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ν 
PREFACE 

The problem of determinat ion and p red ic t i on o f the c a p a b i l i t y of a p a r t i c u l a r 

piece of machinery to successfu l ly t raverse over a spec i f i c piece of t e r r a i n has 

only recent ly received the kind of a t t en t i on r i c h l y deserving o f a very complex 

problem. With the advent o f more soph is t ica ted machine computational techniques 

and also w i th the advances made in inst rumentat ion and measurement c a p a b i l i t i e s , 

i t has now been possible to set forward a s t ruc tu red format which permits us to 

r a t i o n a l l y deal w i th the problem o f veh ic le m o b i l i t y . The fundamental essence of 

the study o f veh ic le mob i l i t y i s the development o f t r a c t i o n between the vehic le 

and the support ing t e r r a i n . The subject mater ia l i d e n t i f i e d there in i s general ly 

def ined as Vehicle Tract ion Mechanics. 

Terra in mater ia l and t e r r a i n cover inc lude a very broad spectrum of mater ia ls 

- e . g . so f t s o i l , sand, snow, muskeg, e t c . Since the types o f vehic les and t h e i r 

running gears vary considerably depending on mission requirements and other] 

p r i o r i t i e s , the problem of descr ib ing s p e c i f i c t r a c t i o n c a p a b i l i t y between a 

p a r t i c u l a r running gear and the t e r r a i n over which i t t raverses has (a) t r a d i ­

t i o n a l l y been "solved" v ia f i e l d t es t i ng techniques designed to lead to e x t r a ­

po la t ions , and (b) more recent ly been studied i n terms of v e h i c l e - t e r r a i n i n t e r ­

act ion and more s p e c i f i c a l l y , t r a c t i o n mechanics. 

The basic mater ia l f o r t h i s book has been gathered over many years of study 

in the laboratory and in the f i e l d . When the problem was f i r s t presented to the 

senior author, i t was posed in terms o f the need to expla in why the drawbar-

pu l l - s l i p curve decreased a f t e r i t reached an optimum p o i n t , and why the curve 

took d i f f e r e n t forms. Approaching the problem in terms of an i n t e r a c t i o n pheno­

menon - between a fo rc ing func t ion def ined by the running gear system and a 

response mater ia l def ined by the t e r r a i n cover and substrate - the study used 

the basic p r i nc ip les o f INTERFACE TRANSFER MECHANICS to def ine the mechanics o f 

i n te rac t i on between the contact ing running gear element and the support ing 

ground m a t e r i a l . The outcome of many years o f study has been the s i g n i f i c a n t 

development of ENERGY TRANSFER MECHANICS. The many postgraduate students and 

associates o f the senior author had a l l cont r ibu ted to the f u r t h e r development 

and app l i ca t ion of the "p r inc ip les of energy t r ans fe r " over a l l the past few 

years. 

The f i r s t two chapters of the book introduce the subject mater ia l and the 

type of t e r r a i n surfaces and substrates encountered i n veh ic le t raverse over 

"unprepared ground". Chapter 3 begins to examine the problem in terms of the 

various types o f mob i l i t y elements and the requirements f o r t r a c t i o n product ion. 

The ana ly t i ca l methods in common use are presented i n Chapter 4 , w h i l s t the 

mechanics o f energy t rans fe r are developed i n Chapter 5. F in i t e element model­

l i n g as appl ied to veh ic le m o b i l i t y analys is i s given in Chapter 6 and spec i f i c 



VI 

app l i ca t ion to analysis and p red ic t i on of m o b i l i t y can be found i n Chapter 7. 

Chapter 8 deals w i th s o i l compaction and methods f o r p red ic t ion of compactive 

e f f o r t s required to s t a b i l i z e a piece of ground. F i n a l l y , Chapter 9 addresses 

the problem of "TRAFFICABILITY" as d i s t i n c t from " m o b i l i t y " . 

The subject of VEHICLE TRACTION MECHANICS should by no means be considered 

to be thoroughly and completely developed in th i s book, - p a r t l y because o f the 

extent of the subject tha t needs to be t rea ted , but mainly because of the f a c t 

t ha t a considerable amount of fundamental research work s t i l l remains to be done 

to f u l l y del ineate the problems and the methods f o r so lu t ion o f the problems. 

Rather than wa i t f o r cont inuing developments to ma te r i a l i ze , the authors thought 

tha t there is considerable bene f i t in presenting the mater ia l in i t s present 

leve l o f achievement since (a) the subject of "Vehicle Tract ion Mechanics" per 

se is indeed new, and (b) the subject in i t s present leve l of development forms 

a coherent and s u f f i c i e n t knowledge p la t fo rm from which informed analyses o f 

per t inen t problems can be mounted. 

Many ind iv idua ls have cont r ibuted to the development of the subject mater ia l 

covered in t h i s book. In p a r t i c u l a r , the authors wish to record the encourage­

ment and assistance given by the various p ro jec t o f f i c e r s from the Defence 

Research Establishments (DND), T.A. Harwood, I .S . Lindsay and J . Wi l l i ams. The 

authors have benef i ted considerably from discussions w i th many of t h e i r c o l ­

leagues a t various research centres and u n i v e r s i t i e s . The concepts grow gradu­

a l l y in discussions and through studies of several research workers. The many 

postgraduate students working under the senior author have, through t h e i r 

s tud ies , contr ibuted d i r e c t l y v ia experiments, analyses, and d iscussions. To 

these i n d i v i d u a l s , and to the many others in the overa l l f i e l d of "Vehicle 

M o b i l i t y " , who have d i r e c t l y and i n d i r e c t l y cont r ibuted to the learn ing process 

of the authors, we wish to record our appreciat ion and g r a t i t u d e . We also wish 

to acknowledge the very conscientious e f f o r t s in the production of the drawings 

attended to by Mrs. P. L y t l e . 

The very carefu l and expert typing and preparat ion of the camera-ready manu­

s c r i p t provided by Mrs. M.L. Powell must be proper ly and f u l l y acknowledged. 

Without her pa t ien t management o f the manuscript, the outcome would have been 

somewhat ragged. 

R.N. Yong 
E.A. Fattah 

N. Skiadas 

February, 1984 
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Chapter 1 

INTRODUCTION 

1.1 GENERAL 

Vehicle t r a c t i o n mechanics i s concerned w i th the i n t e r a c t i o n between the 

running gear of a veh ic le and the t e r r a i n over which the vehic le operates. In 

essence, the mechanics of vehic le motion or land locomotion deals w i th the com­

plex problems of i n t e rac t i on between the veh ic le ' s running gears (wheels, t r ack , 

a i r cushion, legs , e t c . ) and various types and condi t ions of t e r r a i n surfaces. 

To tha t end, t h i s book addresses the mechanics of o f f - road vehic le locomotion 

since the problems of response o f natural t e r r a i n surfaces t o t r a c t i v e forces 

cons t i t u te a s i g n i f i c a n t area of study. The need f o r basic studies on the ground 

proper t ies which a f f e c t veh ic le performance i s evident from experience of land 

locomotion i n the areas of m i l i t a r y and c i v i l i a n m o b i l i t y , a g r i c u l t u r a l mechan­

i z a t i o n , t imber harvest ing and t r a n s p o r t a t i o n , ear th moving, s o i l compaction and 

cons t ruc t i on , t renching and so i l c u t t i n g . 

The recent past has seen an increase i n research e f f o r t s in the f i e l d of 

v e h i c l e - t e r r a i n and machine t o o l - t e r r a i n i n t e rac t i on to obta in a bet ter under­

standing of the ac t ion of s o i l - v e h i c l e s o i l - t o o l systems. These studies are 

general ly d i rec ted toward the problems most f requent ly encountered i n the f i e l d 

of so i l compaction, t i l l a g e , and land vehic les operat ing over natural ground 

surfaces tha t f a l l in the categories of loose or so f t s o i l , and muskeg or snow. 

The basic problems in these s o i l or snow types and muskeg are (a) excessive 

wheel or t rack sinkage i . e . lack of f l o t a t i o n due to ground pressure imposed 

and physical cha rac te r i s t i cs of both the so i l (snow or muskeg) and the veh i c l e , 

(b) excessive wheel or t rack sl ippage caused by i n s u f f i c i e n t t r a c t i o n because 

of in te r face shear f a i l u r e . Whi lst the primary a t t en t i on in t h i s book w i l l be 

problems associated w i th veh ic le t r a c t i o n mechanics, the general subject of 

t r a c t i o n due to cu t t i ng mechanisms (e .g , grousers and blades) appl icab le to so i l 

c u t t i n g , and also so i l compaction, w i l l be addressed. 

In genera l , the o f f - road veh ic le t r a c t i o n mechanics can be d iv ided in to three 

interdependent areas as shown: 

TRACTION MECHANICS FOR 
OFF-ROAD VEHICLE MOBILITY 

1 
TRAFFICABILITY PERFORMANCE 

EVALUATION 
DESIGN 

CONSIDERATIONS 
PERFORMANCE 
EVALUATION 

DESIGN 
CONSIDERATIONS 



2 

1.2 OFFROAD TRACTION MECHANICS 

1.2.1 T r a f f i c a b i l i t y 

T r a f f i c a b i l i t y is concerned w i th the determinat ion of the surface and sub­

surface cha rac te r i s t i cs which can be used to evaluate the performance of any 

running gear w i th respect to the t e r r a i n over which the veh ic le operates. D i f ­

fe ren t f i e l d measurement too ls such as loaded p la tes , s l i d i n g p l a t e s , annular 

r i n g s , Bevameter, cones, vane-cone systems, e t c , can be used to determine t e r ­

ra in propert ies f o r ' t r a n s l a t i o n ' i n t o m o b i l i t y parameters and u t i l i z a t i o n in 

appropr iate formats in the production of t r a f f i c a b i l i t y maps, 

1.2.2 Performance evaluat ion 

This i s general ly concerned w i t h the determinat ion of the t r a c t i o n pe r fo r ­

mance of spec i f i c running gear systems ( t rack or wheel) t o spec i f i ed t e r r a i n 

cond i t ions . The t r a c t i o n performance can be expressed i n terms of required input 

power, generated drawbar -pu l l , r i de q u a l i t y , t rave l speed, e tc . 

1.2.3 Design considerat ions 

The design considerat ions i n veh ic le t r a c t i o n mechanics are general ly concer­

ned w i th the determination of the running gear geometrical dimensions and con­

f i g u r a t i o n s , mater ia l mechanical p rope r t i es , support ing and d r i v i ng systems r e ­

quired to produce ce r ta in performance cha rac te r i s t i cs w i th respect to spec i f i c 

t e r r a i n cond i t ions. 

The three o f f - road d iv is ions of m o b i l i t y shown previously are i n t e r - r e l a t e d 

and cannot be studied or invest iga ted separate ly . This book deals w i th the 

aspects which c o n t r o l , def ine and determine the re la t i ons between the o f f - road 

veh ic le running gear and the t e r r a i n over which the running gear performs. 

1.3 OBJECTIVES 

The object of a study of running gear ( t rack or wheel) t r a c t i o n mechanics i n 

natural t e r r a i n s i t ua t i ons ( so f t or loose s o i l , snow, e t c . ) i s to pred ic t the 

performance of a veh ic le t r a c t i v e element under the given condi t ions imposed by 

the t e r r a i n . Assuming tha t a l l the necessary cha rac te r i s t i cs and propert ies of 

the t r a c t i v e element ( t rack or wheel) and the t e r r a i n ( s o i l , snow, e t c . ) are 

known, the problem is to determine the re la t i ons between the load on the veh ic le 

t r a c t i v e element, the appl ied to rque, the pu l l that the t r a c t i v e element can 

develop ( s l i p and s inkage), and the t e r r a i n cond i t ions . 

The developed s l i p i s an important i ssue , especia l ly i n regard to e f f i c i ency 

of performance because, f o r a given t r a c t i v e element speed, the veh ic le reduces 

the distance over which the pu l l does work. Sinkage should be c o n t r o l l e d , f o r i t 

must remain smaller than the clearance of the veh ic le . The t r a c t i v e - s o i l para­

meters which cont ro l the veh ic le performance are shown i n Figs. 1.1 and 1.2. 
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PARAMETERS 

TYRES 

(a) Geometrical conf igura t ions 

and dimensions: 

- c ross-sect ional shape 

- w i d t h , diameter and 

sect ion height 

(b) S t ruc tu ra l parameters: 

- number and d i r e c t i o n of p l i es 

- mechanical propert ies of 

t y r e mater ia l composite 

(c) Thermal propert ies of t y re 

mater ia l composite 

(d) Tread geometrical conf igura­

t i o n s , th ickness, w i d t h , shape 

(e) I n f l a t i o n pressure 

( f ) Contact area on r i g i d surface 

(g) Load de fo rmat ion /d i s to r t i on 

cha rac te r i s t i cs 

TRACKS 

(1) Geometrical dimensions, length 

and wid th 

(2) Angle of a t tack and departure 

(3) Sprocket pos i t i on 

(4) Mater ia l type o f mounted grousers 

(5) Mounted grousers 

- geometry (cross-sect ion) 

- arrangement 

- spacing 

(6) Track type 

(7) Road wheels 

- cha rac te r i s t i cs 

- dimensions 

- spacing 

(8) Track tension 

I SOIL GROUND SURFACE | 

F l o t a t i on : P l a t e , cone and vane-cone penetrat ion t e s t ; t r i a x i a l t e s t . 

T rac t ion : T r i a x i a l , vane-cone r o t a t i o n , shear p la te ( rectangular-annular) 

Surface cover: Vegetat ion, snow, i c e , bar ren, wetness, s o i l , e t c . 

Fig. 1 .1 . T rac t i ve element-soi l parameters. 

1.4 REQUIREMENTS 

The requirements f o r performance cha rac te r i s t i cs of any o f f - road veh ic le vary 

according to operat ing f i e l d condi t ions and mission ob jec t i ves . For example, 

a requirement f o r earth-moving equipment could be one which demands very high 

drawbar-pul l a t low ground contact pressures. On the other hand, i n the case of 

o f f - road t ranspor t veh i c l es , high speed c a p a b i l i t y and good manoeuverabi l i ty plus 

a b i l i t y f o r obstacle avoidance are des i rab le c h a r a c t e r i s t i c s . In genera l , the 

requirements should s a t i s f y the f o l l o w i n g : 
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PERFORMANCE 

TRACTIVE ELEMENT GROUND SURFACE AND SUB-SURFACE 

Applied load and input torque 

Drawbar-pull and r o l l i n g resistance 

Trans la t iona l and angular ve l oc i t y 

Ride q u a l i t y ( cha rac te r i s t i cs ) 

Manoeuverabil i ty 

Obstacle clearance and g r a d a b i l i t y 

Operational e f f i c i ency 

Dynamic sinkage 

S u r f i c i a l disturbance and d i s rup t i on 

Compaction and r u t depth 

Surface layer shear 

Vegetation damage 

I n f i l t r a t i o n 

Water f low 

Compaction 

Loss i n s o i l s t rength 

Fig. 1.2. Trac t ive element-soi l performance 

(a) mission ob jec t i ves , e .g . payload, work requirement, e t c . , 

(b) economic const ra in ts and energy e f f i c i e n c y , 

(c) sa fe ty , 

(d) comfortable operat ing cond i t i ons , 

(e) r e l i a b i l i t y . 

Most o f f - road vehicles have more than one operat ing func t ion f o r economic 

and p rac t i ca l purposes, e .g . l a n d f i l l compactors are used f o r spreading, chop­

p ing , compacting of refuse and cover ma te r i a l . 

Off-road f i e l d operations can be c l a s s i f i e d i n to four d is t ingu ishab le ca te­

gor ies . 

(1) F ie ld cons t ruc t ion . Construct ion of earth dams, waterways and highways, 

a i r f i e l d s , e t c . , which requires movement of large quan t i t i es of earth and rock. 

In t h i s type of operat ion the general requirements are (a) optimum speed, to 

permit quick and e f f i c i e n t movement of a mass of m a t e r i a l , (b) length of hau l , 

to permit movement over various distances and surface l aye rs , and (c) s ize of 

load and equipment. 

(2) I ndus t r i a l operat ions. Operations i n support of logg ing , mining and pet­

roleum i ndus t r i es . Typical un i ts include mobile cranes, se l f -con ta ined pumps, 

and power p lan ts . Nowadays, o f f - road operations requ i re increased e f f i c i ency 

thus placing demands on running gears w i th f l o t a t i o n , t r a c t i o n charac te r i s t i cs 

and load-carry ing capaci t ies which once would have been considered imp rac t i ca l . 

(3) M i l i t a r y operat ions. Various types of equipment which are being develop­

ed to operate over a great va r i e t y of surfaces in cross-country m o b i l i t y , 

requi re a g i l i t y , r e l i a b i l i t y and manoeuverabi l i ty . 

(4) General o f f - road t ranspo r ta t i on . 
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1.5 BASIC PROBLEMS AND CONCERNS IN VEHICLE TRACTION MECHANICS 

The basic issues and concerns i n the study of veh ic le t r a c t i o n mechanics r e ­

volve around the need to -

(a) es tab l i sh a be t te r knowledge and i ns igh t i n to the mechanics of i n t e r a c t ­
ion between elements of a veh ic le running gear system and the surface layer over 
which i t ac t s , 

(b) develop a ra t i ona l means f o r evaluat ion of performance cha rac te r i s t i cs of 

running gear systems over spec i f i c t e r r a i n cond i t i ons , 

(c) provide the too ls f o r p red ic t ion of performance of the running gear, thus 

leading t o implementation of op t imiza t ion procedures. 

(d) es tab l i sh the basic means f o r determinat ion of the capab i l i t y of a veh i ­

c le to move from one locat ion t o another. 

The a b i l i t y f o r a veh ic le to t rave l from a spec i f i c loca t ion i d e n t i f i e d as 

point A to another l o c a t i o n , point Β (where the separat ion distance is characte­

r i zed by natural unprepared t e r r a i n ) is dependent on several key fac to rs and 

cons iderat ions. 

The three p r i nc ipa l elements which cont ro l veh ic le m o b i l i t y - i . e . the a b i l i ­

t y of a spec i f i c vehic le to t raverse a p a r t i c u l a r piece of t e r r a i n , a re : 

(1) Vehicle type and loading condi t ions - espec ia l l y running gear propert ies 

and c h a r a c t e r i s t i c s . 

(2) Surface cover and surface layer p roper t i es . 

(3) Geometric t e r r a i n features - e .g . roughness, obstac les, s lopes, d i t ches , 

e t c . 

For a spec i f i c veh ic le w i th p a r t i c u l a r running gear c h a r a c t e r i s t i c s , mob i l i t y 

c a p a b i l i t y and e f f i c i ency of performance w i l l be con t ro l l ed by items (2) and ( 3 ) . 

Changing the running gear could cause immobi l izat ion or increase mob i l i t y - de­

pendent on the nature of the in te rac t ions developed between the running gear and 

the support ing t e r r a i n . 

T r a f f i c a b i l i t y re fers to the c a p a b i l i t y of the p a r t i c u l a r t e r r a i n u n i t to 

support veh ic le m o b i l i t y . A piece of t e r r a i n could prove to be t r a f f i c a b l e f o r 

one type o f veh ic le and not f o r another - dependent again on the p a r t i c u l a r sets 

of i n te rac t ions produced i n the product ion of m o b i l i t y of the veh ic le . 

The proper t ies of t e r r a i n patches ( i . e . cha rac te r i s t i c features of the t e r ­

r a i n ) , w i l l d i c t a t e the extent and types of i n te rac t ions produced - consistent 

w i th the loading condi t ions and the types of running gear systems. These i n t e r ­

act ions w i l l i n tu rn describe veh ic le m o b i l i t y cha rac te r i s t i cs and t e r r a i n 

t r a f f i c a b i l i t y . Thus, w h i l s t a piece of ground might support the m o b i l i t y of a 

p a r t i c u l a r type of v e h i c l e , i t could be said tha t changing the veh ic le charac­

t e r i s t i c s could indeed render tha t same veh ic le immobile. To t rave l from point A 

to po in t Β over a p a r t i c u l a r area would requi re one's a b i l i t y to determine i f 

the chosen vehic le could prove "mob i l i t y c a p a b i l i t y " over the various t e r r a i n 
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patches l y ing in-between the two po in ts . A l t e r n a t i v e l y , one could say tha t i t i s 

required to determine whether the t e r r a i n patches l y i ng i n between A and Β are 

t r a f f i c a b l e to the veh ic le chosen to t raverse from point A to po in t B. In 

essence, what i s required is the development of one's capab i l i t y to determine 

the condi t ions which would render the t e r r a i n u n t r a f f i c a b l e - or the condi t ions 

whereby m o b i l i t y can be increased. 

1.5.1 Tract ion mechanisms 

The mechanisms of i n t e rac t i on establ ished between the running gear and the 

support ing t e r r a i n depend not only on the type of running gear contact element, 

e .g . t rack-grouser or t y re type, but also on the proper t ies of the surface layer 

ma te r i a l . In a d d i t i o n , the manner of load app l i ca t ion imposed by the vehic le is 

an important element in the development of the kind of mechanisms of i n te rac t i on 

at the in te r face between the running gear and the support ing surface layer . 

The questions that can eas i l y be posed are: 

(1) What is t r a c t i o n , and how is i t produced? 

(2) What are the p r i nc ipa l cha rac te r i s t i cs of i n t e r a c t i o n between t r a c t i o n 

elements and the surface layer? 

(3) What is the ro le of t r a c t i o n i n r e l a t i o n t o m o b i l i t y and t r a f f i c a b i l i t y ? 

The items of per t inent i n t e res t and concern r e l a t e t o : t h r u s t , s l i p , drawbar-

p u l l , t r a c t i o n c o e f f i c i e n t , sinkage, shear and f r i c t i o n . 

The manner i n which t r ac t i on is establ ished i s a func t ion of the cha rac te r i s ­

t i c s of the running gear contact patch and the manner i n which load t r ans fe r i s 

implemented. The choice between tyres and t r acks , i . e . a wheeled veh ic le or a 

tracked veh i c l e , depends on several c o n t r o l l i n g issues. The f i r s t set of issues 

concerns speed and capab i l i t y of operat ion. A wheeled veh ic le can general ly t r a ­

vel f as te r and is more manoeuverable in comparison to a tracked veh ic le - p r o v i ­

ded tha t the support ing surface layer is competent and non-y ie ld ing , such as 

highways and secondary roads. However, when the support ing surface and sub­

surface layers are so f t or y i e l d i n g , as i s the case f o r most unprepared natural 

ground, the speed and manoeuverabi l i ty c h a r a c t e r i s t i c features of the wheeled 

veh ic le become degraded. The more y i e l d i n g the support ing t e r r a i n i s , the more 

a t t r a c t i v e the tracked veh ic le becomes as an a l t e r n a t i v e cons idera t ion . 

However, other fac to rs now become important i n the considerat ion of choice of 

type of veh ic le . These re l a te t o : economics of opera t ion , payload requirements, 

mission p r o f i l e , t e r r a i n envelope, operat ional envelope, r e l i a b i l i t y , speed, e tc . 

The mechanisms of t r a c t i o n production d i f f e r in d e t a i l between tyres and 

t racks , and can be inf luenced considerably by (a) de ta i l ed changes in the types 

of grousers, spacing, geometry, t rack t ype , road wheels, suspension, e tc . f o r 

tracked veh ic les , and (b) t y re t ype , carcass p rope r t i es , t read des ign, e tc . f o r 

wheeled veh ic les . Thus e f f i c i ency of operat ion requires a l l these fac to rs to be 
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in tegrated in to the decision-making mechanism a t the proper t ime. 

Development of t r a c t i o n i s fundamental t o the product ion of successful veh i ­

c le m o b i l i t y - provided tha t f l o t a t i o n is ava i l ab le . A veh ic le can be immobi l i ­

zed in a combination of ways: 

(a) sinkage due to lack of f l o t a t i o n , 

(b) excessive s l i p , even though adequate f l o t a t i o n e x i s t s , 

(c) s l ip -s inkage where continued s l i p serves to degrade f l o t a t i o n , r esu l t i ng 

in t o t a l sinkage immobi l iza t ion. 

The elements of t r a c t i o n mechanics cons is t of p r i nc ip les which can be u t i l i ­

zed to a n a l y t i c a l l y model the mechanisms of i n t e r a c t i o n f o r evaluat ion of t r a c ­

t i o n - w i t h a view to p red ic t i on of m o b i l i t y . The items f o r considerat ion i n ­

clude basic c o r r e l a t i v e empir ical techniques, l i m i t equ i l i b r ium theor ies and 

a p p l i c a t i o n , p l a s t i c i t y techniques, and other p r i nc ip les of mechanics. 
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Chapter 2 

TERRAIN MATERIAL AND INTERFACE REACTION 

2.1 INTRODUCTION 

Terra in ( i . e . ground) can be described i n geometric, as we l l as physical 

terms inso fa r as vehic le mob i l i t y or t r a f f i c a b i l i t y i s concerned. One can des­

cr ibe a t e r r a i n i n broad terms such as "rough, rocky, h i l l y , e t c . " , or i n more 

spec i f i c terms such as " so f t organic, loose granular , wet c layey, e t c . " . We ob­

serve there fore t ha t the term " t e r r a i n " i s used very loosely as a descr ip t i ve 

term, covering not only geometric features a t t imes, but also physical charact­

e r i s t i c s and propert ies o f the immediate surface layer m a t e r i a l . The broad types 

of surface layer mater ia l (other than vegetat ive cover) can be viewed as: 

(a) inorgan ic , such as granular s o i l (sand), cohesive s o i l ( c l a y ) , or mixed 

so i l type ma te r i a l , 

(b) organic , such as muskeg or peat, 

(c) snow, 

(d) rock outcrop. 

In regard to vehic le m o b i l i t y , immobi l izat ion (o f a veh ic le) can occur due 

t o : 

(a) Physical impediments derived from the mechanical cha rac te r i s t i cs and 

proper t ies o f the t e r r a i n , i . e . excessive sinkage o f the vehic le due to lack of 

f l o t a t i o n , or i n s u f f i c i e n t t r a c t i o n due to s l i p . 

(b) Physical impediments due to obstacle geometric c h a r a c t e r i s t i c s , i . e . 

vehic le p r o f i l e - o b s t a c l e i n te r fe rence . 

(c) Ter ra in roughness, which would severely l i m i t the speed o f the vehic le 

because o f excessive v ib ra t ions - leading to t o t a l immobi l i za t ion . 

2.2 INORGANIC TERRAIN 

Inorganic t e r r a i n mater ia l general ly consists o f mineral s o i l s . Since these 

so i l s vary w ide ly , they need to be c l a s s i f i e d i n some ra t iona l fashion to al low 

fo r proper i d e n t i f i c a t i o n . There are many methods ava i lab le f o r c l ass i f y i ng 

mineral s o i l s . The choice o f method depends upon the spec i f i c use intended fo r 

the s o i l . For engineering purposes, the c l a s s i f i c a t i o n methods r e l y p r imar i l y 

on the gra in s ize and i t s gradat ion w i t h i n the s o i l mass, i t s consistency, and 

probably i t s r e l a t i o n to f r o s t e f f e c t s . These methods are ou t l i ned i n various 

books on s o i l engineer ing. 

While i t i s possible to grossly estimate or to i n f e r the water-hold ing 

capacity o f s o i l s , s t rength and compress ib i l i t y , e t c . , from p a r t i c l e - s i z e d i s ­

t r i b u t i o n , there i s no subs t i t u te f o r actual measurements and evaluat ion of the 
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proper t ies of the s o i l . I t i s not poss ib le , however, to include these actual 

measurements in c l a s s i f i c a t i o n methods, since they involve tedious laboratory 

s tud ies . There i s no universal standard c l a s s i f i c a t i o n system f o r t r a f f i c a b i l i t y 

purposes. However, the most common one in present-day use is the one developed 

by the Waterways Experimental Sta t ion (WES), which i s concerned p r imar i l y w i th 

so i l s l i m i t e d to the f i r s t 60 cm from the surface. 

2.2.1 Pa r t i c l e - s i ze composition of so i l s 

The p a r t i c l e - s i z e d i s t r i b u t i o n o f a s o i l in f luences chemical, physical and 

b io l og i ca l proper t ies o f s o i l s . Separates cons is t ing of la rger p a r t i c l e s , the 

sands and grave ls , form the skeleton of the s o i l and determine many of i t s 

mechanical p roper t ies , (Yong and Warkentin, 1975). The clay content i n s o i l s 

determines most of the chemical and physical-chemical proper t ies of the s o i l s . 

Pa r t i c l e - s i ze d i s t r i b u t i o n i n so i l s and densi ty can in f luence the type and 

weight of the o f f - road vehic les operat ing on the s o i l , the s u s c e p t i b i l i t y of the 

so i l s to eros ion, the water-hold ing capaci ty and hence the water supply to 

p lan ts , spacing o f i r r i g a t i o n and drainage d i tches , types o f drainage, and i r r i ­

gat ion systems requi red. I t also inf luences the strength and compress ib i l i t y of 

s o i l s , both o f which are important i n the considerat ion of f l o t a t i o n fo r vehic le 

m o b i l i t y . 

Various systems have been used to group so i l s according to the propor t ion of 

d i f f e r e n t sizes of the const i tuent p a r t i c l e s . The s ize l i m i t s used fo r sand, 

s i l t , and c lay vary s l i g h t l y in d i f f e r e n t systems. The At terberg or I n te rna t i on ­

al system, the Massachusetts I n s t i t u t e o f Technology, the In te rna t iona l Society 

of Soi l Sciences, U.S. Bureau of Publ ic Roads, and the U.S. Department o f A g r i ­

cu l tu re systems are a l l used (see F i g . 2 ,1 ) . Figure 2.2 i s a t r i a n g l e used in 

so i l science g iv ing tex tu ra l classes corresponding to d i f f e r e n t proport ions of 

sand, s i l t and c lay . Sometimes a s i z e - d i s t r i b u t i o n curve (F ig . 2.3) i s used to 

show the resu l t s o f p a r t i c l e - s i z e ana lys is . This does not requi re an a r b i t r a r y 

d i v i s i o n of pa r t i c l es i n t o separates based upon s i ze , but f o r many purposes i t 

i s easier to work w i t h the numbers obtained by considering sizes such as sand, 

s i l t and c lay . 

In the WES c l a s s i f i c a t i o n of so i l f o r t r a f f i c a b i l i t y purposes (Knight and 

Rula, 1961) the fo l l ow ing scheme i s used: 

(a) Fine-grained s o i l . A so i l of which more than 50% of the g ra i ns , by weight , 

w i l l pass a No. 200 U.S. Standard sieve (smal ler than 0.074 mm in diameter) . 

(b) Coarse-grained s o i l . A s o i l o f which more than 50% of the g ra ins , by 

weight , w i l l be reta ined on a No. 200 U.S. Standard s i eve ( l a rge r than 0.074 mm 

i n diameter) . 

This type of c l a s s i f i c a t i o n , accompanied by Soi l Cone Index and Vehicle Cone 

Index makes i t possible to estimate (from empir ical i n fo rma t ion ) , t r a f f i c a b i l i t y 

o f s o i l (see Chapter 9 ) . 
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Fig. 2.1. Principal particle-size scales (from Yong and Warkentin, 1975). 
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Silt-size Fraction (%) 

F ig . 2 .2 . Chart showing percent c lay , s i l t , and sand i n the s o i l t ex tu ra l 
classes o f U.S. Department of A g r i c u l t u r e . 

0.001 0.005 0.02 0.05 0.1 0.2 0.5 1 2 5 

clay | silt | sand | gravel 

Effective Particle Diameter, mm 

F ig . 2 .3 . Pa r t i c l e - s i ze d i s t r i b u t i o n curve. 

2.2.2 Basic s o i l proper t ies 

( i ) Weight and volume. The basic s o i l proper t ies may be eas i l y def ined by 

v i s u a l i z i n g s o i l i n terms o f the three component phases i n the so i l - namely, 

s o l i d , l i q u i d , and gaseous. Consider the schematic diagram in F ig . 2 .4 . By sep­

ara t ing the phases in to three d i s t i n c t pa r t s , we may obtain re la t ionsh ips to 

def ine the basic s o i l p roper t i es . 
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Volume Weight 

F ig . 2 .4 . Ideal ized three-phase s o i l system. 

Void r a t i o e i s def ined as the r a t i o o f volume o f voids Vv to volume o f 

so l ids V : s 

e = V v/ V s (2.1) 

The r a t i o of volume of voids Vv to t o t a l volume V i s def ined as the po ros i t y , 

n: 

η = Vv/V (2.2) 

But V = Vy + V$ = (1 + e )V s- Hence: 

n = VS(A e) = T T T (2· 3) 

The water content , ω, i s given as Ww/Ws«100%. For a f u l l y saturated so i l -wa te r 

system, since a l l the voids w i l l be completely f i l l e d w i th water: 

V γ = W (2.4) vTw w 

where w"w = weight o f water, and y w = densi ty o f water. For p a r t i a l sa tu ra t i on : 

V γ = W , or (V - V ) γ = W (2.4a) w'w w v ν a' 'w w 
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Hence, the re la t i onsh ip f o r S r , the degree o f s a t u r a t i o n , is given as: 

(V - V )γ 

V w 

i . e . 

V - V V, 
S = v a • 100% = γ ^ - ' 100% (2.5) 

r ν ν 

The u n i t weight γ , o f the saturated so i l -wa te r system, i s def ined as W/V, i . e . 

t o t a l weight d iv ided by t o t a l volume. I t i s f requent ly more des i rab le to express 

u n i t weight re la t ionsh ips i n terms o f a d ry , or bulk dens i ty , γ ^ , i . e . 

Yd = Ws ^ V* S i n c e: 

π W + W 
ν ν V 

Ύ = (1 + o ) ) - f 

But since w"s/V = we have γ = (1 + ω ί γ ^ , o r : 

In a submerged s t a t e , because of the buoyancy e f f e c t o f water , the submerged 

or buoyant densi ty γ ' is given by ( γ - γ ) . 

( i i ) Consistency l i m i t s . The d e f i n i t i o n s o f the various states of consis­

tency ( F i g . 2.5) depend upon laboratory tes ts f o r es tab l i sh ing the l i m i t s of 

consistency. These l i m i t s are by no means absolute and are sens i t i ve to several 

environmental and operat ive f a c t o r s . 

The general ized re la t i onsh ip between water content and volume as a propor t ion 

o f oven-dry volume i s shown graph ica l l y i n F ig . 2 .6 . 

Points 1 , 2 and 3 i n F ig . 2.6 represent the l i q u i d l i m i t ω^, p l a s t i c l i m i t ω ρ 

and shrinkage l i m i t respec t i ve ly . In terms o f a water content-volume change 

d e f i n i t i o n , only the shrinkage l i m i t can be r igorous ly de f ined . The shrinkage 

l i m i t ω<. defines the water content a t which volume change i s no longer l i n e a r l y 

propor t ional to change i n water content . The re la t i onsh ip shown in F ig . 2.6 is 

l i nea r u n t i l the shrinkage l i m i t i s reached. Beyond t h i s stage, any decrease i n 

water content w i l l not cause a propor t ional decrease in volume. I f the s t r a i g h t 

l i n e is projected u n t i l i t i n te rsec ts the abscissa (water content l i n e ) , po in t 4 , 
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Increasing Water Content 

solid J semisolid ( plastic liquid 

//////////////////mammm 
J 

shrinkage 
limit 

1 
ωρ 

plastic 
limit 

Ί 

liquid 
limit 

= upper plastic limit 

F ig . 2 .5 . Consistency states o f s o i l . 

F ig . 2 .6 . Consistency states during dry ing o f an i n i t i a l l y saturated c lay . 

as shown i n F ig . 2 .6 , i s reached. This represents the t o t a l shrinkage o f the 

s o i l sample. 

The actual measurement o f both the l i q u i d and p l a s t i c l i m i t s depends on s tan­

dardized laboratory t e s t s . The l i q u i d l i m i t i s t h a t water content at which a 

groove cut i n a standard l i q u i d l i m i t device i s closed a f t e r 25 taps . The p las­

t i c l i m i t ajp is that water content a t which a 3 mm diameter thread of s o i l be­

gins to crack and crumble under continued r o l l i n g by hand. The standardized labo­

ra tory procedures may be found i n the American Society f o r Testing Mater ia ls 

(ASTM) s p e c i f i c a t i o n s . 
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2.2.3 Basic so i l behaviour 

Since the loading o f s o i l i n vehic le mob i l i t y and t r a c t i o n app l i ca t ion i s to 

a l l in ten ts and purposes a r e l a t i v e l y quick type o f t r ans ien t load ing , i t can be 

safe ly assumed tha t t o t a l stress approach can be adopted f o r studying subsoi l 

response, i . e . the developed pore-water pressures w i l l not have s u f f i c i e n t t ime 

to d i ss i pa te . The ro le o f water i n the s o i l can be l im i t ed to i t s e f f e c t on the 

strength of the s o i l . I t can also be assumed tha t the Mohr-Coulomb theory o f 

f a i l u r e (Yong and Warkentin, 1975) can be adopted s ince , by and l a rge , t r a c t i o n 

production in the s o i l w i l l i n a l l l i k e l i h o o d render a l i m i t i n g s ta te of e q u i l i ­

brium in the zone o f i n t e r e s t . The app l i ca t ion of the Mohr-Coulomb f a i l u r e theory 

allows us to i d e n t i f y two strength parameters o f the s o i l , namely, cohesion C, 

and angle o f i n te rna l f r i c t i o n , φ. 

( i ) Coarse grained s o i 1 . In granular s o i l s , since no measurable "cohesion" 

e x i s t s , the behaviour under load w i l l be inf luenced so le ly by the f r i c t i o n prop­

e r t i e s o f the s o i l . I f σ = t o t a l normal s t r ess , then the shear s t rength τ o f the 

granular s o i l i s given by 

τ = σ tan φ (2.7) 

where φ = angle o f in te rna l f r i c t i o n . 

This re la t i onsh ip i s the basic Mohr-Coulomb f a i l u r e c r i t e r i o n f o r non-cohesive 

(C = 0) so i l s - where only f r i c t i o n a l resistances cont ro l the response shear per­

formance of the s o i l . By d e f i n i t i o n , these are general ly i d e n t i f i e d as f r i c t i o n ­

al s o i l s , and sands and gravels are said to f a l l i n to t h i s class o f s o i l s . These 

so i l s are sometimes ca l led cohesionless s o i l s . 

Since the f r i c t i o n a l property o f granular so i l s i s the primary physical com­

ponent governing the development o f shear s t reng th , in t imate contact between 

pa r t i c l es i s establ ished during shear. The physical process con t r i bu t i ng to r e ­

sistance to shear motion includes both s l i d i n g of pa r t i c l es and removal or d i s ­

placement o f pa r t i c l es from i n te r l ock i ng act ion between adjacent p a r t i c l e s . 

Figure 2.7 shows the d i f fe rence between the two. 

granular particle particle to be lifted over for movement 

F ig . 2 .7 . F r i c t i o n between s o i l g ra ins , (a) Microscopic i n t e r l ock i ng (surface 
f r i c t i o n ) , (b) Macroscopic i n te r l ock ing (mechanical l o ck i ng ) . 
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( i i ) Stress and s t r a i n . The c o n s t i t u t i v e performance o f a s o i l i s general ly 

expressed in terms o f the deformation under load . Soi l w i l l s t r a i n and f i n a l l y 

f a i l in response to t r a c t i v e fo rces . I t i s important to be able to describe the 

c o n s t i t u t i v e performance of s o i l in terms of s t r e s s - s t r a i n r e l a t i onsh ips . To do 

so, s t rength tes ts are performed e i t h e r w i t h the s o i l subject to conf in ing 

stresses - as in the t r i a x i a l t e s t - or i n the unconfined mode. (See Yong and 

Warkentin, 1975 f o r a de ta i led descr ip t ion of s o i l s t rength tes ts and f a i l u r e 

theor ies . ) 

The s t r e s s - s t r a i n re la t ionsh ips f o r s o i l s obtained i n t r i a x i a l t es t i ng w i l l 

depend on the i n i t i a l densi ty o f the mater ia ls and the degree of stress conf ine­

ment. Note tha t the use o f stress confinement i s meant to simulate the conf ine­

ment o f the s o i l i n the pressure zone beneath the v e h i c l e , i . e . the three-dimen­

sional st ress confinement e f f e c t due to super-imposed loads. Pa r t i c l e packing 

(densi ty) is a c r i t i c a l considerat ion since the denser the packing, the greater 

is the need f o r energy input to create shear d i s t o r t i o n and volume change. 

The range in s t r e s s - s t r a i n curves shown in F ig . 2.8 depicts the in f luence of 

s ta te o f p a r t i c l e packing o f the cohesionless m a t e r i a l . The s t r e s s - s t r a i n per­

formance of the dense granular s o i l can be approximated by e l a s t i c s t r a i n so f ten ­

ing theo r i es , w h i l s t loose granular s o i l would be i d e n t i f i e d w i th work hardening 

concepts. 

peak stress 

dense 
medium 
loose 

F i g . 2 .8 . S t ress -s t ra in and volume change re la t ionsh ips as a funct ion o f 
i n i t i a l dens i t y . Note tha t the res idual ( large s t r a i n ) stress i s the asymptote 
a t large s t r a i n s . (Yong and Warkentin, 1975). 
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The e f f ec t of moisture content on load (shear) resistance of sand is sma l l , 

unless the sand contains small percentages of f ines (5-8%), which act as a 

cementing agent between the sand grains a t low moisture content . Figure 2.9 

shows the e f f ec t of moisture content on the penetrat ion shear resistance f o r 

sand a t d i f f e r e n t dens i t i es . 

F ig . 2 .9 . E f fec t o f moisture content on penetrat ion shear resistance of sand. 
( T r a f f i c Research Team, 1961). 

( i i i ) Mixed cohesive s o i l ( s o f t s o i l - f i n e grained s o i l ) . A mixed cohesive 

so i l i s one which possesses physical proper t ies of f r i c t i o n and cohesion. These 

s o i l s are f ine -g ra ined i n t e x t u r e , i n cont ras t to sands which are coarse-grained 

s o i l s . The two proper t ies of cohesion and f r i c t i o n pa r t i c i pa te in demonstration 

o f shearing res is tance. I f σ = normal s t r ess , then the shear st rength τ i s given 

by 
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(2.8) 

where φ = angle o f i n te rna l f r i c t i o n , and C = cohesion. 

For s i m p l i c i t y i n communication, a mixed cohesive s o i l i s general ly re fer red 

to as a "cohesive" s o i l , whereas when the f r i c t i o n a l resistance i s zero, i . e . 

φ = 0, the s o i l i s re fe r red to as a "φ = 0 cohesive" or "purely cohesive" s o i l . 

Cohesive s o i l s t rength can be a t t r i b u t e d to i n t e r p a r t i c l e forces ( i . e . forces 

developed between the s o i l p a r t i c l e s ) which i n t e r a c t i n r e s i s t i n g shear defor ­

mation and lead to spec i f i c arrangements o f so i l pa r t i c l es ( f a b r i c ) and s t a b i l i t y . 

Disrupt ion o f s o i l f a b r i c occurs as the s o i l develops resistance to shear. A 

demonstration o f the strength o f cohesive s o i l and the spec i f i c con t r i bu t i on by 

s t ruc tu ra l bonds which are formed as par t o f a natural s o i l , l i n k i n g f ab r i c 

un i ts and pa r t i c l es to each o ther , may be seen in F i g . 2.10. 

bonded soil 
/ 
unbonded natural soil 

CO 
CO 

φ 
** 
CO 

residual strength due to SS forces 
and surface-water bond relationships 

remoulded soil 
("sensitive'.or "quick") 

Strain, e 

F ig . 2.10. Comparison o f s t r e s s - s t r a i n curves f o r bonded and unbonded c lays . 
Magnitude o f ' a ' i s due to s t ruc tu ra l bonds plus i n t e r p a r t i c l e force plus mech­
anical res is tance. Magnitude of V i s due to i n t e r p a r t i c l e force bonds plus 
mechanical i n te r fe rence . 

I t should be noted tha t the p r i nc ipa l in f luence on the s t rength o f the f i n e ­

grained s o i l s ( i . e . cohesive s o i l s ) i s the amount o f water i t con ta ins . Almost 

any cohesive s o i l i n a comparatively dry s ta te i s t r a f f i c a b l e to a l l o f f - road 

veh ic les . However, i f i t s moisture content is increased, i t s s t rength may be 

reduced to the po in t where only ce r t a i n vehicles can t raverse i t . A po in t can be 

reached where f u r t h e r increases i n moisture may render the s o i l u n t r a f f i c a b l e to 

a l l veh ic les . 

τ = C + σ tan φ 
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2.3 ORGANIC TERRAIN 

2.3.1 Muskeg 

Muskeg is a term commonly used to describe "organic t e r r a i n " . I t consists o f 

l i v i n g vegetat ion such as l i chens , sedges and/or grasses, w i th or wi thout t ree 

and shrub growth. Usual ly , a combination of these p lant forms are found (Rad-

f o r t h , 1969). Underneath t h i s vegetat ion there is a mixture o f decomposed orga­

n ic mater ia l derived from past vegetat ion but cu r ren t l y chemical ly changed and 

f o s s i l i z e d . This mater ia l i s commonly known as "peat " , ( F i g . 2 .11) . 

inorganic soil 
(silty-sand-clay) 

F ig . 2 . 1 1 . Typical muskeg t e r r a i n p r o f i l e . 

The subsurface mater ia l "peat" is h igh ly compressible (MacFarlane, 1958) i n 

comparison w i th most mineral s o i l s , and i s general ly character ized by very high 

water content and extremely low bearing capac i t i es . Peat varies i n colour from 

straw through golden brown to chocolate and b lack. I t may be coarse or f i n e , de­

pending upon the s t ruc tu re o f the proport ionate components o f past cover tha t 

became f o s s i l i z e d success ional ly . The thickness o f the peat mat var ies between 

5 cm to 27.5 cm, (Radfor th, 1969). The peat may be so dry as to show no evidence 

of f ree water even when the sample is subjected to pressure, or i t may give up 

s u f f i c i e n t water under i t s own weight . 

Although peat i s by nature f l u i d and compressible, i t s proper t ies are v a r i ­

able and are la rge ly determined by the l i v i n g matter from which i t o r i g i n a t e s , 

(Adams, 1965). The co r re l a t i on of the l i v i n g layer w i th the co -ex is t ing peat 

layer was observed by Radforth (1952) and formed the basis o f h is engineering 

c l a s s i f i c a t i o n o f muskeg. 

surface vegetation 

mat of live roots 

peat moss 
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2.3.2 C l a s s i f i c a t i o n o f muskeg cover 

The object of c l a s s i f i c a t i o n o f muskeg vegetal cover using visual inspect ion 

i s to develop an appreciat ion of the subsurface t e r r a i n c h a r a c t e r i s t i c s , since 

there are approximate re la t ionsh ips between l i v i n g cover and the charac te r i s t i cs 

of the peat beneath the sur face. Radforth (1969) combined his approach f o r c l as ­

s i f i c a t i o n of muskeg cover w i th tha t o f the B r i t i s h Mires Research Group and ob­

tained Table 2 . 1 . The Table contains nine classes of vegetal cover re fe r red to 

in column two by the l e t t e r s A to H. The symbols re la te to funct ions of the 

s t r u c t u r e , i . e . shape and tex ture o f the i nd i v idua l elements making up the com­

pos i t ion and s i z e . They also have reference to h a b i t , the equivalent of arrange­

ments (Radfor th, 1969). The occurrence of pure classes in nature is r a re ; asso­

c i a t i on of classes i s more normal. The predominating class o f cover is usua l l y , 

but not necessar i l y , the t a l l e s t . I f the estimated percentage o f cover f o r any 

class i s less than 25%, i t should not be considered in the es t ima t ion , hence no 

assessment o f t o t a l vegetal cover w i l l show more than three c lasses. In many i n ­

stances only two classes w i l l be dominant issues in a vegetal cover. Each cover 

class i n d i r e c t l y s i g n i f i e s the occurrence of p reva i l i ng condi t ions which may be 

taken in to account f o r purposes o f engineering design. For a f u r t h e r study of 

these cond i t i ons , the reader is re fe r red to Radforth (1969). 

2.3.3 Structure and propert ies of peat 

General ly, peat consists o f two s t ruc tu ra l types: one f i b r o u s , the other 

granular . Both f i b res and granules have an in f luence on the mechanical proper­

t i es of the peat and on the behaviour o f the peat continuum under load . A proper 

method f o r assessing and d i s t i ngu ish ing the fac tors which cont r ibu te to strength 

and other mechanical proper t ies o f peat has ye t to be es tab l i shed. 

2.3.4 Physical and chemical cha rac te r i s t i cs of peat 

The physical proper t ies which character ize the engineering proper t ies of peat 

are: water (or moisture) content , shr inkage, permeab i l i t y , vo id r a t i o , gas con­

ten t , un i t weight , spec i f i c g r a v i t y , s ize o f f i b res and percent o f ash (MacFar-

lane, 1969). Ac i d i t y i s the chemical property o f peat most re levant f o r engin­

eer ing purposes. 

( i ) Water content . This i s def ined as the amount of water contained in the 

voids o f a peat i n i t s natural s t a t e . Because of i t s compositional nature peat 

has a great a f f i n i t y f o r water . Water content ranges between wide l i m i t s , depen­

ding on the o r i g i n and the thickness of a peaty deposi t . Whi ls t the water con­

ten t of the crust or the l i v i n g mat may be as low as 100% (by dry we igh t ) , the 

peat beneath the surface crust may possess water content i n excess of several 

hundred percent. Since peat, as a r u l e , has only a neg l i g i b le submerged weight , 
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St ructura l c l a s s i f i c a t i o n of vegetal cover of muskeg (peat land) . ( I n teg ra t i on of B r i t i s h and Canadian Systems). 
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B r i t i s h Mires 
Radforth system 

B r i t i s h Mires 
Research Group* Class symbol Texture Stature Form 

Trees over 5 m A Woody 15 f t or over Tree form 

Trees under 5 m 
(4.5 m or over) 

Trees under 5 m Β Woody 5-15 f t Young or dwarfed t ree or bush 

Shrub habi t 50 cm to 2 m 
(1 .5-4.5 m) 

Young or dwarfed t ree or bush 

Shrub habi t 50 cm to 2 m D Woody 2-5 f t Ta l l shrub or very dwarfed t ree 

Shrub habi t up to 50 cm 
(0.6-1.5 m) 

Ta l l shrub or very dwarfed t ree 

Shrub habi t up to 50 cm Ε Woody Up to 2 f t Low shrub 
Creeping shrub up to 50 cm 

Woody 
(up to 0.6 m) 

Broad-leaved herbs G Non-woody Up to 2 f t Singly or loose associat ion 

Sedge-graminoid habi t 1-3 m 
(Up to 0.6 m) 

Singly or loose associat ion 

Sedge-graminoid habi t 1-3 m C Non-woody 2-5 f t T a l l , g rass l i ke 
(a) mats 

Non-woody 
(0 .6-1.5 m) 

T a l l , g rass l i ke 

(b) hummocks 
(0 .6-1.5 m) 

Sedge-graminoid habi t under 1 m F Non-woody Up to 2 f t Mats, clumps, or patches 
(a) mats (up to 0.6 m) sometimes touching 
(b) hummocks 

(up to 0.6 m) sometimes touching 

Moss habi t I Non-woody Up to 4 i n . Often continuous mats, sometimes 

Lichen habi t 
(up to 10 cm) in hummocks 

Lichen habi t Η Non-woody Up to 4 i n . Mostly continuous mats 
(up to 10 cm) 

Mostly continuous mats 

Note: Following c l a s s i f i c a t i o n , observer states percentage of cover class w i t h i n 20%. 
*Adapted by Radforth. 
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the decrease in water content w i t h depth i s barely pe rcep t ib le . (Casagrande, 

1966). Figure 2.12 shows a t yp i ca l water content p r o f i l e f o r a representat ive 

muskeg s i t e in Onta r io , Canada. 

Water Content 
(as % of wet weight) 

Ο 20 40 60 80 100 

40 

80 

φ 120 
Ο 

160 

200 L 

Τ ι 

Profile of Water Content (muskeg) 
location - Petawawa 
July 16th 1981 

F ig . 2.12. Typical water content p r o f i l e f o r muskeg, Petawawa, Ontar io . 

( i i ) P l a s t i c i t y . The p l a s t i c i t y o f peat ranges from a low p l a s t i c i t y f o r 

thoroughly weathered deposits to non-p las t i c f o r h igh ly f ib rous deposits (Casa­

grande, 1966), as shown in the p l a s t i c i t y char t i n F ig . 2.13. Although only a 

few inves t iga t ions have been concerned w i th the p l a s t i c i t y of peat, i t i s be­

l i eved tha t such tes ts would provide the user w i th a simple method f o r estima­

t i n g the character and the engineering propert ies o f peat depos i ts . 

( i i i ) Void r a t i o and permeab i l i t y . The void r a t i o , i . e . r a t i o o f the volume 

of voids to volume of s o l i d s , gives an i nd i ca t i on of the compress ib i l i t y of a 

ma te r i a l : the higher the i n i t i a l void r a t i o , the greater the po ten t i a l compres­

s i b i l i t y . The void ra t i os and the coe f f i c i en t s o f permeabi l i ty f o r peaty s o i l 

are h ighly va r iab le and range between wide l i m i t s . Surface layers and shallow 

peat deposits which are subjected to a i r dry ing may possess vo id ra t i os between 

two and f i v e . Or, on the other hand, deep deposits w i l l l i k e l y possess void 

ra t ios ranging from between f i v e to twenty, w i th some cases reported as high as 

t h i r t y . 
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Ο 200 400 600 800 1000 
Liquid Limit 

F ig . 2.13. P l a s t i c i t y chart f o r peat. (A f te r Casagrande, 1966.) 

The permeabi l i ty o f peats var ies w ide ly , depending upon (a) the amount of 

mineral matter present i n the peat , (b) the degree of conso l ida t ion , and (c) the 
_2 

extent of decomposition. The c o e f f i c i e n t of permeabi l i ty ranges between 10 and 
-4 

10 cm/sec. Upon app l i ca t ion of even small loads the permeabi l i ty decreases 

r a p i d l y . Extensive inves t iga t ions by Lea and Brawner (1963) resu l ted from a l o g -

log p l o t , ( F i g . 2 .14) , in a s t r a i g h t l i n e re la t ionsh ip between void r a t i o and 

permeabil i t y . 

• Fibrous peat. Permeability determined from consolidation test 
° Amorphous peat. Permeability determined from falling head 

permeability test on consolidated peat 

10 10 10 ' 10"° 
Coefficient of Permeability, cm/sec 

10" 10" 

F ig . 2.14. Void r a t i o - c o e f f i c i e n t a t permeabi l i ty r e l a t i o n s h i p . 



25 

( i v ) Uni t weight . The natural u n i t weight depends upon the water and organic 

content o f the peat: f o r a saturated pure peat , t h i s weight is usual ly about the 

same as tha t o f water and increases w i th increasing inorganic content. Natural 

u n i t weights o f peat range from 0.4 g/cc f o r a moss peat to 1.29 g/cc f o r amor­

phous peat. Dry u n i t weight ranges from 0.08 g/cc to 0.32 g/cc f o r the case of a 

peat conta in ing a high mineral s o i l content . 

(v) Spec i f i c g r a v i t y . The range of spec i f i c g rav i t y f o r peat is from 1.1 to 

2 .5 , w i th the average about 1.5 or 1.6. Spec i f ic g rav i t y values greater than two 

ind ica te a peat w i th considerable amounts o f mineral s o i l content . I t should be 

noted that an accurate determinat ion o f the spec i f i c g rav i t y of peat can be very 

d i f f i c u l t because of the presence o f entrapped a i r or gases. This can be m i n i ­

mized by pu lver i z ing the oven-dr ied peat , fo l l ow ing which the spec i f i c g rav i t y 

can be obtained using standard procedures. In t h i s p a r t i c u l a r case kerosene, 

w i th a known spec i f i c g r a v i t y , i s used as the displacement f l u i d . 

( v i ) Size of f i b r e s . As might be expected, long f i b res make the peat con t i n ­

uum much stronger i n comparison to peat w i th shor t f i b r e s . Peat w i th long f i b res 

can act as a mat layer res t i ng on so f t s o i l ( F i g . 2 .11) . In the case of peat 

composed o f shor t f i b res or granules, the mater ia l w i l l respond d i f f e r e n t l y de­

pending on whether the granules are co l l o i da l i n s ize or as pa r t i c l es i n a 

mechanical mix tu re . Both c o l l o i d a l or p a r t i c l e mechanisms can e x i s t i n the same 

sample. 

( v i i ) Ac id i t y and ash content . The a c i d i t y o f peat has been reported to 

range between 3.8 and t e n , whi le the ash content may vary between zero and 95%. 

(MacFarlane, 1969). 

2.3.5 Strength cha rac te r i s t i cs o f muskeg t e r r a i n 

As stated in Chapter 3, the two prime c r i t e r i a which cont ro l t r a f f i c a b i l i t y 

are f l o t a t i o n and t r a c t i o n . As shown i n F ig. 2 . 1 1 , the general muskeg t e r r a i n 

consists o f a surface mat o f l i v i n g mater ia l supported on so f t peat deposits 

which ove r l i e so f t s o i l . Due to the excessive deformation of muskeg t e r r a i n under 

appl ied load , ( F i g . 2 .15) , and because of the f i b r o s i t y o f the l i v i n g mat, t en ­

s i l e stresses w i l l develop i n the l i v i n g mat layer . Fai lure under load may occur 

a t a plane perpendicular to the edge o f the loading tool (wheel or p l a t e - t e r r a i n 

contact perimeter) due to edge-cut t ing e f f e c t s , or to y i e l d i n g of the mater ia l 

because of excessive t ens i l e s t resses. The former i s general ly re fe r red to as 

the "punching" e f f e c t . I t i s not un l i ke l y t ha t both punching f a i l u r e and y i e l d ­

ing due to excessive t e n s i l e stresses could occur in concer t . In the case o f a 

vehic le mob i l i t y problem, f a i l u r e under load represents a lack o f f l o t a t i o n . In 

terms of t r a c t i o n mechanics t h i s w i l l represent a f a i l u r e in the mat to provide 

the means f o r development o f t h r u s t . Tract ion f a i l u r e i n the muskeg may be 
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developed due to repeated loading of the muskeg - e .g . mu l t i - veh i c l e pass. The 

high permeabi l i ty and compress ib i l i t y o f the l i v e mat and peat layer are p a r t i ­

cu l a r l y suscept ib le to the resu l tan t pumping e f f e c t created by the repeated 

load ing. In consequence, the l i v e mat w i l l sink in to the peat layer and a 

c o l l o i d o f amorphous f i n e organic mater ia l w i l l propagate to the sur face, thus 

creat ing the s i t u a t i o n f o r a lack o f t r a c t i o n . 

F ig . 2.15. Schematic representat ion o f f a i l u r e i n muskeg under loading ac t i on . 

There are some f i e l d instruments ava i lab le which can be used to "more-or- less" 

evaluate the strength charac te r i s t i cs and/or parameters o f a t e r r a i n fo r t r a f f i ­

c a b i l i t y purposes, such as p late loading (Bekker, 1969), annular r ing (Bekker, 

1969), vane-shear ( I rw in and Yong, 1980), cone penetrometer (Knight and Meyer, 

1961), and vane-cone (Yong e t a l . , 1975). Some o f these have been adapted f o r 

use in muskeg " t r a f f i c a b i l i t y " assessment - w i th various degrees o f success. 

Much obviously depends on the a b i l i t y o f the f i e l d instrument to proper ly and 

f u l l y evoke a l l the response performance charac te r i s t i cs o f the mater ial -

espec ia l l y the t e n s i l e c a p a b i l i t y o f the l i v i n g mat. 

The p late load technique i s one such method which has been adopted i n muskeg 

f i e l d tes t ing to es tab l i sh a f l o t a t i o n c r i t e r i o n . Typical load-sinkage curves 

f o r d i f f e r e n t p la te sizes under load are shown i n F igs. 2.16 and 2.17 (Lee and 

J a r r e t t , 1977). The resu l ts also show the e f f e c t o f p la te s ize and the t e n s i l e 

s t rength o f the surface mat on the p la te penetrat ion r e s u l t s . The h ighly com­

press ib le nature o f the muskeg, espec ia l ly a t the ear ly stages o f loading and at 

f a i l u r e , can be no t i ced . 

Bekker (1969) suggested the fo l low ing empir ical formula f o r evaluat ion of 

punching pressure Ρ f o r a c i r c u l a r p l a t e . 

2irb t Q τ ν + i rb2 ρ" 
(2.9) 
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Vertical Displacement, m 

F ig . 2.16. Plate bearing t es t r e s u l t s . (Lee and J a r r e t t , 1977), 

where b = p l a t e ; 

t = surface mat th ickness; 

τ ν = mat shear s t rength and 

p" = bearing pressure a t the sublayer. 
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F ig . 2.17. Averaged resu l t s f o r p la te bearing t e s t . (Lee and J a r r e t t , 1977). 

Lee and J a r r e t t (1977) suggest the fo l low ing model, fo r bearing capacity o f 

muskeg, F ig . 2.18. 

Q = Ρ + Τ 

Τ = f t- 7 r ( D + h)-h 

Ρ = 5.5.-rf-7r(D + h ) 2/ 4 

(2.10) 

where Q = t o t a l p la te load at f a i l u r e ; 

Τ = tens i l e load i n surface mat at f a i l u r e ; 

Ρ = bearing capacity o f the underly ing peat a t f a i l u r e ; 

f^ = d i r e c t t ens i l e strength o f the l i v e mat and 

τ.ρ = vane shear strength of the peat l aye r . 

I t should be noted tha t muskeg i s an iso t rop ic : thus i t is important to note 

both charac te r i s t i cs and propert ies o f the mat i n terms o f a r e f e r e n t i a l set o f 

axes since t h i s i s important in determining the d i rec t i ona l s t rength o f the mat. 

Tract ion propert ies a t the t r a c t i v e e lement - te r ra in surface in te r face can be 

obtained by using an annular shear r ing (Wong e t a l . , 1979). Typical shear 

stress-displacement re la t ionsh ips are shown in F i g . 2.19. These re la t ionsh ips 

are seen to be a funct ion o f annular r i ng geometrical dimensions, grouser spac-

ings in the annular r i ng and heights o f the grousers, normal pressure and annu­

l a r r ing mater ia l type. The use of the p la te and annular r ing techniques f o r 

p red ic t ion of vehic le performance i s discussed i n Chapter 4 . 
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I f p J 
k-D + h—*l 

Q = total plate load at failure 
Ρ = bearing capacity of underlying peat at failure 
Τ = tensile load in surface mat at failure 

Q - P + T 

F ig . 2.18. Lee and J a r r e t t (1977) model f o r ca l cu la t i on o f bearing capaci ty o f 
muskeg. 

Ο 10 20 30 
Shear Displacement, cm 

F ig . 2.19. Shearing cha rac te r i s t i cs o f muskeg mat using an annular shear p la te 
w i th grouser height o f 1 cm and grouser spacing o f 30°. 
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The standard size shear vanes used in s o i l engineering cannot be used f o r 

determining the shear s t rength behaviour o f the l i v i n g mat, not only because of 

i t s small s ize but p r i n c i p a l l y because the act ion of the shear vane i n the shear 

process does not develop the means f o r sensing the t e n s i l e c a p a b i l i t y o f the 

f i b res i n the l i v i n g mat. On the other hand, i f the peat layer beneath the mat 

consists o f s o i l pa r t i c l es to the extent tha t t h i s layer behaves as a s o i l - t y p e 

l aye r , the vane shear device could be use fu l l y employed to sense the shear 

strength of t h i s l ayer . Under these circumstances, i t i s important to note tha t 

the measured strength o f the peat layer i s a func t ion o f vane s ize (Radfor th , 

1969), as shown i n F ig . 2.20. 

Vane Shear, kPa 

0 5 10 15 20 25 

F ig . 2.20. Vane shear p r o f i l e s f o r three vane s i zes . 

Whi ls t the standard cone penetrometer has been used to provide t r a f f i c a b i l i t y 

pred ic t ions on muskeg, we should note tha t the same l i m i t a t i o n s c i t ed f o r the 

shear vane apply equal ly wel l f o r cones. I t i s indeed not possible f o r the cone 

to t e s t the t ens i l e s t rength capab i l i t y o f the l i v i n g mat. Values obtained as 

cone indices do not provide any real i ns i gh t i n t o the mechanisms generating the 

value measured. In tha t sense, and because the t e s t i s not a ra t i ona l t e s t -

when used ind i sc r im ina te l y on the f ibrous l i v i n g mat - the technique can only be 

used w i th empir ical c o r r e l a t i o n s . 
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I t should be stated tha t the cone index i s only an empir ica l i nd i ca t i on and 

not a measure o f the shear st rength o f the muskeg t e r r a i n . I f the peat layer be­

low the l i v i n g mat behaves as a s o i l l a ye r , the cone might be used as a sensing 

t o o l . Figure 2.21 shows a t yp i ca l cone index p r o f i l e f o r a muskeg t e r r a i n . Note 

tha t w h i l s t the high penetrat ion resistance measured shows the presence of the 

l i v i n g mat, we have no proper i nd i ca t i on o f the s t rength o f the f i b r e s . Since 

the peat layer below shows cha rac te r i s t i cs not un l i ke tha t o f a cohesive s o i l , 

the peat layer shows a constant cone index wi th depth, conf irming the f ac t t ha t 

t h i s layer behaves l i k e a s o f t cohesive s o i l . 

Cone Index, 100 kPa 
0 1 2 3 4 

F ig . 2 . 2 1 . Typical cone index p r o f i l e f o r a muskeg t e r r a i n , Petawawa, Ontar io . 

2.4 SNOW TERRAIN 

For proper, cont inuous, veh icu lar t rave l on snow-covered t e r r a i n , the f o l l o w ­

ing condi t ions need to be f u l f i l l e d : 

(a) s tab le snow compression, i . e . s table compression o f the underlying 

(support ing) snowpack to provide f o r support ( f l o t a t i o n ) o f the veh ic le , and 

(b) i n teg ra l t r a c t i o n (minimal s l i p ) between the vehic le t r a c t i v e element 

( t rack or wheel) and snow to a l low f o r generation o f p ropu ls ion . 

Apart from t e r r a i n impedances such as obstac les, t e r r a i n roughness and topo­

graphic s lope, the snow parameters which a f f e c t vehic le t r a f f i c a b i l i t y are gen­

e r a l l y the same as those which a f f e c t the strength and deformation o f snow. From 

an engineering po in t o f v iew, snow may be c l a s s i f i e d i n to four types . These are 

(a) f resh snow, (b) granular snow, (c) semi-bonded snow, and (d) s in tered snow, 
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as shown i n F ig . 2 .22. These types o f changes i n snow type occur w i th time and 

temperature, as shown i n F i g . 2.23. The s i g n i f i c a n t po in t to note i s the bonding 

which develops as snow matures. Fresh snow becomes s in te red w i th t ime. The gran­

u l a r i t y of snow develops w i th time - def ined as ageing - and the pa r t i c l es 

become semi-bonded, as shown i n F ig . 2.22c. With increasing t ime , t h i s snow 

becomes s in tered snow, as seen i n F i g . 2.22d. This t ransformat ion o f snow type 

which i s o f ten accompanied by changes i n densi ty and gra in cha rac te r i s t i cs i s 

seen to be a funct ion o f t ime, temperature and pressure. 

F ig . 2.22. Various snow models, showing (a) f resh snow w i th o r i g i n a l c rys ta l 
shape, (b) granular snow, (c) semi-bonded snow w i th water f i l m , and (d) s i n ­
tered snow. 

Figure 2.23 i l l u s t r a t e s the various stages and processes o f snow ageing. This 

type of rough c l a s s i f i c a t i o n provides one w i th an i n i t i a l idea o f the s t reng th , 

deformation and l i k e l y response cha rac te r i s t i cs o f the snow. Obviously f o r 

de ta i led and more precise in fo rmat ion , both f i e l d and laboratory tes ts are 

needed to derive the appropriate mechanical proper t ies of the snow being s tud ied . 

The snow parameters which could a f f e c t t r a f f i c a b i l i t y o f vehic les on snow are: 

( i ) Density. Snowpack density i s a very popular measurement i n snow c l a s s i ­

f i c a t i o n schemes but t e l l s l i t t l e about the snowpack wi thout knowledge o f gra in 

s i z e , i n s i t u temperature and thermodynamic h i s t o r y . Deposited snow ranges i n 
3 

densi ty from less than 0.1 g/cm fo r f r e s h , f l u f f y masses to dend r i t i c c r y s t a l s , 
3 

to more than 0.7 g/cm f o r snow which has been soaked wi th water or d e n s i f i e d . 
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F ig . 2 . 2 3 . Transformation diagram f o r snow type. 

Density o f snow i s def ined as: 

, , 3v = snow mass 
v9/ m ) volume of snow mass 

By and l a rge , snowpack densi ty var ies w i th age and normally has a p r o f i l e of 

values increasing from the surface downward. A knowledge o f t h i s i s important 

not only from the densi ty va r i a t i on po in t o f v iew, but also from the viewpoint 

o f d e t a i l i n g w i th respect to s t r a t i g raphy . Since i n i t i a l vehic le f l o t a t i o n r e ­

l i e s on snowpack s t a b i l i t y v i s - a - v i s bearing support , s t ruc tu ra l conf igurat ions 

i n the snowpack are important cons iderat ions. Figure 2 .2 4  shows the normal 

s t ress-dens i ty re la t i onsh ip f o r confined compression w i th con t ro l l ed deformation 

rates (Yong and Har r ison, 1978) . Curve A ind icates the t yp i ca l deformation rate 

compression t es t on i n i t i a l l y semi-bonded loose snow, whi le curve Β shows a 

t yp i ca l r e s u l t obtained from high compression ra tes . 

Figure 2 .2 5  shows the s t ress-dens i ty re la t i onsh ip f o r snows w i th varying 

i n i t i a l dens i t y , tested at a common constant s t r a i n ra te o f 0.075 % per second 

and a t a temperature o f - 13 °C. Figure 2 .2 6  shows a t yp i ca l re la t i onsh ip fo r the 

e f f e c t o f snow densi ty on the unconfined compressive s t rength o f snow. The i n t e r ­

re la t ionsh ips from these Figures, described between s t ress , s t r a i n - r a t e , i n i t i a l 

and threshold dens i t i es , are seen i n the three-dimensional representat ion shown 

i n F ig . 2 , 2 7 . Note tha t there i s a l i m i t i n g densi ty developed i n the snow, under 

compression, which i s a d i r e c t func t ion o f the snow type and the load app l ied . 

This i s i d e n t i f i e d as the threshold dens i ty . Quite obv ious ly , the densi ty 
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F i g . 2.24. Typical s t ress-dens i ty re la t ionsh ips f o r confined compression under 
con t ro l l ed deformation r a t e s . (A) No-fracture performance at low deformation 
ra tes . (B) Mic ro- f rac ture region preceding threshold densi ty a t high deforma­
t i on ra tes . 

F i g . 2.25. Stress-densi ty change curves as a func t ion o f i n i t i a l dens i ty ; con­
s tan t t e s t s t r a i n rate o f 0.075% per second a t -13°C temperature. I n i t i a l dens i ­
t i e s : A and Β = 0.281 g /cm 3; C = 0.323 g/cm3; D = 0.364 g /cm 3; Ε = 0.371 g/cm3. 
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F ig . 2.26. Unconfined compressive s t rength as a funct ion o f density f o r Peter 
snow aged 13 days or more. 

F ig . 2 .27. Threshold densi ty sur face. 

increase wi th load becomes lesser as the l i m i t densi ty approaches tha t o f i c e . 

Thus the threshold densi ty i n actual f a c t r e a l l y r e f l e c t s a l i m i t value of den­

s i t y dependent s p e c i f i c a l l y on the type o f snow. The shape o f the surface shown 

i n F i g . 2.27 can therefore be said to be i nd i ca t i ve o f the type o f snow being 

examined. 
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( i i ) Grain s ize d i s t r i b u t i o n . This is an important f ac to r r e l a t i v e to shear 

strength and po ten t ia l or actual bonding. I t i s also a fac to r i n the densi ty o f 

the pressure bulb which forms beneath the veh ic le t r a c t i o n element. The gra in 

s ize d i s t r i b u t i o n cha rac te r i s t i cs o f a snow pack are a f fec ted by age, temperature 

v a r i a t i o n s , c l ima t i c condi t ions during and a f t e r depos i t ion , and pressure due to 

snow sel fweight or external loads. Table 2.2 (Harr ison, 1981) shows a grain s ize 

range of deposited snow. Pract ica l experience ind icates tha t the highest s t reng­

ths are achieved when the snow is wel l -graded - not un l ike the s i t u a t i o n of 

coarse-grained so i l s ( i . e . sand). However, i f the snow becomes coarse-grained, 

the snow w i l l l i k e l y be cohesionless and weak (Me l lo r , 1964). 

TABLE 2.2 

Grain s ize d e f i n i t i o n s o f snow 

Term Symbol Grain size range (mm) 

Very f i n e a less than 0.5 
Fine b 0.5 to 1.0 
Medium c 1.0 to 2.0 
Coarse d 2.0 to 4.0 
Very coarse e greater than 4.0 

( i i i ) Temperature. Local temperature has a pronounced e f f e c t on the strength 

propert ies of snow. Because of day/night e f fec ts i t i s not uncommon f o r the near 

surface layer i n a snowbank to vary 20°C in a 24-hour per iod . In conjunct ion 

w i th elapsed t ime, the var ia t ions in temperature which con t r ibu te to the thermo­

dynamic h i s to ry o f snow pack w i l l thus create re la ted changes i n snow resistance 

p roper t ies . 

( i v ) Depth. Whi ls t a knowledge o f the depth o f the snow pack gives only docu­

mentary in format ion by i t s e l f , i t becomes extremely important when coupled w i th 

the s ize o f the loading ( t r a c t i v e ) elements associated w i t h a veh i c l e . In veh ic le 

operat ion in a snow pack, the e f fec ts o f vehic le sinkage compress the snow s i g ­

n i f i c a n t l y . This compressed layer can act as a proper bearing layer i f the bo t ­

tom boundary i s s i g n i f i c a n t l y d i s tan t from the loading boundary. On the other 

hand, i f the bottom boundary i s a near-boundary, the snow layer becomes s i g n i ­

f i c a n t l y confined and bearing ( f l o t a t i o n ) i s provided by both the immediate snow 

layer and the substrata below. Vehicle performance under the two preceding con­

d i t i ons are i d e n t i f i e d as oversnow and throughsnow respec t i ve ly . The per fo r ­

mance charac te r i s t i cs o f vehicles vary widely between oversnow and throughsnow 

because of the mechanisms developed i n the production o f t r a c t i o n . 

In deep snow, the pressure bulb formed from t r a c t i v e element loading w i l l not 

extend i n to the bottom boundary (ground) as seen i n F ig . 2.28. This s i t u a t i o n 
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2.5 OTHER TERRAIN EFFECTS 

2.5.1 Terra in cover 

I f the s t rength and deformation of t e r r a i n mater ia l can provide the necessary 

f l o t a t i o n and t r a c t i o n to keep a veh ic le in constant t rave l and produce the r e ­

quired pu l l f o r c e , t e r r a i n cover cha rac te r i s t i cs can cons t i tu te another fac to r 

which could r e s t r i c t veh ic le t rave l speed, or even cause t o t a l veh ic le immobil­

i z a t i o n . Terra in cover fac tors can be i d e n t i f i e d as ( F i g . 2 .29 ) , ( i ) ground 

s lope, ( i i ) obstacles (mounds and d i t ches ) , ( i i i ) vegeta t ion, ( i v ) v i s i b i l i t y , 

and (v) roughness. 

F ig . 2.28. Pressure bulb beneath a t r a c t i v e element ( t r a c k ) , (a) Deep snow, 
(b) Shallow snow. 

i d e n t i f i e s the oversnow performance of a veh i c le . The compression pressure bulb 

w i l l extend downward to the po in t at which snow pressure reaches a c r i t i c a l 

value i nd i ca t i ve of the snow response property - i . e . tha t load which the snow 

can support w i thou t s i g n i f i c a n t p l a s t i c deformat ion. Since only small pressures 

are requirpd to produce p l a s t i c compaction, the snow c r i t i c a l pressure is gener­

a l l y small i n comparison to the loading t ransmi t ted by the t r a c t i v e element. 

Consequently the compression stresses developed i n the pressure bulb are suppor­

ted p r imar i l y by the shear stresses on the bulb wal ls (Brown, 1981). 

In the case of throughsnow performance of a veh ic le , the snow layer is r e l a ­

t i v e l y shal low, and the compression pressure bulb extends i n t o the bottom bound­

ary . Thus, the pressure bulb receives a s i g n i f i c a n t amount o f bearing support 

from the ground, and the shear stress support from the bulb wal ls becomes a 

lesser s i g n i f i c a n t cons idera t ion . The e f f e c t o f shear stresses on the bulb wal l 

can thus be neglected, espec ia l l y when the t r a c t i v e element width i s la rger than 

the snow laye r . 
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ground slope 

F ig . 2.29. Types o f t e r r a i n cover. 

( i ) Ground slope. The maximum ground slope which a vehic le can climb i s an 

important performance c r i t e r i o n , espec ia l ly f o r o f f - r oad vehicles operat ing in 

mining areas or construct ion s i t es where s i g n i f i c a n t ground slopes can be en­

countered. Vehicle motion resistance increases because of the g rav i t a t i ona l com­

ponent o f the vehic le along the slope ( F i g , 2 .30) , where r e d i s t r i b u t i o n o f v e h i ­

c le weight on i t s t r a c t i v e elements r e s u l t s . The over turn ing moment due to veh i ­

c le weight component along the slope and the height o f the veh ic le centre o f 

g rav i t y can be c i ted as the cause f o r r e d i s t r i b u t i o n of the veh ic le weight on 

i t s t r a c t i v e elements. 

F ig . 2.30. Vehicle body fo rces . 

( i i ) Obstacles. These include surface features such as boulders, stumps, 

l ogs , d ikes , potholes, mounds, d i t ches , e t c . , which cause impediments to veh i ­

c l e s . These w i l l cause a vehic le to over - r ide slowly or implement procedures to 

circumvent the obstac le . Manoeuvering around obstacles w i l l general ly requi re 

add i t iona l t r ac t i on forces to account f o r s t ee r i ng , in p a r t i c u l a r f o r any d i s -
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tance between any two obstacles not less than two vehic le lengths. 

Two c r i t e r i a are required f o r a vehic le to over - r ide an obs tac le . These are: 

(1) The requirement tha t there be no in ter fe rence between the obstacle and 

the bottom p r o f i l e o f the v e h i c l e . 

(2) The requirement tha t there i s enough t r a c t i o n a t the t r a c t i v e element-

s o i l i n te r face (assuming tha t the veh ic le engine has un l im i ted power). Figure 

2.31 shows a schematic representat ion of how some o f these obstacles might 

appear i n a veh i c l e - r i de s i t u a t i o n . 

direction 

of travel 

obstacle spacing (OBS) 

approach angle b a se w l d tn ( B W) 

A ^J^* 

height 

Fig . 2 . 3 1 . Obstacle dimensions. 

( i i i ) Vegetat ion. This may be considered as a type o f obs tac le . Resistance to 

veh ic le motion is caused by vegetat ion when the veh ic le attempts to over - r ide i t , 

and i t i s general ly categor ized on the basis of stem diameter. A l t e r n a t i v e l y , as 

in the case of obstac les, manoeuvering around vegetat ion w i l l be requ i red, thus 

necess i ta t ing add i t iona l t r a c t i o n fo rces . 

( i v ) V i s i b i l i t y . This i s also re fe r red to as d r i ve r recogni t ion d is tance, 

and i s a weather cha rac te r i s t i c f o r the t e r r a i n under cons idera t ion . V i s i b i l i t y 

cont ro ls the maximum speed a t which a d r i v e r may proceed, subject to any one o f 

these f a c t o r s , (a) vehic le braking f o r ce , (b) veh ic le t r a c t i v e force on the 

corresponding t e r r a i n sur face, (c) veh ic le decelerat ion of not more than twice 

the g rav i t a t i ona l acce le ra t i on . 

(v) Roughness. This can be def ined as ground surface i r r e g u l a r i t i e s . When a 

vehic le t rave ls on such ground sur faces, the resu l tan t v ib ra t ions generated are 

general ly f e l t i n the v e r t i c a l d i r e c t i o n . The magnitude of the v ib ra t i ons i s 

measured i n terms of " instantaneous" acce le ra t ion , or ca lcu lated from accelero-

meter readings i n terms of the generated power. The generated v ib ra t i ons are a 

func t ion o f t e r r a i n roughness, t e r r a i n mater ia l dynamic p roper t i es , veh ic le dy­

namic cha rac te r i s t i c s and t r ans l a t i ona l speed. From human engineering tes ts on 

power absorbing c a p a b i l i t i e s o f d r i ve rs o f veh i c l es , i t has been establ ished 

tha t there i s a l i m i t i n g power which the human body can absorb, beyond which 

sensible conduct w i l l no longer p r e v a i l . Translated in to vehic le terms, we note 
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tha t the maximum speed which a vehic le can t rave l on a rough t e r r a i n i s the 

speed a t which the generated absorbed power a t the d r i ve r seat is s i x watts 

(Murphy and A h l v i n , 1976). 

Surface roughness can be described using s t a t i s t i c a l methods f o r reducing 

data o f continuous p r o f i l e o f ground surface (power spectra l dens i t y ) . Terra in 

data are co l lec ted i n terms of e levat ion and regular s ta t i on i n te r va l s using 

land survey or ae r ia l photography techniques. Figure 2.32 shows a technique f o r 

ca lcu la t ing the root mean square (RMS) o f a rough t e r r a i n . 

F ig . 2.32. Example o f t e r r a i n roughness charac ter iza t ion f o r RMS. 

2.6 SUMMARY 

There are f i v e major classes o f s o i l types f o r t r a f f i c a b i l i t y purposes. These 

are (a) cohesive, (b) cohesionless, (c) mixed s o i l , (d) muskeg, and (e) snow. 

The charac te r i s t i cs of these types o f mater ia l f o r t r a f f i c a b i l i t y purposes d i f f e r 

widely and must be assessed i f proper performance o f the veh ic le is to be 

des i red. Methods fo r ca l cu la t i ng t h e i r basic propert ies together w i th the 

methods f o r s o i l , muskeg and s o i l c l a s s i f i c a t i o n are presented i n t h i s Chapter 

to permit one to evaluate the t e r r a i n c h a r a c t e r i s t i c s . In add i t ion to t e r r a i n 

cover propert ies and c h a r a c t e r i s t i c s , we should note tha t the types o f impedi­

ments which could immobil ize the vehic le or l i m i t i t s performance are t e r r a i n 

roughness, obstac les , and v i s i b i l i t y . 
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NOMENCLATURE 

C cohesion 

Ρ bearing capacity a t f a i l u r e 

Q t o t a l p la te load a t f a i l u r e 

S r sa tura t ion degree (%) 

Τ tens i l e load a t f a i l u r e 

V t o t a l volume 

Va volume of gas 

V$ volume o f so l ids 

Vv volume o f voids 

W t o t a l weight 

Ww weight o f water 

b p la te radius 

e void r a t i o 

f t d i r e c t t ens i l e s t rength of the l i v e mat 

η poros i ty 

p" bearing pressure o f the sublayer 

t Q surface mat thickness 

γ u n i t weight o f s o i l 

Y d dry densi ty o f s o i l 

Y t n threshold densi ty 

γ densi ty o f water 
ω 

σ t o t a l normal stress 

τ shear s t rength 

vane shear s t rength of the peat layer 

τ ν mat shear s t rength 

ω water content 



43 

Chapter 3 

MOBILITY ELEMENTS AND REQUIREMENTS 

3.1 ELEMENTS OF VEHICLE TERRAIN INTERACTION 

The primary purpose of a veh ic le t r a c t i v e element is to provide s u f f i c i e n t 

(a) f l o t a t i o n and (b) t r a c t i o n required f o r moving a vehic le between two po in ts . 

For conventional o f f - road veh i c les , t r a c t i v e elements provide t r a c t i o n and f l o ­

t a t i o n as dr iven ty res or t r a c k s , or provide f l o t a t i o n only as towed ty res or 

t racks . 

For non-conventional vehic les - such as hybr id a i r cushion systems, f l o t a t i o n 

i s provided by an a i r cushion and propuls ion i s provided by e i the r dr iven wheels 

or p rope l le rs . For screw-type swamp veh ic les , t r a c t i o n and f l o t a t i o n are p rov id ­

ed by Archimedes' screw. Figure 3.1 i l l u s t r a t e s the d i f f e r e n t types of veh ic le -

t e r r a i n i n t e rac t i on elements. 

TYRE (rigid or pneumatic) TRACK (flexible or rigid) 
•+-•4—4- -e 

MARSH SCREW 

AIR CUSHION 

7 ] [ i 
SLIDING WALKING 

Fig . 3 . 1 . Types of t r a c t i v e elements. 

3.1.1 F l o ta t i on 

F lo ta t i on is def ined as the a b i l i t y of a veh ic le t o t rave l wi thout excessive 

sinkage. Sinkage i s con t ro l l ed by veh ic le c learance, beyond which the drag 

forces become excessively l a rge , and the vehic le w i l l be immobil ized. The amount 

of al lowable sinkage i s con t ro l l ed by the cond i t ion under which the vehic le ope­

ra tes . For example, a g r i c u l t u r a l or f o r e s t r y sinkage should be minimal to avoid 

any change in the physical cha rac te r i s t i c s of s o i l . Swamps, desert or snow t e r ­

ra ins have no set c r i t e r i a to def ine the permissible amount o f s inkage. In gen-
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e r a ! , the amount of sinkage should be minimal to avoid any unexpected env i ron­
mental detr imental e f f e c t s . 

3.1.2 Tract ion 

Tract ion can be defined as the a b i l i t y of the veh ic le t r a c t i v e element to 

generate enough forces to overcome a l l types of veh ic le r e s i s t i n g fo rces . These 

t r a c t i v e forces should be generated wi thout excessive s l i p or t e r r a i n surface 

damage, and should be in equ i l i b r ium wi th the torque produced at the wheel hub 

or t rack d r i v i ng sprocket. The object ives of t r a c t i v e elements, in add i t i on to 

f l o t a t i o n and t r a c t i o n , are to provide (a) b rak ing , (b) s t ee r i ng , (c) obstacle 

or slope cl imbing a b i l i t y , and (d) a mount t o absorb shocks. 

3.2 FLOTATION AND TRACTION ELEMENTS 

D i f fe ren t types of t r a c t i v e elements are used w i th o f f - road veh ic les . These 

are : 

3.2.1 Rig id wheels 

Rigid wheels have been used since ancient c i v i l i z a t i o n as a means of t r ans ­

f e r r i n g veh ic le load to ground during t r a v e l . They requi re a minimum amount of 

maintenance, but are general ly penalized by t h e i r heavy weight , and high noise 

and v ib ra t ions when used on rough surfaces. Rigid wheels have been used fo r 

ear ly models of a g r i c u l t u r a l t r ac to r s and are s t i l l being used f o r some con­

s t r uc t i on equipment ( ro l le r -compact ion) where the veh ic le v e l o c i t i e s are very 

low. For high speed veh ic les , r i g i d wheels cannot be used since the shock and 

v i b r a t i o n generated from the uneven roughness of the t e r r a i n surface can be 

detr imental to the vehic le and on r i de comfort. Nowadays, r i g i d wheels are by 

and large l i m i t e d only to ra i lways where the smoothness of r a i l and wheel surface 

provide a s i t u a t i o n where high speed wi th r i de comfort can be achieved. 

3.2.2 Tyres 

A t y re forms a torus of a complex f l e x i b l e re in forced composite mater ia l sur­

rounding a steel hub and f i l l e d up w i th a i r under pressure. I t has more or less 

expanded r i bs on the r o l l i n g t read . The d i f f e r e n t types of torus shapes and con­

s t ruc t i on are selected according to the type of t y re app l i ca t i on . In genera l , a 

t y re i s character ized by the t y re const ruc t ion t ype , (F ig . 3 .2 ) , mounting data , 

ply r a t i ng and other dimensions such as tha t shown in F ig . 3.3. 

The type of app l i ca t i on (of ty res as t r a c t i o n elements) can be d iv ided i n t o 

four broad ca tegor ies , each of which is comparatively unique (Finney, 1961). 
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Radial Ply Bias Ply 

F ig . 3.2. Tyre const ruct ion type (Turnage, 1978). 

(1) In the const ruct ion f i e l d , as t y p i f i e d by dam, waterway and highway pro­

j e c t s which requi re movement of large quan t i t i es of earth and rock. In t h i s type 

of serv ice , speeds as high as 40 to 80 km/hr, length of haul t o 16 km, and size 

of loads and equipment t o 75 cu. m capac i ty , are general ly expected. 

(2) In the logg ing , mining and petroleum indust r ies - heavier un i ts such as 

mobile cranes and se l f -conta ined pumps and power p lan ts , are used. This demands 

t y re types w i th high f l o t a t i o n cha rac te r i s t i cs and load-car ry ing capac i t ies . 

(3) In m i l i t a r y operat ions. In t h i s f i e l d the various types of tyred vehic­

les are expected to operate over a great va r i e t y of surfaces in cross-country 

t ranspor t . R e l i a b i l i t y i s of p a r t i c u l a r importance. 

(4) In general t ranspor ta t ion i n to newly developed areas wi thout adequate 

highways or rai lways - such vehicles must have f l o t a t i o n and m o b i l i t y capab i l i t y 

under heavy loads, wi thout the need f o r extensive preparat ion and maintenance of 

roads or t racks . 

3.2.3 Tyre sizes and types 

The growth of o f f - road operations has brought about a great d i v e r s i f i c a t i o n 

in ty res to meet a l l service requirements. 

( i ) Number of s izes. Tyres have become larger both i n cross-sect ion and i n 

rim diameter. Larger tyres permit higher loads per t y re wi thout s a c r i f i c i n g f l o t ­

a t i o n . 

( i i ) Conventional vs wide base. Two types of tyres now ex i s t (D 'Ave l lo , 1964) 

namely, conventional and wide base. Figure 3.4 i l l u s t r a t e s the d i f ferences bet­

ween these two types of t y res . Without changing r im diameter or t y re overa l l 

diameter, the cross-sect ion width can be increased by using a wider r im. With 
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F ig . 3.3. Tyre geometrical cha rac te r i s t i c s (adapted from Meyer, 1977). 

the same t y re loadings, i n f l a t i o n pressures on the wide-base t y re can be reduced. 

The wider cross-sect ion gives improved t r a c t i o n and f l o t a t i o n and the lower un i t 

ground pressure can improve the resistance to damage from stones and other ob­

j e c t s . 

( i i i ) Low sect ion-height t y res . The wide base p r i n c i p l e can be extended i n t o 

low sect ion-he ight t y res . Figure 3.5 compares two t y re types. The low sec t ion -

height shape makes possible a wider cross-sect ion f o r improved f l o t a t i o n wi thout 

increasing overa l l diameter or t y re weight , as would have been necessary i f con­

vent ional t y re shapes had been maintained. 

( i v ) Single vs dual . Another app l i ca t ion of the low-sect ion height p r i n c i p l e 

is in the use of la rger s ing le tyres to replace dual t y r e s , (F ig . 3 .6 ) . Although 



contact area 

Conventional Tyre Terra-Tyre 
10% to 15% deflection 25% deflection 

Fig . 3.4. Conventional and wide-base t y res . (D 'Ave l l o , 1964). 

F ig . 3.5. Example of low sect ion-he ight off-highway t y r e . (Finney, 1961). 

F ig . 3.6. Sand t y r e . Single to replace dua l . (Finney, 1961). 

the change from dual ty res to one large s ing le t y re reduces t o t a l ground con­

t a c t area, experience has shown tha t f l o t a t i o n and mob i l i t y are improved w i t h ­

out reduct ion in t o t a l load-car ry ing capac i t y , (Finney, 1961). 

(v) Tread pa t te rn . A l l off-highway operations do not need the same degree 
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of t r a c t i o n . As a r e s u l t , separate tread designs are used f o r d i f f e r e n t degrees 

of t r a c t i v e e f f o r t . 

3.2.4 Tyre t r a c t i o n 

( i ) Maximum t r a c t i o n . Figure 3.7a shows a representat ive t read pat tern des­

igned fo r maximum t r a c t i o n requirements, as in a g r i c u l t u r a l t r a c t o r s , ear th mov­

ing or excavation operat ions. Figure 3.7b shows a v a r i a t i o n of t h i s pat tern in 

which deep grooves have been added to the t r a c t i o n elements to reduce rubber 

mass and provide lower t y re operat ing temperatures in high-speed serv ice . 

( i i ) Medium t r a c t i o n . Figure 3.7c i l l u s t r a t e s a medium t r a c t i o n design used 

mainly in m i l i t a r y operat ions, and F ig . 3.7d shows a design which is supposed to 

provide extra t r a c t i o n in o f f - road operations w h i l s t s t i l l performing sa t i s f ac ­

t o r i l y i f used part of the time on the highway. 

( i i i ) Free- ro l1 ing. Figures 3.7f and 3.7g show two types of tread design 

widely used on f r e e - r o l l i n g wheels. 

( i v ) Special requirements. Unusual serv ice condi t ions sometimes demand a 

special choice of t read p a t t e r n . In muskeg and deep snow opera t ion , high f l o t a t ­

ion and t r a c t i o n are required and hence t e r r a tyres ( F i g . 3.7e) are used. In 

desert operations maximum t r a c t i o n i s necessary but the use o f an aggressive 

design is not always recommended because the t y re may tend to "d ig i n " , and be­

come stuck when a "no-go" s i t u a t i o n is encountered ( i n so f t sand). In t h i s case, 

a r ibbed design, such as in F ig . 3 .7h, could be used where the lack of t r a c t i o n 

elements is o f f se t by the large ground contact area. Snow has problems s i m i l a r 

to sof t sand. Figure 3.7i i l l u s t r a t e s a shallow-depth design which has been suc­

cessful on powered as wel l as f r e e - r o l l i n g wheels. 

Tyres must possess the cha rac te r i s t i c s of d u r a b i l i t y , load car ry ing a b i l i t y , 

speed c a p a b i l i t y and low operating temperature - to the degree which service r e ­

quirements demand. High t e n s i l e cord mater ia ls must be used as reinforcement to 

provide s u f f i c i e n t s t rength and f l e x i b i l i t y t o the t y r e s , and t y r e mater ia l 

should be character ized by toughness and high abrasion resistance and low heat 

generation during opera t ion . 

3.2.5 Tracks 

Tracked vehicles are the ones which t ransmit loads to the ground through a 

system of wheels running over a mobile road which i s the t r ack . The t rack i s 

simply an endless be l t or chain dr iven by a sprocket ( f r o n t or r e a r ) . General ly , 

there are two types of s t i f f n e s s c l a s s i f i c a t i o n f o r t r a c k s , (a) f l e x i b l e , and 

(b) r i g i d . This s t i f f ness is a func t ion of t rack const ruc t ion mater ia l ( s t e e l -

rubber ) , tension in the t rack b e l t , road wheels c h a r a c t e r i s t i c s , spacings and 

suspension system. Tracked t r a c t i o n systems are genera l ly used in vehic les which 
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F ig . 3.7a-d and f - i . Off road ty re types (Finney, 1961). F ig . 3.7e. Terra ty re 
f o r muskeg and snow (Gasslander, 1982). 
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have to operate on very so f t so i l s wh i l s t car ry ing large loads. Tracks have 

adverse cha rac te r i s t i c s when compared w i th wheels from the point of view of 

s t e e r a b i l i t y , manoeuverabi l i ty, no ise, maintenance and l i m i t e d speed. They do 

however, have the advantage of high f l o t a t i o n and t r a c t i o n . 

For const ruct ion equipment such as cranes and excavators supported on smooth 

r i g i d t racks w i th maximum contact l eng th , (angles of a t tack and escape are 

minimum), bet ter s t a b i l i t y and f l o t a t i o n are required since they are more c r i t i ­

cal in these types of services than high t r a c t i o n or speed. Earth-moving vehic les 

are general ly required t o generate high drawbar-pul l fo rces. Hence they are 

equipped w i th t racks which can provide high f l o t a t i o n and t r a c t i o n . In t h i s case, 

t racks are equipped w i th grousers w i th d i f f e r e n t pat terns in order to provide 

high t r a c t i o n . Vehicles operat ing on snow or muskeg are equipped wi th l i g h t rub­

ber f l e x i b l e t racks f o r high f l o t a t i o n and t r a c t i o n . Vehicles operat ing in v a r i ­

ous t e r r a i n condi t ions which requi re m o b i l i t y and high speed have t racks which 

are character ized by f l e x i b l e t racks w i th small p i t c h , high abrasion res is tance 

and toughness to minimize the e f fec t of noise and v ib ra t i ons on the veh ic le body. 

Tracks should have high d u r a b i l i t y , minimum j o i n t f r i c t i o n res is tance , and have 

d i f f e r e n t surface t read pa t te rns , grouser shapes f o r bet ter t r a c t i o n and f l o ­

t a t i o n . 

3.2.6 A i r cushion vehic le 

These types of vehic les are supported on a cushion of a i r , by fo rc ing i t 

through special s k i r t s mounted beneath the veh ic le . In t h i s case the ground 

pressure and the a i r escape ve loc i t y beneath the vehic le s k i r t s are in the range 

of 4 kPa and 50 m/sec respec t i ve ly . 

A i r cushion vehicles can be operated successfu l ly over swamps, snow, or cohes­

ive s o i l , but cause excessive dust generat ion and s o i l erosion on loose s o i l . 

For forward mot ion, s t e e r a b i l i t y and brak ing, these vehic les should be equipped 

wi th other systems fo r t r a c t i o n such as t y r e s , t racks or p rope l le rs . Figure 3.8 

i l l u s t r a t e s these types of hybrid a i r cushion veh ic le . 

3.2.7 Walking elements 

Whilst walking locomotion is the most e f f i c i e n t method f o r t r a c t i o n , i t s d i r ­

ect use as a vehicle-ground surface t r a c t i v e mechanism i s s t i l l in the research 

stage. The d i f f i c u l t y of obta in ing uniform stable motion using walking mechani-

isms is due to (a) d i f f i c u l t y of synchronizat ion between the d i f f e r e n t l egs , (b) 

s t a b i l i t y of the veh i c l e , espec ia l l y i f the number of legs i s sma l l , (c) d i f ­

fe rent d i rec t i ons of mass forces of the d i f f e r e n t veh ic le legs , (d) impact e f ­

f ec t when the fee t contact the ground and the momentum generated when leaving 

the ground, (e) high torque required f o r moving leg j o i n t s , ( f ) b rak ing, and (g) 

s tee r i ng . Figures 3.9a and 3.9b show the ava i lab le suggested walking mechanisms. 
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F ig . 3 .8 . Hybrid a i r cushion-wheeled vehic le (Adapted from Ber t in and Ber the lo t , 
1967). 
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F ig . 3.9a. Proposal f o r a mul t i - legged walk ing vehic le ( S i d d a l l , 1964). 

F ig . 3.9b. Schematic diagram o f Mara to r i ' s 'Golden Horse' ( L i s t o n , 1964). 
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3.3 TERRAIN SUPPORT AND INTERFACE REQUIREMENTS 

In te rac t ion between vehic le and t e r r a i n which i s achieved through the running 

gear system - wheel system, t rack /dev i ce , or some other equivalent system - w i l l 

produce react ion and responses at the t e r r a i n i n te r f ace . For optimum m o b i l i t y 

purposes, i t i s desi rable tha t the vehic le be able to move from one point to 

another w i th the least amount of wasted motion and energy input . To achieve t h i s , 

the veh ic le must not only be supported by the t e r r a i n ( f l o t a t i o n ) but must also 

provide s u f f i c i e n t resistance c a p a b i l i t y wherein th rus t can be developed between 

the running gear and t e r r a i n mater ia l i t s e l f w i th minimal s l i p loss. The greater 

the a b i l i t y of the t e r r a i n mater ia l and the in te rac t ions at the in te r face to 

t rans fe r the th rus t ac t ion i n to the substrate - the bet ter i s the c a p a b i l i t y of 

the veh ic le t o achieve maximum t r a c t i v e e f f o r t . 

Immobi l izat ion of a veh ic le can ar ise as a r esu l t of lack of ground support 

or lack of st rength in the t e r r a i n to provide the means f o r development of 

t h r u s t . The r esu l t of these de f i c ienc ies can be demonstrated i n terms of (a) 

sinkage immobi l i za t ion , i . e . lack of f l o t a t i o n , where the vehic le sinks in to 

the support ing t e r r a i n because of i t s i n a b i l i t y to support the veh i c l e , and (b) 

s l i p immobi l izat ion where the vehic le cannot propel i t s e l f forward because of 

i t s i n a b i l i t y to t rans fe r the th rus t from s u r f i c i a l s l i p motion to substrate 

t h rus t . Note tha t w i th proper design cons idera t ions , s l i p immobi l izat ion can be 

minimized - provided tha t t e r r a i n support c a p a b i l i t y i s ava i l ab le . One should 

also observe tha t there are obviously combinations between the two primary mech­

anisms f o r immobi l izat ion - e.g. the phenomenon of a veh ic le "d igg ing" i t s e l f 

i n t o the ground because of i n i t i a l excessive s l i p development. 

In the assessment of t r a f f i c a b i l i t y of a p a r t i c u l a r piece of t e r r a i n , the 

need to be able to determine the a b i l i t y of the t e r r a i n to provide f l o t a t i o n 

and t r a c t i o n th rus t c a p a b i l i t y i s apparent. In organic t e r r a i n , the a b i l i t y of 

muskeg, f o r example, to support loads cannot necessar i ly be taken as an i nd i ca t ­

ion of the muskeg to provide f o r t r a c t i o n c a p a b i l i t y . The ac t ion of t h rus t ap­

p l i e d a t the sur face, i f not proper ly addressed, may tear the surface cover and 

hence degrade the cover to the extent tha t load support c a p a b i l i t y can no longer 

be ava i l ab le . Thus, i f optimum m o b i l i t y is to be achieved on such t e r r a i n u n i t s , 

the in te rac t ions tha t must occur at the t e r r a i n surface must ensure that no d i s ­

rup t i ve shearing forces or mechanisms are allowed t o dominate the energy t r ans ­

f e r mechanics. 

3.4 MECHANISMS OF TRACTION 

Tract ion i s the a b i l i t y of the veh ic le t r a c t i v e element (wheel- t rack) to gen­

erate enough forces to overcome a l l types of veh ic le r e s i s t i n g f o r ces , and hence 

keep the vehic le in constant t r a v e l . The t r a c t i o n mechanism i s dependent on the 

t r a c t i v e element type (a) wheel or t r a c k , and (b) ground support type which 
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could be c l a s s i f i e d as: 

(1) cohesive s o i l ( so f t c l ays , swamps), 

(2) granular so i l (sand beaches, d e s e r t ) , 

(3) mixed s o i l ( c o h e s i v e / f r i c t i o n - loam, t i l l ) , 

(4) muskeg (organic f i b r e s - l i v e , decomposed, organic mater ia l supported on 

sof t s o i l s ) , and 

(5) snow, which possesses "cohesive and f r i c t i o n a l " proper t ies varying w i th 

time and temperature, accompanied by high c o m p a c t i b i l i t y , (Chapter 2 ) . 

Soft cohesive so i l s represent a severe cond i t ion f o r the t r a c t i v e performance, 

wh i l s t cohes i ve - f r i c t i ona l so i l s perhaps represent the more commonly encountered 

s o i l s . Muskeg represents severe cond i t ion f o r the t r a c t i v e performance, where 

the t r a c t i o n should be generated at the surface of the mat layer wi thout tear ing 

i t (minimum s l i p ) . The mat works as a f l o t a t i o n r a f t over the so f t c lays . Thus, 

destroying i t severely l i m i t s the c a p a b i l i t y of the muskeg t e r r a i n to support 

the veh ic le . 

3.4.1 Wheel-soft c lay t r a c t i o n mechanism 

Assume tha t a c o n s t i t u t i v e equation of the form τ ( p , I ) can be postulated f o r 

the y i e l d point in shear of the so i l at the wheel -so i l i n te r f ace . I i s the 

s t r a i n - r a t e inva r ian t and ρ i s the pressure. The tangent ia l s t r ess , τ , can then 

be defined in the fo l low ing manner: 

[τ ] < τ 5( ρ , Ι ) (3.1) 

This fo l lows because the shear stress at a point in the t h i n surface layer of 

so i l (or in a layer p a r a l l e l and close to the surface) i s less than on the s l i p ­

ping surface at t h i s po in t . The equa l i t y holds i f the surface of contact is a 

s l i p sur face, tha t i s , the maximum value of the tangent ia l stress is given by 

the r e l a t i o n : 

[ τ ] = τ 5( ρ , Ι ) (3.2) 

Prandtl (1949) has shown fo r an ideal p l a s t i c mater ia l moving between rough 

platens tha t the f low boundary i s a s l i p plane, and tha t on t h i s s l i p plane the 

tangent ia l stresses reach the value ΐ = k, i . e . , the shear stress of the mater­

i a l . I t i s e s s e n t i a l , however, that the normal pressure ρ on the surface be 

greater than a cer ta in value ρ . This cond i t ion i s s a t i s f i e d when the contact 

pressure is a few times la rger than the y i e l d stress of the ma te r i a l . 
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3.4.2 Wheel-sand t r a c t i o n mechanism 

One of the basic mechanisms of dry surface f r i c t i o n i s the p l a s t i c deformat­

ion of a t h i n layer . In metals, i t i s customary to t a l k about p ro jec t ions on 

the surface. These pro jec t ions act independently at small pressures and the 

e f f e c t i v e cross-sect ional area is the sum of these p ro jec t i ons . Since the 

e f f e c t i v e area in shear which determines the capaci ty of these pro jec t ions f o r 

a shearing stress i s d i r e c t l y propor t ional to the area of the p ro j ec t i ons , the 

f r i c t i o n a l stress w i l l be d i r e c t l y propor t ional to the pressure p. This r e l a t i o n 

is usual ly expressed as Coulomb's law, and can be w r i t t e n a t : 

where μ = c o e f f i c i e n t of f r i c t i o n . 

The f r i c t i o n a l stress can have the values given i n eqs. (3.1) and (3.3) only 

at points of contact of the surface where there is r e l a t i v e v e l o c i t y , i . e . the 

r im v e l o c i t y (r.co) must be d i f f e r e n t from the s o i l v e l o c i t y V (car r iage ve loc i t y 

plus instantaneous so i l v e l o c i t y ) . Points on the contact surface where the t rue 

s l i p v e l o c i t y V$ = r.co - V = 0, are zones of adhesion, and in these zones s t a t i c 

f r i c t i o n app l ies . These zones of adhesion can be looked upon as changes i n the 

sign of μ. Equations (3.1) and (3.2) are the approximate laws of surface f r i c ­

t i o n which can be used in the t o t a l deformation theory. 

3.4.3 Wheel-mixed so i l t r a c t i o n mechanism 

The t r a c t i o n mechanism at the wheel -so i l i n te r face f o r mixed s o i l can be 

v isua l i zed as a combination of both cohesive so i l react ing mechanisms, which are 

s t r a i n ra te dependent, and f r i c t i o n a l s o i l react ing mechanisms which are mainly 

Coulomb f r i c t i o n . In t h i s s i t u a t i o n the wheel -so i l tangent ia l forces are a func­

t i o n of so i l s t rength parameters (cohesion C and f r i c t i o n angle φ ) , r e l a t i v e 

s l i p at the wheel -so i l i n t e r f a c e , and s l i p v e l o c i t y . 

3.4.4 Wheel-snow t r a c t i o n mechanism - shallow snow 

The t r a c t i o n cha rac te r i s t i cs developed at the wheel-snow in te r face are com­

plex because of the h igh ly compressible nature of snow and also because i t s p ro­

per t ies are t ime , pressure and loading ra te dependent. For shallow snow, a p p l i ­

ca t ion of load from wheel motion compresses the snow in a f r o n t - t o - r e a r mode 

consis tent w i th wheel t rave l and a ra te governed by wheel t rave l speed and s ink -

age. Maximum compression occurs at the bottom dead centre of the wheel. Compres­

sion of snow increases i t s dens i ty . By and l a rge , because of the r i g i d bottom 

boundary c o n d i t i o n , no general shear f a i l u r e occurs - i . e . only l oca l i zed shear 

f a i l u r e occurs a t the i n te r f ace . 

(3.3) [ τ ] = UP 
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3.4.5 Wheel-muskeg t r a c t i o n mechanism 

As prev ious ly discussed, a muskeg mat consists of l i v e vegetat ion w i th r e l a t ­

i ve l y high t e n s i l e s t rength . The vegetat ion rooted through a l i v e mat consists 

mainly o f organic f i b rous mater ia l fo l lowed by a decomposed organic mater ia l 

mixed w i th s i l t and c lay . The water tab le i s genera l ly always at or above the 

ground surface and the l i v e mat, to a l l i n ten ts and purposes, f l o a t s on the top 

of i t s sublayer. Thus development of t r a c t i o n mechanisms should r e l y mainly on 

the f r i c t i o n stresses between the t y re and the vegetat ive cover wi thout severe 

tear ing of the mat layer . Destruct ion of the mat layer through tear ing of the 

root system, or bunching, w i l l genera l ly r esu l t in sinkage or immobi l izat ion be­

cause of the lack of f l o t a t i o n , A low ground pressure i s des i rab le to minimize 

the amount of t y re sinkage. 

3.4.6 Factors a f f e c t i n g tyre-ground surface t r a c t i o n c o e f f i c i e n t s 

The t r a c t i o n c o e f f i c i e n t f o r a t y r e can be def ined as the r a t i o between i t s 

d r i v i ng force and load. The d r i v i n g force is the sum of the tangent ia l forces at 

the wheel -so i l i n te r f ace . For a r i g i d t y r e , i t i s equal t o the d r i v i ng torque 

d iv ided by i t s rad ius. For a pneumatic t y re moving on a r i g i d , non-y ie ld ing , 

sur face, i t i s equal to the d r i v i ng torque d iv ided by the t y re r o l l i n g rad ius , 

(F ig. 3.10). 

Iw 

I 
I 

W W / / ρ 
τ 

motion resistance 

F ig . 3.10. Forces act ing on a moving t y r e . 
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The s i g n i f i c a n t f ac to rs in f luenc ing the t r a c t i o n c o e f f i c i e n t of a t y re are 

s o i l t ype , t read c o n f i g u r a t i o n , diameter, w i d t h , wheel l oad , i n f l a t i o n pressure, 

and t y r e s t ruc tu re . 

( i ) Tread con f i gu ra t i on . Improvement of t r a c t i o n through the "su i tab le de­

s ign " of ty re t read conf igura t ion has always been conceived as being one of the 

p r i nc ipa l con t r i bu to rs . Tyre treads w i th varying degrees of "aggressive" ac t ion 

have been tested (cont inuously) to determine t h e i r d i r e c t in f luence on t r a c t i o n 

product ion. Whilst no real analysis formulat ions have been derived to s p e c i f i c ­

a l l y quant i f y the degree of t read "aggress iv i t y " in r e l a t i o n to t r a c t i o n produc­

t i o n , much experience wi th t read design and geometry on t y r e performance has 

been gained i n recent years - through systematic t e s t s . Figure 3 . 1 1 , f o r example, 

demonstrates the e f fec t of a simple wheel surface cond i t ion f o r wheels moving on 

sof t cohesive s o i l , (Yong e t a l . , 1980). S imi lar types of curves can obviously 

be generated fo r various types of surface features ( t read design) . However, we 

should note that unless a means fo r q u a n t i t a t i v e l y r e l a t i n g tread features to 

t r a c t i o n production i s developed, the only recourse ava i lab le f o r choice of 

t read pat tern f o r t r a c t i o n production remains one of d i r e c t experience and cor­

roborat ive t e s t i n g . 

Special tyres w i th aggressive t read conf igura t ion are used i n marshy ground 

w i th wet and s l ippery surface cond i t ions . Tyre chains, add i t iona l g r ip t y r e s , 

and spade wheels, are commonly used to increase t r a c t i o n forces on so f t sur­

faces. Increased t r ac t i on i s achieved through the development of t y r e - s o i l t a n ­

gent ia l forces which depend on so i l c u t t i n g , and not on t y re mate r ia l - so i1 

i n t e r f a c i a l c h a r a c t e r i s t i c s , as i s the case of i n t e r a c t i o n w i th smooth wheel 

sur face. 

( i i ) Tyre diameter. This has a s i g n i f i c a n t e f f ec t on the development of 

t r a c t i o n forces. For the same t y re cha rac te r i s t i c s (w id th , i n f l a t i o n pressure 

and load ) , the t r a c t i o n c o e f f i c i e n t increases w i th increasing t y re diameter and 

load. The increased length of the t y re contact patch serves as a bene f i c ia l 

f ac to r in the t r ans fe r forces from ty re - in to -ground wh i l s t keeping motion r e s i s ­

tance at a minimal value. 

( i i i ) Tyre w id th . For the same nominal ground pressure, increasing t y re 

width increases the f l e x i b i l i t y of the t y r e and genera l ly ass is ts in the deve l ­

opment of un i fo rm i ty of pressure a p p l i c a t i o n . Whi lst t h i s might increase t r a c t ­

ion c a p a b i l i t y , the increased width of the t y re could produce more motion r e ­

s istance. The t r i c k in es tab l ish ing a width and diameter cha rac te r i s t i c insofar 

as t r a c t i o n production i s concerned, is to opt imize the width:diameter r a t i o to 

achieve (a) contact patch proper t ies to ensure the greatest un i fo rm i ty in pres­

sure d i s t r i b u t i o n , and (b) lowest motion resistance through e f fec ts resu l t i ng 

from sinkage, side wal ls and ploughing. 
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F ig . 3 .11 . Energy balance per u n i t wheel width-wheel load 150 Newton. 

( i v ) I n f l a t i o n pressure. This cont r ibu tes d i r e c t l y to s t i f f n e s s of the t y r e 

and hence cont ro ls (a) t y re contact area, and (b) t y r e - s o i l ground pressure d i s ­

t r i b u t i o n , both of which in f luence the t r a c t i o n c a p a b i l i t y of the t y r e . In gener­

a l , f o r t r a c t i o n in loose or so f t s o i l s , a decrease in i n f l a t i o n pressure resu l t s 

in an improvement in the d i s t r i b u t i o n s of both normal and tangent ia l i n t e r f a c i a l 

s t resses, (F ig . 3 .12) , in the t r a c t i v e performance of the t y r e . However, there is 

a l i m i t to which the i n f l a t i o n pressure could be reduced. This i s governed mainly 

by the amount of deformation permissib le in the t y re carcass. Excessive d e f l e c t ­

ion (a) causes high motion res is tance , (b) overheats the t y re and (c) accelerates 

t y re surface wear. Hence the gain in t r a c t i o n may be l os t due to an increase in 

t y re motion res is tance. I t should be noted tha t a s i g n i f i c a n t decrease in i n f l a t ­

ion pressure may not resu l t in excessive t y r e de f lec t ions when the t y re i s oper­

at ing on loose or so f t s o i l s . Figure 3.13 shows the e f f ec t of i n f l a t i o n pressure 
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F ig . 3.12. Contact pressure d i s t r i b u t i o n diagram f o r t y re surface.(Kolobov, 1966). 

on the amount of the developed torque f o r d i f f e r e n t ty res operat ing on so f t s o i l , 

(Yong et a l . , 1980). 

(v) Tyre load. This inf luences i t s t r a c t i o n c o e f f i c i e n t , and hence i t s p u l l ­

ing capaci ty according to the type of s o i l . The t r a c t i o n c o e f f i c i e n t decreases 

when the load on the t y re is increased f o r loose or so f t s o i l s , and increases 

fo r s t i f f types of s o i l s . Figure 3.14 shows torque to weight r a t i o s as a func­

t i on o f s l i p f o r r i g i d wheels moving in s o f t s o i l s . For ce r ta in types of s o i l s 

( s t i f f f r i c t i o n a l ) the t r a c t i o n c o e f f i c i e n t remains constant , or nearly con­

s tan t , when the t y re load changes f o r the same i n f l a t i o n pressure, F ig . 3.15, 

( K l i f f o t h , 1966). 

3.4.7 Track-ground surface t r a c t i o n mechanism 

In tracked veh i c les , the i n t e rac t i on between the vehic le and the ground is 

maintained through the t rack/grouser system which, together w i th the road wheels, 

sprockets and associated suspension arrangement cons t i tu tes the running gear of 

the tracked veh ic le . Under present-day concerns and p r i o r i t i e s , we need to pay 

a t ten t i on t o at least two requirements in the evaluat ion of g rouse r / t rack -so i l 

t r a c t i o n mechanisms. These are: 

(1) the requirement f o r p ro tec t ion of the s u r f i c i a l environment from exces­

sive surface disturbance (since t racks are genera l ly used in marginal t e r r a i n s ) 

- espec ia l ly in the more f r a g i l e environments, and 

(2) the need f o r obta in ing the greatest amount of useful work f o r the leas t 

expenditure of fue l energy. 

In response to the f i r s t of these concerns, recent experiments such as those by 
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F ig . 3.13. Relat ionship of torque and s l i p v e l o c i t y i n clayey sand. 
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F ig . 3,14. Torque/weight versus normal s l i p ra te f o r r i g i d wheel moving on so f t 
c l ay . 

20 J D
 w n e el !<>ad 312 N, stress in kPa 

— ° — — 3 — a Pi = inflation pressure, kPa 

5- Ϊ (a) Tyre 3.00-4.00 4PR (buffed) 
0 10 20 30 ώ ^ ώ 

• pf = 82 
2 5 - p o η 
2 0 - , ^ j ^ g ^ ^ ^ • Pj = *n 
10-! 

5 - (b) Tyre 3.00-8.00 2PR (buffed) 

0 10 20 30 40 50 60 
2 0 Η - Π rj-D-O 

• 10-
: 5 - (c) Tyre 4 .10/3 .50-4 .00 2PR (originally-treaded) 

I 1 1 ι ι ' • l Ϊ0 20 30 40 50 60 
J 
5 20- tn^ • q • • n . • . 
- 1 5 - r « g - * a a " : 

10-,' 
5 - (d) Tyre 4.10/3.50-4.00 2PR (buffed) 

I ι ι ι ι » » 
0 10 20 30 40 50 60 

20 - tF~~ * fi~^ 
15-,' 
10-1 
5 - ί (β) Tyre 4.10/3.50-4.00 2PR (re-treaded) 

I I I I 1 1 
0 10 20 30 40 50 60 

Slip, % 



60 

1.0 

Φ 0.8 
ο 

g0.6 -
ϋ 
c 
.2 0.4 -ο • 
CO 

£ 0.2 Α 

ί 
0.0 

> • 0*6 

G h= 1 7 kN 
G h= 1 1 kN 

20 40 60 80 
% Wheel Slip 

100 

Fig . 3.15. T rac t i on - coe f f i c i en t on " f r i c t i o n s o i l " at two d i f f e r e n t wheel s l i p 
loads. 

Yong et a l . (1976) have examined the development of a passive t rack system 

where the grousers used have been designed so tha t t h e i r i n t e r a c t i o n w i th the 

t e r r a i n surface f o r product ion of t r a c t i o n i s not in any way des t ruc t i ve . These 

w i l l not be discussed herein since t h i s is not the in ten t of t h i s book. 

Whilst i t may be reasonably assumed tha t the requirement f o r optimum produc­

t i on of t h rus t in a grouser / t rack system is such tha t the f u l l react ion o f the 

support ing t e r r a i n needs to be developed, i t i s apparent tha t there needs to be 

ce r ta in ra t i ona l gu idel ines f o r establishment of optimum spacing of grousers in 

r e l a t i o n t o grouser shape, s ize and other parameters, to ass is t in es tab l i sh ing 

an optimum performance. A knowledge of the shear and deformation performance 

( t r a c t i o n mechanism) of the react ing t e r r a i n in the wake of grouser t h rus t would 

be most use fu l . 

The t r a c k - s o i l developed t r a c t i o n force is a func t ion of so i l type (cohesive 

and f r i c t i o n a l ) and t rack parameters, such as: 

(1) grouser shape, geometrical dimensions, and spacing, 

(2) t rack weight , 

(3) angle of a t t ack , 

(4) t rack be l t f l e x i b i l i t y (number of road wheels, t rack tens ion ) , and 

(5) d r i v i n g sprocket p o s i t i o n . 

An increase in the t r a c t i o n force can be achieved by invo lv ing deeper layers 

of so i l f o r development of the react inq shear st resses. This requires the defor ­

mation o f the s o i l u n t i l general shear f a i l u r e instead of forced shear f a i l u r e 

along the t r a c k - s o i l contact area (Cho e t a l . , 1969). Two causes can be a t t r i ­

buted f o r the increase in t rack t r a c t i o n , (1) uniform pressure d i s t r i b u t i o n at 

the grouser -so i l i n t e r f a c e , and (2) support obtained from the s o i l mass behind 

each grouser. The so i l involved in developing the t r a c t i o n force extends to a 
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considerable depth a f t e r s i g n i f i c a n t s l ip -s inkage has taken place over and 

above the s t a t i c sinkage. The increase in t rack s l i p required t o extend the so i l 

f a i l u r e pat te rn i n to the space l e f t by the t r a i l i n g grouser tends to n u l l i f y the 

gain in t r a c t i v e e f f o r t obtained when operat ing on cohesive s o i l s (F ig . 3 ,16) , 

Cho e t a l . , 1969. 

F ig . 3.16. Shear zones of grousers at d i f f e r e n t deformations. On strong so i l s 
the shear f a i l u r e cannot develop completely when sinkage ζ and deformation j i n ­
crease. Shear f a i l u r e f i n a l l y occurs in the plane of the grouser t i p s . 

The above-mentioned t rack parameters which a f f e c t the performance i n terms of 

t r a c t i o n force are discussed in the fo l l ow ing Sect ion. 

(a) Grouser shape and spacing. 

Figure 3.17 demonstrates the e f f ec t of grouser shape and spacing on the force 

developed by a second grouser in a mul t i -g rouser moving in so f t s o i l ( a f t e r ex­

c luding the e f f ec t of the f i r s t grouser - F ig . 3 .18) . While i t i s shown that the 

aggressive grouser system produces the la rger fo rce due to i t s exaggerated 

he igh t , one should a lso consider the grouser spacing associated w i th the maximum 

th rus t developed by the grousers. Figure 3.17 shows tha t the hor izonta l force 

increases as the spacing between grousers increases, u n t i l an optimum spacing i s 

reached at which the maximum force per u n i t spacing i s obtained - as indicated 

from the gradient of the fo rce . 

(b) Track be l t f l e x i b i l i t y , (mul t i -grouser system) 

Figure 3.19 i l l u s t r a t e s the mobi l ized hor izonta l force v a r i a t i o n w i th grouser 

displacement f o r one r i g i d and two f l e x i b l e t racks w i th d i f f e r e n t f l e x i b i l i t i e s . 

The hor izonta l force increases wi th increased be l t r i g i d i t y f o r any spec i f i c 

spacing. This r esu l t i s due to upward s o i l movement. As the be l t r i g i d i t y is re ­

laxed, the upward s o i l movement causes d i s t o r t i o n in the " in-between-the-

grousers" reg ion , thus reducing the th rus t enhancement obtained in the r i g i d 

element s i t u a t i o n . For the r i g i d boundary c o n d i t i o n , the so i l between the 

grousers i s r e s t r i c t e d to move as an i n teg ra l par t of the grouser system and 

hence, the grouser e f f e c t extends f u r t h e r i n t o the ground. 
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Fig . 3.17. Ef fect of spacing and grouser shape on the mobi l ized so i l res is tance. 

Z 3 

Single Grouser Element Test Results 

h= grouser height 
Z= vertical shrinkage 

Multiple Grouser Element Test Results 

F=F , * F 2= F 8( Z ) • F2 z 

D = horizontal displacement 
Ρ = uniform vertical Pressure 

3 
h 

D 

Fig , 3.18. Method of force c a l c u l a t i o n , F,,, on second grouser. 
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Fig . 3.19. E f fec t o f spacing and boundary cond i t ion on the mobi l ized hor izonta l 
force o f the passive grouser element. 

In order to speci fy the optimum spacing between grousers, a t which optimum 

performance of r i g i d and f l e x i b l e t racks i s obta ined, the measured hor izonta l 

forces are normalized to correspond to both un i t grouser height and spacing as 

shown in F ig . 3.20 f o r three d i f f e r e n t grouser shapes. Optimum spacing ( i n d i c a t ­

ed by arrows in F ig . 3.20) reduces as the be l t f l e x i b i l i t y increases. This be­

haviour i s cons is tent w i th expecta t ions , since under r i g i d be l t condi t ions a 

larger spacing i s necessary in order t o develop a higher mobi l ized t h r u s t . 

(c) Boundary ( t rack ) pressure, (mu l t i -g rouser ) 

According t o the l i m i t equ i l i b r ium model f o r p red i c t i on of the mobi l ized 

t r a c t i o n force f o r a grouser moving on s o i l (Chapter 4 ) , the force increase 

resu l t i ng from an increase i n the boundary pressure together w i th the ra te of 

increase of the t r a c t i o n fo rce are a func t i on of the so i l f r i c t i o n a l s t rength 

parameter (φ) and grouser su r face-so i l f r i c t i o n a l parameter ( δ ) . Because of 

grouser sinkage under the e f f ec t of the normal pressure, and a lso because of 

hor izonta l displacement, i t i s not unusual f o r the measured mobi l ized t r a c t i o n 

force to be higher than the predicted fo rce . Figure 3.21 shows the measured 

hor izonta l fo rce f o r a grouser moving in k a o l i n i t e c lay under the e f f ec t of 

d i f f e r e n t normal pressures, wh i l s t F ig . 3.22 shows the corresponding grouser 

sinkage as a func t ion of hor izonta l displacement. 
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F ig . 3.20. Normalized force per un i t spacing per un i t grouser height versus the 
spacing/height r a t i o f o r the three grouser types. 
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Fig . 3 .21 . Total hor izonta l force versus displacement f o r the passive MGE. 
Spacing = 1 2 . 5 cm. 
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H o r i z o n t a l D i s p l a c e m e n t , cm 

14.0 kPa 

Fig . 3.22. Total sinkage versus displacement f o r the passive MGE. 
Spacing = 12.5 cm. 

3.4.8 Track performance 

We have discussed, in the previous Sect ion, the fac to rs a f f ec t i ng the pe r fo r ­

mance of a grouser in a mul t i -grouser system. These kinds of studies are gener­

a l l y performed to ass is t one i n the se lec t ion of su i tab le grouser shapes and 

spacing f o r an actual t rack . In the fo l l ow ing discussion in t h i s Sect ion, the 

e f fec t of t rack parameters on tracked veh ic le performance is discussed. 

(a) Degree of s l i p . 

Figure 3.23 shows the various d i s t r i b u t i o n s of t r a c t i v e force developed by a 

t rack as a func t ion of s l i p . With high values of s l i p , a greater po r t ion of the 

t r a c t i v e e f f o r t i s supplied by the f r o n t par t of the t r a c k , whereas at small 

s l i p s the rear part of the t racks con t r ibu te the greater par t of t h i s fo rce . 

However, under average condi t ions a considerable part of the t r a c t i v e force is 

generated in the second ha l f of the t rack . This i s because wi th the increase i n 

drawbar-pul l there i s a r e d i s t r i b u t i o n of contact pressure, and the centre of 

pressure moves towards the rear of the t racks or , in other words, the increase 

in contact pressure moves i n t o the zones where the deformation i s g reates t . 

(b) Ef fect of grouser shape and v e r t i c a l weight. 

Figures 3.24 and 3.25 show the measured t r a c t i o n and drawbar-pul l as a func­

t i o n of s l i p f o r a l l the grouser types and two d i f f e r e n t t rack weights. The be l t 

tension i s such as to produce a r i g i d t rack s i t u a t i o n . From the resu l t s shown, 

we note tha t the aggressive t rack develops the highest t r a c t i o n but a t the ex­

pense of higher sinkage (F ig . 3 .26) , and consequently, higher resistance and 
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F ig . 3.23. The v a r i a t i o n o f the d i s t r i b u t i o n o f t r a c t i v e force w i th s l i p in a 
t r ack - l ay ing t r a c t o r . 

F ig . 3.24. Tract ion and d rawbar -pu l l - s l i p re la t ionsh ips f o r the three grouser-
t rack system. W = 680 Ν ( so f t k a o l i n i t e c l a y ) . 
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F ig . 3.25. Track and d rawbar -pu l l - s i i p r e l a t i onsh ip f o r the three grouser- t rack 
systems. W = 1360 Ν ( s o f t k a o l i n i t e c l a y ) . 

F ig . 3.26. Sinkage s l i p re la t ionsh ips f o r the three t rack systems. W = 680 Ν 
(so f t k a o l i n i t e c l a y ) . 
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energy losses. The passive t rack in the tes t ser ies shown, produced the lowest 

t r a c t i o n and drawbar -pu l l , espec ia l l y under a l i g h t weight cond i t i on . This i s 

due to the p a r t i a l embedment of the passive grousers i n t o the so i l (because of 

wider bearing area) thus , i n essence, f o r f e i t i n g a s i g n i f i c a n t c a p a b i l i t y f o r 

th rus t development, - i . e . i f greater sinkage occurs, more th rus t can be devel ­

oped. However, in the spec i f i c ro le design fo r the passive t r ack , the resu l t s 

show tha t i t experienced the lowest sinkage (F ig . 3.26) thus f u l f i l l i n g the r e ­

quirement f o r p ro tec t ion of the s u r f i c i a l environment from excessive surface 

disturbance. 

Figure 3.27 shows the developed drawbar-pul l f o r d i f f e r e n t t r a c t o r weights 

operat ing on loam and peat s o i l s . As shown in F ig . 3.27, the value of the tan ­

gent ia l t r a c t i v e force increases at f i r s t w i th s l i p , but a f t e r reaching a cer­

t a i n peak i t f a l l s o f f , (Kacigin and Guskov, 1968). Test resu l t s show that the 

maximum t r a c t i v e force f o r a t rack occurs at 20-26 percent s l i p f o r mixed cohes­

ive s o i l s , at 30-40 percent f o r marshy s o i l , and at 40 percent f o r so f t cohesive 

s o i l s . 

150 

120 

loam peat 

_ G = J 5 J < N J 

40 60 
Slip δ, % 

100 

Fig . 3.27. The in f luence of t r a c t i v e e f f o r t on s l i p at d i f f e r e n t t r a c t o r weights 
f o r a t r ack - l ay i ng t r a c t o r . Fixed contact area S = 13,200 cm 2. 

(c) Ef fect of centre of g rav i t y pos i t i on . 

Brusentsev (1967) studied the e f f ec t o f d isp lac ing the centre o f g r a v i t y of a 

bul ldozer on i t s performance. Table 3.1 and F ig . 3.28 show the summary of f i e l d 

t e s t f o r a bul ldozer operat ing on s t i f f s o i l . The resu l t s show a change in load 

between -10 and 20 KN respec t i ve ly . There appeared to be a f a l l - o f f in the 

e f f e c t i v e use of engine power and t r a c t i v e e f f i c i e n c y w i th an increase in fue l 
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consumption. A reduct ion i n the t r a c t i v e force of the bul ldozer was accompanied 

by an increase in the r o l l i n g res is tance and the c o e f f i c i e n t o f r o l l i n g r e s i s ­

tance, (Brusentsev, 1967). 

TABLE 3.1 

Summary o f f i e l d tests f o r a bul ldozer operat ing on s t i f f s o i l . 

Distance of the centre of pres­
sure of the t rack contact area 
from the d r i v i ng sprocket 
centre (mm) 1342 1521 1678 1825 1122 

Load (kg) -1000 0 +1000 +2000 _ 

Trac t i ve force (kg) 8400 7500 6200 4600 8550 
Speed (km/hr) 3.26 3.25 3.24 3.22 3.09 
Power (h .p . ) 101.5 90.4 74.4 54.9 98.0 
Speci f ic fue l consumption 
(g /hp-hr ) 244 274 329 451 -
Ro l l i ng resistance (kg) 1250 2230 3580 5280 1250 
Coef f i c ien t of r o l l i n g resistance 0.092 0.15 0.23 0.33 0.085 
Tract ive e f f i c i ency 0.76 0.67 0.55 0.41 0.73 

The resu l t s shown i n F ig . 3.28 ind ica te tha t the increase in r o l l i n g r e s i s ­

tance of the t r a c t o r i s caused by the r e d i s t r i b u t i o n of the load between the 

t rack r o l l e r s . This i s caused by the format ion of a zone of pressure concentra­

t i o n under the t rack and the manner in which the f r o n t i d l e r sprocket i n te rac ts 

w i th the t rack i t s e l f . 

(d) Belt tension and number of wheels e f f e c t . 

The e f fec ts of the be l t f l e x i b i l i t y on the t rack performance can be studied 

by conducting tes ts where both the be l t tension and number of road wheels are 

reduced, (Yong, 1982) so that more f l e x i b i l i t y and upward movement of the t rack 

be l t por t ion i n te rac t i ng w i th the underly ing s o i l i s al lowed. Figure 3.29 pres­

ents the resu l t s of the measured t r a c t i o n and drawbar-pul l f o r d i f f e r e n t degrees 

of s l i p and three leve ls o f be l t tension (very r i g i d , r e l a t i v e l y r i g i d , r e l a t i v e ­

l y loose) cases. Both the measured input and output forces increase as the t rack 

be l t tension i s increased. However, since a very t i g h t be l t may cause extra l oss ­

es at the t rack wheels and waste energy ins ide the t rack system, a less - than-

maximum be l t tension i s recommended f o r development of high t rack e f f i c i e n c y . 

S imi la r kinds of resu l ts can be obtained by reducing the road wheels - say, 

from f i v e to th ree . For a r i g i d t rack ( t i g h t b e l t , no upward f l e x i n g ) , the e f f e c t 

of the number o f road wheels becomes minimized. For a loose t r a c k , a reduct ion i n 

the number of road wheels causes a reduct ion in t rack performance c a p a b i l i t y due 

to pressure concentrat ions under the pos i t i on o f the wheels. These pressure con­

centrat ions cause higher sinkages which in tu rn w i l l reduce t rack e f f i c i e n c y , as 

demonstrated i n F ig . 3.30. 
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F ig , 3.28. Analysis of t rack fo rces . The computed contact pressure d i s t r i b u t i o n 
(a) is compared wi th the fo l l ow ing experimental r e s u l t s , (b) contact pressure 
under t rack r o l l e r s , (c) t rack r o l l e r react ions on l i n k s , and (d) t rack tens ion. 

(e) Sprocket wheel pos i t i on and angle of a t tack e f f e c t . 

Figure 3.31 shows exper imental ly measured t r a c t i v e performance resu l t s f o r 

d i f f e r e n t sprocket wheel pos i t ions (rear and f r o n t ) . The pos i t i on of the f r o n t 

sprocket wheel determines the angle of a t tack obtained at two d i f f e r e n t be l t 

tensions. Under t i g h t be l t condi t ions the sprocket wheel pos i t i on e f fec ts are 

n e g l i g i b l e . However, a more pronounced reduct ion in input and output forces i s 

measured when the sprocket wheel i s t rans fe r red towards the f r o n t of the t rack in 
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rear sprocket, 5 road wheels input force 

drawbar pull 

Δ _ 

.^O 

Δ tension = 4.0 kN 

ο tension = 1.0 kN 

• zero tension, middle sag = 5.0 cm 

J 1 1 1 ι 
40 50 60 70 

Slip, % 
80 

Fig. 3.29. Ef fect of be l t tension on the input t r a c t i o n and output drawbar-pul l 
of the passive t rack system (W = 680 N). 
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Fig . 3.30. Ef fect of road wheels number on the passive t rack e f f i c i ency at two 
d i f f e r e n t be l t tensions. 
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the case of f l e x i b l e be l t t racks . This i s a t t r i b u t e d to the associated large 

powered length of the be l t which increases the p o s s i b i l i t y of add i t i ona l be l t 

f l e x i n g at the contact l e v e l , and causes energy losses and associated t rack re ­

duct ion performance. 

800r 

ο 600 

- 400 
α 
c 

200 

p a s s i v e t r a c k 
3 - r o a d w h e e l s 
W = 6 8 0 N 

f r o n t s p r o c k e t 
r e a r s p r o c k e t 

ο t e n s i o n = 1 .OkN 
• z e r o t e n s i o n , m i d d l e s a g 5 . 0 c m 

10 20 30 40 50 60 70 
S l i p , % 

- f r o n t s p r o c k e t 
• r e a r s p r o c k e J _ 

S l i p . % 

Fig . 3 .31 . Measured input ?nd drawbar-pul l forces fo r f r o n t and rear sprocket 
pos i t ions . 

3.5 PREDICTION OF TRACTIVE EFFORT 

The p red ic t ion of t r a c t i v e e f f o r t ( forces) i s an essent ia l par t of the re ­

quirement f o r veh ic le performance s imu la t ion . Rea l i s t i c s o i l values and t r a c t i v e 

element-soi l parameters are basic requirements f o r exact s imulat ion of the wheel 

or t rack performance. In t h i s Section the methods ava i lab le fo r p red ic t i on of 

the t r a c t i v e forces f o r ty red or tracked vehic les are discussed. 
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3.5.1 Tyres 

Two approaches can be used f o r p red i c t i on of the t r a c t i o n d r i v i ng force f o r a 

wheel moving on a s o i l ; ( i ) dimensional ana l ys i s , and ( i i ) mathematical model­

l i n g of the t r a c t i o n behaviour at the t y r e - s o i l i n t e r f ace . 

( i ) Dimensional ana lys is . In t h i s approach, the behaviour of ty res i s ob­

served through extensive experimental and f i e l d t es t programs. The performance 

of the t e s t ty res i s p lo t ted in non-dimensional terms as a func t i on of t y r e - s o i l 

parameters. I f the p lo t ted re la t ionsh ips are unique fo r ce r t a i n classes of ty res 

and s o i l , and can be modelled mathemat ical ly , these re la t ionsh ips w i l l c o n s t i ­

t u t e the performance equations. 

The complete spectrum of performance of a t y r e moving on so i l from the towed 

point t o s t a n d s t i l l and spinning (100% s l i p ) , i s shown schematical ly in F ig . 3. 

32. 

Φ 

σ 
ο 

p o i n t ' 

F ig . 3.32. Pul l and to rque -s l i p r e l a t i o n s h i p s . 

Torque or p u l l performance equations should be v a l i d f o r s p e c i f i c , or a l l , 

degrees of s l i p . A t yp i ca l non-dimensional re la t i onsh ip f o r a pneumatic t y re 

moving in saturated c lay i s shown in F ig . 3.33. This r e l a t i onsh ip shows tha t (a) 

the towed fo rce / load r a t i o (TF/W) decreases hyperbo l i ca l l y w i th increasing 

values of the soi l -wheel numeric (Clbd/W), and (b) the t r a c t i o n c o e f f i c i e n t 

(Q/rW) and pu l l c o e f f i c i e n t (P/W) increase w i th increasing numeric va lues, and 

appear t o approach an asymptotic value. The re la t ionsh ips between the t y re per­

formance and i t s parameters can be expressed non-dimensionally as : 

IE JL JQ_ - f fC IW 1 1 S) (3 4) 
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where 

TF towed f o r ce ; 

W t y re load; 

Ρ = d rawbar -pu l l ; 

Q = input torque; 

r = t y re r o l l i n g rad ius ; 

CI = so i l cone index; 

b = t y re sect ion w i d t h ; 

d = overa l l t y re diameter; 

S = t y re s l i p ; 

s = (1 - Va/ru>); 

Va = t y re t r ans l a t i ona l ve loc i t y and 

ω = angular ve loc i t y of the t y r e . 

The fo l low ing are some t yp i ca l equations f o r a pneumatic t y re moving on so f t 

so i l (Turnage, 1972). 

^ ° = °·βο - M s ( 3· 6 ) 

Wismer and Luth (1973): 

I f = J ^ + 0.04 (3.8) W Cn 

I = 0.75 (1 - e " - 3 C n S) - (-^2-+0.04) ( 3· 9 ) 

C n = - ^ (3.10) 

where 

P-pTF = r o l l i n g res is tance; 

6 = t y re de f l ec t i on on r i g i d sur face; 

h = t y re sect ion he ight ; 

S = degree of s l i p ; 

P 2Q = pu l l force a t 20 percent degree of s l i p and 

Ρ = pu l l force a t any degree o f s l i p . 
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Both re la t ionsh ips are shown i n F i g . 3.34 (Wismer and Lu th , 1973), f o r com­

par ison. I t should be noted tha t these equations were developed f o r vehic les 

operat ing in cohesive s o i l s where the cone index i s used as a measure o f s o i l 

s t r eng th . 
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F ig . 3.33. E f fec t o f soi l -wheel s t ress r a t i o on t r a c t i o n . 

F ig. 3.34. Comparison of WES and Deere t r a c t i o n r e l a t i o n s . 

( i i ) Trac t ion mathematical model l ing. The s ta te of f a i l u r e i n s o i l s is gen­

e r a l l y expressed by the well-known Mohr-Coulomb f a i l u r e c r i t e r i o n (Yong and War-

ken t i n , 1975), and can be w r i t t e n as: 

τ = C + σ tan φ (3.11) 
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where 

τ = shear s t ress ; 
σ = normal stress and 

C and φ = mathematical constants which can be i n te rp re ted as s o i l shear 

s t rength parameters: C f o r cohesion and φ f o r f r i c t i o n . 

Assuming a uniform pressure d i s t r i b u t i o n at the t y re or t r a c k - s o i l i n t e r f a c e , 

the maximum t r a c t i o n forces can be ca lcu la ted as: 

F = CA + W tan φ (3.12) 

where 

A = t y re or t r a c k - s o i l contact area and 

W = t y re or t rack load. 

Generally speaking, one i s in teres ted not only in the maximum t r a c t i o n devel ­

oped but also in the development of t r a c t i o n at spec i f i c degrees of s l i p (defor­

mat ion). Soi l displacement along the in te r face contact w i t h the t y re ( t rack) 

depends on the degree of s l i p and the distance from the f i r s t contact point of 

the t y re ( t rack) and the ground. 

i = degree of s l i p ; 

χ = distance from the f i r s t contact and 

6 = t y re ( t r a c k ) - s o i l shear displacement. 

In order t o mathematical ly express the so i l shear stress-shear deformation 

r e l a t i o n s h i p , the general behaviour of the so i l needs t o be estab l ished. I t i s 

known tha t so i l -shear diagrams e i t he r increase monotonously toward a hor izonta l 

asymptote (cohesionless s o i l ) or increase to a loca l maximum and drop toward a 

hor izonta l asymptote (cohesive s o i l s ) , F ig . 3.35. 

Bekker (1956) suggests an equation f o r the descr ip t ion of shear diagrams of a 

"humped" form, s i m i l a r to the form of an aper iodic damped v i b r a t i o n : 

(3.13) 6 = i χ 

where 

Γ + η tan Λ Γ (~k9 + ^ 9 " 1 ) ·<1 <$ ( - k 9 " - 1 ) k, δ 

τ = C Υ t an Φ e 2 2 1 - e 2 2 1 (3.14) 
max 
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humped 

Deformation 

Fig . 3.35. Shear deformation diagram, 

where 

τ = shear stress (kPa); 

C = so i l cohesion (kPa); 

σ = mean ground pressure (kPa); 

ψ = in te rna l f r i c t i o n angle; 

k-|,k2= s o i l parameters and 

Y = maximum value of the expression i n the brackets . 

a = 2.55 ( ^ ^ Λ 8 2 5 (3.16) 

In the case of an asymptotic shear curve, F ig . 3.36b, T $ = x m and hence a = 0 

Kacigin and Guskov (1968) suggest the fo l low ing formula f o r general shear d i a ­

gram: 

l - f mb  +O T ] t a nh J / kr ( 3· 1 5) 

This func t ion is i l l u s t r a t e d in F ig . 3.36. This expression contains three 

parameters which describe the shear-deformation curve; (a) the r a t i o fm of the 

residual shear strength to the contact stress at large displacements ( c o e f f i c ­

ien t of residual s t r eng th ) , (b) the displacement k required to reach the peak 

shear s t r ess , and (c) the constant a which depends on the r a t i o of residual to 

peak s t reng th . The magnitude of a i s given by: 
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Fig. 3.36. Typical shear stress deformation curves, 

and eq.(3.15) reduces t o : 

- = fm tanh 6/k (3.17) 
σ τ 

The d i f f e r e n t so i l parameters i d e n t i f i e d by Kacigin and Guskov (1968) are 

def ined schematical ly in F ig . 3.36. I t should be noted tha t according to the 

Mohr-Coulomb f a i l u r e c r i t e r i o n , the peak shear st rength can be ca lcu la ted from 

eq . (3 .11 ) , and hence 

f m . Zl - C + σ tan τ ( 3 > 1 8) 

σ σ 

Janosi and Hanamoto (1961) recommended a simpler equation fo r descr ib ing 

asymptotic shear curves (F ig . 3 .37) , since in the ma jo r i t y of cases the s o i l 

does not e x h i b i t a hump fo l lowed by a drop i n the shear s t r e s s - s t r a i n curve. 

τ = (C + σ tan φ) (1 - e " 6 / k) (3.19) 

For very large deformations eq.(3.19) approaches Coulomb's equat ion: 

τ = C + σ tan φ as 6 -> °° 

D i f f e r e n t i a t i n g both sides of eq.(3.19) and s e t t i n g j equal to zero: 

Φ = C + k * ( 3· 2 0> 

Equation 3.20 represents the slope of the tangent drawn at the o r i g i n , 
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F ig . 3.37. k, which is ca l l ed the deformation modulus of a so i l shear s t ress -

s t r a i n curve, may be obtained from the experimental shear s t r e s s - s t r a i n curve as 

the distance between the in te rcep t of the tangent drawn at the o r i g i n and the 

l i n e given by τ = C + σ tan φ and the τ - a x i s , (Janosi and Hanamoto, 1961). 

τ 

Shear Deformation, δ 

Fig. 3.37. Evaluation of ' k ' from a t yp i ca l so i l shear s t r e s s - s t r a i n curve. 

Observation of shear-deformation diagrams at d i f f e r e n t normal pressures r e ­

veals two d i f f e r e n t types of diagrams, F i g . 3.38, (a) character ized by a con­

stant deformation modulus k, as in F ig . 3.38a, and (b) character ized by a con­

stant slope k-p, as shown in F ig . 3.38b. For a constant deformation modulus, the 

shear-deformation re l a t i onsh ip is the same as Janosi and Hanamoto (1961), eq. 

(3 .19 ) . For the constant slope modulus, k-p the re la t i onsh ip can be w r i t t e n as -

- 6 k T/ o 
τ = (C + σ tan φ)(1 - e

 )
 ( 3 # 2 1) 

where 

kj = i n i t i a l tangent modulus f o r shear-deformation diagram. 

In the case of pneumatic ty res or smooth r i g i d t r acks , i t i s assumed tha t the 

shear deformation at the t r a c t i v e element-soi l i n te r face changes l i n e a r l y w i th 

s l i p , F ig . 3.39. The tangent ia l stresses at any point of the in te r face can be 

ca lcu la ted using eqs.(3.19 or 3 .21) , provided tha t the fo l l ow inq pieces of i n f o r ­

mation are known: (a) degree of s l i p , (b) contact length at t y re ( t r a c k ) - s o i l 

i n te r face (FPL), (c) t y re ( t rack) sur face-so i l parameters, (C and φ ) , and (d) 

normal pressure d i s t r i b u t i o n at the t y r e - s o i l i n t e r f ace . The t o t a l t r a c t i v e 

force can be predicted by i n teg ra t i ng the tangent ia l stresses along the t y re 

( t r a c k ) - s o i l contact area. 
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τ = C+<7tancp 

Linear Deformation, 8 

F ig . 3.38. I dea l i za t i on of shear-deformation diagrams. 

In the case of uniform pressure d i s t r i b u t i o n s , the t r a c t i v e force can be 

w r i t t e n (Janosi and Hanamoto, 1961) as -

where 

Η = t r a c t i v e f o rce ; 

A = contact area = b£; 

b = contact area w id th ; 

I =  contact area leng th ; 

W = t rack or t y re l oad ; 

σ = t y r e ( t r a c k ) - s o i l contact pressure; 

ι - ο . 
J " k ' 

^ o = degree of s l i p and 

k = deformation modulus. 

Η = (AC + W tan φ) 1 - 1(1 - e " J ) J (3.22) 
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soil surface 

track or wheel direction 
of travel 

FPL Η 

χ — * J μ — χ — Η 

(a) (b) (c) 

displacement variation normal pressure 
assumed using 
empirical formula 

tangential stress distribution, 
using (a) and (b) 
and eq. 9 or 11 

Fig . 3.39. Schematic f o r deformation and i n t e r f a c i a l stresses at t y r e ( t r a c k ) - s o i l 
i n t e r f ace . 

The 's led* parameters C, ψ, k, k-p can be obtained exper imental ly in the l a b ­

oratory using an annular r i ng or a sled p la te where the bottom surface is ren­

dered s i m i l a r to that of the t y r e . Methods f o r sled parameters determinat ion are 

i l l u s t r a t e d in Figs. 3.40 and 3 .41 . I t should be noted that the C and φ paramet­

ers shown in Figs. 3.40 and 3.41 bear no correspondence to the Mohr-Coulomb co­

hesion and f r i c t i o n parameters, and should not be confused w i th the standard 

Mohr-Coulomb strength parameters. 

Figure 3.42 shows the measured and predic ted performance fo r a 5.44 KN loaded 

t y re moving on s i l t y loam s o i l . Equation 3.21 can be used to p red ic t the tangen­

t i a l stresses at any degree of s l i p . I t i s assumed tha t the normal pressure 

possesses a t rapezoidal d i s t r i b u t i o n w i t h i t s top length equal to ha l f i t s base. 

The f i n i t e element method (Chapter 7) can be adopted to p red ic t the t y r e - s o i l 

motion res is tance. Close agreement between the measured and predic ted input ener­

gy which i s d i r e c t l y re la ted to the t r a c t i v e e f f o r t can be obtained. Deta i ls of 

the ca l cu la t i on procedures are presented i n Chapters 5 and 7. 

3.5.2 Track 

The procedure f o r determining the t rack t r a c t i v e forces i s s im i l a r to tha t 

fo r pneumatic ty res and is summarized as f o l l ows : 
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Deformation 8 

(a) Experimental Results 

Normal Stress σ 
(b) Idealization of the ( c) Determination of Sled 

Experimental Results Parameters C and 

sled plate 

T = ( O a t a n i # ( 1 - e x p ( - 6 / k » 

(d) Stress-Deformation Relationship 

soil surface 

A / 
m i ­

sled Test 

Fig . 3.40. Sled parameters determination - constant deformation modulus. 
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<a) 
Deformation 8  H 8  Normal Stress σ 

- _ . m . f ll o a c i u
 ( b) Realization of ( c) Determination of Sled 

Experimental Results E x p er i m e n t a l Results Parameters C and φ 

sled plate 
( C * a t a n 0 <1-exp(-kT5 /<j)) 

H soil surface 

(d) Stress-Deformation Relationship Sled Test 

Fig. 3 .41 . Sled parameters determinat ion - constant slope Κγ. 
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output 

15 20 
Slip, % 

Fig. 3.42. Wheel performance in terms of energy c o e f f i c i e n t s . 

(1) Determine the sled parameters k (k-j.), C and φ from mul t i -g rouser tes ts 

according t o the procedure shown in F igs. 3.40 and 3 .41 . 

(2) Use eqs.(3.19 o r 3.21) and, provided tha t the normal pressure d i s t r i b u t ­

ion and the degree of s l i p are known, the tangent ia l stresses can be pred ic ted. 

(3) In tegrate the tangent ia l stresses along the t rack contact area. The t r a c ­

t i o n force can be predicted f o r spec i f i c degree of s l i p . 

Figure 3.43 shows the resu l t s of mu l t i -g rouser sled tes ts moving i n a so f t 

so i l under d i f f e r e n t normal pressures. The resu l t s show tha t the curves demon­

s t ra te a constant deformation modulus k = 3.33. Figure 3.44 shows the e f f e c t of 

surface condi t ions of the sled p la te on the values o f s led parameters. In sp i t e 

of the f ac t tha t a l l the grousers act on the same type of c l a y , the s led para­

meters der ived are d i f f e r e n t because of (a) d i f f e r e n t modes of f a i l u r e due to 

Tyre type: LA 78 χ 15 
Load = 5.44 kN; I n f l a t i o n pressure = 174 kPa 
Contact area = 20.25-19 mm; Ro l l ing radius = 328 mm 

Soi l type: s i l t y loam 
Density = 1.8 Mg/m; Moisture content = 12.2% 

S3 = 103.5 kPa (SI-S3) ULT = 352 kPa 
El = 2300 kPa Shape fac to r = 1 

Sled parameters: C = 8.3 kPa; φ = 2 . 6 ° ; k T = 3450 kPa 

Observation: Vane shear maximum = 85 kPa 
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Tangential Displacement, cm 

Fig. 3.43. Tangential stress-displacement re la t i onsh ip f o r the aggressive MGE 
(s = 12.5 cm). 

,1 ι ι L 
Ο 5 10 15 

N o r m a l S t r e s s , k P a 

Fig. 3.44. Tangential - normal stress re l a t i onsh ips . 

dimensions, and (b) d i f f e r e n t grouser surface cond i t ions . Table 3.2 shows the 

sled parameters f o r d i f f e r e n t types of grousers mounted on various sled p la tes . 
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TABLE 3.2 

Sled parameters 

Test descr ip t ion C Φ k 
kg/cm2 degrees cm 

Di rect shear 0.095 6.0 0.16 
MGE - Aggressive 0.073 23.0 3.33 
MGE - Standard 0.05 16.0 2.60 
MGE - Passive 0.07 9.0 3.33 

Figure 3.45 shows comparison between the measured and predicted input energy 

c o e f f i c i e n t s f o r two-dimensional t rack sect ion tes ts conducted i n the labora tory . 

I t i s i n te res t i ng to note tha t at low degrees of s l i p there are d i f ferences 

between the predicted values using d i r ec t shear t es t and aggressive grouser 

sled t e s t s , whi le at high degrees of s l i p both types of tes ts give the same 

resu l t s because the mode of f a i l u r e becomes s im i l a r f o r a l l types of t e s t s . The 

s l i p surface becomes p a r a l l e l to the t rack b e l t . The discrepancy between the 

predicted and the ca lcu la ted t r a c t i v e e f f o r t can be a t t r i b u t e d to the f o l l o w i n g : 

(a) d i f fe rence in f l e x i b i l i t y between the sled p la te and the t r ack , 

(b) no considerat ion fo r the e f f ec t o f s led p la te dimensions on the tangen­

t i a l st ress-deformat ion re l a t i onsh ip (eqs.3,19 or 3 .21) . 

(c) d i f fe rence in the ra te of shearing the so i l between the sled t es t and 

the actual t rack . 

- 0 20 40 60 
Slip, % 

Fig . 3.45. Input energy c o e f f i c i e n t p r e d i c t i o n . Aggressive t rack . 
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3.6 SUMMARY 

The mechanics of i n t e rac t i on between t r a c t i o n elements and support ing ground 

are essen t i a l l y s i m i l a r between tyres and t racks , and bo i l down to the ac t ion o f 

the most basic element w i t h i n the system which can develop t h rus t i n the ground. 

F lo ta t ion provides the support bearing c a p a b i l i t y o f the veh i c l e , w h i l s t " t h r u s t " 

provides the d r i v i ng f o r ce . 

In developing an e f f i c i e n t t r a c t i o n element, i t i s important to provide th rus t 

w i thout immobi l izat ion resu l t i ng from loss of f l o t a t i o n or insurmountable motion 

resistance due to bu l ldoz ing e f f e c t s . Excessive s l i p generation a t the in te r face 

between t r a c t i o n element and ground is a demonstration o f shear f a i l u r e of the 

ground near the sur face. This degrades from th rus t development and (a) reduces 

t r a c t i v e e f f i c i e n c y , and (b) can cause immobi l izat ion i f f l o t a t i o n is destroyed 

by ground degradat ion. 
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NOMENCLATURE 

A contact area 

C cohesion 

CI s o i l cone index 

F t r a c t i o n force 

Η t r a c t i v e force 

I s t r a i n - r a t e i n v a r i a n t 

Ρ drawbar-pul l 

Pj r o l l i n g resistance 

P 20 pu l l force a t 20 percent degree of s l i p 

Q input torque 

S degree of s l i p 

TF towed force or r o l l i n g resistance 

V s o i l v e l o c i t i e s 

Va t y re t r ans l a t i ona l v e l o c i t y a 
V$ t y re s l i p ve l oc i t y 

W ty re or t rack load 

b ty re sect ion width 

bt contact area 

d t y re diameter 

h ty re sect ion height 

i , i Q degree of s l i p 

k deformation modulus 

k-j. i n i t i a l tangent modulus 

k-j , k 2 s o i l parameters 

I contact area length 

ρ pressure 

r t y re r o l l i n g radius 

s t y re s l i p 

γ t y re de f l ec t i on or shear displacement 

μ c o e f f i c i e n t o f f r i c t i o n 

σ normal s t r e s s , mean ground pressure or t y r e ( t r a c k ) - s o i 1 contact pressure 

τ tangent ia l or shear st ress 

Φ s o i l f r i c t i o n angle 

ω angular v e l o c i t y 
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Chapter 4 

ANALYTICAL METHODS 

4.1 GENERAL 

Of f - road vehic le-ground mechanics i s a r e l a t i v e l y new f i e l d . The need f o r 

development of ana l y t i ca l methods to p red ic t veh ic le performance over a ce r ta in 

t e r r a i n is indeed obvious. To accomplish t h i s most e f f e c t i v e l y , the character­

i s t i c s of the veh i c l e ' s t r a c t i v e element and t e r r a i n mater ia l need to be con­

sidered as ac t i ve partners in the product ion of veh ic le t r a c t i o n . 

Plate and cone penetrometers which have been used extens ive ly i n the f i e l d of 

s o i l mechanics to evaluate the bearing capaci ty o f s o i l and/or load-sett lement 

re la t i onsh ips were f i r s t adopted in the f i e l d of o f f - r oad mechanics t o determine 

so i l "proper ty" values f o r use in p red ic t i on of motion resistance of moving 

r i g i d c y l i n d r i c a l wheels or t racks . These pred ic t ions which are based on the 

questionable assumption tha t the rad ia l pressure beneath a s t a t i c a l l y loaded 

narrow rectangular p la te and a point at wheel -so i l ground i n te r face are the same 

f o r the same ground sinkage, neglect the many obvious d i f fe rences in stress 

regimes developed between s t a t i c a l l y and dynamically loaded systems, and the 

problem of physical boundary cond i t ions . Bekker (1956, 1960, 1969) e l iminated 

the problem of in f luence of p la te s ize by using c i r c u l a r p lates of d i f f e r e n t 

diameters (Bevameter). By assuming tha t the pressure-sinkage re l a t i onsh ip is 

l i nea r on a log - log sca le , he obtained three dimensionless parameters k c, k , n, 

which are known as so i l values. As w i l l be seen l a t e r i n t h i s Chapter, p red ic t ion 

methods based on the p la te penetrat ion approach are simple and can u t i l i z e a 

programmable ca lcu la to r to develop computational procedures to pred ic t the 

motion resistance and sinkage. 

Mob i l i t y or t r a f f i c a b i l i t y p red ic t i on methods based on the use of cone pene­

t r a t i o n resu l ts are based on a curve f i t t i n g c o r r e l a t i o n between dimensionless 

numbers f o r (a) ce r ta in performance cha rac te r i s t i c s (drawbar-pul l /mot ion r e s i s t ­

ance), and (b) element parameters which include mater ia l cone index. Whi ls t 

methods of analys is or p red ic t i on based on the use of p la te and cone t e r r a i n 

resu l t s are general ly accepted as being "rough and ready" methods fo r p red ic t i on 

of " m o b i l i t y " , they cannot be used to d i f f e r e n t i a t e between the performance of 

var iab le t r a c t i v e elements ( e . g . t read pa t t e rn , i n f l a t i o n pressure, . . . e t c . ) or 

to evaluate subsoil response beneath the t r a c t i v e element. 

With the advance of e lec t ron i c computational too ls and numerical methods f o r 

solv ing large numbers of l i nea r or nonl inear equat ions, research which has con­

centrated on the modell ing of t r a c t i v e element-soi l systems i n t e r a c t i o n f a l l s 

i n to two separate categor ies : 
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(a) Methods of l i m i t equ i l i b r ium which assume tha t the continuum beneath the 

t r a c t i v e element is i n a s ta te of l i m i t equ i l i b r i um , hence performance p r e d i c t ­

ion i s v a l i d only at t h i s s t a t e . 

(b) App l i ca t ion of f i n i t e element methods (FEM) to pred ic t the performance of 

the t r a c t i v e element wi thout considerat ion of a l i m i t i n g s t a t e , and also the 

mater ia l or s o i l response beneath the t r a c t i v e element at any s ta te of loading 

s t ress . 

Since the e f f i c i ency of the t r a c t i v e element i s a prime fac to r in the oper­

a t iona l cost of o f f - road veh ic les , evaluat ing the performance of the element in 

energy terms can give a v i v i d p i c tu re of the power required to move the t ract ive-

element and the energy wasted in the t r a c t i v e element-soi l system. Hence, a com­

putat ional technique f o r opt imiz ing element parameters cons t i tu tes an important 

requirement in seeking an energy e f f i c i e n t t r a c t i o n system. 

In t h i s Chapter some of the d i f f e r e n t methods of analys is are discussed. The 

energy approach fo r analys is of i n t e rac t i on between a t r a c t i v e element and the 

support ing t e r r a i n mater ia l i s given in Chapter 5, w h i l s t the FEM of app l i ca t i on 

to t r a c t i o n problems is discussed in Chapters 6 and 7. 

4.2 REQUIREMENTS FOR PREDICTION 

The general requirements fo r const ruct ing a model f o r an engineering problem 

to analyse or p red ic t the behaviour under the e f f e c t of ce r t a i n boundary con­

d i t i ons are : 

( i ) I d e a l i z a t i o n . There are d i f f e r e n t types of i d e a l i z a t i o n such as 

(a) geometrical i d e a l i z a t i o n , i n which a l l the physical components of the 

problem can be i d e n t i f i e d using ana l y t i ca l geometry, 

(b) mater ia l i d e a l i z a t i o n , in which the mater ia l can be idea l i zed as e l a s t i c , 

nonl inear e l a s t i c , e l a s t o - p l a s t i c , p l a s t i c , . . . e t c . This type of i d e a l i z a t i o n 

inf luences the de r i va t ion of c o n s t i t u t i v e re la t i onsh ips f o r the m a t e r i a l , and 

(c) continuum i d e a l i z a t i o n , which is performed when an exact so lu t ion f o r 

the problem cannot be obtained. In t h i s i d e a l i z a t i o n , the continuum is represent­

ed by nodal points at regular i n te rva l s or assembly of f i n i t e elements according 

to the numerical method adopted. 

( i i ) Governing equations. The requirements f o r developing the governing 

equations which def ine the state of s t ress and/or the s ta te of s t r a i n a t any 

point of the continuum are general ly a func t ion of the method of analys is adopt­

ed. For example, the l i m i t equ i l ib r ium approach requi res (a) condi t ions of equ i ­

l i b r i u m , and (b) y i e l d c r i t e r i a . 

The FEM, on the other hand, requires (a) c o n s t i t u t i v e r e l a t i o n s h i p s , (b) con­

d i t i ons of equ i l i b r i um , (c) displacement f u n c t i o n s , (d) st ra in-displacement 

r e l a t i o n s h i p s , and (e) appl icable energy p r i n c i p l e . 
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( i i i ) Method o f s o l u t i o n . Once the governing equations f o r the problem are 

developed, they can be solved to obta in the required in fo rmat ion , using the 

establ ished boundary cond i t i ons . A computer i s a must f o r car ry ing out the 

tedious computations. 

From the above discussion i t can be concluded tha t methods o f analysis or 

p red ic t ion based on the p late approach do not s a t i s f y a l l the requirements f o r 

establ ishment of a ra t i ona l model, and hence they are ca l l ed semi-empir ical 

methods. Methods based on the cone approach are seen not to s a t i s f y any o f the 

requirements, and hence are i d e n t i f i e d as empir ical methods. 

In genera l , a successful ra t i ona l ana l y t i c model should s a t i s f y the fo l low ing 

requirements: 

(1) The model should represent phys ica l l y and a n a l y t i c a l l y the response 

behaviour o f the system due to the e f f e c t o f the operat ing cond i t i ons . 

(2) The parameters required f o r operat ing the model should be r e a l i s t i c and 

easy to ob ta i n . 

(3) The data required f o r operat ing the model should be min imal . 

(4) The model should be su i t ab le f o r the purpose i t serves, i . e . simple model 

f o r f i e l d pred ic t ions or de ta i l ed model f o r design purposes. 

(5) Economic - t h i s involves the time required to obta in the data, preparat­

ion time and the computer time f o r running the model. 

The next Section presents the discussions i nvo l v ing parameters and fac tors 

which a f f e c t conventional t r a c t i v e e lement-soi l system model l ing . 

4.3 PARAMETERS AND FACTORS 

The parameters and fac to rs which can a f f e c t phys i ca l / ana l y t i ca l model l ing o f 

t r a c t i v e e lement-soi l systems can be c l a s s i f i e d as fo l l ows : 

(a) parameters concerned w i th the t r a c t i v e element, 

(b) parameters concerned w i th the t r a c t i v e e lement-soi l c h a r a c t e r i s t i c s , 

(c) parameters concerned w i th the support ing t e r r a i n m a t e r i a l , 

(d) fac to rs involved in the type of measurements made, and 

(e) fac to rs associated in the product ion of the required output i n fo rmat ion . 

A complete so lu t i on o f the problem requires proper considerat ion o f a l l the 

pe r t i nen t parameters. In most instances however, we note t ha t i n consider ing a l l 

the parameters and fac to rs i n the development o f the s o l u t i o n , a considerable 

expenditure o f time and money may r e s u l t , w i thout a s i g n i f i c a n t increase i n the 

accuracy o f the model. I t would then be wise to l i m i t one's considerat ion to the 

more i n f l u e n t i a l items i n the development o f the ana l y t i ca l model chosen to 

represent the problem a t hand. 
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4.3.1 Tract ive element parameters 

The basic parameters involved in wheel and t r a c k - s o i l i n te rac t ions are i l l u s ­

t ra ted in F ig . 4 . 1 . Whi ls t the basic i n t e rac t i on mechanics are s i m i l a r i n many 

ways between wheel -so i l and t r a c k - s o i l i n t e r a c t i o n s , morphological cons iderat ­

ions require somewhat d i f f e r e n t approaches f o r performance p red ic t ion and eva lu­

a t ion - since the outputs required are not necessar i ly s i m i l a r . 

4.3.2 Tract ive e lement-soi l cha rac te r i s t i cs 

The tangent ia l s t r e s s - s t r a i n re la t i onsh ip a t the t r a c t i v e element-soi l i n t e r ­

face cont r ibutes s i g n i f i c a n t l y i n the development o f the ground response beneath 

the t r a c t i v e element. I t also a f fec ts the type of i d e a l i z a t i o n of the ground 

mater ia l continuum. 

4.3.3 Supporting t e r r a i n mater ia l parameters 

The support ing t e r r a i n mater ia l parameters which could a f f e c t the type and 

formulat ion of the governing equation (of the ana ly t i ca l model) are: 

(a) homogeneity o f the mater ia l i n terms of i so t r op i c cha rac te r i s t i c s and 

l aye r i ng , 

(b) mater ia l f ab r i c such as part iculate-unbonded (sand) or bonded (snow), 

continuous (remoulded so f t clays or unconsolidated c l a y s ) , and f i b r o u s , such as 

muskeg and peat, and 

(c) the load-unload deformation cha rac te r i s t i c s of the m a t e r i a l . 

4 .3 .4 Type of measurements 

The t e r r a i n mater ia l cha rac te r i s t i cs can be determined through d i f f e r e n t 

types o f f i e l d or laboratory t e s t measurements. These w i l l be discussed i n de­

t a i l i n Chapter 9. For the purposes of model l ing , the d i r e c t shear t es t can be 

used f o r determining mater ia l s t rength parameters - i f the support ing mater ia l 

i s s o i l - f o r d i r e c t app l i ca t ion in l i m i t equ i l i b r i um models (Yong e t a l . , 1981). 

I f proper s t r e s s - s t r a i n re la t i ons (of the mater ia l ) can be obta ined, models 

based on continuum mechanics can be used wi th so lu t ions sought through app l i ca t ­

ion o f the f i n i t e element method (Yong and Fat tah, 1976, and Yong et a l . , 1978). 

In the case where cone penetrometers are used, since only penetrat ion resistance 

is measured, models based on d i r e c t or i n d i r e c t co r re la t ions or models re l y i ng 

on dimensional analysis app l i ca t i ons , are used. When only p la te penetrat ion 

measurements are ava i l ab l e , models based on semi-empir ical re la t i ons and co r re ­

l a t i ons appear to be favoured f o r use i n p red ic t ing vehic le m o b i l i t y . Vane-cone 

measurements have also been used to p red i c t mob i l i t y and motion resistance (Yong 

e t a l . , 1975). 
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VARIABLES ENCOUNTERED IN WHEEL-SOIL INTERACTION PROBLEM: VARIABLES ENCOUNTERED IN TRACK-SOIL INTERACTION PROBLEM: 

1. Wheel diameter "D", width and cross-sectional shape, 1. Grouser shape and geometry. 
2. Vertical load "W". 2. Grouser height "h". 
3. Wheel rigidity. 3. Grouser spacing "g". 
4. Wheel surface roughness and tread configuration. 4. Contact length "L". 
5. Slip rate value. 5, Slip rate value. 
6 . Rotational velocity "ω". 6. Angle of attack "a". 
7. Soil properties and profile. 7. Driving sprocket position. 
8. Wheel type (towed or driven). 8. Drawbar-pull position. 
9. Inflation pressure. 9. Vertical load "W" and its eccentricity "e". 

10. Carcass stiffness and mechanical properties. 10. Number and spacing of road wheels. 
11. Rigidity of the track belt. 
12. Soil properties and profile. 
13. Road wheels stiffness characteristics. 
14. Suspension stiffness. 
15. Track tension. 
16. Grousers geometrical configuration. 
17. Grousers-track connection type. 

Fig, 4.1. Basic elements involved in wheel-soil and track-soil interaction. 
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4.3.5 Required output resu l t s 

An ideal analyt ica l /computer model should accurate ly descr ibe , i n mathemat­

i ca l terms, the t r a c t i v e element-soi l i n te rac t i on mechanics, the t r a c t i v e e l e ­

ment mot ion, and pred ic t i t s performance and associated so i l response. The term 

" s o i l " i s used in most instances as a general term to i d e n t i f y the substrata 

ma te r i a l . I t i s understood tha t the mater ia l under considerat ion may be some 

other type of " m a t e r i a l " . When i t i s not requi red to p red ic t i nd iv idua l t r a c t i v e 

element-soi l system performance, i t may be more su i tab le to use a model which 

can f i t the overa l l system performance. For example, f o r design purposes, a 

de ta i led component model i s needed to d i f f e r e n t i a t e between the d i f f e r e n t types 

of t r a c t i v e elements, w h i l s t f o r t r a f f i c a b i l i t y or m o b i l i t y p red ic t i on purposes, 

a simple model descr ib ing motion c a p a b i l i t y would be more s u i t a b l e . 

4.4 PLATE APPROACH 

The p la te penetrat ion t e s t has received a great deal of a t t e n t i o n as a means 

of measuring s o i l c h a r a c t e r i s t i c s . In c i v i l engineer ing, loading tes ts on large 

plates (30-60 cm diameter) are f requent ly used to assess the bearing capacity 

of so i l f o r foundations where the analogy i s obviously c l ose , i . e . the subsoi l 

response beneath the p la te and foundations are s i m i l a r . Usual ly in p la te bearing 

t e s t s , the loads are appl ied slowly and sinkage i s measured. 

Models based on p la te penetrat ion resu l t s have been used to p red ic t the per­

formance of a moving running gear. The p lates used are genera l ly less than 15 cm 

diameter or w i d t h , and are allowed to sink several inches in to the s o i l . 

Most p red ic t i on models based on the p la te sinkage approach have been primar­

i l y experimental and are employed as f o l l o w s : 

(1) Plate load t e s t s , using d i f f e r e n t p la te s i zes , are conducted to provide 

basic pressure-penetrat ion re la t i onsh ips which are thought to be c h a r a c t e r i s t i c 

of the t e r r a i n mater ia l mechanical response performance. 

(2) By means of essen t i a l l y c u r v e - f i t t i n g techniques, parameters of the pre­

d i c t i o n equation are ca lcu la ted . The basis f o r ca l cu la t i on o r ig ina tes from the 

app l i ca t i on of l i m i t equ i l i b r ium theory to a bearing capaci ty problem not un l i ke 

tha t used in the Prandtl r i g i d - p l a s t i c indenter problem. 

(3) These parameters are then employed in the p red ic t i on model to p red ic t 

penetrat ion cha rac te r i s t i cs of the running gear. 

The pressure-sinkage re la t i onsh ip f o r a p la te load penetrat ion tes t i s gener­

a l l y p lo t ted in the form of an exponential curve, as: 

Ρ = kz n (4.1) 

where Ρ = pressure on the p l a t e ; 

ζ = depth of p la te penet ra t ion ; 



95 

k = func t ion of so i l and p la te geometry and 

η = property of so i l · 

The basic idea of co r re l a t i ng the sinkage beneath the p la te and the running 

gear f o r the same pressure begins w i th considerat ion of the general Bernstein 

equat ion: 

Ρ = kz (4.2) 

In apply ing the l i m i t equ i l i b r ium approach to evaluat ion of the bearing capab i l ­

i t y of the loaded p l a t e , Bekker (1960) proposed a mod i f i ca t ion o f the Bernstein 

r e l a t i onsh ip as f o l l ows : 

where k c, and η are emp i r i ca l l y measured so i1-descr ib ing constants, and b i s 

the minor dimension of the loaded area. 

To p red ic t the running gear drawbar-pul l (F i g . 4.2) p la te loading models 

u t i l i z e the cond i t ion of equ i l i b r i um in the hor izonta l d i r e c t i o n as f o l l ows : 

where DBP = drawbar -pu l l ; 

Η = t r a c t i v e e f f o r t and 

RT = motion res is tance. 

The methods f o r ca l cu la t i on o f t r a c t i v e e f f o r t a t the running gear -so i l i n t e r ­

face can be found in Chapter 2. In t h i s Sect ion, we w i l l address methods f o r 

ca l cu la t i ng running gear motion res is tance . 

4.4.1 Running gear motion res is tance 

The motion res is tance of a running gear can be considered as a summation o f 

the f o l l o w i n g : 

(a) motion resistance encountered due to compaction of the bearing substrate 

mater ia l ( s o i l ) i n the v e r t i c a l d i r e c t i o n , 

(b) motion res is tance due t o bu l ldoz ing e f f o r t s i n the hor izonta l d i r e c t i o n , 

and 

(c) motion res is tance due to f l e x i n g of the running gear. 

In using the p la te model to ca lcu la te the v e r t i c a l motion res is tance compon­

ent f o r a r i g i d wheel or t rack moving on s o i l , i t i s assumed tha t the rad ia l 

stresses at any po in t a t the so i l - r unn ing gear i n te r face i s the same as tha t of 

a p la te o f the same width as the running gear. I t i s f u r t he r assumed tha t the 

p la te penetrat ion i s the same as the sinkage produced by the running gear (F ig . 

(4.3) 

DBP = Η - RT (4.4) 

kc η 
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F ig . 4 .2 . Wheel and p la te - so i l force system. 

4 . 2 ) . U t i l i z i n g the stated assumptions and e q . ( 4 . 3 ) , the sinkage 1Q and compact­
ion resistance R of a r i g i d wheel can be w r i t t e n as: 

c Ό 

3 l 2 / ( 2 n + l ) 
Z 0 = ( 4 . 5 ) 0 \bk D (3-n)J 

. C ^ W " ( !" " « ' ·

« c n +1 Lbk D (3-n)J 
k c 

where k = (-r- + k j 

D φ 
In the case of r i g i d t rack the compaction res is tance can be w r i t t e n , 

(Bekker, 1960) as: 

1 fw](n+l)/(n) 
Rc = ( n + l ) ( k c +b k / / n W ( 4 , 7) 

where £ = track contact length ; 
W = t rack or wheel load; 
b = t rack or wheel w id th ; 
D = wheel diameter and 

k Λ ^ , η = so i l values. 
c φ 

Bul ldozing res is tance i s d i f f i c u l t to ca lcu la te since i t i s d i f f i c u l t to d i s ­
t i ngu ish between compaction and bu l ldoz ing . I f i t is def ined as the force r e -
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quired to push the ( t e r r a i n ) s o i l mass at a sinkage ζ ahead of the t rack or 

wheels, the bu l ldoz ing resistance can be ca lcu la ted using passive ear th pressure 

theor ies as f o l l o w s : 

R = b s in (α + φ) Γ2 . 2 1 , . 
Kb 2 s in α cos φ [_ c Ύ YJ 1 J 

where k c = (N c - tan φ) cos φ ; 

κ γ = (2Ny tan φ + 1) cos 2 φ ; 

α = angle o f a t tack f o r the t rack 

- cos" 1 (1 - 2z /D) , fo r the wheel; 

ζ = t rack or wheel sinkage; 

Ν ,N = bearing capacity fac to rs (F i g . 4 . 3 ) ; 
c γ 

γ = u n i t weight o f so i l and 

c, φ = s o i l s t rength parameters. 

I t should be noted tha t i n some instances there i s no displacement o f so i l i n 

f r on t of the wheel or t r ack , hence the value ca lcu la ted using eq . (4 .8 ) over­

estimates the real values. 

60 40 20 0 20 40 60 80 
N c, Nq, Ν γ bearing capacity factors 

Fig . 4 .3 . Soi l bearing capac i ty . 

Motion resistance due to f l e x i n g o f the t r a c t i v e element i s a func t ion of 

many fac to rs ( i n the case of a wheel) , such as: 

(1) number of p l y s , 

(2) thickness o f carcass, 

(3) t read design, 

(4) t y re i n te r face res is tance c h a r a c t e r i s t i c s , 

(5) i n f l a t i o n pressure, 
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(6) a l l the various other fac to rs tha t go i n to the charac te r i za t ion of t y re 

s t i f f n e s s and f l e x i b i l i t y , and 

(7) wheel-soi l r e l a t i v e s t i f f n e s s . 

In the case of a t r ack , the f l e x i ng resistance i s a func t ion o f : 

(1) road wheel cha rac te r i s t i c s s i m i l a r to those involved i n cont ro l of t y re 

proper t ies and performance, 

(2) road wheel spacing, 

(3) t rack tens ion , 

(4) t rack f l e x i b i l i t y / s t i f f n e s s , and 

(5) t r a c k - s o i l r e l a t i v e s t i f f n e s s . 

Exper imental ly , the f l e x i ng resistance can be determined w i th respect to 

r i g i d surfaces on ly , which w i l l be an upper value f o r the t y r e , and an i n t e r ­

mediate value f o r the t r ack . In the case of a pneumatic t y r e , the f l e x i n g r e ­

sistance on r i g i d surfaces can be evaluated as: 

u and a = empir ical f i t t i n g constants obtained from laboratory experiments and 

= t y re i n f l a t i o n pressure. 

Thus the t o t a l motion resistance can be ca lcu la ted as: 

The app l i ca t ion of the p la te model to p red ic t the motion resistance of pneu­

matic ty res i s not e n t i r e l y accurate since the model does not phys ica l l y repres­

ent the loaded de f l ec t i on shape of the t y re a t the t y re s o i l i n t e r f ace . Figure 

4.4 shows the physical model f o r a pneumatic t y re (Bekker, 1960), and the actual 

def lec ted t y re surface (Fre i tag and Smith, 1966). 

I f the t y re i s phys ica l l y idea l i zed as shown in F i g . 4.4 and i f the pressure 

i s assumed to be d i s t r i b u t e d uni formly along the f l a t contact sur face, the com­

pact ion resistance can be ca lcu la ted as: 

[b(P. • Ρ ) ] ( η + 1> / η 

Rc = ( k ^ b k j t n + l ) < 4- 1 2> 

(4.9) 

(4.10) 

RT = R + R + R 
c b t ( 4 . Π ) 

where P. = t y re i n f l a t i o n pressure; 

Pc = carcass pressure and 

Ρ^ = (P.. + Pc) = ground pressure. 

and the dynamic sinkage Ζ can be ca lcu la ted as: 

Rt " W* f t 

where f^ = u/P^; 



(b) Shape of a moving t y r e , powered and towed wheel (Fre i tag and Smith, 1966). 

F ig . 4 .4 . The physical model and actual measurements fo r a pneumatic t y r e . 
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(a) Pneumatic t y re moving over so f t ground (Bekker, 1960). 
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Γ Ρ. + Ρ 1 1 / η 

Ζο " F7b-TT- ( 4 · 1 3 ) 
_ C φ_ 

An i n f l a t e d t y re can behave as a r i g i d ty re i f the support ing t e r r a i n i s s o f t . 

The re la t i onsh ip fo r d i f f e r e n t i a t i o n between f l e x i b l e and r i g i d t y re ac t ion was 

establ ished by Bekker (1960) using s t a t i c equ i l i b r ium cons idera t ion . I f the con­

tac t length i s equal to zero, the fo l l ow ing re l a t i onsh ip is obtained (Bekker, 

1960): 

ρ W (η + 1) p (4.14) 
cr b Γ 3W ] Ί / ( 2 η + Ί ) / ρ Γ 3W Ί2/(2η+1) c 

L(3-n)bk V^DJ L(3-n)bk / D . 

where = i n f l a t i o n pressure above which the t y re w i l l behave as a r i g i d wheel. 

4 .4.2 Trac t ive e f f o r t 

Trac t ive e f f o r t can be def ined as the t r a c t i v e force which can be mobi l ized 

at the t e r r a i n i n te r face a t a cer ta in degree of s l i p . This force is a func t ion 

o f a l l the parameters and fac tors shown i n F ig . 4 . 1 . We reca l l tha t the charac­

t e r i s t i c s o f t h i s f o r ce , the parameters a f f ec t i ng i t , and the methods o f c a l c u l ­

a t ion have been presented in Chapter 2. I f i t i s assumed tha t (a) the maximum 

mobi l ized force occurs between so i l and s o i l , (b) the Mohr-Coulomb f a i l u r e c r i ­

t e r i a is v a l i d and app l i cab le , and (c) the t r a c t i v e element acts on a f l a t 

ground sur face, then the so i l strength parameters ( c ^ ) , can be used to deter ­

mine the maximum mobi l ized force as: 

Η = A(c + Jjjj- tan φ ) (4.15) 

where c and φ = so i l s t rength parameters determined from standard t r i a x i a l t e s t , 

or d i r ec t shear t e s t ; 

W = t r a c t i v e element load and 

A = t r a c t i v e element-ground contact area. 

In t r a c t i v e element tes ts performed on s o i l , a r e l a t i onsh ip between appl ied 

shear stress and shear displacement can be obtained as a func t ion of the normal 

load appl ied to the t r a c t i v e element. There are d i f f e r e n t curve f i t t i n g tech­

niques which permit us to re l a te the shear stress τ to the shear deformation Δ , 

(Kacigin and Guskov, 1968), as: 

l = f m [  + c o s h ( A/ k T) ] t a n h ( A/ k T) (4.16) 
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where Δ = shear deformat ion; 

k = displacement at peak shear s t ress and 

a = constant . 

This f unc t i on , which i s i l l u s t r a t e d in F ig . 4 .5 , contains three constants 

descr ib ing the so i l c h a r a c t e r i s t i c s : 

(a) the r a t i o f of the residual shear s t rength to the contact stress at 

large displacements, ( t h i s can be represented by the Coulomb parameters c and φ ) , 

(b) the displacement k required to reach the peak shear s t ress , and 

(c) the constant "a" which depends on the r a t i o of the f r i c t i o n coe f f i c i en t s 

at the peak and residual stresses. The magnitude of "a" is given wi th s u f f i c i e n t 

accuracy by the expression: 

F ig . 4 . 5 . Typical shear stress deformation curves f o r (a) loam, dense sand, sen­
s i t i v e s o i l , and (b) loose sand, remoulded c lay . 
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a = 2.55(-^V-825
 (4.17) 

m 

In the case of ce r ta in simple so i l s such as dry sand, and a saturated c lay 

there i s no peak shear stress as shown in F ig . 4.5b. In t h i s case τ $ = T M and 

hence a = 0, and the expression reduces to : 

- = f tanh (Δ/k ) (4.18) 

where k̂  is the tangent modulus of the stress-deformat ion curves as shown in 

F ig . 4 .5 , and ο is the normal s t ress . 

The t r a c t i v e force can be ca lcu la ted by in teg ra t ing the tangent ia l stress τ 

over the t r a c t i v e element-soi l i n t e r f ace . Deta i ls of the ca l cu la t i on procedure 

for spec i f i c cases are presented in Chapter 3. Once the t r a c t i v e force at any 

degree of s l i p , and the motion resistance are ca lcu la ted , the drawbar-pul l can 

be determined using eq . (4 .4 ) . 

4.5 SEMI-EMPIRICAL TECHNIQUES 

4.5.1 Dimensional analysis 

The method of dimensional ana lys i s , as the name imp l ies , evolves from a con­

s idera t ion of the var iables in the problem and the dimensions of these var iab les . 

For example, acce lerat ion has dimensions of a length d iv ided by the square of 

t ime, un i t weight has the dimensions of force d iv ided by length cubed, e tc . 

Therefore, to apply dimensional analys is to a problem i t i s only necessary to 

determine the var iab les and t h e i r basic dimensions. App l i ca t ion of the Bucking­

ham Pi Theorem then leads to a set of dimensionless parameters from which model­

l i n g laws can be der ived. I t should be noted tha t w h i l s t a p a r t i a l so lu t ion to 

nearly any problem can genera l ly be obtained w i th t h i s technique, a complete 

so lu t ion may not be eas i l y obta ined, nor is the inner mechanism of a phenomenon 

revealed by dimensional reasoning alone. 

In studies by the Waterways Experiment Stat ion (WES), the method of dimen­

sional analysis was used to model the running gear (wheel or t r a c k ) - s o i l i n t e r ­

act ion system. This was done by performing numerous tow-bin and f i e l d tes ts f o r 

d i f f e r e n t cha rac te r i s t i c s of running gear on d i f f e r e n t types of s o i l s . The 

measured running gear performance and the cha rac te r i s t i cs of the tested elements 

were then evaluated in terms of dimensionless numbers fo r each class of so i l 

type. The re l a t i onsh ip obtained thereby between the dimensionless cha rac te r i s t ­

ics and the performance of the running gear can be used to p red ic t the perform­

ance of d i f f e r e n t gear c h a r a c t e r i s t i c s . 
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4.5.2 Method of analys is 

In running gear -so i l systems the independent and dependent parameters can be 

l i s t e d as seen in Tables 4.1 and 4 . 2 . 

TABLE 4.1 

Independent gear -so i l system parameters 

Parameters Symbol MLT un i ts 

S o i l : 

F r i c t i o n angle Φ -
Cohesion c M L - V 2 

Speci f ic weight Ύ M L - V 2 

Penetrat ion resistance C M L - V 1 

Tyre: 

Diameter d L 

Section width b L 

Section height h L 

Def lec t ion 6 L 

Track: 

Length L L 

Width b L 

Def lec t ion δ L 

Grouser height h L 

System: 

Load W MLT"2 

Trans la t iona l v e l o c i t y V LT" 2 

S l ip S -
Gear-soi l i n t e r a c t i o n c o e f f i c i e n t μ -
Accelerat ion g L T ' 2 



10 4 

TABLE 4.2 

Dependent gear -so i l system parameters 

Parameters Symbol MLT un i ts 

Drawbar pu l l Ρ MLT"2 

Towed force PT MLT c 

2^-2 
Torque Τ ML Τ 
Sinkage ζ L 

In the t y r e - s o i l system (WES) seventeen var iables are i d e n t i f i e d w i th three 

basic dimensions i nd i ca t i ng tha t 17-3 = 14 Pi terms would compose a complete set 

of l i n e a r l y independent so lu t ions of the dimensional equat ion. The Pi terms 

which were derived by a combination of inspect ion and matr ix so lu t ion techniques 

should be phys ica l l y meaningful. In a d d i t i o n , i t is necessary tha t these can be 

tested convenient ly , and can be redef ined or combined by m u l t i p l i c a t i o n , d i v i ­

sion or raised to a power as long as the t o t a l number of Pi terms remains the 

same - i . e . 14 in t h i s case. The r e s u l t i n g Pi terms by WES fo r t h e i r study were: 

π ] = P/W ττ2 = PT/W π 3 = T/dW π 4 = Z/d π 5 = μ 

π 6 = φ = S π8 = ^ π9 = h/d TT- |q = 6/h 

= cd2/W π 12 = d3/W π 13 = Cd2/W π ] 4 = gd/V2 

The func t iona l r e l a t i onsh ip between the Pi terms i s : 

Ρ PT T , 
W' W' dW' 

Ζ ς b, h 6 c d 2 Cd2 d 3 at 
d τ ^ Φ ' ^ ' d ' h' W ' W ' W ' [7t (4.19) 

I f analysis is performs*! w i th respect to a constant degree of s l i p (e .g . 

S = 20%), one term can be omi t ted. Under normal operat ing speeds, the e f f ec t of 

speed on the dependent parameters can be neglected, thus a l l terms incorporat ing 

speed can be omi t ted. I f t r a c t i v e f a i l u r e occurs between so i l and s o i l , the 

running gear -so i l i n te rac t i on c o e f f i c i e n t μ has no e f f e c t on performance. For 

cohesive so i l s the average cone index C is equivalent to cohesion c, (WES), thus 

densi ty i s not a s i g n i f i c a n t f a c t o r . For sands, the cone index gradient 6 i s a 

func t ion of the density γ and angle of in te rna l f r i c t i o n φ, thus the term which 

includes C can be neglected, and G can be used instead of γ and φ. For t y re s ize 

va r iab les , the Pi var iables are b /d , h /d , ό /h . Experiments conducted (WES) show 
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t ha t the in f luence o f (h/d) can be considered as i n s i g n i f i c a n t . The Pi term 

func t iona l r e l a t i ons can be w r i t t e n as: 

2 
For c lay : P/W, P^W, T/dW, Z/d = f ( £ j A) 

(4.20) 
3 

sand: P/W, PT/W, T/dW, Z/d = f ,-§-,-£) 

Fre i tag (1966) developed two dimensionless p red ic t i on terms f o r t readless 

(buf fed smooth), t h i n - w a l l e d , low-ply tyres as f o l l ows : 

For cohesive s o i l s : HQ =^ψ · φ 1 /2 (4.21) 

and 3/2 

f r i c t i o n a l s o i l s : N$ = — · ( 4 . 2 2 ) 

Turnage (1978) modif ied eq. (4.21) to account f o r the e f f e c t o f t y re cross-

sect iona l shape, ( c i r c u l a r or rec tangu la r ) : 

where Ν ς = c l ay - t y re numeric; 

Ns = sand-tyre numeric; 

C = cone index f o r clay (50 470 kPa) and 

6 = sand penetrat ion resistance gradient (slope o f C versus depth) . p 
Figure 4.6 shows a t yp i ca l re la t i onsh ip between cone index (0.5 i n . base area 

and 30° apex angle) and depth o f penetrat ion f o r cohesive and sandy s o i l . For a 

ty re moving i n cohes i ve - f r i c t i ona l (c-ψ) s o i l , Wismer and Luth (1972) developed 

the fo l l ow ing dimensionless number: 

N c s = ¥ < 4- 2 4> 

For c-φ s o i l s , the s o i l penetrat ion resistance C var ies w i th depth o f penetra­

t i o n ( F i g . 4 . 7 ) . I t should be noted tha t many independent parameters are neglec­

ted i n developing the numeric numbers ( Ν $, N c, N c s) such as t y r e - s o i l f r i c t i o n 

(y) and t r ans l a t i ona l v e l o c i t y (V) w h i l s t some parameters are i m p l i c i t l y expres­

sed by o the rs , such as t y re s t i f f n e s s expressed through de f l ec t i on 6. The e f f e c t 

of t y re type ( rad ia l or b i as -p l y ) is not considered i n the previous numeric num­

bers. Figures 4.8 to 4.10 show the experimental r e l a t i onsh ip between the four 

basic t y re performances, and the ty re numeric number. 
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F ig . 4 .6 . Sample recordings of cone penetrat ion tes ts in purely cohesive so i l 
and in purely f r i c t i o n a l sand. (Turnage, 1978) 

We should observe tha t w h i l s t models based on dimensional analysis may not be 

used to d i f f e r e n t i a t e between the performance o f two d i f f e r e n t t y r e types, they 

can however be used as a simple technique f o r p red ic t i on of the performance of 

the running gear, since the r e l a t i o n between a numeric number and ce r t a i n per fo r ­

mance can be expressed by a mathematical formula using a c u r v e - f i t t i n g technique, 

(F igs. 4.9 and 4 .10) . 

4.6 LIMIT ANALYSIS 

Mathematical models based on l i m i t equ i l i b r i um have been adopted i n the f i e l d 

of machine-soil i n t e rac t i on by several i nves t i ga to r s . Ohde (1938), Siemens et a l . 

(1964), Osman (1964), Reece (1965), and Yong et a l . (1969a, 1969b, 1970), used 

l i m i t equ i l i b r i um procedures to p red ic t the forces on two-dimensional cu t t i ng 

blades. Bekker (1960), Haythornthwaite (1961), Yong et a l . (1969a), have also 

appl ied these procedures to p red ic t grouser d r i v i n g fo rces . In a d d i t i o n , Yong et 
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2500 

Depth of Penetration, cm 

F ig . 4 . 7 . Sample recordings o f cone penetrat ion resistance tes ts in some cohes-
i v e - f r i c t i o n a l s o i l s . (Turnage, 1978) 

a l . (1970) u t i l i z e d the method to p red ic t i n t e r f a c i a l and subsoi l stresses f o r a 

r i g i d wheel moving on so f t s o i l , and Karaf ia th et a l . (1971, 1978) have used i t 

to pred ic t the performance of a running gear. 

According to the mathematical theory of l i m i t equ i l i b r i um , the so i l i s 

assumed to be completely r i g i d up to the po in t o f f a i l u r e , whereupon i t f lows 

s tead i l y under constant s t ress . This assumption resu l t s in the product ion of a 

d e f i n i t e f a i l u r e load at zero displacement. The p red ic t i on of f a i l u r e is govern­

ed by assumptions concerning (a) equ i l i b r i um or i n i t i a l cond i t ions , (b) f a i l u r e 

c r i t e r i o n , (c) dens i t y , γ , and (d) boundary condi t ions (Terzaghi , 1943). 

In the l i m i t equ i l i b r i um analys is the s t a b i l i t y of the so i l mass i s c o n t r o l ­

led or a f fec ted by the moving running gear. For a general ized case where the 

ve loc i t y and i n e r t i a terms are to be considered, i t i s possible to analyse the 

s i t u a t i o n in terms of ve loc i t y f i e l d s associated w i t h the dynamic cond i t i ons , 

and to prescr ibe the appropr iate governing equat ions. The resu l tan t formulat ions 

become most complex, and the mathematics a r i s i n g therefrom do not a l low fo r 

ready so lu t i ons . A simple a l t e r n a t i v e method f o r the general ized analysis can be 

used. This requires the superposi t ion of i n e r t i a and ve loc i t y terms on a quas i -

s t a t i c bas is . Since the dynamic forces are small i n r e l a t i o n to the y i e l d stress 

o f the s o i l , i t can be assumed tha t these forces do not a f f e c t the associated 

development o f the stress and ve loc i t y f i e l d s in the q u a s i - s t a t i c cond i t i ons . 
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F ig . 4 .8 . Relations o f drawbar c o e f f i c i e n t and drawbar e f f i c i ency at 20 percent 
s l i p to numerics Ν ς, N$ and Ν ς$ f o r (a) cohesive c l a y , (b) f r i c t i o n a l sand, and 
(c) cohes i ve - f r i c t i ona l so i l s (modif ied from Tumage, 1978). 
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F ig . 4 .10. Results of f i e l d tes ts o f various wheeled vehicles in sand. 

Thus, the associated stress f i e l d i s a ve loc i t y f i e l d which describes the r e s u l ­

tan t f low. Yong and Japp (1968) have used t h i s approach to show tha t c o n s t i t u ­

t i v e re l a t i ons f o r so i l dynamical behaviour fo r accelerat ions developed in clay 

so i l s of less than 100 g's can indeed be adequately w r i t t e n . 

In the f o l l o w i n g , the der i va t ion o f the l i m i t equ i l i b r ium governing d i f f e r e n ­

t i a l equations fo r a general ized cohes ion - f r i c t i on mater ia l i s g iven. I t should 

be noted tha t i n a state of l i m i t equ i l i b r ium any small element w i t h i n the s o i l 

mass has t o s a t i s f y two cond i t ions : (a) e q u i l i b r i u m , and (b) y i e l d or f a i l u r e . 

4.6.1 Equations o f equ i l i b r ium 

The p a r t i a l d i f f e r e n t i a l equations of equ i l i b r ium i n polar coordinate form 

( F i g . 4.11) are given as fo l l ows : 



I l l 

F ig . 4 . 1 1 . Stresses on an element. 

3σ , 3τ σ - σ 
3 F 1 + 7 - # + ^ i = P 9 c o s e 

(4.25) 

— + r "9Θ" + 2 "7 Ρ 9 s in θ 

4.6.2 Y ie ld condi t ions 

The diagram shown in F i g . 4.12 i s a schematic representat ion of d i f f e r e n t 

types o f vehic le i n t e r a c t i o n too ls moving in s o i l . The so i l mass i s assumed to 

be i s o t r o p i c , homogeneous and incompressible, and obeys the Mohr-Coulomb y i e l d 

condi t ion (F ig . 4 .13) . 
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Fig. 4.12. Schematic diagram for failure mode beneath different types of traction tools. 
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F i g . 4.13. Mohr c i r c l e and c h a r a c t e r i s t i c s . 

(<V " <V2 + = (σΓ
 + σ θ + 2H)2 s i n 2 φ (4.26) 

where Η = c cot φ; 

c = cohesion; 

φ = angle o f i n te rna l f r i c t i o n ; 

σ Γ = rad ia l s t ress ; 

a Q = tangent ia l st ress and 

T R Q = shear s t r ess . 

Figure 4.14 shows the polar coordinate system used f o r the above n o t a t i o n . 

The angle o f f r i c t i o n 6 between the i n t e r a c t i o n too l and s o i l i s assumed to be 

constant . 

In terms o f polar coord inates, the Mohr-Coulomb y i e l d cond i t ion fo r a mixed 
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F ig . 4.14. Coordinate axes. 

so i l (c-ψ) mater ia l can be expressed as f o l l ows : 

σ
Γ
 = σ( 1 + s in Φ c os 2ψ') + c cos Φ cos 2ψ' 

o() = σ(1 - s in Φ cos 2ψ') - c cos Φ sin 2ψ' (4.27) 

τ Γ̂ = σ sin Φ sin 2ψ' + c cos φ s in 2ψ' 

χ ν r ο I ^ 
where σ = ^ — 2 = 2 = 171 e dn s t r e ss 

With the use of the s i m i l a r i t y so lu t ion technique, the fo l l ow ing are assumed: 

Ψ* = Ψ'(*) 

σ = pg r S(0) (4.28) 

where pg = dens i ty ; 

r = rad ia l distance and 

S ( 6 ) = stress f u n c t i o n . 
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Subs t i tu t ion of eqs.(4.27) and (4.28) i n to eq.(4.29) w i l l provide the f o l l ow­

ing equations: 

ο 
1
 = cos θ - s in Φ cos (2ψ' + θ) - S cos φ _ ^ ^

 2 g^ 
d 0 2(S s in φ + cos <J>)(cos 2ψ' - s i n φ) 

dS _ S s in 2ψ' - s in (2ψ' + θ) Q NV 

d0 cos 2ψ' - s in φ l 4* J UJ 

For cohesionless so i l (c = 0 ) , eqs.(4.29) and (4.30) can be w r i t t e n as: 

Ml - cos θ - s in φ cos (2ψ' + θ) - S cos φ , (A ~, χ 
de 2S s in φ (cos 2ψ' - s in φ) 1 ^ . J I ; 

dS _ S s in 2ψ' - s in (2ψ' + θ) , . ^ 
d0 cos 2ψ' - s in φ 

For f r i c t i o n l e s s mater ia l (φ = 0 ) , f o r s i m p l i c i t y i n so lu t ion we choose an 

x-y coordinate system as shown in F ig . 4.14. Using and as the major and 

minor p r i nc ipa l s t resses: 

σ J = 1/2(σ1 + σ 2) ± (σ1 - σ 2) cos 2ψ (4.33) 

τ χ γ = 1/2(σ1 - σ 2) s in 2ψ (4.34) 

Def in ing χ as a new var iab le where 

2c x = 1/2(σΊ + σ 2) - pg X (4.35) 

and s u b s t i t u t i n g t h i s i n to eqs.(4.33) and (4.34) the fo l l ow ing equations are 

obtained: 

) = c(2x ± cos 2ψ) + pgx (4.36) 

τ = c s in 2ψ (4.37) 
xy 
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The equations of equ i l i b r i um are w r i t t e n as: 

Equations (4.29 to 4 .32) , (4.43) and (4.44) are the basic equations fo r l i m i t 

equ i l i b r ium under plane s t r a i n condi t ions f o r a s o i l obeying the Mohr-Coulomb 

y i e l d c r i t e r i o n . These equations do not have a closed form s o l u t i o n , except f o r 

the case where ρ = 0, which i s the Prandtl s o l u t i o n , (Mendelson, 1968). In gen­

eral a numerical technique i s required to in tegra te these equat ions. 

^ + ^ f = P9 (4.38) 

δ τ δσ 
^ f + ^ = 0 (4.39) 

By subs t i t u t i ng eqs. (4.36) and (4.37) i n to eqs.(4.38) and (4.39) we obta in the 

f o i l owing: 

s in 2 ψ ^ + cos 2 ψ | ^ = 0 (4.40) 

| U cos 2 ψ ^ + s in 2ψ | * . = 0 (4 .4 ! ) 

To obta in a so lu t ion we def ine another set of var iab les : 

r, = X + Ψ; η = χ - Ψ (4.42) 

Subs t i tu t ing eqs.(4.42) i n to eqs.(4.40) and (4 .41) : 

+ tan (ψ + π/4) 0 (4.43) 

+ tan (ψ - π / 4 ) ^ : = 0 (4.44) 

From eqs.(4.43) and (4.44) the cha rac te r i s t i cs are obtained as fo l l ows : 

I cha rac te r i s t i c δy/δx = tan (ψ + π /4) 

along which χ + ψ = constant = η (4.45) 

I I cha rac te r i s t i c oy/δχ = tan (ψ - π /4) 

along which χ - ψ = constant = ; (4.46) 
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4.6 .3 So i l c u t t i n g and grouser t h rus t (granular s o i l ) 

App l i ca t ion o f l i m i t equ i l i b r i um theor ies to analysis o f s o i l cu t t i ng or s i n ­

gle grouser th rus t i n s o i l requires the same so lu t i on technique described in the 

preceding, since the boundary condi t ions and so i l f a i l u r e mode are s i m i l a r , 

(F i g . 4.12) 

( i ) Boundary cond i t i ons . Since Region 1 in F i g . 4.15 represents a Rankine 

passive zone, the boundary condi t ions along OC may be read i l y spec i f i ed . The 

boundary condi t ions a t po in t C are: 

The second o f eq.(4.48) may be derived d i r e c t l y from the knowledge tha t the 

major p r i nc ipa l stress acts in a hor izon ta l d i r e c t i o n in Region 1 . 

Since the boundary condi t ions at point Β and along the boundary OB ( i n 

F igs . 4.15 and 4.16) are in no way de f ined , and assuming eq . (4 .49 ) , F i g . 4.17 

describes the stress condi t ions a t the r i g i d w a l l - s o i l i n t e r f a c e , the assumption 

tha t the mass in zone O'ABO in F i g . 4.16 i s r i g i d provides one w i t h the know­

ledge tha t the d i r e c t i o n of the major p r i nc ipa l s t ress w i l l be constant through­

out t h i s reg ion . Thus the determinat ion o f ψ1 at po in t A w i l l be s u f f i c i e n t fo r 

the determinat ion o f ψ' a t Β. 

In the case where the wal l or surface i s moving i n t o the s o i l : 

τ Γ θ = σ θ tan <5 (4.49) 

Subs t i t u t i ng eq.(4.27) i n t o eq.(4.49) we o b t a i n : 

s in φ 2 ψ ' β = [(1 - s in φ cos 2 ψ ' β) ] tan 6 

= cos Ο , 4 ?) 3 1 - s in φ Κ*··") 

V - f - ο 

where θ = π/4 + φ/2 

Subs t i t u t i ng f o r 0, we obta in 

ς cos (π/4 + Φ/2) 
1 - s in ψ 

and (4.48) 

ψ1 = π/4 - φ/2 
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F ig . 4.15. Proposed ana l y t i ca l model of f a i l u r e conf igura t ion f o r descr ip t ion 
of boundary cond i t ions . 

F ig . 4.16. Geometry of f a i l u r e zone beneath grouser p l a t e . 
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F ig . 4.17. Forces on a r i g i d surface moving through s o i l . 

Hence 

s in φ s in 2 ψ ' β cos 6 = s in 6 - s in φ cos 2 ψ ' β s in δ 

s in φ s in (180 - 2ψ ' β) cos δ = s in δ + s in φ cos (180 - 2ψ ' β) s in 6 

Therefore 

s in φ [ s i n (180 - 2ψ ' β) cos δ - cos (180 - 2 ψ !
β) s in δ] = s in δ 

s in oeo - 2 ψ ' Β - β) - S j a j . 

We thus ob ta in : 

ψ ' Β = 0.5 £r - δ - arc s in |}{j-J.] (4.50) 

where ψ ' β i s the angle of i n c l i n a t i o n o f the p r i nc ipa l stress d i r e c t i o n to the 

θ-axis at po in t B. 

To determine the stress func t ion Sg, at po in t B, we employ an i t e r a t i v e 

so lu t ion (Runge-Kutta method), as f o l l ows : 

(1) estimate a value o f Sg, 

(2) by a process o f numerical i n t e g r a t i o n , work from po in t A to po in t C, 

(3) compare the value o f as determined above w i t h the value ca lcu la ted 

from eq . (4 .48 ) . I f the d i f fe rence is too l a rge , estimate a new value of Sg and 

repeat the procedure. 



12 0 

By repeating the procedure u n t i l the two values o f obtained from eq.(4.48) 

and by ca lcu la t ion agree to w i t h in 0 . 0 1 , the t rue value of Sg i s obta ined. 

Figures 4.18 and 4.19 show the va r i a t i on of ψ' and S w i th θ respec t i ve ly , f o r 

various values o f the angle β. 

( i i ) Geometry of the f a i l u r e sur face. To obta in a complete so lu t ion o f the 

r i g i d w a l l - s o i l i n te rac t i on problem, we requi re the determinat ion o f the shape 

of the f a i l u r e surface. From the experiments reported by Yong and Sy lvest re-

Wil l iams (1969a) f o r granular s o i l s , i t was observed tha t l i nes AB and CD in 

F ig . 4.16 were s t r a i g h t . This i s consis tent w i th the assumption t ha t zones 

O'ABO and OCD represent r i g i d and Rankine zones respec t i ve ly . Since these are 

regions o f constant s ta te , i t is thus only necessary to speci fy the equation of 

the sp i r a l curve represented by BC in F igs. 4.15 and 4.16. 

The so lu t ion to t h i s part of the problem may be sought through the use o f the 

method of c h a r a c t e r i s t i c s . We reca l l that a cha rac te r i s t i c i s def ined as a l i n e 

along which d i scon t i nu i t i es in der iva t ives propagate, or across which der i va t i ves 

of the f i r s t or second order , or both, are discont inuous. On considerat ion o f the 

the equations of va r i a t i on o f the present system, given as eqs.(4.31) and (4 .32 ) , 

i t w i l l be seen that the der iva t ives of ψ' and S become discontinuous when 

ψ' = ± (π/4 - φ/2) 

or ψ' = ± μ (4.51) 

2μ = π/2 - φ 

We note tha t when ψ' = ± μ in eqs.(4.31) and (4 .32 ) , the denominators o f 

these equations vanish. The numerators may simultaneously vanish or may be d i f ­

fe ren t from zero. I f the numerators vanish, then eqs.(4.51) def ine the charac­

t e r i s t i c s o f the system. I f they are d i f f e r e n t from zero, eqs.(4.51) define a 

l i n e of d i scon t i nu i t y which has been shown to coincide w i th the s l i p l ines of 

the system. I t has been shown tha t the s l i p l ines form the envelope of the char­

a c t e r i s t i c s of any system (Prager, 1953; Harr, 1966) and as such, eqs.(4.51) de­

f i n e the s l i p l ines o f the present system. 

The s l i p l ines comprise two fami l i es o f curves which i n te rsec t at an angle o f 

2μ = π/2 - φ and are i nc l i ned at angles of ψ' ± μ to the radius vectors . The 

geometry of the s l i p l i nes in the Mohr plane i s shown in F i g . 4.20 whi le the 

geometry in the physical plane i s shown i n F ig . 4 . 2 1 . 
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F ig . 4.18. Plot o f p r i nc ipa l stress angle Ψ'(θ) versus (θ) as a funct ion o f £. 
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θ in d e g r e e * 

Fig . 4 .19. Plot o f stress f unc t i on , S(e) , versus (θ) as a func t ion of β. 



Fig . 4.20. Geometry of s l i p l i nes in Mohr plane. 

F ig . 4.21 Geometry o f s l i p l i nes in the physical plane. 

12 2 



12 3 

The length of the s l i p l i n e a t any angle θ, can be obtained by (see F ig .4 .22) : 

- ^ - = tan [π - (ψ' ± μ)] 

ΐ= tan (ψ' ± μ) 

/ θ4 = ' θ c ot (Ψ' ± u) de 

ro 0 

Γθ = ro e xp p° cot W ± ^ dej 
= exp p0 cot (ψ' ± μ) dej (4.52) 

where r Q = length o f radius vector a t angle o f θ to i n i t i a l pos i t i on ; 

r^ = length o f radius vector at i n i t i a l pos i t i on and 

3 = angle o f i n c l i n a t i o n o f surface OB (F ig . 4.15) to v e r t i c a l . 

The equation o f the C+ c h a r a c t e r i s t i c , which defines the f a i l u r e surface i s 

given by: 

Γθ = r3 exp ̂ θ cot (ψ' + μ) d0J 
μ = π/4 - φ/2 (4.53) 

Equations (4.53) may be solved by a process o f numerical i n t e g r a t i o n , u t i l i z ­

ing Simpson's r u l e , to y i e l d the f a i l u r e sur face. 

( i i i ) Pred ic t ion o f hor izonta l fo rces . To compute the forces act ing on the 

grouser and to provide a complete so lu t ion to the problem, the stresses act ing 

w i t h i n zone O'ABO ( F i g . 4.23) must be est imated. Since no knowledge o f the 

s t r e s i d i s t r i b u t i o n w i t h i n t h i s zone i s r e a d i l y a v a i l a b l e , we resor t to a simple 

s t a t i c equ i l i b r ium approach as a f i r s t order approximat ion. 

Assuming tha t the v e r t i c a l f o r ce , P, ac t ing on the top of the grouser pro­

duces a Coulombic f r i c t i o n force along the f a i l u r e surface AB, we ob ta in : 

Τ = Ρ tan φ (4.54) 

ac t ing along AB. The hor izonta l component T^ w i l l be def ined by: 
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Fig. 4.23. Ana ly t i ca l model used f o r determinat ion of forces act ing in r i g i d 
zone. 

F ig . 4 .22. Increment along rad ia l s l i p l i n e . 
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T H = (Ρ tan φ) cos α (4.55) 

as shown i n F ig . 4 .23. 

Figure 4.24 shows the predicted hor izonta l force f o r a grouser moving in sand 

using the ana l y t i ca l technique described in t h i s Section - in comparison w i th 

measured values obtained by Yong and Sylvestre-Wi l l iams (1969). 

τι 
h 

il 
Note: mean carriage velocity 

= 10.25 cm/sec 
I = constant 7.5 cm 
ψ = 38° 
S = 29.5° 
ρ = 1616 kg/m3 

width of grouser = 10 cm 

measured A~ 

computed • • 

1 2 
Shape Factor, |/h 

F ig . 4.24. Inf luence o f grouser geometry on predicted and measured hor izonta l 
forces fo r constant e levat ion t e s t s . 

4 .6 .4 Wheel models 

Yong and Windisch (1970) appl ied the l i m i t equ i l i b r i um approach to p red ic t 

the i n t e r f a c i a l s t ress f o r a r i g i d wheel moving w i th constant speed on so f t s o i l . 

U t i l i z i n g measured subsoi l displacement data as a func t ion o f d i f f e r e n t wheel 

p o s i t i o n s , we can ca lcu la te subsoi l s t r a i n , s t r a i n rates and p r i nc i pa l d i r e c t -
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i ons , hence d i r ec t i on of s l i p planes a t any po in t i n the subsoil can be deter­

mined, (F i g . 4 .25) . Adopting eqs.(4.45) and (4.46) along the s l i p planes and 

considering the loading-unloading d i v i d ing curves as a boundary condi t ion 

(F ig . 4.26) we can determine the state of stress a t any po in t i n the so i l con­

t inuum, and the wheel-soi l i n t e r f a c i a l s t resses, F ig . 4.27, using the load ing-

unloading d i v id ing curves as the locus of zero mean stress po in t s . 

The performance of a moving wheel ( r i g i d or pneumatic) over a granular so i l 

can be predicted using l i m i t equ i l i b r ium techniques as f o l l o w s , (Ka ra f i a th , 1971, 

1978; Nowatzki e t a l . , 1974). Casting the d i f f e r e n t i a l equations i n Cartesian 

coordinates form: 

dz = dx tan (θ ± μ) 

da ± 2σ tan φ d0 - c (J [ s i n (ε ± φ)άχ + cos (ε ± φ)άζ] = 0 (4.56) 

where c = cohesion; 

x,z = coordinates; 

γ = un i t weight of s o i l ; 

θ = angle between χ axis and major p r i nc ipa l st ress and 

φ = angle of in te rna l f r i c t i o n . 

The problem can be solved i f the fo l low ing wheel -so i l i n t e rac t i on parameters 

are known, (a) wheel entry angle (c t e) , (b) wheel rear angle ( c ^ ) , (c) wheel-soi l 

angle o f f r i c t i o n ( 6 ) , and (d) the angle o f separation ( a m) . Note that t h i s r e ­

quires an assumption o f the existence of two f a i l u r e zones (Karaf ia th et a l . , 

1978) as shown in F ig . 4.28 - somewhat s im i l a r to the techniques used by Yong 

and Windisch (1970). To implement the ana lys i s , ct^ can be assumed and then 

corrected through a t r i a l and er ror technique to s a t i s f y the stresses a t the 

separation po in t . Figure 4.29 (Kara f ia th e t a U , 1978) shows the r e l a t i o n 

between the measured and predicted resu l t s f o r a dr iven r i g i d wheel on granular 

s o i l . I f the performance f o r spec i f i c wheel cha rac te r i s t i cs i s required ( load, 

input torque are s p e c i f i e d ) , the so lu t ion becomes very complex since an i t e r ­

a t ion technique is required to s a t i s f y the load and torque equ i l i b r i um. 

4.7 SUMMARY 

Ana ly t i ca l methods fo r p red ic t i on o f t r a c t i o n mechanics can take several 

forms - from simple co r re l a t i ve techniques to app l i ca t ion of sophis t ica ted theo­

r ies of i n t e r a c t i o n . The choice of technique depends not only on one's f a m i l i a r ­

i t y w i th the technique i t s e l f , but also w i th (a) types and amount of inputs 

ava i l ab le , (b) degree of de ta i l required i n the p red ic t ion or ana l ys i s , (c) leve l 

of confidence required or desired i n ana lys i s , (d) i n ten t o f the analysis or 

p red i c t i on . 
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Fig. 4.25. Typical net of principal strain rate directions and corresponding characteristics. 



12
8 

Fig. 4,26. Range of approximate plastic zone boundaries. 
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Fig. 4.27. Calculated soil-wheel contact stresses. 

Radial Stress in kPa 
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A = zone in which soil is in an o * v ^ 
active Rankine state of stress / Τ \ ο ¥ β° Χ ν> ^ r " 
Ρ = zone in which soil is in a / ^^ίΓ^\ 
passive Rankine state of stress I ν ——L<^vl\  \ 

\  <*η*Υ  \V CteA Q 7 \ θ 
R= zone in which soil is in a \ >C]~\X /  \Z/  °Y\J 
transitional state 

\ Λ 

Fig . 4 .28. Concept o f r i g i d wheel-soi l i n t e r a c t i o n (Karaf ia th e t a l . , 1978). 

F ig . 4.29. Comparison o f measured and computed stresses, dr iven wheel (Kara f ia th , 
1971). 
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The simplest c o r r e l a t i v e procedure discussed in t h i s Chapter has been one 

which takes the measurement o f t e r r a i n bearing st rength (or shear st rength) and 

cor re la tes i t w i t h t r a c t i v e performance. In doing so, several i n d i r e c t routes 

are fo l lowed - beginning w i t h the basic t e r r a i n measurements through computat­

ions o f motion res is tance, f l o t a t i o n c a p a b i l i t y , e t c . Obviously, the more data 

and co r re la t ions obtained, the be t te r is the simple c o r r e l a t i v e model. The dan­

gers inherent w i t h t h i s type o f technique l i e not i n the nature of the technique 

but i n the app l i ca t i on o f the procedure f o r p red ic t i ve use to s i tua t ions not 

covered in the co r re la t ions sought. The overeagerness by the u n i n i t i a t e d in 

apply ing such procedures to s i t ua t i ons not covered by the measurement systems, 

and the i n a p p l i c a b i l i t y of the measurement system to ce r ta in f i e l d condi t ions 

a l l combine to remind the user to be proper ly aware o f the p a r t i c u l a r c o r r e l a t ­

ive too l used f o r h is purpose. 

In the techniques f o r analysis using methods of dimensional ana lys i s , i t i s 

observed tha t (a) extensive t e s t in format ion w i th proper parametric v a r i a t i o n 

and cont ro l would be requ i red , (b) w h i l s t c o r r e l a t i v e in format ion can be secured, 

i ns i gh t i n to the fundamental operat ive mechanisms cannot be read i l y sought. 

Nevertheless, the technique i s useful i n tha t c o r r e l a t i v e func t iona l r e l a t i o n ­

ships can be obtained - given the proper t es t in fo rmat ion . However, as previous­

l y s ta ted , the dangers in using t h i s type o f technique l i e a lso in the extension 

of the "ana lys is " f o r p red ic t i on of s i t ua t i ons not covered in the t es t program. 

Progressing "upward" i n analys is o f the t r a c t i o n problem, we can seek so lu t ­

ion of the problem in terms of (a) the c o n s t i t u t i v e re la t ionsh ips described by 

the support ing t e r r a i n m a t e r i a l , and (b) the i n t e r a c t i o n mechanics described by 

the two pa r t i c i pan ts - t r a c t i o n element and support ing t e r r a i n . In the former, 

we have two basic avenues o f pursu i t - (1) through l i m i t equ i l i b r ium p r i n c i p l e s , 

and (2) through the use o f s t r e s s - s t r a i n re la t ionsh ips where f a i l u r e o f the 

support ing t e r r a i n mater ia l need or need not occur under t r a c t i v e load ing . The 

use of c o n s t i t u t i v e r e l a t i o n s h i p s , w i th so lu t ions sought through f i n i t e element 

methods (FEM), i s discussed i n Chapters 6 and 7. The use o f i n t e r a c t i o n mechan­

i c s , leading t o energy analyses, i s discussed in Chapter 5. 

In the l i m i t equ i l i b r i um analyses discussed i n t h i s Chapter, the basic r i g i d 

p l a s t i c model inherent in the Mohr-Coulomb two-parameter f a i l u r e theory i s used. 

We note tha t the method of analys is presumes a f a i l u r e cond i t ion i n the t e r r a i n 

support ing mater ia l under the ac t ion o f t r a c t i v e fo rces . So long as the a n a l y t i ­

cal condi t ions proper ly m i r ro r the physics o f the problem, the ana l y t i ca l tech­

nique i s indeed r igorous and accurate. The drawbacks l i e in the l i m i t a t i o n s of 

the use o f the r i g i d - p l a s t i c model - which can be improved i f s u f f i c i e n t a t t e n ­

t i o n i s warranted. 
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NOMENCLATURE 

A contact area 

C penetrat ion resistance 

D wheel diameter 

DBP drawbar-pul l 

Η t r a c t i v e e f f o r t 

L t rack length 

Ν Ν 

c ' γ
 bearing capacity fac tors 

Ρ
 drawbar -pu l l , pressure or v e r t i c a l force 

Ρς
 carcass pressure 

P cr
 i n f l a t i o n pressure above which the t y re w i l l behave as a r i g i d wheel 

Ρ^
 ground pressure 

P. t y re i n f l a t i o n pressure 

R̂  bu l ldoz ing resistance 

Rc
 compaction resistance 

Rt
 f l e x i n g resistance 

RT motion resistance 

S s l i p 

S(6) stress func t ion 

Τ torque or f r i c t i o n force 

V t r ans la t i ona l v e l o c i t y 

W v e r t i c a l load 

Ζ sinkage 

a empir ical constant 

b t rack or wheel width 

c cohesion 

d ty re diameter 
f r a t i o o f residual shear s t rength t o contact stress m 
g g rav i t y acce lerat ion 

h ty re or grouser height 

k func t ion of s o i l and p la te geometry 

k c empir ical constant 
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displacement a t peak shear stress or tangent modulus 

k^ empir ical constant 

l t rack contact length 

η empir ical constant 

r rad ia l distance 

w empir ical constant 

ζ t rack or wheel sinkage, or p la te penetrat ion 

Δ shear deformation 

α angle o f at tack 

γ un i t weight of s o i l 

6 f r i c t i o n angle, ty re or t rack de f lec t i on 

μ gear -so i l i n te rac t i on c o e f f i c i e n t 

ρ densi ty 

σ ,σ χ,σ^ , normal stresses 

ο*θ»σ t angen t i a l , rad ia l stress 

σ-|,σ2 p r inc ipa l stresses 
T , Tx y ' T r 6 s n e ar stresses 
Φ s o i l f r i c t i o n angle 
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Chapter 5 

MECHANICS OF ENERGY TRANSFER 

5.1 INTRODUCTION 

In Chapter 4 we discussed the use of ana l y t i ca l models in the evaluat ion and 

p red ic t ion of t r a c t i o n product ion - e i the r i n terms of t r ac t i ve forces produced 

or in terms of m o b i l i t y . Using semi-empir ical and i n some instances more r a t i o n ­

al ana l y t i ca l approaches to the evaluat ion of t r a c t i o n product ion, some success 

can be achieved i n p red ic t ion o f performance. However, u n t i l the actual physics 

of t r a c t i o n performance i s understood, a proper means f o r more r e a l i s t i c predic­

t ions and evaluat ion cannot be a t ta ined . 

In t h i s Chapter we w i l l develop the p r inc ip les of i n t e r a c t i o n mechanics 

through the use of energy conservation as they apply to the phenomenon of t r ac ­

t i o n mechanics. Whilst the body of de ta i l ed theory of energy t rans fer mechanics 

l i e s i n the d i s c i p l i n e of physics, we are nevertheless in teres ted i n how the 

basic p r inc ip les apply to our general class of problems of machine-soil i n t e r ­

ac t i on . 

5.2 PRINCIPLE OF ENERGY CONSERVATION APPLIED TO TRACTION MECHANICS 

The p r i n c i p l e of energy conservation i s one of the basic laws of physics. I t 

can be appl ied to the analysis of vehic le t r a c t i v e element-soi l i n t e r a c t i o n . The 

energy required to keep a t r a c t i v e element i n continuous motion on level ground 

must be equal to the energy generated by the element plus that d iss ipated i n the 

t r a c t i v e element support ing ground system. 

Figure 5.1 shows a schematic representat ion of a t r a c t i v e element i n te rac t i ng 

w i th a t e r r a i n surface and the resu l tan t energy components which i l l u s t r a t e the 

problem. The kinematics of the s i t u a t i o n represented i n the f i gu re can be ex­

pressed i n terms of input energy and resu l tan t work done as f o l l ows : 

INPUT ENERGY - SLIP ENERGY - MOTION RESISTANCE 
(energy suppl ied to (wasted at the (energy expended i n 

the t r a c t i v e element) i n te r face in forms overcoming r e s i s t -
other than work done) ance to motion) 

= OUTPUT ENERGY 
(work ava i l ab l e , drawbar-pul l ) 

We note tha t t h i s i s the basic energy balance re la t i onsh ip as appl ied to a 

t r a c t i v e element (wheel- t rack) in motion on a hor izonta l ground surface. From 

the re la t i onsh ip shown, i t i s c lear t ha t i f a greater output energy i s desired -

i . e . d rawbar-pu l l , the motion resistance and s l i p energies must be reduced ( fo r 
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energy dissipated in output energy in terms of >— distorting the tractive element available useful work /  ν 

T~ energy] 11 \ 

S^^^B&XrS. contribute to 
/y^r \ \ \ \ motion resistance 

slip energy J \ y 
dissipated in formsV energy in terms \_ 
other than work \ of work dissipated Y* 

\ in compacting and J 
\. distorting the soil/ 

Fig . 5 . 1 . Tract ive element support ing ground energy system. 

the same input energy). Since the input energy a t the wheel hub i s governed by 

the power p lant and transmission system, i t becomes obvious t ha t i f e f f i c i e n t 

t r a c t i o n capab i l i t y i s to be obtained, i t i s necessary to pay proper a t ten t i on 

to provis ion o f the optimum running gear system tha t minimizes the s l i p and 

motion res is tance. A useful method f o r assessment o f energy e f f i c i e n t t r ac t i on 

f o r vehic le operat ion would be to def ine an "energy budget" as fo l l ows : 

MAXIMUM AVAILABLE ENERGY - ENERGY EXPENDITURE = MAXIMUM WORK 
(maximum energy ava i lab le (energy required to (output ava i lab le ) 

to d r i v i ng hub - as overcome motion 
governed by power p lant ) and s l i p resistances) 

5.3 ENERGY MODEL FOR TRACTION MECHANICS 
In applying the p r i n c i p l e of conservation of energy, i . e . energetics p r i n ­

c i p l e , to evaluate the t r a c t i v e element-soi l m o b i l i t y performance, the d i f f e r e n t 
energy components p a r t i c i p a t i n g in the in te rac t ions def ined by the t r a c t i v e e l e ­
ment-soi l system need to be proper ly i d e n t i f i e d and measured, or ca lcu la ted . The 
energy concept f o r evaluat ion of t r a c t i o n was formal ly introduced by Yong and 
Webb (1969) to evaluate the motion performance of a r i g i d wheel on so f t s o i l . 
Subsequently, the energy model was extended by Yong and Fattah (1976), Yong e t 
a l . (1978, 1980) to p red ic t pneumatic t y re and also t rack performance on s o f t 
s o i l s . 
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The basic p r i n c i p l e used i n the energy model evaluates the (moving) pe r fo r ­

mance o f a t r a c t i v e element on ground surface in terms of the well-known energy 

balance equat ion: 

OUTPUT ENERGY = INPUT ENERGY - ENERGY LOSSES 

In the case o f a moving t r a c t i v e element, the un i ts o f t h i s equation can be de­

f i ned i n terms o f energy per u n i t time or per t r ave l d is tance. 

The energy balance equation i s v a l i d f o r any type o f t r a c t i v e element (wheel 

or t r a c k ) . However, i t s app l i ca t ion may d i f f e r from one element to another de­

pending on how one proport ions or ca lcu lates the d i f f e r e n t energy components 

i d e n t i f i e d in the equat ions. 

5.3.1 Input energy 

The input energy suppl ied to a t r a c t i v e element i s con t ro l l ed by (1) power 

p lan t and transmission system, and (2) maximum t r a c t i v e forces which can be mo­

b i l i z e d a t the t r a c t i v e element-soi l i n t e r f a c e . In most types of s o i l , the maxi­

mum mobi l ized t r a c t i o n forces and vehic le c ru i s i ng speed w i l l cont ro l the se lec­

t i o n of the vehic le power- terra in system - since any input energy i n excess o f 

t ha t required f o r mob i l i za t i on i s wasted i n the form of s l i p energy, F ig . 5 .2 . 

The methods f o r ca l cu la t i ng t r a c t i v e forces are discussed i n Chapter 3 , and those 

f o r determining i n t e r f a c i a l energy are discussed in Section 5 .4 .4 . 

slip energy wasted in i 
different forms other A 

g; than work done 1/ 

£ ^ ^ \ / / / mobilized traction 

motion resistance for input energy J / // / 
self propelled element curve \ Λ///// wasted in work done 

motion resistance ^ ^ total motion 
for towed element / ( \ \ ° resistance 

y\YYΛ/^ V ^ " ^ ^ pull energy—4) 

1 v\\\ y^T sup 
^ \ Y V ^^drawbar pull energy 

F ig . 5 .2 . Energy balance curves. Tract ive element (wheel- t rack) moving wi th con­
s tant t rave l v e l o c i t y . 
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5.3.2 Energy Toss 

The energy loss in an i n te rac t i ng t r a c t i v e element-soi l system consists o f : 

( i ) Energy d iss ipated due to s l i p . That i s , energy wasted in terms of r e l a t i v e 

motion between element and so i l sur face, and hence does not cont r ibu te to work 

done or actual motion res is tance. 

( i i ) Substrate compaction and d i s t o r t i o n energy. Both of these con t r ibu te 

d i r e c t l y to motion resistance of the t r a c t i v e element. These two energy terms 

are spent i n compacting the s o i l and d i s t o r t i n g i t v e r t i c a l l y and h o r i z o n t a l l y , 

plus - in the case of f l e x i b l e ty re - the energy spent i n d i s t o r t i n g the t y r e . 

The r e l a t i v e magnitude of these types of energy is a func t ion of compliances o f 

the ty re and the s o i l . 

The energy wasted due to hysteresis in the element i s neglected since o f f -

road vehicles general ly t rave l a t r e l a t i v e l y low speeds. 

5.3.3 Motion resistance and drawbar-pull 

Assume a wheel moving w i th constant t rans la t i ona l ve l oc i t y V and angular 

ve loc i t y ω, (F i g . 5 .3) : 

F ig . 5.3. Wheel-energy model. 

For a u n i t wheel w id th , the energy balance equation per u n i t time can be w r i t t e n 
as: 

Τ·ω = P-V + D + E f (5.1) 

Input = Output + Work + I n t e r f a c i a l 
Energy Energy Energy Energy 
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where Τ = torque moment a t the hub, e . g . N.m; 

ω = ro ta t i ona l v e l o c i t y , rads/sec; 

Ρ = d rawbar -pu l l , N; 

V = t r ans la t i ona l v e l o c i t y , e . g . m/sec; 

D = work done in s o i l deformat ion, N.m and 

E.p = i n t e r f a c i a l energy l o s s , N.m. 

The energy per u n i t t rave l distance can be obtained by d i v i d i ng eq. (5 .1) wi th 

the t r ans la t i ona l speed o f the wheel, V: 

Thus Ί-ψ  = Ρ + γ + γ " (5.2) 

I f the tangent ia l stress a t the wheel -so i l i n te r face i s τ , and the s l i p ve loc i t y 

a t the wheel -so i l i n te r face i s (u>R - V) 

Then Τ = Στ-R (5.3) 

and E f = Σ τ · Μ - V) (5.4) 

where R = wheel r o l l i n g rad ius . 

Subs t i t u t i ng i n t o e q . ( 5 . 2 ) : 

R-ω-Ζ τ (o>R - V ) · / τ 

- V " p + y + ( 5 · 5 ) 

/ τ = Ρ + D/V (5.6) 
L 

where L = wheel -so i l contact length o r , i n physical terms: 

Mobi l ized Tract ion Forces = Drawbar-pull + Work Energy/Unit Travel Distance 

Thus the work energy per u n i t t r ave l distance i s the motion resistance of the 

wheel. 

In the case of a t rack moving w i t h constant speed V, and sprocket angular 

ve l oc i t y ω ( F i g . 5 . 4 ) , the b e l t speed f o r an extens ib le t rack b e l t i s = ω-R, 

where R i s the sprocket rad ius: 
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Τ·ω = P-V + D + E f ^ 5 · 7 ^ 

Input = Output + Work + I n t e r f a c i a l 
Energy Energy Energy Energy 

where Τ = sprocket input torque-moment; 

D = energy spent i n compacting and d i s t o r t i n g the so i l and 

E f = energy d iss ipated at s l i p sur face. 

I f the s l i p i s very sma l l , E f can be assumed to be zero. With the assumption 

tha t the s l i p i s constant along the t rack l eng th , the i n t e r f a c i a l energy can be 

ca lcu la ted as: 

E f = (Vb - V) / τ and Vb = u>R 

where τ and L are the t rack so i l tangent ia l stress and contact length respect­

i v e l y . 

Thus, Τ = R-/ τ ; / τ = mobi l ized t r a c t i o n f o r ce . 
L L 

Equation (5.7) can now be w r i t t e n as: 

ω-R / τ = P-V + D + (v. - V) / τ (5.8) 
L D L 

Energy per u n i t t rave l distance can be obtained by d i v i d i ng eq. (5 .8) w i th the 

t r ans la t i on ve loc i t y o f the t rack , V: 

D ( vb * V> 
ω-R / τ = Ρ + w + — % / τ (5.9) 

L L 

/ τ = Ρ + D/V (5.10) 
L 

which i s the same as e q . ( 5 . 6 ) . 

Equations (5.6) and (5.10) show how the wheel or the t rack forces can be ob­

ta ined from the energy balance equation - provided the work and input energies 

can be determined. 
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W Input Energy 

L 

F ig . 5 .4 . Track-energy model. 

5.4 VISIOPLASTICITY 

The discovery t ha t energy t rans fe r mechanics could be r e a l i s t i c a l l y used to 

develop the energy model discussed i n Section 5 .3 , was made through a series o f 

studies by Yong and his co-workers through a period o f several years. The method 

adopted was one tha t was successfu l ly appl ied i n the f i e l d of metal ex t rus ion . 

They reasoned tha t since metal ext rus ion between two r o l l e r s cou ld , i n essence, 

resemble the wheel problem - i f a ha l f plane considerat ion of metal ext rus ion 

was considered - and since ce r ta in c o n s t i t u t i v e re la t ionsh ips i n metal p l a s t i ­

c i t y were adaptable to s o i l s , the v i s i o p l a s t i c i t y technique used i n metal e x t r u ­

sion studies could be f r u i t f u l l y used f o r the t r a c t i o n mechanics s tud ies . 

The v i s i o p l a s t i c i t y method i s a valuable laboratory technique f o r evaluat ing 

the e f f e c t o f t r a c t i v e element parameters on t r a c t i o n performance and subsoi l 

response. I t can be used to d i f f e r e n t i a t e between the performance o f d i f f e r e n t 

t r a c t i v e element types. The method o f analysis essen t i a l l y states t ha t i f we can 

observe and measure the d i s t o r t i ons occurr ing i n the support ing t e r r a i n mater ia l 

( e . g . s o i l ) , such as the s i t u a t i o n shown i n F i g . 5 . 1 , the input loads or stresses 

(or forces) provoking the observed d i s t o r t i o n s can be deduced. The manner i n 

which one determines the d i s t o r t i o n s i n the substrate w i l l be l e f t to the inves­

t i g a t o r or ana lys t . The l i n k between d i s t o r t i o n s ( s t ra i ns ) and stresses provok­

ing the s t ra ins of the substrate w i l l be def ined by the c o n s t i t u t i v e r e l a t i o n ­

ships o f the support ing substrate m a t e r i a l . Once we have obtained the informa­

t i on concerning stresses and s t ra ins i n the subs t ra te , i t becomes a simple pro­

cedure to re la te these to the s u r f i c i a l agent provoking these stresses and 

s t r a i n s . In other words, the procedure u t i l i z e d in invoking the v i s i o p l a s t i c i t y 

technique is to (a) map out the resu l tan t instantaneous s t ra ins in the support­

ing m a t e r i a l , (b) determine the stresses causing the s t ra ins - through the appro­

p r i a te c o n s t i t u t i v e r e l a t i o n s h i p s , and (c) r e l a te these to the t r a c t i v e element 

motion and i n t e r a c t i o n a t the sur face. The remaining sub-Sections w i l l describe 

the method o f analysis and eva lua t ion . 
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5.4.1 Governing equations 

We begin by examining the support ing substrate as a t r a c t i v e element i s made 

to move over the sur face. I f u, v , and w are v e l o c i t i e s in the x , y and ζ d i r ec ­

t ions respec t i ve ly , the normal and shear s t r a i n ra te components in the deforming 

s o i l can be w r i t t e n as: 

. = iu_ · _av · = aw ( 5 m 

εχ 3χ' ey ay' εζ 3z 

Yxy ax ay' Ty z ay az Yzx az ax 

The second i n v a r i a n t , 1 ^ , o f the s t r a i n rate tensor is expressed as: 

1 2 = 1/2(ε* + ξ * φ + 1 / 4 ( ^ + y]z + 4 ) (5.13) 

Soft s o i l deformation beneath a t r a c t i v e element such as tha t shown i n F ig . 

5.1 can be considered under the heading o f unres t r i c ted p l a s t i c f low. For a 

mater ial in which the choice o f reference state is a r b i t r a r y , ( f o r example, 

r i g i d , pe r fec t l y p l a s t i c or v i scop las t i c mater ia ls i n con t ra -d i s t i no t i on to an 

e l a s t i c or e l a s t i c - p l a s t i c s o l i d i n which there is no one s t ress - f ree s t a t e ) , 

the instantaneous reference s ta te can be used and the ra te o f s t r a i n can be ob­

ta ined w i th respect to the deformed medium (Prager and Hodge, 1951). The f i n i t e 

s t r a i n formulat ion given by Love (1959) is used, where the resu l t i ng s t r a i n rate 

equations although l i nea r i n ve loc i t y components re fe r red to natura l coord inates, 

contain the der iva t ives o f the displacement w i th respect to these natural coor­

dinates as c o e f f i c i e n t s . The rate o f s t r a i n i ng defined w i th respect to the defor ­

med medium (spa t i a l coordinates) i s l i n e a r i n the der iva t ives of the ve loc i t y 

components computed w i th respect to the spa t ia l coordinates. 

The con t i nu i t y equation f o r the plane s t r a i n case can be w r i t t e n as: 

f£ + ffi „ + |e » - ο <5-u> 

The equations of motion of a plastic mass (momentum equations) can be written as: 

1Γ + _3Γ+ pU 3T+ pV W P 3 t ' X 

a * a r ( 5 ' 1 5> 



14 3 

where 

σ σ = normal stresses i n the χ and y d i r e c t i o n s ; 
χ* y 

τ = shearing s t resses; xy 
u, ν = displacements i n the χ and y d i r e c t i o n s ; 

ρ = densi ty and 

Χ, Y = body fo rces . 

The loading o f s o i l s due to the passage of a wheel i s a t rans ien t phenomenon 

which f a l l s between s t a t i c and dynamic load ing . In eq.(5.15) the accelerat ion or 

i n e r t i a l terms must be examined. The t h i r d and four th terms on the l e f t hand side 

are the convective accelerat ion terms whi le the f i f t h term i s the loca l accele­

r a t i o n . The body forces X and Y represent the matr ix and g r a v i t a t i o n a l p o t e n t i a l . 

For a plane s t r a i n p l a s t i c f low problem wi th the fo l low ing condi t ions s a t i s ­

f i e d : 

(a) steady state process 

(b) neg l i g i b l e i n e r t i a l and body forces 

(c) incompressible f low 

(d) e l a s t i c s t ra ins small compared to the p l a s t i c s t r a i n s , 

the con t i nu i t y r e l a t i o n reduces t o : 

έ χ + έ γ = 0 (5.16) 

and the momentum equations reduce t o : 

3σ 9τ 
x + -.Μ  = ο (5.17a) 

3χ dy ν ' 

Using the Levy-Mises re la t i onsh ip as a l i n k between the s t r a i n - r a t e and s t ress : 

K-^r°* (5-18a) 

έ = -ΤΓ σ' (5.18b) y k y 

γ = - Γ - 2 - τ (5.18c) Yxy k xy 
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where k = J 2 = second stress i nva r i an t (von Mises c r i t e r i o n ) ; 

k = y i e l d stress i n shear o f 1//3" y i e l d stress i n tension or compression; 

σ ' , σ' = dev ia to r i c stresses i n χ and y d i r e c t i o n s , χ y 

I f ε is subtracted from ε , the fo l low ing equation r e s u l t s : 
y χ 

Solving f o r σχ g ives: 

σ χ = σ ; + - ^ χ - ν ( 5· 2 ο ) 

D i f f e r e n t i a t i n g eq.(5.20) wi th respect to y g ives: 

! 1 = ! 1 + JL Α ( ε χ - ε ) ( 5 2 1) 

ay ay /*- ay x y κ * · ά 1 ) 

The term aox/ay i n eq.(5.21) can be obtained by the use of eq.(5.17b) and by d i f ­

f e r e n t i a t i n g eq . (5 .18c ) . The r e s u l t i n g equation i n terms o f dev ia to r i c stresses 

i s : 

^ - - ^ - - m ^ ^ ^ y ) ( 5· 2 2) 

/ ι 2 

Subst i tu t ing eq.(5.22) in to eq.(5.21) g ives: 

The r i g h t hand side o f eq.(5.23) can then be evaluated f o r any po in t i n the f low 

f i e l d where the s t r a i n - ra tes have been determined, and f o r which k i s known. 

5.4.2 Rate of doing p l a s t i c work, W 

Under the act ion o f a moving t r a c t i v e element, substrate s o i l s t r a i n i ng 

occurs - as discussed in the previous sub-Sect ion. The work performed which 

resu l ts i n t h i s s t r a i n i ng can be computed. The procedure involved requires one 

to compute the rate a t which stresses do work, W, i n connection w i th the change 

in shape. To do so, the stresses and ra te o f s t r a i n need to be known. The quan­

t i t y can be expressed as: 
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l) = σ 'ε + σ 'ε + τ γ (5 24) χ χ y y xy Txy \Ό-^ι 

I f the t o ta l s o i l mass i s compressible, the t o t a l rate o f doing work on the so i l 

must include the work done as volume changes are accommodated. The t o t a l work 

(deformation energy) can then be expressed as: 

Deformation _ Γ P las t i c + \ Work done i n 
Energy J Work Rate J producing Volume Change 

Since l i t t l e volume change occurs i n near ly -saturated or saturated cohesive 

s o i l s under compression a c t i o n , the second in teg ra l on the r i g h t hand side is 

zero. 

2 2  ^2  2  ^2 

= η ~ 2 J 2 (5.26) 

where = second i nva r i an t o f the stress d e v i a t i o n . 

= 1 / 2 ( σ ' 2 + σ ' 2 + σ ' 2) + τ 2 + τ 2 + τ 2 

k = y i e l d stress 

Experience w i th cohesive so i l s shows tha t the mater ia l can be sa id to obey 
2 

the von Mises c r i t e r i o n , k = J ^ . 

W = 2 k/Π; (5.27) 

Equation (5.27) shows tha t i t i s possible to ca lcu la te the rate o f doing p l a s t i c 

work li w i thout f i r s t determining the stresses i f a re la t i onsh ip between stresses 

and s t ra ins a t a prescr ibed mater ia l s tage, e . g . s o i l y i e l d , can be found. In 

t h i s case, we f i n d tha t the von Mises c r i t e r i o n can be appl ied w i th some success 

in many organic s o i l s . I f the mater ia l i s s t r a i n - r a t e dependent, the p l a s t i c work 

can also be obtained w i thout ca l cu la t i ng the stresses so long as the rate depen­

dence o f the y i e l d stress i s ava i l ab le . To demonstrate the kinds of resu l ts ob­

ta ined w i th the app l i ca t ion of t h i s v i s i o p l a s t i c i t y technique, we w i l l show the 

deformation energy contours f o r some grousers moving in s o i l , and a typ ica l set 

o f energy contours developed under a moving wheel. 
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Figure 5.5 shows the deformation energy contours expressed as d i ss ipa t i ve 

energy contours developed between and beneath moving grousers. 

Rigid Flexible 

displacement: 4.37cm 
spacing: 25.0cm 

F i g . 5 .5 . Dissipated energy contours i n the deformed s o i l mass. Aggressive e l e ­
ment, displacement = 4.37 cm. 

In F ig . 5.6 the deformation energy contours under a moving wheel are shown. 

As noted, these have been computed using the measured s t r a i n s , and the app l i ca ­

t i o n o f the computational procedure de ta i led as the v i s i o p l a s t i c i t y technique. 

-20 - 1 5 - 1 0 -5 0 5 10 15 20 25 

(cm) 

F ig . 5 .6 . Deformation energy contours (0 percent s l i p ) . 
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5.4.3 Paras i t i c energy components 

Appl ica t ion o f the p r i n c i p l e o f energy conservation to wheel -so i l or t rack -

s o i l i n t e rac t i on problems to p red ic t the useful output energy (d rawbar -pu l l ) , 

requires determination o f the d i f f e r e n t p a r a s i t i c energy components i n the sys­

tem. 

In the case o f a ty re moving on s o f t s o i l , the pa ras i t i c energy consists o f 

( F i g . 5.1) (a) energy d iss ipated i n d i s t o r t i n g the t y r e , (b) energy d iss ipated 

a t t y r e - s o i l i n te r face due to s l i p , and (c) energy d iss ipated i n d i s t o r t i n g the 

s o i l . In the case o f h igh ly i n f l a t e d tyres moving on s o f t s o i l , the ty re d i s t o r ­

t i o n i s very small and can be neglected. 

For a t r a c k , i n add i t ion to the mechanical energy l o s t i n the t rack system, 

the s o i l p a r a s i t i c energy consists o f ( F i g . 5 . 7 ) , (a) d i s t o r t i o n energy between 

grousers, Zone A, (b) energy d iss ipated a t the s l i p surface between grousers and 

s o i l , and (c) energy d iss ipated a t the s o i l beneath the s l i p sur face. 

© slip or cutting zone 

lunttniniiritimiTtmtd 

Horizontal Velocity 

discontinuity 

• »v—^ ·» ·- ν­

α 
Φ 
Ο 

^ j l ine of 

slip velocity 

F i g . 5 .7 . Soi l displacement pa t te rn and hor izonta l v e l o c i t y d i s t r i b u t i o n due to 
grouser t r ans l a t i on dur ing development of t h r u s t . 

5.4.4 I n t e r f a c i a l ( s l i p ) energy 

The i n t e r f a c i a l energy, E^, i s the energy wasted by the f r i c t i o n a l stresses 

a t the wheel -so i l i n t e r f a c e , and i t can be expressed as: 

E f = Σ F r i c t i ona l χ Elemental χ Elemental S l i p 
Total Area Stresses Area Ve loc i ty 
o f Contact L J 

The methods o f determining the f r i c t i o n a l stresses a t wheel -so i l i n te r face 

are explained i n Chapter 2 . In the case o f t racked veh i c les , the shear s l i p 

energy ra te S.E. can be expressed as: 
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The s l i p ve l oc i t i e s used i n the above equations are the d i f fe rence in soiΊ 

ve loc i t i es above and below the d i scon t i nu i t y l i n e ( F i g . 5 .7 ) . I t s value can be 

calcu lated on each segment along t h i s l i n e by using the exper imental ly recorded 

ve l oc i t i e s on each side of the d i scon t i nu i t y region as provided by the v i s i o ­

p l a s t i c i t y method. An approximation can be made by averaging the s l i p ve loc i t y 

along the s l i p l i n e i f the e r ro r involved i s s u f f i c i e n t l y small f o r the v a l i d ­

a t ion of such an approximation. 

5.4.5 Soi l deformation energy 

The work required to deform the so i l bearing mater ia l under a wheel or t rack 

can be evaluated w i th a knowledge of the s t r a i n - r a t e f i e l d , and the s t r a i n - r a t e 

invar ian ts of representat ive so i l elements i n the bearing and i n te rac t i ng t e r ­

ra in ma te r i a l , as shown in Section 5 .4 .2 . In tha t Sect ion, we addressed the pro­

blem in terms of the rate of doing p las t i c work. In actual f a c t of course, t h i s 

is the work required to deform the so i l mater ia l - i . e . so i l deformation energy. 

The determination of the ra te of energy d iss ipated i n deformation beneath a 

wheel or in zones (A) and (B) in a t rack system, as shown i n F i g . 5 .8 , fo l lows 

from eq.(5.27) as: 

For wheel Ε, = / 2 k - d / 2 (5.28) 
α Volume ά 

Deformed 

In the case of a t rack 

η Χ Υ r 
D.E. = 2b Σ f2 fZ k- l\ /2 . dxdy (5.29) 

1 X1 Y] J a 

D.E. = 2b Σ / 2 / 2 k- ϊΐ]/2 ]η dxdy (5.30) 
1 χΊ y1 L 2 J B 

where [^Ja = s e c o nd i nvar ian t of s t r a i n rate tensor f o r the d i s t o r t i o n zone (A) 

Ρ2]Β = s e c o n cl i n v a ri a nt ° f s t r a i n ra te tensor f o r the d i s t o r t i o n zone (B) 

Y-pYo = l i m i t s of i n teg ra t ion from the s o i l surface to the grouser t i p 
1 c level 

S.E. = Σ [Shearing χ Elemental χ S l i p Ve loc i t y ! 
Total Area o f [ Stress Area J 
S l ip Surface 
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Y25 Yo = l i m i t s of i n teg ra t i on from the grouser t i p level down to the end 
of the a f fec ted s o i l depth; 

X-j, X^ = l i m i t s o f i n teg ra t i on between the v e r t i c a l axes o f the grousers; 

b = track width and 

η = number of grousers a t the t r a c k - s o i l i n t e r f a c e
, 

direction of motion 

shear slip (C) / I 
^ - compaction (B) 

Fig . 5 .8 . Kinds of energy d iss ipa t ion i n s o i l beneath a t rack . 

The l i m i t s of i n teg ra t i on are i l l u s t r a t e d in F ig . 5 .9 . The rate o f energy d i s ­

s ipa t ion in subsoi l deformation can thus be determined f o r a l l the various sys­

tem parameters studied w i th the ava i lab le experimental data and eqs.(5.29 and 

5 .30) . 

Β 

X 2 

Fig . 5 .9 . L imi ts o f i n t e g r a t i o n . 



15 0 

The d i ss ipa t i on energy p r o f i l e beneath a r i g i d wheel and a mul t i -grouser t es t 

moving on so f t s o i l are shown in F igs. 5.10 and 5.11 respec t i ve ly . 

F ig . 5.10. Energy d iss ipa t ion in substrate due to wheel s o i l i n t e rac t i on (Yong, 
1973). 

Energy Rate 

Fig . 5 . 11 . D i s t r i b u t i o n o f d iss ipated energy rate w i th depth (displacement = 
0.62 cm). 

5.5 TRACTION ENERGY BUDGET 

We note in the development of the app l i ca t ion o f the v i s i o p l a s t i c i t y technique 

f o r the evaluat ion and analysis o f t r a c t i o n problems i n s o i l s , tha t general ener­

gy d iss ipa t ing mechanisms were i d e n t i f i e d i n the react ing ma te r i a l , i . e . the ma­

t e r i a l support ing the t r a c t i o n element. For the sake o f s i m p l i c i t y , only s o f t 

so i l s have been used i n the development of the associated p l a s t i c i t y re la t ions 

needed to t i e together the s t ra ins and s t r a i n - r a t e f i e l d s exper imental ly deter ­

mined, w i th the stresses which obviously provoked the s t r a i n s . The technique f o r 

evaluat ion and analysis can obviously be used f o r other kinds o f support ing ma­

t e r i a l - w i th the s t r i c t requirement tha t proper c o n s t i t u t i v e re la t i ons must be 
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avai lab le to a n a l y t i c a l l y describe the observed performance of the support 

m a t e r i a l . 

5.5.1 Veh ic le - te r ra in i n te rac t i on 

The elements and p r inc ip les which i n t e r a c t and describe movement o f a vehic le 

through v e h i c l e - t e r r a i n i n te rac t i on are essen t i a l l y those which def ine the study 

of "Vehicle Tract ion Mechanics". Figure 5.12 general izes the in format ion shown 

i n F ig. 5.1 f o r more e f f ec t i ve presentat ion to ind ica te the overa l l problem. As 

developed i n the previous Sect ions, the two p r inc ipa l pa r t i c i pan ts and t h e i r 

various ind iv idua l components which define the elements o f the problem t reated 

i n veh ic le t r a c t i o n mechanics are shown. Note tha t the running gear shown can 

e i t he r be a wheel ( t y re ) or t rack system - as the case may be. Whi ls t the general 

tendency i s to consider the ty re or t rack as separate from the suspension system, 

i t should be noted tha t the running gear system which provides the t rans fe r o f 

energy between the propulsion system and the contact ing ground, consists o f the 

e n t i r e unsprung mass - i . e . t y r e s , r ims, ax les , or t r a c k s , bogies, sprockets and 

suspension. For the purpose of analyses, however, i t i s more convenient - and i n ­

deed simpler - to consider only tha t contact ing element of i n t e r e s t , i . e . ty re 

or t rack/grouser as we have done i n the previous Sect ions. In uncoupling the 

running gear system f o r ease i n ana lys i s , one makes the assumption that the sys­

tem can be simply uncoupled and that the l i nea r super-pos i t ion theory app l ies . 

The basic requirement f o r production o f forward propulsion of any vehic le 

through a running gear system i s tha t the ground contact elements should develop 

a th rus t a c t i o n , r esu l t i ng thereby i n vehic le motion opposite to the d i r ec t i on 

of the t h r u s t . I t i s t h i s t h rus t act ion tha t creates the many problems c i t ed as 

s u r f i c i a l damage, immobi l i za t ion , e t c . , w h i l s t f u l f i l l i n g a t the same time the 

requirements f o r maximum t r a c t i v e e f f i c i e n c y . 

Energy expenditure a t the in te r face ar ises because o f excessive s l i p , i . e . 

high r e l a t i v e displacement between the running gear surface and the t e r r a i n sur­

face - through surface shear or through the shear boundary l aye r , or both. Ener­

gy expenditure "through the i n t e r f ace " - as opposed to "a t the i n t e r f a c e " - i s 

due to vehic le f l o t a t i o n requirements where substrate d i s t o r t i o n and compaction 

occur. Figure 5.13 shows the pa ras i t i c energy components (discussed i n the pre­

vious Sections) which pa r t i c i pa te a t and through the in te r face in v e h i c l e - t e r r a i n 

i n t e r a c t i o n . We note tha t as the s l i p ra te increases, the amount o f energy expen­

d i t u re due to s l i p increases i n an exponential f ash ion . The amount of energy ex­

pended i n substrate d i s t o r t i o n and compaction remains almost constant - i . e . a l ­

most independent of the s l i p r a t e , (Yong and Webb, 1969). 
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15 3 

Energy dissipated in slip 

Energy dissipated in substrate 
distortion and compression 

Drawbar pull 

Slip Rate 

Energy Dissipated 

High Slip Performance 
High energy dissipation at interface 
due to slip energy loss 

Low Slip Performance 
Little energy dissipation due to slip. 
Primary energy loss due to substrate 
compaction and distortion 

Medium Slip Performance 
Some slip energy loss. Major energy dissipation 
due to requirement for compaction and distortion 
of substrate in vehicle flotation performance 

F ig . 5.13. Paras i t i c energy components and s l i p i n f l uence . 

5.6 SUMMARY 

Because o f the importance of the actual contact mechanism establ ished by an 

o f f - r oad vehic le i n i t s i n te rac t i on w i th the t e r r a i n , i t i s c lear tha t a t t en t i on 

should be d i rec ted to determining the best means f o r t rans fe r o f energy from the 

vehic le power t r a i n to run through i t s running gear. The elements o f energy d i s ­

s ipa t ion shown i n F ig . 5.12, and the p a r a s i t i c energy components shown in F i g . 

5.13 which, i n essence, p a r t i c u l a r i z e the problem to one of kinematics o f the 

running gear system are , i n f a c t , the items which def ine "motion res is tance" . 

In the simplest format and as noted i n Section 5.3: 

INPUT ENERGY MOTION RESISTANCE OUTPUT ENERGY 
(Energy suppl ied - (Energy expended = (Work ava i l ab l e , 

to the i n overcoming drawbar-pul l ) 
d r i v i ng hub) resistances to motion) 
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The "energy budget" can be defined as: 

Since the input energy i s governed by the power p lant and transmission system, 

i f these are kept constant, i t i s c lear tha t i f a greater output capacity i s 

desired - i . e . drawbar-pull - the motion resistance must be reduced. Thus, f o r 

e f f i c i e n t t r a c t i o n , i t i s necessary to pay the proper a t ten t i on to prov is ion of 

the optimum running gear system tha t minimizes motion res is tance. In t h i s manner 

energy e f f i c i e n t t r ac t i on f o r veh ic le operat ion can be obta ined. 

MAXIMUM AVAILABLE ENERGY ENERGY EXPENDITURE MAXIMUM WORK 
(Maximum energy ava i lab le - (Energy required = (Output 

to d r i v i ng hub to overcome ava i lab le) 
as governed by power p lant ) motion resistance) 
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NOMENCLATURE 
D, D.E. deformation energy 

E^ deformation energy 

E f energy losses 

I 2 second i nva r i an t of the s t r a i n rate tensor 

J 2 second stress i nva r i an t 

L contact length 

Ρ drawbar-pul l 

R wheel r o l l i n g radius 

Τ torque moment 

V t r ans la t i ona l ve loc i t y 

Vb t r a c k - b e l t tangent ia l v e l o c i t y 

W wheel or t rack weight 

to* ra te o f doing p l a s t i c work 

X body force 

X^,X2 i n teg ra t i on l i m i t s 

γ body force 
Y-j,Y2 i n teg ra t i on l i m i t s 

b t rack width 

k y i e l d stress in shear 

η number o f grousers a t t r a c k - s o i l i n te r face 

u x - v e l o c i t y or displacement 

ν y - v e l o c i t y or displacement 

w z - ve loc i t y 

15 5 

γ γ λ/ shear s t r a i n ra te 

ε χ, ε ^ , ε 2 normal s t r a i n rates 

ρ densi ty 

σ ,σ normal stresses 
χ y 

°x>°y dev ia to r i c stresses 

τ tangent ia l s t ress 
Txy9Tyz*Tzx s n e ar stresses 

ω ro ta t i ona l v e l o c i t y 
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Chapter 6 

FINITE ELEMENT MODELLING 

6.1 INTRODUCTION 

We discussed p red ic t i ve modell ing techniques in Chapter 4 . At tha t t ime, we 

l i m i t e d outselves to an overa l l discussion of the kinds of techniques ava i lab le 

- w i th some a t t en t i on to the t r a d i t i o n a l too ls f o r p red ic t ion of veh i c l e - so i l or 

machine-soil i n t e r a c t i o n . In Chapter 5, we concentrated on the development of 

the models which u t i l i z e d the energet ics p r i n c i p l e . The basic energy model was 

f i r s t presented - fo l lowed by the development of the method of analysis using 

the semi-empir ical technique of v i s i o p l a s t i c i t y . In t h i s Chapter, the f i n i t e 

element method of so lu t ion i s presented. This procedure cons t i tu tes a powerful 

too l in the app l i ca t i on of the energet ics approach f o r p red ic t ion purposes. 

We reca l l from Chapters 4 and 5 tha t i n order to construct an ana ly t i ca l 

model f o r the purposes of evaluat ing or p red ic t ing fu tu re performance of a natu­

ra l or man-made phenomenon, one should understand (a) how the phenomenon occurs, 

(b) what parameters a f f e c t i t s behaviour, (c) how i t can be described phys ica l l y , 

(d) how the response of the phenomenon can be measured or evaluated, and (e) how 

the phenomenon can be modelled phys i ca l l y . 

We note from Chapter 4 tha t once we have establ ished a physical model f o r the 

study of t r a c t i v e element-soi l i n t e r a c t i o n , a corresponding empir ical or ana ly t ­

i ca l model can be constructed and so lu t ions sought to p red ic t the physical model 

performance, i . e . t r a c t i v e element performance and subsoi l behaviour. The accur­

acy of the resu l t s p red ic ted , using energy-based models, as w i th other types of 

models, i s dependent on: 

(a) the accuracy of the actual physical model used in experimentation and 

study to represent the problem, 

(b) the accuracy of the energy and a n a l y t i c a l models in represent ing the 

in te rac t ions occurr ing a t the v e h i c l e - t e r r a i n i n t e r f a c e , 

(c) the v a l i d i t y of problem i d e a l i z a t i o n , and 

(d) the accuracy of the mathematical so lu t i on chosen to implement the analy­

s i s . 

The choice of a mathematical so lu t ion technique depends on: 

(a) the assumptions required or u t i l i z e d in const ruct ing the governing equa­

t ions of the ana l y t i ca l model, 

(b) the type of ava i lab le input data, 

(c) the required output r e s u l t s , 

(d) the required accuracy of the resu l t s t o be pred ic ted , and 
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(e) the e f f i c i ency and economy of the so lu t ion technique. 

The capab i l i t y of the p red ic t i ve model, to accurately forecast actual per fo r ­

mance of the real events, w i l l obviously depend on the assumptions invoked and 

the idea l i za t ions introduced in the const ruct ion of the model. In t h i s Chapter, 

we w i l l focus on the use of energy p r inc ip les in the analysis of v e h i c l e - t e r r a i n 

i n te rac t i on f o r the purpose of evaluat ion and p red ic t ion of veh ic le performance. 

We w i l l continue the study of a p a r t i c u l a r set of ana ly t i ca l too ls - also sub­

j e c t to the s t r i c t requirements shown in the preceding. For the present, only 

the theore t i ca l aspects of the energy and f i n i t e element models w i l l be d iscus­

sed. The app l i ca t ion of these theor ies (discussed in t h i s Chapter) w i l l be given 

in Chapter 7. 

G.2 FINITE ELEMENT METHOD 

The use of the f i n i t e element method (FEM) as a numerical so lu t ion procedure 

f o r solv ing many kinds of l i nea r and non- l inear continuum mechanics problems may 

be found i n several references. I t s phys ica l l y motivated base and i t s computabi-

l i t y f o r various kinds of boundary condi t ions and c o n s t i t u t i v e re la t ionsh ips 

render i t a useful technique f o r so lu t ion of i n i t i a l boundary value problems. 

The FEM is capable of handling the fo l l ow ing s i tua t ions encountered by the 

veh ic les ' t r a c t i v e element-soi l problems: 

(a) complicated geometrical boundaries a t the t rack or wheel-soi l i n te r face 

and the nearby so i l sur face, 

(b) e f fec ts of loading and unloading of the subsoi l due to t rack or t y re 

motion, 

(c) the p o s s i b i l i t y o f s imulat ing the actual t r a c t i v e element-soi l movement, 

e .g . the ro ta t i ona l and t rans la t i ona l movements of the t r a c t i v e element, accele­

r a t i o n , e t c . , 

(d) non- l inear so i l s t r ess - s t r a i n r e l a t i onsh ips , 

(e) e f f ec t of conf in ing pressure, volume change and s t r a i n ra te on the sub­

so i l behaviour, 

( f ) d i f f e r e n t so i l layers w i th various physical propert ies and non-homogene­

i t y , 

(g) simple spec i f i ca t i on of input data requ i red , and 

(h) adjustable degree of accuracy. 

Constructing a f i n i t e element computer model to p red ic t the performance of a 

moving t r a c t i v e element and s o i l response beneath i t requires (a) establishment 

of the ana ly t i ca l re la t ionsh ips which represent the physical problem and the 

technique f o r solv ing them, (b) forming the loading boundary a t the t r a c t i v e 

element-soi l i n t e r f a c e , and (c) es tab l ish ing so i l or substrate mater ia l c o n s t i ­

t u t i v e re l a t i onsh ips . 
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6.2.1 Ana ly t i ca l re la t ionsh ips 

The governing re la t ionsh ips of the f i n i t e element method are developed i n 

t h i s Sect ion. When a body occupying a space S i s subjected to force q , the 

equation of equ i l i b r ium in updated coordinate form may be obtained by using the 

p r i n c i p l e of v i r t u a l work, and the external and in te rna l work (Zienkiewicz, 1971; 

Zienkiewicz and Nayak, 1977; Bathe, 1982): 

7 V Ρ { q } T d {u} dV + / A { P } T d {u} dA (6.1) 

and in te rna l work done by: 

/ v ί σ } Τ d { ε } dV (6.2) 

S t ra in and displacement are re la ted as: 

d { ε } = [Β] d {6 } 

Equating re la t ionsh ips (6.1) and ( 6 . 2 ) , the equ i l i b r ium equation can be obtained 

as: 

{ψ} = {R> - / v [ B ] T ίσ} dV = 0 (6.3) 

where 

{R} = / Y ρ [ N ] T {q} dV + / A [M ] T {P} dA (6.4) 

and where 

[ ] = matr ix form; 

{ } = column vector ; 

{R} = equivalent external nodal fo rces ; 

{ψ} = nodal forces - required to br ing the assumed displacement pat tern i n to 

nodal equ i l i b r i um; 

{P} = surface forces per u n i t area of the deformed body; 

{q} = body forces per u n i t mass; 

[N] = shape f u n c t i o n ; 

V and A =volume and area of the deformed body; 

ρ = densi ty of the deformed body; 
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{u} = displacement o f any po in t w i t h i n a f i n i t e element; 

{6} = displacement a t nodal po in t ; 

[B] = displacement func t ion and 

{σ} and { ε } = vector forms o f stress and s t r a i n . 

In genera l , both {R} and {ψ} depend on displacement parameters { 6 } , and as 

stress may be a non- l inear func t ion of s t r a i n , special so lu t ion techniques w i l l 

have to be used. 

When the d i f f e r e n t i a l equations descr ib ing the behaviour of the substrate 

continuum beneath the t r a c t i v e element are es tab l i shed, (Section 6 . 2 . 1 ) , the 

basic steps fo r construct ing f i n i t e element models w i l l cons is t o f : 

(a) problem i d e a l i z a t i o n , 

(b) de f in ing or construct ing c o n s t i t u t i v e re la t i ons f o r the d i f f e r e n t mater­

i a l s i n the system, 

(c) es tab l i sh ing the boundary cond i t ions , 

(d) es tab l ish ing the system l i nea r or non- l inear d i f f e r e n t i a l equat ions, 

(e) es tab l ish ing a so lu t ion technique. 

F i n i t e element models, f o r d i f f e r e n t types of running gears operat ing on co­

hesive s o i l s , have already been establ ished by Yong et a l . (1976, 1977, 1978). 

These include models concerned w i t h : 

(a) so i l c u t t i n g , 

(b) s ing le grouser-so i l i n t e r a c t i o n , 

(c) mu l t i p l e grouser -so i l i n t e r a c t i o n , 

(d) t r a c k - s o i l i n t e r a c t i o n , 

(e) r i g i d wheel and pneumatic wheel motion on s o f t ground. 

6.2.2 Problem i dea l i za t i on 

Advances i n machine computational techniques and the huge storage capacity 

of ex i s t i ng computers permit any problem to be idea l i zed i n three-dimensional 

coordinates. Whi lst the ma jo r i t y of engineering problems are genera l ly th ree-

dimensional i n nature, considerable s i m p l i f i c a t i o n in mathematical so lu t ion and 

consequent t imesaving i n preparat ion of data in computation can be rea l ized i f 

the problems are idea l ized as axisymmetric, two-dimensional or even one-dimen­

sional problems. We appreciate tha t i dea l i za t i on i n to two- or one-dimensional i ty 

may reduce the accuracy of the model. However, the type o f data ava i lab le and 

the s ign i f i cance of the resu l t s obtained may, by and l a rge , j u s t i f y the s i m p l i ­

f i c a t i o n sought. 

In the app l i ca t ion of f i n i t e element modell ing to continuum i d e a l i z a t i o n , a 

spec i f i c or mixed type of f i n i t e element i s used, where the behaviour o f the 

mater ia l w i t h i n each element represents the behaviour of the continuum w i t h i n 

the area of the element. The elements are connected together through nodal 
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points which l i m i t the boundary o f each element. The behaviour o f a l l the assem­

bled elements should represent the behaviour of the continuum. The condi t ions of 

equ i l i b r ium should be s a t i s f i e d w i t h i n each element and f o r the whole continuum. 

The c o n t i n u i t y and compa t i b i l i t y condi t ions should be s a t i s f i e d between the e l e ­

ments' boundaries. 

Constant plane s t r a i n t r i a n g u l a r or quad r i l a te ra l elements are genera l ly used 

to i dea l i ze the so i l continuum. Higher order elements may be used f o r be t te r 

accuracy. However, t h i s accuracy may be l o s t or wasted because of the d i f f i c u l t y 

in obta in ing an exact s o i l s t r e s s - s t r a i n r e l a t i o n s h i p , or in spec i fy ing the 

boundary cond i t i ons . Higher order elements are more su i tab le f o r s i t ua t i ons 

where the boundary condi t ions and proper t ies o f the mater ia ls can be exact ly as 

s p e c i f i e d . Special types of elements may be introduced a t spec i f i c areas of the 

continuum as so i l - su r face in te r face or a t places of d i s l oca t i on or s l i p l i nes 

f o r be t te r representat ion of the mater ia l behaviour in these areas. 

The method of i d e a l i z a t i o n of s o i l continuum w i l l undoubtedly have an e f f ec t 

on the predicted r e s u l t s . Recognizing t h i s , areas which have rap id changes or 

stress concentrat ions should be represented by smal ler-s ized elements i n compar­

ison to those which have constant or small changes of s t resses. I t should be 

noted tha t the method of numbering the nodal points of the f i n i t e elements in 

the continuum can also have a great e f f e c t on the storage capaci ty required f o r 

the computer model. 

One of the drawbacks in the use of the f i n i t e element technique i s the amount 

o f input data required f o r i d e a l i z a t i o n . Mesh generation or a computational tech­

nique to reduce the amount of input data i s necessary to save t ime, e f f o r t , and 

to reduce the l i k e l i h o o d of mistakes. 

In applying the FEM of analys is to veh ic le t r a c t i o n mechanics, the running 

gear and s o i l cu t t i ng problems are considered as two-dimensional problems. Three 

types of elements are general ly used i n i dea l i z i ng the so i l continuum: 

(a) constant s t r a i n t r i a n g u l a r element, 

(b) j o i n t element to represent s l i p l i n e s , and 

(c) j o i n t element to represent the cha rac te r i s t i c s of the mater ia l a t the 

t o o l - s o i l or veh i c l e - so i l i n t e r f a c e . 

To develop the app l i ca t ion of the FEM to t r a c t i o n mechanics problems, we w i l l 

focus on a p a r t i c u l a r i n te rac t i on invo lv ing t h rus t and development of both s l i p 

and shear f a i l u r e in the s o i l subs t ra te . As an example, the l oca t i on of the e l e ­

ments discussed i n the previous Chapters i s shown i n F i g . 6.1 f o r a b lade-so i l 

or g rouser -so i l i n t e rac t i on problem. 

The de r i va t i on o f the s t i f f n e s s matr ix which def ines the load deformation 

cha rac te r i s t i cs o f a t r i angu la r element in plane s t r a i n may be found in any 

text-book deal ing w i th the development of the f i n i t e element technique, e .g . 

Zienkiewicz (1977) and Bathe (1982), and hence w i l l not be described here in . 
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F ig . 6 . 1 . Location of elements f o r development of idea l ized model. 

6.2.3 Idea l i za t i on of d i s con t i nu i t i e s 

Several kinds of models are ava i lab le f o r modell ing d i s c o n t i n u i t i e s . A p i n -

ended one-dimensional element such as tha t shown i n F ig . 6.2 can be used. This 

element can al low t rans fe r of compressive stresses across a f a u l t , but cannot 

sustain shear or t e n s i l e normal s t resses. Duncan and Goodman (1968) have pro­

posed three d i f f e r e n t procedures f o r u t i l i z a t i o n as fo l l ows : ubiqui tous j o i n t , 

o r tho t rop ic continuum and s ing le j o i n t ana lys is , as shown in F i g . 6 .2 . The u b i ­

quitous j o i n t analysis is based on the continuum approach in which the induced 

shear stresses are computed on a large number of plane o r i e n t a t i o n s . The l i k e l i ­

hood of s l i p or opening of j o i n t s tha t r e a l l y e x i s t i s evaluated thereupon. The 

o r tho t rop ic continuum approach i s based on l i n e a r e l a s t i c theory in which equ i ­

va lent e l a s t i c parameters are computed f o r the parent mass inf luenced by three 

orthogonal j o i n t sets . In s ing le j o i n t ana lys is , F igs. 6.2d and 6.2e, the s t i f f ­

ness formulat ion i s obtained by consider ing the j o i n t as e i t he r one- or two-

dimensional. The s t i f f ness of a j o i n t is def ined in terms of i t s normal and tan­

gent ia l s t i f f nesses . This approach i s a mod i f i ca t ion of the concept proposed by 

Ngo and Scordel is (1967) fo r cracking in concrete elements. 

In the one-dimensional s ing le j o i n t proposed by Goodman et a l . , (1968), and 

Heuze et a l . (1971), the j o i n t i s def ined by four nodal points as shown in F ig . 

6 .2d, w i th i t s thickness i n the normal d i r e c t i o n assumed as zero. This j o i n t 

element, when inser ted between two port ions of the parent mass, can permit large 

r e l a t i v e displacements. One can also formulate the s ing le j o i n t analysis by 

using isoparametr ic elements as has been done by Zienkiewicz e t a l . , (1970). 



16 3 

pin-ended 

intact 

(a) Pin-Ended Element (b) Ubiquitous Joint Analysis 
for Fault 

2 

(c) Orthotopic Continuum Analysis 

two-dimensional element 

ΐσ 
(d) Single Joint: <e) Single Joint: 

One-Dimensional Element Two-Dimensional Element 

Fig . 6 .2 . Various models f o r d i s con t i nu i t i e s ( j o i n t s ) . (Desai and Abel , 1972). 

6.2.4 Jo in t element s t i f f n e s s formulat ions 

The s t i f f n e s s propert ies o f a j o i n t element are discussed in t h i s sub-Section 

along the l i nes developed by Goodman et a l . (1968). The element, shown in F i g . 

6.3 i n a loca l coordinate system wi th the x-ax is along the leng th , has a length 

L, but very small w id th . The o r i g i n i s a t the cent re . The e x p l i c i t formulat ion 

f o r the s t i f f n e s s matr ix [ k ] i s not shown here since t h i s can be found i n t e x t ­

books r e l a t i n g to the FEM of ana lys i s . The s t i f f n e s s matr ix given in eq. (6 .5) 

has 32 non-zero terms, but i s seen to depend on only two quan t i t i es - i . e . the 

u n i t j o i n t s t i f f n e s s in the normal and tangent ia l d i r e c t i o n s . I t may be t rans­

fe r red to global coordinates (X, Y) by using t ransformat ion of axes wi thout 

r o t a t i o n . 



16 4 

6.3 PROBLEM IDEALIZATION 

6.3.1 S o i l - c u t t i n g i d e a l i z a t i o n 

In the f i n i t e element i dea l i za t i on o f a s o i l - c u t t i n g problem, the model shown 

i n F i g . 6.3 incorporates a predefined d i scon t i nu i t y at the level of the too l t i p . 

The reason f o r inc lud ing the cu t t i ng plane d i scon t i nu i t y in the f i n i t e element 

model i s to represent the act ion of the c u t t i n g element, where severe r e l a t i v e 

displacements and separation o f s o i l blocks take p lace. Such a d i scon t i nu i t y can 

be v isua l i zed as a t h i n s o i l layer on which the s o i l above s l ides on the s o i l 

mass below. This s l i d i n g behaviour i s governed by the s o i l c o n s t i t u t i v e shear 

s t r e s s - r e l a t i v e displacement r e l a t i o n s h i p . 

direction 
blade 

interface elements-

specified displacements 
in X direction 

horizontal ^ 
displacement = Ο 

of motion 
initial soil surface 

f~ (stress free boundary) 

discontinuity 
represented by 
joint elements 

vertical 
displacement = Ο 

horizontal 
displacement = Ο 

Fig . 6 .3 . F in i t e element i dea l i za t i on o f a b lade-so i l system. 

2ks 0 k s 0 - k s 0 -2k $ Ο 

0 2k Ο k Ο -k Ο -2k η η η η 
k Ο 2k Ο -2k Ο -k Ο 

S S S S 
Ο k Ο 2k Ο -2k Ο -k η η η η 

(k) = I  - k s Ο -2k s Ο 2ks Ο ks Ο (6.5) 
Ο -k Ο -2k Ο 2k Ο k η η η η 

-2k Ο -k Ο k Ο 2k Ο s s s s 
Ο -2k Ο -k Ο k Ο 2k η η η η 
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The d i scon t i nu i t y loca t ion i s essen t i a l l y predetermined since the tool i s 

assumed to move at a constant e l eva t i on . This predefined d i scon t i nu i t y plane 

should not be confused w i th a f a i l u r e plane which can i n i t i a t e at the too l t i p 

a t any angle w i th respect to the hor izonta l depending on the d i r e c t i o n of the 

maximum shear s t ress . The hor izonta l movement of a c u t t i n g or a t r a c t i o n too l 

o f ten produces a ser ies of f a i l u r e s i n the s o i l which are usual ly induced from 

the leve l of the too l t i p to the so i l sur face. While these f a i l u r e surfaces can 

be modelled also as d i s c o n t i n u i t i e s , a p r i o r spec i f i ca t i on of f a i l u r e surfaces 

w i l l l i m i t the usefulness of the proposed model. Location of the f a i l u r e zones 

or surfaces in the s o i l medium is determined by examining the maximum shear 

stress induced in each f i n i t e element a f t e r each increment of too l displacement. 

I f the stress i s found equal to or greater than the shear st rength of the s o i l 

a t t ha t l o c a t i o n , the s t i f f ness values f o r t h i s element are reduced to small 

magnitudes, and the element i s considered to have f a i l e d in shear. This tech ­

nique f o r determinat ion of f a i l u r e zones or surfaces does not a l low cracking to 

take place, and hence, s l i d i n g along a ser ies of f a i l u r e surfaces i s not pos­

s i b l e . However, in the case where s l i d i n g along a f a i l u r e surface is found to be 

of importance in descr ib ing the so i l behaviour, an approach s im i l a r to tha t of 

Ni lson (1968) can be adopted i n which the topology of the d i s c r e t i z a t i o n i s 

a l te red by disconnecting cracked elements at t h e i r common nodes, and i nse r t i ng 

a form of a j o i n t element s im i l a r to those described in the previous Section 

along the cracked elements' common edge. By a l lowing these j o i n t elements to 

t rans fe r compressive s t resses, but not shear or t e n s i l e normal s t resses, we can 

represent the propagation of f a i l u r e surfaces and subsequent s l i d i n g along these 

surfaces. 

In conventional f i n i t e element theory, the displacements along the boundary 

between adjacent f i n i t e elements are required to be compatible, i . e . no gaps 

may open or r e l a t i v e displacements occur between adjacent elements. During the 

so i l deformation process, r e l a t i v e displacements do indeed occur a t the i n t e r ­

face between the s o i l and the t o o l , represent ing thereby a d i scon t i nu i t y i n the 

f i n i t e element displacement f i e l d . This type of d i scon t i nu i t y i s shown i n F ig . 

6.1 as element A. Since the r e l a t i v e displacements occur in the tangent ia l d i r ­

ec t ion at the i n t e r f a c e , the j o i n t element, presented by Goodman et a l . (1968) 

can be inser ted between the too l surface and the s o i l mass, F ig . 6.2d, to al low 

f o r s o i l s l i pp ing along the metal i n t e r f a c e . 

A s im i l a r approach i s employed to model the cu t t i ng plane d i scon t i nu i t y 

since the deformation mechanism of t h i s plane, presented in F i g . 6.1 by element 

B, i s s im i l a r to tha t of a rock j o i n t - i . e . r e l a t i v e displacements occur across 

a t h i n d i s c o n t i n u i t y . The s imula t ion of the assumed d i scon t i nu i t y can be the 

same as tha t employed f o r rock j o i n t s where the j o i n t elements are placed to 

model the separation of the two blocks of continuum adjacent to the d i s c o n t i n ­

u i t y surface which were i n i t i a l l y i n con tac t . 
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6.3.2 Soi l -grouser i n te rac t i on 

A so lu t ion o f the t r a c t i o n problem - tha t i s , obta in ing adequate t r ac t i on a t 

a su i tab le speed in a p rac t i ca l manner and a t a reasonable cost - l i e s i n an 

understanding o f : 

(a) the manner in which stresses are appl ied to the s o i l , and 

(b) the react ion o f the s o i l to the appl ied s t resses. 

Whi ls t s o i l cu t t i ng and grouser t r a c t i o n problems can be considered to be the 

same problem in p r i n c i p l e , (both s i tua t ions requ i r ing analyses o f s o i l stresses 

and deformations, as wel l as the evaluat ion o f developed reactions on the cu t ­

t i n g or t r a c t i o n devices) , the purpose o f a t r a c t i o n device is to cause defor­

mation of s o i l in a cer ta in manner so as to develop adequate t r ac t i on capacity 

(optimum developed react ions) w i th minimum input work. The purpose of s o i l cu t ­

t i n g i s to achieve the maximum volume o f s o i l cu t t i ng w i th the minimum input 

work. To achieve t h i s i t i s necessary to change the geometry o f the t r a c t i o n 

t o o l s , o r , i n other words, the i n t e rac t i ng boundary cond i t i ons , i n order to 

reach the s ta te o f s o i l manipulation f o r the production o f adequate t r a c t i o n . 

Figure 6.4 shows t yp i ca l so i l i dea l i za t i ons f o r three types o f s ing le 

grousers. Plane s t r a i n condi t ions are assumed i n c ross -sec t ion , and constant 

s t r a i n t r iang les are employed to represent the s o i l mass. The cu t t i ng ( j o i n t ) 

elements are placed on the plane where the cu t t i ng i s an t i c ipa ted and the cu t ­

t i n g plane i s assumed to s t a r t i n a l l cases a t the leve l o f the grouser t i p . I t 

i s understood tha t the cu t t i ng plane assumption can lead to a ce r ta in degree of 

e r ro r since the s o i l i s forced to separate on a p a r t i c u l a r plane having a f i xed 

pos i t ion and d i r e c t i o n . These errors however a re , by and l a rge , small and can be 

ignored. 

Figure 6.5 shows a so i l continuum idea l i za t i on f o r three types of r i g i d 

mu l t i -g rousers . The loca t ion o f the i n t e r f a c i a l and cu t t i ng ( j o i n t ) elements are 

shown in the Figure. 

6.3.3 Tyre-so i l i dea l i za t i on 

The i dea l i za t i on o f the so i l bearing stratum in the f i n i t e element analysis 

i s shown in F ig . 6 .6 . The element s ize i s determined by the s ize o f the ty re con­

t ac t patch ( f o o t p r i n t ) . Once the f o o t p r i n t length (FPL) o f the ty re on the s o i l 

under considerat ion i s known (predic ted or measured), the depth o f the s o i l 

stratum i s automat ical ly set as a func t ion o f η times FPL. In the i dea l i za t i on 

shown in F ig . 6 .6 , the depth i s given as 5 FPL w h i l s t the length o f the s o i l 

stratum analyzed i s 10 FPL. These dimensions are considered to be sa t i s fac to ry 

since the e f f e c t o f the end boundary condi t ion i s not s i g n i f i c a n t . The advantage 

of t h i s type o f i dea l i za t i on i s tha t the f i n i t e element formulat ion then becomes 

dimensionless. Hence t h i s can be saved as block data i n the main source of the 

computer model to generate actual values fo r any type o f pneumatic t y re once the 

f o o t p r i n t length i s known. 



h-7.6cm-H .interface elements 

L cutting plane 
h5cm*+« 28cm 

F ig . 6 .4 . F i n i t e element mesh layouts f o r various s ing le grousers. 
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F ig . 6.6. F i n i t e element d i s c r e t i z a t i o n f o r the t y r e - s o i l or t r a c k - s o i l system. 

F ig . 6 .5 . F i n i t e element mesh layouts f o r various r i g i d mu l t i -g rousers . 
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6.3.4 Rig id t r a c k - s o i l i d e a l i z a t i o n 

A r i g i d t rack may be considered as a pneumatic t y re w i th constant f o o t p r i n t 

length - F i g . 6 .7 . The i d e a l i z a t i o n shown i n F i g . 6.7 f o r the t y r e - s o i l i n t e r ­

ac t ion problem can be used fo r t r a c k - s o i l system as w e l l . The contact area of 

the t rack i s we l l - de f i ned . 

F i g . 6 .7 . Wheel and t rack operat ing mechanisms. 

6.4 CONSTITUTIVE RELATIONSHIPS 

In the previous Sect ions, the f i n i t e element formulat ions were derived assu­

ming tha t the s t r e s s - s t r a i n behaviour of the mater ia l i s known. A set of equa­

t ions tha t defines the s t r e s s - s t r a i n behaviour of a mater ia l represents the con­

s t i t u t i v e law f o r the m a t e r i a l . Cons t i t u t i ve re l a t i ons f o r so i l s are der ived , 

based on some s i m p l i f i e d assumptions f o r the behaviour of the m a t e r i a l . The num­

ber of var iab les used would depend upon the complexity of the model chosen to 

simulate so i l behaviour. The use of non- l inear analyses by the f i n i t e element 

method or other numerical techniques w i l l be determined by the nature o f the 

model chosen. In general , the more complex the model, the more the number of 

var iab les to be taken in to account, and the more involved the non- l inear analy­

s i s . For a r e a l i s t i c ana lys is , i t must be possible to obta in values f o r the con­

stants involved in the c o n s t i t u t i v e law from laboratory experiments. 

The simplest c o n s t i t u t i v e law w i l l be the one t ha t assumes tha t s o i l behav­

iour can be represented by a l i nea r e l a s t i c m a t e r i a l . This l i n e a r e l a s t i c model 

has been used by many research workers i n t h e i r i n ves t i ga t i ons . Other workers 

have considered s o i l to be e l a s t o - p l a s t i c or non l i nea r i l y e l a s t i c . 

The e l a s t o - p l a s t i c approach idea l i zes the s t r e s s - s t r a i n curve f o r the s o i l , 

and uses the equations of e l a s t i c i t y i n the e l a s t i c range and the equations of 

p l a s t i c i t y i n the p l a s t i c range. The nonl inear e l a s t i c approach, on the other 

hand, does not i dea l i ze the s t r e s s - s t r a i n curve, but uses the equation of e las ­

t i c i t y to solve f o r the stress s ta te even a f t e r y i e l d i n g i n the s o i l has occur­

red . Any degree of non l i nea r i t y can be accounted f o r i n t h i s approach. The 

w 
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e las top las t i c approach appears sound from a theore t i ca l s tandpoint , but the 

p rac t i ca l problem involved in def in ing a y i e l d l i m i t and a f low law can pose a 

serious handicap. Inasmuch as the nonl inear e l a s t i c analysis represents the ac t ­

ual s t r e s s - s t r a i n r e l a t i o n obtained from tes ts on the bearing m a t e r i a l , i t 

seems reasonable to expect f a i r l y good resu l ts from th i s type o f ana lys is . 

Whi ls t the f i n i t e element method described e a r l i e r can evaluate the numerical 

values o f stress and s t r a i n i n the continuum considered, i t requires a knowledge 

of e l a s t i c parameters, i . e . the modulus of e l a s t i c i t y (E) and Poisson's r a t i o 

( v ) . These parameters are normally es tab l ished, through su i tab le t es t procedures 

on representat ive specimens, e .g . t r i a x i a l t e s t s . In s o i l s , the inf luences of 

the conf in ing stresses on these e l a s t i c parameters are important . 

In general , the s t r e s s - s t r a i n re la t ionsh ips f o r s o i l s i n three dimensions can 

be best described by using stresses and s t ra ins in the octahedral plane. In co­

hesive s o i l s , the general c o n s t i t u t i v e law can be expressed in the fo l low ing 

forms (Newmark, 1960): 

eo c t = fl ( ao c t ' To c t ' φ) 

hoct = f2{oocV TocV φ) <6-6> 

θ = f3 ( cW To c t ' φ) 

where 

f - | , f 2, f 3 = a r b i t r a r y func t ions ; 
eo c t = o c t a n e (* r al normal s t r a i n ; 
Yo c t = o c t a n e c* r al shear s t r a i n ; 
ao c t = o c t a n e d r a^ normal s t r ess ; 
τ . = octahedral shear s t ress ; oct 2 

φ = J3 ^ To c t = f n c t l 0n Parameter; 
J 3 = t h i r d invar ian t of the deviator s t ress ; 

= ( σ1 - ° o c t ) ( a2 ' ° o c t ) ( a3 " ° o c t ) ; 

σ , ,σ 9,σ~ = p r inc ipa l normal s t resses; 
1 ά 0 II II II 

θ = £; £2 % and 
ε1 ε2 ε3 = " i r^ r s t' second and t h i r d deviator s t r a i n components. 

The e f fec ts o f volume change, d i s t o r t i o n and intermediate p r inc ipa l st ress 

(σ 0) which are neglected i n the two-parameter Mohr-Coulomb f a i l u r e c r i t e r i o n 
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normally employed should be accounted f o r i f they are f e l t to be s i g n i f i c a n t 

issues. In the special s i t u a t i o n o f saturated c lays , the extended Von Mises 

y i e l d c r i t e r i o n may be adopted (Yong and McKyes, 1971) which consequently im­

p l ies tha t the f r i c t i o n parameter (φ) i s i n s i g n i f i c a n t . In such instances, the 

formulat ion o f eq . (6 .6 ) can be reduced t o : 

Set = V a o c t ' Toct } 

2 Yoct " f2 ( ao c t ' TocJ 

(6.7) 

In the case of saturated or near ly -satura ted c l ays , the volume change during 

shearing i s neg l i g i b le (Yong and McKyes, 1971), which leads to the considerat ion 

tha t changes in volume which occur due to immediate app l i ca t ion o f the hydro­

s t a t i c st ress component, are small i n magnitude. Thus eq. (6 .7) may be f u r t h e r 

reduced t o : 

K c t = f2 ( V t ' W <6-8) 

This re la t i onsh ip may be derived from t r i a x i a l tests conducted on represen­

t a t i v e s o i l specimens a t d i f f e r e n t conf in ing pressures. The octahedral normal 

stress ( a
o c t) » shear stress ( ^ o c t) , and shear s t r a i n ( T o c t) can be determined as 

°oc t = I ( σ1 + a2  + σ3 } 

V t • i h " ° 2 ) 2 + ( < 72 · ° 3 ) 2 + ( σ3 " σΊ ) 2] < 6' 9> 

lVt = ψ ΐ · ε 2 ) 2 + ( ε2 - ε 3 ) 2 +^ 3 - ε ΐ ) 2 ] 

where 

σ1 , σ2 , σ3 ' = m a j o r' intermediate and minor p r inc ipa l stresses and 

ε 1 ' ε 2 ' ε 3 ' = m a j o r' intermediate and minor p r i nc ipa l s t r a i n s . 

Ε and ν can be evaluated from p lane-s t ra in t r i a x i a l t e s t resu l ts using the 

fo l l ow ing fo rmula t ion : 
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(a) Hooke's law f o r an i s o t r o p i c , l i n e a r , e l a s t i c mater ia l i n a p r inc ipa l 

plane can be w r i t t e n as: 

where 

σ . ( i = 1 , 2 , 3) = major, intermediate and minor p r i nc i pa l stresses and 

ε^( ι = 1 , 2 , 3) = major, intermediate and minor p r i nc ipa l s t r a i n s . 

(b) For the case o f plane s t r a i n , ε 2 = 0 , and the second equation i n eq.(6.10) 

reduces t o : 

σ2 = ν(σ-| + σ 3) (6.11) 

(c) For an incompressible mater ial ν = 0 .5 , and from the f i r s t equation of 

eq.(6.10) i t can be shown tha t : 

^ = f 1
 E

 3 (6.12) 

or 

The (σ^ - o^ /e - j term in eq.(6.13) represents the slope Ε γ o f the dev ia tor 

s t ress , (σ^ - σ^ ) , versus p r i nc ipa l s t r a i n , ε-j , curve. Thus i n the plane s t r a i n 

case: 

E = ? E
T (6.14) 

σ-j ν 
ε1 =Τ - ~ Γ ( σ2 + σ3 } 

σ ? ν 
ε 2 = γ - γ ( σ ] + σ 3) (6.10) 

σ3 ν 

ε3 = Τ " Τ ( σ1 + σ2 } 
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6.5 JOINT ELEMENT CONSTITUTIVE RELATIONSHIP 

As mentioned e a r l i e r , the c u t t i n g phenomenon caused by the movement of a 

t r a c t i o n element or a tool i n a s o i l mass is idea l i zed by i nse r t i ng j o i n t e l e ­

ments between the s o l i d elements. In eva luat ing the s t i f f n e s s of these elements, 

i t i s assumed tha t both normal and shear displacements vary l i n e a r l y along the 

length of the element, which i s compatible w i th the external boundary d isp lace­

ments o f the continuum elements used here in . 

The propert ies o f these elements cons is t o f a normal s t i f f n e s s , kn» and a 

shear s t i f f n e s s , k s, which are re la ted to the normal and shear stresses ac t ing 

on the element by: 

k n Δη = σ η and k$ Δ$ = τ (6.15) 

where 

The values of the coe f f i c i en t s (a) and (b) can be eas i ly determined by t rans ­

forming the stress-displacement data to another set o f axes, on which the hyper­

bolae p l o t as s t r a i g h t l i n e s . By transposing eq . (6 .16 ) , the fo l low ing r e l a t i o n ­

ship may be obtained: 

Δ_ 
— = a + bA (6.17) τ s 

Δη = average r e l a t i v e normal displacement across the element, and 

Δ$ = average r e l a t i v e shear displacement along the element. 

The values assigned to ks can be determined from the resu l ts o f d i r e c t shear 

t e s t s . The nonl inear tangent ia l stress-displacement curves shown i n F ig . 6.8 may 

be approximated by hyperbolae as fo l l ows : 

where 

τ = cu t t i ng s t ress ; 

Δ$ = shear displacement, and 

a,b = empir ical c o e f f i c i e n t s . 
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I f values o f Δ $/ τ are p lo t t ed against values o f Δ $, as shown in F ig . 6 .8 , the 

r esu l t i ng va r i a t i on w i l l be a s t r a i g h t l i n e i f the shear stress varies hyper-

b o l i c a l l y w i th displacement. I t may be shown from the form o f eq.(6.17) t ha t co­

e f f i c i e n t (a) is the i n t e r c e p t , and c o e f f i c i e n t (b) is the slope of the s t r a i g h t 

l i n e on th i s transformed p l o t . 

I Normal Stress 

Relative Displacement, cm Relative Displacement Δ δ, cm 

F ig . 6 .8 . Transformed l i n e a r hyperbol ic p lo ts f o r c u t t i n g and in te r face tests.. 

The rec iprocal o f c o e f f i c i e n t (a) i s the i n i t i a l slope of the shear stress 

displacement curve, and i s analogous to the i n i t i a l tangent modulus o f a s t ress -

s t r a i n curve. The quant i ty ca l l ed herein the i n i t i a l shear s t i f f n e s s , K ^ , has 

un i ts of force per cubic l eng th , or Newton per cubic cm f o r the curves shown i n 

F ig . 6 .8 . The rec iprocal o f c o e f f i c i e n t (b) i s the asymptote approached by the 

shear stress displacement curve at the very large values o f displacement. 

The tangent s t i f f n e s s value, represent ing the slope o f a tangent to the shear 

stress displacement curve, may be read i l y found by d i f f e r e n t i a t i n g eq.(6.17) 

w i th respect to Δ $, and, e l im ina t ing Δ $ from the resu l t i ng equat ion, the tangent 

s t i f f n e s s value may be expressed as: 

K st = 1<1 - r b ) 2 (6.18) 

Possible modes o f behaviour f o r the j o i n t element are shown i n F ig . 6 .9 . I t 

can be seen tha t i n the compression and combined modes the adjacent continuum 

elements tend to over lap, a cond i t ion which occurs because compressive stresses 

require compressive r e l a t i v e displacements across the element which, f o r pur­

poses o f ana lys is , i s assumed to be r e l a t i v e l y t h i n . 



17 5 

compression combined 

Fig . 6 .9. Models o f behaviour o f cu t t i ng elements. (Modif ied a f t e r Duncan and 
Goodman, 1968). 

The s t i f f n e s s values assigned to these elements vary depending on the mode of 

behaviour and the element s t resses. For compression, the value of k n can be made 

equal to the i n i t i a l e l a s t i c modulus of the continuum elements, and the value of 

ks can be ca lcu la ted using eq . (6 .18 ) . A f te r an element f a i l s i n shear, w i th the 

element s t i l l in compression, k$ i s reduced to a neg l i g i b l e value but the value 

of k n i s kept constant . 

Both the shear s t i f f n e s s , k s, and the shear s t rength o f the cu t t i ng zone 

depends on the value of the normal stress in t h i s l ayer . The tangent ia l s t i f f ­

ness values assigned to these elements w i l l vary depending on the element normal 

s t ress . This can be achieved by considering the values o f the coe f f i c i en t s (a) 

and (b) as funct ions of the normal stress ex i s t i ng in the element. 

In a s im i l a r fash ion , the proper t ies assigned to the in te r face elements can 

be determined from the resu l ts of d i r e c t shear tests on specimens cons is t ing 

p a r t l y of s o i l and pa r t l y of the t r a c t i o n too l ma te r i a l . Equation 6.13 i s again 

used to p red ic t the tangent s t i f f n e s s modulus, provided tha t coe f f i c i en t s (a) 

and (b) are obtained from a s o i l - t o o l i n t e rac t i on t e s t . 

6.6 BOUNDARY CONDITIONS 
The boundary condi t ions required f o r so lv ing the f i n i t e element model f o r 

each of the major running gear-so i l systems are discussed in t h i s Sect ion. 

6.6.1 Soi l c u t t i n g and grouser t r a c t i v e elements 

( i ) Single grouser. In the two-dimensional s o i l - c u t t i n g or grouser t r a c t i v e 

element-soi l system, the boundary condi t ions can be (a) spec i f i ed fo rces , (b) 

spec i f ied displacements, or (c) both . Assuming the d i r e c t i o n o f too l motion to 

be ho r i zon ta l , the boundary condi t ions at the tool surface w i l l be spec i f ied 
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hor izonta l displacements. The top s o i l ( t e r r a i n ) surface i s considered a s t ress -

f ree boundary unless there i s a v e r t i c a l load d i s t r i b u t e d uni formly on a grouser 

( too l (a) - F i g . 6.10, f o r example). At a reasonable distance from the too l the 

bottom boundary is assumed to move only i n the hor izonta l x - d i r e c t i o n . The 

boundary condi t ions are shown in F ig . 6 .3 . 

in cm 

(a) Right Angle plate (Type 1) 

Λ 
5.9 

(b) Straight Edge 
Wedge Grouser (Type 3) 

(c) and (d) Curved Edge 
Wedge Grousers (Type 2) 

F ig . 6.10. Grouser geometries. 

( i i ) Mu l t i -g rouser . There are two types of condi t ions a t the loading boun­

dary of the mu l t i -g rouser -so i l i n t e r f a c e . These are (a) constant e levat ion boun­

dary, and (b) constant appl ied pressure boundary cond i t i on . In the constant e l e ­

vat ion boundary cond i t ion the movement ( t r ans la t i on ) of the grouser system 

occurs at a constant height i n r e l a t i o n to the i n i t i a l s o i l sur face. The depth 

o f the grousers embedded in the so i l i s always constant. 

In a l l i dea l i za t i ons fo r analysis o f the problem, c u t t i n g j o i n t elements are 

placed on the plane where the cu t t i ng i s an t i c i pa ted , and are assumed to s t a r t at 

the level of the grouser t i p . No in te r face elements are placed between the so i l 

and the face o f the succeeding grousers, since experimental observations show 

tha t the confinement of the s o i l , due to the r i g i d i t y of the connecting top 

p l a t e , creates a 'dead' zone between the adjacent grousers. In ter face elements 

are inserted a t the leading grouser-so i l i n te r face in the cases o f the standard 

and passive elements shown i n F ig . 6 .5 . In te r face elements are not required f o r 

the leading grouser i n the aggressive element because the hor izonta l p late on 

the top of the grouser creates a no -s l i p cond i t ion a t the grouser face. 

In the constant appl ied pressure boundary cond i t i on , the mu l t i p l e grouser 

elements are f ree to move ho r i zon ta l l y and v e r t i c a l l y . They a re , however, r e -
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s t ra ined from ro ta t i on along the long i tud ina l a x i s . The i n i t i a l depth of the em­

bedment o f the grousers i s considered equal to the height o f the element. Cut­

t i ng and in te r face elements are inser ted a t the same posi t ions as the constant 

e levat ion boundary cond i t i on . In general the boundary condi t ions are s im i l a r to 

the constant e leva t ion s i t u a t i o n w i th one basic d i f fe rence : 

In the constant e levat ion boundary the in te r face behind the f i r s t grouser and 

the s o i l i s considered as a f ree surface i n order to avoid complete r i g i d i t y o f 

the s o i l contained between the two grousers. 

Although the adoption o f such a boundary condi t ion shows reasonable agreement 

between experimental and f i n i t e element resu l ts f o r the case of the constant 

e levat ion boundary cond i t i on , the same i s not t rue f o r the constant pressure 

case. Under the app l i ca t ion o f a uniform pressure, the s o i l remains i n constant 

contact w i th the grousers during grouser mot ion. Thus, the f i n i t e element analy­

s is must assign both hor izonta l displacement and v e r t i c a l pressure i n boundary 

condi t ion cons iderat ions. 

The uniform v e r t i c a l pressure i s appl ied incremental ly as equivalent nodal 

loads on the f i n i t e element mesh i n the v e r t i c a l d i r e c t i o n . The i n c l i n a t i o n o f 

the l i n e represent ing the grouser surface between two successive nodes can be 

taken i n to account, as i l l u s t r a t e d in F ig . 6 . 1 1 . 

6.6.2 Wheel-soi l system displacement boundary cond i t ion 

In formulat ing the ana ly t i ca l model f o r the wheel -so i l mob i l i t y performance, 

i t i s necessary to simulate the act ion of the wheel moving on the supporting 

s o i l so tha t a l l important parameters which con t r ibu te to the wheel -so i l i n t e r ­

act ion are considered. The wheel i t s e l f possesses both t r ans l a t i ona l and r o t a t ­

ional movements whi le the s o i l underneath the wheel i s compressed (loaded) a t 

the leading edge and unloaded at the t r a i l i n g edge ( F i g . 6 .12 ) . A l l the move­

ments occur simultaneously and are essen t i a l l y interdependent. The loading 

boundary condi t ions a t the wheel -so i l i n te r face can be described i n terms of the 

st ress d i s t r i b u t i o n s ( load boundary approach) or the resu l tan t s o i l p a r t i c l e 

movement (displacement boundary approach) a t the t y r e - s o i l i n t e r f a c e , both of 

which are dependent p r imar i l y on the s l i p r a t e , wheel load , t y r e - s o i l r e l a t i v e 

s t i f f n e s s , and t y r e - s o i l surface c h a r a c t e r i s t i c s . Once an appropr iate loading 

boundary condi t ion at the t y r e - s o i l i n te r face i s proper ly imposed, the f i n i t e 

element method can be ca r r i ed out to evaluate the response behaviour o f the sub­

so i l stratum accord ing ly . 

To adopt the displacement boundary cond i t ion in the f i n i t e element method f o r 

wheel -so i l problems, the movement of any po in t on the wheel -so i l i n te r face has 

to be proper ly described so tha t the performance can be analysed w i th respect to 
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kl 

Fig. 6 .11 . Method of d i s t r i b u t i n g the appl ied uniform pressure between success­
ive nodes. Constant v e r t i c a l pressure boundary cond i t i on . 

Soil Surface 

Fig. 6.12. Subsoil response beneath a moving r i g i d wheel. 

j i i q I \ \ 
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the wheel pos i t i on and s l i p r a t e . In genera l , the path of a moving po in t on a 

deforming pneumatic t y re can be expressed r e l a t i v e to a moving reference frame, 

i . e . the axle centre l i n e . In the case of a r i g i d wheel, in which there is no 

deformation in the wheel i t s e l f moving through a so f t s o i l (F ig . 6 .13) , the path 

of the moving po in t ' ζ ' in the s o i l BC or AC fo l lows a smooth t r a j e c t o r y . 

F ig. 6.13. Prolate cyc lo id of an undeformed t y re r o l l i n g w i th 25.5% s l i p 

I f there i s no s l i p between the wheel and the s o i l , there w i l l be no loss in 

the wheel advance (F ig . 6 .13a) , un l i ke the s i t u a t i o n w i th some s l i p ( F i g . 6.13b). 

I f a deformable t y re moves on a r i g i d uny ie ld ing sur face, the path of a point on 

the t y re w i l l conform to the contour of the support ing surface so long as the 

point under considerat ion contacts the surface. In the most complicated s i t u a t i o n 

in which both the t y re and the s o i l are deformable, the movement of a po in t in 

the t y re at the t y r e - s o i l i n te r face fo l lows a rather i r r e g u l a r path a f fec ted by 

the r e l a t i v e s t i f f n e s s of the t y r e - s o i l system and s l i p ra tes . 

The s p e c i f i c a t i o n of displacement boundary condi t ions as input data has been 

successfu l ly adopted i n the f i n i t e element analys is of the performance of r i g i d 

wheels moving through a so f t c lay (Yong and Fat tah , 1976). Typical s o i l p a r t i c l e 

paths (F ig . 6.14) were exper imental ly measured at d i f f e r e n t s l i p s and used to 

assign the nodal pos i t ions of the wheel -so i l i n te r face corresponding to the wheel 

pos i t i on and the degree of s l i p . In the ana l y t i ca l procedure, small v e r t i c a l load 

increments are appl ied on the r i g i d wheel -so i l i n te r face nodal pos i t i ons , u n t i l 

the sinkage (Z) reaches the predetermined dynamic sinkage (Step 1 , F ig . 6.14b). 

The sub-so i l s t ress d i s t r i b u t i o n , s t r a i n f i e l d , displacement and react ions a t the 
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direction of wheel travel 
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soil particle path 
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soil surface 

load the wheel stationarily 
onto the soil until the 
sinkage(Z) is reached 

- calculate the subsoil responses 

Step 2 - move the wheel forward 

recalculate the subsoil 
responses 

ζ 

F ig . 6.14. App l ica t ion of displacement boundary cond i t ion in the f i n i t e element 
method. 

wheel-soi l i n te r face can be ca lcu la ted at the end of each increment and added on 

to the previous values. The r i g i d wheel is then assumed to be moving at a con­

s tant t r ans la t i ona l ve loc i t y (Step 2, F ig . 6 .14c) . The displacements of the nodal 

points a t the s o i l surface can be assigned w i th the knowledge of the s o i l p a r t i ­

c le path (F ig . 6.14a). At each small forward movement, the subsoil responses can 

be determined and augmented to the previous values. This process i s repeated o r , 

in other words, the wheel is kept moving forward at small distances and the sub­

so i l stresses are ca lcu la ted u n t i l the summation of the v e r t i c a l react ions at 

the wheel-soi l i n te r face remains unchanged. The f i n a l so lu t i on i s consequently 

ca r r ied out i n terms of s o i l deformation energy and i n t e r f a c i a l energy. 

We should note tha t the displacement boundary cond i t ion approach ou t l ined 

above represents an ideal s i t u a t i o n since the boundary cond i t ion describes k ine­

matic v a r i a t i o n , so i l - recovery and actual stress h is to ry under t rans ien t wheel 

loading. However, so i l p a r t i c l e motion in the subsoi l under wheel loading can 

only be measured i n the laboratory under con t ro l l ed s i t u a t i o n s . This type of 
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boundary cond i t ion spec i f i ca t i on is of l im i t ed use. In p rac t i ce , i t i s easier to 

speci fy the loading boundary w i th measured or ca lcu la ted normal and tangent ia l 

s t resses. 

6.6.3 Wheel-soil system load boundary cond i t ion 

In order to speci fy the pressure d i s t r i b u t i o n s a t the t y r e - s o i l contact area 

as input data in the f i n i t e element ana l ys i s , i t i s necessary to accurately 

determine the contact area, and the normal and tangent ia l s t ress d i s t r i b u t i o n as 

a funct ion o f t y r e - s o i l r e l a t i v e proper t ies and s l i p r a tes . Before any spec i f i c 

formulat ion can be attempted, i t i s i n s t r u c t i v e to inves t iga te some s im i l a r 

s i t ua t i ons in c lass ica l s o i l mechanics and actual measurements previously per­

formed fo r wheel -so i l problems. 

As a f i r s t approximation, the t y r e - s o i l i n t e r a c t i o n may be viewed as a f o o t ­

ing of var iab le s t i f f n e s s res t ing on a deformable s o i l surface wi thout a d d i t i o n ­

al tangent ia l stresses and t y r e - s o i l movement. This s i t u a t i o n i s analogous to 

t yp i ca l cases of f l e x i b l e and r i g i d foo t ings loaded v e r t i c a l l y on clay and sand, 

as i l l u s t r a t e d in Fig. 6.15. In f l e x i b l e foo t ings carry ing cent ra l v e r t i c a l 

loads, the contact pressure w i l l be un i formly d i s t r i b u t e d and the resu l tan t d i s ­

placement pat tern w i l l be governed by the s o i l type. In the case of r i g i d f o o t ­

ings , the displacement w i l l be essen t i a l l y uniform w h i l s t the contact pressure 

d i s t r i b u t i o n depends p r ima r i l y on the s o i l type. In comparison to the actual 

t y r e - s o i l s i t u a t i o n , the ty re can act l i k e a r i g i d or f l e x i b l e foo t ing depending 

on the s t i f f n e s s of the t y re carcass, the i n f l a t i o n pressure of the t y r e , and 

the s o i l s t i f f n e s s . Moreover, the contact pressure d i s t r i b u t i o n may be inf luenced 

by the size and shape of the contact (patch) area, the t r a c t i o n between the t y re 

and the s o i l , the normal s l i p r a t e s , e tc . I t i s necessary therefore to study the 

ex i s t i ng measurements of the wheel -so i l contact pressures p r i o r to es tab l ish ing 

any ra t i ona l expression regarding the contact pressures. 

(a) Flexible footing on cohesionless soil 
carrying a uniformly distributed load 

(b) Rigid footing on 
cohesionless soil 

(c) Uniformly loaded flexible 
footing non cohesive soil 

(d) Rigid footing on 
cohesive soil 

Fig. 6.15. Ef fects of f oo t i ng f l e x i b i l i t y on pressure d i s t r i b u t i o n 
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In genera l , when a so f t t y re passes over a s t i f f s o i l , the resu l tan t normal 

stresses at the t y r e - s o i l i n te r face tend to be uni formly d i s t r i b u t e d i n the cen­

t r a l par t . When the s i t u a t i o n i s reversed, i . e . a s t i f f pneumatic wheel moving 

over a so f t s o i l , the normal stresses w i l l be r e l a t i v e l y constant at the cent ra l 

zone and w i l l decrease towards both ends of the t y r e - s o i l i n t e r f ace . The d i s t r i ­

but ion pat tern i s not necessar i ly symmetrical and the maximum stress usual ly 

occurs ahead of the bottom dead centre of the wheel. The tangent ia l stress shows 

the same trend and i s mainly dependent on the changes in s l i p ra te . Both normal 

and tangent ia l stresses are always i n one d i r e c t i o n i n the case of powered 

wheels. In a towed wheel, the d i r e c t i o n of both stresses can be d i f f e r e n t be­

tween the leading and t r a i l i n g edges, 

6.6.4 Track-so i l boundary condi t ions 

A proper ana l y t i ca l so lu t i on of the t r a c k - s o i l system i n te rac t i on requires 

the spec i f i ca t i on of the boundary condi t ions which s a t i s f y the physical behav­

iour of the system. The load boundary approach can be adopted. However, i t r e ­

quires knowledge or in format ion on the pressure d i s t r i b u t i o n a t the t r a c k - s o i l 

i n te r face . The normal and tangent ia l stress d i s t r i b u t i o n s need to be establ ished 

as funct ions of t r a c k - s o i l r e l a t i v e propert ies and s l i p r a t e . 

The pressure d i s t r i b u t i o n below the t rack depends on i t s r e l a t i v e r i g i d i t y , 

which i s a func t ion of the number of wheels as wel l as the t rack p i t ch and wheel 

spacing r a t i o . Low speed vehic les such as const ruc t ion t r a c t o r s , provide a con­

t inuous t rack support w i th a r e l a t i v e l y large number of small wheels c lose ly 

spaced. Such an arrangement resu l t s in a more or less uniform pressure d i s t r i ­

but ion along the ground contact area. 

6.7 METHOD OF ANALYSIS 

In t o o l - s o i l i n t e rac t i on studies non l i nea r i t i es occur in two d i f f e r e n t forms. 

The f i r s t i s mater ia l or physical n o n l i n e a r i t y , which resu l t s from nonl inear 

c o n s t i t u t i v e laws (Section 6 .4 ) . The second i s geometric n o n l i n e a r i t y , which de­

r ives from f i n i t e changes in the geometry of the deforming body (Desai and Abe l , 

1972). 

Mater ia l non l inear i t y alone encompasses problems i n which the stresses are 

not l i n e a r i l y propor t ional to the s t r a i n s , but in which small displacements and 

small s t ra ins are considered. Displacements re fe r to the changes i n the overa l l 

geometry of the s o i l body, whereas s t ra ins are re la ted to i n te rna l deformations. 

Because of the small displacements encountered in some cases, loca l d i s t o r t i o n s 

of an element can be ignored and the areas of the o r i g i n a l , undeformed element 

can be used in computing stresses. In t h i s case, the l i nea r st ra in-displacement 

equations w r i t t e n f o r plane s t r a i n problems as: 
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= l y + 3u + 3u 3u 3v 3v 
Yx y 3x 3y 3x 3y 3x 3y 

and from f i n i t e changes i n geometry. In other words, t h i s category encompasses 

large s t r a i n and large displacements. 

The most general category o f nonl inear problems is the combination o f the 

mater ia l and geometric n o n l i n e a r i t i e s . I t involves nonl inear c o n s t i t u t i v e behav­

iour as wel l as large s t ra ins and f i n i t e displacements. This Section begins w i th 

the explanat ion o f the computational procedure adopted to t r e a t mater ia l non-

l i n e a r i t y , fo l lowed by a b r i e f discussion on geometric n o n l i n e a r i t y . 

6.7.1 Mater ia l non l i near i t y 

Nonlinear s t r e s s - s t r a i n behaviour may be approximated in f i n i t e element 

analyses by assigning d i f f e r e n t modulus values to each of the elements in to 

which the s o i l i s subdivided f o r purposes o f ana lys is , as shown i n Figs. 6.4 to 

6.6. The modulus value assigned to each element is selected on the basis of the 

stress or s t r a i n in each element. Because the modulus values depend on the 

s t resses, and the s t ra ins in turn depend on the modulus values, i t i s necessary 

to make repeated analyses to insure tha t the modulus values correspond to the 

stress condi t ions f o r each element i n the system. 

= 9u 9v 
εχ 8x ey 3y 

(6.19) 

'xy 8x 3y 

where 

ε , ε = normal components of s t r a i n ; χ y 
γ = component o f s t r a i n and xy 

u, ν = displacement components i n the x - and y - d i r e c t i o n s , 

are used. 

Problems invo lv ing geometric non l i nea r i t y a r ise both from nonl inear s t r a i n -

displacement r e l a t i o n s , w r i t t e n f o r a plane s t r a i n case as: 
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Two techniques f o r approximate nonl inear analyses by the f i n i t e element 

method can be used. These are: 

1 . The d i rec t i t e r a t i o n method, shown i n F ig . 6.16. In t h i s method, the same 

change i n s o i l external loading i s analyzed repeatedly. A f te r each ana l ys i s , the 

values of stress and s t r a i n w i t h i n each element are examined to determine i f 

they s a t i s f y the appropr iate nonl inear s t r e s s - s t r a i n r e l a t i o n s h i p . I f the values 

of stress and s t r a i n do not correspond, a new value of modulus is selected f o r 

tha t element f o r the next ana lys is . The main advantage of t h i s technique is the 

c a p a b i l i t y of the procedure to represent s t r e s s - s t r a i n re l a t i onsh ip i n which the 

stress decreases w i th increasing s t r a i n a f t e r reaching a peak value. The shor t ­

coming of the i t e r a t i v e procedure i s that i t can only give the so lu t i on f o r the 

f i n a l leve l of appl ied load , and cannot consider the load and deformation h i s ­

to ry of the s o i l . 

2. The incremental method, shown in F ig. 6.17. In t h i s procedure, so i l load­

ing is considered to be appl ied in small increments. I f the s ta te of stress and 

s t r a i n at the s t a r t of an increment is known i n each element, the s ta te at the 

end of the increment can be found by an add i t ion of incremental changes. The 

c o n s t i t u t i v e re la t i onsh ip to be used f o r each element may be determined at the 

beginning of each i n t e r v a l . Thus the nonl inear s t r e s s - s t r a i n re la t i onsh ip is 

approximated by a series of s t r a i gh t l i n e s . The p r i nc ipa l advantage of t h i s pro­

cedure is that i t provides a r e l a t i v e l y complete desc r ip t ion of the load-defor­

mation behaviour, as resu l ts are obtained f o r each of the intermediate states 

corresponding to an increment of loading. 

In the t o o l - s o i l i n t e rac t i on s tud ies , i t i s essent ia l tha t the s o i l deforma­

t i o n and stress f i e l d s are obtained and examined as the too l advances i n the 

s o i l . For t h i s purpose the incremental procedure is genera l ly employed. 

The incremental technique adopted in the analysis makes use of the plane-

s t r a i n t r i a x i a l s t r ess - s t r a i n curve to compute the value of the e l a s t i c modulus 

E, during each increment. The value of Poisson's r a t i o v , is kept constant in 

the ana lys is . 

The s t a r t i n g value of the modulus, E Q, is taken as the i n i t i a l slope of the 

p lane-s t ra in t r i a x i a l s t r e s s - s t r a i n curves a t zero conf in ing pressure. With the 

assumed value of Poisson's r a t i o , the stresses or s t ra ins in each element due 

to the f i r s t increment of displacement are computed using the e l a s t i c ana lys is . 

A new value of the modulus to be used i n the second increment is computed by 

using the nonlinear curves. E i ther the stresses or s t ra ins computed i n the e l e ­

ments can be used in the nonl inear curves to obtain the Ε values. The modif ied 

c o n s t i t u t i v e r e l a t i o n is used in the next increment of deformation. The process 

is continued u n t i l the desired t o t a l deformation i s obtained. 



F ig . 6.16. D i rec t i t e r a t i o n procedure. 

* 1 

F ig . 6.17. Incremental procedure. 

The modulus value E, is ca lcu la ted i n each increment as: 

3/4(σΊ - α ) - 3 /4 (α Ί - a) 

U I M ui ; i - i 

where i represents the current increment s t a t e , and i -1 represents the previous 

increment stage. Figure 6.17 i l l u s t r a t e s the incremental procedure. 

There are several possible ways by which the so lu t ions obtained by the i n c r e ­

mental method can be improved. Since f o r every increment the e l a s t i c constants 

used are f o r the previous increment, i t i s necessary tha t the increments be 

qu i te small to obtain good r e s u l t s . Further, i f there are abrupt slope changes 

in the s t r e s s - s t r a i n diagram, the method is l i k e l y to give unsat is fac tory res ­

u l t s . One of the ways to reduce some of these er rors i s to i t e r a t e a few times 

a f t e r each increment to br ing the assumed Ε values close to the actual values. 

This procedure would also al low one t o take la rger load increments i n the analy­

s i s . 

18 5 
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In most problems, i t i s found s u f f i c i e n t to i t e r a t e two to three times at 

each increment to obtain compatible stresses and s t r a i n s . The number of i t e r a t ­

ions a t each increment may be reduced by p red ic t ing the value of Ε f o r a load 

increment based on the stresses or s t ra ins a t ta ined in the previous increment, 

and by using t h i s value of Ε as a f i r s t t r i a l in the computations. For so i l 

s t r ess - s t r a i n curves, parabol ic p red ic t ion w i l l work much be t te r than l i nea r 

p red ic t ions . Figure 6.18 diagrammatical ly i l l u s t r a t e s the working of the l i nea r 

p red ic t ion method. 

Ο e, 

Slope OA - f i r s t t r i a l value f o r Ε wi thout p red ic t ion f o r second increment. 
Slope AB - f i r s t t r i a l value f o r Ε w i th l i nea r p red ic t i on f o r second increment. 
Slope AC - actual Ε value f o r second increments a f t e r i t e r a t i o n s . 

F ig. 6.18. Inc rementa l - i t e ra t i ve method wi th p red i c t i on . 

6.7.2 Geometric non l i nea r i t y 

In the previous sub-Section the mater ia l or physical non l i nea r i t y a r i s i ng 

from mater ia l proper t ies was considered. I t i s reca l led tha t i n the case of 

mater ial non l i nea r i t y , both s t ra ins and displacements are assumed to be smal l , 

but stresses are not propor t ional to s t r a i n s . We should note again t h a t , in 

add i t ion to mater ia l non l i nea r i t y , geometric non l i near i t y occurs due to the 

f i n i t e changes in the geometry of the deforming s o i l in f r on t of the cu t t i ng or 

t r a c t i o n t o o l . The combination of both non l i nea r i t i es is p a r t i c u l a r l y simple i f 

an incremental procedure i s adopted. 

I f a f u l l load-deformation analysis i s requ i red , i t i s common prac t ice to 

proceed wi th small loading increments and to t r e a t each such increment as a 

piece-wise l i near one, w i th the tangent ia l s t i f f n e s s matr ix evaluated at the 

s t a r t of the increment. I f the nodal coordinates are cont inuously updated, the 

ca lcu la t i on procedure fo l lows prec ise ly the same pat tern used in small d isp lace­

ments - in f in i tes ima l s t r a i n ana lys is . Updating f o r a plane s t r a i n case takes the 

form: 
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Strains are now determined by the der i va t i ves of displacements w i th respect to 

the updated coordinates. 

I t i s possib le to use the general d e f i n i t i o n of s t r a i n s , known as the Green's 

s t r a i n tensor , which i s v a l i d whether displacements or s t ra ins are large or 

smal l . For the plane s t r a i n case, the Green s t r a i n tensor i s def ined by eq . (6 .21 ) . 

I f displacements are sma l l , the general f i r s t - o r d e r l i nea r s t r a i n approxima­

t i on i s obtained by neglect ing the quadrat ic terms ( e q . ( 6 . 2 0 ) ) . Because the 

loading increments are sma l l , i t can be assumed tha t the s t r a i n increments are 

i n f i n i t e s i m a l in the usual sense. In such a case, the l i nea r s t r a i n approxima­

t i o n (eq. (6 .20) ) can be used. I t i s recognized, however, t ha t the same may not 

be t rue of the accumulated values. In the l i m i t of i n f i n i t e s i m a l increments of 

load ing, i t may be shown tha t t h i s procedure gives the so-ca l led logar i thmic 

s t r a i n , ra ther than simple displacement gradients (Fung, 1965). Whi lst t h i s is 

admit tedly an approximation to the more formal d e f i n i t i o n of large s t r a i n s , eq. 

( 6 .21 ) , the degree of approximation appears to be consistent w i t h tha t of the 

overa l l method. 

6.8 SUMMARY 
In t h i s Chapter we discussed the requirements f o r es tab l ish ing a f i n i t e e l e ­

ment model f o r a continuum mechanics problem in genera l , and a t o o l - s o i l i n t e r ­

act ion problem in p a r t i c u l a r . In genera l , the analysis of a t o o l - s o i l i n t e r a c t ­

ion system requires the fo l low ing steps: 

(1) System i d e a l i z a t i o n . The actual s o i l continuum i s idea l i zed as an assem­

blage of elements that are interconnected at the nodal po in ts . 

(2) I d e n t i f y the loading and displacement boundaries f o r the system. 

(3) Estab l ish the c o n s t i t u t i v e re la t ionsh ips f o r each element and mater ia l 

type. 

(4) Establ ish the force balance equations corresponding to the unknown j o i n t 

displacements and solve these equat ions. 

(5) Calculate the in te rna l elements stress and s t r a i n d i s t r i b u t i o n s . 

(6) I n te rp re t the displacements and stresses predicted by the so l u t i on . 

* i = + u. J i = y. + v . (6.22) 

where 

* ·> Ϋη· = the updated nodal coordinates a t the end of the i t n increment; 
J. I-

ΥΊ· = the nodal coordinates a t the beginning of the i increment and 
th 

u.j, v.. = the i displacements i n the x - and y - d i r e c t i o n s , respec t i ve l y , 

associated w i th the nodes. 
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In p rac t i ca l analysis the most important steps of the complete analysis are 

(Bathe, 1982) the proper i dea l i za t i on of the actual problem as performed i n 

step ( 1 ) , and the cor rec t i n t e rp re ta t i on of the resu l t s i n step (5 ) . In Chapter 

7, app l i ca t ion of the f i n i t e element method to the common v e h i c l e - s o i l i n t e r ­

act ion systems is discussed. The fo l low ing procedure documents the steps neces­

sary f o r implementation of the FEM. (See Figs. 6.19 and 6.20.) 

(1) Boundary cond i t ions. Boundary condi t ions are assigned on the f i n i t e e l e ­

ment mesh based on laboratory tes t ing observat ions; i . e . i nse r t i on of the d i s ­

con t i nu i t y f i n i t e elements, f ree sur faces, t o t a l l y f i xed or f i xed in one d i rec ­

t i o n boundaries. 

(2) Cons t i tu t i ve behaviour. S t ress -s t ra in and stress-displacement r e l a t i o n ­

ships f o r the so i l continuum and the d i s c o n t i n u i t i e s (c lay-c lay and c lay-mater­

i a l ) are obtained from laboratory tests and used i n the model i n a d i g i t i z e d 

form. Y ie ld c r i t e r i a are assumed, i . e . f a i l u r e is determined by a s t r a i n or 

stress level determined by the user. 

(3) Forces at the nodes due to se l fweight are assigned as wel l as the i n i t i a l 

displacement or load increment. 

(4) Based on the nodal coordinates and the shape (area) of each element, i n ­

d iv idua l s t i f f ness matrices are formed, which are then assembled to a s t i f f ness 

matr ix f o r the whole continuum. 

(5) The FEM governing equations are formed using the above global s t i f f ness 

mat r i x . 

(6) The equations are solved using Gaussian e l im ina t ion and the modulus of 

e l a s t i c i t y prev iously determined from the actual curves using the incremental-

i t e r a t i v e technique, and l i near i n t e rpo la t i on between the s t r e s s - s t r a i n curves 

to account f o r the correct conf in ing pressure (and mater ia l n o n l i n e a r i t y ) . 

(7) The so lu t ion of equations provides nodal displacements from which the 

nodal forces are ca l cu la ted , a f t e r which the s t resses, s t r a i n s , s t r a i n ra tes , 

nodal v e l o c i t i e s and deformation energy are ca lcu la ted f o r the continuum. 

(8) The nodal coordinates are updated, in the order to be used i n the next 

increment: χ1 = χ + Δχ, y ' = y + Ay (accounting f o r geometric n o n l i n e a r i t y ) . The 

coordinates are updated so tha t sma l l - s t r a i n theory assumptions remain v a l i d and 

thus the problem so lu t i on i s always sound. 

• 
The s t a r t i n g value o f the e l a s t i c modulus i s taken as the i n i t i a l slope at 

the s t r e s s - s t r a i n curve a t zero conf in ing pressure, and the s t resses /s t ra ins are 

ca lcu la ted using e l a s t i c ana lys is . The r e s u l t i n g modulus o f e l a s t i c i t y i s com­

pared to the assumed one. I f the d i f ference i s sma l l , or the number o f i t e r a ­

t ions exceeds a p re -spec i f ied value, then the obtained Ε value i s used as the 

i n i t i a l i n the next increment, o r , the s t resses /s t ra ins are reca lcu la ted , and a 

new Ε i s obta ined. Not many i t e r a t i o n s are required to converge the Ε value. 
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(9) Then (a) i f a constant e leva t ion (displacement) boundary problem is s o l ­

ved, only nodal displacements are assigned a t step ( 2 ) , (b) i f a loading bound­

ary problem i s so lved, only nodal loads are assigned a t step ( 2 ) , and (c) i f a 

displacement/ load boundary problem is solved, nodal displacements and boundary 

pressures are assigned a t step (2 ) . 

(10) Return t o step ( 4 ) . 

Note: The Poisson's r a t i o remains constant throughout the ana lys is . 

Machine-soil 
cu t t i ng t o o l / 
grouser tes ts 

Boundary Conditions 

- i dea l i za t i on o f 
d i s con t i nu i t i e s 
and so i l continuum 

-displacement 
d i s t r i b u t i o n 

Cons t i tu t i ve Behaviour 

- s t r e s s - s t r a i n re la t i ons 
- s o i l continuum 
- d i s c o n t i n u i t i e s 

- y i e l d c r i t e r i a 

Assign: 
Nodal displacement increment 
Nodal forces due to se l f -we igh t 

Form elements' s t i f f n e s s matrices 

\ Form FEM governing equations 

Solve set of equations 

P lane-s t ra in 
t r i a x i a l and 
d i r e c t shear 
t e s t resu l t s 

Evaluation of machine ( cu t t i ng too l /g rouser ) 
- s o i l i n t e r a c t i o n 

- displacements 
- react ions 
- stresses 
- s t ra ins 
- s t r a i n rates 
- v e l o c i t i e s 
- energies 

I 

No 

Update element coordinates 

Last increment?! 
Yes JEND 

F ig . 6 .19. F i n i t e element implementation where the boundary condi t ion o f constant 
e leva t ion p r e v a i l s . 
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Machine-soil 
cu t t i ng t o o l / 
grouser tests 

P lane-s t ra in 
t r i a x i a l and 
d i r e c t shear 
t es t resu l ts 

Boundary Conditions 

- i d e a l i z a t i o n of 
d i scon t i nu i t i es 
and s o i l continuum 

-displacement and 
pressure d i s t r i b u -
t i ons 

τ 
Assign: 

Cons t i tu t i ve Behaviour 

- s t r e s s - s t r a i n re la t ions 
- s o i l continuum 
- d i s c o n t i n u i t i e s 

- y i e l d c r i t e r i a 

Nodal loading increment 
Nodal forces due to se l f -we igh t 

Form elements' s t i f f ness matrices 

to 
c <: 

Form FEM governing equations 

Solve set of equations 

Load increment? 

I Last load increment?f= 
No 

Yes 

Update element coordinates 

Evaluation of machine ( cu t t i ng too l /g rouser ) 
- s o i l i n t e rac t i on 

- displacements 
- react ions 
- stresses 
- s t ra ins 
- s t r a i n rates 
- v e l o c i t i e s 
- energies 

Last 
[increment? 

Yes 

No I END 

Update element coordinates 

Apply: 
- displacement increment 
- boundary pressure 

F ig . 6.20. F i n i t e element implementation where the boundary condi t ion of uni form 
v e r t i c a l pressure p r e v a i l s . 
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NOMENCLATURE 

A area o f a deformed body 

Β displacement funct ion 

Ε modulus o f e l a s t i c i t y 
EQ i n i t i a l modulus o f e l a s t i c i t y 

Jg t h i r d i nva r i an t o f the dev ia tor stress 

Ν shape funct ion 

Ρ surface forces per u n i t area o f the deformed body 

R equivalent external nodal forces 

5 space 

V volume of a deformed body 

a empir ica l c o e f f i c i e n t 

b " 

^ l , f2 ' ^ 3 a r b l tr a r y funct ions 

k normal s t i f f n e s s η 
k $ shear s t i f f ness 
k$ i- i n i t i a l shear s t i f f ness 

^s t tangent s t i f f ness 

q body forces per u n i t mass 

u x-displacement 

ν y-displacement 
•f"h 

x. nodal coordinate a t the beginning o f the i increment 

x\ updated nodal coordinate a t the end o f the i increment 

y . nodal coordinate a t the beginning o f the i t n increment 

y^ updated nodal coordinate at the end of the i increment 

Δη average r e l a t i v e normal displacement across the element 

Δ$ average r e l a t i v e shear displacement along the element 

Yo c t octahedral shear s t r a i n 
γ shear s t r a i n xy 
6 nodal po in t displacement 

eo c t octahedral normal s t r a i n 
ε ,ε normal s t r a i n components χ y 



ε1 , ε2 , ε3 p r i nc i pa l s t ra ins 

r" c" ρ" 
1 ' 2 3 

f i r s t , second and t h i r d dev ia tor s t r a i n components 

ν Poisson's r a t i o 

Ρ densi ty o f a deformed body 

σ . 
oc t octahedral normal st ress 

σ Ί, σ 2, σ 3 p r inc ipa l stresses 

τ cu t t i ng shear stress 

To c t octahedral shear st ress 

Φ angle of f r i c t i o n 

Ψ nodal forces 

19 3 
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Chapter 7 

APPLICATION OF FINITE ELEMENT MODELLING 

7.1 INTRODUCTION 

This Chapter discusses the app l i ca t ion of f i n i t e element method (FEM) f o r 

p red ic t i on o f (a) s o i l c u t t i n g , (b) t r a c t i o n e lement- ter ra in i n t e r a c t i o n , and 

(c) s o i l response to t r a c t i v e force app l i ca t i on . The requirement f o r p red ic t i on 

together w i th the type of parameters which represent the performance of each 

too l are also discussed and predicted performances are compared w i th the ava i l a ­

b le measured experimental r e s u l t s . 

7.2 SOIL CUTTING 

In the study of s o i l cu t t i ng problems, the p r inc ipa l object ives are to pre­

d i c t (a) the force required to move the cu t t i ng blade through the s o i l , and (b) 

the so i l response ( f a i l u r e mode). The e f f ec t of the geometric parameters of the 

blade on i t s performance, and the scheme f o r opt imiz ing blade performance can 

also be inves t iga ted . In t h i s Sect ion, we w i l l look at two examples f o r two f l a t 

blades cu t t i ng through so f t cohesive s o i l . Analyses and actual s o i l cu t t i ng ex­

periments are evaluated to show the a p p l i c a b i l i t y of the method of ana lys is . 

7.2.1 Meshes and boundaries ( i d e a l i z a t i o n ) 

To begin the ana lys is , the problem to be studied must be idea l ized and the 

f i n i t e element mesh system generated to conform to the geometric and ana ly t i c 

cons t ra in ts of the problem. The meshes adopted f o r 10° and 50° i nc l i ned s o i l 

c u t t i n g blades are shown in F igs. 7.1 and 7.2. The mesh patterns are so arranged 

tha t smaller elements are employed near the actual blades and larger elements in 

regions away from them. Jo in t ( i n te r face ) elements are inser ted between the s o i l 

and the blades to simulate the in te r face c h a r a c t e r i s t i c s . In a d d i t i o n , j o i n t 

( cu t t i ng ) elements are placed on the plane on which cu t t i ng progresses. In the 

f i n i t e element i d e a l i z a t i o n , the boundaries are placed on r o l l e r s so tha t (a) 

the hor izonta l movement i s res t ra ined on the s ides, and (b) v e r t i c a l movement is 

res t ra ined on the bottom boundary. In the ana lys is , the blades are considered 

r i g i d . Uniform hor izonta l r i g i d displacements are appl ied at a l l nodal points at 

the b lade-so i l i n t e r f ace . The displacements are increased in increments of 0.25 

cm, and s e l f weight of the s o i l i s considered in the ana lys is . 

The general ized simple f low scheme shown i n F ig . 7.3 i l l u s t r a t e s the imple­

mentation o f the computational procedure required to develop the outputs d i s ­

cussed i n the fo l l ow ing sub-Sections. 
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20.3 cm 

Fig. 7 . 1 . Mesh layout f o r the 10° inc l ined b lade-so i l system. 

F ig . 7.2. Mesh layout f o r the 50° inc l i ned b lade-so i l system. 

Ι 279 cm 
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INPUT 

Apply small 
displacement, di 

Apply another 
displacement increment 

Calculate 
new c o n s t i t u t i v e 
re la t i onsh ip 

Update nodal 
pos i t ions NO 

Calculate forces 
at nodal pos i t ions 
from c o n s t i t u t i v e 
re la t ionsh ips 

Apply minimizat ion protocol 
through FEM 

OUTPUT 
Equ i l ib r ium nodal forces 
Displacements 
S t ra in and s t r a i n rates 
Stresses 
Deformation 

Is i t the l a s t displacement 
increment? 

YES 

END 

F ig . 7.3. S imp l i f i ed f low scheme f o r computation using the FEM of analysis 
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7.2.2 Measured and ca lcu la ted forces 

As a means of t es t i ng the a p p l i c a b i l i t y of the f i n i t e element method (FEM) o f 

analysis i n a s o i l cu t t i ng problem, the simplest and quickest method is to com­

pare predicted forces act ing on the blade wi th measured values. The l oad -d i s ­

placement resu l ts (curves) obtained from app l i ca t ion of the f i n i t e element ana­

l y s i s are shown i n F ig . 7.4 f o r hor izonta l fo rce , and i n F i g . 7.5 f o r v e r t i c a l 

load fo r both the 10° and 50° i nc l i ned blades, respec t i ve ly . The experimental 

resu l ts obtained from laboratory tests are also p lo t t ed on the same Figures f o r 

comparison. 

The agreement between the experimental ly obtained and the ca lcu lated f i n i t e 

element resu l ts i s very sa t i s fac to ry i n the case of the hor izonta l forces f o r 

the two blade i nc l i na t i ons analyzed. In the case of the 50° blade, the d i f f e r ­

ence i s about three Newtons over the whole displacement range analyzed, wi th the 

ana ly t i ca l resu l ts l y i ng always below the experimental curve. For the 10° b lade, 

the errors are found to be almost neg l i g ib le up to blade displacement of 1.0 cm, 

beyond which the ana ly t i ca l and t es t resu l ts d iverge, wi th the predicted resu l ts 

again l y i ng below the experimental values. 

7.2.3 Deformation f i e l d s 

Experimentally measured hor izontal and v e r t i c a l displacement f i e l d s deduced 

wi th the a id of d i s t o r t i n g experimental t e s t gr ids are shown in F ig . 7.6 togeth­

er w i th the computed displacement f i e l d s obtained from the displacement of the 

f i n i t e element nodes, fo r a t o t a l cu t t i ng too l displacement of 2.5 cm in the 

hor izonta l d i r e c t i o n . Whi lst the deformation f i e l d s portray the hor izonta l and 

v e r t i c a l displacements f o r the 10° i nc l i ned blade, s i m i l a r diagrams can be gen­

erated fo r other blade i n c l i n a t i o n s . For s i m p l i c i t y and f a c i l i t y i n comparison, 

the deformation f i e l d s i l l u s t r a t e d i n contour forms are p lo t ted i n the undeform-

ed pos i t i on . 

The d i scon t i nu i t y in experimental ly measured displacements at the level of 

the blade t i p is c l ea r l y demonstrated i n the diagram. The displacement contours 

are only discontinuous i n the v i c i n i t y o f the blades, but are continuous above 

and below the c u t t i n g plane. This impl ies tha t the d i scon t i nu i t y propagates w i th 

the blade movement. One should be carefu l to note tha t t h i s i s not the case i n 

the f i n i t e element so lu t ion where the d i scon t inu i t y i s assumed to extend a l l the 

way to the end boundary. The deviat ion between the experimental and the a n a l y t i ­

cal hor izonta l displacement f i e l d s indicates tha t the f i n i t e element so lu t ion 

underestimates the hor izonta l displacements in the zone near the so i l sur face, 

whi le i t overestimates i n the s o i l mass s i tua ted d i r e c t l y above the cu t t i ng 

plane. 



30 Ι­

Ο. 5 1.0 1.5 2.0 2.5 

Blade Displacement, cm 

F ig . 7.4. Comparison of measured and predicted values of developed hor izonta l 
force on the 10° and 50° inc l i ned blades. (Kao l i n i t e c l a y ) . 

F ig . 7 .5. Comparison of measured and predicted values of developed v e r t i c a l 
force on the 10° and 50° i nc l i ned blades. (Kao l i n i t e c l a y ) . 
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Blade Displacement* 25 mm 

Fig . 7.6a. Experimental ana ly t i ca l hor izonta l displacement f i e l d s f o r the 10° 
i nc l i ned b lade-so i l system. 

Direction of 

Blade Displacement = 25 mm 

Fig . 7.6b. Experimental ana l y t i ca l v e r t i c a l displacement f i e l d s fo r the 10° 
i nc l i ned b lade-so i l system. 
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7.2.4 Deformation energy 

The deformation energy can be ca lcu la ted from experimental in format ion using 

one of two methods: 

(1) Through app l i ca t i on of the v i s i o p l a s t i c i t y method (described in Chapter 

5) to the exper imental ly recorded deformation f i e l d s . The app l i ca t ion of the 

v i s i o p l a s t i c i t y model demands the fo l l ow ing requirements: 

(a) app l i ca t i on of an admissible y i e l d c r i t e r i o n , 

(b) measurement of a deformation f i e l d from experiments and ca lcu la t ions of 

the resu l tan t s t r a i n ra te f i e l d s w i t h i n the loaded s o i l , and 

(c) se lec t ion o f p l a s t i c i t y f low ru les cons is tent w i th the choice of the 

y i e l d c r i t e r i o n . 

(2) The i n teg ra t i on o f the areas under the experimental ly measured f o r c e -

displacement curves. 

The energy budget f o r a t o o l - s o i l system can be w r i t t e n as: 
WORK _ DEFORMATION , INTERFACIAL 
INPUT ENERGY LOSS ENERGY LOSS 

/ F ds = D + I (7.1) 
s 

As the system is in a s ta te o f dynamic equ i l i b r i um, the input energy is expended 

completely i n producing p l a s t i c deformation o f the s o i l as work output w i th 

neg l i g i b l e i n t e r f a c i a l energy losses. Under such circumstances, eq . (7 .1 ) can 

be reduced t o : 

/ F ds = D (7.2) 
s 

Energy models f o r the analys is and p red ic t i on of t o o l - s o i l i n t e rac t i on per­

formance requi re measurement or determinat ion of response func t ion performance. 

The resu l ts obtained from in teg ra t ion of the experimental ly measured f o r c e - d i s ­

placement curves can be considered as a measure of the work inpu t , wh i l s t the 

work output or the energy d iss ipated in the system character izes the response 

func t ion . The work output is determined by two methods: one by using the v i s i o ­

p l a s t i c i t y method described in Chapter 5, and the other by using the stress and 

s t r a i n f i e l d s determined through app l i ca t i on of the f i n i t e element method of 

ana lys is . 

( i ) F i r s t method. For a mater ia l which fo l lows the von Mises y i e l d c r i t e r ­

i on , the t o t a l work done, and hence, the t o t a l energy d iss ipated in p l a s t i c 

deformation under p lane-s t ra in cond i t ions , can be w r i t t e n as: 

D = 2b ^ 2 ^ 2 ^ 2K /T~2 dx dy d t ( 7' 3 ) 

*1 Xl yl 
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( i i ) Second method. The deformation energy during a time i n te r va l can be 

evaluated from the f i n i t e element so lu t ion by the fo l low ing re la t ionsh ip (Desai 

and Abel , 1972): 

where [σ] = element stress mat r i x ; 
d [ c ] = element incremental s t r a i n mat r ix ; 

t = increment durat ion and 

ν = element volume. 

Ei ther o f these two methods can be used to ca lcu la te the developed s o i l de­
formation energy of the t o o l - s o i l system. As an example, the resu l ts obtained 
from t h e i r app l i ca t ion are shown in F ig . 7.7 fo r the 10° and 50° i nc l i ned blades. 
Comparison o f these resu l ts wi th those obtained from the i n teg ra t i on of the 
areas under the experimental ly measured force-displacement curves are also shown. 

We should note tha t in the f i n i t e element ana lys is , the s o i l i s t rea ted as a 
n o n - l i n e a r - e l a s t i c - s t r a i n hardening mater ia l subject to boundary condi t ions of 
an incremental form, thus permi t t ing ca lcu la t ions to be made f o r the descr ip t ion 
of the growth o f stresses w i th in the loaded s o i l from i n i t i a l to f i n a l s ta tes . 
A so lu t ion of t h i s form should provide be t te r estimates of the energy d iss ipated 
w i th in the s o i l , subject to the approximations made in the theore t i ca l develop­
ment. By and la rge , i f the system is proper ly i dea l i zed , comparison of the 
f i n i t e element ca lcu la ted values w i th experimental ly obtained energy values^ 
w i l l show reasonable agreement. In F ig . 7 .7 , f o r example, the average deviat ion 
in estimate is of the order of 10%, wh i le the maximum dev ia t ion i s 18%. 

7.2.5 Stress analysis 
The output from the FEM of analysis can be used to d e t a i l the d i s t r i b u t i o n s 

of the ho r i zon ta l , ve r t i ca l and shear so i l stresses in f r o n t of a moving c u t t i n g 
blade. Again, tak ing the 10° inc l ined blade, st ress contours can be p lo t ted a t 
various displacements, e .g . 0.25 and 1.25 cm, as shown in F igs. 7.8 and 7.9. 
S imi lar diagrams can be obtained f o r other blade i nc l i na t i ons and blade move­
ments. The stress f i e l d s developed in the s o i l i n the 0.25 cm blade d isp lace­
ment s i t ua t i on are t yp i ca l o f stress d i s t r i b u t i o n s i n the e l a s t i c range, w h i l s t 
the corresponding stress f i e l d s obtained i n the 1.25 cm displacement s i t u a t i o n 
are considered to be i nd i ca t i ve of the d i s t r i b u t i o n s i n the p l a s t i c range. 

I t i s important to note tha t the d i scon t i nu i t y in the ca lcu la ted stress d i s ­
t r i b u t i o n s shown in F igs. 7.8 and 7.9 i n the so i l mass i s ac tua l l y due to the 

(7.4) D = I I M Td [ e ] dt dv 
ν t 
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F ig . 7.7. Comparison of measured and ca lcu la ted values of deformation energy f o r 
the (a) 10° i nc l i ned blade, and (b) 50° i nc l i ned blade - kao l in c lay system. 
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(a) Horizontal Stress, crx 

(c) Shear Stress, τ. 

compression (-) in kPa 

F ig . 7.8. Stress f i e l d s f o r the 10° i nc l i ned b lade-so i l system a t 0.25 cm d i s ­
placement. 

e f fec t of the cu t t i ng ( j o i n t ) elements inser ted at the level of the blade's t i p . 

We need to reca l l tha t these elements were i nse r ted , i n the f i r s t p lace, to 

model the d i scon t i nu i t i e s in the stress and deformation f i e l d s to correspond to 

those occurr ing in the physical s i t u a t i o n . The j u s t i f i c a t i o n tha t the assumed 

ana ly t i ca l model w i th i t s assumed d i scon t i nu i t i e s can properly p red ic t the phys­

i ca l response w i l l be found through examination of the cor re la t ions between ana­

l y t i c a l and experimental r e s u l t s . 

For an examination of F igs. 7.8 and 7.9 and other resu l t s f o r blades w i th 
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(b) Vertical Stress, σ γ 

(c) Shear Stress, τ χ ν 

Compression (-) in kPa 

F ig . 7.9. Stress f i e l d s f o r the 10° i nc l i ned b lade-so i l system at 1.25 cm d i s ­
placement. 

d i f f e r e n t i n c l i n a t i o n s , several observations can be made in regard to the i n t e r ­

ac t ion between c u t t i n g too l and s o i l : 

1 . Stress concentrat ions are developed a t the t i p of the blades - as might 

be expected. Hor i zon ta l , σ , v e r t i c a l , σ , and shear, τ , stress values are χ y xy 
highest i n the v i c i n i t y of the blade t i p . These concentrat ions are also charac­

te r i zed by a s ingular behaviour where changes occur in the magnitudes and, in 
some instances, i n the d i rec t ions of the stresses above and below the blade t i p -

po in t . 
2. The e f f ec t of the plane of cu t t i ng ( j o i n t ) elements on the hor izonta l 
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stress d i s t r i b u t i o n is to d iv ide the stress f i e l d i n to two d i f f e r e n t l y stressed 

regions: 

(a) the upper f i e l d , where the compressive stresses are high near the blade 

surface and which decrease wi th distance from tha t surface, and 

(b) the lower f i e l d , where lower s t resses, pa r t l y t e n s i l e and p a r t l y com­

press ive, are developed. The compressive stresses increase w i th distance from 

the blades, whi le a zone of t ens i l e hor izonta l stresses develops in the so i l 

below the blade t i p . 

3. A zero v e r t i c a l stress (σ ) contour appears to develop in the upper par t 

of the so i l mass. This contour s h i f t s downward wi th f u r t h e r blade progression in 

the s o i l , r esu l t i ng in larger zones of v e r t i c a l t e n s i l e stresses. This behaviour 

is l i k e l y due to the res t ra in ing inf luence of the f i xed v e r t i c a l end boundary 

which induces act ions tha t resu l t in la rger zones of t e n s i l e stresses. As in the 

case of the hor izonta l stress f i e l d , the lower part of the s o i l mass (below the 

cu t t i ng plane) experiences a change from t e n s i l e stress below the blade t i p to 

compressive stress away from the blade. 

4. A zone of high shear stresses develops in f r o n t of the blade t i p . The 

shear stresses in t h i s zone are p o s i t i v e , i nd ica t ing the shearing i s a clockwise 

shearing ac t i on . These zones could be termed the "ac t i ve " shear zones since the 

shear stresses continue to increase wi th increasing blade movement. Above the 

"ac t i ve " shear zones, there e x i s t zero shear stress contours w i th zones o f 

negative shear stresses, i . e . , shearing i s ant ic lockwise above the zero contour. 

These zones are found to expand w i th larger negative values, i nd ica t ing thereby 

an upward ac t ion resu l t i ng in the formation of the surcharge in f r on t of the 

cu t t i ng blade. 

Fa i lure zones developed in the so i l because of blade aggression can be loca­

ted by determining the maximum shear stress induced in each element a f t e r each 

increment of blade movement. The extent of the f a i l e d zone is establ ished on the 

basis of elements in the f i n i t e element g r i d , where the induced stresses in the 

elements equal the l i m i t i n g stress of the so i l (Yong and Hanna, 1977). Figure 

7.10 shows an example of the development of the f a i l u r e zones in r e l a t i o n to 

blade movement f o r the 10° i nc l i ned blade. From the Figure, we note that i n i t i a l 

f a i l u r e in two elements occurred in blade displacement increment number seven 

(1.75 cm of blade displacement). The f a i l u r e patterns show that the elements 

f a i l i n i t i a l l y at the leading edge of the blade and progress inwards toward the 

s o i l surface. The e f f e c t of the blade i n c l i n a t i o n on the shape and progress of 

the f a i l u r e zones can be analyzed w i th t h i s procedure. By and la rge , the more 

inc l i ned the blade i s , the more c l e a r l y defined i s the shape of the f a i l u r e 

plane - i . e . f a i l u r e along s ing le elements which def ine a plane as opposed to 

c lus te rs of elements which ind ica te a broad zone of compression shear f a i l u r e . 

The co r re la t i on o f a n a l y t i c a l l y predicted f a i l u r e zones and actual experimental 

observations w i l l substant ia te the v a l i d i t y o f the techniques f o r ana l y t i ca l 

p red i c t i ons . 
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D= blade displacement 

Fig. 7.10. Development of f a i l u r e zones f o r the 10° inc l i ned blade - kao l in c lay 
system. 

7.2.6 Normal pressure d i s t r i b u t i o n 

Using the ca lcu la t ion procedures shown i n Section 6.8 and i n F ig . 7 .3 , normal 

pressures developed on the surface of the i n t r ud ing blades, as displacements are 

increased, can be calcu lated and represented as shown in F ig . 7 . 1 1 , f o r both the 

10° and 50° i nc l i ned blades. Whi ls t the normal pressure d i s t r i b u t i o n s throughout 

the c u t t i n g stage may be seen to be r e l a t i v e l y uniform over about three-quarters 

o f the blade sur face, we note t h a t , as expected, the normal pressure a t the blade 

t i p increases to about 150 percent o f the average pressure over the whole surface 

f o r the 10° i nc l i ned blade. The e f f e c t o f blade i n c l i n a t i o n i s to change the 

d i s t r i b u t i o n of the normal pressure somewhat - as shown i n F i g . 7 .11 . In con­

t r a s t to the 10° i nc l i ned blade, we can see tha t the normal pressures increase 

near the t i p o f the blade to about 200 to 300 percent o f the average pressure 

over the whole blade sur face. 

7.3 GROUSER-SOIL INTERACTIONS 

A so lu t i on o f the t r a c t i o n problem - tha t i s , ob ta in ing adequate t r ac t i on a t 

a su i tab le speed in a p rac t i ca l manner and at a reasonable cost - l i e s in an 

understanding o f : 

(1) the manner in which stresses are appl ied to the s o i l , and 

(2) the react ion o f the s o i l to the appl ied s t resses. 

Bearing in mind t h i s understanding, which i s necessary to deal w i th an i n t e r ­

ac t ion process, a d i r e c t i o n o f approach may be es tab l i shed . 
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D = blade horizontal displacement 

F ig . 7 . Π . Normal pressure d i s t r i b u t i o n on the (a) 10° i nc l i ned blade, and (b) 
50° i nc l i ned blade. 

While s o i l cu t t i ng and t r a c t i o n problems can be considered to be one problem 

in p r i n c i p l e , (both s i tua t ions requ i r ing analyses of so i l stresses and deformat­

ions, as wel l as the evaluat ion of developed react ions on the cu t t i ng or t r a c t ­

ion devices) , the purpose of a t r a c t i o n device i s t o cause deformation of so i l 

in a ce r ta in manner in order to develop adequate t r a c t i o n capacity (optimum de­

veloped reac t ions ) . To achieve t h i s , i t i s necessary to change the geometry of 

the t r a c t i o n too ls o r , in other words, the i n te rac t i ng boundary cond i t ions , in 

order to reach the manner of s o i l manipulation f o r the production of adequate 

t r a c t i o n . The importance of accurate spec i f i ca t ions of boundary condi t ions can­

not be overemphasized. 

We present an i l l u s t r a t i v e example in t h i s Section to demonstrate the v a l i d ­

i t y of the FEM fo r analysis of the problem. 
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7.3.1 Meshes and boundaries ( i d e a l i z a t i o n ) 

As i n the s o i l c u t t i n g problem, the f i r s t step i n the analysis i s to produce 

a f i n i t e element mesh consis tent w i th the geometry and physics of the problem. 

The mesh tha t might be adopted f o r the grouser chosen f o r the f i n i t e element 

analysis is shown i n F ig . 7.12. Note the loca t ion of the cu t t i ng ( j o i n t ) e l e ­

ments on the plane where s o i l cu t t i ng i s an t i c i pa ted . In ter face elements are 

not required since the hor izonta l p la te placed on top o f the grouser creates a 

non-s l ip cond i t i on . 

The sides and bottom boundary condi t ions are s im i l a r to those adopted i n the 

s o i l c u t t i n g ana lys is . The hor izonta l movement i s res t ra ined on the sides and 

the v e r t i c a l movement i s prevented on the bottom. Uniform hor izonta l d isp lace­

ment i s appl ied to a l l the nodes on the grousers' surfaces. To implement the 

analys is in the sequence shown i n F ig . 7.3, displacements are increased i n equal 

increments. 

F ig . 7.12. Mesh layout f o r the t r i a n g u l a r grouser -so i l system. 

7.3.2 Measured and ca lcu la ted forces 

The output from implementation of the computational procedure shown in 

Section 6.8 and in F ig . 7.3 w i l l produce the force-displacement re la t i ons (pre­

d ic ted) f o r the various grouser-so i l system as shown in F ig . 7.13, f o r compar­

ison w i th an experimental t e s t series on a so f t kao l in c l ay . P lot ted on the 

same Figure are t yp ica l load-displacement records, hor izonta l and v e r t i c a l , 

obtained from the experimental study. 
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Grouser Displacement, mm 

Fig . 7.13. Comparison of measures and predicted values of developed hor izonta l 
and v e r t i c a l forces on the t r i angu la r g rouser -kao l in i te c lay . 

By and la rge , fo r the example shown, and from many other comparisons w i th 

other types of grousers, the agreement between the experimental and the f i n i t e 

element r e s u l t s , i s general ly very good - espec ia l ly f o r comparisons invo lv ing 

developed hor izonta l fo rces . Some deviat ions between a n a l y t i c a l l y computed (pre­

d ic ted) and experimental values f o r v e r t i c a l forces can be expected f o r almost 

a l l cases because of the idea l i za t ions required in the development of the ana ly t ­

i ca l model. The top boundary cond i t ion always presents a problem in i d e a l i z a t i o n . 

7.3.3 Deformation f i e l d s 

The l a t e r a l advance of the s ing le grouser (used as the example fo r discussion) 

i n to the so i l w i l l generate displacements i n the s o i l i n f r on t of the advancing 

grouser. From the computational scheme previously discussed w i th the FEM, the 

output from the ca lcu la t ions can be used to map the s o i l displacement ( i . e . 

deformation) f i e l d . Figure 7.14 shows both the hor izonta l and v e r t i c a l s o i l 

deformation contours predicted wi th the FEM - f o r a spec i f i c grouser l a t e r a l 

penetrat ion (2.5 cm). For comparison, actual experimental values obtained from 

laboratory t e s t s , using a side g r i d technique f o r recording of mot ion, are also 

shown,in the Figure. In the experiments, no r e s t r a i n t on v e r t i c a l so i l motion 

beyond the top p la te shown, was provided. 

I f one compares the computed deformation f i e l d s fo r the example grouser shown 

and f o r other types of grousers, w i th measured values, the fo l low ing observation 

can be made: 

(1) Computed hor izonta l deformation f i e l d s by and large correspond very 

c lose ly w i th the experimental ly measured f i e l d s . In general , the f i n i t e element 

computed values tend to ind ica te higher model r i g i d i t y than the actual physical 

system. 
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Fig. 7.14. Experimental and ana ly t i ca l deformation f i e l d s f o r the t r i a n g u l a r 
grouser. 

(2) The v e r t i c a l displacement contours ( i . e . v e r t i c a l deformation f i e l d s ) are 

very sens i t i ve to the top boundary cons t ra i n t . The conf in ing or f ree boundary 

e f f ec t of the top hor izonta l plane must be proper ly modelled i f correspondence 

between predicted and measured values i s to be a t t a ined . The less accurately one 

models ( a n a l y t i c a l l y ) the real top boundary cond i t i on , the greater i s the d e v i ­

a t ion between predicted and " r e a l " measured values. Note tha t the hor izonta l 

deformation f i e l d i s less sens i t i ve to the top boundary cons t ra in t modell ing 

problem - because one i s only concerned wi th hor izonta l displacements i n the 

output sc ru t iny i n t h i s case. 

(3) Deviat ions between predicted and measured values i d e n t i f y i n g the zero 

v e r t i c a l displacement con tour - l i ne can be traced to the problem of loca t ion of 

the cu t t i ng plane d i s c o n t i n u i t i e s i n the f i n i t e element model. 
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7.3.4 Deformation energy 

We reca l l that in Section 7 .2 .4 , the deformation energy of the t o o l - s o i l 

system was obtained by various methods. These methods were c l a s s i f i e d as 

fo l l ows : 

Experimental - by i n teg ra t ion of the experimental ly measured f o r c e - d i s p l o t . j -

ment re la t i onsh ips . 

Semi-analyt ical - by app l i ca t ion of the v i s i o p l a s t i c i t y method described in 

Chapter 5, to the experimental ly recorded deformation f i e l d s . 

Theoret ical - by ca lcu la t ing the deformation energy using the f i n i t e element 

method. 

Using these same techniques fo r analysis of the t r i angu la r grouser problem 

(F ig . 7.15) we note that the predicted resu l ts using the f i n i t e element method 

show a good agreement wi th the experimental ly ca lcu la ted values. This same tech­

nique can be successful ly used to produce acceptable pred ic t ions of deformation 

energy f o r other shapes or types of grousers - provided proper geometrical 

modell ing is achieved. 

F ig . 7.15. Comparison of measured and ca lcu la ted values of deformation energy 
f o r the t r i angu la r grouser - kao l in c lay system. 

7.3.5 Stress analysis 

From a study of experimental displacement f i e l d s , Yong et a l . (1979, 1980a) 

have establ ished that there i s no real need to place in te r face elements along 
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the so i l -meta l i n te r face f o r most types of grouser-so i l systems. In ter face 

boundary condit ions can be assumed as f i x e d in the x- and y -d i rec t i ons f o r the 

nodes connected to the " v e r t i c a l " side of the grouser. The nodes attached to 

the hor izonta l i n te r face need only be f i xed i n the v e r t i c a l d i r e c t i o n , but 

should remain f ree in the hor izonta l d i r e c t i o n . With these assumptions fo r the 

in te r face cond i t ions , reasonable computed stress d i s t r i b u t i o n s and consequently 

developed react ions w i l l be obtained. In the case of the t r i a n g u l a r grouser pro­

blem, f o r example, the d i s t r i b u t i o n s of the ho r i zon ta l , v e r t i c a l and shear 

stresses in the so i l can be obtained from the FEM ca lcu la t i ons . 

Examples of the d i s t r i b u t i o n s o f σ , σ , and τ stresses f o r the t r i angu la r χ y xy 
type grouser in i t s advance in to the so i l are presented in Figs. 7.16 and 7.17. 

The stress contours developed i n the so i l are the r esu l t o f spec i f i c grouser 

displacements of 0.25 and 1.25 cm. 

The stress f i e l d s developed in the so i l i n f r o n t of a moving grouser are 

obviously inf luenced by both the geometry of the grouser and the c o n s t i t u t i v e 

re l a t i onsh ip of the s o i l . For a p a r t i c u l a r s o i l type, the d i f fe rence in stress 

magnitudes can be a t t r i b u t e d to the d i f fe rence i n the grouser toe geometry 

a t tack angle (angle between bottom por t ion of the in te r face and the c u t t i n g 

p lane) , and the top boundary cond i t i on . The importance of the top boundary con­

d i t i o n can be seen by examining the p lo ts o f the shear s t resses, τ χ^ . These show 

a zero shear stress d iv ide which ind icates the existence of a small "dead" zone 

approximately def ined by the area located between the grouser i n t e r f ace , and the 

l i n e connecting the grouser toe w i th the leading edge o f the top hor izonta l 

p la te . Inside t h i s area the mater ia l i s shown to have negative shear ( i . e . c lock­

wise) values - near the grouser i n t e r f ace . E l iminat ing t h i s physical top con­

s t r a i n t w i l l cause a corresponding e l im ina t ion of the dead zone. 

The development of the f a i l u r e zones, as noted before from an examination of 

the stresses in the elements in the f i n i t e element g r i d f o r the t r i angu la r 

grouser example, i s shown in F ig . 7.18. Three spec i f i c grouser displacements 

are shown i n the Figure. These displacements which occur as a resu l t of uniform 

increments in l a t e r a l advance of the grouser are i d e n t i f i e d as occurr ing at i n ­

crements e igh t , nine and ten . Note t h a t , by and l a rge , the f a i l e d zones as shown 

in F ig . 7.18 do not s t a r t at the grouser 's toes, but at approximately the same 

distances where regions of maximum shear stresses occur. Pr io r to displacement 

increment number e igh t , no f a i l e d regions can be i d e n t i f i e d . The loca l i zed 

f a i l e d areas near the po in t of i n t e r sec t i on of the grouser i n te r face w i th the 

f ree so i l surface can be considered as loca l i zed areas of maximum shear due to 

stress concentrat ions. When the displacement increment reaches the tenth i nc re ­

ment, these l oca l i zed f a i l e d areas merge w i t h the main f a i l u r e zone. 
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(a) Horizontal Stress, a x 

(b) Vertical Stress, σ. 

(c) Shear Stress, x x y 

Compression (-),in kPa 

F ig . 7.16. stress f i e l d s f o r the t r i angu la r g rouser -so i l system a t 0.25 cm 
displacement. 

7.3.6 Contact pressure d i s t r i b u t i o n 

Normal pressure d i s t r i b u t i o n s developed a t the grouser-so i l i n te r face as a 

r e s u l t of spec i f i c grouser displacements can be obtained by d i v i d i n g the react ­

ions developed a t the in te r face nodal points by the areas of in f luence of each 

nodal reac t ion . Figure 7.19 shows the normal pressure d i s t r i b u t i o n s developed 

at the in te r face as a r e s u l t of various grouser displacements. Larger peak 

values develop on the leading edge, accounting f o r the appearance of f a i l e d 

elements near t h i s edge before the toe f a i l u r e commences. Note tha t the i n f l u ­

ence of the top hor izonta l p la te i s also accounted f o r i n the development of 

the normal s t ress . 
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(a) Horizontal Stress, σχ 

(b) Vertical Stress, σ\ 

(c) Shear Stress, T XY 

Compression (-),in kPa 

F ig . 7.17. Stress f i e l d s f o r the t r i angu la r grouser -so i l system at 1.25 cm d i s ­
placement. 

Corresponding tangent ia l s t ress d i s t r i b u t i o n s can also be ca lcu la ted by r e ­

so lv ing the hor izonta l and v e r t i c a l react ions a t the i n t e r f a c e . These are shown 

i n F ig . 7.20. The d i r e c t i o n of the tangent ia l react ion depends upon the r e l a t i v e 

magnitudes of the x- and y - reac t ion components. The presence of the top hor izon­

t a l p la te i n the case of the t r i angu la r grouser shown, inf luences the d i r ec t i on 

of the react ion on the in te r face nodal po in ts , r esu l t i ng in a negative (down­

ward) shear along approximately the top two- th i rds of the i nc l i ned i n te r face . 
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D = Grouser displacement 

Fig . 7.18. Development at f a i l u r e zones f o r the t r i a n g u l a r grouser-so i l system. 

D= grouser displacement 

Fig . 7.19. Normal pressure d i s t r i b u t i o n on the t r i angu la r grouser. 

7.4 MULTIPLE GROUSER 

The ob jec t ive of modell ing a mu l t i p l e grouser-so i l system i s to study the 

e f f ec t of (a) grouser spacing, and (b) boundary condit ions on the performance 

of the systems in terms of ( i ) required drag fo rce , ( i i ) required work done to 

move the grouser, ( i i i ) pressure d i s t r i b u t i o n at grouser-so i l i n t e r f ace , and 

( i v ) so i l response. To demonstrate the app l i ca t ion of the FEM, a case of m u l t i ­

ple grousers w i th oae type of grouser geometrical conf igura t ion moving in so f t 

so i l i s presented. 
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D = grouser displacement 

in kPa 

F ig . 7.20. Tangential pressure d i s t r i b u t i o n on the t r i a n g u l a r grouser. 

7.4.1 Meshes and boundaries ( i d e a l i z a t i o n ) 

The mesh adopted f o r the mu l t i p le grouser s o i l system i s shown in F ig . 7 .21 . 

The "passive" type of grouser chosen f o r t h i s example has been de l i be ra te l y done 

to demonstrate the FEM app l i ca t ion f o r grousers other than the t r i angu la r 

grouser heretofore considered. This al lows fo r a broader apprec iat ion of the 

method of implementation and ana lys is . In the i d e a l i z a t i o n of t h i s "system", 

cu t t i ng j o i n t elements are placed on the plane where the c u t t i n g is an t i c i pa ted . 

This i s assumed to s t a r t a t the leve l o f the grouser t i p . No in te r face elements 

are placed between the s o i l and the face o f the second grouser, since exper i ­

ence gained from previous experimental observat ions, Yong et a l . (1979) shows 

tha t f o r small grouser spacings, the so i l between the grousers moves in concert 

wi th the mu l t i p l e grouser system as a r i g i d body. In te r face elements are i n s e r t ­

ed on the leading grouser-so i l i n t e r f ace . 

F ig . 7 . 2 1 . F i n i t e element d i s c r e t i z a t i o n . Passive grouser. Spacing = 1.25 cm 

Two types of boundary condi t ions can be adopted at the grouser-so i l loading 

boundary, (a) grouser elements moving under constant e leva t i on , or (b) grouser 

elements moving under a constant v e r t i c a l load. The bottom and v e r t i c a l bound-
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ar ies of the mesh are rest ra ined from the v e r t i c a l and hor izonta l movements res­

pec t i ve l y . To implement the ana lys is , uniform hor izonta l movement is appl ied to 

a l l the nodes on both grouser surfaces, i n successive increments of 0.5 cm each. 

7.4.2 Measured and predicted forces 

Whi lst the leading grouser in a mu l t i p le grouser system can be considered to 

behave in a manner s im i l a r to tha t of s ing le grousers described in Section 7.3, 

the second grouser of the mu l t i p le grouser system may thus be considered as a 

t yp i ca l grouser in a vehic le t rack . In the general laboratory t es t system using 

mu l t i p le grousers moving in a so i l b i n , we need to subtract the e f fec ts of the 

leading grouser from the mu l t i p l e grouser t o t a l f o r ce . By doing so, the force 

displacement re la t ionsh ips fo r the second or succeeding grousers may be obtained 

from the experimental r e s u l t s . These can then be compared to the f i n i t e element 

predicted values. From procedures previously described (Section 6.8 and F ig . 7.3) 

and implemented in the f i r s t par t of t h i s Chapter, pred ic t ions using the f i n i t e 

element method of analysis can be made - so long as the s t r e s s - s t r a i n r e l a t i o n ­

ship of the so i l i s i d e n t i f i e d . Using t es t resu l t s reported by Yong et a l . (1979) 

fo r comparison, Figs. 7.22 and 7.23 i l l u s t r a t e the e f fec ts of assumed boundary 

cond i t i on , grouser spacing and boundary condi t ions on the required drag force. 

We note from the resu l t s shown tha t the agreement between the experimental and 

f i n i t e element resu l ts is general ly sa t i s fac to ry - i nd i ca t i ng thereby the a p p l i ­

c a b i l i t y and v a l i d i t y of the method of analysis or p r e d i c t i o n . 

Predicted, FEM 

Measured 

Horizontal Displacement, cm 

Fig . 7.22. Comparison of experimental and predicted hor izonta l forces on the 
second grouser at two grouser spacings. Passive grouser system, constant e leva t ion . 
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Horizontal Displacement, cm 

F ig . 7.23. Comparison o f experimental and predicted hor izonta l forces on the 
second grouser. Passive grouser system. Grouser spacing = 12.5 cm at constant 
ve r t i ca l pressure. 

Horizontal Displacement, cm 

F ig . 7.24. Comparison of experimental and predic ted dynamic sinkage. Passive 
grouser system. Spacing = 12.5 cm at constant v e r t i c a l pressure. 

Predicted. FEM 
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7.4.3 Deformation f i e l d s 

Since surface and subsurface so i l deformations can be eas i l y measured in 

t ransparent-s ided so i l b in experiments, cor re la t ions of the so i l deformation 

beneath the mu l t i p le grousers w i th experimental ly measured values provide a good 

technique f o r va l i da t i ng the f i n i t e element model l ing. The experimental deforma­

t i o n f i e l d s can be obtained from photographic records o f a deforming g r i d , i n ­

scribed on the so i l at d i f f e r e n t i n te rva l s of t ime. Figure 7.24 shows a t yp i ca l 

comparison concerning the dynamic sinkage of the passive mu l t i p l e grouser system 

moving wi th constant l a t e r a l speed in the so i l f o r two constant v e r t i c a l pressure 

boundary cond i t ions . The agreement between ana ly t i ca l and experimental resu l ts 

i s rated sa t i s fac to ry w i th a t yp i ca l average dev ia t ion of the order of f i v e per­

cent and a maximum dev ia t ion never exceeding ten percent. 

Typical so i l deformation f i e l d s are shown i n F igs. 7.25 and 7.26 p lo t ted at 

1.5 cm grouser displacement. These f i e l d s i l l u s t r a t e co r re la t ions in the hor izon­

t a l d i r e c t i o n fo r a passive grouser system accounting fo r the e f f ec t o f increas­

ing the bul ldoz ing resistance and v e r t i c a l displacement f i e l d s f o r constant pres­

sure. Both the experimental and ana ly t i ca l f i e l d s reveal discontinuous hor izon­

t a l displacements in the region between the grousers and in the v i c i n i t y of the 

leading grouser. At a distance from the leading grouser, the experimental f i e l d 

shows con t inu i t y whi le the predicted f i e l d s impinge on the r i g h t boundary as a 

r esu l t of the inser ted cu t t i ng elements. 

7.4.4 Deformation energy 

The deformation energy is equal to tha t of the input work required to move 

the grousers. The methods f o r ca l cu la t i on have been described previously i n 

Section 7.3.4. Figure 7.27 shows the re la t ionsh ips between the deformation 

energy and t rave l distance f o r mu l t i p le passive grousers w i th two d i f f e r e n t 

spacings and v e r t i c a l pressures. Comparisons between experimental ly obtained 

values reported by Yong et a l . (1979), and t h e o r e t i c a l l y predicted values, show 

that the ana ly t i ca l procedure (using FEM) describes the system w e l l . 

7.5 PREDICTION OF TRACK PERFORMANCE 

As noted previously in Chapter 5, experimental observations of mu l t i p l e 

grouser elements, moving in so f t so i l (Yong et a l . , 1979, 1980a) have led to the 

d i v i s i on of the deformed so i l mass, beneath the t rack , i n t o three separate zones 

of so i l deformation (response) under mu l t i p l e grouser t r a c t i o n load ing . The ener­

gy d iss ipated in t o t a l s o i l deformation (response) can be d iv ided in to three 

separate components accordingly (F ig . 7.28) . 
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Measured Predicted, FEM 

F ig . 7.25. Measured and predicted hor izonta l displacement f i e l d s . Passive 
grouser system. Spacing = 12.5 cm. 3.75 kPa constant v e r t i c a l pressure. 

Direction of motion w 

Measured Predicted, FEM 

F ig . 7.26. Measured and predicted v e r t i c a l displacement f i e l d s . Passive grouser 
system. Spacing = 12.5 cm a t 3.75 kPa constant pressure. 

The energy balance equation f o r the t rack/grouser s o i l system which i s 
w r i t t e n as: 

(INPUT) TORQUE ENERGY = PULL ENERGY + DISSIPATED ENERGY (7.5) 

can be f u r t h e r decomposed to account f o r d iss ipated energy as fo l l ows : 

DISSIPATED DISTORTION , COMPACTION , SHEAR SLIP 
ENERGY " ENERGY, D + ENERGY, C ENERGY, S (7.6) 

Direction of motion 
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F ig . 7.27. Comparison of measured and predicted deformation energies. Passive 
grouser system, constant v e r t i c a l pressure. 

Thus, from eqs.(7.5) and ( 7 . 6 ) , we w i l l ob ta in : 

Μ·ω = Ρ· ν + DE + CE + SE c 

where Μ = input torque appl ied at the sprocket; 

ω = angular ve l oc i t y of the sprocket; 

Ρ = useful drawbar p u l l ; 

vc = carr iage (veh ic le) v e l o c i t y ; 

DE = d i s t o r t i o n energy r a t e ; 

CE = compaction energy rate and 

SE = shear s l i p energy r a t e . 

Equation (7.7) may be normalized by d i v i d i ng both sides by ν to ob ta in : 

(7.7) 
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(7.9) 

Dissipated Energy 

F ig . 7.28. Dissipated energy components. 

D ' , C , S» = ( / { σ } Τ d{e} dV ) / b . v c 

where {σ} = element stress ma t r i x ; 

d ie} = element incremental s t r a i n ma t r i x ; 

V = element volume; 

b = t rack width and 

v c = carr iage (veh ic le) v e l o c i t y . 

E1 = P.+ D' + C + S1 (7.8) 

where Ê  = s p e c i f i c input energy = M/r ( l - i ) = T / ( l - i ) ; 

r = sprocket wheel rad ius ; 

i = s l i p degree; 

Τ = t o t a l hor izonta l mobi l ized t r a c t i o n ; 

D' = spec i f i c d i s t o r t i o n energy = DE/vc; 

C1 = Spec i f i c compaction energy = CE/vc and 

S1 = s p e c i f i c shear s l i p energy = SE/vc-

The s p e c i f i c components o f the energy d iss ipated i n the s o i l between two suc­

cessive grousers can be evaluated from the f i n i t e element so lu t i on by the f o l ­

lowing equat ion: 
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This procedure f o r evaluat ion of the d iss ipated energy components al lows us 
to pred ic t the drawbar-pu l l , f o r a spec i f ied input energy, from the energy equa­
t ions (eq. 7.7 or 7 .8 ) . The f i n i t e element method can provide the computation of 
the various components of the d iss ipated energy by i n teg ra t i ng the s t r a i n ra te 
f i e l d over the volume of each f i n i t e element. 

The f i n i t e element t rack modell ing input requirements and predicted perform­
ance informat ion are i l l u s t r a t e d i n F ig . 7.29, using the load boundary approach 
as an example f o r the so lu t ion o f the problem. The normal and tangent ia l press­
ure d i s t r i b u t i o n s are approximated by su i tab le funct ions according to the t rack 
and so i l c h a r a c t e r i s t i c s . The predicted t rack performance can be evaluated in 
terms of (a) required input torque, (b) motion res is tance, (c) d rawbar-pu l l , and 
(d) sinkage, or , in energy terms and t h e i r c o e f f i c i e n t s , as (a) i npu t , (b) out ­
put, and (c) losses. Track s l i p could be spec i f i ed as input or output in format ion. 

7.5.1 Meshes and boundaries ( i d e a l i z a t i o n ) 
I dea l i za t i on of the so i l continuum beneath the t rack , w i th respect to undefor-

med and unloaded so i l surface i s i l l u s t r a t e d in F ig . 7.30. By making the dimens­
ions of the continuum i dea l i za t i on as f i xed funct ions of the t rack f o o t p r i n t 
leng th , the amount of input data can be considerably reduced. 

I t i s not unreasonable to assume tha t at a depth equal to f i v e times the 
t rack contact leng th , no so i l v e r t i c a l movement occurs, and at a distance equal 
to four times the contact length from both ends of the t rack , no hor izonta l 
movement occurs. The load boundary at the t r a c k - s o i l i n te r face requires a know­
ledge of the i n t e r f a c i a l - s t r e s s d i s t r i b u t i o n resu l t i ng from t rack loading and 
subsequent motion. 

The pressure d i s t r i b u t i o n a t the t r a c k - s o i l i n te r face depends on i t s r e l a t i v e 
r i g i d i t y . This i s a func t ion of the various parameters discussed previously in 
Chapter 3. According to the r e l a t i v e r i g i d i t y of the t r ack , and the drawbar-pul l 
he ight , and the drawbar-pull height s l i p r a t e , various assumptions can be made 
fo r i dea l i z i ng the contact pressure d i s t r i b u t i o n as discussed in Chapter 3. 

Whilst the normal stresses imposed on the so i l by the t rack weight depend 
so le ly on the t r a c k - s o i l r e l a t i v e s t i f f n e s s , the tangent ia l stresses are c o n t r o l ­
led by two add i t iona l fac tors - the t r a c k - s o i l surface cha rac te r i s t i cs and the 
s l i p ve loc i t y - (Chapter 3 ) . As previously discussed in Chapter 3, the c a l c u l a t ­
ion of the appl ied torque, T, i s based on the type of tangent ia l shear st ress 
d i s t r i b u t i o n at the t r a c k - s o i l i n te r f ace , i . e . 

Τ = Ar-AL-b-r 
0 

(7.10) 
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Fig. 7.29. Schematic diagram for the track computer model. 
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where τ = tangent ia l stress value at t rack element AL; 

L = contact t rack leng th ; 

b = t rack width and 

r = sprocket wheel rad ius . 

The magnitude of the tangent ia l stresses is a func t ion o f s l i p (or r e l a t i v e 

displacement) and r e l a t i v e s t i f f ness between the mater ia ls involved at the i n t e r ­

face reg ion. The d i f f e r e n t methods f o r p red ic t ing the tangent ia l stresses have 

been previously discussed in Chapter 3. Figure 7.31 shows a t y p i c a l shear s t ress -

displacement re l a t i onsh ip . 

10 FPL 

FPL* Footprint Length 

F ig . 7.30. F i n i t e element d i s c r e t i z a t i o n f o r the t r a c k - s o i l system. 

7.5.2 Predic t ion o f t rack performance 

Figures 7.33 and 7.34 i l l u s t r a t e the predicted t rack performance i n terms of 

input and output energy coe f f i c i en t s as a func t ion of s l i p . The experimental 

resu l t s used in the analysis were determined from two-dimensional tes ts in the 

laboratory f o r a sect ion t rack (F ig . 7.32) moving on so f t s o i l w i th a constant 

t r ans la t i ona l ve loc i t y of 15 cm/sec. The t rack was equipped wi th f u l l - s i z e d 

passive grousers such as those used in the mu l t i p le grouser system (F i g . 7 .21) . 

The grouser spacing was 12.5 cm. The t rack input torque, drawbar-pu l l , t r a n s l a t ­

ional v e l o c i t y , t rack be l t ve loc i t y and sinkage were measured and recorded. 

The energy coe f f i c i en t s shown i n the Figures are , i n e f f e c t , a normalizing pro­

cedure which takes the "veh ic le " weight i n to account. This i s a very useful pro­

cedure f o r comparison of e f f i c i e n c i e s o f various t r a c t i v e systems. The c o e f f i c ­

ients can be ca lcu la ted as fo l l ows : 
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(7 .11 ; 

D iv id ing both sides by the product o f the t o t a l weight and carr iage v e l o c i t y , 

i . e . W ν , as f o l l ows : c 

(7.12) 

(7.13) 

3 4 

Shear Displacement, cm 

F ig . 7 .31 . Tangential stress-displacement r e l a t i onsh ip f o r the passive grouser 
system. Spacing = 12.5 cm. 

In the f i n i t e element p r e d i c t i o n , a rectangular normal pressure d i s t r i b u t i o n 

i s assumed at the t r a c k - s o i l i n t e r f a c e . The tangent ia l stress d i s t r i b u t i o n at 

INPUT ENERGY = PULL ENERGY + DISSIPATED ENERGY 

E. = P-v + DE ι c 

Ei _ P , DE 
W ν w W ν 

c c 

we obta in CE = CP + CDE 

where CE = c o e f f i c i e n t of input energy N.m/N.m; 

CP = c o e f f i c i e n t of output energy N.m/N.m and 

CDE = c o e f f i c i e n t of energy d iss ipated N.m/N.m. 
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Track Belt Aluminum Frame 

Transducers 

Fig . 7.32. Model t rack sect ion. 

Slip. % 

F ig . 7.33. Input energy c o e f f i c i e n t p red i c t i on . Passive t rack . 
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the in te r face can be determined from t r a n s l a t i o n tes ts in the labora tory , using 

a form of skid pads s imulat ing the cha rac te r i s t i c s of the t rack m a t e r i a l . As 

noted, the comparison between predicted and ca lcu la ted performances shown in 

Figs. 7.33 and 7.34 ind icates good agreement. The ana l y t i ca l model can obviously 

be improved by incorporat ing other t rack parameters as, angle of a t tack , wheel 

spacing, t rack tension . . . e tc . However, i t i s not c lear at t h i s time how much 

improvement w i l l be obtained w i t h higher leve ls of model soph is t i ca t ion - espec­

i a l l y i f we bear i n mind tha t the real f i e l d t e r r a i n cond i t ion w i l l impose t e r ­

ra in v a r i a b i l i t i e s throughout the t rack t raverse . 

7.6 WHEEL-SOIL INTERACTION 

In developing a wheel computational model which can analyse and/or p red ic t the 

t y r e - s o i l i n t e r a c t i o n w i th complete considerat ion of a l l parameters invo lved, 

the fo l l ow ing requirements must be f u l f i l l e d : 

1 . The t y r e - s o i l contact area which defines the loading boundary has to be 

predicted as a func t ion of wheel load , i n f l a t i o n pressure, s l i p , t y re f l e x i b i l ­

i t y and so i l s t i f f n e s s . 

2. The motion resistance or the energy d iss ipated due only to t y re deforma­

t i o n has to be predicted independently and separated from the energy spent i n 

deforming the s o i l . 

F ig . 7.34. Output energy c o e f f i c i e n t p red i c t i on . Passive t r ack . 
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3. The r o l l i n g resistance or the so i l deformation energy due to t y r e motion 

over the subsoil has to be evaluated c a r e f u l l y to achieve a high accuracy i n 

p red ic t ing overa l l veh i c le -mob i l i t y performance. 

4. The tangent ia l stresses along the t y r e - s o i l i n te r face have to be evalu­

ated as a func t ion of wheel load, t y r e - s o i l surface cha rac te r i s t i cs and s l i p 

rate in order to pred ic t the amount of torque required to keep the vehic le in 

continuous motion. 

5. The energy d iss ipated at the wheel -so i l i n te r face due to wheel sl ippage 

has to be evaluated. 

Note that the term "wheel" is used i n the general context t o mean both tyres 

and actual non-tyre wheels. For modell ing purposes, the general wheel i s used 

since t h i s can be spec ia l ized (when needed) to address ind iv idua l items descr ib ­

ing the propert ies and cha rac te r i s t i c s of the wheel - e .g . f l e x i b i l i t y and d i s ­

t o r t i o n of a t y re or e l a s t i c / r i g i d deformation propert ies of a " r i g i d " s o l i d 

wheel. Adapting the f i n i t e element method to the wheel-soi l i n te rac t i on problem, 

the fo l l ow ing items need t o be s a t i s f i e d : 

1 . The pred ic t ion w i l l be complete i f both t y re and so i l behaviours under 

the moving t y re or wheel load are obtained. 

2. The so lu t ion must sa t i s f y the equ i l i b r ium and compat ib i l i t y requirements. 

3. The nonlinear s t r e s s - s t r a i n re la t ionsh ips o f the subsoi l obtained from a 

su i tab le tes t procedure should be d i r e c t l y employed wi thout any unnecessary 

i d e a l i z a t i o n . 

4. The so lu t ion should provide a l l per t inent in fo rmat ion , such as the 

amount of t y re d e f l e c t i o n , dynamic sinkage, s t r ess - s t r a i n f i e l d s in the subsoil 

and the required mob i l i t y performances such as drawbar-pu l l , t y re motion r e s i s t ­

ance and s o i l res is tance. 

5. The predicted wheel performance should be expressed in terms of fo rces , 

( input torque, drawbar-pu l l , motion resistance) and in absolute energy terms 

( inpu t , output , losses) and/or in terms o f energy c o e f f i c i e n t s . 

7.6.1 Boundary condi t ions 

Spec i f i ca t ion o f the boundary condi t ions a t the wheel-soi l or t y r e - s o i l i n t e r ­

face requires determinat ion of (a) contact area dimensions, and (b) load or d i s ­

placement d i s t r i b u t i o n s . Because o f (a) the nonl inear geometrical dimensions of 

the t y r e , and (b) s t i f f n e s s charac te r i s t i cs o f the s o i l and the t y r e , i t is not 

always simple to specify the loading boundary exac t l y . In the fo l l ow ing Sections 

the methods which can be adopted or which may lead to the determination of the 

boundary condi t ions at the t y r e - s o i l in te r face are discussed. 

( i ) Load-carrying mechanism o f t v re s t r u c t u r e . One of the main requirements 

f o r operat ing the wheel-soi l i n t e rac t i on model i s the determination of wheel-
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so i l contact area and i t s i n t e r f a c i a l stress d i s t r i b u t i o n . In the case of t y r e s , 

accurate modell ing of the load t rans fe r mechanism from the wheel axle to the 

ground surface requires some apprec iat ion of the load-car ry ing mechanism of the 

t y re s t r uc tu re . Whi lst the actual t y re - load deformation mechanics problem is 

indeed complex i f the various elements forming a t y r e are to be considered, the 

modell ing procedures described heretofore general ly requi re only those aspects 

deal ing w i th the gross mechanical response cha rac te r i s t i cs of the t y r e . 

In an inf lated-undeformed t y r e , the cords forming the t y re casing are t en -

sioned by the i n f l a t i o n or i n te rna l pressure which i s i n excess of the external 

or atmospheric pressure. As the t y r e i s pressed against a hor izonta l undeform-

able surface, the casing w i l l be deformed and f l a t t ened in the contact ing 

region (F ig . 7.35). For the simplest case of a smooth-surfaced t y re wi thout 

F ig . 7.35. (a) Undeformed spheres at cy l inders i n contact , (b) Formation of a 
small contact surface under normal force ' Ρ ' . (c) Force system in contact ing 
bodies, (d) D i s t r i b u t i o n of tangent ia l t r a c t i o n across the contact area. (Adap­
ted from M ind l i n , 1949) 
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t r ead , the cords in the par t of the carcass which i s i n 'actual contact w i th the 

supporting ground w i l l also l i e i n a f l a t plane pa ra l l e l to the ground, or i n 

other words, the cords i n tha t area are in s t r a i gh t l i n e s . The t e n s i l e forces 

in the contact ing carcass are a func t ion of the i n f l a t i o n pressure, rubber 

f r i c t i o n , and complex bending cha rac te r i s t i cs of the t y re casing. This l a t t e r 

aspect i s espec ia l ly c r i t i c a l i n the t r a n s i t i o n zone between the t y re side wal ls 

and the contact ing po r t i on . Whilst the normal contact pressure between the t y re 

casing and the ground w i l l be equal to the i n f l a t i o n pressure, considerable 

modi f i ca t ion and va r ia t ions w i l l be developed around the edges of the contact 

area because of the pressure exerted by the bending e f f ec t of the t y re carcass 

in the t r a n s i t i o n zone. 

In the case of tyres w i th t reads , the actual contact pressure w i l l be 

l o c a l l y greater than the appl ied i n f l a t i o n pressure because of the thickness of 

t read rubber, t read pat tern and number of p l i es used. We should note tha t these 

same items inf luence t y re carcass s t i f f ness and cont r ibu te to the f a c t tha t the 

actual load car r ied by the t y re i s higher than the product of the overa l l con­

t a c t area and the appl ied i n f l a t i o n pressure. The normal pressure d i s t r i b u t i o n 

at the contact in te r face may be expressed as: 

ρ = p.. + f ( t y re cha rac te r i s t i c s ) (7.14) 

where ρ = v e r t i c a l pressure component a t any po in t ; 

p.. = appl ied i n f l a t i o n pressure and 

f ( ~ ) = some funct iona l re la t i onsh ip depending on the t y re s t r u c t u r e , t y re 

d r i v i ng or braking torque, t y re side fo rces , t y re v e l o c i t y , e tc . 

The func t ion f cannot be described in simple mathematical terms since the 

actual normal pressures act ing on the contact area are general ly i r r e g u l a r l y 

d i s t r i bu ted - even f o r a smooth-surfaced t y r e . 

Because of the complexity of a l l the fac tors invo lved, i t i s d i f f i c u l t to 

es tab l ish an accurate t heo re t i ca l model which i s capable of p red ic t ing the 

contact area and the pressure d i s t r i b u t i o n s are d i f f i c u l t t o be estab l ished. 

Although the t y re can be t reated as a s t ruc tu ra l she l l approximated as an e las ­

t i c running band supported e l a s t i c a l l y by the t y re side w a l l s , the app l i ca t ion 

of t h i s model to consider the tyre-deformable ground system is l i m i t e d . A good 

theore t i ca l model should incorporate the degree of t y re f l e x i b i l i t y as a func t ­

ion of carcass s t i f f n e s s , i n f l a t i o n pressure and s o i l s t i f f ness since these 

fac tors are responsible fo r the development of the contact area and the pressure 

d i s t r i b u t i o n . 

In the fo l lowing Sect ions, the ana l y t i ca l procedures w i l l be presented t o ­

gether wi th the supporting theor ies and re la ted t es t resu l t s where appropr ia te. 
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I t should be noted tha t because the t y r e - s o i l i n t e r a c t i o n problem is indeed an 

extremely complicated problem, a c e r t a i n degree of approximation i s unavoidable 

i n the course of t heo re t i ca l model fo rmu la t ion . 

( i i ) E las t i c bodies i n contact . In the p red i c t i on o f t y re performance on 

s o i l or other types of bearing s t r a t a , one of the necessary input parameters i s 

the contact area which defines the loading boundary of the t y r e - t e r r a i n i n t e r ­

face. This inf luences the extent of the a f fec ted zone i n the substrate. I t i s 

important , t he re fo re , to develop an appropr iate approach to p red ic t the t y r e -

t e r r a i n contact area which is a func t ion of t y re carcass s t i f f n e s s , i n f l a t i o n 

pressure in the t y r e casing, ax ia l load and t e r r a i n bearing s t i f f n e s s . In t h i s 

respect, the Hertz theory of e l a s t i c contact (Her tz , 1881) i s worth i n v e s t i g a t ­

ing . At the ou tse t , i t i s important to make note tha t only the t y r e may be safe­

l y considered as an e l a s t i c system. The bearing t e r r a i n w i l l genera l ly behave 

non l inear ly upon loading. Nevertheless, the d i r e c t use of e l a s t i c theory can be 

j u s t i f i e d as a f i r s t approximation of su i tab le equivalent " e l a s t i c " parameters 

such as Poissonfs r a t i o (v ) and modulus o f e l a s t i c i t y (E) can be es tab l i shed . 

In the case o f so i l as a bearing ( t e r r a i n ) m a t e r i a l , i t has been shown from num­

erous s o i l mechanics studies that equivalent e l a s t i c proper t ies can indeed be 

establ ished - f o r app l i ca t i on to s t a b i l i t y analyses. These " e l a s t i c " propert ies 

are seen to depend on the s o i l physical p roper t i es , the conf in ing pressure, and 

the leve l of s t r a i n encountered. We should also note tha t the proper use of an 

ana ly t i ca l /numer ica l technique i s c r i t i c a l to the accep tab i l i t y of equivalent 

e l a s t i c p roper t ies . The use of the Hertz contact theory in p red ic t ing the t y r e -

s o i l contact area w i l l consequently c a l l f o r a su i tab le se lec t ion of the requ i ­

red e l a s t i c parameters and a reasonable method to v e r i f y the predicted r e s u l t . 

When two e l a s t i c so l ids are brought i n an unstressed s ta te i n to contact at 

a s ing le po in t 0 as in the case of spheres or cy l inders (F i g . 7.35) both have a 

common tangent plane OY and a common normal OZ. I f co - l i nea r forces Ρ are now 

appl ied to force the two spheres or cy l inders together (F i g . 7.35b), deformation 

w i l l occur, r esu l t i ng in the development of a small contact area, i n place of 

the previous contact po in t 0. Hertz theory assumes tha t the contact ing bodies 

are i so t rop i c and l i n e a r l y e l a s t i c , and a lso tha t the representat ive dimensions 

of the contact area are very small compared to the r a d i i o f curvature of the un-

deformed contact ing bodies. In genera l , i t i s thus considered s u f f i c i e n t l y accu­

ra te to represent the actual shape of the contact area by a f l a t e l l i p t i c a l sur­

face. The theory leads to the determinat ion of the magnitudes and o r ien ta t ions 

of the p r i nc ipa l axes of the e l l i p s e , the r e l a t i v e approach of the two bodies 

and the d i s t r i b u t i o n of the normal stresses across the contact area. The e f fec ts 

of tangent ia l stresses have been taken i n to account by Mindl in (1949) who super­

imposed add i t iona l force systems ( e . g . tangent ia l fo rce) upon the Hertz normal 

forces (F ig . 7.35). These can ar ise in the contact problems of wheels and r a i l s , 
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gear t e e t h , e t c . , and contact ing bodies w i th unequal e l a s t i c modul i . With the 

add i t ion o f the tangent ia l force (T ) , the normal pressure d i s t r i b u t i o n i s not 

s i g n i f i c a n t l y a f f ec ted . The tangent ia l t r a c t i o n becomes i n f i n i t e along the 

boundary of the contact area as long as there i s no r e l a t i v e s l i p between the 

two bodies ( F i g . 7.35b). 

In the case of two long cy l inders in contact along t h e i r pa ra l l e l l i n e s , a 

" rectangle" of i n f i n i t e length w i th the width 2a ( F i g . 7.35) w i l l be obta ined, 

(Po r i t sky , 1950; Lubkin, 1962): 

" ρ" + - R- Ο ( - F + —r ) (7.15 
Kl Κ2 ^ Ll L2 

where R - . , = undeformed r a d i i o f the cy l i nde rs ; 

Ρ = appl ied v e r t i c a l load per un i t l eng th ; 

a = ha l f width o f the contact area; 

v-j , v 2 = Poisson's ra t i os and 

E^,E2 = moduli o f e l a s t i c i t y of the cy l i nde rs . 

The normal pressure d i s t r i b u t i o n (p) across the contact area i s : 

where y = distance from the centre o f the contact area. 

Assuming the tangent ia l force (T) to be propor t ional to the normal force (P) , 

then: 

where μ = the c o e f f i c i e n t o f f r i c t i o n . 

I f s l i p occurs over the contact area, eq.(7.15) can be modif ied to take i n to 

account the tangent ia l st ress (Po r i t sky , 1950), as: 

(7.16) 

Τ = μΡ (7.17) 

η 2 Ί 2 „2 

Τ +Ύ s i T ( - r L + " E 1 ) / il +" Τ ) 
Rl Κ2 ™ El L2 

(7.18) 

α 

where ΚΊ =— + 
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~1 -2ν , Ί -2ν " 

*2 G1 G2 

Gl = 2 ( 1 ^ ) ' G2 = 2 ( Ί+ν 2) 

This so lu t ion leads to a s l i g h t decrease i n the value ' a ' . 

The above formulat ion c a l l s f o r the evaluat ion of the e l a s t i c parameters 

(E and v) f o r both t y re and s o i l . Whi ls t these parameters can be read i l y estab­

l i shed f o r s o i l s , they need to be establ ished f o r tyres f o r i n t roduc t ion i n 

eqs.(7.15) and/or ( 7 .18 ) . The use of the Hertz e l a s t i c contact theory f o r d e r i ­

vat ion o f the ty re e l a s t i c parameters and f o r p red ic t i on o f the t y r e - s o i l con­

t a c t area w i l l be described in the fo l l ow ing Sect ion . 

( i i i ) Pred ic t ion of t y r e - s o i l contact area. Although there have been some 

studies performed to inves t iga te the t y r e contact area w i th respect to the wheel 

load and the i n f l a t i o n pressure app l i ed , these have been developed p r imar i l y fo r 

the benef i t of tyres operat ing on r i g i d unyie ld ing surfaces (Bekker, 1969; 

Sohne, 1969; Komandi, 1976; Abeels, 1976). In genera l , these studies are d i r e c t ­

ed towards the p red ic t ion of t y r e - r i g i d surface contact area and ty re d e f l e c t ­

ion as a func t ion of wheel load and i n f l a t i o n pressure in order to determine 

the load-car ry ing capaci ty of the candidate t y r e . To focus the discussion and 

problem development, we w i l l consider the y i e l d i n g t e r r a i n mater ia l to be s o i l . 

When a pneumatic t y re i s loaded on top of a deformable surface ( s o i l ) , the con­

t a c t area w i l l depend mainly on the t y r e - s o i l r e l a t i v e s t i f f nesses . The s o i l 

s t r e s s - s t r a i n cha rac te r i s t i c s which are ignored i n the t y r e - r i g i d surface i n ­

vest igat ions w i l l indeed cont ro l the development of the contact patch. Apart 

from the f ac t tha t the contact area w i l l i nd ica te the capaci ty of the t y re in 

t r a n s f e r r i n g the wheel load i n to the s o i l , i t i s noted tha t i t also inf luences 

the development of the i n t e r f a c i a l stresses and the zone of in f luence i n the 

subso i l . 

To adopt the contact theory f o r t y r e - s o i l problems, the t y re can be i d e a l i z ­

ed as a c y l i n d r i c a l body w i th i n f i n i t e w id th , and the support ing s o i l modelled 

as another c y l i n d r i c a l body w i th i n f i n i t e radius and width ( F i g . 7 .36) . This 

i d e a l i z a t i o n i s consis tent w i th the two-dimensional formulat ion of the f i n i t e 

element analys is employed here in . The contact area of the t y r e - s o i l i n te r face 

i s thus approximated to be rec tangu lar , o f which the dimensions are to be pre­

d ic ted by the contact theory . The success of the p red ic t ion depends p r imar i l y 

on the se lec t ion of the appropr iate e l a s t i c parameters ( i . e . the e l a s t i c modul­

us Ε and the Poisson's r a t i o v) involved f o r both t y re and s o i l . I t i s rea l i zed 

tha t w h i l s t the t y re may be safe ly regarded as e l a s t i c , the support ing so i l i s 

essen t i a l l y non-e las t i c . However, i t i s common to idea l i ze the s o i l as an 
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F ig . 7.36. I dea l i za t i on of t y re and so i l in contact . 

e l a s t i c - l i n e a r s t r a i n hardening or e l a s t i c - p l a s t i c mater ia l so tha t the repre­

sentat ive modulus of e l a s t i c i t y can be establ ished to s imp l i f y the ana ly t i ca l 

procedure. For example, the use of the e l as t i c theory in p red ic t ing the immed­

ia te sett lement beneath a foo t ing i n c lass ica l so i l mechanics ( e . g . Lambe and 

Whitman, 1969) c a l l s f o r the knowledge of so i l e l a s t i c modulus which can be ob­

ta ined by i dea l i z i ng the s o i l as piecewise-1inear. Although the t y r e - s o i l s i t u ­

a t ion is ac tua l l y a three-dimensional problem, i t i s i n s t r u c t i v e t o use the two-

dimensional formulat ion as a f i r s t attempt to avoid mathematical complexi ty. 

Moreover, the t y r e - s o i l contact area predicted by t h i s approach w i l l serve as an 

i n i t i a l approximation in the actual ana lys is , a f t e r which f u r t he r modi f i ca t ion 

can be provided i f necessary. The c r i t e r i a which can be used to j u s t i f y the 

v a l i d i t y of the predicted contact area are the fac ts tha t the t y re deformation 

and the energy spent i n deforming the t y r e when moving on a deformable s o i l , 

cannot be greater than those experienced in a r i g i d uny ie ld ing ground under the 

same wheel load and i n f l a t i o n pressure. The t y re de f l ec t i on and the t y re defor­

mation energy occurr ing in the y i e l d i n g surface can be evaluated by the f i n i t e 

elemen; method, whi le those in r i g i d uny ie ld ing surface can be measured and/or 

pred ic ted. 

The procedure f o r p red ic t ing the t y r e - s o i l contact area shown schematical ly 

i n F ig . 7.37 s ta r t s by performing laboratory tes ts to determine the proper t ies 

of t y re and s o i l i n d i v i d u a l l y . For s o i l , the purpose i s t o obtain the s t ress -

s t r a i n re la t i onsh ip which can be determined in the s o i l t r i a x i a l t e s t under 

s i m i l a r loading cond i t i on . As f o r t y r e , i t i s necessary to determine the load-

deformation behaviour and the corresponding contact area by loading the t y r e 



237 

I Input 

Tyre s t a t i c t e s t s : (on uny ie ld ing surface) 

- load-deformat ion-contact area re la t i onsh ip 

- ground pressure (p ) - i n f l a t i o n pressure (p . ) 
re la t i onsh ip 9 1 

So i l t e s t : 

s t r e s s - s t r a i n 
re la t i onsh ip 

Contact theory: 

- t y re e l a s t i c modu lus- in f la t ion 
pressure-wheel load re la t i onsh ip 

Contact theory: 

- Pred ic t t y re -uny ie ld ing surface 
contact area f o r a given load 
by assuming the contact width 

Compare w i th tha t obtained from 
the Pg p.j r e la t i onsh ip 

No 
Agreeable? 

Yes 

Assume the ty re -uny ie ld ing surface width 
equal to the t y r e - s o i l contact width 

Contact theory: 
- Pred ic t the t y r e - s o i l contact area 

The ground pressure (p ) i s obtained by averaging the wheel load over the con­
tac t area. 9 

F ig . 7.37. Procedure of p red ic t i ng t y r e - s o i l contact area. 
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Foot Print Pattern ' 

Cross-bias ply Cross-bias ply Cross-bias ply Cross-bias ply Cross-bias ply 
2 plies 3 plies 2 plies 2 plies 2 plies 

t =0.277 t = 0.166 t = varied t = 0.324 t = 0.324 

(all dimensions are in cm) 
t= Carcass thickness 

Fig. 7.38. Urideformed tyre sections. 
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v e r t i c a l l y on a r i g i d uny ie ld ing sur face. The Hertz contact theory i s employed 

to evaluate the t y re composite modulus of e l a s t i c i t y through the use of 

eq. (7 .15) . 

Figure 7.39 shows experimental ly determined re la t ionsh ips between average 

ground pressure and i n f l a t i o n pressure f o r the d i f f e r e n t model ty res shown in 

F ig . 7.38 (Yong e t a l . , 1980b). The predic ted s ta t ionary t y r e - s o i l contact areas 

u t i l i z i n g the procedures shown in F ig . 7.37, and t y r e - r i g i d surface t e s t resu l t s 

(F ig . 7 .39) , are presented in F igs. 7.40 and 7 . 4 1 . The e f f ec t of degree of s l i p 

on model t y re contact areas shown in Fig. 7.42 ind icates tha t at low speeds 

there i s no appreciable d i f fe rence between the contact area f o r the s ta t ionary 

and moving t y re at any degree of s l i p . However, i t i s expected tha t f o r more 

I I I I L 
Ο 0.1 0.2 0.3 0.4 0.5 0.6 

Inflation Pressure, 100kN/m2 

Fig . 7.39 Relat ionships of ground contact pressure and i n f l a t i o n pressure. 
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Fig . 7.40. Predic t ion at t y r e - s o i l contact area on clayey sand. 

f l e x i b l e tyres there w i l l be a measurable d i f fe rence in contact patch (area) 

cha rac te r i s t i cs because of s l i p . This problem has yet to be f u l l y evaluated. 

U t i l i z i n g the t y r e - s o i l contact area as the load t rans fe r patch in the boundary 

condi t ions formulat ion in the f i n i t e element model w i l l g rea t l y reduce the 

amount of ca l cu la t i on time and e f f o r t in the preparat ion of the experimental 

parameters requi red. 

7.6.2 Predic t ion of t y re performance 

The f i n i t e element modell ing technique f o r p red ic t ion of s o i l response be­

neath moving tyres w i th respect to deformations, stresses and s t r a i n s , can be 

used to ca lcu la te the d i f f e r e n t components i d e n t i f i e d in the t y r e - s o i l system 

energy balance equation (Chapter 5) . Figure 7.43 shows the f i n i t e element model 

necessary input and output informat ion fo r evaluat ing t y r e - s o i l i n t e r a c t i o n . 
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Fig . 7 .41 . Pred ic t ion of t y r e - s o i l contact area on k a o l i n i t e c lay . 

As previously stated in Chapter 5, the energy components f o r a t y re moving on 

deformable ground surface consists of : 

( i ) D iss ipa t ion energy. This type o f energy consists of (a) energy d iss ipa­

ted in d i s t o r t i n g the t y r e , (b) energy d iss ipated in deforming the s o i l , and 

(c) energy d iss ipated at the t y r e - s o i l i n t e r f a c e . 

( i i ) Input energy. Provided by vehic le engine, but con t ro l l ed by t ransmiss­

ion d i f f e r e n t i a l and t y r e - s o i l i n t e r f a c i a l c h a r a c t e r i s t i c s . 

( i i i ) Output energy. Energy produced in terms of ava i lab le work fo r pu l l i ng 

another vehic le or other wheels i n the same veh ic le . 

The procedures f o r ca l cu la t i ng the d i f f e r e n t t y r e - s o i l system energy compon­

ents are presented as fo l l ows : 

A. Tyre deformation energy. Calcu la t ion of the energy d iss ipated in deforming 

the t y re using i t s basic geometr ica l , s t r u c t u r a l , mater ia l and operat ing parame­

te rs can be d i f f i c u l t . The fo l l ow ing pieces of in format ion are general ly requ i r ­

ed: 
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Fig . 7.42. Relat ionship of contact area and s l i p ra te . 

(a) t y re de f l ec t i on p r o f i l e a t the so i l i n t e r f ace , 

(b) pressure d i s t r i b u t i o n at the t y r e - s o i l i n te r f ace , 

(c) thermodynamic propert ies of the t y r e composite mater ia ls , and 

(d) hysteresis and mechanical propert ies of the t y r e ma te r i a l . 

Avai lable o f f - road models are general ly concerned wi th low-speed veh ic les . 

Hence the e f f ec t of heat generated i n the t y re mater ia l may be neglected ( i tem 

' c ' ) w i thout any serious loss of accuracy i n the development of the ana lys is . 

However, a t higher speeds, i t i s not proper t o ignore item ' c ' . 

Assuming tha t t y re d i s t o r t i o n i s due mainly to the normal pressure d i s t r i b u ­

t i o n at the t y r e - r i g i d surface i n t e r f a c e , and tha t the pressure i s uni formly d i s ­

t r i b u t e d throughout the contact area, the t y re motion resistance (R^) or energy 

d iss ipated per un i t t rave l distance can be expressed as (Bekker and Semonin, 

(1975): 

Wheel Load Pressure. kN/m 
Inflation 
(W), Ν 

136 ο 7 
227 · 7 
136 Δ 21 
227 A 21 
136 • 41 
227 • 41 
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Fig. 7.43. Necessary input and output information for evaluating tyre-soil interaction. 
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Tyre-soil interfacial / 
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SOIL PROPERTIES: I T . 
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Stress-strain curves 
Soil parameters Output 
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3.581 Β.Ρ D2e(0.0349 α* - s in 2α") 
Rt = a ' (D-2) (7.19) 

where Ρ̂  = uniform ground contact pressure; 

α ' = α /2 , degrees; 

D = t y re diameter = 2R; — 9 7 ^ Λ Η 
ε = 'energy recovery' fac to r (<1.0) = 1 - e" ' and 

h = t y re carcass height above the ground. 

The symbols used i n eq.(7.19) are i d e n t i f i e d in F ig . 7.44. U t i l i z i n g eq.(7.19) 

requires a known re la t i onsh ip between ground pressure (P^) and ty re deformation 

(<5) f o r a cer ta in tyre load , e .g . F ig . 7.45. 

When a pneumatic t y re i s loaded on a y i e l d i n g so i l support, both the t y re and 

the supporting s o i l w i l l deform an amount (F ig . 7.46) , which i s seen to depend 

mainly on the appl ied wheel load and the t y r e - s o i l r e l a t i v e s t i f f nesses . The 

amount of t y re deformation can be ca lcu la ted as the d i f fe rence between the un-

deformed t y re conf igura t ion and the s o i l sur face, obtained by using the appro­

p r i a te pressure d i s t r i b u t i o n in the f i n i t e element method. Neglecting the r e ­

bound e f f ec t of the t y r e , i t s deformation energy can be ca lcu la ted by: 

F ig . 7.44. Tyre moving on r i g i d unyie ld ing surface. 



Tyre Deformation (£) 

direction of wheel travel 

• FEM loading node 

F ig . 7.46. Determination of t y re deformation. 
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F ig . 7.45. Typical re la t i onsh ip o f ground pressure and t y r e deformation. 
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(7.20) 

where = t y re deformation energy per un i t t rave l d is tance; 

Β = ty re w id th ; 

P.. = normal concentrated load at node i ; 

6̂  = ty re deformation a t node i ; 

η = number of nodes along the t y r e - s o i l contact area; 
X = hor izonta l coordinate o f the l a s t node at t y r e - s o i l i n te r face and η 
X.J = hor izonta l coordinate o f the f i r s t node at t y r e - s o i l i n te r f ace . 

Tyre deformation energy in terms of energy per un i t t ime can be ca lcu la ted 

as fo l l ows : 

where ν is the t y re t rans la t i ona l v e l o c i t y . 
We note from eqs.(7.20) or (7.21) tha t the ty re deformation energy ( E t or 

E|) can be evaluated w i th a knowledge o f the contact area. This can be predicted 

i n accordance w i th the procedure shown i n F ig . 7.37, and the s o i l s t i f f n e s s en­

countered (Yong e t a l . , 1978b). Assuming as a f i r s t approximation t h a t the con­

t a c t area i s not a f fec ted by the s l i p r a t e , as ind icated in F ig . 7.42, the t y re 

deformation energy can then be predic ted as i f the t y re i s s ta t i ona ry . 

To begin the ana lys is , the t y r e - s o i l contact area i s f i r s t predicted wi th the 

knowledge o f the s o i l e l a s t i c modulus determined by s tandard-so i l t es t i ng tech­

niques, such as that used in so i l mechanics and geotechnical engineering ( e . g . 

t r i a x i a l t e s t ) . The ty re e l a s t i c modulus shown i n F i g . 7.47 can be obtained by 

using the Hertz contact theory, eqs.(7.15) o r ( 7 . 1 8 ) . From F ig . 7.47, i t can be 

seen tha t w i t h i n a cer ta in range o f wheel load , the ty re e l a s t i c modulus varies 

s l i g h t l y w i th the appl ied wheel load, and is not sens i t i ve to the changes i n the 

s l i p ra te as shown by contact areas. Once the t y r e - s o i l contact area i s def ined, 

the normal pressure i n t e n s i t y con t ro l l ed by the wheel load can be determined by 

i dea l i z i ng the d i s t r i b u t i o n pat tern i n a parabol ic form or any other chosen con­

f i g u r a t i o n , as might be ind icated from tes ts or experience (Yong e t a l . , 1978b). 

The f i n i t e element analysis can then be implemented to solve f o r the resu l tan t 

subsoi l displacement and t y re deformation energy can be ca lcu la ted according to 

eqs.(7.20) or ( 7 .21 ) . 

B. Soi l deformation energy. This i s the energy d iss ipated i n deforming the 
s o i l beneath the moving wheel; the technique f o r i t s ca l cu la t i on has been pre­
sented in Chapter 6. 

(7.21) 

η 
Β· Σ P.'6i 

Ε = 1=1 1 1 

* ( Χπ - Χ ΐ ) 

Ε' = Ε ·ν 
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C. Ty re -so i l i n t e r f a c i a l s l i p energy. The energy d iss ipated at the t y r e - s o i l 

i n te r face i s a func t ion o f (a) magnitude and d i s t r i b u t i o n o f tangent ia l stresses 

at the t y r e - s o i l i n t e r f a c e , (b) degree o f s l i p , and (c) t y r e - s o i l contact area 

dimensions. Methods o f ca l cu la t i ng th i s energy were presented previously i n 

Chapters 2 and 5. In f i n i t e element model l ing, the fo l low ing equation can be 

adopted f o r determining the t y r e - s o i l i n t e r f a c i a l energy, (F i g . 7 .46) : 

(7.22) 

where Ê . = i n t e r f a c i a l energy per un i t t rave l t ime; 

Β = t y re w id th ; 

F ig . 7.47. Tyre modulus and i n f l a t i o n pressure r e l a t i o n s h i p . 

Ef = B- j / i ' V s i 
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τΊ· = i n t e r f a c i a l tangent ia l force a t node i ; 
Vs i = t v r e" s o^ S^ P ve loc i t y a t node i and 

η = number o f nodal points a t t y r e - s o i l i n t e r f a c e . 

The t o t a l d iss ipa t ion energy is the sum of the fo l low ing component energies, 

(1) ty re deformat ion, (2) so i l deformation, and (3) t y r e - s o i l i n t e r f a c i a l energy. 

D. Input energy. The input energy is the energy required to keep the ty re i n 

constant t r a v e l . I t i s equal to the sum o f the d i f f e r e n t types o f d iss ipated 

energy and the required useful output energy. I t i s generated by mob i l i z ing a 

cer ta in amount of t r a c t i v e e f f o r t a t the t y r e - s o i l i n te r face which i s s u f f i c i e n t 

to overcome a l l types of ty re motion res is tance. I f the maximum mobi l ized t r a c ­

t i ve force i s less than the ty re motion res is tance, the ty re w i l l s t a l l i f the 

tyre-hub cannot generate the torque required to overcome the res is tance. The 

ty re w i l l demonstrate 100 percent s l i p i f the provided torque i s higher than the 

maximum mobi l ized t r a c t i v e fo rces . Methods of evaluat ing t r a c t i v e forces have 

been presented in Chapter 3. The ty re input energy can be ca lcu la ted as f o l l o w s , 

using the a id o f F ig . 7.48: 

L 
Ε' = Β / τ V dL (7,23) 

ο s s 

L 
= Β / τ R ω dL (7.24) 

ο s s 

= Β·Τ·ω (7.25) 

where E' = input energy, N.m/sec; 

Β = ty re w id th , m; 

ω = ro ta t i ona l v e l o c i t y , rad/sec; 

Rs = ty re r o l l i n g rad ius , m; 

L = tyre contact leng th , m; 

Τ = ty re input torque, N.m and 

Vs = ty re i n t e r f a c i a l v e l o c i t y . 

In f i n i t e element model l ing, eq.(7.23) can be modif ied as (F ig . 7.46): 

Ε' = Β Σ τ . V . (7.26) 
i = l 1 S1 

where η = number of nodal points a t t y r e - s o i l i n t e r f a c e ; 

τΊ· = tangent ia l force at node i 1 and 
Vs i = t y re v el ° c i ty a t node i ' . 
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F ig . 7.48. Tyre-so i l geometrical c h a r a c t e r i s t i c s . 

E. Energy balance and t y r e - s o i l performance. With a knowledge o f the ty re 

contact area and the normal and tangent ia l stresses estab l ished at the loading 

sur face, we can p red ic t the useful output energy since the boundary condi t ions 

i n the t y r e - s o i l system can be es tab l i shed. For the f i n i t e element method, the 

loaded areas o f the contact ing tyres at the s o i l surface are def ined by the pre­

d ic ted t y r e - s o i l contact areas such as those shown i n F igs . 40 and 4 1 . The nor­

mal pressure con t ro l l ed by the wheel load and the tangent ia l pressure evaluated 

according to t y r e - s o i l i n t e r f a c i a l c h a r a c t e r i s t i c s , (Chapter 3 ) , are then appl ied 

on the contact area - w i th the s o i l c o n s t i t u t i v e re la t ionsh ips establ ished by 

previously determined or i d e n t i f i e d s t r e s s - s t r a i n curves. A l l the re la ted energy 

components i n the fo l low ing energy balance eq.(7.27) can then be determined -

leading thereby to the determinat ion o f the useful output energy requi red: 

Ε = D + E f + E t + Pv (7.27) 

where D = rate o f s o i l deformation energy N.m/sec; 

Pv = rate o f useful energy = PV, N.m/sec; 

V = t rans la t i ona l v e l o c i t y , m/sec, and 

Ρ = drawbar-pul1, N. 

The t yp ica l energy balances predic ted i n th i s manner using no upper l i m i t on 

ava i lab le inpu t energy are shown f o r the m o b i l i t y performances o f a t yp ica l 

model ty re 4.10/3.50 - 4.002 PR (o r i g i na l l y - t r eaded ) f o r a constant width ( F i g . 

7 .38) , f o r the clayey sand; F igs. 7.49 and 7.50 f o r i n f l a t i o n pressure 40.2 and 

80.4 kPa, respec t i ve ly . The energy components are presented f o r u n i t t y re width 

and u n i t t ime. From the Figures, i t i s i n s t r u c t i v e to note tha t f o r the clayey 

sand, an increase i n the i n f l a t i o n pressure from 40.2 kPa to 80.4 kPa leads to 

an increase in the useful output energy, (Yong e t a l . , 1980b). Thus w h i l s t the 
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Fig. 7.49. Energy balance ( ra te ) f o r t y re 4.10/3.50-4.00 2PR (o r i g i na l l y - t r eaded ) 
as a funct ion of s l i p . I n f l a t i o n pressure = 40.2 kPa. Load = 312 N. 
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Fig . 7.50. Energy balance ( ra te) f o r t y re 4.10/3.50-4.00 2PR (o r i g i na l l y - t r eaded ) 
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input energy can be increased by the use o f higher i n f l a t i o n pressures, the com­

bined ty re and s o i l deformation energy measured, (and p red i c ted ) , may not change 

s i g n i f i c a n t l y . We should be care fu l to note tha t w h i l s t ty re deformation energy 

can be decreased by increasing t y re i n f l a t i o n pressure, so i l deformation energy, 

i n t u r n , may be changed because of the development o f higher res is tances. The net 

resu l ts of higher e f f e c t i v e conf in ing pressures, (Yong e t a l . , 1980b), developed 

because of increasing normal pressures a t the t y r e - s o i l i n t e r f a c e , w i l l c o n t r i ­

bute to the changes in the development of motion res is tance. The resu l tan t 

e f fec ts w i l l general ly demonstrate themselves i n terms of a net increase in the 

drawbar-pul l f o r a higher i n f l a t i o n pressure - a t the pr ice o f a higher required 

input energy. 

In the case of the n o n - f r i c t i o n ( k a o l i n i t e ) c l a y , F igs. 7.51 and 7.52 i n d i ­

cate tha t by increasing the i n f l a t i o n pressure from 6.9 kPa to 40.2 kPa, a r e ­

duct ion in useful output energy i s obta ined. The higher torque a t the lower i n ­

f l a t i o n pressure, together w i th the lower combined ty re and s o i l deformation 

energies, a l l cont r ibu te to th i s reduct ion to output energy. Increasing the t y re 

i n f l a t i o n pressure decreases the ty re deformation energy, and increases the s o i l 

deformation energy, because of the higher than average normal pressure imposed 

on the t y r e - s o i l i n t e r f a c e . 

The studies by Yong e t a l . (1978, 1980) i nd ica te tha t ty re f l e x i b i l i t y c o n t r i ­

butes s i g n i f i c a n t l y to the development o f a l l the energy components (eq.7.27) i n 

the t y r e - s o i l system. Contrast ing performances i n the ty re can be obtained be­

cause of the proper t ies and cha rac te r i s t i cs of the support ing s o i l . An increase 

in the t y re i n f l a t i o n pressure may a l low f o r a favourable increase in the draw­

bar -pu l l i n one s o i l ( f r i c t i o n a l ) , so long as the input energy ava i lab le can be 

increased, w h i l s t the reverse may be t rue i n the case of a n o n - f r i c t i o n a l s o i l 

( c l a y ) . The f i n i t e element model, i f proper ly used, can account f o r ty re f l e x i ­

b i l i t y , as shown in F igs. 7.49 to 7.52. 

7.7 SUMMARY 

The app l i ca t i on of the F in i t e Element Method (FEM) o f analysis as a procedure 

f o r model l ing and ana lys i s /p red ic t i on o f t r a c t i o n v ia t racks or wheels can lead 

to very successful r e s u l t s . The burden o f r e s p o n s i b i l i t y i n production of r e a l i s ­

t i c (and obviously successful p red ic t ions) resu l t s l i e s in one's c a p a b i l i t y i n 

proper ly model l ing the s i t u a t i o n a t hand. In a d d i t i o n , i t i s imperat ive tha t the 

physical inputs and boundary condi t ions used i n the implementation o f the FEM be 

proper ly and accurate ly performed. The model and the answers der ived w i l l only 

be as good as the q u a l i t y o f in format ion provided i n implementing the ana lys i s . 
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Fig . 7.52. Energy balance ( ra te ) f o r t y re 4.10/3.50-4.00 2PR (o r i g i na l l y - t r eaded ) 
as a funct ion of s l i p . I n f l a t i o n pressure = 40.2 kPa. Load = 133 N. 



253 

REFERENCES 

Abeels, P .F . J . , 1976. Tyre de f l ec t i on and contact s tud ies . J . Terramechanics, 
13-3:183-196. 

Bekker, M.G., 1969. In t roduc t ion to Terra in-Vehic le Systems. The Univers i ty o f 
Michigan Press, Ann Arbor, Michigan, 846 p. 

Bekker, M.G. and Semonin, E.V., 1975. Motion resistance o f pneumatic t y r es . J . 
Automotive Engineering, A p r i l , pp. 6-10. 

Desai, C.S. and Abel , J . F . , 1972. In t roduc t ion to the F in i t e Element Method. 
Van Nostrand Reinhold Company, New York, 477 p. 

Hertz, Η., 1881. Ueber d ie Beruehrung fes te r e las t i scher Koerper, Z. Reine Angew. 
Math. , 92:156-171. 

Komandi, G., 1976. The determinat ion of the d e f l e c t i o n , contact area, dimensions, 
and load-car ry ing capacity f o r dr iven pneumatic tyres operat ing on concrete 
pavement. J . Terramechanics, 13-1:15-20. 

Lambe, T.W. and Whitman, R.V., 1969. Soi l Mechanics. Wiley and Sons, I n c . , New 
York, 553 p. 

Lubkin, J . L . , 1962. Contact Problems. Handbook of Engineering Mechanics, Ed. by 
W. Flugge, McGraw-Hil l , New York, Chapter 42. 

M ind l i n , R.D. 1949. Compliance of e l a s t i c bodies i n contac t . J . Appl ied Mecha­
n i c s , 16:259-268. 

Por i t sky , H., 1950. Stresses and de f l ec t i on o f c y l i n d r i c a l bodies in contact 
w i th app l i ca t i on to contact of gears and o f locomotive wheels. J . Applied 
Mechanics, 17:191-201. 

Sohne, W., 1969. Ag r i cu l t u ra l engineering and terramechanics. J . Terramechanics, 
6-4 :9-30. 

Yong, R.N. and Hanna, A.W., 1977. F in i te element analysis o f plane s o i l c u t t i n g . 
J . Terramechanics, 14-3:103-125. 

Yong, R.N., Boonsinsuk, P. and Fat tah. E.A., 1978a. Pred ic t ion o f t y re pe r fo r ­
mance on s o f t s o i l s r e l a t i v e to carcass s t i f f n e s s and contact areas. Proc. 
6th I n t . Conf. I n t . Soc. Ter-Veh. Systems, ISTVS, Vienna, 11:643-675. 

Yong, R.N., Fat tah, E.A. and Boonsinsuk, P., 1978b. Analysis and p red ic t ion o f 
t y r e - s o i l i n t e r a c t i o n and performance using f i n i t e elements. J . Terramechanics, 
15-1:43-63. 

Yong, R.N., Youssef, A.F. and El-Mamlouk, H., 1979. So i l deformation and s l i p 
r e l a t i v e to grouser shape and spacing. J . Terramechanics, 14-3:103-125. 

Yong, R.N., El-Mamlouk, H. and Del la-Moret ta , L . , 1980a. Evaluation and p red ic ­
t i o n of energy losses i n t r a c k - t e r r a i n i n t e r a c t i o n . J . Terramechanics, 17-2: 
79-100. 

Yong, R.N., Boonsinsuk, P. and Fat tah, E.A., 1980b. Tyre f l e x i b i l i t y and mob i l i t y 
on s o f t s o i l s . J . Terramechanics, 17-1:43-58. 

Yong, R.N., Boonsinsuk, P. and Fat tah , E.A., 1980c. Tyre load capaci ty and energy 
loss w i th respect to varying s o i l support s t i f f n e s s . J . Terramechanics, 17-2: 
131-147. 



254 

NOMENCLATURE 

Β tyre width 

C compaction energy 

C spec i f i c compaction energy 

CDE c o e f f i c i e n t a t d iss ipated energy 

CE compaction energy rate or c o e f f i c i e n t o f input energy 

CP c o e f f i c i e n t o f output energy 

D deformation energy l oss , d i s t o r t i o n energy or t y re diameter 

D1 spec i f i c d i s t o r t i o n energy 

DE d i s t o r t i o n energy rate 

E1 input energy 

Ê . spec i f i c input energy 

E f i n t e r f a c i a l energy per u n i t t rave l time 
E t deformation energy per u n i t t rave l distance 

E-| , E 2 cy l i nde rs ' moduli of e l a s t i c i t y 

F appl ied force 

I i n t e r f a c i a l energy loss 

L contact length 

Μ torque 

Ρ drawbar-pul l or load per un i t width 

P. normal load 

Ρ̂  uniform ground contact pressure 

R$ r o l l i n g radius 

Rj. motion resistance 

R-j,R2 undeformed cy l inder r a d i i 

S shear s l i p energy 

S' spec i f i c shear s l i p energy 

SE shear s l i p energy rate 

Τ tangent ia l f o r ce , torque or mobi l ized t r a c t i o n 

V elemental volume 

Vs i n t e r f a c i a l v e l o c i t y 
Vs i t y r e - s o i l s l i p ve loc i t y 

W weight 

b t rack width 

ds incremental displacement 
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d [ ε ] incremental s t r a i n matr ix 

h carcass height 

η number of nodal points 

ρ v e r t i c a l pressure 

ΡΊ· i n f l a t i o n pressure 

r radi us 

t increment durat ion 

ν t r ans la t i ona l ve loc i t y 

v c vehic le v e l o c i t y 

6 t y re deformation 

ε energy recovery f ac to r 

μ c o e f f i c i e n t of f r i c t i o n 

v.j Poisson's ra t i os 

ο* ,σ normal stresses χ y 
[σ] stress matr ix 

τ tangent ia l stress 

T.J i n t e r f a c i a l tangent ia l force 
τ shear stress xy 
ω angular ve l oc i t y 
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Chapter 8 

COMPACTION 

8.1 INTRODUCTION 

Soi l compaction const i tu tes one o f the main app l ica t ions o f s o i l - v e h i c l e 

t r a c t i o n mechanics. A proper se lec t ion o f the type o f r o l l e r compactor and spe­

c i f i c a t i o n f o r compaction - according to the s o i l type - can play an important 

par t in the compac t !b i l i t y o f the s o i l . We should note that w h i l s t e f f i c i e n t and 

proper compaction are desi rable features i n construct ion engineering and s o i l 

engineer ing, these same aspects can be detr imental i n such f i e l d s as ag r i cu l t u re 

or f o r e s t r y , where a change i n physical and mechanical cha rac te r i s t i cs o f the 

so i l would severely i n h i b i t the c a p a b i l i t y o f the s o i l to provide proper water-

uptake to the p lan t root systems. 

In the t r a n s l a t i n g motion o f o f f - r o a d vehicles on i n i t i a l l y unprepared ground, 

compaction of the s o i l occurs under the f r o n t set o f wheels as we l l as the rear 

s e t . However, because the rear set o f wheels w i l l meet the s o i l pa r t l y compacted 

by the f r o n t set of wheels, the motion resistance to the rear set o f wheels w i l l 

be genera l ly lesser . Thus, i n computing the motion resistance f o r veh ic les , there 

is considerable value in prov id ing separate computations f o r motion resistances 

to the f r o n t sets and t r a i l i n g sets o f wheels, espec ia l ly i f the s o i l i s h igh ly 

compactible. A knowledge of s o i l compac t !b i l i t y and developed motion resistance 

would be h igh ly des i rab le . In t h i s Chapter, the elements o f so i l compac t ib i l i t y 

and p red ic t ion are addressed. 

The ob jec t ive o f s o i l compaction i n the f i e l d by moving r o l l e r s i s to provide 

f o r production of a competent s o i l bearing s t ra tum. The increased dens i f i ca t i on 

o f the s o i l , together w i th the reduct ion i n permeabi l i ty o f the compacted s o i l , 

combine to ensure tha t the developed, g rea ter , compacted strength i s maintained 

f o r a long time du ra t i on . 

In f i e l d s o i l compaction, a layer of loose s o i l i s compacted u n t i l i t s density 

and st rength reach spec i f i c values establ ished a p r i o r i from laboratory t e s t s , 

and u n t i l the densi ty and s t rength are approximately s i m i l a r to the underly ing 

layers of s o i l previously compacted. The ob jec t i ve o f f i e l d s o i l compaction i s 

to obta in spec i f i ed cha rac te r i s t i cs w i th a minimum number o f passes of the 

r o l l e r , or w i th a minimum amount of r o l l e r input energy (work) done. 

In genera l , the compaction of layers of so i l i s accelerated by increasing the 

magnitude of ro l ler - imposed normal stresses establ ished a t the r o l l e r - s o i l i n t e r ­

face through the passage of the r o l l e r . However, i f the ro l ler - imposed normal 

stresses f a r exceed the local bearing capacity of the s o i l , i . e . i f excessive 

local shear f a i l u r e occurs, the s o i l w i l l tend to extrude or f low under the 
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r o l l e r instead of compacting. 

The value o f imposed normal stress can be increased by increasing r o l l e r load 

in the case of r i g i d r o l l e r s , and/or changing surface conf igura t ion of the r o l l e r 

(sheepsfoot-kneading compaction), and increasing t y re load or increasing i n f l a t ­

ion pressure i n the case of rubber- tyre r o l l e r s . Excessive sinkage and r o l l e r 

immobi l izat ion can occur i f the general bearing strength o f the so i l i s f a r ex­

ceeded. The required work done ( input energy) by a r o l l e r to produce a spec i f i c 

degree of compaction i s a funct ion of : 

( i ) Load. S t a t i c , s i nuso ida l , impact. 

( i i ) Rol ler type. So l id ( r i g i d ) r o l l e r , pneumatic t y re r o l l e r , number of 

ty res in the r o l l e r , arrangement, r o l l e r load and speed. 

( i i i ) Tyre cha rac te r i s t i c s . Diameter, w id th , cross-sect ional shape, i n f l a t i o n 

pressure, carcass s t i f f ness and shape, t y re s t ruc ture and t y re mater ia l mechani­

cal p roper t ies . 

( i v ) S o i l . A l l the factors which contro l s t r ess - s t r a i n behaviour of the so i l 

during loading and unloading, such as; s o i l t ype , dens i ty , moisture content , so i l 

s t r uc tu re , conf in ing pressure, e tc . 

8.2 COMPACTION MECHANISMS 

There are i n general two types of compaction mechanisms, one f o r granular s o i l 

and the other fo r cohesive s o i l . The two mechanisms are d i f f e r e n t since the par­

t i c l e forces and the parameters which contro l s o i l proper t ies are d i f f e r e n t f o r 

the two s o i l types. 

8.2.1 Granular s o i l compaction 

In granular s o i l , where the inf luence of surface forces i s n e g l i g i b l e , the 

arrangement of pa r t i c l es contr ibutes mainly t o the densi ty of the so i l and hence 

to i t s st rength and manner of deformation. 

The packing of grains of so i l or other p a r t i c u l a r media i s very s t rong ly i n ­

f luenced by p a r t i c l e shape and size d i s t r i b u t i o n . A knowledge of optimum packing 

condit ions i s desirable since so i l -eng ineer ing problems concerned w i th s t a b i l i t y , 

such as subgrade f i l l and embankments, require optimum densi ty of the granular 

mater ia l f o r development of maximum resistance t o shear displacement. The same 

requirement appl ies to the aggregates f o r concrete and bituminous mixtures. This 

requires a pa r t i cu l a r range of gra in sizes to f i l l the voids created by packing 

pa r t i c l es which are e i the r angular ( e .g . crushed stone products) or rounded ( e . g . 

river-washed gravels and sands). Figure 8.1 shows the required p a r t i c l e - s i z e d i s ­

t r i b u t i o n f o r optimum packing based upon the condi t ion of four l a rge , rounded, 

pa r t i c l es as i n i t i a l cons t ra in ts . While t h i s i s an ideal s i t u a t i o n , i t demon­

s t ra tes the need f o r an ideal d i s t r i b u t i o n o f gra in sizes to achieve optimum 

dens i ty . 
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soil particle 

F i g . 8 . 1 . Ideal p a r t i c l e - s i z e d i s t r i b u t i o n f o r optimum packing. 

Ideal gra in s ize d i s t r i b u t i o n s general ly do not e x i s t i n natural s o i l s . 

Figure 8.1 shows the required gra in s ize d i s t r i b u t i o n to f i t the void spaces, 

and establ ishes one end of the sca le . The other end of the packing spectrum is 

obtained by se lec t ing pa r t i c l es o f the same s i z e . This means tak ing only the 

four large pa r t i c l es shown i n F ig . 8.1 wi thout having smal ler pa r t i c l es f i l l i n g 

the vo ids. I t i s possible to obta in various kinds o f packing w i th uniform spheres. 

Maximum poros i ty f o r regular packing i s obtained w i th a cubic packing (open pack­

i n g ) , and minimum poros i ty ex is ts i n the te t rahedra l rhombic packing (c lose pack­

i n g ) . These are shown i n F ig . 8 .2 . 

F ig . 8 .2 , Ideal packing of spheres. A. Simple cubic packing. B. Rhombic packing. 

The f i v e modes of regular packing tha t may be achieved by spheres o f equal 

radius R, are (a) simple cub ic , (b) cubic t e t r a h e d r a l , (c) tetragonal sphero ida l , 

(d) pyramidal , and (e) t e t r a h e d r a l . 

Def in ing the coordinat ion number as the number of spheres i n contact w i th any 

given sphere, and the densi ty of packing Dp as the r a t i o o f the volume o f space 

occupied by s o l i d matter to t o t a l volume, the poros i ty -dens i ty re la t ionsh ips f o r 

the f i v e modes o f packing may be a r r i ved a t (Table 8 . 1 ) . The arrangement f o r the 

modes of packing i s given in F ig . 8 .3 . 

The number o f adjacent pa r t i c l es i n contact w i t h any p a r t i c l e i s re la ted to 

po ros i t y . The d i s t r i b u t i o n o f coord inat ion number f o r several p o r o s i t i e s , using 

stacked lead shot i n a large c y l i n d r i c a l vessel to simulate wel l-packed aggre­

gate , is shown i n F i g . 8 .4 . 

A Β 
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TABLE 8.1 
Packing of spheres 

Type of packing Coordination 
number 

Spacing 
o f layers 

Volume 
of u n i t 
prism 

Density Porosi ty 
(%) 

Simple cubic 66 2R 
3 

8R° π/6 47.64 Simple cubic 
(0.5236) 

Cubic te t rahedra l 88 2R 
π /3 Ά 39.54 
(0.6046) 

Tetragonal spheroidal 10 R/3 2π/9 30.19 
(0.6981) 

Pyramidal 12 Ry^ π /3 ft 25.95 Pyramidal 
ο (0.7405) 

Tetrahedral 12 2Rv^73 4 2R 0 
π/3 /ϊ 25.95 

(c) Tetragonal Spheroidal 
o o o o 
(d) Pyramidal (e) Tetrahedral 

Fig . 8 .3. Models of regular packing of equal spheres (Deresiewicz, 1958). 

The re la t ionsh ip between the average number of contacts per sphere and poro­

s i t y η may be obtained by assuming tha t s t a t i s t i c a l l y the grouping of the 

spheres as a whole may be regarded as groups of close-packed spheres i n cubic 

a r ray . Using m to represent the f r a c t i o n o f close-packed spheres, we have: 

η = n , n c p_ + (1 - m ) n c ub (8.1) 

where the subscr ipts c .p . and cub represent close-packed and cubic , respec t i ve ly . 

On a u n i t volume bas is , the average number of contacts Ν per square w i l l be ob­

ta ined as: 
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F ig . 8 .4 . D i s t r i b u t i o n o f coordinat ion number a t several poros i t ies (Smith et 
a l . , 1929). 

(8.2) 

where Vc p and V c ub represent the volume of close-packed and cubic array o f 

spheres i n terms o f R, the radius o f the spheres. The values o f Νς , 
Vc ρ a nd Vc u b ' m^ be o b t a i n ed f r om T a Dl e 8 . 1 . In t h i s ins tance, Νς and 
Vc ρ may be taken as e i t he r the pyramidal or te t rahedra l type of packing. 

Thus, from eqs. (8.1) and (8 .2 ) : 

H . ^ [ 6 ( 2 * - l > - - * £ • ] 

which reduces t o : 

10.77262 
Ν = 26.4858 - — ^ (8.3) 

For p a r t i c l e s of non-uniform s i z e , poros i ty may be reduced i f i n t e r s t i t i a l 

pa r t i c l es are ava i lab le to f i l l the vo id spaces created by the la rger p a r t i c l e s , 

as i n F i g . 8 . 1 . The combination o f packing tha t one can obta in is a funct ion o f 

gradation o f p a r t i c l e s , p a r t i c l e shape, tex ture and manner of placement. 

The packing of unequal spheres, which represents real systems more c l ose l y , 

may be studied mathematical ly. In doing so, i t i s necessary to prescr ibe a set 

Ν Ν „ c . p . , , , m\ cub 

Ν - c .p . cub 
m , (1 ^ΊϋΤ 

V V c .p . cub 
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of l i m i t i n g cond i t ions . The study by Wise (1952), f o r example, requires tha t one 

large sphere A be taken such tha t a l l other spheres o f smal ler sizes may be 

placed on i t s sur face. The f i r s t two spheres must not only contact each o ther , 

but also touch A. Each new subsequent sphere to be added must touch, in addi t ion 

to A, a t leas t two others which are i n contact w i th each other (F ig . 8 .5 ) . The 

network of t r i ang les formed by j o i n i n g the centres of spheres surrounding one 

sphere (shown in F ig . 8 . 5 ) , should provide f o r t r i ang les on d i f f e r e n t planes. A 

polyhedron i s obtained i f the ver t i ces are jo ined to the centre of sphere A, 

since these t r iang les a re , i n e f f e c t , the faces of a polyhedron whose ver t i ces 

are the centres o f the spheres. Thus a set of tetrahedra associated w i th any 

given sphere may be obta ined. 

F ig . 8 .5 . Dense random packing of unequal spheres (Deresiewicz, 1958). 

Wise (1952) expressed the propert ies o f packing f o r the four r a d i i i n each 

tetrahedron i n terms o f a p robab i l i t y d i s t r i b u t i o n f u n c t i o n . In the case where 

the logarithms of the r a d i i conform to a normal d i s t r i b u t i o n o f standard dev ia­

t i on s = 0 .4 , a mean radius of 1.08 and estimated mean density o f packing o f 0.8 

i s obta ined. Figure 8.6 shows the d i s t r i b u t i o n o f spheres and the mean coordina­

t i on number f o r a sphere w i th radius R. 

Examination o f the poros i ty o f mixtures cons is t ing o f two sets of spheres 

w i th equal diameters, shows tha t the void volume i n the experimental ly loosest 

condi t ion o f the mixture i s always smal ler than t h a t o f the ind iv idua l compo­

nents under i den t i ca l t es t cond i t ions . The resu l ts given by Furnas (1931) f o r a 

mixture o f two d i f f e r e n t gra in sizes are shown in F ig . 8 ,7 . In t h i s case, the 

normal poros i ty value of the mixtures was η = 50%, and the d i f f e r e n t curves 

shown i n the Figure per ta in to the d i f f e r e n t diameter ra t i os of the la rger and 

smal ler p a r t i c l e s . The minimum poros i ty can be found f o r any d- j /d2 diameter 

r a t i o , w i th an intermediate mixing proport ion - as seen from F ig . 8 .7 . Note tha t 

the r a t i o d- j /d2 = 0 refers to the case when the voids o f a r e l a t i v e l y coarse-

gra in skeleton (sand) are completely f i l l e d by very f i n e s o i l . 
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ι40 

a : Distribution of spheres of radius R 
b : Proportion of spheres having radii < R 
c : Mean Ν of spheres of radius R 

F ig . 8 .6 . Dense random packing o f spheres having r a d i i obeying a log-normal d i s ­
t r i b u t i o n of standard dev ia t ion = 0.4 (Deresiewicz, 1958). 

40 

gravel sand 
( 8 - 1 6 mm) (0 .5 -1 mm) 

Weight percent of the larger grains 

F ig . 8 .7 . Compactness o f two-component mixtures. 

Figure 8.8 shows the e f f e c t o f a mixture o f sand and clay on the dry density 

o f the mix. In engineering prac t ice and espec ia l l y f o r s t a b i l i t y cons iderat ions, 

optimum packing of granular pa r t i c l es i s needed. Not only i s shear st rength i n ­

creased through more p a r t i c l e contact and l a t e r a l support , but volume change 
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(subsidence and compression) through both p a r t i c l e rearrangement and compression 

i s reduced because o f optimum packing. With loose packing there i s a tendency 

f o r pa r t i c l es to readjust to new posi t ions o f equ i l i b r i um under external s t r e s s , 

to a t t a i n a minimum po ten t ia l energy l e v e l . This readjustment may be detr imental 

since i t resu l t s i n volume change. To avoid problems a r i s i n g from loose packing 

of sub-surface granular m a t e r i a l , i t i s necessary to compact the mater ia l p r i o r 

to const ruct ion on the m a t e r i a l . For shallow deposits of loose m a t e r i a l , a 

v ib ra to ry compactor may be used success fu l l y . For deep deposits o f loose mater­

i a l i t i s necessary to resor t to p i l i n g to achieve denser packing. P i l e d r i v i n g 

serves to v ib ra te the immediate v i c i n i t y of the p i l e , i n add i t ion to the use of 

the support i t s e l f . 

F i g . 8 .8 . Compaction curves f o r d i f f e r e n t proport ions o f clay-sand mix tures . 

8.2.2 Cohesive s o i l 

Figure 8.9 shows a cha rac te r i s t i c s o i l moisture curve which re la tes the mois­

ture water content to the compacted density o f a cohesive s o i l . The lower curve 

i s the re la t i onsh ip der ived f o r a lower compactive e f f o r t . To expla in the com­

pact ion process, Lambe (1958a) used the concept of "water de f i c iency" f o r the 

s i t u a t i o n where any given s o i l p a r t i c l e under any given s ta te o f s t ress which r e ­

quires a cer ta in amount of water to f u l l y develop i t s i n t e r a c t i o n po ten t ia l w i th 

the neighbouring p a r t i c l e s . The concept o f p a r t i c l e i n t e rac t i on and theor ies r e ­

l a t i n g to i n t e r p a r t i c l e act ion are developed i n de ta i l i n Yong and Warkentin 

(1975). For the present i t i s s u f f i c i e n t to note t ha t the d i f fe rence between 

t h i s needed water , and the ex i s t i ng water i n the compacted clay s o i l , i s the 
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d e f i c i e n t water which the clay p a r t i c l e w i l l t r y to absorb. The amount o f water 
used i n c lay s o i l compaction i s almost always less than tha t wanted by the s o i l ; 
near ly a l l compacted p l a s t i c s o i l s i n the as-moulded s ta te have a def ic iency in 
water (Lambe, 1958a). 

F i g . 8 .9 . Ef fects o f compaction on s t ruc tu re (Lambe, 1958a). 

At WA i n F i g . 8 .9 , there i s i n s u f f i c i e n t water f o r the d i f f use double layers 

of the s o i l co l l o i ds to develop f u l l y . The resu l tan t e f f e c t i s a tendency toward 

f l o c c u l a t i o n o f the s o i l pa r t i c l es (low degree of p a r t i c l e o r i en ta t i on and low 

dens i t y ) . 

Beyond the optimum p o i n t , where the i n t e r a c t i o n po ten t ia l i s f u l l y developed, 

a f u r t he r increase o f water from Ν β t o w"c resu l t s i n d i l u t i o n of the system. 

Thus, w h i l s t the net e f f e c t i s to provide a more order ly arrangement o f p a r t i ­

cles at w*c than at Wg, the densi ty o f C i s lower because the added water has 

d i l u t e d the concentrat ion o f s o i l pa r t i c l es per volume. 

Figure 8.9 also shows what happens to s o i l s t ruc tu re when the compactive 

e f f o r t s , and thus compacted dens i t y , are increased. The greater the input work, 

the more or ien ted are the clay pa r t i c l es and, in genera l , the c loser i s the par­

t i c l e spacing. At high compaction water contents (and high degrees o f sa tura t ion) 

increased compactive e f f o r t s may merely a l i gn p a r t i c l e s ( i . e . cause more p a r t i ­

cles to reach an or ien ted conf igura t ion) w i thou t s i g n i f i c a n t l y a l t e r i n g the par­

t i c l e spacing. 
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8.3 FACTORS INFLUENCING SOIL COMPATIBILITY 

The major fac to rs which can in f luence the compac t ib i l i t y o f s o i l are: 

( i ) Type o f compaction. There are d i f f e r e n t types o f compaction. These are: 

s t a t i c , kneading, impact and t rans ien t ( s i nuso ida l ) . These various types o f com­

pact ion techniques produce d i f f e r e n t compactive products, mainly due to the man­

ner i n which the s o i l pa r t i c l es are arranged i n the compaction procedure - and 

in the e f f i c i e n t development o f the i n te rac t i on p o t e n t i a l . Figure 8.10 shows the 

e f f e c t of d i f f e r e n t r o l l e r compactions on a f i n e crushed rock and a medium c lay . 
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F ig . 8.10. E f fec t of d i f f e r e n t r o l l e r compactions, (a) Fine crushed rock, 
(b) A medium clay (adopted from Morris and Tynan, 1968). 

The e f f e c t of types o f compaction on stress deformation behaviour o f cohesive 

so i l i s shown in Figs. 8.11 to 8.13. The e f f e c t o f compaction condit ions on the 

developed strength of clay s o i l has been previously inves t iga ted by Pacey (1956) 

and Lambe (1958b) from which i t can be concluded t ha t : 

(a) increased compactive e f f o r t , dry of optimum, increases s t reng th , 

(b) increased compactive e f f o r t , wet of optimum, can r e s u l t i n a gain or loss 

o f s t reng th ; the e f f e c t is small ( F i g . 8 .14) , 

(c) f o r the same compactive e f f o r t and same compacted dens i ty , dry-s ide com­

paction gives a higher strength than does wet-s ide compaction. 

( i i ) Amount o f compaction. For any method of compaction, and f o r any c lay a t 

a given water content , the greater the compactive work, the greater is the r e ­

su l t an t compacted density ( p a r t i c l e s c loser together) - up to a cer ta in value 

( c r i t i c a l densi ty) beyond which any increase in compactive work w i l l produce no 

appreciable d i f ference in the compacted s o i l density ( F i g . 8 .15) . The e f f e c t o f 

r o l l e r load and surface conf igura t ion on s o i l compac t ib i l i t y has been inves t i ga ­

ted by Fattah e t a l . (1981). Figure 8.16 shows the compacted densi t ies and den-
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F ig . 8 . 1 1 . Shear stress:displacement re la t i ons f o r AASHTO Τ 99 compaction a t 
d i f f e r e n t moisture contents ( B e l l , 1977). 

300 

CM 

ε 
Z 200-

Displacement, mm 

F ig . 8.12. Shear stress:displacement re la t i ons f o r s t a t i c compaction equivalent 
to AASHTO Τ 99 compaction a t d i f f e r e n t moisture contents ( B e l l , 1977). 

F ig . 8.13. Shear stress:displacement r e l a t i ons f o r kneading compaction equiva­
l en t to AASHTO Τ 99 compaction a t d i f f e r e n t moisture contents ( B e l l , 1977). 
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F ig . 8.14. Cone index and dry density vs moulding water content f o r Boston Blue 
Clay (adapted from Pacey, 1956). 
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F ig . 8.15. Compaction energy - dry densi ty r e l a t i onsh ips . 
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F ig . 8.16. Dry densi ty p r o f i l e s a f t e r s ix teen passes. 
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F ig . 8.17. Soi l s t rength p r o f i l e s a f t e r s ix teen passes. 

s i t y p r o f i l e s obtained in compaction, using four d i f f e r e n t types o f wheel sur­

face con f i gu ra t i on , w h i l s t F ig . 8.17 shows the shear s t rength p r o f i l e s developed 

f o r these same t e s t s . The co r re l a t i on between strength and densi ty i s obvious 

and can be noted in the Figures. The higher the dry dens i ty , the higher i s the 

shear s t reng th . As might be expected, the higher dens i t ies are found in the 

upper part of the compacted s o i l - i nd i ca t i ve o f the e f f i c i ency of the t o t a l 

compactive e f f o r t ( F i g . 8 .18) . 

Figures 8.19 and 8.20 show t yp i ca l motion resistance and sinkage f o r a r o l l e r 

as a func t ion o f the number o f passes. From the resu l t s shown i n Figs. 8.15 to 

8.20, i t i s noted tha t f o r ce r ta in r o l l e r c h a r a c t e r i s t i c s , the so i l propert ies 

remain f a i r l y unchanged a f t e r a ce r ta in number of passes. 
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Dry Density, ton/m3 

0.5 1.0 1.5 
Wheel Specifications 

Weight - 450N (heavy) 
- 312N (light) 

Radius - 17.2cm 
Width - 9.5cm 

smooth surface 
top view 

Δ before compaction 
ο measured (heavy) 
• measured (light) 
ο FE prediction (heavy) 
• FE prediction (light) 

F ig . 8.18. Dry densi ty vs depth a f t e r s ix teen passes. 

3 6 9 12 15 18 
Number of passes 

F i g . 8.19. E f fec t o f number of passes on towed r o l l e r motion res is tance. 

8.4 PREDICTION OF COMPACTION USING FINITE ELEMENT METHOD 

8.4.1 In t roduc t ion 

The general procedure f o r spec i f i ca t i on o f s ize and capab i l i t y o f r o l l e r 

equipment f o r compaction o f s o i l f i l l mater ia l i s one which depends to a very 

large extent on p r i o r experience and assessment o f resu l ts obtained from labora­

tory compaction tes ts on the s o i l f i l l m a t e r i a l . The questions tha t need to be 

answered i n a compaction program can be stated simply as f o l l ows : 
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10 
heavy 
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• ο Measured 

• • Predicted (FEM) 

0 3 6 9 12 15 18 

Number of passes 

F ig . 8.20. Ef fec t of number of passes on s o i l surface deformat ion. 

1 . What type and s ize of r o l l e r ? 

2 . L i f t thickness? Number o f passes? Soi l water content? 

The answers to the above questions are not always sought through r igorous 

ana l y t i ca l means because of the lack of ana l y t i ca l models which deal s p e c i f i c a l ­

l y w i th the coupled surface i n t e r a c t i o n between r o l l e r and s o i l . 

The problem of i n t e r e s t i s one which i s posed i n terms of r o l l e r compaction 

e f f i c i e n c y , i . e . "How e f f i c i e n t i s a p a r t i c u l a r r o l l e r i n compacting a spec i f ied 

(known) s o i l ? " . The input energy (work done) required by a r o l l e r to produce a 

s p e c i f i c degree o f compaction i s a funct ion o f (a) r o l l e r type, (b) r o l l e r l oad­

i n g , (c) ty re proper t ies and c h a r a c t e r i s t i c s , and (d) s o i l . E f f i c i e n t s o i l com­

paction matches the so i l response (load/rebound) cha rac te r i s t i c s w i th l i f t 

th ickness, number o f passes and r o l l e r loading features to produce the maximum 

s o i l densi ty f o r the desired f i l l thickness w i th the leas t amount of inpu t work 

( r o l l e r passes and energy i n p u t ) . 

In f i n i t e element model l ing, so i l compaction under a moving r o l l e r i s p red ic ­

ted in terms o f : 

(a) amount o f work done i n compaction per u n i t distance t r ave l l ed by a moving 

r o l l e r f o r every pass, and 

(b) the t o ta l work required to produce a ce r ta in s o i l densi ty or permanent 

deformation o f the s o i l l aye r . 

The format o f the f i n i t e element analysis encompasses the t rans ien t loading 

nature o f the r o l l e r (or t y r e ) . By expressing the compaction e f f o r t de l ivered by 

a r i g i d r o l l e r i n terms of the amount o f compaction energy required to produce a 

spec i f i c resu l tan t dry densi ty o f a p a r t i c u l a r s o i l l i f t th ickness, the FEM ana­

l y s i s allows one to obta in an evaluat ion o f s o i l type i n f l uence , l i f t th ickness, 
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water content , number of passes, e t c . on compaction e f f i c i e n c y . Ro l le r compact­

ion e f f i c i e n c y can be evaluated by comparing the work spent by the r o l l e r to p ro­

duce cer ta in density to t ha t obtained i n a standard Proctor t e s t . Expressing 

compaction "e f f i c i ency " w i th reference to the standard Proctor t es t technique i s 

a r b i t r a r y - i . e . the standard Proctor densi ty i s taken as "optimum" f o r a con­

venient reference s t a t e . 

8.4.2 Method of analysis 

The performance of a r o l l e r moving w i th constant speed on a s o i l surface i s 

analysed s i m i l a r l y to tha t o f a wheel (Chapters 6 and 7) by applying the p r i n c i ­

ple o f energy conservat ion. As in the wheel analysis (Chapter 5) the energy b a l ­

ance re la t ionsh ip equates the r o l l e r input energy (powered r o l l e r ) o r pu l l ener­

gy (towed r o l l e r ) , to the sum o f the fo l l ow ing energy components (F ig . 8 .21) . 

(a) Energy spent in compacting the s o i l . 

(b) Energy d iss ipated a t r o l l e r - s o i l i n te r face through s l i p between r o l l e r 

and so i l surface (= 0 f o r towed r o l l e r ) . 

(c) Energy d iss ipated because o f d i s t o r t i o n o f the r o l l e r under l oad . This 

form of energy d i ss ipa t ion i s n e g l i g i b l y small i n the case of r i g i d r o l l e r s . 

(d) Output energy (powered r o l l e r ) , i . e . drawbar-pul l i s equal to the towed 

force f o r the unpowered r o l l e r i n the same veh i c l e . 

Ο 4 8 12 16 20 
Axial Strain(%) 

F ig . 8 . 2 1 . Rol ler s o i l energy components. 
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For convenience in presentat ion o f the ana l ys i s , i t i s assumed tha t a t any 

stage o f r o l l e r compaction, the s o i l continuum consists of two l aye rs , as shown 

in F ig . 8.22, (Fattah e t a l . , 1981). The underly ing s o i l layer - i . e . the pre­

v iously compacted layer has reached optimum or close to optimum dens i ty , and can 

be assumed to remain i n the "as compacted" s t a t e . The s o i l i n t h i s layer behaves 

as an e l a s t i c or r i g i d m a t e r i a l . The top layer i s the cur rent s o i l layer to be 

compacted, and i s analyzed accord ing ly . I f des i red , a mu l t i - l aye red compaction 

analysis can be performed where the under ly ing layers are also analyzed and con­

sidered as undergoing f u r t h e r d e n s i f i c a t i o n . However, by and l a r g e , the increase 

in dens i t ies i n the under ly ing layers i s small - i f e f f i c i e n t compaction i s 

achieved - and can be ignored as a f i r s t approximation i n the analysis given 

herein^ 

input energy = 
torque χ angular velocity 

permanent compaction ^ \ 

power roller 

energy spent in compacting soil 

output energy (driven) = 
input energy (towed) 
P.V. pull χ translated velocity 

energy dissipated at roller interface 

Fig . 8.22. Idea l ized s o i l continuum showing a developed two- layer system. 

8 .4 .3 . Ana ly t i ca l re la t ionsh ips 

The governing equations used f o r the FEM method of analysis developed f o r 

r i g i d wheel motion and extended fo r pneumatic ty re motion on s o i l (Chapter 6 ) , 

have been adapted f o r s o i l compaction ana lys i s , (Fattah e t a l . , 1981), and need 

not be repeated here. 

8.4.4 Boundary condi t ions 

To speci fy the load boundary a t the r o l l e r s o i l i n t e r f a c e , the two items 

required are (Chapter 7 ) , (a) s t r e s s - d i s t r i b u t i o n due to r o l l e r load and forward 

motion, and (b) contact area. The i n t e r f a c i a l st ress d i s t r i b u t i o n can be spec i ­

f i e d i n terms o f known d i s t r i b u t i o n s based on prev iously ava i lab le or reported 

measurements, as discussed i n Chapter 7, (Yong e t a l . , 1980). Methods f o r deter­

mining the r o l l e r - s o i l contact area have been presented in Chapter 7. 
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8.4.5 Const i tu t i ve re la t i ons 

Since the r o l l e r load imposed i n compaction is a t rans ien t type of load ing , 

any po in t i n the so i l continuum is subjected to a state of loading or unloading 

according to i t s pos i t i on w i th respect to the r o l l e r , i . e . f o r each r o l l e r pass 

the s o i l i s subjected to a complete stress reversal cyc le . The c o n s t i t u t i v e 

re la t i onsh ip should therefore encompass a complete stress reversal cyc le . 

Because of the non- l inear s t r e s s - s t r a i n behaviour o f the s o i l , a non- l inear 

e l a s t i c response can be used to represent the s o i l during load ing, and an e las ­

t i c response can be used f o r the loading process. For loading and unloading of 

a so i l element the fo l low ing code can be used i n the ana lys is : 

Δ« = σ.0. d e . j (8.4) 

where σ.... = s tate o f st ress and 

d e ^ = incremental s tate o f s t r a i n , 

i f Aw<0 = the element i s unloading and 

Aw>0 = the element i s load ing . 

A f t e r every wheel pass the so i l density p r o f i l e changes, hence the s o i l c o n s t i t ­

u t i ve re la t i onsh ip should include a density term, or the s o i l continuum i d e a l i z ­

ed i n to several l aye rs , each w i th d i f f e r e n t constant dens i t i es . 

8.4.6 Performance p red ic t ion 

Since the f i n i t e element ana l y t i ca l model i s bas i ca l l y a continuum mechanics 

model used f o r so lv ing boundary value problems, the FEM so lu t ion predicts the 

subsoi l s t resses, s t r a i n s , deformations and deformation energies resu l t i ng from 

the r o l l e r motion on the s o i l during the compaction process. The ca lcu la t ion 

procedures also al low f o r determination of surface deformations, r o l l e r motion 

res is tance, changes i n the r o l l e r - s u b s o i l dens i t i es , and hence the work done. 

Figure 8.20 shows the e f fec ts of the number of passes on so i l surface perma­

nent deformation f o r the case of a smooth r i g i d r o l l e r . As expected, the i n i t i a l 

sinkage i s high and decreases as the number of passes increases, to the point 

where the sinkage becomes r e l a t i v e l y constant a f t e r a ce r ta in number of passes -

according to the type and i n i t i a l condi t ion of the tested s o i l . The resu l ts show 

a good agreement between the f i n i t e element pred ic t ion and the measured sinkage 

value. 

Figure 8.18 shows the f i n i t e element predicted and measured density p r o f i l e 

a f t e r s ix teen passes. The change i n densi ty i s determined by ca lcu la t ing the 

change in the area of every f i n i t e element a f t e r every pass. The predicted v a l ­

ues accord wel l w i th the measured values. 
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Figure 8.19 shows the predicted and measured r o l l e r r o l l i n g resistance (towed 

force) as a func t ion of number of passes. The rapid decrease in the r o l l i n g r e ­

sistance w i th increasing number of passes i s expected because of the increase i n 

densi ty of the s o i l . The s t i f f n e s s and st rength o f the so i l layer w i l l cor res­

pondingly increase w h i l s t surface deformations w i l l decrease w i th the increasing 

number o f passes. 

Figure 8.15 shows the re la t ionsh ips f o r the energy spent in compacting the 

s o i l versus dry dens i ty . In t h i s Figure the f i n i t e element predicted resu l t s are 

compared w i th those ca lcu la ted from the r o l l e r mul t i -pass t e s t s , and the Proctor 

mould and ram t e s t s . 

To demonstrate the usefulness of the FEM, the example presented shows the 

e f f ec t of so i l type and s o i l layer ing on pneumatic r o l l e r performance. In t h i s 

example the r o l l e r load is 5250 N. Contact area of r o l l e r on r i g i d surface can 

be character ized as: 

width = 15.8 cm; length = 20.8 cm. 

The s o i l s t r ess - s t r a i n curves are presented in F ig . 8.23. As noted i n Chapter 3, 

the tangent ia l stresses a t the r o l l e r - s o i l i n te r face can be determined from l a b ­

oratory experiments. In the three t e s t examples t r e a t e d , i t i s assumed tha t the 

two separate cases f o r the s ing le layer system have the same so i l depth of 104 cm 

and tha t the two- layer system has layers o f 20.8 and 83.2 cm t h i c k , w i th the 

th inner layer on top. In the two separate considerat ions of the s ing le - l aye r sys­

tem, a so f t s o i l and a s t i f f s o i l are considered separate ly . 

Η 1 » direction of travel 

/ r soil surface 

Stress-strain relationship changes 
-with depth and number of passes 

current compacted layer 
HI 131 151 

Stress-strain relationship remains 
relatively unchanged with 
increasing number of passes 

previously 
compacted layers 

F i g . 8 .23. S t ress -s t ra in curves o f s i l t y c lay from t r i a x i a l t e s t s . 
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Figure 8.24 shows the computed surface deformations f o r the three cases pre­

sented, wh i l s t F ig . 8.25 shows the energy spent in compacting the so i l as a func­

t i o n of s l i p . Div id ing the resu l t s given in F ig . 8.25 by the deformations shown 

in F ig . 8.24, one obtains the spec i f i c compaction energy curves shown in F i g . 8. 

26, (Fattah e t a l . , 1981). As expected, F ig . 8.26 shows that the s t i f f s ing ϊ -

s o i l layer requires more spec i f i c energy than tha t u t i l i z e d fo r the so f t s ing le 

s o i l l aye r , because one requires more energy to compact a s t i f f e r s o i l to the 

same permanent u n i t deformat ion, as compared to a so f te r s o i l . Thus, even though 

F ig . 8.26 shows tha t the so f t s ing le s o i l layer absorbs less spec i f i c compaction 

energy than the s t i f f l aye r , the t o t a l permanent deformation sustained i s la rger . 

10 
Slip (%) 

20 30 40 50 

permanent 

soil profile 
top layer 

bottom layer 

20.8cm 

83.2cm 

instantaneous 

• stiff single soil, Ε = 2190 kPa 
A soft single soil, Ε = 1760 kPa 
• soft soil on top of stiff soil 

Fig . 8.24. E f fec t o f type o f s o i l on developed surface deformation due to passage 
of a pneumatic ty re - Load = 5250 N. 

8.5 SUMMARY 

The mechanism f o r granular so i l compaction is mainly an arrangement of s o i l 

pa r t i c l es of d i f f e r e n t grain sizes to obtain maximum dens i ty . Ef fect of p a r t i c l e 

type of packing and mixture on compac t ib i l i t y of so i l of cohesionless so i l i s 

discussed. For cohesive s o i l , water plays an important r o l e in compac t ib i l i t y of 

s o i l . Factors a f fec t i ng so i l c o m p a r a b i l i t y such as type of loading ( s t a t i c , 

kneading, impact, s insusoidal ) and amount of compaction are discussed. The FEM 

model f o r p red ic t ing compac t ib i l i t y of so i l due to moving smooth r o l l e r s can be 

used successfu l ly to assess and evaluate so f t s o i l c o m p a c t i b i l i t y . 
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F ig . 8.25. E f fec t o f type o f s o i l on developed compaction energy due to passage 
o f a pneumatic ty re - Load = 5250 N. 
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F ig . 8.26. E f fec t o f type o f s o i l on spec i f i c compaction energy requirements f o r 
a pneumatic ty re - Load = 5250 N. 
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NOMENCLATURE 

Ε. s o i l s t i f f n e s s 

Ν average number o f contacts per square 

Νς ρ average number o f contacts per square (close-packed) 

N C (] b' (cubic) 

R sphere radius 

S degree o f sa tura t ion [%) 

Vc ρ volume o f spheres in a close-packed arrangement 

V c (] b' cubic 

W moulding water content 

d^,d^ p a r t i c l e s ize diameter 

de^. incremental s ta te of s t r a i n 

m f r a c t i o n o f close-packed spheres 

η poros i ty 
nc ρ poros i ty o f a close-packed arrangement 

% b ' c u b ic 

s standard dev ia t ion 

π constant 

τ ς conf in ing pressure 

T . J J s ta te of stress 

ωο ρ ΐ optimum water content (%) 
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Chapter 9 

TRAFFICABILITY 

9.1 DEFINITIONS AND REQUIREMENTS 

Before embarking on a discussion o f t r a f f i c a b i l i t y i t i s necessary to estab­

l i s h the d i f fe rence between " m o b i l i t y " and " t r a f f i c a b i l i t y " . These two terms 

have o f ten been used interchangeably although they do indeed represent two d i s ­

t i n c t phenomena. " M o b i l i t y " re fers to the a b i l i t y of a veh ic le to es tab l ish mot­

ion between two designated points over a prescr ibed course. Thus, the "mob i l i t y " 

of a ce r ta i n veh ic le is general ly discussed i n terms of a ce r ta in degree of mob­

i l i t y over a prescribed t e r r a i n - r e f e r r i n g to the r e l a t i v e ease or d i f f i c u l t y 

of the veh ic le to es tab l i sh t raverse motion over the prescribed t e r r a i n . In the 

u l t ima te , i f the veh ic le cannot es tab l i sh t raverse mot ion, the mob i l i t y of the 

vehic le i s said t o be i n a "no-go" s i t u a t i o n . We can thus conceive of " m o b i l i t y " 

as a term which re fers to the vehic le under cons idera t ion . 

On the other hand, " t r a f f i c a b i l i t y " re fers to the c a p a b i l i t y of the t e r r a i n 

under considerat ion t o provide the mob i l i t y of a pa r t i cu l a r set of veh ic les . 

One r e f e r s , f o r example, to the t r a f f i c a b i l i t y of a p a r t i c u l a r piece of t e r r a i n 

as the a b i l i t y of t ha t piece of t e r r a i n to support vehic les and also to provide 

the c a p a b i l i t y of the p a r t i c u l a r veh ic le to es tab l i sh m o b i l i t y . We should be 

carefu l to note tha t w h i l s t a s p e c i f i c piece o f t e r r a i n might be t r a f f i c a b l e fo r 

a p a r t i c u l a r type of vehic le i t might not , on the other hand, be t r a f f i c a b l e fo r 

another type o f vehic le - or even the same vehic le i f , f o r example, the loading 

pat tern of t ha t vehic le i s s i g n i f i c a n t l y increased. 

T r a f f i c a b i l i t y p red ic t ion is based on a knowledge of combinations o f factors 

re la ted to vehicles and those re la ted to both t e r r a i n cover and substrate mater­

i a l . Factors re la ted to vehic les are f i x e d and are eas i l y determined, depending 

on the mechanical cha rac te r i s t i cs of those vehicles (Knight and Rula, 1961). The 

vehic le fac tors are mainly concerned wi th t h e i r t r a c t i v e elements. These can be 

c l a s s i f i e d as: 

(a) wheels ( t y res ) - geometrical c h a r a c t e r i s t i c s , cross-sect ional shape, 

t read conf igura t ion (des ign) , arrangements (dual or tandem), carcass s t i f f n e s s , 

i n f l a t i o n pressure, type (towed or d r i v e n ) , load, . . . e t c 

(b) t racks - type of t rack ( i . e . r i g i d or f l e x i b l e , continuous, l i n k e d , e t c . ) 

geometrical cha rac te r i s t i cs ( l eng th , w i d t h ) , angle of a t tack , angle of escape, 

number and cha rac te r i s t i cs of road wheels, grouser shape and geometrical a r ran­

gements, t rack f l e x i b i l i t y , t rack tens ion , d r i v i n g sprocket pos i t i ons , . . . e t c . 

The t e r r a i n cover and substrate fac tors are mainly those which are concerned 

wi th the st rength and de fo rmab i l i t y of the cover and bearing ma te r i a l , and can 
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be c l a s s i f i e d as: 

(a) Fine-grained (cohesive). Moisture content, p a r t i c l e s i ze , mineralogical 

composit ion, dens i ty , f a b r i c and s t r uc tu re , . . . e t c . 

(b) Coarse-grained (sand). Pa r t i c l e s i ze , dens i ty , moisture content, s t ruc ­

t u r e , . . . e tc . 

(c) Organic. Moisture content, dens i ty , type and strength of f i b r e s , percent 

of minerals , . . . e tc . 

(d) Snow. Density, temperature, age, s t r u c t u r e , . . . e t c . 

An accurate determinat ion of the cover and substrate fac tors in the f i e l d is 

d i f f i c u l t due to (a) nature o f the too ls used, (b) f i e l d cond i t ions , and (c) 

mater ia l heterogeneity. 

An exact d e f i n i t i o n and q u a n t i f i c a t i o n of t r a f f i c a b i l i t y i s qu i te d i f f i c u l t , 

since a spec i f i c t e r r a i n or ground surface can be t r a f f i c a b l e f o r ce r ta in veh i ­

cles and not f o r o thers . In sp i te of the f ac t tha t the ex i s t i ng techniques f o r 

evaluat ing t r a f f i c a b i l i t y are i m p l i c i t l y based on the vehic le support ing ground 

s t rength , the t e r r a i n can be un t ra f f i cab le due to natural or man-made obstacles, 

(mounds, d i tches , t rees) or due to extreme t e r r a i n roughness. Thus, the d e f i n i ­

t i o n and q u a n t i f i c a t i o n of t r a f f i c a b i l i t y should be r e s t r i c t e d to special condi ­

t ions such as f l a t ground surfaces bare of obstacles. In t h i s case, t r a f f i c a b i l ­

i t y of a p a r t i c u l a r t r a c t can be defined as i t s a b i l i t y t o support a passage of 

ce r ta in o f f - road veh ic les . I t i s important to note that the t r a f f i c a b i l i t y o f a 

t e r r a i n can be assessed f u l l y and comprehensively only by a considerat ion of the 

forces at the t r a c t i v e element ( t rack or wheel) - t e r r a i n i n te r face f o r the 

vehic le concerned, and the substrate response under those fo rces . Theories and 

laws of mechanics of t e r r a i n - v e h i c l e systems can be adopted, but t h i s requires 

exact modell ing of the vehic le and substrate m a t e r i a l , and also requires an 

accurate determination of the re levant in s i t u mater ia l parameters. This app­

roach requires time and computer f a c i l i t i e s , and can only be economical f o r 

evaluat ion of performance o f an o f f - road vehic le w i t h respect t o ce r ta in types 

of s o i l . In some s i t u a t i o n s , decision-makers cannot a f fo rd to w a i t . Their res­

p o n s i b i l i t i e s demand tha t they be able to d i f f e r e n t i a t e passable and impassable 

areas f o r the vehicles under cons iderat ion, bearing i n mind tha t the t raverse 

distances could be a few meters or a few ki lometers - i . e . t e r r a i n v a r i a b i l i t y 

can be qu i te severe. Decisions of t t imes need to be made rap id l y and w i th 

simple terms of reference. Recognizing these requirements, and r e a l i z i n g the 

time penalty required f o r the proper app l i ca t ion of ana ly t i ca l techniques f o r 

so lu t ion of the problem, a successful t r a f f i c a b i l i t y p red ic t i on procedure re ­

quires a simple portable too l and a technique where decision-makers can rap id ly 

ascerta in whether or not the vehicles under considerat ion can successfu l ly 

negot iate the h ighly var iab le t e r r a i n they would encounter. To meet t h i s need, 

several f i e l d measuring devices have been developed - w i th some r e l a t i v e meas-
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ure o f success f o r ce r ta in types o f t e r r a i n . I t must however be noted tha t none 

of these too ls provide exact or even ra t i ona l p red ic t i ve techniques. Predict ions 

of t r a f f i c a b i l i t y , by and l a rge , are accomplished through painstaking f i e l d 

c o r r e l a t i o n s . We w i l l discuss t h i s aspect of the problem a t the conclusion of 

t h i s Chapter. In the meantime, the ex i s t i ng common f i e l d too ls and t h e i r corres­

ponding data reduct ion techniques f o r t r a f f i c a b i l i t y pred ic t ions are presented 

in the bulk o f t h i s Chapter. Table 9.1 shows the c l a s s i f i c a t i o n of the f i e l d -

sensing t o o l s , the types o f data obtained and the corresponding ana ly t i ca l 

techniques u t i l i z e d fo r evaluat ion of the performance of the running gear. 

9.2 THE CONE 

The cone penetrometer used fo r so i l t r a f f i c a b i l i t y studies and forecast ing 

was developed by the U.S. Army Engineer Waterways Experiment S ta t i on . The i n s t r ­

ument i s composed of a 5/8 i n . diameter, 3 f t long s t a f f w i th a 1/2 s q . i n . 30° 

c i r c u l a r cone on one end and a proving r i n g , d i a l , and handle on the other end, 

(F ig . 9 . 1 ) . The force necessary to push the cone slowly through the s o i l is 

reg is tered on a d i a l tha t ranges from 0 to 300. The measured value i s the cone 

index (Knight and Meyer, 1961). 

V 
F ig . 9 . 1 . Cone penetrometer (U.S. Waterways Experiment S ta t i on ) . 

Many so i l s whose strengths are low in the in s i t u condi t ion w i l l become even 

weaker under the act ion (remoulding e f f e c t ) of a veh ic le . Thus, a remoulding 

cone index t es t is necessary. This t es t consists of measurement of the cone 

index of a sample of s o i l conf ined i n a small cy l i nde r before and a f t e r pounding 

i t w i th 100 blows of a 2 1/2 lb hammer f a l l i n g 12 i n . A "remoulding index" i s 



TABLE 9.1 
Some simple devices and methods o f u t i l i z a t i o n 

TO 
0 0 

Device Reduced in format ion from 
f i e l d measurements 

Approaches used 

(a) 1 
ί I 

(1) Bevameter values a t the sur face, 
C, φ, K c, Κφ, η. 

Drawbar-pull obtained by computations 
invo lv ing determinat ion of r o l l i n g and 
bu l ldoz ing res is tances. 

(2) Tangential shear stress a t the 
sur face. 1 (2) Tangential shear stress a t the 
sur face. 

i 

Tangential shear stress a t the 
sur face. 

Bevameter 

(b) 1 
1 

(1) Vane-cone values a t d i f f e r e n t pene­
t r a t i o n depths, C I , C, φ. 

(1) Energy approach. 

(2) Clay number approach. 

(3) Power number approach. \ I / (2) Tangential stress at d i f f e r e n t 
depths. 

(1) Energy approach. 

(2) Clay number approach. 

(3) Power number approach. 

\ (3) Soi l densi ty a t d i f f e r e n t depths 
( i n case of sand). 

(4) Mob i l i t y index approach. 

(5) S imp l i f i ed energy approach. 
Τ 

Soi l densi ty a t d i f f e r e n t depths 
( i n case of sand). 

(4) Mob i l i t y index approach. 

(5) S imp l i f i ed energy approach. 

Vane-cone (4) Complete s o i l p r o f i l e . 

(d) 1 I (1) Cone index at d i f f e r e n t depths, C I . (1) Energy approach. 

(2) 

(3) 

So i l densi ty a t d i f f e r e n t depths 
( i n case o f sand). 

Some data about s o i l p r o f i l e . 

(2) Clay number approach. 

(3) Power number approach. 

(4) Mob i l i t y index approach. \ / 
(2) 

(3) 

So i l densi ty a t d i f f e r e n t depths 
( i n case o f sand). 

Some data about s o i l p r o f i l e . 

(2) Clay number approach. 

(3) Power number approach. 

(4) Mob i l i t y index approach. 

I 
Cone 
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obtained by d i v i d i ng the cone index o f the s o i l , a f t e r i t has been pounded, by 

i t s cone index before the blows were app l ied . A " r a t i ng cone index" , the f i n a l 

measure o f a s o i l ' s t r a f f i c a b i l i t y , i s obtained by m u l t i p l y i n g the in s i t u cone 

index by the remoulding index. The ra t i ng cone index i s meant to be a physical 

evaluat ion o f the bearing and t r a c t i o n capaci ty of a remoulded s o i l , i . e . , the 

t r a f f i c a b i l i t y of a s o i l . The procedure f o r determining the s o i l r a t i ng cone 

index (RCI) i s presented in F i g . 9 .2 . 

Measuring Cone Index 
Sampling Before Remoulding 

Remoulding The Soil Measuring Cone Index Soil Cone Index 
After Remoulding 

s o i l cone index a f t e r 

remoulding (Step 2) 

F ig . 9 .2 . Procedure f o r determining the s o i l r a t i ng cone index (RCI). 

The ra t i ng cone index is p a r t i c u l a r l y s i g n i f i c a n t i n t ha t i t can be compared 

to a vehic le index (termed "veh ic le cone index") to determine whether a vehic le 

can or cannot t raverse the s o i l . I f the veh ic le cone index i s less than the 
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ra t i ng cone index, the t e r r a i n under considerat ion may be considered as passable 

and 50 vehicles of t h i s type can pass i n a carefu l s t r a i g h t - l i n e t r a f f i c , or 

one vehic le can execute several manoeuvres wi thout becoming immobil ized. I f the 

vehic le cone index i s higher than the r a t i n g cone index, the area i s considered 

impassable f o r the veh ic le . 

Knight and Meyer (1961) found tha t cor re la t ions between vehic le performance 

and s o i l s t rength are most consis tent when the strength in the c r i t i c a l s o i l 

layer i s considered. This layer l i e s between 6 and 12 i n . below the surface. 

Using data co l lec ted in hundreds of tes ts wi th actual vehic les on d i f f e r e n t 

types of so i l s and at d i f f e r e n t seasons, the Waterways Experiment Sta t ion (WES) 

developed a system f o r evaluat ing the e f fec ts of a veh ic le ' s cha rac te r i s t i cs 

(weight, contact , pressure, e t c . ) i n terms of the cone index required f o r the 

veh ic le . This cone index i s determined from the mob i l i t y index through a co r re ­

l a t i v e re la t i onsh ip which takes i n to account the type of t r a c t i v e element and 

the s o i l . The mob i l i t y index i s a dimensionless number obtained by applying 

ce r ta in cha rac te r i s t i cs of a vehic le to dimensionless formulae. Figure 9.3 gives 

a t yp i ca l r e la t i onsh ip between the mob i l i t y index and the vehic le cone index. 

Figure 9.4 shows a t yp ica l re la t i onsh ip used to p red ic t pu l l c o e f f i c i e n t and 

towed force c o e f f i c i e n t f o r wheeled vehic les in wet, f ine-gra ined s o i l . 

1 I 

/ t / / 
.... 

f / 
/ f 
/ / 

1 h 
1 1 

f / / 
i t / 

ρ / 
i t / / j 

u 

-tracked vehicles 

-wheeled vehicles 

20 40 60 80 100 120 
Vehicle Cone Index 

F ig . 9 .3 . Mob i l i t y index versus vehic le cone index. 

App l ica t ion of the cone index approach to p red ic t performance o f an o f f - road 
vehic le moving on snow or muskeg can lead to ser ious , erroneous r e s u l t s , since 
the use o f the cone alone i s not enough to i d e n t i f y s t rength charac te r i s t i cs o f 
these two mater ia ls . 
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1/2 
Fig . 9.4. Use o f (R CjObd · φ ' ι + b/2d t0 c o n s o l i c l a te f i e ld perfonnance 
data of wheeled vehicles i n wet , f i ne -g ra ined so i l s (Turnage, 1972). 

I t should be noted tha t m o b i l i t y index (XMI) i s a dimensionless number ob­

ta ined by applying ce r ta in cha rac te r i s t i c s o f a vehic le to a ce r ta in formula. 

These formulae vary according t o veh ic le type ( t rack or wheeled) (Knight and 

Rula, 1961). The veh ic le cone index (VCI) i s a dimensionless number obtained 

LEGEND 

Norn. Tyre Size Vehicle (RCflbd 16 \V2 1 
Note : 0 2= — — « - - i 7 5 72 d 

42 χ 40 - 16 Mexa 10x10 
48 χ 31 - 16 Mexa 8x8 
14.00 - 18, 6 - PR XM4 10E1 
11.00 - 20 , 12 - PR M35A2 (MOD) 
23.1 - 26, 10 - PR Log Skidder 
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through empir ical c u r v e - f i t t i n g re la t ionsh ips between the VCI and XMI. These r e ­

la t ionsh ips are dependent upon vehic le type, F ig . 9.3. The vehic le cone index 

(VCI) i s purely a vehic le index and is not re la ted to the s o i l cone index or any 

re la ted r e s u l t s . 

9.3 VANE-CONE DEVICE 

The vane-cone device shown in F ig . 9.5 was developed by Yong et a l . (1975) to 

be used as a portable too l i n the f i e l d f o r evaluat ing the cha rac te r i s t i cs of 

the s o i l a t or beneath the ground surface f o r engineering or t r a f f i c a b i l i t y pur­

poses. The requirement f o r s i m p l i c i t y i n use and p o r t a b i l i t y d ic ta ted tha t the 

instrument be simple. 

F ig . 9.5. Vane-cone device. 

The device consists o f a s t a f f 15 mm i n diameter and 1 m long w i th a vane-cone 

screw mounted at one end and two independent measuring devices f o r load and 

torque in add i t ion to the loading handles at the other end. For measurements, 
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the device i s then ro ta ted to record the torque resistance of the vane-cone-soil 

system. Both the appl ied v e r t i c a l load and the resu l tan t shear are measured. 

This procedure can be repeated f o r more depths. The current c a p a b i l i t y f o r the 

device i s to p red ic t the t r a f f i c a b i l i t y w i th respect to so f t s o i l . 

The device was developed w i th the view of incorporat ing the two prime para­

s i t i c energies in the veh i c l e - so i l system (compression and i n t e r f a c i a l energy 

loss as explained i n Chapter 5) i n the procedure fo r fo recast ing t r a f f i c a b i l i t y . 

Figure 9.6 shows the kind of mechanisms developed w i th the app l i ca t ion of the 

vane-cone device. The vane por t ion of the vane-cone device provides a shear 

s t rength evaluat ion of the s o i l , when the vane-cone is r o ta ted . I t should be 

noted tha t the s o i l shear mechanisms developed as the vane-cone i s ro tated are 

not un l i ke those f o r the annul us vane i n the Bevameter-type device. The r e s i s t ­

ance values or shear s t rength measurements obtained thereby can be d i r e c t l y con­

verted in to s l i p energy loss re la t ionsh ips not un l i ke those obtained fo r the 

annulus device i f , and only i f , the proper energy t rans fe r mechanics framework 

i s provided w i th the annulus device. In actual f a c t , we observe tha t the Beva-

meter annulus device does not normally u t i l i z e t h i s kind of a framework, and 

therefore the d i r e c t t r a n s l a t i o n o f annulus in format ion to s l i p energy loss has 

not been obtained. Procedures, however, can be developed to t r ans la te the i n f o r ­

mation i n the energy format, i f such i s des i red . I t i s c lear from F ig . 9.6 tha t 

the shear and resistance mechanisms developed w i th the vane-cone device are not 

d i s s i m i l a r to those produced w i th the Bevameter-type device. Whi lst both defor ­

mation and i n t e r f a c i a l energy losses can be sensed, the energy t rans fe r a n a l y t i ­

cal framework which u t i l i z e s the kinds of sensing device measurements made, has 

only been developed i n conjunct ion w i th the vane-cone device. 

9.4 VANE-CONE PREDICTION METHOD 

In t h i s p red ic t i ve technique i t i s recognized tha t the actual t r a c t i o n mech­

anics evoked i n wheel or t rack performance, i n regard to subsoi l deformat ion, is 

inf luenced by many fac to rs such as wheel or t rack dimensions, loads, contact 

surface cha rac te r i s t i cs and angular and t r ans l a t i ona l v e l o c i t i e s . This perform­

ance may be discussed in terms of energy t rans fe r mechanisms at the wheel or 

t rack i n t e r f a c e , as noted i n Chapter 5. 

As discussed in Chapter 5, the energy t rans fe r component associated w i th the 

subsoi l deformation must obviously depend on the mechanics of t rans fe r a t , and 

beneath, the in te r face and i s thus re la ted d i r e c t l y to the i n te r face input 

energy component. The procedure requires an analys is o f the overa l l problem i n 

terms of the ra t iona le f o r p a r t i t i o n i n g the components of pa ras i t i c energy. 
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Distance from <t of vane cone, cm 

F ig . 9 .6 . Soi l p a r t i c l e t r a j e c t o r i e s and corresponding d i ss i pa t i ve energy f i 
developed by penetrat ion o f a 30° vane-cone penetrometer. 
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9.4.1 Assumptions and l i m i t a t i o n s 

Current ly , the developed ana ly t i ca l approach f o r using the vane-cone data fo r 

t r a f f i c a b i l i t y p red ic t ion is l i m i t e d t o so f t s o i l s . 

The assumptions adopted f o r der i v ing the ana ly t i ca l technique are: 

(a) There are l i n e a r re la t ionsh ips between the wheel or t rack dynamic s ink-

age and vane-cone penetrat ion depth fo r the same spec i f i c deformation energy of 

the wheel or t rack and the vane-cone (F ig . 9 .7 ) . 

(b) There i s a d e f i n i t e re la t i onsh ip between the angle of entry and the 

angle of escape. 

(c) There i s a re la t i onsh ip between the cone penetrat ion pressure and the 

appl ied pressure from the spec i f i c t r a c t i v e element. 

(d) The tangent ia l st ress a t the wheel -so i l or t r a c k - s o i l ( t r a c t i v e element 

s o i l ) i n te r face i s constant, and i s the same as tha t of the vane-cone i n t e r f a c e . 

Adopting the fo l l ow ing assumptions and using continuum mechanics theo r ies , 

the fo l low ing equations can be der ived: 

Input Energy Pred ic t i on , I .E. 

! . e . .Λφά ] ^ ι ! + ω 1 ι / 2 . τ . ω ( 9 . υ 

Lnc ρ 2 b 2 J 
Slippage (or I n t e r f a c i a l ) Energy Pred ic t i on , S.E. 

s . E . . * i s W t J i / 2 . l ( „ . ^ ) „.„ 

LN
C

 P b J 

Deformation Energy Pred ic t i on , D.E. 

D.E. = b . V c. [ A ] Q
y (See F ig . 9.8) (9.3) 

where 

Ν ρ ά t / d 

Pul l Energy P red i c t i on , P.E. 

P.E. = I .E . - S.E. - D.E. (9.5) 
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8 r 

Dynamic Sinkage. cm 

F ig . 9 .7 . Dynamic sinkage versus penetrat ion depth at the se l f - p rope l l ed po in t . 

F ig . 9 .8. Pressure-penetrat ion diagram f o r vane-cone penetrometer. 

where 

W = wheel or t rack load ; 

ρ = pressure beneath the penetrometer; 

b,d = wheel width and diameter, or t rack-w id th and leng th ; 

h,r = penetrometer height and rad ius ; 

6 = tread height , or grouser depth; 

S = s l i p ; 

Vc = t r ans la t i ona l v e l o c i t y ; 

ω = angular v e l o c i t y ; 
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τ = tangent ia l shear stress obtained at the outer edge of the vane 
component; 

m = f a c t o r tak ing the e f f e c t of backward contact area equal to 1 .31; 

Ν = bearing s t a b i l i t y fac to r which i s dimensionless and equal to 
c 0.225 fo r φ = 0; 

Κ,α,3 = dimensional fac tors obtained from v i s i o p l a s t i c i t y analyses (semi-
ana ly t i ca l analyses) f o r the purpose of deformation energy p red i c t i on . 
For cohesive ma te r i a l , φ = 0 and in the case of l b i n u n i t s , Κ = 1.21, 
α = 0.97 and $ = 0.230 and 

y = cone penetrat ion depth at which the spec i f i c deformation energies fo r 
the cone and wheel or t rack are the same. 

9.5 PLATE PENETRATION 

The p la te penetrat ion approach f o r p red ic t ion of t r a f f i c a b i l i t y developed by 

the land locomotion laboratory consists of a p la te penetrat ion device wi th a 

steel p la te ( c i r c u l a r or rectangular) and a loading system fo r the p l a t e , t o ­

gether w i th a measuring system fo r the load and sinkage. Figures 9.9 to 9.11 

show d i f f e r e n t types of p la te penetrat ion devices. Because of the r e l a t i v e l y 

large weight of the device, i t i s not eas i l y po r tab le , i n the sense tha t two men 

are needed to move the device from one loca t ion to another w i t h i n the same s i t e . 

In add i t i on , the device needs to be anchored to the ground to r e s i s t the u p l i f t 

from the jack system used to apply loading to the p la te . Since the penetrat ion 

load i s normally greater than the weight of the device, most p la te penetrometer 

devices are mounted on vehicles equipped wi th data acqu i s i t i on systems fo r r e ­

cord ing, and ins tan t analysis o f the r e s u l t s . Under such circumstances, i t is 

not unusual t o use the veh ic le i t s e l f as a react ion frame f o r the penetrat ion 

device. 

To ca lcu la te t rac t ive-e lement whee l ( t rack ) -so i l motion resistance using the 

p la te penetrat ion method, empir ical equations have been developed as noted in 

Chapter 4 . Three spec i f i c values are needed; namely, k c, k^ and η (Bekker, 1969; 

W i l l i s e t a l . , 1965; Uffelmann, 1961). These values are dimensionless and should 

t h e o r e t i c a l l y be independent of p la te s ize . A minimum of three d i f f e r e n t p la te 

sizes are required to provide c o r r e l a t i v e re la t ionsh ips whereby these empir ical 

"constants" can be deduced. I d e a l l y , the pressure-sinkage re la t ionsh ips obtained 

from tes ts w i th the various plates w i l l describe a fami ly of parabolae which 

p lo t as pa ra l l e l s t r a i g h t l ines on a logar i thmic p l o t , as seen f o r example, i n 

F ig . 9.12a. The slope of these l i nes is def ined as the c o e f f i c i e n t n, w h i l s t the 

pressure in tercepts at ζ = 1 are taken as constant terms to be used f o r the c a l ­

cu la t i on of k and k (Uismer and Smith, 1961). The in te rcept k i s expressed as: 

(9.6) k =-P 
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F ig . 9 .9 . Portable penetrometer. 

Ο Ο Ο ο 

F ig . 9.10. Portable shear device. 
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F ig . 9 . 1 1 . Bevameter. 

2 4 6 8 10 
Sinkage (Z) in cm 

- (b) 

-
^ 1 

I ι 1 

20 0 0.4 0.8 1.2 
1/b 

F ig . 9.12. Pressure-sinkage r e l a t i o n (Wismer and Smith, 1961). 

By p l o t t i n g the values of k, as obtained f o r example in F i g . 9.12a against the 
inverse of the penetrat ion p la te diameter (or width) b, the empir ical c o e f f i ­
c ients k, can be obtained as the ord inate i n t e r cep t , w h i l s t the c o e f f i c i e n t k 

ψ c 
i s obtained as the s lope. Taking note o f e q . ( 9 . 6 ) , we ob ta in : 
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(9.7) 

The two empir ical terms, k c and k^, can be obta ned a n a l y t i c a l l y using eq. (9 .7) 

w i th mu l t i p l e t e s t s , using various sizes of penetrat ion p la tes , or g raph ica l l y 

as shown in F ig . 9.12b. Note, however, t ha t in p rac t i ce , one should determine 

the s e n s i t i v i t y of the empir ical constants to the size of b, plus other t e r r a i n 

propert ies and c h a r a c t e r i s t i c s . Some inves t i ga to rs , f o r example, have reported 

considerable d i f f i c u l t y in obta in ing valuable values of k c> k^ and η from p la te 

penetrat ion tes ts s ince, by and l a rge , l i nea r re la t ionsh ips such as those shown 

in F ig . 9.12 cannot be eas i l y drawn or obta ined. Figure 9.13 i l l u s t r a t e s the 

problem by showing t yp i ca l resu l t s of p la te tes ts f o r sand, whi le F ig . 9.14 

shows some actual t e s t resu l t s f o r c lay . Recent studies by Wong and his co­

workers have sought to improve the data gathering and reduct ion systems - w i th 

considerable improvement in f a c i l i t y of use o f the tes t system i t s e l f (Wong, 

1980). 

The drawbar-pull p red ic t ion of a ce r ta i n t r a c t i v e element requires a know­

ledge of the t r a c t i v e force at the element-soi l i n t e r f a c e , and also the motion 

resistance developed - as noted in Chapters 4 and 5. In the p la te penetrat ion 

p red ic t ion approach, the tangent ia l t r a c t i v e stresses are measured by means of a 

shear box or a sled tes t ( l abo ra to r y ) , or by a to rs iona l instrument (vane or 

annular r i n g ) , (F ig . 9 .15) . 

The t r a c t i v e t es t resu l t s obtained from any of these are p lo t ted in terms of 

the tangent ia l stress against the tangent ia l so i l deformation under d i f f e r e n t 

appl ied normal pressures. Figure 9.16 shows tangent ia l stress-deformat ion r e ­

la t ionsh ips e i the r increasing to a maximum and dropping toward a hor izonta l 

asymptote, as in the two top graphs, or increasing i n a regular fashion toward 

a hor izonta l asymptote. The former shape i s cha rac te r i s t i c of a cohesive so i l 

wh i l s t the l a t t e r is cha rac te r i s t i c of cohesionless s o i l s . The shapes of these 

curves can be described by d i f f e r e n t numerical curve f i t t i n g techniques, the 

de ta i l s of which have been presented i n previous Chapters. 

9.6 SUMMARY 

The choice of the type of f i e l d sensing too l f o r use in assessing t e r r a i n 

t r a f f i c a b i l i t y and f o r p red ic t ion of t o t a l veh ic le mob i l i t y w i l l depend on (a) 

circumstances p reva i l i ng , e .g . cos t , t im ing , accuracy requ i red, e t c . , (b) per­

sonal preference and b ias , (c) degree of p o r t a b i l i t y of instrument to be used, 

and (d) degree of educated awareness of the user. 

In making a choice of f i e l d measuring (sensing) device, i t i s important to 

d i s t i ngu ish between the requirement f o r (a) p red ic t i on of t e r r a i n t r a f f i c a b i l -

zn b ψ 
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F ig . 9.16. Tangential s t ress-deformat ion r e l a t i o n s h i p . 

i t y , and (b) p red ic t ion of vehic le m o b i l i t y performance. I t i s also necessary to 

f u l l y appreciate the d i f ferences between the need to assess t e r r a i n capab i l i t y 

f o r purposes of veh ic le mob i l i t y evaluat ion - as opposed to the requirement f o r 

decision-making i n regard to type of veh ic le t o be used f o r the t e r r a i n being 

s tud ied . The under ly ing reasons f o r the above concerns are mainly those deal ing 

w i th (a) "what the too ls r e a l l y measure", and (b) "what the data reduct ion tech­

niques s p e c i f i c a l l y address". 

By and la rge , a l l the too ls used w i l l measure - i n one fashion or another -

the st rength of the support ing ma te r i a l . How one converts the measurements ob­

ta ined i s obviously the problem at hand. The temptat ion to d i r e c t l y equate fo r 

example, the penetrat ion resistance obtained by the p la tes , the cones, and the 

vane-cones to veh ic le f l o t a t i o n pressure or c a p a b i l i t y would indeed be most 

pressing. Can t h i s be done? Should t h i s be done? Quite obv ious ly , because of the 

geometric d i f ferences between the p la te and the cone, the penetrat ion res i s t an ­

ces measured - f o r the same t e r r a i n - w i l l not l i k e l y be s i m i l a r . The next ques­

t i o n tha t one would need t o ask i s "which one should we use?" 
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As noted, the experience associated w i th the cone demonstrates tha t actual 

co r re la t ions between vehic le performance (mob i l i t y ) can be obtained w i th the 

penetrat ion value - not a d i r e c t f l o t a t i o n assessment using the actual pressure-

resistance value, but a co r re l a t i on between th i s number and a performance 

c h a r a c t e r i s t i c . In essence, the p la te penetrat ion approach reaches the same end 

point - a l b e i t by a d i f f e r e n t route which r e l i e s on a semi- theoret ica l frame­

work fo r development of the use of the empir ical constants. The vane-cone tech­

nique on the other hand, depends on the p r i n c i p l e of s i m i l a r i t y and converts i t s 

in format ion in to equivalent energy format f o r co r re l a t i on w i th spec i f i c veh ic le 

performance. 

In essence, the user is confronted w i th two d i s t i n c t pieces of in fo rmat ion : 

1 . The measurements made can cons t i t u te d i r ec t in format ion on t e r r a i n res ­

ponse p roper t ies . 

2. The method of data reduc t ion , or the ana ly t i ca l model used f o r reduct ion 

of data , can be used as recommended by previous p rac t i ce , or_ indeed mod i f ied , or 

even improved to s u i t the user 's needs and ideas. 

We need to emphasize tha t the user is not wedded to any 'assoc ia ted ' data 

reduct ion technique pecul iar to the sensing too l used. He should indeed be f ree 

to improve on the method f o r analysis of t e s t data to f i t his p a r t i c u l a r frame 

of reference and the spec i f i c problem at hand. 
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NOMENCLATURE 

Κ dimensionless f ac to r obtained from v i s i o p l a s t i c i t y analysis 

N c bearing s t a b i l i t y f ac to r 

RCI r a t i n g cone index 

S s l i p 

Vc t r ans la t i ona l ve loc i t y 

W wheel or t rack load 

b wheel, t rack or p la te width 

d wheel diameter or t rack length 

h penetrometer height 

k c, k ^ dimensionless empir ica l parameters 

m dimensionless fac to r 

η dimensionless empir ical parameter 

ρ pressure beneath the p la te or the penetrometer 

r radi us 

ζ depth 

α dimensionless f ac to r obtained from v i s i o p l a s t i c i t y analysis 

β II II II II II II 

δ tread height or grouser depth 

τ tangent ia l shear stress 

ω angular ve loc i t y 

30 1 
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