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TABLE 3 Areas under the Normal Curve, pages 720-721

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

-34 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0002
-33 0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003
=32 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0006 0.0005 0.0005 0.0005
=31 0.0010 0.0009 0.0009 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007
-3.0 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011 0.0010 0.0010

-29 0.0019 0.0018 0.0017 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014
-2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019
=27 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026
-2.6 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036
=2:5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048

-2.4 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
=23 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
=22 0.0139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 0.0116 0.0113 0.0110
-2.1 0.0179 0.0174 0.0170 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143
-2.0 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183

=19 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233
-1.8 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294
=¥ 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367
-1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
=15 0.0668 0.0655 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559

-1.4 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0722 0.0708 0.0694 0.0681
=13 0.0968 0.0951 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823
o 0.1151 0.1131 0.1112 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003 0.0985
=14 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.1230 0.1210 0.1190 0.1170
-1.0 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379

-0.9 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.1611
-0.8 0.2119 0.2090 0.2061 0.2033 0.2005 0.1977 0.1949 0.1922 0.1894 0.1867
-0.7 0.2420 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148
-0.6 0.2743 0.2709 0.2676 0.2643 0.2611 0.2578 0.2546 0.2514 0.2483 0.2451
-0.5 0.3085 0.3050 0.3015 0.2981 0.2946 0.2912 0.2877 0.2843 0.2810 0.2776

-0.4 0.3446 0.3409 0.3372 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 0.3121
-0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.3483
-0.2 0.4207 0.4168 0.4129 0.4090 0.4052 0.4013 0.3974 0.3936 0.3897 0.3859
-0.1 0.4602 0.4562 0.4522 0.4483 0.4443 0.4404 0.4364 0.4325 0.4286 0.4247
-0.0 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 0.4761 0.4721 0.4681 0.4641
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TABLE 3 (continued)

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
12 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 09177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

15 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
17 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

20 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
22 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
24 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
26 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
28 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
29 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3:2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
33 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
34 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998
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Preface

Every time you pick up a newspaper or a magazine, when you watch TV, or surf the
Internet, you encounter statistics. Every time you fill out a questionnaire, register at an
online website, or pass your grocery rewards card through an electronic scanner, your
personal information becomes part of a database containing your personal statistical
information. You cannot avoid the fact that in this information age, data collection and
analysis are an integral part of our day-to-day activities. In order to be an educated con-
sumer and citizen, you need to understand how statistics are used and misused in our
daily lives. To that end we need to “train your brain” for statistical thinking—a theme
we emphasize throughout the Third Canadian Edition.

THE SECRET TO OUR SUCCESS

The first course in introductory statistics that we ever took used Introduction to
Probability and Statistics by William Mendenhall. Since that time, this text—now in a
Third Canadian Edition—has helped several generations of students understand what
statistics is all about and how it can be used as a tool in their particular area of appli-
cation. The secret to the success of Introduction to Probability and Statistics is in its
ability to blend the old with the new. With each revision we try to build on the strong
points of previous editions, while always looking for new ways to motivate, encourage,
and interest students using new technological tools.

HALLMARK FEATURES OF THE THIRD
CANADIAN EDITION

The Third Canadian Edition retains the traditional outline for the coverage of descrip-
tive and inferential statistics. This revision maintains the straightforward presentation
of the previous edition. In this spirit, the Third Canadian Edition continues to simplify
and clarify the language and to make the language and style more readable and “user
friendly”—without sacrificing the statistical integrity of the presentation. Great effort
has been taken to “train your brain” to explain not only how to apply statistical proce-
dures, but also to explain:

* how to meaningfully describe real sets of data

* what the results of statistical tests mean in terms of their practical applications
* how to evaluate the validity of the assumptions behind statistical tests

* what to do when statistical assumptions have been violated
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Exercises

In the tradition of the previous Canadian edition, the variety and number of real
applications in the exercise sets is a major strength of this edition. Within the Third
Canadian Edition are “big picture” projects, or mini cases, added throughout the text.

PROJECTS @ Project 9-A: Proportion of “Cured” Cancer
Patients: How Does Canada Compare with

Europe?

[Sources: http://www.astrazeneca.ca/en/news/release.asp?id=2002050601; http://

www.medscape.com/viewarticle/590475; special April issue of the European

Journal of Cancer, April 2009 issue.]

Lung cancer remains the leading cause of cancer death for both Canadian men and
women, responsible for the most potential years of life lost to cancer. Lung cancer alone
accounts for 28% of all cancer deaths in Canada (32% in Quebec). Most forms of
lung cancer start insidiously and produce no apparent symptoms until they are too
far advanced. Consequently, the chances of being cured of lung cancer are not very
promising, with the five-year survival rate being less than 15%. The overall data
for Europe show that the number of patients who are considered “cured” is rising
steadily. For lung cancer, this proportion rose from 6% to 8%. However, there was a
wide variation in the proportion of patients cured in individual European countries.
For instance, the study shows that for lung cancer, less than 5% of patients were cured
in Denmark, the Czech Republic, and Poland, whereas more than 10% of patients

These provide an opportunity for students to build on knowledge gained from previous
chapters and apply it to big picture projects. Rather than working with problems based only
on the individual sections, students will be using almost all of the concepts, definitions,
and techniques given in that chapter, thus bolstering students’ success rate. We have also
added more examples and exercises to selected chapters and a number of new and updated
real data sets from applications in many interesting fields. The Third Canadian Edition
contains over 1300 problems, with almost 200 that are Canadian. Exercises are graduated
in level of difficulty; some, involving only basic techniques, can be solved by almost all
students, while others, involving practical applications and interpretation of results, will
challenge students to use more sophisticated statistical reasoning and understanding.

Organization and Coverage

Chapters 1 to 3 present descriptive data analysis for both one and two variables, using
both MINITAB and Microsoft Excel. We believe that Chapters 1 through 10—with the
possible exception of Chapter 3—should be covered in the order presented. The re-
maining chapters can be covered in any order. The analysis of variance chapter pre-
cedes the regression chapter, so that the instructor can present the analysis of variance
as part of a regression analysis. Thus, the most effective presentation would order these
three chapters as well.

Chapter 4 includes a full presentation of probability and probability distributions.
Three optional sections—Counting Rules, the Total Law of Probability, and Bayes’
Rule—are placed into the general flow of text, and instructors will have the option of
complete or partial coverage. The sections that present event relations, independence,
conditional probability, and the Multiplication Rule have been rewritten in an attempt
to clarify concepts that often are difficult for students to grasp. Responding to the
needs of Canadian students, we have added a new section, Exponential Distribution, to
Chapter 6. The memoryless property of the exponential distribution is also discussed.
Further, some discussions on Bayesian and Frequentist perspectives in statistics are
included in the current edition.
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The section on Bayes’ rule has been expanded by adding new examples based on
new real Canadian data sets. The chapters on analysis of variance and linear regression
include both calculational formulas and computer printouts in the basic text presentation.
These chapters can be used with equal ease by instructors who wish to use the “hands-on”
computational approach to linear regression and ANOVA and by those who choose to
focus on the interpretation of computer-generated statistical printouts.

With the advent of computer-generated p-values, the emphasis on p-values and their
use in judging statistical significance have become essential components in reporting
the results of a statistical analysis. As such, the observed value of the test statistic and
its p-value are presented together at the outset of our discussion of statistical hypothesis
testing as equivalent tools for decision making. Statistical significance is defined in
terms of preassigned values of «, and the p-value approach is presented as an alternative
to the critical value approach for testing a statistical hypothesis. Examples are presented
using both the p-value and critical value approaches to hypothesis testing. Discussion of
the practical interpretation of statistical results, along with the difference between sta-
tistical significance and practical significance, is emphasized in the practical examples
in the text.

Finally, the third Canadian edition has attempted to address inconsistencies in the use
of notation for random variables. In this edition, “X” is employed to denote a random
variable and “x” or “A” to denote an observed value. The classical approach is retained
for the notation of regression.

Special Features of the Third Canadian Edition

e NEED TO KNOW...: A special feature of this edition are highlighted sections
called “NEED TO KNOW...” and identified by this icon: éuszom know These
sections provide information consisting of definitions, procedures or step-by-step
hints on problem solving for specific questions such as “NEED TO KNOW...
How to Construct a Relative Frequency Histogram” or “NEED TO KNOW...
How to Decide Which Test to Use”

¢ Applets: Easy access to the Internet has made it possible for students to visualize
statistical concepts using an interactive webtool called an applet. Applets written
by Gary McClelland, author of Seeing Statistics™, are found on the website for
the third Canadian edition (www.probandstats3e.nelson.com). Following each
applet, appropriate exercises are available that provide visual reinforcement of
the concepts presented in the text. Applets allow the user to perform a statistical
experiment, to interact with a statistical graph, to change its form, or to access an
interactive “statistical table.”

The Role of Computers in the Third Canadian

Edition—TECHNOLOGY TODAY

Computers are now a common tool for college students in all disciplines. Most students
are accomplished users of word processors, spreadsheets, and databases, and they have
no trouble navigating through software packages in the Windows environment. We be-
lieve, however, that advances in computer technology should not turn statistical analyses
into a “black box.” Rather, we choose to use the computational shortcuts and interactive
visual tools that modern technology provides to give us more time to emphasize statisti-
cal reasoning as well as the understanding and interpretation of statistical results.

In this edition, students will be able to use computers for both standard statisti-
cal analyses and as a tool for reinforcing and visualizing statistical concepts. Both

NEL

Copyright 2013 Cengage Leaming. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning rescrves the right to remove additional content at any time if subsequent rights restrictions require it.



XXii O PREFACE

Microsoft Excel and MINITAB 16 (consistent with earlier versions of MINITAB) are used
exclusively as the computer packages for statistical analysis. However, we have chosen
to isolate the instructions for generating computer output into individual sections called
Technology Today at the end of each chapter. Each discussion uses numerical exam-
ples to guide the student through the Microsoft Excel commands and options necessary
for the procedures presented in that chapter, and then present the equivalent steps and
commands needed to produce the same or similar results using MIN/TAB. We have in-
cluded screen captures from both Microsoft Excel and MINITAB 16, so that the student
can actually work through these sections as “mini-labs.”

If you do not need “hands-on” knowledge of MINITAB or Microsoft Excel, or if you
are using another software package, you may choose to skip these sections and simply
use the printouts as guides for the basic understanding of computer printouts.

CHNOLOGY TODAY
Numerical Descriptive Measures in Microsoft Excel

Excel provides most of the basic descriptive statistics presented in Chapter 2 using a
single command on the Data tab. Other descriptive statistics can be calculated using
the Function command on the Formulas tab.

The following data are the front and rear leg rooms (in centimetres) for nine different
sports utility vehicles:'®

Make & Model FrontLeg Room  Rear Leg Room
Acura MDX 104.1 724
Buick Enclave 1054 762
Chevy TrailBlazer 101.6 648
Chevy Tahoe Hybrid V8 CVT 104.1 69.9
GMC Terrain 1L 4-cyl 1092 787
Honda CR-V 1041 749
Hyundai Tucson 108.0 749
Kia Sportage 101.6 737
Lexus GX 106.7 76.2

Numerical Descriptive Measures in MINITAB

MINITAB provides most of the basic descriptive statistics presented in Chapter 2 using
a single command in the drop-down menus.

EXAMPLE @ The following data are the front and rear leg rooms (in centimetres) for nine different
sports utility vehicles:'?

Make & Model Front Leg Room Rear Leg Room
Acura MDX 104.1 724
Buick Enclave 1054 76.2
Chevy TrailBlazer 101.6 64.8
Chevy Tahoe Hybrid V8 CVT 1041 699
GMC Terrain 1L 4-cyl 109.2 787
Honda CR-V 104.1 749
Hyundai Tucson 1080 748
Kia Sportage 1016 737
Lexus GX 1067 762

Any student who has Internet access can use the applets found on the website for
the third Canadian edition (www.probandstats3e.nelson.com) to visualize a variety of
statistical concepts. In addition, some of the applets can be used instead of computer
software to perform simple statistical analyses. Exercises written specifically for use
with these applets also appear on the text website. Students can use the applets at home
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orin a computer lab. They can use them as they read through the text material, once they
have finished reading the entire chapter, or as a tool for exam review. Instructors can
use the applets as a tool in a lab setting, or use them for visual demonstrations during
lectures. We believe that these applets will be a powerful tool that will increase student
enthusiasm for, and understanding of, statistical concepts and procedures.

STUDY AIDS

The many and varied exercises in the text provide the best learning tool for students
embarking on a first course in statistics. The answers to all odd-numbered exercises are
given in the back of the text, and a detailed solution appears in the Student Solutions
Manual, which is available as a supplement for students. Each application exercise has
a title, making it easier for students and instructors to immediately identify both the
context of the problem and the area of application.

@ EXERCISES

BASIC TECHNIQUES APPLICATIONS
3.1 Gender Differences Male and female respon- 3.4 M&Ms The colour distributions for two snack-
dents to a questionnaire about gender differences size bags of M&M® candies, one plain and one peanut,
are categorized into three groups according to their are displayed in the table. Choose an appropriate
answers on the first question: graphical method and compare the distributions.
Group 1 Group 2 Group 3 Brown Yelow Red Orange Green Blue

Men 37 438 2 .

Plain 15 14 12 4 5 6
Women 7 50 3 Peanut 6 2 2 3 3 5

a. Create side-by-side pie charts to describe these data.

b. Create a side-by-side bar chart to describe these data. © 3.5 How Much Free Time? When you were

EX0305  growing up, did you feel that you did not have

¢. Draw a stacked bar chart to describe these data. enough free time? Parents and children have differing

d. Which of the three charts best depicts the difference opinions on this subject. A research group surveyed
or similarity of the responses of men and women? 198 parents and 200 children and recorded their

3.2 Province by Province A group of items are responses to the question, “How much free time does

categorized according to a certain attribute—X, Y, your child have?” or “How much free time do you

Z—and according to the province in which they are have?” The responses are shown in the table below:"

Students should be encouraged to use the “NEED TO KNOW...” sections as they
occur in the text. The placement of these sections is intended to answer questions
as they would normally arise in discussions. In addition, there are numerous hints
called “NEED A TIP?” that appear in the margins of the text. The tips are short and

concise.
@ NEEDATIP? Sometimes the two variables, x and y, are related in a particular way. It may be that
X “explains” yor y the value of y depends on the value of x; that is, the value of x in some way explains
“depends on” x. the value of y. For example, the cost of a home (y) may depend on its amount of floor
xis the explanatory or space (x); a student’s grade point average (x) may explain her score on an achievement
independent variable. test (y). In these situations, we call y the dependent variable, while x is called the
yis the response or independent variable.
RO PN VN e If one of the two variables can be classified as the dependent variable y and the other
as x, and if the data exhibit a straight-line pattern, it is possible to describe the relation-
ship relating y to x using a straight line given by the equation

Finally, sections called Key Concepts and Formulas appear in each chapter as a
review in outline form of the material covered in that chapter.
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CHAPTER REVIEW

Key Concepts and Formulas

I. Measures of the Centre of a Data Ill. Tchebysheff’'s Theorem and the
Distribution Empirical Rule
1. Arithmetic mean (mean) or average 1. Use Tchebysheff’s Theorem for any data set,
a. Population: u Sx regardless of its shape or size.
b. Sample of n measurements: ¥ = —— a. Atleast 1 — (1/k%) of the measurements lie
2 within k standard deviations of the mean
2. Median; position of the median = 0.5(n + 1) )

b. This is only a lower bound; there may be
more measurements in the interval.
2. The Empirical Rule can be used only for
relatively mound-shaped data sets.
Il. Measures of Variability Approximately 68%, 95%, and 99.7% of the
measurements are within one, two, and three
standard deviations of the mean, respectively.

3. Mode

4. The median may be preferred to the mean if
the data are highly skewed.

1. Range: R = largest — smallest

2. Variance
a. Population of N measurements: IV. Measures of Relative Standing

The text website for the Third Canadian Edition of An Introduction to Probability
and Statistics (www.probandstats3e.nelson.com) provides students with data sets for
many of the text exercises saved in a variety of formats, and the complete set of My
Applet sections from the text. A complete set of Java Applets is available on the text
website.

INSTRUCTOR RESOURCES

r‘ The Nelson Education Teaching Advantage (NETA) program delivers research-
@ n@Ta based instructor resources that promote student engagement and higher-order thinking

msmenamessoniie 1o enable the success of Canadian students and educators.

Instructors today face many challenges. Resources are limited, time is scarce, and a
new kind of student has emerged: one who is juggling school with work, has gaps in his
or her basic knowledge, and is immersed in technology in a way that has led to a com-
pletely new style of learning. In response, Nelson Education has gathered a group of
dedicated instructors to advise us on the creation of richer and more flexible ancillaries
and online learning platforms that respond to the needs of today’s teaching environ-
ments. Whether your course is offered in-class, online, or both, Nelson is pleased to
provide pedagogically-driven, research-based resources to support you.

The members of our editorial advisory board have experience across a variety of
disciplines and are recognized for their commitment to teaching. They include:

Norman Althouse, Haskayne School of Business, University of Calgary

Brenda Chant-Smith, Department of Psychology, Trent University

Scott Follows, Manning School of Business Administration, Acadia University

Jon Houseman, Department of Biology, University of Ottawa

Glen Loppnow, Department of Chemistry, University of Alberta

Tanya Noel, Department of Biology, York University

Gary Poole, Senior Scholar, Centre for Health Education Scholarship, and Associate
Director, School of Population and Public Health, University of British Columbia

Dan Pratt, Department of Educational Studies, University of British Columbia

NEL

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has decmed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



PREFACE O XXV

Mercedes Rowinsky-Geurts, Department of Languages and Literatures,
Wilfrid Laurier University

David DiBattista, Department of Psychology, Brock University

Roger Fisher, PhD

In consultation with the editorial advisory board, Nelson Education has completely
rethought the structure, approaches, and formats of our key textbook ancillaries and
online learning platforms. We’ve also increased our investment in editorial support
for our ancillary and digital authors. The result is the Nelson Education Teaching
Advantage and its key components: NETA Engagement, NETA Assessment, NETA
Presentation, and NETA Digital. Each component includes one or more ancillaries
prepared according to our best practices and may also be accompanied by documenta-
tion explaining the theory behind the practices.

NETA Engagement presents materials that help instructors deliver engaging content
and activities to their classes. Instead of Instructor’s Manuals that regurgitate chapter
outlines and key terms from the text, NETA Enriched Instructor’s Manuals (EIMs)
provide genuine assistance to teachers. The EIMs answer questions like What should
students learn?, Why should students care?, and What are some common student
misconceptions and stumbling blocks? EIMs not only identify the topics that cause
students the most difficulty, but also describe techniques and resources to help students
master these concepts. Dr. Roger Fisher’s Instructor’s Guide to Classroom Engage-
ment (IGCE) accompanies every Enriched Instructor’s Manual. (Information about
the NETA Enriched Instructor’s Manual prepared for Introduction to Probability and
Statistics, Third Canadian Edition, is included in the description of the IRCD below.)

NETA Assessment relates to testing materials. Under NETA Assessment, Nelson’s
authors create multiple-choice questions that reflect research-based best practices
for constructing effective questions and testing not just recall but also higher-order
thinking. Our guidelines were developed by David DiBattista, a 3M National Teaching
Fellow whose recent research as a professor of psychology at Brock University has
focused on multiple-choice testing. All Test Bank authors receive training at workshops
conducted by Prof. DiBattista, as do the copyeditors assigned to each Test Bank. A
copy of Multiple Choice Tests: Getting Beyond Remembering, Prof. DiBattista’s guide
to writing effective tests, is included with every Nelson Test Bank/Computerized Test
Bank package. (Information about the NETA Test Bank prepared for Introduction to
Probability and Statistics, Third Canadian Edition is included in the description of the
IRCD below.)

NETA Presentation has been developed to help instructors make the best use of Pow-
erPoint® in their classrooms. With a clean and uncluttered design developed by Maureen
Stone of StoneSoup Consulting, NETA Presentation features slides with improved
readability, more multi-media and graphic materials, activities to use in class, and tips
for instructors on the Notes page. A copy of NETA Guidelines for Classroom Presenta-
tions by Maureen Stone is included with each set of PowerPoint slides. (Information
about the NETA PowerPoint® prepared for Introduction to Probability and Statistics,
Third Canadian Edition is included in the description of the IRCD below.)

NETA Digital is a framework based on Arthur Chickering and Zelda Gamson’s sem-
inal work “Seven Principles of Good Practice In Undergraduate Education” (AAHE
Bulletin, 1987) and the follow-up work by Chickering and Stephen C. Ehrmann,
“Implementing the Seven Principles: Technology as Lever”(AAHE Bulletin, 1996).
This aspect of the NETA program guides the writing and development of our digital

NEL

Copyright 2013 Cengage Leaming. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning rescrves the right to remove additional content at any time if subsequent rights restrictions require it.



PREFACE O XXV

Mercedes Rowinsky-Geurts, Department of Languages and Literatures,
Wilfrid Laurier University

David DiBattista, Department of Psychology, Brock University

Roger Fisher, PhD

In consultation with the editorial advisory board, Nelson Education has completely
rethought the structure, approaches, and formats of our key textbook ancillaries and
online learning platforms. We’ve also increased our investment in editorial support
for our ancillary and digital authors. The result is the Nelson Education Teaching
Advantage and its key components: NETA Engagement, NETA Assessment, NETA
Presentation, and NETA Digital. Each component includes one or more ancillaries
prepared according to our best practices and may also be accompanied by documenta-
tion explaining the theory behind the practices.

NETA Engagement presents materials that help instructors deliver engaging content
and activities to their classes. Instead of Instructor’s Manuals that regurgitate chapter
outlines and key terms from the text, NETA Enriched Instructor’s Manuals (EIMs)
provide genuine assistance to teachers. The EIMs answer questions like What should
students learn?, Why should students care?, and What are some common student
misconceptions and stumbling blocks? EIMs not only identify the topics that cause
students the most difficulty, but also describe techniques and resources to help students
master these concepts. Dr. Roger Fisher’s Instructor’s Guide to Classroom Engage-
ment (IGCE) accompanies every Enriched Instructor’s Manual. (Information about
the NETA Enriched Instructor’s Manual prepared for Introduction to Probability and
Statistics, Third Canadian Edition, is included in the description of the IRCD below.)

NETA Assessment relates to testing materials. Under NETA Assessment, Nelson’s
authors create multiple-choice questions that reflect research-based best practices
for constructing effective questions and testing not just recall but also higher-order
thinking. Our guidelines were developed by David DiBattista, a 3M National Teaching
Fellow whose recent research as a professor of psychology at Brock University has
focused on multiple-choice testing. All Test Bank authors receive training at workshops
conducted by Prof. DiBattista, as do the copyeditors assigned to each Test Bank. A
copy of Multiple Choice Tests: Getting Beyond Remembering, Prof. DiBattista’s guide
to writing effective tests, is included with every Nelson Test Bank/Computerized Test
Bank package. (Information about the NETA Test Bank prepared for Introduction to
Probability and Statistics, Third Canadian Edition is included in the description of the
IRCD below.)

NETA Presentation has been developed to help instructors make the best use of Pow-
erPoint® in their classrooms. With a clean and uncluttered design developed by Maureen
Stone of StoneSoup Consulting, NETA Presentation features slides with improved
readability, more multi-media and graphic materials, activities to use in class, and tips
for instructors on the Notes page. A copy of NETA Guidelines for Classroom Presenta-
tions by Maureen Stone is included with each set of PowerPoint slides. (Information
about the NETA PowerPoint® prepared for Introduction to Probability and Statistics,
Third Canadian Edition is included in the description of the IRCD below.)

NETA Digital is a framework based on Arthur Chickering and Zelda Gamson’s sem-
inal work “Seven Principles of Good Practice In Undergraduate Education” (AAHE
Bulletin, 1987) and the follow-up work by Chickering and Stephen C. Ehrmann,
“Implementing the Seven Principles: Technology as Lever”(AAHE Bulletin, 1996).
This aspect of the NETA program guides the writing and development of our digital

NEL

Copyright 2013 Cengage Leaming. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning rescrves the right to remove additional content at any time if subsequent rights restrictions require it.



XXVi O PREFACE

products to ensure that they appropriately reflect the core goals of contact, collaboration,
multimodal learning, time on task, prompt feedback, active learning, and high expecta-
tions. The resulting focus on pedagogical utility, rather than technological wizardry,
ensures that all of our technology supports better outcomes for students.

Instructor’s Resource CD

Key instructor ancillaries are provided on the Instructor’s Resource CD (ISBN
0176662723), giving instructors the ultimate tool for customizing lectures and
presentations. (Downloadable web versions are also available at www.probandstats3e.
nelson.com.) The IRCD includes:

« NETA Assessment: The Test Bank was written by Julie Peschke of Athabasca
University. It includes multiple-choice questions written according to NETA
guidelines for effective construction and development of higher-order ques-
tions. Also included are additional question formats; e.g., true/false, essay,
etc. Test Bank files are provided in Word format for easy editing and in PDF
format for convenient printing whatever your system.

The Computerized Test Bank by ExamView® includes all the questions
from the Test Bank. The easy-to-use ExamView software is compatible with
Microsoft Windows and Mac OS. Create tests by selecting questions from the
question bank, modifying these questions as desired, and adding new questions
you write yourself. You can administer quizzes online and export tests to
WebCT, Blackboard, and other formats.

» NETA Presentation: Microsoft® PowerPoint® lecture slides for every chapter
have been created by Cristina Anton of Grant MacEwan University. There are
numerous slides per chapter, many featuring key figures, tables, and photo-
graphs from Introduction to Probability and Statistics, Third Canadian Edition.
NETA principles of clear design and engaging content have been incorporated
throughout.

¢ Instructor’s Solutions Manual: This manual, prepared by Sohail Khan of
the University of Winnipeg, has been independently checked for accuracy.
It contains the step-by-step solutions to all end-of-section and end-of-chapter
exercises, including case studies and projects.

« Image Library: This resource consists of digital copies of figures, short tables,
and photographs used in the book. Instructors may use these jpegs to create
their own PowerPoint presentations.

* DayOne: Day One—Prof InClass is a PowerPoint presentation that you can
customize to orient your students to the class and their text at the beginning of
the course.

+ TurningPoint®: Another valuable resource for instructors is TurningPoint®
classroom response software customized for Introduction to Probability
and Statistics, Third Canadian Edition. Now you can author, deliver, show,
access, and grade, all in PowerPoint...with no toggling back and forth
between screens! Joinln on Turning Point is the only classroom response
software tool that gives you true PowerPoint integration. With JoinIn, you
are no longer tied to your computer. You can walk about your classroom as
you lecture, showing slides and collecting and displaying responses with
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ease. There is simply no easier or more effective way to turn your lecture
hall into a personal, fully interactive experience for your students. If you can
use PowerPoint, you can use Joinln on TurningPoint! (Contact your Nelson
publishing representative for details.)

STUDENT RESOURCES

: . +  WebAssign® is a powerful instructional tool that delivers automatic grading

WebASSlgn solutions for math courses, and reinforces student learning through practice and
instant feedback. This proven and reliable homework system allows instructors
to assign, collect, grade, and record homework assignments via the Web.

e The Student Solutions Manual provides students with fully worked-out
solutions to the exercises with blue exercise numbers and headings in the text.
(ISBN 0-17-666275-8)
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Introduction

Train Your Brain for
Statistics

What is statistics? Have you ever met a statistician?
Do you know what a statistician does? Perhaps you
are thinking of the person who sits in the broadcast
booth at the Stanley Cup playoffs, recording the
number of shots against, goals scored, or goalies’
save percentages. Or perhaps the mere mention of
the word statistics sends a shiver of fear through you.
You may think you know nothing about statistics;
however, it is almost inevitable that you encounter
statistics in one form or another every time you pick
up a daily newspaper. Here is an example:

Election Opinion Polls

New polling data from survey indicate that the Con-
servative still has a lead over NDP. More specifi-
cally, the survey result is given below.'

Latest National Poll

CON s 36%
NDP s 33%
LIB = 19%
GRA mmm 6%

BQ mm 5%

© Todd Davidson/lllustration Works/Corbis
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THE CANADIAN PRESS/Darryl Dyck

How accurate are polling companies’ reports of voter support? In the 2008 election,
pollsters’ predictions were between 5 and 12 percentage points off from the actual
results.’

Articles similar to this one are commonplace in our newspapers and magazines, and
in the period just prior to a national election, a new poll is reported almost every day.
The language of this article is very familiar to us; however, it leaves the inquisitive
reader with some unanswered questions. How were the people in the poll selected?
Will these people give the same response tomorrow? Will they give the same response
on election day? Will they even vote? Are these people representative of all those who
will vote on election day? It is the job of a statistician to ask these questions and to find
answers for them in the language of the poll.

Ignorance of 9/11 is Not Fading Away Among Canadians and Americans

New polling data from surveys conducted by Angus Reid Global Monitor for CTV (May

05, 2009) indicate that only a small number of Canadians and Americans are aware of one
specific detail related to the 9/11 attacks. According to the survey data, only 37% of Canadian
respondents accurately reported that none of the terrorists who hijacked airplanes on Sept.
11,2001 entered the U.S. from Canada. On the other hand, just 14% of Americans reported
accurately on this matter. Interestingly enough, in July 2004, the federal commission that
investigated the events of 9/11 established that none of the 19 al-Qaeda operatives had entered
the U.S. from either Canada or Mexico.

So what is wrong here? The survey results strongly suggest that there is a dire need
to educate both Canadians and Americans on this misconception. Do you think it is a
statistician’s job to educate people on such issues? Further, can we say that there is a
significant difference between the proportions of Canadians and Americans having this
misconception? It is the job of statisticians to provide such a comparison in a convinc-
ing manner. Below are the specific responses to the survey question, “From what you
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How many terrorists entered the U.S. through Canada? Canada (%) U.S. (%)
All of them 4 n
Some of them 38 29
None of them 37 14
Not sure 21 46

Source: http://www.sfu.ca/~aheard/elections/polls.html. Andrew Heard, Simon Fraser University. Reproduced by permission

may have seen, read, or heard, how many of the terrorists who hijacked airplanes on
Sept. 11, 2001 entered the United States from Canada?”

Ontario Parents and Teachers Agree: Not Enough Classroom Time Dedicated to
Learning about Agriculture

Nearly three-quarters (73%) of teachers and 7 in 10 (69%) parents feel not enough
classroom time is dedicated to learning about farming or food production practices in
Ontario.

These are the findings of Ipsos Reid poll conducted on behalf of Ontario Agri-Food
Education Inc. between May 2-12, 2006 (parents) and December 11-20, 2006 (teach-
ers). The poll is based on a randomly selected sample of 704 Ontario parents of elemen-
tary or secondary school students and 211 Ontario elementary and secondary school
teachers. For teachers, with a sample of this size, the results are considered accurate
to within * 6.8 percentage points, 19 times out of 20, of what they would have been
had the entire population of full-time Ontario teachers (130,000 in English-speaking
schools) been polled. For parents, with a sample of this size, the results are considered
accurate to within = 3.7 percentage points,19 times out of 20, of what they would
have been had the entire population of parents of elementary and secondary school
students been polled. The margin of error will be larger within regions and for other
subgroupings of the survey population. These data were statistically weighted to ensure
the sample’s regional and age/sex composition reflects that of the actual population
according to 2001 Census data.

More specifically,
Teachers (%) Parents (%)
Not quite enough is spent on this topic 39 42
Definitely not enough is spent on this topic 34 27
Too much classroom time is spent on this topic 1 2

Futher survey results showcase the following:

* Parents of elementary students (66%) are less likely than parents of secondary
students (73%) to feel that not enough time is dedicated to food production
practices.

* Elementary school teachers (72%) and secondary school teachers (73%) are
equally likely to feel that not enough time is dedicated to food production
practices.

Other agrifood topics that a large number of Ontario parents and teachers feel stu-
dents do not spend enough classroom time learning about include:

Food safety practices, as they relate to farming in Ontario

*  67% of parents of elementary students and 74% of parents of secondary
students feel not enough time is dedicated to food safety practices on Ontario
farms.

* 74% of elementary school teachers and 71% of secondary school teachers feel
not enough time is dedicated to food safety practices on Ontario farms.
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Environmental practices on Ontario farms

*  70% of parents of elementary students and 77% of parents of secondary
students feel not enough time is dedicated to environmental practices on
Ontario farms.

e 76% of both elementary school and secondary school teachers feel not enough
time is dedicated to environmental practices on Ontario farms.?

When you see an article like this one in a magazine, do you simply read the title and the
first paragraph, or do you read further and try to understand the meaning of the num-
bers? How did the authors get these numbers? It is the job of the statistician to interpret
the language of this study.

What is Normal Body Temperature?
After believing for more than a century that 37°C (98.6°F) was the normal body tem-
perature for humans, researchers now say normal is not normal anymore.

For some people at some hours of the day, 37.7°C could be fine. And readings as
low as 34.8°C turn out to be highly human. Body temperature is very sensitive to hor-
mone levels and may be higher or lower when a woman is having her menstrual period.

The 37°C standard was derived by a German doctor in 1868. Some physicians have
always been suspicious of the good doctor’s research. His claim:1 million readings—in
an epoch without computers.

So Mackowiak & Co. took temperature readings from 148 healthy people over a
three-day period and found that the mean temperature was 36.78°C. Only 8 percent of
the readings were 37.1°C.*

What questions come to your mind when you read this article? How did the researcher
select the 148 people, and how can we be sure that the results based on these 148 people
are accurate when applied to the general population? How did the researcher arrive at
the normal “high” and “low” temperatures given in the article? How did the German
doctor record 1 million temperatures in 1868? Again, we encounter a statistical prob-
lem with an application to everyday life.

Statistics is a branch of mathematics that has applications in almost every facet of
our daily life. It is a new and unfamiliar language for most people, however, and, like
any new language, statistics can seem overwhelming at first glance. We want you to
“train your brain” to understand this new language one step at a time. Once the lan-
guage of statistics is learned and understood, it provides a powerful data analytic tool
in many different fields of application.

‘ THE POPULATION AND THE SAMPLE

In the language of statistics, one of the most basic concepts is sampling. In most sta-
tistical problems, a specified number of measurements or data—a sample—is drawn
from a much larger body of measurements, called the population.

» Sample

Population
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For the body-temperature experiment, the sample is the set of body-temperature
measurements for the 148 healthy people chosen by the experimenter. We hope that the
sample is representative of a much larger body of measurements—the population—the
body temperatures of all healthy people in the world!

Which is of primary interest, the sample or the population? In most cases, we are
interested primarily in the population, but the population may be difficult or impossible
to enumerate. Imagine trying to record the body temperature of every healthy person on
earth or the prime ministerial preference of every registered voter in Canada! Instead,
we try to describe or predict the behaviour of the population on the basis of infor-
mation obtained from a representative sample from that population.

The words sample and population have two meanings for most people. For example,
you read in the newspapers that a strategic polling company poll conducted in Canada
was based on a sample of 1000 people. Presumably, each person interviewed is asked a
particular question, and that person’s response represents a single measurement in the
sample. Is the sample the set of 1000 people, or is it the 1000 responses that they give?

When we use statistical language, we distinguish between the set of objects on which
the measurements are taken and the measurements themselves. To experimenters, the
objects on which measurements are taken are called experimental units. The sample
survey statistician calls them elements of the sample.

DESCRIPTIVE AND INFERENTIAL
‘ STATISTICS

When first presented with a set of measurements—whether a sample or a population—
you need to find a way to organize and summarize it. The branch of statistics that
presents techniques for describing sets of measurements is called descriptive statis-
tics. You have seen descriptive statistics in many forms: bar charts, pie charts, and
line charts presented by a political candidate; numerical tables in the newspaper; or
the average rainfall amounts reported by the local television weather forecaster. Com-
puter-generated graphics and numerical summaries are commonplace in our everyday
communication.

Definition Descriptive statistics consists of procedures used to summarize and
describe the important characteristics of a set of measurements.

If the set of measurements is the entire population, you need only to draw conclu-
sions based on the descriptive statistics. However, it might be too expensive or too time
consuming to enumerate the entire population. Perhaps enumerating the population
would destroy it, as in the case of “time to failure” testing. For these or other reasons,
you may have only a sample from the population. By looking at the sample, you want
to answer questions about the population as a whole. The branch of statistics that deals
with this problem is called inferential statistics.

Definition Inferential statistics consists of procedures used to make inferences
about population characteristics from information contained in a sample drawn from
this population.

The objective of inferential statistics is to make inferences (that is, draw conclusions,
make predictions, make decisions) about the characteristics of a population from infor-
mation contained in a sample.
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6 O INTRODUCTION TRAIN YOUR BRAIN FOR STATISTICS

ACHIEVING THE OBJECTIVE
OF INFERENTIAL STATISTICS:
‘ THE NECESSARY STEPS

How can you make inferences about a population using information contained in a
sample? The task becomes simpler if you train yourself to organize the problem into a
series of logical steps.

1. Specify the questions to be answered and identify the population of
interest. In the national election poll, the objective is to determine who
will get the most votes on election day. Hence, the population of interest is
the set of all votes in the national election. When you select a sample, it is
important that the sample be representative of this population, not the popu-
lation of voter preferences on election day or on some other day prior to the
election.

2. Decide how to select the sample. This is called the design of the experiment or
the sampling procedure. Is the sample representative of the population of inter-
est? For example, if a sample of registered voters is selected from the province
of Quebec, will this sample be representative of all voters in Canada? Will it
be the same as a sample of “likely voters”—those who are likely to actually
vote in the election? Is the sample large enough to answer the questions posed
in step 1 without wasting time and money on additional information? A good
sampling design will answer the questions posed with minimal cost to the
experimenter.

3. Select the sample and analyze the sample information. No matter how
much information the sample contains, you must use an appropriate method of
analysis to extract it. Many of these methods, which depend on the sampling
procedure in step 2, are explained in the text.

4. Use the information from step 3 to make an inference about the popula-
tion. Many different procedures can be used to make this inference, and some
are better than others. For example, ten different methods might be available to
estimate human response to an experimental drug, but one procedure might be
more accurate than others. You should use the best inference-making procedure
available (many of these are explained in the text).

5. Determine the reliability of the inference. Since you are using only a frac-
tion of the population in drawing the conclusions described in step 4, you
might be wrong! How can this be? If an agency conducts a statistical survey
for you and estimates that your company’s product will gain 34% of the
market this year, how much confidence can you place in this estimate? Is this
estimate accurate to within 1, 5, or 20 percentage points? Is it reliable enough
to be used in setting production goals? Every statistical inference should
include a measure of reliability that tells you how much confidence you have
in the inference.

Now that you have learned some of the basic terms and concepts in the language
of statistics, we again pose the question asked at the beginning of this discussion: Do
you know what a statistician does? It is the job of the statistician to implement all of
the preceding steps. This may involve questioning the experimenter to make sure that
the population of interest is clearly defined, developing an appropriate sampling plan
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or experimental design to provide maximum information at minimum cost, correctly
analyzing and drawing conclusions using the sample information, and finally measur-
ing the reliability of the conclusions based on the experimental results.

’ KEYS FOR SUCCESSFUL LEARNING

As you begin to study statistics, you will find that there are many new terms and con-
cepts to be mastered. Since statistics is an applied branch of mathematics, many of
these basic concepts are mathematical—developed and based on results from calculus
or higher mathematics. However, you do not have to be able to derive results in order to
apply them in a logical way. In this text, we use numerical examples and commonsense
arguments to explain statistical concepts, rather than more complicated mathematical
arguments.

In recent years, computers have become readily available to many students and pro-
vide them with an invaluable tool. In the study of statistics, even the beginning student
can use packaged programs to perform statistical analyses with a high degree of speed
and accuracy. Some of the more common statistical packages available at computer
facilities are MINITAB™, SAS (Statistical Analysis System), and SPSS (Statistical
Package for the Social Sciences); personal computers will support packages such as
MINITAB, Microsoft Excel®, and others. There are even online statistical programs and
interactive “applets” on the Internet.

These programs, called statistical software, differ in the types of analyses avail-
able, the options within the programs, and the forms of printed results (called output).
However, they are all similar. In this book, we use both MINITAB and Excel as statisti-
cal tools. Understanding the basic output of these packages will help you interpret the
output from other software systems.

At the end of most chapters, you will find a section called “Technology Today.”
These sections present numerical examples to guide you through the MINITAB and
Excel commands and options that are used for the procedures in that chapter. If you are
using MINITAB or Excel in a lab or home setting, you may want to work through these
sections at your own computer so that you become familiar with the hands-on methods
in computer analysis. If you do not need hands-on knowledge of MINITAB or Excel, you
may choose to skip this section and simply use the computer printouts for analysis as
they appear in the text.

Another learning tool called statistical applets can be found on the textbook’s web-
site, www.probandstats3e.nelson.com. Also found on this website are explanatory sec-
tions called “Using the Applets,” which will help you understand how the applets can
be used to visualize many of the chapter concepts. An accompanying section called
“Applet APPs” provides some exercises (with solutions) that can be solved using the
statistical applets. Whenever there is an applet available for a particular concept or
application, you will find an icon in the left margin of the text, together with the name
of the appropriate applet.

Most important, using statistics successfully requires common sense and logical
thinking. For example, if we want to find the average height of all students at a par-
ticular university, would we select our entire sample from the members of the basket-
ball team? In the body-temperature example, the logical thinker would question an
1868 average based on 1 million measurements—when computers had not yet been
invented.

As you learn new statistical terms, concepts, and techniques, remember to view
every problem with a critical eye and be sure that the rule of common sense applies.

NEL

Copyright 2013 Cengage Leaming. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning rescrves the right to remove additional content at any time if subsequent rights restrictions require it.



8 O INTRODUCTION TRAIN YOUR BRAIN FOR STATISTICS

Throughout the text, we will remind you of the pitfalls and dangers in the use or
misuse of statistics. Benjamin Disraeli once said that there are three kinds of lies: lies,
damn lies, and statistics! Our purpose is to dispel this claim—to show you how to make
statistics work for you and not /ie for you!

As you continue through the book, refer back to this introduction periodically. Each
chapter will increase your knowledge of statistics and should, in some way, help you
achieve one of the steps described here. Each of these steps is essential in attaining the
overall objective of inferential statistics: to make inferences about a population using
information contained in a sample drawn from that population.
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® How Is Your Blood
Pressure?

Is your blood pressure normal, or is it too high or
too low? The case study at the end of this chapter
examines a large set of blood pressure data. You
will use graphs to describe these data and to com-
pare your blood pressure with others’ of the same
age and gender.
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Descrlbmg
Data with
(Graphs

GENERAL OBJECTIVES

Many sets of measurements are samples selected
from larger populations. Other sets constitute the entire
population, as in a national census. In this chapter, you
will learn what a variable is, how to classify variables
into several types, and how measurements or data are
generated. You will then learn how to use graphs to
describe data sets.

CHAPTER INDEX

® Data distributions and their shapes (1.1, 1.4)

@ Univariate and bivariate data (1.1)

® Variables, experimental units, samples and popula-
tions data (1.1)

Qualitative and quantitative variables—discrete and
continuous (1.2)

Pie charts, bar charts, line charts (1.3, 1.4)
Dotplots (1.4)
Stem and leaf plots (1.4)

Relative frequency histograms (1.5)

@ NEED TO KNOW

How to Construct a Stem and Leaf Plot
How to Construct a Relative Frequency
Histogram
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0 VARIABLES AND DATA

In Chapters 1 and 2, we will present some basic techniques in descriptive statistics—
the branch of statistics concerned with describing sets of measurements, both samples
and populations. Once you have collected a set of measurements, how can you display
this set in a clear, understandable, and readable form? First, you must be able to define
what is meant by measurements or “data” and to categorize the types of data that you
are likely to encounter in real life. We begin by introducing some definitions—new
terms in the statistical language that you need to know.

Definition A variable is a characteristic that changes or varies over time and/or
for different individuals or objects under consideration.

For example, body temperature is a variable that changes over time within a single
individual; it also varies from person to person. Religious affiliation, ethnic origin,
income, height, age, and number of offspring are all variables—characteristics that
vary depending on the individual chosen.

In the Introduction, we defined an experimental unit or an element of the sample as
the object on which a measurement is taken. Equivalently, we could define an experi-
mental unit as the object on which a variable is measured. When a variable is actually
measured on a set of experimental units, a set of measurements or data result.

Definition An experimental unit is the individual or object on which a variable
is measured. A single measurement or data value results when a variable is actually
measured on an experimental unit.

If a measurement is generated for every experimental unit in the entire collection, the
resulting data set constitutes the population of interest. Any smaller subset of measure-
ments is a sample.

Definition A population is the set of all measurements of interest to the investigator.

Definition A sample is a subset of measurements selected from the population of
interest.

E_X_AMG, A set of five students is selected from all undergraduates at a large Canadian university,
and measurements are entered into a spreadsheet as shown in Figure 1.1. Identify the
various elements involved in generating this set of measurements.

Solution There are several variables in this example. The experimental unit on
which the variables are measured is a particular undergraduate student on the campus,
identified in column C1. Five variables are measured for each student: grade point
average (GPA), gender, year in university, major, and current number of credit hours.
Each of these characteristics varies from student to student. If we consider the GPAs of
all students at this university to be the population of interest, the five GPAs in column
C2 represent a sample from this population. If the GPA of each undergraduate student
at the university had been measured, we would have generated the entire population of
measurements for this variable.

The second variable measured on the students is gender, in column C3-T. This variable
can take only one of two values—male (M) or female (F). It is not a numerically valued
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FIGURE 1.1
Measurements on five
undergraduate students
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variable and hence is somewhat different from GPA. The population, if it could be enumer-
ated, would consist of a set of Ms and Fs, one for each student at the university. Similarly,
the third and fourth variables, year and major, generate nonnumerical data. Year has four
categories (first, second, third, fourth), and major has one category for each undergraduate
major on campus. The last variable, current number of credit hours, is numerically valued,
generating a set of numbers rather than a set of qualities or characteristics.

Although we have discussed each variable individually, remember that we have
measured each of these five variables on a single experimental unit: the student. There-
fore, in this example, a “measurement” really consists of five observations, one for
each of the five measured variables. For example, the measurement taken on student
2 produces this observation:

(2.3, F, Second, Mathematics, 15)

You can see that there is a difference between a single variable measured on a single
experimental unit and multiple variables measured on a single experimental unit as in
Example 1.1.

A city roads department in Ottawa would like to repair some potholes on the busiest
section of a road. The best way to do the repair is when the flow of traffic is low to
avoid traffic congestion and inconvenience for drivers. Practically, it would be expen-
sive and time consuming if not impossible to monitor and record the traffic flow on
every day. It was decided to record how many vehicles pass on this section of road
during one particular day. Using this data information, the department decides when to
repair the potholes.

Note that in this example, population constitutes all the automobiles that flow on all
days on that section of the road and the sample is defined as the automobiles that passed
on that section of the road on the particular day.

Definition Univariate data result when a single variable is measured on a single
experimental unit.

Definition Bivariate data result when two variables are measured on a single
experimental unit. Multivariate data result when more than two variables are measured.

If you measure the body temperatures of 148 people, the resulting data are univariate. In
Example 1.1, five variables were measured on each student, resulting in multivariate data.

Copyright 2013 Cengage Leaming. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



12 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

@ TYPES OF VARIABLES

Variables can be classified into one of two categories: qualitative or quantitative.

Definition Qualitative variables measure a quality or characteristic on each
experimental unit. Quantitative variables measure a numerical quantity or amount on
each experimental unit.

Qualitative variables produce data that can be categorized according to similarities
or differences in kind; hence, they are often called categorical data. The variables gen-

@ NEEDATIP? der, year, and major in Example 1.1 are qualitative variables that produce categorical
Qualitative < “quality” data. Here are some other examples:

or characteristic Pidicical affiltion: Libenils. G i NDP, G Ind d
s o i olitical affiliation: Liberals, Conservatives, » Green, Independent

“quantity” or number ¢ Taste ranking: excellent, good, fair, poor

* Colour of an M&M?® candy: brown, yellow, red, orange, green, blue

Quantitative variables, often represented by the letter x, produce numerical data,
such as those listed here:

¢ x=Prime interest rate

e x=Number of unregistered taxicabs in a city

* x=Weight of a package ready to be shipped

* x=Volume of orange juice in a glass
Notice that there is a difference in the types of numerical values that these quantitative
variables can assume. The number of unregistered taxicabs, for example, can take on
only the values x=0, 1, 2, . . . , whereas the weight of a package can take on any value

greater than zero, or 0 < x < . To describe this difference, we define two types of
quantitative variables: discrete and continuous.

Definition A discrete variable can assume only a finite or countable number of
values. A continuous variable can assume the infinitely many values corresponding
to the points on a line interval.

The name discrete relates to the discrete gaps between the possible values that the
variable can assume. Variables such as number of family members, number of new
car sales, and number of defective tires returned for replacement are all examples of
discrete variables. On the other hand, variables such as height, weight, time, distance,
and volume are continuous because they can assume values at any point along a line
interval. For any two values you pick, a third value can always be found between them!

M Identify each of the following variables as qualitative or quantitative:

1. The most frequent use of your microwave oven (reheating, defrosting,
warming, other)

The number of consumers who refuse to answer a telephone survey

NEEDATIP?
Discrete < “listable”

Continuous <>
“unlistable”

The door chosen by a mouse in a maze experiment (A, B, or C)
The winning time for a horse running at the Woodbine racetrack, Toronto

Al T

The number of children in a fifth-grade class who are reading at or above
grade level
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Solution Variables 1 and 3 are both qualitative because only a quality or character-
istic is measured for each individual. The categories for these two variables are shown in
parentheses. The other three variables are quantitative. Variable 2, the number of con-

TR :::::‘::P:hen sumt?rs, is a discrete vax:iab]e that can take on any of the values x= 0,12, s with a
oG B “numbior of* maximum value depending on the number of consumers called. Similarly, variable 5, the
Homs'iriaset number of children reading at or above grade level, can take on any of the values x=0, 1,

2, ..., with a maximum value depending on the number of children in the class. Variable

4, the winning time for a Woodbine horse, is the only continuous variable in the list. The
winning time, if it could be measured with sufficient accuracy, could be 121 seconds,
121.5 seconds, 121.25 seconds, or any values between any two times we have listed.

Identify each of the following quantitative variables as discrete or continuous:

Average daily temperature for a small city in Quebec during a summer month

Number of bees on a flower
Driving time between Regina, Saskatchewan and Winnipeg, Manitoba

Number of passengers (excluding the airline staff) on a flight from Edmonton
to Vancouver

e o o

e. Amount of propane gas for a BBQ cylinder filled at Costco in Montreal
Solution

a. Continuous variable: The temperature if it could be measured with a reasonable
accuracy, it could be 22.5° Celsius, 26.1° Celsius, 21.9° Celsius, or any other
possible values.

b. Discrete variable: It can take any value from 0 to 5 or more.

c. Continuous variable: The time could be reasonably measured, per say 6 hours
20 minutes, or 7 hours 44 minutes, or even 6 hours 11 minutes and 50 seconds,
if measured in seconds too. This variable can take any possible value on a
certain time interval.

d. Discrete variable: Like in part b, depending on the size of plane, it can take any
value from 0 to a maximum number, depending on how many seats were sold
and how many passengers showed up for this particular flight.

e. Continuous variable: A typical 13.6 kg (30 Ib) cylinder holds approximately
9 kg (20 1b) of propane. This extra unfilled volume leaves some room for the
liquid to expand. However, in reality, fill, if accurately measured, could be
9.12 kg, 8.93 kg, or 9.5 kg.

Figure 1.2 depicts the types of data we have defined. Why should you be concerned
about different kinds of variables and the data that they generate? The reason is that

FIGURE 1.2

®
Types of data Data
~
// e
Qualitative Quantitative
7 \
/ N
Discrete Continuous
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the methods used to describe data sets depend on the type of data you have collected.
For each set of data that you collect, the key will be to determine what type of data you
have and how you can present them most clearly and understandably to your audience!

@ GRAPHS FOR CATEGORICAL DATA

After the data have been collected, they can be consolidated and summarized to show
the following information:

e What values of the variable have been measured

* How often each value has occurred
For this purpose, you can construct a statistical table that can be used to display the
data graphically as a data distribution. The type of graph you choose depends on the
type of variable you have measured.

When the variable of interest is qualitative, the statistical table is a list of the catego-
ries being considered along with a measure of how often each value occurred. You can
measure “how often” in three different ways:

¢ The frequency, or number of measurements in each category

¢ The relative frequency, or proportion of measurements in each category

* The percentage of measurements in each category
For example, if you let n be the total number of measurements in the set, you can find
the relative frequency and percentage using these relationships:

Frequenc
Relative frequency = _;cq_n___x

Percent = 100 X Relative frequency

You will find that the sum of the frequencies is always n, the sum of the relative
frequencies is 1, and the sum of the percentages is 100%.
The categories for a qualitative variable should be chosen so that

* ameasurement will belong to one and only one category
¢ each measurement has a category to which it can be assigned

For example, if you categorize meat products according to the type of meat used, you might

NEEDATIP? B 5 P
use these categories: beef, chicken, seafood, pork, turkey, other. To categorize ranks of
Three steps to a data : 3 3 . : s
distiibuiton: university faculty, you might use these categories: professor, associate professor, assistant
(1) raw data = professor, instructor, lecturer, other. The “other” category is included in both cases to allow
(2) statistical table = for the possibility that a measurement cannot be assigned to one of the earlier categories.
(3) graph Once the measurements have been categorized and summarized in a statistical table,

you can use either a pie chart or a bar chart to display the distribution of the data. A pie
chart is the familiar circular graph that shows how the measurements are distributed
among the categories. A bar chart shows the same distribution of measurements in cate-
gories, with the height of the bar measuring how often a particular category was observed.

M@ In a survey concerning public education, 400 school administrators were asked to

rate the quality of education in Canada. Their responses are summarized in Table 1.1.
Construct a pie chart and a bar chart for this set of data.

Solution To construct a pie chart, assign one sector of a circle to each category.

The angle of each sector should be proportional to the proportion of measurements
NEL
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1.3 GRAPHS FOR CATEGORICALDATA O 15

TABLE 1.1 P Canadian E tion Ratin cator
Rating Frequency
A 35
B 260
C 93
D 12
Total 400

(or relative frequency) in that category. Since a circle contains 360°, you can use this
equation to find the angle:

Angle = Relative frequency X 360°

Table 1.2 shows the ratings along with the frequencies, relative frequencies, percent-
Priortion i d"m'l ages, and sector angles necessary to construct the pig chart. Figure 1.3 shows the pie
Bacesnisndi i 0. chart constructed from the values in the table. While pie charts use percentages to
Sector angles add o 360°,  determine the relative sizes of the “pie slices,” bar charts usually plot frequency against
the categories. A bar chart for these data is shown in Figure 1.4.

TABLE 1. alculations for th ie Chart in Example 1.5
Rating Frequency Relative Frequency Percent Angle
A 35 35/400=0.09 9 0.09x 360 = 32.4°
B 260 260/400 = 0.65 65 234.0°
( 93 93/400=0.23 23 82.8°
D 12 12/400=0.03 3 10.8°
Total 400 1.00 100% 360°
FIGURE 1.3

Pie chart for Example 1.5

FIGURE 1.4
Bar chart for Example 1.5

A

250
2001
e
E 100
i .
LB -
B C D
Rating
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16 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

The visual impact of these two graphs is somewhat different. The pie chart is used to
display the relationship of the parts to the whole; the bar chart is used to emphasize the
actual quantity or frequency for each category. Since the categories in this example are
ordered “grades” (A, B, C, D), we would not want to rearrange the bars in the chart to
change its shape. In a pie chart, the order of presentation is irrelevant.

A snack size bag of peanut M&M?® candies contains 21 candies with the colours listed
in Table 1.3. The variable “colour” is qualitative, so Table 1.4 lists the six categories
along with a tally of the number of candies of each colour. The last three columns of
Table 1.4 give the three different measures of how often each category occurred. Since
the categories are colours and have no particular order, you could construct bar charts
with many different shapes just by reordering the bars. To emphasize that brown is
the most frequent colour, followed by blue, green, and orange, we order the bars from
largest to smallest and generate the bar chart using MINITAB in Figure 1.5. A bar chart
in which the bars are ordered from largest to smallest is called a Pareto chart.

TABLE 1.3 o—R Data: rs of 21 ndies
Brown Green Brown Blue
Red Red Green Brown
Yellow Orange Green Blue
Brown Blue Blue Brown
Orange Blue Brown Orange
Yellow

atistica able: M &M Data for Example 1.6
Catego Tally Frequency Relative Frequency Percent
Brown M 6 6/21 28
Green n 3 321 14
Orange 1] 3 3y 14
Yellow Il 2 yval 10
Red Il 2 2 10
Blue M 5 5/21 24
Total 21 1 100%
FIGURE 1.5 PY
MINITABbar chart for
Example 1.6 Li
5
4 -
z
g
o
=
2
1
o4
Brown Blue Green Orange Yellow Red
Colour
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Q EXERCISES

UNDERSTANDING THE CONCEPTS

1.1 Experimental Units Identify the experimental

units on which the following variables are measured:

a. Gender of a student

b. Number of errors on a midterm exam

¢. Age of a cancer patient

d. Number of flowers on an azalea plant

e. Colour of a car entering the parking lot

1.2 Qualitative or Quantitative? Identify each

variable as quantitative or qualitative:

a. Amount of time it takes to assemble a simple puzzle

b. Number of students in a first-grade classroom

¢. Rating of a newly elected politician (excellent,
good, fair, poor)

d. Province or territory in which a person lives

1.3 Discrete or Continuous? Identify the following

quantitative variables as discrete or continuous:

a. Population in a particular area of Canada

b. Weight of newspapers recovered for recycling on a
single day

¢. Time to complete a sociology exam

d. Number of consumers in a poll of 1000 who con-
sider nutritional labelling on food products to be
important

1.4 Discrete or Continuous? Identify each quanti-

tative variable as discrete or continuous.

a. Number of boating accidents along a 50-kilometre
stretch of the St. Lawrence River

b. Time required to complete a questionnaire

¢. Choice of colour for a new refrigerator

d. Number of brothers and sisters you have

e. Yield in kilograms of wheat from a 10,000-square-
metre plot in a wheat field

1.5 Parking on Campus Six vehicles are selected
from the vehicles that are issued campus parking
permits, and the following data are recorded:

One-way
Commute Age of
Distance Vehicle
Vehicle Type  Make Carpool? (kilometres) (years)
1 Car Honda No 236 6
2 Car Toyota No 17.2 3
3 Truck  Toyota No 10.1 4

NEL

4 Van Dodge Yes 37 2

5 Motor-  Harley- No 255 1
cycle  Davidson

6 Car Chevrolet No 54 9

a. What are the experimental units?

b. What are the variables being measured? What types
of variables are they?

¢. Is this univariate, bivariate, or multivariate data?

1.6 Past Canadian Prime Ministers A data set
consists of the ages at death for each of the 15 past
prime ministers of Canada.

a. Is this set of measurements a population or a sample?
b. What is the variable being measured?
¢. Is the variable in part b quantitative or qualitative?

1.7 Voter Attitudes You are a candidate for your
provincial assembly, and you want to survey voter
attitudes regarding your chances of winning. Identify
the population that is of interest to you and from which
you would like to select your sample. How is this
population dependent on time?

1.8 Cancer Survival Times A medical researcher

wants to estimate the survival time of a patient after the

onset of a particular type of cancer and after a particu-

lar regimen of radiotherapy.

a. What is the variable of interest to the medical
researcher?

b. Is the variable in part a qualitative, quantitative
discrete, or quantitative continuous?

c. Identify the population of interest to the medical
researcher.

d. Describe how the researcher could select a sample
from the population.

e. What problems might arise in sampling from this
population?

1.9 New Teaching Methods An educational

researcher wants to evaluate the effectiveness of a new

method for teaching reading to deaf students. Achieve-

ment at the end of a period of teaching is measured by

a student’s score on a reading test.

a. What is the variable to be measured? What type of
variable is it?

b. What is the experimental unit?

¢. Identify the population of interest to the
experimenter.
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18 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

BASIC TECHNIQUES

1.10 Basic Statistics Fifty people are grouped into
four categories—A, B, C, and D—and the number of
people who fall into each category is shown in the table:

Category Frequency
A n
B 14
C 20
D 5

a. What is the experimental unit?

b. What is the variable being measured? Is it
qualitative or quantitative?

¢. Construct a pie chart to describe the data.

d. Construct a bar chart to describe the data.

e. Does the shape of the bar chart in part d change
depending on the order of presentation of the four
categories? Is the order of presentation important?

f. What proportion of the people are in category B,
C, or D?

g. What percentage of the people are not in category B?

1.11 Jeans A manufacturer of jeans has plants in
Quebec (QC), Ontario (ON), and Manitoba (MB). A
group of 25 pairs of jeans is randomly selected from
the computerized database, and the province in which
each is produced is recorded:

ON ac ac MB ON

ON ON MB MB MB

ac ac ON Qc MB

ON ac MB MB MB
ON ac ac ON ON

a. What is the experimental unit?

b. What is the variable being measured? Is it qualita-
tive or quantitative?

¢. Construct a pie chart to describe the data.

d. Construct a bar chart to describe the data.

e. What proportion of the jeans are made in Quebec?

f. What province produced the most jeans in the group?

g. If you want to find out whether the three plants
produced equal numbers of jeans, or whether one
produced more jeans than the others, how can you
use the charts from parts ¢ and d to help you? What
conclusions can you draw from these data?

APPLICATIONS

1.12 Clash between Islam, West Is Political,
Majority of Canadians Say The clash of civiliza-
tions is a notion popularized by Harvard University
professor Samuel P. Huntington, who theorized that the

principal source of conflict in the post—-Cold War world
will spring from cultural and religious divisions. Most
Canadians reject the notion that the Islamic and West-
ern worlds are engaged in a clash of civilizations based
on culture and religion, according to an international
poll published in The Ottawa Citizen, February 19,
2007. Pollsters interviewed 1008 Canadians in Decem-
ber and January as part of an international survey in 27
countries. In theory, in 19 cases out of 20, the results
of the poll would not differ by more than 3 percentage
points from those obtained by interviewing all Cana-
dian adults. The GlobeScan survey found that a major-
ity (56%) of Canadians regard the conflict between
Islam and the West to be primarily about “political
power and interests.” Only 29% said religious and
cultural differences are to blame. Thus,

Political power and interests 56%

Religious and cultural differences 29%

a. If the pollsters were planning to use these results to
predict the opinion for 2008, describe the popula-
tion of interest to them.

b. Describe the actual population from which the
sample was drawn.

¢. Are all of the reasons accounted for in this table?
Add another category if necessary.

d. Is the sample selected by the pollsters representative
of the population described in part a? Explain.

1.13 Clash between Islam, West, continued
Refer to Exercise 1.12. On the other hand, worldwide,
Muslims tended to put most of the blame on politics.
The data from four predominately Muslim countries is
given below:

Lebanon 78%
Egypt 56%
Indonesia 56%
Turkey 55%

a. Are all of the Islamic countries accounted for in
this table? Suggest a few more Islamic countries if
necessary.

b. Would you use a pie chart or a bar chart to
graphically describe the data? Why?

¢. Draw the chart you chose in part b.

d. If you were the person conducting the opinion poll,
what other types of questions might you want to
investigate?

1.14 Education Attainment The data below

repeats educational attainment of the Aboriginal and

non-Aboriginal population in Ontario, aged 15 years
and over (2001 Census).

NEL
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Aboriginal Non-Aboriginal f. What percentage of the members of the Aboriginal
Population (%) Population (%) population have a university degree? Is there a sig-
University degree 6.00 17.70 nificant gap between the education attainment of the
Trades, college, university 28.00 27.10 Aboriginal and the non-Aboriginal population?
certificate/diploma < g :
Some post-secondary 12.20 11.20 1.15 Education Attainment, continued The
High school only 12.10 14.40 educational attainment of the Aboriginal population
Less than high school 41.70 21.60 in Canada, aged 25-64, for the years 2001 and 1996 is
a. Define the variable that has been measured in this displayed in two bar charts (stacked), respectively.
table. a. Are all of the education levels accounted for in the
b. Is the variable quantitative or qualitative? graph? Add another category if necessary.
¢. What do the numbers represent? b. Have any improvements in Aboriginal educational
d. Construct a pie chart to describe the education attainment been made over the years?
levels in the Aboriginal population. ¢. Use a pie chart to describe the data. Which graph is
e. Construct a bar chart to describe the education more interesting to look at?

levels in the non-Aboriginal population.

2001 Census-
[ High school only
[CJess than high school
e
qualifications
1996 Census -
0%  20%  40%  60%  80%  100%
1.16 Facebook Fanatics The social networking site to number of Internet users. The total number of
called Facebook has grown quickly since its incep- Facebook users in Canada is reaching 17,190,240.
tion in 2004. Social networking statistics' show that The largest age group is currently 18-24 with total
Facebook penetration in Canada is 50.92% compared of 4,125,658 users, followed by the users in the age
to the country’s population, and 65.55% in relation range of 25-34.

18-24 25% O
25-34 24%

5% 3544 17% O
3% 4554 13% @
55-64 8% [
16-17 5% O

65 and above 5% []
13-15 2% [

http://www.sacialbakers.com/facebook-statistics/canada. © Socialbakers.
NEL
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20 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

a. Define the variable that has been measured in the e. Construct a bar chart to describe the age distribution.
pie chart. f. Would you use a pie chart or a bar chart to

b. Is the variable quantitative or qualitative? graphically describe the data? Why? Which graph is

¢. What do the percentages represent? more interesting to look at?

d. Is the pie chart drawn accurately? That is, are the g. If you were the person collecting the data, what other
sections in the correct proportion to each other? types of questions might you want to investigate?

Q GRAPHS FOR QUANTITATIVE DATA

Quantitative variables measure an amount or quantity on each experimental unit. If the
variable can take only a finite or countable number of values, it is a discrete variable.
A variable that can assume an infinite number of values corresponding to points on a
line interval is called continuous.

Pie Charts and Bar Charts

Sometimes information is collected for a quantitative variable measured on different
segments of the population, or for different categories of classification. For example,
you might measure the average incomes for people of different age groups, different
genders, or living in different geographic areas of the country. In such cases, you can
use pie charts or bar charts to describe the data, using the amount measured in each cat-
egory rather than the frequency of occurrence of each category. The pie chart displays
how the total quantity is distributed among the categories, and the bar chart uses the
height of the bar to display the amount in a particular category.

w@ Canadian Defence Budget Expected to Rise to $20 billion by 2010 Like all federal
institutions during the 1990s, the Department of Defence underwent budget cuts as part
of the federal government’s effort to eliminate the deficit. Consequently, the budget,
which totalled $12 billion in 1993-1994, declined to $9.38 billion by 1998-1999. Since
then, the Department of National Defence has received three successive budget increases
totalling more than $5 billion, to be delivered between 2001-2002 and 2006-2007.
The amount of money estimated for the fiscal year 2002-2003 budget ($ millions) by
the Department of National Defence, Government of Canada, is shown in Table 1.5.2
Construct both a pie chart and a bar chart to describe the data.
Compare the two forms of presentation.

TABLE 1.5 o Expenses by Category

Category Amount (in dollars)
Maritime forces 2,053,210,000
Land forces 3,181,330,000
Air forces 2,828,760,000
Joint operations and civil emergency preparedness 1,086,310,000
Communications and information management 304,020,000
Support to the personnel function 860,850,000
Materiel, infrastructure, and environment support 754,080,000
DND/CF executive 786,240,000
Total 11,834,800,000

Source: National Defence and Canadian Forces Budget-Budget 2002-2003 http://www/collectionscanada.gc.ca/webarchives/
20060327215046/http://www.forces.gc.ca/site/about/budgete.asp. Reproduced with the permission of the Minister of Public
Works and Government Services, 2007.
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Solution Two variables are being measured: the category of expenditure (qualita-
tive) and the amount of the expenditure (quantitative). The bar chart in Figure 1.6 dis-
plays the categories on the horizontal axis and the amount on the vertical axis.

FIGURE 1.6
Bar chart for Example 1.7

- & & &
& F & TS S
& & oq"( T
¥ T & &
N &

For the pie graph in Figure 1.7, each “pie slice” represents the proportion of the total
expenditure ($11,834,800,000). For example, for the Air Forces category, the angle of
the sector is

2,828,760,000

X 360° = 86.04°
11,834,800,000 369 S

FIGURE 1.7
Pie chart for Example 1.7

Both graphs show that the largest amounts of money were spent on land forces. Since
there is no inherent order to the categories, you are free to rearrange the bars or sectors
of the graphs in any way you like. The shape of the bar chart has no bearing on its
interpretation.

Line Charts

When a quantitative variable is recorded over time at equally spaced intervals (such
as daily, weekly, monthly, quarterly, or yearly), the data set forms a time series. Time
series data are most effectively presented on a line chart with time as the horizontal
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22 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

axis. The idea is to try to discern a pattern or trend that will likely continue into
the future, and then to use that pattern to make accurate predictions for the immediate
future.

In the year 2030, the oldest “baby boomers” (born in 1946) will be 84 years old, and
the oldest “Gen-Xers” (born in 1965) will be eligible to collect Canada Pension Plan
(CPP) benefits. How will this affect the consumer trends in the next 25 years? Statis-
tics Canada gives projections for age group 65-69 years, as shown in Table 1.6 below.

Construct a line chart to illustrate the data. What is the effect of stretching and shrink-
ing the vertical axis on the line chart?

TABLE 1.

Year | 2006 2011 2016 2021 2026 2031
Population (thousands) | 12273 15131 19421 21847 24666  2527.6

Solution The quantitative variable population is measured over six time inter-
vals, creating a time series that you can graph with a line chart. The time intervals are
marked on the horizontal axis and the population on the vertical axis. The data points
are then connected by line segments to form the line charts in Figure 1.8. Notice the
marked difference in the vertical scales of the two graphs. Shrinking the scale on the
vertical axis causes large changes to appear small, and vice versa. To avoid misleading
conclusions, you must look carefully at the scales of the vertical and horizontal axes.
However, from both graphs you get a clear picture of the steadily increasing numbers
in the early years of the twenty-first century.

@ NEEDATIP?
Beware of stretching or
shrinking axes when you
look at a graph!

FIGURE 1.8
Line charts for Example 1.8 3000 5000
2500 4000
g
2 £
Ezooo- gaooo
15004 m/
1000 T - . : 1000 - - - =
2006 2011 2016 2021 2026 2031 2006 2011 2016 2021 2026 2031
Year Year

Dotplots

Many sets of quantitative data consist of numbers that cannot easily be separated into

categories or intervals of time. You need a different way to graph this type of data!
The simplest graph for quantitative data is the dotplot. For a small set of mea-

surements—for example, the set 2, 6, 9, 3, 7, 6—you can simply plot the measure-

ments as points on a horizontal axis. This dotplot, generated by MINITAB, is shown in
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Figure 1.9(a). For a large data set, however, such as the one in Figure 1.9(b), the dotplot
can be uninformative and tedious to interpret.

FIGURE 1.9 (a)
Dotplots for small and
large data sets a
3 < o Kl o
T T T T T T T T
2 3 4 5 6 i 8
Small Set
(®)
o
©
o e o
LA R J [ B3 & o °
L3 > o o0oeo0 00 LJ o0 e o000 o090 o0 o LJ o0
T T T T T T T T
0.98 1.05 1.12 1.19 1.26 1.33 1.40 1.47
Large Set

Stem and Leaf Plots

Another simple way to display the distribution of a quantitative data set is the stem and
leaf plot. This plot presents a graphical display of the data using the actual numerical
values of each data point.

NEED TO KNOW

How to Construct a Stem and Leaf Plot
1. Divide each measurement into two parts: the stem and the leaf.
2. List the stems in a column, with a vertical line to their right.

3. For each measurement, record the leaf portion in the same row as its correspond-
ing stem.

4. Order the leaves from lowest to highest in each stem.

5. Provide a key to your stem and leaf coding so that the reader can re-create the
actual measurements if necessary.

Table 1.7 lists the prices (in dollars) of 19 different brands of walking shoes. Construct
a stem and leaf plot to display the distribution of the data.

TABLE 1.7 Prices of Walkin hoes

90 70 70 70 75 70
65 68 60 74 70 35
75 70 68 65 40 65
70
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Solution To create the stem and leaf plot, you could divide each observation
between the ones and the tens place. The number to the left is the stem; the number to
the right is the leaf. Thus, for the shoes that cost $65, the stem is 6 and the leaf is 5.
The stems, ranging from 4 to 9, are listed in Figure 1.10, along with the leaves for each
of the 19 measurements. If you indicate that the leaf unit is 1, the reader will realize
that the stem and leaf 6 and 8, for example, represent the number 68, recorded to the
nearest dollar.

FIGURE 1.10

Stem and leaf plot for the 4 0 Leaf unit = 1 “ 0
data in Table 1.7 5 5
6 | 580855 [Reordering|—> 6 | 055588
7 0005040500 7 0000000455
8 8
9 05 9 05
@ NEEDATIP? Sometimes the available stem choices result in a plot that contains too few stems and
stem | leaf a large number of leaves within each stem. In this situation, you can stretch the stems

by dividing each one into several lines, depending on the leaf values assigned to them.
Stems are usually divided in one of two ways:

¢ Into two lines, with leaves 0—4 in the first line and leaves 5-9 in the second line
¢ Into five lines, with leaves 0-1, 2-3, 4-5, 6-7, and 8-9 in the five lines,

respectively
The data in Table 1.8 are the GPAs of 30 first-year university students, recorded at
the end of the first year. Construct a stem and leaf plot to display the distribution of
the data.

Solution The data, though recorded to an accuracy of only one decimal place,
are measurements of the continuous variable X = GPA, which can take on values in
the interval 0-4.0. By examining Table 1.8, you can quickly see that the highest and
lowest GPAs are 3.4 and 1.9, respectively. But how are the remaining GPAs distrib-
uted? If you use the decimal point as the dividing line between the stem and the leaf,
you have only three stems, which does not produce a very good picture. Even if you
divide each stem into two lines, there are only four stems, since the first line of stem 1
and the second line of stem 4 are empty! Dividing each stem into five lines produces
the most descriptive plot, as shown in Figure 1.11. For these data, the leaf unit is 0.1,
and the reader can infer that the stem and leaf 2 and 6, for example, represent the mea-
surement x = 2.6.
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FIGURE 1.11

2 J

Stem and leaf plot for the 1 99 1 99
data in Table 1.8 2 011 2 011
2 32 2 23
2 | 5455554  [Reordering |—> 2 | 4455555
2 7676777 2 6677777
2 9889 2 8899
3 1010 3 0011
3 3
3 4 Leaf unit = 0.1 3 4

If you turn the stem and leaf plot sideways, so that the vertical line is now a hori-
zontal axis, you can see that the data have “piled up” or been “distributed” along the
axis in a pattern that can be described as “mound-shaped”—much like a pile of sand
on the beach. One GPA was somewhat higher than the rest (x =3.4), and the gap in the
distribution shows that no GPAs were between 3.1 and 3.4.

Interpreting Graphs with a Critical Eye

Once you have created a graph or graphs for a set of data, what should you look for as
you attempt to describe the data?

» First, check the horizontal and vertical scales, so that you are clear about what
is being measured.

* Examine the location of the data distribution. Where on the horizontal axis is
the centre of the distribution? If you are comparing two distributions, are they
both centred in the same place?

¢ Examine the shape of the distribution. Does the distribution have one
“peak,” a point that is higher than any other? If so, this is the most frequently
occurring measurement or category. Is there more than one peak? Are there
an approximately equal number of measurements to the left and right of
the peak?

* Look for any unusual measurements or outliers. That is, are any measurements
much bigger or smaller than all of the others? These outliers may not be repre-
sentative of the other values in the set.

Distributions are often described according to their shapes.

Definition A distribution is symmetric if the left and right sides of the distribu-
tion, when divided at the middle value, form mirror images.

A distribution is skewed to the right if a greater proportion of the measurements lie to
the right of the peak value. Distributions that are skewed right contain a few unusually
large measurements.

A distribution is skewed to the left if a greater proportion of the measurements lie to
the left of the peak value. Distributions that are skewed left contain a few unusually
small measurements.

A distribution is unimodal if it has one peak; a bimodal distribution has two peaks.

Bimodal distributions often represent a mixture of two different populations in the
data set.
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26 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

EXAMPLE Examine the three dotplots generated by MIN/TAB shown in Figure 1.12. Describe these
distributions in terms of their locations and shapes.
FIGURE 1.12
Shapes of data distribu-
tions for Example 1.11 =
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@m AP Solution The first dotplot shows a relatively symmetric distribution with a single
peak located at x =4. If you were to fold the page at this peak, the left and right halves

Symmetric <> mirror
images
Skewed right <> long

would almost be mirror images. The second dotplot, however, is far from symmetric.
It has a long “right tail,” meaning that there are a few unusually large observations. If

right tail you were to fold the page at the peak, a larger proportion of measurements would be

Skewed left < long left on the right side than on the left. This distribution is skewed to the right. Similarly, the

tail third dotplot with the long “left tail” is skewed to the left.

Q‘.‘M@ A quality control analyst is interested in monitoring the weights of a particular style of
walking sneaker. She enters the weights (in grams) of eight randomly selected shoes

into the database but accidentally misplaces the decimal point in the last entry:
272 274 270 271 271 273 272 27.2

Use a dotplot to describe the data and uncover the analyst’s mistake.

Solution The dotplot of this small data set is shown in Figure 1.13(a). You can
clearly see the outlier or unusual observation caused by the analyst’s data entry error.
Once the error has been corrected, as in Figure 1.13(b), you can see the correct distribu-
tion of the data set. Since this is a very small set, it is difficult to describe the shape of
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FIGURE 1.13 e (@
Distributions of weights for
Example 1.12
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the distribution, although it seems to have a peak value around 272 and it appears to be
relatively symmetric.

NEEDATiP? When comparing graphs created for two data sets, you should compare their scales
of measurement, locations, and shapes, and look for unusual measurements or outli-
ers. Remember that outliers are not always caused by errors or incorrect data entry.
Sometimes they provide very valuable information that should not be ignored. You
may need additional information to decide whether an outlier is a valid measurement
that is simply unusually large or small, or whether there has been some sort of mistake
in the data collection. If the scales differ widely, be careful about making comparisons
or drawing conclusions that might be inaccurate!

Outliers lie out, away from
the main body of data.

@ RELATIVE FREQUENCY HISTOGRAMS

A relative frequency histogram resembles a bar chart, but it is used to graph quantita-
tive rather than qualitative data. The data in Table 1.9 are the GPAs of 30 first-year uni-
versity students, reproduced from Example 1.10 shown as a dotplot in Figure 1.14(a).
First, divide the interval from the smallest to the largest measurements into subintervals
or classes of equal length. If you stack up the dots in each subinterval (Figure 1.14(b)),

TABLE 1.9 Grade Point Avera f First-Year University Students
20 3.1 19 25 19
23 26 31 25 21
29 30 27 25 24
2.7 25 24 3.0 34
26 28 25 2.7 29
27 28 22 27 21
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FIGURE 1.14

2
How to construct a i o It o« bk 3 |; s |i s b s bs i
histogram @ | i ] | | &7 | !
20 -5 3.0
GPA
i | T
2.0 22 24 26 28 3.0 32 34
GPA

and draw a bar over each stack, you will have created a frequency histogram or a rela-
tive frequency histogram, depending on the scale of the vertical axis.

Definition A relative frequency histogram for a quantitative data set is a bar
graph in which the height of the bar shows “how often” (measured as a proportion or
relative frequency) measurements fall in a particular class or subinterval. The classes
or subintervals are plotted along the horizontal axis.

As a rule of thumb, the number of classes should range from 5 to 12; the more data
available, the more classes you need.” The classes must be chosen so that each mea-
surement falls into one and only one class. For the GPAs in Table 1.9, we decided to
use eight intervals of equal length. Since the total span of the GPAs is

34-19=15

the minimum class width necessary to cover the range of the data is (1.5 + 8)=0.1875.
For convenience, we round this approximate width up to 0.2. Beginning the first inter-
val at the lowest value, 1.9, we form subintervals from 1.9 up to but not including 2.1,
2.1 up to but not including 2.3, and so on. By using the method of left inclusion, and
including the left class boundary point but not the right boundary point in the class, we
eliminate any confusion about where to place a measurement that happens to fall on a
class boundary point.

Table 1.10 shows the eight classes, labelled from 1 to 8 for identification. The
boundaries for the eight classes, along with a tally of the number of measurements that

TABLE 1.10 Py Relative Fr: nci for Dat f Table 1.
Class
Class Class Relative
NEEDATIP? Class Boundaries Tally Frequency Frequency

Relative frequencies add 1 19t0<21 i 3 3/30
to1— 2 21t0<23 1] 3 3/30
Frequencies add to n. 3 23t0<25 n 3 3/30
4 25t0<27 gl 7 7/30

5 27t0<29 il 7 7/30

6 29t0<31 11 4 4/30

7 31t0<33 Il 2 2/30

8 33t0<35 | 1 1/30

*You can use this table as a guide for selecting an appropriate number of classes. Remember that this is only a
guide; you may use more or fewer classes than the table recommends if it makes the graph more descriptive.

Sample Size 25 50 100 200 500
Number of Classes 6 7 8 9 10
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1.5 RELATIVE FREQUENCY HISTOGRAMS O 29

fall in each class, are also listed in the table. As with the charts in Section 1.3, you can
now measure how often each class occurs using frequency or relative frequency.

To construct the relative frequency histogram, plot the class boundaries along the
horizontal axis. Draw a bar over each class interval, with height equal to the relative fre-
quency for that class. The relative frequency histogram for the GPA data, Figure 1.15,
shows at a glance how GPAs are distributed over the interval 1.9 to 3.5.

FIGURE 1.15

L
Relative frequency
histogram
Grade Point Average
M@ Twenty-five households are polled in a marketing survey, and Table 1.11 lists the num-
bers of litres of milk purchased during a particular week. Construct a relative frequency

histogram to describe the data.

TABLE 1.11 o Litres of Milk Purchased by 25 Households

NS -=NO
N W= =W
NN WO
WNO —
BN - NWw

Solution The variable being measured is “number of litres of milk,” which is a
discrete variable that takes on only integer values. In this case, it is simplest to choose
the classes or subintervals as the integer values over the range of observed values: 0,
1,2,3,4, and 5. Table 1.12 shows the classes and their corresponding frequencies and
relative frequencies. The relative frequency histogram, generated using MINITAB, is
shown in Figure 1.16.

TABLE 1.12 o Frequency Table for Example 1.13

Number of Litres Frequency Relative Frequency

0.08
0.20
0.36
0.20
0.12
0.04

B WN — O
—_ WU w N
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30 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

FIGURE 1.16
MINITAB histogram for
Example 1.13

How to Construct a Relative Frequency Histogram

1. Choose the number of classes, usually between 5 and 12. The more data you
have, the more classes you should use.

NEED TO KNOW

2. Calculate the approximate class width by dividing the difference between the
largest and smallest values by the number of classes.

3. Round the approximate class width up to a convenient number.

4. If the data are discrete, you might assign one class for each integer value taken
on by the data. For a large number of integer values, you may need to group them
into classes.

5. Locate the class boundaries. The lowest class must include the smallest measure-
ment. Then add the remaining classes using the left inclusion method.

6. Construct a statistical table containing the classes, their frequencies, and their
relative frequencies.

7. Construct the histogram like a bar graph, plotting class intervals on the horizontal
axis and relative frequencies as the heights of the bars.

A relative frequency histogram can be used to describe the distribution of a set of
data in terms of its location and shape, and to check for outliers as you did with other
graphs. For example, both the GPA and the “milk” data were relatively symmetric,
with no unusual measurements. Since the bar constructed above each class represents
the relative frequency or proportion of the measurements in that class, these heights can
be used to give us further information:

* The proportion of the measurements that fall in a particular class or group of
classes

* The probability that a measurement drawn at random from the set will fall in a
particular class or group of classes

Consider the relative frequency histogram for the GPA data in Figure 1.15. What
proportion of the students had GPAs of 2.7 or higher? This involves all classes beyond
2.7 in Table 1.10. Because there are 14 students in those classes, the proportion who
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have GPAs of 2.7 or higher is 14/30, or approximately 47%. This is also the percentage
of the total area under the histogram in Figure 1.15 that lies to the right of 2.7.

Suppose you wrote each of the 30 GPAs on a piece of paper, put them in a hat, and
drew one at random. What is the chance that this piece of paper contains a GPA of 2.7
or higher? Since 14 of the 30 pieces of paper fall in this category, you have 14 chances
out of 30; that is, the probability is 14/30. The word probability is not unfamiliar to
you; we will discuss it in more detail in Chapter 4.

Although we are interested in describing the set of n = 30 measurements, we might
also be interested in the population from which the sample was drawn, which is the set
of GPAs of all first-year students currently in attendance at the University of Windsor.
Or, if we are interested in the academic achievement of first-year university students in
general, we might consider our sample as representative of the population of GPAs for
first-year students attending University of Windsor, or other universities similar to the
University of Windsor. A sample histogram provides valuable information about the
population histogram—the graph that describes the distribution of the entire popula-
tion. Remember, though, that different samples from the same population will produce
different histograms, even if you use the same class boundaries. However, you can
expect that the sample and population histograms will be similar. As you add more
and more data to the sample, the two histograms become more and more alike. If you
enlarge the sample to include the entire population, the two histograms are identical!

@ EXERCISES

BASIC TECHNIQUES ¢. What fraction of the measurements are less than 5.17
Data sets for all exercises marked with the data set d. What fraction of the measurements are larger

icon are available for download from the companion than 3.62

website, at www.probandstats3e.nelson.com. e. Compare the relative frequency histogram with the
@ 1.17 Construct a stem and leaf plot for these 50 stem and leaf plot in Exercise 1.17. Are the shapes
EX0117 measurements: similar?

31 49 28 36 25 45 35 37 41 49 @  1.19 Consider this set of data:

29 21 35 40 37 27 40 44 37 42 EX0119

38 62 25 29 28 51 18 56 22 34 45 32 35 39 35 39

25 36 51 48 16 36 61 47 39 39 43 48 36 33 43 42

43 57 37 46 40 56 49 42 31 39 39 37 43 44 34 42

4.4 40 36 35 39 4.0

a. Construct a stem and leaf plot by using the leading
digit as the stem.

b. Construct a stem and leaf plot by using each leading
digit twice. Does this technique improve the presen-
tation of the data? Explain.

a. Describe the shape of the data distribution. Do you
see any outliers?

b. Use the stem and leaf plot to find the smallest
observation.

¢. Find the eighth and ninth largest observations.

1.18 Refer to Exercise 1.17. Construct a relative

frequency histogram for the data. 1.20 A discrete variable can take on only the values

0, 1, or 2. A set of 20 measurements on this variable is

a. Approximately how many class intervals should shown here:
you use? 1 2 . 0 2
b. Suppose you decide to use classes starting at 1.6 2 1 1 0 0
with a class width of 0.5 (i.e., 1.6 to <2.1, 2.1 to 2 2 1 1 0
<2.6). Construct the relative frequency histogram 0 L / 1 L
for the data. a. Construct a relative frequency histogram for the data.
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32 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

b. What proportion of the measurements are greater
than 1?

¢. What proportion of the measurements are less
than 2?

d. If a measurement is selected at random from the
20 measurements shown, what is the probability
thatitisa 2?

e. Describe the shape of the distribution. Do you see
any outliers?

1.21 Refer to Exercise 1.20.

a. Draw a dotplot to describe the data.

b. How could you define the stem and the leaf for this
data set?

¢. Draw the stem and leaf plot using your decision
from part b.

d. Compare the dotplot, the stem and leaf plot, and the
relative frequency histogram (Exercise 1.20). Do
they all convey roughly the same information?

1.22 Navigating a Maze An experimental
psychologist measured the length of time it took for

a rat to successfully navigate a maze on each of five
days. The results are shown in the table. Create a line
chart to describe the data. Do you think that any learn-
ing is taking place?

Day | 1 2 3 4 5

Time(sec) | 45 43 46 32 25

@ 1.23 Measuring over Time The value of a
EX0123 quantitative variable is measured once a year for
a 10-year period. Here are the data:

Year Measurement Year Measurement
1 615 6 58.2
2 62.3 7 575
3 60.7 8 575
4 59.8 9 56.1
5 58.0 10 56.0

a. Create a line chart to describe the variable as it
changes over time.

b. Describe the measurements using the chart
constructed in part a.

@ 1.24 Test Scores The test scores on a 100-
EX0124 point test were recorded for 20 students:

61 93 91 8 5 63 8 8 76 57
94 89 67 62 72 8 68 65 75 84

a. Use an appropriate graph to describe the data.
b. Describe the shape and location of the scores.

¢. Is the shape of the distribution unusual? Can you
think of any reason the distribution of the scores
would have such a shape?

APPLICATIONS

@ 1.25 A Recurring lliness The length of time
EX0125 (in months) between the onset of a particular
illness and its recurrence was recorded for n =50
patients:

21 44 27 323 99 90 20 66 39 16
147 96 167 74 82 1892 69 43 33 12
41 184 02 61 135 74 02 83 03 13
141 10 24 24 180 87 240 14 82 58
16 35 114 180 267 37

a. Construct a relative frequency histogram for the
data.

b. Would you describe the shape as roughly
symmetric, skewed right, or skewed left?

¢. Give the fraction of recurrence times less than or
equal to 10 months.

1.26 Post-secondary Education Pays Off Big—
Especially for Albertans Post-secondary education
is one of the best investments you can make, especially
if you’re living in Alberta, according to a recent inter-
provincial comparison of graduate salaries conducted
by Alberta Learning.?

The average Alberta university graduate with
a bachelor’s degree can expect to earn more than
$46,000 a year—the second highest gross salary after
Ontario. When taxes and cost of living are taken into
consideration, the salary of a university bachelor’s
graduate living in Alberta is the highest in Canada at
just under $34,000, followed by Ontario at $32,000
and Saskatchewan at just under $31,000.

The average annual incomes for five different
categories are shown in the table:

Educational Level Average Annual Income (8)

High-school graduates 30,072
Certificate and diploma graduates 38,952
Bachelor degree graduates 46,565
Masters degree and eamed doctorate

graduates 56,974
All labour force survey categories 35,440

a. What graphical methods could you use to describe
the data?

b. Select the method from part a that you think best
describes the data.

¢. How would you summarize the information that you
see in the graph regarding educational levels and
salary?

@ 1.27 Preschool The ages (in months) at

EX0127 which 50 children were first enrolled in a pre-

school are listed below:
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38 40 30 35 39 40 48 36 31 36
47 3% 34 43 4 3B 41 43 48 40
32 33 4 30 46 35 40 30 46 I
5 39 33 32 3 4 42 4 36

42 5 37 39 3B 45 3B 46 3B 31

a. Construct a stem and leaf display for the data.

b. Construct a relative frequency histogram for these
data. Start the lower boundary of the first class at
30 and use a class width of 5 months.

¢. Compare the graphs in parts a and b. Are there any
significant differences that would cause you to
choose one as the better method for displaying the
data?

d. What proportion of the children were 35 months
(2 years, 11 months) or older, but less than
45 months (3 years, 9 months) of age when first
enrolled in preschool?

e. If one child were selected at random from this group
of children, what is the probability that the child was
less than 50 months old (4 years, 2 months) when
first enrolled in preschool?

@ 1.28 Happy in the Air? The following table
EX0128 reveals complaints against Air Canada and
major U.S. airlines in a given year.*

June Dec. Canada US. Grand Passengers

Airline 2003 2003 Total  Total Total (millions)
Air Canada 310 176 486 3% 522 201
Airtran Airways 0 0 0 97 9 n7
American West Airlines 0 0 0 168 168 201
American Airlines 0 5 5 781 786 888
Continental Airlines 0 0 0 3 3N 389
Delta 4 3 7 656 663 843
Northwest Airlines 1 4 5 492 497 520
Southwest Airlines 0 0 0 106 106 748
United Airlines 6 2 8 548 556  66.2
U.S. Airways 1 5 6 373 319 M3

a. Construct a pie chart to describe the grand total
number of complaints by airline.

b. Order the airlines from the smallest to the largest
number of complaints. Construct a Pareto chart to
describe the data. Which display is more effective?

¢. Is there another variable that you could measure that
might help to explain why some airlines have many
more complaints than others? Explain.

@ 1.29 How Long Is the Line? To decide on the
EX0128 number of service counters needed for stores to be
built in the future, a supermarket chain wanted to obtain
information on the length of time (in minutes) required
to service customers. To find the distribution of customer
service times, a sample of 1000 customers’ service times
was recorded. Sixty of these are shown here:

NEL

1.5 RELATIVE FREQUENCY HISTOGRAMS O 33

16 19 52 05 18 03 11 06 07 06

a. Construct a stem and leaf plot for the data.

b. What fraction of the service times are less than or
equal to 1 minute?

¢. What is the smallest of the 60 measurements?

1.30 Service Times, continued Refer to
Exercise 1.29. Construct a relative frequency histogram
for the supermarket service times.

a. Describe the shape of the distribution. Do you see
any outliers?

b. Assuming that the outliers in this data set are valid
observations, how would you explain them to the
management of the supermarket chain?

c. Compare the relative frequency histogram with
the stem and leaf plot in Exercise 1.29. Do the two
graphs convey the same information?

@ 1.31 Calcium Content The calcium (Ca)

EX0131 content of a powdered mineral substance was

analyzed ten times with the following percent composi-

tions recorded:

0.0271 0.0282 0.0279 0.0281 0.0268

0.0271 0.0281 0.0269 0.0275 0.0276

a. Draw a dotplot to describe the data. (HINT: The
scale of the horizontal axis should range from
0.0260 to 0.0290.)

b. Draw a stem and leaf plot for the data. Use the numbers
in the hundredths and thousandths places as the stem.

c. Are any of the measurements inconsistent with the
other measurements, indicating that the technician
may have made an error in the analysis?

@ 1.32 Canadian Prime Ministers by

EX0132 Age This is a list of prime ministers of Canada
since Confederation in 1867, arranged in descending
order of their age upon first taking office.’

Prime Minister Age Prime Minister Age
C. Tupper 74 W. Laurier 54
J. Abbott 70 J. A. Macdonald 52
M. Bowell 69 A. Mackenzie 51
L. St-Laurent 66 P. Trudeau 48
L. B. Pearson 66 J. S. Thompson 47
P. Martin 65 W. L. M. King 47
J. Diefenbaker 61 S. Harper 46
R. Bennett 60 K. Campbell 46
J. Chrétien 59 A. Meighen 46
R. Borden 57 B. Mulroney 45
J. Turner 55 J. Clark 39
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34 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

a. Before you graph the data, try to visualize the dis-
tribution of the ages for the prime ministers. What
shape do you think it will have?

b. Construct a stem and leaf plot for the data. Describe
the shape. Does it surprise you?

¢. The five youngest prime ministers at the time of
first taking oath appear in the lower “tail” of the dis-
tribution. Identify the five youngest prime ministers
at the time of first taking oath. What common trait
explains these measurements?

@ 1.33 RBC Counts The red blood cell count
EX0133 of a healthy person was measured on each of
15 days. The number recorded is measured in 10° cells
per microlitre (uL).

54 9.2 5.0 52 55

53 54 52 5.1 53
53 49 54 52 52

a. Use an appropriate graph to describe the data.

b. Describe the shape and location of the red blood cell
counts.

c¢. If the person’s red blood cell count is measured
today as 5.7 x 10° cells/uL, would you consider this
unusual? What conclusions might you draw?

@ 1.34 NHL Goals Against Average Leaders
EX0134 Average determined by games played through
194243 season and by minutes played since then. A
sample of goals against average leaders is listed in the
table.®

Year Name Goals Against Average
1968 Gump Worsley 1.98
1967 Glenn Hall 2.38
1974 Bemie Parent 1.89
1990 Mike Liut 253
1961 Johnny Bower 2.50
1870 Ernie Wakely 211
1918 Georges Vezina 382
1940 Dave Kerr 1.60
1937 Norm Smith 213
2000 Brian Boucher 191
1943 John Mowers 247
1956 Jacques Plante 1.86
1941 Turk Broda 2.06
1952 Terry Sawchuk 1.90
1926 Alex Connell 1.17
1997 Martin Brodeur 1.88
1977 Bunny Larocque 2.08
1980 Bob Sauve 2.36
1994 Dominik Hasek 1.95
1944 Bill Durnan 218

a. Construct a relative frequency histogram to
describe the Goals Against Average for these
20 champions.

b. If you were to randomly choose one of the
20 names, what is the chance that you would choose
a player whose average was above 2.4 for his
championship year?

@ 1.35 Top 20 Movies The table that follows
EX0135 shows the weekend gross ticket sales for the top
20 movies for the weekend of June 25, 2010:7

Movie Weekend Gross ($ millions)
1. Toy Story 3 59.3
2. Grown Ups 405
3. Knight and Day 20.1
4. The Karate Kid 155
5. The A-Team 6.2
6. Get Him to the Greek 3.1
7. Shrek Forever After 3.1
8. Prince of Persia 28
9. Killers 19

10. Jonah Hex 16

11. Iron Man 2 14

12. Sex and the City 2 12

13. Marmaduke 1.0

14. Robin Hood 0.6

15. Solitary Man 0.5

16. How to Train Your Dragon 0.5

17. Winter's Bone 04

18. Letters to Juliet 0.4

19. Joan Rivers: A Piece of Work 0.4

20. Cyrus 0.3

Source: www.radiofree.com/mov-tops.shtml

a. Draw a stem and leaf plot for the data. Describe the
shape of the distribution. Are there any outliers?

b. Construct a dotplot for the data. Which of the two
graphs is more informative? Explain.

@ 1.36 Contaminated Waste Sites (in 2002)
EX0138 Peggy’s Cove Lighthouse is among 1200 con-
taminated federal sites. Environmentalists are upset
following the publication of a national inventory of
contaminated sites on federal land. There are more than
1200 sites with contamination ranging from oil spills to
toxic mining waste. The table lists the number of sites.*

Province/Territory Number of Sites
Newfoundland and Labrador 55
Prince Edward Island 17
Nova Scotia 78
New Brunswick 34
Quebec 300
Ontario 205
Manitoba 78
Saskatchewan 44
Alberta 57
British Columbia 235
Northwest Territories 56
Yukon Territory 21
Nunavut 44

Source: CBC.ca
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a. What variable is being measured? Is the variable
discrete or continuous?

b. Construct a stem and leaf plot. Describe the shape
of the data distribution. Identify the unusually large

measurements.

¢. Can you think of any reason that some provinces
would have a large number of contaminated sites?
What other variable might you measure to help
explain why the data behave as they do?

@ 1.37 Organized Religion Statistics of the
EX0137 world’s religions are only very rough approxi-
mations, since many religions do not keep track of their
membership numbers. An estimate of these numbers
(in millions) is shown in the table.’

CHAPTERREVEW O 35

Members Members
Religion (millions)  Religion (millions)
Buddhism 376 Judaism 14
Christianity 2100 Sikhism 23
Hinduism 900 Chinese traditional 394
Islam 1500 Other 61
Primal indigenous and

African traditional 400

a. Construct a pie chart to describe the total member-
ship in the world’s organized religions.

b. Construct a bar chart to describe the total member-
ship in the world’s organized religions.

¢. Order the religious groups from the smallest to the
largest number of members. Construct a Pareto chart
to describe the data. Which of the three displays is
most effective?

As you continue to work through the exercises in this chapter, you will become more
experienced in recognizing different types of data and in determining the most appropriate
graphical method to use. Remember that the type of graphic you use is not as important as
the interpretation that accompanies the picture. Look for these important characteristics:

¢ Location of the centre of the data

* Shape of the distribution of data
* Unusual observations in the data set
Using these characteristics as a guide, you can interpret and compare sets of data using

graphical methods, which are only the first of many statistical tools that you will soon
have at your disposal.

CHAPTER REVIEW

Key Concepts

I. How Data Are Generated
1. Experimental units, variables, measurements
2. Samples and populations
3. Univariate, bivariate, and multivariate data

Il. Types of Variables
1. Qualitative or categorical

2. Quantitative
a. Discrete
b. Continuous

Ill. Graphs for Univariate Data

Distributions

1. Qualitative or categorical data

NEL

a. Pie charts
b. Bar charts
2. Quantitative data
a. Pie and bar charts
b. Line charts
c. Dotplots
d. Stem and leaf plots
e. Relative frequency histograms
3. Describing data distributions

a. Shapes—symmetric, skewed left, skewed
right, unimodal, bimodal

b. Proportion of measurements in certain
intervals

c. Outliers
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Introduction to Microsoft Excel®

Microsoft Excel is a spreadsheet program in the Microsoft Office® system. It is designed
for a variety of analytical applications, including statistical applications. We will assume
that you are familiar with Windows®, and that you know the basic techniques necessary
for executing commands from the tabs, groups, and drop-down menus at the top of the
screen. If not, perhaps a lab or teaching assistant can help you to master the basics. The
current version of Excel at the time of this printing is Excel 2010, used in the Windows
7 environment. When the program opens, a spreadsheet appears (see Figure 1.17),
containing rows and columns into which you can enter data. Tabs at the bottom of the
screen identify the three spreadsheets available for use; when saved as a collection,
these spreadsheets are called a workbook.

FIGURE 1.17
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Pie charts, bar charts, and line charts can all be created in Excel. Data is entered
into an Excel spreadsheet, including labels if needed. Highlight the data to be graphed,
and then click the chart type that you want on the Insert tab in the Charts group. Once
the chart has been created, it can be edited in a variety of ways to change its appearance.

Pie and Bar Charts The class statuses of 105 students in an introductory statistics
class are listed in Table 1.13. The qualitative variable “class status” has been recorded

for each student, and the frequencies have already been recorded.

TABLE 1.13 t f nts in isti |
Status First Year Second Year Third Year Fourth Year Grad Student
Frequency 5 23 32 35 10

1. Enter the categories into column A of the first spreadsheet and the frequencies
into column B. You should have two columns of data, including the labels.

2. Highlight the data, using your left mouse button to click-and-drag from cell Al
to cell B6 (sometimes written as A1:B6). Click the Insert tab and select Pie
in the Charts group. In the drop-down list, you will see a variety of styles to
choose from. Select the first option to produce the pie chart. Double-click on
the title “Frequency” and change the title to “Student Status.”

NEL
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3. Editing the pie chart: Once the chart has been created, use your mouse to
make sure that the chart is selected. You should see a green area above the tabs
marked “Chart Tools.” Click the Design tab, and look at the drop-down lists in
the Chart Layout and Chart Styles groups. These lists allow you to alter the
appearance of your chart. In Figure 1.18(a), the pie chart has been changed so
that the percentages are shown in the appropriate sectors. By clicking on the
legend, we have dragged it so that it is closer to the pie chart.

FIGURE 1.18
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4. Click on various parts of the pie chart (legend, chart area, sector) and a box
with round and/or square handles will appear. Double-click, and a dialogue box
will appear. You can adjust the appearance of the selected object or region in
this box and click OK. Click Cancel to exit the dialogue box without changes!

5. Still in the Design section, but in the Type group, click on Change Chart
Type and choose the simplest Column type. Click OK to create a bar chart for
the same data set, shown in Figure 1.18(b).

6. Editing the bar chart: Again, you can experiment with the various options in
the Chart Layout and Chart Styles groups to change the look of the chart.
You can click the entire bar chart (“Chart area”) or the interior “Plot area” to
stretch the chart. You can change colours by double-clicking on the appropri-
ate region. We have chosen a design that allows axis titles and have deleted the
“frequency legend entry.” We have also chosen to delete the minor gridlines,
by clicking the Layout tab in the Chart Tools, using the Gridlines drop-down
list, and selecting Primary Horizontal Gridlines » Major Gridlines. We
have decreased the gaps between the bars by right-clicking on one of the bars,
selecting Format Data Series, and changing the Gap Width to 50%.
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M@ Line Charts The Dow Jones Industrial Average was monitored at the close of trading
for 10 days in a recent year, with the results shown in Table 1.14.
TABLE 1.14 o Dow Jones Industrial Average
Day 1 2 3 4 5 6 7 8 9 10

DJIA 10636 10680 10674 10653 10,698 10644 10378 10319 10,303 10,302

1. Click the tab at the bottom of the screen marked “Sheet 2.” Enter the Days into
column A of this second spreadsheet and the DJIA into column B. You should
have two columns of data, including the labels.

2. Highlight the DJIA data in column B, using your left mouse button to click-
and-drag from cell B1 to cell B11 (sometimes written as B1:B11). Click the
Insert tab and select Line in the Charts group. In the drop-down list, you will
see a variety of styles to choose from. Select the first option to produce the line
chart.

3. Editing the line chart: Again, you can experiment with the various options in
the Chart Layout and Chart Styles groups to change the look of the chart. We
have chosen a design that allows titles on both axes, which we have changed
to “Day” and “DJIA,” and we have deleted the title and the “frequency legend
entry.” The line chart is shown in Figure 1.19.

FIGURE 1.19
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4. Note: If your time series involves time periods that are not equally spaced, it
is better to use a scatterplot with points connected to form a line chart. This
procedure is described in the “Technology Today” section in Chapter 3.

Frequency Histograms The top 40 stocks on the over-the-counter (OTC) stocks mar-
ket, listed by percentage of outstanding shares traded on a particular day, are provided

in Table 1.15.

d

1188 627 543 481 440 378 344 3N 288 268
799 607 526 479 405 369 336 303 274 263
715 598 507 455 394 362 326 299 274 262
713 591 494 443 393 348 320 283 269 261
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. Many of the statistical procedures that we will use in this textbook require the

installation of the Analysis ToolPak add-in. To load this add-in, click File »
Options P> Add-ins. Select Analysis ToolPak and click OK.

Click the tab at the bottom of the screen marked “Sheet 3.” Enter the data into
the first column of this spreadsheet and include the label “Stocks” in the first
cell.

Excel refers to the maximum value for each class interval as a bin. This means
that Excel is using a method of right inclusion, which is slightly different
from the method presented in Section 1.5. For this example, we choose to use
the class intervals > 2.5-3.5, > 3.5-4.5, > 4.5-5.5, etc. Enter the bin values
(3.5,4.5,5.5, ..., 12.5) into the second column of the spreadsheet, labelling
them as “Percent Traded” in cell B1.

Select Data P> Data Analysis » Histogram and click OK. The Histogram dia-
logue box will appear, as shown in Figure 1.20.

FIGURE 1.21
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5. Highlight or type in the appropriate Input Range and Bin Range for the data.

Notice that you can click the minimize button on the right of the box
before you click-and-drag to highlight. Click the minimize button again to see
the entire dialogue box. The Input Range will appear as $A$1:$A$4 1, with the
dollar sign indicating an absolute cell range. Make sure to click the “Labels”
and “Chart Output” check boxes. Pick a convenient cell location for the output
(we picked D1) and click OK. The frequency table and histogram will appear
in the spreadsheet. The histogram (Figure 1.21(a)) doesn’t appear quite like we
wanted.

(b)

Histogram

—-«:»mog::é

Percent Traded 44
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6. Editing the histogram: Click on the frequency legend entry and press the
Delete key. Then select the Data Series by double-clicking on a bar. In the
Series Options box that appears, change the Gap Width to 0% (no gap) and
click Close. Stretch the graph by dragging the lower right corner, and edit
the colours, title, and labels if necessary to finish your histogram, as shown
in Figure 1.21(b). Remember that the numbers shown along the horizontal
axis are the bins, the upper limit of the class interval, not the midpoint of the
interval.

7. You can save your Excel workbook for use at a later time using File P> Save or
File » Save As and naming it “Chapter 1.”

Introduction to MINITAB™

MINITAB computer software is a Windows-based program designed specifically for
statistical applications. We will assume that you are familiar with Windows, and that
you know the basic techniques necessary for executing commands from the tabs and
drop-down menus at the top of the screen. If not, perhaps a lab or teaching assistant can
help you to master the basics. The current version of MIN/TAB at the time of this print-
ing is MINITAB 16, used in the Windows 7 environment. When the program opens, the
main screen (see Figure 1.22) is displayed, containing two windows: the Data window,
similar to an Excel spreadsheet, and the Session window, in which your results will
appear. Just as with Excel, MINITAB allows you to save worksheets (similar to Excel
spreadsheets), projects (collections of worksheets), or graphs.

FIGURE 1.22
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All of the graphical methods that we have discussed in this chapter can be created in
MINITAB. Data is entered into a MINITAB worksheet, with labels entered in the grey cells
just below the column name (C1, C2, etc.) in the Data window.
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M@ Pie and Bar Charts The class statuses of 105 students in an introductory statistics
class are listed in Table 1.16. The qualitative variable “class status” has been recorded

for each student, and the frequencies have already been recorded.

TABLE 1.16 tatus of St nts in tistic: la
Status First Year Second Year Third Year Fourth Year Grad Student
Frequency 5 23 32 35 10

1. Enter the categories into column C1, with your own descriptive name, perhaps
“Status” in the grey cell. Notice that the name C1 has changed to C1-T because
you are entering text rather than numbers. Continue by naming column 2 (C2)
“Frequency,” and enter the five numerical frequencies into C2.

2. To construct a pie chart for these data, click on Graph P Pie Chart, and a
dialogue box will appear (see Figure 1.23). Click the radio button marked
Chart values from a table. Then place your cursor in the box marked
“Categorical variable.” Either (1) highlight C1 in the list at the left and
choose Select, (2) double-click on C1 in the list at the left, or (3) type C1 in
the “Categorical variable” box. Similarly, place the cursor in the box marked
“Summary variables” and select C2. Click Labels and select the tab marked
Slice Labels. Check the boxes marked “Category names” and “Percent.”
When you click OK twice, MINITAB will create the pie chart in Figure 1.24(a).
We have removed the legend by selecting and deleting it.

FIGURE 1.23
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3. As you become more proficient at using the pie chart command, you may want
to take advantage of some of the options available. Once the chart is created,
right-click on the pie chart and select Edit Pie. You can change the colours
and format of the chart, “explode” important sectors of the pie, and change the
order of the categories. If you right-click on the pie chart and select Update
Graph Automatically, the pie chart will automatically update when you
change the data in columns C1 and C2 of the MIN/TAB worksheet.
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4. 1If you would rather construct a bar chart, use the command Graph » Bar
Chart. In the dialogue box that appears, choose Simple. Choose an option in
the “Bars represent” drop-down list, depending on the way that the data has
been entered into the worksheet. For the data in Table 1.13, we choose “Values
from a table” and click OK. When the dialogue box appears, place your cursor
in the “Graph variables” box and select C2. Place your cursor in the “Categori-
cal variable” box, and select C1. Click OK to finish the bar chart, shown in
Figure 1.24(b). Once the chart is created, right-click on various parts of the bar
chart and choose Edit to change the look of the chart.

FIGURE 1.24
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Line Charts The Dow Jones Industrial Average was monitored at the close of trading
for 10 days in a recent year with the results shown in Table 1.17.

TABLE 1.17 ial Av
Day 1 2 3 4 5 6 7 8 9 10

DJIA 10636 10680 10674 10653 10698 10644 10378 10313 10,303 10,302
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Although we could simply enter this data into third and fourth columns of the
current worksheet, let’s create a new worksheet using File » New » Minitab
Worksheet. Enter the Days into column C1 of this second spreadsheet and the
DJIA into column C2. You should have two columns of data, including the
labels.

To create the line chart, use Graph P Time Series Plot » Simple. In the
Dialog box that appears, place your cursor in the “Series” box and select
“DJIA” from the list to the left. Under Time/Scale, choose “Stamp” and select
column C1 (“Day”) in the box labelled “Stamp Columns.” Click OK twice.
You can select the numbered days shown above the line and delete them to
obtain the line chart shown in Figure 1.25.

Time Series Plot of DJIA
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Dotplots, Stem and Leaf Plots, Histograms The top 40 stocks on the over-the-
counter (OTC) market, listed by percentage of outstanding shares traded on a particu-
lar day, are provided in Table 1.18. Create a new worksheet (File » New P> Minitab
Worksheet). Enter the data into column C1 and name it “Stocks” in the grey cell just

below the C1.

Percentage of OTC Stocks Traded

NEL

1188 627 543 481 440 378 344 3N 288 268
799 607 52 479 405 363 336 303 274 263
715 598 507 45 394 362 326 299 274 262
713 591 494 443 393 348 320 283 269 261

1. To create a dotplot, use Graph P Dotplot. In the dialogue box that appears,

choose One Y P> Simple and click OK. To create a stem and leaf plot, use

Graph P> Stem-and-Leaf. For either graph, place your cursor in the “Graph
variables” box, and select “Stocks” from the list to the left (see Figure 1.26).
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FIGURE 1.26
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2. You can choose from a variety of formatting options before clicking OK. The
dotplot appears as a graph, while the stem and leaf plot appears in the Session
window. To print either a Graph window or the Session window, click on
the window to make it active and use File P Print Graph (or Print Session
Window).

3. To create a histogram, use Graph P> Histogram. In the Dialog box that
appears, choose Simple and click OK, selecting “Stocks” for the “Graph vari-
ables” box. Select Scale P> Y-Scale Type and click the radio button marked
“Frequency.” (You can edit the histogram later to show relative frequencies.)
Click OK twice. Once the histogram has been created, right-click on the y-axis
and choose Edit Y-Scale. Under the tab marked “Scale,” you can click the
radio button marked “Position of ticks” and type in 0 5 10 15. Then click the
tab marked “Labels,” the radio button marked “Specified,” and type 0 5/40
10/40 15/40. Click OK. This will reduce the number of ticks on the y-axis and
change them to relative frequencies. Finally, double-click on the word “Fre-
quency” along the y-axis. Change the box marked “Text” to read “Relative
frequency” and click OK.

4. To adjust the type of boundaries for the histogram, right-click on the bars
of the histogram and choose Edit Bars. Use the tab marked “Binning”
to choose either “Cutpoints” or “Midpoints” for the histogram; you can
specify the cutpoint or midpoint positions if you want. In this same Edit
box, you can change the colours, fill type, and font style of the histogram.
If you right-click on the bars and select Update Graph Automatically,
the histogram will automatically update when you change the data in the
“Stocks” column.

As you become more familiar with MINITAB, you can explore the various options
available for each type of graph. It is possible to plot more than one variable at a
time, to change the axes, to choose the colours, and to modify graphs in many ways.
However, even with the basic default commands, it is clear that the distribution of OTC
stocks in Figure 1.27 is highly skewed to the right.
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Supplementary Exercises

1.38 Quantitative or Qualitative? Identify each
variable as quantitative or qualitative:

a. Ethnic origin of a candidate for public office
b. Score (0-100) on a placement examination

¢. Fast-food establishment preferred by a student
(McDonald’s, Burger King, or Subway)

d. Mercury concentration in a sample of tuna

1.39 Symmetric or Skewed? Do you expect
the distributions of the following variables to be
symmetric or skewed? Explain.

a. Size in dollars of nonsecured loans
b. Size in dollars of secured loans
¢. Price of a 250-gram can of peas

d. Height in centimetres of first-year women at your
university

e. Number of broken taco shells in a package of
100 shells

f. Number of ticks found on each of 50 trapped
cottontail rabbits

1.40 Continuous or Discrete? Identify each
variable as continuous or discrete:

a. Number of homicides in Vancouver during a one-
month period

b. Length of time between arrivals at an outpatient
clinic

NEL

¢. Number of typing errors on a page of manuscript

d. Number of defective lightbulbs in a package con-
taining four bulbs

e. Time required to finish an examination

1.41 Continuous or Discrete, again Identify each
variable as continuous or discrete:

a. Weight of two dozen shrimp

b. A person’s body temperature

¢. Number of people waiting for treatment at a hospital
emergency room

d. Number of properties for sale by a real estate
agency

e. Number of claims received by an insurance com-
pany during one day

1.42 Continuous or Discrete, again Identify each
variable as continuous or discrete:

a. Number of people in line at a supermarket checkout
counter

b. Depth of a snowfall

¢. Length of time for a driver to respond when faced
with an impending collision

d. Number of aircraft arriving at the Pierre Elliot
Trudeau International airport in Montreal in a
given hour
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@ 1.43 Aqua Running Aqua running has been
EX0143 suggested as a method of cardiovascular con-
ditioning for injured athletes and others who want a
low-impact aerobics program. A study reported in

the Journal of Sports Medicine investigated the rela-
tionship between exercise cadence and heart rate by
measuring the heart rates of 20 healthy volunteers at a
cadence of 48 cycles per minute (a cycle consisted of
two steps).'” The data are listed here:

87 108 79 80 96 95 90 92 9% 98
101 91 78 112 94 98 94 107 81 96
Construct a stem and leaf plot to describe the data.
Discuss the characteristics of the data distribution.

1.44 JUMP and EQAQ Scores Mathematician

and award-winning playwright John Mighton started
Junior Undiscovered Math Prodigies (JUMP) in 1998.
Education Quality and Accountability Office (EQAO)
tests are designed to assess a student’s ability in reading,
writing, and mathematics for Grades 3 and 6 in Ontario.
The following two graphs reported in Professionally
Speaking"' display EQAO scores for Grades 3 and 6
before and after JUMP training at six schools in Ontario.
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Grade 3 EQAO Score, Before and After JUMP

Source: http://professionallyspeaking.oct.ca/march_2007/math.asp, Written by Elke Town,
Professionally Speaking by Ontario College of Teachers. Reproduced with permission
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Source: http://professionallyspeaking.oct.ca/march_2007/math.asp. Written by Elke Town,
Professionally Speaking by Ontario College of Teachers. Reproduced with permission

a. What graphical techniques did JUMP use?

b. Do you think that a comparison of EQAO scores
pre- and post-JUMP is the best way to measure the
program effectiveness on a given student? Why or
why not?

@ 1.5 Ages of Pennies We collected 50

EX0145 pennies and recorded their ages, by calculating

AGE = CURRENT YEAR — YEAR ON PENNY.

5 1 9 1 2 20 0 25 0 17
1 4 4 3 0 2 3 3 8 28
5 21 19 9 0 5 0 2 1 0
0 T "8 0 2 0 20 16 22 10
19 36 28 0 11 6 0 5 0

a. Before drawing any graphs, try to visualize what the
distribution of penny ages will look like. Will it be
mound-shaped, symmetric, skewed right, or skewed
left?

b. Draw a relative frequency histogram to describe the
distribution of penny ages. How would you describe
the shape of the distribution?

@ 1.46 Ages of Pennies, continued The data

EX0146 below represent the ages of a different set of

50 pennies, again calculated using

AGE = CURRENT YEAR — YEAR ON PENNY.

! 9 0 4 3 0 3 8 2 3
2 10 4 0 14 0 25 12 24 18
3 1 14 7 2 4 4 5 1 2
14 9 3 5 3 0 8 17 16 0
0 7 3 5 23 78 17 9 2

a. Draw a relative frequency histogram to describe
the distribution of penny ages. Is the shape similar
to the shape of the relative frequency histogram in
Exercise 1.45?

b. Draw a stem and leaf plot to describe the penny
ages. Are there any unusually large or small
measurements in the set?

@ 1.47 Canadian Federal Election The

EX0147 data below shows the seats won by the
Conservatives in every election in Canadian history
up to 2006."? Use an appropriate graph to describe the
number of seats won by Conservatives. Write a sum-
mary paragraph describing this set of data.

General General

Election (Date) Seats Election (Date) Seats
1st (1867.09.20) 101 215t (1949.06.27) 4
2nd (1872.10.12) 103 22nd (1953.08.10) 51
3rd (1874.01.22) 73 23rd (1957.06.10) 112
4th (1878.09.17) 137 24th (1958.03.31) 208
5th (1882.06.20) 139 25th (1962.06.18) 116
6th (1887.02.22) 123 26th (1963.04.08) 95
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7th (1891.03.05)

8th (1896.06.23)

Sth (1900.11.07)

10th (1904.11.03)
11th (1908.10.26)
12th (1911.09.21)
13th (1917.12.17)
14th (1921.12.06)
15th (1925.10.29)
16th (1926.09.14)
17th (1930.07.28)
18th (1935.10.14)
19th (1940.03.26)
20th (1945.06.11)

27th (1965.11.08)
28th (1968.06.25)
29th (1972.10.30)
30th (1974.07.08)
31st(1979.05.22)
32nd (1980.02.18)
33rd (1984.09.04)
34th (1988.11.21)
35th (1993.10.25)
36th (1997.06.02)
37th(2000.11.27)
38th (2004.06.28)
39th (2006.01.23)

Source: Electoral Results by Party http://www.parl.gc.ca/parlinfo/Compilations/
ElectionsAndRidings/ResultsParty.aspxLibrary of Parliament / Bibliotheque du
Parlement, "Electoral Results by Party. Parliament of Canada. Reproduced with the
permission of the Minister of Public Works and Government Services, 2012

1.48 Wettest Cities Are some cities wetter
£x0148 than others? Does Vancouver deserve to be
nicknamed “The Wettest City”? These data are the
average rainfall in millimetres (mm) for 100 selected
cities in the Canada:"

Annual Annual
City Rank Rainfall (mm) City Rank Rainfall (mm)
Prince Rupert 1 246853 Bathurst 51 74438
Port Alberni 2 179794 Belleville 52 73592
Chilliwack 3 167998 Sarnia 53 73262
Abbotsford 4 150746 Ottawa- 54  731.96
Campbell River 5  1344.07 Gatineau
Halifax 6 125433 Campbeliton 55  708.21
Sydney 7 121286 Barrie 56  696.79
St. John's 8 119096 Rivigre-du-loup 57  685.50
Vancouver 9 115466 Toronto 58  684.62
Saint John 10 1147.94 Baie-Comeau 59  684.08
Courtenay 11 1100.26 Peterborough 60  682.03
Nanaimo 12 107793 Chicoutimi- 61  661.38
Duncan 13 993.08 Jonquiere
Truro 14 991.38 Sudbury 62  656.46
Kentville 15 94801 Rimouski 63  642.00
Québec 16 92380 Val-d'Or 64  635.15
Saint-Jean-sur- 17 892.37 Sault Ste. 65 634.28
Richelieu Marie

Fredericton 18 88551 Pembroke 66 61592
Charlottetown 19 880.38 Alma 67 591.20
Drummondville 20  875.71 Rouyn-Noranda 68  574.92
Sherbrooke 21 87393 Thunder Bay 63  559.02
Moncton 22 86538 Timmins 70 558.09
Trois-Rivieres 23 858.54 Kenora 71 51436
Saint-Hyacinthe 24 85597 Prince George 72 418.89
Corner Brook 25 84890 Winnipeg 73 41559
Victoria 26 84136 Portage la 74 39741
Woodstock 27 83658 Prairie
Edmundston 28 834.31 Red Deer 75 38137
Stratford 29 820.29 Brandon 76 37313
Shawinigan 30 81943 Edmonton 77 365.65
London 3 817.87 Vernon 78 356.49
Summerside 32 805.99 Thompson 79 3487
Windsor 33 805.19 Yorkton 80  346.41
Cornwall 34 794.79 Fort McMurray 81 342.18
Kingston 35 79460 Estevan 82  333.06
Brockville 36 78451 Prince Albert 83 32367
Joliette 37 782.25 Cold Lake 84 32243
NEL

Brantford 38
North Bay 39
Sorel-Tracy 40
Gander 41
Guelph 42
Kitchener- 43
Waterloo
Hamilton 44
Montréal 45
Oshawa 486
Sept-lles 47
Owen Sound 48
St. Catharines- 49
Niagara
Midland 50

779.60
77461
77358
me2
ma
765.02

764.80
760.04
759.52
757.44
75281
745.72

745.20
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Calgary 85 32060
Grande Prairie 86  317.65
FortSt.John 87 31259
Regina 88  304.35
Kelowna 89  298.00
Williams Lake 90 29569
Penticton 91 27958
Lethbridge 92 27109
Cranbrook 93 27072
Moose Jaw 94 27008
Saskatoon 95 26521
Swift Current 96  260.78
Medicine Hat 97 249,60
Kamloops 98 21787
Yellowknife 93 16452
Whitehorse 100 163.13

Source: Rainy Cities: Rank and Annual Rainfall (mm) http://www.on.ec.gc.ca/weather/

winners/element.cfm?lang=e. Envi

9

Canada. Rep

the Minister of Public Works and Government Services Canada, 2012.

d with the permission of

a. Construct a relative frequency histogram for the
data. (HINT: Choose the class boundaries without
including the value x = 2468.53 in the range of
values.)

b. The value x = 2468.53 was recorded at Prince
Rupert, BC. Does the geography of that city explain
the observation?

¢. The average rain fall in Vancouver is recorded as
1154.66 mm. Do you consider this unusually rainy?

1.49 Queen'’s Plate Finish Times History
exo149 was made at Woodbine (Toronto) as
Dancethruthedawn captured the 142nd edition of the
Queen’s Plate Stakes. The royalty bred daughter of
1991 champion Dance Smartly emulated her dam’s
feat by winning both the Woodbine Oaks and the
Queen’s Plate. The following data set shows winning
times (in seconds) for the Queen’s plate finish races
from 1957 to 2006."

Time Time Time
Year (seconds) Year (seconds) Year (seconds)
1957 1226 1974 129.2 1991 1234
1958 1242 1975 1226 1992 1246
1959 1248 1976 125.0 1993 1242
1960 1220 1977 126.6 1994 1234
1961 125.0 1978 1220 1995 1238
1962 1246 1979 126.6 1996 1238
1963 1240 1980 1242 1997 1242
1964 1222 1981 1248 1998 1222
1965 1238 1982 1246 1999 12313
1966 1236 1983 124.2 2000 125.53
1967 1230 1984 1238 2001 123.78
1968 1254 1985 1246 2002 126.88
1969 1242 1986 1272 2003 122.48
1970 1248 1987 1236 2004 12472
1971 1230 1988 126.2 2005 127.37
1972 1232 1989 123.0 2006 125.30
1973 1280 1990 1218
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48 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

a. Do you think there will be a trend in the winning
times over the years? Draw a line chart to verify
your answer.

b. Describe the distribution of winning times using
an appropriate graph. Comment on the shape of the
distribution and look for any unusual observations.

1.50 Internet Access from Home As
ex0150 Canadians become more knowledgeable about
computer hardware and software, and as prices drop
and installation becomes easier, home networking of
PCs is rising. The table gives the number of users per
100 members of the population.'’

Year DSL Cable Modem
2006 108 15
2005 94 97
2004 79 8.7
2003 6.3 8.0
2002 47 6.6
2001 30 5.2
2000 13 3.1

a. What graphical methods could you use to describe
the data?

b. What trends do you expect to see in the future?

1.51 Election Results The 2006 election was
EX0151 somewhat an interesting race, in which the
Conservative Party of Canada secured the largest
number of House of Commons seats with respect to
others. The table below lists the distribution of House
of Commons seats following the 39th general election
in Canada 2006.'¢

Conservative Liberal New
Al Party of Party of Bloc Democratic Inde-
Seats Canada Canada Québécois Party pendent
Canada 308 124 103 51 29 1
Newfoundland & 7 3 4 0 0 0
Labrador
PEI 4 0 4 0 0 0
Nova Scotia 1 3 6 0 2 0
New Brunswick 10 3 6 0 1 0
Quebec 75 10 13 51 0 1
Ontario 106 40 54 0 12 0
Manitoba 14 8 3 0 3 0
Saskatchewan 14 12 2 0 0 0
Alberta 28 28 0 0 0 0
British Columbia 36 17 9 0 10 0
Yukon 1 0 1 0 0 0
Northwest 1 0 0 0 1 0
Territories
Nunavut 1 0 1 0 0 0

Source: Electoral Results by Party http://www.parl.gc.ca/parlinfo/Compilations/

ElectionsAndRidings/ResultsParty.aspxLibrary of Parliament / Bibliotheque du

Parlement. Parliament of Canada. Reproduced with the permission of the Minister of

Public Works and Government Services, 2012

a. By just looking at the table for Conservatives, what
shape do you think the data distribution for seats by

province/territory will have?

b. Draw a relative frequency histogram to describe
the distribution of seats for Conservatives in all
provinces/territories.

¢. Did the histogram in part b confirm your guess in
part a? Are there any outliers? How can you explain
them?

@ 1.52 Election Results, continued Refer to

ex0152 Exercise 1.51. Repeat a—c for the seat distribu-

tion in the House of Commons for the Liberal Party

of Canada.

1.53 Election Results, continued Refer to
Exercises 1.51 and 1.52. Construct side-by-side stem
and leaf plots for the number of seats in the House of
Commons for the Conservatives and the Liberals.

a. Describe the shapes of the two distributions. Are
there any outliers?

b. Do the stem and leaf plots resemble the relative
frequency histograms constructed in Exercises 1.51
and 1.52?

¢. Explain why the distribution of the seats in the
House of Commons is skewed for both parties.

1.54 Diamonds Are Forever! Much of the world’s
diamond industry is located in Africa, with Russia
and Canada also showing large revenues from their
diamond mining industries. A visual representation of
the various shares of the world’s diamond revenues,
adapted from Time Magazine,"” is shown below:

Source: Kimberley Process

a. Draw a pie chart to describe the various shares of
the world’s diamond revenues.

b. Draw a bar chart to describe the various shares of
the world’s diamond revenues.

¢. Draw a Pareto chart to describe the various shares
of the world’s diamond revenues.

d. Which of the charts is the most effective in describ-
ing the data?

NEL
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1.55 An Archeological Find An article in
Ex0155 Archaeometry involved an analysis of
26 samples of Romano-British pottery, found at four
different Kiln sites in the United Kingdom.'® The
samples were analyzed to determine their chemical
composition, and the percentage of aluminum oxide in
each of the 26 samples is shown in the following table.

Llanederyn Caldicot Island Thorns Ashley Rails
144 1186 1.8 183 17.7
138 111 1.6 15.8 183
146 134 18.0 16.7
15 124 18.0 14.8
138 131 208 191
109 127

101 125

Source: A. Tubb, A. J. Parker, and G. Nickless, “The Analysis of Romano-British Pottery
by Atomic Absorption Spectroph y." Arch y 22 (1980):153

a. Construct a relative frequency histogram to describe
the aluminum oxide content in the 26 pottery
samples.

b. What unusual feature do you see in this graph? Can
you think of an explanation for this feature?

¢. Draw a dotplot for the data, using a letter (L, C,

I, or A) to locate the data point on the horizontal

scale. Does this help explain the unusual feature in

part b?
@ 1.56 Afghanistan Support Stabilizes The
exo156 following table is based on the EKOS Research
Associates survey from September 2005 to October
2006, which asked the question: “Right now, the
Canadian Forces are involved in a broader peace-
SUPPORT operation in Afghanistan, helping to
rebuild the country and maintain security with our
troops fighting on the frontline if necessary. Would
you say you strongly support, somewhat support,
somewhat oppose or strongly oppose these
contributions?”"?

a. Draw a line chart to describe the percentages that
are opposed. Use time as the horizontal axis.

b. Superimpose another line chart on the one drawn in
part a to describe the percentage that is in support.

¢. Use your line chart to summarize the changes during
the given period. Is the support stabilizing? Why or
why not?

d. The following line chart was presented on the
website of EKOS. How does it differ from the graph
that you drew? What characteristics of the EKOS
line chart might cause distortion when the graph is
interpreted, if any?

NEL
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0
S-05 O-05 N-0S D05 J-06 F-06 M-06 A-06 M-06 J-06 J06 A-06 S-06 0-06

{0 Support === Oppose
Date Oppose (%) Support (%)
September, 2005 22 76
February, 2006 28 70
April, 2006 37 62
January, 2006 33 65
April, 2006 40 57
October, 2006 39 58

1.57 Pulse Rates A group of 50 biomedical
£x0157 students recorded their pulse rates by counting
the number of beats for 30 seconds and multiplying
by 2.

80 70 88 70 8 66 84 82 66 42
52 72 %0 70 9% B84 9% 86 62 78
60 8 88 54 66 66 80 88 56 104
84 84 60 8 8 58 72 84 68 74
84 72 62 80 72 84 72 110 100 58

a. Why are all of the measurements even numbers?

b. Draw a stem and leaf plot to describe the
data,splitting each stem into two lines.

c. Construct a relative frequency histogram for the
data.

d. Write a short paragraph describing the distribution
of the student pulse rates.

@ 1.58 Getting Up to Speed Small businesses
EX0158 continue to rely on the telephone as their pri-
mary communication tool, using the Internet primarily
as an information source. A research survey conducted
by Covad/Sprint/Equation Research indicates that
most small businesses are only beginning to adopt
broadband Internet access.”

Small Business Internet Access Methods

Dial-up/modem 31.7%
DSL/ADSL broadband 30.3%
Cable broadband 26.1%
T1 or higher 9.8%
Other 2.1%

Source: www.clickz.com
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50 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

a. Do the percentages add up to 100%? a. Comment on the accuracy of the graph shown
above. Do the sizes, scale starts, and heights of the
four bars accurately represent the price of a 6-pack
of energy water?

b. Use a pie chart to describe the Internet access
methods used by small businesses.

@ 1.59 Cost of Living in Canada—

ex0158 International Comparison On the Mercer b Dra;the boirigraph tordescribe; she price.

Cost of Living Survey for 2004, which surveys @ 1.61 Sky Scan Between January and June
144 cities based on over 200 items in each location, exo161 2001, Sky Scan, Edmonton, Alberta, Canada
Canadian cities were close to the bottom of the list. conducted a number of test observations to try out our
With New York being the benchmark, with an index meteor observing techniques. The following table
score of 100 Toronto was 71.8, Vancouver 69.6, and shows the count of meteors detected between the hours

Ottawa 62.6. Of the 144 cities Toronto was 89th on the  of midnight and 6 a.m. each day during this period.”*
list, Vancouver was 96th, and Ottawa was 124th.*! For On two of the sample days the computer crashed and
further information on the Mercer Cost of Living no data was recorded.

Survey, visit: www.mercerhr.com.
12to  1:30to 3:00to 4:30to

Rank Cities Index | Rank Cities Index 1:30 3:00 430 6:00 Total
1 Tokyo, Japan 1307 | 28  Berlin, Germany 85.7 May 27, 2001 7 5 7 8 27
2 London, United Kingdom 118.0 [ 39  Luxembourg 843 May 28, 2001 6 8 7 9 30
3 Moscow, Russia 1174 | 43 Munich, Germany _ 840 May 29, 2001 5 5 5 7 22
4 Osaka, Japan 116.1 | 49  Prague, Czech Republic 833 May 30, 2001 8 18 8 7 M
5 Hong Kong 1095 | 80 Auckland, New Zealand  74.2 May 31, 2001 g 1 5 12 37
9 Zurich, Switzerland 1016 | 84  Mexico, Mexico 733 June 1. 2001 8 8 6 12 34
11 Beijing, PRC 101.1 | 83  Toronto, Canada n8 J 2' 2001 7 7 5 8 27

New York 1000 | 96  Vancouver, Canada 696 ne:<.

17 Pais, France %48 | 113 Montéal,Canada 664 June 3, 2001 10 ! Z 5 2
20 Sydney, Australia 918 | 116 New Delhi, India 64.7 June 4, 2001 6 U 6 8 27
21 Rome, Italy 905 | 124 Ottawa 626 June 5, 2001 7 4 1 9 21
2  Amsterdam, Holland 881 | 138  Manila, Philippines 4838 June 6, 2001 6 5 4 10 25
27 LosAngeles, US. 866 | 144  Asuncion,Paraguay 427 June 7, 2001 3 5 9 6 23
June 8, 2001 0 0 0 0 0
a. Construct a relative frequency histogram to describe June 9, 2001 10 6 6 8 30
the index for the cities shown in the table. Do you June 10, 2001 2 10 10 8 30
see any unusual features in the histogram? June 11,2001 16 13 8 10 48
June 12, 2001 9 6 7 12 34
b. Construct a stem and leaf plOl for the data. June 13, 2001 0 0 0 0 0
¢. How do you think the cities were selected for inclu- June 14, 2001 8 8 8 13 38

SRS 5
sl inhin tablel The histograms below show the distribution of meteors

1.60 Picture Never Lies? Want to buy a 6-pack of detected per time period.
energy water in Alberta? Watch the price. Below you will

see a visual representation of a 6-pack of energy water in
Alberta and British Columbia.?? 34681012106
Time period (12~1.30) Time period (4,30-6)
A
$11.00 $10.79— 61
5
$10.50 B E s
£
$10.00 $9.95 L "
; $9.50
so50 =220 — - g
R B B R
$9.00 1+ — — — -
$8.50 T= T T 1 © Skyscan.ca. Used with permission
BC Price Alberta Alberta Alberta e o
Low Medi High . - .
. et Write a summary paragraph describing and comparing
the distribution of meteors detected for the time periods.
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@ 1.62 Old Faithful The following data are the
EX0162 waiting times between eruptions of the Old
Faithful geyser in Yellowstone National Park.” Use
one of the graphical methods from this chapter to
describe the distribution of waiting times. If there are
any unusual features in your graph, see if you can
think of any practical explanation for them.

5% 83 5 79 58 82 52 8 52 78
6 75 77 53 80 54 79 74 65 78
5 87 53 8 61 9 54 76 80 8
59 86 78 71 77 8 4 9B 72 N
7% 94 75 50 8 8 72 77 15 65
9 72 78 17 719 72 8 74 80 43
7% 78 64 8 4 49 8 51 78 8
65 75 77 63 92 91 53 86 49 79
68 87 61 8 5 93 53 8 70 73
93 50 8 77 74 8 8 76 539 80

1.63 Gasoline Tax The table below provides
£x0163 a breakdown of tax components of gasoline in
cents for different cities across Canada for the first six
months of 2006.%

City Province/Territory Total Tax Component
St. John's N 399
Charlottetown PEI 36.8
Halifax NS 384
Fredericton NB 374
Quebec ac 38.0
Montreal ac 393
Toronto ON 30.1
Winnipeg MB 269
Regina SK 30.7
Calgary AB 242
Kelowna BC 304
Vancouver BC 36.3
Victoria BC 330
Whitehorse YK 24
Yellowknife NWT 26.8

a. Construct a stem and leaf display for the data.

b. How would you describe the shape of this
distribution?

c. Are there cities with unusually high or low gasoline
taxes? If so, which cities are they?

@ 1.64 Hydroelectric Plants The following
exo164 data represent the planned rated capacities in
megawatts (millions of watts) for the world’s 20
largest hydroelectric plants.*

18,200 4,500 3,000
12,600 4,200 2,840
10,000 4,200 2,715
NEL
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8,370 3,840 2,700
6,400 3,444 2,541
6,300 3,300 2512
6,000 3,100

Source: The World Almanac and Book of Facts, 2011

a. Construct a stem and leaf plot for the data.

b. How would you describe the shape of this
distribution?

@ 1.65 Car Colours The most popular colours
ex0165 for compact and sports cars in a recent year are
given in the table.”

Colour Percentage Colour Percentage
Silver 246 Medium Red 5.5
Black 143 Light Brown 43
Medium/Dark Blue 129 Gold 4.1
White 8.8 Dark Red 26
Bright Red 6.9 Other 9.3
Medium/Dark Gray 6.7

Source: The World Aimanac and Book of Facts, 2004

Use an appropriate graphical display to describe these
data.

1.66 Tim Hortons The number of Tim
ex0166 Hortons shops within 5 kilometres of city centre
(downtown) in cities of southwestern Ontario is shown
in the following table.?®

City Number City Number
Brampton 22 Mississauga 21
Burlington 16 Niagara Falls 10
Cambridge 12 Oakville 20
Guelph 19 St. Catherines 19
Hamilton 40 Stratford 4
Kitchener 40 Toronto 65
London 39 Waterloo 34
Markham 20 Windsor 23
Milton 6 Woodstock 7

a. Draw a dotplot to describe the data.
b. Describe the shape of the distribution.

c. Is there another variable that you could measure
that might help to explain why some cities have
more Tim Hortons than others? Explain.

1.67 What's Normal? The 37° Celsius stan-
£x0167 dard for human body temperature was derived
by a German doctor in 1868. In an attempt to verify
his claim, Mackowiak, Wasserman, and Levine® took
temperatures from 148 healthy people over a three-day
period. A data set closely matching the one in
Mackowiak’s article was derived by Allen Shoemaker,
and appears in the Journal of Statistics Education.®
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52 O CHAPTER1 DESCRIBING DATA WITH GRAPHS

The body temperatures for these 130 individuals are
shown below:

a. Describe the shape of the distribution of
temperatures.

b. Are there any unusual observations? Can you think
of any explanation for these?

¢. Locate the 37°C standard on the horizontal axis of
the graph. Does it appear to be near the centre of the
distribution?

Relative frequency

CASE STUDY @ How Is Your Blood Pressure?

Blood pressure is the pressure that the blood exerts against the walls of the arteries.
@ Blood When physicians or nurses measure your blood pressure, they take two readings. The

Pressure systolic blood pressure is the pressure when the heart is contracting and therefore
pumping. The diastolic blood pressure is the pressure in the arteries when the heart is
relaxing. The diastolic blood pressure is always the lower of the two readings. Blood
pressure varies from one person to another. It will also vary for a single individual
from day to day and even within a given day.

If your blood pressure is too high, it can lead to a stroke or a heart attack. If it is too
low, blood will not get to your extremities and you may feel dizzy. Low blood pressure
is usually not serious.

So, what should your blood pressure be? A systolic blood pressure of 120 would
be considered normal. One of 150 would be high. But since blood pressure varies with
gender and increases with age, a better gauge of the relative standing of your blood
pressure would be obtained by comparing it with the population of blood pressures of
all persons of your gender and age in Canada. Of course, we cannot supply you with
that data set, but we can show you a very large sample selected from it. The text web-
site provides blood pressure data on 500 persons, 236 men and 264 women. This data
was used as a case study in Data Analysis at the 2003 Annual Meeting of Statistical
Society of Canada in Halifax. Entries for each person include that person’s age and
systolic blood pressure and several other variables of interest.

1. Describe the variables that have been measured in this survey. Are the variables
quantitative or qualitative? Discrete or continuous? Are the data univariate, bivari-
ate, or multivariate?

2. What types of graphical methods are available for describing this data set? What
types of questions could be answered using various types of graphical techniques?

3. Using the systolic blood pressure data set, construct a relative frequency histogram
for the 236 men and another for the 264 women. Use a statistical software package
if you have access to one. Compare the two histograms.

4. Consider the 236 men and 264 women as the entire population of interest. Choose
a sample of n =50 men and n = 50 women, recording their systolic blood pressures
and their ages. Draw two relative frequency histograms to graphically display the
systolic blood pressures for your two samples. Do the shapes of the histograms
resemble the population histograms from part 3?

5. How does your blood pressure compare with that of others of your same gender? Check
your systolic blood pressure against the appropriate histogram in part 3 or 4 to deter-
mine whether your blood pressure is “normal” or whether it is unusually high or low.

NEL
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PROJECTS O B3

PROJECTS @ Project 1-A: Five Tips for Keeping Your
Home Safe This Summer

Source: From “Keeping Your Home Safe” by Kim Fisher, Canadian Living, July 2008.

1. Secure it. Take a walk around your property. Do you see any way to get in? Pur-
chase a good lock with a reputable brand name ($100 to $150 at a local hardware
store) and lock up ladders, patio furniture, recycling bins, and anything else a thief
could use to gain access to a second-storey window.

0

Keep it living. Your home is less likely to catch the attention of a thief if it looks
like it’s being lived in, so it should reflect your regular schedule and give the indica-
tion that someone is at home.

3. Maintain it. A home that’s well cared for is a less attractive target for thieves.
Trim hedges that exceed window height and cut evergreen branches up at least three
feet from the ground to eliminate hiding places on your property.

4. Shut it off. If you’re going on vacation for more than a few weeks, turn off the
water to your home and drain the lines (turn on your taps for a few minutes and
flush your toilets).

5. Make a friend. Find a friend or neighbour you trust to keep an eye on your home.
Have her cut the grass, park a car in your driveway, pick up your mail, and even put
out some extra garbage on garbage day.

Due to an increasing number of break-ins in a particular subdivision of North York,
an insurance company specializing in property insurance is interested in knowing how
many people follow the above tips. A statistical consultant was hired to provide such
information. The consultant conducted a survey of 300 randomly selected households
and the results of her findings are summarized in the following table.

Type of Tips Number of Households
Secure it 74
Keep it living 36
Maintain it 31
Shut it off 17
Make a friend 42
Any combination 73
None 27

Identify and describe the population and sample in this problem.

. Are the collected data based on sample or population?

What are the experimental units?

. What is the variable being measured?

Is the variable qualitative or quantitative?

Is the variable of interest discrete or continuous?

. Summarize these data in a bar chart, and explain what the chart tells us.

=T T TN - N ST~ S

. Determine the relative frequencies.

[N

Construct a relative frequency bar chart.

j- Construct a pie chart to describe the data.

k. What proportion of people responded positively to tips “Secure it” or “Make a
friend”?

1. Collect similar data in your neighbourhood (must get permission by appropriate

authorities) and see if your data result is consistent with this data.
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Project 1-B Handwashing Saves Lives: It's
in Your Hands

Swine flu is a respiratory disease associated with pigs. The symptoms of swine flu in
people resemble regular human flu symptoms, including fever, cough, headache, gen-
eral aches, and fatigue. “The best way to limit influenza exposure in your workplace
is to have sick workers stay at home and to encourage regular hand washing with hot
water and soap,” says Geoffrey Clark, WorkSafeBC’s senior occupational hygienist.
Further, it is suggested to wash hands for 20-30 seconds. An occupational hygienist in
Moose Jaw, Saskatchewan took a random sample of 25 students at local high school
to get an idea regarding time (in seconds) for hand washing.

15 5 4 6 5 4 6 8 10 9 7 11 19
20 5 5 7 8 16 0 13 0 5 9 10
What are the experimental units?

What is the variable being measured?

Is the variable qualitative or quantitative?

Is the variable of interest discrete or continuous?

Construct a dotplot and summarize the findings.

™o a0 o

Based on your dotplot, what can be said about the shape of the distribution of the
data? Why?

g. How will you construct a line chart to describe the data?

h. Construct a frequency histogram.

i. What proportion of students washed their hands for less than 10 seconds?
j- What proportion of students washed their hands at least 5 seconds?

k. Can you comfortably state that most students wash their hands for about 5 seconds
or less? Why or why not?

. Construct a stem and leaf plot to display the distribution of the data.

m. Would you describe the distribution of the data as symmetric, skewed to the right,
or skewed to the left? Explain.

n. Do any of the observations appear to be outliers? If so, which one or ones?

o. Collect similar data at your university or college (must get permission by appropri-
ate authorities) and see if your data result is consistent with this data.

NEL
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® The Boys of Winter

Are the superstars of the National Hockey
League (NHL) of today better than those of
“yesteryears”? Do the eras appear to differ in
their levels of scoring? Do the goals per game
appear to be more variable in some eras than
others? The case study at the end of this chapter
involves the goal averages of NHL superstars.
Numerical descriptive measures can be used to
answer these and similar questions.

NEL

Describing Data
with Numerical

Measures

Graphs are extremely useful for the visual description of a
data set. However, they are not always the best tool when
you want to make inferences about a population from the
information contained in a sample. For this purpose, it is
better to use numerical measures to construct a mental
picture of the data.

CHAPTER INDEX

Measures of centre: mean, median, and mode (2.2)

Measures of variability: range, variance, and standard
deviation (2.3)

Tchebysheff's Theorem and the Empirical Rule (2.4)

Measures of relative standing: z-scores, percentiles,
quartiles, and the interquartile range (2.6)

Box plots (2.7)

NEED TO KNOW

How to Calculate Sample Quartiles
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56 O CHAPTER 2 DESCRIBING DATA WITH NUMERICAL MEASURES

DESCRIBING A SET OF DATA
@ WITH NUMERICAL MEASURES

Graphs can help you describe the basic shape of a data distribution; “a picture is worth
a thousand words.” There are limitations, however, to the use of graphs. Suppose you
need to display your data to a group of people and the bulb on the data projector blows
out! Or you might need to describe your data over the telephone—no way to display
the graphs! You need to find another way to convey a mental picture of the data to your
audience.

A second limitation is that graphs are somewhat imprecise for use in statistical
inference. For example, suppose you want to use a sample histogram to make infer-
ences about a population histogram. How can you measure the similarities and differ-
ences between the two histograms in some concrete way? If they were identical, you
could say “They are the same!” But, if they are different, it is difficult to describe the
“degree of difference.”

One way to overcome these problems is to use numerical measures, which can
be calculated for either a sample or a population of measurements. You can use the
data to calculate a set of numbers that will convey a good mental picture of the fre-
quency distribution. These measures are called parameters when associated with the
population, and they are called statistics when calculated from sample measurements.

Definition Numerical descriptive measures associated with a population of mea-
surements are called parameters; those computed from sample measurements are
called statistics.

@ MEASURES OF CENTRE

In Chapter 1, we introduced dotplots, stem and leaf plots, and histograms to describe
the distribution of a set of measurements on a quantitative variable X. The horizontal
axis displays the values of X, and the data are “distributed” along this horizontal line.
One of the first important numerical measures is a measure of centre—a measure
along the horizontal axis that locates the centre of the distribution.

The GPA data presented in Table 1.9 ranged from a low of 1.9 to a high of 3.4,
with the centre of the histogram located in the vicinity of 2.6 (see Figure 2.1). Let’s
consider some rules for locating the centre of a distribution of measurements.

FIGURE 2.1
Centre of the GPA data
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2.2 MEASURESOF CENTRE O 57

The arithmetic average of a set of measurements is a very common and useful mea-
sure of centre. This measure is often referred to as the arithmetic mean, or simply
the mean, of a set of measurements. To distinguish between the mean for the sample
and the mean for the population, we will use the symbol X (x-bar) for a sample mean
and the symbol x (Greek lowercase mu) for the mean of a population.

Definition The arithmetic mean or average of a set of n measurements is equal
to the sum of the measurements divided by n.

Since statistical formulas often involve adding or “summing” numbers, we use a
shorthand symbol to indicate the process of summing. Suppose there are n measure-
ments on the variable X—call them x;, x,, . . . , x,,. To add the n measurements together,
we use this shorthand notation:

n
Ex,- whichmeans x; + x, + x3 + -+ + x,

i=1

The Greek capital sigma (Z) tells you to add the items that appear to its right, begin-
ning with the number below the sigma (i = 1) and ending with the number above
(i = n). However, since the typical sums in statistical calculations are almost always
made on the total set of » measurements, you can use a simpler notation:

Ex,. which means “the sum of all the X measurements”

Using this notation, we write the formula for the sample mean:

NOTATION
o 2x;
Sample mean: x = o
Population mean: u
M Draw a dotplot for the n = 5 measurements 2, 9, 11, 5, 6. Find the sample mean and
compare its value with what you might consider the “centre” of these observations on

the dotplot.

Solution The dotplot in Figure 2.2 seems to be centred between 6 and 8. To find
the sample mean, calculate

% 239+ 11+54%6

Y= — = -
B 5 6.6
FIGURE 2.2
Dotplot for Example 2.1
I o o [y [ [
] T ] T T
2 4 6 A 8 10
Measurements

The statistic x = 6.6 is the balancing point or fulcrum shown on the dotplot. It does
seem to mark the centre of the data.

NEL
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58 O CHAPTER 2 DESCRIBING DATA WITH NUMERICAL MEASURES

@HEEDATM Remember that samples are measurements drawn from a larger population that is
mean = balancing point usually unknown. An important use of the sample mean x is as an estimator of the
or fulcrum unknown population mean x. The GPA data in Table 1.9 are a sample from a larger

population of GPAs, and the distribution is shown in Figure 2.1. The mean of the
30 GPAs is

_ X 71.5

=3 30 2.58

shown in Figure 2.1; it marks the balancing point of the distribution. The mean of the
entire population of GPAs is unknown, but if you had to guess its value, your best esti-
mate would be 2.58. Although the sample mean x changes from sample to sample, the
population mean u stays the same.

A second measure of central tendency is the median, which is the value in the
middle position in the set of measurements ordered from smallest to largest.

Definition The median m of a set of n measurements is the value of x that falls
in the middle position when the measurements are ordered from smallest to largest.

EXAMPLE Find the median for the set of measurements 2,9, 11, 5, 6.
Solution Rank the n =15 measurements from smallest to largest:

256 9 11

i

The middle observation, marked with an arrow, is in the centre of the set, or m = 6.

EXAMPLE Find the median for the set of measurements 2, 9, 11, 5, 6, 27.

Solution Rank the measurements from smallest to largest:

% 5 11 27
NEED A TIP? Now there are two “middle” observations, shown in the box. To find the median,
Roughly 50% of the choose a value halfway between the two middle observations:

measurements are
smaller, 50% are larger — 6+9 —

S m = =175
than the median. 2

The value 0.5(rn + 1) indicates the position of the median in the ordered data set.
If the position of the median is a number that ends in the value 0.5, you need to average
the two adjacent values.

For the n = 5 ordered measurements from Example 2.2, the position of the median
is 0.5(n + 1) = 0.5(6) = 3, and the median is the 3rd ordered observation, or m = 6.
For the n = 6 ordered measurements from Example 2.3, the position of the median is

0.5(n + 1) = 0.5(7) = 3.5, and the median is the average of the 3rd and 4th ordered
observations, orm = (6 +9)/2="11.5.

NEL
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symmetric:
mean = median
skewed right:
mean > median
skewed left:
mean < median

2.2 MEASURESOFCENTRE O 59

Although both the mean and the median are good measures of the centre of a dis-
tribution, the median is less sensitive to extreme values or outliers. For example,
the value x = 27 in Example 2.3 is much larger than the other five measurements.
The median, m = 7.5, is not affected by the outlier, whereas the sample average,

is affected; its value is not representative of the remaining five observations.
When a data set has extremely small or extremely large observations, the sample
mean is drawn toward the direction of the extreme measurements (see Figure 2.3).

FIGURE 2.3
Relative frequency distri- (b)
butions showing the effect 025
of extreme values on the ~
mean and median § 0191
f 0.12-
£
i 0.06-1

ONLINE APPLET

How Extreme Values
Affect the Mean and
Median

Remember that there can
be several modes or no
mode (if each
observation occurs only
once).

NEL
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If a distribution is skewed to the right, the mean shifts to the right; if a distribution
is skewed to the left, the mean shifts to the left. The median is not affected by these
extreme values because the numerical values of the measurements are not used in its
calculation. When a distribution is symmetric, the mean and the median are equal. If
a distribution is strongly skewed by one or more extreme values, you should use the
median rather than the mean as a measure of centre.

Another way to locate the centre of a distribution is to look for the value of x that
occurs with the highest frequency. This measure of the centre is called the mode.

Definition The mode is the category that occurs most frequently, or the most
frequently occurring value of x. When measurements on a continuous variable have
been grouped as a frequency or relative frequency histogram, the class with the highest
peak or frequency is called the modal class, and the midpoint of that class is taken to
be the mode.

The mode is generally used to describe large data sets, whereas the mean and median
are used for both large and small data sets. From the data in Example 1.13, the mode
of the distribution of the number of quarts of milk purchased during one particular
week is 2. The modal class and the value of x occurring with the highest frequency
are the same, as shown in Figure 2.4(a).

For the data in Table 1.9, a GPA of 2.5 occurs five times, and therefore the mode
for the distribution of GPAs is 2.5. Using the histogram to find the modal class, you
find two classes that occur with equal frequency. Fortunately, these classes are side
by side in the tabulation, and the choice for the value of the mode is thus 2.7, the
value centred between the fourth and fifth classes. See Figure 2.4(b).

It is possible for a distribution of measurements to have more than one mode.
These modes would appear as “local peaks” in the relative frequency distribution.
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60 O CHAPTER 2 DESCRIBING DATA WITH NUMERICAL MEASURES

For example, if we were to tabulate the length of fish taken from a lake during one
season, we might get a bimodal distribution, possibly reflecting a mixture of young and
old fish in the population. Sometimes bimodal distributions of sizes or weights reflect a
mixture of measurements taken on males and females. In any case, a set or distribution
of measurements may have more than one mode.

FIGURE 2.4 ®
Relative frequency (a)
histograms for the milk
and GPA data & 0 §' 6/30

% 0.3 E

=

2 0.2 3/30

3
2 0.1+ &
0
0 1 2 3 5 1.9 21 23 25 27 29 31 33 35
Litres Grade Point Average

@ EXERCISES

BASIC TECHNIQUES
2.1 You are given n =5 measurements: 0, 5, 1, 1, 3.

a. Draw a dotplot for the data. (HINT: If two
measurements are the same, place one dot above
the other.) Guess the approximate “centre.”

b. Find the mean, median, and mode.

¢. Locate the three measures of centre on the dotplot
in part a. Based on the relative positions of the
mean and median, are the measurements symmetric
or skewed?

2.2 You are given n = 8 measurements: 3, 2, 5, 6, 4,
4,3,5.

a. Find x.

b. Find m.

¢. Based on the results of parts a and b, are the
measurements symmetric or skewed? Draw a
dotplot to confirm your answer.

2.3 You are given n = 10 measurements: 3, 5, 4, 6,
10, 5, 6,9, 2, 8.

a. Calculate x.

b. Find m.

¢. Find the mode.

APPLICATIONS

2.4 Auto Insurance The estimated average
automobile insurance premiums, 2004-2005, by
province, are shown in the following table.'

Province 2005 ($) 2004 ($)
PE 825 847
NS 883 833
NL 947 1014
Qac 988 983
AB 1036 1126
NB 1044 n2
MB 1152 1157
SK 1197 1174
ON 1347 1396
BC 1404 1374

a. What is the average premium for the year 2005?

b. What is the average premium for the year 2004?

¢. If you were a consumer, would you be interested in
the average premium cost? If not, what would you
be interested in?

@ 2.5 DVRs The digital video recorder (DVR)
£x0205 player is a common fixture in most Canadian
households. In fact, most Canadian households have
DVRs, and many have more than one. A sample of
25 households produced the following measurements
on x, the number of DVRs in the household:

[ I
- - s oo
-0 W = -
_— N O -

O = NN
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a. Is the distribution of x, the number of DVRs in a
household, symmetric or skewed? Explain.

b. Guess the value of the mode, the value of x that
occurs most frequently.

c. Calculate the mean, median, and mode for these
measurements.

d. Draw a relative frequency histogram for the data set.
Locate the mean, median, and mode along the hori-
zontal axis. Are your answers to parts a and b correct?

2.6 More Billionaires in 2007 The world has
gotten used to having less. But there’s one thing the
world is getting more of these days, and that’s more
billionaires. According to the Forbes magazine’s
editors, the top 20 fortunes when combined would top
the half trillion dollar mark.?

Name Age Nationality = Wealth in Billions ($)
Bill Gates 51 American 56
W. Buffett 76 American 52
Carlos Slim Held 67 Mexican 43
Ingvar Kamprad 80 Swedish 33
Lakshmi Mittal 56 Indian 32
Sheldon Adelson 73 American 26
Bernard Arnault 58 French 26
Amancio Ortega n Spanish 24
Li Ka-shing 78 Hong Kong 23
David Thomson 49 Canadian 22
Lawrence Ellison 62 American 215
Liliane Bettencourt 84 French 20.7
Talal Alsaud 50 Saudi 20.3
Mukesh Ambani 49 Indian 20.1
Karl Albrecht 87 German 20
Roman Abramovich 40 Russian 18.7
Stefan Persson 59 Swedish 184
Anil Ambani 47 Indian 18.2
Paul Allen 54 American 18
Theo Albrecht 84 German 17.5

a. Draw a stem and leaf plot for the wealth. Comment
on the shape of the data.

b. Calculate the mean wealth for these 20 billionaires.
Calculate the median wealth.

¢. Which of the two measures in part b best describes
the centre of the data? Explain.

2.7 Birth Order and Personality Does birth order
have any effect on a person’s personality? A report on
a study by an MIT researcher indicates that later-born
children are more likely to challenge the establishment,
more open to new ideas, and more accepting of
change.? In fact, the number of later-born children is

NEL
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increasing. During the Depression years of the 1930s,
families averaged 2.5 children (59% later born),
whereas the parents of baby boomers averaged 3 to

4 children (68% later born). What does the author
mean by an average of 2.5 children?

@ 2.8 Tuna Fish A quick survey gives the

EX0208 price—an estimated average for a 170-gram
can—for 14 different brands of water-packed light tuna,
based on prices paid nationally in supermarkets:*

099 192 123 08 065 05 141
112 063 067 063 060 060 0.66

a. Find the average price for the 14 different brands
of tuna.

b. Find the median price for the 14 different brands
of tuna.

¢. Based on your findings in parts a and b, do you think
that the distribution of prices is skewed? Explain.

2.9 Sports Salaries As professional sports teams
become a more and more lucrative business for their
owners, the salaries paid to the players have also
increased. In fact, sports superstars are paid astronomical
salaries for their talents. If you were asked by a sports
management firm to describe the distribution of players’
salaries in several different categories of professional
sports, what measure of centre would you choose? Why?

2.10 Time on Task In a psychological experiment,
the time on task was recorded for 10 subjects under a
5-minute time constraint. These measurements are in
seconds:

175 190 250 230 240
200 185 180 225 265

a. Find the average time on task.

b. Find the median time on task.

c. If you were writing a report to describe these data,
which measure of central tendency would you use?
Explain.

2.11 Tim Hortons The number of Tim
ex0211 Hortons shops within 5 kilometres (km) of city
centre (downtown) in cities of Southwestern Ontario
is shown in the following table.’

22 21 33
16 10 20

12 20 6
19 19 34
40 4 23
40 65 7
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62 O CHAPTER2 DESCRIBING DATA WITH NUMERICAL MEASURES

a. Find the mean, the median, and the mode.

b. Compare the median and the mean. What can you
say about the shape of this distribution?

¢. Draw a dotplot for the data. Does this confirm your
conclusion about the shape of the distribution from
part b?

2.12 LCDTVs As technology improves, the
ex0212 choice of televisions becomes more compli-
cated. Should you choose an LCD TV, an LED TV, or a
plasma TV? In the table below, Consumer Reports6
gives the prices and screen sizes for the top 10
LCD TVs in the 46-inch and higher categories.

Brand Price (§)  Size (in.)
Sony Bravia KDL-52NsX800 2340 52
Sony Bravia KDL-46XBR10 2500 46
Samsung LN55C650 1600 55
Samsung UN46C8000 2200 46
Vizio VF550M 1330 55
Vizio SVA72XVT 1400 47
Sony Bravia KDL-60EX700 2700 60
Samsung UN46C7000 2100 46
Sharp Aquos LED LC-52LE700UN 1620 52
LG 47LD450 900 47

Source: LCD TVs: “Thin Is In", 2004. Consumers Union of U.S., Inc.
Yonkers, NY 10703-1057, a nonprofit organization. Reprinted with permis-
sion from the March 2004 issue of Consumer Reports™ for educational
purposes only. www.ConsumerReports.org

a. What is the average price of these ten LCD
televisions?

b. What is the median price of these ten LCD
televisions?

¢. As a consumer, would you be interested in the
average cost of an LCD TV? What other variables
would be important to you?

2.13 Fighting the Flu Influenza is a highly conta-

gious respiratory disease that strikes as many as eight

million Canadians in flu season, between October and

April. To get an idea of people’s preparation for flu

season, a sample of 17 family physicians in Ancaster

(a township near Hamilton, Ontario) was asked how

many flu shots they had given to patients this fall. The

numbers of flu shots were 8, 6, 3, 23,2,6,5,4, 1,0, 2,

7,11,5,8, 8, and 10.

a. Find the sample mean.

b. Find the median number of flu shots. What is the
value of the mode?

¢. Based on the values of the mean and median in the
previous two questions, are the measurements
symmetric or skewed? Why?

d. If you were writing a report to describe these data,
which measure of central tendency would you use?
Explain.

MEASURES OF VARIABILITY

Data sets may have the same centre but look different because of the way the numbers
spread out from the centre. Consider the two distributions shown in Figure 2.5. Both
distributions are centred at x = 4, but there is a big difference in the way the measure-
ments spread out, or vary. The measurements in Figure 2.5(a) vary from 3 to 5; in
Figure 2.5(b) the measurements vary from O to 8.

@

FIGURE 2.5 ®
Variability or dispersion of (a) (b)
data

Relative Frequency
Relative Frequency
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Variability or dispersion is a very important characteristic of data. For example,
if you were manufacturing bolts, extreme variation in the bolt diameters would cause
a high percentage of defective products. On the other hand, if you were trying to dis-
criminate between good and poor accountants, you would have trouble if the exami-
nation always produced test grades with little variation, making discrimination very
difficult.

Measures of variability can help you create a mental picture of the spread of the
data. We will present some of the more important ones. The simplest measure of varia-

tion is the range.

Definition The range, R, of a set of n measurements is defined as the difference
between the largest and smallest measurements.

For the GPA data in Table 1.9, the measurements vary from 1.9 to 3.4. Hence,
the range is (3.4 — 1.9) = 1.5. The range is easy to calculate, easy to interpret, and
is an adequate measure of variation for small sets of data. But, for large data sets,
the range is not an adequate measure of variability. For example, the two relative
frequency distributions in Figure 2.6 have the same range but very different shapes

and variability.

FIGURE 2.6
Distributions with equal
range and unequal
variability E- g
5 g
= .
: :
& &
Is there a measure of variability that is more sensitive than the range? Consider, as
an example, the sample measurements 5, 7, 1, 2, 4, displayed as a dotplot in
Figure 2.7. The mean of these five measurements is
>3 19
Y = —-‘- = —_——=
X . 5 3.8
as indicated on the dotplot.
FIGURE 2.7
Dotplot showing the
deviations of points from =38
the mean
v 4 }
o L J L o @
I, S—
- (x,-:i) -
1 1 1 11 1 1 1 1
0 1 2 3 4 5 6 7 8 x
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64 O CHAPTER 2 DESCRIBING DATA WITH NUMERICAL MEASURES

The horizontal distances between each dot (measurement) and the mean x will help
you measure the variability. If the distances are large, the data are more spread out or
variable than if the distances are small. If x; is a particular dot (measurement), then the
deviation of that measurement from the mean is (x; — X). Measurements to the right of
the mean produce positive deviations, and those to the left produce negative deviations.
The values of x and the deviations for our example are listed in the first and second
columns of Table 2.1.

TABLE 2.1 o Computation of X(x; - x)?
X = % bx; — ¢
5 1.2 1.44
7 32 10.24
1 -28 7.84
2 -1.8 324
4 0.2 0.04
19 0.0 22.80

Because the deviations in the second column of the table contain information on
variability, one way to combine the five deviations into one numerical measure is to
average them. Unfortunately, the average will not work because some of the deviations
are positive, some are negative, and the sum is always zero (unless round-off errors
have been introduced into the calculations). Note that the deviations in the second col-
umn of Table 2.1 sum to zero.

Another possibility might be to disregard the signs of the deviations and calculate
the average of their absolute values.” This method has been used as a measure of vari-
ability in exploratory data analysis and in the analysis of time series data. We prefer,
however, to overcome the difficulty caused by the signs of the deviations by working
with their sum of squares. From the sum of squared deviations, a single measure called
the variance is calculated. To distinguish between the variance of a sample and the
variance of a population, we use the symbol s* for a sample variance and o2 (Greek
lowercase sigma) for a population variance. The variance will be relatively large for
highly variable data and relatively small for less variable data.

Definition The variance of a population of N measurements is the average of the
squares of the deviations of the measurements about their mean x. The population vari-
ance is denoted by o% and is given by the formula

_ E(X,' - I-")2
a N

o2

Most often, you will not have all the population measurements available but will
need to calculate the variance of a sample of n measurements.

" The absolute value of a number is its magnitude, ignoring its sign. For example, the absolute value of —2,
represented by the symbol |21, is 2. The absolute value of 2—that is, 12l—is 2.
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NEEDATIP?

The variance and the
standard deviation
cannot be negative
numbers.

@Nmﬂ

If you are using your
calculator, make sure to
choose the correct key
for the sample standard
deviation.

NEL
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Definition The variance of a sample of n measurements is the sum of the squared
deviations of the measurements about their mean x divided by (n — 1). The sample
variance is denoted by s and is given by the formula

B Sk, — %P

n—1

52

For the set of n = 5 sample measurements presented in Table 2.1, the square of
the deviation of each measurement is recorded in the third column. Adding, we obtain

S(x; — x)? = 22.80

and the sample variance is

2

_ 25 -®7 2280 _ 570
n—1 4 '

The variance is measured in terms of the square of the original units of measure-
ment. If the original measurements are in centimetres (cm), the variance is expressed
in square centimetres. Taking the square root of the variance, we obtain the standard
deviation, which returns the measure of variability to the original units of measurement.

§

Definition The standard deviation of a set of measurements is equal to the posi-
tive square root of the variance.

NOTATION

n: Number of measurements in the N: Number of measurements in the
sample population

5% Sample variance o Population variance

s = V5% Sample standard o = Vo2 Population standard
deviation deviation

For the set of n = 5 sample measurements in Table 2.1, the sample variance is
5% =15.70, so the sample standard deviation is s = Vs2 = V/5.70 = 2.39. The more
variable the data set is, the larger the value of s.

For the small set of measurements we used, the calculation of the variance is not
too difficult. However, for a larger set, the calculations can become very tedious. Most
scientific calculators have built-in programs that will calculate x and s or x# and o, so
that your computational work will be minimized. The sample or population mean key
is usually marked with x. The sample standard deviation key is usually marked with
s,8., 0or o, ;,and the population standard deviation key with o, o, or o_,. In using
any calculator with these built-in function keys, be sure you know which calculation is
being carried out by each key!

If you need to calculate s* and s by hand, it is much easier to use the alternative
computing formula given next. This computational form is sometimes called the short-
cut method for calculating s2.
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THE COMPUTING FORMULA FOR CALCULATING s?
(Ex,')z

The symbols (3x;)? and 2x? in the computing formula are shortcut ways to indicate the
arithmetic operation you need to perform. You know from the formula for the sample
mean that 2x; is the sum of all the measurements. To find Ex,?, you square each indi-
vidual measurement and then add them together.

Sx? = Sum of the squares of the individual measurements
(2x;)* = Square of the sum of the individual measurements

The sample standard deviation, s, is the positive square root of s.

M@ Calculate the variance and standard deviation for the five measurements in Table 2.2,
which are 5, 7, 1, 2, 4. Use the computing formula for s* and compare your results with

those obtained using the original definition of s>

TABLE 2.2 o Table for Simplified Calculation of s?and s
X; X,‘2
5 25
7 49
1 1
2 4
4 16
19 95
NEEDATIP? Solution The entries in Table 2.2 are the individual measurements, x;, and their
Don't round off partial squares, x,.z, together with their sums. Using the computing formula for s, you have
results as you go along! 2
s - &
2 : i
s =
n—:1
_ 5 2280 _ 570
4 4 '
and s = V5% = V/5.70 = 2.39, as before.
ONLINE APPLET You may wonder why you need to divide by (» — 1) rather than n when comput-
Why Divide by n— 1 ing the sample variance. Just as we used the sample mean X to estimate the population

mean y, you may want to use the sample variance s to estimate the population variance
o2. It turns out that the sample variance s* with (n — 1) in the denominator provides
better estimates of o than would an estimator calculated with 7 in the denominator.
For this reason, we always divide by (n — 1) when computing the sample variance
s? and the sample standard deviation s.
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Now that you have learned how to compute the variance and standard deviation of a
set of measurements, remember these points:

* The value of s is always greater than or equal to zero.

* The larger the value of s* or s, the greater the variability of the data set.

o Ifs?orsis equal to zero, all the measurements must have the same value.
* In order to measure the variability in the same units as the original

Vs

observations, we compute the standard deviation s = V s°.

This information allows you to compare several sets of data with respect to their loca-
tions and their variability. How can you use these measures to say something more
specific about a single set of data? The theorem and rule presented in the next section

will help answer this question.

@ EXERCISES

BASIC TECHNIQUES
2.14 You are given n =5 measurements: 2, 1, 1, 3, 5.

a. Calculate the sample mean, x.

b. Calculate the sample variance, s
given by the definition.

¢. Find the sample standard deviation, s.
d. Find s* and s using the computing formula.

o using the formula

Compare the results with those found in parts b and c.

2.15 You are given n = 8 measurements: 4, 1, 3, 1,
3;1;2;2:

a. Find the range.

b. Calculate x.

¢. Calculate s* and s using the computing formula.

d. Use the data entry method in your calculator to find
%, s, and s2. Verify that your answers are the same
as those in parts b and c.

2.16 You are given n = 8 measurements: 3, 1, 5, 6,
4,4,3,5.

a. Calculate the range.

b. Calculate the sample mean.

¢. Calculate the sample variance and standard deviation.

d. Compare the range and the standard deviation. The
range is approximately how many standard deviations?

APPLICATIONS

2.17 An Archeological Find An article in
Archaeometry involved an analysis of 26 samples
of Romano-British pottery found at four different

kiln sites in the United Kingdom.® The samples were
analyzed to determine their chemical composition.
The percentage of iron oxide in each of five samples
collected at the Island Thorns site was:

1.28, 239, 1.50, 1.88, 1.51

a. Calculate the range.
b. Calculate the sample variance and the standard
deviation using the computing formula.
¢. Compare the range and the standard deviation.
The range is approximately how many standard
deviations?
2.18 Utility Bills in Southern Ontario The
£x0218 monthly utility bills for a household in Windsor,
Ontario, were recorded for 12 consecutive months

starting in January 2012:

Month Amount () | Month Amount ($)
January 204.94 July 276.70
February 180.00 August 309.70
March 178.23 September 312.40
April 176.43 October 238.66
May 165.12 November 225.47
June 236.72 December 222.23

a. Calculate the range of the utility bills for the year
2012.

b. Calculate the average monthly utility bill for the
year 2012.

¢. Calculate the standard deviation for the 2012 utility
bills.
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ON THE PRACTICAL SIGNIFICANCE
@ OF THE STANDARD DEVIATION

We now introduce a useful theorem developed by the Russian mathematician
Tchebysheff. Proof of the theorem is not difficult, but we are more interested in its

application than its proof.

Tchebysheff's Given a number k greater than or equal to 1 and a set of n measurements, at least
Theorem [1 = (1/k%)] of the measurements will lie within k standard deviations of their mean.

Tchebysheff’s Theorem applies to any set of measurements and can be used to
describe either a sample or a population. We will use the notation appropriate for popu-
lations, but you should realize that we could just as easily use the mean and the stan-
dard deviation for the sample.

The idea involved in Tchebysheff’s Theorem is illustrated in Figure 2.8. An interval
is constructed by measuring a distance ko on either side of the mean x. The number
k can be any number as long as it is greater than or equal to 1. Then Tchebysheff’s
Theorem states that at least 1 — (1/k2) of the total number » measurements lies in the

constructed interval.

FIGURE 2.8
lllustrating Tchebysheff's
Theorem

Relative Frequeng

At least 1 — (1/k%)

M X

|<—k0'—>|<—k0'—h{

In Table 2.3, we choose a few numerical values for k and compute [1 — (1/k%)].

TABLE 2.3 o llustrative Values of [1 - (1/k?)]

k 1—(1/@)
1 1-1=0
2 1-1/4=3/4
3 1—1/9=8/9

From the calculations in Table 2.3, the theorem states:

NEL
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EXAMPLE .

FIGURE 2.9
Mound-shaped distribution

NEED A TIP?
Remember these three
numbers:

68—95—99.7

NEL
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* At least none of the measurements lie in the interval u —o tou + o.
* At least 3/4 of the measurements lie in the interval u — 20 to u + 20
e At least 8/9 of the measurements lie in the interval x — 30 to u + 30

Although the first statement is not at all helpful, the other two values of k provide
valuable information about the proportion of measurements that fall in certain inter-
vals. The values k=2 and k = 3 are not the only values of k you can use; for example,
the proportion of measurements that fall within k = 2.5 standard deviations of the mean
is at least 1 — [1/(2.5)%] = 0.84.

The mean and variance of a sample of n = 25 measurements are 75 and 100, respec-
tively. Use Tchebysheff’s Theorem to describe the distribution of measurements.

Solution You are given X = 75 and s* = 100. The standard deviation is
s = V100 = 10. The distribution of measurements is centred about x = 75, and
Tchebysheff’s Theorem states:

o At least 3/4 of the 25 measurements lie in the interval x = 25 = 75 £ 2(10)
—that is, 55 to 95.

e At least 8/9 of the measurements lie in the interval x = 35 =75 + 3(10)—
that is, 45 to 105.

Since Tchebysheff’s Theorem applies to any distribution, it is very conservative.
This is why we emphasize “at least 1 — (1/k?)” in this theorem.

Another rule for describing the variability of a data set does not work for a/l data sets,
but it does work very well for data that “pile up” in the familiar mound shape shown in
Figure 2.9. The closer your data distribution is to the mound-shaped curve in Figure 2.9,
the more accurate the rule will be. Since mound-shaped data distributions occur quite
frequently in nature, the rule can often be used in practical applications. For this reason,
we call it the Empirical Rule.

Relative Frequengy

EA

Empirical Rule Given a distribution of measurements that is approximately
mound-shaped:

¢ Theinterval (u * o) contains approximately 68% of the measurements.
¢ Theinterval (u £ 20) contains approximately 95% of the measurements.
e The interval (u = 30) contains approximately 99.7% of the measurements.
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The mound-shaped distribution shown in Figure 2.9 is commonly known as the
normal distribution and will be discussed in detail in Chapter 6.

M@ In a time study conducted at a manufacturing plant, the length of time to complete a

specified operation is measured for each of n = 40 workers. The mean and standard
deviation are found to be 12.8 and 1.7, respectively. Describe the sample data using the
Empirical Rule.

Solution To describe the data, calculate these intervals:

G +s)=128 £ 17 or 11.1to 14.5
(F +2s) =128 £ 2(1.7) or 94t016.2
G+ 3s)=128 + 3(1.7) or 77t0179

According to the Empirical Rule, you expect approximately 68% of the measurements
to fall into the interval from 11.1 to 14.5, approximately 95% to fall into the interval
from 9.4 to 16.2, and approximately 99.7% to fall into the interval from 7.7 to 17.9.

If you doubt that the distribution of measurements is mound-shaped, or if you wish
for some other reason to be conservative, you can apply Tchebysheff’s Theorem and
be absolutely certain of your statements. Tchebysheff’s Theorem tells you that at least
3/4 of the measurements fall into the interval from 9.4 to 16.2 and at least 8/9 into the
interval from 7.7 to 17.9.

Student teachers are trained to develop lesson plans, on the assumption that the writ-
ten plan will help them perform successfully in the classroom. In a study to assess
the relationship between written lesson plans and their implementation in the class-
room, 25 lesson plans were scored on a scale of 0 to 34 according to a Lesson Plan
Assessment Checklist. The 25 scores are shown in Table 2.4. Use Tchebysheff’s

Theorem and the Empirical Rule (if applicable) to describe the distribution of these
assessment scores.

TABLE 2.4 5 Lesson Plan Assessment Scores
261 260 145 293 197
221 212 266 319 250
159 208 202 178 133
256 265 157 221 138
290 213 235 221 102

Solution Use your calculator or the computing formulas to verify that x = 21.6
and s = 5.5. The appropriate intervals are calculated and listed in Table 2.5. We have
also referred back to the original 25 measurements and counted the actual number of
measurements that fall into each of these intervals. These frequencies and relative fre-
quencies are shown in Table 2.5.

TABLE 2.5 e Intervals x * ks for the Data of Table 2.4
Frequency
k Interval X * ks in Interval Relative Frequency
1 16.1-27.1 16 0.64
2 10.6-32.6 24 0.96
3 5.1-38.1 25 1.00
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shaped data.

FIGURE 2.10
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Is Tchebysheff’s Theorem applicable? Yes, because it can be used for any set of
data. According to Tchebysheff’s Theorem:

* Atleast 3/4 of the measurements will fall between 10.6 and 32.6.

e Atleast 8/9 of the measurements will fall between 5.1 and 38.1.

You can see in Table 2.5 that Tchebysheff’s Theorem is true for these data. In fact,
the proportions of measurements that fall into the specified intervals exceed the lower
bound given by this theorem.

Is the Empirical Rule applicable? You can check for yourself by drawing a graph—
either a stem and leaf plot or a histogram. The MINI/TAB histogram in Figure 2.10
shows that the distribution is relatively mound-shaped, so the Empirical Rule should
work relatively well:

* Approximately 68% of the measurements will fall between 16.1 and 27.1.

* Approximately 95% of the measurements will fall between 10.6 and 32.6.

e Approximately 99.7% of the measurements will fall between 5.1 and 38.1.

The relative frequencies in Table 2.5 closely approximate those specified by the Empir-
ical Rule.

MINITAB histogram for
Example 2.8

NEL

USING TCHEBYSHEFF'S THEOREM
AND THE EMPIRICAL RULE

Tchebysheff’s Theorem can be proven mathematically. It applies to any set of
measurements—sample or population, large or small, mound-shaped or skewed.

Tchebysheff’s Theorem gives a lower bound to the fraction of measurements to
be found in an interval constructed as X + ks. At least 1 — (1/k?) of the measure-
ments will fall into this interval, and probably more!

The Empirical Rule is a “rule of thumb” that can be used as a descriptive tool
only when the data tend to be roughly mound-shaped (the data tend to pile up near
the centre of the distribution).

When you use these two tools for describing a set of measurements,
Tchebysheff’s Theorem will always be satisfied, but it is a very conservative
estimate of the fraction of measurements that fall into a particular interval. If it is
appropriate to use the Empirical Rule (mound-shaped data), this rule will give you
a more accurate estimate of the fraction of measurements that fall into the interval.
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@ A CHECK ON THE CALCULATION OF s

Tchebysheff’s Theorem and the Empirical Rule can be used to detect gross errors in
the calculation of s. Roughly speaking, these two tools tell you that most of the time,
measurements lie within two standard deviations of their mean. This interval is marked
off in Figure 2.11, and it implies that the total range of the measurements, from smallest
to largest, should be somewhere around four standard deviations. This is, of course, a
very rough approximation, but it can be very useful in checking for large errors in your
calculation of s. If the range, R, is about four standard deviations, or 4s, you can write

R=~4 ~ =
s or § 4

The computed value of s using the shortcut formula should be of roughly the same
order as the approximation.

FIGURE 2.11
Range approximation to s 2s

Use the range approximation to check the calculation of s for Table 2.2.

Solution The range of the five measurements—S5, 7, 1, 2, 4—is

— |+
D

T\
g
=
-
+
b4

R=7—-1=6
Then

R 6

= =2=15
ST 47 4

This is the same order as the calculated value s =2.4.

@ NEEDATIP? The range approximation is not intended to provide an accurate value for s. Rather,
s = Rfgives only an ap- its purpose is to detect gross errors in calculating, such as the failure to divide the sum
proximate value for s. of squares of deviations by (n — 1) or the failure to take the square root of s%. If you

make one of these mistakes, your answer will be many times larger than the range
approximation of s.

Use the range approximation to determine an approximate value for the standard devia-
tion for the data in Table 2.4.

Solution Therange R=31.9—10.2=21.7. Then

R 21.7
s 4 4 5

Since the exact value of sis 5.5 for the data in Table 2.4, the approximation is very close.

The range for a sample of n measurements will depend on the sample size, n. For
larger values of n, a larger range of the x values is expected. The range for large sam-
ples (say, n =50 or more observations) may be as large as 6s, whereas the range for
small samples (say, n =35 or less) may be as small as or smaller than 2.5s.
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Copyright 2013 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



25 ACHECK ON THE CALCULATIONOF s O 73

The range approximation for s can be improved if it is known that the sample is
drawn from a mound-shaped distribution of data. Thus, the calculated s should not
differ substantially from the range divided by the appropriate ratio given in Table 2.6.

T 2. ivi Al
Number of Expected Ratio

n of s

Measurements  of Range to s
5 25
10 3
25 4

@ EXERCISES

BASIC TECHNIQUES a. What proportion of the measurements will fall
2.19 A set of n= 10 measurements consists of the between 40 and 60?

values 5,2, 3,6,1,2,4,5, 1, 3. b. What proportion of the measurements will fall
a. Use the range approximation to estimate the value between 30 m"d 70? '
of s for this set. (HINT: Use Table 2.6 at the end of ¢. What proportion of the measurements will fall
Section 2.5.) between 30 and 60?
b. Use your calculator to find the actual value of s. d. If a measurement is chosen at random from this

distribution, what is the probability that it will be

Is the actual value close to your estimate in part a?
greater than 60?

¢. Draw a dotplot of this data set. Are the data

mound-shaped?

d. Can you use Tchebysheff’s Theorem to describe
this data set? Why or why not?

e. Can you use the Empirical Rule to describe this
data set? Why or why not?

2.20 Suppose you want to create a mental picture
of the relative frequency histogram for a large data
set consisting of 1000 observations, and you know

that the mean and standard deviation of the data set are

36 and 3, respectively.
a. If you are fairly certain that the relative frequency

distribution of the data is mound-shaped, how might

you picture the relative frequency distribution?

2.22 A set of data has a mean of 75 and a standard

deviation of 5. You know nothing else about the size

of the data set or the shape of the data distribution.

a. What can you say about the proportion of
measurements that fall between 60 and 90?

b. What can you say about the proportion of
measurements that fall between 65 and 85?

¢. What can you say about the proportion of
measurements that are less than 65?

APPLICATIONS

2.23 Driving Emergencies The length of time
required for an automobile driver to respond to a

(HINT: Use the Empirical Rule.)

b. If you have no prior information concerning the shape
of the relative frequency distribution, what can you
say about the relative frequency histogram? (HINT:
Construct intervals x * ks for several choices of k.)

particular emergency situation was recorded for n =10

drivers. The times (in seconds) were 0.5, 0.8, 1.1, 0.7,

0.6,0.9,0.7, 0.8, 0.7, 0.8.

a. Scan the data and use the procedure in Section 2.5
to find an approximate value for s. Use this value to
check your calculations in part b.

b. Calculate the sample mean x and the standard
deviation s. Compare with part a.

2.21 A distribution of measurements is relatively
mound-shaped with mean 50 and standard
deviation 10.
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2.24 Packaging Hamburger Meat The data
exo0224 listed here are the weights (in kilograms) of
27 packages of ground beef in a supermarket meat
display:

108 088 097 118 141 128 083
106 114 138 075 086 108 087
083 083 086 112 112 083 124
083 098 114 082 118 117

a. Construct a stem and leaf plot or a relative frequency
histogram to display the distribution of weights. Is
the distribution relatively mound-shaped?

b. Find the mean and standard deviation of the
data set.

c¢. Find the percentage of measurements in the
intervalsx + s, x * 2s,andx * 3s.

d. How do the percentages obtained in part c compare
with those given by the Empirical Rule? Explain.

e. How many of the packages weigh exactly
1 kilogram (kg)? Can you think of any explanation
for this?

2.25 Breathing Rates Is your breathing rate
normal? Actually, there is no standard breathing rate
for humans. It can vary from as low as 4 breaths per
minute to as high as 70 or 75 for a person engaged
in strenuous exercise. Suppose that the resting
breathing rates for university-age students have a
relative frequency distribution that is mound-shaped,
with a mean equal to 12 and a standard deviation of
2.3 breaths per minute. What fraction of all stu-
dents would have breathing rates in the following
intervals?

a. 9.7 to 14.3 breaths per minute
b. 7.4 to 16.6 breaths per minute
¢. More than 18.9 or less than 5.1 breaths per minute

2.26 Ore Samples A geologist collected

20 different ore samples, all the same weight, and
randomly divided them into two groups. She
measured the titanium (Ti) content of the samples
using two different methods.

Method 1 Method 2

0.011 0.013 0.013 0.015 0.014 0.011 0.016 0.013 0.012 0.015
0.013 0.010 0.013 0.011 0.012 0.012 0.017 0.013 0.014 0.015

a. Construct stem and leaf plots for the two data sets.
Visually compare their centres and their ranges.

b. Calculate the sample means and standard deviations
for the two sets. Do the calculated values confirm
your visual conclusions from part a?

2.27 Social Insurance Numbers The data
ex0227 below show the last digit of the social insurance
number for a group of 70 students.

169159028 4
073 4235842
3200212774
0 0 9 953847 4
6 6 9 026 2 9 5 8
S 1277 875851 8
3419 3 8¢6 6 66

. The distribution of this data is relatively “flat,”
with each different value from 0 to 9 occurring with
nearly equal frequency. Using this fact, what would
be your best estimate for the mean of the data set?
b. Use the range approximation to guess the value of s
for this set.

¢. Use your calculator to find the actual values of x
and s. Compare with your estimates in parts a and b.

2.28 Social Insurance Numbers, continued
Refer to the data set in Exercise 2.27.

a. Find the percentage of measurements in the inter-
valsx * s,x *+ 2s,andx * 3s.

b. How do the percentages obtained in part a compare
with those given by the Empirical Rule? Should
they be approximately the same? Explain.

2.29 Survival Times A group of experimental
animals is infected with a particular form of bacteria,
and their survival time is found to average 32 days,
with a standard deviation of 36 days.

a. Visualize the distribution of survival times. Do
you think that the distribution is relatively mound-
shaped, skewed right, or skewed left? Explain.

b. Within what limits would you expect at least 3/4 of
the measurements to lie?

2.30 Survival Times, continued Refer to

Exercise 2.29. You can use the Empirical Rule to see

why the distribution of survival times could not be

mound-shaped.

a. Find the value of x that is exactly one standard
deviation below the mean.

b. If the distribution is in fact mound-shaped,
approximately what percentage of the measurements
should be less than the value of x found in part a?
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¢. Since the variable being measured is time, is it
possible to find any measurements that are more
than one standard deviation below the mean?

d. Use your answers to part b and c to explain why the
data distribution cannot be mound-shaped.

2.31 Timber Tracts To estimate the amount
£x0231 of lumber in a tract of timber, an owner decided
to count the number of trees with diameters exceeding
30 cm in randomly selected 15-by-15 m% Seventy
15-by-15 m? were chosen, and the selected trees were
counted in each tract. The data are listed here:
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a. Construct a relative frequency histogram to describe
the data.

b. Calculate the sample mean X as an estimate of
u, the mean number of timber trees for all
15-by-15 m? in the tract.

¢. Calculate s for the data. Construct the intervals
x * s,x * 2s,and x * 3s. Calculate the
percentage of squares falling into each of the
three intervals, and compare with the corresponding
percentages given by the Empirical Rule and
Tchebysheff’s Theorem.

2.32 Tuna Fish, again Refer to Exercise 2.8 and
data set EX0208. The prices (in dollars) of a 170 g
can for 14 different brands of water-packed light tuna,
based on prices paid nationally in supermarkets, are
reproduced here.

093 192 123 085 065 053 1.4
112 063 067 069 060 060 0.66

a. Use the range approximation to find an estimate
of 5.

b. How does it compare to the computed value of s?

@ 2.33 OId Faithful The data below are
£x0233 30 waiting times between eruptions of the Old
Faithful geyser in Yellowstone National Park.’

56 89 51 79 58 82 52 88 52 78 69 75 77 72 T
55 87 53 85 61 93 54 76 80 81 53 86 78 71 77
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a. Calculate the range.

b. Use the range approximation to approximate the
standard deviation of these 30 measurements.

c. Calculate the sample standard deviation s.

d. What proportion of the measurements lie within
two standard deviations of the mean? Within three
standard deviations of the mean? Do these
proportions agree with the proportions given in
Tchebysheff’s Theorem?

2.34 Prime Minister’s Children The table
ex0234 below shows the names of 22 selected prime
ministers of Canada along with the number of children
in their family.'°
Children| Name

Name Children

Macdonald, Sir John A.

Saint-Laurent, Louis Stephen 5

3
MacKenzie, Alexander 3 Diefenbaker, John D. 0
Abbott, John J. 8 Pearson, Lester B. 2
Thompson, John S. D. 9 Trudeau, Pierre Elliott 4
Bowell, Mackenzie 9 Clark, C. Joseph 1
Tupper, Charles 6 Turner, John N. 4
Laurier, Wilfred 0 Mulroney, Brian 4
Borden, Robert L. 0 Campbell, Kim 0
Meighen, Arthur 3 Chrétien, Jean 3
King, William Lyon Mackenzie 0 Martin, Paul 3

0 2

Bennett, Richard Bedford Harper, Stephen

a. Construct a relative frequency histogram to describe
the data. How would you describe the shape of this
distribution?

b. Calculate the mean and the standard deviation for
the data set.

c. Construct the intervals x *+ s, x * 2s,andx + 3s.
Find the percentage of measurements falling into
these three intervals and compare with the cor-
responding percentages given by Tchebysheff’s
Theorem and the Empirical Rule.

2.35 Wayne Gretzky The number of goals
£x0235 scored by Wayne Gretzky was recorded for
seasons 1978-1999."!

46 51 5 92 71 87
73 52 62 40 54 40
41 31 16 38 11 23
2% 23 9

a. Draw a stem and leaf plot to describe the data.

b. Calculate the mean and standard deviation for
the data.
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76 O CHAPTER 2 DESCRIBING DATA WITH NUMERICAL MEASURES

¢. What proportion of the measurements lie within
two standard deviations of the mean?

2.36 Who Is Paying More at the Pump? The
prices below are for regular gasoline (per litre) as of
December 29, 2011."2

Area Price per Litre ($)
Alberta 101.108
Ontario 119.602
New Brunswick 121.877
Manitoba 109.853
Quebec 128.760
Nova Scotia 122.700
Saskatchewan 115.118
British Columbia 123.150

Newfoundland and Labrador
Source: Data provided by GasBuddy.com

128.923

a. Find the standard deviation of these values.

b. Find the range R. Compare the range and the
standard deviation. Is range related to standard
deviation, in any sense?

¢. Use range to approximate the standard deviation. Is
this a good approximation?

d. Subtract 0.5 from every observation and calculate
the variance for the original data and the new data.
What effect, if any, does subtracting 0.5 from every
observation have on the sample variance?

e. What percentage of the measurements will lie within
three standard deviations of the overall mean? Does
the result agree with Tchebysheff’s Theorem?

f. Find the percentage of measurements in the inter-
vals ¥ * sand x * 2s. Compare these results with
the Empirical Rule percentages, and comment on
the shape of the distribution.

g. In how many provinces is the average gas price
stabilized?

CALCULATING THE MEAN AND
STANDARD DEVIATION FOR
GROUPED DATA (OPTIONAL)

2.37 Suppose that some measurements occur more
than once and that the data x,, x,, . . . , x; are arranged
in a frequency table as shown here:

Observations Frequency f;
X f
X f
Xk fe

The formulas for the mean and variance for grouped
data are
= 2xifi
xX= = where

n = %f;
and
Sx.f 2
sy Cuh)
n
2=
n—1
Notice that if each value occurs once, these formulas
reduce to those given in the text. Although these
formulas for grouped data are primarily of value when
you have a large number of measurements,
demonstrate their use for the sample 1,0, 0, 1, 3, 1, 3,
2,3,;0,0,1,:1,3, 2
a. Calculate X and s? directly, using the formulas for
ungrouped data.

b. The frequency table for the n = 15 measurements is
as follows:

X f
0 4
1 5
2 2
3 4

Calculate X and s? using the formulas for grouped
data. Compare with your answers to part a.

2.38 International Baccalaureate The
International Baccalaureate (IB) program is an
accelerated academic program offered at a growing
number of high schools throughout the country.
Students enrolled in this program are placed in
accelerated or advanced courses and must take IB
examinations in each of six subject areas at the end
of grade 11 or grade 12. Students are scored on a
scale of 1-7, with 1-2 being poor, 3 mediocre,

4 average, and 5-7 excellent. During its first year
of operation at a local high school, 17 grade 12
students attempted the IB mathematics exam, with
these results:

Exam Grade Number of Students

1

W s oo~

4
4
4
4
Calculate the mean and standard deviation for

these scores.
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2.39 A Skewed Distribution To illustrate the Distribution for Exercise 2.39

utility of the Empirical Rule, consider a distribution

that is heavily skewed to the right, as shown in the

accompanying figure.

a. Calculate x and s for the data shown. (NOTE:
There are 10 zeros, 5 ones, and so on.)

b. Construct the intervals x + s,x + 2s,andx *+ 3s
and locate them on the frequency distribution.

¢. Calculate the proportion of the n = 24 measurements
that fall into each of the three intervals. Compare
with Tchebysheff’s Theorem and the Empirical
Rule. Note that, although the proportion that falls
into the interval x s does not agree closely with
the Empirical Rule, the proportions that fall into
the intervals X * 2sand x * 3s agree very well.
Many times this is true, even for non-mound-shaped
distributions of data.

@ MEASURES OF RELATIVE STANDING

Sometimes you need to know the position of one observation relative to others in a set
of data. For example, if you took an examination with a total of 35 points, you
might want to know how your score of 30 compared to the scores of the other students in the
class. The mean and standard deviation of the scores can be used to calculate a z-score,
which measures the relative standing of a measurement in a data set.

Definition The sample z-score is a measure of relative standing defined by

X=X
z-score =
@nmnm ] A z-score measures the distance between an observation and the mean,
Positive z-score <> xis measured in units of standard deviation. For example, suppose that the mean and
above the mean. standard deviation of the test scores (based on a total of 35 points) are 25 and 4, respec-

Negative z-score <> Xis tively. The z-score for your score of 30 is calculated as follows:

below the mean.
x—x _30—-25
4
Your score of 30 lies 1.25 standard deviations above the mean (30 = x + 1.25s).
The z-score is a valuable tool for determining whether a particular observation is
likely to occur quite frequently or whether it is unlikely and might be considered an
outlier.

z-score = =1.25

According to Tchebysheff’s Theorem and the Empirical Rule:

e Atleast 75% and more likely 95% of the observations lie within two standard
deviations of their mean: their z-scores are between —2 and +2. Observations

NEL
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78 O CHAPTER 2 DESCRIBING DATA WITH NUMERICAL MEASURES

with z-scores exceeding 2 in absolute value happen less than 5% of the time
and are considered somewhat unlikely.

e At least 89% and more likely 99.7% of the observations lie within three standard
deviations of their mean: their z-scores are between —3 and +3. Observations
with z-scores exceeding 3 in absolute value happen less than 1% of the time and
are considered very unlikely.

@ NEEDATIP? You should look carefully at any observation that has a z-score exceeding 3 in absolute
zscores above 3in value. Perhaps the measurement was recorded incorrectly or does not belong to the
absolute value are very population being sampled. Perhaps it is just a highly unlikely observation, but a valid
unusual. one nonetheless!

M@ Consider this sample of n = 10 measurements:

1,1,0,15,2;3,4,0;1,3

The measurement x = 15 appears to be unusually large. Calculate the z-score for this
observation and state your conclusions.

Solution Calculate x = 3.0 and s = 4.42 for the n = 10 measurements. Then the
z-score for the suspected outlier, x = 15, is calculated as

z-score = - =271
s

Hence, the measurement x = 15 lies 2.71 standard deviations above the sample mean,
x = 3.0. Although the z-score does not exceed 3, it is close enough so that you might
suspect that x = 15 is an outlier. You should examine the sampling procedure to see
whether x = 15 is a faulty observation.

A percentile is another measure of relative standing and is most often used for large
data sets. (Percentiles are not very useful for small data sets.)

Definition A set of n measurements on the variable x has been arranged in order of
magnitude. The pth percentile is the value of x that is greater than p% of the measure-
ments and is less than the remaining (100 — p)%.

M@ Suppose you have been notified that your score of 610 on the Verbal Graduate Record
Examination placed you at the 60th percentile in the distribution of scores. Where does

your score of 610 stand in relation to the scores of others who took the examination?

Solution Scoring at the 60th percentile means that 60% of all the examination
scores were lower than your score and 40% were higher.

In general, the 60th percentile for the variable x is a point on the horizontal axis of
the data distribution that is greater than 60% of the measurements and less than the
others. That is, 60% of the measurements are less than the 60th percentile and 40% are
greater (see Figure 2.12). Since the total area under the distribution is 100%, 60% of
the area is to the left and 40% of the area is to the right of the 60th percentile. Remem-
ber that the median, m, of a set of data is the middle measurement; that is, 50% of the
measurements are smaller and 50% are larger than the median. Thus, the median is the
same as the 50th percentile!
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FIGURE 2.12

The 60th percentile shown
on the relative frequency
histogram for a data set

FIGURE 2.13

Location of quartiles

NEL

2.6 MEASURES OF RELATIVESTANDING © 79

Relative Frequengy

60% 40%

T x

60th Percentile

The 25th and 75th percentiles, called the lower and upper quartiles, along with the
median (the 50th percentile), locate points that divide the data into four sets, each con-
taining an equal number of measurements. Twenty-five percent of the measurements
will be less than the lower (first) quartile, 50% will be less than the median (the second
quartile), and 75% will be less than the upper (third) quartile. Thus, the median and the
lower and upper quartiles are located at points on the x-axis so that the area under the
relative frequency histogram for the data is partitioned into four equal areas, as shown in
Figure 2.13.

/25% T 25% l}n\ﬁq\

Relative Frequengy

Median, m
Lower Quartile, Q, Upper Quartile, 0,

Definition A set of n measurements on the variable x has been arranged in order of
magnitude. The lower quartile (first quartile), O, is the value of x that is greater than
1/4 of the measurements and is less than the remaining 3/4. The second quartile is the
median. The upper quartile (third quartile), Q3, is the value of x that is greater than
3/4 of the measurements and is less than the remaining 1/4.

For small data sets, it is often impossible to divide the set into four groups, each
of which contains exactly 25% of the measurements. For example, when n = 10, you
would need to have 2% measurements in each group! Even when you can perform this
task (for example, if n = 12), there are many numbers that would satisfy the preceding
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80 O CHAPTER2 DESCRIBING DATA WITH NUMERICAL MEASURES

definition, and could therefore be considered “quartiles.” To avoid this ambiguity, we
use the following rule to locate sample quartiles.

CALCULATING SAMPLE QUARTILES

*  When the measurements are arranged in order of magnitude, the lower
quartile, Qy, is the value of x in position 0.25(n + 1), and the upper
quartile, Q5, is the value of x in position 0.75(n + 1).

*  When 0.25(n + 1) and 0.75(n + 1) are not integers, the quartiles are found
by interpolation, using the values in the two adjacent positions.’

M@ Find the lower and upper quartiles for this set of measurements:

16,25,4,18,11,13,20,8, 11,9

Solution Rank the n = 10 measurements from smallest to largest:
4,8,9,11, 11, 13, 16, 18, 20, 25
Calculate:

Position of @, = 0.25(n + 1) = 0.25(10 + 1) = 2.75
Position of @5 = 0.75(n + 1) = 0.75(10 + 1) = 8.25

Since these positions are not integers, the lower quartile is taken to be the value 3/4 of
the distance between the second and third ordered measurements, and the upper quar-
tile is taken to be the value 1/4 of the distance between the eighth and ninth ordered
measurements. Therefore,

0, =8+ 07509 —-8) =8+ 0.75 =875
and
Q; =18 + 0.25(20 — 18) = 18 + 0.5 = 18.5

Because the median and the quartiles divide the data distribution into four parts,
each containing approximately 25% of the measurements, Q, and Q3 are the upper
and lower boundaries for the middle 50% of the distribution. We can measure the
range of this “middle 50%” of the distribution using a numerical measure called the
interquartile range.

Definition The interquartile range (IQR) for a set of measurements is the differ-
ence between the upper and lower quartiles; that is, IQR = Q; — Q,.

For the datain Example 2.13,IQR = Q5 — @, = 18.50 — 8.75 = 9.75. We will use
the IQR along with the quartiles and the median in the next section to construct another
graph for describing data sets.

T This definition of quartiles is consistent with the one used in the MINI/TAB package. Some textbooks use
ordinary rounding when finding quartile positions, whereas other compute sample quartiles as the medians of the
upper and lower halves of the data set.
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NEED TO KNOW

How to Calculate Sample Quartiles
1. Arrange the data set in order of magnitude from smallest to largest.
2. Calculate the quartile positions:

e Position of Q;: 0.25(n + 1)

* Position of Q3: 0.75(n+ 1)

3. If the positions are integers, then O, and Q5 are the values in the ordered data set
found in those positions.

4. If the positions in step 2 are not integers, find the two measurements in positions
just above and just below the calculated position. Calculate the quartile by find-
ing a value either 1/4, 1/2, or 3/4 of the way between these two measurements.

Many of the numerical measures that you have learned are easily found using com-
puter programs or even graphics calculators. The M/NITAB command Stat — Basic
Statistics — Display Descriptive Statistics (see the “Technology Today” section 4 at
the end of this chapter) produces output containing the mean, the standard deviation,
the median, and the lower and upper quartiles, as well as the values of some other
statistics that we have not discussed yet. The data from Example 2.13 produced the
MINITAB output shown in Figure 2.14. Notice that the quartiles are identical to the
hand-calculated values in that example.

FIGURE 2.14
MINITAB output for the

data in Example 2.13 Variable N N* Mean SE Mean StDev Minimum Q1 Median Q3 Maximum
X 10 0 13.50 1.98 6.28 4.00 8.75 12.00 18.50 25.00

® Descriptive Statistics: x

THE FIVE-NUMBER SUMMARY
@ AND THE BOX PLOT

The median and the upper and lower quartiles shown in Figure 2.13 divide the data
into four sets, each containing an equal number of measurements. If we add the larg-
est number (Max) and the smallest number (Min) in the data set to this group, we will
have a set of numbers that provide a quick and rough summary of the data distribution.

The five-number summary consists of the smallest number, the lower quartile, the
median, the upper quartile, and the largest number, presented in order from smallest
to largest:

Min Q; Median Q; Max

By definition, 1/4 of the measurements in the data set lie between each of the four
adjacent pairs of numbers.
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82 O CHAPTER2 DESCRIBING DATA WITH NUMERICAL MEASURES

The five-number summary can be used to create a simple graph called a box plot
to visually describe the data distribution. From the box plot, you can quickly detect
any skewness in the shape of the distribution and see whether any outliers are in the
data set.

An outlier may result from transposing digits when recording a measurement, from
incorrectly reading an instrument dial, from a malfunctioning piece of equipment, or
from other problems. Even when there are no recording or observational errors, a data
set may contain one or more valid measurements that, for one reason or another, dif-
fer markedly from the others in the set. These outliers can cause a marked distortion
in commonly used numerical measures such as x and s. In fact, outliers may them-
selves contain important information not shared with the other measurements in the set.
Therefore, isolating outliers, if they are present, is an important step in any preliminary
analysis of a data set. The box plot is designed expressly for this purpose.

TO CONSTRUCT A BOX PLOT

¢ Calculate the median, the upper and lower quartiles, and the IQR for the data
set.

* Draw a horizontal line representing the scale of measurement. Form a box just
above the horizontal line with the right and left ends at Q; and Q5. Draw
a vertical line through the box at the location of the median.

A box plot is shown in Figure 2.15.

FIGURE 2.15
Box plot
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In Section 2.6, the z-score provided boundaries for finding unusually large or small
measurements. You looked for z-scores greater than 2 or 3 in absolute value. The box
plot uses the IQR to create imaginary “fences” to separate outliers from the rest of the
data set:

DETECTING OUTLIERS—OBSERVATIONS
THAT ARE BEYOND:

* Lower fence: Q; — 1.5(IQR)
* Upper fence: Q5 + 1.5(IQR)

The upper and lower fences are shown with broken lines in Figure 2.15, but they are
not usually drawn on the box plot. Any measurement beyond the upper or lower fence
is an outlier; the rest of the measurements, inside the fences, are not unusual. Finally,
the box plot marks the range of the data set using “whiskers” to connect the smallest
and largest measurements (excluding outliers) to the box.
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EXAMPLE .

ONLINE APPLET

Building a Box Plot

FIGURE 2.16

2.7 THE FIVE-NUMBER SUMMARY AND THEBOXPLOT O 83

TO FINISH THE BOX PLOT

* Mark any outliers with an asterisk (*) on the graph.

* Extend horizontal lines called “whiskers” from the ends of the box to the
smallest and largest observations that are not outliers.

As consumers become more careful about the foods they eat, food processors try to
stay competitive by avoiding excessive amounts of fat, cholesterol, and sodium in the
foods they sell. The following data are the amounts of sodium per slice (in milligrams)
for each of eight brands of regular cheese. Construct a box plot for the data and look
for outliers.

340, 300, 520, 340, 320, 290, 260, 330

Solution The n =8 measurements are first ranked from smallest to largest:
260, 290, 300, 320, 330, 340, 340, 520

The positions of the median, Q;, and Q; are:

0.5(n + 1) = 0.509) = 4.5
0.25(n + 1) = 0.2509) = 2.25
0.75(n + 1) = 0.75(9) = 6.75

so that m = (320 + 330)/2 = 325, Q, = 290 + 0.25(10) = 292.5, and Q, = 340.
The interquartile range is calculated as

IQR = Q; — O, = 340 — 292.5 = 47.5
Calculate the upper and lower fences:

Lower fence: 292.5 — 1.5(47.5) = 221.25
Upper fence: 340 + 1.5(47.5) = 411.25

The value x = 520, a brand of cheese containing 520 mg of sodium, is the only outlier,
lying beyond the upper fence.

The box plot for the data is shown in Figure 2.16. The outlier is marked with an
asterisk (*). Once the outlier is excluded, we find (from the ranked data set) that the
smallest and largest measurements are x = 260 and x = 340. These are the two values
that form the whiskers. Since the value x = 340 is the same as Qj3, there is no whisker
on the right side of the box.

Box plot for Example 2.14
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FIGURE 2.17

You can use the box plot to describe the shape of a data distribution by looking at
the position of the median line compared to Q; and Qs, the left and right ends of the
box. If the median is close to the middle of the box, the distribution is fairly symmetric,
providing equal-sized intervals to contain the two middle quarters of the data. If the
median line is to the left of centre, the distribution is skewed to the right; if the median
is to the right of centre, the distribution is skewed to the left. Also, for most skewed
distributions, the whisker on the skewed side of the box tends to be longer than the
whisker on the other side.

We used the MINITAB command Graph — Boxplot to draw two box plots, one for
the sodium contents of the eight brands of cheese in Example 2.14, and another for five
brands of fat-free cheese with these sodium contents:

300, 300, 320, 290, 180

The two box plots are shown together in Figure 2.17. Look at the long whisker on the
left side of both box plots and the position of the median lines. Both distributions are
skewed to the left; that is, there are a few unusually small measurements. The regular
cheese data, however, also show one brand (x = 520) with an unusually large amount
of sodium. In general, it appears that the sodium content of the fat-free brands is lower
than that of the regular brands, but the variability of the sodium content for regular
cheese (excluding the outlier) is less than that of the fat-free brands.

MINITAB output for reg-
ular and fat-free cheese

i 1
il 1

@ EXERCISES

BASIC TECHNIQUES 2.41 Find the five-number summary and the IQR for
2.40 Given the following data set: 8,7, 1, 4, 6, 6, 4, these data:
5.7.6,3,0 19,12, 16,0, 14,9, 6, 1, 12, 13, 10, 19,7, 5, 8

a. Find the five-number summary and the IQR. 2.42 Construct a box plot for these data and identify

b. Calculate x and s.

any outliers:
25, 22, 26, 23, 27, 26, 28, 18, 25, 24, 12

¢. Calculate the z-score for the smallest and largest L
observations. Is either of these observations 2.43 Construct a box plot for these data and identify

unusually large or unusually small? any outliers:

3,9,10,2,6,7,5,8,6,6,4,9, 22
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APPLICATIONS

2.44 If you scored at the 69th percentile on a place-
ment test, how does your score compare with others?

2.45 Mercury Concentration in Dolphins
£x0245 Environmental scientists are increasingly
concerned with the accumulation of toxic elements in
marine mammals and the transfer of such elements to
the animals’ offspring. The striped dolphin (Stenella
coeruleoalba), considered to be the top predator in the
marine food chain, was the subject of one such study.
The mercury concentrations (micrograms/gram) in the
livers of 28 male striped dolphins were as follows:

170 18300 221.00 286.00
172 16800 406.00 315.00
880 21800 252.00 241.00
590 180.00 329.00 397.00
101.00 26400 316.00 208.00
8540 48100 44500 314.00
118.00 48500 278.00 318.00

a. Calculate the five-number summary for the data.

b. Construct a box plot for the data.

¢. Are there any outliers?

d. If you knew that the first four dolphins were all less
than 3 years old, while all the others were more
than 8 years old, would this information help
explain the difference in the magnitude of those
four observations? Explain.

2.46 Packaging Hamburger Meat Il The weights

(in kilograms) of the 27 packages of ground beef from
Exercise 2.24 (see data set EX0224) are listed here in

order from smallest to largest:

075 083 087 08 083 083 092
093 086 096 097 098 093 1.06
108 108 112 112 114 114 1.7
118 118 124 128 138 141

a. Confirm the values of the mean and standard
deviation, calculated in Exercise 2.24 as x = 1.05
and s=0.17.

b. The two largest packages of meat weigh 1.38 and
1.41 kg. Are these two packages unusually heavy?
Explain.

¢. Construct a box plot for the package weights. What
does the position of the median line and the length
of the whiskers tell you about the shape of the
distribution?

2.47 Comparing NHL Superstars How
£x0247 does Mario Lemieux compare to Brett Hull?

NEL
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The table below shows number of goals scored for each
player for selected years. '

Season Mario Lemieux Brett Hull
1986-87 54 1
1987-88 70 32
1988-89 85 4
1989-90 45 72
1990-91 19 86
1991-92 44 70
1992-93 69 54
1993-94 17 57
1995-96 69 29
1996-97 50 42
2000-01 35 39
2001-02 6 30
2002-03 28 37
2003-04 1 25
2005-06 7 0

a. Calculate five-number summaries for the number of
goals scored by both players.

b. Construct box plots for the two sets of data. Are
there any outliers? What do the box plots tell you
about the shapes of the two distributions?

¢. Write a short paragraph comparing the number of
goals for the two superstars.

2.48 Canadian Federal Election The data for the
seats won by the Conservatives in every election in
Canadian history up to 2006'* is given in Exercise 1.47
and listed here, along with a box plot generated by
MINITAB. Use the box plot to describe the shape of
the distribution.

General Election (Date) Seats | General Election (Date) Seats
1st(1867.09.20) 101 | 21st(1949.06.27) |
2nd (1872.10.12) 103 | 22nd (1953.08.10) 51
3rd (1874.01.22) 73 | 23rd(1957.06.10) 112
4th (1878.09.17) 137 | 24th(1958.03.31) 208
5th (1882.06.20) 139 | 25th(1962.06.18) 116
6th (1887.02.22) 123 | 26th(1963.04.08) 35
7th (1891.03.05) 123 | 27th(1965.11.08) 97
8th (1896.06.23) 88 | 28th(1968.06.25) 72
9th (1900.11.07) 81 |29th(1972.10.30) 107
10th (1904.11.03) 75 | 30th(1974.07.08) 35
11th (1908.10.26) 85 | 31st(1979.05.22) 136
12th(1911.09.21) 133 | 32nd (1980.02.18) 103
13th(1917.12.17) 153 | 33rd (1984.09.04) n
14th (1921.12.06) 50 |34th(1988.11.21) 169
15th (1925.10.29) 116 | 35th (1993.10.25) 2
16th (1926.09.14) 91 | 36th(1997.06.02) 20
17th (1930.07.28) 137 | 37th(2000.11.27) 12
18th (1935.10.14) 39 | 38th(2004.06.28) 99
19th (1940.03.26) 39 |39th(2006.01.23) 124
20th (1945.06.11) 67
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Box plot for Exercise 2.48

2.49 Internet Hotspots The most visited site
£x0249 on the Internet in 2003 was Yahoo!, which
boasted 111,271 thousand unique visitors in December
of that year."> The number of unique visitors at the top
25 sites are shown in the table:

Unique Unique

Visitors Visitors
Site (millions) | Site (millions)
Yahoo! Sites 1m3 Weather Channel 238
Time Wamer Network ~ 110.5 Real.com Network 23
MSN-Microsoft Sites 1100 Verizon
eBay 69.2 Communications 21
Google Sites 615 Wal-Mart 214
Terra Lycos 52.1 Shopping.com Sites 213
Amazon Sites 457 Symantec 199
About/Primedia 426 AT&T Properties 175
Excite Network 25.1 InfoSpace Network 17.3
CNET Networks 25.1 Monster Property 17.3
Walt Disney Internet 251 EA Online 16.8
Viacom Online 247 SBC Communications 16.5
American Greetings 244 Sony Online 16.5

a. Can you tell by looking at the data whether it is
roughly symmetric? Or is it skewed?

b. Calculate the mean and the median. Use these
measures to decide whether or not the data are
symmetric or skewed.

¢. Draw a box plot to describe the data. Explain
why the box plot confirms your conclusions
in part b.

2.50 Utility Bills in Southern Ontario,
£Ex0250 again The monthly utility bills for a
household in Windsor, Ontario, were recorded
for 12 consecutive months starting in January 2012:

Month ~ Amount ($) | Month Amount ($)
January 204.94 July 276.70
February 180.00 August 309.70
March 178.23 September 312.40
April 176.43 October 238.66
May 165.12 November 225.47
June 236.72 December 222.23

a. Construct a box plot for the monthly
utility costs.

b. What does the box plot tell you about the
distribution of utility costs for this household?

2.51 What's Normal? Refer to Exercise 1.68 and
data set EX0168. In addition to the normal body tem-
perature in degrees Celsius for the 130 individuals, the
data record the gender of the individuals. Box plots for
the two groups, male and female, are shown below:'®

Box plots for Exercise 2.51

385

375

370

‘Temperature

36.5
36.01 8
o o
355 :
N= n 9
F
Gender

How would you describe the similarities and differences
between male and female temperatures in this data set?

2.52 Who Is Paying More at the Pump? The
prices below are for regular gasoline per litre as of
December 29, 2011.7

City Price per Litre
Edmonton 97517
Calgary 101.182
London 117.803
Hamilton 119.524
Toronto 120.450
Montreal 133.790
Winnipeg 110.719
Halifax 121.810
Regina 116.637
Saskatoon 115.678
Quebec City 124.390
Vancouver 125510
Victoria 125.669

Source: Data provided by GasBuddy.com
NEL
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a. What is the value of the first and third quartiles? h. Is the gas price in Hamilton relative to average gas
b. What is the interquartile range? price considered to be unusual? Why or why not?

¢. Find the lower fence. Justify your conclusion.

d. Find the upper fence.
e. Construct a box plot for this data.
f. Does the box plot indicate the presence of any outliers?

g. Calculate the z-score for the smallest and largest
observations. Is either of these observations unusu-
ally large or unusually small?

i. If you are an environmentally friendly person, in
which city would you like to live based on the gas
price? Provide a rationale.

CHAPTER REVIEW

Key Concepts and Formulas

I. Measures of the Centre of a Data Ill. Tchebysheff’'s Theorem and the
Distribution Empirical Rule
1. Arithmetic mean (mean) or average 1. Use Tchebysheff’s Theorem for any data set,
a. Population: x o regardless of its shape or size.
b. Sample of n measurements: ¥ = —— a. Atleast 1 — (1/k%) of the measurements lie
n Yt $ s
within & standard deviations of the mean.
2. Median; position of th dian =0.5(n + 1 .
i SHRRRIRAR (B-+1) b. This is only a lower bound; there may be
3. Mode more measurements in the interval.
4. The median may be preferred to the mean if 2. The Empirical Rule can be used only for
the data are highly skewed. relatively mound-shaped data sets.

Approximately 68%, 95%, and 99.7% of the
measurements are within one, two, and three
1. Range: R = largest — smallest standard deviations of the mean, respectively.
2. Variance

Il. Measures of Variability

. IV. Measures of Relative Standing
a. Population of N measurements:

X=X
1. Sample z-score: z =
Z(x; — pw? _ s
gt= —+—— " 2. pth percentile; p% of the measurements are
N smaller, and (100 — p)% are larger.
b. Sample of n measurements: 3. Lower quartile, Q;; position of Q; =0.25(n + 1)
s (Zx)? 4. Upper quartile, Q5; position of Q; =0.75(n + 1)
2 T = Bt _ i 5. Interquartile range: IQR = Q3 — Q,
n—1 il V. The Five-Number Summary
3. Standard deviation and Box Plots
a. Population: o = Vo2 1. The five-number summary:
b. Sample: s = V2 Min @, Median Q3 Max
4. A rough approximation for s can be calculated One-fourth of the measurements in the data set
as s = R/4. The divisor can be adjusted lie between each of the four adjacent pairs of
depending on the sample size. numbers.

NEL
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2. Box plots are used for detecting outliers and 5. Outliers are marked on the box plot with an
shapes of distributions. asterisk (*).
3. Q, and Q5 form the ends of the box. The 6. Whiskers are connected to the box from the
median line is in the interior of the box. smallest and largest observations that are not
4. Upper and lower fences are used to find outliers.
outliers, observations that lie outside these fences. 7. Skewed distributions usually have a long
a. Lower fence: Q; — 1.5(IQR) whisker in the direction of the skewness,

and the median line is drawn away from the

b. Upper fence: Qs + 1.5(IQR) direction of the skewness.

TECHNOLOGY TODAY

Numerical Descriptive Measures in Microsoft Excel

Excel provides most of the basic descriptive statistics presented in Chapter 2 using a
single command on the Data tab. Other descriptive statistics can be calculated using
the Function command on the Formulas tab.

M®, The following data are the front and rear leg rooms (in centimetres) for nine different
sports utility vehicles:'®

Make & Model Front Leg Room  RearLeg Room
Acura MDX 104.1 724
Buick Enclave 105.4 76.2
Chevy TrailBlazer 101.6 648
Chevy Tahoe Hybrid V8 CVT 104.1 699
GMC Terrain 1L 4-cyl 109.2 78.7
Honda CR-V 104.1 749
Hyundai Tucson 108.0 749
Kia Sportage 101.6 73.7
Lexus GX 106.7 76.2

Source: “New SUV Ratings & Reliability,” Copyright 2010, Consumers Union of U.S.,
Inc. Yonkers, NY 10703-1057, a nonprofit organization. Reprinted with permission
from the August 2010 issue of Consumer Reports® for educational purposes only.
www.ConsumerReports.org

1. Since the data involve two variables and a third labelling variable, enter the
data into the first three columns of an Excel spreadsheet, using the labels in
the table. Select Data P Data Analysis P Descriptive Statistics, and highlight
or type the Input range (the data in the second and third columns) into the
Descriptive Statistics dialogue box (Figure 2.18(a)). Type an Output location,
make sure the check boxes for “Labels in First Row” and “Summary Statistics”
are both checked, and click OK. The summary statistics (Figure 2.18(b)) will
appear in the selected location in your spreadsheet.

2. You may notice that some of the cells in the spreadsheet are overlapping.
To adjust this, highlight the affected columns and click the Home tab. In the
Cells group, choose Format P> AutoFit Column Width. You may want to
modify the appearance of the output by decreasing the decimal accuracy in
certain cells. Highlight the appropriate cells and click the Decrease Decimal
icon (Home tab, Number group) to modify the output. We have displayed the
accuracy to three decimal places.
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FIGURE 2.18

9 (@)
| Inout i =
l Input Range: $851:40410 . =
Gouped By: @ Columm ol
Boves Hep
* Labels in Test row
Output options —
¥ Quiput Range: 651 o
New Workshewt Ply
New Worhook
Sommary statistics
Copfidenco Lovel for Maan : %
K2h Largest
KN Smakiest.
(b)
E F G H
Front Leg Room Reor Leg Room
Mean 104.9778 Mean 73.52222
Standard Error 0.875877 Standard Error 1.371514
Median 104.1 Median 74.9
Mode 104.1 Mode 76.2

Standard Deviation 2.627631 Standard Deviation 4.114541
Sample Variance 6.904444 Sample Variance 16.92944

Kurtosis -0.79449 Kurtosis 1.774623
Skewness 0.256476 Skewness -1.22294
Range 7.6 Range 139
Minimum 101.6 Minimum 64.8
Maximum 109.2 Maximum 78.7
Sum 944.8 Sum 661.7
Count 9 Count 9

3. Notice that the sample quartiles, Q, and Qs, are not given in the Excel output
in Figure 2.18(b). You can calculate the quartiles using the function command.
Place your cursor into an empty cell and select Formulas » More Functions
P> Statistical » QUARTILE.EXC. Highlight the appropriate cells in the box
marked “Array” and type an integer (0 = min, 1 = first quartile, 2 = median,

3 = third quartile, or 4 = max) in the box marked “Quart.” The quartile (cal-
culated using this textbook’s method) will appear in the cell you have chosen.
An alternative method for calculating the quartiles will be used if you select
Formulas > More Functions P> Statistical » QUARTILE.INC. (NOTE: This
function is called QUARTILE in Excel 2007 and earlier versions.) Using the
two quartiles, you can calculate the IQR and construct a box plot by hand.

Numerical Descriptive Measures in MINITAB

MINITAB provides most of the basic descriptive statistics presented in Chapter 2 using
a single command in the drop-down menus.

EXAMPLE @ The following data are the front and rear leg rooms (in centimetres) for nine different
sports utility vehicles:'?
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Make & Model Front Leg Room Rear Leg Room
Acura MDX 104.1 724
Buick Enclave 1054 76.2
Chevy TrailBlazer 1016 648
Chevy Tahoe Hybrid V8 CVT 104.1 69.9
GMC Terrain 1L 4-cyl 109.2 787
Honda CR-V 104.1 748
Hyundai Tucson 108.0 749
Kia Sportage 101.6 700
Lexus GX 106.7 76.2

1. Since the data involve two variables and a third labelling variable, enter the
data into the first three columns of a MINITAB worksheet, using the labels
in the table. Using the drop-down menus, select Stat B> Basic Statistics P
Display Descriptive Statistics. The dialogue box is shown in Figure 2.19(a).

Source: New SUV Ratings & Reliability”, 2010. Consumers Union of U.S., Inc.
Yonkers, NY 10703-1057, a nonprofit organization. Reprinted with permission
from the August 2010 of Consumer Reports® for educational purposes only.
www.ConsumerReports.org

FIGURE 2.19

C2  RearlegRoom | Fcront|ag Room' Rearleg  «
I Room|
By variables (optional):
_I statstcs... |  graphs... |
Hep | *x | _ome |

(b)

|58 Session

Front Leg Room
Rear Leg Room

109.20
78.70

Clad

Descriptive Statistics: Front Leg Room, Rear Leg Room

Variable N K+ Mean SE Mean StDev Minimum Q1 Median Q3
Front Leg Room 9 0 104.98 0.876 2.63 101.60 102.85 104.10 107.35
Rear Leg Room 9 0 73.52 1.37 4.11 64.80 71.15 74.90 76.20
Variable Maximum

2. Now click on the Variables box and select both columns from the list on the
left. (You can click on the Graphs option and choose one of several graphs if
you like. You may also click on the Statistics option to select the statistics you
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would like to see displayed.) Click OK. A display of descriptive statistics for
both columns will appear in the Session window (see Figure 2.19(b)). You may
print this output using File » Print Session Window if you choose.

3. To examine the distribution of the two variables and look for outliers, you can
create box plots using the command Graph P Boxplot » One Y P> Simple.
Click OK. Select the appropriate column of measurements in the dialogue box
(see Figure 2.20(a)). You can change the appearance of the box plot in several
ways. Scale » Axes and Ticks will allow you to transpose the axes and orient
the box plot horizontally, when you check the box marked “Transpose value
and category scales.” Multiple Graphs provides printing options for multiple
box plots. Labels will let you annotate the graph with titles and footnotes. If you
have entered data into the worksheet as a frequency distribution (values in one
column, frequencies in another), the Data Options will allow the data to be read
in that format. The box plot for the rear leg rooms is shown in Figure 2.20(b).

4. Save this worksheet in a file called “Leg Room” before exiting MINITAB. We
will use it again in Chapter 3.

FIGURE 2.20

® (a)

Bowglot_One ¥.
C1  Front Leg Room aoh varadles:
IC2  Rewr Leg Room Tear Log Room’
Mitgle Graghs.. | Ogta cotons.. |
v | x | cancd |
(®) B Boopion of R ==
Boxplot of Rear Leg Room

65.0 67.5 70.0 725 75.0 775 80.0
Rear Leg Room

NEL

CuvyngluzﬂllchLanun;.AllRuhullnaved.Mlynmbcmd.lunnnd.udnvhcﬂed.inwholconnmmumum:wmmmmmybcwmuewmmq
Editorial review has deemed that any suppressed content does not 1l learning Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




92 O CHAPTER2 DESCRIBING DATA WITH NUMERICAL MEASURES

Supplementary Exercises

2.53 Raisins The number of raisins in each of
£x0253 14 miniboxes (15 g) was counted for a generic
brand and for Sunmaid brand raisins. The two data sets
are shown here:

Generic Brand Sunmaid

2% 26 25 28 2% 29 24 %4
2% 28 28 27 28 24 8 22
2% 27 24 25 25 28 30 77
2% 26 28 24

a. What are the mean and standard deviation for the
generic brand?

b. What are the mean and standard deviation for the
Sunmaid brand?

¢. Compare the centres and variabilities of the two
brands using the results of parts a and b.

@ 2.54 TV Viewers The number of television
Ex025¢ viewing hours per household and the prime
viewing times are two factors that affect television
advertising income. A random sample of 25 house-
holds in a particular viewing area produced the fol-
lowing estimates of viewing hours per household:

30 60 75 150 120
65 80 40 55 60
50 120 10 35 30
75 50 100 80 35
90 20 65 10 50

a. Scan the data and use the range to find an
approximate value for s. Use this value to check
your calculations in part b.

b. Calculate the sample mean x and the sample
standard deviation s. Compare s with the approxi-
mate value obtained in part a.

¢. Find the percentage of the viewing hours per house-
hold that falls into the interval x * 2s. Compare
with the corresponding percentage given by the
Empirical Rule.

2.55 A Recurring lliness Refer to Exercise 1.25
and data set EX0124. The lengths of time (in months)
between the onset of a particular illness and its
recurrence were recorded:

21 44 27 323 99
9.0 20 6.6 38 16
147 36 167 74 8.2
192 6.9 43 33 12
41 184 02 61 135

74 0.2 83 03 13
141 1.0 24 24 180
87 240 1.4 82 58
16 35 114 180 267
37 126 231 56 04

a. Find the range.

b. Use the range approximation to find an
approximate value for s.

¢. Compute s for the data and compare it with your
approximation from part b.

2.56 A Recurring lliness, continued Refer to
Exercise 2.55.

a. Examine the data and count the number of
observations that fall into the intervals x T s,
X * 2s,andx * 3s.

b. Do the percentages that fall into these intervals
agree with Tchebysheff’s Theorem? With the
Empirical Rule?

¢. Why might the Empirical Rule be unsuitable for
describing these data?

2.57 A Recurring lliness, again Find the median
and the lower and upper quartiles for the data on times
until recurrence of an illness in Exercise 2.55. Use
these descriptive measures to construct a box plot

for the data. Use the box plot to describe the data
distribution.

2.58 Tuna Fish, again Refer to Exercise 2.8. The
prices of a 170-gram can for 14 different brands of
water-packed light tuna, based on prices paid nation-
ally in supermarkets, are reproduced here.?

099 182 123 085 065 053 1.41
112 063 067 063 060 060 0.66

a. Calculate the five-number summary.

b. Construct a box plot for the data. Are there any
outliers?

c¢. The value x = 1.92 looks large in comparison to the
other prices. Use a z-score to decide whether this is
an unusually expensive brand of tuna.

2.59 Electrolysis An analytical chemist wanted to use
electrolysis to determine the number of moles of cupric
ions in a given volume of solution. The solution was
partitioned into n = 30 portions of 0.2 millilitre each, and
each of the portions was tested. The average number of
moles of cupric ions for the n = 30 portions was found to
be 0.17 mole; the standard deviation was 0.01 mole.
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a. Describe the distribution of the measurements for
the n =130 portions of the solution using
Tchebysheff’s Theorem.

b. Describe the distribution of the measurements for
the n = 30 portions of the solution using the
Empirical Rule. (Do you expect the Empirical Rule
to be suitable for describing these data?)

¢. Suppose the chemist had used only n =4 portions
of the solution for the experiment and obtained the
readings 0.15, 0.19, 0.17, and 0.15. Would the
Empirical Rule be suitable for describing the n =4
measurements? Why?

2.60 Chloroform According to the U.S.
Environmental Protection Agency, chloroform, which
in its gaseous form is suspected of being a cancer-
causing agent, is present in small quantities in all of
the 240,000 public water sources in the United States.
If the mean and standard deviation of the amounts of
chloroform present in the water sources are 34 and

53 micrograms per litre, respectively, describe the dis-
tribution for the population of all public water sources.

2.61 Aptitude Tests In contrast to aptitude tests,
which are predictive measures of what one can accom-
plish with training, achievement tests tell what an
individual can do at the time of the test. Mathematics
achievement test scores for 400 students were found
to have a mean and a variance equal to 600 and 4900,
respectively. If the distribution of test scores was
mound-shaped, approximately how many of the scores
would fall into the interval 530 to 670? Approximately
how many scores would be expected to fall into the
interval 460 to 740?

2.62 Sleep and the University Student How
much sleep do you get on a typical school night? A
group of 10 university students were asked to report
the number of hours that they slept on the previous
night with the following results:

7, 6, 725, 7, 8.5, 5, 8 7, 6.75, 6
a. Find the mean and the standard deviation of the
number of hours of sleep for these 10 students.

b. Calculate the z-score for the largest value (x = 8.5).
Is this an unusually sleepy college student?

¢. What is the most frequently reported measurement?
What is the name for this measure of centre?

d. Construct a box plot for the data. Does the box
plot confirm your results in part b? (HINT: Since
the z-score and the box plot are two unrelated
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methods for detecting outliers, and use different
types of statistics, they do not necessarily have to
[but usually do] produce the same results.)

2.63 Fuel Efficiency The litres per 100 km
ex0263 (L/100 km) for each of 20 medium-sized cars,
selected from a production line during the month of
March, are shown below.

9.7 99 85 101
98 103 94 8.9
10.2 9.4 95 9.6
79 8.1 98 100
8.9 99 113 109

a. Construct a relative frequency histogram for these
data. How would you describe the shape of the
distribution?

b. Find the mean and the standard deviation.

¢. Arrange the data from smallest to largest. Find the
z-scores for the largest and smallest observations.
Would you consider them to be outliers? Why or
why not?

d. What is the median?

e. Find the lower and upper quartiles.

2.64 Fuel Efficiency, continued Refer to Exercise
2.63. Construct a box plot for the data. Are there any

outliers? Does this conclusion agree with your results
in Exercise 2.63?

2.65 Polluted Seawater? Petroleum pollution in
seas and oceans stimulates the growth of some types
of bacteria. A count of petroleumlytic micro-organisms
(bacteria per 100 millilitres) in ten portions of seawater
gave these readings:

49, 70, 54, 67, 59, 40, 61, 69, 71, 52

a. Guess the value for s using the range
approximation.

b. Calculate x and s and compare with the range
approximation of part a.

¢. Construct a box plot for the data and use it to
describe the data distribution.

2.66 Basketball Attendances at a high school’s
basketball games were recorded and found to

have a sample mean and variance of 420 and 25,
respectively. Calculate x * s, x *+ 25, andx * 3s
and then state the approximate fractions of measure-
ments you would expect to fall into these intervals
according to the Empirical Rule.
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2.67 Standardized Test Scores A district’s school
board’s verbal and mathematics scholastic aptitude
tests are scored on a scale of 200 to 800. Although
the tests were originally designed to produce mean
scores of approximately 500, the mean verbal and
math scores in recent years have been as low as 463
and 493, respectively, and have been trending
downward. It seems reasonable to assume that a
distribution of all test scores, either verbal or math, is
mound-shaped. If o is the standard deviation of one
of these distributions, what is the largest value
(approximately) that o might assume? Explain.

2.68 Long-Stemmed Roses A strain of
long-stemmed roses has an approximate normal
distribution with a mean stem length of 38 cm and
standard deviation of 5.5 cm.

a. If one accepts as “long-stemmed roses” only those
roses with a stem length greater than 38 cm, what
percentage of such roses would be unacceptable?

b. What percentage of these roses would have a stem
length between 31 and 51 centimetres?

2.69 Drugs for Hypertension A pharmaceutical
company wishes to know whether an experimental
drug being tested in its laboratories has any effect on
systolic blood pressure. Fifteen randomly selected
subjects were given the drug, and their systolic blood
pressures (in millimetres of mercury) are recorded.
172 148 123

140 108 152

123 129 133

130 137 128
115 161 142

a. Guess the value of s using the range approximation.
b. Calculate x and s for the 15 blood pressures.

¢. Find two values, a and b, such that at least 75% of
the measurements fall between a and b.

2.70 Lumber Rights A company interested in
lumbering rights for a certain tract of slash pine trees
is told that the mean diameter of these trees is 35 cm
with a standard deviation of 7 cm. Assume the distri-
bution of diameters is roughly mound-shaped.

a. What fraction of the trees will have diameters
between 21 and 55 centimetres?

b. What fraction of the trees will have diameters
greater than 43 cm?

2.71 Social Ambivalence The following
£x0271 data represent the social ambivalence scores for
15 people as measured by a psychological test.

(The higher the score, the stronger the ambivalence.)

g 13 12
14 15 1"
10 4 10
8 19 13
" 17 9

a. Guess the value of s using the range approximation.

b. Calculate x and s for the 15 social ambivalence
scores.

¢. What fraction of the scores actually lie in
the interval x + 2s?

2.72 TV Commercials The mean duration of
television commercials on a given network is 75
seconds, with a standard deviation of 20 seconds.
Assume that durations are approximately normally
distributed.

a. What is the approximate probability that a
commercial will last less than 35 seconds?

b. What is the approximate probability that a
commercial will last longer than 55 seconds?

2.73 Parasites in Foxes A random sample of

100 foxes was examined by a team of veterinarians to
determine the prevalence of a particular type of
parasite. Counting the number of parasites per fox, the
veterinarians found that 69 foxes had no parasites, 17
had one parasite, and so on. A frequency tabulation of
the data is given here:

NumberofParasites,x| 0 1 2 3 4 5 6 7 8
63 17 86 3 1 2 1 0 1

Number of Foxes, f

a. Construct a relative frequency histogram for x, the
number of parasites per fox.

b. Calculate x and s for the sample.

¢. What fraction of the parasite counts fall within
two standard deviations of the mean? Within three
standard deviations? Do these results agree with
Tchebysheff’s Theorem? With the Empirical Rule?

2.74 University Professors Consider a population
consisting of the number of professors per university
at small universities. Suppose that the number of
professors per university has an average g = 175 and
a standard deviation o = 15.

a. Use Tchebysheff’s Theorem to make a statement
about the percentage of universities that have
between 145 and 205 professors.

b. Assume that the population is normally distributed.
What fraction of universities have more than
190 professors?
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2.75 Is It Accurate? From the following data,
Ex0275 a student calculated s to be 0.263. On what
grounds might we doubt his accuracy? What is the
correct value (to the nearest hundredth)?

172 171 170 171 169 170 171 170 173 172
171 170 171 168 170 1710 173 172 174 11

2.76 Great Goal Scorers The number of goals
scored per season by each of four NHL superstars over
each player’s career were recorded and shown in the
box plots below.

e - - T
e W Es s o

wairen | ——
Baty B ¢ R I
0 20 40 60 80 100
Goals

Write a short paragraph comparing the goal scoring
patterns of these four players.
2.77 Bobby Hull Two box plots of Bobby Hull’s

goal scores are given below.?! One is for 1957-1975,
and the other includes the years 1975-1980.

1957-75 4

4

Goals

The statistics used to construct these box plots are
given in the table.

Years Min Q, Median Q, I0R Max n

1957-80 2 31.00 44 5200 21 23
1957-75 13 3625 44 5225 16 m 18

a. Calculate the upper fences for both of these box
plots.

NEL

SUPPLEMENTARY EXERCISES O 95

b. Can you explain why the record number of goals is
an outlier in the 1957-1975 box plot, but not in the
1957-1980 box plot?

2.78 Ages of Pennies Here are the ages of 50 pennies
from Exercise 1.45 and data set EX0145. The data
have been sorted from smallest to largest.

0 0 0 0 0 0 0O 0O O O
oo 1 11111 2 2
2 3 3 3 4 4 5 5 5 5
6 8 9 9 10 16 17 17 19 19
19 20 20 21 22 23 25 25 28 36

a. What is the average age of the pennies?
b. What is the median age of the pennies?

c. Based on the results of parts a and b, how would
you describe the age distribution of these
50 pennies?

d. Construct a box plot for the data set. Are there any
outliers? Does the box plot confirm your
description of the distribution’s shape?

2.79 Environmental Factors How do Canadians
rate environmental factors in terms of the threat they
pose to Canada? Below are findings of the survey
conducted by the Strategic Counsel.?

¢ The large majority of Canadians (61%) believe that
toxic chemicals are linked to human health.

* 55% think air pollution and smog is an important
factor.

* On the other hand, 52% feel that global warming
and climate change is a key factor in terms of threat
to Canada.

Identify the variable of interest, and any percentiles
you can determine from this information.

@ 2.80 Breathing Patterns Research

£x0280 psychologists are interested in finding out
whether a person’s breathing patterns are affected by
a particular experimental treatment. To determine the
general respiratory patterns of the n = 30 people in
the study, the researchers collected some baseline
measurements—the total ventilation in litres of

air per minute adjusted for body size—for each
person before the treatment. The data are shown
here, along with some descriptive tools generated by
MINITAB and Excel.

523 479 583 537 435 554 604 548 658 482
592 538 634 512 514 472 517 493 451 570
467 577 584 619 55 572 516 532 496 563
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Descriptive Statistics: Litres

Variable N N* Mean SE Mean StDev
Litres 30 0 5.3953 0.0997 0.5462
Minimum Q1 Median Q3 Variable Maximum

4.3500 4.9825 5.3750 5.7850 Litres 6.5800

Stem and Leaf Display: Litres

Stem-and-leaf of Litres N = 30
Leaf Unit = 0.10

1 4 3

2 4 5

5 4 677
8 4 899
12 5 1111
(4) 5 2333
14 5 455
11 5 6777
7 5 889
4 6 01

2 6 3

1 6 5

Excel Descriptive Statistics

Litres
Mean 5.3953
Standard Error 0.0997
Median 5.3750
Mode #N/A
Standard Deviation 0.5462
Sample Variance 0.2983
Kurtosis 20.4069
Skewness 0.1301
Range 2.23
Minimum 435
Maximum 6.58
Sum 161.86
Count 30

CASE STUDY @

@ Goals

the Toronto Maple Leafs.

a. Summarize the characteristics of the data distribu-
tion using the computer output.

b. Does the Empirical Rule provide a good description
of the proportion of measurements that fall within two
or three standard deviations of the mean? Explain.

¢. How large or small does a ventilation measurement
have to be before it is considered unusual?

2.81 Arranging Objects The following data
Ex0281 are the response times in seconds for n = 25
first graders to arrange three objects by size.

52 38 57 38 37
42 41 43 47 43
31 25 30 44 48
36 33 48 53 42
47 33 42 38 54

a. Find the mean and the standard deviation for these
25 response times.

b. Order the data from smallest to largest.

¢. Find the z-scores for the smallest and largest
response times. Is there any reason to believe that
these times are unusually large or small? Explain.

2.82 Arranging Objects, continued Refer to
Exercise 2.81.

a. Find the five-number summary for this data set.
b. Construct a box plot for the data.

¢. Are there any unusually large or small response
times identified by the box plot?

d. Construct a stem and leaf display for the response
times. How would you describe the shape of the
distribution? Does the shape of the box plot confirm
this result?

The Boys of Winter

Have goals been easier to score in the NHL in some eras than others? Many of us
have heard of hockey greats such as Maurice “Rocket” Richard, Gordie Howe, Wayne
Gretzky, and Mario Lemieux. But have you heard of Bill Cook, who scored 28 goals
in 48 games for the New York Rangers in 1933, or Norm Ullman, who scored 42 in
70 games for the Toronto Maple Leafs in 1965? The average number of goals per
game for the NHL’s leading goal scorers are given on the text website. They begin in
1931 with Charlie Conacher, who averaged 0.70 goals per game when he played with

NEL
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The last entry is for the year 2006, when Jonathan Cheechoo of the San Jose Sharks
averaged 0.68 goals per game. The data is divided into three different eras that hockey
followers believe exhibit different goal scoring patterns:1933-1967, 1968-1993, and
1994-2006. How can we summarize the information in this data set?

1. Use MINITAB or Excel to describe the goals per game for the leading goal scor-
ers in each of the three different eras. Generate any graphics that may help you in
interpreting these data sets.

2. Do the eras appear to differ in their levels of scoring? Do the goals per game appear
to be more variable in some eras than others?

3. Are there outliers in any of the eras?
4. Summarize your comparison of the three hockey eras.

PROJECTS @ Project 2: ignorance Is Not Bliss
(Project 1-B continued)

An occupational hygienist believes that a two-hour training session on proper hand
washing will improve time spent on hand washing. Based on a random sample of
25 high school students who had attended the session, their hand washing times (in
seconds) were recorded as follows:

2 19 22 16 30 3B 17 18 10 29 17 14 19
20 20 %% 2 23 21 0 2 15 19 27 3

a. Calculate the sample mean, mode, and median of this data set. Are the data mound-
shaped?

b. If you were asked to select a central value to describe the data, which measure of
central tendency would you use? Explain.

c. Calculate the value of the sample standard deviation (s) and the range (R), and use
R to approximate s. Is this a good approximation?

d. What would happen to the mean of time spent to wash hands if all data points were
raised by 4%?

e. What would happen to the standard deviation of time spent to wash hands if all data
points were raised by 5%?

f. Find the percentage of measurements in the intervals ¥ * s and X * 2s. Com-
pare these results with the Empirical Rule and Tchebysheff’s Theorem percentages
respectively.

g. Can you use Tchebysheff’s Theorem to describe this data set? Why or why not?

h. Can you use the Empirical Rule to describe this data set? Why or why not?

i. Which, if any, of the observations appear to be outliers? Justify your answer.

j. Find the 25th, 50th, and 75th percentiles. What is the value of the interquartile
range?

k. Compare range with interquartile range. What conclusion can you draw, if any?

1. Construct a box plot for this data. Does the box plot indicate the presence of any
outliers?

NEL
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98 O CHAPTER2 DESCRIBING DATA WITH NUMERICAL MEASURES

m. Construct side-by-side box plots for this data and data given in Project 1-B
(page 53). HINT: see exercise 2.77, page 95.

n. Looking at these box plots, how would you compare the amount of time spent on
washing hands?

o. Can you infer (conclude) that the training session was useful in reducing the risk
of catching flu? In other words, do you support the conjecture of the occupational
hygienist?

p. Now combine both data sets and make a histogram of the amount of time spent on
hand washing and comment on the shape of the distribution.

NEL
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Paying for Players

Are higher-paid hockey players actually bet-
ter than lower-salaried ones? Some NHL hockey
teams invest large amounts of money in signing
superstars and spend significantly less on the rest
of their roster, while other teams distribute their
player budget more evenly but have no “superstar”
talent. In the case study at the end of this chapter,
we rank all 30 NHL teams by payroll in the
2005-2006 season, and then see how they perform
in terms of goals scored and yielded, and more
importantly, wins and points. The techniques pre-
sented in this chapter will help answer our question.

GENERAL OBJECTIVES

NEL

Descriing
Bivariate Data

Sometimes the data that are collected consist of
observations for two variables on the same experimental
unit. Special techniques that can be used in describing
these variables will help you identify possible
relationships between them.

CHAPTER INDEX

@ Bivariate data (3.1)

@ Side-by-side pie charts, comparative line charts (3.2)
@ Side-by-side bar charts, stacked bar charts (3.2)

@ Scatterplots for two quantitative variables (3.3)

@ The best-fitting line (3.4)

@® Covariance and the correlation coefficient (3.4)

NEED TO KNOW

How to Calculate the Correlation Coefficient
How to Calculate the Regression Line
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Q BIVARIATE DATA

Very often researchers are interested in more than just one variable that can be mea-
sured during their investigation. For example, an auto insurance company might be
interested in the number of vehicles owned by a policyholder as well as the number of
drivers in the household. An economist might need to measure the amount spent per
week on groceries in a household and also the number of people in that household.
A real estate agent might measure the selling price of a residential property and the
square metres of the living area.

NEEDATIP? When two variables are measured on a single experimental unit, the resulting data
“Bi” means “two.” are called bivariate data. How should you display these data? Not only are both vari-
Bivariate data generate ables important when studied separately, but you also may want to explore the rela-
pairs of measurements. tionship between the two variables. Methods for graphing bivariate data, whether the

variables are qualitative or quantitative, allow you to study the two variables together.
As with univariate data, you use different graphs depending on the type of variables
you are measuring.

GRAPHS FOR QUALITATIVE
@ VARIABLES

When at least one of the two variables is qualitative, you can use either simple or more
intricate pie charts, line charts, and bar charts to display and describe the data. Some-
times you will have one qualitative and one quantitative variable that have been mea-
sured in two different populations or groups. In this case, you can use two side-by-side
pie charts or a bar chart in which the bars for the two populations are placed side by
side. Another option is to use a stacked bar chart, in which the bars for each category
are stacked on top of each other.

ML@ Are professors in the faculty of science paid more than professors in the faculty of
arts? The data in Table 3.1 were collected from a sample of 400 professors whose
rank, faculty, and salary were recorded. The number in each cell is the average salary

(in thousands of dollars) for all professors who fell into that category. Use a graph to
answer the question posed for this sample.

TABLE 3.1 o Salaries of Professors by Rank and Faculty
Full Associate Assistant
Professor Professor Professor
Arts 55.8 422 352
Science 61.6 433 355

Solution To display the average salaries of these 400 professors, you can use a
side-by-side bar chart, as shown in Figure 3.1. The height of the bars is the average sal-
ary, with each pair of bars along the horizontal axis representing a different professorial
rank. Salaries are substantially higher for full professors in the faculty of science, but
there is very little difference at the lower two ranks.

NEL
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FIGURE 3.1
Comparative bar charts for
Example 3.1 70 Faculty
[ Arts
60 [] Science
1
£
g 30
% 20
z
104
0- T T T
University  Arts Science Arts Science Arts Science
Rank Full Associate Assistant
M@ Along with the salaries for the 400 professors in Example 3.1, the researcher recorded
two qualitative variables for each professor: rank and faculty. Table 3.2 shows the
number of professors in each of the 2 X 3 = 6 categories. Use comparative charts to
describe the data. Do the faculties of science employ as many high-ranking professors
as the faculties of arts do?
Full Associate Assistant
Professor Professor Professor Total
Arts 24 57 69 150
Science 60 78 12 250
Solution The numbers in the table are not quantitative measurements on a single
experimental unit (the professor). They are frequencies, or counts, of the number of
professors who fall into each category. To compare the numbers of professors in the
faculty of arts and the faculty of science, you might draw two pie charts and display
them side by side, as in Figure 3.2.
FIGURE 3.2
Comparative pie charts for
Science Arts Category
Example 3.2 (Z] Full Professor
[] Associate Professor
[T] Assistant Professor
Tio% 16.0%
; —
31.2% B0
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Alternatively, you could draw either a stacked or side-by-side bar chart. The stacked
bar chart is shown in Figure 3.3.

FIGURE 3.3
Stacked bar chart for
Example 3.2 200 University

[ Arts
50
0
Full Associate

[ Science

Although the graphs are not strikingly different, you can see that arts faculties have
fewer full professors and more associate professors than science faculties. The reason
for these differences is not clear, but you might speculate that faculties of science, with
their higher salaries, are able to attract more full professors. Or perhaps faculties of arts
are not as willing to promote professors to the higher-paying ranks. In any case, the
graphs provide a means for comparing the two sets of data.

You can also compare the distributions for arts versus science faculties by creating
conditional data distributions. These conditional distributions are shown in Table 3.3.
One distribution shows the proportion of professors in each of the three ranks under the
condition that the faculty is arts, and the other shows the proportions under the condi-
tion that the faculty is science. These relative frequencies are easier to compare than
the actual frequencies and lead to the same conclusions:

Assistant

* The proportion of assistant professors is roughly the same for both arts and sci-
ence faculties.

e Arts faculties have a smaller proportion of full professors and a larger propor-
tion of associate professors.

TABLE 3.3 PY Proportions of Professors by Rank for Arts and Science Faculties

Full Associate Assistant
Professor Professor Professor Total

24 57 69
Arts 150 - 0.16 150 0.38 50 - 046 1.00

: 60 78 12
Science 250 0.24 %0 0.31 %0 = 0.45 1.00
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BASIC TECHNIQUES

3.1 Gender Differences Male and female respon-
dents to a questionnaire about gender differences

are categorized into three groups according to their
answers on the first question:

Group 1 Group 2 Group 3
Men 37 49 72
Women 7 50 31

a. Create side-by-side pie charts to describe these data.

b. Create a side-by-side bar chart to describe these data.

¢. Draw a stacked bar chart to describe these data.

d. Which of the three charts best depicts the difference
or similarity of the responses of men and women?

3.2 Province by Province A group of items are
categorized according to a certain attribute—X, Y,
Z—and according to the province in which they are
produced:

X Y Z

Manitoba 20 5 5
Saskatchewan 10 10 5

a. Create a comparative (side-by-side) bar chart to
compare the numbers of items of each type made in
Manitoba and Saskatchewan.

b. Create a stacked bar chart to compare the numbers
of items of each type made in the two provinces.

¢. Which of the two types of presentation in parts a
and b is more easily understood? Explain.

d. What other graphical methods could you use to
describe the data?

3.3 Consumer Spending The table below shows
the average amounts spent per week by men and
women in each of four spending categories:

A B (¥ D

Men ($) 54 21 105 22
Women($) 21 85 100 75

a. What possible graphical methods could you use to
compare the spending patterns of women and men?

b. Choose two different methods of graphing and
display the data in graphical form.

¢. What can you say about the similarities or differ-
ences in the spending patterns for men and women?

d. Which of the two methods used in part b provides a
better descriptive graph?

NEL

APPLICATIONS

3.4 MI&Ms The colour distributions for two snack-
size bags of M&M?® candies, one plain and one peanut,
are displayed in the table. Choose an appropriate
graphical method and compare the distributions.

Brown Yellow Red Orange Green Blue

Plain 15 14 12 4 5 6
Peanut 6 2 2 3 3 5

@ 3.5 How Much Free Time? When you were
EX0305 growing up, did you feel that you did not have
enough free time? Parents and children have differing
opinions on this subject. A research group surveyed
198 parents and 200 children and recorded their
responses to the question, “How much free time does
your child have?” or “How much free time do you
have?” The responses are shown in the table below:'

Just the Not Too Don't

Right Amount Enough Much Know
Parents 138 14 40 6
Children 130 48 16 6

a. Define the sample and the population of interest to
the researchers.

b. Describe the variables that have been measured in
this survey. Are the variables qualitative or quanti-
tative? Are the data univariate or bivariate?

¢. What do the entries in the cells represent?

d. Use comparative pie charts to compare the
responses for parents and children.

e. What other graphical techniques could be used to
describe the data? Would any of these techniques be
more informative than the pie charts constructed in
part d?

@ 3.6 Consumer Price Index The price of
EX0306 living in Canada is continually increasing, as
demonstrated by the consumer price indexes (CPIs) for
food and shelter. These CPIs are listed in the table for
the years 1997-2006.

Year 1997 1998 1999 2000 2001
Food 107.6 109.3 1107 122 17.2
Shelter 103.3 103.7 105.1 108.8 1128
Year 2002 2003 2004 2005 2006
Food 1203 1224 1249 128.0 1310
Shelter 1138 175 1205 1244 1287

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



104 O CHAPTER3 DESCRIBING BIVARIATE DATA

a. Create side-by-side comparative bar charts to
describe the CPIs over time.

b. Draw two line charts on the same set of axes to
describe the CPIs over time.

¢. What conclusions can you draw using the two
graphs in parts a and b? Which is the most effective?

@ 3.7 How Big Is the Household? A local
EX0307 chamber of commerce surveyed 126 households
in its city and recorded the type of residence and the
number of family members in each of the households.
The data are shown in the table.

Type of Residence
Family Members  Apartment Duplex Single Residence
1 8 10 2
2 15 4 14
3 9 5 24
4 or more 6 1 28

a. Use a side-by-side bar chart to compare the num-
ber of family members living in the three types of
residences.

b. Use a stacked bar chart to compare the number
of family members living in the three types of
residences.

¢. What conclusions can you draw using the graphs in
parts a and b?

@ 3.8 Charitable Contributions Canadians
EX0308 contrived their tradition of generosity toward
charities in 2003. Their donation of $6.4 billion was an
11.4% increase from 2002. Again in 2005, Canadians
donated $7.7 billion, a 13.8% increase from 2004. The
amount increased in all territories and all provinces.
The highest increase occurred in Alberta (21.1%),
Nova Scotia (18.5%), and Manitoba (17.7%). Follow-
ing data reports the amount ($ thousands) for the
taxation year 2003 and 2005 for eight provinces.>

Amounts ($ thousands)
Province 2003 2005 Total
Nova Scotia 144616 184,297 328913
New Brunswick 129,486 148,430 271916
Quebec 673,556 738,774 1,412,330
Ontario 3,284,841 3,869,951 7,154,792
Manitoba 303,775 376,491 680,266

Amounts ($ thousands)

Province 2003 2005 Total

Saskatchewan 205,685 235,751 441,436
Alberta 810,556 1,116,053 1,927,209
British Columbia 865,280 1,101,549 1,966,829
Total $6,417,795 $7,771,896 $14,189,691

a. Construct a stacked bar chart to display the total
donation amount provincewide given in the table.

b. Construct two comparative pie charts to display the
donation amount provincewide given in the table
for the years 2003 and 2005, respectively.

¢. Write a short paragraph summarizing the informa-
tion that can be gained by looking at these graphs.
Which of the two types of comparative graphs is
more effective?

@ 3.9 Facebook Fanatics, again Not only is
EX0309 the Facebook social networking site growing
rapidly in North America, but the composition of
Facebook members depends on both age and gender.
During a one-month period in early 2010, Facebook
reported its growth by both age and gender, as shown
in the table.*

Growth (Number of Users)

Age Category Female Male Total

13-17 270,900 121,280 392,180
18-25 445,920 653,060 1,098,980
26-34 570,920 154,600 725,520
35-44 365,740 305,260 671,000
45-54 90,240 36,680 126,920
55-65 64,960 83,480 148,440
Total 1,808,680 1,354,360 3,163,040

Source: © Inside Network, Inc. Republished with Permission from
http://www.InsideFacebook.com. 2012. All Rights Reserved

a. Construct a stacked bar chart to display the Face-
book growth given in the table.

b. Construct two comparative pie charts to display the
Facebook growth given in the table.

¢. Write a short paragraph summarizing the informa-
tion that can be gained by looking at these graphs.
Which of the two types of comparative graphs is
more effective?
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SCATTERPLOTS FOR TWO
QUANTITATIVE VARIABLES

When both variables to be displayed on a graph are quantitative, one variable is plotted
along the horizontal axis and the second along the vertical axis. The first variable is
often called X and the second is called Y, so that the graph takes the form of a plot on
the (x, y) axes, which is familiar to most of you. Each pair of data values is plotted as
a point on this two-dimensional graph, called a scatterplot. It is the two-dimensional
extension of the dotplot we used to graph one quantitative variable in Section 1.4.

You can describe the relationship between two variables, X and Y, using the patterns
shown in the scatterplot.

¢ What type of pattern do you see? Is there a constant upward or downward
trend that follows a straight-line pattern? Is there a curved pattern? Is there no
pattern at all, but just a random scattering of points?

* How strong is the pattern? Do all of the points follow the pattern exactly, or
is the relationship only weakly visible?

e Are there any unusual observations? An outlier is a point that is far from the
cluster of the remaining points. Do the points cluster into groups? If so, is there
an explanation for the observed groupings?

The number of household members, X, and the amount spent on groceries per week,
Y, are measured for six households in a local area. Draw a scatterplot of these six data
points.

X 2 2 3 & 1 5
y($) 4575 6019 6833 10082 3586 13062

Solution Label the horizontal axis X and the vertical axis Y. Plot the points using
the coordinates (x, y) for each of the six pairs. The scatterplot in Figure 3.4 shows the
six pairs marked as dots. You can see a pattern even with only six data pairs. The cost
of weekly groceries increases with the number of household members in an apparent
straight-line relationship.

Suppose you found that a seventh household with two members spent $115 on gro-
ceries. This observation is shown as an X in Figure 3.4. It does not fit the linear pattern
of the other six observations and is classified as an outlier. Possibly these two people
were having a party the week of the survey!

FIGURE 3.4
Scatterplot for Example 3.3
120
100~
Coel
60
40
i 2 3 4 5
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A distributor of table wines conducted a study of the relationship between price and
demand using a type of wine that ordinarily sells for $10 per bottle. He sold this wine
in ten different marketing areas over a 12-month period, using five different price lev-

els—from $10 to $14. The data are given in Table 3.4. Construct a scatterplot for the
data, and use the graph to describe the relationship between price and demand.

TABLE 3.4 f Win | Five Pri v
Cases Sold per 10,000
Population Price per Bottle ($)
yX i 10
19,18 "
15,17 12
19,20 13
25,24 14

Solution The 10 data points are plotted in Figure 3.5. As the price increases from
$10 to $12 the demand decreases. However, as the price continues to increase, from
$12 to $14, the demand begins to increase. The data show a curved pattern, with the
relationship changing as the price changes. How do you explain this relationship? Pos-
sibly, the increased price is a signal of increased quality for the consumer, which causes
the increase in demand once the cost exceeds $12. You might be able to think of other
reasons, or perhaps some other variable, such as the income of people in the marketing
areas, that may be causing the change.

FIGURE 3.5

Scatterplot for
Example 3.4 =5

NUMERICAL MEASURES FOR
@ QUANTITATIVE BIVARIATE DATA

A constant rate of increase or decrease is perhaps the most common pattern found in
bivariate scatterplots. The scatterplot in Figure 3.4 exhibits this linear pattern—that is,
a straight line with the data points lying both above and below the line and within a
fixed distance from the line. When this is the case, we say that the two variables exhibit
a linear relationship.

NEL
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The data in Table 3.5 are the size of the living area (in m?), X, and the selling price,

Y, of 12 residential properties. The MINITAB scatterplot in Figure 3.6 shows a linear
pattern in the data.

TABLE 3. ivin i Pri f
Residence x(m?) y ($ thousands)
1 126.3 1785
2 180.2 215.7
3 162.6 2395
4 1440 2298
5 166.3 1956
6 162.6 2103
7 207.2 360.5
8 1486 205.2
9 1347 188.6
10 1737 265.7
1 205.3 3253
12 1375 168.8

FIGURE 3.6

Scatterplot of x versus y

for Example 3.5

NEL

For the data in Example 3.5, you could describe each variable, X and Y, individually
using descriptive measures such as the means (x and y) or the standard deviations
(s, and s5,). However, these measures do not describe the relationship between X and Y
for a particular residence—that is, how the size of the living space affects the selling
price of the home. A simple measure that serves this purpose is called the correlation
coefficient, denoted by r, and is defined as

Xy

g
55y

The quantities s, and s, are the standard deviations for the variables X and Y, respec-

tively, which can be found by using the statistics function on your calculator or the

computing formula in Section 2.3. The new quantity s,, is called the covariance

between X and Y and is defined as

Gt V)

224 n—1
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FIGURE 3.7

The signs of the cross-
products (x; — X)(y; — V)
in the covariance formula

ONLINE APPLET

Building a Scatterplot

@NEEDATIP?

r > < positive linear
relationship.

r < 0 < negative linear
relationship.

r = 0 < no relationship.

There is also a computing formula for the covariance:

x)(Zy.
Exiy,'— ( x‘)n( yl)
Sy T n—1

where 2.x; y; is the sum of the products x; y; for each of the n pairs of measurements.
How does this quantity detect and measure a linear pattern in the data?

Look at the signs of the cross-products (x; — x)(y; — ¥) in the numerator of 7, or s,,.
When a data point (x, y) is in either area I or III in the scatterplot shown in Figure 3.7,
the cross-product will be positive; when a data point is in area II or I'V, the cross-product
will be negative. We can draw these conclusions:

*» If most of the points are in areas I and III (forming a positive pattern), s,, and r
will be positive.

* If most of the points are in areas Il and IV (forming a negative pattern), s, and
r will be negative.

 If the points are scattered across all four areas (forming no pattern), s, and r
will be close to 0.

R4 10| EORES Ep Y- ' 1:s Ylme— ' as
| s ° | I 3 °
I e L ° |
o © AT > |
INSURG O- CHNUNURN W . | I I 0. | .
m:+ o IV:i- m:+ | IV:- m:+, |IV:-
o
= R j e°® B ia :
° | | ° . . ! ”
1 1 1
x x %) ¥ X x
(a) Positive pattern (b) Negative pattern (c) No pattern

Most scientific and graphics calculators can compute the correlation coefficient, r,
when the data are entered in the proper way. Check your calculator manual for the
proper sequence of entry commands. Computer programs such as MINITAB are also
programmed to perform these calculations. The MINITAB output in Figure 3.8 shows
the covariance and correlation coefficient for x and y in Example 3.5. In the covariance
table, you will find these values:

Sy = 1444525  s2=684.25 s} =3571.16
and in the correlation output, you find r = 0.924.

However you decide to calculate the correlation coefficient, it can be shown that
the value of r always lies between —1 and 1. When r is positive, X increases when
Y increases, and vice versa. When r is negative, X decreases when Y increases, or X
increases when Y decreases. When r takes the value 1 or —1, all the points lie exactly
on a straight line. If » =0, then there is no apparent linear relationship between the two
variables. The closer the value of r is to 1 or —1, the stronger the linear relationship
between the two variables.

NEL
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FIGURE 3.8
MINITAB output of
covariance and Exce/
correlation output for
Example 3.5

EXAMPLE ’

@NEEDITH’?

x “explains” yor y
“depends on” x.

xis the explanatory or
independent variable.

yis the response or
dependent variable.

NEL
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Covariances: x, y Correlations: x, y
X Y X Y

x 684.25 x 1

y 1444.525 3571.16 y 0.92414 1

Find the correlation coefficient for the number of square metres of living area and the
selling price of a home for the data in Example 3.5.

Solution Three quantities are needed to calculate the correlation coefficient. The
standard deviations of the x and y variables are found using a calculator with a statisti-
cal function. You can verify that s, = 26.15822 and s, = 59.7592. Finally,

(Ex,)(z}’,)
2y T
Sy = =1
1949)(2843.
477721.6 — % 477721.6 — 461831.8
_ . = o = = 1444.525

This agrees with the value given in the MINITAB printout in Figure 3.8. Then

S, 1444.525
xy
Etd 0.924
F 5,5, (26.15822)(59.7592)

which also agrees with the value of the correlation coefficient given in Figure 3.8. (You
may wish to verify the value of r using your calculator.) This value of r is fairly close
to 1, which indicates that the linear relationship between these two variables is very
strong. Additional information about the correlation coefficient and its role in analyz-
ing linear relationships, along with alternative calculation formulas, can be found in
Chapter 12.

Sometimes the two variables, X and Y, are related in a particular way. It may be that
the value of Y depends on the value of X; that is, the value of X in some way explains
the value of Y. For example, the cost of a home (Y) may depend on its amount of floor
space (X); a student’s grade point average (X) may explain her score on an achievement
test (Y). In these situations, we call Y the dependent variable, while X is called the
independent variable.

If one of the two variables can be classified as the dependent variable Y and the other
as X, and if the data exhibit a straight-line pattern, it is possible to describe the relation-
ship relating Y to X using a straight line given by the equation

Y=a + bX

as shown in Figure 3.9.
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FIGURE 3.9
The graph of a straight line

= y=a+bx

{'_".
a 1

|
0 1

As you can see, a is where the line crosses or intersects the y-axis: a is called the
y-intercept. You can also see that for every one-unit increase in x, y increases by an
amount b. The quantity b determines whether the line is increasing (b > 0), decreasing
(b <0), or horizontal (b= 0) and is appropriately called the slope of the line.
.ONI.IHEAPPLET When plotting the (x, y) points for two variables x and y, the points generally do

not fall exactly on a straight line, but they may show a trend that could be described
as a linear pattern. We can describe this trend by fitting a line as best we can through
the points. This best-fitting line relating Y to X, often called the regression or least-
squares line, is found by minimizing the sum of the squared differences between the
data points and the line itself, as shown in Figure 3.10. The formulas for computing b
and a, which are derived mathematically, follow.

How a Line Works

COMPUTING FORMULAS FOR THE
LEAST-SQUARES REGRESSION LINE

Sy
b=r(;—> and a=y— bx

X

and the least-squares regression line is: ¥ = a + bX

FIGURE 3.10

The best-fitting line 4
y=a+bx

3 —

2 —-—

‘ —

| 1 I | I
0 1 2 3 4 5 X
NEEDATIP? Since s, and s, are both positive, b and r have the same sign, so that:

Remember that rand b : o : - . .
have the same sign! e When ris positive, so is b, and the line is increasing with x.

* When r is negative, so is b, and the line is decreasing with x.
*  When ris close to 0, then 4 is close to 0.
NEL
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@) neeoarer

Use the regression line
to predict y for a given
value of x.

FIGURE 3.11

3.4 NUMERICAL MEASURES FOR QUANTITATIVE BIVARIATEDATA. O 111

Find the best-fitting line relating y to x for the following data. Plot the line and the data
points on the same graph.

x 2 3 4 5 6 17
y 30 50 55 60 80 85

Solution Use the data entry method for your calculator to find these descriptive
statistics for the bivariate data set:

x=45 y=6.167 s =1871 s,=2295 r=0978

Then
S 2.295
y
= = 1=0978] —— ) =1.1 11 = 1.2
b r( Sx) 0.9 8( 1871 ) 9963 00
and
a=Yy— bx = 6.167 — 1.200(4.5) = 6.167 — 5.4 = 0.767

Therefore, the best-fitting line is y =0.767 + 1.200x. The plot of the regression line and
the actual data points are shown in Figure 3.11.

The best-fitting line can be used to estimate or predict the value of the variable Y
when the value of X is known. For example, if the value x =3 was observed at some
time in the future, what would you predict for the value of y? From the best-fitting line
in Figure 3.11, the best estimate would be

y=a + bx=0.767 + 1.200(3) = 4.367

Fitted line and data points
for Example 3.7

NEL

y = 0767 + 1.200x
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NEED TO KNOW

How to Calculate the Correlation Coefficient

1. First, create a table or use your calculator to find Zx, 2y, and Zxy.
2. Calculate the covariance, syy.
3. Use your calculator or the computing formula from Chapter 2 to calculate

sy and s,.
Sxy
4. Calculate r = —.
8,8,
How to Calculate the Regression Line
Sxy
1. First, calculate y and x. Then, calculate r = ;;
y

s
2. Find the slope, b = r( s—y ) and the y-intercept,a = y — bx.
X
3. Write the regression line by substituting the values for a and b into the equation:
Y=a+bX.

When should you describe the linear relationship between x and y using the cor-
relation coefficient , and when should you use the regression line y = a + bx? The
regression approach is used when the values of x are set in advance and then the corre-
sponding value of y is measured. The correlation approach is used when an experimen-
tal unit is selected at random and then measurements are made on both variables x and
y. This technical point will be taken up in Chapter 12 on regression analysis.

Most data analysts begin any data-based investigation by examining plots of the
variables involved. If the relationship between two variables is of interest, bivariate
plots are also explored in conjunction with numerical measures of location, dispersion,
and correlation. Graphs and numerical descriptive measures are only the first of many
statistical tools you will soon have at your disposal.

Q EXERCISES

BASIC TECHNIQUES d. Find the best-fitting line using the computing for-

@ 3.10 A set of bivariate data consists of these mulas. Graph the line on the scatterplot from part a.
EX0310 measurements on two variables, x and y: Does the line pass through the middle of the points?

3.11 Refer to Exercise 3.10.

(3,6) 5.8 (2,6) (1,4 47 (4,6) a. Use the data entry method in your scientific
calculator to enter the six pairs of measurements.

a. Draw a scatterplot to describe the data. Recall the proper memories to find the correlation

b. Does there appear to be a relationship between x coefficient, r, the y-intercept, a, and the slope, b, of
and y? If so, how do you describe it? the line.
¢. Calculate the correlation coefficient, r, using the b. Verify that the calculator provides the same values
computing formula given in this section. for r, a, and b as in Exercise 3.10.
NEL
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@ 3.12 Consider this set of bivariate data:
EX0312

x 1 2 3 4 5 6
y 56 46 45 37 32 27

a. Draw a scatterplot to describe the data.

b. Does there appear to be a relationship between x
and y? If so, how do you describe it?

¢. Calculate the correlation coefficient, . Does the
value of r confirm your conclusions in part b?
Explain.

@ 3.13 The value of a quantitative variable is
EX0313 measured once a year for a 10-year period:

Year Measurement | Year Measurement
1 615 6 58.2
2 62.3 7 575
3 60.7 8 575
4 59.8 9 56.1
5 58.0 10 56.0

a. Draw a scatterplot to describe the variable as it
changes over time.

b. Describe the measurements using the graph
constructed in part a.

¢. Use this MINITAB output to calculate the correla-
tion coefficient, r:

MINITAB output for Exercise 3.13
Covariances

x Yy
X 9.16667

Yy -6.42222 4.84933

d. Find the best-fitting line using the results of part c.
Verify your answer using the data entry method in
your calculator.

e. Plot the best-fitting line on your scatterplot from
part a. Describe the fit of the line.

APPLICATIONS

@ 3.14 Grocery Costs These data relating the
EX0314 amount spent on groceries per week and the

number of household members are from Example 3.3:

x 2 2 3 4 1 5

3.4 NUMERICAL MEASURES FOR QUANTITATIVE BIVARIATEDATA. O 113

¢. What would you estimate a household of six to
spend on groceries per week? Should you use the
fitted line to estimate this amount? Why or why not?

@ 3.15 Real Estate Prices The data relating the
EX0315 square metres of living space and the selling
price of 12 residential properties given in Example 3.5
are reproduced here. First, find the best-fitting line that
describes these data, and then plot the line and the data
points on the same graph. Comment on the goodness
of the fitted line in describing the selling price of a
residential property as a linear function of the square
metres of living area.

x(m?) y($ thousands)
126.3 178.5
180.2 275.7
162.6 2395
1440 2298
166.3 195.6
162.6 2103
207.2 360.5
148.6 205.2
134.7 188.6
1737 265.7
205.3 325.3
1375 168.8

@ 3.16 Students with Disabilities A social
EX0316 gkills training program, reported in Psychology
in the Schools, was implemented for seven students
with mild disabilities in a study to determine whether
the program caused improvement in pre/post measures
and behaviour ratings.5 For one such test, these are the
pretest and posttest scores for the seven students:

Student Pretest Posttest
Earl 101 13
Ned 89 89
Jasper 12 121
Charlie 105 99
Tom 90 104
Susie 91 94
Lori 89 99

y $4575 $60.19 $68.33 $100.92 $3586  $130.62

a. Find the best-fitting line for these data.

b. Plot the points and the best-fitting line on the same
graph. Does the line summarize the information in
the data points?

NEL

a. Draw a scatterplot relating the posttest score to the
pretest score.

b. Describe the relationship between pretest and post-
test scores using the graph in part a. Do you see any
trend?

¢. Calculate the correlation coefficient and interpret
its value. Does it reinforce any relationship that was
apparent from the scatterplot? Explain.
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@ 3.17 Japanese Automakers in 2005 In
EX0317 2005, total global production of motor vehicles
was about 64 million units. The U.S. was the single
largest producer with a 21% share of global output.
Japan was second with 18% and Canada was the eighth
largest producer with a 4% share. The Japanese
overseas production by Japanese automakers steadily
increased for a decade. The following table provides
the production numbers at North American plants.®

Year 1996 1997 1998 1999 2000
Production
(thousands) 2641 2665 2674 2797 2991
Year 2001 2002 2003 2004 2005
Production
(thousands) 3062 3375 3487 3841 4081

a. Plot the data using a scatterplot. How would you
describe the relationship between year and amount
of production?

b. Find the least-squares regression line relating the
production to the year being measured.

c¢. If you were to predict the amount of production in
the year 2015, what problems might arise with your
prediction?

@ 3.18 LCD TVs, again As technology

EX0318 improves, the choice of televisions becomes
more complicated. Should you choose an LCD TV,
an LED TV, or a plasma TV? Does the price of an
LCD TV depend on the size of the screen? In the
table below, Consumer Reports’ gives the prices and
screen sizes for the top 10 LCD TVs in the 46-inch
and higher categories.

Brand Price ($) Size
Sony Bravia KDL-52NsX800 2340 52
Sony Bravia KDL-46XBR10 2500 46
Samsung LN55C650 1600 55
Samsung UN46C8000 2200 46
Vizio VF550M 1330 55
Vizio SVA72XVT 1400 47
Sony Bravia KDL-60EX700 2700 60
Samsung UN46C7000 2100 46
Sharp Aquos LED LC-52LE700UN 1620 52
LG 47LD450 900 47

a. Which of the two variables (price and size) is the
independent variable, and which is the dependent
variable?

b. Construct a scatterplot for the data. Does the
relationship appear to be linear?

3.19 LCD TVs, continued Refer to Exercise 3.18.

Suppose we assume that the relationship between x and

y is linear.

a. Find the correlation coefficient, ». What does this
value tell you about the strength and direction of the
relationship between size and price?

b. Refer to part a. Would it be reasonable to construct
a regression line used to predict the price of an LCD
TV based on the size of the screen?

@ 3.20 Chirping Crickets Male crickets chirp
EX0320 by rubbing their front wings together, and
their chirping is temperature dependent. Crickets
chirp faster with increasing temperature and slower
with decreasing temperature. The table below shows
the number of chirps per second for a cricket,
recorded at 10 different temperatures.

Chirps persecond 20 16 19 18 18 16 14 17 15 16
23 33 30 28 24 20 27 21 29

Temperature (°C) 31

a. Which of the two variables (temperature and
number of chirps) is the independent variable,
and which is the dependent variable?

b. Plot the data using a scatterplot. How would you
describe the relationship between temperature and
number of chirps?

¢. Find the least-squares line relating the number of
chirps to the temperature.

d. If a cricket is monitored at a temperature of 26°C,

what would you predict his number of chirps
would be?

NEL
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CHAPTER REVIEW

Key Concepts

I. Bivariate Data I1l. Describing Two Quantitative
1. Both qualitative and quantitative variables Variables
2. Describing each variable separately 1. Scatterplots
3. Describing the relationship between the two a. Linear or non-linear pattern
variables b. Strength of relationship

li. Dascribing Two Qualitative Variabies ¢. Unusual observations: clusters and outliers
; X . 2. Covariance and correlation coefficient
1. Side-by-side pie charts ) o
9. (Coripantive line Shass 3. The best—ﬁt.tmg regression lme.
a. Calculating the slope and y-intercept

3. Comparative bar charts
a. Side-by-side
b. Stacked

4. Relative frequencies to describe the relationship
between the two variables

b. Graphing the line
c. Using the line for prediction

. TECHNOLOGY TODAY

Describing Bivariate Data in Microsoft Excel

Excel provides different graphical techniques for qualitative and quantitative bivariate
data, as well as commands for obtaining bivariate descriptive measures when the data
are quantitative.

Comparative Line and Bar Charts Suppose that the 105 students whose status was
tabulated in Example 1.14 were from the University of Windsor (UW), and that an-
other 100 students from an introductory statistics class at the University of New Bruns-
wick (UNB) were also interviewed. Table 3.6 shows the status distribution for both sets

of students.
TABLE 3.6 tatus of Students in tatistics Class at UW and UNB
First Year Second Year  Third Year Fourth Year Grad Student
Frequency (UW) 5 23 32 35 10
Frequency (UNB) 10 35 24 25 6

1. Enter the data into an Excel spreadsheet just as it appears in the table,
including the labels. Highlight the data in the spreadsheet, click the Insert
tab and select Line in the Charts group. In the drop-down list, you will see
a variety of styles to choose from. Select the first option to produce the line
chart.

NEL
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2. Editing the line chart: Again, you can experiment with the various options in
the Chart Layout and Chart Styles groups to change the look of the chart. We
have chosen a design that allows a title on the vertical axis; we have added the
title and have changed the “line style” of the UW students to a “dashed” style,
by double-clicking on that line. The line chart is shown in Figure 3.12(a).

FIGURE 3.12
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3. Once the line chart has been created, right-click on the chart area and select
Change Chart Type. Then choose either Stacked Column or Clustered
Column. The comparative bar chart (a stacked bar chart), with the same
editing that you chose for the line chart, will appear as shown in Figure 3.12(b).

Scatterplots, Correlation, and the Regression Line The data from Example 2.15
give the front and rear leg rooms (in centimetres) for nine different sport utility vehicles,
as shown in Table 3.7:®
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Make & Model Front Leg Room Rear Leg Room
Acura MDX 1041 72.4
Buick Enclave 105.4 76.2
Chevy TrailBlazer 1016 64.8
Chevy Tahoe Hybrid V8 CVT 104.1 69.9
GMC Terrain 1L 4-cyl 109.2 78.7
Honda CR-V 104.1 749
Hyundai Tucson 108.0 749
Kia Sportage 1016 737
Lexus GX 106.7 76.2

1. If you did not save the Excel spreadsheet from Chapter 2, enter the data into
the first three columns of another Excel spreadsheet, using the labels in the
table. Highlight the front and rear leg room data (columns B and C), click the
Insert tab and select Scatter in the Charts group, and select the first option in
the drop-down list. The scatterplot appears as in Figure 3.13(a), and will need

to be edited!
FIGURE 3.13
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2. Editing the scatterplot: With the scatterplot selected, look in the drop-down
list in the Chart Layouts group. Find a layout that allows titles on both axes
(we chose layout 1) and select it. Label the axes, remove the “legend entry” and
retitle the chart as “Scatterplot of Front vs. Rear Leg Room.” The scatterplot
now appears in Figure 3.13(b). The plot is still not optimal, since Excel chooses
to use zero as the lower limit of the vertical scale, causing the points to cluster
at the top of the plot. To adjust this, double-click on the vertical axis. In the
Format Axis dialogue box, change the Minimum to Fixed, type 63 in the box,
and click Close. (You can make a similar adjustment to the horizontal axis if
needed.)

3. To plot the best-fitting line, simply right-click on one of the data points and
select Add Trendline. In the dialogue box that opens, make sure that the radio
button marked “Linear” is selected, and check the boxes marked “Display
Equation on Chart” and “Display R-squared value on Chart.” The final
scatterplot is shown in Figure 3.14.

FIGURE 3.14

Scatterplot of Front vs. Rear Leg Room
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4. To find the sample correlation coefficient, r, you can use the command Data
P Data Analysis > Correlation, selecting the two appropriate columns for
the Input Range, clicking “Labels in First Row,” and selecting an appropriate
Output Range. When you click OK, the correlation matrix will appear in the
spreadsheet.

5. (ALTERNATE PROCEDURE) You can also place your cursor in the cell in
which you want the correlation coefficient to appear. Select Formulas » More
Functions P> Statistical » CORREL or click the “Insert Function” icon at
the top of the spreadsheet, choosing CORREL from the Statistical category.
Highlight or type the cell ranges for the two variables in the boxes marked
“Array 1” and “Array 2” and click OK. For our example, the value is r =0.735.
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Describing Bivariate Data in MINITAB

MINITAB provides different graphical techniques for qualitative and quantitative
bivariate data, as well as commands for obtaining bivariate descriptive measures when
the data are quantitative.

Comparative Line and Bar Charts Suppose that the 105 students whose status was
tabulated in Example 1.17 were from the University of Windsor (UW), and that an-
other 100 students from an introductory statistics class at the University of New Bruns-
wick (UNB) were also interviewed. Table 3.8 shows the status distribution for both sets

of students.
idents in a atist ass a and UNB
First Year Second Year  Third Year Fourth Year Grad Student
Frequency (UW) 5 23 32 35 10
Frequency (UNB) 10 35 24 25 6

1. Enter the data into a MINITAB worksheet as you did in Exercise 1.17, using
your Chapter 1 project as a base if you have saved it. Column C1 will contain
the 10 “Frequencies” and column C2 will contain the student “Status” corre-
sponding to each frequency. Create a third column C3 called “University,” and
enter either UW or UNB as appropriate. You can use the familiar Windows
cut-and-paste commands if you like.

2. To graphically describe the UW/UNB student data, you can use comparative
pie charts—one for each school (see Chapter 1). Alternatively, you can use
either stacked or side-by-side bar charts. Use Graph » Bar Chart.

3. In the “Bar Charts” dialogue box (Figure 3.15(a)), select Values from a Table
in the drop-down list and click either Stack or Cluster in the row marked
“One Column of Values.” Click OK. In the next dialogue box (Figure 3.15(b)),
select “Frequency” for the Graph variables box and “Status” and “University”
for the Categorical variable for grouping box. Click OK.

4. Once the bar chart is displayed (Figure 3.16), you can right-click on various
items in the bar chart to edit. If you right-click on the bars and select Update
Graph Automatically, the bar chart will automatically update when you
change the data in the MINITAB worksheet.

FIGURE 3.15
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FIGURE 3.16
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M@ Scatterplots, Correlation, and the Regression Line The data from Example 2.16
give the front and rear leg rooms (in centimetres) for nine different sport-utility ve-
hicles, as shown in Table 3.9:°
TABLE 3.9 nd Rear L m i ility Vehicl
Make & Model Front Leg Room Rear Leg Room
Acura MDX 104.1 724
Buick Enclave 105.4 76.2
Chevy TrailBlazer 101.6 64.8
Chevy Tahoe Hybrid V8 CVT 104.1 69.9
GMC Terrain 1L 4-cyl 109.2 78.7
Honda CR-V 104.1 749
Hyundai Tucson 108.0 749
Kia Sportage 101.6 737
Lexus GX 106.7 76.2

1. If you did not save the MIN/TAB worksheet from Chapter 2, enter the data into
the first three columns of another MINITAB worksheet, using the labels in the
table. To examine the relationship between the front and rear leg rooms, you
can plot the data and numerically describe the relationship with the correlation
coefficient and the best-fitting line.

2. Select Stat B> Regression P> Fitted Line Plot, and select “Front Leg Room”
and “Rear Leg Room” for Y and X respectively (see Figure 3.17(a)). Make
sure that the radio button next to Linear is selected, and click OK. The
plot of the nine data points and the best-fitting line will be generated as in
Figure 3.17(b).
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FIGURE 3.17
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3. To calculate the correlation coefficient, use Stat B> Basic Statistics
» Correlation, selecting “Front Leg Room” and “Rear Leg Room” for the
Variables box. To select both variables at once, hold the Shift key down as you
highlight the variables and then click Select. Click OK, and the correlation
coefficient will appear in the Session window (see Figure 3.18). Notice the
relatively strong positive correlation and the positive slope of the regression
line, indicating that a sport utility vehicle with a large front leg room will also
tend to have a large rear leg room.

FIGURE 3.18
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Pearson correlation of Front Leg Room and Rear Leg Room = 0.735
P-Value = 0.024 L4
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Supplementary Exercises

3.21 Professor Asimov Professor Isaac Asimov
was one of the most prolific writers of all time. He
wrote nearly 500 books during a 40-year career prior
to his death in 1992. In fact, as his career progressed,
he became even more productive in terms of the
number of books written within a given period of
time.'° These data are the times (in months) required
to write his books, in increments of 100:

Number of Books 100 200 300 400 4930
Time (in months) 237 350 419 465 507

a. Plot the accumulated number of books as a function
of time using a scatterplot.

b. Describe the productivity of Professor Asimov
in light of the data set graphed in part a. Does the
relationship between the two variables seem to be
linear?

@ 3.22 Cheese, Please! Health-conscious con-
EX0322 sumers often consult the nutritional information
on food packages in an attempt to avoid foods with
large amounts of fat, sodium, or cholesterol. The fol-
lowing information was taken from eight different
brands of cheese slices:

Saturated Choles-  Sodium

Brand Fat(g) Fat(g) terol (mg) (mg) Calories
Kraft Deluxe 7 45 20 340 80
Kraft Velveeta

Slices 5 35 15 300 70
Private

Selection 8 5.0 25 520 100
Ralphs Singles 4 25 15 340 60
Kraft 2% Milk
Singles 3 20 10 320 50
Kraft Singles 5 35 15 290 70
Borden Singles 5 30 15 260 60
Lake to Lake 5 35 15 330 70

a. Which pairs of variables do you expect to be
strongly related?

b. Draw a scatterplot for fat and saturated fat. Describe
the relationship.

¢. Draw a scatterplot for fat and calories. Compare the
pattern to that found in part b.

d. Draw a scatterplot for fat versus sodium and another

for cholesterol versus sodium. Compare the patterns.

Are there any clusters or outliers?

e. For the pairs of variables that appear to be linearly
related, calculate the correlation coefficients.

f. Write a paragraph to summarize the relationships
you can see in these data. Use the correlations and
the patterns in the four scatterplots to verify your
conclusions.

3.23 Import Sale and Domestic Production

in Japan The Japan Automobile Manufacturers
Association of Canada, in their Annual Review 2006,
provided the following two bar charts regarding import
sales of automobiles and domestic automobile produc-
tion in Japan, respectively.

Import Sales in Japan (1996-2005)
450,000

200,000

150,000

100,000

50,000

1996 1997 1998 1999 2000 2001 2002 2003 2004 2005

Foreign Brand 336843 314281 252065 252,181 255482 261277 260,599 247,606 243891 248993
Japaoese Brand 90,682 50601 23804 26044 19970 14002 16466 31,198 2898 19119
== Total 427525 364882 205360 27822S 275AS2 275279 277,065 278804 272580 268,112

Domestic Production in Japan (1996-2005)

12,000,000
10,000,000 |- /\__.—\/‘_//
8.000.000 |=
6,000,000
4,000,000
2,000,000

0 1996 o 2] 1w 2000 000 00 2003 2004 2005
Pussenger Carn 1”—!’6 lﬂl-l RO ROVILET RAMAM RIITS6) RAINSE SATROIE A70085 9006738
TrockvBeses 2)  2ANM607 199409 1995007 LIRLMI 1659628 1608961 1BOTA50 )LIN) 1 TERe4
== Total louopn 10975087 10041958 9492389 10,140,796 9,777,191 10257315 10256018 10,511,518 10799659

a. What variables have been measured in this study?
Are the variables qualitative or quantitative?

b. Describe the population of interest. Do these data
represent a population or a sample drawn from the
population?
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¢. What type of graphical presentation has been used?
What other type could have been used?

d. Describe the relationship between total import
sales and total domestic production over the period
1996-2005.

3.24 Cheese, again! The demand for healthy foods
that are low in fats and calories has resulted in a large
number of “low-fat” and “fat-free” products at the
supermarket. The table shows the numbers of calories
and the amounts of sodium (in milligrams) per slice
for five different brands of fat-free cheese.

Brand Sodium (mg) Calories
Kraft Fat Free Singles 300 30
Ralphs Fat Free Singles 300 30
Borden Fat Free 320 30
Healthy Choice Fat Free 290 30
Smart Beat 180 25

a. Draw a scatterplot to describe the relationship
between the amount of sodium and the number of
calories.

b. Describe the plot in part a. Do you see any outliers?
Do the rest of the points seem to form a pattern?

¢. Based only on the relationship between sodium and
calories, can you make a clear decision about which
of the five brands to buy? Is it reasonable to base
your choice on only these two variables? What other
variables should you consider?

@ 3.25 Peak Current Using a chemical proce-
EX0325 dure called differential pulse polarography, a
chemist measured the peak current generated (in
microamperes) when a solution containing a given
amount of nickel (in parts per billion) is added to a
buffer. The data are shown here:

x=Ni (ppb) y=Peak Current (WLA)
19.1 0.095
38.2 0.174
57.3 0.256
76.2 0.348
35 0.429
14 0.500
131 0.580
150 0.651
170 0.722

Use a graph to describe the relationship between x
and y. Add any numerical descriptive measures that
are appropriate. Write a paragraph summarizing your
results.
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@ 3.26 Movie Money Does the opening
EX0326 weekend adequately predict the success or
failure of a new movie? In 2001, 36 movies were
investigated in Entertainment Weekly, and the
following variables were recorded.!!

* The movie’s first weekend’s gross earnings
(in millions of dollars)

¢ The movie’s total gross earnings (in millions
of dollars)

-

Rush Hour 2

:

i

Pearl Harbor

g
1

Total Gross (in millions of dollars)
3
1

-
1

=]
1

.
S
8
g
8
2
2
3
=

1st Gross (in millions of dollars)

a. How would you describe the relationship between
the first weekend’s gross and the total gross?

b. Are there any outliers? If so, explain how they do
not fit the pattern of the other movies.

¢. Which dot represents the movie with the best open-
ing weekend? Did it also have the highest total
gross?

d. The film Pearl Harbor opened on a three-day week-
end. Does that help explain its position in relation to
the other data points?

3.27 Movie Money, continued The data
from Exercise 3.26 were entered into a MINITAB
worksheet, and the following output was obtained.

Covariances:1st Gross, Total Gross

1st Gross Total Gross
1st Gross 412.528
Total Gross 1232.231 4437.109

a. Use the MINITAB output or the original data to
find the correlation between first weekend and total
gross.

b. Which of the two variables would you clas-

sify as the independent variable? The dependent
variable?
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c¢. If the average first weekend gross is 25.66 million
dollars and the average total gross is 86.71 million
dollars, find the regression line for predicting total
gross as a function of the first weekend’s gross.

d. If another film was released and grossed 30 million
dollars on the first weekend, what would you predict
that its total gross earnings will be?

@ 3.28 Federal Contaminated Sites (2005)
EX0328 The data in the following table give the number
of federal contaminated sites for provinces and territo-
ries along with the size of the province/territory, and
the percentage of the total area.'?

Province or Total Area Percent of
Territory Number of Sites (thousands km) Total Area
Alberta 738 405 41
British Columbia 2223 6 01
Manitoba 1062 55 06
New Brunswick 228 73 0.7
Newfoundland

and Labrador 688 1542 154
Northwest

Territories 281 1076 108
Nova Scotia 876 648 6.5
Nunavut 238 651 65
Ontario 2449 662 6.6
Prince Edward

Island 97 945 95
Quebec 1851 482 48
Saskatchewan 432 1346 135
Yukon 100 2093 210

a. Draw a scatterplot with MINITAB. Is there any clear
pattern in the scatterplot? Describe the relationship
between number of contaminated sites and the size
of the province/territory.

b. Use the MINITAB output to calculate the correlation
coefficient. Does this confirm your answer to part a?

¢. Are there any outliers or clusters in the data? If so,
can you explain them?

@ 3.29 Aaron Rodgers The number of passes
EX0329 completed and the total number of passing yards
were recorded for Aaron Rodgers for each of the 15
regular season games that he played in the fall of 2010:'?

Week Completions Total Yards Week Completions Total Yards

1 19 188 9 21 289
2 19 255 n 22 301
3 34 316 12 26 344
4 12 181 13 21 298
5 27 293 14 7 46

Week Completions Total Yards Week Completions Total Yards

6 18 313 16 25 404
7 21 295 17 19 229
8 15 170

Source: www.ESPN.com

a. Draw a scatterplot to describe the relationship
between number of completions and total passing
yards for Aaron Rodgers.

b. Describe the plot in part a. Do you see any outliers?
Do the rest of the points seem to form a pattern?

¢. Calculate the correlation coefficient, r, between the
number of completions and total passing yards.

d. What is the regression line for predicting total num-
ber of passing yards y based on the total number of
completions x?

e. If Aaron Rodgers had 20 pass completions in his
next game, what would you predict his total number
of passing yards to be?

3.30 Pottery, continued In Exercise 1.56, we
analyzed the percentage of aluminum oxide in

26 samples of Romano-British pottery found at four
different kiln sites in the United Kingdom.'* Since one
of the sites provided only two measurements, that site
is eliminated, and comparative box plots of aluminum
oxide at the other three sites are shown.

a. What two variables have been measured in this
experiment? Are they qualitative or quantitative?

b. How would you compare the amount of aluminum
oxide in the samples at the three sites?

@ 3.31 Pottery, continued Here is the per-
EX0331 centage of aluminum oxide, the percentage of
iron oxide, and the percentage of magnesium oxide in
five samples collected at Ashley Rails in the United
Kingdom.
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Sample Al Fe Mg
1 177 112 0.56
2 18.3 1.14 0.67
3 16.7 092 0.53
4 148 274 0.67
5 19.1 164 0.60

a. Find the correlation coefficients describing the
relationships between aluminum and iron oxide
content, between iron oxide and magnesium oxide,
and between aluminum oxide and magnesium oxide.

b. Write a sentence describing the relationships between
these three chemicals in the pottery samples.

@ 3.32 Internet Access from Home The table
EX0332 below (see Exercise 1.50) shows DSL versus
cable users per 100 members of the population.'®

Broadband Internet Access Users per 100

Year DSL Cable Modem
2006 108 115
2005 94 97
2004 79 8.7
2003 6.3 8.0
2002 47 6.6
2001 30 5.2
2000 13 31

a. What variables have been measured in this
experiment? Are they qualitative or quantitative?

b. Use one of the graphical methods given in this
chapter to describe the data.

¢. Write a sentence describing the relationships between
DSL and cable modem in the next few years.

3.33 The Religious Cleavage in Canada
Mendelsohn and Nadea (1997), in Canadian Journal
of Political Science, reported the strength of the
religious cleavage in Canada (outside Quebec). The
results are shown below.'

Categories Catholics (%) Protestants (%)
Liberal voters 36 2
Support nuclear purchase 48 55
Support unions 63 53
No restriction on abortion 36 53

Source: The Religious Cleavage and the Media in Canada® Matthew Mendelsohn and
Richard Nadeau Canadian Journal of Political Science, Volume 30, Issue 01 (1997),

pp 128-146. Copyright © 1997 Canadian Political Science Association (I’Association
canadienne de science politique) and/et la Société québécoise de science politique.

a. What variables have been measured in this survey?
Are they qualitative or quantitative?

b. Draw side-by-side comparative bar charts to
describe the percentages of Catholics and Protes-
tants by given categories.
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c. Draw two line charts on the same set of axes to
describe the same percentages of Catholic and Prot-
estants for the given categories.

d. What conclusions can you draw using the two
graphs in parts b and ¢? Which graph is more
effective?

@ 3.34 Armspan and Height Leonardo

EX033¢ DaVinci (1452—-1519) drew a sketch of a man,
indicating that a persons armspan (measuring across
the back with arms outstretched to make a “T”) is
roughly equal to the person’s height. To test this claim,
we measured eight people with the following results:

Person 1 2 3 4
Armspan (cm) 1727 1581 1651 1765
Height (cm) 1753 1575 1651 1778
Person 5 6 7 8
Armspan (cm) 1727 1753 1575 1530
Height (cm) 1702 1702 1600 1575

a. Draw a scatterplot for armspan and height. Use the
same scale on both the horizontal and vertical axes.
Describe the relationship between the two variables.

b. Calculate the correlation coefficient relating arms-
pan and height.

c. If you were to calculate the regression line for
predicting height based on a person’s armspan, how
would you estimate the slope of this line?

d. Find the regression line relating armspan to a
person’s height.

e. If a person has an armspan of 157.5 cm, what would
you predict the person’s height to be?
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@ 3.35 Travellers to Canada The number of
EX0335 njghts x (in thousands) and the spending in
Canada y (in millions of dollars) for the top 15 coun-
tries of origin in 2005 are given in the table."”

Country of Origin* Trips Nights (x) Spending (y)
United States 14,390 57,331 7463
United Kingdom 888 11,882 1246
Japan 398 4750 557
France 351 5836 463
Germany 3n 4300 410
Mexico 179 3149 240
Australia 179 2447 287
South Korea 173 4466 247
Netherlands 118 1580 131
China 13 3723 219
Hong Kong 109 2161 151
Taiwan 98 1536 110
Switzerland 97 1684 163
India 94 1m 82
Italy 91 1061 95

*May include more than one country.
a. Construct a scatterplot for the data (x and y).

b. Describe the form, direction, and strength of the pat-
tern in the scatterplot.

c¢. Calculate the correlation coefficient between x and
y and interpret its value. Does it reinforce a relation
that was apparent for the scatterplot? Explain.

@ 3.36 Test-Interviews Of two personnel
EX0336 evaluation techniques available, the first
requires a two-hour test-interview while the second
can be completed in less than an hour. The scores for
each of the eight individuals who took both tests are
given in the next table.

Applicant Test1(x) Test2(y)
1 75 38
2 89 56
3 60 35
4 Al 45
5 92 59
6 105 70
7 55 3
8 87 52

a. Construct a scatterplot for the data (x and y).
b. Describe the form, direction, and strength of the pat-
tern in the scatterplot.

3.37 Test-Interviews, continued Refer to

Exercise 3.36.

a. Find the correlation coefficient, r, to describe the
relationship between the two tests.

b. Would you be willing to use the second and quicker
test rather than the longer test-interview to evaluate
personnel? Explain.

@ 3.38 Happy in the Air? continued The
EX0338 following table reveals complaints against Air
Canada and major U.S. airlines in a given year.'®

Airline Grand Total  Passengers (millions)
Air Canada 522 20.1
Airtran Airways 97 1.7
American West Airlines 168 20.1
American Airlines 786 88.8
Continental Airlines an 389
Delta 663 84.3
Northwest Airlines 497 52.0
Southwest Airlines 106 748
United Airlines 556 66.2
U.S. Airways 379 413

a. Construct a scatterplot for the data.

b. Describe the form, direction, and strength of the pat-
tern in the scatterplot.

¢. Are there any outliers in the scatterplot? If so, which
airline does this outlier represent?

d. Does the outlier from part ¢ indicate that this airline
is doing better or worse than the other airlines with
respect to customer satisfaction.

@ 3.39 Smartphones The table below shows the
EX0339 prices of nine U.S. Verizon smartphones along
with their overall score (on a scale of 0—100) in a con-
sumer rating survey presented by Consumer Reports."®

Brand and Model Price($) Overall Score
Motorola Droid X 200 75
Motorola Droid 150 73
HTC Droid 200 73
LG Ally 50 72
Samsung Omnia Il 50 n
HTC Imagio 100 70
Motorola Devour 80 70
Blackberry Storm2 9550 150 70
Palm Pre Plus 50 66

Source: “Cell Phones and Services: Smart Phone Ratings” 2010, Consumers

Union of U.S., Inc. Yonkers, NY 10703-1057, a nonprofit organization. Reprinted

with permission from the August 2010, of Consumer Reports® for educational

purposes only. www.ConsumerReports.org.

a. Plot the nine data points using a scatterplot.
Describe the form, direction, and strength of the
relationship between price and overall score.

b. Calculate r, the correlation coefficient between price
and overall score.

¢. Find the regression line for predicting the overall
score of a smartphone based on its price.

NEL
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CASE STUDY @ Paying for Players

Dt} Are higher-paid hockey players actua;ly better thfm lower-salaried ones? Despi{e the
prty) Hockey league’s new salary cap, the 30 teams in the NHL in the 2005-2006 season had widely

different payrolls, starting with the New Jersey Devils who paid their players a total of
almost $45 million, and ranging down to the Washington Capitals, who spent a mere
$19 million on salaries, less than half what they cost the Devils. The following table
shows each team’s payroll along with standard measures of performance, including
goals scored and allowed, wins, and points earned. The information shown in the table
can also be found on the text website. Use a statistical computer package to explore the
relationships between various pairs of variables in the table.?

Total Overtime Goals Goals
Team Payroll (§)  Points Wins Losses Losses For Against
Detroit Red Wings 39,578,300 124 58 16 8 305 208
Ottawa Senators 36,909,084 13 52 21 9 314 211
Carolina Hurricanes 35,308,700 12 52 22 8 294 260
Dallas Stars 40,651,480 112 53 23 6 265 218
Buffalo Sabres 28,515,120 10 52 24 6 281 239
Nashville Predators 31,649,440 106 49 25 8 259 227
Calgary Flames 36,589,140 103 46 25 n 218 200
New Jersey Devils 44,895,949 101 46 27 9 242 229
Philadelphia Flyers 42,566,760 101 45 26 " 267 259
New York Rangers 41,474,800 100 44 26 12 257 215
San Jose Sharks 31,005,400 99 44 27 " 266 242
Anaheim Ducks 32,060,233 98 43 27 12 254 229
Colorado Avalanche 41,044,829 95 43 30 9 283 257
Edmonton Oilers 38,469,340 95 4 28 13 256 251
Montreal Canadiens 32,994,940 93 42 31 9 243 247
Tampa Bay Lightning 39,157,379 92 43 33 6 252 260
Vancouver Canucks 43,711,344 92 42 32 8 256 255
Atlanta Thrashers 37,170,200 90 4 33 8 281 275
Toronto Maple Leafs 36,796,580 90 4 33 8 257 270
Los Angeles Kings 37,856,150 89 42 35 5 243 270
Florida Panthers 26,500,510 85 37 34 " 240 257
Minnesota Wild 25,158,800 84 38 36 8 231 215
Phoenix Coyotes 30,354,345 81 38 39 5 246 271
New York Islanders 31,447,520 78 36 40 6 230 278
Boston Bruins 36,662,100 74 29 37 16 230 266
Columbus Blue Jackets 30,093,235 74 35 43 4 223 279
Washington Capitals 18,932,830 70 29 41 12 237 306
Chicago Blackhawks 30,141,200 65 26 43 13 n 285
Pittsburgh Penguins 23,122,650 58 22 46 14 244 316
St. Louis Blues 28,480,800 57 21 46 15 197 292
Note: Points determine the standings, and are calculated by the formula: Points = 2 X Wins + Overtime Losses.

NEL
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128 O CHAPTER3 DESCRIBING BIVARIATE DATA

1. Look at each variable individually. What can you say about symmetry? About outliers?

2. Look at the variables in pairs. Which pairs of variables are positively correlated?
Which are negatively correlated? Do any pairs exhibit little or no correlation? Are
some of these results counterintuitive? Can you offer an explanation for these
cases?

3. Answer the questions: Does the price of an athletic team, specifically in the NHL,
convey something about its quality? Which variables did you use in arriving at your
answer?

PROJECTS @ Project 3-A: Child Safety Seat Survey

Canada has a Road Safety Vision of having the safest roads in the world. Yet, the lead-
ing cause of death of Canadian children remains vehicle crashes. In 2006, a national
child safety seat survey was conducted by an AUTO21 research team in collaboration
with Transport Canada to empirically measure Canada’s progress toward achieving
Road Safety Vision 2010. Child seat use was observed in parking lots and nearby in-
tersections in 200 randomly selected sites across Canada. The following table provides
a classification of a subset of children in the survey by age group and type of restraint
device they were using at the time of the survey.

This research was supported in partby the AUTO21 Network of Centres of Excellence.

Reference: 7. Yiwen, A. Snowdon, S.E. Ahmed, and A.A. Hussein (2009). Accommo-
dating Nonrespondents in the Canadian National Child Safety Seat Survey. Submitted
to Injury Prevention.

Table: Cross-tabulation of Age Group by Restraint Type

Category Types of Restraint
Rear-facing Forward-facing

Age Group InfantSeat  Infant Seat Booster Seat  Seat Belt Only | Total
Infant (01 year) 181 52 1 0 234
Toddler (1-4 years) 49 483 17 3 652
School (4-3 years) 0 98 450 325 873
Older (>9 years) 0 0 16 627 643
Total 230 633 584 955 2402

a. What are some of the variables measured in this survey? Are they qualitative or
quantitative?

b. Construct a side-by-side bar chart to describe the data in the table. Create a stacked
bar chart to describe these data.

c. Construct a pie chart for each of the age groups. Which of the charts created above
best depicts the difference or similarity of use of toddler restraint types?

d. Write a short paragraph summarizing the information that can be gained by looking
at these graphs. Which of the three types of comparative graphs is more effective?

e. Perhaps you can suggest another graphical technique to display this data that will be
the most effective one.

NEL
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Project 3-B: Child Safety Seat Survey,
continued

Based on the same survey, the following table refers to the weight (in kg), height (in
cm), and gender of a random sample of 40 children chosen from the large data set.

Gender Weight (kg)  Height (cm) Gender Weight (kg)  Height (cm)
F 34.02 147.50 F 52.16 147.50
M 36.29 140.00 F 34.02 13250
F 19.73 110.23 F 8.62 70.00
F 21.09 120.08 M 1451 85.00
F 3175 140.75 F 16.33 92.50
F 52.39 151.25 F 56.70 14568
F 2517 100.00 M 33.57 139.77
M 15.88 107.50 M 2041 120.00
M 2812 137.50 M 41.28 145.00
F 1361 87.50 M 29.03 116.25
F 41.28 152.50 M 36.29 152,50
F 2245 12250 M 2359 11750
M 68.95 147.50 M 31.75 133.75
F 48.08 152.50 M 28.58 130.00
M 18,60 105.00 F 34.93 132.50
M 28.80 12250 M 38.56 138.75
F 10.66 83.75 M 2167 135.00
F 37.42 140.75 M 29.48 120.00
F 32.66 143.70 F 26.31 130.00
M 2449 127.50 M 41.28 147.50

o

Draw a scatterplot of weights of female children with their respective heights.

Describe the relationship between the two variables.

b. Are there any outliers in the scatterplot in part a? Do the outliers indicate that the
children have lower or higher height than the other children in this sample data?

c. Draw ascatterplot of male children’s weights with their respective heights. Describe
the form, direction, and strength of the relationship between height and weight.

d. Compare the above two scatterplots and summarize your findings including similar-
ities and differences between sexes (i.e., difference in relationship between height
and weight).

e. Create side-by-side box plots to describe the height for both female and male chil-
dren. How would you compare the height in the samples for both genders?

f. Calculate the correlation coefficient relating height and weight for female data and
interpret its value.

g. Does the correlation coefficient reinforce a relation that was apparent from the scat-
terplot in part a? Explain. If you were to calculate the regression line for predicting
weight based on a female child’s height, how would you estimate the slope of this line?

h. Find the regression line relating height to a female child’s weight.

i. If a female child has a height of 160 cm, what would you predict her weight to be?

j- Would you use the fitted line used to predict a female child’s weight for predicting
a male child’s weight too? Why or why not?

k. Would you collapse the gender boundaries and use the combined data to predict the

child’s weight regardless of their sex? Explain.

NEL
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GENERAL OBJECTIVES

Now that you have learned to describe a data set, how
can you use sample data to draw conclusions about the
sampled populations? The technique involves a statistical
tool called probability. To use this tool correctly, you
must first understand how it works. The first part of this
chapter will teach you the new language of probability,
presenting the basic concepts with simple examples. Lica For/Shitststock
The variables that we measured in Chapters 1 and 2
can now be redefined as random variables, whose values
depend on the chance selection of the elements in ‘
the sample. Using probability as a tool, you can create Making in the congo
probability distributions that serve as models for discrete
random variables, and you can describe these random
variables using a mean and standard deviation similar to ton describes an expedition racing to find boron-

those in Chapter 2. coated blue diamonds in the rain forests of eastern

ility

outions

Probability and Decision

In his exciting novel Congo, author Michael Crich-

Zaire. Can probability help the heroine Karen Ross

CHAPTER INDEX in her search for the Lost City of Zinj? The case

Experiments and events (4.2) study at the end of this chapter involves Ross’s use

Relative frequency definition of probability (4.3) of probability in decision-making situations.
Counting rules (Optional) (4.4)

Intersections, unions, and complements (4.5)

The Addition and Multiplication Rules (4.5)

Conditional probability and independence (4.6)

Bayes' Rule and the Law of Total Probability
(Optional) (4.7)

Random variables (4.8)

The mean and standard deviation for a discrete
random variable (4.8)

Probability distributions for discrete random
variables (4.8)

NEED TO KNOW

How to Calculate the Probability of an Event
The Difference between Mutually Exclusive
and Independent Events NEL
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4.2 EVENTS AND THE SAMPLESPACE O 131

THE ROLE OF PROBABILITY
Q IN STATISTICS

Probability and statistics are related in an important way. Probability is used as a tool;
it allows you to evaluate the reliability of your conclusions about the population when
you have only sample information. Consider these situations:

*  When you toss a single coin, you will see either a head (H) or a tail (T). If you
toss the coin repeatedly, you will generate an infinitely large number of Hs and
Ts—the entire population. What does this population look like? If the coin is
fair, then the population should contain 50% Hs and 50% Ts. Now toss the coin
one more time. What is the chance of getting a head? Most people would say
that the “probability” or chance is 1/2.

* Now suppose you are not sure whether the coin is fair; that is, you are not
sure whether the makeup of the population is 50-50. You decide to perform
a simple experiment. You toss the coin n = 10 times and observe 10 heads
in a row. Can you conclude that the coin is fair? Probably not, because if the
coin were fair, observing 10 heads in a row would be very unlikely; that is, the
“probability” would be very small. It is more likely that the coin is biased.

As in the coin-tossing example, statisticians use probability in two ways. When the
population is known, probability is used to describe the likelihood of observing a par-
ticular sample outcome. When the population is unknown and only a sample from that
population is available, probability is used in making statements about the makeup of
the population—that is, in making statistical inferences.

In Chapters 4-7, you will learn many different ways to calculate probabilities. You
will assume that the population is known and calculate the probability of observing
various sample outcomes. Once you begin to use probability for statistical inference
in Chapter 8, the population will be unknown and you will use your knowledge of
probability to make reliable inferences from sample information. We begin with some
simple examples to help you grasp the basic concepts of probability.

Q EVENTS AND THE SAMPLE SPACE

Data are obtained by observing either uncontrolled events in nature or controlled situ-
ations in a laboratory. We use the term random experiment or simply experiment to
describe either method of data collection.

Definition An experiment is the process by which an observation (or measure-
ment) is obtained.

The observation or measurement generated by an experiment may or may not pro-
duce a numerical value. Here are some examples of experiments:

¢ Recording a test grade

* Measuring daily rainfall

* Interviewing a householder to obtain his or her opinion on a greenbelt zoning
ordinance

» Testing a printed circuit board to determine whether it is a defective product or
an acceptable product

* Tossing a coin and observing the face that appears
NEL
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132 O CHAPTER 4 PROBABILITY AND PROBABILITY DISTRIBUTIONS

When an experiment is performed, what we observe is an outcome called a simple
event, often denoted by the capital E with a subscript.

Definition A simple event is the outcome that is observed on a single repetition
of the experiment.

Experiment: Toss a die and observe the number that appears on the upper face. List the
simple events in the experiment.

0 Solution When the die is tossed once, there are six possible outcomes. There are
the simple events, listed below.

Event E;: Observe a1l  Event E,: Observe a 4
Event E,: Observe a2  Event E5: Observe a §
Event E;: Observe a3  Event Eg: Observe a 6

We can now define an event as a collection of simple events, often denoted by a capital
letter.

Definition An event is a collection of simple events.

EXAMPLE
continued ° We can define the events A and B for the die-tossing experiment:

A: Observe an odd number
B: Observe a number less than 4

Since event A occurs if the upper face is 1, 3, or 5, it is a collection of three sim-
ple events, and we write A = {E|, E3, Es}. Similarly, the event B occurs if the upper
face is 1, 2, or 3 and is defined as a collection or set of these three simple events:
B= {El, E2, E3}

Sometimes when one event occurs, it means that another event cannot.

Definition Two events are mutually exclusive if, when one event occurs, the other
cannot, and vice versa.

In the die-tossing experiment, events A and B are not mutually exclusive because
they have two outcomes in common—if the number on the upper face of the dieis a 1
or a 3. Both events A and B will occur if either E, or Ej is observed when the experi-
ment is performed. In contrast, the six simple events E,, E,, ..., Eq form a set of all
mutually exclusive outcomes of the experiment. When the experiment is performed
once, one and only one of these simple events can occur.

Definition The set of all simple events is called the sample space, S.

Sometimes it helps to visualize an experiment using a picture called a Venn
diagram, shown in Figure 4.1. The outer box represents the sample space, which
contains all of the simple events, represented by labelled points. Since an event is a

NEL
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42 EVENTSAND THE SAMPLESPACE O 133

collection of one or more simple events, the appropriate points are circled and labelled
with the event letter. For the die-tossing experiment, the sample space is S = {E,, E,,
E;, E4, Es, Eg} or, more simply, S={1,2,3,4,5,6}. Theevents A= {1,3,5} and B=
{1, 2, 3} are circled in the Venn diagram.

FIGURE 4.1
Venn diagram for die
tossing

EXAMPLE Experiment: Toss a single coin and observe the result. These are the simple events:

E;: Observe a head (H)
E,: Observe a tail (T)

The sample space is S = {E}, E,} or more simply, S = {H, T}.

EXAMPLE Experiment: Record a person’s blood type. The four mutually exclusive possible out-
comes are these simple events:

0 ¢

E;: Blood type A
E,: Blood type B
Ej5: Blood type AB
E4: Blood type O

The sample space is S = {E|, E,, Es, E;}, or S = {A, B, AB, O}.

Some experiments can be generated in stages, and the sample space can be dis-
played in a tree diagram. Each successive level of branching on the tree corresponds
to a step required to generate the final outcome.

A medical technician records a person’s blood type and Rh factor. List the simple
events in the experiment.

Solution For each person, a two-stage procedure is needed to record the two vari-
ables of interest. The tree diagram is shown in Figure 4.2. The eight simple events in
the tree diagram form the sample space, S = { A+, A—, B+, B—, AB+, AB—, O+, O—}.

NEL
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134 O CHAPTER4 PROBABILITY AND PROBABILITY DISTRIBUTIONS

An alternative way to display the simple events is to use a probability table, as
shown in Table 4.1. The rows and columns show the possible outcomes at the first and
second stages, respectively, and the simple events are shown in the cells of the table.

FIGURE 4.2
Tree diagram for Blood type Rh factor Outcome

Example 4.4

TABLE 4.1 ° Probability Table for Example 4.4

Blood Type

Rh Factor | A B AB 0
Negative A- B- AB- O
Positive A+ B+ AB+ 0+

CALCULATING PROBABILITIES
@ USING SIMPLE EVENTS

The probability of an event A is a measure of our belief that the event A will occur. One
practical way to interpret this measure is with the concept of relative frequency. Recall
from Chapter 1 that if an experiment is performed »n times, then the relative frequency
of a particular occurrence—say, A—is

Frequency

Relative frequency = n

where the frequency is the number of times the event A occurred. If you let n, the
number of repetitions of the experiment, become larger and larger (n — 00), you will
eventually generate the entire population. In this population, the relative frequency of
the event A is defined as the probability of event A; that is,

P(A) = lim

n—rw

Frequency
n

Since P(A) behaves like a relative frequency, P(A) must be a proportion lying
between 0 and 1; P(A) = 0O if the event A never occurs, and P(A) = 1 if the event A
always occurs. The closer P(A) is to 1, the more likely it is that A will occur.

NEL
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EXAMPLE .

NEED A TIP?

Probabilities must lie
between 0 and 1.

FIGURE 4.3
Tree diagram for
Example 4.5

NEED A TIP?

The probabilities of all
the simple events must
addto 1.

NEL
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For example, if you tossed a balanced, six-sided die an infinite number of times, you
would expect the relative frequency for any of the six values, x =1, 2, 3, 4, 5, 6, to be
1/6. Needless to say, it would be very time-consuming, if not impossible, to repeat an
experiment an infinite number of times. For this reason, there are alternative methods
for calculating probabilities that make use of the relative frequency concept.

An important consequence of the relative frequency definition of probability
involves the simple events. Since the simple events are mutually exclusive, their prob-
abilities must satisfy two conditions.

REQUIREMENTS FOR SIMPLE-EVENT PROBABILITIES

* Each probability must lie between 0 and 1.
e The sum of the probabilities for all simple events in S equals 1.
When it is possible to write down the simple events associated with an experiment

and to determine their respective probabilities, we can find the probability of an event
A by summing the probabilities for all the simple events contained in the event A.

Definition The probability of an event A is equal to the sum of the probabilities
of the simple events contained in A.

Toss two fair coins and record the outcome. Find the probability of observing exactly
one head in the two tosses.

Solution To list the simple events in the sample space, you can use a tree dia-
gram as shown in Figure 4.3. The letters H and T mean that you observed a head or
a tail, respectively, on a particular toss. To assign probabilities to each of the four
simple events, you need to remember that the coins are fair. Therefore, any of the four
simple events is as likely as any other. Since the sum of the four simple events must
be 1, each must have probability P(E;) = 1/4. The simple events in the sample space
are shown in Table 4.2, along with their equally likely probabilities. To find P(A) =
P(observe exactly one head), you need to find all the simple events that result in event
A—namely, E, and Ex:

P(A) = P(Ey) + P(E3)

1 1 1
= — 4+ — = —
4 4 2
First coin Second coin Outcome
Head (H)
o E =(HH)
S T R
Head (H)
® E,=(TH)

N m

4
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TABLE 4.2 Py Simple Events and Their Probabilities
Event FirstCoin  Second Coin  P(E)
2 H H 1/4
2] H T 1/4
E T H 1/4
E T T 1/4

Canada is the world’s second largest country by total area. Canadians adhere to a wide
variety of religions. Statistics Canada (2001 census) reports that 77.1% of Canadians
were identified as being Christians, about 16.5% of Canadians declared no religious
affiliation, and the remaining 6.4% were affiliated with a religion other than Christian-

ity, of which the largest was Islam. If a single Canadian is chosen randomly from the
population, what is the probability he or she is Christian or has another religion?

Solution The three simple events, C (Christian), N (no religious affiliation),
O (other religion) do not have equally likely probabilities. Their probabilities are found
using the relative frequency concept as

P(C)=0.771 P(N)=0.165 P(O) = 0.064
The event of interest consists of two simple events, so

P(person is either Christian or has other religion) = P(C) + P(0)
=0.771 + 0.064 = 0.835

A candy dish contains one yellow and two red candies. You close your eyes, choose
two candies one at a time from the dish, and record their colours. What is the probabil-
ity that both candies are red?

Solution Since no probabilities are given, you must list the simple events in the sam-
ple space. The two-stage selection of the candies suggests a tree diagram, shown in Figure
4.4. There are two red candies in the dish, so you can use the letters Ry, R,, and Y to indi-
cate that you have selected the first red, the second red, or the yellow candy, respectively.
Since you closed your eyes when you chose the candies, all six choices should be equally
likely and are assigned probability 1/6. If A is the event that both candies are red, then

A ={RiRy, R;R;}

Thus,
P(A) = P(R{Ry) + P(R;R;)
1 1 1
— i + —_— = -
6 6 3
FIGURE 4.4 ®
Tree diagram for First choice Second choice Simple event Probability
Example 4.7 R R, /6
@ NEEDATIP? R,Y 116
Atree diagram helps find R,R 6
simple events. !
Branch = step toward R, Y 1/6

outcome R, YR, 6
Following branches = list Y
of simple events. R, YR, 1/6
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NEED TO KNOW

How to Calculate the Probability of an Event

1. List all the simple events in the sample space.

2. Assign an appropriate probability to each simple event.

3. Determine which simple events result in the event of interest.

4. Sum the probabilities of the simple events that result in the event of interest.

In your calculation, you must always be careful that you satisfy these two conditions:

* Include all simple events in the sample space.
* Assign realistic probabilities to the simple events.

When the sample space is large, it is easy to unintentionally omit some of the simple
events. If this happens, or if your assigned probabilities are wrong, your answers will
not be useful in practice.

One way to determine the required number of simple events is to use the counting
rules presented in the next optional section. These rules can be used to solve more
complex problems, which generally involve a large number of simple events. If you
need to master only the basic concepts of probability, you may choose to skip the

next section.
@ EXERCISES
BASIC TECHNIQUES b. Find the probabilities for these two events:
4.1 Tossing a Die An experiment involves tossing a A={E,, E;, E4}
single die. These are some events: B={E,, E5}
A: Observe a 2 c. List the simple events that are either in event A or
B: Observe an even number event B or both.
C: Observe a number greater than 2 d. List the simple events that are in both event A and
D: Observe both A and B event B.
E: Observe A or B or both 4.3 A sample space contains 10 simple events:
F: Observe both A and C El, Ez, eoniy Em. If P(El) = 3P(E2) =0.45 and the
a. List the simple events in the sample space. remainin.g' simple events e 'equi;.)robable, find the
b. List the simple events in each of the events A probabilities of these remaining simple events.
through F. 4.4 Free Throws A particular basketball player
¢. What probabilities should you assign to the simple hits 70% of her free throws. When she tosses a pair
events? of free throws, the four possible simple events and
d. Calculate the probabilities of the six events A three of their associated pmbabllllles are as giveﬂ in
through F by adding the appropriate simple-event the table:
probabilities. Outcome Outcome
4.2 A sample space S consists of five simple events Simple of First of Second
with these probabilities: Event Free Throw Free Throw Probability
P(E)) = P(E;) = 0.15 P(E;) =04 ! Hit Hit 043
_ 2 Hit Miss ?
P(Ey) = 2P(E5) 3 Miss Hit 021
a. Find the probabilities for simple events E, and Es. 4 Miss Miss 0.09
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a. Find the probability that the player will hit on the
first throw and miss on the second.

b. Find the probability that the player will hit on at
least one of the two free throws.

4.5 Four Coins A jar contains four coins: a nickel, a

dime, a quarter, and a loonie. Three coins are randomly

selected from the jar.

a. List the simple events in S.

b. What is the probability that the selection will con-
tain the loonie?

¢. What is the probability that the total amount drawn
will equal $1.10 or more?

4.6 Preschool or Not? On the first day of kin-
dergarten, the teacher randomly selects 1 of his 25
students and records the student’s gender, as well as
whether or not that student had gone to preschool.

a. How would you describe the experiment?
b. Construct a tree diagram for this experiment. How
many simple events are there?

¢. The table below shows the distribution of the
25 students according to gender and preschool
experience. Use the table to assign probabilities to
the simple events in part b.

Male Female

Preschool 8 9
No preschool 6 2

d. What is the probability that the randomly selected
student is male? What is the probability that the
student is a female and did not go to preschool?

4.7 The Urn Problem An urn contains three red and
two yellow balls. Two balls are randomly selected and
their colours recorded. Use a tree diagram to list the 20
simple events in the experiment, keeping in mind the
order in which the balls are drawn.

4.8 The Urn Problem, continued Refer to Exer-
cise 4.7. A ball is randomly selected from the urn
containing three red and two yellow balls. Its colour
is noted, and the ball is returned to the urn before a
second ball is selected. List the additional five simple
events that must be added to the sample space in
Exercise 4.7.

APPLICATIONS

4.9 Need Eyeglasses? A survey classified a large
number of adults according to whether they were
judged to need eyeglasses to correct their reading
vision and whether they used eyeglasses when reading.

The proportions falling into the four categories are
shown in the table. (Note that a small proportion,
0.02, of adults used eyeglasses when in fact they were
judged not to need them.)

Used Eyeglasses

for Reading
Judged to Need
Eyeglasses Yes No
Yes 0.44 0.14
No 0.02 0.40

If a single adult is selected from this large group, find
the probability of each event:

a. The adult is judged to need eyeglasses.

b. The adult needs eyeglasses for reading but does not
use them.

c. The adult uses eyeglasses for reading whether he or
she needs them or not.

4.10 Roulette The game of roulette uses a wheel
containing 38 pockets. Thirty-six pockets are num-
bered 1, 2, ..., 36, and the remaining two are marked
0 and 00. The wheel is spun, and a pocket is identified
as the “winner.” Assume that the observance of any
one pocket is just as likely as any other.

a. Identify the simple events in a single spin of the
roulette wheel.

b. Assign probabilities to the simple events.

c. Let A be the event that you observe either a 0 or a
00. List the simple events in the event A and find
P(A).

d. Suppose you placed bets on the numbers 1 through
18. What is the probability that one of your numbers
is the winner?

4.11 Jury Duty Three people are randomly selected
from voter registration and driving records to report for
jury duty. The gender of each person is noted by the
county clerk.

a. Define the experiment.

b. List the simple events in S.

c. If each person is just as likely to be a man as a
woman, what probability do you assign to each
simple event?

d. What is the probability that only one of the three is
a man?

e. What is the probability that all three are women?

4.12 Jury Duty, again Refer to Exercise 4.11. Sup-
pose that there are six prospective jurors, four men and
two women, who might be impanelled to sit on the jury
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in a criminal case. Two jurors are randomly selected
from these six to fill the two remaining jury seats.

a. List the simple events in the experiment (HINT:
There are 15 simple events if you ignore the order
of selection of the two jurors.)

b. What is the probability that both impanelled jurors
are women?

4.13 Tea Tasters A food company plans to con-
duct an experiment to compare its brand of tea with
that of two competitors. A single person is hired to
taste and rank each of three brands of tea, which

are unmarked except for identifying symbols A, B,

and C.

a. Define the experiment.

b. List the simple events in S.

c. If the taster has no ability to distinguish a difference
in taste among teas, what is the probability that the
taster will rank tea type A as the most desirable? As
the least desirable?

4.14 100-Metre Run Four equally qualified runners,

John, Bill, Ed, and Dave, run a 100-metre sprint, and

the order of finish is recorded.

a. How many simple events are in the sample space?

b. If the runners are equally qualified, what probability
should you assign to each simple event?

¢. What is the probability that Dave wins the race?

d. What is the probability that Dave wins and John
places second?

e. What is the probability that Ed finishes last?

4.15 Fruit Flies In a genetics experiment, the
researcher mated two Drosophila fruit flies and
observed the traits of 300 offspring. The results are
shown in the table.

4.4 USEFUL COUNTING RULES (OPTIONAL) O 139

Wing Size
Eye Colour Normal Miniature
Normal 140 6
Vermillion 3 151

One of these offspring is randomly selected and
observed for the two genetic traits.

a. What is the probability that the fly has normal eye
colour and normal wing size?

b. What is the probability that the fly has vermillion
eyes?

¢. What is the probability that the fly has either ver-
million eyes or miniature wings, or both?

4.16 Health Care Most Canadians feel that health
care is the most important issue. Research Canada:
An Alliance for Health Discovery (www.rc-rc.ca)
released the result of its first public opinion survey on
health research in Canada. The results are shown in
the table.

Opinion Proportion
Very important 0.88
Somewhat important 0.10
Not very important 0.01
Not at all important 0.01

Suppose that one person is randomly selected and his

or her opinion on this question is recorded.

a. What are the simple events in the experiment?

b. Are the simple events in part a equally likely? If
not, what are the probabilities?

c. What is the probability that the person feels health
care is at least somewhat important?

d. What is the probability that the person feels health
care is either not very important or not at all
important?

)

USEFUL COUNTING RULES (OPTIONAL)

Suppose that an experiment involves a large number N of simple events and you know

that all the simple events are equally likely. Then each simple event has probability 1/N,
and the probability of an event A can be calculated as

P(A) = %"

where n, is the number of simple events that result in the event A. In this section, we
present three simple rules that can be used to count either », the number of simple events
in the sample space; or n4, the number of simple events in event A. Once you have
obtained these counts, you can find P(A) without actually listing all the simple events.
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THE mn RULE

Consider an experiment that is performed in two stages. If the first stage can be
accomplished in m ways and for each of these ways, the second stage can be
accomplished in n ways, then there are mn ways to accomplish the experiment.

For example, suppose that you can order a car in one of three styles and in one
of four paint colours. To find out how many options are available, you can think of
first picking one of the m = 3 styles and then selecting one of the n = 4 paint colours.
Using the mn Rule, as shown in Figure 4.5, you have mn = (3)(4) = 12 possible
options.

FIGURE 4.5

Style~colour combinations Style Colour
1

T I S R I ]

R

Two dice are tossed. How many simple events are in the sample space S?

Solution The first die can fall in one of m = 6 ways, and the second die can fall
in one of n = 6 ways. Since the experiment involves two stages, forming the pairs of
numbers shown on the two faces, the total number of simple events in S is

mn = (6)(6) = 36

A candy dish contains one yellow and two red candies. Two candies are selected one
at a time from the dish, and their colours are recorded. How many simple events are in
the sample space S?

Solution The first candy can be chosen in m = 3 ways. Since one candy is now
gone, the second candy can be chosen in n = 2 ways. The total number of simple
events is

mn=3)2)=6

These six simple events were listed in Example 4.7.

We can extend the mn Rule for an experiment that is performed in more than two
stages.
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THE EXTENDED mn RULE

If an experiment is performed in k stages, with n; ways to accomplish the first
stage, n, ways to accomplish the second stage, ..., and n;, ways to accomplish
the kth stage, then the number of ways to accomplish the experiment is

nnongy - - - Ny

EXAMPLE @ How many simple events are in the sample space when three coins are tossed?

Solution Each coin can land in one of two ways. Hence, the number of simple
events is

@@)(2) =8

EXAMPLE A truck driver can take three routes from city A to city B, four from city B to city C, and
three from city C to city D. If, when travelling from A to D, the driver must drive from
A to B to C to D, how many possible A-to-D routes are available?

Solution Let

n; = Number of routes from A to B=3
n, = Number of routes from Bto C=4
n3 = Number of routes from Cto D=3

Then the total number of ways to construct a complete route, taking one subroute from
each of the three groups, (A to B), (B to C), and (C to D), is

nmny = (3)(4)(3) = 36

A second useful counting rule follows from the mn Rule and involves orderings
or permutations. For example, suppose you have three books, A, B, and C, but you
have room for only two on your bookshelf. In how many ways can you select and
arrange the two books? There are three choices for the two books—A and B, A and C,
or B and C—but each of the pairs can be arranged in two ways on the shelf. All the
permutations of the two books, chosen from three, are listed in Table 4.3. The mn Rule
implies that there are 6 ways, because the first book can be chosen in m =3 ways and
the second in n =2 ways, so the result is mn = 6.

TABLE 4.3 o Permutations of Two Books Chosen from Three
Combinations of Two  Reordering of Combinations
AB BA
AC CA
BC CB

In how many ways can you arrange all three books on your bookshelf? These are
the six permutations:

ABC ACB BAC
BCA CAB CBA
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Since the first book can be chosen in n; = 3 ways, the second in n, = 2 ways, and
the third in n3; = 1 way, the total number of orderings is nynyn3 = (3)(2)(1) =6.

Rather than applying the mn Rule each time, you can find the number of orderings
using a general formula involving factorial notation.

A COUNTING RULE FOR PERMUTATIONS

The number of ways we can arrange n distinct objects, taking them r at a time, is

n!
e (n—n!
where n! =n(n—1)(n—2)--- (3)(2)(1) and 0! = 1.

Since r objects are chosen, this is an r-stage experiment. The first object can be cho-
sen in n ways, the second in (n — 1) ways, the third in (n — 2) ways, and the rth in
(n — r+ 1) ways. We can simplify this awkward notation using the counting rule for
permutations because

nl  nan—1)n=2)--- (n—r + Dn—r)--- 2)(1)

(n—n)! (n=r)--- (2)(1)
=n(n—1)--- (n—r + 1)

A SPECIAL CASE: ARRANGING n ITEMS

The number of ways to arrange an entire set of n distinct items is P, = n!

EXAMPLE Three lottery tickets are drawn from a total of 50. If the tickets will be distributed to
each of three employees in the order in which they are drawn, the order will be impor-
tant. How many simple events are associated with the experiment?

Solution The total number of simple events is

5
PP = 4—(7)' = 50(49)(48) = 117,600

A piece of equipment is composed of five parts that can be assembled in any order. A

test is to be conducted to determine the time necessary for each order of assembly. If
each order is to be tested once, how many tests must be conducted?

Solution The total number of tests equals

5!
Pi= = =54)(3)@2)(1) = 120

0

When we counted the number of permutations of the two books chosen for your
bookshelf, we used a systematic approach:
» First we counted the number of combinations or pairs of books to be chosen.

* Then we counted the number of ways to arrange the two chosen books on
the shelf.
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Sometimes the ordering or arrangement of the objects is not important, but only the
objects that are chosen. In this case, you can use a counting rule for combinations. For
example, you may not care in what order the books are placed on the shelf, but only
which books you are able to shelve. When a five-person committee is chosen from a
group of 12 students, the order of choice is unimportant because all five students will
be equal members of the committee.

A COUNTING RULE FOR COMBINATIONS
The number of distinct combinations of n distinct objects that can be formed,
taking them r at a time, is

]
o n!
r

rl(n — r)!
The number of combinations and the number of permutations are related:
Pn
n— L
< r!

You can see that C; results when you divide the number of permutations by r!, the
number of ways of rearranging each distinct group of r objects chosen from the total n.

A printed circuit board may be purchased from five suppliers. In how many ways can
three suppliers be chosen from the five?

Solution Since it is important to know only which three have been chosen, not the
order of selection, the number of ways is

Cs = St O@ _

- - 10
37 31 2

The next example illustrates the use of counting rules to solve a probability problem.

EXAMPLE Five manufacturers produce a certain electronic device, whose quality varies from
manufacturer to manufacturer. If you were to select three manufacturers at random,
what is the chance that the selection would contain exactly two of the best three?

o

Solution The simple events in this experiment consist of all possible combinations
of three manufacturers, chosen from a group of five. Of these five, three have been
designated as “best” and two as “not best.” You can think of a candy dish containing
three red and two yellow candies, from which you will select three, as illustrated in
Figure 4.6. The total number of simple events N can be counted as the number of ways
to choose three of the five manufacturers, or

s_ 5
N=C3 —3! o 10

FIGURE 4.6 °

lllustration for i 3

Example 4.15 Sftoose

3 “pest”
2 “not best”
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Since the manufacturers are selected at random, any of these 10 simple events will
be equally likely, with probability 1/10. But how many of these simple events result in

the event

A: Exactly two of the “best” three

You can count n,, the number of events in A, in two steps because event A will occur
when you select two of the “best” three and one of the two “not best.” There are

3!
B 98 o
€= am
ways to accomplish the first stage and
2!
P B
€1=1m 72

ways to accomplish the second stage. Applying the mn Rule, we find there are
ny = (3)(2) = 6 of the 10 simple events in event A and P(A) = ny/N = 6/10.

Many other counting rules are available in addition to the three presented in this
section. If you are interested in this topic, you should consult one of the many text-
books on combinatorial mathematics.

m EXERCISES

BASIC TECHNIQUES

4.17 You have two groups of distinctly different
items, 10 in the first group and 8 in the second. If you
select one item from each group, how many different
pairs can you form?

4.18 You have three groups of distinctly different
items, four in the first group, seven in the second, and
three in the third. If you select one item from each
group, how many different triplets can you form?

4.19 Permutations Evaluate the following permu-
tations. (HINT: Your scientific calculator may have a
function that allows you to calculate permutations and
combinations quite easily.)

a P} bPP ¢eP¢ 4dPP
4.20 Combinations Evaluate these combinations:
aC bCcd cecf dac?

4.21 Choosing People In how many ways can you
select five people from a group of eight if the order of
selection is important?

4.22 Choosing People, again In how many ways
can you select two people from a group of 20 if the
order of selection is not important?

4.23 Dice Three dice are tossed. How many simple
events are in the sample space?

4.24 Coins Four coins are tossed. How many simple
events are in the sample space?

4.25 The Urn Problem, again Three balls are
selected from an urn containing 10 balls. The order of
selection is not important. How many simple events are
in the sample space?

APPLICATIONS

4.26 What to Wear? You own 4 pairs of jeans,
12 clean T-shirts, and 4 wearable pairs of sneakers.
How many outfits (jeans, T-shirt, and sneakers) can
you create?

4.27 ltineraries A businessman in Montreal is
preparing an itinerary for a visit to six major cities. The
distance travelled, and hence the cost of the trip, will
depend on the order in which he plans his route. How
many different itineraries (and trip costs) are possible?

4.28 Vacation Plans Your family vacation involves
an air flight, a rental car, and a hotel stay in Halifax. If
you can choose from three air carriers, five car rental
agencies, and four major hotel chains, how many
options are available for your vacation accommoda-
tions?

4.29 A Card Game Three students are playing a
card game. They decide to choose the first person to
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play by each selecting a card from the 52-card deck
and looking for the highest card in value and suit. They
rank the suits from lowest to highest: clubs, diamonds,
hearts, and spades.

a. If the card is replaced in the deck after each student
chooses, how many possible configurations of the
three choices are possible?

b. How many configurations are there in which each
student picks a different card?

¢. What is the probability that all three students pick
exactly the same card?

d. What is the probability that all three students pick
different cards?

4.30 Dinner at a French Restaurant A French
restaurant in Winnipeg, Manitoba, offers a special
summer menu in which, for a fixed dinner cost, you
can choose from one of two salads, one of two entrees,
and one of two desserts. How many different dinners
are available?

4.31 Playing Poker Five cards are selected from a
52-card deck for a poker hand.

a. How many simple events are in the sample
space?

b. A royal flush is a hand that contains the A, K, Q,
J, and 10, all in the same suit. How many ways are
there to get a royal flush?

¢. What is the probability of being dealt a royal
flush?

4.32 Poker, Again Refer to Exercise 4.31. You have
a poker hand containing four of a kind.

a. How many possible poker hands can be dealt?

b. In how many ways can you receive four cards of
the same face value and one card from the other
48 available cards?

¢. What is the probability of being dealt four of
a kind?

4.33 A Hospital Survey A study is to be conducted
in a hospital to determine the attitudes of nurses toward
various administrative procedures. If a sample of 10
nurses is to be selected from a total of 90, how many
different samples can be selected? (HINT: Is order
important in determining the makeup of the sample to
be selected for the survey?)

4.34 Traffic Problems Two city council members
are to be selected from a total of five to form a sub-
committee to study the city’s traffic problems.

a. How many different subcommittees are possible?

NEL
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b. If all possible council members have an equal
chance of being selected, what is the probability
that members Smith and Jones are both selected?

4.35 The NHL Professional ice hockey is very
popular in Canada. National Hockey League (NHL)
teams are divided into six divisions. Some information
is shown in the table.

Group | Group Il
Atlantic and Northwest Divisions Northeast Division
New Jersey Boston
New York Islanders Buffalo
New York Rangers Montreal
Philadelphia Ottawa
Pittsburgh Toronto
Calgary

Colorado

Edmonton

Minnesota

Vancouver

Two teams, one from each group, are randomly
selected to play an exhibition game.

a. How many pairs of teams can be chosen?

b. What is the probability that the two teams are
Calgary and Ottawa?

¢. What is the probability that the Group I team is
from New York?

4.36 100-Metre Run, again Refer to Exercise
4.14, in which a 100-metre sprint is run by John, Bill,
Ed, and Dave. Assume that all the runners are equally
qualified, so that any order of finish is equally likely.
Use the mn Rule or permutations to answer these
questions:

a. How many orders of finish are possible?
b. What is the probability that Dave wins the sprint?

c. What is the probability that Dave wins and John
places second?

d. What is the probability that Ed finishes last?

4.37 Gender Bias? Consider the following case.
The eight-member Human Relations Advisory Board
considered the complaint of a woman who claimed
discrimination, based on her gender, on the part of a
local surveying company. The board, composed of
five women and three men, voted 5-3 in favour of
the plaintiff, the five women voting for the plaintiff
and the three men against. The lawyer representing
the company appealed the board’s decision by claim-
ing gender bias on the part of the board members.

If the vote in favour of the plaintiff was 5-3 and the
board members were not biased by gender, what is the
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probability that the vote would split along gender lines 4.39 Monkey Business A monkey is given

(five women for, three men against)? 12 blocks: 3 shaped like squares, 3 like rectangles,

3 like triangles, and 3 like circles. If it draws three of
each kind in order—say, 3 triangles, then 3 squares,
and so on—would you suspect that the monkey
associates identically shaped figures? Calculate the
probability of this event.

4.38 Cramming A student prepares for an exam

by studying a list of 10 problems. She can solve 6 of
them. For the exam, the instructor selects 5 questions at
random from the list of 10. What is the probability that
the student can solve all 5 problems on the exam?

EVENT RELATIONS AND PROBABILITY
@ RULES
Sometimes the event of interest can be formed as a combination of several other events.

Let A and B be two events defined on the sample space S. Here are three important
relationships between events.

Definition The union of events A and B, denoted by A U B, is the event that either
A or B or both occur.

Definition The intersection of events A and B, denoted by A M B, is the event that
both A and B occur.”

Definition The complement of an event A, denoted by A€, is the event that A does
not occur.

Figures 4.7, 4.8, and 4.9 show Venn diagram representations of A U B, A N B, and
A°, respectively. Any simple event in the shaded area is a possible outcome resulting in
the appropriate event. One way to find the probabilities of the union, the intersection,
or the complement is to sum the probabilities of all the associated simple events.

FIGURE 4.7 ° FIGURE 4.8 °
Venn diagram of AU B Venndiagram AN B
NEEDATIP? 3 s
Intersection < “both ... A B A

and” or just “and”

Union < “either ... or
... or both” or just “or”

 Some authors use the notation AB.
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FIGURE 4.9

The complement of an
event

45 EVENT RELATIONS AND PROBABILITYRULES © 147

AC

o

- _

EXAMPLE @ Two fair coins are tossed, and the outcome is recorded. These are the events of interest:

NEL

A: Observe at least one head
B: Observe at least one tail

Define the events A, B, AN B, A U B, and A as collections of simple events, and find
their probabilities.

Solution Recall from Example 4.5 that the simple events for this experiment are
E,: HH (head on first coin, head on second)
E,: HT
E;: TH
E4: TT

and that each simple event has probability 1/4. Event A, at least one head, occurs if
E,, E,, or E; occurs, so that

3
A = {E\, E,, E3} P(A) = 4
and
1
A° = {E,} P(A°) = 2
Similarly,
B = {EZ’ E31 E4} P(B) o
A N B = {E,, E5} PAANB) =

AU B = (E,, E, E3, Ey} PAUB) =~ =1

AR N[= AW

Note that (A U B) = S, the sample space, and is thus certain to occur.

The concept of unions and intersections can be extended to more than two events.
For example, the union of three events A, B, and C, which is written asA U BU C, is
the set of simple events that are in A or B or C or in any combination of those events.
Similarly, the intersection of three events A, B, and C, which is written as AN BN C,
is the collection of simple events common to the three events A, B, and C.
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Calculating Probabilities for

Unions and Complements

When we can write the event of interest in the form of a union, a complement, or an
intersection, there are special probability rules that can simplify our calculations. The
first rule deals with unions of events.

THE ADDITION RULE
Given two events, A and B, the probability of their union, A U B, is equal to

P(AU B)=P(A) + P(B) — P(AN B)

Notice in the Venn diagram in Figure 4.10 that the sum P(A) + P(B) double counts the
simple events common to both A and B. Subtracting P(A N B) gives the correct result.

FIGURE 4.10
The Addition Rule

When two events A and B are mutually exclusive or disjoint, it means that when
A occurs, B cannot, and vice versa. This means that the probability that they both
occur, P(A N B), must be zero. Figure 4.11 is a Venn diagram representation of two
such events with no simple events in common.

FIGURE 4.11

— ® s
Two disjoint events
A @
When two events A and B are mutually exclusive, then P(A M B) =0 and the
R AT Addition Rule simplifies to
Remember, mutually P(A U B) = P(A) + P(B)

exclusive < P(AN B)=0
The second rule deals with complements of events. You can see from the Venn

diagram in Figure 4.9 that A and A€ are mutually exclusive and that A U A° = S, the
entire sample space. It follows that
P(A) + P(A°) = 1 and P(A°) =1 — P(A)
NEL
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RULE FOR COMPLEMENTS

P(A%) = 1 — P(A)

An oil-prospecting firm plans to drill two exploratory wells. Past evidence is used to
assess the possible outcomes listed in Table 4.4.

TABLE 4.4 e Outcomes for Oil-Drilling Experiment
Event  Description Probability
A Neither well produces oil or gas 0.80
B Exactly one well produces oil or gas 0.18
c Both wells produce oil or gas 0.02
Find P(AU B) and P(BU C).

Solution By their definition, events A, B, and C are jointly mutually exclusive
because the occurrence of one event precludes the occurrence of either of the other
two. Therefore,

P(A U B) = P(A) + P(B) = 0.80 + 0.18 = 0.98
and
P(BU C)=P(B) + P(C)=10.18 + 0.02 =0.20

The event A U B can be described as the event that at most one well produces oil or
gas, and B U C describes the event that at least one well produces gas or oil.

In a telephone survey of 1000 adults, respondents were asked about the expense of a
university education and the relative necessity of some form of financial assistance.
The respondents were classified according to whether they currently had a child in
university and whether they thought the loan burden for most university students is
too high, the right amount, or too little. The proportions responding in each category

are shown in the probability table in Table 4.5. Suppose one respondent is chosen at
random from this group.

TABLE 4.
Too High  Right Amount  Too Little
(A) (B) (C)
Child in university (D) 0.35 0.08 0.01
No child in university (E) 0.25 0.20 01

1. What is the probability that the respondent has a child in university?
2. What is the probability that the respondent does not have a child in university?

3. What is the probability that the respondent has a child in university or thinks
that the loan burden is too high?

NEL
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Solution Table 4.5 gives the probabilities for the six simple events in the cells of
the table. For example, the entry in the top left corner of the table is the probability that
a respondent has a child in university and thinks the loan burden is too high (A N D).

1. The event that a respondent has a child in university will occur regardless of
his or her response to the question about loan burden. That is, event D consists
of the simple events in the first row:

P(D) = 0.35 + 0.08 + 0.01 = 0.44

In general, the probabilities of marginal events such as D and A are found by
summing the probabilities in the appropriate row or column.

2. The event that the respondent does not have a child in university is the comple-
ment of the event D denoted by D°. The probability of D¢ is found as

P(D°) =1 — P(D)
Using the result of part 1, we have
P(D°) =1 — 0.44 = 0.56
3. The event of interest is P(A U D). Using the addition rule

P(A U D) = P(A) + P(D) — P(A N D)
=0.60 + 0.44 — 0.35
=0.69

INDEPENDENCE, CONDITIONAL
PROBABILITY, AND THE

@ MULTIPLICATION RULE
There is a probability rule that can be used to calculate the probability of the inter-

section of several events. However, this rule depends on the important statistical
concept of independent or dependent events.

Definition Two events, A and B, are said to be independent if and only if the
probability of event B is not influenced or changed by the occurrence of event A, or
vice versa.

Colourblindness Suppose a researcher notes a person’s gender and whether or not
the person is colourblind to red and green. Does the probability that a person is colour-
blind change depending on whether the person is male or not? Define two events:

A: person is a male

B: person is colourblind
In this case, since colourblindness is a male sex-linked characteristic, the probability
that a man is colourblind will be greater than the probability that a person chosen from
the general population will be colourblind. The probability of event B, that a person is

colourblind, depends on whether or not event A, that the person is a male, has occurred.
We say that A and B are dependent events.

NEL
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Tossing Dice  On the other hand, consider tossing a single die two times, and define
two events:

A: observe a 2 on the first toss
B: observe a 2 on the second toss

If the die is fair, the probability of event A is P(A) = 1/6. Consider the probability of
event B. Regardless of whether event A has or has not occurred, the probability of
observing a 2 on the second toss is still 1/6. We could write:

P(B given that A occurred) = 1/6
P(B given that A did not occur) = 1/6

Since the probability of event B is not changed by the occurrence of event A, we say
that A and B are independent events.

The probability of an event A, given that the event B has occurred, is called the
conditional probability of A, given that B has occurred, denoted by P(A|B). The
vertical bar is read “given” and the events appearing to the right of the bar are those that
you know have occurred. We will use these probabilities to calculate the probability
that both A and B occur when the experiment is performed.

THE GENERAL MULTIPLICATION RULE

The probability that both A and B occur when the experiment is performed is
P(A N B) = P(A)P(B|A)
or

P(A N B) = P(B)P(A|B)

Suppose a group of 40 first-year science students at Brock University were classified
according to their gender and drinking habits, as shown in Table 4.6. One student is

selected at random from that group of 40 people.

TABLE 4.6 Gender and Drinking Habits of First-Year Student

Drinking Habits

Gender Drinker (D) Non-drinker (N) Total

Male (M) 2 24 26
Female (F) 6 8 14

Total 8 32 40

What is the probability the student drinks?

What is the probability the student does not drink?

What is the probability the student is female and does not drink?
What is the probability the student is male?

What is the probability the student is female?

What is the probability the student is male and drinks?

What is the probability that a student is a drinker or a male student?

3 IPY BN R W e
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Solution Using the information in Table 4.6, we can calculate all these probabilities.
1. P(D)=8/40=0.20, since the total number of students who drinks are 8 among

40 students.
P(N) = 32/40 = 0.80; alternatively P(N) = P(D°)=1— P(N)=1-0.20 = 0.80.
P(female and does not drink) = P(F M N) = 8/40 = 0.20.
P(M) = 26/40 = 0.65.
P(F) = 14/40 = 0.35; alternatively P(F) = P(M°) =1 — P(M) =1 — 0.35= 0.65.
P(male and drinks) = P(M M D) = 2/40 =0.05.
P(drinks or male) = P(D U M) = P(D) + P(M) — P(D N M)

= P(D) + P(M) — P(M N D)

=0.20 + 0.65 — 0.05 = 0.80

In a colour preference experiment, eight toys are placed in a container. The toys are
identical except for colour—two are red, and six are green. A child is asked to choose

two toys at random. What is the probability that the child chooses the two red toys?

N s N

Solution You can visualize the experiment using a tree diagram as shown in
Figure 4.12. Define the following events:

R: red toy is chosen

G: green toy is chosen

FIGURE 4.12
Tree diagram for First choice Second choice Simple event

Example 4.20

Red (1/7)

RR
Red (2/8)
\.._G._me_llM). RG
GR
\ Green (6/8)
Green (5/7)
e ® GG

The event A (both toys are red) can be constructed as the intersection of two events:
A = (R on first choice) N (R on second choice)

Since there are only two red toys in the container, the probability of choosing red on the
first choise is 2/8. However, once this red toy has been chosen, the probability of red on
the second choice is dependent on the outcome of the first choice (see Figure 4.12). If
the first choice was red, the probability of choosing a second red toy is only 1/7 because
there is only one red toy among the seven remaining. If the first choice was green, the
probability of choosing red on the second choice is 2/7 because there are two red toys
among the seven remaining. Using this information and the Multiplication Rule, you
can find the probability of event A.

NEL
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P(A) = P(R on first choice N R on second choice)
= P(R on first choice) P(R on second choice)lR on first)

-(G)G)-%-=

Sometimes you may need to use the Multiplication Rule in a slightly different form, so
that you can calculate the conditional probability, P(A|B). Just rearrange the terms in
the Multiplication Rule.

CONDITIONAL PROBABILITIES

The conditional probability of event A, given that event B has occurred is
P(ANB)

PAB)= ————— if PMB) # 0
“lp=—pp— i P®
The conditional probability of event B, given that event A has occurred is
P(A N B)
PB|A)= ————— if P(A) #
BlAy= —pa i P@#0

Colourblindness, continued Suppose that in the general population, there are 51%
men and 49% women, and that the proportions of colourblind men and women are
shown in the probability table below:

Women
Men(B) (B% Total
Colourblind (A) 0.04 0.002 0.042
Not colourblind (A%) 0.47 0.488 0.958
Total 0.51 0.49 1.00

If a person is drawn at random from this population and is found to be a man (event B),
what is the probability that the man is colourblind (event A)? If we know that the event
B has occurred, we must restrict our focus to only the 51% of the population that is
male. The probability of being colourblind, given that the person is male, is 4% of the
51% or

PANB)  0.04
P(B) 0.51

What is the probability of being colourblind, given that the person is female? Now we

are restricted to only the 49% of the population is female, and

P(ANBY _ 0.002
P(BS) 0.49

Notice that the probability of event A changed, depending on whether event B occured.

This indicates that these two events are dependent.

P(A|B) = =0.078

P(A|BS) = = 0.004

When two events are independent—that is, if the probability of event B is the same,
whether or not event A has occurred, then event A does not affect event B and

P(B|A) = P(B)
The Multiplication Rule can now be simplified.
NEL
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EXAMPLE ‘

NEEDATIP?

Remember,
independence <
P(AN B)= P(AP(B)

THE MULTIPLICATION RULE FOR INDEPENDENT

EVENTS

If two events A and B are independent, the probability that both A and B occur is
P(A N B) = P(A)P(B)

Similarly, if A, B, and C are mutually independent events (all pairs of events are
independent), then the probability that A, B, and C all occur is

P(AN BN C)=PAPBPC)

Coin Tosses at Football Games A football team is involved in two overtime periods
during a given game, so that there are three coin tosses. If the coin is fair, what is the
probability that they lose all three tosses?

Solution If the coin is fair, the event can be described in three steps:
A: Lose the first toss
B: Lose the second toss
C: Lose the third toss

Since the tosses are independent, and since P(win) = P(lose) = 0.5 for any of the three
tosses,

P(ANBNC)=PAPMBPC) = (.5)(.5)(.5) = 0.125

How can you check to see if two events are independent or dependent? The easiest
solution is to redefine the concept of independence in a more formal way.

CHECKING FOR INDEPENDENCE

Two events A and B are said to be independent if and only if either
P(A N B) = P(A)P(B)

or
P(B|A) = P(B)

Otherwise, the events are said to be dependent.

Toss two coins and observe the outcome. Define these events:
A: Head on the first coin
B: Tail on the second coin

Are events A and B independent?

Solution From previous examples, you know that § = {HH, HT, TH, TT}. Use
these four simple events to find
1 1 1
PA) = 2,P(B) = 2,andP(AﬂB) e
; 1 1 1 1
Since P(A)P(B) = (5)( 5) = 2 and P(AN B) = 2 we have P(A)P(B)=P(A N B)

and the two events must be independent.

NEL
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Refer to the probability table in Example 4.18, which is reproduced below.

Too High  Right Amount  Too Little

(A) (B) (C)
Child in university (D) 0.35 0.08 0.01
No child in university (E) 0.25 0.20 0.1

Are events D and A independent? Explain.

Solution
1. Use the probability table to find P(A M D)= 0.35, P(A) = 0.60, and
P(D)=0.44. Then
P(A)P(D) = (.60)(.44) = 0.264 and P(A N D) = 0.35
Since these two probabilities are not the same, events A and D are dependent.
2. Alternately, calculate
PAND) 035
P(D) 0.44

Since P(AID) = 0.80 and P(A) = 0.60, we are again led to the conclusion that
events A and D are dependent.

=0.80

P(A|D) =

NEED TO KNOW

The Difference between Mutually Exclusive
and Independent Events
Many students find it hard to tell the difference between mutually exclusive and
independent events.
¢ When two events are mutually exclusive or disjoint, they cannot both
happen when the experiment is performed. Once the event B has occurred,
event A cannot occur, so that P(A|B) = 0, or vice versa. The occurrence of
event B certainly affects the probability that event A can occur.
* Therefore, mutually exclusive events must be dependent.
*  When two events are mutually exclusive or disjoint,
P(AN B)=0and P(AU B) = P(A) + P(B)

¢ When two events are independent,
P(A N B)=P(A)P(B), and P(A U B) = P(A) + P(B) — P(A)P(B)

Using probability rules to calculate the probability of an event requires some experi-
ence and ingenuity. You need to express the event of interest as a union or intersection
(or the combination of both) of two or more events whose probabilities are known or
easily calculated. Often you can do this in different ways; the key is to find the right
combination.
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Two cards are drawn from a deck of 52 cards. Calculate the probability that the draw
includes an ace and a 10.

Solution Consider the event of interest:
A: draw an ace and a 10
Then A =B U C, where

B: draw the ace on the first draw and the 10 on the second
C: draw the 10 on the first draw and the ace on the second

Refer to Figure 4.13 below.

FIGURE 4.13

®
Tree diagram for Draw 1 Draw 2  Probability
Example 4.23
1.1
104 551
1,1 1,1
10¢ 5251
Ag
Ap
Ac o
1% 7 3|
lOH As ?$ 4X(4X(-5—2-§—,-))
Ac 52751
10g
10p
10¢ —
| | I
| | I
| I I
| L} I
| I I
Remaining cards Remaining cards

Events B and C were chosen to be mutually exclusive and also to be intersections of
events with known probabilities; that is,

B=B NByandC=C, NC,
where
B;: Draw an ace on the first draw
B;: Draw a 10 on the second draw
C,: Draw a 10 on the first draw
C,: Draw an ace on the second draw
NEL
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Applying the Multiplication Rule, you get
P(B; N By) = P(B)P(B,|B))

gk
“\52/\51

4
P(CiNGy) = (5—2)(5

and

4

Then, applying the Addition Rule,

P(4) = P(B) + P(C)

-(2)()+

)G5)-

Check each composition carefully to be certain that it is actually equal to the event of

interest.

@ EXERCISES

BASIC TECHNIQUES

4.40 An experiment can result in one of five equally
likely simple events, E}, E,, ... , Es. Events A, B, and
C are defined as follows:

A:E, E P(A)=0.4
B: E], E2, E4, E5 P(B) =0.8
C:E;, E, P(C)=0.4

Find the probabilities associated with these compound
events by listing the simple events in each.

a. A¢ b.ANB c. BNC
d. AUB e. BC f. AB
g. AUBUC h.(ANB)Y

4.41 Refer to Exercise 4.40. Use the definition of a
complementary event to find these probabilities:

a. P(A°) b. P((A N B)°)

Do the results agree with those obtained in
Exercise 4.40?

4.42 Refer to Exercise 4.40. Use the definition of
conditional probability to find these probabilities:
a. P(AIB) b. P(B|C)

Do the results agree with those obtained in
Exercise 4.40?

NEL

4.43 Refer to Exercise 4.40. Use the Addition and
Multiplication Rules to find these probabilities:

a. PAUB) b.P(ANB) ¢ PBNO

Do the results agree with those obtained in

Exercise 4.40?

4.44 Refer to Exercise 4.40.

a. Are events A and B independent?

b. Are events A and B mutually exclusive?

4.45 Dice An experiment consists of tossing a single

die and observing the number of dots that show on the
upper face. Events A, B, and C are defined as follows:

A: Observe a number less than 4
B: Observe a number less than or equal to 2
C: Observe a number greater than 3
Find the probabilities associated with the events below

using either the simple event approach or the rules and
definitions from this section.

a. S b. AB c. B
d. ANBNC e ANB f. ANC
g. BNC h.AUC i. BUC

4.46 Refer to Exercise 4.45.
a. Are events A and B independent? Mutually exclusive?
b. Are events A and C independent? Mutually exclusive?
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4.47 Suppose that P(A) = 0.4 and P(B) = 0.2. If events
A and B are independent, find these probabilities:

a. PANB) b. P(AUB)

4.48 Suppose that P(A) = 0.3 and P(B) = 0.5. If events
A and B are mutually exclusive, find these
probabilities:

a. PANB) b. P(AUB)

4.49 Suppose that P(A) =0.4 and P(A N B)=0.12.
a. Find P(BJA).

b. Are events A and B mutually exclusive?

c. If P(B) = 0.3, are events A and B independent?

4.50 An experiment can result in one or both of
events A and B with the probabilities shown in this
probability table:

A A°

B 0.34 0.46
B 0.15 0.05

Find the following probabilities:
a. P(A) b. P(B)

d. PAUB) e P(AB)

4.51 Refer to Exercise 4.50.

a. Are events A and B mutually exclusive? Explain.
b. Are events A and B independent? Explain.

c¢. PANB)
f. P(BJA)

APPLICATIONS

4.52 Drug Testing Some companies are testing
prospective employees for drug use, with the intent

of improving efficiency and reducing absenteeism, acci-
dents, and theft. Opponents claim that this procedure

is creating a class of unhirables and that some persons
may be placed in this class because the tests themselves
are not 100% reliable. Suppose a company uses a test
that is 98% accurate—that is, it correctly identifies

a person as a drug user or non-user with probability
0.98—and to reduce the chance of error, each job appli-
cant is required to take two tests. If the outcomes of the
two tests on the same person are independent events,
what are the probabilities of these events?

a. A non-user fails both tests.

b. A drug user is detected (i.e., he or she fails at least
one test).

¢. A drug user passes both tests.

4.53 Grant Funding Whether a grant proposal is

funded quite often depends on the reviewers. Suppose

a group of research proposals was evaluated by a group
of experts as to whether the proposals were worthy of

funding. When these same proposals were submitted to
a second independent group of experts, the decision to
fund was reversed in 30% of the cases. If the probabil-
ity that a proposal is judged worthy of funding by the
first peer review group is 0.2, what are the probabilities
of these events?

a. A worthy proposal is approved by both groups.

b. A worthy proposal is disapproved by both groups.

¢. A worthy proposal is approved by one group.

4.54 Drug Offenders A study of the behaviour of a
large number of drug offenders after treatment for drug
abuse suggests that the likelihood of conviction within
a two-year period after treatment may depend on the
offender’s education. The proportions of the total
number of cases that fall into four education/conviction
categories are shown in the table below:

Status within Two
Years after Treatment

Not
Education Convicted Convicted Total
10 years or more 0.10 0.30 0.40
9years or less 0.27 0.33 0.60
Total 0.37 0.63 1.00

Suppose a single offender is selected from the treat-
ment program. Here are the events of interest:

A: The offender has 10 or more years of education

B: The offender is convicted within 2 years after
completion of treatment

Find the appropriate probabilities for these events:

a. A b. B c. ANB
d. AUB e. A° f. AUB)
g. (ANB)° h. A given that B has occurred

i. B given that A has occurred

4.55 Drug Offenders, continued Use the prob-
abilities of Exercise 4.54 to show that these equalities
are true:

a. P(AN B)=P(A)P(B|A)

b. P(A N B) = P(B)P(A|B)

¢. P(AUB)=P(A)+ P(B)— P(ANB)

4.56 The Birthday Problem Two people enter a
room and their birthdays (ignoring years) are recorded.
a. Identify the nature of the simple events in S.

b. What is the probability that the two people have a
specific pair of birthdates?

c. Identify the simple events in event A: Both people
have the same birthday.

d. Find P(A). e. Find P(A°).
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4.57 The Birthday Problem, continued Ifn
people enter a room, find these probabilities:

A: None of the people have the same birthday

B: At least two of the people have the same birthday
Solve for
a.n=3 b.n=4
(NOTE: Surprisingly, P(B) increases rapidly as n
increases. For example, for n =20, P(B)=0.411;
for n=40, P(B)=0.891.)

4.58 Starbucks or Tim Hortons? A university
student frequents one of two coffee houses on campus,
choosing Tim Hortons 70% of the time and Starbucks
30% of the time. Regardless of where she goes, she
buys a decaffeinated coffee on 60% of her visits.

a. The next time she goes into a coffee house on
campus, what is the probability that she goes to Tim
Hortons and orders a decaffeinated coffee?

b. Are the two events in part a independent? Explain.

c¢. If she goes into a coffee house and orders a
decaffeinated coffee, what is the probability that
she is at Starbucks?

d. What is the probability that she goes to Tim Hortons
or orders a decaffeinated coffee or both?

4.59 Alcohol Consumption and Smoking among
Canadian Medical Students A team of researchers
at the Centre for Addiction and Mental Health,
Toronto, conducted a survey to quantify the extent, and
to assess student perception, of alcohol and tobacco use
among medical students at the University of Calgary.
For this purpose, a questionnaire was distributed to
first-, second-, and third-year medical students attend-
ing the University of Calgary medical school. Of the
327 students enrolled, 175 of students responded to

the questionnaire. Six percent of the students currently
smoke, while 86% currently drink, with a majority
drinking fewer than 11 drinks per week.! Suppose a
group of 100 medical students at another Canadian
university were classified according to their gender,
smoking habits, and alcohol consumption habits, as
shown in the table below.

Smoking Habits

Alcohol Consumption

Habits Smoker (S)  Non-smoker (N)  Total
No 3 14 17
Yes 6 77 83
Total 9 91 100

Convert the frequency table shown above into a proba-
bility table. If one student is selected at random from that
group of 100 students, find the following probabilities:

NEL
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a. What is the probability the student consumes
alcohol? Is your answer consistent with the survey
result? Why or why not?

T

. What is the probability the student smokes? Is your
answer consistent with the survey result? Why or
why not?

¢. What is the probability the selected student is a

smoker and does not consume alcohol?

d. What is the probability the student does not drink?

. What is the probability the selected student
consumes alcohol and smokes?

f. If the student is a smoker, what is the probability

that student consumes alcohol?

g. If the selected student consumes alcohol, what is the

probability the student does not smoke?

o

4.60 Inspection Lines A certain manufactured item

is visually inspected by two different inspectors. When

a defective item comes through the line, the probability
that it gets by the first inspector is 0.1. Of those that get
past the first inspector, the second inspector will “miss”
5 out of 10. What fraction of the defective items get by

both inspectors?

4.61 Smoking and Cancer A survey of people in

a given region showed that 20% were smokers. The
probability of death due to lung cancer, given that a
person smoked, was roughly 10 times the probability
of death due to lung cancer, given that a person did not
smoke. If the probability of death due to lung cancer in
the region is 0.006, what is the probability of death due
to lung cancer given that a person is a smoker?

4.62 Canadians Are Huge Online Users According
to comScore, a company that provides digital marketing
intelligence, Canadians spend more time online when
compared to a group of countries that includes the United
States, France, and the United Kingdom. In Canada,

68% of the population is online, as compared to 62% in
France and the United Kingdom, 60% in Germany, 59%
in the United States, 57% in Japan, and 36% in Italy. In
fact, users in Canada spent an average of almost 42 hours
a month online (or more than 2,500 minutes).? Five
hundred online users were selected from St. Catharines,
Ontario, and were categorized by age and gender as
shown in the probability table below.

Age Group
Under 18 18-35 Over 35
Gender Years (A)  Years(B) VYears(C) Total
Male (M) 0.21 0.16 0.10 0.47
Female (F) 0.24 0.18 01 053
Total 0.45 0.34 0.21 1.00

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall leaming experience. Cengage Learning rescrves the right to remove additional content at any time if subsequent rights restrictions require it.



160 O CHAPTER4 PROBABILITY AND PROBABILITY DISTRIBUTIONS

If one online user is selected at random from that group
of 500 online users, find the following probabilities:

a. What is the probability the randomly selected online
user is under 18 years of age?

b. What is the probability the randomly selected online
user is female?

c. What is the probability the randomly selected online
user is female and under 18 years of age?

d. If the randomly selected online user is male, what is
the probability he is over 35 years of age?

e. If the randomly selected online user is under
18 years of age, what is the probability the online
user is female?

f. What is the probability the randomly selected online
user is male or over 35 years of age?

g. If the randomly selected online user is female, what
is the probability that she is 18 to 35 years old?

h. Are the gender and age of the online user indepen-
dent events? Why or why not?

i. Are the gender and age of the online user mutually
exclusive events? Explain.

4.63 Smoke Detectors A smoke-detector system
uses two devices, A and B. If smoke is present, the
probability that it will be detected by device A is
0.95; by device B, 0.98; and by both devices, 0.94.

a. If smoke is present, find the probability that the
smoke will be detected by device A or device B or
both devices.

b. Find the probability that the smoke will not be
detected.

4.64 Social Media and Canadians A Vancouver-
based Internet marketing firm called 6S Marketing
conducted a survey of its database to track the use of
social media in Canada. They polled 10,000 Canadians
and uncovered some interesting data:

e 70% of Canadians say they use social media.

* Facebook is the most popular social networking
site, with 70% of people surveyed currently
having an account.

* 479% of Canadians use Twitter, and the majority
of users are 19-25 years of age.

However, social media blogger Danielle Gauthier
challenges the claim that 47% of Canadians use
Twitter, arguing that this number is inflated. Perhaps
6S Marketing’s database consists of people who have a
high likelihood of using Twitter, and hence, the survey
may not be representative of the Canadian population.

The results of another survey of 500 Canadians using
Twitter are shown in the following probability table.
They are classified by education level and age in the
probability table.}

Age
19-25 26-32 33-39 40-46 Other
Education (A) (B) (C) (D) (E) Total
High School (H) 017 011 009 004 001 042
Post-secondary (G) 022 013 011 005 001 052
Other (0) 003 002 001 O 0 0.06
Total 042 026 021 003 002 1.00

If one individual is selected at random from that group

of 500 individuals, compute the following probabilities:

a. P(A) b. PANG) e PA|G)

d. P(G) e. PAUG) f. P(D|0)

g. Are events A and G independent? Justify your
answer.

h. Are events D and O mutually exclusive? Why or
why not?

i. Are events D and O independent? Explain.

j- Areevents A and G mutually exclusive? Why or

why not?

4.65 Plant Genetics Gregor Mendel was a monk
who suggested in 1865 a theory of inheritance based
on the science of genetics. He identified heterozygous
individuals for flower colour that had two alleles (one
r = recessive white colour allele and one R = dominant
red colour allele). When these individuals were mated,
3/4 of the offspring were observed to have red flowers
and 1/4 had white flowers. The table summarizes this
mating; each parent gives one of its alleles to form the
gene of the offspring.

Parent 2
Parent1 r R
r m M
R Rr  RR

We assume that each parent is equally likely to give

either of the two alleles and that, if either one or two of

the alleles in a pair is dominant (R), the offspring will

have red flowers.

a. What is the probability that an offspring in this mat-
ing has at least one dominant allele?

b. What is the probability that an offspring has at least
one recessive allele?

c. What is the probability that an offspring has one
recessive allele, given that the offspring has red
flowers?
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4.66 Online Dating According to a BBC poll,
nearly one-third of all Web users surf the Internet for a
boyfriend or girlfriend. The BBC poll surveyed close
to 11,000 Internet users in 19 countries. In Canada,
according to another poll, only one-quarter of Internet
users have tried online dating; 69% said that they would
most likely not. Further, 64% of online daters say com-
mon interests are the most important factor in finding a
potential partner online, while 49% say physical char-
acteristics (from photos and videos) are most important.
Let A be the event an online dater will find a potential
partner based on common interest. On the other hand,
let B be the event an online dater will find a potential
partner based on physical characteristics. An online
dater is selected at random, and the following prob-
abilities are given:

P(AN B)=0.23, P(A N B° =0.13,

P(A° N B) = 0.11, and P(A° N B°) = 0.53.

a. What is the probability the randomly selected online
dater will find a partner based on common interests?

b. What is the probability the randomly selected online
dater will find a partner on at least one of the two
factors?

c¢. If the randomly selected online dater finds a partner
based on common interests, what is the probability
he or she will also find a partner with regards to
physical characteristics?

d. Are the events A and B mutually exclusive? Explain.

e. Are the events A and B independent? Justify your
answer.

4.67 Canadian Youth Survey This exercise uses

a collection containing responses by Ontario youths
(ages 10-13) to a survey as part of a long-term study
conducted from 1994 through 1999.5 The question
was asked: “How do you feel about school?” The table
summarizes the results.

Male (M) Female (F)  Total
| hate school (A) 17 37 54
don't like very much (B) 35 64 99
like a bit (C) 103 138 24
like quite a bit (D) 177 169 346
like very much (E) 180 109 289
Total 512 517 1029

If one individual is drawn at random from this group,
find the following probabilities:

a. P(A) b. P(G) c. PANF)
d. P(F|lA) e. P(F|B) f. P(F|C)
g. P(C|M) h. P(BY)

161

4.68 Choosing a Mate Men and women often
disagree on how they think about selecting a mate.
Suppose that a poll of 1000 individuals in their
twenties gave the following responses to the question
of whether it is more important for their future mate to
be able to communicate their feelings (F) than it is for
that person to make a good living (G).

Feelings (F) Good Living (G) Total
Men (M) 0.35 0.20 0.55
Women (W) 0.36 0.09 0.45
Total 0.7 0.29 1.00

If an individual is selected at random from this group of
1000 individuals, calculate the following probabilities:

a. P(F) b. P(G) c. P(FIM)
d. P(FIW) e. P(M|F) f. P(WIG)

4.69 Wage Losses and the “Motherhood Gap”
According to a national survey by TD Economics, 81%
of working mothers in Canada re-enter the workforce
after leaving their jobs to have kids.® Three moms were
randomly selected:

a. What is the probability that first selected mom has
not re-entered the workforce?

b. What is the probability that all three moms
re-entered the workforce?

¢. What is the probability that none of them has
re-entered the workforce?

d. What is the probability that at least two have
re-entered the workforce?

4.70 Jordan and Alex The top two 2006-2007

NHL shooting percentage leaders are Jordan Staal

(Pittsburgh) and Alex Tanguay (Calgary). Canoe.ca

reports that the shooting percentage for Jordan is

26.0, while for Alex it is 22.8. Assume that the shots

are independent, and that each player takes two shots

during a particular game.

a. What is the probability that Alex makes both of his
shots?

b. What is the probability that Jordan makes exactly
one of his two shots?

¢. What is the probability that Jordan makes both of
his shots, and Alex makes neither of his?

4.71 Golfing Player A has entered a golf tournament
but it is not certain whether player B will enter. Player A
has a probability of 1/6 of winning the tournament if
player B enters, and a probability of 3/4 of winning if
player B does not enter the tournament. If the probabil-
ity that player B enters is 1/3, find the probability that
player A wins the tournament.

NEL
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@ BAYES’ RULE (OPTIONAL)

Colourblindness Let us reconsider the experiment involving colourblindness from
Section 4.6. Notice that the two events:

B: person selected is a man
B¢: person selected is a woman

taken together make up the sample space S, consisting of both men and women. Since
colourblind people can be either male or female, the event A, which is that a person is
colourblind, consists of both those simple events that are in A and B and those simple
events that are in A and B°. Since these two intersections are mutually exclusive, you
can write the event A as

A=ANBYUMAN B
and

P(A) = P(A N B) + P(A N BY)
=0.04 + 0.002 = 0.042

Suppose now that the sample space can be partitioned into k subpopulations, S,
S5, 83, ... , Sy that, as in the colourblindness example, are mutually exclusive and
exhaustive; that is, taken together they make up the entire sample space. In a similar
way, you can express an event A as

A=ANSHUANSHYUANSHU --- UANSY
Then

PA)=PANS) +PANS) + PANSy) + --- + PANS)
This is illustrated for £ =3 in Figure 4.14.

FIGURE 4.14
Decomposition of event A

You can go one step further and use the Multiplication Rule to write P(A N ;) as
P(S)P(AlS;), fori=1,2, ... , k The result is known as the Law of Total Probability.

LAW OF TOTAL PROBABILITY

Given a set of events Sy, S5, S, ... , S that are mutually exclusive and exhaustive
and an event A, the probability of the event A can be expressed as

P(A) = P(S)P(A|S)) + P(S))P(A|Sy) + P(S3)P(A|S3) + -+ + P(SPP(A|S)
NEL
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From the 2006 population estimates by Statistics Canada, Table 4.7 gives the fraction
of Canadians 15 years of age and older who are employed full-time in each of three age
groups by gender.” The table also shows the fraction of Canadians 15 years of age and

older in each age group.® Use the Law of Total Probability to determine the uncondi-
tional probability of a Canadian 15 years and older having a full-time job.

TABLE 4.7 Pr ility Tabl

Male Female
G, Gz Ga 64 GS GG
15-24 25-44 >45 15-24 2544 >45

Fraction of Canadians employed full-time  0.36 080 050 028 0.61 033
Fraction of Canadians 15 years and older ~ 0.08 018 023 008 018 025

Solution LetA be the event that an individual chosen at random from the Canadian
population 15 years and older is employed full-time. Let G|, G,, . . . , G4 represent the
event that the individual selected belongs to each of the six age groups, respectively.
Since the six age groups are exhaustive, you can write the event A as

A=ANGHIUMANGIUMANG)UMANGYUM@NGs) U (AN Gy
Using the Law of Total Probability, you can find the probability of A as:

P(A)=P(ANG,)) + PANGy) + P(ANG;) + P(AN Gy + P(AN Gs) + P(AN Gg)
= P(G)P(A|G)) + P(G)P(A|Gy + P(G3)P(A|G3) + P(GyP(A|Gy)
+ P(G5)P(A|Gs) + P(Gg)P(A|Ge)

From the probabilities in Table 4.7,

P(A) = (0.08)(0.36) + (0.18)(0.80) + (0.23)(0.50) + (0.08)(0.28) + (0.18)(0.61)
+ (0.25)(0.33)
= 0.5025

The unconditional probability that an individual selected at random from the popula-
tion of Canadians 15 years of age and older is employed full-time is about 0.50. Notice
that the Law of Total Probability is a weighted average of the probabilities within each
group, with weights 0.08, 0.18, 0.23, 0.08, 0.18, and 0.25, which reflect the relative
sizes of the groups.

Often you need to find the conditional probability of an event B, given that an event A
has occurred. One such situation occurs in screening tests, which used to be associated
primarily with medical diagnostic tests but are now finding applications in a variety of
fields. Automatic test equipment is routinely used to inspect parts in high-volume pro-
duction processes. Steroid testing of athletes, home pregnancy tests, and AIDS testing
are some other applications. Screening tests are evaluated on the probability of a false
negative or a false positive, and both of these are conditional probabilities.

A false positive is the event that the test is positive for a given condition, given that
the person does not have the condition. A false negative is the event that the test is
negative for a given condition, given that the person has the condition. You can evaluate
these conditional probabilities using a formula derived by the probabilist Thomas Bayes.
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The experiment involves selecting a sample from one of k subpopulations that
are mutually exclusive and exhaustive. Each of these subpopulations, denoted by
S1, 82 . .., S, has a selection probability P(S;), P(S,), P(S3), . .., P(Sy), called prior
probabilities. An event A is observed in the selection. What is the probability that the
sample came from subpopulation S;, given that A has occurred?

You know from Section 4.6 that P(S]A) = [P(A N S,)]/P(A), which can be rewritten
as P(S]A) = [P(S;)P(AlS))/P(A). Using the Law of Total Probability to rewrite P(A),
you have

P(S)P(A|S)

PSID = bisppalsy + PIPAIS) + POIPAISY + -+ + PEIPAIS)

These new probabilities are often referred to as posterior probabilities—that is, prob-
abilities of the subpopulations (also called states of nature) that have been updated
after observing the sample information contained in the event A. Bayes suggested that
if the prior probabilities are unknown, they can be taken to be 1/k, which implies that
each of the events §; through S is equally likely.

BAYES’ RULE

Let Sy, Sy, . . ., S; represent k mutually exclusive and exhaustive subpopulations
with prior probabilities P(S,), P(S,), . . . , P(S). If an event A occurs, the posterior
probability of S; given A is the conditional probability

P(S)P(A]S)
k
Z P(S)P(A|S)
=

P(S;|A) =

fori=1,2,...,k

The XL-2100 lamp unit is designed to be used with the Sony LCD projection TV
“Grand WEGA.” An electronics company purchases the lamp unit from three manu-
factures located in Japan, China, and Korea respectively. The company located in
Japan delivers the shipment on time 90% of the time, the company in Korea makes
the shipment on time 85% of the time, whereas the company in China is 95% on
time. The past record shows that the electronics company placed the orders with the
company in China 70% of the time and to the company in Japan about 20% of the
time. If a lamp unit was selected at random and identified as being shipped in time,
find the probability that the selected unit was manufactured by the company located
in China.

Solution Let A be the event that a lamp unit was shipped in time. Let Sy, S, and
S, represent the event that the lamp unit was manufactured in Japan, China, and Korea,
respectively. Here we are interested in finding posterior probability, that is, P (S,|A).
Note that the three locations are exhaustive and form a partition of the sample space for
the experiment of selecting one manufacturing location. Then,

P(S,|A) = P(S, and A)/P(A) = P(A|S,)P(S,)/P(A)
P(A) = P(A and S)) + P(A and S,) + P(A and S3).
Note that S}, S, and S3 are mutually exclusive and exhaustive.
NEL
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P(A) = PA|S)P(S)) + P(A|S))P(Sy) + P(A|Sp)P(S3)
= (0.90)(0.20) + (0.95)(0.70) + (0.85)(0.10)
Note: P(S;) = 1 — 0.20 — 0.70 = 0.10
=0.180 + 0.665 + 0.085 = 0.93.
P(S,]A) = P(A|S,)P(S,)/P(A) = (0.95)(0.70)/0.93 = 0.715.

Note that the posterior probability 0.715 is slightly greater than the prior probability of
0.70, since the plant in China has the highest probability of shipping the item on time.
The updated (posterior) probability incorporates this fact!

Refer to Project 3-A. Canada has a Road Safety Vision of having the safest roads in the
world. Yet, the leading cause of death of Canadian children remains vehicle crashes.
In 2006, a national child seat safety survey was conducted by an AUTO21 research
team in collaboration with Transport Canada to empirically measure Canada’s progress
toward achieving Road Safety Vision 2010. Child seat use was observed in parking lots
and nearby intersections in 200 randomly selected sites across Canada. The restraints
were classified in four categories: rear-facing infant seat, forward-facing, booster seat,
and seat belt only. Further, the ages were divided in four groups: infant, toddler, school
years, and over 9 years. Their findings show that 21.3% of toddlers were in a rear-
facing infant seat, 76.3% of toddlers were in a forward-facing infant seat, 20% of tod-
dlers were in a booster seat, whereas only 0.3% of toddlers were wearing a seat belt
only. Further, the survey results show that among all the children 9.5% were in a rear-
facing infant seat, 26.3% were in a forward-facing seat, 24.5% were in a booster seat,
and 39.7% were wearing a seat belt only. If a child is selected at random and observed
to be a toddler, find the probability that the child was in a rear-facing infant seat.

Solution Let A be the event that a child selected at random is a toddler. Further, let
81, S5, S3, and S, represent the event that the selected child used each of the four types
of restraint.

Here, we will be calculating a posterior probability using Bayes’ rule. In other words,
we are supposed to calculate a conditional probability. Thus, we are interested in calcu-
lating P(S,|A), which is given by

P(S;|A) = P(S, and A)/P(A) = P(A|S))P(S,)/P(A)
P(A) = P(Aand S;) + P(Aand S,) + P(A and S3) + P(A and Sy)

Note that S}, S,, S3, and S, are mutually exclusive and exhaustive.

P(A) = P(A|S)P(S)) + P(A[S)P(Sy) + P(A|S3)P(S3) + P(A|S3)P(S,)
= (0.213)(0.095) + (0.763)(0.263) + (0.200)(0.245) + (0.003)(0.397)
= 0.020 + 0.201 + 0.049 + 0.001 = 0.271.
P(S,|A) = P(S, and A)/P(A) = P(A|S,)P(S;)/P(A) = (0.213)(0.095)/0.271
= 0.020/0.271 = 0.075

What are the deal breakers for you on the dating scene? Several questions were asked
of respondents in an online survey conducted by the Globe and Mail on Friday, June
25, 2009. More than 7,500 Canadian coast to coast participated in this poll. One of the
questions was: Which of the following is the biggest dating deal breaker for you? The

percentages of affirmative responses given by females and males to each category of
deal breaker are below.

NEL
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Has kids: Female 4%; Male 9%
Uneducated: Female 21%; Male 27%
Lack of financial stability: Female 13%; Male 7%

Suppose that in this survey about 69% respondents were female. In a follow-up study,
a person is selected at random.

1. What is the probability that the chosen person will respond that “has kids” is
the biggest dating deal breaker given that the individual is a female?

2. What is the probability that the respondent is a female and thinks“uneducated”
is the biggest dating deal breaker?

3. What is the probability that a selected person is a female given that she
considers that “has kids” is the biggest dating deal breaker factor?

Solution 1. You need to find the conditional probability. First, let A be the event
that the selected individual responding with “has kids” being the greatest deal breaker
and F be the event that the selected person is a female. In other words, we are interested
in finding P(A|F).

The poll results provide P(A and F) = 0.04 and
P(A|F) = P(A and F)/P(F) = (0.04)/(0.69) = 0.0580.
2. Let B the event “uneducated.” You are supposed to find P(B and F).
P(B and F) = 0.21.

3. In this question you are asked to calculate the conditional probability (posterior
probability), that is, P(F|A). Thus,

P(F|A) = P(A and F)/P(A),
P(A) = P(A and F) + P(A and M) = 0.04 + 0.09 = 0.13
P(F|A) = P(A and F)/P(A) = 0.04/0.13 = 0.3077.

Refer to Example 4.24. Find the probability that the person selected is 45 years of age
or older, and female, given that the individual is employed full-time.

Solution You need to find the conditional probability given by

P(G|A) = P(A N Gg)
° P(A)
You have already calculated P(A) = 0.5025 using the Law of Total Probability,
therefore,

P(Gg)P(A|G
P(G6|A)= _(M

ZP(G,-)P(AIGj)
=

- (0.25)(0.33)
(0.08)(0.36) + (0.18)(.80) + (0.23)(0.50) + (0.08)(0.28) + (0.18)(0.61) + (0.25)(0.33)

0.0825
= 05025 01642
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In this case, the posterior probability of 0.16 is somewhat less than the prior probability
of 0.25 (from Table 4.7). This group a priori was the highest, and only a small propor-
tion of this segment was employed full-time.

What is the posterior probability that the individual selected is a male in the 25-44
age range, given that the individual is employed full-time?

P(G,|A) = (0.18)(0.80)
(Gl4) = (0.08)(0.36) + (0.18)(0.80) + (0.23)(0.50) + (0.08)(0.28) + (0.18)(0.61) + (.25)(.33)
0.144
= 05025 0.2866

The posterior probability of 0.29 is substantially greater than the prior probability of
0.18. In effect this age group was a priori the second smallest segment in the popula-
tion sampled, but at the same time, the proportion of individuals in this group who
were employed full-time had the highest probability of any age groups. These two facts
taken together cause an upward adjustment of around a third in the prior probability
of 0.18.

Bayesian and Frequentist Perspectives
in Statistics

There are two schools of thought in statistical science literature: the classical (Fre-
quentist) and Bayesian methodologies. The main difference between Frequentist and
Bayesian statistics boils down to different interpretations of probability. A Frequentist
defines probability in the repeated sampling context, or using the notion of “what hap-
pens in long run.” For example, the probability of having baby girls (or tossing a coin
which turns heads) is 1/2. A Frequentist will argue that if the probability of having
baby girls is 1/2, which suggests if we repeat this experiment of having babies, it is
highly probable that approximately the same number of boys and girls will be born. In
other words, the chances of having human boys and girls in the world are fifty/fifty.
However, Bayesian point of view is much different, in that their assigning a probability
to an outcome of the experiment is rather personal and is based on the experimenter’s
judgment. In some instances this judgement may be some sort of conjecture about the
outcome of the experiment. For this reason Bayesian perspective is commonly known
as a subjectivist point of view. The Bayesian will argue that the probability of having
baby girls being 1/2 means that one can safely guess that the probability for having
either girls or boys is 1/2; however, the gender of a baby is not important, and this fact
can be used for further study. In some sense, the Bayesian elucidation of probability
can be viewed as an extension of logic that provides reasoning with uncertainty. In a
Bayesian framework, some prior probability is specified, which is then updated using
current available data. The Bayesian probability calculation may incorporate (but not
necessarily) both sample and non-sample information (NSI) in terms of prior informa-
tion (prior probability).

The Bayesian probability calculation is already defined and discussed in the previ-
ous section. Here we summarize some terminology and definitions in the calculation of
Bayesian probability. Let S be a conjecture or hypothesis, and let A be the data, then the
Bayesian inference uses Bayes’ formula for conditional probability:

P(S|A) = PA|S)P(S)/P(A)
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P(S) is the prior probability of S. In other words, the probability that S is correct
before the data A was observed.

P(AlS) is the conditional probability of observed data A given that the conjecture

S is true.

P(AlS) is also termed as the likelihood.
P(A) is called the marginal probability of data A.

Thus, given exhaustive set of mutually exclusive hypotheses S;, i = 1,2, ... k.

P(A) = PA|S)P(S)) + P(A|S)P(S;) + P(A|S3)P(S3) +

... + P(A|SYHP(S)

The outcome P(S|A) is called the posterior probability, the probability that the hypoth-
esis is true, given the data and the previous belief about the hypothesis.

@ EXERCISES

BASIC TECHNIQUES

4.72 Bayes’ Rule A sample is selected from one of
two populations, S; and S,, with probabilities P(S;) =
0.7 and P(S,) = 0.3. If the sample has been selected
from §, the probability of observing an event A is
P(AlS,) = 0.2. Similarly, if the sample has been selected
from S,, the probability of observing A is P(AlS,) = 0.3.
a. If a sample is randomly selected from one of the
two populations, what is the probability that event
A occurs?
b. If the sample is randomly selected and event A is
observed, what is the probability that the sample was
selected from population S;? From population S,?

4.73 Bayes’ Rule Il If an experiment is conducted,
one and only one of three mutually exclusive events
S1, S5, and S5 can occur, with these probabilities:

P(S) =0.2 P(S;) = 0.5 P(S3) =0.3

The probabilities of a fourth event A occurring, given
that event S}, S5, or S5 occurs, are

P(A|Sl) =0.2 P(AISZ) =0.1 P(A|S3) =0.3
If event A is observed, find P(S 1|A), P(SZIA), and P(S;'A).

4.74 Law of Total Probability A population

can be divided into two subgroups that occur with
probabilities 60% and 40%, respectively. An event

A occurs 30% of the time in the first subgroup and
50% of the time in the second subgroup. What is the
unconditional probability of the event A, regardless of
which subgroup it comes from?

APPLICATIONS

4.75 Violent Crime City crime records show that
20% of all crimes are violent and 80% are non-violent,

involving theft, forgery, and so on. Ninety percent of
violent crimes are reported versus 70% of non-violent
crimes.

a. What is the overall reporting rate for crimes in
the city?

b. If a crime in progress is reported to the police, what
is the probability that the crime is violent? What is
the probability that it is non-violent?

c. Refer to part b. If a crime in progress is reported
to the police, why is it more likely that it is a
non-violent crime? Wouldn’t violent crimes be
more likely to be reported? Can you explain these
results?

4.76 Worker Error A worker-operated machine
produces a defective item with probability 0.01 if the
worker follows the machine’s operating instructions
exactly, and with probability 0.03 if the worker does
not. If the worker follows the instructions 90% of the
time, what proportion of all items produced by the
machine will be defective?

4.77 Airport Security Suppose that, in a particular
city, airport A handles 50% of all airline traffic, and
airports B and C handle 30% and 20%, respectively.
The detection rates for weapons at the three airports are
0.9, 0.5, and 0.4, respectively. If a passenger at one of
the airports is found to be carrying a weapon through
the boarding gate, what is the probability that the pas-
senger is using airport A? Airport C?

4.78 Football Strategies A particular football team
is known to run 30% of its plays to the left and 70% to
the right. A linebacker on an opposing team notes that
the right guard shifts his stance most of the time (80%)
when plays go to the right and that he uses a balanced
stance the remainder of the time. When plays go to the
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left, the guard takes a balanced stance 90% of the time
and the shift stance the remaining 10%. On a particular
play, the linebacker notes that the guard takes a bal-
anced stance.

a. What is the probability that the play will go to
the left?

b. What is the probability that the play will go to
the right?

¢. If you were the linebacker, which direction would
you prepare to defend if you saw the balanced
stance?

4.79 No Pass, No Play Many public schools are
implementing a “no pass, no play” rule for athletes.
Under this system, a student who fails a course is
disqualified from participating in extracurricular
activities during the next grading period. Suppose the
probability that an athlete who has not previously been
disqualified will be disqualified is 0.15 and the prob-
ability that an athlete who has been disqualified will
be disqualified again in the next time period is 0.5. If
30% of the athletes have been disqualified before, what
is the unconditional probability that an athlete will be
disqualified during the next grading period?

4.80 Medical Diagnostics Medical case histories
indicate that different illnesses may produce identi-
cal symptoms. Suppose a particular set of symptoms,
which we will denote as event H, occurs only when
any one of three illnesses—A, B, or C—occurs. (For
the sake of simplicity, we will assume that illnesses
A, B, and C are mutually exclusive.) Studies show
these probabilities of getting the three illnesses:

P(A) = 0.01
P(B) = 0.005
P(C) =0.02

The probabilities of developing the symptoms H, given
a specific illness, are

P(H|A) = 0.90
P(H|B) = 0.95
P(H|C) =0.75

169

Assuming that an ill person shows the symptoms H,
what is the probability that the person has illness A?

4.81 Cheating on Your Taxes? Suppose 5% of all
people filing the income tax form seek deductions that
they know are illegal, and an additional 2% incorrectly
list deductions because they are unfamiliar with income
tax regulations. Of the 5% who are guilty of cheating,
80% will deny knowledge of the error if confronted by
an investigator. If the filer of the long form is con-
fronted with an unwarranted deduction and he or she
denies the knowledge of the error, what is the probabil-
ity that he or she is guilty?

4.82 Screening Tests Suppose that a certain disease
is present in 10% of the population, and that there is a
screening test designed to detect this disease if present.
The test does not always work perfectly. Sometimes
the test is negative when the disease is present, and
sometimes it is positive when the disease is absent. The
table below shows the proportion of times that the test
produces various results:

| Test Is Positive (P)  Test Is Negative (N)

Disease 0.08 0.02
present (D)
Disease 0.05 085
absent (D°)

a. Find the following probabilities from the table:
P(D), P(D°), P(N|D°), P(N|D).

b. Use Bayes’ Rule and the results of part a to find
P(DIN).

¢. Use the definition of conditional probability to find
P(D|N). (Your answer should be the same as the
answer to part b.)

d. Find the probability of a false positive, that the test
is positive, given that the person is disease-free.

e. Find the probability of a false negative, that the test
is negative, given that the person has the disease.

f. Are either of the probabilities in parts d or e large
enough that you would be concerned about the reli-
ability of this screening method? Explain.

DISCRETE RANDOM VARIABLES AND

©

THEIR PROBABILITY DISTRIBUTIONS

In Chapter 1, variables were defined as characteristics that change or vary over time

and/or for different individuals or objects under consideration. Quantitative variables
generate numerical data, whereas qualitative variables generate categorical data.
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However, even qualitative variables can generate numerical data if the categories are
numerically coded to form a scale. For example, if you toss a single coin, the qualita-
tive outcome could be recorded as “0” if a head and “1” if a tail.

Random Variables

A numerically valued variable X will vary or change depending on the particular out-
come of the experiment being measured. For example, suppose you toss a die and
measure X, the number observed on the upper face. The variable X can take on any of
six values—1, 2, 3, 4, 5, 6—depending on the random outcome of the experiment. For
this reason, we refer to the variable X as a random variable.

Definition A variable x is a random variable if the value that it assumes, corre-
sponding to the outcome of an experiment, is a chance or random event.

You can think of many examples of random variables:

* X =Number of defects on a randomly selected piece of furniture
¢ X =GPA score for a randomly selected university student

* X =Number of telephone calls received by a crisis intervention hotline during a
randomly selected time period

As in Chapter 1, quantitative random variables are classified as either discrete or
continuous, according to the values that X can assume. It is important to distinguish
between discrete and continuous random variables because different techniques are
used to describe their distributions. We focus on discrete random variables in the
remainder of this chapter; continuous random variables are the subject of Chapter 6.

Probability Distributions

In Chapters 1 and 2, you learned how to construct the relative frequency distribution
for a set of numerical measurements on a variable X. The distribution gave this infor-
mation about X:

¢ What values of X occurred
¢ How often each value of X occurred

You also learned how to use the mean and standard deviation to measure the centre and
variability of this data set.

In this chapter, we defined probability as the limiting value of the relative frequency
as the experiment is repeated over and over again. Now we define the probability dis-
tribution for a random variable X as the relative frequency distribution constructed for
the entire population of measurements.

Definition The probability distribution for a discrete random variable is a for-
mula, table, or graph that gives the possible values of X, and the probability p(x) associ-
ated with each value of x.

The values of X represent mutually exclusive numerical events. Summing p(x) over
all values of x is equivalent to adding the probabilities of all simple events and there-
fore equals 1.
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REQUIREMENTS FOR A DISCRETE PROBABILITY

DISTRIBUTION
* 0=p=1
* Zp=1

Toss two fair coins and let X equal the number of heads observed. Find the probability
distribution for X.

Solution The simple events for this experiment with their respective probabilities
are listed in Table 4.8. Since E| = HH results in two heads, this simple event results
in the value x = 2. Similarly, the value x = 1 is assigned to E,, and so on. For each

Simple

Event Coin1 Coin2 AE) x
g H H 1 2
g H T 74 1
& T H " 1
& T T 174 0

value of x, you can calculate p(x) by adding the probabilities of the simple events in
that event. For example, when x =0,

1
pO) = P(E) =

and whenx=1,

N | =

p(1) = P(Ey) + P(E3) =

The values of x and their respective probabilities, p(x), are listed in Table 4.9. Notice
that the probabilities add to 1.

Simple Events

inx plx)
E 1/4
b E 1/2

3] 1/4

N = O X

ONLINE APPLET The probability distribution in Table 4.9 can be graphed using the methods of Sec-

tion 1.5 to form the probability histogram in Figure 4.15." The three values of the
random variable X are located on the horizontal axis, and the probabilities p(x) are
located on the vertical axis (replacing the relative frequencies used in Chapter 1). Since
the width of each bar is 1, the area under the bar is the probability of observing the
particular value of x and the total area equals 1.

Flipping Coins

" The probability distribution in Table 4.9 can also be presented using a formula, which is given in Section 5.2.
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FIGURE 4.15
Probability histogram for
Example 4.29

pix)

The Mean and Standard Deviation

for a Discrete Random Variable

The probability distribution for a discrete random variable looks very similar to the
relative frequency distribution discussed in Chapter 1. The difference is that the rela-
tive frequency distribution describes a sample of n measurements, whereas the proba-
bility distribution is constructed as a model for the entire population of measurements.
Just as the mean x and the standard deviation s measured the centre and spread of the
sample data, you can calculate similar measures to describe the centre and spread of
the population.

The population mean, which measures the average value of x in the population, is
also called the expected value of the random variable X. It is the value that you would
expect to observe on average if the experiment is repeated over and over again. The
formula for calculating the population mean is easier to understand by example. Toss
those two fair coins again, and let x be the number of heads observed. We constructed
this probability distribution for x:

X | 0 1 2
px) | e 12

Suppose the experiment (tossing coins) is repeated a large number of times—say,
n=4,000,000 times. Intuitively, you would expect to observe approximately 1 million
zeros, 2 million ones, and 1 million twos. Then the average value of x would equal

Sum of measurements _ 1,000,000(0) + 2,000,000(1) + 1,000,000(2)

n 4,000,000

@+ (o (o

Note that the first term in this sum is (0)p(0), the second is equal to (1)p(1), and the
third is (2)p(2). The average value of X, then, is

1 2
=0+ — + = =
Sxp(x) =0 5 7 1

This result provides some intuitive justification for the definition of the expected value
of a discrete random variable X.
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Definition Let X be a discrete random variable with probability distribution p(x).
The mean or expected value of X is given as

p = E(X) = Zxp(x)

where the elements are summed over all values of the random variable x.

We could use a similar argument to justify the formulas for the population variance
o and the population standard deviation o. These numerical measures describe the
spread or variability of the random variable using the “average” or “expected value” of
the squared deviations of the x-values from their mean pu.

Definition Let X be a discrete random variable with probability distribution p(x)
and mean w. The variance of x is

o? = E[(X — =3 — wpk)

where the summation is over all values of the random variable x."

Definition The standard deviation o of a random variable X is equal to the
positive square root of its variance.

An electronics store sells a particular model of computer laptop. There are only four
laptops in stock, and the manager wonders what today’s demand for this particular
model will be. She learns from the marketing department that the probability distribu-
tion for X, the daily demand for the laptop, is as shown in the table. Find the mean,
variance, and standard deviation of X. Is it likely that five or more customers will want
to buy a laptop today?

X 0 1 2 3 4 5
070 040 020 015 010 005

plx)

Solution Table 4.10 shows the values of x and p(x), along with the individual terms
used in the formulas for g and . The sum of the values in the third column is

w= Zxp(x) = (0)(.10) + (1)(.40) + --- + (5)(.05) = 1.90
while the sum of the values in the fifth column is

0% = 3(x — w’p(x)

=0 — 1.92.10) + (1 — 1.9)%(.40) + --- + (5 — 1.99%.05) = 1.79

and

o=Vo*= V17 = 134

¥ It can be shown (proof omitted) that

0% = 3(x — wp(x) = Zp(x) —

This result is analogous to the computing formula for the sum of squares of deviations given in Chapter 2.
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TABLE 4.10 P Calculations for Example 4.30
X plx)  xplx) (x—pl  (x—p?px)

0 0.10 000 3.61 0.361

1 040 040 0.81 0.324

2 020 040 0.01 0.002

3 015 045 1.21 0.1815

4 0.10 040 441 0.441

5 005 025 9.61 0.4805
Total 100 =190 o?=179

The graph of the probability distribution is shown in Figure 4.16. Since the distribution
is approximately mound-shaped, approximately 95% of all measurements should lie
within two standard deviations of the mean—that is,

+ 20=190 £ 2(1.34) or — 0.78 to 4.58

Since x =35 lies outside this interval, you can say it is unlikely that five or more custom-
ers will want to buy a laptop today. In fact, P(X =5) is exactly 0.05, or 1 time in 20.

FIGURE 4.16
Probability distribution for
Example 4.30

p(x)

In a lottery conducted to benefit the local fire station, 8000 tickets are to be sold at $5
each. The prize is $12,000. If you purchase two tickets, what is your expected gain?
Solution Your gain x may take one of two values. You will either lose $10 (i.e.,

your “gain” will be —$10) or win $11,990, with probabilities 7998/8000 and 2/8000,
respectively. The probability distribution for the gain x is shown in the table:

X plx)
-$10 7998/8000
$11,990 2/8000
The expected gain will be

K = E(X) = Zxp(x)

7998 2
—(-$10)( ) + ($11900)(8000) =—$7
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Recall that the expected value of X is the average of the theoretical population that
would result if the lottery were repeated an infinitely large number of times. If this were
done, your average or expected gain per lottery ticket would be a loss of $7.

Determine the yearly premium for a $1000 insurance policy covering an event that,
over a long period of time, has occurred at the rate of 2 times in 100. Let X equal the
yearly financial gain to the insurance company resulting from the sale of the policy,
and let C equal the unknown yearly premium. Calculate the value of C such that the

expected gain E(X) will equal zero. Then C is the premium required to break even. To
this, the company would add administrative costs and profit.

Solution The first step in the solution is to determine the values that the gain x may
take and then to determine p(x). If the event does not occur during the year, the insur-
ance company will gain the premium of X = C dollars. If the event does occur, the gain
will be negative; that is, the company will lose $1000 less the premium of C dollars
already collected. Then x = —(1000 — C) dollars. The probabilities associated with
these two values of x are 98/100 and 2/100, respectively. The probability distribution
for the gain is shown in the table:

x=Gain plx)

(H 98/100
—{1000—C) 2/100

Since the company wants the insurance premium C such that, in the long run (for many
similar policies), the mean gain will equal zero, you can set the expected value of x
equal to zero and solve for C. Then

K= EX) = Zxp(x)

98 2
- C<W) + [~(1000 — CH(@) =0

or

98 2
—i 3 —_ -—
100C IOOC 20=0

Solving this equation for C, you obtain C = $20. Therefore, if the insurance company
charged a yearly premium of $20, the average gain calculated for a large number of
similar policies would equal zero. The actual premium would equal $20 plus adminis-
trative costs and profit.

The method for calculating the expected value of X for a continuous random vari-
able is similar to what you have done, but in practice it involves the use of calculus.
Nevertheless, the basic results concerning expectations are the same for continuous
and discrete random variables. For example, regardless of whether X is continuous or
discrete, u = E(X) and o = E[(X — p)?].
NEL
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BASIC TECHNIQUES

4.83 Discrete or Continuous? Identify the follow-
ing as discrete or continuous random variables:

a. Total number of points scored in a football game

b. Shelf life of a particular drug

c. Height of the ocean’s tide at a given location

d. Length of a two-year-old black bass

e. Number of aircraft near-collisions in a year

4.84 Discrete or Continuous Il Identify the follow-
ing as discrete or continuous random variables:

a. Increase in length of life attained by a cancer patient
as a result of surgery

b. Tensile breaking strength (in kilograms per square
centimetre) of 2.5-centimetre-diameter steel cable

¢. Number of deer killed per year in a state wildlife
preserve

d. Number of overdue accounts in a department store
at a particular time

e. Your blood pressure

4.85 Probability Distribution | A random variable
X has this probability distribution:

x |01 2 3 45
pld | 01 03 04 01 ? 005
a. Find p(4).

b. Construct a probability histogram to describe p(x).

¢. Find g, 0% and 0.

d. Locate the interval p + 20 on the x-axis of the histo-
gram. What is the probability that X will fall into
this interval?

e. If you were to select a very large number of values
of X from the population, would most fall into the
interval p + 20°? Explain.

4.86 Probability Distribution Il A random variable

X can assume five values: 0, 1, 2, 3, 4. A portion of the

probability distribution is shown here:

x |0 1 23 4
pby | 01 03 03 ? 01
a. Find p(3).

b. Construct a probability histogram for p(x).

¢. Calculate the population mean, variance, and stan-
dard deviation.

d. What is the probability that X is greater than 2?
e. What is the probability that X is 3 or less?

4.87 Dice Let X equal the number observed on the
throw of a single balanced die.

a. Find and graph the probability distribution for X.
b. What is the average or expected value of X?

c. What is the standard deviation of X?

d. Locate the interval u + 20 on the x-axis of the graph
in part a. What proportion of all the measurements
would fall into this range?

4.88 Grocery Visits Let X represent the number of
times a customer visits a grocery store in a one-week
period. Assume this is the probability distribution of X:
X | o 1 2 3

pld | 01 04 04 01

Find the expected value of X, the average number of
times a customer visits the store.

APPLICATIONS

4.89 Letterman or Leno? Who is the king of late
night TV? An Internet survey estimates that, when
given a choice between David Letterman and Jay Leno,
52% of the population prefers to watch Jay Leno.
Suppose that you randomly select three late night TV
watchers and ask them which of the two talk show
hosts they prefer.

a. Find the probability distribution for X, the number
of people in the sample of three who would prefer
Jay Leno.

b. Construct the probability histogram for p(x).

c. What is the probability that exactly one of the three
would prefer Jay Leno?

d. What are the population mean and standard devia-
tion for the random variable X?

4.90 Which Key Fits? A key ring contains four
office keys that are identical in appearance, but only
one will open your office door. Suppose you ran-
domly select one key and try it. If it does not fit, you
randomly select one of the three remaining keys. If it
does not fit, you randomly select one of the last two.
Each different sequence that could occur in selecting
the keys represents one of a set of equiprobable simple
events.

a. List the simple events in § and assign probabilities
to the simple events.
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b. Let X equal the number of keys that you try
before you find the one that opens the door
(x=1,2, 3, 4). Then assign the appropriate value of
X to each simple event.

¢. Calculate the values of p(x) and display them in a
table.

d. Construct a probability histogram for p(x).

4.91 Roulette Exercise 4.10 described the game of
roulette. Suppose you bet $5 on a single number—say,
the number 18. The payoff on this type of bet is usually
35 to 1. What is your expected gain?

4.92 Gender Bias? A company has five applicants for
two positions: two women and three men. Suppose that
the five applicants are equally qualified and that no pref-
erence is given for choosing either gender. Let x equal
the number of women chosen to fill the two positions.

a. Find p(x).
b. Construct a probability histogram for x.

4.93 Defective Equipment A piece of electronic
equipment contains six computer chips, two of which are
defective. Three chips are selected at random, removed
from the piece of equipment, and inspected. Let X equal
the number of defectives observed, where x=0, 1, or

2. Find the probability distribution for X. Express the
results graphically as a probability histogram.

4.94 Drilling Oil Wells Past experience has shown
that, on the average, only 1 in 10 wells drilled hits
oil. Let X be the number of drillings until the first
success (oil is struck). Assume that the drillings
represent independent events.

a. Find p(1), p(2), and p(3).
b. Give a formula for p(x).
¢. Graph p(x).

4.95 Tennis, Anyone? Two tennis professionals,

A and B, are scheduled to play a match; the winner is
the first player to win three sets in a total that cannot
exceed five sets. The event that A wins any one set is
independent of the event that A wins any other, and the
probability that A wins any one set is equal to 0.6.

Let X equal the total number of sets in the match; that
is, x=3, 4, or 5. Find p(x).

4.96 Tennis, again The probability that a tennis
player A can win a set from tennis player B is one
measure of the comparative abilities of the two players.
In Exercise 4.95 you found the probability distribution
for X, the number of sets required to play a best-of-five-
sets match, given that the probability that A wins any
one set—call this P(A)—is 0.6.
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a. Find the expected number of sets required to com-
plete the match for P(A) = 0.6.

b. Find the expected number of sets required to
complete the match when the players are of equal
ability—that is, P(A) =0.5.

¢. Find the expected number of sets required to com-
plete the match when the players differ greatly in
ability—that is, say, P(A) =0.9.

4.97 The PGA One professional golfer plays best

on short-distance holes. Experience has shown that the

numbers x of shots required for 3-, 4-, and 5-par holes
have the probability distributions shown in the table:

Par-3Holes  Par-4 Holes  Par-5 Holes
X plx) X plx) X plx)
2 0.12 3 0.14 4 0.04
3 0.80 4 0.80 5 0.80
4 0.06 5 0.04 6 0.12
5 0.02 6 0.02 7 0.04

What is the golfer’s expected score on these holes?
a. A par-3 hole
b. A par-4 hole
¢. A par-5 hole

4.98 Insuring Your Diamonds You can insure a
$50,000 diamond for its total value by paying a pre-
mium of D dollars. If the probability of theft in a given
year is estimated to be 0.01, what premium should the
insurance company charge if it wants the expected gain
to equal $1000?

4.99 Health Canada Testing The maximum patent
life for a new drug is, in most cases, 20 years. Sub-
tracting the length of time required by Health Canada
for testing and approval of the drug provides the actual
patent life of the drug—that is, the length of time that
a company has to recover research and development
costs and make a profit. Suppose the distribution of
the lengths of patent life for new drugs is as shown
here:

Years, x 3 4 5 6 7 8
plx) 003 005 007 010 014 020
Years, x 9 10 " 12 13

plx) 018 012 007 003 001

a. Find the expected number of years of patent life for
a new drug.

b. Find the standard deviation of X.

c. Find the probability that X falls into the interval
unt2o.
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4.100 No Time for Vegetables In a survey
conducted by Ipsos Canada, 41% Canadians say that
because of their busy lifestyles, they find it hard to
prepare and eat enough vegetables.” Suppose you had
conducted your own telephone survey at the same time.
You randomly called people and asked them whether
they find time to eat vegetables. Assume that the
percentage given in the Ipsos Survey can be taken to
approximate the percentage of all adult Canadians who
find time to eat vegetables.

a. Find the probability for X, the number of calls until
you find the first person who does not find time to
eat vegetables.

b. What problems might arise as you randomly call
people and ask them to take part in your survey?
How would this affect the reliability of the prob-
abilities calculated in part a?

4.101 Shipping Charges From experience, a ship-
ping company knows that the cost of delivering a small

package within 24 hours is $14.80. The company charges
$15.50 for shipment but guarantees to refund the charge
if delivery is not made within 24 hours. If the com-

pany fails to deliver only 2% of its packages within the
24-hour period, what is the expected gain per package?

4.102 Actuaries A manufacturing representative

is considering taking out an insurance policy to cover
possible losses incurred by marketing a new product.
If the product is a complete failure, the representative
feels that a loss of $80,000 would be incurred; if it is
only moderately successful, a loss of $25,000 would
be incurred. Insurance actuaries have determined from
market surveys and other available information that the
probabilities that the product will be a failure or only
moderately successful are 0.01 and 0.05, respectively.
Assuming that the manufacturing representative is will-
ing to ignore all other possible losses, what premium
should the insurance company charge for a policy in
order to break even?

CHAPTER REVIEW

Key Concepts and Formulas

I. Experiments and the Sample Space

1. Experiments, events, mutually exclusive
events, simple events

2. The sample space
3. Venn diagrams, tree diagrams, probability tables

Il. Probabilities
1. Relative frequency definition of probability
2. Properties of probabilities
a. Each probability lies between 0 and 1
b. Sum of all simple-event probabilities equals 1

3. P(A), the sum of the probabilities for all simple
events in A

Ill. Counting Rules
1. mn Rule; extended mn Rule
n!
(n—r)

n!

2. Permutations: P} =

3. Combinations: Cf = —————
rli(n — n)!

IV. Event Relations
1. Unions and intersections

2. Events
a. Disjoint or mutually exclusive: P(A N B) =0
b. Complementary: P(A)=1— P(A°)

3. Conditional probability: P(A|B) = LA ARE )
P(B)

4. Independent and dependent events

5. Addition Rule:
P(AU B)=P(A) + P(B)— P(AN B)

6. Multiplication Rule: P(A N B) = P(A)P(B|A)

7. Law of Total Probability

8. Bayes’ Rule

V. Discrete Random Variables
and Probability Distributions

1. Random variables, discrete and continuous
2. Properties of probability distributions
a 0=px)=1
b. Ep(x)=1
3. Mean or expected value of a discrete random
variable: u = Zxp(x)

4. Variance and standard deviation of a discrete
random variable: o = 3(x — u)*p(x) and
o =Vo?
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Discrete Probability Distributions in Microsoft Excel

Although Excel cannot help you solve the types of general probability problems pre-
sented in this chapter, it is useful for calculating the mean, variance, and standard
deviation of the random variable x. In Chapters 5 and 6, we will use Excel to calculate
exact probabilities for three special cases: the binomial, the Poisson, and the normal
random variables.

Suppose you have this general discrete probability distribution:

x |0 1 3 5
plx) | 025 035 025 015

1. Enter the values of x and p(x) into columns A and B of a new Excel spread-
sheet. Then create two columns—column C (named “x'p(x)”) and column D
(named “xsq*p(x)). You can now use the Function * command to fill in col-
umns C and D. In Excel, an “equals” sign indicates that you are going to type
an equation (or insert a function). Hence, in cell C2, we type: =A2*B2.

Then, to copy this formula to the remaining three cells in column C, simply
click on cell C2, grab the square in the lower right corner of the cell with your
mouse, and drag to cell C5 to copy.

2. To fill in column D, type the following equation into cell D2: = A2*A2*B2
and then copy this formula to the remaining three cells in column D as
explained above.

3. Finally, use the first three cells in column F to type the names “Mean,”
“Variance,” and “Std Dev.” Again, use the equation (or insert function)
commands. In cell G1 (Mean), type: =SUM(C2:C5); in cell G2 (Variance),
type: =SUM(D2:D5)—(G1*G1); and in cell G3 (Standard Deviation), type:
=SQRT(G2). The resulting spreadsheet is shown in Figure 4.17.

FIGURE 4.17

® A B C D E F G
1 x p(x) x*p(x) xsq*p(x) Mean 1.85
2 0 0.25 0 0 Variance 2.9275
3 1 0.35 0.35 0.35 Std Dev  1.710994
4 3 0.25 0.75 2.25
5 5 0.15 0.75 3.75

Discrete Probability Distributions in MINITAB

Although MINITAB cannot help you solve the types of general probability problems
presented in this chapter, it is useful for graphing the probability distribution p(x) for a
general discrete random variable X when the probabilities are known, and for calculat-
ing the mean, variance, and standard deviation of the random variable X. In Chapters 5
and 6, we will use MINITAB to calculate exact probabilities for three special cases: the
binomial, the Poisson, and the normal random variables.

NEL
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Suppose you have this general probability distribution:

x |0 1 3 5
pld | 025 035 025 015

1. Enter the values of x and p(x) into columns C1 and C2 of a new MINITAB
worksheet. In the gray boxes just below C3, C4, and CS, respectively, type
the names “Mean,” “Variance,” and “Std Dev.” You can now use the Calc »
Calculator command to calculate u, 0%, and o and to store the results in col-
umns C3-CS5 of the worksheet.

2. Use the same approach for all three parameters. In the Calculator dialogue box,
select “Mean” as the column in which to store . In the Expression box, use the
Functions list, the calculator keys, and the variables list on the left to highlight,
select, and create the expression for the mean (see Figure 4.18(a)):

SUM(‘x***p(x)”)

MINITAB will multiply each row element in C1 times the corresponding row
element in C2, sum the resulting products, and store the result in C3! You can
check the result by hand if you like.

3. The formulas for the variance and standard deviation are selected in a similar
way:
Variance: SUM((‘x” — ‘Mean’)**2*‘p(x)”)
Std Dev: SQRT(*Variance’)
4. To see the tabular form of the probability distribution and the three parameters,

use Data P> Display Data and select all five columns. Click OK and the results
will be displayed in the Session window, as shown in Figure 4.18(b).

FIGURE 4.18 (a) . (b)
Cl x Store result n variable: | Mean' mmw -
C3  Mesn Expression:
4 W % * plx - < e e
S il e AT e e
2 1 0.3
Functions: 3 3 0.2%
2] 8]s] +] =] <] [afctons = 420: %8
2l s]e] -] <| >| [sbeenae A o
2] 3] =] <of >=] foumgow) . -
ol uf ﬂﬂ i of eqares roma)
:J o Tangent
seect | 0] _met | Select
SUM{number)
[ Assign as a formds
Help | o | Cancel

The probability histogram can be plotted using the MIN/TAB command Graph »
Scatterplot > Simple » OK. In the Scatterplot dialogue box, select ‘p(x)’ for
Y variables and ‘x’ for X variables. To display the discrete probability bars,
click on Data View, uncheck the box marked “Symbols,” and check the box
marked “Project Lines.” Click OK twice to see the plot. You will see a single
straight line projected at each of the four values of x. If you want the plot to look
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more like the discrete probability histograms in Section 4.8, position your cur-
sor on one of the lines, right-click the mouse and choose “Edit Project Lines.”
Under the “Attributes” tab, select Custom and change the line size to 75. Click
OK. If the bar width is not satisfactory, you can readjust the line size. Finally,
right-click on the x-axis, choose “Edit X Scale” and select —.5 and 5.5 for the
minimum and maximum Scale Ranges. Click OK. The probability histogram is

shown in Figure 4.19.

Locate the mean on the graph. Is it at the centre of the distribution? If you
mark off two standard deviations on either side of the mean, do most of the pos-
sible values of x fall into this interval?

FIGURE 4.19

-
159 Scatteephat of ph) v s

Supplementary Exercises

Starred (*) exercises are optional.

4.103 Playing the Slots A slot machine has three
slots; each will show a cherry, a lemon, a star, or a bar
when spun. The player wins if all three slots show the
same three items. If each of the four items is equally
likely to appear on a given spin, what is your probabil-
ity of winning?

4.104 Whistle Blowers “Whistle blowers” is

the name given to employees who report corporate
fraud, theft, and other unethical and perhaps criminal
activities by fellow employees or by their employer.
Although there is legal protection for whistle blowers,
it has been reported that approximately 23% of those
who reported fraud suffered reprisals such as demotion
or poor performance ratings. Suppose the probability
that an employee will fail to report a case of fraud is
0.69. Find the probability that a worker who observes a

NEL

case of fraud will report it and will subsequently suffer
some form of reprisal.

4.105 Aspirin Two cold tablets are accidentally
placed in a box containing two aspirin tablets. The
four tablets are identical in appearance. One tablet is
selected at random from the box and is swallowed by
the first patient. A tablet is then selected at random
from the three remaining tablets and is swallowed

by the second patient. Define the following events as
specific collections of simple events:

a. The sample space S

b. The event A that the first patient obtained a cold
tablet

c. The event B that exactly one of the two patients
obtained a cold tablet

d. The event C that neither patient obtained a cold tablet
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4.106 Refer to Exercise 4.105. By summing the prob-
abilities of simple events, find P(A), P(B), P(A N B),
P(AU B), P(C), P(AN C), and P(AU O).

4.107 DVRs A retailer sells two styles of high-priced
digital video recorders (DVR) that experience indicates
are in equal demand. (Fifty percent of all potential cus-
tomers prefer style 1, and 50% favour style 2.) If the
retailer stocks four of each, what is the probability that
the first four customers seeking a DVR all purchase the
same style?

4.108 Boxcars A boxcar contains seven com-

plex electronic systems. Unknown to the purchaser,
three are defective. Two of the seven are selected for
thorough testing and are then classified as defective or
non-defective. What is the probability that no defec-
tives are found?

4.109 Heavy Equipment A heavy-equipment
salesperson can contact either one or two customers
per day with probability 1/3 and 2/3, respectively. Each
contact will result in either no sale or a $50,000 sale
with probability 9/10 and 1/10, respectively. What is
the expected value of the daily sales?

4.110 Fire Insurance A county containing a large
number of rural homes is thought to have 60% of those
homes insured against fire. Four rural homeowners are
chosen at random from the entire population, and x are
found to be insured against fire. Find the probability
distribution for x. What is the probability that at least
three of the four will be insured?

4.111 Fire Alarms A fire-detection device uses
three temperature-sensitive cells acting independently
of one another in such a manner that any one or more
can activate the alarm. Each cell has a probability

p = 0.8 of activating the alarm when the tempera-
ture reaches 38°C or higher. Let x equal the number
of cells activating the alarm when the temperature
reaches 38°C.

a. Find the probability distribution of x.

b. Find the probability that the alarm will function
when the temperature reaches 38°C.

¢. Find the expected value and the variance for the
random variable x.

4.112 Catching a Cold Is your chance of getting a
cold influenced by the number of social contacts you
have? A study by Sheldon Cohen, a psychology profes-
sor at Carnegie Mellon University, seems to show that
the more social relationships you have, the less sus-
ceptible you are to colds. A group of 276 healthy men

and women were grouped according to their number of
relationships (such as parent, friend, church member,
neighbour). They were then exposed to a virus that
causes colds. An adaptation of the results is shown in
the table:'°

Number of Relationships

Three or Fewer  Fouror Five  Sixor More
Cold 49 43 34
No cold 31 57 62
Total 80 100 96

a. If one person is selected at random from the 276
people in the study, what is the probability that the
person got a cold?

b. If two people are randomly selected, what is the
probability that one has four or five relationships
and the other has six or more relationships?

c. If a single person is randomly selected and has a
cold, what is the probability that he or she has three
or fewer relationships?

4.113 Plant Genetics Refer to the experiment con-
ducted by Gregor Mendel in Exercise 4.65. Suppose
you are interested in following two independent traits
in snap peas—seed texture (S = smooth, s = wrinkled)
and seed colour (Y = yellow, y = green)—in a second-
generation cross of heterozygous parents. Remember
that the capital letter represents the dominant trait.
Complete the table with the gene pairs for both traits.
All possible pairings are equally likely.

Seed Colour
Seed Texture vy vY Yy YY
ss (ssyy) | (ssyY)
sS
Ss
SS

a. What proportion of the offspring from this cross will
have smooth yellow peas?

b. What proportion of the offspring will have smooth
green peas?

¢. What proportion of the offspring will have wrinkled
yellow peas?

d. What proportion of the offspring will have wrinkled
green peas?

e. Given that an offspring has smooth yellow peas,
what is the probability that this offspring carries one
s allele? One s allele and one y allele?
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4.114 Profitable Stocks An investor has the option
of investing in three of five recommended stocks. Only
two will show a substantial profit within the next five
years, though it is unknown which ones. If the investor
selects the three stocks at random (giving every com-
bination of three stocks an equal chance of selection),
what is the probability that the two profitable stocks are
selected? What is the probability that only one of the
two profitable stocks is selected?

4.115 Racial Bias? Four union members, two from a
minority group, are assigned to four distinctly differ-
ent one-person jobs, which can be ranked in order of
desirability.

a. Define the experiment.

b. List the simple events in S.

c¢. If the assignment to the jobs is unbiased—that is,
if any one ordering of assignments is as probable
as any other—what is the probability that the two
people from the minority group are assigned to the
least desirable jobs?

4.116 A Reticent Salesman A salesperson figures
that the probability of consummating a sale during the
first contact with a client is 0.4 but improves to 0.55 on
the second contact if the client did not buy during the
first contact. Suppose this salesperson makes one and
only one callback to any client. If she contacts a client,
calculate the probabilities for these events:

a. The client will buy.

b. The client will not buy.

4.117 Bus or Subway A man takes either a bus

or the subway to work with probabilities 0.3 and 0.7,
respectively. When he takes the bus, he is late 30% of
the days. When he takes the subway, he is late 20% of
the days. If the man is late for work on a particular day,
what is the probability that he took the bus?

4.118 Guided Missiles The failure rate for a guided
missile control system is 1 in 1000. Suppose that a
duplicate, but completely independent, control system
is installed in each missile so that, if the first fails, the
second can take over. The reliability of a missile is the
probability that it does not fail. What is the reliability
of the modified missile?

4.119 Rental Trucks A rental truck agency services
its vehicles on a regular basis, routinely checking for
mechanical problems. Suppose that the agency has six
moving vans, two of which need to have new brakes.
During a routine check, the vans are tested one at a
time.

NEL
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a. What is the probability that the last van with brake
problems is the fourth van tested?

b. What is the probability that no more than four vans
need to be tested before both brake problems are
detected?

¢. Given that one van with bad brakes is detected in
the first two tests, what is the probability that the
remaining van is found on the third or fourth test?

4.120 Winning the Lottery On Wednesday,
October 26, 2005, a single winning Lotto 6/49 lottery
ticket was sold in Camrose, Alberta. The ticket
belonged to 17 oil industry workers. According to
the Alberta Lottery Fund, the winning numbers were
5, 11, 20, 30, 37, and 43. The prize was $54,000,000.
a. How many ways can six numbers be picked from
49, without replacement?

b. If exactly one ticket is purchased, what is the prob-
ability of being a winner?

¢. How many different orders of the numbers 5, 11, 20,
30, 37, and 43 are possible?

4.121 Winning the Lottery Il On Thursday,
September 28, 2006, an 85-year-old lady in Etobicoke,
Ontario, woke from a dream about winning a lottery,
and wrote down the six numbers on a piece of paper.
She bought one Lotto 6/49 lottery ticket that day using
the numbers 1, 10, 18, 24, 31, and 46. On Friday, she
bought another ticket with the same numbers! On
Saturday, the real numbers were chosen and her two
tickets were both winners. There was one other win-
ning ticket sold in another province. The total jackpot
was $24,000,000. Because the lady had two of the
three winning tickets, she received 2/3 of the jackpot.
a. What is the probability of getting the six correct
numbers with one ticket?

b. If two tickets with the same numbers on both tickets
are purchased, what is the probability that the pur-
chaser would get the correct six numbers?

c¢. If two tickets with different numbers are purchased,
what is the probability of one of the two tickets hav-
ing all six winning numbers?

d. Is it a good strategy to select the same numbers
twice (if one is only guessing)?

e. If two 6/49 tickets are selected randomly, what is
the probability that none of the 12 numbers are
repeated?

4.122 The Match Game Two people each toss a
coin. They obtain a “match” if either both coins are
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heads or both are tails. Suppose the tossing is repeated
three times.
a. What is the probability of three matches?

b. What is the probability that all six tosses (three for
each man) result in tails?

¢. Coin tossing provides a model for many practical
experiments. Suppose that the coin tosses represent
the answers given by two students for three specific
true—false questions on an examination. If the two
students gave three matches for answers, would the
low probability found in part a suggest collusion?

4.123 Contract Negotiations Experience has
shown that, 50% of the time, a particular union—
management contract negotiation led to a contract
settlement within a two-week period, 60% of the time
the union strike fund was adequate to support a strike,
and 30% of the time both conditions were satisfied.
What is the probability of a contract settlement given
that the union strike fund is adequate to support a
strike? Is settlement of a contract within a two-week
period dependent on whether the union strike fund is
adequate to support a strike?

4.124 Work Tenure Suppose the probability of

remaining with a particular company 10 years or longer

is 1/6. A man and a woman start work at the company

on the same day.

a. What is the probability that the man will work there
less than 10 years?

b. What is the probability that both the man and the
woman will work there less than 10 years? (Assume
they are unrelated and their lengths of service are
independent of each other.)

¢. What is the probability that one or the other or both
will work 10 years or longer?

4.125 Accident Insurance Accident records col-
lected by an automobile insurance company give the
following information: The probability that an insured
driver has an automobile accident is 0.15; if an acci-
dent has occurred, the damage to the vehicle amounts
to 20% of its market value with probability 0.80, 60%
of its market value with probability 0.12, and a total
loss with probability 0.08. What premium should the
company charge on a $22,000 car so that the expected
gain by the company is zero?

4.126 Waiting Times Suppose that at a particular
supermarket the probability of waiting 5 minutes or
longer for checkout at the cashier’s counter is 0.2.
On a given day, a husband and wife decide to shop

individually at the market, each checking out at differ-

ent cashier counters. They both reach cashier counters

at the same time.

a. What is the probability that the man will wait less
than 5 minutes for checkout?

b. What is probability that both of them will be
checked out in less than 5 minutes? (Assume that
the checkout times for the two are independent
events.)

¢. What is the probability that one or the other or both
will wait 5 minutes or longer?

4.127 Quality Control A quality-control plan calls
for accepting a large lot of crankshaft bearings if a
sample of seven is drawn and none are defective. What
is the probability of accepting the lot if none in the lot
are defective? If 1/10 are defective? If 1/2 are defective?

4.128 Mass Transit Only 40% of all people in a
community favour the development of a mass transit
system. If four citizens are selected at random from the
community, what is the probability that all four favour
the mass transit system? That none favours the mass
transit system?

4.129 Blood Pressure Meds A research physician
compared the effectiveness of two blood pressure drugs
A and B by administering the two drugs to each of

four pairs of identical twins. Drug A was given to one
member of a pair; drug B to the other. If, in fact, there
is no difference in the effects of the drugs, what is the
probability that the drop in the blood pressure reading
for drug A exceeds the corresponding drop in the read-
ing for drug B for all four pairs of twins? Suppose drug
B created a greater drop in blood pressure than drug A
for each of the four pairs of twins. Do you think this
provides sufficient evidence to indicate that drug B is
more effective in lowering blood pressure than drug A?

4.130 Blood Tests To reduce the cost of detecting a
disease, blood tests are conducted on a pooled sample
of blood collected from a group of n people. If no
indication of the disease is present in the pooled blood
sample (as is usually the case), none have the disease.
If analysis of the pooled blood sample indicates that
the disease is present, each individual must submit

to a blood test. The individual tests are conducted in
sequence. If, among a group of five people, one person
has the disease, what is the probability that six blood
tests (including the pooled test) are required to detect
the single diseased person? If two people have the dis-
ease, what is the probability that six tests are required
to locate both diseased people?
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4.131 Tossing a Coin How many times should
a coin be tossed to obtain a probability equal to or
greater than 0.9 of observing at least one head?

4.132 Flextime The number of companies offering
flexible work schedules has increased as companies try
to help employees cope with the demands of home and
work. One flextime schedule is to work four 10-hour
shifts. A survey provided the following information for
220 firms located in two cities in Quebec.

Flextime Schedule
City  Available NotAvailable Total
A 39 75 114
B 25 81 106
Total 64 156 220

A company is selected at random from this pool of 220

companies.

a. What is the probability that the company is located
in city A?

b. What is the probability that the company is located
in city B and offers flextime work schedules?

¢. What is the probability that the company does not
have flextime schedules?

d. What is the probability that the company is located
in city B, given that the company has flextime
schedules available?

4.133 A Colour Recognition Experiment An
experiment is run as follows—the colours red, yellow,
and blue are each flashed on a screen for a short period
of time. A subject views the colours and is asked to
choose which one was flashed for the longest time.
The experiment is repeated three times with the same
subject.

a. If all the colours were flashed for the same length
of time, find the probability distribution for x, the
number of times that the subject chose the colour
red. Assume that the three choices are independent.

b. Construct the probability histogram for the random
variable x.

4.134 Pepsi or Coke? A taste-testing experiment

is conducted at a local supermarket, where passing

shoppers are asked to taste two soft-drink samples—

one Pepsi and one Coke—and state their preference.

Suppose that four shoppers are chosen at random and

asked to participate in the experiment, and that there is

actually no difference in the taste of the two brands.

a. What is the probability that all four shoppers choose
Pepsi?
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b. What is the probability that exactly one of the four
shoppers chooses Pepsi?

4.135 MRIs An article in The American Journal

of Sports Medicine compared the results of magnetic
resonance imaging (MRI) evaluation with arthroscopic
surgical evaluation of cartilage tears at two sites in

the knees of 35 patients. The 2 x 35 = 70 examina-
tions produced the classifications shown in the table."!
Actual tears were confirmed by arthroscopic surgical
examination.

Tears NoTears Total

MRI Positive 27 0 27
MRI Negative 4 39 43
Total 3 39 70

a. What is the probability that a site selected at random
has a tear and has been identified by MRI as having
a tear?

b. What is the probability that a site selected at random
has no tear but has been identified by MRI as having
a tear?

¢. What is the probability that a site selected at random
has a tear that has not been identified by MRI?

d. What is the probability of a positive MRI, given that
there is a tear?

e. What is the probability of a false negative—that is,
a negative MRI, given that there is a tear?

4.136 Viruses A certain virus afflicted the families
in three adjacent houses in a row of 12 houses. If three
houses were randomly chosen from a row of 12 houses,
what is the probability that the three houses would be
adjacent? Is there reason to believe that this virus is
contagious?

4.137 Orchestra Politics The board of directors
of a major symphony orchestra has voted to create
a players’ committee for the purpose of handling
employee complaints. The council will consist of the
president and vice-president of the symphony board
and two orchestra representatives. The two orchestra
representatives will be randomly selected from a list
of six volunteers, consisting of four men and two
women.
a. Find the probability distribution for X, the number
of women chosen to be orchestra representatives.

b. Find the mean and variance for the random
variable X.

c. What is the probability that both orchestra represen-
tatives will be women?
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4.138 Independence and Mutually Exclusive Spouse or About
Suppose that P(A) = 0.3 and P(B) = 0.4. You Significant Other Equal  Total
a. If (AN B)=0.12, are A and B independent? Justify =~ Men 64 16 20 100
your answer. Women 32 45 23 100
b. If P(A U B)=0.7, what is P(A N B)? Justify your Towl % L a4 W
answer. a. What is the probability that this person will identify
c. If A and B are independent, what is P(A|B)? himself or herself as the household breadwinner?

d. If A and B are mutually exclusive, what is P(A|B)? b. What is the probability that the person selected

will be a man who indicates that he and his spouse/
4.139 Bringing Home the Bacon The following significant other are equal breadwinners?
information reflects the results of a survey reported
by Mya Frazier in an Ad Age Insights white paper.'?
Working spouses were asked “Who is the household
breadwinner?”” Suppose that one person is selected at
random from these 200 individuals.

c. If the person selected indicates that the spouse or
significant other is the breadwinner, what is the
probability that the person is a man?

CASE STUDY @ Probability and Decision Making
in the Congo

In his exciting novel Congo, Michael Crichton describes a search by Earth Resources
Technology Service (ERTS), a geological survey company, for deposits of boron-
coated blue diamonds, diamonds that ERTS believes to be the key to a new generation
of optical computers.'* In the novel, ERTS is racing against an international consortium
to find the Lost City of Zinj, a city that thrived on diamond mining and existed several
thousand years ago (according to African fable), deep in the rain forests of eastern Zaire.

After the mysterious destruction of its first expedition, ERTS launches a second
expedition under the leadership of Karen Ross, a 24-year-old computer genius who is
accompanied by Professor Peter Elliot, an anthropologist; Amy, a talking gorilla; and
the famed mercenary and expedition leader, “Captain” Charles Munro. Ross’s efforts
to find the city are blocked by the consortium’s offensive actions, by the deadly rain
forest, and by hordes of “talking” killer gorillas whose perceived mission is to defend
the diamond mines. Ross overcomes these obstacles by using space-age computers
to evaluate the probabilities of success for all possible circumstances and all possible
actions that the expedition might take. At each stage of the expedition, she is able to
quickly evaluate the chances of success.

At one stage in the expedition, Ross is informed by her Houston headquarters that
their computers estimate that she is 18 hours and 20 minutes behind the competing
Euro-Japanese team, instead of 40 hours ahead. She changes plans and decides to
have the 12 members of her team—Ross, Elliot, Munro, Amy, and eight native por-
ters—parachute into a volcanic region near the estimated location of Zinj. As Crichton
relates, “Ross had double-checked outcome probabilities from the Houston computer,
and the results were unequivocal. The probability of a successful jump was 0.7980,
meaning that there was approximately one chance in five that someone would be badly
hurt. However, given a successful jump, the probability of expedition success was
0.9943, making it virtually certain that they would beat the consortium to the site.”

Keeping in mind that this is an excerpt from a novel, let us examine the probability,
0.7980, of a successful jump. If you were one of the 12-member team, what is the
probability that you would successfully complete your jump? In other words, if the
probability of a successful jump by all 12 team members is 0.7980, what is the prob-
ability that a single member could successfully complete the jump?
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PROJECTS @ Project 4-A: Child Safety Seat Survey,
Part 2 (Continued from Project 3-A)

Canada has a Road Safety Vision of having the safest roads in the world. Yet, the lead-
ing cause of death of Canadian children remains vehicle crashes. In 2006, a national
child seat safety survey was conducted by an AUTO21 research team in collaboration
with Transport Canada to empirically measure Canada’s progress towards achieving
Road Safety Vision 2010. Child seat use was observed in parking lots and nearby in-
tersections in 200 randomly selected sites across Canada. The following table provides
a classification of a subset of children in the survey by age groups and type of restraint
device they were using at the time of the survey.

Table: Cross-tabulation of Age Group by Restraint Type

Category Types of Restraints
Rear-facing Forward-facing

Age Group Infant Seat Infant Seat Booster Seat SeatBeltOnly  Total
Infant (01 year) 181 52 1 0 234
Toddler (14 years) 49 483 17 3 652
School (4-9 years) 0 98 450 325 873
Older (>3 years) 0 0 16 627 643
Total 230 633 584 955 2402

a. Convert the frequency table shown above into a probability table.

b. What is the probability that the randomly selected child is in a rear-facing infant
seat?

c. What is the probability that the randomly selected child is an infant?

d. If the randomly selected child is a toddler, what is the probability that the child is in
a booster seat?

e. If the randomly selected child is in a rear-facing infant seat, what is the probability
that the child is an infant?

f. What is the probability that the randomly selected child is a toddler or in a forward-
facing infant seat?

g. If the randomly selected child is a toddler, what is the probability that the child is in
a forward-facing infant seat?

h. Are the types of restraint the child uses and age mutually exclusive events? Explain.
i. Are the types of restraint the child uses and age independent events? Explain.

j- If arandomly selected child was using a forward-facing infant seat, find the prob-
ability that the child is a toddler.

Project 4-B: False Results in Medical
Testing

A laboratory test for a rare disease affecting 2% of the population is either positive,
indicating the rare disease is present, or negative, indicating the disease is not present.
However, when people who have the rare disease are tested in the laboratory, 90%
of the tests results were positive and 10% were falsely negative (a “false negative”
result). On the other hand, for those people who don’t have the rare disease are tested,
11% of the tests are positive (a “false positive” result).
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a. What is the probability that a randomly selected person’s test results would come
back positive?

b. Are you surprised with the result in part a? Did you expect this number to be higher?
Can you suggest an alternative way to calculate the probability in part a?

c. What is the probability that the selected person has the rare disease given that the
test result is positive?

d. What is the probability that the selected person has the rare disease given that the
test result is negative?

e. Interpret the events “false positive” and “false negative,” respectively.

Project 4-C: Selecting Condiments

A box of condiments has ten small packages, in which three are ketchup, three are
mustard, and four are relish. A sample of three packages is randomly selected (without
replacement) from the box.

Find the probability distribution for X, the number of mustard packages in the sample.
What are mean and variance of X?

What is the probability that at most one mustard package is selected?

What is the probability that at least one mustard package is selected?

What is the probability that X is within one standard deviation from its mean?

m e a0 o

Now, suppose that you win $25 for each package of ketchup chosen and lose $15
otherwise. Let y denote the total winnings.

(i)  Find the probability distribution for y.

(ii) Verify that this distribution satisfies the axioms of a probability distribution.
(iii) Calculate the expected loss.
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® How Safe Is Plastic
Surgery? Myth

versus Fact!

A popular belief is that plastic surgery increases
the frequency of cancer-related deaths. A Canadian
study suggests that women with breast implants
and those who have had other forms of plastic
surgery actually have lower rates of cancer than
the general population, but have higher rates of
suicide.

Although the researchers offered no definitive
explanation for the increased suicide rates, they
suggest greater attention be paid to the mental
state of potential cosmetic surgery patients. Pre-
vious international studies have reported similar
results but small sample sizes have limited their
impact. The study, funded by Health Canada and
carried out jointly by the Public Health Agency of
Canada, the University of Toronto, Cancer Care
Ontario, and the University of Laval, is the largest
of its kind to date, according to the researchers.
The case study at the end of this chapter examines
how this question can be answered using one of the
discrete probability distributions presented here.

NEL

Several Useful
Discrete

Distributions

Discrete random variables are used in many practical
applications. Three important discrete random variables—
the binomial, the Poisson, and the hypergeometric—are
presented in this chapter. These random variables are
often used to describe the number of occurrences of a
specified event in a fixed number of trials or a fixed unit
of time or space.

CHAPTER INDEX

® The binomial probability distribution (5.2)

@ The mean and variance for the binomial random
variable (5.2)

® The Poisson probability distribution (5.3)

® The hypergeometric probability distribution (5.4)

NEED TO KNOW

How to Use Table 1 to Calculate Binomial
Probabilities
How to Use Table 2 to Calculate Poisson
Probabilities
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@ INTRODUCTION

Examples of discrete random variables can be found in a variety of everyday situa-
tions and across most academic disciplines. However, there are three discrete prob-
ability distributions that serve as models for a large number of these applications. In
this chapter we study the binomial, the Poisson, and the hypergeometric probability
distributions and discuss their usefulness in different physical situations. However,
first we briefly present uniform and Bernoulli probability distribution.

The Uniform Probability Distribution

Recall the experiment of rolling a die. The probability of each value of x, where X
represents the number that appeared and which has possible values x = 1, 2, 3, 4, 5,
6 is equally likely with p(x) = 1/6 for all values of x. Therefore, the graph of the
probability distribution will have a flat shape, called the discrete uniform probability

distribution.
FIGURE 5.1 ®
Discrete uniform
probability distribution
px)

1/6

A poker hand consists of five cards from a deck of 52 ordinary cards. A player received
five cards and did not look at them. Suppose that among these five cards, one card is
the ace of spades, but this is not known to the player. Let X be the number of cards in
the player’s hand that are turned over until we observe the ace of spades. Assuming that

turning over each card was done randomly without replacement, what is the probability
function of X?

Solution One way to calculate the probabilities is by using the multiplication rule,
that is

1
P(X=1)=p()=P (Observing the ace of spades on the first trial) = g

P(X=2)=p2)=P (Observing any other card on the first trial and observing the
ace of spades on the second trial)

-)0)-+
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By similar arguments,

- ()0)-S
o (IR
- (R0

This is another example of the uniform distribution. That is, the probability remains
constant regardless of what values are taken by the random variable X. Thus,

1
P& =5, x=12345

In general, the probability distribution or probability mass function of a uniform
random variable X is given by

1
=iy = 1 i k
pe) = 1 X
Clearly, this is a probability distribution.

The Bernoulli Probability Model

A single coin-tossing experiment is a simple example of an important discrete random
variable called the Bernoulli random variable. Many practical experiments result in
data similar to the head or tail outcomes of the coin toss. In many experiments in daily
life, there are only two outcomes. For instance:

* Flipping a coin
* Rolling a die to determine whether it is a 3 or not
e Writing the MCAT exam and waiting for the result—pass or fail

» Taking a painkiller medicine once and waiting to see whether it is effective
or not

* Results of a pregnancy—a girl or a boy
* Hitting a target; the outcome is hit or miss

* Recording your own opinion about Canadian involvement in the Afghanistan
war—the result is support or no support

¢ Inan NHL hockey game, the outcome of a penalty shot—goal or no goal

Regardless of the situation, assume there are only two outcomes in a given experi-
ment. We call such an experiment a Bernoulli trial, and conveniently or conventionally/
historically we refer to the two outcomes as a success, 1, or failure, 0. In other words,
let X be the random variable that denotes the outcome. Then X will either take on the
value O or 1. The next step is to assign probabilities to these two outcomes, which is
simple in this case. For example, suppose the probability of the success of an outcome
is p, where 0 < p < 1 and the probability of failure (not a success) will be 1 — p. Thus,
the Bernoulli trial is an experiment with only two possible outcomes with positive
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probabilities p and 1 — p. Thus, a Bernoulli random variable can be expressed as an
indicator variable:

if a success occurred
X=1,0

otherwise, in other words, a failure occurred

Further, the probabilities are:
pO)=PX=0)=1-p
p()=PX=1)=p

Hence,
px) =p*1 - p)'™% x=0,1

Here, 0 <= p(x) <= 1forx = 0,1, and % p(x) = 1.

The quantity p is called the parameter of the distribution. Here, the value p can be
specified by the experimenter for the problem at hand.

M®, The Islamic calendar is lunar. The beginning and ending of the calendar are determined
by the sighting of the crescent moon (new moon). Muslims are supposed to sight the
crescent everywhere they live. It is a purely lunar calendar, having 12 lunar months in
a year of about 354 (12 x 29.53 = 354.36) days, so the months rotate backward through
the seasons and are not fixed to the Gregorian calendar. Muslims around the globe
fast during the month of Ramadan (the ninth month) and after completing the fast and
sighting the new moon, the next day they celebrate an event called Eid-ul-fitre. The
moon may appear either on the 29th or 30th day of the month. However, 60% of Mus-
lims believe that the new moon will be sighted on the 29th day of Ramadan, and so the
fasting will be completed in 29 days. What is the probability that the moon will not be
sighted on the 29th day of the month?

Solution Clearly, this problem involves the Bernoulli random variable with p =0.6.
Therefore, desired probability is given by

p(0) = 0.6%1 — 0.6)!"% = 0.4

THE BINOMIAL PROBABILITY
@ DISTRIBUTION

The Bernoulli trial can be generalized to n independent trials. A coin-tossing experi-
ment is a simple example of an important discrete random variable called the binomial
random variable. As mentioned above, many everyday events feature an outcome
similar to a head or tail result. For example, consider the political polls used to predict
voter preferences in elections. Each sampled voter can be compared to a coin because
the voter may be in favour of our candidate—a “head”—or not—a “tail.” In most cases,
the proportion of voters who favour our candidate does not equal 1/2; that is, the coin is
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not fair. In fact, the proportion of voters who favour our candidate is exactly what the
poll is designed to measure!
Here are some other situations that are similar to the coin-tossing experiment:

* A sociologist is interested in the proportion of elementary school teachers who
are men.

* A soft-drink marketer is interested in the proportion of cola drinkers who prefer
her brand.

* A geneticist is interested in the proportion of the population who possess a
gene linked to Alzheimer’s disease.

Each sampled person is analogous to tossing a coin, but the probability of a “head” is
not necessarily equal to 1/2. Although these situations have different practical objec-
tives, they all exhibit the common characteristics of the binomial experiment.

Definition A binomial experiment is one that has these five characteristics:

1. The experiment consists of n identical trials.

2. Each trial results in one of two outcomes. For lack of a better name, the one
outcome is called a success, S, and the other a failure, F.

3. The probability of success on a single trial is equal to p and remains the same
from trial to trial. The probability of failure is equal to (1 — p) =gq.

4. The trials are independent.

5. We are interested in x, the number of successes observed during the n trials, for
x=0,1,2,...,n

MLE_@_ Suppose there are approximately 1,000,000 adults in a city and an unknown proportion,
p, favour term limits for politicians. A sample of 1000 adults will be chosen in such a
way that every one of the 1,000,000 adults has an equal chance of being selected, and
each adult is asked whether he or she favours term limits. (The ultimate objective of

this survey is to estimate the unknown proportion p, a problem that we will discuss in
Chapter 8.) Is this a binomial experiment?

Solution Does the experiment have the five binomial characteristics?

1. A “trial” is the choice of a single adult from the 1,000,000 adults in the city.
This sample consists of n = 1000 identical trials.

2. Since each adult will either favour or not favour term limits, there are two
outcomes that represent the “successes” and “failures” in the binomial
experiment.’

3. The probability of success, p, is the probability that an adult favours term
limits. Does this probability remain the same for each adult in the sample? For
all practical purposes, the answer is yes. For example, if 500,000 adults in the
population favour term limits, then the probability of a “success” when the first
adult is chosen is 500,000/1,000,000 = 1/2. When the second adult is chosen,
the probability p changes slightly, depending on the first choice. That is, there
will be either 499,999 or 500,000 successes left among the 999,999 adults. In
either case, p is still approximately equal to 1/2.

*Although it is traditional to call the two possible outcomes of a trial “success” and “failure,” they could have
been called “head” and “tail,” “red” and “white,” or any other pair of words. Consequently, the outcome called
a “success” does not need to be viewed as a success in the ordinary use of the word.
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4. The independence of the trials is guaranteed because of the large group of
adults from which the sample is chosen. The probability of an adult favouring
term limits does not change depending on the responses of previously chosen
people.

5. The random variable X is the number of adults in the sample who favour term
limits.

Because the survey satisfies the five characteristics reasonably well, for all practical
purposes it can be viewed as a binomial experiment.

A patient fills a prescription for a 10-day regimen of two pills daily. Unknown to the
pharmacist and the patient, the 20 tablets consist of 18 pills of the prescribed medica-
tion and 2 pills that are the generic equivalent of the prescribed medication. The patient

selects two pills at random for the first day’s dosage. If we check the selection and
record the number of pills that are generic, is this a binomial experiment?

Solution Again, check the sampling procedure for the characteristics of a binomial
experiment.

1. A “trial” is the selection of a pill from the 20 in the prescription. This experi-
ment consists of n = 2 trials.

2. Each trial results in one of two outcomes. Either the pill is generic (call this
a “success”) or not (a “failure”).

3. Since the pills in a prescription bottle can be considered randomly “mixed,”
the unconditional probability of drawing a generic pill on a given trial would
be 2/20.

4. The condition of independence between trials is not satisfied, because the prob-
ability of drawing a generic pill on the second trial is dependent on the first
trial. For example, if the first pill drawn is generic, then there is only 1 generic
pill in the remaining 19. Therefore,

1
P(generic on trial 2 | generic on trial 1) = 9

If the first selection does not result in a generic pill, then there are still 2 generic
pills in the remaining 19, and the probability of a “success” (a generic pill) changes to

2
P(generic on trial 2 |no generic on trial 1) = 1o

Therefore, the trials are dependent and the sampling does not represent a binomial
experiment.

Think about the difference between these two examples. When the sample (the
n identical trials) came from a large population, the probability of success p stayed
about the same from trial to trial. When the population size N was small, the probability
of success p changed quite dramatically from trial to trial, and the experiment was not
binomial.
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RULE OF THUMB

If the sample size is large relative to the population size—in particular, if
n/N = 0.05—then the resulting experiment is not binomial.

In Chapter 4, we tossed two fair coins and constructed the probability distribution
for X, the number of heads—a binomial experiment with n=2 and p =0.5. The general
binomial probability distribution is constructed in the same way, but the procedure gets
complicated as n gets large. Fortunately, the probabilities p(x) follow a general pattern.
This allows us to use a single formula to find p(x) for any given value of x.

THE BINOMIAL PROBABILITY DISTRIBUTION

A binomial experiment consists of » identical trials with probability of success p

on each trial. The probability of k successes in n trials is

n! _
pk qn k

PX=k=Chplg" = ———
X=0=0rd""= e — w0
for values of k=0, 1, 2, ..., n and where g = 1 — p. The symbol

n!
' ' o—
G= ki!(n Y wheren! =n(n — 1)(n — 2)... 2)(1)and 0! =1

The general formulas for u, o2, and o given in Chapter 4 can be used to derive the fol-
lowing simpler formulas for the binomial mean and standard deviation.

MEAN AND STANDARD DEVIATION
FOR THE BINOMIAL RANDOM VARIABLE

The random variable X, the number of successes in # trials, has a probability
distribution with this centre and spread:

Mean: w=np
Variance: o2 =npq
Standard deviation: o = Vnpgq

Find P(X = 2) for a binomial random variable with n =10 and p =0.1.

Solution P(X =2) is the probability of observing two successes and eight failures
in a sequence of 10 trials. You might observe the 2 successes first, followed by 8 con-
secutive failures:

@N_EEDATIP? S;S,F.E,E, E,F,EFF
nl=
nn—1)(n—2) ... (2)(1) Since p is the probability of success and g is the probability of failure, this particular
For example, sequence has probability
5! = 5(4)(3)(2)(1) = 120 -
and 0!=1. pPrP499999499 = p~q
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196 O CHAPTERS SEVERAL USEFUL DISCRETE DISTRIBUTIONS

However, many other sequences also result in X =2 successes. The binomial formula
uses C2° to count the number of sequences and gives the exact probability when you
use the binomial formula with k= 2:

P(X =2) = C}%0.1)%0.9)!102

e BB eFed . 1KD) _
= 2110 — 21 O-DA09® = =17 (0.01)(0430467) = 0.1937

You could repeat the procedure in Example 5.5 for each value of x—0, 1, 2, ... ,
10—and find all the values of p(x) necessary to construct a probability histogram
for X. This would be a long and tedious job, but the resulting graph would look like
Figure 5.2(a). You can check the height of the bar for X = 2 and find p(2) = P(X = 2)
= (.1937. The graph is skewed right; that is, most of the time you will observe small
values of X. The mean or “balancing point” is around X = 1; in fact, you can use the
formula to find the exact mean:

w=np=100.1) =1

Figures 5.2(b) and 5.2(c) show two other binomial distributions with » = 10 but
with different values of p. Look at the shapes of these distributions. When p = 0.5, the
distribution is exactly symmetric about the mean, = np = 10(0.5) =5. When p = 0.9,
the distribution is the “mirror image” of the distribution for p = 0.1 and is skewed to

the left.
FIGURE 5.2 ®
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Over a long period of time it has been observed that a given marksman can hit a target
on a single trial with probability equal to 0.8. Suppose he fires four shots at the target.
1. What is the probability that he will hit the target exactly two times?
2. What is the probability that he will hit the target at least once?

NEL

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has decmed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



NEED A TIP?

Use Table 1 rather than
the binomial formula
whenever possible. This
is an easier way!

TABLE 5.1

5.2 THE BINOMIAL PROBABILITY DISTRIBUTION O 197

Solution A “trial” is a single shot at the target, and you can define a “success” as
a hit and a “failure” as a miss, so that n =4 and p = 0.8. If you assume that the marks-
man’s chance of hitting the target does not change from shot to shot, then the number
X of times he hits the target is a binomial random variable.

1. P(X =2)=p(2) = C}0.8)*(0.2)* 2

A0 6008 = 4BOD

= o 2Dy Q6D =0.1536

The probability is 0.1536 that he will hit the target exactly two times.

2. P(atleastonce) = P(X = 1) = p(1) + p(2) + p(3) + p(4)
=1 - p(0)
=1 — C§(0.8)°(0.2)*
=1 — 0.0016 = 0.9984

Although you could calculate P(X = 1), P(X=2), P(X = 3), and P(X=4) to find
this probability, using the complement of the event makes your job easier; that is,

PX=1)=1-PX<1)=1-PX=0)

Can you think of any reason your assumption of independent trials might be wrong?
If the marksman learns from his previous shots (that is, he notices the location of his
previous shot and adjusts his aim), then his probability p of hitting the target may
increase from shot to shot. The trials would not be independent, and the experiment
would not be binomial.

Calculating binomial probabilities can become tedious even for relatively small values
of n. As n gets larger, it becomes almost impossible without the help of a calculator
or computer. Fortunately, both of these tools are available to us. Computer-generated
tables of cumulative binomial probabilities are given in Table 1 of Appendix I for
values of n ranging from 2 to 25 and for selected values of p. These probabilities can
also be generated using MINITAB or the Java applets on the text website.

Cumulative binomial probabilities differ from the individual binomial probabilities
that you calculated with the binomial formula. Once you find the column of probabili-
ties for the correct values of n and p in Table 1, the row marked & gives the sum of all
the binomial probabilities from x = 0 to x = k. Table 5.1 shows part of Table 1 forn=75
and p = 0.6. If you look in the row marked k& = 3, you will find

P(X = 3)=p(0) + p(1) + p(2) + p(3) = 0.663

Portion of Table 1 in Appendix | for n=5
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198 O CHAPTERS SEVERAL USEFUL DISCRETE DISTRIBUTIONS

If the probability you need to calculate is not in this form, you will need to think
of a way to rewrite your probability to make use of the tables!

M&®, Use the cumulative binomial table for » =5 and p = 0.6 to find the probabilities of these
events:

1. Exactly three successes
2. Three or more successes

Solution

1. If you find k= 3 in Table 5.1, the tabled value is
P(X = 3) =p0) + p(1) + p2) + p@3)

Since you want only P(X = 3) = p(3), you must subtract out the unwanted
probability:

P(X = 2)=p(0) + p(1) + p(2)
which is found in Table 5.1 with k= 2. Then
PX=3)=PX=3)—-PX=<2)
=0.663 — 0.317 = 0.346

2. To find P(three or more successes) = P(X = 3) using Table 5.1, you must use
the complement of the event of interest. Write

PX=3)=1-PX<3)=1-PX=2
You can find P(X = 2) in Table 5.1 with k =2. Then

PX=3)=1-PX=<2)
=1 - 0317 = 0.683

Refer to Example 5.7 and the binomial random variable X with n =35 and p = 0.6. Use
the cumulative binomial table in Table 5.1 to find the remaining binomial probabilities:
p(0), p(1), p(2), p(4), and p(5). Construct the probability histogram for the random vari-
able X and describe its shape and location.

Solution You can find P(X = 0) directly from Table 5.1 with & = 0. That is,
p(0) = .010. The other probabilities can be found by subtracting successive entries in
Table 5.1:

PX=1)=PX=1)— PX=0)=0.087 — 0.010 = 0.077
PX=2)=PX =2)— PX =1)=0.317 — 0.087 = 0.230
PX=4)=PX =4) — PX = 3)=0.922 — 0.663 = 0.259
PX=5)=PX =5)— PX = 4)=1.000 — 0.922 = 0.078

The probability histogram is shown in Figure 5.3. The distribution is relatively
mound-shaped, with a centre around 3.
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FIGURE 5.3
inomi ili ® (x)
Binomial probability P
distribution for 04
Example 5.8.
03
02—
0.1
0.0 = | | | | | |

NEED TO KNOW

EXAMPLE .

NEL

How to Use Table 1 to Calculate Binomial Probabilities
1. Find the necessary values of n and p. Isolate the appropriate column in Table 1.

2. Table 1 gives P(X =k) in the row marked k. Rewrite the probability you need so
that it is in this form.

e List the values of x in your event.
* From the list, write the event as either the difference of two probabilities:

PX =a)— PX=0D) for a>b
or the complement of the event:
1'=P(X ="q)
or just the event itself:
PX = a) or PX<a)=PX=a-—-1

A regimen consisting of a daily dose of vitamin C was tested to determine its effective-
ness in preventing the common cold. Ten people who were following the prescribed
regimen were observed for a period of one year. Eight survived the winter without a
cold. Suppose the probability of surviving the winter without a cold is 0.5 when the
vitamin C regimen is not followed. What is the probability of observing eight or more
survivors, given that the regimen is ineffective in increasing resistance to colds?

Solution If you assume that the vitamin C regimen is ineffective, then the prob-
ability p of surviving the winter without a cold is 0.5. The probability distribution for
X, the number of survivors, is

p(x) = C1%0.5)%(0.5)10~*

You have learned three ways to find P(8 or more survivors) = P(X = 8). You will get
the same results with any of the three; choose the most convenient method for your
particular problem.
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1. The binomial formula:
P(8 or more) = p(8) + p(9) + p(10)
= C3%0.5)'"° + €%0.5)"° + C}§(0.5)"°
= 0.055

2. The cumulative binomial table: Find the column corresponding to p = 0.5 in
the table for n = 10:

PBormore) =PX =8)=1—-PX=17)
=1 —0.945 = 0.055

3. Output from MINITAB or Excel: The outputs shown in Figure 5.4(a) and (b) give
the cumulative distribution function, which gives the same probabilities you
found in the cumulative binomial tables. The probability density function
gives the individual binomial probabilities, which you found using the binomial

formula.
:/;Iﬁl;;';:ut;;t“f(:ra) ® Cumulative Distribution Function Probability Density Function
Example 5.9 Binomial with n = 10 and p = 0.5 Binomial with n = 10 and p = 0.5
X P(X <= x) X P(X = x)
0 0.00098 0 0.000977
1 0.01074 1 0.009766
2 0.05469 2 0.043945
3 0.17187 3 0.117188
4 0.37695 4 0.205078
5 0.62305 5 0.246094
6 0.82813 6 0.205078
7 0.94531 7 0.117188
8 0.98926 8 0.043945
9 0.99902 9 0.009766
10 1.00000 10 0.000977
FIGURE 5.4(b) ® x P(X <= x) P(X = x)
Excel output for 0  0.000977 0.000977
Example 5.9 1 0.010742 0.009766
2 0.054688 0.043945
3 0.171875 0.117188
4 0.376953 0.205078
5 0.623047 0.246094
6 0.828125 0.205078
7 0.945313 0.117188
8 0.989258 0.043945
9 0.999023 0.009766
10 1.000000 0.000977

Using the cumulative distribution function, calculate
PX=8=1—-PX=17)
=1 — 0.94531 = 0.05469
Or, using the probability density function, calculate
P(X = 8) =p(8) + p(9) + p(10)
= 0.043945 + 0.009766 + 0.000977 = 0.05469

NEL

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



5.2 THE BINOMIAL PROBABILITY DISTRIBUTION O 201

Would you rather take a multiple-choice or a full recall test? If you have absolutely no
knowledge of the material, you will score zero on a full recall test. However, if you are
given five choices for each question, you have at least one chance in five of guessing
correctly! If a multiple-choice exam contains 100 questions, each with five possible
answers, what is the expected score for a student who is guessing on each question?
Within what limits will the “no-knowledge” scores fall?

Solution If Xis the number of correct answers on the 100-question exam, the prob-
ability of a correct answer, p, is one in five, so that p = 0.2. Since the student is ran-
domly selecting answers, the n =100 answers are independent, and the expected score
for this binomial random variable is

©=np =100(0.2) = 20 correct answers
To evaluate the spread or variability of the scores, you can calculate
o= Vnpg =V 100(0.2)(0.8) = 4

Then, using your knowledge of variation from Tchebysheff’s Theorem and the Empiri-
cal Rule, you can make these statements:

* A large proportion of the scores will lie within two standard deviations of the
mean, or from 20 —8 = 12 to 20 + 8 = 28.

¢ Almost all the scores will lie within three standard deviations of the mean, or
from20—12=81t020+ 12=32.

The “guessing” option gives the student a better score than the zero score on the full
recall test, but the student still will not pass the exam. What other options does the
student have?

@ EXERCISES

BASIC TECHNIQUES 5.3 The Urn Problem A jar contains five balls:
three red and two white. Two balls are randomly
selected without replacement from the jar, and the
number X of red balls is recorded. Explain why X is
or is not a binomial random variable. (HINT: Compare
the characteristics of this experiment with the char-

5.1 Consider a binomial random variable with n =8
and p =0.7. Let X be the number of successes in the
sample.

a. Find the probability that X is 3 or less.

b. Find the probability that X is 3 or more. acteristics of a binomial experiment given in this

¢. Find P(X <3). section.) If the experiment is binomial, give the values
d. Find P(X =3). of n and p.

e. Find PG =X=5). 5.4 The Urn Problem, continued Refer to

5.2 Consider a binomial random variable with n =9 Exercise 5.3. Assume that the sampling was conducted
and p = 0.3. Let X be the number of successes in the with replacement. That is, assume that the first ball
sample. was selected from the jar, observed, and then replaced,

; - 2 and that the balls were then mixed before the second
B and b probabflfty s X TS exacly, ball was selected. Explain why X, the number of red
b. Find the probability that X is less than 2. balls observed, is or is not a binomial random vari-

c. Find P(X>2). able. If the experiment is binomial, give the values of
d. Find PR =X=4). n and p.
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5.5 Evaluate these binomial probabilities:
a. C5(0.3)%0.7¢  b. C§(0.05)°%(0.95)*
c. C1%0.5%0.5)7  d. €](0.2)'(0.8)°

5.6 Evaluate these binomial probabilities:

a. C3(0.2)%0.8)8 b. €%0.2)'(0.8)

c. C30.2)%0.8)°  d. PX=<1)whenn=8,p=0.2
e. P(two or fewer successes)

5.7 Let X be a binomial random variable with n =7,
p = 0.3. Find these values:

a. P(X=4) b. PX=1) c. PX>1)
d. pw=np e. o = Vnpq

5.8 Use the formula for the binomial probability
distribution to calculate the values of p(x), and con-
struct the probability histogram for X when n = 6 and
p = 0.2. [HINT: Calculate P(X = k) for seven different
values of &.]

5.9 Refer to Exercise 5.8. Construct the probability
histogram for a binomial random variable X withn =6
and p =0.8. Use the results of Exercise 5.8; do not
recalculate all the probabilities.

5.10 If X has a binomial distribution with p = 0.5, will
the shape of the probability distribution be symmetric,
skewed to the left, or skewed to the right?

5.11 Let X be a binomial random variable with n= 10
and p = 0.4. Find these values:

a. P(X=4) b. PX=4) ¢ PX>4)
d. PX=4) e. w=np f. o= Vnpq

5.12 Use Table 1 in Appendix I to find the sum of the
binomial probabilities from X = 0 to X = k for these
cases:

a.n=10,p=0.1,k=3

b. n=15,p=0.6,k=7

c. n=25p=05k=14

5.13 Use Table 1 in Appendix I to evaluate the
following probabilities for n =6 and p = 0.8:

a. PX=4) b. P(X=2)

c. P(X<2) d. PX>1)

Verify these answers using the values of p(x) calcu-
lated in Exercise 5.9.

5.14 Find P(X =k) in each case:
a.n=20,p=0.05k=2
b. n=15,p=0.7,k=8
c. n=10,p=09,k=9

5.15 Use Table 1 in Appendix I to find the following:
a. P(X<12)forn=20,p=0.5

b. PX=6) forn=15,p=0.4

¢c. PX>4)forn=10,p=04

d. PX=6) forn=15,p=0.6

e. PB<X<T7)forn=10,p=0.5

5.16 Find the mean and standard deviation for a
binomial distribution with these values:

a. n=1000,p=0.3 b. n=400, p=0.01

c. n=500,p=0.5 d. n=1600,p=0.8

5.17 Find the mean and standard deviation for a
binomial distribution with n = 100 and these values of p:
a. p=0.01 b. p=0.9 c. p=03

d. p=0.7 e. p=0.5

5.18 In Exercise 5.17, the mean and standard devia-
tion for a binomial random variable were calculated for
a fixed sample size, n = 100, and for different values
of p. Graph the values of the standard deviation for the

five values of p given in Exercise 5.17. For what value
of p does the standard deviation seem to be a maximum?

5.19 Let X be a binomial random variable with n =20

and p=0.1.

a. Calculate P(X = 4) using the binomial formula.

b. Calculate P(X = 4) using Table 1 in Appendix I.

¢. Use the Excel output below to calculate P(X = 4).
Compare the results of parts a, b, and c.

d. Calculate the mean and standard deviation of the
random variable X.

e. Use the results of part d to calculate the intervals
Mmt o, ut20, and p £ 30. Find the probability that
an observation will fall into each of these intervals.

f. Are the results of part e consistent with
Tchebysheff’s Theorem? With the Empirical Rule?
Why or why not?

Excel Output for Exercise 5.19: Binomial with n =20

and p=0.1

X p(x) X p(x)
0 0.1216 11 0.0000
1 0.2702 12 0.0000
2 0.2852 13 0.0000
3 0.1901 14 0.0000
4 0.0898 15 0.0000
5 0.0319 16 0.0000
6 0.0089 17 0.0000
7 0.0020 18 0.0000
8 0.0004 19 0.0000
9 0.0001 20 0.0000
10 0.0000
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APPLICATIONS

5.20 Calgary Weather A meteorologist in Calgary
recorded the number of days of rain during a 30-day
period. If the random variable X is defined as the num-
ber of days of rain, does X have a binomial distribu-
tion? If not, why not? If so, are both values of n and p
known?

5.21 Telemarketers A market research firm hires
operators to conduct telephone surveys. The computer
randomly dials a telephone number, and the opera-
tor asks the respondent whether or not he or she has
time to answer some questions. Let X be the number
of telephone calls made until the first respondent is
willing to answer the operator’s questions. Is this a
binomial experiment? Explain.

5.22 MCAT Scores In 2006 the average com-
bined MCAT score (physical science, verbal reason-
ing, biological science) for students in Canada was
24.7. Suppose that approximately 45% of all students
took this test, and that 100 students are randomly
selected from throughout Canada.> Which of the
following random variables has an approximate
binomial distribution? If possible, give the values

for n and p.

a. The number of students who took the MCAT

b. The scores of the 100 students on the MCAT

¢. The number of students who scored above average
on the MCAT

d. The amount of time it took each student to complete
the MCAT

5.23 Security Systems A home security system
is designed to have a 99% reliability rate. Suppose
that nine homes equipped with this system experience
an attempted burglary. Find the probabilities of these
events:

a. At least one of the alarms is triggered.
b. More than seven of the alarms are triggered.
c¢. Eight or fewer alarms are triggered.

5.24 Blood Types In a certain population, 85%
of the people have Rh-positive blood. Suppose that
two people from this population get married. What
is the probability that they are both Rh-negative,
thus making it inevitable that their children will be
Rh-negative?

5.25 Car Colours Car colour preferences change
over the years and according to the particular model
that the customer selects. In a recent year, 10% of all

NEL
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luxury cars sold were black. If 25 cars of that year
and type are randomly selected, find the following
probabilities:

a. At least five cars are black.

b. At most six cars are black.

¢. More than four cars are black.

d. Exactly four cars are black.

e. Between three and five cars (inclusive) are black.
f. More than 20 cars are not black.

5.26 Harry Potter Of all the Harry Potter books
purchased in a recent year, about 60% were purchased
for readers 14 or older.? If 12 Harry Potter fans who

bought books that year are surveyed, find the following
probabilities.

Who's reading Harry Potter

a. At least five of them are 14 or older.
b. Exactly nine of them are 14 or older.
c. Less than three of them are 14 or older.

5.27 O Canada! The National Hockey League
(NHL) has 80% of its players born outside the United
States, and of those born outside the United States,
50% are born in Canada.* Suppose that n = 12 NHL
players were selected at random. Let X be the number
of players in the sample who were born outside of
the United States so that p = (.8. Find the following
probabilities:

Percentage of Major League Sports
Players Born Outside the USA

Just over 50% of the NHE i
foreign players in the MLS
NHL are from Canada
MLB
NBA

NFL 3%
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a. At least five of the sampled players were born out-
side the United States.

b. Exactly seven of the players were born outside the
United States.

¢. Fewer than six were born outside the United
States.

5.28 Medical Bills Records show that 30% of all
patients admitted to an alternative medicine clinic fail
to pay their bills and that eventually the bills are for-
given. Suppose n =4 new patients represent a random
selection from the large set of prospective patients
served by the clinic. Find these probabilities:

a. All the patients’ bills will eventually have to be
forgiven.

b. One will have to be forgiven.
¢. None will have to be forgiven.

5.29 Medical Bills Il Consider the medical payment
problem in Exercise 5.28 in a more realistic setting.

Of all patients admitted to the clinic, 30% fail to pay
their bills and the debts are eventually forgiven. If the
clinic treats 2000 different patients over a period of

1 year, what is the mean (expected) number of debts
that have to be forgiven? If X is the number of forgiven
debts in the group of 2000 patients, find the variance
and standard deviation of X. What can you say about
the probability that X will exceed 700? (HINT: Use the
values of u and o, along with Tchebysheff’s Theorem,
to answer this question.)

5.30 Whitefly Infestation Suppose that 10% of
the fields in a given agricultural area are infested with
the sweet potato whitefly. One hundred fields in this
area are randomly selected and checked for whitefly.

a. What is the average number of fields sampled that
are infested with whitefly?

b. Within what limits would you expect to find
the number of infested fields, with probability
approximately 95%?

¢. What might you conclude if you found that x =25
fields were infested? Is it possible that one of the
characteristics of a binomial experiment is not satis-
fied in this experiment? Explain.

5.31 Colour Preferences in Mice In a psychol-
ogy experiment, a researcher plans to test the colour
preference of mice under certain experimental condi-
tions. She designs a maze in which the mouse must
choose one of two paths, coloured either red or blue,
at each of 10 intersections. At the end of the maze, the
mouse is given a food reward. The researcher counts

the number of times the mouse chooses the red path. If
you were the researcher, how would you use this count
to decide whether the mouse has any preference for
colour?

5.32 Pet Peeves Across the board, 22% of car
leisure travellers rank “traffic and other drivers” as
their pet peeve while travelling. Of car leisure travel-
lers in the densely populated U.S. Northeast, 33% list
this as their pet peeve.’ A random sample of n = 8 such
travellers in the Northeast were asked to state their pet
peeve while travelling. The MIN/TAB printout shows the
cumulative and individual probabilities.

MINITAB Qutput for Exercise 5.32

Probability Density
Function

Cumulative Distribution
Function

Binomial with n = 8
and p = 0.033

Binomial with n = 8
and p = 0.33

X P(X <= x) X P(X = x)
0 0.04061 0 0.040607
1 0.20061 1 0.160003
2 0.47644 2 0.275826
3 0.74814 3 0.271709
4 0.91543 4 0.167283
5 0.98134 5 0.065915
6 0.99758 6 0.016233
7 0.99986 7 0.002284
8 1.00000 8 0.000141

a. Use the binomial formula to find the probability that
all eight give “traffic and other drivers” as their pet
peeve.

b. Confirm the results of part a using the MINITAB
printout.

¢. What is the probability that at most seven give
“traffic and other drivers” as their pet peeve?

5.33 Fast Food and Gas Stations Forty percent
of all Canadians who travel by car look for gas sta-
tions and food outlets that are close to or visible from
the highway. Suppose a random sample of n = 25
Canadians who travel by car are asked how they
determine where to stop for food and gas. Let x be the
number in the sample who respond that they look for
gas stations and food outlets that are close to or visible
from the highway.
a. What are the mean and variance of x?
b. Calculate the interval w + 20. What values of the
binomial random variable x fall into this interval?
¢. Find P(6 = x = 14). How does this compare with
the fraction in the interval u + 20 for any distribu-
tion? For mound-shaped distributions?
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5.34 Taste Test for PTC The taste test for PTC
(phenylthiocarbamide) is a favourite exercise for every
human genetics class. It has been established that a
single gene determines the characteristic, and that 70%
of Canadians are “tasters,” while 30% are “non-tasters.”
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Campbell Company of Canada survey.® Specifically,
almost half of Canadians indicate they consume fewer
vegetable servings on a typical winter day than on a
typical summer day. Suppose that the 50% figure is
correct and that 15 Canadians are randomly selected

Suppose that 20 Canadians are randomly chosen and
are tested for PTC.

a. What is the probability that 17 or more are “tasters”?
b. What is the probability that 15 or fewer are “tasters”?

for the survey.

a. What is the probability that exactly 8 of the
respondents have fewer vegetable servings?

b. What is the probability that at most 4 of the
respondents have fewer vegetable servings?

¢. What is the probability that more than
10 respondents have fewer vegetable servings?

5.35 Less Vegetable Servings Many Canadians
report consuming fewer servings of vegetables in the
winter than in the summer, according to an Ipsos Reid/

THE POISSON PROBABILITY
DISTRIBUTION

Another discrete random variable that has numerous practical applications is the
Poisson random variable. Its probability distribution provides a good model for data
that represent the number of occurrences of a specified event in a given unit of time or
space. Here are some examples of experiments for which the random variable X can be
modelled by the Poisson random variable:

D

* The number of calls received by a switchboard during a given period of time
* The number of bacteria per small volume of fluid

* The number of customer arrivals at a checkout counter during a given minute
* The number of machine breakdowns during a given day

¢ The number of traffic accidents at a given intersection during a given time
period

In each example, X represents the number of events that occur in a period of time
or space during which an average of u such events can be expected to occur. The
only assumptions needed when one uses the Poisson distribution to model experiments
such as these are that the counts or events occur randomly and independently of one
another. The formula for the Poisson probability distribution, as well as its mean and
variance, are given next.

THE POISSON PROBABILITY DISTRIBUTION

Let u be the average number of times that an event occurs in a certain period of
time or space. The probability of k occurrences of this event is

pre
k!

for values of k=0, 1, 2, 3, .... The mean and standard deviation of the Poisson
random variable X are

PX=Fk=

Mean: N
Standard deviation: o = Vu

NEL
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The symbol e = 2.71828 ... is evaluated using your scientific calculator, which
should have a function such as ¢*. For each value of &, you can obtain the individual
probabilities for the Poisson random variable, just as you did for the binomial random

variable.

M The average number of traffic accidents on a certain section of highway is two
per week. Assume that the number of accidents follows a Poisson distribution with
n=2.

1. Find the probability of no accidents on this section of highway during a 1-week
period.

2. Find the probability of at most three accidents on this section of highway
during a 2-week period.

Solution

1. The average number of accidents per week is u = 2. Therefore, the probability
of no accidents on this section of highway during a given week is

0,2

2
PX=0)=p0) = ~

= ¢2=10.135335

2. During a 2-week period, the average number of accidents on this section of
highway is 2(2) = 4. The probability of at most three accidents during a 2-week
period is

P(X = 3) =p(0) + p(1) + p2) + p(3)

where
40 —4 42 _4
p(0) = (; — 0018316 p2) = ; — 0.146525
4l —4 43 —4
p()= =~ = 0073263 pB) = - =0.195367
Therefore,

P(X = 3)=0.018316 + 0.073263 + 0.146525 + 0.195367 = 0.433471

NEEDATIP? Once the values for p(x) have been calculated, you can use them to construct a
Use either the Poisson probability histogram for the random variable X. Graphs of the Poisson probability
formula or Table 2 distribution for u =0.5, 2, and 4 are shown in Figure 5.5.
LU C:"“')E'I":te Poisson Alternatively, you can use cumulative Poisson tables (Table 2 in Appendix I) or
robapnites.

the cumulative or individual probabilities generated by MINITAB or Excel. All of these
options are usually more convenient than hand calculation. The procedures are similar
to those used for the binomial random variable.

NEL
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FIGURE 5.5
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On February 7, 1976, Darryl Sittler scored 10 points in a hockey game while playing
for the Toronto Maple Leafs. Wayne Gretzky has the most points of any hockey player
in history, averaging 2.629 points per game in the 394 regular season games played in
the five seasons 1981-82 to 1985-86. Goals in hockey games follow a Poisson distri-
bution.” From just this information, compute the probability that Gretzky had at least
10 points in at least one of the 394 games.

Solution Let Y be the random variable representing the number of goals that
Gretzky scores in a single game. Then = E(Y) = 2.629. So

o

Yk
Pr=10=3 &
y=10 Y-

9 wle
=1— 3 ———=1-109996 = 0.0004
=0 ¥

Next let X be the number of games (among the 394) in which Gretzky scored at least
10 goals. Since the mean 2.629 was computed from the 394 games, our use of this
information means that the points in the different games are not really independent but
the numbers of goals in different hockey games are generally independent and we will
assume independence here as a good approximation to reality. Thus X is binomial with

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copicd, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



208 O CHAPTERS5 SEVERAL USEFUL DISCRETE DISTRIBUTIONS

n =394 and p = 0.004. The probability that Gretzky tied or beat Sittler’s 10-point game
in at least 1 of the 394 games is

P(X=1)=1-P(X=0)=1-C, '(0.0004)°(1—0.0004)* =1 — 0.8542 =0.1458

In actual fact, Sittler’s achievement was never equalled and remains as an NHL
record today.

NEED TO KNOW
How to Use Table 2 to Calculate Poisson Probabilities

1. Find the necessary value of w. Isolate the appropriate column in Table 2.

2. Table 2 gives P(X = k) in the row marked k. Rewrite the probability you need so
that it is in this form.

e List the values of X in your event.
* From the list, write the event as either the difference of two probabilities:

PX =a) — PX = b)fora>b
or the complement of the event:
1 —PX =oa

or just the event itself:

PX=a)orPX<a-—1)

M Refer to Example 5.11, where we calculated probabilities for a Poisson distribution
with =2 and p =4. Use the cumulative Poisson table to find the probabilities of these
events:

1. No accidents during a 1-week period
2. At most three accidents during a 2-week period

Solution A portion of Table 2 in Appendix I is shown in Figure 5.6.

FIGURE 5.6 M

Portion of Table 2 in k 2.0 2.5 3.0 3.5 4.0

Appendix | 0 0.135 0.082 0.055 0.033 0.018
1 0.406 0.287 0.199 0.136 0.092
2 0.677 0.544 0.423 0.321 0.238
3 0.857 0.758 0.647 0.537 0.433
4 0.947 0.891 0.815 0.725 0.629
5 0.983 0.958 0.916 0.858 0.785
6 0.995 0.986 0.966 0.935 0.889
7 0.999 0.996 0.988 0.973 0.949
8 1.000 0.999 0.996 0.990 0.979
9 1.000 0.999 0.997 0.992
10 1.000 0.999 0.997
11 1.000 0.999
12 1.000
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@HEEDATIP?

You can estimate binomial
probabilities with the
Poisson when nis large
and pis small.

EXAMPLE .

NEL
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1. From Example 5.11, the average number of accidents in a 1-week period is
= 2.0. Therefore, the probability of no accidents in a 1-week period can
be read directly from Table 2 in the column marked “2.0” as P(X =0) =
p(0)=0.135.

2. The average number of accidents in a 2-week period is 2(2) = 4. Therefore, the
probability of at most three accidents in a 2-week period is found in Table 2,
indexing u =4.0 and k=3 as P(X = 3) =0.433.

Both of these probabilities match the calculations done in Example 5.11, correct to
three decimal places.

In Section 5.2, we used the cumulative binomial tables to simplify the calculation
of binomial probabilities. Unfortunately, in practical situations, » is often large and no
tables are available.

THE POISSON APPROXIMATION
TO THE BINOMIAL DISTRIBUTION

The Poisson probability distribution provides a simple, easy-to-compute, and
accurate approximation to binomial probabilities when » is large and u = np

is small, preferably with np <7. An approximation suitable for larger values of
n = np will be given in Chapter 6.

Suppose a life insurance company insures the lives of 5000 men aged 42. If actuarial
studies show the probability that any 42-year-old man will die in a given year to be
0.001, find the exact probability that the company will have to pay X =4 claims during
a given year.

Solution The exact probability is given by the binomial distribution as

5000!
P(X=4) = p(d) = 1o (0.001)%(0.999)

for which binomial tables are not available. To compute P(X = 4) without the aid of a
computer would be very time-consuming, but the Poisson distribution can be used to
provide a good approximation to P(X =4). Computing x = np = (5000)(0.001) =S5 and
substituting into the formula for the Poisson probability distribution, we have

ple® 5% (625)(0.006738)
41 41 24

p@4) = =0.175

The value of p(4) could also be obtained using Table 2 in Appendix I with u =35 as

p(@) =P(X = 4) — P(X = 3) =0.440 — 0.265 = 0.175
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EXAMPLE ‘ :::: ’

EXAMPLE .

In 2001, an 82-year-old man in Ontario claimed that a convenience store clerk
defrauded him of $250,000 by telling him that his ticket was not a winner and keeping
it. The story received national attention in 2006 with a news story aired on the CBC.
Analysis of Ontario Lottery Commission winning tickets indicated that 214 major lot-
tery prizes had been won by clerks. A statistician computed that the expected number
should have been 57. The following numbers are fictitious but indicate how such an
analysis could be done. Suppose that there were 10,000 major lottery prizes of $25,000
or more during a 20-year period. Suppose that clerks who sell lottery tickets bought
0.57% of all tickets sold (i.e., 5.7 of every 1000 tickets sold). Then each of the 10,000
prizes can be viewed as a trial in a binomial experiment with » = 10,000 and p is the
probability of a winning ticket being won by a clerk, so p = 0.0057. What is the prob-
ability of having at least 214 clerks as prize winners?

Solution Let X be the number of prizes won by salesclerks among the 10,000
prizes. Then X is binomial with » =10,000 and p = 0.0057. So

P(X = 214) = C199%00,0057)* (1 — 0.0057)'0000~*

This probability is hard to compute so we use a normal approximation (Chapter 6,
p. 248) to abinomial. Here w=np=10,000(0.0057) =57 and o~ =npgq=10,000(0.0057)
(0.9943) = 56.6751. Using the results of Section 6.4, we have

X—p_ 2135-57
o /566751

This probability is so small that it is beyond the limits of the normal table and it is much
less than 0.00001.

P(X = 214) = P(X = 213.5) = P( > ~ P(Z > 20.78826)

A manufacturer of power lawn mowers buys one-horsepower, two-cycle engines in
lots of 1000 from a supplier. She then equips each of the mowers produced by her plant
with one of the engines. History shows that the probability of any one engine from that
supplier proving unsatisfactory is 0.001. In a shipment of 1000 engines, what is the
probability that none is defective? Three are? Four are?

Solution This is a binomial experiment with n = 1000 and p = 0.001. The expected
number of defectives in a shipment of n = 1000 engines is x = np = (1000)(0.001) = 1.
Since this is a binomial experiment with np <7, the probability of X defective engines
in the shipment may be approximated by

I‘Lke-“ lke—l -1

PE=B=pl)= =7 = —— = ek—'
Therefore,

i) 3 eo;!l » % = 0.368

5 63;" = % = 0.061

3 % = % = 0.015
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The individual Poisson probabilities for u = 1 along with the individual binomial
probabilities for n = 1000 and p = 0.001 were generated by Excel and are shown in
Figure 5.7. The individual probabilities, even though they are computed with totally
different formulas, are almost the same. The exact binomial probabilities are in the left
section of Figure 5.7, and the Poisson approximations are on the right.

FIGURE 5.7
Excel output of binomial
and Poisson probabilities
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@ EXERCISES

BASIC TECHNIQUES

5.36 Consider a Poisson random variable X with
m=2.5. Use the Poisson formula to calculate the
following probabilities:

a. P(X=0) b. P(X=1)

c. PX=2) d. P(X=2)

5.37 Consider a Poisson random variable X with
= 3. Use the Poisson formula to calculate the
following probabilities:

a. PX=0) b. P(X=1) c. PX>1)

5.38 Consider a Poisson random variable X with
w=3. Use Table 2 in Appendix I to find the following
probabilities:
a. PX=3)
c. PX=3)

b. P(X>3)

d. PB=X=)5)

5.39 Let X be a Poisson random variable with mean
= 2. Calculate these probabilities:

a. PX=0) b. P(X=1)

c. PX>1) d. P(X=5)

5.40 Let X be a Poisson random variable with mean

p=2.5. Use Table 2 in Appendix I to calculate these
probabilities:

a. PX=5)
c. PX=2)

NEL

b. P(X>6)
d P(1=X=4)

5.41 Poisson vs. Binomial Let X be a binomial
random variable with n =20 and p = 0.1.

a. Calculate P(X = 2) using Table 1 in Appendix I to
obtain the exact binomial probability.

b. Use the Poisson approximation to calculate P(X = 2).

c. Compare the results of parts a and b. Is the approxi-
mation accurate?

5.42 Poisson vs. Binomial Il To illustrate how
well the Poisson probability distribution approxi-
mates the binomial probability distribution, calculate
the Poisson approximate values for p(0) and p(1) for
a binomial probability distribution with n =25 and

p =0.05. Compare the answers with the exact values
obtained from Table 1 in Appendix L.

APPLICATIONS

5.43 Airport Safety The increased number of small
commuter planes in major airports has heightened
concern over air safety. An eastern airport has recorded
a monthly average of five near-misses on landings and
takeoffs in the past five years.

a. Find the probability that during a given month there
are no near-misses on landings and takeoffs at the
airport.

b. Find the probability that during a given month there
are five near-misses.

¢. Find the probability that there are at least five near-
misses during a particular month.
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5.44 Intensive Care The number X of people
entering the intensive care unit at a particular hospital
on any one day has a Poisson probability distribution
with mean equal to five people per day.

a. What is the probability that the number of people
entering the intensive care unit on a particular day is
two? Less than or equal to two?

b. Is it likely that X will exceed 10? Explain.

5.45 Cross-Border Drinking Alcohol-related
crashes increased in Windsor after bar hours extended,
the Windsor Star reported in November 7, 2005.%

The number of injuries and fatalities from alcohol-
related car accidents rose by 45% in Windsor since the
Ontario government extended drinking hours to 2 a.m.,
according to a study by the University of Western
Ontario. There were an average of 1.7 alcohol-related
traffic casualties a month in Windsor between the
hours of 11 p.m. and 3 a.m. before the drinking hours
were extended. After the change, the number increased
to 2.5. Assume that the average number of fatalities for
the current year is still 2.5. What are the probabilities
of the following events?

a. There will be two fatalities during the year.
b. Two or more fatalities

¢. At most one fatality

d. At least one fatality

5.46 Cross-Border Drinking, continued Refer
to Exercise 5.45.

a. Calculate the mean and standard deviation for X, the
number of fatalities per year.

b. Within what limits would you expect the number of
fatalities per year to fall?

5.47 Bacteria in Water Samples If a drop of
water is placed on a slide and examined under a micro-
scope, the number X of a particular type of bacteria
present has been found to have a Poisson probability
distribution. Suppose the maximum permissible count
per water specimen for this type of bacteria is five. If
the mean count for your water supply is two and you
test a single specimen, is it likely that the count will
exceed the maximum permissible count? Explain.

5.48 E. coli Outbreak Increased research and
discussion have focused on the number of illnesses
involving the organism Escherichia coli (01257: H7),
which causes a breakdown of red blood cells and
intestinal hemorrhages in its victims.” Suppose that
sporadic outbreaks of E. coli have occurred in Alberta
at a rate of 2.5 per 100,000 for a period of two years.
Let us suppose that this rate has not changed.

a. What is the probability that at most five cases of
E. coli per 100,000 are reported in Alberta in a
given year?

b. What is the probability that more than five cases of
E. coli per 100,000 are reported in a given year?

¢. Approximately 95% of occurrences of E. coli
involve at most how many cases?

THE HYPERGEOMETRIC PROBABILITY

DISTRIBUTION

Suppose you are selecting a sample of elements from a population and you record
whether or not each element possesses a certain characteristic. You are recording
the typical “success” or “failure” data found in the binomial experiment. The sample
survey of Example 5.3 is a practical illustration of these sampling situations.

If the number of elements in the population is large relative to the number in the
sample (as in Example 5.3), the probability of selecting a success on a single trial is
equal to the proportion p of successes in the population. Because the population is large
in relation to the sample size, this probability will remain constant (for all practical
purposes) from trial to trial, and the number X of successes in the sample will follow a
binomial probability distribution. However, if the number of elements in the population
is small in relation to the sample size (n/N = 0.05), the probability of a success for a
given trial is dependent on the outcomes of preceding trials. Then the number X of suc-
cesses follows what is known as a hypergeometric probability distribution.

NEL
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It is easy to visualize the hypergeometric random variable X by thinking of a
bowl containing M red balls and N — M white balls, for a total of N balls in the bowl.
You select n balls from the bowl and record X, the number of red balls that you see.
If you now define a “success” to be a red ball, you have an example of the hypergeo-
metric random variable X.

The formula for calculating the probability of exactly k successes in n trials is given
next.

THE HYPERGEOMETRIC PROBABILITY
DISTRIBUTION

A population contains M successes and N — M failures. The probability of exactly
k successes in a random sample of size n is

N-M
PX=k= —Cﬁg—,vl"-

for values of k that depend on N, M, and n with

N!
A
G n!(N — n)!

The mean and variance of a hypergeometric random variable are very similar to
those of a binomial random variable with a correction for the finite population size:

o)

M’LL@. A case of wine has 12 bottles, 3 of which contain spoiled wine. A sample of 4 bottles
is randomly selected from the case.

1. Find the probability distribution for X, the number of bottles of spoiled wine in
the sample.

2. What are the mean and variance of X?

Solution For this example, N=12,n=4, M =3, and (N —M)=9. Then

C3Ch =
Y
1. The possible values for x are 0, 1, 2, and 3, with probabilities

px) =

_CyCi  1(