the conditions (3.70)-
(3.72), (3.74) and Ry (1) = R% (1) = 0. So by the T'1 Theorem 4.24, R is
bounded on spaces B;’p and L3 for the range of s, p, ¢ indicated in Theorem
4.32 with norm less than C2~N% + Cn2779. By choosing N large first and
then j large enough, then S~! is bounded on spaces B;J’ and L;”’ for the
range of «, p, q indicated in Theorem 4.32.

Indeed, the Besov spaces of Bg’p, for 0 < |s] < @ and 1 < p,g < oo and
the generalized Sobolev spaces LsP, for 0 < [s] < eand 1 < p,¢ < 00, can
be characterized by more general operators whose kernels satisfy only half
(depending on the sign of s) of the usual size, smoothness and cancellation
conditions. More precisely, we have

Theorem 4.33. Suppose that {Py}rez is a sequence of operators whose
kernels Py(x,y) satisfying the conditions 3.14, 3.15 and 3.17. Let Q) =
P, — P._1. Then, for f € L?> and 0 < 5 < 6,

Q[

15y~ { 1)} (439)

keZ

for 1 < p,q < oo, and for 1 < p,q < oo,

v |{ Z(fz’“cmnrf}é

kEZ

/1

(4.40)

p
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Indeed, repeating the same proof as in Theorem 4.32 and replacing the
estimate in (4.38) by

~ . ) 9—(kAj)e
. <2 zF (1 A2 U k)e 4.41
where A € Ay, we then obtain
{ @i} <ciflis (4.42)
kez
for0<s<@and 1<p,qg<oo, and
H{ Z<2’“|Qk<f>>Q} <Clfllze (4.43)
kEZ V4

for0<s<fand1<p,qg< 0.
To show the other implications in (4.42) and (4.43), we need the following
two lemmas.

Lemma 4.34. Suppose 0 < s < 0. Then there exists a constant C' > 0 such
that

> Q)| | or iy (4.44)
k—j>N Bg?
for 1 <p,q < oo, and
> Qk(N||  <C2Nfll e (4.45)
k—j>N L=r

for 1 <p,q < oco.

We first prove (4.44). By the definition of B;’p ,

R {; (> DY Q) )}
- {2 (> P3N llDerllp,p||Qk<f)||p)q};
<o (* T @ anienn) | %

Le. k—j>N

since DyQ;(z,y) satisfies the estimate in Lemma 3.6. Therefore,
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> QiQk(f)

k—j>N

55, p
Bq

1

) {Z< 2 (2(”””2(“)820k>52k8||c2k<f>||p>q}q
Le€Z Nk—j>N

< 0{ )3 ( T (260 p 1)2<M>s2<jk>s) g
0€Z Nk—j>N
1

<| T ool )

k—j>N
<27

Bews
where the last inequality follows from the facts that 0 < s < € < 6 and

D (200 A1)2ltmsgU=Rs < 07N, (4.46)
k—j>N

The proof of (4.45) is similar. By the definition of L7,
S Q0 ’ H{ > (2o Z Qs Q) )}
k—j>N j
<|ix 0,2 pecn) } |
p

= k—j>N
<CH{; 2t 8 @AM )"}

since DyQ;(z,y) satisfies the estimate in Lemma 3.6. This yields

Z QJQk

k—j>N

= CH{ ( Z (20=0¢ A 1)2(2—j)52(1—k)52ksM(Qk(f)))q}

(€7 Nk—j>N

a‘,P

1
q

P

l/

< c{ 3 ( T (2670 p 1)2(e—j)s2(j—k>s) :
eZ “k—j>N

X{ Z (20-0¢ A 1)2(z—j)s2(j—k)s(QkSM(Qk(f)))q] }q

k—j>N

< o278 fI;

Lswp-

The last inequality follows from (4.46) and the Fefferman-Stein vector valued
maximal inequality.
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Lemma 4.35. Suppose 0 < s < 0. Then there exist constants C > 0 and
0 > 0 such that

> QiQk(f = C27 ™ fl gov (4.47)
j—k>N
for 1 <p,q < oo, and
> QQk(f <27 fll oun (4.48)

j—k>N

for 1 <p,q < oc.
Wewrite Y Q;Qk(f) = 3 3 Q+1Qk(f) and denote Q] = Q;1£Qy-
j—k>N >N k
We then have

ke

\Qi(%y)\ < 027]{%, (449)

j T, T € —ke
@ @,y) - A )l < C(HE) oty (450)

for p(a,2’) < 35277 + p(x,y)), and

/ Qi (z,y)du(y) = 0. (4.51)

The geometric mean between (4.49) and (4.50) implies that for 0 < € < e,
and some § > 0,

-t <o (L

Q—ksl
27F + p(z, y))t*e

(4.52)

for plz,a') < 35 (27 + p(a.y).
Thus, by the definition of the Besov space and using Calderén’s identity
in Theorem 3.15,

Z Qij

ahG

ey Yl ons)| )

j—k>N By e >N k

(S (Seyrmabon))
ez Nj>N ki

{ <ZZZ2“IIDeQJDDf ,,) }
€7 Ni>NE>L i

HE(Z s anool,) )
(€7 Nj>N k<t i

=I1+1I.
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Note that for k& < ¢,
2—(kAiAZ)e/

R0 4 gz, )+

1DeQLDy(w,y)| < 02790 (20" A 1)(20=R" A1)

where 0 < s < €' < e.

Therefore
0
1T < C{ 3 ( DD N 2famis kO A1) (207 A 1)||Dif)||P) }
€2 Nj>N k<l i
< 02—“{ > (ZZ?ZS 407 A1) @I A D) ||p) }
(€7 Nk<l i
S C2N§{ Z |:Z Z 2(Z7k)s2(k7i)s(2(k7€)6” A 1)(2(i7k)6” A 1):| K
(e “k<t i
1
y {Z ZQ(E—k)s2(k—i)s(Q(k—é)e// A1)(20-RE A 1)(2iS|Dif)p)q:| }
k<€ i
1
. q
< cz-f”{ Z(zwnDif)np)‘l} < 027N f | -
Note that for k > ¢,
2—(/\1'/\5)5’

DQ!D; < 270 (20=R<" A1 :
|DeQLDi(w,y)| < C277%( V@R T ol )T+

where 0 < s < €/ <€ < 0.

Thus
q 1
I < C{ Z ( Z ZZQZSQ_j‘S(Q(i—k)E// A 1)||sz)||p> }q
LEL Nj>N k>0 i
< 02”{ > (ZZ%S (P A D) ) }
LEZ k>0 1
S O2N§{ Z |:ZZ2(£ k)52 k 7 8(2(1 k)e” /\ 1):|
el “k>0 q

1

| X S e a0 Ao}

k>0 i

Q[

e { S ppl} < e isls

i
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These estimates imply (4.50). The proof of (4.51) is similar.
Now we return to the proof of Theorem 4.32.
We decompose the identity operator I by writing I = Ry + T, where

Ry = > Q;Q and Ty = ZQk Qr with QY = > Qp4;. Lemma

li—k|>N lil<N
4.33 and 4.34 imply that
BN (H)ll e < CE@N + 2770 £l g0 (4.53)
for0 <s<eand 1 <p,qg<oo,and
IRN (Nl o < CTN*+27N0)|fll e (4.54)

for0<s<eand 1<p,qg< .

If we choose N large enough, then (Tx)~!, the inverse of Ty, is bounded
on B;’;"p, for 0 < s < eand 1 < p,q < oo, and L*P, for 0 < s < € and
1 < p,qg < oo. Now we have

. {Z(ngHDkTNfIIp)"}q
“{E(larad))

{ (zksz||DkQ§V||p,p||ij||p)q}q
{;(;ﬁs o(i—k)e' /\1)|ij||19> }

1

0{ 2JS||ij|p>q}q.

1T (f)]

Dy, ZQ;‘Vij
J

IN

IN
Q

This yields

1

s < o D1

J

/]

ger < ClTN(f)]

Similarly,

Lsp_H{ZQkS|DkTNf| }q
k P
H{Z (2D > QN Q; f) }
k J

1 Tn(f

p
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<[{ (T ineran) }
R j

p

(T2 s 1>M<ij>|)q}é
)

<C {Z ,
2 P 1 P
<cl{ Terane}’

p

This implies

171

ier S CITN(f)

A DSCRCITY

and the proof of Theorem 4.32 is completed.

P



Chapter 5

Littlewood-Paley Analysis
on Non Homogeneous Spaces

5.1 Introduction

It is well know that the doubling property of the underlying measure is a basic
hypothesis in the classical Calderén-Zygmund theory. A measure p on R” is
said to be doubling if there exists some constant C' such that p(B(z,2r)) <
cp(B(x,r)) for all x € supp(p),r > 0, where B(z,r) = {y e R" : |y — z| <
r}. Recently it has been shown that many results of the classical Calderén-
Zygmund theory also hold without assuming the doubling property. See [GM],
[MMNO], [NTV1], [NTV2], [NTV3], [T1], [T2] and [T3] for more material.

Suppose that p is a Radon measure on R™, which may be non-doubling
and only satisfies the growth condition, namely there is a constant C' > 0
such that for all = € supp(u) and r > 0,

w(B(z,7)) < Cor? (5.1)

where 0 < d < n.

One motivation for studying non doubling measures is the problem of
analytic capacity which has a long history. More than a century ago Painlevé
became interested in the problem of removable sets for bounded analytic
functions. Let us consider a compact set E such that Q = C\ E is connected.
Then E is a removable set for bounded analytic functions if any function
f which is analytic and bounded in C\ E is a constant. In 1888 Painlevé
proved that any compact set with zero one-dimensional Hausdorfl measure
is removable. In 1947 L. V. Ahlfors rephrased Painlevé’s problem in terms of
analytic capacity ([A]). The analytic capacity v(E) of F is

A(E) = sup { lim |2(2)] - f € A(B)}

with A(E) = {f : fanalytic on Q, [/ f(2)|/z~@) < 1, lim f(z) = 0}. Then
zZ— 00

Ahlfors proved that E is removable for bounded analytic functions if and

only if v(E) = 0.

D. Deng and Y. Han, Harmonic Analysis on Spaces of Homogeneous Type, Lecture
Notes in Mathematics 1966, 137
(© Springer-Verlag Berlin Heidelberg 2009
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If the Hausdorff dimension of E is larger than 1, then the analytic capacity
of FE is positive. Thus Painlevé’s problem is easy except for sets with Hausdorff
dimension dim(F) = 1 and Hausdorff measure A1(E) > 0. For a subset F
of a line, A. Denjoy proved that if A1(E) > 0 then v(E) > 0. Today we
know that v(E) = iAl(E) if £ C R. The well-known Denjoy conjecture says
that A1(E) > 0 = y(E) > 0 whenever E is a subset of a rectifiable curve.
The Denjoy conjecture was solved in 1977 by using the L? boundedness of
the Cauchy integral on a Lipschitz curve with small Lipschitz constant, due
to A. P. Calderén ([C2]). This was the first time that harmonic analysis
entered the Painlevé problem. In 1967 Vitushkin conjectured that v(E) =0
if and only if F has zero Favard length, that is, the projection of E onto
a line of almost every slope has zero length ([V]). However the Vitushkin
conjecture on Favard length is false in general. P. W. Jones and T. Murai
([JM]) constructed a set FE with zero Favard length but v(E) > 0. Mattila,
Melnikov and Verdera ([MMYV]) in 1996 proved Vitushkin’s Favard length
conjecture in the case where E satisfies Ahlfors regularity

C™l'r < A(ENB(x,r)) < Cr

for all z € F and all r < diam(FE).
The one of main ideas in [MMV] is to use the Menger curvature and the

formula /‘/iﬂ_(? ‘du(Z) = 02((3#) + O(/d'u>

which is valid if p satisfies the growth condition (5.1). This intriguing formula
needs to be explained. See [MMV] for more details.

G. David proved Vitushkin’s Favard length conjecture when E is not
Ahlfors regular but A;(E) < oo. This is remarkable because the Ahlfors
regularity of E implies that the measure p(A) = A (AN E) is doubling ([D]).
We remark that the doubling condition is necessary for the covering lemmas
at the root of Calderén-Zygmund theory. A little later F. L. Nazarov, S. Treil
and A. L. Volberg provided the T'(b) theorem on non homogeneous spaces
which proves a conjecture of Vitushkin ([NTV3]).

Recently X. Tolsa gave a complete answer to the Painlevé problem ([T4]):
A compact set £ C C is non-removable for bounded analytic functions if and
only if it supports a positive Radon measure p with the growth condition
(5.1) and finite curvature (the definition of the curvature of F with respect
to 1 will not be detailed here).

The purpose of this chapter is to give an outline of the Littlewood-Paley
theory and functional spaces on non homogeneous spaces. Here (R™, u) is
called a non homogeneous space if the Radon measure u defined on R” sat-
isfies the condition (5.1).

X. Tolsa in [T2] developed the Littlewood-Paley theory and used this the-
ory to give another proof of the 7T'1 theorem on non homogeneous spaces. We
now describe Tolsa’s results in the next section.
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5.2 Littlewood-Paley Theory on Non Homogeneous
Spaces

We will first describe Tolsa’s construction that will derive the Littlewood-
Paley theory on L?(u) for a measure yu satisfying (5.1) and non-doubling in
general.

As in the case of spaces of homogeneous type, the key point is to construct
a sequence of integral operators {Si }rez given by kernels Si(z, y) defined on
R™ x R™. This sequence of operators will yield some kind of approximation
to the identity, namely Sy — I as k — oo and S, — 0 as k — —oo strongly
in L?(;1). The kernels Sy, (z,y) should satisfy some appropriate size and reg-

ularity conditions and
JEO

/Sk(x,y)du(x) =1

for all x € R™,

for all y € R™.
For each k we set Dy = Si41 — Sk, and then, as in the case of spaces of
homogeneous type, at least formally,

I:ZDk.

keZ

Using Coifman’s idea on the decomposition of the identity operator, we
rewrite the above series as

1= (X2 (Xn)

keZ JEZ
= Z ZDk+ij+ Z ZDk+ij =TNx + Ryn.
|k|<N j€Z |k|>N jEZ

Repeating the same proof as in the case of spaces of homogeneous type,
one can prove the Littlewood -Paley estimate on L2(1),

CHIfllz2 <Z|\Dk Mizgy < CllfllLag (5:2)

for all f e L?(p).
Indeed, To prove the right inequality in (5.2) it suffices to show that the op-
erator Z D; Dy, is bounded on L?(p), since Y. || Dy (f )||L2(/L (O-DiDy(f), )
k

and then Cotlar-Stein’s lemma can be apphed
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To obtain the left inequality in (5.2), under the appropriate conditions on
Dy, we will see that ||Ry|l2,2 < 1 for N big enough. This implies that Ty is
an invertible operator on L?(y), and hence || f||z2¢.) < C|Tn(f)||£2(u)- This
together with the right inequality in (5.2) implies the left inequality in (5.2).
The LP,1 < p < oo, estimates then follows from the theory of Calderén-
Zygmund operators on non homogeneous spaces.

One of the difficulties for implementing the arguments above when p is a
non-doubling measure arises from the non trivial construction of the kernels
Sk(x,y) satisfying the required properties. When p is a non-doubling measure
the difficult step consists of obtaining functions Tk (z,y) such that

/Tk(%y)du(y) ~ 1

for each = € supp(u),

/Tk(x,y)d,u(x) ~1

for each y € supp(u).

As soon as the above functions Ty (z,y) are constructed, then one can
apply Coifman’s idea to set S, = M} T}, W, T;7 M;,, with the same notation as
in Chapter 2. Since Ty (x,y) # Ti(y,x) in general, so T, # T*. To describe
Tolsa’s construction, for reader’s convenience, we recall some basic notation
and definitions, see [T2] and [T3] for more details.

Throughout this section, we denote by @ a closed cube with sides parallel
to the axes, and by ¢@ the cube concentric with ) whose side length is ¢
times the side length of Q.

We will assume that the constant Cy in (5.1) has been chosen large enough
so that for all cubes Q@ C R™ we have u(Q) < Col(Q)4, where 0 < d < n and
£(Q) is the side length of Q.

Definition 5.1. Given o > 1 and 3 > a¢, we say that the cube Q C R is
(cv, B)-doubling if 1(Q) < Bu(Q).

Based on the growth condition (5.1), there are a lot of ”big” and ”small”
doubling cubes. Given cubes @, R C R", we denote by zg the center of @,
and by Qpr the smallest cube concentric with @ containing () and R.

Definition 5.2. Given two cubes @, R C R", we set

1 1
5(Q, R) = max .4 4 .
(Q, R) =ma (/QR\Q |z — 2q|? M(x),/RQ\R |z — 2p| Mm))

Notice that ¢(Qr) ~ {(Rq) = ¢(Q) + ¢(R) + dist(Q, R), and if Q C R,
then Rg = R and ¢(R) < {(Qr) < 2¢(R). We may treat points x € supp(u)
as if they were cubes(with ¢(x) = 0). So for z,y € supp(x) and some cube @,
the notation d(z, @) and §(z,y) make sense.
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We now recall the definition of cubes of different generations. See again
[T2] and [T3] for more details.

Definition 5.3. We say that « € supp(u) is a stopping point(or stopping
cube) if §(z, Q) < oo for some cube z € @ with 0 < £(Q) < co. We say that
R™ is an initial cube if §(Q,R™) < oo for some cube @ with 0 < 4(Q) < occ.
The cubes @ such that 0 < (Q) < oo are called transit cubes.

It is easily seen that if §(z, Q) < oo for some transit cube () containing
x, the §(z,Q’") < oo for any other transit cube @’ containing z. Also, if
5(Q, R"™) < oo for some transit cube @, then §(Q',R™) < oo for any transit
cube Q’.

Definition 5.4. Assume that R is not an initial cube. We fix some doubling
cube Ry. If ) is a transit cube, we say that @ is a cube of generation k > 1
if

5(Q,Rn) = kA + €1.

If Q = x is a stopping cube, we say that @) is a cube of generation k& > 1 if
5($,Rn) =kA+ €1.

Moreover, for all £ < 1 we say that R™ is a cube of generation k.

In what follows, for any x € supp(u), we denote by Q) some fixed dou-
bling cube centered at x of the kth generation. supp(u) supp(u)

X. Tolsa in [T2] constructed functions Ty (x,y) such that + < [ Ty (x,y)du
(y). [ Ti(x,y)du(z) < 3. This enable him to define the operators Sy, by Sy =
M Ty, Wi Ty M), where, as in the case of spaces of homogeneous type, My, is the
operator of multiplication by my(z) = (Tj(1)(x))~! and W} is the operator
of multiplication by wy(z) = (T} (my)(x)) ™. The following result gives an
approximation to the identity on non homogeneous space.

Lemma 5.5. There exists a sequence of operators {Sk}trez such that, for
each k € Z, Sy (z,y), the kernel of Sy satisfies the following properties:

Sk(z,y) = Sk(y, 2); (5.3)
Jon Sk(@,y)duly) =1, fora € supp(p); (5.4)

If Q4.1 15 a transit cube, then
supp(Sk (2, ) C Qa k13 (5.5)
If Qu.ic and Qy i are transit cubes, then

C .
(UQzk) +(Qyk) + |2 —yD?’

If Qu ks Qur ks Qu i are transit cubes, and x,x’ € Qg 1 for some xy € supp(u),
then
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|l — 2| 1

U(Quo k) (U(Qu k) + UQy k) + |2 —yl)

If Qo ks Qur 1y Qy ks Qyr 1 are transit cubes, ©, 2" € Qqyx and y,y" € Qqy i for
some g, yo € supp(u), then

HSk(xay) - Sk(x/’y)] - [Sk(.’lﬁ,y/) - Sk(x/7yl)” (58)
col=2l ly-y 1 .
T UQuo k) UQyo k) (UQu k) + UQy k) + |7 — y|)?

See [T2] for the proof of (5.3)-(5.7) and [DHY] for the proof of (5.8).
For each k € Z, we set Dy, = Sy, — Sp—1,Er = Y Diy;D; and, for each
jez
N > 1,oy = > Ej. The following lemma gives the desired estimates
[kI<N
which will be used to prove the Littlewood-Paley estimate on L?(R", ).

Sk (2,y) = Sk’ y)| < C 2 (5.7)

Lemma 5.6. We have
(a) |DjDyll2.2 < C2715=kI for all j,k € Z and some n > 0;

(b) = Dy, = I, with strong convergence in L?>(R™, j1);
k€L

(c) The series > Dy4;D; = E) converges strongly in L*(R™, ) and
JEZ
1 Bkl2,2 < Clk[271*7

for all k € Z;
(d) ®x — I as N — oo in the operator norm in L*(R™, ).

By these estimates and an application of the Cotlar-Stein Lemma, namely
Lemma 1.13, we get

Theorem 5.7. If f € L*(R™, u), then there exists a constant C' such that

CUIF 20y < S IDR()22(,) < CllFI220-
k

From this theorem we derive the following corollary.

Corollary 5.8. Let 1 < p < oo. If f € LP(R™, i), then there is a constant C
such that

< Ol fllze(u)- (5.9)
Lr ()

Ml < (S IDLDIE)’
k

The right inequality in (5.9) follows from the theory of vector valued
Calderon-Zygmund operators. This theory has been extended by Garcia-
Cuerva and Martell [GM] to the case of non homogeneous spaces. The left
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inequality then follows from the right one by an argument similar to the one
used for p = 2.

Using the Littlewood-Paley estimates, we will describe the proof of the T'1
theorem on non homogeneous spaces in the next section.

5.3 The T'1 Theorem on Non Homogeneous Spaces

In order to state the T'1 theorem, we need to introduce some notation and
definitions.

Definition 5.9. A kernel K(z,y) : R” x R"\{(z,y) : « = y} — R is called a
(d-dimensional) Calderén-Zygmund(CZ) kernel if

(1) [K(z,y)| < Clz —y|™? ifz#y;
(2) there exists 0 < § <1 such that
|l — x’\‘s
K (z,y) — K2, )| + |K(y, ) — K(y,2)| < CW
if o —2'| < %|$7y|

We say that T is a Calderén-Zygmund singular integral associated with
the kernel K (x,y) if for any compactly supported function f € L*(R"™, )

T(f)(x) = / K () f (9)du(y) (5.10)

if 2 ¢ supp(f).

One should observe that the integral in (5.10) may be non convergent for
x € supp(f), even for very nice functions. For this reason it is convenient to
introduce the truncated operators T.,e > 0 :

T.(f)(x) = / K (,9) £ (0)duly).

|lz—y|>€

It is now easy to see that this integral is absolutely convergent for any f €
L?(R", ) and = € R™.

We say that T is bounded on L?(R", 1) if the truncated operators T, are
bounded on L*(R™, 11) uniformly on € > 0.

Given a fixed constant £ > 1, we say that f € L}, (R™, u) belongs to the
space BMO,(R", i) if for some constant C'

1
s /Q f —mo(f)ldu < C
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where the supremum is taken over all cubes @ and mg(f) stands for the
mean of f over () with respect to p, that is, mq(f) = ﬁ@) | fdp.
Q

As in the case of spaces of homogeneous type, we need weak boundedness
property. This is the following definition.

Definition 5.10. We say that T' is weakly bounded if

(Texq: x@)| < Cu(Q) (5.11)

for any cube @, uniformly on € > 0.

Let us notice that this definition differs slightly from the usual definition
of weak boundedness in spaces of homogeneous type. But, however, if T
is bounded on L?*(R™, u), then T is weakly bounded. See [NTV2] for more
details.

Now we are in the position to state the T'1 theorem.

Theorem 5.11. If T is a Calderdn-Zygmund singular integral operator which
is weak bounded and T¢(1),TF(1) € BMO,(R"™, ) uniformly on € > 0 for
some k > 1, then T extends to a bounded operator on L*(R™, p).

We remark that in the theorem, T stands for the adjoint of T, with
respect to the duality (f,g) = [ fgdu. Moreover, T, and T can be extended
to L (R"™, 1) in the usual way. Notice also that the kernel of the truncated
operators T, do not satisfy the smoothness conditions in the definition of
Calderén-Zygmund singular integral operator. For this reason one needs to
introduce the regularized operators T.. To do this, let ¢ be a radial C'*®
function with 0 < ¢ < 1, vanishing on B(0, %) and identically equal to 1 on
R™\B(0,1). For each ¢ > 0, we consider the integral operator T. with the
kernel ¢(*=%)K (x,y). It is not difficult to check that

|Te(f) - Te(f” < M“(f)

where M), is the centered maximal Hardy-Littlewood operator with respect
to measure du. So T, is bounded on L?(R™, 1) uniformly on ¢ > 0 if and
only if the same holds for T.. The kernel of T, is L> bounded and it is a
CZ kernel with the constant uniformly on € > 0. One can also check that if
T.(1),TX(1) € BMO(R"™, 1) uniformly on e > 0 for some x > 1, then these
still hold for i. The T'1 theorem on non homogeneous spaces is proved first
for the case where T'(1) = T%(1) = 0, and then the general case follows from
using the para-product operators on non homogeneous spaces, as in the case
of standard R". See [T2] for more details.

We remark that the crucial ingredient used in [T2] is again the following
identity:

I=Ty'Ty =Y Ty'DYDy =TyTy' =Y Dy DTy
keZ keZ
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This identity is not a wavelet expanson, but, however, it is a start point to
study the new functional spaces, which we describe now in the next section.

5.4 The Besov Space on Non Homogeneous Spaces

The purpose of this section is to study the Besov space on non homogeneous
spaces. It is well known that the wavelet expansions(Calderén’s identity) in
Theorem 3.15 and Theorem 3.25 are crucial tools to study the Besov space
on spaces of homogeneous type. Now the difficulty is that there are no such
expansions. To be more precise, based on Tolsa’s construction given in Lemma
5.5, we introduce the following definition of an approximation to the identity
on non homogeneous spaces .

Definition 5.12. A sequence of operators {Sj }rez) is said to be an approx-
imation to the identity on (R™, u) if {Sk(x,y)}rez), the kernels of {Sk}rez),
satisfy the conditions (5.3)-(5.8).

Following [T2], we can write
I'=Tn+ Ry

where TN = Z Dij and RN = Z Dij
|k—j|<N |k—j|>N
In [T2], as we describe in the previous section, X. Tolsa proved that Tlgl
exists and bounded on L?(R™, i). This immediately implies

1= DyDyTy' (5.12)
keZ

where DY = > Dy, and the series converges in L*(R", ).
lil<N
The key observation to study the Besov space on non homogeneous spaces
is the following result ([DHY]).

Theorem 5.13. Let {Si}rez, {Pr}rez and {Ar}rez be approximations to
the identity as defined in Definition 5.12. Set Ey, = Py—Pr_1,Gr, = Ap—Ap_1
and Ry is defined by Dy, as above. Then there exist constants C and v,0 <
v< % such that, for all 1 < p,q < oo, |s| < 2v6, and for each f € L*(R™, p),

{ZstanjRNfH%p(m} (5.13)
JEZ
1

§0(2—N(s+2u9)_’_2— (2v0—s) {Z2ksq|ka”LP(H)}

kEZ
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Moreover if N is chosen such that C(2~N(s+2v0) 4 o=N@vi=s)) < | then,
for each f € L?(R™, ),

1

{szqujTleHqu(m} <C{szsq”ka||%p(H)}, (5.14)

JEZ keZ

As a consequence of the above theorem, we have

Proposition 5.14 Let {Sk}rez and { Py }rez be approximations to the iden-
tity as defined in Definition 5.12. Set Dy, = Sy — Sp—1 and Ey = Py, — Pi_1.
Then, for all 1 < p,q < o0, |s| < 0, and for each f € L?(R", p),

: :
{2t} ~ { T B, 61)

kEZ keZ

Q

The above proposition follows immediately from (5.12) and Theorem 5.13.
Indeed, for each f € L?(R", i), by (5.12)

1
{stqnpkﬂ%p(m} g{ZstqZ||EjD,§VDkTJ;1f||Lp(M)]q} .

JEZ JEZ keZ

By the estimate |[E; D} [|2.0 < C272017=F and applying Hélder inequality,
we have

1
{ZstqllefII%p(ﬂ)} SC{ZT“"IIDkTFfII%p(m} -

jez keZ

Finally, the desired result follows from Theorem 5.13.
Proposition 5.14 leads to introduce the following subspaces of L?(R™, y).

Definition 5.15. Let { Sk }xez be an approximation to the identity as defined
in Definition 5.12. Set Dy = Sy — Sx_1 for k € Z. Let 0 be the regularity
of the approximation to the identity {Si}x. For |s| < 6,1 < p,q < oo, and
f € L2R", i), we define

15370 = { 21D |

kEZ

Q=

and define a subspace of L?(R"™, i) by
Boa) = {1 € 2R, )« | fll gy < 0}

Proposition 5.14 means that the definition of B';’q(,u) is independent of the
choice of the approximations to the identity. The following theorem is one



5.4 The Besov Space on Non Homogeneous Spaces 147

of main results for the study of the Besov space on non homogeneous spaces
([DHY]).

Theorem 5.16. Let 6 and Dy, be the same as in Definition 5.15. If 1 < p,q <
oo and for all f € By (),

f=Y_D¥DTY(f) = > Ty' DY Di(f) (5.16)

kEZ kEZ

holds in the norm of || - |
00

B2y Moreover, forallg € B;’q(u) with1 <p,q <

)

<fag> = Z<DkDI]cVT];1(f)ag> = Z<T];1DkDIJcV(f)7g> (517)

kEeZ kEZ

holds for f € (B;’q(u))/, the dual of B;’q(,u)7 with 1 < p,q < oo.

We remark that the condition (5.8) is crucial in the proof in (5.17). This
theorem is not saying that we have the wavelet expansions on non homoge-
neous spaces in the usual way, because the present of the operator T’y L But,
however, the expansions in Theorem 5.16 can be considered as a generalized
wavelet expansion since, by Theorem 5.13, T is bounded on Bf,’q(u) and
hence the expansions in (5.16) provide a kind of wavelet expansion on non
homogeneous spaces.

Now we are ready to introduce the Besov space on non homogeneous
spaces.

Definition 5.17. Let 6 and D), be the same as in Definition 5.15. Let |s| <
0,1 < p,q < oo, and p’,¢ be the conjugate index of p, q, respectively. We
define

B3U(u) = {f € (B, (1) | fll s (1) < 00}

We can use the expansions in (5.16) to show that this definition does not
depend on the choice of the approximations to the identity. Furthermore, we
also can study the properties of the Besov space B;’q(u), such that the dual
space and the boundedness of operators on such a space, which include the
Riesz operators defined via the approximation to the identity. See [DHY] for
more details.

We remark that even if we obtain a kind of expansions as given in Theorem
5.16, we do not know if there is a discrete version of the wavelet expansions
as given in Theorem 3.25 on spaces of homogeneous type.
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