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Preface 

Transport engineering structures are subjected to loads that vary in both 
time and space. In general mechanics parlance such loads are called moving 
loads. It is the aim of the book to analyze the effects of this type of load on 
various elements, components, structures and media of engineering me­
chanics. 

In recent years all branches of transport have experienced great advances 
characterized by increasingly higher speeds and weights of vehicles. As 
a result, structures and media over or in which the vehicles move have been 
subjected to vibrations and dynamic stresses far larger than ever before. 

The author has studied vibrations of elastic and inelastic bodies and 
structures under the action of moving loads for many years. In the course 
of his career he has published a number of papers dealing with various 
aspects of the problem. On the strength of his studies he has arrived at 
the conclusion that the topic has so grown in scope and importance as 
to merit a comprehensive treatment. The book is the outcome of his 
attempt to do so in a single monograph. 

The subject matter of the book is arranged in 27 chapters under six 
main Parts. The Introduction - a review of the history and the present 
state of the art - is followed by Part II, the most extensive of all, devoted 
to the discussion of dynamic loading of one-dimensional solids. The latter 
term refers to all kinds of beams, continuous beams, frames, arches, 
strings, etc. with a predominant length dimension - a typical feature of 
transport engineering structures. The exposition covers beams with sever­
al types of support and various alternatives of moving load, and presents 
the method of computing their deflections and stresses at different speeds 
of the moving objects. 

Part III deals with two-dimensional solids such as rectangular plates anc;l 
infinite plates on elastic foundation. Part IV is focused on stresses in three­
dimensional space produced by moving forces. There, too, consideration 
is given to all types of speed, i.e. subsonic, transonic and supersonic. 
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PREFACE 

Part V is a lengthy treatise devoted to special problems. It deals, for 
example, with the effect of variable speed of the load, the action of an 
axial force and the longitudinal vibration of beams. Study is also made 
of three-dimensional vibrations of thin-walled beams under moving loads, 
and of the effect of shear and rotatory inertia on beam stresses. Consider­
able attention is accorded to the inelastic properties of materials, i.e. to 
viscoelasticity and plasticity in connection with beam analyses. The con­
cluding part examines the effects of random loads, a very topical problem 
at present. 

The Appendix contains comprehensive tables of integral transforma­
tions frequently used throughout the book, and of practical importance 
in general. 

The methodological approach adopted in the book is as follows: the 
exposition starts with a theoretical analysis of the problem at hand and 
solves it for all possible cases likely to be met with. The most important 
results established in this phase are expressed by formulas, represented 
by diagrams, etc. Many of the theoretical findings are verified experi­
mentally and the test values compared with the computed ones. The 
conclusion of each chapter outlines the possible applications of the theory 
explained, and gives a list of recommended reading. 

The broad range of problems discussed in the book makes the author 
hopeful that his work will be found equally useful in civil as in mechanical, 
transport, marine, aviation and astronautical engineering, for moving 
loads are present in all these fields. The publication may serve research 
scientists as an incentive to further development of an interesting and 
very modern branch of science, project engineers and designers as a guide 
to safer and more economic design of structures, and students as an ad­
vanced text in engineering mechanics and dynamics. 

As the results presented in the book are deduced in detail, all that is 
necessary on the part of the reader is aknowledge of the fundamentals of 
mechanics, dynamics, vibration and elasticity theories, analysis, theory 
of differential and integral equations, functions of the complex variable 
and integral transformations. 

In conclusion grateful acknowledgment is due to all those who in any 
way have contributed towards the successful termination of the book. 
In the first place the author wishes to thank his wife, Mrs. Dagmar 
Frybov:l, for her rare understanding and support of his scientific work, 
as well as for her effort of typing most of the manuscript. He is indebted 
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PREFACE 

to Mr. Petr Chaloupka for his careful work of drawing all the illustra­
tions and computing some of the diagrams, and is deeply grateful to his 
colleagues in the Research Institute of Transport in Prague where the 
book originated in the course of his theoretical and experimental re­
search. 

Very special thanks are extended to Professor Vladimir Kolousek, 
DrSc., corresponding member of the Czechoslovak Academy of Sciences, 
the scientific editor of the book, to Josef Henrych, DrSc., the referee, 
both from the Technical University in Prague, and to Professor A.D. de 
Pater, the reviewer, from the Technological University in Delft, for their 
thorough study of the manuscript and many valuable suggestions which 
the author has gratefully incorporated in the last revision. 

Ladislav Fryba 
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Symbols 

This is an alphabetical list of the basic symbols used throughout the 
book. Symbols specific to the matter at hand will be explained as they 
first come up in the text. 

a 

a 

a 
a 

a 
a 

a; = 

all 

at 
b 
b 
b 

d 
d 

I 
I, 

a constant 
parameter expressing the depth of track uneveness 
parameter expressing the variable stiffness of roadway 
acceleration or deceleration of motion 
distance 
real coordinate in the complex plane 
± 1 ± (X~ 
coefficients in a power series 
parameter expressing a harmonic force 
a constant 
parameter expressing the length of track uneveness 
parameter expressing the length of the variable stiffness of 
roadway 
parameter of non-uniform motion 
imaginary coordinate in the complex plane 
track gauge 
parameter expressing the frequency of a harmonic force 
speed of motion 
speed of displacement 
critical speed 
velocity of propagation of longitudinal or bending, and 
transverse or shear waves, respectively 
a constant 
wheel base parameter 
frequency 
frequency of sprung or unsprung parts of vehicle 
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J(j) 
J{j) 
J(x) 
J(x, t) 
J(t) 
g= 
gl(X) 
g2(X) 
gl.2 
h 
h 
h 
h(x) 
h(x, t) 
h(j)(t) 
i= 
i 2 = 
j 
k 
k 
k= 
kei(x) 
1 
1 
m 

n= 
n 
n 
P 
P 
P(j)(t) 
q 
q 
q(jlt) 
r 

xx 

SYMBOLS 

natural frequency 
natural frequency of a loaded beam 
a function 
centred value offunction f(x, t) 
equation of motion at non-uniform speed 
9·81 mjs2 acceleration of gravity 
initial deflection of a beam 
initial speed of a beam 
self-weight load of a beam, or of a cable, respectively 
integration step 
height difference 
plate thickness 
beam depth 
influence function 
impulse function 
1,2,3, ... 
-1 imaginary unit 
1,2,3, ... 
a constant 
coefficient of Winkler elastic foundation 
1,2,3, ... 
Thomson function of the zero order 
span 
length 
mass of load P 
mass of sprung or unsprung parts of vehicle 
expression (23.29) dependent on beam and foundation prop­
erties 
1,2,3 
roots of the characteristic equation 
half the number of vehicle axles 
external load 
complex variable in the Laplace-Carson integral transformation 
expansion of load in normal modes 
complex variable in the Fourier integral transformation 
continuous load 
generalized deflection 
radius of a wheel, of an arch, of gyration, respectively 



r 
r 

r t .2 = 
reX) 
s 
s 
s 

U 

U(qJ, t) 
U(t) 
v 
V(qJ, t) 

VeX, t) 
V(j)(X) 
Vo 
Vn(X, t) 
v(s) 

w 
X 

XI 

Xo 

Xp 

y 
y,y 
Yh 
y(e, or) 
y;(or) 

y(X, t) 
z 
z 
z(x, t) 
z(O, 1, t) 

SYMBOLS 

auxiliary variable 
radius in polar coordinates 
Q±w 
ordinate of track uneveness 
auxiliary variable 
coordinate of point of load application 
number of equations 
time 
displacement in the x-direction 
tangential displacement 
auxiliary function 
displacement in the y-direction 
radial displacement 
displacement of joints 
vertical displacement of a moving load, of sprung or un­
sprung parts of vehicle, respectively 
beam deflection 
natural mode of beam vibration 
static deflection produced by load P 
n-th approximate solution of function vex, t) 
dimensionless deflection of an infinite beam on elastic foun­
dation 
displacement in the z-direction 
coordinate 
point of contact between vehicle and beam 
fixed point 
coordinate of plastic hinge 
coordinate 
exact, approximate solution 
solution at integration step h 
dimensionless beam deflection 
dimensionless vertical displacement of load, sprung or un­
sprung parts of vehicle, respectively 
cable sag 
coordinate 
auxiliary variable or complex variable 
cable deflection 
fu.nction dependent on boundary conditions 
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A 
A 
A2 = 
Aj 
A,A} 
A,A; 
A(t) 
B 
B 
B= 
B,B} 
B(t) 
C 
C 
C, C} 
Cb 

C(x) 
Cix, t) 
D 
D 
D 
D 
E 
E*(p) 

a constant 
centre of flexure 
(1 - ct~)(l - ctn 

SYMBOLS 

poles of the function of a complex variable 
integration constant dependent on boundary conditions 
distance between track irregularities 
reaction at beam left-hand end 
a constant 
parameter of acceleration or deceleration of motion 
ct2 - m2( 1 - cti) 
integration constant dependent on boundary conditions 
reaction at beam right-hand end 
a constant 
spring constant 
integration constant dependent on boundary conditions 
coefficient of viscous damping in vehicle springs 
Fresnel integral 
coefficient of variation of function f(x, t) 
a constant 
vehicle base 
bending stiffness of plate 
operation of partial or ordinary differentiation 
Young's modulus 
Laplace-Carson integral transformation of a time variable 
Young's modulus 

E[J(x, t)] mean value of function f(x, t) 
F cross-sectional area 
F(q) Fourier integral transformation of function f(x) 
F;(.A.) functions tabulated in [130] 
F(a, b, c, x) hypergeometric series 
G beam weight 
G modulus of elasticity in shear 
G(x, s) influence or Green's function 
Gt ,2(i) Fourier transformation of initial functions gl,2(X) 
H vehicle height 
H horizontal force of a string 
H(x) Heaviside function 
H t(x) impulse function of the second order 
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H(q, OJ) 
I 
I 
1m 
J 
In(x) 
K 
K 
K 

transfer function 
impulse 

SYMBOLS 

mass moment of vehicle inertia 
imaginary part of the function of a complex variable 
moment of inertia 
Bessel function of the first kind of index n 
spring constant 
material constant 
beam curvature 

KIf(X1' X2' t1, t2) correlation function (covariance) 
L differential operator 
L vehicle length 
L auxiliary datum 
M bending moment 
M torsion moment 
M 0 static bending moment produced by load P 
M p limit bending moment 
N horizontal force 
N normal force 
N printing after N steps 
N number of impulses 
o wheel circumference 
o vehicle centre of gravity 
P concentrated constant force 
pet) concentrated force generally varying in time 
P*(p) Laplace-Carson integral transformation of force pet) 
Pi weight of sprung and unsprung parts of vehicle 
P i( D) linear differential operator 

Q amplitude of harmonic force 
Q/ dimensionless static axle pressure 
Q(t) harmonic force 
Q(jlt) generalized force 
Ri(t) force acting between vehicle and beam 
R radius 
Re real part of the function of a complex variable 
S axial force 
Sex) Fresnel integral 
S ff(q 1, q2' OJ1' OJ2) spectral density of function I(x, t) 
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T 
T 
T 
To 
1(}) 

U 
V 
V} 
VU, t) 
V*(j, p) 
W 
W 
X 
Xgh(t) 
Xl 
Y 
Ygh(t) 
Z 
Z(t) 
Z*(p) 

ex 
ex' 
exl = 
p 

"II} 
a 
a(x) 
alj 

ill = 
ill , 
PI 
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SYMBOLS 

shear force 
vertical force of a string 
time of load traverse over beam 
time interval 
period of free vibration 
Fourier integral transformation of function u 
Fourier integral transformation of function v 
expression (6.6) 
Fourier sine finite integral transformation of function vex, t) 
Laplace-Carson integral transformation of function V(j, t) 
Fourier integral transformation of function w 
the Wronskian 
coordinate axis of the centre of gravity 
longitudinal force acting on bar gh at point g 
force per unit volume along axis Xl 

coordinate axis of the centre of gravity 
transverse force acting on bar gh at point g 
coordinate axis of the centre of gravity 
force acting along axis Z 
Laplace-Carson integral transformation of function 

z(O, " t) 
force acting in spring C l 

damping force acting in spring C l 

speed parameter 
parameter inversely proportional to speed 
C/Cl 

damping parameter 
frequency parameter of sprung and unsprung parts of 
vehicle 
shear strain in plane XiX} 

dynamic coefficient (impact factor) 
Dirac delta function 
Kronecker delta symbol 
o or 1 
relative elongation (strain) 
cross-section rotation 
error 



'7 
'7 
'7 
'7 
8 

(11,j 

(j 

(1iX, t) 
(1;(x, t) 
-r 
-r 
-rij 
i 
q> 
<p(t) 
tp(x) 
tplx) 

!{I(x, t) 
",(x) 
OJ 

SYMBOLS 

imaginary coordinate in the complex plane 
straight line along which a force moves 
viscosity coefficient 
auxiliary variable 
logarithmic decrement of damping 
weight parameter 
weight parameter of unsprung and sprung parts of vehicle 
coefficient expressing elastic foundation and stiffness of a 
beam or plate 
coefficient expressing rotation of sprung parts of vehicle 
Lame's constant 
value dependent on natural frequency 
mass per unit length of beam or unit area of plate 
mass appertaining to external load p 

Poisson's ratio (v < 1) 
x/I dimensionless length coordinate 
dimensionless coordinate of the point of contact 
x - ct length coordinate in the moving coordinate system 
auxiliary variable 
real coordinate in the complex plane 
mass per unit volume 
radius in polar coordinates 
stress component 
Fourier integral transformation of stress (1 

standard deviation of function I(x, t) 
variance of function I( x, t) 
dimensionless time 
auxiliary time variable 
tangential stress 
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Introduction 

In this book we shall study in detail the effects of one type of load, i.e. 
of a moving load, on elastic and inelastic solids, elements and parts of 
structures, structures composed of those elements and parts, and on 
elastic media. Moving loads have a great effect on dynamic stresses in 
such bodies and structures, and cause them to vibrate intensively, espe­
cially at high velocities. Their peculiar feature is that they are variable 
in both time and space. 

Vibration of a three-dimensional body may generally be described as 
an operator relation between the vector displacement r(x, y, z, t) at 
a point with coordinates x, y, z and time t, and the external load 
p(x, y, z, t) of the body, in the form 

L[r(x, y, z, t)] = p(x, y, z, t) . 

Symbol L denotes a linear or a nonlinear differential operator. Together 
with the boundary and the initial conditions, the above equation, or sets 
of such - usually partial differential - equations define the behaviour 
of the body. 

If we think of a moving load as of a mass body moving in a generally 
curved path over the structure being examined, we see that according 
to d' Alembert's principle its effects are twofold: the weight, or gravita­
tional, effect of the moving load, and the inertial effects of the load mass 
On the deformed structure. 

If only the weight effect is considered, and the mass of the moving load 
neglected against the mass of the structure, the computation of strains 
in the solid is na easy enough matter. It becomes more complicated in the 
other extreme case, i.e. when the structure mass is assumed to be negli­
gible against the load mass. But the most difficult of all is the problem 
involving both the gravitational and the inertial action of moving loads 
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having masses commensurable with the mass of the structure. In this book, 
solutions of all three cases for several types of elastic as well as inelastic 
elements and structures are presented. Particularly, the first case is treated 
in Chapters 1-6 (with the exception of Chap. 3, where the effect of the 
mass of a continuous load is approximately taken into account), the sec­
ond case in Chapter 7 and the general case in Chapters 8 - 10 for a simple 
beam. 

A set of differential equations is not the only way of describing vibra­
tion of a solid. Sometimes the primary equation is in the form of the 
operator relation 

r(x, y, z, t) = Ll[P(X, y, z, t), r(x, y, z, t)J 

which leads to linear or non-linear integro-differential equations. This 
method, though somewhat more laborious than the solution of differen­
tial equations, will be used in Chap. 5 for computing beam stresses. 

From the historical viewpoint the problem of moving load is reviewed 
in detail in [219J, Sects. 40 and 88. Its coming-into-being can be traced 
to the beginning of the nineteenth century, the time of erection of the 
early railway bridges. This makes it one of the original problems of 
structural dynamics in general. At that time, the engineering profession 
was split in two factions: one claiming that the effects of a moving load 
will resemble those of an impact, the other arguing that during rapid 
traverse of a locomotive over a bridge there will be not enough time for 
the structure to deform. It was the second class of thought that appealed 
to science fiction: in his well-known novel" Round the World in 80 
Days" Jules Verne records the passage of a locomotive over a damaged 
bridge - a feat which has not been scientifically explained until recently, 
with the aid of the theory of plastic reserves in the material (see Chap. 25). 

Theoretically, the problem of moving load was first t:j.ckled for the case 
in which the beam mass was considered small against the mass of a single, 
constant load. The original approximate solution is due to R. Willis 
[233J, one of the early experimenters in the field. G. G .. Stokes [207J and 
H. Zimmermann [236] approached the problem under similar assumptions. 

The other extreme case, i.e. that of the load mass small against the 
beam mass, was originally examined for a simply supported beam and 
a constant concentrated force by A. N. Krylov [139J using the method 
of expansion of the eigenfunctions, and by S. P. Timoshenko [215]' 
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A. N. Lowan [146] and N. G. Bondar' [23] solved it with the aid of 
Green's functions and integral equations, respectively. 

S. P. Timoshenko [216] is also credited with the solution to the prob­
lem of the effects of a harmonic force moving over a beam at a constant 
speed - an idealization of the effects of counterweights on the locomotive 
driving wheels. 

The problem involving both the load mass and the beam mass, con­
siderably more complicated than the preceding special cases, was not 
solved until much later. It was first examined by H. Saller [196], then by 
H. H. Jeffcott [115] whose iterative method becomes divergent in some 
cases, and by H. Steuding [206] who studied several of its aspects. 
A satisfactory method (a Fourier series with unknown coefficients for the 
path of a single concentrated load of constant magnitude acting on 
a beam) was introduced by A. Schallenkamp [197]' V. M. Muchnikov 
[162] and M. Ya. Ryazanova [192] applied to the problem the method of 
integral equations, J. Naleszkiewicz [166] Galerkin's method, and 
V. V. Bolotin [21] the approximate method of asymptotic solutions in 
quadratures. 

In a special class belongs the treatise by C. E. Inglis [111] who used 
. harmonic analysis to solve all the practically important cases likely to 
come up in dynamic calculations of railway bridges traversed by steam 
locomotives (e.g. motion of a concentrated force, sprung and unsprung 
masses and harmonic forces acting on a beam, etc.). Its results - in 
excellent agreement with experimental findings - were later compared 
by A. H. Chilver [34] with those arrived at by K. Mise and S. Kunii 
[156] with the aid of elliptical functions. 

General systems as well as statically complex systems have been studied 
by help of normal-mode analysis by S. T. Odman [172] and worked out 
in full by V. Kolousek [130]. The results of the latter author, obtained 
by that method for continuous beams and arches, agree very well with 
experiments. 

Problems specifically relating to the effects of moving loads on railway 
bridges have been treated by a number of authors. Next to the now 
classical treatises of Inglis [111] and Kolousek [130], [131], studies by 
B. Briickmann [29], I. I. KazeI [121] and by the author [70, 73, 74, 76, 
77, 84] may be quoted as examples of more recent work in the field. 

In all the references mentioned so far, the vehicle was idealized by 
a single mass point. It goes without saying that for modern means of 
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transport with distinctly differentiated unsprung and sprung masses 
such a simplification is no longer in order. *) The first solution of the 
motion of sprung masses on a beam is due to A. Hillerborg [107] who 
obtained it by means of Fourier's method and the method of numerical 
differences. Further advances in that direction were made possible by 
the arrival of digital computers. The topical problem was thus solved by 
J. M. Biggs, H. S. Suer and J. M. Louw [16] using Inglis' method, and by 
T. P. Tung, L. E. Goodman, T. Y. Chen and N. M. Newmark [224] 
using Hillerborg's method, and the solution was applied to vibration of 
highway bridges. 

At the present time the problems of moving load are studied in tech­
nically advanced countries the world over. In Czechoslovakia, the theore­
tical and experimental foundations for their scientific treatment were laid 
by V. Kolousek in his authoritative series of books [130]. The work is 
now continued by the author [68 to 88], [247,248]. 

In the USSR the effects of moving loads on solids and structures are 
followed in several institutions. One of those worthy of special mention 
is the Kharkov school of Professor A. P. Filippov [61, 62, 98, 127, 214] 
which has successfully dealt with many of the theoretical aspects of the 
problem. Theoretical studies are also conducted in Kiev [192 to 194]. 
A host of theoretical and experimental problems having to do with rail­
way bridges has been investigated by the Dnepropetrovsk school of 
Professor N. G. Bondar' [23 to 25, 222]. The research institutes of Mos­
cow and Leningrad have been engaged in extensive experimental studies 
of railway bridges traversed by diverse kinds of vehicles [121, 137, 141, 
169]. Their work has a tradition oflong standing [10, 58, 110, 176]. 

In the USA the work proceeded mostly along the experimental lines 
involving first railway bridges [191], [209], and [242], later also highway 
bridges dynamically tested up to failure [I], [268, 272]. Many of the 
theoretical studies that have been appearing of late in an ever greater 
number are aimed at application in naval, aircraft and astronautical 
engineering. Research into the effects of moving load is conducted at the 
universities in Urbana (University of Illinois) [168], [229], East Lansing 
(Michigan State University) [230 to 232], Evanston (Northwestern Uni­
versity) [3, 4], Stanford University [5 to 7], [205], [235], Massachusetts 
Institute of Technology [39], and elsewhere. 

*) This fact was acknowledged by both Inglis [1111 and Kolousek [1301. Vol. II. 
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In Europe, Poland [92 to 95], [116 to 119], [138], the German Demo­
cratic Republic [181], [199], [261], Switzerland [190] and several other 
countries concentrate on the dynamics of highway bridges, while the 
German Federal Republic [28] and France [33], [46] carry out tests 
of railway bridges, especially at high speeds. Great Britain was the first 
to undertake large-scale experimental studies of railway bridges in the 
twenties [l11J, [157], [187]' Work on many of these problems under 
way in Japan and India is a source of much theoretical and experimen­
tal information on the effects of moving load on structures [173], [257], 
[27]. 

The dynamics of railway bridges has been greatly enhanced by inter­
national research assignments of several years' duration set up in part 
by the "Organization for Railways Cooperation" (OSShD) [24], [78], in 
part by the "Office for Research and Experiments" (ORE) of the Inter­
national Union of Railways (UIC) [258]' Within the framework of the 
assignments, many European countries succeeded in collecting vast 
amounts of experimental data on stresses in a variety of railway bridges 
traversed by diverse types of locomotives, cars and trains at speeds up 
to 200 km/h. The experiments were supplemented by model research 
entrusted to Switzerland. The author had the privilege of contributing to 
the research of both organizations by several treatises, the gist of which 
i" presented in Chaps. 8 to 10 .. 

Since in each chapter the detailed explanation of the subject is preceded 
by a brief historical note, the list of references appended to the book 
quotes only the fundamental or more recent works from this as well as 
from allied fields to which the author has turned for information. It is 
clear from the extensive and far from complete bibliography on the 
effects of moving load that the pertinent questions are very actual, 
modern, and by no means answered satisfactorily. The aim of the book 
is to scientifically classify the broad theme, supply hitherto missing 
answers to the basic questions, and explain the methods best applicable 
to the problem at hand. 

The load considered in the book is in the form of a moving force of 
constant magnitude, harmonic force, force generally variable in time, 
continuous load, moving impulses, etc., oftentimes with the inertial effects 
of the mass included. Attention is also accorded to special loads, such 
as those produced by multi-axle vehicles with unsprung and sprung 
masses, loads of random magnitude, etc. For the most, the load is as-
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sumed to move at constant speed; however, Chap. 19 also deals with 
uniformly accelerated and decelerated motions. 

The solids discussed in the book are nearly all elements familiar from 
engineering mechanics and theory of elasticity and plasticity - namely 
beams of constant and variable cross section with various kinds of sup­
port, cantilever beams, infinite beams on elastic foundations, continuous 
beams, frames, arches, frame structures, strings, plates, elastic space, 
half-space, half-plane, thin-walled beams, rigid-plastic beams, etc. A parti­
cularly detailed examination is made of simply supported beams and of 
infinite beams on elastic foundations, under the action of all kinds of 
load, speed, damping, shear and rotatory inertia. The reason for this 
close attention are the immense possibilities of those two elements in actual 
structures. 

The theoretical considerations are likely to find application in calcula­
tions relating to dynamic stresses in railway and highway bridges, suspen­
sion bridges, rails, sleepers, crane runways, cable and other types of cranes, 
cable railways, roadways and airport runways, underground railways, 
tunnels, foundations for all types of high- and railways, pipelines, etc. 

The methods explained in the book can further be applied to calcula­
tions relating to motion of ground vehicles, such as automobiles, loco­
motives and railway cars, cranes, conveyors, etc., and they serve well in 
research of naval, aeronautical, and astronautical structures. 

Modern means of transport are ever faster and heavier, while the struc­
tures over which they move are ever more slender and lighter. That is 
why the dynamic stresses they produce are larger by far than the static 
ones. On the strength of this the book devotes particular attention to the 
effects of speed, weight of the vehicle and structure, as well as of other 
parameters substantially bearing on the dynamic stresses in solids. 

A theoretical examination of solids and elements subjected to a moving 
load may proceed along one of the following two lines: expansion in 
series, used for elements of finite length - a method whose advantage is 
a comparatively easy solution and whose shortcoming is slow convergence 
in some instances, especially at high speeds. The other method applicable 
to solids and elements of very large dimensions (infinite at the limit) con­
siders only the steady-state vibration of the body as the load moves from 
infinity to infinity. This method is advantageous in that it supplies solu­
tions in closed form; however, in many cases the solution is difficult to 
attain. An attempt to reconcile the two methods is made in Chap. 24. 
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Nearly all the problems contained in the book are solved by the meth­
ods of integral transformations which have proved unusually well suited 
and efficacious in studies of moving loads. The most frequently used are 
the Fourier transformation for the length coordinates and the Laplace­
Carson transformation for the time coordinate. Comprehensive tables of 
integral transformations referred to in the text or applicable to solutions 
of other problems - most of them published for the first time - are at 
the end of the book. 

With a very few exceptions, the vibrations of solids and elements of 
finite dimensions will be examined only during the period of the load 
traverse. Once the load departs from it, the structure begins to vibrate 
in free vibration, and this process no longer falls within the scope of our 
discussion. The attentuation of the whole phenomenon is greatly affected 
by the damping characteristics of both the structure and the material. 
However, in the course of the load traverse proper - an affair of relative­
ly short duration - the qualitative effects of damping are not too intense 
and all they do - though sometimes substantially - is to reduce vibra­
tion amplitudes. That is the reason why in this book we have adopted 
the most elementary of all damping hypotheses - Voigt's - according 
to which damping is proportional to. vibration velocity. Though we are 
well aware of the existence of more elaborate damping theories [140J, 
we find this hypothesis wholly appropriate for our purposes, the more so 
that it is also in very good agreement with experiments conducted on 
actual structures subjected to moving loads. 

Despite its fairly broad scope, the book can hardly be expected to do 
equal justice to all the aspects of the problem. Among the themes 
meriting but still awaiting lengthy treatment belong, for example, the 
effects of stress waves propagating from the point of action of the 
moving forces, the contact problem, the effects on layered homogeneous 
and non-homogeneous solids and structures, the relation between moving 
loads on the one hand and strength, fatigue and failure of materials on 
the other, etc. 

What has been included as worthy of detailed exposition are the funda­
mentals of the most modern methods of structural design, i.e. those 
exploiting plastic reserves in the material when the structure is subjected 
to loads of a deterministic or in the case of elastic structures - a stochas­
tic character (Chaps. 25 and 26). Those are highly advanced methods 
which - following further refinement - will be indispensable for design 
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of structures with minimum weight or of structures which satisfy the 
theory of limit states. The final goal of such a design are structures opti­
mal as regard safety, reliability, economy and long service life. 

It is a sincere wish of the author that the book might become a de­
pendable theoretical guide to economic design of new, and prolonged 
life of old, civil, mechanical and other engineering structures. 
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Simply supported beam subjected to a moving 
constant force 

1 

Of the wide range of problems involving vibration of structures and 
solids subjected to a moving load, the easiest one to tackle is that of 
dynamic stresses in a simply supported beam, traversed by a constant 
force moving at uniform speed. This classical case was first solved by 
A. N. Krylov [139J, then by S. P. Timoshenko [215]' Other solutions 
worthy of mention are those by C. E. Inglis [111 J and V. Kolousek [130]. 
In what follows we shall first outline the basic results arrived at through 
the application of the method of integral transformations, and then extend 
them to all possible cases of speed and viscous damping. 

1.1 Formulation o/the problem 

In the solution we shall adopt the following assumptions (Fig. 1.1): 

6 

Hg. 1.1. Slmpl' beam ,ubj"ted to tt---ct_
X 1 .l 

a moving force P. ,j<!------~ _____ -,I< ... -

A 

1. The beam behaviour is described by Bernoulli-Euler's differential 
equation deduced on the assumption that the theory of small deforma­
tions, Hooke's law, Navier's hypothesis and Saint-Venant's principle can 
be applied. The beam is of constant cross-section and constant mass per 
unit length. 

2. The mass of the moving load is small compared with the mass of 
the beam; this means that we shall consider only the gravitational effects 
of the load. 
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3. The load moves at constant speed, from left to right. 
4. The beam damping is proportional to the velocity of vibration. 
5. The computation will be carried through for a simply supported 

beam, i.e. a beam with zero deflection and zero bending moment at both 
ends. Further, at the instant of force arrival, the beam is at rest, i.e. 
possesses neither deflection nor velocity. 

Under the above assumptions the problem is described by the equation 

(1.1) 

the boundary conditions are 

v(O, t) = 0 ; v(l, t) = 0, 

02V(X, t)1 = 0 . 
::1 2 ' 
uX x=o 

02V(X, t)11 = 0 
2 ' OX x=l 

(1.2) 

and the initial conditions 

v(x, 0) = ° ; ov(~, t)1 = 0 . 
ot 1=0 

(1.3) 

The symbols used in Eqs. (1.1) to (1.3) and throughout the subsequent 
chapters (see also Fig. 1.1) have the following meaning: 

x length coordinate with the origin at the left-hand end of the 
beam, 

v(x, t) 

E 
J 
f1. 

c 

14 

time coordinate with the origin at the instant of the force 
arriving upon the beam, 
beam deflection at point x and time t, measured from the equi­
librium position when the beam is loaded with own weight, 
Young's modulus of the beam, 
constant moment of inertia of the beam cross section, 
constant mass per unit length of the beam, 
circular frequency of damping of the beam, 
concentrated force of constant magnitude, 
span (length) of the beam, 
constant speed of the load motion. 

c5(x) = dH(x) 
dx 

(1.4) 
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is the so-called Dirac (impulse, also delta) function that - as a general­
ized function - expresses the concentrated load as follows 

p(x, t) = b(x) P. (l.5) 

The Dirac function is not a function in the conventional sense. It is 
a so-called generalized function and by Eq. (1.4) may be defined as the 
distributional derivative of the Heaviside function H(x) (3.23) - for 
further details refer to [154]' In mechanics, the Dirac function b(x) may 
be thought of as a unit concentrated force acting at point x = o. 

The following relations hold for the Dirac function (a, b, e denote 
constants andf(x) is a continuous function in the interval <a, b»)*) 

f:}(x) dx = 1, (1.6) 

f:oob(x - a)f(x) dx = f(a) (1.7) 

or 

b { 0 for e < a < b f b(x - e)f(x)dx = fee) for a < e < b 
a 0 for a < b < e 

For the n-th generalized derivative of the Dirac function it holds more 
generally 

b { 0 for e < a < b f b(II)(X - e) f(x) dx = (_I)n f(n)(e) for a < e < b 
a 0 for a < b < e 

Substitution of <p(x) having zero value at some (single) point e 
[<p( e) = 0] gives 

1 
b[rp(x)] =: /rp'(e)/ <5(x - e). 

In the special case of <p(x) = ax 

<5(ax) = ! <5(x) . (1.8) 
a 

*) The derivation of the following relations may be found in [154] and in: 
V. V. NovitskiI: Delta-function and its Application in Engineering Mechanics (in 
Russian). Raschet prostranstvenny!<:h konstruktsii. Volume 8. Gosstroiizdat, 
Moscow, 1962, 207-244. 

15 



PART II - ONE-DIMENSIONAL SOLIDS 

1.2 Solution of the prohlem 

Eq. (1.1) together with conditions (1.2) and (1.3) will be solved by the 
methods of integral transformations, the theory of which is expounded 
at length in [48], [49], [204] and other well-known publications, e.g. 
[53]' 

Each term of Eq. (1.1) will first be multiplied by sinjrrx/l and then inte­
grated with respect to x between 0 and I. We shall make use of the follo­
wing fundamental relations of the Fourier sine (finite) integra.! trans­
formation [cf. (27.67)]: 

V(J, t) = r(x, t) Sill - dx, j = 1,2, 3, ... . fl . jrrx 

o [ 

r(x, t) = ~ I V(j, t) sin jrrx 
I j = 1 I 

(1.9) 

where we speak of VU, t) as of the transform of the original v(x, t). 
By the procedure just outlined, using the boundary conditions (1.2) and 
the properties of the Dirac function (1.7) we shaII get by (27.69), (27.70) 
and (27.74) 

/rr4 EJ V(j, t) + p. ji(j, t) + 2!lWb VU, t) = P sin jrrct. (1.10) 
[4 [ 

We denote now the circular frequency at the j-th mode of vibration 
of a simply supported beam by 

the corresponding natural frequency by 

f(j) = -.!ll =.- -
W . lrr (EJ)1/2 
2rr 2[2 p. 

and the circular frequency by 

16 

rrc 
W=-. 

1 

(1.11) 

(1.12) 

(1.13) 
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Using this notation we rearrange Eq. (LlO) to give it the form 

vU, t) + 2Wb VU, t) + wlj) VU, t) = !:. sinjwt . (1.14) 
jJ. 

To solve Eq. (1.14) we apply the method of the Laplace-Carson integral 
transformation, i.e. multiply the equation by e - pt, integrate each of its 
terms with respect to t between·O and 00, and then multiply it by p (p is 
a variable in the complex plane). The basic relations of this transforma­
tion are [cf. (27.1)] 

V*U, p) = p f~ VU, t) e- pt dt, 

vU, t) = ~ fOO + iOO etp V*U' p) dp 
2m oo-ioo P 

(1.15) 

where ao in the second relation signifies that the integration is carried out 
along a straight line parallel to the imaginary axis lying to the right of all 
the singularities of the function of the complelC variable etp vU, t)!p (the 
real argument of all the singularities is therefore less than ao). 

Transforming now Eq. (1.14) in accordance with (1.15) will give us -
in view of the initial conditions (1.3) and the relations (27.2) to (27.4), 
(27.18) -

p2 V*U' p) + 2wbP V*U' p) + wlj) V*U, p) = 
Pjw P 

jJ. p2 + lw2 
(1.16) 

from which it is not difficult to compute the transformed solution 

V*(. ) _ Pjw P 1 j,p --
jJ. p2 + lw2 p2 + 2WbP + wlj) 

(1.17) 

Depending on the position of the poles of the function of complex 
variable (1.17), distinction is made between several cases whose analysis 
is rendered easier by the introduction of thefollowing two dimensionless 
parameters 

( 1.18) 

(1.19) 
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characteristic of the effect of speed - a and of the effect of damping - p. 
In the above the new symbols denote 

T(1) = l/f(1) - period of the first free vibration, 

T = I/c - time of traverse of the force over the beam, 

Ccr = 2f(1)1 = ~ (E;y/2 - critical speed, (1.20) 

[} = wb/f(l) - logarithmic decrement of damping of the beam. 

Symbol Vo designates the deflection at mid-span of a beam loaded with 
static force P at point x = 1/2(*) 

PZ 3 2P 2PZ3 
Vo = -- ~ --2- = -- . 

48EJ !lZW(1) n4 EJ 
(1.21) 

The circular frequency of a damped beam with light damping is 

(1.22) 

that of a damped beam with heavy damping 

(1.23) 

In the case of light damping the four poles of function (1.17) are 
±ijw, -Wb ± iwij)' where wij) is described by Eq. (1.22). Since p2 + 
+ 2WbP + w~j) = (p + Wb)2 + wi;), the original V(j, t) may be com­
puted with the aid of relation (27.41), so that following the inverse 
Fourier transformation (1.9) we get directly - after rearrangement -
the solution of the basic case (for t ~ T) 

(1.24) 

*) With a few exceptions in Chaps. 5,9 and 10, the last two expressions of (1.21) 
are used for Vo throughout the discussion. 
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The bending moment M(x, t) and the shear force T(x, t) are obtained 
from the relations 

Denoting by 

M(x t) = -EJ 02r;(x, t) , ox2 ' 

T(x, t) = -EJ 03V(X, t) 0 

iJx 3 

PI 
1\10 =-, 

4 

To = P 

(1.25) 

( 1.26) 

(1.27) 

(1.28) 

the bending moment and the difference of shear forces, respectively, at 
mid-span of the beam, produced by static force P at point x = 1/2 we get 

00 2/ jrex 1 
T(x, t) = To.L - cos -1- ----:02-[---::02(-.-::-2 ---2)-2-+-A.-02-f32"--] 

)=1 re j J j - rx '"tU. 

j02(j'2 _ rx2 ) sin jOwt _ jrx j j - rx - e -",.1 sin w' 0 t _ [ 
0 [02( 02 2) 2f32] 

o (t _ f32)1/2 (j) 

- 2jrxf3( cos jwt - e -W.I cos w(j)t) ] 0 (1.29) 

Series (1.24) for the beam deflection converges very fast, approximately 
00 

like the series L Ifj4; series (1.29) for the bending moment and shear 
j= 1 

force, on the other hand, converge far more slowly, appFOximately like 
00 00 

the series L 1// and L ( - l)i + 1 fj, respectively - see Chapo 5 for 
j=l j=l 

further detailso 
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1.3 Special cases 

Let us now analyze Eqs. (1.17) and (1.24) for several special cases of the 
values of parameters rx and p. 

1.3.1 Static case (rx = 0) 

If we set rx = 0 in Eq. (1.24), then 

eX) 1 . jrrx . 
vex, t) = Vo L --:- Sill - Sill jwt . 

j=l/ I 
( 1.30) 

This is the case of static deflection of a beam at point x if the beam is 
loaded with force P at point ct. Eq. (1.30) is therefore the equation of the 
influence line of beam deflection at point x expanded in the Fourier 
series (the deflections are magnified P-times). Fig. 1.2 shows the function 
for x = 1/2. 

1.3.2 Case with no damping (P = 0) 

1.3.2.1 rx # j, P = 0 

For this case we get from Eq. (1.24) for p = 0 or from Eq. (1.17) for Wb = 
= 0 using (27.32) 

v( x, t) = Vo f sin jrrx .2 .2 1 2 (Sin jwt - ~ sin W(j)t). (1.31) 
j = 1 I J (J - rx ) J 

Fig. 1.2a shows Eq. (1.31) for x = 1/2 and parameters rx = 0'5, P = o. 

1.3.2.2 rx = n, f3 = 0 

If C( happens to be just equal to one of.the numbers j = 1, 2, 3, ... , say to 
number n, then for j = n the poles of function (1.17) will merge in two 
double poles ± inw since in this case w~n) = n4w~1) = n2w2 and n = 
= W/W(I) = rx. For this term of the series, j = n, relation (27.35) must 
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V (U2, Vivo 0( = 0.5 0( = 1 

Fig. 1.2. Dynamic deflection at mid-span of a beam, v(l12, 1)lvo, for various values of 
speed and damping. a) P = 0; C( = 0,0'5,1,2, b) P = 0'1; C( = 0,0'5,1,2, c) P = 

= Pcr = 1; C( = 0,0'5,1,2, d) P = 2; C( = 0,0'5,1,2. 
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PART II - ONE-D1MENSIO:--IAL SOLIDS 

be resorted to, whereas for the remaining ones, j = 1,2, ... , n - 1, 
n + 1, ... there holds the preceding solution (1.31) 

() 1 (. ) . nrrx v x, t = Vo - SIn nwt - nwt cos nwt SIn - + 
2n4 I 

+ Vo I sin jrex .2(.2 1 2 (Sin jwt - ~ sin W(j)t) 
j=l.i'''" I ] ] - ex ) ] 

(1.32) 

where the symbols underneath the summation sign indicate that the 
summation includes all j's except j = n. 

In the case of ex = n, the displacements of one point of the beam grow 
with time; as the process is transient (0 ~ etll ~ 1), they do not, however, 
attain infinite values at t = T = lie. 

We may also think of this case as of one of a beam subjected - in ad­
dition to force P - to a centrally applied compressive force S = p.e2• 

Since the critical force of a simply supported beam Scr = (rr2W) £J, it 
also holds [cf. (1.18)] 

2 p.e212 S 
oc =-- =-

rr 2£J Scr 
(1.33) 

For ex = 1, fJ = 0 the case discussed is illustrated in Fig. 1.2a for 
x = 112. There n = 1, and the values for j = 2, 3, ... are very small 
(or zero) against the first term of Eq. (1.32). Fig.1.2a also shows the case 
ofex = 2,fJ = O(n = 2) in which for x = 112 it is, of course, sin nrrll(2l) = 

= 0, and the expressions for j = 3, 4, ... are very small (or zero) against 
the first term of the series at j = 1; therefore, the numerical computation 
was made using practically only the first term of the series in the second 
portion of Eq. (1.32). 

1.3.3 Light damping (fJ ~ 1) 

1.3.3.1 oc =l= j, f3 ~ 1 

When the damping is very light, the terms with fJ and fJ2 may be neglected 
in (1.24), and the expression then approximately gives 

vex, t) ~ Vo f. sin jrex. . 1 2 (Sin jwt - ~ e -rub t sin W(j)t). (1.34) 
j= 1 I /(/ - ex ) ] 

For ex = 0·5, fJ = 0·1, Eq. (1.34) with x = 112 is plotted in Fig.1.2b. 
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1.3.3.2 CJ. = n, (J ~ 1 

For this case of n = W/W(I) = CJ., Eq. (1.24) gives 

v(x, t) ~ Vo _1_ [e- robf sin nwt _ n2 cos nwt(1 _ e- robf)] sin mtx + 
2n4 {J 1 

+ Vo L . . sin jwt - --. - sin w(j)t sin -. (1.35) 
00 1 ( CJ.e -robf ) jrcx 

i=I/(/ - CJ.2) } 1 
}*n 

Fig. 1.2b shows Eq. (1.35) with x = 1/2 for (J = 0'1,':1. = 1 and CJ. = 2. 
For reasons stated in connection with case 1.3.2.2, the numerical com­
putation for CJ. = 1 was made using the first term of Eq. (1.35), for CJ. = 2, 
the first term of the series in the second of expressions (1.35). 

1.3.4 Critical damping ({J = (Jcr = n2 ) 

The value of critical damping is attained whenever wen) = 0 [ef. (1.22)] 
for some j = n. Then Wb = w(n) = w(1)n2 and therefore 

(J - Wb _ 2 cr - - - n . (1.36) 
w(1) 

For j = n, the poles of expression (1.17) being ± inw and the double 
pole - w(n)' we shall use for the inverse transformation relation (27.38) 
which after some handling gives 

(1.37) 

For j < n, we must add to expression (1.37) the solution for supercritical 
damping (1.39), and for j > n, the basic solution (1.24). Bearing this in 
mind we computed the deflection at mid-span (x = 1/2) of a beam with 
critical damping {J = {Jcr = 1 for speeds CJ. = 0·5, 1, 2, and plotted it in 
Fig.I.2e. 

1.3.5 Supercritical damping ({J > (Jer) 

Supercritical damping occurs whenever the damping is so heavy that for 
j < n, w;iJ according to Eq. (1.23) is positive. At the same time it must be 
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2 2 ·4 2 d h I 2 4 2 d h r Wb > W(J} = J W(I) an t us a so Wb > n W(I)' an t erelore 

fJ = Wb > n2 • 

W(l) 

(1.38) 

In such a case the poles of expression (1.17) are ± ijw and - Wb ± w(j)' 

The inverse transformation is computed using expression (27.39) which 
after some handling leads to 

n 1 {.2.2 2" vex, t) = VoL .2 .2.2 2)2 2 J (J - ex )SInJwt-
j=l J [J (J - ex + 4a: fJ2J 

jexe -"'bt 

- 2jexfJ cosjwt + (2 -4)1/2 [(2fJ2 - /(/ - ex2) + 
2 fJ - J 

+ 2[3(fJ2 - /)1/2) e""(i)/ - (2[32 - /(/ - ex 2) - 2fJ(fJ2 _ /)1/2) X 

X e-""w/J} sin j~x. (1.39) 

For j > n, the basic solution (1.24) with the summation including j = 
= n + 1, n + 2, ... must be added to (1.39). If the critical damping 
exists at some higher j, expression (1.37), too, must appear in the solu­
tion. Note that (1.22) applies to j > n, (1.23) to j ~ n(*). Expression 
(1.39) computed for x = 1/2, fJ = 2 and ex = 0·5, 1, 2 is shown in Fig. 
1.2d. 

1.4 Application of the theory 

1.4.1 The effect of speed 

It is clear to see in Figs. 1.2a to 1.2d that at subcritical speeds, ex < 1, 
the maximum deflection at mid-span of the beam is produced already 
during the load traverse, while at supercritical speeds, ex ~ 1, it is not 
observed until instant t = T, i.e. when the moving force departs from the 
beam. The dynamic deflection is soon dampened out by damped free 

*) This means that supercritical damping holds for lower, subcritical damping 
for higher natural modes. It is, however, of no practical significance to consider 
a larger number of terms in the expression of v(x, t). 
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vibration that set in subsequently; that is the reason why the case of 
t > T is of no further interest to us. 

Fig. 1.3 shows the maximum deflection at mid-span of the beam, 
max v(lj2, t)jvQ, as a function of parameter a (Le. speed) for damping 
P = 0, 0·1, 0·3, Per = 1, 2. In the diagram the maximum dynamic de-

max v(ll2,t)lvo 

a 2 

Fig. l.3. Maximum dynamic deflection at mid-span of a beam, max v(I/2, t)/vQ, in 
dependence on speed IX, for various values of damping, P = 0, O·t, 0·3, Per = 1,2. 

flection is associated with speeds a ~ 0·5 to 0·7. For large a's, the de­
flection rapidly tends to zero, for small a's it is practically equal to the 
static deflection. 

The critical speed as defined by (1.20) is fairly high. By substituting 
in (1.20) the empirical formula (1.55) of the first natural frequency of 
steel railway bridges for 1(1)' we approximately get 

103 
ccr = 21(1)1 ~ 21- = 500 mjs = 1800 kmjh . 

41 

1.4.2 Application to bridges 

(1.40) 

The theory expounded in the preceding paragraphs has found its widest 
field of application in calculations relating to large-span railway and 
highway bridges. Such bridges, simply supported in most instances, have 

25 



PART II - ONE-DIMENSIONAL SOLIDS 

a mass much larger than the mass of the vehicle, and very low first 
natural frequencies. That is why - if vibration of vehicles on own springs 
is neglected, too - the effects of moving vehicles may approximately be 
replaced by the effects of moving forces. 

Since the damping of large-span bridges is light, the dynamic deflection 
may be computed from formula (1.34). For the very low speeds attainable 
in practice, i.e. for IX ~ 1, Eq. (1.34) further simplifies to (1.30) of which 
all we need to take is the first term because the terms with j > 1 are 
negligible compared to it. This results in 

() • • 1tX 
V x, t = Vo SIn wt SIn - , 

1 
(1.41 ) 

which can be used as a dynamic deflection formula wholly satisfactory 
for practical purposes. 

1.4.3 Approximate solution of the effects of a moving mass 

In his approximate solution [111] of the effects of vehicles moving over 
large-span bridges, C. E. Inglis introduced an assumption according to 
which the gravitational effects of the load may be separated from the 
inertial ones. In the calculation the force is considered as moving along 
the beam (this is the case which we have solved in Sects. 1.1 to 1.3) 
while the mass of the vehicle acts at a definite, constant point Xo. 

Let us now analyze whether or not the second part of the assumption 
is justified. Mass m of load P (p = mg, g - acceleration of gravity) 
acts on the beam at point Xo by its intertial effects, a case that may be 
described by the differential equation 

EJ 04V(X, t) 02V(X, t) 2 ov(x, t) o( ) a2v(x, t)[ ---'----'------'- + tL + /lWb--- = -0 X-Xo m • 
OX4 ot2 at ot2 X=Xo 

(1.42) 

Assuming that the solution vex, t) will be in the form of the second of 
relations (1.9), and using the first of relations (1.9), conditions (1.2) and 
equations (27.69) and (27.74), we get the Fourier transform of Eq. (1.42) 

·4 4 2· 
~ EJV(j, t) + Jt V(j, t) + 211Wb V(j, t) = - ~ V(j, t) sin2 J1tXo , 

[4 [1 

(1.43) 
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the transform on the right-hand side of the equation is but approximate, 
since it is assumed that 

~2 ()' 2 . o v x, t : v··(. ) . ]1txo 
I = - j, t SIn -- . 

at2 X=XO [ I 

Eq. (1.43) may then be given the form 

iiU, t) + 2Wb VU, t) + wtj) VU, t) = 0 
where 

-2 2 J.L -,2 -2 -2 
OJ (j) = OJ (j) -=; OJ (j) = OJ (j) - OJ b , 

).L 

- ).L 
OJb = OJb - , 

ji 

- (1 2P. 2 jTCXO) 
).L = ).L + G SIn -[- , 

( 
2P. 2 jTCXO)-1/2 

l(j) = f(j) 1 + G SIn -[- and 

G = ).Llg - weight of the bridge. 

PIG = 2 

a Q5 

( 1.44) 

( 1.45) 

( 1.46) 

(1.47) 

(l.48) 

(1.49) 

Fig. 1.4. First natural frequency of loaded beam, 1< 1)/ f( I)' dependence on mass 
position, xoll, for various values of ratio PIG = 0, 0·1, 0·5, 1,2. 

Eq. (1.44) is the same as the left-hand side of Eq. (1.14), except that OJtj) 

and rob of the latter are replaced by quantities wtj) and Wb expressing 
the fact that the beam is loaded at point Xo with immobile mass m. 

Accordingly, if we are out to compute the effects of a moving force with 
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an approximate expression of the mass effects, we shall use Eqs. (1.24) 
to (1.39) with w(j)' Wb' and f(j) replaced by the corresponding values with 
b - - 1 -,2 -2 -2 t ar W(j)' Wb' J(j)' W(j) = W(j) - Wb' e c. 

All that remains to be done is to determine point Xo where mass m is 
to be located. A means to this end is Fig. 1.4, plotting the dependence of 
the first natural frequency of a loaded beam J(l)/f(l) versus the point of 
action of mass m, xo/l, described by Eq.(1.48), for several values of the piG 
ratio. As the figure clearly shows, the natural frequency of a loaded bridge 
varies with the position of mass m. Near the centre of a simply supported 
beam this variation is rather small, particularly for small values of the 
piG ratio. That is why, in cases of this sort, mass m is usually placed at 
mid-span of the beam, i.e. at Xo = 1/2; then Eqs. (1.47) and (1.48) approx­
imatelyare 

ji = p(l + 2P/G) , 

1.4.4 Experimental results 

(1.50) 

(1.51) 

Experimental data necessary for computations according to the theory 
explained above were collected in the course of extensive measurements 
made under author's leadership on various steel railway bridges (for 
further details refer to [70J, [73J, [74J). The measurements proved the 
approximate formula (1.41) to be valid for large-span bridges on the 
condition that both the track and the wheels are ideally smooth and the 
vehicle has no unbalanced rotating masses. 
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Fig. 1.5. Total weight of steel railway bridges G as a function of span I (the curve 
represents the variations smoothed according to empirical formulae given in [74]); 
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The total weight G, according to (1.49), of the most diverse types of 
steel railway bridges that have been subjected to the tests is shown in 
Fig. 1.5. 
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Fig. 1.6. First natural frequency /(1) of vertical vibration of steel railway bridges 
under no load, as function of span I. 

The natural frequency of unloaded steel railway bridges as a func­
tion of span is plotted in Fig. 1.6. The graph shows the experimental data 
as well as the values computed using formula (1.12). The value of J.1. sub­
stituted in (1.12) was obtained from Eq. (1.49) and from data of Fig. 1.5. 
Even though the main girders of steel bridges are of no constant cross 
section, they may approximately be calculated as prismatic beams. That 
is why the moment of inertia J of trussed bridges was computed from the 
formula 

(1.52) 

where Fh (Fs) is the cross-sectional area of one upper (lower) chord at 
mid-span of the bridge, and h is the theoretical height of the panel at mid­
span of the bridge. 
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To describe the effect of the roadway, we computed the first natural 
frequency from the approximate formula 

(1.53) 

where 1(1) is in [Hz], and Ust in [cm]. In the above formula Ust may be 
regarded as the measured deflection produced by bridge's own weight J1g. 
Since this deflection cannot be measured directly we computed it from 
the relation Vst = VstVL/VL where Vst is the computed deflection produced 
by uniformly distributed own weight J1g, VL and VL the measured and 
computed, respectively, deflection produced by the test load, for example 
by a locomotive. In so doing we took advantage of the approximate pro­
portionality between the measured and the theoretical deflections pro­
duced by two kinds of load. The deflection at mid-span of the equivalent 
constant cross-section plate girder substituting for the bridge structure, 
subjected to uniform load Jig, thus turns out to be 

_ 5 j1g [4 4 J1g [4 
V =----~---
st 384 EJ 1t 5 EJ . 

(1.54) 

Computing J114/(EJ) from this equation and substituting It In (1.12) 
give - after enumeration in the above units - the empirical formula 

( 1.53). 
The measured values of the first natural frequencies 1(1) of the bridges 

were also smoothed out by the so-called group method(*) according to 
which the most satisfactory of all is the empirical dependence 

1000 
1(1) = 41 ( 1.55) 

where 1(1) is in [Hz], 1 in [m]. Dependence (1.55) plotted in Fig. 1.6 works 
well for steel railway bridges over a broad range of spans, say from to 
5 to 70 m, and agrees with the results reported abroad [24], [121]. 

Damping of bridge structures is a highly complicated problem (cf. 
[121J) in which both linear and nonlinear dependences come into play. 

*) The group method (also the method of means) requires that the sum of errors 
should be zero in every group, of which there are as many as there are unknown 
parameters. See Z. Horak: Practical Physics (in Czech), Publishing House SNTL, 
Prague, 1958, p. 106. 
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Damping is usually considered as proportional to the velocity of vibra­
tion. This approximate damping theory is quite suitable for cases with 
a small range of possible frequencies. And that is just the case of simply 
supported railway bridges, where at present-day speeds the frequencies 
of the locomotive driving wheels practically do not reach but the first 
natural frequencies of the bridges. 

Damping proportional to the velocity of vibration is characterized by 
the logarithmic decrement of damping /) defined as the natural logarithm 
of the ratio of two succeeding amplitudes (cf. [130]). This ratio was 
measured and /) computed from it. The experimental data thus obtained 
are plotted in Fig. 1.7 relative to span. For spans up to about 70 m, the 
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Fig. 1.7. Logarithmic decrement of damping [) of steel railway bridges as function 
of span t. 
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measured values are well represented by the empirical formula 

1 
8=------

0·31 - 1·2 x 10-3[2 
(1.56) 

where 8 is a dimensionless number, [ in [m]. This dependence as arrived 
at by the group method is also shown in Fig. 1.7. 

The circular frequency of damping is calculated from the logarithmic 
decrement with the aid of the formula (cf. [130]) 

( 1.57) 

where 1(1) = OJ(I)((2rr.) ~ 1(1); see (1.22). 

1.5 Additional bibliography 

[1,7,15,19,24,28,46,65,67,70,73,74,94,111,114,116, 121, 130, 131, 135, 139, 
145,150,173,182,215,220,258,261] 
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2 
Moving harmonic force 

Another of the problems of fundamental importance is that ofa harmonic 
force moving along a simply supported beam. It was first solved by 
s. P. Timoshenko [216] and worked out in detail by C. E. Inglis [111] 
and V. Kolousek [130]' What we are going to do here is to deduce the 
basic results, set them forth in the form of useful formulae and compare 
them with experimental data. 

2.1 Formulation and solution of the problem 

The solution of the problem of a harmonic concentrated force moving at 
constant speed c over a simply supported beam with span I is carried out 
under the same assumptions as that discussed in Chap. 1. The time­
variable concentrated force is of the form 

pet) = Q sin Qt (2.1) 

where Q is the amplitude and Q the circular frequency of the harmonic 
force. Vibration of the beam is then described by the equation 

EJ a4v(x, t) a2v(x, t) 2 av(x, t) ~( ) Q . r\ 
_00.--"- + J.! + J.!Wb -- = u X - ct Sill ~.t , 

ax4 at2 at 
(2.2) 

by the boundary conditions (1.2) and by the initial conditions (1.3). The 
symbols used in (2.2) have the same meaning as those of Chap. l. 

Eq. (2.2) together with conditions (1.2) and (1.3) will again be solved 
by the method of integral transformations. Following the Fourier sine 
transfomation according to (1.9), Eqs. (2.2) and (1.2) give 

d2 VU, t) 2 dVU, t) 2 (.) Q.. ( ) --"---'- + Wb + W(j) V j, t = - Sill Qt Sill jwt . 2.3 
dt 2 dt J.! 
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Solving the above with (1.3) by the Laplace-Carson transformation 
(1.15) - making use of Eq. (27.24) in doing so and of the notation 

(2.4) 
we get 

*( . ) _ R ( 1 _ 1) p2 
V j, P - 2 2 2 2 ( )2 ,2 . 

2p. p + r2 P + rl P + Wb + w(j) 

(2.5) 

After inverse transformations of Eq. (2.5) according to (27.24) and (1.9) 
the required result for t ~ T is 

( -robt' ) 2 . Wb (2 2) . cos r2t - e cos W(j) t + wbr2 SIn r2t - -,- W(j) + r2 • 
W(j) 

-robt· , ] 1 [( 2 2) . e SIn W(j)t - (2 2 2 2 2 W(j) - r l • 
W(j) - rl ) + 4Wbrl 

. (cos rlt - e- cobt cos W(ilt) + 2wbrl sin rlt -

Wb (2 2) -rob t • ,]}. j1tX - -, W(j) + r 1 e Sin W(j)t Sin - • 
W(j) I 

(2.6) 

We shall now simplify Eq. (2.6) to fit the cases most frequently met 
with in practical applications. Thus, for example, it is entirely satisfactory 
to use only the first of its terms (j = 1); further, as we know from Chap. 1, 
parameters a and fJ are usually much smaller than 1 (a = w/w(1) ~ 1, 
fJ = wb/w(1) ~ 1). And finally, since in practice a harmonic force is 
always accompanied by a constant force P, we shall introduce in (2.6) 
also the deflection Vo according to (1.21). Following these simplifications 
Eq. (2.6) takes on the form 

Q w2 1 
v(x, t) = Vo P ~~) (2 )2 (2 2) . W(1) _ 1 + 4 ~ + Wb 

Q2 Q2 Q2 

. {[(~~) -1y + 4 ~~J/2 sin (Qt + cp) sin wt + 

+ 2 W (cos Qt cos wt - e- cobt cos W(1)t)} sin 1tX (2.7) 
Q I 
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where 

The beam reaches the state of highest dynamic stressing in the region 
of resonance, i.e. whenever Q is close or just equal to w(1)' i.e. 

Q = w(1)' (2.8) 

In such a case Eq. (2.7) can further be simplified to 

(2.9) 

2.2 The dynamic coefficient 

In practice the dynamic coefficient is oftentimes defined as the ratio of 
the maximum dynamic deflection to the static deflection at mid-span of 
a beam (see [74J) 

b = max v(112, t) . (2.10) 
Vo 

The above is written on the consideration that the beam is traversed 
simultaneously by forces P + Q sin Qt; its resultant vibration is therefore 
given by the sum of Eqs. (1.41) and (2.7) where Vo is described by Eq. 
(1.21). 

The maximum deflection of the first component of motion at centre 
x = 112 of the beam is Vo (according to Eq. (1.41)), i.e. a deflection at 
the instant of the force passing over the centre of the beam.The maximum 
dynamic deflection produced by the motion of the harmonic force occurs 
at the instant the force is past the centre of the beam. However, we assume 
approximately that the maximum deflection of the second component 
of motion also occurs at instant t = TI2 = 1/(2c). In this case sin wt = 

= 1, cos wt = 0, cf. (1.13). The maximum deflection in Eq. (2.7) is at 
cos W(l)t = -1, and in saying so we assume, too, that sin (Qt + <p) = 1. 
On substituting these values in Eq. (2.7), we get from (2.10)- with (1.41) 
and (2.7) included - the dynamic coefficient 
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~ = 1 Q w~l) 1 
u + 22 2 22' 

P Q (W(I) _ 1) + 4 (~ + Wb) 
Q2 Q2 Q2 

. {[(~2~) _ 1y + 4 ~~Jf2 + 2 ~ e-rob/f(2C)}. (2.11) 

Eq. (2.11), expressing the dependence of the dynamic coefficient on 
speed, is sometimes called the resonance curve. 

The dynamic coefficient attains its maximum at resonance, i.e. at 
Q = W(I)' Then Eq. (2.11) becomes 

[) = 1 + R w(1) (we- rob /f (2e) + Wb) = 1 + Q A (2.12) 
2P w2 + w; P 

where A, with the substitution of the speed and damping parameters at: 

and p according to Eqs. (1.18) and (1.19), is 

A = ! 1 (ae- ltPf(2a) + P). (2.13) 
2 a2 + p2 

Fig. 2.1 shows A as a function of the speed parameter at: for several values 
of the damping parameter p. 
Ii 

6 

\ 
5 

3 

1\ Iv·o 

p~ \ 
"" R '" ~ pS; ~ :::---

4 

2 

o 0.1 02 0.4 D.5 0.6 0.7 0.8 Q9 1.0 « 

Fig. 2.1. Dependence of expression L1 [Eq. (2.13)] on speed IX for various values of 
damping p. 
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2.3 Application of the theory 

A classical example of the application of the theory expounded above are 
the dynamic effects of steam locomotives on large-span railway bridges 
[l1J, [130], [70], [74]. Steam two-cylinder locomotives have driving 
wheels provided with unbalanced counterweights, the right-hand ones 
being placed 90° against the left-hand ones. In motion the counterweights 
produce a harmonic force on either side of the locomotive; their resultant 
is likewise a harmonic force of the form of (2.1). The amplitude of this 
additional force depends on the velocity of wheel rotation. Thus, for 
example, according to tests, the resultant amplitude of the Czechoslovak 
steam locomotive CSD 524.1 is 

Q = 2·4 to 3 x N 2 (2.14) 

where Q amplitude of the force in kN, 
N = eJ 0 revolutions per second of the driving wheels, 
Q = 21tN = eJr - circular frequency of force (2.1), 
r, 0 - radius, circumference of the driving wheels, respec-

tively. 

The whole passage of a steam locomotive over a large-span bridge may 
be idealized by a moving concentrated force P representing the force 
action of the locomotive, and by a harmonic force Q sin Qt expressing 
the dynamic effects of the counterweights. According to the deductions 
of paragraph 1.4.3, the locomotive mass is assumed to be placed station­
ary at mid-span of the bridge. In this way we may describe - approxi­
mately at least - the effects of the moving mass by using the equations 
evolved in Chaps. 1 and 2 with the quantities OJU)' OJb and j,£ replaced by 
those with bar, i.e. wu), Wb' ji according to Eqs. (1.45), (1.46) and (1.50). 

In bridges with spans over 30 or 40 m, resonance according to (2.8) 
is likely to set in even at speeds attainable in practice. In that case Eq. 
(2.8) becomes 

Q = W(l) or N =J(1)' (2.15) 

From there follows the equation for determining the critical speed at 
which the dynamic effects of a steam locomotive reach their maximum, 
namely 

(2.16) 

where J(l) is the first natural frequency of a bridge loaded at mid-span 
with a locomotive - cf. Eq. (1.51). 
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-

-~ 
2.3.1 Comparison of theory with experiments 

, 
-­(J 

In practical instances the resultant beam deflection is described by Eqs. 
(1.41) and (2.7). 

To illustrate, we shall now compute the deflection at mid-span (x = 
= 1/2) of a steel railway bridge with span 1 = 56·56 m, weight G = 
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oj 
1 cUl 

v (LI2,t)lvo 

b) 

v (lI2, tJI Vo 

c) 0.5 

v (tI2,tJ1vo 

Fig. 2.3. Time variation of the deflection at the centre of a bridge with span 1= 
= 56·56 m traversed by a steam locomotive type 524.1 at speed: a) c = 34·7 km/h, 
b) ccr = 40·6 km/h, c) c = 46·5 km/h. Computed according to the theory expound-

ed in Chap. 8. 

= 1·64 MN, first natural frequency (measured) 1(1) = 4,2 Hz, logarith­
mic decrement of damping 8- = 0·05 (see [74J) , traversed by a steam 
locomotive type 524.1, with weight P = 0·97 MN, r = 0·63 m, 0 = 
= 3·96 m, Q = 3 X N 2 • 

The first natural frequency of the loaded bridge (1.51) isf(l) = 2,85 Hz, 
the critical speed (2.16), Ccr = 40·6 km/h. From Eqs. (1.41) and (2.7) we 
get the time variation of the deflection at mid-span of the bridge when 
traversed by a 524.1 locomotive at speeds: a) c = 34·7 km/h, b) Ccr = 
= 40·6 km/h, c) C = 46,5 km/h. The deflections computed with the aid 
of the approximate theory are shown in Fig. 2.2, while Fig. 2.3 depicts 
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a ctll 1 

:1'(112~ 
Vo a) 

~ 

a cUl 

a 

v(1I2. tJ 
Vo 

~ 

cUl 
, , t 

a 

v(lI2.tJ 
Vo c) 

1s 
I----t 

Fig. 2.4. Time variation of the deflection at the centre of a bridge with span / = 
= 56·56 m traversed by a steam locomotive type 524.1 at speed: a) c = 34·7 km/h. 
b) c =-= 38·8 km/h (speed close to cc, = 40·6 km/h). c) c = 46·5 km/h. Experi-

ments. 

the same deflections obtained by the application of the theory of Chap. 8, 
in which consideration is also given to the motion of the locomotive mass. 
Fig. 2.4 reproduces the corresponding deflections arrived at experi­
mentally - see [74]. 

Comparing Figs. 2.2, 2.3 and 2.4 we see that both the approximate 
(Chaps. 1 and 2) and the exact (Chap. 8) theoretical results agree very 
well with experimental records, especially at subcritical and critical 
speeds, with the locomotive near the centre of the bridge. 

Fig. 2.5 shows the resonance curve computed for our case from Eq. 
(2.12). The figure also shows the experimental results and the theoretical 
dependence of the dynamic coefficient on speed computed using the exact 
theory of Chap. 8. It is clear that both the exact and the approximate 
theoretical results compare well with the experiments. The resonance 
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curve according to the exact theory is somewhat flatter than that accord­
ing to the approximate theory, and describes the values measured outside 
the resonance range more fittingly. In the resonance range both theories 
agree nearly perfectly with the experimental results. 

1.4 I---_--~----r---~--____.----_._--_, 

1.3 1----+----+-----r---jJ-J.L.\\.e--~----:----

1.2 I-__ -+--__ --l.. ___ ~-f_L.--L---+~---+---+__--_, 

I 
i 

1.1 I----+-----l----+-f--.f.--+--~---:>.~''--+i ---ii 
1'_ i I 

o 0 I --t---l 
1.0 L_--E~";;""'~~:'=""'_L __ ~ __ --L __ --.i.. __ ...--L_ 

o 10 20 30 40 50 60 c [kmlhJ 

Fig. 2.5. Theoretical and experimental dependences of dynamic coefficient c5 on 
speed c. Bridge with span 1= 56·56 m, steam locomotive type 524.1. a) exact 
theory according to Chap. 8, b) approximate theory according to Chap. 2, 0 -

experiment. 

2.3.2 Critical speed and maximum dynamic coefficient for bridges 
of various spans 

We have applied the approximate theory to bridges with spans larger 
than 30 m traversed by a steam locomotive type 524.1, the worst balanced 
of all Czechoslovak Railways' engines. The pertinent calculations were 
made using the smoothed values of weight, first natural frequency and 
logarithmic decrement of damping of the respective bridges (Figs. 1.5, 
1.6 and 1.7). 

The critical speeds thus computed [Eqs. (2.16) and {1.51)J relative to 
the bridge span are plotted in Fig. '2.6 (curve p = 0). As the figure sug­
gests, the critical speed falls off with growing span. 

Fig. 2.7 shows the measured and the computed [Eq. {2.12)J values of 
maximum dynamic coefficient resulting in bridges of various spans from 
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Fig. 2.6. Critical speed ccr of steam locomotive type 524.1 hauling continuous 
load p = 0,20,40,60,80,100 kN/m, in dependence on span I. 
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V---t"---. 

1.5 I_---I-----+__--+----+-=' .... ""-c-"+__--+----+---+----+----j 

N 
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Fig. 2.7. Maximum theoretical and experimental dynamic coefficients'; produced 
by a steam locomotive type 524.1 in bridges with various spans I. -e- theory, • ex­
periment, -- according to Eq. (2.12) at C = Ccr' -- -. accordi~g to Eq. (2.12) 

at C = 50 km/h. 
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the action of the 524.1 locomotive. It also plots the dependence of the 
dynamic coefficient of span, computed from Eq. (2.12) and the smoothed 
values in Figs. 1.5 to 1.7, for the critical speeds indicated in Fig. 2.6, 
p = 0 (solid ljne). Since in the bridge tests the locomotive failed to attain 
speeds over 50 km/h, we also computed the dynamic coefficient-span de­
pendence (in the same way as before) for c = 50 km/h (dashed line). 

As we can see from Fig. 2.7, the maximum dynamic coefficient grows 
with growing span up to about I = 54 m. Up to this span the critical 
speed according to Fig. 2.6, p = 0, is namely higher than 50 km/h, 
a value the test locomotive was unable to reach. In the subsequent tests 
in which the critical speeds were attained, the dynamic effects fall off 
with span. The measured values, though somewhat lower than the com­
puted ones, follow the two dependences with a fair degree of fit. 

2.4 Additional hihliography 

[24,34,70,74,111,114,121,130,131,156,198,216,220]. 
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3 
Moving continuous load 

For large-span bridges the problem of the effects of a moving continuous 
load is of equal - if not greater - importance than the problem ofa moving 
concentrated force. It has been treated at length by several authors; 
I. I. Gol'denblat [97] and V. V. Bolotin [20J among them. In the next 
sections we shall deduce a stationary solution for the case of a moving 
endless strip of load also with the approximate effect of its mass, and an 
approximate solution for the load arrival to and departure from the 
beam. In conclusion we shall review some of our experimental results. 

3.1 Steady-state vibration 

Consider a strip of load moving at constant speed c over a simply sup­
porteu beam. Relative to the moving coordinate system 

~ = x - ct (3.1) 

the strip of load has magnitude q(~, t) and mass J1q{~) = q(~, t)/g per 
unit length of the beam, see Fig. 3.1. 

Adopting the assumptions set forth in Sect. 1.1 we may describe this 
case by the different'al equation 

EJ 04V(X, t) 02V(X, t) 2 ov(x, t) ( ) 
. 4 + J1 2 + J1W b --- = P x, t 

ox ot ot 
(3.2) 

where the symbols are as those used in Sect. 1.1 and p(x, t) denotes the 
load per unit length of the beam at point x and time t. If the mass of the 
moving strip is considered, too, the load becomes 

d2v(x, t) 
p(x, t) = q(~, t) - J1q(~) 2. 

dt 
(3.3) 
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The second term on the right-hand side of (3.3) describes the inertial 
action of mass Ili~) on a deformed beam. According to d' Alembert's 

. principle, it is the product of mass and acceleration. The acceleration is 
calculated from the total differential (see [186], p. 366) 

d2 ( ) d 2 02V(X, t) 2 d d 02V(X, t) d 2 02V(X, t) 
v x, t = t + x t + X 2. 

ot2 AX at ax 
(3.4) 

[II f J'/) fTC 
1]['1 [[ [[ III [llll III [lIlT 

Fig. 3.1. Simple beam subjected to a moving strip of load. 

Since the independent variables are related through (3.1) and in 
uniform motion d~!dt = 0, the differentiation of Eq. (3.1) d~!dt = 

= dx/dt - c gives 

dx = edt. (3.5) 

With this, the total differential (3.4) may be written as 

d2 ( ) d 2 02V(X, t) 2 d 2 iJ2v(x, t) 2 d 2 02V(X, t) (3.6) v x, t = t + c t + c t 
ot2 ax at ox2 

and from there the acceleration 

(3.7) 

Starting from the equality sign, the terms on the right-hand side of 
(3.7) represent: the effect of acceleration in the direction of deflection 
vex, t), the effect of the so-called Coriolis force (complementary accelera­
tion), and the effect of the path curvature (centripetal acceleration). In 
practical instances the effects of the third, and in particular of the second, 
term are smaller by far than those of the first term. 
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Eq. (3.2) with the right-hand side (3.3) including (3.7) is readily solved 
for the case of steady-state vibration of a beam subjected to continuous 
moving load q(~, t) = q, /li~) = /lq = q!g. The boundary conditions 
are the same as (1.2) while the initial conditions may be chosen at will -
for example zero as in (1.3) because what is actually determined in the 
calculation of steady-state vibration is the limit vex, t) for t ~ 00, when 
the effect of the initial conditions is already damped out. 

Let us first neglect the effect of the second term of Eq. (3.7)*). The 
equation to be solved is then 

Introduce the following notation 

x = /lq, 

/l 

ji = /l + /lq = /l(1 + x) , 

-2 2 1-w(j) = w(j)/l /l , 

rob = Wb/l!ji , 

=2 -2 /re2c2 /lq 2 /l ( 1 2) 
W(j) = W(j) - -12- ji = wei) ~ 1 - / a. x 

where the speed parameter a. is the same as in (1.18). 

(3.8) 

(3.9) 
~ 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

Transforming (3.8) in accordance with (1.9) and using boundary con­
ditions (1.2) and relations (27.68), (27.69), (27.71), give 

~ 4 ~ 2 

~ EJ v(j, t) - ~ /lqC 2 V(j, t) + ji ji(j, t) + 2/lWb V(j, t) = 
14 12 

{ 
2ql for j = 1, 3, 5, ... 

= jre 

o for j = 2,4,6, ... 
(3.14) 

*) This in fact is the case of a two-track torsionally rigid bridge traversed on one 
track by load q/2 with mass jJq/2 at speed c, and on the other track by the same load 
at speed - c. Under such conditions the second term of (3.7) drops out. 
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Transforming (3.14) in accordance with (1.15) and using (1.3) and 
(27.4) give 

{
2ql for j=I,3,5, ... 

p2 V*(j, p) + 2WbP V*(j, p) + wfj) V*(j, p) = }o'1tji 

for j = 2, 4, 6, ... 

(3.15) 
so that the transformed solution is 

for j = 1, 3, 5, ... 
(3.16) 

for j = 2, 4, 6, ... 

For the inverse transformation according to (1.15) we use expression 
(27.20) or directly the limit of the expression V*(j, p) for p --+ 0 according 
to (27.14) 

{ 
2ql . 

=2 for} = 1, 3, 5, ... 
lim V*(j, p) = j1tjiw(j) 

p-o+ o for j = 2, 4, 6, ... 

(3.17) 

Following the inverse transformation in accordance with (1.9) and some 
handling, the required solution turns out to be 

lim v(x, t) = Vo ~ 1 sin j1tX 
. ~ '5(1 2 /'2) 1 1-00 )=1.3.5 .... } - cc X} 

(3.18) 

where 
5 q14 4q14 4q 

Vo =--~--=--
384 EJ 1t 5 EJ 1tJ1W~l) 

(3.19) 

is the deflection at mid-span (x = 1/2) of the beam produced by conti­
nuous load q. 

Solution (3.18) satisfies the differential equation (3.2) with (3.3) sub­
stituted in, as well as the boundary conditions (1.2). It is, therefore, the 
solution of steady-state vibration of a beam traversed by an infinite 
strip of continuous load. It is of interest to note that expression (3.18) 
is independent of damping and for 

(3.20) 
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tends to infinity. The dependence of v(I/2, 00 )/vo on speed C( is shown in 
Fig. 3.2 for several values ofload x. 

For low speeds, C( ~ 1, Eq. (3.18) may be simplified to 

co 1. jTtX . 1tX 
v(x, (0) = Vo L -:s sm - :::::: Vo sm­

j=1.3.S •... } 

when computed with the first term of the series only. 

v (lI2.oo)/vo 

5 

4 

3 

2 

o 0.2 0.4 as as 12 
a:crr.tz t) 

a:cr(at=t5) 
cr(at=2J 

(3.21) 

1.4 oc 
(at =O.5J 

Fig. 3.2. Dependence of v(I/2, oo)/vo on speed cc for several values of load l< (for 
j = 1). 

3.2 Arrival of a continuous load on a beam 

To obtain an approximate solution of this case we neglect the effect of 
the second term on the right-hand side of (3.3) and write 

p(x, t) = q[1 - H(x - ct)] (3.22) 

where function H(x) is the so-called Heaviside unit function defined as 
follows: 
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In expression (3.22) function (3.23) describes the arrival of a continuous 
load on a beam (Fig. 3.3a). At the instant of arrival, the simply supported 
beam is at rest. 

Eq. (3.2) with (3.22) for the right-hand side, is again solved by the 
transformation in accordance' with (1.9). For boundary conditions (1.2) 
the u~e of (27.69) to (27.73) and some handling give 

V(j, t) + 2Wb Ji(j, t) + wtn V(j, t) = -!f-!-- (1 - cos jwt) (3.24) 
j1tfJ. 

n lij IDm a) t x-d ~ 

Fig. 3.3. a) Arrival of a continuous 
load on a beam, b) Departure of 
a continuous load from a beam. 

[J Illill OJI [I 
l - b) 

" l 

and transformation (1.15), together with initial conditions (1.3) and the 
use of relations (27.4), (27.17) result in 

V*(. ) qljw2 1 j,p =-- . 
1tfJ. (p2 + /w2) [(p + Wb)2 + wi;)] 

(3.25) 

Following the inverse transformations in accordance with (1.9) and 
(27.40), Eq. (3.25) and some manipulation give 

( ) vo ~ 1 . j1tX r:J.2 {j4(/ - r:J(2) 
V X, t = - L... - Sill - . • 

2 j=l / I /(j2 _ c( 2)2 + 4cJ.2p2 cx 2 

. (1 - cos jwt) - [j2(/ - r:J(2) - 4p2] (1 - e -CDb t cos wij)t) -

- 2/ P sin jwt + p [2.J·4 + j'2(j'2 _ r:J(2) _ 4p2] e -CDb t sin w' . t} r:J. (j4 _ p2)1/2 (j) • 

(3.26) 
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In the above expression, (1.18) and (1.19) were used for the speed para­
meter tX and the damping parameter /3, respectively. 

For low speeds, tX ~ 1, light damping, /3 ~ 1, and j = 1, Eq. (3.26) 
becomes quite simple, namely 

vex, t) ~ vo (1 _ cos wt) sin ltX . 
2 I 

(3.27) 

This last relation is suitable for calculations relating to large-span 
bridges, the case that has been considered when deducing the theory in 
this chapter. Eqs. (3.26) and (3.27) apply only to the arrival of a conti­
nuous load, i.e. at 0 ~ t ~ IJe. 

3.3 Departure of a continuous load from a beam 

This case is solved analogously to the one just discussed (see Fig. 3.3b). 
The initial conditions now are those given by (3.21) 

00 1. jltX 
vex, 0) = vo. L -:s SIn - , 

)=1,3,5 ... ) I 
v(x, 0) = 0 (3.28) 

because at the beginning of the process the beam is assumed to be per­
forming steady-state vibration in the sense of Sect . .3.1. 

The load now is 
p(x, t) = q H(x - et) . (3.29) 

Writing (3.2) with (3.29) on the right-hand side, and solving it in accord­
ance with (1.9) with the use of boundary conditions (1.2) and relations 
(27.69) and (27.72) give after a bit of handling 

yU, t) + 2WbVU, t) + W~j) V(j, t) = ~ (cosjwt - cosjlt). (3.30) 
Jltp. 

In view of initial conditions (3.28) and relations (27.4), (27.19) transfor­
mation (1.15) will give 

V*U' p) = ( ;2 ,2 [VU, 0) pep + 2Wb) + 
p + Wb + W(j) 

+ - - COSJlt ql (p2 . )] 
jrrp. p2 + /w2 

(3.31) 
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where V(j, 0) is the Fourier transform of initial conditions (3.28) 

fl j1tX v locI 
V(j,O) = v(x, 0) sin - dx = _0 ._ I .5 

° 1 2 1-1,3,5 ... ) 
(3.32) 

Applying the inverse transformations (1.9) and (n.22), (27.42), (27.20) 
we get from (3.31) 

v(x,t) =t ~~sinj~X[e-wbt(coSW(j)t+ '4_[32 \/2 sinW(j)t)I._ + 
j ) () [3) j - 1 ,3,5 ... 

+ ! { r [V - rr) (cosjwt - e- wbt cos w'· t) + 
2 /V - a2)2 + 4a2 [32 (j) 

+ 2a[3 sin jwt - [3 (/ + a2) e - Wb t sin W('j.)t] - cos j1t . 
j (j4 _ [32)1/2 

[1 -Wb t(, [3., )]}] . - e cos w(j)t + Sin w(j.)t . (t - [32)1/2 
(3.33) 

As in Chap. 1, expressions (1.18) and (1.19) were again used for the speed 
parameter a and the damping parameter [3, respectively. For a ~ 1, 
[3 ~ 1 andj = 1, Eq. (3.33) simplifies to 

( ) Vo ( ) . 1tX 
V x, t = - 1 + cos wt Sin - , 

2 1 
(3.34) 

a formula suitable for the calculation of large-span bridges. 

Eqs. (3.33) and (3.34) again apply only during the time of departure 
of a continuous load from a beam, i.e. for 0 ~ t ~ lIe. 

3.4 Application of the theory 

The foregoing theory is frequently used in the calculation of dynamic 
stresses in large-span railway bridges, resulting from the traverse ofa train 
of cars hauled by a locomotive [74]. According to experience, the bridge 
vibration produced by the cars is very irregular, with a lot of damping 
coming into play, too. The reasons for this are track irregularities, the 
condition and lateral movements of the cars, damping of the car springs, 
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damping in the connecting rods and other, mostly random causes. *) 
More often than not the dynamic effects of the locomotive are damped 
out by the train of cars. 

3.4.1 Approximate calculation of large-span railway bridges 

In the calculations that follow the load of the cars is assumed to be 
transferred to the main girders of the bridge as a continuous load, q, 
which moves behind a locomotive producing effects described in Sect. 
2.3. The locomotive is assumed to be heavier than the cars, with un­
balanced counterweights producing large dynamic forces. 

Let us first examine free vibration of a bridge loaded with a loco­
motive stationed at mid-span, and a continuous load, q, extended from 
the left-hand end to the centre of the bridge. In the case of a heavy loco­
motive and not so heavy cars, the position is decisive for the calculation 
of free vibration of the bridge, and analogous to that of the case dis­
cussed in paragraph 1.4.3. 

For free vibration of a beam thus loaded the right-hand side of Eq. 
(1.42) is 

-<5(x - 1/2) m a2v(~, t)I' _ Ji q a2v~(~, t) [1 - H(x - 1/2)]. (3.35) 
at x=I(2 ot 

Proceeding as in paragraph 1.4.3 we find that in the first approximation 
the differential equation of the beam vibration has the form of (3.2) in 
which the coefficients 

Ji=Ji 1+-+- , ( 2P ql) 
G 2G 

Wb = WbJi/ Ji 
have been substituted for Ji and Wb· 

Similarly, the frequencies are 

-2 2 /- -,2 -2 -2 
W(j) = W(j)Ji J1.; W(j) = W(j) - Wb , 

J(j) = f(j)[1 + 2P/G + ql/(2G)]-1(2. 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

Depending on the length of the train being considered, the calculation 
of forced vibration may be divided into the following stages: 

*) The random concept of the whole phenomenon is examined in detail in 
Chap. 26. 
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Stage 1 - The motion of the locomotive followed by the cars (a con­
centrated force and a continuous load). It lasts from the instant the 
locomotive arrives on the bridge until it departs from it. In this stage the 
free vibration is computed from formulae (3.35) to (3.39). 

Stage 2 - The motion of the continuous load. It lasts from the instant 
the locomotive departs from the bridge until the end car arrives on it. 
The bridge deflection is approximately described by Eq. (3.18). 

Stage 3 - Departure of the continuous load from the bridge. It lasts 
from the instant the end car arrives on the bridge until it departs from it. 
The bridge deflection is approximately described by Eq. (3.34). 

Stage 4 - The bridge is under no load, free vibration sets in (this case 
does not concern us). 

In the course of each stage the bridge behaves in conformance with the 
character of the load imposed, and its vibration is also affected by the 
pertinent initial conditions. We shall presently return to stage 1 because -
as we have assumed - vibration in its course is the most intensive of all, 
and the other two stages have in fact been solved in Sects. 3.1 and 3.3. 

In the course of stage 1 the beam is loaded with a moving force, P (cf. 
Chap. 1), a harmonic force, Q sin Qt (cf. Chap. 2), and a continuous 
load, q (cf. Sect. 3.2). In view of the linear character of the problem, the 
total deflection of the beam is described by the equation 

Vex, t) = vp(x, t) + vQ(x, t) + vix, t) (3.40) 

where vp(x, t), vQ(x, t) and Vq(x, t) are described by Eqs. (1.41), (2.7) and 
(3.27), respectively, with values ii, Wb' w(j) according to Eqs. (3.36) to 
(3.39) substituted for p, CUb' CU(j)' 

3.4.2 Comparison of theory with experiments 

The theory expounded in the foregoing will next be applied to the exami­
nation of a bridge having span I = 56·56 m traversed by a 524.1 type 
locomotive (for data see paragraph 2.3.1) hauling three cars; the conti­
nuous load produced by them is q = 39·5 kN/m. From (3.36) and (3.39) 

plii = 0'351; J(l) = 4·20 x 0'351 1/ 2 = 2·49 Hz. 

The measured first natural frequency of the bridge under load was 
J(l) = 2'44 Hz, a value in very good agreement with the computed one. 
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MOVING CONTINUOUS LOAD 

Resonant vibration sets in at speed [see (3.44)] ccr = 2-49 x 3·96 = 

= 9·85 mjs = 35·5 kmjh. The test speed nearest to the critical was c = 

= 34·0 kmjh. The deflection at mid-span of the bridge, corresponding 
to Ccr was computed from Eqs. (3.40), (3.18) and (3.34). It is shown in 
Fig. 3.4, the measured deflection in Fig. 3.5. In the latter Vp = 1·7 cm 
[vp = vo; for Vo see Eq. (1.21)], Vq = 2·52 cm [vq = vo; for Vo see Eq. 
(3.19)], and v[lj2, Ij(2c)]'tat = vp[lj2, Ij(2c)] + vq[lj2, Ij(2c)] = Vp + 
+ vqj2 = 2·96 cm. Comparing Figs. 3.4 and 3.5 we see that the theory is 
in qualitative agreement with experiments. Actually, however, the damp­
ing was far in excess of that used in the computation. 

3.4.3 The dynamic coefficient 

The most intensive vibration is found to arise at the instant the locomotive 
is in the neighbourhood of three fourths of the bridge span. To make up 
for the effect of damping, let us calculate the dynamic coefficient according 
to (2.10) and (3.40) for the instant the locomotive is at midspan, i.e. 
t = Tj2 = Ij(2c): 

o = vp(lj2, T12) + vQ(112, T12) + vilj2, T12) = 

vp(112, Tj2) + vill2, Tj2) 

_ 1 vill2, T12) 1 _ 1 A A - + - + LJ PQ LJ P • 
vP(112, T12) 1 + vq(112, T12) q 

vp(lj2, Tj2) 

(3.41 ) 

Coefficient LlpQ expresses the effect of the harmonic force and equals 
the second term on the right-hand side ofEq. (2.11) in which w(1) and Wb 
according to (3.38) and (3.37) are substituted for ro(l) and rob' Coefficient 
Llpq describes the effect of the continuous load and is deduced via cal­
culation from Eqs. (1.41), (1.21), (3.27) and (3.19): 

1 
Lip = (3.42) 

q 1 + qll(1tP) 
In the case of resonance, Q = well' Eq. (3.41) simplifies to 

o = 1 + JL w(l) (roe- Wbl/(2c) + Wb) 1 . (3.43) 
2P ro2 + w; 1 + qlj(1tP) 

Eq. (3.41) represents the resonance curve computed for the 56·56 m­
span bridge, type 524.1 locomotive with three cars producing load 

55 



PART II - ONE-DIMENSIONAL SOLIDS 

q = 39·5 kN/m. The result of the computation is shown in Fig. 3.6 
together with the measured values. It is clear to see from the figure that 
the theory agrees well with the experiments. The bridge vibration is also 
affected by damping in the car springs, a factor hard to express correctly. 

Maximum effects again arise at resonance, i.e. at speed 

(3.44) 

analogous to (2.16) except that in the aboveJ(l) is given by (3.39). 
Fig. 2.6 plots the critical speed (3.44) versus the span for loads p = 

= q = 0, 20, 40, 60, 80 and 100 kN/m. As the figure indicates, conti­
nuous load exerts a strong effect on the critical speed. 

S 

1.2 1---.---,-----.-----.-----.-----, 

~l r-~-+---+----1-~~~---_+---~ 

1. a L--__ .l..-_-====-_.l..-__ .l..-__ .l..-__ ,.,.-~-
a 10 20 30 ~O 50 c (kmlh] 

Fig. 3.6. Theoreti~al ( - ) and experimental (0) dependences of dynamic coefficient 
o on speed c. Bridge with span 1= 56·56 m, steam locomotive type 524.1 with 

three cars, q = 39'5 kN/m. 

3.4.4 Pipelines carrying moving liquid 

The method of calculation outlined above may also be employed in 
analyses relating to vibration of pipelines conveying liquid flowing with 
velocity c. The pipeline is taken for a beam, the liquid is assumed to be 
ideal and incompressible, and its velocity distribution across the pipeline 
cross section approximately uniform. On these assumptions we can use 
Eqs. (3.2) to (3.7) and the approximate solution deduced in Sect. 3.1, 
with q and Jlq denoting respectively the weight and mass of the liquid 
per unit length of pipeline. 

3.5 Additional bibliography 

[19, 20, 25, 74, 97, 132, 159, 213]. 
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4 

Moving force arbitrarily varying in time 

We shall now turn to the case of a simply supported beam with span 1 
traversed at constant speed c by concentrated force p(t) arbitrarily varying 
in time. The calculation will also be carried out for several special cases 
of p(t). 

With the notation of Chap. 1 the problem is described by the differen­
tial equation 

EJ 04V(X, t) OZv(x, t) 2 ov(x, t) -( ) p( ) --'-----'- + II + PWb -- = i) x - ct t 
ox4 otZ at (4.1) 

and by the boundary and initial conditions (1.2) and (1.3). Eq. (4.1) will 
again be solved by the Fourier integral transformation according to 
(1.9) and (27.74) 

V(j, t) + 2Wb }'(j, t) + wtj) V(j, t) = ~ p(t) sinjwt (4.2) 
J1 

and by the Laplace-Carson transformation (1.15). In so doing we shall 
also use relation (27.11) so that in view of (1.3) we get the transformed 
solution in the form 

V*(. ) = ~ 1 p_ [p*(p - ijw) _ P*(p + ijW)] 
j, p ,2 ". '. 

J1 (p + Wb)2 + w(j) 21 P - IjW P + IjW 
(4.3) 

where 

(4.4) 

is the Laplace-Carson integral transform of concentrated force p(t), and 
the other symbols are as in Chap. 1. On computing the inverse transform 
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with the aid of relations (27.5) and (27.21) we get the result 

vex, t) = I --, sin J1tX PCr) sin jon e -"'.(1-<) sin w(jit - .) d •. 
00 2 . ft 

j=1 Jl.lw(j) I 0 (4.5) 

In this way we can calculate the deflection of, and stresses in, a beam 
subjected to arbitrary force pet) either specified in advance or obtained, 
say, experimentally. The integral of Eq. (4.5) can even be evaluated 
numerically. 

In what follows we shall discuss several special cases of force pet). 

4.1 Force linearly increasing in time 

Consider force pet) to be of the form 

pet) = P (;)" 

where P is the constant force of Chap. 1, 

T - a definite reference time, 

n = 0, 1, 2, 3, ... 

According to (27.15) the transform of Eq. (4.6) is 

P*( ) _ P n! p ---. 
Tn p" 

Substitution of (4.7) in (4.3) gives 

(4.6) 

(4.7) 

. Pn! 1 p (p + ijw)n+1 - (p - ijw)n+1 
V*(J, p) = - - -"'----'------''''-----=---'---

Jl.T" (p + wb)2 + w(7) 2i (p2 + /( 2)n+1 
(4.8) 

We shall solve Eq. (4.8) for the special case of force pet) linearly in­
creasing in time, i.e. for n = 1 in Eq. (4.6) - see Fig. 4.1a. Then (4.8) 
gives 

(4.9) 
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The original of (4.9) is obtained by help of relation (27.66). For Wb = 0 
the solution is 

vex, t) = '\' vo -- 3 jwt sin jwt - cos jwt + OC! 2 IX (l - 1X2 

L, T . ('2 2)2 2 2 j:l W(I)J J -IX IX 

) 
. jrex + cos W(j)t SIn -l- . 

Eq. (4.10) is written in terms of (1.18) and (1.21). 

aJ bJ 

PIO 

·~~--------~L-----x 

Fig. 4.1. a) Moving force linearly increasing in time. 
b) Moving force linearly decreasing in time. 

For a linearly decreasing force (Fig. 4.1b) 

T-t ( t) p( t) = P --y = P 1 - T 

(4.10) 

(4.11) 

the procedure is analogous and the solution consists of that of Chap. 1 
minus Eg. (4.10). 

4.2 Force exponentially varying in time 

According to (27.16), the transform of a force exponentially varying in 
time (Fig. 4.2) 

is 
pet) = Pe- dt 

P*(p) = P -p-. 
p+d 

Substitution of (4.13) in (4.3) leads to the transformed solution 

(4.12) 

(4.13) 

(4.14) 
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and the use of (27.45) and (1.9) to the original solution. For Wb = 0, for 
example, the beam deflection 

PftJ 

( ) ~ 2Pjw . j1tX 1 
v x t = L. -- sm - -:-::-----::--::----=-:-::------::----:::-

, j= 1 /11 I (d2 + /w 2 - W~j)y + 4d2W~j) 

[
d 2 + /w 2 _ w 2 . . d2 _ /w2 + w 2 . 

• (j) sm w(j)t + . (j) e- dt sinjwt -
w(j) )W 

- 2d(cos w(j)t - e- dt cosjWI)] . (4.15) 

Fig. 4.2. Moving force exponentially 
decreasing in time. 

4.3 Moving impulses 

Equally interesting is the case of a beam subjected to moving instanta­
neous impulses acting at regular time intervals (see Fig. 4.3). In such 
a cast! force pet) is 

N 

pet) = L 1b(t - nTo) 
n=l 

where I - force impulse [force x ti~e], 
To - time interval, 

(4.16) 

N - finite number of impulses acting on the beam during the 
traverse. 

By (27.7) the transform of force (4.16) is 
N 

P*(p) = I.1pe- nTop • (4.17) 
n= 1 

Substitution of (4.17) in (4.3) and a bit of handling give the transformed 
solution 

(4.18) 
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whence - according to (27.10), (27.21) and (1.9) -

(4.19) 

In view of the definition of unit function (3.23), the form of writing of 
(4.19) indicates that after each impulse there is added to the solution 
another component characterized in (4.19) by the next number II. 

pro 

~~----------~--~-x 

Fig. 4.3. Moving impulses. Fig. 4.4. Impulse function of the 
second order. 

The case is solved analogously also for the impulse function of the 
second order. *) To that end, the function H l(t) is defined as the general­
ized derivative of the Dirac function 6(t) in the distributive sense 

(4.20) 

The moving force is written in the form 

N 

pet) = IJ1H1(t - nTo) (4.21) 
n=l 

*) The impulse function of the second order, HI (t), imparts unit displacement to 

unit mass(Fig. 4.4). In terms of variable x, HI (x) denotes a concentrated unit bending 
moment. If at point x = a from interval <0, I> function I(x) has the first derivative, 
it also holds that 

(4.20a) 
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where /1 is the impulse of the second order [force x square of time]. 
By (27.8) the transform of force pet) is 

N 

P*(p) = IJIP2e -nTop. 

n=l 
(4.22) 

Substitution of (4.22) in (4.3) gives 

N / p 
V*(j, p) = L ---.!. ( )2 ,2 (p sinjnTow - jw cosjnTow) e- nTop 

n= 1 p. P + Wb + W(j) 
(4.23) 

and the subsequent application of (27.10), (27.21), (27.22) and (1.9) 

vex, t) = I I _1 sin - e-wbU-nTo) cos wij)(t - nTo) -<:IJ N 2/ jrtX {[ 

j=l n=l p./ / 

W b · '( T.)]" T. jw., ( ) - -, SIllW(j) t - n 0 Slll)n oW - -, SIllW(j) t - nTo . 
W(j) W(j) 

. cosjnTow} H(t - nTo) . (4.24) 

4.4 Application of the theory 

Forct:s in the form of Eqs. (4.6), (4.11) or (4.12) are used in calculations 
of structures exposed to the effects of explosion, pressure waves, etc. 
Moving impulses such as those described in Sect. 4.3 can be made to 
represent, for example, impa<;ts of fiat wheels on large-span railway 
bridges (see also Chap. 9). 

But the problem in which the theory expounded above has found its 
widest application is that relating to impacts of rolling stock wheels on 
rail joints on bridge structures [121], [24].*) It differs from the one 
just discussed by,that the rail joint (Fig. 4.5) is at a fixed point Xo on the 
bridge, and the wheels produce in it - in more or less regular time inter­
vals To - impact loads that may be represented by simple impulses. The 
load acting on the beam owing to the impacts is then 

p(x, t) = pet) (l(x - x o) (4 .. 25) 

*) The problem of rail joints is very complicated and the solution given in the 
present Section 4.4 is only an approximate approach. 
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where - similarly as in (4.16) the force 

00 

pet) = IJ b(t - nTo)· (4.26) 
n=O 

The above equations are written on the assumption that the number of 
impacts is large, i.e. N -+ 00; in practice this means a train with a large 
number of wheels, which is much longer than the bridge span. 

Fig. 4.5. Wheel impacts on rail joint 
at point xo. 

~ I 
, , I 

,<cT.,. 

I I 
A 

• 

Substitution of (4.25) in the right-hand side of Eq. (4.1) and a procedure 
analogous to that used in handling the latter lead to the transformed 
solution [cf. Eq. (27.74)] 

V*( . ) _- ! p*(p) . jrexo (4.27) 
j, p ( )2 /2 Sill - • 

J1 P + Wb + wu) 1 

The transform of force (4.26) can now be summed like a geometric series 
[cf. Eq. (27.7)] 

00 1 
P*(p) = IJpe- nToP = P_ ; 

n=O 1 - e pTo 
(4.28) 

hence - by (27.28) and (1.9) - the inverse transformation of (4.27) 
becomes 

vex, t) = 1: -- Sill - Sill - • 
00 21 . jrex . jrexo { e - Wb l 

j= 1 J11w(j) 1 1 1 - 2ewbTo cos w(j) To + e2robTo 

[( 1 rob To / r.). / t rob To • / r. /] . - e cos Ww 0 Sill W(j) - e Sill W(j) 0 cos W(j)t + 

2wei) 1:00 1 [( 2 4 2 2jr.2) +-- W· - n1t 
T. - ( 2 _ 4 2 2jr.2)2 + 16 2 2 2jr.2 (J) 0 • o n - 0 W(j) n 1t 0 n 1t Wb 0 

2n1tt 4n1twb • 2n1tt]} . cos -- + -- SIn -- • 
To To To 

(4.29) 
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Eq. (4.29) is the general solution to the problem of a beam with zero 
initial conditions (1.3) on which there starts to act an infinite number of 
impulses I in regular time intervals To. After a time the beam will evident­
ly be set to vibrate in forced steady-state vibration whose maximum 
amplitude 

A ~ 21 . jrtX . jrtXo 1 = L.. -- sm - sm -- -,-----=--------,--=:---., 
j=l J-llw(j) I I (1 - 2e"'·To cos w(j)To + e2"'.TO)'/2 

(4.30) 

derives from the largest possible amplitude of the term in the first brackets 
on the right-hand side of Eq. (4.29). 

Amplitude (4.30) attains its maximum whenever interval To is equal 
to some period of beam free vibration Tr.j) = 2rt/w(j) or to an integer 
multiple thereof. 

It might happen in practice that the train passing over a rail joint 
consists of cars with equal wheel bases or of groups of identical cars. 
The rail joint is then subjected to so-called group impacts that are apt 
to set the bridge structure even to resonant vibration. 

Such cases have been observed and given detailed theoretical treatment 
in the USSR [121], [24]. The value of impulses I was also determined 
empirically as ranging from 1 to 2 kN s, and expressed analytically in 
depecdence on speed by the formula 

I = ae(l - 0'012e) p~/2 (4.31) 

or for short-span bridges by the formula 

I = O'01lp~/2 . (4.32) 

In the above the old unit of force (megapond = 1 Mp == 10 kN) has 
been used: 

I is in [Mp s], 

a an empirical constant, 

e speed in [m/s] , 

PI weight of the unsprung mass of the axle in [Mp], 

1 span in [m]' 
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MOVING FORCE ARBITRARILY VARYING 1:-.1 TIME 

In a like manner one can also obtain the amplitude of forced steady­
state vibration in the case of second-order impulses. Then 

and the maximum amplitude resulting from (4.27) and (27.29) via the 
procedure applied to (4.29) and (4.30) is 

(4.33) 

4.5 Additional bibliography 

[24,88,121,1461. 
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5 
Beam stresses 

Up to now we have been satisfied with finding the dynamic deflection 
from its expression in the form of a series. The comparatively fast con­
vergence of the series enabled us to obtain adequately accurate results 
even with the use of only the first term. Sometimes, however, we might 
wish to establish also the other quantities of interest, i.e. the rotations of 
cross sections 

the bending moments 

and the shear forces 

av(x, t) 
ax 

T(x, t) = -EJ a3v(x, t) . 
ax3 

(5.1 ) 

(5.2) 

(5.3) 

From the point of beam stress calculations, the most important of the 
above quantities are the bending moments. This chapter will show several 
methods of computing them for a simply supported, assumably un­
damped beam traversed by a constant force. Though illustrated by way 
of this simple example, some of the methods are equally well applicable 
to computations involving beams with other loads and support condi­
tions, damped vibration, as well as the remaining quantities - i.e. the 
deflection, rotation and shear forces. 

5.1 Calculation by expansion in series 

As we have pointed out at the end of Sect. 1.2, differentiation of the de­
flection expression with respect to x impairs the convergence of the series. 
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We shall now demonstrate the truth of this statement with a numerical 

example*). 
According to the theory of the Fourier series, Eq. (1.31), the solution 

of the motion of constant force P over a simply supported beam, is a uni­
formly convergent series on intervals 0 ~ x ~ 1, 0 ~ t ~ lie. Like 
a Fourier series the equation, rewritten to a somewhat different form, 
may be differentiated term by term according to (5.2) and (5.3). The 
operation will give us respectively the deflection, the bending moment, 
and the shear force of an undamped beam in the form 

() ~ 96 1 (.. a. ) . jrtx 
V x, t = Vo f.., 4 '4(1 SIn Jwt - - SIn w(j)t SIn - , 

j~l rt J - a21/) j 1 

M X, t = Mo f.., - SInJwt - - SIn w(j)t SIn -, () ~ 8 1 (.. a. ) . jrtX 

j~l rt2 /(1 - a21/) j I 

T(x, t) = P f ~ . 1 (Sin jwt - ~ sin W(j)t) cos jrtX (5.4) 
j~lrtJ(1-a21/) j I 

where according to (1.21) and (1.27) Vo = pe/(48EJ) and Mo = Pll4 are 
the deflection and the static moment at the centre of the beam span under 
the action of load P at point x = 112. (These expressions are used through­
out in Chap. 5.) The speed parameter is defined by Eq. (1.18). 

Expressions (5.4) were computed for the centre of the beam span, 
x = 112, and the instant when the force passes over it, t = 11(2e) with 
speed a = 1/2. Only the shear force was determined for instant t = 

= 31/(4e) - i.e. for the load at 314 of the span - because all the terms 
of the series turn out zero for t = 11(2e). 

., 
*) Generally, this is what is being merely proved: If series'LJ{j)(x) is uniformly 

00 J = 1 

convergent on the interval <0, I) and if series 'L[(j)(x) is convergent for at least 
00 j = 1 

one Xo E <0, I), then series L f(n(x) is uniformly convergent on the whole interval 
)=1 

'" <0, I), differentiable term by term and satisfying the condition d[Li(j/X)]/dx = 
~ )=1 

= L [di(j)(x)]/dx. So far as the Fourier series are concerned, the sufficient condi-
J=1 

tion for function [(x) to be differentiable term by term is that I(x) should be conti­
nuous andf'(x) in parts continuous over the interval <0, I) (cf. [186], pp. 557 and 
592). 
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The partial sums for several terms j of the series are set out in Tables 
5.1, 5.2 and 5.3. As the tables indicate, the convergence of series (5.4) is 
comparatively very fast for the deflection but much less so for the bending 
moment, and in particular for the shear force. 

Table 5.1 Deflection v(I/2, 1/(2c»/ Vo 
I 
I 

Method 
I 

Number of terms 

series j= 1 j = 1,3 I j = 1,3,5 j = 1,3,5,7 I 
Eq. (5.4) 1'314046 1·326561 

I 
1'328154 1·328 573 

combined j= 1 j = 1,3 j = 1,3,5 
Eq. (5.72) 1 1·328 511 1'328859 

I 
1·328875 

Table 5.2 Bending moment M(I/2, 1/(2c»/ Mo 

Method 
I 

Number of terms 

series j= 1 j= 1,3 j = 1,3,5 j=I,3,5,7 
Eq. (5.4) 1·080759 1·173 396 1·206146 1·222773 

integro-

I differential n=O n=1 
Eq. (5.60) 1 1·205617 1·256351 1·269018 
error 1/ 0'040954 0·002560 

I 

I combined 

I 
j= 1 j = 1,3 j = 1,3,5 

Eq. (5.71) 1 1·270190 1·272763 1·273091 

Table 5.3 Shear force T(I/2, 31/(4c»/(P/4) 

Method I Number of terms 

series j= 1,2 I j = 1 to 6 j = 1 to 10 I j = 1 to 16 
Eq. (5.4) 1·358 122 

I 
0'930741 1·186027 i 1·003903 

I 
I 

combined j = 1,2 j= 1 t06 j = 1 to 10 
Eq. (5.73) 1 1·084883 1·078947 1'080223 
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5.2 The integro-differential equation 

Using the influence function G(x, s) (called Green's function in mathe­
matics - see [8J, [186J) we may write the integro-differential equation 

II II CZv(s t) vex, t) = G(x, s) pes, t) ds - G(x, s) pes) ; ds 
o 0 ct 

(5.5) 

describing - as does the partial differential equation (3.2) - vibration 
of a beam with variable mass p(x) subjected to load p(x, t) per unit 
length. Function G(x, s) represents the beam deflection at point x pro­
duced by static load P = 1 placed at point s. 

Analogously to the above we may write the equations of the bending 
moment 

II II OZv(s t) M(x, t) = GM(x, s) pes, t) ds - GM(x, s) pes) ; ds 
o 0 at (5.6) 

and of the shear force 

II II OZv(s t) T(x, t) = GT(x, s) pes, t) ds - GT(x, s) pes) ; ds. 
o 0 at (5.7) 

In the above, GM(x, s) and GT(x, s) are the influence functions of the 
bending moment and the shear force, respectively (that is to say their 
values at point x produced by static load P = 1 placed at point s). 

Eq. (5.5), i.e. the deflection equation, was solved directly by N. G. 
Bondar' [23J for the case of a constant force moving over a simply sup­
ported uniform beam with the influence functions 

G(x, s) = 

for 
{

_l_ [ -(l _ s) x2 + (2lZ - 3ls + SZ) s] x 
6EJl 

1 
- [-(l - x) SZ + (2lZ - 3lx + x2)x] s for 
6EJl 

x~s 

x~s 

x~s 

(5.8) 
x~s 

(5.9) 
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G (X s) = _ EJ a3G(X, s) = { 1 - f 
T , aX3 s 

I 

for x < s 

(5.10) 

for X> S 

We shall now show how to compute directly the bending moment ac­
cording to Eq. (5.6) for the same case. Let us first write the ~xpression 
of the quasi-static bending moment produced by load p(x, t) = 

= o(x - ct) P 

Msr(x, t) = f: GM(x, s) pes, t) ds = J: GM(x, s) o(s - ct) P ds = 

= P GM(x, ct) . (5.11) 

In Eq. (5.6) we shall also substitute the expression 

vex, t) = - GM(x, s) M(s, t) ds 1 fl 
EJ 0 

(5.12) 

which we have found - by differentiating twice with respect to x - to 
be analogous to the expression 

a2v(x, t) = __ 1 M(x, t) 
ax2 EJ 

\5.13) 

because 
a2GM(X, s)/ax2 == -o(x - s) . (5.14) 

Next we write Eq. (5.6) in the form 

J1. fl ,.1 a2M(s t) 
M(x, t) = M.rCx, t) - - J GM(x, r) GM(r, s) 2' dr ds. (5.15) 

EJ 0 0 at 
On substituting (5.9) we get the integral 

J: GM(x, r) GM(r, s) dr = EJ G(x, s) 

and using (5.16) are ready to write Eq. (5.15) in the form 

M(x, t) = M.rCx, t) - J1. G(x, s) , ds. fl a2M(s t) 
o at2 
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Eq. (5.17) is an integro-differential equation for computing the bending 
moment under the boundary conditions 

M(O, t) = 0; M(l, t) = 0 (5.18) 

and the initial conditions 

M(x, 0) = 0; M(x, 0) = 0, (5.19) 

provided the influence function G(x, s) also satisfies the boundary condi­
tions of a simply supported beam. 

The solution of Eq. (5.17) consists of the particular solution Mp(x, t) 
of the non-homogeneous equation (5.17) and of the solution of the ap­

. pertaining homogeneous equation Mh(x, t), i.e. 

M(x,t) = M p(x, t) + Mh(x, t) . (5.20) 

5.2.1 Particular solution of the non-homogeneous integra-differential 
equation 

The particular solution of the non-homogeneous integro-differential 
equation (5.17) will be carried out by using the method of successive ap­
proximations, each subsequent approximation being computed from the 
preceding one via the recurrent formula 

Mn+l(X, t) - Mst(x, t) - jl. G(x, s) ds. 
_ fl lPMnCs, t) 

o at2 
(5.21) 

Taking the quasi-static bending moment (5.11) for the zero approxima­
tion 

Mo(x, t) = M.tCx, t) = P GM(x, ct) 

we get from (5.21) the first approximation 

Ml(X, t) = MstCx, t) + jl.C2p G(x, ct) = 

= P GM(x, ct) + jl.Cz P G(x, ct) . 

(5.22) 

(5.23) 

In computing the integral in Eq. (5.21) we make use of the symmetry of 
the influence function GM(x, r) = GM(r, x) so that by (5.14) and at r = ct 

a2GM(x, r) = a2GM(x, r) (dr)2 = c2 a2GM(r, x) = -c2<5(r _ x). (5.24) 
at2 ar2 dt ar2 
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Substitution of (5.23) in (5.21) gives the second approximation 

Mix, t) = P GM(x, ct) + J1.C 2p G(x, ct) -

22Pf'G( )02G(S,ct)d - J1. c X,S S 
o ot2 

(5.25) 

and of(5.25) in (5.21) the third approximation 

Mix, t) = P GM(x, ct) + J1.C2p G(x, ct) -

f' 02G(S ct) J1.3 C6 f' - J1.2 C2p G(x, s) ; ds + - P G(x, s) G(s, ct) ds. 
o ot EJ 0 

(5.26) 

Proceeding in this manner up to the limit we obtain the particular solu­
tion of the non-homogeneous equation in the form of an infinite series, 
while assuming that the successive approximations converge 

In the above 

Go(x, s) = b(X - s) 

G1(x, s) = G(x, s) 

Gn(x, s) = J: Gn - 1(x, r) G(r, s) dr 

and according to (5.9) 

02G(X, ct) = _ ~ GM(x, ct) . 
ot2 EJ 

(5.27) 

(5.28) 

(5.29) 

Of course, we now have to see whether the successive approximations 
(5.27) converge. Let us denote by C; the least upper bound of the integral 

C; ~ J:IGn(x, s)12 ds (5.30) 
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that exists except for the value C~ for n = O. For integral (5.28) we shall 
use the Cauchy-Bunyakovski-Schwarz inequality 

and integrate it with respect to s: 

In the above we have used the notation 

( 5.33) 

In view of (5.30), inequality (5.32) results in the recurrent inequality 

(5.34) 

which - if we start from ci - may be rearranged as follows: 

(B)2n-2 C; ~ ci ; (5.35) 

Now we are in a position to apply the Cauchy-Bunyakovski-Schwarz 
inequality to the first of the integrals in Eq. (5.27) 

4 (B)2n-2 
~ C1 -

Jl 
(5.36) 

The general term of the first of the addends in the brackets of (5.27) will 
therefore be less than 

(5.37) 
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This means that the first part of series (5.27) will converge faster than 
a geometric series, provided its quotient will meet the condition 

I~c; BI < 1. 

Because of (Ll8) and the estimate of B (see [11]), 

1 
B>-2-' 

w(l> 

inequality (5.38) also implies the condition 

a < 1. 

(5.38) 

(5.39) 

(5.40) 

In a similar way we get the value of the second of the integrals in Eq. 
(5.27) 

If I Gn(X, s) a2G(~, ct) dsl2 ~ fIIGn(x, s)12 ds . fl (G(S~ ct)j2 ds ~ 
o at 0 0 I at : 

(5.41) 

where the upper estimate D2 of the integral is 

D2 ~ fl la2 G(x, ct),2 d 
- 2' x. 

o at ! 
(5.42) 

The general term of the second of the addends (5.27) is therefore less 
than 

(5.43) 

This means that the second term of the series, too, will converge faster 
than a geometric series, provided the quotient of the former meets the 
the conditions (5.38) and (5.40). 

Since its upper bound is a geometric series, series (5.27) is a uniformly 
convergent one for 0 ~ x ~ 1, 0 ~ s ~ 1, 0 ~ t ~ lIe by the Weierstrass 
criterion. As proved for the general case of integral equations in [153], 
solution (5.27) converges solely for subcritical speeds (5.40) and is unique. 
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Knowing the properties of the majorant geometric series we may also 
estimate the error resulting from our taking from series (5.27) only 
n + 1 terms, i.e. summing terms 0, 1,2, ... , n. The error of the first series 
of (5.27) is 

p2 C2C; p2c2ci qn+ 1 
/]1 = p--(s - Sn) = P---- (5.44) 

B B I - q 

where 

OC) 1 n . I _ qn 1 _ qn + 1 

S = L qj = --, Sn = L q' = -- + qn = , 
j=O 1 - q j=O 1 - q 1 - q 

and of the second series 
n 

/]2 = PI-l 2C2 C 1 D(S - Sn) = pl-l 2C2C 1D_q _ (5.45) 
1 - q 

where· 

<Xl • 1 n 1 n 
S = Lqr1 = q-I + --, Sn = Lqj-l = q-l +~!L 

j=O 1 - q j=O I - q 

and where by (5.38) and (5.40) the quotient is approximately q = cx4 • 

According to (5.27), (5.44) and (5.45) the absolute error of the bending 
moment will thus be less than 

_ 2 2 cx4n IC 1CX 4 I /] = I/]I - /]21 - Pp C C1 --4 1- - D'I' (5.46) 
I-cx i B 

5.2.2 General solution of the homogeneous integro-differential equation 

As indicated in [8] the general solution of the homogeneous integro­
differential equation [see (5.17)] 

M(x,t)=-p G(x,s) ds II e2M(s, t) 
o ot2 

( 5.47) 

is a uniformly convergent series for 0 ~ x ~ I, 0 ~ t ~ lie 

OC) 

Mlx, t) = L (Aj sin w(j)t + Bj cos w(j)t) v(j)(x) (5.48) 
j=l 
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where v(j)(x) are the normal modes of vibration, and coefficients Aj and 
Bj are determined from the initial conditions (5.19). Since Mix, 0) = 0, 
the first of the initial conditions (5.19) results in Bj = O. The second 
initial condition (5.19) and (5.48) gives 

00 

M(x,O) = LAjw(j)v(jlx) + Mix, 0) = O. (5.49) 
j=l 

On multiplying Eq. (5.49) by v(klx), integrating with respect to x from 
o to 1 and taking advantage of the orthogonal properties of the normal 
modes of vibration J~ v(jlx) v(klx) dx = 0 for j =1= k, we get after re­
arrangement 

1 I' . Aj = - I 2 Mix, 0) v(j)(x) dx. 
w(j) fo v(jlx) dx 0 

(5.50) 

For a simply supported beam 

() . jrrx 
v(j) x = sm -, 

1 
v(j)(x) dx = - . I' 2 1 

o 2 
(5.51 ) 

If we take but one term of Eq. (5.27) - see (5.22) - then according 
to (5.9) we get for s ~ x 

Mix, 0) = Pc (1 - x), (5.52) 
1 

and on substituting (5.50) to (5.52) in (5.48), the solution of the homoge­
neous equation 

00 8ec. . jrrx 
Mh(x, t) = L -Mo -. -2 sm w(j)t sm - . (5.53) 

j=l /rr 1 

It is plain to see from (5.53) that the solution of the homogeneous equa­
tion converges very rapidly, even with just one term taken for the 
calculation of (5.50) and (5.52). Moreover, (5.53) attenuates very quickly 
on account of damping which has not been included in the calculation 
at all. 

In acco'rd with (5.20). the solution of Eq. (5.17) is given by the sum of 
Eqs. (5.27) and (5.53). 
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5.2.3 Numerical example 

For our case of a simply supported uniform beam subjected to a constant 
moving force, Eq. (5.8) gives the following relations 

f' G(x, s) G(s, r) ds = 1 {_1_ [rx(x 6 + r6 ) - lx7] + 
o (6£1)2 1 140 

811 + - [6 rx + - 12rx(x4 + r4) + - [r3 x3(x2 + r2) - lr2x. 
105 10 20 

. (r4 + 3x4)] + lr3x3 (~ - ~) - ~ [4rx(x2 + r2)} for x ~ r, (5.54) 
3 4 15 

On account of the symmetry G(s, x) = G(x, s), the necessary integrals 
for x ~ r are obtained from (5.54) and (5.56) by interchanging x for r 

and r for x. 
For x = [/2, t = [/(2c), i.e. x = r = ct = 1/2, (5.54) or (5.55) gives 

from (5.56) 

and also 

f: G(x, s) G(s, r) dS!x=I/2.,=1/2 80640(£1)2 , 

f l G( ) o2G(S, r) d ! x, S Sl 

o ot2 !X=I/2.,=1/2 480(£1)2 

I 1 
GM(x, ct), = - 1 

,x=I/2. t=I/(2c) 4' 
I 

G(x, ct)i 
!X=I/2. t=I/(2c) 

13 

48£1 

( 5.57) 

(5.58) 

(5.59) 
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In our case of (I. = 1/2, t = 1/(2c) and x = 1/2 the solution of the homo­
geneous equation (5.53) turns out zero. From the particular solution 
(5.27) we take only two terms of the series, n = 0, 1, and consider merely 
Eq. (5.26). In view of (5.20) and (1.18), the latter - with (5.57) to (5.59) 
substituted in - gives 

M(I/2 1/(2)) - M 1 J1C J1 C ( 
2[2 2 4[4 17 

, C - 0 + 12E1 + 120(E1)2 + 20 160 . 

J13 C6[6 ) (1t2 1t4 171t6 ) 
. (E1)3 + ... = Mo 1 + 12 (1.2 + 120 (1.4 + 20160 (1.6 + ... . (5.60) 

For (I. = 1/2 the successive sums of (5.60) are set out in Table 5.2. 
As the table indicates, the convergence is now much faster than it was 
with the first method. So far as practical computations are concerned it is 
sufficient to take but two terms of series (5.60) for which no time­
consuming quadratures are needed either - see Eqs. (5.23). 

To compute the error, we first find from (5.30), (5.33), (5.42) and 
(5.55) the quantities 

ci ~ IIIG(x, s)12 ds; ci = II G2(x, s) dS/ 
o 0 x=I/2 

17[7 ,(5.61) 
80 640(E1)2 

9450(E1)2 ' 
(5.62) 

(5.63) 

and then substitute them in (5.46). For n = 0 and n = 1 the errors are 
set out in Table 5.2. As we see from the table, already for n = 0 the error 
is so small (less than 4%) as to be negligible in practice .. 

5.3 Combined method 

Either of the two methods described in Sects. 5.1 and 5.2 has advantages 
as well as shortcomings. The first method is simple but converges very 
slowly. The fast convergence of the second method, on the other hand, 
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is more than outweighed by the laboriousness of the computation. We 
shall now show how to combine the two methods to get a solution at once 
simple and quickly convergent and applicable to any load or support 
conditions. 

We start out from Eq. (5.6) in the second integral, on the right-hand 
side of which we substitute the solution v(x, t) expanded in normal 
modes vulx) and generalized coordinates q(j)(t): 

00 

v(x, t) = L v(j)(x) qU)(t) (5.64) 
j=.l 

which is a series uniformly convergent in ° ~ x ~ 1, ° ~ t ~ lie. The 
influence function G(x, s), too, may be expanded in normal modes to 
form a uniformly convergent series in x E <0, I), s E'<O, I), (see [8]) 

G(x, s) = I v(j)(x] Vuls) 
j= 1 W(j) Vj 

( 5.65) 

where 

Vj = f> vtj)(X) dx . 

Series (5.64) and (5.65) may therefore be differentiated term by term; 
the order of integration and summation may be interchanged, too. 
Further, by making use of the orthogonal properties of normal modes 
S~ v(j)(x) V(k)(X) dx = ° for j =1= k, and of (5.9), (5.64) and (5.65) we get 
for the second of the integrals in (5.6) 

f iG ( ) 82v(s, t) d - fl ~ EJv(~lx) V(k)(S) ~ () .. ()d -
M x, S P. 2 S - L. - 2 P. L. V(j) s q(j) t s -

o 8t ok=! WCk)Vk j=l 

~ EJ ,,() .. () = - L. -2 V(j) X q(j) t . 
j= 1 W(j) 

(5.66) 

In view of(5.11) the solution ofEq. (5.6) will thus become 

M(x, t) = Mst(x, t) + f E; v(j)(x) ij(j)(t) , (5.67) 
j=l w(j) 

the boundary conditions being already automatically satisfied in expres­
sions Ms,(x, t) and v(j/x), and the initial conditions in expression q(j)(t). 
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These expressions must of course be known, for example, from a previous 
solution of the deflection (5.64) and from the static solution. 

The above method can also be used for other quantities, such as de­
flection, shear forces, support reactions, cross section rotation, etc. For 
the deflection and the shear forces it gives 

<Xl 1 
v(x, t) = vs,(x, t) - L -2- V(j)(X) ij(j)(t) , 

j=lW(j) 

T(x, t) = r.'(X, t) + f EJ v;'j)(X) ij(jlt) (5.68) . w2 
J= 1 (j) 

where vs,(x, t) and r.'(x, t) are the respective static quantities 

Vs,(x, t) = J: G(x, s) p(s, t) ds , 

r.,(x, t) = J: GT(x, s) p(s, t) ds . (5.69) 

Next to uniform beams it can handle beams of variable cross section 
as well as other structures. 

As an example of its application consider our case of a constant force 
moving along a simply supported uniform beam. By (5.11), (5.9), (1.31) 

M.,(x, t) = P GM(x, ct) , 

/rr2 . jrrx 
--sm-

[2 [' 

and the bending moment according to (5.67) 

[
4 <Xl 8 ~ 

M(x, t) = Mo -[ GM(x, ct) +.L 1: '3(1 2/'2) . 
J=lrr} -~} 

(~ " . ). jrrx] . j sm }wt - sm w(j)t sm -[- . 

80 

(5.70) 

(5.71) 



BEAM STRESSES 

Similarly, the deflection 

(
IX " • ) • j1tX . j Sin Jwt - Sin W(j)t Sin -1- , (5.72) 

(
IX '. • ) j1tX . j Sin Jwt - Sin W(j)t cos -1- . (5.73) 

Expressions (5.71) to (5.73) were enumerated for x = 1/2, t = 1/(2c) 
[or t = 31/(4c) for the shear force] and IX = 1/2, and set out in Tables 
5.1, 5.2, 5.3. Consulting them we see that with the combined method the 
solution converges much faster than with the series method. Thus, for 
example, the bending moment computed with only the first term of series 
(5.71) differs from that computed with five terms by as little as 3% 0 , 

The faster convergence of expressions (5.71) to (5.73) is due to the fact 
that the power of j in the denominator is higher by one than that of the 
analogous expressions in (5.4). 

The combined method outlined above takes the quasi-statical effects 
of load for the basic ones and expands in normal modes merely the dif­
ference between the actual solution and the quasi-statical effects*). That 
is why it is particularly well suited for cases in which the quasi-statical 
effects predominate over the inertial forces, i.e. when the first terms on the 
right-hand sides of (5.5) to (5.7) are larger by far than the second ones. 

5.4 Application of the theory 

Of particular importance for practice is the answer to the question of 
which is the larger of the two: the dynamic coefficient computed from the 
deflection or that obtained from the bending moment. Going by the analy­
sis of the motion of a constant force along a simply supported beam we 

*) In contrast to the first method (Sect. 5.1) that immediately expands the whole 
solution in normal modes. 
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find that the dynamic coefficient of bending moment, bM , is somewhat 
smaller than the dynamic coefficient of deflection, bo' (cf. Tables 5.1 and 
5.2). For low speeds (('.( ~ 1) of the force motion, and referring to (5.60) 
and [23] we may write the approximate formulae of the dynamic coef­
ficients for the centre of the beam span and the instant the force passes 
through that point, as foIIows*): 

b = v(lj2, lj(2c)) = 1 + 1[2 ('.(2 

o v. IUj2, lj(2c)) 10 

bM = M(lj2, lj(2c)) = 1 + 1[2 ('.(2 

M.rClj2, lj(2c)) 12 
(5.74) 

For other beam cross sections, other loads, other definitions of the 
dynamic coefficients (of which there exists a whole number - see [107]), 
and particularly if the track irregularities are taken into consideration, 
we may expect results even totally different than (5.74). 

Another important conclusion that can be drawn from this chapter, 
is the finding concerning the high effectiveness of the combined method 
which has proved equally suitable for the deflection as for the bending 
moment. Frequently both quantities are obtained accurately enough with 
just the first terms of its series taken into account. 

5.5 Additional bibliography 

[8,11,23,62,111,117,162,174,192,193,235,2581. 

*) Similar situation has been observed to also arise in more complex systems 
moving along a simply supported beam without track irregularities (see Chaps. 9 
and 10, especially Figs. 9.7, 9:8, 9.10 to 9.15,10.6). There, too, the relative dynamic 
increment of stress is somewhat less than the analogous increment of deflection, 
even though the dynamic coefficients are defined in a slightly different way and Eqs. 
(5.74) naturally holds no longer. 
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Beams with various boundary conditions subjected 
to a moving load 

6 

The only problems considered so far have been those involving beams on 
simple supports. However, we may just as readily solve the problem of 
the effects of a moving load for uniform bars with general support con­
ditions. The method we plan to use for that purpose is the generalized 
method of finite integral transformations which leads to results formally 
identical with the method of expansion in normal modes. 

6.1 Generalized method of finite integral transformations 

This method is defined by the following relations between the original 
v(x, t) and its transform V(j, t): 

V(j, t) = tv(x, t) V(j)(X) dx; j = 1,2,3, ... (6.1) 

00 Ii . 
v(x, t) = L - V(], t) vu/x) . (6.2) 

j=l Vj 

The first relation defines the transformation of function v(x, t), the second 
the inverse of this transformation. In Eqs. (6.1) and (6.2), 

(6.3) 

is the j-th normal mode of vibration of a uniform beam (in this particular 
arrangement it is also called "the beam function" in literature), 

1 - is the bar length, 
Aj' Aj , Bj, Cj are constants obtained by substituting (6.3) in the bound­

ary conditions*). 

*) Tables of these constants for various modes of support are to be found, for 
example, in [8]. 
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The natural modes (6.3) satisfy the homogeneous differential equation 

(6.4) 

where the natural circular frequency ())(j) is in the form 

(6.5) 

Further, in (6.1) and (6.2): 

J1. denotes the mass per unit length of beam, 

Vj = I> vtj)(X) dx . (6.6) 

Following substitution in (6.3) and integration, the last expression may 
be rearranged to 

J1.1 { 2 2 2 1 [ Vj = 2 1 + Aj - Bj + Cj + T. 2Cj - 2AjBj - BjCj - t· 
J 

. (1 - AD sin 2Aj + 2Aj sin2 Aj + (B] + CD sinh ).j cosh Aj + 

+ 2(Bj + AjCj) cosh Aj sin Aj + 2( -Bj + AjCj) sinh Aj . 

. cos Aj + 2(Cj + AjBj) sinh Aj sin}.j + 2(-Cj + AjBJ . 

. cosh Aj COsAj + BjCj cosh 2AJ} . (6.7) 

The proof to establish the validity of the mutual transformation re­
lations, (6.1) and (6.2), will be made on the assumption that series (6.2) 
is uniformly convergent in the interval <0, 1); therefore, the integral of 
such series will also be uniformly convergent in that interval and the 
order of integration and summation may be changed. Further, it is as­
sumed that the normal modes possess orthogonal properties, i.e. that 

J1. vulx) v(klx) dx = . II {O for j =1= k 

o Vj for ] = k. 
(6.8) 

Assuming the above, the first expression, (6.1), is proved by substi­
tuting in its right-hand side the right-hand side of (6.2) in which the sum-
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mation is now made with respect to k 

L - V(k, t) V(k)(X) vu/x) dx = L - V(k, t) . I' 00 pool 

o k=O Vk k=O Vk 

. III V(j)(X) V(k/X ) dx = V(j, t) . (6.9) 

The validity of the second equation, (6.2), is proved by first multiplying 
both its left-hand and its right-hand side by expression V(k)(X) and then 
integrating with respect to x from-O to I: 

00 1 II = .L - V(j, t) p v(j)(x) V(k)(X) dx = V(k, t) . 
)=1 Vj 0 

(6.10) 

Accordingly, the transformation relations (6.1) and (6.2) hold good for 
functions vulx) with the orthogonal properties (6.8), uniformly conver­
gent in <0, I), for all j = 1, 2, 3, ... , with notation (6.6) applying. Func­
tion v(j)(x) need not even be of the "beam" form (6.3). Formally, of 
course, the required solutions (6.2) are obtained expanded in normal 
modes, a result that can also be arrived at by another method known 
from the vibration theory. 

Integral transformations (6.1) and (6.2) are actually a generalization 
of the Fourier finite transforms hitherto used (see, for example [204J) 
in either the sine or the cosine form. The Fourier finite sine transform is 
a special case of our transformations (6.1) and (6.2) in which the normal 
mode is used in the form (6.3) where Aj = Bj = Cj = 0, Aj = jre [cf. Eq. 
(1.9)]' The cosine transform is another special case if all that remains of 
(6.3) is cosjrex/l. 

When this method is applied to beam vibration, the point of impor­
tance is the calculation of the transform of the fourth derivative of the 
deflection with respect to x. It is effected by integration by parts used 
four times: 
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The function of time in the brackets is dependent in variable x only on 
the boundary conditions, and as such may be written as follows: 

(0 I ) _ [03V(X, t) () 02V(X, t) dV(j)(x) z , ,t - v(j) x - --- + 
OX 3 OX 2 dx 

+ --- - v x, t . 
ov(x, t) d2v(jlx) ( ) d 3v(jlx)]1 

ox dx2 dx 3 0 
(6.12) 

The right-hand side of (6.12) is evaluated by establishing the difference 
between the values of the expression for x = 1 and x = 0. It is to be 
noted that in conventional cases (self-adjoint differential operators with 
homogeneous boundary conditions), the function z(O, 1, t) is usually 
equal to zero because at least one of the geometric*) or dynamic bound­
ary conditions of the deflection or of the normal mode is zero. 

For beams, the fourth derivative of the normal modes can be computed 
from Eq. (6.4); the integral on the right-hand side of (6.11) then becomes 

II ()d 4 v(j)(x) J1. 2 II ( ) () v x, t 4 dx = - w(j) v x, t v(j) x dx. 
o dx EJ 0 

(6.13) 

With reference to (6.1), (6.12) and (6.13), the transform (6.11) of the 
fourth derivative of function vex, t) with respect to x may be written in 
the form 

-~---'- V(j) x dx = z 0, I, t + - W(j) V j, t . II 04V(X, t) () () J1. 2 (.) 

o OX4 EJ 
(6.14) 

6.2 Motion of a force generally varying in time, along a beam 

With damping neglected, the differential equation of vibration of a 
straight uniform beam subjected to a moving force pet) is in the well- . 
known form 

(6.15) 

ov(x, t)1 
*) The geometric boundary conditions are t'(x,t)I,,=O.,,=I, --, • 

ox 1"=0,,,=1 
o2v(x't)i o3 t-(x t)1 

the dynamic boundary conditions --;-1' , " and simi-
ox "=0,,,=1 ox3 :"=0,,,=1 

larly so for the normal modes v(j)(x), 
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The boundary conditions will be considered wholly general but unique­
ly specifying expression z(O, I, t). The initial conditions, too, will be con­
sidered generally different from zero 

( )\ () ov(x, t)! ( ) v x, t 1=0 = gt X ; --I = g2 X 
ot ,I =0 

(6.16) 

and it will be assumed that there exist generalized transforms of these 
. functions in the sense of (6.1) and (6.2) 

Gt(j) = f:gt(X) vulx) dx, 

00 J1. • 
gt(x) = I - Gt(J) vulx) , 

j= 1 Vj 

Gij) = f: g2(X) V(j)(X) dx, 

00 J1. • 
g2(X) = I - GzCJ) V(j)(X) . 

j=l Vj 

(6.17) 

We are in a position to solve Eq. (6.15) by the generalized method of 
finite integral transformations. On multiplying both sides of (6.15) by 
v(j)(x) and integrating with respect to x from ° to 1 we get - in view of 
(6.14) and (l.7) -

EJ [Z(O, 1, t) + :J (j)~j) V(j, t) ] + J1. V(j, t) = pet) v(j)( ct) , (6.18) 

and after rearrangement 

V(j, t) + (j)~j)V(j, t) = ~ pet) v(j)(ct) - EJ z(O, I, t). (6.19) 
J1. J1. 

By (6.16) and (6.17) the boundary conditions of this ordinary differential 
equation are 

and the equation is solved by the Laplace-Carson integral transforma­
tion (1.15) and the use of (27.4) to give 

p2 V*(j, p) - p2 Gt(j) - p G2(j) + (j)~j) V*(j, p) = 

= ~ P*(p) _ EJ Z*(p) (6.21) 
J1. J1. 
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in which 

P*(p) = p I~ p(t) V(j)(ct) e- pt dt, 

Z*(p) = p J:z(O, 1, t) e- pt dt (6.22) 

denote the Laplace-Carson transforms of expressions p(t) v(jlct) and 
z(O, 1, t). 

With respect to unknown V*(j, p), Eq. (6.21) may be rearranged to 

V*(j. p) = 2 1 z [.!:. P*(p) - EJ Z*(p) + pZ Gt(j) + p GzU)] . 
p + Ww J1 J1 

(6.23) 

With regard to (27.5), (27.18), (27.19) and (6.22), the inverse Laplace­
Carson transformation of Eq. (6.23) gives 

VU, t) = _1_ It [P(r) v(j)(cr) - EJ z(O, 1, r)] sin w(j)(t - r) dr + 
pW(j) 0 

+ Gt(j) cos w(j)t + _1_ Gij) sin w(j)t . (6.24) 
w(j> 

Following the use of relations (6.17) the inverse transformation of Eq. 
(6.24) according to (6.2) of our generalized method becomes 

<Xl { 1 It v(x, t) =.2: -- V(j)(X) [P(r) v(j)(cr) - EJ z(O, 1, r)] . 
J = t Vjw(j) 0 

. sin w(j)(t - r) dr + J!:... Gt(j) v(j)(x) cos w(j)t + 
Vj 

+ _J1_ Gij) v(j)(x) sin W(j)t} . (6.25) 
Vjw(j) 

Eq. (6.25) describes the deflection of a beam with general boundary and 
initial conditions, traversed by a concentrated force variable in time. To 
get the stresses in the beam we would apply the procedure outlined in 
Chap.5. 

In the special case of constant force P(t) = P and the beam function 
(6.3), the integral in Eq. (6.25) is easy to evaluate. To simplify still further, 
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assume that zeD, I, t) = ° and the initial conditions are also zero. Then 
using the notation 

.A..C w=_J_. 
1 

(6.26) 

Eq. (6.25) turns out as follows: 

vex, t) = I: !-. v(j)(x) { 1 [Sin wt - ~ . 
j=l •...• k-l.k+l .... Vj w~j) - w 2 w(j) 

sin w(j)t + (cos wt - cos w(j)t) Aj] + 2 1 2 [(sinh wt -
w(j) + W 

- ~ sin w(nr) Bj + (cosh 'wt - cos w(j)t) C j ]} + 
w(j) 

+ ~ V(k)(X) [sin W(k)t - W(k)t cos W(k)t + 
2Vk w(k) 

+ Akw(k)t sin W(k)t + (sinh W(k)t - sin W(k)t) Bk + 
+ (cosh W(k)t - cos W(k)t) Ck] . (6.27) 

The term within the summation sign is the solution for W j :j:: W while 
the next one is the solution for j = k at which W(k) = W (the resonant 
case). 

Next we shall obtain the deflection of a beam over which force P moves 
from right to left. This means that load p(x, t) is in the form 

p(x, t) = c5(x - 1 + ct) P . (6.28) 

Applying the procedure outlined in connection with the deduction of 
Eqs. (6.25) and (6.27), Eq. (6.15) with (6.28) for its right-hand side gives 

v(x, t) = £ ~ v(jlx) { 2 1 2 [(sin wt - ~ sin W(j)t) . 
J= 1 Vj W(j) - W W(j) 

. (-COsA j + Aj sin Aj) + (coswt - cosw(j)t)(sinAj + 

+ Aj cos Aj)] + 2 1 2 [(sinh wt - ~ sin W(j)t) . 
w(j) + W w(j) 

. (-Bj cosh Aj - Cj sinh Aj) + (cosh wt - cos w(j)t) . 

. (Bj sinh Aj + Cj cosh Aj)]} . (6.29) 
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Expression (6.29) will be made use of in Chap. 11. Similarly as in (6.27) 
the resonant case would occur at W(k) = w. 

If the force in (6.25) is a harmonic one 

pet) = Q sin Qt , 

the expression obtained after evaluation of the integrals is 

vex, t) = I: _Q- vulx) {2 1 [w cos w(j)t - r l sin wt sin Qt -
j= 1 2 Vjw(j) r 1 - w2 

- W cos wt cos Qt + Airl sin w(j)t - rl cos wt sin Qt + 

+ W sin wt cos Qt)] + 2 1 [Blw cos w(j)t -
r 1 + w 2 

- r l sinh wt sin Qt - W cosh wt cos Qt) + 

+ Cirl sin w(j)t - rl cosh wt sin Qt - W sinh wt cos Qt)] + 

1 [ .. Q + -wcosw(j)t+r2smwtsmQt+wcoswtcos t+ 
r~ - w2 

+ Air2 sin w(j)t + r2 cos wt sin Qt - w sin wt cos Qt)] + 

+ 1 [Bi -w cos w(j)t + r2 sinh wt sin Qt + 
r~ + w2 

+ w cosh wt cos Qt) + Cir2 sin w(j)t + r2 cosh wt sin Qt + 

+ w sinh wt cos Qt)]} (6.30) 

where 
(6.31) 

The resonant cases r 1 = w or r2 = w would be computed in an analogous 
manner. Another case of interest is that in which the frequency of the 
harmonic force equals some of the frequencies of free vibration, Q = 
= W(k)' Then naturally, rl = 0 and the respective k-th addend in Eq. 
(6.30) is obtained by simple substitution of rl = 0. 

Expressions (6.25), (6.27), (6.29) and (6.30) represent the generalization 
of the results of Chaps. 1,2 and 4 to bars of constant cross section on any 
kind of supports. In the main, series (6.25), (6.27), (6.29) and (6.30) con­
verge more slowly than their counterparts for simply supported bars. 
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6.3 Motion of a force along a cantilever beam 

We shall illustrate the theory expounded in the foregoing by computing 
the vibration of a cantilever bar along which moves a constant force P. 

a) r cf ( 
~ [--x 
~ 1 , 

b) 

0.5 

'( (O,fJ/1io 

Fig. 6.1. a) Cantilever with free left-hand end subjected to a moving force. b) De­
flection of the cantilever free end, ,,(0, t)/vo' for various values of speed, <Xl = 

= 0, 0'1, 0·5, 1. 

The cantilever is free on the left-hand and clamped on the right-hand end 
(Fig. 6.1a). Accordingly, the boundary conditions are 

vireO, t) = 0; v"'(O, t) = 0; v(i, t) = 0; v'(I, t) = 0 

and hence also 

v('j)(O) = 0; v(j)(O) = 0; v(j)(l) = 0; vij)(I) = 0 . (6.32) 
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On substituting (6.32) in (6.12) we see that z(O, 1, t) = 0. The initial con­
ditions are assumed to be zero, i.e. gl(X) = g;:(x) = O. Substitution of 
the last four boundary conditions from (6.32) in Eq. (6.3) leads to four 
equations for the unknowns Aj' A j , B j , Cj and after rearrangement to 

1 + cos Aj cosh Aj = 0; Al = 1'875; ... 

(6.33) 

Vj is computed from Eq. (6.27) and for j = 1, VI = 1·856fLI. 

cf 
0) 

I-----X 

b) 0T-_o::::::::::---====~=O==.==5::::::: _____ ----..:_~cf/1 

~=1 

0.5 

,1/, /II': 1 
Fig. 6.2. a) Cantilever with free right-hand end subjected to a moving force. 
b) Deflection of the cantilever free end, v(l, l)jvo, for various values of speed, 

0:1 = 0,0'1,0'5, 1. 

A cantilever clamped on the left-hand and free on the right-hand end 
(Fig. 6.2a) is computed in a like manner. The boundary conditions now 
are 

v(O, t) = 0; v'(O, t) = 0; v"(l, t) = 0; v"'(l, t) = ° (6.34) 

and the constants turn out to be 

),1 = 1'875; Al = -C 1 = -1,362; Bl = -1; VI = 1'856/-11. (6.35) 
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The free-end deflections produced by constant force P traversing the 
cantilever from left to right (Figs. 6.1 band 6.2b) were computed for 
both cases considered. They were referred to the static free-end deflection 

(6.36) 

The computation was made with only the first term of the series in 
Eq. (6.27), that is to say for j = 1 at Wi ::f: w, and k = 1 at Wi = w. 
Figs. 6.1b and 6.2b show the free end deflections of the respective canti­
levers at several speeds 

(6.37) 

where 

( 6.38) 

6.4 Application of the theory 

It is evident from Figs. 6.1 and 6.2 that stresses in a cantilever beam are 
far more unfavourable if the force applied starts to move from the free 
end than if it does from the clamped one. At low speeds of motion, the 
former case results in very intensive, the latter in very light beam vibra­
tions. 

This fact ought to be borne in mind when designing or building bridges 
with overhung ends, hinged beams, etc. 

6.5 Additional bibliography 

[8, 99, 142, 172, 232, 235]. 
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7 
Massless beam subjected to a moving load 

In Chap. 1 we have solved the case of a beam traversed by a load with 
mass negligible against the beam mass. Now we shall tackle the other 
extreme case, i.e. that of the beam mass very small compared to the mass 
of the moving load. As this primary assumption implies, our computa­
tion will have to take account not only of the force effects of the moving 
load but according to d' Alembert's principle, of its inertia effects as well. 

It is of interest to recall that this case - though actually more difficult 
than that discussed in Chap. 1 - was studied much earlier, in fact in the 
first half of the nineteenth century, in connection with the erection 
of the first railway bridges in England. The problem was originally for­
mulated and approximately solved by R. Willis [233], the first experi­
menter in this field. Its exact solution was offerd by G. G. Stokes [207] 
and later on, by H. Zimmermann [236]' 

7.1 Formulation of the problem 

Consider a simply supported beam with span 1 and negligible mass tra­
versed by load P with mass m = pig moving at constant speed c, see Fig. 
7.1. The load acts on the beam by force P and according to d' Alembert's 
principle, also by inertia force - md2v( ct, t)/dt2 dependent on vertical 
acceleration at point x = ct at which the load is situated at the time con­
sidered. 

Accordingly, by Eq. (5.5) in which we set p(x) = 0 and p(x, t) = 

= <5(x - ct) [p - md2 v(ct, t)/dt2 ], the beam deflection at point x and 
time t is described by the equation 

v(x, t) = P - m G(x, ct) [ d2v(ct, t)] 
dt2 

(7.1) 
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and by the boundary and initial conditions (1.2) and (1.3). In the above 
G(x, et) is the influence function according to (5.8). The vertical displace­
ment VI(t) of mass m is equal to the beam deflection at the point of load 
action 

VI(t) = v(et, t) 

Fig. 7.1. Massless beam with a moving mass. 

so that after substituting (7.2) in (7.1) 

VI(t} = [p - m d2VI(t)] G(et, et) 
dt 2 

while the initial conditions are 

vl(t)lt=o = 0; dVI(t)[ = O. 
dt t=O 

We can solve Eq. (7.1) provided we know the solution of Eq. (7.3). 

7.2 Exact solution 

(7.2) 

(7.3) 

(7.4) 

If expression (5.8) is taken in place of G(et, ct), Eq. (7.3) will assume the 
following form 

(7.5) 

This is an ordinary linear differential equation of the second order with 
variable coefficients. It can be written somewhat more clearly mathe­
maticalIy with a new independent variable 

't'=ct!l, (7.6) 

a dependent variable us'ing the static deflection Vo at the centre of the 
beam according to (1.21) 

(7.7) 
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and the constant 
, 12EJg 
IX=--. 

Plc2 
(7.8) 

With expressions (7.6) to (7.8) in, Eq. (7.5) becomes 

d2 y(.) IX' 
r2(1 - .)2 -- + - y(.) = 4(;('.2(1 - r)2 . (7.9) 

drz 4 

Eq. (7.9) has the initial conditions 

dy(.)! 
y(.)!r=O = 0; -I = 0, 

d. r=O 

(7.10) 

and we shall solve it in the interval 0 ~ • ~ 1, the solution naturally 
having regular singular points at • = 0 and. = 1. 

Eq. (7.9) was solved by G. G. Stokes [207], G. Boole [26] and H. Zim­
mermann [236]' According to [120] (Eqs. Nos. 2.380 and 2.381), the 
general solutions of the homogeneous equation associate to (7.9) are the 
expressions 

where 

Y1(.) = rk(1 - .)l-k, 

h( r) = .1-k(1 _ .)k 

(;(' 

k(k - 1) + - = 0, i.e. 
4 

k1 •Z = H1 ± (1 - (;(')1/2] • 

(7.11) 

(7.12) 

(7.13) 

Solutions (7.11) and (7.12) are linearly independent one of another be­
cause the Wronskian 

is different from zero over the whole interval of •. The only exception is 
the case of k = 1/2 for which it is necessary to set up a new pair oflinearly 
independent solutions of the homogeneous equation associate to (7.9): 
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The Wronskian of expressions (7.15) and (7.16) is really different from 
zero in the whole interval because 

(7.17) 

The particular solution of the non-homogeneous Eq. (7.9) is obtained, 
for example, by the method of variation of parameters - see [186J, 
p. 648 - on the basis of our knowledge of the fundamental systems 
(7.11), (7.12), or (7.15), (7.16). 

The general solution of (7.9) then is 

which satisfies both Eq. (7.9) and the initial conditions (7.11) with any 
choice of integration constants AI' A z. Depending on whether ct.' =1= 1 or 
ct.' = 1, the values of YI(r), yz(r), W(r), k to be substituted in Eq. (7.18) 
are those defined by (7.11) to (7.14) or by (7.15) to (7.17). 

Eq. (7.9) implies directly the solutions of the following two extreme 
cases: 

a) c --+ 0, i.e. ct.' --+ IX) (static case) 

y(r) = 16rz(1 - r)Z , 

b) c --+ 00, i.e. ct.' --+ ° [in view of (7.10)] 

y(r) = 0. 

(7.19) 

(7.20) 

Expression (7.18) is the exact solution of Eq. (7.9); of course, it con­
tains quadratures not amenable to further closed-form solution*). As 
suggested by H. Zimmermann in [236J, the solutions of homogeneous 
Eqs. (7.11) (7.12) as well as of (7.15), (7.16) may also be expressed in 
terms of geometric and hyperbolic functions. However, expression (7.18) 
is very inconvenient for numerical evaluation in any case. 

*) The exception to this statement is the case of SYler) dr with (7.15) sub­
stituted for Yl (r). Then 

fYI (r) dr = ~ {[I - 2 (I - r)] rl/z (I - r)l/Z + arctg C ~ r}/Z} . 
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7.3 Approximate solutions 

For the reasons just explained Eq. (7.9) is better solved numerically or 
approximately. The numerical method of Runge-Kutta was applied by 
A. P. Filippov and S. S. Kokhmanyuk [61], [62] to find the deflection 
underneath the moving load. Fig. 7.2 representing their results shows the 
dependence of maximum deflection underneath the load on parameter 
1ja/, i.e. also on speed - see (7.8). Comparing Figs. 1.3 and 7.2 we see 
that if the beam mass is considered and the load mass neglected, dynamic 
stresses in the beam first grow but very slowly with growing speed (Fig. 
1.3). If, on the other hand, the beam mass is neglected and the load mass 
considered (Fig. 7.2), this growth is first very fast, the effects are at their 

maximum at about 1ja' = 

max v., (f)/va = 0,2, then slowly fall off 

o 0.5 

7.3.1 The perturbation method 

and become zero at infinite 
speed. 

1/a' 

Fig. 7.2. Dependence of the 
maximum deflection of beam 

underneath the load, 
t"1 (t)/t·o, on parameter 1/(1.'; 

(1.' defined by (7.8). 

This method is applied to advantage at low speeds, i.e. at 1ja' ~ 1, for 
then we can put to good use the fact that we know the solution of (7.9) 
for 1ja' = 0, which is Eq. (7.19). We shall therefore assume that the 
solution of (7.9) is in the form 

yet) = 16t2(1 - t)2 [1 + ~ YI(t) + _1 y/r) + ... J. (7.21) 
a' a /2 
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On substituting (7.21) in (7.9) and comparing the coefficients of terms 
containing the same powers of l/a' we get very simple differential equa­
tions in functions Ylr), Yi'r), ... which we solve successively. This gives 

Ylr) = -8(1 - 6, + 6,2), 

h(') = 64(1 - 24, + 102,2 - 156,3 + 78,4), (7.22) 

If l/a' is small enough and the number of equations thus solved n, Eq. 
(7.21) describes quite accurately the required function (except for the 
terms of the n + 1 and higher orders). 

Thus, for example, for the deflection of the centre x = 1/2 of the beam, 
v(I/2, 1/(2c)) at the instant of the load passing over it, t = 1/(2c) we get 
by (7.1) 

v(l/i, 1/(2c)) = 1 + i _ ~ + .... 
Vo a' a,2 

(7.23) 

We have evaluated Eq. (7.23) by computing from (7.1)' - after substitu­
tion of (7.6) to (7.8) and (5.8) -

vU12, t) = 1 __ 1 d2y(,) . (7.24) 
Vo 4a' d,2 

a) 
v {{/2, (/2c)/vo 

b) 

v(1/2,1/2c)/vo 

t 

0.1 

o 0.5 1/(%' o 0.5 a' 

Fig. 7.3. Dependence of the deflection at the centre of a beam at the instant of load 
passing over it. Approximate solution for a) low speeds, b) high speeds. 
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The derivative in (7.24) was found from (7.9) 

(7.25) 

and the approximate solution (7.21) together with (7.22) substituted in 
(7.25). Eq. (7.23) in dependence on parameter 1/a', i.e. on speed, is 
graphically represented in Fig. 7.3a. 

7.3.2 Method of successive approximations 

Results similar to the foregoing are also obtained by the method of suc­
cessive approximations. With the latter method we start out from Eq. 
(7.9) and compute the approximations according to the following pro­
cedure 

Ylr) = 16r2(1 - r)Z [1 - _1 d 2Yn_ tCr)J . (7.26) 
4:t' dr2 

Assuming that the zero approximation has the second derivative equal 
to zero, Yo( r) = 0, we get successively from (7.26) 

Y1(r) = 16r2(1 - r)2 , 

yz(r) = 16r2(1 - r)Z [1 - :' (1 - 6r + 6r2)J' 
Y3(r) = 16r2(1 - ry [1 - ! (1 - 6r + 6r2) + 

a' 

(7.27) 

Sequence Yn(r) is assumed to converge uniformly in the interval 
° ~ r ~ 1 toward the solution of Eq. (7.9). In practice this method is 
applicable only at low speeds, i.e. for l/a' ~ 1. In that case the first and 
second approximations give wholly identical, and the third approxima­
tion only slightly different results than does the preceding method 
(paragraph 7.3.1) - cf. Eqs. (7.22) and (7.27). 
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7.3.3 Expansion in power series 

In solutions involving high speeds, i.e. for a' ~ 1, it is useful to expand 
the particular integral of the non-homogeneous equation (7.9) in a power 
series. With regard to the regular singular points r = 0 and r = 1, we 
shall consider the particular solution of Eq. (7.9) to be in the form 

00 

yp(r) = r2(1 - r)2 I anrn . (7.28) 
n=O 

Coefficients an are determined by substituting (7.28) in (7.9) and com­
paring the coefficients of terms containing the like powers of r. This 
operation leads to equations from which one can successively compute an' 
The computation results in 

16a' 
ao =--, 

8 + a' 

32a' 24 
a l = --

24 + a' 8 + a' 
(7.29) 

The general solution of Eq. (7.9) is the sum of the fundamental system 
of solutions of the homogeneous equation and the particular solution 
[cf. Eq. (7.18); the equation that follows is in fact an expression of the 
terms with integrals in (7.18) written with the aid of a power series] 

00 

y(r) = AI Yl(r) + A2 Yz(r) + r2(1 - r)2 I anrn. (7.30) 
n=O 

Substituting the above solution in (7.25) and (7.24) and choosing Al = 
-A2 we get 

VUI2, 11(2c)) = _rt'_ (1 + 24 + ... ) . 
Vo 8 + a' 24 + rt' 

(7.31) 

The graph in Fig. 7.3b represents Eq. (7.31) in dependence on parameter 
a', i.e. according to (7.8) in indirect dependence on speed. 
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7.4 Application of the theory 

The theory outlined above has found application in dynamic computa­
tions of short-span bridges [131] and crane runways [71]. In both in­
stances the beam mass is really very small against the moving load mass, 
and as such may be neglected. 

It should be noted, however, that in the two cases quoted the effect 
of the moving mass is fairly small compared to other factors producing 
high dynamic stresses in those structures. Thus, for example, in short­
span railway bridges, it is the effect of impacts of flat wheels, rail joints, 
etc. - in crane runways the effect of sudden lifting and braking of the 
load, of track irregularities, etc. that predominate over that of the moving 
load. Moreover, in short-span bridges, the vehicle can no longer be 
idealized by a single mass point. 

7.5 Additional bibliography 

[7,26,46,61,62,71,83,150,207,233,236]. 
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Beam subjected to a moving system with two degrees 
of freedom 

8 

The problem in which the moving load mass and the beam mass are both 
taken into account is far more complicated than the special cases analyzed 
in Chaps. 1 and 7. It is described by the differential equation 

EJ a4V(X, t) a2V(X, t) 2 av(x, t) --'-----'- + fl --- + flWb -- = 
ax4 at2 at 

= b(X - ct) [p - m d2v(ct, t)] (8.1) 
dt2 

the right-hand side of which expresses the motion of force P with mass m 
including the inertia effects. Because of the second derivative on the rigth­
hand side, the solution to Eq. (8.1) is fairly difficult compared to that of 
the special cases in which either mass m (Chap. 1) or the beam mass fl 

(Chap. 7) is neglected. 
The first authors to tackle the solution of Eq. (8.1) were H. Saller [196], 

H. H. leffcott [115] whose iterative method fails to converge in some 
cases, and H. Steuding [206] who treated several specific cases. A satis­
factory method (Fourier series with unknown coefficients for the tra­
jectory of the moving mass) was devised by A. Schallenkamp [197]' 
V. V. Muchnikov [162] and M. Va. Ryazanova [192] solved the problem 
by the method of integral equations, 1. Naleszkiewicz [166] by G;iler­
kin's method and V. V. Bolotin [21] by a method that leads to approxi­
mate asymptotic solutions in quadratures. C. E. Inglis [111] and V. Ko­
lousek [130] studied the problem in relation to vibrations of railway 
bridges. 

Eq. (8.1) describes the case in which the vehicle is idealized by a single 
mass point. However, such a simplification is no longer satisfactory for 
modern vehicles with clearly differentiated unsprung and sprung masses. 
That is why A. Hillerborg [107] made a study of the motion of a sprung 
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mass along a beam, some earlier attempts in that direction having been 
made by C. E. Inglis [111J and V. Kolousek [130]' Further advances in 
the solution of the problem were contingent on the arrival of automatic 
computers. With their help J. M. Biggs, H. S. Suer, J. M. Louw [16J and 
T. P. Tung, L. E. Goodman, T. Y. Chen, N. M. Newmark [224J solved 
the problem originally treated by Hillerborg, and applied the solution 
to vibrations of highway bridges. 

In modern bridges where the theory finds its widest field of application 
the actual conditions are more complicated still. It is now a well-known 
fact that track irregularities, elastic properties of roadways on railway 
bridges and tires on highway bridges, unbalanced components of unsprung 
masses and other factors are apt to bear considerable effect on dynamic 
stresses in the respective structures. In order that all those effects might 
be accounted for, the problem was theoretically generalized and is now 
divided in two classes differing by the ratio between vehicle length and 
bridge span. To adhere to this classification we will discuss one class -
large-span bridges - in this chapter, and the other - short-span bridges 
in Chaps. 9 and 10. 

8.1 Formulation o/the problem 

In the analysis that follows we will consider the mechanical model shown 
schematically in Figs. 8.1 and 8.2, and make the following assumptions 
(next to assumptions 1, 3,4 and 5 of Sect. 1.1): 

1. The moving vehicle is idealized by a system with two degrees of 
freedom. Unsprung mass ml is in indirect contact with the beam*); 
m2 denotes the sprung mass. The total weight of the vehicle is 

(8.2) 

where P l = mlg is the weight of unsprung parts, P2 = m2g the weight 
of sprung parts of the vehicle. 

The two masses are connected by means of a linear spring with spring 
constant C and coefficient of viscous damping Cb• Their vertical displace-

*) According to Figs. 8.1 and 8.2, mass ml is also elastically supported. The 
term "unsprung mass" - ml - is used here and in the next chapters in the sense 
of literature dealing with vehicle vibrations. 
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ments are denoted by v1(t) and V2(t) - Figs. 8.1 and 8.2. Displacement 
V2(t) is measured from the position in which spring C is deformed by 
force P2' displacement v1(t) from that marked in dashed lines in Figs. 
8.1,8.2, left, where springs K(x) are undeformed. 

r---' 
I I 
I • I 
L_",~ 

" , r 'I 
I )~ 
I <"> 
I 

;.~~ 

Fig. 8.1. Model of a beam with an elastic layer and irregularities, subjected to 
a moving system with two degrees of freedom and force QU). 

Fig. 8.2. Model of a beam with irregularities, subjected to a moving system with 
two degrees of freedom and force Q(t). 

Since the system is assumed to be moving from left to right at constant 
speed c along the beam, the coordinate of the contact point is 

(8.3) 
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2. Consider the unsprung mass to be acted on by a harmonic force, 
e.g. that expressing the effect of counterweights on the driving wheels 
of a steam locomotive, 

where 

Q 
Q = 2rrc/O 
o 

Q(t) = Q sin Qt 

amplitude of the force, 
circular frequency of the force, 
circumference of the driving wheels. 

(8.4) 

3. Assume that the top surface of the beam is covered with an elastic 
layer of variable stiffness 

(8.5) 

the meaning of constants Kl and K2 is evident from Fig. 8.3a, Ip is the 
length equal to the span of longitudinal beams, spacing of sleepers, etc. 

If{x) 

I· I, 

a) 

r 

b) 

Fig. 8.3. a) Variable stiff­
ness of elastic layer. 

b) Irregularities on beam 
surface. 

Eq. (8.5) expresses in fact the idealized elastic properties of a roadway 
which may be expected to vary harmonically along the length of the 
bridge. This is so, for example, in the "cross-beam effect" known from 
steel railway bridges, or in the "sleeper spacing effect", etc. If K2 = 0, 
Eq. (8.5) can also be used for describing other cases met with in practice: 
thus, e.g. in calculations relating to highway bridges, Kl is the spring 
constant of tires, Fig. 8.2. 

4. Track irregularities (Figs. 8.1 and 8.2) are assumed to vary har­
monically along the bridge span: 

rex) = -la(l - cos 2rrx/la) (8.6) 

where a - maximum depth of track uneveness, 
la - length of track irregularity (Fig. 8.3b). 
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Assuming the above we may formulate the problem as a set of three 
simultaneous differential equations with variable coefficients (because 
of (8.5), (8.6)) describing respectively the vertical displacements of sprung 
and unsprung masses, and the beam vibration. Within the interval 
o ~ t ~ lie, 0 ~ x ~ I the equations are of the form 

+ Cb [dV 2.(t) - dVl(t)] _ R(t) = 0, 
dt dt 

(8.8) 

EJ a4v(x, t) a2v(x, t) 2 av(x, t),( ) R-() (8.9) --'------'- + fJ. + fJ.Wb -- = u X - Xl t 
ax4 at2 at 

where 

is the force by which a moving system acts on a beam at the point of 
contact Xl. 

Th~ set of equations (8.7) to (8.9) should satisfy the boundary condi­
tions of a simply supported beam (1.2) and the initial conditions 

V(x, 0) ; 

av(x, t)! 
-a-t -!t=o dVl(t)1 = v. 10 ,. dvit)i, 

dt It=o dt It=o 
= 620 • (8.11) 

Eqs. (8.7) to (8.9) are a very general statement of the problem of vibra­
tions excited by a system of masses moving along a beam; hence all the 
solutions referred to in the introduction to this chapter are but special 
cases of our formulation. 
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8.2 Solution of the problem 

8.2.1 Dimensionless parameters 

Dimensionless parameters are used to advantage as input data in com­
puter calculations. In our discussion we shall make use of the following: 

1. Speed parameter C( introduced earlier by Eq. (1.18) 

c 
C( =--

2/(1)1 
(8.12) 

where 1(1) is the first natural frequency of the unloaded beam [cf. Eq. 
( 1.12)]. 

2. The ratio between the weights of vehicle and beam 

P 
:K=-

G 
(8.13) 

where G = IIg 1 is the total weight of beam. 

3. The ratio between the weights of unsprung and sprung vehicle parts 

P 
:Ko = ----.!.. 

P2 

4. The frequency parameter of unsprung mass 

or possibly also 

, 11 Y1 =-
1(1) 

, K1 
1'1 =­

Co 

where 11 is the natural frequency of unsprung mass 

11 - - , _ 1 (K1)1/2 
21t m 1 

Co - the total bridge stiffness 

Co = P = Gwfl) , 
Vo 2g 
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and the deflection at mid-span of the beam loaded with force P at point 

x = 1/2 [Eq. (1.21)] 

The relation between Y 1 and Y~ 

z 1 + Xo , 
YI = -2--Y1' 

XXo 

5. The frequency parameter of sprung mass 

or possibly also 
, C 

Yz =-
Co 

where the natural frequency of sprung mass 

_ 1 (C )1/2 12 -- -
2rr m 2 

The relation between Y2 and Y; 

z 1 + Xo , 
Yz = --Y2' 

2% 

(8.19) 

(8.20) 

(8.21) 

(8.22) 

(8.23) 

(8.24) 

6. Parameter a expressing the variable stiffness of the elastic layer 
of the roadway (Fig. 8.3a and Eq. (8.5)) 

K2 
a=-. 

KI 
(8.25) 

7. Parameter b, a function of beam span and length lp 

b = 21 . 
I p 

(8.26) 

8. Parameter a I' a function of the amplitude of harmonic force [Eq. 
(8.4)] 

Q a l = -. 
P 

(8.27) 
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9. Parameter b l , a function of the frequency of harmonic force [Eq. 
(8.4)] 

21 
b i = -. 

o 
(8.28) 

10. Parameter a2 expressing the depth of track uneveness [Eq. (8.6)] 

(8.29) 

11. Parameter b2 , a function of the length of track irregularity [Eq. 
(8.6)] 

(8.30) 

12. The logarithmic decrement of beam damping 

(8.31) 

13. The logarithmic decrement of vehicle spring damping 

(8.32) 

14. to 20. The initial parameters 

(8.33) 

to be defined by Eqs. (8.47). 

21. The speed at which the system moves along the beam may be such 
as to bring about resonant vibration owing to the cross-beam effect, 
harmonic force or track irregularities. In resonant vibration, the fre­
quency of the exciting force is approximately equal to the natural fre­
quency of a beam loaded at point x = l/2 by a system with two degrees 
of freedom. This natural frequency was derived in [76] and [78] on the 
assumption that only the first normal mode of beam vibration is taken 
into account and the unsprung mass is in direct contact with the beam 
at point x = 1/2 (i.e. that KI tends to infinity because in practical cases 
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K I is always much larger than C). Accordingly, the natural frequency of 
a beam subjected to an immobile system with two degrees of freedom -
J(I) - has two values 

(8.34) 
where 

CI. = ~ [A + (A2 - B)I/2]1/2 
1,2 b* ' (8.35) 

b* = b or b l or b2 • 

The condition that the exciting force frequency should equal frequency 
J( I )1,2 then gives the critical speeds 

(8.36) 

where 1* = 1; or 0 or lao 
The values of speed parameter Cl. l and Cl. 2 are computed from Eq. (8.35). 

In order to find out which of parameters b* we have to substitute in 
(8.35), we introduce among the input parameters a handy auxiliary 
quantity, L, to be used as follows: 

when L{:~ one substitutes in (8.35) for b* = {~l . 
<0 ~ 

(8.37) 

If L = ° and b = 0, Cl. 1 and Cl.2 are not computed at all. 

22. to 23. If we intend to obtain a solution of our problem for CI. equal 
to Cl. l or Cl. 2 or the multiples thereof, we introduce yet two other para­
meters, kl and k2' to be used as follows in the computation of CI.: 

{
klCl. l for kl * ° 

CI. = k 2 C1. 2 for k2 * 0, kl = 0. (8.38) 

If kl = k2 = 0, then parameter CI. must of course be given among the 
input parameters. 
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24. The last of our input parameters is the length of the integration 
step, h, which we shall discuss in detail in paragraph 8.2.3. 

Constants 1. to 24. form a set of input data for computer calculations 
and uniquely specify the problem to be solved. An example set of input 
parameters is in Table 8.1. 

8.2.2 Reduction of the equations to the dimensionless form 

For the purposes of numerical computations we shaH introduce the di­
mensionless independent variables 

~=xjl; r=1tctjl (8.39) 

and dependent variables 

y(~, r) = vex, t)jvo , 
yb) = v;(t)jvo, j = 1,2 (8.40) 

where Vo is defined by Eq. (8.19). 

Because of the second of expressions (1.9), the boundary conditions 
of a simply supported beam - (1.2) - are satisfied by thefunction 

00 

y(~, r) = I q(j)(r) sinj1t~ . (8.41) 
j:l 

As demonstrated in the case of a constant moving force (Sect. 1.2) and in 
the case of a harmonic force (Sect. 2.1), series (8.41) converges at a rapid 
rate. 

That is why - when dealing with large-span bridges where the moving 
force R(t) differs but slightly from the above two cases - it will be suffi­
cient to consider only the first term of series (8,41), q(l)(r) = q(r), and 
write 

y(~, r)~ q(r) sin 1t~ • (8.42) 

Substitution of(8.12) to (8.42) in (8.7) to (8.10) and some manipulation 
will lead to a set of ordinary differential equations of the second order 
expressed in terms of the dimensionless parameters. Eq. (8.9) will again 
be solved by the method of finite Fourier (sine) integral transformations 
in accordance with (1.9), and because of (8.40) to (8.42) only the first 
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term, j = 1, will be retained. In the interval 0 ~ T ~ 1t, Eqs. (8.7) to 
(8.9) will then take on the form 

(j(T) = ~ R(T) sin T - ~ q(T) - ~ q(T) 
a 2 a 2 1ta 

(8.43) 

where 

R(T) = R(t) = ')'~(1 + a cos bT) [Yl(T) - q(T) sin T - r(T)] ~ 0 (8.44) 
P 

is the dimensionless force according to (8.10), by which a moving system 
acts on a beam at the point of contact; 

(8.45) 

the dimensionless force (8.4), and 

(8.46) 

the dimensionless ordinate of track irregularities (8.6). 
The initial conditions are 

dq(T)/: = qo , 
dT <=0 

y;{o) = YiO; dY;{T)!1 = YiO; i = 1,2. (8.47) 
dT <=0 

The initial conditions v(x, 0) and ov(x, t)/otll=o [cf. (8.11)] are assumed 
to be expandable in Fourier series of which only the first term is taken 
into account. In the dimensionless form this first term is qo or 40. 
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8.2.3 Numerical solution 

In the numerical solution we made use of Runge-Kutta-Nystrom's 
method [37] for which Eqs. (8.43) are already suitably arranged. The 
procedure was programmed for an Ural 2 computer and later on also 
for a Leo 360 computer. 

The solution starts with the printing of input data (see the examplary 
set in Table 8.1) and the calculation and printing of !Xl and !X2. Following 
this, Runge-Kutta-Nystrom's method is applied to the computation of 
the various functional values in the specified time steps. The computed 
values of 

-r, yz(-r) , Yl(-r) , q(-r) , R(t) (8.48) 

are printed at every N-th step, the number N having been chosen in 
advance. If N = 0, the intermediate results are not printed. At the end 
of the computation the machine also prints the largest values of q and R, 
i.e. max q and max R, and the values of -r at which they occur. 

To verify the correctness of the computer programme we made check 
calculations of an example (described in [78]) using an electric desk cal­
culator and the methods of Runge-Kutta-Nystrom, Taylor'S series and 
linear acceleration with iterations. The first step computed via these three 
methods was found to be in excellent agreement with the computer re­
sults. This is a proof that Runge-Kutta-Nystrom's method may be con­
sidered well suited for the solution of problems of the sort discussed. 

The choice of the integration step length, h, was made by Collatz's 
method [36] adapted to our case (cf. [78]). The results obtained at steps 
h = 1t/l000 or h = 1t/2000 chosen in that way were accurate enough. 

The errors of the numerical solution may be found by running through 
the computation twice: first, at integration step h giving the approximate 
values Yh' then at step h* = yh giving Yh'. In accordance with [78] and 
[37] the corrected solution then is 

_ I (_ _) _ y" (_ _) 
Y = Yh + -- Yh - Yh' = Yh' + -- h. - Yh 

y"-I I-y" 
(8.49) 

where n is the number of terms of the Taylor's series used by the numerical 
method. In the case of Runge-Kutta-Nystrom's method n = 4. In con­
ventional cases the error IY - yl established by means of (8.49) was less 
than 0·005, which means that the results were correct to two decimal places 
at least. 
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Detailed information on the calculation of the check example, choice 
of the integration steps and estimate of errors in numerical evaluations 
may be found in [78]' 

8.3 The effect of various parameters 

Using the set of input data shown in Table 8.1 we next made a study of 
the effect of some of the dimensionless parameters on the maximum value 
of q(r), i.e. on the maximum beam deflection. The input data of Table 8.1 
approximately correspond to the parameters of a 50 m-span steel railway 
bridge traversed by an electric or a Diesel-electric locomotive. 

Table 8.1 Set of input parameters 

I I qo~~1 TO = 0 Y20 = T\- 120 = 0 
_ 1 !. _ 

I 
YlO - T3" YlO - 0 

qo = 0 a = 0·3 )'1 = 10 b = 20 72 = 0-2 a l = 0 i 

a2 = 0 b1 =0 b2 =0 " = 0·5 "0 = 0·25 
I 

::) = 0-08 

92 = 0-5 kl =0 k2 =0 IX = 0·12, h = 7t/loooi L =0 
I 
I 

In our study we varied only those parameters whose effect we wished to 
establish, and kept the other ones constant. Since the values of the dimen­
sionless force R( r) at the initial point were for the most equal to unity 
(Ro = R(O) = 1), Eq. (8.44) resulted in YlO = Y20 = l/[y~(l + a)J = 

= 1/13. 
In the Figures referred to in our discussion we denote the maximum 

value of q( r) by 6, i.e. 
6 = max q(r) (8.50) 

and call it the dynamic coefficient. 

8.3.1 The effect of speed 

The effect of speed is described by parameter IX [cf. (8.12)J; the 6 - IX 

relation for 0 ~ IX ~ 0·12 growing in steps of 0·005 is drawn in Fig. 8.4. 
The diagram displays a generally ascending tendency with a number of 
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local peaks. One of the first, well defined peaks approximately corre­
sponds to (X = (XI = 0'02225, while at (X = (X2 = 0·05128 there is hardly 
any peak at all. The reason for this may be found in that the system under 
study is very complex compared to the case of a moving force (Fig. 1.3); 
for further details the reader is referred to paragraph 8.3.4. 

8.3.2 The effect of the frequency parameter of unsprung mass 

The dependence of [) on YI' the frequency parameter of unsprung mass 
[Eq. (8.15)], is illustrated in Fig. 8.5 for different values of (X and Ro = 1. 
As Yl falls off, [) grows larger very quickly. The greatest effects take place 
in the neighbourhood of 0 ~ YI ~ 2; at Yl > 5 and the same (x, how­
ever, the dynamic effects are nearly constant. This means that a very 
hard elastic layer on the beam sur-
face has virtually the same effect 
as an infinitely rigid layer (i.e. the 
case of unsprung mass in direct 1.20 

contact with the beam). 
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8.3.3 The effect of the frequency parameter of sprung mass 

According to (8.21), the effect of the frequency parameter of sprung mass 
is characterized by parameter Y2' The dependence of bon Y2 for different 
ee's is shown in Fig. 8.6 which indicates that the dynamic effects have 
a tendency to grow (at a =f: 0, Ro = 1) with growing Y2' The diagram 
again displays a number of local peaks. 

8.3.4 The effect of variable stiffness of the elastic layer 

The relation between b and a, the variable stiffness of the elastic layer 
[Eq. (8.25)] is plotted in Fig. 8.7 for various values of ee and Ro = 1. Com­
paring the curve for a =. 0 (constant stiffness' of the elastic layer) with 
that for a = 0·3 we see that both show a tendency to rise with growing ee, 
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Fig. 8.7. Effect of the variable stiffness of elastic layer, a, (for input data set out in 
Table 8.1) 

and the latter (a = 0·3) displays moreover a number of marked local 
peaks, particularly in the neighbourhood of ee = eel = 0·02225. At con­
stant ee (with the exception of low values), b is .virtually independent of 
parameter a. At ee = eel' b is nearly directly proportional to a. 
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We are now in a position to explain the occurrence of local peaks in 
the D - (f. relation to which we have referred in paragraph 8.3.1. Its pri­
mary cause is the motion of a system with two degrees of freedom along 
a beam at a = O. If parameter a =1= 0, the peaks are more markedly de­
fined, particularly when (f. = (f.!. 

8.3.5 The effect of the ratio between the weights of vehicle and beam 

The dependence of D on parameter x [Eq. (8.13)] at various values of (f. 
is shown in Fig. 8.8. At constant (f., the D - x relation is fairly complicat­
ed, but generally speaking, D grows with growing x. This is particularly 
noticeable at high speeds. 
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Fig. 8.8. Effect of the ratio between weights of vehicle and beam, x (for input data 
set out in Table 8.1). 

8.3.6 The effect of the ratio between the weights of unsprung and sprung 
parts of vehicle 

The dependence of D on parameter Xo [Eq. (8.14)] at various values of (f. 
is in Fig. 8.9t Judging by the general pattern of the diagram, at constant 
speeds parameter Xo bears but a small effect on the dynamic coefficient. 
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8.3.7 The effect of beam damping 

The effect of the logarithmic decrement of beam damping, 8, [Eq. (8.31)] 
is shown in Fig. 8.10. It is plain to see that the dynamic coefficients, (j, 

gradually fall off with growing 8. The figure also shows the case of 
82 = 0. 

8.3.8 The effect of vehicle spring damping 

The effect of the logarithmic decrement of vehicle spring damping, 82 , 

is indicated in Fig. 8.11. Even though the dynamic coefficients (j fall off 
with 'growing 82 in most cases, they have an interesting tendency to rise 
at some speeds. The figure also shows the case of 8 = 0. 

1.12 

. 
.. 1.10 

1.12 

I I 
~ 

! 
I I 

~I I ' 
i ",,0.12; 
, 

I .--, 
I----I I , 

I I 

1.10 

(' / 
I V 1.08 \ I---! 

\' i ! 
~ 

I 

" 
(\/ 

• 

(00 

1.04 

I 

~ ........ 
-......... ",. oc" 

.............. 

tOO 

1.0 

Al\ I V 
2-",·a"" --",·aD2 1.0 

V\ 
~ 

fPO a 11C12 1104 llO6 a08 0.10 

{
a.. .,.·0. 
115-

«\. ~O· 
~. 

too 
a 0 

",.llD4 

1125 usa aJ'S 1.00 1.25 ~ 

{ oc, • "'.0, "'. oc" .. 
1112. 
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8.3.9 The effect of initial conditions 

A detailed analysis of the effect of initial conditions on dynamic stresses 
in a beam is presented in [78]' In the calculations contained there the 
beam was always assumed to be at rest, i.e. qo = 0,40 = 0, at the instant 
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the moving system started to traverse it. The question of the effect of 
initial conditions of the vehicle became one of primary importance be­
cause in traversing the beam, a vibrating system with two degrees of 
freedom imparts to it a portion of its kinetic energy. 
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Fig. S.12. Effect of initial force Ro for various values of )'2' a = 0, IX = 0·12 (the 
remaining input data are as set out in Table S.l). 

In paragraphs 8.3.1 to 8.3.8 we have assumed that Ro was always unity. 
Let us now examine the effect of initial force Ro = R(O) on beam stresses. 
The results of such an examination made for rx = 0'12, a = 0, 1'2 = 0·5, 
0·75 and 1 are presented "in Fig. 8.12. As the figure indicates, at fairly 
large Ro's the dynamic coefficients grow proportional to the initial force 
and attain high values. This is a very important finding inasmuch as it tells 
us that dynamic stresses in a beam are affected to a substantial degree 
by the amplitude of vibration of the sprung parts of the vehicle. This 
finding was confirmed by a study in which we investigated the effect of 
a single track irregularity placed ahead of the entrance to the beam, the 
effect of harmonic motion and its initial phases, of the sprung mass. 
Details of the investigation may be found in [78]' 
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8.3.10 The effect of other parameters 

We have also made a study of the effect of some of the remaining para­
meters. Thus, for example, we established the dependence of <> on b, and 
found that at constant speeds (with the exception of low values of !X) the 
ratio of beam span to longitudinal beam length has but a slight effect 
on <>, see Fig. 8.13. However, according to (8.35), !Xl and !X2 fall off with 
increasing b. 
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Next we examined the question of which of the two - variable stiffness 
of an elastic layer without irregularities (a =f: 0, a2 = 0) or constant 
stiffness of an elastic layer with irregularities (a = 0, a2 =f: 0) - has 
a larger effect on beam stresses. In the second case the irregularity depth 
a2 was calculated from the condition that it should be equal to the dif­
ference between the maximum and the minimum static deflections of the 
elastic layer in the first case, divided by deflection Va. Comparing the 
results of our examination (Fig. 8.14) we see that the two cases are nearly 
identical. 

Fig. 8.15 is a graphical summary of our study involving the effect of 
all possible combinations of the following parameters: 
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Ro = 1·2,1·4, x = 0·5, 1 , 

Yz = 0·5,0·75, 1 , Xo = 0·25, 0-4 . 

As the figure suggests, () falls off with growing yz (a = 0, Ro =1= 1) - a 
result wholly contrary to that obtained in paragraph 8.3.3 and Fig. 8.6 for 
a =1= 0, Ro = 1. Further, the dynamic effects are more pronounced at 
large Xo and small x than at small "0 and large x. As in paragraph 
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Fig. 8.14. Comparison of the 
case of az = 0·065 934 066, 
b2 = 20, a = 0, with the 
case of a = 0·3, b = 20, 
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8.4 Application of the theory 

8.4.1 Comparison of theory with experiments 

The theory evolved in the foregoing section was applied to dynamic 
calculations of large-span steel railway bridges (for details refer to [78]). 

The effects of a steam two-cylinder locomotive type 524.1 on stresses 
in a 56·56 m-span bridge were already examined in paragraph 2.3.l. 
Fig. 2.3 shows the deflection at mid-span of the bridge for three different 
speeds of the locomotive, obtained through the application of our theory 
and a computer. The corresponding experimental records (Fig. 2.4) show 
a very good agreement with thl; theory. The largest dynamic coefficients 
appertaining to the different speeds are plotted in Fig. 2.5 together with 
the theoretical resonance curve, the result of computer calculations and 
the application of the approximate theory discussed in Chap. 2. 

aJ o US 1 

,~ 
ctiL .. 

o elll 1 

~r,,,:~·tJ 
b) 

Fig. 8.16. Deflection at the centre of a beam with span 1= 56·56 m, traversed by 
a Diesel-electric locomotive type T 658.0 at speed c = 33·3 km/h. a) theory, b) ex­

periment. 

The bridge was also tested with a Diesel-electric locomotive type 
T 658.0 traversing it. A comparison of the theoretical and experimental 
deflections at mid-span of the bridge at 33·3 km/h is in Fig. 8.16, a diagram 
plotting the dynamic coefficients, b, and the frequency of forced vi bra-
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Fig. 8.17. Theoretical and experimental dependences of a) dynamic coefficient 0, 
b) frequency of forced vibration 1. on speed c. Bridge with span 1= 56·56 m, Die­

sel-electric locomotive T 658.0. 

tions, J, versus speed, in Fig. 8.17*). As both figures suggest, there is 
a reasonable agreement between the theory and experiments. 

Next came tests of an electric locomotive type E 469.1 traversing a 
34·8 m-span bridge. Fig. 8.18 shows a comparison of the computed and 
measured deflections at mid-span of the bridge at 40·7 km/h, Fig. 8.19*) 
the dynamic coefficients and frequencies of forced vibrations, J, at dif­
ferent locomotive speeds. Again, the agreement is quite satisfactory. 

*) The experimental dependences shown in Figs. 8.17 and 8.19 were obtained 
from measured data by the method of sliding means, see: A. M. Dlin: Mathematical 
Statistics in Engineering (Matematicheskaya statistika v tekhnike). 3rd edition, 
Sovetskaya nauka, Moscow, 1958. 
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Fig. 8.18. Deflection at the centre of a beam with span 1= 34·8 m, traversed by an 
electric locomotive type E 469.1 at speed c = 40·7 kmJh. a) theory, b) experiment. 
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A detailed report on a total of 11 steel railway bridges with spans 
ranging from 27 to 70 m, tested in verification of our theory can be found 
in [78]' 

8.4.2 Dynamic stresses in large-span rai/way bridges 

It was fo:und during the experimental verification of the theory that the 
calculation procedure as outlined is well suited for bridges with spans 
over 30 or 40 m, simply supported as has been conventional of late. In 
such cases the vehicle length can usually be neglected against the bridge 
span. 

The variable quantity that most influences dynamic stresses in bridges 
of that sort is the vehicle speed. Speaking generally, high vehicle speeds 
always produce an increase in maximum bridge deflection and stresses. 
Second in importance are the cross beam effect, uniform sleeper spacing 
and other regular unevenesses that enlarge the local peaks in the dynamic 
coefficient - speed diagram. This holds true about the new types of 
locomotives with bogies. As to steam locomotives: the predominant cause 
of dynamic stresses in bridges produced by these machines are the un­
balanced counterweights on their driving wheels. More often than not 
they are responsible for the single well-defined peak that appears in the 
resonance curve at critical speed. This holds true especially for two­
cylinder units while multi-cylinder engines have but slight periodic forces. 

The dynamic effects of railway vehicles grow larger approximately 
proportional to the frequency of sprung masses and vehicle weight. 
In large-span bridges a role is also played by the initial conditions of 
motion as the vehicle starts to traverse the bridge. That is why dynamic 
stresses in bridges are also affected by the state of track ahead of the 
entrance to the bridge. 

The theory works equally well for large-span railway bridges as for 
highway bridges built of steel, reinforced or prestressed concrete. 

8.5 Additional hihliography 

[1, 7, 15, 16, 19, 21, 25, 29, 34, 45, 65, 76, 77, 78, 80, 81, 82, 85,91, 92, 106,107, 
111,115,116,117,130,131,142,145,156,162,166,192,196, 197, 206, 208, 224, 
242,245, 246, 258, 261, 271]. 
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9 
Beam subjected to a moving two-axle system 

If the vehicle axle base is comparable with the beam span, it cannot be 
neglected as done in Chap. 8 but must be included in the analysis. The 
problem of motion of a two-axle vehicle along a beam was first treated 
by R. K. Wen [230] whose solution was based on the assumption that 
the vehicle wheels were continually in contact with the roadway. How­
ever, owing to track irregularities the contact between wheels and road­
way is easily lost and an impact follows shortly thereafter.*) 

Since it is precisely impacts that produce the highest dynamic effects 
in short-span bridges which we are going to analyze presently, we must 
also consider the impacts that arise between the moving system and the 
beam. In formulating the problem we shall take advantage of some of the 
findings established in Chap. 8, e.g. of thoiie specifying that the effect 
of variable stiffness of the roadway may be replaced by the effect of track 
irregularities, and the harmonic force need not be considered, because in 
practical cases its frequency can never equal the frequency of a loaded 
short-span bridge. The first natural frequencies of short-span bridges are 
in fact fairly high. 

9.1 Formulation of the problem 

We shall consider the mechanical model schematically shown in Figs. 
9.1 and 9.2, and make the following assumptions (next to assumptions 
1, 3, 4 and 5 of Sect. 1.1): 

1. The moving vehicle is a system with four degrees of freedom; its 
two unsprung masses mi' i = 1, 2, perform vertical motion v;(t); its 
sprung mass m3 is able to move vertically - V3(t) - as well as rotate -

*) Impact is here defined as collision of two moving bodies. 
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D 

D2 

Fig. 9.1. Model ofa beam with an elastic layer and irregularities. The beam is loaded 
with a moving system with four degrees of freedom. 

ip(t). Quantity ip(t) is measured in the clockwise direction from the hori­
zontal, V3(t) from the equilibrium position in which springs C1 are com­
press~d by weight m3, and v;(t) from the position in which springs K j are 
undeformed. In order that our discussion might take care of both 
railway (Fig. 9.1) and highway (Fig. 9.2) vehicles, the linear vehicle 
springs have generally different spring constants C j and coefficients of 
viscous damping Cbi for the two axles. The total weight of the vehicle 
with mass m is 

where PI = mig - weight of unsprung parts of vehicle, i = 1, 2, 

P 3 = m3g = P31 + P32 - weight of sprung part of vehicle, 

(9.1) 

P 3 i = P 3 D d D - weight of sprung part of vehicle per the i-th axle, 

= g for i = g 
D j - horizontal distance between the centroid of sprung mass 

and unsprung mass mi, 

D = Dl + D2 - vehicle axle base. 
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D 

D, ~. 

Fig. 9.2. Model of a beam with irregularities loaded with a moving system with four 
degrees of freedom. 

The mass moment of inertia of the sprung part of the vehicle relative 
to the principal gravity axis 0 (horizontal transverse axis of vehicle -
Figs. 9.1 and 9.2) is 1(*). 

2. There is on the beam surface an elastic layer with spring constant 
K; underneath the i-th axle (Fig. 9.1). In the case of highway vehicles 
constants K; represent the spring constants of tires, generally different 
underneath the two axles. However, unlike in Chap. 8, K; are here con­
sidered constant along the beam length. 

3. The track surface contains irregularities r;(x), again generally dif­
ferent underneath the two axles. This makes it possible to describe the 
various types of track or wheel irregularities, such as flat wheels of railway 
vehicles, isolated unevenesses in the roadway, wavy surface of the whole 
roadway, etc. (Fig. 9.3). 

*) If the sprung part of the vehicle is a homogeneous right parallelepiped with 
length L, height H and mass m3' its mass. moment of inertia is 

1= m3(L2 + H 2)/12. 
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4. Since the vehicle moves along the beam at uniform speed e, the 
coordinates of the contact points are 

Xl = et, X2 = et - D (9.2) 

where i = 1 always denotes the front axle, and i = 2 the rear axle; the 
vehicle moves from left to right. 

bJ 

cJ 

- -
~(XJ::'I2(X) 

I 

b=b 
·I~h 
~~~-+-a~1-=-a-2------------

Fig. 9.3. Track irregularities: a) effect of flat wheels, b) isolated irregularity of road­
way, c) wavy surface of roadway. 

5. At the vehicle approach the beam is at rest; the vehicle, on the other 
hand mayor may not have been set to vibration owing to track irre­
gularities ahead of the entrance to the beam. 

Assuming the above we can express the problem by a set of five dif­
ferential equations that successively describe the rotation and vertical 
motion of sprung mass, vertical motions of unsprung masses and bending 
vibration of beam. In the intervals 0 ~ X ~ 1, 0 ~ t ~ lie + Die the 
equations are in the form 
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d2v;{t) () () -C) p. + P3' - m· -- + Z· t + Zb' t - R· t = O· i = 1, 2 , 
I I I dt 2 I I I , 

The new symbols in Eqs. (9.3) to (9.7) have the following meaning: 

Zlt) = C;[v3;(t) - v;(t)] , i = 1,2 

force in spring C;; 

Zbi(t) = Cbi[V3;{t) - v;(t)] , i = 1,2 

damping force in spring C i ; 

(9.5) 
(9.6) 

(9.7) 

(9.8) 

(9.9) 

V3;(t) = v3(t) - (-1)i Di <p(t) , i = 1,2 (9.10) 

vertical displacement of sprung part of vehicle at the place of the i-th 
axle; 

- moving force by which the i-th axle acts on beam at point X; 

where 
u;(t) = v;(t) - ei V(Xi' t) - r;(xi) 

- mutual approach of the i-th axle and the beam; 

(9.11) 

(9.12) 

e. = {I for 0 ~ Xi ~ 1 
I 0 for Xi < 0; Xi > I, (9.13) 

and b(X) is the Dirac function. 

To the system of equations (9.3) to (9.7) we shall specify the boundary 
conditions of a simply supported beam, (1.2), and the initial conditions 

V(X, 0) = 0, av(X, t)1 = 0, 
at 1=0 

= ViO, dvlt)1 = ViO, i = 1, 2, 
dt 1=0 

dV 3(t)1 = V30 , 

dt 1=0 

<p(o) = <Po, d<P(t)1 = {Po • 
dt 1=0 

(9.14) 
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According to Hertz's law the contact force during impact is 

(9.15) 

where k2 is a constant (cf. [96J) and u;(t) the mutual approach of the two 
bodies (9.12). In practical instances expression (9.15) is adequately 
linearized by Eq. (9.11). A physical interpretation of this consideration 
leads to the introduction of linear spring constants K j - see Fig. 9.2. 
The linear contact deformation (9.11) is an approximate expression of the 
contact between two bodies, and corresponds to the case of two bodies 
bounded by planes touching one another in those planes. The linear ap­
proximation has been used with success in [69J in the solution of impact 
of flat wheels on rails. The reason for our introducing it here is that in 
practical cases of impact of wheels on bridges the assumptions of Hertz's 
theory are no longer satisfied (particularly because of large deformations 
occurring in parts of vehicle and roadway lying outside the narrow neigh­
bourhood of the contact point). 

According to (9.11), contact force Rj(t) must be either positive or zero. 
If Uj(t) [Eq. (9.12)] is less than zero, we must substitute R;(t) = 0 in 
Eqs. (9.5) to (9.7) At that instant the vehicle loses contact with the 
beam, and both vehicle and beam start to vibrate in natural vibrations. 
After a short time, i.e. when again u;(t) = 0, i = 1, 2, there will occur 
an impact accompanied by force R;(t) > O. The case of R;(t) < 0 is 
excluded from our considerations because negative forces of contact 
between vehicle and beam are not possible. 

9.2 Solution of the problem 

9.2.1 Dimensionless parameters 

As in Chap. 8 here, too, we shall introduce several dimensionless para­
meters, some identical, some slightly different from those discussed 
there. For the sake of completeness we will write them alI together: 

C 
IX =--, 

2/(1)1 
(9.16) 
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Y3i = 13i ; 
1(1) 

X = p/G, 

Xi = P.JP· I , 

.A. = I/(mD 2 ) , 

ai = iii/vo ; 

b i = Ddl ; 

Ai = Adl ; 

B; = 13./1' I , 

d = D/I, 

d1 = D1/D, 

8 = Wb/f(1) , 

81 = Cbi/(2mI3i) ; 

In Eqs. (9.16) to (9.29) 

i = 1,2, 

i = 1,2, 

i = 1,2, 

i = 1,2, 

i = 1,2, 

i = 1,2, 

i = 1,2, 

i = 1,2. 

(9.17) 

(9.18) 

(9.19) 

(9.20) 

(9.21) 

(9.22) 

(9.23) 

(9.24) 

(9.25) 

(9.26) 

(9.27) 

(9.28) 

(9.29) 

(9.30) 

is the deflection at mid-span of a beam loaded at point x = 1/2 with force 
P/2 [the introduction of Vo according to (9.30) is advantageous in view 
of the short-span bridges we are going to examine], 

_ 1 (Ki)1/2 li-- -
21t m 

the frequency of unsprung mass, and 

131- - -_ 1 (C i)1/2 
21t m 

the frequency of sprung mass above the i-th axle. 

(9.31) 

(9.32) 
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Lengths ai' 5i• Ai' Bi are shown in Fig. 9.3 and will be discussed in 
paragraph 9.2.2. The dimensionless quantities corresponding to them 
are a l • hi' Ai. B i ; 1(1) is again the first natural frequency of the unloaded 
beam in accordance with (1.12). 

Table 9.1 Example of set of input parameters 

1 
I 

Case No. 
I 1 

I 30 

2 YIO 1'1 I 10 
3 Y20 0'9 i 10 
4 Y30 1 I 10 
5 ~o 0'1 I 0 
6 ~10 0·01 

! 

0 
7 ~20 -0,01 0 
8 Y30 0·01 0 
9 9'0 0·01 

I 
0 

10 " 0'5 1 
11 "1 0·05 0·05 
12 "2 0·05 1 0·05 
13 A- 0·1 I 0·2 
14 cz 0·1 I 0'02 
IS i'31 0'05 

I 
0'04 

16 i'32 0'05 0·04 
17 i'1 1 0·2 
18 i'2 1 0·2 
19 a 1 4 0 
20 a2 4 20 
21 b1 0·04 0·02 
22 b2 0·04 0·02 
23 Al 1 

I 
0'5 

24 A2 1 0·5 
25 Bl 0·5 0 
26 B2 -0,5 -1 
27 d 1 1 
28 d1 0'5 0'5 
29 8 1 

I 
0'5 

30 81 1 0·5 
31 82 1 

I 
0·5 

32 hi 0'001 0·001 
33 h2 0'0005 0·0001 
34 N 10 10 
35 s 1 3 
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Next to quantities (9.16) to (9.29) the following data are also considered 
among input parameters: 

the initial conditions according to (9.14) 

D _ 
lfJo = - lfJo, 

Vo 

YiO = - ViO; i = 1,2, 
CVo 

Y30 = - v30 , 
cvo 
D/. 

CPo = - fPo ; 
cvo 

(9.33) 

the integration steps hI and h2 [for further details see paragraph 9.2.4 
and Eqs. (9.59)J; 

the auxiliary parameter N (the intermediate results are printed after 
every N-th step; they are not printed at all if N = 0); 

number s, i.e. the number of equations specifying q(j) [for further 
details see paragraph 9.2.3 and Eqs. (9.54)J. 

An exemplary set of input parameters is shown in Table 9.1. 

9.2.2 Reduction of the equations to the dimensionless form 

For the purposes of numerical computations we will introduce the 
independent variables 

~=xjl, r=ctjl (9.34) 

and the dependent variables 

Y(~' r) = vex, t)jvo, Ylr) = vlt)jvo ; i = 1,2, 

Ylr) = V3(t)jvo, lfJ(r) = fP(t) Djvo . (9.35) 

Substitution of expressions (9.16) to (9.35) in Eqs. (9.3) to (9.7) and 
rearrangement lead to the following set of equations: 
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Ykr) = 2
48 [2Qi + 7t

4 
Xyii zlr) + 7t

2 8iY3iXlX ib) - Ri(r)] ; 
7t X iXrx2 48 48 

2 

i = 1, 2, (9.38) 
(9.39) 

/V(~, t) + 7t2 rx2 ji (~, t) + 7t2 8rx .Y(~, t) = 48 ~::ei <5(~ - ~i) Ri(t). (9.40) 
i= 1 

T 

Fig. 9.4. Integration range. 

The boundary conditions now are 

y (0, t) = 0, yet, t) = 0, 

y"(O, t) = 0, y"(1, t) = 0 

and the initial conditions 

y(~, 0) = 0, 

y~O) = YiO' 

Y3(0) = Y30' 
<p(o) = <Po, 

Y(~' 0) = 0, 

Y~O) = YiO' 
Y3(0) = Y30' 
ifJ(O) = ifJo • 

(9.41 ) 

(9.42) 

The integration ranges in which we shall solve our problem now are 
as shown in Fig. 9.4 

(9.43) 
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According to (9.2) the coordinates of the points of contact between 
vehicle and beam are 

~1 = ct/l = r, ~2 = ct/l - D/I = r - d 

and their range (Fig. 9.4) is 

° ~ ~1 ~ 1 + d, -d ~ ~2 ~ 1 . 

In Eqs. (9.36) to (9.40) 

zb) = YJ(r) - (_1)i di cp(r) - y;(r), i = 1,2 

is the dimensionless approach of masses m i and m3 , 

the dimensionless static axle load, and 

(9.44) 

(9.45) 

(9.46) 

(9.48) 

the dimen'sionless dynamic contact force, and Gj and 8(~) are the respec­
tive dimensionless functions ii j and b(x). 

The dimensionless coordinates of track irregularities (Fig. 9.3) are 

(9.49) 

for {Bj + kA j ~ ~ ~ B j + kA j + bi 
B j + kAi +b j < ~ < Bi + (k + 1) Ai' k = 0, 1,2, ... 

Eq. (9.49) is capable of expressing diverse types of irregularities (Fig. 
9.3). Thus, for example: 

a) The effects of flat wheels of railway cars can be thought of as changes 
in distance between wheel centre of gravity and beam neutral axis. 
According to measurements reported in [69], the coordinates of this 
irregularity are approximately equal to function (9.49) with the following 
dimensionless notation: ai - depth of the flat spot, bi - length of the 
flat spot, Ai - wheel circumference, Bi - place of first impact of flat 
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wheel, measured from the origin x = 0, see Fig. 9.3a. If flat spots are 
on one axle only, say, on the first (second) axle, we substitute a2 = 0 
(at = 0) in (9.49). 

b) An isolated uneveness on the roadway surface (Fig. 9.3b) is ex­
pressed by Eq. (9.49) with the parameters 

at = a2 , b t = b2 , Ai> 1 + d, B t = B2 . 

c) Wavy surface of the roadway - Fig. 9.3c - can be expressed by 
Eq. (9.49) with the following parameters: 

Other irregularities likely to be met with in practice, may be expressed 
by suitable combinations of the values of parameters ai' bi, Ai' B i . The 
positive sense of irregularities is downward, the negative upward. 

9.2.3 Reduction of the equations to a form suitable for numerical 
calculations 

We will again solve the partial differential equation (9.40) by the method 
of finite Fourier (sine) integral transformation defined in present symbols 
by the relations 

(9.50) 

00 

y(e,r) = Lq(j)(r)sinjrre (9.51) 
j=l 

where q(j)(r) is the generalized dimensionless time coordinate of the beam. 
In view of the boundary conditions (9.41), transformation of Eq. (9.40) 
in accordance with (9.50) will after rearrangement give the following set 
of mutually independent equations 

j = 1,2, 3, ... (9.52) 

Because of the first two of conditions (9.42), the initial conditions now 
turn out to be 

(9.53) 
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In numerical calculations we take a finite number s (s - the specified 
parameter) of Eqs. (9.52) so that in view of (9.51) the approximate solu-
tion is , 

y(~, 't) ~ I q(j)('t) sinj1te, j = 1,2,3, ... , s. (9.54) 
j=l 

The set of equations (9.36) to (9.39) and (9.52) with the initial condi­
tions (9.42) and (9.53) has already been written in a form suitable for 
numerical evaluation. The unknown functions are <p('t), Y3('t), yb) and 
q(j)('t). The last named function is used in the computation of dimension­
less deflection y(~, 't) according to (9.54). 

In calculations relating to stresses in beams subjected also to impact 
effects, consideration must be given to the bending moment proportional 
to the stress. The calculation is made by the combined method described 
in Sect. 5.3, particularly Eqs. (5.67), the first two of Eqs. (5.70) and Eq. 
(5.9). 

Dividing the bending moment by bending moment M ° of the centre 
of a beam loaded at point x = 1/2 with force P/2 

PI 
M o =-, 

8 
(9.55) 

gives the dimensionless bending moment of Eq. (5.67) in the following 
form: 

2 

M(~, 't) = I MRj(~, 't) + MI'(~' 't). (9.56) 
j= 1 

In the above equation MRl~, 't) is the dimensionless bending moment 
at point ~ produced by load Rb) placed at point ~j.1t corresponds to the 
quasistatic component M,rCx, t) in Eq. (5.67), and is obtained from the 
first of Eqs. (5.70) [with Rb) replacing P] and Eq. (5.9) on dividing 
them by M 0, in the form 

{ !l T £i Ri(t) (/ - Xi) x = 48 i Rl't) {l - (i) ~ for (i ;:;; (, 

MR;{~' 't) = 
;/ TEj Ri(t) (l - x) Xi = 4e j R;{'t) (1 - ~) ~i for ~i ~ ~ . 

(9.57) 

The second term on the right-hand side of Eq. (9.56), Mi~, 't), is the 
dimensionless bending moment produced by inertia forces - J.l. vex, t). 
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It corresponds to the second term on the right-hand side of Eq. (5.67)*). 
On substituting in it the second of Eqs. (5.70) and our dimensionless 
variables and dimensionless parameters, and dividing by M 0 we get 

(9.58) 

In view of the chosen method of numerical evaluation, it is advantage­
ous to compute the bending moment from Eqs. (9.56) to (9.58) because 
the necessary functions Rl'r) and ijuJCr:) must be calculated in any case 
[see Eqs. (9.38), (9.39), (9.48) and (9.52)]' The computation is accurate 
enough even with a small number of terms of series (9.58), particularly 
at low speeds of motion, i.e. in case of Mie, r) ~ MRle, r) - cf. the 
concluding paragraphs of Sect. 5.3. 

9.2.4 Numerical solution 

The problem specified by the set of ordinary differential equations of the 
second order (9.36) to (9.39) and (9.52), with the initial conditions (9.42) 
and (9.53) was again solved by the method of Runge-Kutta-Nystrom 
[37]' The solution was programmed for the Ural 2 automatic computer. 
The computation starts with the printing of input data, with the values 
of M(lj2, r), y(lj2, '1:), Rl(r) and R2(r) printed after each N-th step. 
If N = 0, the intermediate results are not printed at all. N is a number 
specified simultaneous with the input parameters. At the end of the com­
putation of a case, there are always printed the maximum values of the 
aforementioned functions, i.e. max M(lj2, r), max y(lj2, r), max Rl(r), 
max R2(r), and the values ofr at which the maxima occur. 

To check the correctness of the programme we computed the first step 
of case No.1 (Table 9.1) using the Ural 2 computer as well as a Cellatron­
Mercedes electric desk calculator. In either case the computation was 
made by the method of Runge-Kutta-Nystrom. As the results summarized 
in Table 9.2 suggest, the programme was set up correctly because the 
agreement between the two methods of computation is very good. 

According to (9.49) we may expect sudden changes in the values of 
functions at the place riCe) where some irregularity, e.g. impact of flat 

*) The damping is neglected on the right-hand side of Eq. (5.6). 
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Table 9.2 Results of calculation of a check example 
Case No.1, hi = 0·001 

,-----------,--------------------------

Calculating machine M(1/2,0'001) y(1/2,0'001) 
_I 

I 

Automatic computer 
Ural 2 - 0·000 594 705 36 +0·00000056688388 

Electric desk calculator -0,000594705337 +0·000000566883 88 

wheels, takes place. That is the reason for our introducing two values of 
integration step, hi and hih2 ~ hi) as input data. We will make use of 
the lesser value, h2' only in the irregularity neighbourhood equal to 
double the irregularity length. The integration step h is therefore chosen 
as follows: 

{ 
h2 for B; + kAi - hi < ~i ~ Bi + kAi + 2bi ; 

11 = i = 1, 2, k = 0, 1, 2, ... 
hi in all other cases. 

(9.59) 

The integration step ~1 was estimated using the method described in 
detail in [78]' In our case No. 30, hi turned out to be 0·001. The effect 

Table 9.3 Effect of integration step length and number of equations 
Case No. 30 

hi 0·001 0·0005 
~I 

h2 0·0001 
I 

0·0001 

s 3 1 3 I 

.[max M 1-, .)] 1·571 0999 1·571 0999 1·571 0999 1·571 5999 
max M -1-,.) 3·5583133 3·5504918 3·5583731 3·5603028 

.[max yet, .)] 1'572 0999 1·572 0999 1·572 5999 1·572 5999 
maxy(t, .) 4·1934544 4·2011628 4'1948825 4·2038006 

.[max Rl (.)] 0·0220000 0.0220000 i 0·0220000 0·0220000 
max R1 (.) 1-1385666 1·1384909 1·1385666 1·1384909 

.[max R2(.)] 0·0209000 0·0209000 0·0209000 0·0209000 
max Ri') 2·7198116 2·7198118 2·7198118 2·7198118 
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of the integration step length was examined for case No. 30 whose input 
parameters are summarized in Table 9.1. The most important results 
obtained for hi = 0·001 and hi = 0·0005 are reviewed in Table 9.3. Com­
paring them we see that they differ but very little; accordingly, integra­
tion step hi = 0·001 is very suitable for case No. 30. 

The other effect we followed was that of the number of Eqs. (9.52), 
i.e. the effect of number s in Eq. (9.54). We did so for case No. 30 and 
the integration steps hi = 0·001 and hi = 0·0005. The results of that 
examination are also reviewed in Table 9.3. The effect of s in case No. 30 
was small enough and that is why we used s = 3 in most of our calcula­
tions. 

«=a02 

2 

3 

f1 (1/2. T) 

a a 

2 

3 

..; 
r (1/2. T) 

. ------= ----

0E .L ,I ,2 • 

I R, (T) 

OTn~~ ____ ~~~ ____ ~ ____ ~ __ -L ____ L--n~ ____ ~ __ ~~2 __ T_ 

2 

3 

Fig. 9.5. Time variations of dimensionless bending moment M(1/2, 1') and deflec­
tion y(I/2, 1') at the centre of beam, and of forces Rl (1'), R2(1'). Case No. 30, al = 0, 

a2 = 20, 0: = 0·02. 
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9.3 The effect of various parameters 

The effect of some of the dimensionless parameters discussed in the fore­
going was studied for our case No. 30 (Table 9.1). In the calculations 
always only one parameter was varied and the remaining were kept con­
stant. Case No. 30 corresponds to the dynamic effect of a flat spot on 
the rear axle of a two-axle railway car traversing a bridge with span equal 
to the car axle base, 1 = D. 

The results of the calculation are presented in Fig. 9.5, while Fig. 9.6 
shows the same case but without irregularity of any kind. 

The diagrams that follow plot only the maxima offunctions MUI2, r), 
y(1/2, r), Rl(r) and R2(r) comprehensively designated by (j (dynamic 
coefficient) in relation to the parameters under examination. 

,I 0t- ~ 
I~-T~:v-----------------------------------------------

Fig. 9.6. Time variations of dimensionless bending moment M(1/2, ,) and deflection 
y(1/2, r) at the centre of beam, and of forces R1(r), R2(r). Case No. 30, a1 = 0, 

az = 0, IX = 0'02. 

9.3.1 The effect of speed 

The effect of speed parameter a (9.16) was studied in the range 0 ~ a ~ 
~ 0'12, for a ascending in steps 0[0·005 (or smaller at lower a's). Fig. 9.7 
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Fig. 9.7. Effect of speed parameter IX. Case No. 30, at = 0, az = 20. 
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Fig. 9.S. Effect of speed parameter IX. Case No. 30, a1 = 0, az = 0. 
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shows the dependence of [) on IY. for case No. 30 of Table 9.1. It is plain to see 
in the figure that the dynamic effects of isolated irregularities (flat wheel) 
reach their maximum at low speeds. For a wheel with no flat spot, the 
highest axle pressure, max R I( r), continues nearly unvaried for various o:'s. 

Fig. 9.8 shows the same case but without any irregularity whatever. 
A comparison of Figs. 9.7 and 9.8 clearly shows the substantial effect of 
irregularities on beam stresses. 

Fig. 9.9 is the time variation of force Rir) for various :x (case No. 30) 
drawn at an enlarged time scale. Consulting it we see that at very low 
speeds (IY. < 0'0075) no impact occurs at all and the contact force con­
tinues positive [R2(r) > 0]' At speeds about ct = 0·0125 the arrival of 
a flat wheel causes force Rlr) to ease off to a degree likely to bring it to 
zero. There is no impact at that time, but a secondary impact is apt to take 
place during the second pulse. That is the case when an irregularity leads 
to the highest possible values of bending moment and deflection. At still 
higher speeds (ct ~ 0'02), the wheel loses contact with the beam as soon 
as the flat spot arrives, and there follow one or even several impacts. But 
the corresponding maxima of bending moments and deflection already 
start to fall off. If the speed is increased yet further (0: > 0'05), there 
always will occur unloading and primary impact - the latter, however, 
without any peak typical of impact phenomena. After impact, the force 
R2(r) follows nearly the same course as it had before the impact. So far 
as bending moments, and deflection are concerned, they are hardly af­
fected by this kind of impact and therefore fall off considerably. 

9.3.2 The effect of the frequency parameter of unsprung mass 

For case No. 30 the relaiton between [) and the frequency parameter of 
unsprung mass, Yi (9.17), is illustated in Fig. 9.10. The striking feature of 
this diagram is the rapid growth of dynamic stresses in the beam with 
growing parameter Y i' 

9.3.3 The effect of the frequency parameter of sprung mass 

The effect of the frequency parameter of sprung mass, Y3i (9.18), is clear 
to see in Fig. 9.11 which shows that the dynamic effects first increase, 
then slightly fall off with growing Y3i (except for the region of highest 
values of Y3i examined in the study). 
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Fig. 9.10. Effect of the fre- 71---,----.---,----7"\ 

quency parameter of un­
sprung mass, Ii' Case No. 30, 

a 1 = 0, a2 = 20, IX = 0·02. 61----+----+---if---I---j 

5r----+----+~~-~--~ 

4r-----+---~~~+_+-----~ 

3r-----i--~~~----4----~ 

'0~--~----~----J-----~---
0.3 0.4 11 

max y(112,TJ 

2r-----+-----+-----+------+-------j-----4 

1t:::::j::::::±======t:=====c====~======rm~ax~R~I(~ 
o 0.01 0.02 0.03 0.04 0.05 0.06 ~JI 

Fig. 9.11. Effect of the frequency parameter of sprung mass, 13i' Case No. 30, 
a l = 0, az = 20, IX = 0·02. 

149 



PART II - ONE-DIMENSIONAL SOLIDS 

9.3.4 The effect of the ratio between the weights of vehicle and beam 

The dependence of c5 on the ratio between the weights of vehicle and 
beam - x (9.19) - is recorded in Fig. 9.12 (case No. 30, Table 9.1). At 
constant (x, the dynamic effects roughly increase with growing x but the 
increase is somewhat slower after x has reached a certain value. 

o 
5r-----r-----.-----r-----r---~ 

2.5 

Fig. 9.12. Effect of the ratio between weights of vehicle and beam K. Case No. 30, 
Q 1 = 0, Q2 = 20, Ct: = 0·02. 

9.3.5 The effect of the ratio between the weights of unsprung parts and 
whole vehicle 

This effect is characterized by parameter Xi (9.20). The relation between c5 
and parameter Xi is analyzed in Fig. 9.13. As the figure suggests, in the 
range under examination the effect of unsprung masses first increases, 
and then the increase stops. 

9.3.6 The effect of the depth of irregularities 

The depth of an irregularity or a flat spot is described by parameter a L 

(9.22). For case No. 30, the dependence of c5 on depth a2 is shown in 
Fig. 9.14. The dynamic effects grow nearly linear with the growing depth 
of irregularity. The growth slows down only at high values of a2' 
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Fig. 9.13. Effect of unsprung 
vehicle masses Xi' maxy(112,T) 

Case No. 30, a1 = 0, a 2 =20, 
IX = 0·02. 31-----f'-.~--l-----'-----___l max N (112, TJ 

2r-----r-----r---------~ 

maxR,(,) 
1L-__ ~===C==~==~ __ _ 
o 0.025 0.05 0.075 0.1 #e, 

cS 

6~----~----~----~----_,r_--~ 

max y(112,.} 

maxN (112,T) 

maxR,(T;} 

10 20 30 40 50 

Fig. 9.14. Effect of the depth of track uneveness a2' Case No. 30, a1 = 0, b2 = 0'02, 
IX = 0·02. 

9.3.7 The effect of the length of irregularities 

The length of an ir.regularity or a flat spot is expressed by parameter b i 
(9.23). For case No. 30 (Table 9.1) the dependence of 8 on length b2 is 
in Fig. 9.15. The dynamic effects grow with the increasing length of ir-
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regularity up to a certain value after the attainment of which they slowly 
fall off. It goes without saying that in this as well as in the preceding 
figures, max R1(r) continues practically unvaried because we set a 1 = O. 

6 

5~----,-----,---~F==-~ 

t-__ +-_~ft----:-r---+ __ --Imax f1 (112, T J 

3~--~~~~~~~~ 
max RZ(TJ 

maxR,(TJ 

0,01 0.02 0.03 0.04 b2 

Fig. 9.15. Effect of the length of track uneveness b2 • 

Case No. 30, a 1 = 0, a2 = 20, IX = 0·02. 

9.3.8 The effect of other parameters 

One of the parameters examined in this part of our study, was parameter 
.A. (9.21) expressing rotation of sprung parts. For case No. 30 (Table 9.1) 
and the range 0·1 ~ .A. ;£ 0,3, the effect of.A. on the maximum values of 
functions M(lJ2, -r), y(lJ2, -r). R1(-r) and Ri-r) was found to be almost 
negligible. 

The effect investigated next was that of various values of initial con­
ditions YlO (9.42). The calculation was made for case No. 30 in the range 
8 ;£ YlO ;£ 16, without consideration given to track irregularities, i.e. for 
aj = O. In this way it was possible to decide to what extent the effect of 
initial conditions is commensurable with that of track irregularities. It 
was found that the effect of track irregularities or ftatwheels is greater by 
far than the effect of initial conditions. 
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9.4 Application of the theory 

9.4.1 Comparison of theory with experiments 

The theory expounded in the foregoing sections was experimentally veri­
fied on four railway bridges traversed by a two-axle car with flat wheels. 
Two of the bridges were of steel, two of reinforced· concrete. One of the 
steel structures was a short-span bridge with direct fastened rails, the 
other a truss bridge with a fairly large span and a conventional roadway. 
Both reinforced concrete bridges were of the short-span kind, one was 
provided with a gravel bed, the other was without ballast. 

aJ bJ 

1.5 
I n~ ~ 2;5 T 1.5 nn 2.5 T 

°1 =:=J~U~~ ~t 1~V~ 
, . 

2' 

l/1l12,Ti 
1'1/2, ,J 

t_ 28 kmlh 

15 . nv 2;5 T tS ~-' 2~ 
~ l.", .. 

l"" 
, :::=J'{ \]V'? } YV' 

Fig. 9.16. Deflection y(1/2, r) and bending moment M(I/2, r) at the centre of span 
of a steel bridge, I = 3·6 m, depth of flat spot a2 = 6 mm, speed c = 28 km/h. 

a) theory. b) experiments. 

The experimental verification of the theory is described at length in 
[84]' Some of its typical results are presented in Fig. 9.16 drawing the 
computed and . measured deflections and bending moments at mid-span 
of a 3·6 m-span steel bridge. The depth of the flat spot on the rear axle 
of a two-axle car was ii 2 = 6 mm. The dependence of the dynamic coef­
ficient () and increment A on speed is plotted in Fig. 9.17 (deflection) and 
Fig. 9.18 (stress). Coefficient () and increment L1 were measured from 
the respective static value at the point where the flat wheel effect comes 
into play (for particulars see [84]). As evident from Figs. 9.16 to 9.18, 
the theory on the whole describes the dynamic effects of flat wheels on 
railway bridges to satisfaction. 
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9.4.2 Dynamic stresses in short-span railway bridges 

It follows from the foregoing discussion that dynamic stresses in short­
span railway bridges are first and foremost affeGted by impacts resulting 
from track or wheel irregularities (rail joints, flat wheels, etc.). An equally 
important factor is the effect of sprung and unsprung masses of vehicles 
that have been set to vibration ahead of the entrance to the bridge. 

The dynamic effects of vehicles passing over short, isolated irregu­
larities, are highest at low speeds (about 25 fo 50 kmjh for vehicles with 
flat wheels). 

The dynamic effects in bridges roughly grow with growing vehicle 
weight, growing roadway stiffness and growing irregularity depth. On the 
whole, the unsprung masses of the vehicle exert but a small effect. Com­
pared with the effects of irregularities, the effect of initial conditions of the 
vehicle as it enters the bridge, is small. 

The theory works well for both railway and highway bridges built of 
steel, reinforced concrete or prestressed concrete. It is particularly well 
suited for bridges with spans of up to 20 and 30 m. 

9.S Additional bibliography 

[24, 33, 52, 65, 69, 78, 84, 85, 93, 96, 121,229,230,231,242, 245, 246, 258, 271]. 
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10 
Beam subjected to a moving multi-axle system 

Multi-axle vehicles are very complex mechanical systems with a number 
of degrees of freedom, linear and non-linear springs and damping. From 
the point of beam stress calculations they may be idealized sufficiently 
well by systems schematically shown in Fig. 10.1. However, those simpli­
fied models would not work to satisfaction if used in analysis of motions 
of all vehicle parts. In any case, the proposed idealization takes care of 
all the essential effects a multi-axle vehicle is likely to produce in a beam 
traversed by it. And that is just what we are primarily interested in 
beam stresses and deflections. 

10.1 Formulation of the problem 

Similarly as in Chaps. 8 and 9 we shall start out from the following as­
sumptions (next to assumptions 1, 3, 4 and 5 stated in Sect. 1.1): 

1. The vehicle has 2n axles, and its total weight 

where PI = mIg 
P2 = m2g 

P = Pi + P 2 = mg 

weight of all unsprung parts of the vehicle, 
total weight of sprung parts of the vehicle. 

(10.1) 

Each unsprung mass, mi /(2n), is free to perform vertical motion 
v1i(t). The sprung part of the vehicle can move in vertical direction -
v2(t) - as well as rotate - cp(t). Quantities Vli(t) and V2(t) are measured 
from the equilibrium position in which springs C and K are compressed 
by the static action of the vehicle. Quantity cp(t) is measured from the 
horizontal in clockwise direction. 

Each unsprung mass md(2n) is connected to the vehicle body by means 
of a spring, all springs having the same linear spring constant C with the 
coefficient of viscous damping Cb • 
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Unlike in Chap. 9 the vehicle is symmetric with respect to the vertical 
plane passing through the vehicle centroid o. The mass moment of 
inertia of the sprung part of the vehicle about the horizontal transverse 
axis is!. The distance between the i-th axle (i = 1,2, ... , 2n) and centroid 
o is ili. Because of symmetry 

il2i - l = il2i , i = 1,2, ... , 2n. (10.2) 

, .. 
I"' 

Fig. 10.1. Model of a beam with an elastic layer and irregularities, loaded with 
a moving multi-axle vehicle. 

2. There is on the beam surface an elastic layer with spring constant K, 
or alternatively, with constant K underneath each axle (constant - in 
contradistinction to Chap. 8, and identical under all axles - in contra­
distinction to Chap. 9). 

3. There are irregularities r( x) on the surface of the track. 

4. The vehicle moves from left to right at uniform speed c along the 
beam; therefore the coordinates of the contact points of the i-th axle 
(Fig. 10.1) are 

{
ct - ill + ili for i = 1,3,5, ... , 2n - 1 

Xi= ct-ill-il i - l for i=2,4,6, ... ,2n. (10.3) 
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5. At the beginning of the event, neither the beam nor the vehicle 
possesses displacement or velocity in vertical direction. The event begins 
at the instant the first axle arrives on the beam. 

Assuming the above we may express the problem by a system of 2n + 3 
differential equations successively describing rotation and vertical motion 
of the sprung mass, vertical motions of the unsprung masses and bending 
vibration of the beam. In the intervals 0 ~ x ~ I, 0 ~ t ~ lie + 2Jdc 
the equations take on the form 

P 2 m l d 2vli(t) () () - () _ . '-
- - - 2 + Z; t + Zb; t - R; t - 0, I - 1,2, ... , 2n , 
2n 2n dt (10.6) 

EJ a4v(x, t) a2 v(x, t) 2 av(x, t) --'-----"- + fl + flWb -- = 
ax4 at2 at 

= L E; i5(x - x;) --.!. + R;{t) . 2n [P ] 
;=1 2n 

(10.7) 

Similarly as in Sect. 9.1 the following notation was used in Eqs. (l0.4) 
to (10.7): 

Zb;{t) = Cb[V2;{t) - vli(t)] , 

( ) _ {v2(t) + J; <p(t) for i = 1,3,5, ... , 2n - 1 
V2· t -

, vit) - J; <p(t) for i = 2,4,6, ... , 2n , 

R;(t) = K[vu(t) - E; v(x;, t) - r(x;)] . 

(10.8) 

(10.9) 

(10.10) 

(10.11) 

(10.12) 

The remaining symbols are as those used in Chap. 9. To the system of 
equations (10.4) to (10.7) we shall specify the boundary conditions of 
a simply supported beam - (1.2) - and the initial conditions 

v(x, 0) = 0, av(x, t)j = 0 
at t=O 

(0) 0 dV2(t)1 = 0 
V2 =, I ' 

dt :t=O 

Vli(O) = 0, dvl;{t) j = 0, 
dt t=O 

<p(0) = 0, d<P{t)! = O. (10.13) 
dtt=o 
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Now the contact force between the i-th axle and the beam is 

(10.14) 

If in view of (10.12) expression (10.14) yields a negative value, we shall 
substitute in Eqs. (10.6) and (10.7) 

- () PI R; t = - -. 
2n 

(10.15) 

Not e : If we consider the special case of C -+ 00 and divide the sprung 
mass into 2n parts, we get a sequence of 2n separate unsprung masses as 
shown in Fig. 10.2. In that case the now invalid equations (10.4) to (10.6) 
are replaced by the equations 

- ml d 2vu(t) _ R;{t) = 0, i = 1,2, ... , 2n . (10.16) 
2n dt 2 

Fig. 10.2. Model of a beam with' an elastic layer and irregularities, loaded with 
a moving series of masses. 

10.2 Solution' of the problem 

10.2.1 Dimensionless parameters 

Like in Chaps. 8 and 9 we shall carry out the numerical evaluation with 
the aid of the dimensionless parameters 

(10.17) 
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Y1 = 1t//(1) ' 

Y2 = 12/f(1) , 

8 = Wb/f(l) , 

82 = Cb/(2mI 2 ) , 

x = p/G, 

Xl = P 1/ P, x 2 = P 2/ P = 1 - Xl' 

A = I/(m1 2 ) , 

a = a/vo, 
b = 5/1, 

A = A/I, 

B = Ii/I, 

(10.18) 

(10.19) 

(10.20) 

(10.21) 

(10.22) 

(10.23) 

(10.24) 

(10.25) 

(10.26) 

(10.27) 

(10.28) 

di = aJl, d2i = d2i - 1 , i = 1,3,5, ... , 2n - 1. (10.29) 

In Eqs. (10.17) to (10.29) 

(10.30) 

11 - - - , _ 1 (K)1/2 
21t m 

(10.31) 

12 -- -_ 1 (C)1/2 
21t m 

(10.32) 

The remaining symbols are the same as in Chap. 9, and quantities a, b, 
A, B refer to track irregularities shown in Fig. 10.3. 

A 
I. A .1 

.1 I. 
Fig. 10.3. Track irregularities. 
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The following parameters will also be considered among the input data: 

number n - half the number of vehicle axles, 
s - number of equations in (9.52) and (9.54), i.e. the number of 

harmonics, 
h - integration step, 
number N - following which the machine prints intermediate results. 

10.2.2 Reduction oj the equations to the dimensionless Jorm 

For the purposes of numerical evaluation we shall again introduce the 
independent variables (9.34) and the dependent variables 

y(e, ,) = vex, t)/vo, Yli(') = vuCt)/vo, i = 1,2, ... , 2n, 
yzC,) = vzCt)/vo , <pc,) = ip(t) l/vo . (10.33) 

Substitution of (10.17) to (10.33) in (10.4) to (10.7) [with Eq. (10.7) 
solved by transformation (9.50) same as in paragraph 9.2.3] and rear­
rangement give 

;peT) = _1_ f d2i _t Y2{7t2Y2[Z2l,) - Z2i-l(')] + 
A.a2 i=t 

+ .92a[z2i(') - Z2i-t(')]} , (10.34) 

(10.35) 

Yti' = -+-XY2 Zi' +-.92xaY2 Zi' -Ri' ; .. () 96n [X2 7t
4 

2 () 7t
2 

• ( ) ( )] 

7t2Xx 1a 2 2n 48 48 

i = 1,2,3, ... , 2n , (10.36) 

.. () ~ 96 [X t R ()] . ." .4 7t
2 

( ) .9. () q(j>' = L. 22 8i - + i' SlDJ7t 'oi - ) 1: q(j>' - - q(j)' ; 
i= 1 7t a 2n a a 

j = 1,2,3, ... ,s (10.37) 
The initial conditions are 

q(j)(O) = 0 ; 4(j)(0) = 0 , 

Yli(O) = 0; yuCO) = 0, 

Y2(0) = 0; yzCO) = 0, 

<p(0) = 0; (,b(0) = O. (10.38) 
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The integration range now is 

o ~ r ~ 1 + 2d 1 (10.39) 

and the coordinate of the contact point of the i-th axle 

for i = 1, 3, 5, ... , 2n - 1 

i = 2, 4, 6, ... , 2n . (10.40) 

In Eqs. (10.34) to (10.37) 

z;{r) = yir) - (-ly djq>(r) - Ydr) , i = 1,2, ... , 2n, (10.41) 

otherwise - ~; i = 1,2, ... , 2n . 
2n 

(10.42) 

The meaning of ej, J(~), r(~) is the same as in Chap. 9, Eq. (9.49) is now 
without subscripts i. 

Note: Ifyz -+ 00, Eqs. (10.34) to (10.36) do not apply and in the sense 
of the Note at the end of Sect. 10.1 are replaced by the equation (Xl = 1) 

(10.43) 

10.2.3 Numerical solution 

The dimensionless beam deflection is again computed from Eq. (9.54). 
Analogous to (9.56), the bending moment divided by bending moment 
M 0 of the centre of the beam loaded at point x = 112 with force P, 

Mo = P114, (l0.44) 
is 

Zn 

M(~, r) = I MR;(~' r) + Mi~, r) (10.45) 
j= 1 

where Mi~, r) has the same meaning and the same value as in (9.58), 
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and in view of (10.42) and (10.44) 

{ 
4e{;~ + Ri(r)](1- ~iH 

MRl~, r) = 

4ei [;~ + Rb)] (1 - ~) ~i 

for ~i ~ ~ 

(10.46) 

for C;i ~~. 

The problem specified by the set of equations (10.34) to (10.37) or 
(10.43) with the initial conditions (10.38) was again solved by Runge­
Kutta-Nystrom's method according to [37]. The solution was pro­
grammed for a Leo 360 automatic computer. The computation starts 
with the printing of the input data, with the values of r, y(lj2, r) and 
M(lj2, r) printed after each N-th step. The computation ends with the 
printing of the largest values of those functions, i.e. max y(lj2, r), 
max M(lj2, r) and the values of r at which the maxima occur. The com­
puter's output is either in the form of tabulated data or recorded on 
a punched tape which in turn serves as input to a automatic drawing 
device that draws directly the time variations of deflection and bending 
moment at the centre of the beam span. 

It was found in the course of the computation that the accuracy of re­
sults is affected more substantially by a higher number of harmonics, s, 
than by the length of the integration step, h. A higher number of har­
monics is favourable for yet another reason: it does not prolong the com-

Table 10.1 Effect of integration step length and number of equations 

Model shown 
I 

in Fig. Fig. 10.2 Fig. 10.1 
(n = 2) 

s I 1 
I 

3 3 
I 

5 

h 
I 

0·001 
I 

0·0005 
I 

0·001 I 0'0005 0·001 

I I I I . 1 ,[max v(t, ,») '0'646 0'646 0·649 0'6495 0·834 0·726 
=x ,(!. ,) 1°.940 9436 0·940 9123 0·947 37480·947 42571°'822 2459,0' 777 7311 

,[max M(t, ,)] 0·548 10'5485 0·573 0'573 0·7040·699 
max ~(!, ,) 10'81537380'81552760'821 19360·821 15870'964 1011 :0'7323058 

computmg I I 
time [minute] I 5 9 8 15 13 18 
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putation as does a shorter integration step. As proved in [78], a certain, 
optimum, number of steps is, of course, necessary. A comparison of the 
maximum values of y(1/2, -r) and MUI2, -r) for different numbers of har­
monics, s, and different lengths of the integration step, h, is presented 
in Table 10.1 for the two cases illustrated in Figs. 10.1 and 10.2. As a 
point of interest, the table also gives the computing time of the Leo 
360 computer for the two cases. 

10.3 The effect of various parameters*) 

10.3.1 The effect of speed 

The effect of speed parameter IX (10.17) is recorded in Fig. 10.4. The 
figure summarizes the results of our calculations relating to the model 
of a Swiss Oerlikon bridge tested at the University of Lausanne, to a 
German bridge across the river Paar and to an idealized 10-m span con­
crete plate bridge with ballast. The model of the Oerlikon bridge weighed 
3050 N and was tested with and without a gravel bed (Fig. 10.4). The 
test locomotives were designated P = 750 Nand Re 4/4. The 19·6-m span 
Paar bridge was tested with electric locomotives E 03 (p = 1-115 MN) 
and E 10 (P = 0·85 MN), respectively, up to the speed 200 km/h. The 
concrete plate bridge was calculated for traverse by an electric locomotive 
E 10; the track irregularities owing to the sleeper effect were assumed 
to have different depth parameters, i.e. a = 0, 0·25, 0·5 mm. 

Fig. )0.5 refers to the model of the Oerlikon bridge without a gravel 
bed, and shows the dependence of the strain of lower fibres, L1A, on 
speed. Both the measured and the computed values of the maximum in­
crement of strain of lower fibres at mid-span of the bridge are noted. 
According to measurement, the static values of this strain range between 
Ao = 419·6 X 10- 6 to 440·9 X 10- 6 while the computed Ao! = 458 X 10- 6• 

The computed values of dynamic strain agree well with the measured data. 

*) The author gratefully acknowledges the permission of the Office for Research 
and Experiments (ORE) of the International Union of Railways (UIC) to publish 
Sects. 10.3 and 10.4 and the experimental data in Figs. 10.5 to 10.8. The experi­
mental data are taken over from the research question ORE D 23 "Determination 
of Dynamic Forces in Bridges", Report No. ORE D 23/RP 16 "Theoretical Study 
of Dynamic Forces in Bridges", Utrecht, 1970, in which the author collaborated, 
see [258]. 
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The dependence of the dynamic coefficient on speed is also shown in 
Fig. 10.6, a review of the results of calculations of the 10 m span rein­
forced concrete plate bridge traversed by an 0·85 MN electric four-axle 
locomotive E 10 at different speeds. 
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tDJ 
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Fig. 10.4. Dependence of the dynamic coefficient b of stresses on the dimensionless 
speed parameter IX for the model of the Oerlikon bridge (G = 3050 kN), for the 

Paar river bridge and for a reinforced concrete plate. 
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Fig. 10.5. Dependence of the dynamic increment of strain .dA (in microstrains) on 
speed c for the model of the Oerlikon bridge. 

Consulting Figs. 10.4 to 10.6 we see that the dependence of dynamic 
stresses in bridges on speed is highly complex. However, the dynamic 
effects of modern locomotives, the principal subject of our studies, may 
be said to roughly increase with growing speed. 
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0·85 MN. Effect of the depth of uneveness: a = 0, 0'25, 0·5 mm. a) Deflection, 

b) bending moment. 
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10.3.2 The effect of other parameters 

As our theoretical studies suggest, the dynamic coefficient is considerably 
affected by parameter Y1 (10.18) - characteristic' of the elastic layer 
stiffness. Unfortunately, parameter Y1 is very hard to determine even ex­
perimentally. 

The other parameters of importance are x (10.22), Y2 (10.20) and 
a (10.25). 

10.4 Application of the theory 

10.4.1 Comparison of theory with experiments 

Fig. 10.7 shows the computed and measured time variations of stresses 
in the lower fibres at mid-span of the Paar bridge, a 19·6 m span, single­
track, slightly skew steel structure with two main girders and a roadway 
above. The bridge was subjected to tests by a 1·115 MN six-axle electric 
locomotive E 03 which attained speeds of up to 200 km/h during the 
tests. Judging by the diagrams in Fig. 10.7, the agreement between theory 
and experiments is very good; the minute deviations can readily be ex­
plained as caused by bridge torsion resulting from the skew support of 
the main girders, a factor that has not been considered in the theoretical 
analysis. The stress recorded after the departure of the locomotive from 
the br.idge (Fig. 10.7, right) was produced by the measuring car hauled 
by the locomotive. 

Fig. 10.8 shows the dependence of the dynamic coefficient of the Paar 
bridge on speed. The experiments conducted by German Federal Rail­
ways (DB) in 1965, 1967 and 1968 included measurements of stresses in 
the lower chord at mid-span of the bridge, at points 105 and 108 (de­
noted by letters MP in Fig. 10.8). In the measurements made at those 
points at different times there also appeared slightly different stresses 
from the static load Ao, which are likewise shown in Fig. 10.8. The test 
load consisted of the electric locomotives a) E 03 (p = 1·115 MN), 
b) E 10 (p = 0·85 MN) which travelled over the bridge at speeds of up 
to 200 km/h. The theoretical dependences obtained by the author were 
computed for speeds of up to 300 km/h. As the figure suggests, the ex-
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Fig. 10.8. Dependence of the dynamic coefficient t5 of stresses on speed c for the 
Paar river bridge. a) electric locomotive E 03, P = 1·115 MN, b) electric locomotive 
E 10, P = 0·85 MN. MP - points of measurement at mid-span of the bridge, 
Ao - static values of stress in various years of experiments carried out by DB 

(German Federal Railways). 
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perimental results roughly follow the theoretical dependence, a consider­
able scatter notwithstanding. 

It has been shown that the theoretical solution is sensitive to the change 
of some parameters. Therefore, the values presented in Figs. lOA to 10.8 
are the results of a larger number of calculations. *) 

The problem of the action of vehicles on bridges could further be re­
fined by introducing nonlinear terms, by giving consideration to a larger 
number of degrees of freedom, to real damping, to other physical con­
stants of the bridge and of the vehicle, etc. - all matters that could easily 
be mastered by help of large computers. 

There are, however, limits to this process of refinement. For a solution 
of the type we have presented in Chapters 8 to 10 we need to know over 
30 parameters whose determination by computation or experiment is 
very difficult. This makes of them the limiting factor in the solution of 
problems from the field discussed. 

10.4.2 Dynamic stresses in medium-span railway bridges at high speeds 

In the absence of flat wpeels, rail joints, etc., dynamic stresses in bridges 
with spans less than about 30 m are primarily affected by irregularities 
arising owing to different deflections of rails above and between sleepers 
(the so-called sleeper effect). These periodic irregularities cause both the 
vehicle and the bridge structure to vibrate, with resonant vibration likely 
to set in at speeds between 100 and 200 kmjh - see, for example, Fig. 
10.6. 

The dynamic effects in bridges grow roughly with growing speed, and 
are also sensitive to the stiffness of the roadway or of the gravel bed. 

10.5 Additional bibliography 

[24,33,52,121,135,137,200,229,231,240,242,245,246, 250, 251, 257,258,261, 
272]. 

*) For further details see Report ORE D 23/RP 16 "Theoretical Study of Dy­
namic Forces in Bridges" mentioned in the footnote on page 165, see [258]. 
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11 
Systems of prismatic bars subjected to a moving load 

Complicated systems of prismatic bars subjected to a moving load are 
usually solved by the application of the principle of superposition. Below 
we will give an outline of the procedure using the general frame system 
shown in Fig. 11.1 by way of an example and referring to that figure for 
actual directions of forces and moments acting on the system. 

The actual state of bar g, h being traversed by force p(t) (Fig. 11.1a) 
is resolved in two states (11.1 band 11.1c). In the first state (Fig. 11.1 b) 
the ends of bar g, h - removed from the system - are immobile and 
the bar is traversed by force P(t). The end moments and forces - con­
sidered to be the external load - are the .same as in the case of a clamped 
bar. Therefore the deflection of bar g, h is computed from Eg. (6.25). 

In the second state (Fig. ll.1c) the system is subjected only to joint 
moments and forces that act in the opposite direction than in the first 
state. Superposition of loads according to Figs. 11.1 band 11.1 c gives 
the external load p(t). Therefore the deformation of the whole system 
(Fig. 1 1..1 a) is the sum of deformations indicated in Figs. ll.1b and 11.1c. 

When force p(t) passes from bar g, h to the neighbouring bar h, h + 1, 
the end deformations and velocities at the instant the force is at point h 
must be taken for the initial conditions of calculations relating to bar 
h, h + 1. 

The above procedure makes it possible to reduce the given case to two 
partial problems: 

1. Motion of concentrated force p(t) along a single-span beam. This 
problem was solved in Chap. 6, Eg. (6.25). The bar need not always be 
considered clamped like in Fig. 11.1 b but can be supported in any of the 
known ways - hinged at both ends, hinged at one and clamped at the 
other end, clamped at one and free at the other end, etc., depending on 
the specification. 
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2. Effects of joint forces and moments generaIly variable in time, 
acting on the whole system. 

In the computation of the deflection of bar g, h subjected to forces 
Ygh(t), Yhlt) and moments Mgh(t) and Mhlt) at ends g and h, we now 

a) 

b) 

c) 

P(t) 

pet) 
Y(O,t)~ Y( L,t) 
X(O,t) C h X(L,t) --\... 7 

M (O,t) M (L,t) 

Fig. 11.1. Load and deformation of a frame system; a) actual state, b) a bar re­
moved from the system, traversed by the load, c) load acting on joints of the frame 

system. 

refer to Fig. 11.2 showing the positive direction of end forces and 
moments, and write the applicable equation 
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where o{x) is the Dirac function, and HJ{x) the second order impulse 
function, by means of which the effects of concentrated forces or concen­
trated bending moments are expressed. In writing the above we neglect 
the longitudinal vibration of the bar as one of lesser significance than the 
bending vibration. 

Fig. 11.2. Action of end moments and 
forces generally variable in time. 

The procedure of solving Eq. (11.1) is the same as that used in obtaining 
Eq. (6.25). First we make use of the generalized method of finite integral 
transformations (6.1), (6.2) and of the properties (4.20a) of the second 
order impulse function, then apply the Laplace-Carson transformation 
(1.15). Considering general boundary and initial conditions like in Chap. 
6, we get 

v{x, t) =.L -- V(j){X) [V(j/O) Yglr) + V(j/l) Yhg{r) + 00 { 1 II 
J= J V/U(j) 0 

+ V(J){O) Mgh{r) + V(j)(l) Mhg{r) - EJ z{O, I, r)] . 

sin w(j){t - r) dr + ~ GJ(j) v(j){x) cos w(j)t + 
Vj 

+ _/1_ G2(j) v(j){x) sin W(j)t} . 
Vjw(j) 

(11.2) 

The procedure makes it possible to solve motion along the system of 
not only a concentrated force but of the load mass as well. When the 
solution involves complicated systems, the procedure becomes unwieldy 
and time consuming even in the simplest case of a moving force of con­
stant magnitude. 

11.1 Frame systems 

By way of an example of more complicated systems, we shall consider 
a frame, the horizontal bar of which is traversed by a concentrated constant 
force P at constant speed c (Fig. 11.3a). The bars of the system are of 
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equal length 1 (10,1 = 11 ,2 = 12 ,3 = 1), have the same ratio Jlll 
(JlO,t/ l O,l = Jll,21l1,2 = Jl2,3/ l 2,3 = JlIJ) and the same A, (A,O,l = A,l,2 = 
= A,2,3 = A,) where according to (6.5) 

(11.3) 

.----'-----,2 

o 3 

L L 

0) b) c) 

Fig. 11.3. a) Frame loaded with moving force P (actual state), b) symmetric vibration 
of the frame, c) antisymmetric vibration of the frame. 

The speed of motion is assumed to be such that W 9= w(j) where W is 
described by (6.26). When W = w(j)' the computation would proceed as 
that outlined, for example, in Sect. 1.3, case 1.3.2.2. 

11.1.1 Free vibration 

An analysis of a frame subjected to a moving load starts with the com­
putation of natural frequencies and normal modes of the structure. 
A method well suited for that purpose is the deformation method of 
Kolousek [130] according to which the moments and forces in free 
vibration must satisfy the equilibrium conditions. The conditions for the 
amplitudes of harmonic vibration are in the form 

g 

(11.4) 
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In the above the summation sign includes all the bars issuing from joint 
g. The conditions refer respectively to the sum of all end moments, 
horizontal and vertical forces of bars issuing from joint g. 

In sy m met ric vi b ra tion (shown for our case in Fig. 11.3b) the joint 
displacements Vo = V 1 = V2 = V3 = 0, and rotations (0 = (3 = 0, 
(1 = -(2· Then according to [130], the moments in joint 1 

EJ EJ EJ 
M 10 = -Fil) (1 , M12 = -F2(l) (1 - -F1(l)(1. (11.5) 

I I I 

Functions F;(l) are tabulated in [130]' Substitution of (11.5) in the first 
of conditions (11.4) results in the equation 

( 11.6) 

which in turn gives the values of l for computing the natural frequencies 
according to (6.5). The first of A'S satisfying (11.6) turns out to be ap­
proximately A(l) = 3·56. 

The normal modes are computed with the aid of integration constants 
Cj , i = 1, 2, 3, 4, set forth in [130] for various cases of displacement and 
rotation of ends of bars supported in different ways. Constants A, B, C 
which we have introduced in Eq. (6.3) describing the normal mode of 
a bar, are bound with constants Cj by the following relations 

(11.7) 

For bar 0,1 

I I 
C1 = - 2A2 F1(A) (1' C2 = 213 F3(.A.) (1' C3 = -C1 , C4 = -C2 , 

A = -C = 

For bar 1,2 

sinh A - sin A 
B = -1. 

cosh A - cos A ' 

(11.8) 

(11.9) 

(11.10) 
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and 

A = _ c = cos A sinhA + sinh A - sin A( cosh A + 1) 

sin A sinh A + cos A + cosh A (cos A-I) - 1 ' 

B = -sin A sinh A + cosh A + cos A (cosh A - 1) - 1. 

sin A sinh A + cos A + cosh A (cos A-I) - 1 
(11.11) 

And analogously for bar 2,3 

(11.12) 

with constants A, B, C obtained from (11.7). 

In anti symmetric vibration (Fig. 11.3c) Vo = V3 = 0, VI =V2, 
(0 = (3 = 0, (I = (2' According to [130J, the end moments and forces 
in joint 1 

EJ EJ 
M 1 ,o = -I F2(A)(1 + r F4(A) VI, 

EJ EJ 
M 1,2 = -I F2(A) (I + -I Fl(A)(I' 

EJ EJ 
Yl,O = rF4(A)(1 + r F6(A)V 1, 

J1.1 2 EJ 4 Y1,2 = - - co VI = - - A VI . 
2 2[3 

(11.13) 

The horizontal force Y1 ,2 includes half the inertia force of bar 1,2 per­
forming harmonic vibration with frequency co and amplitude VI' 

Substitution of (11.13) in the first and third of conditions (11.4) gives 

(11.14) 
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The condition that the determinant of the coefficients at the unknown de-
formations 'I and VI must equal zero results in the equation for com­
puting ). 

(11.15) 

The first of Xs approximately satisfying Eq. (11.15) is Je(I) = 1·79; with 
this value in, Eq. (6.5) gives the first natural frequency of antisymmetric 
vibration of the frame. 

In the computation of normal modes, consideration must be given 
to the fact that deformations 'I and VI are related via Eqs. (11.14). For 
example, from the first of those equations, it follows that 

VI = _ 2F2(Je) + FI(J.) , 
1 F4(Je) I· 

( 11.16) 

For bar 0,1 the constants are 

(11.17) 

For bar 1,2 
1 1 

CI = - - F2(JeHI - - FI(Je) 'I' 
2Jc2 2Je2 

1 1 1 
C2 = - -3 F4(Je) 'I + - 'I + -3 F3(Je) 'I , 

2Jc 2Jc 2Jc 

1 
C4 = ~ 'I ~ C2 , (11.18) 

(11.19) 

179 



PART II - ONE-DIMENSIONAL SOLIDS 

The constants of normal modes of all bars are obtained from (11.7) 
following substitution of (11.16) in Eqs. (11.17) to (11.19). 

In what follows we shall also need - next to the computation of free 
vibration of the frame - a similar computation made for bar 1,2 as­
suming clamped ends of the bar, i.e. 

(11.20) 

Substitution of the normal mode in the form of (6.3) in boundary condi­
tions (11.20) gives the equation for computing). (and in turn the natural 
frequencies) 

cos). cosh), = 1, }'(!) = 4·73 

and the constants 

A = -C = 

11.1.2 Forced vibration 

sinh), - sin }. 

cosh A. - cos A. 
B = -1. 

(11.21) 

(11.22) 

Having obtained the natural frequencies and modes of vibration of our 
frame structure in the manner outlined, we can set out to compute the 
vibration brought about by motion of force P. In doing so we shall as­
sume zero initial conditions. 

~ '- ...f 
0) ~ b) ~ 'V''''2b(t} 

'- ..) ~ PI2 
M1G(t) M2i t} M,b(tJ c 

~J ~c(t) 
"\ 

M1d(t} 
T 

MUft) 
~ 

c) d) 

Fig. 11.4. Fictitious states of the frame load (figure represents the actual directions 
of forces and moments acting on the system). a) symmetric load on a bar removed 
from the system, b) antisymmetric load on a bar removed from the system, c) sym­
metric load acting on joints of the system, d) antisymmetric load acting on joints of 

the system. 
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First, we resolve the whole case of Fig. 11.3 to four states (Fig. 11.4): 

a) Remove the horizontal bar from the frame structure and load it 
symmetrically with two forces Pj2, one moving from left to right, the 
other from right to left, at constant speed c. The bar is further loaded 
with end moments such that the displacements and rotations produced 
by them are zero at both ends (Fig. ll.4a). The moments are therefore 
equal to bending moments at the ends of a clamped bar. 

In this state a) the deflection of bar 1,2 

( ) ~ P vulx) { 1 [( . w. ) V 1 •2a X,t =.~ 2 2 smwt--smw(j)t. 
J=l 2Vj w(j) - W w(j) 

. (1 - cos A + A sin A) + (cos wt - cos w(j)t) . 

. (A + sin A + A cos A)] + 2 1 2 [(sinh wt -
w(jl + W 

- ..!!!-. sin W(j)t) (B - B cosh A - C sinh A) + 
Ww 

+ (coshwt - cos w(j)t) (C + B sinh A + CCOShA)]} = 

00 

(11.23) 

Expression (11.23) is the sum of Eqs. (6.27) and (6.29) with P/2 substituted 
for P. 

Accordingly" the end moments - positive in the clockwise direction -
are 

00 

M1a(t) = M1,2a(O, t) = -EJ L V~j)(O) q(j)a(t), 
j=l 

00 

Mdt) = -M1•2i 1, t) = EJ L v(j)(l) q(j)a(t). (11.24) 
j=l 

The natural frequencies and constants substituted in Eqs. (11.23) and 
(11.24) are those of a clamped bar, i.e. those described by Eqs. (11.21) 
and (11.22). 

b) In the second state (Fig. 11.4b) bar 1,2, removed from the structure, 
is subjected to anti symmetric forces P/2, one moving from left to right, 
the other from right to left. Like in state a) the bar is also loaded with end 
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moments producing zero displacements and rotations at both ends. 
In state b) the deflection of bar 1,2 is 

( ) ~ P vulx) { 1 [( . w. ) V1 ,2b X, t =.L.. 2 2 SIn wt - - SIn W(j)t . 
J= 1 2Vj W(j) - W W(j) 

. (1 + cos A - A sin A) + (cos wt - cos W(j)t) . 

. (A - sin A - A cos A)] + 2 1 2 [(sinh wt -
w(j) + W 

- ~ sin W(j)t) (B + B cosh). + C sinh A) + 
w(j) 

+ (cosh wt - cos w(j)t) (C - B sinh A - C cosh A)]} = 

00 

= L v(j)(x) qU)b(t) . (11.25) 
j=l 

Expression (11.25) is the difference between (6.27) and (6.29), again with 
P/2 substituted for P. 

The end moments then are 
00 

M aCt) = M l,2b(O, t) = - £J L v(j)(O) qU)b(t) , 
j=l 

00 

M 2b(t) = -M 1 ,2b(l, t) = £J L v(j)(l) q(j)b(t) . ( 11.26) 
j=l 

The constants substituted in (11.25) and (11.26) are those of a clamped 
bar, i.e. (11.21) and (11.22). 

c) In the third state the frame is loaded with symmetric joint moments 

(11.27) 

as indicated in Fig. ll.4c. In view of Eq. (11.2) the deflections of the three 
bars are respectively 

vo,dx, t) = I V(j)(X) ft v;{l) M tcC"r) sin wult - r) dr , 
j=l Vjw(j) 0 

Vl,2cCX, t) = I V(j)(X) ft [vj(O) M lcCr) + vj(l) M2cCr)] sin w(j)(t - r) dr, 
j= 1 ~W(j) 0 

V2,3C(X, t) = ~ v(j)(x) ft vj(O) M2c(r) sin w(j)(t - r) dr. 
j= 1 VjW(j) 0 
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The quantities to be substituted in (11.28) are the natural frequencies of 
symmetric vibration obtained from (11.6) and the respective constants 
of the bars, i.e. (11.8) to (11.12). 

d) In the fourth state, d, the frame is loaded with antisymmetric joint 
moments (Fig. llAd) 

Mlit) = -Mlb(t) , 
M 2d(t) = -M2b(t). 

By (11.2) the deflections of the three bars are respectively 

vo.lix, t) =.I V(j)(X) II vj(l) Mlir) sin w(j)(t - r) dr, 
)=1 VjW(j) 0 

(11.29) 

vl .2d(x, t) =.I V(j)(X) II [vj(O) Mlir) + V(j)(1) M2ir)] sin wult - w) dr, 
)= 1 VjW(j) 0 

(11.30) 

The quantities to be substituted in (11.30) are the natural frequencies 
of anti symmetric vibration obtained from (11.15), and the respective 
constants of the bars, i.e. (11.17) to (11.19). 

The sum of the external forces and moments in states a, b, c and d 
(Fig. 11.4) gives load P which moves from left to right (Fig. 11.3a). The 
deflections of the individual bars will therefore be the sum of the deflec­
tions in the four states, i.e. 

VO.l(X, t) = VO.lcCX, t) + vo.la(x, t), 
vl.ix, t) = Vl.2a(X, t) + Vl,2b(X, t) + V1.2cCX, t) + V1.2a(X, t), 
V2.3(X, t) = V2.3cCX, t) + V2.3ix, t). (11.31) 

11.2 Continuous beams 

Calculation of simple systems may be carried through to solutions in 
closed forms. We will show that it is so by solving the continuous beam 
with two equal spans traversed by a constant force P from left to right at 
speed c, illustrated in Fig. 11.5a. 
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Consider zero initial conditions at the instant of arrival of force P on 
the first span, and to simplify, a speed such that W * w(j), see (6.26). 
This problem was first solved by R. S. Ayre, G. Ford and L. S. Jacobsen 
[5]. In the next paragraphs we will evolve a different method of its 
solution. *) 

aJ 

b) 

c) 

c 

~ 
l l l 
1 " ., 

c 

~lw2~.~ 
-1pj2 c 

c c 
JI2 ___ IS __ PI21~ 

Fig. 11.5. Two-span continuous beam. 
a) force in the first span, b) antisym­

metric load, c) symmetric load. 

11.2.1 Free vibration 

a) 

b) 

c) 

c 

~ 
J- } ,l 

...£ 
lpl2 
~ 

_IPI2 
c 

c c 

~P~""""llJ2~ 
Fig. 11.6. Two-span continuous beam. 
a) force in the second span, b) antisym­

metric load, c) symmetric load. 

Like in the preceding case our first task is to establish the natural fre­
quencies and normal modes of vibration of the continuous beam in 
question. 

The anti symmetric vibration is very simple (same as for a simply 
supported beam). The natural frequencies are obtained from the con­
dition 

sin A. = 0, A.(j) =j1t (11.32) 

and the normal modes of the first as well as of the second span (A = B = 
= C = 0) from 

V(j)(X) = sin ~ x . 
I 

(11.33) 

*) The dynamics of continuous beams subjected to a moving load is treated at 
great length by V. Kolou§ek in [130]. 
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The symmetric vibration is the same as for a bar hinged at one 
and clamped at the other end. According to [8], the frequency equation is 

tg). = tgh A., )'(1) = 3·927. (11.34) 

The normal modes of the first span are obtained from the boundary 
conditions vuiO) = v!'j)(O) = v(j)(l) = v(j)(/) = ° 

A=C=O, B= 
sin J. 

sinh ). 
(11.35) 

in the form (6.3) 

() .). ·hA. 
v(j) x = SIn - X + B sm - x 

I I 
(11.36) 

and of the second span from the conditions v(j)(O) = v(j)(O) = v(jil) = 
= v('n(/) = ° 

A = -c = 

in the form 

sinh A. + sin ). 

cosh A. + cos ). 
B = -1 

() . A. A. 'hA. A. 
v(j) x = SIn - X + A cos - x - SIn - X - A cosh - x . 

I I I I 

(11.37) 

( 11.38) 

The origin of the x-coordinates is assumed to be at the left-hand end of 
each span. 

11.2.2 Forced vibration 

In the calculation of a continuous beam we make distinction between the 
case where the force is in the first span (Fig. 11.5a) and the case where the 
force is in the second span (Fig. 11.6a). In either case the load is resolved 
into the anti symmetric and the symmetric component producing re­
spectively antisymmetric (Figs. 11.5b and 11.6b) and symmetric (Figs. 
11.5c and 11.6c) vibration. The sum of the two loads gives, of course, 
force P moving from left to right (Figs. 11.5a and 11.6a). In every case 
span 1 is examined separately from span 2. The origin of the t-coordinates 
is assumed to be the instant of arrival on the first and second span, 
respectively. 
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Force in theftrst span - The initial conditions at the instant the force 
arrives on the first span are assumed to be zero. 

a) Antisymmetric vibration 

Span 1: According to Fig. 11.5b the deflection is described by the equa­
tion (6.27) 

( ) ~ P v(j)(x) ( . co. ) VIal X, t =.f.J 2 2 sm cot - - sm co(j)t . 
;=1 2viCO(j) - CO ) CO(j) 

( 11.39) 

Span 2: The situation is analogous, force - Pj2, motion from right to 
left (Fig. 11.5b), Eq. (6.29) 

V1aiX, t) =.I P ~(j)(X) 2 (sin cot - ~ sin CO(j)t) cod. (11.40) 
)=1 2viCO(j) - co ) CO(j) 

Eqs. (11.32) and (11.33) are substituted in (11.39) and (11.40). 

b) Symmetric vibration 

Span 1: From Eqs. (6.27), (11.34) to (11.36) and Fig. l1.5c 

(11.41) 

Span 2: From Eqs. (6.29), (11.34), (11.37), (11.38) and Fig. l1.5c 

( ) ~ P v(jlx) { 1 [( . co. ) 
V 1b2 X, t =.f.J 2 2 sm cot - - sm CO(j)t • 

)=1 2Vj co(j) - co co(j) 

· (-cos A + A sin A) + (cos rot - cos ro(j)t) . 

· (sin A. + A cos A.)] + 2 1 2 [(sinh cot - ~ sin CO(j)t) 4 

CO(j) + co co(j) 

· (cosh A. + A sinh A.) + (cosh cot - cos co(j)t) . 

. (-sinhA. - A cosh A.)]} . (11.42) 

The initial conditions for the examination of the system when span 2 
is being traversed are obtained from the end values of the traverse of span 
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1 (t = lie), i.e. 

g I ik( x) = V I ik( x, II c) , 

g2ik(X) = Vlik(x, lie), i = a, b, k = 1,2. ( 11.43) 

These values are obtained by the substitution of t = lie in, and by the 
differentiation of Eqs. (11.39) to (11.42), respectively. 

Force in the second span - The origin of the t-coordinates is now the 
instant the force arrives on span 2. The calculation proceeds as outlined 
above, the effect of the initial conditions being considered as it was in 
(6.25) by the last two terms. 

a) Antisymmetric vibration 

Span 1: From Eqs. (6.25), (6.29), (11.32), (11.33), (11.43) and Fig. 
11.6b 

( ) ~ P v(jlx) [ . , w. ( I)] V2al x, t =.L., 2 2 SIn wt cos 1'. - - Sin W(j) t + - . 
)=1 2VlW(j) - W ) W(j) e 

(11.44) 

Span 2: From Eqs. (6.25), (6.27), (11.32), (11.33), (11.43) and Fig. 
11.6b 

( ) ~ P v(j)(x) [ . w. ( 1) 'J V2a2 x, t =.L., 2 2 Sin wt - - Sin W(j) t + - cos A. • 

)=1 2VlW(j) - W ) W(j) e 

(11.45) 
b) Symmetric vibration 

Span 1: From Eqs. (6.25), (6.29), (11.34) to (11.36), (11.43) and 
Fig. 11.6c 

( ) ~ P v(j)(x) { 1 [ . ( I) W V2b1 x, t =.L., 2 2 - SIn W t - - + - . 
)=1 2Vj w(j) - W e w(j) 

. (2 cos A sin w(j)t - sin w(j) (t + ~))] + 

+ 2 B 2 [- sinh W (t - £) + ~ . 
w(j) + W e w(j) 

. (2 cosh A. sin w(j)t - sin w(j) (t + D)]} . (11.46) 
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Span 2: From Eqs. (6.25), (6.27), (11.34), (11.37), (11.38), (11.43) and 
Fig. 11.6c 

V2bi x , t) = .L J 2 2 sm wt + A cos wt - 2 - . CXl P v(")(x) { 1 [ . W 

J = 1 2 Vj w(j) - W w(j) 

. A W . ,. ( I) W , · sm w(j)t - - sm I\. sm w(j) t + - + - cos I\. • 

W (j) C W (j) 

· sin w(j) (t + D -A cos A. cos w(j) (t + D -sin A. • 

· cos w(j) (t + !)] + 2 1 2 [- sinh wt - A cosh wt + 
C W (j) + W 

+ 2 ~ sin w(j)t - ~ cosh A. sin w(j) (t + !) -
w(j) w(j) C 

- A ~ sinh A. sin w(j) (t + !) + sinh A. cos w(j) (t + !) + 
w(j) C C 

+ A cosh A. cos w(j) (t + D]} . (11.47) 

The total deflection of the continuous beam then is 
b 

v(x, t) = L Vbik(X, t) , h = 1,2, i = a, b, k = 1,2 (11.48) 
i=Q 

because one can add either the antisymmetric or the symmetric compo­
nents of span deflection in equations that apply at the same time interval. 

11.3 Trussed bridges 

Since trussed bridges, too, are systems composed of prismatic bars, the 
calculation of their vibration arising due to the effect of a moving 
load may be carried out in the way indicated in the introduction to this 
chapter. However, such calculation is very laborious. 

That is why the trusses are very often replaced by a plane girder of 
constant cross section and analyzed with the aid of the simple relations 
evolved in Chaps. 1 to 3 and 6. The approximate methods applicable to 
such analysis have been outlined earlier in the book (paragraph 1.4.4), 
see also paragraphs 11.4.1 and 11.4.2. 
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11.4 Application of the theory 

In bridge engineering one is frequently called to dynamically examine 
continuous beams of equal spans traversed by a constant or a harmonic 
force. 

Since the first normal mode of vertical vibration of continuous beams 
of equal spans is a sine curve, sin Ax/I, the dynamic coefficients can ap­
proximately be determined by the application of the simple beam 
theory, because the first normal mode of a simple beam is also a sine 
curve. The method has been used with success in two cases on which we 
will now report. 

11.4.1 Two-span continuous trussed bridge 

Our first theoretical and experimental study involved a continuous trussed 
steel railway bridge with two equal spans, I = 43 m, E = 21 MN/cm2 , 

mass per unit length J1 = 2·4 tim (see [75] for further details). 
The moment of inertia was computed in two ways: using the areas of 

the upper and lower chords and formula (1.52) gave 1 = 0·382 m4, 
while the formula for the static deflection of a continuous beam resulted 
in 1 = 0'256 m4. Since both methods are but approximate, we took an 
average 1 = 0·319 m4. 

This value in formula (6.5) gives the natural frequency 

f(j) = A22 (E1)1/2 = 0'449).2 . 
2rr.1 J1 

(11.49) 

The value of A is obtained from (11.32) for antisymmetric, and from 
(11.34) for symmetric vibration. A review of the measured and computed 
frequencies is in Table 11.1. 

The computed first antisymmetric frequency agrees with the measured 
value. 

The first natural frequency of the bridge loaded with a 524.1 steam 
locomotive was determined from the approximate formula (1.51) as 
1(1) = 2·60 Hz. The measured value wasf(1) = 2·42 Hz, i.e. in good agree­
ment with the theoretical one. The critical speeds obtained through the 
use of formula (2.16) are set out in Table 11.1. The dynamic coefficient 
computed from (2.12) for Ccr = 37'1 km/h turned out to be D = 1·20. 
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Table 11.1 Natural frequencies, damping, critical speeds and dynamic 
coefficient of a two-span continuous bridge 

I I I Natural frequency Loga- Critical speed Max. 
of vertical vibration rithmic I 

I 
dynamic I 

mea-I 
decre- mea-I computed coefficient 

computed ment of sured I 
sured I I damp- anti- sym- I mea- \ com-

I 
i 

anti- sym- ling - sym- metric ! sured puted 
sym- metric ' measured metric i 

I metric 
i I I 

f(j) [Hz] I .9 [1] I Ccr [kmjh] I 0[1] 
-----

I 4-43 4-43 6-93 0-112 40-3 j 37-1 

I 

58-0 1-20 

I 
1-20 

17-72 22-45 I 148-4 188-1 I 39-9 46-8 i 334 392 
I I I 

i I I 

Only the first critical speed - about 40 kmjh - was attained during the 
tests. The largest dynamic coefficient measured at 40-3 kmjh was 0 = 1-20. 
The agreement between the computed and measured values is good. 

11.4.2 Six-span continuous trussed bridge 

Next we made a theoretical and experimental study of a six-span conti­
nuous trussed steel railway bridge (cf_ [79J). The four inner spans were 
each 62·7 m long, the end ones each 61·35 m. 
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Table 11.2 Natural frequencies of vertical vibration of a six-span conti­
nuous trussed bridge 

Theory I Experiment 
j 

f(j) [Hzl 

I 

1 I 2-74 2-76 
2 I 2-97 3·09 
3 3-50 3-56 
4 4·29 4-49 
5 5-14 5·06 
6 

I 
5-85 5-70 
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In the dynamic computations the bridge was assumed to have six equal 
spans, each 62·7 m long. 

The computed natural frequencies are compared with the measured 
ones in Table 11.2. As we can see, they are in agreement. 

In the dynamic experiments the bridge was traversed alternatively by 
a CSD 434.2 steam locomotive and by the same locomotive hauling 
three Vsa cars. The computation was made using the approximate for­
mulae of Sects. 2.3 and 3.4 (refer to [79] for particulars). The most im­
portant results of computation and measurement, i.e. the natural fre­
quencies J(1) of the loaded bridge, critical speeds ceT and dynamic coef­
ficients [) are summarized in Table 11.3. The agreement between theory 
and experiments is good. 

Table 11.3 Forced vibration of a six-span continuous trussed bridge 

i 

I I I 
Load 

I 
Symbol Unit Theory Experiment 

434.2 I 
1(1) Hz 

I 
2·55 I 2'58 i I 

CCT km/h I 37·8 I 39·8 
I 

I 
(j 1 1·17 

I 1-16 

434.2 
I 

1(1) Hz 2·45 I 2·41 , 

I 

plus I Ccr km/h 36'2 

I 
36·8 

I 
3 x Vsa i (j 1 1·09 1·11 

-

11.5 Additional bibliography 

[5,6,7,56,75, 79, 102, 103, 130, 131, 144, 149, 168, 189,232,262,2721. 

191 



Non-uniform beams and curved bars subjected 
to a moving load 

12 

Complex one-dimensional structures such as non-uniform beams or 
arches subjected to a moving load were first treated by V. Kolousek [130], 
[131] who solved most of the topical problems by the application of 
normal-mode analysis. Apart from his books the literature on the subject 
is very meagre, the only study worthy of mention being the solution of 
an arch subjected to a moving continuous load and to the effect of inertia 
(discussed for a simple beam in Chap. 3) presented by A. B. Morgaevskii 
[158]' 

12.1 Straight non-uniform bar 

A non-uniform bar has both its mass per unit length, J1(x), and the mo­
ment of inertia, J(x), dependent on the length coordinate x. Hence its 
differential equation is in the form 

a2 [EJ( ) a2v(x, t)] ( ) a2v(x, t) _ ( ) 
- X 2 + J1 x 2 - P x, t . 
ax2 ax at 

(12.1 ) 

Eq. (12.1) is a partial differential equation with variable coefficients ame­
nable to direct integration only in some special cases. Otherwise it is 
solved numerically or by one of the approximate methods. 

12.1.1 The network method 

The network method ([186], p. 910) consists in covering the integration 
range (0, '), (0, T) with a network composed of a finite number of nodal 
points (Fig. 12.1). If there are I divisions of size h 1 in the direction of 
axis x, and K divisions of size h2 in the direction of axis t, then the func-
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tional value v(x, t) at the intersection of the i-th and the k-th division is 

(12.2) 

and similarly so for the remaining functions in Eq. (12.1). At the nodal 
points the value of the derivative is replaced by the difference, the re­
mainder - dependent on higher derivatives of the function under con-

Fig. 12.1. The network in the 
integration range of a bar 
subjected to a moving load. 

K 

k 

o 
-1 

~ >-

~ 

"-

-2 -1 0 
I 

~ 

>-

f-- >-

"2 1 
11"1 

x 

sideration - beir.g neglected in the process. Difference formulae with an 
error of the order of h2 are, for example 

OV'k -'-' 
ox 

03Vi k 1 ( ) 
---'- = - V'+2 k - 2V'+1 k + 2V'-1 k - V'-2 k ox3 2ht" " " ',' 

02V i k 1 ( ) 
--' = -- Vi+l k+l - Vi + 1 k-l - V,'-1 k+l + Vi-l k-l • ox at 4h 1h2 ' , , , 

With the above differences in, Eq, (12,1) takes on the form 

1 
E 4 [(Ji+l - 2Ji + J i - 1) (Vi+l,k - 2V i ,k + Vi - 1 ,k) + 

hi 

(12.3) 
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+ 1(J i + 1 - J i - 1)(Vi+2,k - 2Vi+l,k + 2Vi-l,k - Vi-2,k) + 
+ J;(V i +2,k - 4V i + 1 ,k + 6V i ,k - 4V i - l ,k + Vi - 2 ,k)] + 

1 
+ Iti h~ (Vi,k+ 1 - 2Vi ,k + Vi,k-l) = Pi,k • (12.4) 

We have thus obtained in place of the original partial differential 
equation a set of algebraic equations with n unknowns, by means of 
which we can find the approximate values of the unknown function in n 
nodal points of the network. The set can be solved by any of the suitable 
numerical methods. 

Before we start the calculation we need to know the initial conditions. 
Thus, for example, for zero initial conditions [the second relation is 
obtained from the first of Eqs. (12.3) written, of course, for aVi,k/at] 

Vi,O = 0, Vi ,-l = Vi, 1 • (12.5) 

The boundary conditions, too, have to be introduced in the calculation. 
For example, for a simply supported beam [the last two relations are 
obtained from the second of Eqs. (12.3)] 

VO,k = 0, VI,k = 0, V- l ,k = -V1,k' 

VI+l,k = -VI - l ,k' (12.6) 

It also follows from Eq. (12.4) that we also need to know the values 
V-2,k and VI+2,k outside the beam. We get them, for example, by linear 
extrapolation of (12.6), 

V-2,k = -2Vl,k' V1+2,k = -2VI - l ,k' (12.7) 

The values known from the boundary and initial conditions, or computed 
with their aid, are marked with circles in Fig. 12.1. 

Only after (12.5) to (12.7) have been substituted in (12.4) can we start 
with the solution of the set of algebraic equations. The calculation is 
carried out in time rows and is best done on an automatic computer. 

Load p(x, t) is wholly arbitrary and its motion along the beam not 
necessarily at constant speed. We can even express the effect of its inertia 
action according to Eq. (3.3) by replacing the derivatives in (3.7) by dif­
ferences (12.3). 
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In uniform motion of force p(t) along the beam, when p(x, t) = 

= o(x - ct) P(t) 

(12.8) 

In Fig. 12.1 the squares in which this load acts are marked in black. As 
(12.8) implies, it is advantageous to choose the size of the divisions so as 
to have ch2 = h 1 • 

12.1.2 Galerkin's method 

Galerkin's method is one of the approximate methods best suited for 
solving diverse problems in dynamics of structures. The equation of 
motion of an element of structure solved with its aid is symbolically 
written in the form 

L [v] - P ~ 0 (12.9) 

where L is the differential operator (not necessarily linear), 

v - the structure displacement (even multi-dimensional), 

p the load acting on the structure. 

A sequence of linearly independent functions <P l x) satisfying the bound­
ary conditions is chosen, and the approximate solution sought in the form 

n 

Vn = L qit) <pix) . ( 12.10) 
j=l 

Function qlt) is determined from the condition that expression (12.9) 
should be orthogonal to functions <P1' ••. , <Pn. In this way we get a set of 
ordinary differential equations 

from which we compute the unknown qlt). 
By way of an example let us solve a simply supported beam traversed 

at constant speed c by force P (Fig. 12.2). The beam has variable depth, 
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h(x), mass, ,u(x), as well as moment of inertia, J(x): 

h(x) = ho(1 + sin1txjl), 

,u(x) = ,uo(1 + sin 1txjl), 
J(x) = J o(1 + sin 1txjl)3. 

We choose functions 

() . j1tX 
<f'j X = SIn -1-

(12.12) 

(12.13) 

Fig. 12.2. Beam of variable cross section. 

which satisfy the boundary conditions (1.2). Restricting our considera­
tions to just one term j = 1, n = 1, we get by (12.1), (12.10) and (12.12) 
from Eq. (12.11) 

- --EJoql(t) 1+sin- sin- +,uo 1+sin- . f' {02 [1t2 ( 1tX)3 1tx] ( 1tX) 
o ox2 12 . I I 1 

. ql(t) sin 1tX _ (j(x - ct) p} sin 1tX dx = O. 
I I 

The derivative of the first term of this equation and integration give 

•• ( ) 2 ( ) 2P 1 . ql t + WI ql t = - SIn wt 
,uol 1 + 8j(31t) 

(12.14) 

where by (1.13) W = 1tcjl and the first natural frequency of a non­
uniform beam is approximately 

1951t + 608 1t4 EJ 3'51t4 EJ 
wi= --=--- (12.15) 

20(31t + 8) 14 ,uo 14,uO 

Eq. (12.14) is readily solved by the Laplace-Carson integral transfor­
mation using relations (27.4) (27.18) and (27.32). For zero initial condi­
tions and WI :F w, (12.10) thus results in the approximate solution 

( ) 2P 1 1 ( . w.) . 1tX 
VI X, t = - 2 SIn wt - - SIn Wit SIn-

,uo11 + 8!(31t) WI - w2 WI 1 

analogous to expression (1.31) in Chap. 1. 
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12.2 Curved bars 

The equation of motion of a non-uniform bar of spatial curvature can be 
expressed by a single vector equation, namely 

pes) 82r(s, t) + 2p(s) Wb 8r(s, t) _ R(s, t) = pes, t) 
8t2 8t 

(12.16) 

first derived by V. Kolousek [130]' Eq. (12.16) is the vector sum of forces 
acting on unit length of bar (Fig. 12.3). The independent variable s is 
measured along the bar centreline. In (12.16) denotes: 

res, t) 
R(s, t) 

pes, t) 
pes) 

displacement vector with components u(s, t), v(s, t), w(s, t), 
vector of restoring elastic force which depends on the type of 
structure in question and has components Xes, t), yes, t), Z(s, t), 
load vector, 
mass per unit length of curved bar, 
circular frequency of viscous damping. 

/" 
--

V (Sit) // ,.(s,t) 

---
Fig. 12.3. Forces acting on 
an element of a curved bar. 

---
The system performs harmonic vibration with natural frequencies 

w(j) in infinitely many modes r (j)( s) whose components are u(j)( s), v(j)( s) 
and w(j)(s). The force acting on a length element is R(j)(s). By assumption 
it therefore holds in free vibration that 

res, t) = r(j)(s) sin w(j)t, R(s, t) = R(j)(s) sin w(j)t. (12.17) 

The free vibration of such a system is computed from Eq. (12.16) 
without the terms expressing damping and external load. Substitution of 
(12.17) in such simplified Eq. (12.16) gives 

R(j)(s) = -w~j) pes) r(j)(s) (12.18) 

with w(j) computed as the characteristic number ( eigenvalue) of differen­
tial equation (12.18) expressed vectorially. 
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12.2.1 Normal-mode analysis 

Knowing the natural frequencies w(j) and normal modes r(j)(S) we can 
set out to calculate the forced vibration. We expand both the displace­
ment and the external load in normal modes 

00 

r(s, t) = L q(j)(t) r(jl(s) , (12.19) 
j=! 

00 

p(s, t) = L Il(s) Q(jlt) ruls) (12.20) 
j=! 

where q(j)(t) is the (hitherto unknown) generalized coordinate of dis­
placement, and Q(jlt) the analogous coordinate of load, both variable 
in time. The expressions on the right-hand side of Eqs. (12.19) and (12.20) 
are thought of as vector sums. 

Q(j)(t) is computed from (12.20) using the orthogonal properties of 
normal modes 

where 

fll(s) r(jls) r(k)(s) = {O for j i= k 
RJ for j = k 

Rj = fll(S) rtj)(s) ds . 

(12.21) 

(12.22) 

The product of the vectors in (12.21) is a scalar product, and the integrals 
in (12.21) and (12.22) refer to all the bars of the system. r(jls) is the 
modulus of vector r(j,(s), r(jls) = hj)(s)l. In view of (12.21), scalar 
multiplication of both sides of Eq. (12.20) by vector r(k)(s) and integra­
tion over all bars thus give the generalized coordinate of the load 

Q(j)(t) = ~fp(s, t) r(j)(s) ds. 
Rj 

(12.23) 

With Q(j)(t) thus obtained, expressions (12.19) and (12.20) are substituted 
in (12.16). If the latter equation is to apply to all s's, it follows from our 
procedure that q(j)(t) must satisfy the equation 

(12.24) 

By solving the above we have also solved our problem, because the re­
sultant displacement is implied by (12.19). 
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If, for example, an arch is traversed by a concentrated force P(t), the 
point of action of which moves according to the law s = f(t), i.e. 
p(s, t) = <5[s - f(t)] P(t), the generalized load (12.23) is 

1 Qult) = - P(t) r(j)[J(t)] . 
Rj 

(12.25) 

In fiat, plane arches subjected to vertical force Ip(t)1 = p(t) we may 
neglect component uuls) of vector r(jls) and get 

(12.26) 

where 

The above method of computing the forced vibration of arches is 
simple enough; what is difficult is the determination of free vibration and 
normal modes (for details refer to [130]). 

12.2.2 Circular arch of constant cross section 

We shall now restrict our considerations to the solution of a plane circular 
arch of constant cross section and an incompressible centreline*). With 
reference to Fig. 12.4 we shall introduce polar coordinates with the origin 
at the centre of the arch, and denote by r the radius of the arch and by cp 
the variable angle so that the arch length is s = cpr and ds = r dcp. 

We take out an element of the arch (Fig. 12.4) and write for it the con­
ditions of equilibrium in the tangential and normal directions as well as 
the moment condition. Neglecting the effect of shear, element rotation 
and infinitely small quantities of higher orders we get the following 
equations 

*) Deformations of thin curved bars are almost exclusively produced by bending. 
Compared to them, the elongation of fibres in the bar axis (i.e. in the centreline) as 
well as the effect of shear are negligibly small. 
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aN(cp, t) T() a2U(cp, t) () 0 - cp, t - Jlr + r PI cp, t = , 
acp at2 

aM(cp, t) _ r T(cp, t) + r Pm(CP, t) = 0 (12.27) 
acp 

where u(cp, t) 
v(cp, t) 
T(cp, t) 
N(cp, t) 
M(cp, t) 
PII( cp, t) 
pte cp, t) 
Pm(CP, t) 
Jl 

Y (",f) 

tangential displacement, 
radial displacement, 
shear force, 
normal force, 
bending moment, 

Fig. 12.4. Bar with a 
ci rcular centreline. 

normal load per unit length of arch, 
tangential load per unit length of arch, 
bending load per unit length of arch, 
constant mass per unit length of arch. 

Further, for arches with incompressible centrelines and large radii of 
curvature (cf. [63], [218]) 
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M( t) = _ EJ [02V(cp, t) + ou(cp, t)] 
cp, 2!l 2 !l ' r ucp ucp 

v(cp, t) = au(cp, t) . 
ocp 

(12.28) 
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By eliminating all unknowns except u(<p, t) we can readily reduce Eqs. 
(12.27) and (12.28) to a single partial differential equation, viz. 

06U( <p, t) + 2 04U( <p, t) + 02U( <p, t) + p.r4 [04U( <p, t) _ 02U( <p, t)] = 
O<p6 O<p4 O<p2 EJ O<p2 ot2 ot2 

= ~: [r OP~:' t) _ r p/<p, t) + 02p;~~, t) + Pm(<P, t)]. (12.29) 

The normal modes of the arch are obtained from the respective homo­
geneous equation, i.e. from Eq. (12.29) without the right-hand side, on 
the assumption that u( <p, t) = uul <p) sin w(j)t. The homogeneous equa­
tion ensuing from this is in the form 

where 

The normal modes are considered in the form u(j)( <p) = ein<p where n 
are the roots of the characteristic equation 

(12.31) 

Since the roots of the above equation are n = ±n1, ±n2' ±n3' we may 
also write the normal modes in the form 

(12.32) 

The natural frequency w(j) and the ratios of constants A and B are com­
puted from the system of homogeneous equations resulting from six 
boundary conditions of the arch. 

Not until we have gone through all the steps just outlined can we 
tackle the solution of the non-homogeneous equation (12.29). The pro­
cedure, though possible, is very time consuming and laborious. 

In what follows we shall therefore show an approximate computation 
by Galerkin's method. Consider a two-hinged arch with central angle cI> 
and radius r, with the hinges at equal heights (Fig. 12.5a). Along a hori­
zontal roadway masslessly connected to the arch, or directly along the 
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arch, moves a vertical load, p(x, t), whose components in polar coordi-
nates are 

~J, 
oj 

r 

b) 

Pn( <p, t) = p(x, t) cos (<p - CPf2) , 
Ptc <p, t) . = p(x, t) sin (<p - CPf2) , 
Pm(<P, t) = o. (12.33) 

" .......... .....---------
Fig.l2.S. Two-hinged circular arch. 

a) Motion of a vertical force, 
b) bending vibration, 

c) 
~ c) radial vibration. 

For vertical force P moving horizontally at uniform speed c 

p(x, t) = <5(x - ct) P ~ !.. <5(<p - at) (12.34) 
r 

where 
c cCP 

Q=-~-. 
r 1 

If the arch is very fiat, we can set cos (<p - CPf2) ~ 1 and sin (<p - CPf2) ~ 
~ <p - CPf2, and from (12.33) and (12.34) [see also (4.20a)] get for the 
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moving force 

Pn(<P, t) = ~ b(<p - Qt); aPn(<P, t) = ~ H 1(<P - Qt), 
r a<p r 

p,(<p,t) = ;(<p - :)b(<P - Qt), 

Pm(<P, t) = O. (12.35) 

As it is well known, e.g. [131], in two-hinged arches one differentiates 
between bending vibration (Fig. 12.5b) and radial vibration (Fig. 
12.5c)*). It is usually the bending vibration that has the lowest natural 
frequency, and that is why we shall treat only that vibration py Galerkin's 
method. In harmony with the second of Eqs. (12.28) and Fig. 12.5b, we 
will choose for the first approximation the following functions 

u( <p, t) = q(t) ~ (1 _ cos 21t<P) , 
21t cP 

v(<p, t) = q(t) sin 21t<p 
cP 

which also satisfy the boundary conditions of a two-hinged bar 

V(O, t) = 0, r( CP, t) = 0, u(O, t) = 0, u( CP, t) = 0 , 

M(O, t) = 0, M( CP, t) = ° . 

(12.36) 

Once we have established expressions (12.35) and (12.36) we are in 
a position to solve Eq. (12.29) by Galerkin's method. By (12.11) 

fIP [q(t) (21t)5 cos 21t<p _ 2q(t) (21t)3 cos 21t<p + q(t) 21t cos 21t<p + 
o cP cP cP cP cP cP 

+ -q(t)-cos- - -q(t)- 1 - cos- -pr4.. 21t 21t<p W4 cP ( 21t<P) 
EJ cP cP EJ 21t cP 

- ~~Hl(<P - Qt) + ~~(cp - CP)b(CP - Qt)]. 
EJ r EJ r 2 

. - 1 - cos - d<p = 0 • cP ( 21t<P) 
21t cP 

*) Radial vibration does not satisfy the assumption concerning the incompres­
sibility of the centreline. However, in large-span, thin, curved bars the elongation 
of the centreline is very small compared with the effect of bending. 
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Integration of the above results in the ordinary differential equation 

where 

q t + WI q t = . - Sin wt + - . •• ( ) 2 () 1 [2P. P 
1 + 3cP2/( 41t2) prcP pr1t 

. ( Qt - ~) (1 - cos WI)] (12.37) 

21tQ 
w 

cP 

2 (41t2 - cP2)2 1 EJ 

WI = 1 + 3cP2/( 41t2) cP4 r4 -;: 
(12.38) 

W J is the first approximation to the first natural frequency of bending 
vibration of the arch. 

Eq. (12.37) is readily solved by the Laplace-Carson integral trans­
formation. For zero initial conditions and W J # w, relations (27.18), 
(27.37), (27.32), (27.30), (27.4), (27.17), (27.15), (27.33), (27.65) will give 
the following result: 

W 2 
. (coswt - cos WIt) - 2 1 2Qlcoswt-

WI - W 

2wQwi. (wi + w2) Qw1 . ]} 
- Sin wt + Sin WIt . 

(wi - W 2 )2 (wi - W 2)2 
( 12.39) 

q(t) is then substituted in (12.36) to get the resultant displacements. In 
(12.39) the first expression represents the solution due to the radial action, 
the second, with the square brackets, that due to the tangential compo­
nent of force P. 

If the arch radius is increased, r -+ 00, cP -+ 0, cPr -+ I, (12.38) gives 
the second natural frequency and (12.36) and (12.39) a result analogous 
to (1.31), Chap. 1, for the second normal mode of a simply supported 
beam. 
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12.3 Application of the theory 

The theory expounded in the foregoing is used in dynamic calculations of 
large-span bridges whose supporting structure is usually formed by a 
non-uniform beam or arch. Because of the large ratio between the masses 
of bridge structure and vehicle, one can merely take for the load a moving 
constant or harmonic force. Example calculations and experimental re­
sults relating to problems of this sort are presented in [130] and [131]' 

12.4 Additional bibliography 

[14, 24, 128, 129, 130, 131, 158]. 

205 



13 
Infinite beam on elastic foundation 

The problem of a force moving along an infinite beam on an elastic 
foundation is of great theoretical and practical significance. It was first 
solved by S. P. Timoshenko [217J, and for the case of a constant force 
theoretically refined by J. Dorr [54J as to the transient phenomenon, and 
by J. T. Kenney [122]. The motion of a harmonic force was considered 
by P. M. Mathews [152J, that of a sprung mass with two harmonic forces 
by E. G. Goloskokov and A. P. Filippov [98]' The case of an infinite 
beam traversed by a force generally variable in time was approximately 
solved by the author [68]' 

In this chapter we shall present a detailed solution of the problem of 
a constant force moving along an infinite beam on an elastic foundation, 
including in it all possible speeds and values of viscous damping. 

13.1 Formulation of tire problem 

We will formulate the problem as follows: an infinite beam on an elastic 
foundation is traversed by a constant force P moving from infinity to 
infinity at constant speed c. The elastic foundation is assumed to be of 
the Winkler type, i.e. one with the foundation reaction directly propor­
tional to beam defiection.*) 

On these assumptions the transverse vibration of the beam is described 
by the differential equation 

04V(X t) OZv(x t) cv(x t) 
EJ . , + J1 '+ 211Wb --'- + kv(x, t) = P c5(x - ct) (13.1) ox4 ctZ ct 

*) The case of a non-Winkler type of foundation (Le. when the non-loaded 
parts of the foundation also deflect) was solved by W. J. van der Eb and A. D. de 
Pater: Calcul des barres de longeur infinie sur appuis elastiques avec observa­
tion de l'affaissement que subit un appui, en chargeant un autre appuL Bull. mens. 
Assoc. Intern. Congres Chemins de fer, 28 (1951), No 8, 511-559. 
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where k - the coefficient of Winkler foundation [force per length 
squared], and the remaining symbols are as explained in Chap. 1. 

For the present we shall specify the boundary and initial conditions 
but verbally, stipulating that at infinite distance to the right as well as 
to the left of force P, the deflection, the slope of the deflection line, the 
bending moment and the shear force should be zero at each instant. 

For the problem formulated as above there comes into existence the 
so-called quasi-stationary state in which the beam is at rest relative to the 
moving coordinate system. This state comes into being after a sufficiently 
long time of load travel if the moving load - otherwise no longer de­
pendent on time - depends only on the distance from the origin of the 
coordinate axes (which also moves uniformly). For the purpose of further 
discussion it is convenient to introduce the new independent variable 

s = ;.(x - ct) (13.2) 

which in dimensionless form expresses the fact that its origin moves 
together with the load at uniform speed c. By convention 

, _ ( k )1/4 
A- -

4EJ 
(13.3) 

For the quasi-stationary state we shall then assume that the solution 
v(x, t) of the equation (13.1) will be in the form 

v{x, t) = vov(s) (13.4) 

where v{s) - the dimensionless deflection of beam, 

P FA 
Vo = 8).3EJ = 2k (13.5) 

the static deflection of beam, v(O) = Vo, underneath immobile load 
P - cf. [68], [72], [83]' 

According to (1.8) the dimensionless form of the Dirac function b(X) 
on the right-hand side of (13.1) is 

8(s) = ~ b(X) (13.6) 
A 
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with f~ 00 c5(x) dx = 1 

8(s)ds = -c5(xPdx = 1. f "" fOCi 1 

-00 -00 ). 

Differentiation of expressions (13.2) and (13.4) gives 

os = )., 
oX 

04V(X, t) = ).4vo d4v(s) , 
ox4 ds4 

os 
- = -J.c ot ' 

ov(x, t) = -).cvo dv(s) , 
ot ds 

Let us further introduce the dimensionless parameters 

c c (11 )1/2 
a = ccr = 2), £1 ' 

_ (11)1/2 
{3 - k rob , 

where 

( £1)1/2 
Ccr = 2A. --;; , 

(13.7) 

(13.8) 

(13.9) 

(13.10) 

(13.11) 

to express the effect of speed - parameter a, and the effect of damping -
parameter {3. 

Substitution of expressions (13.6), (13.8) to (13.10) in the primary 
equation (13.1) and rearrangement give the ordinary differential equation 
of the fourth order 

d4v(s) + 4a2 d2v(s) _ 8a{3 dv(s) + 4v(s) = 88(s). 
ds4 ds 2 ds 

(13.12) 

Solution v(s) of Eq. (13.12) is the particular integral of Eq. (13.1) and 
merely expresses the steady-state vibration; although it· fails to satisfy 
the initial conditions, it may be shown (see [54J) that the quasi-stationary 
state sets in with adequate accuracy in a comparatively short time interval 
after the moving force starts to act. 
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We are now in a position to formulate the boundary conditions of 
Eq. (13.12) even mathematically, namely 

for s --+ + 00, s --+ - 00: V(S) = v'(;) = V"(S) = v"'(S) = 0 . (13.13) 

We will solve Eq. (13.12) with its boundary conditions (13.13) by the 
method of Fourier integral transformations using the following funda­
mental relations 

(13.14) 

where q is a variable in the complex plane, and V( q) the transform of func­
tion v(s) - see (27.78). 

In view of boundary conditions (13.13) and expressions (27.79) to 
(27.84) transforming Eq. (13.12) in the above way gives 

(13.15) 

from which it follows that 

V(q) = 8 
q4 _ 4a2q2 - i 8af3q + 4 

(13.16) 

According to (13.14) the solution of (13.12) was thus obtained in the 
form of the Fourier integral of the function of a complex variable 

(13.17) 

13.2 Poles of the function of a complex variable 

The poles of the function of the complex variable in the integrand of 
(13.17) will be assumed to be in the form (Fig. 13.1a) 

Al = a 1 + ib, A2 = -a 1 + ib , 

A3 = a2 - ib, A4 = -a2 - ib . (13.18) 
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As a matter of fact, in this case the poles are determined by the roots of 
the denominator Q(q) in (13.17) and for light damping may be assumed 
to have the form of (13.18). The ~alues of aI' a2, b are computed from 
the condition 

Q(q) = q4 _ 4oc2q2 - i Socpq + 4 = 

= (q - AI)(q - A2)(q - A3)(q - A4)' (13.19) 

0) 
-R R 

d) 
-R 

b) ~~I ~A. j:, 

a -(I 

e) 
-R -ad~aJi A3 R 

-lb.al A., 

~A. As Af 
c) 

-~-a2 o,af 

Fig. 13.1. Poles A j in the complex q-plane. 

On substituting (13.1S) in (13.19) we find that it is necessary to satisfy 
the following relations: 

2b2 - ai - a~ = - 4oc2 , 

2bi(a~ - aD = -SocPi, 

(ai + b2)(a~ + b2 ) = 4. 

From the first two of Eqs. (13.20) we get 
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a~ = 2oc2 + b2 - 2ocP/b, 

(13.20) 

(13.21) 

(13.22) 
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and after substitution in the third of (13.20) 

b6 + 2ex2b4 + (ex4 - 1) b2 - ex2p2 = O. (13.23) 

So as not to lose the sense of expressions (13.18) we shall take only the 
positive one of the six roots of Eq. (13.23). In fact, according to Descartes' 
rule of signs ([186], sect. 31.2, p. 962), Eq. (13.23) always has a positive 
root at ex ~ 0, p ~ O. It is readily solved as an equation of the third de­
gree in b2 ([186], Sect. 1.20, p. 67) and aI' a2 are then obtained from 
(13.21) and (13.22). 

We will now take up some special cases of parameters ex and p, and 
some approximate solutions of Eqs. (13.21) to (13.23). 

13.2.1 Static case (ex = 0) 

b = 1, a1 = 1, a2 = 1 

13.2.2 Case with no damping (P = 0) 

13.2.2.1 ex < 1, P = 0 

b = (1 - ex 2 )1/2, a = a1 = a2 = (1 + ex2)1/2 

13.2.2.2 a. = 1, P = 0 (Fig. 13.1b) 

b = 0, a = a1 = a2 = 21/2 

13.2.2.3 a. > 1, P = 0 (Fig. 13.1c) 

b = 0, 

(13.24) 

(13.25) 

(13.26) 

a1,2 = {2[ex2 ± (ex4 - 1)1/2]P/2 = (ex 2 + 1)1/2 ± (ex 2 _ 1)1/2 

(13.27) 

13.2.3 Light damping (p ~ 1) - approximate solutions 

13.2.3.1 ex < 1, p ~ 1 

b ;::; (1 - ex 2 )1/2, a ;::; 1 + (X2 + [ 2exp J1/ 2 

1,2 - (1 _ (X2)1/2 
(13.28) 

13.2.3.2 a. = 1, P ~ 1 

(13.29) 
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13.2.3.3 a > 1, P ~ 1 

b ~ ap ,a1.2 ~ (a 2 + 1)1/2 ± (ct 2 _ 1)1/2 
(a4 _ 1)1/2 

(13.30) 

13.2.4 Critical damping (P = Per) 

Critical damping occurs whenever a2 = 0 (Fig. B.1d). Then from the 
condition 2aPer/b == 2ct2 + b2 , which follows from Eq. (13.22), it is 

aPer = -lb(2a2 + b2). (13.31) 

If (13.31) is substituted in (13.23) the solution of the latter takes on the 
form 

( 13.32) 

Per is obtained from (13.31) with (13.32) substituted for b 

Per = ~:;: [_a 2 + (ct4 + 3)1/2]'/2 [2a + ~(a4 + 3)1/2J. (13.33) 

It is plain to see from Eq. (13.33) that the value of critical damping de­
pends on the speed of the load motion, i.e. on parameter a.Analogously, 
in vibration of systems with one degree of freedom the critical damping 

depends on the natural frequency of the system 
rob = roo ([130], Vol. I, p. 42). Eq. (13.33) describ­
ing the dependence of critical damping Per on 
speed a is graphically represented in Fig. 13.2. 

By (13.21) and (13.22) Egs. (13.31) and (13.32) 
f3c then yield 

1.4 ai = 4[2a2 + (ct4 + 3)1/2], a2 = 0 . 

1.2 

1 "'--------

1 2 4 
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(13.34) 

Fig. 13.2. Dependence 
of critical damping Per 
on speed IX according to 

Eq. (13.33). 
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13.2.5 Supercritical damping (P > Pcr) 

For supercritical damping, expression (13.22) becomes negative. Let us, 
therefore, designate the poles in this case as (Fig. 13.le) 

Al = al + ib, A3 = -(b - ct z) i , 

Az = -al + ib, A4 = -(b + az) i . (13.35) 

Using a procedure analogous to that of deriving Eqs. (13.19) to (13.22) 
we get 

(13.36) 

The values of a l and b continue to be defined by (13.21) and (13.23). In 
the case of supercritical damping it is always az > 0 (as we have as­
sumed), and a2 < b [as can be proved by Eq. (13.36)]' Therefore, the 
poles are always in the position indicated in Fig. 13.le. 

13.3 Solution of various cases 

If we know poles Aj (13.18) of the integrand in Eq. (13.17) we can evaluate 
the integral along the real axis by the application of the methods of the 
function of a complex variable. We express the integral in Eq. (13.17) 
v(s) = (4jrt) J~oo F(q) dq as the limit (see Fig. 13.1a) 

F(q)dq = -dq = lim -dq f oo foo eisq fR eisq 

-00 -00 Q(q) R"'oo -R Q(q) 
(13.37) 

where R is the radius of semicircle CR' 

According to Cauchy's residue theorem ([186J, Sect. 20.5, p. 795), the 
integral in the counter-clockwise direction around the closed curve C 
consisting of segments - R, + R and semicircle C R at lim R = 00 is 

-dq = lim --dq + -dq = f eisq [f+R e isq f e isq ] 

c Q(q) R"'oo -R Q(q) CR Q(q) 
n 

= 2rti.L res F(q)lq=Aj 
J=l 

(13.38) 

where CR is the semicircle that passes around all poles in a half-plane, 
and res F(q)lq=AJ is the residue of function F(q) in the pole A j • 
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Integral (13.38) converges because F(q) is a regular function in the 
upper half-plane and on the real axis except for a finite number of poles 
that lie in the upper half-plane, and at q ~ co, q F(q) uniformly tends 
to zero in the same region. Function Q(q) is namely a polynomial of the 
fourth degree, and 

for s> 0, leiSql = leiS(~+i~)1 = le-S~+is~1 = e-s~ ~ 1 for ,,> 0, 

and (13.39) 

for s < 0, [e iSq [ = [e-i(-S)ql = [e-i(-S)(~+i~)1 = [e(-S)~-i(-S)~[ = 

= e(-s)~ ~ 1 for" < o. 

In the above the complex variable is expressed as q = ~ + i". That is 
why in the evaluation of integrals (13.38) the semicircle CR is drawn in 
the upper half-plane ('1 > 0) for s > 0, and in the lower half-plane 
(" < 0) for s < 0 (Fig. 13.1a). 

There remains the evaluation of the second of the integrals in the 
square brackets of (13.38) . Q(q) is a polynomial of the fourth degree 
[generally Q( q) = qn + a 1 qn-l + ... + an' n > 1] and therefore 
iQ(q)[ ~ R" on semicircle CR. Hence, with the aid of (13.39) the absolute 
value of function F(q) is 

(13.40) 

and by the theorem on integral estimate (also by the Jordan theorem -
see [201], Vol. m/2, p. 224) the integral around C R is 

lim If F(q) dql ~ ~ 1tR = _1t_ = o. 
R-", CR R" R"-l 

(13.41) 

Therefore, by (13.37) to (13.41) the solution is 

(13.42) 

where the plus sign is taken for s > 0 (integration in the upper half-plane), 
and the minus sign for s < 0 (integration in the lower half-plane, carried 
out in the opposite direction). 
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The residue of function F(q) for a pole of order m is computed from 
the familiar relation ([186J, Sect. 20.5, p. 795) which in our case of the 
pole of the first order gives 

res F(q)lq=Aj = F(q) (q - Aj)!q=Aj' 

e.g. for j = 2 

eisA2 

res F(q)!q=A2 = , 
(A2 - At) (A2 - A3) (A2 - A4) 

(13.43) 

and for the pole of the second order, e.g. at Q(q) = (q - Aj)2 . (q - At) . 
. (q - A2) gives 

res F(q) q-Aj = IS - • ! eisAj [. 2Aj - At - A2 ] 
- (Aj - At) (Aj - A2) (Aj - At) (Aj - A2) 

(13.44) 

On substituting (13.42) to (13.44) and (13.18) in (13.17) and writing 
simply 

(13.45) 

we get after some handling the solution of Eq. (13.12), i.e. the dimension, 
less deflection with the poles situated as indicated in Fig. 13.1a*) 

v(S) = 1 ·[(D - D i) eiA1S + (D + D i) eIA1'J = 
(D2 D2) t 2 1 2 

at t + 2 

22 2 e-bS(D 1 cos a1s + D2 sin ats) for s > 0, (13.46) 
a 1(D 1 + D2 ) 

v(s) = 1 [(D + D i) eiA3' + (D - D i) eiA4'J = 
(D2 D2) 3 4 3 4 

a2 3 + 4 

In the dimensionless form, the bending moment M(x, t) = -EJ . 
. v"(x, t) = Mo M(s) and the shear force T(x, t) = -EJ v"'(x, t) = 

*) Expressions (13.46), (13.47) and (13.58) describing the deflection were evolved 
earlier by J. T. Kenney [1221 using a different method. 
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= To T(s), where [Mo = M(O) is the static bending moment underneath 
load P - cf. [68J, [83JJ 

P 
Mo = -, To = P, 

4A 
( 13.48) 

will turn out to be 

M(s) = - ! v"(s) = / 2 e- bs [(aiDl + 2a lbD2 - b2 Dl). 
2 a1(D1 + D2) 

. cos a1s + (aiD2-2albDl-b2D2) sin alsJ for s>O, (13.49) 

M(s) = / 2 ebS[(a~D3 + 2azbD4 - b2D3) cos azs -
aiD3 + D4 ) 

- (a~D4 - 2a2bD3 - bZ D4) sin azs J for s < 0, (13.50) 

T(s) = - ! v"'(s) = } z e-b'[(aiDz - 3aibDl - 3a l . 
8 4a l (D 1 + Dz) 

. b2D2 + b3D1)cosa1s - (aiDl + 3aibD2 - 3a lb2Dl -

-b3D2)sina1sJ for s>O, (13.51) 

T(s) = - 21 2 ebS[(a~D4 - 3a~bD3 - 3a2b2 D4 + b3 D3) . 
4a2(D3 + D4) 

. cos azs + (a~D3 + 3a~bD4 - 3azbzD3 - b3D4)sinazsJ 

for s < 0 . (13.52) 

In the next paragraphs we will discuss some simplifications of Eqs. 
(13.46) to (13.52) obtainable in special cases. 

13.3.1 Static case (IX = 0) 

For an infinite beam on elastic foundation subjected to static force P, 
substitution of (13.24) in (13.45) to (13.52) results in· 

v(s) = e-I.I(cos s + sin lsI), 
M(s) = e-I'I(cos s - sin Is\) , 
T(s) = -sign s 'le- Isl cos s. 

Functions (13.53) are plotted in Fig. 13.3a. 
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- 0.5 

-3 3 

b) 

4 

cr. 0.5 
f3=0 

c) 

Fig. 13.3. Deflection v(s), bending moment M(s) and shear force T(s), no damping. 
a) ex = 0, p = 0, b) ex = 0·5, P = 0, c) ex = 2, P = 0. 

217 



PART II - ONE-DIMENSIONAL SOLIDS 

13.3.2 Case with no damping (f3 = 0) 

13.3.2.1 IX < 1, P = 0 

With (13.25) in, Eqs. (13.45) to (13.52) give 

v(s) = ~ e-blsl(a cos as + b sin als!) , 
ab 

M(s) = ~ e-blsl(a cos as - b sin alsl) , 
ab 

res) = - _1_ e-blsl(sign s. ab cos as + (X2 sin as) . (13.54) 
2ab 

Functions (13.54) are illustrated in Fig. 13.3b for (X = 0·5, f3 = o. 

13.3.2.2 IX = I, P = 0 

In this case, speed c [Eq. (13.9)] will attain its critical value, Ccr' The 
solution of Eq. (13.12) is not defined like that of compressed bars under 
critical load. Actually, Eqs. (13.1) and (13.12) are formally the same as 
those for a beam on elastic foundation subjected to axially-applied com­
pressive force S = pc2 • Since for such a beam the critical force Scr = 
= 4EJA.2, [109], according to (13.9) this value, S = Scr' is only reached 
for (X = 1. We can suppose that at this speed of load motion the beam 
will lose stability. 

13.3.2.3 IX> 1, P = 0 

At speeds higher than the critical one, as b approaches zero [Eq. (13.27)], 
expressions (13.46) to (13.52) approach the limits 

v(s) 2 . 
= - SIO a1s 

a 1((X4 _ 1)1/2 
for s> 0, 

2 . = - SIO a2s 
a2((X4 _ 1)1/2 

v(s) for s < 0, 

M(s) = for s> 0, 
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for s < 0, 

T(s) for s> 0, 

a~ T(s) = - cos a 2S for s < 0 . 
4(a4 _ 1)1/2 

( 13.55) 

Functions (13.55) are represented in Fig. 13.3c for a = 2, f3 = o. As the 
figure shows, the solution has a wave character; waves with frequency a l 

form ahead of, waves with frequency a2 beyond the load. Solution (13.55) 
naturally fails to satisfy the boundary conditions (13.13); it was J. Dorr 
[54] who evolved the expressions of the fronts and rears of the waves, 
which would also satisfy the boundary conditions. 

13.3.3 Light damping (f3 ~ 1) 

In the case of light damping, ai' a2' b are approximately computed from 
formulae (13.28) to (13.30) and the solution is found in the form of (13.45) 
to (13.52). Figs. 13.4a, b, c are the graphical representations of the case 
in question for damping f3 = 0·1 and speeds a = 0·5, 1, 2. 

13.3.4 Critical damping (f3 = f3er) 

In the case of critical damping (13.33), the coordinates of poles Aj are 
computed from Eqs. (13.32) and (13.34) (Fig. 13.ld). For s > 0 the 
integration is carried out in the upper half-plane and the solutions thus 
obtained are the same as (13.46), (13.49) and (13.51). For s < 0, semi­
circle CR passes around the double pole A3 == A4 and (13.42) is computed 
using relation (13.44). This gives for s < 0 

2 v(s) = -- ebS[b - (a4 + 3)1/2 s] , 
a4 + 3 
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Fig. ] 3.4. Deflection v(s), bending moment M(s) and shear force T(s), light damping. 
a)lX= 0·5,P= 0·1, b)lX= ],p= O·],C)IX= 2,P= 0·1. 
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Fig. 13.5. Deflection v(s), bending moment M(s) and shear force T(s), critical 
damping. a) ex = 0·5, P = Pcr = 1·5, b) ex = 1, P = Pcr = 1'.088, c) ex = 2, P = 

= Pcr = 1·0\. 
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Eqs. (13.46), (13.49), (13.51) and (13.56) are represented in Figs. 13.5a, 
b,c for the following three pairs of cc and P 

cc = 0'5, 1, 2, 

P = Pcr = 1'5, 1'088, 1·01. 

13.3.5 Supercriticai damping (P > Pcr) 

At supercritical damping the coordinates of poles (13.35) are computed 
from (13.21), (13.23) and (13.36). 

Writing 

(13.57) 

we get for s > '0 expressions wholly identical with (13.46), (13.49) and 
(13.51) because the poles in the upper half-plane of Fig. 13.le are situated 
in the same way as those in Fig. 13.la. 

For s < 0 the integration is carried out in the lower half-plane of 
Fig. 13.le, and Eqs. (13.42) and (13.43) give 

v(s) = 1 [(D + D ) e(b- D2)S - (D _ D ) e(b+a2)S] 
(D 2 D2) 3 4 4 3 , 

a2 4 - 3 

M(s) = - } 2) [(D3 + D4) (b - a2)2 e(b-a2 )s - (D4 - D3) . 
2a2(D4 - D3 

. (b + a 2)2 e(b+ D2)S] , 

T(s) 21 . 2) [(D3 + D4) (b - a2)3 e(b-a2 )' - (D4 - D3) . 
8a 2(D4 - D3 

. (b + a2)3 e(b+a2 ).] • (13.58) 

Functions (13.46), (13.49), (13.51) and (13.58) are drawn in Figs. 
13.6a,b,c for damping P = 2 and speeds IX = 0'5, 1, 2. 
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Fig. 13.6. Deflection v(s), bending moment M(s) and shear force T(s), supercritical 
damping. a) IX = 0'5, P = 2, b) IX = 1, P = 2, c) IX = 2, P = 2. 
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13.4 Deflection, bending moment and shear force at the point of load 
action 

At point s = 0, i.e. underneath the moving load, the dimensionless de­
flection, bending moment and shear force [T( +0) = lim T(s), T( -0) = 

s~o+ 

= lim T(s)] attain the values that are computed from Eqs. (13.45) to 
&-+0_ 

(13.52) after the substitution s = 0 

v(O) 2b 

M(O) 

(13.59) 

In the last expression either the upper or the lower signs apply throughout. 

F or our special cases we then get: 

13.4.1 Static case (a = 0) 

v(O) = M(O) = 1, T(±O) = +t. (13.60) 

13.4.2 Case with no damping (f3 = 0) 

13.4.2.1 ex < 1, p = 0 

v(O) = M(O) = (1 - ( 2)-1/2, T(±O) = +t. (13.61) 

13.4.2.2 ex = 1, P = 0 

In the case of critical speed there are obtained two values for every quan­
tity at the limit a = 1 from the left· or from the right [from the limits of 
(13.61) or (13.63) for a ~ 1]: 

a ~ L v(O) = M(O) = 00, T(±O) = +t-
a --. 1 + v(O) = M(O) = 0, T(±O) = - 00 • (13.62) 

224 



INFINITE BEAM ON ELASTIC FOUNDATION 

13.4.2.3 ex> 1, p = 0 

v(O) = M(O) = 0, T(±O) = =+= -! [1 ± rx Z J. (13.63) 
2 (rx4 _ 1)1/Z 

13.4.3 Light damping (f3 ~ 1) 

13.4.3.1 ex < I, p ~ 1 

v(O) 1 
= M(O) = (1 _ rxZ)I/Z [1 + trx2f32f(1 _ rx2)2] , 

T(±O) = =+= l [1 ± 2(1 _ rxZ)3 IZ + rt.~f3Z(1 _ rt.zt 1/ZJ. (13.64) 

13.4.3.2 ex = I, P ~ 1 

v(O) 
f3 1/Z(1f3 + 23/Z) , 

_ 23/4(1 + 2- 1IZ f3) 
M(O) - /31,Z(1/3 + 231Z) , 

13.4.3.3 ex > 1, p ~ 1 

v(O) 2rt./3 
= (rt.4 _ 1)31Z [1 + 4rt.4/3zf(rx4 _ 1)Z + 3rx4/34f(rt.4 _ 1)3] , 

2<xP[<xz + <x2pZf(<x4 - 1)] 
M(O) = (rt.4 _ 1)3/Z [1 + 4rt.4/3Z(rt.4 _ 1)2 + 3rt.4/34f(a.4 _ 1)3] , 

(13.65) 

_ 1 { rxZ + a.2/3zf(rt.4 - 1) } 
T(±O) = +"2 1 ± (a.4 _ 1)IIZ[1 + 4fX4/3zf(rt.4 _ I)Z + 3a.4/34f(rx4 _1)3] . 

(13.66) 
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13.4.4 Critical damping (13 = f3cr) 

v(o) 

M(O) 

(13.67) 

When dealing with the case of supercritical damping, we would proceed 
similarly as above. 

T(-O) c) 
4 oc 
-0.5 

L----t\---=:;~~==~;;;::==-__+-1 
T(+O) 

(3=0 
Fig. 13.7c. 

From formulae (13.59) to (13.67) we computed the dependences of 
v(O), M(O) and T(±O) on speed in the range 0 ~ ct ~ 4 for damping 
13 = 0, 0'1, 0·2, 0'5, 1, f3en 2, and plotted them in Figs. 13.7a,b,c. As 
the curves - analogous to the resonance curves of systems with n degrees 
of freedom - suggest, at ct > 1, the effect of damping is wholly opposite 
to that in the latter systems. The values of v(O) and M(O) are higher at 
heavy than at light damping. It should be noted, however, that the maxi­
mum values, max v(s) and max M(s) are likely to lie elsewhere, too, (for 
s -# 0) as evident from Figs. 13.3 to 13.6. 
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13.5 Application of the theory 

13.5.1 The effect of moving mass 

The theory presented in the foregoing sections is widely used in computa­
tions relating to structures founded on soil and traversed by machines. 
Typical examples of such structures are rails and longitudinal railway 
sleepers. Their treatment by the theory presented is to be found in [12], 
[83], [217]. The theory was further elaborated to include complex effects 
of dynamic forces on infinite beams on elastic foundations, for example, 
for the computation of impacts produced by flat wheels, etc., see [68], 
[69], [72]. 

In practical applications, inertia effects deserve equal considerations 
as the force effects of load P. If we take them into account we write 
Eq. (13.1) in the form 

p(x, t) = <5(x - ct) [p - m d2v(ct,~] 
dt 2 

where m is the load mass (p = mg). 
The derivative in (13.68) is 

--->----'. = c + c + . d2v(ct, t) [2 a2v(x, t) 2 a2v(x, t) a2v(x, t)] 
dt2 ax2 ax at at2 x=ct 

(13.68) 

(13.69) 

Using Eqs. (13.8) it holds for the quasi-stationary state defined by 
(13.4) and (13.2) that 

a2v(x, t) = ).2C2vo d2v(s) . 
at2 ds2 

(13.70) 

For the case considered, substitution of (13.70) in (13.69) gives 

d2v(ct, t) = O. 
dt2 

(13.71) 
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From this we may draw the important conclusion that in the quasi­
stationary state a load exerts no inertia effects. This goes, for example, 
even for the case when an infinitely long beam is traversed by a system 
with two degrees of freedom (sprung and unsprung masses), etc. 

If the load does not satisfy the conditions of the quasi-stationary state, 
e.g. if there acts next to it also a harmonic force, etc., one must consider 
Eq. (13.68) including (13.69) (cf. [98], [152]). 

13.5.2 The effect of speed 

The critical speeds computed from (13.11) are actually so high, that till 
now they have never been attained in railway transport. The critical speeds 
appertaining to a superstructure with J = 1862 cm4 , E = 21 MNJcm 2 , 

p. = 0·125 tJm and different values of foundation coefficient k are shown 
in Fig. 13.8. 

v.IP 
[emlkNJ 

M"IPj [em] 

50 5,10 

a a a 

__ ---eer 

~----__ A 

7""":::::::::------__ MolP 

VolP 

5 10 k 

Plv. 
[kN/em] 

z 
10.10 Ccr 

[kmlhl 
2000 A 

[em·'l 

a a a 
[kNlcm t ] 

Fig. 13.8. Dependences of deflection L'ol P and plro, bending moment Mol P, 
critical speed Ccr and coefficient A on foundation coefficient k. 

At speeds common today and for some time to come, the highest values 
of v(s) and M(s) are at the point ofload application (s = 0), as suggested 
by Figs. 13.3 to 13.7, and differ but slightly from the static ones. This, 
of course, holds on the assumption of an ideally straight beam without 
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irregularities, and an ideal vehicle. However, in high-speed transport 
envisaged for the future, solutions for IX = 1 and IX > 1, too, are bound 
to be of great importance. 

13.5.3 The effect of foundation 

The accuracy of results is substantially affected by the coefficient of 
elastic foundation, k, a quantity very hard to determine. The dependence 
of A., vo/p, P/vo, Mo/P and Ccr on k is shown in Fig. 13.8. As one can see 
in the figure, for k ranging from 0·5 to about 4 kN/cm2 , the inaccuracy 
of k determination bears strongly on vo/p and p/vo. The calculation of 
bending moment, on the other hand, is not so sensitive to errors in k. 
A survey of experimental results is in [83]' 

13.6 Additional bibliography 

[12,18,54,59,62,68,69,72,83,87,98, 122, 136, 148, 152, 163, 178, 193, 198,214, 
217,223,240,241,253,263,265,267,270]. 
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14 
String subjected to a moving load 

Modern structures make frequent use of one-dimensional elements 
resistant to tension but not to bending, such as strings, fibres, ropes, cables, 
chains, etc. Vibration studies of these elements subjected to a moving 
load have started but recently [105J, [202]' 

14.1 String with a moving force 

According to [131J the differential equation describing vibration of a 
mass string is 

-N a2 v(x, t) + a2v(x, t) _ ( ) (14.1) ax2 J1. at2 - p x, t 

where - with reference to Fig. 14.1 -

Fig. 14.1. String subjected 
to a moving force P. 

N. N A .. 

v(x, t) - deflection of string at point x and time t, measured from the 
state under static load. The string is considered to be in horizontal po­
sition, and its deflections are assumed to be very small against 1, 

J1. mass per unit length of string, 
N horizontal force stretching the string (the force is so large as 

to continue virtually unvaried during string deformation),·) 
p(x, t) - external load per unit length. 

*) It has been found necessary to judge each particular case as to whether or not 
this assumption is justified. Thus, e.g. in an infinitely long continuous cable of 
equal spans such as that used in cable belt conveyors, the axial force continues ap­
proximately constant. In cables with stretching weights common in cabin cable­
ways, on the other hand, the axial force in the cable is likely to vary, sometimes 
even within wide limits. 
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The boundary conditions of a string of length I are 

v(O, t) = 0, v(l, t) = ° (14.2) 

while the initial conditions are usually zero, i.e. (1.3). 

By way of an example we will solve the motion of a constant force P 
moving along a string at uniform speed c; in that case the load 

p(x, t) = b(X - ct) P . (14.3) 

In the solution we shall use the Fourier finite sine transformation (1.9) 
which in view of (14.2) and (27.68) will turn Eq. (14.1) into the ordinary 
differential equation 

•• (.) 2 (.) P. V j, t + W(j) V j, t = - sm wt 
Il 

where 

is the natural circular frequency of the string, and 

jrr.c 
W=-. 

I 

Following the Laplace-Carson transformation (1.15) we get 
the initial conditions (1.3) and with (27.4) and (27.18) -

V*( . ) _ P W P j, P - - -:--:--=--,:""-,,---...,.,. 
Il (p2 + wtj») (p2 + ( 2) 

(14.4) 

(14.5) 

(14.6) 

- with 

(14.7) 

and after the inverse transformation (27.32) and (1.9) the sought-for 
solution (for w(j) "# w; if w(j) = w, the procedure would be that used in 
Sect. 1.3, case 1.3.2.2): 

( ) ~ 2P 1 ( . w. ) . jrr.x (14 8) v x, t = £.., - 2 sm wt - - sm wwt sm - . . 
j=l III w(j) - w2 w(j) • I 

It is clear to see that the solution is wholly analogous to that of a simply 
supported beam traversed by force P [Eq. (1.31)]. This means that so 
far as the deflection of a mass string is concerned, we are free to make use 
of all the results derived in Chaps. 1 to 4. The similarity stops at the natu-
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ral frequency of the string (14.5) which differs from the analogous value 
of a simply supported beam, (1.11). Since the former is proportional 
to l (and the latter to j4), the convergence of all series figuring in the 
computations relating to a string, will be slower than that of the analogous 
series for beam deflection. As will be made clear in Sect. 14.2, the de~ 
flection of a mass string is actually wholly analogous to the bending 
moment of a simple beam. 

Since the homogeneous equation appertaining to (14.1) is also satisfied 
by functions!l(x - ct) and!ix + ct), one can even derive the solution 
in a form descriptive of the wave character (see [202] for further details). 

14.2 Motion of a mass along a massless string 

We shall now turn to the other extreme case, that of the motion of a mass 
along a massless string (Fig. 14.2). We shall again start out from the 
integro~differential equation (5.5) and considering )1. -4 0, write it in the 
form 

vex, t) = f: G(x, s) pes, t) ds . 

Fig. 14.2. Massless string subjected 
to moving mass m. 

(14.9) 

Taking into account also the inertia effect of mass m of load P, the equa~ 
tion ofload p(x, t) turns out to be 

p(x, t) = b(x - ct) P - m . [ 
d2v( ct, t)] 

dt 2 
(14.10) 

G(x, s) is the so~called influence function of string deflection or Green's 
function. It is obtained from the static solution of Eq. (14.1) for It = 0, 
p(x, t) = 8(x - s), i.e. for the string loaded with force P = 1 at point 
x = s, namely 

x~s 

(14.11) 

x ;:::; s. 

233 



PART II - ONE-DIMENSIONAL SOLIDS 

Comparing Eqs. (14.11) and (5.9) we again see perfect analogy between 
the string deflection and the bending moment of a simple beam. 

According to Fig. 14.2, the vertical displacement of mass m, vIet), is 
equal to the string deflection at point x = et and time t, i.e. 

VIet) = v(et, t). (14.12) 

From Eqs. (14.9), (14.10) and (14.12) then follows the ordinary dif­
ferential equation 

where 

VI(t) = [p - m d2VI(t)] G(ct, et) 
dt2 

1 ( et) G(ct, et) = N 1 - I ct 

with zero initial conditions (7.4). 

(14.13) 

We shall now introduce the dimensionless dependent variable and the 
dimensionless independent variable 

(14.14) 

where 

PI 
Vo =-

4N 
(14.15) 

is the deflection at mid-span of the string subjected to force P placed at 
x = 1/2. 

Using the new variables we write Eq. (14.13) as 

-r(1 - -r) ji(-r) + 2et' y(-r) = 8et' -r(1 - -r). (14.16) 

The initial conditions are (7.10) and the solution is sought in the interval 
o ~ -r ~ 1. Symbol 

, NI 
et =--

2mc2 
(14.17) 

used in (14.16) characterizes all the data necessary for the solution of the 
problem. 
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Case CJ.' # 1 

Eq. (14.16) is an ordinary differential eq uation of the second order with 
variable coefficients. In the range <0, 1> its singular points are r = 0 
and r = l. 

It is solved by the substitution y(r) = r(1 - r) u(r). After a bit of 
handling we get 

r(1 - r) u(r) + (2 - 4r) u(r) - 2(1 - CJ.') u(r) = 8CJ.'. (14.18) 

The homogeneous equation appertaining to (14.18) can be reduced to 
the hypergeometric (Gauss') differential equation [120], [186] 

r(1 - r) u(r) + [c - (a + b + 1) r] u(r) - ab u(r) = 0 (14.19) 

if we set 

a + b + 1 = 4, ab = 2(1 - CJ.'), c = 2. From this follows that 

a = 1[3 =+= (1 + 8CJ.')t/2], b = 1[3 ± (1 + 8CJ.,)t/2], c = 2. 

According to [100] (Eq. 9.153.3) the fundamental system of Eq. (14.19) 
is formed by the expressions 

ut(r) = F(a, b, 2, r), 

u2(r) = F(a, b, 2, r) In r + f (a)k (b)k [h(k) - h(O)] l + 
k= t (2)k 

1 +----­
(1 - a)(l - b)r 

where the hypergeometric series 

F( b ) _ 1 ~ (a)d b)k rk 
a, ,c, r - + L... ' 

k= t (C)k k! 

(a)k = a( a + 1) ... (a + k - 1), 

h(k) = \jI(a + k) + \jI(b + k) - \jI(2 + k) - \jI(l + k), 

1 <Xl 1 
\jI(x) = -C - - + x L Euler's psi function. 

x n=tn(x+n) 

(14.20) 
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For (x' '# 1 the particular solution to the non-homogeneous equation 
(14.18) was readily obtained as 

4(X' 
u/r) = --. 

(X' - 1 
(14.21) 

With (14.20) and (14.21) the general solution of Eq. (14.16) thus is 

Constants A l , A2 are established frolb the initial conditions (7.10) with 
the above solution substituted in. At the limit, for t tending to zero, 
A2 = 0, A 1 = - 4(X' I( (X' - 1). Therefore, the sought solution that satisfies 
the initial conditions, too, is 

4(X' 
y(r) = -,- t (1 - t) [1 - F(a, b, 2, r)] . 

IX - 1 
(14.22) 

Solution (14.20) applies for It I < 1 and is a distribution of solutions 
for the neighbourhood of point t = 0. For the neighbourhood of t = 1 
there exists another system of fundamental solutions (cf. [165], Vol. I, 
p. 776); the case is analyzed at length in [202]' 

Case (x' = 1 

If the parameter (14.17) equals one, (x' = 1, the case may be solved 
in closed form. Eq. (14.16) will then take on the form 

r(1 - r) y(t) + 2y(t) = 8t(1 - t) . (14.23) 

First, we shall solve the homogeneous equation appertammg to 
(14.23). Note that the left-hand side of (14.23) is the so-called exact 
equation since it is the total differential of function r(l - r) y(r) -
- (1 - 2t) yet). We may, therefore, reduce the order of the homoge­
neous equation (14.23) to the first and consider the equation (except for 
the integration constants which will be introduced in the calculation at 
the end) in the form 

dy = 1 - 2r dt. 
y r(l - r) 

(14.24) 
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The last equation can readily be integrated by the substitution t(l - t) = 

= z, dz = (1 - 2t) dt, which gives 

In IYI = In Ir(1 - t)l· 

From there follows the desired solution (again except for the integration 
constant) in the range <0, 1), namely 

YI(t) = r(l - t). (14.25) 

If we know one solution, (14.25), of the homogeneous equation (14.23), 
we may obtain the other one by the substitution 

.vir) = .vl(r) u(r) = r(l - r) u(r). (14.26) 

With (14.26) in (14.23) we get 

t(l - t) ii(r) + 2(1 - 2t) u(r) = ° ; 
by further substitution, ti(t) = ul(r), it is 

and from there 

dU I = -2 1 - 2t dt. 
u I r{1 - r) 

Like (14.24), the last equation is easily integrated by the substitution 
t(l - t) = z, dz = (1 - 2r) dt with the result (except for the integra­
tion constant) 

ul(r) = [r(l - r)]-2. 

Integration of the above equation (cf. [186], Sect. 13.5, Eq. 19) gives 

1 1 1 - t 
u(r) = -- - - - 21n --. 

1 - r r t 

Hence, according to (14.26) the second solution of the homogeneous 
equation is 

1 - t 
fir) = 2t - 1 - 2t(1 - r)ln--. 

t 
(14.27) 
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Expressions (14.25) and (14.27) form the fundamental system of the 
homogeneous equation, because within the whole of interval <0, 1> the 
Wronskian is different from zero, 

(14.28) 

Using the method of variation of parameters we get the particular 
solution of non-homogeneous equation (14.16) by mere quadratures 

with functions Alr) and Alr) satisfying the equations 

Alr) Yt(T) + Alr) YiT) = 0, 

AI(T) .v1(T) + AiT) .viT) = 8. 

(14.29) 

(14.30) 

The substitution of (14.25), (14.27) and (14.28) in (14.30) gives At and Az, 
and their integration At and Az. After all the operations have been car­
ried out, the particular solution (14.29) turns out to be 

YiT) = ~TZ(3-2r)[2T - 1 - 2r(l- T)ln 1 ~ TJ - 8r(1- T). 

{ 2 21 1 - T 1 ( ) 2[3 11 - T 1 . r -r n--+ n I-T +- T n----. 
T 3 T 2 

. (r + 2) r + In _1_J} . (14.31) 
1 - T 

With (14.25), (14.27) and (14.31) the general integral of non-homoge­
neous Eq. (14.23) thus is 

y(r) = Ai Yi(r) + A z Ylr) + Yir) (14.32) 

where Al and A2 are the integration constants. For zero initial condi­
tions (7.10), Al = A z = 0 so that 

yeT) = YiT) . (14.33) 

Case Ct.' = ° 
For Ct.' = 0, i.e. c ~ 00, and zero initial conditions (7.10), Eq. (14.16) 

gives 
Y(T) =0. (14.34) 
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Case (1.' -+ 00 

For (1.' -+ 00, i.e. for the static case with c = 0, (14.16) yields 

y(r) = 4r(1 - r) (14.35) 

which corresponds to the trajectory of mass In, i.e. v1(t) = P G(ct, ct). 

14.3 String with ends suspended at unequal heights 

In practice one often comes across the case of a string with ends A, B 
(Fig. 14.3a) suspended at points with a height difference h = 1 sin lP, 

H 

a) 

b) 

Fig. 14.3. a) String with ends 
suspended at unequal heights, 
b) an element of the string. 

where lP is the angle of chord AB from the horizontal. Let us derive the 
differential equation of motion of such a string. Draw the horizontal 
axis x through point A as the origin, the oblique axis x' also through the 
origin but in the direction of chord AB. The string deflection v(x, t) is 
measured from axis x in the downward direction. The string is subjected 
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to load p(x, t) per unit length of axis x, load p'(x, t) per unit length of 
axis x', and to load p'(s, t) per unit length of the curved string. All the 
loads act in the vertical direction. 

As it is well known from the theory of catenaries, there acts at each 
point of the string a constant horizontal force H. We shall accept this 
assumption for our case, too, and suppose that the force is large enough 
to be virtually constant even under a load varying in time. The string 
can only be stretched by the normal force N which resolves into the 
constant horizontal force H and the vertical force T (Figs. 14.3a,b). 

In the derivation of the respective differential equation, we first take 
from the string a length element ds and replace the action of the other 
parts of the string at its ends by normal forces N 1 and N 2 (Fig. 14.3b). 
The respective vertical components Tl and T2 are computed from the 
rotation and its increment 

Next we write the equation of equilibrium of all vertical forces acting 
on element ds from Fig. 14.3b: 

- Tl + T2 + p(x, t) dx + p'(x', t) dx' + p'(s, t) ds -

_ p.' 02V(X, t) ds = 0 . 
ot2 

(14.37) 

In the above, the last component is the inertia force exerted by mass p.' 
uniformly distributed along the length of the deflected string. On sub­
stituting (14.36) and factoring out ds we get from (14.37) the differential 
equation of the string 

H dx 02V(X, t) , 02V(X, t) _ ( ) dx ,(,) dx' ,() - -. + P. - P x, t - + P x, t - + p s, t . 
ds ox2 ot2 . ds ds 

(14.38) 

The general theory of catenaries counts with a curved coordinate of 
the string, i.e. ds = dx[l + (ovjoX)2]I/2. Our considerations are con­
fined to the so-called parabolic theory of strings according to which 

ds ~ dx'. dx' cos cI> = dx, dxjds ~ dxjdx' = cos cI> • 
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With these values in, Eq. (14.38) takes on the form [p'(x', t) now merges 
into one with p'(s, t)J: 

-H cos </J 82 v(x, t) + p' 82 v(x, t) = p(x, t) cos </J + p'(x', t). (14.39) 
8x 2 8t 2 

14.3.1 Static deflection of a string produced by dead weight 
and by a.concentrated force 

To illustrate we will first solve the static [i.e. without the effect of the 
second term of Eq. (14.39)J deflection of a string subjected to vertical 
load q' uniformly distributed along axis x' (that is, to the dead weight of 
the string q' = p' g) and to concentrated force P acting at point s = 
= s' cos </J on axis x, or at point s' on axis x'. Thus: 

p'(x', t) = q'; p(x, t) = <5(x - s) P, or possibly, p'(x', t) = 

= <5(x' - 5') P = cos </J <5(x - s) P . (14.40) 

The solution of Eq. (14.39) with (14.40) on its right-hand side is 

q'x 2 

v(x, s) = Al + A 2 x - + P G(x, s) . 
2H cos </J 

(14.41) 

The first two terms on the right-hand side of this equation are the general 
solution of the homogeneuos equation, the last two, the particular solu­
tions for the given load [G(x, s) is defined by Eq. (14.11) with N replaced 
by HJ. The integration constants AI' Az are obtained from the bound­
ary conditions v(O) = 0, v(l) = h in the form Al = 0, Az = hjl + 
+ q'lj(2H cos </J). With them the solution (14.41) takes on the form 

v(x, s) = ~ x + q'x(l - x) + P G(x, 5) . 
1 2H cos </J 

( 14.42) 

14.3.2 Motion of a force along a string 

For the second illustrative example we choose the analysis of the motion 
of force P on axis x' at speed c' (x' cos </J = x, c' cos </J = c). In view of 

241 



PART II - ONE-DIMENSIONAL SOLIDS 

(1.8) the load in Eq. (14.39) becomes 

p'(x', t) = J(x' - c't) P = cos ([> J(x - ct) P or 

p(x, t) = J(x - ct) P . (14.43) 

The solution of Eq. (14.39) with load (14.43) is wholly analogous to 
that shown in Sect. 14.1. At w(j) ¥: W the result is also analogous to 
Eq. (14.8): 

( ) ;, 2P cos ([> 1 ( . w. ) . jrrx 
v x, t =.f... '[ 2 2 sm wt - - sm w(j)t sm - . 

)=1 P. W(j) - W w(j) [ 

(14.44) 

The circular frequency of a string suspended at unequal heights is 

2 /rr2 H cos ([> 

W(j) = r p.' (14.45) 

The string deflection (14.44) is now of course added to the deflection 
from the dead-weight load, i.e. to the first two terms on the right-hand 
side of Eq. (14.42). 

14.4 Application of the theory 

The theory outlined in the preceding sections can be used in calculations 
of supporting cables of cableways, cable cranes, and other structures of 
that sort in which a moving load comes into play. Even though the lat­
ter - because of the low speeds of its motion - bears a lesser effect 
than some other kinds of dynamic loading (e.g. sudden emptying or fall' 
of the truck, sudden load applied to the truck, etc.), it should nevertheless 
be taken into account. It has been observed in many instances that as the 
moving truck or car suddenly stops, the cable starts to vibrate intensive­
ly - a phenomenon especially unpleasant in passenger cableways. *) 
The theory can also be applied to textile engineering, e.g. to the ana­
lysis of shuttle motion over textile fibres. 

*) Because the phenomena accompanying stopping and starting of cable ways 
are more complicated still, the theory explained in the foregoing sections cannot 
be applied directly to the case of sudden stopping of a cableway car. 
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As to cables and ropes: the calculation should include both the effect 
of their mass and the effect produced by the inertia force of load P, i.e. load 
(14.10). An exact calculation is again quite complicated (cf. [202]). In 
view of the very low speeds common in cableways or cable cranes, and 
the large deflections due to the cable dead-weight, the second derivative 
in (14.l0) may approximately be computed from the static deflection 
(14.42) of a string loaded with dead weight q' and force P. Eq. (14.42) 
[s = ct also because of (14.11) where N = H] yields 

h q' ct{l - ct) 
v(ct, t) = - ct + + P G(s, s), 

I 2H cos rp 

H cos rp HI 
(14.46) 

so that the coricentrated force in (14.10) turns out approximately 

P' = P - m d2 v(ct, t) = P [1 + ~ (~ + 2P)]. (14.47) 
dt 2 gH cos rp I 

If P' according to (14.47) is substituted for P in (14.44), the string 
deflection thus obtained will include even an approximate expression 
of the effect of inertia of the moving load. 

14.5 Additional bibliography 

[4~ 83, 10~ 20~ 210). 
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15 
Plates subjected to a moving load 

Vibration of plates under the action of a moving load has so far received 
but scant attention. The problem was treated by W. Nowacki [170J and 
K. Piszczek [180J. 

The method of plate vibration analysis is based on the following 
a·ssumptions: 

1. The small elastic strains arising in the body are within the scope of 
Hooke's law. 

2. There exists in the plate the so-called neutral surface. The distances 
between points lying on that surface do not vary with plate deflection. 
The surface contains the coordinate plane xy, axis z points downward 
(Fig. 15.1). 

Fig. 15.1. Rectangular plate 
subjected to load P(t) mov­

ing parallel to axis x. 

y Z 

h 
-1t--t-'---- X 

3. Mass particles lying on the normal line to the neutral surface con­
tinue to lie on it even after the plate has been deformed. 

The differential equation of plate vibration written on the above as­
sumptions is in the form 
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where 

w(x, y, t) vertical deflection of the plate at point with coordi­
nates x, y, and time t, 

Eh3 
D = ----:-

12(1 - v) 
E 
h 
v 

It 
p(x, y, t) 

bending rigidity of the plate, 

Young's modulus of the plate, 
thickness of the plate, 
Poisson's ratio (v < 1), 
mass per unit area of the plate, 
external load per unit area of the plate. 

In case the inertia effect of mass JliX, y, t) is considered too, the ex­
ternal load takes on the complicated form 

d2w 
p(x, y, t) - Jlp(x, y, t) -2 

dt 
(15.2) 

where the acceleration d2 w/dt2 is computed from the total differential 
of the second order assuming that coordinates x and y that describe the 
load motion on the plate, are functions of time 

d2 w = 02W (dX)2 + 02W (dy)2 + 02W + 2 02W dx dy + 
dt2 ox2 dt oy2 dt ot2 ax oy dt dt 

+ 2 02W dx + 2 02W dy + ow d2x + ow d2y . (15.3) 
ax at dt oyot dt ax dt2 oy dt2 

Since the solution is very difficult to manage, we will restrict our consider­
ations to the force action of the external load and neglect its inertia effect 
described by (15.2). 

Next we shall write the boundary conditions of plates (for details see, 
e.g. [8], [170]). Thus for example, for rectangular plates the boundary 
conditions on edges parallel to axis yare for a simply supported edge 

w = 0, (15.4) 

for a clamped edge 

w = 0, ow = 0 
ax ' 

(15.5) 
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and for a free edge 

02W 02W 
-+v-=O, 
ox2 oy2 

(15.6) 

The initial conditions are 

( )\ () aw(x, y, t): () 
w x, y, t t=O = gl X, Y , ! = g2 X, Y . 

at It=o 
(15.7) 

15.1 Simply supported rectangular plate 

The rectangular plate considered has spans I" in the direction of axis x, 
and I, in the direction of axis y (Fig. 15.1). According to (15.4) the bound­
ary conditions for x = 0, x = I" are 

a2 w a2 w 
w = 0, - + v - = 0, (15.8) 

ox2 ay2 

and for y = 0, y = I, 
a2 w a2 w 
-+v-=O. 
oy2 ax2 

w = 0, (15.9) 

For boundary conditions of the above kind it is convenient to use the 
two-dimensional Fourier finite sine integral transformations [204] de­
fined by the relations 

Wei, j, t) = fIx flY w(x, y, t) sin inx sin jny dx dy , (15.10) 
o 0 1" I)' 

w(x, y, t) = f I: ~ W(i,j, t) sin inx sin jny . (15.11) 
i=li=llxl, Ix I, 

In view of the boundary conditions (15.8) and (15.9), (15.10) results 
in the following transformations of the derivatives 

uW . l1tx. jnYd d ljn W(··) f IX flY ~4 .. ·2·2 4 

---sm-sm- x y = -2-2- I,j, t , 
o 0 ox2 0y2 I" I, 1,,1, 

(15.12) 
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15.1.1 Force variable in time moving parallel to x-axis 

We are now in a position to undertake an analysis of the case in which 
concentrated force pet) moves on a plate at uniform speed c. Since the 
force moves along the straight line y = YJ parallel to x-axis (Fig. 15.1), 
the load is 

p(x, y, t) = l5(x - ct) l5(y - YJ) pet) . (15.13) 

Eq. (15.1) with (15.13) on its right-hand side is transformed according 
to (15.10). In view of (15.12) we thus get the ordinary differential equa­
tion 

W"(· .) 2 W(··) p(t). . j1tYJ I,J, t + W(i.j) I,J, t = - SIn wxt SIn-

P. I, 
(15.14) 

where 

(15.15) 

is the natural circular frequency of a simply supported rectangular plate, 
and 

(15.16) 

To simplify we shall assume zero initial conditions (15.7), i.e. 
gl(X, y) = 0, gix, y) = O. In view of (27.4) and (27.11), Eq. (15.14) 
solved by the Laplace-Carson transformation will then give 

W*(i " ) = sin j1tYJ/I, 1 £ [p*(p - iwx) _ P*(p + iWx)] 
,J p 2 2 2" . 

p. p + W(i,j) 1 P - lW", P + lW", 

(15.17) 

where W*(i, j, p) and P*(p) are the Laplace-Carson transformations of 
deflection Wei, i, t) and force pet), respectively. Following the inverse 
transformations (27.5), (27.18) and (15.11) we get the result 

00 00 4 . i1tx . i1ty . i1tYJ w(x, y, t) = I I SIn-SIn-SIn-. 
i= 1 j= 1 p.1",l,w(i,J) I", I, I, 

. {p(r) sin w",r sin wo,j)(t - r) dr (15.18) 

valid in the range 0 ~ t ~ lx/c. 
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15.1.2 Motion of a constant force 

If the force considered is of constant magnitude, pet) = P, (15.17) will 
give 

W*(i' ) = P sin jrt'1/I). WxP 
, J, P ( 2 2) ( 2 2) It P + W(i.j) P + Wx 

and following the inverse transformations (27.32) and (15.11), from there 

( ) ~ ~ 4P 1 . irtx . jny 
w x, y, t = L... L... -- 2 2 Sin - Sin - . 

;=1 j=l fLlxfy W(i.j) - Wx Ix Iy 

(15.19) 

Eq. (15.19) applies in the interval 0 ~ t ~ lx/c at Wx =!= w(i.j)' For Wx = 

= w(i.j) one could deduce a solution analogous to that of paragraph 
1.3.2, case 1.3.2.2. 

15.1.3 Motion of a force along a straight line 

Consider now the case where a simply supported plate is traversed by a 
constant force P at uniform speed c (Fig. 15.2), the motion of the force 

Fig. 15.2. 
Rectangular plate; force P 
moves along a straight line. 

Iy 

l. 

,-----------__ ,--,L-___ X 

being effected along a section of a straight line issuing from point y = '1 
on axis y and forming angle tP with axis x. Hence the components of 
speed c on axes x and y 

ex = c cos tP, cy = c sin tP • 
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In this case the load is 

p(x, y, t) = 8(x - cxt) 8(y - rJ - cFt) P . (15.20) 

The solution of Eq. (15.1) with (15.20) for its right-hand side is com­
pletely analogous to those discussed in paragraphs 15.1.1 and 15.1.2. 
Following the transformation (15.10) we get 

•• ( ) 2 ( ) P. incxt . jn(rJ + cFt) W i,j, t + wu,n W i,j, t = - Sin -- SIn . 
It I x IF 

(15.21) 

Writing now 

incx 
W =-

.~ I 
x 

(15.22) 

(15.23) 

and transforming Eq. (15.21) with respect to time, we get - in view of 
(27.4), (27.24) and (27.25) -

W*( .. ) P 1 [. jnrJP( r2 rl) I,j, P = - 2 2 SIn - - 2 ,+ 2 2 + 
fl P + w(i,n IF 2 P + ri P + r1 

+ cos-- - . j 1trJ p2 (1 1)] 
I, 2 p2 + r~ p2 + ri (15.24) 

The result valid for w(i,i) =+= r1, r2 so long as the force continues to act 
on the plane, is obtained following the inverse trasnformations carried 
out with the aid of (27.32), (27.33) and (15.11). It is 

w(x, y, t) = L L -- SIll - SIll - 2 2 • 
00 00 2P . i1tx . j1ty { 1 

i=1 i=1 fll,,J,, Ix I, w(i,i) - 72 

[ ( jnrJ ) j1trJ r2 . j1trJ . cos - - r2t - cos - cos w(i.jJt - -- SIll -. 
Iy 1)' w(I,j) I, 

. ] 1 [(j1t'1 ) j1trJ . SIll w(I,i)t - 2 2 COS - + r 1 t - cos - . 
w(I,i) - r1 I, I, 

(15.25) 
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15.2 Rectangular plate simply supported on opposite edges 

Dynamic analysis of ~ rectangular plate is straightforward only in the 
case two of its opposite edges arc simply supported. The other two op­
posite edges may be supported at will. In what follows we will consider 
the plate to be simply supported on edges x = 0, x = Ix. 

In the solution we shall make use of the generalized two-dimensional 
integral transformation arrived at through generalization and analogy 
of the results obtained in Sects. 15.1 and 6.1. The transformation is de­
fined by the relations 

W(i, j, t) = w(x, y, t) sin - w(jb) dx dy , f ix flY inx 

o 0 Ix 
( 15.26) 

00 00 2 fJ. '.. • inx w(x, y, t) = I I - - W(I, j, t) sm - \VUlt}') 
i=lj=ll x Wj f" 

(15.27) 

where \V(jkv) is a function that satisfies the boundary conditions on edges 
y = 0, y = ly as ,well as the equation of free vibration of the plate [i.e. 
Eq. (15.1) without the right-hand side]. It is calculated from the ordinary 
differential equation 

which results from the substitution w(x, y, t) = sin (inx/lx ) \V(j)(Y) . 
. sin w(i,j)t in (15.1). 

Further, in (15.27) 

Wj = f>w~j)(Y) dy . (15.29) 

We have proved the validity of relations (15.26) and (15.27) by making 
use of the orthogonal properties of normal modes 

fJ. sin - sin - lV(j)(Y) wu·b) dx dy = f iX flY inx i'nx 

o 0 (, Ix 

{ 
0 for i '* i', j '* j' 

= Ix ..f..f Wj - for I = I , j = j . 
2 

( 15.30) 
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The first relation, (15.26), is proved after substituting (15.27) for w(x, y, t) 

. . f'X f'Y <Xl <Xl 2 J1 .,., . i'1tx We,,), t) = .?:.?: - - W(l,), t) SIn -. 
° Ol=lJ=11xWj' Ix 

( ) . i1tx () d d 2 1 W(. . ) Ix (. . ) 
. w(j') Y SIn - w(j) Y x Y = - - I,), t Wj - = W,,), t . 

1" Ix JJj 2 

The above was obtained on the assumption that series (15.27) is uniformly 
convergent in the interval 0 ~ x ~ lx, 0 ~ Y ~ ly and therefore the in­
tegration and the summation may be exchanged in sequence, and further, 
that (15.29) and (15.30) apply. Relation (15.27) may be proved in a 
similar way. 

15.2.1 Force variable in time moving parallel to x-axis under arbitrary 
initial conditions 

Proceeding on the lines established in paragraph 15.1.1' we will now find 
the deflection of a plate simply supported on two opposite edges with the 
other two edges supported in any of the usual ways (Fig. 15.1). Force 
pet) moves parallel to x-axis at a distance of y = 1] with speed c. The 
initial conditions are described by (15.7). Functions gl(X, y) and gz(x, y) 
are assumed to be expressible in terms of relations (15.26) and (15.27) as 
follows: 

(15.31) 

To be able to transform £q. (15.1) we also need to know the transforms 
of the derivatives. In view of the boundary conditions of simply supported 
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edges x = ° and x = Ix [Eq. (15.8)] integration by parts will give 

- IV w(j)(Y) sin - dx + W sin - wZj)(Y) dx dy , JIY i1tx f'" flY i1tx } 

o l~ 0 0 Ix 

. wub) - - w(j)(Y) - W wub) SIn - dx + W SIn -. I ow II 111 JIY. i1tx f'''f'Y' i1tx 

oY 0 Ix 0 0 Ix 

. w{~(y) dx dy . (15.32) 

In the above, symbol [ ]? denotes the substitution of the limits from the 
evaluation of the definite integral with respect to variable y. In the cal­
culation we will also use the relation 

. w(j)(Y) dx dy + f'''f'Y W sin i;X wf~(Y) dx dY] = IIOJ~i.j) W(i,j, t)" 
o 0 x (15.33) 

which can be obtained from (15.28) on multiplication by W sin(i1t x/Ix) 
and int~gration with respect to x and y between the' limits 0, Ix and 0, ly , 

respectively. 
We are now ready to transform Eq. (15.1) with (15.13) on its right-hand 

side, according to (15.26). In view of (1.8) we get 

Wei, j, t) + OJ~i.j) Wei, j, t) = pet) sin OJxt w(j)(IJ) - D z(O, I, t). (15.34) 
II II 

In obtaining the above we have used notation (15.16) and relations 
(15.32) and (15.33). Function z(O, I, t) expresses the effect of the boundary 
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conditions for y = ° and y = ly 

(15.35) 

For the usual boundary conditions (15.4) to (15.6) written, of course, 
for edges y = ° and y = ly parallel to axis x, the function z(O, 1, t) is 
zero. 

Eq. (15.34) is further solved by the Laplace-Carson transformation. 
In view of (15.7), (15.31) 

W*(i,j,p) = wul,,) /*(p~ 
Ii p + wU,j) 

where P*(p) and Z*(p) are the transformations of functions pet) sin w"t 
and z(O, 1, t), respectively. After the inverse transformations we get the 
result 

w(x, y, t) =.L .L - - sm - wub) -- . 
00 00 2 Ii . i1tX {1 

• =1 )=1 Ix Wi Ix liW(i,j) 

. J: [per) sin wxr w(j)(") - D z(O, 1, r)] sin wu,ilt - or) dr + 

(15.36) 

valid between the limits ° ~ t ~ lx/c. 

15.2.2 Motion of a constant force 

If the force is constant, pet) = P, z(o, I, t) = ° and the initial conditions 
(15.7) are zero, Eq. (15.26) simplifies to 

00 00 2P 1 . i1tX 
w(x, y, t) = L L - 2 2 sm - wub) w(j)(") . 

i=1 j=1 IxWj W(i,j) - W" 1" 

(15.37) 
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15.3 Application of the theory 

The theory may be applied to plate structures of bridges, whose two 
opposite edges are usually simply supported and the other edges are free. 

The calculation of normal modes w(j)(Y) in the direction of y-axis*) 
makes use of Eq. (15.28) written in the form 

d4 () ·2 2 d2 () (.4 4 2) 
W(j) Y _ 2 ~ w(j) Y + ~ _ Ilw(i,j) w. ( ) = 0 . 
d 4 [2 d 2 [4 D (j) Y 

Y x Y x 

( 15.38) 

For y = 0, y = [Y' the boundary conditions according to (15.6) now are 

·2 2 ·2 2 
" ! 1t 0 ", (2 ) I 1t , 0 

w(j) - v [z Wj = , w(j) - - v f w(j) = . 
x x 

(15.39) 

The solution to the homogeneous equation (15.38) is w(j)(Y) = e),y!ly 
where A must satisfy the characteristic equation 

There are four roots: 

At = -A3 = ly e~;2 - (Ilwt,j) Y!2J/2, ( 15.40) 

A2 = -A4 = ly [i2[;2 + ewt,n Y/2J/2 (15.41) 

Case 1. - If i21t2/1; > (wcti,j)/D)1/2, all the roots, (15.40) and (15.41), 
are real and the general solution of Eq. (15.38) is in the form 

w(jb) = sinh A,y + A cosh AtY + B sinh A2Y + C cosh A2y. (15.42) 
[y ly [y ly 

The integration constants A, B, C as well as the frequency equation 

*) The solution of normal modes of plates supported in various ways is discussed 
in detail in several of the references (e.g. [131]). 
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are obtained after (15.42) has been substituted in four boundary condi­
tions (15.39): 

(15.43) 

where 

(15.44) 

The natural frequency of the plate, w(i.j)' is computed from Eq. (15.44). 

(15.45) 

while A2 and A4 are given by (15.41). The solution of Eq. (15.38) now is in 
the form 

w(j)(Y) = sin AIY + A cos AIY + B sinh A2Y + C cosh A2Y (15.46) 
I, I, I, I, 

and the integration constants and the frequency equation are 

AIVi . 
sin At - -- smh A2 

A2D~ A = -----"----
cosh A2 - cos At 
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Case3. - Ifi2 rt 2jl; = (IlWli,j)jDr/2, 

Al = A3 = 0, and the solution of Eq. (15.38) is in the form 

where 

A = v2 A2 1 - cosh Az 
(2 - v)z ly sinhAz - Az ' 

B = _v_ 1 - cosh Az 
2 - v sinh Az - }'2 ' 

v 
C=--, 

2 - v 

and the frequency equation is 

2(cosh Az - 1) - Az sinh Az = ° . 

(15'47) 

(15.48) 

(15.49) 

The solution of the frequency equations of plates is laborious, because 
w(i,i) must be examined for two values of subscripts i and j. Naturally, 
if the normal modes of the plate considered are known, the solution is no 
longer difficult because the function of time by which the normal modes 
are multiplied is the same as for other structures discussed at length in 
Part II of the book. 

15.4· Additional bibliography 

[44,56,99,112,124,161,167,170,179,180,184,234]. 
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16 
Infinite plate on elastic foundation 

In many instances, the plate considered may be idealized by an infinite 
plate on elastic foundation whose mass is approximately neglected. The 
problem has been dealt with by B. G. Korenev [133] and P. Ferrari [60]. 

The examination starts out from the assumption that the constant 
force P moves from infinity to infinity at uniform speed c along a straight 
line passing through the origin (Fig. 16.1). The x- and y-components 

Fig. 16.1. Infinite plate on 
elastic foundation, subjected 

to moving force P. 

r-------~~~--f 

y 

of speed care Cx and cY' so that c2 = c; + c;. On these assumptions the 
plate deflection can be described by the differential equation 

D -- + -- w{x, y, t) + J.l " + k w{x, y, t) = ( 02 02 )2 02W(X Y t) 
ox2 oy2 ot2 

= J(x - cxt) J(y - c,t) P (16.1) 

where the meaning of the symbols is the same as in Chap. 15, and k 
[force per length cubed] is the coefficient of elastic Winkler foundation. 

For the time being we will specify the boundary and initial conditions 
but verbally: at each instant the deflection and its first to third derivatives 
with respect to variables x and y at an infinite distance from load Pare 
equal to zero. 
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16.1 Steady-state vibration 

Similarly as in Chap. 13 we will merely follow the so-called quasi­
stationary state in which the plate is at rest relative to the mobile coordi­
nate system. We shall therefore introduce the new independent variables 
according to Fig. 16.1 

~ = x - cxt, tJ = Y - cyt 

and consider the plate deflection to be in the form 

(16.2) 

w(x, y, t) = w(~, tJ). (16.3) 

Substitution of (16.2) and (16.3) in (16.1) gives 

D (a: + a22)2 w(~, tJ) + J1 (Cx ~ + cy ~)2 w(~, tJ) + 
a~ atJ a~ CtJ 

+ kw(~,tJ) = b(~)b(tJ)P. (16.4) 

To the above equation we shall prescribe the following boundary con­
ditions: 

for ~ --+ 00, ~ --+ - 00: w(~, tJ) = aw(~, tJ)/a~ = aZw(~, tJ)/ae = 
= a3\V(~, tJ)/a~3 = 0, 

for tJ --+ 00, tJ --+ - 00: w(~, tJ) = aw(~, tJ)/atJ = aZw(~, tJ)/atJ 2 = 

= a3w(~, tJ)/atJ3 = O. (16.5) 

Eq. (16.4) with boundary conditions (16.5) may be solved by the double 
Fourier integral transformations defined by the relations 

(16.6) 

Transformation of Eq. (16.4) according to (16.6) will give - in view 
of (27.80), (27.82) and (27.84) -

D(qi + 2qiq~ + q~) W(qj, qz) - J1(c;qi + 2cx cyqjqz + c;qi) . 

. W(qj' qz) + k W(ql' q2) = P. (16.7) 
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'With the notation 

(16.8) 

(16.9) 

the transformed solution may be written as 

In accordance with the second of relations (16.6) we get the solution 
for the plate deflection in the form 

P 1 f<Xl f<Xl ei(~ql +~ql) wee, '1) = - -2 2 2 • 
D 47t _ <Xl - <Xl ( 2 2)2 2A. ex ( )2'4 ql + q2 - -2- cxql + cyq2 + I\. 

C 

. dql dq2 . (16.11) 

Similarly as in the one-dimensional case in Chap. 13, the integrals of 
Eq. (16.11) could be evaluated by the method of the function of two 
com?lex variables. We will not attempt to do so because the calculation 
is too difficult to manage. 

16.2 Solution in polar coordinates 

Another way of solving the problem of an infinite plate traversed by 
a moving load is to use polar coordinates. We will introduce in Eq. (16.1) 
variables r, cp, 't and w(r, cp, 't) in place of variables x, y, t and w(x, y, t), 
and assume that the centre of the polar coordinates will move on the 
plate simultaneously with the load. According to Fig. 16.1 the relation 
between the old and the new independent variables (tg cp = cy/cx) is 
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x = c .. t + rcos(cp + cp), 
Y = c,t + r sin(cp + cp), 

t = 't. (16.12) 
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With the new variables in, Eq. (16.1) takes on the form 

D - + - - + - - w(r, <p,.) + J1. - + c2 cos2 <p - + ( 02 1 0 1 ( 2 )2 ( 02 02 
or2 r or r2 0<p2 0.2 or2 

1 2 • 2 02 2 2 • 02 2 02 
+ - c sm <p - - - c sm <p cos <p -- - c cos <p -- + 

r2 0<p2 r or o<p or o. 

+ - c sm <p -- + - c sm <p - + - c sm <p cos <p - . 2. 02 1 2 . 2 0 1 2 2 . 0 ) 
r o<p o. r or r2 o<p 

P c5(r) 
. w(r, <p,.) + k w(r, <p, .) = -- (16.13) 

27tr 

where according to [204] the right-hand side expresses in polar coordi­
nates a concentrated load placed at the origin. Eq. {16.13) is amenable to 
solution for several special cases. 

16.2.1 Static solution 

In the static case, c = 0, the solution of(16.13) will clearly be independent 
of <p and ., and the equation may be written in the form 

D - + - - w(r) + k w(r) = -- . ( 02 1 0)2 P c5(r) 
or2 r or 27tr 

(16.14) 

For r ~ co the boundary conditions will be specified as follows 

while for r = 0 and r~ co the deflection is assumed to satisfy the conditions 

r w(r) = 0, r dw(r)/dr = o. (16.15) 

Eq. (16.14) will be solved by the Hankel integral transformation (27.91) 
defined by the relations 

W(q) = f~ w(r) r Jo(qr) dr, 

w(r) = f~ W(q) q Jo(rq) dq (16.16) 
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where 10(x) denotes the Bessel function of the first kind of the zero-th 
order. 

In view of (27.92) and (27.93) transformation of Eq. (16.14) will give 

Dq4 W(q) + k W(q) = Pj(21t) (16.17) 

because 10(0) = 1. Hence the transformed solution is 

W()- P 1 
q - 21tD q4 + ..1.4 

(16.18) 

According to (27.94) (see [100J. Eq.6.537) the inverse transformation 
will give 

w(r) = ~ f"" 10(rq) q dq = - _P- kei (..1.r) 
21tD 0 q4 + ..1.4 21t..1.2 D 

(16.19) 

where kei (x) is the so-called Thomson function of the zero-th order. 
[113]' From the last equation (see also [l00J. Eq. 3.241.2) the deflection 
underneath the load at r = 0 is given by 

P 
Wo = w(O) =-

8..1.2D 
(16.20) 

O~ __ ~ ____ ~2L-__ ~3-= __ ~4 _____ 5~ __ ~6~~Ar 

1 

w(r)/w, 
Fig. 16.2. Static deflection w(r)/wo of an 

infinite plate on elastic foundation. 

so that the deflection equation (16.19) may be expressed as 

w(r) = -wo ~ kei (..1.r). 
1t 

(16.21) 

Expression w(r)jwo = -(4j1t) kei (..1.r) is graphically represented in Fig. 
16.2. 
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16.2.2 Approximate solution for subcritical speed 

At subcritical speed c < Ccr the solution of Eq. (16.13) may approximately 
be assumed to depend merely on r, i.e. w(r, cp, r) = w(r). Eq. (16.13) then 
takes on the form 

D :;- + - - w(r) + IlC2 - + - - w(r) + k w(r) = -- . (02 1 0)2 (82 1 a) P b(r) 
or2 r or or2 r or 2nr 

(16.22) 

This equation is again solved by the Hankel transformation (16.16). 
In view of (27.92), (27.93), (16.8) and (16.9) we get 

Dq4 W(q) - IlC2q2 W(q) + k W(q) = P/(2n) 

and following the inverse transformation procedure the resultant de­
flection is 

w(r) = ~ ICO lo(rq) q dq . 
2nD 0 q4 - 2!Xl ,A,2q2 + ,A,4 

(16.23) 

The same result will approximately be obtained also from Eq. (16.11) 
with the substitution ~ = r cos cp, 17 = r sin cp, ql = q cos e, ql = 
= q sin e, e = CPo 

The integral in Eq. (16.23) may be evaluated by the method of the 
function of a complex variable, or numerically. The deflection under­
neath the load [for r = 0, i.e. w(O)] which is of primary interest can be 
expressed quite simply. According to [100] we can evaluate the integral 
of the type Ix dx/(a + bx2 + cx4 ) to which it is possible to reduce 
lim w(r) in Eq. (16.23) because 10(0) = 1. Following the evaluation of that .-0 
integral and some manipulation, we get in view 0[(16.20) 

w 0 = w 1 - arct . 1 [2 !Xl ] 
( ) 0 (1 _ ex4)1/2 + n g (1 _ ex4)1/2 

(16.24) 

Eq. (16.24) applies only at subcritical speed, ex < 1. The procedure does 
not work at supercritical speed IX > 1, for then the solution of (16.13) 
depends on angle cp, too. This follows from the analogy between Fig. 
13.3c and the deflection surface of the plate. In this case one must there­
fore take account of damping, too. 
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The dynamic deflection of the plate underneath a moving load, 
w(O)jwo, Eq. (16.24), versus speed IX, Eq. (16.9), is shown in Fig. 16.3. 

w(O)/w, 

2 

1+------

o Q2 0.4 0.6 Q8 1 

Fig. 16.3. Dynamic deflection w(O)/wo of an infinite plate on elastic foundation 
underneath the moving force P, versus speed parameter IX. 

16.3 Application of the theory 

The theory expounded in the foregoing can be used in calculations of 
plates of roadways or runways. The plates, concrete or reinforced concrete 
for the most, have large areas and rest on variously prepared foundations 
that can very roughly be approximated by the Winkler foundation. The 
calculation carried through in the preceding sections reproduces but the 
basic effect produced by a moving constant force whereas the highest 
dynamic effects derive from track irregularities, sprung and unsprung 
masses of vehicles, etc. 

16.4 Additional bibliography 

[4, 60, 124, 133, 134, 164, 180,255,256]. 
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17 
Elastic space with a moving force 

Solutions of problems concerned with dynamic effects in three-dimen­
sional elastic solids are of comparatively recent date. Interestingly enough, 
it was exactly the problem of the effects of moving forces that first at­
tracted the attention of scientists in the field of dynamic theory of elastic­
ity once the classic questions of the theory of elastic wave propaga­
tion had been answered to satisfaction. Credit for this should be given to 
L. A. Galin [89J, and particularly to I. N. Sneddon [204J who with his 
associates [55J solved a number of topical problems in that area. 

Our discussion will be confined to a single subject - the effects of a 
force that moves at right angle to its direction in an elastic space. The 
problem was first solved by G. Eason, J. Fulton and I. N. Sneddon [55J 
using quadruple transformation; we shall present here a somewhat simpler 
treatment basing on the three-dimensional Fourier integral transformation, 
and as the first, derive the solutions at transonic and supersonic speeds. 
The static alternative of our case was dealt with, for example, by 
A. J. Lur'e [147J. 

As it is well known [130J, the equations of motion for an elastic, iso­
tropic solid are 

iJe 2 iJ2Ui 
(J.. + G) - + G V u· + X· = Q - i = 1,2,3 

~ ":l 2 ' vX i vt 
(17.1) 

where 

Ui = Ui(X\, X2' X3, t) - displacement in the direction of axis Xi' 

(] - constant density of the solid, 

X j = Xi(x\, x 2 , X3' t) - force per unit volume in the direction of axis 

3 !')2 

V2 = L _v 
j= \ ax~ 

J 

- Laplace operator, 
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~ au· e = L... _1 

j=lOXj 

G 

v < 1 

E 

vE 

(1 + v)(1 - 2v) 

E 

2(1 + v) 

relative change of volume, 

- Lame's constant, 

modulus of elasticity in shear, 

Poisson's ratio, 

Young's modulus. 

From displacement U i one then computes the components of normal stress 

and of tangential stress 

In the above, 8 i is the strain in the direction of axis Xi 

AU, 
8j=-

OXi 

(17.2) 

(17.3) 

(17.4) 

and Yij the shear strain in plane XjXj (i = 1,2, 3, j = 1,2,3, i :t= j) 

au. au· 
Yij = _1 + -'. 

OXj oXj 

(17.5) 

There are two more constants of utmost significance for the dynamic 
theory of elasticity, namely the velocity of propagation of longitudinal 
waves, C1, and the velocity of propagation of transverse waves, Cz, 

(cz < c1), defined by the relations 

_ (A. + 2G)1/Z 
C1 - , 

(} 

_ (G)l/Z 
Cz - -

(} 
(17.6) 

17.1 Quasi-stationary motion of a force in elastic space 

Suppose that a constant force, P, moves at constant speed c in an elastic 
space from infinity to infinity (Fig. 17.1). Orient the coordinate system so 
that force P will ad in the direction of axis X3 and move in the direction 
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of axis Xl' Then the volume forces are of the form 

Introduce in place of coordinate system Xi the system 

Fig. 17.1. Motion of a force in an 
elastic space. 

p~ 

Z-X, 

X-x,-ct 

(17.8) 

that moves simultaneously with force P (Fig. 17.1). After a sufficiently 
long time of force action, the displacement components will have the 
steady-state form 

(17.9) 

Our task thus consists in finding the particular solution of the problem, 
represented by functions u, v, w. Substitution of (17.7) to (17.9) in (17.1) 
gives the following system of partial differential equations 

(17.10) 

We will assume about the boundary conditions that at infinite dis­
tance from the load the displacements as well as their first derivatives 
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are zero, i.e. for x -+ ± 00, y -+ ± 00, Z -+ ± 00 

u = 0, v = 0, w = 0, au/ax = 0, av/ay = 0, 

aw/az = O. (17.11) 

System (17.10) is conveniently solved by the method of triple Fourier 
integral transformation defined by the relations 

(17.12) 

Similar relations hold true between the other functions, vex, y, z) and 
V(ql' q2' q3)' and w(x, y, z) and W(ql' q2' q3)' respectively; hereinafter 
we shall leave out the arguments of functions u, v, w, U, Vand W. 

Transforming now the system (17.10) in accordance with (17.12) we 
get - in view of (17.11), (27.80), (17.7) and (27.84) - the following 
system of algebraic equations 

-(J. + G) (qiU + qlq2V + qlq3W) - G(qi + q~ + q~) U = -c2QqiU, 

-(J. + G)(Q1Q2U + Q~V+ Q2Q3W) - G(Qi + Q~ + Q~)V=-c2QQiV, 

-(J. + G) (Q1Q3U + Q2Q3 V + Q;W) - G(Qi + Q~ + Q;) W + P = 

= -c2QQiw. (17.13) 
With the notation [see (17.6)] 

b2 = ex~ = c~ = J. + 2G = 2(1 - v) 
exi c~ G 1 - 2v ' 

(17.14) 

the unknowns U, Vand W may be obtained from (17.13). After some 
formal manipulations 

272 



ELASTIC SPACE WITH A MOVri'lG FORCE 

v= (b2 - 1) P q2q3 

b2G [(1 - (Xi) qi + q~ + q;] [(1 - (XD qi + q~ + qD' 

P { b2 

W = b2G (1 - aD qi + q~ + q; -

- (b 2 
- 1) [(1 _ ai) qi + q~ + q;rl(1 - ClD qi + q~ + q~J} . 

(17.15) 

The inverse transformation is made in accordance with the second of 
Eqs. (17.12). Before we apply it, let us note that the character of Eqs. 
(17.15) is such that their inverse transformations can be expressed by 
just two integrals foo fOCi fOCi 

11 = 
-00 -00 -00 

f
oo foo fOO ei(xq ! +YQ2+ Zq3) 

12 = 2 2 2 2dq1dq2dq3' 
-00 -00 -00 (1 - ( 2 ) q1 + q2 + q3 

(17.16) 

With the above notation the inverse transformation of (17.15) in accor­
dance with (17.12) may be given the form 

(b 2 - 1) P 0211 (b 2 - 1) P 0211 
U = ---- v = ----

81t 3 Gb 2 OX OZ ' 81t 3 Gb 2 . oy OZ ' 

(17.17) 

17.1.1 Subsonic speed c < C2 < C1 

What remains to be done is to evalutae integrals (17.16). We will start 
with the second one, and introduce the following substitutions: 

q 2 = (J cos <p, q 3 = (J sin <p, y = r cos tP, Z = r sin tP , 

(J2 = q~ + q;, r2 = y2 + Z2 , 

(Ji = R., a; = 1 - a;, i = 1, 2 . (17.18) 
ai 
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With regard to (17.14) 1X1 < 1X2 < 1 at subsonic speeds. Following the 
substitutions stated above, 

1 fOO fOOf2nQei[Xql+reCOS(~-<P)1 
12 =2 2 2 dqldQdc;o. 

a2 -00 0 0 ql + Q2 

In view of the integral expression of Bessel functions ([100], Eq. 8.411.1) 
integration with respect to c;o wiII give 

where Jo(x) is the Bessel function of the first kind of the zero-th order. 
The simple poles of the function in the integrand in variable ql are ±iQ2. 
We will, therefore, use the residue theorem [186] in the integration with 
respect to q 1 in the complex plane and get 

This integral is already easy to evaluate (see [100], formula 6.611.1) 

21[2 21[2 
12 =-----

a2(r2 + e~y/2 R2 
(17.19) 

In the last expression we have used the notation 

R~ = x2 + a~r2 = a~("~ + r2) i = 1 2 , " s, , ,. (17.20) 

A similar procedure is adopted for evaluating the integral 11 (17.16). 
Following the substitutions (17.18) we get 

the integration with respect to c;o gives 

The simple poles of the function in the integrand now are ±iQl' and 

±iQ2· 
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In the integration with respect to q I we will again use the residue theo­
rem, and after some manipulation get 

This expression is no longer integrable in elementary functions. We can, 
however, find its derivative with respect to r. Having regard to the fact 
that dJo(x)/dx = -JI(x), and to formula 6.623.3 in [100J we may write 

all _ 2nz foo( -1~2QI -1~IQI)JI(rQ)d_ - - aze - ale -- e-cr ai(b Z - 1) 0 Q 

2nZ 

ai(bZ _ 1) r (Rz - RI)· (17.21) 

The last expression is all we need to compute the solution (17.17), 
for the required derivatives of integral I I will merely be functions of aI dar 
because 

all z aJ 1 
-=--az r ar 

Therefore, 

z aZII 
---, r ax ar 

( 17.22) 

Differentiating (17.21) with respect to x and r 

(17.23) 
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and substituting (17.22) and (17.23) in (17.17) will eventually give the 
solution 

P xz ( 1 1 ) u =--- ---
1 1 ' 

41tG!Xl r Rl RI 

(17.24) 

where 

1 1 1 R 2+ 22 I' 12 x = Xl - ct, r = y + z, ; = X a; r , !X; = C c;, I = , . 

Solution (17.24) applies at motion speeds lesser than the velocity of 
propagation of transverse waves, C < Cl < C I (!Xl < !Xl < 1). 

17.1.2 Transonic speed Cl < C < C I 

If the motion speed is higher than the velocity of propagation of trans­
vers{" waves but lower than the velocity of propagation of longitudinal 
waves, Cl < C < CI , !XI < 1 < !Xl' the solution is obtained in an analo­
gous manner. We shall introduce the notation 

( 17.25) 

next to the symbols used in (17.18). With these symbols the expression 12 

of (17.16) may be given the form 

We again introduce in it the new variables (17.18) 

__ ~ foo foo f21! aei[Xq, +'(/C05 (<P-Ip)] 

11 - 2 2 1 dq I dQ dcp , 
a l - 00 0 0 q I - Ql 
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and integrate the above first with respect to cp 

then with respect to q 1 in the complex plane with poles ±e2 

and finaIIy with respect to e using formula 6.671.1 in [100J 

(17.26) 

Here H(x) is the Heaviside unit function (3.23). 

Integral 11 of (17.16) is handled and evaluated in a similar way: 

It is first integrated with respect to cp 

then with respect to q1 in the complex plane with poles ±iel' ±e2 

Since we need but the derivative of the last expression with respect to r 
to compute the displacement we get 

all = _ 21t2 foo(a e-I~lql + a sin)! n) J1(re) dll. 
!l 2(b2 1) 1 2 '>2", '" ur (Xl - 0 (! 
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This integral can be computed with the aid of formulae 6.623.3 and 
6.963.1 in [100] and rearranged to the form 

z 

(17.27) 

Fig. 17.2. Singularities on the lateral 
area of two cones of revolution at 

transonic and supersonic speeds. 

The derivatives of (17.27) with respect to x and rare 

-- = Z - - + - H(x - azr) + R2 c5(x - azr) , aZ II 21tz [ X x ] 
ax or cx l (b 2 - 1) r RI R2 

_I = 2 - - - H(x - a2r) - a2rRz c5(x - azr) aZI 27t z [X2 XZ ] 
arz cxl(bZ - 1) rZ RI R2 

(17.28) 
where c5(x) is the Dirac function [cf. {1.4)J. 

Following the substitution of (17.27) and (17.28) in (17.22). (17.17) will 
give the following solution 
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The displacements obtained above have singularities at points x = 
= Xl - ct = a2r on the lateral area of the cone of revolution x2la~ = 

= y2 + Z2 with the vertex at the origin and the circular base of radius 1 
in plane X = - a2 (Fig. 17.2). 

17.1.3 Supersonic speed C2 < Cl < c 

The case of motion speed c higher than the velocities of propagation of 
both transverse and longitudinal waves, C2 < Cl < c, 1 < 0(1 < 0(2' is 

solved analogously to the former. With the notation 

2 2 1 R2 2 2 2 • 1 2 ai = O(i -, i = X - ai.r , l = , , (17.30) 

expression 12 of (17.16) turns out to be the same as in the preceding 
section, i.e. Eq. (17.26) applies. Having regard to notation (17.30), we 
shall write (17.16) for the purposes of computing 11 in the form 

and introduce the new variables (17.18) 

The above is integrated first with respect to <p 

then with respect to ql in the complex plane with poles ±el' ±e2 
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All we need for the subsequent computation is the derivative of the last 
expression with respect to r 

01 t 21t2 fCXl(. .) J t (re) 
- = 2 at SIn ele - a2 SIn e2e -- de. or IX I (b 2 - 1) 0 e 

This integral can be evalutead using formula 6.693.1 in [100J; after some 
handling we get 

Expression (17.31) is further differentiated with respect to x and r 

-- = - - H(x - air) - RI li(x - air) + 021 I 21t2 [ X 

ox or lXi(b 2 - 1) r RI 

+ ~ H(x - a2 r) + R2 li(x - a2r)] , 
R2 

With expressions (17.31) and (17.32) in (17.17) the solution for the dis­
placements becomes 
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(17.33) 

The displacements have singularities at points x = Xi - ct = air 
and x = Xl - ct = a2r on the lateral area of two cones of revolution 
described by the equations x2/a; = y2 + Z2, i = 1, 2, whose vertices 
lie in the origin and circular bases with radius 1 in planes X = - a i and 
x = -a2 (Fig. 17.2). 

17.2 Stresses in elastic space 

Once we know the displacement components (17.24), (17.29) or (17.33) 
we can compute any stress component according to (17.2) and (17.3) by 
mere differentiation. By way of an example we will determine here the 
component of normal stress (l% in the vertical direction defined by (17.2) as 

where 
au av aw 

e=-
" ax' 

e =-, ay' Sz = -. az 
For the case of subsonic speed, 0: 1 < 0: 2 < 1, the differentiation as 

indicated will give 

(lz = -- 1 - 0:2 - - Y R2 - X Z - 0:2 - 1 - 0:1 • p {( 2) Z [1 ( 2 2 2 2) 2J ( 2) 

21t0:~ R~ r4 

. (y - z) - - - + --2 "2 - - - + -2 • 2 2 (1 1 )} J..p {z ( 1 1 ) x 2 
Z 

R2 R1 41tG0:2 r R2 Rl r 
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. - y R2 - X Z - (X2 - 1 - (Xl -- • [ 1 ( 2 2 2 2) 2J ( 2) Z 
~ R~~ 

( 2 2 2 2) 4 y2 Z ( ) 2 2 ( 2 2) • Y RI + X z - -6- R2 - RI -"6X z Y - z . 
r r 

P=10kN o -2 -4 -6 6Z.o[N/cm21 

JI=D.25 
JI=O.3 

60 

z[cm] 

Fig. 17.3. Vertical static component of stress, 0':0' in dependence 
on depth z underneath load P = 10 kN. 

(17.34) 

The normal stress in the vertical direction will clearly attain its maxi­
mum underneath the moving load. Hence the substitution x = 0, y = ° 
in Eq. (17.34) will give 

(1,,(0, 0, z) = (1%0~ (17.35) 

where (1,,0 is the component of vertical normal stress from the static 
(immobile) load P (see [147]) 
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and b the dynamic coefficient of stress resulting from the effect of moving 
force P 

b = 1 - v [ 2 + _v_ 1 ] 
2 - v (1 - IXDI/2 1 - v (1 - 1Xi)1/2 • 

(17.37) 

2 

1t--------

o 0.5 

Fig. 17.4. Dynamic coefficient of stress, J, resulting from the effect 
of a moving force, versus the force speed parameter (X2. 

The distribution of vertical static stress (1z0 along a straight line under­
neath load P = 10 kN, computed from formula (17.36), is graphically 
represented in Fig. 17.3. As the figure reveals, the stress reaches very high 
values in the narrow neighbourhood of the force point of action. This is 
due to the load being concentrated on a very small area. At greater depths 
underneath the load the stress falls off rapidly and eventually reaches 
usable values. The effect of Poisson's ratio v on the process is negligible. 

We have also evaluated formula (17.37) and plotted the result - the 
dependence of i5 on the force speed of motion 1X2 - in Fig. 17.4. The 
expression of IXI which was substituted in (17.37) follows from (17.14) 
and from the relations between A and G 

2 IX; 1 - 2v 
IXI = ----. 

2 1 - v 
(17.38) 

It is clear to see in Fig. 17.4 that at low speeds stress (1z(O, 0, z) has near­
ly a static character. It does not grow until at speeds approaching the velo­
city of propagation of transverse waves, C ~ C2. 

At transonic and supersonic speeds the stress components possess 
singularities arising by differentiation of the generalized functions H(x) 
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and <5(x). To obtain results that are more like those met with in practical 
cases of this sort, we would also have to give consideration to the damping 
in the elastic space. 

17.3 Application o/the theory 

The theory finds use in calculations of stresses produced in elastic solids 
by bodies traversing them, e.g. of stresses produced in soil by the motion 
of vehicles in underground tunnels. The case that we have just solved 
is su.ggestive of the motion of space ships in the cosmos, of aircrafts in air 
or submarines in water. Even though the media just mentioned are gov­
erned by other laws than those of the theory of elasticity, and stream 
past the bodies in a way not considered in our exposition, Fig. 17.2 can 
nevertheless be regarded as a very simple representation of a distur­
bance (e.g. sound) that propagates from a body moving at trans- or 
supersonic speed. 

17.4 Additional bibliography 

[30, 55, 57, 89, 170, 204]. 
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18 
Force moving on elastic half-space 

Problems involving motion of a force on an elastic half-space are of great 
importance for engineering. They were first solved by I. N. Sneddon 
[203J, J. Cole, J. Huth [35J, and A. P. Filippov [62J. We shall here discuss 
only two fundamental problems, the motion of a concentrated force and 
that of a line load on an elastic half-space. The three methods which we 
will make use of in the solution are, however, applicable to other cases, 
too. Lately, attention has also been accorded to yet more complicated 
problems, such as the motion of a force along an infinitely long beam 
or an infinite plate resting on an elastic half-space, etc., see [62J, [4]. 

The equation of motion of an elastic half-space is the same as Eq. 
(17.1) for an elastic space. Provided there exist no internal forces, it con­
tains no terms expressing the volume forces, i.e. 

Xi = 0, i = 1,2,3 . (18.1) 

The external force that moves on the plane bounding the half-space, is 
included in the boundary conditions. 

Assuming quasi-stationary motion of force P executed at speed e in 
the direction of axis Xl' we can again introduce transformation (17.8) in 
Eq. (17.1) and get the particular solution in the form of (17.9). Following 
the substitutions (18.1), (17.8) and (17.9) in (17.1) we may write the sys­
tem of equations describing the motion of a half-space (and of an elastic 
space in general) as 

oe 02U (). + G) - + G V 2u = e2(l- , 
ox ax2 

ae 02V 
(A + G) - + G V2v = e2e - , oy ax2 

ae a2 w (A + G)- + GV2 w = e2e-. 
oz ax2 

(18.2) 
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Next to those familiar from Chap. 17 [Eq. (17.1)J we have used the fol­
lowing symbols in (18.2): 

(18.3) 

denoting the relative volume change, and 

2 a2 a2 a2 
V=-+-+-ax2 ay2 az2 

( 18.4) 

denoting the Laplace operator. 

18.1 Motion of a concentratedforce on elastic half-space 

Consider a half-space bounded by plane z = 0 on which moves a con­
centrated force of constant magnitude .. In the moving system of co­
ordinates x, y, z, Fig. 18.1 shows the case offorce P moving from infinity 
to infinity at uniform speed c in the positive direction of axis x. 

Fig. 18.1. Motion of a concentrated 
force on an elastic half-space. 

y 

p 
-c 

x 

z 

In plane z = 0 we shall specify the boundary conditions as follows: 
except at the origin x = 0, y = 0, where they have singular values, the 
normal stresses in the direction of axis z are everywhere zero, and so are 
the components of tangential stress in that plane. Express~d mathemati­
cally the boundary conditions for z = 0 are 

(J. = - P b( x) b(y) , 't' xz = 0, 't' yz = 0 . (18.5) 

Further, the boundary conditions for x = ± 00, y = ± 00, z = + 00 

are represented by 

u = 0, v = 0, w = 0, aulax = 0, avlay = 0, awlaz = o. 
(18.6) 
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The solution of the system of equations (18.2) is assumed to be in the 
form 

al 
u = - + gl' ax 

al 
v = - + g2' ay 

al 
w = - + g3' az 

(18.7) 

the unknown functions I(x, y, z) and glx, y, z), i = 1,2,3, to be deter­
mined from Eq. (18.2) and from boundary conditions (18.5) and {18.6). 

On substituting expressions (18.7) in (18.2) we can readily see that, if 
they are to be the solution of our problem according to {18.7), functions 
I and g i must satisfy the conditions 

(V2 - a~ a~2) I = 0 , (18.8) 

2 2 C ( -2) 
V - a2 ax2 g i = 0, i = 1,2,3, (18.9) 

8. = cgl + ag2 + ag3 = O. 
I ox oy az (18.10) 

In the above, ai' ti2 are again the dimensionless speeds (17.14), (17.16) 
and V 2 is the Laplace operator (18.4). 

Eqs. (18.8) and (18.9) are conveniently solved by the method of two­
dimensional Fourier integral transformation in coordinates x and y 

1 foo foo g . = - G.ei(xQt+yq2) dq dq 
I 4 2 ' 1 2 • 

7t -00 -00 

(18.11) 

287 



PART IV - THREE DIMENSIONAL SOLIDS 

Since in view of (18.5) the boundary conditions for coordinate z are not 
as advantageous as those for coordinates x and y (18.6), the transforms 
F(ql' q2' z) and G;(qt, q2' z) continue to be functions of z. 

To simplify we introduce the symbols 

D=~, 
8z 

(18.12) 

and transform Eqs. (18.8) and (18.9) in accordance with (18.11). In view 
of the boundary conditions (18.6) and of relation (27.80) we get the 
ordinary differential equations 

(D2 - ni) F = 0, 

(D2 - nD G i = 0, i = 1,2,3 (18.13) 

where 
2 (1 2) 2 2 n l = -!Xl ql + q2 , 

2 (1 2) 2 2 n2 = -!X2 ql + q2 • (18·14) 

18.1.1 Subsonic speed 

At subsonic speeds, c < C2 < c l , !Xl < !X2 < 1 and hence also n; > 0, 
j = 1,2. The solution of Eqs. (18.13) may therefore be assumed to be in 
the form 

(18.15) 

where the integration constants Ai' A4 are naturally functions of qt and 
q2. In expressions (18.15) we have already considered the boundary con­
ditions (18.6) for z = + 00 because we had omitted the general solutions 
in the form of en,: and en2:. So long as the conditions (18.6) are to be 
satisfied for z = + 00 the integration constants of the latter expressions 
are necessarily zero. 

For the four integration constants Al to A4 we have available three 
boundary conditions (18.5) and the hitherto unused condition (18.10). 
Of course, all of those conditions must be considered in the transformed 
state. Following transformations (18.11) and in view of(17.2) to (17.5) 
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and (27.80), the left-hand sides of Eqs. (18.5) and (18.10) will successively 
give 

az = 2G(niA4e- n,z - n2A3e-nzZ) - AaiqiA4e-n,: , 

ixz = G( -2iq 1n1A4e-n ,% - n2 A1e- n,% + iqlA3e - nzZ), 

- G( 2· A -n,% A -nzz . A -n2z) 
Lyz = - lq2 nl 4e - n2 2e + lq2 3e , 

e j = iq1G1 + iq2G2 + DG3 = 0. (18.16) 

Symbols aZ' i x :, i yz and 0j denote the transformations of the respective 
functions (Jz' LX:' Ly: and e j according to {18.11). In the expression of 
az [Eq. (17.2)], use was also made of the property of functions e (18.3), 
e j (18.10) and (18.8) because 

e = V2f = cti e2f . 
8x 2 

After transformations of the right-hand sides of (18.5) we get for 
z = ° [in view of (27.84)] 

az = - P, i .. z = 0, i yz = O. (18.17) 

Substitution of( 18.17) in the first three of Eqs. (18.16) for z = 0, and of 
the expression of G j from (18.15) in the fourth, together with some 
manipulation will result in the system of algebraic equations 

-n2A2 + iq2A3 - 2iq2n l A4 

q1A 1 + q2A2 + in2 A3 

System (18.18) is easy to solve and results in 

. A3 = _ P 2n 1(qi + q~) , 
G B 

0, 

0, 

o . (18.18) 

(18.19) 
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The integration constants Al to A4 are substituted in (18.7) so that 

U = iqlA4e-1I1z + Ale-1I2%, 

V = iq2A4e -II, Z + A2e -112% , 

W = -nlA4e-1I1Z + A 3e-1I2Z , 

and after inverse transformations (18.11) the displacement components 
are obtained in the form 

P fa:> fco 1 W = 41t2G -co -co 13 [nl(qi + q~ + nD e-1I1
% - 2n 1(qi + qD e-1I2%] • 

• ei(xq,+yq2) dql dq2 . (18.20) 

The stress components according to (17.2) to (17.5) are 

P fco fa:> 2 T = - qlq2 [(q2 + q2 + n2) e-1I1 % _ 2n n e-1I2%] 
X7 4 2 B 1 2 2 12' 

1t -co -co 
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_ ~ foo foo 2q 1n l (q2 + q2 + n2 ) (e-n,% _ e- n1Z) 
1"X% - 4 2 B I 2 2 • 

1t -0() -00 

(18.21) 

So far we have not succeeded in evaluating the integrals in Eqs. (18.20) 
and (18.21). To get particular results we shall no doubt have to resort to 
automatic computers. 

18.1.2 Transonic speed Cz < C < C I 

At transonic speed, Cz < C < CI, (XI < 1 < (xz, and in place of (18.14) 
we shall write 

ni = (1 - (Xi) qi + qL 
n~ = ((X~ - 1) qi - q~ . 

Eqs. (18.13) will then take on the form 

(D2 - ni) F = 0, 

(D2 + nD G j = 0, i = 1,2,3. 

(18.22) 

(18.23) 

At transonic speed there is always ni > O. As to n~, there can arise the 
following two cases: 

1. for ((X~ - 1) qi < q~, n~ < 0 and the solution of Eqs. (18.23) may 
be assumed to be of the form of (18.15). 

2. for ((X~ - 1) qi > q~, n~ > 0, and the solution of (18.23) is con­
sidered to be in the form 

F = A 4 e- n,z , 

Gj = AjeinlZ, i = 1,2,3. (18.24) 

In this case the equation defining G i is already of a wave character and 
unless damping is taken into account, the boundary conditions (18.6) 
for z = + 00 can be satisfied no longer. Subsequent computation would 
be analogous to that outlined in paragraph 18.1.1. 
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18.1.3 Supersonic speed C2 < Cl < C 

At supersonic speed C2 < Cl < c, 1 < (Xl < (X2, and in place of expres­
sions (18.14) we now write 

2 (2 1) 2 2 n l = (Xl - ql - qz , 

n~ = ((X~ - 1) qi - q~ . 

Eqs. (18.13) will then take on the form 

(D2 + ni) F = 0, 

(D2 + nD G i = 0, i = 1,2,3. 

Altogether four cases may arise at this speed: 

(18.25) 

(18.26) 

1. for (0(; - 1) qi < q~, n; < 0, i = 1, 2, and the solution of Eq. 
(18.26) is in the form of (18.15), 

2. for (0(; - 1) qi < q~, (O(~ - 1) qi > q~, ni < 0, n~ > 0, and the 
solution of Eqs. (18.26) is in the form of (18.24), 

3. for (O(f -1)qf > q~, ((X~ - l)qf < q~, ni > 0, n~ < 0, and the 
solution of Eqs. (18.26) is in the form 

(18.27) 

4. for (0(7 - 1) qf > q~, n; > 0, i = 1,2, and the solution of Eqs. 
(18.26) takes on the form 

(18.28) 

The evaluation of constants Ai' A4 would proceed as outlined in para­
graph 18.l.1 but would have to be made separately for each of the four 
cases. Because of the four cases of integration path, the resultant integra­
tion of equations analogous to (18.20) and (18.21) would, too, be highly 
complicated. 
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18.2 Motion of a line load on elastic half-space 

In case of plane strains or plane stresses, our problem can be solved all 
the way to resultant simple formulae. In an elastic half-space, plane 
s t r a ins arise whenever the surface of the half-space is traversed by a con­
tinuous line load (Fig. 18.2). It is again assumed that the line load of 
magnitude P per unit length [force per length] moves from infinity to in­
finity at constant speed c in the direction of positive axis Xl == x. 

Equations describing the motion of a half-space under plane strain 
start out from the fundamental equations of an elastic space (17.1) in 
which one substitutes the conditions of plane strain, i.e. the conditions 
specifying that the displacements in the direction of axis X3 == Z (ac­
cording to the orientation of axes indicated in Fig. 18.2) and all their 
derivatives with respect to that coordinate should be zero [57] 

(18.29) 

When load P perform~ quasi-stationary motion at speed c in the direc­
tion of axis Xl' one can again introduce transformation (17.8) in Eq. 
(17.1) and get the particular solution in the form of (17.9). After the sub­
stitutions (17.8), (17.9), (18.1) and (18.29) the system of equations that 
describe the motion of a half-space (or of an elastic space in general) 
under plane strain turns out to be 

ae a2u p. + G) - + G V2 u = c2Q - , ax ax2 

ae a2v (A. + G) - + G v2 v = e2Q - • ay ax2 (18.30) 

The symbols are the same as those in Chap. 17, and further, 

e = au + av , 
iJx iJy 

(18.31) 

a2 a2 
v 2 =_+_. 

ax2 ay2 
(18.32) 

Furthermore, it is assumed that the half-space is bounded by plane 
y = 0 on which the load moves. In the mobile system of coordinates 
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x, y, z this is represented in Fig. 18.2. Hence the boundary conditions 
will be 

for y = 0 (1 y = - P b( x) , T xy = 0, 

and for x = ±oo, y = +00 

u = 0, v = 0, au/ax = 0, av/ay = o. 

Lf _______ X 

y 

Fig. 18.2. Motion of a line 
load on an elastic half-space. 

(18.33) 

(18.34) 

The boundary conditions for x = ± 00 make it possible to use the 
method of Fourier integral transformation with respect to x. Since the 
boundary conditions in the direction of axis yare more complicated and 
the method not applicable in that direction, we shall use the one-dimen­
sional transformation 

U = f'" ue- ixq dq, 
-'" 

1 f'" u = - U eixq dq , 
21t _'" 

v =f"" ve-iXqdq, v = ...!:...f'" VeiXqdq, 
- "" 21t _"" 

(18.35) 

with the transforms U(q, y), V(q, y) of functions u(x, y), v(x, y) continu­
ing to be functions of variable y. 

With the use of the symbols 

D =!... 
ay' 

Eq. (18.30) is transformed in accordance with (18.35). In view of the 
boundary conditions (18.34) and of (27.79) and (27.80) 
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This system of ordinary differential equations in variable y may be re­
arranged with the aid of substitutions for 1X1, 1X2' b [see (17.14)] to 

[D2 - (b2 - IXD q2] U + i(b2 - 1) q DV = 0, 

(18.36) 

The system (18.36) will be satisfied if the determinant of the system, 
computed wholly formally as if operators D and D2 were algebraic ex­
pressions, will be equal to zero, i.e. 

(18.37) 

In the above 

(18.38) 

IS.2.1 Subsonic speed c < C2 < C1 

At subsonic speed c < C2 < Cl, 1X1 < 1X2 < 1 and therefore also a; > 0 
and n; > O. With regard to the form of expression (18.37) the general 
solution of system (18.36) will therefore be 

U = A 1e-n,y + A2e-nlY , 

V = Ble-n~ + B2e-~Y (18.39) 

where A 1 ,2 and B1 ,2 are integration constants dependent, of course, on q. 
When writing (18.39) we have left out of the general solution (18.37) 
the terms containing en,y and en,y because - in view of the boundary 
conditions (18.34) for y = + 00 - the integration constants of those 
terms must be zero. 

So far as the determination of the four integration constants is con­
cerned, we have available two boundary conditions (18.33) and two 
equations (18.36) which must be identically satisfied by expressions 
(18.39). In view of (17.2) to (17.5) and (18.29) the transformations of 
functions uY and 'txy according to (18.38) denoted iiy and i xy, respectively, 
give 

iiy = -(A. + 2G) (n 1B1e-n,Y + n2B2e-n,y) + Uq(Ale-n,y + A2e-n1Y), 

i xy = G[ -nlAle-n,y - n2Aze-nlY + iq(Ble-nll' + B2e-n2Y)] . 
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By (18.33), for y = 0, iiy = -P, Txy = O. With the use of (17.14) and 
(18.38) and some manipulation the last equations will give 

2( 2) P -q 2 - ct2 Bl - 2nln2B2 = - - nl' 
G 

2B1 + (2 - ctD B2 = O. 

The other two relations will be obtained by substituting (18.39) in (18.36) 

nlA l = -iqBl' qA2 = -in2B2' 

From those four equations we determine the integration constants 

A _ . PC l 
1 - -1-, 

Gq 

B1 = PCla l 
Gq 

where in shorthand notation 

2 - ct~ 

A2 = i PC2 a2 , 

Gq 

(18.40) 

What remains is to substitute (18.41) and (18.40) in (18.39) and effect 
the inverse transformation according to (18.35). In the calculation we 
shall need the integrals of the type 

foo e(-y+ix)q dq =' 2y , if 00 e(-y+ix)q dq = _ 2x . (18.42) 
_ 00 x 2 + y2 _ 00 x2 + y2 

First, we shall calculate all the stress components. Using the integrals 
(18.42) we get from (17.2) and (17.5), (18.29) and (18.35) after some 
handling 

(18.43) 

h 2 2 22· 12 were Ti = X + ajy , I = , . 
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Unlike the stress components, the displacement component u is not 
specified uniquely in this case. However, we can prove that our problem 
will be satisfied by the solution 

(18.44) 

where CPt = arctg aty!x, 0 ~ CPt ~ 1t. 

18.2.2 Transonic speed c z < c < c 1 

At transonic speed C2 < C < C1, <11 < 1 < ctz, so that in place of (18.38) 
we write 

n~ = a~q2, i = 1,2, ai = 1 - cti > 0, 

a~ = ct~ - 1 > 0 . (18.45) 

This case, too, could be solved by the method described in paragraph 
18.2.1. Since its use would eventually lead to difficulties in the integra­
tion, we will resort to another method. 

Assume the solution of the system (18.30) to be in the form 

of og 
u = - --, 

ox oy 

of og 
v =-+-

oY ox 
(18.46) 

where f(x, y) and g(x, y) are new unknown functions. On substituting 
(18.46) in (18.30) we find that these functions must satisfy the equations 

( 
2 2 02

) V - ct! ox2 f = 0, 

(18.47) 

if they are to be - through the intermediary of(18.46) - the solutions 
of system (18.30). 
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Using notation (18.45) we may also write Eqs. (18.47) in the form 

202f 02f 
a1 - + - = 0 

ox2 oy2 ' 

202g 02g 
a2 - - - = o. 

ox2 oy2 
(18.48) 

The first of the partial differential equations is of the elliptic type 
satisfied by the real part of any analytic function of the complex variable 
Z1 (see [201], Vol. IV, Sect. 159) 

f = Ref(Z1) + i Imf(z1) , Z1 = X + ia1y, (18.49) 

for its derivatives are 

of 
oy 

02f 
= -ai Ref"(Z1) - iai Imf"(z1)' 

oy2 

02f = -a1 Imf"(z1) + ia1 Ref"(Z1) 
ox oy 

(18.50) 

where the primes denote the derivatives of function f( Z 1) with respect to 
Z 1. In all the above expressions the real parts stand in the first place on 
the right-hand side. As the substitution of the expressions of 02f/ox2 
and 0~/oy2' in the first of Eqs. (18.48) will prove, the latter is really 
satisfied by any function f( z 1). 

The second of Eqs. (18.48) is of the hyperbolic type (wave equation) 
satisfied by any two real functions g(x ± a2y) of the argument x ± a2y. 
Having regard to the character of our problem we shall take for the solu­
tion only the function 

(18.51) 

This function describes the waves that move to the left from the load 
(with the force moving to the right - Fig. 18.3). The reason for our not 
taking the function g(x - a2Y) for the solution is that in the immobile 
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system of coordinates Xl' Yl' Zl it describes waves propagating at 
a velocity higher than the velocity of propagation of transverse waves, 
which is clearly impossible. 

p -c 

x 

Fig. 18.3. Singularities obtaining as a line 
load moves on a half-space at transonic Xa -Q2): 

and supersonic speeds. 

The form of functions f and g will be determined from the boundary 
conditions. Following the substitution of (18.45) in (17.2) to (17.5) the 
boundary conditions (18.33) become 

for Y = 0 

"C xy = G 2 -- + (2 - eeD - = o. [ alf alg ] 
ax ay ax2 

(18.52) 

Eqs. (18.52) may be simplified by integration with respect to x. Since 
they can affect the displacement constants at most, the integration con­
stants are assumed to be zero in the operation. The integration and sub­
stitution of (18.49) and (18.51) then give 

for y = 0 
(2 - eeD Ref' - 2a 2g' = !. H(x), 

G 

-2a 1 Imf' + (2 - eeD g' = 0 ( 18.53) 

where H(x) is the Heaviside function (1.4), (3.23), and g' denotes the 
derivative of function (18.51) with respect to the argument X + azy. 

According to [35], conditions (18.53) are satisfied by the function 

f'(Zl) = ~ (C3 + iC4)(ln Zl - i7t) = ~ {C3 1n hi + 
7tG 7tG 

+ C4(7t - IPl) + i[C4 Inhl- C3(7t - IPl)]}' 

P 2a I I g'(X + a2y) = - __ 1-2 [C4 1n X + a2y - 7tC3 H(x + azy)] (18.54) 
1tG 2 - ee2 
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as can be proved by substitution in (18.53). In the above, one should take 
into consideration that CPt = arctg aty/x is for y = 0, CPl = 0 for 
x > 0, and CPl = rr for x < O. In (18.54) 

c3 = 4a l az(2 - cr:D 
(2 - cr:D4 + 16aia~ , 

(2 - !XD3 
C 4 = ---'-----=---

(2 - cr:D4 + 16aia~ 
(18.55) 

We are now ready to compute all the displacement and stress compo­
nents according to (18.46), (18.50), and (17.2) to (17.5). After the necessary 
manipulation 

u = ~ {c3 In hi + C4 (rr - CPl) - 2a l a\ [C4 In Ix + a2yI -
rrG 2 - cr: 2 

- rrC3 H(x + a2 y)]} , 

v = ~ {-a l C4 In hi + al C3(rr - CPt) + ~ [C4 • 
1tG 2 - 0(2 

. In Ix + a2yI - rrC3 H(x + a2y)]} , 

- P {C [(2 2 2) aty 4a l a2 1 ] C 
(1", - - 4 a l +!X2 -2 - ---2 + 3· 

1t rl 2 - !X2 X + a2 y 
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It should be noted that in checking the correctness of the boundary 
conditions (i8.33) by help of (18.56) one must employ the relations that 
result from (18.52) rather than those implied by the integrated version 
of the former, (18.53). 

It is clear from (i8.56) that the displacement as well as the stress have 
singularities along the straight line x = - a 2Y (Fig. 18.3). 

18.2.3 Supersonic speed c 2 < C 1 < c 

At supersonic speed C2 < C1 < c, 1 < IXl < IX2 and (18.38) may be re­
placed by 

nT = a1q2 > 0, a~ = IX: - 1 > 0, i = 1,2. (18.57) 

With this notation Eq. (18.37) may be given the form 

(18.58) 

and the method outlined in 18.2.1 applied. In view of the characteristic of 
expression (18.58) the general solution of the system (18.36) will be 

(18.59) 

The only wave components taken into consideration from the general 
solution are those that propagate to the left of the moving load (that is 
to say, the general solutions with e - in,y and e - in2Y are neglected). Because 
of the wave character of this case the boundary conditions (18.34) 
for x = ± 00 and y = + 00 cannot be satisfied in the absence of damping. 

The integration constants Al ,2, B1.2 - dependent on q - are com­
puted from the boundary conditions (18.33) and from the identities after 
the substitution of (18.59) in Eqs. (18.36). The system of equations thus 
obtained is 

i(,1. + 2G) (nlBl + 112B2) + i,1.q(A, + A2) = -p, 

i G[l1lAl + 112A2 + q(BI + B2)] = 0, 

111Al = qB" 

qA 2 = -11 2 B2 , 
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and the solution 

A _ . PCs 
1 - -1-, 

Gq 

where 

A2 = -i Pa 2 C6 , 

Gq 

2 - a~ 

(18.60) 

(18.61) 

What remains is to carry out the inverse transformation of expressions 
(18.59) in accordance with (18.35) using (18.60) and (18.61) in the opera­
tion. In the calculation we shall have need of the integral expressions of 
the Heaviside and Dirac functions in the complex plane (see [201],Vol. III, 
Part 2, Sect. 61, and our (1.4)) 

H(x) = -. - dq, c5(x) = - ei;cq dq. 1 fro eixq 1 fro 
2m _ ro q 21t - ro 

(18.62) 

With these integrals we readily obtain all the displacement and stress 
components 

P 
u = - [Cs H(x + aly) + a2C6 H(x + a2Y)] , 

G 

P 
v = - [alCS H(X + alY) - C6 H(x + a2Y)] , 

G 

U x = P[(a~ - 2ai + 2) Cs c5(x + alY) + 2a2C6 c5(x + a2Y)]' 

uy = -P[(2 - aD Cs c5(x + a1y) + 2a2C6 c5(x + a2Y)] , 

'r;cy = -p[ -2a lCS c5(x + aly) + (2 - aD C6 c5(x + a2Y)]' (18.63) 

As the results (18.63) suggest, both the displacement and the stress 
have singularities along two planes x = -a1y, x = -a2Y (Fig. 18.3). 
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18.3 Motion of a force on elastic half-plane 

In the case where force P moves on the edge of an elastic half-plane or 
wall (Fig. 18.4) there obtains the so-called plane stress in which 

u z = 0, r xz = 0, r yz = 0 . 

Fig. 18.4. Motion of a force on 
an elastic half-plane (wall). 

y 

Supposing this we may write the equations of motion of a half-plane 
in the same form as the equations of a half-space (Sect. 18.2). Only 
Lame's constant will now be somewhat different than that of the elastic 
space. It namely holds for plane stress that 

).' = (1 - 2v)A = ~ . 
1 - v 1 - y2 

(18.64) 

Therefore the equations applying to the motion of a force on an elastic 
half-plane will be the same as those in Sect. 18.2, except that constant ). 
will now be replaced by A.' (18.64) in all the expressions of lXI' aI' b, etc.; 
for example 

_ (A.' + 2G)1/2 
Cl - , 

(! 

b2 = A.' + 2G = _2_ . 
G 1 - y 

18.4 Application of the theory 

The method evolved in this chapter can be used in calculation of stresses 
in a half-space, a half-plane or a wall traversed by a body. This is the case 
of soils and rocks traversed by vehicles, and one comes across it in railway 
and highway substructures, foundations of airport runways, crane run­
ways, etc., that is to say in foundations of all kinds of ground transport. 
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In the calculation of stresses in soils, clearly the most important is the 
information concerning the normal stress in the vertical direction. This 
stress will obviously reach its maximum underneath the moving load. 
In the case of plane strain or stress we therefore substitute x = 0 in the 
second of Eqs. (18.43) and get 

(18.65) 

where u),o is the component of the vertical normal stress produced by 
static immobile load P (cf. [64J) 

2P 1 
(18.66) 

1t Y 

and (j the dynamic coefficient of stress resulting from the effect of moving 
force P, 

(j = (2 - C(~y - 4ai 
2a 1[(2 - C(~)2 - 4a 1a2J 

(18.67) 

~ p= 10 kN/m 

o -2 -4 -6 -8 -f) -12 -14 -16 6,.[ N/cm2] 

10 

20 

3D 

40 

50 

60 

10 

y[em] 

Fig. 18.5. Vertical static component 
of stress, O"yO' under plane strain or 
stress, in dependence on depth y un-

derneath load P = 10 kN!m. 

The distribution of vertical static stress uyo on a straight line under­
neath 10adP = 10 kNJm computed from (18.66) is shown in Fig. 18.5. 
Since the load is concentrated on a small area, the stresses reach very high 
values in the close neighbourhood of the point of action of the force; 
elsewhere, of course, they are again quite acceptable to practice. 
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Formula (18.67) was evaluated for v = 0,3, and the dependence of (j 
on the speed of force motion, <Xl' plotted in Fig. 18.6. The figure refers 
to the case of plane strain in which the relation between <X I and <Xl is given 
by Eq. (17.38), and to the case of plane stress where [cf. (18.64)] 

1 <X~ 
<Xl = - (1 - v). 

2 
{18.68) 

4 

3 

2 

o a2 0.4 0.6 0.8 

Fig. 18.6. Dynamic coefficient of stress, J, resulting from the effect of a moving 
force, in dependence on the force speed, (Xl; v = 0,3; 1 - plane strain (a line load 

on a half-space), 2 - plane stress (a force on a half-plane or wall). 

At low velocities, ·stress uy{O, y) has nearly a static character, and experi­
ences no growth until speeds approaching the velocity of propagation 
of transverse waves, C -+ CZ , are reached. 

18.5 Additional bibliography 

[2,4,35,57,62,89,118,119,155,160,161,183,194,195, 203, 214, 239,249, 254}. 
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19 
Load motion at variable speed 

So far we have assumed that the load moves on an elastic solid or a struc­
ture at constant speed. In some cases, however, the motion is not uniform 
but a function of time. The problem was first tackled by A. N. Lowan 
[146], and then treated at length by M. Ya. Ryazanova [192], and 
A. P. Filippov and S. S. Kokhmanyuk [62], [127] who analyzed the 
motion of a concentrated mass on mass and massless beams. 

In what follows we will derive a solution of the second extreme case, 
i.e. of the time variable motion of a massless load along a mass beam. 
We shall also present an approximate solution of the motion of a mass 
continuous load along a beam. 

Our considerations start out from the equations describing the un­
damped motion of a beam (used already in Chap. 6) 

(19.1) 

where p(x, t) expresses the beam load per unit length at point x and time 
t. Under arbitrary boundary conditions the solution will be effected by 
the application of the generalized method of finite integral transforma­
tions (6.1), Chap. 6. In the ordinary differential equation thus obtained 

vU, t) + wfj) VU, t) = ! P(j)(t) - EJ z(O, 1, t) (19.2) 
/l /l 

where 

(19.3) 

is the transformation of the load, and z(O, 1, t) is function (6.12) depen­
dent on the boundary conditions. 
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Eq. (19.2) is then solved by the Laplace-Carson transformation; for 
the initial conditions (6.16), (6.17) and (6.20) this operation gives 

V*(j, p) = 2 1 2 [! P*(p) - EJ Z*(p) + p2 G1(j) + p G2(j)] 
p + W(j) J1. J1. 

(19.4) 
where 

is the Laplace-Carson transformation of function (19.3). Expressions 
Z*(p), G1(j) and G2(j) are given by Eqs. (6.22) and (6.17). 

In view of (19.3), (27.5) and (27.18) the inverse transformations of 
Eq. (6.4) result in 

v(x, t) = f {v(j)(x) It [I' p(x, .) V(j)(X) dx - EJ z(O, t, .)] . 
j= 1 VjW(j) 0 0 

. sin w(j)(t - .) d. + ~ G1(j) v(jlx) cos w(j)t + _J1._ . 
Vj Vjw(j) 

. Gij) v(j)(x) sin W(j)t} . (19.5) 

Solution (19.5) describes the resultant beam vibration with normal modes 
v(j)(x) under arbitrary boundary and initial conditions and any load 
p(x, t). 

19.1 Motion of a concentrated force 

Consider a concentrated force of constant magnitude, P, moving along 
a beam, with the point of contact Xp describing a function of time 

xp = J(t). (19.6) 

Then the load has the form 

p(x, t) = <5[ x - J(t)] P. (19.7) 

If this load is substituted in (19.5), then in view of the property (1.7) 
of the Dirac function the first component on the right-hand side of the 
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equation will turn out to be 

veX, t) = .I: PV(j)(x) ft v(j)[J(r)] sin w(j)(t - "t") d"t" . 
J = 1 VjW(j) 0 

(19.8) 

Eq. (19.8) together with the rest of Eq. (19.5), which describes the effect 
of the boundary and initial conditions, define the beam deflection at any 
motion of load P characterized by function J(t). For a general motion of 
the contact point Xp the integral in (19.8) may be evaluated by numerical 
integration. 

As a special case we shall suppose that the motion of the contact point 
is a quadratic function of time 

where Xo 

c 

at2 
J(t) = Xo + ct + - , 

2 

dJ(t)/dt = c + at, d2J(t)/dt 2 = a 

(19.9) 

is the point of application of force P at instant t = 0, 

initial speed, 

a - constant acceleration of motion. 

Function (19.9) expresses a uniformly accelerated (a> 0) or a uniformly 
decelerated (a < 0) motion. 

The integral in Eq. (19.8) will be computed for a simply supported 
beam of span 1, for which it holds that v(j)(x) = sinj1tx/l, VJ = fJ.1/2, 
(1.11). With the aid of the notation 

e - j'ltXo 
0--1-' 

j1tC 
w=-I-' 02 = j1tlal (19.10) 

21 ' 

(19.11) 

the function in the integrand of (19.8) may be rearranged as follows 

v(j)[J("t")] sin w(j)(t - "t") = sinj1tJ("t")/l . sin w(j)(t - "t") = 
= t[cos (02"t"2 + 2r1"t" + el) - cos (02"t"2 + 2r2"t" + e2)] . 
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The integral in (19.8) is then composed of two integrals of the type 
fcos (Q2't'2 + 2r j 't' + ~I) d't' whose solution can be found in [100], for­
mula 2.549.4. Through its use the expression may be computed and 
rearranged to give 

v(x, t) = L - sin - {cos (±~1 - bi). <Xl P (1t)1/2 j1tX 
j= 1 jllw(j)Q 2 1 

. [C(Qt ± bt ) - C(±b 1)] - sin (±~1 - bi) [S(Qt ± bt ) -

- S(±b 1)] - cos (±~2 - bD [C(Qt ±b2) - C(±b2)] + 
+ sin (±~2 - bD [S(Qt ± b2) - S(±b2)]} (19.12) 

where the upper signs apply to accelerated (a > 0), the lower to de­
celerated (a < 0) motion. Eq. (19.12) contains the Fresnel integrals 
defined as 

S(x) = (;yI2 J: sin t2 dt, C(x) = (;yI2 J: cos t2 dt (19.13) 

which are tabulated, for example, in [113]' 

We will describe the effect of a uniformly accelerated or a uniformly 
decelerated motion along the beam by the dimensionless parameter 

(19.14) 

The next paragraphs will be devoted to several special cases of force 
motion along the beam: 

Case 1. - A beam at rest is entered at point Xo = 0 by force P moving 
with speed c. The motion is uniformly decelerated so that the force stops 
at the end of the beam, x = 1 (Fig. 19;1a). The instant t1 at which the 
force stops, and the deceleration a are obtained from the conditions 

whence 
c2 21 1 

a=-- t 1 =-, B=--
21 ' c 2 

The time variation oftbe deflection at mid-span of the beam, v(1/2, t)/vo, 
was computed from Eq. (19.12) for j = 1 and an initial dimensionless 
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speed ct = 0·5 [Eq. (1.18)] and is plotted in Fig. 19.2, curve 1. There 
Vo is the static deflection at point x = 1/2 produced by force P [Eq. 
(1.21)]. 

J(t) 

L 

3114 

a) 

LIe 

b) 
I(t) c) 

211c 

Fig. 19.1. Motion of a force along a beam: a) case 1, b) case 2, c) case 3. 

a 

v fl/2.t)/v. 

Fig. 19.2. Time variation of the deflection at the centre of a beam traversed by a force 
at variable speed: 1 - case 1, B = -1/2; 2 - case 2, B = 1/2; 3 - case 3, B = -1. 

Case 2. - Force P starts to act on a beam at rest at point Xo = O. Its 
motion is uniformly accelerated in a way that it attains speed c at point 
x = 1 (Fig. 19.1b). The instant t2 at which the force arrives to the right­
hand end of the beam, and the acceleration a are obtained from the 
conditions 

whence 
c2 

a =-, 
21 

21 
t2 =-, 

C 

i.e., Case 2 is just the opposite of Case 1 (as to the sign of the accelera­
tion). 

The dependence of the deflection at mid-span of the beam v(1/2, t)/vo 
on time 1tctll at a dimensionless speed of force P at the end of the beam 
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ex = 0·5 is illustrated in Fig. 19.2, curve 2. The values of the diagram 
were again obtained from (19.12) for j = 1. 

Case 3. - A beam at rest is entered by force P moving with speed c. 
The motion is uniformly decelerated so that the force stops at mid-span 
of the beam, at point x = 1/2 (Fig. 19.1c). In this case Xo = O. The in­
stant t3 at which the force reaches the centre of the beam, and the de­
celeration a are computed from the conditions 

whence 
1 

t J = -, B = -1. 
c 

The time variation of the deflection at mid-span of the beam comput­
ed from (19.12) for j = 1 and initial dimensionless speed ex = 0·5 is in 
Fig. 19.2, curve 3. 

As Fig. 19.2 reveals, a uniformly decelerated motion of a force along 
a beam (Cases 1 and 3) results in higher dynamic effects than a uniformly 
accelerated motion (Case 2). It is of interest, however, that Cases 1 and 3 
actually differ very little even though the deceleration in the latter is 
double that in the former. 

19.2 Arrival of a continuous ioad 

In this section we shall examine the case of a continuous load p arriving 
on a beam with a variable speed (Fig. 3.3a)*). Similarly as in (3.22) the 
load will be 

p(x, t) = p{l - HEx - J(t)]} (19.15) 

where H(x) is the Heaviside unit function (3.23). 

Substituting (19.15) in the first term on the right-hand side of Eq. (19.5) 
gives 

(19.16) 

*) In this Chapter the letter q used for denoting a continuous load in Chap. 3 
is replaced by letter p. 
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The integrals in Eq. (19.16) wilI again be evaluated for a simply sup­
ported beam and for a contact point moving in accordance with (19.9). 
Using notation (19.10) and (19.11) we get 

It sin wult - ,) IJ(t) vulx) dx d, = ~ It sin wult - ,) . 
o 0 J1t 0 

. [1 - cosj1tf(,)/I] d, = ~It {sin w(j)(t - ,) - -t[ -sin (Q2,2 + 
J1t 0 

+ 2r1, + ~l) + sin (Q2,2 + 2'2' + ~2)]}dT. 

In this expression the first integral is elementary, while the other two 
are obtained through the application of formula 2.549.3 in [100]' After 
some manipulation we get 

( ) ~ 2p sinj1tx/l {1 w(j) (1t)1/2 v X, t = L. . 2 - cos w(j)t - - -
j= 1 J1tflW(j) 2Q 2 

. {+ cos (±~l - bi) [S(Qt ± b l ) - S(±b l )] + sin (±~I - bi) . 

. [C(Qt ± b1) - C(±b j )] ± cos (±~2 - b~) [S(Q! ± b2 ) -

-S(±b2)] ± sin (±~2 - bi) [C(Qt ± b2) - C(±b2)]}} (19.17) 

where the upper and lower signs apply to accelerated (a > 0), and de-
celerated (a < 0) motions, respectively. Sex) and C(x) are again Fresnel 
integrals (19.13). 

The arrival on a beam of a continuous load moving with variable speed 
was analyzed for two cases whose motion is identical with Cases 1 and 2 
of Sect. 19.1.: 

Case 1. - A continuous load p arrives with speed c on a beam at rest 
(xo = 0). Its motion is uniformly decelerated in a way that brings the 
front of the load to a stop at instant t 1 when it reaches the right-hand end 
of the beam, x = I (Fig. 19.1a). tl and a are computed from the same 
conditions as in Case 1, Sect. 19.1, with the result 

c2 21 1 
a = - -, tl = -, B = --

21 c 2 

The variation of the deflection at mid-span of the beam, v(l/2, t)/vo. 
is plotted in Fig. 19.3, curve 1. It was computed from Eq. (19.17) for 
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j = 1 and initial dimensionless speed IX = 0'5 [Eq. (1.18)]' Vo is the 
static deflection of the centre of the beam span produced by the whole 
continuous load p [Eq. (3.19)]' 

o X/2 3x/2 2]( xciiI 

1 

v fl/2. t )Iv. 

Fig. 19.3. Time variation of the deflection at the centre of a beam for a continuous 
load arriving at variable speed: 1 - case 1, B = -1/2; 2 - case 2, B = 1/2. 

Case 2. - A continuous load p starts to act on a beam at rest at Xo = O. 
Its motion is uniformly accelerated in a way that imparts to the load speed 
c at instant t2 when its front reaches the right-hand end of the beam 
(Fig. 19.1 b). t2 and a are computed from the same conditions as in Case 2, 
Sect. 19.1, and turn out to be 

21 
t2 =-, 

C 

1 
B =-. 

2 

As to the sign of the acceleration, this case is just the opposite of Case 1. 
The deflection v{I/2, t)/vo at point x = 1/2 in dependence on time 

1tct/l was again computed from ~19.17) for j = 1; the dimensionless 
speed at instant t2 is IX = 0·5. The deflection is represented in Fig. 19.3, 
curve 2. 

Consulting Fig. 19.3 we see that in these two cases, too, a uniformly 
decelerated motion results in higher dynamic effects than does a uniformly 
accelerated motion. 

19.3 The effect of inertial mass of a load moving at variahle speed 

If we consider not only the force effects of an external load but its inertial 
effects as well, then according to d' Alembert's principle the load whose 
motion follows the law xl' = j(t) is 

d2 v(x t) 
p[x - j{t), t] - Jlp[x - j{t)] :' (19.18) 

dt 
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where pix) is the mass of the moving load p(x, t). The acceleration 
d2v(xp, t)/dt2 of this mass is computed from the total differential of the 
second order of function vex, t) with respect to time t, with xp = J(t): 

d2v(xp, t) = a2v(x, t) + 2 a2v(x, t) dJ(t) + 02V(X, t) (dJ(t))2 + 
dt2 at2 ax at dt dx 2 dt 

+ av(x~ d2J(t) . (19.19) 
ax dt 2 

For uniformly accelerated or decelerated motions according to (19.9), 
acceleration (19.19) is in the form 

02(X, t) cv(x, t) .--+a--. 
ax 2 ax 

(19.20) 

Consider now the case of a continuous load, p, with mass Pp moving 
along a beam (the motion at constant speed was solved in Sect. 3.1). The 
problem is described by the equation 

. + c + at + a -- . 
a2v(x, t) ( )2 02V(X, t) av(x, t)] 

ax at ox 2 ex 
(19.21) 

Assume that the load had moved at uniform speed c for an infinitely 
long time before the change of motion speed has taken place. As a result 
a steady-state quasi-static deflection was produced in the beam so that 
in view of (3.18) the initial conditions of the present problem are 

I 00 1 . jrrx av(x, t)i 
vex, t) 1=0 = Vo L.5 2 .2 SIn -, --I = o. (19.22) 

j=1.3.5 .... ) (1 - IX Xl) ) I at 11=0 

We shall solve this problem for a simply supported beam with the bound­
ary conditions defined by (1.2). 
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19.3.1 Galerkin's method 

Since the problem is very complicated we will solve it by approximate 
methods. When applying Galerkin's method, described in paragraph 
12.1.2, we assume the solution to be in the form of (12.10) and choose 
j = n = 1, CPl(X) = sin 1txjl 

vex, t) = q(t) sin 1tX . (19.23) 
I 

By (12.9) and (19.21) operator L has the form 

L = EJv lV + IIp(c + at)2 v" + Ilpav' + (11 + II p) jj + 2llp(c + at) i/ . 

. Substituting this expression together with (19.23) in the orthogonality 
condition (12.11) we get 

- EJ sin - q(t) - IIp(c + at)2 - sin - q(t) + fl [1t4 1tX 1t2 1tX 
o 14 1 12 1 

1t 1tX . 1tX 
+ /lpa - cos - q(t) + (/l + II p) Sin - (j(t) + 2/lp. 

I I I 

. (c + at) ~ cos 1tX ti(t) - pJ sin 1tX dx = O. 
I I I 

After evaluating the simple integrals 

J: sin2 1txjl dx = Ij2, J: sin 1txjl . cos 1txjl dx = 0, 

s: sin 1txjl dx = 21j1t , 

(19.24) 

we obtain from (19.24) the ordinary linear differential equation of the 
second order with variable coefficients for the unknown function q(t) 

d2q(t) + (jj~1) [1 _ (X2X (1 + at)2] q(t) = 4p . (19.25) 
dt2 C 1t/l(l+x) 

In the above and hereinafter we use notation (1.18) and (3.9) to (3.13), 
with q again replaced by p. This refers particularly to a, the speed para-
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meter according to (1.18), and to ~,the weight parameter of load accord­
ing to (3.9). 

The homogeneous differential equation appertaining to (19.25) is of 
the type 

(19.26) 

where 

Eq. (19.26) may be solved exactly by multiple substitution - see [120], 
Eqs. 2.55, 2.54 and 2.273. Substituting first 

q(t) = Yz(t) e'" where S2 = - a 1/4 

gives an equation of the type 

where 
a2 = 4s, C2 = b l , d 2 = CI + 2s . 

Substitution in the above of 

results in 

The upper sign applies at a2 > 0, the lower at a2 < O. To simplify let us 
merely consider the case of a2 > 0, because for a1 < 0, S2 > O. 

By the substitution 

Y3(t3) = t;I/2e - "J/4 yit4) , t4 = t~/2 

the last differential equation may be changed to Whittaker's differential 
equation 

(19.27) 

where 

k __ b3 _ ! = ____ 1___ 1 , m =-. 
2 4 4cx[ ~(1 + ~)]1/2 b 4 
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Here we use the dimensionless parameter of uniformly accelerated or 
decelerated motions 

b = _a_ = ctB . (19.28) 
W(I)C 1t 

The general solution of the homogeneous equation (19.27) is 

(19.29) 

where AI, Az are the integration constants dependent on the initial con­
ditions, 

is the so-called Whittaker function, and 

F ( b ) _ 1 ~ a( a + 1) ... (a + n - 1) xn 
I I a, ,x - + L... 

n=1 b(b + 1) ... (b + n - 1) n ! 

is Pochhammer's series, also termed the confluent hypergeometric func­
tion. 

Hence the solution of the homogeneous equation (19.25) is 

(19.30) 

where <PI and <pz denote the general linearly independent solutions of the 
homogeneous equation (19.25). The solution of the nonhomogeneous 
equation (19.25) then is 

q(t) = [AI - 4p J <pz dtJ <PI + [Az + 4p f <PI dtJ <pz 
1t p(l + x) W 1t p(l + x) W 

(19.31) 

19.3.2 The perturbation method 

Though exact, the solution (19.31) of Eq. (19.25) is unsuitable for practi­
cal calculations. We shall therefore solve Eq. (19.25) approximately, by 
the perturbation method described in paragraph 7.3.1. 
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Note that Eq. (19.25) is easy to solve for a = O. For j = 1 and the 
initial conditions (19.22) it is readily found [see also (3.18)J that 

() Vo 4p 
q t = q 0 = = ----::--=----,--,-

1 - cc1x 1t/1 wfl)(1- cc 2x) 
(l9.32) 

If the motion of the continuous load is accelerated (or decelerated) 
with a very low acceleration, a --+ 0, the approximate solution of Eq. 
(19.25) may be written in the form 

(19.33) 

and the initial conditions in the form 

q(O) = qo + a ql(O) + a2 qz(O) + ... = qo , 
q(O) = a ql(O) + a1 qz(O) + ... = o. (19.34) 

Substituting (19.33) in (19.25) and comparing the coefficients at equal 
powers of a, result in the following system of differential equations: 

=2 4p 
W(l)qO = (1 ) , 

1t/1 + X 

iil + Wfl)ql = 2wll)CC2Xqotjc, 

ii2 + wl1)qz = wll)ccxqotZjcZ + 2wf1)CC2Xql t jC, (l9.35) 

Confining our considerations to just two terms of series (19.33) we get 
from the first of Eqs. (19.35) the expression (19.32) and from the second -
in view of the initial condition (19.34) -

Hence the approximate solution of Eq. (19.25) is 

In the absence of damping. it will clearly describe our problem only in 
a short time period after the change of speed, i.e. in the first period. 
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Therefore we shall compute the maximum value of (19.36) for w(lh = 
= 1t!2. Then 

Fig. 19.4 shows expression (19.37) computed for several values of para­
meters b and x, as a function of speed 0:. According to it, during the first 
instants, acceleration causes the deflection to increase - deceleration, to 
decrease. 

v (l/2, tf )/v. 

2 

~=OS;b=O.2 

~=0.5;b=0.1 

+----IIIIIIIiiiiii!!!~~~~~~==---- ~= 0 .. b = 0 

~=Q.5 .. b=-0.1 

~=Q.5 .. b =-0.2 

o 0.5 

Fig. 19.4. Effect of a change in speed, b, according to (19.28), 
in motion of a continuous load along a beam. 

19.3.3 Series expansion 

In the short time period following the change of speed of a continuous 
load motion, the solution of Eq. (19.25) can also be expanded in a power 
series in t 

(19.38) 
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where qo is the expression (19.32) and the coefficients an, n = 1,2, ... 
are obtained in part from the initial conditions 

q(O) = qo, 4(0) = 0, 

in part from a comparison of the coefficients at equal powers of t follow­
ing the substitution of (19.38) in (19.25). From the initial conditions 
ao = 1, al = 0, and from Eq. (19.25) 

Hence the solution of{19.25) is 

=2 -2 2 w(1)W(1)ct xa 
60c 

q(t) = qo 1 + W(J/ + wint4 -[ 
ct2xb ct2xb2 

3(1 + x) 12(1 + x) 

ct2xb(1 - ct2 x) 5 5 ] 

- 60(1 + X)2 W(J)t +... . (19.39) 

It is clear to see from Eq. (19.39) that during the first instants following 
the change of speed of a continuous load motion, acceleration (b > 0) 
causes the beam deflection to increase, deceleration (b < 0) to decrease. 

This result agrees with the conclusion drawn in the preceding para­
graph 19.3.2, and applies to the motion of a continuous load even when 
its mass is being considered - but only during the very short time period 
following the change of speed. The case examined in Sect. 19.2 - a con­
tinuous load, without consideration given to its mass, entering a beam -
is wholly different and that is why one cannot compare the above con­
clusions with the diagram in Fig. 19.3 which represents the time varia­
tion of the whole phenomenon. 

19.4 Application of the theory 

The theory outlined in this chapter serves well in calculations relating 
to structures traversed by vehicles moving at variable speed. As typical 
examples of the problem let us name the taking-off and landing of air-
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crafts on runway, acceleration and braking of automobiles on roadways 
and highway bridges, braking and acceleration forces in the calculation 
of rails and railway bridges, braking and acceleration effects of cranes in 
assessments of the quality of crane runways and factory buildings, etc. 
So far such forces and effects have been described but approximately, by 
a portion of the static axle pressures acting horizontally in the direction 
of the vehicle motion. The chapter has been written in an effort to gain 
clearer insight into stresses in civil and mechanical engineering structures 
under actual operating conditions. 

19.5 Additional bibliography 

[62,127,129,146,151,192,194,198,239). 
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20 
Beam subjected to an axial force and a moving load 

If in addition to the transverse (relative to its axis) load p(x, t) a bar is 
also subjected to a static, time invariable force N applied at the bar's ends 
along the axis (Fig. 20.1), the fundamental differential equation takes 
on the form 

(20.1) 

We shall take tension for the positive, compression for the negative 
forceN. 

The free vibration of the bar is established from the homogeneous 
equation (20.1) assuming that 

vex, t) = vulx) sin w(j)t 

Fig. 20.1. Beam loaded with 
a static axial force. 

N .. ~ 

(20.2) 

N 
A • 

where v(j)(x) and w(j) are again the normal modes and the natural fre­
quencies of a beam with a static axial force. Substituting (20.2) in the 
homogeneous equation (20.1) gives the homogeneous equation 

(20.3) 

The solution of (20.3) will be assumed to be in the form of e).(j)x/l, and 
A(j) computed from the characteristic equation of (20.3) 

(20.4) 
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where 

A=I--+ - +~ { N [( N)Z /1(Oz, ]1/Z}1/2 
1 2EJ 2EJ EJ ' 

A =1 -+ - +~ { N [( N)Z II(OZ. ]l/Z}l/Z 
Z 2EJ 2EJ EJ 

With the above notation the normal modes of a bar with a static axial 
force may be expressed as follows 

( ) . AIX A1X • AzX AZX v(j)x = sm- + Ajcos- + Bjsmh- + Cjcosh-. 
I I I I 

(20.5) 

The integration constants Aj , Bj and Cj as well as the quantity A(j) are 
computed from the boundary conditions of the bar, and the natural fre­
quency obtained from the expression 

2 _ At)) EJ Af)) N 
(O(jJ - [4 -;; - 12 -;; . (20.6) 

The forced vibration is again solved by the generalized method of 
finite integral transformations according to Sect. 6.1. First, double ap­
plication of the method of integration by parts will give 

I' aZv(x, t) v . (x) dx = z (0 I t) + I'v(X t) dZvulx) dx -a-'--z -..:.. (J) N , , 'd 2 
o X 0 X 

(20.7) 

where 

(0 1 ) - [av(x, t) () ( ) dV(j)(X)]' ZN , ,t - -- V(j) x - v x, t --
ax dx 0 

is a function dependent on the boundary conditions and on time, ami.lo­
gous to expression (6.12). 

Eq. (20.1) can then be transformed according to (6.1). In view of 
(6.11), (20.7) and (19.3) this gives • 

EJ z(o, I, t) + EJ v(x, t) (j) dx - N ZN(O, 1, t) - N . I' d4v (x) 

o dx4 

I' ( ) d2Vulx) ,,(.) ( ) . v x, t 2 dx + /1 V J, t = Pu> t . 
o dx 

(20.8) 
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Multiplication of Eq. (20.3) by vex, t) and integration with respect to x 
from ° to i will give 

II d4v (x) II d2v (x) 
EJ 0 vex, t) d~~ dx - N 0 vex, t) d~~ dx = p.wtJ) vU, t) (20.9) 

and this when substituted in (20.8) will, after some manipulation, lead to 

vU, t) + wtj\VU' t) = ! [P(j)(t) - EJ z(o, i, t) + N ZN(O, i, t)J. (20.10) 
p. 

This equation can already be solved by the Laplace-Carson transfor­
mation. For the initial conditions (6.16), (6.17) and (6.20) the operation 
will result in 

V*(J, p) = 2 2 - P*(p) - - Z*(p) + - Z~(p) + . 1 [1 EJ N 

P + w(j) P. P. P. 

+ l G1(j) + p Gin] (20.11) 

where 

zt(p) = p I~ ZN(O, i, t) e- pl dt. 

Eq. (20.11) resembles (19.4), the meaning of the symbols being the same 
in both. 

Following the inverse transformations, (20.11) gives the deflection in the 
form 

vex, t) = f p.V(j)(X) {_1_ I' [II p(x, T) V(j)(X) dx - EJ z(O, i, T) + 
j= 1 JIj P.W(j) 0 0 

+ N ZN(O, i, T)] sin w(j)(t - T) dT + G1(i) cos w(j)t + 

(20.12) 

where Vj is defined by Eq. (6.6). 
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20.1 Beam subjected to a static axial force under a moving load 

To illustrate we shall examine a simply supported beam with a constant 
axial force subjected to several types of load moving at uniform speed c. 
On substituting (20.5) in the boundary conditions (1.2) we get Ai = jrt, 
Aj = Bj = Cj = 0, so that the normal modes and the natural frequencies, 
respectively, are 

V(j)(x) = sin jrtx, j = 1,2, 3, ... 
1 

2 j4rt4 EJ /rt2 N 
w(.)=--+--. 

J 14 j1. [2 j1. 
(20.13) 

The first term on the right-hand side of (20.13) is the natural frequency 
of a simple beam without an axial force (1.11). The natural frequency is 
increased by tension (N > 0), reduced by compression (N < 0). 

For a simply supported beam, functions z(O, I, t) as well as ZN(O, [, t) 
are zero, because the boundary conditions (1.2) must be satisfied by both 
vex, t) and v(j)(x). 

In what follows we shall use the notation according to (6.26) and (6.38) 

jrtC 
W=-, 

[ 
(20.14) 

20.1.1 Moving concentrated force 

If a beam is traversed by a concentrated force, P, at speed c (Fig. 20.1), the 
load is 

p(x, t) = b(x - ct) P . (20.15) 

For this load substituted in (20.12) and zero initial conditions, either 
direct integration or the application of the Laplace-Carson transforma­
tions according to (27.32) and (27.35) will give 

co 2P sinjrtx/I. . 
v{x, t) = L 2 . 2 (sm wt - rt.j sm wUl t) + 

j=l,j'hj1.[W(j)(1- rt.j) 

P sin nrtx/l . + 2 (sm w(n)t - w(n)t cos w(n)t) • 
j1.1w(n) 

(20.16) 
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The first term on the right-hand side of (20.16) applies at w(j) :j:: w, 
cxj :j:: 1, the second for j = n for which w(n) = W. 

It is evident from (20.16) that the deflection is the same as that in 
Case 1.3.2, Sect. 1.3, Chap. 1. The effect of axial force N does not come 
into play except in the natural frequency w(j) [Eq. (20.13)]. 

Eq. (20.16) makes it also possible to establish for CXj = 0 the static 
beam deflection produced by load P applied at point s = ct 

( ) ~ 2P sinjrts/I . jrtx 
v X, s = L. 2 sm - ; 

j= 1 plw(j) I 

for s = 1/2, x = 1/2 [cf. (1.21)J 

00 2P 
vo = v(l/2, 1/2) = L -2 

j= 1.3.5 •... plW(j) 

20.1.2 Arrival oj a continllolls load on a beam 

(20.17) 

(20.18) 

The equation of a continuous load p arriving on a beam as shown in 
Fig. 3.3a is 

p(x, t) = p[1 - H(x - ct)J . (20.19) 

For this load substituted in (20.12) and zero initial conditions either 
direct integration or the use of the Laplace-Carson transformations ac­
cording to formulae (27.73), (27.17) and (27.31), (27.34) will result. in 

00 2p sin jrtx/l 2 
vex, t) = L . 2 2 [1 - cos wt - cxA1 - cos w/)] + 

j=l.j*njrtpW(j)(1 - cxJ 

(20.20) 

Like in the preceding case, the first term applies at W(j) :j:: w, CXj :j:: 1, the 
second for j = n for which w(n) = w. 

The result, (20.20), is again the same as that obtained in Sect. 3.2, 
Chap. 3, and differs from (3.26) merely by the omission of damping and 
by the natural frequency which now is (20.13). 
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For (XJ = 0, Eq. (20.20) gives the static beam deflection for the case 
in which the front of the load is at point s = ct 

( ) _ ~ 2p(1 - cosjrrsll) . jrrx 
v x, s - t... . 2 SIn - • 

J= 1 JrrJlw(j) I 

For s = 1, x = 112 [cf. (3.19)J 

GO 4p 
vo = v(l12, 1) = L -. -2 . 

j = 1,3 ,5 ... JrrJlw(j) 

20.1.3 The effect of mass of a moving continuous load 

(20.21) 

(20.22) 

The calculation of the effect of mass Jlp of a moving continuous load p 
starts out from Eqs. (3.2), (3.3) and (3.7) 

EJ a4v(x, t) N a2v(x, t) a2v(x, t) 2 av(x, t) _ --'---" - + Jl --- + JlWb -- -
ax4 ax2 at2 at 

(20.23) 

We will solve Eq. (20.23) by Galerkin's method. Having regard to the 
boundary conditions (1.2) we shall assume the solution· to be in the form 

" jrrx 
v,,(x, t) = L qit) sin - . 

}=1 I 
(20.24) 

Substitution of (20.24) in (12.11) will give 
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In the calculation that follows we shall have need of the integrals: 

II • jrtX . krtx d { 0 
SIn-SIn- X = 

o 1 1 ~2 

for 

for 

ji=k 

j=k 

{
o for j = k 

II • krtx jrtX d 0 for even j - k 
SIn-COS- X = 

o 1 1 2kl for odd . _ k 
rt(k2 -l) ) 

II • krtx d 
SIn- x 

o 1 

1 
= - (1 - cos krt) . 

krt 
(20.26) 

With the aid of these integrals, Eq. (20.25) may be rearranged to the 
system of ordinary differential equations 

8 j=n ·k 
.. ( ) 2-' ( ) flpc " ) . ( ) -2 ( ) qk t + w" qk t + -_-. 1... 2 .2 qj t + W(k) qk t = 

fll IJ-kl=I,3,5 ... k -) 

2p 
= -_ (1 - cos krt), k = 1,2, ... , n 

krtJi. 
(20.27) 

where similarly as in (3.9) to (3.13) it is 

ji = fl + flp ' Wb = W"fl!ji , 

-2 /rt4 E1 /rt2 N - fl pC2 

W(j) = [4 ji + r ji (20.28) 

Eq. (20.27) is easy to solve provided we neglect the effect of the third 
term on its left-hand side. If we do so, the system degenerates into n 
separate equations of a wholly identical form. This corresponds to the 
case of a beam simultaneously traversed by load pJ2 at speed + C and 
by load p/2 at speed - c, for then - as has been shown in Sect. 3.1 - the 
last-but-one term on the right-hand side of (20.23) vanishes. 

In view of (27.20), in such a case the solution of (20.27) for zero initial 
conditions (1.3) will be 

( ) 2p(1 - cos k1t) [1 -Wbt (-' Wb· -, )] (20.29) q" t = --2 - e cos W(k)t + ~ SIn W(k)t 
k1tflW(k) W(k) 
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where 

After a sufficiently long action of the moving continuous load, the 
effect of the last two terms in (20.29) will damp out, so that the steady­
state quasi-stationary beam deflection [Eq. (20.24)] will be 

( )1 - ~ 2p(1 - cosjIt) . jItX 
v X, t 1-00 - L. . --2 sm - . 

j= 1 JItPW(j) / 
(20.30) 

Except for the different value of the frequency (20.28), the above is in 
complete harmony with Eq. (3.18). 

On the consideration that j = k = n = 1, (20.30) is also an approxi­
mate solution of the case of a beam traversed by load p from right to left 
at speed c, because then the third term on the left-hand side of Eq. (20.27) 
is zero. 

For n = 2, (20.27) would turn into the system of two differential equa-
tions 

.. ( ) 2-' () 16ppc. () -2 ( ) 4p ql t + wbql t - -_-q2 t + W(l)ql t =---::' 
3p/ Itp 

.. ( ) 2-' () 16ppc. () -2 ( ) 0 q2 t + Wbq2 t + 3jil q1t +W(2)q2 t = . (20.31) 

It can readily be shown, e.g. by the limit for p --. 0 of the Laplace­
Carson transformation of system (20.31) that for t --. ex) the asymptotic 
solution of the system is [see (27.14)] 

ql(t)lt->oo = ~2 ' qz(t)Jt-oo = 0 
ItPW(l) 

(20.32) 

which is obviously analogous to expressions (3.18) or (20.30) for j = 1,2. 

As Eq. (20.30) suggests, at low frequencies w(j) the beam deflection 
can attain high values. From the condition wtj) = 0 in (20.28) we may 
even compute the critical speed Ccr at which the beam deflections will 
assume infinite values 

where by (3.9) x = pp/p, and w~j) is defined by (20.13). 
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Our case may also be thought of as that of a beam sUbjected to the 
critical Euler's force on the buckling limit 

/rt2 
Scr = flpC;r - N = -- EJ . 

[2 

The action of mass flp of moving load p on a beam thus resembles the 
action of static axial force N = - fl pC2. 

20.2 Suspended beams 

Suspended beams*) (Fig. 20.2) composed of stiffening girder 1, carrying 
cable 2 and very densely distributed vertical hangers 3, are a special case 
of beams with axial forces. 

H 

o~ 

Fig. 20.2. Suspension bridge. 

The external forces acting on such systems are: 

g 1 dead load per unit length of beam with mass Pi = g d g, 
p(x, t) - live load per unit length, 
g2 - dead load per unit length of cable with mass fl2 = g2!g. 

The deflection v(x, t) of a beam with bending rigidity EJ is described 
by the equation 

EJ a4v(x, t) a2v(x, t) () 
ax4 + fll at2 = g 1 + P x, t - g 2 • (20.34) 

*) Vibrations of suspension highway and railway bridges were dealt with in 
great detail by K. Kloppel, K. H. Lie: Lotrechte Schwingungen von Hangebrucken. 
Ingenieur Archiv, 13 (1942), No.4, pp. 211-266, and further by: A. D. de Pater: 
Some New Points of View in Calculating Suspension Bridges. Memoires de I' As­
sociation Internationale des Ponts et Charpentes, Zurich, 11 (1951), 41-110, 
A. G. Pugsley: The Theory of Suspension Bridges. E. Arnold, London, 1957, 
7 + 136 pp. 
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The cable deflection 

z(x, t) = y(x, t) + vex, t) (20.35) 

consists of the original cable sag y(x, t) and of the cable deflection equal­
approximately enough - to the beam deflection vex, t). Hence according 
to Chap. 14 the differential equation of the cable is 

(20.36) 

where the horizontal tension in the cable 

(20.37) 

is composed of the horizontal component Hg of the cable tension resulting 
from the dead load and of the horizontal component H pet) produced by 
the live load, temperature, etc. 

Suspension bridges are usually built so that the stiffening girder is not 
stressed under the action of dead load. Consequently, the carrying cable 
takes up the whole dead load of the beam and it may therefore be as­
s:Imed that 

(20.38) 

Even though the equation holds statically, i.e. without the effect of the 
second term on the left-hand side, we will consider it to approximately 
apply even dynamically. 

If we substitute (20.35) and (20.37) in (20.36) and in doing so also 
consider Eq. (20.38) we get 

This substituted in (20.34) will give us the vibration equation of a sus­
pension bridge 

02V(X, t) + Ii = p(x, t) ot2 
(20.39) 
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where J.I. = 111 + 112 is the total mass of the beam and the cable per unit 
length. 

In practice, Eq. (20.39) is simplified still further. First of all, the dynam­
ic component H pet) in (20.37) is assumed to be smaller by far than the 
static component Hg; hence the horizontal component of the cable pres­
tress may approximately be assumed constant, H(t):::::! H. Further, the cable 
deflection curve y(x, t) is assumed to be a parabola in the equilibrium 
position, and its dynamic component negligible compared with the dyna­
mic beam deflection. Therefore, it is assumed that a2 y(x, t)Jaxz = y" :::::! 

:::::! constant. 

Fig. 20.3. Equilibrium system of forces 
acting on a cable under unit horizontal 

force HpCt) = 1 (according to [131 D. 
1Icasf{x) 

1Ieas f(x+ dx) 

-y'dx 

The dynamic increment of the horizontal force, Hit), is then computed 
from the principle of virtual work applied to the deformed cable (Fig. 
20.3) 

f fNN' 
Pb' dx - -- ds = 0 

E2F2 
(20.40) 

where P = 1, b' = - y" vex, t), N = Hp(t)Jcos C, N' = 1Jcos C, ds = 
= dxJcos C, Ez is Young's modulus and F2 the area of the cable, C -
the slope of the carrying cable at point x, and the integrals include all 
spans. Hence from (20.40) . 

Hit) = - y"E2F2 J:v(x, t) dx I fdxJcos3 C (20.41) 

Taking into consideration all the above approximations, the vibration 
equation of a suspension bridge (20.39) may be written as 

= p(x, t) (20.42) 
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where 

Eq. (20.42) is usually solved by Galerkin's method (paragraph 12.1.2). 
Thus, for example, for a simply supported stiffening girder the solution 
is assumed to be of the form (20.24). Similarly as in the derivation of 
Eqs. (20.25) to (20.27), condition (12.11) applied to Eq. (20.42) will give 
a system of ordinary differential equations 

k = 1,2, ... , n . (20.43) 

Consider only the first two terms of series (20.24), i.e. n = 2. Then 
the natural frequency of a suspended beam may be obtained from (20.43). 
For k = 1, we get the natural frequency of symmetric vibration 

(20.44) 

and for k = 2 the natural frequency of antisymmetric vibration 

(20.45) 

In the calculation of the effect of a moving load, the solution of (20.43) 
will yield expressions that are exactly like expressions (20.16) to (20.18), 
(20.20) to (20.22), and (20.29) to (20.32) for j = 1, 2. All that is necessary 
is to substitute there w(j) from Eqs. (20.44) and (20.45) and carry out 
the calculation for Jl = JlI + Jl2. In (20.44) and (20.45) the expression 
(jj~) = wfi)Jl/il will have the horizontal force H - Jl pC2 in place of H. 
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20.3 Application of the theory 

The theory expounded in Sect. 20.1 can be applied to calculations of 
prestressed beams. The prestress should, of course, be such as to satisfy 
the assumptions stated in connection with the derivation of Eq. (20.1). 
This means that the beam should be compressed by axial force -N at its 
ends only. To comply with this, the wires of prestressed reinforced con­
crete bridges would have to be free (i.e. not concreted in) along their 
whole length, and their stresses invariable during the vehicle traverse. 

In actual prestressed reinforced concrete bridges, if grouting has been 
done properly, reinforcement is bonded to concrete along the whole 
length of the prestressing wires. The prestress in the wires bears no effect 
on the potential energy in the beam and therefore causes no change 
in its natural frequencies. Since the prestress forces are at equilibrium. 
with the concrete compressing forces, the total forces that act on a length 
element remain unvaried. That is why a beam with grouted prestressing 
cables is dynamically computed as though it were not subjected to any 
axial force at all, that is to say, in accordance with Chaps. 1 and 3. Of 
course, the cross sectional area of the beam must include the whole con­
crete cross section and the ideal area of reinforcement, and the value of 
Young's modulus must be that corresponding to the given prestress. The 
procedure works equally well with pretensioned as with post-tensioned 
beams. 

The theory explained in Sect. 20.2 finds use in dynamic calculations of 
suspension bridges. Before proceeding any further, let us underscore the 
fact that in suspension bridges the principal cause of dynamic stresses is 
the action of wind rather than the action of a moving load. Since sus­
pension bridges are conventionally of the large-span kind, their dead­
weights far exceed the moving loads and that is why the effect of the latter 
is so small. 

By way of an example we shall compute the natural frequencies and 
the critical speed of the suspension bridge shown in Fig. 20.2. Assume the 
central span to be a simple beam of length I [131], and further: I = 750 m, 
E = 21 X 104 MN/m2, J = 13·5 m4, J1. = 50 tim, H = 402·7 MN, 
E2 = 16 X 104 MN/m2 , F2 = 1'15 m 2 , y" = 1/805,4 m- 1, Sdx/cos3 , = 
= 1730 m. 

First we get A = 0·000164 MN/m 3 • From (20'44) the first natural fre­
q uency of symmetric vibration w(1) = 1·45 S -1, from (20.45) the first 
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natural frequency of antisymmetric vibration W(2) = 0·91 s -1. This fre­
quency is obviously lower than w(1)' 

Since for both (20.30) and (20.32) qlt) = 0, the critical speed is com­
puted from the symmetric vibration only. By (20.33) c~r = 1.452 X 

X 7502/('rt2X). For x = Jip/Ji = 1/10, Ccr = 3950 km/h, and for x = 1, 
Ccr = 1245 km/h. The critical speeds are clearly far higher than those 
attainable at the present time. 

In continuous stiffening girders according to Fig. 20.2, the normal 
modes may approximately be considered as follows: 

symmetric vibration: 

end span 0,1 

10 1 . rtX 
- -' SIn-, 

11 ,1' 10 ,1 

central span 1,1' 

( ) . 1tX 
V(1) X = Sin -; 

11 ,1' 

antisymmetric vibration: 

end span 0,1 

( ) 210 1 • 1tX 
V(2) X = - --' SIn-

11 ,1' 10 ,1' 

central span 1,1' 

( ) . 21tx 
V(2) x = Slll-. 

11 ,1 ' 

Under these approximate assumptions the calculation of the effect of 
a moving load would be wholly analogous - see also Chap. 11, Sect. 11.2. 
In [131] continuous suspension bridges are solved by the application of 
the frequency functions. 

20.4 Additional bibliography 

[17,108,131,227, 250,252]. 
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21 
Longitudinal vibration of bars subjected to a moving load 

Longitudinal vibration of bars of constant cross section F is described 
by the differential equation 

EF (Pu(x, t) 02U(X, t) () 
- ox2 + fl ot2 = Px x, t (21.1) 

where u(x, t) is the longitudinal (in the direction of axis x - Fig. 21.1) 
displacement of the bar at point x and time t, and pix, t) is the load on 
the bar in the direction of axis x. 

Fig. 21.1. Longitudinal 
vibration of a bar. 

The solution of Eq. (21.1) is analogous to that outlined at the beginning 
of Chap. 20. The normal modes uulx) are obtained by the solution of 
the ordinary homogeneous equation 

(21.2) 

in the form 

(21.3) 

where 

...1.. = 1 flW(j) ( 
2 )1/2 

J EF 
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Constants Aj and Aj are computed from the boundary conditions of 
the bar. Thus, for example, for the cantilever shown in Fig. 21.1 with the 
boundary conditions 

they are 
. 1t 

Aj = (2.J - 1) -, Aj = O. 
2 

The natural frequencies then are 

2 A; EF 
w(j) = 12 -; . 

(21.4) 

(21.5) 

The forced vibration is again analyzed by the generalized method of 
finite integral transformations (Sect. 6.1 and Chap. 20) and by the 
Laplace-Carson transformation. Adopting the procedure explained at 
the beginning of Chap. 20 we get the resultant longitudimil displacement 
in the form 

( ) ;. J1. u(j)(x) { 1 ft [f' ( ) () U x, t . = l_. -- p" x, r uu) x dx + 
J = 1 U j J1.w(j) 0 0 

+ EF ZN(O, 1, r)] sin w(j)(t - r) dr + G1(j) cos w(j)t + 

(21.6) 

In Eq. (21.6) denotes 

Uj = f> ulj)(x) dx , 

(0 1 ) _ [8U(X' t) () _ ( ) dU(j)(X)]' 
ZN , ,t - uu) x U x, t , 

ax dx 0 

G1(j) = J:gl(X) u(j)(x) dx, G2(j) = J:gzCx) uulx) dx, 

gl(X) and g2(X) are the initial conditions U(X, 0) = gl(X) and 

au(x, t)/ot\t=o = g2(X). 
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21.1 Moving load 

The calculation of the effect of a moving longitudinal load is again com­
pletely analogous to that outlined in the preceding chapters. The func­
tion of time obtained following the integration in Eq. (21.6) is the same 
as that in Chaps. 1 to 4 and 6, except that u(j)(x) and Uj according to 
(21.2) to (21.6) now replace v(j)(x) and Vj • 

Of importance is the case of longitudinal force N(t) moving at variable 
speed according to (19.6) 

pix, t) = b[ x - J(t)] N(t) . (21.7) 

Substitution of (21.7) in (21.6) gives 

00 u· (x) It u(x, t) =.L __ (J_) - N(r) u(j)[J(r)] sin w(j)(t - r) dr. (21.8) 
J= 1 Uj w(j) 0 

To Eq. (21.8) one must, of course, add the terms that express the effect 
of the boundary and initial conditions, i.e. terms containing ZN(O, 1, t), 
G1(j) and G2(j) from (21.6). 

21.2 Bending and longitudinal vibrations of bars 

A longitudinal load on bars is usually accompanied by a transverse load. 
The displacement of a bar sUbjected to such loads is described by two 
independent differential equations 

(21.9) 

(21.10) 

where the symbols are the same as in Chaps. 1 and 2l. 

As an example let us consider the simply supported beam in Fig. 21.2a 
traversed by horizontal force N(t) moving at distance h from the beam 
axis. The action of this force is equivalent to the effects of horizontal 
force N(t) and of bending moment M(t) = N(t) h (Fig. 21.2b). Hence the 
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transverse load on the beam is 

p(x, t) = Hl[X - J(t)] M(t), 
and the longitudinal load [Eq. (21.7)] 

Px(x, t) = <5[x - J(t)] N(t) 
assuming a motion at variable speed according to (19.6). 

a) Ii b) -Net) 
1 

I(t) 

Fig. 21.2. Bending and longitudinal vibrations of a beam. 

(21.11) 

The longitudinal displacement u(x, t) under load (21.7) was already 
established by Eq. (21.8). The transverse displacement v(x, t) is computed 
from (20.12) with (21.11) substituted in. In view of (4.20a) we get (again 
except for the terms that express the effect of the boundary and initial 
conditions) 

00 v. (x) ft dv . (x)1 vex, t) = .2: - -(j-) - Me-r) -(}-) -I sin w(jlt - r) dr. (21.12) 
J= 1 VjW(j) 0 dx ix=f(r) 

21.3 Application of the theory 

The theory presented in this section can be used in calculations of the 
effects of braking and acceleration forces on structures. Thus, for exam­
ple, bridges traversed by braking or &tarting vehicles are subjected to 
vertical forces as well as to horizontal forces that move along the struc­
ture at variable speed. The vertical stresses in a bridge structure may be 
computed as outlined in Chap. 19. The horizontal forces - acting as 
a rule outside the gravity axis of the bridge girder - are resolved in 
a horizontal force and a bending moment (see Sect. 21.2). Stresses in 
the extreme fibres of the bridge structure are then obtained as the sum 
of stresses produced by: 1. vertical forces, 2. horizontal longitudinal 
forces, and 3. bending moments. 

21.4 Additional bibliography 

[61). 
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22 

Thin-walled beams subjected to a moving load 

Thin-walled beams are prismatic or cylindrical shells whose dimensions 
are quantities of different orders of magnitude. Their thickness is small 
compared to any of the characteristic cross-sectional dimensions, and 
the cross-sectional dimensions are small against the beam length. 

The theory of open-section thin-walled beams was worked out by 
V. I. Vlasov in [228J, that of closed-section thin-walled beams by A. A. 
Umanskii in [225J, [226]' The Vlasov theory of open-section thin-walled 
beams rests on the following two hypotheses: 

1. the beam cross section is non-deformable (rigid) in its plane but free 
to warp; 

2. no shear deformations arise in the middle plane of the beam (i.e. the 
network of rectangular coordinates on the middle surface continues 
rectangular even after deformation). 

On these assumptions one can deduce the equations of motion of 
a uniform open-section thin-walled beam with a straight centreline [228J, 
[131]' Having regard to Fig. 22.1 showing the coordinate axes, we write 
the equations in the form 

(22.1) 
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(22.4) 

x 

Fig. 22.1. A thin-walled beam. 
y 

y 

In the above equations: 

u(x, t), v(x, t), w(x, t) - deformations of the axis of bending in the di­
rection of axes x, y, z, respectively, at point x and time t. 
The axis of bending x passes through the centre of flexure 
A (Fig. 22.1), not through the centre of gravity of the cross 
section, 0, 

e(x, t) rotations of the beam cross section at point x and time t, about 
the centre of flexure, A, 

Px(x, t), p,(x, t), pix, t) - projections of the external load on axes 
x, y, z, respectively, per unit length of beam, 

M..t(x, t) 

E,j1,F 
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torsion moment of the external load about the centre of 
flexure A, per unit length of beam, 

symbols explained in Chaps. 1 and 21, 

moment of torsional rigidity, G - modulus of elasticity in 
shear, J 8 - polar moment of inertia of the cross section 
about axis x, 

moments of inertia about axes Y, Z, respectively, (Fig. 22.1), 



THIN-WALLED BEAMS SUBJECTED TO A MOVING LOAD 

J., = SFq>2 dF - warping constant (sector moment of inertia); q> -

sector ordinate equal to double the area of a sector whose 
pole lies at the centre of flexure, A, and the zero position 
of the radius vector is given by the condition SF q> dF = 0, 

coordinates of the centre of flexure A along the principal 
axes Y, Z (Fig. 22.1), 

r~ = JyIF, r~ = JzlF - radii of gyration about the principal axes Y, Z, 

r! = J.,IF, 
2 2 2 2 2 r = ay + az + ry + rz. 

Eq. (22.1) describes the longitudinal vibration of the beam and is com­
pletely independent, while Eqs. (22.2) to (22.4) express the composite 
vibration. Eqs. (22.2) and (22.3) express the beam bending in the principal 
planes, Eq. (22.4) the beam torsion about the centre of flexure. 

UmanskiI's theory of closed-section thin-walled beams bases on as­
sumptions similar to those introduced by Vlasov: the cross section does 
not deform (hence it must be braced) and the warping is the same as in 
simple twist. Although its equations are formally the same as those of the 
Vlasov theory of open-section beams, there appears in them the so-called 
warping coefficient that depends on the polar moment of inertia J 8 and 
on the directed moment of inertia [63]' 

Their analyses being similar, we shall consider only thin-walled beams 
with open section and omit those with closed section. 

The problem of thin-walled beams under a moving load has been studied 
by K. E. Kitaev [125J, G. P. Burchak [31J and E. Bielewicz [13J who 
applied his simplified theory also to bars with curved centre lines [14]. 
We will now solve several cases of moving load wluch comes into play 
in dynamic stresses of bridges. 

22.1 Beam section with vertical axis of symmetry 

Thin-walled beam sections are often symmetrical about the vertical 
axis. This means that az = ° and Eqs. (22.1) to (22.4) simplify as a result. 
First, we will not consider the longitudinal vibration because Eq. (22.1) 
with a moving load was already solved in Chap. 21. For az = 0, Eq. 
(22.2) becomes completely independent, too, and describes the pure 
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bending vibration in the vertical plane. The composite bending-torsional 
vibration is defined by Eqs. (22.3) and (22.4). 

We will consider the following cases of load moving at constant speed c 
(Fig. 22.2): a vertical force P acting in the direction of axis y; two har­
monic vertical forces, Ql sin Dt and Ql sin (Dt + rr/2), acting at distances 
± bo/2 from axis y and shifted 90 degrees in phase. The effect of the 

O,sinSlt ~ bY' ~O,sinmt +1(12) 
" 

, . 

I 
zw°,. 11 z ~ 

Fig. 22.2. Cross section of a thin-walled .. 
0,1 ;0 beam with vertical axis of symmetry. 

Z )' . 1 Aly 
latter forces may be replaced by that of vertical force Q sin Dt, where 
Q = Ql 21/2, acting on axis y, and by that of torsional moment M sin Dt 
where M = Qbo/2. Further, we will consider horizontal force Z(t) = 

= H sin Qlt acting at point Om in the direction of axis z at distance a 

from the centre of flexure A (Fig. 22.2). The effect of this force will be 
replaced by the effect of horizontal force II. sin D 1 t in the direction of 
axis z acting at the centre of flexure A, and by that of the torsional 
moment Ml sin Dlt where Ml = Ha. 

Accordingly, the loads in Eqs. (22.2) to (22.4) will be 

Py(x, t) = o(x - ct) (p + Q sin Dt) , 
pz(x, t) = o(x - ct) H sin Q1t, 

Mix, t) = b(x - ct) (M sin Qt + M I sin Q1t) . 

(22.5) 

(22.6) 

(22.7) 

The thin-walled beam to be examined has length I, hinges at both ends, 
no rotation about the longitudinal axis, and zero normal stresses in both 
end sections; consequently, its boundary conditions are 
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v(O, t) = 0, v"(O, t) = 0, v(i, t) = 0, v"{l, t) = 0 , 

w(O, t) = 0, w"(O, t) = 0, w(l, t) = 0, w"(/, t) = 0, 

8(0, t) = 0, 8"(0, t) = 0, 8{l, t) = 0, 8"{l, t) = 0, (22.8) 
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and the zero initial conditions 

v(x,o) = 0, v(x,O) = 0 , 

w(x, 0) = 0, w(x, 0) = 0, 

B(x, 0) = 0, e(x, 0) = O. (22.9) 

We will now examine the deformations of the thin-walled beam specified 
above under the action of the various kinds of load defined by Eqs. (22.5) 
to (22.7). 

22.1.1 Vertical constant force 

In this caseEq. (22.2) takes on the form 

EJ 84v(x, t) _ r2 84v(x, t) + 82v(x, t) = 8(x _ ct) P 
Z:14 /1Z:12:12 /1 '2 

uX uX ut ot 
(22.10) 

which - except for the omission of damping - differs from (1.1) by only 
the second term. This term expresses the effect of warping of the cross 
section. Let us introduce the notation 

W 
jrrc (22.11) 

=/1 1 +--( /rr2r~) 
[2 ' 

(22.12) 

2 j4rr4 EJz 
wZ(j) = -[4 -

flz 
(22.13) 

and solve Eq. (22.10) by the Fourier finite (sine) and the Laplace-Carson 
transformations. In view of conditions (22.8) and (22.9) the transformed 
solution is 

V*(j, p) = Pw ~ 2 2 ~ ( 2 2) 
fl= .p + wzU) p + W 

(22.14) 

and following the inverse transformations (1.9) and (27.32), the required 
solution turns out to be 

vex, t) = L: Sin wt - - Sin wz(j)t . (22.15) <Xl 2P sinjrrx/[ (. w. ) 
j= 1 flz I( W;(j) - w 2) Wz(j) 
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If for some j = n, wz(n) = w, then in view of (27.35) the respective term of 
series (22.15) becomes 

P sin mtx/l . 
vex, t) = 2 (SIU Wz(n)t - Wz(n)t cos Wz(n)t) . 

Jlzlwz(n) 
(22.16) 

The form of expressions (22.15) and (22.16) is the same as that of (1.31) 
and (1.32). This is a clear indication of the fact that section warping af­
fects nothing else but Jlz and wZ(j) defined by (22.12) and (22.13). 

22.1.2 Vertical harmonic force 

For the vertical resultant of harmonic forces shown in Fig. 22.2, Eq. (22.2) 
becomes 

Eq. (22.17) with conditions (22.8) and (22.9) is again solved by the method 
of integral transformations. With the notation 

r 1 = Q + w, r2 = Q - W (22.18) 

and in view of (27.4) and (27.24) the transformed solution is 

*. _ 2QQw p2 
V (J, p) - -- ( 2 2) (2 2) (2 2) 

Jlz P + Wz(j) P + r 1 P + r 2 

(22.19) 

Inverse transformations (1.9) and (27.55) result in 

00 Q sin j1tx/l 2 2 

vex, t) = L -( 2 2)( 2 2) [(Wz(j) - rl)' 
j=1 Jl) Wz(j) -'1 Wz(j) - '2 

Resonance cases will occur at suchj = n for which wz(n) = 'lor W Z(II) = 
= '2 *). In view of(27.61) the respective term in (22.20) has the following 

*) Since only the first normal mode j = n = 1 is of practical importance, and 
it is usually w ~ Q, the highest effects of a harmonic force arise approximately at 
Q = wz(l). This statement is in harmony with Chap. 2. The resonance cases which 
we shall point out in paragraphs 22.1.3, 22.2.1 and 22.2.2 may be simplified in 
a similar manner. 
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form: 

. Ii ( 2 2 ) Q Sin mrx Wz(n) - '1 . vex, t) = - 2 2 2 Wz(n)t Sin Wz(n)t + cos Wz(n)t - cos, 1 t , 

p) Wz(n) -, 1 2wz(n) 

(22.21) 

for wz(n) = '1 

( ) Q sin mrxll ( w;(n) - ,~ • 
v x, t = - 2 2 - 2 Wz(n)t Sin OJz(n)t - cos Wz(n)t + 

Ilzl OJz(n) - '2 2wz(n) 

+ cos '2t) . (22.22) 

In the absence of damping, Eqs. (22.20) to (22.22) are also a solution 
of the case treated in Chap. 2. The warping of cross section of thin-walled 
beams bears effect only on J1.z and wZ(j)' 

22.1.3 Horizontal force and torsion moment 

The calculation of a thin-walled beam sUbjected to a horizontal force and 
a torsion moment is carried out simultaneously because under such load 
the beam performs a composite bending-torsional motion. Under loads 
(22.6) and (22.7), Eqs. (22.3) and (22.4) have the form 

= Ci(x - ct)HsinQ 1t, 

(22.23) 

Next to (22.11) and (22.18) we shall introduce the following notation in 
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our solution: 

( /rt2r~) 
Jl y = Jl 1 + -1-2 - , 

Jl by = - ay ' 
Jly 

2 j4rt4 EJ y 
Wy(j) = -[4 -

Jl y 

Jl b<p = -ay, 
Jl<p 

2 j4rt4 EJ <p /rt2 GJ 6 
W<p(j) = -[4 - + -[2 -

Jl<p Jl<p 

A = H + M1b y , 

Jly Jl<p 

c = Hb<p + Ml , 

Jly Jl<p 

(22.24) 

The system of equations (22.23) is again solved by the method of in­
tegral transformations. In view of conditions (22.8) and (22.9) the use of 
(27.24) will give the transformed solution 

8*( . ) 1 [M 2( 2 2) ~ ], P = 2(1 _ b b ) ( 2 + 12.) ( 2 + 12.) - P P + Wy(j) • 
Y <p P Wy{J) P W<p(J) Jl<p 

(22.25) 
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With regard to (U), (27.57) and (27.59), the originals of these expres­
sions turn out to be 

· cos w~(j)t - w;Ll w~~j) - ri) cos W;{j)t]} + 

+ ( '2. _ 2)\ ,2 _ .2) [( - Ar! + B)( W~Zj) - W~~j») . Wcp(;) r 4 Wy(j) '4 

· cos r4 t + (Aw~~j) - B) (w~Zj) - rD cos w~(j)t + 

+ (-Aw~Zj) + B)(w~~j) - r!)cosw~(j)tJ-

(,2 2)\'2 2) [( -At; + B)(W;fj) - W~~i)) . Wcp(j) - r3 Wy(j) - t3 

· cos r3t + (Aw~~j) - B) (w~lj) - r~) cos w~(j)t + 

+ (-Aw~Tj) + B)(w~~i) - tD cos W;(j)t]l 

e(x t) = i sinj1txjl [M { 1 . 
, j= 1 1(1 - bybcp)( w~Zj) - w~~j)) J1.cp (w~~i) - r~)( w~Zi) - rD 

· [( w;(j) - rD (w;Zi) - w~~j») cos r 2 t - (W;(j) - W~~j)) (W;Zi) - rD . 
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+ (- CW~~j) + D) (w~~j) - r!) cos w;(j)t] -

(,2 2)\ ,2 2) [( - Cr~ + D) (w~~j) - w~~j)) . 
w",(j) - r3 w yU).- r3 

-." 

+ (-Cw~~j) + D) (w~~j) - rD cos w;U)t]i . (22.26) 

Resonant vibration of the beam is apt to occur in the following eight 
cases: 

(22.27) 

For anyone of these cases the respective term of the series may be com­
puted from formulae (27.63) and (27.64). 

22.2 Beam section with two axes of symmetry 

If a thin-walled beam cross section is symmetric about two axes, the centre 
of flexure becomes one with the section centroid. Then ay = az = 0, 
and the simultaneous system of equations (22.1) to (22.4) decomposes 
into four independent equations. The equations describe respectively the 
longitudinal vibration of the beam, the bending vibration in the vertical 
and in the horizontal plane, and the torsional vibration about the centre 
of flexure or the centroid. The motions are independent one of another. 

The longitudinal vibration of a beam subjected to a moving load was 
analyzed in Chap. 21, the bending vibration in the vertical plane in para­
graphs 22.1.1 and 22.1.2. The bending vibration in the horizontal plane 
and the torsional vibration are obtained from (22.26) after the substitu­
tion ay = az = 0, b", = by = 0, w;U) = wyU)' w~(j) = w",U). However, 
the motions can also be computed directly: 
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22.2.1 Horizontal force 

For this load, Eq. (22.6) with (22.3) takes on the form 

EJ 04W(X, t) Z 04W(X, t) OZw(x, t) '( ) H . Q 
y -P'y---+p =ux-ct Sin It. ox4 oxz ot Z ot2 

(22.28) 
With notation (22.24) the transformed solution is 

*. _ H p2 (1 1) 
W (), p) - - 2 2 Z 2 - 2 2 

2py p + Wy(j) P + r 4 P + r3 
(22.29) 

and by (27.33), its original 

w(x, t) = L - Sin - 2 (cos 1"4t - cos Wy(j)t) -
<Xl H . jrcx [ 1 

j= 1 pyl I Wy(j) - r! 

2 1 2 (cos r3t - cos WY(j)t)] . 
Wy(j) - '3 

(22.30) 

In a resonant case, for example at Wy(n) = r 4, the respective term in 
(22.30) becomes in view of (27.36) 

() H . nrcx . 
W x, t = ---2 - Sin - O)y(n)t sIn wy(n)t . 

2P y lw y (n) I 
(22.31) 

Resonance can also occur when wy(n) = r3' i.e. because of the magni­
tude of r3 , at a higher speed than in the previous case. 

22.2.2 Torsion moment 

For load (22.7), Eq. (22.4) becomes 

EJ 040(x, t) _ GJ 020(x, t) -lr4 04 0(:<, t) _ W 2 020(x, t) = 
<p ox4 e ox2 <p OX2 et2 atZ 

= b(x - ct) (M sin Qt + MI sin Q1t). (22.32) 

Using notation (22.18) and (22.24) we get the transform 

o (), p) = 22M -z---, - 2 2 + * . pZ [( 1 1) 
2p<p(p + W<p(j) p + ri p + r l 

(22.33) 
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and with a view to (27.33) the original 

ro sinj7tx/l {[ 1 e(x, t) =.~ M 2 _ 2 (cos r2 t - cos W'P(j)t) -
)-1 j1",1 W",(j) r2 

(22.34) 

The beam can start to vibrate in resonance in four cases, namely when 

The term of Eq. (22.34) corresponding to each case is computed with the 
aid of (27.35). 

22.3 Application of the theory 

The fields in which the theory explained in this section can be used to 
advantage, are the calculations of spatial vibrations, in particular of 
steel structures of railway bridges. 

Large-span bridge structures may be taken for thin-walled beams with 
a fair degree of approximation. Of the dynamic effects a railway vehicle 
is apt to produce in them, those considered in the calculation are the 
motion of force P equal to the vehicle weigth, the motion of two har­
monic forces representing the action of counterweights on the driving 
wheels of a two-cylinder steam locomotive, and the motion of a hori­
zontal harmonic force approximately expressing the so-called lateral im­
pacts of the vehicle. The total stress in the bridge structure is then equal 
to the sum of stresses produced by these forces. 
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22.3.1 The effect of moving mass of a vehicle 

Like in paragraph 1.4.3, the effect of moving mass of a vehicle is 0 btained 
on the approximate assumption that the vehicle with mass m = pig 
stands immobile at point Xo' For simply supported beams, it is Xo = 112. 
In sectional view (Fig. 22.2) the vehicle centroid will be at point Om' 
distance a away from the centre of flexure. 

By the same calculation as that in paragraph 1.4.3 we shall find that 
all the equations established earlier in this chapter continue to apply. 
Only the masses Py and P", and the frequencies Wy(j) and w",(j) are now 
replaced by quantities with bar 

_ 2m . 2 jrcxo 
p_ = p. + - SIn --
- - I I 

_ 2m . 2 jrcxo 
P = P + -SIn --

y y I I 

'These values and the notation 

_ 2ma . 2 jrcxo 
JI = P + -- SIn --

'" '" I I 

(22.35) 

are used in the computation of all the quantities described by (22.24), 
i.e. of w;U)' w~(j)' A, E, C, 15 as well as of all the deformations in Sects. 
22.1 and 22.2. 

22.3.2 The torsional effect of counterweights 

The vertical effects of steam locomotive counterweights were examined 
in Chap. 2. The amplitude of the resultant Q and frequency Q are com­
puted from formula (2.14). Since in two-cylinder steam locomotives the 
counterweights on the right-hand side are turned 90 degrees against those 
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on the left-hand side, there also arises the torsion moment M sin Qt 
where 

M ='1 Qbo 

and bo is the track gauge (Fig. 22.3). 

(22.36) 

bo 

Fig. 22.3. Lateral impacts 
of railway vehicles. 

22.3.3 Lateral impacts 

Lateral impacts of a railway vehicle give rise to an approximately hori­
zontal force, Z(t) = H sin QJt, acting at the vehicle centroid Om (Fig. 
22.2). According to [125] the amplitude H and the frequency Q l of this 
force, as well as the torsion moment produced by it are computed from 
the approximate relations 

where 

m = pig 

d 

a 

rtc 
(22.37) 

mass of the vehicle travelling at speed c, 

half-width of the gap between the inside edge of rail and 
the wheel flange (Fig. 22.3), 

maximum wheel base, i.e. distance between the first and the 
last wheel of the vehicle. 

distance between the vehicle centroid Om and the centre of 
flexure A (Fig. 22.2). 

22A Additional bibliography 

[9,10,13,14,31,90,125,234,243,251,259,264,265,271]. 

356 



23 
The effect of shear and rotatory inertia 

When analyzing beams with height-span ratios larger than about 1/10, 
or beams made of materials sensitive to shear stresses, one must also give 
consideration to the effect of shear and rotatory inertia. 

In the analysis, the transverse deflection of the beam 

t:(x, t) = VM(X, t) + VS(X, t) (23.1) 

is resolved into component VM(X, t) arising owing to bending, and com­
ponent vs(x, t) caused by shear. The rotation of the cross section produced 
by the effect of the bending component of deflection is denoted by 

,/,( ) = avM(x, t) 
'I' x, t . 

ax 
(23.2) 

The bending moment and the shear force are then computed from the 
familiar relations 

M(x, t) = -EJ a2vM(x, t) = -EJ olf;(x, t) , (23.3) 
ox2 ox 

T(x, t) = k*GF avs(x, t) = k*GF [av(x, t) - If;(x, t)] . (23.4) 
ax ax 

The new symbols introduced in the above in addition to those used in 
Chap. 1 are: 

k* - a constant dependent on the shape of the section (e.g. k* = 2/3 
for a rectangular, k* = 3/4 for a circular cross section), 

G - modulus of elasticity in shear, 
F - cross sectional area. 

Fig. 23.1 shows the forces and moments acting on a length element of 
a bar subjected to transverse load p(x, t), placed on a Winkler elastic 
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foundation with constant k (see Chap. 13). The bar is made of material 
with mass Q per unit volume (p. = QF). For a bar thus specified the con­
ditions of equilibrium of forces acting in the vertical direction, and of 
moments are 

02V(X, t) _ oT(x, t) k o( ) _ ( ) 
P. 2 + r x, t - P x, t , ot Ox 

_ oM(x, t) + T(x, t) _ JQ o21jJ(X, t) = O. 
ox ot2 

(23.5) 

pdx 

Fig. 23.1. Forces and moments acting 
on a length element of a bar 

kvdx 

On substituting expressions (23.3) and (23.4) in these equations we get 
a system of partial differential equations for the unknown deflection 
I.:(x, t) and for the unknown rotation t/J(x, t) 

It + r x, t p x, t , 02V(X, t) _ k*GF [OZv(x, t) _ ot/J(x, t)] k o( ) = ( ) 
ot2 oxz ex 

EJ o21jJ(X, t) + k*GF [OV~'(' t) _ ljJ(x, t)] _ JQ C2~(X, t) = 0 (23.6) 
ox2 ox etZ 

which together with the boundary and the initial conditions lead to the 
solution of the beam vibration. 

With the aid of the notation 

Z E 
C l =-, 

Q 

2 k*G 
C2 =-, 

Q 
Cl > C2' 

J ,.2 =_ 
F' 

(23.7) 

representing, respectively, the velocity of propagation of longitudinal, C l , 

and of transverse waves, C2' along the beam, and the radius of gyration, 
r, system (23.6) may be reduced to the single partial differential equation 
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(23.8) 

The beam model described by Eqs. (23.6) or (23.8), in which considera­
tion is given both to the effect of shear and to the effect of rotatory 
inertia, is called the Timoshenko beam [220]' From there follow three 
special cases: 

1. Shear beam 

If the effect of rotatory inertia is neglected and only the effect of shear 
on the dynamic deflection of beam considered, Eqs. (23.6) reduce to 

Jl + v x, t P x, t , OZv(x, t) _ k*GF [OZv(x, t) _ otf;(x, t)] k .( ) = ( ) 

otZ oxz 8x 

EJ oZtf;(x, t) + k*GF [8V(X, t) - tf;(x, t)] = 0 . (23.9) 
8x2 8x 

This system may again be expressed by the single equation of deflection 
vex, t) 

84 v(x, t) EJ 84 v(x, t) 82v(x, t) k [.( ) 2 EJ - -2 2 + It + r x, t - r . 
8x4 Cz ox 8t2 8t2 

. ci 02V(X, t)] = p(x, t) _ /,z ci 02p(X, t) . 
c~ 8x2 c~ 8x2 

(23.10) 

Expression (23.10) follows from Eq. (23.8) in the case of infinite velocity 
of propagation of longitudinal waves along the beam (c 1 ~ ex)). 

*) Eqs. (23.8) and (23.10) to be deduced presently are not suitable for subsequent 
computation because the boundary conditions are difficult to express and the 
right-hand sides of the equations are too complicated. They are given here just to 
illustrate the effect of the propagation of longitudinal and transverse waves along 
a beam, which subject will be taken up later on. 

359 



PART V - SPECIAL PROBLEMS 

2. Rayleigh beam 

If only the effect of rotatory inertia is considered and the effect of shear 
neglected, the so-called Rayleigh beam model [185] results. Of course, 
for such a beam 

v{x, t) = VM(X, t), VS(X, t) = 0, ljJ(x, t) = ar:(x, t)/ax. (23.11) 

With these values Eqs. (23.3), (23.5) and (23.6) give the single beam de­
flection equation 

This equation also follows from (23.8) on the consideration that the 
transverse waves have an infinitely large velocity of propagation along the 
beam (c 2 ~ co). 

3. Bernoulli-Euler beam 

If we neglect both the effect of shear and the effect of rotatory inertia we 
obtain the classical Bernoulli-Euler beam model. Its equation 

(23.13) 

follows either from expressions (23.11), (23.3), (23.5) and (23.6) or from 
Eq. (23.8) if we assume that the velocities of propagation of longitudinal 
and transverse waves along the beam are both infinitely large (c 1 ~ 00, 

C2 ~ (0). 
We will now analyze the effect of a constant force P, i.e. 

p(x, t) = b(x - ct) P , (23.14) 

moving along a beam at constant speed c. The analysis will be carried 
out for a simply supported beam with span I, without an elastic founda­
tion, as well as for an infinite beam on elastic foundation. In either 
case we will solve the effect of the moving force on a Timoshenko beam, 
on a shear beam, and on a Rayleigh beam. The Bernoulli-Euler beam 
under this kind of load (including the effect of damping) was already 
analyzed in full in Chaps. 1 and 13. 
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So far no examination has been made of a Timoshenko beam of finite 
length sUbjected to a moving load, whereas the infinite Timoshenko 
beam on an elastic foundation has been analyzed by S. H. Crandall [39J, 
and J. D. Achenbach and C. T. Sun [3]' Our solution is generalized to 
include a number of cases. 

23.1 Simply supported beam 

A simply supported beam of finite length I has the boundary conditions 

( I ( I at/J(x,t): vx,t)x=o=O, vx,t)X=I=O, =0, 
ax x=o 

ot/J(x, t), 
ox 

= 0, (23.15) 
jx=1 

and the initial conditions 

ov(x, t} 
vex, t)lt=o = 0, --I = 0, t/J(x, t)lt=o = 0, 

at It=o 

at/J(x, t)1 = ° . 
at t=O 

(23.16) 

In the solution we will again apply the method of finite Fourier integral 
transformations (1.9). As to the rotation: in view of (23.15) we shall use 
the ,cosine transformation (27.75) 

'l'(j, t) = t/J(x, t) cos - dx , f l jrtX 

o I 

2 <Xl jrtx 
t/J(x, t) = - L 'l'(j, t) cos - . 

I j= 1 1 
(23.17) 

The Laplace-Carson transformation of function 'l'(j, t) then is 

(23.18) 
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23.1.1 Timoshenko beam 

Eq. (23.6) with (23.14) for the right-hand side will first be transfonned 
with respect to x; the first of (23.6) will be multiplied by sin j1tx/l, the 
second by cos j1tx/l and integrated with respect to x from 0 to l. In view 
of the boundary conditions (23.15) it follows that 

""(x, t) sinj1tx/l dx = - }re 'P(j, t) , fl . 

o I 

fl ·2 2 

/"(x, t) cosjrex!l dx = -} l~ 'P(j, t), 

fl v'(x, t) cosjrex![ dx = jre V(j, t). 
o [ 

Consequently the transformation of Eqs. (23.6) and (23.14) will give 

tiV(j, t) - k*GF [- /re2 V(j, t) + j1t 'P(j, t)] = P sin wt , 
[2 1 

- /1~2 E1 'P(j, t) + k*GF [j; V(j, t) - 'P(j t) ] - 1Q P(j, t) = 0 

where again w = j1tc!1. In view of(23.16), (27.4) and (27.18) the Laplace­
Carson transformation of these equations is 

_ jre c~ V*(j, p) + (p2 + /~2 ci + C~) 'P*(j, p) = o. 
I r I r 

The determinant of this system may be rearranged to the form 
(p2 + wi(j») (p2 + w~(j») where w1(j) and w 2 (j) are the natural circular 
frequencies of a Timoshenko beam 

12 { 2 2 [2 w 2 _ w2 ___ 1 c2 c2 -- -
1,2(j) - (j) 2.2 2 2 + 2 + 2·2 2 2 + .Jrer c 1 c1 }1tr 

(23.19) 

and w(j) is the natural circular frequency of the Bernoulli-Euler beam 
(1.11). 
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The transformed solutions then are 

V*( . ) = Pw p(p2 + wn 
J, P ( 2 2) ( 2 2) ( 2 2) , J1. P + w 1(j) P + w 2(j) P + w 

. P 2 p*( . ) _.I1t WC 2 P 
J, P - --2 (2 2) ( 2 2) ( 2 2) J1.1r p + w1(j) p + w 2(j) P + w 

where 

The inverse transformations (1.9), (23.17), (27.58), (27.54), or (27.64) 
and (27.60) will give the required solutions 

co 2P sin j1tx/1 
v(x, t) = I ( 2 2) ( 2 2) ( 2 2) 

j=l,j,," J1.1 Wl(j)WZ(j) W1(j) - W2(j) WZ(j) - W W1(j) - W 

. [w1(j}w2(j/wi(j) - w~(j))(w~ - ( 2) sin wt -

- w 1(j) w(wi(j) - ( 2) (w; - w~Ul) sin W2(j)t + 

+ wZ(j) w(w~(j) - WZ) (w; - wi(j)) sin WlU)t] + 

+ - + - smwt + 2P sin n1tx/l {Wi(n) - w 2 [(1 W~). 
J1.1 (wi(n) - ( 2)Z 2 w 2 

+ (1 - :~) wt cos wt] + w 2 (1 - :~) sin wt -

- w 1(n)w (1 - ~;) sin W1(n)t} , 
w 1(n) 

co 2j1tPC~ cos j1tx/l 
t/J(x, t) = L -[2 2 (2 2)( 2 2)( 2 2) . 

j=l,j*n J1. r wlU)wzUl W1(j)-W2(j) w 2(j)-w w1(j}-w 

. [w1(j}w2ulwi(j) - w~(j)) sin wt - w 1u)w(wi(j) - ( 2). 

. w. ] - sm wt + -- sm w 1(n)t • 

w 1 (n) 

(23.20) 
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The second term on the right-hand sides of Eqs. (23.20) represents the 
solutions for such j = n for which it just is w2 (n) = w. One can get 
analogous expressions for wI(n) = W by changing the subscript len) to 
the subscript 2(n). 

The character of the vibration of the Timoshenko beam subjected to 
a moving load resembles that of the vibration of the Bernoulli-Euler 
beam investigated in Chap. 1. In contrast to the latter, the Timoshenko 
beam has two systems of natural frequencies (23.19) and thus also two 
speeds at which the deflection grows with time. These speeds are obtained 
from the conditions that w I (n) = wand w 2 (n) = w. Since the beam is of 
finite length, the process is transient and the deflections fail to attain 
infinite values in the interval 0 ~ t ~ I!e. 

23.1.2 Shear beam 

We will solve the shear beam by the method indicated in the preceding 
paragraph. After the Fourier and Laplace-Carson transformations of 
Eqs. (23.9) and (23.14) we get 

V*(. ) _ Pw p j, p - - -----"-----
fl (p2 + w~(j)) (p2 + w 2) 

'P*(j, p) = jrr:Pw ( 2 2 p) ( 2 2)' 
flsi P + wS(j) P + W 

where wS(j) is the natural circular frequency of the shear beam 

2 /rt4 EJ 
wS(j) = ---­

/4 flS' 

( /rt2r2 ci) 
fls = fl 1 + -- 2" . 

12 e2 

(23.21 ) 

(23.22) 

The inverse transformations of (23.21) in accordance with (1.9), 
(23.17), (27.32), or (27.35) yield the solutions 

00 2P sinjrr:x/l (. w. ) vex, t) =. L. - 2 2 SIn wt - -- Sin wSlj)t + 
):I.)*n fl/ WS(j) - W WS(j) 

P sin nrr:x! I . + 2 (SIn WS(n)t - WS(n)t cos WS(n)t) , 
fl/WS(n) 
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0Ci 2Pjrt cosjrtx/I (. w. ) 
tjJ(x, t) =. L. --2 2 2 SIn wt - -- SIn WS(j/ + 

J=l,j*n fJsI WS(j) - W WS(j) 

nrtP COS nrtx/I . + 2 2 (SIn WS(n/ - WS(n)t COS WS(n)t). (23.23) 
fJs I wS(n) 

The vibration of a shear beam is the same as the vibration of the 
Bernoulli-Euler beam (Chap. 1), the only point of difference being the 
natural frequency. The particular solutions represented by the second 
terms of Eqs. (23.23) obtain for such j = n for which w~(~) = w. From 
the latter condition one can also compute the corresponding speed at 
which one component of the deflection grows with time. 

23.1.3 Rayleigh beam 

When consideration is given to rotatory inertia, Eq. (23.12) is transformed 
in accordance with (1.9) and (1.15) to 

V*(. ) _ Pw p 
I, P - - ( 2 2) ( 2 2) 

fJR P + W RU ) P + W 

(23.24) 

where wRU) is the natural circular frequency of the Rayleigh beam 

2 /rt4 £1 
wR(j) = 7 fJR ' 

( 
/rt2r2) 

fJR = fl 1 + -12 - • (23.25) 

The inverse transformations of (23.24) in accordance with (1.9) and 
(27.32) or (27.35) give 

() ~ 2P sin jrtx/I (. w. ) v x, t = 'L.. - SIn wt - -- SIn WR(j)t + 
j= 1.j*n fJRI w~(j) - w 2 WR(j) 

Psinnrtx/I . + 2 (Sin wR(n)t - wR(n)t cos wR(n)t) . 
fJRiWR(n) 

(23.26) 

The second term on the right-hand side of (23.26) is again the component 
of deflection at such j = n at which wR(n) = w. The vibration of the 
Rayleigh beam is completely analogous to the vibration of the Bernoulli­
Euler beam, the respective results differing in the natural frequency only. 
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23.2 Infinite beam on elastic foundation 

In the case of an infinite beam, the force P is assumed to move at constant 
speed c from infinity to infinity with the result that there obtains the 
so-called quasi-stationary state (see Sect. 13.1) for which we introduce 
the single independent variable 

S = A(X - ct) where ;.4 = kj(4EJ) . (23.27) 

Assuming this we may write the steady-state deflection and rotation in 
the form 

t:(X, t) = vov(s), I/I(x, t) = 1/1(5), Vo = Pj(8i.3EJ). (23.28) 

In addition to notations (13.9) and (23.7) we shall introduce the fol­
lowing 

(23.29) 

By help of (13.2) to (13.9) and (23.27) to (23.29), Eqs. (23.6) and 
(23.14) may be reduced to the form 

-(1 -:xD v"(s) + 4m2 /:(s) + ~ I/I'(S) = 8m 2 3(s). 
VOl. 

VOA v'(s) + (1 - :xf) I/I"(s) - _1_ I/I(s) = 0 
m 2 m 2 

(23.30) 

where the primes denote the derivatives with respect to s. 

In the solution of system (23.30) we will make use of the Fourier in­
tegral transformation (13.14) and the other applicable relation 

1/1(5) = - p(q) eisq dq . 1 IX 
2IT - 00 

(23.31) 
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In view of (27.79), (27.80) and (27.84), the transformation of system 
(23.30) will give 

VOA iq V(q) - [(1 - '1i) q2 + _1 ] lJf(q) = ° . 
m2 m2 

The solution of this system and the inverse transformations indicated in 
(13.14) and (23.31) yield the beam deflection and rotation in the integral 
form 

(23.32) 

where 

(23.33) 

By (23.3) the bending moment is 

M(x, t) = -EJ 02t:(X, t2 = -En dljJ(s) . 
ox2 ds 

(23.34) 

As suggested by the different values of A2 and B in Table 23.1, (23.32) 
express in the integral form the deflections and rotations of all models 
of beams: the shear beam for which C1 ~ 00, '1 1 = 0, the Rayleigh beam 
with C2 ~ 00, a2 = 0, m = 0, and the Bernoulli-Euler beam for which 
C1 ~ 00, C2 ~ 00, a 1 = 0, a2 = 0, m = ° [cf. Eq. (13.17)]' From these 
conditions also follow the values of A2 and B of the various types of 
beams - see Table 23.1. 

Integrals (23.32) depend on the poles of the function of the complex 
variable in the integrand. The poles - obtained as the roots of the bi­
quadratic equation 
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Table 23.1 Characteristics of various beam models 

~IB""O"lli- Shear 
model E I I Rayleigh beam Timoshenko 

u er I 
Charac- IX[ = 1X2 = I 

1X2 = m = 0 IX[ = 0 
teristics = m = 0 : 
--------.----~-- ~ 

A2 1 1 - o:f 1 - IX~ (1 - o:i) (1 - o:~) 

B ee 2 0:2 0:2 _ m2 0:2 - m2(1 - IXf) 

1X0 1 {2r2A1[_ 1+ (I - m2)t {:~ [1 ± (1 + 

+ (1 + 4r!).4YJf -L ~=m4 C2YJf m4 D2 

1 1X2 1 
1X1 (IX I = 1) w ~ w --

2r). 1X 1 2m 

0:2 (1X 2 = 1) 1 1 
JJ -f:, - --

2m 2m 

0 0 
m/(l + 

O:J m 
-+- 4IXIm4/lXi)t 

are in the form 

28 [ ( A2)1/2] q1 = A1 1 ± 1 - 8 1 . (23.35) 

Generally, they are the complex quantities q = a + ib. 
Consequently, the position of the poles depends on the magnitude of 

A2 and B. Since it is possible that A2 ~ 0, B ~ 0, B2 ~ 0, we must com­
pute the characteristic dimensionless speeds rt. (13.9) at which those 
quantities reach special values: 

A2 = 0 can occur at rt.l = 1 as well as at rt.1 = 1, i.e. when the speed 
of the moving force equals the velocity of propagation of longitudinal or 
transverse waves. Substitution of these values in (23.29) gives the ap­
pertaining values of (X (marked with prime and the respective subscript) 
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B = 0 occurs for IX = 1X3 where 

(23.37) 

A2 = B2 occurs for IX = cto. This case is of importance because it is 
accompanied by the appearance of multiple poles. 

A survey of the values of 1X0, IX~, IX; and 1X3 of the various kinds of beam 
is in Table 23.1. An analysis of curves A2 and B2 at the points of inter­
section of which lies cto must, of course, be made separately for each type 
of beam. 

23.2.1 Timoshenko beam 

Two of the several types of curves A 2 and B2 of a Timoshenko beam are 
shown in Fig. 23.2. After the substitution of (23.29) the condition that 
A2 = B2 may be given the form of the biquadratic equation in ct 

where 

2cti (4 ) D = - 2m - 1 - 1. 
ct 2 

2 

Fig. 23.2. Curves A2 and B2 of a 
Timoshenko beam for m < 1 and 

D> 0 or D < o. 

I. 1 .1" I. 
1 1 I 

2 3 5 

6 .1 

I 
1 

I. 9 -I 11 -I 13 I. 15 I 
I 1 I I 

10 12 14 16 

(23.38) 

8 

0<0 

11 
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The roots of Eq. (23.38) are 

Z m2 D [ ( ao = d 1 ± 1 
+ 1 - /11 4 CZ)l/Z] 

m4 DZ (23.39) 

and generally they are complex numbers ao = x + iy. Since it may be 
/1l ~ 0, CZ ~ 0, D ~ 0, the magnitude of the real and the imaginary 
parts depends above all on the value of m and D. TIle positions of roots 
ao relative to IX~, a; and a3 for various values of m and D are shown sche­
matically in Fig. 23.3. 

0>0 0-0 0<0 

~;a' t' oc, 
m'<1 LV- !x,!iy 

~ BJ t' oc, 

~ !X,tiy 

m'·, ~ '0," ~ II 
~ to,tiy 

m'" ru 
tx,±x 

• c' ~ II . 
m>c_D'~ !X!/y 

Fig. 23.3. Curves A2 and B2 and their points of intersection eto = x + iy for vari­
ous values of m and D. 

We are now ready to undertake the analysis of the poles defined by 
(23.35). The magnitude of the real and the imaginary parts of poles 
q = a + ib will clearly depend on whether A 2 > B2, A 2 = B2, B2 > A 2 

or possibly AZ = ° or B = 0. The analysis shown in Table 23.2 has been 
made for the cases of D > ° and D < ° and m4 < 1, i.e. for the two limiting 
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Table 23.2 Poles and the range of validity of the various cases, 
Timoshenko beam 

m4 < 1 
--.--~~---

A1 ~ B2 
2B A2 Poles D>O D < 0 
A2 B 

q = a + ib 
Range of Case Range of 

IX No. IX 

A Z > B Z >0 =.a ± ib 0;;:; IX < ao 1 0;;:; IX < ao 
~-

A Z = B2 >0 >0 >0 ±a, ±a IX = ao 3 -
<0 >0 <0 i:ib, ±ib - - IX = 1X0 

-~- ~---

B1> A2 >0 >0 >0 ±a1 , ±a2 1X0 < IX < al 4 
1X1 < a 8 IXl < a 

>0 <0 <0 =.a, ±ib - - 1X1 < IX < a 3 

<0 <0 >0 =.a, ±ib IX; <: IX < 1X1 6 a3 < IX < al 
<0 >0 <0 ='ib[, ±ib1 - - 1X0 < IX < a] 

Al = 0 0 >0 ±a x = a~ 5 IX = 1X1 

IX = 1X1 7 
0 <0 ±ib - - IX = a; 

B Z = 0 >0 0 ::::a ± ia IX = 1X3 2 -

<0 0 =a, ±ia - - IX = 1X3 

AZ=B1= 
0 0 IX = IXl = IX3 18 x = 0:; = (1.3 

=0 

Case 
No. 

9 

-
10 

17 
13 
15 
11 

16 

12 

-

14 

18 

cases in the "first row of Fig. 23.3. In the remaining cases the calculation 
would be completely analogous. 

If we know the types of poles q == Ai = a + ib, i = 1,2, 3,4, we get 
their real and imaginary parts from a comparison of the coefficients at 
like powers of q in the expression 

A2 q4 - 4BqZ + 4 = AZ(q - AI) (q - Az) (q - A 3) (q - A4) = 
= A2{q4 - (AI + A z + A3 + A4) q3 + 
+ [AIAz + (AI + A 1 ) (A3 + A4) + A3A 4Jq2 -

- [AIAiA3 + A4) + A3A4(AI + Az)] q + AIAzA3A4}. (23.40) 
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Integrals (23.32) are evaluated with the aid of the residue theorem 
(cf. Sect. 13.3). In the paragraphs that follow we shall present the results 
of calculation of a, b, deflection, rotation and bending moments of 
various cases arranged in the order of growing dimensionless speed IX 

(13.9), made first for D > 0, then for D < 0, with m always less than 
unity. The ordinal numbers of the various cases correspond to Table 23.2 
and Fig. 23.2. 

a) m < 1, D > 0 

Case 1 (0 ~ IX < 1X0) 

The poles are complex conjugate, ± a ± ib. From (23.40) 

a 2 = 1 (1 + ~), b2 = ~ (1 - ~) . 
Following the integration in the complex plane we get 

r(8) = _e _ a ! -blsl { [ 

Aab 

. sin a1s l } , 

t/t(s) = - 2vO'~. e- blsl sin as, 
A 2 ab 

M(s) = Mo e-bl'l (a cos as - b sin alsj) 
A 2 ab 

where 

Case 2 (ex = e( 3) 

P 
Mo =-. 

4;, 

(23.41) 

Since ex 3 < exo, 1X3 lies in the range of Case 1. And in fact, the poles are 
complex conjugate as in Case 1; their real part, however, is equal to the 

imaginary part ± a ± ia 

221 a =b =-. 
A 

With these values substituted in, the solution becomes the same as in 

Case 1, i.e. (23.41). 
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Case 3 (a = ao) 

The poles are double and lie on the real axis (± a). There exists no 
solution to this case in the absence of damping. We may imagine that 
the beam will lose stability as though acted upon by the axial critical 
Euler force. 

Case 4 (ao < a < a;) 
Poles ± a I' ± a 1 lie on the real axis. As revealed by an analysis of the 

effect of damping in the foundation [3J, poles ± a 1 have a small positive 
imaginary part while poles ± a1 have a small negative imaginary part. 
That is the reason why in the absence of damping, poles ± a I are in­
cluded in the upper, poles ± a z in the lower half-plane in the limit. 

Thus we get 

a 2 _ - 1 + 1 - - az - - 1 - 1 - -_ 2B [ ( A2)1/1] 2 _ 28 [ ( A2)1/1] 
I Al 8 1 ' A2 82' 

for s > 0, 

for 5 < 0, 

ljJ{s) = for s > 0, 

4v }, ljJ(s) = o· cos a2s 
A2a~ - 2B 

for s < 0, 

2Moa 1 • 
- Sin als 

Alai - 2B 
M(s) = for s > 0, 

M(s) = 2Moaz sin aos 
A2a~ - 2B -

for s < O. (23.42) 

Case 5 (a = a;) 

When the velocity of propagation of transverse waves along the beam 
is attained, poles ± a 1 of the preceding case move to infinity; there 
therefore remain only poles ± a2 , which we shall denote ± a, and count 
to the lower half-plane. 

373 



PART V - SPECIAL PROBLE~IS 

From (23.40) 

Proceeding in the same way as in the integration of case 4 we get 

for s > 0 
v(s)=O, I~(S)=O, ,"1'[(5)=0, 

and for s < 0 

v(s) -2a[1 + a 2m 2(l - ai)] sin as , 

I~(S) -2vo).a 2 cos as , 

M(s) = -Moa 3 sin as . (23.43) 

Case 6 (a; < a < a~) 

Like in the preceding case, the two poles, ± a, on the real axis are in­
cluded in the lower half-plane (as the limit case with damping considered), 
next to them there exist two poles ± ib on the imaginary axis. 

Expression (23.40) results in 

2B [ (A2)1/2] 
a2 = - A2 - 1 + 1 - B2 ' 

2B [ ( A2)1/2] 
b2 = - A 2 1 + 1 - B2 ' 

and the integration in the complex plane gives 

r(s) = _ 2[1 - b2 m 2(1 - aD] e-bs 

b(A2 b2 + 2B) 
for s > 0, 

2[1 - b2 m 2 (1 -:xi)] bs 4[1 + a 2 m 2(1 - am . r(s) = - e + Sin as 
b(A2 b2 + 2B) a(A2 a2 - 2B) 

for s < 0, 

for s > 0, 

t/J(s) = for s < 0, 
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(23.44) 
Case 7 (a = a~) 

The case of the attainment of the velocity of propagation of longitudi­
nal waves along the beam is exactly the same as Case 5. Poles ± a are 
computed from a2 = l/B, and Eq. (23.43) applies also. 

Case 8 (a~ < a) 
At very high speeds, poles ± a I, ± a 2 lie on the real axis. In the presence 

of damping all poles have a small negative imaginary part, and that is why 
in the absence of damping they are in the limit included in the lower half­
plane. The values of ai' a2 are the same as in Case 4 but the beam defor­
mations are as follows: 

for s > 0: 
v(s) = 0, l/1(s) = 0, M(s) = 0, 

for s < 0: 

( ) 4[1 + aim 2(1 - aD] . 4[1 + a;m2(l - aD] . 
v s = Sill a IS + - Sill a zS , 

a l (A 2 ai - 2B) a2(A2a~ - 2B) 

1/I(s) = 4voA. ( 1 cos ajs + 1 cos azs) , 
A2ai - 2B A2a~ - 2B 

M(s) = 2Mo ( 2a , sin a,s + az sin a2s) . 
A2al - 2B A2a~ - 2B 

(23.45) 

b) m < 1, D < O. 

Case 9 (0 ~ a < ao) 

This case is the same as Case 1 (see Table 23.2) and therefore Eq. 
(23.41) applies also. 

Case 10 (a = ao) 

The double poles ±ib lie on the imaginary axis. Eq. (23.40) gives 

b2 = -2/B or b.l. = 4/A2 
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and the integration in the complex plane 

v(s) = lb -bISI{l + bZ m 2(1 - 1Xi) + blsl [1 - b2 m2(t -xDJ}, 

l/1(s) = - tVoANe-blslbs, 

(23.46) 

Case 11 (lXo < IX < IX;) 

All four poles lie on the imaginary axis, ±ib1 , ±ib2 o From (23.40) 

bi = - - 1 + 1 --2B [ ( AZ)1/2] 
A2 BZ ' 

In this case the beam deformations are 

(23.47) 

Case 12 (IX = IX;) 

When the velocity of propagation of transverse waves along the beam 
is reached, poles ±ib 1 move to infinity and only poles ±ibz remain; here 
we denote them by ± ib where 

b2 = -l!B ° 

After integration, 

v(s) = b[l - b2 m2(1 - CtDJ e- blsl , 

l/1(s) +voAb2e-blsl for s ~ 0, 

M(s) = -tMob3e-blslo (23.48) 
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Case 13 (a; < a < a3 ) 

The poles now are on the imaginary axis ±ib and on the real axis ±a. 
The latter are included in the lower half-plane. Expression (23.40) gives 

and the integration 

r(s) = _ 2[1 - b2m2(1 - am e-bs 

b(A 2 b2 + 2B) 
for s > 0, 

( ) 2[1 - b2 m 2(1 - am bs 4[1 + a2 m 2(1 - am . 
v s = - e + Sill as 

b(A2 b2 + 2B) a(A 2 a2 - 2B) 

for s < 0, 

for s > 0, 

I/I(s) = for s < 0, 

M(s) = Mob e- bs for s > 0, 
A 2 li2 + 2B 

M(s) = Mo ( b ebs + 2a sin as) for s < O. 
A 2 b2 + 2B A 2 a2 - 2B 

(23.49) 

Poles ± a, ± ia now have equal real and imaginary parts; this means 
that in the preceding Case 13 we set a = b with 

With this notation the beam deformations are the same as (23.49). 

Case 15 (a 3 < IX < a~) 

Poles ±a, ±ib have the same form as those of Case 13; in view of the 
magnitude of A2 and B, their notation, however, is somewhat different 

377 



PART V - SPECIAL PROBLEMS 

28 [ (A2)1/2] 2 28 [ ( A2)1!2] a2 = - A2 - 1 + 1 - 8 2 ,b = - A2 1 + 1 - B2 . 

The applicable equation is (23.49) with these values of a and b substituted 
In. 

Case 16 (IX = IX;) 

According to Table 23.2, this case with poles ± a is exactly the same 
as Case 7 and hence also as Case 5. The applicable equations therefore 
are (23.43). 

Case 17 (IX; < IX) 

At very high speeds the situation is as that in Case 8; the applicable 
equations therefore are (23.45) - see also Table 23.2. 

Case 18 (IX = IX; = 1X3) 

Irrespective of the magnitude of m and D, another interesting case 
occurs whenever the dimensionless speed becomes equal to the velocity 
of propagation of transverse waves along the beam, which is simultane­
olisly equal to 1X3. Such a situation arises just when curves A2 and 8 2 
intersect on axis IX, i.e. when A2 = B2 = O. 

Then the integration in Eqs. (23.32) can be carried out with the aid of 
generalized functions of higher orders and their integral representations 
in the complex plane (according to [201], Vol. HI!2. Sect. 61, p. 226): 

b(x) = - e'x= dz , 1 foo . 
2It - 00 

H ( ) - db( x) _ 1 fOC; ix= d 
1 X - -- - - - ze z , 

dx 21ti - 00 

Using formulae (23.50) we get from (23.32) and (23.34) 

v(s) = 2[b(s) - m2(1 - 1Xi) H2(s)] , 

ljJ(s) = 2vo;' H l(S) , 
M(s) = -Ala H2(s) . 
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PART V - SPECIAL PROBLEMS 

23.2.2 Shear beam 

The values of A2 , B, Cto , Ct~ and Ct 3 computed for the shear beam are set 
out in Table 23.1. The poles of expressions (23.32) depend on the course 
of curves A 2 and B2. Two of the possible types of these curves are shown 
in Fig. 23.4 (m 2 < 1/2 and 1/2 < m2 < 1). The type of poles and the 
range of validity of the various cases can be determined from an analysis 
of curves A2 and B2 and from the magnitude of A2 and B. The pertinent 
data are summarized in Table 23.3 (see also Fig. 23.4). 

m 

Bf 

L- 19 ~1 24 
I II 

20 2123 

25 .! 21 . 29 31 

I I I 
26 28 30 

Fig. 23.4. Curves A2 and B2 of a beam with shear considered, 
for m2 < 1/2 and 1/2 < m 2 < 1. 

The deformations of the shear beam in the various cases considered are 
the same as those of the corresponding cases of the Timoshenko beam 
(cf. Table 23.3). As indicated in Table 23.1, the values to be used in the 
respective formulae are Ct 1 = 0, A2 = 1 - Ct;, B = Ct2 - m 2 • 

23.2.3 Rayleigh beam 

The values of A 2 , B, Cto, Ct~ of the Rayleigh beam are listed in Table 23.1, 
the curves A2 and B2 drawn in Fig. 23.5. The type of poles and the range 
of validity of the various cases are again established on the basis of an 
analysis of the curves and from the magnitude of A2 and B. The data thus 
obtained are shown in Table 23.4 and Fig. 23.5. 
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The deflections and bending moments of the Rayleigh beam are again 
the same as those of the Timoshenko beam in the corresponding cases 
(see Table 23.4). The values to be substituted in the appertaining formulae 
are In = 0, A2 = 1 - cei, B = !X2 (Table 23.1). 

Fig. 23.5 Curves A 2 and B2 
for a Rayleigh beam. 

a 

I· 32 I 34, 35 

I I 
33 35 

Table 23.4 Poles and the range of validity of the various cases, 
Rayleigh beam 

A2> B2 

A2 = B2 

--~---

B2> A2 

---------

2B 
A2 

>0 
-----

>0 
<0 

---

B 

>0 

>0 >0 
-----

>0 >0 
<0 >0 

---- ---

o >0 

Poles 

q = a + ib 
Range of (X Case No. 

±a ±ib o ~ (X < (xo 32=1 

±a,±a (X = (xo 33=3 

±a l • ±a2 (xo < (X < (Xl 34=4 
±a, ±ib (Xl < (X 36=6 

------

±a 35=7=5 

-------------------------------------

23.2.4 Bernoulli-Euler beam 

The BernouIli-Euler beam, for which A2 = 1, B = 11.2 , and ceo = 1, 
would be analyzed in an analogous manner (Table 23.1). If the pertinent 
formulae are evaluated for In = 0, ce l = 0, !X2 = 0, we get Case 1 for 
o ~ a < !Xo, Case 3 for ':I. = 11.0' and Case 4 for ':1.0 < ':I.. This is in com­
plete agreement with the results of Chap. 13. 
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23.3 Application of the theory 

The theory discussed in this section can be used in calculations relating 
to deep beams, materials sensitive to shear stresses, etc., especially when 
very high speeds of the moving force are involved. 

So far as beams of finite length are concerned, there exist for the 
Timoshenko beam two speeds and for the simpler beam models but one 
speed at which the deflections grow with time. Since in this instance the 
processes are transient, the amplitudes will never reach dangerous values 
within a finite time interval. 

As to infinite beams on elastic foundations under steady-state vibra­
tions produced by a moving force: For all types of beams there exists 
a speed, eto, at which the beams lose stability. When the speed equals the 
velocity of propagation of longitudinal waves (:Xl) or of transverse waves 
(et2) along the beam, the beam is not stressed in front of the moving load. 
This is so even in the case of a Timoshenko beam at speeds higher than 
et~. However, beams of the simpler types are stressed in front of the 
moving load no matter how high the speed is. 

It is of interest to note that with materials sensitive to shear (large m) the 
beams do not lose stability even at speed :to - cf. Case 10. This is due to 
the fact that shear stresses cause a break in the deflection line underneath 
the load. In the transition between this case (large m) and the case of 
beam losing stability (at small m) lies the special Case 18. 

23.4 Additional bibliography 

[3, 39, 66, 112, 175, 212, 265). 
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24 
Finite beams subjected to a force moving at high speed 

We have seen in the preceding chaptcrs that finite beams possess solution 
in Fourier series. The series are highly effective at low speeds of load 
motion. At high speeds of load motion it is already necessary to take 
a fairly large number of tcrms of the series. The deflections of finite 
beams are always finite because the moving force acts on them in a limited 
time interval only. 

Steady-state vibration of infinite beams, on the other hand, are solved 
for the force moving from infinity to infinity. The solution is very simple 
and not expressed in series. In the absence of damping there exists here 
a certain critical speed at which the beam deflections grow beyond all 
limits. 

An attempt to reconcile the two basic methods of solution has been 
made by C. R. Steele [205J whose method is based on Poisson's summa­
tion formula [38J, [165]: 

Consider function f(s, x, t) of continuous independent variable sand 
parameters x and t (which are not essential for what follows. They are 
mentioned here for the sole reason that the beam deflections are func­
tions of x and t). In each finite interval, function f( s, x, t) possesses bound­
ed variation and for s -t + 00, S -t - 00, satisfies one of the following 
conditions: 

a) it is monotonic and absolutely integrable, 

b) it is integrable and has absolutely integrable derivative with respect 
to s. 

The Fourier integral transformation of this function will be formed 
somewhat differently than the conventional (13.14) 

(24.1) 
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Poisson's summation formula then is 

'" 00 I f(j, x, t) = I F(n, x, t) . (24.2) 
n= - 00 

In the above the continuous variables sand q are changed to integer 
discrete variables j and n in functionsf(s, x, t) and F(q, x, t), respectively. 
The series on the left-hand side of (24.2) is transformed in another 
series whose terms are the Fourier integrals. 

24.1 Finite beams 

Vibration of finite beams is usually expressed by series (6.2) which re­
presents expansion of beam deflections in normal modes. This series 
can easily be expanded in the Fourier series in complex form 

where 

00 oc 

.( t) - '\' J1 V(· t) () _ '\' } (. ) ij,x,1 [X, - L... - j, v(j) x - L... I j. t e 
j=l Vj j=-oo 

h(j, t) = ~fl v(x, t) e-ij,x/I dx. 
21 -I 

(24.3) 

The right-hand side of Eq. (24.3) has already the form analogous to 
that of the left-hand side of Eq. (24.2). Assuming that the above-stated 
requirements on function h(j, t) eijrtx / I are satisfied, one can apply 
Poisson's summation formula (24.2) with (24.1) substituted in. The result 
is the infinite series of improper integrals 

(24.4) 

One finds that the term of series (24.4) for n = 0 is the solution of the 
given case for a semi-infinite beam, i.e. the case in which the boundary 
conditions are satisfied at the left-hand end and the beam is infinitely 
long. The other terms of the series for n :f. 0 then express the effect of 
the way the beam is supported on the rig!1t-hand side. If the beams are 
long and the speeds of force motion high, series (24.4) converges very 
fast. 

384 



FINITE BEAMS SUBJECTED TO MOVING FORCE 

24.2 Simply supported beam 

The deflection of a simply supported beam subjected to force P moving 
at speed e [see (1.31) or (6.27)] is 

2 00 • jrrx 
v(x, t) = - I vU, t) Sin -

I j= 1 I 
(24.5) 

where 

{
!:. 2 1 2 (Sin wt - ~ sin W(j)t) for 0 ~ t ~ lie = T 

VU, t) = {t w(j) - W w(j) 

~ 2W 2 [cosjrrsinw(j)(t - T) - sinw(j)t] 
!t w(j)( w(j) - W ) 

jrre 2' /rr4 2 2 EJ 
W = -1-' w(j) = f4 a , a =-;: 

The sine series (24.5) is put in the complex form 

v(x, t) = ~ feU, t) eij,x'/ 

I j=-if) 

where the Fourier coefficients 

for t ~ T, 

(24.6) 

eU, t) = 1[ aU, t) - i vu, t)], e( - j, t) = 1[ aU, t) + i vU, t)] 

are computed from the coefficients of the appertaining sine series VU, t) 
and the cosine series aU, t), the latter coefficients being of course zero 
[aU, t) = 0] in this case. Substituting the coefficients in (24.6) yields 

v(x, t) = - ~ f VU, t) e ijujl . 
I j=-oo 

(24.7) 

Applying Poisson's formula (24.2) with the simultaneous substitution 
of (24.1) in the right-hand side of Eq. (24.7) yields 

v(x, t) = - T n=~cc J:ooV(S, t) eins(xjl-2n) ds. (24.8) 

Since in formulae (24.5) j always appears in connection with jrt/l, we will 

385 



PART V - SPECIAL PROBLEMS 

substitute in (24.8) a new variable, q = mil [q here is obviously different 
from that in (24.1)J. Consequently the resultant deflection is 

1 CfJ fCfJ . v{x, t) = --: _~ V{q, t) e1q(.<-2111) dq 
TO /1- if) _'" 

(24.9) 

where 

follows from formula (24.5) for V(j, t) at 0 ;£ t ;£ T in which the discrete 
variable jrr:/l has been changed to continuous variable q. 

We shall now prove that for n = 0, formula (24.9) will give the solu­
tion ofa semi-infinite beam subjected to a moving force. Let us solve 
this case directly from the equation 

The boundary conditions now are 

vex, t)lx=o = 0, v"(x, t)lx=o = 0, v(x, t)lx_", = 0, 

V'(x, t)lx_", = 0, vl/(x, t)lx_", = 0, v"'(x, t)lx_o", = 0, 

and the initial conditions are (1.3). 

(24.10) 

In the solution we shall use the Fourier sine transformations (27.85) 
to (27.87) 

V(q,t)= v(x,t)smqxdx, r(x,t)=- V(q,t)smxqdq.(24.1l) f"'· 2 J'''' . 
o rr: 0 

With (24.11) and the boundary conditions, Eq. (24.10) \vill give 

EJq4 V(q, t) + It ii(q, t) = P sin qct . 

In view of the initial conditions and (27.4), (27.18) the Laplace-Carson 
transformation will result in 
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and the inverse transformation (27.32) and (24.11) in 

2 foo u(x, t) = - V(q, t) sin xq dq . 
1t 0 

(24.12) 

Since according to (24.9) function V(q, t) is an odd one, integral (24.12) 
can also be expressed by integral (24.9) for 11 = O. It namely holds for 
oddfunctionsJ(-x) = -J(x) that 

f
ro J(z) eia= dz = 2ifooJ(x) sin ax dx . 
-00 0 

Even though the integrals in (24.9) are quite complicated, C. R. Steele 
succeeded in evaluating them. For details of the. solution the reader is 
referred to Steele's study [205]' 

24.3 Application of the theory 

The theory outlined in the foregoing is useful in problems involving 
large-span, slender beams subjected to forces moving at high speeds, i.e. 
for cl!(1ta) ~ 1. As proved by C. R. Steele [205J, the convergence of 
series (24.9) is very fast in such cases. We may also think of the problem as 
of one in which the load moves at a speed so high that all the beam ex­
periences is an impulse of a sort. This impulse causes' the maximum 
stresses in the beam to come into being only after the departure of the 
force, i.e. at t > T. 

24.4 Additional bibliography 

[119,2051. 
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25 
Non-elastic properties of materials 

The real properties of materials used in civil and mechanical engineering 
for structures intended to support moving loads, are very complicated. 
They depend not only on the macrophysical characteristics of the structu­
re and its material but on the physical and chemical microstructure of 
matter as well. A detailed treatment of this topical subject is outside the 
scope of our book. All we plan to do here is to offer an analysis of beams 
whose materials possess some very simple non-elastic properties, i.e. 
examine several cases of viscoelastic and plastic properties of beams. 

15.1 Viscoelastic beam subjected to a moving load 

So far we have been dealing with truly elastic materials, that is to say 
with materials whose linear stress-strain relation and material constants 
E, G, }., v (see Chap. 17) are independent of time, magnitude of deforma­
tion. location, temperature, etc. Some structural materials (e.g. concrete, 
plastics) have, however, distinctly rheologic properties that cause some 
of the constants to be dependent on time. Here we will ignore their tem­
perature-induced changes and consider constants E, G, A to be functions 
of time alone. 

According to W. Nowacki [170], the stress-strain relation of a visco­
elastic body can in general be expressed by the linear differential operator 
relations 

where 

Pl(D)sij = P2(D)e jj , i = \,2,3, j = 1,2,3, 

P3(D) s = P4 (D) 8 

Sij = (Jij - tsc5ij. 

eij = Gij - -l8c5ij, 
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s 

e = SII + S22 + S33' 

- components of normal (i = j) or tangential (i =f. j) stress, 

- corresponding components of strain, 

{ I for i = j 
= 0 f . . Kronecker delta symbol, 

or I =f. } 

P i( D) - linear differential operators (in a general case they may be 
linear as well as nonlinear differential and integral operators), 

D - symbol of the derivative with respect to time. 

For several types of very simple viscoelastic solids, operators P;(D) 
are summarized in Table 25.1. 

Table 25.1 Properties of viscoelastic solids 

Solid PI(D) P2(D) P 3 (D) P4 (D) 

Hooke 1 2G 1 3K 

Kelvin 1 2G(l + '1D) D 3KD 

Maxwell 'II + D 2GD D 3KD 

Standard linear 1 -:- 'II D 2G(l + liD) D 3KD 

For a perfectly elastic Hooke solid it is then according to Table 25.1 
and (25.1) 

where 

Sij = 2Geij' s = 3Ke 

K=2G~. 
3 1 - 2v 

(25.2) 

The model of the Hooke solid - a spring with no damping and its 
strain-time relation for suddenly applied constant stress cr 0 are shown 
in Fig. 25.la. 
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The model of the Kelvin (Voigt) solid consists of a spring and a viscous 
damper connected in parallel. Its material constants are E (or G) and 
11. The model and its strain-time dependence (creep curve) under sud­
denly applied constant stress ao are shown in Fig. 25.1 b. 

a) 

f: 
b) ~ c) (j 

E E 
'7 

'7, 
(j (j ~ 

d) a-

~l= 
c, c , 
~1Ek= ff,,/Et=: 

t t t 

Fig. 25.1. Models of viscoelastic solids, and the dependence of strain e on time t 
(creep curves) for suddenly applied constant stress 0"0. a) Hooke solid, b) Kelvin solid, 

c) Maxwell solid, d) standard linear solid. 

The Maxwell solid (Fig. 25.1c) is represented by a spring and a viscous 
dam?er connected in series; its material constants are E (or G) and 111. 

The standard linear model of a viscoelastic solid is obtained by con­
necting a Kelvin unit with a spring in series (Fig. 25.1d). Its material con­
stants are E, E 1 , 11 (or in the Table 25.1 G, 11, 111). 

To simplify calculations one frequently introduces the incompressible 
viscoelastic solid for which 

P3(D) = 0, v = 1/2, K ~ 00, A ~ 00, E = 3G . (25.3) 

The stress-strain relations of all the above solids are computed from 
Eqs. (25.1) with the substitution of the respective operators from Table 
25.1. 

More complicated viscoelastic solids with a number of springs and 
viscous dampers connected in series or in parallel can also be ob­
tained by combining the simple models described. 

Having introduced the assumptions stated, W. Nowacki [170] de­
duced directly the relation between Young's modulus E(t) and operators 
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Pi(D). For beams withO"l[ = E(t)e[[, 0"22 = 0"33 = 0"12 = 0"23 = 0"3[ = 
= 0, he expressed this relation in the Laplace-Carson transformation 

E*( ) _ 1 3pi(p) p!(p) ( ) 
p - E 2 p1(p) p!(p) + pi(p) p~(p) 25.4 

where pi(p) are the Laplace-Carson transforms of operators P;{D) and 
E is the initial Young's modulus. 

Using notation (25.4) we can write the expression of the Laplace-Carson 
and Fourier (sine) finite integral transformations of beam deflection. For 
a simply supported viscoelastic beam traversed by force P moving at 
constant speed c, the expression is analogous to Eq. (1.17) in the absence 
of damping (Wb = 0): 

V*c ) _ Pw P 
} ,p - -It -(p-2-+-W-2-) -[p-"2-+-w-fJ-)E-*-(-p )-] (25.5) 

where W = jrtc/l, w~j) is according to (1.11) the natural circular frequency 
of a perfectly elastic beam, and E*(p) is defined by Eq. (25.4). Eq. (25.5) 
applies only during the force travel over the beam, i.e. 0 ~ t ~ lie. 

We will now solve the beam deflection (25.5) for the basic models of 
viscoelastic bodies: 

25.1.1 Perfectly elastic Hooke solid 

For a perfectly elastic Hooke solid, Eq. (25.4), the data of Table 25.1 and 
the formulae at the beginning of Chap. 17 will give 

E*(p) = 1 ; 

accordingly, after inverse transformations (25.5) the beam deflection is 
the same as in Eq. (1.31) for an undamped beam. 

25.1.2 Kelvin solid 

a) Incompressible solid 

Eqs. (25.3), (25.4) and Table 25.1 give 

E*(p) = 1 + I1P . 
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With the substitution of the above expression in (25.5) the transform 
becomes the same as in Eq. (1.17) except that now 

With this notation the beam deflection is the same as in Eq. (1.24) which 
gives consideration to viscous damping. 

b) Compressible solid 

For the Kelvin solid, Eq. (25.4) and Table 25.1 will result in 

E*(p) = J: 9 GK(1 + I1P) . 
E 3K + G( 1 + 11 p) 

With this expression transformation (25.5) may be written as follows: 

V*(j, p) = Pw p(p + d) 
It (p2 + ( 2) (p3 + a2p2 + alP + ao) 

(25.6) 

where 

d = ~ (1 + 3~), 

9Kwfj) 
ao = ---, 

EI1 

9Kw2 G + 3K a l = __ (_J), a 2 = __ _ 
E GI1 

The third-degree polynomial p3 + a2p2 + alP + ao can be resolved 
in root factors. Since all coefficients a i are positive we can conclude that 
according to Descartes' rule of sign [186, Sect. 31.2] not a single root of 
the cubic equation p3 + azp2 + alP + ao = 0 will be positive. Then 
there exist four possible solutions of that equation: 

1. One positive root (- c)*) and two complex conjugate roots 
(-a + ib, -a - ib). The resolution in root factors then is 

(25.7) 

2. All the roots are real ( - a, - b, - c). The resolution is 

(p + a)(p + b)(p + c). (25.8) 

*) Root - c is not identical with the symbol of speed c contained only in the 
expression ro = j1tC / I. 
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3. A zero triple root with the resolution 

p3 . (25.9) 

4. All the roots are real but two of them are equal ( - a, - a, - c). The 
resolution is 

(p + c)(p + a)2 . (25.10) 

The roots a, b, c of the cubic equation will be obtained by the familiar 
methods of solution [186, Sect. l.20]. 

The resolution of the polynomial will also control the solution of the 
inverse Laplace-Carson transformation of Eq. (25.6) - see (27.49) to 
(27.52). 

The only beam deflection we shall write here will be that with the re­
solution according to (25.7). By (J .9) and (27.49) it is 

v{x, t) = I - sin - 2 2 [(clA t + wBt) cos wt -'" 2P jnx { 1 

i=lJ1l I A t + Bl 

where 

w e- ar 

- (wA - dB ) sin wt] + - ---- . 
lIb A~ + B~ 

. [((d - a) A2 + bB2) cos bt - (bA 2 - (d - a) B2 ) sin bt] + 

+ (25.11) 
w(d - c) e- cr } 

(w2 + c2) [(a - C)2 + b2] 

AI = w(w2 - 2ac - a2 - b2 ) , 

A z = b(b 2 + 2ac - w 2 - 3a 2 ) , 

B t = c{a 2 + b2 ) - w2(c + 2a) , 

B2 = a(3b2 - a2 - ( 2 ) + c(a 2 _ b2 + ( 2 ) • 

The beam deflections for the remaining cases of the resolution, (25.8) 
to (25.10), would be obtained analogously from Eq. (1.9) and from 
(27.50) to (27.52). 

Deflection (25.11) differs from the deflection of a perfectly elastic 
beam with viscous damping (1.4) by the term containing e - cr, which 
expresses the viscoelastic growth of the transient phenomenon that 
comes into being as force P crosses the beam. 
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25.1.3 Maxwell solid 

a) Incompressible solid 

(25.3), (25.4) and Table 25.1 result in 

E*(p) = -p­
P + 171 

which substituted in Eq. (25.2) gives the transformed solution 

V*( . ) _ Pw p + 17 I 
J, P - -1-( -(p-z-+-w-Z)"--[(-p-+-'--'--a-)2-+-b-Z] 

where a = 17 tl2, b2 = wtj) - 17i!4. 

(25.12) 

In view of (1.9), (27.40) and (27.41) the inverse transformations of 
(25.12) yield the deflection 

vex, t) = L -- (wtj) - w2 - 17i) SIn wt + 00 2P sin jItx!1 { . 

j= J III (wtj) - ( 2)2 + 4a zwz 

+ 171 wtjl - cos wt) + ~ [_b 2 + aZ + W Z + 17! . 
w b 2w (j) 

. (3b Z - a2 - WZ)] e- at sin bt - 171W [1 -+ . 
w(j) 

(25.13) 

b) Compressible solid 

By (25.4) and Table 25.1, for the Maxwell model 

E*(p) = -.!-. 9Gp 
E(3 + G!K)p + 3171 

so that the transformed solution (25.5) takes on the form 

(25.14) 
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a = d/2, b2 = 9Gwtj) 
E(3 + G/K) 4 

For a small value of d, i.e. for b2 > 0, the inverse transformations of 
(25.14) according to (1.9), (27.40) and (27.41) give the deflection 

( ) ~ 2P sin jrrx/l {( 2 b2 2 2 d) v x, t = L., - a + - w - a . 
j;1 p.! (a 2 + b2 _ W 2)2 + 4a 2w 2 

.sinwt - 2aw(coswt - e-a'cosbt) + ~(a2 + b2 - c2). 
W 

. (3b 2 - a2 _ W2)] e- a ' sin bt + dw . 
a 2 + b2 

. (3a 2 - b2 + w 2 ) (1 - e- a ' cos bl)} . (25.15) 

Except for different constants, the deflections of incompressible and 
compressible Maxwell beams are the same. It is interesting to I}ote 
that the viscoelastic action of such beams is analogous to the case of con­
tinuous load q = Pd!c arriving on a beam with viscous damping. The use 
of (27.73) together with the action of moving force P will namely result in 
a transformation that is formally the same as (25.14). 

25.1.4 Standard linear solid 

a) Incompressible solid 

Eqs. (25.3), (25.4) and Table 25.1 give 

E*(p) = 1 + 'lP 
1 + 'lIP 
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with which the transformed solution (25.5) will turn out in the same 
form as (25.6). Coefficients d and ai now are, of course, different, namely 

d=l!Yfl' 

For these coefficients the deflection is defined by Eq. (25.11); for the 
other kinds of resolution in root factors, it is computed from (27.50) 
to (27.52). 

b) Compressible solid 

For the standard linear solid, (25.4) and Table 25.1 give 

pep) = 2. 9GK(l + Yfp) 
E (1 + Yf 1 p)3K + (1 + Yf p) G 

Like in the preceding case, with this expression the transformed solution 
will be in the form of Eq. (25.6); its coefficients, of course, will be dif­
ferent, namely 

d = G + 3K 
GYf + 3KIlt 

G + 3K 
a2 =----

GIl + 3K'11 

For these coefficients the deflection is defined by Eq. (25.11); for the 
other kinds of resolution in root factors [(25.8) to (25.10)J, it is com­
puted with the aid of relations (27.50) to (27.52). 

Like in the Maxwell model, in this case, too, we can compare the visco­
elastic action of the beam material to the combined action of a moving 
force and a continuous load, the latter arriving on the beam at the same 
time as the load does (Fig. 3.3). As soon as the load departs from the 
beam, the vibration dies away. In the viscoelastic case the after-effects 
are slower than in perfectly elastic materials. As we already know from 
the solution of beam deflection, viscoelasticity of material turns the beam 
vibration into a damped one. In this sense viscoelasticity and viscous 
damping are nearly equivalent. The only other solid for which this is 
precisely so, is the Kelvin incompressible solid. 
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25.2 Rigid-plastic beam subjected to a moving load 

The stress-strain diagrams of some materials feature a clearly defined 
plastic portion which, too, must be taken into account in structural design 
according to the limit states. A typical diagram of this sort is in Fig. 25.2 
which shows strains in a test rod under growing tensile stresses. If the 
stress pattern is of an oscillatory character, the stress-strain relation is 
more complicated still. 

Fig. 25.2. Stress-strain diagram of 
mild steel (relation between stres­
ses and strains in material under 

pure tension). 
£ 

That is why in calculations that are carried out up to and including 
plastic strains of the structure, the stress-strain diagrams are usually 
simplified to a considerable extent. For beams, the dependence of bending 
moment }vl on curvature K is idealized in the way depicted in Fig. 25.3 
which, in effect, is a highly simplified version of the stress-strain diagram 
of Fig. 25.2 for flexural members. Symbol M p in Fig. 25.3 denotes the 
bending moment on the limit of plastic deformation of beam cross section. 

b) c) d) eJ 

M~ Ml£::= 1-1, 

arctgEJ 
K K 

Fig. 25.3. Relations bctween bending moment M and curvature K, used in the theory 
of beam bending: a) ideal elastic beam, b) elasto-plastic beam with linear strain 
hardening, c) ideal elasto-plastic beam, d) rigid-plastic beam with linear strain 

hardening, e) ideal rigid-plastic beam. 

If consideration is given to plastic reserves in the material, the problem 
of a load moving on a structure becomes very involved. Let us prove this 
by considering the action of a concentrated load during its travel on 
a beam: at the beginning, soon after the arrival of the load, the beam 
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behaves like a perfectly elastic one. This goes on until the instant one of 
the beam cross sections reaches the limit moment M p' As the load travels 
on, this cross section in plastic state enlarges into a plastic region which, 
too, becomes dependent on load motion. The rest of the beam remains 
elastic. When the load departs, the beam continues to be permanently 
deformed; this state depends on the actual relation between stresses and 
strains under the given stress variation in the various cross sections. 

To somewhat simplify, the dependence of bending moment on curva­
ture is idealized to such a degree (Fig. 25.3) that in the limit case one 
arrives at a perfectly rigid-plastic beam according to Fig. 25.3e (cf. 
J. Henrych [104], 1. L. Dikovich [47]). The problem of loads travelling 
on beams with plastic reserves in the material taken into account, has 
been dealt with injust three studies: E. W. Parkes [177] solved the motion 
of a mass on a massless rigid-plastic beam while P. S. Symonds and 
B. G. Neal [211] extended his solution to a mass beam. So far the most 
complete numerical solution of the case has been offered by T. G. Toridis 
and R. K. Wen [221] who considered an elasto-plastic material with 
linear strain hardening according to Fig. 25.3b. In what follows we will 
tackle only the case of a mass moving on a mass rigid-plastic beam, the 
plastic hinge being assumed to be stationary. This is analogous to the 
case solved in [211]; however, our calculation will encompass all phases 
of the motion as well as the motion of a force on a mass beam and of a 
mass on a massless beam. 

25.2.1 Perfectly rigid beam with plastic hinge 

Consider a perfectly rigid simply supported beam appreciably weakened 
in cross section xp (Fig. 25.4). According to Fig. 25.4d), the weakened 
cross section can transmit the constant limit bending moment jV[ p (Fig. 
25.3e) as well as the shear force T(t). 

1. L. Dikovich [47] writes the equation of equilibrium of an ideally 
rigid-plastic beam as follows: 

fiX (t) a2 v(x, t2 + Ii xAt) w(t) (_ dXp_(t) + dXp+(t)) = Ip, (25.16) 
p et2 2 dt dt 

II x!(tl dw(t) = LM , (25.17) 
12 dt 
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a2v(X, t) _ ( ) 
JI - P X, t , 

(-:t 2 
(25.18) 

dt dt 
(25.19) 

Eqs. (25.16) and (25.17) apply to the rigid portion of variable length 
xp(t) and express the condition of equilibrium of vertical forces P, in­
cluding the reactions, and of moments M about the centre of the rigid 
segments, respectively. Eq. (25.18) describes the behaviour of the plastic 
portion of the beam under load p(x, t); it resembles Eq. (14.1) defining 
the deflection of a string 
under N -+ O. The condi­
tion that applies on the 
boundary between the rigid 
and the plastic portions is 
Eq. (25.19). 

a) 

b) 

s , 
I 

s~ I 

s 

I 

C)~ 
s 

d) 

Fig. 25.4. Motion of load P with At! X'I:(j" T l,lt T cz.P:/2 It 8 
mass m on an ideal rigid-plastic _ 

beam: a) phase 1, 0 < S < sP' X,. X; 
b) phase 2, sp < S < xp. c) phase 3. 

xp < S < I, d) phase 4, s> I. 
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Next to the conventional or familiar symbols, Eqs. (25.16) to (25.19) 
contain the following: 

wet) - angular velocity of rotation of the rigid portion of the beam, 

Eqs. (25.16) to (25.19) are simplified by assuming xit) to be constant. 
In Eq. (25.16) this causes the expression in parentheses to become zero, 
and Eq. (25.18) to drop out e'ltirely because the plastic portion is thus 
reduced to a plastic cross section in position xp-

It is further assumed that the beam deflections at the left-hand end, 
vI(x, t), and at the right-hand end, vz(x, t), are proportional to beam 
rotations in the supports, e(t) and (z(t) (Fig. 25.4d): 

vl~, t) = X(I(t) for 0;;;; x ~ xP ' 

uz(x, t) = (I - x) (z(t) for xp ~ x ;;;; I. (25.20) 

On the above assumptions, condition (25.19) takes on the form 

(25.21) 

Let us further denote the velocity of the centroid of, respectively, the 
left- and right-hand side by cI(t) = dv(xp!2, t)!dt and c2(t) = dv(x~!2, t)!dt, 
and the appertaining angular velocities of rotation of these two rigid 
portions (the positive directions of (I' (z, WI' Wz, CI' Cz are marked out 
in Fig. 25.4d) by 

wI(t) = d(I(t), wit) = _ d(z(t) = _ Xp d'l(t) (25.22) 
dt dt x~ dt 

The condition that the beam velocities 

dul(x,t) () ()(. I)) -----'--'-----'- = CI t + WI t X - Xp _ , 
dt 

dvz(X, t) = cz(t) + wz(t) (x - xp - x~!2) 
dt 

should be zero in the supports, i.e. dvI(O, t)!dt = 0, dvz(!, t)!dt = 0, 
results in 
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Using (25.22) and (25.21) then gives 

c1(t) = xp d(l(t) , 
2 dt 

c2(t) = xp d(l(t) . 
2 dt 

(25.23) . 

What the assumptions introduced above mean in technical practice is 
that elastic strains of the beam are neglected against the plastic ones and 
that at a specified location xp the beam has a weakened cross section 
capable of transmitting only the given limit bending moment M p and 
the hitherto unknown shear force T(t). 

We are now ready to divide the problem of load P with mass m = Pjg 
moving on a beam at constant speed c into several time phases*): 

. Phase 1 (0 ~ s ~ sp) 

Phase 1 continues from the instant the load arrives on the left-hand 
support of the beam until instant tp = spjc when the load at point sp just 
produces the limit bending moment Mp in position xp (Fig. 25.4a). 
Coordinate sp is computed from the known xp and A'[ p using the second 
of Eqs. (5.9) , 

s = M pi (25.24) 
p P' xp 

where x; = I - xp' 

In phase 1 the beam continues undeformed, has no deflection nor velo­
city (Fig. 25.4a). 

Phase 2 (sp < s < xp) 

In the second phase, plastic deformations already set in the location xp ' 

and the beam is acted upon by forces and moments indicated in Figs. 
25.4b and d. The beam may be thought of as divided in two portions in 
position xp; the effect of one portion of the beam on the other is repre­
sented by bending moment Mp and shear force T(t) (Fig. 25.4d). 

The other forces acting here are the external forces of support re­
actions A(t) and B{t). The vertical acceleration a 1 of moving mass m is 

(25.25) 

*) The time origin t = 0 of each phase lies always at the beginning of that parti­
cular phase; the length coordinates s of the point at which the load is just acting 
are, on the other hand, measured from the left support. 
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where s = sp + ct because according to (25.20) the deflection underneath 
the load is v(s, t) = s L(t). 

We will now set up the equations of equilibrium (25.16) and (25.17) 
for the two portions of the beam: 

j1Xp cl(t) = -A(t) + P - mal + T(t) , 

fij1X;w l(t) = [A(t) + T(t)J X; + (p - mal)(s - ~) - Mp, 

ILX; czCt) = - T(t) - B(t) , 

112j1X~3 wit) = Mp + [T(t) - B(t)J X~ . (25.26) 
2 

Elimination of A(t), B(t) and T(t) from Egs. (25.26) and substitution of 
(25.22) and (25.23) leads to the linear ordinary differential equation of 
the second order in function Cl(t) or of the first order in function wl(t) 

(25.27) 

where 
P m 

%=-=-. 
G pI 

For the initial condition wl(O) = 0, the solution of Eq. (25.27) is easy 
enough - see [120, Sect. A 4.3J*). Following integration we get 

( ) gt t - 2a 
wIt =------

2c t2 + 2tpt + b2 (25.28) 

Rotation Cl(t) is obtained by integration from Eq. (25.22) for the initial 
condition Cl(t) = 0, see [120, Sect. A 4.1J**) 

. arct p - arct p • [ t + t t]} 
g (b2 _ t;)1/2 g (b 2 _ t;)1/2 (25.29) 

*) The solution of the equation y'(x) + f(x) y(x) = g(x), which passes through 
point (';,11) is y = e - F[l' + H g(x) eF dx] where F = SU(x) dx . 

**) The solution of the equation y'(x) = f(x), which passes through point 
(';,11) is y = 11 + Hf(x) dx. 
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The angular velocity w 2(t), rotation (2(t) and the deflection of the right­
hand part of the beam, v2(x, t), are then readily obtained from Eqs. 
(25.20) to (25.22). 

Phase 2 ends at the instant 

(25.30) 

when the load reaches xp' We shall denote the rotations and angular 
velocities at that instant by 

W23 = W2(t3), (23 = (2(t 3) . (25.31 ) 

Phase 3 (xp ~ s ~ I) 

In the third phase the load is in the right-hand part of the beam (Fig. 
25.4c). The forces and moments acting on the beam are shown in Fig. 
25.4c,d. It is tacitly assumed that although 1 - sp ~ s ~ I, the bending 
moment M p continues to act in the weakened cross section. The vertical 
acceleration a 2 of the moving mass m now is 

(25.32) 

where 
s=xp+ct,l-s=x;-ct. 

The conditions of equilibrium (25.16) and (25.17) for the two portions 
of the beam now are 

x /2IlX; w1(t) = [A(t) + T(t)] ~ - M p' 
2 

px~ C2(t) = - T(t) + P - maz - B(t) , 

112f.1X~3Wz(t) = [T(t) - B(t)]~ + (p - I11a Z)(ct - X;) + Mp. (25.33) 

Following the elimination of the shear force and of the reactions, and the 
substitution of (25.22) and (25.23) we again get the differential equation 
of the second order in (z(t) or of the first order in wz(t): 

(25.34) 
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where t; = x~/e, 

For the initial conditions (25.31) the solution of Eq.(25.34) is 

(25.35) 

and similarly so 

. 21'(1' + a') - b'2 + 23 arctg 3 + [ 
2ew b'2] [ t - t' 

3 3 g (b'2 _ t;2)1/2 

+ arct 3 • t' ]} g (b'2 - t;z)I/2 
(25.36) 

The other particulars about the beam motion are again obtained from 
Eqs. (25.20) to (25.22). Phase 3 ends at the instant t4 = x~!e = t; when 
the load reaches the right-hand end of the beam. The end values of an­
gular velocity and rotation of the first portion of the beam are 

(25.37) 

If it were not for the inertia forces, the beam motion would cease for s = 
= I - sp in the third phase. As it is, another phase will take place. 

Phase 4 (s ~ I) 

Phase 4 takes place as soon as the load leaves the beam. The forces and 
moments acting on the beam are shown in Fig. 25.4d. The equations of 
equilibrium (25.16) and (25.17) for the two portions of the beam now are 
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flX p c1(t) = -A(t) + T(t) , 

/2 IlX;W1(t) = [A(t) + T(t)] xp - M p' 

2 

flX~ cz(t) = - T(t) - B(t) , 

/2IlX~3 w2(t) = [T(t) - B(t)] x~ + M p • 

2 
(25.38) 
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Using the same procedure as before we get from this set of equations 
the simple differential equation 

dw 1(t) g a 
(25.39) --= 

dt c b2 

where 
Mpl 2 

a =--,, b2=~. 
Pcxp 3%c2 

For the initial conditions (25.37) its solution gives 

(25.40) 

while the other information on the beam motion is obtained from (25.20) 
to (25.22). 

25.2.2 Moving force 

The special case of force P moving on a mass beam follows from the 
preceding paragraph 25.2.1 for load mass m negligibly small against 
the beam mass pl. Accordingly: 

Phase 1 is the same as in paragraph 25.2.1. 

Phase 2 

Neglecting mass In we may rearrange Eq. (25.26) to the form 

where 

dw 1(t) 
dt 

g t - a 
---
c b2 

and a is the same as in (25.27). For zero initial conditions the solution of 
this equation is 

gt 
WI (t) = - (t - 2a) , 

2cb2 
(25.41 ) 
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Phase 3 

Proceeding as above we get from (25.33) 

dwit) g t + a' 
-- =---

dt C b'2 

where b'2 = x~2/(3xc2), and a' is the same as in (25.34). 

For the initial conditions (25.31), the solution of this equation gives 

w2(t) = W23 + ~ (t + 2a') , 
2cb,2 

Phase 4 is the same as in paragraph 25.2.1. 

(25.42) 

Example: Consider a simple beam with a weakened cross section 
capable of transmitting the limit bending moment Mp = PI!8 in position 

xp = 112. 

Phase 1 - undeformed beam - continues to the instant force P is 
in position sp = 1(4; this is computed from (25.24). 

Phase 2 - Eqs. (25.20) to (25.22) and (25.41) together with the nota­

tion " = ctll give 

a = 0, 

(25.43) 

I 
t3 =-, 

4c 

3 xg 
W13 = --

8 c 
- C0 23 • 

r 1 ;dg y 

~13 = - - = \"3 . 
32 c2 -

406 



NON-ELASTIC PROPERTIES Of MATERIALS 

Phase 3 - From (25.42) 

I I I 

t3 = -, a = 
2c 

b'2 = _1_2_ , 
4c 12xc2 

w 2(t) = - - - + - ,- - , 3 xg 6xg, ( 1) 
8 c c 2 

'2(t) = - - + -, - 2, ,- - , xlg [ 1 3 2 ( 3)J 
. c2 32 8 4 

v2(l12, t) = - - + - , - ,- ,- - , xl2g [ 1 3 , ( 3)J 
c2 64 16 4 

1 
t4 = -, W24 = 

2c 

3 xg 

8 c 

r _ 11 xlg _ v 

S24 - - - - \'14· 
32 c2 

Phase 4 - Here (25.40) gives 

a =-, 
4c 

(25.44) 

(25.45) 

0.r-____ ~ __ ~a~5--~--~.~1--~--~t5-~-ct-~ 

0.1 

0.2 

v (U2,tJ!( .. Lglc') 

Fig.25.5. Time variation of deflection v(l/2, t) at the mid-span of an ideal rigid-plastic 
beam traversed by force P at speed c. The plastic hinge is in position xp = 1/2; 

sp = 1/4, Mp = PI/8. 

The deflection at the mid-span of the beam, vU12, t), according to Eqs. 
(25.43) to (25.45), is shown in Fig. 25.5. Until instant tp = 11(4c) the 
beam is undeformed. Thereafter it starts to deform in position xp = 1/2. 
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The maximum deflection is not reached until after the force departs 
from the beam. The deflection is directly proportional to the magnitude 
of force P and to span I, and inversely proportional to beam mass Jl and 
to the square of speed, c2 , because x1 2g/C 2 = PI/(Jlc 2). 

25.2.3 Massless beam 

If the beam mass is negligible against the load mass, % -+ o. For this 
limit all the equations of paragraph 25.2.1 continue to apply. 

In phase 2, b2 = t;, and for this value (I)I(t) is the saine as (25.28). 
Rotation (l(t) now is 

(l(t) = i.. [t - 2(a + tp) In t + tp + 2t(a + tp) + t!]. (25.46) 
2c tp t + t p 

In phase 3, b'2 = t;2, and with this notation W2(t) is the same as 
(25.35); the rotation is 

(,,2 t = <'23 -.- t + a + t3 n -- + --. v ( ) r g { 2( I ') I t - t; 1 
2c t; t - t; 

(25.47) 

The motion of a massless beam ceases at the end of phase 3. 

25.3 Application of the theory 

The theory presented in this chapter can be applied to structures whose 
materials possess distinct non-elastic properties. In our discussion we have 
noted but two aspects of the question - namely the viscoelastic and the 
plastic properties of materials. 

Under a moving load whose effect on a structure is relatively of very 
short duration, viscoelasticity, a property just on the borderline between 
pure elastic and inelastic behaviour of material, exerts no pronounced 
effect during the load traverse. It manifests itself solely by an increase of 
damping which particularly affects the free vibration of the structure 
after the vehicle departs from it. 
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Utilization of plastic reserves in materials, on the other hand, has 
remarkable effects also on structures subjected to moving loads. We 
have found in paragraph 25.2.2 that even comparatively large loads can 
cross a beam provided they move at a high enough speed. The restrictive 
factor in this process is the beam rotation in the supports. This finding 
could be made use of in extreme cases, as for example, when a bridge 
structure damaged at some place must be crossed by a heavy vehicle. 
Theoretically, this can be done whenever the vehicle speed is sufficiently 
high. But to the best of our knowledge, so far such a feat has been ac­
complished only in the fantasy of Jules Verne who described it in his 
novel "Round the World in 80 Days". A theoretical explanation of that 
daring and dangerous crossing of a damaged bridge that did not collapse 
until after the fast-running locomotive had left it, was presented by 
P. S. Symonds and B. G. Neal [211]. 

Up to this time questions concerning the effects of moving loads on 
structures stressed beyond the elastic limit have not been answered in 
full. That is why there is still a scarcity of data on which one could base 
designs according to the limit states. Theoretical and experimental 
studies of the problem have become the order of the day because they 
would undoubtedly provide scientific information on how to proceed 
when designing structures under moving loads for some of the limit 
states in which advantage could be taken of the plastic reserves in the 
materials. 

25.4 Additional bibliography 

[43,47, 101, 123, 140, 160, 170, 175, 177,211,221,237,248,254,255,256,267,270]. 
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26 
Moving random loads 

So far in this book we have assumed that the load was specified in ad­
vance, i.e. that it had the form, for example, of a known function of time 
or of a quantity governed by a known functional dependence (so-called 
deterministic processes). Sometimes, however, such an assumption is 
far from reality; under certain circumstances actual loads, no less than 
the strength properties of structural materials, obey laws that are random 
to a greater or lesser degree (so-called stochastic processes). 

In moving loads and structures serving in transport, it is particularly 
the effect of track irregularities, the effect of foundation supporting the 
structures, the effect of vehicle engines, etc., that sometimes have a very 
appreciable random component. In other cases there exists a large num­
ber of deterministic causes each of which separately brings about 
comparatively small dynamic stresses in the structure, but whose simulta­
neous action frequently results in noteworthy effects. The random simul­
taneous action of a large number of causes foIlows the laws of probability 
and that is why the whole process is considered stochastic. 

Thus, for example, random stresses in railway and highway bridges 
are caused by random track irregularities, by composition and speed of 
trains or traffic flow, random motions of vehicles, effects of vehicle en­
gines, .etc. In rails these causes of dynamic stresses are augmented by 
random variable properties of the substructure. Since the random causes 
add up to quite a number, the moving load is comprehensively assumed 
to be of a random character. Of the many analogous instances let us just 
quote that of stresses in space ships produced by the effect of random 
turbulent flow. 

Random, predominantly stationary vibrations of mechanical systems 
have been studied in detail by V. V. Bolotin [22] and S. H. Crandall 
[40], [41], whereas problems involving the effects of moving random 
loads have not been solved so far. Only V. V. Bolotin ([22], Sect. 54) 
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and J. D. Robson ([188J, Sect. 5.6) gave a rough outline of a procedure 
for solving the effect of a moving continous load on a beam. 

In this chapter we will solve the following three very important prob­
lems: the motion of a random variable force and of an infinite random 
strip load on a simple beam, and an infinite beam on random elastic 
foundation subjected to a moving force randomly variable in time. 

26.1 General theory 

In general, the static and dynamic deflections of structures are described 
by the linear differential equation 

L[v(x, t)J = p(x, t) (26.1 ) 

where v(x, t) denotes the deflection, p(x, t) the load. The random varia­
tion of p(x, t) is assumed to be not only with respect to the time coordi­
nate t but also with respect to the position coordinate x; moreover, load 
p(x, t) is regarded as a nonstationary Gaussian random process of the 
non-Markov type. 

L represents a linear differential operator of the type 

(26.2) 

where Lo is a self-adjoint linear operator in space coordinate x, f1 - mass 
per unit length, and Wb - circular frequency of viscous damping -
similarly as in Chap. l. 

Elastic systems described by Eqs. (26.1) and (26.2) are conveniently 
solved by the normal-mode analysis 

'" v(x, t) = I vu/x) q(j)(t) , (26.3) 
j=1 

00 

p(x, t) = I f1 v(j)(x) Q(j)(t) (26.4) 
j=1 

where v(j)(x) are the normal modes of vibration obtained with regard to 
the boundary conditions from the equations 

(26.5) 
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W(j) is the natural circular frequency of the system, 

1 fl Q(j)(t) = -/- p(x, t) v(j)(x) dx 
. J (j) 0 

(26.6) 

is the generalized force, 

and q(j)(t) is the generalized deflection obtained with regard to the initial 
conditions from the equation 

For zero initial conditions the solution of Eq. (26.8) is 

where h(j)(t) denotes the impulse function 

for t ~ 0 
(26.10) 

for t < 0, 

and we;) = w~j) - w;. Since Q(j){t - r) = 0 for r > t and h(j)(r) = 0 
for r < 0, respectively, the limits of integration in (26.9) may be extended 
to 00 and - 00, respectively. 

Functions h(jlt) and v(j)(x) are deterministic, functions qult), Q(j)(t), 
v(x, t) and p(x, t) are random. 

26.1.1 Correlation analysis 

In probability analyses one must know the statistic characteristics of the 
input 
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p(x, t) = E[p(x, t)] + jJ(x, t) , 

Kpixl' X2' '1' t2) = E[p(x\, t\)P(X2' t2)J 

(26.11) 

(26.12) 
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where E denotes the mean value linear operator, p(x, t) - the centred 
value of the load, and Kp/x I , X2' t l , t2 ) - the covariance of the non­
stationary function p(x, t). 

As the definition of the covariance (26.12) implies, the covariance of the 
generalized deflection may be established from (26.9) 

Kq(M(k)(t l , t 2 ) = f:oo f~ 00 h(j)(!I) h(klr2) KQ(j)Q(k,{t l - !I' t2 - !z)· 

(26.13) 

the covariance of the deflection from (26.3) 

00 00 

KvJx l , X 2 , t l , t2 ) = I I V(j)(XI) v(klxz) Kq()q(jtl' t 2), (26.14) 
j=l k=1 

and the covariance of the load from (26.4) 

00 00 

Kpp(x I , x 2 , t l , tJ = I 1/12 V(j)(XI) V(k)(X Z) KQ(j)Q(k)(t l , t 2 ) • (26.15) 
j~ I k= I 

In Eqs. (26.13) and (26.15) the covariance of the generalized force is com­
puted from (26.6) 

(26.16) 

26.1.2 Spectral density analysis 

The spectral density of a nonstationary function is defined in [41]; for 
the generalized deflection the Wiener-Khinchine relations between the 
spectral density and the covariance are as follows: 
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For the spectral density analysis it is also convenient to introduce the 
transfer function 

as the Fourier integral transformation of h(j)(t) given by (26.10). 

The spectral density of the generalized deflection may then be obtained 
as a function of the spectral density of the generalized force 

(26.20) 

where Hulw) is the complex conjugate function of H(jlw). 
I n the above we have used the spectral density SQ(j)Q(k)( W l' W2) of the 

generalized force defined similarly as in (26.17). In view of (26.16) this 
can be rewritten to 

(26.21) 

_ i(W2 t2- w l t l) 
K Q(J1Q(k)(t 1 , tz) - SQ(})Q(k)(W], W 2) e dW l dW2 . f"" fOCJ 

-00 -00 (26.22) 

Then in view of (26.14) the spectral density of the deflection is 

co OCJ 

Svv(x], XZ, w 1, w z) = L L v(j)(X]) V(k)(X2) Sq{M(k)(W], w 2); (26.23) 
j=] k= 1 

from there the covariance of the deflection can be calculated similarly as 
in (26.18) and (26.14). 

26.2 Moving random force 

To illustrate we will solve a simple beam of span 1 traversed by massless 
force p(t) = P + p(t) with constant mean value E[P(t)] = P, moving 
at constant velocity c (Fig. 26.1). The analogolls deterministic case was 
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examined in Chap. 1. Since the solution obtained there represents the 
mean value of the present one, E[v(x, t)], all we shall do is to analyze the 
stochastic case. 

pet) 

I .. 
Fig. 26.1. Motion of a random variable force along a beam. 

The load per unit length and its mean and centred values are 

p(x, t) = b(x - ct) p(t) , 

E[p(x, t)] = b(x - ct) P, 

jJ(x, t) = b(x - ct) P(t) (26.24) 

where b(x) again represents the Dirac delta function. The covariance of 
the load can be calculated from (26.12) 

where Kpp(t l' t2 ) is the known covariance of load p(t). Substituting 
(26.25) in (26.16) and recalling the well known properties of the Dirac 
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function we get the covariance of the generalized force 

and with its aid, from (26.13) and (26.14), the covariance of the deflec­
tion. 

Let us assume, for example, that the covariance of force pet) has the 
form 

(26.27) 

where Sp is the constant spectral density (white noise spectrum). Then 
Eq. (26.13) gives 

(26.28) 

If for the sake of simplification we neglect the cross-correlations of the 
generalized deflection, i.e. Kq(M(k)(t 1 , t2 ) = 0 for j =1= k (see [22]), the 
variance of the deflection can be obtained from (26.14) 

U) 

(]"~(x, t) = Kvix, x, t, t) = L vtj)(x) Kq(M(j)(t, t) = 
j=l 

For a simple beam of span I and bending stiffness EJ (see Chaps. 1 
and 6) it holds true: 

. jrtx pi 2 j4rt4 EJ 
v(j/X) = SIn - , V(j) = -, W(jl = - - . 

I 2 14 J1 
(26.30) 

Substituting (26.30) and (26.10) in (26.29) yields (note that the limits of 
integration may be changed as h(jlrl) = 0 for!l < 0 and v(j)[c(t - !l)] = 
= 0 for! 1 > t): 
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O"~(x, t) =.f ~:S~2 sin2jrtX It [e- Wbr1 sin W(j)!1 sin jrtc (t - !1)]2 
)=1 It I w(j) I 0 I 

. d! = I 8rtSp __ sin2 jrtX ~ { W;j) + jrtc/l . 
I j=l Jl 212w(;) I 16 (w(j) + jrtC/I)2 + w; 

. [sin 2jrcct/1 + e- 2wbt sin 2w(j)t + , Wb. (cos 2jrtctjl -
w(j) + jrtc!1 

- e-2oJbt cos 2w'. t)] + w(j) - jrtc!l [-Si:1 2jrcct/l + 
(j) (' . jl)2 + 1 W(j) - jrtc Wb 

+ e- Zwbt sin2w(j)t + Wb (cos2jrtct/l-
w(j) - jrr.cjl 

_ e- 2wbt cos 2W(j)t)] _ 2Wb (jrtC/I sin 2jrr.ctjl + 
/rt 2 c2 fi2 + w; Wb 

(26.31) 

Since the variance of the deflection is a function of time, the resulting 
beam vibration turns out to be a non stationary process even though the 
motion considered was that of a stationary random force. 

For subcritical speed (c < cer) the largest static and dynamic effects 
of a moving force will appear at about the instant the force crosses the 

beam centre. Therefore the coefficient of variation defined as 

Cv(x, t) = O"ix, t)/E[v(x, t)] 

should be computed for x = Ij2 and t = Tj2 = 1/(2c). It then repre­
sents the relative dynamic increment of the deflection produced by the 
moving random force, and takes the form [from (26.31) approximately 
forj = 1] 

(26.32) 

In the above, Cp = (rtSpW(l))1/2jp is the analogous coefficient of varia­
tion of force p(t); CuP is drawn in Fig. 26.2 as a function of parameters 
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IX and p (a - the speed parameter, p - the damping parameter 
cf. Chap. 1): 

(26.33) 

The random effects of the load considered decrease with increasing speed 
and damping. 

Cyp 

3 

2 

O~--~--~--~--~---'----~--~--~--~---'---
OS « 

Fig. 26.2. Dependence of coefficient CvP on speed a: for various values of damping p. 

Th<! spectral density analysis outlined in paragraph 26.1.2 would yield 
the same results; however, in this case the load [Eq. (26.24)J must be 
considered a function of time alone. 

26.3 Moving random continuous load 

The next important case is that of an infinite random strip of load moving 
on a simple beam at constant speed c (Fig. 26.3). The analogous deter­
ministic case was analyzed in Chap. 3; there we considered the motion of 
continuous load p (per unit length) as well as the effects of its inertia 
mass I1p = pIg. In the examination that follows the load mass is considered 
constant and hence deterministic. 

The load is assumed to be of the form 

p(x, t) = q(~) r(t). (26.34) 
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The first component, q( ~), is a random variable in the moving coordinate 
system (= x - ct, the second, r(t), a random function of time. The 
mean values of the functions are assumed to be constant, 

E[p(x, t)] = p, E[q(~)] = p, E[r(t)] = 1 ; 

Fig. 26.3. An infinite random strip load moving on a beam. 

hence the load (26.34) may be written as 

where 
p(x, t) = p + jJ(x, t) = [p + q(~)] [1 + r(t)] 

p(x, t) = q(~) + pr(t) + q(~) r(t) . 

In view 0[{26.12) the covariance of the load is 

(26.35) 

(26.36) 

Kpp(xI' X 2 , t l , t2 ) = Kqi~I' ~2) + p2Krr(t l , t2 ) + pKqr(~l' t2) + 
+ pKqr(~2' tl ) + Kqqr(~I' ~2' tl ) + 
+ Kqql~I' ~2' t2) + pKqrr(~I' tl , t2) + 
+ pKqrr(~2' t l , t2 ) + Kqqrr(~I' ~2' t l , t2) (26.37) 

. where 

~i=Xi-cti' i=1,2. 

If the random components of the load defined by (26.36) are very small 

p(x, t) = [p + cq(~)] [1 + cr(t)] , 
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where I; ~ 1 is a small parameter, we find from an analysis of the co­
variance (26.37) that the cross-correlation functions of the third 
(Kqqr' Kqrr) and of the fourth (Kqqrr) order are very small quantities, of 
the order of 1;3 and 1;4. For that reason they are completely neglected. 
To simplify, assume that functions q(~) and ret) have no cross-correlation 
(Kqr = 0). Then Eq. (26.37) will reduce to 

(26.38) 

where Kqq( ~ l' ~2) is the covariance of the load function in the moving 
coordinate system ~, and Kr,(t l' t2 ) the covariance in the time coordinate. 

As an example, assume the covariance of those functions to have the 
form 

where Sq and Sr are the constant spectral densities (white noise spectra). 
The covariance of the generalized deflection is obtained from (26.13) 
with (26.38) and (26.39) substituted in: 

. {21tSq <5[x2 - Xl - C(t2 - T2 - tl + T I )] + 

+ 21tSrp2 <5(tz - tl - T z + TI)} dX I dX2 dTI dT z . 

(26.40) 

Because of (26.10) and the fact that the motion of the load is of infinitely 
long duration, the limits of integration with respect to time T are taken 
to be zero and infinity. 

Neglecting the cross-correlation Kq(M(k/t1' t2 ) = 0 for j =l= k (see 
[22]), the variance may be obtained from (26.40) and (26.41) 

·2 2 2/12 
} 1t C {=' [D 4-'(-' 3=,2 ·2 2 2 '/ 2 )] + w(j) + wb wb - w(j) + } 1t C / • 

D 
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where 

wfj) = wtj)(1 - a2 x/ /)/( I + x), OJ;]) = wfj) - w; , 
Wb = Wb/(l + x), D = (w~j) - /rr2c2ji2)2 + 4j"+w;rr2c2jI2 (26.42) 

similarly as in (3.9) to (3.13). Since (26.41) does not depend on time, the 
beam vibration is a random process stationary in time. 

The coefficient of variation can be computed by the procedure outlined 
in Sect. 26.2. 

26.4 Infinite beam on random elastic foundation traversed by a random 
force 

The last example we are going to solve is the case of an infinite beam rest­
ing on an elastic foundation, the foundation being a random function 
of the length coordinate x 

k(x) = k + c k{x), E[k(x)] = k. (26.43) 

x 

k (x) 

Fig. 26.4. Infinite beam on random elastic foundation traversed by a moving 
random force. 
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In writing the above we assume that the mean value E[k(x)] = k is 
constant, function k(x) is a random stationary ergodic function with zero 
mean value, and I: is the small parameter (see Sect. 26.3). 

The concentrated force that moves along the beam from infinity to 
infinity at constant speed c, is a random function of time, likewise with 
a constant mean value (Fig. 26.4) 

pet) = P + I: p(t) , E[P(t)] = P. (26.44) 

The random function of time pet) has again zero mean value. 

Analogous to Chap. 13, in the absence of damping the case is solved 
by the differential equation 

(J4V(X t) (J2V(X t) 
EJ ' + f-1. '+ k(x) rex, t) = (j(x - ct) p(t). (26.45) 

OX4 iJt2 

Eq. (26.45) with (26.43) and (26.44) lends itself to solution whenever 
parameter I: is zero. This, of course, brings us to the deterministic con­
cept which we have examined in detail in Chap. 13. What the intro­
duction of small parameter I: means is that the nonuniformity of the foun­
dation stiffness and of the force is statistically small, and therefore the 
probability oflarge deviations from the mean values is sufficiently low. 

As this consideration implies, the best suited for the solution of our 
problem will be the perturbation method. We will assume that the solu­
tion of Eq. (26.45) will have the form of the series 

vex, t) = vo(x, t) + I: v1(x, t) + 1:2 V2(X, t) + ... (26.46) 

On substituting relations (26.43), (26.44) and (26.46) in Eq. (26.45) and 
comparing the terms with like powers of parameter 1:, we get the sequence 
of equations 

(J4V (x t) 02V (x t) EJ 0 , + It 0 , + kvo(x, t) = (j(x - ct) P, 
OX4 ot2 

(26.47) 

04V (x t) 02V (x t) _ 0 0 

EJ 1 , + f-1. l' + k vl~, t) = o(x - ct) pet) - k(x) Vo(x, t) , 
(JX4 at2 

(26.48) 

................. t································· 
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The first equation is deterministic and its solution was obtained in 
Chap. 13 

vo(x, t) = Vo v(S) (26.49) 

where Vo is defined by Eq. (13.5), s is the dimensionless moving coordinate 
(13.2), and v(s) is described by (13.54). 

The solution of the second, (26.48) and of the subsequent equations 
is assumed to have the form (~ and T are new length and time variables, 
respectively) 

vix, t) = f:oo f:oop(~, T) hex - ~,t - T) d~ dT, j = 1,2,... (26.50) 

where p(x, t) are the right-hand sides of Eqs. (26.48), that is, the load per 
unit length, and hex, t) the influe{lce impulse function, i.e. the response 
of the system to a time-spatial impulse in position x = 0 and at time 
t = 0 

L[h(x, t)] = b(x) bet) . (26.51) 

Here the operator L according to (26.1) schematically represents the 
left-hand sides of Eqs. (26.48). 

We will consider here only the approximate solution of Eq. (26.51) 

hex, t) ~ Vo v(S) bet) 
P 

(26.52) 

which describes the steady-state component of vibration and which can 
be obtained by the method expounded in [68]*). 

We are now ready to undertake the calculation of functions vix, t). 
j = 1,2, ... In (26.48) the load is 

p(x, t) = b(x - ct) pet) - k(x) vo(x, t). (26.53) 

Substitution of (26.52) and (26.53) in (26.50), integration and a bit of 
handling will result in 

vI (x, t) = vI (s, t) = ~ v(S) pet) - ---2. k(~) vW r(s - ~) d~. (26.54) v 0 v2 foo , 
P AP -00 

*) Paper [68] also contains a method of calculating the error committed when 
using the method. 
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In the calculation of Eq. (26.54) use was made of the ergodic properties 
of function k(x) = k(s) and of notation (13.3); ~ is a new auxiliary di­
mensionless variable. An analogous procedure would be used for obtaining 
vz(x, t), etc. 

This preliminary work done, we can approach the analysis of the sta­
tistical characteristic of the response. From (26.46) the mean value of the 
beam deflection is 

E[v(x, t)] = E[vo(x, t)] + 8 E[vI(x, t)] + ... (26.55) 

and from (26.49) E[vo(x, t)] = Vo v(s). The mean values of the higher 
perturbations are zero, E[vix, t)] = 0 for j = 1,2, ... as implied by 
(26.54) and by the right-hand sides of Eqs. (26.48) which all contain but 
functions pet) and k(x) with zero mean values. Therefore the mean value 
of the beam deflection is equal to the cleterministic solution of the given 
case 

E[v(x, t)] = Vo r(s) . (26.56) 

The computation of higher statistical moments will be restricted to the 
first perturbation only. The centred value of the deflection then is 

vex, t) = vex, t) - E[v(x, t)] ~ 8 VI(S, t). (26.57) 

With regard to definition (26.12) the covariance of the deflection is ob­
tained from (26.57) and (26.54) as 

K, . .(XI' x 2, t1, t2) = Kv.(sl' S2' t l , t2) = E[8 VI(SI' t l) 8 v1(sz, t2)] = 

= 82 G;Y {,l.2 VeSt) V(S2) Kpp(tl' t2) - vo}-[J:",V(~t) V(S2) V(SI - ~J . 

. KkP(~I' t2) d~1 + J:oo VeSt) V(~2) V(S2 - ~2) KkP(~2' t l) d~2J + 

+ V~ J:oo f:CXlV(~I) V(~2) V(SI - ~t) V(S2 - ~2) Kkk(~I' ~2) d~1 d~2} . 

(26.58) 

In the above, notation Kpp(tl' t2), Kkk(Sl' S2) and Kkp(s, t) refers respec­
tively to the covariance of the force, to the covariance of the elastic foun­
dation, and to the cross-correlation function of both quantities. 
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By way of an example, consider the following form of the covariances 

Kkk(Sl' S2) = 2rrSk 6(sl - S2)' 

KkP(Sl' t2) = 2rrSkP 6(sl - J.ct2) , 

KkP(sz, tl) = 2rrSkP 6(s2 - I.ct l) 

which represent the white noise spectra Sk and SkP' 

(26.59) 

For the above the covariance of the beam response may be given the 
form 

Kvv(Sl' S2' t l , t2) = 82 G; Y {J.2 V(Sl) V(S2) Kpp(tl' t2) - 2rrSkPvoA . 

. [v().ct2) V(S2) V(SI - J.ct2) + V(SI) vUct l ) V(S2 - I.ct l)] + 

+ 2rrSkV~ J:G()V2(~l) V(SI - ~I) V(S2 - ~I) d(l} . (26.60) 

The variance of the deflection is obtained from the covariance for Sl = 

= S2 = S, tl = t2 = t 

O"~(S, t) = K"ls, s, t, t) = 82 G~) 2 [),2 v2(s) O";(t) - 4rrSkPvO)' • 

. v(s) V(Act) v(s - Act) + 2rrSkV~ J:oo V2(~1) v2(s - (I) d~IJ (26.61) 

where O";(t) = Kpp(t, t) is the variance of force p(t). 
The coefficient of variation 

C ( ) = 0" v( s, t) 
v s, t 

E[v(s, t)] 

can readily be computed for point S = 0, the point of action of the 
moving force, viz. 

Cv 0, t = -- = 8 Cpt - 4rrSkP -~ v I.ct + ( ) 0" J 0, t) [2( ) Vo 2( , ) 
Vo v(o) J.p2 

(26.62) 

where Cp(t) = O"p(t)!p is the coefficient of variation of the force. 
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For CI. < 1, the integral in (26.62) evaluated from (13.54) is 

Ioo 2(¢) 2( .) d' 41 - 50Cl.2 + 12c{4. 
_oov 1 V -~1 ~1 = 8(5 _ 3c(2) (1 _ Cl.2)5/2' (26.63) 

i.e. dependent on the dimensionless speed parameter CI. (13.9). 

26.5 Application of the theory 

The probabilistic method of structural design - a highly advanced ap­
proach, particularly to the problems of moving load - is still in the early 
stages of development. Though our discussion has been confined to the 
computation of the correlation functions, spectral density, variance and 
coefficient of variations, work is in progress on the experimental aspects 
of the problems, which - it is hoped - will enable the project engineer 
to estimate the service life of structures from data on probable damage 
to structures (fatigue, brittle fracture, etc.). Our exposition presented in 
the foregoing sections, is an attempt to lay theoretical foundations to this 
new line of research in the field of structures traversed by moving loads. 

The example solved in Sect. 26.2 is typical of problems involving short­
span bridges and longitudinal beams (Fig. 26.1), both structures that are 
usually subjected to loads produced by one vehicle axle only, see [88]. 
The random variable axle pressure results from the random variability 
of the initial conditions at the instant the axle arrives on the bridge, from 
random motions of the vehicle, from random roadway unevenesses and 
various irregularities of the road bed, etc. 

The case solved in Sect. 26.3 is illustrative of the other extreme, large­
span bridges (Fig. 26.3, see [88J). Such bridges are usually loaded with 
a number of axles, and that is why their stresses unquestionably depend 
on the traffic flow or on the train whose length is assumed to be larger 
by far than the bridge span. In idealizing this case we arrive at an infinite 
random continuous strip of load that represents the random arrangement 
of the various vehicles or wagons with different axle pressures on the 
bridge, the random changes in additional loads on the axles, the random 
character of irregularities, etc. In Eq. (26.35), function q(x - ct) expresses 
the random variation of static axle pressures along the length of the traf­
fic flow or train, while function ret) represents the random variation of 
the axle loads in time. 
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The theory explained in Sect. 26.4 is best illustrated by a computation 
of dynamic stresses in rails, see also [87]' A rail is conventionally idealized 
by an infinite beam on an elastic foundation. However, the properties 
of the foundation are not homogeneous along the length of the rail but 
vary more or less at random from one place to another. The stochastic 
inhomogeneity of the foundation affects the motion of vehicles whose 
dynamic effects on the rails are therefore random, too. 

Another problem of importance for engineering practice is the inverse 
problem which the author attempted to solve in [86]' It is namely fre­
quently possible to measure directly the statistical characteristics of de­
flection, stress, etc. This makes for a new problem because so far we 
have assumed the "input" to the system to be known, while the sought­
for quantities are the characteristics of the "output". 

26.6 Additional bibliography 

[9,22,40,41,50,51,86,87,88,126,143,188,238,241, 244, 245, 246, 247, 253. 260, 
263, 266, 268, 2691. 
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27 
Tables of integral transformations 

Symbols used in the tables correspond to the conventional notation of 
mathematical literature, e.g. [32, 48, 49, 53, 171, 204]' Thus a, b, c, d, 
f, a, ill denote the positive real constants, n = 0, 1, 2, 3, ... , j = 1,2,3, ... , 
etc. To the functions ( originals) f( t), f(x) or f(r) belong the integral trans­
formations (transforms) F(p) , F(j) or F(q). 
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joint forces and moments 174, 183 
- of rails 62, 156 
Jordan theorem 214 

K 

Kelvin solid 390, 391, 396 
Kronecker delta symbol 389 

L 

Lame's constant 270, 303 
landing 323 
Laplace-Carson integral transforma­

tion 17,432 
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Laplace-Carson integral transforma­
tion, tables 432 

Laplace operator 269, 286, 287 
large-span bridge 25,37,44, 50, 125, 

205, 354, 387,426 
lateral impact 354, 356 
layer, elastic 106,118,123,131,158, 

169 
light damping 18,22,211,219, 225 
limit bending moment 398 
- states 397, 409 
line load 293 
linear differential equation with vari­

able coefficients 95,192, 235, 318 
load 7 
- continuous 44,314,316,329,395, 
, 418 

- dead 333 
- deterministic 9, 410 
- line 293 
- live 333 
- random 9, 52, 410 
- stochastic 9,410 
- vector 197,200 
locomotive 7 
- Diesel-electric 125 
- elc :tric 126, 169 
- steam 5, 37, 125, 189, 190, 354 
logarithmic decrement of damping 

18,31,32,110,121 
longitudinal beam 106,426 
- displacement 340 

M 

mass, moving 26, 228, 316, 355 
- sprung 6,104,118,119,129,1-+8, 

156, 157 
- unsprung 6,104,117,119,129, 

148,156,157,160 
- variable 69, 192, 196 
massless beam 94, 408 
- string 233 
Maxwell solid 390, 394 
mean value 412, 414, 418, 421, 42-+ 
- - linear operator 412 

480 

medium-span bridge 172 
method, Collatz's 114 
- combined 78, 1-+1 
- deformation 176 
- difference 6 
- Fourier 5 
- Galerkin's 5, 195, 201, 318, 330, 

336 
- generalized of finite integral trans-

formation 83, 175, 253, 309, 340 
- group 30 
- iterative 5 
- network 192 
- of sliding means 126 
- of successive approximations 71, 

100 
- of variation of parameters 97,238 
- perturbation 98, 320, 422 
- Runge-Kutta-Nystrom 98, 114, 

142,164 
moment, bending 19, 66, 69, 141, 

163, 200, 216, 224, 233, 367, 
398 

- of inertia 29,131,158,189,344 
- torsion 349, 353 
movement along a straight line 251, 

260 
- from right to left 89, 181 
moving force 13, 26, 33, 57, 77, 405 
- impulses 60 
- load 3, 7, 44 
- mass 26, 228, 3 I 6, 355 
multi-axle vehicle 157 

N 

natural frequency 29, 176, 189, 190, 
196 

- - circular 16, 84, 2-+2, 250, 326, 
328, 336, 362, 36-+, 365 

- - of bridges 30 
- - of loaded beam 27, 52, III 
- "modes of vibration 76, 84, 176, 

257 
Navier's hypothesis 13 
network method 192 
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non-clastic properties 388, 408 
non-homogeneous equation 71, 97 
nonstationary function 411 
- random process 411 
non-uniform bar 192 
- - beam 192 
normal force 200, 240 
- mod~ analysis 198,411 
- modes of vibration 76, 84, 176, 

177, 184, 198,201, 253, 257, 325. 
384,411 

- stress 270,281,303 
number of harmonics 112, 141, 143, 

144, 164 
numerical solution 114, 142, 163 

o 
one-dimensional solid II 
operator, ditTerential 3, 195, 338, 

411, 423 
- - self-adjoint 86,411 
- Laplace 269, 286, 287 
- mean value 412 
- relation 3,4, 195 
ORE 7,32,82,128,156,165,172 
orthogonal properties 76, 79, 84, 

195, 198,253 
OSShD 7,128,156,172 
overhung end 93 

p 

parabolic theory of strings 240 
parameters, dimensionless 17, 108, 

134, 160, 208, 312 
- input 108,112,115,134,136,160, 

172 
particular solution 71,97 
period of free vibration 18, 64 
perturbation method 98, 320, 422 
pipeline 8, 56 
plane strain 293, 304, 305 
- stress 293, 303, 305 
plastic hinge 398 
plasticity 397,408 
plastics 388 

plate 247, 260 
- bridge 165, 257 
- girder 188 
- infinite on elastic foundation 260 
Pochhammer's series 320 
point, nodal 192 
- of load action 224 
- singular 96,235,281,301,302 
Poisson's ratio 248, 270, 283 
- summation formula 383, 384 
polar coordinates 199,262 
poles of a function of complex variable 

18,209, 274, 367 
pressure wave 62 
prestressed concrete bridge 128, 337 
principle of superposition 173 
prismatic bar 173 
process, deterministic 410 

stochastic 410 

Q 

quasi-static bending moment 70, 71 
quasistationary state 207, 228, 261, 

270, 285, 293, 317, 332 

R 

rail 8,62,102,156,228,324,410,427 
- joint 62, 156 
railway bridge 4, 5, 6, 7, 37, 38, 106, 

125, 153, 169, 324, 354 
- - steel 29,38,125,153,169,172 
random continuous load 418 
- force 414,421 
- load 9,52,410 
- process 410 
Rayleigh beam 360, 365, 380 
rectangular plate 249, 253 
regular function 214 
reinforced concrete bridge 128, 153, 

165 
residue theorem 214,274,372 
resonance 35,56,89,90,227,352 
rheologic properties 388 
rigid-plastic beam 397, 398 
roadway 8, 106, 266, 426 
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rock 303 
rope 231, 243 
rotation of sprung parts 152 
rotatory inertia 357 
Runge-Kutta-Nystrom method 98, 

114, 142, 164 
runway 8, 266, 303, 323 

S 

Saint-Venant's principle 13 
self-adjoint differential operator 86, 

411 
series, expansion 66, 322 
- Fourier 5, 19,67, 383, 384 
- geometric 74, 75 
- hypergeometric 235 
- Pochhammer's 320 
- Taylor's 114 
- uniformly convergent 67, 74, 75, 

79, 84, 100, 254 
shear beam 359, 364, 380 
- etTect 357 
- force 19, 66, 69, 80, 200,215,224 
- modulus 270, 344 
- strain 270 
shell 343 
short-span bridge 64, 102, 129, 153, 

156,426 
shuttle 242 
SI International System XXVII 
simple beam 8, 13, 33, 80, 361, 385 
singular points 96, 235, 281, 301, 

302 
sleeper 8, 106, 128, 165, 172, 205 
soil 303 
solid 8 
- compressible 392, 394, 396 
- Hooke 389,390,391 
- incompressible 390, 391, 394, 395 
- Kelvin (Voigt) 389, 390, 391, 396 
- Maxwell 389, 390, 394 
- one-dimensional 11 
- standard linear 389, 390, 395 
- three-dimensional 267 
- two-dimensional 245 

482 

solution, approximate 26, 38, 52, 98, 
195, 201, 211, 243, 265, 423 

- asymptotic 5, 332 
- exact 40, 95 
- numerical 114, 142, 163 
- of homogeneous equation 71, 75, 

96,201 
- particular 71, 97 
space, elastic 269 
- - half 285 
- ship 284,410 
span effect 41 
spectral density 413 
- - analysis 413 
speed, constant 8, 14, 33 
- critical 18,25,37,41,56,11 1,190, 

208, 224, 229, 332, 338, 383 
- effect 7, 24, 115, 128, 145, 165, 

229, 26~ 283, 305, 372, 418 
- high 383, 387 
- parameter 17, 96, 108, 208, 318, 

368,418,426 
- subcritical 74, 265, 417 
- subsonic 273,281,288,297 
- supersonic 279, 292, 301 
- transonic 276,291,297 
- variable 8, 309, 3-+1 
sprung mass 6, 104, 118, 119, 129, 

148, 156, 157 
standard linear solid 389, 390, 395 
static case 20,211,216,224,239,241, 

263 
stationary function 417, 421 
steady-state vibration 8, 44, 64, 208, 

261, 317, 332, 366, 382, 383, 423 
steam locomotive 5, 37, 125, 189, 

190, 354 
steel railway bridge 29,38, 125, 153, 

169,172 
stochastic load 9,410 
strain 270, 293, 305, 389 
- shear 270 
stress in beam 66, 141, 156 
- in bridges 128 
- in elastic space 281,296, 303 
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stress, normal 270,281,303,389 
- tangential 270, 389 
string 231 
strip of load 44, 418 
subcritical speed 74,265,417 
subsonic speed 273,281,288,297 
substructure, railway and higway 

303,410 
supercritical damping 23, 213, 222, 

227 
superposition of loads 173 
supersonic speed 279, 292, 301 
suspended beam 333 
- bridge 334, 337 
system of prismatic bars 173 
- with two degrees of freedom 103 

- four degrees of freedom 129 

T 

tables of integral transformations 431 
taking-off 323 
Taylor's series 114 
thin-walled beam 243 
Thomson function 264 
three-dimensional solid 267 
Timoshenko beam 359, 362, 369 
tires 106, 131 
torsion moment 349, 353 
total differential 45, 248, 3 I 7 
track irregularities 82, 102, 106, 121, 

123, 131, 139, 150, 151, 158, 168, 
410, 426 

traffic flow 410, 426 
train 7,53,191,410,426 
transfer function 414 
transonic speed 276,291, 297 
truss bridge 153, 189, 190 
tunnel 8,284 
two-axle system 129 
- dimensional solid 245 
- - Fourier finite integral transfor-

mation 249 
- hinged arch 201 
- span continuous trussed bridge 

189 

u 
undamped beam 67 
underground 8, 284 
uniform beam 80, 173 
uniformly comergent series 67, 74, 

75, 79, 84, 100, 254 
units XXVII 
unsprung mass 6,104,117,119,129, 

148, 156, 157, 160 

V 

variable cross-s~ction 80. 192, 196 
- force 33, 57, 86, 173, 250, 254 
- mass 69,192,196 
- sp~cd 8, 309, 341 
variance 416, 420, 425 
variation of parameters 97, 238 
vector equation 197 
- load 197,200 
vehicle 5, 7, 104, 129, 157,410,426 
- base 130 
- multi-axle 157 
- with two axles 129 
vertical displacement 104 
vibration, antisymmetric 178, 184 
- composite 345 
- forced 52, 180, 185, 326, 340 
- free 9, 53, 176, 184, 325, 339 
- harmonic 176 
- longitudinal 339, 345 
- spatial 354 
- steady-state 3, 44, 64, 208, 261, 

317, 332, 366, 332, 383, 423 
- symmetric 177,185 
-- torsional 352 
viscoelasticity 338, 403 
viscous damper 390 
- damping 13, 14, 104, 395 

W 

wall 303 
wave, longitudinal 270, 276, 279, 

358, 368, 375 
transverse 270,276,279,305,358, 
368, 373, 376, 378 
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Weierstrass criterion 74 
weight effect 8, 119, 150 
- paramet(!r 108, 319 
wheel, fiat 62,102,131,139,153 
- irregularities 131,132,156 
white noise 416,420,425 
Whittaker's difTerential equation 319 

484 

Whittaker's function 320 
Wiener-Khinchine relations 413 
Winkler foundation 206, 260, 357 
Wronskian 96, 97, 238 

y 

Young's modulus 14,248,270,335,391 
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