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Preface

In his book “Structural Design via Optimality Criteria”, George
Rozvany articulates William Prager’s personal preferences in research
on structural mechanics which may be summarized as:

e Research should reveal some fundamental and unexpected features
of the structural problem studied.

e Closed form analytical solutions are preferable to numerical ones
because the latter often obscure intrinsic features of the solution.

e Proofs should be based, whenever possible, on principles of
mechanics rather than advanced mathematical concepts in order to
make them comprehensible to the majority of engineers.

e The most challenging and intellectually stimulating problems should
be selected in preference to routine exercises.

A large number of papers published in the high impact factored
journals bear testimony to the fact that many researchers do subscribe
to Professor Prager’s research values. The authors, in particular, found
it challenging to obtain closed form analytical solutions which elucidate
the intrinsic, fundamental and unexpected features of the solution. It is
this interest for analytical solutions that drove the authors to collate the
closed form buckling solutions of columns, beams, arches, rings, plates
and shells that are dispersed in the vast literature into a single volume.
Here, we define a closed form solution as one that can be expressed
in terms of a finite number of terms and it may contain elementary or
common functions such as harmonic or Bessel functions (special functions
such as hypergeometric functions will be excluded). In elastic buckling,
the solution (critical buckling load) may indeed sometimes be of closed
form, but these solutions are few. We have therefore expanded the
contents of this book to include closed form characteristic equations that
furnish the critical buckling load. We admit that these characteristic
equations could be transcendental and do not yield a closed form buckling
solution. However, nowadays a simple root search (such as the bisection
technique) would yield the buckling load to any desired accuracy. What
is not included in this book are buckling loads that require solution of
partial or ordinary differential equations by numerical methods.
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Chapter 1 gives the introduction to buckling and the importance of
the critical buckling load in design. Chapter 2 presents the flexural
buckling solutions for columns under various loading, restraints and
boundary conditions. The effect of transverse shear deformation on the
buckling load of columns, a brief discussion on the flexural-torsional
buckling of columns for thin-walled members with open-profile, and
inelastic buckling of columns are presented in Chapter 2. Chapter 3
contains the exact flexural-torsional buckling solutions of beams and the
buckling solutions of circular arches and rings. Chapter 4 deals with the
buckling of thin and thick plates under inplane loads for various shapes
and boundary conditions. Results for inelastic buckling of circular,
rectangular and polygonal plates are also presented. Finally, Chapter
5 presents buckling solutions for cylindrical shells, spherical shells and
truncated conical shells.

It is hoped that this book will be a useful reference source for
benchmark solutions that is so needed in checking the validity, accuracy
and convergence of numerical results.

This book contains so many mathematical equations and numbers
that it is impossible not to have typographical and other kinds of
errors. We wish to thank in advance those readers who are willing
to draw attention to typos and errors, using the e-mail addresses:
cvewem@nus. edu.sg, cywang@math.msu.edu, or jnreddy@tamu.edu.

C. M. Wang
Singapore

C. Y. Wang
East Lansing, Michigan

J. N. Reddy
College Station, Texas
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CHAPTER 1
INTRODUCTION

1.1 What Is Buckling?

When a slender structure is loaded in compression, for small loads
it deforms with hardly any noticeable change in geometry and load-
carrying ability. On reaching a critical load value, the structure suddenly
experiences a large deformation and it may lose its ability to carry the
load. At this stage, the structure is considered to have buckled. For
example, when a rod is subjected to an axial compressive force, it first
shortens slightly but at a critical load the rod bows out, and we say
that the rod has buckled. In the case of a thin circular ring under
radial pressure, the ring decreases in size slightly before buckling into a
number of circumferential waves. For a cruciform column under axial
compression, it shortens and then buckles in torsion.

Buckling, also known as structural instability, may be classified
into two categories [Galambos (1988) and Chen and Lui (1987)]: (1)
bifurcation buckling and (2) limit load buckling. In bifurcation buckling,
the deflection under compressive load changes from one direction to a
different direction (e.g., from axial shortening to lateral deflection). The
load at which the bifurcation occurs in the load-deflection space is called
the critical buckling load or simply critical load. The deflection path
that exists prior to bifurcation is known as the primary path, and the
deflection path after bifurcation is called the secondary or postbuckling
path. Depending on the structure and loading, the secondary path may
be symmetric or asymmetric, and it may rise or fall below the critical
buckling load (see Fig. 1.1). In limit load buckling, the structure attains
a maximum load without any previous bifurcation, i.e., with only a single
mode of deflection (see Fig. 1.2). The snap-through (observed in shallow
arches and spherical caps) and finite-disturbance buckling (only unique
to shells) are examples of limit load buckling. Other classifications of
buckling are made according to the displacement magnitude (i.e., small
or large), or static versus dynamic buckling, or material behavior such
as elastic buckling or inelastic buckling (see El Naschie, 1990).
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Figure 1.1: Bifurcation buckling: (a) symmetric bifurcation and
stable postbuckling curve; (b) symmetric bifurcation and
unstable postbuckling curve; (c) asymmetric bifurcation.
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(b) Finite-disturbance shell buckling

Limit load buckling: (a) snap-through buckling; and (b)

finite-disturbance buckling.

1.2 Importance of Buckling Load

Design of
considerations.

structures is often based on strength and stiffness
Strength is defined to be the ability of the structure
to withstand the applied load, while stiffness is the resistance to
deformation (i.e., the structure is sufficiently stiff not to deform beyond
permissible limits). However, a structure may become unstable (in the
sense described above) long before the strength and stiffness criteria
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are violated. For example, one can show that a spherical shell made
of concrete and with a thickness-to-radius ratio of h/R = 1/500 and
modulus of £ = 20 GPa buckles at a critical stress [0, = k(Eh/R)
and k ~ 0.25] of 10MPa. However, the ultimate strength of the
concrete is 21MPa. Thus, buckling load governs the design before
the strength criterion does. Therefore, buckling is an important
consideration in structural design, especially when the structure is
slender and lightweight.

Linear elastic bifurcation buckling of structural members is the most
elementary form of buckling, and its study is an essential step towards
understanding the buckling behavior of complex structures, including
structures incorporating inelastic behavior, initial imperfections, residual
stresses, etc. [see Bazant (2000) and Bazant and Cedolin (1991)]. The
load at which linear elastic buckling occurs is important, because it
provides the basis for commonly used buckling formulas used in design
codes. For example, the American Institute of Steel Construction (AISC)
Load and Resistance Factor Design (LRFD, 1994) specification applies
a moment-gradient factor, Cp, to the exact lateral buckling solution
of beams under uniform moment in order to account for the variable
moment along an unbraced steel girder length.

In the open literature and standard text books, buckling loads
for different kinds of structures under various loading and boundary
conditions are often expressed using approximate simple formulae and
design charts to aid designers in estimating the buckling strength of
structural members. It is still necessary, however, for designers to
perform the buckling analysis if more accurate results are required or
if there are no standard solutions available. Apart from a few problems
(such as the elastic buckling of perfect and prismatic struts under an
axial force or the lateral buckling of simply supported beams under
uniform moment and axial force), it is generally rather laborious and
in some cases impossible to obtain exact analytical solutions. Thus, it
becomes necessary to resort to numerical techniques. In determining
the elastic buckling load, there are many techniques. These techniques
may be grouped under two general approaches: (a) the vector approach
and (b) the energy approach (Reddy, 2002). In the vector approach,
Newton’s second law is used to obtain the governing equations, whereas
in the energy approach the total energy (which is the sum of internal
energy and potential energy due to the loads) is minimized to obtain
the governing equations. They correspond to the different strategies
used in satisfying the state of equilibrium for the deformed member.
The governing equations are in the form of an eigenvalue problem in
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which the eigenvalue represents the buckling load and eigenvector the
buckling mode. The smallest buckling load is termed the critical buckling
load. Note that the critical buckling load is associated with the state of
neutral equilibrium, i.e., characterized by the stationarity condition of
the load with respect to the displacement. In order to ascertain whether
the equilibrium position is stable or unstable, we use the perturbation
technique for the vector approach or by examining the second derivative
of the total potential energy.

1.3 Historical Review

The first study on elastic stability is attributed to Leonhard Euler
[1707-1783], who used the theory of calculus of variations to obtain the
equilibrium equation and buckling load of a compressed elastic column.
This work was published in the appendix “De curvis elasticis” of his book
titled Methodus inveniendi lineas curvas mazximi minimive proprietate
gaudentes, Lausanne and Geneva, 1744. Joseph-Louis Lagrange [1736-
1813] developed the energy approach that is more general than Newton’s
vector approach for the study of mechanics problems. This led naturally
to the fundamental energy theorem of minimum total potential energy
being sufficient for stability.

Jules Henry Poincaré [1854-1912] is known as the founder of
bifurcation theory and the classification of the singularities. On the
other hand, Aleksandr Mikhailovich Liapunov [1857-1918] gave the basic
definitions of stability and introduced the generalized energy functions
that bear his name, Liapunov functions. Furthermore, Lev Semenovich
Pontryagin [1908-1988] introduced, with A. A. Andronov, the important
topological concept of structural stability. This work has led to the well
known classification theory presented in a treatise, Stabilite structurelle
et morphogenese: Essai d’une theorie generale des modeles (Structural
Stability and Morphogenesis: An Outline of General Theory of Models)
by R. Thom.

Theodore von Karmdn [1881-1963] began his work on inelastic
buckling of columns. He devised a model to explain hysteresis loops and
conducted research on plastic deformation of beams. Warner Tjardus
Koiter [1914-1997] initiated the classical nonlinear bifurcation theory
in his dissertation, “Over de Stabiliteit van het Elastisch Evenwicht”,
at Delft. Budiansky and his colleagues (1946, 1948) gave a modern
account of the nonlinear branching of continuous elastic structures
under conservative loads. Furthermore, Hutchinson (1973a, b) made an
important contribution to the nonlinear branching theory of structures
loaded in the plastic range.
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Pioneering research by a number of other individuals is also
significant and some of them are: F. Engesser and S. P. Timoshenko on
buckling of shear—flexural buckling of columns; A. Considere, F. Engesser
and F. R. Shanley on inelastic buckling of columns; G. R. Kirchhoff on
buckling of elastica; J. A. Haringx on buckling of springs; V. Vlasov
on torsional buckling; L. Prandtl, A. G. M. Michell, S. P. Timoshenko,
H. Wagner and N. S. Trahair on flexural-torsional buckling of beams
(see Trahair and Bradford, 1991); B. W. James, R. K. Livesly and D.
B. Chandler, R. von Mises and J. Ratzersdorfer, and E. Chwalla on
buckling of frames; H. Lamb, J. Boussinesq, C. B. Biezeno and J. J.
Koch on buckling of rings and arches; E. Hurlbrink, E. Chwalla, E. L.
Nicolai, I. J. Steuermann, A. N. Dinnik and K. Federhofer on arches; G.
H. Bryan, S. P. Timoshenko, T. von Karman, E. Trefftz, A. Kromm, K.
Marguerre and G. Herrmann on buckling (and postbuckling) of plates;
G. H. Handelmann, W. Prager, E. I. Stowell, S. B. Batdorf, F. Bleich
and P. P. Bijlaard on plastic buckling of plates; R. Lorentz, R. von
Mises, S. P. Timoshenko, R. V. Southwell, T. von Karman and H. S.
Tsien on cylindrical shells under combined axial and lateral pressure; L.
H. Donnell, K. M. Marguerre and K. M. Mushtari on the postbuckling
of shells; A. Pfliiger on buckling of conical shells; and R. Zoelly and
E. Schwerin on buckling of spherical shells. Additional references can
be found in the book by Timoshenko and Gere (1961) and the survey
article by Bazant (2000).

1.4 Scope of the Book

In this book, we focus our attention on buckling characterized
by bifurcation and static buckling. There is a fundamental difference
between the formulations of static and buckling equilibrium problems
of linear elasticity. In formulating the static equilibrium (differential)
equations, the undeformed geometry is used to sum the forces and
moments. In contrast, in deriving the buckling equilibrium equations
one must use forces and moments acting on the deformed configuration
under applied loads. The latter leads to eigenvalue problems in which
the buckling load is the eigenvalue and buckling mode is the eigenvector.

Analytical solution of the eigenvalue problem is not possible for
complicated geometries, boundary conditions and loads. In such cases,
numerical methods are required. However, for some cases of structural
geometries, loads and boundary conditions, it is possible to solve the
differential equations exactly in closed form. In this book the authors
present as many exact buckling solutions as possible in one single volume
for ready use by engineers, academicians and researchers.
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CHAPTER 2
BUCKLING OF COLUMNS

2.1 Euler Columns under End Axial Load
2.1.1 Governing Equations and Boundary Conditions

Consider a perfectly straight, uniform, homogeneous column of
flexural rigidity EI, length L which is subjected to an end axial
compressive load P. The moment-displacement relation according to
the Euler-Bernoulli beam theory is given by

d?w

M=—-F]—
dz?

(2.1.1)
in which Z is the longitudinal coordinate measured from the column base,
w the transverse displacement and M the bending moment. The Euler—
Bernoulli beam theory is based on the assumption that plane normal
cross-sections of the beam remain plane and normal to the deflected
centroidal axis of the beam, and the transverse normal stresses are
negligible (Reddy, 2002).

It can be readily shown that the equilibrium equations are (Bazant
and Cedolin, 1991)

dM
dQ d?>w

where @) is the shear force normal to the deflected column axis. The

substitution of Egs. (2.1.1) and (2.1.2) into Eq. (2.1.3) yields the

following governing Euler column buckling equation
d*w d*w PL?
bl Z =0 = 2.1.4
dzt " Y da? ) ( )

where w = w/L and x = z/L.
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The general solution of (2.1.4) is
w = Oy sinv/azx + Cy cos vVax + Csz + Cy (2.1.5)
The four constants C; (i = 1,2,3,4) can be evaluated by the two

boundary conditions at each end of the column, which may be written
in the following general forms

_ _dw  _ dPw dPw

Slw+82%+53d71'2+54$ =0 (216)
and p P2 3

o L aw ~ w R w

Sl’w‘f'SQE—f'Sgw-i-Szlw =0 (217)

where 5; and §; are parameters whose values will be apparent in the
sequel.

By substituting Eq. (2.1.5) into the boundary conditions given by
Egs. (2.1.6) and (2.1.7) at = 0 and = = 1, we obtain four homogeneous
equations which may be expressed as

r va(s) - 5%a) 50 — 5%a 5 597
Va(89 - 8%a) 30— 8%a 3 &

3 2

51 sinva + 51 vacos va 51 cos v — 5}/arsin Vo

—5iasinya — slavacosva  —5ia cosva+ siavasinya 51451 sl

51 sinva + s1vacos va 51 cos Vo — 8} v/asin ya
L-8la sinya - slayvacosyva  —slacosva+slavasinya 81 +5) 51
C; 0
Cy 0
= 2.1.8
N Cs 0 (2.1.8)
Cy 0

where the superscript ‘0’ (‘1’) of s identifies the value of s at x = 0
(x = 1). For example, the boundary conditions for a clamped end at
z = 0 would be defined by 5y =3y =1, 8 =5 =35=3) =38 =3)=0.

The stability criterion is furnished by the vanishing of the
determinant of the above matrix. This general stability criterion applies
to all kinds of boundary conditions which are embedded in the general
boundary conditions given in Egs. (2.1.6) and (2.1.7). Below we present
the stability criteria and critical loads for columns with various forms of
boundary equations.
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2.1.2 Columns with Classical Boundary Conditions
The classical boundary conditions are given below.
e Fixed end: w =0 and %‘C’ =0
e Pinned end: w =0 and 66%2” =0
e Free end: %annd%+a%:0
e Sliding restraint: CC%} =0 and 2%30 + Oz‘%’ =0

where o denotes the stability parameter defined in Eq. (2.1.4).

The stability criteria and the critical buckling load (smallest
eigenvalue) for columns with classical end restraints are summarized in
Table 2.1.

Table 2.1: Classical Euler column restraints and critical loads.

Classical C-F P-P Cc-pP c-C C-S

Cases Column Column Column Column Column
Sl — s0 — g — 50 — 0 — &0 gl — a0

Nonzero s% = s% =1 s% = s? =1 9% = % 1 s% = s%

values of | 31 =35} = 1| 5] =38l =1|5] = 1 51 = 8}

5 and § 8 =a

Buckled shape

7

Stability | cosva =0 |sinva=0 |a=tan/a

Criterion

Critical | a = E; a=m2 a = 2.045772 o = 42 a=m2
Buckling
Load

C = clamped (fixed); ' = free; P = pinned; S = sliding restraint.
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2.1.3 Columns with Elastic End Restraints

In the general case of a column with elastic restraints as shown in
Fig. 2.1, one of the boundary conditions has the form

w(0) =0 (2.1.9)

whereas the other three conditions can be written in the form

dw [ 2w |

il I L 2.1.1

&| de_O e 0 (2.1.10)
L dx=0

¢ {dw} I i) R (2.1.11)

"z oy _d:pz_le_ o
o + | B2 o o (2.1.12)

dax3 dr | _, N o

Here, & and &; represent the rotational spring constants. Zero values
of & and &; imply free rotation of the column end and infinite values
imply no rotation at the column end; ( denotes the translational
spring constant against sidesway, with a zero value implying free lateral
translation and an infinite value implying no lateral translation at that
column end. The foregoing boundary conditions imply the nonzero
values of § and § listed in Eq. (2.1.13) on the next page.

e

Figure 2.1: Buckling of column with elastic end restraints.
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0 _ A0 _ 20 =1
51 _17 52_507 83__17 32_£1a

2.1.13
s5=1, §=( &=a §=1 ( )
Thus, the general stability criterion reduces to
0 1 0 1
Vado o o 01_,
Vagicosy/a —asinya  —y/agsiny/a —acosy/a & 0
¢sin/a ¢ cos /o (+a (¢
(2.1.14)
or in the form of a transcendental equation given by
1 1 1 1
2+ {—1—% <+) +a<—+ < ) }\/&sin\/&
o & &1 ¢ &&id (2.1.15)

—[2—#04(610—1-511) <1+(g>]cos a=0

The above problem may be specialized to the various end conditions
given next.

o If the top end is elastically laterally supported with spring constant ¢
(and & = 0) while the lower end is fixed & = oo, Eq. (2.1.15) reduces
to

\/&<1+2‘> —tanyv/a =0 (2.1.16)

o If the top end is elastically laterally supported with spring constant
¢ (and & = 0) while the lower end is elastically rotationally supported
with spring constant &y, Eq. (2.1.15) reduces to

{1+§;(1+Z_‘>} Jatanva — [1+a (1+2‘)] =0 (2.1.17)

e If the top end is prevented from lateral movement, ¢ = oo, Eq. (2.1.15)
reduces to

26061 + a(éo + &)l cos Va — Va(a + & + &1 — &) sin Vo — 2661 = 0

(2.1.18)
The results for some special cases are shown in the first part of Table
2.2. Owing to symmetry, the normalized spring constants & and &; can
be interchanged. When the spring constants are both zero, the critical
load is 72, which is the same as that for a column with both ends pinned.
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When the spring constants are both infinite, the critical load is 472, the
same as that for the column with both ends fixed. The value of 20.191,
of course, is 2.045772 of the fixed-pinned column.

e If there is no lateral constraint, or the top end can freely slide laterally,
¢ =0, Eq. (2.1.15) reduces to

V(& + &) + (&b — o) tana =0 (2.1.19)

Sample critical load parameters are given in the second part of Table
2.2. In this case, the critical load is zero when the spring constants are
zero, since the column can have a rigid rotation. The critical value of 72
corresponds to the classical fixed—sliding restraint column in section 2.1.2
and the value of 72/4 corresponds to the classical fixed—free column.

Table 2.2: Critical load parameters « for columns with various elastic
end conditions.

£ €o
0 0.5 1 2 4 10 20 oo
Columns with only end rotational restraints
&o 2 11.772 13.492 16.463 20.957 28.168 30.355 4n2
0 2 10.798 11.598 12.894 14.660 17.076 18.417 20.191

oo 20.191 21.659 22.969 25.182 28.397 33.153 35.902 472

Columns with the top end free to slide laterally

& 0 0.9220 1.7071 2.9607 4.6386 6.9047 8.1667 w2

0 0 0.4268 0.7402 1.1597 1.5992 2.0517 2.2384 =2/4
S m2/4 33731 4.1159 5.2392 6.6071 8.1955 8.9583 72

2.2 Euler Columns under End Load Dependent
on Direction

Consider a fixed—free, uniform homogeneous column of flexural
rigidity E'I, length L which is subjected to a load P that is dependent on
the deflection and slope of the free end of the buckled column as shown
by the various column problems in Fig. 2.2 (Zyczkowski, 1991).

For such columns, the governing buckling equation and the general
solutions are given by Eq. (2.1.4) and Eq. (2.1.5), respectively. The
boundary conditions may be canonically written as
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A

Figure 2.2: Buckling of various types of columns.
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w(0) =0 (2.2.1)

dw d*w
[gdx _ de] =0 (2.2.2)
=0

d?w dw
ke =0 2.2.3
dPw dw
—_— — 1)=20 2.24
[dﬁ 4—0401313 . + anaw(1) ( )

where 71 and 72 are nondimensional parameters defined in Fig. 2.2 and
a = PL?/(EI).

In view of the general solution given by Eq. (2.1.5) and the
aforementioned boundary conditions, the stability criteria take the
following transcendental form

2+{—1+(1+1> +<1—1+ ! )}V&sin\/&

§ am Em m2 Emne

e [

As an example, the stability criterion for the fixed—free column
problem with load through the fixed point a vertical distance al below
the fixed end is given by Eq. (1.20) with & = oo, m1 = 0 and
ne = —[1/(1+a)):

(2.2.5)

av/a +tanva =0 (2.2.6)

Table 2.3 presents some sample critical load parameters furnished by the
above stability criterion.

Table 2.3: Critical load parameters /a for fixed—free column with
load through a fixed point.

a 0.1 0.2 0.3 0.5 0.7 0.9 1.0
Vo o 2.86277  2.65366 2.49840 2.28893  2.15598  2.06453 2.02876

2.3 Euler Columns with an Intermediate Axial Load

This section presents exact stability criteria for the elastic buckling
of columns with intermediate and end concentrated axial loads (Wang,
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Wang and Nazmul, 2003). An obvious practical example for the
application of the criteria is the determination of the buckling capabilities
of columns in structural buildings that have to support intermediate
floors.

Consider a uniform homogeneous column of flexural rigidity £ and
length L. It is subjected to a concentrated axial force P, at its top
end and a concentrated axial force P; at a distance of T = aL from the
bottom end as shown in Fig. 2.3.

"

P, Segment 2

Segment 1

Figure 2.3: Column with intermediate and end axial loads.

To solve this column buckling problem, we divide the column into
two segments, viz. segment 1 (0 < Z < aL) and segment 2 (aL <z < L).
Also, we can identify a number of cases, depending on the nature
(compressive or tensile) or magnitude of the two applied forces. Noting
the positive direction of P as shown in Fig. 2.3, the nontrivial cases are:

e Case 1: P, >0 and (P, + P) > 0, implying that both segments 1
and 2 are in compression.

Case 2a: P, > 0 and (P + P2) < 0, implying that segment 2 is in
compression while segment 1 is in tension.

Case 2b: P» < 0 and (P; + P») > 0, implying that segment 2 is in
tension while segment 2 is in compression.

Case 3a: P, =0 and P; > 0, implying that segment 2 is subjected
to zero axial load while segment 1 is in compression.

Case 3b: P, > 0 and P; + P, = 0, implying that segment 2 is in
compression while segment 1 has zero axial load.

© 2005 by CRC PressLLC



It is clear that one can obtain Case 2b from Case 2a through suitable
parametric changes; the same applies for Case 3a and Case 3b. Therefore,
we shall also focus our attention on Cases 1, 2a and 3a to avoid routine

repetitive derivations.

Table 2.4 summarizes the governing equations

and the general solutions for the two segments for Cases 1, 2a and 3a.

Table 2.4: Governing equations and general solutions for Cases 1, 2a

and 3a.
Cases (1) P,>0,PL+P,>0 (2&) P,>0,PL+P,<0 (3&) P,=0,P, >0
d* d? _ d* d? _ d* _
ot T =0 ot T a g =0 ot =0
_ PyL? _ PyL? _
Qg = %I Qg = %’I Qg = 0
d*w, d?wy _ d*w d?w, _ d*w; d?w;,
dx? ta dz2 dx? +a dx2 dz? +a; dx?
_ (P1+Pp)L? _ |P1+Pp|L? _ P L?
a1 = 7 1= —F7 1 = g7

wy = C sin /AT

wy = C sin \/agT

Wo = 01.133 + 02$2

+02 COS /G +CQ COS /O —|—C’3I + 04
+Cs5z + Cy +Csx + Cy

wy = Bysin aqx wy = By sinh aqx wy = By sin Jaqx
+ By cos \/aqx + By cosh Jaqx + B cos aqx
+B31‘ + B4 +BgCC —|— B4 +B3LE —|— B4

The solutions contain eight constants, viz. B; and C; (i = 1,2,3,4),

as shown in Table 2.4. However, these constants are related to each other

through the following four continuity relations at = = a:

W = W (2.3.1)
dw1 d'UJQ
_— == 2.3.2
dx dx ( )
d2W1 d2w2
—_ = 2.3.
dxz? dx? (2.3.3)
and a3 d a3 d
w1 w1 w2 w
s + o I = do + oo I for Case 1 (2.3.4a)
d3w; dwy,  dBwsy dw
pa Qg T dad + a9 I for Case 2a (2.3.4b)
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3 3
dd;;l + d;il = dd:; for Case 3a (2.3.4c)

where a1 and as are defined in Table 2.4.

Case 1: The relationships between the constants are given by
= % [V cos (avay ) cos (avas) + Vg sin (avay ) sin (avos)]
- Cy % [V cos (avay) sin (ava) — Vag sin (avay ) cos (avas)]
- C'?,\/»i1 cos (avay) (2.3.5a)
e L [~/ sin (ava, ) cos (av/s) + vz cos (ava, ) sin (av/ds)]

+ Cy % [V sin (ava) sin (aviog) + Vo cos (avay) cos (avas)]

+ 03\%1 sin (av/a,) (2.3.5b)
By =322 (2.3.5¢)
Qg
By = —f[Csin (avasy) + Cy cos (avas) + Csa) + Cy (2.3.5d)
where
g=%2_1 (2.3.5¢)
aq

Case 2a: For this case, we find that
= 01 Y22 (/@ cosh (av/@y) cos (av/@a) + vy sinh (v, ) sin (avaz)]
1

4Oy */0%2 [—v/@ cosh (av@, ) sin (avas) + v sinh (avay ) cos (avas)]

v
+ C’gﬁlcosh (avay) (2.3.6a)

-4 @ [Vag sinh (avan) cos (avag) + vag cosh (avaq ) sin (avas)]

—CQ\FQ[ vag sinh (avay) sin (avaz) + vag cosh (avay ) cos (avas)]

— 03 7o sinh (avaq) (2.3.6b)
B; = 703% (2.3.6¢)
1
By =[Cysin(avas) + Cy cos (avaz) + Cza] + Cy (2.3.6d)
where
y==2+1 (2.3.6e)
ap
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Case 3a: For this case, we find that

By =C a\g/a [a?a cos (ava) — 2av/asin (ava) — 2 cos (aVa)]

+Cy 2 [av/acos (ava) - sin (ava)] + Cs % cos(av@)  (2.3.7a)

By, =-C} a\?)@ [a2a sin (ava) + 2avaccos (ava) — 2sin (ava)]
~ Gy [av/asin (ava) + cos (av@)] - 03% sin(ava)  (2.3.7b)

a?a+2
o

By=Cy2, Bi=Cia+Cy 4 Chat Gy (2.3.7¢)
where o= Py L2/(EI).

The buckling problem thus involves only four constants C; (i = 1,
2, 3, 4) with the expressions of constants B; (i = 1,2,3,4) in terms of the
former constants. Using the two boundary conditions at each end, we
can develop an eigenvalue equation of the form

ail1 a2 a3 a4 Cy 0
a1 a2 a3 24 Cy 0
Al{cl = = 2.3.8
Al el as1 aszy asz a3 C3 0 ( )
41 Q42 Q43 Qa4 Cy 0

The vanishing of the determinant of matrix [A] yields the stability
criterion.

For example, consider a column that is pinned at both ends and
loaded at an intermediate distance x = a from the base. This problem
corresponds to the above Case 3a. The boundary conditions are

d*w d*w
pr —_— = 1 = —_— = 2. .
w(O) 07 [dw2‘|x0 0’ w( ) 07 [dx2‘|x1 ’ ( ’ 9)

By substituting the general solutions given in Table 2.4 into Eq. (2.3.9)
and noting the expressions of constants B given by Eq. (2.3.7), we find
that

a1 =1, ar2=1, ai3=1, aia=1, a1 =6, axp =2, axyy =0

asy =0, as = _04\3/& {(cﬂa - 2) sin (av/a) + 2a+/a cos (a\/a)}

asp = % [av/asin (av/a) + cos (av/a)], ass = —\/1& sin (av/a)
ado+2

azs =0, ag = a3, ag9 = o as3 = a, agq =1 (2.3.10)
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and thus the stability criterion is given by
3(1—a)*Vacos (ay/a) + [3 (2—a)—(1—a) oz} sin (av/a) =0 (2.3.11)

where o = P L?/(EI).
The stability criterion for other three cases, Case 1, Case 2a and
Case 3a, and various combinations of classical boundary conditions are

derived in the manner described above and are presented in Tables 2.5,
2.6 and 2.7.

2.4 Euler Columns with an Intermediate Restraint

Frame buildings are usually braced to resist lateral loads. In a loaded
cross-bracing system, one bracing member will be under compression
while the other under tension. In the design of the compression member,
the restraint provided by the tension member may be exploited. The
tension brace may be modeled as a discrete lateral elastic spring attached
to the compression member (see, for example, papers by Mutton and
Trahair, 1973; Kitipornchai and Finch, 1986); Stoman, 1988; and Mau,
1989). Therefore, the prediction of the elastic buckling loads of columns
with an intermediate elastic restraint is of practical interest.

There are stability criteria for some special cases dispersed in the
literature. For example, in the Handbook of Structural Stability and
papers such as Rozvany and Mroz (1977) and Wang and Liew (1991),
we find exact stability criteria for columns with an internal support
which is a special case of the elastic restraint with infinite stiffness. But
most papers on the subject offer numerical methods for determining the
buckling loads. For example, Wang and Ang (1988) and Olhoff and
Akesson (1991) used the Timoshenko energy approach for determining
the buckling loads of braced columns under distributed load and end
concentrated load while Thevendran and Wang (1993) used a variant of
the Ritz method to compute the buckling capacity of the compression
member in a nonsymmetric cross-bracing system.

This section presents a comprehensive set of exact stability criteria
for Euler columns with an intermediate elastic restraint. The special case
of the elastic restraint where its stiffness is infinite (or reaches a critical
value in special locations which will be discussed later), so as to make the
restraint behave like a rigid support, is treated as a byproduct of the more
general problem at hand. The exact stability criteria presented herein
can be readily used to calculate the buckling capacity of the compression
member in a cross-bracing system.
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Table 2.5: Stability criteria and critical load parameters /a7 for columns with compressive intermediate and end axial loads.

B.C. Stability criteria Sample critical load parameters \/ag = /(P + P»)L2/EI
a 0.1 0.3 0.5 0.7 0.9
C-F* 1—+vAtan(a/aq)tan[(1 —a),/a;vA] =0 A=0.25 3.13371 2.93360 2.4619 2.02223 1.69808
where A= 22, ap = PpL? A=0.50 221961 2.17345 2.03334 1.83963 1.65327
A=0.75 1.81330 1.80088 1.76005 1.69161 1.61087
PP* [ /asla(l-A) — 1]+ (1 - X)?tan[(1 - a)y/az] } x A=025 4.84596 4.00896 3.93202 3.78990 3.37633
tan (ay/a7) + vazla(l — \) — 1] tan [(1 — a)/ag] = A=0.50 4.04138 3.66322 3.61553 3.54775 3.29703
A=0.75 3.51290 3.37792 3.35643 3.33141 3.21855
CP* {ya3[l—a(l-\)]+[2A(1 - A) - 1]tan[y/az(1 - a)] } A=0.25 879815 6.75004 6.02299 5.88884 5.01596
— {2372+ JaiA[l - a(1 - \)]tan [y/@z(1 - a)] } tan (ay/ay) A=0.50 6.31460 5.74370 5.37750 5.32344 4.83825
—2X\(1 = \) tan[y/az (1 — a)] sec (a/ag) = 0 A=0.75 5.17801 5.01892 4.88261 4.86368 4.66277
p-C* {1/* [1—a(1 - \)]tan[/az(1 - a)] A=0.25 6.30114 5.33088 5.25365 4.81143 4.51283
+ [AMA=2) +2] - 2(1 — N sec[y/az(1 — a)] } tan (ay/ay) A=0.,50 5.53038 5.01442 4.97371 4.70922 4.50652
— Va1 —a(l = )] +VAtan[/az(1 —a)] =0 A=0.75 4.94355 4.73715 4.72028 4.60266 4.50005
Cc-C* {\/X(l + A) tan [/az(1 — a)] — az[l —a(l - )\)]} X

tan (a\/a7) — vaz[l — a(1 — A)] tan [\/az (1 — a)] A=0.25 11.95146 8.33161 7.86204 7.08305 6.33641
+2[A(1 = A) — 1] = 2X(1 — A) sec (a/aq) A=0.50 8.76636 7.53174 7.23087 6.83035 6.31954
—2[(1 = \) + Asec (ay/ag)] sec [y/az (1 —a)] =0 A=0.75 7.22480 6.84940 6.71286 6.55846 6.30182

*C-F: Clamped Free; P -P: Pinned Pinned; C-P: Clamped Pinned; P -C: Pinned -Clamped; C-C: Clamped -Clamped.
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Table 2.6: Stability criteria and critical load parameters /&7 for columns with tensile intermediate and compressive end

loads.
B.C. Stability criteria Sample critical load parameters /a7 = /(P + P2)L2/EI
a 0.1 0.3 0.5 0.7 0.9
C-F* 1—vXtanh (ayaq)tan{(1 —a)yaz} =0 A=05 222678 2.35305 2.85282  4.51143 13.51022
where A = 22,y = % ag = 2L A=1.0 157333 1.63457 1.87510 2.69463  7.85400
A=2.0 1.11207 1.14497 1.27166 1.67127  4.35473
PP* {/agla(1+X) = 1]+ (1+ ) tan[(1 - a)/az] } x A=0.5 5.65149 7.54131 10.22487 13.64288 19.02687
tanh (a/a7) — vazAa(l + A) — 1] tan [(1 — a),/az] = 0 A=1.0 3.75533  4.92863 6.28319  6.73827 10.78470
A=20 255315 3.22010 3.75903 3.86610  6.26468
CP* {/aall —a(l+N)] + [2A(1+X) + 1] tan [yaz(1 - a)] } A=05 645307 7.68541 10.36932 14.46242 19.40444
+A{VX — ar[l - a(1 + \)] tan [y/as(1 - a)] } tanh (a\/a7) A=10 454209 522325 6.69977  7.69329 11.12279
+2A(1+ A) tan[,/a2(1 — a)]sech (a/a7) =0 A=20 320378 3.59219 4.36614  4.64982  6.63457
P-C* {—1/a2[1 —a(1l+ N)]tan[/az(1 — a)] A=05  8.62768 11.43014 15.99410 27.82300 42.88891
— AMA+2) +2] +2(1 + ) sec[/az(l - a)]} tanh (a,/a7) A=10 576803 7.79621 10.83363 12.78612 26.56463
—Var [l — a(l+ N)] + vVtan[/az(l —a)] =0 A=20 3.89664 526079 6.62288  7.36685 16.90332
c-C* {7\/X(1 — A)tan [/az(1 — a)] + vagA[l —a(l + /\)]} X
tanh (a\/a7) + /a2l — a(1+ A)] tan [/az(1 — a)] A=05 913062 11.43872 15.99721 26.31437 43.10975
F2[AN+1) + 1] — 2A(A + 1) sech (ay/a7) A=10 6.40934 7.84573 10.88683 13.56540 26.70697
—2[(1 4 A) — Asech (ay/a7)] sec [/az(l — a)] = 0 A=20 451296 539739  7.22622 7.94580 17.01189
*C-F: Clamped Free; P-P: Pinned Pinned; C-P: Clamped Pinned; P-C: Pinned -Clamped; C-C: Clamped-Clamped.
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Table 2.7: Stability criteria and critical load parameters v/a for columns subjected to intermediate axial load.

B.C. Stability criteria Sample critical load parameters o = y/PL2/(EI)
a=0.1 0.3 0.5 0.7 0.9

C-F* cos(av/a) =0

where o = PELIz 5 5m/3 T 57 /7 5m/9
P-P* 3a(1 - a)?cos (Vaa)

+ [3(2 —a)—a(l- a)3] sin(vaa) =0 6.07805  4.42466  4.32040  4.05031  3.45564
CP* 24va(l —a)+12[1 + a(1 — a)?]sin (vVaa)

+4v/ala(l - a)3 - 3(2 — a)] cos (Vaa) =0 17.84181 7.99675  6.88014  6.52453  5.19080
P-C* 4+/a[3a — a(l — a)?] cos (vaa)

+a2(1 - a)t — 12a(1 — a) — 12] sin (Vaa) = 0 7.26971  5.69265 555565  4.90790  4.51898

C-C* 1212+ a(l —a)?]
+4/a[3(1 = 2a) + a(1 — a)?] sin (vVaa)
{a2(1-a)* — 1212+ a(1 - a)] } cos (vVaa) = 0 18.62395 0.22950 8.62568  7.30338  6.35247

*C-F: Clamped Free; P-P: Pinned Pinned; C-P: Clamped Pinned; P-C: Pinned-Clamped; C-C: Clamped -Clamped.
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Consider a column of flexural rigidity FEI, length L and
intermediately restrained at x = aL by either an internal elastic restraint
that is modeled by a lateral spring of stiffness ¢ [see Fig. 2.4(a)] or an
internal roller support [see Fig. 2.4(b)]. The ends of the columns may
have any combination of classical boundary conditions. The column is
loaded at the free end by a concentrated compressive force P, as shown
in Figs. 2.4(a) and 2.4(b).

To solve this column buckling problem, we divide the column into
two segments, viz. segment 1 (0 < Z < aL) and segment 2 (aL <z < L).
The governing buckling equation for both segments may be expressed as

4 2

T ta5 =0, i=1,2 (2.4.1)

where x = /L, w = w/L and o = PL?/(EI) and the subscripts 1 and 2
denote the quantities belonging to segment 1 and segment 2, respectively.
The general solution is given by

w1 = Bysinyax + Bycosyax + Bsx + By for 0 <z <a (24.2)
wy = Cysinvax + CocosVar +Csx +Cy for a <z <1 (24.3)

Figure 2.4: Column with (a) intermediate elastic restraint, and (b) an
intermediate rigid support.
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The continuity conditions (of deflection, slope, bending moment and
shear force) at x = a are:

wi(a) — ws(a) = 0 (2.4.4)
& E L (249
e = I
d3w; dwr d3wsy dwo
ldm?’ + adw] By — ldwi” +ta—= - +&wi(a) =0  (24.7)

where ¢ = cL3/(EI). If the spring stiffness is infinite (i.e., the elastic
restraint corresponds to an internal rigid support), Eq. (2.4.7) is to be
replaced by

wi(a) =0 (2.4.8)

By substituting Eqs. (2.4.2) and (2.4.3) into Eqs. (2.4.4) to (2.4.7),
we obtain a set of homogeneous equations which may be expressed in
the form of B; in terms of Cj

3

B = — e cos (av/a) [C1 sin (av/a@) + Cy cos (av/a) + Cza + C4](2.4.9)
By = a\g/a sin (av/a) [Ch sin (av/a) + Ca cos (ay/a) + Csza + Cy] (2.4.10)

B3 = 2 [Cl sin (av/a) + Cs cos (av/a) + Cs (a + ?) + 04] (2.4.11)

By = —%ﬁ [Cl sin (av/a) + Cs cos (av/ar) + Csa + Cy <1 — aaﬁﬂ (2.4.12)

The buckling problem thus involves only four constants C; (i = 1, 2,
3, 4) with the expressions of constants B; (i = 1, 2, 3, 4) in terms of the
former constants. Using the two boundary conditions at each end, we
can develop an eigenvalue equation of the form given in Eq. (2.3.9). The
vanishing of the determinant of matrix [A] yields the stability criterion.

Considering the various combinations of classical boundary
conditions for column ends, the stability criteria are derived and
presented in Table 2.8. In the special case of infinite spring support, the
stability criteria simplify to those given ir. Table 2.9 by simply setting
& = o0.
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Table 2.8: Stability criteria and critical load parameters va = y/PL2/(EI) for columns with an intermediate elastic restraint

of stiffness £ = cL3/(EI).

B.C. Stability criteria Sample critical load parameters v/a
a 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

C-F* [2 - cos(ava)]sin[(1 —a)va] + (a - %) Vacosva =10 1.5712 1.5768 1.5996 1.6538 1.7520 1.9033 2.1151 2.3947 2.7461
—sinya=0 £ =40 1.5723 1.5935 1.6680 1.8154 2.0373 2.3335 2.7134 3.1922 3.7616
£=1001.5746 1.6214 1.7557 1.9691 2.2437 2.5805 2.9925 3.4870 4.0182
P-P* cos(a+v/a)cos[(1 - a)va] —cosva =10 3.1720 3.2491 3.3427 3.4187 3.4481 3.4187 3.3427 3.2491 3.1720
- [a(l —a)— %] Vasinya =0 £ =40 3.2582 3.5300 3.8455 4.1136 4.2258 4.1136 3.8455 3.5300 3.2582
£=1003.4111 3.9478 4.5231 5.0781 5.4126 5.0781 4.5231 3.9478 3.4111
CP* al2(1 - a) — cos (aya)]sin[(1 — a)va] £ =10 4.4944 4.5068 4.5452 4.6087 4.6735 4.7034 4.6752 4.6018 4.5258
+ cos (av/a@) cos [(1 — a)va] — {1 —aa(l —a)+ O‘; } cosva £=40 4.4974 4.5448 4.6835 4.9075 5.1490 5.2774 5.1765 4.9030 4.6196
- [(1 —a)— %} Vasiny/a =0 £ =1004.5033 4.6117 4.8980 5.3375 5.8544 6.2352 6.0225 5.4105 4.7924
P-C* /a[2(1 —a) —cos (ava)]cos[(1 —a)va] —2sin[(1 —a)va] £=10 6.2846 6.3022 6.3508 6.4128 6.4423 6.4128 6.3508 6.3022 6.2846
—2[ay/acos (av/a@) — sin (a/a)] — [a - 2?"‘] Vacosva £ =40 6.2890 6.3562 6.5371 6.7746 6.8961 6.7746 6.5371 6.3562 6.2890
+ {[2 —aa(l—-a)] - D‘TQ} sin va — % =0 £ =1006.2975 6.4523 6.8423 7.3788 7.7178 7.3788 6.8423 6.4523 6.2975
C-C* £=10 0.3120 0.6063 0.8813 1.1449 1.4086 1.6853 1.9893 2.3341 2.7281
sin (ay/a) sin [(1 — a)va] — (a - %) Vasiny/a =0 £ =40 0.6000 1.0765 1.4409 1.7452 2.0312 2.3233 2.6256 2.9055 3.0889
£=1000.8812 1.4016 1.7172 1.9690 2.2127 2.4669 2.7261 2.9549 3.0994

*C-F: Clamped Free; P-P: Pinned Pinned; C-P: Clamped Pinned; P-C: Pinned -Clamped; C-C: Clamped -Clamped.
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Table 2.9: Stability criteria and critical load parameters for columns with an intermediate roller support.

B.C. Stability criteria Sample critical load parameters va = /PL2/EI
a=0.10.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
C-F* [2 - cos (a/a)]sin[(1 — a)va] + av/acos Va —siny/a =0 1.6981 1.8478 2.0259 2.2407 2.5031 2.8266 3.2231 3.6862 4.1515
P-P* cos(ava)cos|(l—a)ya] —cosya 4.8192 5.2013 5.6352 6.0663 6.2832 6.0663 5.6352 5.2013 4.8192
—ava(l —a)siny/a=0
CP* /a[2(1 - a) — cos (av/a)]sin[(1 — a)Va]
+ cos (av/a) cos [(1 — a)v/a] 4.8608 5.2997 5.8273 6.4558 7.1497 7.6704 7.6262 7.2087 6.7286
—[1—-aa(l —a)]cosva —va(l —a)siny/a=0
P-C* /a[2(1 - a) — cos (av/a)]cos[(1 — a)va] — 2sin[(1 — a)/a]
+2[av/a cos (ay/a) — sin (a/@)] — Vacos o 6.7915 7.3787 8.0348 8.6732 8.9868 8.6732 8.0348 7.3787 6.7915
+[2 - aa(l —a)]siny/a=0
C-C* sin(ava)sin[(1 — a)va] —avasiny/a =0 1.6829 1.8119 1.9609 2.1333 2.3311 2.5516 2.7796 2.9789 3.1043
*C-F: Clamped Free; P -P: Pinned Pinned; C-P: Clamped Pinned; P -C: Pinned -Clamped; C-C: Clamped -Clamped.
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An interesting feature of this column buckling problem at hand is
that there exists a critical elastic restraint stiffness when the restraint is
positioned exactly at a node of a higher buckled mode of an equivalent
column without any intermediate restraint. At this special restraint
location, if one provides adequate intermediate restraint stiffness, the
buckled mode switches to the higher buckling mode of the column
without any intermediate restraint (see Timoshenko and Gere, 1961;
Olhoff and Akesson, 1991; Kitipornchai and Finch, 1986). For example,
the nodal point of the second buckled mode for a fixed—pinned column
is at a = 0.6405207 from the fixed end. When the elastic restraint is
placed at this location, the critical elastic restraint stiffness is £, = 216.6
as given by the stability criterion in Table 2.10 by setting a = 0.6405207
and y/a = 7.72525. There is no critical elastic restraint stiffness apart
from the critical location for the intermediate restraint.

The critical stiffness values and the corresponding locations of the
elastic restraints are presented in Table 2.10. The critical load associated
with the critical elastic stiffness and the corresponding restraint location
is the highest possible critical load value that one may obtain for a
column with an elastic intermediate restraint.

Table 2.10: Critical elastic restraint stiffnesses and the associated

conditions.
Boundary Buckling Critical Location  Critical
conditions mode buckling of node elastic
without load va of higher restraint
intermediate buckled mode stiffness
restraint or the Eerx
intermediate
support (a)
Fixed—Free Mode 3 7.8540 0.8 77.106
Pinned—Pinned Mode 2 6.2832 0.5 157914
Fixed—Pinned Mode 2 7.7252 0.6405 216.630
Fixed-Fixed Mode 2 8.9868 0.5 207.75
Pinned—Free Mode 3 6.2832 0.5 78.957

*er = cL3/(ET)
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2.5 Euler Columns with an Internal Hinge

2.5.1 Columns with an Internal Hinge

Consider a column of flexural rigidity E1, length L, and fixed at the
base (z = 0) and either fixed or pinned at the top end z = L (note that
Z is the distance from the bottom end of the column). The column has
an internal frictionless free hinge at £ = aL and is loaded at the top end

by a concentrated compressive force P as shown in Fig. 2.5.
The boundary conditions and continuity conditions are:

w1(0) =0
L
wa(1l) =0

2’w2 dwg

dx? dz

d
If the top end is pinned: [] =0 or fized: [}
z=1 z=1

w1 (a) = wa(a)
d2w1 N d2w2 —0
dx? —a | da? —a -

dPwy M{dwl] _ | P M{dw]
dz3 —a de |, | da3 —a dzr | ,—q

Internal hinge

Z Wy

A
Figure 2.5: Column with an internal hinge.
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where z = z/L. The substitution of Egs. (2.4.2) and (2.4.3) into Egs.
(2.5.1) to (2.5.7) yields an eigenvalue equation. For nontrivial solutions,
this equation yields the following stability criteria (Wang, 1987a):

The fixed—fized column with an internal hinge:
tan (av/a) + tan {(1 — a) vVa} — Va =0 (2.5.8)
The fized—pinned column with an internal hinge:

tan (ay/a) — tan/a = 0, for 0 < a < 0.30084 (2.5.9a)
Va —tan(ay/a) =0, for 0.30084 < a <1 (2.5.9b)

The first stability criterion given by Eq. (2.5.9a) corresponds to a
buckled mode in which the bottom segment of the column is straight
(i.e., remains vertical). The second stability criterion given by Eq.
(2.5.9b) corresponds to a buckled mode in which the top segment of the
column undergoes a rigid body rotation. The variation of the critical
load parameter with respect to the hinge location is shown in Figure 2.6.

354

3 3
8 8
@ 4 jol
£ 25 2
s s
I 3
g o
32 o
kS g
2 15 >
E £
5 1 v 0 i 1 0 ) v ¥ !
0.0 0.1 0.2 03 0.4 0.5 4} 0.2 0.4 0.6 0.8 1
Hinge location & Hinge location a
(a) (b)

Figure 2.6: Variation of critical load parameter with respect to hinge
location. (a) Fixed—fixed column. (b) Fixed-pinned
column.
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2.5.2 Columns with a Rotational Restrained Junction

Columns weakened at an interior location, due to the presence of a
notch or a crack, may be modeled by columns with a rotational restraint
(or spring) at the weakened junction (see, for example, Krawczuk and
Ostachowitz, 1995). Such a junction also describes a stiffened human
limb joint or a robotic arm joint. The junction effectively separates the
column into two segments. At the junction, we require continuity of
displacement and shear. The restraining moment of the spring is to be
proportional to the difference of the junction slopes of the two segments.
Thus, when the spring constant is infinite, the column is completely
continuous. When the spring constant is zero, the two sections are
connected by a frictionless free hinge as treated in Section 2.5.1.

Let £ be the internal torsional spring constant normalized by ET/L
and a be the fractional distance of the hinge from the bottom. The
conditions to be satisfied at the hinge are

wi(a) = wa(a) (2.5.10)
d2’LU1 d2w2
_— = |—F 2.5.11
[ dx? L:a [ dx? —a ( )
Ly o) (D de (2.5.12)
a3 Ydr o T o s
d2w1 dwsg dwq
—_— =& |— - — 2.5.13
[ dz? La ¢ { dx dx L:a ( )

Here the last equation signifies that (at the hinge) the moment is
proportional to the angle difference between the two segments. If the
column is pinned at both ends, the characteristic equation, after some
work, is found to be

tan [va (a — 1)] [Vatan (Vaa) — €] + £ tan (Vaa) = 0 (2.5.14)

Some values for the critical load are shown in Table 2.11. Owing to
symmetry, only the range 0 < a < 0.5 needs to be considered. Notice
72 is the buckling load for the pinned-pinned column. When & = 0 and
a # 0 the hinge has no torsional resistance, and the column can rotate
freely with zero load. When £ = 0 and a = 0, this rotation is absent,
and the buckling load jumps to 2.
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The characteristic equation for the column with top end free and
bottom end fixed is

tan [Va (a — 1)] [Va+ Etan (Vaa)] + £ =0 (2.5.15)

Some values are given in Table 2.11. The value of 72/4 is the buckling
load of the fixed—free column. Similar to the previous case, there is a
sudden jump of buckling load as a — 1.

The governing equation for the buckling of an internally weakened
column with the bottom end fixed and the top end free to slide
transversely is

Va + Etan (Vaa) — Etan [ya(a —1)] =0 (2.5.16)

Table 2.11 shows some critical load values. When the torsional spring
constant is infinity, the critical load is 72, the same as the classical
hingeless free sliding case given in Section 2.1.2. It is also 72 when
a = 0.5, regardless of the spring constant, or when the hinge is at the
inflection point at the midpoint.

The characteristic equation for the column with one end fixed and
one end pinned is

€ [v/a — tan (vaa) +tan [a(a — 1)] [a + &+ va (¢ — 1) tan (vaa)] =0

(2.5.17)
When £ = oo, the critical load parameter o = 20.191, which is the
first root of the transcendental tan(y/a) = /. This value corresponds
to that of the classical fixed—pinned Euler column. When & = 0, the
results reduce to those of an internal frictionless hinge. As a approaches
unity, the critical load o = 0 for the case where £ = 0 due to the swivel
motion of two closely spaced hinges. But if £ > 0 , the critical load
« rises to the maximum value as a — 1. The optimum location of a
can be obtained by substituting o = 20.1908 [or tan(y/«) = /a] into
Eq. (2.5.17), wherein the stability criterion becomes independent of £
and the optimum location a = 0.3008, which also corresponds to the
inflection point of a fixed—pinned Euler column without any weakness.
At this optimum location, the junction (with any value of &) does not
diminish the critical load.

Lastly, we present the fixed—fixed column with an internal resisting
hinge. The characteristic equation is found to be

46 — (@ + 4¢) cos (va) — arcos [v/a (1 — 2a)] +2(1 — €) vasin (v/a) = 0
(2.5.18)
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Table 2.11: Critical load parameters « for columns with various end

conditions.

a £E=0 0.1 0.5 1 2 4 10

Pinned—ended columns with an internal hinge and elastic rotational restraint

0 w2 w2 72 72 2 w2 w2 w2
0.1 0 1.0733 4.5392 6.9928 8.6259  9.3239  9.6696 72
0.3 0 0.4607 2.0250 3.4829 5.3433  7.1102 8.6417 72
0.5 0 0.3870 1.7071 2.9607 4.6386  6.3968 8.1667 w2
Fixed—free columns with an internal hinge and elastic rotational restraint

0 0 0.0968 0.4268 0.7402 1.1597  1.5992  2.0417 72/4
0.1 0 0.1068 0.4614 0.7859 1.2052  1.6320 2.0563 nw2/4
0.3 0 0.1356 0.5618 0.9221 1.3514  1.7534 2.1257 w2/4
0.5 0 0.1874 0.7402 1.1597 1.5592  1.9539 2.2384 n72/4
0.7 0 0.3076 1.1240 1.6100 1.9897  2.2190 2.3664 w2/4
0.9 0 0.8899 2.1418 2.3261 2.4021  2.4360 2.4551 7w2/4

1 72 /4 72 /4 72 /4 72 /4 w2 /4 w2 /4 w2/4 7w2/4

Fixed—sliding restrained columns with an internal hinge and elastic rotational

restraint

0 w2 /4 2.6634 3.3731 4.1159 5.2392  6.6071 8.1955 72
0.1 3.0462 3.2623 4.0174 4.7662 5.8314  7.0486 8.4086 72
0.3 5.0355 5.3076 6.1713 6.9046 7.7696  8.5578 9.2582 72
0.5 w2 w2 w2 w2 w2 72 w2 2
Fixed—pinned columns with an internal hinge and elastic rotational restraint

0 9.870 10.067 10.798 11.598 12.894 14.660 17.076 20.191
0.1 12.185 12.401 13.170 13.951 15.104  16.497 18.180 20.191
0.3 20.142 20.185 20.190 20.190 20.190  20.191 20.191 20.191
0.5 5.434 5.998 7.960 9.870 12474  15.201 17.844 20.191
0.7 1.730 2.315 4.391 6.491 9.518 12.961 16.637 20.191
0.9 0.363 1.539 5.712 9.743 14.472  17.636 19.300 20.191

1 20.191 20.191 20.191 20.191 20.191  20.191 20.191 20.191
Fixed—ended columns with an internal hinge and elastic rotational restraint

0 20.191 20.498 21.659 22.969 25.182  28.397 33.153 4n2
0.1 24.901 25.257 26.537 27.865 29.878  32.395 35.558 42
0.3 20.305 21.320 24.967 28.627 33.331  36.817 38.603 4n2
0.5 9.870 10.654 13.492 16.463 20.957  26.428 32.782 42
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The critical loads are shown in Table 2.11. For constant a, the critical
load increases with the spring constant &, reaching the value of 472 for
fixed—fixed columns. For a given spring constant, the location of the
hinge for maximum critical load is at a = 0.25 (the inflection point) if
& > 1, but is less than 0.25 if ¢ < 1. Variations of the critical load
parameter with respect to the junction location for various values of
spring parameter £ and column end conditions are shown in Figs. 2.7—
2.11.

Buckling load parameter o

0.01

0 0.1 0.2 03 0.4 0.5

Junction location a

Figure 2.7: Critical load parameter « for pinned—pinned column
versus weakened junction location a with various
constant junction stiffness &.

2.6 Euler Columns with a Continuous Elastic Restraint

Consider a uniform homogeneous column of flexural rigidity FEI,
length L, and continuously restrained along its length. The restraint
consists of lateral springs of stiffness ¢ per unit length. It may model
an elastic foundation or a wall cladding restraint. The column is loaded
at the top end by a concentrated compressive force P as shown in Fig.
2.12.
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Junction location a

Figure 2.8: Critical load parameter « for fized—free column versus
weakened junction location a with various constant
junction stiffness &.

12 A

=N
(=]
§

Buckling load parameter o

0 T ; T T T 1
0 0.1 0.2 0.3 0.4 0.5 0.6

Junction location a

Figure 2.9: Critical load parameter « for fixed—sliding restrained
column versus weakened junction location a with various
constant junction stiffness &.
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Figure 2.10: Critical load parameter « for fired—pinned column versus
weakened junction location a with various constant
junction stiffness &.
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Figure 2.11: Critical load parameter « for fixed—fized column versus
weakened junction location a with various constant

junction stiffness £.
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Elastic
restraint

Figure 2.12: Column with elastic restraint.

The governing buckling equation is given by

dw  Fw

dzt dxz?
where x = /L, w = w/L, o = PL?/(EI) and ¢ = cL*/(EI). The
general solution to (2.6.1) is

+éw=0 (2.6.1)

w = Cqcos (Sz) + Cysin (Sx) + Czcos (T'x) + Cysin (Tx)  (2.6.2)

SJ (2) - J (¢ oy

It is worth noting from Eq. (2.6.3) that the smallest critical load for a
periodic solution is (Pey)min = 2V cEI.

For the usual combinations of boundary conditions, the stability
criteria are given below:

where

Fized—free column:
la (5’2 + T2) — 252T2] cosT cos S — « (5’2 + T2) + <S4 + T4)

+ ST 20— (8% + T2) | sin T'sin § = 0 (2.6.4)
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Pinned—pinned column:

sinT =0 (2.6.5)
Fized—pinned column:
TcosTsinS — SsinT cosS =0 (2.6.6)
Fized—fixed column:
25T [cosT cos S — 1] + (T2 + SQ) sinT'sinS =0 (2.6.7)

Pinned—fized column with top sway:

cosT =0 (2.6.8)

Fized—fixed column with top sway:

TsinT cosS — ScosTsinS =0 (2.6.9)

Free—free column:

28T (S* — a)(T? — &) cos S cos T — 25T
+ a(a? — 258%T%)sin S sinT = 0 (2.6.10)

The free—free case is of interest to foundation engineers/researchers
(Hetenyi 1948).

The critical load is obtained by solving the transcendental stability
criteria for the smallest value of a. Table 2.12 contains critical loads for
a pinned—pinned column and a fixed—pinned column. Note that buckled
mode shape is dependent on the spring constant ¢. The number of half-
waves for the critical buckling mode increases with increasing values of
c as it uses lesser energy than a buckled mode shape characterized by
a single half wave. It is worth noting that the buckling problem of a
column with continuous elastic restraint along its length is analogous
to (a) the buckling problem of an end loaded column rotating with a
constant angular velocity and (b) the free vibration problem of an axially
loaded column (see paper by Wang et al., 1991).
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Table 2.12: Critical load of continuously-restrained columns.

Restraint Critical load parameter, « = PL2/EI
stiffness
parameter Pinned—pinned Fixed—pinned
column column
0 9.8696 20.1903
50 14.9357 24.2852
100 20.0017 28.3066

2.7 Euler Columns with Distributed Load

Axially distributed loads acting on columns include selfweight of
the column, gravitational forces in an highly accelerated environment
and weight of wet concrete during the construction of steel-tube—filled
concrete columns.

2.7.1 Infinite Hanging Heavy Column with Bottom Load

Figure 2.13(a) shows a long column with density p (weight per unit
length), flexural rigidity E1, and subjected to a bottom compressive load
of F.

A moment balance [Fig. 2.13(b)] yields the linearized equation
dM + (F — px)0dz =0 (2.7.1)

where M is the local moment, related to the inclination angle € by the
Euler-Bernoulli relation

dé
M=FEI— 2.7.2
T (2.7.2)
By letting
_ px—F
r= (B2 (2.7.3)
Eq. (2.7.1) becomes the Airy equation
d%0
with the general solution
0= ClAi(T) + CQBi(’I‘) (2.7.5)
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where Ai and Bi are Airy functions (Abramowitz and Stegun, 1965).
The boundary conditions are zero slope at infinity and zero moment at
the bottom end at z = 0. Thus Cy = 0 and

Af [—F(EI)—l/?’p—?/ﬂ ) (2.7.6)

The critical load (Wang, 1983) is the lowest root of Eq. (2.7.6) or

F

In the case where the bottom end is constrained to be vertical, but can
slide freely horizontally, the condition is

Ai [—F(EI)—l/?’p—?/ﬂ =0 (2.7.8)

Then the critical load is

F
X
A
‘Weight per unit M+ M
length of the
column, p @® "

Figure 2.13: Infinite hanging column under its own weight.
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2.7.2 Heavy Column with Top Load

Figure 2.14(a) shows a column of length L and density p subjected
to a top load P. Both p and P are positive in the directions shown; p
can be negative if the column is hanging down from the base or when

buoyancy is larger than the material weight.

A moment balance [Fig. 2.14(b)] yields the linearized equation

dM +[p(L—x)+ P]0dx =0
This gives, in view of Eq. (2.7.2), the governing equation

Elﬁﬂ (L—z)+Pl6=0
dgz TP N

The displacement w is related to the slope 8 by

dw
g =—
dx
Let
PL? pL? x
o= —_—, ﬁ — e S = —
EI El L
A .
6 dx
P+p(L-x) M + dM
Weight per unit
length of the _
column, p P+p(L—x)
M
I, W
(a) (b)

Figure 2.14: Heavy column with top load.
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where s is in [0,1]. If we define (Wang and Drachman, 1981)

r= (1—s+0‘> EIRE (2.7.15)
g
Eq. (2.7.15) then further simplifies to
d?0
s + sgn (B)r0 =0 (2.7.16)
The general solution is
0 = C1Ai[— sgn (B)r]+ CoBi[— sgn (8)r] (2.7.17)

The Airy functions Ai and Bi are related to the Bessel functions by the
following relations. If z and ( are positive, and

(= gz?’/? (2.7.18)
then
i ()= V3 [ (@~ ha Q] AV (2) = 2 1 () — T (O]
Ai(—2) = 32 [Iy () + Ty Q)] AV (=2) = 2 [Ja (O) = T_aya (0)

Bi2) =[5 [Lus ©+ s (0] B9 = 2 [1aya (O + s (€
Bi(—2) = \fs a3 (©Q =y Q] BE=2) = = [Toays Q) + oy (0)

(2.7.19)
Since w cannot be integrated exactly from Eq. (2.7.12), only two types
of boundary conditions are admissible for exact solutions. One is the

fixed end or sliding restraint
=0 (2.7.20)

The other is the pinned end or free end constraint

o

— = 2.7.21
dr 0 (2.7.21)
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Upon a close examination of the problem, there are only six independent
cases which yield an exact characteristic equation. Let

= (1+5) 180 =Gl (2.7.22)

2 e 2 _
Q=3+ PR8I >0, G=glaPBT >0 (27.23)

The stability criteria are shown in Table 2.13.

The buckling of a uniform free-standing column due to its own
weight has been solved by Greenhill (1881). Greenhill’s solution can
be obtained by setting « = 0 and § > 0 in Eq. (2.7.14) (i.e., Case 1 in
Table 2.13); the solutions are Bessel functions of the first kind. Applying
the boundary conditions at the top and bottom ends, one obtains the
buckling condition

2
J_1/3 (351/2) =0 (2.7.24)
The lowest root is
ﬁ—p—L?)—783735 (2.7.25)
=Z7 =" .

2.7.3 Two-Segment Heavy Column — General Formulation

Figure 2.15 shows a column composed of two segments of different
properties. The total length of the column is L and the top load is P.
Let the subscript 1 denote the bottom segment which is of length oL
and the subscript 2 denote the top segment which is of length (1 —a)L.
A moment balance similar to that of the previous section yields, for the
top segment,

d26
K;—i—[ag—l—ﬁz(l—s)wz:@, a<s<l1 (2.7.26)

where 0 is the angle of inclination, s is the vertical coordinate normalized
by the total length L and

PL? po L3

E0y By = Ty (2.7.27)

a9 =
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Table 2.13: Stability criteria for heavy columns with various end conditions.

a>0,6>0 J_173(C1) T _23(C2) + J1/5(C1) Ja/5(C2) =0
r1 > 0,70 >0 Wang and Drachman (1981)

1

—a> >0 J_13(C)15/3(C2) + J1/3(Ci) I3 5(C2) =0
ry > 0,79 <0 Wang (1987b)

a>0,0>0 J13(C) I -1 5(C2) = J_1/53(C1)J15(C2) =0
r1 >0,75 >0 Wang (1987¢)

-f>a>0 I 5(C1) T 2/5(C2) = 11 j5(Ci) Joy3(C2) =0
ry1 > 0,79 <0 Wang and Drachman (1981)

a>-3>0 J_173(C1) T _23(C2) + J1/5(C1) Ja/5(C2) =0
r1 < 0,79 <0

6 -B>a>0 I5/3(C1)J _2/3(C2) = I_5/3(C1)J2)5(C2) =0

r1> 0,7 <0

4 i f>-a>0 J1y3(C)I 1 /3(C2) +J_1/3(C1) 11 5(¢2) =0
r1 > 0,7 <0
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Figure 2.15: A heavy composite column.

Notice that both the load P and/or the density p may be negative. The
general solution is

02 = C1Ai[— sgn (B2)q] + C2Bi[— sgn (B2)q] (2.7.28)
where

(1 — s+ > EARE: (2.7.29)

Depending on the sign of the arguments, the Airy functions in (2.7.19)
would then transform the solution to the proper Bessel functions.
Similarly for the bottom segment, we have

L
d521 +la+61(1—5)]0=0, 0<s<a (2.7.30)
where ) 5
PlL plL
== = AL 2.7.31
aj (BD);’ B (ED); (2.7.31)
Pr=P+L(1—a)(p2—p1) (2.7.32)

The general solution is
01 = C3Ai[— sgn (B1)r] 4+ CyBi[— sgn (51) 7] (2.7.33)
where

(1 — 5+ > |61 |/3 (2.7.34)
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The solution of the top segment satisfies the boundary condition at s = 1,
either zero inclination or zero moment, and that of the bottom satisfies
the boundary condition at s = 0. The matching conditions at the joint
at s = a are given by the equality in the inclinations

91 (a) = 02(@) (2735)

and the equality of bending moments

d‘gﬂ (2.7.36)

EnG| = |EnT

Particular attention must be paid in choosing the right branch for the
Airy functions, especially when the argument changes sign at an interior
point of the column. In what follows, we shall give the details for some
interesting special cases.

2.7.4 Heavy Column Partially Submerged in Liquid

For a uniform column that is partially submerged, the wetted portion
has a lower effective density due to buoyancy. The flexural rigidity
remains the same for the whole column [i.e., (EI); = (El)y = EI].
Let p. be the density of the column, py be the density of the fluid, and
Ap = pg/pe. For a column with load P at the top (see Fig. 2.14), we
find

pPL? peL3
T P2 = 77 0 (2.7.37)
ap=az+(1—a)Abz, Bi=(1-XA)pB (2.7.38)

The solutions are

Oy = C1Ai (—q) + CoBi(—q), q= (1 — S+ ;2) 21/3 (2.7.39)
2

01 = C3Ai(—gr)+CyBi(—gr), g= sgn(f), r= (1 — s+ ;”) ARG
1
(2.7.40)
Let
_ (6%
¢ =By, qa= <1 —a+ ﬁj) 1/ (2.7.41)
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and
r = <1+0”> B1|Y3, re = <1—a+0‘1) ARG (2.7.42)
b1 B
The matching conditions at s = a are
C1Ai(—qq) + CaBi(—qq) — C3Ai (—gre) — C4Bi(—gr,) =0 (2.7.43)
C1Ai (—qq) + CoBi' (—qq) — C5Ai’ (—gra) — C4Bi' (—gry) =0 (2.7.44)
If the top is free,

CL A7 (—q2) + CyBi’ (—q2) =0 (2.7.45)

If the top has a sliding constraint,

C1Ai(—q2) + CoBi(—q2) =0 (2.7.46)

If the bottom is fixed,

C3Ai (—grl) + CyBi (—grl) =0 (2.7.47)
If the bottom is pinned,
CgAi, (—grl) + C4Bi/ (—grl) =0 (2.7.48)

Table 2.14 shows the characteristic equations of a heavy column with
a free top end and no external load. The functions used are defined by

92 1 B\ 3/2
p(s)=3V0 | sen (A= 1) A, — 1|7 (A_fl’#s)] (2.7.49)
P
o = p(0),  p1 = p(1) (2.7.50)
v = g\/ﬁz(l —a)’?, ¢y = 3Zl<]1/3 (1) — Jay3 (1) (2.7.51)
g0 =B/ (ar, —1) (1, —1)7H® (2.7.52)
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Table 2.14: Stability criteria for columns partially submerged in liquid.

aXp <1 Jyys(v1) [J_1/3(p1) Ty y3(10) + Ty ys(pa) 1 5(1o0)]
+sgn (Ap = 1)J_4 5(v1) [J2/3(/L1)J1/3(#0)
+J_1/3(t0)$1] =0

aXp > 1 [Bi(&) - v3Ai(&)] [Joys(vi)T_13(p1)+
J_1/3(01) o 5(11)] + [Bi(&o) + v3Ai(&)]

Wang (1987d) x [Toya (1)1 3(pa) = Ty y3(v1)é1] =0

a?ip >1 ”1/3']2/3(111) {[Bi"(&) +V3Ai'(&0)] J1/3(p1) +
[Bi" (&) = VA" (&0)] J_1/5(11) } — (Ao = 1)1/3
X/Ji/sj_u?)(vl) {[Bi"(&) +V3Ai'(&0)] J_o/3(p1)-
[Bi/(fo) - ‘/gAi/(fo)] J2/3(M1)} =0

Wang (1991)

2.7.5 Standing Two-Segment Heavy Column

Here, we treat the two-segment column shown in Fig. 2.16. Assume
there is no top load P, each section is uniform, of similar cross section,
and made of the same material. If the cross section is similar, whether
circular or square, the flexural rigidity and the density have the following

relation )
El, P2 2
e (22} = 2.7.
ElL (m) % (2.7:53)
Thus,
L3
By =L2250, Bi=M\B>0 (2.7.54)
El,

For the top section, the solution to Eq. (2.7.16) satisfying the zero
moment condition at the top is

02 = C1¢3T 13 (C) (2.7.55)
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Figure 2.16: A heavy composite column under its own weight.

where 5
(= §q3/2, g=(1-25) ;/3 (2.7.56)
For the bottom section, the solution satisfying zero slope at the bottom
is
01 = Con' ' [Ty (m) Jugs () = Jys(m)Toygs(m)] - (2:7.57)
where
2
n(a)= 5% =01 -a)+a—sp" (2.7.58)
and
m =n(0) (2.7.59)

In view of the matching conditions (2.7.35) and (2.7.36), the stability
condition is found to be

A3 {Jl/S (Ma) J1y3 (m) — Jiyz(m) J_1/3 (Ua)} {2J—1/3 (Ca)

+ 360 | T_ass (Ca) = Jags ()] }

= J_1/3 (Ca) {[21/3 (1a) + 300 (T_ays (1) — Jays () )] T_1/3 ()
— Juys () (213 () + 31 (T _ays (a) — Joss (na) )] } (2.7.60)

where the subscript a denotes the variable evaluated at the joint at s = a.
Table 2.15 shows some typical results.
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The value of A\, also represents the ratio of the area of the top
segment to the area of the bottom segment. For the uniform column
Ap = 1, the buckling value (2 is 7.83735, the same as Eq. (2.7.29), and
similarly for a« = 0. When a = 1 the size of the column is uniformly
that of the bottom segment, and the buckling value is 7.83735/)\,. For
Ap > 1 the column is top-heavy and thus has a lower critical value.

Table 2.15: Critical values of (5.

Ap a=0.10 0.25 0.50 0.75 1.00

0.50 9.8980 14.430 24.428 22.184 15.675
0.75 8.9520 10.830 12.934 12.258 10.450
1.50 5.6620 4.281 3.720 4.026 5.225
2.00 4.0117 2.601 2.156 2.454  3.919

2.8 Euler Columns with Variable Cross Section

2.8.1 Introduction

In this section, we consider columns where their cross-sections vary
along the length but still maintain the same principal bending axis. The
most common type would be columns with similar cross sections, while
the area of the cross section varies. In what follows, we present two
cases. In the first case, the column has no distributed axial load and
buckles by end compressive forces only. It can be shown that the lateral
deflection, for certain forms of the flexural rigidity, can be integrated
exactly. Thus, the classical boundary conditions of section 2.1.2 can
be applied. In the second case there exists an additional distributed
axial load, such as selfweight, and the solution, again for some restricted
forms of distribution, can only be expressed in terms of the slope 6.
Since the deflection w cannot be exactly integrated, similar to those of
section 2.7, only columns with zero lateral shear give exact characteristic
equations. The solutions to each case can be joined together to form a
compound column. These compound columns will not be discussed,
not because they are unimportant, but because the matching method
has been well described in the previous section. Earlier references for
columns of variable cross section are found in Bleich (1952), Timoshenko
and Gere (1961), and a recent selective review by Elishakoff (2000).
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2.8.2 Columns under End Concentrated Load

For columns with variable cross-section, the moment of inertia I
is a function of position along the column of length L. If there is no
distributed axial load, similar to section 2.1, one can show the equation
governing the lateral displacement is

d? d?w d?w
— | E1 —_— P— =0 2.8.1
dx? < (z) dx2> + dx? ( )

where P # 0 is the end load. Integrating twice, we obtain

d2
EI (2) d—;;) + Pw = Cy + Coz (2.8.2)

where the value of Cs can be identified with the shear. Thus, the general

solution is o o
e ]
W=7 + Pa:+wh (2.8.3)

where wy, is the homogeneous solution satisfying

d>wy,

EI (x) 122

+ Pw, =0 (2.8.4)

Depending on the form of EI(z), there exist a number of exact
solutions of Eq. (2.8.4). For example, one can specify EI(z) such that
the ordinary differential equation conforms to those with closed form
solutions as listed in Kamke (1948) or Murphy (1960). However, most
of the exact solutions do not have any physical relevance. Suppose the
two independent solutions to Eq. (2.8.4) are found to be U(z) and V (z)
where z = z(x). Then the general solution is

w= % %x +C3U (2) + C4V (2), z=2z(x) (2.8.5)
Let
20 = 2(0), 21 =2(L), 2, = L2'(0),2] = L2'(L) (2.8.6)
U[) = U(Z’()), V() = V(Z()), U(/) = U/(Z()), VOI = V/(Z()) (2.8.7)
U1 = U(Zl), V1 = V(Zl), U{ = U/(Zl), Vll = V,(Zl) (2.8.8)

The stability criteria for the five cases of classical boundary conditions
are listed in Table 2.16.
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Table 2.16: Stability criteria for five cases of classical boundary
conditions.

Figure Cases Stability Criteria

1. Bottom end fixed, U Vg -WViUf=0
top end free

3. Bottom end fixed, Uy (Vo + 2, V) = Vi(Uo + 2,U})
top end pinned

4&‘-’:
g 2. Both ends pinned UVo-ViUy=0
s

b 4. Both ends fixed (U1 = Uy = 24Uy (2, V] = 2, V) -
/’E (Vi = Vo = 21 V)(21 U] - 2U) = 0
5

5. Bottom end fixed, UVy-Viuj; =0

G
Z top end sliding
i
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Gere and Carter (1962) listed the relation between a varying cross-
sectional area dimension h(x) and the second moment of inertia I(x) for
some meaningful cross-sections where

I(z) = Ch(x)" (2.8.9)
Here C' and n are positive constants. The value of n ranges from 1 to 4

and the corresponding physical cross-sectional shapes are shown in Table
2.17.

Table 2.17: Various cross-sectional shapes.

Shape Description n

Flat rectangular section n=2
Thickness constant, width varies

|_|—'| L—|_| — Open web section or towe'zr section n =2
Area constant, depth varies

I-section or box section n=2.11t%o0 2.6
Width constant, depth varies

Solid rectangular section n=3
Width constant, depth varies

Solid similar section n=4

Both width and depth vary

© 2005 by CRC PressLLC



Given any FI(z) and cross-sectional characteristics, one can always
find the depth variation h(x) by taking the nth root, but there are only
a few relevant forms of practical interest. Here we shall consider the
two more important classes of EI(x) which can be applied to columns
of exponential taper and linear taper.

Dinnik (1929) first considered the class of columns whose flexural
rigidity is exponential, given by

El(z) = ae (2.8.10)

The solution to Eq. (2.8.4) (Murphy, 1960) consists of Bessel functions
of order zero. The general solution is

e

w = P + Faz + C3Jp(2) + C4Y0(z) (2.8.11)
where
z= 2\/; /2 (2.8.12)
a\ «
Thus
U(z) = Jo(2), V(z)=Yo(2) (2.8.13)
and

2 [P 2 [P
20=-4/—, z==4/— e/ (2.8.14)
a [0 a [0

The stability criteria for the five classical boundary conditions are
then obtained from Table 2.16. Given alL, some typical values for the
normalized buckling load PL?/« are given in Table 2.18. When aL = 0,
the buckling loads correspond to those of the uniform column.

Table 2.18: Normalized buckling load PL?/a for exponential columns.

al Case 1 Case 2 Case 3 Case4 Caseb

0.0 2467 9.870 9.870 20.19 39.48
0.1 2394 9.380 9.390 19.20 37.55
0.5 2110 7.634 7.683 15.64 30.60
1.0 1.782 5.827 5973 11.99 23.49
1.5 1.480 4.389 4.633 9.098 17.86
2.0 1.209 3.264 3.580 6.839 13.46
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Next, consider the class of flexural rigidity given by the power
function (Dinnik, 1932; Gere and Carter, 1962)

El(z) = a(1 — bx)® (2.8.15)
where o and a are positive constants and bL < 1. For a # 2, let

P

and
z=1—bx (2.8.17)

Then the homogeneous solution to Eq.(2.8.4) (Murphy, 1960), is

NED (2\/@021/2’3)

VY. (2vhearze) B

U() = VEI (3R ), V() = {

where the top form of V' is used when c is not an integer, and the bottom
form is used otherwise. Note that if ¢ is an integer multiple of 1/2, the
Bessel functions can be expressed as harmonic functions. If a = 2 the
solution form changes completely. Let

1
=4/|k— - 2.8.1
. ‘ 4‘ (2.8.19)
The solution is

U(z) =22 V(z) =272 whenk<1/4  (2.8.20)
U(z) =2, V(z)=+zln z when k =1/4 (2.8.21)

If £ > 1/4 the solution is
U(z) =+vzcos(rln z), V(z)=+/zsin(rln 2) (2.8.22)
The stability criteria are then obtained from Table 2.16. For the special

case of a pinned-pinned column and k£ > 1/4, Freudenthal (1966) used
the V' solution in Eq. (2.8.22) to obtain the closed form critical load

equivalent to
P 1 T 2
— == _ 2.8.23
a2 al (ln(l — bL)) ( )
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Some typical values for various boundary conditions are listed in Table
2.19. When a = 0, the column is uniform. The critical loads for the five
cases are 2.4674, 9.8696, 20.1907, 39.4784, 9.8696, respectively.

Table 2.19: The critical load PL?/a for the power function rigidity
variation. The five cases correspond to the boundary
conditions in Table 2.16.

Case a bL=0.1 0.3 0.5 0.7 0.9

1 2393  2.235 2.062 1.865 1.621
2 2319 2.012 1.683 1.318 0.862
Casel 3 2246 1.798 1336 0.853 0.321
4 2175 1.595 1.029 0.498  0.080
1 9.372 8.343 T7.256 6.069  4.667
2 8.893 7.0056 5.198 3.459 1.710
Case2 3 8.436 5.840 3.628 1.821  0.467
4 7.994 4.836 2.467 0.888  0.099
1 19.17  17.03 14.74 1218  9.029
2 18.19 14.29 10.53 6.868  3.164
Case3 3 17.25 1192 7.362 3.634 0.875
4 16.35 9.893 5.048 1.817  0.202
1 37.48 33.27 28770 2348 16.70
2 35.56 2791 2048 13.23  5.864
Case4d 3 33.73 2329 1435 7.045 1.670
4 31.98 19.34  9.869 3.553  0.395
1 9.369 8.317 7.169 5.858  4.143
2 8.893 7.005 5.198 3.459  1.710
Case 5 3 8.442 5.897 3.758 2.011  0.620
4 8.012 4.960 2.700 1.121  0.166

2.8.3 Columns under Distributed Axial Load

The only important work was due to Dinnik (1955). He assumed a
flexural rigidity and a distributed load (force per length) of the form

El(z) = a <1 - ;)a plz) = (1 - Db (2.8.24)

where «, [, a, and b are positive constants. Notice these shapes
terminate into a point at the top at x = L, and no top load is allowed.
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A moment balance as in Fig. 2.13 yields

% (EI (x) ZZ) + /:p(x) dr=20 (2.8.25)

Egs. (2.8.24) and (2.8.25) become

d ade b+1p
where BL3
T
=1-— = — 2.8.27
The solution is
(1-a)/2
1—a)/2 z v (u)
0= Clz( )/ Jy(u) + Co { ﬁ(l,a)/gyy(u) (2.8.28)
where
VI ‘ a—1 b+3—a
_ == - = - - 2.8.2
“ |/<c|z’ "Tlhrsz—al " 2 (2:8.29)

As discussed before, since the displacement cannot be integrated in a
closed form, the boundary conditions that yield exact characteristic
equations are either zero inclination (fixed or sliding) or zero moment
(free).

Lastly, we comment on some exact solutions of very specific forms
in the literature which are not included here. The first type is the
inverse solution, obtained from assuming a deflection form and adjusting
the rigidity and/or axial load distribution to satisfy the differential
equation (Elishakoff, 2000). The second type concerns an end load
which is completely dependent on the given axial load distribution (e.g.,
dependent on self weight) (Li et al., 1995).

2.9 Timoshenko Columns

2.9.1 Columns under End Axial Load

When the column is stocky, or built up (latticed or battened) or
of a composite-type construction, the application of Euler (classical)
beam theory will overestimate the buckling loads. This is due to the
neglect of transverse shear deformation in the Euler beam theory. A more
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refined beam theory, known as the first-order shear deformation theory
or Timoshenko beam theory, that incorporates the shear deformation
effect was proposed by Engesser (1891) and Timoshenko (1921). This
first-order shear deformation theory relaxes the normality assumption of
the Euler beam theory by allowing the normal to rotate at an angle to the
deformed centerline. This assumption amounts to a constant transverse
shear strain (and thus constant stress) through the beam thickness.
In order to compensate for the actual parabolic distribution of the
transverse shear stress through the thickness, a shear correction factor is
introduced to calculate the effective shear force. The usual approaches
of estimating the shear correction factor are either by matching high-
frequency spectra of vibrating beams (e.g., Mindlin and Deresiewicz,
1954; Goodman and Sutherland, 1951) or by using approximation
procedures and simplifying assumptions within the linear theory of
elasticity (e.g., Cowper, 1966; Stephen and Levinson, 1979).

According to the Engesser—Timoshenko beam theory, the stress—
resultant—displacement relations are given by

_ 49
M=EIT (2.9.1)
Q=K.GA(o+ ) (2.9.2)

in which Z is the longitudinal coordinate measured from the column base,
M the bending moment, () the transverse shear force, ¢ the rotation
in the Engesser—Timoshenko column and w the transverse deflection.
The shear correction coefficient Ks in Eq. (2.9.2) is introduced to
account for the difference in the constant state of shear stress in the
Engesser—Timoshenko column theory and the parabolic variation of the
actual shear stress through the depth of the cross-section. The values of
K for various cross-sectional shapes are given in Table 2.20 (Cowper,
1966). The effective shear stiffnesses, GAKj, for various types of built
up columns are given in Timoshenko and Gere (1961).

As in the Euler columns, the equilibrium equations are

dM
dQ d*w
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Table 2.20: Shear correction factors Ky for various cross-sectional shapes.

Section Description K
Circle
6(1+v)
(7T+6v)

Hollow cylinder

-- -- 6(1+v)(142)?

L/
N (T+60)(1+ 5)2+4(5-+30) ()2
Rectangle
10(1+v)
12411y
Semicircle
Y (L)

1.305+1.273v

Thin-walled circular tube

2(14v)
-- 4+v

Thin-walled square tube

~ = 20(14v)
| 48439y
I-beam )
b 10(1+v)(1+38)7
—T 3 a
—a{he | A=12+728+1508% + 9033
=lv_ | +v(11 4665 + 13562 +9063)
f? +30n%B(1 + B) + 5vn?B(8 +93)

B = (20ts)/(htw), n=>/h
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where P is the axial compressive load. By substituting Eqs. (2.9.1) and
(2.9.2) into Egs. (2.9.3) and (2.9.4), the governing equations may be
expressed as

2
Bl — ‘f K,GA (¢ + Z‘”) (2.9.5)
dqb d?>w

By differentiating Eq. (2.9.5) and then using Eq. (2.9.6), we obtain

By dPw
Bl = PW (2.9.7)

and from Eq. (2.9.6),

do P\ dw
Do (1- e 2.9.
dz ( KSGA> dz? (2.9.8)
The substitution of Eq. (2.9.8) into Eq. (2.9.7) yields
dw - d*w
— — =0 2.9.9
dx? da? ( )
where x = z/L, w = w/L and
_ pr?
k= 1_% (2.9.10)
K.GA

By differentiating Eq. (2.9.5) and using Eq. (2.9.7), we can also
obtain 5

¢ cdo

bl Mk

dx3 + dx

The general solutions of Egs. (2.9.9) and (2.9.11) take the form of

=0 (2.9.11)

w = Cy sin VEz + Cs cos N Cazx + Cy (2.9.12a)

cos VEka + Cs sin Vkz — Cs (2.9.12b)

P
-
¢ Eff EIVE
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The boundary conditions for a Timoshenko column are

Free end: % =0and EI

Fixed end: w =0 and ¢ =0
Pinned end: w = 0 and % =0

d2¢

dz?

Sliding restraint: ¢ = 0 and EI% + P‘é—g’ =0

do _
+ P =0

2.9.13a

(
(2.9.13b

)
)
(2.9.13c)
(2.9.13d)

By substituting Egs. (2.9.12a, b) into these boundary conditions at
the column ends, one obtains the following eigenvalue equation:

[A{C} =

a2
a22
a32
a42

a13 Q14 Cq
a3 G24 Ca | _ 0
asz3 azs| | C3
(43 Q44 Cy

(2.9.14)

The vanishing of the determinant of matrix [A] yields the characteristic
equation (or stability criterion). The lowest root of the characteristic
equation is the critical buckling load. Table 2.21 presents the stability

criteria and solutions.

Table 2.21: Stability criteria and critical loads of Timoshenko columns
under end axial load.

Boundary Conditions

Stability Criterion

Critical Load

Fixed—{ree column

2
P== EI
412

COS\/ZZO

AKsGAL?

1 w2 El

Pinned—pinned column

2
_7m°FEI
P= 73
2
w4 BT
1+KSGAL2

sinvVk =0

Fixed—pinned column

(1—%)\/22‘5&11\/;

/s P— 47r22EI
Fixed—fixed column sin 5 =0 —
1+K$GAL2

2

. .« 7. . 7 pP=x EI
Fixed—sliding restraint coS 4 =0 —

1+ w4 EIl

KsGAL?

column
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By comparing the stability criteria of the Timoshenko columns with
their Euler counterparts in Table 2.1, it is clear that the Timoshenko
critical load PT and the Euler critical load P¥ are related by

PE

I+ %oz

pPT (2.9.15)

for all the column end conditions except for the fixed—pinned columns.
Note that Ziegler (1982) established that the foregoing relationship
(Eq. 2.9.15) and gave the following modified form for the fixed—pinned

columns .
P
LA R — (2.9.16)

1+ 115577

Banerjee and Williams (1994) showed that the buckling relationship in
Eq. (2.9.15) applies as well to hinged—hinged columns with rotational
springs of equal stiffness added to their ends.

It is clear from Eq. (2.9.15) that the effect of transverse shear
deformation leads to a reduction in the Euler buckling load by the
factor found at the denominator of the buckling load relationship. This
reduction of the Euler load thus increases with respect to a higher value of
Euler load (especially for columns with highly restrained ends or internal
restraints) and also with a lower value of shear rigidity.

The critical buckling load formula obtained by Haringx (1942) for
helical springs and rubber bearings is given by

PH

g E
_ K64 [ 1+ P 1] (2.9.17)

2 KsGA

The correctness of Egs. (2.9.15) and (2.9.17) for column buckling
with allowance for shear deformation has been discussed by a number
of researchers (e.g., see Timoshenko and Gere, 1961; Ziegler, 1982). It
was pointed out by Bazant (2003) that the two equations are in fact the
same after noting that G in (2.9.17) is different from G in (2.9.16).

In the Timoshenko beam theory, it is necessary to introduce the
shear correction factor K, to compensate for the error due to the
assumption of constant shear strain (or stress) through the beam
thickness. The higher-order shear deformation beam theory, proposed by
Bickford (1982) and Heyliger and Reddy (1988), does away with the need
of the shear correction factor by assuming that the transverse normal to
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the centroidal axis deforms into a cubic curve. Using this Bickford—
Reddy beam theory, Wang et al. (2000) showed that for pinned ended
columns, fixed ended columns and elastic rotationally restrained ended
columns, the Bickford-Reddy critical load P is related to the Euler
critical load PF by

1+ PEa2Dg.
pf = pF % (2.9.18)
L+ Zap=
where A
a = Wv sz = Dy — 20y, + QQHI‘:E

(2.9.19)
(Daas Froy, Her) :/(22,24,26)EdA
A

are the higher-order rigidities and A is the height of the column cross-
section. For example, for a square cross-section column, Eq. (2.9.18)
simplifies to
1+ 20
PR = pF <W> (2.9.20)

17PF
L+ 1562

For a circular cross-section, the relationship is given by

R _ pr 1+ de
+ oca

2.9.2 Columns under Intermediate and End Axial Loads

Stability criteria for Timoshenko columns with intermediate and end
concentrated axial loads (see Fig. 2.3) are presented in Tables 2.22-2.24
(from Wang et al., 2002). Using the stability criteria presented in Tables
2.22-2.24, one can easily generate numerical results to determine the
effect of shear deformation, boundary conditions and the influence of
different intermediate load magnitudes and positions on critical loads.
The following notation is used in Tables 2.22-2.24.

EI N,;L?

ST K.GAL2® T EI

where N; is the axial compressive force in segment 1.
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Table 2.22: Stability criteria for Timoshenko columns subjected to
compressive intermediate and end loads.

Boundary Stability criteria
conditions

CF 1-+/Btan(ka)tan {(1 —a)ky \/B} =0

P-P  n[(1-a)n+a]tan(kia)
+v/B[(1-a)n?+an - Ey(n - 1)2 tan (kya)] tan [(1 —a)k; \/B} =0

CP (I-ayn+tay+/B [kl (% -2n+2)+ {le(n —1)sec(kya)

+71 [(1 - a)n+ a]tan (kla)}] tan [(1 —a)ky \/B] —kytan(kja) =0

P-C  {-kf[(1-a)+af]
+ {2 -20+4+ 0% -2(1-0)sec {(1 - a)kl\/ﬁ} } tan(kla)}
_ {ﬁ +k1B[(1—a)+af] tan(kla)}tan {(1 —a)ky \/B} =0

Cc-C 2k1\/3{n2 -n+14(n-1)sec(Aa) —n[n—1+sec(kia)]

X sec [(1 —a)k; \/B] } + /B [(1-a)+ 4] tan (k1a)

+[(1 = a)yin + ay1 — k1 (Bn* + 1) tan (k1 a)] tan {(1 —a)ky \/B} =0

Note that k2 =~ /(1 - sm1), k3 =7/(1-95%), B=Kk3/k?, n="1/7.

Table 2.23: Stability criteria for columns subjected to tensile
intermediate load and compressive end load.

Boundary Stability criteria
conditions

CF  1-./Btanh(kya)tan {(1 —a)k \/B} =0

PP VB fa- (- ot (1= o)k /B + {0 -
—k1/B(1+1n)%tan [(1 —a)ky \/B} } tanh (k1a) =0
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Table 2.23 is continued from the previous page.

Boundary Stability criteria
conditions

CP a-(1-an+ ’“1/71\/5 [7? 4+ 2n+2 - 2(1+ n)sech(kya)] tan [(1 —a)ky \/B}
+ {f% ++/B[(1 - a)n - a]tan {(1 —a)ky \/B} } tanh (k1a) =0

P-C \/B{Cm — (L= a)yin + k1v/Bn? tan [k’l VB(1 - a)} }
_{kl\/ﬁ{2n2+2n+1—2n(1+n) sec {kl\/B(l_a)}}
+71 [(1 - a)n — a] tan [k;l VB - a)} } tanh (kja) =0

Cc-C —2(1+77+772)+2{1+77 nbec[kl\/(l—a)]}sech(kla)

+n{2(1+n)sec [k‘l\/ﬁ( } k [ 1—a]tan[k1ﬂ(l—a)}}
+{ (- a)’yn—k‘”l (B 1)tan[ }}tanh(kla)—()

Note that k? =, /(14 s71), k3 =v2/(1+572), B=k2/k2, n="1/7.

Table 2.24: Stability criteria for columns with only compressive
intermediate load.

Boundary Stability criteria
conditions

C-F  cos(kia)=0

P-P  3(1-a)?y; cos(kia)+
k1 {3(2-a) - (1-a)n[3s+ (1 -a)?]}sin(kia) =0

CP  kim{-6(1-a)+{3(2-a)-(1-a)y[3s+(1-a)?]}cos(kia)}
-3 [k2+ (1 -a)?y?]sin (kia) =0

P-C 4y {3a—(1-a)y [3s+(1
ki {-12[1+7(1-a)]+(1

—a)?]} cos (kra)+
—a)?2[12s + (1 - a)?]} sin (kya) =0

(
(
CC 12k 2+m(1-a)?]+k {_24 ~12vi(1-a)+

+92(1—a)?[12s + (1 - a)Q]} cos (k1a)
+4 {3k2(1 - a) - 3ay, +k2(1 - a) [3s + (1 - a)?]} sin (kya) =0

Note that k2 =1 /(1 —s71).
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2.10 Flexural-Torsional Buckling of Columns

Thin-walled open-section columns subjected to a compressive load may
be buckled by twisting, as shown in Fig. 2.17 for a cruciform section,
or by combined bending and twisting. When this type of buckling takes
place, the twisting of the column causes the axial compressive stresses
to exert a disturbing torque which is opposed by the torsional resistance
of the column section.

For members of doubly symmetric cross-section, a twisted
equilibrium position is possible when the disturbing torque T exactly
balances the internal resisting torque M, (Trahair and Bradford, 1991)

de &
M, =GJ~ — El,— 2.10.1

in which GJ is the torsional rigidity, FI,, the warping rigidity, and ¢ the
angle of twist. For the column under an axial compressive force P, the
disturbing torque is given by

T==—ri— (2.10.2)

where r§ = (I, + 1) /A.

Figure 2.17: Torsional buckling of a cruciform section.

© 2005 by CRC PressLLC



In view of Egs. (2.10.1) and (2.10.2), the governing equation for the
torsional buckling of column, is given by

#o (P, d
El,— —rs — — = 2.10.
e ( “r GJ) “ 0 (2.10.3)

The solution of this equation which satisfies the boundary conditions
of end twisting prevented, ¢|z—0;, = 0, and ends free to warp,
d?¢/dz%|:—0 = 0, is

. TZ
¢ = @|z=r/25in A (2.10.4)

in which ¢|;_ /o is the undetermined magnitude of the angle of twist at
the midlength of the column. Thus, the critical torsional buckling load
is given by

2E]
p, -G (1 4+ I “’) (2.10.5)

3 GJL?

The above solution may be generalized for columns with other end
conditions by expressing it as

GJ w2 E1,
P, =221 2.10.6
2 ( - GJZ2> (2:106)

where [ is the distance between inflection points in the twisted shape.

Monosymmetric and asymmetric section members (such as angles
and tees) may buckle in a combined mode by twisting and deflecting.
This action takes place because the axis of twist through the shear center
does not coincide with the loading axis through the centroid, and any
twisting which occurs causes the centroidal axis to deflect. For pinned
ended members, it can be shown that the critical buckling load P, is the
lowest root of the cubic equation

P3 (1} = 2§ — ) — P2 (P + Py + P2)r} — Pyaf — Py

(2.10.7)
+ Pr? (PyP, + P,P, + P,P,) — P,P,P.,ri =0
where
p T TEL oy GL T EL )0
R - GJL2 o
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L +1,
A

and xg, yo are the shear center coordinates measured from the centroid.

2 2 2 2 2
T1:T0+:E0+y0, Ty =

(2.10.9)

2.11 Inelastic Buckling of Columns

In the previous sections of this chapter, the buckling loads were
determined using the linear material (i.e., stress-strain) response and
linear kinematic (i.e., strain-displacement) relations. The assumption
of linear elastic behavior is valid if the buckling stress falls below the
proportionality limit. This is generally valid for slender columns and
the Euler load represents the correct buckling load of such members.
On the other hand, the axial stress in a stocky column will exceed the
proportionality limit of the material before the applied load reaches the
Euler load. Consequently, the results of the linear elastic analysis are
not valid for stocky columns. The buckling load of stocky columns must
be determined by taking into consideration the inelastic behavior.

Here, we consider buckling of columns in an inelastic range.
According to Engesser’s tangent modulus theory (1889), the buckling
formulas derived for linear elastic range are applicable to the inelastic
range provided we replace the modulus F with an effective modulus Eg:

72 Eeg I
P = L;
eff

(2.11.1)

where Lqg is the effective length whose value depends on the boundary
conditions of the column.

The value of Eqg is calculated in a number of alternative ways. These
are given in the next two equations.

1. Tangent modulus theory (Engesser, 1889)

do
Ea=F Er=— 2.11.2
eff T, T de ( )

2. Reduced (or Double) modulus theory (Engesser, 1895)

AEEr f .
————=L—  for rectangular cross-section
\/E‘F\/E 2
Fog = Bn, Fp={ o )
FoRmorl for idealized I-section

(2.11.3)
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An idealized (bi-symmetric) I-section is one in which the web is neglected
(because of the negligible thickness of the web). The tangent modulus
theory does not allow for load (strain) reversal, while the reduced-
modulus theory allows for it.

Shanley (1947) showed that the tangent modulus load is a lower
bound and the reduced-modulus load is an unattainable upper bound.
The true buckling load lies somewhere between these two extremes.
Interested readers may consult Shanley (1947) or Timoshenko and Gere
(1961) for details. Exact inelastic stability criteria have also been derived
(Groper and Kenig, 1987) for stepped columns shown in Figs. 2.18(a)
and 2.18(b).

First, consider the column shown in Fig. 2.18(a). There are three
cases to consider: Case 1: both segments behave elastically; Case 2:
the top segment behaves inelastically while the bottom segment behaves
elastically; and Case 3: both segments behave inelastically. Case 1 has
been treated in Section 2.7.3 Here we consider Cases 2 and 3.

Case 2. The stability criterion is given by

P, P, FEI,
L — (1 —a)l | = 2.11.4
tan( ETfla )tan(”Eb( a) ) ”Ele ( )

The critical load P, may be obtained upon supplying F, Er, I1, I>,a and
L.

P
A
0.5(1-a) L I
Y
A
alL - L
Y
A -
0.5(1-a)L j
Z, W — T zZ, W
(a) (b)

Figure 2.18: Stepped columns under end axial load.
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Case 3. The stability criterion for this case is

Pc Pc ET2-[2
tan al | tan 1—a)l | = 2.11.5
< ErI ) ( ET212( ) ) \ Erily ( )

Next, consider the column shown in Fig. 2.18(b).

Case 2. The stability criterion is

P (1-a)L P, aL El
t LT OF) ban 424 ) = 2.11.
an( Epl, 2 ) an( El, 2 Erl, (2.11.6)

Case 3. The stability criterion for this case is

Pc (1 — a)L Pc al ETQIQ
tan ——— | tan — | = 2.11.7
< Emly 2 ) ( Epaly 2 ) \ Erily ( )

Note that Eqgs. (2.11.4)—(2.11.7) are transcendental equations and their
solutions are obtained by iterative methods such as the Newton method
or bisection method.

This completes the discussion on inelastic buckling of columns as per
the Euler-Bernoulli beam theory.
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CHAPTER 3

BUCKLING OF BEAMS, ARCHES
AND RINGS

3.1 Flexural-Torsional Buckling of Beams
3.1.1 Introduction

Beams that have relatively small lateral and torsional stiffnesses
compared to their stiffness in the plane of loading or that have inadequate
lateral restraints may buckle out of plane of the transverse load. For a
perfectly straight, elastic beam, there are no out-of-plane deformations
until the applied load reaches a critical value, at which point the beam
buckles by deflecting laterally and twisting. The lateral deflection
and twisting are interdependent. When the beam deflects laterally,
the induced moment exerts a component torque about the deflected
longitudinal axis which causes the beam to twist. Such buckling behavior
has been referred to as flezural-torsional buckling or simply lateral
buckling.

For flexural-torsional buckling of beams, exact buckling solutions
can only be obtained for a simply supported beam under uniform
moment or simple loading condition such as a midspan concentrated
load. This section will focus on only these boundary and load conditions.

3.1.2 Beams of Rectangular Cross-Section

Consider a simply supported, narrow beam of uniform rectangular
cross-section with width b, depth A and span L as shown in Fig. 3.1a.
The differential equilibrium equations of minor axis bending and torsion
of the buckled beam are

d’*u
dé du
GI-L = My~ + M, 3.1.2
dz dz + ( )

where u is the lateral displacement, ¢ the angle of twist, z the horizontal
distance along the length of the beam, EI, = Ehb®/12 the flexural
rigidity about the minor y-axis, GJ = Ghb®/3 the torsional rigidity,
and M, and M, the internal moments in the buckled beam acting about
the z- and z-axes, respectively.
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(b)

Figure 3.1: (a) Geometry of a rectangular section beam. (b) A simply
supported, monosymmetric I-beam.

For a beam that is subjected to only equal end moments M about the
z-azis, we have M, = M and M, = 0. Thus, Egs. (3.1.1) and (3.1.2)
reduce to

d?u
and i p
U
— =M— 1.4
GJ dz dz (3 )

Eliminating u from Egs. (3.1.3) and (3.1.4) we obtain the following
single differential equation:
2o, o
dz?>  EL,GJ

¢ =0 (3.1.5)
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For the case where the ends of the beam are restrained against rotation
¢ about the longitudinal axis of the beam, ¢ = 0 at both ends of the
beam, i.e., at z =10, L.

The smallest root of Eq. (3.1.5), other than the trivial zero, yields
the exact buckling moment M,

JET
M, = TVELGT (3.1.6)

L
and the corresponding buckled shape is given by

Tz
o= Csmf (3.1.7)

where C' is an arbitrary amplitude of a small magnitude.
Consider next a rectangular beam of constant width b but linearly
tapered depth, defined by

h= <1 n 25> ho (3.1.8)

where hy is the depth of the beam at z = 0 and (1 + 6) is the ratio of
the height of the tapered beam at z = L to the height at z = 0.

The governing equations for buckling of such a tapered beam are
still given by Egs. (3.1.3) and (3.1.4) with

Ehgb? z .\
El, = 13 (1 + Lé) = Elyn (3.1.9a)
hob3
GJ = GO— ( + zé) = GJon (3.1.9b)
where .
n= 1+E(5 (3.1.9¢)
Note that

2 2 72
o _doin_sde Py (6\'de
dz  dndz  Ldy  dz2

L) dn?

Elimination of u from Egs. (3.1.3) and (3.1.4) [making use of (3.1.9d)]
results in

oo do
n? d2+”d +kp=0 (3.1.10a)

where
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M?2[2

k2= ——— .1.10b
EIyGJyb? (3:1.10b)

The general solution of Eq. (3.1.10) is (Lee, 1959)
¢ = Cysin(klnn) + Cycos(k1nn) (3.1.11)

For a restrained beam with ends restrained against twisting, ¢ = 0 at
z = 0 and z = L. By solving this eigenvalue problem, the critical
buckling moment is given by

6 m/ ElyGJy

M, = 1.12
In(1+ 06) L (3 )
and the corresponding buckled shape is given by
Inn
=Csin |——— 1.1
¢ = C'sin [m(l ) 71'] (3.1.13)

For a simply supported beam subjected to a concentrated load P at
the midspan, i.e., z = L/2, we have (Timoshenko and Gere, 1961)

P
M, = 72 (3.1.14a)
and
P,
M, = 3 (u* —u) (3.1.14b)

where u* represents the lateral deflection of the centroid of the middle
cross-section and u the lateral deflection at any cross-section.

By substituting Eqgs. (3.1.14a) and (3.1.14b) into Egs. (3.1.1)
and (3.1.2), eliminating the lateral displacement u, and noting that
du*/dz = 0, one obtains

2¢ P22

= 1.1
a2 " apr,ar? =" (3.1.15)

By letting n = z/L and using the notation
P2LA
“=\iELGr
Eq. (3.1.15) may be expressed as
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d*¢
d2+<—2 2¢_0

The general solution for Eq. (3.1.16) i

¢ = I[CMM (C"2>+02J1/4 (CUQN (3.1.17)

where Jy /4 and J_; /4 are Bessel functions of the first kind of order 1/4
and —1/4, respectively. The boundary conditions are

(3.1.16)

d 1
gb:()atn:Oand—qj:Oatn:f
dn

3.1.18
: (3..15)
By solving Eq. (3.1.17) together with the boundary conditions in Eq
(3.1.18), one obtains

_ ¢ 16.94
J_34(¢/8) =0 = §f1.0585 = P.= 3 ——\/EL,GJ (3.1.19)

For a cantilever beam of length L and carrying a concentrated load

P at its tip (z = L), the governing equation and solution take similar
forms as (3.1.16) and (3.1.17) by defining

_1_3 C_ P2rA4
=TT “T\ELGI

The boundary conditions for the cantilever beam are

d
(ﬁ—Oatn—landdZ?—Oatn—O (3.1.20)

By solving Eq. (3.1.17) subject to the boundary conditions in (3.1.20)
we obtain

Jo1a(¢/2) =0 = -

4.0126
5 =2.0063 = FP.= T./EI GJ

(3.1.21)
3.1.3 I-Beams

Consider a simply supported, monosymmetric I-beam subjected
to equal end moments M about the z-axis and axial load P acting
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through the centroidal axis as shown in Fig. 3.1(b). Note that the
sign conventions for P and M are adopted as follows: P is positive when
compressive and negative when tensile; M is positive for sagging moment
and negative for hogging moment.

The governing differential equations of minor axis bending and
torsion are, respectively, given by (Wang and Kitipornchai, 1989)

d*u d%¢ d’*u
EI,~— = — (M + Pyg) — — P=— 3.1.22
vaza — M) gy = P (3.1.22)
and .
de 43 du
(G- Pri +Mﬁm) ~ Bl g =M (3.1.23)

where FI, is the flexural rigidity about the minor axis; G'J the torsional
rigidity; EI, = EI,p(1—p)h? the warping rigidity; p = Iyr/(Iyr+1,8) =
Iyr/I, the degree of beam monosymmetry; I,7 and I,p are the second
moments of area about the y-axis of the top flange and bottom flange,
respectively; yo is the coordinate of the shear center; and (3, is the
monosymmetric parameter defined as (Kitipornchai et al., 1986)

1
Br =1 (/A 2 ydA + /Ay?’dA> — 2u0 (3.1.24)

where x, y are coordinates with respect to the centroid (see Fig. 3.1(b))
and rp is the polar radius of gyration about the shear center

I, + 1
9 dat iy 2
"=y + Yo

(3.1.25)

For beams restrained at the ends such that twist is prevented but
the ends are free to warp (i.e., ¢ = 0 and d?¢/dz? = 0 at both ends),
u and ¢ take on half-sine waves. Therefore, Eqs. (3.1.22) and (3.1.23)
yield a closed-form solution for the critical values of P and M (Cuk and
Trahair, 1981; Trahair and Nethercot, 1984)

P P Mg
M + Py)? = r2P.P <1 - > <1 - > 3.1.26
(M + Pyo) LW 3 ) Pr P + 2P, ( )

where Pg is the flexural Euler buckling load

T FEI,

Pp =~

(3.1.27)
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and

GJ T2 EI,
P, =""10(1 1.2
r? ( + GJL2> (3.1.28)

Using the following nondimensional parameters proposed by Wang
and Kitipornchai (1989)

po v g [TELR n:4(fx+fy) )
Iy + 1,5’ AGJL? n\ A ) h

P By _ ML
Py { vA 45 )} 7T JELGT (3.1.29)

where h is the distance between the centroids of the flanges and K the
beam parameter, Eq. (3.1.26) may be rewritten as

_7T|:)\:|:\/>\2—U2K2A+ (1-A) {1+ K2[4p(1—p) — 77/\]}}

(3.1.30)
The exact closed-form expression of the nondimensional elastic buckling
moment given by Eq. (3.1.30) is rather compact and may be applied to
any monosymmetric beam-columns/tie-beams. Note that Eq. (3.1.30)
has two roots, one with the positive sign in front of the square root term
and the other with the negative sign.
The above general solution can be shown to reduce to the following
special cases:

Case 1: Buckling of Monosymmetric I-Beams under Equal End Moments
When there is no axial force (P = A =0), Eq. (3.1.30) reduces to

ﬂxK+\/1+4p(1— )K2+(ﬂh”” ) ] (3.1.31)

In the case where the flanges are of equal size, p = 1/2 and 3, = 0.
Thus, the critical buckling moment for a doubly symmetric I-beam under
equal end moments is given by (Kitipornchai and Dux, 1987; Timoshenko
and Gere, 1961; Trahair, 1977)

Y=7

y=7V1+ K2 (3.1.32)
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Case 2: Buckling of Doubly Symmetric Beam-Columns/Tie-Beams

For doubly symmetric columns in which p = 1/2 and 8, = 0, Eq.
(3.1.30) reduces to (Kitipornchai and Wang, 1988)

y=m/(1—A) [1+ (1 —nA)K?] (3.1.33)

Case 3: Buckling of Monosymmetric I-Columns

For I-columns under axial compressive load acting through the
centroidal axis, i.e., v = 0, Eq. (3.1.30) furnishes the flexural-torsional
buckling load ratio Ag (Chajes and Winter, 1965; Pekoz and Winter,

1969; Vlasov, 1961)
Ao =x1% X — x2 (3.1.34)

in which
1 v2
=—(1 — 3.1.35
X1 5 ( + X2 + 7 ) ( )
_ 1+4p(1 - p)K?

k>

The lower root gives the buckling load for the column.
In the case of axial compressive load P acting at a distance eg

(positive in the y-direction) away from the centroidal axis, the eccentric

load can be replaced by a concentric load and a moment (Peg). The

nondimensional buckling moment v may now be expressed as

v =—7mAKe (3.1.37)

in which € = 2ep/h is the eccentricity parameter. Combining Egs.
(3.1.30) and (3.1.37) leads to Eq. (3.1.34) with

1 v? +e(e — 20
X1=5 I+ x2+ ( 23 ) (3.1.38)
n+e (2v+ - e)
and —y
L+dp(l = p)K (3.1.39)

e n+e(2v+ 2 — )| K2
h
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3.2 In-plane Buckling of Rings and Arches
3.2.1 Governing Equations

Consider thin, elastic, inextensible curved structural members
in static equilibrium with applied distributive forces. Since most
undeformed funicular shapes cannot be described by exact expressions,
their stability equations are also not exact. Thus, the only equilibrium
shape that yields exact stability criteria is the circular ring or arch
loaded by evenly distributed radial stress. How this stress behaves after
deformation is also important. For a constant hydrostatic pressure,
the stress is constant and is always normal to the deformed surface.
For tethered or elastically supported rings, the stresses vary with
displacement. In the literature, there seems to be an overemphasis on the
constant radially directed stress. Since such a stress state is unrealistic
(springs with one end attached to the center of a ring have the right
direction, but their magnitude would not be constant in deformation),
we shall ignore this situation and consider the stability of circular rings
or arches due to constant pressure only. Rings and arches can also be
regarded as long (two-dimensional) shells.

Figure 3.2 shows the equilibrium of an elemental segment of the ring
or arch. By balancing the forces in the normal and tangential directions,
we find

Td0 —dS — g,ds =0 (3.2.1
@Gds+ Sdf +dT =0 (3.2.2)

~—

Here T is the tension, S the shear, ¢, and ¢ are the normal and tangential
stresses on the surface, @ is the local inclination, and § the arc length. A
local moment balance gives

dM — Sds =0 (3.2.3)
The Euler—Bernoulli law yields

db
M=D— 2.4
ds (3 )

where D is the flexural rigidity. Eliminating 7', S and M from Egs.
(3.2.1)—(3.2.4), the following nonlinear equilibrium equation is obtained

Cﬁ@_@@_{_ <d€)3_ ﬁ_‘_ <de>2_|_dq"d9_0(325)
ds dst ds? ds3 ds an U\ s ds ds -
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T +dT

S+ dS

Figure 3.2: Equilibrium of an elemental segment of a ring/arch.

where s = 5/R is the normalized arc length, ¢ = §R®/D the normalized
stress, and R is some length scale, usually the undeformed radius of
curvature.

The normalized Cartesian coordinates (z,y) are related to 6 by

dz dy )
5 = o8 0, T sin 0 (3.2.6)

In the unbuckled state for a circular ring or arch, ¢ = 0 and
T .
9:s—|—§, T =coss, y=sins (3.2.7)

Depending on the assumed variation of ¢, and ¢, Eq. (3.2.5) can be
linearized to yield the stability criterion as shown in the next section.

3.2.2 Circular Rings under Uniform Pressure

For circular rings under uniform pressure, we set ¢ = 0 and ¢, = —p
where p is the constant pressure. Let

9:s+g+1/1 (3.2.8)

where 1) is a small perturbation. Eq. (3.2.5) linearizes to

d2
+(1+p) d—;f =0 (3.2.9)

e

dst
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For full rings the perturbation ¢ must be 27 periodic in s, or
14+p=N? (3.2.10)

where N is a positive integer that denotes the number of full waves
formed around the ring. We discard the case for N = 1, which represents
a rigid translation. Thus, the critical pressure is p = 3 (N = 2, twofold
collapse of ring); see Lévy (1884). For large numbers of waves that might
be formed if the ring was restrained by a very stiff elastic medium, p is
approximately proportional to N2.

3.2.3 Circular Rings with Hinges

Figure 3.3 shows a circular ring with one weakened spot represented
by a hinge with a torsional restraint. The figure also represents a
weakened longitudinal seam on a long cylindrical shell.

The governing equation for the perturbed angle is given by Eq.
(3.2.9), which has the general solution

1 = C1 4 Cas + C3cos (rs) + Cysin (rs) (3.2.11)

with

r=+1+p (3.2.12)

Let (&,7n) denote the displacements

x =coss+&(s), y=sins+n(s) (3.2.13)

Torsional

spring

Figure 3.3: Circular ring with a hinge.
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Equations (3.2.6) and (3.2.8) yield the linearized equations

¢ dn .
= P cos s, i Psins (3.2.14)

For symmetric buckling about the hinge, we retain only the odd terms
in Eq. (3.2.11). The other condition is that there are no vertical
displacements n at s =0 and s =, or

s
/ Ysins ds =0 (3.2.15)
0
This gives
sin(rm)
Com + Oy =2 =0 (3.2.16)

Now at the hinge, the total angle change is resisted by an additional
moment with a torsional spring constant k, i.e.,

o 1y -
D= —-=-)=EkA 2.1
(ds R) FA (3.2.17)

or in nondimensional terms as

%(ﬂ') + kip(m) =0 (3.2.18)

where k = kR/D is the nondimensional spring constant. Using the odd
form of ¢, Eq. (3.2.18) yields

Co(1 + 2km) + Cy [rcos(rm) + 2sin(rm)] =0 (3.2.19)
The characteristic equation for Egs. (3.2.16) and (3.2.19) is
(1 + 2k7) sin(rm) 4+ 7(r? — 1)[rcos(rm) + 2ksin(rn)] =0 (3.2.20)

For a given k, the lowest r > 1 solution to Eq. (3.2.20) is sought. Then
the critical pressure p is obtained from Eq. (3.2.12). Numerical results
for p as a function of k are presented in Table 3.1.

When k = 0 the hinge has no torsional resistance, and the buckling
pressure agrees with that of Wang (1985). When k£ = oo, the hinge is
absent, and the buckling pressure is that for the complete ring described
in Sec 3.2.2.
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Table 3.1: Critical pressure for the ring with a torsionally resistant
hinge.

k 0 0.5 1 2 4 10 20 oo

D 1.3923 1.7770 2.0322 2.3331 2.5989 2.8210 2.9075 3

For the ring with N evenly placed hinges without torsional
resistance, Wang (1985) showed the characteristic equation is

ﬂp% + tan <7r]7\’[> ~0 (3.2.21)

For N = 1,2,3, Eq. (3.2.21) shows the critical pressure is 1.39232,
0.79897, and 2.05564, respectively. For two arbitrarily placed hinges on
a ring, Wang (1993) showed the characteristic equation is complicated
but is still exact. As the two hinges are separated, the critical pressure
increases from the one-hinge value of 1.39232, reaches a maximum at 3
(where the hinges are at the adjacent inflection points of the buckled
hingeless ring), and then decreases to the two-opposite-hinge value of
0.79897.

3.2.4 Circular Rings with Distributed Resistance

Consider a pressurized circular ring on an elastic (Winkler)
foundation. Using the perturbation displacements defined in Eq.
(3.2.13), the normal displacement is (§cos s + nsin s). Thus, the
linearized normal stress is

qn = —p — k (£ cos s + nsin s) (3.2.22)

where k is the normalized spring constant (force per arc length). Eq.
(3.2.5) then linearizes to

d d? d
d—;f%—(p—&-l)di;f—k% (£coss+nsins) =0 (3.2.23)

We assume the buckled shape has N > 1 complete waves with the leading
harmonic being
1 = C'sin(Ns) (3.2.24)

Since due to periodicity
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77(0) = 07 6(0) = (g COs S+ USin 5)‘8=27r/N (3225)
Egs. (3.2.14) and (3.2.25) integrate out to be

C (cos[(N —1)s] cos[(N+1)s]
£=2{ N_1 T NTI } (3.2.26)

O (sin[(N —1)s] sin[(N + 1)s]
77__2{ e } (3.2.27)

The substitution of Eqgs. (3.2.24), (3.2.26) and (3.2.27) into Eq. (3.2.23)
gives

C'sin(Ns) (—N2 +p+1-— Nf_l) -0 (3.2.28)

or the critical pressure is

k

SN2
p TN

(3.2.29)
When k is zero, the critical pressure is 3 with N = 2 fold collapse.
For a larger spring constant k, the buckling pressure increases and may
correspond to a higher fold collapse. We find N-fold collapse occurs
when

N(N? —1)(N —2) <k < N(N? = 1)(N +2) (3.2.30)

For a given k, we first determine N from Eq. (3.2.30) and then p from
Eq. (3.2.29). It is to be noted that this criterion is also valid for the
buckling of tethered rings under external pressure (Wang et al., 1983).

3.2.5 General Circular Arch

Arches differ from complete rings in the sense that the arch base is
restricted. A pressurized circular arch with opening angle 2« and general
rotational restraints at the base is shown in Fig. 3.4. The general solution
is given by Eq. (3.2.11) subjected to restraint conditions similar to Eq.
(3.2.18)

W (0) + k() = 0 (3.2.31)
%(_Q) ~ kytb(—a) = 0 (3.2.32)
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Torsional
springs

Figure 3.4: A pressurized circular arch.

where k; and kg are normalized torsional spring constants. The
immovability of the base requires n(a) = n(—a) = 0 and &(a) = &£(—a) =
0 or

(0%
/ Ysins ds =0 (3.2.33)
;OL
/ Ycoss ds =0 (3.2.34)
—
These integrals also assure the inextensibility condition. These four

conditions determine the following general characteristic equation for
the buckling pressure:

kq kia+1  kpcos(ra) —rsin(ra)  kisin(ra) + rcos(ra)
—ko koa+1  —kycos(ra) + rsin(ra) kgsin(ra) + rcos(ra)
2sina 0 L sinfa(r — 1)] 0
—l—,d%l sinfa(r 4+ 1)] =0
0  2sina 0 o sinfa(r — 1)
—2a cos o —ﬁ sinfa(r + 1)]
(3.2.35)

In the special case of one base fixed and one base hinged, we set k1 = oo
and ks = 0. The characteristic equation reduces to

[—2r cos(ra) sina + 2 cos asin(ra)]
X {—r cos(ra) sin o + [COS a4+ a(r? —1)sin a} sin(ra)}
— (r* = 1)(acosa —sina){ {1 +(2r% — 1) COS(Q’I’O&)}

X sina — rcosasin(2ra)} =0 (3.2.36)
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The results are presented in Table 3.2. We note that the critical pressure
for an opening angle of 27 has the same value as the symmetric buckling
of a ring with a free hinge.

Table 3.2: Critical pressure for arch with one base fixed and
one base hinged.

2a 30° 60° 90° 120° 150°
D 205.00 50.701 22.135 12.145 7.5322
2a 180° 225° 270° 315° 360°
D 5.0401 3.0343 2.0064 1.5056 1.3923

3.2.6 Symmetrical Circular Arch

Circular arches with symmetrical boundary conditions were
considered by previous authors (e.g., Timoshenko and Gere, 1961; Oran
and Reagan, 1969). Due to symmetry of the prebuckling geometry,
the arch buckles either symmetrically or antisymmetrically. This fact
simplifies greatly the stability analysis. Of course one should always
check the buckling pressures for both forms in order to determine the
lowest critical pressure.

For symmetrical buckling, the perturbation angle v is odd in the arc
length s and thus we can set

1) = Cas + Cysin(rs) (3.2.37)

From Eq. (3.2.14) the vertical displacement 7 is also odd in s. Thus
n(0) =n(a) =0or .
/ Ysin s ds =0 (3.2.38)
0
By integrating Eq. (3.2.38), we obtain
Cy(sin o — avcos a) 4 Cyfcos asin(ra) — rsina cos(ra)]/(r? —1) =0

(3.2.39)
On the other hand, if the buckling is antisymmetrical, we set

Y = C1 + C3 cos(rs) (3.2.40)
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By noting that £ is odd and £(0) = £(«) = 0, we have

«
/ Pcos sds =0 (3.2.41)
0

or
Cy sina 4 C3[r cos asin(ra) — sinacos(ra)]/(r? —1) =0 (3.2.42)

Now consider the arch with symmetrical torsional springs at the base.
The boundary condition is

%(a) +kY(a) =0 (3.2.43)

If the buckling is symmetric, Eq. (3.2.43) gives

Co(1 + ka) + Cylr cos(ra) + ksin(ra)] = 0 (3.2.44)

Together with Eq. (3.2.39), the characteristic equation is

(r? — 1)[r cos(ra) + ksin(ra))(sin o — a cos a)—

3.2.45

(1 + ka)[cosasin(ra) — rsinacos(ra)] =0 ( )
Similarly, if the buckling is antisymmetric, Eq. (3.2.43) gives

C1k + Cslk cos(ra) — rsin(ra)] =0 (3.2.46)

This, with Eq. (3.2.42), yields

(r? — 1) sin afrsin(ra) /k — cos(ra)] + 7 cos asin(ra) — sin a cos(ra) = 0

(3.2.47)
For an arch with torsional springs at the base, we find the antisymmetric
buckling mode prevails, except for an arch with a very large opening
angle for which the symmetric mode yields the lowest critical pressure.
Critical pressures for the antisymmetric mode are presented in Table 3.3.
The results in Table 3.3 are an extension of those given by Timoshenko
and Gere (1961) for the case where the base is hinged (k = 0) and the
case where the base is fixed (k = o0).

For k =0 Eq. (3.2.47) reduces to
sin(ra) =0 (3.2.48)
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giving the exact value

71_2

P=5- 1 (3.2.49)
The critical pressure tends to zero as the opening angle approaches 360°.
But we cannot accept zero buckling pressure, since it only represents a
rigid rotation. When k = oo the characteristic equation reduces to

cosasin(ra) — rsinacos(ra) =0 (3.2.50)

For general k, Oran and Reagan (1969) gave some graphical results.
In Table 3.3 the critical pressure for the 2o = 360° column should be
replaced by the lower symmetric buckling value given in Table 3.1, which
is for a ring with a single torsional hinge. A closer study shows the switch
from antisymmetric mode to symmetric mode occurs when the opening
angle is between 325° and 360°. A typical comparison is shown in Table
3.4 for k = 1, where the switch occurs at slightly larger than 330°.

Table 3.3: Critical pressure for arch with torsional springs
at the base, antisymmetric mode.

k' 2a=30° 60° 90° 120° 150°

0.0 143.00  35.000 15.000 8.0000 4.7600
0.5 146.77  36.888 16.280 8.9924 5.5967
1.0 150.40 38.633 17417 9.8394 6.2822
2.0 157.23 41.742 19.333 11.191 7.3172
4.0 169.42  46.725 22118 12.983 8.5744
10 196.86  55.692 26.319 15.325 10.028
20 22424 62.282 28.863 16.564 10.722
) 294.26  73.327 32.431 18.138 11.548

k  200=180° 225° 270° 315°  360°

0.0 3.0000 1.5600 0.7778 0.3061 0 or 3*
0.5  3.7523 22761 1.5767 1.5059 3*
1.0 4.3425 2.7986 2.1054 2.1362 3*
2.0 51842 34746 2.7002 2.6283 3*
4.0 6.1211 4.1274 3.1731 2.8986 3*
10 7.0910 4.7028 3.5182 3.0360 3*
20 7.5174  4.9294 3.6399 3.0818 3*
o) 8.0000 5.1709 3.7627 3.1260 3*

* Buckling occurs with a symmetric mode.

© 2005 by CRC PressLLC



Table 3.4: Comparison of antisymmetric and symmetric buckling
pressures for the case k = 1.

2a 315° 3200 330° 340° 350° 360°

Pantisym 21362 22105 24231 27014 29289 3.0000
Peym 2.6864 2.5065 2.4307 2.2823 2.1498 2.0322

3.2.7 Symmetrical Arches with a Central Torsional Hinge

Figure 3.5 shows a symmetrical arch with torsionally resistant base
and a central torsional hinge. This situation models closed curved doors
under external pressure.

Since the prebuckling geometry is symmetric, the buckling analysis
can be simplified to the study of antisymmetric and symmetric modes.
The condition at the center is similar to Eq. (3.2.17)

do 1 -
D (ds R) — TAG (3.2.51)
We note the antisymmetric solution of the previous section, Eq. (3.2.40),
is even. Thus, the moment (derivative of ) is automatically zero at the
center, and due to continuity, the difference in the local angles is also
zero there. Thus, Eq.(3.2.51) is automatically satisfied and we can use
Table 3.3 as the buckling pressure for the antisymmetric mode for the
present problem.

Torsional Hinge

springs

Torsional

spring

Figure 3.5: A symmetrical arch with torsionally resistant base and a
central torsional hinge.
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For the symmetric mode, we cannot assume 1 is odd since it has a
discontinuity at the center. The full form of Eq. (3.2.11) must be used.
The boundary conditions are: the perturbed Eq. (3.2.51)

d _

di’m) CRp(0) = 0, ki = 2k R/D (3.2.52)
5

the vertical displacement condition Eq. (3.2.38), the base torsional

spring condition Eq. (3.2.43), and the zero horizontal force condition

at the center

(Ssinf + T cosf)|s=0 =0 (3.2.53)

Using Egs. (3.2.1), (3.2.3), (3.2.4) and (3.2.8), the perturbed Eq. (3.2.53)
can be expressed as

2
T2(0) +p(0) =0 (3:2:54)

The four boundary conditions give the following characteristic equation

—kl 1 —kl T
1—cosa sina— acosa 01 B
k ka+1 kcos(ra) — rsin(ra) ksin(ra) + rcos(ra)
r?—1 0 -1 0
=0 (3.2.55a)
where
5 cos acos(ra) + rsinasin(ra) — 1
1= 2 _
, re—1 (3.2.55b)
cos asin(ra) — rsin a cos(ra)
Br = s

The results for a free hinge at the center (k; = 0) and various base spring
constants k are shown in Table 3.5.

The values for the case when k is zero (the three-hinged arch)
and when k is infinity (the one-hinged arch) extend those given by
Timoshenko and Gere (1961). Comparison of Table 3.5 and Table
3.3 shows the symmetric mode prevails, except the cases which have
asterisked values. This change in mode for the three-hinged arch is also
noted in Farshad (1994). Actually, there is a range of high opening
angles and small spring constants where the antisymmetric mode gives
the critical pressure.
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3.3 Flexural-Torsional Buckling of Arches under
Equal End Moments

Consider the flexural-torsional buckling problem of a simply
supported, circular arch of radius R and arc length L subjected to two
equal and opposite end moments M, as shown in Fig. 3.6. For an I-
section arch, Papangelis and Trahair (1987) derived a solution using half
waves for the lateral displacement u and the angle of twist ¢

s s
= (7 sin —, = (Cysin — 3.3.1
u 18in — 0] 28in — ( )
where s is the distance along the center line of the arch. The critical
flexural-torsional buckling moment M, of the arch may be expressed as

M, ba> a bad a 2
c=_ _— _ - 1 — a?)? 3.2
Vo 5 " 5 ab—l—\/( ab) + (1 —a?) (3.3.2)

Table 3.5: Buckling pressure for an arch with a free hinge at the center
and torsional springs at the base (symmetric mode).

k 20 =30°  60° 90° 120° 150°

0.0 108.36  27.077 12.025 6.7578 4.3216
0.5 109.37  27.584 12.366 7.0195 4.5381
1.0 110.36  28.056 12.673  7.2459 4.7185
2.0 112.21 28905 13.198 7.6165 5.0005
4.0 115.56  30.304 13.996 8.1385 5.3711
10 123.37 33.017 15.336 8.9181 5.8719
20 131.80 35.294 16.287 9.4083 6.1585
00 160.43 40.212 17.952 10.165 6.5647

k 2a =180° 225° 270° 315° 360°

0.0 3.0000 1.9227* 1.3438* 1.0040* 0.7990
0.5 3.1891 2.0894 1.5027 1.1673 0.9807
1.0 3.3405 22147 1.6137 1.2713 1.0826
2.0 3.5666 2.3887 1.7561 1.3930 1.1882
4.0 3.8446 25828 1.9001 1.5034 1.2724
10 4.1887 27967  2.0425 1.6015 1.3392
20 43711  2.8998 2.1058 1.6420 1.3648
oo 4.6138 3.0275 2.1800 1.6874 1.3923

* The antisymmetric mode has lower buckling pressure.
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Figure 3.6: Circular arch under equal end moments.

in which
L My m2EI, m2EI
= b= My= /P, (GJ+—2), P, = y
‘T IR pL’ " \/y( T ) v
(3.3.3)

and P, is the flexural buckling load of a straight column, E1,, = EI,h?/4
the warping rigidity, and h the height of the I-beam section. For a
straight beam (R = o0), Eq. (3.3.2) reduces to Eq. (3.1.32). For a
narrow rectangular beam, the critical buckling moment is given by Eq.
(3.3.2) with the warping section constant I, = 0.

Note that the resulting exact solution differs from the one presented
in Eq. (7.33) of Timoshenko and Gere (1961). The reason for this
difference is due to the fact that Timoshenko and Gere (1961) neglected
the internal torsional component in the principal yz-plane and the
internal bending component in the direction of the arch centerline in
deriving the equilibrium equations. According to Y. L. Pi (University
of New South Wales, Australia), the improved equilibrium equations
corresponding to Eq. (g) of Timoshenko and Gere (1961) should be

oMy = EI, <¢ dQ”) +C (d¢ + 1dv) z (3.3.4)

R ds? ds  Rds) R
dv o d*v\ 1 do 1dv

where C is the torsional rigidity and v the lateral displacement.
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CHAPTER 4
BUCKLING OF PLATES

4.1 Preliminary Comments

The objective of this chapter is to summarize the equations governing
buckling of elastic plates and then present exact buckling loads for
plates of various geometries (e.g., circular, triangular and rectangular).
For the derivation of the governing equations, the reader may consult
Timoshenko and Woinowsky-Krieger (1970), Bulson (1970), McFarland
et al. (1972), Szilard (1974), Panc (1975), Ugural (1981) and Reddy
(1999, 2002, 2004). Much of the material included here is taken from the
textbook by Reddy (1999).

4.2 Governing Equations in Rectangular Coordinates

We consider the classical thin plate theory (CPT), which is based on
the Kirchhoff hypothesis:

(a) Straight lines perpendicular to the mid-surface (i.e., transverse
normals) before deformation remain straight after deformation.

(b) The transverse normals do not experience elongation (i.e., they are
inextensible).

(¢) The transverse normals rotate such that they remain perpendicular
to the mid-surface after deformation.

The consequence of the Kirchhoff hypothesis is that the transverse
strains (vzz, Vyz,€22) are zero, and consequently, the transverse stresses
(0pz,0yz,0:2) do not enter the theory.

The equation governing buckling of plates under inplane compressive
and shear forces is

O*M, 0*M, 0> M, o (o Ow - Ow
xT 9 Ty vy _ Y <ng Nx )
0x? * Oyox + 0y? Ox Ox + Nay Oy
0 [~ Ow -~ Ow
— ( Ngy—=— + Nyy— | (4.2.1
+ay< yax+ yyay> ( )

where (Mg, My,) are the bending moments per unit length, M, is the

twisting moment per unit length, and (Nm,Nyy,ny) are the applied
inplane compressive and shear forces measured per unit length (see Fig.

41,
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Figure 4.1: Applied inplane forces and moments in a plate element.

Equation (4.2.1) must be solved in conjunction with boundary
conditions that may be classified as essential and natural:

0
Essential:  w, a—w; Natural: 'V, My,
n

where
OMs -~ Ow - Ow
n = n - Nxxi Nx a x
Vi =Gt 0s ( ox + Nay 83/) "
o Ow ~ Ow
- (nyar + Nyyay) ny 4.2.2

(
Qn = (Mygp + Mayy) na + (Myyy + May z) 0y (4.2.3
M, = niMm + nzMyy + 2nzny My (

Mys = (Myy — Myg)ngn, + (n? — ng)sz (4.2.5

and (n,,n,) are the direction cosines of the unit outward normal vector
n that is oriented at an angle 6 from the positive z-axis; hence, its
direction cosines are: n, = cos and n, = sin . Thus, at every boundary
point one must know one element in each of the two pairs: (w, V},) and
(Ow/On, Myy,).

Next we discuss some common types of boundary conditions for a
rectangular plate with edges parallel to the x- and y-axes. Here we use
the edge at y = 0 (np, = 0 and n, = —1) to discuss the boundary
conditions. It should be noted that only one element of each of the
two pairs may be specified on an edge of a plate. The force boundary
conditions may be expressed in terms of the generalized displacements
using the plate constitutive equations discussed in the sequel.
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Free edge, y = 0: A free edge is one which is geometrically not
restrained in any way. Hence, we have
oM, ~ Ow . Ow
Vy = Qy + — <Nx

83;‘ y% —|— Nyyay> - 0, Myy - O (426)

Fixed (or clamped) edge, y = 0: A fixed edge is one that is
geometrically fully restrained, i.e.,

ow
w=0, 5 =0 (4.2.7)

Simply supported edge, y = 0: A simply supported edge is defined
as one in which the transverse deflection and normal bending moment

are zero:
w=0, M, =0 (4.2.8)

For an orthotropic material with principal materials axes (x1,z2,x3)
coinciding with the plate coordinates (z,vy, z), the bending moments are
related to the deflection w(z,y) as follows:

2w
My D11 Do 0 2
9w
Myy = — D12 D22 0 Dy (4.2.9&)
Mxy 0 0 Degg ) 9w
0xdy
Eih?
D1 = m , Dig =v91 D1y
12721 Goopd (4.2.9b)
2 12
Doy = —D Dgg =
22 El 11 > 66 12

The equation of equilibrium (4.2.1) can be expressed in terms of
displacement (w) by substituting for the moments from Eq. (4.2.9a).
For homogeneous plates (i.e., for plates with constant Ds), the equation
of equilibrium takes the form

*tw *w *w
an +2(D12 + 2D66)8x28y2 + D2y at

0 [~ Ow -~ Ow 0 [~ Ow - Ow

— ( Npp— + Npy— — | Npyy— + Nypy— | = 4.2.1
+8m( ”’“”*’aﬂ $y8y>+8y( “’aaf yyﬁy) 0 ( 0)
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4.3 Governing Equations in Polar Coordinates

The equations governing circular plates may be obtained using the
transformation relations (r = rcosf, y = rsinf) between the polar
coordinates (r,6) and the rectangular Cartesian coordinates (x,y) (see
Fig. 4.2, With the help of the transformation relations, one can write
the equation of equilibrium (4.2.1) governing the buckling of a circular
plate as

170 0Qg 0 A Ow 10 (o Ow\]
v m“‘Qr”aear(’"N”ar) v 90 <N9‘989)]_0 (43.1)

where (Qr,Qp) are the shear forces, (M,, My, M,g) are the bending
moments, and (N,., Ngg, N,g) are the inplane compressive forces (see
Fig. 4.3)

1 OM,g
Qr = - {6 (rMr) + 20 Mee} (4.3.2)
1 0 O Mpg
Qo= |5 (M) + 2% + Mo (4.3.3)
v [po 1 (e Y]
"o or? Vr or r 002 s
Mg = — |20 4 pl (w100 (4.3.4b)
= v or? r\or r 002 e
1| 0%w 10w
Myg=—(1- Z/)D; [87‘89 " 89] (4.3.4c)

The natural (force) boundary conditions can be expressed as

_ ~ Ow ow N 8w ow
Vi = Vo — | Nor (9 = Nr + N99 90 ng + Nr9 ( 69 r+ 8,,””9)] (435)
where
B OM,s 1 8Mr9 L OMy
Vi =0Qn+ 95 Vi=Qr+ - TR Vo= Qo+ 5 (4.3.6)
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Figure 4.2: Transformation between rectangular and polar coordinate
systems.

Figure 4.3: Moments and shear forces on an element of a circular plate.
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The boundary conditions for circular plates involve specifying one
quantity in each of the following pairs on positive r- and #-planes:

At r = 7, constant:

w=1w or #V, = f’f/r (4.3.7a)
ow 0w . S
5 =5 O P My = 7 My (4.3.7b)
At 0 = é, constant:
w =W or Vo = Yﬁ/g (4.3.8a)
10w 1 ow N
= Mgy = M, 4.3.
roo  roo 00 = 00 (4.3.8b)
where
18MT9 ~ Ow 1. Ow
V Q?“ — 39 N’M‘E — ;Nw% (439&)
8Mr9 1. ow ~ Ow
‘/0 — Q@ + 8’)" - ; 90% - NT@E (439b)
The moments are related to the deflection w by
0%w ow 10%w
M,.=—|D D 4.3.1
[ gy D (8 +7“892>] (4.3.10a)
0w ow 10%w
Mgy = — | Dig——5 + Doo— 4.3.1
06 [ 1282+ 227’(8 +7’892>] (4.3.10Db)
0%w 1 ow
Mrg = — 2D66 larae "0 ‘| (4.3.10C)

For isotropic plates, we set Dy = Doy = D, D3 = vD and
2Dgs = (1 — v)D, and the bending moment—deflection relationships
(4.3.10a—c) reduce to

82 v [ dw 182
Pw 1 (ow 10%w
Mpg=—D [ 52 +; <+r692>] (4.3.11b)
1 10w
M,y=—-(1-v)D - (87“39 " 80) (4.3.11c)
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Equation of equilibrium (4.3.4) for an isotropic plate can be written
in terms of the displacement with the aid of Egs. (4.3.11a—c) as

D 15( 3>+182 15( ‘9w>+132“’
r or r@r r2002| | ror T@r r2 062

10 -~ Ow 10 [/~ Ow
= o (M 5e) ~ g (S ) (43.12)

Using the Laplace operator

V2= 1Q< a) Lo (4.3.13)

= raor\ar) T2 a0

Equation (4.3.12) can be written simply as

10 ~  Ow 10 /. Ow
DV2V2w + ;E (TNrrar> + ﬁ% (N9989> =0 (4314)

For azisymmetric buckling of circular plates, all variables are
independent of the angular coordinate 6, and they are only functions of
the radial coordinate r. Hence, in specializing the governing equations
to the axisymmetric case, we omit terms involving differentiation
with respect to 6. First, the moment—deflection relationships for the
axisymimetric case are

d?w 1 dw
M, = — <D11 72 +D12Td7‘) (4.3.15&)
d?w 1 dw
Mpg = — | Digs——= + Dog—— 4.3.15b
06 <1er2+ 22rdr> (4.3.15b)
1d d>w 1 dw
r=—-Di1—— | r—% Doy—— 4.3.1
Q W dr (Tdr2> + 202 (4.3.16)

Next, the equation of equilibrium for the axisymmetric case can be
deduced from Eq. (4.3.4) as

1d 1d -~ dw
_ - Q)+ -— ) = 4.3.1
rdr (r@r) rdr ( Ner dr) 0 (4.3.17)
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Using Eq. (4.3.16) for r@, in Eq. (4.3.17), we find that
Dyl [LE ()] (D D) L
YWodar Udr |rdr dr D1y r dr
1 A
L 1é (wwdw) ~0 (4.3.18)

For isotropic plates [D1; = Dag = D], Egs. (4.3.15a, b) and (4.3.16)
become

d?w  vdw
My =-D|—+— 4.3.1
<dr2+rdr> (4.3.192)
dPw  1dw
Mp=—-D|v—st + —— 4.3.1
06 <Vd7'2 +rdr> (4.3.19Db)
d [1d dw
r=—D— |—— |r— 4.3.1
@ dr L“ dr (T dr)] (4.3.19¢)

and the equilibrium equation (4.3.18) simplifies to

D d d[1d [ dw 1d ~ dw
rala b ()|} o () =0 o)

The boundary conditions involve specifying

o dw
N 4321
w or r(Q dr) (4.3.21a)
and p
d—l: or My, (4.3.21b)

4.4 Circular Plates
4.4.1 General Solution for Axisymmetric Buckling

Here we consider exact buckling solutions of circular plates. Consider
the shear force-deflection relation (4.3.16):

1d d?w 1 dw
Qr = —Dllff ( > —+ D22727 (441)
r re dr

We write the equation in terms of ¢ = (dw/dr), which represents the
angle between the central axis of the plate and the normal to the deflected
surface at any point (see Fig. 4.4), as
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Yz, wy(r)

Figure 4.4: Buckling of a circular plate under a uniform radial
compressive load.

d¢
dr

For a circular plate under the action of uniform radial compressive
force N,, per unit length, the shear force at any point is given by [an
integration of Eq. (4.3.17) gives the result, because @, = 0 at r = 0 for
an axisymmetric mode]

¢

) + D22 (442)

dw -
r = Npr = Npp 4.4.3
Qr = 8y 2 = Ny (14
so that the equilibrium equation (4.3.17) can be written as
1d [/ do Dy
—Din—-— 9 Nrr
g (P ) + 230 = N
or
d¢ rr 9 D22
=0 4.4.4
d?"( dT’>+<D11T D11>¢ ( )

Equation (4.4.4) can be recast in an alternative form by invoking the
transformation
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n®=—— (4.4.5)

=i
|
S

and the alternative form is

F% (rjf) + (f2 - n2) =0 (4.4.6)

which is recognized as Bessel’s differential equation.
The general solution of Eq. (4.4.6) is

¢(7) = C1Jn(7) + C2Y,(7) (4.4.7)

where J,, is the Bessel function of the first kind of order n, Y;, is the Bessel
function of the second kind of order n, and C'; and C5 are constants to be
determined using the boundary conditions. In the case of buckling, we
do not actually find these constants but determine the stability criterion.
We consider different boundary conditions next.

4.4.2 Axisymmetric Buckling of Clamped Plates
For a clamped plate with radius a, the boundary conditions are
(dw/dr is zero at r = 0,a)
6(0) =0, é(a) =0 (1.4.5)

Using the general solution (4.4.7) for an isotropic (n = 1) plate, we
obtain

N’I"""
D

ChJq (0) —|—C2}/1(0) =0, ClJl(oza) —|—C'2Y1(aa) =0, o = (4.4.9)

Since Y7(0) is unbounded, we must have Cy = 0. The fact that J;(0) =0
reduces the two equations in (4.4.9) to the single condition (since Cj # 0
for a nontrivial solution)

Ji(aa) =0 (4.4.10)

which is the stability criterion. The smallest root of the condition in
(4.4.10) is aa = 3.8317. Thus, we have

. D
Nex = 14682 (4.4.11)
a
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4.4.3 Axisymmetric Buckling of Simply Supported Plates

For a simply supported plate, the boundary conditions are (dw/dr
is zero at r = 0 and M,, =0 at r = a)

d 1
$(0) =0, {anﬁ + D12¢:| =0 (4.4.12a)
dr rlr—a
The second boundary condition can be written in terms of 7 as
d 1
{Dllq_s + D12_¢] =0 (4.4.12b)
dr 7 licoa

Using the general solution (4.4.7) for an isotropic plate, we obtain

Cljl(O) + CQYl(O) =0

4.4.13
C1J1 (aa) + CoY{(aa) + é [C1J1(aa) + C2Y1(aa)] =0 ( )

The first equation gives Co = 0, and the second equation, in view of
C5 = 0 and the identity

Yo ha )= L) (4:4.14)
gives
aaJy(aa) — (1 —v)Ji(aa) =0 (4.4.15)

which defines the stability criterion. For v = 0.3, the smallest root of
the transcendental equation (4.4.15) is aa = 2.05. Hence, the buckling
load becomes

~

D
Ner = 4.198-3 (4.4.16)

4.4.4 Axisymmetric Buckling of Simply Supported Plates
with Rotational Restraint

For a simply supported plate with rotational restraint (see Fig. 4.5,

the boundary conditions are

$(0) =0, TDH% +D1sp|  + Krag(a) =0 (4.4.17)

where Kr denotes the rotational spring constant. For an isotropic plate,
we obtain (Reismann, 1952; Kerr, 1962)

© 2005 by CRC PressLLC



'Z,W()(V)

Figure 4.5: Buckling of a rotationally restrained circular plate under
a uniform radial compressive load.

aKp
D

which is the stability criterion. When 8 = 0 we obtain Eq. (4.4.15),
and when = oo, we obtain Eq. (4.4.10) as special cases. Table 4.1
contains exact values of the buckling load factor N = N,.(a%/D) for
various values of the parameter § (for v = 0.3). Additional results can
be found in the paper by Thevendran and Wang (1996).

aaJi(aa) — (1 —v— B)Ji(aa) =0, B= (4.4.18)

Table 4.1: Critical buckling load factors N = N.(a2/D) for
rotationally restrained circular plates.

8 0 0.1 0.5 1 5 10 100 oo

N 4.198 4449 5369 6.353 10.462 12.173 14.392 14.682

4.4.5 General Solution for Nonaxisymmetric Buckling

Consider a circular plate of radius a subjected to a uniform radial
compressive load N. The buckling equation is given by (4.3.12) with
N = Ngg = N. The general solution is sought in the form

w(r,0) = w(r) cosnd (4.4.19)
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where n is the number of nodal diameters. Using the nondimensional
quantities 7 = (r/a) and w = (w/a), the general solution can be written
as

@ = ChJn(kF) + CoYi (kF) + Cai™ + Cy { 1;’%,3: } (4.4.20)
where k2 = Na? /D and C; are constants to be determined subject to the
boundary conditions. In Eq. (4.4.20), the top part of the coefficient Cy
is used for n = 0 (axisymmetric solution) and the bottom part is used
for n # 0 (nonaxisymmetric).

4.4.6 Buckling of Plates with Internal Ring Support

Consider a solid circular plate of radius @ with an internal concentric
ring support of radius b (Wang and Wang, 2001). Suppose that the edge
r =a (or 7 = 1) is rotationally restrained, as shown in Fig. 4.6.

The general solution (4.4.20) is valid in both regions, 0 < r < b
and b < r < a, with the solutions w; and wy; from the two regions
s < 7 < 1 (outer region) and 0 < 7 < s (inner region), respectively,
being continuous at 7 = s, where s denotes the ratio s = b/a. Thus, we
have the following continuity conditions

(4.4.21)

*z,wo )

Figure 4.6: Buckling of a rotationally restrained circular plate with
internal concentric ring support.
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The boundary conditions of the plate are
wr(1) =0, wr(s)=0, w;(1)+ v+ B)w;(1) =0 (4.4.22)

where § = (Kgra/D). The solution (4.4.20) is valid in region I:
logr
wy = C1J, (k‘T’) + Y, (k‘T’) + C3™ + Cy (4.4.23)

Use of the boundary conditions (4.4.22) (all of which apply to
the solution in region I) in the general solution (4.4.23) results in the
following set of equations:

OlJn(/{) + CQYn(k) +C3+Cy { (1) } =0 (4.4.24&)
Ch [/&f;’ (k) + AkJ;(k)} + Cy {sz;'(k) + AkY,;(k)}
A—1
+Csn(n—14+ X))+ Cy { n(n+1-X) } =0 (4.4.24b)
1T (ks) + CoYa(ks) + Cas™ + { log s } — 0 (4.4.24c)

where A = v + (.

The general solution (4.4.20) for region I can be simplified using
the symmetry conditions, namely, the vanishing of the slope and shear
force at ¥ = 0. These conditions require, to eliminate singularity in the
solution, Cy = Cy = 0 in Eq. (4.4.20) for region II:

wrr = CsJp(kT) + Cor™ (4.4.25)

Using Eqs. (4.4.23) and (4.4.25) in the continuity conditions (4.4.21),
we obtain

C5J (ks) + C@
CikJ, (ks) + CokY, (ks) + Cyns™ ' + C4

(4.4.26a)

/—’H
3
Clblm
< L
T
=
——

— [C’5kJT/L(ks) + C@-ns"_l} = (4.4.26b)

-2
LRI () + Cok2Y" (ks) + Cyn(n — 1)s™ 2 + Ci {n(n e }
— [Csk2 T, (ks) + Con(n = 1)s"2] = 0 (4.4.26¢)
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Equations (4.4.24a—c) and (4.4.26a—c) provide six equations among C;
(1 =1,2,---,6). For a nontrivial solution, the determinant of the 6 x 6
coefficient matrix of these equations is set to zero. This provides the
stability criterion for the problem at hand. The computation of the
determinant and roots of the transcendental equations may be carried
out by an symbolic manipulator, such as MATHEMATICA.

We have already noted that, at least for solid plates, the stiffness and
the Poisson ratio combine to yield the single parameter A. Therefore
the effect of the rotational elastic constraint on the buckling load is
equivalent to a simply supported plate with a higher fictitious Poisson’s
ratio. Figure 4.7 shows the variation of k, the square root of the
normalized buckling load, with respect to the ring support radius s =
b/a, for various values of the combined parameter A. For example, the
A = 0.3 curve may represent either a simply supported plate with a
Poisson’s ratio v = 0.3 or an elastically constrained plate with stiffness
v = 0.1 and a Poisson’s ratio v = 0.2.

0 0.2 0.4 0.6 0.8 1

Figure 4.7: Buckling load versus radius of the internal ring support.
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For a given A value, the buckling load curve is composed of two
segments due to the switching of buckling modes. For a larger internal
ring support radius b, the plate buckles in an axisymmetric mode (i.e.,
n = 0) and the results agree with those of Laura et al. (2000). When
s = b/a — 0, all curves converge to k = 3.8317, which is the first
root of the stability condition J;(k) = 0 for the clamped plate. Note
that two closely spaced simple supports are equivalent to a clamped
support. However, for a small ring support of radius b, the plate buckles
in an asymmetric mode with n = 1 and the buckling load decreases
dramatically as b decreases in value. This crossover radius varies from
b/a = 0.081 for A =0 to b/a = 0.152 for A — oo. When s — 0, the ring
support corresponds to a central, clamped point support for which the
plate’s theoretical buckling load is given by the root of the equation (see
Yamaki, 1958)

kJi(k) — (1 —=X)Ja(k) =0 (4.4.27)

Of interest in the design of supported circular plates is the optimal
location of the internal ring support for the maximum buckling load.
Table 4.2 and the locus denoted by the dashed line in Fig. 4.7 show
the optimal solutions. It is worth noting that the optimal location
of the internal ring support is found at the nodal circle of the second
axisymmetric buckling mode of a corresponding circular plate without
the internal ring support. Moreover, the buckling load value as well as
the eigenfunctions are the same for both these problems. This fact can
be proved in a similar manner as reported by Chou et al. (1999) on
vibrating circular plates.

Table 4.2: Optimal location s, of ring support and the corresponding
buckling load parameter kK, for rotationally restrained
circular plates with concentric ring support.

A 0 0.3 1 2 3 5 7 10 20 50 =)
Sopt 0.475 0.463 0.434 0.403 0.378 0.344 0.323 0.305 0.284 0.271 0.265

kopt  5.331 5.389 5.520 5.691 5.841 6.077 6.248 6.420 6.685 6.877 7.015

4.4.7 Axisymmetric Buckling of Plates under Intermediate and
Edge Radial Loads

Consider an isotropic, circular plate of radius R, uniform thickness
h, Young’s modulus E, and Poisson’s ratio v. The plate boundary may
be either simply supported or clamped. In addition to carrying a uniform
edge radial load, it also is subjected to an intermediate radial load acting
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at a radius bR as shown in Fig. 4.8. The intermediate load may be
introduced using circular piezoelectric actuators.

Figure 4.8: Buckling of circular plates under intermediate and end
radial loads.

Table 4.3: Governing differential equations and general solutions for
buckling of circular plates under intermediate and edge
radial loads (w = w/R and A; and B; are constants).

Cases Governing Differential Equations General Solutions
1>7F>b b>r>0 1>7>0 b>7>0

1. VQ(V2+IC%)1I)1 :0 V2(v2+k§)u_)2 :0 ’lz)l :Aljo(kl?:)

Nl >0’ ) . +A2YO<]€1’F) 'lZJQ == Bljo(kQF)

N, +N,>0 k‘% = NlDR k‘% = 7(N1+g2)R +AslogT + Ay + By

2. V2(V2+E2)w; =0 VEHVZ-k3)we =0 wy = Ay Jo(ke7)

Ny >0, . . +A5Y (ki) Wy = Byly(kaoT)

N +N,<0 k‘% = 7N1DR I{Z% = 7(|N1+g2|)R +A3 1Og77+ A4 +BQ

3. VQ(V2+IC%)1I)1 :0 ’lz)l :Aljo(kl?:)

Ny >0, ) V4’(I)2 = 0 +A2YO<]€1’F) 'lZJQ = B1F2 + B2

N+, =0 k2 = iR +Aslogr + Ay

4. V2(V2+ k2w =0  wy = Ay7?

N, =0, V41I)1 =0 ) +A2?72 10g77 Wy = Bljo(kgf)

N{+N,>0 kg:(“\/l"‘# +AglogF+ Ay +B,

5. VQ(VQ - k%)’&)l =0 VQ(VQ + k%)’&)g =0 ’lI)l = Allo(klf)

N, <0, . . + A2 Ko (k1 7) Wy = By Jo(ksT)

N+ N, >0k2 = MR k%:w +AslogT + Ay +B,
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This buckling problem may be solved by considering the plate as
one consisting of an outer annular segment 1 > 7 > b and an inner
circular segment b > 7 > 0 (f = r/R). The interface of the two
segments is where the intermediate radial load is applied. The governing
differential equations and general solutions for five different load cases are
presented in Table 4.3. Using the general solution and edge conditions
and continuity conditions at the interface, we can derive the stability
criterion for each load case and boundary conditions. Here we treat
simply supported and clamped edge conditions. The stability criterion
for each load case is given next.

Case 1. N; > 0 and (N7 + N2) > 0, implying that both outer segment
and inner circular segment are in a state of compression. The stability
criterion for the simply supported circular plate is

V2 k3m/BJo( bfkl [J1(bk1)® — Y7 (bk1) W] +
{71 (0V/BE)[A(v — 1) + b2 E3m{ Yo (bk1) [k1 ¥ — (v — 1)J2(bk1)]
— Jo(bk1)[k1® — (v — 1)Y2(bk1)]}]} =0 (4.4.28)

where J,, and Y,, are the Bessel function of the first kind and the second
kind of order n, and

2, 7.2
B = kYo(kt) (- D)Yi(k), @ = k1 Jo(ke)+ (v—1) Ty (ke), 6= 0 I;’“?
(4.4.129)
The stability criterion for the clamped circular plate is
ki B0 (by/BE1) [J1 (bk1)Ya (k1) — Ji (k1) Y1 (bk1)]
+ J1(b/Bk1)[4 + bk { Yo (bk1) [k1 J1 (k1) — Jo(bk1))]
— Jo(bk1)[k1Y1(k1) — Ya(bk1)]}] =0 (4.4.30)

Case 2. N; > 0 and (N7 + N2) < 0, implying that the outer annular
segment is in a state of compression while the inner segment is in tension.
The stability criterion for the simply supported circular plate is
I1(b\/BE1) [Jo(bky)® — Yo (bk1) W] + \/BIo(by/ k1) [Y1(bk )V — Jy (bky) D]
=0 (4.4.31)

where I, is the modified Bessel function of the first kind of order n. For
the clamped circular plate, the stability criterion is

V2 k3m/BIo(by/Bky) [J1 (k1) Y1 (bk1) — Jy (bk1) Y1 (k1))
— I (b/Bk1)[4 + b2 E2m{ Yo (bky ) [k1 J1 (k1) — Jo(Dk1)]
— Jo(bk1)[k1Y1 (K1) — Ya(bk1)]}] = 0 (4.4.32)
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Case 3. N; > 0 and (N; + Na) = 0, implying that the outer annular
segment is in a state of compression while the inner circular segment is
in an unloaded state. The stability criterion for the simply supported

circular plate is
Yo (bk1)W — Jo(bk1)® =0 (4.4.33)

For the clamped circular plate, the stability criterion is

Ji1(k1)Y2(bk1) — J2(bk1)Y1(k1) =0 (4.4.34)

Case 4. N; = 0 and (N + N2) > 0, implying that the outer annular
segment is in an unloaded state while the inner circular segment is in
compression. The stability criterion for the simply supported circular
plate is

ko Jo(bk2)[b*(1 — v) + (1 4 v)] + bJ1 (bk2){(1 — v)[k3(b* — 1) — 2]
+2(1 +v)k3log (b)} =0 (4.4.35)

For the clamped circular plate, the stability criterion is

(b% — 1)k Jy(bky) — 2bJ (bkz) =0 (4.4.36)

Case 5. Ny < 0 and (N7 + N3) > 0, implying that the outer annular
segment is in tension while the inner circular segment is in a compressive
state. The stability criterion for the simply supported circular plate is

0k y/B {11 (bkn) [Jo(b/Bla) — Jo(b/Bh)] 2 — 20J0(by/Bla ) K (b )}

+ J1(by/ k1) [2(v — 1) + b2 k2 { —2k1 A Ko (bky)
+ Io(bk1) [k1Q + (v — 1) Ko (bk1)]
+ I()(bkl) [/ﬁQ — (V — 1)K2(bk1)]}]: 0 (4.4.37)

where K, is the modified Bessel function of the second kind of order n.
Q= leo(kil) — (V — 1)K1(/€1), A= klfo(kil) + (V - 1)[1(]411) (4.4.38)
The stability criterion for the clamped circular plate is
boki /B [ Jo(by/Bl1) — Ja(by/Bkn)| [T (bl ) K (ky) — Iy (kr ) K (b )]
—J1 bfkl — 2+b2k {I2(bky1)[k1 K1 (k1) — Ko(bk1)]

+ klfl(kl)[Ko(bkl) + KQ(bkl)] + Io(bkl)[lel(kl) + Kg(bk‘l)]}] =0
(4.4.39)
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Plots of the stability criteria for various intermediate load location
b and support conditions are presented in Fig. 4.9.

N, R?
. 30 ~ 1
. o7 D
~~ I i
05 <
T, 20 b R
0.3 el e R
B b=03
b =07 R -
10 - <. Telos
0.5 S s
0.3
r T T
—30 —20 —10
— Simply supported plate
= = = Clamped plate

Figure 4.9: Stability criteria for circular plates under intermediate
and edge radial loads.

4.4.8 Buckling of Annular Plates under Uniform Compression

Yamaki (1958) solved the elastic buckling problem of thin annular plates
under uniform compression. He presented stability criteria for twelve
combinations of standard boundary conditions for the inner and outer
edges of the annular plate, buckling results, and discussed the limiting
case of a small core.

Consider an annular plate that is compressed by forces uniformly
distributed along the inner edge r = b and along the outer edge r = a,
as shown in Fig. 4.10. By introducing the buckling load parameter
k%* = Na?/D, where N is the intensity of the force, D the flexural rigidity,
and by assuming the deflection w(7) cosnf, where n (=0,1,2,...) is the
number of nodal diameters and 7 = r/a, the solution for the governing
buckling equation may be expressed as

w = AoJo(k‘f) + Bo}/o(k"lz) + Co+ Doln7T (4440&)

for axisymmetric buckling (n = 0) and

w = ApJn(k7) + Bp Yy (k7) + Cpi"™ + Dy " (4.4.40b)
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for nonaxisymmetric buckling (n # 0). Here (A,, By, Cn, D,) are
constants and (J,, Y,) are the Bessel functions of the first and second
kinds, respectively.

The common boundary conditions are given below.

Clamped edge

ow
= -— = 4.4.41
w =0, i 0 ( )
Simply supported edge
Pw v (ow 10w
_ z 2 2 ) = 4.4.42
w=0, 8F2+F<877+F892> 0 ( )
Free edge
Pw v ow 10%*w
z ZZ ) = 4.4.4
8F2+F<8F+F802> 0 (4.4.432)

or\or2 " For | 72 op2 7 00 |or \F 00 or
(4.4.43D)

o (Pw 10w 1 9%w 1—-v 9 [0 [1low 5 0w
L Llow +{<>}+k0

Mowable (or sliding) edge that cannot rotate
ow _ 9 (’927w+187w+i(927w 1—1/6{8(1810)}_0
or2  For 72062 B

or 7 or

r 00

or \ 7 00

Figure 4.10: Annular plate under uniform compression.
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By substituting the solution given in Egs. (4.4.40a, b) into the
boundary conditions (4.4.41)—(4.4.44) for the inner and outer edges,
we obtain an eigenvalue problem. By solving the eigenvalue problem,
stability criteria are obtained for various combinations of boundary
conditions for the inner and outer edges of the annular plate. The
following quantities are used to write the stability criteria in concise
form:

O, (k, s) = Jo (k)Y (ks) — Jo(ks) Yo (k)
Uk, 8) = Jn (k) Yign(ks) — Jiin(ks) Yo (k) (4.4.45)
Ok, s) = Jipn (k)Y (ks) — Jp(ks)Yin (k)

where s = b/a. The criteria are listed below.

Case 1: Both inner and outer edges clamped
(4/7k) — kslns @y + s¥Uy — BOg =0 (4.4.46a)

(8n/mk) — ks(s" — s ™)@ 4n + 28T, — 20570, = 0 (n £ 0)
(4.4.46D)

Case 2: Outer edge clamped while inner edge simply supported

[4(1 — v)/7k] — ks’®g — (1 — v)s(klns &y — Wp)
+ (k*s®Ins — 1 +1)0p =0 (4.4.47a)

(8n/mk) — 2n(1 — v) L ks? T ®, — ks(s" — s7)®y 4y, + 20T,
+ [(1 —v) U228 — 5T — 2ns_”} ©,=0 (n#0) (4.4.47b)

Case 3: Outer edge clamped while inner edge free

(1=v)®1 —ks©p =0 (n=0) (4.4.484a)

(8/mk)(n? —1 —nép) — 2(1 — ) 'ks® (20 — 2 — ()@

= (ks/n) [(n* =1 = G)s" = (0 = 1+ Gu)s ™" | @1

+25M (% — 1= )Wy + {Ga(2n — 2 — ()"

~ [ 2 1 0G| sT"10, =0 (n#£0) (4.4.48b)
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where ¢, = k?s2/[n(1 —v)].
Case 4: Outer edge clamped while inner edge movable
&1 =0 (n=0) (4.4.49a)
(8/7k) — 2(1 — v) ks* @, — (ks/n) [(1+ Cu)s" — (1 — Cu)s™"] @1in
+ 21+ G)s T, + [(8" = 57" — 257" O, =0 (n £0)  (4.4.49b)
Case 5: Outer edge simply supported while inner edge clamped

[4(1 — v)/7k] + k®g — (1 — v)(kslns &y +Op) + s(k*Ins+1— )Wy =0
(4.4.50a)

(8n/mk) + 2n(1 — 1) tksT"®,, — ks(s" — s ) D14, — 2ns O,
5 [(1= 1) A" — s7") + 208" W, = 0 (n £ 0) (4.4.50b)

Case 6: Both edges simply supported

4(1 —v)/mk] — k [(1 —v) ks Ins + 5% — 1} Py — (1 —v)kslns Py
+s(k®Ins+1— )T+ (K*s*Ins — 14 1v)0y =0 (4.4.51a)

(8n/mk) — (1= v) 7k |2+ &)s*H" = (24 Ga)s ™| @
— (ks/n)(s" — s ") P1pn + 8 [Ep(s" —s7") +25"] ¥,
+ [Gu(s" =) =250, =0 (n#£0) (4.4.51b)

where &, = k%/[n(1 — v)].
Case 7: Outer edge simply supported while inner edge free

k2s®o + (1 — v)2®; — k(1 — v) (Vg + 560¢) = 0 (4.4.52a)

(8/7k)(n? — 1= nG) — (ks/n) (0 =1 = Ca)s" — (

— (=) R{(2+ &) (20 = 2= G [+ 2(n? — 1 = nGa)]s "Dy
+s [(2 +&)n?—1—=()s" — & (n? =14 Cn)s™ ”} v,

+{Gn(2n = 2= Gu)s™ = [(F +2(n? — 1 = nCy)]s "}O = 0 (n # 0)
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Case 8: Outer edge simply supported while inner edge movable

(1 - I/)(I)l - k\I’Q =0 (4453&)

B/mk) — (1= v) k(2 + &)™ — (2= Gu)s "] @y
— (ks/n) [(1+Gu)s™ = (1= Gu)s™"] @rn
+5[2+ &)1+ Gu)s™ = &1 = Cu)s™"]
+{Cu(s"+5s ") —25""}0, =0 (n#0) (4.4.53b)
Case 9: Outer edge free while inner edge clamped

(1— 1)y — kW =0 (4.4.54a)

(8/7k)(n? =1 —n&,) +2(1 —v)'k(2n — 2 — £,)s P,

= (ks/n) [0 =1+ &)s" — (0 =1 = &)s "] @14

+s{[E 4207 = 1= n&a)]s" — &2 — 2= &)s "} U,
—2(n*—1-6,)s"0, =0 (n#0) (4.4.54b)

Case 10: Outer edge free while inner edge simply supported

k2s®o + (1 — v)2®) — k(1 — v) (Vg + 560¢) = 0 (4.4.55a)

— (ks/n) |(0* =1 = &)s" — (0> =1 = &)s ™" @14 — (1= ) 'k

x {[€+2(n* = 1-ng)] ¥ = (20— 2 )2+ C)s "} By
+s{[€+2n?—1—n&)| 5" — €a(2n -2 - £)s7"} 0,

+ [6n(n? =1+ &)5% — (1P = 1= £)(2+ C)s "] O,

+ (8/7k)(n? =1 —n&,) =0 (n#0) (4.4.55b)

Case 11: Outer edge movable while inner edge clamped

® =0 (n=0) (4.4.56a)

(8/7k) +2(1 — 1) Uks ™D, — (bs/n) [(1 — £)5" — (1 + E2)s™] @14
+ 528" = &u(s" + M)W, —2(1 +&,)s "0, =0 (n#0) (4.4.56b)
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Case 12: Outer edge movable while inner edge simply supported

(1— )y — ksOy =0 (4.4.57a)

(8/mk) — (1 =)k {(2= &)™ = (24 Gu)s ™"} Dy

- (ks/n) [(1 - fn)sn - (1 + gn)s_n] Dy +s [(2 - fn)sn - fns_n] v,
Gl = €)5" =201+ G)(1+ )5} 0, =0 (0 £0)  (4.4.5Tb)

Critical buckling loads for the above twelve cases are presented in
Table 4.4 for various values of ratio s = b/a, and the bracketed integers
denote the values of n. In the calculations, a Poisson ratio of v = 0.3
was used.

Table 4.4: Critical buckling load parameter k£ and corresponding
number of nodal diameters n (Yamaki, 1958).

Case s=0 s=0.1 s=0.3 s=0.5 s=0.7 s=0.9
1 5.135(1) 6.68(2) 8.63(2) 12.15(4) 20.27 (7) 60.89 (24)
2 5135(1) 6.02(1) 7.06(0) 9.42(0) 15.31(0) 45.20 (0)
3 3832(0) 3.62(0) 3.19(0) 3.65(0) 5.52(0) 15.89 (0)
4 3.832(0) 3.94(0) 4.71(0) 6.39 (0) 10.49 (2) 30.45 (12)
5 3.625 (1) 4.71(1) 6.16 (0) 8.73(0) 14.73 (0) 44.69 (0)
6 3.625 (1) 4.20 (1) 4.75(0) 6.40 (0) 10.52 (0) 31.43 (0)
7 2049 (0) 1.98 (0) 1.61(0) 1.32(0) 1.14 (0)  1.01 (0)
8 2.049 (0) 2.09(0) 2.40(0) 3.18(0) 5.19 (0) 15.61 (0)
9 0.0(1) 1.49 (1) 2.18 (2) 3.14 (1) 5.19 (0) 15.61 (0)

10 0.0 (1) 1.12 (1) 1.34(1) 1.32(0) 1.14 (0)  1.01 (0)

11 1675 (1) 294 (1) 3.84(2) 5.69(3) 9.79 (4) 30.45 (12)

12 1.675(1) 242 (1) 2.87(1) 3.64(1) 5.52 (0) 15.89 (0)

This completes the discussion of buckling solutions of circular plates.
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4.5 Buckling of Rectangular Plates
4.5.1 Preliminary Comments

Consider a rectangular plate subjected to uniaxial, uniform
compressive load Ny along the z-axis, applied in the middle plane of
the plate. The linear load-deflection relationship holds until a certain
value of the load N, is reached. At this load, called the critical buckling
load, the stable state of the plate is disturbed and the plate seeks an
alternative equilibrium configuration accompanied by a change in the
load—deflection behavior. The magnitude of the buckling load depends,
as will be shown shortly, on geometry (i.e., shape as well as boundary
conditions) and material properties.

Here we present exact expressions and in some cases numerical
results for critical buckling loads of rectangular plates under various
boundary conditions and loads. The equation governing buckling
deflection w of a biaxially loaded plate (see Fig. 4.11) is given by

0*w . 0*w Htrw o FPw . 0w
Dyy—+ +2D1s———= + Dys—— + N, N, =0 (4.5.1
e + 12 9220y2 + D22 oy* + Nas 0x? + Ny Oy ( )
where D12 = D15 + 2Dgg, and
C Y Nyy
Nxz = N[), Nyy = ’)/No, Y= = (452)
NJZZ‘
YNo
—_—
X
No b Ny
a
l YNy
y
Figure 4.11: Biaxial compression of a rectangular plate (Nm = Ny and

Ng?y = ’)/No)
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4.5.2 Simply Supported Biaxially Loaded Plates

For simply supported plates under biaxial compressive loads, the
Nayvier solution approach can be used to obtain the exact buckling load
and mode shape. The simply supported boundary conditions can be
expressed as

w(0,y) =0, w(a,y) =0, w(x,0)=0, w(x,b) =0 (4.5.3a)
My2(0,y) =0, Myy(a,y) =0, My,(x,0) =0, My,(z,b)=0 (4.5.3b)

The Navier solution approach involves selecting an expansion for w in
the series form

w(:r, y) = Z Z Wmnd)mn(x, y) (4.5.4)
m=1n=1

where W,,,, are parameters (amplitudes) to be determined and ¢y, are
functions (mode shapes) to be selected such that w satisfies the boundary
conditions. The choice
Gmn (T, y) = sinapzr sin fpy, oy = % , Bn= n%r

clearly satisfies the boundary conditions in Egs. (4.5.3a, b) for any values
of Wyn. Then the parameters W, (and the buckling load No) are
determined such that w(z,y) of Eq. (4.5.4) also satisfies the governing
equation (4.5.1).

By substituting Eq. (4.5.4), with ¢y, given by Eq. (4.5.5), into Eq.
(4.5.1), we obtain for any m and n the relation

(4.5.5)

0= {(Dnafn +2D1202,32 + D225i) — (a7, + 75721)]\70]
X Win sinapz sin B,y (4.5.6)

Since Eq. (4.5.6) must hold for every point (x,y) of the domain for
nonzero deflection w(x,y) (i.e., Wi, # 0), the expression inside the
square brackets should be zero for every m and n. This yields

No(m,n)

ﬂj <D1134m4 + 2ﬁ1232m2n2 + D22n4> (4'5'7)

b2 s2m? + yn?
where s = b/a is the plate aspect ratio. Thus, for each choice of m and
n there is a unique value of Ny. The critical buckling load is the smallest
of No(m,n). For a given rectangular plate, this value is dictated by
a particular combination of the values of m and n, value of ~, plate
dimensions, and material properties.
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Biaxially Compressed Plate

For a square orthotropic plate subjected to the same magnitude of
uniform compressive forces on both edges (i.e., biaxial compression with
v=1), Eq. (4.5.7) yields

72 <m4D11 +2m2n2Dqy + n4D22>

No(m,n) = (4.5.8)

a2 m2 + n2

Now suppose that D1; > Das. Then Di1m? increases more rapidly than
the decrease in Dgyg /m2 with an increase in m. Thus, the minimum of
Ny occurs when m = 1:

(4.5.9)

2 D11+ 2ﬁ12n2 + Dogn?
a? 1+ n? '

N()(l,n) = (

The buckling load is a minimum when n is the nearest positive integer
to the real number R

N 1
D1y — 2D\ ?
+ ””) (4.5.10)

R*=-1+ |1

< Dss
For example, for modulus ratios of D11/Dgs = 10 and .Dlg/DQQ =1,
the minimum buckling load occurs at n = 1 (because R = 1/2) and it is
given by

2D
N = No(1,1) = 6.5 (” a222> (4.5.11)

For modulus ratios of Dj; /D2y = 12 and f)lg/DQQ =1, the value of R is
1.52. Hence, the minimum buckling load occurs for n = 2

2
D
N = 7.2 ( a222> (4.5.12a)
and the mode shape is given by
2
Wi = sin - sin —Y (4.5.12b)
a a

For an isotropic rectangular plate [D1y = Day = D, Diy = vD,
2Dgs = (1 — v)D or D13 = D] under biaxial compression, the buckling
load can be calculated using Eq. (4.5.7):

2D

b
No(m,n) = —— (m?s® + n? =- 4.5.1
o(m,n) b2( s—i—n), s - (4.5.13)
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Clearly, the critical buckling load for this case occurs at m =n =1 and
it is equal to

2D b
N = (1+ 82)17’ s=- (4.5.14)
and for a square plate it reduces to
212D
N = 0 (4.5.15)
Biaxially Loaded Plate
When the edges * = 0,a of a square plate are subjected to a

compressive load N,z = Ny and the edges y = 0,b are subjected to
a tensile load Ny, = —yNy (see Fig. 4.12), Eq. (4.5.7) becomes

2 4 2,27 4
D 2 D D
No(m,n) = =5 (m n A St n 22) (4.5.16)
a m? —yn
when yn? < m?. For example, when v = 0.5, the minimum buckling

load occurs at m =1 and n = 1:

272 A
No(1,1) = == (D11 +2D1s + D) (4.5.17)

For a rectangular isotropic plate, the buckling load under biaxial
loading (N, = No and N, = —yNy) becomes

7T2D (m2$2 4 n2)2
No(m,n) = ( 72 v R——; (4.5.18)
and the minimum buckling load occurs for n =1
2D\ (m?s? +1)2
No(m,1) = ( 72 I (4.5.19)

In theory, the minimum of Ng(m, 1) occurs when m?s? = 1+ 2v. For a
square isotropic plate with v = 0.5, we find

812D 2D
7;2 . No(2,1) =7.14297 = = N, (4.5.20)

NO(L 1) =

a?
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y

Figure 4.12: Plate subjected to uniform compression along x (Nm =

~

Np) and uniform tension along y (Ny, = —7Np).

Uniaxially Compressed Plate

When a rectangular plate is subjected to a uniform compressive load
Ny on edges © = 0 and = = a (i.e., when v = 0), the buckling load can
be calculated using Eq. (4.5.7)

7T2

Nolm.m) = s 22

<m4s4D11 +252°m?n?Dys + n4D22> (4.5.21)

The smallest value of Ny for any m occurs for n = 1:

No(m, 1) =

2D D D 1
T2 <m2 211 12 ) (4.5.22)

2
52 D22 + DQQ m232

Thus, the plate buckles in such a way that there can be several (m > 1)
half-waves in the direction of compression but only one (n = 1) half-
wave in the perpendicular direction. The critical buckling load is then
determined by finding the minimum of Ny = Ny(m) in Eq. (4.5.22) with
respect to m. We have

aNo
dm

1D
=0 gives mg:?lp%j (4.5.23)

The second derivative of Ny with respect to m can be shown to be
positive. Since the value of m from Eq. (4.5.23) is not always an integer,
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the minimum buckling load cannot be predicted by substituting the value
of m. from Eq. (4.5.23) for m into Eq. (4.5.22). The minimum value of
Ny is given by Eq. (4.5.22) when m, is the nearest integer value given by
Eq. (4.5.23). Since the value of m, depends on the ratio of the principal
bending stiffnesses Dj; and Dgg as well as plate aspect ratio s = b/a,
one must investigate the variation of Ny with aspect ratio s for different
values of m, for a given rectangular plate.

For an isotropic plate, Egs. (4.5.21) and (4.5.22) reduce to

72a®>D (m? n? 2
2D 1 a? 2

For a given aspect ratio, two different modes, m, and mo, will have the
same buckling load when /mims = a/b. In particular, the point of
intersection of curves m and m + 1 occurs for aspect ratios

%:\@, V6, V12, V20, ---, Vm?2+m
Thus, there is a mode change at these aspect ratios from m half-waves
to m + 1 half-waves. Putting m =1 in Eq. (4.5.25), we find

2D fa b\?
N, =—""(=+= 4.5.26
b2 (b + a> ( )

For a square plate, Eq. (4.5.26) yields

_ 47D

N cr b2

(4.5.27)

Table 4.5 contains exact values of the critical buckling load N =
Ng-b? /(72 Dag) of rectangular plates for various load cases (y = 0 and
v = 1), aspect ratios and modulus ratios (orthotropic plates). In all
cases, the critical buckling mode is (m,n) = (1,1), except as indicated.
The effect of aspect ratio and mode on critical buckling loads of simply
supported isotropic plates is shown in Fig. 4.13.
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Table 4.5: Effect of plate aspect ratio a/b and modulus ratio F;/FEs
on buckling load N = N,.b%/(7%2Day) of simply supported
rectangular plates under uniform axial compression (v = 0)
and biaxial compression (v = 1).

L SR S S

0 0.5 6.250 14.708 42.737 102.750
1.0 4.000 6.458 13.488 28.495
1.5 4.340(2:D1 6.042 9.182 15.856
2.0 4.00021)  6.458(2.1) 8.987 12.745
2.5 4.1343.1)  5.941(21) 10.338 12.745
3.0 4.0003.1)  6.042(2,1) 9.182(21) 14.273

1 0.5 5.000 11.767 25.427(13)  40.784(1,4)
1.0 2.000 3.229 6.744 10.196(1,2)
1.5 1.444 1.859 2.825 4.879
2.0 1.250 1.442 1.798 2.549
2.5 1.160 1.267 1.426 1.758
3.0 1.111 1.179 1.260 1.427

T Denotes mode numbers (m,n) at which the critical buckling load occurred; (m,n) = (1,1)

for all other cases.

Buckling load, N

o
o

o

o

o

»

»
=3

@
o

] T T I T T I T I TTTT I,' T TT I T T ]
] ' ]
0 A
5] -
0 S
1 m=1 m=2 m=3 m=4 i
1 T T I T T I T I TTTT I T TT I T T ]
0 1 2 3 4 5

Plate aspect ratio, a/b

[}

Figure 4.13: Nondimensionalized buckling load, N = Nyb?/(7%D),
versus plate aspect ratio a/b for isotropic SSSS plates.

© 2005 by CRC PressLLC



4.5.3 Plates Simply Supported along Two Opposite Sides and
Compressed in the Direction Perpendicular to These
Sides

Analytical solutions for the buckling loads of uniformly compressed
rectangular plates, simply supported along two opposite edges
perpendicular to the direction of compression (see Fig. 4.14) and having
various edge conditions along the other two sides, may be obtained using
the Lévy method of solution. The Lévy method is similar to Navier’s
method in that we select ¢y, to satisfy the boundary conditions along
two of the simply supported edges, * = 0,a, thereby reducing the
governing partial differential equation (4.5.1) to an ordinary differential
equation in y. The differential equation in one dimension may then be
solved analytically or numerically.

simply
supported

7 N

y

Figure 4.14: Rectangular plates, uniformly compressed along =z =
constant, simply supported along two opposite sides (x =
0,a) perpendicular to the direction of compression, and
having various boundary conditions along the other two
sides (y = 0,b).

Here we consider the analytical solution of the one-dimensional
problem for isotropic plates. For the case of uniform compression along
the z-axis, we have Ny, = Ny and N yy = 0, and Eq. (4.5.1) reduces to

*w *w *w O%w

This equation must be solved for the buckling load Ny and mode shape
w for any given boundary conditions.
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Assuming solution of Eq. (4.5.28) in the form

mmx

w(z,y) = Y Wn(y) sin

m=1

(4.5.29)

a

That is, under the action of compressive forces, the plate buckles into m
sinusoidal half-waves. The function W,,(y), which is to be determined,
represents the buckling shape along the y-axis. The assumed solution
satisfies the boundary conditions along the simply supported edges
x = 0, a of the plate:

Aw d*w

U)ZO, MIxE_D<W+VBZ/2

) =0 at z=0,a (4.5.30)

By substituting Eq. (4.5.29) into Eq. (4.5.28), we obtain

N d*w, d*w,
4 0 2 2 m m
(am — Dam> Wi — 20, 02 + o 0 (4.5.31)

The form of the solution to Eq. (4.5.31) depends on the nature of the
roots A of the equation

No
M =202 2% + (aﬁl — a?nD) = (4.5.32)
Owing to the geometric constraints on the edges y = 0,b, the
buckling load g is such that
Ny > Da?, (4.5.33)

Hence, the solution to Eq. (4.5.32) is of the form
W (y) = Cq cosh A\yy + Cosinh A\jy + C5cos Aoy + Cysin gy (4.5.34)

where

| N, | N
(M)? = afnﬁJra?m (\2)? = a?nﬁo—a,i (4.5.35)

We shall consider various cases of boundary conditions next.
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A four-letter notation is used to identify rectangular plates with
various edge conditions. Since in the present discussion edges z = 0,a
are always simply supported, the first two letters will always be SS. The
remaining two letters refer to the boundary conditions on edges y = 0
and y = b. The label SSSF, for example, denotes a rectangular plate
whose edges * = 0,a are simply supported (S), edge y = 0 is simply
supported, and edge y = b is free (F).

Buckling of SSSF Plates

Consider buckling of uniformly compressed rectangular plates with
side y = 0 simply supported (S) and side y = b free (F), as shown in Fig.
4.15. The boundary conditions on the simply supported and free edges
are

Pw  JPw
=0, M, -Dlv=—s+—==]=0 at y=0 4.5.36
w =0, My, (V 02 T 8y2> at y ( )
Bw Bw

Using the boundary conditions (4.5.36), we obtain C7 = C3 = 0.
Boundary conditions (4.5.37) yield the following two linear relations
among C and Cy:

simply
supported

N
y l free

Figure 4.15: Uniformly compressed rectangular plate simply supported
along two opposite sides (z = 0,a) perpendicular to the
direction of compression, and simply supported on side

y = 0 and free on side y = b (SSSF).

© 2005 by CRC PressLLC



(I/Oé,?n — )\%) Cysinh A\1b + (Va?n + )\%) Cysinob =0

A1 [(2 — 1/)042” — )\%} Cycosh A\1b + \a [(2 — 1/)04,2” + )\%} CycosAab =0
(4.5.38)
For the nontrivial solution (i.e., not both Cy # 0 and Cy # 0 are zero),

we require that the determinant of the two linear equations in (4.5.38)
be zero:

A2 sinh A1b cos Aob — A103 cosh A1b sin Agb = 0 (4.5.39)
where 1 and 29 are defined by
0 = ()\% - l/agn) , Qo= ()\% + VO(?,L) (4.5.40)

Since A1 and Ay contain Ny [see Eq. (4.5.35)], Eq. (4.5.39) can be solved,
using an iterative scheme, for the smallest Ny, denoted N., once the
geometric and material parameters of the plate are known. The critical
buckling load may be written as

(4.5.41)

where k is a numerical factor depending on the plate aspect ratio b/a
and material properties. The general mode shape is given by

w(z,y) = (Q sinh A1bsin Agy + Qo sinh A1y sin Agb) sina,x (4.5.42)

Table 4.6 contains buckling loads of isotropic (v = 0.25) plates
(SSSF) for various values of a/b and modes m = 1,2. The critical
buckling load occurs in mode m = 1 with aspect ratio 0 < a/b < 6.
The mode shape associated with the critical buckling load is

w(z,y) = (Q1 sinh A bsin Agy + Qg sinh Ajy sin A\gd) sin %

© 2005 by CRC PressLLC



Table 4.6: Effect of plate aspect ratio on the nondimensionalized
buckling loads N = Nob?/(m2D) of rectangular plates

(SSSF) under uniform compression N, = —Nj.
g m=1 m =2 g m=1 m=2
0.4 6.6367 25.2899 3.0 0.5630 0.8879
0.6 3.1921 11.4675 3.5 0.5345 0.7726
0.8 1.9894 6.3667 4.0 0.5161 0.6979
1.0 1.4342 4.4036 4.5 0.5034 0.6469
1.5 0.8880 2.2022 5.0 0.4944 0.6104
2.0 0.6979 1.4342 5.5 0.4877 0.5835
2.5 0.6104 1.0798 6.0 0.4826 0.5630

Buckling of SSCF Plates

Here we consider buckling of uniformly compressed rectangular
plates with side y = 0 clamped and side y = b free (see Fig. 4.16).
The boundary conditions are

0
w =0, 8—1; —0 at y=0 (4.5.43a)
Pw Pw
clamped
WW =
[} [} X
[D—
| [T~ simply /J:
N, ! b supported ! No
I I
| ) :

free

A0

Figure 4.16: Uniformly compressed rectangular plate which is simply
supported along two opposite sides (z = 0,a), clamped
on side y = 0, and free on side y = b.
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which give 03 = —Cl, 04 = —()\1/)\2)02, and

—Q4 (C1 cosh A\1b + Cy sinh A1b) 4+ Qg (C5 cos Aab + Cysin Agb) =0
A1 (01 sinh A\1b + C5 cosh )\11)) + X229 (—03 sin Aob + Cy cos )\Qb) =0
(4.5.44)

Setting the determinant of these equations to zero, and after substituting
for C3 = —C1 and Cy = —(A1/A2)Ca2, we obtain

2019 + (0} + O3) cosh Aib cos Agb
1
Ao

(M03 - 2302) sinh Aib sindsb =0 (4.5.45)

where ©; and Q are defined in Eq. (4.5.40).

Nondimensional critical buckling loads N = Nogb?/(7%D) of SSCF
plates are presented in Table 4.7 for isotropic (v = 0.25) plates for various
aspect ratios. Fig. 4.17 contains plots of nondimensional buckling load
versus plate aspect ratio for modes m = 1,2,3 of isotropic plates. It
is seen that at the beginning, the buckling load of an isotropic plate
decreases with an increase in the aspect ratio a/b. The minimum value
of the buckling load N, = 1.329 occurs at a/b = 1.635. There is
a mode change at a/b = 2.3149 from m = 1 and m = 2, and the
buckling load for this aspect ratio is N, = 1.503. The minimum
buckling load (N = 1.329) for mode m = 2 occurs at a/b = 3.27.
For comparatively long isotropic plates, the critical buckling load can be
taken with sufficient accuracy as N, = 1.329.

Table 4.7: Nondimensionalized buckling loads N of SSCF rectangular
plates under uniform axial compression N, = Np.

PN N3 N N
0.5 4.518 2.0 1.386 3.5 1.336 5.0 1.329
1.0 1.698 2.5 1.432f 4.0 1.386 5.5 1.347
1.5 1.339 3.0 1.339 4.5 1.3391 6.0 1.3391

T Denotes change to next higher mode.
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Buckling load, N

m=1 m=2 m=3

1030 ||||IIIIIIIIIIIIIIIIIIIIIIIII
0 1 2 3 4 5 6

Plate aspect ratio, a/b

Figure 4.17: Nondimensionalized buckling load, N = Nyb?/(72D),
versus plate aspect ratio a/b for isotropic SSCF plates.

Buckling of SSCC Plates

Here we consider buckling of uniformly compressed rectangular
plates with sides y = 0,b clamped (see Fig. 4.18 . The boundary
conditions are

ow

w =0, a—yzO at y=20,b (4.5.46)

The boundary conditions yield C3 = C4 = 0, and

A
C1 (cosh A\pb — cos Agb) + Cs (sinh Ab — 71 sin )\2b) =0,
2

C1 (A1 sinh A1b + Ag sin Agb) + CoA1 (cosh A\1b — cos Agb) = 0 (4.5.47)
The determinant of these equations is

A A
2 (1 — cosh A1b cos \ab) + ()\1 - ;) sinh \1b sinA\gb=0  (4.5.48)
2 1
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: T~ simply /1
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1 1
7
l clamped
y

Figure 4.18: Uniformly compressed SSCC rectangular plate.

Nondimensional critical buckling loads N, = N.b?/(72D) of SSCC
plates are presented in Table 4.8 for isotropic (v = 0.25) plates for various
aspect ratios. Figure 4.19 contains plots of buckling load versus plate
aspect ratio for modes m = 1,2,3 of isotropic plates. The minimum
value of the buckling load N, = 0.697 occurs at a/b = 0.661. There is
a mode change at a/b = 0.9349 from m = 1 to m = 2, and the buckling
load for this aspect ratio is N, = 8.097. The minimum buckling load
(Ne = 0.697) for mode m = 2 occurs at a/b = 1.322.

Table 4.8: Buckling loads N, of SSCC rectangular plates under

uniform axial compression N,, = —Np.
5 N 5 N 5 N
0.4 9.448 1.0 7.6917 1.6 7.304
0.6 7.055 1.2 7.055 1.8 7.055%
0.8 7.304 1.4 7.001 2.0 6.972

T Denotes change to next higher mode.
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0.5 1.0 1.5 R.0
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Figure 4.19: Nondimensionalized buckling load, N = Nyb?/(7%D),
versus plate aspect ratio a/b for isotropic SSCC plates.

4.5.4 Plates with Abrupt Changes in Geometry or Material
Properties

Consider an elastic, rectangular thin plate of length a and width b.
The origin of the coordinate system is set at the center of the lower plate
edge as shown in Fig. 4.20. The plate is simply supported along two
opposite edges that are parallel to the xz-axis, i.e., edges AD and BC. The
other two edges AB and CD may have any combination of free, simply
supported and clamped edge conditions. The plate has abrupt changes
along (n — 1)th lines that are perpendicular to the simply supported
edges. These abrupt changes could be due to a change in plate thickness,
presence of an internal line hinge, a change in shear force due to an
internal line support, a change in material properties, or the presence of
an intermediate uniaxial load.

Harik and Andrade (1989), Xiang et al. (1996), and Liew et
al. (1996) developed an analytical approach for determining the exact

buckling solutions for such rectangular plates with abrupt changes. The
approach involves

e the Lévy solution technique to convert the partial differential
equation into a fourth-order ordinary differential equation,
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interfaces of plate

segment with
segments

thickness #;

Figure 4.20: Geometry and coordinates system for a multisegment
rectangular plate.

e the domain decomposition technique to handle the different
properties in the plate segments bounded by the simply supported
edges and the boundaries of the abrupt changes, and finally

e the state space technique to convert the fourth-order differential
equation that governs each segment problem into a set of first-order
differential equations which can then be solved in a straightforward
manner.

The approach will be briefly described below and sample exact buckling
solutions for rectangular plates with various kinds of abrupt changes are
presented. Based on the classical thin plate theory, the governing partial
differential equation for the elastic buckling of the ith region of the plate
when the plate is subjected to an in-plane compressive stress resultant
N; = (04);h; per unit length in the z-direction is given by

4, 4, 4. 2%
D, (8 w; 0*w; 8wz> N'ﬁ w;

+2 iz =0 i=12n (45.49)

Oxt 0x20y? oyt

in which w;(z,y) is the transverse displacement in the ith region of
the plate, x and y are the rectangular Cartesian coordinates, D; =
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E;h3/[12(1 — v?)] is the flexural rigidity, h; is the thickness, and FE;
and v; are the elastic modulus and the Poisson ratio.

The essential and natural boundary conditions for the two simply
supported edges at y = 0 and y = b associated with the ¢th plate segment
are

(4.5.50)

2, 2,
w; =0 and (My)iEDZ-<8 Wi 8wz>:0

o2 Vo

where (M,); is the bending moment. As for the other two edges at
r = —a/2 and v = a/2 (see Fig. 4.20), the boundary conditions are

8211}@‘ 82wi
w; =0 and (My); = D; (é?xQ + y; 52 > =0 (4.5.51)
if the edge is simply supported (5),
8’[01'
P = d = 4.5.52
w; =0 an e 0 (4.5.52)

if the edge is clamped (C'), and

300 300  Dws
(Va)i = D; law’ +(2- w)iwzl A (4.5.53)

if the edge is free (F'). The subscript i takes the value of either 1 or n
and V,, is the effective shear force.

Adopting the Lévy technique, the displacement function for the ith
segment of the plate can be expressed as

mmy

wi(x,y) = X;(z)sin b i=1,2,---,n (4.5.54)

where m is the number of half-waves of the buckling mode in the y-
direction and X;(z) is an unknown function to be determined. Equation
(4.5.54) satisfies the boundary conditions given by Egs. (4.5.50).

Using the state—space technique, a homogenous differential equation
system for the ith plate segment can be derived, in view of Eqgs. (4.5.49)
and (4.5.54), as

U, -HY, =0, i=12-,n (4.5.55)
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© X X.;"}T and the prime denotes differentiation

with respect to z, ¥, is the first derivative of ¥;, and H; is a 4 x 4
matrix. The nonzero elements of H; are

mT 4
(Hy2); =(H23); = (H3a)i =1, (Hu1); = — ( >

o b (4.5.56)
R
The solution for Eq. (4.5.55) may be expressed as
¥, = eMli?c; = Fi(x)F; 1 (0)c; (4.5.57)

in which et is a general matrix solution for Eq. (4.5.55) and c; is a
(4 x 1) constant column matrix that is to be determined using the plate
boundary conditions and interface conditions between the adjacent plate
segments. The function F;(z) in Eq. (4.5.57) is related to the eigenvalues
and eigenvectors of H; (see Braun, 1993). For example, if all eigenvalues
of H; are real and distinct, then F;(x) = [f1(z) fa(z) f5(z) £1(z)] where
fj(z) = eM%v;, \; is the jth eigenvalue and v; is the jth eigenvector.
If the eigenvalues of H; include complex values or repeated roots, the
readers are referred to Braun (1993) and Xiang et al. (1996) for
determining F;(z) in Eq. (4.5.57).

Along the interface between the ith segment and the (i + 1)th
segment of the plate, the following continuity conditions must be
satisfied.

For plates with abrupt changes in plate thickness, material properties and
intermediate uniaxial load:

Ow;q1

Ow;  Owiiq

Wi = Wit1, -
T Ox Ox

=0, (Vo)i+ Nij = (Va)it1 + Nipa .
(4.5.58)

For plates with abrupt changes in shear force due to the presence of an
internal line support:

w; _ Owit
or  Ox

w; = O, Wi+1 = O, = O, (Mx)z = (Mx)iJrl (4559)

For plates with abrupt changes in slope due to the presence of an internal
line hinge:
w; = wit1, (Mz)i =0, (Mz)it1=0
ow; Owjt1 (4.5.60)

(V)i + Ni% = (Va)it1 + Ni-l—laT
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In view of Eq. (4.5.55), a homogeneous system of equations can
be derived by implementing the boundary conditions of the plate along
the two edges parallel to the y-axis [Egs. (4.5.51) to (4.5.53)] and
the interface conditions between two plate segments [Eqs. (4.5.58) to
(4.5.59)] when assembling the segments to form the entire plate

K{c} = {0} (4.5.61)

where K is a 4n x 4n matrix. The buckling load is evaluated by setting
the determinant of K in Eq. (4.5.61) to be zero.

The proposed method is used to determine exact buckling solutions
for rectangular plates with abrupt property changes. For brevity, letters
F, S and C are used to denote a free edge, a simply supported edge, and
a clamped edge, respectively. A two-letter symbol is used to denote the
left and right edge support conditions in a plate. For example, an SF
plate has a simply supported left edge and a free right edge, while the
other two remaining edges are simply supported.

Plates with Two Different Thicknesses

Consider an SS plate with two segments, each with a different
uniform thicknesses, as shown in Table 4.9. The plate is subjected to
a uniaxial inplane compressive load N in the z-direction (Xiang and
Wang, 2002). The exact results are compared in Table 4.9 with the
very accurate ones computed by Eisenberger and Alexandrov (2000),
who used exact beam stability functions in the stiffness method and
performed the analysis in two directions in cycles. The two sets of results
are in excellent agreement, with the exception of the case hg/h; = 0.4.
The exception is attributed to the fact that Eisenberger and Alexandrov
(2000) obtained the buckling load factor that corresponds to the third
buckling mode while Xiang and Wang (2002) obtained the correct value
for the first buckling mode. Results for stepped laminated plates can be
found in Xiang and Reddy (2001).

Plates with an Internal Line Hinge

Consider an isotropic plate with an internal line hinge as shown in
Table 4.10. Using the proposed method, the buckling factors for SS, FF
and CC square plates subjected to uniaxial inplane compressive load N
in the z-direction are obtained (Xiang et al., 2001). Results for shear
deformable laminated plates may be found in Gupta and Reddy (2002).
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Table 4.9: Comparison of buckling load factors Nb?/(72D;) for a
stepped, SS rectangular plate subjected to uniaxial inplane
load (a/b=2.0, ¢/a=0.5, By = E3, 11 = vy =0.25).

Stepped plate with two thicknesses Z—f Eisenberger and  Xiang and

Alexandrov (2000) Wang (2002)

> - 0.4 0.8619 0.3083
> < 0.6 1.0245 1.0246
> will) 0.8 2.3442 2.3442
> 1.0 4.0000 4.0000

S EDEEEEE— - 1.2 4.5324 4.5325

« > 14 4.6663 4.6663
< a > 1.6 4.7292 4.7292
h, hy 1.8 4.7652 4.7652
2.0 4.7877 4.7878

2.2 4.8026 4.8027

Table 4.10: Buckling load factors Nb?/(7?D;) for SS, FF and CC
square plates having an internal line hinge and subjected
to uniaxial inplane load (a/b = 1.0, hy = ho, E1 =
EQ, VG =V = 03)

Plate with an internal line hinge < SS FF CcC

0.001 1.4017 1.4000 4.8497

_; """"""""" :_ A 0.1 1.5770 1.4216 5.1550
I I 0.2 1.7474 1.4676 5.1799
| b 0.3 1.8969 1.5206 3.5428
I : 0.4 2.0035 1.5645 2.8066
oo o < 0.5 2.0429 1.5820 2.6261
” ¢ -
a a -
Vi g
1 R ]
T T

Plates with Internal Line Supports

Table 4.11 contains the exact buckling solutions for SS, FF and CC
square plates having one internal line support and subjected to uniaxial
inplane load (Xiang 2003).
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Table 4.11: Buckling load factors Nb?/(72D;) for SS, FF and
CC square plates having an internal line support and
subjected to uniaxial inplane load (a/b = 1.0, h; =
hQ, E1 = EQ, VG =V = 03)

Plate with an internal line support £ SS FF CC

0.001 4.8489 2.3660 6.7481

> = ] 0.1  5.0467  2.3891  7.3051
Bl 0.2 53165  2.3966  8.0315
] | 0.3 56652  2.2564  8.9336
Bl 0.4  6.0482  2.0936  9.8920
b e < 0.5 62500  2.0429  10.386
c
—1 a -
v v

|
T s~ T

Plates with Intermediate Inplane Load

The geometry and load configuration for a plate subjected to an
intermediate inplane load is given in Fig. 4.21. Table 4.12 contains
the buckling intermediate load factor Nob?/(72Di) for square and
rectangular SS, FF and CC plates when the end load N; = 0 (see Xiang,
et al., 2003; and Wang, et al., 2004).

N, N, N; +N,
» | — < ‘
—p Plate |—Pp —
> segment [—» Plate ]
1 1 :: segment 2 +—| 0
—P —> <+
—» _____—>_ _____________ <+ I
—FA - >

B a

Figure 4.21: Rectangular plate subjected to an intermediate inplane
load.
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Table 4.12: Buckling intermediate load factors Nob?/(72D;) with
Nl =0 (hl = hg, El = EQ, VG =V = 03)

a/b=1 a/b=2
g SS FF CcC SS FF CcC
0.3 5.3134 2.2511 8.4730 4.3540 2.3145 5.2077
0.5 6.3779  2.3282 12.050 4.5430 2.3254  5.9609
0.7 6.6443 2.6384 13.307 5.8152 2.3389 8.8086

Plates with Different Materials

The proposed method may also be used to solve the buckling problem
of rectangular plates with multiple material properties. The buckling
load factors for square plates having two materials and subjected to
uniaxial inplane compressive load N in the z-direction are presented in
Table 4.13. As expected, the buckling factors decrease as the portion of
material 1 (weaker material) increases.

Table 4.13: Buckling load factors Nb?/(72D;) for SS, FF and CC
plates having two different materials and subjected to

uniaxial inplane load (a/b = 1.0, hy = hy, Ey =
2F1, v1 = 0.3, 1p = 0.25).
Plate with two materials < SS FF CC
. 0.001 7.7623  4.2153  13.079
L [« 0.1 7.3876  3.6301  12.131
> = i 0.3  6.0912  2.6981  10.999
- =) 1
o] 5 i M2 b g5 51083 2.3850  8.7850
i = »l 0.7  4.6749  2.2997  7.8682
et
ptoccccbococcoooooo - 0.9 4.2507 22345  7.1064
S 0.999 4.0030  2.0478  6.7464
a

4.6 Simply Supported Isosceles Triangular Plates
Han (1960) presented buckling of a simply supported, isosceles
triangular plate of height a and base 2as, and subjected to a normal

compressive force Ny along the boundaries, as shown in Fig. 4.22. The
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governing equation is given by [see Eq. (4.5.28)]
DV*w + NoV2w = 0. (4.6.1)

The simply supported boundary conditions require

2
w=0, Vw=0. (4.6.2)
H#»
NO
<
A
77 1€
77 |
v e sa
// <
7 |
~ 74 I~
Ny & e > X
s 1<
Xy |
S N«
N Il sa
X |
Q¢
Ji
y

Figure 4.22: An isosceles triangular plate.

Han (1960) approximated the displacement function as

nmT nmy 2nmx

w Z CpnFn(z), F,=2sin cos — sin (4.6.3)
n=1

a as a

where C), are arbitrary constants, and used the Ritz method to minimize
the energy functional associated with Eq. (4.6.1). Clearly, the assumed
approximation satisfies the boundary conditions in (4.6.2). This yields
NO as a function of n, which is then minimized with respect to n to
obtain the critical buckling load

. 272D 1
Ny = " (1+352> (4.6.4)

Although this is an approximate solution for arbitrary s < 1.0, it is exact
for s = 1/4/3, which corresponds to the case of an equilateral triangle.
For this case the critical buckling load is

. AmD

Ny = (4.6.5)

a2
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For the following alternative choice of F,, in Eq. (4.6.3), when
s > 1.0,

P — cos (m+n)mx cos (m—n)ry cos (m —n)mx o (m+n)my
2a 2as 2a 2as
(4.6.6)
the approximate critical buckling load is given by
.« 57’D 1
Ny = 1+ = 4.6.7
0 4a? ( + 52> ( )
This is exact when s = 1, and the value is given by
. 5mD
No=—— 4.6.8
0 2a2 ( )

Accurate buckling formulas for simply supported and clamped isosceles
triangular plates can be found in the paper by Wang and Liew (1994).

4.7 First-Order Shear Deformation Theory of Plates

4.7.1 Governing Equations of Rectangular Plates

The simplest shear deformation plate theory is the first-order shear
deformation plate theory (or FSDT), also referred to as the Mindlin plate
theory (Mindlin, 1951), and it is based on the displacement field

u(x,y,z) = Zd)a:(x,y) (471&)
v(@,y,2) = 2¢y(z,y) (4.7.1b)
w(w,y,z) = w(l’,y) (471C)

where ¢, and —¢, denote rotations about the y- and x-axes, respectively.
In FSDT, shear correction factors are introduced to correct the
discrepancy between the actual transverse shear force distributions and
those computed using the kinematic relations of FSDT. The shear
correction factors depend not only on the geometric parameters but also
on the loading and boundary conditions of the plate.

The equations of equilibrium of the first-order plate theory are given

by
- (8@” + aQy) + 2 (Nmaw + N, 8w>

Ox oy Ox ox Yy
+§y <ny§; + Nyygz) =0, (4.7.2a)
_ (32% n agﬁﬁy) Y Q. =0, (4.7.2b)
_ <agﬁw n %) +0Q, =0, (4.7.2¢)
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where (Nm, Nyy, N, y) are applied inplane compressive and shear forces
per unit length, (Mm,Myy,M ) are the moments, and (Qg,Qy) the
transverse shear forces per unit length (see Fig. 4.1).

The primary and secondary variables of the theory are

primary variables: W, Pn, Ps
secondary variables: Qn, My, My (4.7.3)
where
Gr = NgpPn — ny¢s ) ¢y = ny6¢n + 1y (4.7.4&)
Qn = Quna + Qyny (4.7.4b)

The boundary conditions involve specifying one element of each of the
following pairs:

(w7 Qn)> (¢n7 Mnn)a (ﬁbsa Mns)

Assuming that the plate material is orthotropic and obeys Hooke’s
law, we can express the stress resultants of Egs. (4.7.2a—c) in terms of
the displacements (w, ¢, ¢y) as

0¢z
My Dy Do 0 88:1:
Myy = D12 D22 0 % (4.7.5&)
My, 0 0 Dol | 28 00

(@)slt LIED) e

where K, denotes the shear correction factor, D;; are defined in Eq.
(4.2.9b), and

Eih3 E, Gioh?
Dy=—2 Dy==2Dy. Dp=2D De =
11 12(1 — 1/121/21)’ 22 El 11, 12 11V21, 66 12
A44 = Gggh, A55 = Glgh. (4.7.6)

In view of the relations (4.7.5a, b), the equations of equilibrium
(4.7.2a—c) can be expressed in terms of displacements (w, ¢, ¢,) as

w00, ow  d¢
K Ass (81‘2+ &U) + KAu (8 5 + ny

0 (.~ Ow - 6w) G(A ow - Ow
_|_
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¢y D¢y . | ¢y
Du 0x? + D Oyox + Des Oy? + Oyox

0
— K As3 (a::) + ¢>x> =0 (4.7.8)

Poe | 0%y P¢u ¢,
Deg <8cc8y+ 52 + D12 . + D23 »

4.7.2 Buckling Loads of Rectangular Plates

As in the case of the classical thin plate theory, analytical solutions
of the first-order shear deformation plate theory can be developed using
Navier’s and Lévy’s methods. Here, we limit our discussion to the
Navier method of solution for the pure bending case (i.e., omit stretching
deformation). The Lévy method of analysis for the first-order shear
deformation plate theory is more involved than the classical plate theory,
and the buckling loads can be determined only numerically by solving the
eigenvalue problem numerically. Additional details on the Lévy method
can be found in the books by Reddy (1999, 2002, 2004).

The simply supported boundary conditions for the first-order shear
deformation plate theory (FSDT) can be expressed as (see Fig. 4.23)

w(z,0) =0, w(x,b)=0, w(0,y)=0, w(a,y)=0 (4.7.10a)

¢2(x,0) =0, ¢g(z,0) =0, ¢y(0,y) =0, ¢y(a,y) =0 (4.7.10b)
Myy(2,0) =0, Myy(xz,b) =0, My(0,y) =0, Myz(a,y)=0

(4.7.10c)

where a and b denote the dimensions of the rectangular plate. The

boundary conditions in Eqgs. (4.7.10a—c) are satisfied by the following
expansions:

o o
. mwx | nwy
w(x,y) = Wonn sin sin —= 4.7.11a
) nglmzzl o a b ( )
& Mmmnx nmwy
T,y) = Xy COS sin —= 4.7.11b
o) = 3 32 Keos " T (47110
& T nmy
z,Y) = Ymn sin 08 —— 4.7.11c
Qby( Y) nz::lmZI mn b ( )
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! \ !
T o | X
b i [ M= =0
: ] Maso
wo=¢, =0 ! ]
M.,=0 ] e o e —m——m————— = :

Figure 4.23: The simply supported boundary conditions of the first-
order shear deformation theory.

The substitution of Egs. (4.7.11a—c) into Egs. (4.7.7)-(4.7.9),
with Nz, = 0, yields the following equations for the coefficients

(Wmny ana Ymn):
Wonn 0
KXo $ =40 (4.7.12)
Yin 0

where s;; are defined by (for orthotropic plates)

512 S$22 523

[811—811 512 513
513 $23 833

S11 = KS(A55O[12’YL —+ A4451?L)7 gll - NSEIO(%’L + Nyyﬁ%
s12 = KsAssam, s13 = KsAuBn, s20 = (D102, + Desf2 + KsAss)
523 = (D12 + Do) B, s33 = (Desy, + D223 + KoAss)  (4.7.13)

and a,, = mn/a and (3, = nx/b.
Suppose that the only applied loads are the inplane compressive
forces

~

. . N,
Nyw = No, Ny, =vNo, v = Nyy (4.7.14)

rx

and all other loads are zero. From Eq. (4.7.12) we have
s1i1— No (a2, +7982) s12 s13] ( Winn 0

512 S22  S923 an = 0 (4.7.15)
513 S23 833 Ymn 0
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For a nontrivial solution the determinant of the coefficient matrix in
Eq. (4.7.15) must be zero. This gives the following expression for the
buckling load:

1
Np —
0 (a?n +vﬁ%>

co = Di1ap, +2 (D12 + 2Dgg) 02,82 + DasfB, c1 = cacz — (ca)? > 0

o, B
o+ (KsA44 + KsA55) “

c1
1+ K2A44A55 + K5A55 + Ks A44

(4.7.16a)

co = Di1a?, + D32, c3 = Dgsa?, + Doof32, ¢4 = (D1a + Deg) B
(4.7.16D)

'lable 4.14 contains the critical buckling loads N = N,.b?/(72?Da2)
as a function of the plate aspect ratio a/b, side-to-thickness ratio b/h,
and modulus ratio Fj/FEs for uniaxial (y = 0) and biaxial (y = 1)
compression. The classical plate theory (CPT) results are also included
for comparison. The effect of transverse shear deformation is significant
for lower aspect ratios, thick plates and larger modulus ratios. For thin
plates, irrespective of the aspect ratio and modular ratio, the critical
loads predicted by the shear deformation plate theory are very close to
those of the classical plate theory.

For isotropic, simply supported, rectangular plates on (Pasternak)
elastic foundation, the critical buckling load is given by (Xiang et al.,
1994)

Minimize N(m,n) — _AmaD + )\ + Gb

m,n 14 omn_— Amn D

KsGh
(e (4.7.17)

)\mn

where k is the modulus of the subgrade reaction, Gy is the shear modulus
of the subgrade, and A\, = a2, + 32.

4.7.3 Buckling Loads of Circular Plates

Here we present critical buckling loads of circular plates using the
relationships between the classical and first-order shear deformation
plate theories (see Wang et al., 2000). Consider an elastic, isotropic
circular plate of radius R, uniform thickness A, Young’s modulus F,
shear modulus G and Poisson’s ratio v subjected to a uniform radial
compressive load N.
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Table 4.14: Critical buckling loads N of simply supported plates
under in-plane uniform uniaxial (y = 0) and biaxial
(v = 1) compression.

v ¢ ¢t ®m=l1  gE=3 g=10 g=2%
0 0.5 10 5.523 11.583 23.781 34.701
20 6.051 13.779 35.615 68.798
100 6.242 14.669 42.398 100.750
CPT 6.250 14.708 42.737 102.750
1.0 10 3.800 5.901 11.205 19.252
20 3.948 6.309 12.832 25.412
100 3.998 6.452 13.460 28.357
CPT 4.000 6.458 13.488 28.495
1.5 10 4.0452D1  5.664 8.354 13.166
20 4.262(2,1) 5942 8.959 15.077
100 4.3372,1)  6.037 9.173 15.823
CPT 4.340(2.1)  6.042 9.182 15.856
3.0 10 3.8003:1)  5.664(2:1) 8.354(2,1) 13.166(2:1)
20 3.048(3,1)  5.942(2,1) 8.959(2,1) 14.052
100 3.9983,1)  6.037(2.1) 9.173(2,1) 14.264
CPT 4.0003:1)  6.042(2,1) 9.182(2:1) 14.273
1 0.5 10 4.418 9.405 15.191(1,3) 17.773(1,3)
20 4.841 11.070 21.565(1,3) 30.073(1,4)
100 4.993 11.737 25.241(1,3) 40.157(1:4)
CPT 5.000 11.767 25.427(1,3) 40.784(1,4)
1.0 10 1.900 3.015 5.662 7.518(1,2)
20 1.974 3.173 6.433 9.308(1,2)
100 1.999 3.227 6.731 10.156(1,2)
CPT 2.000 3.229 6.744 10.196(1,2)
1.5 10 1.391 1.788 2.614 4.093
20 1.431 1.841 2.769 4.651
100 1.444 1.858 2.823 4.869
CPT 1.444 1.859 2.825 4.879
3.0 10 1.079 1.151 1.227 1.375
20 1.103 1.172 1.251 1.414
100 1.111 1.179 1.259 1.426
CPT 1.111 1.179 1.260 1.427

T Denotes mode numbers (m,n) at which the critical buckling load occurred;
(m,n) = (1,1) for all other cases.
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The governing equations for axisymmetric buckling have the form

C%‘ (TQT’) = TNrrv2w7 rQr = d (TMrr) Mg (4.7.18&)
dor do,

M, =D < j + ¢r>a Moy = D( f + ¢7~> (4.7.18b)

Qr = K,Gh ((ﬁr Cf;:) (4.7.18¢)

Equations (4.3.17) and (4.4.1) of the CPT and Eqs. (4.7.18a—c) of
the FSDT for isotropic plates can be reduced to

3y 2d* 1 dy
—t+——+(Ao— —=)— A 0 4.7.19
dr3+7ﬂd2 (0 )dT (0+ )%Z) ( )
where
—dgrc, for CPT
P = (4.7.20a)
oF,  for FSDT
Ne. for CPT
Ao = . (4.7.20b)
N;?F , for FSDT
*Ksréh

where superscripts C' and F refer to the CPT and FSDT, respectively.
Equation 1) is subject to the boundary conditions

At r=R:
1 =0 for clamped plates
d
dib + Zlﬁ =0 for simply supported plates (4.7.21a)
roor
Zﬂ + Zlb = kotp for rotational elastic restraint
roor
At r=0:
¢ =0 for all boundary conditions (4.7.21b)

where ks is the rotational spring constant. In view of the similarity of
the governing equations and boundary conditions, we obtain
. NC
NE = — (4.7.22)
L+ x.¢6n
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The buckling load relationship (4.7.22) also applies to sectorial
plates with simply supported edges and to sectorial plates with simply
supported radial edges and either a clamped or a free circular edge.
The availability of this relationship allows easy and accurate deduction
of critical buckling loads based on the FSDT from their corresponding
CPT critical buckling loads. For more details, see Wang et al. (2000).

Table 4.15 contains the CPT and FSDT buckling factors N, R? /D
for circular plates with various values of the thickness-to-radius ratio
h/R, elastic rotational restraint parameter koR/D and Poisson’s ratio
v = 0.3. Note that the buckling load factor in CPT is independent
of h/R due to the neglect of transverse shear deformation. The
three-dimensional elasticity solutions of Ye (1995) are also included for
comparison.

Table 4.15: Comparison of buckling load factors for circular plates
based on different theories.

& ket CPT FSDT Ye (1995)
0 4.1978 4.1853

0.05 1 6.3532 6.3245
10 12.173 12.068
o0 14.682 14.530 14.552
0 4.1978 4.1481

0.10 1 6.3532 6.2400
10 12.173 11.764
oo 14.682 14.091 14.177
0 4.1978 4.0057

0.20 1 6.3532 5.9235
10 12.173 10.688
oo 14.682 12.572 12.824
0 4.1978 3.7893

0.30 1 6.3532 5.4625
10 12.173 9.2792
oo 14.682 10.658 11.024
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4.8 Inelastic Buckling of Plates

4.8.1 Introduction

Inelastic buckling analysis of plates may be based on incremental
(or flow) theory of plasticity (e.g., Handelman and Prager, 1948;
Pearson, 1950) or the deformation theory of plasticity (e.g., Kaufmann,
1936; Illyushin, 1947; Stowell, 1948; Bijlaard, 1949; El-Ghazaly and
Sherbourne, 1986), or the slip theory (e.g., Bartdorf, 1949; Inoue
and Kato, 1993). The success of these is varied. For example, the
deformation theory gives a better prediction of critical buckling loads for
long simply supported plates while the incremental theory gives better
results for cylinders under compression and torsion. Accordingly, some
researchers (e.g., Shrivastava, 1979; Ore and Durban, 1989; Tugcu, 1991;
and Durban and Zuckerman, 1999) presented the inelastic buckling loads
of plates based on both the deformation-type theory and the incremental-
type theory. There are, however, other simplified theories such as the one
proposed by Bleich (1952). Bleich assumed a two-moduli plate where the
modulus in the direction of stress that is likely to exceed the proportional
limit be taken as the tangent modulus E7, while in the direction where
there is little stress, the elastic modulus E be taken. Furthermore, the
factor for the twisting moment curvature relation is arbitrarily chosen
as /Ep/E. Bleich’s simplified theory seems to give results in close
agreement with large-scale test results obtained by Kollbrunner (1946).

Apart from the paper by Shrivastava (1979), the aforementioned
studies on inelastic buckling analysis of plates adopted the classical thin-
plate theory. When dealing with thick plates where buckling occurs in
the plastic range, a shear deformable plate theory has to be employed
so as to admit the significant effect of transverse shear deformation.
Complementing the work of Shrivastava (1979), Wang et al. (2001)
adopted the Mindlin plate theory for the inelastic buckling of rectangular
thick plates under equibiaxial and uniaxial loading, and of circular thick
plates under a uniform radial load.

Following Wang et al. (2001), two plasticity theories are considered
here: the incremental theory (IT) of plasticity with the Prandtl-Reuss
constitutive equations and the deformation theory (DT) of plasticity
with the Hencky stress—strain relation. An important difference between
these two theories is that the strain in the former theory depends on
the manner in which the state of stress is built up, whereas in the
latter theory the strain that corresponds to a certain state of stress is
entirely independent of the manner in which this state of stress has been
reached. Analytical forms of inelastic stability criteria are presented
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for rectangular and circular thick plates for both theories. Critical
buckling stress factors, from both theories of plasticity, are tabulated
for square and circular plates whose materials exhibit strain hardening
characterized by the Ramberg—-Osgood stress—strain relation.

4.8.2 Governing Equations of Circular Plates

Consider a circular plate with radius ¢ and uniform thickness h. The
plate is subjected to uniform compressive radial stress of magnitude o.
According to the Mindlin plate theory, the admissible velocity field for
axisymmetric deformation is given by

v =2z¢; vg=0; v,=w (4.8.1)

where ¢ is the rate of rotation and w the transverse velocity. For
axisymmetric buckling, the nonzero strain rates associated with Egs.
(4.8.1) are given by

do 1) dw

Epp = 22— €99 =2—; Yz =@+
" dr’ r ¢ dr

The constitutive relations are given by (Chakrabarty, 2000)

(4.8.2)

Orp = E(aérr +ﬁ596’); ogg = (ﬁérr + 045:66') i Tre = KsGYpz (483)

where E is Young’s modulus, K the shear correction factor, G the
effective shear modulus, and the parameters «, 3, p are given by

o= ; {4 ~3 (1 - ?) (4.8.4a)
ﬁ:;{2—2(1—2y)%—3<1—g>} (4.8.4b)
p:3EES+(1—2y) [2— (1-2@% —3(1— ?) (4.8.4¢)

and the ratios of the elastic modulus E to the shear modulus G, the
tangent modulus Ep and the secant modulus F, at the onset of buckling
are expressed by the Ramberg—-Osgood elasto—plastic characteristic in
the forms of

E FE
— =2 3| — -1 4.8.5
G +v+ (Es ) ( )
E 5. C*l
— =1 k| — ; 1 4.8.6
By +c <00> ;oCc> ( )
E 6. C—l
— =1+k(— ; >1 4.8.7
Es + (UO) b ( )
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where og is a nominal yield stress, c is the hardening index that describes
the shape of the stress—strain relationship with ¢ = oo for elastic—
perfectly plastic response, and k is the horizontal distance between the
knee of the curve and the intersection of the ¢ curve with the o/op =1
line, as shown in Fig. 4.24. The expressions (4.8.4a—c) for «, (3, p describe
the constitutive equations based on the rate form of Hencky’s stress—
strain relation. By setting E; = FE, these expressions reduce to those
corresponding to the Prandtl-Reuss constitutive relations.

0.8

0.6 1 ]
s=2 1734%0] O
0.4 1 E E|og

0.2 A

Figure 4.24: Ramberg—Osgood stress—strain relation.

To obtain the condition for bifurcation of the plate in the
elastic/plastic range, it is assumed that Shanley’s concept of continuous
loading during buckling is accepted and therefore no unloading takes
place. Consider the uniqueness criterion in the form of (Chakrabarty,
2000)

. . .. dw\ ?
[ Grter + Gmna 4 i) =0 () hav=0 (489

Using Eqs. (4.8.2) and (4.8.3) and integrating through the thickness of
the plate, the condition for uniqueness is reduced to

[ (@) 5 () () (5)

2 2
+K,Gh (¢> + ?:) —oh <dw) } rdr > 0 (4.8.9)

dr
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The Euler-Lagrange differential equations associated with the
minimization of the functional with respect to arbitrary variations of
w and ¢ are easily shown to be

K.Gh <¢+d“’> g w6
dr dr dr 1—&

(4.8.10a)

and

aEh® d?*¢ aFER3d¢ oFER3 ¢ dw
e “ _ ? _rK.Gh ) =0 (4.8.10b
2 "ar T T2 o 12 " (¢+dr) ( )

When the bifurcation occurs in the elastic range (i.e., Ep = Ey = E),
Egs. (4.8.10a) and (4.8.10b) reduce to the well-known governing equation
for elastic buckling of circular Mindlin plates (Hong et al., 1993).

4.8.3 Buckling Solutions of Circular Plates

The elimination of the derivative of w in Eq. (4.8.10b) by using Eq.
(4.8.10a) yields

P+ (€ -1)é=0 (4.8.11)

oh 12
= 4.8.12
‘ T\l (1_KZG>O‘Eh3 i

Equation (4.8.11) is a Bessel’s differential equation with the general
solution

where

¢ = C1J1 (§) + CaY1 (§) (4.8.13)

where C1 and C3 are constants and J;(§), Y1(§) are first-order Bessel
functions of the first kind and second kind, respectively. Since from
axisymmetric condition ¢ = 0 at the plate center (i.e., at r = £ = 0), the
constant Cy must vanish in Eq. (4.8.13). Thus, Eq. (4.8.13) reduces to

¢ = C1J1(§) (4.8.14)

The critical stress would evidently depend on the support condition at
the edge at r = a.
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Clamped Circular Plate

For a clamped circular plate, the rotation at the edge must vanish at
the edge, i.e., ¢ = 0 at r = a. Thus, in view of this boundary condition
and Eq. (4.8.14), the bifurcation criterion is given by

Ji(A) =0 (4.8.15)

where, in view of Egs. (4.8.4a) and (4.8.12),

oh 12
A=a _ (4.8.16)

Since A involves o/ F for any given stress—strain curve, the solution must
be found by an iterative method, such as the false position method.

Simply Supported Circular Plate

For a simply supported circular plate, the bending moment in the
radial direction must vanish at the edge, i.e., d¢/d§ + (B¢)/(a&) = 0 at
r = a. Thus, in view of Eqgs. (4.8.4a) and (4.8.4b), using Eq. (4.8.13) and
noting the fact that Jj (&) = Jo(§) —(1/£)J1 (&), we obtain the bifurcation

criterion as MoV 5
0
=1—--— 4.8.17
Ji(N) ! ( )
Since the left-hand side of this stability criterion (4.8.17) depends on the
value of o/FE, the critical stress has to be computed iteratively.

Tables 4.16 and 4.17 contain the critical buckling stress factors for
simply supported and clamped circular plates, respectively, for various
values of ¢ and thickness-to-radius ratios h/a. In the calculations,
Ks =5/6 and v = 0.3 were taken. The elastic critical buckling stress
factors, obtained by setting Er = E; = E, are also given for comparison
purposes and these elastic results check out with those obtained by
Kanaka Raju and Venkateswara Rao (1983) and Hong et al. (1993).

4.8.4 Governing Equations of Rectangular Plates

Consider a flat, rectangular plate whose sides are of lengths a and
b and of uniform thickness h as shown in Fig. 4.25. The plate is acted
upon by uniform compressive stresses of magnitudes o; and o9 in the
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Table 4.16: Critical buckling stress factors o.ha?/(72D) for simply

k:

r
supported circular plates (K; = 5/6, v = 0.3,
0.25).
ocha2/(m2D)

c E/og h/a=0.025 h/a = 0.050 h/a =0.075
IT* DT* 1T DT 1T DT
Elastic - 0.4250 0.4250 0.4241 0.4241 0.4225 0.4225
2 200 0.4185 0.4181 0.4002 0.3988 0.3756 0.3728
300 0.4153 0.4147 0.3902 0.3881 0.3586 0.3549
500 0.4094 0.4084 0.3726 0.3697 0.3317 0.3270
750 0.4024 0.4010 0.3545 0.3507 0.3067 0.3010
3 200 0.4245 0.4245 0.4167 0.4164 0.3919 0.3907
300 0.4239 0.4239 0.4086 0.4079 0.3665 0.3644
500 0.4220 0.4219 0.3875 0.3861 0.3198 0.3168
750 0.4185 0.4182 0.3589 0.3568 0.2757 0.2720
5 200 0.4250 0.4250 0.4236 0.4236 0.4121 0.4118
300 0.4250 0.4250 0.4217 0.4217 0.3850 0.3843
500 0.4249 0.4249 0.4087 0.4084 0.3160 0.3146
750 0.4246 0.4246 0.3744 0.3735 0.2518 0.2500
20 200 0.4250 0.4250 0.4241 0.4241 0.4225 0.4225
300 0.4250 0.4250 0.4241 0.4241 0.4222 0.4221
500 0.4250 0.4250 0.4241 0.4241 0.3425 0.3424
750 0.4250 0.4250 0.4217 0.4217 0.2429 0.2427

* IT = Incremental theory of plasticity; DT = Deformation theory of

plasticity.

x— and y-directions, respectively.

Vg = ZQSZ‘) Uy = Z(;Sya Vy = ’UJ

According to the first-order shear
deformation plate theory, the admissible velocity field may be written as

(4.8.18)

where (¢m7¢y) are the rotation rates about the y- and x-axes,
The strain rates
corresponding to Eqs. (4.8.18) are given by Egs. (4.8.19) on page 165.

respectively, and w is the transverse velocity.
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Table 4.17: Buckling stress factors o.ha®/(m?D) for clamped
circular plates (K, =5/6, v=10.3, k=

0.25).
ocha?/(n2D)
c E/oyg h/a=0.025 h/a = 0.050 h/a =0.075
IT* DT* IT DT 1T DT

Elastic 1.484 1.484 1.472 1.472 1.453 1.453

2 200 1.431 1.409 1.307 1.241 1.176 1.0690
300 1.408 1.377 1.252 1.166 1.105 0.9742
500 1.367 1.320 1.168 1.055 1.009 0.8483
750 1.323 1.260 1.094 0.9573 0.9326  0.7481

3 200 1.470 1.466 1.320 1.282 1.086 1.0010
300 1.453 1.445 1.218 1.158 0.9573  0.8458
500 1.409 1.388 1.060 0.9677 0.8072 0.6601
750 1.342 1.306 0.9296 0.8107 0.7092 0.5311

5 200 1.483 1.483 1.364 1.348 0.9997  0.9467
300 1.480 1.480 1.203 1.171 0.8168  0.7388
500 1.460 1.456 0.9534 0.8941 0.6443 0.5223
750 1.390 1.377 0.7779 0.6918 0.5638 0.3901

20 200 1.484 1.484 1471 1.471 0.9316  0.9243
300 1.484 1.484 1.283 1.279 0.6689  0.6500
500 1.484 1.484 0.8550 0.8456 0.5178 0.4112
750 1.483 1.483 0.6182 0.5925 0.5164 0.2836

*IT = Incremental theory of plasticity; DT = Deformation theory of plasticity.

O

O b

Y
“AA

¥

Figure 4.25: Plate subjected to uniform compressive stress o1 along
the z-axis and uniform compression oy along the y-axis.
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. 0y 0dy . 0pr | 0
sz:Z%; 8yy:'zaiyyv ’Y:):y:Z< Y er)

(4.8.19)
y — (b + 8710 { — ¢ + 8710
Yzz = Pz oz’ Yyz = Py 8y

The constitutive relations of the Prandtl-Reuss type as well as the
Hencky type for a linearized elastic/plastic solid that behaves identically
under loading and unloading are given by (Chakrabarty, 2000)
0w = B (gy + BEyy);  Oyy = E (Bézn +72yy)  (4.8.20a)
Toy = GYay;  Toz = KsGYazs Ty = KsGye (4.8.20b)
where F is the elastic modulus, G the effective shear modulus, and Kj is

the shear correction factor. The expressions for (a, 3,7, p) and the shear
modulus G are given below for the two different plasticity theories.

Incremental theory of plasticity (IT):

1] Ep\ o2
a=_l4-3 ( - ET> ;g] (4.8.21a)
17 E E
= 2_2(1—2;/)ET—3<1— ET> U;‘ﬂ (4.8.21b)
1] Er\ o?
= |- (1 _ ET> Z] (4.8.21c)
_ T Er\ 0102
p=(5—dv)+(1— 22 _3(1 -2 (1—E> 172 (48.214)
E
el 2(1+v) (4.8.21e)
Deformation theory of plasticity (DT):
1] Er\ o]
a=_l4-3 (1 - ET) % (4.8.22a)
17 Br E
= |2-20- 21/)% —3 (1 - ET) U;ZQ] (4.8.22b)
1] Er\ o3
7= 43 (1 - ET) % (4.8.22¢)
_ E - Er Er\ o109
p=3g +(1-2) [2 (1-20)— -3 (1 E) 5 } (4.8.22d)
g =242 +3 (5 - 1) (4.8.22¢)
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wherein the ratios of the elastic modulus E to the tangent modulus Ep
and the secant modulus Eg at the onset of buckling are expressed by the
Ramberg—Osgood elastoplastic characteristic in the forms of

E 5. C—].

— =1 k| — : 1 4.8.2
By +c ((70) ;oc> (4.8.23)
E g\ !

— =1+k () ;o oe>1 (4.8.24)
E; 0]

The equivalent stress & is defined on the basis of the von Mises yield
criterion given by

o2 =0? — o109 + 05 (4.8.25)

Note that by setting the secant modulus Fs in Eqs. (4.8.22a—¢) to be
equal to the elastic modulus (i.e., s = E), the expressions of «, 3,7, p
of the Hencky deformation theory (DT) reduce to those corresponding
to the incremental theory (IT) with Prandtl-Reuss equations.

To obtain the condition for bifurcation of the plate in the inelastic
range, consider the uniqueness criterion in the form (Charkrabarty, 2000)

/V{ (O'xxga:x + é'yyéyy + 7Lﬂcy;}/acg,/ + 7'—gcz'.}/a:z + 7.—yz"7yz)

ow\ ? ow\ ?

Using Eqgs. (4.8.19) and (4.8.20) and integrating through the thickness
of the plate, the condition for uniqueness is reduced to

e G 5 ) -2 () (53)

Gh? (0¢,  Opy\> ow\ ? ow\ ?

dw\? w2
—o1h ((33:) — o9h <6y> }dﬂ:dy >0 (4.8.27)

The FEuler-Lagrange differential equations associated with the
minimization of the functional with respect to arbitrary variations of
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(w, ¢, ¢y) are easily shown to be

O6a | Oy | o 0w 0w
o7 + 87yy +V w) = U1hw + JQhW (4.8.28a)
0 [(aER 8¢,  BERS ¢, N o [an3 <8¢x n &zﬁy)

12 0Oz 12 0y oy Ox

KSGh(

Oy | 12

ox

ow
— K z+ — | = 4.8.2
Gh<¢ +8x> 0 (4.8.28h)

9 (vER? 99, N BER3 ¢, N 0 [Gn? <a¢>x N agzsy)'
oy 12 0y 12 0Oz Ox |12 oy Ox

0
— K,Gh (¢y + “’) ~0 (4.8.28¢)
dy
If the tangent modulus and the secant modulus at the point of bifurcation
are the same as the elastic modulus, i.e., B = E; = F, we have

1 v
1—v2’ 5_1—1/2

and Eqgs. (4.8.28a—c) would then reduce to the well-known equations
governing elastic buckling of Mindlin plates (Brunelle, 1971; Wang,
1995).

a=7vy= (4.8.29)

4.8.5 Buckling Solutions of Rectangular Plates
Simply Supported Rectangular Plates

For a rectangular plate with simply supported edges, the boundary
conditions are

w(0,y) = Muz(0,y) = ¢y(0,y) =0 (4.8.30a)
w(z,0) = Myy(z,0) = ¢z(x,0) =0 (4.8.30b)
w(CL?y) = me(a‘7y) = (by(a‘a y) = O (48300)
w(x,b) = Myy(z,b) = ¢p(z,b) =0 (4.8.30d)
where the bending moment rates are
3
el )
, . 4 (4.8.31)
_Eh (68% 3¢y>
D) or ! oy
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The rates of displacement and rotations that satisfy the foregoing
boundary conditions are given by

w=C%_ sin (mm> sin (m ) (4.8.32a)
a b
b = C%= cos (mm) sin (”Zy> (4.8.32b)
a
b, = C% sin <m7m:> cos (n7bry> (4.8.32¢)
a
where C¥, . C%:  and o (m,n = 1,2,---) are constants. The

substitution of Eqgs. (4.8.32a—) into Eqs. (4.8.28a—c) results in the
following three homogeneous equations which may be expressed as

Al A Az Con 0
Agg Aoz | Chz v =20 (4.8.33)
sym Asz | L ogy, 0

77”L27'l'2 n2772 m27T2 n27r2
a2 + b2 )—0’1]1( o2 )—O’gh( b )(4.8.34&)

A = K,Gh (”) (4.8.34b)
(

a
Ay = K,Gh % (4.8.34c)
Agy = aih?) m;;r 2) C’Yj (nz;f) + K,Gh (4.8.34d)
Agy = (6 1;32113 + G;j) (m;l;r 2) (4.8.34¢)
Agy — Vih?’ (”Z§2> + Cigg <mj§2> + K,Gh (4.8.341)

The critical buckling stress can be determined by setting the determinant
of the matrix [A] to zero.

Consider a square plate (i.e., a = b) constructed from an aluminum
alloy where F = 10.7 msi, v = 0.32, 09 = 61.4 ksi, and the Ramberg—
Osgood parameters ¢ = 20 and & = 0.3485. The plate is subjected
to a uniaxial load. The buckling stresses, obtained on the basis of the
deformation theory (DT) and the incremental theory (IT), are given in
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Table 4.18. The use of the deformation theory leads to a lower buckling
stress value when compared to the corresponding value obtained using
the incremental theory, since the latter theory gives a stiffer response
in the plastic range. Also, it can be seen from Table 4.18 that Bleich’s
buckling results, known to agree well with experimental test results, are
closer to the results of the deformation theory.

Table 4.18: Buckling stresses o, (in ksi) for a simply supported plate
under uniaxial load.

b/h Incremental Deformation Bleich’s
Theory (DT) Theory (DT) Theory*

22 70.844 60.080 56.125
23 65.166 58.836 55.139
24 60.713 57.397 54.109
25 97.363 95.730 52.988
26 54.598 53.806 51.712
27 51.938 51.569 50.185
28 49.112 48.962 48.269

* Note that Bleich’s Theory gives

”“ﬁ()[ $ +E§r

e T 2 -2

where n is the number of half-waves in which the plate

buckles in the z-direction.

As presented in Figs. 4.26 and 4.27, critical buckling stress factors
(o.hb?/72D) are determined for simply supported, square plates with
different thickness-to-width ratios h/b and various values of ¢ and E/oy.
Note that D = Eh3/[12(1—v?)] is the plate flexural rigidity. The Poisson
ratio ¥ = 0.3 and the shear correction factor K; = 5/6 are used in all
calculations. The plate is subjected to either a uniaxial inplane load or
an equibiaxial inplane load. It can be observed that the buckling stress
factors obtained by the deformation theory are consistently lower than
those obtained by the incremental theory.

Generally, the differences of results of these two theories increase
with (1) increasing plate thickness (i.e., h/b values) as evident from Figs.
4.26a and 4.26b, and (2) increasing E /o values as can be seen from
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Figs. 4.27a and 4.27b. The Ramberg—Osgood hardening index ¢ and the
loading configuration (i.e., uniaxial load or equibiaxial loads) also affect
the divergence of results from the two theories. It is interesting to note
that both theories give somewhat similar results when the plate is thin
and equibiaxially loaded and the ¢ value is large (say, 20). Apart from the
aforementioned situation, there is a marked difference in buckling stress
factors from the two theories, which could be exploited when designing
experimental tests to establish which one of the theories gives better
estimates of the buckling loads for thick plates.

Figures 4.28a and 4.28b contain plots of variations of the buckling
stress factors with respect to the aspect ratio a/b of uniaxially loaded and
equibiaxially loaded simply supported plates (of h/b = 0.025) for various
values of c¢. It is worth noting that the kinks, where the number of half-
wave switches, are displaced as a result of transverse shear deformation
as well as the inelastic characteristics. In contrast to the uniaxial loaded
plate case, there are no kinks in the variations of the buckling stress
factors with respect to the aspect ratio, indicating that there is no mode
switching.

Rectangular Plates with Two Opposite Sides Simply Supported

Next, we consider rectangular plates with two opposite edges simply
supported (edges y = 0 and y = b), while the other edges (edge z = 0 and
edge x = a) may take on any combination of free, simply supported and
clamped edges. The boundary conditions for the two simply supported
parallel edges (y = 0 and y = b) are

w(x,0) = Myy(x,0) = ¢z(x,0) (4.8.35a)
w(x,b) = Myy(,b) = ¢pgp(z,b) (4.8.35b)

and the boundary conditions for the other two edges (xr = 0 and = = a)
are given by (Xiang et al., 1996):

Free edge: My, = M, =0,
ow

Qa: - Ulh% =0 (4.8.36)
Simply supported edge : w = My, = ¢y, =0 (4.8.37)
Clamped edge : w = ¢, =¢, =0 (4.8.38)
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Figure 4.26: Critical buckling stress factors o.hb?/(72D) versus
thickness ratio h/b for simply supported plates subjected
to (a) uniaxial, and (b) equibiaxial loads (E/og
750, a/b=1,v = 0.3, K, =5/6, k = 0.25).
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in which

Q. = K.Gh (¢y ‘;Z’) (4.8.392)
My = b; Zg (a%i“ + ﬁa;;y> (4.8.39b)
My, = Elgg (ﬁ%qf; + 7%2”) (4.8.39¢)
My, = (’1};3 (%(Z“ + %‘Zy) (4.8.39d)

For such rectangular plates with two opposite sides simply
supported, the Levy type solution procedure may be used to solve the
governing differential equations [Eqgs. (4.8.28a—c)| for buckling of plates.
The velocity fields of the plate may be expressed as (Xiang et al., 1996):

w(z,y) Nw () sin m;ry
bz(x,y) Nz () sin 752 (4.8.40)
by(z,y) ny(ff) cos 7
in which 9y, (), 1;(z) and 1, (z) are unknown functions to be determined,
and m = 1,2,---,00 is the number of half-waves of the buckling mode

shape in the y-direction. Equation (4.8.40) satisfies the simply supported
boundary conditions on edges y = 0 and y = b.

By substituting Eq. (4.8.40) into Eq. (4.8.28a—c), the following
differential equation system can be derived:

' =Hy (4.8.41)

where ¥ = (M, Moy M, My My 7Myy) and ' is the first derivative of ¢ with
respect to x, the prime (') denotes the derivative with respect to x, and
H is a 6 x 6 matrix with the following nonzero elements:

(KsGh — a9h)(mm /b)?

Hio = H3y = Hs6 =1, Ho =

K,Gh —o1h
_ —K,Gh K Gh(mr/b) _ —KGh
M=o o = Kah—on H27 (aEh3/12)
. — —KsGh + (Gh3/12)(mm /b)?
8 (aER3/12)
[(BER3/12) + (Gh3/12)](mm /b)
Hyg = 3
(aEh3/12)
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e K Gh(mm/b) oo —[(BER3/12) 4+ (Gh3/12)](m= /b)
0T T @Grj12) 0 T T (Gh3/12)
[KsGh + (YER?/12)(m7 /b)?]

(Gh3/12)

Hgs =

(4.8.42)

The solution of the differential equation system [Eq. (4.8.41)] can be
obtained as:
¥ = et (4.8.43)

where ¢ is a constant column vector that can be determined from the
boundary conditions of the plate and eH? is the general matrix solution.
The detailed procedure in determining Eq. (4.8.43) may be found in the
paper by Xiang et al. (1996).

Applying the boundary conditions on the edges parallel to the y-axis,
a homogeneous system of equations is obtained:

Kc =0 (4.8.44)

The buckling stresses o; and o9 are determined by setting the
determinant of K to be equal to zero. As the buckling stresses are
imbedded in matrix H, it cannot be obtained directly from Eq. (4.8.27).
A numerical iteration procedure was used for the calculations (Xiang et
al., 1996).

Tables 4.19 to 4.21 present the critical buckling stress factors of
square plates under uniaxial and equibiaxial loads. In the calculations,
Ks=5/6 and v = 0.3 were taken. For brevity, we shall use the letters F
for free edge, S for simply supported edge and C for clamped edge and a
four-letter designation to represent the boundary conditions of the plate.
Thus, for example, a CSFS plate will have a clamped edge along z = 0, a
simply supported edge along y = 0, a free edge along x = a and a simply
supported edge along y = b. It can be observed that for very thick plates
(h/b=0.1) and high values of ¢, the critical buckling load factors of the
incremental theory do not vary much with respect to the E/oq ratios. In
contrast, the corresponding buckling results from the deformation theory
decrease significantly with increasing E/o( values for very thick plates.
The buckling factors are much lower when compared to their thin plate
counterparts due to the effect of transverse shear deformation.

In general, the deformation theory gives consistently lower values
of critical buckling stress factor when compared to the corresponding
results obtained using the incremental theory. The difference between
the results of these two theories tends to increase with increasing
thickness ratios, FE/og values and the ¢ values of the Ramberg—Osgood
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relation. Generally, plastic buckling stress factors are much reduced
from its elastic counterparts, especially when the plate is thick, and
the hardening index ¢ has a large value. The critical buckling stress
factors obtained using the deformation theory are consistently lower than
the corresponding factors of the incremental theory. The divergence of
these two results increases with increasing plate thickness, E/og and ¢
values. This marked difference in buckling stress factors observed for
thick plates could be exploited when designing experimental tests on
plates to establish which of the two considered theories of plasticity give
better buckling results.

4.8.6 Buckling of Simply Supported Polygonal Plates

It can be shown that the governing equation for inelastic buckling
of a simply supported polygonal plate can be expressed in terms of the
transverse velocity w as (Wang, 2004)

V2 (V24 A w =0 (4.8.45)

where the plastic buckling stress factor A is given by

_ oh
"~ aER3 h
T2 (1 - KZGh)
For a straight, simply supported edge, the boundary conditions along
the edge are

(4.8.46)

w=0, V2w=0 (4.8.47)

The governing plastic buckling equation (4.8.45) and the boundary
conditions given by Eq. (4.8.47) are of the same form as those of their
corresponding elastic buckling problem of simply supported, thin plates
of polygonal shape (Irschik, 1985; Wang, 1995). For the latter problem,
the elastic buckling stress factor A. is given by

och

Ae = 4.8.4
- (48.48)

in which o, is the critical elastic buckling stress and D the flexural
rigidity of the plate. Thus, for the same polygonal plate dimensions,
the plastic buckling stress based on the Mindlin plate theory may be
related to its elastic buckling stress based on the classical thin plate
theory as

oh

A=A = a(l_VQ)(l_KZG>

= 0, (4.8.49)
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Table 4.19: Critical buckling stress factors o.hb?/(72D) for FSFS
square plates (Ks =5/6, v = 0.3, k = 0.25).

achb?/(72D)

¢ E/oy h/b=0.025  h/b=0.050  h/b=0.075

IT* DT* IT DT 1T DT

Plates under uniazxial load in the x-direction

Elastic - 1.999 1.999 1.946 1946 1.888 1.888
2 200 1.967 1.872 1.835 1582 1.683 1.315
300 1.952 1.819 1.794 1473 1.624 1.188

500 1.925 1.729 1.729 1.316 1.542 1.024

3 200 1.987 1.964 1.815 1.629 1.551 1.216
300 1.974 1.925 1.722 1447 1433 1.015
500 1.937 1.826 1.577 1.188 1.306 0.783

5 200 1.998 1996 1.805 1.694 1.381 1.115
300 1.994 1.988 1.624 1.424 1.240 0.858
500 1.965 1.926 1.392 1.060 1.133 0.599

10 200 1.999 1.999 1.828 1.786 1.226 1.034
300 1.999 1.999 1.520 1413 1.113 0.892
500 1.994 1.992 1.242 0961 1.104 0.484

20 200 1.999 1.999 1.881 1.869 1.136 0.999
300 1.999 1.999 1467 1418 1.104 0.819
500 1.999 1999 1.198 0916 1.104 0.473

Plates under equibiazial loads

Elastic - 0.9280 0.9280 0.9207 0.9207 0.9106 0.9106
2 200 0.9147 0.8992 0.8735 0.8241 0.8195 0.7372
300 0.9083 0.8860 0.8531 0.7882 0.7852 0.6856

500 0.8961 0.8618 0.8173 0.7308 0.7306 0.6119

3 200 0.9258 0.9241 0.8911 0.8693 0.8033 0.7468
300 0.9232 0.9194 0.8605 0.8227 0.7304 0.6582
500 0.9151 0.9052 0.7910 0.7302 0.6186 0.5346

5 200 0.9279 0.9279 0.9118 0.9074 0.7964 0.7659
300 0.9278 0.9277 0.8821 0.8670 0.6709 0.6314
500 0.9265 0.9257 0.7701 0.7367 0.5072 0.4618

10 200 0.9280 0.9280 0.9204 0.9204 0.8129 0.8021
300 0.9280 0.9280 0.9125 0.9105 0.6298 0.6157
500 0.9280 0.9280 0.7703 0.7582 0.4299 0.4114

20 200 0.9280 0.9280 0.9207 0.9207 0.8461 0.8428
300 0.9280 0.9280 0.9206 0.9207 0.6217 0.6174
500 0.9280 0.9280 0.7914 0.7877 0.4000 0.3930

*IT = Incremental theory of plasticity; DT = Deformation theory of plasticity.
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Table 4.20: Critical buckling stress factors o.hb?/(72D) for SSFS
square plates (Ks =5/6, v = 0.3, k= 0.25).

ochb2/(m2D)

c E/oq h/b=0.025  h/b=0050  h/b=0.075

IT* DT* IT DT IT DT

Plates under uniazial load in the z-direction

Elastic - 2312 2312 2245 2.245 2169 2.169
2 200 2232 2132 2013 1.758 1.797 1.436
300 2.199 2.061 1943 1.624 1.714 1.288

500 2.143 1942 1844 1.437 1.606 1.101

3 200 2.278 2250 1965 1.773 1.610 1.283
300 2.242 2185 1.822 1.549 1.466 1.060
500 2.154 2,033 1.632 1.250 1.318 0.811

5 200 2.307 2305 1926 1.809 1.402 1.143
300 2,292 2282 1.678 1.482 1.240 0.874
500 2.199 2149 1408 1.085 1.151 0.607

10 200 2311 2311 1926 1.880 1.228 1.043
300 2311 2311 1.544 1.439 1.135 0.749
500 2.280 2272 1.248 0.968 1.129 0.485

20 200 2311 2311 1973 1.959 1.150 1.002
300 2,311 2311 1479 1.430 1.129 0.697
500 2.310 2310 1.215 0.919 1.129 0.435

Plates under equibiazial loads

Elastic - 1.046 1.046 1.032 1.032 1.015 1.015
2 200 1.034 1.010 0.991 0916 0.936 0.811
300 1.028 0.994 0.973 0874 0.905 0.752

500 1.017 0965 0.939 0.807 0.852 0.669

3 200 1.044 1.041 1.004 0.967 0911 0.818
300 1.041 1.034 0.973 0910 0.836 0.716
500 1.033 1.016 1.902 0.801 0.720 0.578

5 200 1.046 1.046 1.022 1.013 0.886 0.831
300 1.045 1.045 0.987 0.957 0.748 0.677
500 1.044 1.042 0.858 0.798 0.579 0.492

10 200 1.046 1.046 1.032 1.032 0.877 0.855
300 1.046 1.046 1.016 1.010 0.675 0.646
500 1.046 1.046 0.827 0.804 0.477 0.429

20 200 1.046 1.046 1.032 1.032 0.892 0.885
300 1.046 1.046 1.031 1.032 0.647 0.636
500 1.046 1.046 0.827 0.819 0.431 0.404

*IT = Incremental theory of plasticity; DT = Deformation theory of plasticity.
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Table 4.21: Critical buckling stress factors o.hb?/(72D) for CSFS
square (Ks =5/6, v =0.3, k = 0.25).

ochb?/(72D)

c E/ay h/b=0.025  h/b=0.050  h/b=0.075

IT* DT* IT DT 1T DT

Plates under uniazial load in the z-direction

Elastic - 2336 2336 2.268 2.268 2.189 2.189
2 200 2.251 2150 2.022 1.767 1.801 1.441
300 2217 2077 1950 1.631 1.716 1.292

500 2.157 1.955 1.848 1.442 1.607 1.103

3 200 2.300 2271 1972 1.780 1.611 1.285
300 2.262 2204 1.825 1.553 1.466 1.061
500 2.168 2.046 1.632 1.252 1.319 0.812

5 200 2332 2329 1931 1.815 1402 1.144
300 2.315 2304 1.679 1483 1.241 0.874
500 2.215 2163 1408 1.085 1.153 0.607

10 200 2336 2336 1929 1.883 1.228 1.043
300 2.336  2.335 1.544 1.439 1.137 0.749
500 2.300 2.292 1.250 0.968 1.131 0.485

20 200 2.336 2336 1976 1.962 1.151 1.002
300 2336 2336 1.479 1.431 1.131 0.697
500 2.355 2335 1.216 0.919 1.131 0.435

Plates under equibiaxial loads

Elastic - 1.130 1.130 1.112 1.112 1.090 1.090
2 200 1.119 1.089 1.075 0.981 1.020 0.862
300 1.114 1.071 1.059 0.934 0.991 0.798

500 1.104 1.038 1.028 0.860 0.943 0.707

3 200 1.128 1.124 1.084 1.035 0.991 0.866
300 1.125 1.116 1.055 0.970 0.917 0.755
500 1.118 1.094 0.985 0.849 0.800 0.607

5 200 1.130 1.130 1.100 1.086 0.953 0.873
300 1.130 1.129 1.062 1.018 0.810 0.707
500 1.128 1.125 0.925 0.838 0.638 0.511

10 200 1.130 1.130 1.111 1.111 0.923 0.889
300 1.130 1.130 1.087 1.075 0.712 0.666
500 1.130 1.130 0.870 0.833 0.523 0.441

20 200 1.130 1.130 1.112 1.112 0.921 0.909
300 1.130 1.130 1.109 1.112 0.667 0.649
500 1.130 1.130 0.851 0.839 0.477 0.411

*IT = Incremental theory of plasticity; DT = Deformation theory of plasticity.
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Equation (4.8.49) may be used to compute exact plastic buckling
loads of simply supported Mindlin plates upon supplying the
corresponding exact elastic buckling loads according to the classical thin
plate theory.
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CHAPTER 5
BUCKLING OF SHELLS

5.1 Preliminary Comments

In this chapter, we present the exact elastic buckling solutions of
cylindrical shells, spherical shells and conical shells. For the derivation
of the governing equations, the reader may refer to the following
textbooks which have at least a chapter that is devoted to shell buckling:
Timoshenko and Gere, 1961; Brush and Almroth, 1975; Donnell, 1976;
Calladine, 1983; Bazant and Cedolin, 1991; and Ugural, 1999.

5.2 Axisymmetric Buckling of Circular Cylindrical Shells
under Uniform Axial Compression

Consider a circular cylindrical shell of thickness h, radius R
and subjected to a uniform axial compressive force N (positive for
compression). The governing equation of the axisymmetric buckling of
such a loaded shell is given by (Lorenz, 1908; Timoshenko, 1910)

d*w d*w  Eh

p&Y NEY L P 0 52.1
dot TV gz TV (5.2.1)

where x is the axial coordinate, w the radial deflection and D =
ER3/[12(1 — v?)] the bending rigidity. Equation (5.2.1) is similar to
the buckling equation of a column/beam with elastic foundation.

For a simply supported cylindrical shell having the shell length L
which is a multiple of the half sine waves m in the longitudinal direction,
or if the shell is very long and the boundary conditions are not considered,
the exact solution to the fourth-order differential equation (5.2.1) takes

the form of
mnx

7 (5.2.2)

w = C'sin

where C' is a constant.
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Figure 5.1: Critical axisymmetric buckling load of cylindrical shell.

The substitution of Eq. (5.2.2) into Eq. (5.2.1) provides the exact
buckling load N
Eh
_ 2
Ny=D |:Oé + OLQRzD}
which clearly depends on o« = mm/L. By taking the stationarity
condition of Eq. (5.2.3) with respect to a gives

Eh 1/4

and its substitution into Eq. (5.2.3) yields the least positive value of the

critical buckling load
1 En?
N, = 5.2.5
3(1—v?) < R > ( )

If the length of the shell L is not compatible with the half-wavelength,
the critical load and the number of half-waves can be determined from
Figure 5.1 which shows the various numbers m of half-waves with respect
to a = mm/L.

It can be seen that the critical axisymmetric buckling load is
proportional to EFh%/R and represents an upper bound on the actual
collapse load.

(5.2.3)
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5.3 Nonaxisymmetric Buckling of Circular Cylindrical
Shells under Uniform Axial Compression

For nonaxisymmetric buckling of cylindrical shells, the governing
differential equations are given by (Timoshenko and Gere, 1961; Brush
and Almroth, 1975)

82u+1+y 0% V8w+1—V82u
Ox? 2R 0x00 ROxr  2R? 002
l+v *u 1-vd*n 1 0% 10w N(1-1v?)d%

=0 (5.3.1)

5R 9200 2 022  R2002 R290  Eh  0a2
h?2 1 9%v 1 3w Pw 9% (5.3.2)
T e [R2892+32803+ax289+(1_”)ax2 =0
ou 10v w h? [1 0% d3v *tw
Vc‘):chRae_R_121—22[R891‘+(2_V)R8x286+R38:c4 s
1 o*w Otw NR(1 —v?) 0*w (5:3.3)
 Rar T2, 2892} T Eh o2 0

in which w, v, w are the longitudinal displacement, tangential
displacement and radial displacement, respectively.

If the origin of coordinates is located at one end of the cylindrical
shell, the general solution of Egs. (5.3.1) to (5.3.3) can be expressed as

Cy

U= R xz+ Cy+ Z Z Apnsinnf cos = (5.3.4)
= Z Z By, cos nf sin mr (5.3.5)
w=C1 + Z Z Cynn sin nf sin mr (5.3.6)

m n

where A;nn, Bmn, Cmn are the unknown buckling amplitudes. Note
that for the particular case in which the solution is expressed only in
terms of C7 and C5, we have the cylindrical form of equilibrium where
the compressed cylindrical shell uniformly expands laterally. For long
cylindrical shells, the simply supported shell results from Egs. (5.3.4) to
(5.3.6) can be used irrespective of the type of edge restraints.

Denoting f = mmR/L and by substituting Egs. (5.3.4) to (5.3.6)
into Egs. (5.3.1) to (5.3.3), one obtains the following algebraic equations

A <ﬁ2+1—u2 n(l+v)g

+ CrunvB =0 (5.3.7)

n2> + B 5
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n(l+v)s 1 h? 2 ? 2
Amn =5+ Bmnn {(1 —v) (2 thre)? T\ g
N(1 — V2) 2 h? 2 N
— = | G |14+ (04 8| =0 (538)

h2
A3+ Bmpn {1 + R [n +(2- y):| 52}

N(l—yz) 9
+Cm“l1_ Eh /B+12R2

(n? + ﬁQ)Q] =0 (5.3.9)

The exact buckling load of the cylindrical shell is determined by
setting the determinant of these three linear equations to zero. Sample
critical buckling factors are given in Table 5.1 for simply supported,
cylindrical shells under axial compression.

Table 5.1: Critical buckling factors N.R+/3(1 — v2)/Eh? for simply
supported cylindrical shells under axial compression (v =
0.3)

h/R  L/R  N.R\/3(1—12)/Eh?

1/100 1 0.962416 (m=1,n="7)
5 0.904858 (m =1,n = 3)
10 0.886141 (m =3,n=4)

1/500 1 0.984486 (m =1,n = 11)
0.924240 (m = 1,n = 5)
10 0.924240 (m =2,n=5)

If we neglect the terms containing the squares of h?/12a? and
N(1 — v?)/Eh, as they are rather small with respect to unity, the
expanded characteristic equation may be expressed as

EFh @
=T33 (5.3.10)
where
d=(1-12p"+ (n®+ 62— 3-v)2+v)n?p!

12R?
+2(1 =3B = (T+v)n?B% 4+ (3 + v)n?B% + nt — 218 (5.3.11)
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h?
12R?

\P:ﬁ2{(n2+ﬂ2)2+<n2+1iyﬂ2) [1+ (’I’L2+ﬁ2)2
21/252 h2
T1o, TR

<n2 + liyﬁ?> [n2 +(1 - ,,)52” (5.3.12)

The foregoing equation includes the ring and chessboard buckling modes
as special cases. For a ring buckling mode, the radial displacements are
in the form of waves along the length of the shell with the displacements
constant around the perimeter of any transverse section. The chessboard
buckling mode takes the form of waves in both the longitudinal and
transverse directions, giving a pattern of rectangular depressions and
bulges all over the shell.

By observing that the minimum value of N takes place when 5% and

n? are large numbers, the expression in Eq. (5.3.10) may be simplified

to
Eh | h* (n*+8%)?  (1-v?)p
(1—-v?) |12R? 32 (n? + %)
The buckling mode associated with Eq. (5.3.13) is of the chessboard

type. Note that when n = 0, the above expression reduces to the critical
axisymmetric buckling load of shells given by Eq. (5.2.3).

N =

(5.3.13)

In order to determine the minimum value of N, we let £ = (n? +
32)2/3? and equation (5.3.13) becomes

~ Eh h? (1—1v?)
N=Gm [12R2§+ : ] (5.3.14)

Taking the stationarity condition of N with respect to & furnishes

12R%(1 — 2
- (2RI 219

and when substituted into Eq. (5.3.14) yields the minimum value of N

1 Eh?

Interestingly, this buckling load coincides with Eq. (5.2.5). It is
worth noting that the critical buckling load depends on the material
properties, thickness and radius and it is independent of the length of
the cylindrical shell.
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Xiang et al. (2004) obtained exact buckling solutions for axially
compressed, cylindrical shells with intermediate ring supports as shown
in Fig. 5.2. In solving the buckling problem, they first divided the shell
into segments at the locations of the ring supports. The displacement
fields for the ith segment may be expressed as

u;(z,0) = U;(x) cosné

vi(x,0) = Vi(z) sinnb (5.3.17)
wi(x,8) = W;(z) cosnb
where the subscript ¢ (i = 1,2,...,m) denotes the ith segment of

the shell, 2n is the number of half-waves of the buckling mode in the
circumferential direction, and U;(z), Vi(z) and W;(z) are unknown
functions to be determined. Using the state space technique and
the domain decomposition method, a homogenous differential equation
system for the ith segment can be derived in view of Egs. (5.3.1) to
(5.3.3) and Egs. (5.3.17a—) after appropriate algebraic operations:

U, —H,¥, =0 (5.3.18)
in which
v, ={U; U ViV, wi w; w w}" (5.3.19)

The prime in Eq. (5.3.19) denotes the derivative with respect to z, and
H; is an 8 x 8 matrix with the following nonzero elements:

Ring Supports

¥

L 4
2
[~
t-q
i i
¥y

Figure 5.2: Geometry and coordinate system of a circular cylindrical
shell with intermediate ring supports and subjected to axial
compression.
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(Hi)12 = (H;)3a = (Hi)s6 = (Hi)er = (Hy)7s =1

(1 —v)n? (I4+v)n
(Hior = g (Him = =55
v 1 [I+v)n
(o =~ (B =5 |5
1 (1 +k)n? 1 (1 +knP)n
(Hi)a3 A lml , (Hi)as = v
1 1 v k2-v) (A +v)n?
(Hidar = 5y (Zhn), (i = =3 lR 2RA,
(H:)ss = 1 -ﬂ B k(2 —v)(1+ k)n? @
VST UkR? | R2 R2A R2
1 [ 1 kn* EQ2—v)(1+kn2)n?
Hos="jm |t R~ mea
1| (2—-v)k*n® N,
H)st = —— |—2kn?2 42— 7 4 2% 3.2
(Hi)st = — 17 _ kn* + A +5 (5.3.20)
where

1—v

k=h%*/(12R?), C = Eh/(1-1?), A =

Ny
k(l—-v)—— (5.3.21
Hh(1-0) 2 (5.3.21)
The solution for Eq. (5.3.18) can be expressed as

¥, = etivg, (5.3.22)
where eHi? is a general matrix solution of Eq. (5.3.18) and c; is an 8 x 1
constant column matrix that is to be determined using the boundary
conditions and/or interface conditions between the shell segments.

The boundary conditions at the shell ends are given below for various
types of support.

Simply Supported End

w; = 0, (Mz)l = 0, (Nx)z = 0, v = 0 (5.3.23)
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Free End

(Nz)i =0, (Nug)i + (ME")" =0, (My);=0

3.24
(Q)._i_la(Lw)i_N%_o 0324
iR 99 > Bx
Clamped End
w=0, v=0 w=0 2Y_g (5.3.25)

ox

where ¢ takes the value 1 or M , and the stress resultants are given by

Ny = — (&, , Ng= ——5< -
== (ex + vep) 9 — (ep + vey)
Eh ER3
Nyg=———cp9, Mpy=— (kg .3.
0 2(1+V)€9 12(1—V2) (fi +I/f€g) (5326)
M$ :Mx:i, .’L‘: J—
0=Mo = ora ™ %= 5 TR o

and the strain, curvature and twist of middle surface terms are related
to the displacement fields by

ou 1 /0v 10u Ov

Ex:%, 59:R<80+w> £m9:§%+%
__Pw _ L (v w _ 2 (0w v
Mo = g2 T R \G0 " 902 )0 7T TR\ 0w00 0z

(5.3.27)

Two types of constraints of the intermediate ring supports are
considered and they are defined as follows:

1. Type I Ring Supports: The displacement w = 0 is imposed at
the ring supports. Along the interface between the ith and (i + 1)th
segments, the following essential and natural continuity conditions must
be satisfied:

Oow;  Owiqq
w; =0, wit1 =0, u; =uiy1, v;=viy1, =

ox ox
M, M,
(My)i = (My)it1, (Nz)i= (Ni)it1, (Nme + Re) = (Nxé? + R9>
7 i+1
(5.3.28)
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2. Type 1II Ring Supports: The displacements u = 0,v = 0 and
w = 0 are imposed at the ring supports. Along the interface between the
ith and (i+ 1)th segments, the following essential and natural continuity
conditions must be satisfied:

u =0, ui+1 =0, v; =0, viy1 =0, w; =0, wit1 =0

811)2' o 8wi+1 . (5.3.29)
Oz = or ' (Mz)l*(Mx)H-l

In view of Eq. (5.3.22), a homogeneous system of equations can be
derived by implementing the boundary conditions of the shell [see Egs.
(5.3.23)-(5.3.25)] and the interface conditions between two segments
[Egs. (5.3.28) and (5.3.29)] when assembling the segments to form the
whole shell. We have

Kc=0 (5.3.30)

where K is an 8m x 8m matrix and c is an 8m x 1 vector. The buckling
load N? is evaluated by setting the determinant of K in Eq. (5.3.30) to
be zero and solving the characteristic equation.

Tables 5.2 and 5.3 present sample exact buckling factors for simply
supported and clamped shells with one intermediate ring support. The
location of the ring support is at a/L = 0.1, 0.3 and 0.5; the thickness-to-
radius ratio h/R is set to be 1/100 and 1/500; and the length-to-radius
ratio L/ R is fixed at 1 and 5, respectively.

Table 5.2: Buckling load factors N.R+/3(1 —12)/ (Eh?) for simply
supported cylindrical shells with one intermediate ring
support (values in brackets are n where 2n denotes
the number of half-waves of the buckling modes in the
circumferential direction).

Type of h/R L/R a/L=0.1 a/L=0.3 a/L=05
Ring Support

Type I 1/100 1 0.979227 (7) 0.986687 (9) 0.984639 (9)
5 0.969032 (6) 0.970115 (6) 0.955306 (5)

1/500 1 0.996949 (20) 0.995912 (17) 0.993557 (15)

5 0.991097 (14) 0.993269 (13) 0.960711 (7)

Type II 1/100 1 0.988980 (9) 0.991294 (9) 0.993897 (8)
5 0.971191 (7) 0.976794 (8) 0.985376 (9)

1/500 1 0.998834 (17) 0.997507 (20) 0.998834 (17)

5 0.994004 (15) 0.995092 (17) 0.998834 (17)
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Table 5.3: Buckling load factors A\ = N2R.\/3(1 —12)/(Eh?) for
clamped shells with one intermediate ring support (values
in brackets are n where 2n denotes the number of
half-waves of the buckling modes in the circumferential

direction).
Type of h/R L/R a/L=0.1 a/L=0.3 a/L=05
Ring Support
Type I 1/100 1 1.01149 (9)  1.00941 (9)  1.01167 (9)
5 098072 (8) 0.98072 (8)  0.98072 (8)
1/500 1 0.99833 (20) 0.99829 (20) 0.99822 (20)
5 0.99602 (18) 0.99602 (18) 0.99602 (18)
Type II 1/100 1 1.01729 (9)  1.02325 (8)  1.02314 (8)
5 0.98871(9) 0.98422 (9)  0.98570 (9)
1/500 1 0.99868 (20) 1.00009 (20) 1.00130 (19)
5 0.99770 (20) 0.99820 (20) 0.99756 (20)

5.4 Buckling of Circular Cylindrical Panels under
Uniform Axial Compression

Consider a simply supported, cylindrical panel of length L, radius R,
thickness h and central angle ¢. The panel is under a uniform axial
compressive force N as shown in Fig. 5.3.

Figure 5.3: Cylindrical panel under uniform compression.
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The governing buckling equations are the same as those for the
circular cylindrical shells [i.e., Egs. (5.3.1) to (5.3.3)]. The displacement
functions are, however, given by

= nmt  mmx

u :ZZAmn sin — cos (5.4.1)
2 - nmf . mnx

v :ZZan cos — sin (5.4.2)
2 - nmf . mnx

w=>» Y Cppsin Sy (5.4.3)
m n

By substituting Egs. (5.4.1) to (5.4.3) into Egs. (5.3.1) to (5.3.3), we
obtain the same equations as Eqgs. (5.3.7) to (5.3.9); the only change is
n being replaced by nw/¢. So Eq. (5.3.13) becomes

B [ m2 (BE 462 (1-)
N — (1 — 1/2) 12R2 52 (n;gQ + ﬁ2)2 (544)

Therefore, the buckling load for a cylindrical panel under uniform axial
compression is given by

1 En?

which is the same as that of its circular cylindrical shell counterpart.

When the angle ¢ is very small, the buckling behavior of
the cylindrical panel approaches that of a longitudinally compressed
rectangular plate. The critical buckling load is furnished by takingn = 1,
ie.,

2
nr (5 +52)°  (1-12)p
12R? 32 (;% +32)2

Eh

YT

(5.4.6)

5.5 Buckling of Circular Cylindrical Shells
under Lateral Pressure

For buckling of circular cylindrical shells under uniform lateral
pressure p, the governing equations are given by (Timoshenko and Gere,
1961)
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Pu l+v v vow 1-vdu
0z? 2R 0x00 R Ox 2R2 902

p(1—v2) [ 0%v  Ow
) 5.1
mn \awoe ") 70 65D
Lfv Pu 1-vd 10 10w
SR 0x00 ' 2 0z2  R206® R® 00
h? 1 0%v 1 OPw Pw 0%v
SR [N T N § ) ol g 5.2
TR [RQ o6 " w2 oo " axzon T aﬁ] 0 65y
h? [1 0% v ;0w 1 0tw Otw
g7 [ 0 R R+ g+ 2Ra,z0)
9 2
+V‘9“+1a”_w_P(1V)<w+8w>—o (5.5.3)

002

For simply supported cylindrical shells in which the boundary conditions
at the ends are w = 0 and 9%w/dx? = 0, the displacement functions take
on the following expressions

u =C sinnd sin 7%: (5.5.4)
v =Cy cosnb cos 7%6 (5.5.5)
w =Cj sinnd cos 7%” (5.5.6)

Note that the shell buckles with a half-wave of a sine curve while the
circumference is divided into 2n half-waves.

By substituting Egs. (5.5.4) to (5.5.6) into Egs. (5.5.1) to (5.5.3) and
using the notation that A = mR/L, one obtains

— 2 2
o <A2+1 v n2>+02m[(1;u> L PR(1—v )}

Eh

pR(l—yQ)} B
+03)\{1/+Eh —0 (5.5.7)
(I+v) [1—’/ 2 o, P _ 2]
O A = Co | ==X 4+ + s n? + (1= v)A?)
h* 5 2
—an[1+ (A )] —0  (558)

© 2005 by CRC PressLLC



h? Ty 2
Clu)\Czn{1+ 212 {n + (21/)})\ }
Ry 22, PR(1—1?) 2y|
—Cg[l—i— 12R2(n + A7) +T(1—n )} =0 (5.5.9)

By setting the determinant of the above equations to zero, we obtain the
following characteristic equation

M 22 | 12\2 4_M — n2)n2)2
e [ B (AR RN L= )ntA
L Q}+(1 A+ i {®+ " An? + %)
12R2 v 12R2 12R?
x [(1—v)n® + 2)\2]} =0 (5.5.10)
where
2= 1) (14 2 1o
2 2un2\? 1
2V g BN a1V aye02 4 a0 (5501
1—v 1—-v 1—v

0 = (n? + \?)* — 2n? <n2 + ?);VA2> [n% 4+ (24 v)\?

+ 2+ (1 = v)A%][n* + 2(1 + v)\?] (5.5.12)
By neglecting small terms, Eq. (5.5.10) may be simplified to
Eh 1-v? n h? 9 1+2n2—1—1/
= n —_— e —
PPRO-A -t ny | 12R? 142

(5.5.13)

In view of Eq. (5.5.13), the elastic critical pressure of a very long
cylindrical shell (i.e., A > n), with free ends, is given by (with n = 2)

1 Eh3

or = v .5.14
P 41 —-1v?) R3 (5:5.14)

For short cylindrical shells with ends held in the circular direction
but otherwise unconstrained, the critical buckling pressure is given by

1/4
1 L\? Eh?

— 0807 | — (= - 5.1

Per 0807l(1_y2)3 (R” i (5.5.15)

© 2005 by CRC PressLLC



For closed-ended cylindrical shells subjected to both axial and lateral
pressure, the critical axisymmetric buckling pressure is given by

Eh?

2
ber = BA_17) R?

(5.5.16)

5.6 Buckling of Spherical Shells under Hydrostatic
Pressure

Consider a complete spherical shell of radius R, thickness h and
subjected to an external hydrostatic pressure p. The shell’s buckled
surface is symmetrical with respect to a diameter of the sphere. In view
of this symmetry, the governing equations for the elastic buckling of such
loaded spherical shells are given by (Timoshenko and Gere, 1961)

2 2
(1 + h) (d Y —i—cot@d—u - (u+cot20)u> -1 —i—y)d—w

12r2 ) \ d6® 7 d6?
+1;]2%2 [Cj;;;)—i-cowcg;_(y_i_coge)éjg]
_M(;E_hy?) (Hccliz) =0 (5.6.1)
(1+v) Cilz —l—ucote—zw) + 1522 [_;l?’;; 9eotd (3201; . %)

du  d*w dw
2 - o 2
+ (1 +v+cot”6) <d6’+d92> cot 0(2 — v + cot” 0) (u—i— d0>

B d4w] _ pR(1 - v?) (
dg* 2Eh

du dw  d?w
—ucotf — ¥ +4w+cot0@ + d02> =0

(5.6.2)

Let us introduce an auxiliary variable ¢ where u = di/df and also
the Legendre functions for the two variables, i.e.,

n=0
w=> BpP, (5.6.4)
n=0

where P, is the Legendre function of order n.
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By substituting Egs. (5.6.3) and (5.6.4) into Egs. (5.6.1) and (5.6.2),
one obtains the following two homogeneous equations

pR(1 —1v?)

A
" 2FEh

n(l4+n)—2+(14+v)+

(5.6.5)

2 _ 2
+Bn{1;lR2[n(1+n)—2]+(1+u)+w(21Eh)}:0

12R?

h? 9
An{ n(l+n)—2]"+n(l+n) SEh

(1+V)+]?R(1—I/2)]}

2
+Bn{12R2[n(1 +n) =2 +n) + 14 1] +2(1+v)
pR(1 —1?) _
YT n(l+ n)} =0 (5.6.6)

By setting the determinant of these two equations to zero, the buckling
pressure may be expressed as

9Eh (1 —v2) + {2 62+ 6) + (1 +1v)%)
R(1 —v?) E+1+3v

p= ) (5.6.7)
where £ = n(1+n) — 2.
In order to determine the critical buckling pressure which is the

smallest positive value of p, we take the stationarity condition of p with
respect to &

% =" (5.6.8)
By neglecting the small terms, Eq. (5.6.8) gives
12R?
2 +2(1+3v)€ - 3 (1-1%)=0
e (5.6.9)

The substitution of Eq. (5.6.9) into Eq. (5.6.7) yields the critical buckling
pressure pg- of a spherical shell

Per = ( A-vh _ Vh2> (5.6.10)

R(1—12) 3 R 2R?
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If the second term in the bracket is neglected, the buckling pressure
expression simplifies to

2 Eh?
Per = < R2 ) (5.6.11)

3(1—1v?)

5.7 Buckling of Truncated Conical Shells under
Axial Vertex Load

Consider a long truncated conical shell with constant thickness
h, semivertex angle ¢, modulus of elasticity E, Poisson’s ratio v and
subjected to an axial vertex load P as shown in Fig. 5.4. The governing
equations for the axisymmetric buckling of such a loaded shell are given
by (Seide, 1956).
2
u  du_u (w — u?ﬁ) cotp =0 (5.7.1)

S

502 T ds s
and

d* ( dw) 12P(1 —v?) | d? ( dw) 1d ( dw)
s— (50— |+ =2 |5 (5| -~ [5—
ds* \" ds 7ERh3sin2¢ |ds? \ ds sds \ ds
N 12v cot? ¢ {d (de> w}
h? ds \ ds

h? ds ds? ds s ds? ds s -
5.7.

where u is the displacement in the direction of cone generator, w is the
displacement normal to the middle surface of the cone due to buckling
and s the distance from the vertex.

By denoting ® = s(dw/ds) and substituting Eq. (5.7.1) into
Eq. (5.7.2), one obtains

2d4®+ P e dd +12(1—1/2)cot2¢q)
% dst T Drsin2g \ds?  ds n2

where D = Eh3/[12(1 — v?)]. By differentiating once, Eq. (5.7.3) may
be expressed as

d? P d*o’ P ,
s—5 + - s — - P
ds? = 2wDsin2¢ ds?  2wDsin2¢
2 2 2 1\ 2
- <P ) |- (ZENmeos ) g (5.7.4)
27D sin 2¢ P/3(1—v?)
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where ®' = d®/ds = d(sdw/ds)/ds. The solution of Eq. (5.7.4) is given

by
, dd d [ dw
= T ds <d>
= b1 {C1[2V/brs]1[2v/bs] + Co[2v/brs] Vi [2/brs] |
— b { C3[2V/b2s] 1[2v/bos] + Cu[2V/bas)Yi [2V/bos] | (5.7.5)

where J, and Y, are Bessel functions of the first and second kinds,
respectively, and

2
bro = 7%1)];11 Tk J 1- (P Qﬁfﬁ”ﬂ) cos? ¢> (5.7.6)
The integration of Eq. (5.7.5) yields the general solution for w, i.e.,
w = Cy {2Jo[2v/brs] + [2v/brs] 11 [2/brs] }
+ Co {2Y0[2V/brs] + [2v/brs] Vi [2V/brs] |
+ O3 {2J0[2v/bas] + [2v/bas] 1 [2v/bas] |
+ Cu {2Y5[2v/bos] + [2v/bas]Vi[2Vas] } + C5 (5.7.7)

Figure 5.4: Truncated conical shell under axial vertex load.

© 2005 by CRC PressLLC



The solution of Eq. (5.7.1) that can be written as

AP (s o

furnishes the corresponding expression for the displacement

u = 2cot<;5{C’1 {2% + I/Jl[2\/st]}

+Cs { H;%TT + Yﬂﬁ}

+C5 { Jl;%/\%)? + J22\/§}
Y1[2\/g
+c{ lear

Note that although there are five unknown constants of integration, only
four boundary conditions are needed to determine the buckling load since
the constant Cs in both v and w corresponds to a rigid body movement
in the direction of the cone axis.

+ 1Y5[2/bys] }]+C5cot¢ (5.7.9)

For simply supported edges and rigid rings, the boundary conditions
at the edges (i.e., at s = s1 and s = s9) are

dw v dw
ds®> s ds
The substitution of Egs. (5.7.7) and (5.7.9) into the boundary

conditions (5.7.10a, b) and setting the determinant of the matrix to
be zero yields the stability criterion

=0 and using —wcos¢p =0 (5.7.10a, b)

P31—12) 1 X? 8;’;1 3(1 — v2) cot ¢

2Eh*mcos? ¢ 2 | B /3(1 - u2)cot¢ X2

(5.7.11)
3
where n = 1,2,3,... and X2 = 42251

52
For large values of the parameter ¥ = 21./3(1 —12)cot ¢, the
minimization of Eq. (5.7.11) with respect to /X2 yields the critical

buckling load

o' E 2 2
p, = 2TENcos” o (5.7.12)
3(1—v?)
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