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Preface

Undeservedly little attention is paid in the vast literature on the theories
of vibration and plasticity to the problem of steady-state vibrations in
elastoplastic bodies. This problem, however, is of considerable interest and
has many important applications.

The problem of low-cyclic fatigue of metals, which is now in a well de-
veloped state is one such application. The investigations within this area
are actually directed to collecting experimental facts about repeated cyclic
loadings, cf. [47]. Theoretical investigations within this area usually con-
sider the hysteretic loops and the construction of models of plasticity theory
which are applicable to the analysis of repeated loadings and the study of
the simplest dynamic problems.

Another area of application of the theory of the vibration of elastoplas-
tic bodies is the applied theory of amplitude-dependent internal damping.
Another name for this theory is the theory of energy dissipation in vibrat-
ing bodies. In accordance with the point of view of Davidenkov ”internal
damping” in many metals, alloys and structural materials under consider-
able stress presents exactly the effect of microplastic deformations. There-
fore, it may be described by the methods of plasticity theory. This point of
view is no doubt fruitful for the theory of energy dissipation in vibrating
bodies, as it allows one to write down the constitutive equations appropri-
ate both for vibrational analysis of three-dimensional stress states and an
investigation of nonharmonic deformation. These problems are known to
be important for the theory of internal damping.

The theory of the vibration of elastoplastic bodies contains two principal
questions. The first question is the choice of an appropriate version of the
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plasticity theory, while the second one is a search for the mathematical
tools for investigating dynamic problems.

The microplasticity theories developed in the papers by Ishlinsky, Bessel-
ing, Novozhilov, Kadashevich, Iwan et al. turn out to be the most suitable
approaches to the dynamic problems. The most appropriate mathematical
tools are the method of harmonic linearisation and the method of statis-
tical linearisation which can be specially adapted to nonlinear tensorial
equations. They allow harmonic, polyharmonic and random vibrations to
be studied in the framework of the same model.

The two first Chapters are of introductory character. A brief overview
of the basic concepts and methods of continuum mechanics is given there.
Considerable attention is paid to the thermodynamic principles, the rheo-
logical models and the construction of microplasticity theories.

The second Chapter is devoted to the substantiation of the applicability
and expediency of utilizing plasticity theory in the problem of ”amplitude-
dependent” internal damping. An analysis of a one-dimensional variant of
a simple microplasticity theory, namely the theory of elastoplastic mate-
rials with the Ishlinsky rheological model, is given, and the cases of load-
ing, unloading and cyclic deformation are considered. It is shown that the
well-known Davidenkov’s formula which is widely used in the theory of
“amplitude-dependent” internal friction can be derived from the general
equations by means of plausible physical arguments.

A comparison of the behaviour of elastoplastic materials with some known
effects of amplitude-dependent internal friction is also given. For an exam-
ple problem, the present theory is compared with the theories by Pisarenko,
Panovko and Sorokin.

The equations of elastoplastic inaterials in the case of a three-dimensional
state of stress are studied in the third Chapter. The properties of the curves
of loading and unloading, as well as the properties of the cyclic deformation
diagrams, are investigated. The analysis of the cyclic deformation is per-
formed by the method of harmonic linearisation. A complex shear modulus
is introduced and it is shown that the complex shear modulus does not de-
pend upon the deformation frequency, but does depend on the amplitude
value of the shear stress intensity.

The fourth Chapter is concerned with single-frequency vibrations of
elastoplastic bodies of arbitrary form. The Galerkin method in the form of
a one-term-approximation with consequent use of the method of harmonic
linearisation is applied to the analysis of resonance and near-resonance vi-
brations. The normal modes of free elastic vibration of a body under con-
sideration are taken as the coordinate functions for the Galerkin method.
Closed form expressions for the coefficients of the equation for the ampli-
tude-frequency characteristic and for the decrement of free decaying vi-
brations due to the vibration mode are derived. These formulae are of a
general character and applicable for analysis of vibrations in homogeneous
and heterogeneous bodies having an arbitrary state of stress. The formulae
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take an especially simple form provided that a homogeneous stress state
is realised in the volume under deformation. This shows that the vibra-
tion decrement depends upon the type of stress state and the amplitude of
the shear stress intensity. A special Section is concerned with the consid-
eration of some specific states of stress. The vibration decrements due to
the derived equations are compared with those obtained in experimental
tests, and satisfactory agreement between the theory and test data, for the
energy dissipation, is ascertained.

The fifth Chapter is devoted to the analysis of random deformations of
elastoplastic materials. An analysis is performed by means of the method
of statistical linearisation, and in this case the problem is also proved to
reduce to the concept of complex shear modulus. The value of the modulus
is shown to depend on the normalised spectral density of stresses, the root-
mean-square of the shear stress intensity and frequency. A few calculations
for the complex shear modulus in the cases of polyharmonic deformations
and a simple type of broad-band random deformations are given. A special
Section is devoted to the evaluation of the reaction of a material subject
to random loading, provided that its reaction under harmonic deformation
is known from tests.

Random vibrations of elastoplastic bodies are studied in the sixth Chap-
ter. A solution of the boundary-value problem is obtained by Galerkin’s
method by utilizing a series expansion in terms of normal modes of free
elastic body. Closed form expressions for the decrements of free decaying
vibration due to the normal modes are given in the case of asymptotically
small plastic strains. A cross-influence of the frequency components of vi-
bration is observed. The equations for a random broad-band loading and a
particular case of random loading with a line spectrum are derived.

A Section of the sixth Chapter is devoted to a theoretical analysis of
biharmonic vibrations for those particular situations which are described in
the experimental investigations of the energy dissipation performed in Kiev.
A comparison of the theoretical prediction and the tests data is provided,
and satisfactory agreement is established.

Vibration of an infinite plate subject to broad-band loading is studied
at the end of the Chapter. This problem is remarkable in that regard that
its result is essentially dependent on the character of the energy dissipa-
tion over the whole frequency range, and not on near-resonance domains as
is the case for finite bodies. The spectral theory of homogeneous random
fields is used to construct the solution. Further, the theory of asymptotic
evaluations of integrals are applied for estimation of the spectral density
of vibrations. A simple closed form solution is obtained in the case of lin-
ear dissipation of energy. While modelling the energy dissipation by the
methods of plasticity theory the problem reduces to an implicit nonlin-
ear integral equation, its solution being easily obtained by the method of
successive approximations for any particular spectral density.
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The approach applied to the analysis of plate vibrations is generalised to
the vibrations in shallow shells. The solution of this elastoplastic problem
turns out to be very complicated. For this reason, some simplifications of
the problem are considered.

The last two Chapters are devoted to the problem of vibration propaga-
tion in dissipative media with ordinary and complex structure. The simplest
statement of the problem is as follows. Given a semi-infinite rod subject to
a harmonic or non-harmonic loading at its end, the vibration decay with
distance from the vibrational source is sought.

A rod of ordinary structure with various rheological constitutive equa-
tions is considered in the seventh Chapter. An elastoplastic material is also
studied among other materials. The vibration turns out to occupy either
the whole rod or a finite domain near the loaded end, the result depending
upon the constitutive equation of material. For example, vibration propa-
gates down a rod for a finite distance in the case of a rigid-plastic material
with a linear hardening. In the case of so-called amplitude-dependent ”in-
ternal friction” vibration occupies the entire rod and possesses a saturation
property. This property implies that there exists a limit of the attainable
level of vibration which depends on the material properties, the distance
from the vibration source and frequency, and does not depend on the load-
ing intensity. Considerable difficulties arise when analysing vibrations of
rods of finite length. A compact solution turns out to be obtained by means
of a special modification of the method of statistical linearisation. This al-
lows one to obtain the solution of the nonlinear problem by means of a
single term approximation without the need to use the conventional many
term expansion in terms of the normal modes.

Vibrations in media with complex structure are analysed in the eighth
and final Chapter. A specific variant of a medium with complex structure is
considered. The medium is postulated to consist of a certain carrier medium
described by the classical equations of the dynamic theory of elasticity, and
an infinite set of non-interacting oscillators with a continuous spectrum of
eigenfrequencies attached to the carrier structure. Some physical arguments
on the applicability of the model of this medium with complex structure
for a phenomenological description of the behaviour of complex dynamical
structures are given. The one-dimensional theory is analysed in detail. The
solution of the problem of vibration propagation indicates that the char-
acter of the vibration decay depends weakly on the oscillators’ damping
and is mainly determined by the spectral properties of the set of oscilla-
tors. A spatial decay of vibration in this medium turns out to be finite
even for oscillators with vanishingly damping. This fact, which may seem
to be a paradox, is explained in such a way that the oscillators act as dy-
namic absorbers. An application of the theory for some practical problems
is reported. It is mentioned that the theory provides a convenient way of de-
scribing and analysing complex modern dynamic structures. The theory of
vibroconductivity is proposed as a description of high frequency vibration
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in complex structures. The theory is based on an evident analogy between
high frequency vibration and thermal motion. Its boundary-value problem
is identical to that of thermal conductivity with a distributed heat sink,
the latter modelling the vibration absorption by the secondary systems of
the complex structures.

L.M. Zubov, P.A. Zhilin and O.A. Zverev looked through the manuscript
of the Russian version of this book. The author expresses his sincerely
gratitude for their discussions and proposals. The author is also thankful
to A.L. Lurie for his thoughts on the problems considered in the Russian
version of the book and useful advises.

The author is thankful to A.K. Belyaev who translated the book into
English and identified several improvements. The first person who read the
manuscript in English was S. McWilliam. The author expresses his sincere
gratitude for the valuable advice he received.
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1

Foundations and equations of
continuum mechanics

1.1 Kinematics of a continuous medium

Real solids have discrete structure. Descriptions of the mechanics of such
solids usually ignore this important physical property and adopt the so-
called continuous medium approach, i.e. the medium is considered to be a
continuous aggregate of material points in motion. The properties of the
medium are assumed not to change even if an infinitesimally small piece
is considered. Continuous medium is a useful abstraction which allows one
to apply differential and integral calculus while studying the motion of
deformable bodies.

The motion of the continuous medium is considered in a certain fixed
system of coordinates, e.g. a system of rectangular Cartesian coordinates
xz1x223 depicted in Fig. 1.1. The position of a generic material point M
of the continuum at time ¢ is given by the position vector r which has the
components z1, o and x3

r = i;Tk, (1.1)

where i; are referred to unit base vectors of the coordinate axes.
Use is made throughout of the traditional convention in tensor analysis
of summation over the repeated subscript (in this particular case over k).
We suppose that each material point of the continuous medium corre-
sponds the only position r at any instant ¢ of time and vise versa, i.e. each
value of r at any instant t of time corresponds the only material point. It

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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4

X5 v

X4 X
FIGURE 1.1. Initial (v) and current (V') positions of a material volume.

allows one to individualize the material points of the continuum by means
of their position at some particular instant of time.

The individualization of the material points in terms of their position
at some fixed instant ¢ = to of time (e.g. at the initial instant of time)
introduces the so-called Lagrangian approach to continuum mechanics. In-
dividualization of the material points in terms of their position at the actual
instant of time ¢ introduces the Eulerian approach.

The position of a generic material point M at the initial instant ¢ = tg
of time is given by the vector

R =i Xk, (1.2)

where X are the components of the vector R.

In the framework of the Lagrangian approach the material point is com-
pletely specified by the given value of R. For this reason the posterior
motion of the point should be given in the form of a single-valued function
of the arguments R and ¢

r =r(R,t). (1.3)

Provided that the dependence (1.3) is given for each point R of the
initial volume v, this dependence is then said to determine the motion
of the material volume. The latter is a volume which contains the same
material points at any instant of time. Initial (v) and actual (V') positions
of the material volume are shown in Fig. 1.1. The Lagrangian coordinate
R of any material point remains constant during the motion of the point.
By virtue of (1.3) one can easily find the velocity and the acceleration of
the material points

. oOr

v = = — =
ST

v(R,t), (1.4)
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. 0%
W==r—= ——

ot?
In the framework of the Eulerian approach the material points are spec-

ified by their position r at the current instant of time ¢t. This means that a
single-valued dependence

— w(R, ). (1.5)

R = R(r,t) (1.6)

is assumed to be known. The dependence (1.6) is the inverse of (1.3).
Substituting (1.6) into (1.4) one obtains the field of velocities in terms
of the Eulerian coordinate r and time ¢

v =v(r,t). (1.7)

Let us obtain an equation for the material derivative of some quantity,
i.e. the rate of change of this quantity for a given material point using the
Eulerian approach. Consider a tensor, vector or scalar field

A=A(r,t). (1.8)

While deriving the equation for the material derivative of A one should
take into account that A depends on time both explicitly and implicitly
in terms of r due to (1.3) wherein the Lagrangian coordinate R remains
constant. Using (1.4) we obtain

dA ;  OA A
=A== v (VA =5 +(AV) -y, (1.9)

where V is the Hamilton operator

. 0
\% =hga (1.10)
and the velocity v should be taken in the form of (1.7).

Here and throughout the rest of this book we use the so-called direct
tensor calculus which is conventional in recent papers on mechanics of de-
formable bodies, cf. [99], [46], [162], [163], and [180]. The reader is assumed
to be acquainted with the direct tensor calculus which can be found, for
example, in the appendices of the treatises [99] and [100]. Particularly, the
dot in eq. (1.9) denotes the scalar product. Vectors and tensors which are
not linked by an operation sign form an indefinite product. For instance,
such an indefinite product is seen in the parentheses in eq. (1.9) and is un-
derstood as an indefinite product of the Hamilton operator and the tensor
A. The result of this product is a tensor whose rank is the rank of tensor
A plus unit.

The displacement of a generic material point is determined by the dif-
ference
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u=r-R. (1.11)

By means of (1.2) and (1.3) the displacement u can be expressed either
in terms of the Lagrangian variables R and t or in terms of the Eulerian
variables r and t. This leads to two different representations for the dis-
placement

u=u(R,t), u=u(r,t). (1.12)

Finally, please notice that the introduced functions u, r, v and w are
assumed to be continuous functions of time and spatial variables R and r.
They are also supposed to have continuous derivatives of the order which
is necessary for further analysis.

1.2 Law of conservation of mass

Inertial properties of continuum are characterized by the mass density p
which is usually given in Eulerian variables, i.e.

p = p(r,t). (1.13)

The mass of the material volume V is given by

m = /pdV. (1.14)
i
The law of conservation of mass says that the mass contained in a certain
material volume remains constant in time, i.e.

= 0. (1.15)

This equation is an integral form of the mass conservation law. One obtains
another form, i.e. a differential form of the law, by substituting (1.14) into
(1.15). While estimating the time derivative of the volume integral (1.14)
one should bear in mind that change of the mass m occurs both because
of time which is explicitly present in p (cf. eq. (1.13)) and because of the
volume change caused by the motion of the surface O of the material volume
V. A surface point moves in space with the velocity of the corresponding
material point v, the volume change depending upon the normal component
of the velocity only

Up =MN-V,

where n is the exterior unit normal to the surface O.
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Taking into account the aforementioned property we can write the fol-
lowing

/apdV + /n -vpdO = 0. (1.16)

Applying the Ostrogradsky-Gauss integral formula to the surface integral
yields

/[%+v (v )] dv = 0. (1.17)
\%

Since the material volume V is arbitrary, the function in the square
brackets must vanish at any point of the body. i.e.

Op
at

By means of the material derivative of p we obtain another equation

+ V- (vp) =0. (1.18)

p+p(V-v)=0. (1.19)

Equations (1.18) and (1.19) are the differential forms of the mass con-
servation law.

Finally, let us remind the rule of differentiation of an integral over the
material volume with respect to time. Let us consider an integral

M = / ApdV, (1.20)

where A is a tensor, a vector or a scalar.
We obtain by analogy with the above

jt ApdV = /[8(§p) +v-(va)] dv.

\%

Simplifying the integrand of this equation by means of (1.18) and (1.9)

yields
d
E/ApdV:/%pdV. (1.21)
1% 1%

1.3 Strain and rate of strain

The instantaneous motion of an infinitesimally small vicinity of a material
point r is characterized by the tensor Vv where v is the velocity due to
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(1.7). The first invariant of this tensor, i.e. V - v, determines the rate of
change of the mass density as follows from the mass conservation law (1.19).
The deviator of this tensor is denoted as follows

1
D=Vv -3V VE, (1.22)

where E is the unity tensor.
The symmetric part of the deviator

d=D° (1.23)

determines the rate of distortion of a small vicinity of a material point
whereas the skew symmetric part

Q= D" (1.24)

represents the velocity of the rigid-body rotation of the above vicinity. The
spin tensor €2 is expressed in terms of the vorticity vector w

1
w = §V><v (1.25)

as follows

=-Exw=-wxE. (1.26)

In continuum mechanics, finite deformation is characterized by various
strain measures and strain tensors. As we prefer the Eulerian approach we
will use the following strain measure

g =(VR)-(RV), (1.27)

which is referred to as the Almansi strain measure.

Let us find the relation between the material time derivative of g and the
motion characteristics. To this end we take an expression for the velocity
v as the material time derivative of u (r, t), i.e.

0
v=i=2 +v-(Vu), (1.28)
ot
and obtain the product Vv such that
oV
Vv = a—t“ +(Vv) - (Vu) + v - (VVu). (1.29)
This leads to the following relation

(Vv) - (E - Vu) = (Vu)*,

which due to the definition of displacement (1.11) may be written in the
following form
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(VR)® = — (Vv) - (VR). (1.30)

Transposition of the tensors in both sides of this equations yields the fol-
lowing auxiliary equation

(RV)* = — (RV) - (vV). (1.31)

By means of (1.30) and (1.31) we easily obtain the material derivative

g=—(Vv) - g—g-(vV). (1.32)

Materials are known to behave essentially differently at the volume change
than at the shape change. For this reason it is reasonable to extract the
dilatation from the tensor g. The dilatation is determined by the mass den-
sity and is bound up with the third invariant of g as follows, cf. [99], [100],
[46] and [37]

p=poV1s(8), (1.33)

where pj is the initial mass density and /3 (g) is the third invariant of tensor
g.
Equation (1.33) can be proven by substituting it into (1.19). By means
of the following relation

ol; .
5o = Ta(@)E ™ (134)

cf. [99] and [100], and by virtue of (1.32) we obtain consequently

p=r e k=g (V) m e (V)= Vv, (139)
which shows that (1.19) is satisfied. In (1.35) : denotes the double scalar
product.

The third invariant of g has been shown to be responsible for the mass
density.

In order to describe a shape change at deformation we introduce the
following tensor

—2/3
A= (ﬁ> g (1.36)
Po
It is easy to prove that its third invariant is equal to unity. Indeed, we have
-2
Iy (A) = (pﬁ) Is(g) =1, (1.37)

the latter equality being a direct consequence of (1.33).
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Therefore, tensor A characterises deformation without change of the
mass density, i.e. distortion of the shape of small elements of the medium.
For this reason, this tensor is referred to as the strain of shape change.

Let us link now the strain of shape change A to the motion characteris-
tics. To this aim, consider the material derivative

-2/3 , ~2/3-1
. p . 2 P .
A=(n) e (n)
Po 3P0 \ Po

Substituting the expressions for the derivatives of g and p given by (1.32)
and (1.19) yields

A=-D - A-A-D7 (1.38)

or

A=-d A- A d-Q A+A-Q, (1.39)

transpose being denoted by T.

Presence of the tensor D, eq. (1.22), in eq. (1.38) emphasizes the me-
chanical meaning and validity of the name of the tensor A because D
characterises the motion of a small neighbourhood of the point without
volume change.

Remark: Consider now equation (1.38), not as a consequence of the defi-
nition (1.36) but as an equation for the symmetric tensor A, and complete
it with the initial condition

t=to, A=E. (1.40)

Let us prove that the third invariant of the tensor A is always equal to
unity. We make use of (1.34) which is valid for any symmetric tensor and
express the material derivative of I3 (A) using (1.38). The following chain
of equalities

A O A~ A (A (DA + A (A-DT)] =

= —I(A)[A-AT":D+ (A7T-A): D7)

holds in a fixed coordinate system.
The following equalities

A-A'=A"'"A=E E:D=E:DT =0,
are valid due to the definitions of inverse tensor and deviator. Using them
we obtain

dly

a
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Hence, the invariant I3 (A) remains constant during the motion of the
medium and is equal to unity in any material point due to the initial
condition (1.40).

1.4 Rotation tensor

In addition to the orthogonal trihedron of unit base vectors ir of a fixed
coordinate system z, z3 and x3, we also introduce an orthogonal trihedron
of unit vectors ex. The trihedron ey, is assumed to rotate with the rotational
velocity w of the medium at this point, so according to the theory of rigid
body kinematics

.

€ = w X e,
or, using (1.26),

e, = —-eg. (1.41)
Here we assume that at the initial instant of time the following initial
conditions
t=1tg, er =ik (1.42)
are prescribed. The tensor of finite rotation of an infinitesimally small vicin-
ity of a material point is defined as follows
B = eji. (1.43)
Note some evident properties of the definition (1.43)

B -B=E, BB’ =E, (1.44)
which expresses the characteristic properties of any rotation tensor. A con-
sequence of the definitions (1.43), (1.41) and (1.42) is that

B=-Q B (1.45)

and the initial condition is such that when

t=t,, B=E. (1.46)

Let us prove an inverse statement: tensor B determined by differential
equation (1.45) and initial condition (1.46) is a rotation tensor, i.e. it sat-
isfies conditions (1.44).

To this end we take the derivative of the product BT - B due to (1.45).
From this we obtain the following chain of equalities
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- AT . -
%(BI-B) = (B) B+B)-B=-(-B) -B-BT . Q-B=
= BT.Q B-B".Q.-B=0.

Hence, at any instant of time the product B - B remains a constant
tensor and according to the initial conditions is equal to E. Therefore, the
first condition (1.44) is satisfied.

Consider now the product

A=B B’
Due to (1.45) the time derivative of this equation is given by

A=-Q A+A Q (1.47)

which is an ordinary differential equation provided that the Lagrangian
approach is used. Due to (1.46) the initial condition is given by

t=ty, A=E. (1.48)

For a given function 2 =  (¢) a solution of the Cauchy problem, egs.
(1.47) and (1.48), may be obtained by the method of successive approxi-
mations [6], i.e.

Appr=-0-A+A,Q, Ay=E,

t=ty, Apy1 =E.
The iteration process converges at the first step and yields
A, =E.
Hence, for n — oo we have
A =E,

and therefore the second equality (1.45) is also satisfied.

We proceed now to the evaluation of the material derivative in a rotating
coordinate system. Consider a tensor of the second rank M given in a
rotating base e such that

M = ere My,. (1.49)

The material derivative of this, in a rotating coordinate system, is given by
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MV = ere; M. (1.50)

The superscript V is usually used for the Jaumann derivative. Let us
prove that definition (1.50) does correspond to the Jaumann derivative. To
this end, we shall evaluate the material derivative of M (1.49) by means of
equation (1.41). The result is

M=M"-Q-M+M-Q,
which allows us to get an invariant expression

MY=M+Q M-M Q. (1.51)

The tensor on the right hand side is the Jaumann derivative of M, cf. [152]
and [153], that completes the proof. Hence the derivative in a rotating
coordinate system coincides with the Jaumann derivative and justifies the
above denotation.

Below we will use the Jaumann derivative of tensor A. Its explicit ex-
pression is found by means of (1.39) to be

AV =—-d-A-A-d, (1.52)

with tensor d being given by formula (1.23). Note that the latter equation
does not contain tensor £2 which determines the angular velocity of rotation
of the vicinity of the material point. This fact demonstrates the convenience
of the rotational base.

1.5 Equations of dynamics for a continuous
medium

We will describe the state of stress in a continuum by the Cauchy true
stress tensor 7. The traction vector on an arbitrary surface with exterior
unit normal n is given by the Cauchy formula, cf. [99], [192] and [100]

Tp,=n-T. (1.53)

Further, the external load acting on the material points is given by a body
force vector K.

The equations governing the dynamics of an arbitrary material volume
V have the following form, cf. [99], [192] and [100]

d
% vpdV = /KpdV + /n -1dO, (1.54)
v v
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dilz/rxvpdV:/erpdV—/n~'r><rdO, (1.55)
1% 1% o
where O is the boundary surface of volume V. The first equation is con-
cerned with the law of change of linear momentum, while the second is con-
cerned with the law of change of moment of momentum. Equations (1.54)
and (1.55) represent an integral form of the equations of dynamics. Another
form, i.e. a differential form, is obtained by applying the Ostrogradsky-
Gauss theorem. The result is well known

V-or+pK-v)=0, (1.56)

=71 (1.57)

The latter equation expresses the symmetry nature of the stress tensor.
In what follows we will decompose the stress tensor into a spherical part
and a deviator, such that

T =0E +s. (1.58)
Here ¢ is the mean normal stress
1
o= gE i, (1.59)

and s is a stress deviator. The characteristic property of a deviator is that
its first invariant vanishes, i.e.

E:s=0. (1.60)

1.6 The laws of thermodynamics

The content of the previous sections is standard. The same scheme is used
in the majority of the works on mechanics of continuous media, elasticity
theory, plasticity theory, theory of fluids and gases. Proceeding now to a
brief introduction of the principles and ideas of thermodynamics, it should
be pointed out that there exists no conformity of opinions and the authors
tried to give their own interpretations of the thermodynamic principles. In
this book we will follow the book by Truesdell [180], where, to the author’s
knowledge, the most modern and compact explanation of the thermody-
namic principles is given. A similar, however not identical, interpretation
can be found in the book by Sedov [162].

Our consideration is restricted to thermomechanical phenomena ounly.
Then the first law of thermodynamics or the law of energy conservation for
an arbitrary material volume may be written in the following form
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T+i=p+q (1.61)
Here T is the kinetic energy of the material volume
1
T = 3 /v -vpdV (1.62)
v

and u its internal energy. The latter is assumed to be an additive function
of mass of the material volume

u= /UpdV (1.63)
v

with U being referred to as the specific internal energy (per unit mass).
The quantities on the right hand side of (1.61) have the following meaning:
p is the power of the prescribed body forces and surface tractions of the
material volume

p= /K -vpdV + / Tn - vdO (1.64)
v
and ¢ is the rate of heat supply
qg= /de— /n~hd0. (1.65)
v o)

Here b denotes the heat received from external sources and is called the
heating supply. The surface integral describes the heat supplied to the
volume through its surface, h being the heat flux.

The law of energy conservation (1.61) is written in an integral form. One
can obtain a differential form provided that the fields are differentiable.
First, by means of the rule of differentiation of integrals over the material
volume we obtain

T = /\'/-vpdV, u:/Updv. (1.66)
1% v
Then, with help of the Cauchy formula and the Ostrogradsky-Gauss inte-
gral theorem we find
/ V - hdV,

/n~th
/Tn-VdO = yv-('r-v)dV. (1.67)
1%

o
o

Il
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The latter integral can be written as follows
/V-(T-V)dVZ/{(V-T;)-V—FT:(VV)]dV. (1.68)

Substituting (1.66), (1.67) and (1.68) into (1.61) and simplifying the result
by means of eqgs. (1.56) and (1.57), yields

/ {pU —7:(Vv)=-b+V_ hJ dV = 0. (1.69)
L
Since the latter equation is valid for an arbitrary material volume, the

integrand must vanish, yielding the differential form of the first law of
thermodynamics

pU =7:(Vv)+b-V h (1.70)

The second law of thermodynamaics is written in the form of the Clausius-
Duhem inequality which says that the rate of change of the internal entropy
of the volume is not less than the rate of the entropy supplied to the volume
by external heat sources.

Mathematically, the second law is given by

b n-h
§> [ —dV — [ —— .
s¥/6d / 7 dO, (1.71)

v 0
with s being the internal entropy of the material volume and 8 being the
field of absolute temperature of the continuum (6 > 0). The first term
on the right hand side of inequality (1.71) is the entropy supplied to the
volume directly while the second term describes the entropy supplied to
the volume through its surface.

Internal entropy is supposed to be an additive function of the mass of
the material volume

§ = /SpdV. (1.72)
i

where S is referred to as the specific internal entropy (per mass unit). By
means of the differentiation rule (1.21)

§ = /S/)dV.
v

the Ostrogradsky-Gauss integral theorem

h h V-h h-Vég
-— e . — /: —_—
/n 510 /v <0>dl /[ 3 o2 ]dV
1% v

O
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and due to the fact that the material volume is arbitrary we easily obtain
a differential form of the second law

pS > %(b~v-h)+%h- (V6). (1.73)

Another form of the laws of thermodynamics seems more convenient.
First, we eliminate the heat flux h from (1.73) by means of the first law
(1.70) and then multiply both sides of the inequality by 8 > 0. The result

1S

p8S > pU — 7 : (Vv) + %h- (V6). (1.74)

Next, we introduce the Helmholtz thermodynamic potential F', which is
the specific free energy, by means of the following equation

U=60S+F, (F=U-46S). (1.75)

Substituting (1.75) into (1.74) and (1.70) yields
T :(VVv) — pF — pS6 — %h- (V6) >0, (1.76)
p0S =1 :(Vv) — pF —pSO+b—V -h, (1.77)

respectively. Note that equations (1.77) and (1.76) for the first and second
laws of thermodynamics respectively contain the same combination of terms

®=17:(Vv)—pF — pSé, (1.78)

which is referred to here as the dissipative function.

The modified second law of thermodynamics, eq. (1.76), is called the
universal dissipative inequality.

The modified first law of thermodynamics, eq. (1.77), represents a heat
conduction equation with additional terms of mechanical origin.

The third law of thermodynamics, also called the Nernst law, cf. [178]
and [179], is given in the form of a requirement that

S—0 (1.79)

when the absolute temperature tends to zero, i.e. § — 0.

1.7 Thermodynamic processes and constitutive
equations

We suppose here that the thermodynamic state of a continuous medium in a
small vicinity of a point is determined by its temperature 6, its gradient V8
and the tensor VR. These quantities are referred to as defining variables.
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In the framework of the Eulerian approach the above variables are ex-
pressed in terms of the actual coordinate r and the time ¢. In thermody-
namics it turns out to be necessary to observe the thermodynamic process
at some material point, which is the time-history of the defining variables
for this material point with a Lagrangian coordinate R. This history is
prescribed by the following functions of time

0 = 0[r(R,7),7],
(Vo) = Or(R,7),7],
(VR)” = VRI[r(R,7),7], to<T<t, (1.80)

where the Eulerian coordinate r is replaced by its expression (1.3).
Functions (1.80) prescribe a thermodynamic process at the point R.
Let us now proceed to the definition of a material.

The thermodynamic behaviour of a continuum at a point r is said to be
completely determined provided that the stress tensor T, the heat flux h,
the specific free energy F' and the specific internal entropy S are prescribed
as operators over the thermodynamic process at this point, cf. [179], i.e

T (R, ) T{R,07,(VH) ,(VR)},
h(R,t) = h{R,67,(VH)",(VR)},
F(R,t) = F{R,07,(V8) ,(VR)},
SR,t) = S{R,07,(VO),(VR)"}, to<T7<t. (1.81)

It is essential to mark that all introduced operators are operators which
carry out transformations in time only. The argument R indicates an af-
filiation of the operator to a particular material point. The operators may
differ for distinct material points.

Prescribing equations (1.81) is equivalent to the definition of a material.
Equations (1.81) are termed constitutive equations for the material. Various
materials differ from each another in their constitutive equations, or more
exactly, in the operators in (1.81).

Let us now discuss the question of how to write down the constitutive
equations for a particular real material. The constitutive equations have
been said to reflect the material behaviour under deformation and heating.
Therefore, it is necessary to possess some experimental information on this
material behaviour. The following question arises: is experimental informa-
tion alone sufficient to formulate the constitutive equations? The answer is
negative. The above problem comprises a general problem of system iden-
tification whose solution is presently unknown.

Only approximate solutions to this problem exist at present. The general
strategy of the solution consists of three steps which are clearly formulated
in [134], [135] and [137].
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1. Some constitutive equations are written down. This should be done
by means of a qualitative information on the material behaviour only.

2. Some experimental situations are theoretically studied. For example,
the reaction of a thin-walled tube subject to tension, torsion and heating
may be analysed.

3. A comparison of the theoretical predictions and the test results is
performed. This allows the parameters’ value and the functions in the cho-
sen constitutive equations to be calculated. The problem of identifications
may be solved provided that the agreement of the theoretical predictions
and the test results is good for the calculated parameters’ value and the
functions. If this is not the case, then other constitutive equations must be
taken and the above procedure repeated until good agreement between the
theory and the test is achieved.

Let us illustrate the strategy by considering the simple example of small
strains and distortions of some sort of steel.

At first the steel should be assumed to be an isotropic elastic material. For
this reason, the so-called Hooke’s law should be accepted. In the case when
some temperature terms are present, the Duhamel-Neumann law should be
taken. In accordance with these laws the stress tensor is an isotropic linear
function of the tensor of linear strain. Young’s modulus, Poisson’s ratio and
a thermal expansion coefficient are the factors of this function. It should
be noted however that they are no more than some specified variables at
this stage and their values are still unknown.

Next, an axial tension of a cylindrical specimen should be studied and
expressions for axial stresses and lateral contractions by means of the in-
troduced parameters should be obtained.

The third step implies a comparison of the computed values and the
test results. This comparison allows us the possibility to calculate values
for Young’s modulus, Poisson’s ratio and a thermal expansion coefficient.
Being substituted into the chosen constitutive equations, they render the
constitutive equations for this particular sort of steel in the case of small
strains and distortions. The equations derived describe the behaviour of
this steel until the yield stress is not achieved. As this limit is achieved, a
discrepancy between the theory and test results begins to grow. Another
constitutive equation, namely, an equation for an elastoplastic material will
be needed and the above three steps are repeated.

It is easy to conclude that the first step is the most important. It turns out
that this step is not absolutely arbitrary, 1.e. the hypothetical constitutive
equations are to satisfy to a series of indisputable restrictions. In what
follows, we enumerate and formulate these restrictions.

Let us clarify how arbitrary the operators in eq. (1.81) can be. With this
in view we pose the following question: What restrictions do the laws of
mechanics and thermodynamics impose on these operators? As the above
laws are the general laws of nature, they must hold for any arbitrary differ-
entiable thermodynamic process. The equation of dynamics (1.56) and the
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equation of the first law of thermodynamics (1.77) do not impose any re-
striction on the operators (1.81) since for any thermodynamic process these
equations can always be satisfied by a proper choice of external body force
K and external heating supply b. The second law of thermodynamics in the
form of the dissipative inequality (1.76) has a special status. In its left hand
side there appear only operators (1.81) and no external parameter which
can be set. Hence, it is the dissipative inequality only which restricts the
choice of operators (1.81). These operators must ensure that the dissipative
inequality holds for any absolutely arbitrary thermodynamic process in the
material.

By analogy with the second law, the third law of thermodynamics im-
poses a restriction on the specific entropy and on this account the latter
operator in eq. (1.81) must unconditionally satisfy the following require-
ment

S — 0,

when the absolute temperature tends to zero (i.e. § — 0) regardless of the
values of the other defining parameters.

Let us now introduce the following definitions.

A thermodynamic process in some material is termed reversible if condi-
tion (1.76) holds with the equality sign, and is called wrreversible if (1.76)
holds with the inequality sign.

This definition says that reversibility or irreversibility of a thermody-
namic process depends not only upon its character, but also upon the
properties of the material in which this thermodynamic process develops.
Thus the same thermodynamic process in one material may be reversible
while in another material it may be irreversible.

A material is called homogeneous if the operators (1.81) do not contain
the Lagrangian coordinate R explicitly, i.e. the operators (1.81) take the
same form for any material point of the medium.

Before we proceed to a definition of an isotropic material, it is worth-
while noting that prescribing a history of the tensor VR is equivalent to
prescribing the history of two tensors, namely the strain measure g and
the rotation tensor B. Indeed, if a history of VR is known, the strain mea-
sure is then obtained by means of (1.27). The rotation tensor is obtained
according to (1.43), the spin tensor being given by

Q= [(VvR)*- (VR)”]“ , (1.82)

as seen from (1.24) and (1.30).
Let us prove the converse statement. Let g (7) and B (7) be known for
tg < 7 < t. Then, by virtue of (1.45) we get the spin tensor

Q(r)=-B-BT. (1.83)
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That is, by means of (1.24) the skew symmetric part of tensor Vv is deter-
mined as follows
(Vv)* = Q. (1.84)
Given g and 2 one can easily derive the Jaumann derivative (1.51) of tensor
g
gV=g+Q g-g Q. (1.85)
Substituting for g from (1.32) then yields

(Vv)’ - g+g (Vv)’ = —gV. (1.86)
The only symmetric tensor (Vv)° which is a solution of this equation is
given by
(Vv)® = —/e_g)‘ -gV.e BN, (1.87)
0

cf. [6]. Finally, in order to determine the tensor VR one can use eq. (1.30)

(VR)* = —(Vv) - (VR), (1.88)
in which Vv is given due to (1.84), (1.87) and the identity

(Vv) = (Vv)° +(Vv)*.
An initial condition can be taken, for example in the form

t=to, (VR)=E. (1.89)

It is known that the solution of the Cauchy problem, egs. (1.88) and (1.89),
is unique, cf. [6].
Therefore, it has been shown that the prescription of the history of the
tensors g and B is equivalent to prescription of the history of tensor VR.
It is however seen from (1.36) that prescription of the strain tensor g is
equivalent to prescription of mass density p and strain of shape change A.
The above-said is considered to be a sufficient substantiation for consid-
eration of the constitutive equations of the following sort

TR,t) = T{67,(VO) ,p",A",B"},
h(R,t) = h{HT,(VO)T,pT,AT,BT},
F(R,t) = F{67,(V8) ,p",A", B},

SR,t) = S{67,(V6) ,p", AT, B}, to<T<t. (1.90)
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A material is said to be wsotropic if its operators 7. h, I and S at point
r at time instant ¢ do not change their values when an arbitrary initial
rigid rotation is superimposed onto the body elements. Formally, this is
equivalent to replacement of the motion

R =R(r.1) (1.91)

by

Ry=R(r.t) H, (1.92)

where H is an arbitrary constant orthogonal tensor. In what follows, the
motion according to law (1.92) is called H-motion.

Let the defining variables in motion (1.91) be 6, V8, p. A and B and let
the strain rate of shape change and the spin tensor be denoted by d and
€, respectively. It is easy to see that

VRy=VR -H,

and in H-motion the above values are given by

O = 0.(VO)y =Vb, py=p, Ay = A,
B, = B-H.dy=d Qy=Q. (1.93)

Only the rotation tensor has changed with the incorporation by a constant
multiplier H. The requirement of material isotropy implies the following,
cf. [178] and {179]

TH = T. h}{:h. FH:F, SH:S (194)

where 7y, hy, Fyy and Sy are the operators (1.90) for H-motion (1.92),
while 7, h | F' and S are those for motion (1.91).

In what follows, only isotropic materials are considered.

Let us introduce another general requirement for the structure of op-
erators (1.90). It is related to the intuitive concept of a piece of material
which can be arbitrarily rotated together with the temperature field and
whose reaction (i.e. values of the operators (1.90)) does not depend upon
the rotation history in the coordinate system rotating together with this
piece.

Mathematically, one considers two motions

r=r(R,1t) (1.95)

and

ro=Q(t) - r(R.t). (1.96)
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and a temperature field 6 = 0 (R,¢). In eq. (1.96) Q(¢) stands for an
arbitrary time-varying tensor of rotation. The above requirement states
the following, cf. [179]

where 7, h, F and S stand for the values of operators (1.90) for motion
(1.95) whereas 7, hg, Fg and Sg stand for motion (1.96) which is referred
to as Q)-motion.

Condition (1.97) expresses the so-called principle of material frame in-
difference, cf. [178] and [179].

Let us link the defining variables for the motions (1.95) and (1.96). As
the inverse relations have the form

r=rg-Q, R=R(r,t), R=R(rg-Q.?), (1.98)

we easily obtain

(VR), = VoR = Q VR,

and

bo = 6, (Vo) o= QV8b, pg=np,
Ao = Q- A-QT, Bp=Q B, (1.99)
do = Q-d-Q", 2,=Q-2-Q"-Q-Q".

Recall that the constitutive equations for isotropic materials are insen-
sitive to replacement of tensor B by B - H provided that the values of the
other arguments are retained. By means of this replacement in (1.99) and
substitution of Q(¢)=const and H = Q7 we find that equations (1.97) are
satisfied provided that the following conditions

bo = 0,(Vl)y=QVb. pg=p,
Ag = Q A-QT, Bp=Q-B-Q' (1.100)

hold.

On the other hand, transformations (1.97) and (1.100) correspond to
change of basis iy on Q - ix only in arguments of the constitutive equations
while the tensor and vector components and the scalar values remain un-
changed. This means that the constitutive equations do not contain any
tensors and vectors except the above tensor and vector arguments, because
the components of other tensors and vectors would change under a trans-
formation of the coordinate basis.
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In conclusion we say that it is rheology, i.e. a study on the behaviour
of loaded materials, cf. [157], [192] and [156], which is concerned with the
prescription of the operators in constitutive equations (1.90) for various
materials. The method of rheological models developed allows one to derive
the constitutive equations with a broad variety of properties. An attractive
side of the method of rheological models is that the obtained equations a
priort satisfy the second law of thermodynamics, the property of material
isotropy and the material frame indifference principle.

1.8 Materials with elastic dilatation and the
Fourier law of heat conduction

Consider a compressible heat-conducting material.
The mean normal stress is assumed to be a function of relative mass
density py/p and temperature 6, i.e.

(r:n(@,e)). (1.101)
p

We also assume that the stress deviator vanishes

s =0 (1.102)

and the heat flux is a linear vector function of the temperature gradient

h = —kV8, (1.103)

where x denotes the coefficient of thermal conductivity which is a function
of temperature, absolute value of its gradient and mass density

K=r (&9* ;vo\) . (1.104)
P

Lastly, the specific free energy and specific internal entropy are assumed to
be functions (not functionals) of mass density and temperature.

In accordance with (1.101), (1.102) and (1.58) the stress tensor in this
material is a spherical tensor and is given by

r=Eo (&,9). (1.105)
p
The rate of change of the free energy is as follows
- (9F0 (p()). 8F0 p .
Fo=r7——{—] +—550. (1.106)
* 7 9(po/p) \ p 09 |

Substituting (1.105) and (1.106) into dissipative inequality (1.76) we ar-
rive at
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BFO Po * 8F0 . K 2
AV —p— | = — 10+ = (VO >0.
c(V-v) p@(,%/p)(p) +p(50+ 50 +0( >0

It follows from the mass conservation law that

v.v:ﬁ(@).
Po \ P

As a result, the dissipative inequality takes the form

p [pio - 5%},7)] (p—;’). —p<So+ %ﬁ;—">é+ g (V02 >0. (1.107)

As already pointed out, the dissipative inequality must hold for any ar-
bitrary thermodynamic process, i.e. in particular for arbitrary velocities
(po/p)" and 8. The left hand side of (1.107) is however linear in these ve-
locities. If the coefficients of these velocities were not equal to zero, the
dissipative inequality could be violated by means of some special choice
of the velocities’ values and their signs. Therefore, in order to ensure that
inequality (1.107) holds, it is necessary and sufficient to require that the
coefficients of the velocities vanish and the absolute term is non-negative,
ie.

dF,
o= pg—al 1.108
P03 (00/0) (1.108)
R
So=—"7 (1.109)
K (V6)? > 0. (1.110)

From these equations one can see that the specific free energy is a potential
both for mean normal stress and specific internal entropy. Equation (1.110)
requires the thermal conductivity coefficient to be non-negative. If K > 0
and V@ # 0, condition (1.110) and consequently (1.107) hold with inequal-
ity sign. In this case thermodynamic processes in the material considered
are irreversible. Thermodynamic processes can be reversible if either xk = 0
or V6 = 0, i.e. when the heat conduction is absent (the heat flux h, eq.
(1.103), vanishes).

The constitutive equations under consideration are widely used to de-
scribe the behaviour of gases and compressible fluids. Numerous experi-
ments however show that egs. (1.101) and (1.103) are valid as a first ap-
proximation for the majority of natural and synthetic isotropic structural
materials. For this reason, it is generally accepted in rheology, cf. [157], (192]
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and [156], that egs. (1.101) and (1.103) may serve as a good approximation
for modelling dilatation and heat conduction in nearly all materials.
Many materials differ in the form of dependence of the stress deviator on
thermodynamic processes. We restrict ourselves to situations in which the
stress deviator is an operator over temperature 6 (7), the strain of shape
change A (7), and, possibly, the rotation tensor B (7) and mass density

p(7), ie.

s:s{e(r),pfzi),A(r),B(r)}, to < T <t (1.111)

while the specific free energy and specific internal entropy are given by

F = F0<£[)9.0>+F*{9(T),pp(:),A(T),B(T)},
S = So(p—p(),e)+5*{9(T),pl[zs_),A(T),B(T)}. (1.112)

Here Fy and Sy are functions of their arguments, and F, and S, are op-
erators over temperature, mass density, strain of shape change A (7) and
rotation tensor B (7).

Making use of the arbitrariness of splitting the stress tensor (cf. eq.
(1.58)), free energy and entropy (cf. eq. (1.112)) into two terms, let us
require that when the shape change and rotation are absent

A(T)=E,B(1)=E, to<7<t, (1.113)

the terms s, F, and S, vanish, i.e.

s{e,@,E,E} _o, F*{G,@,E,E} ~0, S. {0,@,13,1*3 =0.
p P p

(1.114)

Consider now the constitutive equations (1.101), (1.103), (1.111) and

(1.112). Substituting them into the dissipative inequality (1.76) and taking
into account eq. (1.58) and the mass conservation law, yields

- OF, Mpo)‘ ( aF0>. K )
— (P} —p(So+ =)0+ = (VO +
p[Po 9 (po/p)] \ p PAP T o0 5 (V9
+s:d - pF, — p8S, >0, (1.115)

where d denotes the strain rate of shape change (1.23).

Inequality (1.115) must hold for any process, in particular for process
(1.113). In this particular case, all terms in the second line of eq. (1.115)
vanish. Because of the arbitrariness of (py/p)®, # and V8 we arrive at the
following group of conditions



1.8 Materials with elastic dilatation and the Fourier law of heat conduction 37

F OF
a:po—a—o— , So=——2, k>0. (1.116)
(Po/p) 96
These are identical with conditions (1.108), (1.109) and (1.110).
Taking into account (1.116), assuming V8 = 0 and removing restriction
(1.113) we obtain the dissipative inequality for the shape change process

s:d—pF*—p(-?S* > 0. (1.117)

It can be easily proved that under conditions (1.116) the first law of
thermodynamics takes the following form

00 (S'O+S,,) —s:d—pE, — phS. +b+V - (kV0). (1.118)

Let us consider a possible particular form of free energy at dilatation.
The following expression

_ kO (1 P _pPa), ™O) [, _po 1)
Fo= Po (ln;+1 ;>+Po (1 P0>+Po (1-119)

is an acceptable approximation for modelling volume deformations of solids
and fluids. In this case, the mean normal stress and the specific entropy
are as follows

o = k(6) <1 - ﬁ) — m(6), (1.120)

1 dk 1 d 1d
Po P p /) dd  pg P

As seen from (1.120) coefficient k() links the stress to a change of mass
density. Assuming o = 0, yields

Po _k—m (1.122)
p k
Thus, function m(6) determines the change of mass density under temper-
ature variation in a free thermal expansion.
Finally, let us clarify the physical meaning of function n(6). To this end,
consider a process of heating without deformation (py/p =1, A=E, B =
E). In this case

_1dn

and the heat conduction equation (1.118) takes the following form
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c(0)0 =b+ V- (kV8), (1.124)
where
d?n
(8) = —0—; 1.125
c(9) pT (1.125)

represents heat capacity without deformation. Equation (1.125) thus clari-
fies the physical meaning of function n(¢). Indeed, by means of eq. (1.125)
it is easy to find the specific entropy in the case of constrained (p = p,)
heating. By means of egs. (1.123) and (1.125) we obtain

o

d )d
Sozﬁi_”_.i/M_ (1.126)

Poda—Poo X

The lower integration bound is set to zero in order to satisfy the requirement
of the third law of thermodynamics. In order to ensure the existence of the
integral in the neighbourhood of zero temperature, the thermal capacity of
the material must have the following asymptotic form

c(x) = Ax®, a>0, (1.127)

where A and « are the material constants.

The question of how to satisfy the requirement of the third law of ther-
modynamics for a material under deformation must be considered. To this
end, eq. (1.121) must be equated to zero and according to (1.126) the last
term in eq. (1.121) vanishes as the absolute temperature tends to zero. In
order to equate the first two terms in eq. (1.121) to zero it is necessary and
sufficient to require that as § — 0

dk dm
5 0, T 0. (1.128)

We assume that the real materials possess this property and the property

prescribed by eq. (1.127).

1.9 C(lassical materials

Let us proceed to consideration of some particular dependences (1.111) and
(1.112).

1.9.1 FElastic material

The stress deviator, free energy and entropy are postulated to be functions
(not operators) of the strain of shape change A (t), temperature 6 (¢) and
mass density p(t)
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s=s(p,A,0), F.=F.(A,0), S.=5.(A,0). (1.129)

Tensor A is assumed to be prescribed in a fixed basis. In this case the
derivative of the free energy is

OFy O 4

Fo=59%3a

Substituting an explicit expression for A, eq. (1.39), and simplifying the
result, we obtain

OF, . OF. .
50T r ([ ATA d+Q-A-A-Q)=

OF., . OF. \* oF. \*
= = (aA-A> .d+2<aA-A> Q. (1.130)

E, =

Substituting (1.129) and (1.130) into dissipative inequality (1.117) yields

OF. ° OF., . OF,
[s+2pDev(aA A)] d-—2p <8A A> .Q—p<* 89>9>0
(1.131)
This inequality must hold for any arbitrary thermodynamic process and,
in particular, for arbitrary 0, @ and d . The dissipative inequality (1.131)
however is linear in 8, £ and d. Thus, the coefficients of these parameters
must vanish, otherw1se one could violate condition (1.131) by having pre-

scribed some values of §, © and d. We therefore arrive at the following
equations

= —2pDev ((Zi A) , (1.132)
OF, @

(aA : A> ~0, (1.133)
OF.,

S.= 2 (1.134)

We see from these equations that free energy is a generating function for
both the stress deviator and the specific entropy.

The isotropy of the material imposes some restrictions on the form of
dependences (1.129). In particular, the free energy must be insensitive to
a rotational transformation of the coordinate system. As a scalar, it must
be a function of the invariants of tensor A. According to the definition of
the strain of shape change A, its third main invariant is equal to unity (see
Section 1.3). We take the other invariants in the following form
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1
a=E:A, b:EA:A. (1.135)
Only these two invariants and temperature turn out to be arguments of
the free energy of an isotropic material, i.e.
F.=F.(0.a0b). (1.136)
Its derivative with respect to A is as follows

OF. OF.. JF.
T T

One can see that restriction (1.133) holds, and the stress deviator (1.132)
takes the form

A+

90 T o (1.137)

OF. oF, .
s = —2pDev < A2> .
An acceptable approximation for free energy in the case of finite defor-
mations is the Mooney potential, [99] and [100]

A . B 3 o
F, 2 (a—3)+ 20 (b 2), (1.138)
where A and B are some functions of temperature. This potential says
that conditions (1.114) hold for process (1.113). Besides, for A>0 and B>0
the free energy (1.138) turns out to be positive for any shape deformation,
except the case of A = E in which it vanishes, cf. [99] and [100].
When the free energy is given by (1.138) expression (1.137) takes the
especially simple form

s =~ Dev (AA + BA?). (1.139)
Po

Also the heat conduction equation essentially simplifies and takes the form

pB(So + S.) = b+ V- (kV0), (1.140)
where, due to (1.134) and (1.138), the entropy S, is given by

1 0A 3\ 0B

Equation (1.139) states that the principle directions of the stress tensor
and the strain of shape change coincide. It can be easily shown that this is a
result of (1.133), the latter being a direct consequence of the independency
of the free energy on the rotation tensor.
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1.9.2 Viscous materials

It is postulated that the stress deviator is a tensor function of the strain rate
of shape change d and may depend upon the following scalar arguments:
volume ratio p,/p, its time-derivative and temperature.

As mentioned in Section 1.7, for an isotropic material the tensor function
s of the tensor argument d should contain no tensors except its argument
tensor. This means that the principle directions of the tensor function and
its argument should coincide, otherwise the equation for this tensor function
would require a rotation tensor for transfer from the principle directions of
the tensor argument to those of the tensorial function.

One of the possible full expressions for a tensor which has the same
principle directions as d is given by, cf. [99], [157], [162] and [156]

H =2 (hE + nd + ¢d?), (1.142)

where the scalar coefficients h, n and ¢ depend upon the invariants of tensor
d and above scalar arguments.

As s is a deviator, its full representation is obtained by evaluating the
deviatoric part of eq. (1.142). For an isotropic viscous material the deviator
turns out to have the following general form

s = 2Dev (nd + ¢d?) . (1.143)

The parameters 1 and ¢ are referred to as the viscosity coeflicients.

Constitutive equation (1.143) must be completed by equations for the
free energy F, and the entropy S.. We assume here that these are identically
equal to zero.

Let us next find what restrictions are imposed by the dissipative inequal-
ity (1.117) on function (1.143). Substituting (1.143) into (1.117) yields

2(17d:d—+—<pd2:d) >0.
Recalling the equations for the main invariants of deviator d
d:d=2I,(d), d*:d =3I3(d),
we rewrite the previous inequality in the following form

It is impossible to derive the restrictions imposed on 7 and ¢ which are
necessary and sufficient for (1.144) without prescribing the dependence of
1 and ¢ on the invariants /2 and I3.

Let us consider some particular cases.

Provided that the viscosity coeflicients 17 and ¢ do not depend on I and
I3 at all, the necessary and sufficient conditions for (1.144) are given by
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n >0, ¢=0. (1.145)

Indeed, if d is very large, but I3(d) # 0 we find that the value and the
sign of the left hand side of (1.144) is completely determined by the second
term. But it is an odd function of d, i.e. it changes its sign when one replaces
d by —d. Thus, one must put =0 otherwise (1.144) will not be satisfied.
Non-negativeness of the second invariant leads to the first restriction in
(1.145).

It can be shown by analogy that if

v = 1Izg

and if 7 and g do not depend upon I, and 73, the necessary and sufficient
conditions for inequality (1.144) are as follows

n>0, g>0.

Finally, if
_r Y
T YT

and the coefficients i and v are independent of I and I3 we arrive at the
following condition

21+ 3v > 0.

From the latter equation one can see that one of the above coefficients, i.e.
1 or v, may be negative.

Material with the constitutive equation (1.143) is called the Reiner-Rivlin
viscous fluid, [157] and [156].

The case ¢ = 0 is the most common. In this case the governing equation
takes the form

s = 2nd, (1.146)

and the necessary and sufficient conditions for dissipative inequality (1.144)
are given by

n =0, (1.147)

which is insensitive to a particular form of dependence of i on the invariants
12 and [3.

Provided that the viscous coefficient 1 depends only on the temperature,
the material with the constitutive equation (1.146) is termed a Newtonian
viscous fluid.
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To conclude, we will write the heat conduction equation for a viscous
material. According to (1.143) the heat conduction equation (1.118) takes
the following form

p0So = 4nly (d) + 63 (d) + b+ V- (kV8). (1.148)

The first two terms on the right hand side characterize the energy dissi-
pation in a viscous material. In agreement with the dissipative inequality
(1.144) their sum is non-negative. In the case of a Newtonian viscous fluid
the second term disappears, while the first is the second order in d.

In some cases it is necessary to consider the inverse tensor function
(1.143), i.e. to find the following expression

d = Dev (Bs + vs?), (1.149)

with the scalar factors 8 and -y depending on the invariants of tensor s and
the scalars p, p and 6.

In general, an actual inversion (assuming that it is possible) is very diffi-
cult because the coefficients 7 and ¢ in (1.143) depend on the invariants of
tensor d. In order to overcome this difficulty we postulate that the constitu-
tive equation is in the form of (1.149) and assume that the free energy and
the entropy are equal to zero. The dissipative inequality (1.117) imposes

the following restriction on 3 and < which are functions of the invariants
12 and 13

28I, (s) + 3vI3 (s) > 0. (1.150)
The structure of this inequality is similar to that of eq. (1.144).

1.9.3 Plastic materials

In order to formulate the concept of a plastic material it is necessary to
introduce a norm in the space of the stress deviator s. The norm is denoted
as N (s). It is a non-negative scalar function of tensor s and a function of
the tensor’s invariants in the case of an isotropic material. In accordance
with the norm properties any function N(s) must satisfy the following
conditions

N(s) > 0, s#0,

N(s) = 0,s=0,

N(as) = |alN(s),
N(s+t) < N(s)+ N(t), (1.151)

where « is a real value.
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From a physical point of view the norm N characterises, in a generalised
sense, the largest absolute value of components of the stress deviator.

Let us proceed to the definition of a plastic material.

We assume that if there is no deformation, i.e. d = 0, then the stress
deviator may take any value, however its value should satisfy the following
inequality

N(s) < 7s. (1.152)

Next, we assume that under deformation, i.e. d # 0, the material behaves
like a viscous fluid with a constitutive equation which is similar to (1.143),
namely

s = uf (d). (1.153)

Here p is a positive factor which is not known a priors, and f is a tensor
function of the strain rate of shape change d. The dependence of f on d is
similar to that in (1.143), i.e.

f(d) = 2Dev (y¥d + xd?) . (1.154)

The scalar coefficients ¥ and x are functions of the invariants of d, mass
density, its time-derivative and temperature. Finally, we assume that under
any deformation (requirement d # 0 must hold) the norm of the stress
deviator satisfies the following condition

N(s) =Ts, (1.155)

which is called the yield criterion. Here 7 is referred to as the yield stress
which is allowed to be an operator over some thermodynamic process, i.e.
some operator over d, p and 6.

Equation (1.155) serves to determine the unknown scalar factor p. Sub-
stituting s from (1.153) into (1.155) and using the third norm property, eq.
(1.151), we obtain

uN(f) =7s.

Substituting for u in (1.153) then gives

Ts
N(f

It is easy to see that the yield condition (1.155) is also satisfied.
The last assumption is as follows. The specific free energy and the specific

entropy for the plastic material are equated to zero.
Therefore, the constitutive equations for a plastic material are given by

f(d). (1.156)

d= 0) *V(S) < Ts

d#0, s=r1,f(d)/N(f). (1.157)
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F.=0, S,=0. (1.158)

Note that any state of stress at which N(s) > 7, is unattainable since, due
to (1.157), it cannot be realised neither when d # 0 nor when d = 0.

Let us now ascertain what restrictions are imposed by the dissipative
inequality (1.117) on the constitutive equations. In accordance with (1.157)
we must study two cases: d = 0 and d # 0. In the first case inequality
(1.117) holds with the equality sign. In the second case (1.117) reduces to
the following inequality

4yl (d) + 6x13 (d) > 0, (1.159)

similar to condition (1.144) for the viscous material.

In some cases an inversion of the constitutive equations (1.157), i.e. a
functional dependence d (s), turns out to be necessary. The result of this
inversion has the following general form

d = ADev (rs + ps?) (1.160)

where p and r are non-trivial scalar functions of the invariants of the stress
deviator s, mass density p, its time-derivative p and temperature 6. An
undetermined non-negative factor A satisfies the following conditions

N(s) <7s, A=0,
N(s) =75, A>0.

Indeed, if N(s) < 74, then as follows from (1.157) there is no defor-
mation, ie. d = 0. It is however seen from (1.160) that this is possible
only when A = 0 as it is written down in the first line of (1.161). Next, if
N(s) = 75, conditions (1.157) permit two possibilities: d = 0 and d # 0.
Representation (1.160) says that this is also possible in the two cases: A = 0
and A # 0. Assuming for determinancy that \ is non-negative, we arrive at
the statement in the second line of (1.161).

We proceed now to the dissipative inequality (1.117). Substituting (1.160)
and (1.158) into it yields

(1.161)

A (2715 (s) + 3pls (s)] > 0. (1.162)

As long as no plastic deformation occurs A = 0, and the dissipative in-
equality (1.162) holds with the equality sign. When a plastic deformation
occurs, then A is negative, and inequality (1.162) holds under the following
condition

271y (s) +3pls(s) >0, N(s) = 5. (1.163)

The most popular expressions in the mathematical theory of plasticity,
for functions and operators which appear in the equations for plastic ma-
terials, are given below.
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In the overwhelming majority of papers it is proposed that

f(d) = d, (1.164)

which is analogous to the tensor function (1.146). In this case, the dissi-
pative inequality both in (1.159) and (1.162) holds for any deformation
process.

The most commonly used expressions for the norm N (s) in the yield
criterion are described in what follows. It is often assumed that this norm
is an wntensity of shear stresses

N(s)=717=+I2(s) = \/—;—s:s. (1.165)

The yield criterion in the following form

T=T, (1.166)

is called the Mises yield criterion.
Sometimes, the maximum shear stress

S1 — 82
2

89 — 83
2

53 — 51
2

)

N(s) = T = max {

} , (1.167)

is used as norm N(s). Here s;, s and s3 are the principle values of the
stress deviator.
The yield criterion in the form

T=rs (1.168)
is called the St. Venant-Tresca yield criterion.

Finally, let us briefly touch upon some different ways of prescribing the
dependence of the yield stress on the history of deformation. It often turns
out that 75 does not depend on the deformation history at all, but it is a
function of the temperature and, probably, the mass density, i.e.

Ts =Ts(0, p). (1.169)
Next, the dependence of the yield stress on the deformation history may
be prescribed as a function

Ts =Ts (6, p, q), (1.170)

where g is referred to as the Odguist parameter

qz/\/lz (d)dt. (1.171)
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The plasticity theory based on equations (1.164), (1.165) and (1.169) is
called the St. Venant-Mises theory. Its constitutive equations are given by

[dzo’ TSTs (1.172)

d#0, s=r7.d/v,

v=h(d) = ,/%d;d (1.173)

is referred to as an intensity of shear strain rate.
An inverse form of the constitutive equation is

where

d = Js, (1.174)

where

T<Ts, A=0,

T=Ts, A>0. (1.175)

To conclude, we write down the heat conduction equation for a plastic
material. In the most general case, this is given by

008y = ﬁ (4915 (d) + 6xI3 (d)] + b+ V - (kV0) . (1.176)

In the St. Venant-Mises theory it takes a more simple form

p0So =T+ b+ V- (kV0). (1.177)

The first term on the right hand side characterises heat production under
plastic deformations. In contrast to the viscous material this value is of first
order in components of the strain rate of shape change d.

1.10 Rheological models of materials. Complex
materials

Let us introduce the concept of a rheological model of a material.

Ignoring for the time being the temperature dependence, we note that
equation (1.139) implies elasticity, i.e. it states a functional relation between
"force” s and ”"strain ” A. The simplest mechanical system which can be
described in this way is an elastic spring. For this reason, in rheology, cf.
[157], [192] and [156], an elastic spring is considered to be a visual image
for the elasticity equation (1.139). This visual image of the constitutive
equations is termed a rheological model of a material. A rheological model
for an elastic material is an elastic spring which is referred to as the Hooke
element in rheology. The Hooke element is depicted in Fig. 1.2a.
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i

a b C

FIGURE 1.2. Rheological models of materials: a) the Hooke element, b) the
Newton element and c) the St. Venant element.

Next, the constitutive equation (1.143) is a viscosity relation, since it
states a functional dependence between "force” s and ”velocity” d. The
simplest mechanical system with the above property is a viscous damper or
dashpot. This visual image is chosen as the rheological model for the viscous
material. This is shown in Fig. 1.2b and is called the Newton element. The
simplest realisation of the viscous damper is an oil-filled-cylinder with a
piston in it. Due to cylinder clearance, the axial force due to the relative
motion of the piston depends upon the velocity and vanishes together with
the velocity.

Finally, the constitutive equations (1.157) describe plasticity. In fact,
they state that when the norm of the "force” s is small, the material expe-
riences no deformations (d=0), i.e. it behaves like a rigid body. When the
"force” s reaches the yield stress, the material may be deformed and the
change in the ”velocity” d does not influence the value (or strictly speaking
the norm) of the "force”. A dry friction damper is the simplest mechanical
system possessing the above properties. This is depicted in Fig. 1.2c and
is considered to be the rheological model for a plastic material. This rheo-
logical element is called the St. Venant element. The simplest realisation of
the element is two flat plates pressed together by a constant force. Relative
motion of the plates is absent while the tangential forces in the plates do
not exceed the forces of dry friction. If relative motion occurs, the force
which causes this motion is equal to the force of dry friction and does not
depend upon the velocity.

The materials considered possess the following fundamental properties:
elasticity, viscosity and plasticity. These properties are visualised by the
simplest rheological models, namely, the Hooke element, the Newton ele-
ment and the St. Venant element.

Let us proceed to considering materials with complex rheological prop-
erties. The following way of composing the constitutive equations for mate-
rials with complex rheological properties is accepted in rheology. Its basic
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FIGURE 1.3. Connection of the rheological elements in parallel a) and in series
b).

concept is a rheological model. It is composed of the fundamental rheological
elements in series and in parallel. The system of constitutive equations is
then derived using some rules. Thus, the rheological model is not only a vi-
sualisation of the material behaviour, but also plays an active part, namely
it prescribes the structure of the constitutive equation for the material. A
large number of materials with broad spectra of mechanical properties is
postulated in this way.

Consider now the problem of deriving the constitutive equations for a
given rheological model. As pointed out above, a model is composed of
the fundamental rheological elements by means of parallel and in series
connections. These connections are shown in Fig. 1.3.

We assume that the constitutive equations for each element o and 3 are
given separately in the form of operators such as (1.111) and (1.112), i.e.

Sa:Sa{G, Po/P, AaaB} 1) Sﬁ:Sﬁ{av pO/p7 A,BIB}?
Fia = Fia {91 pO/pv AOHB} , Fup=Fag {97 pO/p7 A37B}v (1178)
Sea = Sxa {97 pO/p7 AazB} ’ S*ﬁ = S*ﬁ {9 pO/p7 Ag,B} .

Assume that the rotation tensor B, temperature 6, and mass density p
in both constitutive equations (1.178) coincide regardless of the type of
connection, while the strains of shape change are in general different, i.e.
Ao (T) # Apg (7). These tensors are assumed to be related to the tensors
d, and dg by means of eq. (1.39), i.e.

Ae = —do-Ag—Ay-da—Q-Ap+Ay-Q,
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where the spin tensor 2 needs to be obtained from (1.45) in terms of the
rotation tensor B.
We suppose that the initial condition (1.40) holds for any tensor A, and
A,j. 1.e.
Ay (to) =E, As(to) =E. (1.180)
Let us introduce the connection axioms.
1. Axiom of a connection in parallel as shown in Fig. 1.3a
d=d, =dg, s =s4+sg. (1.181)

2. Axiom of a connection in series as shown in Fig. 1.3b
d=d, +dg, s=s,=s3. (1.182)
For both connections

F.=F.,+Fg3, S.= S*a+5*5‘ (1.183)

Finally, recall that for a given d tensor A is a solution of the following
kinematic equations, cf. (1.39)

A=-d A-A-d-Q A+A-Q (1.184)

subject to the following initial condition, cf. (1.40)

A(to) = E. (1.185)

Analysis of one-dimensional mechanical systems, i.e. the rheological mod-
els, may serve some logical substantiation for just these very axioms. We
start with the connection in parallel, see Fig. 1.3a. Provided that the rigid
rods AB and CD may move only vertically and translationally, the velocity
d of the point E relative to F coincides with the velocity d,, of the point 4
relative to C' and dg of the point B relative to D. This observation allows
us to write down the following kinematic equation

d=do = ds,

whose structure is similar to that of the first tensor equation (1.181). Fur-
ther, the force s applied to points E and F' is the sum of the force in the first
element, i.e. s, and the second element, i.e. sg. This yields the equation

$ =584+ 83,

whose structure is again similar to that of the second tensor equation
(1.181).
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By analogy, for a connection in series (see Fig. 1.3b) the vertical velocity
of the point E relative to F' is the sum of velocity d, of the point E relative
to G and dg of the point G relative to F, i.e.

dzda+dg.

This is analogous to the first tensor equation in (1.182). Further, in the
one-dimensional model of Fig. 1.3b the forces s applied to points F and F
are equal to the forces in the elements s, and sg, i.e.

S = 8o = 83,

which is analogous to the second tensor equation in (1.182).

Finally, equations (1.183) are a logical consequence of additivity of free
energy and entropy for mechanical elements of the models.

The connection axioms allow one to derive constitutive equations for any
arbitrary complicated rheological model composed of the fundamental ele-
ments such as Hooke’s element, Newton’s element and St. Venant’s element
by means of connections in series and in parallel.

Theorem 1 states: Constitutive equations for any rheological model
satisfy the dissipative inequality.

The theorem will be proved by the method of mathematical induction.

Consider two arbitrary rheological models, say o and 3. Let the consti-
tutive equations for materials with these rheological models be given by eq.
(1.178). Assume that inequality (1.117) holds separately for each of these
two materials, i.e.

So 1 da — pFha — p0S,a >0, (1.186)

sg:dg — pF.g — phS.5 > 0. (1.187)
Prove that inequality (1.117)

s:d—pF, —pfS, >0 (1.188)

holds for materials with a rheological model composed of the rheological
models of materials & and 3 by means of connections in series and in
parallel.

We first address a parallel connection. We substitute expressions for s,
d, F. and S. due to the axioms of parallel connections, eqs. (1.181) and
(1.183), into (1.188). Combining the terms, we obtain

Sa: do = pFra — pfS.a +sp: dg — pFug — pfS.s > 0. (1.189)

The sum of the first three terms on the left hand side is non-negative due
to assumption (1.186), while the rest is non-negative due to (1.187). Hence,
condition (1.188) holds.
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Consider now a connection in series. We substitute expressions for s,
d, F, and S, due to the axioms of connection in series, egs. (1.182) and
(1.183), into (1.188). Combining the terms, we again arrive at inequality
(1.189) which holds by virtue of assumptions (1.186) and (1.187).

It only remains to remember that the dissipative inequality, eqs. (1.186)
and (1.187), holds for any thermodynamic process for each fundamental
element: elastic, viscous and plastic.

Therefore, the theorem is proved.

We now prove another two theorems.

Theorem 2. Constitutive equations obtained for a rheological model
correspond to an isotropic material.

Theorem 3. Constitutive equations obtained for a rheological model
are frame-indifferent.

Statements of these theorems are concerned with the system of consti-
tutive equations (1.58), (1.101), (1.103), (1.111) and (1.112). It is easy to
understand that the proof should touch upon only the variables and tensors
describing shape distortion. Mathematically, the following equations for H-
and (Q-motions

Sy =S, F*H:F*1 S*H:S*v
1.190
so=Q-s-Q", Fo=F., Sqg=5. ( )
must hold.
The theorem will be proved by the method of mathematical induction.
Consider two arbitrary rheological models: « and (. Denote the operators
governing the stress deviators as follows

Sa = Za {0, po/ps Aa, B},
ss =23 {0. po/p, A3, B}.

Let us allow that these operators as well as operators F, and S, (1.112)
prescribing the free energy and the entropy of shape distortion for these
models, describe isotropic materials and satisfy the material frame indif-
ference principle.

Due to (1.93) and (1.190) the isotropy assumption means that the above
operators satisfy the following conditions

Z, {9, po/p, Ay, B-H} =Z, {0, py/p, Ay, B},

F*W {0 pO/p7 B H} F {97 pO/pv A’Y’B} (1.191)
S*'y {0. po/p, A B H} = Sy {0, po/p, Ay, BY,
=a, 0.

By virtue of (1.97), (1.99) and (1.190) the frame-indifference assumption
corresponds to the conditions
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Z,{0,po/p, Q-A,-QT,Q-B} =Q-Z, {6, po/p, Ay,B}-QT,
F*“/ {07 pO/pv QA'y : QT,QB% = F*'y{gv Po/P, A‘Y!B}a
S*"/ {6’ pO/pv Q . A—y . QTvQ B} = S*’Y {9: pO/p7 A’Y’B} )
Y=o, B
(1.192)
Let us prove that any material with a rheological model composed by
means of parallel and in series connections of models « and [ is isotropic
and its constitutive equations satisfy the material frame indifference prin-
ciple.
1. Consider a parallel connection of elements o and 3. Due to equations
(1.179) and (1.184) and initial conditions (1.180) and (1.185), the equation

d, =dg =d,

renders the following result

Ao =As = A. (1.193)
Further, by virtue of (1.190) and (1.193) we obtain the following equations

s =2Za {0, po/p, A, B} +Zs {0, py/p, A, B},
F, :F*Ot {97 pO/p’A:B}+F*5 {97 Po/ﬂ,A,B}, (1'194)
Se = S*a {07 po/p,A,B} + S*B {9) Po/P, Av B} :

It is seen that s, F) and S, are operators over 0, p, A and B.

a. Let us prove that operators (1.194) describe an isotropic material. To

this end, we obtain their values in H-motion. Denoting them by subscript
H we obtain by means of (1.93)

st =Za{0,p0/p,A,B-H} +Zg5{0,py/p,A,B-H},
Fu = Fua {0, p0/p,A,B-H} + F.5{6,p/p, A,B-H},  (1.195)
SiH = Sva {H:PO/K%A:B H} + Sup {e’pO/vaaB ’ H} :

Finally, taking into account assumptions (1.191) we arrive at the follow-

ing equations
SH =8, F*HZF*, S*H:S*, (1.196)

which indicate that the material is isotropic.

b. Let us write down the equations for operators (1.194) in Q-motion.
By virtue of (1.99) we have

s9=Z.{6,%.Q-A-Q".Q-B} +2;{6,2,Q-A-Q",Q B},

F*Q:F*Q g,ﬂpquAQT’QB +F*5 ga%,QrQAQTvQB )

S:q=5w16,2,Q-A-Q",Q-B; +5.516,2,Q-A-Q",Q B

) P bl
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Taking into account assumptions (1.192) we obtain the following equa-
tions

so=Q s Q" F.g=F.. S.9q=S5.. (1.197)

Comparison with (1.190) shows that the constitutive equations satisfy the
principle of material frame indifference.

2. Consider now a connection of two elements o and 3 in series. The
condition for a connection in series are as follows

da +dx3 :d’

Ag=—(da+Q) Aq—Aq-(de — Q).
Ad:—(d3+ﬂ)-A3—Ag-(dg—Q),
Zo{0.po/p, Aa. B} =Zs{0.po/p, A3, B}.

This is a system of equations for unknown A, Ag, d, and dg for given
A, B, Q, d, p and 6. The initial condition is given by eq. (1.180). The
stress deviator for this connection is obtained from condition (1.182). For
example, we have

(1.198)

s =2Za1{0,p9/p, Aa,B} . (1.199)

Further, by means of (1.183) we obtain

F* = F*Cl {g’pO/p’A(‘“B} +F*»3 {e’pO/vaﬁvB}a
S« = Swa {0, p0/p, Aa. B} + S.5{0,p0/p. As, B} .

We assume that this Cauchy’s problem, (1.198) and (1.180), has only one
solution. Then A, and Ag are some functionals over A, B, p and 6. By
virtue of (1.199) and (1.200) s, F., and S, are also functionals over the
same arguments.

a. Let us write down the system of equations (1.198) for obtaining A,
and Ag in H -motion.

By virtue of (1.93) and (1.94) we have

(1.200)

dop +dgy =d,

AQH = — (daH + Q) . AaH - AaH ) (daH - Q)* (1201)

Asgy = —(dpy + ) - Agy — Ay - (dgy — §2)

and
Z(l {6‘ pO/p Aaf‘laB H} = Zﬁ {6' pO/IO' A,BHB H} :

Due to the isotropy of the elements, eq. (1.191), the latter equation is
replaced by the following one

Zo{0,p0/p, Ao, B} =Z3{0,py/p, Agu, B}. (1.202)
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One sees now that the system of equations (1.201) and (1.202) coincides
with the system (1.198). Also their initial conditions coincide. Further,
because of the uniqueness theorem, their solutions coincide, i.e.

Ao = Ao, Agu = Ag. (1.203)
Let us find now the stress deviator, the free energy and the entropy for

H-motion. To this aim we substitute (1.203) and (1.93) into (1.199) and
(1.200), to get

sy =2Z4{6,p0/0,Aa,B-H},
F*H = F*a {vao/vaomB H} +F*5 {67p0/paAﬁaB' H},
Serr = Swa{0,p0/p, Ao, B-H} + 5.5{0,p0/p, As,B-H}.

Finally, allowing for assumptions (1.191) the following equations are ob-
tained

Sy =8, F*H = F*, S*H - S*,

which indicate that the operators (1.199) and (1.200) together with egs.
(1.198) and initial conditions (1.180) correspond to an isotropic material.

b. Let us prove that operators (1.199) and (1.200) together with equations
(1.198) and initial conditions (1.180) satisfy the principle of material frame
indifference. With this in view, we write down equations (1.198) for Q-
motion. Accounting for conditions (1.99), we obtain

dag +dgg=Q-d-Q",

AaQ=—(daQ+Q-Q-QT~Q-QT)'AaQ—
Mo (doo ~Q-2-Q"+Q-Q),

. ) (1.204)
A@Q:_(dﬁQ+Q'Q'QT—Q'Q )'AEQ_
. T
~Ase-(dse-Q 2-Q7+Q-Q"),
ch {07 pO/p7 AaQ7 Q . B} = Zﬁ {07 pO/pv A,BQ) Q : B} '
The initial conditions, cf. (1.180), are given by
Aaq (to) = E, Agq (to) =E. (1.205)

It has been assumed that the solution of the system (1.198) and (1.180)
is unique. The solution of the system (1.204) and (1.205) is unique also,
since this system is a particular case of the first one. One easily finds by
direct substitution that the solution of the system (1.204) and (1.205) is as
follows

Awg = Q-A,QT, Apo=Q AsQT,
dag = Q-d,Q7, dgo=Q dsQ7, (1.206)
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where A, As, d, and dg are governed by system of equations (1.198) and
the initial conditions (1.180).

Indeed, the first three equations of system (1.204) and initial conditions
(1.205) are satisfied, while the latter equation takes the form

Zo{0.p0/p. Q-A,-Q".Q-B} =Z5{0.p/p. Q- A5 Q".Q -B}.

By virtue of assumptions (1.192) this is equivalent to the following equation

Q Z,{0.po/p. Aa-B}-QT =Q-Zs{0. py/p. As.B}-Q"
or

Zo (0. po/p. Aa.B} =Zs{0, py/p, As, B}.

This equation is the forth equation of the system (1.198) for determining
A, and Ag, and hence it is satisfied.

Let us obtain now equations for the stress deviator, free energy and
entropy in ()-motion.

By virtue of (1.99), (1.206), (1.199) and (1.200) we have

SQ = Zc\ {0)0()/pQ ) Aa : QT«,"Q . B} 5
F*Q - F*a {eva/pQA(tQI*QB}+
“F.5{0.00/0.Q A,-QT.Q BY,

.0 = S.a {000/ Q- A, -QT.Q-B} +
+5.3 {9-P0/0~Q'Ad : QY-Q'B}~

Taking into account assumptions (1.192) we easily obtain

SQ:Q~S~QT. F*Q = F*. S*Q:S*.

which was the objective of the proof.

We thus proved that, if the constitutive equations for the models « and
3 correspond to an isotropic material and satisfy the material frame indif-
ference principle, then the constitutive equations for parallel and in series
connections of the models « and 3 possess the saine properties.

The proof of the above theorems is completed by the statement that
for the fundamental rheological models, such as elastic, viscous and plastic
elements, conditions (1.191) and (1.192) are satisfied. This statement can
be easily proved by direct substitution.

Depending on the structure and the set of fundamental rheological ele-
ments used to compose a rheological model, materials can be divided into
a few large groups.

1. Materials with pure properties. Rheological models for these materials
consist of the same fundamental elements of one sort, e.g. either Hooke's
elements, or Newton’s elements or St. Venant’s elements.
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2. Viscoelastic materials. For these materials, rheological models are com-
posed of a set of Hooke elements and Newton elements.

3. Elastoplastic materials. For these materials, rheological models consist
of a set of Hooke elements and St. Venant elements.

4. Viscoplastic materials. Sets of the Newton elements and the St. Venant
elements are used to compose rheological models for these materials.

3. Viscoelastoplastic materials. Rheological models for these materials
contain all fundamental rheological elements.

To conclude, we draw attention to the fact that there exists no one-to-one
correspondence between the rheological models and the constitutive equa-
tions. For each rheological model one can obtain its constitutive equations.
However, a rheological model exists not for any arbitrary constitutive equa-
tion, even if the latter satisfies the dissipative inequality. In other words,
the set of rheological models is a subset of the set of constitutive equations.
Despite this fact, the method of rheological models is extraordinarily use-
ful since it allows one to construct particular constitutive equations with
various mechanical properties in a simple way.

The procedure of prescribing the constitutive equations described in Sec-
tions 1.8, 1.9 and 1.10 enables various generalisations. For example, the as-
sumption that the dilatation is governed by an elasticity equation and the
thermal conductivity is governed by the Fourier law is not used in [134],
where the most general governing equations like egs. (1.81) and (1.90) are
utilised. A generalisation of the method of rheological models for the general
case has been proposed there. The constitutive equations of thermoelastic-
ity, thermoviscosity and thermoplasticity are taken as the basic equations
which are combined according to the generalised rheological model. The
difference of the latter model from the rheological models of this book, as
well as the models of the books [192] and [156], is that not only the stress
tensor and the strain rate tensor, but also the heat flux vector and the
temperature gradient are included in the modelling. We will not consider
very rigorous details of this description as these generalisations will not be
applied to the dynamics of materials which is the main topic of this book.

In concluding this Section it is worthwhile noting that other approaches
are often applied in the literature to describe plasticity theory and viscoelas-
ticity theory under finite deformations. However the method of rheological
models has never been mentioned. The recent papers [51] and [79] are evi-
dence of this fact. The authors use a decomposition of the total strain on
elastic and inelastic, i.e. viscous or plastic, components. This way may be
interpreted by means of the method of rheological models. An example of
such analysis will be shown at Section 1.12.
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FIGURE 1.4. Rheological model of the Kelvin-Voigt material.

1.11 Examples of complex materials

1.11.1 Fzample 1. The Kelvin-Voigt material

This is a viscoelastic material with the rheological model depicted in Fig.
1.4. Tts rheological model represents a parallel connection of a Hooke ele-
ment and a Newton element. According to (1.137) and (1.143) we have

OF. OF.
o = —2pDev W TCAZ
s p e‘(aaa * . “)’
sg = 2Dev(nds+¢d3), (1.207)

where F,. denotes free energy of the Hooke element, and 1 and ¢ satisty
condition (1.144).

Taking account of the parallel connection axioms (1.181), equations and
initial conditions for A, Ag and A we find that

d, = dg=d, AQZABZA, S = S t+ 83,
F* = F*a, S*:S*a'

Therefore, the equations for the material are as follows

OF, oF, .
s = Dev {—Qp (T?E-A + e Az> +2 (nd + ;pdz)} , (1.208)
F.=F.(a b 0), S,=25./(a, b 0), (1.209)

where a and b are invariants of tensor A, cf. (1.135). From these equations
one sees that the stress deviator depends upon the strain of shape change
A and the strain rate of shape change d. Equation (1.208) however is not
the most general expression for an isotropic tensor function of two tensor
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arguments. It is known [172], that the most general expression (under the
assumption that s is a deviator) is given by

s = Dev [(¢1A + ¢pA%) +p3d + 94d® + o5 (A-d +d - A) +

+g (A - d*+d*A) + o7 (A2d +d - A%) + g5 ( A*d?*+d*A7)],
(1.210)
where the scalar coeflicients ¢; depend on the invariants of tensors A and
d, their cross-invariants and other scalar parameters such as p, p and 6.
Substituting (1.210) and (1.209) into dissipative inequality (1.107) yields

OF. OF,
[(@1 — 2,0%—) A+ <<p2 —2p i ) AQ] : d+2 (p3E+ps A+ A?) - A2+

OF.
06

+2 (04 E+pgA+pgA?) - d® — pf ( + S*> > 0. (1.211)

It is difficult to point out the necessary and sufficient conditions for this
inequality, but it is easy to see that if F, =0, S, =0 and ¢; =0 (i #7)
the latter equation takes the form

20, (A-d): (A-d)T >0.
Thus, provided that
w7 >0

the dissipative inequality holds for any thermodynamical process. In this
particular case the constitutive equations are as follows

s =¢;Dev (A2d+d-A?%), F,=0, S.=0. (1.212)
Analogously, the constitutive equations
s=v(A:d)DevA, F, =0, S.=0 (1.213)
satisfy the dissipative inequality under the following condition
v=>0.
However, neither eq. (1.212) nor eq. (1.213) is a particular case of eq. (1.208)
derived by means of the rheological model. This fact demonstrates the

above-said relation between the set of constitutive equations and the set of
rheological models.
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FIGURE 1.5. Rheological model of the Maxwell material.

1.11.2  Ezample 2. The Maxwell material

This viscoelastic material whose rheological model is depicted in Fig. 1.5
consists of a Hooke element and a Newton element in series.

Let us show how to obtain the dependence of the stress deviator s on the
deformation history for this material. In accordance with the axioms of an
in series connection we have

S = S, = S3, d:da-%dg, F*:F*a, S, = S,a.

Use is made of the general form for the elements’ equations (1.137) and
(1.149). The elements’ connection yields

OF o OF e o
= —2pDev o \ 21
S pDev ( B0, Aq + TR Aa> , (1.214)
ds = Dev (8s +vs?), (1.215)

where 3 and 7 satisfy condition (1.150).
Further, the kinematic condition of in series connection of the elements
requires that

d, =d —ds,
which, due to (1.215), takes the form

d, = d-Dev (3s + vs?). (1.216)

Finally, substituting this expression into differential equation (1.179) for
tensor A, we obtain

Ay =~ [d + 2—Dev (8s + 752)] Ay — Ay [d — Q—Dev (s + 'ys2)] .
(1.217)
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FIGURE 1.6. The Poynting-Thomson rheological model.

Here tensors d and €2 are considered to be given functions of time. Given
the process history A = A (t) and B = B (t), the tensors d and € can be
obtained either by means of (1.83) and the following equation

oo
d= —/e—’“ CAY.e A, (1.218)
0

cf. eq. (1.87), or directly from eq. (1.184). The stress deviator s should be
expressed in terms of tensor A, by means of (1.214) and substituted into
(1.217).

Thus, equation (1.217), together with the initial condition (1.180) deter-
mines A, as a function of time, i.e. A, = A, (t). Substitution of the latter
function into (1.214) yields

s=s(t). (1.219)

Therefore, determination of the stress deviator for the Maxwell material is
concerned with solving a nonlinear ordinary differential equation (1.217).
Similar equations have been obtained in [40] and [96] by somewhat different
arguments.

1.11.8 Example 3. The Poynting-Thomson viscoelastic
material

The name of this material is taken from [157] and [156]. Its rheological
model depicted in Fig. 1.6 consists of a Maxwell model, Fig. 1.5, and a
Hooke’s element, Fig. 1.2a, in parallel.

In accordance with the rules of parallel connections we have

*Q F*a * *
s:—QpDev(aF Aa+8 A2+8FBA+8F

B A2
dan b, e 5q ab A)’ (1.220)
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FIGURE 1.7. The Prandtl rheological model.

F. = Fuia (8,00,ba) + Fup (6,a,b) | (1.221)
OF.
S.=-25 (1.222)

where a and b are the invariants (1.135) of tensor A and a, and b, are the
corresponding invariants of tensor A,.
The governing differential equation for A,, eq. (1.217), is given by

Aq =~ [d+Q-Dev (8,80 +745%)] - Aa—
_Aa . [d —_— Q—Dev (,@asa + VQSi)] .

Here s, is given by an equation similar to eq. (1.214)

(1.223)

OF q OF.0 o
o« = —2pD A, ,
S poey < da, " b, Aa)

while 3, and ~, are functions of the invariants of s, and temperature.

1.11.4 Ezample 4. Elastoplastic materials with the Prandtl
rheological model

Its rheological model is a Hooke’s element and a St. Venant’s element con-
nected in series, cf. Fig. 1.7. The connection conditions are given by

d, =d—dg, sqa =s3 =S5,

S* :S*a- F* :F*a- (1224)

The element’s equations are taken in a general form, i.e. egs. (1.137),
(1.160) and (1.161) such that

OF.a OF.q o
- .22
S 2pDev( oa. A, + o, Aa> , (1.225)
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dg = ADev (rs + ps?®) , (1.226)

N(s) <75, A=0,
N(s) =75, A>0.

We substitute dg (1.226) into (1.224) and then into equation (1.179) for
tensor A, to obtain

(1.227)

Ay =~ [d+Q-XDev (rs +ps®)] - Ax — Aq - [d — Q—ADev (rs + ps?)] .

(1.228)
In this equation d and €2 are considered to be given functions of time and s
is expressed in terms of A, by means of (1.225). The undetermined factor
A should be found by means of conditions (1.227) which, after substitution
of s due to (1.225), take the form

Np < 7s/p, A=0,
| MIT A0 .29
Here we introduced the following denotation
OF, OF,
Ny =N [2D * Ao “AZ ). 1.230
A N[ ev(aaal\ +8ba a):l ( )

Because of the material isotropy function Ny depends apparently upon the
invariants of tensor A, and temperature, i.e.

NA = NA (aa, ba, 9)

Only if no plastic deformation occurs, condition (1.229) determines the
factor A uniquely. In the case of plastic deformations the factor A must be
so chosen that the solution of (1.228) satisfies the yield condition
Ny =22 (1.231)
P
Let us obtain an expression for A. To this end, we take derivative with
respect to time of both sides of (1.231). The result is

3NA. H BNA-_ Ts ¢

O hat 899_(p) |
where

8NA _ (9N/\E+ 8NAAQ.

OAy  Oa, Obq

Substituting for A, from (1.228) and 7, from (1.170) we arrive at the
following equation for A
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9N ‘ -
-2 E)__l Ao ) [d— ADev (rs + ps?)] + Qﬁé() =
Ao 90 1232
10Ty 19 (T, AT (1.232)
o0 Lo\ )T e
where
[(s)= \/]-2 [Dev (rs + ps?)]. (1.233)

Equation (1.232) is linear in A and has the following solution

(30 0) (e [22)]
A= a P PP . (1.234)

= N :
) (0 A A) Dev (rs + ps?) — L1275 1 (s)

OA . p 0q

The solution is acceptable only if it is nonnegative and satisfies an addi-
tional condition (1.231). If (1.234) renders a negative value of A this means
that the condition in the second line in (1.229) is violated. In this case the
only alternative is the first line in (1.229), i.e. one must take A = 0.

Hence, in order to integrate equations (1.228) one should take into ac-
count conditions (1.229) in which X is due to (1.234) when plastic defor-
mation occurs. After the integral has been found, the stress deviator is
obtained from (1.225). Thus, the stress deviator is determined at any in-
stant of time for a given history of deformation A = A (t).

Expression (1.234) for A is rather complicated. In an important particular
case, in which (i) the plasticity element is governed by the equations of the
St. Venant-Mises theory, (ii) the process is isothermic, (iii) the yield stress is
a linear function of mass density (7, = p77) and (iv) the elasticity element
is governed by the Mooney equation (1.139) with B=0. equation (1.234)
simplifies and reduces to the following form

_ P [(DevA,) - AL) o d
© pA[(DevA,) - Ayl (DevAy)

(1.235)

1.11.5 Ezample 5. A viscoelastoplastic material
The model for this material is composed of a Hooke, a Newton and a St.
Venant element all in series. Its rheological model is depicted in Fig. 1.8.
According to the axioms of parallel connection we have
d, =d—-dg—d,, s=s,=83=s,, Fi=Fq. Si=5a". (1.236)

The elements’ equations are as follows
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-

FIGURE 1.8. Rheological model of a viscoelastoplastic material.

s = —2pDev (%Z*“ Ay + aai*" Aﬁ) , (1.237)
ds = Dev (Bs + vs%) (1.238)
d, = ADev (rs + ps?) (1.239)

8) < T, A=0,
A0, (1.240)

N(
N(s)
By means of (1.238), (1.239) and kinematic condition (1.236) we arrive
at the following equation for A,

A, = - {d + Q—Dev [3s + 982 + A (rs +p52)]} B -
—A, - {d - Q-Dev [Bs+ys® + X (rs +ps®)]}, (1.241)

where the stress deviator s is obtained from (1.237). Next, an equation for
A is as follows

I:NA<T5/p7 /\:0*

Na =7ofp. A2 0, (1:242)

where Nj is given by (1.230). Finally, under plastic deformations one can
use the following equation for A

B ON) ) 9 107,
A = [2<8Aa Aa).Dev(rs—‘r-ps) p@ql(s) X
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FIGURE 1.9. The rheological model of the Bingham viscoplastic material.

x {2 (giﬁ -AC,> : [d—Dev (s + vs?)] +

(107 ONAN L [0 (TN,
p 90 00 oo\ p /P

which is applicable only if A > 0.

1.11.6 FEzample 6. The Bingham viscoplastic material

The rheological model of this material consists of a Newton’s elements and a
St. Venant’s element in parallel and is shown in Fig. 1.9. The conditions for
the elements’ connections and the governing equations due to egs. (1.181),
(1.183), (1.143) and (1.157) are as follows

d=dy=d, s=s1+sy,5,=F,=0,
s1 = 2Dev (1d + ¢d?)

d=0 ]\7(52) < K,

d#0, N(s2)=K, so=uf (d), (1.243)

f (d) = 2Dev (¥d + xd?),
The yield condition renders

— K’
F=NE@)]

The following equality is assumed to hold for the viscous material

lims; =0.
d—o0
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It allows us to transform the governing equation (1.243) to the following
form

d=0 N(s)<K, (1.244)
d#0, s=2Dev[nd+ed?+ p(¢d+ xd?)]. :

In contrast to the equation for the viscous material, s has a discontinuity at
d — 0 while, contrary to the plastic material, the yield condition N(s) = K
at d # 0 is absent.

An inverse form of the constitutive equation is of considerable interest.
Unfortunately, a general inversion is difficult. Let us treat an important
particular case in which the equations of viscosity and plasticity are linear
in strain rate of shape change d and the Mises yield condition is taken

[ d=0r(s) < K, (1.245)

d#£0, s=2n+K/7(d))d.

When d # 0 we have
7(s) =2n7(d) + K

or )
7(s) — K
7(d) = e
n
and therefore ®)
7(s) — K
= s s, 7(s) > K.

It is easy to see now that the inverted form of eq. (1.245) has the form

T(s) < K, d=0,

7(s) > K, d=s]|r(s)— K]/2n7(s)
” Lir(s) ~ K]
where

0, <0,
L(a:):[x z > 0.

In contrast to the equation for a viscous material, the scalar coefficient in
(1.246) vanishes at 7(s) = K. Contrary to the equation for an ideal plastic
material, a state 7(s) > K is allowed.

1.11.7 FExample 7. The Bingham elastoviscoplastic material

The rheological model for this material consists of a Bingham’s viscoplastic
material and an elastic Hooke’s element in series, see Fig. 1.10. By analogy
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FIGURE 1.10. The rheological model of the Bingham elastoviscoplastic material.

with the Maxwell model we find that the constitutive equations are given
by

- OF. . OF. .,
s = —2pDev (8(11 A+ 36t A1> ,
Fx
S*:“”aa—g7F*:F*(67alabl)v (1247)

with F, being free energy of the elastic element. The shape change strain
A of the elastic element is governed by the following equation

[r(s) - K]_

L L [T(s) — K]
Al =—-1|d+ Q- 27(s) ——————5

L

RN e
(1.248)
It goes without saying that this equation corresponds to a simplified
version of the Bingham model in the form of eq. (1.246). The stress de-
viator appearing in eq. (1.248) is to be expressed in terms of A; due to
eq. (1.247). Initial conditions are to be added. Let us assume that the ma-
terial deformation starts from the natural state, then the following initial

condition
t=tg, A1 =0

is to be prescribed. Other examples of the constitutive equations can be
found in [133].

1.12 Discussion about the decomposition methods

These examples are remarkable as they utilize an additive decomposition of
the tensor of rate of finite viscoelastic, elastoplastic and viscoelastoplastic
strain on elastic, viscous, plastic and viscoplastic parts. However, other
methods of decompositions are used in the literature, cf. [166], [167], [33]
and [13].
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In what follows, we study an example of isothermal deformation of an
incompressible viscoelastic Maxwell material and compare different decom-
positions.

The following three methods of decomposition will be considered and
compared:

1. An additive decomposition of the strain rate of shape change on elastic
and viscous components, cf. (1.182)

d=d, +dg, (1.249)

where, by analogy with Example 2, d; and dg are assumed to be the rates
of elastic and viscous strains, respectively.

2. An additive decomposition of a strain tensor , e.g. the Almansi strain
tensor, in the following form

€ =€4+ €, (1.250)

where €, and 3 are tensors of elastic and viscous strains, respectively. This
decomposition is especially popular in infinitesimal continuum mechanics
and can be generalised to viscoplasticity. For example, €, describes defor-
mation of the elastic background material, while 3 describes the imposed
viscoplastic deformation, cf. [53].

3. A multiplicative decomposition of the deformation gradient, cf. [166],
[167] and [33]

F = VR = F, Fs. (1.251)

Let us recall the relations between the introduced parameters. Equation
(1.30) renders a fundamental formula

d=—(F. F_l)s. (1.252)
The strain tensor is defined as follows
c— % (E-g), (1.253)
g being the Almansi strain measure (1.27)
g=F FT, (1.254)
Finally, due to assumed condition of incompressibility, we have
A=g. (1.255)
Assume that the parameters of elastic strains F,, d, and €, and viscous

strain F3, dg and ep are described by egs. (1.252), (1.253), (1.254) and
(1.255). Assume also that the elastic strain is governed by the classical
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equations of the nonlinear theory of elasticity (1.132), (1.133) and (1.134),
so that the dissipative inequality for an elastic element takes the form of
an equality
Sq 1 da — pFia = 0. (1.256)
The first approach to construction of a nonlinear theory of viscoelastic
material uses the constitutive equation for viscosity (1.143)

Sg = H (dg) y (1.257)

where H (...) denotes a deviator of arn isotropic tensor function which fully
agrees with (1.143).

The requirement of the second law of thermodynamics for the constitu-
tive equation for viscosity (1.257) reduces to the inequality

H(d):d > 0. (1.258)

The function H (...) is assumed to be chosen so that inequality (1.258) holds
for any argument d.

Dealing with a material having the Maxwell rheological model, we take
(as in egs. (1.181) and (1.183))

§=8q =838, Fx = Fia. (1.259)

Substitution of egs. (1.132) and (1.257) into the latter equation leads to
the first equation for the elastic and viscous kinematic parameters

OF,q
OA,

S

s = —2pDev ( . Aa) =H(dg) . (1.260)
Combining this equation with each of the above decompositions leads to
a system of equations for elastic and viscous kinematic values. After these
values have been found, the strain deviator s may be evaluated by means
of the first equation in (1.260). In such a manner three versions of the
constitutive equations for the Maxwell material are obtained. However, not
each version satisfies the second law of thermodynamics. The requirement
of this law, under the above restrictions, is as follows

s:d—pF, >0. (1.261)

By combining egs. (1.261), (1.259), (1.257) and (1.256) it is easy to show
that the requirement of the second law reduces to the following inequality

H (dg): (d—dg) > 0. (1.262)

It is easy to prove that, by virtue of conditions (1.258), this inequality
holds for the first method of decomposition. This result appears to be
quite evident from the perspective of the method of rheological models. It
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is, however, more difficult to show that inequality (1.262) may be violated
when other methods of decomposition of viscoelastic strain into elastic and
viscous components are applied. In order to demonstrate this some counter-
examples will be considered. Let us limit our consideration to the case in
which the phenomenon of viscosity is described by the simplest equation
of Newton, i.e.

sp = H(dg) = 2ndg, (1.263)

where 7 denotes a viscosity which is non-negative due to eq. (1.147). Insert-
ing (1.263) into (1.262) we obtain an expression for the dissipative function

®=2ndg: (d—dg). (1.264)

It is interesting to note that this expression does not depend upon the
constitutive equation of elasticity (1.132).

Consider a uniform triaxial tension and a shear in a plane under the
condition of incompressibility, i.e.

Ty = X9+ Xas, vo = X96, 13 = Xsw, wdp =1,

where z; are the Cartesian coordinates of a material point in its actual
configuration, while X are those in the initial configuration; ¢, 6 and w
stand for elongations, and s denotes a shear in the plane x;x2. The inverse
relations are as follows

X1 =2 0l X, =2 X, =2
@ b w

The deformation gradient is given by

ii iod isi . .
F=VR=-24+22,33 i, (1.265)
%) 6 w
where i, denotes the unit base vectors of the Cartesian coordinates, R is
the position vector of a generic point in the initial configuration, and V
denotes the Hamilton operator in the actual configuration.
Assume that the gradients of elastic and viscous deformations have sim-
ilar expressions
ipi iplp  isi ..
F,=-t 422,33 i1i28qWa, (1.266)
Pa ba Wo
i1 iod isi ..
Fp=-—1 4221038 issws, (1.267)
L] 63 wg
where the subindexes « and § refer to elastic and viscous components,
respectively.

The rate strain tensors are obtained by means of eq. (1.252)

I R BN N A
d =i1i;~ +isip= +igig— + (i +i2iy) —=( — | ,
th 7 Fiela +igis 7 (ipig 121)25<"0>
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> s w © S *

Yo .o . a3 o . « .. o . ¥ [e% 3
et s 4 (i S} 2

o igiy 5. + lslswa + (i1ig + i2iy) 2. <,0a) (1.268)

da = ilil

. b . L]
.. ¥3 .. 03 .. wg . .. Y3 [ 83
dg:1111~+1212f+1313—+(1112+1211)9‘ 26
Y5 63 ws 263 \¥3

Let us proceed to the method of multiplicative decomposition (1.251).
This equation yields the following kinematic relations

@ =¢a98, 0 =003, 8 = 3,03 + ¥,53. (1.269)

Using egs. (1.268) and (1.269) we arrive, after some algebra, at the fol-
lowing expressions for the dissipative function (1.263)

2

. 2 . 2 S .
Y3 o3 P08 1ypg [(sg) }
o = m{(2) +(Z2) + R
7 (Pa) <55> wgbg 2663 [\ys

1 vs sa\* [ 6, 2y
ERpdls (”) LIRS (1.270)

This quadratic form in rates is nonnegative provided that

s2 < i. (1.271)

(a3
Wa

Only if this inequality holds is the dissipative inequality satisfied. However,
conversely, it may be violated. Therefore, the method of multiplicative de-
composition is not unconditionally acceptable.

Consider now the second method of decomposition, namely an additive
decomposition of the Almansi strain tensor. Paper [135] contains a counter-
example showing that the requirement of the second law of thermodynamics
may be violated when this decomposition method is used. A uniaxial ten-
sion under the conditions of incompressibility and material isotropy has
been studied there. It means that one must take

1

in eq. (1.265). The dissipative function takes the following form

@:?mw—ﬁ (£-&13>.
w \w  wq

For the sake of simplicity we write down eq. (1.250) in the form

Deve = Deve,, + Deveg.
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This leads to the following expression for the dissipative function

Lk {B(m (g)ﬂ[B(wHB(wangj—;w@a) (:"7—)2}

where

B(z):l+2z2>0.
T

The determinant of this quadratic form is given by

A= [Bw) - B (wa))* <0.

The determinant is seen to be non-positive! Therefore, the second law of
thermodynamics may be violated when the second method of decomposi-
tion is applied.

Thus the following theorem is proved

Theorem 4: The constitutive equations for the viscoelastic material of
Maxwell are thermodynamically consistent only if an additive decomposi-
tion of the rate strain tensor is applied, provided that the classic constitu-
tive equations for elasticity and viscosity are utilized.

The main equation of the first approach to this problem is obtained by
inserting (1.249) into (1.260)

OF .o °
= —2pD — A, ] =H(d-d,.). 1.272
s = 2pDev (G20 AL) ~H(@-d) (1.272)
The second approach to the problem of decomposition of a viscoelastic
strain into components implies utilizing the generalised equation of viscos-
ity
sg=H(d—-d,). (1.273)
Substituting eqgs. (1.273) and (1.132) into (1.259) leads to eq. (1.272) for the
kinematic parameters describing elastic strain as in the previous approach.
However the parameters that describe the viscous strain remain completely
undetermined. Combining egs. (1.261), (1.256), (1.259) and (1.273) we
come to the following form of the second law of thermodynamics in the
framework of this approach

H(d—da): (d—dg) > 0. (1.274)

In accordance with conditions (1.258) it holds without any restrictions!

Hence, we have proved the following theorem, cf. [136].

Theorem 5: The constitutive equations of the Maxwell viscoelastic ma-
terial are thermodynamically consistent in the framework of any decomposi-
tion method, provided that the classical constitutive equation for elasticity
and the generalised equation for viscosity are taken.
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It is the author’s view that it 1s meaningless when some mechanical para-
meter (e.g. plastic strain) has no single-valued definition. A regularisation
is needed under these circumstances. In other words, the problem is to be
deemed from a more general perspective with a subsequent consideration
of the limiting cases.

In order to present this more general perspective we generalise the gener-
alised equation for viscosity (1.273) and replace it by a generalised Kelvin-
Voigt equation

sp = H(d —d,) + sh. (1.275)

Here s, denotes a stress tensor determining a kinematic hardening. Assume
that this hardening is described by an equation of pure elasticity (1.132)

F. (Aq, °
sp = —2pDev (—a———(aATﬁAﬁ—) . A@) , (1.276)

with the free energy being assumed to depend on two strain measures A,
and Ag. Inserting egs. (1.275) and (1.132) into eq. (1.259) yields the main
equation

s = —2pDev (gi -Aa> =H(d - d,)—2pDev <g—z -Ag) - (1.277)

Equation (1.272) may be considered a limiting case of the latter equation
when OF,/0As — 0. Let us perform a thermodynamical analysis of this
approach to the problem of strain decomposition. As before, the thermo-
dynamical inequality has the form of inequality (1.261), but now we have
a more complicated expression for pF,

pFy = pF. (Ao, Ag) =S4 : dg + 5, : dg. (1.278)

Inserting eq. (1.278), (1.275) and (1.259) into (1.261) and combining the
terms yields the following inequality

H(d—d): (d—da) +sp:(d—da—dg) >0. (1.279)

It is easy to see that the left hand side of this inequality is a linear function
in tensor s,. The latter depends only on the strain measures A, and Ag
and on this account it can take a value independent on the rate strain
tensors d, d,, and dg. By virtue of the theorem on linear inequalities [179],
the necessary and sufficient conditions for inequality (1.279) are as follows

H(d~da):(d—ds) >0 d—dy—dg=0. (1.280)

The first inequality (1.280) is satisfied identically due to assumption (1.258).
The second equation (1.280) gives a single-valued definition of viscous
strain.
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Thus we have proved the theorem.

Theorem 6: Only additive decomposition of the strain rate of shape
change onto elastic and viscous components leads to a thermodynamically
consistent constitutive equation for the Maxwell viscoelastic material, pro-
vided that the classic constitutive equation for pure elasticity and the gen-
eralised equation for viscosity with a kinematic hardening are taken.

The regularisation performed leads to the conclusion that only additive
decomposition of the strain rate of shape change is thermodynamically con-
sistent! This analysis can be easily generalised for the Prandtl elastoplastic
material and the Bingham viscoelastoplastic material.

The main result of the regularisation means that all methods of decom-
position of strain must be rejected except the additive decomposition of
the strain rate of shape change into elastic and viscoplastic or plastic com-
ponents.

1.13 Linearisation of the equations of continuum
mechanics

Linearised equations of continuum mechanics are admitted while studying
the vast majority of engineering structures. The reason for this is that the
normal functioning of these structures is possible only when there exists
a fixed or a moving coordinate system relative to which the structural
displacements are small in some sense. It is natural to analyse the structural
behaviour under this simplifying assumption.

We therefore assume that the displacement u = r — R is small compared
to a typical linear structural size L, i.e.

| < L. (1.281)

However, this assumption alone does not suffice for a correct construction
of a linearised theory. It is necessary to accept a more rigid assumption that

u=aoU(r,t), (1.282)

where « is a constant small parameter and U is a bounded function with
bounded derivatives. Apparently, inequality (1.281) holds for sufficiently
small a. Moreover, the derivatives of U with respect to the space coordi-
nates and time are small for small .

Construction of a linearised theory implies a systematic retaining of
terms of low order in « (or displacement u and its derivatives) and ne-
glecting terms of higher order.

Consider the Almansi strain measure g. Due to (1.11) and (1.27) we
obtain

g =E — 2e+(Vu) - (uV), (1.283)
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the notation € being used to denote the linear strain tensor

e =(Vu)®. (1.284)

We split this into spherical and deviatoric parts
v -
€:§E+e, e =Deve, 9 =V -u (1.285)
and substitute it into (1.283) to obtain
2 .
g=E (1 — §19> —2e+(Vu) - (uV). (1.286)

The third mvariant of this tensor is equal to

e = (1- 50)5

Keeping terms up to second order in small components of tensor Vu we
have

E - [2e— (Vu) - (uV)] <1 - %19) 41. .

9 \3
By (1.33) we obtain a linear approximation
% =[I3(g)) " = 1+, (1.288)

where ¥ is called a small dilatation.
Further, due to (1.286) and (1.287) we obtain the following equation for
the strain of shape change

A=l (g)]_l/3 g=E-2e+ § (e:e)E + Dev|[(Vu) - (uV)], (1.289)

in which terms up to second order are kept. Retaining the terms up to first
order yields a simple expression

A = E-2e. (1.290)
Let us proceed now to equation (1.28) which can be rewritten as follows
v (E-Vu) = %—l:

The second term in parentheses is small compared with the first one and
thus can be neglected. This leads to a linear equation for velocity
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. _Ou
VEYT %
from which the velocity is seen to be first order. Therefore, both the spin
tensor £ and the strain rate of shape change d have the same order. Ac-
counting for this fact, substituting (1.290) into the kinematic equation
(1.39) and keeping the terms of first order yields

é=d, (1.291)
where the velocity may be evaluated by means of the linear equation
Oe
6= — . 1.292
R (1.292)

Similarly, for any first order function no distinction is made between its
material derivative and its partial derivative with respect to time.

Let us next linearise the constitutive equations.

By virtue of (1.288) a linearised version of the equation for dilatation is

o = k()9 —m(9), (1.293)
the thermal strain m/k being considered to be a value of the same order as
the dilatation 9. Under volumetric deformations, due to (1.119) and (1.121)
free energy and entropy to second order are given by

PoFo = k—(20—>192 —m(6)9 + n(9), (1.294)

s dk(0)+ dm(6)  dn(6)
2 db dé do

Linearisation of the constitutive equation of elastic material (1.137) for
a shape distortion is carried out by means of linear equations (1.290) and
(1.288). Assuming that free energy F is an analytic function of the invari-
ants a and b of tensor A and keeping the first order terms only, leads to
the following result

s = 2Ge, (1.296)

where the shear modulus is given by

OF, OF.,
|A:E .

Oa +4 ab

Let us obtain an equation for free energy (1.136) up to the second order.
Substituting (1.289) into the equation for invariant a (1.135) yields

G =G(0) = p, (2 (1.297)

a=A:E=3+2e:e. (1.298)
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Next,

1.
20— -a*? = A:A—%(A:E)(E:A):

3
= (DevA):(Dev A) =4e:e.

Hence, with an accuracy up to second order, we have

3
b=3 tdee (1.299)

The free energy is assumed to allow expansion in series in terms of in-
variants a and b

OF., OF. 3
F.(a,b,0) = Flp_g + 5 Ia-p (@ =3) + 5 A (b— 5) + o

Substituting @ and b due to (1.298) and (1.299) and taking into account
(1.114) we obtain

poFx = Ge : e, (1.300)

where G is the above shear modulus.
Comparing (1.296) and (1.300) we arrive at the equation

OpoF
g = 2P0 ,

> (1.301)

which is analogous of (1.132).
Specific internal entropy of the shape distortion is due to (1.134) and has
the form

oG
S, =—eres. (1.302)
Let us proceed to linearisation of the equation for viscous material (1.143).
The strain rate of shape change d should be considered small and one should
keep only first order terms on the right hand side of (1.143), assuming 7
and ¢ analytical functions of the invariants of tensor d. This results in the
Newton equation (1.146), which due to (1.291) takes the form

s=2ne, n=n(0). (1.303)

Specific free energy and specific internal entropy equate to zero, as in the
general case of viscous material.

Finally, we address the constitutive equations for a plastic material.
They have non-analytic nonlinearities, e.g. N [f (d)] in the denominator
in (1.157). For this reason the equations for a plastic material cannot be
presented in a linear form. They can only be simplified by accounting for
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the smallness of the components of tensor d. Let us assume that function
f(d) in (1.156) is an analytical function of d. The linearisation then results
in (1.164) in which a positive factor is omitted since, because of the norm
property, it will not appear in the resulting equation (1.157). Aiming for
maximum simplicity of the resulting equations one usually takes the shear
stress intensity as a stress deviator norm. This leads to the St. Venant-Mises
equations (1.172), which due to (1.291) are given by

[e:O, TS T (1.304)

&€#£0, s=1715&/v,

= fgsis v=yfgeie To=Ta(6). (1.305)

A non-analytic nonlinearity €/v is kept in eq. (1.304).
Note also that the equations for connection of rheological elements in
series are simplified. Due to (1.182)

where

d=d, +dg (1.306)

and linearised expression (1.291), we have

é=¢é,+ég. (1.307)
Because of the trivial initial conditions for e, e, and eg integration of
(1.307) gives

e =e, t+eg.

We can state that the strain deviator of a connection in series is a sum of
the strain deviators of the elements. This allows the axioms of a connection
in series to be written in the form

S=8,=53, €=-¢e,4+eg. (1.308)

By analogy, the axioms of a parallel connection turn out to take the form

S=8,+S3, €=e, =eg. (1.309)
In conclusion, we can write down the dynamics equation (1.56). Keeping
terms of first order leads to the result
Vir+p(K—-1)=0 (1.310)
where p = p, and

. 0%u(r,t)
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FIGURE 1.11. The generalised Prandtl rheological model.

Note that linearisation allows us to ignore distinctions between the initial
and current coordinates of the material points R and r in arguments of the
functions in the linearised equations. In particular, it allows the boundary
conditions to be set on the undeformed body surface.

1.14 Theories of small microplastic deformations

In the present section we derive constitutive equations for some elastoplas-
tic materials, whose rheological models consist of a large number of various
elastic and plastic elements. Linearised equation of continuum mechanics
are used to this aim.

1.14.1 The generalized Prandtl material

The rheological model for this material is shown in Fig. 1.11 and consists
of the Prandtl elements connected 'in parallel. In accordance with the
conditions of the parallel connection we have

N
s:Zsi, (1.311)
i=1
where s; stands for the stress deviator of the i-th Prandtl element.
Let e; denote plastic strain of the i-th Prandtl element. Due to the
axioms of parallel connection of the fundamental rheological elements, the
strain of the i-th elastic element is

e—e; .
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Hence, by virtue of (1.296) deviator s; is given by

S; = 2Gl (e - ei) s (1312)

where G, is the shear modulus which corresponds to the i-th elastic element.
Due to (1.304) the constitutive equation for the i-th plastic element is
as follows

éi = 0y Ti S Tsis
{ & #0, s; = T5&;/v;, (1.313)
where
1 1
Ti T\ 9SS Ui =[5 & (1.314)

and 7; stands for the yield stress of the i-th plastic element.

We eliminate the internal forces s; from the equations. Substituting
(1.312) into (1.313) yields the following equations for plastic strain in the
1-th Prandtl element

[éz:O, \/é (e —ei):(e—e) < hy (1.315)

& #0, hié;/v; =e—e,,
where h; is a non-dimensional yield stress of the i-th Prandtl element
S
hi = ——.
26
Substituting (1.312) into (1.311), we obtain an expression for the stress
deviator

(1.316)

N
S :Z2Gi (e —e;). (1.317)

The system of equations (1.317) and (1.315) represents the constitutive
equations for the generalised Prandtl material. Given dependence of the
strain deviator on time e = e (t), plastic strain e; should be found from
(1.315) and then stress deviator s from (1.317).

The case in which N — oo and G; — 0 (i = 1,2,3,...N) is of consider-
able interest for applications. This is the case of continuously distributed
yield stresses over the model elements. We restrict our consideration to an
isothermal case, that is the yield stress of each element does not vary in
time. We arrange the Prandtl elements in the sum (1.317) in ascending
order of nondimensional yield stress h and put

G; = F (h;) Ah;,

where F (h) is a non-negative function. Let
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€h;, — €; (1318)

denote plastic strain in a Prandtl element with a nondimensional yield
stress h = h;. Substituting two latter equations into (1.317), we arrive at
the sum

N
s = ZQF (hi) (e — eni) Ahy,
i=1
which can be considered as a Riemann sum of the following integral
S :/2F(h) (e —ep)dh. (1.319)
0

In other words, equation (1.319) is a limiting form of eq. (1.317) for N — oc.
To determine plastic strain ey, in (1.319) one must solve eq. (1.315) which
due to (1.318) takes the form

én=0, \Jile—en:(e—en) <h, (1.320)
én #£0, hép/vp =e—ep.

where the intensity of shear strain rate v, is given by

.
Vp = §eh:eh.

Equations (1.319) and (1.320) form a system of constitutive equations
for the model with a continuous spectrum of yield stresses.
Let us introduce the notation

GZ/F(h) dh, p(h) = F—éh—), (1.321)
0
and rewrite (1.319) in the form
s =2G e—/ehp(h) dh| . (1.322)
0

As seen from definition (1.321), function p (k) satisfies the following condi-
tions

p(h) >0, /p(h) dh =1 (1.323)
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FIGURE 1.12. The Ishlinsky rheological model.

and thus can be treated as a density of the distribution of yield stresses
of the Prandtl elements in the rheological model with an infinite number
of elements. Provided that all plastic strains vanish, i.e. e, = 0, equation
(1.322) gives

s =2Ge,

that is, G is the shear modulus.

Equations (1.320) and (1.322) with a continuous yield stress distribution
are visualised by the rheological model shown in Fig. 1.12. This model
consists of an infinite number of ideal elastoplastic elements (the Prandtl
elements). In each Prandtl element a ”spring” of rigidity 2Gdh and an
ideal plastic element with the yield stress 2Ghdh are connected in series.
A "force” in a typical element h is given by

2G (e - eh) dh.

We multiply this ”force” in element & by the probability p (h) of the element
h and sum the products. The result is the full ”force”
S =/2G(e— en)p (h)dh.
0
Taking into account the property of p (h), eq. (1.323), we obtain (1.322).
The equation for plastic strain ey, is obtained from the condition of equality

of "forces” in elastic and plastic elements in the element h. It is easy to see
that this is given by (1.320).

1.14.2 The Novozhilov-Kadashevich model

Consider the rheological model depicted in Fig. 1.13. The model consists
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FIGURE 1.13. Rheological model for the Novozhilov-Kadashevich material.

of two parts in series, namely an elastic element of rigidity » and a system
of parallel and interacting arms. Only two arms and an elastic element
Agr = Ayy visualising their interaction are shown in Fig. 1.13. Each arm
corresponds to a Prandtl rheological model which is completed by an elastic
element Ay determining linear kinematic hardening.

We introduce notation which is very close to that used in [69]. Let o be
the value of the stress deviator which corresponds to the force in element
n, o - to that in element my, Ty - to that in the ideal plastic element with
the yields stress 7. Let the difference of the two latter tensors be equal
to sg. Then

O = Tk + Sg. (1.324)

It is clear that s; denotes the sum of the force in element A, and the forces
in all interacting elements acting on the arm k. Let e, € and ;. denote the
deviator of the total strain, the strain deviator of the system of the parallel
arms, and the strain deviator of the k-th plastic elements, respectively.
Let us now obtain the system of constitutive equations.
The equation of deformation for elastic elements n and m, are given by

o=n(e—e), orp=my(e—eg). (1.325)

By means of analogous equations for elastic elements A and Az, we obtain
sk = Aker + Z Apr (6x —€7). (1.326)

The equation for deformation of an ideal plastic element 7 is as follows
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ée =0, \/37h Tk < Tok, (1.327)

. . 1 . ..
Ex #£0, Tp = Tskér// 36k €k,

where 7, denotes the yield stress of k-th plastic element.
Summation of the forces in the arms my, gives the last equation

N
o=y oy, (1.328)
k=1

where N is the number of plastic elements in the model.

Let us show that if all values of my coincide, i.e. my = m, the present
system of equations allows us to obtain equation of [69]. To this aim, we
introduce mean stresses and mean plastic strain, cf. [69]

N N
(o) :}% > ok, (ex) :% > e (1.329)
k=1 k=1

By adding the right and left hand sides of the second equations in (1.325)
it is easy to obtain

(oK) =m (e = (ex)).
Substracting the second equation in (1.325) we find

(oK) —or=m(er — (ek)). (1.330)

Equations (1.324), (1.327) and (1.330) coincide exactly with those in [69].
Equation (1.326) differs from the following equation in [69]

N
se=Y _ Cirek, (Ckr=Crs) (1.331)
r=1
only in that
“Akra k # T,
Ckr = N
Ak+ZAkl: k=nr.
=1

The theories considered in this section are termed theories of microplastic
deformations. The name is due to the fact that these theories present a
phenomenological description of heterogeneous polycrystal materials.

It has been repeatedly pointed out, cf. [3], [68], [114], [89] and [90], that
there is a need for theories of plasticity which take into account microplastic
properties of real heterogeneous materials. The above theory of the elasto-
plastic material with the rheological model in Fig. 1.13 has been proposed
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by Novozhilov and Kadashevich [66], [69] and [70], and is the most com-
plicated theory of microplasticity. The theory of the generalised Prandtl
material is a simplified case (Ax = Ax, = 0,n — o0) of this. The latter
is essentially a simpler version, keeping however all typical features of the
microplasticity theory. The ”forces” in some arms of the model may be
qualitatively interpreted as microstresses in grains of a polycrystal aggre-
gate. Apparently, they have a decisive influence on the deformation process
and hold memories of previous loadings.

Equations for the generalised Prandtl material with a discrete spectrum
of yield stresses are obtained by Besseling [12]. The idea of a model with a
continuous spectrum of yield stresses belongs to Ishlinsky who first studied
a one-dimensional version in his paper [54]. Therefore, it is advisable to call
the theological model of Fig. 1.12 the Ishlinsky model and the material with
this rheological model - the Ishlinsky material. Equations for the Ishlinsky
material in a particular three-dimensional state of stress are contained in
papers by Novozhilov and Kadashevich [69] and others. These equations
were later derived in paper [129] by the present author.



2

Plasticity theory and internal friction
in materials

2.1 Models of elastoplastic materials in the theory
of internal friction

The vast majority of both experimental and theoretical papers on the
amplitude-dependent internal friction in metals is devoted to the analy-
sis of harmonic or near-harmonic deformation laws. The main problem
encountered with the theoretical analysis of non-harmonic motions, which
are present in various applications, is that there exist no analytic expres-
sions for inelastic forces for arbitrary time-varying deformations. It is worth
mentioning that existing expressions for this force, cf. [140] and [144], deal
exclusively with a harmonic deformation law. However, it is unclear how
these expressions should be modified to make them applicable for arbitrary
deformation.

Based on the performed experimental studies, Davidenkov (1938) made
a hypothesis [28] that internal friction at considerable stresses is an effect
of microplastic deformations. He also indicated that internal friction must
be studied by means of the Mises-Hencky plasticity theory, cf. [65]. This
rational idea, however, was applied only for cyclic deformations in a uniaxial
state of stress, and for a particular loading curve. As a result, the famous
formula for a hysteretic loop was proposed. Accordingly, the energy loss
in a material during an oscillation is a power function of the amplitude of
deformation or stress.

Nowadays the fundamental role of plasticity theory in the applied theory
of energy dissipation is explicitly or implicitly assumed. Consequently, the

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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Davidenkov formula [28] and its generalisations have been intensively used
by Pisarenko [144] and his colleagues from Kiev. The same formula has
been used as the basis for other, more simple applied theories of internal
friction; among them, the Panovko theory [140] is the most widespread.

In 1960 Sorokin applied the plasticity theory equations to the analysis of
internal friction for an uniaxial state of stress and a harmonic deformation,
cf. [171].

Hence, plasticity theory is a background for the nowadays popular equa-
tions of energy dissipation at intensive stresses. The ideas of plasticity the-
ory are systematically used for the analysis of harmonic and non-harmonic
vibrations in the present book.

The main reason for using this approach becomes apparent when we
realise that one can generalise it to the case of three-dimensional stresses.
This problem is very important in the applied theory of energy dissipation,
and was pointed out in [171] and subsequently confirmed by a great number
of approaches to the problem of harmonic vibrations. It has been proposed
in the literature that this generalisation can be made by means of the
methods of linear viscoelasticity [171], the superposition principle [144],
the hypothesis that the volumetric energy dissipation during a cycle of
an oscillation is modelled by a power function of the amplitude value of
specific potential energy [115] and, finally, the methods of plasticity theory
[144]. However, only the latter can be correctly generalised to non-harmonic
motions.

Let us consider the question of selecting a version of plasticity the-
ory suitable for description of the internal friction. Following the work
by Davidenkov, amplitude-dependent internal friction presents an effect
of microplastic strains. Microplastic strains are those strains which occur
at any stress level, even at stresses below the macroscopic yield stress.
From this perspective, application of the theories of microplastic strains
by Novozhilov and Kadashevich is suitable. The theory of the Ishlinsky
elastoplastic material which is the simplest theory of microplasticity is sys-
tematically used in this book.

In this chapter, a one-dimensional variant is considered and its applicabil-
ity to the description of some of the simplest effects of amplitude-dependent
internal friction is proved.

2.2 Onme-dimensional theory of microplasticity

In this section we follow the main idea of the paper [69] by Ishlinsky. Con-
sider an uniaxial stress state in which the material is described by the rhe-
ological model shown in Fig. 2.1. The model consists of an infinite number
of the Prandtl elements. In each Prandtl element a spring of rigidity Edh is
connected in series with an element of dry friction Ehdh. The stiffnesses of
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FIGURE 2.1. Rheological model for one-dimensional theory of microplasticity.

all springs are assumed to coincide, while the non-dimensional yield stress h
varies such that it is continuously distributed and has a probability density
p(h).

The deformation law of a Prandtl element h is given by

do = E (e — €p,) dh,

E (¢ — ey) dh = Ehdhsgnéy, (2.1)

where do is stress in an arbitrary Prandtl element h, € is the total strain
in any Prandtl element and ¢y, is the plastic strain in a Prandtl element h.
It should be mentioned that in (2.1) the function sgnéy is understood as
follows: sgnéy, = 1 if &, > 0 and sgnéy, = —1 if £, < 0. We assume that if
the time derivative of the plastic deformation vanishes, i.e. &, = 0, function
sgnéy is between -1 and 1 and is prescribed by the second equation in (2.1).
This definition of sgn allows the system of equations (2.1) to be suitable
for the processes of loading and unloading any Prandtl element both in the
presence and absence of plastic deformations.

Multiplying the force in a Prandtl element h by its probability we obtain
after summation over all elements

o= E/ e—ep)p(h)dh, € —ep = hsgnéy, (2.2)
0
or
oc=Fe¢ — E/ehp (h)dh, hsgné, +e, =¢. (2.3)

In this expression for stress the first term represents an elastic force which
obeys Hooke’s law, while the second term describes the dissipation effect.
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FIGURE 2.2. A typical loading diagram.

The second equation in (2.3) serves for determining the plastic strain in an
arbitrary Prandtl element h.

The system of equations (2.3) is suitable for describing any time-dependent
processes of loading and unloading.

For example, consider a monotonic loading, i.e. ¢ > 0 and & > 0. Assum-
ing that the initial values of plastic strain in all Prandtl elements vanish,
the second equation (2.3) yields

(2.4)

Substituting this into the first equation (2.3) we obtain an expression for
the stress

o=FE |e— [ (e—h)p(h)dh| . (2.5)
/

This equation was obtained and used for analysis of the model behaviour
in [54], [171] and [58]. The following equations

‘;—Z = E/p(h)dh, (2.6)
2(7'
= En(s). (2.7)

are obtained in [54] by means of differentiating (2.5). Equation (2.7) indi-
cates a physical meaning of density p (h) and shows that the loading curve
is convex upwards (p > 0). Condition (2.6) indicates a monotonity of the
loading curve. A typical loading diagram which satisfies these conditions
is shown in Fig. 2.2. The above restrictions imposed on the loading curve
are not very rigid and are quite acceptable from a physical point of view.
Indeed, for an overwhelming majority of structural materials the loading
curve exhibits this type of behaviour at small strains. However, only when
the strains are small can one study the effect of internal friction. Otherwise
intensive plastic deformations take place.



2.2 One-dimensional theory of microplasticity 91

Let us introduce the following notation

5

®(e)= 5—/(5—h)p(h)dh . (2.8)

Thus, during the loading we have
o= (¢).

Let a strain ¢ be attained. This means that the following stress and plastic
strain

0= (eo), (2.9)
_ 0, h > eg,
SO g~k h< e (2.10)

are attained.
We proceed now to an unloading process. Let g —€ =¢; > 0, ¢ < 0 and
€1 < 2gg. The difference

E—€nw=€c—€cg+h=h—e,>0

decreases at unloading, i.e. when ¢; increases.
If

‘6 — Eh(]' < h,

which is equivalent to the following equality

€1
h —_—
-

no plastic deformation occurs, i.e.

e = e — eo—h, €1/2<h< e,
h ho 0, h > gg.

If

€—¢€no| > h

or

€1
h —_
<3

then according to the second equation in (2.3) we obtain
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o

FIGURE 2.3. An unloading curve.

Eh::‘+h:h+€0-51.
Therefore, we have

h+ep—e1, 0<h<e/2
en =1 €0 — h, £1/2 < h < eg, (2.11)
0, h > gg.

Substituting these expressions into the first equation in (2.3) we obtain the
following equation for the unloading curve

&1 /2 €0
o=FE |e - (h+e0—¢e1)p(h)dh — (0 —h)p(h)dh| . (2.12)
/ J

After some simple transformations we arrive at the formula

o= 0o — 20 (g) (2.13)

which expresses the Masing principle in plasticity theory, cf. [109]. Accord-
ingly, the unloading curve can be obtained from the loading curve by means
of the following coordinate transformation

ago — O &1 Eo — €

O, =
2

A typical unloading curve is depicted in Fig. 2.3.

The Masing principle is known to be inadequate in describing intensive
deformations of materials, see [109]. The question therefore arises as to
whether or not this model of internal friction should be rejected? The an-
swer to this is a categoric no! Firstly, only very small strains, namely of
the order of elastic strains, are of interest in the theory of internal friction.
Indeed, in case of very small plastic deformations tests confirm the Masing
principle. Secondly, an indirect confirmation of the validity of the Masing
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FIGURE 2.4. Some hysteresis loops.

principle for small deformations, due to an effect of internal friction, is
described below.

As follows from (2.13), the shape of the unloading curve does not depend
upon the strain attained at the loading. This means that the shape of the
hysteresis loops A, B and C depicted in Fig. 2.4 coincides. Hence, the
dynamic properties of material under cyclic deformation must not depend
upon an additional static load. This effect is well known to experts in inter-
nal friction, and was pointed out in [32]. Tests expose a very weak depen-
dence of the dissipative properties of many materials on additional static
load, cf. [171] and [143] if the latter does not exceed admissible bounds.
There exist, however, materials for which the influence of the static load
on the energy dissipation is considerable, see [105], [146] and [82].

The one-dimensional version of the elastoplastic material appeared sev-
eral times in the mechanical literature. For example, Jenkins applied it in
1922, see reference [109]. However, it was Masing in 1923, who used this
model to validate the principle named after him in the theory of plasticity,
[109]. In 1930 Timoshenko recommended that it should be used in problems
of hysteretic friction [177]. In 1944 Ishlinsky gave an analytic background
of the model [54], whilst in 1953 Afanasiev [1] applied it to the problem
of fatigue strength. In 1960 Sorokin [171] used it in the applied theory of
internal friction. The above model was later considered in [32], [59], [58],
[64], [101] and [187]. A ”discrete” particular case, the so-called model of bi-
linear hysteresis [57], [11], [24], [26], [62], [77] etc., is widely used in various
theoretical investigations.

It is worth noting that in all the above cited papers the rheological model
was used only for plotting the loading and unloading diagrams. The differ-
ential form of deformation equations (2.3) has not yet been used. However,
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it considerably simplifies the analysis of cyclic deformation by using the
methods of nonlinear mechanics and is a suitable starting point for analy-
sis of random deformations.

2.3 Harmonic deformation of material

Consider the behaviour of a material under a harmonic deformation in
time, i.e.

€ = acoswt, (2.14)

where a denotes the strain and w is a frequency, w > 0. Obtaining the
stress harmonic of the same frequency is of practical interest. In order to
find it, we use the method of harmonic linearization [149]. According to this
method we assume that the plastic strain in each Prandtl element is due
to a harmonic law and carry out a harmonic linearisation of the nonlinear
function only in (2.3), to get
.o_n. 4 _
sgnép ~ meh’ n=_, (2.15)
where by, is the amplitude of strain ¢, and w is the deformation frequency.
Linearization of the second nonlinear equation in (2.3) leads to the fol-
lowing equation

e ten=c. (2.16)
bhw

It should be noted that the latter equation is valid only when b, > 0. If
by, = 0, which means absence of the plastic strain in this arm, the following
equation

m

h=0 (2.17)

must be used instead of (2.16). After €, has been determined, the stress is
obtained from the first linear equation (2.3)

o=Fe — E/Ehp(h) dh. (2.18)
0

Since equations (2.16)-(2.18) are linear, we can use the general complex
exponential form for the variables

1) ~ wt twt
(T:Ael t: & = Belw sy Ch = Bhelu ’ (219)

where A, B and Bj, are complex values. It goes without saying that only
the real parts of expressions (2.19) have a physical meaning. The amplitude
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of the total strain a and the amplitude of the plastic strain by, are absolute
values of the corresponding complex functions € and €4, respectively

a=lel, bn=len]. (2.20)
Substituting (2.19) into (2.16) yields
-1
en = (1 +z’”—h) e. (2.21)
bn

Evaluating the absolute value of both sides of the latter equation results in

an equation for by
g7 -1/2
h
by = [1 + ("—) } a. (2.22)
by

1/2
by = {aQ - (nhﬂ . (2.23)
This expression makes sense only if A < a/n , otherwise it is meaningless.
This means that (2.21), and hence (2.16) has no solution if & > a/n. In
this case, one must use (2.17) which yields b, = 0.
Thus, we have

One finds easily that

) 51172
by = [a = (nh) } 0<h<a/n, (2.24)
0, h>a/n.
Substituting this dual expression into egs. (2.21) and (2.17), respectively,
we obtain

h = {1 — (nh/a)?* —inh/a\/1 — (nh/a)z} e, O0<h<a/n, (2.25)
0, h>a/n.

Finally, substitution of the latter equation into equation (2.18) for stress
leads to the following result

1

oc=Fe, E.=F 1—/(1—7)2—1'77 1—772)])(@)2(177 . (2.26)
n/n
0

In what follows, E. is referred to as the compler Young’s modulus. As
follows from (2.26) the complex Young’s modulus does not depend on the
deformation frequency for any density p(h). This property of the model
corresponds to the law of internal friction observed by most metals and
structural materials. In this sense, the model considered here successfully
describes internal friction under intensive stresses.
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2.4 The choice of the yield stress distribution
density p(h). Conclusions

We bring now another argument in favour of the considered model. Let us
pose the following question: what distribution p (h) appears to be the most
suitable from a physical perspective? If the yield stress in each Prandtl
element were infinite, then the material would be ideally elastic and have
no damping. Existence of finite values of 2~ may be considered a manifes-
tation of the fact that the material has defects. There is much evidence to
suggest that these defects have the same physical nature as the defects in
the theories of fatigue and brittle failure [17]. For this reason, we adopt
the distribution function used in these theories, so that the distribution
function of defects for small values of A is as follows

F(h) = Hh". (2.27)

where H and « are some positive constants. Differentiating eq. (2.27) with
respect to h one obtains the following probability density

p(h) = aHR . (2.28)

The structure of equation (2.8) suggests that the dependence

p=p(h)

influences the stress value only over a small range of strains. Thus, in-
formation contained in eq. (2.28) suffices for analysis of (2.8). Substituting
distribution (2.28) into (2.8) and evaluating the integral yields the following
closed form expression for loading curve

This equation differs from that for the loading curve by Davidenkov [28] in
notation only. Substitution of the latter result into the Masing formula, eq.
(2.13), gives an equation for the ”descending branch” in the Davidenkov
formula for a hysteresis loop. An equation for the "ascending branch” can
be obtained by analogy.

The above should be considered as a plausible substantiation for the
Davidenkov formula for a hysteresis loop.

Substitution of distribution (2.28) into (2.26) and evaluation of the inte-
grals leads to the following expression for the complex Young’s modulus

E.=E(1—-ra® +iga®), (2.29)

where



2.4 The choice of the yield stress distribution density p(h). Conclusions 97

2H oH (a+1 §>7 (2.30)

_ —a o«
T=hrat 9T Bl
B being the Eulerian beta-function.

Equation (2.29) indicates a power law dependence of the resistance force
amplitude Ega®*! on the strain amplitude. The same power law is rec-
ommended by Panovko [140] and gives agreement with numerous tests of
internal friction. A list of some of these tests can be found in [140], [142]
and [143]. However, contrary to the recommendation of [140] the amplitude
of the elastic force F (1 —ra®)a depends on the strain amplitude nonlin-
early, namely in the form of [142], [143] and [144]. In [140] the amplitude of
the elastic force was equated to Ea. It should be kept in mind that the in-
dicated difference often turns out to be insignificant and may be neglected,
as the nonlinear term in the equation for the elastic force is of the same
order as the inelastic resistance, and thus is small. There exist, however,
some situations in which the above difference cannot be neglected. Such a
case is when parameter « is close to zero. Indeed, expression (2.30) says
that for small « the parameter of the force of inelastic resistance g can be
small, while the nonlinearity parameter r in the expression for the elastic
force is finite. Altogether, it allows us to say that the nonlinearity of the
elastic component of internal friction is soft. The effect of a soft nonlinear-
ity of elastic component of internal friction was observed in a test with a
concrete beam, [170]. Another manifestation of this effect is an amplitude
dependence of the "modulus defect” observed in a series of experimental
studies and reported in [150].

It is worth noting that, in principle, the internal friction model considered
does not admit existence of a linear friction since the very friction force
vanishes (¢ — 0) with vanishing o, @ — 0. This fact has been validated
by available test data, for example (28], [142], [143], [144] and [170], in
which the resistance force was a power law with positive o for the materials
studied.

For real materials, however, dependence of the dissipative properties on
amplitude is a power law only when the stresses are not too large. For large
stresses this dependence is observed to show considerable deviation from
a power law, cf. [171]. However, for the theory presented here the power
law was theoretically derived only for small stresses when approximation
(2.27) is valid! Therefore general expression (2.26) contains essentially more
general dependences that can be used to approximate the natural laws.

The general conclusion is as follows. The model of the Ishlinsky elasto-
plastic material is an abstract model of a hypothetical material with the
following specific properties.

1. Superimposing a statical load does not influence the energy dissipation
in the material under cyclic deformation.

2. Energy dissipation in material under cyclic deformation does not de-
pend upon the deformation frequency.
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3. Dependence of the energy dissipation in the material on the strain
amplitude is a power function for stresses which are not too large. The
model admits a generalisation of this dependence in case of a broad range
of stress.

4. Energy dissipation is nonlinear in principle. "Linear” dissipation is
umpossible in this model.

5. In the cases in which energy dissipation in a material is considerable,
the elastic component of the material reaction is essentially nonlinear.

Each of these five properties is satisfactorily confirmed by available ex-
perimental data on the energy-absorbing properties of materials under har-
monic deformations. The author does not, however, believe that all real
materials behave as the model suggests or requires. There will always exist
materials whose behaviour turns out to be more complex and contradicts
at least one of the above properties. However, this means that the model
considered is not suitable for this particular material and another, more
sophisticated model must be used in its place. The model presented is con-
sidered useful as it reflects typical properties of a considerable group of
structural materials and admits theoretical analysis for polyharmonic and
random deformations. It also admits a generalisation to the cases of three-
dimensional stress fields. All these aspects will be demonstrated in what
follows.

2.5 Forced vibration of an oscillator with nonlinear
internal friction

The above properties of internal friction are to some extent known in me-
chanics. The fifth property, however, requires further justification. For this
reason, we consider some simple examples which emphasize the real value
of this property.

Consider the forced vibration of an oscillator with internal friction driven
by a harmonic force, see Fig. 2.5. The mass of the deformable element is
assumed to be negligible. The governing equation for the oscillator is

miw + Fo {e} = po coswt, (2.31)

where m is the oscillator mass, F' is the cross-sectional area of the elastic
element, pg is the amplitude of the harmonic load, ¢ is the axial stress and
¢ 1s the strain. It is apparent that the displacement w is expressed in terms
of strain as follows

w = Le, (2.32)

where L denotes the length of the deformable element.
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FIGURE 2.5. A harmonically driven oscillator.

Assume that the stress o is expressed in terms

of the strain € by means of

(2.3). Linearising the nonlinearity o {¢} and using the complex exponential

form for the variables yields

. wt
ME + C.€ = Py

(2.33)

where ¢, denotes a complex stiffness and p. denotes the amplitude of the

generalised force. These are given by

_ E.F bo
TPt T
A steady-state solution of (2.33) is

Ce

wt

P«€

E= ——.
Ce — mw?

Let us denote the complex stiffness as follows

Ce = U+ 1v,

(2.34)

(2.35)

(2.36)

where, due to (2.34) and (2.26), the real and imaginary parts are given by

a «
ndn, (2.37)
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Substituting (2.36) into (2.35) and evaluating the absolute value of both
sides of the resulting equation we obtain the following equation for the
strain amplitude
2
= LET— (2.38)
(u — mw?)” + v2

Solving it for frequency we arrive at the following equation for the amplitude-
frequency response function

2
mw? = u(a) £ p_; —v2(a) . (2.39)
a
The resonance amplitude is seen to be determined by the following equation
Px _ v(a), (2.40)
a

while the resonance frequency is given by

w = “7(:) . (2.41)

Equations (2.40) and (2.41) are valid for any monotonic decreasing func-
tion v = v (a). The imaginary part of the complex rigidity determines the
resonance amplitude, while the real part gives the resonance frequency. We
see from eqs. (2.37) and (2.41) that the decrease in the resonance frequency
relative to its value without damping is of the order of the energy dissipa-
tion factor v (a) . Hence, any change of the load amplitude must result in a
change of the resonance amplitude and thus, by virtue of (2.41), a consid-
erable change of the resonance amplitude. This effect has been observed by
Sorokin [170] when testing a concrete beam, where a resonance frequency
change of 7% was observed when increasing the amplitude of the load by
a factor of 15.

The question of the resonance frequency shift for a general dependence
¢ = ¢, (a) was discussed by Sorokin in [171] where u and v were taken in
the form

1—+2%/4
= c—l_L, S — (2.42)
1+~2%/4 1+~2/4
and v = y(a). As 7y is usually very small, we have approximately
v?
U=c——,v=Ccy. (2.43)
2¢

Hence, in this theory the resonance frequency decreases with the second
order in v, and there will be negligible change for small v.

The same question of the resonance frequency shift was considered in the
theories by Pisarenko and Panovko, both theories having used the hysteresis
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FIGURE 2.6. Comparison of the present theory (lower curve) with the Pisarenko
theory (upper curve).

loop proposed by Davidenkov. In order to compare the present theory with
the theories by Pisarenko and Panovko, we use an equation for the complex
Young’s modulus (2.29). This leads to the following expressions for the
coeflicients

u=c(l—-ra®), v=cga®. (2.44)
One can easily find a direct relation between u and v, i.e.

TV
=c— —-. 2.45
u=c e ( )

The ratio r/g due to (2.30) is equal to

5:4[a(2+a)B<a—g—l, g)]_l (2.46)

The lower curve in Fig. 2.6 shows the ratio r/g versus «.

The Pisarenko theory leads to expressions which are similar to (2.44).
The only difference lies in the expressions for the coefficients r and g which
is due to various methods of linearisation. In [143] one finds the following
equation for the ratio r/g

2
P i T et (2.47)

This ratio versus « is presented in Fig. 2.6 by the upper curve. A com-
parison of the curves shows that they are in good agreement. Hence, for a
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power dependence of the hysteresis loss on the strain amplitude, the theory
proposed and the Pisarenko theory give nearly identical results.
In the Panovko theory [140] it is assumed that

u=c, v=cga®, (2.48)

so the latter theory does not cause any shift of the resonance frequency. This
discrepancy between the Panovko theory and the Pisarenko theory has been
discussed in [182]. A typical amplitude-frequency response function in this
paper shows that the resonance frequency shift is usually negligible (about
0.7%). The view of the author is that the resonance frequency shift for the
majority of applied problems is very small, so in actuality the Pisarenko
theory, the Panovko theory and the present theory give very similar results.

2.6  Free vibration of an oscillator with nonlinear
internal friction

The equation for free vibration of such an oscillator is obtained from (2.31)
by equating the external force to zero. This gives

mw + Fo{e} = 0. (2.49)

A weakly decaying oscillating process is sought in the following form

e=a(t)cosyp(t). (2.50)

The instantaneous frequency ¢ plays the part of frequency and eq. (2.50)
allows for slow variations of the instantaneous frequency.

While studying damped oscillations in mechanical systems with internal
damping one usually assumes that the reaction of the deformable element
in a weakly decaying process depends upon the current value of the strain
amplitude as if the process were not decaying. That is, we take a to be const
and apply the harmonic linearization of nonlinearity (2.3) as has already
been done in Section 2.3. Its solution is sought in the general complex
exponential form of (2.50)

e =a(t)e?. (2.51)

As a result we obtain the following equation for €

mé + c.e = 0, (2.52)

where the complex rigidity c. is given by (2.34).

Substituting the assumed solution (2.51) into (2.52) and separating the
real and imaginary parts we obtain, by virtue of (2.36), the following equa-
tions for amplitude and phase of the decaying process
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d—a@f:—QZTX (2.53)

1, 5.\ av (a)

e C = ——,

o (0 =
As a weakly decaying process is sought, we may neglect the first term in
(2.53) in comparison with the other terms, to obtain

(2.54)

(2.55)
Substitution of (2.55) into (2.54) yields the following equation for a
(@ E&g _ () (2.56)
m m

Retaining in egs. (2.55) and (2.56) only asymptotically dominant terms
in plastic strain (i.e. terms of the first order in v) we obtain closed form
expressions for the instantaneous frequency

c
p=4]— 2.
¢ - (2.57)
and the envelope of damped vibration
__av(a)

— 2.58
2\/cm (2.58)
Equation (2.58) cannot be solved for an arbitrary function v. But it may
be used to find the logarithmic decrement of vibration
an

A=lIn , (2.59)
an+41

where a,, and a4 are two consecutive maxima (or minima) of £. Assuming
that the variation in amplitude a is small during the time interval between
two maxima we obtain by means of egs. (2.57) and (2.58)

A:w”?f (2.60)

This is an equation which holds in general. For the Davidenkov hysteresis
loop we obtain a power law for the logarithmic decrement of vibration
A = mga®t?, (2.61)
and the following equation for the envelope of decaying vibration
a*tt [c
J = (2.62)

2 m
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The solution to this equation is

. —1/c
aga§ | ¢ 3
= 1 — t ; 2.63
“ a0< + 2 m ) ( )

where ag is the strain amplitude at the initial instant of time, i.e. at ¢ = 0.

As in the proposed theory « is always positive, the following conclusions
are valid:

1. Vibration decay in systems with an amplitude-dependent internal fric-
tion never obeys an exponential law.

2. The vibrations never die out in a finite time.




3

Three-dimensional cyclic
deformations of elastoplastic
materials

3.1 Constitutive equations for elastoplastic
materials

In what follows, the equations for the Ishlinsky material are used in isother-
mal case. Consequently,
1. The dilatation ¥ depends linearly on the mean normal stress

o = k9. (3.1)
This is eq. (1.293) for m (6g) = 0 where 8g is a fixed temperature.
2. The relation between the stress deviator and the strain deviator is
given by the rheological model of Fig. 1.12, and the governing equations
are

s =2G e—/ehp (h)dh| . (3.2)
0
én, =0, \/% (e—ep):(e—ep) <h, (3.3)
éh750, héh/vh:e—eh.

Thus, the material properties are determined by two constants, namely
the dilatation modulus k£ and the shear modulus G, as well as the proba-
bility density function of the nondimensional yield stress p (k).

The system of equations (3.3) permits the following interpretation which
simplifies the solution process.

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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Let the Mises condition

\/% (e—en):(e—en) =h (3.4)

4

hold. By means of direct substitution one can prove that any solution (&, #
0) of the second line in (3.3)

h .
—é, =e —ey, (3.5)
o
subject to certain initial conditions satisfies the restriction (3.4). It follows
from (3.3) that (3.4) may be realised at &, = 0 as well. But this case must

be considered as a limiting case for solutions of (3.5). If

\/,1, (e —en):(e—en) <h, (3.6)

equation (3.3) reduces to

&n = 0. (3.7)

in which there is no plastic strain. Altogether, it means that equations (3.3)
can be replaced by the following system

\/%(e~eh):(e~eh):h, hép /vy +ep = e,
\/%(e—eh):(e—eh)<h, é, = 0.

Thus, if (3.4) holds then plastic strain ey is determined by (3.5), while if
(3.6) holds then e, must be obtained from (3.7). Any solution of eq. (3.5)
automatically satisfies its applicability condition, i.e. (3.4), and therefore
does not satisfy condition (3.6). Thus, if (3.5) has a solution, the latter is
the solution of system (3.3). When the initial conditions do not allow eq.
(3.5) to have a solution, we must consider (3.6), the only alternative of
(3.4), and make use of (3.7).

In conclusion, we note that in spite of the seeming complexity, the differ-
ential equations (3.2) and (3.3) turn out to be very useful and convenient
for analysis of harmonic and especially polyharmonic and random defor-
mation.

Another possible applications of the plasticity theory equations to the
analysis of vibrational energy dissipation have been reported in the litera-
ture. Equations for small elastoplastic deformations of material which obey
the "hypothesis of the universal curve” are derived and recommended for
application in [183], [184], [144], [145] and [154]. The hysteresis loop form
was substantiated only for harmonic deformation and it remains unclear
how to generalize the equations to the case of non-harmonic deformation.
The theory of plasticity proposed is free of this considerable shortcoming
and allows us to analyse both harmonic and non-harmonic deformations.

(3.8)
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3.2 Simple deformation

The content of this Section is based on paper [129)].
A state of material is called the natural state of material provided that

s=0, e=0, e, =0. (3.9)

The concept of the natural state is usually attributed to the whole body.
The above definition may be considered as a definition of natural state at
a point. Being applied to materials under consideration this definition is
expedient since it excludes the very possibility of internal ”microstresses”
at the point. In the light of the given definition, the natural state of a body
is referred to the state in which each point of the body is in the natural
state.

A deformation from the natural state at which the strain deviator varies
in time as follows

e=eo\(t), A(0)=0, (3.10)

is termed simple deformation, cf. [52]. Here ey is some constant tensor and
A is a scalar function of time. )

Simple deformation under the condition that A does not change its sign
in called simple loading. Because of the trivial initial condition A (0) = 0
the parameter )\ keeps its sign during any simple loading, the sign of A
coinciding with the sign of A.

A deformation which follows after a simple loading and obeys the law
e = ep (t) with the sign of A opposite to that of simple loading, is termed
simple unloading.

Let us introduce the following parameter

1
7 =7 (), 70:+\/§eoieov (3.11)

Its absolute value coincides with the shear strain intensity, but it has the
sign of A\. Parameter + is useful for analyzing deformations with alternating
sign.

Consider a simple loading.

Due to the initial condition (3.9) for e, the second line in (3.8) yields

If |v| > h, the first line of (3.8), i.e.
h
—én + e, =eg) (t) (313)
Vh

must be used.
Solution of the tensor equation (3.13) is sought in the form
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en, =¢9(A+ BN, (314)
where A and B are unknown constants. Then
én = eoBA, v = ]B)\‘ Yo. (3.15)

Substituting (3.14) and (3.15) into (3.13) yields the following equation
for A and B

hBA
22 o+ eo (A + BA) = egh. (3.16)
Yo |B/\
From here we find
h }
B=1 A= ——sgnA\. (3.17)
Yo

As pointed out above, the sign of A coincides with sign of A for a simple
loading. Hence, an expression for ey is

!
en = eo) (1 - —L> Iyl > A (3.18)
7l
For |y| = h, the latter expression must give the same value of plastic

deformation as (3.12). A direct proof shows that this is the case.
By combining egs. (3.12) and (3.18) we obtain

o { eoA(1=h/). = h,
h

0, [yl < h. (3.19)

Substituting these equations into (3.2) we obtain an expression for the
stress deviator

171

s =2Geg\ |1 — / <1 - i)p(h) dh| . (3.20)
) 1l

We introduce now the following scalar value

[~

7=2Gv,A 1—/<1~|—%->p(h)dh : (3:21)
0

It is easy to understand that its absolute value is equal to the shear stress
intensity introduced in Section 1.9 and is evaluated for the stress deviator
by means of (1.165).

With the help of definition (3.11), eq. (3.21) may be rewritten as follows
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7= (v), (3.22)
where

[l L
d (v) =2Gy |1 - / <1 - ﬁ) p(h)dh| . (3.23)

; Y

Using (3.21) we transform (3.20) to a simpler form
s=_e. (3.24)
y

Equations (3.24) and (3.22) are easily recognized as equations of the
deformation theory of plasticity of a hardening material which obeys ”the
hypothesis of the universal curve”, cf. [65] and [79]. It should be noted
that these equations are a consequence of the assumed rheological model
and condition of simple loading. However, they are not valid for a complex
loading.

Let us draw the loading curve in the y7 plane. By differentiating (3.22)
and (3.23) for v > 0 we obtain

dr T
a = 2G/p(h) dh > 0, (3.25)
Y
d>r
- < 0. .
> 2Gp(v) <0 (3.26)

These equations show that for v > 0 the loading curve is a monotonic
convex upwards curve. The loading curve for negative A is easily plotted
because (3.23) is an odd function of 4. A typical loading curve marked by
LL is depicted in Fig. 3.1.

We proceed now to consider simple unloading.

Assume that A = 1 corresponds to the loading end, i.e. the following
values

e=ep, Y=Y, T=T0o=®(y),

e | €@ =R/), v 2h,
e, =ep = { 0, Yo < h (3.27)
are attained. By means of the difference
o _ eO(/\_1+h/’YO)) hS’YOv
e—ep = [ eo), h > (3.28)

we evaluate the following scalar value
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FIGURE 3.1. Simple loading (curve LL) and simple unloading (curve UU).

L e Yo A=1+ R/l h <,
\/2 (e eh0)~(e eh()) = 'YO’)\} i h Z Yo- (329)
Let

-1<A<, (3.30)

that corresponds to the following interval for ~

Y <7 < Yo (3.31)

By virtue of (3.30) we obtain the following set of inequalities

1 YolA =1+ h/vol >h, 0<h<7v,/2
\/Q(e—eho):(e~eho): YolA=1+h/yol <h 7/2<h <,
YolAl < A, h 270

(3.32)

where

Y1 =% (1 A). (3.33)

Inequalities (3.32) indicate that for A > ~,/2 the second line of (3.8)
must be used. Due to initial conditions (3.27) we obtain

e(l—~h , 2 < h <y,
ey, =epy = 0?( /o) Zlé’y; = "o (3.34)
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If h < v,/2, then the first equation (3.8) must be integrated. Its solution
is sought in the form (3.14) with the only difference that now A < 0. By
virtue of (3.14) and (3.17) we have

h
eh:eo(A+_>,0§hgﬁ. (3.35)
Yo 2
For h = ,/2, or because of (3.33), for
A=1- 2
Yo

we obtain

as predicted by (3.34).
Summarising,

eo(A+h/vy), 0<h<7v/2
en= | e (1—h/v), Y1/2 < h <1y, (3-36)
07 h Z’YO

Substituting (3.36) into (3.2) leads to the following expression for the
stress deviator

71/2

s =2Gep |\ — / (/\+%>p(h)dh—]o(l—%)p(h)dh . (3.37)
0

Y1/2

We introduce now the following parameter

r—=2G, | A - 7/2()\ + %) p(h)dh — ] (1 - %) p(h)dh| (3.38)
J 4

Y. /2

and note that its absolute value coincides with the shear stress intensity
evaluated by (3.37).
Equation (3.37) may be rewritten in the form

S =

-

—e, 3.39

5 (3.39)

which is conventional in the theory of small elastoplastic deformations.
Transformation of (3.38) leads to the following result
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T:TO—‘z@(“’O;”), (3.40)
which is the Masing principle.

The unloading curve is denoted by UU and depicted in Fig. 3.1. How-
ever, it should be mentioned that the unloading follows this line only for v
prescribed by the interval (3.31).

Consider now the question of a subsequent deformation v < —v,. In this
case

A< —1 (3.41)
and (3.29) becomes
1 ‘VOi/\_1+h/’YOIZ}lw OghSA/Oa
\/5(e*eh0)3(eeho): YolAl = A, Yo <h <y,
- Yo Al < h, h=l.
(3.42)

The above gives the following values of plastic strains

leo(A+h/yy), 0<h <]y, a1
o = { 0, B> . (3:43)
With the aid of (3.43) we find
Il A
s =2GegA |1 — / (1 - m) p(h)dh| . (3.44)
0

This expression exactly coincides with (3.20) which describes loading for
negative . Hence, for v < —v,

T==2(h), (3.45)
that is, the deformation follows the loading curve LL, cf. Fig. 3.1. For
¥ = —70, the value of 7 and its two derivatives on the curve (3.45) are
given by

dr Y dQT ” A
T==% (), E; =2 (7o), d_'y—z_ =-=% (7o), (3.46)

where ® () and @ (7) denote the first and the second derivatives of the
function ® (v) with respect to its argument.

For the same value of v, i.e. v = —v,, we obtain the following values for
7 and its derivative for the unloading curve (3.40)
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FIGURE 3.2. Diagram of a loading and a subsequent unloading.

d ’ 27' "
=0 G50 o). @D
Comparing (3.46) and (3.47) we come to the conclusion that for v = —~,
the loading and unloading curves have the same slope and intersect, and
the curvature of the loading curve (3.45) is twice as much as that of the
unloading curve.

Figure 3.2 shows a diagram of loading up to v = <, and a subsequent
unloading into the region vy < —7,, which is drawn by means of the above
properties of loading and unloading.

T=-%(vo)

3.3 Simple cyclic deformation after a simple
deformation

In the previous Section we studied simple loading and simple unloading.
For these processes the following equality

s=—e 3.48
5 (3.48)

holds, where for the loading curve LL

7= (y), (3.49)

and for the unloading curve UU

T=10—2% <—702— 7) . (3.50)

Apparently, equations (3.48), (3.49) and (3.50) hold for an arbitrarily
simple deformation provided that 79 and 7y, denote the unloading starting
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FIGURE 3.3. Arbitrary deformation as a combination of loading and unloading
curves.

values of 7 and -y, respectively. It follows from this fact that any deformation
can be represented as a combination of loading and subsequent unloadings.
A typical deformation diagram is shown in Fig. 3.3.

Figure 3.4 shows two types of deformation, namely a simple deformation
with a subsequent cyclic deformation (A) and a cyclic deformation (B).
The principle of construction of both hysteretic loops is the same, 1.e. they
consist of unloading curves (3.50). Therefore, the hysteresis loops A and
B are absolutely equal. Denoting by Tcycic = 75 and Yeyelic = VB the
values of 7 and v for the cyclic deformation B we may write the following
equations for cycle A

TA=Tst+ 7B, (3.51)

Ya =7st + 7B (3.52)

with 75 and v, denoting static values of intensity of shear stresses and
shear strains, respectively.

By virtue of (3.52) and (3.49) parameter A may be represented in the
form

Aa = Aot + AB. (353)
Then, (3.10) yields

es —eg +ep. (3.54)

It remains to transform (3.48) for cycle A. Equations (3.9), (3.10) and

(3.48) give
Sq4 = TAe—A = TAEEA (3.55)
YA Yo
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FIGURE 3.4. Cyclic deformation (B) and a simple deformation with a subsequent
cyclic deformation (A).

Substituting for 74 from (3.51) into the latter equation and simplifying,
we obtain

S4 = Sgt + SpB, (356)
where
(<] e
Sst = 7-st_—o = Tst*St, (357)
Yo Vst
€ e
Sp=Tp— =Tp—. (3.58)
Yo B

It follows from (3.54) and (3.56) that the material behaviour under a sim-
ple cyclic deformation does not depend upon superposition of an additional
static load, the latter being attained by a simple deformation.

3.4 The method of harmonic linearisation for
tensor equations

In the applied theory of vibration, it is difficult to work with the equations
for elastoplastic materials because they are nonlinear. Exact solutions are
obtained only for some simple mechanical systems and for a few simple
hysteresis loops. One has to use the approaches of nonlinear mechanics
in order to obtain an effective solution of this challenging problem. The
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method of harmonic linearisation, e.g. [16] and [149], appears to be the most
convenient for the analysis of single-frequency vibrational processes and can
be applied for scalar and vector nonlinear equations. However, in continuum
mechanics, the relationship between the variables is of tensor character.
Application of the method of harmonic linearisation to tensor equations is
quite specific. Below we explain the method of harmonic linearisation for
a nonlinear isotropic tensor operator

z(t) =z{x(7)}, to <7 <t (3.59)

where z is an isotropic tensor operator depending on the time-history of x.
In what follows, we assume that z and x are symmetric tensors.

Tensor relations of type (3.59) occur frequently in the mechanics of con-
tinuous media and appear for constitutive equations linking stress and
strain in isotropic materials. The equations for the Ishlinsky elastoplas-
tic material, see Section 3.1, are a particular case of (3.59). In Section 3.1
the deviators are linked and we will assume for simplicity that z and x in
(3.59) are deviators, i.e. tensors with zero first main invariants.

In accordance with the method of harmonic linearisation we assume a
harmonic law for x

X = Xp + X, (3.60)

where xq is a tensor with constant components, i.e. xo = const and x; is
a tensor with vibrating components, i.e. in a fixed orthogonal coordinate
system its components are given by

(x1),; = Xij cos (Wt — ;) - (3.61)

Here X;; are components of the amplitude tensor X, ¢,; are phases and w
is frequency.

‘We approximate a nonlinear isotropic tensor operator by a linear isotropic
tensor function of xg, x; and X, i.e.

Z & pXg + qXq +TX1, (3.62)

where p, ¢ and r are scalar constant factors.

It is worth noting that there is no need for tensor Es to appear in ap-
proximation (3.62) since only deviators were assumed to be considered and
tensor Es has a nonzero first invariant.

The linearisation factors p, ¢ and r are obtained from condition of min-
imum of the mean square of the error provided by approximation (3.62)

T.
R= / (z — pxp — qx; —1X1) : (2 —pxg — gx1 —7%1)dt =min (3.63)
0



3.5 Harmonic linearisation of the equation for the elastoplastic material 117

under the assumption of harmonic motion (3.60) and (3.61).
The condition of minimising R with respect to the parameters p, ¢ and
r yields

OR

3 0

OR

7 — .64
5 0, (3.64)
OR

o = O

Solving these equations for p, ¢ and 7 we obtain

T
Jz[x(7)] : xodt
p=tm—, (3.65)
fXO : Xodt
0

O%H

z[x(7)] : xdt
=7, (3.66)

le : det
0

T
Jz[x(7)]: %,dt
-0
T

f).(l : ).(1dt
0

r

(3.67)

When evaluating the latter integrals the argument of z is given by (3.60)
and (3.61).

Note that the linearisation factors depend upon the components of the
constant tensor xo, the components X;; of the amplitude tensor x;, phases
¥,; and frequency w.

3.5 Harmonic linearisation of the equation for the
elastoplastic material

In the present Section we consider a simple deformation due to a harmonic
law

e = Ecos (wt — ¢), (3.68)

where E denotes an amplitude tensor, w is frequency and ¢ is phase.
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When dealing with the theory of internal friction one is mainly interested
in obtaining the stress deviator components of the same frequency w. With
this in view, the most appropriate approaches are the methods of nonlinear
mechanics [16] and, in particular, the method of harmonic linearisation
[149], see Section 3.4.

The constitutive equations for the elastoplastic material are given by
egs. (3.2) and (3.3). Let &, # 0, then the only nonlinearity is the following
isotropic tensor function

éh/vh, (369)

1, .
Vp = Eeh:eh.

According to the method of harmonic linearisation we assume that the
plastic strain tensor e) (by analogy with e) obeys a harmonic law

where

ep — Eh COS (wt - Lp‘h) . (370)

We approximate the nonlinear isotropic tensor function (3.69) by a linear
isotropic tensor function
é
x ke, (3.71)
Vh
where £y, is a scalar constant.
The linearisation factor kj is obtained by means of formula (3.66)

T T
fv,?léh : éh(it fvhdt
0 0

féh D épdt fv?ldt
0 0
By virtue of (3.70)
v = W2 sin? (wt — py,) (3.73)

with

1
[ =/ 5En: By (3.74)

denoting the time-maximum value of the shear strain intensity.
Substituting (3.73) into (3.72) and evaluating the integrals leads to the
following expression for the linearisation factor

n
kp = —. 3.75
h 'y ( D)
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where

n=4/r. (3.76)

Substituting (3.75) into (3.71) and then into the system (3.2) and (3.5)
we obtain a linearised variant of the constitutive equations

épnh/wly + ey, = e,

s =2G [e— :foehp(h) dh} . (3.77)

Linearity of these equations allows the variables to be written in a general
complex exponential form

e = Ee'Wi9) ¢, = Epetlwt=on) g = Sellwt=¥) (3.78)

where E, E; and S are real amplitude tensors and w is frequency, w > 0.
It should be mentioned that only real parts of (3.78) have physical mean-
ing. The amplitude values of the intensities are easily expressed over the
complex values as follows

T =4/zs:s*, (3.79)

/1
Fh = §eh: e;‘l, (380)
F*‘/le'e* (3.81)
=\/3%¢ .

where the asterisk denotes the complex conjugate. The amplitude of the
shear strain intensity is introduced by (3.81) and is positive. Substituting
(3.78) into the first equation of (3.77) we obtain

e =ep (1+1inh/T}h). (3.82)

Evaluating for the amplitude value of the shear strain intensity by means
of (3.81) and (3.82) we arrive at an equation for T'j,

r2—r? {1 + (nh/Fh)Q] ,

from which we find

[p=1/T2 — (nh)>. (3.83)

Substituting this into (3.82) and solving for e, yields
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2 2
nh nh h .

This solution is valid only for I' > nh since only under this assumption
does a real value of amplitude (3.83) exist. If I' < nh then, due to Section
3.1, we must take eq. (3.7) from which under the trivial initial conditions,
we obtain e;, = 0. Thus

o) — ell— (71h/F)2 — inh/r\/_l_—(nT/r)Q} . h<T/n, (3.85)

0. h>T/n.

Substituting this into the second equation (3.77) yields the following equa-
tion for the stress deviator

s =2G. e, (3.86)

where

1
. r
Ge=G|1—- / (1 —n? —in/1 - 712)p (%7]) ;dn (3.87)
0

is referred to as a complex shear modulus.

Formula (3.87) generalises eq. (2.26) for the three-dimensional case, in
which the strain amplitude is now replaced by the amplitude of shear strain
intensity. This is quite natural since it was the model of the elastoplas-
tic material which was chosen to describe the internal friction within the
material. As above, G, turns out to be independent of the deformation
frequency.

Distribution (2.28) was shown in Section 2.4 to be of crucial importance
for the theory of internal friction. Substituting probability density p (h) due
to (2.28) into (3.87) we come to the following expression for the complex
shear modulus

Ge=G (1 —=rT® +igl'®). (3.88)

where r and g, by analogy with (2.30) are given by

2H H 1 3
e T A S5 n B <“; . 5) w0 (3.89)

Asin eq. (2.29) a power dependence of the energy dissipation factor gI'®
on the amplitude of shear strain intensity I' is obtained.
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3.6 The correspondence principle

It turns out that in the theory of internal friction one can formulate a
principle which is analogous to the known correspondence principle in the
theory of viscoelasticity. Strictly speaking, the correspondence principle for
elastoplasticity is less general and is analogous with elasticity theory only
in regard to the equations’ derivation, but not their solution.

Let us conclude the results of this Chapter so far.

Equation (3.1) and the set of equations (3.2) and (3.3) were taken as
constitutive equations for the material. Equation (3.1) characterises the
material behaviour under volumetric deformations, whilst egs. (3.2) and
(3.3) describe the material behaviour under shape distortion. By means of
the method of harmonic linearisation and complex analysis, the latter two
equations were transformed to the form (3.86)

s =2G.e, (3.90)

with G, being a complex shear modulus given by (3.87) or (3.88).
Equation (3.1) is linear, that is, there is no need to linearise it. The
complex form of this equation

o=kt (3.91)

does not change this.

Formally, the constitutive equations (3.90) and (3.91) coincide with the
corresponding equations of the linear theory of elasticity [99]. The only
difference is the complex shear modulus. Thus, Hooke’s law [99] for complex
moduli is valid in terms of £ and G.. We only write down expressions for
the complex Young’s modulus and the complex Poisson’s ratio, cf. [99]

111 w11
B. 3G, ok E. 6G. Ok (3.92)

as they are very popular in elasticity theory.
To simplify the future transformations, we rewrite the complex shear
modulus in the form

G.=G(1+0), (3.93)
where due to (3.87)

8(r) = /l (1 -0 —iny1— nZ)p (%n) %dn- (3.94)
0

Substituting (3.93) into (3.92) and simplifying yields
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E(l+p3

E:——(l—j% (3.95)
1
+ 3 1]
1/—1—321//j |
1+ 3 3

with £ and v denoting Young’s modulus and Poisson’s ratio in the classical
theory of elasticity, respectively.

In these equations, factor 3 characterises the effect of plastic deforma-
tions. Assuming that this effect is small, i.e.

18] < 1. (3.97)

and retaining terms of the first order in 3 only, we obtain from (3.95) and
(3.96)

E.=E [1 + % (1+v) ﬁ] , (3.98)

(1+v)8. (3.99)

By virtue of (3.94) 3 depends on the amplitude value of shear stress
intensity I’

8 =p5(). (3.100)

Sometimes it is more convenient to have a dependence of the complex
moduli on the amplitude of the shear stress intensity 7. In order to derive
this equation, we take (3.90) from which, due to (3.79) and (3.93), we obtain

T =2GT |1+ 43]. (3.101)

This simplifies by means of (3.97) and becomes

T = 2GT. (3.102)

There is no necessity to retain terms of first order in 3 since this would
cause the appearance of terms of higher order than those retained in egs.
(3.93), (3.98) and (3.99).

By means of (3.102), eq. (3.100) may be rewritten in the following form

8=3 (%) . (3.103)

Distribution (2.28) is important for the theory of internal friction in
materials. In this particular case, due to (3.88)



3.6 The correspondence principle 123

B =1 (3.104)
or
T (o7
=1 —= .
s=1(Z) 509
where
l=—-r+1g. (3.106)

Concluding the Section we formulate a simple way of obtaining a bound-
ary value problem for elastoplastic bodies in case of single-frequency vibra-
tions. To this end, it is sufficient to write down the differential equations
and the boundary conditions for the dynamic theory of elasticity, replace
their moduli by their complex values and transform to a general complex
exponential form. We obtain then the following equations

V-r+p(K—-1) =0,
s =2G.e, T = cE + s,

oc=k9, e :gE +e, (3.107)
e = (Vu)®
and the boundary conditions
onOi, u=U, (3.108)

onQOz, T,=0p,

where O, and O, are parts of the body surface O (O = O + O2).

This is the correspondence principle.

Let us point out some difficulties associated with solving such a boundary
value problem, egs. (3.107) and (3.108). The main complication is that
the shear modulus G, depends on the value of the shear stress intensity
T and the latter depending upon the spatial coordinate, the dependence
of which is unknown a priori. Therefore, in order to solve the boundary
value problem, egs. (3.107) and (3.108), it is necessary to have a solution
of the dynamic problem of elasticity theory for arbitrary heterogeneous
body. This solution does not exist in general case. A considerable amount
of simplification can be achieved when the stress state can be sufficiently
accurately approximated by a homogeneous one. A series of simple problem
of this sort will be considered in the next Section. Some simplification can
be achieved in the problemn of uniaxial wave propagation which will be
studied below. However, the overwhelming majority of applied problems
requires application of the Galerkin method which will be considered in
Section 4.1.
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3.7 Energy dissipation in materials in some
particular stress states

3.7.1 Stress state of pure shear

Consider the stress state of a homogeneous pure shear, say in plane xy.
Under cyclic deformation with a shear stress intensity 75, we have

T =Tgy, (3.109)
and hence
G.=G|1+8 Ly (3.110)
o 2G )| :

It is worthwhile remembering that the complex shear modulus (3.110)
links the complex stress 7, and the complex shear v,, as follows

Tay = GeYay (3.111)

A stress state of pure shear occurs in a thin-walled circular cantilever
tube with a massive disc attached at its free end. Neglecting the tube mass
we obtain a differential equation for free vibrations of the disc

FR?

I+ ——Gep =0, (3.112)

where I is the moment of inertia of the disc, F is the cross-sectional area
of the tube, L is its length, R is its radius and ¢ is an angle of rotation of
the disc.

Equation (3.112) is analogous to eq. (2.52). By means of this analogy, it
is easy to determine the decrement of torsional vibration

A:TFIHI%:D(T), (3.113)
where
D(T)=rIm(G./G). (3.114)

3.7.2 Uniazial stress state

In the case of an uniaxial homogeneous stress state with the amplitude of
the normal stress, given by 3., we have

b
T==%, 3.115
V3 ( )

and therefore
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2 T 2 PN
EC—E[1+3(1+V)B(QG>] —E[1+3(1+v)5<2G\/§>].
(3.116

This state of stress occurs in the case of a longitudinal vibration of a
massive weight attached to a weightless rod. This problem has been already

studied in Sections 2.5 and 2.6. The decrement of longitudinal vibration is

A:nlm%:§(1+u)D(T). (3.117)

A comparison of (3.117) and (3.113) shows that for the same T the decre-
ment of torsional vibration is greater than that of longitudinal vibration.

A homogeneous uniaxial state of stress takes place for example under
axisymmetric vibration of a circular ring. So, expression (3.117) is relevant
to this problem.

3.7.3 Isotropic biaxial stress state

Let us proceed to a homogeneous isotropic biaxial state of stress. The stress
tensor is

T = (ii +jj) 0z, 0z = Sae'¥), (3.118)

where i and j are unit base vectors of axes x and y, respectively, and ¥, is
the stress amplitude.
Equations (3.118) and (3.79) yield

Xy
r-—. (3.119)

Let us link complex stresses and complex strains. A relation is given
by equations similar to those in elasticity theory under the condition that
Oy =04

1
Exr = E(Ul_ucgi)y
1
€y = E (O'x - IJCO'I) . (3120)

The strains are seen to equal each other
€z = €y,

and are determined by
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oy = —2e_¢ (3.121)
I—l_ucvx- P V4

By virtue of (3.98) and (3.99) the following equation

1 f,/ =3 ij [1 + 3((11+_VV))5 (%)} (3.122)

holds asymptotically for small 5.

The state of stress under consideration takes place in a thin-walled spher-
ical shell under polar-symmetrical vibrations. Due to the correspondence
principle its equation is as follows

p32 . E.
— ——u =0, 3.123
5 Ut — u =0, ( )
where u is the radial displacement, p is the mass density of the shell and
R is its radius.
Equation (3.123) yields the following decrement of the shell vibration
(1 +v)

A=gq P (T). (3.124)

It is seen to be lower than that for torsional and longitudinal vibrations.

3.7.4  Deformation without shape distortion

Finally, note the fact that the energy dissipation is absent at any deforma-
tion without shape distortion. This discredits the proposed theory to some
extent. Indeed, in this case ' = T' = 0, and due to (3.94), (3.93), (3.98)
and (3.99) all moduli turn out to be equal to those in the theory of ideally
elastic bodies.



4

Single-frequency vibrations in
elastoplastic bodies

4.1 The Galerkin method in problems of vibrations
of elastoplastic bodies

In what follows we offer an approach which is a direct application of the
Galerkin method in the form of a single term approximation to the sys-
tem of equations for an elastoplastic body with the subsequent use of the
method of harmonic linearisation. The vibration mode of the elastic body
is assumed to be given. This assumption is crucial and is generally accepted
in the analysis of nonlinear systems with distributed parameters.
Consider the body depicted in Fig. 4.1. The dynamics of this body are

FIGURE 4.1. Schematics of an elastoplastic body under consideration.

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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governed by equation (1.310)
V-t+p(K—-1)=0 (4.1)

which holds for the volume V' occupied by the body.
Let part of the body surface O, be fixed, i.e. we have the boundary
condition
u=0. (4.2)
Assume that the rest of the body surface O, experiences an external
surface load p, such that

p-7,=0 1T,=n-T1. (4.3)

Finally. note that the strain is due to (1.284)

e =(Vu)", (4.4)
whilst the stresses are related to strains by means of a complex chain of
equations (1.58), (1.285), and (3.1), (3.2) and (3.3). An exact form of this
relation is not essential at the moment, for this reason we write it in an
operational form

T=T1{e}. (4.5)
with 7 {e} being a tensor operator of €.

If we substitute (4.4) into (4.5) and put the result in (4.1) and (4.3), we
obtain the only vector equation for the vector field u and the boundary
conditions (4.2) and (4.3). These correspond to the following variational
equation

/(V T+ pK—pu) - budV + / (p—T,) 6udO =0, (4.6)
1% 19)
where éu is a variation of u which is arbitrary in the volume V and on the
surface Oy and vanishes on the surface Oy, cf. (4.2).
By means of the formula

(V-1)-6bu=V (1 -6u)—T1:be (4.7)
and the Ostrogradsky-Gauss integral theorem
/V -bdV = /n - bdO, (4.8)
v o)

with n being a unit vector normal and b being a vector field, we transform
the variational equation (4.6) to the form

/p -6udO + /pK “oudV — /(‘r :be+pli - du)dV = 0. (4.9)

>
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This equation is of a convenient form for the forthcoming analysis.
Confining ourselves to the analysis of resonant and near-resonant vibra-
tions we look for a solution of the variational equation in the form

u = uggq (¢), (4.10)

where ¢(t) stands for an unknown function of time and ug denotes a normal
mode of the elastic vibration in the body, the mode being obtained by
ignoring the plastic properties of the body material.

Considering only those variations which belong to the class of functions
(4.10) yields

du = ugéq, b = €9dq, €0 = (Vug)® . (4.11)

Substituting them into (4.9) and taking into account that dq is arbitrary,
we obtain the following equation for ¢

/pvu0d0+/(pK~u0—T:50~pii-u0)dV:O. (4.12)
0. 1%

This equation contains an acceleration term which is linear in the un-

known function ¢(t)

= upg (4.13)
and a stress tensor 7 which in nonlinear in ¢. For this reason, equation
(4.12) is nonlinear in q.

The method used here to reduce partial differential equations to ordinary
differential equations is a standard tool of nonlinear mechanics, see [108].
In mathematical physics this technique is called the Kantorovich approach
(76].

Let us proceed now to (4.12). Restricting ourselves to consideration of
harmonic or near-harmonic motions we perform a harmonic linearisation
of the nonlinearities. The only nonlinearity is the dependence T {€} which
has already been linearised in Section 3.5. By means of the general complex
exponential form for the variables we obtain due to (3.90) and (3.91)

o =kd, s =2G. e, (4.14)

where G. denotes a complex shear modulus.
Decomposition (1.58) renders

7 = Ek9+2G.e. (4.15)
Accounting of u, due to (4.10), we may write
e = egq, ¥ = Yoq. (4.16)

Substituting (4.16) into (4.15), then inserting the result in (4.12) we
obtain a linearised equation for ¢
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mg + c.q = p = poe'’. (4.17)

The following notation is introduced

p= /p -ugdO + / K - ugdV, (4.18)
0. %
m = /pu%dV. (4.19)
iV
Ce = / (k9§ +4G.T3) dV, (4.20)
A

where

/1
FO = 560 . €eq. (—121)

Factors m, ¢, and p are the "equivalent” mass, complex rigidity and external
force, respectively. It is easy to see that the form of eq. (4.17) coincides with
that of eq. (2.33). Thus, the solution strategy is the same as in Sections 2.5
and 2.6.

Let us consider the structure of the expression for the complex rigidity
¢.. It contains the complex shear modulus which depends either on the
amplitude value of shear strain intensity or shear stress intensity. The latter
are given by

= Foa, T = Toa, (422)

where a is the amplitude of q.
Substituting (3.93) due to (3.103) into (4.20) and eliminating the kine-
matic parameters yields

2 2 2
(o2 T TE, (Toa o
Ce = / [—k ot as (—2G )} dv. (4.23)

v

For a power dependence 3 due to (3.105), we have
2 2 T 2+a
Ce = / %0 4 10 | 4 <—°-)
i/

k G 2G
Let us now make use of the analogy between egs. (4.17) and (2.33).
Assuming, as in Section 2.5, that

dv. (4.24)

Ce = U+ v, (4.25)
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we find an equation for the amplitude-frequency response function

p2
a? = 0 (4.26)
(u — mw?)? + 02’

an equation for the envelope of free decaying vibration (cf. Section 2.6)

. av(a)
a= N (4.27)

and a closed form expression for the vibration decrement

A=, (4.28)
C
Here P
_ [ % , fo
c—/[kJrG}dV, (4.29)
1%

represents rigidity in the case of pure elastic vibrations.
Multiplying the numerator and the denominator of (4.28) by a? and using
(3.114) yields the following equation for the decrement, cf. [129]

-1

A= v/ é [%z%:ﬂ] v V/ [%QD(T)] AV, (4.30)

Here v is the Poisson ratio and
¥ =o0ga (4.31)

stands for the amplitude of the mean normal stress.

Note that the assumption of the uniformity of the stress state has not
been used. Thus, the equations obtained are suitable for vibration analysis
both in homogeneous and heterogeneous bodies.

A very simple equation for vibration decrement is obtained in case of a
homogeneous deformable volume with a uniform stress state throughout.
The volume integrals are easily evaluated, to give

3(1—2v)x2]7!

A=t ga 1

D(T). (4.32)

It follows from (4.32) that the vibration decrement maximum is achieved
when 3 = 0, dependence of A on T being similar for various states of stress.
The opinion that the material layers near the body surface contribute
more to the decrement than the internal layers is expressed in the litera-
ture. An explanation of this phenomenon is that the plastic properties of
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the surface layers differ considerably from those of the body interior. This
difference may be caused by additional action on the surface layers caused
by mechanical and thermal treatment. Equation (4.30) may also be used
in this case. Assume that the plastic properties of the body material are
inhomogeneous such that a thin layer near the surface of thickness ¢ is de-
scribed by a function Dy (T'), while the rest of the body is described by a
function D (T') . Assuming that ¢ is very small and neglecting variation of
the stress state within the surface layer we arrive at the following equation
for the vibration decrement

2 2
J‘%D(T} dv +t /% D1 (T) — D(T)]dO
v .
A ) (4.33)
" l 3 (1 - ?"V) N2 2
‘/ & [—‘2(1+u) ) +T]dv

In the limiting case in which the interior of the material does not contribute
to the energy dissipation, i.e. D (T") = 0, equation (4.33) takes the form

T‘Z
t [ =Dy (T)dO
O G
A

= - : (4.34)
1301 —-2v) . .
[ = [uzz + :rz} dv
v G L2+
In the next Section we discuss some experimental data which suggests
that both terms in the numerator (4.33) may be comparable.

4.2 Analysis of experimental data on the energy
dissipation of material

Below we consider some particular states of stress and compare their the-
oretical vibration decrements with experimental ones.

An experiment with a cantilever thin-walled tube specimen carrying a
massive disc at its end is described in [143]. The disc weight considerably
exceeds the specimen weight, so a uniform state of stress takes place in the
tube due to the first mode of torsional and longitudinal vibration.

The general formula (4.30) will be used to evaluate the vibration decre-
ment. The integrals in this formula must be evaluated over the entire vol-
ume of the body, i.e. over the specimen volume and the disc volume. The
disc, however, is assumed to be a rigid body which is formally attained by
letting G — oo and & — oo in the volume occupied by the disc. This en-
sures that the integral over the disc volume vanishes. Hence, the decrement
value is given by (4.30) in which we integrate only over the volume of the
deformable part of the body, i.e. over the specimen volume.
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Let us now proceed to a theoretical analysis of the test.

A state of pure shear with a shear stress amplitude 7 occurs in a thin-
walled tube specimen when the system vibrates according to its first tor-
sional normal mode, i.e.

T=T,=7, £=0. (4.35)

Substituting these value into (4.30) we obtain the following equation for
the decrement of torsional vibration

1
A= v/ D(T)dv. (4.36)

Here, and in what follows, we suppose that the elastic characteristics of ma-
terial G and v are constant in the specimen, while the plastic characteristics
defined by function D(T) vary.

A uniaxial stress state with a normal stress amplitude o occurs in a thin-
walled tube specimen when it vibrates according to its first longitudinal
normal mode, i.e.

o o T
T=T=—7, X=7=—7. 4.37
T3 373 (437)

With the help of (4.32) we obtain the decrement of longitudinal vibration

A= ?Ll{—”)% / D (T)dV. (4.38)
14

Comparison of (4.36) and (4.38) shows that the decrement of longitudinal
vibration is as much as 87% of the decrement of torsional vibration for the
same values of shear stress intensity T° and Poisson’s ratio v. In other
words, they approximately coincide regardless of the character of plastic
heterogeneity in the specimen. Therefore, approximately the same value of
the decrements of torsional and longitudinal vibration is observed provided
that the shear stress intensities coincide, i.e.

T 1
— =—==0.58. 4.39
VE] (4:39)

This relationship more or less fits experimental data collected in [143]
and [159]. It should be noted that experimental data may considerably
deviate from (4.39). One of the main reasons for this deviation is material
anisotropy caused by thermomechanical treatment of the specimen which
is not taken into account in the proposed theory. These deviations have
been discussed in [113]. Another possible reason is that the specimen is
not a thin-walled system, i.e. the stress state is actually non-uniform, the
reason for this is given in [5].
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FIGURE 4.2. Cross-section of a prismatic specimen.

The same objective, i.e. a comparison of the damping ability of materials
under pure shear and in a uniaxial stress state, has been pursued exper-
imentally by Khilchevsky [80] who carried out work on specimens with a
heterogeneous state of stress. The decay of torsional vibrations of a solid
circular specimen and the decay of bending vibrations of a prismatic speci-
men with the cross-section shown in Fig. 4.2 (the bending plane is vertical)
have been compared there. The test conditions ensured that the stresses
did not change along the specimens.

For torsional vibrations, the stress in a circular specimen is given by

T =7p, (4.40)

where p is a nondimensional radius, 0 < p < 1, and 7 is the maximum
amplitude of the shear stress.

Assuming that the plastic properties of the specimen vary, but depend
only on the radial coordinate we obtain by means of (4.30) the following
value of the decrement of torsional vibration

1

A =4 | p*D(1p)dp. (4.41)
/

For bending vibrations of a specimen which has the cross-section shown
in Fig. 4.2, the stresses are as follows
o T
B S 4.42
. = (442
Here o denotes the maximum amplitude of the bending stress and ( stands
for a non-dimensional vertical coordinate, —1 < ¢ < 1. The cross-sectional
width is given by

b=bylC]|, (4.43)
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where b is the maximum width. Assuming that the plastic properties of the
material depend on the vertical coordinate only, we obtain an expression
for the logarithmic decrement

Ay = 8—(1;—@ O/ICBD (3—%) d¢. (4.44)

Experiments [80] have shown close agreement with these decrements if
condition (4.39) holds. Comparison of (4.41) and (4.44) indicates that this
is possible provided that the dependencies of D (T") on variable p in the
first case and on ( in the second case coincide.

An experimental comparison of the decrement of polar-symmetrical vi-
brations in a thin-walled spherical shell and the decrement of vibration of
a plane specimen under the condition of pure bending has been performed
in [84]. In these cases both specimens were made of the same material and
a bi-axial isotropic stress state took place in the shell.

Hence

o1 201 2T
T=—1—, X=—=—, 4.45
where o, denotes the amplitude of normal stress.
Assuming that the plastic properties of the material is heterogeneous over
the shell thickness we obtain, by means of (4.30), the following expression
for the decrement of the shell vibration

h/2
_ 1+v 1 9
A= ST h / D(\/g)dz. (4.46)
—hJ2

When a plane specimen vibrates in a pure bending stress state, the nor-
mal stress varies linearly over the thickness, i.e.

g9 T

- =7 (4.47)

where o5 is the maximum amplitude of normal stress.

There exist many reasons to suggest that the plastic properties of a plate
vary over the plate thickness in the same way as in the shell. Equation
(4.30) then yields the following value of the vibration decrement of the
plane specimen

2z
h

02

2z
Y= g
' 3

h

h/2

e AGKC

—h/2

2z

h

) dz. (4.48)
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It seems impossible to compare (4.46) and (4.48) in the general case.
With this in mind, let us consider some reasonable limiting cases. When
the plastic properties of the material are uniform and D (T) is a linear
function

D = AT, (4.49)

we obtain

_ Lt _ Lt ;
AS—3(1—U)D<\/§>.AP— 5 D(\@). (4.50)

These values are approximately equal for the same amplitudes o, = o,
and v = 0.3. In another limiting case in which D (T) # 0 only in thin
surface layers of thickness t we have

1+v 2t o1 . t a2 .

For the same amplitudes 0y = a5 and v = 0.3, the decrement of the
bending vibration of the strip is about 6 (1 — ) = 4.2 times greater than
the decrement of the shell vibration.

A test [84] has shown that the decrement of bending vibration is twice as
much as that of shell vibration which lies between the above two limiting
values. This comparison confirms the general conclusion of [5] that the
surface layers provide an essential contribution to the total value of decay.

Let us next consider this problem in detail. Let the energy dissipation
in a thin layer near the surface of thickness t be described by a function
vD (T) (v is a constant factor) and the energy dissipation in the rest of
the body be described by a function D (T). Let D (T') be given by (4.49).

The values of the decrements for a shell and a plane strip are as follows

(t/h < 1)
1+ v o1 2t o 4 =

1+l/ a9 8f =
AP = _2‘D (%) l:l + }—L (’Y - l)jl . (4.53)

In each of these equations the second value in the square brackets char-
acterises the relative contribution of heavily damped surface layers to the
total value of the energy dissipation. Let us denote

A, =

2t
y=+0-1 (4.54)

and evaluate the decrement ratio for o1 = 3. The result is

A, 3(1—v)1+4y
N 2 1+y
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This decrement ratio is known from experimental test results. We can then

easily obtain that
Ap/As —3(1—v)/2
= , 4.56
YT T6( ) - A/A, (456)
From experimental results [84] we have A, /A = 2. If we take ¥=0.3, then
from (4.56) we obtain

y = 0.43.

We note here that the value of y characterises the relative contribution of
heavily damped thin surface layers to the vibration decrement of the shell.
This value turns out to be considerable, namely 43%. The contribution of
the surface layers to the vibration decrement of the plane strip is even more
significant, namely 4y, which corresponds to 172%.

Hence, the contribution of the surface layers of the material is consider-
able. However, it is not considered to be a decisive factor in these cases.

The value of y obtained allows us to estimate the thickness ¢ of the
surface layer with a higher damping. Let, for example, v = 5, i.e. the
damping property of the surface layer be 5 times higher than that of the
interior. Thus, eq. (4.54) yields

t/h =0.054

which is quite plausible.

Let us proceed to [148]. In this paper single-frequency bending-torsional
vibrations in a system consisting of a cantilever circular rod with an eccen-
trically attached massive disc have been investigated experimentally.

The theoretical description of this experiment is as follows. The mass
of the rod may be neglected as it is small compared to the disc mass. In
cylindrical coordinates 7, 8, z (with z being the axial coordinate) the stress
distribution is given by

T =Tp, 0, =0c(pcosb, (4.57)

where 7 is the amplitude of shear stress on the specimen surface, o is the
maximum amplitude of the normal stress due to bending at the clamped
end, p is a nondimensional radius (0 < p < 1), and ¢ is a nondimensional
axial coordinate (0 < ¢ < 1). The other stresses are equal to zero.

The amplitude of the shear stress intensity and amplitude of the mean
normal stress are as follows

T:p\/il'?—kaQC2 cos? 6, ¥ = TpCp|cos |, (4.58)
where
T, =7, T, =0/V3, (4.59)

denote maximum amplitudes of the shear stress intensity due to torsion
and bending, respectively.
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Substituting (4.58) into (4.30) yields the vibration decrement

1 17T/"2 B
81 | p*(1+ 8% cos26) D (TmW) dfdpd
A— _000
1+ 82 /4(1+ )]
(4.60)
where 3 is the following ratio
8=Ty/T;. (4.61)

When T, — 0 one obtains the decrement of torsional vibration A; as
given by eq. (4.41).
When T; — 0 one arrives at the following equation for the decrement of
bending vibration
1 1 7m/2

2 P
Ay = S (1*” / / / p3¢% cos? 0D (TypC cos ) didpdc. (4.62)
0 0

The values of these decrements may be found provided that the depen-
dence D = D (T') is known for a particular material. One often assumes
that

D = gT*.

The two integrals in (4.60) can then be evaluated, to give

1

A B 1 [ 2T P (2)

=t +oa /L - O

A= 3 [1+4(1+u)] /<l+ 2) S dx. (4.63)
0

where )
_ - _2\—1/2 .
f<1+ 2)(1+.r) , (4.64)
P, (2) is the Legendre function of the first kind, and A; is the decrement
of the torsional vibration given by

1

Ay = 4T / P’ g (p) dp. (4.65)
0

The decrement of the bending vibration takes the form

1

16 (1 +v) 3+a 1 34 .

_ 1 o (p) dpT". 4.

A, W@+@B( 2.2)/p 4 () dpTs (4.66)
0

In deriving these equation it has been taken that the plastic properties
of the material depend on the radius, namely g = g (p), but o = const.
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FIGURE 4.3. Ratio of logarithmic decrements versus ratio of shear stress inten-
sities.

Results of the calculations arising from (4.63), (4.65) and (4.66) with
a =1 and v = 0.3 are shown in Fig. 4.3. One sees that increasing any
stress (normal or shear) leads to an increase in the decrement of vibration.
Exactly this effect was observed in test [148], this data is denoted by points
in Fig. 4.3.

Experimental data on bending-torsional vibrations of a clamped-clamped
solid circular bar with a massive disc in the middle have been reported in
[81]. The disc was attached eccentrically, and bending-torsional mode of
vibration was excited.

The theoretical analysis for this experiment is as follows.

In the cylindrical coordinates r, , z (the axis z is the axial coordinate
of the bar) the distribution of the extreme stresses are given by

720 =7p, 0:=0p(l~|[(])cosb. (4.67)

We keep the same notation as above with the only difference being that
the non-dimensional axial coordinate ¢ varies in the interval [-2,2], ¢ =0
denoting the disc plane. The amplitude values of the intensity of shear
stresses and mean normal stress due to (4.67) are

T = T2+ T2 (- [) o0,
S = Topll—[(][lcosd]. (468)

where

T, =71, Ty =0/V3. (4.69)

Substituting (4.68) in (4.30) and simplifying leads to the expression for
the vibration decrement (4.60). Hence, in this case we can use the equations
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derived for the analysis of the previous experiment and Fig. 4.3. In the tests
of [81] only one case was considered, namely when the ratio of the stresses
was equal to 0.23, which gave T,/T; = 0.13. The experimental results for
materials with a =~ 1 are denoted by crosses in Fig. 4.3. For this case it can
be seen that the theoretical analysis fits the experimental data reasonably
well.

4.3 Vibration of a simple torsional system

Up until now, only the problem of the nonlinear internal friction in bars
with circular solid and ring cross-sections in torsion has been reported in
the literature. In the present section we offer a solution for a bar with an
arbitrary cross-section by means of the model of elastoplastic materials.

Consider a simple torsional system. Let a massive disc be attached to
the free end of a cantilever cylindrical bar. We assume that no eccentricity
occurs, that is, only pure torsional vibrations takes place. Let the bar length
be L which is assumed to be much greater than the transverse dimension.
This assumption is needed so that a solution of the classical problem of
torsion can be applied.

Denote the angle of the disc rotation by ¢, then the displacement field
is given by

u=e,ry, (4.70)
where 7 and ¢ denote cylindrical coordinates and e, stands for the unit
base vector in the circumferential direction.

Assume that external loads act on the disc only, i.e. the lateral surface
of the bar is traction-free and the bar volume is free of loads. Under this
condition the relative angle of twist turns out to be constant over the bar
and is equal to

p =¢/L. (4.71)
The following stresses are known to appear in the bar
@ 0P p 0P
o =GXr= s - _gX T 4.72
T‘“l) GL 8y bl T..y GL 81' ) ( )

where ¢ denotes the stress function of torsion. In the domain 2 occupied
by the bar cross-section, ® satisfies Poisson’s equation

AD = -2, (4.73)
whilst on the domain boundary its derivative in the tangential direction
vanishes.

Equations (4.70) and (4.72) indicate that the angle ¢ may be considered
a generalised coordinate ¢. Then in the domain occupied by the disc

Up= €,r. (4.74)
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In the domain occupied by the bar the stresses are

G 09 G 0P
(Tzz)o = —L—an (sz)o = —25 (475)

This renders the following intensities of shear stress and mean normal
stress

G
To = —L~ |V(I)| , 00 = 0. (4.76)
By means of the equations of Section 4.1 we obtain
m = /prde =1, (4.77)
Vi
p= /pg,rdO + /erdV =M. (4.78)
Ou Va

We integrate only over the surface and the volume of the disc since the
bar is assumed to have no mass density (p = 0) and no load acts on its
surface and in its volume. As follows from (4.77) the factor m is equal to
the moment of inertia I about the z axis. As in (4.78), p, and K, are the
tangential components of the external surface and volumetric loads, and M
1s equal to the torque applied to the disc. Equation (4.17) then takes the
form

Io+cop= M. (4.79)

Hence, c. may be interpreted as a complex torsional rigidity of a bar of
length L. An expression for this is obtained by substituting of the shear
stress intensity and mean normal stress, due to (4.76), into (4.24)

ce=c [1+mﬁ(;fé>}, (4.80)

c= %/|vq>|‘2d§z, (4.81)
Q

where

[1Va|*+* d0
Q

m = 4.82
Ve[ [ Ve[ do (452
Q

and the integration domain is the cross-sectional area of the bar. The value
of T, is the maximum value of the shear stress intensity

T, =G|V, % (4.83)

and (@ (...) is a material characteristic due to (3.105).
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The decrement of torsional vibration is given by (4.28) and takes the
form

A =mD(T.), (4.84)

where D (T) is given by (3.114).

Comparing the latter result with (3.113) shows that the factor m char-
acterises the difference in the decrement of the torsional vibration of the
bar and the decrement of vibration in the state of uniform pure shear, both
cases having the same maximum intensity of shear stress.

Equation (4.81) gives the static torsional rigidity of the bar of length L.
In the literature one can find the following parameter

oL = G/]V(Dide. (4.85)
(9}

which is the torsional rigidity of the bar per unit length. In what follows,
this is referred to as the torsional rigidity of the bar. The values of = for
various cross-sections can be found in [2].

The value of m have been computed only for bars with circular and ring
cross-sections since the integral evaluations are elementary. The results of
evaluations for some other cross-sections are given in the next Section.

Below we will use the so-called complex torsional rigidity introduced by

analogy with (4.80)
== [1 +mp (;—é)} , (4.86)

Extracting from (4.86) the amplitude of torsion

v | =a/L. (4.87)

we obtain the value of the complex torsional rigidity

“3 <|lfi>} (4.88)

Y

EF:E{ler

for a power function 3 (T'/2G) .

4.4 Examples of estimation of the complex
torsional rigidity

4.4.1 Elliptical cross-section

Let the contour of the bar cross-section be an ellipse

2 2
x y
P E R
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where a and b are the semi-axes.

In other parts of this book we denote the amplitude of a time-dependent
function by a. However in this Section we use a traditional denotation a
for an ellipse semi-axis. It should not lead to any confusion since we do not
deal with the amplitude a in this Section.

For an elliptic cross-section the stress function of torsion is known to be

given by
a2b? 22 2
The square of the absolute value of the gradient is
212 \2 /.2 2
2y (20 LA
V| #4(a2+b2> (a4 + b4)' (4.90)

Substituting this into (4.85) and using the new integration variables p and
¢ defined by

T =apcosp, y =bpsinyp, (4.91)
yields
1 27
_ a2b? \? cos? sin2 ©
==4G <a2 m b2> / p? < = ) abpdpdp. (4.92)
00

The integrals over p and ¢ are easy to evaluate and yield the following

result
wa3b3

(1]

g (4.93)

Evaluation of m is less trivial. Substituting (4.90) in (4.82), transforming
to the new variables (4.91) and accounting for integral (4.92) gives

4a2b2+a cos? sinch 1+a/2
(o

The integral over p is elementary, while for an integration over ¢ one has
to transform the expression in the parentheses as follows

cos?p sin®p 1 /1 1 1/1 1

2 TR *5(&7*@)‘5(@‘5)0052@
This integral can be represented in the form of the first Laplace integral
(93]

s

P,(2)= % / [z + /22 — 1cos 1/1] wa, (4.94)

0
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FIGURE 4.4. Parameter m versus « for some cross-sections.

where P, (z) is the Legendre function of the first kind. The latter is a real-
valued function of z only for z > 1. The result of the integration is as

follows
1 a\a/2 2ab a? + b?
= - ——= P o — . 4.95
. 1+a/4(b> a2 + b2 ”“/2( 2ab ) (495)

In the case of a circular cross-section, i.e. a = b, (4.95) becomes
m=(1+a/4) " (4.96)
Equations (4.41) and (4.84) lead to the same result for a power function

3. Function (4.96) is drawn in Fig. 4.4 and denoted by a circle.
For a very ”flat” ellipse such that a/b — oo eq. (4.95) becomes

1 3+a 1
B =, 4.97
rl+ /4 ( 2 2)' ( )

| o

m =

<)

where B stands for the Eulerian beta-function. Dependence (4.97) is also
shown in Fig. 4.4 and is denoted by an ellipse.

Numerical results indicate that for a/b > 1.5 the dependence mn («) given
by eq. (4.95) slightly differs from the dependence (4.97), so the latter can
be used for any ellipse for which a/b > 1.5. For a/b < 1.5 the dependences
(4.95) lie between the dependences (4.96) and (4.97). As these curves de-
picting these dependences are very close, the dependencies (4.95) are not
shown in Fig. 4.4.



4.4 Examples of estimation of the complex torsional rigidity 145

y‘s

h
nl/ n/3 l

b |

X
FIGURE 4.5. Coordinate system for the triangular cross-section.

4.4.2  Rectangular cross-section

Let the bar cross-section be a high aspect ratio rectangle with the sides 2a
and 2b. An approximated stress function for this cross-section is

o = b2 -y (4.98)
Substitution of (4.98) into (4.82) leads to the following result
m=(1+a/3)7". (4.99)

This dependence is shown in Fig. 4.4 and denoted by a rectangle.

4.4.83 Ring cross-section

If the cross-section is a thin-walled ring, the stresses are approximately
equally distributed over the cross-section, and thus V& = const. In this
case (4.82) yields m=1, which forms the upper line in Fig. 4.4.

4.4.4 Triangular cross-section

Let the cross-section be an equilateral triangle as shown in Fig. 4.5. It is
known that in the coordinate system of Fig. 4.5, the stress function is given
by [94]

P = 2ih (y> = 32%) (h—y), (4.100)

where h is the height of the triangle.
Substitution of the latter equation into (4.85) and evaluation of the in-
tegral leads to the known result [94]

Ght
153

(1]

= 0.0376Gh*. (4.101)
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Substitution of ¢ from (4.100) into (4.82) yields an integral which cannot
be evaluated in closed form. The result of numerical integration of this is
shown in Fig. 4.4 by the lower curve. Figure 4.4 allows a comparison of the
decrements of torsional vibration in bars with various cross-sections but
the same maximal stresses.

4.5 Torsional vibrations of elastoplastic rods

Consider a cylindrical bar or a bar with a slowly varying cross-section. Let
the centre of gravity of each cross-section lie on the z axis.

Let v denote the angle of rotation of a generic cross-section along z when
the bar vibrates in a particular mode

v=7(2),

where v (2) is assumed to be given. Provided that vy (2) is a slowly varying
function of its argument the stresses in the cross-sections may be approxi-
mated by the formulae
0P + 0P
Toz)g =Gy —, (T2y)g = =Gy —, 4.102
(resdo = 67 G (7o) = ~G - (1102
where the stress function ® is taken for the cross-section z, and the prime
stands for the derivative with respect to z.
In the problem of torsion the displacement in the plane of the cross-
section is given by
up= e,yr. (4.103)

The warping usually has a higher order of smallness and for this reason is
neglected.

Let us proceed now to evaluate the coefficients of the basic equation of
dynamics.

It follows from (4.102) that

To =G M V|, 7o = 0. (4.104)

Substituting these into (4.24) and separating the integration over the cross-
section from that over the bar length, yields

¢ = / (y')z =,dz, (4.105)

L

where =, denotes the complex torsional stiffness of the bar given by (4.88).
In this case the stiffness has the following form

=, —= [1 A (,a” , (4.106)
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l; =mpg (@)

Substituting (4.106) into (4.105) gives

where

¢ =c[l + l.a®], (4.107)

where

c= /E (y)de, (4.108)

L
L=tz () 4.109
*_E/”(y) dz. (4.109)
L
Inserting (4.103) into (4.18) and (4.19) gives the other parameters
m = /172012:, (4.110)
L
p= /Mvdz, (4.111)
L
where
I= / pridqQ, (4.112)
o)
M= /KwrdQ-i— ?{pwrd)\. (4.113)
o A

The integral over € is an area integral over the cross-section, while the
integral over A is an integral over the cross-sectional contour. It has been
assumed for simplicity that both ends of the bar are either free or clamped.
The physical meaning of I is the moment of inertia about the z axis per
unit length, and M denotes an external torque per unit length.

The coefficients of the basic equation of dynamics are thus determined.
The further analysis is similar to that of Section 4.1.

4.6 Vibrations of elastoplastic plates

Consider a thin plate. Let the orthogonal coordinate system zyz be chosen
in such a way that the zy axes contain the mid-plane and the z axis is
normal to the mid-plane.
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Let W (z,y) denote the plate deflection due to a vibration mode. As
shown in plate theory [176] the displacements of a plate point in the zy
plane are as follows

u = —z_,—/./‘ U= —z——. (4.114)

The principal stresses in the theory of thin plate bending are given by

L 2B (W OW
S AN TRl
:E (W 9PW o
0y = T (ay2 +1/8$2>. (4.115)
zE *W
TS e U ey

cf. [176], where E and v are the Young's modulus and the Poisson’s ratio,
respectively. The secondary stresses are at least of one order higher than
the principal ones. With this in view, we do not consider them.

By means of (4.115) we obtain the mean tensile stress

1 z2F
0= 3T (LH AW (1.116)

and the components of the stress deviator

w = T (ijlvg *VO;;Z/ - 1§”Aw>\
I

T _12};2 (‘1 ;VAW) (4.117)
Sew 7T iEuz (1=v) gi?y

where A is the two-dimensional Laplace operator
0? 0?
= =5+ =-
ox? = Jy?
Evaluating the amplitude of the shear stress intensity due to (3.79) gives

S 1—v+ 02 . OPW W 2w 2
2 — (2 2 ' A7 2 _ . 4.11
T2 = (2Gz) Y (AW) = 5+ (awy> } (4.119)

(4.118)




4.6 Vibrations of elastoplastic plates 149

Inserting (4.119) and (4.116) into the expression for the complex rigidity
Ce, €q. (4.24), and integrating over z leads to the result

ce =c¢(1+ la%), (4.120)

where the following notation is used

2 2 2 2
c= /D {(AW)2 -2(1-v) [88;2/ 88;2/ - (g;g;) jl}dQ, (4.121)

Q
3+ _ 2
L= /8Gl (ﬁ) 1 1/+1/2 (AW)Q_
3+« 2 3(1—1/)

Q

14+a/2
aQ . (4.122)

PWEW [ PW®
0x2 Oy? Ozdy

Here D stands for the bending rigidity

Eh3

D=wa=0

and h is the plate thickness. The integration domain in eqs (4.121) and
(4.122) is the area of the mid-plane of the plate Q.

Equation (4.121) yields twice the potential energy of the plate due to a
particular vibration mode W = W (z,y).

Let us determine the other parameters of eq. (4.17) for this case. Neglect-
ing the displacements in the plane of the plate we obtain, due to (4.19),
the following expression for m

m= / phW?2dQ, (4.123)
Q

which is twice the kinetic energy of the plate caused by the velocity field
W =W (z,y).

To evaluate the integrals we make the following assumptions which are
customary for the theory of bending in thin plates:

1) the lateral surface is assumed to be cylindrical with a generator parallel
to the z axis,

ii) one of the surface planes is load-free whereas the second surface plane
is loaded by a normal load p.

Considering the above and substituting the displacements due to (4.114)
into (4.18) gives the following result

p= /quQ + fawar- 7{ (a,a—W + Gya—W) i (4124)
ox dy
Q b\ A
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where
h//z
Q= / p=dz, (4.125)
~h/2
h/2 /2
G, = /pxzdz, Gy == /pyzdz‘ (4.126)
—h/2 —h/2

Expression (4.124) represents the work performed by external loads on
displacements due to the chosen vibration mode. The quantity () denotes
the shear force on the plate contour, while G, and G, stand for the external
edge moments acting in planes parallel to zz and zy, respectively.

In principle, the expressions derived solve the problem of plate vibra-
tions. Formulae (4.121), (4.123) and (4.124) are relatively simple. Appli-
cation of the variational principle in the linear theory of elastic vibration
leads exactly to these equations. Evaluation of the integrals for [, may
cause some difficulties as the integrand contains powers of rather compli-
cated expressions, the orders not being whole numbers. However, the main
difficulty arises when one tries to apply the derived formulae because the
closed form expressions for the vibration modes are known only in a few
cases. For this reason, one has to use their approximated expressions. This
is allowed since the basic equation of dynamics (4.17) is derived from the
variational equation. With respect to the accuracy of this approach the fol-
lowing can be said. Numerous problems of linear vibration theory indicate
that a rather accurate value for the natural frequency (which is an integral
characteristic of the vibration field) is obtained provided that a vibration
mode is well-approximated. Therefore, there exist many reasons to suggest
that some acceptable results will be obtained for the damping parameter
l,, which is another integral characteristic of the vibration field.

4.7 Vibration of rectangular plates with some
boundary conditions

4.7.1 Simply supported plate

Let a and b denote the side lengths and let the origin of the coordinate
system be placed in one of the plate corners. In this case the vibration
modes are given by, cf. [176]

W = sin Az sin uy, (4.127)
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where X\ and p take the following discrete values

T wk

A= = p=—, i k=123, .. (4.128)
a

Substituting (4.127) into (4.123) and (4.121) and evaluating the integrals
yields
2 ab

71_ .
Substitution of (4.127) in (4.122) gives the following integral

m= phazb7 c=D ()\2 + /12) (4.129)

a b
8GL (h\**° oy .2 2 2 11+
l, = 3ral\2 [26 sin” Az sin” py + 2d cos® Az cos uy] dxdy
o
0

0

(4.130)
where

_l [1—1/-{—1/2

1., .
= A2 )2 o a2u2| d = A% 4.131
5 3(1_’/)2( ) p p (4.131)

2

It can be easily checked that e and d are positive.

Integration over one of the variables in (4.130), say z, may be performed
by transformation of the integrand to a form required for the first Laplace
integral (4.94). Indeed, the following identity

2e sin? Az sin? py + 2d cos? Az cos? py = A — Bcos2\x,

holds, in which

A = esin® py + dcos? py,
B = esin? py — d cos? py.

It is evident that
|B| < A.

The integral over z in (4.130) takes the following form
R= /(A — Beos2Az)' T2 dz.
0
By means of a new variable
& =2)\x

and due to periodicity and evenness of the integrand one obtains

R:%/(A — Beos&) /2 de.
0
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Replacing € by m — £ one can easily see that the integral is insensitive to
the sign of B. Thus it can be rewritten as follows
s
a -
R=— /(4 + 1B\cos§)l+“/2 dg.
™
0

By introducing
G sin? juy + d cos? py

4.132
2V ed |sin py cos py| ( )
we can rewrite the integral in the following form
I+a/2 ] 7 - 1+a/2
R = a ({2Vedsin puy cos py — / (z + V22— lcos§> d€.
T
0

The first Laplace integral (4.94) is recognized in this expression, hence

I+a/2 Pl+a/2 (Z)

Zlta/2 (4133)

R =al(e sin? py + d cos? 1y)

Recalling now that R is an integral over z in (4.130), inserting (4.133) into
it and transforming to a new variable

=2y,

we obtain, due to the periodicity and evenness of the integrand,

8GL  /h\*T  fe+a)\'T?

ly=———1{<2 b —— , 4.134
(:(3+a)(2> “ ( 2 ) i ( )

where -
1 ] ])1«}—&/2 (2) 1195
m=— /(1 — ycosn) —Zmdn, (4.135)

0

e—d
v = : 4.136
T e+ d ( )
Finally, inserting ¢, eq. (4.129), and (e + d) /2 into (4.134) yields
S 1+a/2 2 . «
2 — — 2 h (A + p?
LG Bl s - R ) (4.137)
3+ a 6(1 —v) 2

Regretfully, the integral cannot be evaluated in closed form, i.e. a numerical
evaluation is required.
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FIGURE 4.6. Parameter m versus « for a simply supported rectangular plate.

Let us now show that coefficient v depends only on two parameters «
and ~. To this end, z must be transformed due to (4.132) and (4.136), to
give

p = LZOC0ST (4.138)
V1 —~2sinn
An absolute value sign for sinn is not needed because the integration in
(4.135) is over [0, 7], where sinn is positive.

When using this transformation the range of v must be considered.
Firstly, in order to ensure that expression (4.138) exists the following in-
equality

[v] <1 (4.139)

must hold. The same inequality can be obtained by considering the expres-
sion for v due to (4.136) taking account of the positiveness of e and d.
Secondly, by replacing 1 by ™ — 7 it can be easily shown that m is insen-
sitive to the sign of v and depends only on its absolute value. Thus, it is
necessary to evaluate m only for v from the interval [0, 1]. The results of
the numerical calculation are shown in Figs 4.6 and 4.7.

An explicit expression for v which is obtained by substituting (4.131) in
(4.136) is given by

30— v)? 2A?p2
1—v+ 02 ()\2+#2)

5. (4.140)

For example, for the first mode of vibration of a square plate, A = u
which gives v = —0.04 for v = 0.25.
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FIGURE 4.7. Parameter m versus 7 for a simply supported rectangular plate.

The problem of a simply supported rectangular elastoplastic plate has
been studied in [145]. However, the solution reported turns out to be more
complicated than the above solution.

4.7.2 A free square plate

Our analysis will be restricted to the first mode of vibration only. Rayleigh
[174] has shown that if the origin of the coordinate system is placed in the
centre of the plate and the axes are directed parallel to the plate sides, then
the first mode may be approximated by

W = xy. (4.141)
By means of (4.141) we obtain
ab { h\“
=ph—.c=2D(1-v)a® l.=——= (5] - 4.142
TPy © (I=v)at b= 70 <2> (4.142)

Though the analysis presented here is restricted to the above examples,
other types of support condition may be studied by analogy.
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Random deformation of elastoplastic
materials

5.1 The basic results of the theory of stationary
random functions

This and the following Chapters assume that the reader is familiar with
the theory of random functions as described in [190].

The strain deviator e is said to be a stationary random tensor function of
time if all its components e, are: (i) stationary functions of time; and (ii)
stationarily related functions of time. In what follows all these components
are assumed to have zero mean values.

The correlation moment of components e,,, and ep, at the time instant
t is denoted by Kynnpq, i.e.

M [emnepg] = Kmnpg (5.1)

where M denotes a mean value or the mathematical expectation. According
to the definition of stationary random functions the value of Knnpq does
not depend upon time.
The square of the shear strain intensity is given by
1 1

v = §e e = §6mn€mn~ (5.2)
The result of taking the average of this is termed the mean square of the
shear strain intensity and is denoted by I'?. According to its definition

I'? =M [y?]. (5.3)

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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By virtue of (5.1) and (5.2)
; 1 .
Fz - §K7nnnzn . (54)

In what follows, for analysis of linear dependencies the spectral theory
of stationary random functions is used in the general complex exponential
form. For example, a random tensor function e with a zero mean value will
be given by its spectral representation [190]

>

e= /E(w)e“‘”dw,

— 00

—
(&1
ot

=

where E (w) is a symmetric tensor, its components being correlated white
noises of the argument w. These white noises possess the following correla-
tional properties

M {E'”” (W) E;q (wl)] = Smnpq (“‘J) o (w - “‘Jl) ) (36)

where 6 is the Dirac delta-function and the asterisk denotes a conjugate.
Deterministic functions S,,npq for m = p and n = q are called spectral den-
sities of components e,,,, and, in the general case, cross-spectral densities
of components e, and e,,.

The root-mean-square of the shear strain intensity I is obtained by means
of the equation

. 1
r’=M [5e : e*} , (5.7)

generalising (5.2) and (5.3) to a complex representation of random processes.
Inserting (5.5) and using the formula

ME (w): E" (w1)] = S(w) 6 (w—w1), (5.8)

which is a sequence of (5.6), we obtain

>0

r? = / S (w) dw, (5.9)
where )
S (uj) = §S1nn'rnn (w) . (510)

The function S (w) is seen to characterise to some extent the spectral prop-
erties of the strain deviator. For this reason, S (w) is conditionally called
the spectral density of strains.

Characteristics and decompositions of other tensors may be introduced
by analogy.
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5.2 The method of statistical linearisation for
analysing deformations

Consider an elastoplastic material whose behaviour is governed by the set
of constitutive equations (3.2) and (3.3)

[e ]

s =2G e—/ehp(h)dh , (5.11)

0

éh;éO, héh/vh:e—eh,
{ 512

ép =0, \/%(e—eh):(e—eh)gh.

Assume that the strain deviator e is a stationary random function of
time. For the sake of simplicity, we assume that it has a zero mean value.
The material behaviour described by this deformation law is required. Di-
rect application of eqs. (5.11) and (5.12) meets considerable difficulties
caused by the nonlinearity of the equations. Under these circumstances it
is reasonable to make use of some methods of approximation. One of the
most simple and effective methods of analysis of nonlinear control systems
under random perturbations is the method of statistical linearisation [141],
[158] and [190]. This method is applied below to the analysis of material
behaviour due to a random deformation law.

The method of statistical linearisation occupies a special place among
another methods. A general proof of the method does not exist. General
estimates of its accuracy are absent, too. However, comparisons of results
obtained by this method with some exact solutions and with solutions
obtained by other methods of approximation shows that the accuracy of
the method of statistical linearisation, in many problems, is acceptable,
cf. [158]. This justifies to some extent an application of the method of
statistical linearisation to elastoplastic vibrations.

Letting &, # 0, the only nonlinear function in the constitutive equations

(5.12) is the tensor function

h
e, (5.13)

Uh

where vy, is an intensity of the shear strain rate

/1
Vh = §éh: éh. (5.14)

In accordance with the method of statistical linearisation the nonlinear
function (5.13) must be approximated by the following linear one

h
—éh =~ khéh, (515)
Un
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where kp, is a constant which is called the linearisation factor. The latter
is found from the condition of minimising the expectation of the square of
the error inherent from approximation (5.15)

1/ F h
M {5 (—léh — khéh> : <—éh — kéh>} =min . (5.16)
2 \\vp Vh kp

By using (5.14) we rewrite (5.16) in a simpler form

} s
M [(—5 - kh> v,‘i} =min . (5.17)
Vh kn

The requirement of a minimum with respect to k; leads to the following

equation for kj
h
M K— - kh) v%} =0. (5.18)
Uh

= M [un] ;
kh = M [’U}?L] . (019)

It is easy to show that

The mean values of v, and v3 are observed in this equation. To compute
them, one needs the probability distribution law of v,. However, this law
remains unknown until the problem is solved. The problem is solved in
the method of statistical linearisation by assuming that the probability
distribution is already known. As vy, is a non-negative random function an
acceptable approximation is the Rayleigh distribution

f (on) = 22 ( U ) >0 (5.20)
Vh) = 75 €XpP\ —F7=5 }, Vh = U, .
Dy Dj

where D:fl is the mean square of vy. For this case, evaluation of the lineari-
sation factor due to (5.19) yields the following result
nh

kp = —, 5.21
F D (5.21)

where

n=/7/4=0.88.

Of course, another distribution law will give a different linearisation fac-
tor. However, the value of the linearisation factor is known to be nearly
insensitive to a particular distribution law, cf. [141]. It is easy to prove that
the structure of eq. (5.21) remains for other distribution laws and only the
factor n varies. Its values for some particular distribution laws are collected
in the Table 5.1. The normal or the Gaussian distribution law for a random
non-negative variable is recognised on the first line. The above Rayleigh law
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The distribution law Its plot n

\/g ~ 0.80

-
:

_ 2v T~
f=Tpe Vi~ 088
fz\/-TlD;,OSUhS\/gDh §%0~85

f=H, 0<uv < V2D, 242 ~0.94

f=06(wn—Dyn), v, 20

SEN

f=2——— 0<v, < V2D,

N 22 ~0.90

TABLE 5.1.
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is on the second line. The uniform, linear and delta-function distributions
are on the next three. The distribution on the last line is of special inter-
est. It is the law of the distribution of absolute values of harmonics of a
fixed amplitude and an uniformly distributed phase. It is apparent that the
linearisation factor in this case must coincide with that of the method of
harmonic linearisation. Indeed, accounting for the fact that the harmonic
amplitude wl'y, is related to the root-mean-square D}, by the equation

uJFh = \/§Dh
and taking n from the last line of Table 5.1 we obtain from (5.21) that

. 221 4 h
T D, wwly
This coincides with expressions (3.75) and (3.76). Hence, the last distrib-
ution allows the relation between the methods of harmonic and statistical
linearisation to be established. Analysis of Table 5.1 leads to the conclusion
that the value of n depends weakly on the distribution law and is close to
the following average value
7 = 0.90.

This value of the factor n should be recommended for use in practical
problems.
The first equation after the linearisation has been performed takes the
form
knép +ep = e. (522)

If this equation has no solution, the second line of eq. (5.12) must be taken
(see Section 3.1), i.e.

é, = 0. (5.23)

Since equations (5.22), (5.23) and (5.11) are linear the technique of spec-

tral theory of random functions is applicable. By using eq. (5.22) and spec-

tral decomposition of e, eq. (5.5), we obtain the following spectral repre-

sentation
o0

g ezw't
ch / T+ ik, B w)dw (5-24)

-0

The square of the absolute value of velocity strain intensity &, is given by

. 2 1 ’i(w—u,'l)t , {wodw
on]? = //EE(w) L E (w1) (F i e (5.25)

1+ iwkh) (1 — iwlkh>'

Taking the expected values in (5.25) yields the mean square

X0

. . 28 (w) dw
R R v @
WRHA

t
o
[oN
=
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Quantity Dj appears twice in the latter equation, explicitly in the left
hand side and implicitly in the right hand side in terms of kj, see eq.
(5.21). Hence, expression (5.26) is an equation for Dj. If it has no solution,
it means that the original equation (5.22) has no solution for &, # 0. In
this case one must proceed to eq. (5.23). For zero initial conditions we have

e, =0, (5.27)
which leads to the following result
Dy =0. (5.28)

It is easy to see that solution (5.27) is contained in (5.24) if one formally
lets Dy, — 0 in (5.24). Indeed, by virtue of (5.21) k), — co and thus e, — 0,
as required by (5.27). Hence, the solutions of egs. (5.22) and (5.23) can be
represented by a single formula (5.24).

Substituting expressions (5.24) and (5.5) into (5.11) we obtain a spectral
representation for the stress deviator

yz/dchmaM@% (5.29)

— 00

where G. denotes the complex shear modulus given by

7 p(h)dh
c=G|1— [ ——"t— . .
G /1+iwkh (5.30)

0
Thus, the problem is again reduced to the concept of a complex shear
modulus. It is worth mentioning that now the complex shear modulus is
frequency-dependent, cf. its definition (5.30).
Relation (5.29) may be rewritten in the following conditional form

s = 2G.e, (5.31)

provided that it is understood as a separate equation for each harmonic
component in e and s. The similarity of egs. (5.31) and (3.90) indicates
that the problem of random vibrations permits a correspondence principle
similar to that of Section 3.6.

5.3 A general study of the equation for complex
shear modulus

When analysing eq. (5.30) the first and the most important task is to
determine the actual integration interval. To solve this problem, we derive
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one important inequality. To this aim, we insert an explicit expression for
the linearisation factor (5.21) into (5.26). The result is

2 WS (w) dw
" / 1+ (wnh/Dy)?

— 00

(5.32)

Neglecting the one in the denominator of the integrand we arrive at the
inequality

. p2 7
D2 < —h / S (w) dw. (5.33)
— 00
Simplifying it by means of (5.9) gives

2
D;<Di{— ) . 34
<0t () (534
One sees that if Dy # 0, then
T > nh. (5.35)

Hence, non-trivial solutions of eq. (5.32) are possible only if inequality
(5.35) holds. If it is violated, then due to Section 5.2 we must take &, = 0
or Dy, = 0. Therefore, the integration domain in (5.30) is as follows

0<h<T/n (5.36)
As a result, we find that
o h) dh
G.=G|1- 0/ -f—i——?;%; . (5.37)

In order to find the structure of the solution of eq. (5.26), we rewrite it
in the following form

a1 >0 [1+(wkh)2—1] S (W) dw
h kh 1+ (wkh)z .

(5.38)

Transforming the integral due to (5.9) and using kn due to (5.21) we
obtain from (5.38)

(o]

2 Dj 2 S (w) dw .
Dj = (nh)2 r / I (mkh)Q . (5.39)
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Multiplying both sides of this equation by a finite multiplier (nh/ Dh)'2
and combining the terms in the obtained equation we obtain

22 [ Sw)dw
T2 _ (nh)? = / s (5.40)

Dividing both sides by I'? yields

The linearisation factor must be found from this equation. Note that the
right hand side of this equation contains a normalised spectral density of
strain. Hence, the right hand side can depend on the strain level I' only by
means of k. The left hand side depends upon the strain level I' only by
means of a non-dimensional combination (nh/T") . This prompts the general
structure of the solution of eq. (5.41), which is

kn=¢ <n?h> . (5.42)

The particular form of function ¢ (1) depends on features of the normalised
spectral density of strain, but neither h nor I

Substituting the linearisation factor (5.42) into the expression for the
complex shear modulus (5.37) gives

I'/n

B p(h)dh
Ge=G 1_0/1+iw<p(nh/I‘)

Introducing a new integration variable
n =nh/T, (5.43)

we arrive at the following equation for the complex shear modulus, cf. [128]
and [130]

1

p(5n) Ldn

G.=G|1- [l aTT] 5.44
/1+zww(n) (5.44)
0

This expression allows the dependence on the strain level to be found for
any distribution function. In particular, for a power law of yield stress
distribution (2.28)

p(h) = aHR*!,
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we obtain
Ge=G(1+1I'Y), (5.45)
where
1
a—1
- N~ dny .
l=—aHn™% | —————. 5.4
o /Hiw(n) (5.48)

Equation (5.45) for the complex shear modulus predicts a power depen-
dence of the damping properties of the material on the root-mean-square of
strain I'. This conclusion reproduces to some extent the result obtained by
analysis of harmonic deformation. But in this case damping proves to vary
with frequency, as is seen from (5.46). It is unfortunately impossible to draw
some general conclusions on the character of the frequency dependence of
energy dissipation by means of (5.46).

For the forthcoming analysis of the frequency-dependent damping, it is
convenient to write the expression for [ as follows

l=Hn “(l~-R). (5.47)
where .
a—1
Rvilza/—L_—dL. (5.48)
[+ iw ()

We write down the governing equation for ¢ ()

2 = OCS(W)L .
1—n ;_/ T2 1+(w<,0)2‘ (5.49)

The latter has been deduced from (5.41) by using (5.42) and (5.43).
Consider equation (5.49) in some detail. Variable n varies in the interval

[0,1] . The unknown function ¢ (1) is positive due to (5.21) and (5.42). Its

values at the interval bounds are obtained from (5.49) and are given by

Il
Il

0, .
1 (5.50)

0.
0.

Il
Il

n
l

ASTRSY

In order to answer the question of how ¢ (7)) varies within the interval, we
differentiate the both sides of (5.49) with respect to 7, to obtain

,/S(W') w?dw .
o re [1+(w<,9)2r

—
&3
ot
—

N

—2n = —2pp

Hence, ; > 0 and, as 7 increases in the interval [0,1],  increases from
zero to infinity.
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In some cases it seems more convenient to express the shear modulus not
in terms of the root-mean-square of shear strain intensity I' but in terms
of the root-mean-square of shear stress intensity T given by the formula

T =,/M Bs : s*} (5.52)

Inserting here the spectral decomposition of the stress deviator (5.29) and
taking the expected values gives

T? = / 2G2S (w) dw. (5.53)

Returning to the spectral representation (5.29) it is easy to realize that
the integrand in (5.53) is the spectral density of stresses

St (w) = 2G> S (w), (5.54)

and therefore
o0
_ / S () dov. (5.55)

The term ”spectral density of stresses” is conditional and has a meaning
identical to that of the "spectral density of strains”. Assuming that the
effect of plastic strains is very small we obtain with great accuracy that

12G.| ~ 2G. (5.56)

This allows us to simplify expressions (5.53) and (5.54) which finally take
the following form

Sr=(2G)? S (w), (5.57)

T = 2GT. (5.58)

The latter equation allows the complex shear modulus (5.45) to be rewritten

as follows
T\°
c = l . .
G G[1+ <2G> ] (5.59)

However, the elimination of the deformation parameters from the expres-
sion for G. is not complete since G. depends on L The latter depends on
@ (n), cf. (5.46), which is governed by eq. (5.49) containing a normalised
spectral density of strains. Removing the latter by means of (5.57) and
(5.58) yields

0o ST
. 5.60
/ Tz 1+ ( wgp) ( )
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For a practical realisation of the correspondence principle formulated in

Section 5.2 analogies with Young’s modulus and Poisson’s ratio might be
required. By analogy with (3.98) and (3.99) we have

EC:E[1+§(1+V)Z(%>Q:| : (5.61)

1-2v T\“
ve=v-—g (1+v)l (—2—G—> . (5.62)

These may be used for analysis of dynamic problems with a uniform state
of stresses as it has been done above.

5.4 Polyharmonic deformation

A possible application of the method of statistical linearisation for the
analysis of polyharmonic processes in nonlinear systems has been pointed
out in [86], [87] and [88]. For this reason, when analysing polyharmonic
processes we will use some general equations of the previous Sections ob-
tained by the method of statistical linearisation.

For a polyharmonic deformation with harmonic frequencies w; and sta-
tistically independent phases, the latter being uniformly distributed in the
interval [0, 27], equation (5.49) takes the form

. . 511 ) 7
L= =3 b [1 + (wz’vﬂ)z] DY =1 (5.63)
l l

Here the quantities b; characterize relations between the intensities of the
harmonic components in such a way that (b;I‘)2 is equal to the mean square
of intensity of the shear strain with frequency w;.

For a single-frequency deformation [ = 1, b; = 1 and eq. (5.63) becomes

51 —1
1—-n?= [1 + (wlgp)z} . (5.64)
The solution to this equation

wip = S — (5.65)

leads to the following expression for the complex shear modulus

! C A\
1, _d
G.=G 1—/ P (a7) (5.66)

1+ikn/\/1=12|"

0
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where
k=w/w. (5.67)

As the deformation process is monoharmonic it sounds reasonable to speak
about the shear modulus at the process frequency, i.e. put £ = 1 in eq.
(5.66). This gives

1 r r
L) Lg
G.=G 1~/ P () nn (5.68)

1+in/y/1—n? '

By means of some elementary transformations one can prove that the
latter expression coincides with (3.87) up to the denotations for I' and n,
as was expected.

Let us proceed to the analysis of a biharmonic deformation with frequen-
cies w; and we. Equation (5.63) takes the form

0

2 bi b
1— n° = 5 35 (569)
14 (wip)” 1+ (wayp)
b2+ b2 = 1. (5.70)

Equation (5.69) can be reduced to a biquadratic equation for . Its solution
is

B+ /B2 + 4k2n2 (1 — n?)
2(1-17?)

(wip)? = (5.71)

where

k=wi/wy, B=b%+b3k*— (1—n%) (1+k?). (5.72)

It seems reasonable to speak about the values of the complex shear mod-
ulus only for the harmonic components with the frequencies w, (r = 1,2),
ie.

1 L \NT
L) La
G =G 1_/w | (5.73)

1+ iw, e (n)
0

because there are no other components.
Note that wy is given by (5.71) and wa is easily obtained by means of
the following equation
wap = wip/k. (5.74)
Some numerical computations due to (5.73) will be performed later on.

Before we proceed to these, we consider some limiting cases.
1. Let £k — 1. Equations (5.71) and (5.74) then yield

n

wrp =
¥ -

5
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Substituting this into (5.73) leads to the already known result (5.68) for
harmonic deformation.

2. Let k& — 0. This is the case in which the frequencies of harmonic
components differ drastically, w, being the higher frequency. Let us find
asymptotic expressions for w,¢ when & — 0. Equation (5.71) yields the

following approximate expression
1 2k2n? (1 — n?
1 ] ( ) ) A

(MP)Z:W{BHB( B

One can see from the latter equation that the asymptotic expression for
w1 depends strongly on the sign of B = b} + b3k? — (1 —n?) (1 + A?)
when k& — 0. If ) > by, we have wip = /(02 —83) /(1 —n2). If np < by,

then wip = kn/\/(b3 —n?). By using these asymptotic expressions, the
following limiting values of wy¢ and wayy are obtained

LAJ”[OV ’I]<b~2’
UL V@0 /(1 -02). 0> b

> 5 ‘
wap = [ VB b (5.76)

T]>b2.

Substituting these into (5.73) leads to the required expressions for the
complex shear moduli

by

1 - .
L \T p(Ln)Ld
Gy =G |1- p(—’r}) ~dnf/ 4 p(""); _|. (577
JoAn S i/ = b5) /(1= P)

F p(En) Lay

G =G 1_/ |
’ L+in/y/b5 —n?

0

(5.78)

The first expression gives a complex shear modulus for the component with
a very low frequency, whereas the second one is for the component with a
high frequency. Replacing in the latter integral the integration variable 1
by nbs gives

1
Ger =G 1~/ p (Lban/n) Chody | (5.79)
0 n

(1 +in/v/T=7P)
which coincides exactly with the expression for the shear modulus (5.68) for

a monoharmonic deformation with intensity I'b,, the latter being equal to
the intensity of high frequency strain component of the biharmonic process.
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Thus we can conclude that the presence of a very low frequency compo-
nent in the deformation law does not influence the damping properties of
the material at high frequency.

Another fact that is worth considering is that the imaginary part of
the complex shear modulus (5.77) is not zero. Hence, the presence of a
high frequency component does not totally suppress the damping ability
of the material at low frequency. This fact is especially remarkable since
it confirms a hysteretic character of the internal friction. Indeed, if the
internal friction were not of a hysteretic character and were dependent on
the strain rate, the above affect of suppression would take place.

3. An analysis of situations in which the component of the second fre-
quency considerably prevails over the component of the first frequency is
of interest. In order to analyse this situation we let by — 1 in (5.71). The
result is

o= e
i 1-72 1— 72
This gives
1 2 B
n
=G |1- / 5.80
/ 1+zk7)/\/1— (5.80)
_p(an) mdn
Geo=G 1—/ . 5.81
1+in/y/1 —n? (5:81)

As expected, the complex rigidity of the more powerful component G does
not depend upon the weak component. But the complex modulus of the
weak component G.; is totally dependent on the intensity of the strong
component and the ratio of both frequencies. Coincidence of expressions
(5.80) and (5.66) is somewhat unexpected.

In conclusion we consider some examples of numerical work from equa-
tions of the present Section. The complex shear modulus was taken in the
form of (5.45), (5.47) and (5.48). Figures 5.1-5.5 show R;, Ry, I; and I,
versus k for various values of by and a = 1. The results were obtained by
numerical integration.

Analysis of these figures leads to the following qualitative conclusions.

1. The damping of each frequency component depends on the global
intensity I', intensities of the harmonic components and the ratio of their
frequencies, but it does not depend upon the values of the frequencies.

2. The curve I, (k) lies above the level I (0). By means of analysis of
the limiting case it has been shown that I5 (0) characterises the damping of
the high frequency component when a low frequency component is absent.
Hence, damping I3 of the high frequency component is always higher with
a low frequency component than without it.

3. The dashed lines in Figs 5.1-5.5 show the value of I; which corresponds
to the damping of the low frequency component when a high frequency
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FIGURE 5.1. Parameters R, and I, for the first (r = 1) and the second (r = 2)
harmonics versus k for b3 =0 and o = 1.
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FIGURE 5.2. Parameters R, and I, for the first (r = 1) and the second (r = 2)

harmonics versus k for b3 = 0.25 and o = 1.
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FIGURE 5.3. Parameters R, and I, for the first (r = 1) and the second (r = 2)
harmonics versus k for b2 = 0.5 and a = 1.
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FIGURE 5.4. Parameters R, and I, for the first (r = 1) and the second (r = 2)
harmonics versus k for b3 = 0.75 and o = 1.
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FIGURE 5.5. Parameters R, and [, for the first (r = 1) and the second (r = 2)
harmonics versus k for b2 = 1 and a = 1.

component is absent. This line crosses the curve I (k) for any value of by
from the interval [0, 1] . Hence, damping of the low frequency component is
always higher with a high frequency component than without it for not very
distinct frequencies (k ~ 1) and lower for considerably distinct frequencies
(k~0).

4. A total suppression of the damping ability of the lower frequency
component (k == 0) does not occur, since I; (0) # 0 for 0 < by < 1.

5.5 The simple case of broad band deformation

The simplest broad band random process is white noise. However this
process is not suitable for analysis. The reason for this is that it has an
unbounded root-mean-square I'. The latter appears in the main equations
of Section 5.3 which are not feasible for unbounded values of I'. With this
in view we consider an analysis of material behaviour for a random defor-
mation with the following spectral density

5
S(w) = ———
() W(1+52w2)

where 3 is positive. The root-mean-square of this process is bounded and
equal to I'2. Substitution of (5.82) into (5.49) and evaluation of the integral
yields the following equation for ¢

1-n*=8/(B+¢). (5.83)

., (5.82)
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Its solution is

o =07/ (1-n%). (5.84)
Inserting this into the expression for the complex shear modulus (5.44)
gives

’ r \[
p (1) zdn
c = 1-— Tt , 5.85
Ce=G /1+i9n2/(1—n2) (5.83)
0
with Q being a nondimensional frequency 2 = wf.

For a power function of the yield stress distribution (2.28)
p(h) =aHh* ' a >0, (5.86)

we arrive at equations for the complex shear modulus (5.45) and (5.47) in

which )

. n* ldn
> — il = . 87
Reil = [ b (5.87)

0

This integral may be expressed in terms of the hypergeometric function F
as follows

R—il =F(1,5,1+35,1-) - Qf:aF(L 1+5,2+5, 1-i0).

(5.88)
As a matter of fact, the existence of this formula is useless because of the
absence of suitable tables. For this reason, it seems reasonable to perform a
numerical evaluation of the integral in (5.87). For « being a whole number
integral (5.87) can be expressed in terms of elementary functions. For « — 0
we have

R—il =1,

and the imaginary part is equal to zero. It indicates that a ”linear inter-
nal damping” does not exist. The previous analysis of ”internal damping”
under harmonic deformation has already led to this conclusion.

For o« — 1 we obtain easily that

i 192

R—il = — |1+ — In . (5.89)
1—-14Q VT2 (14 1-i)°
The dependencies of R and [ versus §2 are shown in Fig. 5.6.
For oo — 2 the integration in (5.87) yields
1 12 In Q2
— ] = . 5.

R—1 1—iQ[1+1~iQ} (5.90)

The results of computation due to the latter equation are shown in Fig.
5.7. The dashed lines in Figs 5.6 and 5.7 visualize the values of R, and I},
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for harmonic deformation with the same value of I'? as for the broad-band
process.

Dependencies I = I () are of crucial interest, as they determine the
damping ability of a material. Their consideration leads to the following
qualitative conclusions.

1. The damping properties of a material under broad-band deformation
do not strongly depend on frequency, at least in that part of the spectrum
which is shown in the above figures. The main portion of energy of the
random process is contained in this part of the spectrum.

2. The curves I = I () and I, = I, () are located rather close to
each other in the main part of the spectrum. This allows us to draw the
important practical conclusion that the error is expected to be relatively
small if one takes the damping factor computed for a monoharmonic de-
formation with the same mean square as for the analysis of a broad-band
deformation. Figures 5.6 and 5.7 indicate that the maximum error due to
this approximation may be estimated as 50% of Ij.

5.6 On determination of the distribution density of
defects p (h)

A density of defects distribution is needed for effective use of the equa-
tions of this Chapter. In the fourth Chapter wherein the problem of single-
frequency vibrations was studied in detail, this question was not considered
since for the analysis of vibration in a body of arbitrary form it is suffi-
cient to know only the universal material characteristic, namely a function
B3 (T"), which is an integral transform of p (k). The function 3 (T') allows im-
mediate identification from a test with a uniform state of stress, say, pure
shear. However, in random vibration problems the complex shear modulus
depends essentially on the spectral density of strains, so one fails to intro-
duce a universal integral characteristic and function p (h) itself is required.

One of the possible ways to determine p (h) is to use experimental data on
damping properties of materials for a simple deformation process. Assuming
that the latter is a harmonic process, we assume that the dependence of
the energy dissipation factor

o(5) = o

on parameter I'/n is known, Im denoting an imaginary part.
Introducing the notation that

z=T/n,n=sinp, u(h) = hp(h) (5.92)
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and making use of (5.91) and (5.68) yields the following integral equation
/2

v(z) = / u (& sin @) cos? pdep. (5.93)
0

The solution to this equation gives the required answer on the posed ques-
tion. Let us construct the following combination of parameters

w(x) =2v(z)+ v (), (5.94)
where the prime denotes derivation with respect to z. Then
/2 w/2

w(x) =2 / u (i sin @) cos® pdp + / Tu (zsin @) cos® psinpdyp.  (5.95)

Simplifying the latter integral by means of integration by parts we arrive
at the classical Schlomilch equation

/2
w(z) =2 / u (zsing) dy. (5.96)
0

The only smooth solution to this equation, cf. [188], is given by
/2
u(x) = w(0) +x / w (zsing)de| . (5.97)
0

One must put v(0) = 0 and thus w (0) = 0, otherwise the expression for
p (h) has a singularity

h
which is not integrable at h = 0. This contradicts the physical meaning of
p (h) which is a probability density, and, thus must be integrable. Putting
w(0) =0 in eq. (5.97) we obtain due to (5.92)

2w (0)

w/2

/ w (zsing)de. (5.98)

0

p(x) =

EREN

The final result in the original notation is as follows

w/2

/ 3v (zsing) + v’ (xsing) xsing| dp. (5.99)
0

1o

p(z) =
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As follows from (5.99) the model of the elastoplastic material under con-
sideration does not admit an amplitude-independent dissipation of energy.
If v were constant then (5.99) would render p = 0 and thus v = 0 due
to (5.93). The latter means that energy dissipation is absent. The same
conclusion has been drawn in Section 2.4 based on an approximation of the
distribution density in the form of a power function.
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Random vibrations of elastoplastic
bodies

6.1 The Galerkin method in the problem of
random vibrations

Proceeding to the boundary-value problems of the theory of elastoplastic
vibration, we make use of the variational equation of continuum mechanics,

eq. (4.9)

/[p(ii—K)-éu—l—‘r:6e]dV-/p‘6udO:0. (6.1)
14 o)

The vector of displacement is sought in the form of a series expansion in
terms of the free elastic normal modes u; of the body

N
u= Zulql ), (6.2)
=1

where g; are functions of time only and referred to as the generalised coor-
dinates.

The normal modes of the elastic vibrations of the body satisfy the known
conditions of orthogonality

fpun : uldV - mlénla

A%
T (k0,29 + 4Gen - &) dV = b, (63)
|4

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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where ¥; and e; denote the dilatation and the strain deviator for I-th normal
mode, respectively, and §,; stands for the Kronecker delta.
The coefficients m; and ¢; are given as follows

my = /pude. o= /(AI)IZ +4GT}) v, (6.4)

% v

with T'; being the intensity of the shear strain due to [-th normal mode.
Coefficients m; and c¢; are called the generalised mass and the generalised
rigidity, respectively.

Considering only those variations in (6.1) which belong to class (6.2)
and taking into account that the variations §¢; are arbitrary, we obtain by
means of the orthogonality conditions (6.3) the following set of equations
for the generalised coordinates

miGgr+Br=Q =12, ...N, (6.5)
where
Qi (t) = /pK ~wdV + /p -wdO, (6.6)
v O
B = /T 2 g dV. (6.7)

v

The system (6.5) is nonlinear since the relation between 7 and € is given
by the nonlinear equations of Section 3.1. Assuming that the external loads
K and p are stationary random functions of time, the generalised forces
Q (t) turn out to be stationary and stationarily related random functions.
A steady-state solution of system (6.5) is then governed by stationary and
stationarily related random functions ¢;. In order to facilitate the problem
of their determination we perform a statistical linearization of the nonlin-
earity in eq. (6.5) before evaluating the volume integral (6.7). Using the
linearization results of Section 5.2 yields

N

711[(']'1 +aq + Z Dlen (t) - Ql » (()8)
n=1
where
Dy = /2 (G. — G)e,: edV. (6.9)
v

While deriving eq. (6.8) we converted to the complex exponential form of
the variables. The coefficients D,,; are complex frequency-dependent values,
so that the form of eqs. (6.8) is as conventional as that of eq. (5.31).
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In system (6.8) the effect of plastic deformation is taken into account by
terms ;. Provided that the latter are absent, i.e. D,; = 0, system (6.8)
takes the following form

m[(:j[ + caqr = Ql . (610)

This equation describes the driven vibrations of a set of non-interacting
oscillators with the natural frequencies
wp = i (611)
my

It what follows, a typical case in which all natural frequencies are different
is studied.

In applied problems of the theory of energy dissipation, the effect of
plastic deformations is usually very small, that is |D,;| < ¢;. The asymp-
totically leading part of the solution is governed by the following system of
equations

mygr + (e + Du) g = Qu, (6.12)

with a diagonal matrix of coefficients, cf. [38] and [189)].
By means of a spectral representation of random functions

Q) = / ety (w) dw, (6.13)

with V (w) being correlated white noises, it is easy to find the stationary
solution of system (6.12)

oo .
ezwt‘/l w) dw
al= [ S (6.14)
¢+ Dy — myw
—00

Expression (6.14) is a spectral representation of the generalised coordinates.
The probabilistic properties of the variables of interest can be easily found
from the latter equation by means of the standard technique of the spectral
theory of random functions. For example, a spectral representation of the
strain deviator is as follows

3 elVl “"tdw
= 1
€= / z a+ Dzz - mw?’ (6.15)

Inserting this into an expression for I'? and taking the expected value yields

: e, S (w) dw
1
2 Z / Cz + Dy — muu?) (Cn + Dy, — mnw2)’ (6 6)
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where S;,, (w) is a cross-spectral density of the generalised forces @; and
Q@n.

It should, however, be kept in mind that the problem of defining I is not
completed since the expressions for G, and thus D;; depend on some root-
mean-square values. In order to determine these, let us consider eq. (5.49).
By virtue of (6.16) the spectral density of strains S (w) which appears in
this equation is as follows

1 e e, S (u,)
S(w) =< . ).
(u’)) 2 ; (C[ + Dy — mlw'z) (C” + D:m — mnw2) (6 17)
Equation (5.49) then takes the form
o0 2]

‘ 1 {1 + (wyp) ] e : e, S, (w)dw A

1—7,2:—2/2 4 = (6.18)
2r — (a0 + Dy — myw?) (en + D, — myw?)

An expression for Dy that appears in the above equations is given by

1

Dy = /4GF‘f /.;p (L,) Ed,n v, (6.19)

l4+iwe(n) " \n')n
v 0

with I'; being the intensity of the shear strain due to [-th normal mode.

Equations (6.16), (6.18) and (6.19) form a closed system of equations for
the unknown variables I, D;; and ¢ () . It should be noted that I is not a
constant, but is dependent on the spatial coordinates, cf. (6.16). Function
(1) also depends upon the spatial coordinates, while coefficients D;; are
frequency-dependent. For this reason, the problem of solving the present
system of equations is very difficult in general.

By formally substituting egs. (6.16) and (6.19) into (6.18) the whole
problem is reduced to a single equation for . Function ¢ is present in this
equation not only explicitly, but also implicitly by means of the integral in
Dy;. Therefore, this equation is an implicit integral equation.

Let us consider some particular external loads.

A practical situation of considerable interest is the case in which the
external loads (6.13) are wide-band, i.e. they are assumed to have smooth
spectral and cross-spectral densities. Consider first expression (6.16). For
D;; — 0 such an integral

o0

/ Sin (w) dw
(C[ + Dy — mluﬂ) (Cn + D;"m — mnwz)

is bounded if | # n whereas the following integral
Si (w) dw

I = (6.20)
|Cl + Dy — mlelQ
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increases without bound for a smooth spectral density Sj; (w). Therefore,
for small D;; the terms n = [ form the major contribution to the sum in
(6.16), so that we have asymptotically

r?=> "T{IL. (6.21)
l

Let us find an asymptotic representation of integral (6.20) for small Dy;.
The main contribution (in accordance to the terminology of [36]) is due to
the points w = +wy, i.e. the following approximate equation is obtained

T dw
I = 25, / o (6.22)
/ ler + Dy (wi) — myw?
where
Si = Sy (wy)

and Dy; (w;) stands for Dy; at w = w;. As the denominator of the integrand

in (6.22) is a quadratic function of w? use is made of the following integral,
cf. [44]

7 dz _ mcos(a/2) (6.23)

a+bz2 +czt 2cg3sina’
0

where

—(f’ sa= -2 (6.24)
q= 4/, cosa= N .

This leads to the following asymptotic value of the integral

7S,
mlwldl’

(6.25)

where

1
r
di :/4Gr;~’ /L’”Qp (—n> Lan\av (6.26)
L+ [wip(m]™ \n /7
1% 0
Equation (6.21) then takes the form

2
rz =y 2o (6.27)

mwd;

Similar evaluations allow eq. (6.18) to be simplified and represented in the
form

WF?S{ 1

1-n%= .
~ T2mywidi 1+ [wig)?

(6.28)
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Equations (6.26)-(6.28) generate a system of equations for I', ¢ and d,
in the case of a wide-band loading.

It is worth noting that eq. (6.28) for ¢ has the same structure as eq.
(5.63) in the case of a polyharmonic deformation provided that

9 728,

= it 5 ¢
L T2iwd, (6.29)

This is certainly not a coincidence, but reflects the fact that the vibrations
of a lightly damped body under broad-band load are a set of narrow-band
vibrations, their mean frequencies being close to the body eigenfrequencies.

The following case is of some interest to experimentalists. Several har-
monics are tuned in resonances with some natural frequencies, but have
random and independent phases. Assuming that the each phase is uniformly
distributed in [0, 27] and retaining only asymptotically leading terms we
obtain from (6.16) and (6.17)

. I'fa? . I'a? 1
21: 2 ZI: 202 1+ o)

where

ap = Al/dl. (()31)

In these equations a; and A; imply amplitudes of harmonics with frequency
w; 1n generalised coordinate ¢; and generalised force Q;, respectively. Equa-
tions (6.30) together with eq. (6.26) generate a system for ', ¢ and d; in
this particular case of loading.

Equations (6.12) can also be used for analysis of a slowly-decaying free
vibration in an elastoplastic body. Putting ); = 0 in them and looking for
a solution in the form

a (t) = Re [al (t)e'“"m] . (6.32)

where a; is an amplitude and ¢, is a phase, we obtain by the method of
slowly varying coeflicients, see Section 2.6, the following equations for
and ¢,

(l[d[

DR 1y ('l( o . 6.33
e ! 2my ( )
Only asymptotically leading terms are retained in these equations, d; be-
ing a small parameter. These equations enable us to find a logarithmic

decrement of slowly-decaying vibration due to each mode of vibration
A= 7rdl/c1. (6-34)

We evaluate the integrals in egs. (6.18) and (6.16) under the assumption
that the initial values of the phases ¢, (0) are statistically independent and
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uniformly distributed in the interval [0,27]. As a result we arrive at eq.
(6.30) which together with egs. (6.26) indicate a very complicated depen-
dence of decrements (6.34) on the amplitude of the harmonics a;.

Sometimes it is convenient to use the relations in which the stresses
appear. The following formulae, cf. egs. (5.58) and (3.1)

T =2GT,
T, = 2GT, (6.35)
g = k7.91

solve this problem. In these equations T stands for the root-mean-square of
the shear stress intensity, whilst 7; and o; denote intensities of shear stress
and mean normal stress for the /-th mode of elastic vibration, respectively.

As mentioned above, the performed analysis is valid only for sufficiently
distinct natural frequencies of the body. The case of equal or a rather close
natural frequencies gives rise to additional difficulties. The main complica-
tion is that the system (6.8) cannot be replaced by (6.12) because one has
to take into account the non-diagonal elements D,,;. This question will not
be studied here. It will only be pointed out that the equation derived may
be applied to the case of equal natural frequencies w,, = w; provided that
the non-diagonal elements D,,; vanish and the corresponding generalised
forces @Q,, and @, are statistically independent, i.e. S, = 0.

6.2 Random vibrations of an oscillator

Consider a simple example of an elastoplastic body under a broad band
random loading. The system under consideration is depicted in Fig. 2.5,
p(t) implying now a broad-band random load. The system body consists
of a lumped mass m and a cylindrical elastoplastic element of length L and
cross-sectional area F. By analogy with Section 2.5 we assume that the
mass of the elastoplastic element is much smaller than the lumped mass. In
this case, the fundamental frequency of longitudinal vibration is essentially
lower than the other eigenfrequencies of longitudinal vibration. Assuming
that the loading spectrum is broad but does not reach the frequency do-
main of higher eigenfrequencies, we conclude that only the fundamental
frequency may be included in the analysis.

Let us denote the vertical displacement of the lumped mass by ¢;. The
fundamental mode of the deformable element w; is then as follows

wy = z/L, (6.36)

where z is the vertical coordinate, z = 0 corresponding to the fixed end.
The only non-zero stress is the normal stress ¢. which is constant over
the volume of the deformable element when the system vibrates due to its
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fundamental mode. Hence

Ty = 0./V3, (6.37)
and o is expressed in terms of w; as follows

dw 1 F
=F—=—, 6.38
dz L ( )
where F is the Young’s modulus of the material of the deformable element.
Neglecting the mass of the deformable elements and using the equations
of Section 6.1, we obtain

my =m, (6.39)
cg=EF/L, (6.40)
Q1) =p(1). (6.41)

Equations (6.26)-(6.28) together with eq. (6.35) lead to the following
expressions

1
le wi () Tn T
= s d 42
G / ww»(?) 2P 2Gn ) 2Gn 7]7 (6.42)
0
. 7T2S
2 _ 4191
T - 77210.)1(11 ' (643)
1
1= = {1+ e @’} . (6.44)

The latter equation coincides exactly with the equation for ¢ under
monoharmonic deformation at frequency w;. The only value of frequency
that appears in eq. (6.42) is w;. Hence, analysing the vibration of an oscil-
lator under a broad-band excitation we can use the results of the energy
dissipation theory derived for a harmonic deformation. This reflects the
fact that a lightly damped oscillator driven by a wide-band random load-
ing exhibits narrow-band random vibrations with a central frequency equal
to the oscillator’s eigenfrequency.

As a matter of fact, the example studied is concerned with the random
vibration of a hysteretic oscillator. This problem has been reported in the
literature, cf. [23], [43], [101] etc., and an approximate solution has been
found. The solution relied very much on the assumption of narrow-band
vibration of the oscillator which allows the dependencies for harmonic vi-
brations of the hysteretic element to be applied. The present analysis actu-
ally gives a formal substantiation of this technique. Moreover, the general
equations of Section 6.1 allow us to omit the assumption of small hysteretic
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effects or narrow-band vibration. By means of eqgs. (3.114) and (3.94), ex-
pression (6.42) can be transformed to the familiar form
T?
e D(T).
Function D (T') has already appeared in the analysis of single-frequency
vibrations of an elastoplastic body. It should, however, be kept in mind
that in this case one must put n=0.90 in the equation for D, and not
n = 1.27 as in Chapters 3 and 4. It has already been pointed out in Section
5.2. There also exists a difference in the arguments of the function D. Here
T denotes a root-mean-square of intensity of shear stress whereas in the
above Chapters it denoted amplitude of the shear stress intensity.

The above-said is completely applicable to vibrations in an arbitrary
body provided that it is known a prior: that one vibration mode is sufficient
for the modelling. The resulting equations are

d, =FL

T2
d = ElD(T) dv, (6.45)
v
T2 — LQSI (6.46)
- mywidy .

Equations (6.45) and (6.46) provide us with a system of equations for
unknown 7T and d;. Substitution of the expression for 7' due to (6.46)
into (6.45) yields an algebraic equation for d;. After its solution, T' can be
found by means of (6.46). For example, for a power function (2.28) and a
homogeneous material we obtain the following equation for d;

a2 24«
1+a/2 _ 7Sy T
42 = 4Gy <m1w1> / (—2 G) dv. (6.47)
v

Here g is given by (3.89) taking account of the above difference in values
of n. Some examples of the evaluation of the integrals for certain bodies
can be found in Chapter 4.

By means of the solution of eq. (6.47), the value of T is given by

T = AT, SV ), (6.48)

where A is a constant. As seen from (6.48), an increase in the load intensity
does not lead to a proportional increase in stresses. The latter grows more
slowly than the load.

Let us proceed to considering of the resonant vibration of a body due to
its arbitrary single mode. The first equation in (6.30) and equations (6.35)
yield

o _ TPAT

T? = : (6.49)
22
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Inserting this into (6.45) we obtain an equation for d; for this particular
load. For a power dependence p (h) it takes the form

e . 24
l+a/2 Al Tl =
d =4Gyg (7§> / <‘2G> dv. (6.50)

The stresses are found by means of (6.49) due to d; given by (6.50). The
result is

T = BT AV, (6.51)

with B being a constant. Comparison of egs. (6.48) and (6.51) leads to the
conclusion that the stresses grow more rapidly in the second case than in
the first one for the same increasing load.

An analysis of decaying vibrations in a single-degree-of-freedom-system
is performed due to the general equation (6.34). The vibration decrement
is

-1

1I3(1-20) y  u] o T2 -

A= — | —— d — dV, .52

A /G{Q(Hy)z srlavy [ Eo@av. (65
J _

where v is the Poisson ratio and ¥ denotes the root-mean-square of the
mean normal stress. As might be expected, expressions (6.52) and (4.30)
formally coincide. One should however be reminded of the different deno-
tations in these expressions.

6.3 Analysis of experiments of biharmonic
vibrations

The following experiment on a cantilever thin-walled tube-like specimen
with a massive disc on its end has been reported in [143]. Assuming that
the disc mass is much greater than the specimen mass, a practically uniform
state of stresses is observed in the specimen when the system vibrates due
to its first torsional and first longitudinal modes.

The torsional vibration causes a state of pure stress with an amplitude
of shear stress A; in a thin walled tube, hence

T=T,$=0T = A/V2 (6.53)

Substituting these values into the general formula (6.52) we obtain the
following expression for the decrement of torsional vibration

Ay =D(T)). (6.54)
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Vibration due to the first mode of longitudinal vibration causes an uni-
axial stress state, i.e.

Ay T
T=T=—,Y=—, 6.55
where A; stands for the amplitude of the normal stress. By virtue of egs.
(6.55) and (6.52) we obtain the decrement of longitudinal vibration

2(1+v)

A= 3

D(Ty). (6.56)

In the case of joint torsional-longitudinal vibration due to the above
modes we arrive at equations (6.30) and (6.35) which are as follows

T? = T? + T7, (6.57)
2 2
1-7% = bi 5+ bi 5. bt:E, blzg, (6.58)
L+ (wip)” 1+ (wie) T r

with w; and w; denoting the frequency of torsional and longitudinal vibra-
tions, respectively.
Direct evaluation shows that the following identity

e e = 0 (659)

holds, where e; and e; stand for the strain deviator of torsional and lon-
gitudinal vibration mode, respectively. Therefore, due to (6.9) D,; = 0 for
n # l. Taking into account the remark at the end of Section 6.1, we come to
the conclusion that the equations of Section 6.1 are applicable in this case
even if the frequencies of the torsional and longitudinal vibrations coincide.
Equations for the decrements for each mode in the case of joint decaying
vibrations are obtained by means of egs. (6.34), (6.26) and (6.35). By virtue
of egs. (6.53) and (6.55) we find

1
wep (1) < Tn ) T
A = d )
' ﬂ/lﬁ-[wtgo(n)]zp 2Gn ) 2Gn""

A = 1+u) - wip () ( Tn
1+ wip (n)]* \2Gn

T
> 2Gndn. (6.60)

Counsider some limiting cases. Let the frequencies of torsional and longi-
tudinal vibrations coincide. Equation (6.58) is then converted into (6.44)
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which by virtue of general formulae (6.60), and leads to the following vi-
bration decrements

A =D (/T?fﬁ) A= &31”—)1) (m) . (661)

Thus, they can be estimated by using dependence (6.54) for pure tor-
sional vibrations. For the sake of simplicity, we restrict ourselves to the
case of a linear dependence for D (T), the latter being rather popular in
practical applications and a good approximation to available experimental
data. This enables expressions (6.61) to be represented in the form

Ay = Ay By (Tl/Tt) , Ay =D (Tt) ) (6-62)

2(1+v)
3

By (g) 1+<2> Bl<§:) 1—%—(;:;) (6.64)

The decrement of torsional vibration without a longitudinal one is denoted
by Ay, whilst B; characterises the change caused by the presence of the
longitudinal vibration. By analogy, Ao means the decrement of longitudi-
nal vibration without a torsional one, while B; describes the change caused
by joint torsional-longitudinal vibration.

Dependencies B; and B, versus their arguments are represented by the
upper curves in Figs 6.1 and 6.2. These indicate an increase in the decre-
ment of torsional vibration after superposition of a longitudinal vibration,
and vice versa.

Let us consider the limiting case in which the longitudinal frequency is
much higher than the torsional one. Considering the ratio w;/w; to be small
and finding an asymptotic solution of eq. (6.58), we obtain as in Section

5.4
o — | Mrfw)) [V =P <b, (6.65)
v VR =)/ (1—n?), n>b. '

Substituting (6.65) into (6.60), we come to the following asymptotic ex-
pressions for the vibration decrements

Ay = AoBi(T,/Th) , Do = D(Ty). (6.63)

where

1
_ T 2\ (12 B2 In T .
Ay = b2 /\/(1 n?) (n* — b7)p (2Gn> ~2G’ndn’ (6.66)
b
2 ( y T T
m(1 “+ v 2 _ n
A= 3b2 / b —n*p (2Gn> —QGndn' (6.67)

0
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Replacing in the latter integral its integration variable 7 by nb; leads to the
following result

2(1+v)

3

Expression (6.68) coincides exactly with the decrement of longitudinal vi-
bration (6.56). Hence, the presence of a low frequency torsional vibration
does not influence the decay of high frequency longitudinal vibration. The
following fact is also worth noting. The decrement of torsional vibration
(6.66) is never zero, i.e. the presence of high-frequency longitudinal vibra-
tion does not completely suppress the damping ability of a material at
low frequency torsional vibration. However, it is rather difficult to give an
answer on the question as to whether this damping ability increases or de-
creases due to superposition of the longitudinal vibration. The reason for
this is the complexity of expression (6.66). Therefore, we study a particu-
lar case p=const in which the dependence D = D (T is linear due to egs.
(3.94) and (3.114). The integral in (6.66) is evaluated, yielding equations
(6.62) and (6.63) in which

A = D(Ty). (6.68)

By=1. B, = - [2B(b) ~ E(b). (6.69)

where B and E are complete elliptic integrals. The dependencies (6.69) are
represented by the lower curves in Figs. 6.1 and 6.2. The Figures indicate
that superposition of a high frequency longitudinal vibration leads to a
decrease in decrement of low frequency torsional vibration.

A theoretical analysis of the specimen behaviour for another frequency
ratio and p= const has been performed by means of numerical integration in
the general formulae (6.58) and (6.60). The result is given by egs. (6.62) and
(6.63), and the dependencies B; and B; versus their arguments are shown
in Figs. 6.1 and 6.2. The numbers near the curves indicate the frequency
ratio wy /w.

The case in which the torsional frequency is equal to 20% of the longi-
tudinal frequency has been observed in a test by Novikov [143] and [112].
Based on the test results the following qualitative conclusions were drawn:

a) Superposition of torsional vibration causes no change in the decay of
a longitudinal one.

b) Superposition of longitudinal vibration causes a change in the decay
of torsional vibration, this decay increasing with increase of amplitude of
normal stress.

Generally speaking, Figures 6.1 and 6.2 lead to the opposite conclu-
sions. The conclusions of the above test and the present theory coincide if
T,/T; > 2, which was not provided by the test. This discrepancy between
the theoretical and experimental conclusions does not give sufficient reason
to reject the model of elastoplastic material in the theory of internal damp-
ing. Only one material has been tested in the above experiment. Therefore,
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one can only assert that this particular material exhibits more complicated
behaviour than the present theory predicts.

Let us proceed now to other experimental investigations. Bending-torsio-
nal vibration of a clamped-clamped solid round rod with a massive disc in
the middle has been studied in [147], [83] and [82]. The disc was attached
to the rod without eccentricity. Two vibration modes were excited, namely,
the first mode of torsion and the first mode of bending. The decrements of
each mode were measured separately.

Theoretical analysis in this case must be done by means of the general
formulae (6.34), (6.26) and (6.4). In cylindrical coordinates r, 8, z, the z
axis being the axial coordinate of the rod, the stress distribution due to
the first torsional mode is given by

T="Tp, ==0. (6.70)

Here p is a nondimensional radius, 0 < p < 1, and T; is the root-mean-
square of intensity of shear stress on the rod surface. When the rod vibrates
due to its first bending mode, the stress distribution is as follows

_ Typ

=5

a non-dimensional axial coordinate ¢ changing within the interval [—2, 2]
and T, denoting the maximum root-mean-square of shear stress intensity
(at clamping).

Direct evaluation shows that in this case the following equation holds,
cf. (6.59)

T = Typ|(1 - [¢))cost], & (1 -[¢cosb],  (6.71)

ep:e =0, (6.72)

where e, and e; stand for the strain deviator of the bending and longitu-
dinal vibration modes, respectively. Therefore, the equations of Section 6.1
are applicable for any frequencies of the torsional and longitudinal vibra-
tions even if they coincide.

For joint bending-torsional vibration due to the above modes, we obtain
by means of egs. (6.30) and (6.35)

T = p\/T2 + T2 (1 - [¢])? cos? 0, (6.73)

by 8
L+ (W)’ 1+ (wpp)?

1-7n?= (6.74)

where

Ty |, _ Tyl(1-[¢)cosh)
T ° =P T )
and w; and wy, are the eigenfrequencies of torsional and bending vibration,
respectively. The decrements of torsional and bending vibration are ob-
tained by egs. (6.34), (6.26) and (6.4). By virtue of the stress distributions

bt:

(6.75)
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FIGURE 6.3. Ratio of torsional decrements versus ratio of shear stress intensities
for some values of k.

(6.70) and (6.71), we obtain

A, = / / / H&":f;(;)} p( QTG” ) Tp® ~ dndpd(ds, (6.76)

32(L+v)wep(n) (T ) Tp® 2 o
A 1-
b= /// / L1 e (7 )] D 5Cn ) 2Gm (1 = ¢)” cos” dndpd(db

(6.77)

where T is given by (6.73).

The computations due to (6.76), (6.77) and (6.74) can be done only by
means of numerical integration. The results are depicted in Figs. 6.3 and
6.4, Ayo denoting the decrement of the torsional vibration without the
bending one, and A denoting the decrement of the bending vibration
without the torsional one. The numbers near the curves correspond to
the following ratio

k= w/wp.

The computations were performed under the assumption that function p (h)
was independent of its argument h and the plastic properties of the material
may depend on the radius p. The latter two diagrams are similar to the
curves of Figs. 6.1 and 6.2. One difference is however striking, namely the
influence of the bending vibration on the torsional one becomes weaker,
whereas the influence of the torsional vibration on the bending becomes
stronger.

The tests reported in the papers [147], [83] and [185] dealt with the case
where the frequency ratio k for all materials under consideration was close
to 0.5, i.e. k = 0.5. The experimental results are shown in Figs. 6.3 and
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FIGURE 6.4. Ratio of bending decrements versus ratio of shear stress intensities
for some values of k.

6.4 by points [83], crosses [147] and circles [185]. A rather good qualitative
agreement of tests and theory is seen, however a considerable quantitative
discrepancy for A, is observed.

Taking into account what was said in Section 4.2, we may draw the
general conclusion that the plasticity theory enables numerous fine effects
of the energy dissipation in vibrating materials to be correctly predicted.

6.4 Differential equations of vibration in thin
plates

Analysis of vibration in thin plates and thin shells driven by a broad-band
distributed load produces considerable difficulties even in the framework
of linear theory, e.g. for a ”linear damping”. The main complication is the
broad band spectrum of external load and high modal density, i.e. a very
large numbers of modes of vibration must be taken into account when the
solution is sought in the form of an expansion in terms of normal modes,
cf. [17]. On this account, such values of interest as deflections, accelera-
tions, bending moments etc. require a very large number of terms in the
expansion, making it difficult to draw any general conclusions about the
influence of various physical parameters.
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An idea for the approximate computation of sums for typical variables
can be found in [18], [19] and [31]. For example, some rather simple ex-
pressions for the spectral density of a plate driven by excitation which is
a spatial white noise and a stationary function of time with an arbitrary
spectral density, are derived in paper (18] by means of the concept of dy-
namic fringe effects [18], [21] and [22]. An approximate evaluation of the
series for a cylindrical shell is given in [31].

As shown in [118], [119], [138], [139] and [120] by means of linear damp-
ing theory, the same simple equations are obtained by consideration of
an infinite and a semi-infinite plate, or an ”infinite” and ”semi-infinite”
shell. Essential simplifications have been gained by using the spectral the-
ory of spatial-temporal uniform random fields. The same equations can
be successfully applied to plates and shells of finite but considerably large
sizes. Indeed, the perturbations caused by boundary conditions decay with
the distance from the boundary due to damping. Hence, for considerably
extended plates and shells these perturbation are essential near the bound-
aries and not essential far from the boundaries. Therefore, the boundary
conditions can be completely ignored when dealing with the probabilistic
properties of deflection, acceleration and bending moment at points remote
from the boundary, i.e. it allows us to consider an ”infinite” plate or an
“infinite” shell. Further, if one needs the probabilistic properties near a
boundary it is necessary to take into account the appropriate boundary
condition. Altogether this leads to the concept of a ”semi-infinite” plate or
shell.

The above-said is relevant to ”linear friction”. Nonlinearity of the internal
friction in materials causes some additional complications, as will be shown
below. For this reason, we start with the simplest case of an infinite model.

Consider a thin plate. Let the plane zy of the orthogonal coordinate
system lie in the mid-plane of the plate. Let w denote the transverse de-
flection of the plate. It is shown in the theory of thin plate bending that
the principal stresses in a thin plate are given by

B zFE 0% w L *w
Te = 1—2\ 922 " oy? )’
2F w d?w
oy = _:—[——_ﬁ <8y2 + I/axz) s (678)
zF 9w

Txy

12 (1=v) 0xdy’

Using the correspondence principle, cf. Sections 5.2 and 5.3 we state that
in order to take into account the effects of plastic deformations, the latter
equations must be replaced by the following ones
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B zE, 8w e &%w
e T T1— 2 \aa2 T2 )0
zE 0w 0w
- Ehe (gw |, v 7
Ty 1—v2 (By2+y 8IZ> (6.79)
2E, 0%w
e = T T gy

the complex moduli E, and v, being given by egs. (5.61) and (5.62). These
contain the mean square of the shear stress intensity 72. The latter can be
found from its definition (5.52) by virtue of (6.79) with terms of the order
of the plastic strains being neglected. The simplest, most convenient, and
practical expression for T2 is given by

T? = (2GzN)?, (6.80)
where
1 w|? Pw|? Pw |° 1 —dv 02 9
N?2=_M||=— —_— 2 — A . (6.81
2 |: Oz2 + ay2 + ’6.’1)83/’ 3 (1 _ U)Q | ’Ll)i ( )

Here M denotes the operation of mathematical expectation. Equation (6.81)
is suitable for using spectral representations of random processes both in
real and complex form.

With the help of egs. (6.80) and (6.81) it is easy to understand that the
spectral density of stresses has the following expression

52 = (2G2)* Sy, (6.82)

where

1

Sy == [sm + Syy + 25z, — (6.83)

1—4v+ 12
B — 5 0YA

3(1—v)?

The spectral densities of the second derivatives of deflection with re-
spect to the spatial coordinates and the Laplace operator appear in the
latter equation. It is worth noting that eqgs. (6.80) and (6.82) are explicitly

dependent on z. Variables N and Sy do not depend upon z.
The coefficients in eq. (6.79) have the following asymptotic expressions

E. F 21 —v+ 12 T\*“
s = T [1+3 — z(w)(gé) ] (6.84)

E. v, Ev 1—4v+ 12 T\“
5 = 1-— s (w) | ==
1—v2 1-2 3v(l—v) 2G

(6.85)
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Inserting these into (6.79) and taking into account the representation for
T due to (6.80), we obtain an equation for the normal stress o,

Ez 21—v+v2 L] 0w
Or = 1—_—;2- [ + g—(l—-:-;j—)——lN IZI :| W — (686)
. 2 2,
B El/z2 B 1 41/+1/2 IN® |27 8_1;
1-v 3v(l—-v) Oy

Similar equations for o, and 7., can also be determined.

In accordance with the traditional scheme for the theory of thin plates
we introduce two bending moments M, and M, and a torsional moment
H such that

h/2 h/2 h/2
M, = / ogzdz, M, = / oyzdz, H = / Tayzdz. (6.87)
—h/2 —h/2 —h/2

Substituting equations for o, o, and 7., (see for example eq. (6.86)) into
the latter equations and evaluating the integrals over 2, we obtain

0w 9w
M, = —-D. <-8—F +(TCW> )
9w 0w
M, = -D. (5&5 + UCW> , (6.88)
0w
H = _DC (1 - (fc) b;—a_y

The factors D, and o are introduced in such a way that equations (6.88)
have the structure conventional in plate theory. The factors D, and o are
given by

D. = D[l+Rw),
D.o., = Dv|l+ P(w)], (6.89)
where
1-v+0v? 2 RN\“
1—4v+ 02 AN\

In what follows, D, is referred to as the complex bending rigidity.
The introduced moments satisfy the governing equation of the plate dy-
namics
O*M, _O*H 9°M,
ox2 " 0zdy oy Py

mw —

(6.92)
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where m is the mass per unit area and p(x,y,t) denotes an external trans-
verse distributed load.

Equations (6.88) and (6.92) formally coincide with the equations of elas-
tic plate. The factors D, and 0. depend upon parameter N which is, in
general, a function of the  and y coordinates. For this reason, equations
(6.88) and (6.92) correspond to the equations of a heterogeneous plate.
The law of heterogeneity is not known in advance as it depends upon an
unknown parameter N.

Note, finally, that by virtue of (6.80) and (6.82), eq. (5.60) takes the form

2 [Sv_ dw
N2 1+ (wp)?

1-7 (6.93)

Coordinate z does not appear in this equation.

6.5 Vibrations in an infinite thin plate under broad
band random loading

Consider an infinite plate in both directions under a distributed transverse
load p(z,y,t). The plate is assumed to be clamped at infinity which is
equivalent to the requirement of a bounded deflection at infinity. Let the
load p (z,y,t) represent a statistically homogeneous spatial-temporal ran-
dom field with a zero mean value.

It is evident that under these conditions the variables are homogeneous
random fields, i.e. they have constant root-mean-squares and mean values.
Therefore, the value of N and also the parameters D, and o, which de-
pend upon N are independent on z and y. In this case, by substitution
of eq. (6.88) into (6.92), we reduce the problem to the analysis of a single
differential equation of vibration for a homogeneous infinite plate

mw + DAAw = p(z, y, t). (6.94)

This equation coincides with that for vibration of a plate with linear damp-
ing.

Basically, the forthcoming analysis reproduces the results obtained by
the author in [118] where a linear problem was considered. We represent
the load by its spectral decomposition

o0

p= / / / e AT (4 N 1) dwd)dp, (6.95)

—0o0

where V' (w, A, 1) denotes a random function of its arguments and is as-
sumed to be a sort of three-dimensional white noise with the correlation
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function

MV (w, A\ ) VT (wi, A1y )] = Sp (wo A ) 6 (w —wp) 6 (A= A1) 6 (1 — py).

(6.96)
Function S, (w, A, ) is termed the spectral density of the pressure field.
It is known, cf. [190], that the correlation function K, is related directly to
the spectral density S, by means of the Fourier transform

Ky (t.&m) = /// eMWTHEAFUN G (N 1) dwddp, (6.97)
1 r ;
Sp(w, A, p) = @ / / / TN ) (€ n) dwdhdp,  (6.98)

where 7 is the time difference, while £ and 7 denote the differences of the
spatial coordinates.
Spectral decomposition for the deflection is sought in the form

w = /// e WHHATH Y B (X ) dwdNdp. (6.99)

Inserting (6.99) and (6.95) into (6.94) we obtain F, and then using (6.99)
the following spectral representation for the deflection is obtained

et (wt+Az+py)
w = /// ~V (w, A, p) dwddp. (6.100)

— uw?

Given the spectral decomposition for the deflection (6.100), other proba-
bilistic properties of the deflection and other variables of interest can be
derived with the help of the standard spectral theory of random fields. For
example, the correlation function of the acceleration is given by

w4ei(ut+/\£+,ur])
Ky (1, &m) /// 5Sp (w, A, i) dwdAdp.
‘D /\2 + 1 ) rnw'z‘

(6.101)

Formula (6.101) is too complicated for a direct analysis. However, it

can be used to produce other, less general probabilistic properties. Let us

restrict our consideration to the estimation of the correlation function at
E=n=0,1e.

Ku‘, (T) :Kﬂ} (T,0,0). (6102)
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Thus K (7) is the correlation function of acceleration at a single, arbi-

trary point of the plate. Comparing egs. (6.102) and (6.101) it is easy to
derive the following equation for the spectral density of acceleration

/ / G j 1) 'Qd)\d,u, (6.103)

— mw?

Of considerable interest are the bending moments in the plate. Their spec-
tral decompositions are obtained by inserting (6.100) in (6.88), and the
result is

/\ c V 3
M. /// +o u ) piwt+Az+uy) dwd\d, (6.104)
A2 + /1 — muw?
(B2 +o ,\2) Vo,
M, = /// e WIHATHLY) G ddy, (6.105)
/\2 +p2)" — mw?
D — O¢ )
. // (1-0 )/\uV e Wt ATHIY) g d . (6.106)
)\2 — mw?

We limit our analysis now to considering the moments as functions of time.
The spectral densities of the moments at an arbitrary point are easily found
by means of the spectral representation (6.104) etc., to give

2
(I) // 0 C/ )
M, 2
)\ — w

7 D, (,u2 + (rc/\Q) 2
o
De (A + p?)" — mw?

<I>H~// l—(rc))\p
)\2 -

The cross-spectral densities are given as follows

2 2 *\ 2
®ar, 1, ~/ IDe” (0% + 7et?) (1 C2N) g andp
D, (N + p2) —mw2‘

SP (w’ )\, /J') d’\dﬂv

Sp (w, A, p) dMdp, (6.107)

2
Sp (w, A, p) dAdp.
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Do (A2 + oop?) (1 - 07) A
Oprp = //] P o) (1 -0 )2 s dady, (6.108)
/\2 + ) muﬂl

D +o M) (1 —07)A
Prr = / | | w )( )2 #Spd/\dp.
e (N + ) mwQ‘

Then, by substituting the spectral decomposition of deflection (6.100) into
(6.81) we obtain the following expression

. - (A? A,
yeo lovrr / / / ) (‘" W dodrdy. (6.100)
3(1-v)* ’D /\2+/.L mw21

The mean square of the shear stress intensity is known to depend upon
N?2. In particular, the maximum mean square of the shear stress intensity
is obtained by putting z = A/2 in eq. (6.80), which gives

TZ = (GhN)*. (6.110)

Finally, by means of (6.83), it is easy to find the spectral density

Sn (w) = Lo+ //'/\2+” ”(w’/\’“‘)zd,\du. (6.111)

3(1—1/ mwz

This spectral density appears to be necessary to evaluate the spectral den-
sity of stress ST by means of eq. (6.82).

The equations obtained are of general character, and are sufficient for
further evaluation for particular pressure fields.

6.6 Vibrations in an infinite plate subjected to
spatial white noise loading

Let the load be spatially uncorrelated, i.e. its correlation function and its
spectral density are given by

Sp(w, A\, 1) =¥ (w), (6.113)
with ¥ (w) being a frequency-dependent function (¥ (w) > 0).
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Let us evaluate the integrals of the previous Section. For instance, we
substitute (6.113) into (6.103), to obtain

By (w) = w0 (W) / / ‘“d“ . (6.114)

2
- mw’-"

In order to evaluate the latter integral we transform to the polar coordinates
A=rcosf, u =rsinb, (6.115)
and then introduce a new integration variable z = 2. The result is

// dAd“* / 7|D22 3 (6.116)

mw2

To evaluate integral (6.116), use is made of the following integral [44]

(o o]

/ dz mcos (a/2)

a+bz2+cz4  2cgdsina’

qg=y g, cos o = ——E—.
c 2y/ac

Evaluation yields the following asymptotic expression for integral (6.116)
for a small value of damping (R (w) < 1)

0

where

2
A — .
2t/ D (6117)
where
Y =1 w)=ImR W), (6.118)

function R(w) being defined by (6.90). Inserting (6.117) in (6.114), we

obtain the result
2w (w)

2mv/Dmy

An analogous manipulation leads to the following equations for spectral
densities of moments and their cross-spectral densities

2 /
q)sz‘I)My 6(3+2l/+3l/) %M,

wy

by = ’lr—z (1-v)? \/g%;’) (6.120)

By (w) = (6.119)
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1+ 6v + v?

3o g M P = s =0,

D, =
It is known that the main stresses on the plate surfaces are expressed in
terms of the bending moments as follows
60, 60 6H
=TT T T = T (6.121)
where h is the plate thickness. Using (6.120) and (6.121) it is easy to derive
the spectral densities of stresses on the plate outer surfaces

Oz

972 . D VU (w
® = 1 (3+2v + 307) ‘/n_ww((w))’ (6.122)
~ 9n? 2 D ¥ (w) .
b= O L o) (6.123)

The first of these formulae coincides with that obtained by another method
by Bolotin [18].

Evaluation of the integrals in (6.109) and (6.111) gives the following
results

N,Qzl—u+1/2 2 ¥ (w)

6(1—uv) D\/Dmﬁoo w (w)

duw, (6.124)

v+t 7 T (w)
6(1 —v)? DVDmwi (w)’
Up to now our evaluations are valid regardless of the sort of damping,

”linear” or nonlinear. This result is remarkable. It has been shown that for

the studied broad-band load all probabilistic properties of both acceleration

field and stress field depend crucially on the material damping. The latter
is determined by function ¥ (w) in the denominator of the latter equations.

The mentioned fact once again highlights the importance of studies on

energy dissipation. Indeed, if there exists no way to compute function v (w) ,

the value of the analysis of the forced vibration is completely lost. This

observation is equally applicable to other dynamical problems. If damping
is linear, then a dependence 1) = 1 (w) is given and the analysis reduces to
the equations obtained.

Let us proceed to the problem of estimating ¥ in the case of a nonlin-

ear internal damping. Recall that 1 is found from the chain of equations
(6.118), (6.90) and (5.47). The estimation yields

S (w)

(6.125)

1
1- 2Y2aH [AN\® a-1 d
po Lovtvi)2a < ) /77 wep () diy (6.126)

(1-v)(a+3) 2n l+{w<,0(77)]2 .
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Function ¢ (n) which appears in this equation is the solution of eq. (5.60).
Due to (6.80), (6.82), (6.124) and (6.125), equation (6.126) takes the form

% U (w) 1
) 14
Q_i) o 1+ (@)

1-7? = =GO (6.127)
T2

The difficulty is that i depends on N which is not given in advance. In
order to determine it, equation (6.124) must be used.

Summarising we can say that the problem is reduced to the determination
of the unknown parameters N, ¢ and ¢ from the system of equations
(6.126), (6.127) and (6.124). Let us rewrite this system in a simpler form.
To this end, we let

L a—1
Tw)=a [T we)dn 6.128
) a/ 1+ [we ()] (6128
to obtain (1 2)2}1 NG ‘
—Vv+v

Substituting this expression into egs. (6.124) and (6.127) gives

() = o () ] [ 55
1 -2 = —Z E:ia;))\yl(z)(lcwf

J

Zto wl (w)

dw,  (6.130)

dw

(6.131)

It is easy to see that the system of equations is split into two uncoupled
systems. Functions 1 (w) and I (w) are governed by egs. (6.128) and (6.131).
After having solved this system, we obtain the value of N from the algebraic
equation (6.130).

Let us proceed to the system of equations (6.128) and (6.131). By sub-
stituting (6.128) into (6.131) this system reduces to a single equation for
@ (n) . The latter should be qualified as an implicit nonlinear integral equa-
tion. Given a spectrum of external load, its solution can be obtained by
numerical integration.

One of the ways of analytically constructing a solution to the above
system is by using the inverse method. Using this method, we prescribe an
expression
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FIGURE 6.5. Spectral density ¥ due to eq. (6.136).

Y (w)

Clw) = wl (w)

(6.132)
in a convenient form which allows the integrals in (6.131) to be easily
evaluated.

For example, putting

¥ (w) P~y
= 6.13
wl(w) 71+ ~y2w?)’ (6.133)
where P and <y are positive constants, we obtain from (6.131)
1= =y(v+¢) " (6.134)

Substituting this solution into (6.128) when a = 1 leads to an integral
which can be evaluated in closed form, to give

-1 1 i X
I(w):Im{l-iQ [1+2\/1__m111(1+ 1—71(2)2}}’ (6.135)

where 2 = wv is a non-dimensional frequency. The spectral density of the
load which fits assumption (6.133) is obtained from this equation, to give

The latter equation is seen in Fig. 6.5, and analysis of it shows that ¥ (w)
is the spectral density of a typical broad-band random process.
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FIGURE 6.6. Dependences ¥ and I versus wn,.

Inserting (6.132) in (6.130) leads to the following equation for N

(hN o 72 (a +3) h\°
——) = (——) P. (6.137)
2n 12H (1 — v) DvVDm \2n
A closed form solution of this equation indicates that there is no direct
proportionality between the load P and the stress intensity parameter N.
Further, because of (6.110) there exists no direct proportionality between
the load P and the maximum of the mean square of the stress intensity.
Given a spectrum ¥ (w), the solution of the system of equations (6.128)
and (6.131) must be obtained numerically. The iteration method is one of
a number of possible ways, and is described next. We prescribe a constant
value of I for w > 0. Equation (6.131) is solved to yield a dependence
¢ = ¢ (n) and then due to (6.128) I = I (w) is refined. Some specific com-
putations have shown that this process converges very quickly, namely the
fourth approximation gives a near-exact result. The results of computations
for some particular spectral densities are displayed in Fig. 6.6. The density
¥ (w) is assumed to be nontrivial only in the interval 0.5 < |w,| < 2.5 where
wn 1s a properly normalised non-dimensional frequency. The dependencies
U (w) selected for analysis are depicted in the upper diagram whereas the
lower diagram shows the corresponding curves I = I (w). Analysis of these
curves indicates that in all cases [ varies insignificantly in the interval w,, of
interest, and is close to the value I, = 0.33 for the harmonic deformation.
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For this reason, we expect no considerable error if our analysis is limited
to the first approximation, i.e. if we take [ = Ij.

6.7 Action of a wave load on a plate

An oscillating load with the following correlation function

(6.138)

K, (r. &) = K, (T ~ feosy+ 51117> ‘

C

is termed a wave load. Here c is the velocity of propagation of a pressure
wave and v is an angle between the wave vector and the axis .
The load spectral density, defined as follows

€)= / / / ST S (A 1) dwd)dy, (6.139)

for the particular load with the correlation function (6.138) is given by
Sy (w A p) =D, (w) 6 (/\ i cosw) § (“ + < sin 7) ‘ (6.140)
c

Here @, (w) is the spectral density of pressure acting on an arbitrary point
of the plane.
Substituting (6.140) into (6.103) and evaluating the integral yields

By () = — LB (6.141)

D (w/c)t = mw?

This result in well-known in acoustics. But in this particular case, the
complex rigidity of the plate depends upon the unknown quantities of the
problem. In order to determine these quantities eq. (6.93) should be ad-
dressed. All vibrational parameters in this equation are easily computed by
means of egs. (6.109), (6.111) and (6.140), to give

1*V+l/ (w/e)' @p ()

o) = 3(1—v) ’D (w/e)* — muﬂ’p (012
N2 1— v+ 207 (w/c D, (w) dw g
a 3(1—v) / ‘D (wfe)* - muﬂr‘ (o4
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It leads to the following form of eq. (6.93)
AP, (w)dw dw

_}[o |Dew? — mct)* 1+ (we)?
© o, (w) '

J

“%0 |Dew? — mct|*

1—772:

(6.144)

w

The integrals in the latter equation have a structure similar to that in (6.20)
which has been derived in the framework of the analysis of an arbitrary
body. Hence, we can use the approach of Section 6.1 in this case as well.
Assuming that the load is broad-band and has a smooth spectral density
®, (w) and evaluating asymptotically the integrals in (6.144) gives

1

- = —. (6.145)
1+ (wuip)?
The frequency
mct
L=/ 14
w D (6.146)

is referred to as the coincidence frequency in acoustics. The velocity of
propagation of a stationary harmonic bending wave ”coincides” with the
velocity of the loading wave at this frequency. Equation (6.145) is the same
as the equation for ¢ for a harmonic deformation law with the frequency w..
Further on, a sharp resonant character of dependence (6.141) etc. indicates
that the account of damping turns out to be essential near the coincidence
frequency only. Hence, in this case we can use the equations of internal
friction derived for a harmonic deformation.

6.8 Differential equations for elastoplastic
vibrations in shallow shells

Consider a shallow shell. Let the Cartesian coordinates z and y locate a
generic point in the middle surface of the shell. The normal distance from
the mid-surface is given by 2. The transverse displacement at coordinates
z and vy is denoted by w which is assumed to be a random function of time.

By virtue of the correspondence principle we find that the distribution
of the principal stresses in an elastoplastic shallow shell is as follows (by
analogy with [41])

Ogr =

E, 8w 8w
IT_I—/E —Z W—}_VC—BF +6x+I/CEy ,

E. 0w o*w
oy = .2 [—Z (Ej—?+yc@> ‘|‘Ey‘|‘l/c5le > (6147)

c
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E, 5w
Ty = T {—z(l —uc)m —i—(luc)szy] )

ve

Here €., €y and e;, are components of the strain tensor in the shell mid-
surface. As shown in the theory of shallow shells these components must
satisfy the following compatibility equation

a2 2 2 2 2.,
e | Pey 28€xy_<k<9 3“);@, (6.148)

oz~ 0zdy a2 gz

where k£, and ky are the curvatures of the coordinate curves z and y of the
shell. In what follows, &y and ko are assumed to be the principal curvatures
of the shell.

Inserting (6.147) into (5.52) and retaining only asymptotically leading
terms renders the mean square of the shear stress intensity

2 2 N2
2 (2G)7, Fw O*w
T4 = B M Z&E — &g 26—y2 — &y +
9w SR T 9
e —Egy| —————— |2ZAw —¢e, —¢ 6.149
‘ oy | T 3a-wp 2 (6:149)

Here, as usual, M is the symbol of mathematical expectation.
Next, we introduce the moments and the forces in the mid-surface

h/2 h)2 h/2
M, = / ogzdz, M, = / oyzdz, H = / Try2dz, (6.150)
—hJ2 —h/2 —~h/2
h/2 h/2 h/2
T, = / o.dz, T, = / oydz, S = / Trydz. (6.151)
—h/2 ~h/2 —h/2

Substituting the equations for the stresses (6.147) into the latter equations
we obtain due to (6.84) and (6.85)

‘ 8w 0%w
M, = -D, (5;5 +0"05:,‘;5> + C, (5I+6Cy)7
9w 02w )
M, = -D. (’5_3/7 T oo 2) + Ce(ey +8eq), (6.152)
0%w
H = *Dc(l_gc)sm—a—y_*_CC(l_é)Ely’
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2 32
T. = BC(5x+ncsy)—CC(8w w),

.(9_1‘2_ +55y?
Pw 0w
o2 " a“)
0w
Oxdy’

T, = Bc(ey+keez)—Ce ( (6.153)

S = B.(1—K¢) ez +Cc(1-06)

The introduced factors are given by

h/2

1-v+1v28 of T ¢
DCZD 1+-—]_T—-f;,§ / lZ (-) dZ ’
—h/2

1—4dv+12 4 o T\®
D.o. = Dv 1+—l/—(1———l/)—_h3 /lz ( ) dz| ,

/2

Eh 2(1-v+?)1 T\*

- = =) d

Be=1—0 |1 300 h‘/l@G> 4
—h/2

, . M2
_ 1 o
Bur, = Ehv 1_1 v+l / l(T) izl |

1-—v2 3v(l—v) h 2G
—h/2

h/2

2E 1-v+121 T\

.= = (=

Ce=ga—0m 10 h/ Z(2G> dz,
—h)2

Eh3 1—4v+ 02
D= ,0=— ) 6.154
12(1 — v2?) 2(1-v+v?) ( )
Here D, denotes complex bending rigidity, B, stands for the complex stiff-
ness of the shell in its tangential plane and C, has no analogy in the theory
of elastic shells. Parameters 0., 6 and k. are analogues to the Poisson’s
ratio.

The introduced forces and moments must satisfy the governing equations

of a shallow shell
0’M 0*H  8°M,
= -2 - Y + kT, + koT, = p. 6.155
Ox? dzdy Oy? +Rlz +fdy =P, ( )

mw —
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o, oS _, 05 o,
or 9y  Or Oy

-0, (6.156)

where m is the mass per surface area and p denotes an external random
transverse load. Inertial forces in the tangential plane of the shell are ne-
glected in the latter two equations.

This system of equations must be completed by including an additional
equation, namely eq. (5.60)

1-n%= . (6.157)

/ St(w)  dw

T2 1+ (wy)
-0
By means of this equation we find function ¢ which appears in the expres-
sion for [ (5.46). As seen from egs. (6.157) and (5.46), function [ depends
not only on its main argument w, but also on the spatial coordinates z, y
and z, since S7 and 72 may depend upon the spatial coordinates.

The forthcoming estimations will be performed for the case in which the
vibrational field is a statistically homogeneous function of coordinates x
and y and time t. The root-mean-square of the shear stress T  is indepen-
dent of z and y, that is all coefficients in egs. (6.152) and (6.153) turn
out to be constant. As pointed out in Section 6.4 the condition of statis-
tical homogeneity is approximately fulfilled far from the boundaries of a
sufficiently extended shallow shell subject to a broad-band high-frequency
excitation.

By analogy with the theory of thin elastic shells we express the forces in
the mid-surface in terms of the stress function &

9?® 0%d 0%d

L=5p7 =32 5 "Gy (6.158)

Equations (6.156) are then satisfied identically. Inserting (6.158) in (6.153)
and solving the obtained equations for the strains of the mid-surface yields
9?® 0*® N
e Re—
oy? Ox?

2., 32 2 2
+CC<(,9 Yy sY “) — Cere (Q—wws@).

B (1 - hﬁ) Er =

ox2 " Oy? 0y? ' 0a2
B.(1-#K2)e, = %f - ‘; + (6.159)
+Ce (621“ 5%) ~ Cehie (%z%” +5%%),
Bo(1-kK)es = —(1+k )882;) +C. (1~ )(1+I{C)-§;(%.
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Substituting e, €, and e, into the compatibility equation (6.148) gives
the first equation for the unknown variables w and ®

0w 5w

AA® — B, (1 - K2) (klgyg kg

) + Ce (6 — ke) AAw = 0. (6.160)

The second equation for these variables is derived by substitution of equa-
tions for forces (6.158) and moments (6.152) into the dynamics equation
(6.155)

. C? 0%d 0%
mw + (DC - E) AAw + ky £ + k2—3x2 —
0w 0w
—Cc (6 — l{c) (klﬁ—y? + k2a7) =Dp. (6161)

This equation may be simplified by neglecting terms of higher order in the
plastic deformation effect. Indeed, we have from (6.154) that C. is first
order in I Thus, C? is a value of second order and may be omitted. Next,
in order to retain terms up to first order in (6.161) it is sufficient to put
Kc = v in the expression for C. (6 — k.). An analogous simplification can
also be performed in eq. (6.160), to give

. 0%® 0%® 0%w 0%w
muw + DCAAIU —+ kla—y-2_ —+ ka — Cc (6 — I/) (kla—yf + k2@> =D,
(6.162)
9 0w 0w
AAD — B, (1—:‘66) kla—yQ +k‘2w + C, ((5—1/) AAw = 0. (6163)

The coefficients of the latter equations admit the following relatively simple
asymptotic expressions to be obtained by virtue of (6.154)

h/2 o
B.(1-k?) = Eh 1+W / 1(%) dz
—h/2
( ) h/2
E(l1-2v T\“
Cc (5 — I/) = —m / lz (%) dz. (6164)
—h/2

Assuming that the load p is modelled by a homogeneous random field
with a zero mean value we write down its spectral decomposition

p= / / / e WHATHRY (4 N 1) dwd M. (6.165)
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Substituting this into the system (6.162) and (6.163) and constraining the
solution to be bounded at infinity, we obtain

w = / / / ’(‘“’**““y)dwd)\dp, (6.166)

/ / / AV, A 1) ot re i) guugady, (6.167)
(w, A, )
where
. . kg2 + kpA2)?
QO = 7mw2_+_Dc (/\2 +/L2)2+Bc(l_hg)M
(X* + 12)
2 (ki + kaX?) C. (6 — v), (6.168)
2
A=C.(6—v)+B.(1-12) k”‘z;bé (6.169)
(A + p?)

Let us next consider the mean square of the shear stress intensity. In-
serting (6.166) and (6.167) into (6.158) and (6.152), and then into (6.149)
and neglecting terms of higher order leads to the result

/// |f/2\((w/\ )\#7# 5Sp (w, A, p) dwdAdp, (6.170)

where

4G | 5, .- 21 —v+402
A p, 2)27 [22 (/\2+u2) —_—

o1 2 2 (k1p® + koA?
2 (ko + kpA2) LY (14 )2 ( L ) (6.171)
1-v) (A + p?)
By virtue of (6.170) we get an expression for the spectral density of stresses
A,
// Al w2 Sy (w, A, 1) dAdp. (6.172)
Q2 (w, A, p

Finally, we derive an asymptotic expression for 2. After a little algebra
due to (6.168) and (6.164) we obtain an unexpected result

‘ o ki + koA?)”
Q=-mw?+D(1+R) (A2+u2)z+@(—”‘—_¥¥— (6.173)
Do (V442
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where

h/2
[ A g, 2) (T/2G)% dz
—h/2

R= 2 2 | Eh 22 2 2
D[(A +12)" 4+ B (kyp? + ko X) /(A +,u2)]

(6.174)

The presence of function A ( A, p, z), which has already appeared in (6.170)
and (6.172), is somewhat unexpected.

Equations (6.170), (6.172), (6.174), (6.157) and (5.46) give us a system
of equation for determination of the unknown parameters ¢, I, R, St and
T?. This system in its general form is extremely complicated.

6.9 Vibrations of a shallow shell under broad band
random load

Let the load be spatial white noise. In this case its spectral density is given
by

Sp (w, A, p) =T (w). (6.175)
Insertion of this expression into (6.172) yields
AN 2)
St =G (w SdXdp. (6.176)
iQ w, A, w)]

In order to evaluate this integral it is necessary to transform to new inte-
gration variables by means of the following transformation

= /zcos, pp = +/Tsinb. (6.177)

Then, due to (6.173) we obtain

GV (w) /2] A*dzdf

o :// |[~mw? + D1+ Re) B

3
+ £ (ko cos? 6 + ky sin® 6)2] |
(6.178)

A* = A(V/zcosb, \/zsinb,2), (6.179
R* = R(w,/zcosb,/Tsinb). 179)

We compute the integral over z numerically following [119] and using the
fact that the plastic strain effect is small. The latter is determined by func-

tion R* If R* =0and w < \/Eh (k‘2 cos? 6 + kj sin? 0)2 /mD, the integral
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(6.178) converges. But if R* = 0 and w > \/Eh, (k2 cos? 0 + ky sin® 9)2 /mD.
the integral over x in (6.178) diverges because of the singularity at the point

r=a" = \/[mw — Eh (kycos? 6 -+ ki sin® 6) ] /D (6.180)

The integral (6.178) is bounded for a finite R*. For small R* the main con-
tribution to its value gives a vicinity of the point £ = x* as the denominator
of the integrand achieves its minimum near this point. With this in view,
estimating the contribution in the vicinity of the point z* to the integral
we replace A* and R* by their values at © = z*. Denoting A** = A* (z*)
and R™ = R* (¢*) we obtain asymptotically

27 o
(G (w) /2] A**dzdb
=[] z
o0 '~mw2 +D(1+ R™) [12 + E2 (ky cos? 6 + ky sin® 9)2]
(6.181)
Now we point out that it is the imaginary part that has an essential influ-
ence on the asymptotic behaviour of the integral over z in (6.181 ). Denoting

) = Im R™ (6.182)

and completely ignoring the real part of R** we obtain

< // [GY (w) /2] A**dxdf
T = . 5 2712
‘ mw? + D (1 + ) {,cz - % (kz cos? 6 + ky sin® 6)2} ‘
(6.183)

Evaluation of this integral over z yields a closed form expression, cf. [119].
To this aim, we make use of the formula, see [44]

>

dx _ 7 cos (a/2) (6.184)
a+br?+cxt  2¢%csina q ' )

where

a b
= /-, cosa = — O0<a<.
g \[(‘ 2\/ac -

Comparing (6.184) and the integral over z in (6.183), we find the following
expressions for the coeflicients a, b, and ¢

c=(1+v*)D. b= [2(d — %) +2d**| D

a=(d*+ 52)2 +d*W?, 6% = mw?, (6.185)
& = d2 (6) = Eh (kycos? 0 + k, sin®0)°
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Evaluation of the first quotient in the right hand side of eq. (6.184) yields

™ - T
2cq?sina 2mw?D ||

(6.186)

The second quotient is too unwieldy. However for 1» — 0 it is bounded for
nearly all values of frequency w. For this reason, we will find its asymptotic
representation for ¢y — 0. Formulae (6.185) then give

1, 6>d,

0 oy (6.187)

2

q=1/|d2-¢6°|/D.

Inserting (6.187) and (6.186) into (6.184) we obtain an approximate value
for the integral I; over z in (6.183) such that

= [ T [me\/mez\/m/r_n}_l , w?>d?*/m, (6.188)

0, w? < d?/m.

cosa:sin(é—~d),cosg = [

Substituting this into (6.183) we obtain finally

/2
GY A**df
Sp— T \/_(“’)3 . (6.189)
myv Dmw ) w\/l — B (cos2 6 + xsin? 6)
where 1
 (Ehi3 ok
6= ( % ) =g (6.190)

We integrate in (6.189) over that domain in which the integrand is real.
It is easy to see that the integrand has an integrable singularity for any
B3, except § = 1, provided that the integration bound lies in the interval
[0,7/2].

The mean square of the shear stress intensity is found from the equation

T2 = /ST () dw. (6.191)

An expression for factor i, which is determined by means of (5.49), (5.48)
and (6.182), is given by

h/2

Hn—® e[ T *
Y= 3 /I(w)A <%) dz. (6.192)

—h/2
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Here I (w) is given by (5.48) and has the following form
’ a—1
_ / ”1 ek 2 ’7 (6.193)
0

Function ¢ () in this equation is determined from eq. (6.157).

Equations (6.189), (6.190), (6.157), (6.192) and (6.193) give us a sys-
tem of equations for the unknown variables. It is worthwhile noting that
the spectral density (6.189) depends on the coordinate z besides the main
argument w. This leads to the conclusion that the solution of eq. (6.157)
also depends on z . Consider next one possible means of simplification. For
example, let us look for an approximate solution of the system such that
the function ¢ (n) does not depend upon z We can find such a function
from the equation

h/2 .
St (=) dz
) <,Lf/2 (36)° o
N s (6.194)
o [ T (55)" dz
—h/)2

which says that eq. (6.157) is satisfied on average with a weight (7/2G)***.
Substituting egs. (6.189) and (6.191) into the latter equation leads, due to
(6.192), to a surprisingly simple result

1-7n? == (6.195)
where
/2
(8, x) / a9 . (6.196)
\/1 cos2 6 + y sin® 6)

Equations (6.195) and (6.193) give us a system of equations for ¢ (1) and
I (w). This system differs from the corresponding system of equations in the
theory of plates, see Section 6.6, only in a factor I1 (5, x) in the integrand
of eq. (6.196). This function was first introduced by Bolotin in [18] and has
a clear physical meaning. I1 (3, x) is equal to the ratio of the density of
the shell eigenfrequency at frequency w to that as w — oco. By means of a
standard transformation it may be expressed in terms of elliptic integrals
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FIGURE 6.7. Modal densityII (3,7) versus 8~ = wy/m/Ehk3 for some values
of x.

in normal form. The result of the evaluations for 0 < x < 1 is given below

0, 0<B'<x,

V2 (1+8)(1=Bx) 1
M(8,X) = | =/Ba=0 (\/—MU) ! X<B<1 (g197)
2 26(1—x) -1
”\/(1+5)(1—ﬁx)K ( (1+3)(1—Bx)) , B> 1

Here K (...) is a complete elliptic integral of the first kind. For a plate 8 — 0,
and therefore IT = 1. For a spherical shell x = 1 and the relative modal
density IT takes on an especially simple expression

0, g7l <1,
~1/2

(1-p5%""", g'>1

The results of calculating IT (3, x) are displayed in Fig. 6.7 versus non-
dimensional frequency 87! = w m/EhkZ for various values of x.

Analysis of expressions (6.197) shows that for any x in the interval 0 <
x < 1, IT has an integrable singularity at 3 = 1. The curves of Fig. 6.7
confirm this.

Solution of the system of equations (6.193) and (6.195) is not the last
complication of this problem. In order to determine 72 we must make use
of (6.191) which, by virtue of egs. (6.189) and (6.171), gives

B, 1) = (6.198)

2
T? =3 Bnz". (6.199)
n=0
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The factors of this decomposition are obtained by means of egs. (6.189)
and (6.171), to give

B / U (w) Cl (w, Bs) dw
- 4G\/ mH I (w)

(6.200)

where
7/ K . . 571 —1/2
/ZAI [1 — 3% (cos® 6 +  sin? 9)2] do
Ci(w,Bg) = W3 > p , (6.201)
0 f S Ayzn (% > Bmz’”) dz

—h/2 n=0 m=0

4G, L0 1-—-v+1?
142:——(1' )2‘—*——2—
(1-—-v)

4G 1 —v—27 , :
A = —:;G—I*——ll/iy (k2 cos® 6 + ky sin®6) (6.202)
—v

4 . .
Aoz—q(l+ v)? (k2c0326+klsi1129)2

Regretfully, the integral over z in (6.201) can only be evaluated numerically
for arbitrary « which considerably impedes the solution of this system of
transcendental equations for By, B; and Bs.

The spectral density of the acceleration of the transverse deflection is
of considerable interest for the application of vibration technology. The
corresponding spectral representation of w is obtained by means of eq.
(6.166) and is given by

W2V (w, A, p) (ot Az
, Hwt+Az+uy) g, d \dp. .20:
¢ /// S hp) : (6.205)

The correlation function of w is derived, due to eq. (6.97), to give

. */// (w, A, u) ALY g d \dye. (6.204)
1Q(w. A, pw))?

For a delta-correlated surface load (6.112), the spectral density .5, is given
by eq. (6.113). By analogy with egs. (6.101) and (6.103) we obtain the
spectral density of the deflection acceleration w for a shallow shell

(w) = / / o d)\du (6.205)
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The integral in (6.205) can be evaluated by analogy with the previous eval-
uations of this Section. In the case of small values of 1 (w), the asymptotic
representation for this is such that

20 (W) w

- 2mvVDmy (w)

where II (8, x) is the relative modal density of the shell, cf. eq. (6.196).
The spectral density (6.206) differs from the spectral density of a plate

only by a factor II. Expression (6.206) for the case of a ”linear” energy

dissipation has been first obtained in the author’s paper [119]. Due to the

ideas of this book, function ¥ (w) is to be calculated by means of plasticity
theory.

Py (w) II(8,x), (6-206)
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Propagation of vibration in a
nonlinear dissipative medium

A simple problem, namely the problem of longitudinal vibration in a homo-
geneous rod, will be studied in this chapter. Most attention will be given
to the analysis of vibration in a semi-infinite rod loaded at one of its ends.
A traditional method of nonlinear mechanics, namely a series expansion
in terms of normal modes, which was used in Chapters 4 and 6 is not ap-
plicable here. The approach used in this chapter is based on the method of
propagating waves which overcomes some difficulties caused mainly by the
wave heterogeneity due to the energy dissipation in the rod’s material. The
problem of the vibration of a very long rod excited by a high frequency
load is a related problem. A peculiarity of this problem lies in the fact that
distortion of the normal modes due to small dissipative forces cannot be
ignored.

7.1 Propagation of vibration in a linear viscoelastic
rod

The linear vibration in a dissipative rod, cf. [122], is studied in this Sec-
tion. Consider a semi-infinite rod z > 0. The governing equation for its
longitudinal vibration is given by

Q —mii=0, (7.1)

where () denotes a tensile axial force in the cross-section with coordinate
z, v is an axial displacement, and m is the mass per unit length. The

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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dot and the prime indicate differentiation with respect to time and spatial
coordinate x, respectively.
The axial strain of the rod is as follows

’

=u. (7.2)

(L)

The constitutive equation for the rod’s material is assumed to be given
by
Q=rcl+R(9/0t)]e. (7.3)

where ¢ is the static axial rigidity of the rod, and R (9/dt) is an operator
of viscoelasticity. The axial elastic force in eq. (7.3) is given by the term c=.
while the dissipative force is represented by the term cRe. In what follows,
the dissipative force i1s assumed to be small compared to the elastic force,
Le. the following inequality

|R(0/0t) el < |¢] (7.4)

holds.
Combining egs. (7.1), (7.2) and (7.3) yields a single equation for u

1+ R(/ot)) v —mii=0. (7.5)

Let the cross-section « = 0 be subject to a harmonic force, that is the
boundary condition at x =0 is

Q = Boe™!. (7.6)

We require a decrease in vibration as @ — o0. A steady-state vibration of
the rod is sought in the form

u="U (w, r)e™! (7.

~1
=1
~

Inserting (7.7) into (7.5) gives the following equation for U

2
’ . . mw-
U +XNU=0 V= ——. 7.8
1T R(iw)] (7-8)
A solution satisfying the above condition of decay at infinity has the form
U = De '™ (7.9)

where X is that root of the second equation in (7.8) which has a negative
imaginary part.

One can easily obtain from the second equation in (7.8) the following
representation for A

A== (v—1in).a=/—. (7.10)
a
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Here a denotes the velocity of propagation of small disturbances in the
undamped rod (R = 0), while the parameters v and 7 are obtained from
the equation

(y—in)?=[1+R(@w)] ", n>0 (7.11)

Substituting (7.9) into (7.7) and satisfying the boundary condition (7.6)
gives
By i(wt—Ax)
=" . 7.12
e[l + R (iw)] (7.12)
The value of acceleration is of interest in many problems of vibrational
technology
N
i = — 2B iwt-xa), (7.13)
m
The value of force is required for analysis of the dynamical strength

Q = Bpe'wt=A7), (7.14)
Inserting A due to (7.10) into the latter equation yields
Q — Boe~wnx/aeiu)(147$/a). (715)

As follows from this equation the rod motion is a decaying travelling wave.

Note that the wave solution (7.15) cannot be principally obtained by
the approximate methods of Chapters 4 and 6 for the simple reason that
the concept of a normal mode of free elastic vibration does not exist for a
semi-infinite rod.

Consider now a finite rod of length L whose end = = 0 is free whereas
the end x = L is subject to the load (7.6). The solution, as above, is sought
in the form (7.7), with eq. (7.8) being the governing equation for U. The
boundary conditions for U are obtained by substitution of (7.6) and (7.7)
into the boundary conditions of the problem, i.e.

x =0, au =0,
dx dU (7.16)
I:L, C[1+R(ZW)]E:B()

The solution of eq. (7.8) satisfying the above boundary conditions is

B ABg cos Ax
mw? sin AL’

U=

(7.17)
Using this equation we find the following expression for the acceleration

it = @ (w, ) Boe™", (7.18)
where the transfer function @ is given by

B (w, z) = ACOSAT (7.19)

msin AL’



226 7. Propagation of vibration in a nonlinear dissipative medium

1 .(2)
AN
0.6
\ /

0.4
0.2 | \ /

N
0 02 04 06 08 10 «/L

L ] =P

FIGURE 7.1. Square of the nondimensional amplitude (A/AL)2 along the rod
for the first eigenfrequency.

The square of the vibration amplitude takes the form
A% = B2|® (w, 2)|*. (7.20)
Using (7.19) and expression (7.10) for A we obtain the following result

D (w, 2)[* = ‘_/\‘_2 cosh 2wna /a + cos 2wyz/a

m? cosh 2wnL/a — cos 2wyL/a’ (7.21)
Expressions (7.20) and (7.21) enable us to see the difference between
the mode of free elastic vibration and the modes of forced vibration of a
viscoelastic rod. For example, Figs. 7.1, 7.2 and 7.3a show plots of (A/AL)?
versus the non-dimensional variable /L at y = 1 and = 0, 05 for the first,
fifth and tenth natural frequencies. Examination of Fig. 7.1 indicates that
the energy dissipation changes the shape of the low-frequency normal modes
by a negligibly small amount. The influence of the energy dissipation on
the shape of high frequency modes is considerable, see Figs. 7.2 and 7.3a.

It is instructive to compare Figs. 7.3a and 7.3b. Figure 7.3a plots (A4/AL)*
with damping being taken into account, while Fig. 7.3b shows the same
dependence without damping. Both diagrams are plotted for the same fre-
quency equal to the tenth eigenfrequency of the rod. In the first case a
considerable spatial decay of vibration is observed whereas in the second
case there is no decay.

We conclude from this that even a small amount of damping leads to
considerable alteration of high frequency modes of forced vibration. This
fact is well-known in the literature, see [165].

The results of these comparisons enables us to assess critically the po-
tential for using the approximate methods described in Chapters 4 and 6



7.1 Propagation of vibration in a linear viscoelastic rod 227

1.0
(A/A )2

0.8

0.6 M\ [\ (t‘\
Nty
0.2 [\ I

0 02 04 06 08 1.0 «/L
1 j——p

FIGURE 7.2. Square of the non-dimensional amplitude (A/AL)2 along the rod
for the fifth eigenfrequency.

for this particular problem. It is clear that the method of Chapter 4 cannot
in principle reflect the difference between the mode of forced vibration in
the viscoelastic rod and the free elastic mode of the rod since this method
operates with an undistorted mode. Hence, the method of Chapter 4 is ap-
plicable, in this problem, to analysis only the first few natural frequencies.
The method of Chapter 6 is preferable as the solution is sought in the form
of a sum in terms of normal modes of elastic vibration. Hence, this method
gives us, in principle, a possible means of obtaining a proper mode of forced
vibration. But we have to pay a high price for this success since we have
to solve the complete system of equations (6.8). Besides, the effect of the
spatial decay of vibration is achieved by summation of a large number of
terms in the series expansion in terms of normal modes, each mode possess-
ing no effect of spatial decay. With this in view, this strategy is deemed to
be ineffective. Note, that considerable simplification of the solution which
is obtained by means of the simplified equations (6.10) is prohibited here.
Indeed, using the simplified equations implies an asymptotically small en-
ergy dissipation, but under this assumption even the exact solution (7.21)
does not give a spatial decay of vibration at the resonant frequencies.

Let us proceed to consideration of a random load. Assume that the load
p (t) applied at z = 0 is a stationary random function of time with a zero
mean value. Prescribing the load by its spectral decomposition we obtain
the following boundary condition

oo

Q=p) = / etV (w) dw, (7.22)

—0Q
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with V (w) being a white noise random function with intensity S (w). A
deterministic function S (w) is the spectral density of the load p(t). A
steady-state vibration of the rod is sought in the form of an integral canon-
ical representation

u(z, t)= / e“tU (w, 7) dw, (7.23)

— 00

where U satisfies eq. (7.8). As a semi-infinite rod is considered, the solution
U must be taken in the form (7.9). Inserting this into (7.23) and into the
boundary condition (7.22) yields

_ i (wt—Ax V(O.J)dw
”__/e( ’ )iAc[1+R(iw)]' (7:24)

—00

The acceleration is given by

== [ Ry () do. (7.25)
m

The latter equation is an integral canonical representation of the ac-
celeration. With its help we can easily find the correlational function of
acceleration

oo ‘ ‘ )\2
Ka(z1, 22, 7) = / e’“”“”“’(x‘“z?)/“e"“’"(z’+I?)/“‘m—‘25(w)dw, (7.26)

where 7 = t; — t2 is the time difference. In particular, we see that the
correlation function of acceleration at x; = x5 = x is given by

oo 3 2 ‘
K(r,z)=K;(z,z,7) = / IT—n%e“"Te_Z“’"I/“S (w) dw. (7.27)

Consider now a rod of length L having a free end x = 0, whileend x = L
is subject to a stationary random force p (t). Prescribing the latter by its
spectral representation (7.22), looking for a solution in form (7.23) and
satisfying the above boundary conditions we obtain the following integral
canonical representation for the acceleration

i = /em@(w, z) V (w) dw, (7.28)
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where @ (w, x) is given by eq. (7.19). By means of the integral canonical
representation (7.28) we obtain the correlation function of acceleration

Ki(zy, 29, 7) = / e“Td (w, 1) P (w, 29) S (w) dw. (7.29)

Consider, for example, the acceleration at a point with coordinate = as
a function of time only. By virtue of eq. (7.29) the correlation function of
acceleration is as follows

K(r.x) = / T D (w, 2)* S (W) duw, (7.30)

with the square of the absolute value of the transfer function ® being given
by formula (7.21).

In principle, equations (7.29) and (7.30) solve the problem of the corre-
lation function of the vibration field. Numerical computations due to these
equations are simple provided that the frequency domain of the load con-
tains a few eigenfrequencies of the rod. If the number of eigenfrequencies
in this domain is large, the numerical computations become exceedingly
complicated since the function |® (w, x}|2 has a maximum in the vicinity
of each eigenfrequency. However, for this case it is possible to simplify the
analysis by incorporating an average over a frequency band.

In mechanical problems, the idea of averaging over a frequency band
was first applied by Bolotin to vibrations in plates and shells, cf. [17].
The equations derived in [17] are valid for asymptotically small damping
under the assumption that the correlation between the different modes is
negligible.

The equations which will be derived below, cf. [122], are valid for both
small and intensive damping, the correlation between the different modes
being automatically taken into account because the present approach re-
quires no expansion in terms of normal modes at all.

Consider, for instance, the correlation function (7.30). Assume that the
load p is a broad-band random process with a smooth spectral density
S (w) . Under this assumption, the integrand in (7.30) is a highly oscillating
function of frequency w with a large numbers of maxima and minima even
for small 7. This is explained by the presence of trigonometric functions in
expression (7.21). In order to derive some simpler formulae it is reasonable
to perform the integration in (7.30) in two stages, namely, first average the
integrand in (7.30) over a few eigenfrequencies, say one or two, and then
integrate over w. We proceed now to a realisation of this idea, i.e. |® (w, )2
is to be averaged. As all functions in expression (7.21) for |® (w, )|*, except
the trigonometric functions are smooth, an averaging must be performed
over the arguments of these trigonometric functions, the other frequency
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functions being kept constant. This leads to the following expression

|® (w, 2)[2, =

T 27

/ A_ cosh 2wnz/a + cos z) dz, 2. (7.31)
m

0

cosh 2wnL /a — cos z;

O\m

A consequent averaging over each argument is allowed since these argu-
ments are incommensurable in the general case. Evaluation of the integrals
in (7.31) gives the following result

2 N cosh 2wnz/a

@ (w, 2)lg, = (7.32)

m?2 sinh 2wnL/a
It has already been mentioned above that the smallness of T is required

for validity of the integration in two stages. Strictly speaking, the value of

7 must be so small that a change of product wr will be not larger than

unity in the frequency band between two adjacent maxima of the integrand

(Aw =~ wa/yL) . This leads to the following restriction imposed on 7

1 vL

T < — min — (7.33)
w ra’

For v = 1 the right hand side of this equation is about six times smaller
than the period of the fundamental frequency of the rod. This estimation
shows that the above averaging of the integrand is valid for dispersion in
any case.

Inserting the averaged expression (7.32) into (7.30) we obtain a simplified
equation for the correlation function of vibration

T ﬁ cosh 2wnz/a

K(r, z)= e S (W) dw. (7.34)

m? sinh2wnL/a
—o0
Let us consider some particular cases of this equation.
1. Let the damping be small, i.e. n < 1, v = 1. In addition, if for any
frequency in the loading spectrum, the following inequality holds

L
2% <1, (7.35)
we obtain from eq. (7.34)
_ r wS (w> WT
K(r,z)= / 2aan2€ dw. (7.36)

From this equation we conclude that the spectral density of vibration is
the same in all cross-sections and is given by

wS (w)

Si = 2anLm?’

(7.37)
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It is worth noting that the asymptotic method by Bolotin [17] leads to
the same result.

2. Let the damping be small. In addition, we assume that, for all fre-
quencies of the loading spectrum, the following inequality holds

wnlL

25 s 1 (7.38)

Using asymptotic equations for the hyperbolic functions yields

- T , ‘/\Ez 2en(l—zx
F 1) = 1T . wn(L—x)/ag( \ 4 N 7 3¢
(7. 0) = ‘/( ‘—mzp S (w) dw (7.39)

— 00

This expression coincides with the expression for the correlation function
of vibration in a semi-infinite rod (7.27).

In the general case when a frequency spectrum of the load is so broad that
neither (7.35) nor (7.38) holds for the whole frequency domain, equation
(7.34) should be used.

The methods of this Section will next be modified and adapted to analyse
the longitudinal vibration of a rod with nonlinear properties and, in par-
ticular, analyse the vibration in elastoplastic rods.

7.2  Statement of the problem for a nonlinear
dissipative medium

The problem of vibration propagation in nonlinear media has great practi-
cal interest. It is studied in nonlinear acoustics [191] and nonlinear optics
[15]. Such an important effect as internal damping is generally governed
by nonlinear equations. Problems of vibrations in such classical nonlinear
media as elastoplastic, rigid-plastic, elastoviscoplastic media as well as in
media with hardening belong to the same range of problems. Similar prob-
lems appear in the theory of gravitational waves on a fluid surface [97].

In what follows, we consider dissipative media, i.e. media with an energy
dissipation. The main problem related to these media is to reveal the laws
of vibration decay with distance from the energy source.

In this Section we study the simplest problem of this kind, namely the
problem of vibration propagation in a semi-infinite rod. We will derive an
approximate solution which enables a clear picture of the vibration field to
be obtained in some particular cases.

Consider longitudinal vibrations in a semi-infinite rod x > 0.

The equation governing the dynamics of the rod is given by eq. (7.1)

’

Q —mii = 0. (7.40)
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We keep the same notation as in Section 7.1. Assume that the strain is
small and it is given by the equation

e=u (7.41)

which has no nonlinear terms.
The constitutive equation is assumed to have the following form

Q=0Q e, &}, (7.42)

where @ {¢, £} is an odd functional of its arguments.

For the sake of simplicity, force Q) is modelled as a function of strain and
its velocity. The forthcoming analysis will, however, be valid for a broader
class of dependences @, e.g. for non-single-valued ones, looped ones etc.
Moreover, the latter dependences are of crucial practical interest.

One of these two conditions

Q = Bpcoswt, u = Agcoswt (7.43)

will be taken as a boundary condition at x = 0. The variables ) and u
must satisfy the Sommerfeld radiation conditions as z — 0.

The method of harmonic linearization will be applied to solve this prob-
lem. This method is one of the simplest and most effective methods of the
theory of nonlinear vibration and is actively used in the theory of automatic
control [149], theory of vibration protection [86] etc.

Note that the method of harmonic linearisation possesses unquestion-
able advantages over the Krylov-Bogolyubov method for multi-degree-of-
freedom systems [16] when applied to the problem of determining the forced
vibration modes. This fact has been mentioned in [175] where it has also
been shown how to modify the equation of Krylov-Bogolyubov’s method
in order to ensure the coincidence with the Ritz method (actually with the
method of harmonic linearization) in the form of the steady-state forced
vibration up to values of the first order of smallness.

An essential feature of the method of harmonic linearization is its sim-
plicity and clearness of the physical results obtained. In the present book
this method is applied to the analysis of wave processes in a rod whose
material is governed by nonlinear equations.

Using the method of harmonic linearization the strain e is assumed to
be a nearly harmonic process in each cross-section

e =a(x)coswt —p(z)], (7.44)

where a is the strain amplitude and ¢ is the phase in cross-section z.
Next, a nonlinear functional Q {e, ¢} is approximated by a linear function

h



234 7. Propagation of vibration in a nonlinear dissipative medium

The linearisation coeflicients ¢ and h do not depend on time and are
chosen from the condition of equality of amplitude and phase of the har-
monics of frequency w in the left and right hand sides of eq. (7.45) due to
harmonical motion (7.44). It can be shown, cf. [149] and [86], that ¢ and &
which satisfy this requirement are as follows

2m

1 :
qg=— /Q(acos K, —aw sin k) cos kdk,
a
o (7.46)
1
h=—-— [ Q(acosk, —awsin k) sin kdk.
Ta
0

As a result of the linearisation the nonlinear relation (7.42) is replaced
by an approximate linear equation (7.45). Inserting it into (7.40) and ac-
counting for (7.41) yields

A a2 2
d(au hdu)» 81120- (7.47)

or \Yox T wozoe)  Mor
This equation is similar to an equation for the longitudinal vibration in a
linear viscoelastic rod. The difference is that in this case ¢ and h depend
upon the strain amplitude a, i.e. they are not known in advance. As g and
h are dependent on the strain amplitude it is expedient to differentiate eq.
(7.47) with respect to z and consider strain ¢ as the unknown variable. The

result is 2 5 o2
h Oe 0°e
5.2 (qe + » —£> Mg = 0. (7.48)

We substitute the assuined solution (7.44) into (7.48). Equating the fac-
tors in sine and cosine to zero we obtain two equations for the unknown a
and ¢, cf. [121]

(aq) —aq (L,o ) . +2(ah) ¢ +ahp +mw?a=0, (7.49)
' =0

N2 y
(ah) —an(¢') —2(aq) ¢ —age” =

It should be mentioned that not each solution of the latter system is
a solution of the posed problem. According to the Sommerfeld radiation
condition waves are outgoing at infinity and do not come back. This gives

the following condition: ,
¢ >0 (7.50)

as r — oco. Sometimes it is more convenient to replace this condition by
a more rigid one, namely the condition of the non-increasing of the strain

amplitude /
a>0,a <0 (7.51)
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It is clear that it is not always possible to get a closed form solution
of system (7.49) even after the simplifications have been made. However,
for some particular dependences ¢ = g(a) and h = h(a), a closed form
solution can be obtained.

The equations for strains are derived and displacement is obtained by
integration over z in eq. (7.41).

Let us consider the result of a formal application of the method of har-
monic linearisation. The starting point is the system of equations (7.40),
(7.41) and (7.42) which are equivalent to a single nonlinear partial differ-
ential equation. Applying the method of statistical linearisation gives two
nonlinear ordinary differential equations (7.49).

The system of equations (7.49) is not always suitable for analysis of the
problem. In some cases, another equivalent form turns out to be useful.
Some of these are considered below.

Note, first, that after linearisation of the only nonlinear relation (7.42)
one can transform to the general complex exponential form for the problem
variables

e = ae'@t=%9) Q = Bellwt¥), (7.52)

where a and B are amplitudes, while ¢ and i are phases. As always, only
the real parts of eq. (7.52) have physical meaning.

Using the linearised formula (7.45) it is easy to establish a relation be-
tween the complex strain and the complex force

Q = cce, (7.53)
with c. being the complex rigidity
cc =q+ih. (7.54)

Let us find now the equations for amplitude and tensile force Q. To this
end, we take derivatives of both sides of eq. (7.40) with respect to z and
take into account egs. (7.41) and (7.53). We will have

" m -
Q -—-Q=0
Cc

Inserting an expression for the force @@ due to (7.52) into the latter equa-
tion and separating real and imaginary parts we arrive at the required
equations, see [126]

N 2
B' - B (w ) — —mw?BR,
\ (7.55)
% (B%) = -mw?BI,

where R and I are the real and imaginary parts of the inverse function for
the complex rigidity

R—il =c;!. (7.56)
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Note that R and [ depend upon the strain amplitude a which is still
unknown. In order to find their expressions in terms of B the following
equation

B? =lc. (a)|° a® (7.57)

must be solved for a and its solution must be substituted into R and [.
Equation (7.57) is easily obtained by means of eq. (7.53).
The boundary conditions for the system of equations (7.55) at x = 0 are

B = By, ¥ =0, (7.58)
and the Sommerfeld radiation condition as x — oo
v > 0. (7.59)

It 1s worth noting that g, h, R and [ are non-negative for physically
meaningful problems. This fact will be used in what follows.

Let us consider an interesting analogy. Equations (7.55) are identical with
the equations for dynamics of a point mass in a plane non-central field. The
right hand side of the first equation in (7.55) is analogous to the force of
attraction to the center, while the right hand side of the second equation
is analogous to a transverse perturbing force in the dynamics of a point
mass. Therefore the original complex problem of the wave propagation in
a nonlinear medium reduces, after a harmonic linearisation, to an equally
difficult problem of the dynamics of a point mass. In addition to this, the
problem is complicated by the character of the boundary conditions. The
Cauchy problem is stated in the dynamics of a point mass whereas in our
case it is a boundary problem with a condition at infinity.

The established analogy is useful from two points of view. Firstly, it
gives an idea on the character of the difficulties one faces when integrating
the system (7.55). Secondly, it allows the exact and approximate methods
developed in the dynamics of a point mass, in particular, in the dynamics of
satellites and spacecraft, to be applied. One of these approximate methods
is applied below.

Provided that a trajectory of a spacecraft with a small transverse thrust is
close to a circular path, the radial acceleration in the equations of dynamics
can be neglected. This assumption has been used in [181] when studying
the motion of a spacecraft with a solar sail. This method may be used in
the problem of wave propagation.

The assumption of smallness of the transverse thrust is analogous to the
assumption that [ is small compared to R. Neglecting the radial accelera-
tion in the dynamics of a point mass is analogous to neglecting the second
derivative in the first equation in (7.55). This equation then gives

¢ = Vimw?R, (7.60)

where the sign of the square root is chosen to be positive because of the
radiation condition (7.59).
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Substitution of this expression into the second equation (7.55) leads to
an equation for B

!

(BQ\/§> — —Vmw?B2I. (7.61)

If the product in the parentheses is a monotonically increasing function of
B, then due to the non-negativeness of I we deduce that the force amplitude
does not increase as z increases. Integrating (7.61) we get B and then ¢
from eq. (7.60).

Equations (7.60) and (7.61) may be rewritten in a form containing am-
plitude and phase of strain. To this aim, we make use of egs. (7.53) and
(7.57) and take into account that condition

I<KR

is equivalent to the following condition

h<q. (7.62)
Neglecting small values yields
, 2
o =y, (7.63)
q
, Vw2
d =— e g’; 5eT (7.64)
2¢*? |1+ -2
d |: * 4q Ba}

Consider now this problem from another perspective. Using the com-
plex form of the variables, we separate the variables directly in eq. (7.47)
assuming that

u(z, t) = U (z)e™?, (7.65)

where U is a complex function of z.
The result is an ordinary differential equation

(CCU()I +mw?U = 0. (7.66)

Here c. has already been introduced as the complex rigidity. Note that the
complex rigidity depends on the strain amplitude a by virtue of eqgs. (7.54)
and (7.46) and also that the strain amplitude depends upon z and is not
known a priori.

Equation (7.66) may be considered a linear equation with varying coef-
ficient c. (z). Prima facie, this interpretation seems to be useless as it is
impossible to find a general closed form solution of eq. (7.66) for arbitrary

cc (x) . There exist, however, two cases in which this approach leads to such
solutions.



238 7. Propagation of vibration in a nonlinear dissipative medium

1. Assume that a = a(z) and ¢, = ¢, (x) are slowly varying functions
of z. In this case, an effective approximate solution of eq. (7.66) may be
obtained by means of the Steklov-Liouville method [173]. Another name
for this method is the WKB-method [48]. Using this method, we introduce

the new variables
U=c Yy, y= / A 12 da, (7.67)
Ce
0

and equation (7.66) takes the form
d*v . , d? :
@% + (u}z — cgl/‘l—c*l/‘;) v=0. (7.68)

Provided that the rigidity c. changes rather slowly along the rod, the second
term in the parentheses can be neglected, and eq. (7.68) is easily integrated,
to give

v = De "V t Fe'V, (7.69)

where D and F' are some integration constants.
In order to ensure that the solution remains bounded as r — oc, we put
F = 0. Returning to the original variables yields

u = Des ey et (7.70)
Evaluation of the strain due to the assumption of slowly varying c. gives
e = iwDy/me 3/t Vet (7.71)
The square of the strain amplitude is easy to obtain
a? = w?D%m |c.| /7 2w Imy, (7.72)

As a matter of fact, this is an integral equation for a, which reduces to
a differential equation by means of taking a logarithmic derivative of the
both sides of eq. (7.72), to give

+awlmy/m/c. .
1lc] da

The assumption on a slow change of a has been made above. As seen from
eq. (7.73) this is possible if the imaginary part of ¢ is small compared to
its real part, i.e.

h < q.

This fact allows us to use the following asymptotic formulae

fm h [m
ICC’ = q, Im C_ = —{)—q ; (77—1)
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Thus eq. (7.73) takes the form

, ahvmw?

B 3adq]’
2432 |14 5=
? [ +4q8a

(7.75)

This coincides with eq. (7.64), so the method of slowly varying rigidity does
not yield a new result.

2. The second method should be referred to as an inverse method. Its
essence is as follows, cf. [123]. Given a particular dependence

ce = cc(x), (7.76)

for which eq. (7.66) has a relatively simple closed form solution. Satisfying
the boundary conditions renders the following dependence

a=a(x). (7.77)

By means of the latter equation we eliminate = from (7.76) and obtain an
expression

ce =cc(a). (7.78)

A particular form of dependence (7.78) helps us to guess the character of
nonlinearity Q.

Equations of the method of slowly varying waves have also been derived
by Mironov in [107] where a two-frequency wave was studied. These equa-
tions were obtained by means of a modification of the Mitropolsky method.
Provided that only a single-frequency wave is studied, they take the form
of (7.63) and (7.64).

It is worth noting that the original equations for the wave parameters
a, ¢, B and v, e.g. eqs. (7.49), (7.55) and (7.66), are suitable not only for
the analysis of slowly varying waves, but also for waves whose parameters
admit a rapid change along the rod. Some examples of such waves can be
found in the next Section.

7.3 Propagation of vibration in plastic media

In the present Section the laws of propagation of stationary vibration in
plastic bodies with various constitutive equations are studied. A rigid-
plastic material with linear hardening, an elastoplastic material with a
linear hardening, and an elastoplastic material with an arbitrary harden-
ing law, but a monotonic convex loading curve, are analysed consequently.
The latter problem presents some interest in the theory of internal damping
in materials under intensive stress.
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7.3.1 Rigid-plastic materials with linear hardening
Let the constitutive equation have the form, cf. [121]
Q = ce + Hsgné. (7.79)

One can easily recognize the deformation law of a rigid-plastic material
with linear hardening and the Bauschinger effect being taken into account.
The linearisation factors are as follows

(] = C. /L = Ho/(l. HU - 4H/7r (780)

Equations (7.49) take the form

ca —ca (,9 ) + Hop + mw?a =0, (7.81)

N2 o
Hy (;,c ) +2ca ¢ +cap =0. (7.82)

Although we have not succeeded in constructing a general solution with
four integration constants, we have obtained a solution which has two in-
tegration constants and satisfies conditions (7.50). This solution has the
form

a=ag— Jr, ¢ =@y + ax. (7.83)

Direct substitution into (7.81) and (7.82) shows that the constants o and
3 have the following values

o\ 1/2 !
o — <mu, ) . aHo. (7.84)

c 2c

<

The constants ag and ¢ are still arbitrary and must be determined from
the boundary condition at x = 0.
Solution (7.82) is valid only for those values of x for which a > 0, i.e.

0<a<a,=ag/B (7.85)
For x > x. it should be taken that
a=0, p =" =y + ar,. (7.86)

A direct substitution of the latter solution into the system of egs. (7.81)
and (7.82) shows that this system is satisfied. Besides, the solutions (7.83)
and (7.86) meet.

Inserting the obtained expressions for amplitude and phase into (7.83)
we get the following expression for the deformation

(ap — Bx)cos (wt — gy —ax), 0<z <,
0, > T,.

o
|

(7.87)
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e=a(x)

FIGURE 7.4. Strain amplitude € versus distance x.

This dependence for ¢t =const is shown in Fig. 7.4.

Let the first equation in (7.43) be the boundary condition at = = 0.
Satisfying it by means of a linearised expression for force ), we obtain the
following values for the integration constants

1 f H,
ap = Z\/EOQ_TOZ’ Yo = arctan —>. (7.88)

apcC

It follows from this equation that the constructed solution makes sense
only if the amplitude of the force in cross-section x = 0 is larger that Hp.
From a physical perspective, this means that force By must exceed the yield
stress H in the law (7.79). If force By is smaller than H, then no motion
in the rod occurs.

Displacement in this problem is obtained by integration of the equation
for deformation (7.87), to give

u = —Msin(wt — @y — ax) +
«
0 r<zx
—_ t — — — t — ¢ _ . , *
e [cos (wt — ¢y — ax) — cos (Wt — @y — ax,)]
u =0, T > T,.
(7.89)

It is seen that in the region near the driven end the displacement is a
superposition of running and standing waves. For x > x, there is no wave
motion.
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FIGURE 7.5. Rheological model for elastoplastic material with a linear harden-

ing.

The region of wave motion x, is obtained by substitution of egs. (7.88)
and (7.84) into (7.85) and is given by

2 2 b
v, = 2V B0~ Ho ( < )WA (7.90)

Hy mw?

The lower the material hardening and the higher the frequency of vibration
the smaller is the zone of motion. Further, decreasing the yield stress H or
increasing the amplitude By enlarges the region of motion.

In addition, z, — 0 as ¢ — 0. Hence, in a rod made of a rigid-plastic
material without hardening the vibration localizes in cross-section = = 0,
where the source of vibration is located.

7.3.2  Flastoplastic materials with linear hardening

Let the rod’s material be an elastoplastic material with a linear hardening
law, see [121]. For developed plastic deformations the rod behaviour is
governed by the following system of equations

Q=ce+ci(e—¢e1),c (e —e1) = Hsgnéy. (7.91)

Here €, denotes plastic strain in the element H of the rheological model,
cf. Fig. 7.5.

Function sgné; = 1 for a positive velocity of plastic strain and sgné; =
—1 for a negative velocity. Let us agree that if the velocity of plastic strain
is zero, then sgné; takes on that value from the interval [—1,1] which is
prescribed by the second equation in (7.91). Under such a definition of the
function sgné; the system of equations (7.91) is applicable for modelling
the processes of loading and unloading of the rod, both with plastic de-
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FIGURE 7.6. A typical diagram of cyclic deformation.

formations and without them, the Bauschinger effect being automatically
taken into account.

A typical loop of a cyclic deformation of material is depicted in Fig. 7.6.

Analysis of egs. (7.91) leads to the following conclusions. When plastic
deformation is absent the rod rigidity is c+c;. A plastic deformation begins
when the tensile force achieves the value of H (¢ + ¢;1) /c1, the hardening
being determined by parameter c.

The system of equations (7.91) is an example of the constitutive equa-
tions which cannot be represented in a functional form (7.42). The method
of harmonic linearisation can be applied directly to eq. (7.91). Following
this method, we put

€1 = bceos (wt — ), (7.92)

where b and ¢ are the amplitude and phase of plastic strain, respectively.
Next, the nonlinear function in (7.91) is approximated by a linear one

Ho 4H
ot Ho= = (7.93)

Hsgné) =~ b

Inserting this approximation into (7.91) we find the following expressions
for € and @ in terms of £;

Ho . Ho
s:el+clb‘;sl,Q=csl+< +1> Esl (7.94)

Differentiating the equation of dynamics (7.40) with respect to z and using
egs. (7.41) and (7.94), we obtain an equation for the plastic strain

0? H 0? Hy .
51‘—2- [651 + < + 1) bu(J] 1j| — ma*té |:E] + :&51] = 0. (795)
1
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Substituting the expression for 1 due to (7.92) into (7.95) and combining
coefficients in sine and cosine, we arrive at the following system of two
differential equations for the amplitude and phase of plastic strain

" N 2 . " .
c [b —b (L ) ] + Hy (i + 1) v+ mw?b =0, (7.96)
C1
" . N2 mw?H
—c [bu’v +2b z,] - <i + 1) Ho (v ) + 0 g, (7.97)
C1 C1

This system of equations has a solution
b=bg — Bx, v =1y + aux, (7.98)

where by and ¥ are integration constants, and « and 3 are easily obtained
by substitution of (7.98) into the system of equations (7.96) and (7.97).
These are given by

2y 1/2
a:<"“° ) g = Hoo (7.99)

C

Solution (7.98) makes sense only in that part of the rod where the am-
plitude b is positive, i.e. only for x satisfying the following inequality

O0<z<uwx,=by/s. (7.100)
For 2 > x, one must take

b=0, v=v,+y( -x.),
B ( o )‘/2 (7.101)

c+

Y, = Yo+ ax,,

Direct substitution of solution (7.101) into the system of equations (7.96)
and (7.97) shows that these equations are satisfied. In addition, the solu-
tions (7.98) for 0 < z < z. and (7.101) for x > z, meet. Indeed, at z = =,
the amplitude and phase of the plastic strain are continuous. By virtue
of (7.94) the total strain and the force in the rod are continuous as well.
Therefore, the plastic strain is equal to zero for x > z,. The solution con-
structed satisfies the Sommerfeld radiation condition at infinity, as u’// >0
as r — 0.

Let us determine the integration constants and find the main variables of
the problem, namely the total strain € and the displacement u. A convenient
way to do this is to transform to a complex exponential form in eq. (7.92)

g1 = be'l@t=¥) (7.102)
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which is allowed since eqs. (7.94) are linear in ¢;. It goes without saying
that only the real parts of (7.102) and others have a physical meaning.
Inserting (7.102) into (7.94) yields the equations

0= lebtim, (c + ¢ )] gilwt=0)
H ¢ (7.103)
) pilwt—1)

e=1|b+ i =2
C1
Using the first equation in (7.103) and the first boundary condition in

(7.43) at z = 0, we easily obtain the amplitude and phase of the plastic
strain in the plastic zone

07 1/2

1 A,

bo== | B} - HE (c“l)} g = arctan L) g 0
C

ccrbg

The solution obtained is seen to be meaningful only if the amplitude of the
external force satisfies the following inequality

By > H() (C + Cl) /Cl. (7105)

This inequality is a condition of initiation of plastic deformations in the rod.
This condition is an approximate one and differs from the exact condition
only in an inessential factor 4/7 in Hy.

As seen from the second equation (7.103) the strain amplitude is

a= (b2 +HZ/2)?, (7.106)

or accounting of an exact expression for b

1/2
a= [(bo — Bz) + Hg/cﬂ , O<z <z, (7.107)
a= Hy/a, T > T,

It follows from these equations that the strain amplitude decreases from its
maximum value at z = 0 to the value of Hp/cy, and then remains constant
and is equal to the maximal elastic strain.

Let us determine the displacement u. To this end, we insert expressions
for b and ¥ from (7.98) and (7.101) into (7.103), and integrate over z taking
into account the continuity of v at x = z, and the radiation condition as
x — 00. The result is

u = ——— - ei(wt—¢)+
a ca o
[ﬂ g _ l) L Bty < (7.108)
e \a v o
u = ——2eiwt=) T > T,
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FIGURE 7.7. The total strain € versus x.

The parameters which appear in this equation have been determined above.
As seen from (7.108) a wave of constant amplitude is outgoing at infinity for
x > x.. For 0 < x < x, the rod vibration is a superposition of propagating
and standing waves, where the amplitude of the running wave decreases
with increasing distance from the source of vibration.

Let us draw some conclusions. The cross-section z = =z, is a border
between a part of the rod with plastic deformation and a part with pure
elastic deformation. An expression for z, is obtained by substitution of the
expressions for by (7.104) and 8 and « (7.99) into (7.100)

2
0

L
mw?

2112 1/2
B2 m (c+cl> j! ( c ) . (7.109)
C

Thus, the higher the material hardening is and the lower the mass per unit
length and vibration frequency are, the larger the zone of plastic strain
is. In particular, when the rod material is ideal-plastic (¢ = 0), then as
follows from (7.109) z. = 0, i.e. the plastic strain zone is localised in that
cross-section to which the vibration source is attached.

It should be noted that the plastic strain zone is a region of the most
intensive vibration, i.e. a zone of large displacements. In the elastic zone
the amplitude of vibration is minimal and due to (7.108) does not depend
upon the shaker force but depends on the properties of the rod material
and frequency (see equation for v), namely the higher the frequency, the
lower the amplitude of vibration.

Figure 7.7 displays schematically the total strain versus x at an arbitrary
time instant. The plastic strain zone [0, z.] is seen to be a sequence of pieces
of plastic strain of alternating sign. A number of these pieces is equal to
the number of extrema of ;. The latter is easy to obtain from eq. (7.92)
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and is given by

1
n=— (¥, —Yg) - (7.110)
Substituting expressions for i, and ¥, into (7.110) yields
011/2
2 c+ (5%
=— |B}-H} : 7.111
n THy |0 0 ( c > } ( )

If the excitation amplitude By exceeds considerably the yield stress and
the material hardening is not very large, the second term in the square
brackets may be neglected as being small. This gives

2By
n=-——.
TI'HO

One sees that the number of pieces may be considerable. This fact com-
plicates construction of an exact solution since one has to deal not only
with a sequence of waves of loading and unloading ([155] and [164]) but
also with an unknown a prior: initial strain distribution as the problem is
periodic in time.

Another approximate solution of the problem under consideration has
been reported in [25]. The method of equivalent linearisation has been used
to construct the solution, cf. [27]. As the methods of equivalent linearisation
and harmonic linearisation coincide it may seem that the solution of [25]
should coincide with the above solution. However this does not occur for
a number of reasons. Firstly, a linearisation of the second equation was
not used in (7.91), but an equivalent linearisation of the constitutive law
Q = Q (e) depicted in Fig. 7.6 was utilized in [25]. Secondly, in contrast
to the exact solution obtained here, a linearised equation was solved in
[25] approximately by the method of slowly varying waves. The formulae
derived in [25] turned out to be more complicated. Although similar to eq.
(7.107), they predict a nearly linear decrease in the strain amplitude as
increases.

Thirdly, in [25] the amplitude tends asymptotically to the maximal am-
plitude of elastic waves, and any quantitative discrepancy between the so-
lutions is negligible. There is, however, an important qualitative difference
between the solutions, namely, for any sufficiently large = the amplitude in
[25] is very close to the maximal amplitude of elastic waves, but it exceeds
this maximal amplitude. This means that plastic strains take place in any
cross-section even if the distance from the source of vibration goes beyond
any limit. This fact contradicts the present solution which allows plastic
strains only in a finite region 0 < x < xz,. This contradiction raises the
question of which solution is closer to reality. Since two approximate and
quantitatively close solutions are compared, the problem cannot be solved
by means of their comparison. In order to answer the question some exact
solutions must be considered.

(7.112)
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Historically, periodic elastoplastic waves in rods were first studied by
Lensky [95]. A semi-infinite rod with a deformation curve of Fig. 7.6 and a
periodic loading at its end was analysed. It was shown that this problem re-
duced to a system of seven differential-functional equations. It was pointed
out that there was no steady-state periodic solution for a jump loading. A
periodic solution proved to exist only for a rod of finite length excited at
the second end by a periodic load with a specially chosen period in such
a way that no reflected waves occur. The paper gives, however, no direct
answer on the posed question about the size of the zone of plastic strains.

The same problem has been analysed in [116]. The study was limited
to the case in which the excitation slightly exceeds the limit of the plastic
stress. An exact solution was constructed by means of the inverse method
for a piecewise-linear serrated load. It turned out that the plastic strains
were localised in a finite region adjoining the loaded end. Further, elastic
waves propagated along the rest of the rod. This corresponds exactly to
the conclusions of the present approximate analysis.

Note in passing that a number of exact solutions on cyclic loading of
elastoplastic rods of finite length with piecewise-linear characteristics have
been reported. of. [72], [73] and [74]. Paper [72] is of most interest to the
present investigation. A closed form solution was derived there under very
restrictive assumptions. The external force was assumed to be a rectangu-
lar sinusoid with amplitude equal to the vield stress of the material. The
Bauschinger effect was also ignored and the period of external excitation
was specially chosen in such a way that a resonance occurred.

7.3.3  Flastoplastic materials with an arbitrary hardening law

Consider an elastoplastic material with a rheological equation (2.3). This
material has been studied in detail in Chapter 2. The laws of vibration
propagation in a rod made of this material have been investigated in [127].
Apparently

Q= Fo. (7.113)

where F'is a cross-sectional area of the rod.

As shown in Chapter 2 a harmonic linearisation of the nonlinearity in
the constitutive equation and the complex form of the variables lead to eq.
(2.26), which due to (7.113), gives

Q=ce.c=EF n=4/m.
1

. = 7.114
Ce=2C 1—/(1~7/2—z’11 1—7/2)]) (ﬂ) ﬁdn . (7 )
n/n

0

Substituting the expression for the complex rigidity given by (7.114)
into (7.75) and retaining only terms of the first order in effects of plastic
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deformation yields

1
a, — ,_w_a _TE /7] 1-— 7]2p (ﬂ> gd’q (7115)
2V ¢ n/n
0

Integration of this equation gives a = a () . Inserting this into the previous
equations one can investigate the laws of vibration propagation of interest.
For a power function of defects distribution (2.28), equation (7.115) takes
the form
C_ Y9 T e

= ; 7.116
@ 2 c @ ' ( )

where g is given by (2.30). Integrating (7.116) we obtain

-1/«
a=ao <1+%‘g,/f§agm> . (7.117)

It is seen that vibration occupies the whole rod decaying from the value
a = ag at x = 0 to zero. The following peculiarity of the vibration field is
of interest. For large values of x we can neglect the value of unity in the
parentheses of (7.117) to obtain

—1/a
wag [m
a< < 5 . x) . (7.118)

The strain amplitude at the loaded end ag is absent in this equation. Hence,
it indicates an upper limit of vibration at any point. This limit does not
depend upon on the power of the vibration source. Figure 7.8 displays the
curves a = a (z), due to eq. (7.117), for various ag. The upper curve with
a shading corresponds to an universal hyperbola

-1/«
_ (Y9 ™
a= < 5 Ca:) . (7.119)

In accordance with inequality (7.118), all curves a = a(x) lie beneath
the hyperbola (7.119) approaching it at large . Therefore, the intensity of
vibration does not depend on the power of the source provided that the
latter exceeds some level. In particular, it means that the amplitude of the
excitation cannot be reliably determined by measurements from the far
field of elastoplastic vibration.

7.3.4 A wiscoelastoplastic material

Consider now a more complicated rheological model of a material which
is depicted in Fig. 7.9. The model consists of the elastoplastic element of
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—

0 x

FIGURE 7.8. The strain amplitude a versus z. The upper curve is an universal
hyperbola due to eq. (7.119).

Fig. 2.1 in parallel with a generalised viscoelastic element. The latter is
introduced as an adequate description of the energy dissipation in a mate-
rial under small strain amplitudes. An influence of the viscoelastic element
becomes insignificant at large amplitudes since the energy dissipation is
determined by the effects of plastic deformations in the elastoplastic ele-
ment. A similar rheological model has been applied in [9] to the descrip-
tion of vibration in complex structures. The elastoplastic part of the model
describes material damping and interface friction between the structural
members during their relative motion, while the dashpot models a linear
resonant absorption of vibration by secondary systems, see the example of
Section 8.2 for details.

Repeating the derivation of the previous part of this Section we find
that the strain amplitude a (x) decreases and is governed by the following
ordinary differential equation

a = —~ Dot Ba, (7.120)
Ve

_ Ly ymeg wf m (7.121)

T2 ¢’ 2 c’ o

Here f characterises energy dissipation due to viscosity, where
f=Fw).

The other variables coincide with those of the previous part.

where

2
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FIGURE 7.9. The rheological model of a viscoelastoplastic material.

The integral of eq. (7.120) is given by

1 -1/
a(z) =ao {1 + 3 (eo‘ﬁ“’ -1)(B+ yag)] , (7.122)

where ag is the strain amplitude at x = 0.

As seen from eq. (7.122), vibration occupies the whole rod decaying from
the value a = ag at x = 0 to zero.

The vibration distribution has the same qualitative feature as in the
previous example. Indeed, increase of the strain amplitude at x = 0 leads
to an increase in the amplitude a at any x. However, this increase at a
given r has a limit which is formally obtained from eq. (7.122) as ag — o0

a. (z) = {Waﬁi—_l)]l/a. (7.123)

Hence, the following inequality holds
a(z) < a.(z) (7.124)

which is similar to inequality (7.118).

Again this indicates the existence of an upper limit of vibration which
does not depend on the power of the source of vibration, but is a function
of frequency, the rod parameters, and the distance from the source.

The effect of vibration saturation observed in the two last examples may
be explained as follows. As the power of the source of vibration increases,
the density of vibrational energy increases in the cross-sections near the
loaded end. The energy dissipation in this zone increases even more in-
tensively. This results in an absorption of vibration in a region adjoining
the loaded end, while the vibrational energy in the remote cross-sections
increases negligibly.
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7.4 Vibration in a rod with power law elastic and
dissipative characteristics

The goal of this Section is to show that the nonlinear effects discovered in
the previous Section, namely, vibration saturation (7.3.2, 7.3.3 and 7.3.4)
and a finite distance which the vibration travels down the rod (7.3.1) occur
in the non-plastic rods, too.

7.4.1 Fuirst exzample
Let the governing equation for a rod have the hypothetical form, cf. [126]

Q = ky |e|” sgne + ko |&]" sgne. (7.125)

The linearisation factors are as follows

q=aa""' h=pa""", (7.126)
where .
k2K+ZB K+1 H+1>
& = K1 s
™ 2 2
g 2y (L ptl (7.127)
— A2 2 ) 2 )

B being the Eulerian beta-function.

In order to solve the problem we make use of the method of slowly varying
parameters since the other methods of Section 7.2 do not provide us with
a closed form solution.

Inserting expressions (7.126) into egs. (7.63) and (7.64) we arrive at the
following equations

’ ’ 2 v
a =—ya't p = \/ ™ G (1=r)/2, (7.128)
a

Their integration due to the boundary conditions yields

a=ag(l+syair) ", (7.129)

a3k +1 0 (eop)2 (k)2

p=—-—" (a - a ) + ©q- (7.130)
Br—p \°

Here ap and ¢, are the values of a and ¢ at x = 0, respectively. The other

denotations are

mw? 20 1 +2u -3k

Y = N = 71‘51
' ! a(3n+1)'s 2 ( )

Let us next consider some particular cases.
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Let s <0, i.e.
3k > 2u+ 1. (7.132)

As follows from (7.129) the amplitude of vibration vanishes at x = z,,
where

(7.133)

Equation (7.129) is meaningless for z > z,. On this account, it should be
taken that the strain is equal to zero for x > ..
Let us consider now s > 0, i.e.

3k <2p+1. (7.134)
The solution (7.129) is then valid for any z. In particular, the following

inequality holds
1 1/s
a< (————) , (7.135)
syx

expressing a condition of vibration saturation.
Finally, let s = 0, i.e.
3k =2u+ 1. (7.136)

Passing to the limit at s — O renders the result
a=age 7%, (7.137)

This particular case shows that an exponential decay of vibration is possible
not only in a linear elastic rod with linear damping, but also in a nonlinear
case.

7.4.2 Second example

Consider now a particular case of dependence (7.125), namely k = u. The
complex rigidity is then given by

c=(a+if)a*" 1. (7.138)

It turns out that this particular case can be analysed more accurately,
i.e. without utilization of the assumption of a slowly varying amplitude. It
is possible to do by means of the inverse method outlined in Section 7.2.
Assume [123]

c=co(1+7z)?, (7.139)
where ¢ is a complex value while 7y is a real value. Insertion of the complex

rigidity (7.139) into eq. (7.66) leads to the Euler equation

2
(14+92)°U" + 2y (1 + 42 U+
0

U =0. (7.140)
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A solution which satisfies the kinematic boundary condition (7.43) takes
the form

U=A9(1+~z)", (7.141)
where n is a root of the quadratic equation
9 mw?
n“+n+—s =0 (7.142)
oy

By using eq. (7.141) we find the strain amplitude

dU
dzx

a(x) = ‘ =ag (1 +vz)°, (7.143)

where
s=Ren—1, ag = Ap|yn|. (7.144)

Eliminating x from (7.139) by means of (7.143), we obtain the following
dependence for ¢ on a

¢c=Da**, D =coay*’”. (7.145)

Choosing appropriate values of s and using the previous equations we can
construct the solution of the problem under consideration.

The question of the boundary condition at infinity is, as yet, unanswered.
To do this, we have to consider two cases subject to the sign of 7.

a) v > 0. In order to satisfy the Sommerfeld radiation condition it is
necessary to require a solution that decays as * — oo. For this reason, n
is that root of the quadratic equation (7.142) which has a negative real
part. From the first equation in (7.144) we see that s satisfies the following
inequality

s < —1. (7.146)

b) v < 0. In order to ensure that the solution (7.141) is bounded at
z =z, = 1/|v| it is necessary to take that root of the quadratic equation
(7.142) which has a positive real part. By virtue of eq. (7.144) we get

s> 1. (7.147)

If it is the case the displacement amplitude U vanishes at z = x,, i.e. for
T > T,

U=0. (7.148)

Equation (7.66) is satisfied by this solution for any dependence ¢ = ¢ (a),
apparently for the dependence (7.145). Further, this solution meets the
solution constructed for z < z, in displacement and force.
Thus, for s > —1 we have v < 0 and
A +v)", <z,

U= P (7.149)
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Comparing egs. (7.138) and (7.145) we conclude that
2 S
—=p—1c¢co=(a+ifB)af . (7.150)
S

Further, by means of eq. (7.144) we obtain

1
n=Ativ, A=HEE1 (7.151)
pw—1
In order to find v we substitute n, due to (7.151), and ¢g, due to (7.150),

into eq. (7.142) to obtain

mw? (a — i) a(l)_“ B

Mg a—2 4+ 20+ )iv + PP 0. (7.152)

This equation with complex coefficients possesses real roots only for a spe-
cially chosen . These roots must satisfy the following equation

VQ—%(2A+ Dy —A+X=0. (7.153)

where 2 is given by
2 _ Bmw?ay ™
v(2A+1) (a2 + 8%)

¥ (7.154)

As v2 must be positive, v is that root of eq. (7.153) which has the same
sign as the value of (2X +1).

To obtain the strain amplitude ap at z = 0 we use the second equation
in (7.144). After the substitution of the obtained values of v and n into it
we obtain the following equation

g N Bme?
° v(2A+1) (a2 4+ %)

(7.155)

Inserting this expression for ag into eq. (7.154) and taking account of the
fact that v and A have opposite signs, we obtain

v = (TAo) ™ sgn (-N),
(1-X)/2

2

1/2 ﬁ'm,w (7. 156)

v(2A+1) (a2 + 5°) ,

r= (/\2+u2)

which give an expression for v in terms of the main parameters of the
problem.
Let us consider some possible particular cases.
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a) i < 1. According to eq. (7.151), A < 0 and
2 +1<0,v<0.v>0. (7.157)

An expression for the displacement is obtained by substituting (7.141) into
(7.65). Accounting for n. due to (7.151), we find
A() _
U = ————— COS [wt = [ In (1 +~2)]. (7.158)
(1+~va)

Hence, a propagating heterogeneous wave travels down the whole rod in
this case. The amplitude of the wave obeyvs the law

A ;
A(r) = ——— 7.159
(= (7.159)

Omitting the value of unity in the parentheses and using the expression for
v due to (7.156) leads to the inequality

Ay
ColAl’

Ar) < (7.160)
which is the known property of vibration saturation.
b) 1 > 1. In accordance with the equations of this Section we have

A>0.v>0 v <0. (7.161)

The displacement is then given by

” [ Ao (1= y|x) cos[wt +vin (1l —|y|x)], 0<z <., (7.162)

0, R

The coordinate of the border of the motion zone has the following expres-
sion

ve = (FAg)' "™ (7.163)

The border of the motion zone enlarges as the vibration amplitude of a
shaker Ag increases.

The results obtained confirm completely the general conclusions which
were drawn at the beginning of the Section.

The material of this Section is a specific particular case of a viscoelastic
material. Another particular case has been studied in [4]. The rheological
equation has been written there by utilizing an inheritance integral, where
terms up to second order in strain were retained. A solution of the vibration
problem in a semi-infinite rod has been obtained by means of the method
of slowly varying waves.
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7.5 Propagation of vibration in a nonlinear
dissipative rod of finite length

The methods of Section 7.2 fail to analyse the vibration in a rod of finite
length. One of the most general methods, namely the method of slowly
varying amplitude is not applicable in this case. This follows from the fact
that in this linear problem, the strain amplitude can change as fast as the
solution itself. Consequently, the basic assumption of the method is not
fulfilled. Other, more sophisticated methods, like the method of equations
(7.49) or the inverse method cannot be used either since it is impossible
to construct solutions with a sufficient number of integration constants.
Further, it is not expedient to return to the modal analysis (as used in
Chapter 6) as the solution becomes cumbersome at higher frequencies. It
appears that the only way out of this situation is to use a slight modification
of the method of harmonic linearisation.

As in the method of harmonic linearisation, the nonlinear function (7.42)
is approximated by a linear one

. h
Qe &) ~qge + —
w

E. (7.164)
The linearisation factors are found by minimising the square of error in-
herent in approximation (7.164)
z+Ax T 2

h
/ [Q (e, &) — ge — ;é dtdr =min (7.165)

q,h
T

due to harmonic deformation (7.44)
e =a(z)coswt—p(z)].

Contrary to the standard method of harmonic linearisation an additional
averaging over the spatial coordinate is introduced here. An averaging scale
should be sorted out in such a way that some smooth functions ¢ (z) and
h (x) will be obtained even for an oscillating function a (z). This is im-
portant for the forthcoming integration of equations obtained after the lin-
earisation since it allows us to apply the effective method of slowly varying
parameters.

Realising requirement (7.165) and assuming that ¢ and h vary insignifi-
cantly in the averaging interval we obtain

z+Ax z+Ax )
[ ¢ (a)a’dx [ h*(a)a’dz
x h _ x

z+Az ! - z+Azx
| a?dz [ a’dx
z T

q= (7.166)
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where ¢* and h* are the linearisation factors, cf. eq. (7.46)
2
q* (a) = 7r_la /Q (acosk, —awsin K) cos Kdk,
* o
h*(a) = —% /Q (acosk, —awsin K) sin kdk.
0

It is seen from (7.166) that ¢ and A tend to ¢* and h* as Az — 0 and
then the advantage of the approach disappears. On the other hand, it is not
advisable to take a large value of Az because the information about a (x)
is lost. The question of selection of the averaging scale will be discussed in
detail later on. However, it is essential to realize that this choice ensures
that ¢ and h are slowly varying factors.

In what follows we make use of the complex rigidity

Ce = q + th, (7.167)
which, due to egs. (7.166) is given by

z+Azx

Ce = vﬁ— ¢ (a) =¢" (a) +ih" (a). (7.168)

f a?dzx

We see from this equation that c. is a functional of a.

By means of approximation (7.164) and egs. (7.40) and (7.41) we arrive
at eq. (7.47). Separating the variables by means of (7.65) we obtain eq.
(7.66)

(cCUI>I +mw?U = 0.

Since the complex rigidity is a slowly varying function of the coordinate it
is reasonable to apply the Steklov-Liouville method or the WKB-method
to solve the above equation. This method, due to (7.67) and (7.69), gives
the following approximate solution

u = c; V4D coswy (x) + Dysinwy (z)] ™. (7.169)

Let us satisfy the boundary conditions. Let the end of the rod x = 0 be
free and the end x = L be subject to a harmonic force of frequency w and
amplitude By. Satisfying the boundary conditions, evaluating the strain
and neglecting the terms of higher order we obtain

. BQC;3/4 (2) 1/ (L sinwy (x)

c

wt 7.170
sinwy (L) ¢ ( )
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By means of this expression we easily find the strain amplitude

2 _ B? cosh B (x) — cosy () —
= |CC(I)|3/2|CC(L)|1/2 COShﬁ(L)_COS’y(L)’ .
where the following notation has been introduced
2wy (z) = v (x) —if (z). (7.172)

It is evident that v and 8 depend also on frequency, however this argument
is not shown since the frequency is fixed. Argument = may take either a
current value or z = L as is seen from (7.171).

The physical background to the problem suggests that the assumption
of a slowly varying c. is fulfilled if the material damping is not large. Use of
the corresponding asymptotics leads to the following approximate results

al = g, 7 = 2 / NEATE / Sy

which are valid up to values of the first order in h/q. It is seen from these
equations that the inequality

18 ()] < [y ()] (7.174)

holds for h <« gq.

Inserting the amplitude (7.171) into (7.166) and averaging over x we
obtain a system of integral equations for two unknown functions ¢ and
h. After ¢ and h have been found, the solution of the problem can be
reconstructed by means of the above equations.

Let us briefly consider the question of averaging over x. As it has been
pointed out, this averaging should be performed in such a way that its
result would be a slowly varying function of the spatial coordinate. The
presence of trigonometric functions causes a rapid change in a, while other
functions vary slowly. Indeed, the rigidity c(z) varies slowly due to the
above assumption. Further, cosh 3 (z) varies slower than cosy (z) because
B (z) is asymptotically small compared to v (z) due to (7.174). Therefore,
an averaging must be performed over parameter . While averaging one
must try to keep the averaging interval as small as possible in order to get
a detailed dependence g and h on z.

One or more waves of oscillation of amplitude a exist in the rod when
v (L) > 2. In this case the period of this oscillation should be chosen as
a minimal averaging interval. In other words, the averaging over v must
be performed within the interval [0,27]. This interval, however, can be
halved because of the cosine function. If v (L) < m then no full half-wave of
oscillation of amplitude a exists within the length of the rod. In this case,
the averaging must be performed over the length of the rod, or, in other
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words, over the following interval of v [0,y (L)]. This allows eq. (7.166) to
be written in the following form

I 1
[ a*q* (a)dvy [ a®h* (a) dvy
0 0

=" ch=" , (7.175)
[ a?dy [ a?dy
0 0
where [T denotes the averaging interval
IT = min[m, v(L)]. (7.176)

The result of evaluating the integral in the denominator of (7.175) is

B? cosh G (z) — sin (IT) /II
7 (7.177)

_1_ / 2d _
I /a 7= q3/2 (z) (L) coshB (L) —cosvy(L) "
0

Evaluation of the integrals appearing in the numerators of (7.175) is not
possible in general, since they depend essentially on the character of the
nonlinearity.

Consider now a rod made of the elastoplastic material analysed in Chap-
ter 2. By virtue of (2.29) its complex rigidity is given by

¢ =c(l—ra® +1ga®), c=EF, (7.178)

where E is the Young’s modulus and F’ is the cross-sectional area. We then
obtain

¢ =c(l—ra®), k™ = cga®. (7.179)
Inserting these expressions into (7.175) gives
I 1 -1
g=c|l- r/a2+°‘d'y /a2d7 , (7.180)
0 0
1 11 -1
h :cg/a2+0d7 /a2d7 . (7.181)
0 0

The first of these equations may be simplified by means of the second one,
to give

q=c(l—ph/c), p=r/g. (7.182)

Let v(L) > . Then I = w. Substituting the amplitude (7.171) into

(7.181) leads to an integral which is reduced to the first Laplace integral
for the Legendre functions, cf. [93]

1 . v
P,(2)=— / [z + (2% = 1)1/2 cost dy. (7.183)

s
0
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Using the substitution
z = coth g3,

we transform eq. (7.183) to the following form

us

! / (cosh B — cos)” dy = sinh” 8P, (coth §), (7.184)
s
0

which is required to evaluate the integral in (7.181). The result of this
evaluation is as follows

ho_ [ Bo ]“ sinh'**/2 8 (2) P14 a2 (coth B (z))
cg ¢*/* (x) g"/* (L) [cosh B (L) — cosy (L)]O‘/2 cosh 3 (z) .

(7.185)

Introducing the non-dimensional variables

h fm KX

and using expression (7.182), we rewrite eq. (7.185) in the following form

;5): [ By/c 1/4} sinh'**/2 8P o /2 (coth 3) (7.187)

(1= p1p)** (1 = ppy) (cosh B, — cosy,]*/? cosh B

For small p the parameters in the latter equation have the following as-
ymptotic representations

K/2

¢
5= [ pac By~ [ pac.m = n+ by (7.188)
0

0

Further, p; is the value of p at x = L or, due to (7.186), at ¢ = /2. Equa-
tion (7.187) is the required nonlinear integral equation for the unknown
function p = p(¢). After this equation has been solved, ¢ is obtained by
means of (7.182). Determination of the variables of interest now presents
no problem.

Let us analyse eq. (7.187). Putting ( = 0 in it yields

Po _ By/c

[e3
] D
g (1 — o) (1 — ppy)"/* | [cosh By — cosy,]*/?

(7.189)

where

3(1+a/2)
b =éin%] sinh! /2 BP14a/2 (cothB) = 2 B (3 +a 3+ a) |

T 2 7 2
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FIGURE 7.10. Dependence p versus ¢ for a = 1.

B being the Eulerian beta-function.
Dividing both sides of eq. (7.187) by the corresponding sides of eq. (7.189)
we get

p ( 1— pp ) i B sinh't*/2 3

o \Tpy) = Deoshp |rrerzcothB) (7.190)

The latter equation may be easily reduced to an ordinary differential
equation by taking a logarithmic derivative. As the Cauchy problem for this
equation has an unique solution, there exists a unique function p = p(¢)
for each value p,y. This function can be obtained, for example, by means of
the method of successive approximations using integral equation (7.190).
The solutions are displayed in Fig. 7.10 for « = 1.

Let us now study eq. (7.189). Solving it for v, gives

) A

v, = k + pf, = 27n + arccos [cosh By — =7 3 -

po' " (1= ppo)** (1= upy)”?
(7.191)

where
‘ Bo\ 2
A= (gD)¥* <-) ,n=1,23, .. o0 (7.192)
&

Equation (7.191) allows us to make some conclusions about the rela-
tionship between p, and x, where k is the non-dimensional frequency of
vibration. Positive values of x appear only when the following inequality
holds

] < cosh A <1 (7.193)
—lzcoshgy — 3/2 1z = :
Po/a (1= ppo) / (1= ppy) /
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This inequality gives, in the plane of the parameters k and pg, some domain
in which the whole curve (7.191) is located. Given the integrals of eq. (7.190)
the boundaries of this domain are easily obtained. These are depicted in Fig.
7.11 by lines I-I and II-II (A is taken to be 3.4-107%). The above domain
lies between these lines. It is also possible to get an approximate closed form
expression for these boundaries. Figure 7.10 plots the dependences p = p (¢)
only for those values of parameters which satisfy inequality (7.193). With
great accuracy we can take p = p, = const. Then, equation (7.188) gives

By = pok/2, (7.194)

and the boundaries (7.193) are given by the following equation

2 A
k= —argcosh | ————— 41|, (7.195)
Po p*/* (1 — ppo)

where plus corresponds to the line I-I and minus corresponds to the line
II-11.
Consider the curves

Y1 = K+ pfb =27, (7.196)

Y1 =K+ pBy =2mn — . (7.197)

These can be easily plotted in the plane p, and k by using the integrals
of eq. (7.190). It is also possible to derive an approximate closed form
expression for k. By means of the approximate equality (7.194) we find,
respectively
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2mn 2mn —
K= LK = 4
1+ ppo/2 1+ ppy/2

These curves are also shown in Fig. 7.11. The first group of these curves,
denoted by C' is analogous to the backbone curves in nonlinear vibration
theory.

The domain between the lines I-I and II-II is cut into sections by curves
(7.196) and (7.197). As seen from eq. (7.191) only one branch of curve
(7.191) is located within each section passing through the points where
curve (7.196) crosses I-I and curve (7.197) crosses II-II.

An actual construction of curve (7.191) within each section is easily per-
formed by the method of successive approximations using the following
scheme

(7.198)

; A
K = 2mn — pf3, £+ arccos |cosh 3, — 57 372 (
x 1

po’ (1= ppo) i

(7.199)

To this end, one must choose a value of n and a sign in the latter equation
which corresponds to the section under consideration. Next, some values
of k and p, from this section should be taken and 3, and p; should be
computed by means of the integrals of eq. (7.190). Substituting these values
into the right hand side of eq. (7.199) we obtain a more accurate value of
x corresponding to the chosen p, etc. The process converges very quickly
and one or two approximations are sufficient in most cases. The results of
such computations are shown in Fig. 7.11. This completes construction of
the dependences p,, versus r for the case v, > 7.

Let us consider now the case v, < w. Then II = v (L). Note that this
case consists of very low frequencies, i.e. x is small. As p is small, 3 and 3,
are small too, i.e. § < 1 and 3; < 1 and therefore cosh 3 ~ 1 and p = p,.
Accounting for this fact and inserting a?, due to (7.171), into (7.181) we
obtain by virtue of (7.182), (7.186) and (7.188)

— jpy)

1 1+a/2 dA{

(1 — cosv)

O-—u

. — BO : "
poremd L(l - #Po)} (1 — cos M)“/2 (1 — (sink) /hl (7200

The integral in this equation cannot be evaluated in terms of elementary
functions, but can be computed digitally. Then, eq. (7.200) yields the re-
quired relation between py and k for £ < . The curve (7.200) at x = 7 and
the curve (7.189) meet as value of 3 is small for this value of x. By means
of (7.200) it is easy to analyse the behaviour of the curve py (x) for small
k. Using the asymptotic equations for trigonometric functions we obtain

B

po (L —ppy)* =g (—O)Q E

3+a

(7.201)

C
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Thus, the curve does not pass through the origin of the coordinates.

The construction of the entire curve pg (k) is now completed. Utilizing it
for a given value of frequency, we obtain p, and then h = cp. The vibration
parameters will be found by means of the above equations. For example,
the average squared strain at x = 0 due to (7.177) is given by

B? 1 — (sinI) /II
2 — 0 . 7.202
Gav = 572 (x) q'/2 (L) cosh B (L) — cos~y (L) ( )
In the case of v (L) > 7 this formula yields
2
a2, = (Bo/c) ! (7.203)

(1= ppo) (1 = ppy) /2 cosh By = cos vy

where the previous notation was used. Combining this equation with (7.189)

we obtain
Po e
av = | —= . 7.204
o= (25) (7.204)

In the present example o = 1. Hence, in this case the diagram of Fig.
7.11 gives us the dependence aq, (k) up to the scale of the ordinate axis.

Consider now the case v (L) < 7 which is the case of low frequencies.
Thus, 8 < 1 and cosh 3 =~ 1. Equation (7.202) is transformed to the
following form

o2 (Bo/c)2 1—(sink) /K

o = 0 up0)2 T ocsr & < . (7.205)
As k — 0 we have the equality
oy = — 20/ (7.206)

(1= ppy) V3’
from which, by means of (7.201), we find

po DB+ )

[e7%3) gD 3\/3 .

At o =1 this gives

gy = 0.97 22

gD

which actually coincides with eq. (7.204). Exact agreement between these
curves also takes place at another values of x. Hence, the entire curve pg (k)
is similar to the curve ag, (k). The resonance curve also bends off to the
left, which is well-known phenomenon for mechanical systems with internal
damping. In this example this effect is not considerable and does not cause
any multiple-valued amplitude-frequency characteristics.



266 7. Propagation of vibration in a nonlinear dissipative medium

Other amplitude-frequency dependences may be plotted by analogy.

Let us consider how close a mode of resonant vibration is to a mode of
free elastic vibration. As shown in Section 7.1 this difference is determined
by the value of cosh 3, — 1. For the extreme left peak this value is 0.04
while for the extreme right peak it is 0.25. In other words, the difference is
negligible at low frequencies, but it is essential for the extreme right peak.

Note, finally, that the construction of the whole amplitude-frequency de-
pendence is done by utilizing an uncomplicated transcendental equation.
This is an advantage of the method of harmonic linearisation over other
methods of nonlinear mechanics used for the analysis of vibrations in sys-
tems with distributed parameters.

The problem of longitudinal vibration of elastoplastic rods subject to a
harmonic distributed loading has been considered in [61]. The case in which
the loading curve is a cubic parabola was studied there. While constructing
an approximate solution it was assumed that the motion of the rod was
nearly harmonic. A vibration mode of the vibrating rod was sought in the
form of a expansion in terms of the normal modes of the free elastic rod. The
Galerkin method was used to obtain the parameters of the expansion. The
amplitude-frequency characteristic was computed in the frequency domain
for only the first three resonance peaks. It was shown that the influence
of the higher modes of free elastic vibrations on the first resonance is very
small. Substantial numerical difficulties associated with the solution of the
equations obtained by Galerkin’s method have been reported.

Vibrations in a half-wavelength rod, i.e. a rod of length equal to half
the wavelength of the travelling wave, with amplitude-dependent losses
have been studied in [92]. The losses were computed using an elastic mode
of forced vibration of the rod. Then, by means of the WKB-method, the
vibration mode for the rod with losses was obtained. In such a way, the
frequency domain near the first resonance was investigated.

7.6 Propagation of random vibration in a rod with
nonlinear properties

Consider a longitudinal vibration in a rod with a nonlinear constitutive
equation. Let us write down the equations of the rod motion

Q -—mi=0, c=u, Q=Q( &). (7.207)
As before we assume that @ is an odd function of its arguments. Assume
that the rod has a finite length L, one end (z = 0) being free and the other
end (z = L) being subject to a force p(t). The latter is assumed to be a
stationary random function of time with a zero mean value.

It is known that the stated problem has no exact solution. In what follows
we offer its approximate solution by means of the method of statistical lin-
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earisation, cf. [124]. According to this method, the third nonlinear equation
(7.207) is replaced by an approximated linear equation

Q ~ hie + hyé. (7.208)

The linearisation factors are conventionally chosen from the condition
that the linear function (7.208) optimally approximates the original non-
linear relation due to the criterion of minimising the mean-square error.
These factors are as follows, see [141]

hy = O_i% //Q(e, &) ew (e, &) dede,
= (7.200)
hy = Ui% //Q (e, &) w (e, &) dede.

Here o, and o, are the standard deviations of strain and its velocity in
cross-section z, respectively, and w (e, ) denotes a joint probability density
function. As the distribution law for € and ¢ is unknown until the whole
problem is solved, we assume a normal distribution [141], i.e.

()= 5 e L (7:210)
w(e, &) = exp|l—=—=—73 - .

€ 20109 P 202 20%

Equations (7.209) and (7.210) indicate that the linearisation factors depend
on the still unknown root-mean-squares of strain and its velocity, i.e.

hi = hl (0’1, 0'2) . (7211)

Combining eq. (7.208) and the first two equations in (7.207) we obtain a
single equation for the displacement

’

hau' + hytt' ) —mii = 0. (7.212)
( )

This is the governing equation for longitudinal vibrations in a rod for the
Kelvin-Voigt material. It should, however, be kept in mind that its coefhi-
cients depend on the unknown characteristics of the final solution ¢, and
o9. It is assumed that o, and 04 are time-independent as the steady-state
vibrations are analysed.

Applying the spectral decomposition of the load on the end z = L

p(t) = /ooei“tV (w) dw
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and looking for a steady-state solution of eq. (7.212) by the method of
separation of variables, we arrive at the integral canonical representation
of the displacement

u= / e d (w, )V (w) dw, (7.213)

—0o0

where function @ is governed by the following equation

(ch)l) +mw?® =0, cc = hy + iwhy. (7.214)

As before, ¢, is referred to as the complex rigidity. Assuming slow varia-
tions of o; and ¢y and thus slow variations of ¢, (z), we will construct the
solution of eq. (7.214) by the Steklov-Liouville method described above.
The solution is given by
coswy ()
¢ = 1/4 . ‘
"o/ e (2) ce (L)) sinwy (L)

y = / /ch (7.215)

In order to satisfy the boundary conditions, the derivatives of ¢, with re-
spect to x have been neglected as they are asymptotically small compared
to wee/a.

Substituting (7.215) into (7.213) renders the following canonical integral
representation for € and ¢

E =

T (w, 2) V (w) dw,

iwe W (w, 1)V (w) dw, (7.216)

E“ =

/
/

where

sin [wy ()]
c/* (x) e/ (L) sin fwy (L))
By means of (7.216) due to the standard technique, we find the variations

of € and £
/ @ (w0, ) S () deo

— 00

U (w, z) = (7.217)
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o2 = /w2|\1'(w, )2 S (W) dw. (7.218)

— 00

Expressions (7.218) are actually equations for functions 1 and 0. The
unknown functions o7 (z) and o2 (z) appear in the integrands on the right
hand sides nonlinearly as y is an integral over z. Therefore, equations
(7.218) form a system of two nonlinear integral equations. After this sys-
tem has been solved one can easily find the statistical characteristics of
the vibrational field by means of the above formulae. On this account, the
main problem at the moment is to solve the system of integral equations
(7.218). In the most general case, it can be solved only numerically, say
by the method of successive approximations. Below we will consider some
cases which enable approximate analytical solutions. In order to find an
analytical solution of (7.218) a maximal simplification of this system is
desirable. By means of the notation

2y (z) = A(x) —iwB (z), (7.219)
the square of the absolute value of ¥ is written in the form

3/2 cosh [w2B (x)] — cos [wA (z))
cosh [w2B (L)] — cos [wA (L)]”

The assumption of a slowly varying complex rigidity ¢, has been used. For
physical reasons, it is clear that slowly varying o1 and o3, as well as a slowly
varying complex rigidity ¢, (which depends on ¢ and o3), are possible only
for not too large values of damping. This means that the imaginary part
in eq. (7.219) is small compared to the real part for each frequency of the
load spectrum. This allows us to use the following approximate equations

x T "
lee| = h1, A(z) = 2/ ,/ﬂdx, B (x) :w/ 1/E—Qd:c. (7.221)
A hl ) hl h]

These are valid with an accuracy up to the first order of smallness.

The second simplification is more restrictive. When the damping is small,
expression (7.212) is a rapidly changing function of frequency with sharp
peaks (they would be resonance peaks if the system were linear). For this
reason it is necessary to average I\Il|2 over a frequency band of the order
of the distance between adjacent peaks and then integrate as equations
(7.218) require. Averaging as in Section 7.1 we obtain

0% = Jee (L)% Jec ()|

(7.220)

|\II|2 _ h~1/2h_,3/2COSh [LJQB (ac)] ~

av 1L T inh (W2 B (L))
Here and in what follows, the subindex denotes the value of the argument,
e.g. hiz = hi(z) and hir = hy (L). Inserting eq. (7.222) into (7.218) we
obtain a simplified version of the system of integral equations

(7.222)
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o2 = / ¥ (w, ‘z:)|‘jv5(w)dw,
2 2 2|2
o2 = / I (w, )2, S (w) du. (7.223)

The above averaging procedure assumes the spectral densities of the load
to be smooth.

Let us next consider some particular cases.

1. Let the argument of the hyperbolic functions be small for the main
frequencies of the frequency spectrum of the load. Using the asymptotic
formulae we arrive at the system of equations which predicts that o; and
o9 are constant. The equations for their determination are

2B (L) = /Suf‘;)dw,
d2hiB (L) = /S(w)dw, (7.224)

2. Another important limiting case is that in which the argument of
the hyperbolic function is large. Utilizing the corresponding asymptotic
formulae in (7.222), the system (7.223) becomes

oo

2 w?[B(z)-B(L)] S(w)
Tz = / € 172,32 %
o0 h’lL h]:z:
s 2
2 w?(B(z)—-B(L)] ¥ S (w)
05, = / e 1B(@) ]—hl/2h3/2d¢u. (7.225)
— 0 1L "1z

It is instructive to note that exactly this system of equations is obtained
when a semi-infinite rod —0co < < L subject to a random load at = L is
considered. From a physical point of view, the transition from the system
(7.225) to a new system (7.218) means neglecting the reflection at the free
end of rod.

The first difficulty that arises when one tries to solve the system (7.225)
is an evaluation of the integral over frequency. For some classes of spec-
tral density of the load such evaluation is possible in a general form. For
instance, if

S)=Dlw e ™ s>0,p>0,D >0, (7.226)
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then the evaluation reduces to a known integral
oo
: 1
5 le=P gy = Zp=8/21 (f) , (7.227)
2 2
0

with I’ being the Eulerian gamma-function. In this case, the system of
equations (7.225) takes the form

—4/(s+1 —4/(s+3
O1z <hlz>3/4 e _ 02z (h1x>3/4 e .
o1 \ hiL oo, \ hiL
B(z) - B(L)

= 1-—— 7.228
5 (7.228)

The left equation in (7.228) links 0, and o2,, while the right equation in
(7.228) yields the following differential equation

dx p dz

—4 3
0 [one (he\Y] ™V dop  1dB()
002, | o2 \ ML N '

The function on the right hand side of this equation is a known function
of o1, and o2, due to the last formula in eq. (7.221). The boundary values
o11 and o2 must be obtained directly from the system (7.225) at x = L

oiLhiL = op, o2Lhi1L = 05, (7.229)

where 0, and o}, are referred to as the root-mean-squares of load and its
rate, respectively.
For a rod’s material with the constitutive equation

Q =ke+rl|é[tsgné, k,r, >0 (7.230)
we have
_1 dB _
hl = k, h2:do’5’ 1, E: 0.121' 1,
r my\1/2d
_ o(1+4)/2 [ad = (= = )
d I F(HQ)’7 (k) % (7.231)

In this case equation (7.228) is as follows

4 (0235 ) —1—'4/(S+3) 1 dez Y pu—1

— — T —— . .2
s+ 3 \ oo oo dx pah (7.232)

Its solution takes the form

~1/A
s+3)7A #—I(L_I):I 7)\:,1_1+—4—. (7.233)

(
Z: 1 e ma——————————
a2 o2 [ + 1 05, 513
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This expression enables some general conclusions on the character of the
vibrational field to be drawn. For definiteness consider a semi-infinite rod
—o0 < & < L. It follows from (7.233) that vibration occupies the entire rod
for A > 0. whereas for A < 0 the distance which vibration propagates down
the rod is X
4 l—p y

(8+3)"/|/\I(72L . (7.234)
The rest of the rod does not move. When A = 0 the vibration decays
exponentially.

These conclusions are approximately valid for a rod of finite length pro-
vided that a considerable decrease of o4 is observed along the length L.
Regretfully, the general case in which the arguments of the hyperbolic func-
tions can also take intermediate values cannot be analysed analytically. The
reason for this is a difficulty in integrating over frequency.

3. There exists, however, one particular case in which this integral can
be approximately evaluated in a general form. This is the case of a narrow
band loading in which the system of equations (7.223) takes the form

(L - ‘I’.)* =

a? =W (Q, 2)[°, 02, 03 = Q% W (Q. 1), o2, (7.235)

2
p? av ' p

where €0 is a central frequency of the load and 7, is the standard deviation
of the load. The frequency spectrum of the load must be broad enough
to ensure that the above frequency averaging takes place. The frequency
averaging should include a few resonance peaks of the amplitude-frequency
characteristic of the rod.

The system of equations (7.235) may be rewritten as follows

oy = oy, o = W (Q, 2)|2, o2 (7.236)
The second equation in (7.236) gives o, provided that oy is eliminated by
means of the first equation.

An analysis of the vibrational field due to eq. (7.236) is relatively simple.
A homogeneous field of vibration can be investigated by the methods of
the first part of this Section, whilst an essentially inhomogeneous field can
be investigated by the methods of the second part of the Section. An in-
termediate case, namely a case of a weakly heterogeneous field of vibration
has not yet been studied. For this reason we begin with the latter case.

It is hardly possible to obtain an exact solution of the integral equation
(7.236) in this intermediate case. Thus we should look for an approximate
analytical solution. It is known that if the character of the solution can be
predicted, the direct methods give satisfactory results. One of the direct
methods, namely the collocation method is applied in what follows.

Let us consider the possible character of solution of (7.236). As o is
a standard deviation it is necessarily non-negative and o; = const for a
homogeneous field. If the vibration field is weakly heterogeneous, then o
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changes slightly decreasing with the distance from the loaded end. It is
rather evident that the following dependence

01z = oype b=/l (7.237)

is a rather good approximation to the vibrational field provided that its
parameters 0,7, and b are properly chosen. Let us determine them from the
condition that the solution (7.237) satisfies equations (7.236) only at two
points, namely at the rod ends. We then obtain

o2, =W (Q, L), 02, 03 =T (Q, 0)]2, 02 (7.238)

Because both sides of these equations contain o, due to (7.237), we con-
clude that (7.238) presents a system of algebraic or transcendental equa-
tions for o1 and b.

It is clear that the constructed approximate solution can describe well
homogeneous and weakly inhomogeneous vibrational fields. However, this
approximation is not suitable to deal with an essentially heterogeneous field
of vibration. On the other hand, the approach of the second part of this
Section works well in this case. Applying this approach yields the following
equation )

ag 2
o2 = thZS/EeQ (B(z)-B(L)], (7.239)
1L "1z
By taking the logarithmic derivative of both sides of this equation we reduce
it to the following differential equation

0 2 ;3/2\| 401z 2dB(2)
[aglxln(olzhl_,c) I (7.240)

While differentiating with respect to o, one should keep in mind that o2,
is dependent on oy, due to the first equation in (7.236).

The first condition in (7.229) is the boundary condition for (7.240) since
it is valid for any spectral density of the load.

Thus, all possible cases of heterogeneity of the vibration field have been
analysed.

Let us consider an example. Let a material with the rheological equation
(7.230) be taken. The system (7.238) is written down as follows

2 —b(u—
(k‘O'lL) - Coth{yLQ#HU#’lw}
Tp b (p-1)
2
ko'lLe_b . 41— e 0-1)
R = 1 h~yLQrtiah e —— Y (7.241
(F5m) = v forott SRR} e

This can be transformed to a simpler form

—1/4 1-— e_b(l"_l)

R=(1-e") e®® = cosh {(BR)"_l T } (7.242)
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FIGURE 7.12. Dependence R (b) for some values of p.

by introducing the following notation

- koyy,

B =2 (yLorty e (7.243)
Ty k

The dependencies R = R (b) and B = B (b) , due to eqs. (7.243), are plotted
in Figs. 7.12 and 7.13 and are marked by a sign ”1".

In this case the differential equation of the heterogeneous field (7.240) is
given by

doiy Qutl
d; =50t (7.244)
Its solution is
-1 e ~1/(p—1) )
Ol =01 1+*_2—’VQ} (47 (L—$) , (7240)

where o, is determined from the boundary condition (7.229).

This expression is suitable only for those values of x that ensure a positive
and real right hand side of eq. (7.245). For u > 1 it is suitable for any x. If
w < 1 then solution (7.245) becomes zero for a certain r = z,, and makes
no sense for x < z.. For this reason, we must take o1, = 0 for z < z,
because this solution satisfies eq. (7.244) and meets the solution (7.245)
for £ > x,. We depict the solution of (7.245) in Figs. 7.12 and 7.13 in the
planes of b — R and b — B, respectively. Firstly, the boundary condition
(7.229) gives

R=1. (7.246)

Further, let the heterogeneity degree b be the logarithm of the ratio of the
standard deviation of strain at z = L (the cross-section where the load is
applied) to that at z = 0 (the free end). This definition of the heterogeneity
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FIGURE 7.13. Dependence B (b) for some values of p.

degree is in agreement with approximation (7.237). According to formula
(7.245) we have

1 [ 1 —1
b= 1 In [1 + T’yQ“Ha‘l‘L L] . (7.247)
By means of (7.243) this result is expressed in the following form

1( 2 1/(p=1)
B=— {—1 [eb(”_l) - 1]} . (7.248)
—

Figures 7.12 and 7.13 show the dependences R = R (b) and B = B (b) due
to egs. (7.246) and (7.248) for two typical values of p, and are denoted by
727, As follows from (7.248) for p < 1 and large values of b, the value of B
is nearly constant and is given by

2 1/(p—1)
B={—— . 7.249
<1 —u) ( )

Note that the value of B is proportional to the load o,. Consider a case in
which the load is lower than the load corresponding to the limit in (7.249).
By virtue of egs. (7.243), (7.246) and (7.249) this requirement is equivalent
to the following inequality

1- -

TM'yLQ“HU’I‘Ll >1. (7.250)
Equation (7.245) shows that in this case vibration does not reach the free
end, i.e. 019 = 0. Hence, an infinitely large heterogeneity degree corresponds
to this case.
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As mentioned above, in the case of a weakly heterogeneous field of vi-
bration (say b < 1) it is necessary to use curve 1, whereas in the case of
an essentially heterogeneous field (say b > 1) we must take curve 2. Tt is
worth mentioning that curves 1 and 2 converge naturally. Therefore the
entire range of possible values of b is covered.

Note that the curve i = 2 is typical for the family of curves ;x> 1 while
the curve p = 0 is typical for the family 0 < pu < 1. Accounting for this
fact, we may draw the following conclusions.

Firstly, a unique vibration field is obtained for each o,,.

Secondly, for ;1 > 1 increasing o, leads to an increase of the heterogeneity
degree, whereas for ;¢ < 1 this results in its decrease.

What remains is to explain the relevance of this analysis to the problem
of vibration in elastoplastic bodies.

First of all, the rheological equation (7.230) reduces to the equation for
rigid-plastic material for g = 0.

Secondly, by means of (5.61) it is easy to show that for a narrow band
process the complex rigidity of the Ishlinsky material is given by

¢c=k(1—60% +iBoy) . k= EF, (7.251)

where 6 and [ are some constants which depend upon the material prop-
erties only and F' is the cross-sectional area. Comparing (7.251) with the
second equation (7.214), and accounting for the first equation in (7.236)
shows that in this case

ks

Qa+l 2

p=1l+av= (7.252)
hy = k(1— 80%). (7.253)

Since the effect of plastic strains is usually small one can neglect the
second term in the parentheses in (7.253) and take

h =~ k. (7.254)

Then, inserting (7.252) and (7.254) into the equation of the third part of
this Section, we obtain the solution of the problem of propagation of narrow
band vibration in an elastoplastic rod. The value p = 2 corresponds to the
case « = 1, which is typical for the theory of internal friction.
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Propagation of vibration in media
with complex structure

8.1 On a model of the medium with complex
structure

The laws of vibration decay with distance from the source of vibration were
investigated in the previous Chapter. The character of the decay turned out
to be essentially dependent on the rheological properties of the material.
There exists, however, another important factor which influences the decay
character, which is the dynamical structure of the medium. The analysis of
media with complex structure has attracted much attention. The simplest
among the media with complex structure is the Cosserat medium, its mod-
ern description being given in [91] and [117]. The Mindlin medium with a
microstructure, see [106], is more sophisticated. Of extreme complexity is
the multipolar mechanics developed by Green and Rivlin [45].

An essential feature of the above mentioned theories is the concept of a
material point. Classical continuum mechanics deals with media of ordinary
structure, that is a material point possesses three translational degrees of
freedom. In contrast to this, a point in the Cosserat theory has all of the
degrees of freedom of a rigid body, i.e. six degrees of freedom. In the Mindlin
theory of a medium with microstructure each point possesses the degrees of
freedom of a classical solid with a uniform strain, i.e. 12 degrees of freedom.
In the multipolar mechanics a point is governed by n kinematic parameters,
where n is finite but can be arbitrarily large. In what follows we consider
one of the simplest media of such sort.

V. Palmov, Vibrations of Elasto-Plastic Bodies
© Springer-Verlag Berlin Heidelberg 1998
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We postulate a carrier medium and assume that it is governed by the
Lamé equation of the classical theory of elasticity

(A+p)VV-u+ pAu —pia + K =0, (8.1)

where p is the mass density, A and p are the Lamé moduli of elasticity, u
is the vector of displacement of points in the carrier medium, and K is the
intensity of external volumetric forces.

A set consisting of an infinite number of isotropic non-interacting oscil-
lators with continuously distributed eigenfrequencies is attached to each
point of the carrier medium. The equation of motion of a generic oscillator
with an eigenfrequency k is as follows

m (k) Vi + ¢ (k) [1 + Ry (0/0t)] (vik —u) = Q. (8.2)

Here v, is the vector of absolute displacement of the oscillator mass and
Q. is an external force acting on the oscillator mass. The value of m (k) dk
is equal to the mass of the oscillators having the eigenfrequencies in the
interval (k,k + dk) per unit volume. Thus, the total mass density of the
oscillators attached to the carrier structure is given by

o0

m= /m(k) dk. (8.3)

0

The static rigidity of an oscillator suspension is denoted in eq. (8.2) by ¢ (k)
which is given by
c(k) = k*m (k). (8.4)

The term with Ry (8/0t) is introduced in eq. (8.2) in order to take into
account the energy dissipation in the oscillator suspension. It will be shown
below that this account of damping is absolutely necessary for obtaining
physically meaningful results. Account of the damping will be achieved by
means of two rheological models, namely a viscoelastic model and a model
of an elastoplastic material. In the first case, Ry (0/0t) denotes an operator
of viscoelasticity while in the second case it is a hysteretic operator. The
term with Ry (0/0t) is assumed to be small for any oscillator motion in
both cases.

It is now necessary to take into account the effect of the oscillators’
suspension on the carrier medium. The force of this interaction per unit
volume is given by

F= /C(k) 1+ R (8/00)] (ve — u) dk. (8.5)
0

As this force is a volumetric force it must be added to eq. (8.1). Thus, the
system of equations which governs the dynamics of the medium takes the
following form
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(A+u)VV~u+uAu—pii——/m(k)dek+K+Q:0, (8.6)

m (k)5 + ¢ (k) [L+ Re (3/00)] (Vi — u) = Q.

The vector Q is equal to the external volumetric force acting on the oscil-
lators

[e o]

Q= / Qi (k) dk. (8.7)

0

The boundary conditions for the introduced medium coincide with those
of the classical theory of elasticity because they are prescribed only for the
carrier medium.

The proposed model is useful for describing the vibration propagation
in such mechanical structures as industrial buildings, vessels, airplanes,
spacecraft etc. because all of these structures possess a primary structure
and secondary systems attached to the primary structure. In the frame-
work of the method proposed, the properties of the primary structure are
described by the equations of elasticity theory. The suspended oscillators
reflect the frequency properties of the secondary systems attached to the
primary structure. This model allows us to determine the global properties
of the vibration field of complex structures without unnecessary details of
the structure and its vibrational field.

A one-dimensional variant of the theory, i.e. a rod with complex structure
is of considerable interest for practical applications. Assuming that a gen-
eralised uniaxial stress state is realised in the rod, we obtain the dynamical
equations by means of the conventional methods of elasticity theory

Eu' — pii — [ m(k)indk + K +Q =0, ..
0 .
m (k) B + ¢ (k) [1+ Ry (8/0%)] (vk — 1) = Qx,

where F is the Young’s modulus of the carrier structure, and u is an axial
displacement of the points of the carrier structure.

Equations (8.8) without volumetric forces K, Qr and damping have been
first derived by Slepyan [168]. Wave propagation in an anisotropic medium
with complex structure was studied in [7], while the governing equations
for a Cosserat rod of complex structure were reported in [8]. The latter
model allows one to simulate longitudinal, bending and torsional vibration
in extended complex structures in the framework of the same approach.
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8.2  One-dimensional vibration in the medium with
complex structure

Consider a rod with complex structure. Let its length be L and assume
that the oscillators’ suspension is viscoelastic, i.e. Ry (9/0t) is an operator
of viscoelasticity. Assume that the end x = 0 is free, while the second end
r = L is subject to a harmonic force of frequency w and unit amplitude.
The boundary conditions are therefore as follows

r=0.u =0 0 =L Eu =e“t (8.9)

It is not difficult to find a steady-state solution of egs. (8.8) for A" = 0
and @, = 0 satistying the boundary conditions (8.9). In particular, the
accelerations of the carrier medium and the oscillators are

= ®(w, 2) ™ i = Uy (w, )™, (8.10)

where the frequency characteristics ® and W, are given by

w? cos A w? 17!
= — " V=0 |l - 57— 8.11
EXsinAL " { k2 (1+ivy,) | (8:11)
The parameters which appear in the latter equations are
, W2 T ck)dk
A= — |p+ / 5 5 —
o L ey puy
0 |
v = —iRg (iw) . (8.12)

with v, being a complex function of frequency.

The form of the distribution of vibration amplitude along the rod is of
paramount interest. The square of the vibration amplitude of the carrier
structure A% and oscillators b2 have the following expressions

| 2 -2
A2 =@ (w. o) b= APl - 8.13
( l)i ke 112(1+7U'k) ( )
Introducing the real and imaginary parts of A
A= — iR, (8.14)
we can rewrite A2 in the following form
5 wt cosh (2kx) + cos (2pr) (8.15)

- E2 [)\|2 cosh (2kL) — cos (2uL)’

Analysis of the numerator in this equation leads to the conclusion that pa-
rameter ~ determines the vibration decay with distance from the vibration
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source, whereas parameter p determines the number of wave lengths along
the rod. Analysis of the denominator shows that the lower the value of &,
the higher are the resonance peaks. The density of the resonance peaks of
the amplitude-frequency response function is determined by the value of
parameter .

Let us next prove that the vibration decay does not depend primarily
on the oscillators’ damping and that it remains finite even for vanishingly
small damping. To this end, it is sufficient to show that the expression for
A% remains complex when 1, — 0. For the sake of simplicity we assume
that the damping properties of all oscillators coincide, i.e. ¢, = ¥ does not
depend upon parameter k but can depend on the excitation frequency w.
Then, in order to ensure decaying free vibrations of each oscillator when the
carrier medium does not vibrate it is necessary to require that Re) > 0 for
w > 0. Due to the oddness of the function Re this means that Rey < 0
for w < 0.

Let us introduce a complex function

z=w/(1+iv)?.
Let us agree that we take that branch of the radical in (8.16) which takes
on the value of +1 for 1y = 0. The imaginary part of z is then negative for
any frequency w except w = 0. Hence, as ¥y — 0 the complex function z
approaches the real axis from the lower half-plane of the complex variable
z. By using the newly introduced variable z in (8.16) we rewrite eq. (8.12)
as follows

(8.16)

oo
2
o WP | 1T clk)dk ;
N =5 p+22/ P (8.17)
—00

In the Cauchy integral z always lies in the lower half-plane. As iy — 0 the
complex variable z approaches the real axis, along which the integration
(8.17) proceeds. In accordance with the Sokhotsky-Plemelj formula [110]
and [169], we obtain the following limit in eq. (8.17) as ¥ — 0

R ) , T c(k]) dk
)\Z:E Pt ~mc(|w|)+V-P-/% (8.18)

Here the principal value of the integral is to be taken.

As the imaginary part in (8.18) does not vanish, the coefficient of the
spatial decay has a finite value even for vanishingly small damping in oscil-
lators, and is determined by the dependence of the oscillators’ suspension
on their eigenfrequencies. This effect is typical only for the model which
accounts for the complex structure of the medium, i.e. existence of the
suspended oscillators. From a physical point of view, the effect can be ex-
plained by the fact that the suspended oscillators act as dynamic absorbers.
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Note that the account of damping in the oscillators is needed to determine
their vibrational amplitudes. The second formula in (8.13) indicates that
the amplitude of the oscillators b, becomes unbounded at i = 0.

Another sophisticated analysis shows that the result (8.18) remains valid
as ¥, — 0, with v, depending not only on the frequency w but also the
eigenfrequency k.

Let us illustrate our analysis by a particular example. Let

m(k) = A B+, v, = v (8.19)

where A and 3 are positive parameters and ¥, = ¥ does not depend upon
parameter k. Substitution of eq. (8.19) into (8.3) and evaluation of the
integral yields

m= Ar (26)"". (8.20)

This result allows us to remove the parameter A from the forthcoming
equations, retaining only m and 3. Inserting now eq. (8.19) into (8.4) and
(8.12) gives

s T Ak2dk
v o 0/ (8% + Kk2) (k2 — w2/ (1 +iy)] | (8.21)

Evaluating the integral by means of residue calculus we arrive at the fol-
lowing final result

2 ?
A= —

= (8.22)

p+m

(1 + —l—) *l:l .
Ov1+ 1w

The structure of this formula completely confirms the analysis of this Sec-
tion. Further, it shows a weak dependence of A\ on 1 for realistic, i.e. not
very considerable, values of .

This example is remarkable for another reason. If one puts p = 0 and
¥ =0 in eq. (8.22), then

s Ww?oom .
NYEETY w/B (8.23)

Exactly the same expression for the wavenumber can be obtained for the
problem of linear longitudinal vibrations in a rod of the Kelvin-Voigt mate-
rial, cf. [14], i.e. a rod with a finite value of damping. Therefore, the medium
under consideration possesses the following interesting peculiarity. Though
the medium is ”built” from high-quality elements, such as an ideally elastic
carrier medium and slightly damped oscillators, it behaves like a medium
of ordinary structure with considerable damping.

At first glance, this conclusion seems to be paradoxical. However, a care-
ful analysis shows that the energy dissipation has a finite value even for
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small values of damping in oscillators which is explained by considerable
amplitudes of vibrations for the resonating oscillators.

The problem of vibration in a rod subject to a random load is important
for practical reasons. Its solution is easy to obtain by the methods of Section
7.1.

In particular, the dispersion of acceleration of the carrier medium and
the dispersion of acceleration of the oscillators are as follows

/ (w, 2)[2 S () dw, (8.24)

- / Wi (w, 2)[2S () duv, (8.25)

where S (w) denotes the spectral density of the stress in the cross-section
xz = L, while & and ¥, are given by egs. (8.11).

Special attention should be given to the limiting case of asymptotically
small damping. As explained above, the imaginary part of A does not vanish
as ¥, — 0, thus function @ (w, z) remains bounded at all frequencies.
Therefore, an asymptotic expression for integral (8.24) is

Dy = / 1@ (w, 2)[5, o S (w) dw. (8.26)

The subindex in the integrand means that the limiting expression of A
due to (8.18) as 9, — 0 is to be used, while evaluating ® from eq. (8.11).
It is important to note that the asymptotic expression (8.26) does not de-
pend upon the friction law in the oscillators’ suspension at all. Nonetheless,
equation (8.26) predicts an intensive decay of vibration with distance from
its source.

Let us study an asymptotic representation of integral (8.25) for small
values of damping. Inserting W, due to (8.11), we obtain

T1® (w, 2)|* S (w ) [K2 (1 + iy, (W)

Dy, =2
k2 [1 + iy, (w)] — w??

dw. (8.27)

The principal contribution to this integral as ¢, — 0 is seen to be due to
the frequency w = +k. On this account we have asymptotically

Dy, = 2k*S (k) |® (k, z) 2 du _ ,
n TR x)[””"o/lk2[1+wk<w>1—w212 529
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The integral in this equation has already been evaluated. By means of
(6.23) and (6.24) we find

T dw T
2 5 = = : . 8.29
JWu+wwm~wV FRe vy () (8.29)
Thus, the result is
Dy, = Re oo (k) o () |® (k, I)}WHO. (8.30)

It is worth noting the physical interpretation of this asymptotic expression
which is that the vibration of an oscillator with an eigenfrequency & de-
pends only on its own damping at frequency k and does not depend on the
damping of the other oscillators.

Let us briefly consider the following important simplification of eq. (8.26).
If the spectral density of the load is a smooth function of frequency, then
to simplify the calculations it is necessary to perform, in eq. (8.26), an
averaging |®|* by analogy with Section 7.1. The result of this averaging is

w*  cosh (2kx)
oo 1 — _cos ‘
| (w, z)lg, E2|\?sinh (25L)

and eq. (8.26) is replaced by the simpler expression
Di= [ 186w D) oy (w)d

In the particular case of a load with a frequency band covering 2 or 3
resonance peaks we obtain approximately by analogy with Section 7.1 from
the latter two equations

w?  [cosh (2xz)

_ 31
E N \/ sinh (2L)7 (8:31)

Tii

Here o is the root-mean-square of the stress at the end @ = L, oy is the
root-mean-square of acceleration in a cross-section x, and w is the central
frequency of the load.

Let us proceed to considering an elastoplastic suspension. The struc-
ture of expressions (8.26) and (8.30) essentially simplifies this transition.
It seems evident that eq. (8.26) is immediately applicable since it does
not depend on damping at all. A formal analysis, based on the method of
statistical linearisation, leads to the same conclusion.

Let us study the vibration of oscillators. First, it is necessary to consider
the equations which govern the vibration of oscillators with an elastoplastic
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suspension. Restricting our consideration to a one-dimensional variant of
the model of a medium with complex structure we assume that each oscil-
lator consists of a massless rod with a lumped mass at its end. Assuming
that the mass of the oscillator moves in the longitudinal direction only,
and using the general complex exponential form of Section 5.2, we write
the governing equation for the oscillator in the following form

m (k) Uk + c (k) [1 + Rk] (v —u) =0, (8.32)
where
(1 x / d
v) [ Pk Le g
i = 0/ w«pk - (8:33)

Here T’y is the root-mean-square of intensity of shear strain in the sus-

pension rod, while ¢, is an auxiliary function which is the solution of eq.
(5.49)

o

2 Sk (w) dw
1—1n —/ r2 1+(w<pk)2' (8.34)

-0

Here S (w) is the spectral density of strain in the suspension of the os-
cillator with eigenfrequency k. Equation (8.32) has the same form as eq.
(8.8) provided that we use the complex exponential form and put Qx =0
in the latter equation. Hence, to determine the vibration level we may use
eq. (8.30) in which

Y = —1R. (8.35)

It should, however, be kept in mind that, in this particular case, 1, depends
upon an unknown variable I'y, as indicated by eq. (8.33). Before we proceed
to determining I'y let us note that I'y differs from the root-mean-square oy,
of the elongation vy, — u only by a known factor. For this reason

1+v
V3L

where Ly is a length of the oscillator suspension.
The spectral density of shear is easy to find by means of eq. (8.32) and
is given by

Fk = Akﬂk, )\k = (836)

2
Sk (w) = i 5 Sk »
k41 + iy (w, T)]

or by virtue of (8.25)

N W (w, 2)]2 S

Se@) =3 11+ iy (w0, TR))
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Inserting these values into the expression for I'y and eq. (8.34), and eval-
uating the asymptotic representations of the corresponding integrals for
small ¥, gives

2 7r/\i5(/c) N2
Fk - k3 Rewk (k7 Fk) i(I) (k7 ‘L‘)lwk_.()s (837)
- 1
1-7"=———. (8.38)
1+ (kpy)”

Equation (8.37) enables the unknown parameter I'y to be determined.
In particular, one can see that I'y depends on z, this dependence being
determined by function |<I>|2. The latter characterizes the distribution of
the vibration amplitude of the carrier medium driven harmonically at the
eigenfrequency of the oscillator.

An important observation should be noted. Equation (8.38) looks like an
equation for the harmonic vibration at frequency k. Then, the asymptotic
representations (8.37) and (8.30) contain the damping at frequency k only.
Substitution of solution (8.38) into eq. (8.33) at w = k yields the following
result

1
2 . Ik
Ry = _¥ / (1 —n? —iny1- n2) Pk <&77> —Edn.  (8.39)
n n
0

This value characterizes the damping in the suspension of an oscillator
under harmonic vibration. There is nothing surprising in this result as it
is known that an oscillator with asymptotically small damping subject to
a broad band load experiences a narrow band vibration with a central
frequency coinciding with its eigenfrequency. In this case, the problem of
determining I'y, from eq. (8.37) offers no great difficulty, and can be solved
as has been done in Section 6.2.

8.3 On application of the theory of media with
complex structure

It has been already pointed out that the equations of the theory of me-
dia with complex structure may be used for the analysis of vibration in
such complex dynamical systems as vessels, spacecraft, submarines etc. In
many cases a one-dimensional model turns out to be sufficient as the above
structures are extended structures, and therefore the structure can be mod-
elled in the form of a homogeneous rod vibrating longitudinally. However,
there is a problem which impedes practical applications, namely it is not
clear how to prescribe the parameters of a hypothetical rod with complex
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structure in order that this rod can simulate the vibrational behaviour of
the real structure. Some parameters are easy to prescribe. It is natural to
accept that the length L and the cross-sectional area F' of a real structure
coincide with those of the model. It is reasonable to require that the axial
rigidity of the real structure must coincide with that of the model. This
leads to the following equality

¢ = EF, (8.40)

which gives the Young’s modulus of the model.
In addition, the average mass per unit length of the real structure and
the model coincide, i.e.

M=F(p+m). (8.41)

The total mass density of the model p + m = pj, is easily determined from
this equation.

However, considerable difficulties arise when prescribing functions c (k)
and m (k) which characterize the spectral properties of the secondary sys-
tems of the real structure. Since this problem cannot be solved theoretically,
it is necessary to consider some experimental data of the vibrational field
in the real structure. The question of what kind of experimental data is
needed for this aim is very difficult and is not discussed here in detail.
Only the practically important case of a relatively rigid suspension is con-
sidered here. The following modification of formula (8.12) appears to be
useful

oo

2 2 k) dk
N=2 “ m :
E p°+/1+i¢kk2—w2/(l+iwk) ’ (842)

0

where p; is a total mass density

pPo=p+m. (8.43)

If the suspension of each oscillator were absolutely rigid, the second term
in the square brackets would be equal to zero. This term is small compared
to the first term provided that the frequency w is not very high and the
rigidity of the oscillator suspension is high, but finite. This leads to the
following asymptotic expression for A

A W T m (k) dk

P R ey e pred (8.44)
0

where a is the velocity of elastic wave propagation

a=+/E/pg. (8.45)
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In the limiting case of vanishing damping ,, — 0 this expression takes the
form

w w? mm |w Oom
A=—{1+— . 46
a * 2p0 2w P / (8.46)
0

This allows us to obtain the following asymptotic equations for the real
and imaginary parts of A and its absolute value

w w ’ w ) -
== K= =1, }/\i:Z‘ (8.47)

a a

where 7 is a non-dimensional factor

Twm (|wl)

4pg

n= (8.48)

Therefore, two of three parameters in eq. (8.15) are obtained explicitly,
while the last one 7 (or k) requires experxmental data for its identification.
The most suitable experiment to this aim is a test of a broad band ex-
citation in the frequency domain which covers several eigenfrequencies of
the longitudinal vibration. The results of such tests are usually available in
the form of diagrams of the vibration level versus axial coordinate of the
structure. Equation (8.31) is the most suitable one for approximation of
these diagrams. By means of this equation we find a ratio of the vibration
levels in a current cross-section x and in the loaded one x = L. and then
remove ~ by means of (8.47). The result is

i (2) _ cosh (2£wn %) (8.49)
i (L) cosh (2Lwn) ’

Comparing the latter equation for various values of 7) with the correspond-
ing experimental curves one gets a possibility to find 7 at each frequency.
Typical for complex structures values of 7 lie in the interval n = 0.15+0.3.

After all parameters of the model have been identified the model can be
used in technical calculations. Let us point out a few possible applications
of the model.

1. Prediction of vibration in a structure due to known characteristics of
pulsation of its engine or its propellant.

2. Choice of a shaker force which is required to excite a given field of
vibration in the structure.

3. Determining the parameters of vibration and external excitation while
testing not the entire structure but its large structural components.
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8.4 Theory of vibroconductivity

Equations (8.31) and (8.30) show that an averaged spectral density of ac-
celeration in the carrier medium is given by

w?  cosh2kz

- 8.50
E2 |)\|2 sinh 2L "7’ (8.:50)

where S, is the spectral density of the load acting at the end z = L of the
rod with complex structure.

It has been proved above that eq. (8.50) is not sensitive to the character
of the damping in the oscillator suspension.

It is easy to prove that function (8.50) is a solution of the following
boundary-value problem

d?S

N2 o
0 < z<IL, prci (2k)°S =0, (8.51)
ds
= _— N . 2
T 0, . 0, (8.52)
d -4
r = S 2K (8.53)

L7 E:W p-

This boundary-value problem coincides with the problem of thermal con-
ductivity in a one-dimensional object with a distributed heat sink, one end
of the structure (x = 0) being thermally insulated, while the other (z = L)
being subject to a thermal flux into the object. This leads to the idea that
the found thermal analogy can be used to describe the propagation of high
frequency vibrations in complex structures. This analogy is referred to as
the theory of vibroconductivity. From a theoretical point of view, the very
possibility of such a description cannot cause any objection since there is
an analogy between thermal motion and high frequency vibration. From a
practical point of view, this approach is useful as it leads to very simple
solutions of particular problems.

An analogy between the vibrational and thermal problems has been
pointed out in the papers of American authors [29], [30], [34], [39], [98],
(102], [103], [111], [160], [161] and [186] in which it was shown that the
problem of random vibration propagation in a rather broad class of me-
chanical systems reduces to a scheme of the heat transfer problem. How-
ever, the vibroconductivity equation was never derived in these papers. It
was first derived for an isotropic object in [131], and was generalised to an
anisotropic object in [10].

The boundary-value problem for the theory of vibroconductivity can
easily be stated, cf. [131] and [10]. In the volume V, the following equation

oS

rev, V-(K-VS)—aS:vE (8.54)
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must hold. On the boundary of the object we pose the Neumann boundary
condition
reO, N-(K-VS)=F, (8.55)

where F is an external flux of vibration and N is an exterior unit normal.
Assume the following representation for the vibroconductivity tensor K

3
K = ini, A, (8.56)
n=1

where i,, are the unit vectors of the principal axes of the vibroconductiv-
ity tensor and K, are the vibroconductivity factors of the principal axes
of the vibroconductivity tensor. Factor v should be termed a vibrocapac-
ity, and, finally, S should be referred to as a quasi-temperature. Equation
(8.54) differs from a classical equation of thermal conductivity in the term
proportional to the quasi-temperature. This term plays the part of a vibra-
tion sink. In the original mechanical problem, this terms characterizes the
spatial decay of vibration with distance from a vibration source.

The governing equation and the boundary conditions have been written
down. However, it is necessary to have knowledge of the vibroconductivity
factors K, the vibrocapacity v and the factor of spatial decay a. Generally
speaking this should be achieved under some special test conditions. The
most suitable tests to this aim are those in which the quasi-temperature
varies along one of the anisotropy directions, e.g. along axis z,. Assume
that cross-section x,, = 0 is insulated, while a vibration flux F}, is prescribed
in the cross-section z,, = L. We consider first the stationary problem. The
boundary-value problem (8.54) and (8.55) takes the form

d d
0 < z,<L, —(Kni>AaS:0,

dz, dx,
ds
' = 0, — =0,
N dz,, 0.
ds
L — - = Fn-
‘ dz,,

In the case of a homogeneous structure the solution is as follows

g F, cosh/a/K,z,
_Kn a/K, sinh/a/K,L -

This theoretical dependence predicts an essential reduction of the quasi-
temperature S as x, decreases. Experimental data of vibrations have ex-
actly this character. In this sense, the theory of vibroconductivity agrees
well with the observed vibrational phenomena. Comparing the theoretical
dependence (8.57) and the corresponding experimental curve we can find
a/K,. If F,, can be experimentally measured then parameter K, can be

(8.57)
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found. By performing this one-dimensional experiment for all orthotropic
axes and processing the data using the above strategy, we obtain the val-
ues of K, and a. The problem of identifying these parameters can now be
considered to be solved.

The question still remains as to what are S and F;,? These are to be
measured experimentally, but nothing has been said about them so far.
The posed question is the main problem of the theory of vibroconductivity.
An answer can be given with the help of the results of an ”imaginary
experiment” | i.e. results of a theoretical analysis of a particular complex
dynamical structure, provided that the results are obtained by means of an
available method of vibration theory. Comparison of these results with the
result of the theory of vibroconductivity allows us to answer the question
on the mechanical meaning of the quasi-temperature .S and the load F, as
well as give the theoretical formulae for parameters o and F3,.

Let us consider eq. (8.50) as an appropriate solution from the vibration
theory, however, we will write it for an arbitrary axis of anisotropy

4

w cosh 2k,

E2 |)\n]2 sinh 2k, L 7™

n = (8.58)
Here F,, is the Young’s modulus for the direction i,, S, is the averaged
spectral density of the vibration acceleration, and S, is the spectral density
of the load at z,, = L.

Comparing (8.57) and (8.58) we conclude that these equations have the
same character of functional dependence. Quantitatively coinciding results
are obtained provided that

Va/Kn =2k, (8.59)

SK S E? |)\n}

w4S,m ) (8.60)
Combining them we obtain
a
Kn = y 8.61
(2k,) (8.61)
2k, B2 | An)?

§ =5, 2nEn Aul”_En (8.62)

ow? w?Spn
Recall the following expressions for A, and &, due to egs. (8.12) and (8.14)

2 7 k) dk
pL I +/ c( — |, 8.63
E, | J KR4 i) (8.63)

An = [y, — iKn. (8.64)
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We introduce the following non-dimensional parameters

and the velocity of the elastic waves along the axis x,,

E
Qp = 4] —, 8.67
Po ( )

where pg 1s the total mass per unit length of the object.
By means of these denotations we obtain

2wk P} |;\l2 F,

w?Spn

S = Snhan,

(8.68)

As the ratio F,/S,, may depend only on the parameters of external exci-
tation and frequency w we take

Fp,=uw?S,,. (8.69)

Let us analyse the first quotient in eq. (8.68) which is seen to be independent
on n. Let us equate it to unit, then

S = Span, (8.70)
o = 2wRp} I;\|2 (8.71)
and, then due to eq. (8.61),
213 2
- Po ‘)‘|
K, = a2 8.72
n QLUR ( )

Thus, egs. (8.71) and (8.72) determine the factor of spatial decay and vi-
broconductivity factors K, respectively.

Let us proceed to eq. (8.70) and answer the following question: what
is an expression for S in the three-dimensional case which reduces to eq.
(8.70) in the one-dimensional case? Assuming that it is a linear function of

S,, we easily find
3
S=Y a5,
n=1

Therefore, the part of the quasi-temperature is played by a weighted
frequency-averaged value of spectral densities of vibrational accelerations
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along the orthotropic axes, the coefficients being the corresponding veloc-
ities of sound. Hence, each frequency component of vibration requires its
own ”temperature”, meaning that there is a difference between vibrational
and thermal problems.

The spectral density of the stress which is normal to the border z = z,
appears in eq. (8.69). Hence, in the general case, eq. (8.69) must be replaced
by the following one

F = w2SpN,

where S,n denotes the spectral density of the external normal stress (we
assume that any tangential load is absent).

Therefore, an expression for the external load in the theory of vibro-
conductivity is obtained. The vibrocapacity -« remains undetermined. In
order to find it we consider a non-stationary problem of vibroconductivity
for one of the orthotropic directions. The vibroconductivity equation, the
boundary and initial conditions for a semi-infinite object x,, > 0 driven at
xz, = 0 is given by

d?S as
n ) t n; o =T
z, >0 >0 de% asS 781&
z, =0, t>0 —Kn—(-i;s— = F,,
dz,,
T, — 00, t>0 S —0,
zn > 0, =0, S =0,

where the load F;, is assumed to be time-independent.
The formal solution of this problem is taken from [63] or [10]

s e {m () o ()
+exp (\/;:’;rn> ll _3 (‘T" ; Ziﬁhﬂ } dz,, (8.73)

with @ (z) being the probability integral.
Recall an asymptotic property of the probability integral for large values
of the argument |z| > 1

+

D (2) =~ sgnz (8.74)
or more exactly
sgnz — @ (2)| < exp (—2%). (8.75)
Analysis of eq. (8.73), together with the asymptotic representations (8.74)
and (8.75), shows that the value of the integral is asymptotically small if

T > 2t/ aK, /Y.
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On the other hand, the integral has a finite value if

T, L 2t\/ aK, /7.

Hence, a zone of rapid increase of the quasi-temperature is localised near

the cross-section
Tn =2t/ aK, /v,

which means that this zone progresses with the following velocity

v=2aK,/y. (8.76)

In the analogous mechanical problem, the wave travels with velocity a,, /i
where [ is given by eq. (8.64). Equating these velocities yields an equation

for ~
20/ ak, [y = 2.
[
From this equation we obtain due to egs. (8.72) and (8.71)

(8.77)

Therefore, the vibrocapacity is determined. It does not depend upon 7,
which conforms to the general idea of the approach.
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Bauschinger effect, 240
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Cauchy formula, 23, 25
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complex stiffness, 99
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deformation gradient, 69
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dry friction, 48
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energy dissipation factor, 100, 175
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Fourier law of heat conduction,
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power, 25
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random function, 155
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rotation tensor, 21, 30
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shallow shell, 209

shear modulus, 77
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spin tensor, 18, 30

spring, 47
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stress deviator, 24
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temperature, 26

temperature gradient, 27
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thermodynamic process, 28
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torsional rigidity, 142

traction, 23

uniaxial stress state, 88

velocity, 15, 17

vibration decrement, 103, 131, 190
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vorticity, 18

wave load, 208
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yield criterion, 44
yield stress distribution, 96, 173
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